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ETAPS Foreword

Welcome to the 28th ETAPS! ETAPS 2025 took place in Hamilton, Canada. It is the
first time ETAPS was held outside of Europe.

ETAPS 2025 was the 28th instance of the International Joint Conferences on Theory
and Practice of Software. ETAPS is an annual federated conference established in 1998,
and consists of four conferences: ESOP, FASE, FoSSaCS, and TACAS. Each conference
has its own Program Committee (PC) and its own Steering Committee (SC). The con-
ferences cover various aspects of software systems, ranging from theoretical computer
science to foundations of programming languages, analysis tools, and formal approaches
to software engineering. Organizing these conferences in a coherent, highly synchro-
nized conference programme enables researchers to participate in an exciting event,
having the possibility to meet many colleagues working in different directions in the
field, and to easily attend talks of different conferences. On the weekend before the main
conference, numerous satellite workshops took place that attracted many researchers
from all over the globe.

ETAPS 2025 received 329 submissions in total, 106 ofwhichwere accepted, yielding
an overall acceptance rate of 32.2%. I thank all the authors for their interest in ETAPS,
all the reviewers for their reviewing efforts, the PC members for their contributions,
and in particular the PC (co-)chairs for their hard work in running this entire intensive
process. Last but not least, my congratulations to all authors of the accepted papers!

ETAPS 2025 featured the unifying invited speakers Ina Schaefer (Karlsruhe Institute
of Technology, Germany) and Matthew B. Dwyer (University of Virginia, USA), and
the invited speakers Amal Ahmed (Northeastern University, USA) for ESOP and José
Meseguer (University of Illinois Urbana-Champaign, USA) for FASE. Invited tutorials
were provided by Suguman Bansal (Georgia Institute of Techology, USA) on reinforce-
ment learning from logical specifications and Arun Ross (Michigan State University,
USA) on biometrics.

ETAPS 2025 was organized by McMaster University. The Faculty of Engineering at
McMaster University has a reputation for innovative programs, cutting-edge research,
leading faculty, and aspiring students. It has earned a strong reputation as a center for aca-
demic excellence and innovation. The Faculty has approximately 180 faculty members,
along with close to 4,500 undergraduate and 1,000 graduate students. The local organi-
zation team consisted of Claudio Menghi and Mark Lawford (general chairs), Melissa
Alzaeim (event organizer), Alan Wassyng and Angelo Gargantini (workshop chairs),
Sébastien Mosser and Matt Luckcuck (publicity chairs), Patrizio Pelliccione (sponsor
chair), Silvia Bonfanti and Andrea Bombarda (web chairs), Jacques Carette and Chris-
tos Tsigkanos (local proceedings chair), Lena Liberale and Martin von Mohrenschildt
(finance chairs), Damiano Torre and LinaMarsso (registration chairs), and Vera Pantelic
and Denise Geiskkovitch (student volunteer chairs).



vi ETAPS Foreword

ETAPS 2025 is further supported by the following associations and societies: ETAPS
e.V., EATCS (European Association for Theoretical Computer Science), EAPLS (Euro-
pean Association for Programming Languages and Systems), and EASST (European
Association of Software Science and Technology).

The ETAPS Steering Committee consists of an Executive Board, and representatives
of the individual ETAPS conferences, as well as representatives of EATCS, EAPLS, and
EASST. The Executive Board consists of Marieke Huisman (Twente, chair), Andrzej
Wa̧sowski (Copenhagen), Thomas Noll (Aachen), Jan Kofroň (Prague), Barbara König
(Duisburg-Essen), Arnd Hartmanns (Twente), Caterina Urban (Inria), Jan Křetínský
(Munich), Elizabeth Polgreen (Edinburgh), and Lenore Zuck (Chicago).

Other members of the steering committee are: Elvira Albert (Madrid), Maurice ter
Beek (Pisa), Nathalie Bertrand (Rennes), Dirk Beyer (Munich), Artur Boronat (Leices-
ter), Luís Caires (Lisboa), Ferruccio Damiani (Torino), Gordon Fraser (Passau), Arie
Gurfinkel (Waterloo), Reiner Hähnle (Darmstadt), Reiko Heckel (Leicester), Marijn
Heule (Pittsburgh), Sebastian Junges (Nijmegen), Joost-Pieter Katoen (Aachen and
Twente), Guy Katz (Jerusalem), Delia Kesner (Paris), Fabrice Kordon (Paris), Robbert
Krebbers (Nijmegen), Kim Guldstrand Larsen (Aalborg), Mark Lawford (Hamilton),
Claudio Menghi (Hamilton and Bergamo), StefanMilius (Erlangen-Nürnberg), Andrzej
Murawski (Oxford), Corina Păsăreanu (Ames), Laure Petrucci (Paris), Peter Y.A. Ryan
(Luxembourg), Don Sannella (Edinburgh), Viktor Vafeiadis (Kaiserslautern), and Anton
Wijs (Eindhoven).

I would like to take this opportunity to thank all authors, keynote speakers, attendees,
organizers of the satellite workshops, and Springer Nature for their support. ETAPS
2025 was also generously supported by Tourism Hamilton and the Tutte Institute for
Mathematics and Computing. I hope you all enjoyed ETAPS 2025.

Finally, a big thanks to Claudio, Mark and Melissa and their local organization team
for all their enormous efforts to make ETAPS a fantastic event.

May 2025 Marieke Huisman
ETAPS SC Chair

ETAPS e.V. President



Preface

This three-volume proceedings contains the papers presented at the 31st International
Conference on Tools and Algorithms for the Construction and Analysis of Systems
(TACAS 2025). TACAS 2025 was part of the 28th International Joint Conferences on
Theory and Practice of Software (ETAPS 2025), which was held in Hamilton, Ontario,
Canada.

TACAS is a forum for researchers, developers and users interested in rigorous tools
and algorithms for the construction and analysis of systems. The conference aims to
bridge the gaps between different communities with this common interest and to sup-
port them in their quest to improve the utility, reliability, flexibility, and efficiency of
tools and algorithms for building systems. TACAS 2025 interleaves and integrates var-
ious disciplines, including formal verification of software and hardware systems, static
analysis, probabilistic programming, program synthesis, concurrency, testing, simula-
tions, verification of machine learning/autonomous systems, Cyber-Physical Systems,
SAT/SMT solving, automated and interactive theorem proving, and proof checking.

There were four submission categories for TACAS 2025:

1. Regular research papers identifying and justifying a principled advance to the
theoretical foundations for the construction and analysis of systems.

2. Case study papers describing the application of techniques developed by the com-
munity to a single problem or a set of problems of practical importance, preferably
in a real-world setting.

3. Regular tool papers presenting a novel tool or a new version of an existing tool built
using novel algorithmic and engineering techniques.

4. Tool demonstration papers demonstrating a new tool or application of an existing
tool on a significant case-study.

Regular research, case study, and regular tool paper submissions were restricted to
16 pages, whereas tool demonstration papers were restricted to 6 pages, excluding the
bibliography and appendices.

TACAS 2025 received 148 submissions, consisting of 103 regular research papers,
6 case study papers, 29 regular tool papers, and 10 tool demonstration papers. Each
submission was assigned for review to at least three Program Committee (PC) members,
whomade use of sub-reviewers. Regular research papers were reviewed as double-blind,
whereas case study, regular tool, and tool-demonstration papers were reviewed using a
single-blind reviewing process.

As in previous years, authors had the option to submit an artifact alongside their
paper. For TACAS 2025, artifact submission was mandatory for regular tool and tool
demonstration papers, and optional for regular research and case study papers. Artifacts
could include tools, models, proofs, or any other data necessary to validate the paper’s
results. The Artifact Evaluation Committee (AEC), which was composed of 89members
of the community, was responsible for reviewing these submissions, assessing their
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documentation, usability, and, most importantly, whether the results presented in the
corresponding paper could be successfully reproduced.Most evaluationswere conducted
using a standardized virtual machine or a Docker image to ensure consistency, except in
cases where specific hardware or software requirements applied. Artifact evaluation at
TACAS 2025 was carried out in two rounds. The first round, which took place alongside
the work of the Program Committee (PC), involved the mandatory evaluation of regular
tool and tool demopapers. Thedecisions of theAECwere sharedwith thePCand factored
into their discussions. The second round focused on the voluntary evaluation of regular
research and case study papers and was conducted after paper acceptance notifications
were issued. In both rounds, each artifact received three reviews, and authors had the
opportunity to anonymously communicate with the AEC to resolve technical issues.
In total, 65 artifacts (39 were mandatory as they were associated with tool papers, and
26 were voluntary) were evaluated for their availability, functionality, and re-usability.
Papers with successfully assessed artifacts were awarded one or more badges which are
placed on the first page of the corresponding paper, certifying the relevant claims and
properties of the tool.

Selected papers were requested to provide a rebuttal in case a PC review gave rise
to questions. Using the review reports and rebuttals, the PC had a thorough discussion
on each paper. For regular tool and tool demonstration papers, the PC also discussed the
corresponding artifact, using the AEC recommendations. As a result, the PC decided to
accept 46 papers, out of which there were 28 regular research papers, 11 regular tool
papers, 3 case study papers, and 4 tool demonstration papers. This corresponds to an
overall acceptance rate of 31%.

TACAS 2025 also hosted SV-COMP 2025, the 14th International Competition on
Software Verification. This event evaluated 62 tools for automatic verification of C and
Java programs and 18 tools forwitness validation,where 35 verification and 13 validation
tools were registered and actively supported by development teams. The TACAS 2025
proceedings contain a competition report by the SV-COMP chairs and 13 short papers
selected by the competition jury. One short paper deals with reproduction aspects of the
competition and the remaining short papers describe 12 out of the tools participatingwith
active team support. The 13 short paperswere reviewed by a separate program committee
(jury); each was assessed by at least four jury members. Two sessions in the TACAS
2025 program were reserved for SV-COMP: (1) a presentation session with a report by
the competition chairs and summaries by the development teams of participating tools,
and (2) an open community meeting in the second session.

We would like to thank everyone who helped to make TACAS 2025 successful. We
thank the authors for submitting their papers to TACAS 2025. The PC members and
additional reviewers did an excellent job in reviewing papers: they provided detailed
reports and engaged in the PC discussions. We thank the TACAS steering committee,
and especially its chair, Joost-PieterKatoen, for his valuable advice.Weare grateful to the
ETAPS steering committee, and in particular its chair, Marieke Huisman, for supporting
our changes and suggestions on the TACAS 2025 review process and final program. We
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also acknowledge the invaluable support provided by the EasyChair developers. Lastly,
we would like to thank the overall organization team of ETAPS 2025.

May 2025 Arie Gurfinkel
Marijn Heule

PC Chairs

Daniela Kaufmann
Mark Santolucito

AEC Chairs

Dirk Beyer
Jan Strejček

SV-COMP Chairs
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On Stability in a Happens-Before Propagator for
Concurrent Programs (Reproducibility Study)

Levente Bajczi(B) , Csanád Telbisz , Dániel Szekeres , and András Vörös

Department of Artifical Intelligence and Systems Engineering,
Budapest University of Technology and Economics, Budapest, Hungary
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Abstract. Analyzing concurrent programs often involves reasoning
about happens-before relations, handled by dedicated SMT theory solvers.
Recently, preventative propagation rules have been introduced for con-
sistency models to avoid unnecessary computations. This paper analyses
the reproducibility of a recently published paper regarding a conflict-
avoiding happens-before propagator. We show that the underlying ax-
ioms are insufficient for supporting sequential consistency. We find that
the algorithm can leave out constraints on event ordering (even consid-
ering the original axioms), impacting the accuracy of verification. We
show a simple counterexample to the stability claim in the paper. Two
revisions of the algorithm are presented, and a proof on the correctness
of these approaches respective of the original axioms is shown. The tool
implementing the original algorithm is examined to ascertain how it cir-
cumvents wrong results. It is found that it deviates from the published
algorithm. We show that an unmodified algorithm (via a patch in the im-
plementing tool) causes incorrect results. We also show that our revised
algorithm can be implemented efficiently in an independent verification
tool.

Keywords: verification · formal methods · software verification

1 Introduction

Deagle [1,2] won the error-reachability-based ConcurrencySafety category
of the software verification competition SV-COMP for two consecutive years in
2022 [3] and 2023 [4]. This has motivated us to research the underlying algorithms
in detail, in hopes of implementing (and hopefully, improving) the state-of-the-
art techniques that led Deagle to victory. One aspect of the algorithm found in
Deagle is the consistency-preserving propagation of happens-before orders [5].
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However, we found our implementation of the published algorithm faulty, yet
Deagle produced no wrong results in 2022, and only one incorrect result in
2023. Therefore, we constructed a reproducibility study in hopes of uncovering
the reason for this discrepancy. Our contributions in this paper concerning the
reproducibility of the published results are the following:

– We analyze the published algorithm theoretically, and provide a counterex-
ample to its stability claim (see Section 3), and dispute its applicability for
sequential consistency (SC) (see Section 3.4)

– We propose two ways of fixing the algorithm, and prove the stability claim
for both (see Section 4)

– We formulate actionable research questions to validate the applicability of
the proposed approach(es) compared to the previous state of the art (see
Section 5)

– We devise and implement experiments to answer the research questions (see
Section 5.1)

– We evaluate the experimental data and answer the research questions, thus
also providing an answer to the reproducibility premise of our paper (see
Section 5.2, while also discussing the threats to the validity of our results
(see Section 5.3)

We hope that our contributions and insights in this paper will save poten-
tial tool developers from experiencing the same contrariety between theory and
practice, thus being able to build better-performing competing verification tools.

2 Happens-Before Relations in Concurrent Software

The formal verification of concurrent software is often reduced to reasoning about
happens-before relations [6,7] (defined as a partial order on program instruc-
tions), utilized by many Satisfiability Modulo Theories (SMT) based verification
tools both for strictly sequential, as well as weak memory software-hardware sys-
tems [8,9,5]. In most cases, either a dedicated theory solver, or an encoding to
a pre-existing theory (supported by the underlying SMT solver backend) is ap-
plied.

The idea behind these techniques is the following. Instead of applying the
semantics of asynchronous concurrency directly (i.e., any of the threads may ad-
vance from a state of the program, therefore we must analyze all possible orders),
we treat global memory accesses as events, for which we must find a (partially
defined) sequence they can be ordered in. Suitable orders are consistent with the
execution semantics of the platform. Then, we pair read events to write events,
which we call the read-from (rf) relation, meaning the read event returned the
value written by the write event. Furthermore, we employ conventional analyses
to explore the state space of the individual threads, treating reads as reading
values from their rf -paired write accesses.

Because values returned by these read accesses might be used in guards of
conditional statements, and in turn, the accesses to encode as events depend on
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the execution of these conditionals, one cannot completely separate the event
graph and local analyses. However, in the context of this work, we presume that
the local analyses already rely on SMT solvers, that can be utilized to handle the
events and their relations. Some approaches encode this in a theory supported
by the SMT solver [10], and others rely on custom theory solvers integrated with
the SMT engine [8,9,5].

2.1 Consistency-Preserving Propagation

Satisfiability Modulo Theories (SMT) is the problem of deciding whether a value
assignment to symbols exists that satisfies a first-order formula within formal
theories [11]. SMT solvers utilize theory solver backends to handle the different
supported theories (such as real numbers, integers, or arrays), and recently, even
user-defined theory solvers (user propagators) have become possible to imple-
ment [12]. Generally, a dedicated theory solver must implement three procedures
[11]:

– Propagation: Given a set of facts, derive consequences and add them to the
set of known facts

– Consistency checking : Decide whether a certain set of facts are consistent
with the background theory

– Conflict clause generation : If a set of facts is inconsistent with the back-
ground theory, determine which (minimal) subset is responsible for the in-
consistency.

However, Sun et al. recently developed a framework of preventative propa-
gation rules for sequential consistency that always result in consistent models,
and thus, there is no need for either consistency checking or conflict clause gen-
eration [5]. This novel approach greatly boosts verification performance due to
the decreased need for backtracking in the solver.

Unfortunately, part of the published algorithm contains an oversight, which
results in missing crucial constraints on the event ordering (in case of certain
sequences of decisions in the solver backend). We aim to revise this algorithm,
and discuss its influence on the overall performance of the algorithm.

3 Instability in Propagation

In this paper, program verification based on event propagation assumes a loop-
free program in concurrent static single assignment (CSSA) form [13], and an
error property ρerror (e.g., a designated “bad” program location, or some variable
valuation representing an erroneous state) [5].

In this section, we start by summarizing the work of Sun et al. [5]. This work
is not our contribution to claim, and for a more contextualized explanation, we
direct the Reader to the original paper [5]. Here we introduce the core concepts
and notations, which are necessary for understanding our contributions in later
sections.
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3.1 Value Encoding in SMT

First, we encode the value assignments of the program in the formula ρva by
taking each write access with its accompanying guard (i.e., its enabling condition;
the conjunction of all decisions the program must have taken in order for the
event to execute). Given a guard grdwi

, and assuming wi sets variable vi with
CSSA index k to expr i, then grdwi

⇒ vki = expr i. Consequently, ρva is the
conjunction of all such implications.

Similarly, we must encode the read accesses in the program. Because the value
of the read operations depend on their rf -paired write operation, we introduce
a boolean variable rf ij for each same-address events wi and rj . Then, if rf ij is
true, we know that vi = vj , grdwi

, and grdrj hold. To encode all reads, ρrf−val [9]
is the conjunction of all rf ij ⇒ grdwi

∧ grdrj ∧ vi = vj . Furthermore, because all
reads must be paired with a write, we know that if a grdri holds, then ∃j.rf ij .
We encode this in ρrf−some [9].

3.2 Ordering Constraint Encoding

Furthermore, we must encode the ordering constraints of the program. Due
to causality, all read operations paired with a write operation must happen
after the associated write operation (this is the rf -ordering set ≺rf , a subset
of the happens-before ordering set ≺). For sequential consistency, all program
order (i.e., the actual instruction order in the program source) constraints are
preserved, and are thus added to ≺ as ρppo . For both of these sets, we use the
same notation as a predicate, meaning i ≺ j := (i, j) ∈≺. We also encode the
relationship that ∀(i, j).i ≺rf j ⇐⇒ rfij as ρrf−ord .

3.3 Decision Procedure

We must decide if ρva ∧ρerror ∧ρrf−val ∧ρrf−some ∧ρrf−ord ∧ρppo is satisfiable. If
yes, we return the resulting model as the counterexample to the original problem.
If not, we have proven the safety of the program.

This satisfiability check will need to check whether any candidate model
would result in a cycle being formed in the transitive closure of the ≺ relation.
Because all elements of ≺ denote a happens-before relation, this would mean
that an element precedes itself, which is impossible, thus rendering the candi-
date inconsistent. To achieve this, we can implement a propagation module for
the SMT solver, which will be called every time the decision procedure fixes
a value for a given expression that influences the ordering sets. For us, these
expressions will either be the rf ij variables, or the guard expressions grdk. We
then perform derivation on the current elements of ≺ and ≺rf by applying the
following axioms:

1. transitivity axiom: (e1 ≺ e2) ∧ (e2 ≺ e3) ⇒ (e1 ≺ e3)
2. from-read axiom [9] for same-address events:

(w1 ≺rf r) ∧ (w1 ≺ w2) ∧ grdw2
⇒ (r ≺ w2)
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x1 := 0 y2 := 3

y1 := 2 b := y3

a := x3 x2 := 1

Fig. 1: CSSA program

W(x1,0)

W(y1,2)

R(x3)

W(y2,3)

R(y3)

W(x2,1)
rf

rf

po

po

po

po

Fig. 2: Final ≺, ≺rf

propagate ( r f x 1 x3 ) ≺rf ,≺ += ( x 1 , x 3 )
t r a n s i t i v i t y ( x 1 , x 3 )
de r i v e ( x 1 , x 2 , x 3 )

propagate ( r f y 1 y3 ) ≺rf ,≺ += ( y 1 , y 3 )
t r a n s i t i v i t y ( y 1 , y 3 ) ≺ += ( y 1 , x 2 )

t r a n s i t i v i t y ( y 1 , x 2 ) ≺ += ( x 1 , x 2 )
t r a n s i t i v i t y ( x 1 , x 2 )

≺ += ( x 1 , y 3 )
t r a n s i t i v i t y ( x 1 , y 3 )

de r i v e ( y 1 , y 2 , y 3 ) ≺ += ( y 2 , y 1 )
t r a n s i t i v i t y ( y 2 , y 1 ) ≺ += ( y 2 , x 3 )

t r a n s i t i v i t y ( y 2 , x 3 )

Fig. 3: A trace of Algorithm 1 over Figure 1

3. write-serialization axiom [5] for same-address events:
(w1 ≺rf r) ∧ (w2 ≺ r) ∧ grdw2 ⇒ (w2 ≺ w1)

The algorithm for propagation is shown in Algorithm 1, taken from Sun et
al.’s Algorithm 2: Theory Propagation1 [5]. Then, either conventional consistency
checking and conflict clause generation follows, or the preventative reasoning step
introduced by Sun et al. [5]. The claim these solutions build upon is that after
propagation, ≺ is stable, i.e., it contains all elements derivable by applying theory
axioms. Using the example CSSA program in Figure 1 and the accompanying
trace in Figure 3, we show a counterexample to this claim: x3 and x2 are not
ordered in ≺ as shown in Figure 2, therefore any order may be taken. However,
because x1 ≺rf x3 and x1 ≺ x2, Axiom 2 would order x2 after x3, yet this is not
encoded in ≺. Therefore, we conclude that the state of ≺ is not always stable
after propagation. This may (and will) lead to incorrect results.

3.4 Happens-Before Orders for Sequential Consistency

In this paper, we use the same axioms as Sun et al. [5] for the ordering con-
straints, and thus, for the happens-before order propagation. However, we must
discuss the applicability of said axioms on Sequential Consistency, the most strict
memory model targeted in the original paper (besides its relaxed versions Total
Store Ordering (TSO) and Partial Store Ordering (PSO)).

Consider the happens-before graph (including rf , po, and generic ≺ relations)
in Figure 4:

– We cannot apply the transitivity axiom any further, because all such relations
have already been discovered (shown in gray).

1 There are some typos in the original paper’s Algorithm 2: in lines 31-33, e should
be e′. These are minor mistakes and are fixed here.
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Algorithm 1 Original Theory Propagation Algorithm [5], with typos fixed
Input: l: Positive literal
1: proc Propagate(l)
2: if l is rf ij then

3: wi, rj := write and read of rf ij

4: ≺rf←≺rf ∪{(wi, rj)}
5: ≺←≺ ∪{(wi, rj)}
6: Transitivity(wi, rj)
7: foreach wk s.t. grdk do
8: if (wi, wk, rj) same-addr. then
9: Derive(wi, wk, rj)
10: end if
11: end foreach
12: else if l is grdk then
13: wk := write of grdk
14: foreach (wi, ri) ∈≺rf do
15: if (wi, wk, rj) same-addr. then
16: Derive(wi, wk, rj)
17: end if
18: end foreach
19: end if
20: end proc

Input: wi, wk, rj : wi ≺rf rj , grdk
1: proc Derive(wi, wk, rj)
2: if wk ≺ rj then
3: ≺←≺ ∪{(wk, wi)}
4: Transitivity(wk, wi)
5: else if wi ≺ wk then
6: ≺←≺ ∪{(rj , wk)}
7: Transitivity(rj , wk)
8: end if
9: end proc

Input: e1, e2: e1 ≺ e2
1: proc Transitivity(e1, e2)
2: foreach (e2, e3) ∈≺ do
3: if (e1, e3) /∈≺ then
4: ≺←≺ ∪{(e1, e3)}
5: Transitivity(e1, e3)
6: end if
7: end foreach
8: foreach (e0, e1) ∈≺ do
9: if (e0, e2) /∈≺ then
10: ≺←≺ ∪{(e0, e2)}
11: Transitivity(e0, e2)
12: end if
13: end foreach
14: end proc

– We cannot apply the from-read axiom, because that would require an rf -edge
beginning with a write that has a successor write with the same address, and
no such pair exists.

– We cannot apply the write-serialization axiom either, because that would
require an rf -edge ending with a read that has a predecessor write with the
same address, and no such pair exists.

Therefore, according to the axioms, we are finished with deriving happens-
before relations, and as we found no cycles, the execution is deemed allowed.
However, adding any order between the writes to z (shown in bold) makes a
cycle (via the reads to z in the last two threads, when all axioms are applied
again after adding either order between the writes), and therefore, this execution
is not actually allowed over SC. Therefore, we conclude that the axioms are not

R(z)

W(y, 2)

R(x)

W(x, 1)

W(y, 1)

W(z, 1)

W(t, 1)

W(s, 1)

W(z, 2)

R(z)

W(x, 2)

R(y)

R(z)

W(t, 2)

R(s)

R(z)

W(s, 2)

R(t)

po

rf

≺

Fig. 4: Counterexample for the applicability of Sun et al.’s axioms [5] for Sequen-
tial Consistency (SC). Example taken from [14], Fig. 1c.
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suitable for determining SC-consistency. Therefore, in this paper, we cannot
claim we verify SC concurrency, but rather, a somewhat weaker memory model,
called Weak Sequential Consistency [14].

Fixing this issue can be done post-propagation, by trying to serialize all writes
in the program, and reporting the execution inconsistent with SC if this cannot
be done. However, this scales exponentially with the number of same-variable
writes, which we expect, as the problem (VSC-Read) is NP-complete [15]2.
Therefore, we exclude this fix from our solution proposals in Section 4, and
focus on satisfying the axioms as they are written by Sun et al. [5], and show
they are still not fulfilled.

4 Fixing Stability of the Propagation

To fix the stability problems of ≺ after the propagation step, we propose two
solutions:

Retrospective approach We repeat Propagate in Algorithm 1 until its ap-
plications of all axioms no longer produce new relations.

Prospective approach We patch Algorithm 1 to disallow non-stable ≺ out-
puts by analyzing and fixing its procedures, thus achieving stability by con-
struction.

4.1 Fixing Stability Retrospectively

In order to achieve stability, i.e., a state of ≺ where the theory axioms can no
longer add new relations, the simplest method is to apply this definition directly
by wrapping Propagate in the procedure in Algorithm 2. Because this will not
return until ≺ stops changing, we can be sure that all axioms are fully applied
and therefore, stability is achieved. However, as evident from Algorithm 2, this
comes at the price of complexity: we need to iterate over ≺ and ≺rf repeatedly.

4.2 Fixing Stability Prospectively

To avoid the expensive option of fixing stability retrospectively, the alternative
is to fix it prospectively, i.e., by applying the axioms only on recent additions to
the orders. This was also the goal of Sun et al. [5], and hence Algorithm 1 needs
only some minor modifications to realize this.

The main problem with Algorithm 1 is that Derive is not re-called even
though the conditions wk ≺ rj and wi ≺ wk may change during later calls to
any of the procedures when new elements are added to ≺. Therefore, as shown
in Figure 3, when Derive is first called with (wi, wk, rj) = (x1, x2, x3), it checks
whether wk ≺ rj (which is false with x2 ≺ x3), and wi ≺ wk (which is also false

2 Note: the originally published algorithm is polynomial (every edge is added at most
once to the event graph) [5], and therefore, cannot be the solution to this problem.
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Algorithm 2 Retrospective algorithm

Input: l: Positive literal
1: proc PropagateWrapper(l)
2: Propagate(l)
3: while ≺ not fix do
4: foreach (e1, e2) ∈≺ do
5: Transitivity(e1, e2) // Axiom 1

6: end foreach
7: foreach (wi, rj) ∈≺rf do
8: foreach wk s.t. grdk do
9: if (wi, wk, rj) same-addr. then
10: Derive(wi, wk, rj) // Axiom 2, 3

11: end if
12: end foreach
13: end foreach
14: end while
15: end proc

with x1 ≺ x2), then returns without adding anything to the order. Later, when
propagating rf y1y3

, during the call to Transitivity(y1, x2), the pair (x1, x2)
is added to ≺, making the else if condition retroactively true for the Derive
call above, but it is never checked again. Thus, x3 ≺ x2 is missed, ≺ is unstable,
and we mistakenly allow some executions that would never be observable on the
execution platform.

To fix this issue, one solution is to re-call Derive every time a new relation is
added to ≺ that could influence the conditions therein. This means that all same-
address (wk, rj) and (wi, wk) relations are subject to this rule, for all previously
checked triples (wi, wk, rj). Because we know that Derive is only ever called
with same-address events for which wi ≺rf rj also holds, we already have access
to the set of already checked triples. Therefore we introduce a helper procedure,
AddToOrder, and change Algorithm 1 to always call this procedure instead,
when any other procedure adds a new element to ≺. The updated algorithm can
be seen in Algorithm 3. Notice that checking the nonexistence of the new pair
in ≺ is also included in AddToOrder, leading to it no longer being necessary
in other procedures.

Theorem 1. After executing Algorithm 3 with any l positive literal, then given
≺ is stable, ≺ remains stable.

To prove stability, we must show that all three axioms are fully applied to ≺
when Propagate returns.

Lemma 1. Axiom 1 is fully applied (may no longer be used to derive new rela-
tions) when Propagate returns.

Proof. The full application of Axiom 1 is always given, as after every addition
to ≺ (line 3), the procedure Transitivity is called, which adds all events that
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Algorithm 3 Revised Theory Propagation Algorithm
Input: l: Positive literal
1: proc Propagate(l)
2: if l is rf ij then

3: wi, rj := write and read of rf ij

4: ≺rf←≺rf ∪{(wi, rj)}
5: AddToOrder(wi, rj)
6: foreach wk s.t. grdk do
7: if (wi, wk, rj) same-addr. then
8: Derive(wi, wk, rj)
9: end if
10: end foreach
11: else if l is grdk then
12: wk := write of grdk
13: foreach (wi, ri) ∈≺rf do
14: if (wi, wk, rj) same-addr. then
15: Derive(wi, wk, rj)
16: end if
17: end foreach
18: end if
19: end proc

Input: e1, e2: Events
1: proc AddToOrder(e1, e2)
2: if (e1, e2) /∈≺ then
3: ≺←≺ ∪{(e1, e2)}
4: Transitivity(e1, e2)
5: if (e1, e2) same-addr. then
6: if e1 is write, e2 is read then
7: foreach (w, e2) ∈≺rf do
8: Derive(w, e1, e2)
9: end foreach
10: else if e1 is write, e2 is write then
11: foreach (e1, r) ∈≺rf do
12: Derive(e1, e2, r)
13: end foreach
14: end if
15: end if
16: end if
17: end proc

Input: wi, wk, rj : wi ≺rf rj , grdk
1: proc Derive(wi, wk, rj)
2: if wk ≺ rj then
3: AddToOrder(wk, wi)
4: end if
5: if wi ≺ wk then
6: AddToOrder(rj , wk)
7: end if
8: end proc

Input: e1, e2: e1 ≺ e2
1: proc Transitivity(e1, e2)
2: foreach (e2, e3) ∈≺ do
3: AddToOrder(e1, e3)
4: end foreach
5: foreach (e0, e1) ∈≺ do
6: AddToOrder(e0, e2)
7: end foreach
8: end proc

are ≺-before the first event as being ≺-before the second element as well; and
events ≺-after the second event as being ≺-after the first element as well. This
is the definition of Axiom 1.

Lemma 2. Axiom 2 and Axiom 3 are fully applied (may no longer be used to
derive new relations) when Propagate returns.

Proof. Axiom 2 as per its definition can derive new elements of ≺ when either
grdk becomes true, or a new same-address write-write pair is added to ≺, or a
new pair is added to ≺rf . In addition, Axiom 3 can also derive new elements
when a new same-address write-read pair is added to ≺. Therefore, when:

1. grdk becomes true, we must examine all w ≺rf r elements for which the pre-
mise of Axiom 2 may hold with wk, i.e., w ≺ wk. Therefore,Derive(w,wk, r)
is called with all (w, r) ∈≺rf (line 15 in Propagate), and checks whether
w ≺ wk holds (line 5), after which it adds the new derived element (r, wk)
to ≺;

2. a new same-address write-write pair (w1, w2) is added to ≺, we must examine
all w1 ≺rf r pairs. We know grdw2

holds because it could not have been added
to ≺ otherwise, so we call Derive(w1, w2, r) (in line 12 of AddToOrder),
which, because w1 ≺ w2 (in line 5), adds (r, w2) to ≺;

3. a new same-address write-read pair (w, r) is added to ≺, we must examine
all such w2 ≺rf r2 pairs where r is r2. We know grdw2

holds because it could
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not have been added to ≺rf otherwise, so we call Derive(w2, w, r) (in line
8 of AddToOrder), which, because w ≺ r (in line 2), adds (w,w2) to ≺;

4. a new pair (w, r) is added to ≺rf , we must examine all same-address write-
write (w1, w2) (for Axiom 2, where w1 is w) and write-read (w2, r2) (for
Axiom 3, where r2 is r) pairs in ≺. In both cases, grdw2

must hold. There-
fore, we must look at all guard-enabled same-address writes, and call De-
rive(w,w2, r) (in line 8 of Propagate), which will add both the conse-
quence of Axiom 2 (in line 6), and the consequence of Axiom 3 (in line 3),
given their premises are fulfilled (lines 5 and 2, respectively)3.

Because for every possible change in the terms of the premises of Axiom 2
and Axiom 3 the premises are checked and the consequences are applied, both
axioms are fully applied.

5 Empirical Evaluation

In order to determine the performance impact and efficacy of the two proposed
solutions, we formulated the following experimental research questions:

ERQ1 How does the performance change among the original, the retrospective,
and the prospective algorithm in an isolated, clean implementation?

ERQ2 How does the practical implementation in the tool corresponding to the
original Sun et al. publication [5] (Deagle) circumvent false results, given
the theoretical issue with Algorithm 1?

ERQ3 How does the performance and efficacy of the revised algorithms (both
the prospective and the retrospective) transfer to another verification tool
(Theta [16])?

ERQ4 How does the performance change among the retrospective and the
prospective algorithm when integrated in a model checking tool?

Additionally, we formulate the premise of our paper as a research question:

RQ Is the stability claim by Sun et al. [5] supported theoretically, and repro-
ducible in practice?

5.1 Experimental Setup

We used theConcurrencySafety-Main category of SV-COMP [4] to measure
verification performance throughout the experiments. We relied on Benchexec
[17] to provide accurate and reproducible performance measurements.

3 In the original algorithm presented in Algorithm 1, the check for Axiom 2 and
Axiom 3 were mutually exclusive in Derive. We believe this is faulty, and have
therefore changed it here.
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Isolated Implementation We transformed a simple (i.e., pointerless and ar-
rayless) subset of the SV-COMP ConcurrencySafety-Main category’s tasks
into the CSSA form suitable for the algorithms above, with an unrolling bound
of 2. Then, we used the original algorithm (in Algorithm 1) to generate a consis-
tent rf -assignment for each task. We then replayed the order of rf -assignments
in the two algorithms proposed in Section 4. We measured time, and the size
of ≺ after propagation. There were 22 tasks where there was a discrepancy in
the size of ≺ among the original and the two revised algorithms (on average,
6.9%), in which cases more traces are thought to be possible than in reality,
possibly leading to false unsafe verdicts (see Figure 1). The two revised algo-
rithms always produced the same size ≺, as expected, empirically supporting
the soundness proof in Section 4.2. In these 22 instances, the performance of the
three algorithms is visible in Figure 5. We can see that the retrospective solution
is much slower than the original (on average, by 240%), and that the prospective
approach is consistently a bit slower (on average, by 16%).

0 5 10 15 20

1

10

100

Tasks
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im

e
(s
)

Original

Retrospective

Prospective

Fig. 5: Quantile plot of execution times for the isolated implementation

Implementation in Deagle We used the publicly available source code of
Deagle4 for this part of the experimental evaluation. We also ran our experi-
ments with the SV-COMP’24 binary release [2]. We used 900 seconds of timeout
in the experiments.

We used the entire ConcurrencySafety-Main category of SV-COMP
with 713 tasks. The results can be seen in Figure 6, showing a verdict-based
comparison.

We first ran our experiments with the binary release [2] and an unmodified
version of the source code. We found that the binary release solved marginally

4
https://github.com/thufv/Deagle/commit/19e267151cca620cb1d24bc109a451b8a0e617f8

https://github.com/thufv/Deagle/commit/19e267151cca620cb1d24bc109a451b8a0e617f8
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fewer tasks, but produced no incorrect verdicts. However, the source release
solved marginally more tasks, but produced 14 incorrect verdicts. We compared
the logs of these two configurations, and found the lines “Use SV-COMP un-
winding strategy: X” differ between the two configurations, varying between
2 and 100. This leads us to believe that there is a discrepancy in the way the
unwinding strategy is selected between the two versions, which leads to the
slight difference in solved tasks and can cause false results, because Deagle ac-
cepts a bounded proof of safety as an overall safety proof. There is one notable
exception, pthread-race-challenges/thread-local-value.yml, which is
correctly determined to be safe by the binary version with 5 unwindings, but
incorrectly classified as unsafe by the source version with 2 unwindings. This
means that there may be further differences between the versions.

We examined the source code of Deagle to find out how it is possible that
with a faulty implementation, there can still exist a version (the binary re-
lease) which circumvents all incorrect results. We found that in the Closure-
Solver.cc file there is a one more time flag in the propagate() function5

that checks for newly added edges, and recursively calls propagate again, until
a fixpoint (no new edges) is reached. This closely resembles what we call the
retrospective approach.

Because this is not aligned with the algorithm of the original publication,
we removed this flag. Besides this flag, we found no other meaningful difference
between the published algorithm and the source. We ran the experiments with
this version as well, and its results are included in Figure 6. A lot of tasks run
afoul of an assertion in this configuration, causing an overall dip in solved tasks,
but this is not (directly) the problem of the originally published algorithm,
just a side effect. However, even with this smaller sample size, the nominal
number of incorrect verdicts still grew: there were 20 tasks that this version
solved incorrectly, out of which 14 could still be solved by the source code,
unpatched version.

binary release
(retrospective)

source code
(retrospective)

patched
(original)

correct 618 628 236
true 320 332 165
false 298 296 71

incorrect 0 14 20
true 0 10 4
false 0 4 16

Fig. 6: Verification efficacy of Deagle’s binary release, source code release, and
patched version

5
https://github.com/thufv/Deagle/blob/19e267151cca620cb1d24bc109a451b8a0e617f8/minisat-2.2.
1/minisat/core/ClosureSolver.cc#L452

https://github.com/thufv/Deagle/blob/19e267151cca620cb1d24bc109a451b8a0e617f8/minisat-2.2.1/minisat/core/ClosureSolver.cc#L452
https://github.com/thufv/Deagle/blob/19e267151cca620cb1d24bc109a451b8a0e617f8/minisat-2.2.1/minisat/core/ClosureSolver.cc#L452
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Fig. 7: Quantile plot of execution times for Theta vs. Deagle

Implementation in Theta We implemented a version of the prospective, as
well as the retrospective algorithm in Theta [16] (as an independent model
checker tool). We compare its experimental results with the best performing,
source-based, unpatched version of Deagle. The results can be seen as a quan-
tile plot in Figure 7. Theta produced 2 wrong results due to insufficient loop
unrollings, and Deagle produced 14 wrong results, presumably due to similar
issues. These verdicts are not included in the quantile plot. Furthermore, Theta
does not support certain elements of the C language in its frontend, and therefore
we excluded these tasks to preserve a fair comparison.

We can see (in Figure 7) that the two tools produce almost the same number
of correct verdicts (528 for Deagle and 522/520 for the retrospective/prospec-
tive version of Theta), with similar performance characteristics. The offset in
performance (in our opinion) is down to Theta being a non-native, JVM-based
application, while Deagle is a compiled, native program. We can further see that
while the prospective algorithm consistently outperformed the retrospective one,
it did so only marginally, and even ended up solving two tasks fewer.

5.2 Evaluation of Experiments

Based on our results reported in Section 5.1, we can answer the three experi-
mental research questions.

ERQ1 As shown in Section 5.1, the original (faulty) algorithm is the fastest, the
prospective algorithm is slightly slower (by around 16%), and the retrospective
algorithm is much slower (by around 240%).
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ERQ2 As shown in Section 5.1, the published algorithm [5] and the implemen-
tation in the published source code differ in containing a flag to re-run Propa-
gate() when necessary (akin to our proposed retrospective solution). Without
this patch, the original algorithm produces (more) wrong results.

ERQ3 The performance and efficacy of the algorithm transfers suitably to inde-
pendent tools, as shown with our implementation in the Theta model checking
framework.

ERQ4 As shown in Figure 7, the prospective algorithm is slightly faster than
the retrospective algorithm. The difference is far less pronounced than with the
clean, isolated implementation (Section 5.1).

Additionally, we can answer RQ as well. The claim that after propagation,
the state of the execution graph is stable, is not supported theoretically, as shown
with our counterexample in Figure 3. In practice, the stability is reproducible,
but only with a modified algorithm, containing a supporting flag, as uncovered
in Section 5.1. Without this patch, the stability after running the algorithm is
not guaranteed, and can cause real-life problems, as the newly incorrect verdicts
in Section 5.1 showcase.

5.3 Threats to Validity

As one of the main contributions of this paper is the experiment design and its
analysis, the factors that threaten the validity of this experiment are presented
in this section.

Internal Validity. Consistency and accuracy of the experiments were ensured
by using the BenchExec framework [17]. Memory consumption statistics may de-
viate between executions due to the managed nature of some languages used in
developing the tested tools, therefore, such metrics are not used. CPU time and,
therefore, solved tasks may be influenced by external factors such as other pro-
cesses or environmental temperature fluctuations, therefore, minute differences
are disregarded.

External Validity. The results of the experiments are at risk of not being
generalizable due to the relatively low number of benchmarks used throughout
the experiments. Furthermore, we as authors do not have access to the most
up-to-date source code of Deagle which was used to compile the competition
binary. Additionally, we are not familiar with the whole Deagle code base,
which may mean we missed crucial implementation details in the tool. Also,
we were not able to meaningfully circumvent the assertion violation using our
patched version when trying to achieve an implementation close to the published
one, and therefore, the majority of test cases were excluded in that analysis.
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Construct Validity. To justify the type of metrics used in the evaluation of the
experiments, we considered the main use cases these tools would face should they
be used in the approach described in this paper. Academic competitions such as
SV-COMP [4] reflect the performance of tools after careful tuning of them while
constantly re-testing on the same benchmark set. Therefore, our results may not
be easily reproduced on a different benchmark set.

6 Conclusion and Future Work

In this paper, we have shown that the Basic algorithm published by Sun et al.
[5] contains a problem where some ≺ elements are not discovered given a set
of axioms for weak sequential consistency. Their algorithm is the basis of the
software verification tool Deagle [5] that was the winner of the concurrency
category of SV-COMP 2022 [3] and 2023 [4] which highlights the importance
of the approach and the need for its improvement. We have proposed two so-
lutions to this problem, a retrospective and a prospective algorithm, and have
proven the post-propagation stability property of both. Using empirical data, we
can conclude that in some circumstances the issue materializes in real-life prob-
lems as well, but there is a performance impact of using the revised algorithms.
We found the prospective algorithm does not impact performance as much as
the retrospective, but we could only show a significant difference in an isolated
environment. We further found that the original implementing tool, Deagle,
already contains a way to circumvent the problem, by utilizing a solution resem-
bling our retrospective approach. We show that without this modification of the
algorithm, Deagle does produce wrong results on verification tasks. We also
showed that our proposal transfers to other model checkers as well, by showing
that an implementation in the Theta [16] model checking framework achieved
similar results to that of Deagle. Finally we have analyzed the empirical results
and answered the premise of our reproducibility study: the claims of the paper
are not substantiated either theoretically, or in practice.
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16. T. Tóth, A. Hajdu, A. Vörös et al., “Theta: a Framework for Abstraction
Refinement-Based Model Checking,” in 17th Conference on Formal Methods in
Computer-Aided Design, D. Stewart and G. Weissenbacher, Eds., 2017, pp. 176–
179.
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Inferring Incorrectness Specifications for
Object-Oriented Programs

Abstract. Incorrectness logic (IL) based on under-approximation is ef-
fective at finding real program bugs. The prior work utilises bi-abductive
specification inference mechanism to infer IL specifications for analysing
large-scale C projects. However, this approach does not work well with
object-oriented (OO) programs because it does not account for class
inheritance and method overriding. In our work, we present an IL speci-
fication inference system that tackles these issues. At its core, we encode
type information in our bi-abductive reasoning and propagate type con-
straints throughout the analysis. The direct benefit is that we can effi-
ciently identify bugs caused by improper usage of the casting operator,
which cannot be handled by the existing specification inference. Mean-
while, our system can reduce false positives while finding more true bugs
because of not losing OO-type information. Furthermore, we model dy-
namic dispatching calls by inferring dynamic specifications, where the
possible types of the calling object at runtime are bounded by the type
constraints. We prototype our system in ILoop and evaluate it using
real-world projects. Experimental results show that it finds 400% more
class-cast-exceptions compared with Error Prone and improves the pre-
cision of finding null-pointer-exceptions by 27.0% compared with Pulse.

1 Introduction

Incorrectness Logic (IL) [31], as a dual to Hoare logic (HL), is an effective and
principled approach for proving the presence of bugs. A recent work [20] im-
plements a tool called Pulse-X to infer IL specifications within the Meta/Infer
framework and aims at real bug detection for large C-based projects. In Pulse-X,
IL with its extension via Incorrectness Separation Logic (ISL) are used together
with bi-abduction [12] to infer specifications automatically. Pulse-X has been
shown to be effective in finding bugs in real-world projects such as OpenSSL.

The current IL bi-abductive inference mechanism [20] only associates every
variable with its declared type during the analysis. However, this is inadequate
for modelling OO programs. In OO programming, types form class hierarchies
and declared types encompass themselves and all their subclasses. Consequently,
a method could accept multiple types during the real execution. These charac-
teristics create challenges for the existing inference mechanism.

Firstly, it cannot handle the casting operation, which is widely used in OO
programs. The casting operation is in the form of (C ) e, which casts the source
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type of the value by evaluating expression e to type C . Casting operations can
cause system failures, i.e., class-cast-exception (CCE), at run-time when the
source type is not a subtype of C . Research [14,19,24,30] has shown that the
CCE stands as one of the most pervasive bugs in OO programs. Unfortunately,
the current approach could not analyse casting operations as it cannot recognise
object type possibilities. In addition, a lack of OO-type information leads to false
positives, as some bugs will only occur if some type constraints are satisfied.
However, as variables are type-insensitive in [20], it may report infeasible bugs.

Furthermore, because this mechanism uses fixed types, each method call,
e.g., x.mn(ȳ), is considered to be statically dispatched. Then, the analysis could
be imprecise. Suppose the type declared for x is an interface; it could not find
a specification as mn does not have an implementation in the interface. If the
declared type of x is a normal class, it loses precision due to the ignorance of sub-
types and method overriding in OO programs. Considering these unsolved issues
are crucial in OO programs, the current inference approach must be advanced.

Incorrectness Logic and Bi-abduction. [p] S [ϵ:q] denotes an IL triple. Here,
ϵ∈{ok , er} captures symbolic traces of successful or error outcomes. Intuitively,
an IL triple is valid if every program state satisfying the postcondition is reach-
able from some program states satisfying the precondition. A key feature of IL
is that it allows dropping execution paths while ensuring all described paths are
true in actual executions. Hence, an error postcondition [er: ...] stands for true
bugs. A bi-abduction problem [12] p ∗ m ⊢bi q ∗ f is to abduce a missing for-
mula m, which is necessary to execute a command and calculate an unchanged
frame f . Bi-abductive reasoning can generate HL specifications automatically.
As IL is dual to HL, Pulse-X adapts bi-abduction to infer IL specifications due
to the flipped consequence rule. Specifically, the IL bi-abduction problem is
q ∗ f ⊢bi p ∗m where m is inferred via frame calculation. Pulse-X analyses each
method starting from the typical formula emp ∧ true, while in our system, the
initial condition will record all declared type information. Our system builds up
and propagates type constraints throughout the reasoning, accommodating the
bug finding for CCEs and recording the possible types for dynamic dispatching
in real executions.

Errors in OO Programs and Error Reporting. In this work, we target
CCEs and null-pointer-exceptions (NPEs), which occur when trying to access
a null pointer that does not point to an object. For NPEs, not all the possible
errors are of programmers’ interest. For example, the method foo(Aa){a.mn()}
can trigger an NPE when null is given as its input. The programmer may reason
that a will rarely be null and decide to ignore this possible NPE.

To systematically decide if an error is worth reporting and reduce false posi-
tives, Le et al. [20] defined manifest bugs, which persistently occur regardless of
the input values, and latent bugs which only occur for some input values. Follow-
ing the convention, in this work, we also target manifest bugs for NPEs. Pulse-X
may generate multiple specifications for one analysed method. Each specifica-
tion is associated with one path of the program. However, to determine manifest
bugs, they examine specifications individually while ignoring the bugs that exist
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in multiple paths. We propose a merging mechanism which generalises the re-
porting strategies to discover more true bugs. In addition, dynamic dispatching
calls introduce a large set of paths, as each possible type leads to a different
set of paths, which worsens the path explosion problem. The proposed merging
mechanism can mitigate the problem by combining compatible specifications.
The mechanism reduces the path space without sacrificing path information.
On the other hand, we argue that latent CCEs are also worth reporting. For
example, the programmers may not be aware of the entire class hierarchy and
ignore some type possibilities for input objects. Some inputs are fine, but those
ignored objects could be dangerous, especially when the code is re-used or used
externally. Hence, we further relax the reporting criteria which covers a larger
set of interesting bugs. Our contributions are:

– We propose an IL specification inference system for OO programs. Our system
is type-sensitive, such that it can effectively reason about OO features and find
bugs which cannot be handled by the existing inference system.

– We propose bug reporting criterion for both NPEs and CCEs. The NPEs
reporting criteria is a generalisation of the existing work via merging and the
merging mechanism can also mitigate the path explosion issue.

– We implement the inference mechanism in a tool called ILoop. Our experi-
mental results show that our tool outperforms the state-of-the-art tools. The
source code of the ILoop is available from [8].

2 Motivating Examples

Our motivation examples demonstrate that our approach can effectively detect
CCEs, and increase the precision of the existing static analysis for OO programs.

2.1 Detecting Class-Cast-Exceptions

Fig. 1 shows a possible casting error found by ILoop. The input of this method
is a COSBase object. In the if branch, the developer uses an instanceof op-
erator to guard the casting (COSObject) o. However, in the else branch, the
developer directly casts the object o to COSDictionary , which may cause a run-
time exception as there exist classes that are neither subtypes of COSObject nor
COSDictionary . This issue has been existing for more than ten years, and fixed
by the developer recently (June, 2024). To identify this bug, ILoop starts with an
initial program state, ϕ0 =(ty(o)≺:COSBase), meaning that the input type of
o is COSBase or COSBase’s subclasses. At line 4, ILoop extends the state with
the type constraint: ϕ1 =(ty(o) ̸≺:COSObject). When analysing line 4, ILoop

1 private COSDictionary toDictionary(COSBase o){
2 if (o instanceof COSObject){
3 return (COSDictionary)(( COSObject)o).getObject ();}
4 else{return (COSDictionary)o;}} //may cause a run -time error

Fig. 1. A Casting Error Found in an Open-Source Project Pdfbox [6]
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explores the possibility of CCEs, which is when ϕ2 =(ty(o) ̸≺:COSDictionary).
Since ϕ2 does not contradict to the current state, ILoop infers an error specifi-
cation with a precondition containing ϕ0 ∧ϕ1 ∧ϕ2 .

2.2 Increasing Bug-finding Precision

ILoop is more accurate than the state-of-the-art tool Pulse, the commercial
version of Pulse-X, by reducing false positives while finding more true positives.

Reduce False Positives. As shown in Fig. 2, Pulse reports a bug at line 2,
which calls the method defined at line 4 by passing null as the second argument.
As the second formal argument, object icon is dereferenced at line 7 to access its
method getImage(); and if icon is null , there is an NPE. Hence, Pulse reports
this error.

However, as this method call is under an instanceof checking and null is not
an instance of any class, icon’s value will never be null at line 7. Therefore,
there is no NPE. ILoop avoids such false positives by inferring specifications
containing precise type constraints. The precondition inferred for entering the
if branch at line 7 contains a condition ty(icon)≺:ImageIcon. Then, ILoop finds
that the method call at line 2 does not take this precondition as a valid call since
icon = null. Thus, ILoop does not report any NPEs here.

1 public ErrorDialog(JComponent owner , Throwable t){
2 this(owner , null , t); } // this is a false positive NPE
3

4 public ErrorDialog(JComponent owner , Icon icon , Throwable t){
5 ...
6 if (icon instanceof ImageIcon){
7 setIconImage ((( ImageIcon) icon).getImage ());}
8 else {...}}

Fig. 2. A (Simplified) False Positive Reported by Pulse [4]

Find True Positives. Fig. 3 presents a buggy program from Infer’s test repos-
itory [17]. Unfortunately, this bug has existed in this repository for several years
but still cannot be found by its toolchain. There are two classes declared in this
example where B is a subclass of A. B overrides the method foo() such that
A.foo() returns a new Object instance, while B .foo() returns null . The method
dyn mn takes the object o as the input, and o could be either an instance of A
or an instance of B . The method executes normally if it has type A but throws
an NPE if it has type B . Pulse could not detect such bugs as it only analyses
the case where o is type A and fails to consider the other possible type B . In

1 class A {Object foo() {return new Object ();}}
2 class B extends A { @Override Object foo() {return null ;}}
3 void dyn_mn(A o) {o.foo().toString ();}
4 void buggy(B b) {dyn_mn(b);} // this is a true bug

Fig. 3. A True NPE in Infer’s Test Repository
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addition, this bug becomes manifest in method buggy at line 4 as it calls method
dyn mn by always passing a B type instance as an input. However, Pulse does
not support the reasoning for the dynamic dispatching call shown in the exam-
ple, i.e., the specification of the overriding method in the subclass is missing. As
such, it could not derive the error specification for buggy . This example high-
lights the need for a systematic method to catch and report such bugs in OO
programs.

In our approach, ILoop infers the static specifications for both A.foo() and
B .foo() according to their implementations, respectively. Meanwhile, ILoop com-
poses a dynamic specification for A : foo() from the earlier inferred static speci-
fications of both A and B. The notation A : foo() means that foo is dynamically
dispatched. ILoop utilises the dynamic specification to cover the behaviour when
o is type B in dyn mn and captures the missing bug in buggy .

3 Target Language and Specification Language

P :: = cdef ; cdef :: = class C1 extends C2 {t f ; meth}
τ :: = int | bool | void t :: = C | τ

meth :: = t mn (t x) {S} v :: = const | x
S :: = skip | e | t x ;S | S ;S | S + S | S∗

e :: = v | x :=e | y := x .f | x .f :=y | error() | new C (x ) |
x .mn(y) | x instanceof C | (C ) x | assume(b)

Fig. 4. A Core Object-Oriented Language

Fig. 4 presents our target OO language, which is call by value and uses single
inheritance. The entire class hierarchies of a program are constructed via extends
keyword. Object is an implicit superclass of all classes; x, y... range over variables.
The const represents the constant values. Following the encoding convention
[31,20], we represent conditionals as (assume(b);S1 )+(assume(¬b);S2 ) where b
is a Boolean value and + is a non-deterministic choice between two statements;
and while is encoded as (assume(b);S )∗; assume(¬b) where ∗ is the Kleene star
iteration. The semantics of the core language can be found in our technical report
[27].

Fig. 5 presents the syntax of the specification language, where κ1∗κ2 presents
two non-overlapping heaps via separation conjunction ∗; x.f 7→e means the field
f of x points to e and x :C means the run-time type of x stored in the heap is
C. We use a simplified notation x 7→C⟨f̄ : ē⟩ to denote a constructed heap object.
x 7→C⟨f̄ : ē⟩ is a point-to predicate where the object x has the exact type C and
the fields f̄ from C points to ē. We may shorten it to x 7→C⟨f̄⟩ for simplicity in
some following sections. By default, we know which class a field f belongs to.

p, q, f,m, F :: = (κ∧ϕ) | p ∨ p | ∃x.p
κ :: = emp | x.f 7→ e | x : C | x 7→C⟨f̄ : ē⟩ | κ1 ∗ κ2

ϕ :: = true | false | x=e | x<e | ϕ1 ∧ ϕ2 | ϕ1∨ϕ2 | ¬ϕ | ϕ1⇒ϕ2 |
C1=C2 | C1≺C2 | ty(x )=C | ty(x )≺C | ty(x )∈{C1, . . . , Cn}

Fig. 5. An Assertion Logic for OOP
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Lastly, ϕ stands for pure arithmetic constraints. In contrast to the prior works
[35,20], we do not have the notation x ̸7→ called “negative heap”, as we do not
have explicit memory management, such as free() to de-allocate objects from
heaps. In addition, we have a set of extra terms to constrain the types in our
pure logic. The type of an object is immutable throughout its lifetime. We can
use those terms to constrain the allocated type. For example, ty(x)=C means
the run-time type of x is exactly C while ty(x)≺:C (ty(x)=C ∨ ty(x) ≺ C) can
be used when x’s type is either C or its subclasses.

4 Specification Inference

We semantically define IL triples [31] via program transitions. A configuration is
a pair (S , σ) where S is a program and σ is a program state, i.e., the valuation of
both memory stacks and heaps. A program transition is a binary relation ❀ on
configurations. Relation (S , σ)❀ (S ′, σ′) holds if the execution of the statement
in the configuration (S , σ) results in the new configuration (S ′, σ′). We define❀∗,
the reflexive-transitive closure of ❀, to capture finite executions. We assume all
terminating executions end at a skip statement. We use σ ∈ JpK to denote that
the program state σ satisfy the assertion p. Finally, Tsp ⊨ [p]S [ϵ:q] denotes a
valid IL triple, where Tsp is a context storing the specifications for the analyzed
methods. Formally,

Tsp ⊨ [p]S [ϵ:q ] iff ∀σ. σ ∈ q , ∃σ′. σ′ ∈ p s .t . (S , σ′)❀∗(skip, σ)
with the specification context Tsp and ϵ∈{ok , er}.

4.1 IL Triples For OO Statements and Type Constraint Propagation

Fig. 6 presents a set of valid IL triples [26] for primitive OO program statements.
As these triples hold without context Tsp, we omit it here. Rules Skip, Read

and Write are standard. Rule Assume allows us to back-propagate the Boolean
expression to the precondition as a path condition. There are three possibilities
for the instanceof operation. Rule InsNull states that null is not an instance of

⊨ [emp]skip[ok: emp] Skip ⊨ [x.f 7→e1 ∧ y=e2] y:=x.f [ok: x.f 7→e1 ∧ y=e1] Read

⊨ [x=null ] y:=x.f [er: x=null ] NullRead ⊨ [x.f 7→e] x.f := y [ok: x.f 7→y] Write

⊨ [x=null ] x.f :=y [er: x=null ] NullWrite ⊨ [emp∧b] assume(b) [ok: emp∧b] Assume

⊨ [emp] error() [er: emp] Error ⊨ [x=null ]x instanceof C [ok: x=null∧¬res] InsNull

⊨ [x ̸=null ∧ ty(x)≺:C ] x instanceof C [ok: x ̸=null ∧ ty(x)≺:C ∧ res] InsT

⊨ [x ̸=null ∧ ty(x) ̸≺:C ] x instanceof C [ok: x ̸=null ∧ ty(x) ̸≺:C ∧ ¬res] InsF

⊨ [x=null] (C ) x [ok: x=null ∧ res=x] CastNull

⊨ [x ̸=null ∧ ty(x)≺:C ] (C ) x [ok: x ̸=null ∧ ty(x)≺:C ∧ res=x] CastOk

⊨ [x ̸=null ∧ ty(x) ̸≺:C ] (C ) x [er: x ̸=null ∧ ty(x) ̸≺:C ] CastEr

Fig. 6. Primitive IL Triples For OO Statements



26 W. Li et al.

1 public synchronized boolean equals (final Object other) {

2 [...ty(other)≺:Object ∧ ty(other)≺:AbsHis ∧ ty(other) ̸≺:DblHis ]

3 if (other instanceof AbsHis) {

4 [ok: ...ty(other)≺:Object ∧ ty(other)≺:AbsHis ∧ ty(other) ̸≺:DblHis ]

5 DblHis otherHis = (DblHis) other;
6 [er: ...ty(other)≺:Object ∧ ty(other)≺:AbsHis ∧ ty(other) ̸≺:DblHis]

Fig. 7. Finding a CCE [7], via Type Constraint Propagation

any class. If x is allocated, it can either be or not be an instance of C , denoted
by rules InsT and InsF. Similarly, there are three possibilities for casting, and
one leads to CCEs. We use the default res in poststate q to denote the result
being returned from an expression e in [p]e[ϵ:q].

Based on primitive IL triples, specification inference allows us to generate
specifications for bigger code blocks [20,37], which consist of primitive state-
ments. We show that such a mechanism can be applied to propagate type con-
straints according to program statements, which are critical for analysing OO
programs. For example, statement if (x instanceof C ) ... else ... results two pos-
sible specifications: ty(x)≺:C for the if branch and ty(x) ̸≺:C for the else branch.
Type constraints indicate the possible types for an object at run-time.

The example in Fig. 7 is taken from an open-source project HdrHistogram
and fixed by the developer [7]. For simplicity, we only show the typing part
of the inferred specification. The initial state before the if statement is ϕ0 =
(ty(other)≺:Object), obtained from the method signature. The (boxed) con-
straint ϕ1 =(ty(other)≺:AbsHis) (according to the if condition) is back prop-
agated to form the precondition for entering the if branch, i.e., ϕ0 ∧ϕ1. For the
casting operation at line 5, ILoop infers ϕ2 =(ty(other) ̸≺:DblHis) ( highlighted )
as the missing formula which leads to an error postcondition. As the accumulated
type constraint is satisfiable when reaching the post, i.e., (ϕ0 ∧ϕ1 ∧ϕ2) ̸= false,
it indicates that this error is on a feasible path. The states at line 2 and line 6
form an error specification for this method. In fact, AbsHis and DblHis are two
unrelated classes, and this bug was caused by a typo from the programmer.

4.2 Inference Relations

We now discuss how to automatically achieve IL specification inference for OO
programs. Given a statement S , we use the following relation Tsp ⊢ [p]?[m] S [ϵ: q]
to infer a missing formula m which is necessary to execute S and computes
the corresponding postcondition [ϵ: q] with a given precondition p. Tsp is the
specification table which initially contains the primitive rules in Fig. 6. For each
analysed method, its inferred specifications are stored in Tsp, and used to further
infer the specifications for the rest of the methods. Instead of using a standard
emp ∧ true symbolic heap [12,20] when analysing a new method, the inference
is initialized with a precondition p that records the declared type for each input
object. For example, given a method definition of class C: t0 mn (args) {S}, the
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precondition for reasoning S is initialized as follows:

p = (
∧

(C ′
i xi )∈ args

(xi=null ∨ ty(xi)≺:C ′)) ∧ ty(this)=C

The rest of the inference relations are presented in Fig. 8. The system per-
forms forward symbolic executions. During the inference, the bi-abduction obli-
gations in the form of q ∗ f ⊢bi p ∗m are solved by the approaches in [12], where
the missing resource m is inferred through frame calculation, and the anti-frame
f carried is abduced. ASSIGN-VAR performs standard Floyd’s forward assign-
ment rule. LOCAL picks fresh variables to represent locally declared variables in
specifications. The “default value(vt)” means the default value when a variable
of type t is declared. CHOICE rule is design for non-deterministic choice + which
paths could be split. SEQ performs the sequential composition. In SEQ2, mod(S)
returns the set of variables modified in the program S and fv(f) is the set of free
variables in formula f . The UNROLLING rule is designed Kleene star iterations
S∗ which allows it to unroll non-deterministically. In this work, we use upper-

ASSIGN−VAR

vars =(
∧

∀yi.yi∈pvar(e)

yi = ei) ∧ x=x′

vars ∗ f ⊢bi p ∗m
q=∃x′.(m ∗ p)[x′/x] ∧ x=e[x′/x]

Tsp ⊢ [p]?[m] x:=e [ok : q]

LOCAL

fresh(o) default value(vt)
Tsp ⊢ [p ∧ o= vt]?[m] S[o/x] [ϵ: q]

Tsp ⊢ [p]?[m] t x;S [ϵ: ∃o. q]

VAL−VAR

q= p ∧ res = v

Tsp ⊢ [p]?[m] v [ok : q]

CHOICE1

Tsp ⊢ [p]?[m] S1 [ϵ: q]

Tsp ⊢ [p]?[m] S1 + S2 [ϵ: q]

CHOICE2

Tsp ⊢ [p]?[m] S2 [ϵ: q]

Tsp ⊢ [p]?[m] S1 + S2 [ϵ: q]

SEQ1

Tsp ⊢ [p]?[m] S1 [er : q]

Tsp ⊢ [p]?[m] S1;S2 [er : q]

SEQ2

Tsp ⊢ [p1]?[m1] S1 [ok : q1]
Tsp ⊢ [p2]?[m2] S2 [ϵ: :q2]
(p2 ∗m2) ∗ f ⊢bi q1 ∗m

mod(S1) ∩ fv(m) = mod(S2) ∩ fv(f) = ∅
Tsp ⊢ [p1]?[m1 ∗m] S1;S2 [ϵ: q2 ∗ f ]

CONSEQUENCE

p′ ⇒ p Tsp ⊢ [p′]?[m] S [ϵ: q′] q ⇒ q′

Tsp ⊢ [p]?[m] S [ϵ: q]

FRAME

Tsp ⊢ [p]?[m] S [ϵ: q] mod(S) ∩ fv(f) = ∅
Tsp ⊢ [p ∗ f ]?[m] S [ϵ: q ∗ f ]

UNROLLING

Tsp ⊢ [p]?[m] skip+ (S;S∗) [ϵ: q]

Tsp ⊢ [p]?[m] S∗ [ϵ: q]

ERR−CALL

m = (x = null)

Tsp ⊢ [p]?[m] x.mn [er : p]

CALL-STATIC

ty constraints(x) =⇒ ty(x)=C
ST (C .mn(w̄)) = ([p′] [ϵ: q′]) ∈ Tsp

p′[x/this, ȳ/w̄] ∗ f ⊢bi p ∗m
q = q′[x/this, ȳ/w̄]

Tsp ⊢ [p]?[m] x.mn(ȳ) [ϵ: q ∗ f ]

CALL-DYNAMIC

DY (C :mn(w̄)) ∈ Tsp

DY (C :mn(w̄)) ∧ ty constraints(x) = [p′] [ϵ: q′]
p′[x/this, ȳ/w̄] ∗ f ⊢bi p ∗m

q = q′[x/this, ȳ/w̄]

Tsp ⊢ [p]?[m] x.mn(ȳ) [ϵ: q ∗ f ]

Fig. 8. Specification Inference Relations
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bounded loop unrolling. The inference process terminates once it reaches an er
postcondition.

Method Calls. There are two kinds of calls: CALL-STATIC and CALL-DYNAMIC

are for static and dynamic calls, respectively. In our language, both the method
calls are in the form of x.mn(ȳ) (we omit the arguments and use x.mn for sim-
plicity). We use ty constraints(x ) to denote the set of all type assertions of
x in the pre-state formula. We say that this call can be statically determined
if there is only one type possibility for x. For example, x is locally initialized
by new C (...), then ty(x)=C. In this case, we use the static specification for
this call. Static specifications are directly inferred through the inference rela-
tions for each method by analysing its concrete implementation. We store the
inferred specifications in Tsp and can be retrieved by ST (C.mn). Note that we
use CALL−STATIC to process the primitive statements shown in Fig. 6.

Dynamic Specifications. On the other hand, if the type of x is not statically
determined, x.mn is dynamically dispatched. We use C.mn for the mn imple-
mentation in class C, and C :mn to denote the set of mn implementations in
C and its subclasses. Specifications for such C :mn are dynamic specifications,
denoted by DY (C :mn). A natural way to derive dynamic specifications is to
collect the static specifications of mn in all C ′, where C ′≺:C. Formally,

Definition 1. Given class C and its subclasses, let C :mn be the set of im-
plementations of mn in these classes. The dynamic specification, denoted by
DY (C :mn), is defined as follows:

DY (C :mn) =
∧

∀Ci≺:C

ST (Ci .mn).

The derived dynamic specifications will also be stored in Tsp. To find a cor-
rect dynamic specification for a dynamically dispatched call x.mn, we need to
follow these steps: 1) Find the least positive type constraint of x (we call a type
constraint ty(x)≺:C, ty(x) ̸≺:C as positive constraint and negative constraint,
respectively). Let it be ty(x)≺:Cl. By least positive type constraint, we mean
that Cl is not the superclass of any other C in the other positive type con-
straints; 2) Find DY (Cl :mn); 3) Trim DY (Cl :mn) by removing specifications
of infeasible types according to the negative type constraints. Examples can be
found in [27].

Note that constructors are special methods that only require static specifi-
cations. When analysing a constructor C(...), the initial precondition p contains
an allocated heap object (all uninitialized fields are null at the beginning) with
the exact type ty(...)=C . Upon an ok termination, its reference is implicitly
returned. We define the soundness of our inference mechanism in Theorem 1.

Theorem 1 (Soundness of the Inference Relations). For all Tsp, p,M,S, ϵ, q,
if the inference relations conclude that Tsp ⊢ [p]?[M ] S [ϵ: q],
then Tsp |= [p ∗M ]S [ϵ: q].
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5 Bug Reporting

We aim to create a practical analyser with low false positives and high true
positives. This section outlines our efforts to achieve this for OO programs.

5.1 Merging

Prior work [20] defines manifest bugs and latent bugs. In a nutshell, latent bugs
are context-dependent, which will not always occur. In contrast, manifest bugs
occur regardless of the calling context and should be reported to the user. In
particular, to find manifest bugs, the previous tool classifies an er triple as
manifest if its precondition is emp ∧ true or relaxed-manifest if its precondition
contains heap-allocated variables without any pure constraints. Otherwise, it
is classified as a latent bug. However, this approach only reports a subset of
manifest bugs as they examine specifications individually and hence may miss
manifest bugs amongst multiple paths. We show such an example in Fig. 9,
where class B extends class A, and two branches are rejoining at the error()
statement. Hence, the error occurs regardless of the type of the input x.

1 void goo(A x) {
2 if (x instanceof B){skip;}
3 else {skip;}
4 error();}

Fig. 9. A Manifest Bug

We may infer two specifications for
each branch separately. The error oc-
curs in both the if branch and the else
branch. However, using the previous ap-
proach, we will find that the inferred
specifications contain path conditions
ty(x)≺:B and ty(x) ̸≺:B, respectively.
Therefore, we need to classify the triples in both branches as latent bugs and
not report them to the user. To reduce such false negatives, we propose a merg-
ing mechanism which can join the preconditions of the specifications for the two
branches so that this bug can be classified as a manifest bug.

On the other hand, the construction of dynamic specifications requires cap-
turing specifications from multiple classes, which leads to path explosion for
method calls. An under-approximating analyser will drop excessive specifications
once the limit is reached. Although sacrificing precision, path dropping helps
achieve scalability. Our merging mechanism can combine static specifications to
form a more concise dynamic specification without losing path information. By
doing this, we can slow down the path growth. Therefore, we enhance analysis
precision via merging from two perspectives: 1) merging preconditions from er-
ror specifications to find more true bugs; and 2) merging static specifications to
form dynamic specifications and slow down the path dropping.

Merging Mechanism We first defined c-hierarchy predicate in Definition 2 to
model the class hierarchy in OO programs. Each c-hierarchy predicate has a tree-
like structure where T is its root (superclass) with some subtrees (subclasses).
A c-hierarchy predicate can model the full/partial class inheritance.

Definition 2 (C-hierarchy Predicate). A c-hierarchy predicate is a disjunc-
tive set of objects in the following form:

D := ∅ | T (f̄ , D̄)
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A non-empty c-hierarchy predicate pointed by x is defined as follows:

x 7→ T (f̄ , D̄)
def
= x 7→ T ⟨f̄⟩ ∨

∨
Ti(f̄i,D̄i)∈ D̄

x 7→ Ti(f̄++f̄i, D̄i)

Recall that x 7→ T ⟨f̄⟩ indicates that x points to a heap object with exact type
T . For T (f̄ , D̄), T is the superclass name, f̄ are the field mappings from T , and
D̄ is the predicates of some other classes directly extending T . The notation ++ is
the appending operator. The subclasses (e.g., Di) in a c-hierarchy predicate must
always maintain the same state for field mappings inherited from the superclass
(e.g., T ). For example, x 7→ T1(1, {T2(), T3(2)}) means x 7→ T1⟨1⟩ ∨ x 7→ T2⟨1⟩ ∨
x 7→ T3⟨1, 2⟩. A well-formed c-hierarchy predicate should respect the original
class hierarchy from the program. Specifically, one c-hierarchy predicate must
form a connected subgraph of the class hierarchy.

S ≺d T
var 7→ S(f̄T ++f̄S , D̄S) ∗ F ∗ F ′ ∨ var 7→ T (f̄T , D̄T ) ∗ F ∗ F@S̄′

var 7→ T (f̄T , D̄T ++S(f̄S , D̄S)) ∗ F ∗ F@S̄′ ∗ F ′
@S

(Merging)

This rule merges two formulae where var points to either a subclass or superclass
c-hierarchy predicate, where S ≺d T means T is the direct superclass of S. The
formula for the subclass S may contain an extra frame F ′ when var points to
a subclass instance (e.g., the objects pointed by extension fields of subclasses).
We tag this extra frame as F ′

@S to denote that F ′ is exclusively owned by the
S c-hierarchy predicate after merging. Similarly, the formula for the superclass
T may have already merged with some other direct subclasses S̄′. Hence, it
may contain some other tagged frames F@S̄′ . These tagged frames will remain
unchanged.

Note that the OO method’s specifications will include this object, which
denotes the current object. We merge two specifications from the superclass
and the subclass using the above Merging rule for both pre and post by replac-
ing var with this. This merging rule only merges formulae with the same F .

1 class A {
2 int val;
3 void set(int x){
4 this.val = x;}}
5

6 class DblA extends A{
7 int bak;
8 void set(int x){
9 this.bak=this.val;

10 this.val = x; }}
11

12 class C extends A {}

Fig. 10. A Merging Example

In other words, we only merge the superclass and
subclass specifications under the same path con-
dition. We keep the specifications separate if the
pre or post cannot be merged.

Merging makes the dynamic specification con-
cise by simplifying a disjunctive form P1 ∨ P2 to
P3 such that P3 = (P1∨P2 ) without loss of infor-
mation. In the OO context, this happens quite of-
ten as a subclass usually behaves very similarly to
its superclass. We illustrate the merging through
the example in Fig. 10. Both DblA and C extend A
where DblA overrides the original methods with a
backup field to store the original value in field val.
We infer static specifications for the three classes
respectively: [this 7→ A⟨e⟩] [ok: this 7→ A⟨x⟩] for
A; [this 7→ DblA⟨e, b⟩] [ok: this 7→ DblA⟨x, e⟩] for DblA;
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and [this 7→ C⟨e⟩] [ok: this 7→ C⟨x⟩] for C . By using merging, the dynamic spec
for A : set can be obtained as:
[this 7→ A(e, {DblA(b),C ()})] [ok: this 7→ A(x , {DblA(e),C ()})]. Next, we de-
fine the generalised relaxed-manifest bug via merging.

Definition 3 (Relaxed-Manifest Bug). Let E be a mapping from error state-
ment S to the set of error specifications terminated at it. Then, S denotes a
manifest bug if point 1 holds and point 3 holds after the merging described by
point 2:

1. E(S ) ̸= ∅ and ∀spec ∈ E(S). sat(post(spec))

2. ∀spec ∈ E(S). pre(spec)
merging steps−−−−−−−−−→ Epre(S)

3. ∃p ∈ Epre(S). κ ∧ ϕty ⊢ p

Where κ is the heap formula representing the possible heap resources without
pure constraints. ϕty represents the initial type constraints (constructed from the
initial method signature) we mentioned earlier.

We require the postconditions in specifications to be satisfiable and E(s) is
non-empty. Epre(s) is the set of formulae formed by merging the preconditions
from all specifications in E(s) through the following steps repeatedly until the
preconditions cannot be merged.

– Step 1: Merge all vars in pres with the same path condition by merging rule.
– Step 2: Combine the merged formulae using the ∨ calculus.

These steps are trying to check if an error happens in several paths. “Context-
independent” bugs in the OO program should occur regardless of the types of
input parameters as the types of input objects are the additional dimension
of the calling context. In the actual implementation, we sometimes relax this
requirement. If there is no instanceof or casting throughout the method, we will
report a bug that occurs when the types of inputs are the same as the declared
ones since programmers may not consider subclasses in this case.

Note that the merging for the dynamic specification formation and bug re-
porting are different. The former is the merging of multiple specifications across
multiple methods (from different classes) while the latter happens within one
method and we only merge preconditions. Both of them may need to use c-
hierarchy predicates to represent heap objects.

5.2 Reporting Class-Cast-Exceptions

A statement (C ) e could cause a CCE if ty constraints(e) ≠⇒ (ty(e)≺:C ) in the
precondition. CCEs and NPEs share the following similarities: 1) The statement
might not always trigger a runtime exception; 2) A guard can prevent the error
(e.g., null checks for NPEs and instanceof checks for CCEs); 3) Without a guard,
it’s difficult to determine if an error should be reported, as the programmer may
intentionally omit it based on their design, leading to potential false positives.
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Since NPEs and CCEs exhibit similar characteristics, we can adopt the same
methodology used for NPEs when addressing CCEs. However, our experimental
findings indicate that this approach results in minimal detection of CCEs in real-
world projects. There are two potential explanations for this. Firstly, program-
mers might not experience CCEs like NPEs; for instance, they may not pass a
manifest-error object with incompatible types to methods. Secondly, CCEs could
arise from external libraries with inaccessible source code or through code reuse.
Programmers may lack awareness of the complete class hierarchy, leading them
to overlook certain input object possibilities while coding. Even though only a
certain kind of inputs can lead to CCEs, they could be in the interests of the
programmers. According to a prior survey [30], 50% of the casting operations are
unguarded by the instanceof checking which risks the programs. Is the casting
operation safe when the programmers are aware of using instanceof checking?
Our primary thought is that if CCEs still occur when programmers realise to do
type filtering by using instanceof , it might be a mistake and we should alert the
programmer about such a mistake. When we apply this strategy, we find some
true CCEs in real-world projects, such as the examples in Fig. 1 and Fig. 7. We
formally define the reporting criteria for CCEs in Definition 4.

Definition 4 (CCE Reporting Criteria). An er triple is reportable if: It
ends at a casting operation C (e) and the postcondition is satisfiable; and

– It satisfies Definition 3; or
– e is an initialized object such that ty(e) = C ′ and C ′ ̸≺:C; or
– An instanceof operator has been applied on e before the casting operation.

6 Implementation and Evaluation

Implementation. We build ILoop inside Infer’s framework (version id: 5050294)
with an additional 10K lines of OCaml codes. We utilise Infer’s bi-abductive
entailment solver to compute missing formulae and frames. ILoop is an under-
approximating analyser for finding bugs in Java programs. It performs composi-
tional reasoning and generates IL triples for error reporting. In particular, ILoop
includes a function compute(p, Tsp,mn(C̄ ō)) as the predicate transformer. Given
a method mn, this function takes the initial precondition p mentioned in Sect.
4.2 and the specification table as inputs. It then applies the inference relations
in Sect. 4 to infer the preconditions and the postcondition ϵ′: Q′ of mn. Given a
Java program, ILoop first generates static specifications for methods and then,
ILoop reports bugs on error triples if they satisfy the criteria in Sect. 5. The
dynamic specifications are computed on-demand to save resources i.e., ILoop
infers dynamic specifications for a method only when the method is dynamically
dispatched and called somewhere. The inferred specifications are stored in Tsp.

To reduce the possible high cost of satisfiability checking when merging for-
mulae for error reporting, we design some heuristics which can identify a subset
of bugs in the proposed mechanism. We inspect errors likely to manifest after
merging, i.e., the error specifications occupy a large portion of paths when there
is no path dropping. We use syntactic checks to filter pairs of triples that are
more likely to be merged successfully. Using these heuristics, ILoop keeps more
informative IL triples to assist with reportable bugs.
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Evaluation. To conduct the experiments, we select a set of real-world programs
as our benchmarks. In particular, the benchmarks are from a test case repository
developed and maintained by Meta/Infer developers [17], Apache projects[1] and
some popular code repositories which receive thousands of stars on Github. This
Infer’s repository contains challenging test cases and is accumulated in a real-
world codebase. Some are for regression testing, and others for designing and
testing new features of its tools, such as Pulse. The latter is beyond its capability,
such as detecting CCEs. The experiments are designed to answer the following
three research questions (RQ):

- RQ1: Is our approach capable of detecting CCEs in OO programs?
- RQ2: Are the detected CCEs containing false positives?
- RQ3: How does ILoop compare in performance with the state-of-the-art tool
for detecting NPEs.

Table 1. CCEs Reported by ILoop and Error Prone. CCEs: number of CCEs reported.
Fixed: the number of CCEs has been fixed according to the commits. Risky: the number
of risky CCEs that have not been fixed in any commits. T: running time in seconds.
The numbers in red indicate the false positives reported by ILoop.

#
Project ILoop Error Prone

Name KLoc CCEs Fxied Risky T CCEs Fxied Risky T

1 Infer-c2dc303 11.4 2 0 2 11 0 0 0 2
2 pdfbox-a51dd40 12.1 4+1 2 2 42 0 0 0 28
3 ebean-b450227 20.7 3 0 3 40 3 0 3 42
4 HdrHistogram-9866a4c 27.2 1 1 0 27 1 1 0 5
5 jedis-febc027 33.9 1 1 0 20 0 0 0 12
6 spoon-9c1c3bf 46.5 6+1 2 4 43 0 0 0 33
7 classgraph-1310809180s 136.7 1 1 0 180 0 0 0 15
8 jfreechart-21922c1 292.6 1 0 1 32 0 0 0 30
9 Others 285.1 1+2 1 0 87 0 0 0 39

Total 859.7 20+4 8 12 482 4 1 3 206

To answer RQ1, we summarize the experimental results on Table 1. Firstly,
we compare the reported results with the Github commits. ILoop reports 24
CCEs in total and 8 (33.3%) are corrected by the developers. We examine the rest
of the reports and find another 12 reports risky, especially when the code is used
by someone unaware of the entire class hierarchy. Secondly, we compare ILoop
with Error Prone (version 2.32.0), a popular static analyser developed by Google
[2] for Java programs. Error Prone detects bugs through pattern recognition [3]
and alerts users when the written code matches the pre-defined error patterns.
Error Prone has reported four bugs which are the subset of ILoop’s reports.
One of the four is fixed by the developers while the other three match our risky
reports. The results show that ILoop could effectively find more meaningful bugs
in real-world programs.

To answer RQ2, as Table 1 shows, we conclude that there are 4 false positives.
As the rules for reporting CCEs are designed to avoid false positives, the false
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1 protected SettableBeanProperty constructSettableProperty (...){
2 ...
3 if (mutator instanceof AnnotatedMethod) {
4 prop = new MethodProperty (( AnnotatedMethod) mutator);
5 } else {
6 // 08-Sep -2016, tatu: wonder if we should verify it is

‘AnnotatedField ‘ to be safe?
7 prop = new FieldProperty (( AnnotatedField) mutator);
8 // ILoop reports one error at line 7

Fig. 11. A (Simplified) False Positive Reported by ILoop [5]

positive rate is fairly low (16.7%). We manually investigate the reports, such as
by referring to the developer’s comments or using semantic analysis. We find
that although some bugs can be syntactically triggered, they may not be of
users’ interests. Hence, we mark them as false positives. We show a false positive
in Fig. 11. According to our proposed reporting strategy, line 7 may contain a
casting error. This is because ILoop finds out that there exist some types that are
neither the subtype of AnnotatedMethod nor AnnotatedField for object mutator .
Hence, casting at line 7 could be risky. The developers seem aware of this issue
and wrote a comment on line 6. The comment mentions that they should verify
the correctness of this casting. However, the code has not been changed since
the creation of this comment. Hence, mutator may not be an instance from the
dangerous classes in an actual execution. It could be semantically safe.

Table 2. NPEs Reported by ILoop and Pulse. Op: the overlapping reports by both
tools. TOO,PL: running time in seconds. -FP: the number of false positives reduced by
ILoop. +TP: the number of additional true bugs found by ILoop. +FP: the additional
false positive reported by ILoop. -TP: the missed true bugs by ILoop. The commit ID
of jackson-databind is 4a40123.

# Project KLoc ILoop TOO Pulse TPL Op -FP +TP +FP -TP

1 Infer-c2dc303 11.4 96 11 89 10 89 0 7 0 0

2 pdfbox-606f916 21.6 48 44 50 41 44 3 4 0 3

3 spoon-5e77e89 33.5 9 101 11 96 6 5 2 1 0

4 ebean-b0ec23e 48.4 20 36 22 32 17 3 3 0 2

5 Botania-92f4863 77.4 21 47 18 39 18 0 3 0 0

6 ratis-8a50099 109.8 8 50 10 51 8 2 0 0 0

7 jackson-databind 210.3 6 47 12 18 6 6 0 0 0

8 picocli-a856a14 776.7 7 70 6 60 6 0 1 0 0

Total 1289.1 215 406 218 347 194 19 20 1 5

To answer RQ3, we compare ILoop with Pulse (Infer version id: 5050294,
July 2023). The results of our experiments are shown in Table 2. We analyse
the bugs reported by both tools, categorizing them as true or false positives.
Focusing on non-overlapping reports to highlight the differences between ILoop
and Pulse, we find that ILoop eliminates an average of 16.9% of Pulse’s false
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positives and identifies 10.1% new true positives. Together, these improvements
lead to a 27.0% increase in precision. The missed true bugs and newly introduced
false positives represent a small fraction of ILoop’s reports and both tools ex-
hibit similar running times. Overall, our findings demonstrate that our approach
effectively enhances bug-finding precision.

7 Related Work and Conclusion

Incorrectness Logic. Applications of IL have been investigated in different
domains, such as finding memory errors in large C projects [20], detecting data
race/deadlock in concurrent programs [36], verifying quantum while-programs
[15], detecting logical bugs in quantum programs [39], detecting forbidden graph
structures and failing executions [34]. Similar to IL, other recent logics focus-
ing on under-approximating reasoning include local completeness of abstract
interpretation [11], outcome logic [40], and exact separation logic [29]. Unfortu-
nately, none of them supports class inheritance and method overriding, except
for [26]. [26] proposes a verification system for upholding Liskov substitution
principle (LSP) in under-approximating reasoning. However, specifications must
be manually provided in this system, and the lack of automation could limit
its practicality in analysing large projects. Moreover, their work focuses on ver-
ification. It is hard for users to know if an error specification is risky or likely
harmless. Our reporting criteria remedy this by only reporting dangerous error
specifications automatically.
Formal Verification for OO programs. OO program verification via over-
approximation has been extensively studied in various works: Verifying objects
through dynamic frames to handle aliasing problem [18]; using supertype ab-
straction for concise and modular reasoning [28,23,21,22]; using separation logic
and abstraction predicate for reasoning about abstract datatypes [32,38]; using
class invariant to ensure the functional correctness of programs [16,9,25]. Later,
two independent papers [13,33] propose the co-existence of static/dynamic spec-
ifications for OOP to uphold LSP while avoiding re-verification. Following the
landscape of the proposals in [13,32,33,26], we propose our system for IL stat-
ic/dynamic specification inference in OO programs.
Bugs in OO Programs. NPEs and CCEs are common bug types in OO pro-
grams. Error-prone is a pattern-based bug detector [2]. It supports CCE detec-
tion, but only finds CCEs in a specific way via pattern recognition [3]. In our
work, we thoroughly study how to detect possible CCEs and our ILoop can ef-
fectively find more bugs. On the other hand, ILoop also outperforms another
state-of-the-art Pulse in terms of finding NPEs as we model the OO features in
our approach, such as class inheritance and method overriding. DOOP frame-
work [10] performs pointer analysis for Java programs using Datalog, which po-
tentially discovers CCEs when pointers are cast improperly. However, DOOP’s
analysis is not fully modular. It requires a main method as an entry point, and
only pointers initialised can be checked. Such scenarios are the subsets of our
CCE reporting criteria. DOOP could not find the errors like Fig. 1, Fig. 7.
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Specification Inference via Bi-abduction. Bi-abduction [12] is a form of log-
ical inference for separation logic that automates local reasoning. Bi-abduction
generates pre/post based on frame and anti-frame formulae inference. Like the
prior tool Pulse-X, we also make use of the bi-abduction technique in our spec-
ification inference process. Moreover, we incorporate type information analysis,
which enables our tool to support class inheritance and method overriding. In
addition, we propose the merging mechanism to support generalised error re-
porting, which improves the bug-finding precision.

Conclusion. Motivated by the question “How to generically and automati-
cally infer IL specifications for object-oriented programs?”, we demonstrate that
carrying type information is crucial. Type constraints reveal runtime type pos-
sibilities, enabling static analysis of dynamic behaviours. Our system reasons
about casting operations and infers static/dynamic specifications to effectively
identify bugs in OO programs. Specifically, we formalise the inference relations
to guarantee the validity of our inferred specifications. We also provide novel
insights into bug reporting for OO programs, supporting both NPE and CCE
detections through sound reasoning. Our approach establishes a formal founda-
tion for IL-based bi-abductive inference in OO programs.
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Abstract. Reactive synthesis is an automated process for deriving
correct-by-construction reactive systems from temporal specifications.
GR(1), in particular, is a popular LTL fragment that balances efficient
synthesis complexity and expressiveness. In this paper, we present a set
of novel heuristics to further improve the performance of GR(1) realiz-
ability checking and related algorithms, motivated by several observa-
tions. These heuristics include (1) discarding intermediate memory not
required for many GR(1) algorithms, (2) setting good initial orders of
variables and justice constraints, (3) improving the embedding of finite
automata into GR(1) when supporting advanced language constructs,
and (4) algorithm-specific heuristics for additional GR(1) analyses such
as non-well-separation and inherent vacuity detection. We implemented
these heuristics in the Spectra synthesizer, and extensively validated and
evaluated them on well-known benchmarks consisting of hundreds of
specifications. Our results show major performance gains, in particu-
lar, an average of realizability checking at least two times faster than the
baseline.

1 Introduction

Reactive synthesis is an automated process for deriving correct-by-construction
reactive systems from temporal specifications [41]. Unlike traditional approaches
that involve manual system construction followed by model checking, synthesis
directly generates an implementation guaranteed to satisfy the given specifica-
tion, provided such an implementation exists.

We focus on GR(1) [9], a fragment of Linear Temporal Logic (LTL). GR(1)
specifications comprise initial, safety, and justice assumptions and guarantees.
Initial properties define the expected state at the outset, safety properties specify
invariants for all states and transitions, and justice properties describe conditions
that must be satisfied infinitely often in any infinite run. GR(1) has gained
popularity and was implemented in several tools, e.g., RATSY [6], Slugs [17], and
Spectra [32], thanks to its relatively efficient symbolic synthesis algorithm and
expressive power, capable of representing almost all of the common specification
patterns identified by Dwyer et al. [16,29]. Its balance of expressiveness and
computational efficiency makes it suitable for a wide range of applications of
reactive synthesis, e.g., in robotics [26,30].
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In this paper, we present a set of novel heuristics designed to improve the
performance of GR(1) realizability checking and related algorithms. Developing
specifications is a long, iterative process, just like developing program code. Our
focus is on reducing the computational cost of the actual algorithms used in
specification development to improve the developer experience.

We start by making the following high-level observations:

• Many analyses used during specification development do not require the
intermediate results of the GR(1) algorithm’s fixed-point iterations. These
are required only for controller construction, but not for analyses such as
realizability checking, non-well-separation detection [25,31], inherent vacuity
detection [34], and kind-realizability checking [22,28].

• The syntax of the specification, as written by developers, provides opportu-
nities for deeper insight into the inner structure of the GR(1) game model
and corresponding opportunities for performance improvements.

• High-level language constructs simplify writing and reading complex speci-
fications but often introduce hidden costs, such as additional variables and
constraints. Some of these may be unavoidable, but others may be redun-
dant.

Based on these observations, we present concrete heuristics that target vari-
ous aspects of GR(1) realizability checking and related analyses:

• A partial memoryless heuristics, which discards the parts of the memory ac-
cumulated during realizability checking that are not required for realizability
checking and for previously presented heuristics from [19].

• Heuristics to set an initial order on the variables of the specification and
an order on the specification’s justice constraints, by embedding semantic
information from the specification in a graph-based representation and using
off-the-shelf graph algorithms to minimize graph bandwidth and compute the
relative importance of nodes.

• Heuristics to improve the embedding of finite automata into GR(1), to enable
more efficient addition of high-level constructs like patterns and triggers.

• Algorithm-specific heuristics for two important analyses beyond realizability
checking, the detection of non-well-separation [25,31] and the detection of
inherent vacuities [34] in GR(1) specifications.

All the heuristics we present are conservatively sound, that is, they never
change the analysis result (except for one case, see Rem. 1). They only affect the
computation’s total memory and time. Moreover, all the heuristics we present
are fully automatic and completely transparent to the developer who wrote the
specification.

We have implemented our ideas on top of the Spectra GR(1) synthesizer [32].
We chose Spectra due to its support for GR(1) and related algorithms, its use
of existing heuristics [19], and the thousands of specifications it offers for ex-
tensive evaluation. Additionally, Spectra’s rich specification language includes
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high-level constructs such as counters, patterns [29], and triggers [5], allowing
more expressive and readable specifications within GR(1).

We have validated and evaluated the implemented heuristics on benchmarks
from the literature, including 3390 specifications from the SYNTECH bench-
marks. Our results show major performance gains, in particular, an average of
realizability checking at least two times faster than the baseline.

2 Background on GR(1) and Spectra

We provide a short background on GR(1) and Spectra, with references to relevant
papers for more details and complete formal definitions.

2.1 GR(1)

Since LTL synthesis is computationally expensive (2EXPTIME-complete [41]),
authors have suggested LTL fragments with more efficient synthesis algorithms,
for example, GR(1) [9,40], whose expressive power covers most of the well-known
LTL specification patterns [16,29]. GR(1) specifications include assumptions and
guarantees about what needs to hold on all initial states, on all states and tran-
sitions (safety), and infinitely often on every run (justice). A GR(1) synthesis
problem consists of the following elements [9]:

• X is a set of input variables controlled by the environment;
• Y is a set of output variables controlled by the system;
• θe is an assertion, i.e., a propositional logic formula, over X characterizing

initial environment states;
• θs is an assertion over V = X ∪ Y characterizing initial system states;
• ρe is an assertion over V ∪ X ′, with X ′ a primed copy of variables X ; given

a state, ρe restricts the next input;
• ρs is an assertion over V ∪ V ′, with V ′ a primed copy of variables V; given a

state and input, ρs restricts the next output;
• Je

i∈1..n is a set of assertions over V for the environment to satisfy infinitely
often (called justice assumptions);

• Js
j∈1..m is a set of assertions over V for the system to satisfy infinitely often

(called justice guarantees).

GR(1) Realizability A GR(1) synthesis problem is strictly realizable iff the
following LTL formula is realizable:

ϕsr =(θe → θs) ∧ (θe → G((Hρe) → ρs))

∧ (θe ∧Gρe → (

n∧
i=1

GFJe
i →

m∧
j=1

GFJs
j ))

(1)

GR(1) realizability can be checked using the 3-nested fixed-point algorithm
shown in Alg. 1.
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Algorithm 1 GR(1) game algorithm [9] to compute system winning states Z

1: Z = true
2: while not reached fixed-point of Z do
3: for j = 1 to |Js| do
4: Y = false; cy = 0
5: while not reached fixed-point of Y do
6: start = Js

j ∧ Z ∨ Y
7: Y = false
8: for i = 1 to |Je| do
9: X = Z //better approx. than true, see [9]

10: while not reached fixed-point of X do
11: X = start ∨ (¬Je

i ∧ X)
12: end while
13: Y = Y ∨X
14: X[j][i][cy]← X
15: end for
16: Y[j][cy++]← Y
17: end while
18: Z = Y
19: Z[j] = Y
20: end for
21: end whilereturn Z

2.2 Spectra

Spectra [32] is a specification language and a synthesis environment that in-
cludes a GR(1) synthesizer. It extends GR(1)’s Boolean variables to finite-type
variables, e.g., enumerations and bounded integers. Beyond GR(1) with several
performance heuristics [19], it includes extensions that are reduced into GR(1),
e.g., patterns [29] and triggers [5], and comes with several analyses, e.g., well-
separation detection [31] and repairs for unrealizable specifications [33]. Since
2015, Spectra has been used by hundreds of final-year CS undergrads in semester-
long project classes at Tel Aviv University, specifying and executing robotic and
other systems, resulting in the SYNTECH collection of specifications. Spectra is
available from https://github.com/spectrasynthesizer.

Patterns and Triggers Dwyer et al. [16] have identified 55 LTL specification
patterns considered common in industrial specifications. An example of a pattern
is the property “p becomes true between q and r". Based on [29], a library of
almost all of these 55 patterns has been added to Spectra by translating each
pattern into a Büchi automaton and then using auxiliary variables, initial, safety,
and justice constraints to embed it within the GR(1) specification.

Triggers are another Spectra language construct that aims to improve ex-
pressiveness and readability. Spectra triggers are similar to PSL triggers [18,23].
A trigger is a formula of the form regexp1 | => regexp2, where regexp1 and
regexp2 are regular expressions (REs) over assertions on the specification’s vari-

https://github.com/spectrasynthesizer
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ables. regexp1 is the prefix RE of the trigger, and regexp2 is the suffix RE of
the trigger. Roughly, the formula represents a conditional satisfaction such that
whenever regexp1 holds, regexp2 should hold immediately afterward. Similar
to the patterns mentioned above, the addition of triggers to Spectra is done by
translating the trigger into a Büchi automaton and then using auxiliary variables,
initial, safety, and justice constraints to embed it within the GR(1) specification.
See [5].

Abstract Syntax of a Specification Some of the heuristics we present depend
on the syntax of the specification. We repeat here the abstract syntax definition
of a GR(1) specification, from [34].

Definition 1 (Abstract syntax of a specification). A GR(1) specification is
a tuple Spec = ⟨Ve, Vs, D,Me,Ms⟩, where Ve and Vs are sets of environment and
system variables respectively, D : Ve∪Vs → Doms assigns a finite domain to each
variable, and Me and Ms are the environment and system modules. A module is a
triplet M = ⟨I, T, J⟩ that contains sets of initial assertions I = {In}in=1, safety
assertions T = {Tn}tn=1, and justice assertions J = {Jn}jn=1 of the module,
where i = |I|, t = |T | and j = |J |. The set of elements of module M = ⟨I, T, J⟩
is BM = I ∪ {GTi}ti=1 ∪ {GFJi}ji=1.

2.3 Binary Decision Diagrams (BDDs) and Variable Ordering

All computations described above are performed symbolically using manipula-
tions on Boolean functions. These are implemented using Binary Decision Dia-
grams (BDDs) [12], which are concise representations for Boolean functions that
allow for fast manipulation.

The performance of BDD manipulation algorithms is highly sensitive to the
ordering of variables within the BDD [13]. Finding an optimal variable order-
ing for BDDs is NP-hard [10]. As a result, heuristic approaches are employed
to discover good orderings. These approaches are divided into two categories:
dynamic variable reordering methods targeting the BDD level independently of
the model, and static variable ordering using model-specific information.

The most commonly used method is dynamic variable reordering using sift-
ing [42], which iteratively refines the ordering during computation. While sifting
has proven fast and effective, it does not always achieve optimal performance [39].

3 Performance Heuristics

For each heuristics, we discuss motivation and background, present the heuristics
itself, and consider its expected impact. Some of the heuristics apply to the
realizability checking algorithm itself. Others are applied during the construction
of the game model before the fixed-point computation starts. The heuristics are
independent, meaning each can be applied regardless of the others. That said,
some are related in the sense that in the presence of one, another is expected
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to become more effective. All our heuristics are conservatively sound, meaning
they don’t alter the analysis result (except for one case, see Rem. 1). They only
impact memory usage and computation time.

3.1 Memoryless Computation

The GR(1) synthesis algorithm, as presented in [9], retains fixed-point results
throughout the computation process in order to facilitate the construction of
a controller. This approach is implemented by default in notable GR(1) syn-
thesizers like Spectra and Slugs [17]. However, for realizability checking alone,
retaining these intermediate results is unnecessary.

Motivation Software development involves iterative steps of coding and debug-
ging, just as specification development requires multiple cycles of realizability
checks and refinements before finalizing the specification for controller construc-
tion. Ma’ayan and Maoz [27] recommend an iterative development scheme with
frequent realizability checks, saving full synthesis for the final realizable specifi-
cation, resulting in many checks without immediate controller construction.

Heuristics In [19], Firman et al. introduced several performance heuristics for
GR(1) synthesis, including: sca: combined conjunction and existential abstrac-
tion; eun: early detection of unrealizability; efp: early detection of fixed-point;
and fpr: fixed-point recycling.

Importantly, while the intermediate results are not necessary for realizability
checking, some of the above heuristics rely on them. Specifically, efp requires
saving the intermediate Z fixed-point BDDs, and fpr requires saving the inter-
mediate X fixed-point BDDs. We therefore consider two alternative heuristics:
full memoryless: discards the X, Y, and Z fixed-point BDDs, and utilizes only
sca and eun heuristics; and partial memoryless: discards only the Y fixed-
point BDDs, and fully utilizes the four heuristics.

Avoiding efp might lead to worse performance on some unrealizable specs,
and avoiding fpr is expected to increase the lengths of fixed-point iterations.
Following preliminary experiments on a small arbitrary subset of specifications
from our corpus, which confirmed the above weaknesses of the full memoryless
alternative, we decided to employ the partial memoryless alternative in our work.

Expected Impact We expect that our partial memoryless approach would re-
duce running times, not only thanks to faster sifting (or other dynamic reordering
algorithms if used) but also thanks to a better variable ordering (intuitively, with
fewer BDDs stored in memory, finding an effective ordering is easier).

3.2 Initial Static Variable Ordering

Motivation Considerable work has been done on static variable ordering for
BDD-based models, e.g., [2,3,4,35]. To the best of our knowledge, it has not been
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attempted for GR(1) or LTL synthesis. We propose a static variable ordering
heuristic that leverages GR(1) structure to put together semantically related
variables. This creates a better starting point for the dynamic ordering method
(specifically, sifting) used later in the GR(1) algorithm.

Heuristics Our approach follows ideas from [35], applied to our context of
GR(1). We start by representing the GR(1) specification as a bipartite graph,
where one set of nodes represents the specification’s variables (both unprimed
and primed), and the other set of nodes represents the constraints, including
initial, safety, and justice assumptions and guarantees, the Spectra constructs
(triggers, counters, patterns), and the multiple constraints derived from them.
An edge between a variable and a constraint means that the variable appears
in the constraint’s support. The graph serves as an abstraction, only capturing
relationships between specification elements and variables.

Next, we build the graph’s adjacency matrix and apply an off-the-shelf imple-
mentation of the classic Cuthill-McKee algorithm [15] (technically, its commonly
used reversed variant), to minimize the matrix’s bandwidth, i.e., the distance of
nonzeros to the diagonal of a matrix. Since Cuthill-Mckee only accepts symmet-
ric matrices, we apply the symmetrization and de-symmetrization approach used
in [35]. Reducing bandwidth roughly corresponds to our goal of making variables
that are in the support of the same constraints closely ordered.

Expected Impact We hypothesize that complementing the dynamic ordering
during the GR(1) algorithm with a good initial static ordering would positively
impact performance. Minimizing the bandwidth is expected to put related vari-
ables (w.r.t. the constraints they appear in) close to each other.

That said, the initial ordering currently used by Spectra is not arbitrary
- it follows the original variable declaration order from the specification and
puts all unprimed and primed variables for each domain together. For human-
written specifications, it is reasonable to assume that related variables are often
close together in the specification file. Thus, currently implemented ordering may
already be relatively effective, and it is not clear that our proposed heuristics
would outperform it.

3.3 Justice Ordering

Motivation In GR(1) specifications, the environment and system justices repre-
sent fairness conditions. The order in which they are written in the specification
doesn’t affect its semantics. However, we have performed preliminary exper-
iments showing that their computation order in the fixed-point algorithm can
significantly impact performance. The current implementation in Spectra follows
the order in which the justices are originally written in the specification.

We propose a method to order the environment justices and system justices,
each set separately, based on their relative importance in the specification struc-
ture. We hypothesize that trying to reach the most important justices first will
improve the algorithm’s performance.
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Heuristics To determine the relative importance of justices, we build a bipartite
graph similar to the one presented earlier, i.e., where one set of nodes represents
the specification’s variables, and the other set represents the constraints (initial,
safety, and justice assumptions and guarantees). An edge between a variable and
a constraint means that the variable appears in the constraint’s support.

To determine the importance of each justice, we use the eigenvalue centrality
score (see, e.g., [11]), as implemented in the JGraphT [37] library. A popular
adaption of eigenvalue centrality is PageRank [38]. We use the centrality score
to reorder each set of justices, environment and system, in decreasing order.

Expected Impact Justice ordering is expected to positively affect the per-
formance of the GR(1) realizability checking algorithm by potentially reaching
fixed-points faster. Faster running time via a specific order is partly caused by
a reduction in the total number of fixed-point iterations, as we have confirmed
in our preliminary experiments.

Spectra already uses the order as it appears in the specification file. This order
is already not random but typically based on the developer’s natural intention
to put the most important constructs first or to put related constructs close
to one another. We ran preliminary experiments that showed that this order is
already much better than a random one. Therefore, in our evaluation in Sect. 4,
we compare our heuristics to the original order, and not to a random one.

Finally, observe that our suggested order may outperform the specification
file’s order not only by speeding up computation, but also by providing consistent
performance, regardless of how the engineer chose to write the specification.

3.4 Simplified Automaton Embedding into GR(1)

Background and Motivation To allow for more concise specifications and
easier expression of complex properties that capture LTL logic without a di-
rect GR(1) equivalent (without additional variables), Spectra supports the use
of specification patterns [16,29] and triggers [5]. This support is systematically
done in Spectra by embedding generated automata into the game model, using
auxiliary variables. Although this is done inside the synthesizer and is com-
pletely transparent to the specification developer, it adds variables and justice
constraints to the game model. It thus increases the specification’s complexity
and state-space and in general results in a negative effect on performance.

Observation and Heuristics We observed that many of the specification
patterns already defined in Spectra’s patterns library and potentially many of
the triggers written by developers are currently encoded using a Büchi automaton
with a justice acceptance condition. However, many of them are actually safety
properties that can be encoded with fewer states and potentially fewer variables.
Specifically, we found that 36 of the 51 patterns in the library can be expressed
without a justice condition.
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1 pattern P_becomes_true_between_Q_and_R(p, q, r) {
2 var { S0, S1, S2} state;
3

4 -- initial assignments: initial state
5 state=S0;
6

7 -- safety this and next state
8 alw (
9 (state=S0 & ((!q & !p) | (q & r) | (!r & p) | (!q & r & p)) &

next(state=S0)) |
10 (state=S0 & (q & !r & !p) & next(state=S1)) |
11 (state=S1 & (!r & p) & next(state=S0)) |
12 (state=S1 & (!r & !p) & next(state=S1)) |
13 (state=S1 & (r) & next(state=S2)) |
14 (state=S2 & TRUE & next(state=S2)));
15

16 -- equivalence of satisfaction
17 alwEv (state=S0 | state=S1);}

Listing 1. The example pattern before the application of our heuristics

Definition 2 (dead-end state). Given an automaton, a dead-end state is a
state from which no accepting state of the automaton is reachable.

Spectra’s library of patterns was created by translating the patterns given
as LTL formulas into minimal deterministic Büchi automata. Therefore, when
an LTL formula at hand represents a safety property, its automaton includes a
single dead-end state.

Given an automaton representing a pattern, we first remove its dead-end
state (and its incoming and outgoing transitions), if any. We then check whether
the remaining states are all accepting, and if so, remove the justice from the
pattern’s representation for Spectra. Note that removing dead-end states does
not change the language accepted by the automaton’s embedding into GR(1).
Moreover, when all states are accepting, the added justice becomes trivially true
and is therefore redundant.

For example, the pattern "p becomes true between q and r" appears in Spec-
tra’s pattern library as shown in List. 1. In our new simplified automata library,
the same pattern is defined as shown in List. 2. Specifically, note that the dead-
end state S2 and the justice from line 17 in List. 1 have been removed.

Remark 1 (Effect on the Specification’s Semantics). Interestingly, unlike all other
heuristics we present in this work, this heuristics has a side effect on the seman-
tics of the GR(1) specification. Specifically, due to the GR(1) semantics of strict
realizability [9,25], where the system may avoid satisfying its justice guarantees
as long as the environment does not satisfy its justice assumptions, a specifi-
cation that was regarded as realizable before the application of our heuristics,
due to non-well-separation, will become unrealizable after the application of our
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1 pattern P_becomes_true_between_Q_and_R(p, q, r) {
2 var {S0, S1} state;
3

4 -- initial assignments: initial state
5 state=S0;
6

7 -- safety this and next state
8 alw (
9 (state=S0 & ((!q & !p) | (q & r) | (!r & p) | (!q & r & p)) &

next(state=S0)) |
10 (state=S0 & (q & !r & !p) & next(state=S1)) |
11 (state=S1 & (!r & p) & next(state=S0)) |
12 (state=S1 & (!r & !p) & next(state=S1)));}

Listing 2. The example pattern after the application of our heuristics

heuristics (the justice guarantee violation is replaced with a safety guarantee
violation). This side effect is actually desirable, as it prevents the system from
taking advantage of non-well-separation and forcing the environment into as-
sumption violation. Indeed, it may happen in realizability checking but cannot
happen in kind-realizability checking (see [22,28] and below).

Remark 2 (Simplification for Triggers). The embedding of triggers into GR(1) in
Spectra allows a similar simplification. In the general case, the translation adds a
justice constraint to ensure that once reaching regexp2, eventually the automa-
ton will start waiting again for regexp1. However, intuitively, if regexp2 includes
no Kleene star or Kleene plus symbols (or an unbounded range), this eventuality
is bounded (there is no cycle in the automaton corresponding to regexp2) and so
the added justice is redundant. We thus apply a similar simplification heuristics
of removing dead-ends and unnecessary justices to the automata generated by
Spectra for triggers as well.

Expected Impact Based on the heuristics described above, out of the 51 Dwyer
patterns defined in the Spectra library according to [29], 78.4% (40) had a dead-
end state that can be removed, 70% (36) had a justice that can be removed,
and 45% (23) resulted in the removal of one variable. The removal of a variable
(one variable per pattern instance) makes the problem smaller. Moreover, the re-
moval of justice(s) means fewer fixed-point loops to execute. Both the dead-end
states and justice removals keep the semantics (see Rem. 1). Finally, applying
the heuristics to the patterns library was done offline once, adding no overhead
to realizability checking performance. Although applying them to triggers in-
curs a small overhead, it only affects a small automaton rather than the entire
specification. Therefore, we expect these heuristics to improve performance.
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3.5 Grouping of Auxiliary Variables

Motivation The original GR(1) setup does not explicitly handle auxiliary vari-
ables, but Spectra enhances it with high-level constructs such as patterns, trig-
gers, and counters, which require auxiliary variables for embedding them within
GR(1). We observe that these auxiliary variables are local, as they are used only
by the constraints representing the pattern, trigger, or counter.

Heuristics Firman et al. [19] considered the grouping for each variable in Ve

and Vs, in pairs of primed and unprimed. However, their evaluation showed that
this variable grouping approach might worsen performance for some specifica-
tions. We suggest a different approach, grouping only auxiliary variables that
correspond to the same high-level construct instance.

Expected Impact As the auxiliary variables added for each language con-
struct instance are semantically closely related and are not used directly by any
constraint outside the construct instance, we expect that their grouping based
on the construct instance they belong to would reduce BDD sizes and speed up
BDD operations. Grouping is also expected to reduce dynamic reordering times,
as reordering is done at the group level and not at the level of each variable
alone.

3.6 Heuristics for Additional GR(1) Specification Analyses

All the above heuristics are relevant not only to the GR(1) realizability checking
algorithm but also to other existing analyses for GR(1) specifications: non-well-
separation, kind-realizability, and inherent vacuity.

Well-separation [25,31] is a property of environment specifications that en-
sures the environment cannot be forced to violate its own assumptions, regard-
less of system behavior. Spectra includes an algorithm for detecting non-well-
separated GR(1) specifications by reducing the problem to GR(1) realizability
checking. We apply all the heuristics mentioned above to the non-well-separation
detection in Spectra. Notably, detecting non-well-separation does not require
guarantees, so we do not load them. We expect these heuristics to enhance the
performance of non-well-separation detection.

Kind-realizability [22], following [28], uses a 4 fixed-points realizability check-
ing algorithm that checks the existence of a strategy that ensures that the system
does not exploit non-well-separated specifications, i.e., by forcing environment
assumption violations. This 4 fixed-point algorithm, while capturing the con-
cept of realizability in a more desired way, incurs significantly higher computa-
tional costs, as evident in experiments presented in [22,28]. This limits its use
in practice. We apply all the above heuristics to the kind-realizability checking
implemented in Spectra.

Inherent vacuity [20] deals with redundant elements in a specification. Spec-
tra includes an implementation of inherent vacuity detection for GR(1) [34],
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specifically identifying assumptions, guarantees, and variable values whose re-
moval from the specification will not change its semantics. We apply all the
above heuristics to the inherent vacuity detection implemented in Spectra. We
further observe that in the case of redundant environment variable values, there
is no need for the system guarantees and therefore do not load them at all.
The application of all these heuristics is expected to improve the performance
of inherent vacuity detection.

4 Evaluation

4.1 Specification Corpus, Implementation, and Validation

Specification Corpus We used two main sources for specifications. First, the
SYNTECH set of benchmarks, which includes specifications written by CS stu-
dents during semester-long project classes between 2015 and 2023, modeling and
executing or simulating many robotic and other systems. They include not only
final specifications but also many intermediate versions from the specification
development process, and so, e.g., many unrealizable specifications. The SYN-
TECH benchmarks have been used in the evaluation of many previous works,
e.g., [5,14,19,22,27,36]. Second, Spectra versions of AMBA [7] and GenBuf [8],
which are parametric specifications commonly used in the evaluation of GR(1)
and related algorithms and are part of the SYNTCOMP benchmark [24].

The SYNTECH benchmark includes a total of 3390 specifications. We used
9 AMBA specifications (2 to 10 masters) and 14 GenBuf specifications (5 to 130
requests).

To evaluate the heuristics that relate to patterns and triggers, we focused on
specific subsets of the SYNTECH specifications that already include at least one
pattern or at least one trigger (but not necessarily ones that are amenable to our
automata simplification heuristics). Out of the SYNTECH specs, 449 include at
least one pattern and 173 of these include at least one pattern relevant to our
heuristics. Similarly, 217 include at least one trigger and 176 of these include at
least one trigger relevant to our heuristics (not all triggers in the benchmark can
have their state/justice reduced; the heuristics applies only to triggers whose
second SFA contains an unnecessary sink state, see Rem. 2). We name these
SYNTECH-P and SYNTECH-T respectively.

To evaluate the heuristics that relate to well-separation, we used only the
subset of realizable specifications from SYNTECH. We name it SYNTECH-R.

Implementation We have implemented our ideas on top of the Spectra GR(1)
synthesizer [32] (with the heuristics of [19]), with a modified version of the CUDD
BDD library, implemented in C [43]. The dynamic reordering method used is
sifting. Other settings remain unchanged. We used the Cuthill-Mckee implemen-
tation available in the Boost C++ library [1].
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Validation To validate the correctness of our ideas and implementation, we
conducted extensive testing for each algorithm (GR(1), kind-realizability check-
ing, well-separation, and inherent vacuity). Specifically, we compared the results
from the public version of Spectra (i.e., without our heuristics), and our new im-
plementation with heuristics, to check that they agree. We executed these tests
on all specifications in our corpus.

The single case where the results may not agree, see Rem. 1, happened in
realizability checking of exactly one specification that passed the lower bound
filter (see below) from SYNTECH-T. As expected, it did not happen in the
kind-realizability checks.

4.2 Experiment Setup and Reporting

We ran all experiments on an AWS t3.2xlarge instance (representing an ordinary
laptop with up to 3.1GHz CPU and 32GB RAM) with Windows 10 64-bit OS,
Java 11 64Bit, and CUDD 3 compiled for 64Bit, using one CPU core. Times
we use are average values of 3 runs, measured in milliseconds. Although the
algorithms we deal with are deterministic, we performed 3 runs as JVM garbage
collection and the CUDD implementation of dynamic reordering add variance
to running times. To simplify the presentation, we use a fixed table structure to
report all results. We now explain the meaning of the columns in the table.

Columns Benchmark and #>60s: To focus on the cases where improving
performance is more valuable, we filtered out from the experiment results for
each benchmark all specifications where the original realizability checking by
Spectra (with the heuristics of [19]) took less than 60 seconds. Column Bench-
mark presents the benchmark name and column #>60s shows how many of the
specifications in this benchmark passed the lower bound filter. The remainder of
the table refers to this number.

Columns R50%, R, and R<1: For each benchmark, we compute the geomet-
ric mean of the ratios between the time with the heuristics and the baseline time.
That is, every number below 1.0 means that the heuristics had, on average, made
the computation faster. The lower the number, the faster the heuristics relative
to the baseline. We report two such average ratios, for the specifications whose
baseline performance was slower than the median baseline performance and for
the complete benchmark (after filtering and without timeouts, see below), in
columns R50% and R resp. In addition, column R<1 reports the percentage of
specifications (after filtering and without timeouts) for which the heuristics has
improved running time, i.e., the percentage of specifications for which the ratio
was below 1.0. The higher this percentage, the better the results compared to
the baseline.

Columns B-TO and H-TO: To keep the cost of the experiments over hundreds
of specifications reasonable, we set a timeout of 10 minutes for all experiments.
When at least one of the algorithms, with or without the heuristics, reaches the
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Heuristics vs. baseline Benchmark #>60s R50% R R<1 B-TO H-TO
Partial memoryless

vs. Spectra
SYNTECH 268 0.93 0.95 63% 14% 13%
AMBA+GenB 12 0.76 0.85 88% 42% 42%

Static variable ordering
vs. partial memoryless

SYNTECH 268 0.60 0.56 69% 15% 16%
AMBA+GenB 12 1.02 1.19 50% 33% 17%

Justice ordering
vs. partial memoryless

SYNTECH 268 0.91 0.97 55% 15% 14%
AMBA+GenB 12 0.67 0.80 25% 33% 42%

Simp. auto. + aux. grp.
vs. partial memoryless

SYNTECH-P 142 0.72 0.76 67% 12% 8%
SYNTECH-T 90 0.52 0.70 74% 17% 14%
AMBA 9 0.05 0.17 89% 44% 0%

WS vs. part. mem. SYNTECH-R 197 0.78 0.86 77% 1% 1%
Inh. vac. vs. part. mem. SYNTECH 268 0.54 0.68 98% 1% 0%

Table 1. Results for individual heuristics (measuring realizability checking times ex-
cept the last two rows which refer to non-well-separation and inherent vacuity)

Analysis Benchmark #>60s R50% R R<1 B-TO H-TO
Real. check SYNTECH 268 0.45 0.49 80% 16% 12%

AMBA+GenBuf 12 0.35 0.60 83% 42% 0%
Well-sep. SYNTECH-R 197 0.62 0.75 83% 0% 0%

AMBA+GenBuf 12 0.14 0.27 100% 8% 0%
Kind. real. SYNTECH 268 0.46 0.57 79% 53% 42%

AMBA+GenBuf 12 0.20 0.48 67% 33% 0%
Table 2. Results for all heuristics together vs. Spectra

timeout, we do not count it in the computed average ratios. Instead, in columns
B-TO and H-TO we report the percentage of specifications that resulted in a
timeout for the baseline and for the heuristics respectively.

Minor differences between the results in the two tables are expected as they
report results from separate executions of the experiments and thus slightly
different baselines.

4.3 Results

We aim to assess the impact of each heuristic on the performance of realizability
checking and other analyses. Since the partial memoryless heuristic is expected
to affect all algorithms, we first evaluate it against the original Spectra imple-
mentation. This partial memoryless version serves as a baseline for subsequent
experiments, allowing us to evaluate the additional impact of the other heuris-
tics. We conclude the report with a comparison of all our heuristics against the
original Spectra implementation (without the partial memoryless heuristics). In
all cases, we use Spectra with all the heuristics from [19].

The evaluation of individual heuristics appears in Table 1.
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Partial Memoryless Computation We observe that for 268 specifications
of the SYNTECH benchmark, the baseline realizability checking time was more
than 60 seconds, and for these specifications, the heuristics performed approxi-
mately 5% faster on average, was faster in about 2/3 of the specifications, and
resulted in slightly less cases of timeout compared to the Spectra baseline.

As expected, the use of partial memory did not change the number of fixed-
point iterations. The reduction in total variable reordering time is mixed, as we
observed (not shown in the table) a 15% reduction for SYNTECH and a 2%
percent increase for AMBA+GenBuf. This partly explains the improvement we
see in performance.

Static Variable Ordering We observe that on the SYNTECH benchmark the
heuristics performed at least 40% faster on average, was faster in about 2/3 of
the specifications, and resulted in roughly the same number of timeouts. On
AMBA+GenBuf, it performed slightly slower on average, but still was faster in
half of the specifications, and resulted in fewer timeouts.

Justice Ordering On the SYNTECH benchmark, the heuristics was up to 9%
faster on average, was faster in almost 2/3 of the specifications, and resulted in
the same number of timeouts. On AMBA+GenBuf, it performed much better
on average, but was faster in only a quarter of the specifications, and resulted
in more timeouts.

Note that in this heuristics and the previous one, we compare against the
original ordering used by Spectra, which is not arbitrary but follows the or-
der in which the variables and justices appear in the specification. Thus, the
competition is expected to be tough.

Simplified Automaton Embedding and Grouping of Auxiliary Vari-
ables for Patterns and Triggers We observe that the heuristics performed
at least 24% faster on average, with higher improvements for originally slow
computations. We also observed that the heuristic was faster in at least 2/3 of
the specifications in each corpus and resulted in fewer timeouts.

The reductions in running times are partly explained by reductions in the
number of X fixed-points iterations (not shown in the table), 9%, 33%, and 79%
reduction in the SYNTECH-P, SYNTECH-T, and AMBA corpora respectively.

Interestingly, for AMBA the improvement was exceptional. We investigated
it and found that the Spectra specification of AMBA, which aims to formalize
the requirements from [21], uses multiple patterns, for readability. For instance,
guarantee G2: When a locked unspecified length burst starts, a new access does
not start until the current master (i) releases the bus by lowering HBUSREQi,
which in [21] is formalized using a long LTL formula with the until operator
(and several additional operators), is formalized in the Spectra specification, for
every i from 0 to N , as
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P_becomes_true_between_Q_and_R
(!hbusreq[i], locked_unspec_burst(i) & start, next(start));

These N patterns create redundant states and justice guarantees, which our
heuristics detects and removes.

Heuristics for Additional Specification Analyses For non-well-separation
detection (environment only), the heuristics performed at least 14% faster on
average, and improved performance on 77% of the specifications.

For inherent vacuity detection (of redundant environment values), the heuris-
tics performed at least 32% faster on average, and improved performance on at
least 98% of the specifications.

All Heuristics Together Finally, Table 2 presents results for all heuristics
together vs. Spectra, w.r.t. realizability checking, non-well-separation, and kind-
realizability.

For the SYNTECH specifications realizability checking, we observe that our
heuristics performed on average at least 2 times faster than Spectra, improved
performance in 80% of the specifications, and resulted in less timeouts. For
well-separation, we observe that our heuristics performed about 25% faster on
average, and improved performance on 83% of the specifications. For kind-
realizability, our heuristics performed at least 43% faster on average, improved
performance in 79% of the specifications, and resulted in less timeouts.

We see similar and even mostly better results for the AMBA+GenBuf spec-
ifications.

The reductions in realizability checking running times are partly explained
by the reductions in the number of X fixed-points iterations and the reductions
in total variable reordering time - with R values of 0.85, 0.45 and R<1 values of
45%, 83% for these metrics respectively.

Why Do Some Specifications Resist Our Heuristics? We checked the
characteristics of the 12% of specifications that reached the timeout despite the
use of all heuristics (Table 2), compared to the other 88%, and found that the
specifications in the first set have on average 42% more variables (101 compared
to 70), 72% more pattern instances (1.9 / 1.1), 87% more trigger instances (1.5
/ 0.8), and 43% more justice guarantees (6 / 4.2). A deeper analysis is required
to better understand whether the challenge is primarily the size of these speci-
fications and how additional heuristics may help.

5 Conclusion

We introduced heuristics to enhance the performance of GR(1) realizability
checking and related algorithms. These heuristics are based on three observa-
tions: (1) many analyses in specification development do not require the inter-
mediate results of the GR(1) algorithm’s fixed-point iterations, (2) the syntax
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of the specification, as written by developers, reveals insights into the structure
of the GR(1) game model, offering opportunities for performance improvements,
and (3) while high-level language constructs can simplify the writing and reading
of complex specifications, they often incur hidden, redundant costs.

We implemented the heuristics and evaluated them over a large corpus of
hundreds of GR(1) specifications written in the Spectra language. The results
showed that compared to the previous implementation of the Spectra synthesizer,
based on [19], each of the heuristics alone and all of them together result in faster
realizability checking and other related analyses.

Artifact An artifact is available in https://doi.org/10.5281/zenodo.
14616533. It includes the benchmarks used in our evaluation, raw data, and
scripts to run and reproduce the experiments.
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Abstract. Automatic decision and prediction systems are increasingly
deployed in applications where they significantly impact the livelihood of
people, such as for predicting the creditworthiness of loan applicants or
the recidivism risk of defendants. These applications have given rise to a
new class of algorithmic-fairness specifications that require the systems
to decide and predict without bias against social groups. Verifying these
specifications statically is often out of reach for realistic systems, since
the systems may, e.g., employ complex learning components, and reason
over a large input space. In this paper, we therefore propose stream-based
monitoring as a solution for verifying the algorithmic fairness of decision
and prediction systems at runtime. Concretely, we present a principled
way to formalize algorithmic fairness over temporal data streams in the
specification language RTLola and demonstrate the efficacy of this ap-
proach on a number of benchmarks. Besides synthetic scenarios that
particularly highlight its efficiency on streams with a scaling amount
of data, we notably evaluate the monitor on real-world data from the
recidivism prediction tool COMPAS.

1 Introduction

Machine learning is used to automate an increasing number of critical decisions
pertaining to people’s opportunities in areas such as loan or job application [19],
healthcare [41], and criminal sentencing [5]. It is of vital interest that these
decision and prediction systems adhere to societies’ shared values and, hence,
they should in particular not discriminate against members of protected social
groups, e.g., based on attributes such as gender or perceived ethnicity. Since the
machine-learned systems are trained from historical data, they often inherit the
historical human bias present in these data sets. So far, this usually was revealed
by posterior analyses after the systems have been deployed for years [37,38]
and hence have already produced harmful results. In this paper, we propose
stream-based monitoring of algorithmic fairness properties as a way to alleviate
this situation, and to significantly reduce the impact unfair decisions have on
people that are subject to learned decision and prediction systems. Unlike static
verification of these systems, which is often intractable due to their complex
learning components and large input space, monitors are lightweight and can be
deployed alongside the machine-learned systems, raising awareness once they are
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sufficiently sure of unfair behavior. While this does not avert all decisions made
by an unfair system, we show empirically that it can still significantly reduce the
number of decisions made by an unfair system by alerting practicioners early.

1.1 Motivating Example
date event id group risk ...

2013-01-02 SCREEN 0 A HIGH ...

2013-01-02 SCREEN 1 B LOW ...

2013-01-03 RECID. 1 - - ...

2013-01-03 SCREEN 2 B HIGH ...

... ... ... ... ... ...

Fig. 1: Data streams for an example of re-
cidivism risk assessment with COMPAS [37].

As a motivating example, we
consider the COMPAS tool de-
veloped by Northpointe [37].
COMPAS predicts the recidivism
risk of defendants in criminal tri-
als in order to assist judges in,
e.g., setting bond amounts or in
sentencing during trial. Hence,
the system gives a prediction on
how likely a person is to commit
a(nother) crime, and this predic-
tion has a direct impact on criminal sentencing. A retrospective investigation by
ProPublica into the predictions by COMPAS during 2013 and 2014 in Broward
County, Florida, revealed that the tool is significantly biased against defendants
perceived as black [5]. For instance, the false positive rate for black defendants
was found to be significantly higher than for white defendants, i.e., black defen-
dants were more likely classified with a high risk of re-offending, without actually
committing a crime in the near future. The ultimate vision of our work is that,
instead of such a posterior analysis of algorithmic fairness, runtime monitors
are deployed that assess the fairness of decision and prediction systems during
their execution, in order to raise awareness of unfair treatment early and in this
way mitigate unproportional harm put on groups due to an unfair bias. To illus-
trate our monitoring approach, we will consider a simplified version of the risk
assessment setting as shown in Figure 1. This table shows a number of events
describing an execution of the COMPAS system that is defined on data streams
such as event or id. For example, the first row describes that on the 2nd of
January 2013, an individual of group A was screened via COMPAS and assessed
to have a high risk of recidivism. A (simplified) algorithmic-fairness specification
compares certain conditional probabilities associated with the different groups:∣∣P(HIGH | A, RECIDIVISM)− P(HIGH | B, RECIDIVISM)

∣∣ ≤ ϵ .

This condition states that the probability of a re-offending member of group A
to be labeled as high-risk is not too far (less than ϵ) from the probability of a
re-offending member of group B to be labeled as high-risk. Hence, it compares
the true positive rates between the two groups. In this paper, we show how
we can use the stream-based monitoring language RTLola to process such data
streams and in this way analyze the algorithmic fairness of their underlying sys-
tem in real-time. The main idea is to automatically partition the stream events
into independent trials and to construct RTLola specifications that estimate the
conditional probabilities associated with algorithmic-fairness specifications.
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1.2 Outline and Contributions

The challenges in our stream-based setting are twofold: First, we observe only a
single execution of the system but require a larger number of independent trials
to reliably estimate the conditional probabilities. Second, the independent tri-
als and also the fairness definitions contain a real-time component. We address
the first challenge in Section 3 by defining a principled way to extract individ-
ual trials based on a predefined dependence relation between stream events. In
Section 4, we then describe how this can be implemented in the specification
language RTLola. We show how we can estimate conditional probabilities over
these trials with RTLola, and address the second challenge: RTLola naturally
supports reasoning about real-time events, and hence we can use it to collect
stream events that are spread throughout time and calculate their relative de-
lay, which allows us to express certain intricacies of algorithmic-fairness spec-
ifications, such as an upper time bound between relevant events. We evaluate
this RTLola compilation in a case study including both synthetic and real-world
benchmarks. For the former, we present a benchmark generator that models ap-
plication scenarios at a company and a seminar assignment at a university. In
both cases, we can easily scale, e.g., the number of applicants, which serves as a
stress test for our implementation and allows a thorough comparison with more
traditional approaches based on databases. We show that RTLola significantly
outperforms database approaches, which suggests that stream-based monitoring
is the tool of choice for settings with high data throughput. Moreover, synthetic
benchmarks allow us to set a ground truth for the fairness of the decision system,
and we show that our monitoring approach can detect unfair systems without
raising too many false alarms on fair systems. As a real-world benchmark, we
consider the aforementioned recidivism prediction tool COMPAS [5]. Unlike the
synthetic benchmarks, this is also an example of a prediction system, such that
more complex specifications become relevant. We show that RTLola is able to
express these specifications succinctly and effectively alert to unfairness in the
prediction system early. All experiments can be found in Section 5.

Contributions. To summarize, we make the following contributions:

– We formalize the estimation of probabilities from single executions in stream-
based monitoring.

– We implement RTLola monitors that allow the monitoring of a wide range
of algorithmic-fairness specifications from the literature.

– We present a generator for constructing challenging benchmarks related to
algorithmic fairness in job application and university admission.

– We perform an extensive experimental evaluation on these synthetic bench-
marks, as well as on a real-world data set from the COMPAS tool.

1.3 Related Work

Efforts of the machine learning community generally aim more at improving the
fairness of learned models than rigorously verifying it [35]. Three categories of
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mechanisms stand out, namely Pre-Processing [30,22], In-Processing [1,31], and
Post-Processing [38,17]. Our work on monitoring algorithmic fairness is an or-
thogonal effort that allows us to audit learned systems even when their training
process cannot be influenced, as we treat the learned system as a black box. We
present a general approach based on RTLola and encode popular fairness prop-
erties, such as equalized odds. These techniques can also be used to encode other
fairness properties such as equal opportunity [26] or counterfactual fairness [32].

Related to our effort of verifying and testing fairness, a variety of different
approaches in the formal methods community exist: Udeshi et al. [43] propose an
automated and directed testing technique to generate discriminatory inputs for
machine learning models. FairTest [42] is a framework for specifying and testing
algorithmic fairness. A similar approach is given by Bastiani et al. [7] by using
adaptive concentration inequalities to design a scalable sampling technique for
providing fairness guarantees. Albarghouthi et al. [3] transform fairness proper-
ties as probabilistic program properties and develop an SMT-based technique
to verify fairness of decision-making programs. Albarghouthi and Vinitsky [4]
propose a white-box monitoring technique based on adding annotations in a pro-
gram, but they cannot reason about temporal properties, unlike our approach.
To certify individual fairness, Rouss et al. [39] introduce a local property that
coincides with robustness within a particular distance metric. Another approach
is to repair biased decision systems with a program repair technique [2]. Teuber
and Beckert [40] have made an intriguing connection between secure information-
flow and algorithmic fairness, and use information-flow tools for verifying fair-
ness of white-box programs. Henzinger et al. propose monitoring of probabilistic
specification expressions (PSEs) [27] and extensions [29] for monitoring algo-
rithmic fairness properties [28]. Baum et al. [8] combine monitoring and input
generation for a probabilistic falsification technique aimed at individual fairness.
Cano et al. [14] propose fairness shields that combine monitoring and enforce-
ment of fairness properties. In our work, we show that it is possible to use the
widely studied formalism of stream-based monitoring languages [9] to go even
further by additionally considering temporal aspects of fairness such as delays
between relevant events. Notably, this is possible without any pre-processing of
the stream-events that may be needed for, e.g., PSEs, as this is already han-
dled by stream-based monitoring languages. These languages predate the PSE
approach by decades [18] and have already proven useful in diverse areas such
as unmanned aircraft [10,11] and network monitoring [21]. We use RTLola in
this paper, but the general ideas may also be adapted to other stream-based
languages, such as TeSSLa [16] or Striver [25].

The usage of opaque machine-learning models in high-stake scenarios has
sparked scholarly debate on its ethics [13,34], as well as extensive governmental
regulation [6,15]. Given that these models promise to be more accurate [33] and
ultimately even more impartial than human decision makers, there seems to be
a clear trend toward further adoption. As we show here, RTLola can be a useful
tool for alleviating unintended negative side effects of this trend by promoting
effective monitoring of the decision system during deployment.
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2 Preliminaries

We briefly recall the necessary background on probability theory, algorithmic
fairness and stream-based monitoring with RTLola.

2.1 Probability Theory

A probability space is a tuple (Ω, E ,P), where Ω is a sample space and E is a σ-
algebra over Ω, i.e., we have ∅ ∈ E , A ∈ E =⇒ Ā ∈ E , and A0, A1, . . . ∈ E =⇒⋃∞

i=0 Ai ∈ E . Finally, P is a probability measure E → R, i.e., a non-negative
function with P(Ω) = 1, P(∅) = 0 that satisfies countable additivity: For any
sequence of pairwise disjoint events A0, A1, . . . ∈ E we have that P(

⋃∞
i=0 Ai) =

Σ∞
i=0P(Ai). A random variable is a function X : (Ω, E) → (Γ,V) that maps

elements of the sample space Ω to some set Γ equipped with the σ-algebra V,
such that X−1(B) ∈ E for all B ∈ V . Such an X induces a probability measure
on (Γ,V) as P(B) = P(X−1(B)) for all B ∈ V . Lastly, the conditional probability
of some A ∈ E given some B ∈ E is defined as P(A | B) = P(A∩B)

P(B) .

2.2 Algorithmic Fairness

Algorithmic fairness is an umbrella term for several specifications that have
recently been put forward for decision and classification systems [38]. The general
idea is to compare the probabilities of certain good and bad events between social
groups, e.g., we may require the probability of a loan request being accepted
conditioned on the applicant being in group A to be not too far from the same
probability conditioned on the applicant being in group B. In the following,
we introduce the fairness specifications considered in this work, as they have
been proposed in the literature. Note that these pure definitions do not consider
timing issues such as the good outcome being obtained within a certain bound.

The simplest fairness specification is demographic parity, which requires the
probabilities of good outcomes conditioned on the different groups to differ no
more than the predefined parameter ϵ.

Definition 1 (Demographic Parity [20]). A decision system for the binary
decision A satisfies demographic parity, iff∣∣P(A = 1 | G = 1)− P(A = 1 | G = 0)

∣∣ ≤ ϵ .

The value of G represents the group a person belongs to (e.g., male or female),
while A indicates the positive outcome. Demographic parity ensures that positive
outcomes are assigned to the two groups at a similar rate, but it does not consider
background factors that may be relevant to assess the fairness of a system. For
instance, men and women may apply unproportionally to different departments
of a university, such that the admission process of the university appears to be
unfair while the same processes of the individual departments are fair.1 If the
1 This observation has been termed Simspon’s Paradox by Colin Blyth [12].
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existence of such confounding variables is known, it may be more appropriate to
use a fairness measure such as conditional statistical parity.

Definition 2 (Conditional Statistical Parity [17]). A decision system for
the binary decision A satisfies conditional statistical parity, iff∣∣P(A = 1 | L = 1, G = 1)− P(A = 1 | L = 1, G = 0)

∣∣ ≤ ϵ .

Conditional statistical parity states, similar to demographic parity, that people
from different groups should have an equal probability of positive outcomes.
Additionally, it further conditions the probability on other legitimate factors
L, e.g., confounding variables such as the department that students apply to.
These factors have to be determined a priori and are based on the background
knowledge of the specifier.

While the above parity measures define a notion of fairness for decision sys-
tems with binary outcomes, many fairness issues arise also for prediction systems
that, e.g. classify the recidivism risk of defendants in criminal trials [5]. Fairness
of such systems is more accurately described by comparing the true and false
positive rates between groups, as done by the equalized-odds fairness measure.

Definition 3 (Equalized Odds [26]). A prediction system Ŷ for the outcome
Y satisfies equalized odds, iff∣∣P(Ŷ = 1 | G = 1, Y = 0)− P(Ŷ = 1 | G = 0, Y = 0)

∣∣ ≤ ϵ and∣∣P(Ŷ = 1 | G = 1, Y = 1)− P(Ŷ = 1 | G = 0, Y = 1)
∣∣ ≤ ϵ .

Here, Ŷ describes the predicted value, while Y is the true value of an outcome to
be predicted. Hence, the equalized-odds measure requires the differences between
the false positive rates (FPR) and the differences between the true positive rates
(TPR) of all pairs of groups to be within a predefined bound ϵ.

2.3 Stream-based Monitoring with RTLola

In this work, we use the stream-based specification language RTLola to monitor
the previously described fairness definitions. RTLola uses stream-equations to
translate streams of input data to output streams and trigger conditions that
describe violations of the specification. We illustrate the RTLola language with
a small example and refer for more details to [9,10,23].

Example 1 (RTLola Example).

1 input user_id : UInt64, value : Int64
2 output amount(user)
3 spawn with user_id
4 eval when user_id = user with value + amount(user).last(or: 0)
5 trigger @value amount.aggregate(over_instances: all, using:

max).defaults(to: 0) > 500 "Upper Limit Violation"
6 trigger @1Hz value.aggregate(over: 1s, using: count) > 5 "Too many

transactions"
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The specification declares two input streams describing a transaction to a user:
The input stream user_id encodes a unique identifier for each user and value
represents the amount. Next, the output stream amount sums up the values
per user using parameterization. With parameterization, the output stream de-
scribes a set of instances and the specification can refer to each instance with the
parameter, in this example the parameter user. The spawn declaration describes
when a new instance is added to this set, in our case for every new user_id. The
eval declaration describes for each instance when a new value is computed with
the when-clause and the computation of this value with the with-clause. Here,
each instance of the amount stream is computed when the user_id is equal to
the instance parameter and the new value is computed as the sum of the previ-
ous value of this instance and the current value of the value-stream. The first
trigger then aggregates over all instances of the amount stream, takes the max-
imum value, and compares this value against a threshold. Since in theory this
access could fail, we need to provide a default value. If this condition is true, the
generated monitor for this specification emits the corresponding trigger message.
The second trigger checks the number of transactions over the last five seconds,
illustrating the real-time capabilities of RTLola.

The semantics of RTLola is defined over a collection of timed data streams
and intuitively checks whether the values in the collection correspond to the
computed values for the stream equation. Additionally, it validates that the
time is monotone.

Definition 4 (Data Streams). A collection of timed data streams ω ∈ W
over a set of input streams ID↑ and output streams ID↓ is the combination of a
StreamMap and a TimeMap.

Stream := InstanceID → Time → V⊥
StreamMap := ID↑ ⊎ ID↓ → Stream
TimeMap := Time → R

W := StreamMap × TimeMap

Figure 2 gives an intuition on the data stream representation based on the
specification in Example 1. The TimeMap is a total function from the dis-
crete timestamps, indicated at the top of the figure, to a real-time value. In
the examples, the first three events arrive at the timestamps 0.6, 0.8, and 2.4.
Given ω = (streams , times) ∈ W, we use ω(t) := times(t) to get the real-
time value of a discrete timestamp t ∈ Time. The StreamMap assigns each
stream identifier and instance to an infinite sequence of optional values, where
⊥ indicates that the stream instance does not produce a value. In our exam-
ple, ω(user_id)(⊤) represents the infinite sequence of the input stream, and
ω(user_id)(⊤)(1) returns the value of the input stream at time 1. Note that
we use ⊤ as the instance identifier if the stream is not parameterized, i.e., only
one stream instance exists in the StreamMap. In contrast, the output stream
amount is parameterized, such that different instances (e.g., ω(amount)(1)) ex-
ist. Formally, infinite sequences are represented by total functions, and we define
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Time

TimeMap

StreamMap

Stream ω(user_id)

ω(user_id)(⊤)

Stream ω(amount)

ω(amount)(0)

ω(amount)(1)

ω(amount)(2)

0 1 2 · · ·

ω(0) = 0.6 ω(1) = 0.8 ω(2) = 2.4 · · ·

ω(user_id)(⊤)(0) = 2 ω(user_id)(⊤)(1) = 0 ω(user_id)(⊤)(2) = 2 · · ·

ω(amount)(0)(0) = ⊥ ω(amount)(0)(1) = 2 ω(amount)(0)(2) = ⊥ · · ·

ω(amount)(1)(0) = ⊥ ω(amount)(1)(1) = ⊥ ω(amount)(1)(2) = ⊥ · · ·

ω(amount)(2)(0) = 3 ω(amount)(2)(1) = ⊥ ω(amount)(2)(2) = 5 · · ·

Fig. 2: The data streams exemplified on the specification from Example 1.

the access functions ω(sid) := streams(sid) for the stream sid ∈ ID↑ ⊎ ID↓,
ω(sid)(i) := streams(sid)(i) to access stream instances i ∈ InstanceID of stream
sid , and ω(sid)(i)(t) for the stream instance value at discrete timestamp t.

The set of stream events of ω is defined as Events(ω) := {(r, f) | ∀sid ∈ ID↑⊎
ID↓, i ∈ InstanceID . ω(sid)(i)(ω−1(r)) = f(sid)(i)} ⊆ Eω := R × (ID↑ ⊎ ID↓ →
InstanceID → V⊥). Hence, Eω denotes the set of all conceivable stream events
over the datatypes defined by ω, while Events(ω) denotes the concrete events
appearing in ω. For our example above, Events(ω) would map each real-time
timestamp to the corresponding column in the figure.

3 Statistical Estimates from Data Streams

In this section, we outline the formal background for our RTLola specifications
that estimate algorithmic fairness properties. We first describe how to extract
multiple samples from a single execution of our system, we then describe how
to use random variables to describe fairness properties in this setting, and lastly
how we estimate the probability of events over these random variables.

3.1 Extracting Independent Trials from Data Streams

The central challenge in our setting is that we observe only a single execution
of the system under scrutiny but want to perform a statistical estimation that
naturally gets more accurate the more samples become available. We utilize the
fact that in our applications, the single system execution describes a number of
independent trials pertaining to the specification we care about, e.g., a single
execution of the COMPAS tool for assessing the recidivism risk of defendants
describes a large number of independent risk screenings. Hence, we propose a
principled way to extract multiple samples from the observed system execution.
At its core lies the definition of the probability space (Ωω, Eω,Pω) associated
with the data streams ω ∈ W. The sample space Ωω is constructed as the
set of all possible sequences of dependent events, which we identify through a
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dependence relation δ ⊆ E2
ω. This predefined δ is an equivalence relation over

the stream events Eω whose equivalence classes define the possible sets of events
that form mutually independent trials. Elements of the sample space Ωω are
ordered subsets of such dependent events: Ωω := {E0 . . . En ∈ En | ∀ 0 ≤ i ≤
j ≤ n. t(Ei) ≤ t(Ej) ∧ δ(Ei, Ej)} and we take Eω simply as the powerset of Ωω,
while Pω is unknown to us.

Example 2. Consider the COMPAS recidivism risk assessment tool described
in Section 1.1 and the corresponding data streams illustrated in Figure 1. We
assume that the outcomes of individual screenings do not affect each other,
and hence define the dependence relation such that two events are dependent if
they refer to the same defendant (identified through the stream id), i.e., δ :=
{(E0, E1) | E0(id) = E1(id)}. Consequently, the data streams ω illustrated in
Figure 1 describe the following samples s0,1,2 ∈ Ωω.

s0 = (0.0, SCREEN, 0, A, HIGH) . . .

s1 = (0.0, SCREEN, 1, B, LOW)(1.0, RECIDIVISM, 1, -, -) . . .

s2 = (1.0, SCREEN, 2, B, HIGH) . . .

Hence, our dependence relation δ partitions the data streams of the system into
independent sequences of stream events, that naturally grow the more events are
produced by the system. Note that the first components in the stream events
with the values 0.0 and 1.0 encode the dates, i.e., 2013-01-02 and 2013-01-03,
via the StreamMap as outlined in Definition 4.

3.2 Defining Indicator Variables

Having defined our probability space through a dependence relation δ, the next
step is to define Bernoulli random variables X : Ωω → {0, 1} that serve as
indicator variables for the events relevant to algorithmic fairness.

Example 3. For instance, we may want to specify equalized odds (Definition 3)
for the COMPAS risk assessment tool from Section 1.1. We may naturally de-
fine the prediction Ŷ for a defendant associated with the sample ω as Ŷ (ω) :=
∃i. ω(event)(i) = SCREEN ∧ ω(risk)(i) = HIGH, and similarly, the true out-
come is defined as Y (ω) := ∃i. ω(event)(i) = RECIDIVISM. Here, we quantify
over the time stamps i. Membership to, e.g., group A is captured by GA(ω) :=
∃i. ω(event)(i) = SCREEN ∧ ω(group)(i) = A. It is also possible to define a san-
ity check as an additional variable that we condition on. For example, we may
only consider recidivism events that happen less than two years after a screen-
ing event, as this is the specific time horizon that the COMPAS tool is target-
ing [5,37]. We can achieve this by utilizing the real-time information of the stream
events with the variable Y<2y := ∃i, j. ω(event)(i) = SCREEN ∧ ω(event)(j) =
RECIDIVISM ∧ ω(j) − ω(i) < 730.0. Hence the FPR part of a specification of
equalized odds with ϵ = 0.1 is:

φ :=
∣∣P(Ŷ = 1 | GA = 1, Y<2y = 1) − P(Ŷ = 1 | GA = 0, Y<2y = 1)

∣∣ ≤ 0.1 .
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3.3 Maximum A Posteriori Estimation

Since during monitoring we obtain samples sequentially, the first samples have
an unproportionally large impact on the assessment of fairness at the start of
monitoring, since the estimation of the conditional probabilities in a formula
like φ only gets more robust over time. Hence, we use methods from Bayesian
statistics to control the trigger behavior of the monitor at the start of an exe-
cution: maximum a posteriori (MAP) estimation [36] allows us to take a prior
belief about the conditional probabilities that make up the fairness specifications
into consideration, as well as a degree of confidence therein. Formally, for every
conditional probability Θ = P(A | B) in our specification we require a prior γ
and a confidence κ. Then, the estimate Θ̂ is given as:

Θ̂ =
SA∩B + γ(ω)κ

SB + κ
,

where SA∩B is the number of samples that satisfy A and B, while SB is the
number of samples satisfying B. The parameters γ, κ and ϵ suffice to achieve
sufficient initial robustness of the monitor, which we demonstrate experimentally
in Section 5. The longer the observed system execution gets and the more samples
become available, the less influence these parameters have on the monitor verdict.

Dynamic Updating of the Prior Belief. While MAP is a standard method from
statistics, we face unique challenges when dynamically analyzing data streams,
since we only have limited knowledge about the monitored system. Certain back-
ground knowledge like how many free places and applicants emerge during the
execution may change the prior belief we have about the conditional probabili-
ties. For instance, we may know that a university always fills all seminars with
students, but the chance of an individual student’s application to be accepted of
course still depends on the number of seminar places and the number of other
students applying. To account for such dynamic updates to the prior belief, we
consider the prior γ to be a function of the data streams ω, such that it may be
defined, e.g., as the ratio of places and applying students.

4 Implementation in RTLola

This section describes the implementation of the fairness definitions from Sec-
tion 2.2 in the stream-based specification language RTLola. In general, each fair-
ness specification follows the same structure: First, we extract information on
independent trials from the input data and store it in parameterized streams that
directly correspond to the indicator variables that are relevant in a given fairness
specification. These variables can use the full power of RTLola expressions such
as stream aggregations and real-time properties. We then build accumulators
that are used in estimating the conditional probabilities. Last, we define trigger
conditions that indicate that the estimates violate the fairness specification.
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4.1 Implementation of Equalized Odds for the COMPAS Tool

We illustrate this principle by discussing the implementation of equalized odds
(cf. Example 3). The RTLola specification for this fairness property, in the con-
text of the COMPAS system, is shown in Figure 3. The specification is defined
over input data streams that encode the relevant events of the COMPAS system
as described in Section 1.1: The "SCREEN" event includes the unique identifier
of a defendant in the input stream id, their group attribute in the input stream
group and the COMPAS score describing the predicted likelihood of that person
re-offending in the input stream score. The COMPAS score is an integer value
between 0 and 10 as in the original data set. We use the same classification of
any score above 6 as high risk as used by ProPublica [5] in the original investiga-
tion. If the defendant re-offends, the second event "RECIDIVISM" is given to the
monitor together with the identifier of the defendant. The timestamps of these
events are implicitly included through RTLola.

Storing Independent Trials in Parameterized Streams. The specification uses
three parameterized output streams to store the relevant information of inde-
pendent trials, where the parameter i identifies the trial, e.g., an individual
defendant. The streams are days_per, has_re and tp_event. Each of these
streams has a lifecycle of exactly 730 days after screening the defendant. In RT-
Lola, this lifecycle is represented with the spawn, starting the lifecycle with the
first occurrence for each identifier, and the close declaration, ending the lifecycle
when the associated condition is satisfied. The output stream days_per counts
the number of days after the screening of the defendant and the output stream
has_re maps a "RECIDIVISM" event to the defendant. Then, the output stream
tp_event synchronizes all information about one defendant after 730 days. This
realizes the extraction of independent trials as described formally in Section 3.1.
For example, the indicator variable Y<2y is described with the second clause of
the eval-when declaration of the stream using stream aggregation (line 18), i.e.,
has_re(i).aggregate(over: 730d, using: ∃). This expression checks if the
defendant re-offended during a timeframe of 730 days using stream aggregation
and follows the definition from Example 3. The stream tp_event is additionally
parametrized with the group and the score of the defendant from which we can
derive the indicator variables GA and C directly. After the indicator variables are
computed and used by the accumulators as described in the following paragraph,
we close these stream instances to free the underlying memory since their value
is not required after the first use of the variable.

Accumulator Variables and MAP Estimation. The specification then stores the
accumulated information for each group using stream parameterization, where
this time the parameter g identifies the group associated with the stream. It
uses the stream abs_re to count the number of defendants that re-offendend
in a given group (line 22). Similarly, the stream abs_hr_re counts the number
of re-offenders per group that were scored as high-risk by COMPAS (line 26).
The parameterized stream tp_ratio then computes for each group the true-
positive ratio P(Ŷ = 1 | G = g, Y = 1), i.e., the probability that a person was
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1 input event : String
2 input id : Int64
3 input group : String
4 input score : Int64
5
6 /// Defendant Information
7 output days_per(i)
8 spawn with id
9 eval @Global(1d) with days_per(i).last(or: 0) + 1

10 close when days_per(i) = 730
11 output has_re(i)
12 spawn with id
13 eval when id == i with event == "RECIDIVISM"
14 close @Global(1d) when days_per(i).hold(or: 0) = 730
15 output tp_event(i, g, s)
16 spawn with (id, group, score)
17 eval @Global(1d)
18 when days_per(i).hold(or: 0) = 730 ∧ has_re(i).aggregate(over:

730d, using: ∃) with s > 6
19 close @Global(1d) when days_per(i).hold(or: 0) = 730
20
21 /// TP Ratio
22 output abs_re(g) : UInt64
23 spawn with group
24 eval @Global(1d) with abs_re(g).last(or: 100) +
25 tp_event.aggregate(over_instances: All(ii, ig, is => ig = g),

using: count)
26 output abs_hr_re(g) : UInt64
27 spawn with group
28 eval @Global(1d) with abs_hr_re(g).last(or: 50) +
29 tp_event.aggregate(over_instances: All(ii, ig, is => ig = g),

using: sum)
30 output tp_ratio(g)
31 spawn with group
32 eval when abs_re(g) != 0
33 with cast<UInt64, Float64>(abs_hr_re(g)) / cast<UInt64,

Float64>(abs_re(g))
34
35 /// Equalized Odds: True Positive
36 trigger @1d tp_ratio.aggregate(over_instances: all, using:

max).defaults(to: 0.0) - tp_ratio.aggregate(over_instances: all,
using: min).defaults(to: 0.0) > 0.1

Fig. 3: RTLola specification computing and checking the differences of the true
positive ratios between all groups, which makes up one half of the equalized-odds
specification for the COMPAS data set.
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assigned a high-risk score under the condition that this person has re-offended.
To encode the MAP estimation from Section 3.3, we assign the abs_re and
abs_hr_re streams different default values when accessing the previous value,
which effectively initializes the streams with these default values at the first time
point. Finally, the trigger (line 36) encodes a violation of the fairness definition
using the following underlying formula:

max g∈G{P(Ŷ = 1 | G = g, Y = 1)} −ming∈G{P(Ŷ = 1 | G = g, Y = 1)} ≤ ϵ.

Here, G is the set of all groups. Hence, this formula takes the maximum dif-
ference between any two groups and compares it against the threshold ϵ. This
suffices to infer a violation in all cases. Additionally, the exact values of the ratios
can be read from the parameterized streams such as tp_ratio. The full spec-
ification for equalized odds extends this principle to the false positive ratio by
defining parameterized streams abs_not_re to count the defendants per group
that did not re-offend, abs_hr_not_re to count the number of these that were
screened high-risk, and fp_ratio for the resulting ratio. Additionally, the trig-
ger condition is extended to account for all pairs of parameters of the fp_ratio
stream. The experimental results of running this specification on the COMPAS
data from the original ProPublica investigation can be found in Section 5.2.

5 Case Studies

We specified all algorithmic fairness requirements defined in Section 2.2 with
RTLola in a similar way as outlined for equalized odds in Section 4. In this
section, we report on experiments with these fairness specifications in a variety
of settings2. We first consider synthetically constructed data streams related to
hiring and application scenarios that allow us to study the utility and efficiency of
the approach under varying assumptions. Afterward, we consider data from the
COMPAS recidivism risk assessment tool discussed in Section 1.1 to assess the
utility of our tool in a real-world setting. The experiments were conducted with
Ubuntu 24.04, a 4-core Intel i5 2.30GHz processor, as well as 8GB of memory.

5.1 Synthetic Scenarios

Our two synthetic scenarios deal with hiring done by a company and seminar
assignments at a university. For the hiring scenario, we make the simplifying
assumption that the company has no fixed limit on the number of employees
it can hire. For the seminar assignment, we assume that each seminar has a
fixed number of places. Both scenarios are synthesized from a generator script
that allows us to specify and scale a number of interesting parameters such as
the number of applicants and seminars, as well as the number of places per
seminar. The input streams of both scenarios encode the individual applicants
and events related to them, i.e., there is an event for an applicant with a specific
2 Our artifact is available on Zenodo: https://doi.org/10.5281/zenodo.14627198.

https://doi.org/10.5281/zenodo.14627198
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(a) Fair algorithm. (b) Unfair algorithm.

Fig. 4: Demographic parity of hiring algorithms. The Female and Male lines cor-
respond to the estimates Θ̂F,M for women and men, respectively. The Difference
line shows the absolute difference between these ratios, while the dashed red line
at 0.1 indicates the threshold parameter ϵ (cf. Definition 1).

id, gender, and qualification. For the seminar assignment system, also an input
seminar to indicate which seminar the applicant applies to, such that we can also
monitor conditional statistical parity in addition to demographic parity. Further,
seminars have a predefined maximum number of places. Additionally, there is a
separate input stream accepted that gives the IDs of accepted applicants. The
generator allows to specify which decision algorithm should be used. We discuss
these with the experimental results in the following.

Company Hiring. This scenario modeling a hiring system at a company consists
of truly independent trials. We can adjust the probabilities ΘF = P(A = 1 |
F = 1) and ΘM = P(A = 1 | M = 1) with which women and men get accepted,
respectively. In this way, we can compare the monitoring outcome of a hiring
system that is unfair by construction to a truly fair one. In the unfair system,
we set the probability to be accepted for men to ΘM = 0.5 and for women to
ΘF = 0.2, while both are 0.5 in the fair system. We then monitor for demographic
parity (cf. Definition 1). The prior (cf. Section 3.3) is set to 0.5 with a confidence
of 24 (a more detailed discussion on how to set these parameters follows in the
next paragraph). Graphs for the estimated conditional probabilities Θ̂F,M , their
difference, and the trigger condition (based on ϵ = 0.1) are depicted in Figure 4.
As we can see, the fair algorithm stabilizes far below the trigger threshold. The
diffuse behavior at the start, which usually would result in a number of false
alarms, is held back by our MAP approach, such that no triggers are thrown.
In contrast, after around time point 85, the unfair algorithm constantly raises
triggers indicating unfairness, as the difference of the conditional probabilities
stabilizes far above the threshold of 0.1, overpowering the prior belief. These
results confirm that monitoring can adequately discern between unfair and fair
systems after a reasonably small number of decisions has been made.
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Fig. 5: Number of triggers thrown for different
values of confidence κ (k) and threshold ϵ (e).

University Application. How to
choose the right parameters?
We now show that synthetic ex-
periments can be an effective
way to choose the confidence
κ and threshold ϵ. We consider
different decision-making algo-
rithms for distributing places to
applicants. This lets us explore
how the different parameters
influence the number of triggers
on different algorithms. The
first algorithm is First Come
First Served (FCFS), which accepts the first people applying regardless of other
attributes. The second is Randomize, which picks randomly in the pool of ap-
plicants for a given seminar. The third algorithm, called Qualification, picks the
most qualified people for each seminar. The last algorithm is EqualGender, which
tries to ensure the same acceptance rates for all groups in the long run. Note
that demographic parity does not take into account additional attributes such
as the qualification, and hence the fairness of, e.g., the Qualification algorithm
completely depends on the randomization of the qualification values. Similarly,
the fairness of FCFS depends on the application times which are generated ran-
domly. In Figure 5, we compare the number of thrown triggers for the different
parameters on two thousand generated scenarios for every algorithm with a hun-
dred applicants each. Our specification of demographic parity with parameters
κ = 54 and ϵ = 0.085 gets violated 1031 times over all the scenarios generated
with the EqualGender algorithm (which have 200000 distinct events). A general
trend that can be inferred from Figure 5 is that parameter values that are too
low lead to a large amount of triggers. Finding the right parameters requires
estimating how many applicants are expected, and selecting them to achieve
a desired contrast between the different algorithms on the simulated scenarios.
For instance, a confidence of 80 and threshold of 0.1 results in 187× as many
triggers on the random algorithm than on the EqualGender algorithm, while a
confidence of 30 and threshold of 0.1 results only in around 6× as many triggers
on the random algorithm.

Runtime Comparison. It is a viable question to ask what advantages monitoring
with a stream-based specification language has over a simple database implemen-
tation. Therefore, we have compared our approach with a naïve implementation
using SQLite, and an advanced implementation using RisingWave [44], a state-of-
the-art streaming database [24]. For the databases we first defined a SQL query
that encodes the fairness specifications and returns a Boolean value, similar to
an RTLola trigger. During execution we then iteratively update the database
with new events. Crucially, the streaming database is optimized for such incre-
mental computations and only updates the changed values in the query. This
is a similar approach to the RTLola monitor, which also incrementally and effi-



Stream-Based Monitoring of Algorithmic Fairness 75

(a) Demographic parity. (b) Conditional statistical parity.

Fig. 6: Runtime comparison between monitoring and database implementations.
The bars report the average runtime over ten generated scenarios.

ciently updates its valuation upon encountering new events. We have generated
seminar application scenarios with a varying number of applicants and report
the average runtime of the three approaches in Figure 6. We stopped at 500 ap-
plicants in the case of conditional statistical parity because the SQLite approach
already took more than 100 seconds. The results show that RTLola is faster
than the database approaches in our scenarios. As a side result, we also see that
the streaming database RisingWave outperforms the SQLite implementation on
all but the smallest inputs, which is even more pronounced for conditional sta-
tistical parity. Monitoring with RTLola still significantly outperforms even the
advanced streaming database approach. This runtime advantage gets particu-
larly important for systems meant to be deployed at a large scale, such as the
COMPAS recidivism risk assessment tool.

5.2 Monitoring Fairness of the COMPAS Tool

We revisit the motivating example from Section 1.1 to study the utility of our
approach on real-world data from the recidivism risk prediction tool COMPAS.
We use the same data set of COMPAS screenings between 2013 and 2014 in
Broward County, Florida, which was also used by ProPublica [5] in their original
investigation. We converted their original data into streams that are temporally
ordered to simulate online monitoring of the COMPAS tool. We then executed
our RTLola monitor with the equalized-odds specification as outlined in Section 4
for every combination of social groups. We used a confidence κ of 100, prior
γ(ω) = 0.5 and a threshold ϵ = 0.1. In Figure 7, we illustrate the probability
estimates and corresponding differences for African-American and European-
American defendants. Note that the first two years are not shown, as a false
positive result can only be definitely inferred after two years without recidivism,
since this is the prediction horizon of the COMPAS tool as outlined in the
COMPAS user guide [37]. As we can see, once the first two years have passed and
the first definite outcomes can be inferred, unfairness can be established after less
than a month, since the false positive rates of the groups quickly diverge. Since
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Fig. 7: True positive rates (TP) and false positive rates (FP) of African-
American and European-American defendants while monitoring equalized odds
on the COMPAS data set [5]. The dashed red line shows threshold ϵ.

such tools are deployed over a long time-horizon, these initial two years without
verdict bear comparatively little weight. Moreover, the judgment is robust and
stays far above the threshold afterward. This experiment with data from the
COMPAS tool shows that stream-based monitoring can be a viable method to
detect unfairness of prediction systems early, and hence reduce the number of
unfair decisions and predictions.

6 Conclusion

We have studied the monitoring of algorithmic fairness with the stream-based
specification language RTLola. This language not only allows us to encode the
estimation of conditional probabilities inherent to algorithmic-fairness specifica-
tions but also the timing requirements common to real-world applications where
these specifications are crucial. We have demonstrated this exemplarily with the
COMPAS tool that is used to predict the recidivism risk of defendants. Moreover,
we have contributed a benchmark generator for constructing synthetic scenar-
ios related to job application and university admission scenarios and have used
these scenarios for an extensive evaluation of our approach, which shows that it
is able to detect the ground truth reliably and efficiently. In the future, we plan
on leveraging RTLola’s innate capabilities for reasoning about data and time to
express even more complex algorithmic-fairness specifications dealing with, e.g.,
expected values of credit scores or response times.

Acknowledgments. This work was partially supported by the DFG in project
389792660 (TRR 248 – CPEC) and by the ERC Grant HYPER (No. 101055412).
Funded by the European Union. Views and opinions expressed are however those
of the authors only and do not necessarily reflect those of the European Union or
the European Research Council Executive Agency. Neither the European Union
nor the granting authority can be held responsible for them.



Stream-Based Monitoring of Algorithmic Fairness 77

References

1. Agarwal, A., Beygelzimer, A., Dudík, M., Langford, J., Wallach, H.M.: A reduc-
tions approach to fair classification. In: Dy, J.G., Krause, A. (eds.) Proceedings
of the 35th International Conference on Machine Learning, ICML 2018, Stock-
holmsmässan, Stockholm, Sweden, July 10-15, 2018. Proceedings of Machine Learn-
ing Research, vol. 80, pp. 60–69. PMLR (2018), http://proceedings.mlr.press/
v80/agarwal18a.html

2. Albarghouthi, A., D’Antoni, L., Drews, S.: Repairing decision-making programs
under uncertainty. In: Majumdar, R., Kuncak, V. (eds.) Computer Aided Veri-
fication - 29th International Conference, CAV 2017, Heidelberg, Germany, July
24-28, 2017, Proceedings, Part I. Lecture Notes in Computer Science, vol. 10426,
pp. 181–200. Springer (2017). https://doi.org/10.1007/978-3-319-63387-9_9,

3. Albarghouthi, A., D’Antoni, L., Drews, S., Nori, A.V.: Fairsquare: probabilistic ver-
ification of program fairness. Proc. ACM Program. Lang. 1(OOPSLA), 80:1–80:30
(2017). https://doi.org/10.1145/3133904

4. Albarghouthi, A., Vinitsky, S.: Fairness-aware programming. In: danah boyd,
Morgenstern, J.H. (eds.) Proceedings of the Conference on Fairness, Account-
ability, and Transparency, FAT* 2019, Atlanta, GA, USA, January 29-31, 2019.
pp. 211–219. ACM (2019). https://doi.org/10.1145/3287560.3287588

5. Angwin, J., Larson, J., Mattu, S., Kirchner, L.: Machine bias. there’s soft-
ware used across the country to predict future criminals. and it’s bi-
ased against blacks. ProPublica (2016), https://www.propublica.org/article/
machine-bias-risk-assessments-in-criminal-sentencing

6. Artificial intelligence act (regulation (EU) 2024/1689), official journal ver-
sion of 13 june 2024, http://data.europa.eu/eli/reg/2024/1689/oj (Accessed:
28.01.2024)

7. Bastani, O., Zhang, X., Solar-Lezama, A.: Probabilistic verification of fairness prop-
erties via concentration. Proc. ACM Program. Lang. 3(OOPSLA), 118:1–118:27
(2019). https://doi.org/10.1145/3360544

8. Baum, K., Biewer, S., Hermanns, H., Hetmank, S., Langer, M., Lauber-Rönsberg,
A., Sterz, S.: Taming the AI monster: Monitoring of individual fairness for effec-
tive human oversight. In: Neele, T., Wijs, A. (eds.) Model Checking Software -
30th International Symposium, SPIN 2024, Luxembourg City, Luxembourg, April
8-9, 2024, Proceedings. Lecture Notes in Computer Science, vol. 14624, pp. 3–
25. Springer (2024). https://doi.org/10.1007/978-3-031-66149-5_1

9. Baumeister, J., Finkbeiner, B., Kohn, F., Scheerer, F.: A tutorial on stream-based
monitoring. In: Platzer, A., Rozier, K.Y., Pradella, M., Rossi, M. (eds.) Formal
Methods - 26th International Symposium, FM 2024, Milan, Italy, September 9-13,
2024, Proceedings, Part II. Lecture Notes in Computer Science, vol. 14934, pp. 624–
648. Springer (2024). https://doi.org/10.1007/978-3-031-71177-0_33

10. Baumeister, J., Finkbeiner, B., Kohn, F., Schirmer, S., Torens, C., Löhr, F., Man-
fredi, G.: Monitoring unmanned aircraft: Specification, integration, and lessons-
learned. In: Computer Aided Verification - 36th International Conference, CAV
2024, Montreal, Canada, July 22-27, 2024 (2024)

http://proceedings.mlr.press/v80/agarwal18a.html
http://proceedings.mlr.press/v80/agarwal18a.html
https://doi.org/10.1007/978-3-319-63387-9\_9
https://doi.org/10.1007/978-3-319-63387-9_9
https://doi.org/10.1007/978-3-319-63387-9_9
https://doi.org/10.1145/3133904
https://doi.org/10.1145/3133904
https://doi.org/10.1145/3287560.3287588
https://www.propublica.org/article/machine-bias-risk-assessments-in-criminal-sentencing
https://www.propublica.org/article/machine-bias-risk-assessments-in-criminal-sentencing
http://data.europa.eu/eli/reg/2024/1689/oj
https://doi.org/10.1145/3360544
https://doi.org/10.1007/978-3-031-66149-5_1
https://doi.org/10.1007/978-3-031-71177-0_33


78 J. Baumeister et al.

11. Baumeister, J., Finkbeiner, B., Schirmer, S., Schwenger, M., Torens, C.: Rtlola
cleared for take-off: Monitoring autonomous aircraft. In: Lahiri, S.K., Wang, C.
(eds.) Computer Aided Verification - 32nd International Conference, CAV 2020,
Los Angeles, CA, USA, July 21-24, 2020, Proceedings, Part II. Lecture Notes in
Computer Science, vol. 12225, pp. 28–39. Springer (2020). https://doi.org/10.
1007/978-3-030-53291-8_3

12. Blyth, C.R.: On simpson’s paradox and the sure-thing principle. Journal of the
American Statistical Association 67(338), 364–366 (1972). https://doi.org/10.
1080/01621459.1972.10482387

13. Bostrom, N., Yudkowsky, E.: The ethics of artificial intelligence, p. 316–334. Cam-
bridge University Press (2014)

14. Cano, F., Henzinger, T.A., Könighofer, B., Kueffner, K., Mallik, K.: Fairness
shields: Safeguarding against biased decision makers. CoRR abs/2412.11994
(2024). https://doi.org/10.48550/ARXIV.2412.11994

15. Colorado senate bill 24-205, https://leg.colorado.gov/sites/default/files/
2024a_205_signed.pdf (Accessed: 28.01.2024)

16. Convent, L., Hungerecker, S., Leucker, M., Scheffel, T., Schmitz, M., Thoma, D.:
Tessla: Temporal stream-based specification language. In: Massoni, T., Mousavi,
M.R. (eds.) Formal Methods: Foundations and Applications - 21st Brazilian
Symposium, SBMF 2018, Salvador, Brazil, November 26-30, 2018, Proceedings.
Lecture Notes in Computer Science, vol. 11254, pp. 144–162. Springer (2018).
https://doi.org/10.1007/978-3-030-03044-5_10

17. Corbett-Davies, S., Pierson, E., Feller, A., Goel, S., Huq, A.: Algorithmic deci-
sion making and the cost of fairness. In: Proceedings of the 23rd ACM SIGKDD
International Conference on Knowledge Discovery and Data Mining, Halifax, NS,
Canada, August 13 - 17, 2017. pp. 797–806. ACM (2017). https://doi.org/10.
1145/3097983.3098095

18. D’Angelo, B., Sankaranarayanan, S., Sánchez, C., Robinson, W., Finkbeiner, B.,
Sipma, H.B., Mehrotra, S., Manna, Z.: LOLA: runtime monitoring of synchronous
systems. In: 12th International Symposium on Temporal Representation and Rea-
soning (TIME 2005), 23-25 June 2005, Burlington, Vermont, USA. pp. 166–
174. IEEE Computer Society (2005). https://doi.org/10.1109/TIME.2005.26

19. Dastin, J.: Amazon scraps secret ai recruiting tool that showed bias against
women (2018), https://www.reuters.com/article/idUSKCN1MK0AG/ (Accessed:
19.04.2024)

20. Dwork, C., Hardt, M., Pitassi, T., Reingold, O., Zemel, R.S.: Fairness
through awareness. In: Goldwasser, S. (ed.) Innovations in Theoretical Com-
puter Science 2012, Cambridge, MA, USA, January 8-10, 2012. pp. 214–226.
ACM (2012). https://doi.org/10.1145/2090236.2090255

21. Faymonville, P., Finkbeiner, B., Schirmer, S., Torfah, H.: A stream-based specifica-
tion language for network monitoring. In: Falcone, Y., Sánchez, C. (eds.) Runtime
Verification - 16th International Conference, RV 2016, Madrid, Spain, September
23-30, 2016, Proceedings. Lecture Notes in Computer Science, vol. 10012, pp. 152–
168. Springer (2016). https://doi.org/10.1007/978-3-319-46982-9_10

https://doi.org/10.1007/978-3-030-53291-8\_3
https://doi.org/10.1007/978-3-030-53291-8_3
https://doi.org/10.1007/978-3-030-53291-8\_3
https://doi.org/10.1007/978-3-030-53291-8_3
https://doi.org/10.1080/01621459.1972.10482387
https://doi.org/10.1080/01621459.1972.10482387
https://doi.org/10.1080/01621459.1972.10482387
https://doi.org/10.1080/01621459.1972.10482387
https://doi.org/10.48550/ARXIV.2412.11994
https://doi.org/10.48550/ARXIV.2412.11994
https://leg.colorado.gov/sites/default/files/2024a_205_signed.pdf
https://leg.colorado.gov/sites/default/files/2024a_205_signed.pdf
https://doi.org/10.1007/978-3-030-03044-5_10
https://doi.org/10.1145/3097983.3098095
https://doi.org/10.1145/3097983.3098095
https://doi.org/10.1109/TIME.2005.26
https://www.reuters.com/article/idUSKCN1MK0AG/
https://doi.org/10.1145/2090236.2090255
https://doi.org/10.1007/978-3-319-46982-9_10


Stream-Based Monitoring of Algorithmic Fairness 79

22. Feldman, M., Friedler, S.A., Moeller, J., Scheidegger, C., Venkatasubramanian, S.:
Certifying and removing disparate impact. In: Cao, L., Zhang, C., Joachims, T.,
Webb, G.I., Margineantu, D.D., Williams, G. (eds.) Proceedings of the 21th ACM
SIGKDD International Conference on Knowledge Discovery and Data Mining, Syd-
ney, NSW, Australia, August 10-13, 2015. pp. 259–268. ACM (2015). https://doi.
org/10.1145/2783258.2783311

23. Finkbeiner, B., Kohn, F., Schledjewski, M.: Leveraging static analysis: An IDE for
rtlola. In: André, É., Sun, J. (eds.) Automated Technology for Verification and
Analysis - 21st International Symposium, ATVA 2023, Singapore, October 24-27,
2023, Proceedings, Part II. Lecture Notes in Computer Science, vol. 14216, pp. 251–
262. Springer (2023). https://doi.org/10.1007/978-3-031-45332-8_13

24. Fragkoulis, M., Carbone, P., Kalavri, V., Katsifodimos, A.: A survey on
the evolution of stream processing systems. VLDB J. 33(2), 507–541
(2024). https://doi.org/10.1007/S00778-023-00819-8

25. Gorostiaga, F., Sánchez, C.: Striver: Stream runtime verification for real-time
event-streams. In: Colombo, C., Leucker, M. (eds.) Runtime Verification -
18th International Conference, RV 2018, Limassol, Cyprus, November 10-13,
2018, Proceedings. Lecture Notes in Computer Science, vol. 11237, pp. 282–
298. Springer (2018). https://doi.org/10.1007/978-3-030-03769-7_16

26. Hardt, M., Price, E., Srebro, N.: Equality of opportunity in supervised learning.
In: Lee, D.D., Sugiyama, M., von Luxburg, U., Guyon, I., Garnett, R. (eds.)
Advances in Neural Information Processing Systems 29: Annual Conference on
Neural Information Processing Systems 2016, December 5-10, 2016, Barcelona,
Spain. pp. 3315–3323 (2016), https://proceedings.neurips.cc/paper/2016/
hash/9d2682367c3935defcb1f9e247a97c0d-Abstract.html

27. Henzinger, T.A., Karimi, M., Kueffner, K., Mallik, K.: Monitoring algorithmic
fairness. In: Enea, C., Lal, A. (eds.) Computer Aided Verification - 35th Interna-
tional Conference, CAV 2023, Paris, France, July 17-22, 2023, Proceedings, Part
II. Lecture Notes in Computer Science, vol. 13965, pp. 358–382. Springer (2023).
https://doi.org/10.1007/978-3-031-37703-7_17

28. Henzinger, T.A., Karimi, M., Kueffner, K., Mallik, K.: Runtime monitoring of
dynamic fairness properties. In: Proceedings of the 2023 ACM Conference on Fair-
ness, Accountability, and Transparency, FAccT 2023, Chicago, IL, USA, June 12-
15, 2023. pp. 604–614. ACM (2023). https://doi.org/10.1145/3593013.3594028

29. Henzinger, T.A., Kueffner, K., Mallik, K.: Monitoring algorithmic fairness un-
der partial observations. In: Katsaros, P., Nenzi, L. (eds.) Runtime Verifica-
tion - 23rd International Conference, RV 2023, Thessaloniki, Greece, October 3-
6, 2023, Proceedings. Lecture Notes in Computer Science, vol. 14245, pp. 291–
311. Springer (2023). https://doi.org/10.1007/978-3-031-44267-4_15

30. Kamiran, F., Calders, T.: Data preprocessing techniques for classification without
discrimination. Knowl. Inf. Syst. 33(1), 1–33 (2011). https://doi.org/10.1007/
S10115-011-0463-8

31. Kamishima, T., Akaho, S., Asoh, H., Sakuma, J.: Fairness-aware classifier with
prejudice remover regularizer. In: Flach, P.A., Bie, T.D., Cristianini, N. (eds.)

https://doi.org/10.1145/2783258.2783311
https://doi.org/10.1145/2783258.2783311
https://doi.org/10.1145/2783258.2783311
https://doi.org/10.1145/2783258.2783311
https://doi.org/10.1007/978-3-031-45332-8\_13
https://doi.org/10.1007/978-3-031-45332-8_13
https://doi.org/10.1007/S00778-023-00819-8
https://doi.org/10.1007/978-3-030-03769-7_16
https://proceedings.neurips.cc/paper/2016/hash/9d2682367c3935defcb1f9e247a97c0d-Abstract.html
https://proceedings.neurips.cc/paper/2016/hash/9d2682367c3935defcb1f9e247a97c0d-Abstract.html
https://doi.org/10.1007/978-3-031-37703-7_17
https://doi.org/10.1145/3593013.3594028
https://doi.org/10.1007/978-3-031-44267-4_15
https://doi.org/10.1007/S10115-011-0463-8
https://doi.org/10.1007/S10115-011-0463-8


80 J. Baumeister et al.

Machine Learning and Knowledge Discovery in Databases - European Confer-
ence, ECML PKDD 2012, Bristol, UK, September 24-28, 2012. Proceedings,
Part II. Lecture Notes in Computer Science, vol. 7524, pp. 35–50. Springer
(2012). https://doi.org/10.1007/978-3-642-33486-3_3

32. Kusner, M.J., Loftus, J.R., Russell, C., Silva, R.: Counterfactual fair-
ness. In: Guyon, I., von Luxburg, U., Bengio, S., Wallach, H.M., Fer-
gus, R., Vishwanathan, S.V.N., Garnett, R. (eds.) Advances in Neural In-
formation Processing Systems 30: Annual Conference on Neural Informa-
tion Processing Systems 2017, December 4-9, 2017, Long Beach, CA, USA.
pp. 4066–4076 (2017), https://proceedings.neurips.cc/paper/2017/hash/
a486cd07e4ac3d270571622f4f316ec5-Abstract.html

33. Lin, Z., Jung, J., Goel, S., Skeem, J.: The limits of human predictions of recidivism.
Science Advances 6(7) (2020). https://doi.org/10.1126/sciadv.aaz0652

34. Matthias, A.: The responsibility gap: Ascribing responsibility for the ac-
tions of learning automata. Ethics and Information Technology 6(3), 175–
183 (2004). https://doi.org/10.1007/s10676-004-3422-1

35. Mehrabi, N., Morstatter, F., Saxena, N., Lerman, K., Galstyan, A.: A survey on
bias and fairness in machine learning. ACM Comput. Surv. 54(6), 115:1–115:35
(2022). https://doi.org/10.1145/3457607

36. Mitchell, T.M.: Machine learning, International Edition. McGraw-Hill Series
in Computer Science, McGraw-Hill (1997), https://www.worldcat.org/oclc/
61321007

37. Northpoint Inc. d/b/a equivant: Practitioner’s guide to compas core,
https://archive.epic.org/algorithmic-transparency/crim-justice/
EPIC-16-06-23-WI-FOIA-201600805-COMPASPractionerGuide.pdf (Accessed:
11.10.2024)

38. Pessach, D., Shmueli, E.: Algorithmic Fairness, pp. 867–886. Springer Interna-
tional Publishing, Cham (2023). https://doi.org/10.1007/978-3-031-24628-9_
37

39. Ruoss, A., Balunovic, M., Fischer, M., Vechev, M.T.: Learning certified individu-
ally fair representations. In: Larochelle, H., Ranzato, M., Hadsell, R., Balcan, M.,
Lin, H. (eds.) Advances in Neural Information Processing Systems 33: Annual Con-
ference on Neural Information Processing Systems 2020, NeurIPS 2020, December
6-12, 2020, virtual (2020), https://proceedings.neurips.cc/paper/2020/hash/
55d491cf951b1b920900684d71419282-Abstract.html

40. Teuber, S., Beckert, B.: An information-flow perspective on algorithmic fairness.
In: Wooldridge, M.J., Dy, J.G., Natarajan, S. (eds.) Thirty-Eighth AAAI Confer-
ence on Artificial Intelligence, AAAI 2024, Thirty-Sixth Conference on Innovative
Applications of Artificial Intelligence, IAAI 2024, Fourteenth Symposium on Ed-
ucational Advances in Artificial Intelligence, EAAI 2014, February 20-27, 2024,
Vancouver, Canada. pp. 15337–15345. AAAI Press (2024). https://doi.org/10.
1609/AAAI.V38I14.29458

41. Thomas, D., Ravi, K.: The potential for artificial intelligence in healthcare. Future
Healthc Journal 6 (2019). https://doi.org/10.7861/futurehosp.6-2-94

42. Tramèr, F., Atlidakis, V., Geambasu, R., Hsu, D.J., Hubaux, J., Humbert, M.,
Juels, A., Lin, H.: Fairtest: Discovering unwarranted associations in data-driven
applications. In: 2017 IEEE European Symposium on Security and Privacy, Eu-
roS&P 2017, Paris, France, April 26-28, 2017. pp. 401–416. IEEE (2017). https://
doi.org/10.1109/EuroSP.2017.29

https://doi.org/10.1007/978-3-642-33486-3\_3
https://doi.org/10.1007/978-3-642-33486-3_3
https://proceedings.neurips.cc/paper/2017/hash/a486cd07e4ac3d270571622f4f316ec5-Abstract.html
https://proceedings.neurips.cc/paper/2017/hash/a486cd07e4ac3d270571622f4f316ec5-Abstract.html
https://doi.org/10.1126/sciadv.aaz0652
https://doi.org/10.1007/s10676-004-3422-1
https://doi.org/10.1145/3457607
https://www.worldcat.org/oclc/61321007
https://www.worldcat.org/oclc/61321007
https://archive.epic.org/algorithmic-transparency/crim-justice/EPIC-16-06-23-WI-FOIA-201600805-COMPASPractionerGuide.pdf
https://archive.epic.org/algorithmic-transparency/crim-justice/EPIC-16-06-23-WI-FOIA-201600805-COMPASPractionerGuide.pdf
https://doi.org/10.1007/978-3-031-24628-9_37
https://doi.org/10.1007/978-3-031-24628-9_37
https://doi.org/10.1007/978-3-031-24628-9_37
https://proceedings.neurips.cc/paper/2020/hash/55d491cf951b1b920900684d71419282-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/55d491cf951b1b920900684d71419282-Abstract.html
https://doi.org/10.1609/AAAI.V38I14.29458
https://doi.org/10.1609/AAAI.V38I14.29458
https://doi.org/10.7861/futurehosp.6-2-94
https://doi.org/10.1109/EuroSP.2017.29
https://doi.org/10.1109/EuroSP.2017.29


Stream-Based Monitoring of Algorithmic Fairness 81

43. Udeshi, S., Arora, P., Chattopadhyay, S.: Automated directed fairness testing. In:
Huchard, M., Kästner, C., Fraser, G. (eds.) Proceedings of the 33rd ACM/IEEE
International Conference on Automated Software Engineering, ASE 2018, Mont-
pellier, France, September 3-7, 2018. pp. 98–108. ACM (2018). https://doi.org/
10.1145/3238147.3238165

44. Wang, Y., Liu, Z.: A sneak peek at risingwave: a cloud-native streaming
database. In: Zhou, Y., Chrysanthis, P.K., Gulisano, V., Zacharatou, E.T.
(eds.) 16th ACM International Conference on Distributed and Event-based Sys-
tems, DEBS 2022, Copenhagen, Denmark, June 27 - 30, 2022. pp. 190–193.
ACM (2022). https://doi.org/10.1145/3524860.3543284

Open Access. This chapter is licensed under the terms of the Creative Commons
Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/),
which permits use, sharing, adaptation, distribution, and reproduction in any medium
or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license and indicate if changes were
made.

The images or other third party material in this chapter are included in the
chapter’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the chapter’s Creative Commons license and
your intended use is not permitted by statutory regulation or exceeds the permitted
use, you will need to obtain permission directly from the copyright holder.

https://doi.org/10.1145/3238147.3238165
https://doi.org/10.1145/3238147.3238165
https://doi.org/10.1145/3238147.3238165
https://doi.org/10.1145/3238147.3238165
https://doi.org/10.1145/3524860.3543284
https://doi.org/10.1145/3524860.3543284
http://creativecommons.org/licenses/by/4.0/


ATP and Rewriting



Augmenting Model-Based Instantiation with
Fast Enumeration
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andrew.j.reynolds@gmail.com

Abstract. Satisfiability modulo theories (SMT) solvers rely on various
quantifier instantiation strategies to support first- and higher-order logic.
We introduce MBQI-Enum, an approach that extends model-based quan-
tifier instantiation (MBQI) with syntax-guided synthesis (SyGuS) tech-
niques. Our approach targets first-order theories without well-established
quantifier instantiation techniques and higher-order quantifiers that can
benefit from instantiations with λ-terms. By incorporating a SyGuS enu-
merator, our approach generates a broader set of candidate instantia-
tions, including identity functions and terms containing uninterpreted
symbols, thereby improving the effectiveness of MBQI.

1 Introduction

Satisfiability modulo theories (SMT) solvers combine a Boolean satisfiability
(SAT) solver with decision procedures for interpreted theories. Several SMT
solvers, including Bitwuzla [16], Boolector [17], cvc5 [2], veriT [7], and Z3 [15],
also support quantifiers via Skolemization and instantiation. With complete in-
stantiation strategies, SMT solvers offer a semidecision procedure for first-order
logic with theories. SMT has also been partly extended to higher-order logic [4].

Quantifier instantiation is a technique whereby quantified variables in a for-
mula are instantiated with ground terms until a contradiction is found or all
necessary instantiations have been generated. Consider the unsatisfiable axiom
(∀x. p x) ∧ ¬ p b. The SAT solver first finds a model that makes ∀x. p x true
and p b false, taken as black boxes. Then the quantifier instantiation strategy of
the SMT solver might heuristically instantiate x with a, resulting in the formula
(∀x. p x) =⇒ p a, which is conjoined with the axiom. Next, the SAT solver finds
a new model that also makes p a true. At this point, the instantiation strategy
might instantiate x with b, resulting in (∀x. p x) =⇒ p b. Since the SAT solver
cannot make p b both true and false at the same time, the axiom conjoined with
the two additional formulas is unsatisfiable at the SAT level, meaning that the
original axiom is unsatisfiable in the SMT logic.

One successful instantiation strategy is model-based quantifier instantiation
(MBQI) [9]. Briefly, it iteratively refines a candidate model constructed from
the quantifier-free part of the problem. This model guides the generation of new
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terms for instantiating quantifiers, reducing the search space. MBQI is complete
for certain fragments and tends to generate small models for satisfiable problems.
But it also has some limitations: First, MBQI instantiates quantifiers only with
terms that denote values in a theory. In particular, it does not consider the
problem’s uninterpreted symbols when creating instantiations, leading it to miss
some useful instantiations. Second, for higher-order problems, MBQI cannot
generate function terms that return an argument, such as the identity λx. x.

Another instantiation strategy, which addresses these limitations, is syntax-
guided instantiation (SyQI) [18]. This constructs a grammar for each universally
quantified variable according to its type and uses enumerated terms derived from
the grammar as instantiations. Its main weakness is that although it is model-
based like MBQI, it uses a less scalable approach to refining models that centers
around syntactic constraints.

In this paper, we propose a new strategy, MBQI-Enum, that combines the
strengths of MBQI and SyQI. Specifically, our strategy augments the set of in-
stantiations created from the MBQI model with instantiations generated by a
syntax-guided synthesis (SyGuS) grammar. It incorporates uninterpreted sym-
bols gathered from the problem. For higher-order problems, it also considers
λ-abstractions as potential instantiations. In this way, we exploit the fast model-
finding capabilities of MBQI and the diversity of terms considered by SyQI.

Our work shares some similarities with Preiner et al. [21], but their approach
was limited to selected first-order theories and did not handle higher-order logic.
Our approach is resolutely pragmatic; it does not aim at completeness, which
can be achieved using other instantiation strategies.

As an example where λ-terms are needed, consider the unsatisfiable problem
consisting of the axiom ∀z.∃x,y. z x y ̸= x, where z ranges over binary functions.
Running cvc5 with strategies such as MBQI and higher-order E-matching [4]
leads the solver to give up early. By contrast, with our strategy, cvc5 immediately
finds a contradiction based on the substitution {z 7→ λx, y. x}. Indeed, if we
instantiate z with λx, y. x in the axiom and β-reduce, we obtain x ̸= x.

We implemented MBQI-Enum in cvc5. Our empirical evaluation finds that
the strategy increases the number of solved problems for a benchmark suite con-
sisting of various first-order SMT-LIB files by a noticeable margin. Our approach
is especially useful to solve unsatisfiable problems involving theories without well-
established quantifier instantiation techniques. We can also report substantial
gains on higher-order TPTP benchmarks. The raw evaluation data are publicly
available online.3 Our source code, along with instructions for reproducing the
experiments, is also available online.4

2 Preliminaries

Our work relies on the following pillars: higher-order logic, SMT with quantifiers,
MBQI, and SyQI.
3 https://doi.org/10.5281/zenodo.14627782
4 https://doi.org/10.5281/zenodo.14604430
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Higher-Order Logic. Monomorphic higher-order logic [1,10], also called sim-
ple type theory [8], generalizes classical first-order logic by allowing quantifica-
tion over functions. The syntax distinguishes between types and terms. Types τ
are either base types κ or applications of the function arrow → to two types:
τ1 → τ2. The type of Booleans is denoted by o.

The term language is based on Church’s simply typed λ-calculus, where terms
t, e are inductively defined as variables w, x, y, z, . . . , function symbols p, f,
constants a, b, c, term applications t t′, and λ-abstractions λx. t, where x is the
bound variable and t is the body. A variable is free in a term if it is not bound
by a λ-abstraction. We let x̄ stand for x1, x2, . . . , xn, where n ≥ 1. Terms are
syntactically equal modulo α-, β-, and η-conversion, meaning, for example, that
(λx. x) c is equal to c. Throughout this work, we assume that terms are expressed
in η-long β-normal form, meaning that η-expansion and β-reduction have been
applied exhaustively. The type of a term t is of the form τ1 → · · · → τn → τ ,
where τi are the argument types and τ is the result type. If τ is of type o, which
is the distinguished Boolean type, we call t a predicate. A term of type o is called
a formula.

SMT with Quantifiers. Traditionally, SMT solvers work on problems in first-
order logic, but they have partly been extended to higher-order logic [4], and
in this paper we consider both first- and higher-order problems. SMT solvers
that support quantifiers typically do so via a combination of Skolemization
and instantiation: Universal quantifiers occurring negatively can be Skolem-
ized; universal quantifiers occurring positively are instantiated heuristically;
and existential quantifiers are expressed in terms of ∀ using the equivalence
(∃x. ϕ) ⇐⇒ ¬(∀x. ¬ϕ). To simplify the presentation, we will assume that for-
mulas are in a normal form where possibly negated ∀-quantifiers all appear in a
cluster at the top level—e.g., ∀x, y. ¬∀z. p x y z.

Let T be a theory for a set of interpreted symbols, and let F be the input
formula over T . The goal is to find a model of F or derive a contradiction. If F
does not contain quantifiers, the quantifier-free part of the SMT solver searches
for a T -satisfiable set L of literals that propositionally satisfies F . If such an
L exists, F is T -satisfiable (i.e., satisfiable with respect to T ); otherwise, F is
T -unsatisfiable.

If the formula F contains quantifiers, the quantifier-free solver cannot be
directly applied. In the SMT solver’s main loop, presented in Algorithm 1, the
SMT solver tries to find a set L of literals whose atoms come from F and that
propositionally satisfies F . Briefly, L is partitioned into a set E of ground literals
and two sets of quantified literals, Qp and Qn. The ground literals within E must
be T -satisfiable, Qp consists of formulas of the form ∀x̄. ϕ, and Qn consists of
formulas of the form ¬∀x̄.ϕ. If the solver is unable to find such an L, it concludes
that the formula F is T -unsatisfiable.

On the other hand, if a set L of literals is found, new lemmas A are gen-
erated through the instantiation and Skolemization rounds. The instantiation
round generates instantiation lemmas—that is, lemmas of the form qi =⇒ qiσ—
from the sets Qp and E. For each qi ∈ Qp, an instantiation strategy computes
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Algorithm 1 The main SMT loop
1: function smt-loop(F )
2: find a set of literals L where
3: — L |=p F , where L’s atoms are a subset of atoms(F )
4: — L can be partitioned into (E,Qp, Qn), where
5: — E is ground and T -satisfiable
6: — Qp consists of universally quantified atoms
7: — Qn consists of negated universally quantified atoms
8: if no such L exists then
9: return unsat

10: A← instantiation-round(Qp, E) ∪ skolemization-round(Qn)
11: if A = ∅ then
12: return sat
13: else
14: return smt-loop(F ∪A)
15: function instantiation-round({q1, . . . , qn}, E)
16: I ← ∅
17: for each i ∈ {1, . . . , n} do
18: I ← I ∪ {qi =⇒ qiσ | σ ∈ insts(qi, E)}
19: return I

20: function insts(qi, E)
21: return a set of substitutions for qi based on (qi, E)

22: function skolemization-round({¬q1, . . . ,¬qn})
23: K ← ∅
24: for each i ∈ {1, . . . , n} do
25: K ← K ∪ {¬qi =⇒ ¬qiσk,i}, where σk,i maps to Skolem constants for qi

26: return K

substitutions σ for every top-level variable in qi mapping them to terms. The
Skolemization round generates Skolemization lemmas from the set Qn—that is,
lemmas of the form ¬qi =⇒ ¬qiσj,i, where σj,i instantiates every top-level vari-
able in qi with a Skolem constant. (We abuse notation and write (∀x̄. ϕ)σ to
mean ϕσ, syntactically conflating quantifier instantiation and substitution.) The
lemmas are then added to the original formula F , and the SMT loop is called
recursively. On line 12 of Algorithm 1, we assume that the instantiation strategy
denoted by insts is model-sound, meaning that if insts returns an empty set of
substitutions, it indicates that the formula F is T -satisfiable.

We now define the instantiation strategy insts starting with a naive ap-
proach. Subsequently, we will introduce more advanced techniques, including
MBQI and SyQI, followed by our strategy, MBQI-Enum. These strategies can
replace the naive approach to improve the solver’s efficiency.

Definition 2. An instantiation strategy takes as input a set of ground terms E
and a quantified formula q of the form ∀x̄. ϕ, and outputs a set of grounding
substitutions {σ1, . . . , σm}, where the variables mapped by σi are exactly the
variables in x̄ for each i ∈ {1, . . . ,m}.
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Example 3. Let a : Int and p : Int → Bool . Let F be the formula (∀y. p y) ∧
¬ p a, where y : Int . In the SMT loop, the sets E = {¬ p a}, Qp = {∀y. p y},
and Qn = ∅ are defined. The naive instantiation strategy produces substitutions
mapping y to terms from E of the same type as y, as shown below:

q ∈ Qp insts(E, q)

∀y. p y {{y 7→ a}}

The instantiation lemma (∀y.p y) =⇒ p a is added to F . Now, the quantifier-free
solver finds a contradiction.

The most widely used strategy for quantifier instantiation is E-matching [14].
This is a heuristic and typically incomplete technique that chooses substitutions
by matching ground terms with patterns. In Example 3, the ground term p a
matches p y for substitution {y 7→ a}, and hence this substitution is returned
by the strategy. Over the past decade, SMT solvers have been extended with
more sophisticated approaches. Conflict-based instantiation [26] is another in-
complete technique that attempts to find a single instantiation that would induce
a ground conflict, before resorting to E-matching. MBQI [9] is a technique for
finding instantiations that refute a candidate model, and is typically run when E-
matching saturates. This strategy is also able to answer “T -satisfiable” when no
such instantiation can be found. Enumerative instantiation [22] is an alternative
to MBQI that focuses on finding instantiations over the current set of ground
terms that are not entailed in the current context. This has similar properties
to MBQI but is more tailored for unsatisfiable instances.

Quantifier instantiation strategies that target specific theories have also been
proposed. Counterexample-guided instantiation [24] is complete for specific the-
ories with quantifiers that admit quantifier elimination, such as linear arithmetic
and bit vectors. SyQI [18] is a more general purpose strategy that uses syntax-
guided synthesis for enumerating instantiations and is effective for theories that
otherwise do not have well-established instantiation strategies.

MBQI. MBQI iteratively refines a candidate model M constructed from the
quantifier-free part of the problem. As shown in Algorithm 4, the strategy re-
places function symbols in the body ϕ of the quantified formula with their in-
terpretation in M . If ¬ϕM is T -satisfiable, this means that a model M ′ exists,
and the strategy returns the substitution {y1 7→ yM

′

1 , . . . , yn 7→ yM
′

n }, where
yM

′

i represents a term denoting the interpretation for the variable yi in M ′.

Example 5. Let a : Int and p : Int → Bool . Let F be the input formula

(∀y. p y) ∧ 0< a< 2 ∧ ¬ p a

where y : Int . In the SMT loop, our set of literals L is partitioned into E = {0 <
a < 2, ¬ p a}, Qp = {∀y. p y}, and Qn = ∅. MBQI builds a model M from E—
assume aM = 1 and pM = λx. x ̸= 1. (We abuse notation by denoting values
using λ-terms.) It then considers the negation of the body of the quantified
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Algorithm 4 The MBQI strategy
1: function insts_mbqi(q, E)
2: assume q is ∀y1, . . . , yn. ϕ
3: let M be a model of E
4: if ¬ϕM is unsatisfiable then
5: return ∅
6: let M ′ be a model of ¬ϕM

7: return {{y1 7→ yM′
1 , . . . , yn 7→ yM′

n }}

formula in Qp under the interpretation M , which is ¬ (λx. x ̸= 1) y, which
simplifies to y = 1 and has a model M ′ where yM

′
= 1. Thus, MBQI generates

the substitution {y 7→ 1}, from which the instantiation lemma (∀y.p y) =⇒ p 1 is
constructed and added to F . Now, the quantifier-free solver finds a contradiction.

Example 6. Let f : Int → Int → Bool . Let F be the higher-order formula

∀x, y. y x ̸= y (f x)

where x : Int and y : Int → Int . The set L is partitioned into sets E = ∅,
Qp = {∀x, y. y x ̸= y (f x)}, and Qn = ∅. MBQI constructs a model M for E
such that fM = λz. 0. It then considers the negation of the body of the quantified
formula in Qp under the interpretation M . This is ¬ y x ̸= y ((λz. 0) x), which
simplifies to y x = y 0 and has a model M ′ where xM ′

= 0 and yM
′
= λz. 0.

Thus, it generates the substitution {x 7→ 0, y 7→ λz. 0} based on the candidate
model. Now, the quantifier-free solver finds a contradiction. Indeed, if we
instantiate x and y with this substitution and β-reduce, we obtain 0 ̸= 0.

SyQI. SyQI uses SyGuS to choose instantiation terms. It aims to synthesize a
term t for a variable x in a given formula ∀x. p x such that ¬ p t holds. Each
quantified variable is associated with a SyGuS grammar. The main advantage of
SyQI is that, unlike MBQI, it does not require theory-specific quantifier instan-
tiation procedures. The only parts that depend on the theory are the grammar
and the T -satisfiability check for the generated instances.

3 The Method

The core idea behind our new instantiation strategy, MBQI-Enum, is to integrate
a SyGuS enumerator within MBQI, thereby enabling the generation of a broader
set of candidate instantiations for quantified variables.

Instantiation Strategy. Instead of restricting instantiations to ground terms
derived from the current MBQI model, our strategy uses a SyGuS grammar
to produce additional candidate instantiations. This grammar is not limited to
ground terms with the types of the quantified variables; rather, it incorporates
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uninterpreted symbols gathered from the entire formula. As a result, it generates
a more extensive and comprehensive language of terms.

For each quantified variable in a formula, our strategy performs iterative term
enumeration. It generates candidate substitutions from the extended grammar
and tests each enumerated term within the formula. For each enumerated term,
the strategy tries to apply it as an instantiation for the quantified variable. For
higher-order problems, it also considers λ-abstractions as candidate instantia-
tions. If the strategy produces a useless instance according to the current model,
it continues to the next candidate until a suitable instantiation is found or all
possibilities are exhausted.

When none of the candidate instantiations derived from the SyGuS enumer-
ation prove successful, MBQI-Enum reverts to the original MBQI model-derived
instantiation. This fallback mechanism ensures that our strategy can in principle
solve any problem that MBQI can solve.

Our initial motivation for developing MBQI-Enum was to increase cvc5’s
success rate on higher-order problems. Nevertheless, incorporating uninterpreted
symbols gathered from the entire formula extends our approach’s applicability
to first-order problems using various SMT theories.

Our approach is presented in Algorithm 7. The strategy starts by invoking
MBQI to generate a set of initial substitutions Σ, since the goal is to postpro-
cess the substitutions generated by MBQI using a SyGuS enumerator. If Σ is
empty, the strategy immediately returns an empty set, indicating that no valid
instantiation could be found. Otherwise, it proceeds by initializing Σ to contain
a single substitution σ. Next, it generates additional substitutions by extending
the current one using the SyGuS enumerator.

Our strategy then iterates over the quantified variables yi in the formula q
to instantiate. For each variable, it constructs a grammar Gi used to guide the
enumeration of candidate terms for substituting yi. The enumeration starts by
generating terms from Gi in a sequential manner. For each term e, the strategy
creates a new substitution σ′ by mapping yi to e in the current substitution
σ. It then checks whether the negation of the body ϕ under σ′ is T -satisfiable.
This check serves to maintain the invariant that the negation of the body of the
quantified formula, after applying the current substitution, remains T -satisfiable.
In other words, we want to ensure that the generated instantiation refutes the
current model (cf. line 6 of Algorithm 4). If it does, σ is updated to σ′, and the
strategy moves on to the next variable. Once all variables have been considered,
the strategy returns the refined substitution σ.

Choice of Grammar. Term enumeration is based on a SyGuS grammar.
Choosing an appropriate grammar for each quantified variable is crucial for se-
lecting the correct instantiations. Our strategy builds a set S of symbols based on
three Boolean options: syms_global , ext_vars , and syms_local . These options
specify which symbols from the formula F will be included when constructing
the SyGuS grammar.

If no options are enabled, the set S is empty. If syms_global is enabled, all
function symbols from the entire formula F are contained in S. If ext_vars is
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Algorithm 7 The MBQI-Enum strategy
1: function insts_mbqi_fast_sygus(q, E)
2: assume q is ∀y1, . . . , yn. ϕ
3: let Σ← insts_mbqi(q, E)
4: if Σ = ∅ then
5: return ∅
6: else
7: let Σ← {σ}
8: for each i ∈ {1, . . . , n} do
9: let Gi ← choose_grammar(q, yi)

10: for each j ∈ {1, 2, . . . } do
11: let e← get_enum_term(Gi, j)
12: if e does not exist then
13: break
14: σ′ ← σ[yi 7→ e]
15: if ¬ϕσ′ is sat then
16: σ ← σ′

17: break
18: return σ

19: function choose_grammar(q, yi)
20: let F be the original input formula
21: let S ← ∅
22: if option_syms_global then
23: S ← S ∪ symbols(F )

24: if option_syms_local then
25: S ← S ∪ symbols(q)
26: if option_ext_vars then
27: S ← S ∪ {yi+1, . . . , yn}
28: return grammar that generates terms of the same sort as yi over symbols in S

enabled, S is augmented with bound variables from the formula q that are not yet
instantiated. Finally, if syms_local is enabled, the set S also contains function
symbols specifically from q. Based on these settings, our approach constructs a
grammar that generates terms over the symbols in S, while ensuring that these
terms are well-typed with respect to the type of yi.

For higher-order variables, since we use η-long β-normal form, it is sufficient
to consider only grammars that generate λ-abstractions. The variables bound
by these λ-abstractions are considered terminal symbols of the grammar that
generates the abstraction’s body. For example, for a function variable whose
arity is n and whose arguments are of the same base type as its return type, we
add grammar rules of this form:

A ::= λx1, . . . , xn. B

B ::= x1 | · · · | xn
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Moreover, there will be additional rules for B and possibly for some of the
grammar’s other nonterminal symbols. This ensures that any λ instantiations
are formed by enumerating the body B over the bound variables x1, . . . , xn.

Example 8. Let a : Int and p : Int → Bool . Let F be the input formula

(∀y. ¬ p (y a)) ∧ p a

where y : Int → Int . The set L is partitioned into E = {p a}, Qp =
{∀y.¬ p (y a)}, and Qn = ∅. MBQI generates substitutions such as {y 7→ λx. 0},
{y 7→ λx. 1}, . . . . As a result, the solver does not terminate. In contrast, MBQI-
Enum augments these instantiations based on enumeration. On the first iteration
of the SMT loop, MBQI-Enum considers the set Σ = {{y 7→ λx. 0}} consist-
ing of the first substitution generated by MBQI. MBQI-Enum first constructs a
grammar for y. The set of symbols S is empty. The grammar is

A ::= λx. B
B ::= x | 0 | 1 | B + B | B − B | ite(B,B,B)
C ::= true | false | B = B | B ≤ B | ¬ C | C ∧ C | C ∨ C

Next, MBQI-Enum enumerates terms derived from the grammar and creates
the substitution σ′ = {y 7→ λx. x} by updating σ with the enumerated term
λx. x from the grammar. The strategy then checks whether the negation of the
body of the quantified formula after applying σ′ is T -satisfiable. Indeed, if we
instantiate y with λx. x and β-reduce, we obtain p a, which is T -satisfiable. The
substitution σ is then updated to {y 7→ λx. x} and returned. Back in the SMT
loop, the instantiation lemma (∀y. ¬ p (y a)) =⇒ ¬ p a is added to F . Now, the
quantifier-free solver finds a contradiction.

The candidate substitutions generated by MBQI-Enum (M) are listed below:

Iter. q ∈ Qp E M(q, E) New E

1 ∀y. ¬ p (y a) {p a} {{y 7→ λx. x}} {p a,¬ p a}

The first column shows the number of the SMT loop iteration. The second
column shows the quantified formula q, and the third column shows the set E
of ground literals before every iteration. The fourth column shows the possible
selection of substitutions of y that are considered with MBQI-Enum, and the
fifth column shows the set E after every iteration.

In this example, MBQI-Enum was able to terminate in the first iteration,
since it found a substitution for y that immediately leads to a refutation, whereas
MBQI considers a repeating pattern of instantiations that leads to a timeout.

Another useful candidate substitution would have been {y 7→ λx. a}. MBQI-
Enum would have found this substitution as well if it had not terminated after
finding {y 7→ λx. x}.

In an informal, preliminary evaluation on higher-order TPTP benchmarks,
we determined that the most successful configuration enables ext_vars and
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syms_local and leaves syms_global disabled. The following examples are based
on this configuration.

Example 9. Let p : Int → Bool and f : Int → Int . Let F be the input formula

∀y. ¬∀z. ¬ p (y z) ∨ p (f z)

where y : Int → Int and z : Int . The set L is partitioned into sets E = ∅,
Qp = {∀y. ¬∀z. ¬ p (y z) ∨ p (f z)}, and Qn = ∅. MBQI generates substitutions
such as {y 7→ λx. 0}, {y 7→ λx. 1}, . . . , and the solver goes on forever. In contrast,
MBQI-Enum adds the first substitution generated by MBQI, {y 7→ λx. 0}, to
the set Σ and proceeds to postprocess it. Our strategy first constructs a grammar
for y using the function symbols from q. The set of symbols used is S = {f, p}.
The grammar is

A ::= λx. B
B ::= x | f B | 0 | 1 | B + B | B − B | ite(C,B,B)
C ::= true | false | B = B | B ≤ B | p B | ¬ C | C ∧ C | C ∨ C

In the first iteration, MBQI-Enum generates the substitution σ = {y 7→
λx. x}. The instantiation lemma (∀y. ¬∀z. ¬ p (y z) ∨ p (f z)) =⇒ ¬∀z. ¬ p z ∨
p (f z) is added to F . The set L is now partitioned into E = ∅, Qp = {∀y. ¬∀z.
¬ p (y z)∨p (f z)}, and Qn = {¬∀z.¬ p z∨p (f z)}. Next, the quantifier in Qn is
Skolemized. The Skolemization lemma (¬∀z.¬ p z∨p (f z)) =⇒ p sk1∧¬ p (f sk1)
is added to F . As a result, the set E is updated to {p sk1,¬ p (f sk1)}.

In the next iteration, the substitution σ is modified to {y 7→ λx. f x}, in-
corporating the enumerated term λx. f x from the grammar. The instantiation
lemma (∀y. ¬∀z. ¬ p (y z) ∨ p (f z)) =⇒ ¬∀z. ¬ p (f z) ∨ p (f z) is then added
to F . After Skolemization, the set E is augmented with {p (f sk2),¬ p (f sk2)}.
The quantifier-free solver finds a contradiction. Indeed, if we instantiate y with
λx. f x in F , β-reduce, and Skolemize z, we obtain p (f sk2) ∧ ¬ p (f sk2).

The candidate substitutions generated by MBQI-Enum (M) are listed below:

Iter. q ∈ Qp E M(q, E) New E

1 ∀y. ¬∀z. ¬ p (y z) ∨ p (f z) ∅ {{y 7→ λx. x}} {p sk1,¬ p (f sk1)}
2 ∀y. ¬∀z. ¬ p (y z) ∨ p (f z) {p sk1,¬ p (f sk1)} {{y 7→ λx. f x}} {p sk1,¬ p (f sk1)

p (f sk2),¬ p (f sk2)}

In this example, our strategy terminated in the second iteration, whereas MBQI
would lead the solver to time out.

Example 10. In this example, our strategy is run with and without the syms_
global option enabled. Let u be an uninterpreted sort, and let a : u and b : u.
Let F be the input formula

(∀x, y, z. x y = x z) ∧ a ̸= b

where x : (u → u) → u, y : u → u, and z : u → u. The set L is partitioned
into E = {a ̸= b}, Qp = {∀x, y, z. x y = x z}, and Qn = ∅. MBQI-Enum fails
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to construct a grammar for a variable x, y, or z that has any terms of the same
type as the variable. As a result, it cannot generate any substitutions, and the
solver gives up early. In contrast, when the syms_global option is enabled in
MBQI-Enum, function symbols from the entire formula F are used to construct
a grammar for each variable x, y, and z. For these variables, the set of symbols
is {a, b}. The grammar for x follows:

A ::= λw. B
B ::= w B | a | b | ite(C,B,B)
C ::= true | false | B = B | ¬ C | C ∧ C | C ∨ C

(Since w is of unary function type, we pass an argument corresponding to the
nonterminal B in the second grammar rule.) The grammar for y and z follows:

A ::= λw. B
B ::= w | a | b | ite(C,B,B)
C ::= true | false | B = B | ¬ C | C ∧ C | C ∨ C

Our strategy then enumerates terms derived from the grammar and builds the
substitutions {x 7→ λw. w b}, {y 7→ λw. w}, and {z 7→ λw. a}. The instantiation
lemma (∀x, y, z. x y = x z) =⇒ b = a is added to F . Now, the quantifier-free
solver finds a contradiction. Indeed, if we instantiate x with λw. w b, y with
λw. w, and z with λw. a in F and β-reduce, we obtain a = b ∧ a ̸= b.

The candidate substitutions generated by MBQI-Enum (M) are listed below:

Iter. q ∈ Qp E M(q, E) New E

1 ∀x, y, z. x y = x z {a ̸= b} ∅ {a ̸= b}

The same information is provided for MBQI-Enum with the option
syms_global enabled (M+g) below:

Iter. q ∈ Qp E (M+g)(q, E) New E

1 ∀x, y, z. x y = x z {a ̸= b} {{x 7→ λw. w b},
{y 7→ λw. w},
{z 7→ λw. a}}

{a ̸= b, a = b}

In this example, MBQI-Enum with syms_global was able to terminate in the first
iteration, since it found a substitution for the quantified variables that leads to a
refutation. By contrast, default MBQI-Enum does not terminate since it cannot
build any substitutions.

4 Implementation and Heuristics

We implemented MBQI-Enum as an extension of cvc5’s implementation of
MBQI. Our strategy is invoked after the current MBQI strategy returns a can-
didate instantiation (line 3 of Algorithm 7).
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For each variable, our algorithm chooses a grammar (line 9) and initializes a
term enumeration data structure. Since the choice of the grammar is fixed over
the course of solving, the grammar is constructed only once. Our implementation
uses the utility for fast SyGuS enumeration described by Reynolds et al. [23] as
a black box. Since the grammar for each variable is fixed, we can cache the
enumeration and invoke this utility only on line 11 of Algorithm 7, when j is
larger than the number of terms we have generated on a previous run, where we
notice that a term that was skipped in a previous call to this method may be
incorporated into instantiations on later calls.

On line 15 of Algorithm 7, we use cvc5’s ability to call a copy of itself as
a subsolver. As an optimization, this satisfiability check can be avoided if the
query to check simplifies to “true” or “false.”

5 Evaluation

We extensively evaluated our cvc5 implementation of MBQI-Enum on both
higher- and first-order benchmarks.

Setup. As the base configuration, we use the setup that we found to be the most
successful in a preliminary evaluation: MBQI-Enum with the options ext_vars
and syms_local enabled by default. We denote this configuration by cvc5[M].

We first compare the performance of the base configuration against tra-
ditional instantiation techniques: cvc5[e], which uses enumerative instantia-
tion [22]; cvc5[s], which uses SyQI [18]; cvc5[c], which uses counterexample-
guided instantiation [24]; and cvc5[m], which uses MBQI [9].

Additionally, for higher-order problems, we also include a comparison with
the state-of-the-art provers Vampire [6] and Zipperposition [28]. For Vampire,
we used its portfolio mode, while Zipperposition was run in its so-called “best”
mode, since it does not include a portfolio.

Next, we compare the base configuration on first-order benchmarks with three
state-of-the-art SMT solvers: Z3 [15], the only SMT solver besides cvc5 that sup-
ports all the logics handled by our implementation; Bitwuzla [16], which supports
only logics without arithmetic; and Boolector [17], which implements the most
closely related approach to ours, counterexample-guided model synthesis [21],
but focuses only on the theory of bit vectors.

Finally, we compare the performance of all four MBQI-Enum configurations
on both higher-order and first-order problems. In this evaluation, we toggled
one option at a time: cvc5[M−x] denotes MBQI-Enum with ext_vars disabled,
cvc5[M−ℓ] denotes MBQI-Enum with syms_local disabled, and cvc5[M+g] de-
notes MBQI-Enum with syms_global enabled.

We performed all experiments on a system with a 40-core Intel Xeon Silver
4114 processor at 2.20 GHz and with 192 GB of RAM using Debian Bookworm
as the operating system. We used a time limit of 60 seconds for each benchmark.
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Table 1. MBQI-Enum vs. other strategies and provers on TPTP TH0 benchmarks

Vampire Zipperposition cvc5[e] cvc5[s] cvc5[m] cvc5[M]

Satisfiable 6 0 72 78 121 129
Unsatisfiable 1757 1499 1643 1304 1637 1670

Total 1763 1499 1715 1382 1758 1799

Unknown 0 0 350 38 127 59
Timeouts 999 1263 697 1342 877 904

Table 2. MBQI-Enum configurations on TPTP TH0 benchmarks

cvc5[M] cvc5[M−x] cvc5[M−ℓ] cvc5[M+g]

Satisfiable 129 129 122 129
Unsatisfiable 1670 1665 1655 1672

Total 1799 1794 1777 1801

Unknown 59 65 88 56
Timeouts 904 903 897 905

Higher-Order Problems. The higher-order part of the experiments was car-
ried out on monomorphic higher-order problems (TH0) from version 9.0.0 of the
TPTP library [27]. The benchmark set consists of 2762 problems. From the 3962
TH0 problems, we excluded 1200 benchmarks that one or more systems could
not parse (e.g., because they use arithmetic).

The results are summarized in Table 1. In this and the following tables, bold
indicates the most successful system. Notably, our approach achieves the high-
est total count of solved benchmarks, surpassing the nearest competitor by 36
solved problems. Overall, it outperforms all other cvc5 strategies as well as Zip-
perposition in higher-order logic and solves 87 fewer unsatisfiable problems than
Vampire. Our strategy’s advantage over Zipperposition likely stems from using
Zipperposition’s “best” mode instead of a portfolio. Remarkably, our strategy
manages to solve 129 satisfiable problems, whereas Vampire solves only 6, and
Zipperposition none.

Although our approach is based on both MBQI and SyQI, it is considerably
stronger than either of those techniques used individually. Specifically, compared
with MBQI, which was until now the most successful strategy in cvc5, MBQI-
Enum solves an additional 41 problems without any losses. When compared with
SyQI, our strategy solves 417 more benchmarks while also incurring no losses.

Table 2 shows the evaluation of the different configurations of MBQI-Enum
on higher-order problems. We see that all three options are beneficial, but for
syms_global the difference is only two problems. (In our preliminary evaluation,
we had found syms_global to be slightly harmful, which is why we disabled it
by default.)
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First-Order Problems. The experiments on first-order problems were con-
ducted on the SMT-LIB benchmarks [5] from April 2024, focusing on logics that
support quantifiers. We included logics involving theories such as floating-point
arithmetic, linear and nonlinear arithmetic, and bit vectors. Overall, we consider
the logics BV (bit vectors), FP (floating-point arithmetic), LIA (linear integer
arithmetic), LRA (linear real arithmetic), NIA (nonlinear integer arithmetic),
NRA (nonlinear real arithmetic), and their combinations: BVFP, BVFPLRA,
and FPLRA. We also incorporate ABV (arrays and bit vectors) and UFBV (un-
interpreted functions with bit vectors). In total, our benchmark set consists of
21 605 problems.

Table 3. MBQI-Enum vs. other techniques and solvers on SMT-LIB benchmarks

Library Boolector Bitwuzla Z3 cvc5[e] cvc5[s] cvc5[c] cvc5[m] cvc5[M]

SAT UNSAT SAT UNSAT SAT UNSAT SAT UNSAT SAT UNSAT SAT UNSAT SAT UNSAT SAT UNSAT

BV 585 4980 642 5066 547 5001 202 4836 313 4911 437 5190 611 4835 594 5076

SAT+UNSAT 5565 5708 5548 5038 5224 5627 5446 5670

ABV 378 47 387 103 21 930 618 237 17 90 790 135 731 157
ABVFP 24 0 29 2 10 3 15 0 13 0 31 0 31 0
ABVFPLRA 32 1 55 3 14 2 18 1 18 2 41 2 42 2
BVFP 179 12 164 5 26 12 102 3 106 0 167 4 169 7
BVFPLRA 233 25 205 18 80 25 119 24 111 24 220 24 226 25
FP 130 2176 17 1802 113 1591 99 2040 116 2015 115 2059 116 2223
FPLRA 37 0 23 0 20 0 24 0 22 0 37 0 36 0
UFBV 26 120 43 103 8 103 9 108 8 52 23 84 21 105

Subtotal 1681 7447 1470 7037 494 7502 1317 7324 848 7373 2035 7143 1966 7595

SAT+UNSAT 9128 8507 7996 8641 8221 9178 9561

LIA 140 230 12 170 150 236 150 266 150 167 149 239
LRA 760 1361 468 1117 478 1130 593 1303 545 1123 557 1161
NIA 65 144 16 43 49 45 64 144 67 47 80 61
NRA 3 3806 1 3802 1 3785 3 3801 3 3712 3 3802

Total 2438 12 578 991 12 634 1995 12 520 1658 12 887 2800 12 192 2755 12 858

SAT+UNSAT 15 016 13 625 14 515 14 545 14 992 15 613

The results, summarized in Table 3, show that our approach performs re-
markably well against all other cvc5 configurations, as well as against Boolector,
Bitwuzla, and Z3, across all SMT logics. Notably, it achieves the highest total
count of benchmarks solved, surpassing the nearest competitor by 597 solved
problems. Our strategy solves the most satisfiable problems in ABVFP and NIA
and achieves the highest number of unsatisfiable benchmarks solved in FP.

For the evaluated SMT theories, our strategy is a clear improvement over
previous instantiation strategies. When compared with MBQI, it successfully
solves an additional 701 problems while incurring a loss of 79 problems across
all logics. The raw evaluation data also reveals a notable reduction in timeouts,
decreasing from 3491 to 2343.

Our strategy also substantially outperforms enumerative instantiation and
SyQI across most benchmark categories. Both of these strategies share an enu-
merative nature. The former relies on evolving ground terms within the current
context, while the latter employs a fixed grammar derived from the initial set of
terms. Overall, enumerative instantiation and SyQI perform clearly better than
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Table 4. MBQI-Enum configurations in SMT-LIB benchmarks

Library cvc5[M] cvc5[M−x] cvc5[M−ℓ] cvc5[M+g]

SAT UNSAT SAT UNSAT SAT UNSAT SAT UNSAT

ABV 731 157 731 157 647 135 737 159
ABVFP 31 0 31 0 31 0 32 0
ABVFPLRA 42 2 42 2 41 2 38 2
BV 594 5076 594 5075 616 4843 600 5087
BVFP 169 7 169 7 167 4 176 2
BVFPLRA 226 25 226 25 220 24 231 25
FP 116 2223 116 2223 115 2092 116 2223
FPLRA 36 0 36 0 37 0 36 0
LIA 149 239 149 239 150 167 149 239
LRA 557 1157 557 1157 546 1129 557 1157
NIA 80 61 80 61 68 47 78 56
NRA 3 3802 3 3802 3 3712 3 3802
UFBV 21 105 21 105 24 89 17 99

Total 2755 12 858 2755 12 857 2665 12 244 2771 12 854

MBQI on unsatisfiable benchmarks (+442), but they underperform on satisfiable
benchmarks (−805). This highlights the need for a hybrid approach that com-
bines model-based and enumerative techniques. Our strategy incorporates the
enumerative aspects of SyQI while enhancing the model-based features of MBQI
to generate instantiations. This is likely why it outperforms all the mentioned
configurations. Our strategy also matches or outperforms counterexample-guided
instantiation in most logics. However, in logics such as LRA, counterexample-
guided instantiation is expected to perform better due to its specialized handling
of such theories.

Compared with Boolector, our strategy outperforms it on both satisfiable
and unsatisfiable benchmarks, solving 105 more benchmarks overall. Compared
with Bitwuzla and Z3, our approach performs very well across various logics,
often closely matching or even surpassing both competitors. Overall, our strat-
egy solves 433 more benchmarks than Bitwuzla and 597 more than Z3 in total.
Bitwuzla is generally stronger for satisfiable problems, which is not surprising be-
cause MBQI-Enum is primarily designed for deriving contradictions. Z3’s higher
success rate for real arithmetic is likely attributable to its well-established in-
stantiation strategies for these theories.

Finally, the evaluation of the various configurations of MBQI-Enum on first-
order SMT-LIB benchmarks across different theories is shown in Table 4. We
see that most configurations perform similarly; however, MBQI-Enum without
the syms_local option enabled shows significantly poorer performance.

In summary, our approach is highly effective on first-order SMT-LIB bench-
marks, solving the highest number of benchmarks. With refinements tailored to
specific logics, we suspect that its performance could be improved further.
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6 Related Work

Mainstream approaches for quantifier instantiation in SMT are typically cen-
tered around E-matching [14]. Conflict-based instantiation [3,11,26] can improve
the solver’s ability to answer “T -unsatisfiable” by prioritizing instantiations that
induce quantifier-free conflicts. As a whole, these techniques are generally incom-
plete and do not target specific background theories. For satisfiable instances,
Ge and de Moura [9] introduced MBQI, which is complete for certain fragments.
Finite model finding [25] is a variant of this technique that targets quantified
formulas whose domains are small and finite. Approaches for quantified formulas
in higher-order logic are discussed by Barbosa et al. [4], but, in contrast to this
work, they are based on (higher-order) E-matching.

Other approaches for higher-order logic, notably in Vampire [6] and Zipperpo-
sition [28], rely on superposition. Vampire has been initially extended to handle
higher-order reasoning using applicative first-order logic with combinators. Since
this proved insufficient for problems requiring complex unifiers, its superposition
calculus was later enhanced with native λ-abstractions and a depth-bounded ver-
sion of higher-order unification [6]. As for Zipperposition, it also uses a superpo-
sition calculus that directly supports higher-order terms. It tackles the challenge
of higher-order unification by using techniques such as pattern unification and
heuristics to manage undecidability issues.

Certain background theories admit quantifier elimination, which can be han-
dled using domain-specific instantiation strategies. Specifically, efficient and com-
plete instantiation procedures have been developed for quantified linear arith-
metic [24] and quantified bit vectors [19]. These techniques require specific knowl-
edge of the background theory.

Other recent works on quantifier instantiation have pursued enumeration
as a pragmatic means for discovering useful instantiations. Reynolds et al. [22]
introduced enumerative instantiation as an alternative to MBQI, which primarily
focused on first-order logic in the empty theory. This technique has been further
studied in more recent works, where more advanced selection strategies are used
for instantiations, including those based on machine learning [12,13,20].

The closest related works to ours are counterexample-guided model synthe-
sis [21] and SyQI [18], which both focus on enumerative approaches for finding
useful instantiations in rich background logics. The former was implemented in
the Boolector [17] solver; it was limited to selected first-order theories and did not
handle higher-order logic. The latter work can potentially be used for any theory
but does not leverage MBQI for guiding the instantiation procedure. Our evalu-
ation shows that our MBQI-Enum strategy generally outperforms SyQI overall.

7 Conclusion

We presented a new strategy, MBQI-Enum, for instantiating quantifiers in SMT
solvers. It extends MBQI with the SyGuS enumerator, thereby augmenting the
number of instantiations considered at every iteration. The main strength of our
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strategy is that it combines the fast model-finding capabilities of MBQI and the
diversity of terms considered by SyQI. MBQI generates very specific instances;
by resorting to a grammar, the terms in our instantiations are more abstract and
therefore tend to lead to more useful instances. We implemented the strategy in
cvc5 and found that it helps solve many first- and higher-order problems from
SMT-LIB and TPTP for which cvc5 previously either timed out or gave up early.

Several aspects of our approach present opportunities for future work. First,
we could improve performance by enhancing the quantifier-free solver to better
integrate with our instantiation approach. Moreover, although our instantiation
technique is designed to be generic, we could tailor it to individual SMT logics.
Finally, we could develop more sophisticated instantiation strategies for higher-
order logic. By designing methods that can more intelligently navigate the space
of enumerated terms, we should be able to improve the solver’s ability to handle
complex higher-order problems.
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Pantograph: A Machine-to-Machine Interaction
Interface for Advanced Theorem Proving, High
Level Reasoning, and Data Extraction in Lean 4
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Abstract. Machine-assisted theorem proving refers to the process of
conducting structured reasoning to automatically generate proofs for
mathematical theorems. Recently, there has been a surge of interest in
using machine learning models in conjunction with proof assistants to
perform this task. In this paper, we introduce Pantograph, a tool that
provides a versatile interface to the Lean 4 proof assistant and enables
efficient proof search via powerful search algorithms such as Monte Carlo
Tree Search. In addition, Pantograph enables high-level reasoning by
enabling a more robust handling of Lean 4’s inference steps. We provide
an overview of Pantograph’s architecture and features. We also report on
an illustrative use case: using machine learning models and proof sketches
to prove Lean 4 theorems. Pantograph’s innovative features pave the way
for more advanced machine learning models to perform complex proof
searches and high-level reasoning, equipping future researchers to design
more versatile and powerful theorem provers.

1 Introduction

Proof assistants are used for a variety of tasks requiring strong guarantees
and rigorous reasoning. High-profile applications include formal verification of
computer systems (e.g., sel4 [10]) and formalization of mathematics (e.g., [7]).
Among proof assistants, Lean 4 has recently accumulated significant momentum
both among mathematicians and non-mathematicians. Its Mathlib library [14],
for example, is an extensive effort to formalize many branches of mathematics
and contains many non-trivial mathematical definitions and theorems.

A common challenge shared by all proof assistants is that completing proofs
is tedious and requires manual effort and expertise. Machine learning offers one
potential avenue for addressing this challenge. Indeed, recent years have seen
several major efforts dedicated to using machine learning to automatically search
for proofs in proof assistants (e.g., [21], [22], [5], [6], [12], [11], [8], [9], [20]). While
these efforts have produced promising results, many proofs are still beyond the
reach of machine learning-based automation.

In order to continue to make progress in this area, several challenges need to
be addressed. One of these challenges is the need for better interfaces between
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proof assistants and machine learning systems. In this paper, we introduce Pan-
tograph,1 an API and Read-Eval-Print Loop (REPL) for Lean 4, whose primary
goal is to provide a convenient interface for training and evaluating theorem
proving agents. The name “Pantograph” alludes to the process of recording a
proof during proof search.2

The main motivation for creating Pantograph is to overcome the limitations
of the interface provided by the Lean 4 Language Server Protocol (LSP), which is
the standard interface provided for interactive use by a human user. Although the
LSP provides interactive feedback for a human operator of Lean 4, it suffers from a
number of problems as a machine interface. The LSP interface requires its user to
keep track of positions of a cursor in text, and a machine user would be burdened
with tracking these redundant data. Moreover, there is no straightforward way
to extract tactic training data from the LSP interface or sketch out a proof to
be finished by automation tactics. In contrast, Pantograph is designed from the
ground up as an efficient and convenient interface for machine (and especially
machine learning) agents.

The main contributions of Pantograph are:

1. Unlike prior work, the user can decide to solve goals independently. This
enables more powerful search algorithms such as Monte Carlo Tree Search
(MCTS), which have been successful in other domains (e.g., AlphaGo and
AlphaZero [17,18]), achieving superhuman performance on complex games
like Go, Chess, and Shogi.3 To do this, Pantograph handles metavariable
coupling, which is a phenomenon that complicates tree search [13].

2. In contrast to prior work in Lean 4 [23], Pantograph supports the use of the
advanced reasoning steps (called tactics) have, let, conv, and calc. These
tactics are crucial for supporting high-level reasoning strategies like proof
sketching [8].

3. Pantograph fully supports essential data extraction tasks (e.g., it can extract
the before- and after-goal states of tactic executions, which are usually not
available in raw Lean 4 scripts). In addition, Pantograph introduces several
novel data extraction capabilities, including the ability to extract entire
proof scripts with associated comments, which can be used for tasks like
autoformalization, and the important ability to extract proof representations
as programs, which allows for one-shot prediction of proofs.

4. Pantograph provides feedback from partially executed conv and calc tactics,
which was not possible in preceding works.

5. Pantograph allows the user to resume an incomplete proof containing the
sorry keyword in Lean 4. This is useful for machine learning models which
produce a proof draft before resolving the details in the proofs.

1 https://github.com/stanford-centaur/PyPantograph
2 A Pantograph is a mechanism for recording the movement of a pen while drawing in

order to create a copy.
3 Although these board games are not equally difficult, the state-of-the-art algorithms

for these board games all involve MCTS.

https://github.com/stanford-centaur/PyPantograph
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6. By making use of the novel features listed above, Pantograph can be used
to support the draft-sketch-proof (DSP) approach [8]. An evaluation of this
approach on the important MiniF2F benchmark [24] in Lean 4 is provided
in Section 5. To our knowledge, this is the first implementation of DSP in
Lean 4.

As additional evidence of its usefulness, before this paper was even published,
research groups in both academia and industry were already using Pantograph
for machine-assisted theorem proving.

The rest of the paper is organized as follows. In Section 2, we cover background
material on proof assistants and tree search. We then discuss related work in
Section 3. Section 4 gives an overview of the architecture and main features of
Pantograph. Section 5 illustrates and evaluates Pantograph’s capabilities through
an implementation of DSP in Lean 4. Finally, Section 6 concludes.

2 Background

2.1 The Lean 4 Proof Assistant

A proof assistant is a computer program that can formulate and check formal
mathematical proofs. This includes Lean 4 [15], Coq [19], Isabelle [16], Aya
[3], and many others. These programs operate by formulating mathematics as
expressions and checking the validity of the expressions via type-theoretic rules.
Proof assistants may differ in a number of ways, including their syntax and the
underlying variant of type theory they use. In the language of a proof assistant,
every definition, theorem, or proof is a value with a type. A value is represented
by an expression. A proof of a theorem is a term whose type is the theorem. A
proof assistant checks the validity of a proof of a theorem by evaluating its type
and checking that it matches the statement of the theorem. It does this using a
set of type deduction rules.

For example, the commutativity of the logical OR (∨) operation can be
written as the expression:

∀(p : Prop), ∀(q : Prop), ∀(h : p ∨ q), q ∨ p. (1)

This statement says that if p and q are Boolean propositions (of type Prop in
Lean 4), then, given the hypothesis h of type p ∨ q, we can conclude q ∨ p.

The notation in (1) is more verbose than what mathematicians typically
use. This is because proof assistants require the utmost unambiguity. However,
informally, the above expression could also be written using the more concise
notation:

∀ p, q. p ∨ q → q ∨ p

A proof of (1) is an expression whose type is given by (1). For example,

λ(p, q : Prop)(h : p ∨ q)

7→ ∨. casesh (λhp : p 7→ ∨. inrhp) (λhq : q 7→ ∨. inlhq)
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is a proof of the commutativity of OR. The type of a λ-expression is a ∀-
expression. The λ’s in the expression correspond to the three ∀’s in the statement
of the commutativity theorem. Intuitively, this expression says that when p ∨ q
is assumed to be true, proving q ∨ p requires proving q ∨ p when p is true and
also when q is true. This is signified by the special function ∨. cases, which is
provided by Lean 4 as part of the support for the ∨ operator. It represents the
fact that deriving any value from p ∨ q requires two functions, one to handle the
case when p is true, and one to handle the case when q is true.

Assuming p is true, ∨. inr generates a proof of q ∨ p from a proof of the right
operand p (∨. inl is similar but requires a proof of the left operand q).

Expressions can also be constructed incrementally. For example, we could
postulate that the following expression has the type shown in Expression (1):

?1 := λ(p : Prop) 7→ ?2[p]

Then ?2 must have the type

?2 : ∀(q : Prop), ∀(h : p ∨ q), q ∨ p
{
p : Prop (2)

Here, ?1 and ?2 are metavariables. A metavariable is a variable, possibly
unassigned, with a context. A goal (also called a hole) is an unassigned
metavariable. When writing proofs in Lean 4, the sorry keyword can be used as
a placeholder for a hole. A free variable in the context of a metavariable (e.g.,
the variable p above) references a value assumed to be true for this metavariable.
?2 is a goal. The proof state consists of all metavariables, both those that are
unassigned (i.e., the goals) and those that are assigned.

Proof expressions, while easy for the proof assistant to check, are difficult
for a human operator to write. Thus, some proof assistants such as Lean 4 also
provide an alternative interface for theorem proving, in which a proof can be
executed via a series of tactics. A tactic changes the proof state by assigning
an expression, possibly containing new goals, to a goal in the current state. In
Lean 4, a tactic can transform one goal into a finite number of subgoals. A tactic
that generates no subgoals solves the parent goal. If all subgoals produced by a
tactic are solved, the goal is solved as well. For example, suppose a variable ?1 has
the type shown in Expression (1). Executing the intro tactic on ?1 results in the
assignment ?1 := λ(p : Prop) 7→ ?2[p], where ?2 has the type in Expression (2).
?2 becomes the new goal that must be solved.

Some tactics can create interdependent metavariables. This is known as
metavariable coupling [13]. For example, in order to prove

∃(x : N), 2x+ 5 ≤ 10

one would need to invoke the Exists.intro lemma, which creates the following
goals in Lean 4:

?x :N
2?x+ 5 ≤ 10

where the second goal is now coupled to the first, since any solution of the first
goal will necessarily affect the second.
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2.2 Tree Search

Tree Search refers to the process of searching through a tree, each of whose
nodes represents a potential solution to a problem, attempting to find the best
possible solution [4]. Monte Carlo Tree Search (MCTS) is a class of tree
search algorithms where in each iteration a leaf node from the current search
tree is selected and expanded. The selection of this leaf node is driven by the
policy of the tree search algorithm.

MCTS is used by AlphaGo [18] and AlphaZero [17] for playing board games
and by HyperTree [11] for proof search in Lean 3.

The tree structure that results from using tactics to prove theorems in Lean 4
is called an and-or tree and contains two types of nodes: goals (Or), where solving
at least one descendant suffices to solve the goal, and goal states (And) produced
by tactics, where solving all descendants is required. A Lean 4 proof begins with
a single goal. A full proof tree for the commutativity of OR is shown in Figure 1.
When applying Monte Carlo Tree Search two theorem proving, two functions are
required: the policy function decides which node (i.e., goal) to explore next,
and the tactic function decides which tactic to use on that goal.

∀p, q.p ∨ q → q ∨ p

p : Prop

⊢ ∀q.p ∨ q → q ∨ p
intro p

p, q : Prop

⊢ ∀p ∨ q → q ∨ p
intro q

p, q : Prop

h : p ∨ q

⊢ q ∨ p

introh

p, q : Prop

hp : p

⊢ q ∨ p

p, q : Prop

hp : p

⊢ q ∨ p

casesh

p, q : Prop

hp : p

⊢ p

apply ∨ .inr

p, q : Prop

hq : q

⊢ q

apply ∨ .inl

exacthp

exacthq

Fig. 1: A proof tree for Expression (1)

The main motivation for creating Pantograph is to create an interface that
can easily be used by machine learning systems aiming to exploit this incremental
tree structure to conduct mathematical reasoning. Potential applications of
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Pantograph include automatic verified program generation, rigorous reasoning
for language models, and autoformalization of mathematics results.

3 Related Work

The closest related work is LeanDojo [23], which provides a Python interface
for machine interaction with Lean 4. A user can use this interface to execute
tactics on a current proof state in a Lean 4 process. LeanDojo can be used to
save and resume proof states. LeanDojo can also run commands such as #eval
and #check and extract goal-tactic pairs over an existing proof.

Pantograph has several key architectural improvements over LeanDojo. First of
all, it is written entirely in Lean 4. This removes the need for external dependencies
(such as Docker) and also improves the speed of interaction. Also, some tactics
not supported by LeanDojo, such as have, are available in Pantograph. Other
tactics, such as conv and calc, can only be used monolithically to solve goals
in LeanDojo, whereas Pantograph supports incremental exploration using these
tactics, allowing a user to obtain feedback at each step, even if a goal is not
solved. Moreover, Pantograph efficiently handles the problem of metavariable
coupling (see Section 4.3), empowering ML models to work on interdependent
proof branches without risking inconsistency.

Like LeanDojo, Pantograph can extract information from existing proofs,
including training data based on triples of goal states, tactics, and post-tactic goal
states. It can also extract comment data and arbitirary expressions, both of which
may be useful as additional training data. However, LeanDojo’s data extraction
and proof execution units are essentially separate, which makes it impossible to
extract an incomplete proof and resume from it, whereas Pantograph supports
this use case.

In [11], Lample et al. implement the aforementioned and-or tree search
structure to solve goals in Lean 3. In this work, the relation between goals and
tactics is a hypertree. This enables efficient proof search via a variant of Monte
Carlo Tree Search. The policy and tactic functions are both provided by Large
Language Models (LLMs). Pantograph is compatible with this approach, as it
gives the user control over both policy and tactic functions.

Draft-Sketch-Prove (DSP) [8] is a neural theorem prover which uses an
approach based on drafting. Instead of directly generating Lean 4 tactics, the
neural theorem prover generates intermediate goals in an informal language (draft).
Then it translates these goals into Isabelle (sketch), and finally a hammer tactic
from Isabelle solves the goals (prove). Pantograph’s drafting feature supports this
technique as well, allowing the Draft-Sketch-Prove algorithm to be implemented
in Lean 4 (see Section 4.6).

Aesop [13] is a proof automation (hammer) tactic based on tree-search. Aesop
is not based on machine learning and takes metavariable coupling into account
when solving goals. When a goal gets solved in Aesop, all of the goals coupled to
this goal are brought back into scope. This is known as copying. Pantograph’s
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Lean Kernel

Lean Project

Reads

Pantograph

REPL

Lean LSP

IDE

User (e.g., Neural Network) Human Operator

Fig. 2: System architecture of Pantograph. A solid arrow indicates that the
component at the arrow source calls functions in the component that is the
arrow’s target. A human operator interacts with Lean 4’s kernel via the IDE, but
a machine learning agent can interact via one of Pantograph’s interfaces.

approach to metavariable coupling is based on Aesop’s technique, but extends it
by allowing the user to determine which metavariable to solve next.

CoqGym [22] is similar to LeanDojo but for the Coq theorem prover instead
of Lean 4. CoqGym stores proofs in a tree structure and allows the user agent to
execute tactics. Optionally, CoqGym can serialize proof terms into S-expressions.
These same features are supported by Pantograph, but for Lean 4. Pantograph
also has some features unsupported by CoqGym, such as the ability to implement
draft-sketch-prove and to handle metavariable coupling.

4 Architecture and Features

Pantograph is implemented entirely in Lean 4 with no external dependencies.
Figure 2 shows an overview of the operation of Pantograph. The user, which
is often a machine learning model, calls Pantograph’s functions via one of its
interfaces. Pantograph provides three interfaces: (i) a Python interface called
PyPantograph; (ii) a REPL via the pantograph-repl executable; and (iii) a
library via the C Foreign Function Interface (FFI). When the user executes a
tactic, Pantograph calls the Lean 4 kernel’s Elab.Tactic.evalTactic function.
Internally, many of Lean 4’s functions are monads, which are abstract structures
enabling state manipulation in an otherwise functional language. Lean 4’s monad
hierarchy (from the order of most to least general) has the order IO, CoreM, MetaM,
Elab.TermElabM, and Elab.Tactic.TacticM. Figure 3 outlines the most important
functions called during the execution of a tactic via Pantograph.

Other features of Pantograph call into the Lean 4 Language Server Protocol
(LSP), the Lean 4 parser, and the Lean 4 compiler. In particular, Pantograph
intercepts the Lean 4 compiler state when it processes Lean 4 source code,
enabling it to extract information that is otherwise only available via the IDE.

In the rest of this section, we provide details about the features available in
Pantograph. We discuss Pantograph’s support for the following features: (i) both
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main IO

loop CoreM

Pantograph.execute CoreM

Pantograph.GoalState.tryTactic TermElabM

Lean.Elab.Tactic.evalTactic TacticM

Fig. 3: Call hierarchy in Pantograph during the execution of a normal tactic. The
text on the right indicates the Lean 4 monad each function runs in.

expression-based and tactic-based proof; (ii) tree search; (iii) custom handling
of metavariable coupling; (iv) the extraction of tactic training data; and (v)
drafting.

4.1 Expressions and Tactics

Pantograph enables AI agents to use the same tactics as a human operator can
while interacting with Lean. Human-written proofs in Lean 4 (e.g., in Mathlib)
are often a mixture between expressions and tactics. As mentioned above, tactics
are used to reduce a goal to one or more new subgoals. To see how expressions
can be used, consider the following example.

example : exists x, x + 2 = 8 := by
let a : Nat := 3 * 2
exists a

In this example, the required witness for x is directly constructed as the expres-
sion 3 · 2. Pantograph supports seamlessly switching between expression-based
and tactic-based proof by providing a custom expr tactic. This tactic takes an
expression e[?1, ?2, . . . ] and assigns it to the current goal. The holes ?1, ?2, . . .
then become the new goals.

There are 3 views of a proof:

1. Presentation View: A proof written for presentation and verification.
Coupling does not exist. It may contain values with puzzling origins such as
complex bounds that are not apparent before reading the entire proof.

2. Search View: A proof viewed as the trajectory of a proof search agent
traverses through while finding the proof. It may contain backtracking,
coupling, and goal selection.

3. Kernel View: A proof viewed as a set of metavariables.

Pantograph enables agents to operate in the search view and handles proofs
internally in the kernel view.

Lean 4 includes sophisticated tactics, like conv and calc, which are composite
in the sense that they are used to compose sequences of other tactics. While these
tactics can be executed monolithically by supplying the full sequence of tactics
to be composed, human operators of Lean 4 often rely on Lean 4’s interactive



112 L. Aniva et al.

interface to incrementally explore possible sequences, obtaining feedback at each
step. Pantograph provides a command called goal.tactic, which can partially
execute a conv or calc tactic and provide feedback from this partial execution.
As an example, consider the following use of the calc tactic, which is used in
Lean 4 to compose a series of transitivity steps.

example (a b c : Nat) : a + b = b + c := by
calc a + b = a + a := sorry

_ = b + b := sorry
sorry

Here, the goal a + b = b + c is not provable by calc, but a user can still partially
execute the tactic by applying just the first line and seeing what the result is. In
this case, the result of executing just the first line results in the following new
goal.

a b c : Nat
|- a + a = b + c

Pantograph supports this partial execution model and can return the new goal
shown above.

Pantograph also supports the have and let tactics. These tactics define
temporary expressions in a local scope and are indispensable when developing
proofs by hand. For example, consider the following snippet.

example (n: Nat), n + 0 = 0 + n := by
have h1 : n + 0 = n := sorry
sorry

The use of have introduces a new expression and a new goal. The two sorry
expressions create two holes corresponding to the two goals shown below.

n : Nat
|- n + 0 = n
n : Nat
h1 : n + 0 = n
|- n + 0 = 0 + n

The Pantograph repository contains documentation and examples for these
tactics.

In order to be friendly towards searching methods such as Monte Carlo Tree
Search [4], Pantograph provides an interface for incrementally executing tactics.
If a tactic creates more than one goal, it is called a branching tactic. When more
than one goal exists in a proof state, Pantograph provides the option to choose
which goal to apply a tactic to.

If a tactic cannot execute for some reason, Pantograph outputs an error
message corresponding to what a human operator would see during interaction
with Lean’s LSP.
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4.2 Tree Search

As mentioned above, tree search is a common search technique and is utilized in
various proof search approaches such as HyperTree [11] and Aesop [13]. Since
each tactic produces zero or more goals, the search structure of applying tactics to
goals can be viewed as an And-Or tree (in the absence of metavariable coupling,
see Section 4.3). When the current proof state has multiple goals, Pantograph
allows the user to choose which goal to attempt next, i.e., it allows user-defined
policy functions.

This naturally leads to the question of the fate of sibling goals. Suppose there
are two goals [?1, ?2] in the current proof state, and the user applies a tactic
to ?1, generating ?3. The status of ?2 depends on the automatic mode option.
Automatic mode is turned on by default, which means sibling goals are carried
forward to the next proof state. Hence, with automatic mode on, the next proof
state would contain [?3, ?2], with all goals present and active. If the user disables
automatic mode, the proof state instead becomes [?3]. The goal ?2 becomes
dormant. Dormant goals are unassigned metavariables that do not appear in the
current proof state. Note that dormant goals are an artifact of Pantograph’s
manual tree search capability: they do not occur when using Lean 4 through
the interactive interface. Dormant goals must either be tracked by the user or

h : p ∨ q ⊢ r

?1
h : p ⊢ r

?2
h : q ⊢ r

cases h

· · ·

?2

h : q ⊢ r

cont
inue

Fig. 4: ?2 becomes dormant after a tactic is applied to ?1. It must be brought
back into scope with goal.continue before the proof can finish. The ellipses (. . .)
are plalceholders for some combination of tactics which eventually solves the
descendant of ?1.

brought back into the proof state using the goal.continue command, as shown
in Figure 4.

To summarize, in automatic mode, goals are immediately continued after a
tactic execution. Goals will never become dormant in automatic mode. This
provides a gym-like environment to its user. Users who wish to handle tree search
manually should disable this mode.

4.3 Metavariable Coupling

Recall that a proof state may contain 0 or more goals, and metavariable cou-
pling [13] refers to inter-dependencies between goals in a proof state. Metavariable
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coupling arises naturally in many contexts. For example, applying the transitivity
axiom of ≤N to the goal 2 ≤ 5 results in the following goals.

?1 : 2 ≤ ?z

?2 : ?z ≤ 5

?z : N

Because ?z appears in all three goals, these goals are all coupled. This complicates
proof search because if an assignment is made to z in one goal, it will propagate
to all of the other coupled goals. In this case, the other two goals will no longer
be coupled, but they will contain the assignment made to z.

Pantograph provides explicit information about which goals are coupled. Since
there are multiple possible ways of handling coupling, the choice of what to do
with the coupling is left to the user. One method employed by [13] is copying,
where coupled goals are solved sequentially to avoid conflicts.

2 ≤ 5

?z

N

?2

2 ≤ ?z

?1

?z ≤ 5

apply Nat.le_trans

exact 3

2 ≤ 3

3 ≤ 5

cont
inue

decide

decide

Fig. 5: In this diagram, rectangular boxes are proof states, and circles are goals.
Each proof state has 0 or more goals. A state with no goals is considered solved.
If all descendant goals of a state become solved, the state itself becomes solved.

Figure 5 gives a full example of the above proof, conducted with automatic
mode off. The application of the transitivity tactic creates a proof state with
three goals. Using the exact 3 tactic on the ?z goal results in a solved proof state.
Applying goal.continue then brings goals ?1 and ?2 back into the proof state,
where they are no longer coupled. Each can be discharged with an additional
tactic such as decide.

4.4 The Environment

All running instances of Lean 4, including instances running behind the LSP or
the Pantograph front end, maintain a library of active symbols known as the
environment. Internally, Lean 4 stores all theorem statements and proofs in the
environment as expressions, regardless of how they were constructed. The user
can extract the proof of any theorem in the current environment via env.inspect,
which will produce an expression similar to Expression (1).
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After a proof concludes, the user can extract the proof expression of the
root proposition using the goal.print command. These expressions can then be
inserted back into the current environment using the env.add command. Adding
a lemma to the environment makes it accessible as a step in future proofs. Note
that adding lemmas to the environment cannot be done while in the middle of
an incomplete proof.

Like CoqGym [22], Pantograph can optionally output proof expressions in
S-expression format by turning on the printExprAST option via options.set. The
user can also change Lean 4’s expression pretty-printing options by providing
command line parameters to the Pantograph REPL. For example, to turn off all
pretty-printing, use --pp.all=true.

4.5 Tactic Training Data

The Lean 4 community has produced several large collections of theorems with
human-written formal proofs, e.g., Mathlib [14]. These collections can be used to
train theorem proving agents. The frontend.process command runs the Lean 4
compiler on a Lean 4 file, collects all tactics in the file, and returns them as a
list of (before, after, tactic) triplets. These triplets are conveniently presented in
a format conducive to offline reinforcement learning training. Pantograph also
outputs information about the starting and ending positions (in the file) of each
Lean 4 command in case the user is interested in processing comments or other
metadata. Below is an example of one extracted tactic triple.

{
"goalBefore":"⊢ ∀(p, q : Prop), p ∨ q → q ∨ p ",
"goalAfter":" p : Prop \n ⊢ ∀(q : Prop), p ∨ q → q ∨ p ",
"tactic":"intro p"

}

4.6 Drafting

Drafting refers to a theorem proving technique which starts by generating a
proof outline, instead of building a full proof step by step. A draft proof first
consists of an overview with holes. Draft proofs are resolved by proving the
individual goals corresponding to the holes in the proof. For example, consider
the task of proving the commutativity of addition in Peano arithmetic. One
approach would be to write a proof based on induction, using the inductive
hypothesis n+m = m+n to prove the inductive step m+ (n+1) = (m+n) + 1.
As stated, this proof is not rigorous or detailed enough for Lean 4, but it can be
written as a draft proof:

theorem add_comm : forall n m : Nat, n + m = m + n := by
intros n m
induction n with
| zero =>

have h_base: 0 + m = m := sorry
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have h_symm: m + 0 = m := sorry
sorry

| succ n ih =>
have h_inductive: n + m = m + n := sorry
have h_pull_succ_out_from_right: m + Nat.succ n = Nat.succ (m + n)
:= sorry
sorry

The placeholders for intermediate goals have marked with the sorry keyword.
Pantograph supports drafting in two ways. The first is via the have tactic.

This tactic introduces a lemma or intermediate claim and creates a new goal
corresponding to the lemma.

The other way Pantograph supports drafting is via sorry-extraction. Pan-
tograph can find all occurrences of sorry in a proof or definition and convert
them to goals. For example, when add_comm from the above proof is fed into
Pantograph’s frontend.process command, it generates the following list of goals:

m : Nat
|- 0 + m = m
m : Nat
h_base : 0 + m = m
|- m + 0 = m
m : Nat
h_base : 0 + m = m
h_symm : m + 0 = m
|- 0 + m = m + 0
m : Nat
n : Nat
ih : n + m = m + n
|- n + m = m + n
m : Nat
n : Nat
ih : n + m = m + n
h_inductive : n + m = m + n
|- m + n.succ = (m + n).succ
m : Nat
n : Nat
ih : n + m = m + n
h_inductive : n + m = m + n
h_pull_succ_out_from_right : m + n.succ = (m + n).succ
|- n + 1 + m = m + (n + 1)

The user can then execute tactics on these goals as they see fit. This feature is
appealing for machine learning agents, since it allows an agent (e.g., a Generative
AI agent like an LLM) to effectively draft the next step of the proof without
having to dive into details about its execution. If a sketch contains type errors
that cannot be rectified, Pantograph forwards the error generated by the Lean 4
Kernel to the user.
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4.7 Limitations

Pantograph is limited by the functionalities available in Lean. For example, if
a tactic has a bug and discards a metavariable, Pantograph cannot catch the
issue until the end of the proof. Anything that cannot be expressed in Lean’s
type system (e.g., Homotopy Type Theory (HoTT)) also cannot be expressed in
Pantograph. Due to the tight coupling of Pantograph with Lean’s internals, non-
trivial engineering effort is required to update Pantograph when Lean undergoes
a major version change.

Moreover, due to the user-defined nature of tactics, distributing computation
via pickling of objects in Pantograph is not trivial. For example, if two branches
of a proof executing on two different machines are concluded, Pantograph does
not handle the algorithmically difficult problem of uniting the two branches.

5 Evaluation

In this section, we demonstrate that Pantograph has the necessary power to
implement a Draft-Sketch-Prove (DSP) solver based on GPT-4o (which, notably,
is not tuned for the task) and Aesop [8] (mentioned in Section 3). DSP works as
follows: A formal mathematical problem is fed into a language model instance.
The language model outputs a proof skeleton outlining the major steps of the
formal proof. Then a proof automation tool, which does not use machine learning,
fills in the holes.

We used both the GPT-4o [1] and the GPT-o1-preview [2] language models,
with parameters given in Table 1, and ran on the theorem proving evaluation
benchmark MiniF2F [24]. Each individual experiment works as follows. The
language model is given the formal theorem statement from MiniF2F and is
asked to generate a natural language proof. Next, the same model is provided
with this natural language proof and asked to generate one or three formal proof
sketches in Lean 4 (GPT-o1-preview is only asked to generate a single proof
sketch, as it does not yet support multiple sketches). These sketches may contain
the sorry keyword. The sketches are then fed into Pantograph’s sorry-extraction
command and turned into goals, which we try to solve one by one. To attempt
to solve the goals, we use the following Lean 4 tactics as hammers: aesop [13],
simp, and linarith (from Mathlib [14]).

Parameter Value
Max tokens 2048
Top P 0.95
Temperature 0.8

Table 1: LLM parameters for DSP Experiment
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(a) Number of goals generated for the ham-
mer tactic

(b) Total Runtime

Fig. 6: Hammer invocations and runtimes of DSP on the validation and test
sets of MiniF2F using the GPT-4o model. The name of the legend refers to the
dataset split (validation or test) and the number of sketches used to solve the
dataset split.

Having built the DSP solver, the results are shown Table 2. They are not
state of the art but are better than expected since we conducted no training. The
drafting feature of Pantograph made this easy to implement. We show results on
both the Validation and Test subsets of the MiniF2F benchmark set, both with
one and three proof sketch(es). We report the overall success rate, and the average
number of hammer invocations and the average runtime per benchmark. Our best
configuration uses GPT-4o and three requested sketches. For this configuration,
the DSP system out of the box successfully proved 28% of the theorems from
MiniF2F [24]. Since Lean and Isabelle have different type systems, we do not do
a comparison with the Isabelle implementation of DSP.

Benchmark Set Validation Test
Requested Sketches (Model) 1 (4o) 1 (o1) 3 (4o) 1 (4o) 1 (o1) 3 (4o)
Success Rate (%) 12.7 10.9 23.6 14.7 16.0 28.4
Hammer Invocations 4.17 5.38 7.93 4.46 5.72 7.34
Runtime (s) 17.25 73.23 23.98 28.39 88.38 36.41

Table 2: DSP’s proof success rate (in %) using the Pantograph interface on the
MiniF2F formal theorem proving benchmark. We used GPT-4o (labeled 4o) and
o1-preview (labeled o1) for the DSP experiments.

Figure 6 shows the result of the DSP experiment on the validation and test
sets of the MiniF2F dataset. We plot the distribution of the number of hammer
tactic invocations and the distribution of runtimes. The LLM nearly always
outputs fewer than 10 goals per sketch. We also observe that running 3 sketches
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(a) Number of goals generated for the ham-
mer tactic

(b) Total Runtime

Fig. 7: Hammer invocations and runtimes of DSP on the validation and test sets
of MiniF2F using the o1-preview model. The name of the legend refers to the
dataset split (validation or test) and the number of sketches used to solve the
dataset split.

rather than 1 does not dramatically increase the runtime, indicating that the
main performance bottleneck is the inference of the GPT-4o model.

In Figure 7, we show a similar plot for the o1-preview model. This model
cannot generate multiple sketches. We observe that the runtime is much longer,
likely due to the complex inference mechanism of the o1-preview model. However
the success rate is either worse than or only marginally better than the GPT-4o
model.

To our knowledge, these results represent the first successful implementation
of DSP in Lean 4. We expect that the performance can be improved significantly
by tuning parameters or using more refined models, but this work provides a
baseline that can be built on and compared to in future work.

6 Conclusion

In this work, we introduce Pantograph, a Machine-to-Machine interaction library
for Lean 4. We compare its features against existing tools used for training
machine learning models for theorem proving, and we provide a list of its novel
features. We also illustrate an application by implementing the first Lean 4
implementation of the Draft-Sketch-Prove approach.

In future work, we plan to use Pantograph to build and train various machine
learning approaches for theorem proving. We also expect and hope that others
will use it in interesting and novel ways and that these use cases will provide
feedback for additional improvements and extensions of Pantograph.

Our evaluation also demonstrates one way that formal tools like Lean can be
used to address potential harm from Language Models such as the one used in
the evaluation section. Language models, though powerful, still face the problem
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of hallucination and generation of illogical results. These can be mitigated by
applying formal techniques to the results produced of language models. The
draft-sketch-prove experiment is an instance of this general idea, where proof
automation formally checks the potentially incorrect result generated by an LLM.
In the future, Pantograph could be used for other hybrid reasoning approaches
combining generative AI and formal reasoning.
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Appendix

The prompt for the Draft part of the DSP experiment is

Draft an informal solution similar to the one below. The informal
solution will be used to sketch a formal proof in the Lean 4 Proof
Assistant.
Here are some examples:

Informal:
(*### Problem\n\n
[. . .nl/i problem text. . .]\n\n
### Solution\n\n
[. . .nl/i solution/draft text. . .]\n\n
*)\n\n

Informal:
(*### Problem\n\n
{nl_problem}
### Solution\n\n
[. . .Model Completion. . .]

The prompt for the Sketch part is

[. . . Translate informal draft to a formal sketch in Lean 4. Here are some
examples: . . .]

Informal:\n
(*### Problem\n\n
[. . .nl/i problem text. . .]\n\n
### Solution\n\n
[. . .nl/i solution/draft text. . .]\n\n
*)\n\n
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Formal:\n
[. . .fl/i problem text. . .]
[. . .fl/i partial sketch text. . .]
\n\n

Informal:\n
(*### Problem\n\n
{nl_problem}
### Solution\n\n
{nl_solution}
*)\n\n
Formal:\n
{fl_problem}
[. . .Model Completion. . .]
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1 Introduction

Term rewriting is a simple Turing-complete model of computation. Properties
like confluence and termination are of key interest and numerous powerful tools
have been developed for their analysis. Logically constrained term rewrite sys-
tems (LCTRSs for short) constitute a natural extension of term rewrite systems
(TRSs) in which rules are equipped with logical constraints that are handled
by SMT solvers, thereby avoiding the cumbersome encoding of operations on
e.g. integers and bit vectors in term rewriting. LCTRSs, introduced by Kop
and Nishida in 2013 [25], are useful for program analysis [8, 13, 23, 40]. They
also developed Ctrl [26, 27], a tool for LCTRSs specializing in termination anal-
ysis and equivalence testing. Later, techniques for completion [39] and non-
termination [33] analysis were added.

In this paper we describe crest, the Constrained REwriting Software Tool.
The tool crest was first announced in [34] with support for a small number
of confluence techniques. The new version described here includes numerous
extensions:

– more advanced confluence techniques (introduced in [35]),

– automated non-confluence and termination analysis,

– support for fixed-sized bit vectors,

– transformation techniques based on splitting critical pairs and merging con-
strained rewrite rules, to further boost the confluence proving power.
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Extensive experiments show the strength of crest. The tool is open-source and
available from http://cl-informatik.uibk.ac.at/software/crest.

The remainder of the paper is organized as follows. In the next section we
recall important definitions pertaining to LCTRSs. Section 3 summarizes the
main confluence and termination techniques implemented in crest. Automation
details are presented in Section 4. The new transformation techniques are de-
scribed in Section 5. In Section 6 we present our experiments, before concluding
in Section 7 with suggestions for future extensions. We conclude this introduc-
tory section with mentioning other tools for LCTRSs.

Related Tools. We already mentioned Ctrl1 which until 2023 was the only tool
capable of analyzing confluence and termination of LCTRSs. It supports termi-
nation analysis [24], completion techniques [39], rewriting induction for equiva-
lence testing of LCTRSs [13], and basic confluence analysis [27]. Unfortunately,
it is neither actively maintained nor very well documented, which is one reason
why the development of crest was started. Moreover, a branch2 of the automated
resource analysis tool TcT [4] performs complexity analysis on LCTRSs based
on [40]. RMT by Ciobâcă et al. [7, 8] is a newer tool for program analysis based
on a variation of LCTRSs.

In the 2024 edition of the Confluence Competition 3 the tool CRaris,4 devel-
oped by Nishida and Kojima, made its appearance. The tool implements weak
orthogonality [25] and the Knuth–Bendix criterion for terminating LCTRSs [34].
For termination, it implements the dependency pair framework [24] and the sin-
gleton self-looping removal processor [29] for LCTRSs with bit vectors.

Also in 2024 Guo et al. [14, 15] announced Cora, a new open-source tool
for termination analysis of logically constrained simply-typed term rewrite sys-
tems, which serve as a high-order generalization of LCTRSs. It employs static
dependency pairs [28] with several base methods, including a variant of the
higher-order recursive path order [18].

2 Logically Constrained Term Rewriting

Familiarity with the basic notions of term rewriting [5] is assumed. We assume
a many-sorted signature F = Fte ∪ Fth consisting of term and theory symbols
together with a countably infinite set of variables V. For every sort ι in Fth we
have a non-empty set Valι ⊆ Fth of value symbols, such that all c ∈ Valι are
constants of sort ι. We demand Fte ∩ Fth ⊆ Val where Val =

⋃
ι Valι. The set of

terms constructed from function symbols in F and variables in V is by T (F ,V).
A term in T (Fth,V) is called a logical term. Ground logical terms are mapped to
values by an interpretation J : [[f(t1, . . . , tn)]] = fJ ([[t1]], . . . , [[tn]]). Logical terms
of sort bool are called constraints. A constraint φ is valid if [[φγ]] = ⊤ for all
1 http://cl-informatik.uibk.ac.at/software/ctrl/
2 https://github.com/bytekid/tct-lctrs
3 https://ari-cops.uibk.ac.at/CoCo/2024/competition/LCTRS/
4 https://www.trs.css.i.nagoya-u.ac.jp/craris/
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substitutions γ such that γ(x) ∈ Val for all x ∈ Var(φ). Positions are sequences
of positive integers to indicate subterms. The root of a term is denoted by the
empty string ϵ. For a term s, its subterm at position p is given by s|p. The set
of positions in s ∈ T (F ,V) is denoted by Pos(s) whereas PosF (s) is restricted
to positions with function symbols in s. We write Var(s) for the set of variables
in s. A constrained rewrite rule is a triple ρ : ℓ → r [φ ] where ℓ, r ∈ T (F ,V)
are terms of the same sort such that root(ℓ) ∈ Fte \ Fth and φ is a constraint.
We denote the set Var(φ)∪ (Var(r) \Var(ℓ)) of logical variables in ρ by LVar(ρ).
We write EVar(ρ) for the set Var(r) \ (Var(ℓ) ∪ Var(φ)) of extra variables. A
set of constrained rewrite rules is called an LCTRS. A substitution σ respects
a rule ρ : ℓ → r [φ ], denoted by σ ⊨ ρ, if Dom(σ) ⊆ Var(ρ), σ(x) ∈ Val for
all x ∈ LVar(ρ), and φσ is valid. Moreover, a constraint φ is respected by σ,
denoted by σ ⊨ φ, if σ(x) ∈ Val for all x ∈ Var(φ) and φσ is valid. We call
f(x1, . . . , xn)→ y [y = f(x1, . . . , xn)] with a fresh variable y and f ∈ Fth \ Val
a calculation rule. The set of all calculation rules induced by the signature Fth

of an LCTRS R is denoted by Rca and we abbreviate R∪Rca to Rrc. A rewrite
step s →R t satisfies s|p = ℓσ and t = s[rσ]p for some position p, constrained
rewrite rule ρ : ℓ→ r [φ ] in Rrc, and substitution σ such that σ ⊨ ρ.

A constrained term is a pair s [φ ] consisting of a term s and a constraint φ.
Two constrained terms s [φ ] and t [ψ ] are equivalent, denoted by s [φ ] ∼ t [ψ ],
if for every substitution γ ⊨ φ with Dom(γ) = Var(φ) there is some substitution
δ ⊨ ψ with Dom(δ) = Var(ψ) such that sγ = tδ, and vice versa. Let s [φ ]
be a constrained term. If s|p = ℓσ for some constrained rewrite rule ρ : ℓ →
r [ψ ] ∈ Rrc, position p, and substitution σ such that σ(x) ∈ Val ∪ Var(φ) for
all x ∈ LVar(ρ), φ is satisfiable and φ ⇒ ψσ is valid then s [φ ] →R s[rσ]p [φ ].
The rewrite relation ∼→R on constrained terms is defined as ∼ · →R · ∼ and
s [φ ] ∼→p

R t [ψ ] indicates that the rewrite step in ∼→R takes place at position p in
s. Similarly, we write s [φ ] ∼→⩾p t [ψ ] if the position in the rewrite step is below
position p. We illustrate some of these concepts by means of a simple example
which models the computation of the maximum of two integers.

Example 1. Consider the LCTRS R over the theory Ints with the rules

α : max(x, y)→ x [x ⩾ y ] β : max(x, y)→ y [y ⩾ x ]

Here x and y are logical variables in both rules. There are no extra variables.
The symbol max is the only term symbol. The theory symbols depend on the
definition of Ints. As the goal is automation this usually consists of non-linear
integer arithmetic as specified in the respective SMT-LIB theory.5

By applying the calculation rule x1+x2 → y [y = x1+x2 ] with substitution
{x1 7→ 3, x2 7→ 2, y 7→ 5} followed by rule α we obtain

max(3+ 2, 3)→ max(5, 3)→ 5

5 https://smtlib.cs.uiowa.edu/Theories/Ints.smt2
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An example of constrained rewriting is given by

max(3, 3+ x) [x ⩾ 0 ] ∼→ max(3, z) [x ⩾ 0 ∧ z = 3+ x ]
∼→ z [x ⩾ 0 ∧ z = 3+ x ]

One-step rewriting, i.e., rewriting a term using a single rule, was introduced
above. The sufficient criteria for confluence, highlighted in the next section, heav-
ily rely on the notation of parallel ( ∥→) and multi-step ( ◦→) rewriting following
[35, Definition 3] and [34, Definition 8]. The former is capable of applying several
rules at parallel positions in a step while the latter additionally allows recursive
steps within the used matching substitutions of rules. A rewrite sequence con-
sists of consecutive rewrite steps, independent of which kind. The reflexive and
transitive closure of → is denoted by →∗. Moreover, for arbitrary terms s and
t we write s ↔ t if s (←∪→) t and s ↓ t if there exists a term u such that
s→∗ u ∗← t.

3 Confluence and Termination

Termination and confluence are well-known properties in static program analy-
sis. Both properties are in general undecidable. With respect to (logically con-
strained) term rewriting, a program is terminating whenever it does not admit
an infinite rewrite sequence. Confluence states that s ↓ t whenever t ∗← s→∗ u,
for all terms s, t and u. Naively checking the properties is obviously not feasible.
In (logically constrained) term rewriting there exist sufficient criteria that guar-
antee that these properties are satisfied for a given program. In the following
we highlight key components of confluence and termination analysis for logically
constrained rewrite systems.

The confluence methods implemented in crest are based on (parallel) critical
pairs. These are defined as follows. Given a constrained rewrite rule ρ, we write
ECρ for

∧
{x = x | x ∈ EVar(ρ)}. An overlap of an LCTRS R is a triple

⟨ρ1, p, ρ2⟩ with rules ρ1 : ℓ1 → r1 [φ1 ] and ρ2 : ℓ2 → r2 [φ2 ], satisfying the
following conditions: (1) ρ1 and ρ2 are variable-disjoint variants of rewrite rules
inRrc, (2) p ∈ PosF (ℓ2), (3) ℓ1 and ℓ2|p unify with mgu σ such that σ(x) ∈ Val∪V
for all x ∈ LVar(ρ1) ∪ LVar(ρ2), (4) φ1σ ∧ φ2σ is satisfiable, and (5) if p = ϵ
then ρ1 and ρ2 are not variants, or Var(r1) ⊈ Var(ℓ1). In this case we call
ℓ2σ[r1σ]p ≈ r2σ [φ1σ ∧ φ2σ ∧ ψσ ] a constrained critical pair (CCP) obtained
from the overlap ⟨ρ1, p, ρ2⟩. Here ψ = ECρ1 ∧ ECρ2 . The peak

ℓ2σ[r1σ]p [Φ ]← ℓ2σ [Φ ]→ϵ r2σ [Φ ]

with Φ = (φ1 ∧ φ2 ∧ ψ)σ, from which the constrained critical pair originates, is
called a constrained critical peak. The set of all constrained critical pairs of R
is denoted by CCP(R). A constrained equation s ≈ t [φ ] is trivial if sσ = tσ
for every substitution σ with σ ⊨ φ. The trivial equations from ECρ are used
in order to prevent loosing the information which (extra) variables are logical
variables in the underlying rules of a CCP.

Automated Analysis of LCTRSs Using crest
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Example 2. Let us extend the LCTRS R from Example 1 with an additional
rule modeling the commutativity of max:

max(x, y)→ x [x ⩾ y ] max(x, y)→ y [y ⩾ x ] max(x, y)→ max(y, x)

There are six constrained critical pairs, including the following two:

x ≈ y [x ⩾ y ∧ y ⩾ x ] x ≈ max(y, x) [x ⩾ y ]

The left one is trivial, the one on the right becomes trivial after one rewrite
step: x ≈ max(y, x) [x ⩾ y ] → x ≈ x [x ⩾ y ]. The remaining four pairs can be
rewritten similarly.

Restricting the way in which constrained critical peaks are rewritten into
trivial ones, yields different sufficient conditions for confluence of (left-)linear
LCTRSs. We state the conditions below but refer to [25, 34, 35] for precise defi-
nitions:

(C1) (weak) orthogonality ([25, Theorem 4]),
(C2) joinable critical pairs for terminating LCTRSs ([34, Corollary 4]).
(C3) strong closedness for linear LCTRSs ([34, Theorem 2]),
(C4) (almost) parallel closedness for left-linear LCTRSs ([34, Theorem 4]),
(C5) (almost) development closedness for left-linear LCTRSs ([35, Corollary 1]).

The final confluence criterion implemented in crest is based on parallel critical
pairs. Let R be an LCTRS, ρ : ℓ→ r [φ ] a rule in Rrc, and P ⊆ PosF (ℓ) a non-
empty set of parallel positions. For every p ∈ P let ρp : ℓp → rp [φp ] be a variant
of a rule in Rrc. Let ψ = ECρ ∧

∧
p∈P ECρp and Φ = φσ ∧ ψσ ∧

∧
p∈P φpσ. The

peak ℓσ[rpσ]p∈P [Φ ] ∥→ℓσ [Φ ] →ϵ
R rσ [Φ ] forms a constrained parallel critical

pair ℓσ[rpσ]p∈P ≈ rσ [Φ ] if the following conditions are satisfied:

1. Var(ρ1) ∩ Var(ρ2) = ∅ for different rules ρ1 and ρ2 in {ρ} ∪ {ρp | p ∈ P },
2. σ is an mgu of {ℓp = ℓ|p | p ∈ P } such that σ(x) ∈ Val ∪ V for all x ∈
LVar(ρ) ∪

⋃
p∈P LVar(ρp),

3. φσ ∧
∧
p∈P φpσ is satisfiable, and

4. if P = {ϵ} then ρϵ is not a variant of ρ or Var(r) ⊈ Var(ℓ).

A constrained peak forming a constrained parallel critical pair is called a con-
strained parallel critical peak. The set of all constrained parallel critical pairs of
R is denoted by CPCP(R). The following sufficient condition for confluence is
reported in ([35, Corollary 2]):

(C6) parallel closedness of parallel critical pairs for left-linear LCTRSs.

Conditions (C5) and (C6) do not subsume each other. Both generalize con-
ditions (C1) – (C4). All these confluence criteria try to find a specific closing
rewrite sequence starting from a constrained (parallel) critical pair—which is
seen as a constrained equation—to a trivial constrained equation. For exam-
ple, parallel closedness in (C4) involves showing that each constrained critical
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pair s ≈ t [φ ] can be rewritten into a trivial constrained equation using a sin-
gle parallel step s ≈ t [φ ] ∼∥→⩾1 s′ ≈ t [φ ]. Note that only the left part (s)
is rewritten here and s′ ≈ t [φ ] is a trivial constrained equation. For (finite)
terminating TRSs, confluence is decided by rewriting critical pairs to normal
form [20]. For terminating LCTRSs confluence—even for a decidable theory—is
undecidable [35], but rewriting constrained critical pairs to normal forms is still
of value. This is used in (C2) above. We need however to adapt the notion of
normal form for constrained terms.

Example 3. The LCTRS R over the theory Ints with rewrite rules

f(x)→ g(x) [x ⩾ 1 ] g(1)→ a h(x)→ a [x ⩽ 1 ]

f(x)→ h(x) [x ⩽ 2 ] g(x)→ b [x ⩾ 2 ] h(x)→ b [x > 1 ]

g(x)→ c [x < 1 ]

admits one (modulo symmetry) constrained critical pair:

g(x) ≈ h(x) [x ⩾ 1 ∧ x ⩽ 2 ]

None of the rules above are applicable, so this non-trivial constrained critical pair
is in normal form with respect to →R, but it would be wrong to conclude that
R is not confluent; all substitutions σ that satisfy the constraint x ⩾ 1 ∧ x ⩽ 2
allow us to rewrite (g(x) ≈ h(x))σ to the trivial equations a ≈ a or b ≈ b.

Definition 1. Given an LCTRS R, a constrained term s [φ ] is in normal form
if and only if for all substitutions σ with σ ⊨ φ we have sσ →R t for no term t.

Note that the constrained critical pair in Example 3 is not in normal form
according to this definition. We present a simple sufficient condition for non-
confluence. The easy proof can be found in the appendix of [37].

Lemma 1. An LCTRS is non-confluent if there exists a constrained critical
pair that rewrites to a non-trivial constrained equation in normal form.

We will resume the analysis of Example 3 in Section 5. Termination plays
an important role in the analysis of LCTRSs. crest implements the following
methods reported in the papers by Kop and Nishida [24,25]:

(T1) dependency graph ([24, Theorems 4 & 5]),
(T2) recursive path order ([25, Theorem 5]),
(T3) value criterion ([24, Theorem 10]),
(T4) reduction pairs ([24, Theorem 12]).

Method (T1) computes the strongly connected components in the dependency
graph, and transforms the input LCTRS into so-called DP problems, which can
be analyzed independently. It lies at the heart of the dependency pair frame-
work [19] implemented in most termination tools for TRSs. Methods (T2) and
(T4) are LCTRS variants of well-known methods for TRSs [3, 9]. Two further
methods implemented in Ctrl are ported to crest:

Automated Analysis of LCTRSs Using crest
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(T5) subterm criterion
(T6) special value criterion

While (T5) is a well-known termination method for DP problems originating
from TRSs [17], (T3) and (T6) are specific to LCTRSs. Method (T5) operates
on the syntactic structure of dependency pairs and ignores the constraints. In
method (T3) dependency pair symbols are also projected to a direct argument
but then a strict decrease with respect to the constraint is required. For example,
the rule f(x)→ f(x−1) [x > 0] cannot be handled by (T5), but as x > 0 implies
the strict decrease x ≻ x−1 for a suitable well-founded relation ≻, (T3) applies.
Method (T6) is an extension of (T3) in which linear combinations of arguments
are considered. Methods (T3) and (T6) are adapted to the higher-order LCTRS
setting in [14, Sections 4.2 & 4.3].

4 Automation

Our tool crest is written in Haskell and the current version consists of roughly
12000 lines of code. Core modules like SMT solving use a fork of the simple-smt
package6 and the rewriting modules are inspired by the term-rewriting pack-
age.7 In the following we provide some details of the key components.

Input Format. crest operates on LCTRSs in the new ARI format8 [1] adopted by
the Confluence Competition (CoCo) and also partly by the Termination Compe-
tition.9 Problems in the ARI database are given a unique number which we will
use throughout this paper to address specific LCTRSs. An example problem is
given in Fig. 1. The ARI database format requires sort annotations for variables
appearing as an argument of a polymorphic predicate. If this sort can be inferred
at a different position then this can be ignored for crest. For example, consider
the rule f(x = y, x)→ z [z = x+1 ] with f : Bool→ Int→ Int, +: Int→ Int→ Int
and =: A→ A→ Bool with a polymorphic sort A. In the ARI database all vari-
ables need concrete sort annotation. For crest no sort annotation is necessary as
all the sorts of variables can be inferred from the sort of f.

Theory symbols are those that are defined in a specific SMT-LIB theory,
however, for fixed-sized bit vectors crest additionally supports function symbols
defined in the SMT-LIB logic QF_BV.10 In addition to LCTRSs also plain TRSs
and many-sorted TRSs are supported.

Pre-Processing. After parsing its input and assigning already known sorts to
function symbols and variables we apply a basic type inference algorithm. Some
function symbols in the core theory, which provides basic boolean functions, like
6 https://hackage.haskell.org/package/simple-smt
7 https://hackage.haskell.org/package/term-rewriting
8 https://project-coco.uibk.ac.at/ARI/lctrs.php
9 https://termination-portal.org/wiki/Termination_Portal

10 https://smt-lib.org/logics-all.shtml#QF_BV
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(format LCTRS :smtlib 2.6)
(theory Ints)
(fun f (-> Int Int Int))
(fun g (-> Int Int Int))
(fun c (-> Int Int Int))
(fun h (-> Int Int))
(rule (f x y) (h (g y (* 2 2))) :guard (and (<= x y) (= y 2)))
(rule (f x y) (c 4 x) :guard (<= y x))
(rule (g x y) (g y x))
(rule (c x y) (g 4 2) :guard (not (= x y)))
(rule (h x) x)

Fig. 1. ARI file 1528 (without sort annotations and meta information).

“=” have a polymorphic sort. Therefore we need to infer unknown sorts in or-
der to obtain a fully sorted LCTRS. This is required as sort information must
be present for the declaration of variables in the SMT solver. During the pars-
ing phase crest parses the respective theory from an internal representation of
the SMT-LIB specification. Currently the theory of integers, reals, fixed-sized bit
vectors and a combination of integers and reals are supported. Subsequently crest
preprocesses the LCTRS by moving values in the left-hand sides of the rewrite
rules into the constraints (by applying the transformation described in [34, Defi-
nition 13]). Afterwards it merges as many rules as possible following Definition 3
in Section 5.

Rewriting. One of the key components is the rewriting module which provides
functionality to perform rewriting on constrained terms. This module computes
rewrite sequences of arbitrary length, using single steps, parallel rewrite steps [35,
Definition 7] and multisteps [35, Definition 5]. Calculation steps are modeled in
an obvious way; whenever we have a term s[f(s1, . . . , sn)] [φ ] with s1, . . . , sn ∈
Val ∪ Var(φ) and f ∈ Fth, then we produce s[x] [φ ∧ x = f(s1, . . . , sn)] for a
fresh variable x. In some cases single rule steps need more care because of the
lack of equivalence steps in rewrite sequences. For rules with variables that do
not occur in the left-hand side, the matching substitution of the left-hand side
does not provide an instantiation. However, those variables are logical and need
to be instantiated with values. This is achieved by adding the constraint of the
rule and its extra variables to the resulting constrained term after it has been
confirmed that for those variables an instantiation exists. We illustrate this in
the following example.

Example 4. Consider the constrained rule ρ : f(x) → y [x ⩾ 0 ∧ x > y ], the
constrained term f(z) [z = 2 ] and the matching substitution {x 7→ z} between
the left-hand side of ρ and f(z). The variable y is not part of the matching
substitution and thus crest rewrites f(z) [z = 2 ] to y [z = 2 ∧ z ⩾ 0 ∧ z > y ].
Using the constrained rule ρ′ : f(x)→ y [x ⩾ 0] from the same constrained term
would give y [z = 2 ∧ z ⩾ 0 ∧ y = y ].
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SMT. SMT solving is a key component in the analysis of LCTRSs and SMT
solvers are heavily used during the analysis. In order for SMT solving to not
form a bottleneck some care is needed. Again, each different analysis method
is equipped with its own SMT solver instance started at the beginning of the
analysis. Afterwards such an instance runs until the method has finished. In be-
tween, it waits for SMT queries, hence we avoid several restarts of this instance.
Constraints are modeled as regular terms of sort boolean and can be checked
for satisfiability and validity. Each of those checks runs in its own context (us-
ing push and pop commands) in order to avoid any interference with previous
queries. Currently crest utilizes Z3 [30] as the default SMT solver, as it turned
out to be the most reliable during development. Nevertheless, crest provides the
(experimental) possibility to use Yices [10] and CVC5 [6].

Confluence. The computation of constrained critical pairs follows the definition
and constrained parallel critical pairs are computed in a bottom up fashion by
collecting all possible combinations of parallel steps. Then the various methods to
conclude confluence are applied on those pairs. If a method fails on a constrained
critical pair then, using Definition 2, the constrained critical pair is split. The
logical constraint used in splitting is taken from a matching rule. The various
methods run concurrently in order to prevent starvation of methods because of
pending SMT solver queries. The first method which succeeds returns the result
and all others, including their SMT solver instances, are terminated. We adopt
heuristics to bound the number of rewrite steps in the closing sequences. The
method that posed the biggest challenge to automation is the 2-parallel closed-
ness [35, Definition 11] needed for (C6) as we cannot simply use an arbitrary
parallel step starting from the right-hand side but need to synthesize a parallel
step over a set of parallel positions that adheres to the variable condition present
in the definition.

Termination. The choices in the parameters of the subterm criterion (T5) and
the recursive path order (T2) are modeled in the SMT encoding. Similarly, for
the value criterion (T3) first all possible projections are computed. Then an SMT
encoding based on the given rules and theory is constructed and a model of the
encoding (if it exists) delivers suitable projections that establish termination. An
explicit boolean flag in the SMT encoding determines if a strict or weak decrease
is achieved. The special variant with projections to suitable linear combinations
(T6) encodes this by attaching unknown constants to the projected arguments
and summing them up. Those unknowns are then determined by the SMT solver.
The (special) value criterion is currently restricted to the theory of integers as
suitable well-founded orderings are required. For the integer theory we use n ≻ m
if n > m ∧ n ⩾ 0 holds.

Method (T4) receives a DP problem as input and tries to transform it into
a smaller one by orienting strictly as many dependency pairs as possible. It is
parameterized by a list of termination methods which are applied on the DP
problem. The first one which succeeds determines the remaining problem to be
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solved. Before trying to solve the latter, (T1) is used to decompose it into smaller
problems.

Features. Via the command-line arguments several features of crest can be ac-
cessed. This includes control over the number of threads in the concurrent setup,
the overall timeout of the analysis, or if proof output and debug output should be
printed. Furthermore, (parallel) critical pairs or the dependency graph approxi-
mation of a given LCTRS problem can be computed. The interface also offers a
way to transform an LCTRS into a fully sorted LCTRS in the ARI format. In
order to alter the default strategy for the analysis, crest offers a very basic strat-
egy language to specify which methods should be used. Detailed information is
provided in the usage information of the supplemented artifact.

5 Improving the Analysis via Transformations

In this section we present new transformations which are especially useful for
confluence analysis. These transformations operate on either rules or constrained
critical pairs and split or unify those based on their constraints.

Splitting Constrained Critical Pairs

If a constrained critical pair has more than one instance, which is almost always
the case, and they cannot all be rewritten by a single rule, then we are not
able to perform any rewrite step. To overcome this problem we propose a simple
method to split constrained critical pairs.

Definition 2. Given an LCTRS R, a constrained critical pair ρ : s ≈ t [φ ] ∈
CCP(R) and a constraint ψ ∈ T (Fth,Var(φ)), the set CCP(R)ψρ is defined as
(CCP(R) \ {ρ}) ∪ {s ≈ t [φ ∧ ψ ], s ≈ t [φ ∧ ¬ψ ]}.

The following key lemma states that after splitting critical pairs, all conflu-
ence methods are still available. The proof is given in the appendix of [37].

Lemma 2. If t R← s→R u then t ↓R u or t↔CCPψρ (R) u.

We illustrate the lemma on the LCTRS in Example 3.

Example 5. Consider the CCP g(x) ≈ h(x) [φ ] with φ : x ⩾ 1 ∧ x ⩽ 2 from
Example 3. It is neither in normal form nor trivial. Since the subterm g(x)
matches the left-hand side of the rule g(x) → a [x = 1 ] (which is how crest
renders the rule g(1)→ a), and the combined constraint φ∧ x = 1 is satisfiable,
the CCP is split into

g(x) ≈ h(x) [φ ∧ x = 1 ] and g(x) ≈ h(x) [φ ∧ x ̸= 1 ]

The left one rewrites to the trivial constrained equation a ≈ a [φ∧ x = 1 ] using
the rules g(x) → a [x = 1 ] and h(x) → a [x ⩽ 1 ]. The right one is rewritten
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to b ≈ b [φ ∧ x ̸= 1 ] using the rules g(x) → b [x ⩽ 2 ] and h(x) → b [x > 1 ].
Hence the LCTRS R is locally confluent by Lemma 2. Using RPO with the
precedence f > g > h > a > b > c, termination of R is easily shown and hence
R is confluent.

The following example shows that constrained critical pairs may be split
infinitely often before local confluence can be verified.

Example 6. Consider the LCTRS R over the theory Ints consisting of the rules

a→ f(n) [n ⩾ 0 ] a→ g(n) [n ⩾ 0 ]

f(n)→ b [n = 0 ] g(n)→ b [n = 0 ]

f(n)→ f(m) [n > 0 ∧ 2 ∗m = n ] g(n)→ g(m) [n > 0 ∧ 2 ∗m = n ]

f(n)→ f(m) [n > 0 ∧ 2 ∗m+ 1 = n ] g(n)→ g(m) [n > 0 ∧ 2 ∗m+ 1 = n ]

This LCTRS has a constrained critical pair f(n) ≈ g(m) [n ⩾ 0 ∧m ⩾ 0 ∧ n =
n∧m = m ] originating from a. To show confluence of R we would need to split
the pair in order to make rules applicable for joining a specific instance. However,
there are infinitely many instances with pairwise different joining sequences.

The next example shows that splitting also helps to prove non-confluence.

Example 7. Consider the LCTRS R in Example 3. By changing the constraint of
the rule f(x)→ g(x) [x ⩾ 1 ] to [x ⩾ 0 ] we obtain a non-confluent LCTRS. This
is shown by splitting the constrained critical pair g(x) ≈ h(x) [x ⩾ 0 ∧ x ⩽ 2 ],
and subsequently showing that g(x) ≈ h(x) [x < 1 ∧ x ⩾ 0 ∧ x ⩽ 2 ] rewrites to
the non-trivial normal form c ≈ a [x < 1 ∧ x ⩾ 0 ∧ x ⩽ 2 ].

Merging Constrained Rewrite Rules

Next we discuss the merging of constrained rewrite rules. The idea here is that
rewrite steps may become possible after merging similar rules.

Definition 3. Let ρi : ℓi → ri [φi ] for i = 1, 2 be variable-disjoint rewrite rules
in an LCTRS R. Suppose there exists a renaming σ such that ℓ1 = ℓ2σ, r1 = r2σ
and Var(φ1) = Var(φ2σ). The LCTRS Rρ2ρ1 is defined as

(R \ {ρ1, ρ2}) ∪ {ℓ1 → r1 [φ1 ∨ φ2σ ]}

The easy proof of the following lemma is omitted.

Lemma 3. The relations →R and →Rρ2
ρ1

coincide.

Example 8. The LCTRS R over the theory Ints consisting of the rewrite rules

f(x)→ 2 [1 ⩽ x ∧ x ⩽ 3 ] g(x)→ h(x) h(x)→ y [x = 2 ∧ y = x ]

f(x)→ g(x) [2 ⩽ x ∧ x ⩽ 4 ] h(x)→ y [x = 3 ∧ y = 2 ]
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admits the constrained critical pair 2 ≈ g(x) [1 ⩽ x ∧ x ⩽ 3 ∧ 2 ⩽ x ∧ x ⩽ 4 ].
After rewriting the subterm g(x) to h(x), no further step is possible because the
rewrite rules for h are not applicable. However, if we merge the two rules for h
into

h(x)→ y [(x = 2 ∧ y = x) ∨ (x = 3 ∧ y = 2)]

we can proceed as 1 ⩽ x∧ x ⩽ 3∧ 2 ⩽ x∧ x ⩽ 4 implies ((x = 2∧ y = x)∨ (x =
3 ∧ y = 2))σ for σ(y) = 2. This is exactly how crest operates.

6 Experimental Evaluation

In this section we show the progress of crest since the start of its development
in early 2023. Initial experiments of an early prototype of crest were reported
in [34]. In the following tables the prototype of [34] is denoted by prototype. Since
then more criteria for (non-)confluence and termination were added, and parts
of the tool infrastructure were completely revised. Detailed results are available
from the website of crest and the artifact of the experiments at the Zenodo
repository [36].

All experiments were performed using the benchexec11 benchmarking frame-
work which is also used in the StarExec cluster. The benchmark hardware
consists of several Intel Xeon E5-2650 v4 CPUs having a base clock speed of
2.20GHz, amounting in total to 64 cores and 128 GB of RAM. As benchmarks
we use the problems in the new ARI database12 in addition to the examples
from this paper.

Tool Setup. Each tool receives an ARI benchmark as input and should return ei-
ther "YES" (property was proved), "NO" (property was disproved) or "MAYBE"
(don’t know) as the first line of its output. In the tables we represent those with
✓, ✗ and ?, respectively. The fourth category depicted by † denotes that the
translation from the ARI format to the input format of the respective tool failed.
In order to have a realistic setup, a tool has 4 cores including 8 GB of RAM
available for each run. Each tool has 60 seconds to solve a problem before it is
killed. Since we have no information about how many threads the other tools
use, in the experiments we use CPU time over wall-clock time in order to have
a fair comparison.

Our tool crest is split into different binaries depending on the analysis. The
most important ones are crest-cr for confluence and crest-sn for termina-
tion. We use those two including an additional flag to allow at most 8 threads
for the concurrent setup. The default strategy for confluence uses all methods
concurrently and where specific methods are tested we restrict to those using our
strategy flag. For the default termination setup we use reduction pairs including

11 https://github.com/sosy-lab/benchexec/
12 https://ari-cops.uibk.ac.at/ARI/
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Table 1. Confluence analysis of examples.

tool 1 2 3 6 7 8

crest ✓ ✓ ✓ ? ✗ ✓

CRaris ? ? ? ? ? ?
Ctrl ✓ ? ? ? ? ?
prototype ✓ ✓ ? ? ? ?

dependency graph analysis, recursive path order, (special) value criterion and
subterm criterion.

Cora, Ctrl and the prototype of [34] do not accept the ARI format as input.
We have developed transformation tools which (try to) transform an ARI bench-
mark into their respective input. This might not always be possible, hence the
transformation tool might fail, which is the reason why we do not distinguish
tool (parse) errors from "MAYBE".

Examples. In Table 1 we compare the LCTRS confluence tools on the examples
in this paper. crest only fails on Example 6, which is a confluent LCTRS, but
for which no automatable method is known.

Confluence Competition. The last (2024) Confluence Competition13 hosted the
first LCTRS category, with crest and CRaris as participants. The former achieved
67 confluence and 26 non-confluence proofs on a total of 100 selected problems
from the ARI database. CRaris, which does not (yet) implement techniques for
non-confluence achieved 54 confluence proofs. Currently, crest is the only tool
utilizing a criterion for non-confluence of LCTRSs.

Confluence. All confluence criteria implemented in crest, except (C2), require
left-linearity. For (C3) right-linearity is also required. Left- and right-linearity
is checked only on the non-logical variables. Table 2 presents a summary of the
confluence methods implemented in crest. The full set of benchmarks consists
13 https://project-coco.uibk.ac.at/2024/index.php

(format LCTRS :smtlib 2.6)
(theory Ints)
(fun f (-> Int Int))
(fun g (-> Int Int Int))
(fun a Int)
(rule (f a) (g 4 4))
(rule a (g (+ 1 1) (+ 3 1)))
(rule (g x y) (f (g z y)) :guard (= z (- x 2)))

Fig. 2. ARI file 1529 (without sort annotations and meta information).
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Table 2. Confluence analysis using methods in crest on 107 LCTRSs.

criterion solved time (AVG) time (total)

termination and joinable critical pairs (C2) 50 4.55 s 487 s
orthogonality (C1) 62 0.10 s 11 s
weak orthogonality (C1) 65 0.12 s 13 s
strongly closed critical pairs (C3) 56 1.21 s 129 s
parallel closed critical pairs (C4) 66 0.44 s 47 s
almost parallel closed critical pairs (C4) 70 11.03 s 1180 s
development closed critical pairs (C5) 66 0.39 s 42 s
almost development closed critical pairs (C5) 71 2.06 s 220 s
parallel closed parallel critical pairs (C6) 71 13.93 s 1490 s

all confluence methods (C1)–(C6) 72 8.40 s 899 s
non-confluence (Lemma 1) 26 1.96 s 210 s
methods (C1)–(C6) + (Lemma 1) 98 1.84 s 197 s

total solved 98 — —

of the 107 problems in the ARI database. crest can prove in a full run with all
methods enabled 72 confluent and 26 non-confluent. Of the remaining 9 prob-
lems, 2 result in "MAYBE" and 7 in a timeout. Interesting to observe is that
(almost) development closedness is way faster than (almost) parallel closedness,
which may be due to the fact that less multi-steps than parallel steps are needed
to turn a constrained critical pair into a trivial one. The number 72 is explained
by the fact that (C5) and (C6) are incomparable: (C5) succeeds on the problem
in Fig. 1 but fails on the one in Fig. 2, while the opposite holds for (C6).

In Table 3 we compare all confluence tools on the same 107 LCTRS problems.
Ctrl supports only weak orthogonality and CRaris in addition the Knuth–Bendix
criterion. Overall crest is able to solve 92 % of the LCTRS problems in the current
ARI database and this percentage is reached even if the timeout is restricted to

Table 3. Confluence analysis of LCTRS tools on 107 LCTRSs.

tool ✓ ✗ ? † solved time (AVG) time (total)

CRaris 58 0 49 — 54 % 0.13 s 14 s
crest 72 26 9 — 92 % 1.84 s 197 s
Ctrl 54 0 49 4 50 % 0.17 s 18 s
prototype 67 0 37 3 63 % 1.14 s 122 s

total solved 72 26 — — 92 % — —
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Table 4. Termination analysis using methods in crest on 107 LCTRSs.

method solved time (AVG) time (total)

DP graph (T1) 9 0.08 s 9 s
recursive path order (T2) 27 0.11 s 12 s
recursive path order (T1), (T2) 28 0.11 s 12 s
subterm criterion (T1), (T5) 12 0.12 s 13 s
value criterion (T1), (T3) 34 0.13 s 14 s
special value criterion (T1), (T6) 70 0.12 s 13 s
reduction pairs no SVC (T1)–(T5) 37 0.14 s 15 s
default (T1)–(T6) 74 0.15 s 16 s

total solved 74 — —

10 seconds. The prototype of [34] supports the methods (C1), (C3), (C4) and
proves 67 (63 %) confluent within 122 seconds.

Termination. In Table 4 we compare the different termination methods in crest.
The "dependency graph" method corresponds to (T1) with a check for the ab-
sence of SCCs, "recursive path order" corresponds to (T2), "subterm criterion"
to (T5), "(special) value criterion" to (T3) ((T6)) and "reduction pairs" to (T4).
The methods annotated with (T1) work on DP problems and are applied after
an initial dependency graph analysis. The method "reduction pairs no SVC"
uses (T2), (T3) and (T5) and "default" includes additionally (T6). The latter
constitutes the current default setup in crest.

We continue the evaluation by comparing crest to other termination tools for
LCTRSs. For this comparison we use the higher-order tool Cora and Ctrl. The
experiments in Table 5 show that the tools are comparable in strength on the
LCTRS benchmarks in the ARI database, which is not that surprising as the
implemented methods are similar. All tools together prove 73 % of the LCTRSs
in the ARI database terminating. All those tools fail on the bit vector problem
in Fig. 3 whereas CRaris is able to prove termination (Naoki Nishida, personal

Table 5. Termination analysis of LCTRS tools on 107 LCTRSs.

tool ✓ ? † solved time (AVG) time (total)

Cora 71 30 6 66 % 2.47 s 264 s
crest 74 33 — 69 % 0.15 s 16 s
Ctrl 74 29 4 69 % 0.96 s 103 s

total solved 78 — — 73 % — —
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(format LCTRS :smtlib 2.6)
(theory FixedSizeBitVectors)
(fun cnt (-> (_ BitVec 4) (_ BitVec 4)))
(fun u1 (-> (_ BitVec 4) (_ BitVec 4) (_ BitVec 4) (_ BitVec 4)))
(rule (cnt x) (u1 x #b0000 #b0000) )
(rule (u1 x i z) (u1 x (bvadd i #b0001) (bvadd z #b0001))

:guard (bvult i x)))
(rule (u1 x i z) z :guard (not (bvult i x))))

Fig. 3. ARI file 1605 (without sort annotations and meta information).

communication). A fork of the official version of Ctrl14 implements the technique
of [33] for non-termination of LCTRSs. Initial experiments reveal that it succeeds
to prove non-termination of 8 problems in Table 5.

Term Rewrite Systems. In the final experiment we compare crest with the state-
of-the-art in automated confluence proving for TRSs. After parsing an input
TRS, crest attaches a single sort to all function symbols and variables, and
adds an empty constraint to all rules. At this point the TRS can be analyzed
as an LCTRS. We compare crest to the latest winner of the TRS category in
the Confluence Competition, CSI [32], on the 566 TRS benchmarks in the ARI
database. The results can be seen in Table 6. Keeping in mind that there is
some overhead in the analysis of crest on TRSs as all its methods are geared
towards the constrained setting, the 31 % mark is not a bad result. Here it is
important to note that CSI has been actively developed over a ten-year period
and utilizes many more confluence methods—there is several decades of research
on confluence analysis of TRSs while LCTRS confluence analysis is still in its
infancy.

7 Conclusion and Future Work

In this paper we presented crest, an open-source tool for automatically proving
(non-)confluence and termination of LCTRSs. Detailed experiments were pro-
vided to show the power of crest.
14 https://github.com/bytekid/ctrl

Table 6. Confluence analysis of crest and CSI on 566 TRSs.

tool ✓ ✗ ? solved time (AVG) time (total)

crest 100 73 393 31 % 15.87 s 8980 s
CSI 259 192 115 80 % 6.25 s 3540 s

total solved 259 192 — 80 % — —
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(format LCTRS :smtlib 2.6)
(theory Reals)
(fun sumroot (-> Real Real))
(fun sqrt (-> Real Real))
(rule (sumroot x) 0.0 :guard (>= 0.0 x))
(rule (sumroot x) (+ (sqrt x) (sumroot (- x 1.0)))

:guard (not (>= 0.0 x)))

Fig. 4. ARI file 1549 (without meta information).

In order to further strengthen the (non-)confluence analysis in crest we plan
to adapt powerful methods like order-sorted decomposition [12] and redundant
rules [31, 38] for plain term rewriting to the constrained setting. Labeling tech-
niques [41] are also on the agenda. The same holds for termination analysis. Natu-
ral candidates are matrix interpretations [11] as well as the higher-order methods
in [14]. Especially termination problems on real values, like the one in Fig. 4,
should be supported in future. Also non-termination analysis of LCTRSs [33] is
of interest. Completion, which is supported in Ctrl [39], is another topic for a
future release of crest. In a recent paper [2] the semantics of LCTRSs is investi-
gated. In that context, concepts like checking consistency of constrained theories
are relevant, which are worthy to investigate from an automation viewpoint.

Since constrained rewriting is highly complex [35, Section 3], a formalization
of the implemented techniques in a proof assistant like Isabelle/HOL is impor-
tant. The recent advances in the formalization and subsequent certification of
advanced confluence techniques [16,21,22] for plain rewriting in connection with
the transformation in [35, Section 4] make this a realistic goal.

Finally, to improve the user experience we aim at a convenient web interface
and a richer command-line strategy.

Code and Availability Statement. The source code and data that support the
contributions of this work are freely available in the Zenodo repository “crest
- Constrained REwriting Software Tool: Artifact for TACAS 2025” at https:
//doi.org/10.5281/zenodo.13969852 [36]. The authors confirm that the data sup-
porting the findings of this study are available within the paper and the artifact.
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Multiparty Session Typing, Embedded

Abstract. Multiparty session typing (MPST) is a method to make con-
current programming simpler. The idea is to use type checking to auto-
matically detect safety and liveness violations of implementations relative
to specifications. In practice, the premier approach to combine MPST
with mainstream languages—in the absence of native support—is based
on external DSLs and associated tooling.
In contrast, we study the question of how to support MPST by using
internal DSLs. Answering this question positively, this paper presents
the mpst.embedded library: it leverages Scala’s lightweight form of de-
pendent typing, called match types, to embed MPST directly into Scala.
Our internal-DSL-based approach avoids programming friction and leaky
abstractions of the external-DSL-based approach for MPST.

1 Introduction

Background With the advent of multicore processors, multithreaded program-
ming—a notoriously error-prone enterprise—has become increasingly important.

Because of this, mainstream languages have started to offer core support for
higher-level communication primitives besides lower-level synchronisation prim-
itives (e.g., Clojure, Go, Kotlin, Rust). The idea has been to add message passing
as an abstraction for shared memory, as—supposedly—channels are easier to use
than locks. Yet, empirical research shows that “message passing does not neces-
sarily make multithreaded programs less error-prone than shared memory” [33].

One of the core challenges is as follows: given a specification S of the com-
munication protocols that an implementation I should fulfil, how to prove that I
is safe and live relative to S? Safety means “bad” communication actions never
happen: if a communication action happens in I, then it is allowed to happen
by S. Liveness means “good” communication actions eventually happen.

Multiparty session typing (MPST) MPST [16] is a method to automatically
prove safety and liveness of communication protocol implementations relative
to specifications. The idea is to write specifications as behavioural types [1, 19]
against which implementations are type-checked. Formally, the central theorem is
that well-typedness at compile-time implies safety and liveness at run-time. Over
the past 10–15 years, much progress has been made, including the development
of many tools to combine MPST with mainstream languages (e.g., F# [29],
F⋆ [36], Go [5], Java [17, 18], OCaml [20], Rust [26, 27], Scala [2, 6, 12, 30], and
TypeScript [28]). Fig. 1 visualises the idea behind MPST in more detail:
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Fig. 1: MPST
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(a) Run 1
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Reject

(b) Run 2
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Propose(5)
Propose(11)
Propose(6)
Propose(11)

Reject

(c) Run 3

Fig. 2: A few possible runs of the Negotation protocol

1. First, a protocol among roles r1, . . . , rn is implemented as a session of pro-
cesses P1, . . . , Pn (concrete), while it is specified as a global type G (abstract).
The global type models the behaviour of all processes together.

2. Next, G is decomposed into local types L1, . . . , Ln by projecting G onto each
role. Each local type models the behaviour of one process alone.

3. Last, safety and liveness are verified by type-checking each Pi against Li.

Example 1. The Negotiation protocol, originally defined in the MPST literature
by Neykova et al. [29], consists of roles Alice and Bob. Fig. 2 shows three possible
runs. First, a proposal is communicated from Alice to Bob. Next, its acceptance,
rejection, or a counter-proposal is communicated from Bob to Alice. Next:

– In case of an acceptance, a confirmation is communicated from Alice to Bob.
– In case of a rejection, the protocol ends.
– In case of a counter-proposal, its acceptance, rejection, or another counter-

proposal is communicated from Alice to Bob. And so on.

The following recursive global type specifies the protocol:

G = aaa_bbb:Propose(Int).µX.bbb_aaa:


Accept.aaa_bbb:Confirm.✓

Reject.✓

Propose.aaa_bbb:


Accept.bbb_aaa:Confirm.✓

Reject.✓

Propose(Int).X

Global type p_q :{ti .Gi}1≤i≤n specifies the communication of a value of data
type ti from role p to role q, followed by Gi, for some 1≤ i≤n; we omit braces
when n=1. Global type ✓ specifies termination. The following recursive local
type, projected from the global type, specifies Bob (Alice is similar):

Lbbb = aaabbb?Propose(Int).µX.bbbaaa !


Accept.aaabbb?Confirm.✓
Reject.✓

Propose.aaabbb?


Accept.bbbaaa !Confirm.✓
Reject.✓

Propose(Int).X

Local types pq !{ti .Li}1≤i≤n and pq?{ti .Li}1≤i≤n specify the send and receive
of a value of data type ti from role p to role q, followed by Li, for some 1≤ i≤n;
we omit braces when n=1. Local type ✓ specifies termination. The following
process, well-typed by the local type, implements a version of Bob:

S.-S. Jongmans
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global
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Fig. 3: Workflow of external-DSL-based MPST tools

Pbbb = sJaaabbbK?_:Propose(Int) .
loops sJaaabbbK !propose(11) . sJaaabbbK?


_:Accept . sJaaabbbK !confirm . 0
_:Reject . 0

_:Propose(Int) . recurs

Process xJpqK !e implements the send of the value of expression e from role p to
role q, followed by P , in session x. Process xJpqK?{xi :ti .Pi}1≤i≤n implements the
receive of a value of data type ti into variable xi, followed by Pi, in session x, for
some 1≤ i≤n; we omit braces when n=1. Process 0 implements termination.
Processes loopx P and recurx implement iteration in session x. ⊓⊔

In practice [34], the premier approach to combine MPST with mainstream
languages—in the absence of native support—is based on: (1) external DSLs1

to write global types; (2) associated tooling to generate corresponding code in
mainstream languages, including Scribble [17,18], its extensions [5,8,9,26–30,36],
StMungo [25], mpstpp [24], νScr [35], Pompset [6], Teatrino [2], and Oven [12].

The key ideas of the external-DSL-based approach were originally conceived
by Deniélou, Hu, and Yoshida. It is based on two insights: local types can be
interpreted as finite-state machines (FSM) [10,11], where states and transitions
model sends and receives; FSMs can be encoded as object-oriented application
programming interfaces (API) [17, 18], where classes and methods model states
and transitions. Fig. 3 visualises the workflow. First, the programmer writes a
global type in a DSL; this is the input of the MPST tool. Next, the MPST tool
projects the global type to local types, interprets the local types as FSMs, and
encodes the FSMs as APIs in the mainstream language; this is the output of the
MPST tool. Last, the programmer uses the APIs to write processes.

Example 2. Fig. 4 shows a global type for Negotiation (cf. G in Exmp. 1), writ-
ten in the external DSL of Scribble. Statement t from p to q specifies the com-
munication of a value of data type t from p to q. Statement choice at r { G1

} or · · · or { Gk } specifies a choice among G1, . . . , Gk made by r.
Fig. 5 shows the FSM for Bob, derivable from Fig. 4. Transition labels pq !t

and pq?t specify the send and receive of a value of data type t from p to q.
Fig. 6 shows a callback-based API for Bob in Scala, derivable from Fig. 5.

Trait Si in the API corresponds with state i of the FSM; methods of trait Si

1 A domain-specific language (DSL) is either external or internal. External DSLs are
stand-alone languages with their own dedicated syntax, while internal DSLs are
embedded languages into a general-purpose language (GPL) with syntax inherited
from that GPL. Both approaches have advantages and disadvantages [13].
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Propose from A to B; rec X {
choice at B

{ Accept from B to A;
Confirm from A to B; }

or { Reject from B to A; }
or { Propose from B to A;

choice at A
{ Accept from A to B;

Confirm from B to A; }
or { Reject from A to B; }
or { Propose from A to B;

continue X; } } }

Fig. 4: Global type for Negotation (Scribble)

1

2 3

4 5 6

AB?Propose

BA !Propose

BA
!A
cc
ep
t BA !Reject

AB?Propose

AB
?R
ej
ec
t AB?Accept

AB?Confirm
BA !Confirm

Fig. 5: FSM for Bob

trait Loop[S]:
def loop(f: ((S => S5, S) => S5)): S5

trait S1:
def recvFromA(f: (Propose , S2) => S5): S5

trait S2 extends Loop[S2]:
def sendToA(v: Accept , f: S4 => S5): S5
def sendToA(v: Reject , f: S5 => S5): S5
def sendToA(v: Propose , f: S3 => S5): S5

trait S3 extends Loop[S3]:
def recvFromA(f1: (Accept , S6) => S5,

f2: (Reject , S5) => S5 ,
f3: (Propose , S2) => S5): S5

... // traits S4 , S5 , and S6

Fig. 6: Callback-based API for Bob (Scala)

class Propose(val x: Int)
class Accept
class Reject
class Confirm

val v = new Propose (11)

def bob(s1: S1): S5 =
s1.recvFromA ((x, s2) =>

s2.loop((recur , s2) =>
s2.sendToA(v, s3 =>

s3.recvFromA(
(_, s6) =>

s6.sendToA (...),
(_, s5) => s5 ,
(_, s2) =>

recur(s2)))))

Fig. 7: Process for Bob

correspond with transitions of state i. Traits S2 and S3 also extend trait Loop
to be able to start callback-based iteration in states 2 and 3 (i.e., these are the
only states on a cycle in the FSM) in a type-sound manner. We note that each
method and each callback returns a value of type S5 to ensure that the program
can terminate only when the final state has been reached.

To demonstrate the usage of the API, Fig. 7 shows a process for Bob (cf. P
in Exmp. 1). The idea is to write a function, bob, that consumes an “initial state
object” s1 as input and produces a “final state object” s5 as output. First, the
only communication action that can be performed, is the one for which s1 has a
method (receiving). When that method is called, the actual receive is performed,
and the callback is called with the received value x and a fresh “successor state
object” s2. Next, the only communication actions that can be performed, are
the ones for which s2 has a method (sending). And so on. ⊓⊔

This work The external-DSL-based approach is well-established in the MPST
literature: it is used in all MPST tools [5, 6, 8, 9, 12, 17, 18, 20, 24–30, 35, 36] that
support classical MPST as in Fig. 1 (global types and projection; fully automatic;
static up-to linearity). However, despite the major impact, it has two weaknesses:
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Programming friction: The usage of an external DSL to specify protocols as
global types causes programming friction. In general, this is a well-document-
ed issue with external DSLs (e.g., [13]): new syntax needs to be learned; new
tools to edit DSL code need to be adopted; extra effort is needed to intermix
DSL code with the mainstream language.

Leaky abstractions: As demonstrated in Exmp. 2, APIs generated by MPST
tools leak internal details: global types are essentially declarative, whereas
the FSMs that seep through the APIs are essentially imperative. This repre-
sentational gap causes dissonance between the level of abstraction at which
global types are produced by the programmer (before API generation), and
the level of abstraction at which local types are consumed by that same
programmer in terms of FSMs (after API generation).

To avoid these weaknesses, we explore a different approach and study the
question of how to support classical MPST by using internal DSLs. Answer-
ing this question positively, we present the mpst.embedded library: it leverages
Scala’s “lightweight form of dependent typing” [3], called match types, to embed
global/local types directly into Scala. As a result, mpst.embedded offers a fric-
tionless interface between global/local types and processes (i.e., no new syntax,
editors, or other tools need to be adopted). Moreover, mpst.embedded avoids leaky
abstractions by not relying on FSMs; global/local types are first-class citizens.

In this way, mpst.embedded is the first internal-DSL-based MPST tool that
supports all key aspects of classical MPST as in Fig. 1 (unlike Imai et al. [20], who
do not support n-ary choice and require extra manual work to guide projection).
This is a significant contribution, because: (a) internal DSLs have advantages
over external DSLs, but (b) it is far from obvious how to build an internal DSL
for MPST in a mainstream language without native support for session types.

Technically, to apply classical MPST and offer static guarantees, some form
of compile-time computation is needed. This is the role of match types. They
are essentially match expressions at the type level, which are evaluated by the
Scala compiler as part of its static analysis, and which we use in this work to
embed MPST theory. That is, the Scala compiler can check the typing rules of
MPST theory by evaluating carefully crafted match types.

First, through extensive examples, we give an overview of the capabilities of
mpst.embedded (Sect. 2 and Sect. 3). Next, we present technical details (Sect. 4).
Last, we conclude this paper with related work and future work (Sect. 5).

2 A Tour of mpst.embedded: Basic Features

Global types Fig. 8 (top rows) shows the correspondence between global types
in mpst.embedded and in MPST theory. In mpst.embedded, each global type G is
built from classes Com, End, Loop, and Recur. The third type parameter of Com is
an n-ary product type, called “the branches”. Type parameter X of Loop is bound
in type parameter G to the whole Loop[X, G], to embed a recursive type. Each
role p or q, and each recursion variable X, is a Scala string literal type (e.g.,
"foo" is a type with one inhabitant, "foo"). Each data type t is a Scala type.
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Global types:
Com[p, q, ((t1, G1), . . ., (tn, Gn))], p_q :{ti .Gi}1≤i≤n,
End, Loop[X, G], Recur[X] ✓, µX.G, X
Local types:
Send[p, q, ((t1, L1), . . ., (tn, Ln))], pq !{ti .Li}1≤i≤n,
Recv[p, q, ((t1, L1), . . ., (tn, Ln))], pq?{ti .Li}1≤i≤n,
End, Loop[X, L], Recur[X] ✓, µX.L, X
Processes
x.send(q, e, (_) => P), xJpqK !e,
x.recv(p, ((x1: t1, _) => P1, . . ., (xn: tn, _) => Pn)), xJpqK?{xi :ti .Pi}1≤i≤n,
x.loop((recur, _) => P), recur(x) loopx P , recurx

Fig. 8: Correspondence between mpst.embedded (left) and MPST theory (right)

Example 3. Fig. 9 shows a global type for Negotiation (cf. G in Exmp. 1). ⊓⊔

Local types and projection Fig. 8 (middle rows) shows the correspondence
between local types in mpst.embedded and in MPST theory. We add that local
types can be computed from global types fully automatically and statically via
type Proj: the Scala compiler reduces Proj[G, r] to the projection of G onto r.

Example 4. Fig. 10 shows a local type for Bob (cf. Lbbb in Exmp. 1). Alternatively,
it can be computed by having the Scala compiler reduce Proj[S, "B"]. ⊓⊔

Processes and type checking Fig. 8 (bottom rows) shows the correspondence
between processes in mpst.embedded and in MPST theory. In mpst.embedded, each
process is a sequence of calls to methods send, recv, loop, and recur of class Local.
This generic class has two type parameters: one to represent a role (enacted by
the process), and another one to represent a local type (with which the process
must comply). In turn, instances of Local are obtained through calls to method
init of class Global. This generic class has one type parameter to represent a
global type (with which all processes must comply). Method init consumes a
role, initialises the session for it, and produces a Local object for it. Calls to init
are blocking : they return only when all processes have called init.

Intuitively, Global and Local objects represent executable sessions from the
global and local perspective, leveraging the same abstractions as the global and
local types by which they are parametrised (no leaky abstractions).

Example 5. Fig. 11 shows processes for Alice and Bob on lines 1–19 and 21–31
(cf. P in Exmp. 1), plus session initiation on lines 33–35. We make three remarks:

– The process for Bob looks similar to Fig. 7. However, Fig. 11 is defined in
terms of communication actions in a session (Local objects), whereas Fig. 7
is defined in terms of transitions of an FSM (Si objects).
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1 type S =
2 Com["A", "B", ((Propose ,
3 Loop["X",
4 Com["B", "A", (
5 (Accept , Com["A", "B", ((Confirm , End))]),
6 (Reject , End),
7 (Propose , Com["A", "B", (
8 (Accept , Com["B", "A", ((Confirm , End))]),
9 (Reject , End),
10 (Propose , Recur["X"]))]))]]))]

Fig. 9: Global type for Negotiation

1 type `S@B ` = // equivalent to Proj[S, "B"] -- S is defined in Fig. 9
2 Recv["A", "B", ((Propose ,
3 Loop["X",
4 Send["B", "A", (
5 (Accept , Recv["A", "B", ((Confirm , End))]),
6 (Reject , End),
7 (Propose , Recv["A", "B", (
8 (Accept , Send["B", "A", ((Confirm , End))]),
9 (Reject , End),
10 (Propose , Recur["X"]))]))]]))]

Fig. 10: Local type for Bob

1 def alice(
2 s: Local["A", Proj[S, "A"]] // S is defined in Fig. 9
3 ): Local["A", End] =
4 s.send("B", new Propose (5), s =>
5 s.recv("B", (
6 (_, s) => s.send("B", new Confirm , s => s),
7 (_, s) => s,
8 (v, s) =>
9 if
10 v.x < 11
11 then
12 s.send("B", new Accept , s =>
13 s.recv("B", (_, s) => s))
14 else
15 s.send("B", new Propose (6), s =>
16 s.recv("B", (
17 (_, s) => s.send("B", new Confirm , s => s),
18 (_, s) => s,
19 (_, s) => s.send("B", new Reject , s => s)))))))
20

21 def bob(
22 s: Local["B", `S@B `] // `S@B ` is defined in Fig. 10
23 ): Local["B", End] =
24 s.recv("A", (_, s) =>
25 s.loop((recur , s) =>
26 // val error = s // redundant line -- only used in Exmp. 6
27 s.send("A", new Propose (11), s =>
28 s.recv("A", (
29 (_, s) => s.send("A", new Confirm , s => s),
30 (_, s) => s,
31 (_, s) => recur(s))))))
32

33 val s = new Global[S]
34 val _ = new Thread (() => { alice(s.init["A"]); () }). start
35 val _ = new Thread (() => { bob (s.init["B"]); () }). start

Fig. 11: Processes for Alice and Bob
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– The process for Bob exactly mimics the recursive structure of local type
`S@B`. Such mimicry is not a general requirement for well-typed processes,
as demonstrated by the process for Alice: instead of exactly mimicking the
recursive structure of Proj[S, "A"] (which has a similar recursive structure
as S in Fig. 9), it mimics two unfoldings of Proj[S, "A"], followed by termi-
nation. That is, lines 5–15 in Fig. 11 comply with the first unfolding, while
lines 16–19 comply with the second unfolding, without entering a loop. ⊓⊔

Using mpst.embedded, the Scala compiler statically checks for each call α
on a Local object, parametrised by local type L, whether or not α complies
with L. If not, the Scala compiler reports an error. In this way, mpst.embedded
assures that well-typedness at compile-time implies safety and liveness at run-
time, modulo linear usage of Local objects (checked dynamically), and modulo
non-terminating/exceptional behaviour (unchecked). These two provisos are
standard for MPST tools. As the type parameters of Local objects are erased at
compile-time, only generic Local objects exist at run-time.

Example 6. The following protocol violations are reported at compile-time:

– In Fig. 11, replace line 29 with one of the following:
(_, s) => s.send("A", new Reject , s => s), // wrong data type

(_, s) => s.send("C", new Confirm , s => s), // wrong receiver

(_, s) => s.recv("A", (_, s) => s), // wrong communication action

– In Fig. 11, uncomment line 26 and replace line 31 with:
(_, s) => recur(error )))))) // wrong recursive type

The following protocol violation is reported as an error at run-time:

– In Fig. 11, replace line 31 with:
(_, s) => { recur(s); recur(s) }))))) // linearity violation

The technical report [22] contains a screenshot of error reporting. ⊓⊔

Besides protocol violations, additionally, basic well-formedness violations of
global types are reported as errors at compile-time; they are checked as part of
the instantiation of generic class Global (e.g., Fig. 11, line 33). For instance, for
Com[p, q, ((t1, G1), . . ., (tn, Gn))], we always require p ̸= q and n ≥ 1.

3 The Tour, Continued: Advanced Features

Full merging To project global types, an auxiliary partial operator to merge
local types—the projections—is needed. There are two variants [31]: “plain” (ba-
sic) and “full” (advanced). Plain merge is relatively easy to support, but it works
for few local types, so many global types cannot be projected. Conversely, full
merge works for many local types, but it is relatively hard to support. For in-
stance, Imai et al. [20] support only manual full merge (i.e., the programmer must
write extra protocol-specific code to guide the computation of projections). In
contrast, mpst.embedded supports automatic full merge via type Merg: the Scala
compiler reduces Merg[L1, L2] to the full merge of L1 and L2.

S.-S. Jongmans



Multiparty Session Typing, Embedded 153

1 type S =
2 Com["B1", "S", ((String ,
3 Com["S", "B1", ((Int ,
4 Com["S", "B2", ((Int ,
5 Com["B1", "B2", ((Int ,
6 T))]))]))]))]
7

8 type T =
9 Com["B2", "B1", (
10 (Ok ,
11 Com["B2", "S", ((Ok,
12 Com["B2", "S", ((String ,
13 Com["S", "B2", ((Date ,
14 End ))]))]))]) ,
15 (Quit ,
16 Com["B2", "S", ((Quit ,
17 End ))]))]

Fig. 12: Global type for Two-Buyer

1 type `S@S ` = // equiv. Proj[S, "S"]
2 Recv["B1", "S", ((String ,
3 Send["S", "B1", ((Int ,
4 Send["S", "B2", ((Int ,
5 // ignore Int from B1 to B2
6 `T@S `))]))]))]))]
7

8 type `T@S ` = // equiv. Proj[T, "S"]
9 Merg[(

10 // ignore Ok from B2 to B1
11 Recv["B2", "S", ((Ok,
12 Recv["B2", "S", ((String ,
13 Send["S", "B2", ((Date ,
14 End ))]))]))] ,
15 // ignore Quit from B2 to B1
16 Recv["B2", "S", ((Quit ,
17 End ))])]

Fig. 13: Local type for Seller

1 def seller(
2 s: Local["S", Proj[S, "S"]]
3 ): Local["S", End] =
4 s.recv("B1", (_, s) =>
5 val v = 11
6 s.send("B1", v, s =>
7 s.send("B2", v, s =>
8 s.recv("B2", (
9 (_: Ok , s) =>
10 s.recv("B2", (_, s) =>
11 val q: "B2" = "B2"
12 val v = new Date
13 s.send(q, v, s => s)),
14 (_: Quit , s) => s)))))

Fig. 14: Process for Seller

1 // one session between B1, B2, and S
2 type S = ... // Fig. 12
3 type T = ... // Fig. 12
4

5 // another session between B2 and B3
6 type U =
7 Com["B2", "B3", ((Int ,
8 Com["B2", "B3", ((Delegatee ,
9 Com["B3", "B2", (

10 (Ok , End),
11 (Quit , End ))]))]))]
12

13 type Delegatee =
14 Local["B2", Proj[T, "B2"]]

Fig. 15: Global types for Three-Buyer

1 def buyer2( // Three -Buyer version
2 s: Local["B2", Proj[S, "B2"]],
3 u: Local["B2", Proj[U, "B2"]]
4 ): Local["B2", End] =
5 s.recv("S", (x, s) =>
6 s.recv("B1", (y, s) =>
7 u.send("B3", x - y, u =>
8 u.send("B3", s, u =>
9 u.recv("B3", (
10 (_, u) => u, ...))))))

Fig. 16: Process for Buyer2

1 def buyer3(
2 u: Local["B3", Proj[U, "B3"]]
3 ): Local["B3", End] =
4 u.recv("B2", (_, u) =>
5 u.recv("B2", (s, u) =>
6 val v = new Quit
7 u.send("B2", v, u =>
8 s.send("B1", v, s =>
9 s.send("S", v, s => s))

10 u)))

Fig. 17: Process for Buyer3

Example 7. The Two-Buyer protocol, originally defined in the MPST literature
by Honda et al. [16], consists of roles Buyer1, Buyer2, and Seller : “[Buyer1 and
Buyer2] wish to buy an expensive book from Seller by combining their money.
Buyer1 sends the title of the book to Seller, Seller sends to both Buyer1 and
Buyer2 its quote, Buyer1 tells Buyer2 how much she can pay, and Buyer2 either
accepts the quote or rejects the quote by notifying Seller.” We use an extended
version defined by Coppo et al. [7], in which Buyer2 notifies not only Seller about
acceptance/rejection, but also Buyer1. In the case of acceptance, Buyer2 sends
his address to Seller, and Seller sends back the delivery date to Buyer2.
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Fig. 12 and Fig. 13 show a global type for Two-Buyer and a local type for
Seller (split into S/S@S and T/T@S for presentational reasons.) First, we note that
the communication from Buyer1 to Buyer2 on line 5 in the global type has no
counterpart on line 5 in the local type; as Seller does not participate in the
communication, it is simply skipped in the projection. Second, we note that the
communication from Buyer2 to Buyer1 on line 9 in the global type is ignored,
too, but the projections of the two branches do need to be combined into one.
This is achieved by having the Scala compiler reduce

Merg[Recv["B2", "S", ((Ok, ...))], Recv["B2", "S", ((Quit, ...))]]

to Recv["B2", "S", ((Ok, ...), (Quit, ...))].
Fig. 14 shows a process for Seller. It demonstrates that merging is a type-level

concept, hidden from the programmer: the Scala compiler reduces Merg[...] and
type-checks the code against the result transparently. ⊓⊔

Delegation Sessions are higher-order : Local object s for a first session can be
delegated between processes via Local object u for a second session, by sending
s via u. In the presence of delegation, within each session, well-typedness at
compile-time continues to imply safety and liveness at run-time (modulo the
“two provisos”; page 152). However, between sessions, liveness is not assured;
supporting this would require substantial extra technical machinery [7], so none
of the existing MPST tools support it.

Example 8. The Three-Buyer protocol, originally defined in the MPST literature
by Coppo et al. [7], consists of roles Buyer1, Buyer2, Buyer3, and Seller. It
resembles the Two-Buyer protocol, except that Buyer2 can ask Buyer3 to enact
his role on his behalf—unbeknownst to Buyer1 and Seller—through delegation.

Fig. 15 shows global types for Three-Buyer. Global type S specifies the first
sub-protocol among Buyer1, Buyer2, and Seller; it is identical to the global type
for Two-Buyer. Global type U specifies the second sub-protocol between Buyer2
and Buyer3. Notably, line 8 specifies the delegation from Buyer2 to Buyer3.

Fig. 16 shows a process for Buyer2: on lines 1–4, Local objects for two sessions
are consumed as inputs (to engage in two sub-protocols); on lines 5–6, the first
session is used; on lines 7–10, the second session is used; on line 8, the remainder
of the first session is delegated via the second session. Similarly, Fig. 17 shows a
process for Buyer3: on lines 1–3, a Local object for the first session is consumed
as input; on line 5, a Local object for the second session is received.

The process for Seller is exactly the same in Three-Buyer as in Two-Buyer
(Fig. 14). In particular, Seller does not know that it communicates with Buyer3
instead of Buyer2. Thus, delegation is hidden from each role not involved. ⊓⊔

Generic global types By embedding global/local types as Scala types, Scala’s
built-in mechanism of type parametrisation is readily available. This allows the
programmer to write generic global types with type parameters for roles (common
in external-DSL-based MPST tools) and sub-protocols (novel of mpst.embedded).
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1 type T[P <: Role , Q <: Role] =
2 Com[P, Q, ((Propose ,
3 Loop["X",
4 U[Q, P,
5 U[P, Q, Recur["X"]]]]))]

6 type U[P <: Role , Q <: Role , G <: GType] =
7 Com[P, Q, (
8 (Accept , Com[Q, P, ((Confirm , End))]),
9 (Reject , End),

10 (Propose , G))]

Fig. 18: Generic global types for Negotiation

p_q :{ti .Gi}i∈I ↾ p = pq !{ti .Gi ↾ r}i∈I

p_q :{ti .Gi}i∈I ↾ q = pq?{ti .Gi ↾ r}i∈I

p_q :{ti .Gi}i∈I ↾ r =
d
{Gi ↾ r}i∈I if r /∈ {p, q}

✓ ↾ r = ✓

µX.G ↾ r = µX.(G ↾ r)

X ↾ r = X

Fig. 19: Projection in MPST theory

Example 9. To alleviate the repetitive feel of Fig. 9, Fig. 18 shows generic global
types that leverage type parameters. Type U generically specifies the communica-
tion of an acceptance, rejection, or counter-proposal from P to Q (type parameters
for roles), followed by G (type parameter for a sub-protocol) in case of a counter-
proposal; it can be instantiated twice to replace lines 5–7 and lines 8–10 in Fig. 9.
This is done in type T, which generically specifies a role-parametric version of
the whole S in Fig. 9. Thus, T["A", "B"] is equivalent to S in Fig. 9. ⊓⊔

Consistency mpst.embedded also supports explicit consistency checking of sets
of local types. Details can be found in the technical report [22], as they are rather
technical/subtle. We do evaluate consistency checking times in Sect. 4.3, though.

4 Technical Details

As mpst.embedded closely follows MPST theory, and as it uses unique parts of the
Scala type system, first, we summarise a few essential preliminaries (Sect. 4.1).
Next, we describe our embedding of MPST into Scala (Sect. 4.2).

This section focusses on the basic features of Sect. 2. It allows us to keep the
necessary background on MPST theory simple and succinct, while still being
able to explain the general ideas of the embedding into the Scala type system
in sufficient depth. The advanced features of Sect. 3 are based on more complex
theoretical concepts, but their embedding follows similar general ideas.

4.1 Preliminaries

MPST theory We summarise the theory behind classical MPST (Fig. 1):

Global types, local types, and processes: The syntax was defined and ex-
plained in Fig. 8 (right column) and Exmp. 1.

Projection: Let G↾ r denote the projection of G onto r; it is defined in Fig. 19.
The projection of a communication yields a send if r is the sender, a receive if
r is the receiver, or the full merge—denoted by ⊓—of the projected branches
otherwise (i.e., r does not participate in the communication).
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Γ ⊢ e : tj and Γ, x : Lj ⊢ P , for some j ∈ I

Γ, x : pq !{ti .Li}i∈I ⊢ xJpqK !e.P
[Send]

only ✓ local types in Γ

Γ ⊢ 0
[Term]

Γ, x : Li, xi : ti ⊢ Pi, for each i ∈ I

Γ, x : pq?{ti .Li}i∈I) ⊢ xJpqK?{xi :ti .Pi}i∈I
[Recv]

Γ, x : L[µX.L/X] ⊢ P

Γ, x : µX.L ⊢ P
[Unfold]

Fig. 20: Type checking in MPST theory (excerpt)

Type checking: Let Γ ⊢ P denote well-typedness of P in typing environment
Γ ; it is defined in Fig. 20. Rule [Send] states that a send from p to q in x
is well-typed when the local type of x specifies a send, e is well-typed by
tj , and P is well-typed after setting the local type of x to Lj in the typing
environment, for some j. Rule [Recv] states that a receive from p to q in x
is well-typed when the local type of x specifies a receive, and Pi is well-typed
after setting the local type of x to Li in the typing environment, for each
i. Thus, there is asymmetry: for sending, only one send specified must be
implemented, but for receiving, each receive specified must be implemented.

Central theorem: Static well-typedness implies dynamic safety and liveness.

Match types in Scala The main feature of the Scala type system that we take
advantage of in mpst.embedded is match types. We explain it with an example.
Suppose that we need to write a function to convert Ints and Booleans:
type IntOrBoolean = Int | Boolean // type alias for a union type
def convert(x: IntOrBoolean ): IntOrBoolean = x match {

case i: Int => i == 1; case b: Boolean => if b then 1 else 0 }

However, return type IntOrBoolean is not precise enough. For instance, the Scala
compiler fails to prove that convert(5) && false is safe, as it cannot infer that
convert(5) is Boolean. What is missing, is a relation between the actual type of x
(e.g., Int) and the return type (e.g., Boolean). Match types define such relations.

1. First, we redefine the signature of convert as follows:
def convert[T <: IntOrBoolean ](x: T): Convert[T] = ... // same as before

Thus, we introduce a type parameter T (subtype of IntOrBoolean) and declare
x to be T. Also, we declare the return value to be of match type Convert[T].

2. Next, the idea is to define Convert[T] in such a way that the relation between
the actual type of x and the return type can be inferred, as follows:
type Convert[T] = T match { case Int => Boolean; case Boolean => Int }

The Scala compiler reduces every occurrence of Convert[T] to Int or Boolean,
depending on the instantiation of T (e.g., Convert[Int] is reduced to Boolean).

3. Last, for instance, the Scala compiler correctly succeeds/fails to type-check
convert(5) && false (safe) and convert(5) && 6 (unsafe).

Thus, match types are a “lightweight form of dependent typing” [3], to perform
“type-level programming”. In the remainder, we use the following built-ins:
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1 type Proj[G, R] = G match
2 case End => End
3 case Com[R, q, b] => Send[R, q, Map[b, [E] =>> (Head[E], Proj[Last[E], R])]]
4 case Com[p, R, b] => Recv[p, R, Map[b, [E] =>> (Head[E], Proj[Last[E], R])]]
5 case Com[_, _, b] => MergAll[Map[b, [E] =>> Proj[Last[E], R]]
6 case Loop[x, g] => Loop[x, Proj[g, R]]
7 case Recur[x] => Recur[x]

Fig. 21: Projection in mpst.embedded

– Head[(T1, ..., Tn)] and Last[(T1, ..., Tn)] reduce to T1 and Tn.
– Map[(T1, ..., Tn), F] reduces to (F[T1], ..., F[Tn]). We note that F can

be a type lambda of the form [X] => ... /* do something with X */.

4.2 Embedding MPST into Scala

Global types, local types, processes As explained in Sect. 2, and as shown
in Fig. 8, global types and local types are implemented as classes, while processes
are implemented as methods of class Local. The communication infrastructure
for processes is based on concurrent queues. However, a transport layer for dis-
tributed processes is also possible (orthogonal concern).

Projection Fig. 21 shows match type Proj. It is used to have the Scala compiler
fully automatically and statically compute local types (e.g., line 2 in Fig. 11).

Match type Proj has two type parameters: a global type G and a role R (cf.
G ↾ r). To reduce Proj[G, R], the Scala compiler matches G to a global type con-
structor, and it produces a local type exactly as defined in Fig. 19. By con-
vention, lower case letters in patterns are type variables ; they are bound to types
as part of the matching algorithm. For instance, on lines 3–5 in Fig. 21, b is bound
to a product type of the form ((T1, G1), ..., (Tn, Gn)), where each Ti is a data
type, and each Gi is a global type. When b is passed to Map on lines 3–4, it is con-
verted into ((T1, Proj[G1, R]), ..., (Tn, Proj[Gn, R])). Alternatively, when b
is passed to Map on line 5, it is converted into (Proj[G1, R], ..., Proj[Gn, R]),
which is subsequently passed to MergAll; this is a helper match type that reduces
to the full merge of all local types in the product type.

Type checking Fig. 22 shows an excerpt of class Local related to type check-
ing. The idea is to have the Scala compiler reduce match types SendCallback
and RecvCallbacks to fully automatically and statically compute the expected
types of the callback arguments of methods send and recv, given a local type
L. The reduction succeeds, and the actual callback argument is well-typed by
the expected type, if, and only if, the communication action is well-typed by
L exactly as defined in Fig. 20. Otherwise, the Scala compiler reports an
error. In this way, mpst.embedded implements the same MPST typing rules as
in Fig. 20 in terms of Scala match type reduction, and it provides the same
assurances (modulo the “two provisos”; page 152):



158

1 class Local[R, L] private (val r: R, val net: Network) extends UseOnce:
2 def send[Q, D](q: Q, d: D, f: SendCallback[Q, D, L]): Local[R, End] = ...
3 def recv[P](p: P, fs: RecvCallbacks[P, L]): Local[R, End] = ...
4

5 type SendCallback[Q, D, L] = L match
6 case Send[R, q, b] => q match
7 case Q => (Local[R, App[b, D]] => Local[R, End])
8 case Loop[x, l] => SendCallback[Q, D, Substitute[l, L, x]]
9

10 type RecvCallbacks[P, L] = L match
11 case Recv[p, R, b] => p match
12 case P => Map[b, [E] =>> (Head[E], Local[R, Last[E]]) => Local[R, End]]
13 case Loop[x, l] => RecvCallbacks[P, Substitute[l, L, x]]
14

15 ... // function loop and type LoopCallback

Fig. 22: Type checking in mpst.embedded (excerpt)

– if, at compile-time, each process is well-typed by its projection,
– then, at run-time, the session of all processes is safe and live,
– modulo linear usage of Local objects (checked dynamically),
– modulo non-terminating/exceptional behaviour (unchecked).

We now explain send and recv. Regarding send, Fig. 20 states that a send is
well-typed if the local type specifies it directly (rule [Send]) or indirectly (rule
[Unfold]). These cases correspond precisely to the two cases in SendCallback:

– Lines 6–7 state that a send is well-typed if the sender, receiver, and data
type match the send of the local type L, and if the callback is a function that
consumes a Local object, parametrised by the selected branch of L, namely
App[b, D]. We note that App[((T1, L1), ..., (Tn, Ln)),Ti] reduces to Li.

– Line 8 states that a send is also well-typed when it is well-typed by the
unfolding of the local type. We note that Substitute[L1, L2, X] reduces to
a version of L1 in which each occurrence of Recur[X] is replaced with L2.

Regarding recv, similarly, Fig. 20 states that a receive is well-typed if the lo-
cal type specifies the receive directly (rule [Recv]) or indirectly (rule [Unfold]).
Due to the asymmetry between sends and receives, SendCallback (singular) re-
duces to a single function type, while RecvCallbacks (plural) reduces to a product
of function types, computed using Map. Besides that, they follow the same ideas.

4.3 Evaluation and Discussion

Compile-time performance To validate the practical feasibility of using
mpst.embedded, we systematically measured the type checking times during non-
incremental compilation of all examples in Sect. 2 and Sect. 3, as well as twelve
additional examples from the MPST literature [7,30,31] and the Scribble reposi-
tory [14].2 This is a representative set of protocols, previously developed by other
2 Run-time performance (e.g., latency/throughput) depends on the transport mecha-

nism for message passing, which is orthogonal to the contributions of this paper.
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Table 1: Type checking times in milliseconds, reported as µ± σ, where µ is the
average (of 31 measurements), and where σ is the standard deviation

protocol type checking
without consistency

type checking
with consistency difference†

Negotiation (Exmp. 5) 1, 399± 118 ms 1, 254± 36 ms −145± 125 ms
Negotiation (Exmp. 9) 1, 299± 85 ms 1, 240± 22 ms −60± 88 ms
Two-Buyer (Exmp. 7) 1, 399± 31 ms 1, 658± 50 ms 258± 59 ms
Three-Buyer (Exmp. 8) 1, 489± 57 ms 1, 728± 50 ms 239± 76 ms

Three-Buyer [7] 1, 341± 57 ms 1, 622± 71 ms 280± 78 ms

OAuth2 Fragment [31] 713± 24 ms inconsistent inconsistent
Rec. Two-Buyers [31] 775± 24 ms inconsistent inconsistent
Rec. Map/Reduce [31] 1, 016± 45 ms inconsistent inconsistent
MP Workers [31] 891± 27 ms inconsistent inconsistent

Game [30] 1, 095± 35 ms 1, 338± 29 ms 243± 46 ms

Adder [14] 763± 21 ms 781± 19 ms 18± 28 ms
Booking [14] 1, 099± 35 ms inconsistent inconsistent
Fibonacci [14] 759± 22 ms 779± 17 ms 20± 28 ms
HTTP [14] 1, 703± 41 ms 1, 838± 77 ms 134± 88 ms
Loan Application [14] 879± 48 ms 1132± 29 ms 253± 56 ms
SMTP [14] 1, 726± 70 ms 2079± 128 ms 353± 146 ms
† The difference between type checking times without consistency µ1 ± σ1 and with
consistency µ2 ± σ2 are reported as µ± σ, where µ = µ2 − µ1 and σ =

√
σ2
1 + σ2

2

researchers (including the protocols in our examples in Sect. 2 and Sect. 3), of
various sizes, that exercise all aspects of classical MPST theory.3

To measure only the protocol-related type checking times, the processes con-
tained almost no computation code; just communication actions in compliance
with the protocol. The measurements were obtained using an Intel i7-8569U pro-
cessor (4 physical/4 virtual cores at 2.8 GHz) and 16 GB of memory, running
macOS 14.0, OpenJDK 18.0.2, and Scala 3.3.1. We ran the measurements with
consistency checking disabled and enabled, to be able to study the difference.

Table 1 shows the results, averaged over 31 runs per protocol. We make two
main observations. First, without consistency checks, the type checking times
seem sufficiently low for the usage of mpst.embedded to be practically feasible:
less than two seconds for the biggest protocol in our benchmark set (SMTP).
Moreover, our measurements were obtained using non-incremental compilation
and, as such, constitute an upper bound on the expected type checking delays
when using incremental compilation. Anecdotally, in our development environ-
ment (Visual Studio Code 1.87 with the Metals 1.30 extension for Scala pro-

3 That is, the theory as originally defined by Honda et al. [16], but presented in the
more recent style of, e.g., Scalas–Yoshida [31], including the full merge operator.
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gramming), when using incremental compilation, the type checking delays were
significantly lower (<100 ms) than those in Table 1, and not disruptive at all.

Second, with consistency checks (i.e., five examples violate consistency; this
was expected), the results show that some overhead is added, but it does not
make the usage of mpst.embedded infeasible (<500 ms). Also, when using incre-
mental compilation, the type checking delays continued to not get in the way.

Experience The implementation of the benchmark set turned out to be, in its
own right, a validation activity to experience whether or not the type checker
catches all mistakes in practice. This is because, until a protocol implementation
is finished, it does not comply with the specification yet. Thus, all until the end,
the type checker reports errors to point out missing pieces. This guidance by
the type checker effectively prevented us from making unintended programming
mistakes, especially when writing the implementations of HTTP and SMTP
(which are the more complicated protocols in our benchmark set). It would be
interesting to try to reproduce these anecdotal findings in a larger user study.

Expressiveness Our benchmark set shows that mpst.embedded is feature-com-
plete relative to classical MPST theory,3 with full merging (e.g., the OAuth2
fragment requires full merge), as intended. Moreover, while the ability to write
generic global types does not add expressive power in the formal sense, it enables
better reuse of global types and serves as an abstraction/composition mecha-
nism: it allows large protocols to be split into separate smaller sub-protocols—
specified as generically as possible to maximise the opportunity for reuse—which
can then be “invoked” from each other with concrete arguments. Such generic
sub-protocols can also be packaged into libraries and shared between projects.

5 Conclusion

Related work Closest to our approach in this paper is the work by Imai et
al. [20]. They developed an internal DSL in OCaml to specify protocols and
verify processes based on MPST. However, their tool does not support all key
aspects of classical MPST as in Fig. 1: it supports only binary choices instead of
n-ary choices (e.g., Exmp. 1, which has ternary choices, is not supported), and it
is not fully automatic (i.e., Imai et al. require the programmer to manually write
extra protocol-specific code to project global types). In contrast, mpst.embedded
supports n-ary choices and is fully automatic.

Another related tool is the Discourje library [15], which offers an MPST-based
internal DSL in Clojure. However, Discourje does all verification dynamically,
whereas mpst.embedded performs all verification statically up-to linearity.

There are four existing tools to combine MPST with Scala: Scribble-Scala
[30], Pompset [6], Teatrino [2], and Oven [12]. Table 2 summarises the differences:

– DSLs to specify protocols as global types: Scribble-Scala, Pompset, and
Teatrino are based on the external DSL of Scribble, while Oven is based on
an external DSL for regular expressions.
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Table 2: Comparison of MPST tools for Scala
DSL projection interpretation encoding

Scribble-Scala [30] external syntactic FSMs lchannels
Pompset [6] external syntactic pomsets vanilla Scala
Teatrino [2] external syntactic – Effpi
Oven [12] external semantic FSMs vanilla Scala

mpst.embedded internal syntactic – vanilla Scala

– Projection of global types: Scribble-Scala, Pompset, and Teatrino apply the
classical structural projection operator (defined in terms of the syntax of
global types; Sect. 4.2), while Oven applies a non-classical behavioural pro-
jection operator (defined in terms of the operational semantics of global
types). The latter has additional expressive power to support the usage of
regular expressions as global types [23].

– Interpretation of local types: Different from Fig. 3, Pompset uses partially-
ordered multisets instead of FSMs as an intermediate operational model,
while Teatrino directly encodes local types as APIs in Scala.

– Encoding as APIs: The APIs generated by Scribble-Scala and Teatrino are
built on top of the existing libraries lchannels and Effpi (discussed in more
detail below), while Pompset and Oven do not rely on such existing libraries.

Besides these existing tools to combine multiparty session typing with Scala
(including global types and projection), there also exist libraries to combine
binary session typing with Scala (excluding global types and projection), namely
lchannels [30] and Effpi [32]. Conceptually, as mpst.embedded targets multiparty
instead of binary, it is not really comparable to lchannels and Effpi. Technically,
moreover, lchannels and Effpi do not use match types.

Future work Many extensions of MPST theory have been proposed. We are
keen to explore which of them can be incorporated in mpst.embedded using match
types. For instance, an important feature that we believe is compatible with
mpst.embedded and match types is parameterised MPST with indexed roles as
developed by Castro et al. [5]. Another feature that seems representable using
match types, is MPST with refinements along the lines of Zhou et al. [36]. In
contrast, a feature that seems prohibitively difficult to incorporate, is timed
MPST [4]: match types seem unsuitable to statically offer real-time guarantees.

Data Availability Statement

The artifact is available on Zenodo [21]. It contains: (1) mpst.embedded; (2) the
examples in the paper; (3) reproduction instructions for our evaluation.
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Abstract. Statistical model checking estimates probabilities and ex-
pectations of interest in probabilistic system models by using random
simulations. Its results come with statistical guarantees. However, many
tools use unsound statistical methods that produce incorrect results more
often than they claim. In this paper, we provide a comprehensive overview
of tools and their correctness, as well as of sound methods available for
estimating probabilities from the literature. For expected rewards, we
investigate how to bound the path reward distribution to apply sound
statistical methods for bounded distributions, of which we recommend the
Dvoretzky-Kiefer-Wolfowitz inequality that has not been used in SMC so
far. We prove that even reachability rewards can be bounded in theory,
and formalise the concept of limit-PAC procedures for a practical solution.
The modes SMC tool implements our methods and recommendations,
which we use to experimentally confirm our results.

1 Introduction

Statistical model checking (SMC) [83] estimates quantities of interest by sam-
pling a large number k of random runs from a compact executable model of a
probabilistic system. Typical quantities of interest are reachability probabilities
and expected rewards, to query for e.g. reliability or performance measures [12].
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A sound statistical model checker delivers results guaranteed to be probably
approximately correct (PAC), i.e. it returns a confidence interval I with |I| ≤ 2ε
(“ε-approximately correct”) such that the probability for I to contain the (un-
known) true value x is higher than a given confidence level γ (“probably correct”).

When applied judiciously, SMC can perform extremely well [82] and easily beat
probabilistic model checking (PMC) [10,11] tools that rely on exhaustive state
space exploration as well as partial exploration tools [5, 53,64] in competitions
when PAC results are allowed [26]. It is widely implemented in tools such as
C-smc [31], Cosmos [15], Fig [22], Hypeg [73], modes [24] of the Modest
Toolset [46], MultiVeStA [43,79], Plasma Lab [60], Prism [55], Sbip [69], or
Uppaal Smc [37]. It has been applied to case studies ranging from hardware [63,
77] over biology [84] to cybersecurity [23, 57]. New SMC tools such as Smc
Storm [56] are now being developed in industrial contexts.

However, as we detail in Table 1, many existing and new SMC implementations
either are unsound (i.e. they do not deliver PAC guarantees), or inefficient
(i.e. they use statistical methods that need unnecessarily many samples). The
unsoundness is often due to computing confidence intervals via approaches that
rely on the central limit theorem, while the inefficiency is notably due to the
widespread use of the Okamoto bound [70] for estimating probabilities.
Our contribution is a comprehensive treatment of the problem of efficiently
obtaining sound SMC results when estimating probabilities as well as expected
rewards. We review the statistical methods available for probabilities in Sec. 3,
which forms the basis for Table 1. For expected rewards, in Sec. 4, we provide a
novel fully sound approach for the instantaneous and cumulative cases, prove that
sound SMC is possible for reachability rewards in theory, and give a practically
useful method. We implemented our methods and recommendations in the modes
SMC tool (Sec. 5) to experimentally confirm our findings in Sec. 6.

SMC for reachability probabilities comes down to estimating binomial
proportions, a well-studied problem in statistics. Sound methods for expected
rewards, on the other hand, have been an open problem. Here, we need to
estimate the mean x of the path reward distribution µ, whose shape is unknown
and which can have unbounded support. For this problem, no PAC statistical
methods exist. Thus, to obtain a sound SMC approach for expected rewards,
we must (1) use structural information to soundly reduce to case of bounded
support [a, b] to then (2) employ an appropriate statistical method for this case.

We review the methods available for Step 2 in Sec. 4.1, recommending the
use of the Dvoretzky-Kiefer-Wolfowitz inequality (DKW) [39]. This inequality
provides a very strong and versatile result that allows the derivation of useful
confidence intervals for the mean even for conservative values for a and b, yet
has been curiously ignored in the SMC community so far.

For Step 1, we distinguish two cases in Sec. 4.2: First, for (step- or time-
bounded) cumulative and instantaneous rewards, we can derive safe and
practical values for a and b given an upper bound on rmax , the highest reward
assigned to any state, which can typically be obtained from the model’s syntax.
For (unbounded) reachability rewards, we introduce bounding sets that provide
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a means to ignore very large path rewards while introducing an error of at most
ε′ < ε. We prove that a bounding set can be obtained for every finite discrete-time
Markov chain (DTMC), given only bounds on certain parameters of the DTMC
which can typically be derived syntactically, too. Yet, the resulting bounding set
is not practical, thus serving only as a proof of the possibility of sound SMC
for reachability rewards. In practice, we propose to use the DKW to obtain
guaranteed lower bounds that provably converge to x as k → ∞.
Our focus is on estimating probabilities and undiscounted expected rewards given
either k or an absolute error ε. We briefly comment on hypothesis testing where
appropriate, referring the reader to dedicated works on hypothesis testing in
SMC like Reijsbergen et al.’s [76] for more details, cautioning that they may not
emphasise soundness. Undiscounted rewards are standard in verification while
discounting is ubiquitous in machine learning. It is easy to obtain good bounds
[a, b] on discounted rewards and thus apply the methods we review in Sec. 4.1
efficiently. For rare events [78] or very large expected rewards, one may want to
specify a relative error ε · x; we mention some methods specific for this case.

We consider SMC as in the original papers by Younes and Simmons [83]
and Hérault et al. [49], motivated by the state space explosion problem which
PMC faces for finite-but-large models of realistic applications, and the lack of
scalable PMC approaches for non-Markovian models like stochastic automata
(IOSA) [36] or HPnGs [68]. Thus, we sample runs from a (mostly) black-box
model using O(1) memory to estimate global quantities of interest. This is in
contrast to “model-based SMC” [1,8,65], which aims to apply PMC-like methods
to black-box systems with simulation access by learning a model, in particular
its transition probabilities, requiring memory quadratic in the number of states.
Related soundness. The formal methods community values trustworthy results
with clear guarantees on possible analysis errors. For example, after finding
that the common stopping criterion of the value iteration algorithm can lead to
arbitrarily wrong results [20,44], the problem was addressed in many settings [6,9,
14,40,47,54,75]. Yet, in SMC, the issue of soundness has received little attention.
Only recently, a survey of sound and unsound methods for estimating probabilities
appeared [65], which our recommendations in Sec. 3 are based on.

2 Background

We write 1pred for the indicator function of pred: 1pred(x) = 1 if pred(x) else 0.
A probability distribution over a countable set S is a function µ : S → [0, 1] such
that

∑
s∈S µ(s) = 1. Its support is spt(µ) def= { s ∈ S | µ(s) > 0 }.

Models. The assumption of SMC is that models are given in a higher-level
formalism—like HPnGs [68], IOSA [36], Jani [25], Modest [19,45], or the Prism
language [55]—that allows behaviours to be randomly sampled without having
to create an in-memory state space. Their semantics are some form of Markov
process; we focus on the special case of DTMCs to simplify the presentation. All
our methods immediately apply in the general setting or can be extended.
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Definition 1. A discrete-time Markov chain (DTMC) is a tuple ⟨S, R, T, sI⟩ of
a finite set of states S, a reward function R : S → R⩾0, an initial state sI ∈ S,
and a transition function T : S → Dist(S) mapping each state to a probability
distribution over successor states. A (finite) path π (πfin) is (a prefix of) an
infinite sequence π = s0 s1 . . . ∈ Sω such that s0 = sI and ∀i : T (si)(si+1) > 0.

A DTMC induces a probability measure P over sets of paths that, intuitively,
corresponds to multiplying the probabilities along the path (see e.g. [13, Chp. 10]).
Abusing notation, we also use π or πfin to refer to the set of a path’s states. We
write π[i] for si, the path’s (i + 1)-th state, and idx(π, S′) = min{i ∈ N | si ∈ S′}
for the index of the first state in S′ ⊆ S on π, with idx(π, S′) = ∞ if π ∩ S′ = ∅.
We write rmax

def= max {R(s) | s ∈ S } for a DTMC’s maximum reward and
pmin

def= min({T (s)(s′) | s, s′ ∈ S } \ { 0 }) for its minimum probability. We
assume that, from only the higher-level formalism’s syntax, we can efficiently
obtain bounds |S| ≥ |S|, rmax ≥ rmax , and 0 < pmin ≤ pmin .

Properties. Every property to be model-checked can be cast as the expected
value E(X) w.r.t. P of a random variable X that maps paths to values in R⩾0.
We consider the following kinds of properties, some of which take a step bound
c ∈ N or a set of goal states G ⊆ S specified as part of the model:

P⋄ G
def= E(λ π. 1G∩π ̸=∅) (reachability probability)

P≤c
⋄ G

def= E(λ π. 1idx(π,G)≤c) (bounded reach. probability)⊥
E≤c

def= E(λ π.
∑c

i=0 R(π[i])) (cumulative reward)⊥
E⋄ G

def= E(λ π.
∑idx(π,G)

i=0 R(π[i])) (reachability reward)

E≤c
⋄ G

def= E(λ π.
∑min{idx(π,G), c}

i=0 R(π[i])) (bounded and reach. reward)⊥
E=c

def= E(λ π. R(π[c])) (instantaneous reward)⊥
E=G

def= E(λ π. R(π[idx(π, G)])) (reach-instant reward)
Rewards are obtained upon entering states. E⋄ G and E=G are defined to be ∞
if P({π | idx(π, G) = ∞}) > 0 [41]. The properties marked ⊥ are bounded; all
others are unbounded. The former are typical for SMC, required by e.g. Plasma
Lab [60, Table 1] and Smc Storm [56, Sect. 2.1]. Unbounded reachability
probabilities and rewards, on the other hand, are standard in PMC and dominate
model collections like the Quantitative Verification Benchmark Set (QVBS) [48].

Statistical model checking. At its core, SMC is Monte Carlo simulation [2,52,
59]: randomly generate a predetermined number k of paths, or simulation runs,
that give rise to samples X1, . . . , Xk of the random variable X; then compute the
empirical mean X̂

def= 1
k

∑k
i=1 Xi, and perform a statistical evaluation to obtain a

confidence interval I = [l, u] ∋ X̂ at predetermined confidence level γ.

Simulation. How to obtain simulation runs is specific to each higher-level for-
malism. We only assume that a method sample(M, prop) exists that, given a
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model M , implements the random variable X of property prop, i.e. that (pseu-
do-)randomly generates a path πfin through M ’s semantics according to P that
is long enough to evaluate X and returns X(πfin). For bounded properties, the
“long enough” criterion is straightforward: just generate paths of length c.

To end a simulation run for P⋄ G, we must determine whether it entered a
bottom strongly connected component (BSCC) without goal states. For E⋄ G and
E=G to be finite, we must determine whether a non-goal BSCC exists. BSCCs
can be detected statistically by sampling given some structural information (such
as pmin) [7]. Yet this requires storing a set of visited states that can be as large
as S, breaking the O(1) memory property of SMC. Additionally, some fraction of
1− γ must be devoted to all these tests (see e.g. [35]). However, most verification
models—such as those in the QVBS—are structured so that (i) for reachability
probabilities, all BSCCs contain only one state, and (ii) the goal state sets in
reachability rewards are reached with probability 1, which allows for an efficient
but limited stopping criterion. We follow this assumption in this paper.
Statistical evaluation. If we repeat the SMC procedure m times to obtain confi-
dence intervals I1, . . . , Im, we find some of them might be incorrect, i.e. E(X) /∈ Ii

for some i; occasionally obtaining an “incorrect” result is the nature of a statistical
approach based on sampling. The (a priori) probability for a correct result is the
coverage probability pcov(k) = limm→∞

covm

m , where covm denotes the amount of
correct confidence intervals. We call an SMC procedure sound if it is guaranteed
to provide probably approximately correct (PAC) results: Given k and confidence
level γ, it has pcov(k) ≥ γ while producing intervals of width |I| ≤ 2ε. Then, the
midpoint of this interval is ε-close to the true mean of X with high probability.

Sound SMC results are obtained by employing an appropriate statistical
(evaluation) method (SM) that relates k (or the concrete Xi), γ, and ε to ensure
the PAC requirement, with two values given and the third under control of the
SM. We consider two settings: The fixed-k setting, where γ and k are given
while ε is determined by the SM, and the sequential setting, where γ and ε are
given so that the SM must determine k. In the latter, k can precomputed from γ
and ε, or it can be determined by a truly sequential SM that continuously checks
whether enough samples have been gathered to be γ-confident of an interval I
with |I| ≤ 2ε. We always assume γ to be given, a typical value being γ = 0.95.

3 Sound SMC for Probabilities

For probabilities, i.e. P⋄ G and P≤c
⋄ G, each simulation run is a Bernoulli trial with

outcome Xi ∈ { 0, 1 }. Thus, the SM samples from a binomial distribution with
success probability p. After k samples, it observed ks =

∑k
i=1 Xi successes and

has empirical mean p̂ = ks

k = X̂. Constructing a γ-confidence interval around p̂
is a well-studied problem in statistics, resulting in many SMs for this task. We
often abbreviate δ = 1 − γ for readability.

Meggendorfer et al. [65, Sec. 3] survey SMs in the context of “model-based
SMC” for Markov decision processes, where individual transition probabilities are
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estimated to “learn” the model. Methods for this specific case also apply to SMC
for reachability (and other “qualitative” 0/1 properties) in DTMCs. Hence, we
recap their survey of SMs, extending it with examples and plots. Moreover, [65]
only considers the fixed-k setting, whereas we also discuss the sequential setting
and hypothesis testing. Our survey is the basis for the tool comparison in Sec. 5,
where we show that existing tools use unsound and/or inefficient methods.

3.1 Unsound Methods
Denote by pcov(k, p) the coverage probability that the SM at hand attains given
success probability p. Many of the commonly used SMs for binomial proportions
only guarantee an average coverage probability of γ, i.e.

∫ 1
0 pcov(k, p) dp ≥ γ.

This is not in line with the frequentist definition of a confidence interval and not
sufficient for sound SMC, producing too many incorrect results for certain values
of p. We instead require that inf1

p=0 pcov(k, p) ≥ γ.
As per [65], unsound methods include those based on the central limit theorem

(CLT), in particular the textbook Wald interval, the Wilson score interval, the
Agresti-Coull interval [3], the Arcsine interval, and the Logit interval.
The Wilson score interval with continuity correction (Wilson/CC) [67] comple-
ments the CLT by adding adjustment terms to improve coverage. However, New-
combe already observed slightly below-nominal coverage [67, Table II], and [65]
confirms the insufficient coverage for high confidence levels and p close to 0 or 1.
Sequential setting. Given ε instead of k, Chow and Robbins [33] show that the
coverage of constructing a Wald interval after every sample and terminating once
this interval has half-width ≤ ε goes to γ as ε → 0. For any concrete ε > 0,
however, coverage ≥ γ may not be achieved and thus this procedure is not sound
for SMC. Reijsbergen et al. [76] adapt it to perform hypothesis testing with some
extra parameters that reduce, but do not eliminate, the chance for incorrect
results. The sequential methods proposed by Chen [30] are empirically sound, i.e.
they appear to produce sound results in practice, but soundness is not proven
for p close to 1

2 , and even for p away from 1
2 only as a one-sided version.

3.2 Sound Methods
Okamoto bound. In 1959, Okamoto [70] proved that, for binomial proportions,
P(p̂ − p ≥ ε) ≤ e−2kε2

. We want δ ≤ P(|p̂ − p| ≥ ε), giving
δ
2 ≤ e−2kε2 ⇔ ε ≥

√
ln 2

δ

2k ⇔ k ≥ ln 2
δ

2ε2

by distributing δ symmetrically. Thus the interval IOka = [p̂− ε, p̂ + ε] always has
coverage ≥ γ when ε, k, and δ satisfy the above inequalities. This bound is also
referred to as Hoeffding bound [50] after his more general inequality, see Sec. 4.1.
Clopper-Pearson interval. The “exact” binomial interval by Clopper and Pear-
son [34] guarantees coverage ≥ γ for all p. One of several ways to compute it is

ICP = [B(δ/2, ks, k − ks + 1), B(1 − δ/2, ks + 1, k − ks)]
where B(p, α, β) is the p-quantile of the Beta(α, β) distribution.
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Blyth-Still-Casella and Wang. The approaches of Blyth-Still-Casella [29] and
Wang [81] are also sound and produce shortest intervals in a specific sense, but
are intricate to implement and computationally very expensive.
Sequential setting. The Okamoto bound provides ε, k, or δ given the other two;
thus it applies to the sequential setting, too. For the Clopper-Pearson interval,
we use the recent result that its number of required samples is maximal when
p̂ = 1

2 [65]. Based on this worst case, we can precompute the smallest k where
the interval width is ≤ 2ε and perform a fixed-k evaluation.

3.3 Discussion

Recipes for sequential SMs. The minimum k may depend on p; e.g. for Clopper-
Pearson, lower k suffice for p close to 0 or 1. A truly sequential method could
exploit this. Any fixed SM can be converted to truly sequential in the Chow-
Robbins style by checking after every sample if half-width ≤ ε is met, resulting
in methods like “sequential Clopper-Pearson”. They however are not sound as
in general sample mean p̂ and precision |I| are correlated [51].

We may first spend a fraction of the “error budget” δ to get a rough interval
estimate of p, and then calculate the number of samples required (given the
remaining part of δ) based on the worst case in this interval, e.g. the value closest
to 1

2 for Clopper-Pearson as in [21]. Jégourel et al.’s two-step approach [51]
similarly uses the Massart bound which improves on Okamoto’s if p is known
to be away from 1

2 . While sound and better than precomputation, these are
two-step (generalisable to n-step), not truly sequential, approaches.

Frey [42] calculates a δ∗ a priori so that, if a confidence level of γ∗ = 1 − δ∗

is used in each iteration of a Chow-Robbins-style sequentialisation of a sound
fixed SM, the overall coverage probability soundly comes out to γ. However,
computing such a δ∗ becomes very hard already for small k (around 100-1000).
The AdaSelect [38] and EBStop [66] algorithms are sequential methods for
the relative error setting, recently generalised by Parmentier and Legay [71].

Example 1 (Soundness). To evaluate SMs for probabilities, we can directly
compute their coverage probabilities for binomial distributions (see [27, App. C]).
To give a visual comparison of coverage probabilities highlighting the concern
for soundness, we fix confidence level γ = 0.9 and calculate the coverage proba-
bilities for various methods in Fig. 1. The top row shows pcov(50, p) as achieved
by the unsound Wald, the sound-but-inefficient Okamoto, and the sound-and-
recommended Clopper-Pearson interval. Indeed, the Wald interval does not attain
coverage ≥ 0.9 for many values of p, while the others do. Similarly, the bottom row
concerns the truly sequential setting with ε = 0.05 and shows that the coverage
probabilities for the unsound Chow-Robbins and sequential Clopper-Pearson
methods are sometimes below γ. For Chen’s method, we confirm its empirical
but unproven soundness.

Example 2 (Sample Efficiency). We also observe that Okamoto significantly
overshoots the desired confidence, which increases the number of samples it
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Fig. 1. Coverage for fixed (top, k = 50) and sequential methods (bottom, ε = 0.05).

requires. Indeed, ICP always needs fewer samples than IOka experimentally [65,
Sec. 3.3]. For example, with γ = 0.95 and ε = 0.01, we get a minimum k of 18 445
for Okamoto, independent of p or p̂. For Clopper-Pearson, we get a worst-case k
of 9 701; for k given and p closer to 0 or 1, we would in turn get much smaller ε.

Hypothesis testing. All methods that produce sound confidence intervals I = [l, u]
can be turned into sound hypothesis tests for deciding whether p ∼ pt for a
threshold pt and ∼ ∈ {≤,≥}: assuming ∼ is ≤, answer yes if u ≤ pt, no if l ≥ pt,
and unknown otherwise. A dedicated and efficient method for hypothesis testing
is the sequential probability ratio test (SPRT) [80]. It is sound if we consider its
indifference region (an interval [p − εi, p + εi] where the SPRT is allowed to give
wrong answers) to fulfil the role of the ε error in our PAC requirement.

Our recommendation is to implement the Clopper-Pearson interval for P⋄ G

and P≤c
⋄ G in the fixed and sequential settings as it is proven sound and sample-

efficient. In the sequential setting, a two-step approach can be considered. The
Okamoto bound, employed by most tools using a sound method (Sec. 5), needs
too many samples and produces overly conservative intervals: it should not be
used for estimating probabilities. We highlight that our recommendations are
independent of the underlying system dynamics and thus apply to SMC in general.

4 Sound SMC for Expected Rewards

For unbounded expected rewards, each simulation run is a sample from an un-
known path reward distribution µ with outcomes in [0,∞). Given k samples, we
want a PAC guarantee for the expected value E⋄G. In general, no SM can guar-
antee coverage for unknown distributions with unbounded support. Intuitively, k
gives the SM an indication of how likely it is to have missed some paths; with
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bounded support (e.g. for probabilities), this allows to quantify the uncertainty
and thus ε. With unbounded support, outcomes with extremely low probability
can dominate the expectation if they are even more extremely large. We discuss
the general case in [27, App. A] and here provide an illustrative example.

Example 3. The DTMC in Fig. 2 has E={t1,t2} = c. If k is significantly lower than
n, however, the SM likely only sees paths to t2 and—if it is not sound—returns
a confidence interval with an upper bound far below c.

When spt(µ) ⊆ [a, b], a number of sound SMs exists, which we survey below.
Then, in Sec. 4.2, we avoid the general impossibility of the unbounded case in
two ways. First, we exploit structural information about the DTMC to reduce to
the bounded case. Second, we introduce a novel perspective by considering a new
notion of statistically converging lower bounds.

4.1 Statistical Methods for Bounded Distributions

The textbook confidence interval for the mean of an unknown distribution is the
normal interval : INorm = X̂±zδσ̂/

√
k, where σ̂ is the empirical standard deviation

and zδ the (1 − δ
2 )-quantile of the standard normal distribution. (Obtaining zδ

via the Student’s-t distribution with k − 1 degrees of freedom instead may work
better for smaller k.) While asymptotic statement of Chow and Robbins about
the normal interval also holds in the general, non-binomial setting, these methods
are not sound. For example, on the DTMC of Fig. 2 with n = 1000, c = 1
and k = 500, we experimentally found INorm for γ = 0.95 to have a coverage
probability of only ≈ 0.39 ≪ 0.95. Knowing bounds [a, b] on the distribution’s
support, however, the sound methods we list below in this section are available.
Hoeffding’s inequality. The Okamoto bound of Sec. 3.2 is a special case of
Hoeffding’s inequality, which actually bounds the sum of independent (not
necessarily i.d.) bounded random variables [50]. It states that

P(X̂ − E(X) ≥ ε) ≤ e−
2kε2

(b−a)2

and accordingly ε ≥ (b − a)
√

(ln 2/δ)/2k for the two-sided case by distributing δ
equally. Note that Chernoff bounds [32] can be used to derive this inequality.
Bennett’s and Bernstein’s inequalities. Bennett’s inequality can provide tighter
bounds on a sum of random variables than Hoeffding’s by taking the variance
σ2 into account [16]. However, not knowing the distribution, we do not know σ2

either. We could insert bounds, a simple one being σ2 ≤ 1
4 (b−a)2. Then, however,
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Bennet’s inequality is strictly worse than Hoeffding’s [65, App. B]. Bernstein’s
inequality [17,18] is a relaxation of Bennet’s that is easier to compute, but yields
even wider intervals. Thus, in our setting, Hoeffding’s inequality is preferable.
Dvoretzky-Kiefer-Wolfowitz(-Massart) inequality (DKW). The DKW [39, 62]
relates the cumulative distribution function (cdf) F (x) = P(X ≤ x) of the
unknown distribution µ to the empirical cdf F̂ (x) = 1

k

∑k
i=1 1Xi≤x as follows:

P
(

supx∈R |F̂ (x) − F (x)| > ε
)
≤ 2e−2kε2

.

DKW is about thresholds, i.e. in our setting the probability of exceeding a
certain reward. It characterizes a confidence band in which the real cdf lies
with high probability. This can be used to derive bounds on the expected value
by computing the expected values of the best- and worst-case cdfs within the
confidence band. Formally, let C be a confidence band containing an uncountable
set of cdfs; then with probability at least 1 − 2e−2kε2 we have

min
F∈C

E(Y | Y ∼ F ) ≤ E(X) ≤ max
F∈C

E(Y | Y ∼ F ).

The cdfs minimising or maximising the expectation can be easily computed, as
they are the upper and lower bound of the confidence band, respectively:

F (x) = min
{

1, F̂ (x) +
√

1
2k ln 2

δ

}
F (x) = max

{
0, F̂ (x) −

√
1

2k ln 2
δ

}

Fig. 4. The DKW cdfs

Fig. 4 illustrates the DKW8 for [a, b] = [−3, 3], with
F the smooth orange line, F̂ the light blue step
function in the center, and the outer purple step
functions being F (to the left, with a higher prob-
ability for smaller outcomes) and F (to the right).
All steps of F are the same as those of F̂ except
that we “map” the largest

√
(ln 2/δ)/2k fraction of

steps to the lower bound (i.e. at x = a). Similarly,
F shifts probability mass into the upper bound b. In
the worst case, the expectations of F or F coincide
with Hoeffding, but provide a tighter confidence interval when few samples have
an extremal value of a or b. Applying DKW is therefore especially advanta-
geous when one of the a priori bounds a and b is very loose and samples are far
above/below it. The best case is obtained when all samples coincide, where the
width of confidence interval halves when using DKW as opposed to Hoeffding. In
any case, the DKW interval is always contained in the Hoeffding interval.

Proposition 1. For given confidence level γ and set of samples from a distribu-
tion with bounds [a, b], let [ld, ud] and [lh, uh] be confidence intervals given by DKW
and Hoeffing’s inequality, respectively. Then lh ≤ ld < ud ≤ uh and uh−lh

ud−ld
≤ 2.

DKW is also used by Phan et al. [58, 72] with a view towards machine learning
applications, who attribute its application to expected rewards to Anderson [4].

8 Fig. 4 is based on file commons.wikimedia.org/wiki/File:DKW_bounds.svg (CC0).

https://commons.wikimedia.org/wiki/File:DKW_bounds.svg
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Sequential setting and hypothesis testing. Hoeffding’s inequality applies in the
sequential setting in the same way as the Okamoto bound. For DKW, we could
precompute k based on the worst case, but this coincides with Hoeffding. As
mentioned, the Chow-Robbins scheme remains applicable and unsound. The
AdaSelect algorithm we mentioned in Sec. 3.3 also works soundly for bounded
distributions when a relative error is desired. For hypothesis testing, the SPRT in
principle also applies to bounded distributions, and will in general perform better
than the DKW for testing a single threshold. The latter’s advantage is that it
provides an entire confidence band around the cdf and thereby allows deriving
the expected reward as well as probability bounds on all reward thresholds at
once. In this way, the DKW can also be used to tackle quantile problems.

Our recommendation for estimating a bounded distribution is to use DKW in
the fixed-k setting and resort to Hoeffding’s inequality when given ε.

4.2 Bounding Expected Rewards

For a full sound SMC procedure for expected rewards, it remains to find the
bounds [a, b] on the path rewards. As rewards are non-negative, a = 0 is a safe
lower bound (though larger a may give lower ε or k), leaving b to be determined.

Instantaneous and cumulative rewards. We know rmax , an upper bound on
the maximum state reward (Sec. 2). For instantaneous reward properties E=c and
E=G, a path’s reward is at most maxs∈S R(s), making b = rmax the tightest safe
upper bound we can give. For step-bounded reward properties E≤c and E≤c

⋄ G, we
can upper-bound the reward of a path π = s0 . . . by b = (c+1)·rmax ≥

∑c
i=0 R(si).

Exploiting specific structures in higher-level languages may yield tighter bounds.

Reachability rewards. For unbounded reachability rewards E⋄ G, we need to
bound the accumulated path reward until visiting a state in G, i.e. PR(π) =∑idx(π,G)

i=0 R(π[i]). We assume E(PR) to be finite, but PR can still be unbounded:

Example 4. Consider the very simple DTMC in Fig. 3. We have E⋄ G =
∑∞

i=1 i ·
(1/2)i = 2, but the reward of a single path is unbounded, since every reward v ∈ N
is obtained with positive probability (1/2)v.

This is not a degenerate case, but occurs whenever there exists a cycle with
non-zero rewards. Consequently, we cannot directly apply the SMs from Sec. 4.1.
Nevertheless, we can give meaningful estimations, by requiring additional knowl-
edge or by relaxing the constraints on the result.
Bounding large values. As we cannot bound PR, we aim to bound the effect that
large values have on E(PR). Let us work in a general setting, as follows:

Definition 2. Let (Ω,F ,P) be a probability space, X : Ω → R⩾0 a random
variable with finite expectation, and B ∈ F . We call B an ε-bounding set if
(i)

∫
B

X dP < ε (with B = Ω \ B), and (ii) ∀ω ∈ B : X(ω) ∈ [a, b].
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(Concretely, X could be PR.) If B is a bounding set, then we can rewrite

E(X) =
∫

Ω

X dP =
∫

B

X dP +
∫

B

X dP <

∫
B

X dP + ε.

Observe that
∫

B
X dP = E(XB), where XB(ω) = X(ω) if X ∈ B else 0. Since

we chose B such that X(ω) ∈ [a, b] for all ω ∈ B, XB clearly is bounded and we
can apply our previous methods to obtain a statistical estimate of XB . Inserting
in the above equation then yields a bound on the overall expectation of X.

One possible choice for B would be {ω | |X(ω)| < t } for a sufficiently
large t. Such a t exists for any random variable with finite expectation by
positivity and additivity of P (when E(X) =

∫
Ω

X dP < ∞ we necessarily have
limt→∞

∫
{|X|>t} X dP = 0). However, without further assumptions we cannot

derive such a t or any other kind of bounding set just by sampling. Thus, in the
following we exploit that DTMCs give some structure to the random variable.

Geometric path lengths. While the value of PR in Ex. 4 can be arbitrarily large,
as long as the expectation E(PR) is finite, this only happens with vanishingly
low probabilities. This is the case for DTMCs (and many other Markov systems,
see Remark 1) in general: Intuitively, the number of steps until G is reached is
(roughly) geometrically distributed.

Lemma 1. Let ε > 0. Choose q such that

|S| · rmax · (1 − (pmin)|S|)q · (q − q(pmin)|S| + 1) · (pmin)−|S| < ε.

Then B = ♢≤q·|S|G = {π | idx(π, G) ≤ q · |S| } is a bounding set.

Proof (Sketch). Every state s has a path of length at most |S| to the goal G
by assumption. Such a path has probability at least (pmin)|S| and reward at
most |S| · rmax. Considering |S| steps as an “episode”, we can geometrically lower
bound the probability to reach G after q episodes, and use this to upper bound
the reward. See [27, App. B.1] for the full proof.

Corollary 1. Given bounds |S| ≥ |S|, 0 < pmin ≤ pmin, and rmax ≥ rmax, we
can give PAC guarantees on E⋄ G.

Remark 1. Due to the worst-case over-approximation involved, q is extremely
large even for very small DTMCs and is thus not a practical solution. For example,
a DTMC with 5 states, pmin = 0.05, and rmax = 1 with a desired bound ε = 1
requires q > 108. The value (pmin)−|S| is closely related to the mixing time of a
DTMC, see e.g. [61], which, in our setting, intuitively upper bounds the time
until a goal state is reached with high probability. While often a coarse bound,
there exists DTMCs for which it is tight [44, Fig. 3]. Determining better bounds
on the mixing time (and thus q) requires knowledge of the DTMC’s state space
and transitions, which SMC explicitly does not have access to. For Markovian
systems other than DTMCs, the geometric path lengths construction can also
be used, provided we can obtain similar bounds; we conjecture that a sufficient
condition is that the system is finite and goal states are reached almost surely.
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Lower bounds. The inability to practically bound b means that we cannot gain
confidence in an upper bound on E⋄ G. However, since rewards are non-negative,
we cannot miss any extreme “negative” events. Thus we at least want to derive
meaningful lower bounds. Since 0 trivially is a correct lower bound, we need
a definition of bounds being “close” to the true value. We propose the novel
definition of limit-PAC lower bounds: they are not only (i) sound, but additionally
require that (ii) given enough samples, they (unknowingly) become ε-close.

Definition 3. Let X be a random variable. A procedure A yields limit-PAC
lower bounds on E(X) if, for any confidence γ, the following two conditions
hold: (i) For a collection of independent samples Ξ drawn from X, we have
P(A(Ξ, γ) ≤ E(X)) ≥ γ. (ii) For any precision ε > 0, there exists a threshold k0
such that for a collection of independent samples Ξ drawn from X with |Ξ| ≥ k0,
we have P(E(X) − ε ≤ A(Ξ, γ) ≤ E(X)) ≥ γ.

Remark 2. Classical procedures such as normal intervals do not provide limit-
PAC bounds. While they may satisfy condition (ii) and provide enough coverage
to satisfy condition (i) in the limit, they can be unsound for many sample sets Ξ
that are not “sufficiently close to the limit.”

We describe a procedure “DKW-E-Lower” which provides limit-PAC lower bounds:
For a given set of samples Ξ with k = |Ξ|, set χk =

√
(ln 2/1 − γ)/2k (using χ

instead of ε to avoid a clash of notation) and compute the empirical average
over Ξ, however setting the largest χk fraction of samples to 0. This is equivalent
to computing the expectation of the minimising cdf F (x) provided by the DKW
(with width χk), as explained in Sec. 4.1.

Theorem 1. For any non-negative, finite-expectation random variable X, DKW-
E-Lower gives limit-PAC lower bounds on E(X).

Proof (sketch, full proof in [27, App. B.2]). Condition (i) holds by the DKW
with coverage ≥ γ due to our choice of χk. For condition (ii), note that for every
ε/2, we can find some bounding set {X > t }. Then for large enough Ξ, the
difference between the actual expected value and the output of DKW-E-Lower
on [0, t] can be bounded by ε/2 as in the bounded case (see Sec. 4.1), and on
[t,∞) the difference is also bounded by ε/2 by definition of bounding sets.

Corollary 2. DKW-E-Lower gives limit-PAC lower bounds on E⋄ G.

Note that Theorem 1 directly extends to any random variable with a known
lower bound, i.e. X ∈ [a,∞), by considering X ′ = X − a. Then X ′ ≥ 0 and any
limit-PAC estimation of X ′ also yields one for X, as E(X) = E(X ′)+a. Similarly,
for X ∈ (−∞, a] we can give limit-PAC upper bounds.

5 Implementation

State of the art. In Table 1, we collect the results of an extensive survey of the
SMs used by default in all current SMC tools we are aware of. It is based on
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Table 1. Default statistical methods used in state-of-the-art SMC tools

Tool For probabilities p ∈ [0, 1] For rewards r ∈ [a, b]

Name Ref. fixed k seq. ε fixed k seq. ε

C-SMC [31] Okamoto — — —
Cosmos [15] Clopper-Pearson Chow-Robbins Hoeffding Chow-Robbins
Fig [22]* Wilson w/o CC seq. Student’s-t — —
Hypeg [74] — seq. Student’s-t — —
modes (prev.) [24]* Okamoto Chen Normal Chow-Robbins
MultiVeSta [43] — Chow-Robbins — Chow-Robbins
Plasma Lab [60]* Okamoto Okamoto Hoeffding Hoeffding
Prism [55]* Student’s-t seq. Student’s-t Student’s-t seq. Student’s-t
Sbip [69] Normal Okamoto — —
Smc Storm [56] — Chen — Chow-Robbins
Uppaal Smc [37]* Clopper-Pearson seq. Clopper-P. Student’s-t —

modes v3.1.281 Clopper-Pearson Clopper-Pearson DKW Hoeffding

the information available in their tool papers (column Ref.); for those marked
“*”, we also tested a current version or consulted its documentation9 for more
accurate information. The “seq.” prefix for a method indicates a Chow-Robbins-
like procedure using an interval different from Wald’s/the normal approximation-
based one. We highlight the provably sound methods in boldface. Entries “—”
indicate that the tool does not appear to support that setting.

We see that, in the fixed setting for probabilities, 5 of 8 tools choose a
sound method, although three of those use the inefficient Okamoto bound; in the
sequential setting, only 2 of 10 tools use a sound (but inefficient) method. For
expected rewards, Cosmos and Plasma Lab apply Hoeffding’s inequality when
there is an obvious upper bound b, with Cosmos using information from its
higher-level formalism (e.g. a system’s finite capacity bound when estimating the
average number of clients) for this purpose. In the general setting, in particular
for their respective variants of reachability rewards, Cosmos will build a normal
interval instead while Plasma Lab will return the estimate X̂ only, without
error bounds. Overall, no tool implements a sound and efficient method for
probabilities in the sequential setting, nor for rewards in the fixed setting; those
tools that use Hoeffding for rewards only do so for very specific cases.
Sound SMC in modes. We have implemented the recommendations we make
w.r.t. SMs for probabilities and the new methods we propose for soundly handling
expected rewards in the newest version of the modes statistical model checker as
shown in the last row of Table 1. In particular, modes uses the k-precomputation
based on the Clopper-Pearson interval in the sequential setting for probabilities,
and the DKW in the fixed setting for expected rewards, improving upon the
state of the art in soundness and sample efficiency. modes supports P≤c

⋄ G, P⋄ G,
9 We used Fig 1.3, the previous version of modes from the Modest Toolset v3.1.265,

Prism 4.8.1, Uppaal Smc 5.0.0 with its online documentation as of 2024-10-09, and
the Plasma Lab 1.4.4 documentation from the Web Archive as of 2019-11-01.

https://docs.uppaal.org/language-reference/query-semantics/smc_queries/ci_estimation/
https://web.archive.org/web/20191101134206/http://plasma-lab.gforge.inria.fr/plasma_lab_doc/1.4.4/html/index.html
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E≤c
⋄ G, and E⋄ G properties. For E≤c

⋄ G properties, it computes the upper bound as
b = (c + 1) · rmax . For E⋄ G, it uses our new DKW-E-Lower method by default.
modes also implements the Wilson/CC, Wald/normal, and Student’s-t intervals,
the Okamoto bound, Chen’s methods, the Chow-Robbins approach, and the
SPRT. Via a command-line parameter, the user can provide a preference list of
these methods; for each property being analysed, modes chooses the first in the
list that can be applied to it. By default, it prefers sound over unsound and then
efficient over less efficient methods, resulting in the first choices as in Table 1.

6 Experimental Evaluation

To evaluate SMs for probabilities, we can directly work with the binomial distri-
bution as in Ex. 1. With expected rewards, however, the shape of the (unknown)
reward distribution matters. We thus use our implementation in modes on mod-
els from the QVBS [48] to evaluate the coverage probability, performance, and
effectiveness of the methods we propose in Sec. 4 in a realistic setting. The code
and scripts for reproduction are available online [28].
Experimental setup. We used modes version 3.1.27310. We chose all DTMC and
Markov decision process (MDP) models from the QVBS that contain an expected-
reward property (except those that just ask for an expected number of transitions),
excluding only the artificial haddad-monmege model plus bluetooth and oscillators,
which modes cannot handle for technical reasons (the former having multiple
initial states, which modes does not support11, and the latter’s syntax being too
large to parse and compile12). We turn the MDP into DTMC by applying the
Prism language’s DTMC semantics, which resolves all nondeterministic choices
uniformly at random. The models are parametrised; we use up to four parameter
valuations each, including the smallest and largest ones included in QVBS. A
triple ⟨model, parameter values, property⟩ is a benchmark instance.

We consider all E≤c
⋄ G and E⋄ G properties included with the models, the only

E≤c
⋄ G property being in the resource-gathering model. To be able to study the DKW

and Hoeffding methods, we manually turn all E⋄ G into E≤c
⋄ G by experimentally

determining a small c that does not change the value of the property up to the
third significant digit.13 This in essence constitutes a manually-derived bounding
10 modes 3.1.273 implements all methods as described in Sec. 5, but uses Wilson/CC

for probabilities by default. Version 3.1.281 defaults to Clopper-Pearson as in Table 1.
11 Supporting multiple initial states, while natural for a PCTL model checker like Prism,

would require an SMC tool to perform a separate analysis starting from each initial
state and thus defeat the scalability of SMC.

12 The oscillators model explicitly encodes a large flat state space in the higher-level
Prism language’s syntax, overwhelming modes’ parser that assumes its input to
compactly encode a potentially large state space for SMC to sample runs from.

13 We obtain reference results from the QVBS, if available, or via SMC with k = 5 · 106.
We determine a c as follows: Use SMC with k = 106 and some step bound c to obtain
a value. If the three most significant digits of this value are equal to the reference
result, stop and report c. Otherwise, increase c and repeat. All choices of c greater
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set except we truncate rewards instead of setting them to 0. [27, App. D.1] lists
the resulting 44 instances (including the values of c).

Coverage probabilities. While the normal interval and Chow-Robbins are unsound,
it was not clear if this manifests on real models under typical k and ε. To
investigate this, we implemented an empirical coverage test inside modes: Given
a benchmark instance, a confidence γ, step bound k, and a number m, it executes
SMC with fixed k for m times, each time computing a γ-confidence interval. It
counts w, the number of times the reference result was wrong, i.e. not in the
computed confidence interval. Thus, we obtain the empirical coverage probability
as pcov = w

m , and compute a “meta” confidence interval [lcov, ucov] around it
using Clopper-Pearson.

Table 2. Coverage over 44 instances (γ = 0.95)

SM ucov<γ pcov<γ min pcov ∅ pcov

Normal 10 31 0.908 0.946
Student’s-t 9 32 0.902 0.947
Hoeffding (k) 0 0 1 1
DKW 0 0 0.999 1.000

Chow-Robbins 16 24 0.723 0.937
Hoeffding (ε) 0 0 1 1

In Table 2, we report the result
of using this empirical coverage test
choosing γ = 0.95, k = 1000, and
m = 5000. We report the number
of benchmark instances where the
respective SM attained insufficient
coverage (pcov < γ) in a statistically
significant way (ucov < γ), as well
as the minimum min pcov and average ∅ pcov of the 44 coverage probabilities.
Detailed results are in [27, App. D.2]. Hoeffding’s inequality and the DKW
produced only sound results as expected, although Hoeffding timed out (> 10
minutes) 39 times in the sequential setting. The unsound methods produce
incorrect results much more often than they claim, with the insufficiency even
being statistically significant in almost a quarter of the benchmark instances.
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101

Hoeffding

D
K

W

104 105

104

105

Fig. 5. Sound ε given k

Performance. We next evaluate the perfor-
mance of the two sound SMs available when
[a, b] is known. The runtime spent on the
calculations involved with the SMs that we
consider is negligible compared to that for
generating sample paths. We thus compare
the performance of Hoeffding’s inequality
and the DKW via the half-width ε of the
interval returned given fixed k = 500 000.
The results are shown as a scatter plot in
Fig. 5, where every point ⟨x, y⟩ (blue for
DTMCs, orange for MDPs) is the result of
one benchmark instance, stating that using
Hoeffding’s inequality resulted in ε = x while the DKW gave ε = y. Note the
logarithmic scale; points on the dotted diagonals mark 2× differences. We see
that, as expected, the DKW consistently produces smaller intervals; the geo-
metric mean of the ratios ε for Hoeffding

ε for DKW over all 44 instances is 1.72, close to the

than the output of this procedure allow to approximate the result with precision 10−3,
in particular since in all QVBS models the target state is reached with probability 1.
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theoretical maximum of 2 (see Proposition 1). Our upper bounds b computed as
per Sec. 4.2 are rather loose, benefiting DKW and resulting in very asymmetric
DKW intervals with a lower bound close to the true value and an upper bound
similar to Hoeffding’s.
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Fig. 6. DKW-E-Lower

Effectiveness. For unknown b as in E⋄ G prop-
erties, we test how quickly our novel DKW-
E-Lower method converges to the (usually
unknown) true value by applying it to our
44 benchmark instances for k = 10i with
i ∈ { 2, 3, 4, 5, 6 }. All results are in [27,
App. D.3] and show behaviour similar to the
three benchmark instances of Fig. 6 (from
top to bottom: ⟨coupon, ⟨15, 4, 5⟩, exp_draws ⟩,
⟨resource-gathering, ⟨1300, 100, 100⟩, expgold ⟩,
and ⟨egl, ⟨5, 8⟩, messagesB ⟩). The distance be-
tween the lower bound and the true value in most cases decreases by a factor
between 2 and 3 on each step. Over all instances and steps, on average (geometric
mean) the distance decreases by a factor of 2.6, which gives an indication of the
practical convergence rate of the DKW-E-Lower method.

7 Conclusion

We raise attention to the issue of soundness in SMC given a state of the art where
many tools use unsound statistical methods. For estimating probabilities, several
sound methods exist, which have recently been compared in [65]. We summarised
them as a reference for the SMC practitioner, and expanded upon [65] by looking
into the sequential setting as well as adding coverage probability plots that
highlight the level of (un)soundness at a glance and providing an overview of the
methods employed by tools. For expected-reward properties, only two tools had
(ad-hoc and inefficient) sound methods so far; we contribute a recommendation for
the—apparently little-known—DKW and a thorough treatment of the problem
of bounding the path reward distribution. While our proof that sound SMC is
possible for reachability rewards is currently of theoretical use only, we expect
our notion of bounding sets to be crucial for future practical solutions based on
the identification of specific structural features of a model’s state space or higher-
level description. On the practical side, we formalised the notion of limit-PAC
procedures, which we instantiate by the DKW-E-Lower method that we show
to give close bounds in practice. As immediate future work, our results can be
extended to estimating rare event probabilities, where samples are in [0, 1] or
potentially unbounded depending on the rare event simulation method used. Our
contributions should transfer to continuous-time Markov chains straightforwardly.

Data availability statement. The models, tools, and scripts to reproduce our exper-
imental evaluation are archived and available at DOI [28].10.5281/zenodo.14743520

https://doi.org/10.5281/zenodo.14743520


184 C. E. Budde et al.

References

1. Agarwal, C., Guha, S., Kretínský, J., Muruganandham, P.: PAC statistical
model checking of mean payoff in discrete- and continuous-time MDP. In: CAV
(2). Lecture Notes in Computer Science, vol. 13372, pp. 3–25. Springer (2022).
https://doi.org/10.1007/978-3-031-13188-2_1

2. Agha, G., Palmskog, K.: A survey of statistical model checking. ACM Trans. Model.
Comput. Simul. 28(1), 6:1–6:39 (2018). https://doi.org/10.1145/3158668

3. Agresti, A., Coull, B.A.: Approximate is better than “exact” for interval estima-
tion of binomial proportions. The American Statistician 52(2), 119–126 (1998).
https://doi.org/10.2307/2685469

4. Anderson, T.W.: Confidence limits for the value of an arbitrary bounded random
variable with a continuous distribution function. Bulletin of The International and
Statistical Institute 43, 249–251 (1969)

5. Ashok, P., Butkova, Y., Hermanns, H., Kretínský, J.: Continuous-time Markov
decisions based on partial exploration. In: Lahiri, S.K., Wang, C. (eds.) 16th
International Symposium on Automated Technology for Verification and Analysis
(ATVA). Lecture Notes in Computer Science, vol. 11138, pp. 317–334. Springer
(2018). https://doi.org/10.1007/978-3-030-01090-4_19

6. Ashok, P., Chatterjee, K., Daca, P., Kretínský, J., Meggendorfer, T.: Value
iteration for long-run average reward in Markov decision processes. In:
CAV (1). Lecture Notes in Computer Science, vol. 10426, pp. 201–221.
Springer (2017). https://doi.org/10.1007/978-3-319-63387-9_10

7. Ashok, P., Daca, P., Kretínský, J., Weininger, M.: Statistical model checking: Black
or white? In: Margaria, T., Steffen, B. (eds.) 9th International Symposium on
Leveraging Applications of Formal Methods (ISoLA). Lecture Notes in Computer
Science, vol. 12476, pp. 331–349. Springer (2020). https://doi.org/10.1007/978-3-
030-61362-4_19

8. Ashok, P., Kretínský, J., Weininger, M.: PAC statistical model checking for markov
decision processes and stochastic games. In: CAV (1). Lecture Notes in Computer
Science, vol. 11561, pp. 497–519. Springer (2019). https://doi.org/10.1007/978-3-
030-25540-4_29

9. Azeem, M., Evangelidis, A., Kretínský, J., Slivinskiy, A., Weininger, M.: Opti-
mistic and topological value iteration for simple stochastic games. In: ATVA.
Lecture Notes in Computer Science, vol. 13505, pp. 285–302. Springer (2022).
https://doi.org/10.1007/978-3-031-19992-9_18

10. Baier, C.: Probabilistic model checking. In: Esparza, J., Grumberg, O., Sickert, S.
(eds.) Dependable Software Systems Engineering, NATO Science for Peace and
Security Series – D: Information and Communication Security, vol. 45, pp. 1–23.
IOS Press (2016). https://doi.org/10.3233/978-1-61499-627-9-1

11. Baier, C., de Alfaro, L., Forejt, V., Kwiatkowska, M.: Model checking probabilistic
systems. In: Clarke, E.M., Henzinger, T.A., Veith, H., Bloem, R. (eds.) Handbook
of Model Checking, pp. 963–999. Springer (2018). https://doi.org/10.1007/978-3-
319-10575-8_28

12. Baier, C., Haverkort, B.R., Hermanns, H., Katoen, J.P.: Performance evalu-
ation and model checking join forces. Commun. ACM 53(9), 76–85 (2010).
https://doi.org/10.1145/1810891.1810912

13. Baier, C., Katoen, J.P.: Principles of model checking. MIT Press (2008)

https://doi.org/10.1007/978-3-031-13188-2_1
https://doi.org/10.1145/3158668
https://doi.org/10.2307/2685469
https://doi.org/10.1007/978-3-030-01090-4_19
https://doi.org/10.1007/978-3-319-63387-9_10
https://doi.org/10.1007/978-3-030-61362-4_19
https://doi.org/10.1007/978-3-030-61362-4_19
https://doi.org/10.1007/978-3-030-25540-4_29
https://doi.org/10.1007/978-3-030-25540-4_29
https://doi.org/10.1007/978-3-031-19992-9_18
https://doi.org/10.3233/978-1-61499-627-9-1
https://doi.org/10.1007/978-3-319-10575-8_28
https://doi.org/10.1007/978-3-319-10575-8_28
https://doi.org/10.1145/1810891.1810912


Sound Statistical Model Checking for Probabilities and Expected Rewards 185

14. Baier, C., Klein, J., Leuschner, L., Parker, D., Wunderlich, S.: Ensuring the reliability
of your model checker: Interval iteration for Markov decision processes. In: CAV
(1). Lecture Notes in Computer Science, vol. 10426, pp. 160–180. Springer (2017).
https://doi.org/10.1007/978-3-319-63387-9_8

15. Ballarini, P., Barbot, B., Duflot, M., Haddad, S., Pekergin, N.: HASL:
A new approach for performance evaluation and model checking from
concepts to experimentation. Performance Evaluation 90, 53–77 (2015).
https://doi.org/10.1016/j.peva.2015.04.003

16. Bennett, G.: Probability inequalities for the sum of independent random vari-
ables. Journal of the American Statistical Association 57(297), 33–45 (1962).
https://doi.org/10.1080/01621459.1962.10482149

17. Bernstein, S.: On a modification of Chebyshev’s inequality and of the error formula
of Laplace. Ann. Sci. Inst. Sav. Ukraine, Sect. Math 1(4), 38–49 (1924)

18. Bernstein, S.: Theory of Probability. 2 edn. (1934)
19. Bohnenkamp, H.C., D’Argenio, P.R., Hermanns, H., Katoen, J.P.: MoDeST: A

compositional modeling formalism for hard and softly timed systems. IEEE Trans.
Software Eng. 32(10), 812–830 (2006). https://doi.org/10.1109/TSE.2006.104

20. Brázdil, T., Chatterjee, K., Chmelik, M., Forejt, V., Kretínský, J., Kwiatkowska,
M.Z., Parker, D., Ujma, M.: Verification of Markov decision processes using learning
algorithms. In: Cassez, F., Raskin, J.F. (eds.) 12th International Symposium on
Automated Technology for Verification and Analysis (ATVA). Lecture Notes in Com-
puter Science, vol. 8837, pp. 98–114. Springer (2014). https://doi.org/10.1007/978-
3-319-11936-6_8

21. Bu, H., Sun, M.: Clopper-pearson algorithms for efficient statistical model check-
ing estimation. IEEE Transactions on Software Engineering (01), 1–20 (2024).
https://doi.org/10.1109/TSE.2024.3392720

22. Budde, C.E.: FIG: the Finite Improbability Generator v1.3. SIGMETRICS Perform.
Evaluation Rev. 49(4), 59–64 (2022). https://doi.org/10.1145/3543146.3543160

23. Budde, C.E.: Using statistical model checking for cybersecurity analysis. In:
Skarmeta, A.F., Canavese, D., Lioy, A., Matheu, S.N. (eds.) First International
Workshop on Digital Sovereignty in Cyber Security: New Challenges in Future
Vision (CyberSec4Europe). Communications in Computer and Information Science,
vol. 1807, pp. 16–32. Springer (2022). https://doi.org/10.1007/978-3-031-36096-1_2

24. Budde, C.E., D’Argenio, P.R., Hartmanns, A., Sedwards, S.: An efficient statistical
model checker for nondeterminism and rare events. Int. J. Softw. Tools Technol.
Transf. 22(6), 759–780 (2020). https://doi.org/10.1007/S10009-020-00563-2

25. Budde, C.E., Dehnert, C., Hahn, E.M., Hartmanns, A., Junges, S., Turrini, A.:
JANI: Quantitative model and tool interaction. In: Legay, A., Margaria, T. (eds.)
23rd International Conference on Tools and Algorithms for the Construction and
Analysis of Systems (TACAS). Lecture Notes in Computer Science, vol. 10206, pp.
151–168 (2017). https://doi.org/10.1007/978-3-662-54580-5_9

26. Budde, C.E., Hartmanns, A., Klauck, M., Kretínský, J., Parker, D., Quatmann, T.,
Turrini, A., Zhang, Z.: On correctness, precision, and performance in quantitative
verification – qcomp 2020 competition report. In: Margaria, T., Steffen, B. (eds.) 9th
International Symposium on Leveraging Applications of Formal Methods (ISoLA).
Lecture Notes in Computer Science, vol. 12479, pp. 216–241. Springer (2020).
https://doi.org/10.1007/978-3-030-83723-5_15

27. Budde, C.E., Hartmanns, A., Meggendorfer, T., Weininger, M., Wienhöft, P.:
Sound statistical model checking for probabilities and expected rewards. CoRR
abs/2411.00559 (2024). https://doi.org/10.48550/arXiv.2411.00559

https://doi.org/10.1007/978-3-319-63387-9_8
https://doi.org/10.1016/j.peva.2015.04.003
https://doi.org/10.1080/01621459.1962.10482149
https://doi.org/10.1109/TSE.2006.104
https://doi.org/10.1007/978-3-319-11936-6_8
https://doi.org/10.1007/978-3-319-11936-6_8
https://doi.org/10.1109/TSE.2024.3392720
https://doi.org/10.1145/3543146.3543160
https://doi.org/10.1007/978-3-031-36096-1_2
https://doi.org/10.1007/S10009-020-00563-2
https://doi.org/10.1007/978-3-662-54580-5_9
https://doi.org/10.1007/978-3-030-83723-5_15
https://doi.org/10.48550/arXiv.2411.00559


186 C. E. Budde et al.

28. Budde, C.E., Hartmanns, A., Meggendorfer, T., Weininger, M., Wienhöft, P.: Sound
statistical model checking for probabilities and expected rewards (experimental
reproduction package) (2025). https://doi.org/10.5281/zenodo.14743520

29. Casella, G.: Refining binomial confidence intervals. Canadian Journal of Statistics
14(2), 113–129 (1986). https://doi.org/https://doi.org/10.2307/3314658

30. Chen, J.: Properties of a new adaptive sampling method with applications to scalable
learning. Web Intell. 13(4), 215–227 (2015). https://doi.org/10.3233/WEB-150322

31. Chenoy, A., Duchene, F., Given-Wilson, T., Legay, A.: C-SMC: A hybrid statistical
model checking and concrete runtime engine for analyzing C programs. In: Laarman,
A., Sokolova, A. (eds.) 27th International Symposium on Model Checking Software
(SPIN). Lecture Notes in Computer Science, vol. 12864, pp. 101–119. Springer
(2021). https://doi.org/10.1007/978-3-030-84629-9_6

32. Chernoff, H.: A Measure of Asymptotic Efficiency for Tests of a Hypothesis Based
on the sum of Observations. The Annals of Mathematical Statistics 23(4), 493–507
(1952). https://doi.org/10.1214/aoms/1177729330

33. Chow, Y.S., Robbins, H.: On the Asymptotic Theory of Fixed-Width Sequential
Confidence Intervals for the Mean. The Annals of Mathematical Statistics 36(2),
457–462 (1965). https://doi.org/10.1214/aoms/1177700156

34. Clopper, C., Pearson, E.: The use of confidence or fiducial limits illus-
trated in the case of the binomial. Biometrika 26(4), 404–413 (1934).
https://doi.org/10.1093/biomet/26.4.404

35. Daca, P., Henzinger, T.A., Kretínský, J., Petrov, T.: Faster statistical model
checking for unbounded temporal properties. ACM Trans. Comput. Log. 18(2),
12:1–12:25 (2017). https://doi.org/10.1145/3060139

36. D’Argenio, P.R., Monti, R.E.: Input/output stochastic automata with urgency: Con-
fluence and weak determinism. In: Fischer, B., Uustalu, T. (eds.) 15th International
Colloquium on Theoretical Aspects of Computing (ICTAC). Lecture Notes in Com-
puter Science, vol. 11187, pp. 132–152. Springer (2018). https://doi.org/10.1007/978-
3-030-02508-3_8

37. David, A., Larsen, K.G., Legay, A., Mikučionis, M., Poulsen, D.B.: Uppaal
SMC tutorial. Int. J. Softw. Tools Technol. Transf. 17(4), 397–415 (2015).
https://doi.org/10.1007/s10009-014-0361-y

38. Domingo, C., Gavaldà, R., Watanabe, O.: Adaptive sampling methods for scaling up
knowledge discovery algorithms. In: Discovery Science. Lecture Notes in Computer
Science, vol. 1721, pp. 172–183. Springer (1999). https://doi.org/10.1007/3-540-
46846-3_16

39. Dvoretzky, A., Kiefer, J., Wolfowitz, J.: Asymptotic Minimax Character
of the Sample Distribution Function and of the Classical Multinomial
Estimator. The Annals of Mathematical Statistics 27(3), 642–669 (1956).
https://doi.org/10.1214/aoms/1177728174

40. Eisentraut, J., Kelmendi, E., Kretínský, J., Weininger, M.: Value iteration for
simple stochastic games: Stopping criterion and learning algorithm. Inf. Comput.
285(Part), 104886 (2022). https://doi.org/10.1016/j.ic.2022.104886

41. Forejt, V., Kwiatkowska, M.Z., Norman, G., Parker, D.: Automated verification
techniques for probabilistic systems. In: Bernardo, M., Issarny, V. (eds.) 11th Inter-
national School on Formal Methods for the Design of Computer, Communication
and Software Systems (SFM). Lecture Notes in Computer Science, vol. 6659, pp.
53–113. Springer (2011). https://doi.org/10.1007/978-3-642-21455-4_3

42. Frey, J.: Fixed-width sequential confidence intervals for a proportion. The American
Statistician 64(3), 242–249 (2010), https://www.jstor.org/stable/20799919

https://doi.org/10.5281/zenodo.14743520
https://doi.org/https://doi.org/10.2307/3314658
https://doi.org/10.3233/WEB-150322
https://doi.org/10.1007/978-3-030-84629-9_6
https://doi.org/10.1214/aoms/1177729330
https://doi.org/10.1214/aoms/1177700156
https://doi.org/10.1093/biomet/26.4.404
https://doi.org/10.1145/3060139
https://doi.org/10.1007/978-3-030-02508-3_8
https://doi.org/10.1007/978-3-030-02508-3_8
https://doi.org/10.1007/s10009-014-0361-y
https://doi.org/10.1007/3-540-46846-3_16
https://doi.org/10.1007/3-540-46846-3_16
https://doi.org/10.1214/aoms/1177728174
https://doi.org/10.1016/j.ic.2022.104886
https://doi.org/10.1007/978-3-642-21455-4_3
http://www.jstor.org/stable/20799919


Sound Statistical Model Checking for Probabilities and Expected Rewards 187

43. Gilmore, S., Reijsbergen, D., Vandin, A.: Transient and steady-state statistical
analysis for discrete event simulators. In: IFM. pp. 145–160. Springer (2017).
https://doi.org/10.1007/978-3-319-66845-1_10

44. Haddad, S., Monmege, B.: Interval iteration algorithm for mdps and imdps. Theor.
Comput. Sci. 735, 111–131 (2018). https://doi.org/10.1016/J.TCS.2016.12.003

45. Hahn, E.M., Hartmanns, A., Hermanns, H., Katoen, J.P.: A compositional modelling
and analysis framework for stochastic hybrid systems. Formal Methods Syst. Des.
43(2), 191–232 (2013). https://doi.org/10.1007/S10703-012-0167-Z

46. Hartmanns, A., Hermanns, H.: The Modest Toolset: An integrated environment
for quantitative modelling and verification. In: Ábrahám, E., Havelund, K. (eds.)
20th International Conference on Tools and Algorithms for the Construction and
Analysis of Systems (TACAS). Lecture Notes in Computer Science, vol. 8413, pp.
593–598. Springer (2014). https://doi.org/10.1007/978-3-642-54862-8_51

47. Hartmanns, A., Kaminski, B.L.: Optimistic value iteration. In: Lahiri, S.K., Wang,
C. (eds.) 32nd International Conference on Computer Aided Verification (CAV).
Lecture Notes in Computer Science, vol. 12225, pp. 488–511. Springer (2020).
https://doi.org/10.1007/978-3-030-53291-8_26

48. Hartmanns, A., Klauck, M., Parker, D., Quatmann, T., Ruijters, E.: The quantitative
verification benchmark set. In: Vojnar, T., Zhang, L. (eds.) 25th International
Conference on Tools and Algorithms for the Construction and Analysis of Systems
(TACAS). Lecture Notes in Computer Science, vol. 11427, pp. 344–350. Springer
(2019). https://doi.org/10.1007/978-3-030-17462-0_20

49. Hérault, T., Lassaigne, R., Magniette, F., Peyronnet, S.: Approximate proba-
bilistic model checking. In: Steffen, B., Levi, G. (eds.) 5th International Confer-
ence on Verification, Model Checking, and Abstract Interpretation (VMCAI).
Lecture Notes in Computer Science, vol. 2937, pp. 73–84. Springer (2004).
https://doi.org/10.1007/978-3-540-24622-0_8

50. Hoeffding, W.: Probability inequalities for sums of bounded random vari-
ables. Journal of the American Statistical Association 58(301), 13–30 (1963).
https://doi.org/10.1080/01621459.1963.10500830

51. Jégourel, C., Sun, J., Dong, J.S.: Sequential schemes for frequentist estimation of
properties in statistical model checking. ACM Trans. Model. Comput. Simul. 29(4),
25:1–25:22 (2019). https://doi.org/10.1145/3310226

52. Kretínský, J.: Survey of statistical verification of linear unbounded properties:
Model checking and distances. In: ISoLA (1). Lecture Notes in Computer Science,
vol. 9952, pp. 27–45 (2016). https://doi.org/10.1007/978-3-319-47166-2_3

53. Kretínský, J., Meggendorfer, T.: Of cores: A partial-exploration framework for
Markov decision processes. Log. Methods Comput. Sci. 16(4) (2020),

54. Kretínský, J., Meggendorfer, T., Weininger, M.: Stopping criteria for value iteration
on stochastic games with quantitative objectives. In: 38th Annual ACM/IEEE
Symposium on Logic in Computer Science, LICS 2023, Boston, MA, USA, June 26-
29, 2023. pp. 1–14. IEEE (2023). https://doi.org/10.1109/LICS56636.2023.10175771

https://
lmcs.episciences.org/6833

https://doi.org/10.1007/978-3-319-66845-1_10
https://doi.org/10.1016/J.TCS.2016.12.003
https://doi.org/10.1007/S10703-012-0167-Z
https://doi.org/10.1007/978-3-642-54862-8_51
https://doi.org/10.1007/978-3-030-53291-8_26
https://doi.org/10.1007/978-3-030-17462-0_20
https://doi.org/10.1007/978-3-540-24622-0_8
https://doi.org/10.1080/01621459.1963.10500830
https://doi.org/10.1145/3310226
https://doi.org/10.1007/978-3-319-47166-2_3
https://lmcs.episciences.org/6833
https://lmcs.episciences.org/6833
https://doi.org/10.1109/LICS56636.2023.10175771


188 C. E. Budde et al.

55. Kwiatkowska, M.Z., Norman, G., Parker, D.: PRISM 4.0: Verification of probabilistic
real-time systems. In: Gopalakrishnan, G., Qadeer, S. (eds.) 23rd International
Conference on Computer Aided Verification (CAV). Lecture Notes in Computer
Science, vol. 6806, pp. 585–591. Springer (2011). https://doi.org/10.1007/978-3-
642-22110-1_47

56. Lampacrescia, M., Klauck, M., Palmas, M.: Towards verifying robotic systems
using statistical model checking in STORM. In: Steffen, B. (ed.) Second Inter-
national Conference on Bridging the Gap Between AI and Reality (AISoLA).
Lecture Notes in Computer Science, vol. 15217, pp. 446–467. Springer (2024).
https://doi.org/10.1007/978-3-031-75434-0_28

57. Lanotte, R., Merro, M., Zannone, N.: Impact analysis of coordinated cyber-physical
attacks via statistical model checking: A case study. In: Huisman, M., Ravara, A.
(eds.) 43rd IFIP WG 6.1 International Conference on Formal Techniques for Dis-
tributed Objects, Components, and Systems (FORTE). Lecture Notes in Computer
Science, vol. 13910, pp. 75–94. Springer (2023). https://doi.org/10.1007/978-3-031-
35355-0_6

58. Learned-Miller, E.G., Thomas, P.S.: A new confidence interval for the mean of a
bounded random variable. CoRR abs/1905.06208 (2019),

59. Legay, A., Lukina, A., Traonouez, L.M., Yang, J., Smolka, S.A., Grosu, R.: Statistical
model checking. In: Steffen, B., Woeginger, G.J. (eds.) Computing and Software
Science – State of the Art and Perspectives, Lecture Notes in Computer Science, vol.
10000, pp. 478–504. Springer (2019). https://doi.org/10.1007/978-3-319-91908-9_23

60. Legay, A., Sedwards, S., Traonouez, L.M.: Plasma Lab: A modular statistical model
checking platform. In: Margaria, T., Steffen, B. (eds.) 7th International Symposium
on Leveraging Applications of Formal Methods (ISoLA). Lecture Notes in Computer
Science, vol. 9952, pp. 77–93 (2016). https://doi.org/10.1007/978-3-319-47166-2_6

61. Levin, D.A., Peres, Y.: Markov chains and mixing times, vol. 107. American
Mathematical Soc. (2017)

62. Massart, P.: The tight constant in the Dvoretzky-Kiefer-Wolfowitz
inequality. The Annals of Probability 18(3), 1269–1283 (1990).
https://doi.org/10.1214/aop/1176990746

63. Mazurek, F., Tschand, A., Wang, Y., Pajic, M., Sorin, D.J.: Rigorous evaluation of
computer processors with statistical model checking. In: 56th Annual IEEE/ACM
International Symposium on Microarchitecture (MICRO). pp. 1242–1254. ACM
(2023). https://doi.org/10.1145/3613424.3623785

64. Meggendorfer, T., Weininger, M.: Playing games with your PET: Extending the
partial exploration tool to stochastic games. In: Gurfinkel, A., Ganesh, V. (eds.)
Computer Aided Verification - 36th International Conference, CAV 2024, Montreal,
QC, Canada, July 24-27, 2024, Proceedings, Part III. Lecture Notes in Computer
Science, vol. 14683, pp. 359–372. Springer (2024). https://doi.org/10.1007/978-3-
031-65633-0_16

65. Meggendorfer, T., Weininger, M., Wienhöft, P.: What are the odds? Improving
the foundations of statistical model checking. CoRR abs/2404.05424 (2024).
https://doi.org/10.48550/arXiv.2404.05424

66. Mnih, V., Szepesvári, C., Audibert, J.Y.: Empirical Bernstein stopping. In: Cohen,
W.W., McCallum, A., Roweis, S.T. (eds.) 25th International Conference on Machine
Learning (ICML). ACM International Conference Proceeding Series, vol. 307, pp.
672–679. ACM (2008). https://doi.org/10.1145/1390156.1390241

https://arxiv.org/
abs/1905.06208

https://doi.org/10.1007/978-3-642-22110-1_47
https://doi.org/10.1007/978-3-642-22110-1_47
https://doi.org/10.1007/978-3-031-75434-0_28
https://doi.org/10.1007/978-3-031-35355-0_6
https://doi.org/10.1007/978-3-031-35355-0_6
http://arxiv.org/abs/1905.06208
http://arxiv.org/abs/1905.06208
https://doi.org/10.1007/978-3-319-91908-9_23
https://doi.org/10.1007/978-3-319-47166-2_6
https://doi.org/10.1214/aop/1176990746
https://doi.org/10.1145/3613424.3623785
https://doi.org/10.1007/978-3-031-65633-0_16
https://doi.org/10.1007/978-3-031-65633-0_16
https://doi.org/10.48550/arXiv.2404.05424
https://doi.org/10.1145/1390156.1390241


Sound Statistical Model Checking for Probabilities and Expected Rewards 189

67. Newcombe, R.G.: Two-sided confidence intervals for the single proportion: Compar-
ison of seven methods. Statistics in medicine 17(8), 857–872 (1998)

68. Niehage, M., Pilch, C., Remke, A.: Simulating hybrid Petri nets with general tran-
sitions and non-linear differential equations. In: 13th EAI International Conference
on Performance Evaluation Methodologies and Tools (VALUETOOLS). pp. 88–95.
ACM (2020). https://doi.org/10.1145/3388831.3388842

69. Nouri, A., Mediouni, B.L., Bozga, M., Combaz, J., Bensalem, S., Legay, A.: Per-
formance evaluation of stochastic real-time systems with the SBIP framework.
International Journal of Critical Computer-Based Systems 8(3-4), 340–370 (2018).
https://doi.org/10.1504/IJCCBS.2018.096439

70. Okamoto, M.: Some inequalities relating to the partial sum of binomial probabilities.
Annals of the Institute of Statistical Mathematics 10(1), 29–35 (1959)

71. Parmentier, M., Legay, A.: Adaptive stopping algorithms based on concentration
inequalities. In: Steffen, B. (ed.) Second International Conference on Bridging the
Gap Between AI and Reality (AISoLA). Lecture Notes in Computer Science, vol.
15217, pp. 336–353. Springer (2024). https://doi.org/10.1007/978-3-031-75434-0_23

72. Phan, M., Thomas, P.S., Learned-Miller, E.G.: Towards practical mean bounds for
small samples. In: Meila, M., Zhang, T. (eds.) 38th International Conference on
Machine Learning (ICML). Proceedings of Machine Learning Research, vol. 139, pp.
8567–8576. PMLR (2021),

73. Pilch, C., Edenfeld, F., Remke, A.: HYPEG: Statistical model checking for hy-
brid Petri nets: Tool paper. In: Marin, A., Houdt, B.V., Casale, G., Petriu,
D.C., Rossi, S. (eds.) 11th EAI International Conference on Performance Eval-
uation Methodologies and Tools (VALUETOOLS). pp. 186–191. ACM (2017).
https://doi.org/10.1145/3150928.3150956

74. Pilch, C., Remke, A.: Statistical model checking for hybrid petri nets with mul-
tiple general transitions. In: DSN. pp. 475–486. IEEE Computer Society (2017).
https://doi.org/10.1109/DSN.2017.41

75. Quatmann, T., Katoen, J.P.: Sound value iteration. In: Chockler, H., Weissenbacher,
G. (eds.) 30th International Conference on Computer Aided Verification (CAV).
Lecture Notes in Computer Science, vol. 10981, pp. 643–661. Springer (2018).
https://doi.org/10.1007/978-3-319-96145-3_37

76. Reijsbergen, D., de Boer, P., Scheinhardt, W.R.W., Haverkort, B.R.: On hypothesis
testing for statistical model checking. Int. J. Softw. Tools Technol. Transf. 17(4),
377–395 (2015). https://doi.org/10.1007/S10009-014-0350-1

77. Roberts, R., Lewis, B., Hartmanns, A., Basu, P., Roy, S., Chakraborty, K., Zhang, Z.:
Probabilistic verification for reliability of a two-by-two network-on-chip system. In:
Lluch-Lafuente, A., Mavridou, A. (eds.) 26th International Conference on Formal
Methods for Industrial Critical Systems (FMICS). Lecture Notes in Computer
Science, vol. 12863, pp. 232–248. Springer (2021). https://doi.org/10.1007/978-3-
030-85248-1_16

78. Rubino, G., Tuffin, B. (eds.): Rare Event Simulation using Monte Carlo Methods.
Wiley (2009). https://doi.org/10.1002/9780470745403

79. Sebastio, S., Vandin, A.: MultiVeStA: statistical model checking for discrete
event simulators. In: Horváth, A., Buchholz, P., Cortellessa, V., Muscariello,
L., Squillante, M.S. (eds.) 7th International Conference on Performance Evalua-
tion Methodologies and Tools (VALUETOOLS). pp. 310–315. ICST/ACM (2013).
https://doi.org/10.4108/ICST.VALUETOOLS.2013.254377

80. Wald, A.: Sequential Tests of Statistical Hypotheses. The Annals of Mathematical
Statistics 16(2), 117–186 (1945). https://doi.org/10.1214/aoms/1177731118

https://proceedings.mlr.press/v139/phan21a.html

https://doi.org/10.1145/3388831.3388842
https://doi.org/10.1504/IJCCBS.2018.096439
https://doi.org/10.1007/978-3-031-75434-0_23
http://proceedings.mlr.press/v139/phan21a.html
https://doi.org/10.1145/3150928.3150956
https://doi.org/10.1109/DSN.2017.41
https://doi.org/10.1007/978-3-319-96145-3_37
https://doi.org/10.1007/S10009-014-0350-1
https://doi.org/10.1007/978-3-030-85248-1_16
https://doi.org/10.1007/978-3-030-85248-1_16
https://doi.org/10.1002/9780470745403
https://doi.org/10.4108/ICST.VALUETOOLS.2013.254377
https://doi.org/10.1214/aoms/1177731118


190 C. E. Budde et al.

81. Wang, W.: An iterative construction of confidence intervals for a proportion. Sta-
tistica Sinica 24(3), 1389–1410 (2014),

82. Younes, H.L.S., Kwiatkowska, M.Z., Norman, G., Parker, D.: Numerical vs. statisti-
cal probabilistic model checking. Int. J. Softw. Tools Technol. Transf. 8(3), 216–228
(2006). https://doi.org/10.1007/S10009-005-0187-8

83. Younes, H.L.S., Simmons, R.G.: Probabilistic verification of discrete event systems
using acceptance sampling. In: Brinksma, E., Larsen, K.G. (eds.) 14th International
Conference on Computer Aided Verification (CAV). Lecture Notes in Computer
Science, vol. 2404, pp. 223–235. Springer (2002). https://doi.org/10.1007/3-540-
45657-0_17

84. Zuliani, P.: Statistical model checking for biological applications. Int. J. Softw. Tools
Technol. Transf. 17(4), 527–536 (2015). https://doi.org/10.1007/S10009-014-0343-0

Open Access. This chapter is licensed under the terms of the Creative Commons
Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/),
which permits use, sharing, adaptation, distribution, and reproduction in any medium
or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license and indicate if changes were
made.

The images or other third party material in this chapter are included in the
chapter’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the chapter’s Creative Commons license and
your intended use is not permitted by statutory regulation or exceeds the permitted
use, you will need to obtain permission directly from the copyright holder.

https://www.jstor.org/stable/24310993

http://www.jstor.org/stable/24310993
https://doi.org/10.1007/S10009-005-0187-8
https://doi.org/10.1007/3-540-45657-0_17
https://doi.org/10.1007/3-540-45657-0_17
https://doi.org/10.1007/S10009-014-0343-0
http://creativecommons.org/licenses/by/4.0/


Efficient Evidence Generation
for Modal µ-Calculus Model Checking

{a.stramaglia, j.j.a.keiren, m.laveaux, t.a.c.willemse}@tue.nl

Abstract. Model checking is a technique to automatically establish
whether a model of the behaviour of a system meets its requirements.
Evidence explaining why the behaviour does (not) meet its require-
ments is essential for the user to understand the model checking result.
Willemse and Wesselink showed that parameterised Boolean equation
systems (PBESs), an intermediate format for µ-calculus model checking,
can be extended with information to generate such evidence. Solving the
resulting PBES is much slower than solving one without additional in-
formation, and sometimes even impossible. In this paper we develop a
two-step approach to solving a PBES with additional information: we
first solve its core and subsequently use the information obtained in this
step to solve the PBES with additional information. We prove the cor-
rectness of our approach and we have implemented it, demonstrating
that it efficiently generates evidence using both explicit and symbolic
solving techniques.

Keywords: Model checking; modal µ-calculus; parameterised Boolean
equation systems; counterexamples

1 Introduction

Model checking [1,8] is an automated technique for establishing whether user-
defined requirements hold for (a model of) a system. The behaviour of the system
is typically specified using a modelling language whose semantics is represented
in terms of a labelled transition system or a Kripke structure. Requirements are
expressed as formulas in LTL (linear temporal logic), or branching-time logics
such as CTL (computation tree logic), CTL∗, or the modal µ-calculus.

Given the description of the system and a temporal logic formula, a model
checker answers the decision problem: ‘Does (the model of) my system meet its
requirement?’. The yes / no answer alone does not explain why the requirement
is (not) satisfied. To this end, model checkers can provide evidence (often referred
to as a witness or a counterexample) explaining the answer.

Model checking tools such as CADP [13] and mCRL2 [4] use parameterised
Boolean equation systems (PBESs) to encode the µ-calculus model checking
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problem [16]. In mCRL2, PBESs are first instantiated to a parity game (or
Boolean equation system) [11,19,30] using a process similar to state space explo-
ration. The resulting parity game is solved using standard algorithms such as the
recursive algorithm [36]. Inspired by the work of Cranen et al. [10], Wesselink
and Willemse showed that the encoding of the model checking problem to PBES
can be extended with additional information such that evidence explaining the
solution can be extracted [35]. The evidence subsequently allows for constructing
a subgraph of the original state space that gives a minimal explanation of the
outcome of the verification.

A fundamental problem in model checking is the state-space explosion prob-
lem: the size of the state space underlying a system model grows exponentially
in the number of (parallel) components and state variables. Symbolic model
checking [5,27] addresses this problem by using symbolic representations such as
binary decision diagrams to compactly store the state space. These ideas have
been extended to symbolically explore and solve the parity game underlying
a PBES [3,4,19,24]. Symbolic PBES solvers are routinely used to solve the µ-
calculus model checking problem for large models. For instance, the Workload
Management System (WMS) model described in [31] and the Mechanical Lung
Ventilator (MLV) model from [12] could only be verified using symbolic algo-
rithms. However, in practice, the running time of solving PBESs with evidence
information is so high that waiting for a solution is not an option.

Contributions. Our main contribution in this paper is a new approach for ev-
idence generation from PBESs. Our approach first solves a PBES without ad-
ditional information. As a second step, the solution of this PBES is used to
simplify the solving of the PBES that does have additional information needed
for evidence generation. We establish the correctness of the approach.

We have implemented our approach in the explicit PBES solver in mCRL2 [4],
and added a hybrid approach, in which the first step is performed symbolically.
This solution is then used to inform the explicit PBES solver in the second step.

We experimentally demonstrate the effectiveness of our new approaches. In
particular, our experiments show that when the first step is done using the ex-
plicit solver, the performance is comparable with the original approach in [35].
When using the symbolic solver for the first step, our approach is able to effi-
ciently generate evidence, also in the cases where this was not feasible before.

Related work. For a comprehensive overview of diagnostics for model checking,
we refer to Busard’s thesis [6]. We limit ourselves to the closest approaches pro-
viding evidence or diagnostics for the modal µ-calculus model checking problem.
Such diagnostics have for instance been described using tableaux [21] and as
two-player games [32]. There are several graph-based approaches describing evi-
dence in the literature. Mateescu [26] describes evidence for the alternation free
µ-calculus as a subgraph of an extended Boolean graph. Cranen et al. [9] describe
proof graphs, that are an extension of support sets [34].

Symbolic solving of PBESs and parity games was studied in the context of
LTSmin [19] and mCRL2 [24]. Symbolic model checking with evidence generation
has been implemented for (Probabilistic) CTL in NuSMV [7] and PRISM [23].



Efficient Evidence Generation for Modal µ-Calculus Model Checking 193

Outline. Sect. 2 introduces the necessary background about the µ-calculus,
PBESs, evidence generation, and a running example. In Sect. 3 we introduce
a new approach to generate evidence from PBESs and prove its correctness. We
evaluate the approach in Sect. 4 and conclude in Sect. 5.

2 Preliminaries

Our work is embedded in the context in which abstract data types are used to
describe and reason about data, and we distinguish their syntax and semantics.
We write data sorts with letters D,E, . . . and the semantics counterpart with
D,E, . . . . We require the presence of Booleans and natural numbers along with
their usual operators. We use B to denote Booleans and N to denote natural
numbers {0, 1, 2, 3, . . . }, with semantic counterparts B = {true, false} and N
respectively. For both sorts we use their semantics operation such as ∧ and +
also for the syntactic counterparts. We use ≈ to syntactically represent equality.
Furthermore, we have a set D of data variables d, d1, . . . . If a term is open we
use the data environment δ that maps each variable in D to a value of the proper
semantic domain. Given a term t, the interpretation function, under the context
of a data environment δ, is denoted as JtKδ which is evaluated in the standard
way. We write δ[v/d] to denote that value v has been assigned to variable d,
i.e., δ[v/d](d′) = v if d′ = d, and δ[v/d](d′) = δ(d′) otherwise. We assume that
every value v ∈ D can be represented by a closed term. With a slight abuse of
notation, we also use v syntactically for this closed term.

2.1 Processes

In this paper, the behaviour of systems is modelled using linear process equations
(LPEs) [15]. An LPE consists of a single process definition, parameterised with
data, and condition-action-effect rules that may refer to local variables.

Definition 1. A linear process equation is an equation of the following form:

L(d : D) = +{
∑

eα : Eα

cα(d, eα) → α · L(gα(d, eα)) | α ∈ A}

where + denotes a non-deterministic choice among the rules, d : D is the state,
α ∈ A is an action label to which we associate local variable eα of sort Eα;
cα(d, eα) is a condition, and term gα(d, eα) describes the next state.

An LPE represents the (non-deterministic) choice to perform action α ∈ A from
a state represented by d, if condition cα(d, eα) evaluates to true for some value
eα, which when executed updates the state to gα(d, eα).

We typically write L instead of L(d : D) when referring to an LPE and omit
the sum when there is no local variable. The semantics of an LPE, with a closed
term e as initial state, is a labelled transition system (LTS) denoted by L(e).



194 A. Stramaglia et al.

Example 1. As a running example we consider a system whose behaviour is
modelled by LPE L (left), where a, b, c ∈ A, and its associated LTS (right),
assuming the constant M ≈ 3:

L(s : N) =
∑

n:N (s ≈ 1 ∧ 0 < n < M) → a · L(s+ n)
+

∑
n:N (0 < n < s < M) → b · L(s− n)

+ (s ≈M) → c · L(s)
12 3 c

a

a

b

⊓⊔

2.2 Modal µ-calculus

In this paper we consider requirements expressed as formulas in the modal µ-
calculus [22].

Definition 2. A µ-calculus formula φ is defined by the following grammar:

φ ::= b | Y | φ1 ∧ φ2 | φ1 ∨ φ2 | [α]φ | ⟨α⟩φ | σX.φ

where b is a Boolean constant, X,Y ∈ F are fixpoint variables of some countable
set F , σ ∈ {µ, ν} is a fixpoint, and α ∈ A is an action.

We only consider formulas that are closed. That is, formulas in which no
fixpoint variable Y occurs outside the scope of its binder. For instance, µX.[a]X
is allowed, but µX.[a]Y is not allowed. For the denotational semantics of the
µ-calculus we refer to the literature; see for instance [22].

Example 2. Consider the following µ-calculus formula:

µV.(⟨a⟩V ∨ ⟨b⟩V ∨ νW.⟨c⟩W ).

This formula expresses that there is a finite path of a and b actions that ulti-
mately ends with an infinite sequence of c-transitions. Intuitively, this formula
holds for our running example: by executing action a to state 3 and subsequently
executing the self-loop in state 3, such a path is produced. ⊓⊔

2.3 Parameterised Boolean Equation Systems

Parameterised Boolean equation systems (PBESs) are systems of fixpoint equa-
tions parameterised with data, where the right-hand side is a predicate formula.

Definition 3. Parameterised Boolean equation systems (PBESs) E and predi-
cate formulas φ are syntactically defined as follows:

E ::= ϵ | (σX(d : DX ) = φ) E
φ ::= b | X(e) | φ1 ∧ φ2 | φ1 ∨ φ2 | ∃d:D.φ | ∀d:D.φ

where ϵ is the empty PBES, σ ∈ {µ, ν} is a fixpoint sign, X ∈ X are predicate
variables, d are data variables, and b and e are terms over data variables, where
b is of sort B.
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For equation σX(d : DX ) = φ, we write dX and φX to denote parameter d and
predicate formula φ, respectively. The set bnd(E) is the set of bound predicate
variables occurring at the left-hand side of the equations in E . We denote the
set of predicate variables occurring in formula φ with occ(φ), and the predicate
variables occurring in the right-hand sides of E with occ(E). A PBES E is well-
formed if it has exactly one defining equation for each X ∈ bnd(E). It is closed
if for every X, occ(φX) ⊆ bnd(E), and the only free data variable in φX is dX .

Example 3. Following the encoding of [16], the following PBES encodes whether
L(1) of Example 1 satisfies the µ-calculus formula of Example 2:

(µX(s : N) = ∃n:N .(s ≈ 1 ∧ 0 < n < 3 ∧X(s+ n))
∨ ∃n:N .(0 < n < s < 3 ∧X(s− n))
∨ Y (s) )

( νY (s : N) = s ≈ 3 ∧ Y (s) )
⊓⊔

Predicate formulas are interpreted in the context of a predicate environment η
and data environment δ; see Table 1 for details.

A fixpoint semantics of PBESs is presented in [17]. Instead of the fixpoint
semantics we here use the equivalent proof graph semantics provided in [9]. Given
PBES E , sig(E) = {X(v) | X ∈ bnd(E), v ∈ D} denotes the signature of E , where
v ∈ D is a value taken from the domain underlying the type of X. Every predicate
variable X ∈ bnd(E) is assigned a number called rank ; rankE(X) is even if and
only if X is labelled with a greatest fixpoint, and rankE(X) ≤ rankE(Y ) if X
occurs before Y in E .

Definition 4 ([9]). Let E be a PBES and G = (V,E) be a directed graph, where
V ⊆ sig(E) and E ⊆ V × V . The graph G is a proof graph iff:

– for every X(v) ∈ V and δ, JφXKηX(v)δ[v/dX ] = true with ηX(v)(Y )(w) =
true iff ⟨X(v), Y (w)⟩ ∈ E for all Y ;

– for all infinite paths X1(v1)X2(v2) . . . through G, min{rankE(X) | X ∈ V∞}
is even, where V∞ is the set of predicate variables that occur infinitely often
in the sequence.

The first condition states that if all successors of X(v) ∈ V in G = (V,E) to-
gether yield an environment that makes φX true when parameter dX is assigned
value v, then X(v) = true. The second condition ensures that the graph re-
spects the parity condition typically associated with nested fixpoint formulas.
The semantics of PBES E is now defined as follows [9].

Table 1: The interpretation function JφKηδ of predicate formula φ is its truth
assignment in the context of δ and η : X → 2D, data and predicate environments.
JbKηδ = JbKδ JX(e)Kηδ = η(X)(JeKδ)
Jφ ∧ ψKηδ = JφKηδ and JψKηδ Jφ ∨ ψKηδ = JφKηδ or JψKηδ
J∃d:D.φKηδ = for some v ∈ D, JφKηδ[v/d] J∀d:D.φKηδ = for all v ∈ D, JφKηδ[v/d]
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Definition 5. The semantics of PBES E is a predicate environment JEK such
that JEK(X)(v)=true iff X∈bnd(E) and X(v)∈V for some proof graph G=(V,E).

We use PG(E) to refer to a proof graph for PBES E . An explanation of
X(v) = false is given by means of a refutation graph, denoted as NG(E) for
PBES E , the dual of a proof graph, see [9]. Because of their duality we here
outline our theory using proof graphs only.

PBESs are commonly solved using a process akin to state space exploration
to obtain a parity game (or Boolean equation system) [11,19,30], and solving the
resulting game. In practice, this process uses syntactic simplifications to reduce
the number of vertices that are being generated in the parity game. A lower bound
of the number of vertices that need to be explored instead relies on semantic
dependencies. These are captured by relevancy graphs [25]. A relevancy graph
contains a dependency X(v) → Y (w) if changing the truth value of Y (w) can
change the truth value of φX [dX := v]. In the definition we write η[b/X(e)] for
the predicate environment satisfying η[b/X(e)](Y )(f) = b if X = Y and e = f ,
and η[b/X(e)](Y )(f) = η(Y )(f) otherwise.

Definition 6 ([25]). Let E be a PBES and RG = (V,→) be a directed graph,
where

– V ⊆ sig(E) is a set of vertices,
– →⊆ V × V an edge relation such that for any X(v) ∈ V ,

X(v) → Y (w) iff
∃η, δ.JφXKη[true/Y (w)]δ[v/dX ] ̸= JφXKη[false/Y (w)]δ[v/dX ]

We say that RG = (V,→) is a relevancy graph for X(v) iff X(v) ∈ V .

In the remainder of the paper, we use the size of the relevancy graph as a proxy
for estimating the effort required to solve a PBES.

Example 4. A proof graph for the PBES in Example 3 with initial vertex X(1)
is shown in Fig. 1a. It shows that vertices X(1), X(3) and Y (3) are true, with
the numbers above these vertices indicating their ranks, and the edges showing
the required dependencies explaining this solution. The corresponding relevancy
graph is shown in Fig. 1b. ⊓⊔

X(1)

1

X(3)

1

Y (3)

2

(a) Proof graph

X(1)

X(2)

X(3)Y (1)

Y (2)

Y (3)

(b) Relevancy graph

Fig. 1: Proof graph and relevancy graph for the PBES in Example 3.



Efficient Evidence Generation for Modal µ-Calculus Model Checking 197

Table 2: Translation to encode, given LPE L and σZ. φ, the model checking
problem L(e) |= σZ. φ into a PBES [35].
Ec

L(b) = ϵ
Ec

L(Y ) = ϵ
Ec

L(φ⊕ ψ) = Ec
L(φ)E

c
L(ψ) for ⊕ ∈ {∨,∧}

Ec
L([α]φ) = Ec

L(φ)
Ec

L(⟨α⟩φ) = Ec
L(φ)

Ec
L(σX.φ) = (σX(dL : DL) = RHSc

L(φ))E
c
L(φ)

RHSc
L(b) = b

RHSc
L(Y ) = Y (dL)

RHSc
L(φ⊕ ψ) = RHSc

L(φ)⊕RHSc
L(ψ) for ⊕ ∈ {∨,∧}

RHSc
L([α]φ) = ∀eα:Eα . cα(d, eα) =⇒ ((RHSc

L(φ)[gα(d, eα)/d] ∧Z+
α (d, gα(d, eα)))

∨ Z−
α (d, gα(d, eα)))

RHSc
L(⟨α⟩φ) = ∃eα:Eα . cα(d, eα) ∧ ((RHSc

L(φ)[gα(d, eα)/d] ∨ Z−
α (d, gα(d, eα)))

∧ Z+
α (d, gα(d, eα)))

RHSc
L(σX.φ) = X(dL)

2.4 Model Checking and Evidence Generation

A µ-calculus model checking problem L(e) |= φ can be encoded into a PBES us-
ing the translation proposed by Wesselink and Willemse [35]. Proof graphs and
refutation graphs extracted from a PBES obtained by this encoding allow for
generating evidence, in contrast to the encoding of [16]. The evidence generated
from a proof graph is a witness that explains why the behaviour meets a require-
ment. Dually, the evidence generated from a refutation graph is a counterexample
explaining why the requirement is violated. These two cases are fully symmetric
for the µ-calculus. The translation scheme of the encoding Ec

L from [35] is in
Table 2. The predicate variables Z+

α and Z−
α in the right-hand sides RHSc

L([α]φ)
and RHSc

L(⟨α⟩φ) contain information about the action labels, the transitions.
In particular, in a proof graph, a dependency on Z+

α indicates the α-transition
is required for a true solution, whereas in a refutation graph, a dependency on
Z−
α indicates the α-transition is involved in the false solution.
In addition to the encoding of Table 2, for each action label α equations

νZ+
α (d : D, d′ : D) = true and µZ−

α (d : D, d′ : D) = false are added to the equa-
tion system. These equations are solved and typically grouped at the end of the
equation system. We write Z+ ⊆ X (resp. Z− ⊆ X ) for the set of predicate
variables {Z+

α | α ∈ A} (resp. {Z−
α | α ∈ A}).

Theorem 1 ([35]). Let L(e) be an LPE, and σZ. φ be a closed µ-calculus
formula. Then, L(e) |= σZ. φ if and only if JEc

L(σZ. φ)K(Z)(JeK) = true.

We usually write E for the PBES obtained from encoding Ec
L. Specifically,

E = ELEZ+EZ− , where EL contains the equations introduced by Ec
L and EZ+

(resp. EZ−) contains all equations of the shape νZ+
α (d : D, d′ : D) = true (resp.

µZ−
α (d : D, d′ : D) = false).
For the µ-calculus model checking problem L(e) |= φ, a proof graph allows for

constructing an LTS Lw(e) which is a subgraph of L(e) that provides a minimal
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explanation of the validity of the model checking problem. This witness contains
enough information to reconstruct the proof graph from which it was extracted;
this dually holds for counterexamples and refutation graphs.

We show how we can extract a witness for our running example.

Example 5. Recall the LPE and µ-calculus formula from Examples 1 and 2.
PBES E consists of the following equations.

(µX(s : N) = (∃n:N .(s ≈ 1 ∧ 0 < n < 3 ∧ (X(s+ n) ∨ Z−
a (s, s+ n))

∧ Z+
a (s, s+ n)))

∨ (∃n:N .(0 < n < s < 3 ∧ (X(s− n) ∨ Z−
b (s, s− n))

∧ Z+
b (s, s− n)))

∨ Y (s) )
( νY (s : N) = s ≈ 3 ∧ (Y (s) ∨ Z−

c (s, s)) ∧ Z+
c (s, s) )

( νZ+
a (s, s1: N) = true ) ( νZ+

b (s, s1: N) = true ) ( νZ+
c (s, s1: N) = true )

(µZ−
a (s, s1: N) = false ) (µZ−

b (s, s1: N) = false ) (µZ−
c (s, s1: N) = false )

The following proof graph for the PBES is found:

X(1)

1

Z+
a (1, 3)

2

X(3)

1

Y (3)

2

Z+
c (3, 3)

2

Predicate variables Z+
a and Z+

c encode information about which a-transitions
and c-transitions in the LPE are involved in proving that the solution to the
model checking problem is true. We filter the relevant vertices with information
about evidence from the proof graph, here Z+

a (1, 3) and Z+
c (3, 3), and derive the

following LPE (left) and witness LTS (right):

Lw(s : N) = (s ≈ 1) → a · Lw(3)
+ (s ≈ 3) → c · Lw(3)

1 3 c
a

We remark that, by construction, this LTS is a subgraph of the LTS in
Example 1, underlying the original specification. For the formal definition of
witness and counterexample we refer to [35], for the concept of evidence to [10].

⊓⊔

3 Improving Evidence Generation from PBESs

The encoding Ec
L results in a PBES from which evidence supporting the verdict

of the model checking problem can be extracted. However, the additional infor-
mation added to the right-hand sides of the equations significantly increases the
effort needed to solve the PBES. We illustrate this using an example.

Example 6. The relevancy graph for PBES E from Example 5 is the following.
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X(1)

Z+
a (1, 2)Z+

a (1, 3) Z−
a (1, 2)

X(2)

X(3)

Z−
a (1, 3)

Y (1)

Y (2) Z+
b (2, 1)

Z−
b (2, 1)

Y (3) Z+
c (3, 3)

Z−
c (3, 3)

Note that it contains dependencies on Z+
a (1, n) and Z−

a (1, n) for all n = 2, 3.
By increasing the value of M , used in the LPE, to values larger than 3, the
number of vertices can be increased to an arbitrary number. For instance, if
M ≈ 1000 then X(1) will have 1998 dependencies related to action a. The
number of dependencies related to action b will increase similarly. ⊓⊔

Omitting the information from the PBES that is needed to generate evidence
would result in the PBES from Example 3, whose much smaller relevancy graph
was shown in Fig. 1b. The relevancy graphs of both PBESs illustrate a trade-off.
On the one hand, solving the PBES in which information to generate evidence is
omitted, denoted core(E) (see Sect. 3.1), is (much) more efficient than solving E .
On the other hand, diagnostic information including the transitions is essential
for understanding why a formula is (not) satisfied.

In the remainder of this section, we introduce a three-step approach that
allows us to efficiently solve PBESs with additional information for evidence
generation. An overview of the approach is presented in Fig. 2.

LPE + µ-calculus formula

E

solve(core(E))

solve(combine(true(E),PG(core(E))))

witness

solve(combine(false(E),NG(core(E))))

counterexample

Fig. 2: Efficient evidence generation approach.

The case in which the solution to the PBES is true, and the one in which the
solution is false are completely symmetric. In Fig. 2, we show the case where
the solution is false in lighter colour. In view of the symmetry, here we focus on
presenting the approach for the true case only. The three steps are as follows.

1. Remove the additional information from the PBES E , and solve the resulting
PBES core(E) (see Sect. 3.1).

2. Use the solution of core(E) to remove superfluous evidence information from
the PBES, obtaining true(E) (see Sect. 3.2).

3. Combine the proof graph for core(E) with true(E) to obtain a new PBES
combine(true(E),PG(core(E))), and solve this PBES (see Sect. 3.3).
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The third step results in a solution and proof graph for the original PBES E . In
the remainder of this section, we address each of these steps in more detail.

We first introduce some auxiliary notation. We write λdX : DX .φ lifting pred-
icate formula φ to a predicate function with the same parameters as predi-
cate variable X(dX : DX) [29]. The semantics is defined as JλdX : DX .φKηδ =
λv ∈ DX .JφKηδ[v/dX ]. We use this lifting to substitute a predicate formula for
a predicate variable. Given predicate formulas φ,ψ and predicate variable X,
we write φ[X := λdX : DX .ψ] to denote that every occurrence of X is replaced
with λdX : DX .ψ in φ. We write φ[X := ψX , Y := ψY ] for the simultaneous
substitution of X and Y (X ̸= Y ), and generalise this to φ[X := ψX ]X∈X to
denote the simultaneous substitution of all X ∈ X .

3.1 Solving a PBES Without Evidence Information

If we forego evidence, and focus on obtaining a solution for the model checking
problem in terms of a true/false answer only, the amount of work can be reduced
significantly. This motivates the first step in our approach.

The equations for the predicate variables in Z+ and Z− in a PBES E =
ELEZ+EZ− with information on evidence are solved. Therefore, E can be simpli-
fied by substituting in EL all predicate variables in Z+ with true and all predicate
variables in Z− with false, without affecting the solution of E . We refer to this
as core PBES, defined as follows.

Definition 7. Let E = ELEZ+EZ− . Then

core(E) = EL[Z+
a := λd : DZ+

a
.true]Z+

a ∈Z+ [Z
−
a := λd : DZ−

a
.false]Z−

a ∈Z−EZ+EZ−

Example 7. Let PBES E be as in Example 5. Then core(E) is obtained from this
PBES by replacing the equations for X and Y by the corresponding equations
from Example 3. Note the relevancy graph of the latter (see Fig. 1b) is much
smaller than the one for E (see Example 6). ⊓⊔

It follows immediately from standard results on PBESs [17] that the solution of
the equations in EL are preserved by transformation core(E).

Lemma 1. Let E = ELEZ+EZ− . Then JEK = Jcore(E)K.

3.2 Removing Superfluous Evidence Information

Once we have established that the solution to core(E), and hence E = ELEZ+EZ− ,
is true, only the information for constructing a witness is relevant. We therefore
remove the dependencies on predicate variables needed to construct counterex-
amples by substituting in EL all predicate variables in Z− with false. We refer
to the resulting PBES as true(E).

Definition 8. Let E = ELEZ+EZ− . Then

true(E) = EL[Z−
a := λd : DZ−

a
.false]Z−

a ∈Z−EZ+EZ−
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By definition of core(E) and true(E), the following result follows immediately
from the semantics [17].

Lemma 2. Let E = ELEZ+EZ− . Then Jcore(E)K = Jtrue(E)K.

Example 8. Recall that the solution of core(E) of Example 7 is true. We use this
to obtain the following PBES true(E):

(µX(s : N) = (∃n:N .(s ≈ 1 ∧ 0 < n < 3 ∧X(s+ n) ∧ Z+
a (s, s+ n)))

∨ (∃n:N .(0 < n < s < 3 ∧X(s− n) ∧ Z+
b (s, s− n)))

∨ Y (s) )
( νY (s : N) = s ≈ 3 ∧ Y (s) ∧ Z+

c (s, s) )
( νZ+

a (s, s1: N) = true ) ( νZ+
b (s, s1: N) = true ) ( νZ+

c (s, s1: N) = true )
(µZ−

a (s, s1: N) = false ) (µZ−
b (s, s1: N) = false ) (µZ−

c (s, s1: N) = false )

We obtain the corresponding relevancy graph by removing all vertices for Z−
a , Z

−
b

and Z−
c and their incoming edges from the relevancy graph in Example 6. ⊓⊔

3.3 Simplifying a PBES using Evidence Information

We now show how a proof graph can be used to further simplify the right-hand
sides in a PBES. For this, recall that for a vertex X(v) in the proof graph, the
successors of X(v) yield a predicate environment that makes φX [dX := v] true.
Using this information, we can syntactically remove all dependencies that are
not in the proof graph from the right-hand sides in a PBES, without affecting
the solution. To achieve this, we define combine(E ,G) as follows.

Definition 9. Let E be a PBES, and G = (V,E) be a proof graph. Then PBES
combine(E ,G) is obtained by replacing the right-hand side of every equation
σX(dX : DX) = φX in E by the formula

φX [Y := λe.
∧

v∈VX

(dX ≈ v =⇒ e ∈ EX(v),Y ∧ Y (e))]Y ∈X\(Z+∪Z−)

where VX = {v ∈ D | X(v) ∈ V } contains all values v such that X(v) is a
vertex in G, and EX(v),Y = {w ∈ D | ⟨X(v), Y (w)⟩ ∈ E} contains all direct
dependencies of X(v) on Y in the proof graph.

Intuitively, this retains only those dependencies in φX that according to the
proof graph are needed to show that X(v) is true, for any v.

Example 9. Recall the equation for X in PBES true(E) from Example 8.

(µX(s : N) = (∃n:N .(s ≈ 1 ∧ 0 < n < 3 ∧X(s+ n) ∧ Z+
a (s, s+ n)))

∨ (∃n:N .(0 < n < s < 3 ∧X(s− n) ∧ Z+
b (s, s− n)))

∨ Y (s) )

The proof graph for core(E) (see Fig. 1a) has vertices V = {X(1), X(3), Y (3)}
and edges E = {(X(1), X(3)), (X(3), Y (3)), (Y (3), Y (3))}. So, we infer VX =
{1, 3}, VY = {3}, EX(1),X = {3}, EX(1),Y = EX(3),X = ∅, EX(3),Y = {3},
EY (3),X = ∅, and EY (3),Y = {3}.

The right-hand side of the equation for X in combine(true(E),PG(core(E))),
after β-reduction and simplification, is as follows.
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(µX(s : N) = (∃n:N .(s ≈ 1 ∧ 0 < n < 3
∧ (s ≈ 1 =⇒ (s+ n) ∈ {3} ∧X(s+ n))
∧ (s ≈ 3 =⇒ (s+ n) ∈ ∅ ∧X(s+ n)) ∧ Z+

a (s, s+ n)))
∨ (∃n:N .(0 < n < s < 3

∧ (s ≈ 1 =⇒ (s− n) ∈ {3} ∧X(s− n))
∧ (s ≈ 3 =⇒ (s− n) ∈ ∅ ∧X(s− n)) ∧ Z+

b (s, s− n)))
∨ (s ≈ 3 =⇒ s ∈ {3} ∧ Y (s)) )

This simplifies further to

(µX(s : N) = (∃n:N .(s ≈ 1 ∧ n ≈ 2 ∧X(s+ n) ∧ Z+
a (s, s+ n)))

∨ (∃n:N .(0 < n < s < 3 ∧ Z+
b (s, s− n)))

∨ (s ≈ 3 =⇒ Y (s)) )

If we also apply the corresponding substitution to the equation for Y and
apply some simplification, we obtain the following PBES.

(µX(s : N) = (∃n:N .(s ≈ 1 ∧ n ≈ 2 ∧X(s+ n) ∧ Z+
a (s, s+ n)))

∨ (∃n:N .(0 < n < s < 3 ∧ Z+
b (s, s− n)))

∨ (s ≈ 3 =⇒ Y (s)) )
( νY (s : N) = s ≈ 3 ∧ Y (s) ∧ Z+

c (s, s) )
( νZ+

a (s, s1: N) = true ) ( νZ+
b (s, s1: N) = true ) ( νZ+

c (s, s1: N) = true )
(µZ−

a (s, s1: N) = false ) (µZ−
b (s, s1: N) = false ) (µZ−

c (s, s1: N) = false )

This PBES has the following relevancy graph, that no longer has dependen-
cies on Z+

b and only a single dependency on Z+
a , and is significantly smaller than

the relevancy graph of Example 6:

X(1)Z+
a (1, 3) X(3) Y (3) Z+

c (3, 3)

⊓⊔

In the example we have combined the PBES true(E) with a proof graph for
the strongly related PBES core(E). Towards establishing the correctness of this
transformation, we first prove the following technical lemma, that shows that
the substitution of a single predicate variable in a proof graph like context does
not change the solution. Proofs that are either sketched or omitted from this
section are included in the extended version of this paper [33].

Lemma 3. Let V ⊆ D be a set of values, Y a predicate variable, and {Ev,Y ⊆
D}v∈V be a V -indexed family of sets of values. For every v ∈ V , predicate en-
vironment η such that η(Y )(w) = true iff w ∈ Ev,Y , predicate formula φ, data
variable d free in φ, and data environment δ, we have

JφKηδ[v/d] =⇒ Jφ[Y := λe.
∧
w∈V

(d ≈ w =⇒ e ∈ Ev,Y ∧ Y (e)]Kηδ[v/d]

Proof. Fix, V , Y , {Ev,Y ⊆ D}v∈V , v and η as in the statement of the lemma.
We proceed by induction on the structure of φ. Most cases are immediate, or
follow from the induction hypothesis and the semantics of predicate formulas.
We focus on the interesting case where φ = Z(e′) for some Z and e′. If Z ̸= Y ,
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the result is immediate, since the substitution has no effect. So, suppose Z = Y .
We have to show that JY (e′)Kηδ[v/d] implies JY (e′)[Y := λe.

∧
w∈V (d ≈ w =⇒

e ∈ Ev,Y ∧ Y (e))]Kηδ[v/d].
Assume JY (e′)Kηδ[v/d] is true. Hence, η(Y )(Je′Kδ[v/d]) is true, so by as-

sumption, Je′Kδ[v/d] ∈ Ev,Y , and therefore Je′ ∈ Ev,Y Kδ[v/d] is true. Similarly,
it immediately follows that Jd ≈ wKδ[v/d] is true iff w = v. So, it follows that
J
∧

w∈V (d ≈ w =⇒ e′ ∈ Ev,Y ∧ Y (e′))Kηδ[v/d] is true. Using the definition of
substitution and β-reduction, it then follows that JY (e′)[Y := λe.

∧
w∈V (d ≈

w =⇒ e ∈ Ev,Y ∧ Y (e))]Kηδ[v/d] is also true. ⊓⊔

We use this lemma to establish that the proof graph for core(E) can easily be
extended into a proof graph for combine(true(E), G). This shows that for values
of interest to the original model checking problem, the result remains unchanged.

Proposition 1. For every proof graph G for core(E), there is a proof graph G′

for combine(true(E), G) such that G is a subgraph of G′.

Proof sketch. Let G = (V,E) be a proof graph for core(E). Define G′ = (V ∪
VZ+ , E ∪ (V × VZ+)) with VZ+ = {Z+

a (eL, ea, e
′
L) | Z+

a ∈ Z+, eL, e
′
L ∈ DL, ea ∈

Da}. Then G is a subgraph of G′.
We show G′ is a proof graph for combine(true(E), G). For Z+

a (eL, ea, e
′
L) ∈

VZ+ , the condition on φZ+
a

follows immediately. So, let X(v) ∈ V , and φX and
ψX = φX [Y := λe.

∧
v∈VX

(dX ≈ v =⇒ e ∈ EX(v),Y ∧ Y (e))]Y ∈X\(Z+∪Z−) be
the right-hand sides of X in core(E) and combine(true(E), G), respectively. As
G is a proof graph for core(E), JφXKηX(v)δ[v/dX ] is true, where ηX(v) is such
that ηX(v)(Y )(w) = true iff ⟨X(v), Y (w)⟩ ∈ E. It follows from Lemma 3 that
JψXKηX(v)δ[v/dX ] is true, so G′ is a proof graph for combine(true(E), G). ⊓⊔

3.4 Providing Evidence for the Original PBES

The result that every proof graph G for core(E) can be extended into a proof
graph G′ for combine(true(E), G) is sufficient to show that combine(true(E), G)
does not change the solution of the PBES. However, G′ may contain too many
variables with evidence information, resulting in witnesses that are larger than
needed. In practice, we therefore solve combine(true(E), G) again, leading to a
proof graph that only contains the necessary dependencies on variables in Z+.

Correctness of our approach ultimately follows if a solution and proof graph
obtained for PBES combine(true(E), G) are also a correct solution and proof
graph for our original PBES E . We first establish the following result.

Lemma 4. Let V ⊆ D be a set of values, Y a predicate variable, and {Ev,Y ⊆
D}v∈V be a V -indexed family of sets of values. For every v ∈ V , predicate envi-
ronment η, formula φ, data variable d free in φ, and data environment δ,

Jφ[Y := λe.
∧
w∈V

(d ≈ w =⇒ e ∈ Ev,Y ∧ Y (e)]Kηδ[v/d] =⇒ JφKηδ[v/d]
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The proof is similar to that of Lemma 3. Note that where Lemma 3 considers ev-
ery predicate environment η such that η(Y )(w) = true iff w ∈ Ev,Y , in Lemma 4
there is no assumption on η. We now use Lemma 4 to establish that the proof
graph computed for PBES combine(true(E), G) is also a proof graph for E .

Theorem 2. Let G be a proof graph for core(E). Then every proof graph G′ for
combine(true(E), G) is also a proof graph for E.

Proof sketch. Let G = (V,E) be a proof graph for core(E) and G′ = (V ′, E′) be
a proof graph for combine(true(E), G).

For every X bound in core(E), let φX be the right-hand side of X in E .
Let φt

X = φX [Z−
a := λd : DZ−

a
.false]Z−

a ∈Z− be the right-hand side of X in

true(E). Also, let ψX = φt
X [Y := λe.

∧
v∈VX

(dX ≈ v =⇒ e ∈ EX(v),Y ∧
Y (e))]Y ∈X\(Z+∪Z−) be the right-hand side of X in combine(true(E), G).

Fix X(v) ∈ V ′, then JψXKηX(v)δ[v/dX ] is true since G′ is a proof graph for
combine(true(E), G). It follows from Lemma 4 that Jφt

XKηX(v)δ[v/dX ] is true,
so G′ is a proof graph for true(E). As all variables in Z− are false, any proof
graph for true(E) is a proof graph for E , so G′ is a proof graph for E . ⊓⊔

Hence, the proof graph computed using our approach is a proof graph for the
original PBES E , and the witness we extract from it is a witness for the model
checking problem encoded by E .

4 Implementation and Evaluation

The mCRL2 toolset [4] supports the original approach to extract evidence from
PBESs [35] in the explicit model checking tool pbessolve. We have extended
this tool with the approach described in Sect. 3. PBES core(E) is explored and
solved explicitly. Instead of precomputing combine(true(E),PG(core(E))), the
corresponding right-hand sides are computed on-the-fly during explicit explo-
ration. Solving is done using an explicit version of the recursive algorithm [36]
that results in a minimal proof graph [35].

We have also extended the tool pbessolvesymbolic, that supports symbolic
solving of PBESs [24], with a hybrid approach that enables evidence generation
for symbolic model checking. In this approach, core(E) is represented and solved
symbolically. This results in a symbolic characterisation of PG(core(E)). To ob-
tain this proof graph, the symbolic implementation of the recursive algorithm [36]
has been extended in such a way that an over-approximation of the proof graph is
efficiently computed.1 To reason symbolically about the underlying proof graph,
the PBES must be in standard recursive form (SRF) [28], i.e., every right-hand
side is either disjunctive or conjunctive. Any PBES can be transformed into this
format. Exploring and solving combine(true(E),PG(core(E))) is done explicitly
as before. The implementation here instead uses the symbolic proof graph to
compute right-hand sides on-the-fly.

1 The edge relation is over-approximated to achieve a compact symbolic representa-
tion, but it remains a valid proof graph (that is not necessarily minimal).
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4.1 Experimental Setup

We evaluate the effectiveness of our approach using a number of mCRL2 spec-
ifications with µ-calculus formulas. Each mCRL2 specification is linearised into
an LPE, and combined with a µ-calculus formula into a PBES encoding the cor-
responding model checking problem. To evaluate the effect of our improvements
we compare the six different approaches to solve PBESs that are available in the
mCRL2 toolset. For explicit model checking, we compare directly solving the
PBES with information about evidence [35] (n-expl), and our own approach
(expl). For symbolic model checking, the comparison is similar, but we use
the symbolic algorithms from [24] to directly solve the PBESs with evidence
(n-symb). We compare it to the hybrid implementation of our approach (symb).
To illustrate the overhead of solving PBESs with information about evidence, we
also include directly solving the PBES without that information explicitly [4,16]
(noCE-expl), and symbolically (noCE-symb) [24].

The experiments are run using different types of models. This includes our
running example scaled to M = 1000 (witness1000). We also use models based
on industrial applications: the Storage Management System (SMS) and the
Workload Management System (WMS) of the DIRAC Community Grid Solu-
tion for the LHCb experiment at CERN [31]; the IEEE 1394 (1394-fin) inter-
face standard that specifies a serial bus architecture for high-speed communi-
cations [14]; two versions of the ERTMS Hybrid Level 3 train control system
specification each with a different implementation of the Trackside System [2],
immediate update (ertms-hl3) and simultaneous update (ertms-hl3su); and a
Mechanical Lung Ventilator [12] (MLV). Moreover, we include a model of the
onebit sliding window protocol (onebit) with buffers of size 2; and a model of
the Hesselink’s handshake register [18] (hesselink). For each of these models we
verify requirements that are described in the corresponding papers.

The aforementioned models are selected taking into account different criteria.
We include problems that hold (✓), and ones that do not hold (✗); problems for
which the evidence is small, and ones for which it is large. We select problems
that are well studied in the literature and for which the explicit and symbolic
approach can be compared (SMS, hesselink, 1394-fin, onebit). Also, we in-
clude all problems publicly available in mCRL2 that cannot be solved explicitly
but only symbolically (ertms-hl3su, ertms-hl3, MLV, WMS). These are rep-
resentative of the models we encounter in industrial applications.

All experiments are run 10 times, on a machine with 4 Intel 6136 CPUs and
3TB of RAM, running Ubuntu 20.04. We used a time-out of 1 hour (3600 sec-
onds), and a memory limit of 64GB. For models ertms-hl3, WMS and MLV
only the cases noCE-symb and symbolic were run 10 times. A preliminary exper-
iment showed that all other cases either time-out or run out-of-memory. A repro-
duction package is available in https://doi.org/10.5281/zenodo.14616612.

4.2 Results and Discussion

The results are presented in Table 3. We highlight the fastest run with evidence
information for both the explicit and symbolic cases. We report the number of

https://doi.org/10.5281/zenodo.14616612
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Table 3: Experimental results for model checking, reporting number of vertices
in the relevancy graph, and the mean total time over 10 runs (highlighted). For
expl and symb we report the number of vertices in the relevancy graph after the
second solving; the first solving results in the numbers reported in noCE-expl

and noCE-symb, respectively. For every case, the fastest a) of n-expl and expl,
and b) of n-symb and symb are highlighted.

Result noCE-expl n-expl expl noCE-symb n-symb symb

witness1000
canDobAlways ✓ 2 000 1 001 002 5 2 000 – 5

74.5s 170.3s 74.6s 251.0s t-o 247.1s

SMS
eventuallyDeleted ✗ 25 206 195 406 1 503 27 506 – 2 443

0.9s 4.7s 1.1s 1.7s o-o-m 2.1s
noTransitFromDeleted ✗ 16 106 187 338 28 18 886 504 726 68

0.6s 3.6s 0.8s 1.7s 118.1s 2.4s

hesselink
valuesCanBeRead ✓ 1 093 760 3 325 184 2 209 472 1 093 760 – 2 209 472

36.3s 135.8s 143.6s 21.5s t-o 133.0s

1394-fin
noDeadlockUpgrade ✓ 377 138 1 034 224 705 681 377 138 – 705 681

144.4s 277.6s 405.9s 26.1s t-o 310.9s
noDoubleConfirmation ✓ 565 708 1 222 794 894 251 565 708 – 894 251

190.6s 235.8s 405.9s 9.0s t-o 240.8s
noDeadlock ✓ 188 569 845 655 517 112 188 569 – 517 112

81.2s 209.7s 279.4s 27.2s t-o 245.2s

onebit
messCanBeOvertaken ✗ 164 352 1 100 672 632 512 164 352 – 632 512

7.1s 39.3s 37.2s 4.5s o-o-m 34.6s
messReadInevSent ✗ 153 984 1 090 304 4 153 984 – 112 981

6.5s 31.2s 6.8s 3.5s t-o 8.0s
noDeadlock ✓ 81 920 1 018 240 550 080 81 920 – 550 080

3.4s 31.7s 29.0s 2.3s o-o-m 27.9s

ertms-hl3su
detStabilisation ✓ – – – 11 973 823 – –

t-o t-o t-o 378.9s t-o o-o-m
termination ✗ 188 865 – 13 196 593 – 29

3 083.3s t-o 3 087.2s 342.4s t-o 352.1s

ertms-hl3
termination ✗ – – – 321 421 – 90

t-o t-o t-o 511.9s t-o 514.1s
detStabilisation ✗ – – – 17 756 789 – 685

t-o t-o t-o 364.9s t-o 406.0s

MLV
scenarioResumeVentilation ✓ – – – 6.15131e+23 – 5 950

t-o t-o t-o 1 663.7s t-o 1 827.0s
CONT38 ✗ – – – 5.08225e+23 – 5 968

t-o t-o t-o 1 519.8s t-o 1 565.0s

WMS
jobFailedToDone ✗ – – – 269 767 184 – 226

t-o o-o-m t-o 20.8s t-o 28.1s
noZombieJobs ✗ – – – 316 631 360 – 38

t-o o-o-m t-o 24.7s t-o 56.2s
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vertices in the relevancy graph generated to solve the model checking problem
and the mean total running time of ten runs in seconds (‘t-o’ for time-out, ‘o-o-m’
for out-of-memory). Standard deviation is typically below 10% of the mean.2

We focus our discussion on the approaches that support evidence generation.
For the explicit implementation, our approach (expl) is typically comparable
with the original approach (n-expl). In some cases, our approach reduces the
running time of the verification in comparison with the original one, e.g., for
model onebit and requirement messReadInevSent. In these cases the evidence
is small, and the running time is similar to that of solving the PBES without ad-
ditional information (noCE-expl). In other cases, expl has some overhead, e.g.,
for model 1394-fin and requirement noDoubleConfirmation. Closer inspection
suggests the evidence in these cases comprises most of the state space. Since
our expl approach is a two-step approach, essentially the full exploration is per-
formed twice, resulting in a larger running time. This suggests evidence should
be typically generated if small; otherwise, a tool option could notify the user.

Moreover, the experiments show that our approach for evidence generation
for symbolic model checking (symb) always outperforms the original approach
(n-symb), enabling evidence generation for symbolic model checking, which was
infeasible so far. Sometimes, the number of vertices after the second solving is
larger due to the over-approximation of the proof graph symbolically extracted
from core(E). See, e.g., model onebit and requirement messReadInevSent.

5 Conclusion

In this paper we have described an approach to solving PBESs that allows for
efficient evidence generation. Our approach solves a PBES without evidence
information and uses its solution to simplify solving the PBES with evidence in-
formation described in [35]. We have established correctness of our approach, and
implemented it in mCRL2 [4] as part of an explicit and a symbolic model checker.
For explicit model checking, the performance is comparable to the original ap-
proach to evidence generation from [35]. If the counterexample is small, little
overhead is incurred compared to solving the PBES without evidence informa-
tion. Our approach makes evidence generation from PBESs efficient for symbolic
checking, whereas this was not feasible before.

We plan to integrate our approach with other optimisations in the PBES
solvers in mCRL2, and to preserve evidence information in static analysis tech-
niques that are often used as preprocessing [20,29].

Acknowledgements This work was supported by the National Growth Fund
through the Dutch 6G flagship project “Future Network Services”, MACHI-
NAIDE (ITEA3, No. 18030), and Cynergy4MIE (ChipsJU, No. 101140226).

2 The SDs for the only cases where it exceeds 10% of the mean are: case noCE-expl

SMS eventuallyDeleted and noTransitFromDeleted : 0.1; case noCE-symb hesselink:
3.2, 1394-fin noDoubleConfirmation : 5.3 and noDeadlock : 4.9, WMS noZom-
bieJobs: 3.0; and case n-symb WMS jobFailedToDone: 6.3 and noZombieJobs : 8.0.
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Abstract. We propose a novel state-space reduction framework to im-
prove the performance of model checking of Petri nets. We provide two
instances of the framework: a static technique that considers only the
structure of the net, and a dynamic technique that additionally consid-
ers the current marking. By analyzing impossible, visible, and directional
effects of transitions, we identify places where tokens can be removed
while preserving the property in question. Unlike structural reductions,
our techniques modify only the current marking, allowing the net struc-
ture to be reused in multiple subproblems concurrently, which can be
beneficial for example for CTL model checking. We prove the correctness
of our techniques and implement them in the open-source tool Tapaal, a
repeated winner in the CTL category in the annual model checking con-
test (MCC). We measure our methods’ performance on the MCC 2023
benchmark using the CTL categories and demonstrate that our methods
reduce time and, especially, memory usage. Our dynamic method ex-
plores 39.3% fewer configurations on average and achieves two orders of
magnitude speedup on at least one query on 23.7% of non-trivial models.

Keywords: Petri Nets · State-Space Reduction · Model Checking.

1 Introduction

The main obstacle of verifying properties of concurrent systems is the state-
space explosion problem [8] that follows from the many possible interleavings
of even simple subsystems and their composed intermediate states when run
in parallel. The state space of a concurrent system is often exponentially larger
than any of its constituent systems, and exploring every state to verify a property
is intractable in practice. Therefore, many approaches have been developed to
simplify systems structurally [7,8,22,26], to disregard equivalent traces through
partial-order reductions [7,8,14,24,27], and to symbolically verify multiple states
simultaneously [8,22,23]. We present a reduction that combines ideas from all
the aforementioned methods to simplify the states and the amount of branching
in the reduced system. The reduction is presented in the context of the weighted
Petri net formalism with inhibitor arcs.
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p1 t1 p2 t2

t3 p3 t4 p4

p5 t5 p6 t6

2

2

φ := p3 = 0
places⇑(φ) = ∅
places⇓(φ) = {p3}
CM

⇑ = P \ {p1, p4}
CM

⇓ = P
CM

F = T \ {t1}
Dφ,M

⇑ = {p2, p4}
Dφ,M

⇓ = {p3}
Tφ,M = {t2, t4}
Pφ,M = {p2, p3, p4}

Fig. 1: Example Petri net and sets computed by our technique for the depicted
marking M and property φ. Solid transitions are in Tφ,M and are the only ones
that require firing to eventually satisfy φ from the given marking, if possible.
Dashed places are not in Pφ,M and can have their tokens removed without
affecting whether EFφ holds. Arcs without weight annotation have weight 1.

Petri nets are directed bipartite graphs consisting of places (circles) and
transitions (squares). Places can contain a number of tokens, and the token
configuration across all places forms a state (a marking) of the Petri net. For
a transition to fire, one or more tokens are required in each of its predecessor
places, as firing it will remove a token from each predecessor place and add a
token to each successor place, resulting in a new marking. In a weighted Petri
net, the arcs are weighted, affecting how many tokens are removed and added.
Inhibitor arcs, depicted with circle-headed arrows, are a special type of arc that
prevent the transition at their head from firing if the number of tokens at the
source place of the arc equals or exceeds the arc’s weight. Petri nets are well
suited for modeling parallel systems, where various discrete resources move from
state to state, for example, packets in a network or tasks in a workflow system.

Consider the example Petri net illustrated in Figure 1 and let M denote the
depicted marking. Now assume that we want to check whether it is possible to
reach a marking with 0 tokens in place p3, formally whether M ⊨ EFφ holds
where φ ≡ (p3 = 0). It is possible to show that this property holds in multiple
ways, e.g. firing the sequence t2t4t4 will reach such a marking. However, some
transitions and some tokens are unnecessary to demonstrate that the property
holds. For example, the transition t6 can always be omitted in such witness
traces, and the number of tokens in p6 is irrelevant since none of the shortest
witness traces (those consisting of the fewest firings, i.e. t2t4t4 and t4t2t4) will
not consume from p6 anyway. Our approach in this paper computes a set of
transitions Tφ,M (solid squares in the example) such that if a trace to a φ-
satisfying marking exists, then the shortest traces to such a marking consists
exclusively of firings from this set. We use this set to identify a set of places
Pφ,M , such that if marking M ′ matches M in these places but has 0 tokens
elsewhere (elsewhere are dashed circles in the example), then it is guaranteed
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that the shortest witness traces are preserved, and thus M ′ ⊨ EFφ if and only
if M ⊨ EFφ.

Removing tokens from the reached markings during a state-space search has
two major benefits: (i) two different markings where unimportant tokens are
removed can become identical and this helps to reduce the size of the state
space, and (ii) removing unimportant tokens disables unimportant transitions
and hence reduces the branching degree of the state space.1

Our contributions. We present a novel on-the-fly technique that reduces the
reachable state space by removing tokens from the explored markings. As a di-
rect consequence of only modifying markings, our method is suitable where other
techniques are not, e.g. in on-the-fly model checking. Our technique is also ap-
plicable to unrestricted (even unbounded) Petri nets—all theorems are proven
in full generality. The termination of the state-space search is, of course, not
guaranteed in such a case, but like many other reductions, our technique will
reduce some infinite state spaces to finite ones.

We present two versions of our technique. The static version uses the struc-
ture of the net to compute visible effects, distinguishing between visible increases
and decreases, and thus determines where tokens are invisible and can be re-
moved. When using the static version, the set of visible places can be cached to
reduce overhead. The dynamic version is a refinement that first, based on the
current marking, approximates a set of transitions that can never be enabled in
future markings. This allows us to disregard some impossible effects that would
otherwise be structurally visible, limiting how visibility propagates in the net
and resulting in more places where tokens can be removed.

Our techniques only preserve reachability properties, but due to their ability
to be used in concurrent model checking, our experiments focus on Computation
Tree Logic (CTL) [8] where reachability sub-properties often must be checked,
potentially with many different initial markings. Structural reductions that only
preserve reachability properties cannot be used in this context, whereas our re-
duction can. We implement our techniques in the popular model checker Tapaal,
and evaluate it using the Model Checking Contest 2023 [18] benchmark with a
focus on challenging queries that challenge the state-of-the-art tool. We show
that we save both memory and time when implemented in the CTL algorithm
of Tapaal [10].

Related work Partial-order reductions include many similar techniques such as
ample sets [17,24], persistent sets [14], and stubborn sets [14,27]. Each preserves
different kinds of properties, but all share the idea that not all interleavings
need to be searched. Recently, stubborn reductions have been made available
for reachability games [5] and systems with time [3,4]. Our technique shares
similarities with identification of stubborn sets [7,14,19]. However, our technique

1 Removing tokens that inhibit transitions may result in more behavior, but inhibitor
arcs are often few, and in the rare cases where our technique uninhibits transitions,
they are always excluded through stubborn reductions anyway.
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is coarser in some ways, as it (i) is based on visible effects instead of just visible
transitions, (ii) limits visibility propagation by considering impossible transition
firings and effects, and (iii) is only guaranteed to preserve the shortest traces to
satisfying markings. Moreover, we simplify the marking rather than the set of
considered transitions. In our early experiments, we applied the coarser marking-
dependent up-set from [19] when determining which places in the query needed
change. However, it did not provide any positive effect on the benchmark.

Structural reductions of Petri nets [7,22,26] have been around almost since
the introduction of Petri nets. Structural reductions modify the Petri net it-
self [22,26]. Many possible transformations exist, some even incorporate SMT
solvers [26]. Our technique is comparable to a combination of structural reduc-
tion rules I and M found in Tapaal [7]. However, in addition to the refinements
(i)-(iii) mentioned earlier, we modify only the marking instead of the net struc-
ture. We are aware of only one structural reduction that does so, and it simulates
firing transitions in the initial marking [26]. The fact that we only modify the
marking allows us to use our technique on-the-fly without allocating memory for
several reduced versions of the Petri net.

CTL is a branching-time temporal logic used to specify properties of concur-
rent systems [8]. It allows for the expression of temporal properties by quantifying
over paths in a system’s state-transition graph. Note that verifying CTL prop-
erties of Petri nets even without inhibitor arcs is generally undecidable [6] and
reachability problems have recently been proved to be Ackermann-complete [9].
These undecidability/complexity results do not affect the correctness of our tech-
niques, and the technique can be applied to any reachability problem directly
or to subproblems of CTL about reachability. In [20], the authors also explore
subproblem-specific reductions in CTL model checking [20], however, the way
we reduce markings by token elimination has not been studied before.

Structure of the Paper. In Section 2 we present the Petri net formalism and the
reachability problem. In Section 3 we present our techniques and their correct-
ness. Our experiments and results are shown in Section 4, and we conclude on
our findings in Section 5.

2 Petri Nets and the Reachability Problem

We shall first introduce the necessary definitions.

Definition 1 (Transition System). Given a set Π of atomic propositions, a
transition system (TS) over Π is a 4-tuple T = ⟨S,A,→, L⟩ such that S is a set
of states, A is a finite set of actions, → ⊆ S×A×S is a transition relation, and
L : S → 2Π is a labeling function assigning each state to a set of propositions.

We write s
a−→ s′ whenever ⟨s, a, s′⟩ ∈ →. We write s

a−→ whenever ⟨s, a, s′⟩ ∈→
for some s′ ∈ S and say that a is enabled in s. We write s → s′ if ⟨s, a, s′⟩ ∈→
for some a ∈ A and write s ̸→ if ⟨s, a, s′⟩ ̸∈→ for any a ∈ A, s′ ∈ S. We extend

the notion
a−→ inductively to traces w ∈ A∗ such that s

ϵ−→ s for all s ∈ S and
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s
wa−−→ s′ if s

w−→ s′′ and s′′
a−→ s′. Finally, →∗ is the reflexive and transitive closure

of →.

Definition 2 (Reachability and State Properties). Given a set Π of atomic
propositions, EFφ is a reachability property where state property φ (in nega-
tion normal form) is defined inductively by the grammar φ ::= π | ¬π | φ1 ∧φ2 |
φ1 ∨φ2 where π ∈ Π. Let Φ be the set of all state properties in negation normal
form.

We assume standard semantics and write s ⊨ φ if the state s satisfies φ,
and we write s ⊨ EFφ if s →∗ s′ and s′ ⊨ φ. The reachability problem involves
checking whether a reachability property holds in a given state. For this paper,
it is necessary to know that reachability properties are a strict subset of the
branching-time logic known as computation tree logic (CTL) but we refer to [8]
for further details on CTL.

Definition 3 (Petri Net with Inhibitor Arcs). A Petri net with inhibitor
arcs (PN) is a 4-tuple N = ⟨P, T,W, I⟩ where

– P is a finite set of places,
– T is a finite set of transitions such that P ∩ T = ∅,
– W : (P × T ) ∪ (T × P ) → N0 is an incidence matrix, and
– I : P × T → N ∪ {∞} is an inhibitor weight matrix.

Definition 4 (Marking). For a PN N with places P , a marking M : P → N0

is a function that assigns to each place a number of tokens present in the place.
The set M(N) is the set of all markings of PN N .

The effect matrix E : T ×P → Z is a function defined as E(t, p) =W (t, p)−
W (p, t). We also use the following notation where p ∈ P and t ∈ T :

•p = {t′ ∈ T |W (t′, p) > 0} is the preset of p,
p• = {t′ ∈ T |W (p, t′) > 0} is the postset of p,
•t = {p′ ∈ P |W (p′, t) > 0} is the preset of t,
t• = {p′ ∈ P |W (t, p′) > 0} is the postset of t,
+p = {t′ ∈ •p | E(t′, p) > 0} is the increasing preset of p,
p− = {t′ ∈ p• | E(t′, p) < 0} is the decreasing postset of p,
t+ = {p′ ∈ t• | E(t, p′) > 0} is the increased postset of t,
−t = {p′ ∈ •t | E(t, p′) < 0} is the decreased preset of t,
p◦ = {t′ ∈ T | I(p, t′) ̸= ∞} is the inhibited postset of p,
◦t = {p′ ∈ P | I(p′, t) ̸= ∞} is the inhibiting preset of t.

We extend the notation to sets such that for a set X of places or transitions,
•X =

⋃
x∈X

•x and likewise for the other preset and postset operators.
For PNs, without loss of generality, we consider atomic proposition π ∈ Π

to be of the form k ≤
∑

p vpp where k, vp ∈ Z. Marking M satisfies atomic
proposition π, written M ⊨ π, if the inequality holds when all occurrences of
places p ∈ P in π are replaced with M(p). For example, if p1, p2, p3 ∈ P then
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EF 3 ≤ p1 ∧ 1 ≤ p2 − p3 asserts that it is possible to reach a marking, where p1
contains at least 3 tokens and there is at least 1 more token in p2 than in p3.
The negation of π is achieved by negating all weights vp and replacing k with
−k + 1.

A PN N defines a TS T (N) = ⟨S,A,→, L⟩ overΠ where S = M(N), A = T ,

and M
t−→ M ′ if for all p ∈ P we have M(p) ≥ W (p, t) and M(p) < I(p, t) and

M ′(p) =M(p) + E(t, p). Finally, π ∈ L(M) iff M ⊨ π where π ∈ Π.

Definition 5 (Increasing and Decreasing Support). The increasing sup-
port is a function places⇑ : Φ→ 2P defined inductively as:

places⇑(k ≤
∑
p

vpp) = {p ∈ P | vp > 0}

places⇑(φ1 ∧ φ2) = places⇑(φ1) ∪ places⇑(φ2)

places⇑(φ1 ∨ φ2) = places⇑(φ1) ∪ places⇑(φ2) .

The decreasing support is a function places⇓ : Φ→ 2P defined inductively as:

places⇓(k ≤
∑
p

vpp) = {p ∈ P | vp < 0}

places⇓(φ1 ∧ φ2) = places⇓(φ1) ∪ places⇓(φ2)

places⇓(φ1 ∨ φ2) = places⇓(φ1) ∪ places⇓(φ2) .

Finally, we let places(φ) = places⇑(φ) ∪ places⇓(φ) be the support of the state
property φ.

The intuition is that places⇑(φ) (resp. places⇓(φ)) denote the set of places
where more (resp. fewer) tokens are potentially needed for φ to be satisfied if
not already satisfied. The set places(φ) is also said to be directly visible to φ,
because it is not possible to go from a marking where φ is not satisfied to one
where φ is satisfied without firing a transitions that affects one of these places
in the appropriate direction. Formally:

Lemma 1. Let N = ⟨P, T,W, I⟩ be a PN, M,M ′ ∈ M(N) markings, φ a state

property, and t /∈ +places⇑(φ) ∪ places⇓(φ)
− a transition. If M ̸⊨ φ and M

t−→
M ′, then M ′ ̸⊨ φ.

3 Token Elimination

We now introduce our token elimination technique, which aims to identify (in a
dynamic or static way) a set of places where the number of tokens in any reach-
able marking can be reset to zero while preserving a given reachability property.
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We say that elements (places, transitions, tokens, or effects) are invisible if they
do not affect whether the reachability property holds, i.e. our techniques identify
invisible tokens. They do so by computing an over-approximation of the visible
transitions and visible effects. Remark that we will often describe the content
of our over-approximation as visible even though some of it may be invisible in
practice. We first present the static technique focusing on intuition and then the
dynamic technique with full proofs (of which static is a simplified case). For the
rest of this section, let us fix a PN N = ⟨P, T,W, I⟩ and reachability property
EFφ.

3.1 Static Token Elimination

Our static token-elimination technique computes two sets of places: Sφ
⇑ and Sφ

⇓
that exhibit the following properties. If M,M ′ ∈ M(N) are markings such that
M →∗ M ′ andM ′ ⊨ φ and w ∈ T ∗ is one of the shortest sequences of transitions
such that M

w−→M ′ (there can be more than one such sequence) then:

– if p ∈ places⇑(φ) or there exists a transition t in w that consumes from p,
then p ∈ Sφ

⇑ , and
– if p ∈ places⇓(φ) or there exists a transition t in w that is inhibited by p,

then p ∈ Sφ
⇓ .

In other words, Sφ
⇑ is a superset of places where we need more tokens and

positive effects are visible. Similarly, Sφ
⇓ is a superset of places where we need

fewer tokens and where negative effects are visible. We compute Sφ
⇑ and Sφ

⇓
inductively as the least fixed point of the following constraints:

(S1) if p ∈ places⇑(φ) then p ∈ Sφ
⇑ ,

(S2) if p ∈ places⇓(φ) then p ∈ Sφ
⇓ ,

(S3) if p ∈ Sφ
⇑ then •+p ⊆ Sφ

⇑ ,

(S4) if p ∈ Sφ
⇑ then ◦+p ⊆ Sφ

⇓ ,

(S5) if p ∈ Sφ
⇓ then (•(p−) \ {p}) ⊆ Sφ

⇑ ,

(S6) if p ∈ Sφ
⇓ then ◦(p−) ⊆ Sφ

⇓ ,

(S7) if p ∈ Sφ
⇓ and ∃t ∈ p−.W (p, t) > 1 then p ∈ Sφ

⇑ .

We briefly give the intuition for these constraints:

– (S1), (S2): If a place is in places⇑(φ) or places⇓(φ), then effects of the
appropriate direction are (directly) visible to the satisfaction of φ.

– (S3), (S4): If increases are visible in p, then any transition t with positive
effect on p is visible, and hence effects that enable t are also visible. That is,
increases in the preset of the positive preset of p are visible, and decreases
in the inhibiting preset of the positive preset of p are visible.

– (S5), (S6), (S7): Similarly, if decreases are visible in p, then any transition
t with negative effect on p is visible, and hence effects that enable t are also
visible. However, since we are interested in decreases to p, adding tokens to
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p would be counter-productive, which is why we do not require p in Sφ
⇑ in

(S5). However, this logic does not hold if some t ∈ p− must consume more
than one token from p to fire, in which case we may have to add tokens to
p before we can empty it with t. Hence, (S7).

Finally, let Tφ
sta = +(Sφ

⇑ )∪ (Sφ
⇓ )

− be the set of transitions that have a visible

effect, and let Pφ
sta = places(φ) ∪ •Tφ

sta ∪ ◦Tφ
sta be the set of places with visible

tokens. As we shall prove for the corresponding dynamic version of Tφ
sta, the

shortest trace to a marking satisfying φ does not include transitions outside of
this set. Therefore, it does not matter for the satisfaction of EFφ if we modify
the marking in a way that disables transitions not in Tφ

sta. Hence, we define a
reduction that removes these invisible tokens.

Definition 6 (Static Token Elimination). The static token elimination ab-
straction αφ

sta : M(N) → M(N) is given by

αφ
sta(M)(p) =

{
M(p) if p ∈ Pφ

sta

0 otherwise .

Theorem 1 (αφ
sta Preserves Reachability). Let M be a marking and EFφ

a reachability property. We have M ⊨ EFφ iff αφ
sta(M) ⊨ EFφ.

We note that Pφ
sta depends only on the structure of the net and φ. Hence, it

can be cached based on φ if it is a reoccurring subproblem on the same net. We
take advantage of this in our CTL algorithm implementation.

3.2 Dynamic Token Elimination

The dynamic token elimination is a refinement of the static technique. In addi-
tion to visible effects, we shall now also consider whether the effects are possible
from the current marking. Let us fix a current marking M . The set CM

⇑ (resp.

CM
⇓ ) is a set of places that may potentially have their number of tokens increased

(resp. decreased) in a future marking. Additionally, the set CM
F contains tran-

sitions that may be enabled in a future marking. We define CM
⇑ , CM

⇓ , and CM
F

inductively as the least fixed point of the following constraint:

(C) If t ∈ T and for all p ∈ P , we have (W (p, t) ≤ M(p) or p ∈ CM
⇑ ) and

(I(p, t) > M(p) or p ∈ CM
⇓ ), then t ∈ CM

F and t+ ⊆ CM
⇑ and −t ⊆ CM

⇓ .

We now state the properties of the sets defined by this constraint.

Lemma 2. Let p ∈ P be a place and t ∈ T be a transition.

– If p /∈ CM
⇑ then M ′(p) ≤M(p) for all M ′ s.t. M →∗ M ′,

– If p /∈ CM
⇓ then M ′(p) ≥M(p) for all M ′ s.t. M →∗ M ′,

– If t /∈ CM
F then M ′ ̸ t−→ for all M ′ s.t. M →∗ M ′.
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We can now use CM
⇑ , CM

⇓ , and CM
F to find refinements of Sφ

⇑ and Sφ
⇓ . The

refined sets Dφ,M
⇑ and Dφ,M

⇓ contain places where positive and negative effects,

respectively, are possible and visible. We define Dφ,M
⇑ and Dφ,M

⇓ inductively as
the least fixed point of the following constraints:

(D1) if p ∈ places⇑(φ) ∩ CM
⇑ then p ∈ Dφ,M

⇑
(D2) if p ∈ places⇓(φ) ∩ CM

⇓ then p ∈ Dφ,M
⇓

(D3) if p ∈ Dφ,M
⇑ then (•(+p ∩ CM

F ) ∩ CM
⇑ ) ⊆ Dφ,M

⇑
(D4) if p ∈ Dφ,M

⇑ then (◦(+p ∩ CM
F ) ∩ CM

⇓ ) ⊆ Dφ,M
⇓

(D5) if p ∈ Dφ,M
⇓ then (•(p− ∩ CM

F ) ∩ (CM
⇑ \ {p})) ⊆ Dφ,M

⇑
(D6) if p ∈ Dφ,M

⇓ then (◦(p− ∩ CM
F ) ∩ CM

⇓ ) ⊆ Dφ,M
⇓

(D7) if p ∈ Dφ,M
⇓ and ∃t ∈ p− ∩ CM

F .W (p, t) > 1 and p ∈ CM
⇑ then p ∈ Dφ,M

⇑

The constraints correspond to (S1)-(S7), but propagation is now limited
using CM

⇑ , CM
⇓ , and CM

F . Next, let

Tφ,M
dyn =

(
+(Dφ,M

⇑ ) ∪ (Dφ,M
⇓ )−

)
∩ CM

F (1)

be the set of fireable transitions with visible effects.

Lemma 3. Let M →∗ M ′ such that M ′ ⊨ φ. If w ∈ T ∗ is some shortest
sequence of transitions (there can be more than one) such that M

w−→ M ′ then

necessarily w ∈ (Tφ,M
dyn )

∗
.

Proof. Let w = t1 . . . tn ∈ T ∗ be some shortest sequence such that M
w−→ M ′

with M ′ ⊨ φ. If n = 0, then M = M ′ and the claim holds trivially. If n = 1
and hence w = t ∈ T , then M ̸⊨ φ, otherwise w would be shorter. By contra-
position of Lemma 1, we have that t ∈ +places⇑(φ) ∪ places⇓(φ)

−, otherwise it

is not possible that M ′ ⊨ φ. Since t is enabled, we know t ∈ CM
F . By (D1),

we know places⇑(φ) ⊆ Dφ,M
⇑ , so if t ∈ +places⇑(φ) then also t ∈ Tφ,M

dyn by

definition of Tφ,M
dyn . Alternatively, by (D2), we know places⇓(φ) ⊆ Dφ,M

⇓ , so if

t ∈ places⇓(φ)
− then again t ∈ Tφ,M

dyn . Thus, t = w ∈ (Tφ,M
dyn )∗ as required. Now,

let n > 1. For the sake of contradiction, let us assume that there exists an i such
that ti /∈ Tφ,M

dyn and let us assume that i is the largest index with this property.
Clearly, ti does not have any effect on the support places(φ), otherwise we can

use the same argument as when n = 1 and show that ti ∈ Tφ,M
dyn . Now, since w

is a shortest trace, it must be the case that ti enables tj for some i < j ≤ n.
That is, ti adds tokens to •tj and/or removes tokens from ◦tj . Let us consider
each case:

1. If ti removes tokens from ◦tj , then there exists p ∈ −ti ∩ ◦tj ∩CM
⇓ . Since j is

greater than i (the last index such that ti /∈ Tφ,M
dyn ) we have that tj ∈ Tφ,M

dyn

which implies that tj ∈ +Dφ,M
⇑ and/or tj ∈ (Dφ,M

⇓ )− by definition of Tφ,M
dyn .

Let us consider each sub-case:
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(a) If tj ∈ +Dφ,M
⇑ then there exists p′ ∈ Dφ,M

⇑ such that tj ∈ +p′. By (D4)

we have that ◦tj ∩ CM
⇓ ⊆ Dφ,M

⇓ which in turn implies p ∈ Dφ,M
⇓ . Since

ti ∈ p−, then ti ∈ (Dφ,M
⇓ )− and thus ti ∈ Tφ,M

dyn creating a contradiction.

(b) Hence, it must be the case that tj ∈ (Dφ,M
⇓ )−. Similarly, this implies

that there exists p′ ∈ Dφ,M
⇓ such that tj ∈ p′−. Now by (D6) we have

that ◦tj ∩ CM
⇓ ⊆ Dφ,M

⇓ which in turn implies p ∈ Dφ,M
⇓ . Again, since

ti ∈ p−, then ti ∈ (Dφ,M
⇓ )− and thus ti ∈ Tφ,M

dyn creating a contradiction.
2. Hence, it must be the case that ti adds tokens to •tj , that is, there exists

p ∈ t+i ∩ •tj ∩ CM
⇑ . Again, since j is greater than i we have that tj ∈ Tφ,M

dyn

which implies that tj ∈ +Dφ,M
⇑ and/or tj ∈ (Dφ,M

⇓ )−:

(a) If tj ∈ +Dφ,M
⇑ , then there exists p′ ∈ Dφ,M

⇑ such that tj ∈ +p′. So

by (D3) we have that •tj ∩ CM
⇑ ⊆ Dφ,M

⇑ which in turn implies p ∈
Dφ,M

⇑ . Since ti ∈ +p, then ti ∈ +Dφ,M
⇑ and thus ti ∈ Tφ,M

dyn creating a
contradiction.

(b) Hence, it must be the case that tj ∈ (Dφ,M
⇓ )−. This implies that there

exists p′ ∈ Dφ,M
⇓ such that tj ∈ p′−. Now by (D5) we have that •tj∩CM

⇑ \
{p′} ⊆ Dφ,M

⇑ , so unless p = p′, it must be the case that p ∈ Dφ,M
⇑ . Since

ti ∈ +p, then ti ∈ +Dφ,M
⇑ and thus ti ∈ Tφ,M

dyn creating a contradiction.

Now finally, if p = p′ for all p′ ∈ Dφ,M
⇓ where tj ∈ p′−, then we shall use

following facts:
– p /∈ ◦tj (follows from case 1.)

– p /∈ Dφ,M
⇑ (follows from case 2.a)

– W (p, tj) = 1, otherwise (D7) would imply p ∈ Dφ,M
⇑

– p /∈ places⇑(φ), otherwise p ∈ Dφ,M
⇑ by (D1)

We can thus conclude that p ∈ places⇓(φ). This follows from the fact

that Dφ,M
⇓ is a least fixed point and the only remaining possible way for

p ∈ Dφ,M
⇓ is (D2). Since none of the other cases applied, we can also

conclude that tj only appears in w in order to remove tokens from p.
Moreover, ti only appears in w in order to enable tj by adding tokens to
p. However, since W (p, tj) = 1, this is always redundant for the purpose
of satisfying φ and contradicts that w is some shortest trace.

As none of the cases above is possible, our original assumption that ti /∈ Tφ,M
dyn

is wrong, which implies that w ∈ (Tφ,M
dyn )∗.

Finally, let

Pφ,M
dyn = places(φ) ∪ •Tφ,M

dyn ∪ ◦T (2)

be a refined set of places with visible tokens. We remark that T is the set of all
transitions and every inhibiting place must be preserved to uphold the invariant
properties of the C-sets. We now consider the following abstraction.
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Definition 7 (Dynamic Token Elimination). The dynamic token elimina-

tion abstraction αφ,M
dyn : M(N) → M(N) is given by

αφ,M
dyn (M)(p) =

{
M(p) if p ∈ Pφ,M

dyn

0 otherwise .

Theorem 2 (αφ,M
dyn Preserves Reachability). Let M be a marking and EFφ

a reachability property. We have M ⊨ EFφ iff αφ,M
dyn (M) ⊨ EFφ.

In the example, Figure 1, we show all intermediary sets computed for the
dynamic method on the depicted PN. In this example, the dynamic method will
remove the tokens of p1 while static method will not. The difference arises from
the static method incorrectly assuming that t1 is fireable in a future marking.

The following corollary is essential for the applicability of our technique in
on-the-fly model-checking algorithms as it implies that our technique can be
applied to any marking reached during traditional state-space exploration. The
corollary follows directly from Lemma 3 and Theorem 2.

Corollary 1. Given marking M0 and reachability property EFφ, then M0 ⊨
EFφ if and only if there exist markings M1, . . . ,Mn such that Mn ⊨ φ and

α
φ,Mi−1

dyn (Mi−1)
ti−1−−−→Mi and ti−1 ∈ T

φ,Mi−1

dyn for all 1 ≤ i ≤ n.

The same corollary holds for the static abstraction αφ
sta, since the only dif-

ference is the sets CM
⇑ , CM

⇓ , and CM
F restricting visibility propagation in the

defining constraints.

4 Experimental Evaluation

We implemented our methods in the untimed engine of Tapaal2 [11] called
verifypn3 [2,7,10]. The methods are used in both the reachability and CTL
algorithm. The reachability algorithm is a simple state-space exploration with
heuristics [15] and here our method is applied to all successor states right before
they are inserted into the frontier. The CTL algorithm is a top-down on-the-fly
algorithm called CertainZero [10]. The algorithm recursively breaks problems
down into subproblems and structures them in a dependency graph [12,21] where
each node consists of a marking and a sub-property. An example dependency
graph is seen in Figure 2. The graph is explored in an on-the-fly manner until
a conclusion for the root node is found. Starting from the initial assignment
of false to all nodes, whenever all target nodes of a hyperedge have the value
true, the source of the edge is assigned true. This continues until the root is
assigned true or the process stabilizes at minimum fixed-point assignment on
a fully-explore dependency graph. Note that a hyperedge with an empty set of

2 Tapaal is available at www.tapaal.net.
3 verifypn is open-source on GitHub: https://github.com/TAPAAL/verifypn.

www.tapaal.net
https://github.com/TAPAAL/verifypn
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p1 t1

t2 p2

02 ⊨ ψ 11 ⊨ ψ 20 ⊨ ψ

02 ⊨ ξ 02 ⊨ p1 ≥ 1 11 ⊨ ξ 11 ⊨ p1 ≥ 1

20 ⊨ ξ 20 ⊨ p1 ≥ 1

02 ⊨ EF p2 = 0 11 ⊨ EF p2 = 0 20 ⊨ EF p2 = 0

02 ⊨ p2 = 0 11 ⊨ p2 = 0 20 ⊨ p2 = 0

∅

∅

∅

Fig. 2: Left: A Petri net with initial marking 02 (0 tokens in p1, 2 tokens in p2).
Right: The full dependency graph generated by verifypn for the CTL property
ψ ≡ AF ξ where ξ ≡ (p1 ≥ 1 ∧ EF p2 = 0). The nodes that are assigned true in
the minimum fixed-point assignment are drawn with thick borders.

target nodes always propagates the value true to its source. During the on-the-
fly fixed-point computation, whenever a node containing a reachability property
is generated, we apply the token elimination method to the associated marking.
In Figure 2, the method would be applied to each node with the sub-property
EF p2 = 0. Our techniques provide no benefits in this tiny example, but in
other dependency graphs several reachability nodes may be simplified by our
token elimination into the same node. Additionally, the simplified node likely
has fewer dependencies due to the reduced number of successors, resulting in a
smaller dependency graph.

Our tests use the Model Checking Contest (MCC) 2023 benchmark [18] that
contains 131 different models. Most models are parameterized, amounting to
1 426 different instances of Petri nets4. For each instance, the benchmark provides
32 CTL properties and 32 reachability properties. This gives us 45 632 queries
per category where 19 698 of the CTL queries contain a reachability subproperty.

We compare our implementations against the most recent version of Tapaal
(verifypn without our methods) since Tapaal has consistently dominated the
CTL category in the recent editions of the MCC competition [18]. We also briefly
compare with the latest version of ITS-Tools [25] which got second place in
MCC 2023. Each query is run with a timeout of 30 minutes and a memory limit
of 15 GB on an AMD EPYC 7642 CPU. All experiments use the default settings
of Tapaal, except for the search strategy which is set to random depth-first
search (RDFS). We refer to the three versions of verifypn as different methods
with Tapaal being the baseline. A reproducibility package containing binaries,
data, and plotting scripts is available on Zenodo [16].

4.1 Results

As expected, our methods achieve multiple improvements in the CTL category,
but marginal improvements in the reachability category of MCC. This is ex-

4 The MCC2023 benchmark does not contain any Petri net with inhibitor arcs.
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Tapaal Dynamic Static ITS-Tools

CTL (all) 32272 32392 (+120) 32319 (+47) 22998 (−9274)
CTLCardinality 16831 16923 (+92) 16849 (+18) 12056 (−4775)
CTLFireability 15441 15469 (+28) 15470 (+29) 10942 (−4499)

Table 1: Answers found by each method, per category. The numbers in paren-
theses show the difference to Tapaal.

pected since our methods are similar to the existing stubborn set reductions
and structural reduction rules I and M in Tapaal [7], and those (together with
all other optimization methods) are enabled. Similarly to our methods, struc-
tural reduction rules I and M maintain reachability properties. However, these
two reductions alter the net’s structure. Therefore, these rules are unsuitable
for verifying reachability sub-properties of CTL properties unless we accept the
overhead of allocating one or more new Petri nets. Our approach, on the other
hand, only changes the immediate marking by removing tokens. This makes it
applicable to reachability sub-properties of a CTL property without requiring
extra allocations. Our CTL results are hence more interesting to examine and
will be the main topic of discussion for the rest of this section.

The number of CTL answers found by each method and ITS-Tools is shown
in Table 1. The dynamic method finds 120 more answers than Tapaal, whereas
the static finds 47 more. When we distinguish between the cardinality and fire-
ability subcategories, we see that the dynamic method finds more cardinality an-
swers than the static one, but their additional answers with respect to Tapaal
are similar for fireability. ITS-Tools finds 9274 fewer answers than Tapaal
overall. As a result, we consider a comparison with ITS-Tools to be unin-
formative and we will exclude it in the following. The number of new answered
queries may seem small compared to the size of the benchmark. However, a large
portion of the queries in the MCC benchmark are straightforward to solve since
the queries are randomly generated [18] and the state spaces of some models are
small. For example, Tapaal solves 8275 queries using just query rewriting [2]
and linear equations [13,22], and 29608 queries are solved in less than 30 sec-
onds. However, some queries are too complex for any tool due to the extreme
size of the state space [6]. For this reason, we shall from now on focus on queries
where at least one of the three methods spends at least 2 minutes or 1 GB of
memory. We classify such queries as challenging. There are 13,863 challenging
queries in total, and 782 are answered by at least one of the three methods. A
similar projection to challenging queries was made in [1], but our projection is
not biased towards queries where our methods provide improvements, as it also
includes queries where our method causes slowdowns.

The cactus plots in Figure 3 depict the time and memory usage on the chal-
lenging queries. In both plots, the static method curve resembles that of Tapaal
but is shifted to the right, indicating that static often performs comparatively
to Tapaal, but for some cases, it achieves major savings. The dynamic method
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(b) Memory

Fig. 3: Cactus plots showing the number of challenging queries that can be an-
swered within the depicted time/memory limit. The plots are created by ordering
the queries independently of the method (on x-axis) by the verification time or
peak memory (on y-axis).

provides notable reductions in time and, especially, memory usage. The dynamic
method solves more than 200 challenging queries within a 10-second limit, in-
dicating that many queries that challenge Tapaal become significantly easier
with the dynamic method. Regarding memory, Tapaal answers 144 challenging
queries using less than 1 GB, while our dynamic method answers 405.

The dynamic and static methods answer different queries due to their dif-
ferent performance characteristics. For this reason, we also depict the minimum
time of the static and dynamic method in Figure 3a which for each query con-
siders the fastest time of our two methods. This is thus an approximation of
running both methods in parallel. As shown, this version outperforms all the
others by about 120 answers. The results indicate that the static and dynamic
methods complement each other despite their similar definitions, and it may be
useful to investigate strategies for selecting when to apply which in future work.

The number of configurations in the dependency graph explored by the CTL
algorithm of verifypn has been significantly reduced by the dynamic method.
Across all queries answered by all three methods, Tapaal explores 880K con-
figurations on average, the static method explores 866K (−1.7%), and dynamic
method explores 807K (−8.3%). On the challenging queries answered by all
three methods, Tapaal explores 16.7M configurations on average, static ex-
plores 15.3M (−7.8%), and dynamic explores 10.1M (−39.3%).

Next, we examine the impact of our methods on a query-by-query basis using
the challenging queries. To compare queries where one method finds an answer
while the other does not, we consider two scenarios: (i) a pessimistic one where
we assume that the unanswered queries require infinite time and memory, and
(ii) an optimistic one where we assume that the unanswered queries use exactly
the time/memory limit of our experiments. Both scenarios are shown on the
ratio plots in Figure 4, where a value of 0.5 means that the methods used the
same amount of time/memory on the same query. A value of 0.75 means that our
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Fig. 4: Query-to-query comparison of time and memory usage on the challenging
queries, showing the ratio between the Tapaal baseline and one of our meth-
ods, i.e. Tapaal

Tapaal+Ours . Queries are sorted by the ratio and then offset such that 0
on the x-axis is where the methods perform equally. Hence, queries on the left
(negative) are queries where Tapaal performs the best and queries on the right
(positive) are where our method performs the best. Each plot includes a pes-
simistic scenario (solid) where the unanswered queries require infinite resources
and an optimistic (dashed or dotted) where unanswered queries require the re-
source limit of our tests. The axis on the right-hand side shows the ratio as a
factor. I.e. a factor of 2 in subfigure (a) means our method was twice as fast.

method only used 25% of the summed time/memory while Tapaal used 75%.
We find that the performance impact of the dynamic method is generally more
extreme in magnitude. It provides speedups for about half the queries. The dy-
namic method is 10 times faster (ratio of ≥ 0.9 on the graph) at 290 queries in
the optimistic scenario and 341 queries in the pessimistic scenario, however, it
is also 10 times slower than Tapaal (ratio of ≤ 0.1) at 115 queries in the op-
timistic scenario and at 186 queries in the pessimistic scenario. When it comes
to memory comparison in Figure 4b, the dynamic method provides many sig-
nificant savings, matching what was concluded earlier. The dynamic method
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All models (N = 1426) Challenging models (N = 473)
Speed-up
factor Dynamic Static min(Dyn,Stat) Dynamic Static min(Dyn,Stat)

≤ 0.01 122 45 23 41 17 8
≤ 0.1 224 59 30 64 18 8
≤ 0.5 544 91 57 139 22 13

≥ 2 449 313 488 106 69 119
≥ 10 271 115 287 83 38 86
≥ 100 222 85 236 78 34 81

Table 2: Number of models where at least one of the associated queries saw the
given speedup or slowdown w.r.t. the Tapaal baseline.

occasionally finds answers with degraded memory efficiency. Most degradations
are likely attributed to the randomness of the search strategy, as the dynamic
method does not accumulate memory usage. Alternatively, the query may have
timed out, leading to inflated memory usage. The static method provides a time
and memory efficiency almost identical to that of Tapaal for a majority of the
challenging queries. On Figure 4c, if we focus on queries where the methods
have a significant performance difference, i.e. a ratio ≥ 0.6 or ≤ 0.4, equating
to a 3:2=150% time usage by one of the methods, then the numbers favor the
static method. The static method has 131 queries above 0.6 while Tapaal has
82 queries below 0.4. This implies that the static method has some overhead,
but it does not significantly impair its overall benefits. The memory plot in Fig-
ure 4d shows a small advantage of the static method over Tapaal with about
half of the queries having very similar peak memory usage, and of the remaining
queries a larger portion sees significant memory savings with the static method
(shown on the right of the plot).

Our method relies on the structure of the Petri nets, so we investigate whether
the performance improvements are concentrated on a certain subset of the mod-
els. First, we extend the notion of challenging from queries to models. A model is
challenging if at least 1/4th of its queries are challenging. In Table 2, we group
queries by model and check whether at least one query in the group exceeds
a speedup or slowdown factor of 2, 10, and 100. Out of the 1426 models, 222
(15.6%) feature a query solved two orders of magnitude faster by the dynamic
method compared to Tapaal, and similar speedups occur on 85 models (6.0%)
when using the static method. The static method has significantly fewer queries
that see slowdowns, especially small slowdowns to ≤ 0.5 speed (91 compared to
the dynamic method’s 544). Slowdowns occur on 122 (8.6%) of all models when
using the dynamic method, about half as frequent as the two orders of magni-
tude speedups. On the 329 challenging models, we have 78 models (23.7%) that
find a two-order-of-magnitude speedup for at least one query when using the
dynamic method. These 78 models belong to 34 different families (a group of
similar models scaled to various sizes) out of 131 in total. Again, we also consider
the minimum of the dynamic and static methods as if they were run in parallel,
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and we see that the dynamic and static method complement each other. The
number of models with slowdowns is significantly reduced—only half as many as
the static method alone which is otherwise the method with fewest slowdowns.
Meanwhile, there are also a few additional models with high speedups than when
considered individually.

Overall, it is clear that our methods amplify the verification of CTL proper-
ties through their reductions of the state space, often leading to time and, espe-
cially, memory savings compared to the state-of-the-art methods implemented
in Tapaal. Since they only modify the immediate markings, we can use them
in situations where other methods are not applicable.

5 Conclusion

We presented a new token elimination technique to reduce the state-space size in
Petri net model checking. Our technique has two phases. First, we approximate
sets of impossible transition firings and effects and then we compute sets of
visible effects based on the possible firings and effects. This allows us to identify
a set of transitions, such that the shortest trace to any goal marking consists
exclusively of transitions from this set. Based on this, we derive a set of places
where all tokens can be removed without affecting the satisfaction of a given
reachability property. We also presented a static instance of our technique that,
in contrast to the dynamic one, is computationally cheaper as it does not require
recomputations based on the current marking. Since our technique only modifies
the marking it can be used in contexts where other reductions are unsuitable
while providing similar benefits.

We implemented our techniques in the state-of-the-art CTL algorithm of
Tapaal, winner of the recent editions of the Model Checking Contest in the
CTL category. Our implementation eliminates tokens in every reachability node
according to the computed visible effects. Through experiments on the Model
Checking Contest 2023 benchmark, we showed that our technique improves the
performance of CTL model checking. The static technique improves time and
memory usage, while the dynamic technique provides even greater time and
memory savings at the cost of occasionally high overhead. Due to their different
performance characteristics, running them in parallel is also a viable option,
avoiding some of the time overhead.

While our experiments focus on the CTL properties, our technique can be
adapted to other kinds of properties such as UpperBound queries which ask
for the count of a maximum number of tokens in a given set of places. Not all
tokens may be relevant to determine such upper bounds when using a state space
search. Similarly, it can be used for liveness checks, as this can be rewritten to
the CTL query asking if AG EF enabled(t) for all t. Further applications of the
token elimination technique to other types of logics are part of the future work.
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SemML: Enhancing Automata-Theoretic LTL
Synthesis with Machine Learning

Abstract. Synthesizing a reactive system from specifications given in
linear temporal logic (LTL) is a classical problem, finding its applications
in safety-critical systems design. We present our tool SemML, which won
this year’s LTL realizability tracks of SYNTCOMP, after years of domi-
nation by Strix. While both tools are based on the automata-theoretic
approach, ours relies heavily on (i) Semantic labelling, additional informa-
tion of logical nature, coming from recent LTL-to-automata translations
and decorating the resulting parity game, and (ii) Machine-Learning
approaches turning this information into a guidance oracle for on-the-fly
exploration of the parity game (whence the name SemML). Our tool fills
the missing gaps of previous suggestions to use such an oracle and provides
an efficeint implementation with additional algorithmic improvements.
We evaluate SemML both on the entire set of SYNTCOMP as well as
a synthetic data set, compare it to Strix, and analyze the advantages
and limitations. As SemML solves more instances on SYNTCOMP and
does so significantly faster on larger instances, this demonstrates for
the first time that machine-learning-aided approaches can out-perform
state-of-the-art tools in real LTL synthesis.

1 Introduction

Synthesis of finite systems from their logical specifications has been one of
the central topics of theoretical computer science since the times of Church [7]
and Büchi [5], being closely linked to developments of the automata theory [39].
Indeed, the logical formula would be translated to an automaton, in fact a game
over this automaton played by the environment and system players, where the
strategy of the latter corresponds to an implementation of the specified system.

Since Pnueli’s suggestion to use Linear Temporal Logic (LTL) [30] for describ-
ing relevant properties of reactive systems, LTL synthesis [31] has become an
appealing alternative to manual implementation followed by LTL model checking.
Indeed, the tedious and error-prone implementation and debugging could be
circumvented by automated construction of systems or their controllers, which
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are then correct “by construction”. Nevertheless, the 2-EXPTIME-completeness
of LTL synthesis, stemming from the doubly exponentially sized parity automata
for the LTL formulae, has been challenging the practical applicability of the
whole concept. Fortunately, this has also led to numerous advances, such as
identification of subclasses of properties for which the problem becomes easier,
e.g. [2,29,3], or methods avoiding the notoriously expensive step of determinizing
the automata, e.g. [24,40] or employing antichain-based methods, e.g. [4,6].

The breakthrough of directly constructing deterministic automata orders
of magnitudes smaller [18,13] has brought the classical automata-theoretic ap-
proach back on the stage, and indeed as the most efficient approach available.
This is witnessed by Strix [26], a synthesis tool based on the translations
of Rabinizer/Owl[23,22] tools, winning the LTL tracks of the main synthesis
competition SYNTCOMP[16].

Semantic Labelling and Previous Work. The dramatic improvements in the
size came with an interesting side-effect. In contrast to determinization of Safra
[35] and others [28,36], the new constructions are following the logical structure
of the formula. Consequently, the states of the generated automaton/game are
labelled by this additional information. It consists of the formula describing
the property yet to be satisfied, i.e. monitoring the progress of satisfaction of
the original formula, and formulae capturing progress of all its subformulae.
For example, an input formula ¬a ∨GF(a ∧X b) labels the initial state of the
automaton together with the sub-goal a ∧ X b to be satisfied infinitely often,
see Fig. 1. After reading a, the successor state is labelled by the remaining goal
GF(a∧X b) as well as the progressing sub-goal b left to be satisfied. Under b the
automaton then moves to the state with the first component remaining forever
the same goal GF(a ∧X b), but the second component, now being satisfied fully,
signals that one repetition of the sub-goal has been successfully finished.

¬a ∨GF(a ∧X b); a ∧X b GF(a ∧X b); b GF(a ∧X b); tt
a b

Fig. 1. An example of a part of an automaton with semantic labelling

While this labelling was left unused for years, it clearly offers additional
information. Indeed, for instance, seeing ¬a ∨GF(a ∧X b) as a goal, it seems
easier to choose ¬a in order to satisfy it than to take care of the infinitely
repeating sub-goal. Similarly, if progress is made in satisfying a∧X b by choosing
an a, it seems wasteful not to follow with a b, although the overall goal of
GF(a ∧ X b) remains unaffected either way. Such a guidance can be used to
explore the automaton/game on-the-fly and possibly finding a winning strategy
before the whole state space is constructed. In contrast, from the traditional
perspective of solving games on graphs, one can either solve the whole game,
or possibly explore it on-the-fly “blindly” since there is no observable difference
between taking a transition, say, to the left or right. Note that the guidance need
not be reliable, the correctness is still guaranteed by solving (a part of) the game,
hinting at possible use of machine learning.
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In [19], two attempts have been made to explore the automaton/game in a
profitable order using this additional information. Firstly, the first component
is subject to a naïve heuristic called trueness, estimating the ease to satisfy a
formula (by considering every formula as a Boolean combination, ignoring the
temporal structure, and counting the percentage of satisfying assignments), and
then transitions with higher trueness are explored first. Secondly, reinforcement
learning has been used with rewards being related to satisfying sub-goals in
the second component. While the former is also implemented in Strix, both
are ad-hoc heuristics with limitations. In [20], a machine-learning approach has
been suggested, which learns from solving games for other formulae estimating
which transition is more often “winning” than others. This allows for superior
precision, also dealing natively with more convoluted choices where the hand-
written heuristic struggles. However, only this oracle was implemented, not a
(competitive) synthesis procedure.

Our Contribution. In the present tool paper, we show how we incorporate this
approach into the whole synthesis pipeline, closing the gaps explicitly left open.
Besides, we report on our tool efficiently implementing the approach and, even
in a preliminary version, winning this year’s edition of the realizability track1 of
the SYNTCOMP competition. In more detail, our contribution is as follows:
–We implement a machine-learning heuristic guiding the on-the-fly exploration.

In contrast to [20] using SVM, we evaluate various models and choose the most
adequate option. Besides, we adapt it to the state-of-the-art semantic labelling.

–We incorporate it into our synthesis pipeline, which improves over the approach
of Strix in several (traditionally algorithmic) aspects.

–We report on the performance of our tool SemML (short for Semantic-labelling-
based Machine Learning) and analyze why it performs better than Strix. It
is worth noting that SemML is faster on the SYNTCOMP benchmark set
while being trained only on synthetic data. On this synthetic data, it is even
an order of magnitude faster.

Note that other lines of research that use LTL synthesis solvers as blackbox, e.g.
LTL modulo theories synthesis [34] or portfolio solvers such as NeuroSynt [8],
directly profit from these improvements.

Further Related Work. Besides Strix, the closest to our work is, on the
one hand, Spot (with ltlsynt) [33], following the same automata-theoretic
approach, but constructing the whole automaton; and on the other hand, purely
machine-learning approaches such as the deep-learning-based [37,9], implemented
in NeuroSynt [8], which guesses circuits using ML, falling back to Strix to
achieve completeness. Before the automata-theoretic approach, further winning
approaches included bounded synthesis, e.g. [11,14], or even earlier safraless

1 For realizability, the task is to determine whether a system satisfying the specification
exists; its implementation, however, is only required in the synthesis track, where our
tool did not participate. Competitively small representations of computed strategies
require numerous (known) techniques, which are orthogonal to the advancements our
tool is bringing into the area of machine-learning-aided solving of LTL games.
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implementations [17]. As mentioned, all of these are significantly out-performed
by Strix in SYNTCOMP.

2 Tool Description

In this section, we provide an overview of our tool SemML. We formally state the
problem it is solving, describe how to use the tool, and its high-level approach.

2.1 Problem Description: LTL Synthesis and Realizability

The problem of LTL reactive synthesis is defined as follows. We are given an LTL
[30] formula ϕ over a set of atomic propositions AP together with a partition of AP
into environment and system propositions AP = APENV∪APSYS. The environment
and system generate an infinite word as follows. In each step i, the environment
chooses ei ⊆ APENV and then2 the system chooses si ⊆ APSYS, generating a
sequence e1, s1, e2, s2, . . .. The combined word over AP is then e1 ∪ s1, e2 ∪ s2, . . .
and the system wins if this word satisfies ϕ. The central question is whether the
system has a winning strategy, i.e. a way to choose si based on the current prefix
so that the combined word always satisfies the given formula.3 In that case, the
instance is called realizable and unrealizable otherwise. For example, the formula
ϕ = G(r ⇔ X g) with APSYS = {r} and APENV = {g} prescribes that whenever
the environment sends a request, the system should in the next step grant the
request, and only then. This formula is realizable, and a winning strategy is to
remember whether the environment sent a request in the previous step.

Deciding whether a formula is realizable or not is called LTL realizability. In
synthesis in the narrower sense, we want to output such a strategy for the winning
player, i.e. a procedure that at every step outputs the next choice, typically in
the form of a finite state machine, e.g. a Mealy machine or an AIGER circuit [1].
While our tool can output the strategy in a straightforward way, we refrain from
discussing it further, as it neither the focus of the tool nor of our advancements.

2.2 Functionality

Inputs/Outputs SemML accepts the standard format TLSF [15] (used in SYNT-
COMP), converted to LTL using syfco, as well as explicit input, i.e. an LTL
formula together with a partition of the atomic propositions. It supports both
realizability and synthesis (with the strategy encoded as AIGER circuit).

Usage To streamline interaction, SemML is invoked through a Python wrap-
per. For TLSF input, use main.py --tlsf <path to tlsf file>, and for ex-
plicit input main.py --ins=<ins> --outs=<outs> -f=<formula>, where ins

2 The convention that the environment chooses first and the system, observing the
environment’s choice, goes second is called Mealy semantics.

3 Formally, a function f : (2APENV)∗ → 2APSYS so that e1f(e1)e2f(e1e2) . . . |= ϕ.
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φ, APENV ⊎ APSYS (UN)REALIZABLE

Frontier
Exploration

Game
Solver

Backtracking

SemML

if winner determined

else

Fig. 2. High level architecture of SemML.

and outs are the atomic propositions owned by environment and system, respec-
tively. The tool then solves the synthesis problem and outputs the witness strategy.
If desired, append --realizability to only solve the realizability problem. The
tool then simply outputs REALIZABLE or UNREALIZABLE.

2.3 High-Level Architecture

In line with the automata-theoretic approach, SemML employs on-the-fly con-
struction of the corresponding parity game. In SemML, this process comprises
three main components, namely frontier exploration, partial game solving, and
backtracking, also outlined in Fig. 2. In a nutshell, starting from an empty
game, SemML explores a “minimal” frontier. Here, we employ a sophisticated
machine-learning (ML) guidance that, based on the semantic labelling, decides
which parts of the game to explore first. Then, our parity game solver tries to
find a solution, interpreting unexplored states as losing for either player. If the
solver finds a solution, we are done. If not, we need to explore more of the game.
We refer to a backtracking heuristic to identify candidate states and, starting
from there, go back to frontier exploration. In this setup, the main purpose of
the new ML component is to tackle hard cases, where the automaton is too large
to be constructed in its entirety, by trying to identify a small part where one of
the players already wins.

3 Advancements in Detail

In this section we describe the major advancements of SemML. Recall that
our technical goal is to employ ML to guide on-the-fly synthesis towards “easily
winning” regions and thus improve scalability. To describe our approach and
contributions, we first discuss the state of the art. Here, we consider the tool
Strix, which is currently the only implementation of this approach competitive
on the standard SYNTCOMP benchmarks, and [20], which provides the first
ML-based approach to exploiting the semantic labelling. In particular, we discuss
their individual shortcomings and incompatibilities. Then, we outline how we
solve these issues, and describe our solution approach in detail.

3.1 State of the Art and its Shortcomings

Strix alternates between exploring the parity game and trying to solve the
explored part. To decide which states to explore, Strix uses a global double-



238 J. Křetínský et al.

ended priority queue (one end for each player) to track every state that can be
explored further. Strix simply works on both ends of that queue while checking
for solvability in fixed intervals until a winner is identified. This comes with
two major problems. Firstly, the states are ordered by (a variant of) the rather
naïve trueness [19] of formulae, which roughly corresponds to the percentage
of propositionally satisfying assignments, completely disregarding the temporal
structure. This is particularly problematic for formulas which comprise lots of
temporal behaviour (such as XXϕ). Secondly, the exploration is not “demand-
driven”, meaning it can fail because one successor of an important state has
not been explored (and thus is considered losing), but during the subsequent
exploration phase, that successor is not touched either because other states have
more extreme scores (or many states have the same score).

The approach of [20] uses the semantic labelling to predict winning choices
locally through a simple learning approach with hand-crafted features. These
are then used as the starting point for a parity game solver, ensuring that
potential imprecisions of the ML model are detected and fixed. However, (i) they
do not provide an implementation competitive w.r.t. the actual runtime, and
(ii) adapting their approach to Strix (or any other tool) is difficult for a variety
of reasons. Firstly, Strix is fundamentally designed to work with a “global”
ranking, i.e. picking states to explore from one priority queue, while [20] gives
“local” recommendations, specific to a concrete state. Note that combining the two
approaches by first picking a state similarly to Strix and then following [20] in
that state does not solve Strix’s lack of demand-driven guidance. Secondly, [20]
employs complex features and evaluating them is too time consuming. The timing
constraints on evaluating the guidance heuristic are quite strict, since we need to
be able to give hundreds of recommendations per second to remain competitive.
Finally, [20] uses an outdated automaton construction (via LDBA [38,12]), while
Strix uses a newer, practically more efficient variant. This is particularly relevant,
as the automaton construction usually is the biggest bottleneck of LTL synthesis.

Summary. In order to reap the benefits of ML for on-the-fly synthesis, we
thus first have to design a novel exploration approach (and adapt all subsequent
machinery) capable of processing local advice in the spirit of [20]. While this is a
pre-requisite for using ML guidance, it is also interesting in its own right, as it
allows for a more targeted, deep exploration instead of exploring multiple equally
promising directions simultaneously. Then, at the same time, our guidance must
be much more efficient than [20], so that it does not add too much overhead,
which would negate any performance gained by giving good recommendations.
Finally, it also needs to be designed for a modern automaton construction.

We proceed to explain how we tackled these problems. We introduce our locally
guided approach to on-the-fly LTL synthesis, describe how we use machine learning
to guide the exploration, and finally outline general engineering improvements.
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3.2 Locally Guided Exploration

Recall that the overall approach is to alternate between exploring parts of the
parity game and checking whether there exists a winning strategy in the current
part of the game already, as depicted in Fig. 2. For the exploration, our aim is
to follow “good” choices for one player that work well against all options of its
opponent. As such, we run the exploration for both “perspectives” separately, and
regularly switch between them (further motivation and details in Sec. 3.4). In the
following, we take the perspective of the system (aiming to prove realizability);
the dual part for the environment is analogous.

As hinted in Sec. 2.3, our exploration approach comprises two parts, namely
frontier exploration and backtracking. The components of frontier exploration
and its interplay with both backtracking and the game solver is depicted in Fig. 3.
During frontier exploration, the core idea is to only explore a necessary minimum
so that a strategy of the system can be at all properly defined. In particular, we
want to reach a point where every known system state has at least one of its
successors explored and every known environment state has all of its successors
explored. If that is the case, we call the (partial) parity game closed. Clearly,
to obtain a closed game, we repeatedly need to explore states. To this end, we
maintain a queue of automaton states (the current frontier) which we still need
to explore. After taking a state from the queue, we compute the immediate
automaton successors, using an adapted implementation of Owl, and split this
automaton transition (under a subset of AP) into the two moves of the players
under a subset of APENV and APSYS, respectively. While we hardly have a choice
for environment states (we need to explore all successors in the game), in system
states we can select which successor to explore. Thus, in these states we ask our
exploration heuristic for advice, and add all newly reached states to the queue.
For this local guidance, we employ the new ML-based approach, which we later
explain in depth. For an example, see Fig. 3 (bottom). From left to right, we
obtain a state q0 from the queue and construct its successors q1 and q2 in the
automaton. Splitting it into the game introduces the two system states s1 and
s2. In both states, the exploration heuristic recommends going towards q2, and
we only add that state to the frontier queue.

Overall, we repeat this process until the current game is closed, and then
attempt to solve it. If we cannot determine a winner, then in at least one of
the system states a “wrong” successor was chosen (the system cannot win the
current partial game). Thus, subsequently, we ask the backtracking oracle which
states might have been “wrong”. Concretely, we heuristically choose a subset of
all non-fully explored states with the highest trueness. For each of these, we
explore their next best successors according to our heuristics. Now, the game
might not be closed, and thus we switch back to frontier exploration. We repeat
this process until a winner is found (which always happens, as eventually the
entire game is explored).
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Fig. 3. Illustration of the exploration process together with an example for each step.

3.3 Exploration Guidance Through Machine Learning

In this section, we describe our ML approach used to guide the frontier exploration.
Recall that for a given state the exploration heuristic is supposed to give a ranking
preferring “good” edges which lead to a winning strategy: Initially, we follow the
highest ranked choice, then, when backtracking in this state, the second one, and
so on. Thus, we would like this heuristic to prefer edges that can be part of a
winning strategy. Additionally, as we also want to obtain small games, among the
possibly winning edges we would like to prefer edges leading to smaller strategies
(hence exploring a smaller part of the game). Note that one can also employ
handcrafted heuristics instead, e.g. the score computed by Strix (which we also
implement and evaluate).

Similar to [20], we employ a supervised learning approach. As usual for ML,
we start by describing the dataset used to train our models. We then discuss
the overall architecture of the model(s), how we obtain the ground truth, and
how we extract features. Finally, we discuss the training method. Of course, our
approach is not the only possible way to tackle this problem. Yet, while designing
it, we discovered several subtle pitfalls and tried alternative approaches which
proved to be suboptimal. We provide further details within this section.

Data Our explicit aim is to exploit structure in real-world formulae. Here,
existing datasets such as the SYNTCOMP set seem a natural choice. However,
we want to evaluate our approach on the entire SYNTCOMP set (in order to
faithfully replicate the SYNTCOMP evaluation). Thus, “showing” any part of it
during learning could introduce an unfair advantage. This leaves us with hardly
any realistic data sets.

This problem has already been observed by [37]. As a solution, they note
that in practice, specifications often follow specific patterns and combinations
thereof [10]. Thus, randomly combining such patterns should yield numerous
formulae that resemble some structure one might expect in practice. To this end,
[37] identified over 150 assumptions and over 1500 guarantees which intuitively
limit the behaviour of the environment and system respectively. From this set of
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“building blocks”, they generate formulae by sampling assumptions and guarantees
and assemble them in the form of “conjunction of assumptions implies conjunction
of guarantees”, which adds some comprehensible structure. Formulae of this kind
can be interpreted as “if the environment adheres to one behaviour profile, the
system should adhere to another”.

We extend this idea a bit further by sampling several options for system and
environment, which diversifies the formulae while maintaining comprehensibility.
In particular, we sample multiple sets of assumptions and guarantees and assemble
a formula in the form of “DNF of assumptions implies DNF of guarantees”.
Intuitively, these formulae mean “If the environment follows one of these behaviour
profiles, the system should adhere to one of their behaviour profiles”. In particular,
this introduces options for the system to which behaviour profile it should adhere
to, which in turn might depend on the profile the environment chooses.

We filter our generated data into two groups depending on the size of the
corresponding automaton. The training and validation group consists of 1000
formulae where the automaton has at most 500 states. We introduce this limitation
to keep the ground truth and feature computation feasible (described later). While
1000 formulae may seem like a small data set, note that we learn from the local
decisions in each state of the 1000 associated parity games, which give several
million data points in total. For evaluation, we also identified 200 formulae of
which the automaton size is not known except that it is larger than 20,000 states.

While this yields a decent data foundation for our venture, the synthetic data
definitely is quite different from SYNTCOMP. Thus, for practical purposes,
one should consider including SYNTCOMP and other data during learning.
Since this is orthogonal to the evaluation in this paper (including any part
of SYNTCOMP in our training data would introduce unwanted biases), we
deliberately do not include this.

Model Architecture Similar to [20], we rank outgoing edges through all
pairwise comparisons. Formally, we employ a pair classifier p : E × E → R
where the sign denotes whether the first or second edge is preferred and the
magnitude denotes the confidence in that prediction. In a state, every pair of
edges is compared and each edge is ranked according to the sum of confidences
in its favour. However, since this scales quadratically in the number of outgoing
edges, we approximate the above for states with more than 16 edges. For them,
a number of pivot edges are chosen that every other edge is compared to, in
order to obtain a “first guess” at a ranking. From that guess, the best 8 are
selected to enter the second round which now is a full round of comparisons. The
final ranking comprises the ranking among the top 8 followed by the other edges
according to the first ranking.

Moreover, similar to [20], we pre-classify states into groups with conceptual
differences and train a separate model for each group. Intuitively, we distinguish
(i) whether a state is owned by the system or the environment, and (ii) whether
the long-term goals are trivially structured, e.g. a single liveness condition, which
simplifies some decisions; leading to 4 models in total. We discuss the concrete
implementation of the pair classifier in the “Training” section below.
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Fig. 4. A simple game to illustrate two challenges for the ground truth. For simplicity,
all states are controlled by one player. Clearly, all states are winning.

Ground Truth For the supervised learning of our models, we need meaningful
labels that denote the quality of an edge so that we can determine the better one
of any given pair. But which edges are “good”? At first, this may seem obvious
– simply take all edges which are part of a winning strategy. This however is
problematic for multiple reasons, as already outlined in [20].

First, parity games do not allow for maximally permissive strategies. This
means that there simply is no one “local truth”; whether an edge is good or
bad may depend on decisions in other states, as we exemplify in Fig. 4. While
the edges leading to the goal from v1 and v2 are always winning choices, edge
v1v2 is only winning if the goal-edge is chosen in v2 (and vice-versa for v2v1).
Consequently, different solution approaches may yield different sets of winning
edges, and just considering one of them would bias the model to behave alike
to that concrete solution method and not to “understand” semantically labelled
parity games in general. Relating to the previous example, even though v1v2 and
v2v1 are symmetric, a solver may only mark one of them as winning, but never
both. As such, using the output of one solver would actively try to make our
model believe that one of the two is better and imitate that solver’s bias.

Secondly, even if multiple edges are indeed winning, this does not inform us
about the “complexity” required to win after playing one of them. For example,
consider two edges where one leads to a trivially winning sink within two steps
and the other leads to a large and complicated, but ultimately also winning
region. Qualitatively, both edges are equivalent, but we prefer the former as it
yields smaller solutions and requires fewer correct decisions in the future. We also
provide an illustration in Fig. 4. There, both choices in u are winning, however
we prefer moving to v1 over moving to w, as we can win “faster”.

Thus, in order to determine the quality of any given edge of the game, we
analyze the game tree after playing said edge. Constructing the entire game
tree and applying min-max is practically infeasible already for rather small
instances. Therefore, we apply an improved version of the decayed Monte Carlo
tree search suggested in [20]. In particular, we only deeply expand the tree for
critical paths (the ones where either player fancies their chances) and thus can
identify longer shortest winning paths. Conveniently, we thereby no longer require
the “optimal stalling” strategy that [20] uses for the opponent, as the opponent
prefers longer losing paths over shorter ones by default due to the decay. In the
end, we effectively get a score between −1 and 1 for each edge in the game which
indicates the “quality” of this edge. Intuitively, an edge directly leading to tt
gets a 1. An edge leading to a region where the system can win but may require
a lot of steps to do so yields a small, positive value, while edges after which the
environment can quickly force a losing cycle yield a score close to −1.
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Feature Extraction The feature extraction transforms a transition in the game
into a vector of numbers so that it can be processed by an ML model. The features
are based on all the information that is available at the time of deciding which
edge to explore further. In particular, this includes the semantic labelling of the
transition’s source and target, the colour/priority, and also labelling associated
to its sibling transitions.

We deliberately aimed at manually designing a (large) set of features derived
from the semantics and then prune it via feature selection. While automatic
feature extraction is a powerful tool, in our use case the feature extraction needs
to be extremely efficient, since we need to call it hundreds of times per second
to remain even remotely viable. (Recall that we need to extract the features for
every edge in the game and already the games obtained from reasonably simple
formulae can easily reach thousands of states and significantly more edges.)
State Features We first introduce twelve “formula features”, which transform a
single LTL formula into a number. Intuitively, they can be thought of as proxies
for higher level concepts. These concepts include formula-complexity (syntactic
properties such as height and size of the syntax tree), formula-sat-difficulty (how
“difficult” is it to satisfy the formula, capturing variants of trueness [19]), or
formula-controllability (how much influence does a player have on the truth value
of the formula with only their variables). Formula features are then aggregated
for a state (which comprises several formulae) in one of two ways. Either, we
select a single formula of the labelling and yield the value of the base feature on
the selected formula as the state’s overall value (e.g. selecting the formula that
maximizes the value of another base feature). Or, we apply the base feature to
all formulae of the semantic labelling and aggregate the results in several ways,
exploiting the non-trivial structure of the state labelling. Intuitively, this captures
the respective concept (e.g. controllability) over the entire state.
Edge Features Edge features are obtained from state features by either taking
the state feature of the edge’s successor or the change of the feature along the
edge, i.e. the difference of the feature in the successor and predecessor. Further,
we can compare that value against the value of all other edges of the same state
by normalizing the feature to the [0, 1]-interval, so that a normalized value of 1
denotes that it is the highest among its sibling edges. This may help learning
relative comparisons, but loses all information on the absolute value of the feature.
As confirmed in our final models, a mixture of normalized and non-normalized
features seems to be desirable. Aside from features derived from states, we also
consider features based on the edge priority as suggested by [20]. However, we
include the parity information in an “ML-friendly” way, for example by mapping
it to a linear scale.

In total, we obtain well above 150k different features for edges. These include,
for example, the change in the syntax tree height of the most controllable formula
or the aggregated trueness, normalized across all successors. For more details on
the features we refer to the appendix of [21].

Training Applying ground truth and feature methods to the generated formulae
yields a dataset for supervised learning with way over a million samples for every
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state class. We bootstrap these down to roughly 100k samples per state class
in order to make the training take reasonable amounts of time. The following
procedure was done for every state class individually.

Feature Elimination As using our entire set of thousands of features is absolutely
impractical in several regards, especially with our performance constraints in
mind, we perform multiple stages of feature elimination. First, we randomly select
between 50 an 100 features per major category and add some hand-picked features.
This leaves us at an algorithmically manageable, yet practically infeasible amount
of about 700 features. For further reductions, we perform a variant of recursive
feature elimination, adjusted to our pairwise setting (see [21] for details). As
different features might be more or less important for different model types and
state classes, we ran a separate feature elimination for each of these. For details
on what kind of features remained after the elimination, we refer to [21].

Models As for model types, we evaluated (kernel-)SVMs, neural networks, random
forests, and gradient boosted trees. The input for each model is the concatenation
of the two feature vectors of the respective edges that we want to compare
pairwise. For tree models, we additionally concatenated the pointwise differences
of the features in order to allow them to compare the same feature of both edges
in one decision node. For every model type, we performed several smaller runs to
obtain suitable hyper-parameters for the large scale feature elimination.

Ultimately, gradient boosted trees proved to be the best choice for imple-
menting our pair classifier in all four state classes. Together with random forests,
they clearly outperformed the non-tree methods like SVM or NN. However, in
contrast to random forests, they required less features (3-10, depending on state
class) to do so. Further details on this experiment can be found in [21].

3.4 Engineering

To conclude, we provide details on our implementation and engineering im-
provements. First and foremost, as a major practical improvement, SemML is
implemented in pure Java (built on top of Owl). In contrast, Strix is developed
as a hybrid between Rust and Java, with native compilation of Java through
GraalVM, and a complex interplay between the two code bases. This adds, among
others, complexity due to working with two languages, subtle performance over-
heads when crossing language boundaries, and setup difficulties due to requiring
a rather particular set of tools. As such, SemML is significantly easier to use,
maintain, and extend. For easy incorporation of third party tools such as syfco,
we also include a Python wrapper. For learning, we use the Python library
sklearn [27], and store our models in the established PMML format.

Aside from structural improvements and pure-Java implementation, we also
added several engineering changes compared to the approaches of Strix and
[20], of which we list a few notable ones.

State Merging In parity games, states are fully determined by their set of
edges, i.e. if two system states transition to the same successor for every
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system assignment while emitting the same priority, they are equivalent and
can be merged. This equivalence check is very efficient due to our internal
representation of states. Interestingly, by applying this reduction we observed
a decrease of game sizes by up to two orders of magnitude.

Dual Perspectives As mentioned in Sec. 3.2, our approach alternates between
the perspectives of both players. While this is not required for correctness, it
helps in practice, as, for example, we can quickly find a small winning region
for the environment even if the system player explores in a different direction.

Exploration Scheduling Usually, we switch perspectives whenever the game
is closed and the solver is consulted. However, when following a “bad” edge
leads the algorithm off the track, we might spend a lot of time trying to close
the game. Instead of insisting on continuing this process to the end, we also
switch to the other perspective after too many states have been explored
without closing the game.

Result Sharing We re-use information discovered from one “perspective” for
the other part, where appropriate, for example already constructed parts of
the automaton. Moreover, if one side finds a set of states to be winning for
them, the exploration of the other side directly treats them as losing.

Caching We trade memory for time by caching all computed features.
BDD We implemented complement edges and several further engineering im-

provements in the underlying pure-Java BDD library JBDD [25].

4 Experimental Evaluation

In this section, we evaluate the two central research questions of interest, namely:

RQ1 Can SemML solve LTL realizability more efficiently than state-of-the-art
tools, in particular Strix?

RQ2 How much of the improvements are caused by algorithmic and engineering
changes and how much by employing ML-guided exploration?

We first introduce considered tools, metrics of interest, and our benchmark sets.
Then, we present our results and discuss each research question separately.

Tools We consider our tool SemML and the state-of-the-art tool Strix4. To
further distinguish algorithmic and engineering improvements from those due to
the ML-based exploration heuristic, we also consider SemML (“SemML without
ML”), which uses the exploration score of Strix as guidance instead.

Note that both SemML and Strix internally construct a strategy even
when “only” solving LTL realizability. The problem of exporting the (already
constructed) strategy into a particular format, e.g. AIGER circuits, is completely
orthogonal. Thus, we explicitly focus on the time to find the solution (i.e. let the
tools run in their “realizability” configuration).

4 With its best-performing configuration --exploration=minmax --lookahead=0.
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Remark 1. When only focusing on the number of solved instances, the portfolio
solver NeuroSynt [8] is a more powerful tool than Strix. This is to be expected,
as it runs multiple approaches (including Strix) in parallel. However, to clearly
compare our specific approach to the state-of-the-art, we deem a direct comparison
of SemML to Strix (the state-of-the-art of “single-approach”-solvers) more
relevant. A more detailed discussion and comparison of SemML with NeuroSynt
can be found in the appendix of [21].

Metrics Primarily, we are interested in which tool can solve more benchmarks
within a given time constraint (the main metric used for SYNTCOMP). Addi-
tionally, for the instances solved by multiple tools, we are interested in which
tool solves them faster. For that matter, we compute the ratios of (wallclock)
time for all samples that both tools were able to solve and aggregate them by
computing the geometric mean.5 We exclude simple instances to account for
constant time overheads caused by, e.g., JVM startup and loading of ML models.
We treat an instance as simple if both compared tools solve them faster than a
given threshold (usually 5s; later we also consider larger values to focus on the
most complicated instances).

Benchmarks We consider two classes of benchmarks. First, our evaluation set as
described in Sec. 3.3, called Synthetic. Here, we expect the ML-based guidance
to shine, as the inputs are of a similar structure as the training data (just much
larger). Additionally, we consider the entire set of SYNTCOMP 2024.

We highlight some peculiarities of the SYNTCOMP data set. First, as we
observe in our experiments, the vast majority of instances are trivial, i.e. solved
within a few seconds. As such, a small constant time overhead has a large (relative)
impact. Second, SYNTCOMP mainly comprises parametrized families of formulae,
where incrementing the parameter often more than doubles the size of the state
space. As such, for many families a lot of their instances are simple, very few
are interesting-but-solvable, and then many more are completely out of reach.
This results in a rather small set of benchmarks where a notable difference can
be expected, and solving one more sample of a family already marks significant
improvement. Finally, there are subtle biases and asymmetries that may limit the
possible improvement of exploration guidance. On the one hand, several of the
realizable families are arbiters (or variants thereof), where, by design, (nearly)
the entire state space needs to be explored. In particular, any attempt of guidance
is useless and any effort spent on it costs overall performance. On the other
hand, many unrealizable families are constructed by taking a realizable family
and introducing a contradiction at a parametrized depth of the execution. This
class may be more suitable for employing targeted guidance, as one only needs to
find that single contradiction in the state space to prove unrealizability. However,
these unrealizable families tend to be dominant in numbers while not providing
much diversity. Thus, if a heuristic by chance adapts well or badly to a single
family or a particular kind of contradiction, this effect alone can dominate the

5 As is customary, the geometric mean is preferable for runtime ratios: For example,
for 0.5x and 2x speed-ups it yields 1x instead of 1.25x with an arithmetic mean.



SemML: Enhancing Automata-Theoretic LTL Synthesis 247

Table 1. Comparison of SemML to Strix on SYNTCOMP and synthetic data. We
show how many instances are solved by both, by only one, or none of the tools. Note
that 815 instances of SYNTCOMP are solved by both tools in under 10 seconds.

SYNTCOMP
SemML

solved unsolved

S
t
r
ix solved 951 27

unsolved 49 84

Synthetic
SemML

solved unsolved

S
t
r
ix solved 30 0

unsolved 53 117
Table 2. Average runtime ratios between Strix and SemML for all instances where at
least one tool required more than n seconds (where n is in the top row) and both tools
found a solution. We also give the number of instances that satisfy these two criteria. A
ratio > 1 indicates that SemML is faster on average.

SYNTCOMP 0 5 30 300

ratio 0.09 1.37 2.08 3.58
count 951 148 89 30

Synthetic 0 5 30 300

ratio 8.56 8.56 9.48 13.44
count 30 30 28 14

overall evaluation. As such, the results on SYNTCOMP, should be interpreted
carefully, especially when comparing guidance heuristics.

Experimental Setup Our experiments were conducted on an AMD Epyc 7443
24-Core CPU and 188GB of RAM. Each invocation was limited to 30 minutes
and 60GB memory, mimicking SYNTCOMP conditions.

4.1 RQ1: Comparing SemML to Strix

Our main results are summarized in Tables 1 and 2 and displayed in Fig. 5.
On SYNTCOMP, we solve 49 − 27 = 22 instances more than Strix which,
considering the difficulty scale of SYNTCOMP, marks a major achievement.
Further, we observe significant speed-up compared to Strix, especially as the
instances get larger. For the ratio over entire SYNTCOMP, we mention that
there are about 600 instances that Strix solves (nearly) instantly whereas
SemML requires about a second to start the JVM and load ML parameters.

Investigating the unique solves of both tools in more detail, we observe that
on many realizable families, SemML is able to solve one more instance than
Strix within the timeout, sometimes even within a minute. In particular, there
are three families (amba_gr, amba_decomposed_lock, collector_v3), where two
or even more extra instances were solved, marking a major improvement. The
instances only solved by Strix turned out to be mostly from variants of the
ltl2dba families. Here, we conjecture that our guidance takes a “bad turn”, never
reached closure, and thus never reconsidered its steps, while the less guided,
broader exploration of Strix has a higher chance of exploring the right parts.

For unrealizable formulae, most of our unique solves were of the discussed
form of injecting a fault into some arbiter and our targeted exploration was able
to localize these faults deep into the state space. Strix’s unique solves are again
mostly unrealizable variants of ltl2dba and detector_unreal formulae.
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Fig. 5. Scatter plots of the runtimes of SemML, Strix, and SemML on SYNTCOMP.
A point (x, y) denotes that tool X and tool Y needed x and y seconds, respectively. If
a point is above/below the diagonal, tool X is faster/slower. Plots are on logarithmic
scale, dashed diagonals indicate that one tool is twice as fast. Timeouts are pushed to
the orthogonal dashed line. The axes start at 1 second.

On the Synthetic dataset, SemML outperforms Strix by an order of magni-
tude, solving all instances Strix is able to solve, and even 53 additional ones.
On the 30 instances that both tools solved, SemML is 8.56 times faster, and this
factor increases to 13.44 when considering the most challenging instances.

4.2 RQ2: Effects of Machine Learning and Algorithmic Changes

We proceed to investigate the impact of our algorithmic and engineering changes
and ML heuristic individually. For that matter, we first compare Strix to SemML
and then proceed with comparing SemML to SemML.

Strix vs. SemML Especially on SYNTCOMP, a significant part of the im-
provements is caused by our algorithmic changes. For example, the game for
collectorv1_14 has over 19M states in Strix while SemML keeps it at a
manageable 60k states due merging of game states. This allowed SemML to
solve collectorv1_15 as well, whereas Strix could not. Similarly, we also
observed the concrete impact of the BDD improvements as well as the demand-
guided exploration. The former is more prominent for realizable, while the latter
shows significant impact mostly (but not exclusively) for unrealizable instances.
Concretely, 24 of 30 SemML’s unique solves of unrealizable instances are fault-
injected-arbiters. Here, our deep, targeted exploration was able to localize the
fault, even when only following the exploration score of Strix. Strix’s broader
exploration could not reach these regions despite following the same score, likely
because it tried to follow multiple “leads” at once, due to its global view. On
the Synthetic set, the effects are even more pronounced. Here, already SemML
solves all instances that Strix solves and 37 more, with a speed-up of 9.1.
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SemML vs. SemML Despite our algorithmic changes already yielding signif-
icant improvements, ML still adds performance on top. For SYNTCOMP,
our guidance is able to identify solutions much quicker on several families (e.g.
01-13.tlsf or collector_v3), resulting in a speed-up factor of 1.25 (with lower
threshold of 30 seconds to focus on complicated instances) and 2 more unique
solves on realizable samples. On unrealizable formulae, SemML solves 7 further
instances (mainly from full_arbiter_unreal), but fails on 8 instances (mainly
from round_robin_arbiter_unreal). We conjecture that this is due to bad
generalization, and due to the fact that exploration towards a deep fault comes
with more opportunities for a ML model to “mess up”, whereas SemML’s score is
stable. Overall however, SemML is competitive with SemML on SYNTCOMP,
which is positive, considering the discussed structure of SYNTCOMP and,
especially, that our model was not even trained on similar inputs.

Turning our attention to the Synthetic set (in line with the training data),
we see that SemML has significant 20 unique solves compared to 4 for SemML
and a speed-up of 1.57 on complicated instances (threshold of 30 seconds). Based
on this, we conjecture that SYNTCOMP likely is “out-of-distribution” for our
model and, consequently, training with both synthetic as well as SYNTCOMP
samples would add even more improvements for real-world formulae.

Remark 2. To conclude, we stress that our ML models are deliberately kept
small, since we need to be able to evaluate them extremely quickly. As such, we
only considered quite simple features and small models. Concretely, the final
models for all state classes are comprised of 15 trees of depth 2. We also evaluated
larger models with more complex and meaningful features. These performed
significantly better in terms of pure accuracy on the pair classification, but added
so much overhead that ultimately fewer instances were solved.

5 Conclusion and Future Work

We presented our tool SemML, which combines algorithmic and engineering
improvements together with tailored machine-learning heuristics to arrive at
a highly performant tool for reactive synthesis. Our experimental evaluation
confirms the impact of both our improvements. In particular, SemML signifi-
cantly outperforms the state-of-the-art tool Strix, which dominated the reactive
synthesis competition since its first appearance.

For future work, we identify several avenues. In terms of algorithmic im-
provements, both the backtracking heuristic and our parity game solver can be
significantly improved by a tighter integration with the exploration heuristic.
Further, we intend to implement – as well as develop new – state of the art
methods for extracting and representing solutions efficiently to practically make
use of the solutions we are now able to identify. For users of the tool, we want
to provide a variant of SemML that is also trained on SYNTCOMP formulae,
unfair for academic evaluation but useful for actual industrial synthesis. We also
want to investigate hierarchical oracles, i.e. include more accurate (but slower)
oracles, which are only consulted when the basic oracle has low confidence.
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Data availability statement. The models, tools, and scripts to reproduce our
experimental evaluation are archived and available at [32].
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Formally Verifying a Transformation from MLTL
Formulas to Regular Expressions

Abstract. Mission-time Linear Temporal Logic (MLTL), a widely used
subset of popular specification logics like STL and MTL, is often used
to model and verify real world systems in safety-critical contexts. As
the results of formal verification are only as trustworthy as their input
specifications, the WEST tool was created to facilitate writing MLTL
specifications. Accordingly, it is vital to demonstrate that WEST itself
works correctly. To that end, we verify the WEST algorithm, which con-
verts MLTL formulas to (logically equivalent) regular expressions, in the
theorem prover Isabelle/HOL. Our top-level result establishes the cor-
rectness of the regular expression transformation; we then generate a
code export from our verified development and use this to experimen-
tally validate the existing WEST tool. To facilitate this, we develop some
verified support for checking the equivalence of two regular expressions.

Keywords: MLTL · Regular Expressions · Interactive Theorem Proving
· Isabelle/HOL · Code Generation · Tool Validation

1 Introduction

As formal methods tools become increasingly integrated into system develop-
ment life cycles, it is necessary to offer stronger demonstrations of their correct
implementation than piecemeal code analysis and experimental validation. After
all, these are the tools justifying and verifying, e.g., the certification of systems;
these tools must obey a higher standard for correctness. This starts with their
input languages and specification validation.

Many formal methods tools, such as model checkers and runtime verification
engines, reason over behavior specifications in LTL or related linear-time logics
that extend LTL, e.g., to add intervals on the temporal operators like Signal
Temporal Logic (STL) [32], Metric Temporal Logic (MTL) [1], and Metric In-
terval Temporal Logic (MITL) [2]. Mission-time Linear Temporal Logic (MLTL)
[40,30] represents a commonly used subset of these timed logics, and has a con-
version to LTL [30]. Several tools use MLTL as a core specification language;
these include the Formal Requirements Elicitation Tool (FRET) [19,34,4], the
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Realizable Responsive Unobtrusive Unit (R2U2) [40,43,23], and the Ogda run-
time monitoring tool [37,35,36]. Popular symbolic model checker nuXmv [9]
supports a subset of MLTL [25] by allowing bounds on the Globally and Fu-
ture operators (but not on Until or Release). The WEST tool [17,51] transforms
MLTL formulas into logically equivalent (and easier to analyze) regular expres-
sions and facilitates the validation of MLTL specifications with an interactive
GUI. Since WEST validates specifications, which are the fundamental basis for
formal verification, it is especially critical to rigorously establish its correctness.

The research community has long recognized that specification is the biggest
bottleneck in formal methods [42]; to that end LTL is formalized in Coq [14], in
PVS [38], and in Isabelle/HOL [47], along with many algorithms for its use in for-
mal verification [48,45,46,44,18]. Libraries for related linear-time logics were in-
spired by, or directly built upon those for LTL, including formalizations of MTL
in Coq [10] and PVS [12,50]; a PVS formalization of MITL [41]; and Isabelle
formalizations of the 3-valued variant LTL3 [3] and MLTL [27]. Further, the
importance of ensuring correctness of formal methods tools naturally prompts
using these formalizations to generate tools. For instance, an Isabelle/HOL for-
malization of the VeriMon tool for monitoring metric first-order temporal logic
(MFOTL) generates (via code export) VeriMon’s codebase [8]. An Isabelle/HOL
formalization of a metric dynamic logic (MDL) runtime monitoring algorithm
also generated the Vydra tool [39].3 In Coq, a formalization of monitoring past-
time MTL generates an OCaml monitoring engine [11].

We enrich this space by formalizing the WEST algorithm for specification
validation. Building on an existing MLTL library in Isabelle/HOL [27,26], we
formally prove that the WEST algorithm generates regular expressions that are
logically equivalent to the input MLTL formulas, filling in details omitted from
the original tool’s correctness proofs. From our formalized algorithms, we gener-
ate a new implementation of WEST to validate the (unverified) implementations
of WEST: the proof-of-concept original [17] and a highly optimized refactoring
[51]. As WEST validates other MLTL tools, most notably the runtime verifica-
tion engine R2U2 [40], our work helps to foster trust in a safety-critical space.
Our experiments also show that our Isabelle-generated code is (in aggregate)
close in performance to the optimized, unverified version of WEST.

Section 2 recaps the existing Isabelle/HOL MLTL library [27,26], introduces
the trace regular expressions fundamental to the WEST algorithm, and sets up
the definitions underlying our formalization. Section 3 presents our formalization
of the WEST algorithm. Section 4 gathers our formalization insights to inform
future efforts that build on our contributions. Section 5 experimentally evaluates
the new version of WEST generated via Isabelle’s code export utility in compar-
ison with two previous, hand-coded versions [17,51], while Section 6 concludes
with a discussion. Our formalization (totaling ≈ 7400 lines of code) is available
on the Archive of Formal Proofs (AFP) [52].

3 Vydra also reasons with regular expressions in the input language, rather than using
regular expression to represent the input, as WEST does.
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2 MLTL and Regular Expressions

In this section, we present the syntax and semantics of MLTL and explain our
formalization of the WEST regular expressions used by the WEST tool, high-
lighting some key datatypes; when appropriate, we intersperse mathematical
definitions with Isabelle/HOL code. We also introduce some useful functions
that are important in the correctness proofs later on.

Other works formalize regular expressions in different contexts. An algorithm
for matching extended regular expressions via symbolic derivatives was formal-
ized in Lean [56], and the Myhill-Nerode theorem was restated in Isabelle/HOL
using regular expressions (instead of automata, which is more common) [54].
There has also been work formalizing decision procedures to check equivalence
of regular expressions in Rocq [13] and Isabelle/HOL [29]. The latter is partic-
ularly relevant; we are interested in potentially incorporating it in future work
to improve our (currently naive) regular expression checking procedure.

2.1 Syntax and Semantics of MLTL

Let AP be a finite set of atomic propositions. Let p ∈ AP be an atomic propo-
sition, and a, b ∈ N be natural numbers such that a ≤ b; MLTL formulas are
defined by the following grammar; the temporal operators F, G, U, R denote “Fu-
ture”, “Globally”, “Until”, and “Release”, respectively.

ϕ, ψ := True | False | p | ¬ϕ | ϕ∧ψ | ϕ∨ψ | F[a,b]ϕ | G[a,b]ϕ | ϕU[a,b]ψ | ϕR[a,b]ψ.

A trace π is a finite sequence π = π[0], π[1], . . . of sets of atomic propositions,
where π[i] ⊆ AP for all i. We refer to the i-th element of a trace π as the i-th
state of the trace, and intuitively interpret π[i] as the set of propositions that
are true at time i. We denote the length of a trace π by |π|, and the suffix of a
trace π starting at time i by πi; that is, πi = π[i], π[i + 1], . . . and π0 = π. The
existing MLTL library in Isabelle/HOL [26] encodes a trace as a list of sets of
natural numbers; each set represents the atomic propositions that are true at
each timestep. For example, the trace π = {p0, p1}, {p0} is encoded in Isabelle
as the [{0, 1}, {0}], which has type nat set list.

A trace π satisfies an MLTL formula ϕ, denoted π |= ϕ, as follows [40,30],
where ψ is another MLTL formula:

π |= p iff p ∈ π[0]
π |= ϕ ∧ ψ iff π |= ϕ and π |= ψ

π |= ¬ϕ iff π ̸|= ϕ

π |= ϕ ∨ ψ iff π |= ϕ or π |= ψ

π |= F[a,b]ϕ iff |π| > a and ∃i ∈ [a, b]. πi |= ϕ

π |= G[a,b]ϕ iff |π| ≤ a or ∀i ∈ [a, b]. πi |= ϕ

π |= ϕ U[a,b]ψ iff |π| > a and ∃i ∈ [a, b]. (πi |= ψ and ∀j ∈ [a, i− 1]. πj |= ϕ)

π |= ϕ R[a,b]ψ iff |π| ≤ a or (∀i ∈ [a, b]. πi |= ψ) or ∃j ∈ [a, b− 1]. (πj |= ϕ and
∀k ∈ [a, j] πk |= ψ)
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2.2 Trace Regular Expressions

The WEST algorithm [17] takes an MLTL formula as input and recursively
computes a WEST regular expression representing exactly the set of traces that
satisfy that formula. Intuitively, we can think of this as happening in two steps.
First, we represent traces as bit strings; here, instead of encoding each state
in a trace as a set, we encode each state as a bit string of length n (where n
is the number of variables in the formula). Next, we define WEST regular
expressions (WEST regexes) as a compact way to represent a set of traces.

More precisely, we assume that AP = {p0, p1, . . . , pn−1} and impose (with-
out loss of generality) an ordering on these atomic propositions; we use this
ordering to construct the bit string of a trace π of length m as the length mn
string of 0’s and 1’s such that the value of atomic proposition pk at timestep
i corresponds to the (ni + k)-th character of the bit string [17, Definition 2].

Fig. 1: For AP = {p0, p1}, the bit
string of trace {p0}, {p0, p1}, {}, {p1}
is 10,11,00,01 (following the source
material [17], we use commas to
separate timesteps for readability)
which is encoded in Isabelle as
[[1,0], [1, 1], [0, 0], [0, 1]]
(type nat list list ).

We visualize an example in Fig. 1. We en-
code bit strings in Isabelle as lists of lists.

In Isabelle/HOL, we obtain an ordering
on our set of atomic propositions by con-
straining them to be natural numbers, of
type nat. Following WEST’s implementa-
tion [51], we choose not to fix n globally
(which we could accomplish using a locale
[6,7]) but instead pass the number of vari-
ables as an argument to the helper func-
tions in the WEST algorithm (in the top-
level function, we compute the right value
to pass to the helper functions).

We then collate these bit string repre-
sentations in trace regular expressions,4
or trace regexes for short, which are strings
consisting of 0, 1, and S, where S is a shorthand for the regular expression 0|1. For
example, fixing the number of atomic propositions to be n = 3, the trace regex
10S matches only the two bit strings 101 and 100 (each representing a trace
of length 1), and the trace regex S00,0S0 matches the four bit strings (each
representing a length 2 trace) “100,010”, “100,000”, “000,010”, and “000,000”.

In Isabelle/HOL, trace regexes have type WEST_bit list list, where our cus-
tom datatype WEST_bit is comprised by Zero, One, and S. We represent trace
regexes with WEST_bit list list and not WEST_bit list because the number of
atomic propositions, n, is critical for the interpretation of traces from their bit
string representations. We must ensure that each WEST_bit list, referred to as
a state regex, has length n in the overall list; having a list of lists facilitates
this check. For this, we define the function trace_regex_of_vars which takes as
inputs trace regex r and the number of atomic propositions n, and checks that
each state regex in r has length n. Here, ! is Isabelle/HOL syntax for the i -th
element of L.
4 Also called temporal regular expressions [17, Definition 4].
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definition trace_regex_of_vars::"trace_regex ⇒ nat ⇒ bool"
where "trace_regex_of_vars r n = (∀ i<length r. length (r!i) = n)"

Then, we build a list of trace regexes as a WEST_regex of type WEST_bit
list list list, the final return type of the WEST algorithm. A WEST regex
L is well-defined for n atomic propositions if each trace regex r in L satisfies
trace_regex_of_vars r n. We summarize the datatypes of objects in our encod-
ing in Table 1. While the nested lists may seem unwieldy at first glance, they
ensure modularity in the implementation and, more crucially, in the correct-
ness proofs. We turn to an example of this modularity now, as we build up to
formalizing the notion of a WEST regex matching a trace.

Terminology Description Isabelle Type
WEST bit Custom Isabelle datatype WEST_bit
state regex List of WEST bits that encodes states as bit strings WEST_bit list

trace regex List of WEST states that represents
sets of traces compactly as regular expressions WEST_bit list list

WEST regex List of WEST traces that represents the union of
all sets of traces represented by the WEST traces WEST_bit list list list

Table 1: Summary of the datatypes of each object in our encoding.

2.3 Useful Definitions

The notion of matching is foundational to the WEST algorithm because it is
crucial for connecting the semantics of MLTL formulas to the semantics of WEST
regexes. We define that a state regex r matches a state if r equals the bit string
representation of the state or if r generalizes the bit string by replacing some
characters in the bit string with S’s. This notion lifts to traces: a trace regex r
matches a trace π iff r matches the bit string representation of π. Furthermore,
we may lift this to WEST regexes. For trace regexes r1, r2, ..., rk, we can combine
them by alternations as r1|r2|...|rk; we abbreviate this as the WEST regex L =
[r1, r2, ..., rk], and define that L matches a trace π iff some ri matches π.

We contribute a formal mathematical definition of the notion of matching,
which previous work [17] supplied only an intuition for. We do this in three steps.
First, we define matching a state regex (of type WEST_bit list) to a state in a
trace (of type nat set) in the definition match_timestep :

definition match_timestep:: "nat set ⇒ state_regex ⇒ bool"
where "match_timestep state r = (∀ i < length r.

(r ! i = One −→ i ∈ state) ∧ (r ! i = Zero −→ i /∈ state))"

This definition checks that for all i, r!i equaling One implies the i-th atomic
proposition pi holds at the input state (i.e., pi ∈ state), and r!i equaling Zero
implies pi does not hold at this state. If r!i is S, then pi can be either true or
false at this state. For example, the state regex [0, 1, S] matches {1} and {1, 2}.

Next we define matching a trace regex (of type WEST_bit list list ) to a
trace (of type nat set list) in the definition match_regex :
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definition match_regex:: "trace ⇒ trace_regex ⇒ bool"
where "match_regex π r = ((∀ time<length r.
(match_timestep (π ! time) (r ! time)))∧(length π ≥ length r))"

This definition takes as input a trace π and a trace regex r, and checks that
match_timestep holds for all regex states in trace (i.e., for all r ! time) on the
corresponding state in the trace (π ! time). It also checks that the length of π
is at least the length of r (a well-definedness condition, as we need to access π
! time for all time up to the length of r).

Finally, we define matching a WEST regex (of type WEST_bit list list
list) to a trace (of type nat set list) in the definition match :

definition match:: "trace ⇒ WEST_regex ⇒ bool"
where "match π L = (∃ i < length L. match_regex π (L ! i))"

This definition checks that match_regex holds for some trace regex L ! i in L and
the trace π. We may intuitively view WEST regexes as compactly representing
the behavior of a set of traces; then, the WEST algorithm transforms a given
MLTL formula into a WEST regex that captures the set of satisfying traces.

Another important function, WEST_num_vars, counts the number of atomic
propositions in a given MLTL formula by recursively computing the maximum
number of atomic propositions in all subformulas. For example, WEST_num_vars
of an atomic proposition p is p+1 (as atomic propositions are indexed from 0),
and WEST_num_vars of And_mltl φ ψ is the maximum of WEST_num_vars φ and
WEST_num_vars ψ. This function is used frequently in our correctness results.

3 Formalizing the WEST Algorithm

Fig. 2: High-level overview of key
components in our formalization of the
WEST algorithm.

Intuitively, the WEST algorithm recur-
sively computes a list of trace regexes
for the subformulas of an MLTL formula,
and then combines these lists using the
WEST_and and WEST_or operations for tak-
ing intersections and unions of sets of
traces. The finite semantics of MLTL for-
mulas ensures that all existential and uni-
versal quantifiers can be translated to a fi-
nite number of WEST_and and WEST_or op-
erations on trace regexes; thus the WEST
algorithm directly defines the temporal op-
erators in terms of WEST_and and WEST_or.
For these temporal operators, we also
need a shifting operation, shift, which
the source material [17] implicitly uses but
does not explicitly define. Intuitively, shift
ensures that we are analyzing the locations
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in the trace specified by the temporal operators; we will see this in an example
in Sect. 3.2. Fig. 2 visualizes the overall structure of the WEST algorithm.

We first discuss our formalization of the core operators WEST_and and WEST_or
along with our formalization of an important simplification step in Sect. 3.1.
Then, we present how the temporal operators are built on top of these core
operators in Sect. 3.2, using the shift operation. Finally, we discuss the top-
level WEST algorithm WEST_reg and our overall correctness result in Sect. 3.3.

3.1 The Core Operations of WEST

The WEST_or operation simply combines two WEST regexes (i.e., lists of trace
regexes) into one WEST regex. We implement this in Isabelle/HOL using the
built-in @ operator for list concatenation. The top-level correctness theorem
shows that for two WEST regexes L1 and L2, L1 matches a trace π or L2 matches
π iff L1@L2 matches π. We formally state this as the WEST_or_correct lemma.

lemma WEST_or_correct:
fixes π::"trace" and L1 L2::"WEST_regex"
shows "match π (L1@L2) ←→ (match π L1) ∨ (match π L2)"

Next, the WEST_and operation takes as input two lists of trace regexes and
computes a list of trace regexes representing the intersection of the sets of traces
represented by the input lists. We visualize the intended semantics of this opera-
tion in Fig. 3. One notable point here is that WEST_and Zero One is None, because
it is impossible for a bit in a trace regex to simultaneously equal Zero and One.
In Isabelle/HOL, we formalize WEST_and in four steps: first we define an oper-
ation between two bits, then between two regex states, then between two trace
regexes, and finally between two WEST regexes.

The lowest-level operation between two bits (each of type WEST_bit) is defined
in the function WEST_and_bitwise as follows:

fun WEST_and_bitwise:: "WEST_bit⇒WEST_bit⇒WEST_bit option" where
"WEST_and_bitwise b One = (if b=Zero then None else Some One)"
| "WEST_and_bitwise b Zero = (if b=One then None else Some Zero)"
| "WEST_and_bitwise b S = Some b"

This operation reflects the desired semantics visualized in Fig. 3 by using
option types to return None when the set intersection is empty. For example,
WEST_and_bitwise S Zero is Some Zero, while WEST_and_bitwise One Zero is None.

This operation is then lifted to two regex states in WEST_and_state ; here,
we apply WEST_and_bitwise to each pair of corresponding bits in the two regex
states. If None is returned for any pair, then the function returns None for the
entire regex state. Note that the lengths of the two regex states must be the
same (i.e., equal to n, the number of atomic propositions), and this operation
returns None if they are not. Then, we again lift WEST_and_state to operate on
two trace regexes in the function WEST_and_trace by applying WEST_and_state to
each pair of corresponding regex states in the two trace regexes, returning None
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if any of the calls to WEST_and_state returns None. The input trace regexes are
allowed to have different lengths, and the shorter trace regex is treated as if the
missing regex states are all S, following [17, Definition 4, Pad]. The full formal
definitions can be found in our formalization [52].

Fig. 3: Operations table for WEST_and_bit operation for bits (left), and two examples
of WEST_and between regex states and traces (middle and right).

To establish the correctness of WEST_and, we prove the following lemma:

lemma WEST_and_correct:
fixes π::"trace" and L1 L2:: "WEST_regex"
assumes L1_of_num_vars: "WEST_regex_of_vars L1 n"
assumes L2_of_num_vars: "WEST_regex_of_vars L2 n"
shows "(match π L1 ∧ match π L2) ←→ match π (WEST_and L1 L2)"

This shows that for input WEST regexes L1 and L2, both L1 and L2 match trace
π iff the WEST_and of L1 and L2 matches π. In other words, the set of traces that
the WEST_and of L1 and L2 matches is exactly the intersection between the set of
traces that L1 matches and the set of traces that L2 matches. The assumptions
on L1 and L2 are well-definedness conditions that ensure all state regexes have
length n (the number of atomic propositions), as required by WEST_and_state.

To keep the sizes of WEST regexes small, WEST implements an additional
simplification step which collects together related trace regexes. If two trace
regexes differ only by a single bit, then they may be combined into one trace regex
where the differing bit is S. For example, fixing the number of atomic propositions
to n = 2, the WEST regex [[[0,0],[0,1]], [[0,0],[0,0]], [[0,1],[0,S]]]
may first be reduced (by combining the first two trace regexes) to [[[0,0],[0,S]],
[[0,1],[0,S]]], and then to [[[0,S],[0,S]]]. This is crucial for improving the
tool performance, as it helps to mitigate blowup in the length of the list of trace
regexes during the WEST_and and WEST_or operations [17, Section 4].

The underlying idea is straightforward: greedily simplify pairs of regexes until
no more pairs can be simplified; we implement this in the WEST_simp function.
It is crucial that the simplification step does not change the set of traces that
a WEST regex matches. The following lemma shows that, for a well-defined
WEST regex L, a trace π matches L iff π matches the simplification of L :

lemma WEST_simp_correct:
fixes L::"WEST_regex" and π::"trace" and n::"nat"
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assumes "WEST_regex_of_vars L n"
shows "match π (WEST_simp L n) ←→ match π L"

Finally, we define the functions WEST_and_simp and WEST_or_simp by passing the
output of WEST_and and WEST_or (respectively) to WEST_simp. The correctness of
WEST_and_simp and WEST_or_simp follows directly from the correctness results for
WEST_and, WEST_or, and WEST_simp.

3.2 Temporal Operators

Our formalization of the temporal operators in the WEST algorithm uses the
WEST_and_simp and WEST_or_simp operators. It also uses an operation to shift
regular expressions to later timesteps, which we call shift. Though the source
material never explicitly defines this shift operation, it uses it implicitly and
defines an analogous operation [17, Definition 5]. We formalize shift as follows:

fun shift:: "WEST_regex ⇒ nat ⇒ nat ⇒ WEST_regex"
where "shift L n t = map (λtrace. (arbitrary_trace n t)@trace) L"

Here, we refer to a state regex of all S ’s as an arbitrary state, and we refer to
a trace regex of all arbitrary states as an arbitrary trace [17, Section 6]. In this
snippet, arbitrary_trace n t constructs an arbitrary trace regex containing t
arbitrary states of length n. Then, shift takes as input a WEST regex L, and
appends an arbitrary trace of t arbitrary states to the front of each trace regex
in L. As intuitively named, shift shifts all trace regexes in L by t timesteps.

For example, fixing the number of atomic propositions at n = 2, the WEST
regex L = [[[1,1]], [[0,0], [0,0]]] captures that either p0 and p1 both need
to be true at timestep 0, or p0 and p1 both need to be false at timesteps 0
and 1. If instead we want to delay this behavior for p0 and p1 by 3 timesteps,
we can compute shift L 2 3, which returns [[[S,S],[S,S],[S,S],[1,1]], [[S,
S],[S,S],[S,S],[0,0],[0,0]]]. The following lemma formalizes the connection
between the shift operation for WEST regexes and the suffix of a trace:

lemma shift_match_property:
assumes "length π ≥ t"
shows "match (drop t π) L ←→ match π (shift L num_vars t)"

More precisely, shift_match_property establishes that a sufficiently long trace π
matches a WEST regex L shifted by t timesteps iff the suffix of π with t states
removed, denoted drop t π, matches L.

Now, we demonstrate how the temporal operators are built on top of the core
WEST operators. We provide for an example WEST_global, defined as follows:

fun WEST_global:: "WEST_regex ⇒ nat ⇒ nat ⇒ nat ⇒ WEST_regex"
where "WEST_global L a b n = (if (a = b) then (shift L n a)
else (if (a < b) then (WEST_and_simp (shift L n b)
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(WEST_global L a (b-1) n) n) else []))"

WEST_global takes as input a WEST regex L, lower and upper interval bounds
a and b, and the number of atomic propositions n. WEST_global then uses the
shift operation to shift the input regex L by b timesteps, and computes the
WEST_and of the shifted L and WEST_global with b-1. Intuitively, L captures a set
of traces specifying some behavior at timestep 0, and the successive shift and
WEST_and operations ensures that L ’s behavior happens at all timesteps between
a and b. The remaining temporal operators are defined in a similar manner,
using shift and the core WEST operators.

We establish the correctness of the WEST_global operator as follows:

lemma WEST_global_correct:
fixes L::"WEST_regex" and φ::"nat mltl" and π::"trace"
assumes semantics_φ: "

∧
π. (length π ≥ complen_mltl φ −→

(match π L ←→ semantics_mltl π φ))"
assumes L_vars: "WEST_regex_of_vars L n"
assumes φ_vars: "WEST_num_vars φ ≤ n" and "a≤b"
assumes trace_len: "length π ≥ (complen_mltl φ) + b"
shows "match π (WEST_global L a b n) ←→

semantics_mltl π (Global_mltl φ a b)"

This lemma says that for a WEST regex L over n variables (assumption L_vars)
that captures the semantics of an MLTL formula φ of at most n variables (as-
sumption semantics_φ and φ_vars), and a trace π of sufficient length, WEST_global
φ a b n matches π iff π satisfies the semantics of Global_mltl φ a b (represent-
ing the formula G[a,b]ϕ).

Likewise, each of the remaining temporal operators has a correctness lemma
that establishes the connection between the WEST regex it computes and its
corresponding temporal operator. The correctness lemmas for the temporal op-
erators totaled about 850 lines of code.

3.3 Top-Level Algorithm and Correctness

The WEST algorithm takes as input an MLTL formula ϕ in negation normal form
(NNF) and recursively computes the WEST regex representing the set of traces
with length at least the computation length of φ that satisfy the formula. The
existing Isabelle/HOL MLTL library [27] already formalizes the computation
length5 of ϕ, denoted complen(ϕ), which intuitively measures how much time is
needed to decide the satisfiability of ϕ [17,24,27].

We formalize the WEST algorithm in the function WEST_reg as follows:

5 This is also known as the worst-case propagation delay in the context of runtime
verification [24,55].
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fun WEST_reg:: "nat mltl ⇒ WEST_regex"
where "WEST_reg φ = (let nnf_φ = convert_nnf φ in

WEST_reg_aux nnf_φ (WEST_num_vars φ))"

Although input formulas to the WEST algorithm must be in NNF, we allow
formulas of all shapes as input and apply the convert_nnf function from the
existing MLTL formalization [27] to transform the input formula to NNF. The
resultant NNF formula nnf_φ and the number of atomic propositions, computed
as WEST_num_vars φ, are then passed to the auxiliary function WEST_reg_aux. This
auxiliary function takes two inputs (a nat mltl formula φ and a natural number
n for the number of atomic propositions) and cases on the structure of φ to
apply the appropriate core operators and return a WEST regex.

We consider here a few representative cases: True, Prop_mltl, And_mltl, and
Global_mltl (corresponding to the cases of True, an atomic proposition, a con-
junction, and the global operator). Mathematically, these cases are defined in
the source material as follows [17]: reg(True) = Sn, reg(pk) = Sk1Sn−k−1, and
reg(ϕ∧ ψ) = reg(ϕ)∧ reg(ψ). The global operation, reg(G[a,b]ϕ) computes (re-
cursively) the WEST_and of reg(ϕ) shifted by i timesteps for all i with a ≤ i ≤ b
(note this is essentially what WEST_global computes). In Isabelle/HOL, we have:

WEST_reg_aux:: "(nat) mltl ⇒ nat ⇒ WEST_regex"
where "WEST_reg_aux True_mltl n = [[(map (λ j. S) [0 ..< n])]]"
| "WEST_reg_aux (Prop_mltl p) n =

[[(map (λj. (if (p=j) then One else S)) [0 ..< n])]]"
| "WEST_reg_aux (And_mltl φ ψ) n = (WEST_and_simp

(WEST_reg_aux φ n) (WEST_reg_aux ψ n) n)"
| "WEST_reg_aux (Global_mltl φ a b) n =

WEST_global (WEST_reg_aux φ n) a b n"

Here, map f L applies a function f on every element of a list L, so the base
case for True_mltl creates a WEST regex containing a trace regex of all S ’s. In
the case Prop_mltl p, the map function takes as input j and returns One if the
propositional variable p equals the index j, and otherwise S. In And_mltl, we
directly call the WEST_and operator; likewise in Global_mltl.

Top-Level Correctness. A central contribution of our work is proving (and even
slightly generalizing) the correctness of the WEST_reg_aux function and elucidat-
ing many of the details omitted in the original proof of correctness. Theorem 2 in
the source material states the correctness result as follows: for a MLTL formula
ϕ in negation normal form, a trace π with length complen(ϕ) satisfies ϕ iff π
matches reg(ϕ) [17]. We formalize this in the theorem WEST_reg_aux_correct :

theorem WEST_reg_aux_correct:
fixes π::"trace" and φ::"nat mltl" and n::"nat"
assumes π_long_enough: "length π ≥ complen_mltl φ"
assumes is_nnf: "∃ ψ. φ = (convert_nnf ψ)"
assumes φ_nv: "WEST_num_vars φ ≤ n"
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assumes "intervals_welldef φ"
shows "match π (WEST_reg_aux φ n) ←→ semantics_mltl π φ"

This theorem states that for MLTL formula φ in NNF (assumption is_nnf)
with at most n variables (assumption φ_nv) and well-defined interval bounds
(assumption intervals_welldef φ) and a trace π of length at least complen(φ)
(assumption π_long_enough), the trace π satisfies φ iff the trace π matches the
WEST regex computed by WEST_reg_aux φ n. Here, the functions convert_nnf,
complen_mltl, and intervals_welldef are from the existing MLTL formalization
[26]. The φ_nv is an implicit assumption in the source material, which globally
fixes the number of atomic propositions.6 We slightly generalize the original
correctness result, as our formal result holds for all traces of length at least
the computation length of φ rather than just the traces of length equal to the
computation length of φ.

We prove this by structural induction on the input formula φ. The is_nnf
assumption allows us to use the custom induction rule nnf_induct from the
existing MLTL formalizing [26], simplifying the induction proof. The base cases
are straightforward, and the inductive cases are proven by applying the inductive
hypothesis on the subformulas and using the correctness lemmas for the core
WEST operators. For instance, for input formula φ = Global_mltl ψ a b (which
is G[a,b]ψ), the inductive hypothesis gives us that the trace π satisfies ψ iff the
WEST regex L computed by WEST_reg_aux ψ n matches π. Next, in order to
apply the correctness result of the WEST_global operator, we need to show that L
is a WEST regex over n atomic propositions (i.e., each state regex in each trace
regex in L is of length n). For this, we prove the lemma WEST_reg_aux_num_vars :

lemma WEST_reg_aux_num_vars:
fixes φ::"nat mltl"
assumes is_nnf: "∃ ψ. φ = (convert_nnf ψ)"
assumes "WEST_num_vars φ ≤ n" and "intervals_welldef φ"
shows "WEST_regex_of_vars (WEST_reg_aux φ n) n"

This lemma states that, for a formula φ in NNF with at most n atomic propo-
sitions, the WEST regex computed by WEST_reg_aux φ n is a WEST regex over
n atomic propositions. With this, we can apply the correctness result of the
WEST_global operator on L and complete the proof of the Global_mltl case.

Finally, we present the top-level correctness result for the WEST algorithm:

theorem WEST_reg_correct:
fixes φ::"nat mltl" and π::"trace"
assumes "intervals_welldef φ"
assumes π_long_enough: "length π ≥ complen_mltl φ"
shows "match π (WEST_reg φ) ←→ semantics_mltl π φ"

6 Note that we crucially assume that the number of variables of φ is ≤ n instead of
= n in order to satisfy the inductive hypothesis in our (inductive) proof.
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This theorem states that for any MLTL formula φ with well-defined interval
bounds [27] and any trace π of length at least the computation length of φ, π
satisfies φ iff the WEST regex WEST_reg φ matches π. The correctness of the
top-level WEST algorithm took about 600 LOC in Isabelle/HOL compared to
the 60 or so lines of proof sketches in the source material [17, Appendix III].7

4 Formalization Insights

Retrospectively viewing our formalization at a high level, we highlight a few
notable points. First, our modular definitions did considerably streamline our
correctness proofs. Many proofs have relatively similar structures, which helped
guide the formalization at a high level. However, we also found that relatively
short proofs in the source material became lengthy in the formalization, in part
because they often split into many subcases. For example, the notion of a WEST
regex matching a trace is intuitively simple, but the formalization used several
helper functions. As another example, the proof of WEST_and_correct is approx-
imately 15 lines of a proof sketch in the source material [17, Theorem 4]. How-
ever, our formal development took approximately 1800 LOC to state and prove
this result level by level, starting from the correctness of the and operation on
state regexes, then on trace regexes, and finally on WEST regexes. Although
these proofs had structural similarities, subtle differences between the operators
complicated the low-level details of the proofs; for instance, the option types of
WEST_and_state required careful analysis in the correctness proofs.

Second, our formalization makes all details explicit, including details omitted
in the source material. Many of our formal proofs are by induction; setting up
the “right” inductive structure in a formal setting requires careful analysis that is
often glossed over in source material. For instance, the top-level correctness theo-
rem required making a mathematically implicit assumption on num_vars explicit.
Setting up this assumption in the wrong way leads to an ineffective inductive
structure. As another example, in the proof of WEST_simp_correct, we perform
a tricky induction on the difference between the length of the input WEST
regex and the output simplified WEST regex. Additionally, we are required to
prove that all functions terminate. For many functions, Isabelle/HOL proves this
automatically [28], but we occasionally ran into cases where we had to explic-
itly construct a measure to prove termination. For example, the WEST_reg_aux
function and the WEST_simp function required such manual termination proofs.
Intuitively, WEST_reg_aux recurses on all subformulas in NNF, converting subfor-
mulas to NNF as necessary; accordingly, we use a termination measure that is
similar to the number of nodes in the abstract syntax tree (AST) of the formula,
but weighs nodes that are not in NNF more heavily. This allows us to prove that
WEST_reg_aux terminates, as this measure strictly decreases on every recursive
call. Further, for WEST_simp, the length of the input list is not strictly decreasing,
but the list of candidate pairs for simplification will be exhausted at some point,

7 The results leading up to this top-level theorem required an additional ≈ 5300 LOC.
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so we use a measure that combines the length of the input list with the length
of remaining candidate pairs.

Overall, integrating WEST_simp into our formalization was rather involved.
Our initial formalization did not include WEST_simp, but we ultimately realized
that it is crucial for speed and thus also important for tool validation. While
the modular nature of our formalization easily allowed us to add in this function
to the algorithm, its correctness proofs were intricate. Similarly to WEST_and, we
proved the correctness of WEST_simp level by level, totaling around 1300 LOC.

As a final interesting point, we found during our tool validation that WEST_reg
and the (unverified) WEST tool sometimes produce trace regexes that differ
only by a string of S ’s at the end. In such cases, because these trace regexes
have different length, our equivalence checking methods spuriously identify a
mismatch. The WEST tool always produces trace regexes that have the same
length as the computation length of the input formula, while WEST_reg does not.8
To account for this, we define a function simp_pad_WEST_reg which pads trace
regexes to this computation length (and then simplifies). We extend the top-level
correctness theorem from WEST_reg to simp_pad_WEST_reg ; in our experiments,
we work with simp_pad_WEST_reg so as to eliminate these spurious mismatches.

5 Experiments

The functions simp_pad_WEST_reg and naive_equivalence are executable in Is-
abelle/HOL, and we use Isabelle/HOL’s code generator [20] to export these func-
tions to Haskell.9 We choose Haskell both to facilitate our experimental setup
and because the GHC compiler [33] produces reasonably fast native machine
code. We use our code export to validate two versions of the WEST tool—the
initial version of WEST [17], and also a more recent version that has been highly
optimized [51]. We also compare the different implementations for speed. We run
all of our experiments in WSL2 on a Windows machine with an 11th generation
Intel Core i7 processor and 32GB of RAM. We use an unverified parsing script to
transform input MLTL formulas into the format required by our code export.10

Previous Validation Efforts. The most recent (and fastest) version of WEST
was validated against several MLTL tools [51]: 1○ the original version of WEST
[17], 2○ the runtime verification engine R2U2 [43,24,23] 3○ a direct C++ im-
plementation of MLTL semantics [51], and 4○ translating MLTL formulas to
propositional logic [21] and applying a BDD based AllSAT solver. The valida-
tion works by analyzing, for each formula in the test suite, whether the trace
8 This is because we implicitly treat shorter trace regexes to have all S ’s at the end

(recall our discussion of the WEST_and_trace operator in Sect. 3.1).
9 Note that, although Isabelle/HOL’s code generator is not yet fully verified, exporting

a formalized function is more trustworthy than simply coding a function. Addition-
ally, some work has considered verifying Isabelle’s code generator [22].

10 There has been some recent work [49] on improving support for verified parsing in
Isabelle/HOL, so verifying this parsing step might be an interesting future direction.
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set of regexes produced by WEST is equivalent to the set of satisfying traces
produced by other tools. The equivalence checking is a crucial step performed
between outputs that can be in different formats (depending on the output for-
mat of each tool). The test suite of 1662 MLTL formulas was designed to capture
every possible combination of MLTL operators [17].

5.1 Verified Equivalence Checking

Our tool validation is set up to check the outputs of our verified implementation
of WEST against the two existing implementations. For this, we need to be
able to check equivalences between WEST regexes. It is not always enough to
merely check set equality, as implementation differences can lead to different
(but logically equivalent) outputs. For instance, the two WEST regexes [[[S, S]]]
and [[[S, 1]], [[1, S]], [[0, 0]]] are equivalent, but WEST_simp does not simplify the
second into the first. The order in which WEST_simp simplifies pairs of trace
regexes within a WEST regex is what causes these differences.

Developing a fully verified and optimized equivalence checking algorithm is
out of scope of our work, but we still wanted a lightweight trustworthy im-
plementation of regex equivalence checking. Accordingly, we formalize a naive
equivalence checking function for WEST regexes, called naive_equivalence. This
function works by explicitly enumerating all the trace regexes that each WEST
regex produces and then checking set equality.

We then prove the experimentally relevant direction of correctness: If two
WEST regexes are equivalent under our (executable) naive equivalence checking
function, then they are indeed equivalent under the (non-executable) mathemat-
ical definition. Formally, we have the following lemma:

lemma regex_equivalence_correct:
fixes A B::"WEST_regex"
shows "(naive_equivalence A B) −→ (∀π. match π A = match π B)"

The proof was approximately 1150 lines of code. Although establishing both di-
rections of equivalence here (i.e, ←→ instead of −→) is theoretically desirable,
the direction we verify is the experimentally significant one, since we encounter
no instances where naive_equivalence failed in our test suite. More specifically,
naive_equivalence holds on all but 4 of the 1662 input formulas and times out
(after 4 hours) on the remaining 4 formulas. Often the outputs are identical; for
example, the Isabelle implementation and the optimized WEST tool produced
identical WEST regexes on 1547 of the formulas. We additionally ran the pre-
vious (unverified) equivalence checking procedure, which succeeded on all of the
formulas. Collectively, these results establish strong confidence in the correctness
of the (unverified) WEST tools [17,51].

5.2 Speed Comparison

The original C++ version of WEST [17] performed string-based operations, and
the optimized version of WEST takes advantage of highly parallelized computa-
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tions by using bitsets [51]. Although fast performance is not our primary goal,
preliminary experiments demonstrate how our formalized code compares to the
two unverified versions of WEST. Overall, we find that the optimized version of
WEST is fast (as expected). Our Isabelle implementation also performs quite

Fig. 4: Two cactus plots, each comparing the three WEST implementations on 1000
random formulas of varying nesting depth d, interval bounds b, and number of atomic
propositions n. The number of total solved instances is shown on the y-axis, and the
cumulative time taken is shown on the x-axis, with the number of timeouts labeled.

respectably; it is, in aggregate, close in performance to the optimized version
of WEST. We perform extensive experiments to compare the performance of
the three tools on large randomly generated benchmark sets. We use a script to
generate random MLTL formulas [51], varying the parameters of the maximum
depth and the maximum interval time bounds. Our results are in Fig. 4. As the
primary focus of our work is tool validation, we do not envision our contribution
as replacing the WEST tool, but its relative efficiency is encouraging nonetheless.

However, we did find that, on individual examples, our code export has some-
what unpredictable behavior (whereas the optimized version of WEST appears
to be uniformly fast), and our code export seems to incur timeouts more fre-
quently than the unverified WEST implementations. For example, in Fig. 5, we
evaluate the speed of the three tools based on varying values of d, the depth of
the formula, while fixing the number of atomic propositions at n = 5 and the
maximum interval bound at b = 2. Here, we observe that the Isabelle implemen-
tation begins to timeout much more frequently than the other two tools when
d = 4 and d = 5.

Additional results, including aggregate cactus plots on easier but larger test
suites, an extension of Fig. 5 on higher values of formula depth d, and experiments
where we vary the value of maximum interval bound b (instead of d), can be found
in Appendix A of the full version of this paper [53].

6 Conclusion

Our work produces a third, open-source, freely available implementation of the
WEST algorithm, this time formally verified [52]. Given the popularity of MLTL
as a formal specification language for safety-critical applications [24,15,31,16,5],
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Fig. 5: Results for n = 5, b = 2, and varying values of d from 0 to 5, with a batch size of
300 formulas per value of d. The Isabelle implementation is faster than the unoptimized
WEST tool on most values of d, but times out on many formulas for d = 5.

verifying significant algorithms like WEST, which facilitates MLTL specification,
is well-justified. We build on an existing formalization of MLTL in Isabelle/HOL
[27] to further develop the library of verified MLTL algorithms and properties,
which could help facilitate future verified developments in this space. Our de-
velopment validates the existing (unverified) WEST tool [17,51] on benchmarks
from the literature, bringing us a step closer to validating other MLTL tools
like R2U2 [40,23]. Though our primary focus was not on speed, the aggregate
performance of our Isabelle-generated code is promising, and optimizing our
formalization could be interesting future work. It would be particularly benefi-
cial to further optimize (and verify the reverse direction of) our naive WEST
regex equivalence checking, possibly using existing work [29] which verifies regex
equivalence checking in a general setting. Verified parsing (to transform input
formulas into the syntax required by our code export) would also be welcome.
Additionally, a deeper analysis of the performance of the WEST tools and of our
verified code on different classes of benchmarks could inform future verified tool
generation efforts. For example, it would be interesting to experimentally com-
pare a code export to some of the other languages supported by Isabelle/HOL,
like SML and OCaml, to see if a different target language could help avoid time-
outs. Importantly, our formalization of MLTL rewriting, equivalence checking,
and regular expression manipulation could serve as a basis for formalizing similar
utilities in logics like MTL and STL that extend MLTL.
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Learning Real-Time One-Counter Automata
Using Polynomially Many Queries

Abstract. In this paper, we introduce a novel method for active learn-
ing of deterministic real-time one-counter automata (droca). The ex-
isting techniques for learning a droca rely on observing the behaviour
of the droca up to exponentially large counter values. Our algorithm
eliminates this need and requires only a polynomial number of queries.
Additionally, our method differs from existing techniques as we learn a
minimal counter-synchronous droca, resulting in much smaller counter-
examples on equivalence queries. Learning a minimal counter-synchronous
droca cannot be done in polynomial time unless P = NP, even in the
case of visibly one-counter automata. We use a SAT solver to overcome
this difficulty. The solver is used to compute a minimal separating dfa
from a given set of positive and negative samples.
We prove that the equivalence of two counter-synchronous drocas can
be checked significantly faster than that of general drocas. For visibly
one-counter automata, we have discovered an even faster algorithm for
equivalence checking. We implemented the proposed learning algorithm
and tested it on randomly generated drocas. Our evaluations show that
the proposed method outperforms the existing techniques on the test set.

Keywords: One-counter automata · Active learning · SAT solver.

1 Introduction

The problem of identifying a model from a given dataset is an area of interest in
various fields of computer science, like formal verification and machine learning.
However, inferring the right model from labelled samples is challenging. For
instance, finding a minimal separating dfa – a dfa that accepts a given set
of positive samples and rejects a given set of negative samples – is known to
be NP-complete [9]. Angluin [2] introduced an active learning framework called
L∗, involving a learner and a teacher. The learner can ask membership and
equivalence queries to the teacher. Angluin showed that dfa can be learnt in
polynomial time with respect to the size of the minimal dfa.
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In this paper, we are interested in active learning of a deterministic real-
time one-counter automaton (droca). These are finite-state machines equipped
with a non-negative integer counter that can be incremented or decremented on
reading an input symbol. The counter adds expressive power, enabling a droca
to recognise certain non-regular context-free languages (e.g., {anbn | n > 0}).
However, this added power also introduces significant challenges in learning.

Our contribution. We introduce the notion of counter-synchronous drocas –
two drocas are counter-synchronous if, for any word, the counter value reached
on reading that word is the same on both machines. Given two drocas with K
states, we give an O(K6) time4 algorithm that solves the following two
problems (see Theorem 3): (1) check if they are counter-synchronous, and (2)
check whether they are equivalent, if they are counter-synchronous. For visibly
one-counter automata (droca where the input alphabet determines the counter-
actions), we have devised an even faster O(α(K3)K3) algorithm for checking
equivalence (see Theorem 4).

The main result of this paper is a novel approach for active learning of
drocas. However, the active learning framework differs from that introduced by
Angluin in a few crucial aspects (see Section 4). Similar to the work by Bruyère
et al. [4], we use an additional query called counter value query. This allows the
learner to ask for the counter value reached on reading a word in the droca.
Furthermore, the learner has access to a minimal synchronous-equivalence query
on the droca. The teacher returns true for an equivalence query if the learnt
droca is counter-synchronous and equivalent to the teacher’s droca. Other-
wise, it returns a minimal word that violates this property.

In this framework, we give an algorithm that learns a minimal counter-
synchronous droca. A key innovation in our approach is the use of a SAT solver
for solving the NP-hard problem of finding a minimal separating dfa from a set
of positive and negative samples. The solver, in conjunction with a modified
version of L∗, learns a characteristic dfa (see Definition 6). Subsequently, we
use this characteristic dfa to construct a minimal counter-synchronous droca.
Our algorithm requires only a polynomial number of queries to the SAT solver
and the teacher. Consequently, our algorithm is in PNP.

Justification for using a SAT solver. We argue that unless P = NP, learning a
minimal visibly one-counter automaton (voca) cannot be done in polynomial
time. This follows from the fact that minimisation of voca can be reduced to
learning a minimal voca. Furthermore, It was pointed out by Michaliszyn and
Otop [15] that minimising voca is NP-complete. This follows from the result by
Gauwin et al.[8] that minimising vpda is NP-complete.

Comparison with existing methods. From a complexity theoretical perspective,
drocas can be learned with polynomial space and exponential time with a
straightforward brute-force approach. This method entails enumerating all con-
ceivable drocas, starting with a one-state droca, and submitting equivalence

4 For all practical applications, one can consider α as a constant (see Section 3).
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queries for each. This approach, without a doubt, entails an exponential number
of equivalence queries. All existing algorithms for learning drocas, including
the algorithm by Fahmy and Roos [7], the algorithm by Bruyère et al. [4], and
the algorithm for learning vocas by Neider and Löding [17] require exponential
time and an exponential number of queries with respect to the number of states
of a minimal droca recognising the language. All these algorithms share the
idea of learning the initial portion of an infinite behavioural graph and then
seek to identify a repetitive structure in it. However, in the worst-case scenario,
this repetitive structure becomes apparent only after learning an exponentially
large portion of the graph. In this case, the learnt droca will be exponentially
large. Consequently, learning this exponential-sized behaviour necessitates ex-
ponentially many queries. Moreover, the equivalence queries also run on these
exponentially large drocas, making it even more infeasible. Bruyère et al. [4]
were the first to pursue a practical learning application of learning drocas. How-
ever, due to the difficulty in checking the equivalence of drocas, they had to use
a weaker form of equivalence query that checks for counter-examples up to some
random counter value. Their equivalence check might say two non-equivalent
drocas are equivalent if the minimal counter-example is large.

Our approach (MinOCA) differs fundamentally from these existing methods
by eliminating the need to observe the automaton’s behaviour up to exponen-
tially large counter values. We propose an algorithm for learning drocas using
only a polynomial number of queries. This sets it apart from existing techniques
that require exponentially many queries for learning. One significant bottleneck
in learning drocas is the equivalence test by the teacher. Given two drocas
with number of states less than some K ∈ N, the equivalence check takes O(K26)
time5. This is impractical for real-world applications. To mitigate this, we use
the synchronous-equivalence check that runs in O(K6) time. We obtain signifi-
cantly smaller counter-examples while using this equivalence check. Our equiv-
alence queries are also on models whose size is less than or equal to a minimal
counter-synchronised droca. Furthermore, unlike existing techniques that learn
exponentially large drocas, our algorithm always learns an equivalent counter-
synchronous droca with the minimal number of states.

Experiments. We evaluate an implementation of our algorithm and compare the
results obtained with the existing technique by Bruyère et al. [4]. Experiments
were conducted on randomly generated drocas with number of states ranging
from 2 to 15 and the input alphabet size varying from 2 to 5. The results indicate
that the proposed method outperforms the existing one [4].

The remainder of this paper is organised as follows: Section 2 gives the
definitions and preliminaries. Section 3 gives equivalence results of counter-
synchronised drocas. Section 4 details our learning algorithm for drocas, Sec-
tion 5 covers the implementation details and presents our experimental results.
Finally, Section 6 summarises our work and suggests future research directions.

5 This polynomial is derived from the algorithm given in [3].
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2 Definitions and Preliminaries

For any finite set S, |S| denotes its cardinality. Non-negative numbers are de-
noted by N, and [i, j] denote the interval {i, i + 1, . . . , j} ⊆ N. For any d ∈ N,
the sign of d (denoted by sign(d)) is defined as sign(d) = 0 if d = 0 and is 1
otherwise. Let w = a0a1a2 . . . an ∈ Σ∗. For j, k ∈ [0, n], with j < k, we use w[j]
to denote the letter aj and w[j···k] to denote the factor ajaj+1 · · · ak.

Definition 1. A deterministic real-time one-counter automaton (droca) A =
(Q,Σ, q0, δ0, δ1, F ), where Q is a finite nonempty set of states, Σ is the input
alphabet, q0 ∈ Q is the initial state, δ0 : Q×Σ → Q×{0,+1} and δ1 : Q×Σ →
Q×{0,+1,−1} are the transition functions, and F ⊆ Q is the set of final states.

We use |A| to denote the size of A, which we consider to be |Q|. A configura-
tion c of a droca is a pair (q, n) ∈ Q×N, where q ∈ Q denotes the current state
and n ∈ N is the counter value. The configuration c0 = (q0, 0) is called the initial
configuration of A. Let p, q ∈ Q,n ∈ N, e ∈ {−1, 0,+1} and a ∈ Σ. A transition
between two configurations (p, n) and (q, n + e) on the symbol a is defined, if

δsign(n)(p, a) = (q, e). We use (p, n)
a−→ (q, n + e) to denote this. A run on a

word w = a1 . . . an from a configuration (p1,m1) is the sequence of transitions

(p1,m1)
a1−→ (p2,m2)

a2−→ (p3,m3)
a3−→ . . .

an−1−−−→ (pn,mn) where pi ∈ Q and mis

are counter values. In this case, we denote the run by (p1,m1)
w−→ (pn,mn). Note

that the counter values always stay non-negative, implying a decrement is not
permitted from a configuration with zero counter value.

Let q ∈ Q, n ∈ N, and w ∈ Σ∗ with (q0, 0)
w−→ (q, n). We use ceA(w) = n

to denote the counter value reached on reading w from the initial configuration.
We call ceA(w) the counter-effect of w. We denote by heightA(w) the maximal
counter-effect of the prefixes of w in A. We drop the subscript A when the droca
under consideration is evident.A is deterministic (resp. complete) if, for any word
w, there is at most (resp. at least) one run on w starting from any configuration.

We say that a word w is accepted by A if and only if (q0, 0)
w−→ (qf ,m) for some

qf ∈ F and m ∈ N. The language of A, denoted by L(A), is the set of all words
accepted by A. For convenience, we use A(w) = 1 if w ∈ L(A) and A(w) = 0
otherwise. Two drocas A and B are equivalent if L(A) = L(B).

There are no ϵ-transitions in a droca. We consider only complete drocas
in this paper. Every incomplete droca can be made complete without changing
its language by directing all the undefined transitions to a new non-final sink
state.

Definition 2. We say that two drocas A and B are counter-synchronised if
for all w ∈ Σ∗, ceA(w) =ceB(w).

3 Equivalence of Counter-Synchronised DROCAs

The equivalence of drocas was shown to be in NL by Böhm and Göller [3].
They show that there exists a O(K26) length word that distinguishes two non-
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equivalent drocas of size K. However, this is not suitable for practical applica-
tions.

We give an efficient O(K6) algorithm to check the equivalence of counter-
synchronised drocas. If two drocas are not counter-synchronised, then our
algorithm outputs the smallest word for which they reach different counter val-
ues. If they are counter-synchronised and not equivalent, then our algorithm
outputs the smallest word that is accepted by one and rejected by the other. In
both these cases, the length of the counter-example is O(K5).

In Theorem 4, we can treat α as a constant since α(j) ≤ 4 for all
j < 21000 (see [1]). Hopcroft and Karp [11] showed that equivalence checking of
two dfas of size n can be done in O(α(n)n) time.

Theorem 3. Let A and B be drocas where |A|, |B| ≤ K. If A is not counter-
synchronised and equivalent to B, then there is a minimal word w where |w| ≤
2K5, heightA(w), heightB(w) ≤ K4, and either ceA(w) ̸=ceB(w) or A(w) ̸=
B(w). There is an O(K6) time algorithm to output this word if it exists.

sketch. Let A and B be counter-synchronous but not equivalent. The equivalence
of A and B reduces to reachability in their product droca. From [5], the height
of a minimal word that reaches a configuration is K4 for a droca of size K2.

Let A and B be not counter-synchronous and w be the minimal word where
ceA(w) ̸=ceB(w). Let w = w1a for some w1 and a ∈ Σ. Since w is minimal,
ceA(w

′) =ceB(w
′) for all prefixes of w′ of w1. The synchronous run of w1 can

be seen as the run of a droca with K2 states. From [5], heightA(w1) ≤ K4.
In both cases, it suffices to search for words of height less than K4. We

construct dfas of size K5 corresponding to the configuration graph of A and B
up to counter value K4. We conclude by doing a dfa equivalence check.

A visibly one-counter automaton (voca) is a (droca) where the input alpha-
bet is Σ = (Σ+, Σ−, Σ0). The counter value is incremented (resp. decremented,
not changed) on reading a symbol from Σ+ (resp. Σ−, Σ0). Note that vocas
over the same alphabet are counter-synchronous by definition as the word itself
defines the counter value reached. For vocas, we give a faster O(α(K3)K3) time
algorithm for equivalence checking using ideas from [14].

Theorem 4. Let A and B be vocas where |A|, |B| ≤ K. If A and B are not
equivalent, then there is a word w where A(w) ̸= B(w), |w| ≤ 4K(K + K2), and
heightA(w) ≤ 2(K+ K2). An O(α(K3)K3) algorithm can find this w if it exists.

Proof. Let A = (P,Σ, pι, δ
1
0 , δ

1
1 , F1) and B = (Q,Σ, qι, δ

2
0 , δ

2
1 , F2) be two non-

equivalent vocas. Let P = {p1, . . . , p|A|} and Q = {q1, . . . , q|B|}. For any word
w, ceA(w) = ceB(w). Let ce(w) denote this value. Similary, let height(w) denote
heightA(w) = heightB(w). For states pi ∈ P and qj ∈ Q, we define the row
vector x(pi,qj) ∈ {0, 1}|A|+|B| as: x(pi,qj)[k] = 1 if and only if k = i or k = |A|+j.

We also define the row vector η ∈ {−1, 0, 1}|A|+|B| where η[k] = 1 if k ≤ |A|
and pk ∈ F1, η[k] = −1, if k > |A| and qk−|A| ∈ F2, and η[k] = 0 otherwise.

Therefore, x(p,q)η
⊤ ̸= 0, if exactly one among p and q is a final state.
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Fig. 1: The figure shows the synchronous run of a word on two vocas such that
it reaches a final state in one voca and a non-final state in the other. The dashed
line denotes the part of the synchronous run that can be removed.

We consider the synchronous run of A and B. A configuration pair of this
synchronous run is (x(p,q), n) where p ∈ P, q ∈ Q, and n ∈ N. The initial configu-
ration pair is cι = (x(pι,qι), 0). Given two configuration pairs c1 = (x(p,q), n) and

c2 = (x(p′,q′),m), c1
u−→ c2 denotes (p, n)

u−→ (p′,m) and (q, n)
u−→ (q′,m). The

transition matrix on u from c1 is M ∈ {0, 1}(|A|+|B|)2 where M[i, j] = 1 if and

only if (pi, n)
u−→ (pj ,m) or (qi−|A|, n)

u−→ (qj−|A|,m). Hence, x(p,q)M = x(p′,q′).
Claims 1 to 3 follow.

Claim 1. For any p, p′ ∈ P , q, q′ ∈ Q and word w, the transition matrix of w
from (x(p,q), n) is the same as the transition matrix of w from (x(p′,q′), n).

Claim 2. Let w be such that ce(w′) > 0 for all prefixes w′ of w. Then, the
transition matrix of w from (x(p,q), n) is the same as the transition matrix of w
from (x(p′,q′),m) for any p, p′ ∈ P and q, q′ ∈ Q and m,n > 0.

Claim 3. Any set of |A|2 + |B|2 + 1 transition matrices is linearly dependent.

Let w be a minimal word such that A(w) ̸= B(w). Let cℓ = (xℓ, nℓ) be such

that cι
w−→ cℓ. Hence, xℓη

⊤ ̸= 0. Note that there is no configuration pair that
repeats during the run of w. Otherwise, we can remove the run between the
repetitions to get a shorter word. This will contradict the minimality of w.

Claim 4. height(w) ≤ nℓ + |A|2 + |B|2.

Proof. Assume for contradiction that height(w) = m and m > nℓ + |A|2 + |B|2.
There is a factorisation of w = w1w2 such that cι

w1−−→ (z,m)
w2−−→ cℓ. For an i ∈

[nℓ,m], let (yi, i) (resp. (y
′
i, i)) be the configuration pair where the counter value

i is encountered for the last (resp. first) time during the run of w1 (resp. w2).
Let Ai and Bi denote the transition matrices where yiAi = y′

i and y′
iBi = xℓ.

Let w = xiyizi where cι
xi−→ (yi, i)

yi−→ (y′
i, i)

zi−→ cℓ. See Figure 1. Consider the
matrices Am−1,Am−2, . . . ,Anℓ

in order. From Claim 3, there exists t ∈ [nℓ,m−
1] where At is linearly dependent on Am−1, · · · ,At+1. Since ytAtBtη

⊤ ̸= 0,
yt(rt+1At+1 + · · · + rm−1Am−1)Btη

⊤ ̸= 0 for integers rt+1, . . . , rm−1. Hence
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there is a j > t where ytAjBtη
⊤ ̸= 0. We show xtyjzt is accepted exactly by one

of A and B contradicting minimality of w. It suffices to show cι
xt−→ (yt, t)

yj−→
(ytAj , t)

zt−→ (ytAjBt, nℓ). From Claim 2, the transition matrix of yj from (yt, t)
is Aj and from Claim 1, the transition matrix of zt from (ytAj , t) is Bt. Claim:4

Claim 5. nℓ ≤ |A|+ |B|.

Proof. Assume for contradiction that nℓ > |A| + |B|. For i ∈ [1, nℓ], let (zi, i)
denote the configuration pair where counter value i is encountered the last time
during the run of w. Let w = xizi where cι

xi−→ (zi, i)
zi−→ cℓ and Ci be such

that ziCi = xℓ. From the fundamental theorem of vector spaces, there exists t ≤
(|A|+|B|)+1 such that zt is a linear combination of z1, . . . , zt−1. Since ztCtη

⊤ ̸=
0, there exists j < t such that zjCtη

⊤ ̸= 0. From Claim 2, the transition matrix
of zt from (zj , j) is Ct. The word xjzt contradicts the minimality of w. Claim:5

Let K ∈ N such that |A|, |B| < K. From Claim 4 and Claim 5, we get that
height(w) ≤ 2(K+K2). Similar to that in Theorem 3, we reduce the problem of
finding the distinguishing word to equivalence check of dfas of size O(K3).

4 Learning DROCAs

In this section, we give an L∗-like algorithm for active learning of drocas using
polynomially many queries with the help of a SAT solver. In this framework,
we have a learner and a teacher. The learner aims to construct a droca that
recognises the same language as the teacher’s droca (call it A). The teacher
answers the following types of queries by the learner.

– membership queries MQA: the learner provides a word w ∈ Σ∗. The teacher
returns 1 if w ∈ L(A), and 0 if w ̸∈ L(A).

– counter value queries CVA: the learner asks the counter value reached on
reading word w. The teacher returns the counter value. i.e., ceA(w).

– minimal synchronous-equivalence queries MSQA: the learner asks whether
a droca C is equivalent and counter-synchronous to A. The teacher re-
turns yes if C and A are counter-synchronous and equivalent. Otherwise, the
teacher provides a minimal counter-example z ∈ Σ∗ such that C(z) ̸= A(z)
or ceA(z) ̸= ceC(z).

The requirement for the teacher to return a counter-example z such that
the counter values reached on reading z in the teachers and learners drocas
are different can be removed. But in that case, we have to use the equivalence
check for drocas (not necessarily counter-synchronous). The number of queries
needed will be polynomial in the length of the minimal counter-example that
distinguishes two drocas. Including this additional condition allows the use
of the counter-synchronous equivalence check (see Theorem 3), which is much
faster. The assumption of the teacher returning a minimal counter-example can
be removed if we use partial-equivalence queries. A partial-equivalence query
takes two drocas and a limit as inputs and determines whether the two drocas



Learning DROCAs Using Polynomially Many Queries 283

are equivalent for all words whose length does not exceed the limit. If they are
not, then it returns a distinguishing word whose length is less than the limit.
Neider and Löding [17] and Bruyère et al. [4] used partial-equivalence queries to
learn the behaviour of drocas up to a certain counter value. One can simulate
the teacher returning a minimal counter-example by a polynomial number of
partial-equivalence queries. Similarly, a partial-equivalence query can be replaced
with an equivalence query that returns a minimal counter-example.

ce
ϵ a

Memb Actions Memb Actions

P

ϵ 0 0 (0,+1,+1) 0 (1,+1,−1)
a 1 0 (1,+1,−1) 0 (1,+1,−1)
ab 0 0 (0, 0,+1) 1 (0,+1,+1)
aba 0 1 (0,+1,+1) 0 (1,+1,+1)
b 1 0 (1,+1,+1) 0 (1,+1,+1)

P
Σ

aa 2 0 (1,+1,−1) 0 (1,+1,−1)
abb 1 0 (1,+1,+1) 0 (1,+1,+1)
abaa 1 0 (1,+1,+1) 0 (1,+1,+1)
abab 1 0 (1,+1,+1) 0 (1,+1,+1)
ba 2 0 (1,+1,+1) 0 (1,+1,+1)
bb 2 0 (1,+1,+1) 0 (1,+1,+1)

Table 1: An observation table of the droca given in Figure 2a recognising the
language {anbna | n > 0}. Here, P = {ϵ, a, ab, aba} and S = {ϵ, a}.

4.1 Observation Table

Our algorithm maintains an observation table C over the input alphabet Σ =
{σ1, σ2, . . . , σk} for some k ∈ N. C = (P,S,Memb, ce ↾P∪PΣ , Actions), where
P ⊆ Σ∗ is a nonempty prefix-closed set of strings, S ⊆ Σ∗ is a nonempty
suffix-closed set of strings, Memb : (P ∪ PΣ)S → {0, 1} is a function that
indicates whether words belong to the language, ce ↾P∪PΣ : P ∪ PΣ → N
is the function ce with domain restricted to the set P ∪ PΣ, and Actions :
(P∪PΣ)S → {0, 1}×{0, 1,−1}k is a function representing the sign of the counter
value reached and the counter-actions on every letter after reading a word. Given
w ∈ (P ∪PΣ)S, Memb(w) is equal to 0 (resp. 1) if A(w) is equal to 0 (resp. 1),
and Actions(w) = (sign(ce(w)), ce(wσ1)− ce(w), . . . , ce(wσk)− ce(w)). Given
w1, w2 ∈ (P ∪ PΣ)S, we say that Actions(w1) is not similar to Actions(w2) if
and only if sign(ce(w1)) = sign(ce(w2)) and Actions(w1) ̸= Actions(w2). We
use Actions(w1) ̸∼Actions(w2) to denote this. The observation table initially has
P = S = {ϵ} and is augmented as the algorithm runs.

An observation table can be viewed as a two-dimensional array with rows
labelled with elements of P ∪ PΣ, columns labelled by elements of S and an
additional column labelled ce. The column ce contains the counter value reached
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on reading the word labelling a row (see Table 1). For any p ∈ P∪PΣ and s ∈ S,
the entry in row p and column s is equal to (Memb(ps), Actions(ps)) and cell(p)
denotes the finite function fp from S to {0, 1} × {0, 1} × {0, 1,−1}k defined by
fp(s) = (Memb(ps), Actions(ps)). We use row(p) to denote (ce(p), cell(p)). For
p, p′ ∈ P∪PΣ, we say row(p) is equal to row(p′) (denoted by row(p) = row(p′)),
if cell(p) = cell(p′) and ce(p) = ce(p′).

Now, we introduce the notion of d-closed and d-consistent observation tables
for any d ∈ N. This is similar to the notion of closed and consistency used by
Angluin [2], but it also takes into account the counter values.

Definition 5. Let (P,S,Memb, ce ↾P∪PΣ , Actions) be an observation table and
d ∈ N.

1. The observation table is not d-closed if there exist p ∈ P and a ∈ Σ such
that ce(pa) ≤ d and for all p′ ∈ P, row(pa) ̸= row(p′).

2. The observation table is not d-consistent if there exist p, q ∈ P and a ∈ Σ
such that ce(p) = ce(q) ≤ d, row(p) = row(q), and row(pa) ̸= row(qa).

Consider the observation table given in Table 1. This table is 1-closed but
not 2-closed. This is because of the presence of the words aa, ba and bb in PΣ.
The given table is trivially 1-consistent as there are no equal rows in P.

4.2 Constructing a DROCA from an Observation Table

We introduce the notion of a characteristic dfa. Given an alphabet Σ, we define
the modified alphabet Σ̃ =

⋃
a∈Σ{a0, a1}. For a droca A, we define a function

EncA : Σ∗ → Σ̃∗ as follows: For w ∈ Σ+, EncA(w) = w̃, such that for all
i ∈ [0, |w| − 1], w̃[i] = w[i]sign(ceA(w[0···i−1])). Also EncA(ϵ) = ϵ.

Definition 6. Let A = (Q,Σ, q0, δ0, δ1, F ) be a droca. The characteristic dfa

DA of A over the modified alphabet Σ̃ is DA = (Q, Σ̃, q0, δ, F ) where, for all
q ∈ Q and a ∈ Σ, δ(q, a0) = p (resp. δ(q, a1) = p) if and only if δ0(q, a) = (p, c)
(resp. δ1(q, a) = (p, c)) for some p ∈ Q and c ∈ {0, 1,−1}.

Figure 2b shows the characteristic dfa over the modified alphabet Σ̃ corre-
sponding to the droca given in Figure 2a. Note that in a characteristic dfa,
the counter information is not present. If we have access to the counter-actions,
then we can construct a droca from this characteristic dfa.

Constructing a Characteristic DFA Using a SAT Solver: Let C =
(P,S,Memb, ce ↾P∪PΣ , Actions) be an observation table. We give C as input
to a procedure ConstructAutomaton and obtain a dfa DC over the modified
alphabet Σ̃ as output. The dfa DC satisfies the following two properties:

1. for all p ∈ P ∪PΣ and s ∈ S, EncA(ps) ∈ L(DC) if and only if Memb(ps) =
1.
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q0 q1

q2q3

a=0/+1, a>0/+1

b=0/+1

b>0/−1

b>0/−1
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a=0/+1, a>0/+1

a=0/+1, a>0/+1

b=0/+1, b>0/+1

b=0/+1

b=0/+1, b>0/+1

(a) droca.
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a0, a1

b0

b1

b1

a0a1, b0

a0, a1, b0, b1

a0, a1, b0, b1

(b) Characteristic dfa.

Fig. 2: A droca recognising the language {anbna | n > 0} is given in Figure 2a.
The characteristic dfa corresponding to this droca is shown in Figure 2b.

2. for any p1, p2 ∈ P ∪ PΣ and s1, s2 ∈ S, if the run on EncA(p1s1) and
EncA(p2s2) reaches the same state in DC then Actions(p1s1) is similar to
Actions(p2s2).

We outline the operations performed by the function ConstructAutomaton.
First, we create two sets of words, Pos and Neg. For any p ∈ P ∪ PΣ and
s ∈ S, we add EncA(ps) to Pos (resp. Neg) if and only if Memb(ps) = 1 (resp.
0). The dfa DC will accept all words in Pos and reject all words in Neg. This

ensures condition 1. Observe that not all words over Σ̃ correspond to encodings
of words over Σ. To ensure condition 2, we add words over a larger alphabet Σ̃∪
Operations, where Operations = {Actions(w) | w = ps for some p ∈ P and s ∈
S}. For any p ∈ P∪PΣ and s ∈ S, we add EncA(ps)·Actions(ps) to Pos and for
all op ∈ Operations where Actions(ps) ̸∼op, we add EncA(ps)·op to Neg. We find
the minimal separating dfa for the sets Pos and Neg. The transitions labelled
by the letters from Operations are removed from this minimal separating dfa
to obtain DC .

Given an observation table, the sets Pos and Neg can be constructed in
polynomial time. Every state of A can add two elements to the set Operations
– one corresponding to the counter-actions on reading letters from counter value
zero and the other for reading letters from positive counter value. Hence, the car-
dinality of this set is at most 2|A|. In our implementation, we use the algorithm
by Dell’Erba et al. [6] that uses a SAT solver to find a minimal separating dfa.
However, any algorithm that finds a minimal separating dfa suffices [10,12,16].
In the next subsection, we observe that DC is a characteristic dfa.

Constructing a DROCA from a Characteristic DFA: Let the input
alphabet be Σ = {σ1, . . . , σk} and C = (P,S,Memb, ce ↾P∪PΣ , Actions) be an
observation table over Σ. The following lemma states that we can construct a
droca BC from C such that it agrees with the observation table C. The idea is
to use the observation table to assign counter-actions to transitions of DC .
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Lemma 7. Given an observation table C, we can construct a droca BC with
|BC | ≤ |A| such that for all p ∈ P ∪ PΣ and s ∈ S, BC(ps) = Memb(ps) and
ceBC

(ps) = ceA(ps).

Proof. Let the function ConstructAutomaton for input C return a dfa DC =
(Q, Σ̃, q0, δ, F ). For all p ∈ P ∪ PΣ and s ∈ S ∪ SΣ, we can find ce(ps) from
C. We define the droca BC = (Q,Σ, q0, δ0, δ1, F ) where δ0 and δ1 are specified
as follows. For all q ∈ Q, a ∈ Σ, δ0(q, a) = (δ(q, a0), c) for some c ∈ {0, 1}, if
there exists p ∈ P ∪ PΣ and s ∈ S such that DC on reading EncA(ps) reaches
the state q with ce(ps) = 0 and ce(psa) = c. Similarly, for all q ∈ Q, a ∈ Σ,
δ1(q, a) = (δ(q, a1), c) for some c ∈ {0, 1,−1}, if there exists p ∈ P ∪ PΣ and
s ∈ S such that DC on reading EncA(ps) reaches the state q with ce(ps) > 0
and ce(psa) = c. If there are any transitions that do not have a counter-action,
it means that there is no word in the observation table that took that transition.
One can assign any arbitrary counter-action for these transitions.

We know that for any word w,w′ ∈ Σ∗, if DC on reading w and w′ reaches
the same state, then Actions(w) is similar to Actions(w′). In our construction,
we are assigning counter-actions to transitions from a state in BC based on
the counter-actions of words that reach that state in DC . Since all words that
reach a state have similar counter-actions, this assignment will be consistent.
By construction, for all p ∈ P ∪ PΣ and s ∈ S, ceBC

(ps) = ceA(ps). This also
ensures that EncA(ps) = EncBC

(ps). Note that, DC on reading EncA(ps) reaches
a final state if and only if ps ∈ L(A). Since EncA(ps) = EncBC

(ps), we get that
BC reaches a final state on reading ps if and only if ps ∈ L(A). Therefore, for
all p ∈ P ∪ PΣ and s ∈ S, BC(ps) = 1 if and only if Memb(ps) = 1.

4.3 MinOCA: The Learning Algorithm

Algorithm 1 learns a droca that is equivalent to an input droca A. Initially, it
sets up an observation table using empty strings and incrementally refines this ta-
ble to distinguish states of the unknown droca. The process iteratively increases
an integer value d and uses membership and counter value queries to construct a
d-closed and d-consistent observation table C = (P,S,Memb, ce ↾P∪PΣ , Actions)
(see lines 4 – 14 of Algorithm 1). This part resembles the L∗ algorithm. Making
the table d-closed adds new rows to P, and making it d-consistent adds new
columns to S. We construct a droca from a d-closed and d-consistent observa-
tion table C using Lemma 7 and ask a minimal synchronous-equivalence query.
If the teacher provides a counter-example, then all its prefixes are added to P,
and the value of d is updated to the height of the counter-example, if it is more
than d. The table is then extended until it becomes d-closed and d-consistent.
This process continues until the correct droca is learnt.

Analysis: The correctness of Algorithm 1 follows from the fact that whenever
the teacher replies yes to a minimal synchronous-equivalence query, the learnt
droca recognises the target language. Now, we show that the algorithm termi-
nates after polynomially many queries.
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Require: The teacher knowing a droca A.
Ensure : A droca accepting the same language as A is returned.

1 Initialise P and S to {ϵ}, and d to 0.
2 Initialise the observation table C = (P,S,Memb, ce ↾P∪PΣ , Actions).
3 repeat
4 while C is not d-closed or not d-consistent do
5 if C is not d-closed then
6 Find p ∈ P, a ∈ Σ such that ce(pa) ≤ d, row(pa) ̸= row(p′) for all

p′ ∈ P.
7 Add pa to P.

8 end
9 if C is not d-consistent then

10 Find p, q ∈ P, a ∈ Σ, s ∈ S such that ce(p) = ce(q) ≤ d,
row(p) = row(q), and (Memb(pas) ̸= Memb(qas) or
Actions(pas) ̸= Actions(qas)).

11 Add as to S.
12 end
13 Extend Memb and Actions to (P ∪ PΣ)S, using membership and

counter value queries.
14 end
15 Construct a droca BC from C using Lemma 7.
16 Ask minimal synchronous-equivalence query MSQA(BC).
17 if teacher gives a counter-example z then
18 Add z and all its prefixes to P and extend Memb and Actions to

(P ∪ PΣ)S using membership and counter value queries.
19 if heightA(z) > d then
20 d = heightA(z).
21 end

22 end

23 until teacher replies yes to a minimal synchronous-equivalence query;
24 Halt and output BC .

Algorithm 1: MinOCA: droca learning algorithm.

Similar to [17], we define a refined Myhill-Nerode congruence ≃ ⊆ Σ∗ ×Σ∗

as follows: for u, v ∈ Σ∗, u≃v if and only if for all z ∈ Σ∗, A(uz) = A(vz)
and ceA(uz) = ceA(vz). For all w ∈ Σ∗, let [w] denote the equivalence class
of w under ≃. The behaviour graph of a droca is an infinite state automaton
induced by this refined congruence ≃. Each equivalence class under this refined
congruence corresponds to a state of the behaviour graph, and the transitions
between them are defined based on the equivalence class of the resultant words.
i.e., for u ∈ Σ∗ and a ∈ Σ there is a transition from the state corresponding
to [u] to the state corresponding to [ua] on reading the symbol a. The state
corresponding to an equivalence class [u] will be marked as a final state in the
behaviour graph if and only if A(u) = 1.

Let ≃|C denote the restriction of ≃ to the entries in the observation table
C. i.e., for all p, p′ ∈ P ∪ PΣ and s, s′ ∈ S, ps ≃ |C p′s′ if and only if for
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all z ∈ Σ∗ where both psz and p′s′z are in (P ∪ PΣ)S, A(psz) = A(p′s′z) and
ceA(psz) = ceA(p

′s′z). Given an observation table C, we can construct a partial
behavioural graph BGC induced by ≃|C in a similar fashion. Note that for all
p ∈ P ∪PΣ and s ∈ S, the counter value corresponding to the equivalence class
reached on reading ps and the membership of ps in BGC is the same as the
counter value reached and membership of ps in C.

Proposition 1. Given p, p′ ∈ P, if p≃p′, then row(p) = row(p′).

In the next proposition, C is an observation table and BC the droca learnt
by the learner from C (in Line 15 of Algorithm 1).

Proposition 2. Let z be a counter-example, with heightA(z) = d, returned by
MSQA(BC). Let C

′ be the observation table obtained by adding the prefixes of z
to P in C and making it d-closed and d-consistent. Then the number of distinct
rows with counter value less than or equal to d in C ′ is more than that of C.

sketch. Let z =MSQA(BC) be a counter-example with heightA(z) = d. Let C ′

be the observation table obtained by adding the prefixes of z to P in C and
making it d-closed and d-consistent. Assume for contradiction that the number
of distinct rows with counter value less than or equal to d in C ′ is the same as
that of C. From Proposition 1, we get that BGC and BGC′ are the same in this
case. From Lemma 7 for all p ∈ P∪PΣ and s ∈ S, the counter values reached and
membership of ps are the same in BC and C. We also know that the counter value
corresponding to the equivalence class reached on reading ps and membership
of ps in BGC is the same as the counter value reached and membership of ps
in C. Since BGC = BGC′ , the membership and counter values reached by all
prefixes of z in A should also match BC contradicting the assumption that z is
a counter-example.

Proposition 3. For any d ∈ N, at most d×|A| many counter-examples of height
less than or equal to d is returned by the minimal synchronous-equivalence query.

sketch. Fix a d′ ∈ N. There are at most |A| many configurations of A with
counter value d′. We know that for p, p′ ∈ P , if row(p) ̸= row(p′), then p ̸≃p′.
Hence, there are at most |A| distinct rows in the observation table with counter
value d′. Consequently, there are at most d × |A| distinct rows with counter
values d′ ≤ d. The claim now follows from Proposition 2.

Proposition 4. At most |A|5+1 many minimal synchronous-equivalence queries
are executed during the run of Algorithm 1.

Proof. Assume for contradiction that more than |A|5 + 1 minimal synchronous-
equivalence queries are executed. Hence, more than |A|5 counter-examples are re-
turned by these queries. From Proposition 3, it follows that at least one counter-
example is of height greater than |A|4. However, from Theorem 3, we know that
the height of the minimal counter-example that distinguishes two drocas of size
|A| is at most |A|4. This is a contradiction, since by Lemma 7, |BC | ≤ |A| for
any observation table C during the run of the algorithm.
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Theorem 8. Given a droca A, a minimal counter-synchronous droca recog-
nising the same language can be learnt with at most |A|5 +1 queries to the SAT
solver, |A|5+1 minimal synchronous-equivalence queries and polynomially many
membership and counter value queries.

We can adapt the learning algorithm for drocas for learning vocas. A min-
imal voca can be learnt using at most 2|A|3 + 1 equivalence queries from The-
orem 4. For vocas, we do not require the counter value queries. Also, there are
words that do not have a valid run. i.e., the counter goes below zero during the
run. These words will not have a corresponding entry in the observation table
and will be treated as don’t care. In this case, Algorithm 1 can be simplified fur-
ther as we don’t have to create the set Operations to encode the counter actions,
as the actions on the counter are already determined by the input alphabet.

Corollary 9. Given a voca A, a minimal voca recognising the same language
can be learnt using at most O(|A|3) queries to the SAT solver, O(|A|3) minimal
synchronous-equivalence queries and polynomially many membership queries.

5 Implementation

The proposed method, henceforth denoted as MinOCA, was implemented in Python6

and is tested against a set of randomly generated drocas. In this section, we
discuss the implementation details and compare MinOCA with the method by
Bruyère et al. [4], hereafter referred to as BPS.

Equivalence Query: Even though there is a polynomial time algorithm to
check the equivalence of two drocas [3], the polynomial is so large that it is
not suitable for practical applications. In MinOCA, we construct a droca that is
counter-synchronised with the droca to be learnt. The equivalence is checked
by a breadth-first search on the configuration graph up to the counter value and
length obtained from Theorem 3. The minimal synchronous-equivalence query
either returns a word for which the constructed droca and droca to be learnt
reach different counter values or returns a word that is accepted by one and
rejected by the other. In our implementation, after each equivalence query, we
increment the value of d and make the table is d-closed and d-consistent.

One major distinction between MinOCA and BPS is that the latter employs
an approximate equivalence query, while the former uses an exact equivalence
query. This implies that the droca returned by BPS after learning may not be
correct. On the other hand, the droca returned by MinOCA is always correct.

Finding a Minimal-Separating DFA: We utilise the Python library DFAMiner
by Dell’Erba et al. [6] that uses a SAT solver to find a minimal separating dfa
from a given set of positive and negative samples. Various other techniques for
computing a minimal separating automaton can be found in [12,16,18].

6 The implementation of MinOCA, the datasets used, and the complete results generated
can be found in the following link: https://doi.org/10.5281/zenodo.14604419 [13].
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Random Generation of DROCAs: We follow a procedure similar to that by
Bruyère et al. [4] to randomly generate drocas with a given number of states.

Let n ∈ N be the number of states of the droca to be generated. The
procedure GenerateDROCA used to generate random drocas is as follows. First,
we initialise the set of states Q = {q1, q2, . . . , qn}. For all q ∈ Q, we add q to
the set of final states F with probability 0.5. If Q = F or F = ∅ after this
step, then we restart the procedure. Otherwise, for all q ∈ Q and a ∈ Σ, we
assign δ0(q, a) = (p, c) (resp. δ1(q, a) = (p, c)), with p a random state in Q and
c a random counter operation in {0,+1} (resp. {0,+1,−1}). The constructed
droca is A = (Q,Σ, {q1}, δ0, δ1, F ). If the number of reachable states of A
from the initial configuration is not n, then we discard A and restart the whole
procedure. Otherwise, we output A.

Dataset for comparing MinOCA and BPS. A dataset containing a total of 5600
drocas was generated, with the input alphabet size varying from 2 to 5 and the
number of states ranging from 2 to 15. For each combination of input alphabet
size and number of states, 100 random drocas were generated. The notion of
acceptance in BPS is by final state and zero counter value. MinOCA employs the
widely accepted notion of acceptance with the final state only. For comparison,
we generated random drocas where both acceptance conditions coincide. In
order to achieve this, we use the procedure GenerateDROCA with an added con-
dition that mandates that the final states can only be reached by transitions
that read a symbol from counter value of zero and do not modify the counter
value.

Experimental Results: We implemented MinOCA in Python and used the Java
implementation of BPS. The computations were performed on an Apple M1 chip
with 8GB of RAM, running macOS Sonoma Version 14.3. MinOCA spends most
of the time in finding a minimal separating dfa. The scalability of our algorithm
is hence dependent on the scalability of finding a minimal separating dfa.

A timeout of 5 minutes was allotted for both BPS and MinOCA for learning
each droca. If the algorithm times out, we discard that sample and process the
next one. The number of languages successfully learned by MinOCA and BPS for
different input sizes is depicted in Figure 3. Notice that MinOCA outperforms BPS
in terms of the number of successfully learnt drocas.

Figure 4 shows the average length of the longest counter-examples. MinOCA
provides a smaller counter-example on average. Figure 5 shows the average num-
ber of states in the learnt drocas. The number of states of the automaton learnt
by MinOCA is always less than or equal to the input size. Figure 6 shows the
average number of equivalence queries used for successfully learning the input
drocas. The number of equivalence queries is smaller for MinOCA in all cases.

In Figures 7 and 8, MinOCA learns a minimal counter-synchronised droca
equivalent to the input. However, the droca learnt by BPS is equivalent but is
not counter-synchronous with respect to the input. It is also not complete.
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Fig. 3: Number of successfully learnt
languages by MinOCA and BPS.

Fig. 4: The average length of the
longest counter-example.

Fig. 5: Average number of states in
the learnt drocas.

Fig. 6: Average number of equivalence
queries used by MinOCA and BPS.
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Fig. 7: The input droca recognises the language {anbna | n > 0}.
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Fig. 8: The input droca recognises {w ∈ {a, b}∗ | w does not contain a b}.

6 Conclusion

In this paper, we presented a novel approach for active learning of drocas.
We showed that a drocas can be learnt using polynomially many queries with
the help of a SAT solver. This is in contrast to the existing techniques that
require exponentially many queries. Our algorithm learns a minimal counter-
synchronous droca, which results in significantly smaller counter-examples on
equivalence queries. Additionally, the development of a specialised equivalence-
checking algorithm for counter-synchronous drocas, with a time complexity of
O(n6), further contributes to the feasibility of our approach. For vocas, we opti-
mised this equivalence-checking process to O(n3), enabling efficient learning. We
evaluated our algorithm against randomly generated drocas. The results indi-
cate that our method significantly outperforms the existing method by Bruyère
et al. [4].

In future work, the proposed algorithm can be improved by finding better
methods for identifying the minimal separating dfa. The algorithm can also be
applied to learn vocas, and the scalability of this approach warrants further
investigation. Additionally, extending these ideas to learn more general mod-
els, such as visibly pushdown automata, represents a valuable direction for fur-
ther research. Another open problem is to determine whether active learning of
drocas can be done in polynomial time. This problem is open, even in the case
of vocas. However, learning a minimal voca cannot be done in polynomial time
unless P = NP. Exploring the possibility of finding a polynomial-time algorithm
to obtain a polynomial approximation is worthy of further study.
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LydiaSyft: A Compositional Symbolic Synthesis
Framework for LTLf Specifications

Abstract. There has been a massive interest in utilizing Linear Tem-
poral Logic on finite traces (ltlf ) as a specification language in the
last decade, particularly in reactive synthesis. This highlights the need
for a unified and efficient framework to fulfil the increasing demand for
easy-to-use implementations of synthesis (and reasoning) algorithms for
ltlf . To that end, we introduce LydiaSyft, an open-source compositional
symbolic synthesis framework that integrates efficient data structures
and techniques focused on ltlf specifications. LydiaSyft supports both
explicit-DFA and symbolic-DFA construction from ltlf formulas, essen-
tial DFA manipulations, and offers an extensible framework for reactive
synthesis of ltlf specifications, accommodating more complex synthesis
scenarios. We demonstrate this feasibility by supporting ltlf synthesis
as well as ltlf synthesis with ltl environment specifications expressed
in various forms. LydiaSyft is highly efficient and versatile, providing
user-friendly C++ interfaces and extensive benchmarks that cater to a
diverse audience, including computer scientists, practitioners, students,
and the reactive synthesis research community.

Keywords: Reactive synthesis · Linear Temporal Logic on finite traces
· Symbolic synthesis · Open-source framework

1 Introduction

Recently, there has been massive interest in reactive synthesis for specifications
expressed in Linear Temporal Logic on finite traces (ltlf ) [12]. The first ltlf
synthesizer Syft demonstrated the practical scalability of ltlf synthesis [25],
which opened the door to a whole dimension of utilizing ltlf in various domains
such as planning [11], robotics [16], and reinforcement learning [6]. This massive
interest in ltlf led to an increasing demand for easy-to-use implementations of
synthesis and reasoning algorithms for ltlf specifications.

We introduce LydiaSyft, an open-source software framework for ltlf reason-
ing and synthesis. The reasoning component leverages ltlf -to-DFA construc-
tion, reducing ltlf reasoning to automata-based reasoning. LydiaSyft adopts the
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compositional automata construction technique from Lydia [9], providing both
explicit-state DFA and symbolic-state DFA construction and manipulation. Un-
like Lydia and Syft, which handle only standard ltlf synthesis (though Lydia in-
troduces a novel compositional ltlf -to-DFA construction technique), LydiaSyft
supports a broader range of synthesis settings for ltlf specifications, including
ltlf synthesis [13,25], maximally permissive strategy of ltlf synthesis [24], ltlf
synthesis with simple Stability or Fairness environment specification [23], and
ltlf synthesis with Generalized-Reachability(1) environment specification [7,8].
LydiaSyft leverages the symbolic game-solving techniques from Syft [25] to deal
with the synthesis problems and offers reusable C++ libraries of two-player game
solvers. These solvers support customization, enabling users to create and effi-
ciently solve custom games, e.g., the reachability game solver used in robotics
task planning [16].

The primary goal of LydiaSyft is to provide an easy-to-extend platform for
ltlf reasoning and synthesis, focusing on usability and extensibility over peak
performance optimizations, such as those for standard ltlf synthesis [21,10,15,22].
Despite this focus, LydiaSyft features an efficient, modular C++ implementation
of core data structures and synthesis techniques, earning it 2nd place in the
ltlf synthesis track of SYNTCOMP 2024. Due to space constraints, additional
experimental results and further technical details are provided in the Appendix.

LydiaSyft is available at https://github.com/whitemech/LydiaSyft, and the
documentation at https://whitemech.github.io/LydiaSyft/index.html. The peer-
reviewed artifact is available at https://zenodo.org/records/13927906.

2 Architecture
The main components of LydiaSyft’s architecture are depicted in Figure 1 (All
the techniques implemented in LydiaSyft also support Linear Dynamic Logic on
finite traces (ldlf ) [12] specifications). LydiaSyft accepts ltlf formulas written
in a syntax following the TLSF format [18]. Depending on the synthesis task,
LydiaSyft takes additional inputs capturing safety (expressed in ltlf ), simple
Fairness, simple Stability, and Generalized-Reactivity(1) specifications [23,7,8].
Explicit-state DFA construction. LydiaSyft leverages the compositional ltlf -
to-DFA construction techniques from Lydia [9] to build an explicit-state DFA of
the input ltlf specification. This process involves a fully compositional tech-
nique that aggressively minimizes partial results so that the state space of the
DFA is kept at the minimum. A novel contribution of our integration is to pro-
vide a better code interface to handle automata, enhancing interoperability with
other modules and, potentially, with external tools.
Symbolic-state DFA construction. The constructed explicit-state DFA is
then transformed into a symbolic-state DFA, both the state space and the tran-
sitions of which are represented symbolically in BDDs. This provides a compact
form of the DFA, facilitating subsequent computational steps. In particular, the
data structure used is known in the literature as partitioned DFA representa-
tion [25]. LydiaSyft provides novel implementations for representing and manip-
ulating symbolic DFAs using the same interface used for explicit-state DFAs.

https://github.com/whitemech/LydiaSyft
https://whitemech.github.io/LydiaSyft/index.html
https://zenodo.org/records/13927906


LydiaSyft 297
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Fig. 1: An architecture overview of LydiaSyft.

Game construction. On top of the symbolic automata, LydiaSyft builds a two-
player game data structure, possibly incorporating additional specifications like
GR(1). These games form the backbone of the synthesis process, where the agent
has to find a strategy that wins the game against the environment. LydiaSyft also
supports adaptable player orders: agent-first or environment-first. We default to
an agent-first setting in the rest of the paper, as in [13].
Games on DFA for synthesis. LydiaSyft supports various synthesis scenarios
for ltlf specifications through reducing to games on DFA, addressing diverse
problems: (i) reachability game, for ltlf synthesis [13,25] (ii) maxset reachability
game, for computing the maximally permissive strategy of ltlf synthesis [24].
(iii) Büchi-Reachability game, for ltlf synthesis with simple Stability environ-
ment specifications [23]. (iv) coBüchi-Reachability game, for ltlf synthesis with
simple Fairness environment specifications [23]. (vi) coGR(1)-Reachability game,
for ltlf synthesis with GR(1) environment specifications, and possible addi-
tional safety conditions to both the environment and the agent [7,8]. A computed
winning strategy, if it exists, can be printed in DOT format.

3 Compositional ltlf -to-DFA Construction

The basic building block for LydiaSyft is the ltlf -to-DFA construction. This sec-
tion details how the explicit-state/symbolic-state DFA construction parts work
and which data structures and procedures have been used.
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ltlf Basics. Linear Temporal Logic on finite traces (ltlf ) [12] is a specification
language expressing temporal properties on finite, nonempty traces. In partic-
ular, ltlf shares syntax with ltl, which is instead interpreted over infinite
traces [20]. LydiaSyft also supports the variant that works for empty traces [4].
Given a set of atomic propositions Prop, ltlf formulas are generated as follows:
φ ::= tt | a | φ ∧ φ | ¬φ | ◦φ | φU φ, where tt is the tautology, a ∈ Prop is an
atom, ◦ (Next) and U (Until) are temporal operators. We make use of standard
Boolean abbreviations, e.g., ff ≡ ¬tt , ∨ (or) and → (implies), true and false.
In addition, we define the following abbreviations: Weak Next •φ ≡ ¬◦¬φ,
Eventually ♢φ ≡ true U φ and Always □φ ≡ falseRφ, where R is for Release.
The detailed semantics of ltlf can be found in [12]. It is shown that, for every
ltlf formula φ, one can construct a Deterministic Finite Automaton (DFA) that
accepts exactly the same language as the ltlf formula [12]. Notably, an ltlf
formula can be transformed into an equivalent DFA in at most 2EXPTIME [12].

Build explicit-state DFA. An explicit-state DFA [17] is a tuple A = ⟨Σ,S, s0, δ,
F ⟩, where: Σ is the alphabet, S is a finite set of states, s0 ∈ S is the initial state,
δ : S × Σ → S is a total transition function and F ⊆ S is the set of accepting
states. Given an ltlf formula φ, LydiaSyft leverages the compositional DFA con-
struction in Lydia [9], which inductively applies a transformation procedure to
each subformula of φ. This construction is “bottom-up”, computing the DFAs of
subformulas and combining them based on the ltlf operator under transforma-
tion. LydiaSyft extends Lydia’s DFA library, which represents explicit-state DFAs
using Shared Multi-terminal Binary Decision Diagrams (ShMTBDDs) [5,19]. To
ensure compatibility with subsequent symbolic-state DFA construction, Lydi-
aSyft provides convenient wrappers for these libraries. Notably, LydiaSyft en-
hances explicit-state DFA manipulation by offering operations such as comple-
ment, product, state and transition restrictions, and printing.

Build symbolic-state DFA. Given an explicit-state DFA A = (2X∪Y , S, s0, δ, F ),
the corresponding symbolic-state DFA is defined as D = (X ,Y,Z, ι, η, f), where
X and Y are as in A, and Z is a set of ⌈log2 |S|⌉ propositions, with each state
s ∈ S corresponding to an interpretation Z ∈ 2Z . The initial state s0 is repre-
sented by ι ∈ 2Z . The transition function η = {η0, η1, · · · , ηk} (|η| = |Z|) maps
interpretations X ∈ 2X , Y ∈ 2Y and Z ∈ 2Z to the successor state δ(s,X ∪ Y )
such that ηi(X,Y, Z) = 1 iff the value of zi ∈ Z is 1 in the interpretation
Z ′ ∈ 2Z corresponding to δ(s,X ∪ Y ). Finally, the set of accepting states f is a
Boolean formula over Z, satisfied by Z iff it corresponds to an accepting state
s ∈ F [25]. LydiaSyft utilizes the same symbolic-state DFA representation as
Syft, which represents a symbolic-state DFA D as a sequence of BDDs. However,
while Syft manually converts explicit-state DFAs (represented as ShMTBDDs)
into symbolic-state DFAs by traversing the ShMTBDD and generating proposi-
tional evaluations for each explicit state, LydiaSyft takes a different approach. It
employs Algebraic Decision Diagrams (ADDs) [2] as an intermediate step, lever-
aging the BDD/ADD library CUDD-3.0.0. We first convert a ShMTBDD to a
sequence of ADDs, and then use the rich API functions, in particular BddIthBit,
provided by CUDD to obtain the BDD sequence, avoiding the manual conversion.

https://web.mit.edu/sage/export/tmp/y/usr/share/doc/polybori/cudd/node8.html
https://web.mit.edu/sage/export/tmp/y/usr/share/doc/polybori/cudd/cuddExtDet.html#Cudd_addIthBit
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Additionally, LydiaSyft supports a range of symbolic-state DFA manipulations,
including complement, product, state and transition restrictions, and printing.

4 Synthesis Settings for ltlf Specifications

This section outlines the synthesis settings for ltlf specifications supported by
LydiaSyft. Let X and Y be Boolean variables, with X controlled by the envi-
ronment and Y controlled by the agent. An agent strategy is a function σagn :
(2X )∗ → 2Y , and an environment strategy is a function σenv : (2Y)+ → 2X .
An agent strategy induces a trace π = (X0 ∪ Y0)(X1 ∪ Y1) · · · ∈ (2X∪Y)ω if
σagn(ϵ) = Y0 and σagn(X0X1 · · ·Xj) = Yj+1 for every j ≥ 0. An environment
strategy induces a trace π ∈ (2X∪Y)ω if σenv(Y0Y1 · · ·Yj) = Xj for every j ≥ 0.
The unique trace induced by an agent strategy σagn and an environment strategy
σenv is denoted by play(σagn, σenv) or simply π when clear from the context.
ltlf Synthesis. The problem is described as a tuple P = (X ,Y, φ), where φ is
an ltlf formula over X∪Y . Realizability of P checks whether ∃σagn∀σenv : ∃k ≥
0.playk(σagn, σenv) |= φ. Synthesis of P computes a strategy σagn if exists [13].
LydiaSyft integrates the preprocessing techniques for ltlf synthesis introduced
in [21] for effective realizability check and unrealizability check. If preprocessing
fails, LydiaSyft constructs a symbolic-state DFA Dφ for φ, and builds a reacha-
bility game G = (Dφ, Reach(t)), where t is a set of target states. LydiaSyft follows
the symbolic synthesis technique presented in [25] to solve G = (Dφ, Reach(t)),
providing a C++ library Reachability.h.
ltlf MaxSet Synthesis. ltlf maxset synthesis P = (X ,Y, φ) aims at com-
puting the maximally permissive strategy (MaxSet), which represents the set of
all agent winning strategies [24]. As shown in [24], MaxSet for P = (X ,Y, φ)
can be solved by reasoning about the maxset reachability game on Dφ. Lydi-
aSyft provides a C++ library ReachabilityMaxSet.h, which takes the reachability
game G = (Dφ, Reach(t)) as input and computes two nondeterministic strategies
characterizing MaxSet, if there is at least one winning strategy.
ltlf Synthesis with Simple Stability/Fairness Env. Specs. We now out-
line the LydiaSyft-supported synthesis settings for ltlf specifications involving
two-player games on DFAs that extend beyond reachability, focusing specifically
on ltlf synthesis with environment specifications. Following [1], we specify the
environment behaviour by an ltl formula env and call it environment specifica-
tion, and the agent goal is an ltlf formula φ. Formally, given an ltl formula
env, we say that an environment strategy enforces env, written σenv ▷ env, if
for every agent strategy σagn we have play(σagn, σenv) |= env. The problem of
ltlf synthesis with environment specifications is to find an agent strategy σagn

such that ∃σagn∀σenv ▷ env : ∃k.playk(σagn, σenv) |= φ.
An ltl formula env is considered as a simple Stability specification if it

is of the form ♢□(α), and a simple Fairness specification if it is of the form
□♢(α), where α is a Boolean formula involving only environment variables [23].
As shown in [23], ltlf synthesis with simple Stability/Fairness environment
specification can be reduced to Büchi-Reachability and coBüchi-Reachability
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games on Dφ, respectively. LydiaSyft provides a C++ library BuchiReachability.h,
which takes a constructed Büchi-Reachability game G = (Dφ, BuchiReach(t, β))
as input, performs a nested fixpoint computation to solve the game. The library
coBuchiReachability.h supports coBüchi-Reachability game solving.
ltlf Synthesis with Generalized Reachability(1) Env. Specs. GR(1) is
a syntactic fragment of LTL, providing a powerful notion of fairness [3]. The
problem of ltlf synthesis with GR(1) environment specifications introduced
in [7,8] successfully brought the advances of GR(1) synthesis and ltlf synthesis.
LydiaSyft employs the solution proposed in [7,8] reducing the synthesis problem
to a coGR(1)-Reachability game. LydiaSyft also allows adding additional safety
conditions to both the environment and the agent, expressed in ltlf formulas, as
in [7,8]. It provides a C++ library coGR1Reachability.h, which takes a coGR(1)-
Reachability game (with possible safety conditions) as input, reduces it further
to a GR(1) game and uses Slugs [14] to solve it.

An example of using LydiaSyft as a CLI tool for ltlf synthesis is shown in
Listing 1.1.

Listing 1.1: Example CLI Commands for ltlf Synthesis
#Usage:
> LydiaSyft synthesis --help
solve a classical LTLf synthesis problem
Usage: LydiaSyft synthesis [OPTIONS]

Options:
-h,--help Print this help message and exit
--help -all Expand all help
-f,--spec -file TEXT:FILE REQUIRED

Specification file
-s,--syfco -path TEXT:FILE Path to Syfco binary

#Example of usage:
> LydiaSyft synthesis -f examples/test.tlsf # UNREALIZABLE
> LydiaSyft synthesis -f examples/test1.tlsf # REALIZABLE

5 Conclusion and Future Works

In this paper, we presented LydiaSyft, an open-source synthesis framework that
integrates efficient data structure and synthesis techniques, focusing on agent
goals expressed in ltlf specifications. We believe that LydiaSyft provides a sig-
nificant foundation to address the increasing demand for synthesis and reasoning
of ltlf specifications. LydiaSyft offers researchers, practitioners, and students
convenient access to flexible automata construction from ltlf specifications,
and various synthesis settings. Furthermore, it provides a unified and accessible
approach for reproducibility. We are actively working on the framework to inte-
grate further and future synthesis settings into LydiaSyft. Using the permissive
MIT license, we hope that LydiaSyft will be used and extended by various com-
munities that are closely connected to ltlf synthesis, such as reactive synthesis,
AI planning, and task planning in robotics.
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Automating the Analysis of Quantitative
Automata with QuAK

Abstract. Quantitative automata model beyond-boolean aspects of sys-
tems: every execution is mapped to a real number by incorporating
weighted transitions and value functions that generalize acceptance con-
ditions of boolean ω-automata. Despite the theoretical advances in sys-
tems analysis through quantitative automata, the first comprehensive
software tool for quantitative automata (Quantitative Automata Kit, or
QuAK) was developed only recently. QuAK implements algorithms for
solving standard decision problems, e.g., emptiness and universality, as
well as constructions for safety and liveness of quantitative automata.
We present the architecture of QuAK, which reflects that all of these
problems reduce to either checking inclusion between two quantitative
automata or computing the highest value achievable by an automaton—
its so-called top value. We improve QuAK by extending these two algo-
rithms with an option to return, alongside their results, an ultimately
periodic word witnessing the algorithm’s output, as well as implementing
a new safety-liveness decomposition algorithm that can handle nondeter-
ministic automata, making QuAK more informative and capable.

Keywords: quantitative automata · automata-based analysis · quan-
titative safety · quantitative liveness

1 Introduction

Traditional system behavior analysis categorizes system behaviors as correct or
incorrect. However, modern systems require more nuanced approaches to ad-
dress performance and robustness criteria. Quantitative automata generalize
boolean ω-automata by adding rational-valued weights to their transitions and
using value functions (instead of acceptance conditions) that accumulate infinite
weight sequences into single values. Common value functions include Inf, Sup,
LimInf, and LimSup (respectively generalizing safety, reachability, co-Büchi and
Büchi acceptance conditions), as well as DSum (discounted sum), LimInfAvg, and
LimSupAvg (limit average a.k.a. mean payoff).
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Decision problems for boolean automata extend naturally to quantitative
automata. For example, a quantitative automaton A is nonempty with respect
to a rational number v iff A maps some infinite word w to a value at least v [13].
These problems are closely related to game theory [21] and enable reasoning
about quantitative system aspects. Although quantitative automata have been
extensively studied from a theoretical perspective [16,5,8,34,35,4,26,24,25,6] and
these works could significantly impact their practical verification, until recently,
there was no general software tool for their analysis.

Quantitative Automata Kit (QuAK) [11] is the first general tool for quan-
titative automata analysis. It currently supports several automaton types (Inf,
Sup, LimInf, LimSup, LimInfAvg, LimSupAvg) and provides decision procedures
for fundamental problems such as emptiness, universality, inclusion, and safety.

We present an improved version of QuAK: (i) the safety-liveness decomposi-
tions are extended to handle nondeterministic automata, and (ii) the inclusion
and top value algorithms are extended with capabilities to return a witness—an
ultimately periodic word explaining the algorithm’s output. For checking inclu-
sion, i.e., whether A(w) ≤ B(w) for all words w, the witness ŵ is a word such that
A(ŵ) > B(ŵ). For computing top value, i.e., ⊤A = supw∈Σω A(w), the witness
ŵ is a word such that A(ŵ) = ⊤A. Since all the other procedures are reduced to
either inclusion checking or top value computation, these extensions significantly
improve QuAK’s informativeness for analyzing quantitative automata.

Several approaches extend system modeling beyond boolean aspects. One
uses multi-valued truth domains [9,15], while another relies on weighted au-
tomata [36], where numerical weights are assigned to transitions and accumu-
lated via semiring operations. Tools such as Vaucanson [32], Vcsn [18], and
Awali [31] support weighted automata analysis. Other approaches address digital-
analog interactions [2,1,22], with tools like UPPAAL [30] and HyTech [23]. Signal
temporal logic [33] allows reasoning about specification satisfaction degrees, as
implemented in Breach [19], S-TaLiRo [3], and RTAMT [37]. Probabilistic veri-
fication handles uncertainties, as implemented in PRISM [29] and STORM [17].

2 Quantitative Automata

Let Σ be a finite alphabet of letters. We denote by Σ∗ (resp. Σω) the set of all
finite (resp. infinite) words over Σ. For w ∈ Σω and u ∈ Σ∗, we write u ≺ w
when u is a prefix of w. A value domain D is a nontrivial complete lattice. A
quantitative property is a total function Φ : Σω → D.

We study quantitative automata, which define a subset of quantitative prop-
erties on totally-ordered value domains. Formally, a nondeterministic quantita-
tive automaton (or simply an automaton) is a tuple A = (Σ, Q, s, δ) where Σ is
a finite alphabet, Q is a finite nonempty set of states, s ∈ Q is the initial state,
and δ : Q×Σ → 2Q×Q is a finite transition function over weight-state pairs [13].
A transition is a tuple (q, σ, x, q′) ∈ Q×Σ×Q×Q such that (x, q′) ∈ δ(q, σ), de-
noted q

σ:x−−→ q′. The weight of a transition t = (q, σ, x, q′) is denoted by γ(t) = x.
An automaton A is deterministic when |δ(q, a)| = 1 for every q ∈ Q and a ∈ Σ,
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(A)

q0q1 q2 q3
hi : 6 lo : 3

Σ : 6 lo : 2

hi : 5

lo : 3
Σ : 4

(B)

q0q1 q
hi : 6 lo : 4

Σ : 6 Σ : 4

(C)

q0q1 q2 q3
hi : 6 lo : 3

Σ : 6 lo : 2

hi : 5

lo : 3
Σ : 4

q′
1 q′

3

q⊥

hi : 6

hi : 6

hi : 6

hi : 6Σ : 2 Σ : 2
Σ : 2

Fig. 1: A nondeterministic LimInfAvg-automaton A over the alphabet Σ = {hi, lo},
modeling the power consumption of a device where starting with high-power mode is
not reversible, its safety closure B, and its liveness component C in a corresponding
decomposition [7].

and it is total (a.k.a. complete) when |δ(q, a)| ≥ 1 for every q ∈ Q and a ∈ Σ.
We require quantitative automata to be total.

A run of A on an infinite word w = a0a1 . . . is an infinite sequence ρ =
q0

a0:x0−−−→ q1
a1:x1−−−→ q2 . . . of transitions where q0 = s and (xi, qi+1) ∈ δ(qi, ai)

for each integer i ≥ 0. Since each transition has a weight, a run ρ = t0t1 . . .
produces an infinite sequence γ(ρ) = γ(t0)γ(t1) . . . of weights. A value function
Val : Qω → R maps infinite weight sequences to real values. A Val-automaton is
a quantitative automaton equipped with the value function Val, i.e., where each
run ρ is mapped to the value obtained by applying Val to its weight sequence
γ(ρ). Given a Val-automaton A, the value of an infinite word w is A(w) =
sup{Val(γ(ρ)) | ρ is a run of A on w}. The top value of an automaton A is ⊤A =
supw∈Σω A(w), and its bottom value is ⊥A = infw∈Σω A(w). We consider the
below value functions over an infinite sequence x = x0x1 . . . of rational weights.

– Inf(x) = inf
n≥0

xn

– LimInf(x) = lim inf
n→∞

xn

– LimInfAvg(x) = lim inf
n→∞

(
1
n

n−1∑
i=0

xi

)
– Sup(x) = sup

n≥0
xn

– LimSup(x) = lim sup
n→∞

xn

– LimSupAvg(x) = lim sup
n→∞

(
1
n

n−1∑
i=0

xi

)

– For a discount factor λ ∈ Q ∩ (0, 1), DSumλ(x) =
∑

i≥0 λixi

The automaton A in Figure 1 shows a LimInfAvg automaton modeling the
long-term average power consumption of a device with two operating modes.

Quantitative Automata Problems We describe the standard decision prob-
lems of quantitative automata as well as the problems related to their safety and
liveness. The complexity results are summarized in Table 1.

An automaton A is nonempty (resp. universal) with respect to a threshold
v ∈ Q iff A(w) ≥ v for some (resp. all) w ∈ Σω. Nonemptiness (resp. universality)
is closely related to computing an automaton’s top value (resp. bottom value): A
is nonempty (resp. universal) with respect to v ∈ Q iff ⊤A ≥ v (resp. ⊥A ≥ v).
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Inf Sup, LimInf, LimSup LimInfAvg, LimSupAvg DSum

Nonemptiness check PTime
Universality check PSpace-complete Undecidable Open

Inclusion check PSpace-complete Undecidable Open
Equivalence check PSpace-complete Undecidable Open

Top value
computation PTime

Safety closure
construction O(1) PTime O(1)

Safety-liveness
decomposition O(1) PTime O(1)

Safety check O(1) PSpace-complete ExpSpace; PSpace-hard O(1)
Liveness check PSpace-complete

Constant-function
check PSpace-complete

Table 1: The complexity of performing the operations on the left column with respect
to nondeterministic automata with the value function on the top. The decidability
results in the top five rows are shown in [28,13] and undecidability in [16,12,27]. All
the results in the bottom five rows are shown in [7]. All the operations are computable
in PTime for deterministic automata.

An automaton A is included in (resp. equivalent to) an automaton B iff A(w) ≤
B(w) (resp. A(w) = B(w)) for all w ∈ Σω. An automaton A is constant iff there
exists c ∈ R such that A(w) = c for all w ∈ Σω. This problem is closely related
to safety and liveness of quantitative automata, as we discuss below.

Quantitative safety generalizes the boolean view by considering membership
hypotheses in the form of lower bound queries: a property is safe iff every wrong
membership hypothesis has a finite witness for the violation. Formally, a quan-
titative property Φ : Σω → D is safe iff for every w ∈ Σω and v ∈ D with
Φ(w) ̸≥ v, there exists a finite prefix u ≺ w such that supw′∈Σω Φ(uw′) ̸≥ v [25].
Moreover, an automaton A is safe iff the quantitative property defined by A is
safe. Given a quantitative property Φ : Σω → D, its safety closure is defined
as SafetyCl(Φ)(w) = infu≺w supw′∈Σω Φ(uw′) and is the least safety property
that bounds Φ from above [25]. As expected, a property Φ is safe iff Φ(w) =
SafetyCl(Φ)(w) for all w ∈ Σω, and we can compute the safety closure of an
automaton A—the automaton SafetyCl(A) that expresses the safety closure of
the property defined by A. While this characterization is useful for some classes
of quantitative automata, the equivalence problem is undecidable for LimInfAvg
and LimSupAvg automata. For these, the safety problem is still decidable by a
reduction to their constant-function problem [6].

Quantitative liveness extends the membership-based view: a quantitative
property Φ : Σω → D is live iff for every word (whose value is less than
⊤ = supD) there exists a wrong membership hypothesis without a finite wit-
ness for the violation. Formally, a quantitative property Φ : Σω → D is live
iff for all w ∈ Σω, if Φ(w) < ⊤, then there exists a value v ∈ D such that
Φ(w) ̸≥ v and for all prefixes u ≺ w, we have supw′∈Σω Φ(uw′) ≥ v [25]. More-
over, an automaton A is live iff the quantitative property defined by A is live.
For the common classes of quantitative automata, deciding liveness reduces to
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inclusion

equivalence universality

bottom valuend,b constant function

liveness safetyla

safetyb

top value

safety closure inclusiond,la bottom valued

nonemptiness constant functiond

Fig. 2: Reductions of quantitative automata problems in QuAK. The subscript b
stands for basic (i.e., Val ∈ {Inf, Sup, LimInf, LimSup}), la for limit-average (i.e.,
Val ∈ {LimInfAvg, LimSupAvg}), d for deterministic, and nd for nondeterministic. For
example, checking safety of limit-average automata (safetyla) reduces to their constant-
function problem, which reduces to universality of LimInf automata.

the constant-function problem: an automaton A is live iff SafetyCl(A) is con-
stant [6]. Just like every boolean property is the intersection of its safety closure
and a liveness property, every quantitative property is the pointwise minimum
of its safety closure and a liveness property [25]. Recently, it was proved that all
the common classes of automata can be decomposed into its safety closure and
a liveness property [7]. Consider the automaton A, its safety closure B, and its
liveness part C as defined in Figure 1. In B, each strongly connected component
(SCC) of A is assigned the highest value achievable within the component, rep-
resenting the greatest among the lower bound hypotheses that cannot be refuted
by any finite prefix. The liveness part C consists of three components: the upper
part is a copy of A (ensuring C can have runs with the same value as A); the
middle part contains a ⊤A-weighted copy of the highest-valued cycle in each
SCC (enabling C to achieve high-valued runs when A and B agree); and the
lower part includes a sink state looping with the lowest weight of A (allowing C
to “escape” the middle part and realize a value using the upper part).

3 QuAK Overview and Usage

QuAK is written in C++ using the standard library, and the source code is
available online [10]. It can be used both as a C++ library and a stand-alone
tool through the command-line interface – see our project repository for instruc-
tions. For Inf, Sup, LimInf, LimSup, LimInfAvg, and LimSupAvg automata, QuAK
implements the operations listed in Table 1 and a monitoring procedure where
the monitor maintains the maximal and minimal possible values or a running
average. The problems handled in QuAK reduce to either the inclusion problem
or the top value computation, as shown in Figure 2. For the details of these

We improve over QuAK’s initial version [11] in two ways. First, a safety-
liveness decomposition for nondeterministic automata is implemented, follow-
ing a new result that provides a decomposition for nondeterministic automata
with prefix-independent value functions, namely, LimInf, LimSup, LimInfAvg, and

reductions, we refer the reader to [7,11,13].
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Word* witEmpt, witSafe;
Automaton* A = new Automaton("A.txt");
Automaton* B = safetyClosure(A, LimInfAvg);
Automaton* C = livenessComponent(A, LimInfAvg);
bool flagEmpt = A->isNonEmpty(LimInfAvg, 5, &witEmpt);
bool flagSafe = A->isSafe(LimInfAvg, &witSafe);

Fig. 3: An example usage of QuAK as a C++ library. The functions isNonEmpty and
isSafe now take an additional (optional) parameter for storing the stem and the period
of the ultimately periodic word witnessing the algorithms’ outputs.

LimSupAvg automata [7, Thm. 9.5]. Second, the inclusion-checking and the top-
value computation algorithms are extended with an option to return a witness
(for negative instance of inclusion and all instances of top value). Since all other
problems reduce to these two (see Figure 2), the ability to generate witnesses
makes QuAK more informative for analyzing quantitative automata. Inclusion
checking, a central component of QuAK, is implemented using an antichain-
based algorithm, extending FORKLIFT for Büchi automata [20], with details
and performance benefits discussed in [11]. As this algorithm systematically
searches for counterexamples, it inherently supports witness construction for
negative instances. Top value computation is based on graph-theoretic algo-
rithms [13], with witness generation achieved via backtracking pointers. These
improvements, along with other features of QuAK, were validated through unit
testing, random testing, and cross-validation with existing implementations.

QuAK reads and constructs automata from text files. Each automaton is
represented as a list of transitions of the format a : v, q -> p which encodes
a transition from state q to state p with letter a and weight v. The initial state
of the input automaton is the source state of the first transition in its text file.

Recall the nondeterministic limit-average automaton A and its safety-liveness
decomposition from Figure 1. The first three lines of the code snippet in Figure 3
construct the automata A, B, and C as presented in Figure 1. The nonemptiness
check returns false, and witEmpt points to an array storing u = hi and v = hi
as ⊤A = A(hiω) = 6. Similarly, the safety check returns false and witSafe
points to an array storing u = v = lo as B(loω) = 4 and A(loω) = 2.

4 Conclusion

We presented an improved version of QuAK, our software tool for automat-
ing quantitative automata analysis, which extends the functionality introduced
in [11]. Future work aims to improve the tool’s scalability and applicability while
exploring more efficient verification methods. One promising avenue is the devel-
opment of symbolic approaches to efficiently manage large state spaces. Another
key direction involves extending the tool to support additional formalisms, such
as various types of discounted-sum automata [4], mean-payoff automaton expres-
sions [12], and nested quantitative automata [14]. In parallel with these efforts,
developing novel verification methods specifically tailored to the safety fragments
of expressive quantitative formalisms presents an exciting research direction.
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Abstract. Branch-and-bound (BaB) is among the most effective tech-
niques for neural network (NN) verification. However, existing works on
BaB for NN verification have mostly focused on NNs with piecewise linear
activations, especially ReLU networks. In this paper, we develop a general
framework, named GenBaB, to conduct BaB on general nonlinearities to
verify NNs with general architectures, based on linear bound propaga-
tion for NN verification. To decide which neuron to branch, we design a
new branching heuristic which leverages linear bounds as shortcuts to
efficiently estimate the potential improvement after branching. To decide
nontrivial branching points for general nonlinear functions, we propose to
pre-optimize branching points, which can be efficiently leveraged during
verification with a lookup table. We demonstrate the effectiveness of our
GenBaB on verifying a wide range of NNs, including NNs with activa-
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1 Introduction

Neural network (NN) verification aims to formally verify whether a neural network
satisfies certain properties, such as safety or robustness properties, prior to its
deployment in safety-critical applications. Existing NN verifiers typically com-
pute certified bounds for the output given a pre-defined input region and check
the desired properties on the output bounds. As computing exact bounds is NP-
complete [18], it becomes crucial to relax the bound computation to improve the
efficiency. Bound propagation methods [10, 15, 34, 40, 43, 48] have been commonly
used, which relax nonlinearities in NNs into linear lower and upper bounds which
can be efficiently propagated to finally bound the output of an entire NN.

To obtain tighter verified bounds, Branch-and-Bound (BaB) has been widely
utilized [4, 5, 7, 11, 23, 41, 46] in state-of-the-art NN verifiers, where BaB it-
eratively branches the bounds of intermediate neurons, such that subproblems
of verification are created and tighter bounds can be computed for each sub-
problem. However, previous works mostly focused on ReLU networks due to the
simplicity of ReLU from its piecewise linear nature. Branching a ReLU neuron
only requires branching at 0, and it immediately becomes linear in either branch
around 0. Conversely, handling NNs with nonlinearities beyond ReLU introduces
additional complexity as the convenience of piecewise linearity diminishes. It is
important for verifying many models with non-ReLU nonlinearities, including:
NNs with non-ReLU activation functions; more complex NNs such as LSTMs [17]
and Transformers [38] which have nonlinearities including multiplication and
division beyond activation functions; applications such as AC Optimal Power
Flow (ACOPF) [14] where the verification problem is defined on a computational
graph consisting of a NN and also several nonlinear operators encoding the non-
linear constraints to be verified. Although some previous works have considered
BaB for NNs beyond ReLU networks, e.g., [15, 44] considered BaB on networks
with S-shaped activations such as Sigmoid, these works still often specialize in
specific and relatively simple types of nonlinearities. A more principled framework
for handling general nonlinearities is lacking, leaving ample room for further
advancements in verifying non-ReLU NNs.

In this paper, we propose GenBaB, a principled neural network verifica-
tion framework with BaB for general nonlinearities. To enable BaB for general
nonlinearities beyond ReLU, we first formulate a general BaB framework, and
we introduce general branching points, where we may branch at points other
than 0 for nonlinear functions, which is needed when the nonlinearity is not
piecewise linear around 0. We then propose a new branching heuristic named
“Bound Propagation with Shortcuts (BBPS)” for branching general nonlinearities,
which carefully leverages the linear bounds from bound propagation as shortcuts
to efficiently and effectively estimate the bound improvement from branching
a neuron. Moreover, we propose to decide nontrivial branching points by pre-
optimizing branching points, according to the tightness of the resulted linear
relaxation, and we save the optimized branching points into a lookup table to be
efficiently used when verifying an entire NN with different data instances.

We demonstrate the effectiveness of our GenBaB on a variety of networks,
including feedforward networks with Sigmoid, Tanh, Sine, or GeLU activations,
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as well as LSTMs and Vision Transformers (ViTs). These models involve various
nonlinearities including S-shaped activations, periodic trigonometric functions,
and also multiplication and division which are multi-dimensional nonlinear op-
erations beyond activation functions. We also enable verification on models for
the AC Optimal Power Flow (ACOPF) application [14]. GenBaB is generally
effective and outperforms existing baselines. The improvement from GenBaB is
particularly significant for models involving functions with stronger nonlinearity.
For example, on a 4× 100 network with the Sine activation, GenBaB improves
the verification from 4% to 60% instances verified (NNs with the Sine activation
have been proposed for neural representations and neural rendering in Sitzmann
et al. [35]).

2 Background

The NN verification problem. Let f : Rd → RK be a neural network taking
input x ∈ Rd and outputting f(x) ∈ RK . Suppose C is the input region to be
verified, and s : RK → R is an output specification function, h : Rd 7→ R is the
function that combines the NN and the output specification as h(x) = s(f(x)). NN
verification can typically be formulated as verifying if h(x) > 0, ∀x ∈ C provably
holds. A commonly adopted special case is robustness verification given a small
input region, where f(x) is a K-way classifier and h(x) := mini ̸=c{fc(x)− fi(x)}
checks the worst-case margin between the ground-truth class c and any other
class i. The input region is often taken as a small ℓ∞-ball with radius ϵ around
a data point x0, i.e., C := {x | ∥x − x0∥∞ ≤ ϵ}. This is a succinct and useful
problem for provably verifying the robustness properties of a model and also for
benchmarking NN verifiers, although there are other NN verification problems
beyond robustness [3]. We mainly focus on this setting for its simplicity following
prior works.

Linear bound propagation. We develop our GenBaB based on linear
bound propagation [45, 48] for computing the verified bounds of each subproblem
during the BaB. Linear bound propagation can lower bound h(x) by propagating
linear bounds w.r.t. the output of one or more intermediate layers as h(x) ≥∑

i Aix̂i + c (∀x ∈ C), where x̂i (i ≤ n) is the output of intermediate layer i in
the network f(x) with n layers, Ai are the coefficients w.r.t. layer i, and c is a
bias term. In the beginning, the linear bound is simply h(x) ≥ I · h(x) + 0 which
is actually an equality. In the bound propagation, Aix̂i is recursively substituted
by the linear bound of x̂i w.r.t its input. For simplicity, suppose layer i − 1 is
the input to layer i and x̂i = hi(x̂i−1), where hi(·) is the computation for layer i.
And suppose we have the linear bounds of x̂i w.r.t its input x̂i−1 as:

aix̂i−1 + bi ≤ x̂i = hi(x̂i−1) ≤ aix̂i−1 + bi, (1)

with parameters ai,bi,ai,bi for the linear bounds, and “≤” holds elementwise.
Then Aix̂i can be substituted and lower bounded by Aix̂i ≥ Ai−1x̂i−1+

(
Ai,+bi+

Ai,−bi

)
, where Ai−1 = Ai,+ai +Ai,−ai, (“+” and “-” in the subscripts denote

taking positive and negative elements, respectively). In this way, the linear bounds
are propagated from layer i to layer i− 1. Ultimately, the linear bounds can be
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propagated to the input of the network x as h(x) ≥ A0x+ c (A0 ∈ R1×d), where
the input can be viewed as the 0-th layer. Depending on C, this linear bound can
be concretized into a lower bound without x. We focus on settings where C is an
ℓ∞-ball as mentioned above, and thereby we have:

∀∥x− x0∥∞ ≤ ϵ, A0x+ c ≥ A0x0 − ϵ∥A0∥1 + c. (2)

To obtain Eq. (1), if hi is a linear operator, we simply have aix̂i−1 + bi =
aix̂i−1 + bi = hi(x̂i−1) which is hi itself. Otherwise, linear relaxation is used,
which relaxes a nonlinearity and bound the nonlinearity by linear functions. An
intermediate bound on x̂i−1 as li−1 ≤ x̂i−1 ≤ ui−1 is usually required for the
relaxation, which can be obtained by treating the intermediate layer as the output
of a network and running additional bound propagation.

3 Method

3.1 Overall Framework

Notations. Although in Section 2, we considered a feedforward NN for simplicity,
linear bound propagation has been generalized to NNs with general architectures
and general computational graphs [45]. In our work, we also consider a general
computational graph h(x) for input region x ∈ C. Instead of a feedforward
network with n layers in Section 2, we consider a computational graph with
n nodes, where each node i computes some function hi(·) which may either
correspond to a linear layer in the NN or a nonlinearity. We use x̂i to denote the
output of node i, which may contain many neurons, and we use x̂i,j to denote
the output of the j-th neuron in node i. Intermediate bounds of node i may be
needed to relax and bound hi(·), and we use li,j ,ui,j to denote the intermediate
lower and upper bound respectively. We use l and u to denote all the intermediate
lower bounds and upper bounds, respectively, for the entire computational graph.

Overview of GenBaB. Our GenBaB is a general branch-and-bound framework
to handle NNs with general nonlinearities, for NN verification with linear bound
propagation. Note that our contributions focus on the branching part for general
nonlinearities, while bounding for individual subdomains during BaB follows
existing linear bound propagation which has supported general models [45].

We conduct an initial verification using linear bound propagation before
entering BaB. We proceed to BaB only if the initial verification is not sufficient
for a successful verification, and we aim to use BaB to enhance the verification
for such hard cases. In our BaB, we branch the intermediate bounds of neurons
connected to general nonlinearities. We maintain a dynamic pool of intermediate
bound domains, D = {(l(i),u(i))}mi=1, where each domain (l(i),u(i)) (1 ≤ i ≤ m)
denotes the intermediate bounds of a subproblem in the BaB, m = |D| is
the number of current domains, and initially we have D = {(l,u)} with the
intermediate bounds from the initial verification. Then in each iteration of BaB,
we pop a domain from D, and we select a neuron to branch and a branching
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point between the intermediate bounds of the selected neuron. To support general
nonlinearities, we formulate a new and general branching framework in Section 3.2,
where we introduce general branching points, in contrast to branching ReLU at
0 only, and we also support more complicated networks architectures where a
nonlinearity can involve multiple input nodes or output nodes. To decide nontrivial
branching points, in Section 3.3, we propose to pre-optimize the branching points,
which aims to produce the tightest linear relaxation after taking the optimized
branching point. And in order to decide which neuron we choose to branch,
we propose a new branching heuristic in Section 3.4 to estimate the potential
improvement for each choice of a branched neuron, where we carefully leverage
linear bounds as an efficient shortcut for a more precise estimation.

Each branching step generates new subdomains. For the new subdomains,
we update l,u for the branched neurons according to the branching points, and
the branching decision is also encoded into the bound propagation as additional
constraints by Lagrange multipliers following Wang et al. [41]. For each new
subdomain, given updated l,u, we use V (h, C, l,u) to denote a new verified bound
computed with new intermediate bounds l,u. Subdomains with V (h, C, l,u) > 0
are verified and discarded, otherwise they are added to D for further branching.
We repeat the process until no domain is left in D and the verification succeeds,
or when the timeout is reached and the verification fails. In the implementation,
our BaB is batched where many domains are handled in parallel on a GPU with
the batch size dynamically tuned to fit the GPU memory.

3.2 Branching for General Nonlinearities

As illustrated in Figure 1, branching for general nonlinearities on general compu-
tational graphs is more complicated, in contrast to BaB for ReLU networks. For
general nonlinearities, we need to consider branching at points other than 0. In
addition, unlike typical activation functions, some nonlinearities may take more
than one inputs and thereby have multiple input nodes that can be branched,
such as multiplication in LSTM (“ft+1⊙ ct” in Figure 1) or Transformers [17, 38].
On general computational graphs, a node can also be followed by multiple non-
linearities, as appeared in LSTMs (such as “ct” in Figure 1), and then branching
the intermediate bounds of this node can affect multiple nonlinearities.

To resolve these challenges, we propose a more general formulation for branch-
ing on general computational graphs with general nonlinearities. Each time, we
consider branching the intermediate bounds of a neuron j in a node i, namely
[li,j ,ui,j ], if node i is the input of some nonlinearity. We consider branching
the concerned neuron into 2 branches with a nontrivial branching point pi,j , as
[li,j ,ui,j ] → [li,j ,pi,j ], [pi,j ,ui,j ]. Here we consider branching from the perspec-
tive of each node i which is the input to at least one nonlinearity and decide if
we branch the intermediate bounds [li,ui] of this node. This consideration allows
us to conveniently support nonlinearities with multiple input nodes or multiple
nonlinearities sharing an input node. On the contrary, if we consider branching
from the perspective of each nonlinearity, the considered nonlinearity may share
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Part of a ReLU Network

𝑥 ReLU(𝑥)

Branching 𝑥	

𝑓!"# 𝑓!"#⊙ 𝑐!

𝑐! Tanh(𝑐!)

Part of an LSTM

Branching 𝑐! 	

Fig. 1: Illustration of the more complicated nature of branching for general
nonlinearities (branching a ReLU activation v.s. branching for nonlinearities
in an LSTM). Notations for part of an LSTM follows PyTorch’s documenta-
tion (https://pytorch.org/docs/stable/generated/torch.nn.LSTM.html).
Nodes in orange are being branched. For general nonlinearities, branching points
can be non-zero (0.86 in the LSTM example here), a nonlinearity can take mul-
tiple input nodes (ft+1 ⊙ ct here), and a node can also be followed by multiple
nonlinearities (ct is followed by a multiplication and also Tanh, and branching ct
affects both two nonlinearities).

some input node with another nonlinearity and thus other nonlinearities can also
be affected.

3.3 Where to Branch? New Considerations for General Nonlinear
Functions

The more complex nature of general nonlinear functions also brings flexibility on
choosing branching points, compared to the ReLU activation where only branching
at 0 is reasonable. A straightforward way is to branch in the middle between the
intermediate lower and upper bounds, as shown in Figure 2a. However, this can be
suboptimal for many nonlinear functions. Intuitively, as tighter linear relaxation
can often lead to tighter verified bounds [24, 46], we aim to choose a branching
point such that the linear relaxation for both sides after the branching can be
as tight as possible. Therefore, we propose to pre-optimize branching points for
each case of nonlinearity in the model, before actually running BaB on different
data instances. We enumerate all pairs of possible intermediate bounds within a
certain range with a step size, where we set a small step size which defines the

https://pytorch.org/docs/stable/generated/torch.nn.LSTM.html
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(a) Branching a Sine activa-
tion in the middle.
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(b) Branching a Sine at
our pre-optimized branch-
ing point.
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Optimal branching point
Tightness loss

(c) The tightness loss de-
fined in Eq. (3) for different
branching points.

Fig. 2: Illustration of branching the intermediate bounds of a neuron connected
to the Sine activation [35].

gap between the adjacent enumerated intermediate bounds. And we save the
optimized branching points into a lookup table. During verification, for each pair
of intermediate bounds we actually encounter, we efficiently query the lookup
table and take the branching point for the closest intermediate bound pair in the
lookup table (if no valid branching point is obtained from the lookup table, we
try branching in the middle instead as a backup). An example of pre-optimized
branching points is shown in Figure 2b. We only need to pre-optimize branching
points once for each new model, and the produced lookup table can be used on an
arbitrary number of data instances, and thus the time cost of the pre-optimization
is negligible for the overall verification.

We now formulate the objective of the pre-optimization. For simplicity here,
we mainly assume that we have a unary nonlinear function q(x), although our
method supports functions with any number of inputs in practice. Suppose the
input intermediate bounds for q(x) is l ≤ x ≤ u, we aim to find a branching point
p = P (l, u) such that the overall tightness of the linear relaxation for input range
[l, p] and [p, u], respectively, is the best. Suppose the linear relaxation for input
range [l, p] is a1x+b1 ≤ q(x) ≤ a1x+b1, and similarly a2x+b2 ≤ q(x) ≤ a2x+b2
for input range [p, u]. Following previous works such as Shi et al. [31], we use
the integral of the gap between the lower linear relaxation and the upper linear
relaxation to measure the tightness (the linear relaxation is considered as tighter
when the gap is smaller). We define it as a tightness loss P (q(x), l, u, p) for
nonlinearity q(x) with input range [l, u] and branching point p:

P (q(x), l, u, p) =

∫ p

l

((
a1x+ b1

)
−
(
a1x+ b1

))
dx+

∫ u

p

((
a2x+ b2

)
−
(
a2x+ b2

))
dx ,

(3)
where the parameters for the linear relaxation (a1, a1, b1, b1, a2, a2, b2, b2) all
depend on p. We take the best branching point p (l < p < u) which minimizes
P (q(x), l, u, p). Figure 2c plots the tightness loss for the Sine activation. This
problem can be solved by gradient descent, or an enumeration over a number of
potential branching points if the nonlinear function only has one or two inputs.
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Moreover, we also support a generalized version of Eq. (3) for nonlinear
functions with multiple inputs (such as multiplication involving two inputs),
where we use a multiple integral to measure the tightness for multi-dimensional
nonlinearities. And when a branched node has multiple nonlinear output nodes,
we take the sum for multiple nonlinearities as

∑
q∈Q P (q(x), l, u, p), where Q is

the set of output nonlinearities. As such, our pre-optimized branching points
support general computational graphs.

3.4 Which Neuron to Branch? A New Branching Heuristic

Since a NN usually contains many neurons where branching can potentially occur,
typically a branching heuristic is used to efficiently decide a neuron to branch,
so that the time cost of each BaB iteration is moderate to allow more BaB
iterations within the time budget. The branching heuristic is essentially a scoring
function for estimating the new verified bound after branching at each neuron,
in order to choose a good neuron which potentially leads to a good improvement
after the branching. We propose a new branching heuristic to support general
nonlinearities.

Specifically, we design a function Ṽ (l,u, i, j, k,pi,j) which estimates the new
bound of the k-th (1≤k≤2) branch, after branching neuron j in node i using
branching points pi,j . We use B(l,u, i, j, k,pi,j) to denote the updated intermedi-
ate bounds after this branching, and essentially we aim to use Ṽ (l,u, i, j, k,pi,j) to
efficiently estimate V (h, C, B(l,u, i, j, k,pi,j)) which is the actual verified bound
after the branching, but it is too costly to directly compute an actual verified
bound for each branching option.

Suppose we consider branching a neuron j in node i and we aim to estimate
V (·) for each branch k. In the linear bound propagation, when the bounds are
propagated to node i, we have:

h(x) ≥ A
(k)
i,j x̂i,j + c(k) ≥ V (h, C, B(l, i, j, k,pi,j)), (4)

where we use A
(k)
i,j and c(k) to denote the parameters in the linear bounds for

the k-th branch, and here c(k) a bias term accumulated on all the neurons. Since
we do not update the intermediate bounds except for the branched neurons
during BaB for efficiency following Wang et al. [41], branching a neuron in node
i only affects the linear relaxation of nonlinear nodes immediately after node
i (i.e., output nodes of i). Therefore, A(k)

i,j and c(k) can be computed by only
propagating the linear bounds from the output nodes of i, using previously stored
linear bounds, rather than from the final output of h(x).

For a more efficient estimation, instead of propagating the linear bounds
towards the input of the network step by step, we propose a new branching
heuristic named Bound Propagation with Shortcuts (BBPS), where we use a
shortcut to directly propagate the bounds to the input. Specifically, we save the
linear bounds of all the potentially branched intermediate nodes during the initial
verification. For every neuron j in intermediate node i, we record:

∀x ∈ C, Âijx+ ĉij ≤ x̂ij ≤ Âijx+ ĉij , (5)
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where Âij , ĉij , Âij , ĉij are parameters for the linear bounds. These are obtained
when linear bound propagation is used for computing the intermediate bounds
[li,j ,ui,j ] and the linear bounds are propagated to the input x. We then use Eq.
(5) to compute a lower bound for A

(k)
i,j x̂i,j + c(k):

A
(k)
i,j x̂i,j + c(k) ≥ (A

(k)
i,j,+Âij +A

(k)
i,j,−Âij)x+A

(k)
i,j,+ĉij +A

(k)
i,j,−ĉij + c(k). (6)

The right-hand-side can be concretized by Eq. (2) to serve as an approximation
for V (·) after the branching. In this way, the linear bounds are directly propagated
from node i to input x and concretized using a shortcut. We thereby take the
concretized bound as Ṽ (l,u, i, j, k,pi,j) for our BBPS heuristic score.

This computation is efficient, and it does not affect the time complexity of
BaB as the time complexity is mainly dominated by the bound computation after
each branching. Our branching heuristic is also generally formulated. We leverage
updates on the linear relaxation of any nonlinearity, and general branching
points and general number of inputs nodes are supported when we update the
linear relaxation. Node i can also have multiple nonlinear output nodes, as we
accumulate the linear bounds propagated from all the output nodes to produce
Eq. (4).

Comparison to branching heuristics in previous works. Existing branching heuris-
tics from previous works [4, 5, 7, 23] are more restrictive, as they mostly focused
on branching ReLU neurons with a fixed branching point (0 for ReLU) and
their heuristic is specifically formulated for ReLU, unlike our general formulation
above. Even if we directly generalize their branching heuristic to support general
nonlinearities, we also empirically find they are often not precise enough for
general nonlinearities due to their more aggressive approximation. In the existing
BaBSR heuristic originally for ReLU networks [4], they essentially propagate the
bounds only to the node before the branched one with an early stop, and they
then ignore the coefficients (A(k)

i−1,j for a feedforward NN) without propagating
further. In contrast, in our BBPS heuristic, we carefully utilize a shortcut to
propagate the bounds to the input as Eq. (6) rather than discard linear terms
early. Therefore, we expect our BBPS heuristic to be more precise and effective.

4 Experiments

4.1 Settings

Implementation and additional experimental details are provided in Appendix D.

Models and Data. We focus on verifying NNs with nonlinearities beyond ReLU,
and we experiment on models with various nonlinearities as shown in Table 1. We
mainly consider the commonly used ℓ∞ robustness verification specification on im-
age classification. We use the term instance to refer to a data example along with
the corresponding verification specification. We adopt some MNIST [22] models
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with Sigmoid and Tanh activation functions from previous works [27, 33, 34],
along with their data instances. Besides, to test our method on more models
with various nonlinearities using a consistent training setting for all the mod-
els, we train many new models with various nonlinearities on CIFAR-10 [21]
by PGD adversarial training [25], using an ℓ∞ perturbation with ϵ = 1/255
in both training and verification. The models we train on CIFAR-10 include
models with Sigmoid, Tanh, Sine, and GeLU activation functions, respectively,
as well as LSTM [17] and ViT [8]. We adopt PGD adversarial training, be-
cause NNs trained without robust training are known to be highly vulnerable
to tiny adversarial perturbations [13, 36] and formal verification is not possi-
ble unless ϵ is much smaller. For these CIFAR-10 models, we first run vanilla
CROWN [45, 47] (linear bound propagation without optimized linear relax-
ation [24, 46] or BaB [41, 46]), to remove instances which are too easy where
vanilla CROWN already succeeds. We also remove instances where PGD attack
succeeds, as such instances are impossible to verify. We only retain the first
100 instances if there are more instances left. We set a timeout of 300 seconds
for our BaB in all these experiments. In addition, we adopt an NN verification
benchmark for verifying properties in the Machine Learning for AC Optimal
Power Flow (ML4ACOPF) problem [14]7 which is beyond robustness verification.

Table 1: List of models with various non-
linearities in our experiments.

Model Nonlinearities in the model

Feedforward sigmoid, tanh, sin, GeLU
LSTM sigmoid, tanh, xy
ViT with ReLU ReLU, xy, x/y, x2,

√
x, exp(x)

ML4ACOPF ReLU, sigmoid, sin, xy, x2

Baselines. We compare our GenBaB
with the previous α,β-CROWN which
did not support BaB on non-ReLU
nonlinearities. We also compare with
several other baselines, including Deep-
Poly [34], PRIMA [27], VeriNet [15],
PROVER [29], DeepT [1], Wu et al.
[44], Wei et al. [42], on the models they
support, respectively. Among these
baselines, only VeriNet and Wu et al.
[44] support BaB on Sigmoid or Tanh
models, and none of the baseline supports BaB on general nonlinearities. While
the original BaBSR heuristic in Bunel et al. [4] only supported ReLU networks,
we also implemented a generalized version of BaBSR for nonlinearities beyond
ReLU for an empirical comparison in Table 3, based on the difference in treating
the linear term discussed in Section 3.4.

4.2 Main Results

Experiments on Sigmoid and Tanh networks for MNIST. We first experiment on
Sigmoid networks and Tanh networks for MNIST and show the results in Table 2.
On 6 out of the 8 models, our GenBaB is able to verify more instances over
α,β-CROWN without BaB and also outperforms all the non-CROWN baselines.
7 Benchmark: https://github.com/AI4OPT/ml4acopf_benchmark.

https://github.com/AI4OPT/ml4acopf_benchmark
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Table 2: Number of verified instances out of the first 100 test examples on MNIST
for several Sigmoid networks and Tanh networks along with their ϵ. The settings
are the same as those in PRIMA [27]. “L×W ” in the network names denote a
fully-connected NN with L layers and W hidden neurons in each layer. The upper
bounds in the last row are computed by PGD attack [25], as a sound verification
should not verify instances where PGD can successfully find counterexamples.

Method
Sigmoid Networks Tanh Networks

6×100 6×200 9×100 ConvSmall 6×100 6×200 9×100 ConvSmall
ϵ=0.015 ϵ=0.012 ϵ=0.015 ϵ=0.014 ϵ=0.006 ϵ=0.002 ϵ=0.006 ϵ=0.005

DeepPolyab 30 43 38 30 38 39 18 16
PRIMAa 53 73 56 51 61 68 52 30
VeriNetc 65 81 56 - 31 30 16 -
Marabou [44]? 65 75 96? 63 - - - -
Vanilla CROWNb 53 63 49 65 18 24 44 55
α,β-CROWN (w/o BaB) 62 81 62 84 65 72 58 69
GenBaB (ours) 71 83 62 92 65 78 59 75

Upper bound 93 99 92 97 94 97 96 98
aResults for DeepPoly and PRIMA are directly from Müller et al. [27].
bWhile DeepPoly and CROWN are thought to be equivalent on ReLU networks [27],
these two works adopt different relaxation for Sigmoid and Tanh, which results in
different results here.
cResults for VeriNet are obtained by running the tool (https://github.com/
vas-group-imperial/VeriNet) by ourselves. VeriNet depends on the FICO Xpress
commercial solver which requires a license for models that are relatively large. FICO
Xpress declined the request we submitted for an academic license due to the lack of a
course tutor. Thus, results on ConvSmall models are not available.
?We found that the result Wu et al. [44] reported on the Sigmoid 9× 100 model exceeds
the upper bound by PGD attack (96 > 92), and thus the result tends to be not fully
valid (also reported in Zhou et al. [51]).

We find that improving on Sigmoid 9× 100 and Tanh 6× 100 networks by BaB is
harder, as the initial bounds are typically too loose on the unverifiable instances
before BaB, possibly due to these models being trained without robustness
consideration.

Experiments on feedforward NNs with various activation functions for CIFAR-10.
In Table 3, we show results for models on CIFAR-10. On all the models, GenBaB
verifies much more instances compared to α,β-CROWN without BaB. We also
conduct ablation studies to investigate the effect of our BBPS heuristic and
branching points, with results shown in the last three rows of Table 3. Comparing
“Base BaB” and “ + BBPS”, on most of the models, we find that our BBPS
heuristic significantly improves over directly generalizing the BaBSR heuristic [4]
used in “Base BaB”. Comparing “+ BBPS” and “+ BBPS, + pre-optimized”, we
find that our pre-optimized branching points achieve a noticeable improvement on
many models over always branching in the middle. The results demonstrate the
effectiveness of our GenBaB with our BBPS heuristic and pre-optimized branching
points. GenBaB also exhibits much better scalability, where we compare the

https://github.com/vas-group-imperial/VeriNet
https://github.com/vas-group-imperial/VeriNet
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Table 3: Number of verified instances out of 100 filtered instances on CIFAR-10
with ϵ = 1/255 for feedforward NNs with various activation functions. The last
three rows contain results for the ablation study, where “Base BaB” does not use
our BBPS heuristic or pre-optimized branching points, but it uses a generalized
BaBSR heuristic [4] and always branches intermediate bounds in the middle.

Method Sigmoid Networks Tanh Networks Sine Networks GeLU Networks
4×100 4×500 6×100 6×200 4×100 6×100 4×100 4×200 4×500 4×100 4×200 4×500

PRIMAa 0 0 0 0 0 0 - - - - - -
Vanilla CROWNb 0 0 0 0 0 0 0 0 0 0 0 0
α,β-CROWN w/o BaBc 28 16 43 39 25 6 4 2 4 44 33 27
GenBaB (ours) 58 24 64 50 49 10 60 35 22 82 65 39

Ablation Studies
Base BaB 34 19 44 41 34 8 9 8 7 64 54 39
+ BBPS 57 24 63 49 48 10 56 34 21 74 59 36
+ BBPS, + pre-optimized 58 24 64 50 49 10 60 35 22 82 65 39

aResults for PRIMA are obtained by running ERAN (https://github.com/eth-sri/
eran) which contains PRIMA. PRIMA does not support Sine or GeLU activations.
bWe have extended its support to GeLU, as discussed in Appendix B.3.
cWe have extended optimizable linear relaxation in α,β-CROWN to Sine and GeLU, as
discussed in Appendix B.

model size each method can handle w.r.t. a threshold on the number of verified
instances. For example, if our threshold is 20 verified instances, GenBaB can at
least scale to 4× 500 (22 instances verified) while α,β-CROWN w/o BaB cannot
even scale to 4× 100 (likely even much smaller, as only 4 instances are verified
for 4× 100).

For PRIMA and vanilla CROWN, as we only use relatively hard instances
for verification here, these two methods are unable to verify any instance in this
experiment. For VeriNet, all the models here are too large without a license for
the FICO Xpress solver (an academic license was not available to us as mentioned
in Table 2); we have not obtained the code to run Wu et al. [44] on these models.
Thus, we do not include the results for VeriNet or Wu et al. [44].

Experiments on LSTMs. Next, we experiment on LSTMs containing more complex
nonlinearities, including both Sigmoid and Tanh activations, as well as multipli-
cation as sigmoid(x) tanh(y) and sigmoid(x)y. We compare with PROVER [29]
which is a specialized verifier for RNNs and it outperforms earlier works [19].
While there are other works on verifying RNN and LSTM, such as [9, 26, 28],
we have not obtained their code, and we also make orthogonal contributions
compared to them on improving the relaxation for RNN verification which can
also be combined with our BaB. We take the hardest model, an LSTM for
MNIST, from the main experiments of PROVER (other models can be verified by
PROVER on more than 90% instances and are thus omitted), where each 28× 28
image is sliced into 7 frames for LSTM. We also have two LSTMs trained by
ourselves on CIFAR-10, where we linearly map each 32× 32 image into 4 patches
as the input tokens, similar to ViTs with patches [8]. Table 4 shows the results.

https://github.com/eth-sri/eran
https://github.com/eth-sri/eran
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Table 4: Number of verified instances out of 100 instances on LSTMs and ViTs.
The MNIST model is from PROVER [29] with ϵ = 0.01, and the CIFAR-10
models are trained by ourselves with ϵ = 1/255. “LSTM-7-32” indicates an
LSTM with 7 input frames and 32 hidden neurons, similar for the other two
models. “ViT-L-H” stands for L layers and H heads. Some models have fewer
than 100 instances, after filtering out easy or impossible instances, as shown
in “upper bounds”. Results for PROVER are obtained by running the tool
(https://github.com/eth-sri/prover). Results for DeepT are obtained by
running the tool (https://github.com/eth-sri/DeepT). PROVER and DeepT
specialize in RNNs and ViTs, respectively.

Method MNIST Model CIFAR-10 Models
LSTM-7-32 LSTM-4-32 LSTM-4-64 ViT-1-3 ViT-1-6 ViT-2-3 ViT-2-6

PROVER 63 8 3 - - - -
DeepT - - - 0 1 0 1
α,β-CROWN w/o BaB 82 16 9 1 3 11 7
GenBaB (ours) 84 20 14 49 72 65 56

Upper bound 98 100 100 67 92 72 69

α,β-CROWN without BaB can already outperform PROVER with specialized
relaxation for RNN and LSTM. Our GenBaB outperforms both PROVER and
α,β-CROWN without BaB.

Experiments on ViTs. We also experiment on ViTs which contain more other
nonlinearities, as shown in Table 1. For ViTs, we compare with DeepT [1] which
is specialized for verifying Transformers without BaB. We show the results in
Table 4, where our methods outperform DeepT, and our GenBaB effectively
improves the verification. Moreover, in Appendix C.2, we compare with Wei et al.
[42] which supports verifying attention networks but not the entire ViT, and
we experiment on models from Wei et al. [42] and find that our GenBaB also
outperforms Wei et al. [42].

Experiments on ML4ACOPF. Finally, we experiment on models for the Machine
Learning for AC Optimal Power Flow (ML4ACOPF) problem [14], and we
adopt the ML4ACOPF neural network verification benchmark, a standardized
benchmark in the 2023 International Verification of Neural Networks Competition
(VNN-COMP’23). The benchmark consists of a NN with power demands as inputs,
and the output of the NN gives an operation plan of electric power plants. Then,
the benchmark aims to check for a few nonlinear constraint violations of this plan,
such as power generation and balance constraints. These constraints, as part of
the computational graph to verify, involve many nonlinearities including Sine,
Sigmoid, multiplication, and square function. Our work is the first to support
this verification problem. Among the 23 benchmark instances, PGD attack finds
a counterexample on one instance, and our GenBaB verifies all the remaining 22
instances. Only 16 instances can be verified if BaB is disabled. This experiment

https://github.com/eth-sri/prover
https://github.com/eth-sri/DeepT
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Fig. 3: Total number of verified instances against running time threshold on
feedforward networks for CIFAR-10 with various activation functions. “Base BaB”
means that in the most basic BaB setting, we use a generalized BaBSR heuristic
and always branch in the middle point of intermediate bounds. “Base + BBPS”
uses our BBPS heuristic. Our full GenBaB uses both BBPS and pre-optimized
branching points.

shows a more practical application of our work and further demonstrates the
effectiveness of our framework.

4.3 Time Cost

Table 5: Time cost of pre-optimizing the branching points for models with different
nonlinearities. We only need to run pre-optimization once for each model. The
cost is thus negligible as we have many data instances to verify.

Model Sigmoid Tanh Sin GeLU LSTM ViT

Time cost (seconds) 49 55 112 82 761 746

In this section, we analyze the time cost of our method. Our GenBaB aims to
verify additional instances which cannot be verified without BaB, for models with
general nonlinearities. Average time is not a suitable metric here [41], because
different methods verify different numbers of instances, and a stronger verifier
which can verify more hard instances requiring more time cost will naturally
have a larger average time compared to a weak verifier which can only verify
the easiest instances quickly. Instead, we plot the number of verified instances
against different time thresholds in Figure 3. Such plots, a.k.a. “cactus plots”, are
commonly adopted in previous works [3, 41]. The plots show that our GenBaB
enables the verification of more instances as more time budget is allowed for BaB.
While the baseline without BaB can verify some relatively easy instances within
a short running time (GenBaB can also verify these easy instances during the
initial verification with the same time cost if BaB is not needed), the baseline
cannot utilize the remaining time budget to verify more instances. Time cost for
LSTM and ViT models are shown in Appendix C.1. In Table 5, we also show the
time cost of pre-optimizing the branching points. Overall, the pre-optimization
can be done quickly. As explained in Section 3.3, this time cost is negligible for
the overall verification, as we only need to run the pre-optimization once for each
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model and the produced lookup table of branching points can be used to verify
an arbitrary number of instances.

4.4 Comparison with BaB on ReLU for Models Containing ReLU

Table 6: Number of verified instances by GenBaB compared to BaB on ReLU
only, for certain models containing ReLU. For BaB on ReLU only, we show results
for two different branching heuristic (FSB [7] and our BBPS).

Method ViT-1-3 ViT-1-6 ViT-2-3 ViT-2-6 ML4ACOPF

BaB on ReLU only (FSB) 47 70 63 55 18
BaB on ReLU only (BBPS) 47 70 63 55 21
GenBaB 49 72 65 56 22
Upper bound 67 92 72 69 22

Although our focus is on BaB on non-ReLU nonlinearities, some of the
relatively complicated models involved in our experiments still contain ReLU,
and thus we compare our GenBaB with BaB on ReLU only for these models.
Specifically, only ViT and ML4ACOPF models in our experiments contain ReLU,
although they also contain many other nonlinearities. We show results in Table 6.
The results demonstrate that our GenBaB which branches on general nonlineari-
ties outperforms BaB on ReLU only for the models containing ReLU. And many
other models with other nonlinearities do not even contain ReLU. Threfore, our
GenBaB is important for the BaB on models with general nonlinearities. We also
observe that when we only conduct BaB on ReLU for ML4ACOPF, our BBPS
heuristic also outperforms the FSB heuristic [7] which is the default branching
heuristic adopted by α,β-CROWN for ReLU (FSB is improved from BaBSR [4]
and enhanced with a filtering mechanism to compute actual verified bounds for
a shortlist of neurons), and our GenBaB which considers all the nonlinearities
can verify more instances (all the 22 possible instances are verified) compared to
BaB on ReLU only.

5 Related Work

Due to the NP-complete nature of the NN verification [18], linear bound propaga-
tion [34, 43, 48] has been proposed to relax nonlinearities in a NN network using
linear lower and upper bounds and then propagate the linear relationship between
different layers, so that tractable output bounds can be efficiently computed
for much larger NNs with various architectures [2, 19, 31, 45]. A limitation of
using linear bound propagation only is that the linear relaxation, which depends
on the output bounds of intermediate layers, can often have a limited tightness
as the intermediate bounds gradually become looser in later layers. Therefore,
branch-and-bound (BaB) has been an essential technique in state-of-the-art
verifiers [5, 7, 16, 20, 23, 30, 39, 41, 44, 46] leveraging linear relaxation, which
iteratively branches the intermediate bounds of selected neurons to enable tight
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linear relaxation and compute tighter output bounds. However, most of the
existing works on the BaB for NN verification have focused on ReLU networks
with the piecewise-linear ReLU activation function, and they are not directly
applicable to NNs with nonlinearities beyond ReLU. Nevertheless, there are
several previous works on the BaB for verifying NNs with nonlinearities other
than ReLU. Henriksen and Lomuscio [15] conducted BaB on Sigmoid and Tanh
networks, but their framework depends on a commercial LP solver which has
been argued as less effective than recent NN verification methods using linear
bound propagation [41]. Besides, Wu et al. [44] studied verifying Sigmoid net-
works with counter-example-guided abstraction refinement. These works have
focused on S-shaped activations such as Sigmoid and Tanh, and there still lacks
a general framework supporting general nonlinearities beyond a particular type
of activation functions, which we address in this paper.

Orthogonal to our contributions on BaB for general nonlinearities, many works
studied the verification of NNs with various nonlinearities without considering
BaB, by improving the linear relaxation or extending the support of verification
to various architectures or specifications: Sigmoid and Tanh networks [2, 6, 48],
RNNs and LSTMs [9, 19, 26, 29, 37, 49], Transformers [1, 32, 42, 50], general
computational graphs [45], and specifications on activation patterns instead of
input [12]. Contributions along these lines may be combined with our work, as
our BaB is independent from the underlying linear relaxation adopted. Moreover,
some works improved the branching heuristic for verifying ReLU networks: Lu
and Mudigonda [23] proposed to use a Graph Neural Network for the branching
heuristic; De Palma et al. [7] proposed Filtered Smart Branching (FSB) which
filters initial candidates by a heuristic score and then uses a more accurate
bound computation to select an optimal neuron from a shortlist; Ferrari et al. [11]
considered the effect of a tighter multi-neuron relaxation in the branching heuristic.
These insights originally for ReLU networks may inspire future improvement of
the BaB for general nonlinearities.

6 Conclusion

To conclude, we propose a general BaB framework for NN verification involving
general nonlinearities in general computational graphs. We also propose a new
branching heuristic for deciding branched neurons and a pre-optimization proce-
dure for deciding branching points. Experiments on verifying NNs with various
nonlinearities demonstrate the effectiveness of our method.
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Cyclone: A Heterogeneous Tool for Verifying
Infinite Descent

Abstract. The Infinite Descent property underpins key verification tech-
niques, such as size-change program termination and cyclic proofs. De-
ciding whether the Infinite Descent property holds of a given program
or cyclic deduction is PSPACE-complete, with several exponential time
algorithms in the literature. In this paper, we consider algorithms with
better time complexity but which are (necessarily) incomplete. Con-
cretely, we formulate and evaluate a number of alternative algorithms for
semi-deciding Infinite Descent. Our aim is to improve average runtime
performance by utilising more efficient algorithms for specific subclasses of
input. We present Cyclone, a tool integrating these algorithms with an
existing (complete) decision procedure. We evaluate Cyclone on a large
suite of examples harvested from the Cyclist theorem prover, finding that
the incomplete algorithms achieve extremely high coverage and afford
substantial runtime improvement in practice. We thus believe that the
Cyclone tool will foster broader adoption of techniques based on Infinite
Descent and expand their practical applications.

Keywords: Infinite descent · Cyclic proof · Program termination

1 Introduction

Infinite Descent is an ω-regular liveness property that has important practical ap-
plications in the verification of software. For instance, it underpins the size-change
framework for checking program termination [15], in which a program’s call-graph
is used to produce an abstraction recording when the values manipulated by
the program (e.g. numbers) decrease as they are passed between function calls.
Infinite Descent then states that along all infinite paths through this call-graph,
we can trace a value that (strictly) decreases infinitely often. If the call-graph
satisfies this property then we know the program must terminate, since the order
used to interpret the decrease of values is well-founded. This technique is used,
for example, in the termination checker for the Agda proof assistant [1].

Infinite Descent also plays a crucial role in cyclic proof-theoretical techniques
for reasoning about inductive (and coinductive) properties [6,9,10,11,12,21,23].
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IntrE,0
2: ⊢ E(0), O(0)

6: N(x) ⊢ O(x), E(x)
Subst

5: N(y) ⊢ O(y), E(y)
IntrO,s

4: N(y) ⊢ O(y), O(s(y))
IntrE,s

3: N(y) ⊢ E(s(y)), O(s(y))
SplitN

1: N(x) ⊢ E(x), O(x)
∨R

0: N(x) ⊢ E(x) ∨O(x)

Fig. 1: A cyclic proof that every natural number is either even or odd. The blue
trace witnesses the Infinite Descent, with progress marked by the blue circle.

Instead of using inference rules in which a (co)inductive invariant must be
explicitly provided, the invariants can be ‘discovered’ by repeatedly decomposing
a goal into subgoals that are either provable or reducible back to the original
goal, forming a cycle in the proof. The Infinite Descent condition is then used to
justify the soundness of such a cyclic proof graph. In proof-theoretic settings, the
notion of ‘decrease’ is usually called ‘progress’, and commonly corresponds to
particular logic-specific steps that ‘unfold’ instances of (co)inductive definitions.

For example, Fig. 1 shows a cyclic proof of the fact that every natural number
is either even or odd, in a system for first-order logic with inductive predicates.
The natural numbers predicate N is (inductively) defined via the rules N(0) and
N(s(x)) ⇐ N(x) (where s stands for the successor). The predicates E and O
denote even and odd numbers, respectively, and are mutually defined via the rules
E(0), O(s(x))⇐ E(x) and E(s(x))⇐ O(x). The SplitN rule performs a case
split on the predicate instance N(x), guided by the defining rules for N , which
substitutes 0 and s(y) for x in the left- and right-hand premises, respectively. In
the latter, y is a fresh variable (denoting the predecessor of x) for which we know
from the definition of N that N(y) must hold. The other steps of the proof unfold
the E and O predicate instances, and perform substitutions. A cyclic proof has
the structure of a tree with ‘backlinks’, i.e. a tree in which some of the leaves
(called buds) have an edge to another node (called its companion). In Fig. 1,
node 6 is a bud whose companion is (the syntactically equal) node 1. When all
buds link to an ancestor node (as in this case), the proof is said to be (in) cycle
normal (form). However, this need not be the case in general. The proof satisfies
the Infinite Descent property since along the infinite path traversing the cycle,
we can trace a value (the instances of the N predicate) that progresses (i.e. is
unfolded by the SplitN rule) infinitely often.

This kind of cyclic reasoning has been employed widely to create both the-
oretical frameworks for program verification and inductive theorem proving
(e.g., [3,4,20,24,25,27,17]), as well the Cypress program synthesis tool [13] and
the automatic theorem provers Cyclist [5], Songbird [7], Inductor [22] and Cy-
cleQ [14]. Since the problem of deciding the Infinite Descent property is PSPACE-
complete [15,18], in practice these tools all implement one of a number of known
algorithms that have worst-case exponential runtimes [8]. Although this worst-
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case performance is not often encountered ‘in the wild’, these tools still rely
on deciding large numbers of problem instances. Therefore any speed up of the
Infinite Descent check has the potential to provide significant benefits in practice.

Our goal is to advance the state-of-the-art for deciding Infinite Descent and
thus push forward the practical use of automated cyclic reasoning and termination
checking. Our approach is to identify more efficient algorithms that only semi -
(co)decide Infinite Descent, along with (efficiently decidable) characterisations of
the subclass of instances on which they may return a definite answer. The idea
is that, since they do not need to uniformly treat all problem instances, these
algorithms may utilise particular structure in the input to return an answer more
quickly than the full decision procedures. We then heuristically combine these
semi-decision procedures into a heterogeneous pipeline, defaulting to a uniform
decision procedure in case none of them can return an answer.

In this paper we describe three such algorithms. The first decides an existing
criterion, proposed by Brotherston [2], called the Trace Manifold condition. The
other two decide novel criteria that we have formulated and call “Flat Cycles” and
“Descending Unicycles”, respectively. We analyse the coverage of these algorithms
by harvesting a large database of problem instances generated by the test suites of
the Cyclist theorem prover, which comprise inductive entailments of First-Order
Logic and Separation Logic. Guided by the analysis of these algorithms, we
combine and implement them within a new tool dubbed Cyclone [19], which
we integrate into Cyclist. We present an evaluation of our tool’s performance
on our harvested database, comparing it to the performance of the existing
decision procedures. We found that Cyclone demonstrates significant runtime
improvements, sometimes of several orders of magnitude.

Paper Outline. Sec. 2 formally defines the Infinite Descent problem, in a general
form, and sumarises the existing decision procedures. Sec. 3 describes the database
of problem instances that we harvested for evaluating our new algorithms. Sec. 4
then describes our novel semi-decision procedures. In Sec. 5 we present the
implementation of our tool, Cyclone, and compare its performance to the
existing methods implemented in Cyclist. Finally, Sec. 6 concludes.

2 Infinite Descent for Sloped Graphs

We begin by formally defining the Infinite Descent property in the abstract setting
of sloped graphs, following [8], which captures the essence of the Infinite Descent
problem in an application-independent way. That is, the formulation of Infinite
Descent in size-change termination, or some given cyclic logical proof system, are
special instances of the abstract definition we give here.

Infinite Descent tracks the ordering relationship between (abstract) values
along paths in a graph. The following definition of sloped graphs thus augments
the standard notion of a directed graph by associating with each node, or vertex,
a collection of abstract positions, and with each edge a relation assigning (flat or
downward) slopes between the positions associated with its end-points.
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0, {N(x)} 1, {N(x)}

2, ∅ 3, {N(y)} 4, {N(y)}

5, {N(y)}6, {N(x)}

N(x)⇝N(x)

N(x)
⇝

N(y)

N(y)⇝N(y)

N(y)⇝N(y)

N(y)⇝N(x)N(x)⇝N(x)

Fig. 2: Sloped graph from Example 1

Definition 1 (Sloped graphs). We assume a set Pos of positions and a set
S = {⇝,⇝ } of slopes, whose elements are called flat and downward, respectively.
– A sloped relation R ⊆ Pos×Pos×S is a partial function from pairs of positions

to slopes.
– A sloped graph SG is a tuple (V,E, Ps, (Rv,v′)(v,v′)∈E) such that:

(1) (V,E) is a directed graph with nodes V and edges E;
(2) Ps : V → ℘(Pos) is a function assigning a set of positions to every node;
(3) (Rv,v′)(v,v′)∈E is a family of sloped relations Rv,v′ ⊆ Ps(v) × Ps(v′) × S

indexed by edges.
We call the quantity max {|Ps(v)| | v ∈ V } the (vertex) width of SG.

Example 1. The cyclic proof shown in Fig. 1 can be abstracted by the sloped
graph SG = (V,E, Ps, (Rv,v′)(v,v′)∈E) defined as follows, and depicted in Fig. 2,
where we use inductive predicate instances as positions.
– V = {0, 1, 2, 3, 4, 5}.
– E = {(0, 1), (1, 2), (1, 3)(3, 4), (4, 5), (5, 6), (6, 1)}.
– Ps(0)=Ps(1)=Ps(6)={N(x)}, Ps(3)=Ps(4)=Ps(5)={N(y)}, Ps(2)=∅.
– R0,1 = R6,1 = {(N(x), N(x),⇝)}, R1,3 = {(N(x), N(y),⇝ )},

R3,4 = R4,5 = {(N(y), N(y),⇝)}, and R5,6 = {(N(y), N(x),⇝)}.

Since a sloped graph is a form of directed graph, we also adopt the graph-
theoretic notions of (finite and infinite) paths through the graph, which we denote
by (vi)i<α where α ≤ ω is (the ordinal that is) the length of the path.

A trace along a path in a sloped graph selects a position from each node in
the path, making sure that each position is related to the next by the sloped
relations associated with the edges that are traversed.

Definition 2 (Traces). A trace along a (possibly infinite) path (vi)i<α in a
sloped graph SG = (V,E, Ps, (Rv,v′)(v,v′)∈E) is a (possibly infinite) sequence
of positions τ = (pi)i<α such that, for every i < α, both pi ∈ Ps(vi) and
Rvi,vi+1

(pi, pi+1, s) for some (necessarily unique) slope s. When s = ⇝ we call
i a progressing point in the trace. We may also write τ(vi) to denote the ith

position, pi. A trace is decreasing if it has infinitely many progressing points. An
infinite path is descending if it has a tail along which there is a decreasing trace.

Definition 3 (Infinite Descent). A sloped graph is said to satisfy Infinite
Descent if all of its infinite paths are descending.
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Algorithm Time Complexity Upper Bound

VLA O(n5 · w2 · 22nw log(2nw))

SLA O(n2 · w ·min(n4, 32w
2

) · 22w log(2w))

FWK O(n·w4·33w2

+ n3·w4·32w2

)

OR O(n3 · w4 · 32w2

)

Table 1: Time complexity bounds for Infinite Descent decision procedures

The problem of deciding whether a given sloped graph satisfies Infinite Descent
is PSPACE-complete [15,18]. There are two basic approaches for deciding the
Infinite Descent property described in the literature.

Automata-theoretic: One approach is to encode the problem as an inclu-
sion between ω-automata: a ‘path’ automaton that recognises words corresponding
to all infinite paths in the sloped graph and a ‘trace’ automaton that recognises
words corresponding to all potential descending traces. A sloped graph satisfies
Infinite Descent if and only if the former automaton is included in the latter. The
problem can be encoded using ω-words over either the vertices or the sloped rela-
tions of the sloped graph. We call these encodings the Vertex-Language Automata
(VLA) and the Slope-Language Automata (SLA) encodings, respectively.

Ramsey-theoretic: An alternative approach is to compute for each pair
of nodes the collection of sloped relations consisting of the compositions of the
sloped relations along (finite) paths between the two nodes, with slopes combined
according to the ordering ⇝ < ⇝ . Once this ‘composition closure’ is computed,
checking Infinite Descent amounts to verifying the presence of certain downward
slopes in the relations representing loops in the sloped graph. This encoding is
an instance of the algebraic path problem and can be solved using the Floyd-
Warshall-Kleene (FWK) algorithm [16]. By taking advantage of the specific
symmetric nature of the Infinite Descent setting, a so-called order-reduced (OR)
optimisation of this procedure is possible [8].

All of these algorithms exhibit exponential worst-case runtime, but the com-
plexity profile of each method depends, in varying proportions, on two parameters
of the sloped graph: the number of nodes n, and the vertex width w. The worst-
case complexity bounds are summarised in Table 1. A comprehensive account of
these methods and their comparative performance can be found in [8].

3 A Database of Sloped Graphs

In order to support our goal of identifying useful classes of sloped graphs for
which Infinite Descent can be (semi-)decided (more) efficiently, we generated a
large database of sloped graphs using the Cyclist automated theorem prover [5],
which we believe to be representative of problem instances arising in real-world
applications. Cyclist implements a generic engine for cyclic proof search, sup-
porting arbitrary (cyclic) logical systems by exposing an API to this engine. It
currently features a number of logics with inductively defined predicates, includ-
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Satisfies
Infinite Descent

Does not satisfy
Infinite Descent

(all)

FOL 260 6437 6697
SL 42692 27694 70386

(all) 42952 34131 77083

Table 2: Aggregated numbers of sloped graphs in our database

(a) Nodes, Edges (b) Width (c) Buds

Fig. 3: Distribution of various sloped graph metrics

ing first-order logic (FOL) and Separation Logic (SL), which come with test
suites of representative (valid and invalid) logical entailments. During a search
for a cyclic proof of a given entailment, Cyclist runs the Infinite Descent check for
each intermediate (partial) candidate proof it encounters. We modified Cyclist to
output a JSON representation of the corresponding sloped graphs. (Note that
Cyclist also employs a preprocessing procedure for minimizing the proof graphs,
which we discuss in Sec. 5.2.)

In total, we collected over 77,000 sloped graphs. Table 2 shows the numbers of
sloped graphs aggregated by the logic they were generated from and whether or
not they satisfy Infinite Descent. We also collated statistics pertaining to various
metrics of sloped graphs, namely the number of nodes, edges, buds, and vertex
width. Again aggregated by the logic, Fig. 3 shows the density functions of these
metrics. Across the database, per graph, the number of nodes is at most 107 and
the number of edges is at most 120, with graphs most frequently having around
20 nodes/edges. Additionally, graphs have a vertex width of at most 17, with
the most frequent quantity being around 8. We see a maximum of 16 buds in
any graph, with most of the graphs having around 2 buds. We observe that the
vertex width is not particularly correlated with the number of edges/nodes and,
in general, the width is low compared to the number of nodes. In contrast, in
both test suites, we can see a high correlation between the number of nodes and
edges with the two metrics being almost identical. We also see that, in general,
the more nodes/edges in a graph, the more buds. However, the number of buds is
generally much lower than the number of nodes. This is not surprising given that
the graphs are (proof) trees with (few) backlinks, rather than generally highly
connected graphs.
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4 Effective Semi-algorithms for Infinite Descent

We now present the novel (incomplete) semi-decision procedures that we devel-
oped. Concretely we present the following heuristics, analysing their runtime
complexity and coverage (the number of graphs in our database for which it
returns a definitive answer, i.e. “yes” or “no”):

Trace Manifold (TM): a criterion from [2], for which we provide a novel
algorithm and implementation. This heuristic returns “yes”/“don’t know”.

Flat Cycles (FC): a novel criterion based on the notion of a flat projection of
a sloped graph. This heuristic returns “no”/“don’t know”.

Descending Unicycles (DU): a novel criterion based on non-overlapping
cycles in a sloped graph. This heuristic returns “yes”/“no”/“don’t know”.

We began by implementing the Trace Manifold criterion, but we found the
coverage of this method on our database to be very low. This prompted us to
formulate the other two criteria, which have better runtime complexity and verify
Infinite Descent on a much larger class of sloped graphs.

4.1 The Trace Manifold Criterion

The Trace Manifold criterion (TM) is a property of basic cycles in a sloped graph,
SG, that is a cycle normal tree with backlinks. In such graphs, a basic cycle can
be identified with a bud B, being the unique path in the graph leading to B from
its companion, denoted R(B). A structural connectivity relation, ≤SG, over the
buds can also be defined by relating two buds B1 and B2 precisely when R(B1)
lies along the basic cycle associated with B2.

A trace manifold comprises a set of traces for basic cycles.

Definition 4 (Trace Manifold). A set of (finite) traces is a trace manifold
for a sloped graph SG = (V,E, Ps, (Rv,v′)(v,v′)∈E) when it is of the form

{τS,B | S a strongly connected subgraph of SG,B ∈ S is a bud}

and satisfies the following.
(1) Each τS,B = p1 . . . pn is a trace along the basic cycle of B such that there is

some slope s for which (pn, p1, s) ∈ RB,R(B).
(2) For all τS,B1

and τS,B2
, if B1 ≤SG B2 then τS,B1

(R(B1)) = τS,B2
(R(B1)).

(3) For every strongly connected subgraph, S, of SG there is a bud B ∈ S such
that τS,B = p1 . . . pn has a progressing point or (pn, p1,

⇝ ) ∈ RB,R(B).

The properties of a trace manifold entail that its constituent traces can be
combined to yield descending traces for each infinite path.

Proposition 1 (Trace Manifold Criterion [2, Prop. 7.2.3]). If a (cycle
normal) sloped graph has a trace manifold, then it satisfies Infinite Descent.

To our knowledge, we are the first to implement a concrete algorithm to
decide the trace manifold criterion. Ultimately, however, given its low coverage
and potentially exponential runtime, we decided not to include it in Cyclone’s
final pipeline.
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Algorithm. Firstly, check if the sloped graph, SG, is in cycle normal form,
returning “don’t know” if not. Otherwise, compute each possible trace along
the basic cycles. Then, for each strongly connected subgraph, containing buds
B1, . . . , Bn, check for some possible combination of traces τ1, . . . , τn along their
respective basic cycles, with at least one trace progressing, satisfying τi(R(Bi)) =
τj(R(Bi)) for each pair of buds such that Bi ≤SG Bj . This check succeeds iff a
trace manifold exists. So, return “yes” in this case, otherwise return “don’t know”.

Complexity and Practical Runtime Evaluation. The algorithm described
above is exponential in both the number of buds and the number of nodes of the
sloped graph: quantification over all strongly-connected subgraphs leads to the
exponential dependency on the number of buds, and the quantification over all
traces following basic cycles leads to the exponential dependency in the number
of (sloped graph) nodes. Note that, given the set of buds (information that is
provided by Cyclist), checking whether a graph is in cycle normal form takes only
polynomial time.

Evaluating the implementation of our algorithm we discovered that, despite
its high worst-case complexity, its runtime performance on the instances in our
database of sloped graphs is, on average, significantly better than the state-of-
the-art complete method (OR). This is because the number of traces in each of
these instances is usually fairly small. We observed that the more edges in the
input sloped graph, the faster our implementation of TM compared to that of OR.
Our implementation was at most 29% slower than OR, and up to 1,970% faster.
However, despite its favourable runtime performance it only covered 31.2% of the
sloped graphs in our database that satisfy Infinite Descent, and thus only 17.38%
of the database overall. Moreover, although 48.4% of graphs in the database are
in cycle normal form, TM returns an answer on only 35.9% of these. Interestingly,
though, almost all cycle normal graphs in our database satisfying Infinite Descent
also satisfy TM.

4.2 Flat Cycles

This section presents a novel linear runtime method for checking if a sloped graph
does not satisfy Infinite Descent. For this, we first define the notion of the flat
projection graph, which is the underlying directed graph retaining only edges
whose associated sloped relation contains no downward slope.

Definition 5 (Flat projection graph). The Flat Projection Graph of a sloped
graph SG = (V,E, Ps, (Rv,v′)(v,v′)∈E) is the graph SG⇝ = (V,E⇝), where

E⇝ = {(u, v) | (u, v) ∈ E ∧ ∀p ∈ Ps(u) ∀q ∈ Ps(v). (p, q,⇝ ) ̸∈ Ru,v}

Proposition 2 (Flat Cycles criterion (FC)). Let SG be a sloped graph. If
SG⇝ has a cycle then SG does not satisfy Infinite Descent.
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0, {p0}

1, {p1, p′1}
p0⇝p1

p0⇝p′
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0

0

1 2
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Fig. 4: Sloped graphs and their Flat Projection graphs (in blue)

Algorithm 1 Infinite Descent by the Flat Cycles Criterion
Input: Sloped Graph SG = (V,E, Ps, (Rv,v′)(v,v′)∈E), vertex width = w
Output: “no” if SG has a flat cycle and “don’t know” otherwise
1: E⇝ := ∅
2: for all (u, v) ∈ E do ▷ |E| iterations
3: if (p, q,⇝ ) ̸∈ Ru,v for all p ∈ Ps(u), q ∈ Ps(v) then ▷ O(w2)
4: E⇝ ← E⇝ ∪ {(u, v)} ▷ O(1)
5: if DFS(V,E⇝) detects a cycle then return “no” ▷ O(|V |+ |E⇝|)
6: else return “don’t know”

Example 2. Fig. 4 shows two examples of sloped graphs: one that does not satisfy
the flat cycles criterion and one that does. Fig. 4a presents a sloped graph with
two nodes: node 0 with one position, p0, and node 1 with two positions, p1, p′1.
Since there is a downward slope in R1,0, (1, 0) /∈ E⇝ and therefore the flat
projection graph of this sloped graph (presented in blue) does not contain a cycle.
This, in turn, entails that FC does not yield a decision on this graph. On the
other hand, Fig. 4b presents a sloped graph with three nodes: node 0 having one
position and nodes 1, 2, having two positions each. Again, (1, 0) /∈ E⇝ because
there is a downward slope in R1,0. However, because there is no downward slope
in either R0,2 or R2,0, we get that (0, 2) ∈ E⇝ and (2, 0) ∈ E⇝, thus, there is
a cycle in the flat projection graph (presented in blue), which means that the
sloped graph satisfies the flat cycles criterion. Indeed, the sloped graph portrayed
in Fig. 4b does not satisfy Infinite Descent, as Prop. 2 entails.

While FC may seem like a strong condition, requiring an entire cycle in the
graph with no downward slopes on any of its edges, in practice it is very frequent
and covers 80.77% of the graphs in the database that do not satisfy Infinite
Descent, and thus 35.76% of the entire database.

Algorithm. Algo. 1 checks if a sloped graph satisfies Infinite Descent using the
FC criterion. It generates the flat projection graph and checks it for cycles using
a depth-first search (DFS). If there is a cycle, we know from Prop. 2 that the
sloped graph does not satisfy Infinite Descent and so return “no”. Otherwise, the
algorithm returns “don’t know”.

Complexity and Practical Runtime Evaluation. The algorithm goes over
all edges in the sloped graph (|E| iterations) and for each one it checks, in time
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Fig. 5: Flat Cycles Runtime by Nodes and Edges

quadratic in the vertex width of the input graph, whether its associated sloped
relation has no downward slope. If the relation has no downward slope we add
the edge to the flat edges set, which can be done in O(1) if we store this set as
an adjacency linked list for every node in the graph. Then we perform a DFS on
the flat projection graph which has runtime complexity of O(|V |+ |E⇝|). Since
E⇝ ⊆ E, in the worst case |E⇝| = O(|E|), which makes the worst-case runtime
O(|E| · w2 + |V |+ |E|) = O(|V |+ |E| · (w2 + 1)).

Fig. 5 shows the runtime of checking the criterion as a function of either
the number of nodes or the number of edges in the graph. The values in the
figure are an average of the runtime among all sloped graphs with each number
of nodes/edges. We can see a linear growth in the runtime in both graphs, as
expected from the runtime complexity analysis.

4.3 Descending Unicycles

Having defined in the previous section a linear-time algorithm that covers a
significant amount of the graphs in the database that do not satisfy Infinite
Descent, in this section, we present a novel, polynomial-time criterion that covers
a significant amount of the graphs that also do satisfy Infinite Descent.

We first identify a class of sloped graphs we call unicycles graphs. We say that
a path from cycle c to cycle c′ is any path v0, ..., vn such that v0 ∈ c and vn ∈ c′.

Definition 6 (Unicycles graph). A directed graph G = (V,E) is a unicycles
graph if for every two distinct basic cycles c, c′ in G, if there is a path from c to
c′, then there is no path from c′ to c.

Note that a unicycles graph necessarily does not contain any overlapping
cycles, i.e., two cycles with some shared node(s). Thus, e.g., the graph in Fig. 4b
is not a unicycles graph since there is a path in both directions through the node
0. However, the graph in Fig. 4a is a unicycles graph because it has just one
cycle. The graphs in Fig. 6 are unicycles graphs because, in both cases, although
there is a path from c1 = 0, 1 to c2 = 2, 3, there is no path from c2 to c1.
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Fig. 6: Unicycles Graphs

The key insight is that if a sloped graph is a unicycles graph, then the infinite
paths in the sloped graph are of the form π = v0, ..., vm, (u0, ..., uk)

ω, with
u0, ..., uk a basic cycle in the graph. This means that checking Infinite Descent
on unicycles graphs amounts to checking whether, for every basic cycle c in the
graph, the path cω has a progressing trace. We next formalize this requirement.

Definition 7 (Simply descending graph). We define the following, given a
sloped graph SG = (V,E, Ps, (Rv,v′)(v,v′)∈E).
(1) The positions graph induced by a path π = v1, . . . , vm in SG, denoted SGpos

π ,
is a directed graph (Vπ, Eπ) with a distinguished subset of progressing edges
Progπ ⊆ Eπ, defined by:
– Vπ = {(vi, p) | 1 ≤ i ≤ m and p ∈ Ps(vi)}
– Eπ = {((vi, p), (vi+1, q)) | 1 ≤ i < m and ∃s.(p, q, s) ∈ Rvi,vi+1

}
– Progπ = {((vi, p), (vi+1, q)) | 1 ≤ i < m and (p, q,⇝ ) ∈ Rvi,vi+1

}
(2) A basic cycle c in SG is said to be descending if SGpos

c has a basic cycle with
at least one progressing edge (i.e., an edge in Progc).

(3) We say that SG is simply descending if every basic cycle in SG is descending.

Example 3. The graph SG in Fig. 4a is simply descending because the basic cycle
(0, p0), (1, p

′
1) of SGpos

(0,1) has a progressing edge. The graph SG in Fig. 4b is not
simply descending, because its positions graph SGpos

(0,2) has no progressing edge,
and thus its basic cycle 0, 2 is not descending. Fig. 6 illustrates two sloped graphs
with the same underlying directed graph. The graph in Fig. 6a is simply descending
because both c1 = (0, 1) and c2 = (2, 3) are descending cycles. However, the
graph in Fig. 6b is not simply descending because c2 is not descending.

For unicycles graphs, the simply descending criterion is both sound and
complete for Infinite Descent.

Proposition 3 (Descending Unicycles criterion (DU)). If SG is a unicy-
cles sloped graph, then SG satisfies Infinite Descent iff it is simply descending.

Like the FC criterion, the DU criterion seems to be a strong condition in
requiring that cycles in the sloped graph do not overlap. However, again, in
practice, this requirement is satisfied in 90.69% of all graphs in our database,
which makes for almost complete coverage of the database. However, unlike the
FC criterion, it can return both a definite “yes” and a definite “no” answer.
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Algorithm 2 Infinite Descent by the Descending Unicycles Criterion

Input: Sloped Graph SG = (V,E, Ps, (Rv,v′)(v,v′)∈E), vertex width = w
Output: “don’t know” if SG is not a unicycles graph, “yes” if Descending

Unicycles holds for SG and “no” otherwise
1: SCCs, backedgesLowLinks← Tarjan(V,E) ▷ O(|V |+ |E|)
2: if hasDuplicates(backedgesLowLinks) then ▷ O(|V |)
3: return “don’t know”
4: for all SCC ∈ SCCs do ▷ O(|V |) iterations
5: if not isDescendingCycle(SCC, SG) then ▷ O(w2 · |SCC|)
6: return “no”
7: return “yes”

Algorithm. Algo. 2 checks if a sloped graph that is a tree with backlinks
satisfies Infinite Descent using the DU criterion. First, it calculates the strongly
connected components (SCCs) of the graph, together with the low link of each
bud’s destination using Tarjan’s algorithm [26]. Note that a graph has overlapping
cycles if and only if there are two buds whose destination nodes have equal low
links. That is because two cycles overlap if and only if they form a strongly
connected set and because the buds’ destination nodes have the same low link
if and only if they are in the same SCC. Thus, if there are duplicates in this
backedgesLowLinks list, then the graph is not a unicycles graph and we return a
“don’t know”. Otherwise, the graph is a unicycles graph, which means that every
strongly connected component is a basic cycle. Then, we go over all SCCs and
check if they are descending cycles of SG. If and only if so, by Prop. 3 we get that
SG satisfies Infinite Descent. Checking if a cycle c is a descending cycle amounts
to running Tarjan’s algorithm on SGpos

c while also checking with each edge if
it is progressing. We find a strongly connected component with a progressing
edge in SGpos

c if and only if c is a descending cycle in SG. That is because the
progressing edge must be a part of a basic cycle and because every basic cycle is
a part of a SCC.

Complexity and Practical Runtime Evaluation. Line 1 uses Tarjan’s
algorithm, which has a runtime complexity of O(|V |+ |E|). It also returns some
of the low links that are generated by Tarjan’s algorithm, of which there are
O(|V |). Line 2 looks for duplicates in the returned low links list, which is done
in O(|V |) (on average) by generating a hash set from the list and comparing
its size to the low links list’s size. Finally, line 4 iterates over all SCCs and
for each one checks if it is descending using Tarjan’s algorithm on SGpos

SCC .
SG is a unicycles graph, and so in any SCC of SG the number of nodes is
equal to the number of edges. Further, since each edge in a strongly connected
component SCC has O(w2) corresponding edges in SGpos

SCC , Tarjan’s algorithm
on SGpos

SCC has runtime complexity of O(|SCC|+ w2 · |SCC|). Since the SCCs
of a graph are a partition of its nodes, the runtime complexity of the loop in
Line 4 is O(|V |+ w2 · |V |). Overall, then, the runtime complexity of Algo. 2 is
O((|V |+ |E|) + |V |+ (|V |+ w2 · |V |)) = O(w2 · |V |+ |E|).
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(a) By Nodes and Edges (b) By Width (c) By Buds

Fig. 7: Descending Unicycles Runtime

Fig. 7 shows the runtime of checking the DU criterion as a function of the
number of nodes, edges, and buds, as well as the vertex width of the graph,
with each point in the figure averaging the runtime among all sloped graphs
with the associated number of nodes/edges/buds or vertex width. Because of
the high correlation between the number of nodes and edges in a sloped graph,
we plot both metrics in a single graph. In Fig. 7b, we see the highest runtimes
around width 10 because the graphs that have the most amount of nodes/edges
in our database also all have a width of around 10. The trend in Fig. 7a is only
somewhat linear because the algorithm only traverses the positions of nodes in
cycles. A clear linear trend is observed in Fig. 7c which plots the runtime as a
function of the number of buds in the graph, which, in unicycles graphs, is the
number of cycles. This indicates that the algorithm performs what seems to be a
constant amount of work for each cycle in the sloped graphs from our database.
This implies that cycles have a consistent size, and together with Fig. 7a we can
infer that as the size of cyclic pre-proofs grow, so does the number of cycles.

5 The Cyclone Verifier and its Evaluation

Having reported above on the individual runtime performance of our implemen-
tations of each of the incomplete methods, we now present our integrated tool,
Cyclone, which combines these into a pipeline that defaults to a complete
method (specifically, OR) for cases not covered by our new methods. We also
present the results of our experimental evaluation, comparing Cyclone with
each of the complete decision procedures alone as they are implement in [8]. We
implemented each of our new algorithms, as well as Cyclone itself, in C++
and integrated into the Cyclist prover framework [5]. A corresponding artifact,
containing our implementation and experimental data, is available on Zenodo [19].
The experiments we report on, both in the current and previous section, were all
performed on an Apple M1 CPU with 8GB of RAM, running macOS Sonoma.

5.1 Composing the Methods in Cyclone

The composition of the methods that Cyclone uses is presented in Algo. 3. As
mentioned in sec. 4.1, we do not use the TM method: Cyclone only uses the
FC and DU methods. It first applies the FC criterion to try and return a very
fast “no”. If FC returns a “don’t know”, it then uses the DU criterion to try and
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Algorithm 3 Cyclone

Input: Sloped Graph SG = (V,E, Ps, (Rv,v′)(v,v′)∈E)
Output: “yes” if SG satisfies Infinite Descent and “no” otherwise
1: if InfDescByFC(SG) = “no” then return “no”
2: DU ← InfDescByDU(SG)
3: if DU ̸= “don’t know” then return DU

4: return InfDescByOR(SG)

(a) Method Usage Distribution (b) Method Runtime

Fig. 8: Cyclone Methods Distribution and Runtime

return a (not as) fast “yes” or a “no”. Finally, if DU also returns “don’t know”,
Cyclone resorts to using the existing, complete and exponential OR algorithm
to obtain a definitive answer.

Fig. 8a shows the distribution of methods from which Cyclone derived its
answer when run on our database. Fig. 8b presents the average runtime of the
different methods used in Cyclone, aggregated by number of edges, as well as
the interquartile ranges. We plot the runtimes only as a function of the number
of edges since we observed that the other parameters of the complexity analysis
have a high correlation with this parameter. The FC method is considerably
faster than the other two, with what appears to be a constant line. The DU
method appears to be slower than the FC but is still much faster than OR, which
looks at least polynomial. Note that the faster the method the lower its coverage,
and recall that FC covers 35.76% of the graphs in the database, whilst DU covers
90.69%. The OR method, which has a complete coverage of the database, is the
slowest method. We run the methods in ascending order of runtimes because
even when FC returns a “don’t know”, this still happens fast enough that the
overhead does not noticeably affect the overall runtime. The same is true for the
DU method compared to the runtime of OR.

We did experiment with an implementation that runs the various methods in
parallel, rather than the sequential pipeline described above. However we found
that, since the graphs in our database are rather small, the system overheads
involved in introducing parallelism were detrimental to the overall performance
compared to the sequential pipeline.
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(a) All Methods

(b) Absolute Overhead wrt Cyclone (c) % Overhead wrt Cyclone

Fig. 9: Methods Runtime Comparison

Fig. 8a shows that Cyclone decides Infinite Descent in polynomial time on
around 92% of the sloped graphs in our database. This high coverage, together
with the polynomial complexity of our incomplete methods, is what enables
the high performance of Cyclone. Furthermore, as mentioned, even on the
remaining 8% of graphs, the overhead of running them is so low compared to the
runtime of the complete method that the overall performance is unaffected.

5.2 Comparison with State-of-the-Art Methods

We now report on our evaluation of Cyclone against the state-of-the-art methods
(VLA, SLA, FWK, and OR) for deciding Infinite Descent using the database
described in Sec. 3. The figures in this section again present aggregated average
runtime of each method by the number of edges, and the interquartile ranges.
Additionally, we compare the runtime overhead of each of the existing methods
with Cyclone as the baseline.

Fig. 9a plots the runtime of all methods using a logarithmic scale. It shows a
clear difference in the various methods’ runtimes and, most importantly, that
Cyclone is the fastest among them. The runtime of every method grows some-
what sub-exponentially with the number of edges in the sloped graph. This might
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be because the sloped graphs in the database do not have many edges, so the
exponential trend of the runtime does not yet manifest itself experimentally.

Fig. 9b and Fig. 9c present, respectively, the absolute overhead in milliseconds
and the percentage overhead of each complete method with respect to Cyclone.
Apart from the SLA method, the average percentage overhead increases as
the graph size increases. This shows that the runtime complexity difference of
the methods indeed manifests itself in the experimental results. Observe that
Cyclone is between around 80% to around 350% faster than the fastest method
(OR), between around 480% to around 2200% faster than VLA, between 480%
and 43,000% faster than FWK.

Finally, looking at the SLA method we can see a constant line in the runtime.
This is because we used a timeout of 3 seconds in our tests, and SLA seems to
hit this timeout after a certain size of input. This explains why, in contrast with
the other methods, the percentage overhead for SLA decreases as the number of
edges increases. The timeout limit notwithstanding, we can still see a tremendous
advantage to Cyclone, which is between around 3× 104% and 5× 106% faster
than the SLA method. These results show that Cyclone significantly improves
the practical runtime of the Infinite Descent check on real-world sloped graphs.

As noted in Sec. 3, our database contains the sloped graphs that Cyclist
produced directly from concrete cyclic pre-proofs. However, Cyclist also pre-
processes each sloped graph before handing it to the Infinite Descent check. This
consists of pruning nodes that do not lie along cycles and collapsing non-branching
paths, which considerably reduces the size of the graphs whilst maintaining
the structure necessary for checking Infinite Descent. We also collected these
minimised forms of the sloped graphs generated by Cyclist, and then evaluated
Cyclone against the state-of-the-art methods on this preprocessed dataset. Here,
Cyclone is still 90% to 170% faster than the best performing other method,
which again is the OR method.

6 Conclusion

We introduced Cyclone, an efficient and general tool for deciding the Infinite
Descent property, implemented by combining with existing exponential decision
procedures two novel, incomplete but polynomial-time algorithms exploiting
statistically significant structural properties of sloped graphs. We demonstrated,
on real-world data, Cyclone’s superior runtime performance compared to ex-
isting approaches. Moreover, the Cyclone tool is open-ended in that it may
incorporate additional semi-decision procedures as they are developed.

We evaluated Cyclone on a dataset generated by the Cyclist prover, consisting
of graphs corresponding to cyclic pre-proofs from its test suites. To broaden
coverage of real-world use cases, we plan to expand the dataset. In particular,
since verifying Infinite Descent supports program termination verification via
the size-change principle, we aim to create a dataset of termination instances,
generated from, e.g. Agda’s termination checker, for future evaluation. We also
plan to explore preprocessing methods other than Cyclist’s minimisation, which
may better align with our methods and further improve Cyclone’s performance.
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Abstract. Formal verification techniques based on computer algebra
have proven highly effective for circuit verification. The circuit, given as
an and-inverter graph, is encoded using polynomials that automatically
generate a Gröbner basis with respect to a lexicographic term order-
ing. Correctness of the circuit is derived by computing the polynomial
remainder of the specification. However, the main obstacle is the mono-
mial blow-up during the reduction, as the degree can increase.
In this paper, we investigate an orthogonal approach and focus the com-
putational effort on rewriting the Gröbner basis itself. Our goal is to
ensure the basis contains linear polynomials that can be effectively used
to rewrite the linearized specification. We first prove the soundness and
completeness of this technique and then demonstrate its practical appli-
cation. Our implementation of this method shows promising results on
benchmarks related to multiplier verification.

Keywords: Algebraic Reasoning, Gröbner Basis, Hardware Verification

1 Introduction

Formal verification techniques based on algebraic reasoning have emerged as
highly effective tools for verifying hardware, particularly in the context of ver-
ifying arithmetic circuits on the gate-level. As digital systems become more
complex, ensuring the correctness of such circuits is paramount, especially in
safety-critical applications like cryptography and signal processing to prevent a
repetition of infamous failures, such as the Pentium FDIV bug [32]. Established
methods based on satisfiability solving (SAT) [4], or binary decision diagrams
(BDDs) [7] often struggle with the complex non-linear structure of arithmetic
circuits. In contrast, formal verification techniques based on theorem provers [33]
or computer algebra, specifically those leveraging Gröbner bases, offer an effec-
tive alternative and have made significant progress in recent years [18,21,22,29].

In the algebraic method, circuits are given as and-inverter graphs (AIG) [23].
The graph is encoded as a set of polynomials, which are sorted according to a
lexicographic term ordering, where for each gate in the circuit the output variable
is always greater than the input variables of the gate. Hence, the leading terms
of the polynomial equations consist of single variables that are mutually disjoint.
This property is called unique monic leading term (UMLT) in [18].
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If such an ordering is chosen, the polynomials automatically form a Gröbner
basis [5]. Informally said, a Gröbner basis is a mathematical construct that offers
a decision procedure that guarantees soundness and completeness of the verifi-
cation process. The correctness of the circuit is determined by computing the
unique polynomial remainder of the specification polynomial, which represents
the intended functionality of the circuit, modulo the Gröbner basis. The circuit
fulfills the specification if, and only if, the final remainder is zero [19].

However, a major practical obstacle in using a lexicographic term ordering
is the significant computational effort during the reduction process, as the de-
gree can increase. More precisely the size of the intermediate reduction results
generally increases, since the tails of the polynomials in the Gröbner basis have
a higher degree than their leading terms. This is often deferred to as monomial
blow-up. A study in [28] showed that the intermediate reduction results for 16-bit
multipliers can have more than 106 monomials. To address this challenge, various
preprocessing and rewriting algorithms have been developed, which syntactically
or semantically analyze the input circuit to remove redundant information from
the polynomial encoding, ultimately optimizing the reduction process and im-
proving the efficiency of the verification.

Related Work. Advanced reduction engines designed for the automatic alge-
braic verification of multipliers given as AIGs are implemented in tools such
as DynPhaseOrderOpt [21], DyPoSub [29], and AMulet2 [17, 18], includ-
ing its variant TeluMA [15]. In [17, 18] SAT solving is used to rewrite certain
parts of the multiplier before applying an incremental column-wise verification
algorithm. In a follow-up work [15] the usage of the external SAT solver could
be removed by using a sophisticated algebraic encoding that also takes the po-
larity of literals into account. These techniques have been further enhanced by
parallelization [26] and equivalence checking-based verification [24].

In [29], the authors present a dynamic rewriting approach. They decide on
the reduction order on the fly and backtrack if the size of intermediate reduc-
tion results exceeds a predetermined threshold. In [21], the authors revisit and
improve upon [29] by incorporating mixed signals in their encoding.

While all of the discussed approaches employ various preprocessing and
rewriting techniques, they share a common characteristic: they all rely on a
lexicographic term ordering. None of the related works have explored alternative
term orderings, such as those that prioritize degree-based sorting to limit the
degree during the reduction process.

Our contribution. In this paper, we propose an alternative, orthogonal strategy
that shifts the focus of the computational effort from rewriting the specifica-
tion to rewriting the Gröbner basis itself. We impose a different term ordering
that takes their degree into account. The approach is based on the following
observation:

If the specification polynomial is linear, a Gröbner basis with respect to
a degree reverse lexicographic term ordering contains linear polynomials
that suffice to derive correctness of the circuit.
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Our first contribution is to derive the theoretical foundations of this observa-
tion, including a technical theorem that proves its soundness and completeness.

However, the computation of a single Gröbner basis for the whole circuit is
practically infeasible due to the large number of variables and more importantly
the degree of the underlying ideal. Our second contribution is a practical algo-
rithm that splits the computation of the Gröbner basis into multiple smaller
more manageable sub-problems. We evaluate our approach on a set of bench-
marks for multiplier verification. The experimental results are promising and
indicate that our approach offers a valuable addition to existing algebraic veri-
fication techniques.

The remainder of the paper is organized as follows. In Section 2 we introduce
the necessary preliminaries. In Section 3 we show the theory of our approach
and prove the soundness and completeness. We present a practical verification
algorithm in Section 4, and discuss its implementation and the experimental
evaluation in Section 5 before we conclude the paper in Section 6.

2 Preliminaries

In the first part of the preliminaries, Section 2.1, we introduce the theory of Gröb-
ner bases following [5,6,8] and discuss key properties that are important for our
approach. In the second part, Section 2.2, we present the necessary background
on AIGs and how we can encode these graphs using polynomial equations.

2.1 Gröbner Basis

Definition 1 (Term, Monomial, Polynomial, see [8, Chap. 2, Sec. 2,
Def. 7]). Let X = (x1, . . . , xn) be a set of variables and K be a field. A monomial
is a product of the form xe1

1 · · ·xen
n , with exponents e1, . . . , en ∈ N0. The set of all

monomials is represented by [X]. A term is a monomial multiplied by a constant,
written as αxe1

1 · · ·xen
n with α ∈ K. A polynomial p is a finite sum of such terms.

We denote the number of terms in p by size(p).

Throughout this section let K[X] = K[x1, . . . , xn] denote the ring of polyno-
mials in variables x1, . . . , xn with coefficients in the field K. We write polynomials
in their canonical form. That is, monomials with equal monomials are merged by
adding their coefficients; and terms with coefficients equal to zero are removed.

Definition 2 (Degree). The degree of a monomial σ = xe1
1 · · ·xen

n is the sum
of its exponents, i.e., deg(σ) = |σ| =

∑n
i=1 ei. The degree of a polynomial is the

maximum degree of its terms.

The terms within a polynomial are sorted according to a total order to ensure
a consistency for algebraic operations.

Definition 3 (Monomial Order). A monomial order is a total order ≺ such
that for all distinct monomials σ1, σ2 we have (i) σ1 ≺ σ2 or σ2 ≺ σ1, (ii) every
non-empty set of monomials has a smallest element and (iii) σ1 ≺ σ2 ⇒ τσ1 ≺
τσ2 for any term τ .
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Definition 4 (Lexicographic Order, see [8, Chap. 2, Sec. 2, Def. 3]). Let
σ1 = xu1

1 · · ·xun
n and σ2 = xv1

1 · · ·xvn
n be two monomials. We say that σ1 ≺lex σ2,

if there exists an index i such that with uj = vj for all 1 ≤ j < i, and ui < vi.

Definition 5 (Degree Reverse Lexicographic Order, see [8, Chap. 2,
Sec. 2, Def. 6]). Let σ1 = xu1

1 · · ·xun
n and σ2 = xv1

1 · · ·xvn
n be two monomials.

We say that σ1 ≺drl σ2, if |σ1| < |σ2| or if |σ1| = |σ2| and there exists an index i
such that uj = vj for all i < j ≤ n, and ui > vi.

Since every polynomial p ∈ K[X] contains only a finite number of monomials,
and these terms are sorted according to a fixed total order, we can identify the
largest monomial in p. This is referred to as the leading monomial of p and
denoted as lm(p). If p = cτ + · · · and lm(p) = τ , then lc(p) = c is called the
leading coefficient and lt(p) = lc(p) lm(p) = cτ is called the leading term of p.
The tail of p is defined by tail(p) = p− lt(p).

Definition 6 (Ideal). A nonempty subset I ⊆ K[X] is called an ideal if

∀u, v ∈ I : u+ v ∈ I and ∀w ∈ K[X] ∀u ∈ I : wu ∈ I.

If I ⊆ K[X] is an ideal, then a set G = {g1, . . . , gm} ⊆ K[X] is called a basis
of I if I = {h1g1 + · · ·+ hmgm | h1, . . . , hm ∈ K[X]}, i.e., if I consists of all the
linear combinations of gi with polynomial coefficients. We denote this by I = ⟨G⟩
and say I is generated by G.

An ideal I = ⟨G⟩ ⊆ K[X] can be interpreted as an equational theory, where
the basis G = {g1, . . . , gm} serves as the set of axioms. The ideal I = ⟨G⟩ consists
of precisely those polynomials f for which the equation f = 0 can be derived
from the axioms g1 = · · · = gm = 0 through repeated application of the rules
u = 0 ∧ v = 0 ⇒ u+ v = 0 and u = 0 ⇒ wu = 0.

To check whether a polynomial f ∈ K[X] is contained in an ideal I, we want
to solve the so-called ideal membership problem: Given a polynomial f ∈ K[X]
and an ideal I = ⟨G⟩ ⊆ K[X], determine if f ∈ I.

Definition 7 (Remainder). The process of finding a remainder with respect
to a set of polynomials G is equal to computing the remainder of a polynomial
division, but extended to multiple divisors, until no further division is possible.
The result is a polynomial that represents the equivalent class modulo the ideal
generated by G. We write p →G g to denote that g is the polynomial remainder
of p modulo G and we also say “p is reduced by G”.

In general, an ideal I has many bases that generate I. We are particularly
interested in bases with certain structural properties that allow to uniquely an-
swer the ideal membership problem. Such bases are called Gröbner bases [5].

Lemma 1 (see [8, Chap. 2, Sec. 5, Cor. 6]). Every ideal I ⊆ K[X] has a
Gröbner basis w.r.t. a fixed total order.
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Given an arbitrary basis of an ideal, a Gröbner basis can be computed us-
ing Buchberger’s algorithm that repeatedly computes so-called S-Polynomials.
These S-Polynomials are reduced by the polynomials that are already in the cur-
rent basis, i.e., calculating the remainder of polynomial division, and non-zero
remainders are added to the ideal basis. These steps are repeated until the basis
is saturated. If all S-Polynomials reduce to zero the set of ideal generators is a
Gröbner basis [5]. Generally, Buchberger-like algorithms for computing Gröbner
bases, such as Buchberger’s seminal algorithm [5] or Faugère’s F4 [9] algorithm,
have a worst-case time complexity double exponential in the number of variables,
because of the size of the output [30]. Still, in practice, these algorithms behave
in general way better for ≺drl than for other monomial orders, such as ≺lex.

We will not introduce this process more formally, as we will treat the compu-
tation of a Gröbner basis as a black-box technique in our approach. The following
properties are more important for us.

Lemma 2 (see [8, Chap. 2, Sec. 6, Prop. 1]). If G = {g1, . . . , gm} is a
Gröbner basis, then every f ∈ K[X] has a unique polynomial remainder r with
respect to G. Furthermore, it holds that f − r ∈ ⟨G⟩, which implies that f is
contained in the ideal I = ⟨G⟩ if, and only if, f →G 0.

Depending on the information one seeks, some Gröbner bases are more useful
than others. Gröbner bases w.r.t. ≺lex are the tool of choice for solving polyno-
mial systems but are, in general, more expensive to compute than degree-based
Gröbner bases. Yet, change of order algorithms, such as the seminal FGLM
one [11] can convert a Gröbner basis into another one for different order. In our
setting of verifying AIG the complexity would be in O(n23n), where n is the
number of input variables of the AIG. Hence, for large n, this is impractical.
Variants of FGLM exploiting the structure of the input and output Gröbner
bases under some genericity assumptions exist, we can mention [2,10,12,31], but
they are mostly designed for solving polynomial systems. As a consequence, they
consider the input Gröbner basis to be for a degree-based order, such as ≺drl,
and the output Gröbner basis to be for ≺lex.

2.2 And-Inverter Graphs

An and-inverter graph (AIG) [23] is a special case of a directed acyclic graph
(DAG). They are useful tools to represent Boolean functions and logic circuits
and provide a compact and efficient way to describe logical expressions.

Definition 8 (AIG). An AIG operates over Boolean variables. Every node ex-
presses a logical conjunction between its two input variables, which are depicted
by incoming edges in the lower part of the node. We distinguish two types of in-
puts, primary inputs (of the graph) and intermediate nodes. Outputs of the node
are represented by an edge in the upper half. If an edge is marked, it indicates
that the variable is negated.

Definition 9 (Specification). The specification of an AIG is a polynomial
equation S ∈ K[X] that relates the outputs of an AIG to its primary inputs.
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s[1]

s[2]

s[3]

Index Gate Polynomial Gate constraint
g0 s3 − ℓ24 s3 = ℓ24
g1 s2 − ℓ28 s2 = ℓ28
g2 ℓ28 − ℓ26ℓ24 + ℓ26 + ℓ24 − 1 ℓ28 = ¬ℓ26 ∧ ¬ℓ24
g3 ℓ26 − ℓ22ℓ16 + ℓ22 + ℓ16 − 1 ℓ26 = ¬ℓ22 ∧ ¬ℓ16
g4 ℓ24 − ℓ22ℓ16 ℓ24 = ℓ22 ∧ ℓ16
g5 ℓ22 − b1a1 ℓ22 = b1 ∧ a1

g6 s1 − ℓ20 s1 = ℓ20
g7 ℓ20 − ℓ18ℓ16 + ℓ18 + ℓ16 − 1 ℓ20 = ¬ℓ18 ∧ ¬ℓ16
g8 ℓ18 − ℓ14ℓ12 + ℓ14 + ℓ12 − 1 ℓ18 = ¬ℓ14 ∧ ¬ℓ12
g9 ℓ16 − ℓ14ℓ12 ℓ16 = ℓ14 ∧ ℓ12
g10 ℓ14 − b1a0 ℓ14 = b1 ∧ a0

g11 ℓ12 − b0a1 ℓ12 = b0 ∧ a1

g12 s0 − ℓ10 s0 = ℓ10
g13 ℓ10 − b0a0 ℓ10 = b0 ∧ a0

Boolean Input Polynomials: a2
1 − a1, a

2
0 − a0, b

2
1 − b1, b

2
0 − b0

Spec S:
∑3

i=0 2isi = (
∑1

i=0 2iai)(
∑1

i=0 2ibi) = 8s3 +4s2 +2s1 + s0 − 4a1b1 − 2a1b0 − 2a0b1 −a0b0

Fig. 1. AIG and polynomial encoding of a 2-bit multiplier in the ring Q[X].

Together with the specification polynomial, we fix the polynomial ring K[X]
of the encoding. Although the nodes in an AIG compute logical conjunction
over Boolean variables, the specification can encode richer relations. Hence, the
encoding is not restricted to the Boolean ring B[X], but may include different
coefficient domains, such as integers or rationals.

Definition 10 (Gate Polynomials). Each node in an AIG can be encoded by
a corresponding polynomial equation that models the logical conjunction. Nodes
in an AIG raise four types of equations, depending if either none, the first, the
second, or both inputs are negated. Let g be an AIG node with inputs a, b:

Gate constraint Gate polynomial
g = a ∧ b ⇒ g − ab = 0
g = ¬a ∧ b ⇒ g − (1− a)b = g + ab− b = 0
g = a ∧ ¬b ⇒ g − a(1− b) = g + ab− a = 0
g = ¬a ∧ ¬b ⇒ g − (1− a)(1− b) = g − ab+ b+ a− 1 = 0

The correctness of the encoding can easily be checked by truth tables. Fur-
thermore, observe that the degree of the gate polynomials is always two.

Definition 11 (Boolean Input Polynomial). For every primary input ai
of the AIG we define a corresponding Boolean input polynomial ai(ai − 1) =
a2i − ai = 0 that encodes that the variable can only take the values 0 and 1.

As we will only consider polynomial equations with right hand side zero, we
will from now on shorten our notation and write “f ” instead of “f = 0”.

Example 1. Figure 1 shows an AIG representing a 2-bit multiplier. We denote
the primary inputs by a0, a1, b0, b1 and outputs by s0, s1, s2, s3. The internal
nodes are denoted by ℓi, with subscript i corresponding to the number of the
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respective AIG node. The right hand side of Figure 1 lists the gate constraints as
well as the corresponding gate polynomials, which are derived using the encoding
presented in Def. 10. We furthermore list the Boolean input polynomials (Def. 11)
and the specification polynomial S ∈ Q[X], which relates that S = A · B, for
S =

∑3
i=0 2

isi, A =
∑1

i=0 2
iai, and B =

∑1
i=0 2

ibi.

3 Verification using Degree Reverse Lexicographic Order

In this section we will lay out the theoretical foundation of our proposed approach
for extracting linear relations from the Gröbner basis that is used for reduction.

Existing algebraic verification techniques for acyclic graphs encode the circuit
as a polynomial using a lexicographic term ordering where the variables are
sorted according to a reverse topological term ordering (RTTO) [27]. This has the
benefit that due to repeated application of Buchberger’s product criterion, see [8,
Chap. 2, Sec. 10, Prop. 1], the set of gate polynomials together with the Boolean
input polynomials automatically form a Gröbner basis [19]. Since the leading
terms of the gate polynomials consist of one single variable, polynomial division
comes down to substitution. The variables in the specification are substituted
by the corresponding tails of the gate polynomials until no further rewriting is
possible. The graph fulfills its specification if, and only if, the final result is zero.

Generally, this implies that the degree of the intermediate reduction results
increases, since the tails of the gate polynomials have a higher degree than their
linear leading terms. Substituting those variables in non-linear monomials has
the potential to lead to a monomial blow-up during the reduction.

Example 2. Consider again the polynomials of Example 1. Initially size(S) = 8
and deg(S) = 2. After four rewriting steps we have the following intermediate
reduction result: S →{g1,g2,g3,g4} 4ℓ24ℓ22ℓ16−4ℓ24ℓ22−4ℓ24ℓ16+8ℓ24−4ℓ22ℓ16+
4ℓ22 + 2s1 + 4ℓ16 + s0 − 4a1b1 − 2a1b0 − 2a0b1 − a0b0 which has degree 3 and
consists of 13 monomials.

We will now impose a different ordering on the set of gate polynomials that
takes the degree of the polynomials into account. That is, we compute a Gröbner
basis based on the degree reverse lexicographic monomial ordering, where the
monomials in a polynomial are first sorted according to their degree.

Our approach is based on the following result that we prove in Theorem 1:
If the specification polynomial is linear, then the ideal membership of the speci-
fication can be decided using only the linear polynomials of the Gröbner basis.

We linearize the specification by replacing all non-linear monomials σi in S
with new extension variables ti. For each replacement we generate a new poly-
nomial constraint ti − σi and add it to the set of gate polynomials. The idea of
linearization is, for instance, already used in [25] in the context of cutting planes.

The next lemma proves that if the specification S is contained in the ideal
generated by the gate polynomials, then the linearized specification Slin is con-
tained in the ideal generated by the gate polynomials and extension polynomials.



362 D. Kaufmann and J. Berthomieu

Lemma 3. Let p ∈ K[X], I ⊆ K[X]. Let Σ = {ti − σi | ti /∈ X ∧ σi ∈ p ∧
deg(σi) > 1}. Let plin be the polynomial where every non-linear monomial of p
is replaced by a corresponding extension variable ti. Then we have p ∈ I if, and
only if, plin ∈ I + ⟨Σ⟩.

Proof. Let p =
∑

σi∈p ciσi, where the ci’s are in K. By definition, we can write
plin =

∑
σi∈p citi. Thus, plin =

∑
σi∈p ci(ti−σi)+

∑
σi∈p ciσi. By hypothesis, the

first sum is in ⟨Σ⟩ and the second one, which is p, only depends in variables X.
Therefore, if p ∈ I, then plin ∈ I + ⟨Σ⟩. Conversely, if plin ∈ I + ⟨Σ⟩, then
p ∈ (I + ⟨Σ⟩) ∩K[X] = I by construction of I + ⟨Σ⟩.

We now show soundness and completeness of our observation. That is, if we
want to show ideal membership of a linear polynomial, the Gröbner basis of the
ideal contains a set of linear polynomials G1 that suffice for deriving the ideal
membership, all non-linear polynomials of the Gröbner basis can be neglected.
This will shift the computational difficulties from the reduction to the Gröbner
basis generation.

Theorem 1. Let p ∈ K[X] with deg(p) = 1, I ⊆ K[X] be an ideal. Let G be a
Gröbner basis of I with respect to ≺drl and let G1 = {g ∈ G | deg(g) ≤ 1}. We
have p ∈ I if, and only if, p →G1 0. In particular, p = α1g1 + · · · + αmgm with
gi ∈ G1, αi ∈ K.

Proof. First, let us observe that if G1 contains a non-zero constant polynomial,
then I = K[X] and p necessarily reduces to 0 by G1.

We now assume that G1 only contains polynomials of degree 1. For g ∈ G1,
we write g = lt(g)+ tail(g). Because polynomials in G1 are ordered with respect
to ≺drl, we have deg(lm(g)) = 1 and deg(tail(g)) ≤ 1. Since deg(lm(p)) = 1 the
division algorithm for computing the reduction of p by G, see [8, Chap. 2, Sec. 3],
will only select polynomials in G whose leading monomials also have degree 1, i.e.
those in G1. The reduction step will replace p by p− αigi = tail(p)− αi tail(gi),
for αi ∈ K∗ and some gi, which has degree less or equal to 1.

Since p ∈ I if, and only if, p →G 0, we have p ∈ I if, and only if, p →G1
0.

We emphasize that the theory, and in particular the result of Theorem 1, can
be applied to general DAGs. The key property of the graph is that it must be
acyclic. If it has cycles one cannot canonically compare the variables, hence it is
not possible to derive a total term order and compute a Gröbner basis.

The conclusion of Theorem 1 moreover shows that we can significantly sim-
plify the algorithm for checking the ideal membership of S. Instead of repeated
polynomial substitution, with potential non-linear intermediate reduction re-
sults, we pick gi ∈ G1, such that lm(gi) = lm(S), multiply gi by a constant αi

such that lc(S) = −αi lc(gi) and add those two polynomials. Hence, we have
replaced polynomial division by linear polynomial operations.

Therefore, we can apply the following approach to verify that an AIG fulfills
its specification, see Alg. 1. We first encode the graph as a set of polynomials
Ginit (line 1), and linearize the specification (line 2) as described in Lemma 3.
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Algorithm 1: Linear Gröbner basis reduction
Input : Circuit C in AIG format, Specification polynomial S
Output: Determine whether C fulfills the specification

1 Ginit ← Gate-Polynomials(C) ∪ Boolean-Input-Polynomials(C);
2 Slin, Gext ← Linearize(S);
3 Gdrl ← Compute-≺drl-Gröbner-Basis(Ginit ∪Gext);
4 G1 ← {g | g ∈ Gdrl ∧ deg(g) ≤ 1};
5 while lm(Slin) ∈ {lm(g)|g ∈ G1} do
6 plin ← g ∈ G1 such that lm(g) = lm(Slin);
7 if ∄ plin then return ⊥;
8 Slin ← Linear-Reduce(Slin, plin);
9 end

10 return Slin = 0

The set Gext contains the extension polynomials. In the next step we compute a
Gröbner basis w.r.t. ≺drl (line 3) and extract the linear polynomials G1 (line 4).
We calculate the remainder of the specification modulo the linear elements of
the Gröbner basis (lines 5–8) until no further reduction is possible and return
whether the final result is zero. The correctness of Alg. 1 follows from Theorem 1.

Example 3. Consider again the AIG of Example 1. First of all we define four
extension variables tij to encode the non-linear terms aibj for i, j ∈ {0, 1} and
rewrite the specification to 8s3 + 4s2 + 2s1 + s0 − 4t11 − 2t10 − 2t01 − t00. The
four polynomial equations tij − aibj are added to the set of gate polynomials
and we compute a Gröbner basis w.r.t. ≺drl. The full Gröbner basis consists of
52 polynomials. Important for us are the first thirteen elements of the Gröbner
basis, as those are the linear polynomials G1:

g1= ℓ10 − t00 g8 = ℓ22 − t11
g2= s0 − ℓ10 g9 = ℓ24 − ℓ16
g3= ℓ12 − t10 g10= ℓ26 − ℓ24 + ℓ16 + t11 − 1
g4= ℓ14 − t01 g11= ℓ28 + 2ℓ24 − ℓ16 − t11
g5= ℓ18 − ℓ16 + t01 + t10 − 1 g12= s2 − ℓ28
g6= ℓ20 + 2ℓ16 − t01 − t10 g13= s3 − ℓ24
g7= s1 − ℓ20
We derive that S ∈ ⟨G1⟩ as S = 8g13 + 4g12 + 4g11 + 2g7 + 2g6 + g2 + g1.

In practice, however line 3 of Alg. 1 turns out to be a bottleneck, since
computing a single ≺drl-Gröbner basis does not scale for larger AIGs.

We have also seen in Example 1 that 39 out of 52 polynomials in the computed
Gröbner basis are non-linear. While these polynomials are needed to compute
the full Gröbner basis of the ideal, they are not required for solving the ideal
membership problem of the linear specification. Furthermore, from the 13 linear
polynomials, only 7 are used to generate the specification. Hence, our gener-
ated Gröbner basis contains redundant and/or useless information. We will now
discuss a method to reduce the overhead by computing local Gröbner bases.
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Algorithm 2: Verification-via-Locally-extracting-Linear-Polynomials
Input : Circuit C in AIG format, Specification polynomial S
Output: Determine whether C fulfills the specification

1 Ginit ← Row-Wise-RTTO-Polynomial-Encoding(C);
2 Slin, Gext ← Linearize-Spec-wrt-AIG(S, Ginit);
3 G← Preprocessing(Gext) ▷See Section 4.1
4 while lm(Slin) ∈ {lm(g)|g ∈ G} do
5 p← g ∈ G such that lm(g) = lm(Slin);
6 plin ← Linearize-Single-Polynomial(p,G) ▷See Section 4.2
7 if ∄ plin then return ⊥;
8 Slin ← Linear-Reduce(Slin, plin);
9 end

10 return Slin = 0

4 Locally extracting Linear Polynomials

The core idea of the optimized approach is to start from a ≺lex-Gröbner basis
and incrementally extract linear polynomials from a smaller set of gate polyno-
mials instead of computing a single full ≺drl-Gröbner basis for the whole input
AIG. The algorithm is outlined in Alg. 2 and will be explained in more detail
throughout the remainder of this section.

In a nutshell, we first encode the circuit using a lexicographic term order-
ing (line 1) and linearize the specification polynomial (line 2) with respect to the
given circuit. After some preprocessing where we extract easily derivable linear
polynomials (line 3), we rewrite the specification by generating linear polynomi-
als on the fly (lines 4–9). We pick the gate polynomial p that has the same leading
term as the intermediate reduction result (line 5) and compute a ≺drl-Gröbner
basis for a sub-circuit of C that includes p (line 6) to receive the linearized poly-
nomial plin that we use for reducing the specification (line 7). Let us now go into
more detail of every step.

Encoding. The AIG is encoded using gate polynomials and Boolean input poly-
nomials as described in Definitions 10 and 11 using a lexicographic term ordering.
We choose a row-wise variable ordering that sorts variables based on their dis-
tance to the inputs. If nodes have an equal distance, we sort according to the
value of the AIG node. For example, we would sort the variables in Example 1
as a0 ≺lex b0 ≺lex a1 ≺lex b1 ≺lex ℓ10 ≺lex ℓ12 ≺lex ℓ14 ≺lex ℓ22 ≺lex s0 ≺lex

ℓ16 ≺lex ℓ18 ≺lex ℓ20 ≺lex ℓ24 ≺lex ℓ26 ≺lex ℓ28 ≺lex s1 ≺lex s3 ≺lex s2. In this
order the output variable of a gate is always greater than its input variables,
which automatically generates a ≺lex-Gröbner basis.

Theorem 4 in [19] has shown that we can locally rewrite elements of the ≺lex-
Gröbner basis without jeopardizing the Gröbner basis property as long as the
leading monomials remain the same. We apply the same technique and locally
rewrite gate polynomials from quadratic to linear polynomials that will be used
in the reduction.
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Algorithm 3: Preprocessing
Input : Set of poynomial encodings of gate constraints G
Output: Rewritten Set of Polynomial encodings G

1 G← Merge-Nodes-with-Equal-Inputs(G);
2 G← Eliminate-Positive-Nodes(G);
3 G← Propagating-Equivalent-Nodes(G);
4 return G;

Linearization of the Specification. Lemma 3 provides us with a methodology on
how to linearize the specification S by introducing extension variables to repre-
sent non-linear terms. However, some of the terms might already be contained
in the polynomial encoding of the circuit. For those terms we can simply use the
corresponding leading term in the specification. We first swipe through the set
of gate polynomials and check whether the non-linear tail of a gate polynomial is
contained in the specification. If this is the case, we replace the non-linear term
by the corresponding leading term.

For instance, in Example 3 we have the gate polynomial ℓ22−a1b1. Hence, we
do not require the extension variable t11 to linearize S. This equality ℓ22 = t11
is also contained as polynomial g8 in the computed ≺drl-Gröbner basis.

All non-linear terms of S that cannot be linearized using gate polynomials
we introduce extension variables as described in Section 3.

At this point, our encoding consists of a linear specification polynomial and a
set of quadratic gate polynomials and Boolean input polynomials that generate
a Gröbner basis w.r.t. a lexicographic term ordering. The following subsections
present how we linearize elements of the Gröbner basis.

4.1 Preprocessing

The goal of preprocessing is to eliminate variables and derive linear polynomials
in the ≺lex-Gröbner basis that can be identified using simple heuristics. We
employ three steps of rewriting, depicted in Alg. 3.

Merge Nodes with Equal Inputs. If multiple AIG nodes ℓi, ℓj have the same
inputs a, b, we can express one gate polynomial using the other. For instance, in
our running Example 1 the nodes ℓ24 = ℓ22ℓ16 and ℓ26 = (1− ℓ22)(1− ℓ16) would
be such a set of AIG nodes.

Every gate polynomial of an AIG node has degree two, and the quadratic
term is the product of the input nodes. Hence, the non-linear term in those gate
polynomials that have the same inputs is the same. We remove the non-linear
term of the topologically larger polynomial by adding or subtracting the smaller
polynomial. For instance, we derive ℓ26 − ℓ24 + ℓ22 + ℓ16 − 1.

Furthermore, assume two gates ℓi and ℓj both have input variables a, b. If at
least one input has a different polarity in ℓi and ℓj , we immediately can derive
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that the product ℓiℓj is equal to zero. To see this, let ℓi − āb̄, ℓj − âb̂ be the
corresponding gate polynomials, where ā and â represent the polarity of a. We
have ℓiℓj = āb̄âb̂ = 0, since (ā = 1− â) ∨ (b̄ = 1− b̂) holds. Thus, we can always
remove the term ℓiℓj in a possible parent node, for instance the monomial ℓ26ℓ24
in ℓ28 in Example 1 can be removed.

Eliminate Positive Nodes. In this step we eliminate nodes which are only non-
negated inputs to other nodes in the graph. This heuristic was already considered
in [15] to introduce a possible sharing of nodes. Since this heuristic is only applied
on positive inputs, we can simply replace every occurrence of the node by the
corresponding tail in the gate polynomial of the parent node. This will increase
the degree of the parent polynomial, but will not increase the number of terms.
We can check whether parts of the new tail term of the parent are equal to
the tail term of another gate polynomial. If yes, we can reduce the tail term
and include the leading term. This will decrease the temporal increase of the
polynomial degree and furthermore will impose a node sharing which will be
useful in later Gröbner basis computations. For instance, consider polynomials
f − da, e− ca, d− cb. We can derive f − cba = f − eb.

Propagating Equivalent Nodes. If at any point in the rewriting we derive a linear
polynomial of the form ℓi − ℓj or ℓi + ℓj − 1 we know that ℓi is equal to either ℓj
or to its negation 1− ℓj . We propagate this information by eliminating the topo-
logically larger node ℓi from the polynomial encoding. We choose to eliminate ℓi
and not ℓj in order to not mess up the reverse topological term ordering for
parent nodes of ℓj . Propagation of equivalent nodes may not directly lead to
linear gate polynomials, but helps to reduce the overall number of variables.

4.2 Linear Reduction

After preprocessing we repeatedly rewrite the linearized specification by the
polynomial p in the Gröbner basis that has the same leading monomial as the
specification (line 5 in Alg. 2). For doing so, we need to linearize p. The pseudo-
code is listed in Alg. 4. By Theorem 1, we know that a full ≺drl-Gröbner basis of
a circuit C must contain a linear polynomial plin with the same leading monomial
as p. If this condition is not met, then the circuit does not satisfy the specification,
as we cannot further reduce S.

However, we do not want to compute a full ≺drl Gröbner basis. Our goal is to
make the Gröbner basis just big enough such that it contains a linear polynomial
plin with leading term v. Let v = lm(p). We aim to compute a Gröbner basis w.r.t.
a ≺drl-ordering for a sub-circuit Cv,d of C. The sub-circuit Cv,d is constructed by
including v and all children nodes of v up to a maximum distance d. Initially, we
set d = 3. The motivation for this threshold is that our preprocessing techniques
already generates most linear polynomials detectable with d = 2. On the other
hand we do not want to start with a larger value for d to keep the initial Gröbner
basis computation as small as possible. If we encounter a child node that already
has a linear polynomial representation, we do not further add its children. This
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Algorithm 4: Linearize-Single-Polynomial
Input : Polynomial p, Polynomial system G
Output: Linear polynomial plin or ∅

1 v ← lm(p); d← 3 ;
2 while d ≤ dist(v) do
3 Cv ← {v} ∪ {Children-up-to-Distance(v, d)} ∪ {Siblings(v)};
4 Cv ← Cv ∪ {Parents(Cv)};
5 Gv ← Gate-Polynomials(Cv, G) ∪ Boolean-Input-Polynomials(Cv);
6 Gdrl ← Compute-≺drl-Gröbner-Basis (Gv);
7 if ∃plin ∈ Gdrl such that deg(plin) = 1 ∧ lm(plin) = v then return plin;
8 d← d+ 1;
9 end

10 return ∅;

allows us to avoid unnecessary computations by excluding parts of the circuit
that have already been simplified. Additionally, we include all smaller sibling
nodes of v. Siblings are nodes that share at least one child with v. Moreover,
we collect all parent nodes whose children are already included in the collected
set of nodes. This ensures that all relevant dependencies in the sub-circuit are
captured. This set of nodes represents the part of the circuit on which we will
compute a local ≺drl-Gröbner basis.

If this local Gröbner basis does not contain the expected linear polynomial, it
suggests that the sub-circuit Cv,d is insufficient to capture the desired behavior.
In such cases, we repeat the process for the sub-circuit Cv,d+1, where we increase
the distance d to add more nodes. Theoretically it would be very beneficial to
cache the calls and reuse the computed Gröbner basis for Cv,d for the Gröbner
basis computation of Cv,d+1, however in practice most available Gröbner basis
engines cannot exploit that a subset of the inputs is already Gröbner basis.

We continue with the iterative process of increasing d until either a linear
polynomial is found, or, in the worst case we have computed a full ≺drl-Gröbner
basis for all gate polynomials that are topologically smaller than v. If we still did
not find a linear polynomial at this point, we know that the circuit is incorrect.
This follows from Theorem 1.

While our approach guarantees the completeness of the verification process,
it comes with a practical limitation: computational complexity. If the sub-circuit
grows too large (i.e., if too many nodes need to be added to Cv), the computation
of the ≺drl-Gröbner basis becomes infeasible in practice.

5 Experimental Evaluation

We evaluate our proposed approach on a set of multiplier benchmarks for differ-
ent input bit-widths n. For all the circuits we have S =

∑2n
i=0 2isi−(

∑n
i=0 2

iai)·
(
∑n

i=0 2
ibi), hence choose K = Q. Since all the leading coefficients of the gate

polynomials are 1, the computation will stay in the ring Z[X] ⊆ Q[X] [18].

+1
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5.1 Implementation

We implement Alg. 2 in our tool MultiLinG [14, 16], written in C++. We
employ the following features:

– MultiLinG uses the polynomial arithmetic module from AMulet2 [17],
which is targeted towards polynomial arithmetic where the variables repre-
sent Boolean values and the coefficients are integer values. In particular, the
arithmetic engine automatically includes reasoning over the Boolean input
polynomials, by reducing exponents, i.e., it calculates x · x = x internally.

– We sort the variables based on their minimum distance to the primary inputs
to sort all extension variables next to the primary inputs, which gave us
better practical results than the column-wise variable order from AMulet2.

– As a consequence of the row-wise order, we do not apply an incremental
column-wise reduction algorithm [19], but rewrite the complete specification.

– For computing the ≺drl-Gröbner basis, we use the msolve [3] library. Since
msolve is designed for general purposes, we have to explicitly provide the
Boolean input polynomials.

– If the distance of a node to the primary inputs is below six and the lineariza-
tion of the individual polynomial fails, we switch to non-linear rewriting as
a fall-back option. This threshold allows us to capture Booth encoding in
our multiplier benchmarks. We empirically noticed that the linearization of
Booth encodings requires a rather large ≺drl-Gröbner basis and it is com-
putationally cheaper to use non-linear rewriting instead. However, switching
to non-linear rewriting leads to a non-linear intermediate reduction result,
meaning that we have to use non-linear rewriting also for the remainder of
the circuit to maintain completeness.

– In contrast to AMulet2, we do not support proof logging in MultiLinG
at the moment, as we have not yet instrumented msolve to produce proofs
in the PAC [20] format. This missing implementation is part of future work.

5.2 Setup

We run our experiments on a Intel i7-1260P CPU. The time is listed in rounded
seconds (wall-clock time). We set the time limit to 300 s and the memory limit
to 10 000MB. We compare MultiLinG against the algebraic approaches of
AMulet2 [17], TeluMA [15], and DynPhaseOrderOpt (DPOO) [21]. The
tools of related works [26] and [24] are not publicly available.

Benchmarks. We evaluate our approach on integer multiplier circuits. Multipli-
ers consist of three main components: partial product generation (PPG), partial
product accumulation (PPA), and a final-stage adder (FSA). Each component
has optimized architectures to reduce space and delay.

Two encodings are frequently used for PPG: simple AND-gate-based gener-
ation or Booth encoding. In the former case, every partial product aibj is ex-
plicitly computed, hence we do not require extension variables in our approach.
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ABC-benchmarks Related work Preprocess Time (s) msolve Calls
n Synth Nodes [15] [17] [21] MergedN PosN Total msolve # d = 3 (s) d = 4 (s) d = 5 (s)

32 resyn 7840 0.1 TO 0.2 1948 1 1.7 0.2 7 4 0.03 2 0.03 1 0.04
32 resyn2 7840 0.1 TO 0.3 1948 1 1.3 0.2 6 4 0.03 1 0.03 1 0.04
32 resyn3 7840 0.1 0.01 0.3 1952 0 0.8 0.0 0 0 0 0
32 dc2 7840 0.1 0.01 0.2 1952 0 1.0 0.0 0 0 0 0
32 comp 7839 EE TO 0.2 1948 0 1.5 0.2 6 4 0.03 1 0.03 1 0.04
64 resyn 32064 0.3 TO 1.0 7996 1 11.0 0.2 7 4 0.03 2 0.03 1 0.04
64 resyn2 32064 0.2 TO 1.0 7996 1 11.7 0.2 6 4 0.03 1 0.03 1 0.04
64 resyn3 32064 0.3 0.2 1.0 8000 0 11.2 0.0 0 0 0 0
64 dc2 32064 0.2 0.3 1.0 8000 0 11.1 0.0 0 0 0 0
64 comp 32063 EE TO 1.0 7996 0 12.2 0.2 6 4 0.03 1 0.03 1 0.04

128 resyn 129664 1.2 TO 5.7 32380 1 228.6 0.2 7 4 0.03 2 0.04 1 0.04
128 resyn2 129664 1.2 TO 6.4 32380 1 232.7 0.2 6 4 0.03 1 0.03 1 0.04
128 resyn3 129664 1.2 TO 7.7 32384 0 228.9 0.0 0 0 0 0
128 dc2 129664 1.1 TO 6.6 32384 0 229.4 0.0 0 0 0 0
128 comp 129663 EE TO 5.8 32380 0 230.4 0.2 6 4 0.04 1 0.04 1 0.04

Table 1. Results on n-bit ABC benchmarks. TO := > 300 s; EE := segfault.

For Booth encoding, we require extension variables as the partial products are
internally combined. During PPA, partial products are accumulated, with the
final two layers summed in the FSA.

In structured circuits, PPG, PPA, and FSA are clearly defined, benefiting
tools like AMulet2 and TeluMA that require a clear cut between PPA and
FSA to simplify the FSA. In synthesized circuits, gates are merged and rewritten
to optimize the circuit, which blurs these component boundaries, and complicates
direct verification. We consider two sets of benchmarks:

– aoki-multipliers [13]: This set of benchmarks is generated by combining dif-
ferent architectures for PPG, PPA, and FSA 1 , yielding 192 non-synthesized
multiplier architectures with an input bit-width 64.

– optimized ABC multipliers [1]: We generate multipliers in ABC consisting
of a simple PPG, an array PPA and a ripple-carry adder as FSA for bit-
widths 32, 64, and 128, and optimize all of them within ABC using five
different types of standard synthesis scripts: resyn, resyn2, resyn3, dc2. We
include a complex script that combines several synthesis techniques2. We
include these 15 optimized benchmarks to demonstrate the robustness of
our presented approach. Optimized benchmarks are particularly challenging
as they cannot be fully decomposed into their building blocks.

All benchmarks model correct multipliers, i.e., the circuits fulfill the specification.

5.3 Results

The results for the optimized ABC multipliers are shown in Table 1. The heuris-
tics of AMulet2 and TeluMA are not robust for these benchmarks and pro-
duce time outs. DPOO and our tool MultiLinG are both able to solve all
1

PPG: simple (sp), Booth encoding (bp); PPA: Array (ar), Wallace tree (wt), Balanced delay tree (bd), Overturned-
stairs tree (os), Dadda tree (dt), (4;2) compressor tree (ct), (7,3) counter tree (cn), Red. binary addition tree
(ba); FSA: Ripple-carry (rc), Carry look-ahead (cl), Ripple-block carry look-ahead (rb), Block carry look-ahead
(bc), Ladner-Fischer (lf), Kogge-Stone (ks), Brent-Kung (bk), Han-Carlson (hc), Conditional sum (cn), Carry
select (cs), Carry-skip fix size (csf), Carry-skip var. size (csv)

2
-c "logic; mfs2 -W 20; ps; mfs; st; ps; dc2 -l; ps; resub -l -K 16 -N 3 -w 100; ps; logic; mfs2 -W 20; ps; mfs; st; ps; iresyn
-l; ps; resyn; ps; resyn2; ps; resyn3; ps; dc2 -l; ps;"
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benchmarks within the time limit. We provide statistics on MultiLinG and
show how often nodes with equal inputs are merged (“MergedN”), the number
of eliminated positive nodes (“PosN”). We explicitly measure the time that is
required by msolve. This time is included in the total computation time. Ad-
ditionally we provide statistics on the msolve calls and list the total number
(“#”), as well as the number of calls for each depth d and the average computa-
tion time per depth. For “resyn3” and “dc2” everything could be linearized via
merging nodes. This is in high contrast to the aoki benchmarks, see Table 2 and
we believe this is due to dense structure of the ABC graphs, which involve a
higher sharing of nodes leading to more node pairs with equal children.

Figure 2 shows the results on the aoki-benchmarks. Both, TeluMA and
AMulet2, are able to solve the complete benchmark set. DPOO solves 163 out
of 192 benchmarks, whereas our approach is only able to solve 29 benchmarks.
106 benchmarks exceed the memory limit and 57 benchmarks exceed the time
limit. Details on the solved instances are given in Table 2.

Although the number of solved instances is low for MultiLinG, we are able
to solve 13 benchmarks that DPOO does not cover, see Figure 3. All those
instances use a carry-lookahead adder (cl) as FSA, which includes sequences
of OR-gates that lead to a monomial blow-up when rewritten. AMulet2 and
TeluMA solve these benchmarks using either a SAT solver or polynomial rewrit-
ing to replace the FSA with an equivalent ripple-carry adder. In our approach
these circuits benefit from rewriting positive nodes.

Table 2 provides additional insights and shows that for multipliers using a
simple PPG between 65–86% of the computation time is spent in msolve. For
multipliers using a Booth encoding (bp) this percentage is lower, as we switch to
non-linear rewriting during the reduction. Column “Nlin” provides the percentage
of “Nodes” that are reduced using non-linear rewriting.

Summarizing, AMulet2 and TeluMA are highly efficient on the structured
circuits but are not robust on optimized benchmarks. DPOO and MultiLinG
are both robust and complement each other on complex multiplier designs. Hence
our proposed approach is a valuable addition to the algebraic verification land-
scape and will be even more powerful when combined with existing methods.
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Benchmarks Preprocess Time (s) msolve Calls Nlin
Name Nodes Mrg PosN Total msolve (%) # d=3 (s) d=4 (s) d=5 (s) d=6 (s) %
sparrc 48000 8000 3968 92.7 79.5 (86.0) 3968 3968 0.02 0 0 0 0.0
sparcl 53733 8000 7749 96.2 79.4 (82.8) 3969 3969 0.02 0 0 0 0.0
spwtrc 49312 8332 3964 152.3 119.2 (78.4) 4004 3990 0.03 14 0.03 0 0 0.0
spwtcl 68747 8332 16845 176.2 122.6 (69.8) 4003 3990 0.03 13 0.03 0 0 0.0
spbdrc 49116 8281 3966 110.0 87.3 (79.8) 3968 3967 0.02 1 0.02 0 0 0.0
spbdcl 69240 8281 17305 142.5 101.5 (71.7) 3966 3966 0.03 0 0 0 0.0
sposrc 49392 8350 3966 125.3 97.2 (78.1) 3968 3967 0.02 1 0.02 0 0 0.0
sposcl 71291 8350 18485 151.8 105.5 (69.9) 3966 3966 0.03 0 0 0 0.0
spdtrc 48000 8000 3968 149.6 116.3 (78.1) 3968 3968 0.03 0 0 0 0.0
spdtcl 71000 8000 19219 174.6 115.1 (66.1) 3968 3968 0.03 0 0 0 0.0
spctrc 41248 8194 208 196.2 162.9 (83.3) 7763 3996 0.02 1884 0.02 1883 0.03 0 0.0
spctcl 62428 8194 14249 257.4 171.9 (66.9) 7761 3995 0.02 1883 0.02 1883 0.03 0 0.0
spcnrc 47236 8076 3060 136.6 105.7 (77.6) 3037 3037 0.04 0 0 0 0.0
spcncl 70236 8076 18311 173.3 111.3 (64.7) 3037 3037 0.04 0 0 0 0.0
bparrc 38311 6794 2137 98.7 38.8 (39.6) 2112 2108 0.02 2 0.02 1 0.05 1 0.05 38.2
bpwtrc 37315 6550 2134 91.2 43.6 (47.9) 2139 2125 0.02 12 0.02 1 0.06 1 0.06 39.3
bpwtcl 57556 6550 15589 159.1 46.6 (29.5) 2137 2124 0.02 11 0.03 1 0.05 1 0.06 25.5
bpbdrc 37365 6561 2135 110.0 49.0 (44.9) 2110 2106 0.02 2 0.03 1 0.05 1 0.05 39.2
bpbdcl 58309 6561 16058 181.0 44.7 (24.8) 2109 2106 0.02 1 0.03 1 0.05 1 0.06 25.1
bposrc 37459 6584 2136 105.8 41.3 (39.4) 2111 2107 0.02 2 0.03 1 0.06 1 0.06 39.1
bposcl 58759 6584 16296 170.9 49.5 (29.1) 2109 2106 0.02 1 0.04 1 0.06 1 0.06 24.9
bpdtrc 36044 6237 2114 108.5 47.2 (43.6) 2087 2084 0.02 1 0.03 1 0.05 1 0.05 40.6
bpdtcl 59169 6237 17489 167.5 52.4 (31.5) 2087 2084 0.03 1 0.03 1 0.06 1 0.06 24.7
bpctrc 32951 6428 193 139.7 101.9 (73.1) 3991 2112 0.02 939 0.02 939 0.04 1 0.04 44.5
bpctcl 54251 6428 14353 254.2 115.3 (45.6) 3991 2112 0.02 939 0.03 939 0.04 1 0.06 27.0
bpcnrc 35557 6300 1616 89.0 39.1 (44.0) 1609 1606 0.02 1 0.03 1 0.05 1 0.05 41.2
bpcncl 58682 6300 16991 170.1 50.3 (29.6) 1609 1606 0.03 1 0.03 1 0.06 1 0.06 24.9
bpbarc 38141 6590 2330 108.6 46.8 (43.2) 2322 2314 0.02 6 0.03 1 0.05 1 0.05 38.7
bpbacl 61768 6590 18080 182.2 54.9 (30.3) 2321 2313 0.02 6 0.02 1 0.04 1 0.04 23.9

Table 2. Results on solved aoki benchmarks.

6 Conclusion

In this paper we have presented a novel technique to verify directed acyclic
graphs using computer algebra. Our first contribution is a theoretical theorem
that shows how we can perform the ideal membership test of a specification
polynomial using only linear polynomial operations. Secondly, we discuss how
we can apply this theorem in practice to overcome the overhead of computing a
full Gröbner basis. We present a technique that incrementally computes Gröbner
bases for small sub-graphs to extract the linear information of the polynomials.
We have demonstrated the potential of our approach on a set of multiplier cir-
cuits that have been challenging to verify so far.

In the future we aim to turn the black-box Gröbner basis approach into a
white-box and explore how we can derive the linear polynomials without the
computation of a full Gröbner basis. We also envision equivalence checking as a
potential application, as this restricts the computation to Boolean polynomials.
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Abstract. Liveness properties are traditionally proven using a ranking
function that maps system states to some well-founded set. Carrying out
such proofs in first-order logic enables automation by SMT solvers. How-
ever, reasoning about many natural ranking functions is beyond reach
of existing solvers. To address this, we introduce the notion of implicit
rankings — first-order formulas that soundly approximate the reduction
of some ranking function without defining it explicitly. We provide re-
cursive constructors of implicit rankings that can be instantiated and
composed to induce a rich family of implicit rankings. Our constructors
use quantifiers to approximate reasoning about useful primitives such as
cardinalities of sets and unbounded sums that are not directly express-
ible in first-order logic. We demonstrate the effectiveness of our implicit
rankings by verifying liveness properties of several intricate examples, in-
cluding Dijkstra’s k-state, 4-state and 3-state self-stabilizing protocols.

1 Introduction

Liveness properties of a system assert that some desirable behavior eventually
happens in all executions of the system. The most common approach to proving
liveness properties is based on the notion of a well-founded ranking. Such a proof
goes by finding a ranking function f from the set of states of the system to some
well-founded set (A, <) such that for any transition of the system from state s to
state s′ where the desired behavior does not yet occur, the ranking is reduced,
i.e., f(s′) < f(s). Thus, well-foundedness of A ensures that there is no infinite
execution that does not eventually satisfy the property.

Many recent works use first-order logic (FOL) for verifying safety and liveness
properties [26,31,35–37,39,43,48]. FOL has been established as a useful tool for
modeling and verifying systems, mostly due to the success of automatic solvers
that answer complicated satisfiability queries in seconds. One challenge that
arises when proving liveness properties in FOL is that well-foundedness is not
directly expressible in FOL. Additionally, many common primitives that are
useful for defining ranking functions, such as cardinality of sets, and sums over
unbounded domains, cannot be directly captured in FOL.

We present an approach that overcomes these hurdles and facilitates carrying
out proofs based on ranking functions in FOL. Our approach utilizes the obser-
vation that it suffices to encode the reduction in the ranking function without
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explicitly encoding the ranking function itself. Furthermore, the reduction need
not be encoded precisely, but can be soundly approximated. For this purpose,
we define the notion of an implicit ranking, which can be soundly used in live-
ness proofs in place of explicit ranking functions. An implicit ranking consists of
a reduction formula, φ<, and a conservation formula, φ≤. These are two-state
first-order formulas for which there exists some ranking function f mapping the
states to elements of some well-founded set (A, <) such that whenever states s
and s′ satisfy φ< we have f(s′) < f(s) and whenever s, s′ satisfy φ≤ we have
f(s′) ≤ f(s). Conservation is needed, for example, in proof rules for verifying
liveness under fairness assumptions.

We then introduce recursive constructors for implicit rankings that can be
instantiated and composed to induce a rich family of implicit rankings. Our
constructors are based on familiar notions from order theory, such as pointwise
ordering and lexicographic ordering, which can be used to lift and aggregate
orders in various ways, adapted to the first-order setting. A key component of
our approach is the introduction of domain-based constructors that use quan-
tification over the domain of a state to express aggregation of rankings. For
example we can express a pointwise aggregation of given rankings, or a lexico-
graphic aggregation based on a given order on the elements in the domain. When
composed, such aggregations can capture complex ranking arguments that are
unattainable by existing methods.

Implicit rankings produced by domain-based constructors are sound for finite,
albeit unbounded, domains. Such domains are common when reasoning about
distributed protocols, concurrent systems, arrays, etc. where the set of nodes,
array indices, etc. is finite but not fixed. In fact, liveness of such systems often
depends on the finiteness of the domain. Thus, such constructors allow us to
utilize finiteness of the domain in liveness proofs, even though finiteness itself is
not definable in FOL.

As notable examples, we use our constructors to produce implicit rankings
for the self-stabilization property of Dijkstra’s k-state, 4-state and 3-state pro-
tocols [13]. In these examples, domain-based constructors are able to replace
reasoning about unbounded sums and set cardinalities in novel ways. We use
the implicit rankings within a sound proof rule to verify the examples, where
the premises of the rule are discharged automatically by an SMT solver. To the
best of our knowledge, this is the first SMT-based verification of the more chal-
lenging 3-state and 4-state protocols, and it is simpler than existing proofs for
such protocols [1, 3, 8, 12,14,19,20,23,25,34].

Contributions.
– We define implicit rankings, which soundly approximate reduction and con-

servation of some ranking function in FOL, and show how these implicit
rankings can be used in liveness proofs (Section 4).

– We introduce constructors of implicit rankings based on familiar notions
from order theory, including domain-based constructors that are sound for
finite but unbounded domains and can sometimes replace reasoning about
unbounded summations and set cardinalities (Section 5).
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– We implement the proposed constructors in a tool for verifying liveness prop-
erties of first-order transition systems, and demonstrate the power of our
constructors by verifying a set of examples of liveness properties, including
Dijkstra’s self-stabilizing protocols (Section 6).

In the next section we present two examples that motivate our approach. Sec-
tion 3 then provides the necessary background for Sections 4 to 6 and Section 7
discusses related work and concludes the paper.

Full Version. The full version of the paper is available at [27].

2 Motivating Examples

Example 1. As a first motivating example (Figure 1), we consider an abstraction
of a self-stabilizing protocol. In a self-stabilizing protocol privileges are initially
distributed arbitrarily in a network, but eventually the protocol converges to a
stable state where only one machine holds a privilege. The protocol we consider
abstracts the movement of privileges in Dijkstra’s k-state protocol [13]. While
the abstraction does not enjoy stabilization, it suffices for showing a property
that is used in the proof of stabilization for Dijkstra’s protocol.

In this protocol, the network consists of a finite number of machines, ar-
ranged in a ring, with one machine, called the bottom machine (bot), being
distinguished. Every machine i has a field i.next which directs to its right-hand
neighbor in the ring. At any moment any machine may be privileged or not.
Initially, privileges are assigned arbitrarily, with the guarantee that at least one
machine is privileged. At each iteration, an arbitrary privileged machine is sched-
uled, the scheduled machine loses its privilege and its right-hand neighbor be-
comes privileged (whether it was already privileged or not). The property we
wish to prove is that machine bot is eventually scheduled: ♢(skd = bot). In the
original protocol, the steps of machine bot are different from all other machines
(this difference is lost in the abstraction) and, in particular, they take the state
of the network closer to stabilization.

Next, we describe a ranking function for proving the liveness property. To
present the ranking function we denote the number of machines by n and think
of the machines as indexed by 0, 1, . . . , n − 1 according to their order in the
ring, with bot = 0. Now, a natural ranking function is: Rk =

∑
i ̸=0:priv(i) n − i.

Intuitively, the value n − i can be seen as the number of steps required for the
privilege of machine i to reach machine 0 (if no other privileges are present). We
can now verify that in any transition from s to s′, if the eventuality does not
occur in either s or s′, the rank is reduced. Indeed, for any transition, if skd = 0
the eventuality is satisfied in s; otherwise, skd loses its privilege, decreasing Rk
by n−skd, and skd+1 gains a privilege, (possibly) increasing Rk by n−(skd+1),
ultimately decreasing Rk by 1 (or more, if skd + 1 was already privileged).

While this ranking function is natural, it is not clear how to reason about it
with existing automated solvers due to the unbounded sum operation which is
not directly expressible in FOL (without induction). Next, we show how we can
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machine bot
relation priv(machine)
function next(machine) : machine
while(exists m. priv(m)):

skd = *
assume(priv(skd))
priv(skd) = false
priv(next(skd)) = true

Fig. 1. Toy Stabilization

index ptr = n - 1
array(index) a = [1 for i in 0,...,n-1]
while (ptr >= 0):

if a[ptr] == 0:
a[ptr] = 1 ; ptr = ptr - 1

else:
a[ptr] = 0 ; ptr = n - 1

Fig. 2. Binary Counter

express this ranking argument in FOL by an implicit ranking which encodes a
sound approximation of the reduction in the ranking function. To do this, we
show that we can replace reasoning about set cardinalities and unbounded sums
by reasoning about other aggregations that are expressible in FOL.

To avoid combining arithmetic reasoning with quantifiers, we use an uninter-
preted sort to model the machines, and instead of relying on numbers, we model
the ring structure with a strict order on machines, lt, such that bot is minimal in
that order, and the next field corresponds to the successor function in the order
lt, except for the maximal element which points to bot.

Now, we observe that in our model, the expression n− i used in the ranking
function above for a privileged machine i is the cardinality of the set of machines
that are greater or equal to i in the order lt. Further, we can sum over all
machines by pushing the condition on i into the set definition. Thus, Rk =∑

i |{j : priv(i) ∧ i ̸= 0 ∧ (lt(i, j) ∨ i = j)}|. In order to express reduction in
the sum, we recall that in a transition, the summands are unchanged for all
machines except for skd, skd + 1; the contribution of skd + 1 to the sum after
the transition is smaller than the contribution of skd before the transition and
the contribution of skd to the sum after the transition is 0 (because it loses its
privilege) and therefore, smaller or equal to that of skd + 1 before the transition.
Therefore we can use an adaption of a pointwise argument which “permutes”
skd and skd + 1 to capture the reduction in the sum over all machines.

Next, we need to express reduction (or conservation) in the summands (either
of the same machine i or of different machines) along transitions. The summands
are cardinalities of sets of machines j. Thus, we observe that it suffices to show
strict set inclusion. This amounts to a pointwise argument over all machines j,
showing reduction (or conservation) in the binary predicate α(i, j) = priv(i) ∧
i ̸= 0 ∧ (lt(i, j) ∨ i = j) that defines membership of j in the set of i. The
reduction in the binary predicate, the pointwise reduction and the permuted-
pointwise reduction, can all be encoded in FOL. Thus, the overall approximation
of the reduction in the ranking function can be expressed (and hence verified
automatically) by the following first-order formula, where unprimed symbols
represent the pre-state of a transition and primed variables represent the post-
state:

∀j. (α′(next(skd), j) → α(skd, j)) ∧ ∃j. (¬α′(next(skd), j) ∧ α(skd, j)) ∧
∀j. (α′(skd, j) → α(next(skd), j)) ∧
∀i. ((i ̸= skd ∧ i ̸= next(skd) → ∀j. (α′(i, j) → α(i, j)))
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Example 2. As a second motivating example (Figure 2), we look at a binary
counter implemented in an array, taken from [24]. For simplicity of the presen-
tation, we consider a version of the counter that counts down. The counter is
implemented by an array a[0], . . . , a[n − 1] with a[0] as the most significant bit
and a[n− 1] as the least significant bit, initialized with all 1s. A pointer ptr tra-
verses the array starting at index n−1 (the lsb) until it sees the first 1, replacing
at each step any 0 it sees with a 1. When reaching the first cell with a 1, it sets
that cell to a 0 and returns ptr to index n− 1. We wish to prove that eventually
the array holds all 0s: ♢(∀x.a[x] = 0).

To find a ranking function, we notice that the reduction in the counter value
happens between states of the program where ptr = n− 1. Such states partition
the execution to “intervals”. For a state inside an interval, we can derive the value
of the counter at the beginning of the interval (i.e., when ptr was last n − 1)
by aold[i] = 0 ⇐⇒ a[i] = 0 ∨ i > ptr. Within an interval, the counter values
stored by aold do not change but ptr is reduced; and when a new interval starts,
the value of aold is reduced (and ptr is set back to n − 1). This lends itself to a
ranking function in the form of a lexicographic pair Rk = (val(aold), ptr).

Unfortunately, it is not clear how to encode the value of the counter in FOL.
In fact, most existing techniques for encoding ranking functions in FOL are lim-
ited to polynomial ranking functions, while the counter requires an exponential
ranking function. Fortunately, we realize that a reduction in the counter value
corresponds to a lexicographic reduction in the sequence of bits stored in the
array representing the counter based on the order on array indices.

To encode the ranking argument in FOL we model the indices of the array,
as in Example 1, by an uninterpreted index sort and a strict order lt on it,
with the maximal index acting as n − 1. The content of the array is modeled
using a unary relation a(·) that records the cells with value 1. Then, aold is
recorded by aold(i) = a(i) ∧ (lt(i, ptr) ∨ i = ptr). With this encoding, reduction
in ptr is measured by the order on indices lt and reduction in aold is measured
lexicographically, based on the same order lt on indices, where for every index
i, the values of cell i are ordered by implication on the derived predicate aold(i).
Overall, the reduction in rank can be encoded in FOL by the formula:

∃i. (¬a′old(i) ∧ aold(i) ∧ ∀j. lt(j, i) → (a′old(j) → aold(j))) ∨
((∀i. a′old(i) ↔ aold(i)) ∧ lt(ptr′, ptr))

Section 4 formally defines the notion of an implicit ranking which the reduction
formulas above exemplify. The crux of our work is in Section 5, where we present
constructors of implicit rankings. As we show in Section 6, the implicit rankings
for both motivating examples can be built using our constructors.

3 Preliminaries

First-Order Logic. We consider uninterpreted FOL with equality, without the-
ories. For simplicity, we present our results for a single-sorted version of FOL.
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The extension of the results to many-sorted logic, which we use in practice, is
natural. A first-order signature Σ contains relation, constant and function sym-
bols. A term t over Σ is a variable x, a constant c, the application of a function
on a sequence of terms f(t) or an if-then-else term ite(α, t1, t2). Formulas α over
Σ are defined recursively: atomic formulas are either t1 = t2 or r(t) where r is
a relation symbol. Non-atomic formulas are built using connectives ¬,∧,∨,→
and quantifiers ∀, ∃. We write α(x1, . . . , xk) to denote that the free variables in
α are contained in x1, . . . , xk. Given sequences of terms t1, . . . , tk we then use
the notation α(t1, . . . , tk) to denote the formula obtained from α by substitut-
ing each xj with tj . For a signature Σ we use subscripts and superscripts ‡ to
denote disjoint copies of Σ defined by Σ‡ = {a‡ | a ∈ Σ}, assumed to satisfy
Σ ∩ Σ‡ = ∅. For a formula α over Σ, we denote by α‡ the formula over Σ‡
obtained by substituting each symbol a ∈ Σ with a‡ ∈ Σ‡.

First-order formulas are evaluated over pairs of structures and assignments.
A structure for Σ is a pair s = (D, I) where D is a non-empty set called the
domain, and I is an interpretation that maps each relation, constant and function
symbol to an appropriate construct over D. We denote by struct(Σ,D) the set
of all structures over D. An assignment v from a sequence of variables x to a
domain D is a function v : x → D. We denote the set of all assignments from x
to D by assign(x,D). We denote the concatenation of two sequences of variables
x, y by x·y. For two assignments u, v without shared variables, we denote by
u·v the disjoint union of u and v. We call a pair (s, v) of a structure and an
assignment an a-structure. For a domain D and a sequence of variables x we
denote the set of all a-structures by a-struct(Σ, x,D). For a formula α and an
a-structure (s, v) we write (s, v) |= α to denote that (s, v) satisfies α.

Transition Systems in First-Order Logic. We consider transition systems given
by a first-order specification T = (Σ, ι, τ ) where Σ is a signature, ι is a closed
formula over Σ that specifies initial states, and τ is a formula over a double
signature Σ⊎Σ′ that specifies transitions, where the symbols in Σ represent the
pre-state and the symbols in Σ′ represent the post-state of a transition. A trace
of T is an infinite sequence of structures (si)∞i=0 over the same domain such that
s0 is an initial state and for all i ∈ N, there is a transition from si to si+1.

Well-Founded Partial Orders. A binary relation ≤ on a set A is a partial order if
it is reflexive, antisymmetric and transitive. For a partial order we write a1 < a2
for a1 ≤ a2 and a1 ̸= a2. A partial order ≤ is called well-founded if there is no
sequence a0, a1, . . . such that ai+1 < ai for all i ∈ N. We then refer to ≤ as a
wfpo for short1. If ≤ is a partial order on A and A is finite, then ≤ is a wfpo.

4 Expressing Ranking in First-Order Logic

In this section we introduce the notion of implicit ranking. To motivate our
definition, we start by considering the way rankings are typically used.
1 This is a different (weaker) notion from a partial-well-order (an antisymmetric well-

quasi-order), which requires no infinite decreasing chains and no infinite antichains.
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4.1 Using Ranking for Liveness Proofs

Well-founded rankings are useful for proving liveness properties of transition
systems. A typical proof rule that uses rankings is based on two notions: a
conservation of the ranking, corresponding to ≤, and a reduction in the ranking,
corresponding to <. As an example, we examine proving liveness properties of the
form P = □♢r → ♢q. A transition system T = (Σ, ι, τ ) satisfies P if every trace
of T that satisfies r infinitely often eventually satisfies q (r can be understood
as a fairness assumption). We can prove such a property by finding a ranking
function f from states of the system to a set A with a wfpo ≤ and a formula
ϕ, and validating the following premises: (i) ι ∧ ¬q → ϕ (ii) ϕ ∧ τ ∧ ¬q′ → ϕ′

(iii) ϕ ∧ τ ∧ ¬q′ → φ≤ (iv) ϕ ∧ τ ∧ ¬q′ ∧ r → φ<, where φ≤, φ< are formulas
that encode conservation and reduction of f . (i) and (ii) assert that ϕ holds in
all states in a trace as long as q does not hold. (iii) guarantees that in every
transition that does not visit q we have conservation of f . (iv) states that in
every transition following a visit to r we have a reduction in f . If all premises
are valid, r cannot be visited infinitely often without eventually satisfying q, as
that would induce an infinitely decreasing chain in f . We use a similar proof rule
for more general liveness properties in our evaluation (Section 6).

The structure of the proof rule above reveals that for soundness, φ≤ and
φ< do not need to precisely capture conservation and reduction in the ranking.
Instead, because φ≤, φ< appear only positively, it suffices that they underap-
proximate them, such that whenever a pair of states satisfies φ≤, the value of
f is conserved between them, and whenever a pair of states satisfies φ<, the
value of f is reduced between them. The implication in the other direction is
not needed for soundness. This observation is key for encoding complex ranking
arguments in FOL. It allows flexibility in encoding conservation and reduction,
which is crucial in cases where these relations (as well as the ranking function
itself) are not directly expressible in FOL, but their underapproximations are.

4.2 Implicit Ranking

This section formalizes the notion of an implicit ranking— a pair of formulas
φ≤, φ< which, for every domain D, encode underapproximations of conservation
and reduction of some implicitly defined ranking function on structures with do-
main D. For compositionality, we generalize this concept to pairs of a-structures.

Notation. The definition of an implicit ranking uses formulas that reason about a
pair of a-structures. To that end, given a signature Σ and a sequence of variables
x = (xi)m

i=1, we consider a double signature Σ0 ⊎ Σ1 and two copies of the
variables xb = (xb,i)m

i=1 for b ∈ {0, 1}. Intuitively, Σ0 and x0 represent a “lower
ranked” a-structure and Σ1 and x1 represent a “higher ranked” a-structure. For a
term t with variables x, we denote by tb the term obtained by substituting Σb for
Σ and xb for x. With abuse of notation, we consider a structure s = (D, I) for Σ
as a structure for Σb where I(ab) = I(a) for every ab ∈ Σb and an assignment to
x as an assignment to xb by defining v(xb,i) = v(xi). For a formula φ over Σ0⊎Σ1
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with free variables x0, x1 and a-structures (s0, v0), (s1, v1) ∈ a-struct(Σ, x,D),
we write (s0, v0), (s1, v1) |= φ to denote satisfaction of φ when for b ∈ {0, 1}, the
interpretation of Σb is taken from sb, and the assignment to xb is taken from vb.

Definition 1 (Implicit Ranking). Let φ≤, φ< be two formulas over Σ0⊎Σ1.
We say that Rk = (φ≤, φ<) is an implicit ranking with parameters x, if the free
variables in φ≤ and φ< are confined to x0, x1 and for any domain D, there exist
a set A, a wfpo ≤ on A and a function f : a-struct(Σ, x,D) → A, such that:

(s0, v0), (s1, v1) |= φ≤(x0, x1) =⇒ f(s0, v0) ≤ f(s1, v1)
(s0, v0), (s1, v1) |= φ<(x0, x1) =⇒ f(s0, v0) < f(s1, v1)

For an implicit ranking Rk and a domain D, we call (A,≤) a ranking range for
D and f a ranking function for D. If x is empty, we call Rk a closed implicit
ranking. If the existence of A,≤ and f is ensured only for finite domains D, we
call Rk an implicit ranking for finite domains.

The formulas φ≤, φ< encode relations between a-structures, which means that
they let us compare specific elements in one state with possibly different elements
in another state. Technically, this is achieved by the free variables in φ≤ and φ<.
In proof rules, we only need to compare structures and thus only allow the use of
closed implicit rankings. The use of free variables is needed for the construction
of these rankings. In Section 5 we introduce constructors that create new implicit
rankings from existing rankings, some of which eliminate free variables.

Definition 1 ensures that for each domain D, the formulas φ≤ and φ< un-
derapproximate conservation and reduction of some ranking function over a-
structures. The ranking function f and the corresponding ranking range are not
explicitly encoded. As explained above, this allows us to find such formulas even
if the exact conservation and reduction of f are not readily expressible in FOL.
For example, for a function f that maps s to the number of elements in D that
satisfy a predicate α(x), there is no formula that precisely captures the conser-
vation of f , but it can be approximated, say, by the formula ∀x.α0(x) → α1(x).

Closed implicit rankings can be used in proof rules such as the one above by
substituting Σ′ (the post-state signature) for Σ0 and Σ (the pre-state signature)
for Σ1. While implicit rankings ensure reduction/conservation in a possibly dif-
ferent function for each domain, they are sound to use as all states along a trace
of a transition system share a domain. In the case of implicit rankings for finite
domains, soundness is guaranteed for systems where the domain is finite in each
trace, but still unbounded.

5 Constructions of Implicit Rankings

We introduce several constructors for implicit rankings, that can be instantiated
and composed to create a rich family of implicit rankings. Our constructors es-
sentially encode standard constructions of partial orders. Each constructor has
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its own arguments, which may themselves be implicit rankings. Some construc-
tors only construct implicit rankings for finite domains. These are called finite-
domain constructors. For other constructors, whether the constructed implicit
ranking is for arbitrary or finite domains is inherited from the implicit rankings
used as arguments for the constructor. We provide the following guarantees.

Theorem 1. All constructors defined in this section are sound in the sense that
(i) if the arguments of a constructor satisfy their assumptions, then the output
of the constructor is an implicit ranking (for finite domains if the constructor is
finite-domain), and (ii) for constructors that receive implicit rankings as argu-
ments, if at least one of the arguments is an implicit ranking for finite domains,
so is the constructed implicit ranking.

Due to space considerations we defer soundness proofs to [27]. We give only
the crux of the proofs: the definitions of ranking range and ranking function for
the constructed implicit ranking given these notions for the arguments of the
constructor.

5.1 Base Constructors

We start by introducing two non-recursive constructors, which are used as the
base in recursive constructions of implicit rankings.

Binary Constructor. The first constructor we define captures a binary ranking
function, mapping each a-structure (s, v) to 0 or 1 (ordered 0 ≤ 1) by checking
whether (s, v) satisfies a formula α. In this case, reduction is obtained if α holds in
the higher-ranked a-structure and does not hold in the lower-ranked a-structure.
Conservation also includes the case where α holds in both or in neither.

Constructor 1. The binary constructor receives a formula α(x) over Σ. It
returns an implicit ranking Bin(α) = (φ≤, φ<) with parameters x defined by:

φ≤(x0, x1) = α0(x0) → α1(x1) φ<(x0, x1) = α1(x1) ∧ ¬α0(x0)

Example 3. Continuing with Example 1, for α(i, j) = priv(i)∧ lt(i, j), Bin(α) is
an implicit ranking with parameters i, j, capturing reduction and conservation
in the ranking between a pair of machines (i1, j1) in the higher-ranked structure
and a potentially different pair (i0, j0) in the lower-ranked structure. The need for
comparing different pairs in different structures is demonstrated in Example 1.

Position-in-Order Constructor. The second base constructor, which is a
finite-domain constructor, utilizes an already existing (possibly derived) partial
order in the system itself, building on the observation that a partial order over a
finite domain is always well-founded. The order is defined by a single signature
formula ℓ(y0, y1), which allows comparing two (tuples of) elements. To guarantee
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soundness we must verify that ℓ(y0, y1) defines a strict order, and that it is
immutable, i.e., does not change between the ranked structures, encoded by:

order(ℓ) := (∀y1, y2.ℓ0(y1, y2) ↔ ℓ1(y1, y2)) ∧
(∀y1, y2.ℓ0(y1, y2) → ¬ℓ0(y2, y1))∧
(∀y1, y2, y3.ℓ0(y1, y2) ∧ ℓ0(y2, y3) → ℓ0(y1, y3))

If s0, s1 |= order(ℓ) the interpretation of ℓ in s0 coincides with its interpretation
in s1 and both define a strict partial order on the set assign(y,D), where D is the
domain of s0 and s1. Then, if D is finite, this order is a wfpo. The position-in-
order constructor uses ℓ to create an implicit ranking that compares the valuation
of the same term (or sequence of terms) t in the two structures. The term may
include free variables, allowing to compare valuations under different assignments
in the two structures. The underlying ranking function maps an a-structure to
its interpretation of ℓ together with the valuation it assigns to t.

Constructor 2. The position-in-order constructor receives a formula ℓ(y0, y1)
over Σ and a sequence of terms t(y) over Σ with |t| = |y|. It returns an implicit
ranking for finite domains Pos(t, ℓ) = (φ≤, φ<) with parameters y defined by:

φ≤(y0, y1) = order(ℓ) ∧ (ℓ0(t0, t1) ∨ t0 = t1) φ<(y0, y1) = order(ℓ) ∧ ℓ0(t0, t1)

Example 4. Continuing with Example 2, define ℓ(i0, i1) = lt(i0, i1), and t = ptr.
Then Pos(t, ℓ) is a closed implicit ranking for finite domains, where the ranking
is based on the position of the pointer in the different structures.

5.2 Constructors for Aggregation of Finitely Many Rankings

We now present constructors which receive as input a finite number of implicit
rankings and create an implicit ranking that mimics aggregation of the under-
lying ranking ranges and functions. These constructors are based on standard
ways to lift partial orders on sets to a partial order on their Cartesian product.

Pointwise Constructor. For partially-ordered sets A1, . . . , Am with partial
orders ≤1, . . . ,≤m respectively, the pointwise partial order ≤pw on the set A1 ×
· · · × Am is defined by (a1, . . . , am) ≤pw (b1, . . . , bm) ⇐⇒

∧
i ai ≤i bi. If the

orders ≤1, . . . ,≤m are wfpos then so is ≤pw. The following constructor encodes
this in FOL to aggregate rankings. A corresponding ranking function is defined
by f(s, v) = (f1(s, v), . . . , fm(s, v)), where fi is a ranking function to Ai.

Constructor 3. The pointwise constructor receives implicit rankings Rki =
(φi
≤, φi

<) for i = 1, . . . , m, each with parameters x. It returns an implicit ranking
PW(Rk1, . . . , Rkm) = (φ≤, φ<) with parameters x defined by:

φ≤(x0, x1) =
∧

i φi
≤(x0, x1) φ<(x0, x1) = φ≤(x0, x1) ∧

∨
i φi

<(x0, x1)
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Lexicographic Constructor. A different partial order on A = A1 × · · · × Am

can be defined by the lexicographic ordering: (a1, . . . , am) ≤lex (b1, . . . , bm) ⇐⇒∨
i(ai <i bi∧

∧
j<i(aj ≤j bj))∨(

∧
i ai ≤i bi). Again, if ≤i are all wfpos, then so is

≤lex. The Lexicographic Constructor encodes this idea in FOL. A corresponding
ranking function is defined as for the pointwise constructor.

Constructor 4. The lexicographic constructor receives implicit rankings Rki =
(φi
≤, φi

<) for i = 1, . . . , m, each with parameters x. It returns an implicit ranking
Lex(Rk1, . . . , Rkm) = (φ≤, φ<) with parameters x defined by:

φ<(x0, x1) =
∨

i(φi
<(x0, x1) ∧

∧
j<i φj

≤(x0, x1))
φ≤(x0, x1) = φ<(x0, x1) ∨

∧
i φi
≤(x0, x1)

5.3 Constructors for Domain-Based Aggregations of Rankings

We now turn to present constructors that encode domain-based aggregations
of rankings. As demonstrated in Example 1, such aggregations can sometimes
replace summations and cardinalities of sets in ranking arguments. These are
constructors that receive as input an implicit ranking (φ≤, φ<) with parameters
x, partitioned to x = y·z. and return an implicit ranking with parameters
z, for which the conservation and reduction depend on the aggregation of the
results of φ≤ and φ< for different values of y in the domain. This is established
by quantifying over y. To do so, we use generalizations of the partial-order
constructions we saw in Section 5.2 to sets of functions. Due to the nature of
these constructions, the soundness of the produced rankings depends on the
finiteness of the domain, so these constructors are finite-domain constructors.

Domain-Pointwise Constructor. For a partially-ordered set (A,≤A) and
a set Y , we can lift ≤A to a pointwise partial order on the set of functions
Y → A: for any a, b ∈ Y → A we have a ≤pw b ⇐⇒ ∀y ∈ Y.a(y) ≤A b(y).
If the order ≤A is a wfpo and Y is finite then ≤pw is a wfpo. In our case
the set Y is the set of assignments to y over some finite domain. The next
constructor encodes this idea in FOL in a straight-forward way: conservation of
the aggregated ranking occurs when we have conservation of the input ranking
for all values of y, and reduction is achieved when, additionally, there is some
value of y for which we have reduction of the input rank. A corresponding ranking
function to assign(y,D) → A is defined by f(s, v) = λu ∈ assign(y,D).fA(s, u·v)
where fA is a ranking function to A.

Constructor 5. The domain-pointwise constructor receives an implicit ranking
Rk◦ = (φ◦≤, φ◦<) with parameters x = y·z. It returns an implicit ranking for
finite domains DomPW(Rk◦, y) = (φ≤, φ<) with parameters z defined by:

φ≤(z0, z1) = ∀y.φ◦≤(y·z0, y·z1)
φ<(z0, z1) = φ≤(z0, z1) ∧ (∃y.φ◦<(y·z0, y·z1))

Next we demonstrate how DomPW can be used to approximate set cardinalities.
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Example 5. For a formula with one free variable α(x), if we take Rk◦ = Bin(α),
the implicit ranking for finite domains Rk = DomPW(Rk◦, x) = (φ≤, φ<) ap-
proximates the cardinality of the set of elements that satisfy α: if structures
s0, s1 are such that s0, s1 |= φ<, we have that the set of elements that satisfy
α in s0 is a strict subset of that in s1, and so we have reduction in cardinality.
This does not capture cardinality precisely, and we can encode a more precise
approximation using Const. 6.
Example 6. Taking Rk◦ = Bin(priv(i) ∧ lt(i, j)) from Example 3, the implicit
ranking for finite domains DomPW(Rk◦, j) = (φ≤, φ<) aggregates over j but
still has i as a parameter. This lets us compare cardinalities of the sets of ma-
chines associated with two different machines described by i0 and i1.

Domain Permuted-Pointwise Constructor. The following constructor is
a relaxation of Const. 5, based on the notion of a permuted pointwise order,
meant to capture cases where two functions are almost pointwise-ordered but
some permutation of the inputs is required. For a set Y , a partially-ordered set
A, and two functions a, b ∈ Y → A, we say that a ≤perm b if there exists a
bijection σ on Y such that a ≤pw b ◦ σ. The result, ≤perm, is a preorder on
Y → A. It induces a partial order on the quotient set of Y → A w.r.t. ≡perm
in the usual way. If (A,≤A) is a wfpo and Y is finite, ≤perm is a wfpo on the
quotient set of Y → A . In our case Y = assign(y,D) and a ranking function fA

to A can be lifted to a ranking function to the quotient set of assign(y,D) → A
by defining f(s, v) = [λu ∈ assign(y,D).fA(s, u·v)]≡perm .

The above order is not directly first-order definable — we cannot capture the
existence of a permutation σ as this would require second order quantification.
Instead, the permuted-pointwise constructor under-approximates and encodes
only the cases where σ is composed of transpositions of at most a constant
number k of pairs of elements y1

→, y1
←, . . . , yk

→, yk
← as follows: σ(yi

→) = yi
←

and σ(yi
←) = yi

→ for i = 1, . . . , k and σ(y) = y for any other y. To ensure
that σ is a well-defined permutation we require that for every i ̸= j we have
yi
→ ̸= yj

→,yi
← ̸= yj

← and yi
→ ̸= yj

←. We can then capture σ(y) for any y by
a term yσ (see below), and encode reduction or conservation according to σ by
comparing y to yσ with the input implicit ranking. (Notably, this is the only
constructor that uses the input implicit ranking to compare different elements.)
While this is only an approximation, we have found it captures several interesting
cases, such as the one needed to verify Example 1.
Constructor 6. The domain permuted-pointwise constructor receives an im-
plicit ranking Rk◦ = (φ◦≤, φ◦<) with parameters x = y·z, and k ∈ N. It returns
an implicit ranking for finite domains DomPerm(Rk◦, y, k) = (φ≤, φ<) with
parameters z defined by:

φ≤(z0, z1) = ∃̃σ. ∀y. φ◦≤(y·z0, yσ·z1)
φ<(z0, z1) = ∃̃σ. ∀y. φ◦≤(y·z0, yσ·z1) ∧ ∃y. φ◦<(y·z0, yσ·z1)

where: yσ = ite(y = y1
→, y1

←, ite(y = y1
←, y1

→, . . . ,
ite(y = yk

→, yk
←, ite(y = yk

←, yk
→, y))))

∃̃σ. α := ∃y1
→, y1

←, . . . , yk
→, yk

←.
∧

i<j(yi
→ ̸= yj

→ ∧ yi
← ̸= yj

← ∧ yi
→ ̸= yj

←) ∧ α
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Next, we demonstrate how DomPerm can approximate sums over unbounded
sets and weighted set cardinalities. We expand on the relation to sums in [27].

Example 7. Continuing with Example 6, taking Rk◦ = DomPW(Bin(priv(i) ∧
lt(i, j)), j), Rk = DomPerm(Rk◦, i, 1) is an implicit ranking that captures the
reduction argument described in Example 1. In particular, the aggregation cap-
tured by the permuted-pointwise constructor replaces an unbounded summation.
The reduction formula listed in Example 1 is slightly simplified compared to Rk
produced by DomPerm above: it includes only the nontrivial disjuncts of the ite
expressions, and it uses skd, skd + 1 in place of the existential quantifier.

Example 8. Consider a ranking function |{x | α(x)}| + 2|{x | β(x)}|, where α
and β are two predicates, and consider the case where conservation of ranking
between states s0, s1 holds due to ‘mixing’ of the predicates, for example “ex-
changing” one element x0 that satisfies β in s0 with two elements x1, x2 that
satisfy α in s1. We can use the DomPerm constructor to capture such a ranking
argument. We first add to the signature of the transition system an enumerated
sort type with three values: typeα, type1

β , type2
β . We then define the unified

predicate γ(x, ty) = (ty = typeα ∧ α(x)) ∨ ((ty = type1
β ∨ ty = type2

β) ∧ β(x)).
This can be understood as introducing one copy of the domain for α and two
copies for β, and interpreting each of α and β over the copies relevant to
them. Finally, we consider Rk = DomPerm(Bin(γ), (x, ty), 2) = (φ≤, φ<). To
see that the aforementioned pair of states indeed satisfies the resulting con-
servation formula, i.e., (s0, s1) |= φ≤, consider the permutation defined by
y1
← = (x0, type1

β), y2
← = (x0, type2

β), y1
→ = (x1, typeα), y2

→ = (x2, typeα).

Remark 1. Our decision to focus on permutations obtained by transpositions in
our first-order encoding was motivated by examples such as Example 8. There
are of course other classes of permutations that can be encoded in first-order
logic and would also result in a sound approximation of ≤perm.

Note that Const. 5 (domain-pointwise) can be understood as a special case of
Const. 6 obtained by considering the degenerate case k = 0.

Domain-Lexicographic Constructor. The following constructor is an analog
of Const. 4, where instead of aggregation based on the order of indices of the
given rankings, we aggregate based on a partial order on assign(y,D). To that
end we rely on an already-existing order in the system, encoded by a single
signature formula ℓ(y0, y1), and axiomatized as in Const. 2.

For a partially-ordered set A with a partial order ≤A and a set Y with a
wfpo ≤Y , the set of functions Y → A can be ordered by the lexicographic partial
order: for any a, b ∈ Y → A we have a ≤lex b ⇐⇒ a(y) ≤A b(y) for all minimal
elements of the set {y ∈ Y | a(y) ̸= b(y)} (for a ̸= b, this set is not empty, because
≤Y is a wfpo). Equivalently, for every y ∈ Y such that a(y) ̸≤A b(y) there exists
y∗ such that y∗ <Y y with a(y∗) <A b(y∗). Additionally, if ≤A is a wfpo and
Y is finite, ≤lex is a wfpo. The constructor encodes this in a straight-forward
way: the set Y is assign(y,D) and <Y is given by ℓ. A corresponding ranking
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function can be defined by the interpretation of ℓ as in Const. 2 combined with
λu ∈ assign(y,D).fA(s, u·v) as in Const. 5.

Constructor 7. The domain-lexicographic constructor receives an implicit rank-
ing Rk◦ = (φ◦≤, φ◦<) with parameters x = y·z, and a formula ℓ(y0, y1) over Σ.
It returns an implicit ranking for finite domains DomLex(Rk◦, y, ℓ) = (φ≤, φ<)
with parameters z defined by:

φ≤(z0, z1) = order(ℓ) ∧ ∀y.(φ◦≤(y·z0, y·z1) ∨ ∃y∗.(ℓ0(y∗, y) ∧ φ◦<(y∗·z0, y∗·z1)))
φ<(z0, z1) = φ≤(z0, z1) ∧ (∃y.φ◦<(y·z0, y·z1))

Example 9. Continuing with Example 2, define a formula α(i) which is set to
true if the array holds a 1 in index i, and take Rk◦ = Bin(α). Take, as in Exam-
ple 4, ℓ(i0, i1) = lt(i0, i1). Then, Rk = DomLex(Rk◦, i, ℓ) captures lexicographic
reduction of values in the array, akin to reduction in a binary counter. Compared
to the formula given above, the reduction formula in Example 2 is simplified by
the fact that the order given by ℓ is total, which need not be the case in general.

Note that Const. 5 (domain-pointwise) can be understood as a special case of
Const. 7 obtained by considering the degenerate case ℓ(y0, y1) = false.

6 Implementation and Evaluation

To explore the power of the implicit rankings defined by our constructors we
implemented a deductive verification procedure for liveness properties of the form
(
∧

i ∀x.□♢ri(x)) → □(p → ♢q) where ri are parameterized fairness assumptions,
based on a proof rule given in [27]. Our implementation, available at [28], is based
on the Z3 [32] Python API. It takes as input a first-order transition system, a
liveness property, a closed implicit ranking defined using the constructors of
Section 5 and the other formulas required for applying the proof rule. Given the
above, we automatically construct the implicit ranking formulas φ<, φ≤ defined
by the constructors and use Z3 to validate the premises of the rule. Some of the
domain-based constructors create formulas with quantifier alternations, which
may be challenging for solvers. We thus allow the user to provide hint terms for
the existential quantifiers in the declaration of such constructors. We replace the
existential quantification with disjunction over formulas substituted with these
terms in the solver queries (this is sound since the implicit ranking formulas
appear only positively in the proof rule and in recursive constructors).

Results. We evaluate our tool on a suite of examples from previous works,
listed below. We use Z3 version 4.12.2.0, run on a laptop running Windows with
a Core-i7 2.8 GHz CPU. All examples are successfully verified within 10 min-
utes. Below we describe the examples. For each, we note whether the validation
of the premises required user-provided hint terms for the existential quantifiers
introduced by the constructors. In all examples we use finite-domain construc-
tors, which assume a finite (but unbounded) semantics for the domain of the
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relevant sorts. In some examples, such as our two motivating examples, there
are no fairness assumptions, in which case we use □♢true as a fairness assump-
tion; this amounts to assuming totality of the transition relation, which indeed
holds in these examples. Some of the more complicated examples additionally re-
quire some abstraction techniques. We expand more on each example and these
technical details in the full version of the paper [27].

Toy Stabilization (Example 1). The ranking argument described in Section 2
is captured by an implicit ranking defined by DomPerm(DomPW(Bin)).

Binary Counter (Example 2). The ranking argument described in Section 2
is captured by an implicit ranking defined using Lex(DomLex(Bin),Pos).

Token Ring. A mutual exclusion protocol [15] where a token moves around a
ring, allowing its holder to enter the critical section. We show that every machine
that tries to enter the critical section eventually does. We use an implicit ranking
defined by DomLex(Lex(Bin,Bin,Bin)) capturing the linear movement of the
token along the ring and changes in local state of the token’s holder.

Leader Ring. The Chang-Roberts algorithm for leader election in a ring [5],
with first-order modeling and invariants based on [17, 38]. The liveness prop-
erty is that eventually a leader is elected. We use an implicit ranking defined by
Lex(DomPW(Bin),DomLex(Bin)), where DomPW(Bin) is used to track the car-
dinality of the set of machines that did not yet send their id, and DomLex(Bin)
tracks the movement of messages around the ring.

SAT Backtracking. We verify termination of a naive backtracking search
algorithm for solving boolean satisfiability. The implicit ranking is given by
Lex(DomLex(Bin),PW(DomPW(Bin),DomPW(Bin))) keeping track of the cur-
rent assignment that is reduced lexicographically when we change assignment,
and the number of steps required until progressing to the next assignment which
corresponds to the number of variables that are yet to be assigned true, and
those that are yet to be assigned false.

SAT Backjumping. Termination of an abstraction of the CDCL algorithm
for solving boolean satisfiability [2, 30], taken from [33]. The algorithm non-
deterministically applies decisions, unit propagations, backjumping and learning.
We use an implicit ranking, based on the proof in [33] defined by Lex(Rk1, Rk2)
where Rk1 = DomLex(DomPW(Bin))) tracks for each decision level the num-
ber of assignments made in it, and Rk2 = DomPW(Bin) tracks the number of
assigned variables.

Self-Stabilization Protocols. We verify several self-stabilizing protocols [13].
In these protocols, a set of machines is organized in a line/ring. Each machine
holds some local value(s). Privileges are assigned to machines according to rela-
tions between a machine’s values and its neighbors’ values. In every transition
a privileged machine changes its local values, such that it loses its privilege and
a new privilege may be created for one of its neighbors. The protocols differ
in how the privileges are defined and updated. For each protocol we show that
eventually a unique privilege is present (stabilization) and that starting with a
unique privilege, every machine gets a privilege infinitely often (fairness).
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Dijkstra’s k-State Protocol. In this protocol a designated machine bot can
introduce new values into the ring. We prove stabilization by proving three
lemmas (based on [19, 23]): (1) machine bot is eventually scheduled, (2) if bot
is scheduled infinitely often then eventually bot holds a unique value in the ring
and (3) if bot holds a unique value in the ring eventually there is a unique
privilege in the ring. The implicit ranking required for properties (1) and (3) is
the same and has structure DomLex(Bin), tracking the movement of privileges
towards bot according to the ring order. The implicit ranking for property (2)
has structure DomPW(Bin), aggregating over values to capture the distance
between bot’s value and a new value. Fairness is proven similarly to (1).

Dijkstra’s 4-State Protocol. In this protocol two kinds of privileges can be
derived for every machine. The different privileges move in different directions.
We base our proof on [12]. The implicit ranking for proving stabilization is
given by a lexicographic pair Lex(Rk1, Rk2) where Rk1 has structure Dom-
Perm(Bin), capturing the number of privileges of both kinds. Rk2 has structure
DomPerm(PW(DomPW(Bin),DomPW(Bin))) which captures a bound on the
number of moves required from all machines until a privilege is lost. For this im-
plicit ranking we used simple hint terms as described above, replacing existential
quantification with instantiation of skd, skd.next or skd.prev. The structure of
implicit ranking we use for fairness is Lex(Rk1, Rk2, Rk3) with each Rki tracking
a movement of some privilege in some direction using DomLex(Bin).

Ghosh’s 4-State Protocol. A simplification of Dijkstra’s 4-state protocol [20].
The implicit ranking we use is an appropriate modification of the above.

Dijkstra’s 3-State Protocol. The implicit ranking we use for proving stabi-
lization is a direct encoding of the ranking function given in [25] (See also [14])
This ranking is a 4-argument lexicographic ranking Lex(a, b, c, d). a captures a
weighted sum of set cardinalities by DomPerm(Bin) with k = 4 as in Example 8.
This generates premises with 18 existential quantifiers requiring complicated
hints to validate. b and c are DomPerm(Bin) capturing set cardinalities and d
captures the number of steps until reduction in either a, b, or c, encoded using
composition of DomPerm and DomPW. The ranking for fairness is similar.

7 Related Work and Concluding Remarks

Numerous approaches for liveness verification have been proposed in the litera-
ture, including abstraction techniques [6,23], liveness to safety reductions [4,10,
35, 36], rich proof structures [11, 16, 39, 47], and more [21, 42]. Our work consid-
ers verification based on the classical notion of ranking functions [18,44]. Many
proof rules based on ranking functions have been suggested, e,g., [7,15,29,31,41].
As explained in Section 4.1, our constructions of implicit rankings can be used
in any rule that requires conservation and reduction of rank. In contrast to [9,
22, 40, 45, 46, 48] which automate the search for ranking functions, we focus on
expanding the class of ranking functions that can be used and leave automation
for future work. We now turn to expand on the most relevant recent works.
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The closest work to ours is [31], which uses relational rankings or fixed-size
lexicographic tuples of them as ranking functions in liveness proofs for first-
order transition systems. Relational rankings count the number of elements that
satisfy some predicate, and their reduction and conservation are measured ap-
proximately in a pointwise fashion. Relational rankings can be captured by our
constructors, specifically DomPW(Bin), but our constructors induce a richer
family of rankings and offer more expressiveness, sometimes, at the expense of
more complex quantifier structure. On the other hand, [31] does not assume
finiteness, but proves that the set considered is finite at any time. Generalizing
our finite-domain constructors to this setting is not trivial, and is a subject for
future work. The proof rule of [31] also allows modular temporal reasoning. The
definition of implicit ranking we offer can also be used in such a proof rule.

The approach of [48] focuses on automating the search for a ranking func-
tion for protocols modeled in FOL. They automatically synthesize integer-valued
polynomial ranking functions from integer variables that appear in the proto-
col specification, fairness variables, and cardinalities of sets defined by predi-
cates (some of which are user-provided). Similarly to our domain-based aggrega-
tions, they assume finiteness of certain domains. While we use the assumption
implicitly, they introduce integer variables that bound the finite cardinalities.
In both [31] and [48], only rankings that are polynomial in the cardinality of
the domain can be used, which cannot capture Example 2. Additionally, their
domain-based aggregations, which are limited to cardinalities of sets, cannot be
recursively composed, which is needed for examples such as Example 1.

The approach of [35, 36] is based on a liveness-to-safety reduction that uses
a dynamic finite abstraction to reduce liveness to acyclicity of traces. The re-
duction is encoded via a monitor that augments the original system. Liveness
is established by showing an arbitrary monitored state called the saved state is
never revisited. While very general, the approach is difficult to use since one has
to find an invariant of the augmented system that justifies that the current state
is never equal to the saved state. Our implicit rankings can be understood as a
natural way to describe such two-state invariants instead of reasoning about an
augmented system. This also makes them more amenable to automation.
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