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Series Foreword

Dear reader,

Scientific research is increasingly interdisciplinary, and both students and experi-
enced researchers often face the need to learn the foundations, tools, and methods
of a new research field. This process can be quite demanding, and typically involves
extensive literature searches and reading dozens of scientific papers in which the
notation and style of presentation varies considerably. Since the establishment of
this series in 2016 by founding editor-in-chief Aslak Tveito, the briefs in this series
have aimed to ease the process by introducing and explaining important concepts
and theories in a relatively narrow field, and to outline open research challenges and
pose critical questions on the fundamentals of that field. The goal is to provide the
necessary understanding and background knowledge and to motivate further studies
of the relevant scientific literature. A typical brief in this series should be around 100
pages and should be well suited as material for a research seminar in a well-defined
and limited area of computing.

We publish all items in this series under the SpringerOpen framework, as this allows
authors to use the series to publish an initial version of their manuscript that could
subsequently evolve into a full-scale book on a broader theme. Since the briefs are
freely available online, the authors do not receive any direct income from the sales;
however, remuneration is provided for every completed manuscript. Briefs are written
on the basis of an invitation from a member of the editorial board. Suggestions for
possible topics are most welcome and can be sent to sundnes @simula.no.

March 2023 Dr. Joakim Sundnes
Editor-in-Chief

Simula Research Laboratory

sundnes @simula.no

Dr. Martin Peters

Executive Editor Mathematics
Springer Heidelberg, Germany
martin.peters @springer.com
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Foreword

Many college students study neuroscience as a means of learning about themselves.
The curious student will ask questions such as "How can I speed up learning?” ”Why
doThaveto sleep?” ”What is the biological basic of love?” The ambitious student will
soon find both hypotheses and literature addressing these fundamental questions. In
fact, the answers will reflect the perspectives of the many subfields of neuroscience.
Psychological science will describe and attempt to explain the factors and processes
underlying memory formation, sleep, and feelings. A basic neuroscientist will ascribe
the processes to circuit function and the role of neuromodulators. The human brain
project even predicted that we would understand brain function if it were possible
to map all neurons and their connections. The latter perspective has fostered general
interest in neurocomputational processes and further distanced us from the biological
necessity of the living brain. Altogether, college students will find a myriad of
answers to their simple questions, based on decades of consideration and careful
studies.

One aspect of brain function that has rarely been addressed, however, is the physical
restriction of the brain. The brain is a soft organ suspended in cerebrospinal fluid and
encased by the skull’s rigid bony structure. Its billions of neurons work together to
provide its computational power, and yet every single cell has its own requirements
for a constant supply of energy metabolites and waste removal. There are limitations
to what these cells can tolerate and how they respond to changes in local fluid flow,
variations in both hydrostatic and osmotic pressure, and consequent fluctuations in
extracellular ion composition. How do neurons deal with the unique viscoelastic
properties of the brain, which largely lacks a fibrous extracellular matrix? College
students will find a sparse literature and no answers or models. The inherent issues
associated with obtaining simple physical measures of pulsatile pressure, tissue
resistance, and simple flow patterns make mathematical modeling an invaluable tool
in defining the physical restrictions of the living brain. These issues are further
complicated by the state of brain activity, that is, the sleep—wake cycle, as well as
aging and disease, which can have dramatic effects on glymphatic transport.

vii



viii Foreword

This book explores this fundamentally new field that seeks to understand the relation-
ships between the brain’s physical state and internal fluid dynamics and their effects
on brain function. Little prior literature exists for several of the topics presented in
this volume, which truly braves a new field. The curious student can thus begin to
make links between memory, the need for sleep, the vagaries of affect and emotion,
and the ravages of cognitive decline with aging to the fluid dynamics and biophysics
of glymphatic clearance.

Rochester Maiken Nedergaard



Preface

It was in the fall of 2013 that we began to develop a strong interest in the mathematical
and computational modeling of the brain and brain fluids. What grabbed our attention
were the then recently published findings of the Nedergaard Lab pointing to the
role of fluid flow and transport in brain clearance, with its potential implications for
neurodegenerative disease and sleep. Our scientific background was not in clinical or
basal medicine or even in computational neuroscience, but in numerical methods for
solving partial differential equations (PDEs), soft tissue mechanics, computational
fluid dynamics, scientific computing, PDE-constrained optimization, and numerical
linear algebra. But we envisioned that these techniques could provide a new—
and hopefully refreshingly different—set of tools to better understand the brain’s
glymphatic system and its importance.

As we started to explore this research field, we faced numerous numerical and
computational challenges associated with modeling the human brain. Thanks to our
clinical collaborators Per Kristian Eide, Geir Ringstad, and others at Oslo University
Hospital, Rikshospitalet, we had access to a rich and nearly unique data set of
magnetic resonance (MR) images from several patient cohorts. While going from
image volumes to tessellated brain surfaces was relatively straightforward, thanks to
FreeSurfer and its associated software ecosystem, generating computational meshes
suitable for finite element methods from these surfaces was not trivial. Our first
book in this series, Mathematical Modelling of the Human Brain: From Magnetic
Resonance Images to Finite Element Simulation, resulted from our experiences and
aimed at lowering the entry bar for others interested in exploring this fascinating
field.

Since then, the mathematical and computational modeling of the brain’s waterscape
has evolved and developed substantially. In silico studies now form an integral
and integrated pillar complementing experimental and clinical approaches. It is our
hope that the chapters of this book can provide an introduction to state-of-the-art
tools and/or the domain-specific translation of numerical or machine learning—based
techniques for junior and senior researchers interested in venturing further into the
PDE- or network-based modeling of the human brain.

This book consists of 10 self-contained and relatively short chapters, each intended
as a rapid introduction to a key problem or topic.

» Chapter 1 gives a brief and biased introduction to the physics of brain physiology,
describing the brain as a soft, elastic, and porous medium surrounded by pulsat-



Preface

ing fluids and featuring a complex interplay between mechanical, chemical, and
electrical forces.

Chapter 2 describes aspects related to creating and marking computational
meshes of both the brain and the surrounding cerebrospinal fluid spaces, with
an emphasis on resolving complex geometric features and the toolkit SVM-Tk.

Chapter 3 combines these meshing tools with the FEniCS finite element software
to model and simulate the flow of cerebrospinal fluid in the subarachnoid space.

To illustrate a wider range of available tools, chapter 4 presents an extended
meshing and simulation pipeline for the brain and its fluid environment as a
fluid—structure interaction problem.

Chapter 5 turns to the interplay between imaging and modeling molecular en-
richment and clearance within the brain and offers a step-by-step guide for
the mapping between the signal intensities produced by contrast-enhanced MR
images and discrete concentrations.

Chapter 6 turns to the topic of deep learning and describes a convolutional neural
network pipeline for predicting signal intensities from such contrast-enhanced
MR images.

Building on the ideas introduced in chapters 5 and 6, chapter 7 presents a
physics-informed neural network model of molecular transport in the brain.

Chapter 8 presents a more comprehensive PDE-based model of brain molecular
transport as an example of multi-compartmental spatial modeling of transport.

Still within the topic of modeling molecular transport, chapter 9 compares a set
of inverse modeling approaches for estimating transport parameters within the
brain.

Finally, chapter 10 gives an introduction to graph-based models of neurotoxic
protein spread as a starting point for the mathematical modeling and simulation
of the role of glymphatics in neurodegeneration.

We would also like to express our gratitude to all the authors and reviewers contribut-
ing to this book and its accompanying software. Finally, we acknowledge funding
and support from Stiftelsen Kristian Gerhard Jebsen via the K.G. Jebsen Centre
for Brain Fluid Research; the Research Council of Norway via FRIPRO grants
#324239 (EMIXx), #300305 (SciML), and #301013 (Alzheimers physics); Wellcome
via Wellcome Discretionary Award 313298/Z/24/Z; the national infrastructure for
computational science in Norway, Sigma2, via grants #NN8049K and #NN9279K;
and the European Research Council under grant #101141807 (aCleanBrain) .

Oslo, January 2025 J. S. Dokken, K.-A. Mardal, M. E. Rognes,

L. M. Valnes, V. Vinje
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Chapter 1
From brain physiology to brain physics

Marie E. Rognes and Kent-Andre Mardal and Lars Magnus Valnes and Vegard
Vinje

Abstract This note provides an accessible introduction to key aspects of the mathe-
matical modeling of brain fluid dynamics and solid mechanics in the context of brain
glymphatics. We touch upon the different modes and cycles of brain pulsatility, the
brain’s elastic properties, the brain’s fluid environment and fluid networks, and the
chemical-mechanical interplay induced by osmotics, all under both physiological
and pathological conditions.

1.1 Introduction

In the early 2010s, groundbreaking discoveries at the interface between neurol-
ogy and neuroscience dramatically increased the interest in and relevance of the
mathematical modeling of human brain mechanics. By tracking the in vivo move-
ment of tracer molecules in the brains of mice, Xie et al. (2013) observed that
molecules cleared rapidly in sleeping mice but not in awake mice. Moreover, the
tracer movement suggested that the perivascular spaces, that is, the cavities filled
with cerebrospinal fluid (CSF) that run alongside the blood vessels, are deeply in-
volved in the transportation processes. Six years later, Fultz et al. (2019) revealed
intimate connections between waves of blood flow, CSF flow, and neural activity in
and around the sleeping brain. These findings introduced the idea that sleep drives
molecular clearance from the human brain, that brain clearance is key to why we
sleep, and, moreover, that brain clearance may be fundamentally associated with the
presence of toxic metabolites and neurodegeneration.

In the years since, the mathematical modeling and simulation of the physiology and
physics of the brain have emerged as key enabling technologies for testing biologi-
cal hypotheses, quantifying hidden mechanisms, and resolving major controversies
within these fields. This chapter gives a qualitative and quantitative introduction to
fundamental aspects of the solid mechanics and fluid dynamics of the brain and its

© The Author(s) 2026 1
J. S. Dokken et al. (eds.), Mathematical Modelling of the Human Brain 1,
Simula SpringerBriefs on Computing 18, https://doi.org/10.1007/978-3-032-00679-0_1
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CSF-filled local environment, both at the tissue-to-organ spatial scale and at time
scales associated with physiological pulsations. Note that this chapter should not be
read as a systematic or exhaustive review, but rather as an accessible introduction
highlighting key aspects of the topic.

1.2 The Pulsating Brain

With every heartbeat, blood flows into the brain via the cerebral arteries.! The volume
of the (adult human) brain and its vasculature increases by about 1 cm?’ followed by an
increase of around 3 mmHg in intracranial pressure (ICP) (Baldent, 2014; Eide et al.,
2021; Ringstad et al., 2017; Wagshul et al., 2011). The resulting pressure difference
between the brain and spinal compartments drives the CSF downward from the
subarachnoid space (SAS) surrounding the brain and the ventricles inside the brain,
along the spinal canal. The brain, that is, the brain parenchyma (or brain tissue) and
the CSF and its various compartments are shown in Figure 1.1. Next, the venous
blood outflow routes catch up, in turn decreasing the volume of the brain, reducing
the ICP, and resulting in flow reversal of CSF from the spinal compartment up into
the cranium. For a simulation framework for this 1-Hz fluid—structure interaction
phenomenon, see, for example, Causemann et al. (2022).

Fig. 1.1 The brain and its
fluid surroundings. The col-
ored sagittal section is super-
imposed on a T1-weighted
magnetic resonance image, in-
cluding the brain parenchyma
(light gray) and CSF spaces,
showing the subarachnoid
space (light blue), fourth ven-
tricle and aqueduct (yellow),
third ventricle (orange), and
lateral ventricles (dark blue).

The respiratory cycle associated with breathing in (inspiration) and out (exhalation)
similarly induces pulsating displacement, pressure, and flow patterns at a frequency
of around 0.25Hz in resting humans, with pressure variations on the order of 1
mmHg (Vinje et al., 2019). During natural inspiration, the chest cavity volume
increases, reducing the intrathoractic pressure (i.e., pressure in the chest region) and
subsequently facilitating venous blood flow from the brain into the heart. This volume
is replaced by CSF flowing up from the spinal compartment. Exhalation reverses the

! For an introduction to brain anatomy, see, for example, Boron and Boulpaep (2016) and Mardal
et al. (2022).
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patterns. The picture may, however, involve more complex mechanisms and different
breathing techniques inducing different patterns, and the precise mechanisms remain
under debate (Lloyd et al., 2020).

Intriguingly, in addition to the cardiac and respiratory cycles, a number of unique
wave patterns are associated with the sleeping brain (Lewis, 2021). Using electroen-
cephalography and functional magnetic resonance imaging (blood oxygen level de-
pendent, or BOLD), Fultz et al. (2019) observed large but slow (0.05 Hz) oscillations
in CSF flow into the ventricles, strongly anticorrelated with BOLD signal oscilla-
tions in the cortical gray matter and in sync with electroencephalographic delta
waves. Bojarskaite et al. (2023) also directly demonstrated sleep—wake differences
in vasomotion and perivascular dynamics.

1.3 Elastic Properties of the Brain Parenchyma

The brain’s composition makes its tissue rheologically complex, with differing elastic
properties under different conditions and time scales. Under physiological conditions,
that is, during the normal pulsations of the brain associated with cardiac, respiratory,
or sleep—wake cycles and the associated time frames of seconds to minutes to hours,
the brain can be represented as a linearly elastic or poroelastic medium. That is,
assuming an ICP pressure pulsation of 3 mmHg = 0.4 kPa would yield low strain
(less than 10%) and a linear regime, given a Young’s modulus higher than 4 kPa,
which is often assumed (Smith and Humphrey (2007)). However, when undergoing
large or sudden deformations, the brain’s elastic response becomes nonlinear and
may result in traumatic brain injury (Griffiths and Budday, 2022). It is estimated that,
in the United States, 1 million to 4 million individuals suffer from traumatic brain
injury resulting from head injuries in sports alone (Jordan, 2013). In turn, longer time
scales (months, years) unveil the viscoelastic features of brain tissue. The excellent
reviews by Goriely et al. (2015) and Budday et al. (2020) are good starting points
for understanding the nonlinear and viscoelastic properties of the brain, with Su
et al. (2023) providing recent insights on the comparison between viscoelastic and
poroelastic properties.

In terms of elastic properties, the brain is considered surprisingly soft. How do we
quantify this? If u is a vector field that defines the brain displacement relative to a
baseline configuration and we model the brain as a linearly elastic medium, then the
stress tensor o is expressed in terms of the strain € as

o(u) =Ce(u), &e(u)= % (Vu +VuT) , (1.1)

where C is a fourth-order stiffness tensor. The nerve fiber tracts making up the
brain’s white matter define a strongly anisotropic structure, but, interestingly, the
elastic response of the brain is reported to not be notably anisotropic (Budday et al.,
2017). Therefore, under the assumption of isotropy, the general relation (1.1) reduces
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to the isotropic stress—strain relation

Ev

o (u) =2ue(u) + AV -ul, F= 0+ /1:(1—2v)(1+v)’

1.2)
where y and A are the Lamé parameters, expressed here also in terms of the more
frequently reported Young’s modulus E and Poisson ratio v. Within this setting, the
ICP corresponds to the solid pressure:

1
ICP =~ pg = —Etr(O'),

where d = 1,2, 3 and tr are the dimension and trace of o, respectively.

So, how soft is brain tissue? The literature varies quite a bit. For instance, the early
literature review by Smith and Humphrey (2007) reported a range in Young’s mod-
ulus of 2-60 kPa in mammals. More recent research has suggested smaller values:
Budday et al. (2015) reported typical Young’s modulus values of 1.4 kPa in gray
matter and 1.9 kPa in white matter, along with an incompressibility assumption, that
is, v = 0.5. Part of the reason for the discrepancies could be that the meninges are
stiff compared to the parenchyma. In particular, the pia membrane, the innermost
membrane surrounding the brain parenchyma, is considered two to three orders of
magnitude stiffer (Ozawa et al., 2004). These estimates of the brain’s elastic mod-
uli (Budday et al., 2015) rely on classical ex vivo experimental techniques in which,
for example, a bovine (cow) brain tissue sample is extracted and subjected to indenta-
tion tests. A newer, emerging technique for measuring brain elasticity noninvasively
is magnetic resonance elastography (MRE; see Fig. 1.2, (Murphy et al., 2019; Svens-
son et al., 2021)). Using MRE, Green et al. (2008) identified viscoelastic moduli in
the range 2.5-3.1 kPa, with a significantly lower storage modulus in white matter
than in gray matter. We note that viscoelastic parameters as measured with MRE
are often reported in pascals rather than pascals per second, since the parameters
are determined by considering a periodic Helmholtz-type problem in the regime of
1-50 Hz. In this regime, the viscoelasticity parameters scale linearly with frequency
(see Green et al. (2008) for details). Using optimal coherence elastography, Gary
et al. (2023) found that the (mouse) brain stiffens with age in combination with a
decrease in water content.

1.4 Fluid Dynamics in the Brain’s Local Environment

Within the cranium, the brain’s CSF-filled surroundings include the SAS and the
ventricles (Fig. 1.1). The SAS is defined by its outer arachnoid membrane and
inner pia membrane and is potentially divided by the subarachnoid lymphatic-like
membrane (Mgllgard et al., 2023), which closely follows the surface of the brain
and widens out into larger cisterns, especially around the cerebellum (Boron and
Boulpaep, 2016). The SAS in adult humans is typically 1-5 mm wide, with a volume
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T1-weighted image Shear stiffness (kPa) Relative viscosity

Healthy brain

Contrast-enhanced
T1-weighted image
1700 S - LA

Brain tumor

Glioblastoma

Fig. 1.2: Anatomical T1-weighted images and MRE images for a healthy subject
(top) and a patient with a brain tumor. The MRE maps show the magnitude of the
shear modulus (shear stiffness in kilopascals) and the shear phase angle (relative
viscosity).

of 125 mL (Sakka et al., 2011). The four ventricles include two lateral ventricles,
the third and fourth ventricles, with a total volume of ~25 mL. The ~15-mm-wide
cerebral aqueduct connects the third and fourth ventricles, while the lateral and
median apertures connect the fourth ventricle with the SAS at the cisterna magna.
CSF is a clear, colorless fluid that is composed of 99% water; electrolyte ions,
including sodium (Na*), chloride (C17), potassium (K*), magnesium (Mg>*), and
calcium (Ca’*); as well as glucose and plasma proteins, with an osmolarity of ~290
mOsm/L and a pH of 7.33. CSF is thought to be mainly produced in the choroid
plexus lining the cerebral ventricles at a rate resulting in total CSF renewal around
every six hours in humans (MacAulay et al., 2022; Wichmann et al., 2022). The
outflux routes of CSF are still under debate and may vary between species (see,
e.g., Hornkjgl et al. (2022) and references therein).

Clinically, CSF flow can be measured in the ventricles, cerebral aqueduct, or cran-
iocervical junction using phase contrast magnetic resonance imaging or other tech-
niques. Typical flow speeds are 3—-5 cm/s in the third ventricle (Dreha-Kulaczewski
et al., 2015), 4-6 cm/s in the narrower cerebral aqueduct, and 1-3 cm/s at the
craniocervical junction (Eide et al., 2021).

Within the SAS, the flow of CSF is well represented by the incompressible Navier—
Stokes equations for the velocity v and fluid (or intracranial) pressure p:
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pve+v -Vv+ V. (ue(v) —pl) =0, (1.3a)
V-v=0, (1.3b)

with dynamic viscosity u ~ 0.697 x 1073 Pa s and density p ~ 10 kg/m? at body
temperature. Often, the low Reynolds and Womersley number approximations may
be highly appropriate, in which case the nonlinear Navier—Stokes equations above
reduce to the linear Stokes equations by ignoring the term v - V v.

1.5 The Brain’s Fluid Networks and Permeability

In addition to its fluid surroundings, the brain parenchyma itself is 80% water and
permeated by a number of fluid networks. The extracellular space between the brain
cells is largely contiguous and filled with interstitial fluid (ISF), a fluid similar
in composition to the CSF. The vasculature, filled with blood and separated from
the brain tissue by the blood—brain barrier, defines one or several additional fluid
networks. In addition, perivascular spaces are hypothesized to enclose the cerebral
vasculature within the subarachnoid space and within the parenchyma. The properties
of these spaces, including their structure and function, shape and size, and extent of
penetration into the brain, are still debated (Bakker et al., 2016; Bohr et al., 2022).

Fig. 1.3: Fluid networks within the brain. Shown here are the perivascular space (dark
blue) surrounding an arteriole (left) and the extracellular spaces (in gray) between
brain cells in a tissue slice (middle) and a tissue cube (right) (Causemann, 2023).

Interestingly, the brain parenchyma (but not the brain meninges) lacks lymphatic ves-
sels (Aspelund et al., 2015; Louveau et al., 2015). The brain’s alternative pathways
for solute influx and clearance, termed the brain’s glymphatics, is an active topic of re-
search (Bohretal., 2022). The glymphatic concept was introduced by Iliff et al. (2012)
in 2012, extending upon previous findings on perivascular pathways (Hadaczek et al.,
2006; Rennels et al., 1985) and bulk ISF flow (Abbott, 2004; Cserr and Ostrach,
1974) dating back to the 1970s. The original glymphatic theory stipulates that 1)
CSF flows in via periarterial spaces, mixes with ISF and flows through the brain
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interstitial space, and is cleared via perivenous spaces; ii) interstitial bulk flow de-
pends on transmembrane water movement in astrocytes; and iii) fluid flow is driven
by cerebral pulsations.

The parenchyma is compartmentalized into several different compartments at differ-
ent scales, where we mention in particular the intra- and extracellular compartments,
vasculature, and perivascular space. To model the interaction between the fluid flow
between these compartments and the elastic response of the brain under the in-
fluence of physiological pulsations, Tully and Ventikos (2011) proposed applying
multiple-network poroelastic theory (MPET). For a given set of networks 1,2, ..., I,
the multiple-network poroelasticity equations describe the brain displacement u and
pressure p; in each fluid network i via the governing equations

I
pu; —V - (o(u) - Z aipil) = f, (1.4a)
i=1
cipig+aidivu —V-K;Vp; +T(p)=g;, i=1,2,....,1, (1.4b)

where p ~ 1.046 x 10° kg/m? is the density of the brain tissue, o is the elastic
stress tensor (see Eq (1.1)), «; is the Biot—Willis coefficient, c; is a specific storage
coefficient, and K; is hydraulic conductance, the latter three for each network i. In
the case I = 1, (1.4) reduces to Biot’s equations. The permeability of the extracellular
space in neuropil (an area of the brain representative of tissue without vasculature
and, as such, a model for extracellular space) is relatively low, with estimates on the
order of 10 nm? (Holter et al., 2017) to 2500 nm? (Smith and Humphrey, 2007).
Less is known about the specific storage coefficient and Biot—Willis coefficient of
the extracellular space, perivascular spaces, and vasculature. The MPET equations
and organ-level modeling of brain perfusion and glymphatics have seen a surge of
interest since the late 2010s (e.g., Causemann et al., 2022; Corti et al., 2023; Guo
et al., 2020; Kraus et al., 2023; Piersanti et al., 2023).

1.6 Fluid Mechanics and Osmotics in the Brain at the Microscale

At the microscale, in the extracellular space and within and between brain cells such
as, for example, in astrocyte networks, brain fluid mechanics and electrophysiology
become intrinsically intertwined. The electrical activity of brain nerve cells rely
on the rapid movement of ions such as sodium and potassium across the neuronal
membrane, altering the electrical potential gradient between the extracellular and
intracellular spaces. However, the presence of an ionic gradient also induces an
osmotic gradient, leading to water movement across the cellular membranes, cel-
lular swelling, and potential water movement within extracellular and intracellular
compartments. Understanding and modeling the electro-chemo-mechanical inter-
play within the brain is an emerging research field, and we refer the interested reader
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to, for example, Rasmussen et al. (2020) and Stra et al. (2023) as recent points of
departure for the neurophysiology and computational modeling, respectively.

1.7 Brain Fluid Dynamics and Pathology

Changes in CSF dynamics or in the mechanical properties of the brain are also
associated with neurological disorders or neurodegenerative disease. A condition
associated with abnormal CSF flow is idiopathic normal pressure hydrocephalus, a
form of dementia associated with an increase in the ventricular volume. The patho-
physiology of idiopathic normal pressure hydrocephalus is disputed, but theories
point to alterations in CSF dynamics such as CSF production or absorption (Reeves
et al., 2020). Importantly, patients with Alzheimer’s disease show altered CSF dy-
namics (Schubert et al., 2019). Protein accumulations such as AS plaques or CSF-t
tangles are hallmarks of Alzheimer’s disease (Fjell et al., 2014), and there is frequent
buildup of A in vascular spaces (Thal et al., 2008). Such buildup increases arterial
stiffness and reduces arterial pulsatility (Hughes et al., 2013), which may be crucial
for CSF flow and exchange along perivascular spaces (Iliff et al., 2012). Generally,
brain stiffness is sensitive to demyelination, as encountered, for example, in multiple
sclerosis (decreased stiffness), dementia (decreased stiffness in Alzheimer’s disease),
and tumors (Murphy et al., 2019).

Brain fluid dynamics are also altered in cancer and stroke Eide et al. (2024). The
blood-brain barrier limits the transport of toxic substances from the blood into
the brain (Hammarlund-Udenaes et al., 2014). In patients with glioma (a form of
brain cancer), this barrier is partially disrupted, resulting in at least three separate
fluid compartments where substances may be exchanged (blood, ISF, and CSF).
Furthermore, it has been shown that perivascular spaces are an important invasion
pathway for glioma cells (Cuddapah et al., 2014), highlighting the potential role of the
glymphatic system for the development of disease. Finally, glymphatic dysfunction
has been associated with the pathophysiology of brain edema, blood—brain barrier
disruption, neuroinflammation, and neuronal cell death after stroke (Rasmussen
et al., 2018).

1.8 Conclusions and Outlooks

Understanding the human brain is arguably one of the greater scientific challenges
of our century. Inspired by Hilbert’s (1902) mathematical problems, several lists
of unsolved problems have been introduced (Adolphs, 2015; Van Hemmen and
Sejnowski, 2005). It is striking that most of the challenges listed are related to
the computational and cognitive aspects of the brain, specifically how neurons work,
while the basic mechanics of the brain’s unique physiology have received comparably
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less attention. However, the glymphatics concept (Iliff et al., 2012) and its relation to
sleep (Xie et al., 2013) and various neurological diseases (Rasmussen et al., 2018)
have revitalized the field of brain biomechanics, with research activity increasing
year by year.
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Chapter 2

Meshing the intracranial compartments: The
cerebellum, cerebrum, brainstem, and
cerebrospinal fluid

Lars Magnus Valnes and Kent-Andre Mardal

Abstract Computational modeling can assist researchers to further understand the
mechanism in and around the human brain. However, there are significant differ-
ences between brain geometries, so macroscopic models can require person-specific
meshes. Therefore, we will go through the process of making a patient-specific volu-
metric mesh from T1-weighted magnetic resonance images. The resulting mesh will
include structures such as the cerebellum, subarachnoid space, cisterna magna, and
foramen magnum.

2.1 Introduction

The transport and exchange between the brain and the surrounding fluids have been
a hot topic of research in the last decade, particularly since the introduction of the
glymphatic system and its relevance to dementia (Jessen et al., 2015). Cerebrospinal
fluid (CSF) flow in the subarachnoid space (SAS) seems to be of crucial importance
for solute transfer within the brain (Hornkjgl et al., 2022) and varies significantly
among different diseases (Eide et al., 2021). However, as has become increasingly
clear over these last years, the fluid processes are complicated and compartmentalized
in the subarachnoid space (Mestre et al., 2018; Mgllgard et al., 2023). Additionally,
there are pulsations at several different frequencies, such as sleep waves (Bojarskaite
et al., 2022; Fultz et al., 2019) and respiration (Vinje et al., 2019), in addition to
cardiac pulsations. Our aim here is therefore to build software tools for subject-
specific simulations of multiphysics problems where the interactions of the brain
(including the cerebellum and brainstem), CSF, and meninges are simulated with
methods from scientific computing.

Mardal et al. (2022) discussed techniques for generating surfaces and meshes for
FEniCS-based (Alnas et al., 2015) simulations. The main focus was on meshing
based on the default surface reconstructions provided by FreeSurfer (Fischl, 2012),
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namely, the surfaces of the gray and white matter of the cerebrum and corresponding
single-physics simulations. Here, we extend the methodology and also consider the
CSF of the SAS, cisterna magnum, aqueduct, and foramen magnum, along with
the brainstem and cerebellum. Furthermore, we describe the tools to mark volumes,
surfaces, and interfaces, along with tools that provide the clean cuts needed for setting
boundary conditions at, for instance, the cervicocranial junction in the upper neck.
We thus aim to provide, in particular, the software tools for brain-wide simulation of
the glymphatic system (Jessen et al., 2015), where the viscous flows of CSF interact
with the poroelastic brain within, possibly accounting for multiple compartments of
the human brain (Piersanti et al., 2023).

We will also briefly outline new features to the Surface Volume Meshing Toolkit
(SVM-Tk) version 2.0.0, which is a Python-based front-end interface to the Com-
putational Geometry Algorithms Library (CGAL) (Fabri et al., 2000). SVM-Tk will
be used for correcting surface defects and imperfections with functions designed for
brain anatomy and provides a relatively robust mesh generation procedure. It has
been used in various publications since its introduction by Mardal et al. (2022) (e.g.,
Corti et al., 2023; Hornkjgl et al., 2022; Jzsa et al., 2023; Vinje et al., 2023). The
documentation for SVM-TKk! includes installation instructions, a list of requirements,
and an APL

This chapter is divided into three sections, each describing different parts of the
workflow for creating volume meshes:

1. Segmenting the intracranial compartments using FreeSurfer to amend and/or
supplement the segmentation of the cerebrum (as described by Mardal et al.
(2022)).

2. Constructing and repairing surfaces for meshing and a brief description of the
updates in SVM-Tk.

3. Creating meshes with sharp edges and unique interface tags needed for boundary
conditions in the cervicocranial junction.

We encourage the reader to download and install the dataset and tools pertain-
ing to this chapter, which would allow the reader to test the procedures as we go
through them. The dataset mri2femii-chp2-dataset can be downloaded from
Zenodo (Valnes and Mardal, 2024) together with a configuration file for this chapter.
The code and installation procedures are available from Valnes (2024). However,
note that FreeSurfer requires a free license to run.?

! See https://github.com/SVMTK/SVMTK.
2 See https://surfer.nmr.mgh.harvard.edu/registration.html.
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2.2 Segmenting the Intracranial Compartments

In this section we will explain how to segment the CSF spaces (aqueduct, SAS,
cisterna magna) either manually or by T2-weighted magnetic resonance imaging
(MRI), along with segmentation of the brainstem, cerebellum, and upper part of the
spinal cord.

2.2.1 Initial Segmentation

FreeSurfer is open-source software for MRI-based analysis in widespread use in
neuroscience.® Our interest here is the semiautomatic segmentation of the brain’s
structures and regions. An initial segmentation that serves as our starting point is
typically provided by the FreeSurfer command recon-all. The unfamiliar reader
may want to look at Mardal et al. (2022) for a brief introduction, while the review
by Fischl (2012) is recommended for more details on FreeSurfer.

The recon-all command is typically time-consuming, requiring up to 24 hours,
and the segmentation may require manual corrections. Such corrections will not be
covered here, since the topic can be quite extensive, and tutorials and courses exist
on FreeSurfer.*

The FreeSurfer segmentation and surfaces are included in the dataset (Valnes and
Mardal, 2024). We can inspect the FreeSurfer output, found in the dataset folder, by
executing the following commands:

$ export SUBJECT_DIRS=<path_to_dataset>

$§ freeview --recon Gonzo

This will open the graphic user interface Freeview, which will be used to view the
segmentation files. The following are some useful Freeview shortcuts:

. [PgUp] and [PgDnj can be used to scroll through the image.

. will cycle between loaded images.

. [Alt+X ], [Alt+Y ], [Alt+Z J, and [Alt+3 ] will, respectively, choose sagittal, coro-
nal, axial, and 3D as the primary view.

Figure 2.1 shows the initial segmentation, white matter segmentation, and con-
structed hemisphere surfaces. Furthermore, we can inspect the different regions by
hovering the cursor over regions and reading the names. This allows for simpler
investigation of the segmentation, since we can thus find the cerebellum, brainstem,
and ventricles of the brain.

3 See https://surfer.nmr.mgh.harvard.edu/.
4 See https://surfer.nmr.mgh.harvard.edu/fswiki/FsTutorial
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Fig. 2.1: This image shows the Freeview GUI (graphical user interface) with readouts
of labels and image intensities observed by hovering over the regions. The yellow
and red curves indicate the FreeSurfer output of the white and pial surfaces. The
views of the brain correspond to the sagittal view (left), the coronal view (top right),
the axial view (middle right), and a 3D representation (bottom right).

2.2.2 Amending the FreeSurfer Segmentation

The surfaces provided by FreeSurfer are 1) the pial surface at the interface between
CSF and gray matter and 2) the interface between the gray and white matter (in
both hemispheres of the cerebrum). Any other surface that requires a specific tag
must be created by the user. Below we address the creation of the surfaces for the
internal CSF spaces (ventricles and aqueduct), external SAS CSF space, brainstem,
and cerebellum. Note that the various CSF spaces are prone to be thin and are
therefore challenging to segment.

2.2.3 The Cerebral Aqueduct

The cerebral aqueduct is a region of interest, particularly for those diagnosed with
idiopathic normal-pressure hydrocephalus, since CSF fluid velocities are commonly
assessed using phase-contrast MRI in this region (Ringstad et al., 2017; Lindstrm
et al., 2018). However, although certain segments are clearly visible, a complete,
continuous aqueduct may be challenging to obtain, especially in young people.
The size of the aqueduct differs between individuals, and the cross-sectional area
ranges from 0.2 to 1.8 mm? (Cinalli et al., 2011). Compared to the default 1-mm?3
voxel resolution used for FreeSurfer segmentation, the aqueduct may be too small
to segment automatically. Furthermore, the cerebral aqueduct is not labeled with its
own value in FreeSurfer segmentation and may be included as a part of the fourth
ventricle connecting to the third ventricle. Therefore, if it is missing, the third and
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fourth ventricles would appear disconnected in the segmentation, as indicated in
Figure 2.3.

Missing aqueducts can often be fixed by including a supplementary T2-weighted
image to the recon-all command, given the image has sufficient quality and reso-
lution. Otherwise, we can manually segment the cerebral aqueduct using Freeview.
Both alternatives are outlined below.

Manual Editing of the Cerebral Aqueduct
We will edit the cerebral aqueduct directly in the segmentation file. We therefore open
the segmentation and T1-weighted MRI in Freeview with the following command:

$ freeview aseg.mgz:colormap=lut:opacity=0.5 orig.mgz

We navigate the cursor to the fourth ventricle in the brainstem and place the marker

with a | Left Click || We select the action | Voxel Edit | and optionally set the view to
only show an axial MRI slice by selecting and (see Fig. 2.2). Selecting

Voxel Edit | will open a window in which we can set the brush value to 15, which is
the label value for the fourth ventricle.

Fle Edt View Layer Action Tools Help

Fig. 2.2: This image shows the Freeview GUI setup for the manual editing of the
cerebral aqueduct, with the cursor indicating the step and the red cross marking the
cerebral aqueduct.

We have now completed the setup and can begin marking voxels with | Left Click |,

and we can rewind with | CTRL + Z |. The voxels we want to mark appear dark in the
image and are situated inside the brainstem segmentation connecting the third and

fourth ventricles.
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Registration and Normalization of T2-weighted Images

In the dataset MRI2FEMii (Valnes and Mardal, 2024), there is a T2-weighted image
that can be used to supplement the segmentation. However, first, the T2-weighted
image must be registered to the T1-weighted image.

This can be done automatically during the initialization or by using individual
commands from FreeSurfer (with the option --T2 to specify the T2-weighted image
to recon-all).

If it has not already been done, the following commands perform the registration:

# Convert the T2 image to size 2563 with voxel size 1 mm"3

mri_convert -odt float -c T2.orignal.mgz T2.conformed.mgz

# bbregister perform within-subject cross-modal registration

bbregister --s ${SUBJECT} --mov T2.original.mgz --1ta \
—transforms/T2raw.lta --init-fsl --T2

# Apply transformation to the conformed T2 image.

mri_vol2vol --mov T2.conformed.mgz --targ orig.mgz --lta \
—T2raw.lta --o T2.registered.mgz

First, we resample the T2-weighted image to the conformed space of FreeSurfer.
This is followed by a registration procedure using bbregister. Additionally, we
need to change the FreeSurfer environment folder SUBJECTS _DIR to the folder that
contains the FreeSurfer output. The registration provides the transformation in a file
with the suffix 1ta, which we apply to the T2-weighted image to align it with the
FreeSurfer output.

Two additional steps can be performed to normalize the values in the T2-weighted
image, which gives us the file T2 .norm.mgz:

# Rescale the T2 image.
mri_nu_correct.mni --i T2.registered.mgz --o T2.nu.mgz
mri_normalize T2.nu.mgz T2.norm.mgz

These steps are recommended in particular for creating a semiautomatic procedure
to apply to many patients. FreeSurfer commonly uses a normalization® where the
peak in white matter is normalized to be around 110 in T1-weighted images. The
normalization procedure does not directly translate to T2-weighted images, but it
will normalize the intensities to be within the range from zero to 255. Additionally,
note that if you use recon-all with -T2, the normalization will differ. Therefore,
the user is recommended to call mri normalize on T2.prenorm.mgz produced by
recon-all.

5 See https://surfer.nmr.mgh.harvard.edu/fswiki/normalization.
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T2-weighted Images Augmentation of the Cerebral Aqueduct

The aqueduct (containing CSF) being mislabeled as the brainstem (label 16) is a
common problem. However, with a good T2-weighted image, the aqueduct gives a
strong signal (as CSF) and can thus be easily identified. The following script searches
for voxels within the brainstem region with a strong signal in the T2-weighted image
(more than 40, assuming normalization as above) and sets their label to the fourth
ventricle (label 15):

# Creates a mask of the brainstem segmentation

mri_binarize --i aseg.mgz --match 16 --o brainstem.mgz

# Creates a mask of the CSF inside the brainstem mask.

mri_binarize --i T2.norm.mgz --min 40 --mask brainstem.mgz \
<—--0 cerebral.aqueduct.mgz

# Categorize different voxel clusters of the mask

mri_volcluster --in cerebral.aqueduct.mgz --thmin 1 --ocn \
<—aqueduct.clusters.mgz

# Create a mask of the largest voxel cluster and set the \
—value to 15

mri_binarize --i aqueduct.clusters.mgz --match 1 --o \
<—cerebral.aqueduct.mgz --binval 15

# Combine the mask voxels with the freesurfer segmentation

mri_mask -transfer 15 aseg.modified.mgz cerebral.aqueduct.mgz \
<—aseg.modified.mgz

We note that a clustering procedure (mri_volcluster) is utilized to ensure that the
voxels are connected. The result is shown in Figure 2.3.

Fig. 2.3: The left panel shows a cerebral aqueduct mislabeled as brainstem (high-
lighted with a red circle). The right panel shows the cerebral aqueduct after T2-
weighted correction.
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Segmentation of the SAS using T2-weighted Images

The methodology for segmenting the SAS is similar to for segmenting the cerebral
aqueduct using T2-weighted images. However, controlling through visual inspection
that the threshold used in the segmentation is appropriate is recommended. The
approach is detailed below. Manual inspection of both T1- and T2-weighted images
is conveniently performed as follows (see Fig. 2.4):

$ freeview -v Tl.mgz \
T2 .norm.mgz:colormap=nih:colorscale=40,200

To determine the best threshold values, we may adjust the color scale on the left in
Freeview. The preset colormap, nih, will only show values within the color scale
range. Hence, we can investigate different thresholds by adjusting the min parameter
of the color scale. Setting the min parameter to 40 seems to include most of the CSF
in the SAS, as shown in Figure 2.4. We then use the same method for the normalized
T1-weighted image (T1.mgz found in the FreeSurfer output), but we adjust the max
parameter instead, found to be around 65.

When confident with the thresholds, we use mri_binarize to create an initial mask
for the CSF of the SAS using the normalized T2 image. Next, we use the output of this
command to remove voxels containing tissue or skull, again by usingmri_binarize.
The SAS may contain a large number of small, isolated clusters due to the fact that
the space is thin and separated by folds. We therefore combine the SAS with the
brain segmentation provided by aseg.mgz, using mri_binarize. This will ensure
that the small SAS clusters are connected with the brain segmentation, which allows
us to employ mri_volcluster to remove other smaller clusters, such as the vitreous
humor (part of the eye). The combination of the brain and SAS segmentation may
not fit perfectly, and unmarked voxels might therefore exist inside or at the edge of
the mask. We use mri_morphology to fill these unmarked voxels to avoid pits in the
surface. This will overwrite the original bounding mask, called dura.mgz. These
steps are done with the following script:

# Create a mask of CSF in T2-weighted image.

mri_binarize --i T2.norm.mgz --min 110 --o T2.threshold.mgz

# Subtract any voxels with tissue or skull based on \
—T1l-weighted image.

mri_binarize --i Tl.mgz --max 65 --mask T2.threshold.mgz --o \
—SAS.mgz

# Merge mask with freesurfer segmentation.

mri_binarize --i aseg.mgz --min 1 --o dura.mgz --merge SAS.mgz

# Categorize different voxel clusters of the mask.

mri_volcluster --in dura.mgz --thmin 1 --ocn Dura.clusters.mgz

# Create a mask of the largest voxel cluster.

mri_binarize --i Dura.clusters.mgz --match 1 --o dura.mgz

# Closes any holes/concave region in the mask.

mri_morphology dura.mgz close 4 dura.mgz
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Fig. 2.4: The normalized T2-weighted image with the normalized T1-weighted image
in the background.

2.2.4 Extending the Brainstem Segmentation to the Spinal Cord

There are two issues with the brainstem and associated CSF spaces: 1) the FreeSurfer
segmentation does not include the full brainstem or spinal cord, as seen in Figure 2.5
(left), and 2) for accurate simulation results, it is preferable to have a smooth interface
on which to apply boundary conditions, as seen in Figure 2.5 (right). We note that it
is preferable that the cut be normal to the expected flow direction.

The first problem is similar to the problem with the aqueduct described ear-
lier, namely, that a region should be extended along certain signal values if
the region is within a surrounding mask. In detail, we start by extracting vox-
els containing tissue inside mask dura.mgz, created in Section 2.2.3, using the
threshold of T1.mgz. Then, we remove voxels already in the FreeSurfer seg-
mentation (using mri_binarize), followed by removing unconnected voxels (us-
ing mri_volcluster). We set the mask value to 16, labeling it as the brain-
stem, and transfer the voxels over to the FreeSurfer segmentation file, named
aseg.extended.mgz (using mri mask). Below we provide a script for generat-
ing such a correction:

# Creates a mask of tissue inside the dura mask.
mri_binarize --i Tl.mgz --min 65 --mask dura.mgz --o \
<——brainstem.extended.mgz
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# Subtracts the freesurfer segmentation from the previous mask

mri_binarize --i aseg.mgz --match ® --mask \
<——brainstem.extended.mgz --o brainstem.extended.mgz

# Categorize different voxel clusters of the mask

mri_volcluster --in brainstem.extended.mgz --thmin 1 --ocn \
—brainstem.clusters.mgz

# Create a mask of the largest voxel cluster and set the \
<—value to 16

mri_binarize --i brainstem.clusters.mgz --match 1 --o \
—brainstem.extended.mgz --binval 16

# Closes any holes/concave region in the mask.

mri_morphology brainstem.extended.mgz close 4 \
<——brainstem.extended.mgz

# Combine the mask voxels with the freesurfer segmentation

mri_mask -transfer 16 aseg.mgz brainstem.extended.mgz \
<—aseg.modified.mgz

Fig. 2.5: The left panel shows the brainstem not connected with the spinal cord. The
right panel shows the brainstem connected with the spinal cord.

2.3 Constructing Surfaces based on Image Segmentation

With the augmented FreeSurfer segmentation, the next step is to create surface
triangulations of the various labeled structures. For this process, we will use the
FreeSurfer command mri_binarize, which produces a binary volume image and/or
surface triangulation.

We employ surface smoothing to avoid sharp edges, where --surf-smooth 0
corresponds to extracting a voxelized surface. The smoothing will cause the surface
to no longer match the segmentation, since it will shrink when locally convex and
expand when locally concave. This can cause issues when combining surfaces, since
they might no longer be connected.
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2.3.1 Extracting the SAS Bounding Surface

The SAS consists of a network of narrow passages that can easily collapse due to
the smoothing. Therefore, we will not create a surface based on SAS segmentation.
Instead, we utilize the fact that the SAS exists inside the bounding mask of dura.mgz
and create a bounding surface. This means that the SAS can be defined as the
difference between the bounding surface and surfaces of the brain segmentation.

# Extracting bounding surface based on the inner dura mask.
mri_binarize --i Dura.mgz --match 1 --surf-smooth 5 --surf \
<. /bounding_surface.stl

2.3.2 Extracting the Cerebellum and Brainstem Surfaces

The cerebellum cortex has a fine-grained surface with sub-resolution sulci and gyri.
We neglect the sub-resolution features and consider the surface smooth. We thus
utilize the FreeSurfer command mri_binarize to create a mask of the cerebellum.
We include the fourth ventricle such that the surface union with the brainstem in the
next step becomes simpler. We then fill any potential cavities in the mask to avoid
problems related to not having simply connected volumes.

# Creating a mask of the cerebellum and the fourth ventricle.

mri_binarize --i aseg.modified.mgz --match 7 46 8 47 15 --o0 \
<—cerebellum.mgz

# Fill holes that can result in surface errors.

mri_morphology cerebellum.mgz fill_holes 5 cerebellum.mgz

# Extracting cerebellum surface

mri_binarize --i cerebellum.mgz --match 1 --surf-smooth 5 \
<—--surf ./cerebellum.stl

We can utilize the same approach as above, but we also use additional segmentation
tags for the brainstem and ventricles.

# Creating a mask of the brainstem, with thalamus and ventral \
<——diencephalon of each hemisphere.

mri_binarize --i aseg.modified.mgz --match 10 28 16 15 14 60 \
<49 --0 brainstem.mgz

# Fill holes that can result in surface errors.

mri_morphology brainstem.mgz fill holes 5 brainstem.mgz

# Extracting brainstem surface

mri_binarize --i brainstem.mgz --match 1 --surf-smooth 5 \
—--surf ./brainstem.stl
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The following collects all the commands in a bash script:

$ bash get_surface --cerebellum --brainstem

2.4 Creating Meshes with SVM-Tk

The surfaces created with FreeSurfer are a collection of triangles without a consistent
orientation. A consistent orientation is enforced automatically in SVM-Tk using tools
from CGAL (Gueziec et al., 1998).

To avoid unphysical behavior in the finite element simulations, we require all cells
to be connected through a facet, and not only through a vertex or edge. We utilize
the function validate_mesh to inspect if there are any hazardous connections in
the constructed volume mesh. However, removal of these connections may have a
cascading effect, so, instead, it is advisable to have a properly prepared surface mesh
before creating the volume mesh. We thus detail below techniques to repair surfaces.

In Section 2.3, we created three surfaces named brainstem.stl, cerebellum.stl,
and dura.stl, with the command get_surface. We can use this command with
the options --white ,--pial, and --ventricles to create the following surfaces:
lhwhite.stl, rhwhite.stl, lhpial.stl, rhpial.stl, and ventricles.stl.

The surface . stl files can be loaded into SVM-Tk with the following:

import SVMTK as svm
<name> =svm.Surface("<name>.stl")

2.4.1 Surface Repairs in SVM-Tk

There are several frequently occurring issues with surfaces generated by FreeSurfer:
1. Multiple surfaces are unconnected.
2. Surfaces may have missing triangles.
3. Triangle aspect ratios vary.

To resolve the first issue, we assume that the surface with the largest area is the pri-
mary surface and should be kept. We use keep_largest_connected_component
to remove any other surfaces. Then, to resolve the second issue, we ensure that there
are no missing facets in the surface by calling the function £i11_holes. Lastly, we
resolve the third issue by utilizing the function isotropic_remeshing, which will
re-triangulate the surface with a provided edge length. Smoothing the surface with
smooth_taubin, a volume-preserving smoother introduced by Mardal et al. (2022,
Chapter 3), is also recommended. These functions will ensure that we have a closed
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surface. However, there can be self-intersections in the surface, which can be fixed by
using the function repair_self_intersection. This function is rather complex,
so we refer the reader to the SVM-Tk documentation and examples for details.

2.4.2 Surface Tuning in SVM-Tk

As mentioned, a constructed volume mesh can have hazardous connections due
to short distances between non-adjacent/non-connected vertices, which commonly
occurs in the folds on the brain surface. This can be fixed by either increasing the
mesh resolution or preprocessing the surface at a lower resolution. The first option
will naturally increase the computational cost. Thus, in this section we will focus on
the second option, which consists of tuning the surfaces to the mesh resolution (see
Fig. 2.6).

Fig. 2.6: The left panel shows the pial surface processed at a higher resolution. The
right panel shows the pial surface processed at a lower resolution. The gaps between
the folds are bigger in the right panel, since the processing step will cause larger
separations at lower resolution. Processing the surface at the same resolution as the
volume mesh will decrease the likelihood of bad edges and vertices.

As a preprocessing step, we would call isotropic_remeshing with a larger edge
length than that used in Section 2.4.1. Next, we separate the distances between folds
by utilizing the function separate_narrow_gaps, as shown by Mardal et al. (2022,
Chapter 3). The function works by incrementally separating non-adjacent vertices
in the negative direction of the surface normal until the closest vertex is connected
with an edge.
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The functions in this and the previous section have been combined into a single
Python function (Valnes, 2024).

2.4.3 Union of Surfaces (White Matter, Brainstem, and Cerebellum)

To obtain a surface that encapsulates the ventricle system, we merge the cerebellum,
brainstem, and white matter surface. The merging process works by considering
the union sequentially (see Fig. 2.7). Since the cerebellum and white surface are
disjointed, we start by taking the union of the cerebellum and brainstem, which is
then followed by the white matter. We note that the union command modifies the
surface object and should be repaired with functions from Section 2.4.1. We provide
the following utility function sequential_union for this sequential union in the
associated code (Valnes, 2024):

brainstem.union(cerebellum)
white.union(brainstem)

There are occasions when the ventricle surface is not encapsulated by the combined
surfaces. Therefore, in Section 2.4.4 we will describe the method to fix this issue.

Fig. 2.7: This image shows the process of merging surfaces into a single surface.

2.4.4 Anatomical Correctness

We previously created and repaired several cojoining surfaces, a method that, in
principle, can be used to generate meshes. However, the surfaces were created inde-
pendently, with no knowledge of the other surfaces. Hence, there may be overlapping
or crossing surfaces that are clearly anatomically incorrect.
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Examples of such flaws are as follows:
» The pial surfaces overlap/cross with the bounding surface of the dura.
* The cerebellum overlaps/crosses with the pial surface.
* The cerebellum overlaps/crosses with the bounding surface of the dura.

» The surface of the ventricles is connected to the SAS through passages other
than the cisterna magna.

These flaws will be fixed by employing the SVM-Tk functions enclose, embed,
and expose in different cases. As shown in Figure 2.8, enclose will incrementally
expand until it encloses another surface, embed will incrementally contract until it
is embedded in another surface, and expose will incrementally contract until the
surfaces are disjointed. These functions will also separate the surfaces by continuing
the incremental process until there is at least an edge length between the surfaces.

L

Initial Enclose Embed Expose

Fig. 2.8: The leftmost panel shows the initial state of two circles, and the other panels
show the results after the functions enclose, embed, and expose are applied on the
red checkerboard circle. These figures are merely for illustrative purposes to explain
the functions.

We suggest the following approach: The first flaw is often caused by the smoothing
of the bounding surface, resulting in the pial surfaces protruding. The problem is
fixed below by using enclose to expand the dura surface locally:

svm.enclose (dura, lhpial)
svm.enclose (dura,rhpial)

Similarly, to address the second and third flaws, we first separate the cerebellum and
the pial surfaces with expose:

svm.expose (cerebellum,lhpial)
svm. expose (cerebellum, rhpial)

Then, we move the cerebellum surface from the dura surface to ensure a CSF pathway
around the cerebellum, with embed:

svm.embed (cerebellum, dura)
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Finally, we may find the ventricle system connected to the SAS in more locations
than through the cisterna magna. In some cases, the ventricle surface may extend far
outside the white surface, for example, near the temporal horn of lateral ventricles
(see Fig. 2.9). We start by taking the union of the ventricle system and the white
surface and use both enclose and embed:

[
white.union(ventricles)

svm.enclose(white, ventricles)
‘svm.embed(ventricles, white)

Fig. 2.9: This figure shows the surface of the lateral ventricle in blue, which extends
outside the combined surface of the cerebellum, brainstem, and white matter.

2.4.5 Creating the Cisterna Magna Fluid Pathway

To avoid any unintentional pathways between the SAS and the ventricular system, we
imposed separations between the surfaces using the functions enclose and embed.
The previous surface operations ensure that there are no unintentional CSF pathways
between the SAS and the ventricular system. However, the cisterna magna may have
been obstructed, so we need to construct the cisterna magna pathway anew. We
do this by using the utility function make_cisterna_magna, which will create a
connecting cylinder between the ventricular and white surfaces. Then, we subtract
the cisterna magna from the white surface, creating a fluid pathway from the SAS to
the ventricles.

cisterna_magna = make_cisterna_magna(ventricles, white, radius)
white.difference(cisterna_magna)
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2.5 Creating a Plane Surface for Boundary Conditions

The Monro—Kellie doctrine (Mokri, 2001) states that the volume inside the skull
remains constant, implying that the volume changes caused by the pulsating blood
flow in arteries and veins is balanced by CSF flow (Baldent, 2014). Lately, the effect
of respiration on venous—CSF coupling has also been proposed as a main driver
of CSF (Vinje et al., 2019). In any case, the flow through the foramen magnum is
crucial and will typically be included as a boundary condition.

Creating a boundary that is perpendicular to the flow is advantageous, so that we
can avoid boundary artifacts. Therefore, we want to clip both the brainstem and
dura surface with a plane perpendicular to the centerline. To avoid errors due to
differences between centerlines, we define the perpendicular plane using only the
brainstem, since it is a smaller surface. Then, we use the plane to clip both surfaces.
This is done by utilizing get_foramen_magnum, which requires that we define a
z-plane. We define the z-plane to be 10 units lower than the cerebellum surface in
the z-direction.

z0® = cerebellum.span(2)[0] - 10
foramen_magnum = get_foramen_magnum(brainstem, z0)

We can store the clip surface as an . st1-file, to use later. We cut the mesh with the
plane using the function clip, as shown in the following code snippet:

dura.clip(foramen_magnum)
white.clip(foramen_magnum)

2.5.1 Constructing Mesh with Sharp Boundaries

We construct a Domain object for constructing the volume mesh:

surfaces [dura,lhpial,rhpial ,white,ventricles]
domain = svm.Domain(surfaces, smap)

The variable smap is a SubdomainMap object, which is used to set the subdomain
tag during mesh construction. For a detailed description, see Mardal et al. (2022,
Chapter 3) and the SVM-Tk documentation.

The default mesh construction in SVM-Tk does not preserve sharp boundaries, since
such boundaries are not present in our brain. However, at artificial boundaries such
as the foramen magnum described above, preserving sharpness is an advantage.
Therefore, we will show how to keep sharp boundaries in the mesh, with different
degrees of complexity. This will be done by preserving sharp edges, which are edges
where the angle between adjacent facet normals exceeds a threshold angle, set around
60-90 degrees.
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In SVM-TK, there are two primary methods to add edges to the mesh construction,
namely, the Domain class functions add_sharp_border_edges and add_border.
The function add_border is straightforward, since it works by adding a list of points,
representing connected edges, to be included in the mesh. It will also check if the new
borders overlap previously added borders, since that could cause the construction to
crash.

The function add_sharp_border_edges uses a surface and threshold angle as pri-
mary inputs and works by finding edges in the surface that exceed the threshold.
Then, the sharp edges are added with the function add_border. As the geometries
become more complex, we can lose track of possible sharp boundaries. Thus, we
also have the option to only include sharp edges near a given plane or surface by
including either as an argument in add_sharp_border_edges. This makes it sim-
pler to preserve edges that were created with the c1ip function. We use a threshold
angle of 60 degrees and 84 for mesh_resolution.

domain.add_sharp_border_edges(white, foramen_magnum, 60)
domain.add_sharp_border_edges(dura, foramen_magnum, 60)
domain.create_mesh(84)

The variable mesh_resolution is used to divide the minimum bounding radius of
the surfaces to obtain the upper bound of the cell size in the mesh construction.

2.5.2 Checking the Quality of the Mesh

We briefly discussed the topic of mesh quality, but how do we measure it? There are
multiple methods to evaluate the mesh quality. For instance, ParaViewhas a wide
range of checks that can be used for more information. Here, we will consider the
dihedral angle for each of the tetrahedrons in the mesh as a mesh quality measure.
The dihedral angle is the angle between two triangle planes in the tetrahedron. As
a rough starting point, we would like the dihedral angle to be between 10 and 70
degrees. Elements with sharp angles are typically called slivers and are known to
cause instabilities in simulations.

Slivers are created when they are the only possible configuration that can satisfy
the meshing criteria. Thus, the more constraints we add, that is, surfaces and sharp
edges, the more likely it is for slivers to occur. This can be mitigated by using mesh
optimization functions such as exude, 1loyd, perturb, and odt, and SVM-Tk
provides a Python wrapper for the corresponding CGAL implementations (Cheng
et al., 2000; Du et al., 1999; Du and Wang, 2003; Tournois et al., 2009).

In Figure 2.10(left), we plot the initial distribution of the dihedral angles and, after-
ward, both odt and exude optimization. We can see that the optimization functions
produce a significant change, but the optimization may also remove troublesome
tetrahedrons, causing missing tetrahedrons in the volume mesh, as also shown in
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Figure 2.10(right). The function dihedral_angles provides the lowest dihedral
angle for each cell in the volume mesh.

60000

10 20 50 60 70

30 40
Dihedral angle

Fig. 2.10: The left panel shows the initial dihedral angle distribution in blue and the
distribution after odt optimization and exude optimization in red. The right panel
shows tetrahedrons missing due to the optimization, that is, their removal rather than
their restructuring.

2.5.3 Boundary Segmentation

We want to mark the foramen magnum with a different boundary tag, so that
boundary conditions become simpler to set. This can be done with the function
boundary_segmentation, which will segment a given surface of the constructed
mesh based on sharp edges. The surface can be specified with a subdomain tag
indicative of the surface enclosing the subdomain or by a tuple representing an in-
terface between two subdomains (with zero indicating a non-mesh boundary). This
method should be applied before exporting the mesh, since the optimization might
remove the interface tag.

I
\domain.boundary_segmentations((1, 0), 60)
L

The resulting segmentation is visible in Figure 2.11.

2.6 Concluding Remarks

In this chapter, we have extended the work of Mardal et al. (2022) to also incorporate
the cerebellum, brainstem, and cerebrospinal fluid into a patient-specific mesh. This
method includes adding markers for the different subdomain and interfaces, making
the mesh suitable for multiphysics simulations. We also suggested methods and tools
to handle problems that often occur when combining multiple surfaces from MRI,
since these often overlap, creating nonphysical features. Finally, the resulting mesh
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Fig. 2.11: The left panel shows the subdomain markings, with the SAS set on a lower
opacity. The right panel shows the planar boundary has a boundary tag different
from that of the SAS boundary.

can be converted to different formats and loaded into finite element software such as
FEniCS.
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Chapter 3

Segmenting, meshing, and modeling CSF spaces

Martin Hornkjgl, Lars Magnus Valnes and Jgrgen S. Dokken

Abstract The goal of this chapter is to demonstrate how one can go from a surface
triangulation of the brain to modeling cerebrospinal fluid (CSF) flow. Specifically,
the model will include the subarachnoid space, a ventricular system, and the CSF
produced by the choroid plexus in the ventricles. The CSF is modeled to adhere to the
Stokes equations, which in turn are solved with FEniCS, a finite element framework
using an iterative solver. The computed velocity field corresponds well with current
experimental and computational studies.

3.1 Introduction

In medical studies and patient care, tracers, such as gadolinium-based contrast agents,
are used as a surrogate to monitor fluid flow and infer solute transport in the body.
For the specific study of solute transport through the brain, tracers are introduced
to the subject through lumbar intrathecal injection. The tracers are transported with
the cerebrospinal fluid (CSF) from the spinal subarachnoid space (SAS) to the
brain (Ringstad et al., 2017). The transport of the tracers is monitored with T1-
weighted magnetic resonance imaging at various points in time. From these images,
it has been shown that the CSF flow varies for different pathologies (Eide et al.,
2021). Thus, the need for patient-specific modeling is evident, since detailed studies
of large cohorts over a long time span are not feasible.

Several computational models have been developed to study the transport of tracers
in the brain (Valnes et al., 2020; Zapf et al., 2022). These models have considered the
extracellular diffusive transport of tracer in brain tissue. However, the importance of
fluid flow in tracer transport has been acknowledged by several studies (Ray et al.,
2021; Vinje et al., 2023), where medical images were compared with computational
diffusive models. They concluded that extracellular diffusion is not sufficient to
explain the transport of tracers in the brain.
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Few studies have considered both the CSF flow and the transport of tracers in the
SAS. Vinje et al. (2019) considered the CSF flow in the cerebral aqueduct and
the effect of respiration on the CSF flow. One of few such studies, Hornkjgl et al.
(2022) considered a multiphysics approach that models both the CSF and brain
tissue. These models are more computationally expensive, since they require solving
multiple partial differential equations, either in a segregated, iterative approach or as
a monolithic system. However, these models might be required to fully understand
the underlying physical processes of tracer transport.

In this chapter, we consider a simplified version of the study of Hornkjgl et al.
(2022), where we model fluid flow in the SAS and ventricles using patient-specific
surfaces obtained through the methods described by Valnes and Mardal (2024).
Special care is taken to ensure that the ventricles and SAS are properly resolved
in the surfaces that are passed into the Surface-Volume-Meshing Toolkit (Mardal
et al., 2022). We will model the fluid flow using Stokes equations, discretized with
a finite element method and implemented in FEniCS (Alnzs et al., 2015; Baratta
et al., 2023).

3.2 Model of Fluid Flow in CSF Spaces

The CSF is assumed to adhere to the Stokes equations, since the Reynolds number
is very low and the flow is laminar (Daversin-Catty et al., 2020; Mestre et al., 2018).
The Stokes equations can be written as

uViu—Vp =0in Qp, (3.1a)
V.u=ginQp, (3.1b)
u=0inQp, 3.1¢)
u=0onTgp, (3.1d)
uVu-n—pn=_0o0n0dQ,,, 3.1e)
u=00n0dQ\ 0Q,,, (3.1f)

where QF is the CSF region, Qp is the brain tissue, and ¢ = 0.8 mPa is the viscosity
of water. The function g in Equation (3.1b) is spatially dependent and represents a
source/producer (Weed, 1914) of CSF in the choroid plexus (. p):

(3.2)

_JoinQr\ Q.
"~ |eginQe,.

The choroid plexus is a network of capillaries and cells located within the ven-
tricles (Damkier et al., 2013). We will only consider the lateral ventricles in this
chapter. For a more thorough introduction to the ventricular system, see Rognes
et al. (2024, Chapter 1).
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The velocities measured in the SAS are substantial, with pulsatile velocities of 10—
40 pm/s in mice (Bedussi et al., 2018; Mestre et al., 2018). In humans, pulsatile
velocities on the order Scm/s have been measured in the foramen magnum (Bradley
et al.,, 2016). A small pressure gradient of 1-2 mmHg/m has been measured in
humans, and computational studies using this value indicate that the bulk velocity is
on the order of 1 um/s in the ventricular system and surface paravascular space (Vinje
et al., 2019). These CSF space velocities are in stark contrast to the velocities in the
brain parenchyma, which are usually in the range of 0.2 ym/min (Nicholson, 2001;
Rosenberg et al., 1980), This motivates the choice of setting the velocity in the
parenchyma to zero, as seen in Equations (3.1c) and (3.1d).

Figure 3.1 highlights the regions of importance for the simulations in this chapter.
The choroid plexus is in yellow.

Brain regions

SAS ceM BT M cp

Fig. 3.1: The different regions of the brain, including the SAS, cortical gray matter
(CGM), brain tissue (BT), ventricles (V), and choroid plexus (CP). We consider
brain tissue and cortical gray matter solids. Fluid is thus only allowed in the SAS,
ventricles, and choroid plexus.

The parasagittal sinus is chosen as an outflow pathway, Equation (3.1e), as do
Hornkjgl et al. (2022). One can consider other possible fluid outflow pathways, such
as the cribriform plate (Hladky and Barrand, 2014). The surface of the parasagittal
sinus is visualized in Figure 3.2 where free flow is permitted. The rest of the skull
has a no-slip condition imposed by Equation (3.1f).

3.3 Mesh Creation for Fluid Flow Simulations

The aim of this section is to create a mesh consisting of both the brain tissue and
the CSF spaces. Most of the methods used in this chapter are described in detail
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interfaces

Nosip  Nosslip  Nowslip cPIV )

Fig. 3.2: The left figure visualizes the fluid spaces surrounding the brain. The right
figure shows the various interfaces considered in the simulations. Here, the outlet is
chosen to be the parasagittal sinus, and CP/V indicates the internal interface in the
ventricles to the choroid plexus, which produces the CSF.

by Valnes and Mardal (2024, Chapter 2). However, we cover additional steps required
to obtain a mesh suitable for fluid flow simulations.

3.3.1 The Choroid Plexus

Since the choroid plexus is the producer of CSF, it must be properly resolved in
the mesh. It can either be represented as a boundary condition, where one excludes
the region where the choroid plexus is located, or as a source term in the fluid
region. However, setting appropriate boundary conditions for the choroid plexus is
challenging. Therefore, we model it as part of the CSF and assume that the production
of CSF in the choroid plexus is 0.5 L/day (Pardridge, 2016).

The choroid plexus is a thin structure and often not well resolved in magnetic
resonance images. This results in FreeSurfer not always creating contiguous seg-
mentation, with the choroid plexus potentially located within the brain tissue rather
than in the ventricles. If this occurs, the meshing of the fluid volume will lead
to degenerate meshes consisting of small/squashed tetrahedra. These tetrahedra, in
turn, lead to unphysical simulation results. To resolve these issues, one can manually
segment the choroid plexus in Freeview. However, this is not a trivial task and should
be done in collaboration with professionals. For the model in this chapter, we use the
get_surface --choroid-plexus script described in Valnes and Mardal (2024,
Chapter 2.3). See Figure 3.1 for the resulting choroid plexus surface.
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3.3.2 Making a Full Brain Mesh by Combining Surfaces

Our goal is to create a mesh of the brain with a bounding SAS. We use the surfaces
created in Valnes and Mardal (2024, Chapter 2) as a starting point and make minor
adjustments to suit our needs. The full script, as well as all necessary st/ files,
create_mesh.py, is found online (Hornkjgl, 2024).

First, we load the following surfaces into SVM-Tk: the white matter white.stl, the
left hemisphere pial surface 1h.pial.stl, the hemisphere pial surface rh.pial
.stl, the dura mater meninges (boundary to the SAS) dura.stl, the ventricles
ventricles.stl, the left choroid plexus 1h.choroid.stl, and the right choroid
plexus rh.choroid.stl.

In certain cases, the SAS is so thin that it is hard to resolve in a mesh. To ensure that
we include some SAS, we expand the SAS surface by a few millimeters. This can be
done with the command adjust_boundary in SVM-Tk:

bounding_surface.adjust_boundary(2)

The value of two is represented in the units of the input mesh, which in our case
are millimeters. We additionally call the repair_surface method from Valnes and
Mardal (2024, Chapter 2.4.1) to fix possible defects in the surfaces. Alternatively,
one can set a lower value in adjust_boundary to expand the surface less.

The aqueduct is usually the thinnest part of the mesh, connecting the third and fourth
ventricles. Therefore, we want to add the aqueduct as a separate subdomain for local
refinement in Section 3.3.3, and for this we create the aqueduct surface. This requires
knowledge about the coordinates of the aqueduct. We start by opening the ventricle

surface file in ParaView and select | Hover Points On |, which shows the coordinates

of whichever point over which we are hovering. We select two points on the surface,
indicating the top and bottom of the aqueduct, which we respectively name p1 and
p2. Then we create a copy of the ventricles and utilize the function clip_aqueduct.
The function finds perpendicular cuts near p1 and p2, which are subsequently used
to clip the ventricular surface to create the aqueduct surface. The result is shown in
Figure 3.3, and the code to conduct this process is the following:

aqueduct = svm.Surface(ventricles)
pl = svm.Point_3(-7.0,-23.0, 4.0)
p2 = svm.Point_3(-6.9,-30.2,-5.6)
aqueduct = clip_aqueduct(venticles,pl,p2)

With the necessary surfaces constructed, we can divide the mesh into six subdomains,
namely, the SAS, the cortical gray matter, the remaining brain tissue, the ventricles,
the choroid plexus, and the aqueduct. The code with descriptions is found in Hornkjgl
(2024), and a detailed explanation can be found in Mardal et al. (2022, Chapter 3
and 4.1).
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Fluid compartments

Ventricles Cerebral AqueducT

Fig. 3.3: The cerebral aqueduct marked as a separate subdomain.

3.3.3 Mesh Resolution and Refinement

When using a mesh for an application, it is important to consider its resolution. This
is especially important in thin regions, such as the cerebral aqueduct and the SAS.
If we consider 2D slices through such a thin domain, and observe that all vertices
are on the fluid-tissue or fluid-skull boundary, the flow will effectively be stopped.
To avoid this, one can refine the mesh in these areas. There are multiple ways of
making a finer mesh. Either, one can let SVM-Tk handle the mesh resolution when
generating the mesh, or one can refine the mesh after it has been created. As long as
the surfaces are sufficiently resolved, it is often beneficial to use external tools (other
than SVM-TX) to refine the mesh, as:

1. SVM-Tk does not use distributed computing to generate the mesh.
2. SVM-Tk does not support adaptive mesh refinement.

For adaptive and parallel mesh refinement, one can use the Plaza and Carey (2000)
algorithm, which has been implemented in both FEniCS Alnes et al. (2015) and
DOLFINx Baratta et al. (2023). A script for FEniCS can be found in (Mardal et al.,
2022, Chapter 4.5), while a script for a similar refinement routine in DOLFINx can
be found in the file refine mesh.py at Hornkjgl (2024).

3.4 Implementation of the Finite Element Formulation

In this section, we cover how to implement the equations in Section 3.2 in
DOLFINx Baratta et al. (2023). First, we will show how to extract the CSF spaces
as a separate grid, which we will use for fluid flow simulation.
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3.4.1 Loading Meshes and Marking Modification

SVM-Tk can generate .mesh files, which can be converted into .xdmf files using
meshio Schlomer (2024). The details on how to use meshio for this conversion,
see Hornkjgl (2024). Another approach is to directly interface DOLFINx and SVM-
Tk by reading in the data directly from the svmtk.Domain object. We utilize the
function (unpack_mesh) to extract the necessary components.

points, cells, markers, facets, f_markers = unpack_mesh(domain)

We can then construct the mesh in DOLFINX after storing it as .npz.

filename = "brain_with_CSF.npz"
numpy.savez(filename, points=points, cells=cells,
cell_tags=markers, facets=facets, facet_tags=f_markers)

The following code distributes the over the number of processes the Python script is
initiated with

domain, ct, ft = read_from_svmtk_npz(MPI.COMM_WORLD, filename)

Here ct is a dolfinx.mesh.MeshTags-object containing the subdomain mark-
ers from SVM-Tk, while ft is a dolfinx.mesh.MeshTags-object containing the
surface markers.

In Section 3.2 we defined that there should be an outflow through the parasagittal
sinus. However, this was not annotated in the facet_tags that we loaded from
SVM-Tk. We use extend_facet_marker_with_outlet from Hornkjgl (2024) to
mark the parasagittal sinus as an outflow boundary.

ft = extend_facet_marker_with_outlet(
domain, ft, x_bounds=(-28, 4), y_bounds=(-100, 11), z_bound=40)

3.4.2 Extraction of Subdomains

In this chapter, we do not want to model mechanics within the brain tissue. Therefore,
we extract the the fluid volume using dolfinx.mesh.create_submesh.

fluid_markers = (1, 4, 5, 6) # Markers for the fluid regions
fluid_cells = ct.indices[np.isin(ct.values, fluid_markers)]
mesh, c_map, v_map, _ = dolfinx.mesh.create_submesh(

domain, ct.dim, fluid_cells)
cell_tags = transfer_meshtags_to_submesh(

domain, ct, mesh, v_map, c_map)
facet_tags = transfer_meshtags_to_submesh/(

domain, ft, mesh, v_map, c_map)
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The variable mesh will be used as the computational domain in the subsequent
sections. Additionally, we transfer the markers from the full mesh to the submesh
using transfer_meshtags_to_submesh in Hornkjgl (2024), as the markers are
needed for the boundary conditions and for specifying g in (3.2).

3.4.3 Solving the Stokes Problem

Once the mesh has been read in to DOLFINX, we start by creating appropriate inf-sup
stable finite element spaces for the velocity and pressure.

cell = mesh.basix_cell ()

P2 = element("Lagrange", cell, 2, shape=(3, ))
Pl = element("Lagrange", cell, 1)

taylor_hood = mixed_element([P2, P1])

W = dolfinx.fem.functionspace(mesh, taylor_hood)

We define an integration measure over all cells in the SAS as dx, which can be
restricted to any of the markers we have read in from SVM-Tk.

dx = ufl.Measure("dx", domain=mesh, subdomain_data=cell_tags)

The shape argument in the constructor of P2 indicates how many components the
velocity field should have. Next, we compute the production value of the CSF that
we want to apply in the choroid plexus. As stated previously, we use the estimates
by Pardridge (2016) and convert it into the appropriate unit for our simulations.

cp_marker = 5 # Integer id for choroid plexus

comm = mesh.comm

choroid_plexus_volume = dolfinx.fem.form(1*dx(cp_marker))

vol = comm.allreduce(dolfinx.fem.assemble_scalar(
choroid_plexus_volume), op=MPI.SUM)

g_source = dolfinx.fem.Constant(mesh, production_value/vol)

The variational form of the Stokes equation (3.1a) and (3.1b) is obtained in the
standard way, using multiplication of a test and trial function and integration by
parts. The outlet condition(3.1e) is not included in the variational form, as it is a
natural boundary condition. We represent the variational form in the unified form
language (UFL) Alnzs et al. (2014).

mu = dolfinx.fem.Constant(mesh, water_viscosity)
(u, p) = ufl.TrialFunctions (W)

(v, @) = ufl.TestFunctions (W)

a = mu * ufl.inner(ufl.grad(u), ufl.grad(v)) * dx
a -= ufl.div(v) * p * dx

a -=q * ufl.div(u) * dx

L = -g_source * gq * dx(cp_marker)

We apply the no-slip boundary conditions (3.1d) and (3.1f) as shown below:
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WO = W.sub(0)

V, _ = W0.collapse()
no_slip = dolfinx.fem.Function(V)
bcs = []

mesh.topology.create_connectivity(2, 3)
for marker in noslip_markers:
facets = facet_tags.find(marker)
fixed_dofs = dolfinx.fem.locate_dofs_topological(
(we, v), 2, facets)
bcs.append(dolfinx. fem.dirichletbc(no_slip, fixed_dofs, WO))

Due to the complexity of the SAS spaces, the condition number of the arising linear
system is very high, which in turn leads to degradation of the convergence of an
iterative solver. To mitigate this, we assemble a standard preconditioner for Stokes
equation Mardal and Winther (2011). The following code-snippet shows how to
assemble the preconditioner.

P = mu * ufl.inner(ufl.grad(u), ufl.grad(v)) * dx

P += (1.0 / mu) * p * q * dx

p_compiled = dolfinx.fem.form(P)

P = dolfinx.fem.petsc.assemble_matrix(p_compiled, bcs=bcs)
P.assemble ()

We use the minimal residual (MINRES) Krylov subspace method preconditioned
with BoomerAMG Henson and Yang (2002) to efficiently solve the linear system of
equations iteratively

opts = {"ksp_type": "minres", "pc_type": "hypre",
"pc_hypre_type": "boomeramg",
"ksp_error_if_not_converged": True,

"ksp_atol": le-6, "ksp_rtol": le-6}
problem = dolfinx.fem.petsc.LinearProblem(

a, L, bcs=bcs, petsc_options=opts)
problem.solver.setOperators(problem.A, P)
wh = problem.solve()

Note that we have attached the preconditioner to the linear problem in the second to
last line of the snippet above.

3.5 Results

The fluid domain consists of 2 453 870 tetrahedra and 546 542 vertices. The velocity
function space has 11 518 224 degrees of freedom, while the pressure space has
546 542 degrees of freedom. The linear problem is solved with 1155 iterations
of the MINRES method, using the preconditioned residual norm for the stopping
criterion. The reason for this high-iteration count is that the inf-sup condition breaks
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down in complex, anisotropic geometries Chizhonkov and Olshanskii (2000). In
fact, the condition number of the preconditioned matrix is estimated to be 927 000.
Further work is needed to improve the convergence of the iterative solver, such as
using a more advanced preconditioner, such as balancing domain decomposition by
constraints preconditioner Li and Widlund (2006). The streamlines of the velocity
field are shown in Figure 3.4. We observe peak magnitudes of ~ 3.3 mm/s in the
thinnest part of aqueduct, and ~ 2 — 4 um/s in the SAS. Figure 3.4 shows a cross
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Fig. 3.4: The magnitude of the CSF velocity field on our mesh computed with the
Stokes equations. The mesh is cut such that the third and fourth ventricle and the
aqueduct can be seen. The plot is scaled such that the cutoff maximum velocity is
0.06 mm/s so that the velocity field outside of the ventricles are visible.

section of the magnitude of the solution. The velocity field has a source in the choroid
plexus and moves through the ventriclular systems where it exits into the SAS at the
cisterna magna. From there, the velocity field spreads upward through the SAS and
out of the parasagittal sinus. The velocities found with this model are similar too
those found in experimental studies with mice Bedussi et al. (2018); Mestre et al.
(2018) and matches well with previous simulations Vinje et al. (2019). The peak
memory usage was 120 GB RAM, with the simulation being partitioned over 20
CPUs.

3.6 Conclusions

In this chapter, we have shown how to go from surface triangulations of the brain
to a fluid flow simulation in the CSF spaces. The velocity field found is in agree-
ment with previous work and experimental studies. The work done on here can
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be extended to explore the transport of molecules to the brain. This is done in
Hornkjgl et al. (2022), which, using the methods described in this chapter, cre-
ates a brain mesh and calculates the velocity field caused by CSF production in the
choroid plexus. The paper further extends this work by modeling molecular transport
with the convection-diffusion equation. With our assumption of zero velocity in the
parenchyma, molecular transport is driven purely by diffusion in this region, while
in the CSF spaces both diffusion and convective flow are present. Other effects such
as dispersion can be added by i.e. modifying the diffusion coefficient. This work
showed that the SAS has an important role in clearing solutes from the intracranial
compartment. Another possible extension of the work presented here, which is not
explored in Hornkjgl et al. (2022), is to challenge the assumption of zero velocity
in the parenchyma by treating it as a porous material and solving the Biot-Stokes
equation to see how that affects the velocity field and molecular transport.
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Chapter 4

The pulsating brain: An interface-coupled
fluid—poroelastic interaction model of the cranial
cavity

Marius Causemann, Vegard Vinje, and Marie E. Rognes

Abstract The brain’s biomechanics are driven by a dynamic interplay between the
tissue, blood, cerebrospinal fluid (CSF), and interstitial fluid and exhibit complex
fluid flow and displacement patterns. Despite being essential to normal brain func-
tion, our understanding of intracranial dynamics is still limited, and various diseases
are associated with impaired CSF flow and elevated intracranial pressure. Here,
we present a computational model of cardiac-induced pulsatile motion inside the
human cranial cavity. The CSF flow in the subarachnoid space and ventricular sys-
tem is modeled using the time-dependent Stokes equations and coupled with Biot’s
poroelasticity equations in the brain tissue, thus integrating all major intracranial
constituents into the modeling approach. Employing the pulsatile inflow of blood
into brain tissue as a driver of motion, the model enables us to study the dynamics of
the entire intracranial system. In addition to the modeling aspects, we showcase the
creation of volumetric multidomain meshes from surface meshes using fTetWild,
use the FEniCS extension Multiphenics to solve monolithic multiphysics problems,
and generate dynamic, interactive standalone animations of the obtained results with
PyVista and K3D Jupyter.

4.1 Introduction

The human cranium is often considered a near-rigid vault in which three main
components interact: the vasculature (arteries, capillaries, and veins), compartments
filled with cerebrospinal fluid (CSF), and the brain parenchyma (Baldent, 2014).
Since all these constituents are largely incompressible, any addition of volume leads
to a rapid increase of intracranial pressure (ICP) and subsequent fluid flux. Indeed,
the temporal change of cerebral blood volume during the cardiac cycle induces a
complex periodic pattern of CSF and blood flow and tissue motion (Wagshul et al.,
2011). More specifically, during systole, the arterial blood flow into the brain exceeds
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the venous outflow, thereby expanding the brain’s volume, causing a rise in ICP and
inducing CSF flow both within the cranium and through the spinal canal into the
spinal subarachnoid space. Subsequently, diastolic venous outflow dominates the
vascular dynamics, leading to a decrease in ICP and a reversal of CSF flow (Baldent,
2014).

To model this brain—CSF interplay, we divide the cranial vault into two three-
dimensional domains: the brain parenchyma, denoted by Q,,, and the surrounding
CSF-filled spaces, labeled Q¢ (Fig. 4.1). The two domains share a common interface
X = Q¢ N, with a normal vector n, pointing from £ to Q, on X (and outward
on the boundary 9Q). Further, [y is the outer boundary of the CSF space where
the rigid skull encloses the cranial cavity. The lower boundary of the domain is split
into two parts: the caudal continuation of the spinal cord, labeled I'sc, and ['s4s,
which denotes the boundary to the spinal SAS.

4.1.1 The Brain Parenchyma as a Poroelastic Medium

We represent the brain tissue as a linear poroelastic medium with a single fluid
network describing the extracellular CSF/interstitial fluid (ISF) space. The equations
of linear poroelasticity describe the macroscopic interaction between the deformation
of an elastic solid and a fluid occupying the pore space and enforce momentum
conservation of the elastic skeleton and fluid mass conservation within the medium.
These equations can be represented with three fields: the displacement d, fluid
(pore) pressure p?, and the additional total pressure ¢ = ap? — A divd (Lee et al.,
2017; Oyarzia and Ruiz-Baier, 2016). With the infinitesimal strain tensor &(d) =
%(Vd +Vd") and a volume source term g, the equations are

Fig. 4.1 The brain
parenchyma (£2,, pink) and
the CSF-filled spaces (2,
blue). The circular CSF-filled
space at the center repre-
sents the ventricular system,
connected to the cranial sub-
arachnoid space through a
narrow opening. The interface
of both domains is denoted
by X. Additionally, the bound-
aries gy at the skull, I'sc at
the spinal cord, and I'sag at the
spinal SAS are highlighted.

I‘Skull

I'sc I'sas
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—div(Zuss(d) - ¢I) -0 inQ,x(0,7), (4.1a)
é—ap” +1divd =0 inQ, x (0.7),  (4.1b)
2
(c + 0‘—) ap? - Lo,6 — div (ivpﬂ) =g inQ, x(0.7T), (4.Ic)
z z Hf

where « represents the permeability, ¢ the specific storage coefficient, and @ the
Biot—Willis coefficient. The identity operator is I. The linear isotropic solid matrix is
parameterized with the Lamé constants y, and A, while ¢ denotes the viscosity of
the permeating fluid. Note that Equation (4.1a) states the conservation of momentum
and extends the equations of linear elasticity with the fluid pressure acting on the
elastic solid. Further, Equation (4.1c) is motivated by the conservation of fluid mass
and combines a Darcy flow model with the effect of the solid deformation. The
model was originally proposed to describe geomechanics (Biot, 1941) but has since
been widely adopted in biomechanical applications.

4.1.2 Stokes Flow in CSF Spaces

The flow in the CSF compartments can be characterized as a free fluid flow with a low
Reynolds number and is hence described by the time-dependent Stokes equations for
the CSF velocity u and fluid pressure p/. Under these assumptions, the equations
read as follows:

p o - div(2;1 re(u) - pf I) -0 in Qs x (0,7), (4.22)
divu=0 inQy x (0,7), (4.2b)

with constant CSF density p s and constant CSF viscosity i s.

4.1.3 Net Blood Flow as a Driver of Pulsatility

We assume a brain-wide expansion and contraction of blood vessels caused by the
net flow of blood into the brain parenchyma as the main driver of motion and model
it by a prescribed pulsatile source term g in (4.1c). Hence, we consider the net
blood flow as a source term in the CSF/ISF compartment. While this might seem an
oversimplification at first, it can be justified by the similarity of an inflow of blood
and ISF on the macroscopic level: both lead to a volumetric expansion of the brain
parenchyma and an increase in pore pressure. The arterial and venous flow in and out
of the cranium is measurable by modern imaging techniques and allows computation
of the net cerebral blood flow over the cardiac cycle (Baldent, 2014). However, for
simplicity, we let g be a spatially uniform sinusoidal curve in time with frequency f
and amplitude A:



50 Causemann et al.

g(1) = A - sin(2n f1). 4.3)

4.1.4 Tissue—CSF Interaction Coupling Conditions

In addition to modeling the mechanics of both domains, we use suitable interface
conditions to account for the interaction between the brain tissue and the surrounding
CSF. We enforce continuity of the normal flux on the interface (4.4a), momentum
conservation (4.4b), and the balance of total normal stress (4.4¢). The last interface
condition, (4.4d), is the Beavers—Joseph—Saffman condition, which relates the jump
in tangential velocities across the interface to the shear stress on the free-flow side
of the interface (Beavers and Joseph, 1967; Saffman, 1971). Accordingly, we require
the following equations to hold on the interface X~ between the porous parenchyma
and the CSF-filled spaces:

u-n= ((’),d— ’uLVpp) ‘n onXx(0,7T), (4.4a)
f
(2;1 re(u) - p! I) n=(use(d) —¢hn  onTx(0,7T), (4.4b)
-n- (2yfs(u) - pr) n=p? on X x (0,7), (4.4¢)
—Ti - (2uf£(u) - pr) n= YL\/{ (u-0,d) - 7; onX x (0,7), i=1,2.

(4.4d)

Complementing the normal n, we define orthogonal vectors tangent to the interface
7; (i = 1,2), with vy > 0 as the slip rate coefficient, a dimensionless constant that
depends on the microstructure of the porous medium.

4.1.5 Boundary and Initial Conditions

Assuming a rigid skull, we set no-slip conditions on the skull boundary ['gyp:
u=0 on [y X (0, 7).
For the spinal cord boundary I'sc, we assume no displacement and no flux:

d=0 and =Vp?-n=0  onTscx(0,7).
n

Finally, we impose a zero-traction condition at the spinal SAS, allowing for the
pulsatile motion of CSF in and out of the domain:
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(Zufa(u) - pr) -n=0 on I'sas X (0,7).

We assume that the system is initially at rest, with an initial pore pressure pg:

u=0 on Qr x {0},
d=0, pP=pg on ,, x {0}.

4.2 Multidomain Mesh Generation for a Brain—-CSF Model

Current medical imaging technologies offer high-resolution spatial images of the
whole cranium. Often, after preprocessing and segmentation of the image, a surface
mesh in STL format of each of the relevant parts can be obtained. We demonstrate
here how to generate a multidomain mesh (a mesh with several subdomains and a
matching interface) suitable for multiphysics simulations with FEniCS with such
surfaces meshes as a starting point. We showcase the meshing tool fTetWild and
demonstrate its capability to compute boolean operations on surface meshes (Hu
et al., 2020). We have found that fTetWild is particularly well suited for mesh
generation from imaging data due to its strong robustness (with no assumptions on
mesh manifoldness, watertightness, and the absence of self-intersections), since the
algorithm constructs and meshes an envelope of user-defined accuracy around the
triangles contained in the input surface meshes.

4.2.1 Defining Domains by Surfaces

Solving the tissue—CSF interaction model on a realistic 3D domain exceeds the com-
putational resources of a standard laptop. To allow the reproduction of our results
without access to supercomputing resources, we work with a low-resolution, ideal-
ized representation of the human cranium. Specifically, we construct an idealized
geometry from the following parts (Fig. 4.2):

* An innermost sphere representing the ventricles,

* A second, larger sphere representing the parenchymal tissue,

¢ An outermost sphere for the skull,

¢ A thin cylinder representing the spinal cord,

* A thicker cylinder for the CSF-filled space surrounding the spinal cord, and

* A small, thin cylinder connecting the ventricle with the SAS for the aqueduct.
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We generate these surface meshes (shown for the ventricle and the aqueduct here)
using PyVista and save them in the STL format:

import pyvista as pv
stl_directory = Path("mesh/stls/")
ventricle = pv.Sphere(radius 0.02)
aqueduct = pv.Cylinder(
center=(0, 0.03, -0.03), direction=(0, 1, -1),
radius=0.004, height=0.06).triangulate()
aqueduct.save(stl_directory / "aqueduct.stl")
ventricle.save(stl_directory / "ventricle.stl")

4.2.2 Creating the Geometric Representation

Next, we specify a constructive solid geometry tree, describing the order and type of
boolean operations carried out on the surface meshes:

* First, we take the union of brain tissue components, with the parenchyma and
brainstem.

* Then, we subtract the ventricle and aqueduct parts from the tissue.

* Finally, we take the union of the outermost sphere and cylinder with the result
of the previous steps.

The code is as follows:

import wildmeshing as wm
tetra wm.Tetrahedralizer (epsilon=0.002, edge_length_r=0.05,
coarsen=False)
tetra.load_csg_tree(json.dumps (
{"operation":"union",
"right":
{
"operation":"difference",
"left":{"operation":"union",
"left": str(stl_directory / "parenchyma.stl"),
"right": str(stl_directory / "cord.stl")},
"right":{"operation":"union",
"left": str(stl_directory / "aqueduct.stl"),
"right":str(stl_directory / "ventricle.stl")},

}l
"left":
{"operation":"union",
"left": str(stl_directory / "skull.stl"),
"right":str(stl_directory / "canal.stl")},
}
)
tetra.tetrahedralize()
point_array, cell_array, marker = tetra.get_tet_mesh()
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The resulting multidomain geometry and mesh are visualized in Figure 4.2. The
maximum distance between the input surfaces and the surface of the generated volu-
metric mesh can be controlled using the epsilon parameter (specifying the relative
envelope size), and the desired relative edge length is specified with edge_length_r

Moving to a more complex mesh requires only a change in the input surface meshes
and the mesh resolution but does not introduce additional difficulties. As an example,
a mesh generated by the described workflow based on the surface meshes used by
Causemann et al. (2022) is shown in Figure 4.3. The corresponding code is included
in the example notebooks. !

Fig. 4.2 (A) An idealized 3D A
cranial geometry consisting of

a ventricle and aqueduct (red),

the parenchyma and brainstem

(blue), and the surrounding

CSF space (gray/transparent).

(B) The resulting multidomain

mesh generated by fTetWild.

(a) ()

Fig. 4.3: a) Example of an image-derived mesh generated with fTetWild and based on
data from Causemann et al. (2022). b) The ventricular system of the image-derived
mesh.

! See https://zenodo.org/records/10818803.


https://zenodo.org/records/10818803
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4.2.3 Marking the Interface and Boundaries

fTetWild returns a marker function with different identifiers for each of the sub-
domains but does not generate facet markers for internal interfaces or exterior
boundaries. We therefore use FEniCS to loop over all facets in the mesh, check
the subdomain IDs of the corresponding cells, and identify the internal interfaces.
Similarly, we mark the external boundaries (I'skui, ['sas, and I'sc) with a combination
of the facet location and subdomain ID of the corresponding subdomain.

4.3 Discretization and Implementation of the Fluid—poroelastic
Problem

Following Ruiz-Baier et al. (2022), we discretize the model in space using a mono-
lithic finite element formulation and employ an implicit Euler scheme for time
integration. Here, we state the variational form of the time-discretized problem and
discuss its implementation with Multiphenics (Ballarin, 2023), a FEniCS extension
that provides key functionality for subdomain restricted variables.

4.3.1 Variational Form of the Fluid-poroelastic Interface Problem

In light of the boundary conditions defined in Section 4.1.5, we define the following
function spaces:

Hy (Qr) ={ve H(Q)?: V|ry,=0},
HL(Qp) = {ve H' (Q,)?: v |re=0},

where H'(Q;) is the standard first-order Sobolev space of scalar functions with
derivatives in L?(€;) equipped with the classical Sobolev norm on the domain Q;
fori € {P, F}.

After applying the implicit Euler method for time discretization with a fixed step
size At > 0 for N; time steps, we obtain the following semi-discrete weak form
of the coupled problem: given suitable initial conditions uy, pg , do, and pg , find
u, € Hsk(Qy), pl e L2(Qf), d, € Hsc(RQ,), ph € H'(Qp), and ¢, € L*(Q))
forn € {1,2,..., N;} such that
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af (p,v) + b7 (v, pL) + b5 (v, pB) + D3 (v, Ar7'd,) = F (v)  Wv € Hsk(Qy)

bi(un.q’) =0 Vgl € L*(Qy)

by (wn, W) + by (W, ph) +af (dn, w) + b7 (W, ¢,) = FY (W) Yw € Hsc(Qp)
—b% (un, g”) = by (Ar7'd,, g)

+ab (ph, q") = bY (At ¢, qP) = Gu(qP)  Vg” € H'(Q))

by (dn, ) + DY (W, ph) = af (¢n, ) = 0 Vi € LA(Q))

with the variational forms

al(u,v) = pf/ Arlu- v+ 2,uf/ e(u): e(v) + W—f<PTu, Prv)y
Qf Qf W

b{(v,qf) = —/ qf div v,
Qf

b3 (v.q") =(g”,v-m)x

YH
by (v.d) = —7’5 (Prv, Prd)s,

by(w,q”) = —(q”, w-n)s,

a? (d,w) = 2415 / e(d): e(w) + %wm—ld, Prv)s,
K

P

bf(w,(//)z—/ W divw,

Qp

2
“f(p”,q”)=(c+%)/ At‘]p”q"+/ Lvpr . vgP,
Q, Hf

Qp

) a
bg(‘l”ql):—/ Q;l’qp’
1 Ja,
» 1
a3 (¢’ lﬁ) =7 ¢¢
g,
and the linear functionals

F,{(V) = b?(v, d;_1/At) +pf/ u;_1 /At - v,
Qy
FP(w) = by (w.d;_, /Ar),
2

a
Gn(qP) = =bF(di—1 /AL, g7) = bY (i-1/At, qP) +/ gq” + (C+ j)pl’-’_lq”-
P

Here, Pr denotes the projection on the interface tangent and (-, -)y the duality pairing
between the trace space H'/>(Z) and its dual.
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Using a Taylor—-Hood-type discretization, we approximate the tissue displacement,
fluid velocity, and pore pressure with continuous piecewise quadratic polynomials
and use continuous piecewise linear functions for the total pressure and fluid pressure.
Note that any other pair of Stokes-stable finite elements also results in a stable
scheme (Ruiz-Baier et al., 2022).

4.3.2 Implementation

To facilitate the finite element implementation, we rely on Multiphenics, a Python
library providing additional features for block systems and function spaces on sub-
domains in FEniCS. While such features are also available and under further de-
velopment in FEniCS(x), Multiphenics’ robustness and convenient interface make it
particularly useful for multiphysics problems. Concretely, we can define our function
spaces for fluid velocity u, fluid pressure p/, displacement d, pore pressure p?, and
total pressure ¢ as follows:

from multiphenics import *

W = FunctionSpace(mesh, "Lagrange", 1)

W2 = FunctionSpace(mesh, "Lagrange", 2)

V = VectorFunctionSpace(mesh, "Lagrange", 2)

H = BlockFunctionSpace([V, W, V, W2, W],

restrict=[fluidrestriction,
fluidrestriction,
porousrestriction,

porousrestriction,
porousrestriction])

trial_functions = BlockTrialFunction(H)
u, pF, d, pP, phi = block_split(trial_functions)

test_functions = BlockTestFunction (H)
v, qF, w, gqP, psi = block_split(test_functions)

When defining a BlockFunctionSpace, Multiphenics allows specifying spa-
tial restrictions using the restrict argument with a MeshRestriction. The
MeshRestrictionholds the information on the spatial extent of the desired function
space and is generated from the subdomain markers provided by fTetWild.

Next, we implement the individual terms for each of the blocks of the monolithic
form (with the example shown here for a/ (u, v)) and define the linear system:

# Create convenience functions for recurring terms
eps = lambda u: sym(grad(u))
P_t = lambda u: u - dotCu, n) * n

def tang_interf(u, v):
return inner(P_t(u("+")), P_t(v("+")))*ds_Sigma
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# Define the individual blocks of the variational form
def a_f(u, v):
return rho_f*dot(u/dt, v)*dxF \
+ 2"mu_f*inner (eps(u), eps(v))*dxF \
+ (gamma*mu_f/sqrt(kappa)) “tang_interf(u, v)

lhs = [[a_f(u, v), b_1_f(v, pF), b_3_Sig(v, d/dt), b_2_Sig(v, pP)
, 01,
[b_1_f(u, qgF), 0, 0, 0, 0],
[b_3_Sig(u, w), 0, a_1_p(d, w), b_4_Sig(w, pP), b_1_p(w,
phid],
[b_2_Sig(u, qP), O, b_4_Sig(d/dt, gP), -
a_2_p(pP, qP), b_2_p(phi/dt, qP)],
[0, O, b_1_p(d, psi), b_2_p(psi, pP), -a_3_p(phi, psi)]]

rhs = [F_f_n(v), 0, F_p_n(w), -G_n(qgP), 0]

Multiphenics offers high-level functions for assembling the block system, setting
boundary conditions, and solving the block system. Using the multifrontal direct
solver MUMPS (Amestoy et al., 2000), we first assemble the block system and then
set up a PETScLUSolver solver, which will store the factorization computed in the
first solve call and hence substantially reduce the cost of subsequent time steps.
Additionally, we define the relevant Dirichlet boundary conditions and the time-
dependent source term g before starting the main time-stepping loop, in which we
update the source term, reassemble the right-hand side, account for the boundary
conditions, and finally call the solve function of the direct solver:

AA = block_assemble(lhs, keep_diagonal=True)
solver = PETScLUSolver (AA, "mumps")

bc_d = DirichletBC(H.sub(2), Constant((0,0,0)),bm, spinal_sas_id)
bc_u = DirichletBC(H.sub(®), Constant((0,0,0)),bm, skull_id)
bcs = BlockDirichletBC([bc_d, bc_ul)

g = Expression("A*sin(2*M_PI*f*t)", f =1, t=0, A=0.01, degree=0)
times = np.linspace(®, T, num_steps + 1)

for t in times:
g.t = t
FF block_assemble(rhs)
bcs.apply (FF)
solver.solve(block_function.block_vector(), FF)
block_function.block_vector().block_function().apply("to
subfunctions")
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4.4 Visualization with PyVista and K3D

PyVista is a Python library providing high-level access to the Visualization Toolkit
(VTK) for powerful visualization of complex 3D datasets (Sullivan and Kaszynski,
2019). Here, we showcase its use in conjunction with K3D Jupyter to generate
time-dependent, interactive animations as standalone HTML pages, which are easy
to embed in Web applications and share with colleagues. Compared to creating
animations with GUI-based software such as ParaView, scripting the visualizations
allows for their regeneration after changes of the model or input data. Additionally, it
provides the freedom to use the rich Python ecosystem to manipulate the data. While
scripting 3D animations is possible with other packages (e.g., Mayavi, ParaView, or
VTK), PyVista is especially compelling due to its broad VTK-based functionality
and intuitive interface.

Since PyVista does not natively support time-dependent datasets, we store the data
corresponding to each time step in a new array of a Pyvista UnstructuredGrid
object:

grid = pv.read("mesh/mesh.xdmf")
with meshio.xdmf.TimeSeriesReader ("results.xdmf") as reader:
points, cells = reader.read_points_cells()
for k in range(reader.num_steps):
t, point_data, cell_data = reader.read_data(k)
for var, data in point_data.items():
grid[f"{var}_{k}"] = data

Next, we extract the porous and fluid subdomains and apply the clip filter to show
the interior of the domain. To visualize the flow field in the CSF-filled domains, we
compute arrow glyphs for each time step and scale them with maximum velocity:

fluid = grid.extract_cells(grid["subdomains"] == fluid_id)
fluid_clip = fluid.clipQ
arr_max = max([np.linalg.norm(fluid_clip[f"u_{t}"], axis=1).max()
for t in time_indices])

arrows = []
for t in tqgdm(time_indices):

arr = fluid_clip.glyph(orient=f"u_{t}", scale=f"u_{t}",

factor=0.1/arr_max, tolerance=.005)

arrows.append(arr)

To use K3D, we convert the PyVista objects into K3D objects and add them to
a k3d.plot. For that purpose, we use K3D’s vtk_poly_data function, generate
an initial object, and set the time-dependent properties (point/vertex location, color
attribute) with a Python dictionary mapping the timepoint. We demonstrate this for
the arrow glyphs:

animation_t = np.linspace(®, 10, len(time_idx))
k3d_arrow = k3d.vtk_poly_data(arrows[0],
color=hexcolor("white"),
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side="double")
k3d_arr.vertices = {animation_t[t]: arrows[t].points for t in
time_idx}

pl = k3d.plot(...)
pl += k3d_arrows
pl += ...
pl.display ()

A screenshot of the resulting interactive figure is shown in Figure 4.4, and the
interactive figure is available in the accompanying notebooks.

4.5 Post-processing Aqueduct Flow and ICP

The change in ICP over the cardiac cycle as well as the aqueduct stroke volume
(total volume of CSF moved back and forth through the aqueduct during each
cycle) are important clinical indicators of intracranial pulsatility (Wagshul et al.,
2011). Having defined the interface between the fourth ventricle and the aqueduct
during the meshing step, we can compute the flow rate as a surface integral over the
corresponding internal facets:

iu_time_series = [...]

\dS = Measure("dS", domain=mesh, subdomain_data=boundary_marker)

'n = FacetNormal (mesh)

‘aq_flow = [] |
| for u in u_time_series:

\ aqg_flow.append(assemble (inner (u,n("+"))*dS(aqueduct_v4_id)))

L |

Fig. 4.4 Screenshot of an
interactive figure at t = 0.18's
generated with K3D. The
visualization shows the pore
pressure in the brain tissue
(color coded), with the arrows
indicating the CSF velocities
in the CSF-filled spaces in
response to arterial blood
inflow. The blue surface in
the back represents the outer
surface of the CSF-filled
spaces.
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We observe peak aqueduct flow rates of about 0.03 ml/s, and after a few cycles the
aqueduct flow synchronizes with the net blood inflow into the brain tissue (Fig. 4.5a).

To compute the ICP and investigate ICP gradients, we place two virtual probes in
the CSF-filled spaces: one in the middle of the ventricular sphere xy = (0,0, 0) and
one at the outer end of the aqueduct cylinder in the SAS (x40 = (0, 0.055, —=0.055)):

ICP_time_series = [...]
ventricle_mid Point (0,0,0)
icp_ventricle [p(ventricle_mid) for p in ICP_time_series]

aqueduct flow net blood flow —— ICP ventricle ICP SAS—— AICP

| L |
1] MMM}O

L T
e Y
—0.04- —0,05& \}/2\/ i \/ \/6\/ U

ICP [mmHg]
o
(=3
(=)

blood flow [ml/s]

aqueduct flow [ml/s]

0 2 4 6 8 0 1 8

Fig. 4.5: a) The aqueduct CSF flow over multiple cardiac cycles. b) The ICP measured
in the ventricular sphere and in the SAS at the outer end of the aqueduct and the
pressure difference between the two virtual probe points (AICP).

Compared with clinically reported values for temporal ICP changes of 5-10 mmHg
(Wagshul et al., 2011), we find relatively small pressure oscillations in both the
ventricles and the SAS (less than 0.1 mmHg, Fig. 4.5b). This discrepancy is likely
caused by the spinal outflow boundary condition: without additional resistance or an
increase in pressure in the spinal SAS, CSF freely leaves the cranium and hence ICP
increases only slightly, indicating that accounting for spinal resistance is crucial for
physiological ICP values.

4.6 Summary and Outlook

In this chapter, we have presented a model of the dynamic interplay between blood
flow, tissue motion, and CSF flow in the human cranium during the cardiac cycle.
In addition, we demonstrated key technical steps to conduct multiphysics simula-
tions on complex, image-derived geometries. In particular, we have shown how to
generate volumetric multidomain meshes from surface meshes using fTetWild, use
the FEniCS extension Multiphenics to set up monolithic forms with function spaces
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defined only on subdomains, and create dynamic, interactive standalone animations
of the results with PyVista and K3D.

However, we only briefly touched upon the model results and their physiological
relevance. Exploring these in more depth, Causemann et al. (2022) has provided a
detailed comparison of clinical measurements and results obtained with a refined
version of the same model using an image-derived 3D geometry. Further, Unnerback
et al. (2018) and Domogo et al. (2023) explored the determinants of the ICP curve
morphology, whereas Vinje et al. (2019) investigated the respiratory and cardiac
contributions to CSF flow and ICP dynamics. Additionally, Linninger, Andreas A.
and Tangen, Kevin and Hsu, Chih-Yang and Frim, David (2016) have reviewed the
physiology and modeling approaches on CSF dynamics. Finally, measuring blood
flow, CSF flow oscillations, and electrophysiological activity in humans during sleep,
Fultz et al. (2019) found important links between CSF dynamics and neural and
hemodynamic rhythms. Exploring the coupling between these phenomena presents
amultitude of research directions related to the modeling of the brain’s biomechanics.
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Chapter 5

Quantifying cerebrospinal fluid tracer
concentration in the brain

Bastian Zapf, Lars Magnus Valnes, Kent-Andre Mardal, and Ludmil Zikatanov

Abstract Medical imaging utilizing contrast tracers has in recent years led to a
new understanding of molecular transport dynamics and pathways in the living
brain, the glymphatic system. In humans, intrathecal contrast enhanced magnetic
resonance imaging (MRI) has been used as a major tool in clinical studies of the
glymphatic system. While such image sequences have allowed novel qualitative
insights, quantitative analysis requires careful image preprocessing. This chapter
explains the computational steps needed to obtain quantitative information from a
publicly available time series of cerebrospinal fluid contrast-enhanced MRI. All steps
are accompanied by code snippets that allow the reader to reproduce the presented
results. Finally, we show how to incorporate the preprocessed data into physical
simulations of molecular transport in the human brain.

5.1 Introduction

In recent years, imaging the dynamics of intrathecally injected cerebrospinal fluid
(CSF) tracers has led to a new understanding of molecular transport in the brain,
both in mice (Iliff et al., 2013; Yang et al., 2013) and in humans (Eide et al., 2018;
Ringstad et al., 2017; Ringstad and Eide, 2020). As an illustrative example, the
images shown in Figure 5.1 demonstrate that CSF tracer reaches all regions of the
brain during an imaging period of ~50 hours.

However, only few studies (Filippi and Watts, 2022; Valnes et al., 2020; Vinje et al.,
2023) have so far quantified the concentrations of CSF tracer in the brain. This is
partly because tracer quantification, in principle, requires special magnetic resonance
(MR) sequences that yield MR images known as T1 maps (Filippi and Watts, 2022).
Alternatively, estimates of the tracer concentration can be obtained from T1-weighted
MR images by using parameters of the sequence used for the MR imaging (MRI)
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acquisition and manually normalizing the images (Valnes et al., 2020; Vinje et al.,
2023).

The difference between these image types is that the voxel values in T1 map images
correspond directly to a physical quantity, namely, the (voxel-averaged) longitudinal
relaxation time (also called 77 time) of the atomic nuclei making up the tissue in a
given voxel. In T1-weighted images, the voxel values are related to this quantity in
a nonlinear manner defined by the parameters of the MRI acquisition sequence. For
a more detailed description, the interested reader is referred to, for example, Pooley
(2005) and Taylor et al. (2016).

In this chapter, we describe all steps, assumptions, and software tools needed to
estimate CSF tracer concentration in the brain from a time series of either type of
images taken after injection.

In detail, we show how to use FreeSurfer version 7.1.0 (Fischl, 2012) and Python
scripts to carry out the following:

* Resample a series of input images to the FreeSurfer standard, that is, 2563 voxels
of size ] mm X 1 mm X 1 mm.

» Create a registration template and register all images to the template.
» Estimate CSF tracer concentration from T1 maps.

» Estimate CSF tracer concentration from T1-weighted images.

¢ Incorporate the tracer estimates into finite element simulations.

Fig. 5.1: The image shows T1-weighted MR images taken after intrathecal injection
of CSF tracer in the example subject. Regions enriched with tracer appear brighter
on the image.

5.2 Preliminaries: Software Configurations

For the MRI processing code presented in this chapter to be executable, we assume
that FreeSurfer has been installed (see Mardal et al. (2022, Chapter 2) for installation
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instructions). The scripts described in this chapter can be obtained by cloning the
GitHub repository linked by Zapf et al. (2024a), which also provides installation and
usage instructions.

In this chapter, we will assume that all paths are relative to the csftracermodeling
directory; that is, we run the command cd csftracermodeling before executing
any of the commands described in this chapter. Next, we assume that FreeSurfer has
been run on the MRI data and that the baseline and contrast-enhanced MR images
are extracted from DICOM format into a folder . /data/freesurfer/PREREG/

in .mgz format. We further assume that the FreeSurfer output folder
./data/freesurfer/mri/ contains the segmentation file aseg.mgz. These data
are available for download, as described in the README file of Zapf et al. (2024a)
For convenience, the final output files that are being created when performing all the
steps in this chapter (CSF tracer concentrations, finite element mesh) are included
in the data source of (Zapf et al., 2024b).

5.3 Registration of an MRI Time Series

Since the positions of the subjects in the MRI machine differ between acquisitions,
we need to align all the images so that it is meaningful to compare intensities in a
voxel with indices (i k) between images taken at different timepoints. This process is
called registration, and FreeSurfer provides the program mri_robust_register!
(Reuter et al., 2010) to perform this task. The algorithm finds the affine, that is, rigid
translation and rotation, transformation that, when applied to a given input image,
minimizes the mismatch to a given target image. We limit ourselves to affine maps
in this setting because it is the same subject imaged over a short time span.

In principle, this algorithm could be used to register all images in a time series
to a baseline image (pre-contrast). However, the CSF tracer leads to a significantly
increased MR signal in most of the cranial compartment compared to the baseline.
While the FreeSurfer registration algorithm (Reuter et al., 2010) uses normalization
to account for signal differences between the input and target image during registra-
tion, the unusual signal differences induced by the CSF tracer can cause registration
problems. We hence create an unbiased registration template, which reduces biases
in longitudinal studies (Reuter et al., 2012). This template is built from a voxel-wise
median of all the images in the time series, registered such that all the images can
be registered as well as possible to this template.

First, however, we resample all the images to the FreeSurfer standard format (2563
voxels) because some MR images can have higher resolutions, significantly increas-
ing the computational time of the registration algorithm, while others may have lower
resolutions. We collect all the necessary commands for the registration in a single

! See https://surfer.nmr.mgh.harvard.edu/fswiki/mri_robust_register.
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script, which can be found under ./scripts/data-processing/register.sh.
Here, we give a detailed description of the crucial steps in this script.

To start, we loop over all images in the input folder that are in the mgz format and use
mri_convert? from FreeSurfer to resample the images to the FreeSurfer standard:

for inputfile in ${INPUTFOLDER}/*.mgz; do
filename=$(basename $inputfile)
outputfile=${OUTPUTFOLDER}/${filename}
mri_convert --conform -odt float ${inputfile} ${outputfile}
done

With the option --conform, the images are resampled to the FreeSurfer standard
voxel size 1 mm?>. The flag -odt is shorthand for --out_data_type. It is needed
because the voxel intensities are not integer values after resampling.

Now, the FreeSurfer command mri_robust_template3 can be used to create the
registration template. This program computes a median image of all input images to
avoid any bias toward a specific image. This is an iterative process in which several
registrations must be computed, and the program can therefore take several minutes
to finish.

The command is used as follows:

mri_robust_template --mov ${RESAMPLED_IMAGES} --maxit 10 \
—--template ${TEMPLATE} --satit --inittp 1 --fixtp

The option --satit tells FreeSurfer to automatically determine how outlier voxels
should be treated during registration. With --inittp 1, the algorithm uses the first
image (pre-contrast) as the initial value for the template, and, with --fixtp, all
the other images are registered to this image. This is useful because we have run
the FreeSurfer command recon-all (see Mardal et al. (2022, Chapter 3)) with the
baseline image (pre-contrast), so all the segmentation files and surfaces generated
by FreeSurfer align with this image. With --inittp 1 --fixtp, the registration
template is automatically aligned with the segmentation and surface files.

Registration is an iterative process, and we specify the maximum number of iterations
with --maxit 10. Setting this value above the default of six iterations can increase
the accuracy of the registration.

Finally, it should be noted that this program can require more memory than is
available on personal computers if there are many images in the time series. In this
case, the flag --subsample 200 can be used to resample the images to a resolution
of 2003 voxels (or less if necessary). This reduces the memory required by the
program, enabling us to run it on regular laptops.

2 See https://surfer.nmr.mgh.harvard.edu/fswiki/mri_convert.
3 See https://surfer.nmr.mgh.harvard.edu/fswiki/mri_robust_template.
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We can now register all the images to the template using FreeSurfer’s
mri_robust_register program:

for inputfile in ${INPUTFOLDER}/*.mgz; do
filename=$(basename $inputfile)
mri_robust_register --mov ${inputfile} --dst ${TEMPLATE} \
—--mapmov ${OUTPUTFOLDER}/${filename} --maxit 10 --1lta \
< ./data/freesurfer/LTA/${filename}.lta --iscale --satit
done

This command aligns the input image --mov ${inputfile} with the target image
--dst ${TEMPLATE} and stores it to

--mapmov ${OUTPUTFOLDER}/${filename}. With the argument --1ta, we spec-
ify a storage path to store the affine registration matrix, which can be useful for later
analysis. To visually check the registration results, open all images in Freeview to
check if they are well aligned to the template using the command

§ freeview ${OUTPUTFOLDER}/*

It is strongly recommended to always inspect the registration output visually to
ensure that the images are properly registered to the baseline image.

5.4 Quantifying Tracer from Contrast-enhanced MRI

The presence of CSF tracer leads to a decrease of the spin—lattice relaxation time 7}
in enriched regions. In T1-weighted images, this increases the MR signal in enriched
voxels and makes them appear brighter in the image.

The relaxation time 7T,((i, j, k),?) in a voxel (i, j, k) at time ¢ after CSF tracer
injection decreases with the contrast agent concentration c((i, j, k),t) (mmol/L)
(e.g., Taylor et al., 2016), as follows:

1 1
Tl((i’ .1'7 k)’t) B Tl((la j’ k)’o)

where T1 ((i, j, k), 0) denotes the T} relaxation time at baseline (before injection). The
relaxivity constant ry differs between tracers and depends on other factors, such as the
temperature and magnetic field strength. The imaging sequence under consideration
here was acquired using the CSF tracer gadobutrol at magnetic field strength 3 T. For
these parameters, we can use the measurement value r; = 3.2 L/mmol s in water at
37 °C from Rohrer et al. (2005).

+ric((i, ], k), 1), 5.1
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5.4.1 Quantifying Tracer from T1 Maps

Rearranging (5.1) shows that the concentration of the tracer in every voxel is

(i jok)o1) = ~ ! !

— 5.2
A\ TG00 TG 0.0 62

if measurements of T1 are available at all timepoints, as for Watts et al. (2019). In this
case, assuming that the files in ./data/freesurfer/REGISTERED are T1 maps,
we can easily compute the concentration with the Python script estimatec.py, as
described in the accompanying README file under

scripts/data-processing from Zapf et al. (2024a). By default, the script as-
sumes that the files are named following the convention YYYYMMDD_HHMNMSS .mgz
and finds the baseline map 7, ((i, j, k), 0) by sorting the files in the input folder. A
confirmation prompt asks the user to confirm this selection, and, if it is not correct,
the baseline can be manually specified with the optional argument --baseline.
For convenience, the script will rename the created files in the format HH.MM.mgz,
where HH and MM are the numbers of hours and minutes after the baseline image was
taken, respectively.

However, T1 maps are acquired with MRI protocols that are not always included
in clinical CSF tracer studies with humans Vinje et al. (2023). As a remedy, in the
next section we present an estimation of the tracer concentration from T1-weighted
images, since these are typically available in such studies.

5.4.2 Quantifying Tracer from T1-weighted Images

Despite the name T1-weighted image, the MR signal S((i, j, k), t) in a voxel (i, j, k)
of this image is not a quantitative measure of the relaxation time 7. The relation be-
tween the MR signal S((i, j, k), t) and the relaxation time T’ ((i, j, k), t) is nonlinear
and depends on the details of the MRI protocol used in the image acquisition. As a
remedy, we describe how to proceed, following Vinje et al. (2023), and estimate the
relaxation times 7 ((i, j, k), t) after tracer injection from normalized T1-weighted
voxel intensities S((7, j, k), t) relative to the baseline image. We first show how to
normalize the images using a manually defined region of interest (ROI). We further
need the baseline T1 map 7, ((i, j, k), 0). If this is not available, we start by showing
how to create a synthetic baseline map T ((i, j, k), 0) based on literature values.

Defining a Normalization Region using Freeview
Due to variation in the MRI machine over time, the T1-weighted MR signal can

change over time, even in brain regions where no physical change in the tissue is
expected. To compensate for this effect, we use an ROI in the brain where the tissue
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can be assumed not to change during the imaging period. We then normalize every
image with the median MR signal in this region.

To create an ROI, we start by opening the baseline image (the first image in the folder
./data/freesurfer/REGISTERED/) in Freeview:

$ freeview ./data/freesurfer/REGISTERED/20230213_073508.mgz

We choose the fat in the posterior part of the orbit (behind the eye), since it can be
assumed that this tissue is not enriched by CSF tracer and does not undergo changes
during the imaging period of about three days (Eide et al., 2021). First, we move the
red, green, and blue planes in the 3D window in Freeview such that they all intersect
with the fat tissue (see the 3D panel on the right of Fig. 5.2). For the MRI under
consideration, locating the cursor at voxel indices (92, 128, 168) as in Figure 5.2 is a
possible choice, since all the planes there cut through the posterior part of the orbit.

To start marking the reference ROI, click [File—>New Volume], keep the default
options, and name the new volume refroi. After this empty volume is created, the
MR image is overcast, and we change the color map of the volume refroi to “Heat”
or ”Jet” with "Maximum” set to 1 such that the ROI can be displayed on top of
the MR image. We next click [Action—>V0xel edit] and set the ”Brush value” to 1.
In every slice window, we mark a few bright, white voxels in the posterior part of
the orbit; see Figure 5.2. Note that the ROI should not cover nerve fibers, visible
in black close to the ROI and indicated by the blue arrows in Figure 5.2. Finally,
the volume can be saved to ./data/freesurfer/mri/refroi.mgz by clicking
[File—>Save Volume ]

3D view

Fig. 5.2: This image shows the ROl in the posterior part of the orbit in yellow, together
with the baseline image (visualized using Freeview). The blue arrows indicate the
optical nerve, which we do not want to include in the ROIL.
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Normalization

Using the ROI created in the subsection above, we normalize every image with the
median MR signal in this ROI as

1((i, j, k), 1)
median g p ¢yeror{!((a, b, c), 1)}’

S((i,j, k), 1) = (5.3)

where I((i, j, k), t) denotes the T1-weighted image signal in voxel (i, j, k) at time ¢
and S((Z, j, k), t) is the normalized T1-weighted signal. (5.3) is implemented in the
Python script . /scripts/data-processing/normalize.py, which can be used
to automatically normalize all images at time ¢. Running this script also prints the
median T1-weighted MR signal values for the baseline image and later images to
the terminal. With the ROI stored under

./data/freesurfer/mri/refroi.mgz, we can see that the median varies from
90, 157 at the baseline to 75,767, 74,486, 71,435, and 69, 087 at the later imaging
timepoints. These variations demonstrate the necessity of normalizing the images.

Creating Brain Masks and Synthetic T1 Maps

As a first approximation, we assume that the relaxation time 77 is constant in
the whole brain parenchyma. To define which image voxels are considered to
belong to the brain, we use the FreeSurfer segmentation output file found under
./data/freesurfer/mri/aseg.mgz. The segmented regions are shown in color,
with the baseline T1-weighted image in the left of Figure 5.3. The integer voxel values
in this image represent the assignment of voxels to 44 distinct brain regions for this
subject. The correspondence between labels and anatomical regions can be found in
the FreeSurfer documentation,* where we can see that the labels 4, 3, 14, 15, 24, 43,
and 44 identify CSF compartments such as the ventricles. Since all other nonzero
labels denote brain tissue, we can create a binary mask for the brain parenchyma by
identifying which of the voxels are labeled with one of these numbers. We assign
the value O to these voxels, and we set all other labels to 1 to create a binary mask
for the parenchyma tissue. In the same way, we can similarly create a synthetic T1
map by assigning a surrogate value for T1 taken from the literature to the voxels not
labeled as CSF. We implement this in the Python script make_brainmask.py. For
usage instructions, see the README file under scripts/data-processing from
Zapf et al. (2024a). Running this script stores a brain mask and a synthetic T1 map
with constant value 77 = 1 s throughout the brain to . /data/freesurfer/mri/.

4 See https://surfer.nmr.mgh.harvard.edu/fswiki/FsTutorial/AnatomicalROI/

FreeSurferColorLUT.
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FreeSurfer aseg.mgz subregions Parenchyma mask

Fig. 5.3: Left: FreeSurfer segmentation (colored) of the brain. Right: The binary mask
(yellow) created by excluding voxels labeled as CSF, such as the lateral ventricle (in
purple in the left image).

Estimating T; from T1-weighted Images

With the synthetic baseline T1 map we have created in Section 5.4.2, we have
everything needed to estimate the unknown relaxation time 77 ((i, j, k), t) at imaging
times ¢ after intrathecal tracer injection. Following Valnes et al. (2020), we use the
relation

1 (806, k), 1)
S((i, j.k),0)

where S(7, 0) denotes the normalized MR signal intensity before tracer injection and
the function f is specific to the MRI acquisition protocol used. The T1-weighted MR
images under consideration here were obtained using the Magnetization Prepared
Rapid Acquisition Gradient Echo (also referred to as MPRAGE in the literature)
sequence, for which we can use the approximation f(7}) = Aexp(—bT)) for T} €
[0.25,4.55] with A = 0.95 and b = 1.48s~'.5 With this approximation, we can
simplify (5.4) to

Tl((i7j7k)9t) = f f(Tl((l’]’k)’O)) > (54)

S((i, j. k), 1)

1
Ti((, j, k), 1) =T (i, j, k),0) - Zlog S0, 1. 6).0)

(5.5)

Since we are primarily interested in computing the CSF tracer concentration, we do
not compute and store the 77 estimates separately but, rather, evaluate (5.5) as a step
in our concentration computation in the next section.

5 These numerical values for A, b are obtained by fitting £(T) for T € [0.25,4.55] to the
supplementary Eq. (S11) of Valnes et al. (2020).
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Computing the Concentration from T1-weighted Images

We combine (5.2) and (5.5) into a Python function that efficiently computes the
concentration in all image voxels, using numpy. However, one must be careful because
computing (5.5) can lead to unreasonably high or low estimates of 77 due to noise in
the T1-weighted MRI. As Valnes et al. (2020) does, we consider 77 values outside
the interval [0.2,4.5] s to be unreasonable and a consequence of noise, and we set
higher/lower threshold values to the upper/lower interval bounds, respectively. The
full script is found under . /scripts/data-processing/estimatec.py and can
be called as described in the accompanying README file under
scripts/data-processing from Zapf et al. (2024a). Figure 5.4 compares the
normalized MR signal to the CSF tracer concentration as computed with the constant
T value for three timepoints after injection.

5.5 MRI-informed Tracer Modeling

We now ask how well the brain-wide CSF tracer distribution we have computed in
the previous section can be described by physics-based models in the form of partial
differential equations. To this end, we revisit the model for molecular dynamics in
the brain introduced by Mardal et al. (2022, Chapter 1), simplifying the model to
include solute transport by diffusion only:

u, —divDVu=0 in (0,7] x Q, (5.6a)
u=uy on (0,T] x 6, (5.6b)
u(0,-) = uy in Q, (5.6¢)

where u( denotes the initial condition, u, the boundary conditions, and D is the
diffusion tensor for the CSF tracer. If a baseline diffusion tensor image is available,
it can be used to estimate the diffusion tensor of the tracer, as described by Valnes
et al. (2020). Here, we will make a simplifying assumption and use a scalar diffusion
coefficient D,, = 1073 mm?s~! for water in the brain, which corresponds to D =
1.3 x 10~* mm?s~! for the CSF tracer gadobutrol (Valnes et al., 2020).

Solving these equations then requires specifying both ug and u4. Mardal et al. (2022,
Chapter 6) showed how to solve these equations with the modeling assumptions
uo = 0 and uy = 1, with the domain Q being the full left hemisphere of the brain.
Using the concentration data obtained in the previous section, we can now improve
upon these assumptions and define the boundary condition as a linear interpolation
between image acquisitions:

c(x,tiy) — c(x,t;)
tiv1 — 1

ug(x,t) =c(x, t;) + (t—1t;) for t; <t <tyy, 5.7
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where t; = {0, ..., T} is the image acquisition times (relative to the first image after
injection) and c(x, t;) is the CSF tracer concentration. Here, we consider a time span
from ¢ = 0 (image before injection) to the image taken at 7 ~ 2 days after injection.
In this case, the initial condition is simply #g = 0 in Q.

We solve Equation (5.6) numerically with the finite element method as described
by Mardal et al. (2022, Chapter 3). This requires FEniCS to be installed (see the
instructions given in the accompanying code repository Zapf et al. (2024a)).

We use the finite element mesh found under . /data/freesurfer/meshes/lh.xml.
This mesh has been generated as described by Mardal et al. (2022, Chapter 4).° Since
we want to reuse the simulation code of Zapf et al. (2024c), we can benefit from
adopting an object-oriented programming approach and wrapping the simulation
code into a class. We call this class Model, and the numerical simulation of (5.6)
can be computed by the class function Model . forward().

The boundary condition (5.7) is implemented in the class method

Model .boundary_condition(). Therein, the finite element functions describing
the measured concentrations c(x, t;+1), c(x, ;) are obtained by transformation be-
tween mesh coordinates (RAS space) and voxel indices (T1 space). How this is done
in Python is briefly described in the script . /examples/mri2fenics.py. The re-
verse operation of mapping arbitrary FEniCS functions defined on a brain mesh back
to the MRI volume format is described under /examples by Zapf et al. (2024a).

The simulation can now be performed by executing the simulation script

./scripts/forward-model/diffusion.py. By default, this script uses all im-
ages within the first three days after injection as the boundary condition to perform
the simulations. After the simulation is done, the result can be inspected by running

$ paraview simulation_outputs/movie.pvd

The stored FEniCS functions c(x, ;) at imaging times i can be converted to the
MRI format as described in . /scripts/forward-model /README .md (Zapf et al.,
2024a). A sagittal slice of the simulated concentration is shown together with the
data in Figure 5.4. While the simulation underestimates the data at ~ 7 hours, the
model overestimates the concentration significantly after ~ 26 hours. This suggests
that diffusion as a sole transport mechanism is insufficient to explain the data, and
more detailed models are investigated by Zapf et al. (2024c¢).

5.6 Concluding Remarks

In this chapter, we described a methodology to obtain quantitative maps of CSF tracer
from qualitative MR images. This approach allows us to estimate that roughly one-

6 For convenience, we provide the scripts used to generate this mesh with instructions under
./scripts/mesh-generation/.
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Normalized CSF tracer CSF tracer

. concentration concentration
T1-weighted MRI (from MRI)  (diffusion simulation)

Fig. 5.4: The image shows the following for different timepoints after intrathecal
injection of CSF tracer, from left to right: T1-weighted MRI, concentration of CSF
tracer in the left hemisphere as computed with a synthetic T1 map, and concentration
as simulated using the diffusion equation and subject-specific boundary conditions.
This visualization was obtained using Freeview.

quarter of the injected tracer actually enters the brain (Vinje et al., 2023), opening
up possibilities for quantitative, physics-based modeling as described herein. In this
study, we manually defined the normalization region, which makes the preprocessing
step subjective and time-consuming. This is due to the fact that the MR images we
are working with are enriched with tracer, which makes the existing normalization
tools nontrivial to employ in a consistent manner. Developing automated normaliza-
tion algorithms—perhaps by combining tools such as FreeSurfer with data-driven
machine learning approaches—is an interesting prospect for future research. Given
the unique insights that CSF tracer-enriched MRI in humans can provide, more re-
search groups are expected to adopt this technique in upcoming years. An automated
algorithm to normalize and process the images acquired in these studies would sig-
nificantly simplify data analysis and enhance the scientific insights obtainable from
the images.
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Chapter 6

Signal increase ratio prediction with CNNs

Marius Zeinhofer and Kent-Andre Mardal

Abstract Cerebrospinal fluid (CSF) clearance plays a critical role in the brain’s waste
removal system. In this chapter, we introduce a supervised deep learning pipeline
designed to predict the signal increase ratio (SIR) in the CSF of the human brain
24 hours after the injection of an intrathecal contrast agent. The SIR quantifies the
relative increase in magnetic resonance imaging (MRI) signal intensity compared
to baseline measurements taken before the tracer injection, thereby providing a
visualization of CSF dynamics over time. Our deep learning pipeline enables the
prediction and visualization of these dynamics without the need for contrast agent
administration, reducing the risk of side effects and lowering both costs and time
requirements by relying solely on a baseline MRI scan. This chapter serves a dual
purpose: it provides an introduction to deep learning—based image analysis and
demonstrates the application of this technology using the nontrivial example of
predicting the SIR in CSF.

6.1 Introduction

Waste clearance in the human brain is a complex process, and malfunctioning clear-
ance is associated with various pathologies such as Alzheimer’s disease. While it is
commonly accepted that the cerebrospinal fluid (CSF) plays a crucial role in waste
clearance, the precise underlying principles are the topic of active research (Ras-
mussen et al., 2018). One way to investigate clearance processes in the CSF is to
intrathecally inject a magnetic resonance (MR) imaging (MRI) contrast agent—for
example, gadobutrol—and to subsequently perform several MR scans. One can use
the voxel-wise signal increase ratio (SIR) to visualize tracer concentration over time
to study the clearance process. However, this is time- and resource consuming and
not free of side effects.
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(a) Baseline. (b) Tracer after 24 hours.

Fig. 6.1: This figure shows an exemplary training pair for the prediction of the SIR
from a baseline image without tracer.

In this chapter, we therefore present a deep learning—based predictor that, given brain
MR data without contrast-enhancing tracer, predicts the SIR 24 hours after injection.
More precisely, we train a neural network on pairs of 136 T1-weighted human brain
MR scans that all provide examples of a tracer-free scan as the input to the neural
network and the SIR at 24 hours, computed using a second scan at 24 hours. We
assume the MRI data are registered and anonymized, but all other preprocessing
is described in detail in the following sections. This chapter also serves as a brief
introduction to deep learning—based medical image analysis and is accompanied by
a GitHub repository available from Zeinhofer (2024). A typical training pair can be
seen in Figure 6.1.

6.2 Deep Learning Preliminaries

In this section we provide an introduction to convolutional neural networks (CNNs)
and neural network training using stochastic gradient descent (SGD), since our SIR
prediction described in the subsequent section relies on a voxel-wise prediction of a
CNN.

6.2.1 CNNs

Generally, neural networks are parametric functions that, given a set of trainable
parameters 6, can process an input X to produce an output Y, which we write as

Y = NNy(X).

In computer vision tasks, X is typically an image or volumetric data represented
as a matrix or tensor!, and the shape of ¥ depends on the task; in our case Y is

! In deep learning terminology, a tensor is a multidimensional array and thus generalizes scalars,
vectors, and matrices.
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itself an image that contains voxel-wise SIR values. The notation 6 for the param-
eters is an abbreviation, and @ consists of a list of all the trainable weights of the
network, typically a collection of weight matrices and bias vectors. The structure
of neural networks is highly problem dependent, and specialized architectures have
been developed for specific applications.

CNNs are a network architecture popular for computer vision tasks such as image
classification and segmentation. The core idea of CNNs is to exploit invariance
properties typically presented in natural images.

This can be explained more precisely by looking into how the convolution
operation—the decisive building block of CNNs—works. Convolutions act on im-
ages and are linear, local, and translation-invariant operations. In the simplest case,
given a gray-scale image represented as a matrix X, a convolution operates on X via

\4

H;j = Z Wi Xisi, j+1 + b,
k,=—v

where the learnable parameters are the scalar bias b and the matrix W, which is
referred to as the convolutional kernel or filter. The number v € N is the kernel
width, and the matrix H is the result of the convolution. Note that the locality of the
convolution is embodied by the choice of a small v and the translation invariance
by the fact that W does not depend on i, j. Convolutions are easily extended to
three-dimensional data or colored images.

To transition from local information to image-wide context, several convolutions
are daisy chained, with intermediate nonlinear up- and downsampling layers. Con-
volutions do not comprise the only building blocks of CNNs, but they convey the
main intuition of the models: first, local, translation-invariant information is aggre-
gated and subsequently combined to produce image-wide context. For a thorough
introduction to CNNs, we refer the reader to Zhang et al. (2021).

For our image segmentation example, we use the U-net architecture that was orig-
inally proposed by Ronneberger et al. (2015) and, with minor adaptions, remains
among the best architectures for image segmentation (see also Isensee et al. (2021)).

6.2.2 SGD

In the following, we illustrate neural network training using an abstract regression
problem with a least squares formulation. Given a dataset (X, ¥@),_;  n of
image pairs represented by matrices” of size (%, w) and a neural network NN g that
processes input to target shapes, we measure the neural network’s predictions via the
mean-squared error:

2 One can use any other numerical data.
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h,w
Wk
To obtain accurate predictions on the whole dataset and unseen data, the objective
of neural network training is to minimize the loss function

‘ -

MSE" (6) = (NN (XD =Y,

=
| =

N
L) = % Z MSE) (9) 6.1)
i=1

that averages the mean-squared error over all training samples in order to find
well-performing parameters 6. The minimization of L is usually carried out using
gradient-based optimization methods. Typically, naive gradient descent is intractable,
since both the number N of samples is large and a single training example can be
large in terms of memory requirements. One resorts to SGD, where, instead of
utilizing L to perform a gradient descent, one uses randomly drawn subsets B of
{1, ..., N}, so-called minibatches. Precisely, given a current state of parameters 0,
this means one uses 1
, - (&)
Lg(0k) 3| éMSE (k)

to compute the gradient VL(6;) by VLg(6y), which is utilized to update 6. A
parameter update is of the form

Or+1 = 0k —nVLg(0k),

where n7 > 0 is the step size of the gradient update. In deep learning terminology the
step size is called the learning rate. Partitioning {1, ..., N} in L%J random disjoint
steps of size |B| and updating 6 accordingly is referred to as a training epoch.

In practice, slightly more advanced optimization schemes are preferred over
the vanilla SGD described above. They share a similar philosophy concerning
stochasticity—maintaining the minibatch training strategy—but often incorporate
additional intuition such as momentum and per-parameter learning rates. A precise
description exceeds the scope of this chapter, and we refer the reader instead to
Zhang et al. (2021). For our exemplary implementation we use the Adam algo-
rithm (Kingma and Ba, 2014), which is widely used in deep learning, although more
principled versions exist (e.g., Zaheer et al., 2018).

6.2.3 Train—test Split and Hyperparameter Tuning

When evaluating the trained model, it is essential to benchmark it on data that were
not used in the training process in order to quantify how the model behaves on unseen
data. Consequently, one splits the total amount of data into a training set and a test
set and only uses the former in training. This separation of data is crucial, as can
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be seen in Figure 6.2, where the loss on the training set is significantly smaller than
on the test set. Note that after roughly 50 epochs only the training loss improves.
This indicates that, at this point, the model is prone to overfitting the data; that is, it
memorizes particularities of the training data as opposed to learning general rules.

f=}
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Fig. 6.2: Ilustration of the training and test error during training. Depicted is the
mean-squared error to the baseline over a training process of 250 epochs.

Typically, to achieve optimal results, it is not enough to perform a single model
training process. Instead, the model’s architecture, the optimizer, the minibatch size,
the learning rate schedule, and so forth, all need to be fine-tuned. This process
is referred to as hyperparameter tuning. It can be computationally expensive and
requires experience.

6.3 Application: Tracer Prediction

In this section we discuss our concrete problem of employing a CNN to predict the
SIR after 24 hours.

6.3.1 Data Preprocessing

Our starting point is a collection of T1-weighted MR brain images of patients before
and 24 hours after intrathecal tracer injection. At this stage, we assume the images to
be properly registered. Before setting up the machine learning pipeline, we perform
the following preprocessing steps. Note that this preprocessing is not part of the
provided repository, since it requires access to the full set of three-dimensional data,
which cannot be disclosed for privacy reasons.
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1) In a first step we normalize the MRI intensities by dividing through the value
of orbital fat, behind the eye, as was done by Eide et al. (2021). This serves to
mitigate variances in the data caused by the MRI machine.

2) Then, we extract a sagittal slice of the volumetric brain data, which we obtain
at the 128th voxel of the first dimension of the data. This step mainly serves
to reduce computational cost. From here on, we work with images instead of
volumetric data. Note that, given sufficient computational resources, volumetric
data can be handled in the same fashion as image data.

3) The quantity we aim to predict is the SIR, so, given the image data X" € R/">*w
before tracer injection and X%*" € R 24 hours after tracer injection with
height /4 and width w, we compute the SIR by the formula

X2 _ x0h
SIR;i = ———
J 0Oh :

Xl.j +€

We added € = 0.1 to the denominator to prevent division by zero. To reduce
outliers in the data, we restrict the SIR to a ratio between zero and four. This
choice is not necessarily physiologically grounded but leads to visually appealing
results. As a formula, we have

SIRU = max(min(SIRij, 4), O)

4) After the steps above, we convert all input data fed into the neural network to lie
in the range [0, 1]. In this case, this requires converting gray-scale images X
that are typically represented as integers between zero and 255 to floating point
values. This is carried out by a simple division by 255. Note that we will still
denote the resulting converted image with values within [0, 1] by the SIR.

Carefully preprocessing data is crucial for a successful machine learning pipeline,
and care should be taken in handling and preprocessing the data. Data that are not
properly preprocessed can lead to significantly worse model predictions. Further-
more, the concrete preprocessing steps in many cases form a part of the modeling
assumptions, as in our case when we implicitly deem SIR increases beyond a value
of four to be irrelevant and added € = 0.1 to the denominator.

6.3.2 Predicting SIR Formulated as a Regression Problem

The previously described data preprocessing pipeline provides us with data pairs

..........
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where N corresponds to the number of observations/patients available. Hence the
task for our neural network NNy is to predict the SIR given the brain data before

tracer injection. For a given input Xé}’;), we write

P = NNo(xD)

for the estimated SIR prediction that our neural network produces. To train the neural
network and to measure its performance, we train it using the mean-squared error,
which is computed as

&
=

. 1 i i
MSE® (0) = -— ) S ((SIR™)ir = NN (X)),

~
N —

N

The full data mismatch term measured over all data points, that is, the loss function,
thus becomes

N
L(0) = MSE(9) = % Z MSE® (6).
i=1

6.4 Implementation Details

There are several popular software libraries to choose from for deep learning ap-
plications. Among the most popular are TensorFlow (Abadi et al., 2016), PyTorch
(Paszke et al., 2019), and JAX (Bradbury et al., 2018), and these libraries all provide
efficient implementations of tensor operation and automatic differentiation. Further,
the libraries enable computation on specialized hardware, such as GPUs and TPUs,
and facilitate scaling to several such devices for large-scale applications.

In this chapter we use PyTorch 2.0.0, and we briefly comment on how one should
structure the program using PyTorch. The description is intended to be high level.
For the details, we encourage the reader to consult the corresponding repository.

Data Handling

We assume the preprocessed and ready-to-use data to be stored on disk in
any user-defined logic. To allow PyTorch to access the data the recommended
way, we subclass the PyTorch class torch.utils.data.Dataset and imple-
ment integer-based access to input—target pairs of the data. Precisely, we need to
implement the methods getitem and len. Using further PyTorch functionality,
torch.utils.Dataloader, we turn the dataset into an iterator suitable to perform
minibatch training.
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Neural Network Implementation

PyTorch provides all the building blocks commonly used for defining neural net-
works. Deep neural networks are typically thought to consist of blocks, which are
a form of logical unit—in the easiest case, just a convolutional or fully connected
layer. In PyTorch, these blocks are represented through the class torch.nn.Module,
and any block or network architecture should subclass torch.nn.Module. In the
constructor, one needs to register trainable parameters as member variables. This
can happen either directly or by defining a member variable that is itself of type
torch.nn.Module. Further, one needs to implement a method called forward that
describes how input to the neural network is handled.

Training

As described earlier, stochastic minibatch training is the gold standard for neural
network training. In the implementation this is reflected as a nested for loop where
the inner loop constitutes one training epoch, and hence the training consists of one
minibatch pass through the dataset and the outer loop repeating that for a given
number of epochs. This training loop structure is omnipresent in deep learning,
although some frameworks may hide it behind a single function call. The following
code illustrates a typical training loop in PyTorch.

for epoch in range(epochs):
for batch_idx, (inputs, targets) in enumerate(train_loader):

inputs = inputs.to(device=DEVICE) .unsqueeze(1l)
targets = targets.to(device=DEVICE)
predictions = model (inputs).squeeze ()
loss = loss_fn(predictions, targets)
optimizer.zero_grad()
loss.backward ()
optimizer.step()

Notably, the data are first loaded to the available accelerator DEVICE, which
is either cuda’ or ’cpu’. The data are propagated through the model, and
loss.backward() invokes the automatic differentiation engine that computes the
necessary gradients. It is important to invoke optimizer. zero_grad() before com-
puting gradients, since PyTorch by default accumulates gradient computations.? In
the above code optimizer is an instance of torch.optim.Adam and is the built-in
version of the Adam optimizer in PyTorch. The function loss_fn is an implemen-
tation of the mean-squared error introduced earlier and is available in PyTorch via
torch.nn.MSELoss().

3 This can be relevant to applications where the desired batch size does not fit in GPU memory.
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Getting Started

To become acquainted with the implementation, we recommend starting with the
training of the CNN on the exemplary dataset provided. This dataset consists of 30
images, a public subset of the full proprietary dataset. The small dataset has the
advantage that it does not require a GPU for the training to finish in a reasonable
amount of time. To execute the training, execute the following terminal command:

$ python train_mse.py --data_dir ’Dataset/’ --out_folder \
‘out/’

where one substitutes the desired path for 'Dataset/ and ‘out/’. If one follows the
structure of the provided repository, these arguments need not be specified, since
they are set to working default values. One should then be able to see the value of
the loss function as an output on the console while the training loops through the
specified number of epochs.

6.5 Results

Figure 6.3 presents three pictures: the baseline MR image before tracer injection, the
true measured tracer distribution after 24 hours, and the neural network prediction.
Note that this image belongs to the test set, meaning that it was not used during
training. For the figures in this section, we employed the full proprietary dataset
consisting of 136 images, rather than a publicly available subset.

We conclude that even with the simple setup presented here, using only a small
dataset, a neural network can already produce reasonable-looking predictions. How-
ever, we stress that this chapter has an introductory character and a more careful
analysis is necessary before employing an analog pipeline in practice.

(a) Baseline. (b) Tracer after 24 hours. (c) Network prediction.

Fig. 6.3: This image shows a baseline image without tracer, the SIR after 24 hours,
and the corresponding neural network prediction.
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6.6 Conclusion

This chapter demonstrates the feasibility of using CNNs to predict CSF tracer dy-
namics in MRI, even when working with a limited dataset. The approach presented
provides realistic predictions of the SIR and offers a method to visualize CSF dynam-
ics without the need for tracer administration. In addition to outlining the pipeline’s
application, the chapter introduces key concepts related to CNNs, covering basic al-
gorithmic components and architectural considerations. The methodology described
here can serve as a reference for similar medical imaging tasks.
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Chapter 7

Estimating molecular transport parameters
using inverse PDE models

Bastian Zapf, Marius Zeinhofer, and Kent-Andre Mardal

Abstract The introduction of the glymphatic system in 2012 unleashed a massive
research interest in the fluid-mechanical aspects of the brain. Much of the research
stems from medical imaging data of solute transport in alive brains in both ani-
mals and humans. Yet, the underlying physics of the fundamental processes are not
fully understood. In this chapter, we utilize cerebrospinal fluid contrast-enhanced
magnetic resonance (MR) imaging (MRI) data to test if a physical model including
diffusion and reaction can explain how molecules are distributed brain-wide in hu-
mans. We apply two different methods, namely, physics-informed neural networks
and an adjoint-based finite element method approach, to determine unknown model
parameters from the MRI data. By incorporating executable code snippets, this chap-
ter allows the reader to carry out and understand the implementation of these two
approaches on their own machine using the associated publicly available MRI data.

7.1 Introduction

In Chapter 5 (Zapf et al., 2024b) we estimated the concentration of intrathecally
injected cerebrospinal fluid (CSF) tracer in the brain from the so-called glymphatic
magnetic resonance imaging (MRI) protocol (Iliff et al., 2013; Ringstad et al.,
2017, 2018). The imaging involved several MR images taken over a time span of
several days. These MRI studies indicated that the data were likely not explained
by extracellular diffusion alone, but rather were governed by additional processes
as proposed by the glymphatic concept (Iliff et al., 2012). In rodents, it has been
observed that MRI contrast is transported 10-25 times faster than expected from
extracellular diffusion alone (Ray et al., 2021), and 10-20 times faster in sleep than
awake (Xie et al., 2013). This factor appears to be smaller in humans and has been
estimated to range from a factor of up to 1.3 (Valnes et al., 2020) to 3.5 (Vinje
et al., 2023), depending on the model and time frame of the MRI data. Both finite
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elements and neural networks yield similar estimates (Zapf et al., 2022). Given that
impaired clearance of molecules from the brain could play a central role in the
development of neurological diseases (Rasmussen et al., 2018) and that the exact
physical mechanisms have not yet been established (Bohr et al., 2022; Daversin-Catty
et al., 2020; Holter et al., 2017; Sharp, 2023), image-based computational modeling
of physiological processes is urgently needed.

However, assessing the relative significance and plausibility of different transport
mechanisms via physics-based simulations is challenging, since the relevant phys-
iological parameters are partially unknown in humans (Croci et al., 2019). As a
remedy, one can instead attempt to estimate the unknown parameters from MRI
data.

This chapter focuses on diffusion—clearance models, mathematically formulated as
a diffusion—-reaction equation. Diffusion—advection models are covered by Rognes
(2024). The clearance is related to the multicompartment models of Riseth et al.
(2023), in the sense that the MR contrast is cleared via either the perivascular
or vascular routes. We note that the apparent diffusion in our model may include
dispersion.

Our model for the diffusion and clearance of molecules is described by a partial
differential equation (PDE) with unknown coefficients. We use two different vari-
ants of PDE-constrained optimization (Hinze et al., 2008) to determine them from
MRI data. The first approach is based on the finite element method (FEM) via the
simulations implemented by Zapf et al. (2024b, Chapter 5). As an alternative ap-
proach, we also demonstrate how to use the recently popularized physics-informed
neural networks (PINNs) (Raissi et al., 2019) to solve this problem. We discuss
how and why the two approaches apply different mathematical formulations of the
physiological modeling problem. The respective mathematical formulations lead to
different numerical problems that need to be solved, and we investigate the influence
of numerical hyperparameters on the outcomes of the two methods.

7.2 Problem Formulation

We consider the CSF tracer concentration ¢ (t;) in the brain estimated from MRI by
Zapf et al. (2024b) at the discrete timepoints #; € {7, 26, 50} hours and model these
data using a function c(¢, x) that fulfills the diffusion-reaction equation

%c(l,x) = DAc(t,x) —rc(t,x) inQx (0,50h), (7.1)

with unknown apparent diffusion coefficient D > 0 and a reaction rate » > 0. We
note that, for simplicity, D and r are constants throughout the domain. The process
of extracellular diffusion is well documented (Nicholson, 2001), and it is known that
diffusion in the nanometer-thick extracellular matrix is slowed down by roughly a
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factor of three compared to free diffusion. To determine these two unknown scalar
numbers, we define the following PDE-constrained optimization problem. Find the
parameters D, r such that

Feeh= Y [

2
A (i, x) - CD,r(fi,x)) (7.2)
2123

is minimized under the constraint that cp (¢, x) fulfills (7.1) for given parameters
D, r. How this problem is solved with FEM, using an adjoint-based approach, is
discussed in Section 7.4 and with PINNs in Section 7.5.

In principle, the domain Q on which the optimization problem (7.1)—(7.2) is defined
could be the whole brain parenchyma. However, the aim of this chapter is to present
the basic workflow of the FEM and PINN approaches to estimating parameters from
MRI in an easily reproducible fashion. Hence, we want to formulate the model
such that the resulting numerical problems can be solved on personal computers,
avoiding the need to run the computations on a supercomputer. To this end, our
first criterion is to choose a subregion that is geometrically simple. For the FEM
approach, a complicated domain will require a finer mesh resolution, increasing the
memory and computing time requirements of the programs. Similarly, while PINNs
are currently under rapid development (Cuomo et al., 2022), it appears that PINNs
on complicated geometries currently require extensive tuning (Zapf et al., 2022)
or domain decomposition strategies (e.g., D. Jagtap and Em Karniadakis, 2020),
increasing the computational effort required to solve the problem (7.1)—(7.2).

Second, the choice of model limits the available choices of a region of interest (ROI).
The parameters describing the dynamics of molecules in the brain vary among tissues
and brain locations, as can be seen, for example, in diffusion tensor imaging for water
molecules. Hence our modeling assumption of using scalar parameters D, r can be
expected to be less accurate the larger the chosen ROI. An example of an ROI Q
fulfilling these two criteria is shown in Figure 7.1D-F.

Third, the ability to focus on small subregions of the brain can have relevance
from a medical point of view, for example, to discern the underlying properties of
damaged tissue. Choosing a small region, preferably containing a single type of
tissue, increases the interpretability of the results. In Section 7.3 we describe how to
define such a region for the MRI data accompanying this book, using Freeview and
a Python script.

Finally, not all brain regions are enriched with tracer. This can—at least in part—
be explained by the large variation in the dynamics of the contrast agent in the
CSF spaces between subjects (Eide et al., 2021). The tracer enters the brain from
CSF spaces, and, hence, if no tracer is available at the brain—CSF boundary, the
region will not be enriched with tracer. Data from these regions hence contain no
information about molecular transport in the brain. In exploratory studies we have
used different ROIs to solve the parameter estimation problem described above. It
was observed that choosing an ROI such that most of the region is enriched with
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tracer during the observation period is crucial for the parameter estimation to be as
robust as the results reported in this chapter. Choosing an ROI with minimal influx
yields more unstable optimization problems and hence physiologically less valuable
results. Hence, another criterion for an ROI for solving (7.1)—(7.2) is significant
influx of tracer over the time span of interest.

7.3 Defining and Meshing an ROI

In this chapter, we assume that the data and scripts are arranged as described by
Zapf et al. (2024b). We start by opening the concentration estimates and the baseline
T1-weighted image in Freeview:

$ freeview ./data/freesurfer/REGISTERED/20230213_073508.mgz \
--colormap Jet -v \
./data/freesurfer/CONCENTRATIONS/6.56.mgz \
./data/freesurfer/CONCENTRATIONS/26.05.mgz \
./data/freesurfer/CONCENTRATIONS/50.39.mgz

Setting the minimum and maximum of the color map to 0 and 0.2, respectively, is
advised. This is beneficial for visualization of the data, since there are only a few
outlier voxels with concentration values above 0.2 mmol/L. Setting the color map
maximum to 0.2 hence yields a visualization that is not dominated by outliers.

By scrolling through the image along different axes, we can inspect the concentra-
tion data in different regions. By activating only one volume in the list of loaded
volumes in Freeview at a time, we can switch the view between the three different
timepoints. Moving the cursor to voxel indices (146, 100, 133) and displaying only
the concentration at 26 hours, we obtain the views shown in Figure 7.1A-C. It can
be seen that the brain is primarily enriched with tracer from the subarachnoid space,
and hence our first criterion for a suitable ROI is fulfilled. However, these regions
are characterized by the complex folding patterns of the cerebral cortex, and hence
our second criterion for a good ROI is not fulfilled.

A closer look at the slices in Figure 7.1D-F reveals that the brain is also enriched
with tracer from the lateral ventricles in some regions. In particular, the subcortical
white matter around the position of our cursor at voxels (146, 100, 133) is clearly
enriched with tracer at all timepoints 7, 26 and 50 hours after injection. Since the
boundary between the tissue and the lateral ventricles is considerably simpler than
the folds of the cerebral cortex, this region fulfills both our criteria for a suitable
ROL

We choose to define the ROI as the set of voxels indices {(a, b, ¢) } } that are contained
in a sphere of radius R = 10mm around the cursor at voxel indices (146, 100,
133) and are labeled as brain tissue in the FreeSurfer segmentation file aseg.mgz.
Mathematically, these constraints can be formulated as
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(a—146)2 + (b —100)> + (¢ = 133)> < R*> and (a,b,c) € Qprain.  (7.3)

We implement this condition in the script ./scripts/inverse-model/roi.py
found in the accompanying code repository (Zapf et al., 2024a). Executed with
the instructions provided by Zapf et al. (2024a) and the binary mask for the brain
parenchyma created by Zapf et al. (2024b, Chapter 5), this script creates an empty
MRI volume and marks all voxels that fulfill (7.3) with the value 1 and the oth-
ers with the value 0. From this binary mask, the script creates a surface and a
volume mesh for this region with the resolution specified by the --resolution
parameter as described by Mardal et al. (2022). The surface of this mesh is shown
by white contours in Figure 7.1D-F. Running this script creates all these files and
stores them in an output folder ./data/roil2/. Therein, we find a finite ele-
ment mesh for the ROI under ./data/roil2/parenchyma_mask_roil2.xml,
which is used for the FEM approach presented in this chapter. For convenience,
the mesh is also stored in .xdmf format for visualization in ParaView. The PINN
approach does not require a mesh, and our implementation uses the binary mask
./data/roil2/parenchyma_mask_roi.mgz. This mask can be visualized in
Freeview.

Fig. 7.1: This image shows slices through the baseline MR image (grayscale) and
the tracer concentration in the brain after 26 hours (color scale). A—C: Whole brain.
D-F: Zoomed-in region around the left lateral ventricle. The red cross indicates the
location of the cursor at voxel indices (146, 100, 133), and the white contour lines
depict the surface of the ROI on which we solve the inverse parameter estimation
problem.
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7.4 Finite Element Approach

We solve the parameter estimation problem (7.1)—(7.2) using a reduced approach
with the FEM. That is, given Dirichlet boundary conditions! g(z,x) and an initial
condition ¢y (x), we can use the code from Zapf et al. (2024b) to solve the well-posed
PDE problem

%c(t,x) = DAc(t,x) —rc(t,x) inQx(0,50h), (7.4a)
c(t,x) =g(t,x) on A9Qx(0,50h), (7.4b)
c(0,x) = co(x) (7.4¢)

numerically to obtain a unique solution cp .. As in Section 5.5, the boundary
condition g is taken as a linear interpolation in time between available MR images,
and the initial condition is ¢y = 0, since the tracer is injected at a later timepoint
t>0.

The mismatch (7.2) between model and observation then becomes a function of D
and r only and is called the reduced functional

Fr(D,r) =T (cprc?). (7.5)

Now we have reformulated the constrained optimization problem (7.1)—(7.2) into
the unconstrained optimization of (7.5) with respect to D and r. This can be solved
using gradient-based optimization algorithms. For the FEM approach, we use the
quasi-second-order method L-BFGS-B (Fletcher, 2013).

Hence, an efficient way of computing the gradients

09:(D,r) and 09,(D,r)

oD or (7.6)

is needed. We use the adjoint method—known as reverse mode algorithmic differen-
tiation in machine learning (Baydin et al., 2018)—as implemented for FEniCS(Alnzs
et al., 2015) in dolﬁn—adjoint2 (Mitusch et al., 2019). Under the hood, the dolfin-
adjoint package achieves this task by overwriting the functions and objects defined in
the Python interface to FEniCS. Our script to solve the optimization problem (7.5) can
be found under scripts/inverse-model/fem-inverse-diffusion.py. Here,
we outline the essential parts of this script, though the actual implementation might

1 'We work with Dirichlet boundary conditions here because they can be estimated from MRI data
as described in Zapf et al. (2024b). In some applications, Neumann or Robin boundary conditions
might be more appropriate. The methodology presented in this chapter can be equally applied when
using these conditions instead.

2 The interested reader is also referred to the dolfin-adjoint documentation at http://www.
dolfin-adjoint.org/en/latest/. Various example implementations of PDE-constrained op-
timization problems and a more substantial introduction to the concepts behind PDE-constrained
optimization can be found there.
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differ slightly for technical reasons. The differences are explained in the comments
accompanying the scripts.

After loading the mesh created in Section 7.3, we can define a finite element space
V on this mesh and represent the concentration estimates as functions in this space.
This process is wrapped into a class FEniCS_Data, and loading the MRI and storing
the functions for visualizing can be done as follows:

mris = FEniCS_Data(function_space=V, datapath=datapath)
mris.dump_pvd(vtkpath=str(outfolder / "data.pvd"))

Now, given initial guesses for D and r, we can evaluate the forward simulation,
and dolfin-adjoint keeps track of the intermediate results (needed to compute the
gradients) as before; that is,

model = Model(V=V, mris=mris, outfolder=outfolder)
model . forward(D=D_w, r=r)

L2_mismatch = model.return_value()
model.save_predictions(name="initial")

The second-to-last line returns the data discrepancy (7.2) computed during the
forward pass. In the last line, we store the simulated tracer fields at the timepoints
where measurements are available for visualization. Note that the forward method
is initialized with the diffusion coefficient D,, of water and, as such, the method
is expected to iterate to determine the best estimate for the diffusion coefficient
of gadobutrol. This implementation choice allows the flexibility to initialize the
optimization with values from diffusion tensor imaging, which measures the diffusion
of water.

Next, we define the set of optimization variables and the reduced functional (7.5) in
dolfin-adjoint:

ctrls = [Control(D_w), Control(r)]
Jhat = ReducedFunctional (L2_mismatch, ctrls)

Finally, we optimize (7.5) for D, r using L-BFGS-B as

opt_ctrls = minimize(Jhat, method="L-BFGS-B", callback=iter_cb)

The so-called callback method iter_cb will be evaluated after every optimization
step, and we use it to write the values of J, D and r during the optimization to a
text file for later analysis.

The full optimization script can be run as described in the documentation README
file under scripts/inverse-model of Zapf et al. (2024a). By default, the script
uses a time step of one hour and the Crank—Nicolson time discretization scheme.
With this setting, after nine iterations, which take about three minutes on a Lenovo
ThinkPad P43s, the optimizer converges and the L? error is reduced by around
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15% compared to our initial guess (see Fig. 7.2(A)). We find the optimal D =
2x107*mm?/s and r ~ 9 x 1070 1/s (see Fig. 7.2(B)—~(C)).

While these values are of the same magnitude as determined with PDE-constrained
optimization using MRI from clinical studies (Valnes et al., 2020; Vinje et al., 2023),
whether the numerical PDE solver has converged with respect to temporal and spatial
discretization should be checked. We perform this important test in the next section.
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5 2.0 2
= = T
T = o
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Fig. 7.2: Behavior of the L error, D, and r during optimization in the FEM approach.
After nine iterations, one of the convergence criteria of the L-BFGS implementation
used is reached and the optimization stops.

7.4.1 Convergence Analysis

In Section 7.3 we have created a mesh for Q with the SVM-Tk mesh resolution
parameter set to 12. Table 7.2 lists some characteristics of this mesh. We can see
that this mesh consists of roughly 2 x 10* cells and has a maximum cell size (longest
distance between any two cell vertices) of 1.73 mm. Given that the MRI resolution is
1 mm?>, we might ask if this resolution is fine enough. We therefore create two finer
meshes with mesh resolution parameters set to 20 and 28, respectively, using the
script presented in Section 7.3. Some characteristics of these meshes are tabulated
in Table 7.1.

Table 7.1: Mesh characteristics for different resolution parameters

Mesh resolution parameter| 12 20 28

Cells (10%) 19 88 239
Vertices (10%) 04 1.6 4.1
hmax (mm) 1.72 1.00 0.73

Next, we perform a systematic study and solve the inverse problem with all combina-
tions of these three meshes and time steps of 60, 30, 15, and 7.5 min to assess if the



7 Estimating molecular transport parameters using inverse PDE models 95

estimation of D, r has converged with respect to these numerical parameters. The
shell script scripts/inverse-model/run_fem_study. sh automatically runs the
simulations for all these parameters. Note that executing this script can take up to a day
of computing time, since the computations are run sequentially. After the simulations
have been run for all parameters, we can print the estimated coefficients to the ter-
minal using the provided script scripts/inverse-model/print_results.py.
The results are given in Table 7.2.

Table 7.2: Influence of mesh and time stepping size on the estimated parameters D, r
and the relative error defined by (7.7).

Mesh resolution parameter| 12 20 28 12 20 28|12 20 28

Time step dt (s) D (10~*mm?/s)| r (107°1/s) |Rel. L? error (1072)

3600 1.96 2.05 2.01 |8.71 9.15 9.05(7.01 7.18  7.28
1800 1.97 2.07 2.02 |8.79 9.25 9.14{7.89 8.06  8.16
900 1.73 1.81 1.77 |7.40 7.76 7.67|7.51 7.71  7.80
450 1.63 1.70 1.66 |6.83 7.14 7.07|7.30 7.51  7.59

Table 7.2 shows that the obtained diffusion coefficients vary by up to 24% from
D ~ 1.6x107*mm?/s to D ~ 2.1 x 10~*mm?/s between the different meshes
and time step sizes. The variation in the reaction rate obtained is slightly larger, up
to 27% between numerical parameters. We further compute the relative L? error
defined as

2\ 1/2

2i=12.3 fg (c(ti,x) = cp r(fi,x))
l 123‘/;2 (tl’x)

(7.7)

and present the numerical values in Table 7.2. While the values vary little between
different numerical parameters, we observe in Section 7.5 that the FEM and PINN
approaches yield different predictions. In Figure 7.4 we compare the FEM and PINN
(described in the next section) reconstructions of the CSF tracer concentration at 7
hours and 50 hours after injection to the data.

7.5 PINN Approach

In this section we describe the PINN approach (Raissi et al., 2019) to determine
the unknown diffusion and reaction term. Recall that we formulated the problem of
recovering the diffusivity D € R and the reaction coeflicient » € R from the MRI
data as the minimization problem
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3
min J(c,D,r) = /(cd(ti,x) —¢(t;,x))%dx (7.8)
c,D,r ; Q
subject to
0rc(t,x) = DAc(t,x) —re(t,x) in Q x (0,50h). (7.9)

We keep the ROI and the data c? (t;),t; =7,26,50h the same as in the FEM example.

7.5.1 Fully Connected Neural Networks

A fully connected feed-forward neural network NN of input dimension d with
scalar-valued output and activation function o : R — R is given by

NN :RY SR, NNGx)=(Inooo---o0ThoooT)(x), (7.10)
where 7; is affine linear and hence given through a matrix W; and a vector b; as
T; : Rt — Rni, T,()C) =Wix + b;.

The activation function is applied component-wise. A network of the form (7.10) is
said to be of depth N, and we refer to the affine maps 7; as the layers of the network.
For notational convenience, we abbreviate the matrix—vector pairs as

0= ((Wi,by1),...,(Wn,bn)).

The vector 6 is referred to as the (trainable) parameters of the neural network. For a
set of parameters 6, we denote the function represented via (7.10) by cy; that is , we
have

cog(x)=(Tyoogo---oThoooTy)(x) withT;z=W;z+b;.

An abundance of variations of neural network architectures are used in the literature,
and the interested reader is referred to Zhang et al. (2021). For the applications in this
section—and to some extent in the practice of PINNs—we keep the network sizes
small, with only a few layers of moderate size, that is, with fewer than 100 neurons
per layer. Such small networks are usually expressive enough to represent the data
and benefit from reduced training costs compared to deeper neural networks. We
choose the hyperbolic tangent tanh as the activation function in our application.

7.5.2 The PINN Formulation

The essential idea of PINNSs is to approximate the solution ¢ of the problem (7.8)
by a neural network cy. To find parameters 6 that lead to an accurate approximative
solution of (7.8), one aggregates both the objective and the constraint into a loss
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function L that one minimizes:

3
min L(6) = /(cd(ti,x) —co(t;,x))*dx
6,D,r ; Q (7.11)

+WPDE//((9,CQ—DAC9+VCQ)2dXdI,
1JQ

where wppg is a fixed, user-specified weighting term. The initial condition ¢ (0, x) = 0
is weakly enforced via penalization of the first data loss term with index i = 0. Note
that the first term in (7.11) vanishes if and only if the initial condition and data
(cd (#:))i=1,2,3 are matched, and the second term vanishes if and only if c¢ satisfies
the PDE (7.9). Note the difference in the formulation of the minimization problem
to the FEM approach:

(i) In the PINN approach, we rely only on the observational data and the interior
PDE residual, whereas in the FEM we need to include boundary conditions. This
may be seen as a benefit of the method, since specifying boundary conditions for
the FEM approach requires one to make additional modeling assumptions (in
our case, we interpolate the boundary condition linearly between observations).
However, in cases in which one may have good boundary data or a plausible
model for the boundary condition, including a boundary penalty into (7.11) adds
several additional hyperparameters (magnitude of the weighting term, number
of boundary points to use during minibatch training) to the PINN loss function.
This issue has recently been addressed extensively in the PINN literature (Cuomo
et al., 2022), but no common guidelines on how to choose them are available
(Faroughi et al., 2024).

(i) The FEM formulation makes it possible to solve the discretized PDE problem
up to machine precision during the optimization process, whereas the PINN
formulation includes the PDE as a soft penalty and thus does not guarantee an
exact PDE solve. This motivates the weighting term wppg in (7.11).

In practice, we need to discretize the integrals appearing in (7.11). This is typ-
ically done employing Monte Carlo integration, that is, we sample random points
where 14 € {1,2,3} and x4 isa point in Q where we have observational data. This
results in the following discretized version of (7.11) that we still denote by L:

Ndata
in L(6) = @9, x1) — co (19, x4))?
nin L(0) = — ;(c (19.x9) = co(19,x%))
12
NppE (7.12)
+ WpDE Z (BICQ(Z‘j,Xj) - DACg(lj,)Cj) + rc(;(tj,xj))z.
NppE
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For numerical stability, we restrict the ranges of D and r to certain intervals
[Dmin» Dmax > and [Fmin7max ] and parameterize

D = D(6) = Dmin + f(6)(Dmax — Dmin) and 7 = 7(p) = rmin + £ (0) (*max = Fmin)»

where f is given by the sigmoid function f(s) = (1+¢~*)~!. Hence, the optimiza-
tion over D, r is implemented as an optimization over J, p instead. In the application,
we have to check if the optimization converges to the upper and lower bounds on
the parameters. If so, the parameterization is too restrictive, and we increase the
size of the interval between the minimal and maximal parameter values. We note
that this parameterization approach also allows one to enforce the consistency of the
parameters with the underlying physical model (D, > 0 in our case).

7.5.3 Stochastic Gradient Descent

The prevailing strategy in the PINN community to solve (7.12) is to use stochastic
first-order methods such as Adam (Kingma and Ba, 2014), although alternatives
are currently actively being investigated (Miiller and Zeinhofer, 2023; Siegel et al.,
2023; Zeng et al., 2022). All methods require the computation of the gradients of
L with respect to 8, D, and r. Modern deep learning frameworks provide efficient
implementations of automatic differentiation and reduce the complexity of computer
codes that compute the derivatives of L to a minimum. Here, we use the Python
library JAX (Bradbury et al., 2018). In contrast to other deep learning frameworks,
JAX implements grad as a function transformation. This means that it accepts a
Python callable as a first argument and also returns a callable object, the gradient of
the given function. The second argument, of integer type, denotes the variable with
respect to which the gradient is taken.

Stochasticity is induced in the optimization process through variation of the quadra-
residual. A common strategy is to use so-called minibatch training, where the total
of the available data points is randomly partitioned in similarly sized minibatches
and a gradient update is conducted for each minibatch before repeating the proce-
dure. It is important to note that, while observational data c<(z, x) are typically only
available at a finite number of space—time points (z,x), we can generate unlimited
quadrature points for the PDE term, which allows more flexibility in handling this
part of the loss function.

7.5.4 Hyperparameter Tuning

There are many design choices—commonly referred to as hyperparameters—to be
made when employing PINNs in practice. Here, we present a non-exhaustive list,
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discuss their relevance, and refer the reader to some of the literature. We present
exemplary investigations concerning the sensitivity of the PINN estimates for D, r
with respect to the weighting parameter wppg. Relevant hyperparameters include the
following:

¢ The neural network’s architecture, including both its fundamental structure, such
as the choice between a Residual Network (ResNet) versus a fully connected
architecture, the number and width of the layers, and the activation function.
Hennigh et al. (2021) provides a summary of popular choices. For the results
reported in this chapter, we use the hyperbolic tangent as an activation function.

* The weighting of the PDE and data loss terms. We demonstrate the effect of
the weighting in Table 7.3 and refer the reader to Wang et al. (2021) for further
details.

* Sampling strategies. This includes the size of the minibatch, the number of
quadrature points employed for computing the PDE loss term, and possibly
adaptive sampling strategies that redistribute quadrature points in regions of
high residuals, as proposed by (Daw et al., 2022). In our implementation we use
the evolutionary sampling proposed by (Daw et al., 2022).

* The choice of the L” norm for the PDE loss in (7.11). Zapf et al. (2022) have
documented that it can be advantageous to choose p = 1 instead of the natural
choice p = 2.

It is important to note that hyperparameter tuning is a potentially difficult process.
In practice, one should therefore carefully investigate the stability of the results with
respect to the hyperparameters obtained with PINN (as with other methods).

Using the script scripts/inverse-model/pinn-inverse-diffusion.py, we
train the PINN with three different choices of PDE weights wppg. By default,
the script uses a PDE weight set to 10> and the Adam optimizer. The script can
be called as described by (Zapf et al., 2024a) in the code documentation under
scripts/inverse-model.

In Figure 7.3 we plot the loss, D, and r during the training of the PINN. First,
we observe that significantly more iterations, compared to the FEM approach, are
required for the determined parameters D, r to converge. This is explained by the
fact that in the FEM approach we optimize using a quasi-Newton method, whereas
in the PINN approach we use Adam, a first-order method. Further, the PINN opti-
mization problem (7.12) is non-convex in terms of network parameters, making the
PINN training numerically challenging. Second, from Figure 7.3 we observe that the
optimization converges after 100,000 iterations in the present example. On a laptop
and utilizing GPU acceleration, such training can take a few hours.

In Figure 7.4 we compare the PINN reconstruction of the data at 7 hours and 50
hours after injection to the data and the FEM reconstruction. We observe that the
PINN and FEM approaches yield visually different reconstructions. This is possibly
related to the difference in the problem setup; in the FEM approach the boundary



100 Bastian Zapf et al.

conditions are strictly enforced, whereas the PINN approach uses a weighted least
squares minimization of both the PDE and the data.
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Fig. 7.3: Visualization of the different loss terms, D, and r during the training process
in the PINN approach. Here we set the PDE weight to wj, = 103. Visual inspection
suggests that the optimization has converged to a local minimum.

Next, we train the PINN with different PDE weights 10> and 10*. The resulting
parameter estimates are shown in Table 7.3. The diffusion coefficient and the reaction
parameter vary by up to factors of 5.5 and 5.8, respectively, between the different
PDE weights, indicating that the method has not yet converged with respect to the
hyperparameters. We observe that for higher PDE weights, the parameter estimates
are in closer correspondence to the FEM estimates. High PDE weights imply that
the discretized PDE must be satisfied to higher accuracy, which is also the case in
the FEM approach. Hence, high PDE weights can be expected to result in PINN
predictions cg(t, x) closer to FEM solutions.
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Table 7.3: The influence of the hyperparameter wppg on the outcome of the estimated
transport parameters (D, r) and the relative L? error as defined by (7.7).

WPDElD (10~* mm?/s) |r (107°1/s) |Rel. L? error (1072)

102 0.25 0.69 37.95
10° 0.77 3.53 17.46
10* 1.37 4.06 20.92

42 h No MRI

available

Fig. 7.4: This image shows slices through the baseline MR image (grayscale) and the
tracer concentration in the brain after 7 hours and 50 hours (color scale) as estimated
from MRI (left) compared to FEM reconstruction (center) and PINN reconstruction
(right). The image also shows the prediction at 42 hours where no data are available.
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7.6 Concluding Remarks

In this chapter, we have described two different computational methodologies to
estimate unknown molecular transport parameters from MRI based on a simple
diffusion—clearance model. We observe a certain mismatch between the values ob-
tained for the diffusion coefficient when comparing the PINN estimates to the FEM
estimates, which is not readily explainable. However, there are several differences
between the methods. The PINNs approach is least squares based and, as such, does
not require either the PDE or boundary conditions to be satisfied in the strict fashion
enforced by the FEM method. In addition, the basis functions, optimization parame-
ters, and so forth, vary among the methods. Furthermore, since the underlying model
is a simple diffusion—clearance model, it might be that neither of the methods are
able to provide good approximations and, rather, compensate in different manners
to account for the additional/unknown physical processes or noise. We do note that
the PINN errors are one magnitude greater than the FEM errors (see Tab. 7.2 and
Tab. 7.3). We do not, however, believe that this is a general property of PINNs versus
FEM but rather, that it is a consequence of the current setup.

Apart from the differences in problem formulation, another possible contribution to
the differences already lies in the solution algorithm of the forward problem. While
the discretized PDE problem in the FEM approach is a linear system that can be
solved numerically with high accuracy, both forward and inverse PINN problems are
nonlinear and difficult to solve with high precision in practice (Miiller and Zeinhofer,
2023). Currently, however, algorithms to solve forward PINN problems with high
precision have been developed (Miiller and Zeinhofer, 2023; Siegel et al., 2023;
Wang and Lai, 2024; Zeng et al., 2022). In future work, these algorithms could be
adapted to inverse PINN problems.
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Chapter 8

Two-compartment modeling of tracer transport
in the brain

Jgrgen N. Riseth, Timo Koch, and Kent-Andre Mardal

Abstract Understanding the mechanisms behind solute transport and waste clear-
ance in the brain is crucial for understanding the pathophysiology of neurodegener-
ative disorders. Previous studies of brain-scale tracer transport based on glymphatic
magnetic resonance imaging conclude that tracer influx and efflux rates from brain
tissue are faster than predicted from a single-continuum diffusion process. This
chapter describes a two-compartment diffusion—dispersion model for the transport
of gadobutrol in the whole brain. The brain tissue is modeled as two interacting
continua representing perivascular spaces (PVSs) and extracellular spaces (ECSs) in
brain tissue, where transport in PVS is faster than in ECS. The model equations are
solved using the finite element method to simulate tracer transport in the brain tissue
following the intrathecal injection of gadobutrol. The simulation results show that, for
the relevant parameter regime, an equilibrium is quickly attained between the ECSs
and PVSs. Moreover, tracer dynamics are significantly influenced by perivascular
diffusion/dispersion and solute transfer rates between PVSs and blood.

8.1 Introduction

The introduction of the theory of the glymphatic system (Iliff et al., 2012; Xie et al.,
2013) has caused an upheaval in neuroscience and sleep research in the last decade.
According to this theory (see also Rognes et al. (2024)), extravascular fluid dynamics
and solute transport are fundamental mechanisms for brain waste clearance, and
neurodegenerative disorders such as Alzheimer’s and Parkinson’s disease can be
explained in terms of long-term waste buildup in brain tissue.

From a fluid dynamics perspective, several interesting observations have been made
in the last decade. The extracellular volume fraction of the tissue available for
fluid and solute transport increases during sleep by up to 60% (Xie et al., 2013,
in mice). Perivascular spaces (PVSs) have been described as possible highways for
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extravascular transport (Iliff et al., 2012; Jessen et al., 2015). Waste clearance could
be enhanced by cardiac vessel pulsations (Mestre et al., 2018) and pulsations at lower
frequencies due to respiration (Vinje et al., 2019) and sleep waves (Bojarskaite et al.,
2023). These findings suggest that fluid—structure interaction between the vasculature
and PVSs play an important role in the transport or mixing of solutes in the fluid-filled
spaces of the brain (Bohr et al., 2022).

Data from glymphatic magnetic resonance imaging (MRI) (Ringstad et al., 2017,
2018) allow us to investigate the transport of tracers borne by cerebrospinal fluid
(CSF) on the organ scale (millimeters to decimeters) in humans. In an attempt
to explain the transport phenomena observed by MRI, several mathematical mod-
els have been proposed on the basis of a single-continuum tissue description and
advection—diffusion-reaction models (Ray et al., 2021; Valnes et al., 2020; Vinje
et al., 2023).

The main conclusion from these works is that solutes seem to enter and clear
from brain tissue faster than extracellular diffusion alone can explain. However,
with a single-continuum description of brain tissue, one cannot distinguish between
potentially faster and slower pathways to identify the underlying mechanisms and
driving forces enhancing transport.

In this chapter, we investigate a multicompartment diffusion—dispersion model for
which a given brain tissue volume is formally split into several interacting continua.!
The PVS constitutes a pathway allowing for fast transport. The extracellular space
(ECS) predominantly features diffusive transport (Holter et al., 2017). Following
the procedures outlined by Zapf et al. (2024) we set out to simulate gadobutrol
transport in brain tissue and investigate whether the different compartments and
their interaction can account for the previously reported necessity of non-diffusive
mechanisms. Source code and instructions for running simulations and creating
figures are openly available (Riseth, 2024).

8.2 Models and Methods

We consider a multicompartment description of brain tissue, as shown in Figure 8.1,
comprising cells and fibers (s), blood vessels (b), PVS (p), and ECS (e) and model
for each of the compartments K = {s, b, p, e} the spatial and temporal evolution of
the tracer concentrations ¢, = cqo(x,1), @ € K. The volume fraction occupied by
each compartment is denoted by n,, @ € K. We make the following simplifying
assumptions:

! Multicompartment models can be mathematically derived via homogenization techniques (Arbo-
gast and Lehr, 2006; Shipley and Chapman, 2010) under consideration of the tissue microstructure
(Fig. 8.1) and have been applied to the brain to investigate, for example, oxygen transport (Payne and
Mai, 2023), Alzheimer’s disease progression (Vardakis et al., 2021), transport in tumors (Baxter and
Jain, 1989; Ehlers and Wagner, 2013; Shipley and Chapman, 2010), and waste clearance (Poulain
et al., 2023).
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Fig. 8.1: Multicompartment description of brain tissue. The microstructure com-
prises cells and fibers (white), blood vessels (red), PVS (blue), and ECS. The dif-
ferent compartments are formally separated from each other—here only the main
compartments of interest are shown, the ECS and PVS—and then described as over-
lapping continua occupying a certain volume fraction of the given tissue sample.
The tissue microstructure only enters the model in the form of the model parameters
in an average sense. Transport is described within and between the different com-
partments.

A.1 Tracer does not enter the cellular compartment (cg = 0).

A.2 The clearance of tracer that entered the blood is faster than the time scale of
interest (¢, = 0).

A.3 The tissue is rigid at the relevant time scale, while fast pulsatile vessel de-
formations may lead to enhanced mixing in the PVS compartment, modeled as
dispersion.

A.4 Advective transport is negligible in the ECS and PVS.

A.5 There is no direct pathway from ECS to blood (tracer must pass through the
PVS compartment).

The exchange between the PVS and the ECS compartment is modeled as diffusive
transport through gaps between astrocyte endfeet, which form a continuous sheath
around the PVS (see Koch et al. (2023) and references therein). PVS and ECS are
assumed to be filled by water-like interstitial fluid with tracer concentrations ¢, and
Ce, respectively.

As a result of A.1 and A.2, we only need to balance the amount of tracer in the
ECS and PVS compartments, while transfer to the blood appears as a sink term for
the PVS compartment balance. Therefore, the resulting simplified model is called a
two-compartment model.
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8.2.1 Two-compartment ECS-PVS Diffusion—dispersion Model

The spatial evolution of the fluid concentrations ¢ (x,?) in the model domain Q
(human brain) over the time interval [0, T'] follows the governing equations (referred
to as the two-compartment model):

P

% —div(n, DSV e,) = top(ce = ¢p) = tppep, QX (0,T],  (8.1a)
P
% — div(neDEVe,) = —tep(ce — cp). nQx(0,7], (8.1b)

subject to suitable boundary and initial conditions,

—npDSVep - n=kpy(cp —0), ondQ x (0,T], (8.1¢c)
-n,DVe, - n = k.(c. - &), ondQ x (0,T], (8.1d)
cp(x,0) =cpo, ce(x,0)=cep, inQ x {0}, (8.1¢e)

where Dzﬁ is the effective diffusion coefficient (in compartment @) modeling diffu-
sion and dispersion, 7, is the corresponding volume fraction, and ¢, and ¢, are
the diffusive transfer coefficients of the astrocyte endfeet sheath and the vessel wall,
respectively.

The terms on the left-hand side of (8.1a) and (8.1b) describe a volume fraction—
adjusted diffusion process for each of the compartments, whereas the right-hand sides
represents solute transferred to and from the other compartments. We emphasize
that the quantities in the equations should be interpreted as homogenized, volume-
averaged quantities that—although related to a specific compartment—are defined
everywhere in the domain. In other words, each compartment can be thought of as
occupying a fraction of every point in the domain.

For the boundary conditions, n is the outward-oriented unit normal vector on the
domain boundary 0Q2, and k , is the conductivity of a surface membrane. We note that
the limit £, — O corresponds to a non-permeable membrane, and the limit k, — oo
models the absence of a membrane. In all cases, ¢ is the tracer concentration in the
CSF surrounding the brain tissue in the subarachnoid space (SAS), the ventricles,
and the spinal canal.

8.2.2 Relation to the Single-compartment Diffusion Model.

For the interpretation of our results from the two-compartment model, we establish
a relation to single-compartment models of previous works (Ray and Heys, 2019;
Valnes et al., 2020; Vinje et al., 2023). We make one of two simplifying assumptions:
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SC1 The ECS-PVS diffusive transfer coefficient, f., is sufficiently large, leading
to local chemical equilibrium, ¢, = ¢,

SC2 The PVS volume fraction is negligible, n,, =~ 0, or, equivalently, D‘;,ﬁ ~ Dgﬁ.
After summing the balance equations for each compartment, both SC1 and SC2 lead
to a single-compartment model of the form

% — div (¢Deﬂ”vcp) +1ppcp =0 inQx (0,77, (8.2a)

—¢D"Vep-n=k(cg—¢)  ondQx(0,T],  (8.2b)
cp(x,0) = cgo inQ x {0}, (8.2¢)

where ¢ := n, +n, is the combined volume fraction of ECS and PVS, cr = ¢, = ¢,
denotes the fluid concentration, D" := ¥ ,cx no DY = npy DS + 1, D, and k =
kp + k.. In the case of spatially constant volume fractions, the single-compartment
model can also be written in terms of the total concentration ¢r := ), ycx HaCa =
$cr (Vinje et al., 2023). We note that SC1 leads to ¢ D°T = npD‘;,ff+ neDZﬁ, whereas

SC2 leads to D*ff = Dgff, that is, SC2 precludes an effect of PVS-enhanced transport.

8.2.3 Model Parameters

Table 8.1 summarizes estimates for two-compartment model parameter values to-
gether with a nominal value defining a reference scenario as the basis for the ex-
ploration of the input parameter space. In the following paragraphs, the chosen
parameter ranges are motivated by modeling assumptions and data available in the
literature. A schematic representation of the micro-scale configuration for the mo-
tivation of the intercompartmental transfer coefficients and the surface conductivity
coefficients is shown in Figure 8.2.

8.2.4 Extracellular and Perivascular Volume Fractions

The extracellular volume fraction, n,, is estimated to be in the range of 15-30%
in normal-appearing adult brain tissue, with a typical value of 20% (Sykovéd and
Nicholson, 2008) that varies throughout the day and in disease. For instance, differ-
ences of 23% during sleep and 14% when awake have been measured in adult mouse
cortical brain tissue (Xie et al., 2013).

The cerebral PVS volume fraction, n,,, is difficult to quantify in vivo, and it is unclear
today whether fluid-filled spaces of significant size exist around vessels other than
the largest vessels. The PVS volume fraction was estimated with MRI in white matter
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Table 8.1: Model parameter values for the two-compartment diffusion model. The
nominal values (NV) define a reference scenario. The range column indicates the
defined, investigated ranges (see Sec. 8.3), with GM denoting gray matter, WM
denoting white matter, DTI denoting diffusion tensor imaging, and BBB denoting
the blood-brain barrier.

Symbol Description Unit Varied range NV Comments/literature range
Ne ECS volume frac- - fixed 0.20 0.14-0.30 (Sykova and Nicholson,
tion 2008; Xie et al., 2013)
np, PVS volume frac- - 0.01-0.04  0.02 0.01-0.04 (see Sec. 8.2)
tion
fof Effective diffusion 10~*mm?/s fixed 1.3 1.4+0.4 (GM), 1.1 £ 0.3 (WM)
coefficient of ECS (Valnes et al., 2020, DTI), 1.3
to 1.9 (Sykovd and Nicholson,
2008)).
D;ﬁ Effective diffusion 10~*mm?/s 1.3-130 39 Lower bound corresponds to
coefficient in PVS the single-compartment assump-
tion (SC2)
tep Diffusive transfer 1072s~! 0.030-3.1 2.9 0.17-3.1 (Koch et al., 2023).
coeft. ECS-PVS
tpb Diffusive transfer 1073571 0-2.3 0.2 2.3 (Vinje et al., 2023) (upper
coeff. PVS-blood bound); 0 means the BBB is im-

permeable for gadobutrol
ke Pial surface con- 109 mms~' 0.026-2600 1.0 1.9 (Koch et al., 2023) (arteriole
ductivity endfoot sheath, upper bound)
kp PVS Robin coeff.  10"*mms~! 0.9-7.4 3.7 0.9-7.4 using 8.7, L = 2040 ym
(Brgchner et al., 2015), nj, (0.01-
0.04).

at 1.14 + 0.43%, with a range of 0.3-3.1% (Barisano et al., 2021), including PVS
large enough to be visible in MRI.

Alternatively, n, may be estimated from the cerebral blood volume fraction, np,
assuming that the cross-sectional area of the lumen is proportional to the cross-
sectional area of the PVS surrounding the vessel. Denoting by ¢ the ratio of PVS
area to vessel area, we have n, ~ yn;. Based on literature values for np? and the

2 The cerebral blood volume fraction is consistently determined to be around 3—6% in gray matter
and 1-3% in white matter using positron emission tomography (PET) or MRI (Ito et al., 2001;
Leenders et al., 1990; Muizelaar et al., 1997). The arteries contribute about 20-30% (Hua et al.,
2019; Ito et al., 2001; Muizelaar et al., 1997) of the blood volume, whereas the rest is contained in
capillaries and veins. Methods based on PET and MRI cannot resolve the vessel microstructure and
require additional assumptions for hematocrit and correction for flow artifacts (Muizelaar et al.,
1997). Lauwers et al. (2008) determined the blood volume fraction in gray matter from the 3D
vessel reconstruction of stained brain slices (Duvernoy et al., 1981) to be 2.7%, a higher value than
the 1.5% reported for mice cortical microstructural data (Blinder et al., 2013). For a comparison
between species, we refer the reader to Schmid et al. (2019).
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available data on pial vessel PVS spaces,® we estimate n p = 1% (¥ = 0.3 for all

vessels with n;, = 0.03) as a lower bound and n, = 4% (¥ = 0.3 for veins and
capillaries vessels and y = 1.7 for arteries contributing 30% of n; = 0.06) as an
upper bound.

8.2.5 Effective Diffusion and Dispersion Coefficients

Transport in the ECS is assumed to occur predominantly through diffusion (Holter
et al., 2017) due to low Péclet numbers. Diffusion in porous media is hindered by
the tortuosity of the pore space and we model the effective diffusion coefficient
following Sykova and Nicholson (2008):

D = A72D*, (8.3)

where A, = v D* /D¢ denotes the tortuosity and D* is the binary diffusion coefficient
of gadobutrol in interstitial fluid. Using the Stokes—Einstein equation, which holds
for the diffusion of spherical particles in a liquid with a low Reynolds number, we
can estimate the binary diffusion coefficient of gadobutrol in water at 37 °C:

D* = kgT
6muR

=3.7x10"* mm?/s (8.4)

where kg = 1.38 x 107> m?kg/s?*/K, T = 310.15K (= 37°C), and R = 0.9nm
for gadobutrol (Guthausen et al., 2015), and u is the dynamic viscosity of the
fluid (for water at 37 °C, ¢ = 0.69 mPas). The tortuosity of brain tissue has been
estimated to be in the range of 1.4—1.7 (Sykov4 and Nicholson, 2008), using real-time
iontophoresis. This corresponds to a range for DS of 1.3—1.9 mm?/s. These values
match well with estimates with diffusion-weighted MRI sequences. For instance,
Valnes et al. (2020) estimated D¢ to be 1.4 + 0.4 in gray matter and 1.1 + 0.3 in
white matter, using diffusion tensor imaging.

Transport in the PVS is assumed to occur through both diffusion and dispersion
caused by oscillatory velocity fields due to vasomotion (Asgari et al., 2016; Bo-
jarskaite et al., 2023; Keith Sharp et al., 2019):

DY = 4,7 D" + DU, (8.5)

3 The ratio of the PVS area to the vessel lumen area in pial vessels has been estimated in mice
to be 1.3—-1.4 (Mestre et al., 2018; Schain et al., 2017) in pial arteries, 0.3 in veins (Schain et al.,
2017), and 0.07-0.3 in capillaries (Tithof et al., 2022), based on a small number of samples. Broad
distributions of the ratio were reported in mouse pial arteries, with values ranging from 0.3 to 6,
and it was concluded that the vessel lumen area is mildly correlated with the PVS area (with a ratio
of 1.66 and R? = 0.2) (Raicevic et al., 2023). However, since pial vessels are situated within the
SAS, they are not part of our simulation domain. Moreover, functional tissue is tightly packed, with
cells leaving little to no room for fluid-filled PVSs in comparison with the SAS.
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where D;ﬁ has been estimated as up to 2D™* in simplified geometries.
In the absence of data, we estimate 4, > A, > 1.

When estimating the parameters A, and DYP in comparison with clinical data, they
are structurally unidentifiable, since both appear only in the expression for D;ﬁ.
Therefore, for our parameter variation study, we investigate instead the effect of the
ratio y := D;’,ﬁ/ D‘Zﬁ. In case SC1 (or SC2) holds, we obtain an effective diffusion
nptne
model, Equation (8.2). For our parameter study, we choose a lower bound for vy of 1
(corresponding to SC2 and D" = D¢ and an upper bound of 100 (corresponding

to a single-compartment coefficient of DT ~ 5D* if SC1 holds).

coefficient in terms of y of DT = A;2D* for the single-compartment

ECS

fo

A4
ECS k.

PVS

Fig. 8.2: Boundary conditions and intercompartmental transfer. Left: At the
interface of the brain tissue to the SAS, diffusive transport between the SAS and the
ECS and between the SAS and the PVS is described as diffusive transport across a
membrane layer with conductivities k. and k,, respectively. Right: Intercompart-
mental transfer between PVS and blood and between PVS and ECS is described by
the transfer coefficients ¢, and ., respectively.

Intercompartmental transfer coefficients. We model the transfer coefficients be-
tween two compartments « and 8 by

tap = O’aﬁCQﬁD*, (8.6)

where o4 is the volume-specific surface area of the intercompartmental interface
(units m™!) and Cqop (units m~!) is a coefficient proportional to the inverse average
path length a molecule has to travel from compartment @ to compartment 3.

The volume-specific surface area of blood vessels, o), has been reported to be
between 10mm~' and 13mm~! in humans (Lauwers et al., 2008). The BBB is
commonly assumed to be virtually impermeable to gadobutrol in healthy tissue (Jost
et al., 2017; Weinmann et al., 1984). However, typical perfusion MRI sequences
assess leakage on a time scale of minutes (Sourbron et al., 2009). When analyzing
tracer transport with glymphatic MRI, the relevant time scale is days, and even very
small transfer coefficients may have a significant effect on transport. Koch et al.
(2020) estimated with a micro-scale model that a transfer coefficient equivalent
to a value of 7, £ 1 X 107 57! is unlikely to cause a significant leakage effect

~
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on the signal during a typical 2 min duration of a dynamic susceptibility contrast
MR perfusion measurement.* Chagnot et al. (2021) reviewed dynamic contrast-
enhanced (DCE) MRI studies of contrast agent leakage across the BBB in patients
with dementia as well as those with normal-appearing aging, with long acquisition
times 5-25 min. They reported values for 7,5, in the range 0.01-40 x 1076 s~!, where
the larger values are attributed to BBB breakdown due to various forms of dementia.’

In comparison with MRI data, the highest clearance rate estimated with computer
simulations by Vinje et al. (2023, suppl.) corresponds to ¢, $ 2.1 X 107 s~!. Here,
we take 7,5, in the range 0-2.1x 1073 s~!. Based on geometric reconstructions of two
cortical vascular networks (mouse) and a theoretical model for the astrocyte endfoot
sheath geometry, Koch et al. (2023) estimated a value for o, C,., of 7285 mm 2
corresponding to transfer coefficients of 7., = 2.7-3.1 X 1072571, using D* =
3.7 x 10~* mm?/s. They also estimated that, along a pathway through the ECS and
across the endfoot sheath, the effective permeability of the (longer) ECS pathway is
approximately equal to the (shorter) pathway through the endfoot sheath and would
add a factor of 0.5 to the estimate of #,,. Furthermore, they estimated C,,, of the
astrocyte endfoot sheath for arterioles, capillaries, and veins, with values in the range
0.5-6mm~!, the smallest (corresponding to arterioles) being an order of magnitude
smaller than the network average. Assuming this value for all relevant PVS, we
obtain t.,, ~ 1.7x 103 s (C,, =0.25mm™!, o, = 18 mm~! (Koch et al., 2023,
Tab. 1), D* = 3.7 x 10~ mm?/s).

Boundary conditions and surface membrane. Assuming that there is no membrane
obstructing the pathway from the PVS to the SAS, we can estimate the boundary
conductivity for the PVS as

kp=n,L”' D", (8.7)

where L is the thickness of the boundary layer (see Fig. 8.2). The glia limitans
of an adult human brain has been estimated at 20—40 yum (Brgchner et al., 2015).
Assuming L = 20 pm and n,, = 0.04 yields k, = 7.4 x 10"*mms~!.

The conductivity k. of the membrane layer between the ECS and the SAS, forming
the outer boundary of the ECS, is modeled as

ke = pialD*, (8.8)

where Cpiy is @ membrane coeflicient proportional to the available pore space for
transport across the layer and inversely proportional to its thickness. To estimate an
upper bound for Cp;,1, we rescale the membrane coeflicients for the astrocyte endfoot
sheath around the largest penetrating arterioles Cp; = 0.5 mm (with a corresponding

* Combining a diffusive wall permeability of 1 x 107'ms~! (Koch et al., 2020) with a volume-
specific area of 10 mm~! (Lauwers et al., 2008).

5 Assuming tpp is equal to Ky of the Patlak model (Patlak et al., 1983; Sourbron et al., 2009)
used in DCE MRI signal analysis. Note that ,,;, is the micro-scale parameter and is likely larger
than the corresponding voxel scale #,,;,, which includes the resistance of the ECS and the astrocyte
endfoot sheath, and appears in combination with the average intercompartmental concentration
gradient instead of the micro-scale gradient across the endothelium.
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sheath thickness® of hgg ~ 2.8 pm) as Cpiq = C vmhesL™!, where L is again the
thickness of the boundary layer. For L = 20um, this corresponds to an upper bound
of k, = 2.6 x 107> mms~!. As a lower bound estimate, we consider the membrane
layer to be virtually impermeable, k, — 0. As boundary conditions, we consider
both Dirichlet boundary conditions (equivalent to the limit £, — oo0) based on tissue
concentration estimates from MRI data or Robin boundary conditions assuming a
given tracer concentration in the SAS and ventricles.

In the case of Dirichlet boundary conditions, we use the interpolant u,; of the MRI
data introduced in detail by Zapf et al. (2024). Between time steps with data (4 h, 24 h,
48h, 70 h) the values are interpolated linearly in time on the domain boundary 9€.
Since u,4 represents the total concentration, the value must be divided by ¢ to obtain
the fluid concentration in the compartments. To uniquely determine the fraction of the
MRI signal from each of the compartments, we assume that the fluid concentrations
of the compartments are in equilibrium, and thus ¢ = ug ¢ = uq/(n. +np).

In the case of Robin boundary conditions, we consider different surface domains
0Q = 0Qg,s U Qe and model the CSF concentration in the SAS on the pial
surface 9Q,s and the ventricular surface 0Qyey¢ With the ansatz

1,0Q) = as¢~! (—e*’/ﬂ + e*f/ﬁ) , ¢ = {sas, vent}, (8.9)

and 7 = 4.43 x 10%s, 7 = 8.5 x 10*s, agys = 0.52mm?/s, and dyen; = 0.2 mm?/s.
A comparison between the CSF concentration calculated with Equation (8.9) and
the surface-averaged concentrations of the interpolated MRI-data u, is shown in
Figure 8.3.

Initial concentration. Since the tracer is administered by intrathecal injection, there
is initially no tracer in the brain tissue, ¢, o0 = c¢,0 = 0.

8.3 Results

Parameter variations. A reference scenario is defined by choosing the parameters
according to the nominal values given in Table 8.1. This implies Robin boundary
conditions as described in the previous section. The Robin boundary conditions are
used for all cases unless explicitly stated otherwise.

To investigate the parameter sensitivity of the two-compartment model, we varied
individual parameters while keeping the other parameters fixed (reference scenario).
The evolution of the total solute content in the brain over time is shown in Figure 8.4.
The two-compartment model is most sensitive to variations of the effective perivascu-
lar diffusion coefficient, D%ﬁ, and the transfer coeflicient from PVS to blood, #,,5. For

D‘;,ﬂ, there is an increase in the peak tracer content of 11% (D;If = 10D§ﬁ) and 44%

6 Using the formula Ags = 1 +0.15(r,, — 3) of Koch et al. (2023) with a vessel radius r,, = 15 pm.
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Fig. 8.3: Estimated mean SAS tracer concentration and mean tracer concentration in
the ventricles (solid) in comparison with the boundary data (#4) mean as estimated
from MRI data (dashed). First, total concentrations in the tissue are obtained by
fitting Equation (8.9) to the mean of uy (left panel). Second, fluid concentrations
in the SAS and the ventricles at the brain surface are estimated by division by the
volume fraction available for fluid flow in the brain, ¢ = 0.2 (right panel).
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Fig. 8.4: The total tracer content in the brain over time, for various parameters
in the two-compartment model. The parameters are described in Table 8.1. One
parameter is varied while all other parameters are fixed at their nominal values listed
in Table 8.1.

(D;ﬂ = IOODzﬁ.) with respect to the reference scenario (Djff = 3Dzﬁ). For the trans-
fer coefficient from PVS to blood, we observe a 48% decrease (fp, = 2.1 X 1073571
and a 19% increase (t,p = 0 s~1), respectively. For the remaining parameters, the
relative difference between the minimum and maximum values for the peak tracer
content is < 5% for the perivascular volume fraction, < 1.5% for the transfer be-
tween ECS and PVS, < 4% for the ECS boundary conductivity, and < 8% for the
perivascular boundary conductivity.

Next, we explored scenarios in which the difference between the two-compartment
model (featuring local concentration differences between the PVS and the ECS) and
the single-compartment models (local equilibrium) becomes apparent. To this end,
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Fig. 8.5: The total tracer content in the brain for different effective transfer coefficients
between ECS and PVS, t.,, and extracellular surface-layer conductivity k. for the
different models. Solid lines represent the two-compartment model, whereas the
dashed lines labelled SC1 and SC2 represent single-compartment models as stated
in Equation (8.2).

we varied both the ECS surface conductivity k. and the ECS-PVS transfer coefficient
tep, keeping all other parameters as in the reference scenario. The resulting tracer
content evolution in the brain tissue is presented in Figure 8.5. Decreasing k. limits
the tracer influx and efflux rates at the brain tissue surface, increasing the relative
importance of the PVS pathway. Decreasing ?.,, limits the exchange rate between
the ECS and the PVS compartments.

Decreasing the ECS surface conductivity and ECS-PVS transfer simultaneously,
we see lower tracer influx and efflux rates with respect to the reference scenario. A
large difference between the equilibrium model SC1 (or two-compartment model
with a large #,.,) and the two-compartment model is evident for a low 7., and, in
particular, with decreasing k.. As expected, the SC1 model matches the results of
the two-compartment model for a high ., which is the limit under which it was
derived.

Figure 8.6 shows the spatial concentration distribution (7., = 2.0 X 1070571 k, =
2.6 x 107 mms™!) in a coronal slice with tracer clearance to blood (tpp = 0.2 X
107 s~ 1) and without it (¢ pb = 0). Without clearance to blood, in the influx phase
(< 24h) the tracer concentration increases monotonically from the boundary to
the center of the brain, while the concentration is lower in the ECS than in the
PVS (c. — ¢, < 0). However, clearance from the PVS to blood leads to a spatial
concentration distribution, where, deep within the brain, ¢, —c, > 0,and c,—cp, < 0
is only observed in a small region close to the brain surface, (see Fig. 8.6, second
row). For the efflux phase (> 24 h), a monotone profile is established. The tracer
is cleared both into the blood and from the surface into CSF. In the efflux phase,
ce—cp < 0everywhere, since the tracer is cleared faster from the PVS compartment
than from the ECS compartment.

We note that similar qualitative observations hold for the reference scenario, al-
though with much smaller concentration differences between the PVS and ECS
compartments (less than 0.1% with respect to the maximum concentration after
24 h). Thus, in the reference scenario, the fluid concentrations in both compartments
are in equilibrium, and assumption SC1 is fulfilled.
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Fig. 8.6: Spatial distribution of the fluid concentrations in the PVS compartment,
¢p, and the ECS compartment, c., at two different timepoints and for two different
blood clearance rates, fp, = 0.2 X 1073s 1 and tpp = 0, on a coronal slice.
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Fig. 8.7: Spatial distributions of the total concentration, cr, for the two-compartment
(TC) model (bottom) and the concentration estimates derived from MRI data (top)
over time. The true value range (—0.2, 1.2) is clipped to the range (—0.05, 0.15)
to remove outliers impairing visual interpretability. Negative concentrations result
from noise in the MRI data, since the raw MRI data have a low signal-to-noise
ratio (Valnes et al., 2020).

Comparison with MRI data. We analyzed the brain tracer content evolution simu-
lated with Dirichlet boundary conditions (k, — o) set by MRI data on the boundary
and compared it with the corresponding MRI-based tracer content estimates within
the brain tissue. The parameters were set to the reference scenario (except for ko).
Figure 8.7 shows the total concentration c7 estimated from MRI data and simulated
with the two-compartment model on a transverse slice over 72 h.

Figure 8.8 shows the total tracer content in the whole brain and separately in gray
and white matter. The peak tracer content for the SC2 model is reduced with respect
to the two-compartment model (6%, 3%, and 11% decreases in the whole brain, gray
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Fig. 8.8: Total tracer content in the whole brain, gray matter, and white matter for data
derived from MRI and simulations with the two- and single-compartment models.
The label TC represents the two-compartment model, whereas the labels SC1 and
SC2 represent corresponding single-compartment models as stated in Equation (8.2).

matter, and white matter, respectively), while SC1 and the two-compartment model
coincide, signifying local equilibrium between the ECS and PVS concentrations.
The simulation results and data match well without systematically optimizing the
parameters. With the reference parameter configuration, the model overestimates the
tracer content compared to data in both white and gray matter in the approximate
interval of 10-55 h. Moreover, it can be observed that the maximum solute content
is attained later than 24 h (where the boundary data show the maximum value).
Due to the blood clearance (as shown in Fig. 8.6), the tracer concentration close
to the surface is likely lower than the concentration prescribed at the boundary and
remains lower for a few hours after the 24 h timepoint, resulting in continued influx
and delaying the beginning of the efflux phase.

8.4 Discussion

Fast equilibrium between the PVS and ECS. The single-compartment model
(SC1) is derived from the two-compartment model by assuming a sufficiently high
transfer coeflicient #,, for the compartments to be in equilibrium, an assumption that
is supported by the comparison with the concentration evolution estimated from MRI
data (Fig. 8.7). For a local, non-equilibrium configuration to be established between
the PVS and ECS compartments, the transfer coefficient #., (which is proportional to
the astrocyte endfoot sheath permeability) would need to be an order of magnitude
smaller than the estimated lower bound supported by data in the literature (see
Tab. 8.1), even for low ECS conductivity at the brain surface (Fig. 8.5). We can
support the observations with the two-compartment model by simple theoretical
considerations. The ratio of the ECS—PVS transfer rate across the astrocyte endfoot
sheath and the transversal diffusion rate in the ECS is given by the Damkhler
number,” Da = ., Lep(neDM o, )", where L., is a characteristic transversal
length scale (the mean inter-vessel distance). For L., = 50 pm (as the mean inter-

7 Balancing fluxes over the astrocyte endfoot sheath interface I yields fr -neD(Ve, -n)ds =
fg tep (cp = Ce) dx. Assuming uniform parameters and normal fluxes, we can integrate and non-
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vessel distance), we find Da ~ 0.3-3 and conclude that both rates are approximately
equal. A corresponding characteristic time scale is given by T = t_ ,ﬁ ~ 30-600s
(using the ranges from Tab. 8.1). The time scale for longitudinal transport in the
PVS is given by Ty = L7(D$") ™!, where Ly is a characteristic longitudinal length
scale. For Ly = 0.5cm and DET < D < 100DET, we obtain Ty ~ 2-200 x 10°s.
Hence, even for the upper estimate for Di,ff, the transversal transport rate dominates
the longitudinal transport rate, leading to a fast equilibrium of the concentrations in
the PVS and ECS compartments.

Brain surface membranes have little impact on influx and efflux rates. Increasing
the PVS surface conductivities beyond the nominal values has very little impact on the
brain tracer content (Fig. 8.4), indicating that, for k,, X 1 X 10~* mm/s, the surface
membrane poses no significant barrier for tracer influx along the PVS. Similarly,
given fast ECS-PVS exchange, varying the ECS surface membrane conductivity
kep within the range supported by literature values has little impact on the tracer
content in the brain. The tracer can circumvent the ECS surface layer by entering the
brain along the more permeable PVS, spreading to the ECS through the astrocyte
endfoot sheath.

Effective diffusivity and clearance to blood. The two parameters with the most
significant impact on the two-compartment model (in the reference scenario) are
the perivascular diffusion coeflicient D;’,ff and the PVS-blood transfer coeflicient ¢,
(see Fig. 8.5).

The effective diffusion coefficient, D, of the single-compartment model (SC1) is
related to the individual effective diffusion coefficients of the compartments and
D peft = (npy +ne)/(np +ne) (Where y = Dgff/D;ff). The ratio DT/ DS was
estimated by Ray et al. (2021) based on MRI data in mice at 10-25, corresponding
to y = 100-265 (with n./n, = 10). Vinje et al. (2023) estimated Defty D between
1.1 and 7.0, corresponding to y = 2—67. For the single subject investigated here, we
obtained a good fit between the data and simulation with DT /D¢ = 1.

The PVS-blood transfer coeficient ¢, models clearance of gadobutrol across the
BBB. The reference value of #,, = 2.1 x 107%s~! is within the range of the
blood-to-brain transport coefficients of gadolinium-based contrast agents reported
in the review article Chagnot et al. (2021) of 0.01-34 x 10~¢s~! for normal ag-
ing, 0.5-13 X 1070 s~! for cerebral small vessel disease, and 0.01-40 x 107%s~!in
patients with mild cognitive impairment or Alzheimer’s disease. Disorders such as
multiple sclerosis and glioma are known to cause a breakdown of the BBB, leading
to an increase of up to several magnitudes in blood vessel wall permeability. The
MRI data used in this study fall in the category of normal aging.

dimensionalize (V* := LV, ¢}y := Coca» Tep = ([f.ds) ([, dx)™") to arrive at =V*c} - n =
Da(c}, — cg), where Da=tcp Lep (neDﬁ.ffO'ep)‘l.
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8.5 Conclusion

A two-compartment model of tracer transport in brain tissue allowed us to investi-
gate the effect of compartment-specific diffusion coefficients and membrane-specific
transfer coefficients, and we related the model parameters of the two-compartment
model to previously employed single-compartment models. We found that, for a
wide range of parameters, a single-compartment model (SC1) serves as a good ap-
proximation to the two-compartment model due to the fast transfer between the ECS
and PVS compartments through the astrocyte endfoot sheath. In comparison with
concentration distributions from reference MRI data, we find that the combination
of extracellular diffusion, fast exchange between the ECS and PVS compartments,
and tracer clearance to blood provide a model that explains the tracer evolution in
the patient-specific brain tissue geometry over 70 h after intrathecal injection of a
gadolinium-based contrast agent.
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Chapter 9

An introduction to identifying velocity fields
from contrast imaging via PDE-constrained
optimization

Marie E. Rognes

Abstract Repeated contrast-enhanced magnetic resonance imaging is developing as
a technique for studying the molecular entryways and clearance routes of the human
brain, for which many transport parameters are unknown. This approach provides
a sequence of images representing the concentration c of the contrast agent at high
resolution in space and low resolution in time. A natural question is whether and to
what extent these imaging data can inform molecular transport parameters via inverse
computational modeling. More specifically, we ask here, Given concentration fields
c1 and ¢, measured at ¢| and #, is there a velocity field ¢ that transports ¢ at ¢ to
¢y at 1,7 This chapter gives a rapid and practical introduction to different methods
for addressing this optimal transport problem, including implementations of each
method in the FEniCS software.

9.1 Introduction

Given a pair of images representing concentration fields ¢; = ¢1(x) and ¢ = ¢z (x)
defined over x € Q c R? at times #; and #,, respectively, can we identify a vector
field ¢ = ¢(x) that maps c to ¢, ? This problem setting is readily encountered when
leveraging contrast-enhanced magnetic resonance imaging to inform computational
models of molecular transport within the brain (Ringstad et al., 2018; Vinje et al.,
2023). It is also a classical problem setting in image processing, referred to as the
optical flow problem (see, e.g., the highly readable paper by Wildes et al. (2000)).
Several physics-based (as well as non—physics-based) approaches to determining
optical flow exist; a key idea is to use a mass continuity equation to constrain a
velocity vector field in combination with the minimization of, for example, kinetic
energy (Benamou and Brenier, 2000).

In the context of brain solute transport and clearance, Tannenbaum and coau-
thors (Ratner et al., 2015, 2017) pioneered the use of optical flow—based methods to
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extract glymphatic flow fields from series of two-photon fluorescence microscopy
images. Their approach, as described by Mueller et al. (2013), estimates a flow field
via an optimal mass transport—based (OMT) approach to optical flow. More recently,
Vinje et al. (2023) quantified human brain interstitial fluid flow velocities during
solute clearance from contrast-enhanced magnetic resonance images using an opti-
mal convection—diffusion (OCD) approach. This chapter presents mathematical and
numerical formulations for both methods and compares their accuracy when tasked
with identifying a velocity field in a manufactured convection—diffusion example.
The numerical implementation is based on the FEniCS and dolfin-adjoint finite el-
ement and adjoint-based optimization software (Alnes et al., 2015; Farrell et al.,
2013; Mitusch et al., 2019) and is freely available (Rognes, 2024).

9.2 Mathematical Models for Flow Field Estimation

Let Q be an open, bounded domain in R? (d = 1,2,3) with coordinates x and let
t € (t1,tn). Generally, our goal is to identify a flow (vector) field ¢ = ¢(x, ) from
a discrete sequence of solute concentration or signal intensity images ¢, = ¢, (x)
at times #,, forn = 1,2,..., N. For compactness in presentation, we let N = 2 and
denote T =t — ;.

9.2.1 Optical Flow and Optimal Mass Transport

We begin by considering an optimal mass transport approach to optical flow (Mueller
et al., 2013). Assume that the transport of the concentration c by the velocity field ¢
is governed by the continuity equation:

flc,¢) =c; +div(cg) =0  inQ, ¢>0. (9.1)

We define the kinetic energy associated with ¢ and ¢ as follows:

4]
R(c,¢):/ '/Q¢>'¢cdxdt,

which will play the role of a regularization term or prior. The OMT problem is now
to find ¢ = ¢(x, ¢) that minimizes

o1 e 2 1
m(/}nz/tI [zf(c, @) dxdr + Ea/R(c,(b) 9.2)

with ¢(#1) = ¢; and ¢(t;) = ¢ and where @ > 0 is a parameter. Variations on this
formulation easily result from different choices of the regularization functional R.
For example, Mueller et al. (2013) also consider a version with L? regularization:
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T
R(c,¢)=/0 /g¢'¢dxdr,

which they solve numerically using a discretize-then-minimize approach with finite
differences in time and space. We consider here a revised formulation using a varia-
tional formulation and finite elements in space instead. To this end, we discretize (9.2)
in time using the midpoint rule, that is, we approximate the time integral as

/tzf(t) de = 7f (1'%,

where '/? = %(zl +1,) is the midpoint of the time interval. We approximate the time
derivative via the natural first-order approximation,

Cy) — Cq
c; ® —— =Jdc,
T

and then approximate ¢ as a constant in time by its midpoint value, ¢ = ¢(x) =~
#(x,1'/?), and introduce the average concentration

1
= E(Cl +c2).

Since ¢ and ¢, are given, ¢ and dc are known (computed) fields. The time-discrete
OMT minimization problem then reads as follows:

m(gn M(¢) = %T (/9(5(: +div(¢d)? dx +a /Q(¢ . ¢)de) . 9.3)

The optimal solution of the minimization problem (9.3) satisfies the Euler—Lagrange
equations involving the Gateaux derivative of M in the direction ¢ = ¥ (x):

0
EM(¢ +ep)| _,=0.
Computing the Gateaux derivative, we find
0
FcM@+en)

o | . | _
= e (21' (L(5C+dlv((¢+6¢)c)) dx+a/g((¢+ew) (¢+Ew))cdx))

e=0

= %T (/Q 2(8¢ +div(5¢))(div(c'lﬁ))dX+01/92¢ : WC'dx)

=T(‘/9(6C+div(c'¢))(div(c’w))dx+a"/g¢~zﬁ5dx).
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The resulting OMT variational problem reads as follows: find ¢ € V such that for all
yev

a(p,y) = (div(ce),div(cy)) + a{cp,y) = —(dc,divcy) = L(Y), 94)

where we have introduced the familiar notation for the L?(Q) inner product

<¢,w>=/g¢-wdx.

This is a linear variational problem that can be solved numerically using straightfor-
ward finite element techniques in, for example, FEniCS.

To also include transport by diffusion, we can replace (9.1) by a convection—diffusion
equation (more details follow below). The same steps as for the OMT formulation
above again yields a linear variational problem for ¢, but now also involving second-
order derivatives of ¢. Evaluating such terms for low-regularity data, for example,
images with noise, pose additional challenges.

9.2.2 An Optimal Convection-diffusion Formulation

In the spirit of Glowinski et al. (2022) and Andreev et al. (2015), an alternative
approach is to define a bilinear optimal control problem where both the final concen-
tration and the convective velocity are treated as variables. This formulation lends
itself easily to also accounting for diffusion and/or reaction terms.

So, let us consider the convection—diffusion equation
F(c,¢) =c; +div(¢c) —divDVe =0 inQ, >0 9.5)

and assume that observations of the concentration cy, ¢, at t1, ¢, are given. We are
now interested in ¢ and ¢ that both satisfy (9.5) and that best match observations—in
the sense that ¢ and ¢ minimize the data misfit objective functional J:

1
J(e,9) = 5lle(r2) = eallfa ) + R(c, 9), (9.6)

recalling that ¢, is the given data field and c(t,) is the solution to (9.5) at ¢ = 1, and
where R again represents a regularization term or prior. Specifically, the minimization
problem of interest reads as follows:

H_li(/{lJ(c, ¢) suchthat F(c,¢) =0, c(t;)=cy,

where we have also imposed the observations at ¢ as an initial condition for ¢. Ob-
serve that F is nonlinear when viewed as a function of both ¢ and ¢. In the optimiza-
tion literature, the pattern with a multiplicative control variable (here ¢) is referred
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to as a bilinear control problem. Using a Lagrange multiplier technique (Hinze et al.,
2008), let us now introduce the Lagrangian L, defined by

L(C9 ¢’ )’) = J(C, ¢) - <F(C, ¢)’ y)YXY*

for c € C, ¢ € Q, and the adjoint variable y € Y. For our example, the Lagrangian
thus becomes

1 . .
L(C, o, y) = 5 ”C([z) _62”%‘2(9) +R(C, ¢) + <Cl‘ +le(¢C) —divDVe, y>Y><Y*- (97)

Discretizing the Lagrangian (9.7) in time with an implicit Euler scheme and using
the same time resolution as that of the given data, it remains to compute the single (in
time) approximations c(x) = ¢(x, #2), ¢(x) = ¢(x, 1), and y(x) = y(x, t). In addition,
we identify the Y* x Y duality pairing with the L?(Q) inner product, denoted (-, -),
to obtain the time-discrete Lagrangian:

1 2
LT(C’ ¢’ y) = 5”5 - CZHLZ(Q) + R(Cv ¢)
+ (7 (c = ¢1) +div(¢c) — div(DVe), y)12q)-
Now, we again take the Gateaux derivatives of L, with respect to c, ¢, and y to

derive the optimality conditions. First, taking the derivatives with respecttoy € Y
gives the state equation:

%LT(C, é,y)[dy] = (t" e +div(¢c) — div(DVe) — 7 1ey, dy).

Next, taking the derivative with respect to ¢ € C € H'(Q) in the direction of dc € C
gives the adjoint equation:

9
%LT(C’ ¢’ y) [dC] = <C —C2, dc)LZ(Q) + Rc (C’ ¢) [dC]
+ (7 Vdc + div(¢dc) — div(DVdc), y).

Taking the derivative with respect to ¢ € Q C H(div, Q) in the direction of d¢ € O
gives

0
%Lr(c, ¢.y)[d¢] = Ry (c, ¢)[d¢] + (div(cdg), y).

Finally, we need to select a regularization term R. Andreev et al. (2015) considered an
H(div)-regularization, which is a very natural Sobolev space setting for the velocity
field. To enforce a bit more regularity, we use H' regularization here,

1
R(c.4) = R(#) = 3o (I4I*+11V 617)
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for a regularization parameter & > 0. Thus R, = 0, while

Ry(c,p)[do] = a ((¢,d¢) +(V ¢,V ds)).

With these assumptions and some renaming of the test functions, we obtain the
following time-independent but nonlinear system of governing equations, where we
findc e C, ¢ € Q, and y € Y such that

(c,d) + (t7'd + div(¢ d) — divDVd,y) = (ca, d),
(div(cy),y) +a (g, ¥) +(Vo,Vy)) =0,
(T_lc +div(¢ ¢) — div(DVc),z) = (T_lcl ,2)

foralld € C, z € Y, and ¢y € Q. To reduce regularity requirements, we integrate
second-order derivatives by parts. To address the resulting boundary terms, we
prescribe Dirichlet boundary conditions for the concentration ¢ and corresponding
homogeneous Dirichlet conditions for the adjoint field y:

c=c, y=0 on 0Q.

In summary, for the OCD method, we solve the following nonlinear variational
formulation: for given image data ¢y, c; € L?*(Q), time step T > 0, diffusion tensor
D € L*(Q), and regularization parameter @ > 0, find ¢ € Hil(Q), y € Hé(Q),
¢ € H'(Q; R%) such that

(c,d) + <T_ld +div(¢ d),y) + (DVd,Vy) = (c3,d), (9.9a3)
(div(cy), y) + a ({¢,¥) + (div ¢, divyy)) =0, (9.9b)
(t7le+div(dc),z) + (DVe,Vz) = (t ey, 2) (9.9¢)

forall d € H'(Q), z € Hy(Q), y € H'(QR?). We discretize this variational
formulation by a finite element method with continuous piecewise linear elements
for all fields and solve the resulting system of nonlinear algebraic equations using
Newton’s method. The image data c; for ¢ and ¢ = 0 provide a natural initial guess.

9.2.3 Reduced Optimal Convection-diffusion (rOCD) Formulation

Instead of solving the OCD optimization problem (9.9) via the “all-at-once” La-
grange multiplier approach (9.9), we may consider an iterative so-called reduced
approach (Farrell et al., 2013; Hinze et al., 2008). To this end, we introduce the re-
duced objective functional J, defined as J (see (9.6)), viewed in terms of the control
parameter ¢ only, and target finding the ¢ that minimize J:

mqgnf(as) =J(c(¢), ¢). (9.10)
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The convection—diffusion equation (9.5) defines the map ¢ — c(¢).

To solve the rOCD problem numerically, we discretize the convection—diffusion
equation in time from #; to #,, again using the interval between images as the time
step T = to — t; for simplicity. With an implicit Euler scheme, the equation for
¢ ~ c¢(t) becomes

¢c—71(div(¢c) —divD V¢)) = ¢ 9.11)

with the initial condition ¢(#;) = c;. To discretize (9.11) in space, we can use a
standard finite element variational formulation and impose the Dirichlet boundary
condition ¢ = ¢ on 0Q (see (9.2.2)).

We can then solve the optimization problem (9.10) using standard (unconstrained)
optimization algorithms, for instance, Newton or quasi-Newton methods (Al-Baali
et al., 2014) such as the popular L-BFGS algorithm (Liu and Nocedal, 1989). In
practice, this is easily accomplished via the dolfin-adjoint library with FEniCS or
Firedrake as the finite element backends (Farrell et al., 2013).

9.3 Numerical Comparison of the OMT, OCD, and rOCD
Methods

To study the accuracy and predictability of the different algorithms (OMT, OCD,
and rOCD), we consider here a numerical test case with a manufactured solution
(Fig. 9.1, Tab. 9.1). Interestingly, we observe that the OMT velocity (Fig. 9.1D)
differs substantially from the original convective contribution, both qualitatively and
quantitatively, and that its norm(s) varies strongly with the choice of parameter a.
On the other hand, the OCD and rOCD velocity fields are very similar, qualitatively
agree well with the original velocity, and are robust with respect to the regularization
parameters for small and moderately small , but both underestimate the velocity
magnitude and show bias toward regions with higher concentration values. A full-
scale application of the OCD and rOCD methods to identify convective fluid flow
fields from human glymphatic MRI images is presented by Vinje et al. (2023).

9.4 Concluding Remarks and Outlook

In conclusion, we highlight the following observations. First, the OMT formulation
is easy to implement and relatively inexpensive, but it is found here to be sensitive
to numerical parameters such as the choice of regularization parameters and mesh
resolution and can yield spurious velocity field patterns. Moreover, this OMT formu-
lation does not account for the diffusion directly. Regularized or unbalanced OMT
formulations (Chen et al., 2023, 2024) may address these points. On the other hand,
the OCD and rOCD approaches are both also easily implemented and more compu-
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Fig. 9.1: Velocity field estimation with known data. Consider a (unitless) manu-
factured test case with a given velocity field ¢ = (0.02,0.02) (A) and diffusion
coefficient D = 0.01 over the domain [0, 1]> ¢ R?. A smooth bump function (B) is
used as initial data ¢y at t; = 0 and the continuous piecewise linear finite elemen-
t/implicit Euler approximation to (9.5) with zero boundary condition at #, = 1 (C)
are used as synthetically generated data. D-F: The velocity fields recovered by the
OMT (D), OCD (E), and rOCD (F) approaches (@ = 1073, h = %, fields scaled 2x).

tationally expensive, but they yield more robust results with regard to the numerical
parameters. Solvers for the nonlinear OCD problem (e.g., Newton’s method) may
easily fail to converge, and, similarly, many optimization iterations may be required
for the rOCD approach. Finally, note that none of the approaches considered here
enforces a volume preservation constraint

divg=0 inQ, >0, 9.12)

in contrast to, for example, the study by Glowinski et al. (2022).
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A: OMT vs a B: OCD vs « C:rOCD vs a
@ |lele el 161y @ [Iele lels 161y o [Iele Iel 16l

10° [0.0129 0.0302 0.1686 10° 0.0049 0.0070 0.0068 10° |0.0049 0.0070 0.0068
107! [0.0171 0.0542 0.2459  10~!{0.0088 0.0124 0.0119 10~! |0.0088 0.0124 0.0119
1072 10.0236 0.0786 0.3332 1072 {0.0098 0.0135 0.0131 1072 |0.0099 0.0136 0.0131
1073 0.0282 0.0845 0.4181  1073{0.0100 0.0137 0.0133 1073 |0.0103 0.0139 0.0131
1074 0.0448 0.0851 0.6477  107*{0.0100 0.0137 0.0133 107*+|0.0116 0.0148 0.0122
1075 {0.0709 0.1441 0.6857 1072 |0.0100 0.0137 0.0133 1073+|0.0029 0.0069 0.0208

Exact|0.0283 0.0283 0.0000 Exact|0.0283 0.0283 0.0000 Exact|0.0283 0.0283 0.0000

D: OMT vs n E:OCDvsn F:rOCD vs n
no Il 160 Il 7o 16l Teles gl n [161 Nl 18]

4 0.0129 0.0402 0.1574 4 0.0027 0.0046 0.0078 4 0.0026 0.0044 0.0079
8 0.0313 0.0714 0.4666 8 0.0095 0.0132 0.0131 8 0.0093 0.0130 0.0132
16 0.0282 0.0845 0.4181 16 |0.0100 0.0137 0.0133 16 |0.0103 0.0139 0.0131
32 (0.0236 0.0763 0.3756 32 |0.0103 0.0140 0.0134 32 [0.0101 0.0139 0.0136
64 10.0217 0.0714 0.3568 64 |0.0104 0.0141 0.0134 64 [0.0099 0.0137 0.0138
128 [0.0191 0.0617 0.3209 128 |0.0104 0.0141 0.0134 128 [0.0100 0.0138 0.0138

Exact|0.0283 0.0283 0.0000 Exact|0.0283 0.0283 0.0000 Exact|0.0283 0.0283 0.0000

Table 9.1: For all methods, for varying @, n = 16, while for varying n, @ = 1073,
1 indicates that the maximal number of iterations (500) has been reached. For the
rOCD method, we used the L-BFGS algorithm with gtol set to 102 and a maximal
number of iterations of 500.
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Chapter 10

An introduction to network models of
neurodegenerative diseases

Georgia S. Brennan and Alain Goriely

Abstract Neurodegenerative diseases are characterized by the buildup of key toxic
proteins. For instance, Alzheimer’s disease, impacting over 50 million people world-
wide, is associated with amyloid beta and tau proteins. The spatial and temporal
evolution of these proteins and their association with cognitive decline suggest the
existence of underlying principles that might be modeled mathematically. Funda-
mentally, the spread of these diseases is characterized by the transport, expansion,
and saturation of toxic proteins in the brain. We show that a simple model that
includes all these aspects and reproduces the basic invasion patterns is a network-
based model. This reductionist model effectively approximates the full dynamics.
This chapter is conceived as a gentle step-by-step introduction to these ideas and
models.

10.1 Introduction

Alzheimer’s disease affects more than 50 million people worldwide and is found
in about one in nine people aged 65 and older. Unlike cancer and many viral and
bacterial diseases, Alzheimer’s disease, in its most common form, presents itself in
stages that have been codified and are found in most patients. We also know that this
cognitive staging is associated with a systematic invasion in the brain of two key
toxic proteins that were identified by Alois Alzheimer in 1905. The first one is the
well-known amyloid beta, an extracellular protein whose natural functions are not
well understood. The second one is the group of tau proteins that normally stabilize
microtubules in axons. However, they can misfold. It is believed that a misfolded
version of tau acts as a template for healthy tau proteins and promotes the formation
of oligomers of increasing sizes, eventually leading to large aggregates that can be
observed in brain tissues after death (Jucker and Walker, 2013). While most drug
trials focus on amyloid beta, it is the presence of toxic tau proteins that is most
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strongly correlated to brain atrophy and to cognitive symptoms. The typical pattern
of tau evolution obtained through histological staining is known as the Braak staging,
after the neuroanatomists Eva and Heiko Braak who first proposed it in 1991 (Braak
and Braak, 1991). It describes the evolution of the disease in six stages, starting in
the entorhinal cortex and evolving through the hippocampal region (associated with
memory), the temporal lobe, the occipital lobe, and all regions of the neocortex, with
lesions in each region worsening in time.

The prion-like hypothesis broadly postulates that neurodegenerative diseases re-
sult from an accumulation of abnormally misfolded proteins that aggregate and
contribute to tissue death, causing associated neurodegenerative pathology and cog-
nitive decline. In this process, certain disease-specific misfolded proteins can influ-
ence healthy proteins, forming extensive chains that can be transported through the
brain along axonal pathways. Given that aggregates of differing sizes exhibit unique
transport characteristics and varying levels of toxicity, it is crucial to independently
monitor their spatial and temporal evolution.

From a modeling point of view, the systematic pattern of invasion through the
brain and the multiple cognitive effects suggest to the curious mind that some
simple underlying features of the brain could be responsible for this spatiotemporal
pattern. The challenge is therefore to obtain minimal mathematical models based
on clear principles that can capture, at the brain level, the staging as well as other
characteristics of the disease, such as brain atrophy and changes in overall brain
dynamics.

From a phenomenological point of view, there are three processes to consider:
(transport), where toxic proteins are transported in the brain, mostly along axonal
bundles (connecting different parts of the brain and acting as information highways);
(expansion), where the aggregation process is autocatalytic and leads to an initial
exponential increase of small toxic populations; and (saturation), where each region
can only support a certain level of toxic proteins. A canonical model for such a
process in a continuum medium is the celebrated Fisher—Kolmogorov—Petrovsky—
Piskunov (Fisher-KPP) equation. If p(x,t) € [0, 1] is the scaled concentration of
the toxic protein, the equation reads as follows:

op

E=V~(DVp)+ap(l—p), (10.1)
where D is a transversely anisotropic diffusion tensor with a strong preferential
direction along the axonal bundle and @ > 0 is the growth rate. Remarkably, this
model can be obtained, under generic conditions, as a normal form of the full
aggregation—fragmentation equations that track the evolution of oligomers of differ-
ent sizes (Thompson et al., 2021). Hence the parameters can be directly related to
the aggregation and clearance rates at the microscopic level.

Modern brain imaging techniques are now well developed, and it is relatively routine
to use medical resonance imaging to obtain both the full brain geometry as well as
the direction of axonal bundles. Then, starting with an initial seed of toxic proteins



10 An introduction to network models of neurodegenerative diseases 135

in the entorhinal cortex, we simulated the evolution of the field in the brain as shown
in Figure 10.1. Without considering added complexities of extracellular diffusion,
aggregation kinetics, or clearance, the dynamics obtained from this minimal model
recovered the basic dynamics of the disease in great detail (Weickenmeier et al.,
2018). Further, the same model applied to other neurodegenerative diseases asso-
ciated with other toxic proteins, such as a-synuclein for Parkinson’s or TDP-43 for
amyotrophic lateral sclerosis, also reproduces their basic spatiotemporal patterns as
well as atrophy patterns obtained post-processing from finite element simulations,
the only difference being the region and extent of seeding. Despite the complexity
and diversity of these diseases, universal features of progression emerge from the
combination of an autocatalytic process and transport in an anisotropic medium.

medical model based on histopathology

discrete network model
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Fig. 10.1: Progression of toxic tau proteins in the brain. Top: medical staging based
on histopathology (the analysis of postmortem brain slices). Middle: Simulation
of the anisotropic Fisher-KPP model with an initial value in the entorhinal cortex.
Bottom: Simulation of the network Fisher-KPP model with initial seeding at the
entorhinal node (adapted from Fornari et al. (2019)).
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When such strong universal patterns appear, a natural question emerges: what are
the essential features responsible for the invasion pattern? Since the autocatalytic
dynamics cannot be further simplified, we can look into the transport term and test
the hypothesis that the observed patterns are a consequence of the strong transport
anisotropy along the axonal bundles. These bundles are not only information high-
ways; they could also carry efficiently toxic proteins across the brain. A simple way
to test this idea is to coarse-grain the brain by considering multiple regions and the
connections between them. The full brain is then replaced by a network, the connec-
tome, where each node is a region and an edge represents the possible connections
between regions. This approach is the basis for a large field of neuroscience, and
various groups have successfully used the connectome to look at the effect of protein
diffusion in the brain (Raj et al., 2012).

The natural discretization of the diffusion operator on a network is the weighted
graph Laplacian L with weights proportional to the number of connections and
inversely proportional to the squared distance between nodes. Then, defining p;(¢)
to be the concentration of toxic proteins at node i, the discrete Fisher-KPP equation
reads as follows:

N
pi==p ) Liypj+api(l=p), i=1,...,N. (10.2)
j=1

This system of nonlinear ordinary differential equations turns out to be an excellent
approximation of the dynamics generated by the full nonlinear partial differential
equations that we started with, as shown in Figure 10.1.

The remainder of the chapter is an in-depth technical study and derivation of this
network model. All files and the Mathematica workbook are provided by Goriely
and Brennan (2024).

10.2 Network Models
10.2.1 Diffusion Models

Let G = (N, &) be anetwork with node set N and edge set &. Since we are interested
in diffusion processes, we assume that the network is connected (otherwise we can
consider diffusion on each component of the network). Consider two nodes in N
with labels i and j and denote by a;; the weight of the edge connecting node j to
node i. We define the weighted adjacency matrix A as the N X N matrix with entries

Aij=aij, i,j=1,....N. (10.3)

We are interested in modeling diffusion-like transport processes on the network
where each node has a spatial location x; denoting the central point of a region of
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typical volume V;. In the first instance, we consider the case in which each region
has the same constant volume V = V;, Vi, and we will consider the correction due
to the volume later on. We define at each node a concentration p;, representing the
amount of a certain quantity defined in that region.

The natural coarse-graining of the diffusion operator on a regular lattice is the graph
Laplacian. Therefore, our goal is to define a graph Laplacian L that models basic
transport properties on the network so that, in the absence of other physical processes,
the evolution of the concentration is given by

dp

= =—pL-p, 10.4

- PLp (10.4)
where p = (p1,...,pn) is the (column) vector of concentrations and p > 0 is a
diffusion-like constant (note that the minus sign in front of L is just a matter of
convention and has no particular significance) and the dot represents the regular
index contraction, (L - p); = Zj.vzl Lijpj.

There are two natural constraints associated with a transport process that depends
on the relative concentration between two different regions. First, we assume that
the concentration represents a physical quantity and that the transport process does
not change the total amount of that quantity, in our case, the total mass of a given
chemical. Therefore, mass conservation imposes the total mass in the system,

N
M=) Vipi (10.5)
i=1

to remain constant in time. Therefore, using the assumption that all volumes are
equal, we have

N
dp; dp
Vi =V1l.-— =0, 10.6
l_:z] dt dt (10.6)
where 1 = (1, ..., 1) is the one vector. Using (10.4), this condition implies
1-L-p=0, (10.7)

which must be true for all p. Hence, we have
1-L=0, (10.8)

where 0 = (0,...,0) is the null vector. In other words, the one vector is in the left
null space of L. We address heterogeneity in the regional volume later in this chapter.

The existence of at least one zero eigenvalue for L implies that the right null space
is non-empty. Hence, there exists a vector p such that

L-p=0, (10.9)
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which defines a steady-state concentration.

10.2.2 Fick’s Condition for Undirected Networks

Next, we assume that the network is undirected and that transport is driven by
differences in concentration between different regions. In this case, we have L = LT,
which implies, for connected networks, that the steady concentration is uniform
P = M/N1. This condition is related to Fick’s condition (10.10) that, in the absence
of a concentration gradient, there is no diffusion flux. The discrete form of this
condition is that, if all concentrations are equal, there is no change in concentration.
Hence, for undirected networks, we have a second condition:

L-1=0. (10.10)

We note that this condition is not as stringent as the condition on mass conservation.
Indeed, other assumptions are possible, for instance, when the transport process
is viewed as a random walk. Masuda et al. (2017) studied continuous-time random
walks where the walker waits until the next move for a time 7, with T arandom variable
chosen to follow a Poisson process (7 is distributed according to the exponential
distribution with parameter 4 = 1). We can imagine two cases.

In the edge-centric case, each edge is opened independently with a given Poisson
process with a rate proportional to the edge weight. Once that edge is open, a walker
can move through it. In this case, the equation for the evolution of the probabilities,
P, is

dp

de
where D = diag(d) is the degree matrix, a diagonal matrix with diagonal elements
d=A-1and

-L - p, (10.11)

L=D-A, (10.12)

where L is the standard graph Laplacian. In particular, in the unweighted case, the
weight is taken to be a;; = 1 whenever an edge is present between i and j, as shown
in Figure 10.2. In the particular Boolean case, a walker travels at a unit rate and goes
from a node to its neighbor with rate one. That is, a traveler leaves a node i with a
rate d;, whereas in the previous case the transition rate for leaving a node is the same
for all nodes.

In the node-centric case, a walker moves from node i to node j with a probability
proportional to a; ;. Then the evolution of the probability density p (i.e., p; gives the
probability that a walker visits node 7) is

dp

= = -LD 'p. 10.13
” p ( )



10 An introduction to network models of neurodegenerative diseases 139

In the particular Boolean case, a walker travels at a unit rate and goes from a node
to its neighbor with a rate proportional to its degree (a node with three numbers has
a probability 1/3 of jumping to any one of them).

10.2.3 The Graph Laplacians of Connected and Undirected Networks

For a weighted, connected, and undirected network, the standard network diffusion
equation is obtained by choosing the standard graph Laplacian

dp
— =—pL-p. 10.14
-~ PLp (10.14)
The definition of D and the symmetry of A imply

D-1=1-D=A-1=1-A=d. (10.15)

Other possible Laplacian matrices can be defined through A and D and have been
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Fig. 10.2: A simple example of an undirected unweighted graph with its adjacency
and Laplacian matrix.

used in various studies such as spectral clustering. These include

Lio=1-D"'A=D"'L, (10.16)
Loy =I-AD"'=LD, (10.17)
L2 =1-D2AD™2 = D~1/2AD /2, (10.18)

where I is the identity matrix. These choices motivate the introduction of the family
L., =D'""9?_D9AD? =D “LD", (10.19)

The dynamics generated by these Laplacians only depend on the sum a + b. Indeed,
consider the system (10.4) and introduce the change of variable q = Dp. We then

have

d
d_‘tl = —pDL D™ - 4, = —pLa—c prc - Q- (10.20)
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Hence, up to a scaling of the variables, the three systems (10.16—10.18) have the same
dynamics (same eigenvalues and scaled eigenvectors). However, the Laplacian Lo o
is not part of that family, and no straightforward connection between its spectrum
and the spectrum of other Laplacians can be made.

We can now check, within the family L, ;,, which Laplacian satisfies Fick’s condition:
L.y-1=D'"9?.1-D“AD? .1, (10.21)

which implies, after multiplication by D¢,
D!"?.1=AD" 1. (10.22)

This last equality can only be true if AD™” = D~PA. Indeed, assuming b # 0, if
there exist i and j such that d; # d; (otherwise D is a multiple of the identity and all
Laplacians are equal up to a multiple), we have (AD~?); ;= d]TbAi i * (D~PA); ;=
d;A;;. Hence we conclude that, unless d; = d; for all i, j, we must have b = 0.

The same reasoning applied to the mass conservation condition implies that, unless
d; = d; for all i, j, we must have a = 0. Indeed, if a # 0, then the total mass is
not conserved in the dynamics. Indeed, the stationary state is generally given by a
multiple of p = D? - 1. An initial concentration py will evolve asymptotically (as
t — o0) toward pe = A(po)P, Where A(po) depends linearly on the initial conditions
(e.g., for a symmetric L, j,, we have simply 2 = pg - p/p - p)- Therefore, an initial
mass mg = 1 - pg evolves asymptotically to a mass

Mo =A1-P. (10.23)

Depending on the initial conditions, degrees, and choice of a # 0, m., can be larger,
smaller, or equal to m(. From a modeling perspective, it should be clear that such a
choice cannot be justified. A change in mass should be properly modeled and cannot
depend on the topology of the graph or the initial conditions. Although a normalized
graph Laplacian (with a # 0) is a convenient object for many mathematical studies,
it cannot be used to model a transport process (and modeling a transport process
that includes either the creation or removal of material is problematic, since such a
process would depend on the topology of the graph and not a physical process).

Hence, for a generic graph we conclude that the only Laplacian L, p, that satisfies
both the mass conservation and Fick’s conditions is the standard graph Laplacian
L = Lo,o. This is an important conclusion, since other Laplacians have been used in
the literature (Abdelnour et al., 2014).

Correction for Varying Volumes

If the nodes have different volumes v = (Vj,...,Vy), then the condition for the
conservation of mass must be modified. Indeed, the total mass is now M = v - p.
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Enforcing M = 0 in (10.4) implies
v-L=0. (10.24)
This condition is satisfied by choosing
L=Ly=VL, V = 1/Vpdiag(v), (10.25)

where V) is a reference volume (average or total volume, e.g.). We note that this
modified graph Laplacian is not symmetric but that Fick’s condition is still satisfied
(Ly -1 = 0), since diffusion takes place when a concentration gradient is established,
independently of the node’s volume.

In the context of modeling neurodegenerative diseases, we note that the multiplication
of the standard Laplacian on the left by a diagonal matrix has also been used to define
regions of vulnerability (Henderson et al., 2020, 2019), thus assuming that diffusion
takes place differently in different nodes. Mathematically, it is the same operation, but
its interpretation in terms of volumes or vulnerability is different and corresponds to
a different modeling choice (e.g., if we insist on mass conservation, then mass should
be conserved and interpreting V™! as vulnerability precludes mass conservation).

10.3 The Choice of Weights

We now turn our attention to the problem of appropriately choosing the weights of
the network. We assume that these weights take positive real values and model the
fact that some connections may favor transport over others. Indeed, in a physical
network, one could expect some of the edges to be larger than others or to have
different properties that will enhance or inhibit diffusion. There is no particular
added mathematical difficulty to treat this case, and all the definitions of Laplacians
seen so far still apply by using a real-valued weighted adjacency matrix A and adding
the word weighted in front of all other matrices. For instance, the weighted degree
matrix is the diagonal matrix with the diagonal elements given by the weighted
degrees d = A - 1. We note however, that these degrees lose their interpretation as
the number of edges attached to a node.

The problem is now how to choose the weights of the adjacency matrix. Based on
the available data for the brain connectome, we assume that an edge between distinct
nodes i and j is represented by an idealized uniform cylinder built from n;; € R
fibers and node distance measured along tracts g;; € Ro. The number of fibers is
obtained as an average over multiple data sets. We assume that all material properties
are uniform, and we discuss different modeling assumptions for the weights a;;.

Length-free transport: If we assume that the transport process does not depend
on the length of the fibers but is limited by other transport mechanisms (e.g.,
cell-to-cell transport), then a suitable choice for the weighted adjacency matrix



142 Georgia S. Brennan and Alain Goriely

is simply a;; = n;;. Then the standard weighted graph Laplacian satisfying both
mass conservation and Fick’s condition is

Lij = (didij — nij), di =

N
nij, (10.26)
j:

where ¢;; is Kronecker’s delta and the constant p = 1/7 appearing in (10.4)
has the dimension of inverse time. Hence, in this diffusion process, there is no
notion of distance and the particular location of different nodes is not taken
into account. This process assumes a much slower time scale in the overall
diffusive process, which justifies the fact that transport along edges is essentially
instantaneous and only modulated by the number of fibers in a given edge and
not its length.

Ballistic transport: A second model involves transport penalized by length, so that
we have a;; = n;;/gij and L = D — A. The Laplacian

nij Nij
Lij=dio;; — -, di= Z ity (10.27)

8ij — 8ij

7=

where p has now the dimension of a velocity (length over time). Hence, this
scaling assumes that the transport motion along the edges scales is a ballistic
process. This assumption is suitable to describe nonlinear processes within
edges, such as front propagation produced by a nonlinear reaction—diffusion
process. In the case of intercellular transport within an axon, if we assume that
there is a pool of proteins that can interact autocatalytically with the population
of toxic proteins, we expect the development of a front of toxic proteins traveling
along the axon, and this choice may be justified.

Diffusive transport: A third model is that transport depends on the inverse of length
squared: a;; = n;j /gl?j and

nij S
Lij=dioij- =,  di=) =, (10.28)
i =1 8ij
which now implies that p has the dimension of diffusivity (length squared
over time). This is the scaling that we would obtain by directly discretizing
the continuous Laplacian over a regular grid. Hence, in the absence of other
assumptions about transport, this model seems to be the most natural one (in
the sense that the other ones require further modeling assumptions about the
transport process taking place within edges or the existence of different time
scales in the problem).

The three choices above are part of the general family of weights
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I’lij
dij = >

(10.29)

where w =0, 1, 2.

Distance-based transport: A completely different model solely based on distance
has been proposed by Pandya et al. (2019). In this case, the adjacency matrix is
not based on connectivity but directly on the Euclidean distance between nodes
i and j given by {;;;

fij=e il (e tilt — ) — 55, (10.30)

where g is a typical length scale (1/2 of the mean distance) and H is the Heaviside
function. A further step of removing long connections with small values with
an (arbitrary) threshold 7 is used to obtain a sparse matrix. The value chosen by
Pandya et al. (2019) is T = 0.15, which we adopt for the 83-node connectome
to produce a graph with 1552 edges. This model assumes a connection between
nodes only if they are sufficiently close. Note that we have subtracted the identity
so that a;; =0, Vi.

Normalization: The adjacency matrix is defined up to an arbitrary multiplicative
constant (balanced in Eq. (10.2) by the diffusion constant). Therefore, after we obtain
the adjacency matrices, we normalize them so that their largest entries are one. The
matrices given in the GitHub repository all have this property.

There is no obvious reason to choose one type of weight over another. A conservative
modeling approach is to use a ballistic or diffusion assumption (exponent 1 or 2),
which can be justified when the diffusion process takes place on a regular lattice.

10.3.1 The Connectome

A brain connectome is obtained by defining nodes of the network to be regions of
interest, typically associated with well-known areas from a brain atlas. The edges of
this network are defined as the connections between regions. The brain connectome
is then modeled as an undirected weighted graph G with n nodes and m edges. The
weights for the adjacency matrix for the simulation are derived from the tractog-
raphy of diffusion tensor magnetic resonance images corresponding to 418 healthy
subjects of the Human Connectome Project (McNab et al., 2013) using the Budapest
Reference Connectome v3.0 (Szalkai et al., 2017).

Multiple resolutions with N ranging from 83 to 1015 are available. The values
of n;; and g;; are obtained as averages over the 418 brains before the weight is
computed. Here, for the purpose of a general introduction, we will use the 83-node
network. This network is also easier to match with other types of data (such as
volume and clearance) that are typically only available at low resolution. The graph
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contains N =83 nodes, 1654 edges, and the weighted adjacency matrix (with ballistic
weights) shown in Figure 10.3. Hence, we have

(nij) 18 (k) 1\ (k)
TR L o N e [ )
g )= a5 ;nu i) = 773 ;g,j (10.31)

aij = l/a

where nglf) is the number of fibers k& in the brain between nodes i and j. The parameter

w denotes the choice of transport (w = 0 is length- free, w = 1 is ballistic, w = 2 is
diffusion). The parameter a is chosen for normalization so that the maximal entry of
A is one. As defined above, we use the graph Laplacian L = D — A where D =1-A.
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Fig. 10.3: The average weighted-adjacency of 418 brain connectomes with n = 83
nodes and ballistic weights, together with the node position in the brain and the lobes
to which they belong.
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10.4 Implementation

Once a given weight is chosen, we compute the corresponding graph Laplacian L
and the problem then reduces to integrating the discrete Fisher-KPP equation:

pi=-p ) Lijpj+api(1-p;), i=1,...,N (10.32)

N
=1
pi(0)=¢, i€S, pi(0) =0, otherwise, (10.33)

where S is the set of nodes that are seeded. For instance, it is known that, for
Alzheimer’s disease, the disease starts in the entorhinal cortex (which corresponds
to nodes 27 and 68 in our atlas, and we therefore have p7(0) = peg(0) = € and
pi(0) = 0 everywhere else).

Mathematically, there are two regimes of interest depending on the ratio p/a. In the
diffusion-dominated regime p/a > 1, the system behaves mostly homogeneously,
with the concentration of toxic proteins increasing in all regions uniformly, as found
in the propagation of amyloid beta. However, a systematic study of data available
from an open database! using hierarchical Bayesian parameter inference taught us
that the evolution of tau proteins is in the growth-dominated regime (p/a < 1),
where each region is invaded in turn from the primary seed. This is the regime of
interest for our discussion.

While integrating the system of equations (10.32-10.33) for given parameter values
is straightforward, their numerical solutions are given by 83 different curves, as
shown in Figure 10.4, which is not particularly useful or directly interpretable.

ApiD)

0.5]

A
5 10 15 20 25 30 35 40 45 50 ”~

Fig. 10.4: Integration of the discrete Fisher-KPP equations with diffusive weights,
N =83, a = 0.5/year, p = 0.01/year, and € = 1/20.

! Alzheimer’s Disease Neuroimaging Initiative, at https://adni.loni.usc.edu/.
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A more informative way to present the results is to average the concentration by
Braak regions corresponding to a subset of nodes. Using the basic decomposition
in six regions corresponding to different stages of the disease, the Braak region i is
defined by a subset B; of N; nodes. For instance, Braak I is defined by the two nodes
defining the entorhinal cortex, B; = {27, 68}. We define the averaged concentrations

1 .
Pi(t) = Ejé_p,-(z), i=1...,VL (10.34)

An example of such a simulation is shown in Figure 10.5 together with the different
regions. In addition, an asymptotic approximation of the numerical solution is also
shown that follows Putra et al. (2023), but it will not be discussed further here.

concentration

Fig. 10.5: Average concentration of toxic proteins in each Braak region. The solid
curves are the numerical solutions, and the dashed curves are their approximations
obtained from a nonlinear perturbation expansion (Putra et al., 2023). Initial condi-
tions and parameters are as in Figure 10.4.

We can now compare the different choices of weights for the Laplacian. In Fig-
ure 10.6, we run the same model with the same parameters but with different
weights. We see that the dynamics are essentially the same, irrespective of the
choice of weights.
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Fig. 10.6: A comparison of the three weight choices (diffusive, solid line; ballistic,
dashed line; length-free, dot-dashed and black) shows little effect of the weight.
Initial conditions and parameters are as in Figure 10.4.

10.4.1 Limitations and Extensions

Despite its simplicity, the network model (10.32 and 10.33) can be used as a basic
starting point to study many different aspects of the disease, quantify new hall-
marks of the disease, and test possible mechanisms responsible for the onset and
progression of neurodegeneration. In more recent work, we have considered local
variations in parameters associated with brain inhomogeneity; derived analytical
estimates for the arrival time of the propagating front of toxic proteins through the
connectome (Putra et al., 2023); studied the coupling between amyloid beta and tau
proteins (Thompson et al., 2020), the role of clearance in the initiation and dynamics
of the disease (Brennan et al., 2023), and the interactions between the vasculature
and toxic proteins (Ahern et al., 2025); predicted downstream effects such as brain
atrophy from tau pathology (Schifer et al., 2021); and identified topological signa-
tures of the disease in graph space (Goodbrake et al., 2024). We have developed
generalized Smoluchowski equations for the microscale aggregation kinetics and
used this model to extract bifurcation points from experimental data, showing the
critical levels of clearance above which protein aggregation does not occur Brennan
and Goriely (2025); Thompson et al. (2021), and further approximated how much
toxic concentration a region of the brain can withstand before the natural defenses of
brain clearance are overwhelmed and the region becomes saturated in toxic proteins
(Brennan et al., 2023). We have also studied the perplexing dynamics in brain ac-
tivity observed in patients who typically show periods of hyperactivity followed by
hypoactivity and a shift in brain wave frequencies. The same model coupled to so-
called neuronal mass models for brain activity allowed us to test multiple hypotheses
and to conclude that local damage of particular groups of neuronal cells is the most
likely mechanism responsible for these observations (Alexandersen et al., 2022).
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Limitations of the model come from the low availability of human clinical data to
apply to our models, due to ethical experimental constraints, imaging measurement
noise, and inter-subject variability. There is always an intrinsic measure of uncer-
tainty in our parameter values, but thankfully this is quantifiable by methods such as
Bayesian inference. The availability of accurate mathematical models, however, will
lessen the need for human experiments to further our understanding of the disease
and simulate therapeutic intervention strategies. Further, exploring the parameter
spaces heightens our intuition of disease dynamics from a purely theoretical view.
The brain network itself and model parameters could also be personalized to predict
patient-specific neurodegeneration.

10.5 Conclusion

At present, the driving factors of Alzheimer’s disease are poorly understood, and
there are many open questions. Only in the last decade or so has mathematical
modeling joined the fight against Alzheimer’s disease. Relatively simple reaction—
diffusion network models of neurodegeneration reproduce the spatiotemporal spread
of toxic proteins observed in imaging studies, thus capturing the governing dynamics
of the disease. Network models thus provide a powerful platform for realistic and fast
computational experiments that heighten our understanding of key mechanisms of
neurodegeneration and enable clinical hypotheses to be explored in silico on human
brain graphs. Once network models are developed, the application of computational
experiments is not only to understand the mathematical dependencies, but also to
address the big questions at the forefront of Alzheimer’s research. What interplay
exists between the underlying mechanisms driving the disease? Why do we see such
distinct spreading patterns in Alzheimer’s disease? What sets the time scales for
disease progression (approximately 40 years to full invasion)? And, most pressing,
is there any way to intervene in the devastating cascade of toxic proteins through the
connectome?
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