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Preface

In 2008, November 23-28, the workshop of “Classical Problems on Planar Polyno-
mial Vector Fields ” were held in Banff International Research Station of Canada.
So called “classical problems”, it concerns with the following: (1) Problems on inte-
grability of planar polynomial vector fields. (2) The problem of the center stated by
Poincaré for real polynomial differential systems, asks us to recognize when a planar
vector field defined by polynomials of degree at most n possesses a singurality which
is a center. (3) Global geometry of specific classes of planar polynomial vector fields.
(4) Hilbert’s 16th problem.

These problems had been posed more than 110 years. Therefore, they are called
“classical problem” in the studies of the theory of dynamical systems.

The qualitative theory and stability theory of differential equations, created by
Poincaré and Lyapunov at the end of the 19th century had major developments as
two branches of the theory of dynamical systems during the 20th century. As a part
of the basic theory of nonlinear science, it is one of the very active areas in the new
millennium.

This book presents in an elementary way the recent significant developments
in the qualitative theory of planar dynamical systems. The subjects are covered
as follows: The studies of center and isochronous center problems, multiple Hopf
bifurcations and local and global bifurcations of the equivariant planar vector fields
which concern with Hilbert’s 16th problem.

We are interested in the study of planar vector fields, because they occur very of-
ten in applications. Indeed, such equations appear in modelling chemical reactions,
population dynamics, travelling wave systems of nonlinear evolution equations in
mathematical physics and in many other areas of applied mathematics and mechan-
ics. In the other hand, the study of planar vector fields has itself theoretical sig-
nification. We would like to cite Canada’s mathematician Dana Schlomiuk’s words
to explain this fact: “Planar polynomial vector fields and more generally, algebraic
differential equations over the projective space are interesting objects of study for
their own sake. Indeed, due to their analytic, algebraic and geometric nature they
form a fertile soil for intertwining diverse methods, and success in finding solutions
to problems in this area depends very much on the capacity we have to blend the
diverse aspects into a unified whole.”

We emphasize that for the problems of the planar vector fields, many sophisti-
cated tools and theories have been built and still being developed, whose field of
application goes far beyond the initial areas. In this book, we only state some im-
portant progress in the above directions which have attracted our study interest.
The materials of this book are taken mainly from our published results.

This book is divided ten chapters. In Chapter 1 we provide some basic results in
the theory of complex analytic autonomous systems. We discuss the normal forms,
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integrability and linearized problem in a neighborhood of an elementary singular
point.

In order to clearly understand the content in Chapter 2~Chapter 10 for young
readers, and to save space in the following chapters, we shall describe in more detail
the subjects which are written in this book and give brief survey of the historic
literature.

I. Center-focus problem

We consider planar vector fields and their associated differential equations:

LX), Yoy, ()
where X (z,y),Y (z,y) are analytic functions or polynomials with real coefficients. If
X, Y are polynomials, we call degree of a system (E), the number n = max(deg(X),
deg(Y)). Without loss of generality, we assume that X (0,0) = Y(0,0) = 0, i.e., the
origin O(0, 0) is a singular point of (F) and the linearization at the origin of (F) has
purely imaginary eigenvalues.

The origin O(0,0) is a center of (F) if there exists a neighborhood U of the
origin such that every point in U other than O(0,0) is nonsingular and the orbit
passing through the point is closed. In 1885, Poincaré posed the following problem.

The problem of the center Find necessary and sufficient conditions for a
planar polynomial differential system (E) of degree m to possess a center.

This problem was solved in the case of quadratic systems by Dulac who proved
that all quadratic systems with a center are integrable in finite terms. Actually
they could be shown to be Darboux integrable by the method of Darboux by using
invariant algebraic curves. Similar results were obtained for some classes of cubic
differential systems with a center. Darboux integrability is an important tool, al-
though not the only one. The problem of the center is open for general cubic systems
and for higher degrees.

Poincaré considered the above problem. He gave an infinite set of necessary and
sufficient conditions for such system to have a center at the origin. In his memoir
on the stability of motion, Lyapunov studies systems of differential equations in n
variables. When applied to the case n = 2, his results also gave an infinite set of
necessary and sufficient conditions for system (E) with X, Y polynomials to have a
center. (Actually, Lyapunov’s result is more general since it is for the case where
X and Y are analytic functions). In searching for sufficient conditions for a center,
both Poincaré and Lyapunov’s work involve the idea of trying to find a constant of
the motion F(z,y) for (F) in a neighborhood U of the origin, where

o0

F(x,y):ZFk(x,y), (1)

k=2

F} is a homogeneous polynomial of order k£ and F5 is a positive definite quadratic
form. If F' is constant on all solution curve (x(t),y(t)) in U, we say that F' is a first
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integral on U of system (F). If there exists such an F' which is nonconstant on any
open subset of U, we say that system (E) is integrable on U.

Poincaré and Lyapunov proved the following theorem.

Poincaré-Lyapunov Theorem The origin of the polynomial (or analytic)
system (E) is a center if and only if in an open neighborhood U of the origin, (E)
has a nonconstant first integral which is analytic.

Thus, we can construct a power series (1) such that

dF
—| =Vt ) 150 ) e Vo (0 ) e (2)
(E)
with Vi, V5, -+, Vagy1, -+ constants. The first non-zero Vo, 41 give the asymptotic

stability or instability of the origin according to its negative or positive sign. Indeed,
stopping the series at F}, we obtain a polynomial which is a Lyapunov function for
the system (E). The Vary1's are called the Lyapunov constants. Some people also
use the term focal values for them. In fact, Andronov et al defined the focal values
by the formula v; = A®(0)/i!, where A% (pg) is the ith-derivative of the function
A(po) = P(po) — po, P is the Poincaré return map. The first non-zero focal value
of Andronov corresponding to an odd number i = 2n + 1. It had been proved that
the first non-zero Lyapunov constant Vs, differs only by a positive constant factor
from the first non-zero focal value, which is A?"+1)(0). Hence, the identification in
the terminology is natural.

In terms of the V5;.1’s, the conditions for a center of the origin become Vagy1 =
0, for all & = 1,2,3,---. Now V3, Vs, -+, Vapy1, -+ are polynomial with ratio-
nal coefficients in the coefficients of X (z,y) and Y (x,y). Theoretically, by using
Hilbert’s basis theorem, the ideal generated by these polynomials has a finite basis
Bi,Bs, -+, B,,. Hence, we have a finite set of necessary and sufficient conditions
for a center, i.e., B; =0 for ¢ = 1,2,--- , M. To calculate this basis, we reduce each
Vog4+1 modulo < V3, Vs, - - Vop_1 >, the ideal generated by V3, Vi, - -, Vagp_1. The
elements of the basis thus obtained are called the Lyapunov quantities or the focal
quantities. The origin is said to be an k-order fine focus (or a focus of multiplicity
k) of (E) if the fist k — 1 Lyapunov quantities are 0 but the k-order one is not.

The above statement tell us that the solution of the center-focus for a parti-
cular system, the procedure is as follows: Compute several Lyapunov constants
and when we get one significant constant that is zero, try to prove that the system
obtained indeed has a center. Unfortunately, the described method has the following
questions.

(1) How can we be sure that you have computed enough Lyapunov constants?

(2) How do we prove that some system candidate to have a center actually has
a center?

(3) Do you know the general construction of Lyapunov constants in order to get
general shortened expressions for Lyapunov constants V3, Vs, --- .

In Chapter 2 we devote to give possible answer for these questions.

In addition, we shall consider the following two problems.
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Problem of center-focus at infinite singular point

A real planar polynomial vector field V' can be compactified on the sphere as fol-
lows: Consider the z,y plane as being the plane Z = 1 in the space R® with
coordinates X,Y,Z. The center projection of the vector field V' on the sphere of
radius one yields a diffeomorphic vector field on the upper hemisphere and also an-
other vector field on the lower hemisphere. There exists an analytic vector filed
p(V) on the whole sphere such that its restriction on the upper hemisphere has
the same phase curves as the one constructed above from the polynomial vector
field. The projection of the closed northern hemisphere H* of S? on Z = 0 un-
der (X,Y,Z) — (X,Y) is called the Poincaré disc. A singular point g of p(V) is
called an infinite (or finite) singular point if ¢ € S* (or ¢ € S§?/8'). The vector
field p(V') restricted to the upper hemisphere completed with the equator is called
Poincaré compactification of a polynomial vector field.

If a real polynomial vector field has no real singular point in the equator I'o, of
the Poincaré disc and ' can be seen a orbit. All orbits in a inner neighborhood of
I' are spirals or closed orbits, then I' . is called the equator cycle of the vector field.
I'w can be become a point by using the Bendixson reciprocal radius transformation.
This point is called infinity of the system. For infinity, there exists the problem of
the characterization of center for concrete families of planar polynomial (or analytic)
systems. In Chapter 5, we introduce corresponding research results.

Problem of center-focus at a multiple singular point

The center-focus problem for a multiple (degenerate) singular point is essentially
difficult problems. There is only a few results on this direction before 2000. This
book shall give some basic results in Chapter 6.

ITI. Small-amplitude limit cycles created by multiple Hopf bifurcations

So called Hopf bifurcation, it means that a differential system exhibits the phe-
nomenon that the appearance of periodic solution (or limit cycle in plane) branching
off from an equilibrium point of the system when certain changes of the parameters
occur. Hopf’s original work on this subject appeared in 1942, in which the author
considered higher dimensional (greater than two) systems. Before 1940s, Andronov
and his co-workers had done the pioneering work for planar dynamical systems.
Bautin showed that for planar quadratic systems at most three small-amplitude
limit cycles can bifurcate out of one equilibrium point. By the work of Andronov
et al, it is well known that the bifurcation of several limit cycles from a fine focus
is directly related with the stability of the focus. The sign of the first nonvanishing
Lyapunov constant determines the stability of the focus. Furthermore, the number
of the leading Va;41's(i = 1,2,-+) which vanish simultaneously is the number of
limit cycles which may bifurcate from the focus. This is the reason why the inves-
tigation of the bifurcation of limit cycles deal with the computation of Lyaponov
constants.

The appearance of more than one limit cycles from one equilibrium point is called
multiple Hopf bifurcation. How these small-amplitude limit cycles can be generated?
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The idea is to start with a system (E) for which the origin is a k-th weak focus,
then to make a sequence of perturbations of the coefficients of X (z,y) and Y (z,y)
each of which reverses the stability of the origin, thereby causing a limit cycle to
bifurcate.

In Chapter 3 and Chapter 9 the readers shall see a lot of examples of systems
having multiple Hopf bifurcation.

II1. Local and non-local bifurcations of Z;-equivariant perturbed planar
Hamiltonian vector fields

The second part of Hilbert’s 16th problem deals with the maximum number H(n)
and relative positions of limit cycles of a polynomial system

dx

_ dy _

of degree n, i.e., max(degP, deg@) = n. Hilbert conjectured that the number of limit
cycles of (E,,) is bounded by a number depending only on the degree n of the vector
fields.

Without any doubt, the most famous one of the classical problems on planar
polynomial vector fields is the second part of Hilbert’s 16th problem. This a doubly
global problem: It involves the behavior of systems in the whole plane, even at
infinity, and this for the whole class of systems defined by polynomials of a fixed
degree n. Not only is this problem unsolved even in the case of quadratic systems,
i.e. for n = 2, but it is still unproved that the uniform upper bound of the numbers
of limit cycles occurring in quadratic systems is finite. This in spite of the fact that
no one was ever able to construct an example of a quadratic system for which more
than four limit cycles can be proven to exist.

n
Let x, be the space of planar vector fields X = (P, = Z aijziyj,Qn =
i+5=0

n

Z bijz'y’) with the coefficients (a;j,b;;) € B C RY, for 0 < i+j < n,N =
i+j=0

(n+ 1)(n + 2). The standard procedure in the study of polynomial vector fields is
to consider their behavior at infinity by extension to the Poincaré sphere. Thus,
we can see (E,) as an analytic N-parameter family of differential equations on 52
with the compact base B. Then, the second part of Hilbert’s 16th problem may be
splited into three parts:

Problem A Prove the finiteness of the number of limit cycles for any concrete

system X € y, (given a particular choice for coefficients of (E,) i.e,

H{L.C. of (E,)} <oo.

Problem B Prove for every n the existence of an uniformly bounded upper
bound for the number of limit cycles on the set B as the function of the parameters,
i.e.

Vn,¥(ai;,b;;) € B,3H(n) such that #{L.C.of (E,)} < H(n),
and find an upper estimate for H(n).
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Problem C For every n and known K = H(n), find all possible configurations
(or schemes) of limit cycles for every number K, K—i,i = 1,2, --- , K—1 respectively.

Hence, the second part of Hilbert’s 16th problem consists of Problems A~Prob-
lem C.

The Problem A for polynomial and analytic differential equations are already
solved by J.Ecalle [1992] and Yu.Ilyashenko [1991] independently. Of course, as S.
Small stated that “These two papers have yet to be thoroughly digested by mathe-
matical community”.

Up to now, there is no approach to the solution of the Problem B, even for n = 2,
which seem to be very complicated. But there exists a similar problem, which seems
to be a little bit easier. It is the weakened Hilbert’s 16th problem proposed by
Arnold [1977]:

“Let H be a real polynomial of degree n and let P be a real polynomial of
degree m in the variables (z,y). How many real zeroes can the function

h) = // Pdzxdy
H<h
have 7 ”

The question is why zeroes of the Abelian integrals I(h) is concerned with the
second part of Hilbert’s 16th problem 7
Let H(z,y) be a real polynomial of degree n, and let P(x,y) and Q(x,y) be real
polynomials of degree m. We consider a perturbed Hamiltonian system in the form
der  OH dy OH

E - a_y+sp(x ya)‘)v % - 7%+€Q($,y,)\), (EH)

in which we assume that 0 < ¢ < 1 and the level curves
H(z,y)=h

of the Hamiltonian system (Ep).—o contain at least a family I'j, of closed orbits for
h e (hl, hg)
Consider the Abelian integrals

I(h):/Fthy de—//H<h (8—P+8—Q>dﬂcdy.

Poincaré-Pontrjagin-Andronov Theorem on the global center bifurcation

The following statements hold.

(i) If I(h*) = 0 and I'(h*) # 0, then there exists a hyperbolic limit cycle Ly~
of system (6.1) such that L+ — Ty« as ¢ — 0; and conversely, if there exists a
hyperbolic limit cycle Lp« of system (Epg) such that Lp~ — T'p« as € — 0, then
I(h*) = 0, where h* € (hy, ha).

(ii) If I(h*) = I'(h*) = I"(h*) = --- = Ik~ (h*) = 0, and I®)(h*) # 0, then
(Eg) has at most k limit cycles for € sufficiently small in the vicinity of T'j.

(iii) The total number of isolated zeroes of the Abelian integral (taking into
account their multiplicity) is an upper bound for the number of limit cycles of system
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(Ey) that bifurcate from the periodic orbits of a period annulus of Hamiltonian
system (Ep)c—o.

This theorem tells us that the weakened Hilbert’s 16th problem posed by Arnold
[1977] is closely related to the problem of determining an upper bound N(n,m) =
N(n,m, H, P,Q) for the number of limit cycles in a period annulus for the Hamilto-
nian system of degree n — 1 under the perturbations of degree m, i.e., of determining
the cyclicity on a period annulus. Since the problem is concerned with the number
of limit cycles that occur in systems which are close to integrable ones (only a class
of subsystems of all polynomial systems). So that it is called the weakened Hilbert’s
16th problem.

A closed orbit T'p- satisfying the above theorem (i) is called a generating cycle.

To obtain Poincaré-Pontrjagin-Andronov Theorem, the problem for investigating
the bifurcated limit cycles is based on the Poincaré return mapping. It is reduced
to counting the number of zeroes of the displacement function

d(h,e) = eMy(h) + 2 My(h) + --- + " My(h) + - -,

where d(h,e) is defined on a section to the flow, which is parameterized by the
Hamiltonian value h. I(h) just is equal to Mj(h). The function My(h) is called
k-order Melnikov function. If I(h) = M;(h) = 0, we need to estimate the number
of zeroes of higher order Melnikov functions. The zeroes of the first nonvanishing
Melnikov function My (h) determine the limit cycles in (Ep) emerging from periodic
orbits of the Hamiltonian system (Ep)..

In Chapter 8, we discuss a class of particular polynomial vector fields: Z,-equivar-
iant perturbed planar Hamiltonian vector fields, by using Poincaré-Pontrjagin-An-
dronov Theorem and Melnikov’s result. The aim is to get some information for the
studies of the second part of Hilbert’s 16th problem.

IV. Isochronous center problem and periodic map

Suppose that system (E) has a center in the origin (0,0). Then, there is a family of
periodic orbits of (F) enclosing the origin. The largest neighborhood of the center
entirely covered by periodic orbits is called a period annulus of the center. If the
period of the orbits is constant for all periodic orbits lying in the period annulus of
the origin, then the center (0,0) is called an isochroous center. It has been proved
that the isochronous center can exist if the period annulus of the center is unbounded.

If the origin is not an isochronous center, for a point (£,0) in a small neighbor-
hood of the origin (0,0), we define P(£) to be the minimum period of the periodic
orbit passing through (£,0). The study for the period function £ — P(&) is also very
interesting problem, since monotonicity of the period function is a non-degeneracy
condition for the bifurcation of subharmonic solutions of periodically forced inte-
grable systems.

The history of the work on period functions goes back at least to 1673 when
C. Huygens observed that the pendulum clock has a monotone period function and
therefore oscillates with a shorter period when the energy is decreased, i.e., as the
clock spring unwinds. He hope to design a clock with isochronous oscillations in order
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to have a more accurate clock to be used in the navigation of ships. His solution, the
cycloidal pendulum, is perhaps the first example of nonlinear isochronous center.

In the last three decades of the 20th century, a considerable number of papers
of the study for isochronous centers and period maps has been published. But, for
a given polynomial vector field of the degree is more than two, the characterization
of isochronous center is still a very difficult, challenging and unsolved problem.

In Chapter 4, we introduce some new method to treat these problems.

Except the mentioned seven chapters, we add three chapters to introduce our
more recent study results.

In Chapter 7, we consider a class of nonanalytic systems which is called “quasi-
analytic systems”. We completely solve its center and isochronous center problems
as well as the bifurcation of limit cycles.

In Chapter 8, as an example, for a class of Zs-symmetric cubic systems, we give
the complete answer for the center problem and the bifurcations of limit cycles. We
prove that this class of cubic systems has at least 13 limit cycles.

In the final chapter (Chapter 10), we study the center-focus problem and bifur-
cations of limit cycles for three-multiple nilpotent singular points. The materials are
taken by our recent new papers.

We would like to cite the following words written by Anna Schlomiuk in 2004
as the finale of this preface: “Planar polynomial vector fields are dynamical sys-
tems but to perceive them uniquely from this angle is limiting, missing part of their
essence and hampering development of their theory. Indeed, as dynamical systems
they are very special systems and the prevalent generic viewpoint pushes them on
the side. This may explain in part why Hilbert’s 16th problem as well as other prob-
lems are still unsolved even in their simple case, the quadratic one. But, Poincaré’s
work shows that he regarded these systems as interesting object of study from sev-
eral viewpoints, and his appreciation of the work of Darboux which he qualifies as
‘admirable’ emphasizes this point. This area is rich with problems, very hard, it
is true, but exactly for this reason an open mind and a free flow of ideas is neces-
sary. It is to be hoped that in the future there will be a better understanding of
this area which lies at a crossroads of dynamical systems, algebra, geometry and
where algebraic and geometric problems go hand in hand with those of dynamical
systems.”

The book is intended for graduate students, post-doctors and researchers in dy-
namical systems. For all engineers who are interested the theory of dynamical sys-
tems, it is also a reasonable reference. It requires a minimum background of an
one-year course on nonlinear differential equations.

The publication of this book is supported by the research foundation of the Center
for Dynamical Systems and Nonlinear Scienu Science Studies given by Zhejiang Nor-
mal University. The work described in this book is supported by the grants from the
National Natural Science Foundation of China (11371373,11071222 and 11261013).
The third author would like to thank the support by Guangxi Key Laboratory of
Trusted Software in Guilin University of Electronic Technology and Guangxi Educa-
tion Department Key Laboratory of Symbolic Computation and Engineering Data
Processing in Hezhou University.
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Chapter 1

Basic Concept and Linearized Problem of
Systems

In this chapter, we discuss the normal forms, integrability and linearized problem for
the analytic autonomous differential system of two variables in a neighborhood of an
elementary singular point. In addition, we give the definition of the multiplicity for a
multiple singular point and study the quasi-algebraic integrals for some polynomial
systems.

1.1 Basic Concept and Variable Transformation
Consider the following two-order differential equations

C(lj_j = X(z,y), % =Y (x,y). (1.1.1)
When z,y,t are real variables, X (z,y),Y (x,y) are real functions of z and y, we say
that system (1.1.1) is a real autonomous planar differential system, or (X,Y) is a
real planar vector field. When z,y,t are complex variables and X (z,y), Y (z,y) are
complex functions of x and y, we say that system (1.1.1) is a two-order complex
autonomous differential system.

When the functions X (z,y),Y (x,y) are two polynomials of « and y of degree n,
system (1.1.1) is called a polynomial system of degree n. It is often represented by

If the functions X (x,y),Y (x,y) can be expanded as a power series of x — xg and
y — yo in a neighborhood of the point (z, yo) with non-zero convergent radius, then
system(1.1.1) is called an analytic system in a neighborhood of (xq,yo).

If system (1.1.1) is real and analytic in a neighborhood of (xg,yo), then, we can
see x,y,t as complex variables in this small neighborhood to extend system (1.1.1)
to complex field.

We next assume that X (z,y),Y (x,y), F(x,y) is continuously differentiable in a
region D of the (z,y) real plane (or (z,y) complex space).
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Along the orbits of system (1.1.1), the total derivative of F' in D is given by

dF

— - —X+—V. 1.1.2
7 + (1.1.2)

= 0 in D, then F is called a
(1.1.1)

dF
If F(x,y) is not constant function and —

first integral of (1.1.1) in D.
If M(x,y) is a non-zero function in D and

OMX) | oMY)

1.1.
or dy 0 (1.1.3)

in D, we say that M is an integral factor of (1.1.1) in D. On the other hand, if M !
is an integral factor of (1.1.1) in D, we say that M is an inverse integral factor of
(1.1.1) in D.

If X(x0,90) = Y(zo,y0) = 0, the point (zg,yo) is called a singular point or
equilibrium point of (1.1.1). Otherwise, (zg, yo) is called an ordinary point of (1.1.1).

When (g, yo) is a singular point of (1.1.1) and xg, yo are real, we say that (2, yo)
is a real singular point. Otherwise, (zg,yo) is a complex singular point.

If (x0,90) is a unique singular point in a neighborhood of the singular point
(z0,y0) of (1.1.1), we say that (zo,yo) is an isolated singular point of (1.1.1). In
this case, if

<8X8_Y oY 9X

— - 1.14
dx 0y  Ox Oy >x=x07y=yo 70, ( )

then, (zo,yo) is called an elementary singular point. Otherwise, it called a multiple
singular point.
Suppose that the functions

are continuously differentiable in D and when (z,y) € D, (u,v) € D’. Write that

Ou  Ou or Oz

| 9z 0Oy | ou v
Jy = o o0 | Jy = o o | (1.1.6)

dr Oy ou  Ov

If for all (z,y) € D, J; is bounded and J; # 0, we say that (1.1.5) is a non-singular
transformation in D.

Clearly, if (1.1.5) is non-singular in D, then, for all (z,y) € D, J1J2 = 1.

It is easy to prove the following two conclusions by using the chain rule.
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Proposition 1.1.1. Suppose that the functions X (z,y),Y (z,y), M(z,y) are
continuously differentiable in D and (1.1.5) is a non-singular transformation. Under
(1.1.5), system (1.1.1) becomes

du dv
i U(u,v), pri V(u,v). (1.1.7)
Then, for all (x,y) € D and any continuously differentiable function F(x,y),

dF
dt

_dF

= — . (1.1.8)

(1.1.7)

(1.1.1)

Proposition 1.1.2. Under the conditions of Proposition 1.1.1, in addition, if the
functions p(x,y),¥(x,y) are two-order differentiable in D, then, for all (z,y) € D,

(1 X)  O(S1Y) B ou oV
ox + oy & ou + ov )’ (1.1.9)
O(LU)  O(LV) - (0X 9y
o =kt ) (1.1.10)
For system
dx d
= = M(@,y)X (z.y), d—zt’ = M(z,y)Y (z,y) (1.1.11)

by Proposition 1.1.2, we have

Proposition 1.1.3. Under the conditions of Propositions 1.1.1 and 1.1.2, for
all continuously differentiable function M (z,y) in (z,y) € D,

a(JlanX) N a(JlaJ?\JiY) . P%U) N 8(2{}‘/)} 7 (1.1.12)
6<J214U> +6(J2JZIV> . [8%@ ﬁ%X)] (1.1.13)

By the above proposition, we obtain

Proposition 1.1.4. Under the conditions of Propositions 1.1.1 and 1.1.2, If
M (z,y) is an integral factor of (1.1.1) in D and M (x,y) is continuously differen-
tiable, then, JoM s an integral factor of (1.1.7) in D’.

1.2 Resultant of the Weierstrass Polynomial and Multiplicity
of a Singular Point

In this section, we first study the resultant of Weierstrass polynomials. By using their
properties, we give the definition of multiplicity of singular points. For a multiple
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singular point, we investigate its division and composition from some simple singular
points.
Suppose that

P(z,y) = o(x)y™ + @1(2)y™ 1 + -+ + om(2),
Q(z,y) = vo(@)y" +dr(2)y" ™" + - + Ya(2), (1.2.1)
are two polynomials of y, where m and n are two positive integers, @i (), i (x) are

power series of x with non-zero convergent radius, z and y are complex variables.
In addition, ¢o(2)o(z) is not identically vanishing,

Definition 1.2.1. The following (n + m)-order determinant

Res(P,Q,y)
(po (pl DR ... PR (Pm
(po (pl P ... DR (Pm nrows
SDO (Pl e e e (Pm
1.2.2
B A (122
'(/)0 '(/)1 e e 1%
... ... ... ... mrows
Yo Y1 o e W
is called the resultant of P(x,y) and Q(x,y) with respect to y.
Definition 1.2.2. Write that
H(z,y) = y™ + ha(2)y™ "+ ha(2)y™ ™ + - + hin(2), (1.2.3)
where m is a positive integer, hi(x),k = 1,--- ,m, are power series of x with non-
zero convergent radius. If

we say that H(x,y) is a Weierstrass polynomial of degree m of y.

Definition 1.2.3. Let U(x,y) be a power series of x,y with a non-zero con-
vergent radius and U(0,0) = 1. We say that U(x,y) is an unitary power series of
x,y.

Definition 1.2.4. Let f(z) be a power series of z with a non-zero convergent
radius, q be a positive integer. If f(0) = 0, we say that x = 0 is an algebraic zero
of the function f(:z:%) If there is a positive integer p, such that f(x) = cpa? + o(a?)
and ¢, # 0. Then, cpx§ is called the first term of f(:c%)
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By the theory of the algebraic curves, we know that
Theorem 1.2.1. Let

P(z,y) = po(x H y— frlz Qx H y—gj(w (1.2.5)
k=1

j=1

Then,

Res(P,Q,y) = H H (fe(x) —gj(x))

s

en(@) [] Q, fu(z)) = (=1)™ g (x _H (x,g(x)). (1.2.6)

k

Theorem 1.2.2. Let Ay(x) be the algebraic cofactor of (1.2.2) with the k-row
and the (m+n)-column, B;(x) be the algebraic cofactor with (n—l—j) -row and (m+n)-
column, k=1,2,--- ,n, j=1,2,--- ,m. Then

Res(P,Q,y) = A(x,y)P(x,y) + B(z,y)Q(z, y), (1.2.7)

1

where

A(z,y) = A(@)y" 4+ Az(2)y" 2 + -+ An(2),
B(x,y) = Bi(z)y™ * + Ba(x)y™ 2 + - 4 B (). (1.2.8)

Theorem 1.2.3 (Weierstrass preparatory theorem). Let F(x,y) be a power
series of x,y with a non-zero convergent radius. If there exists a positive integer m,
such that

F(0,y) = cmy™ + hoot., c¢m #0, (1.2.9)

where h.o.t. stand for the high order terms. Then, there is a unique Weierstrass
polynomial H(x,y) of y with the degree m and an unitary power series U(x,y), such
that in a small neighborhood of the origin

Theorem 1.2.4. Under the conditions of Theorem 1.2.3, there exist two positive
number o1 and o2, such that when |x| < o1, F(x,y) as a function of y, it has exactly
m complex zeros y = fi(x) inside the disk |y| < o2, where fr,(0) =0 and x = 0 is
an algebraic zero of fr(x), k=1,2,--- ,m

Corollary 1.2.1. If H(z,y) is a Weierstrass polynomial of y with the degree
m, then, there exist m functions fi(x), fa(x), -, fm(x), for which x = 0 is their
algebraic zero, such that in a small neighborhood of the origin,

m

H(z,y) = [[w— fula)) (1.2.11)

k=1
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Corollary 1.2.2. Let F(x,y) be a power series of x,y with a non-zero convergent
radius. If there exist an integer m, such that

0F(0,0) OF™=1(0,0) OF™(0,0)
FO,0)=—/—"—=.=————= =0, ——= #0. 1.2.12
0.0)= =5 e v o LB (ESE)
Then, the implicit function equation
F(z,y) =0, Ylz=0=0 (1.2.13)

has exactly m complex solutions y = fi.(x) in a small neighborhood of the origin and
x =0 is an algebraic zero of fr(x),k=1,2,---,m

We know consider the multiplicity of singular point for the complex autonomous

differential system:

S =Ry, D =Ry, (1214
where Fy(z,y) and Fs(z,y) are power series of x, y with a non-zero convergent radius,
F1(0,0) = F»(0,0) = 0. Suppose that O(0, 0) is an isolated singular point of (1.2.14).

Without loss of generality, we assume that F;(0,y) # 0. Hence, there is an integer
m, such that

F1(0,y) = amy™ + hoot., ap #0. (1.2.15)

By Theorem 1.2.3 and Corollary 1.2.1, in a small neighborhood of the origin, F (z,y)
has the form as follows:

Fi(z,y) = amHi(z,y)Ui(2,y) = anUi(z,y) H y— fr(x (1.2.16)
k=1

where

H y— frl(x (1.2.17)

is a Weierstrass polynomial of y of degree m. z = 0 is an algebraic zero of fi(z).
Ui (x,y) is a unitary power series of x, y.
Consider the function

z) = [[ B, fil)). (1.2.18)
k=1

Lemma 1.2.1. Let the origin be an isolated singular point of (1.2.14). Then
there is an integer N > 0, such that

R(z) = Az +o(2™), A#0. (1.2.19)
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Proof. We can write that
Fy(x,y) = a2 Fo(x,y), (1.2.20)
where Fy(x,y) is a power series of z, y with a non-zero convergent radius and F» (0, y)
is not identically vanishing. Consider the following two cases.
1. Suppose that F5(0,0) # 0. Since F»(0,0) = 0, so that, s is a positive integer.
(1.2.18) and (1.2.20) follow that

R(x) = E(0,0)z°™ + o(z*™). (1.2.21)

By (1.2.21), when Fj (0,0) # 0, the conclusion of Lemma 1.2.1 holds.
2. Suppose that F5(0,0) = 0. Since F5(0,y) is a non-zero function, thus, there
is an integer n > 0, such that

F5(0,y) = bpa™ + h.ot., by, #0. (1.2.22)

By Theorem 1.2.3 and Corollary 1.2.1, in a small neighborhood of the origin, Fy (x,y)
can be written as

where Hy(z,y) is a Weierstrass polynomial of y with the degree n and Us(x,y) is a
unitary power series of z,y. By (1.2.18), (1.2.20) and (1.2.23), we know that

R(z) = b a*™ M (x H (z, fi(z (1.2.24)

where -
H (z, fu(z)) = 1+ o(1). (1.2.25)

By Theorem 1.2.1, )
1 Ha(x, fx(x)) = Res(Hy, Ha, y) (1.2.26)

is a power series of x with a non-zero convergent radius. Because the origin is an
isolated singular point of (1.2.14), it follows that Res(H, Hs,y) is not zero function.
By (1.2.24), (1.2.25) and (1.2.26), when F5(0,0) = 0, the conclusion of Lemma 1.2.1
is also holds. |

Definition 1.2.5. Suppose that the origin is an isolated singular point of (1.2.14).
Fi(x,y) is given by (1.2.16), where for all k,x =0 is an algebraic zero of fi(x) and
Ui(z,y) is a unitary power series of x,y, am # 0. If there is a positive integer N,
such that

H (2, fr(2)) = Az +o(zN), A#£0, (1.2.27)

then the origin is called a N—multzple singular point of (1.2.14). N is called the
multiplicity of the origin.



8 Chapter 1 Basic Concept and Linearized Problem of Systems

In the theory of algebraic curves, there is the definition of the crossing number
of two curves. We see from Definition 1.2.5 that if the origin is an isolated singular
point of (1.2.14) and Fi(z,y), F»(x,y) are polynomial of z,y, then, the multiplicity
of the origin is the same as the crossing number of the two curves of Fy(z,y) = 0
and Fy(x,y) = 0.

How to determine the multiplicity of a singular point? The following examples
give some results.

Consider the following autonomous analytic system in a neighborhood of the

origin:
dx >
= = 2 Xula,y) = X(=,9)
k=m
dy
k=n

where m, n are integers, for all k, Xj(z,y), Yi(z,y) are homogeneous polynomials of
degree k of z,y. In addition, X,,(x,y)Y,(x,y) is not identically vanishing.

Theorem 1.2.5. If X,,,(z,y) and Y, (z,y) are irreducible, then the origin is a
mn-multiple singular point of (1.2.28).

Proof. Since Y, (s, 1) is a polynomial of degree n, so that, there is a complex number
s such that Y;,(s,1) # 0. By the transformation

E=x—sy, n=y (1.2.29)

(1.2.28) becomes

Zf X(&+sn,n) — sY(E+sn,m) = X(&n),
d¢ o o -
S =Y (et = ;Yk(é,n) =Y (&) (1.2.30)

Notice that Y (0,7) = Y, (s, 1)n™ + o(n™). We can write
Ya(&m) = H N — Ak€). (1.2.31)

By Corollary 1.2.2 and (1.2.30), in a neighborhood of the origin, the implicit function
equation
Y(€n) =0, nlg=o=0 (1.2.32)

has exact n solutions = fx(€) = A& + 0(€), k=1,2,--- ,n. Denote X,,(£,n) =
Xm(g + 81, n)a then
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X(§+ sfr(&), fr(£))

||
=

IT X ()

k=1

=
Il
—

I
=

Xon (& + sAkE AkE) +o(E™)

=
Il
—

Xm(ga )\kg) + O(gmn)

I
=

~
Il
—

X (1, AR )E™™ + o(£™™). (1.2.33)

I
=

k=1

By the irreducibility of X,,,(z,y) and Y;,(z,y), we see from (1.2.31) that

n
I Xm(@ M) #0. (1.2.34)
k=1
Thus, (1.2.33) follows the conclusion of Theorem 1.2.5. O

Obviously, by this theorem, the multiplicity of an elementary singular point is 1.
In addition, by Definition 1.2.5, we have

Theorem 1.2.6. Suppose that
Fi(z,y) = ax + by + h.ot., Fy(z,y)=cx+dy+hot., b#0. (1.2.35)
If y = f(x) is the unique solution of the equation
Fi(z,y) =0, yla=o =0, (1.2.36)

then, when Fy(x, f(x)) = 0, the origin is not a isolated singular point of (1.2.14).
When Fy(z, f(x)) = AzN + o(zN), where N is a positive integer, A # 0, the origin
is a N-multiple singular point of (1.2.14).

Consider the polynomial system

d m

==Y Xilw,y) = Xn(ay),
k=1

dy -
k=1

where m, n are positive integers, Xy (z,y), Yx(2z,y) are homogeneous polynomials of
degree k. X, (x,y) and Y, (z,y) are irreducible.

By Definition 1.2.5 and Bezout theorem in the theory of algebraic curves, we
obtain
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Theorem 1.2.7. The sum of multiplicities of all finite singular points of (1.2.37)
is less than mn or equals to mn.

In addition, we have
Theorem 1.2.8. If
Xm(o,y) =ay™, Yo(0,y)=0by", ab#0 (1.2.38)

and Res(Xp, Vim,y) = AzN + o(xN), A # 0, then, the origin of (1.2.37) is a N-
multiple singular point.

Finally, we investigate the division and composition of the singular points. Take
m = n. We consider the perturbed system of (1.2.37):

dr -
ar > Xilw,y) + Oz, y, ),
k=1

d n
y ZYk z,y) + U, (z,y,¢). (1.2.39)

where

.’E 'Y, € Z Eij y ) .’E 'Y, € Z {-:ij y s (1240)
k+j=0 k+j=0

for all &, j, Ekj,é';cj are small parameters. & stands for a vector consisting of all
Ekj,E%j.
We have the following conclusions.

Theorem 1.2.9. Suppose that when € = 0, two functions of the right hands of
(1.2.39) are irreducible and the origin is a N-multiple singular point of (1.2.39)c—¢.
Then, there exist two positive numbers ro and €q, such that when |e| < e, the sum of
multiplicities of all singular points of (1.2.39) in the region |x| < ro, |y| < ro is ezact
N. In addition, the coordinates of these singular points are continuous functions of
€. When € — 0, these singular points attend to the origin.

By choosing the parameters of ®,(x,y,e) and V,(z,y,¢), system (1.2.39) can
have exactly N complex elementary singular points.

1.3 Quasi-Algebraic Integrals of Polynomial Systems

In this section, we consider the polynomial system of degree n as follows:

Zkay X (2,y),

= Z Yi(w,y) = Yu(z,y)- (1.3.1)
k=0
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In [Darboux, 1878], the author first studied systematically the invariant algebraic
curve solutions of (1.3.1) and gave a method to construct first integrals and integral
factors of (1.3.1), by using finitely many invariant algebraic curve solutions.

Definition 1.3.1. Let f(z,y) be a nonconstant polynomial of degree m. If there
is a bounded function h(x,y), such that
of

df _of of -

then, f = 0 is called an algebraic curve solution of (1.3.1). The polynomial f is
called an algebraic integral of (1.3.1). The function h is called a cofactor of f.

Clearly, we see from (1.3.2) that the following conclusion holds.

Proposition 1.3.1. If [ is an algebraic integral of (1.3.1), then the cofactor h
of f is a polynomial of degree at mostn — 1.

In [Liu Y.R. etc, 1995], the authors developed Darboux’s results to that f is not
polynomial. They defined a quasi-algebraic integral of (1.3.1). We next introduce

their main conclusions.

Definition 1.3.2. Suppose that f(x,y) is a continuously differentiable noncon-
stant function in a region D. If there is a polynomial h(x,y) of degree at most n—1,
such that (1.3.2) holds in D. We say that f(x,y) is a quasi-algebraic integral of
(1.3.1) in D.

It is easy to see that an algebraic integral must be a quasi-algebraic integral.

Example 1.3.1. Obuviously, the quintic system

d

o=y 1)

d

d—ZZ =z +y@®+y*—1)2 (1.3.3)

has the following quasi-algebraic integrals:

fi=2*+y* -1, fQZBm,
f3 — $2 + y2) f4 — earctan%’
fs =z +1y, fo=x—1y. (1.3.4)
They satisfy
dh

= hk(z7y)fk(z7y)a k= 1a2737475767 (135)
dt | (133
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where for all k =1 —6, hi(z,y) are as follows:

hy =2(2" +y*)(@® +y* — 1),  hay = —2(z> +¢°),

hs = 2(z* +y? — 1), hy =1,
hs = (2 +y* = 1)* + 14, he = (2% +y* — 1) —i. (1.3.6)
Because
hi1 4 ho — hg + 2hy = 0, (137)

by (1.3.5) and (1.3.7), (1.3.3) has the first integral

F = fifofs ' f7 = constant, (1.3.8)
which satisfies
dF
— = (h1 + ho — hg + 2h4)F =0. (139)
dt | (153
Definition 1.3.3. Let f1, fa, -+, fm be m quasi-algebraic integrals of (1.3.1).
If there exists a group of complex number s, Qg, -+, G, such that fi* f52 - fom
1s identically equal a constant, then, f1, fa, -+, fm is called dependent. Otherwise,
fi, fo, -+, fm is called independent.

For example, in (1.3.4), we have that fsfs = f3 and fsf; © = f#', hence, f3, f5, fo
and fy4, f5, fe are dependent, respectively.

Theorem 1.3.1. The first integral F' and the integral factor M of (1.3.1) are
quasi-algebraic integrals of (1.3.1).

Proof. By the definition of the first integral, a first integral of (1.3.1) in a region
must be a quasi-algebraic integral of (1.3.1).
Let M is an integral factor of (1.3.1) in a region. Then, we have

O(MX,) L (M)

= 1.3.1
Ox Ay 0 (1.3.10)
ie.,
oM oM ox, 0V, -

It follows that

dM <8Xn a%)

— =— + =) M. (1.3.12)

dt (1.3.1) Oz y

This implies that M is a quasi-algebraic integral of (1.3.1). O
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Theorem 1.3.2. Suppose that f1, fo, -+, fm are m independent quasi-algebraic
integrals of (1.3.1) satisfying
17}
& — hfr, k=1,2,--- m. (1.3.13)
dt {51
Then, for any group of non-zero complex numbers a1, ag, -+, Qu,, the function
f= s foam s also a quasi-algebraic integral of (1.3.1) satisfying
df
—_ = (Oélhl —+ OéQhQ + -+ Oélhl + Oémhm)f (1314)
dt (1.3.1)

We know from the above theorem that

Theorem 1.3.3. Suppose that f1, f2, -+, fm are m independent quasi-algebraic
integrals of (1.3.1) satisfying (1.3.13). If there is a group of non-zero complex num-
bers aq, oo, -+, Qum, such that

arhy + aghs + -+ + arhy + aphy, = 0. (1315)
Then, f = f{" f3? - fom is a first integral of (1.3.1).
By using Theorem 1.3.2 and (1.3.12), we obtain

Theorem 1.3.4. Suppose that f1, fo, -+, fm are m independent quasi-algebraic
integrals of (1.3.1) satisfying (1.3.13). If there is a group of non-zero complex num-
bers aq, ao, -+, Qum, such that

04X, 0
Oé1h1+a2h2+--~+a1h1+oémhm=—( n y").

—— 1.3.1
Ox dy (1.3.16)

Then, f = f{ 52+ fom are an integral factor of (1.3.1).

m

Because the set of all polynomials of degree n—1 forms a linear space of dimension
n(n +1)/2. Every polynomial of degree n — 1 is a vector of this linear space. Thus,
by Theorem 1.3.2 and Theorem 1.3.3, if f1, f2, -+, fm are m independent quasi-
algebraic integrals of (1.3.1) satisfying (1.3.13), then

1. If hy, ho, - - -, hyy are linear dependent, then, by using fi1, fo, -+, fm, we can
construct a first integral of (1.3.1);

2. If hy, ha, -+, hy, are linear independent and

0X, 0V,
oz oy

h17h27"' 7hm7

are linear dependent, then, by using f1, fo, -+, fm, we can construct an integral
factor of (1.3.1).
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For a given polynomial system, we hope to know that under what parametric
conditions, it has a quasi-algebraic integral and we wish to get more quasi-algebraic
integrals. In principle, if there exists an algebraic integral of (1.3.1) which satis-
fies (1.3.2), then, we can obtain f and h, by using the method of undetermined
coefficients. Letting

m n—1
F=Y ayaty’, h= )Y dyaty, (1.3.17)

k+5=0 k4j=0

and substituting (1.3.17) into (1.3.2), comparing the coefficients of the corresponding
terms in the two sides of obtained representation, it gives rise to a linear system of
algebraic equations with respect to cyj,dy j,k,j = 1,---. Solving this system, it
follows f and h.

Unfortunately, generally, we do not know the existence and its degree m of an al-
gebraic integral f for a given polynomial system. This is a difficult classical problem
in the theory of the planar dynamical systems.

We next discuss some special cases.

Consider the following polynomial system of degree n + m:

dx dy
E = Gk(x)Xn<xay)a E = y7z+7n<$ay)a (1318)
where 1 < k < m,
Gr(z) =ap4+az+--+apz®, ap #£0 (1.3.19)

Because a polynomial of degree k has exact k complex roots. We have the

following conclusion.

Proposition 1.3.2. If © = xg is a simple zero of Gi(x), then, system (1.3.18)
has a quasi-algebraic integral f = x — xg. If © = x¢ is a j-multiple zero of Gi(x),
then, system (1.3.18) has j independent quasi-algebraic integrals as follows:

1 1 [
fi=x—mxo, fa=e" 70, fa=eE 07 .. fi=elomlTT, (1.3.20)

Proposition 1.3.3. The system

dx dy
ar = Xn(.’L’, Y)s at = y'fb-i-m(w?y) (1'3'21)
has the following m independent quasi-algebraic integrals

m

fi=e®, fo=e", o, fm=e"". (1.3.22)
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Proposition 1.3.4. Suppose that system (1.3.1) is real and f = f1 +ifs is a
quasi-algebraic integral of (1.3.1) satisfying

df

7 = (h1 +tha)f, (1.3.23)

(1.3.1)

where f1 and fy are two real non-zero functions, h1 and ho are real coefficient poly-
nomials. Then, f = f1 —ifs, fa = ff and fs = f'f " are quasi-algebraic integrals
of (1.3.1) respectively satisfying

df

= (hl - Zh?)f7

dt (1.3.1)
d
% = 2h1fs,

(1.3.1)
d
ﬁ = —2hofy. (1.3.24)
dt (1.3.1)

Example 1.3.2. Consider the following real quadratic system

d
—x:—y—l—&x—l—ZxZ—l—mxy—l—nyz,

vy _
b7 — = 2(1 + by). (1.3.25)

d
dt
This system has the following quasi-algebraic integral

_ [ (+by)r, if b#0,
1= { ev, if b=0. (1.3.26)

where €Y is a limit function of (1 + by)% as b — 0.

1.4 Cauchy Majorant and Analytic Properties in a
Neighborhood of an Ordinary Point

For the complex differential equations, in order to investigate the convergence of
a solution of the power series, Cauchy posed the classical majorant method. It
provided an important tool. In this section, we introduce this method.

o0 [oe]
Definition 1.4.1. Let f = Z caﬁxayﬁ and F = Z Cagx”‘y’g be two
a+p=0 a+p=0
power series of x,y, where x,y are complex variables and for all o, 3 € N, cop are
complex coefficients, Cnp are non-negative real numbers. If Vo, 3, the inequalities
lcag] < Cop hold, then, F is called a majorant of f, denoted by f < F or F ~ f.

Proposition 1.4.1. Suppose that f1, fo, F1, Fo are power series of x,y. Fi, F
have non-negative real coefficients and non-zero convergent radius. If f1 < Fi,
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fo =< Fs, then, f1, fo also have non-zero convergent radius and

fitfo < Fi+F, fifo< by,
adfy 0F; df1 0F;
92 " 0z dw " w’

/fldz =< /Fldz, /fldw =< /Fldw. (1.4.1)

In addition, if f1(0,0) = F1(0,0) =0, then

1 1 >
=Y FF. 1.4.2
1+ f1 = 1-F §: ! ( )

o0
Suppose that f = Z cagxo‘yﬁ has a non-zero convergent radius. By Cauchy
a+3=0
inequality, there are positive numbers M, r, such that
M
|cap| < prey:E (1.4.3)

From (1.4.3) and (1.4.2), we have

o0
Proposition 1.4.2. If f = Z cagxayﬁ has a mon-zero convergent radius,

a+pB=0
then, there exist positive numbers M, r, such that
M M
f = = . (1.4.4)
(] (e AR
r r r

o0
Proposition 1.4.3. If f = Z cagxayﬁ has a mon-zero convergent radius,

a+pB=0
then, there exist positive numbers M,r, such that for any positive integer m,
oo
M(x+y)™
Z Capt®y’ < _M@+y™ . (1.4.5)

1 .
wlim rm (7" T y)

Proof. By (1.4.3), for any positive integer k, we have

xayﬁ r+y k

S capa®y® < MY k<M@_). (1.4.6)

atBek atpek | "

Thus,
o) [e%e) k

Mz +y)™
aB 4 M TYYY) o . 1.4.7
X e <My (SE) SR 0
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We next discuss the analytic properties of the solutions of system (1.1.1) in a
neighborhood of an ordinary point. Suppose that the right hand of (1.1.1) are
analytic in a neighborhood of (zg,yo) and (2o, ¥o) is an ordinary point of (1.1.1).
We can see (29, yo) as the origin. Consider system

dx
0 = ag + a1 + asy + h.o.t.,
dy
E = b() + bll' -+ bgy + h.O.t., (148)
where
|ao| + [bo| # 0. (1.4.9)

Since the origin is an ordinary point of (1.4.8). Cauchy proved the following result.

Theorem 1.4.1. If ag # 0, then system (1.4.8) has a unique power series solu-
tion with the initial condition y(0) =0 as follows:

[ee]
y=> cat, (1.4.10)
k=1

which has non-zero convergent radius.

By using the non-singular linear transformation
u = —box + apy, v=—aor — by, (1.4.11)

system (1.4.8) becomes

du _ Uu,v) = Z or (u”,

dt
k=0
dv = &
- = A+ V() = —AJrkz:%wk(u)v . (1.4.12)

where for all k, ¢ (u), ¢ (u) are power series of u and

A= |a0|2 + |b0|2 >0,
U(0,0) = ¢o(0) = 0, V(0,0) = 4o (0) = 0. (1.4.13)

o0
Definition 1.4.2. Let f = Z cagz”‘yﬁ be power series of x,y. If we do not
a+pB=0
consider the convergence of f, then f is called a formal power series of x,y.
If f(z,y) is a formal power series of x,y and f(0,0) = 1, then f is called a
unitary formal power series of x,y.
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Let {cay,p, } for some k be a subsequence of {cag}, then Z Cop B T yP* is called
a subseries of f.

For two formal series, when we make the algebraic operations and analytic op-
erations of term by term, if we do not consider their convergence, these operations
are called the formal operations.

Definition 1.4.3. Suppose that the functions of right hand of (1.1.1) are analytic
in a neighborhood of the origin. If a formal series F(x,y) of x,y satisfies

dF F F
— = 8—X + 8—Y =0 (1.4.14)
dt (1.1.1) ox dy
and F is a nonconstant function in a neighborhood of the origin, then, F is called a
formal first integral of (1.1.1) in a neighborhood of the origin.

If a formal series M (x,y) of x,y satisfies
O(MX) | O(MY)
ox dy

and M is a nonconstant function in a neighborhood of the origin, then, M is called
a formal integral factor of (1.1.1) in a neighborhood of the origin.

=0 (1.4.15)

Lemma 1.4.1. For system (1.4.12), one can determine term by term the formal
series

H(u,v) = Z h(u)v®,  ho(u) = u, (1.4.16)
k=0
such that i
o =0. (1.4.17)
dt |(1.4.12)

Proof. Using (1.4.16) and (1.4.12) to do formal operation, we have

dH 0H oH
— =—U+——(-A+V)
dt (1.4.12) u 0
= Z Ry, (u)v® Z o (u)v?
k=0 j=0
+ Z khi(u)o* ™ | —A + Z ¥ (u)o?
k=1 j=0
=3 [=(m+1)(A = Y0)hmi1 + gm] V"™, (1.4.18)
m=0
where .
9m = <h§€¢7n—k + khkqpm—k—&-l) (1.4.19)

k=0
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is a polynomial of hg, h},, ¢;, %, with positive coefficients. (1.4.17) and (1.4.18) imply
the recursion formulas of h,,, as follows:

I gm
(m +1)(A — o)’

m=0,1,2,---. (1.4.20)

Because the relationship of hg(u) = u has been given, by (1.4.20), this lemma
holds. O

Lemma 1.4.2. The function H(u,v) defined by (1.4.16) has a non-zero conver-
gent radius.

Proof. Since the functions U(u,v),V(u,v) are analytic in a neighborhood of the
origin and U(0,0) = V(0,0) = 0, by Proposition 1.4.3, there exist two positive
numbers M, r, such that

M(u+v) M(u+v)

U < —F" V =< . 1.4.21
(o) < S Wy < Y (14.21)
Consider the majorant system

du  M(u-+v) dv M(u+v)

— = — = -A4 — 1.4.22

dt r—u—v’ dt +7’7u7v ( )

It is easy to see that system (1.4.22) has the following formal first integral

H(u,v) =u+ G(u+v), (1.4.23)

where

Gluw) = —MAr [A+2Mw+ln <1 A+ 2M w)]

(A +2M)? Ar Ar
MAr 1 (A+2M\"
~Graie Z - (T) w® = o(w) (1.4.24)
k=2

is a power series of w with positive coefficients, which is analytic in the disk |w| <
Ar/(A + 2M). In order to prove

H(u,v) < H(u,v), (1.4.25)
write that - -
~ ~ M(u+v)
H = k - = k . .
(u,v) Z hy(u)v”, R Z Xk (uw)v”, (1.4.26)
k=0 k=0
then,
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Similar to the proof of Lemma 1.4.1, we have the recursion formulas for the compu-
tation of h; as follows:

]fL L= 9m
" m+ DA~ x0)

m=0,1,2,---, (1.4.28)

where
m

gm - Z(B;Xm—k + kilka—k—i—l)- (1429)
k=0

By using Proposition 1.4.1, (1.4.19), (1.4.20) (1.4.27), (1.4.28), (1.4.29) and mathe-
matical induction, for any positive integer m, we obtain

g7n/ _< §7n/7 hm _< il77l' (1-4.30)

It follows (1.4.25) and this lemma. O
Theorem 1.4.2. Let

h$(u) = u+ h.o.t. (1.4.31)

be a power series which is convergence in a neighborhood of u = 0. One can derive
successively every term of the following unique power series of u,v,

H*(u,v) = Z i (u)o®, (1.4.32)
k=0

with a non-zero convergent radius, such that

H*
d -0, (1.4.33)
dt | 412
and
H*(u,v) = h(H (u,v)). (1.4.34)

Proof. Similar to the proof of Lemma 1.4.1, for any positive integer k, we use hj
instead of hy of (1.4.19) and (1.4.20) to get the the recursion formulas for hj(u).
When hfj(u) has been obtained, then, there is unique formal series H* (u, v) satisfying
(1.4.33). Write that

H(u,v) = hi(H (u,v)). (1.4.35)

By Lemma 1.4.1 and Lemma 1.4.2, H(u,v) is a power series with a non-zero con-
vergent radius and
dH

H(U,O) = hg(”)’ dt

— 0. (1.4.36)
(1.4.12)

By the uniqueness, we have H*(u,v) = H(u,v), i.e., this theorem holds.
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Theorem 1.4.3. In a neighborhood of the origin there is a first integral of (1.4.8)
as follows:

F(x,y) = —box + apy + Z Fy(x,y), (1.4.37)
k=2
where F(x,y) is convergent in a small neighborhood of the origin, for every k,
Fr(x,y) is a homogeneous polynomial of x,y. Especially,

1 _
F: =——— (a b A B 1.4.38
Z(zyy) 2(|a0|2 + |b0|2)2 (a033+ Oy)( x + y)v ( )
where
A= 2[)060(@1[)0 — CLle) + ao(aoalbo — GQb(Q) - a%bl + Cbobobg),
B = 2(10(_1()((12170 — aobg) — Bo(a()alb() — agbg — Q(Q)bl -+ aobobg). (1439)
Proof. Let

F(z,y) = H(=box + aoy, —aox — boy). (1.4.40)

By Lemma 1.4.1 and Lemma 1.4.2, F(x,y) is a first integral of (1.4.8) and it has a
non-zero convergent radius. Write that

H(z,y) =u+ (c1u + cov)v + h.o.t., (1.4.41)

substituting (1.4.41) into (1.4.17), we can determine ¢y, ca. It follows the represen-
tation of Fy. O

Theorem 1.4.4. For system (1.4.8), one can derive successively every term of
the following power series

dol’ —+ Boy

T _ o T %Y
(I]S‘,y) |a0|2 + |b0|2

+ h.ot., (1.4.42)

which is convergent in a neighborhood of the origin, such that

dT

il —1. (1.4.43)
dt |1 48

Proof. By Lemma 1.4.1 and Lemma 1.4.1, the first integral H(u,v) = u + h.o.t. of
(1.4.12) has a non-zero convergent radius. Hence, in a small neighborhood of the
origin, by using the implicit function equations

z=H(u,v), w=wv, (1.4.44)
we can uniquely solve

u={_(z,w) =z+hot, v=w, (1.4.45)
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where the function ((z,w) has a non-zero convergent radius. By using the transfor-
mation (1.4.44), system (1.1.12) becomes

dz dw
. = _A . 1.4.4
=0 AV w) (1.4.46)
Write that
1 1 - :
= —— 4+ Ch 'ka],
—A+V({(z,w),w) A k;__l !
L Loyt (1.4.47)
A - +1
k+j=1

By (1.4.11), (1.4.44) and (1.4.47), we obtain (1.4.42) and the convergence of 7 (z,y)
in a small neighborhood of the origin. By (1.4.46) and (1.4.47), we have

dz dT

= = — =1. 1.4.4

dt 0, dt ( §)
O

Theorem 1.4.5. For system (1.4.8), one can derive successively every term of
the following unique power series of x,y

E=x+ hot, n=y+hot., (1.4.49)

with a non-zero convergent radius, such that, by the transformation (1.4.49), system
(1.4.8) becomes the following normal form

g _ - dn _
a v dat

Proof. For the function F(z,y) in Theorem 1.4.3 and the function 7 (x,y) in Theo-
rem 1.4.4, letting

bo. (1.4.50)

bo

= a7 (z,y) — —5——5 F(x,y),
5 0 ( y) |a0|2 ¥+ |b0|2 ( y)
)
— bT (2,y) + —2 _ F(z,y), 1.4.51
n 0 ( y) |(L0|2 + |b0|2 ( y) ( )
then, Theorem 1.4.3 and Theorem 1.4.4 imply (1.4.49) and (1.4.50). O

Finally, we consider the following analytic system

dx me1

@ Y

(o)
ap + arz" + agy™ + ZXk(w",ym)] :
k=2

dy
dt

xn—l

o0
bo + bia™ + bay™ + > Vio(a™, y)] , (1.4.52)
k=2
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where m and n are two positive integers, for all k, X}, (u,v), Yi(u, v) are homogeneous
polynomials of u, v with degree k, by # 0.

The origin of (1.4.52) may be an ordinary point, an elementary singular point or
a multiple singular point.

Theorem 1.4.6. In a neighborhood of the origin, system (1.4.52) has the fo-
llowing formal first integral:

F(z",y™) = —mboz™ + naoy™ + Z Fr(z™,y™), (1.4.53)
k=2

where F(u,v) is analytic in a neighborhood of the origin. For all k, F(u,v) are
homogeneous polynomials of u,v.

Proof. By the transformation
u=a", v=y™, dr=z""ly" ldt (1.4.54)
system (1.4.52) becomes
du

= n (ag + a1u + agv) + nkg_2 X (u,v),

dv >

—_— = Y . 1-4.
o =m (bo + bru + bav) +m 322 % (u,v) (1.4.55)

Because by # 0, the origin is an ordinary point of (1.4.55). Thus, Theorem 1.4.3
follows the conclusion of this theorem. O

For an analytic system, as a corollary of Theorem 1.4.6, we can obtain the sym-
metric principle to the test of center or focus in the theory of real planar dynamical
systems. In fact, if n =2,m = 1,a9 = 0,by # 0, then (1.4.52) becomes

d o0
d_atc =a12% + asy + ;Xk(xZ,y) = asy + h.o.t.,
d [e.e]
9w _ ., bo + b12? + by + Z Yi(2?, y)| = box + h.ot.,  (1.4.56)
dt P
By the transformation
wu=2x? wv=y, dr=azdt, (1.4.57)
system (1.4.56) becomes
d
o 2a1u + 2av + h.o.t.,
dr
dv
E = b() + blu -+ bQ’U + h.o.t. (1458)

By Theorem 1.4.3 and Theorem 1.4.6, we have
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Corollary 1.4.1. In a neighborhood of the origin, system (1.4.56) has the fo-
llowing formal first integral:

o0
F(z,y) = —bor® + azy® + Y Fi(w,y), (1.4.59)
k=3
where F(x,y) is analytic in a neighborhood of the origin and for all k, Fy(x,y) are
homogeneous polynomials of x, .

Suppose that (1.4.56) is a real system. Then, the vector field defined by (1.4.56) is
symmetric with respect to y-axis. In this case, when as = 0, the origin of (1.4.56) is
a multiple singular point; When bgas > 0, it is a saddle point. When bpas < 0, by the
symmetric principle, it is a center. Corollary 1.4.1 implies that when bpas > 0 and
the coefficients of the right hand of (1.4.56) are complex numbers, in a neighborhood
of the origin, system (1.4.56) is integrable.

Corollary 1.4.2. For system (1.4.56), One can determine successively every
term of the following convergent power series of x,y

g(z,y) =y +hot., (1.4.60)
such that J
= = bo. (1.4.61)
dt |3 4.56)

Proof. By Theorem 1.4.4, for system (1.4.58), in a neighborhood of the origin, there
is a convergent power series

T (u,v) = bl + hot., (1.4.62)
0
such that i
el =1 (1.4.63)
dr (1.4.58)
Let g(z,y) = bo7 (z%,y). Then, (1.4.57), (1.4.62) and (1.4.63) follows this lemma.
O

This corollary means that if (1.4.56) is a polynomial system, then, e? is a quasi-
algebraic integral of (1.4.56) in a neighborhood of the origin.

1.5 Classification of Elementary Singular Points and
Linea-rized Problem
Suppose that system (1.1.1) is analytic in a neighborhood of the origin and the origin

is an elementary singular point of (1.1.1). We consider the complex system

d d
d_atc =ax + by + h.o.t., d—gz =cx +dy+ h.o.t.. (1.5.1)
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The coefficient matrix of the linearized system of (1.5.1) at the origin has the
characteristic equation
M — (a+d)\ +ad — be = 0. (1.5.2)

Let A1, A2 be two roots of (1.5.2). If Ay A = ad — be # 0, the origin is an elementary
singular point.

For an isolated singular point of the complex equations, the following result is
useful.

Theorem 1.5.1 (Briot-Bouquet theorem). Let F(u,v) = Au+ Bv + h.o.t.
be a power series of u,v with a non-zero convergent radius. If B is not a positive
integer, then, in a neighborhood of the origin, equation

dv
u% = F(u’v)’ 'U|u:0 =0 (153)

has the unique solution:

v = f(u) u+ h.o.t., (1.5.4)

1-B
where f(u) is a power series of u with a non-zero convergent radius.

We next consider

dx > dy >
N :)\11'+2Xk($,y), N _)\2y+ZYk($,y), (155)
k=2

dt dt
k=2
where the functions of right hand of (1.5.5) are analytic and X5(0,1) = A, Y3(1,0) =
B.

Theorem 1.5.2. If \; # 0, A2/\1 is not a positive integer, then, system (1.5.5)
has a solution

y = 1(z) 22 + h.o.t., (1.5.6)

TN -

satisfying ¥(0) = 0, where ¥(x) a power series of x with a non-zero convergent
radius.

Proof. Let y = xv. Then (1.5.5) becomes
o0
Aov + xkilYk(l, v)
dv kzﬂ _ Bz + (X — M)

ket AL
A1 -‘er‘ N Xk(l,v)
k=2

+ h.ot.. (1.5.7)

(1.5.7) and Theorem 1.5.1 follows this theorem. O
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Similarly, we have

Theorem 1.5.3. If Ay # 0, Aa/\y is not a positive integer, then, system (1.5.5)
has a solution

x=p(y) y* + h.o.t., (1.5.8)

VDY
satisfying ©(0) = 0 where p(y) is a power series of y with a non-zero convergent

radius.

The above two theorems imply the following result.

Theorem 1.5.4. If Ao # 0, A\1/A2 and Ao /M1 are not positive integers, then,
system (1.5.5) has two analytic solutions x = p(y) and y = Y(x), satisfying ¢(0) =
¥(0) = ¢'(0) = ¢’'(0) = 0. By transformation

u=x—pYy), v=y—) (1.5.9)

system (1.5.5) can be reduced to

d d
é%:AﬂJN%vL E%:Aﬂmx%v) (1.5.10)

where Fy(u,v) and Fay(u,v) are two power series of u,v with non-zero convergent
radius and F1(0,0) = F5(0,0) = 1.

Definition 1.5.1. If there exist two convergent power series

oo oo
E=u+ Z cagxayﬁ, n=y+ Z dagxayﬁ, (1.5.11)
a+p=2 a+pB=2

such that by transformation (1.5.11), system (1.5.1) becomes

dg dn _
o= a& + bn, i c€ + dn, (1.5.12)

Then, we say that system (1.5.1) is linearizable in a neighborhood of the origin.
(1.5.11) is called a linearized transformation of (1.5.1) in a neighborhood of the
origin.

Remark 1.5.1. Suppose that (1.5.1) is linearizable in a neighborhood of the

origin and (1.5.11) is a linearized transformation of (1.5.1). The function F(§,n)
s continuously differentiable and satisfies

r =0. (1.5.13)
dt (1.5.12)

Let .
E=EF(&m), n=nF(n). (1.5.14)
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We see from (1.5.13) and (1.5.14) that

é - di -
pri a& + b, i c€ + dn. (1.5.15)

Thus, if F(&,n) is power series of £, n with non-zero convergent radius and F(0,0) =
1, then, (1.5.14) is also a linearized transformation of (1.5.1) in a neighborhood of
the origin.

Remark 1.5.2. Suppose that (1.5.1) is linearizable in a neighborhood of the
origin and (1.5.11) is a linearized transformation of (1.5.1). System (1.5.1) is a
real coefficient system. Then, we can see x,y,t as real variable and write

E=& +i&, n=mn+in, (1.5.16)
where £1,n1,&2, M2 are power series of x,y with non-zero convergent radius and
& =x+hot, n=y+hot. (1.5.17)

Substituting (1.5.16) into (1.5.12), separating the real and imaginary parts, we have

dfl o d’lh -

0 = a&y + bn, o = c&1 + dn,

dé&s dna

_— = _— = . 1. 1
o as + bno, 7 c&o + dns (1.5.18)

In this case, (1.5.17) is a real linearized transformation of (1.5.1) in a neighborhood
of the origin.

In [Qin Y.X., 1985], the author introduced the following definition.

Definition 1.5.2. For system (1.5.1):

(1) If M2 # 0, Im(A1/A2) # 0, then the origin is called a focus type singular
point;

(2) If MiAa # 0, Im(A1/A2) = 0, Re(A1/A2) > 0, then the origin is called a node
type singular point;

(3) If MA2 # 0, Im(A1/X2) = 0, Re(A1/A2) < 0, then the origin is called a
critical type singular point.

In details, we have

Definition 1.5.3. Suppose that the origin of (1.5.1) is a node type singular
point.

If \y = Ao and b= ¢ =0, then the origin of (1.5.1) is called a starlike node.

If M1 = Ao and |b|+|c| # 0, then the origin of (1.5.1) is called a degenerate node.

If A1 /Xa or Ao/ A1 is a positive integer more than 1, then the origin of (1.5.1) is
called an integer-ratio node.

If A\1/A2 and Ao/ A1 are not positive integer, then the origin of (1.5.1) is called
an ordinary node.
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Definition 1.5.4. Suppose that the origin of (1.5.1) is a critical type singular
point.

If M/ A2 = —1, then the origin of (1.5.1) is called a weak critical singular point.

If \/Aa = —p/q, where p and q are irreducible positive integers and p/q # —1,
then the origin of (1.5.1) is called a p : q resonance singular point.

If M1/ X2 is a negative irrational number, then the origin of (1.5.1) is called an
irrational singular point.

If the origin is an elementary singular point of (1.5.1), but is not a degenerate
node, then, by a linear transformation, (1.5.1) can be reduced to as follows:

dx = dy =

E :)\1-/17+2Xk<$?y)a E = /\2Q+ZYk<$,y)a (1519)
k=2 k=2

where A\ A2 # 0 and for all k, Xy (x,y), Yi(z,y) are homogeneous polynomials of z,y

of degree k.

By the theory of classical complex analysis, we know that

Theorem 1.5.5. If the origin of (1.5.19) is not an integer-ratio node, a weak
critical singular point or a resonance singular point, then, one can determine suc-
cessively every term of the following formal series

oo oo
E=x+ Z caga:“y'@, n=y+ Z dagxayﬁ, (1.5.20)
a+p=2 a+p=2

such that, by this formal transformation, (1.5.19) becomes the following linear sys-

tem:
d§ dn

— =\ !
167 dt

= Xom. 1.5.21
di 27 ( )

Proof. For any positive integer k more than 1, letting fr(z,y), gx(z,y) be two ho-
mogeneous polynomials of z,y of degree k given by

fel@wy) = Y capr®y’, gilwy) = Y dagr®y’. (1.5.22)
a+p=k a+p=k

Clearly,

g _)\152 Z |:<)\18L:x+/\2ai(;n _Alfm> +(I)m<xay):| )

s Ogm O9m
P Ao = Z [<A18—$+)\28—yy /\29m) \I/m(x,y)} , (1.5.23)
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where for all m, ®,,(x,y), ¥, (x,y) are defined by the following homogeneous poly-
nomials:

O (2,y) = Xn(2,y) + mf (%Xm—k-H + %—‘?Ym—m) :
k=2
U, (2, y) = Yo (z,y) + 5 <%ka+1 + %—?Ymkﬂ) ) (1.5.24)
k=2
From (1.5.22), we have
Al%"x + )\Q%y M fm = agzm(axl + B2 — A1) capr®y?,
/\l%’;;lx + Aza(;’—;’y — Xogm = aézm(ml + BAz — Aa)dapr®y”®. (1.5.25)

By the conditions of this theorem, because A1/A2 and A2/\; are not a positive
integer more than 1 and are not a negative irrational number. So that, for any
positive integers «, 3, when o + 3 > 2,

alr + B — A\ 7é 0, ali+Bl— Ao 75 0. (1.5.26)
Write that
Op(z,y) = D Aapz®y®, Up(z,y)= > Bapz®y’. (1.5.27)
a+p=m a+pB=m

Thus, (1.5.23), (1.5.25) and (1.5.27) imply (1.5.21) if and only if for any positive
integer «, 3, when o+ 3 > 2,

(Oé)\l + ﬁ)\Q — Al)cag = —Aaﬁ, (Oé)\l + ﬁ)\g — )\Q)daﬁ = _Baﬁ- (1.5.28)

Obviously, (1.5.28) is just the recursion formulas to compute cqg,dqas. Namely,
Caps dap can be uniquely determined by (1.5.28). O

For the convergence of the formal transformation (1.5.20), in [Qin Y.X., 1985],
by using Cauchy majorant method, the author proved that if the origin of (1.5.19)
is a nfocus type singular point, ordinary node or starlike node, then in (1.5.20), the
power series of £, with respect to z,y have non-zero convergent radius. Therefore,
we have

Theorem 1.5.6. If the origin of (1.5.1) is a focus type singular point, ordinary
node or starlike node, then, system (1.5.1) is linearizable in a neighborhood of the
origin. In addition, the linearized transformation is unique.
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If the origin of (1.5.19) is a irrational singular point, so that A1 /)2 is an negative
irrational number. Then, in (1.5.28), aX; + GA3 — A1 and aX; + Gy — A2 can be
taken as very small number, such that the convergence problem of the formal series
(1.5.20) becomes very difficult problem.

1.6 Node Value and Linearized Problem of the Integer-Ratio
Node

Let the origin of system (1.5.1) be an integer-ratio node. By using a suitable linear
transformation, system (1.5.1) can be reduced to

dx = dy =

el a, 29 _ a, B

pri Az + Z aasr™y”, =nl\y + Z bapgx®y”, (1.6.1)
a+pB=2 a+[p=2

where A # 0 and n is an integer greater than 1. System (1.6.1) is a special case of

system (1.5.19) under the condition A\; = X\, A2 = nA. For system (1.6.1), (1.5.28)

becomes
(+nB—1)caph = —Ang, (a+nf —n)dopA = —Bag. (1.6.2)

Obviously, for any natural numbers o and 3, o + 8 > 2 leads a + nf — 1 # 0.
o +nfB —n =0 holds if and only if & = n, 3 = 0. Hence, all c,3,dns can be deter-
mined uniquely by (1.6.2) except d,,o. Consequently, there is a formal transformation
(1.5.20) such that system (1.6.1) becomes linear system if and only if B,o = 0, and
when B,,o = 0, d,,o can take any value.

By cited Theorem 2.3 in [Qin Y.X., 1985], we have the following conclusion.

Theorem 1.6.1. For system (1.6.1), one can find series (1.5.20) which are
convergent in a neighborhood of the origin, such that system (1.6.1) reduced to the

normal form

3 dn
— =\, —L=n)\ AE™, 1.6.
0 £, g = Anto 3 (1.6.3)

In (1.6.3), 0 = B/ is determined uniquely by the coefficients of system (1.6.1).

Theorem 1.6.2. If there are formal series € = x + h.o.t., 7 =y + h.o.t., such
that

& =\, ? = n\ij + oA ()", (1.6.4)
(16.1) tl(1.6.1)
then
§=¢ n=n+C¢", (1.6.5)

where, C' is an arbitrary constant.
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Proof. We take &, as the power series of £, 7 of the form
[oe]
i=n+CE"+h&n), hEn)=> h(n), (1.6.6)
k=m

where hi(£,n) are homogeneous polynomials of degree k of £, 7, m is a positive
integer. It is easy to see that all cog,das in (1.5.20) except dno are determined
uniquely by (1.6.2). Thus, we have

E=¢ m>n. (1.6.7)
From (1.6.3), (1.6.4) and (1.6.6), we obtain

di .
G i—on@r =2

@ A =0. (1.6.8)
dt | 6.3) dt

(1.6.3)

Let us prove (1.6.5) by using reductio ad absurdum, i.e., we prove that h is equivalent
to zero. Suppose that

hm(&n) = > eapé®n” (1.6.9)

a+B=m
is not zero. From (1.6.8) and (1.6.9) we have

0= dn —nAh
dt (163
Oh, Ohm,
=A Z (a+n8 —n)eapt®n® + h.o.t.. (1.6.10)
a+pB=m

When o+ =m > n, a + nf —n is a positive integer. From (1.6.10), it reduces
that all eqap in (1.6.9) equal zero, which contradicts with h,, is not identically zero.
Hence, the conclusion of Theorem 1.6.2 holds. O

System (1.6.3) has a first integral of the form
fin — o ln& = constant. (1.6.11)

Obviously, the fact of o is zero or nonzero is concerned with the linearized problem
system (1.6.1) and the analytic property of (1.6.11). We need to introduce the
following definition given in [Liu Y.R., 2002].

Definition 1.6.1. o is called node value of the origin of system (1.6.1).

From Theorem 1.6.1 we obtain
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Theorem 1.6.3. System (1.6.1) is linearizable in a neighborhood of the origin
if and only if the node value o = 0.

Let the origin be an integer-ratio node. In order to know if system is linearizable.
We need to compute node values.

Theorem 1.6.4. For every o and 3 satisfying 2 < a+ 8 < n —1, dog defined
by (1.5.20) are determined uniquely by the recurrent formula
1 a+p-1
dop=————— | ba —k+1 ide— —j
P Xn—a—np) o Z (@ =k + Dakjdatr1,0-5
k+j=2
a+B—1
+ > (B—j+ Dbejdarp—jt1| - (1.6.12)
k+j=2
Furthermore, o is given uniquely by
1 n—1
o= X bno + Z(TL —k+ 1)ak0dn,k+1’0 + bk(]dnfk,l . (1613)
k=2

Proof. From (1.5.20) and (1.6.3), we have

0= d_n —nAn
dt {161y
o0 oo
= Z adaﬁx“’ly'@ Ar + Z aijkyj
a+B=2 k+j=2

o0 o0
1+ Z ﬁdagxo‘yﬁfl n\y + Z bijkyj
a+B=2 k=2

o0
—nA | y+ Z dagxayﬁ . (1.6.14)
a+pB=2
It implies that

o0 oo
0=\ Z (a+np— n)dagxayﬁ + Z baﬁx“y'@

a+p3=2 a+pB=2

oo oo
T D adegayat Tl

a+B=2 k+j=2

+ D > Bdapbia Tyt (1.6.15)

a+B=2k+j=2
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Thus, we have

[e.e] o0
0=\ Z (aJrnﬂfn)dagz”‘yﬁJr Z bagacayﬁ

a+p=2 a+p=2
oo at+pB-1
+ Y > (a—k+ Daggda—pir,5—52°y°
a+B=2 k+j=2
o at+p-1
+ )0 > B+ Dbkjdakpjrazy’. (1.6.16)

a+B=2 k+j=2

Because £ = z+h.o.t. and when a+3 > 2, a+nf—n =0ifand only if « = n, 3 = 0.
(1.6.16) follows the conclusion of Theorem 1.6.4. O

From the recursive formulas (1.6.12) and (1.6.13) we have

Theorem 1.6.5. When n = 2,3 and 4, the node values of the origin of system
(1.6.1) are as follows

1
Oln=2= sz(h

1
Oln=g = )\— [(2ag0 — b11)b2o + b3o A,

Oln=a= [b20(12a3y — 10a20b11 + 2b7; — 2a11b20 + bo2bao)

4)\3
+2(2a30b20 — bg()bgl + 6(120[)30 — 2b11b3())>\ —+ 4b4()>\2]. (1617)

Theorem 1.6.6. If
bgo = b30 == bn—l,O = O, (1.6.18)

then the node value of the origin of system (1.6.1) is

1
= Zb,. 1.6.1
o = 1bno (1.6.19)

Proof. Theorem 1.6.4 follows that if (1.6.18) holds, then dsy = 0 and when a =
3,4,--- ,n— 1, we have

da() Z a—k —+ 1 akoda k+1,0- (1620)
k:

By using the mathematical induction, we obtain
d20 = d30 == dnfly() =0. (1621)

By (1.6.18), (1.6.21) and (1.6.13), the conclusion of Theorem 1.6.6 holds. O
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Theorem 1.6.6 tell us that if bog = b3g = -+ = byg = 0, then the node value of
the origin of system (1.6.1) is zero.

Corollary 1.6.1. Ify = 0 is a solution of system (1.6.1), then at the origin, the
node value o = 0.

Notice that in some special cases, other singular points can become an integer-
ratio nodes. Therefore, at these singular points, the integrability and linearized
problem of systems can be solved by computing node values in an integer-ratio
nodes. For example, we have

Theorem 1.6.7. System

dz . )

a7 = 2 4 2b32%w + axz%w? + a1 2w,

d )

d_l; = —w — byw* — 2as2w3 — byz?w? (1.6.22)

is linearizable in a neighborhood of the origin.

Proof. By the transformation
7 = zw?,  w = w®, (1.6.23)

system (1.6.22) can become a special quadratic system

dz

d_Ii = —21 — 3ag2z? + (ay — 2b1) 21wy,

d

% = —3w; — 363,2% — 6Gagziwy — 3()111)%. (1624)

The origin of system (1.6.24) is an integer-ratio node with n = 3. Theorem 1.6.5
implies that the node value o = 0. Notice that z; = 0 is a solution of system (1.6.24),
Theorem 1.6.1 follows that there are two convergent power series

oo
E=anfilz,wr), n=wi+ Y n(z,w), (1.6.25)
k=2

in a neighborhood of the origin, where f1(0,0) = 1, and 7, (21, w;) are homogeneous
polynomials of degree k of z1,wq, such that system (1.6.24) becomes

aQ
T~

dn _

& on =3 (1.6.26)

Let
Z2 = 577%2, wy = TI%, (1.6.27)
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then from (1.6.26) we have

dZQ dua

T—m TE = (1.6.28)

We next prove that zo, wy are power series in z, w. Write that

fa(zyw) =1+ Zw%*?’nk(z, w). (1.6.29)
k=2

From (1.6.23) and (1.6.25), we have

€ = 2wl fi(zw?, w?), n=uwdfa(z,w). (1.6.30)
Hence (1.6.27) and (1.6.30) follows that

29 = zfl(sz,w3)f;T2 (z,w) = z+ h.o.t.,

wy = wfé (z,w) = w + h.o.t.. (1.6.31)

This means that zo, wy are power series of z, w having nonzero radius of convergence.
So from (1.6.28), it is obtained that system (1.6.22) is linearizable in a neighborhood
of the origin. O

Similarly, we have

Theorem 1.6.8. System

dz

9T = 2(1 4 ayw® + agw?z),

d

d—; = —w(l + byw® + byw?2) (1.6.32)

is linearizable in a neighborhood of the origin.

1.7 Linearized Problem of the Degenerate Node

If the origin is a degenerate node of system (1.5.1), we can find a suitable linear
transformation such that system (1.5.1) becomes

dx dy
_ a, B _ a, 3
i Az + E AagTY", = wr + Ay + E basxy”, (1.7.1)
a+B=2 a+p=2
where A p # 0.

In the classical complex analytic theory, the linearized problem of the degenerate
node is still an open problem. In this section, we discuss this problem.
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Lemma 1.7.1. In a neighborhood of the origin, there is a convergent power
series solution of system (1.7.1) as follows:

ap2 o

r=py) = Y + h.o.t., (1.7.2)

where all coefficients of power series of p(y) can be determined uniquely by the
coefficients of (1.7.1).

Proof. Let x = yv, from (1.7.1) we have

%)
v+ Z aaﬁvayaJrﬁ*l

dv atp=2
yd_ = > —-v
[ F A+ Z baﬁvayom%@*l
a+(=2
= ‘%y + hodt.. (1.7.3)

According to Theorem 1.5.1, equation (1.7.3) has a unique and convergent power
series solution in a neighborhood of the origin

v=uv(y) = a—gfy + h.ot., (1.7.4)
which follows Lemma 1.7.1. O

Let © = ¢(y) given by (1.7.2) be a convergent power series solution of system
(1.7.1) in a neighborhood of the origin, then by the transformation

U=1— @(y)a v=1Y, (175)

system (1.7.1) becomes the following analytic system:

du =
o Au |1+ Z anguv’ |,
a+6=1
d o0
d_zt) = pu+ v+ Z b, guv’. (1.7.6)
a+(=2
Letting
u=w? v=o. (1.7.7)

System (1.7.6) changes to

dw A > ! %08
Ll 1+ Z apgw V" |,
a+6=1
dv 2 - I 2a. 8
priall + v+ Z bogw v, (1.7.8)

a+p=2
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where the origin of system (1.7.8) is an integer-ratio node with n = 2. By Theorem
1.6.5, the node value o = 2p/\. From Theorem 1.6.1 and Theorem 1.6.2, we have

Lemma 1.7.2. There are two power series of w and v
fw,v) =w+ hot., gw,v)=0v+hot., (1.7.9)

having a nonzero convergent radius, such that system (1.7.8) becomnes

ar A dg 5

LA - = . 1.7.1

o=l TS (1.7.10)
Moreover, if there exist two formal series of w and v of the form

f=w+hot, g=wv+hot., (1.7.11)
such that system (1.7.8) changes to

42 dg

— — a 2
i 2f, pm AG+ pfe. (1.7.12)

Then

f=Ff g=9+Cf (1.7.13)

where C' is a constant.

Remark 1.7.1. Lemma 1.7.2 implies that we can assume that the coefficient of
w? in the power series of the g given by (1.7.9) is zero.

Lemma 1.7.3. The function f = f(w,v) given by (1.7.9) is an odd function of
w, i.e.,

f(w,v) = w h(w?,v), (1.7.14)

where h(u,v) is a power series of u and v with nonzero convergent radius and
h(0,0) = 1.

Proof. Write that
f(wvv) = fl(wav)+f2(wvv)v (1715)
where
f(’LU, U) - f(_wa U)
2 )
f(wa ’U) + f(*wa ’U)
5 .

fl(wﬁv) =

fa(w,v) = (1.7.16)

Clearly, f1 is an odd function of w and fo is an even function of w. We see from
(1.7.8) that
dh|  _dhdu  dpdo

dt T dw dt | dv dt (1.7.17)

(1.7.8)



38 Chapter 1 Basic Concept and Linearized Problem of Systems

is an odd function of w and

dfs dfy dw  dfs dv
- =———+—— (1.7.18)
dt (1.7.8) dw dt — dv dt
is an even function of w. (1.7.10) and (1.7.15) follows that
df1 df2 A A
dt | 0g At |irg 2 2
Comparing the functions in the right and left sides of (1.7.19), we have
d A d A
B =t B 2 (1.7.20)
(1.7.8) (1.7.8)

Because the function f in Lemma 1.7.2 is unique and f; = w + h.o.t.. Therefore, we
obtain f = f;. It give rise to this lemma. O

Similarly, we have
Lemma 1.7.4. The function g(w,v) in Lemma 1.7.2 is an even function of w.

Theorem 1.7.1. There are two power series of x and y with a nonzero conver-
gent radius of the form

E=x+hot, n=y+hot., (1.7.21)

such that system (1.7.1) becomes the following linear system:

€ _
dt

d
AE, d—’z = p + . (1.7.22)

In addition, if there are another two formal series of x and y

¢E=x+hot., 1=y+hot., (1.7.23)

such that system (1.7.1) reduces to

dé - di N
—_— = —_— = 1. .24
=M 2= e (L.7.24)
then .
E=¢ n=n+C¢, (1.7.25)

where C is a constant.

Proof. By Lemma 1.7.4 and Remark 1.7.1, the function g(w,v) in Lemma 1.7.2 can
be written as
g(w,v) - TI(UJZ,'U)a (1726)
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where n(u, v) is a power series of u and v having a nonzero convergent radius:

n(u,v) =v+ Z Capuv’. (1.7.27)
a+(=2
Let
E(u,v) = uh®(u,v). (1.7.28)

From (1.7.14) and (1.7.28) we have
E(w?,v) = f2(w,v). (1.7.29)
Thus, (1.7.7), (1.7.10), (1.7.26) and (1.7.29) follow that

d d

g _e, I

dt |(1.7.6) dt | (176
(1.7.5), (1.7.30) and Lemma 1.7.2 implies the result of Theorem 1.7.1. O

= 1€ + M. (1.7.30)

1.8 Integrability and Linearized Problem of Weak Critical
Singular Point
Let the origin of system (1.5.1) be a weak critical singular point. By using a suitable

linear transformation, system (1.5.1) can become the following second-order complex
differential autonomous system

du 00
E = —y+ E Xk(l',y) = X(x7y)a
k=2
dy 00
_ Y B, Ve 1.8.1
= x+k§=2 w(@,y) =Y(2,y), (1.8.1)

which is analytic in a neighborhood of the origin, where Xy (z,v), Yi(z,y) are poly-
nomials of degree k of x and y:

Xe(z,y) = Y Aapz®y’, Yi(z,y)= > Baga™y’. (1.82)
a+p=k a+p=k

Making the transformation
z=x+iy, w=x—1y, T=it, 1=+-1, (1.8.3)

system (1.8.1) becomes

dz =
ﬁ: Z+ZZk(Z’w):Z(Zaw)a
k=2
dw s
i XZ;Wk(z,w) = —W(z,w), (1.8.4)
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where

Zk = Yk — iXk = Z aalgz“w'@,
a+pB=k

Wi =Yp+iXp= Y bagw*z’ (1.8.5)
a+pB=k

are homogeneous polynomials of degree k of z and w (k = 2,3,--+), z,w,T are
independent complex variables, aqg, b are independent complex constants.

We call that system (1.8.1) is the associated system of (1.8.4) and vice versa.
We see from (1.8.5) that V(«a, ), Aa g, Bap are real coefficients if and only if
Y(a, B), bag = Gagp.

If Y(o, B), Aa g, Bap are real coefficients and x,y,t are all real variables, then
system (1.8.1) is a real planar differential autonomous system, for which the origin is
a center or a focus. While if V(«, 3), aag, bag are real coefficients and z, w, T are all
real variables, then system (1.8.4) is a real planar differential autonomous system,
for which the origin is a weak saddle. The monograph [Amelikin etc, 1982] proved
that

Theorem 1.8.1. For any given i1, and dk+1,k, k=1, 2,---, one can deter-
mine successively other ¢ ; and d ; and derive uniquely the formal series

[e.¢]
zZ 4+ E G 2w

&=
ktj=2
(o)
n=w+ Z dyjw 27, (1.8.6)
ktj=2

such that by formal variable transformation (1.8.6), system (1.8.4) reduces to the
following normal form

F S N
d—T:€+€;pk(£n)k,

di =L i

T = —n—nkqu(fn)k- (1.8.7)

Proof. We denote
éZka(zaw)a ﬁzzgk(sz)v (188)

where f1 = z, g1 = w, fr(z,w), gr(z,w) are homogeneous polynomials of degree k
of z,w. Write that
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[ee] [ee] [ee]
&> (&)t = Zmzk“w’“ +Y | Pilz,w),
k=1 k= k=3
(o] 5 o0
1Yy (&)t = wh 2 +Zwk ERT) (1.8.9)
k=1 k=

where @y (z,w), Uk (z,w) are homogeneous polynomials of degree k of z,w. From
(1.8.4) and (1.8.8), we have

& - =[(0fm_  Ofm
ﬁ—ﬁ—ZK@Z—a—ww‘f"@)*Fm}’

m=2
dij 5~ [(99m Ogm
dTH?mz:;[( 5oz = o g ) = G | (1.8.10)

where
m—1
af; af;
Fo=Zn+ Z (a_Z]Zm—j-i-l - a_Uin—j-H) )
m—1
dg; 0q;
G = Wi + (%Wm_ﬁl - iZJZm_jH) (1.8.11)

are homogeneous polynomials of degree m of z, w. From (1.8.9), (1.8.10) and (1.8.7),

we obtain
Z (afm . aaﬂ _fm> _ Z((I)m —Fy,) +Zﬁk2’k+1wk,
m=2 w m=2 k=1
3 <5‘gm - ag—m gm) =S (W~ Go) + Y Gk, (1.8.12)
m=2 ® m=2 k=1
where
3fm Ofm ~
(3'2 a—ww_fm Z (O‘_ﬁ_l)caﬁz w-,
a+pB=m
dgm Igm . 5 a B
e T 5, 2 Im Z (v — B — 1)dppw™z”. (1.8.13)

For F, Gy @, U, in (1.8.12), we see from (1.8.8) (1.8.9) and (1.8.11) that for
any positive integer k, ®op, Port1 VYor and Wory1 are polynomials of fq, fo, -« -,
for—1, 91, 92, - - -5 92k—1, P1, P2, = 5 Pk—1, q1, G2, " -+, qk—1, Which have positive ra-
tional coefficients. In addition, for any m, F,,, G, only depend on f1, fa, -+, fin—1,
91,92, , gm—1. Write that
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Oy = Fp= Y Copz®w’, Up—Gp= Y Dasuw®z’ (1.8.14)
at+pB=m a+p=m

From (1.8.13) and (1.8.14), we know that (1.8.12) holds if and only if for any positive
integer k,

Z (0 — B — 1)éapzw? Z Copz®w’

a+p=2k a+pB=2k
S (o= Ddapuws’ = > Dogu? (1.8.15)
a+pB=2k a+B=2k

and

Z (a— 0 — 1)Ealgz“wﬁ = P2tk + Z C’aﬁzawﬁ,

a+B=2k+1 a+B=2k+1
Z (a 08— ]_) Qﬁw a B qkwarl k + Z Daﬁw 2. (1816)
a+B=2k+1 a+B=2k+1

Because in (1.8.16), all coefficients of ¢x41,k, d@.Lk are zeros. Hence, all ¢;41 % and
Jk+17k can be given as arbitrary constants. By (1.8.15) and (1.8.16), for any two
natural numbers a, 8 satisfying a + 8 > 2 and a — f — 1 # 0, Cag, Jaﬁ can be
uniquely determined by the recursive formulas

Cog ~ Dag

Cop = ————, dop= ————. 1.8.17
Cap a—pB-1 "7 a—p-1 ( )
In addition, Py, ¢r can be derived uniquely by the recursive formulas
P =—Crirk, k= D1k (1.8.18)
This completes the proof of this theorem. O

Definition 1.8.1. Suppose that by means of formal transformation (1.8.6), sys-
tem (1.8.4) can be reduced to the normal form (1.8.7). Then, the transformation
(1.8.6) is called a normal transformation in a neighborhood of the origin of system
(1.8.4). System (1.8.7) is called a normal form corresponding to the transformation
(1.8.6).

Let (1.8.6) be a normal transformation in a neighborhood of the origin of system
(1.8.4) and o1 p = dgy1r = 0, k = 1,2,---. Then (1.8.6) is called a standard
normal transformation in a neighborhood of the origin of system (1.8.4), which is
written by

E=2z+ Z cri2Pw! = &(z,w), n=w+ Z dijwhzd = n(z,w).  (1.8.19)
ktj=2 k+j=2
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The normal form derived by standard normal transformation is called standard nor-
mal form, which is written by

575+52pk (en)*

dn = - ank &) (1.8.20)

From Theorem 1.8.1 and its proof, we have

Corollary 1.8.1. Let

& =z+ Z c};jzkwj, k= w+ Z dj;w ki (1.8.21)

k+j=2 k+j=2
and (1.8.6) be two standard normal transformations in a neighborhood of the origin
of system (1.8.4). If for any positive integer k, we have Ch1k = Cht1 ks dpiq g =
di+1,k- Then & =&, n" =1.
Remark 1.8.1. From Corollary 1.8.1 and the proof of Theorem 1.8.1, we know
that the standard normal transformation is unique in a neighborhood of the origin

of system (1.8.4). Moreover, all ci;, di;, pr and g, in (1.8.19) and (1.8.20) are
polynomials of aag’s, bag’s. Their coefficients are all rational numbers.

[Amelikin etc, 1982] proved that

Theorem 1.8.2. If for any positive integer k, we have pr, = qr. Then the formal
series of £, n in the standard normal transformation have nonzero convergent radius.

Theorem 1.8.3. Let H =&n and F(H), G(H) be any unit formal power series
of H. Then,
§=¢F(H), n=nG(H) (1.8.22)

is a normal transformation in a neighborhood of the origin of system (1.8.4).
Proof. From equations (1.8.20) and (1.8.22), we have

df dn

= (D(H), ﬁ:—ﬁ\I/(H), (1.8.23)

where ®(H), UV(H) are the following unit formal power series of H:

=1+ ;pka + % ;(pk — qr) HM,
U(H) =1+ Z%Hk - g((g)) Z(pk — qp)HF (1.8.24)

=
Il
—

k=1
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Denote that o
H=¢(=HF(H)G(H) = H + h.o.t.. (1.8.25)
Thus, H can be written as the formal series of H
H=H +o(H). (1.8.26)
(1.8.23) and (1.8.26) follow thee assertion of this theorem. O

Theorem 1.8.4. Let (1.8.6) be a normal transformation in a neighborhood of
the origin of system (1.8.4). Then, there exists unit formal series of H as follows:

oo o0
F(H)=1+Y AH*, G(H)=1+Y ByH", (1.8.27)
k=1 k=1
such that € = EF(H),7 = nG(H), where Ay, By are the given constant coefficients.
Proof. Denote that

(o)
f=¢F(H) =2+ Z Chj 2w,
k=2

o0
g=nG(H)=w+ Z dj w27 (1.8.28)
k=2

Since the functions of £, 7 in the standard normal transformation are determined
uniquely, we only need to find Ay, By of f and g (k=1,2,---). From (1.8.27) and
(1.8.28), f and g can can be written as

flzow) =2+ APk + 3 fi(z,w),

k=1 k=2
g(z,w) =w+ Z Brwt 2k ¢ ng(z, w), (1.8.29)
k=1 k=2

where fi(z,w), gx(z,w) are homogeneous polynomials of degree k of z,w. For any
positive integer k, for41 only depend on Ay, As, -+, Ax_1, while gopy1 only depend
on By, Bo, -+, Bi_1. From (1.8.28) and (1.8.29), we can take appropriately A, By,
such that for any positive integer k, ¢}, , = Cht1k, djyy s = dit1,6 hold. By
Corollary 1.8.1, we obtain the conclusion of this theorem. O

From equation (1.8.20) and Proposition 1.1.2, we obtain the following three im-
portant formulas

Theorem 1.8.5. Denote that

Wk =Pk — Qe Tk =Pk +qr, k=1,2,---. (1.8.30)
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For system (1.8.4), we have
dH &
ar ZMkaH,
k=1

aQ 1 o L
“©_1 <2 ©S ) (1831)

k=1
and
2(JZ) — i(JW) = Ji(k + D (En)* (1.8.32)
az w - k=1 Mk 77 ) - *
where
oc  0¢
_ _ 1.8 _| 9z ow
H=¢n, Q= 5 In e J(z,w) = o o | (1.8.33)
0z Ow

In [Liu Y.R. et al, 1989] and [Liu Y.R. et al, 2003a], we introduced the following
definition.

Definition 1.8.2. Let ug = 79 = 0. For any positive integers k, p = pr — qx s
called the k-th singular point value of the origin of system (1.8.4), while 7, = pr + qx
is called the k-th period constant of the origin of system (1.8.4).

If there exists a positive integer m, such that ug = p1 = -++ = pm—1 = 0, fy, # 0,
then the origin of is called a m order weak critical singular point of system (1.8.4).
If for all k, we have py = 0. Then the origin of system (1.8.4) is called a complex
center.

Theorem 1.8.6. Let (1.8.6) be any normal transformation in a neighborhood of
the origin of system (1.8.4). Denote that H = 7. When the origin of system (1.8.4)
18 a m-order weak critical singular point, we have

dH

o = o H™ + heo.t.. (1.8.34)

When the origin of system (1.8.4) is a complex center, we have

dH
— =0. 1.8.35
7T ( )
Proof. Let (1.8.6) be any normal transformation in a neighborhood of the origin of
system (1.8.4). By Theorem 1.8.4, there exist two unit formal series F'(H), G(H) of
H, such that

H=HF(H)GH)=H + hot. (1.8.36)
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From (1.8.36) and Theorem 1.8.5, we have

dH , ,dH

7 =(FG+HF'G+HFG)
=(FG+HF'G+HFG)>  uH*, (1.8.37)

k=1

where FG + HF'G + HFG' is a unit formal series of H. By using (1.8.36), we can
represent H as a formal series of H:

H=H + h.ot. (1.8.38)
Hence, (1.8.37) and (1.8.38) follows the conclusion of this theorem. O

Lemma 1.8.1. Let F be a formal first integral in a neighborhood of the origin of
system (1.8.4). Then, F' can be written as a formal power series of £,m as follows:

F=CumEn™+ > Capt™n’, Crum #0, (1.8.39)
a+B=2m+1

where m is a positive integer.

Proof. Solving z and w from (1.8.19), we obtain
z=2z(&n) =&+ hot., w=wln) =n+hot. (1.8.40)

Hence, F' can be written as the following formal power series of &, n:

F=3 Fu&m= Y, Captn’, (1.8.41)
k=n

a+pB=n

where n is a positive integer. Fj(£,n) is a homogeneous polynomial of degree k of
&,n. F, is a non-zero polynomial. From (1.8.41) and (1.8.20), we have

_dF _ 9F df  OF dn

AT 9¢dT  OndT

oF, OF,,
= 8—55 - o n+ h.o.t.
= > (a=B)Capt®n’ + hoot. (1.8.42)
a+B=n
It implies that
Z (o = B)Cap™n” = 0. (1.8.43)
a+B=n

Since F,, is a non-zero polynomial, we see from (1.8.43) that n = 2m, Hay =
Crim&™n™, Crym # 0. Thus, the assertion of this lemma holds.
O
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Theorem 1.8.7. System (1.8.4) has a formal first integral in a neighborhood of
the origin if and only if all singular point values of the origin are zero.

Proof. First, we prove the sufficiency of theorem. If all singular point values are
zeros , then by Theorem 1.8.2, the power series of £, have a nonzero convergent
radius. Theorem 1.8.5 implies that H = &7 is a first integral in a neighborhood of
the origin, which is a power series of z, w with a a nonzero convergent radius.

Second, we prove the necessity of theorem. Suppose that system (1.8.4) has a
formal first integral F' in a neighborhood of the origin. By Lemma 1.8.1, F' can be
written as the form of (1.8.41). From (1.8.40) and (1.8.20), we have

dF o0 o0
= mCmm€™ ™+ > aCagt®y’ <1 + sz&’%’“)
a+pB=2m+1 k=1

— | mCrm&™n™ + Z BCop&®n” <1+quf’“n’“>. (1.8.44)
k=1

a+B=2m+1
It can be represented by a formal power series of &, 7 as follows:
dF -
— = Dap&®nP. 1.8.4
7= 2. Dast®n (1.8.45)
a+B=2m

Since F is a formal first integral in a neighborhood of the origin for system (1.8.4),
therefore, all D,g must be zeros. From (1.8.44) and (1.8.45), we have

o0
0= Z Dy&Fn*
k=m

= | mCom&™ ™ + Y §CyE <1+Zpk§k77k>

j=m+1 k=1

— | MCpm&™ ™+ Y GO <1+qu€k7}k>
k=1

Jj=m+1
= mCm&™ ™ + Y GCHEW | D mnt = o. (1.8.46)
j=m+1 k=1

Because of Cp,p, # 0. (1.8.46) follows that
(o)
>ty =o0. (1.8.47)
k=1

It means that for all k, u, = 0. O
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Theorem 1.8.8. If the the origin of system (1.8.4) is a complex center, then,
in a neighborhood of the origin, any formal first integral F of system (1.8.4) can be
represented by

F = F(H), (1.8.48)
where F(H) is a formal series of H.

Proof. Let the origin of system (1.8.4) be a complex center. Then, H(z,w) = £n is
an analytic first integral in a neighborhood of the origin. Suppose that F is a first
integral in a neighborhood of the origin of system (1.8.4), which is represented as a
formal series of &, n:

F= > Capt™n’. (1.8.49)
a+pB=1
Write that
Fr=Y Culn), F=F-F" (1.8.50)
k=1

Clearly, F* is also a formal first integral in a neighborhood of the origin of system
(1.8.4). Lemma 1.8.1 follows that F is not a formal first integral in a neighborhood
of the origin of system (1.8.4). Since F is the difference of two formal first integrals.
So that, F = 0. O

Theorem 1.8.8 gives rise to the following conclusion.

Theorem 1.8.9. If the the origin of system (1.8.4) is a complex center, then
in a neighborhood of the origin, any analytic first integral of system (1.8.4) can be
written as a power series of H with a nonzero convergent radius.

Theorem 1.8.10. The origin of system (1.8.4) is a complex center if and only
if there exists an analytic integrating factor M (z,w) in a neighborhood of the origin

with M(0,0) # 0.

Proof. The sufficiency of the conclusion is obvious. We prove the necessity. If the
origin of system (1.8.4) is a complex center, Theorem 1.8.2 and Theorem 1.8.5 tell
us that the Jacobian determinant J(z,w) of & n with respect to z,w is an analytic
integral factor in a neighborhood of the origin and J(0,0) = 1. O

Theorem 1.8.11. In a neighborhood of the origin, system (1.8.4) is linearizable
if and only if
pe=aq =0, k=1,2---. (1.8.51)

Proof. If (1.8.51) holds, then system (1.8.20) is just a linear system.
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Suppose that system (1.8.4) can be linearized in a neighborhood of the origin.
Thus, there exists a normal transformation (1.8.6) in a neighborhood of origin, such
that system (1.8.4) is reduced to the linear system

dé - dj :
= — — = 7. 1.8.52
g8 = (1.8.52)
Denote that B
e
H = Q=—In=. 1.8.
&, Q=g (1.8.53)
From (1.8.52), we have . .
dH ds2 .

It follows that H is a first integral in a neighborhood of the origin of system (1.8.4).
Hence, by Theorem 1.8.7, we obtain

e =0, k=1,2,---. (1.8.55)

From Theorem 1.8.4, there are two unit formal series F/(H) and G(H) of H, such
that

§=¢F(H), i=nG(H). (1.8.56)
From (1.8.33), (1.8.53) and (1.8.56), we have

Q-Q=_—In——=. (1.8.57)

Because the right side of (1.8.57) is a formal power series of H, from (1.8.31), (1.8.55)
and (1.8.57), we obtain

~ o0
% = % = % <2+ I;Tka> . (1.8.58)
From (1.8.54) and (1.8.58), we have

=0, k=1,2--. (1.8.59)
Thus, (1.8.30), (1.8.55) and (1.8.59) give rise to (1.8.51). O

Theorem 1.8.12. In system (1.8.4), if for all o and 3, the relationships bag =
dap hold. Then in (1.8.19) and (1.8.20), we have that Vk,j, ck; = dij, Pk = G-

Proof. The relationships V(a, ), bag = Gag imply that A,g, Bas are real numbers
in (1.8.2). Let x,y,t be real variables. Then (1.8.1) is real planar differential system.
From (1.8.3), we have

Z=w, w=z T"=-T. (1.8.60)
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By (1.8.19) and (1.8.60), we obtain

n=z+ Z kazkwj, E=w+ Z Ekjwkzj. (1.8.61)
k=2 kot =2
Denote that
& =n n=C¢ (1.8.62)
Making the conjugated transformation on the two sides of (1.8.20), from (1.8.60)
and (1.8.62), we have

dg*i* *oo—**k dn*i * *OO— * x\k
g =& t¢ ’;qk(ﬁn% a1 n;pk(fn% (1.8.63)

(1.8.61) and (1.8.63) follows that (1.8.62) is a standard normal transformation in a
neighborhood of the origin of system (1.8.4). The uniqueness of the standard normal
transformation gives that

n=E& Ge=pr, k=12, (1.8.64)
It follows the conclusion of this theorem. O

For system (1.8.1), consider the normal transformation

E(z + iy, — iy) + n(x + iy, « — iy) ok
u= 5 =x+ Z i Y
k+j=2
(x+iy,x —iy) — n(z + iy, z — iy) S 1k g
V= oF :y+k;2dij y.  (1.8.65)
=

Theorem 1.8.12 implies that if all coefficients on the right side of system (1.8.1) are
real numbers, then u, v are power series of x,y having real coefficients. (1.8.20) and
(1.8.3) follow the following conclusion given by [Amelikin etc, 1982].

Theorem 1.8.13. By using formal transformation (1.8.65), complex autonomous
differential system (1.8.1) can become a normal form as follows:

du 1 & 2 ok
E——v—i— 5 ;(Uku—Tkv)(u +0v%)" =U(u,v),
dv 1 2 ok
Zuts (Thu + o) (u” +v°)" = V(u,v), (1.8.66)
k=1
where
Ok :i(pquk), Tk = Pk + Qk (1.8.67)

and all o, T, c;w- and d;j are polynomials of Anp,Bag with rational coefficients.
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Proposition 1.1.2 and Theorem 1.8.13 imply the following three important for-

mulas.

Theorem 1.8.14. For system (1.8.1), we have

dH & 1 dw 1<
- = — =14= 1.8.
o > oHE, =1+ > mH (1.8.68)
k=1 k=1
and
ATX)  9(JTY) oUu v - X
= — 4 — ) = kE+1 1.8.
o I\t e ;7222( +1)opHE, (1.8.69)
where
ou ou
2 2 _ E - 8£C ay
H=u"+v", w= arctanu, J = o (1.8.70)
or Oy

Theorem 1.8.7 gives the following conclusion.

Theorem 1.8.15. System (1.8.4) has a formal first integral in a neighborhood
of the origin if and only if all o, = 0.

From Theorem 1.8.8 and Theorem 1.8.9, we have

Theorem 1.8.16. If the origin of system (1.8.1) is a complex center, then any
first integral F in a neighborhood of the origin of system (1.8.1) can be written by

F = F(H), (1.8.71)

where F(H) is a formal series of H. In addition, any analytic first integral in a
neighborhood of the origin of system (1.8.1) can be represented as a power series of
‘H with a nonzero convergent radius.

Theorem 1.8.10 derives the following conclusion.

Theorem 1.8.17. The origin of system (1.8.1) is a complex center if and only
if there exists an analytic integral factor M(z,y) in a neighborhood of the origin and

M(0,0) # 0.
By Theorem 1.8.11, we have

Theorem 1.8.18. System (1.8.1) is linearizable in a neighborhood of the origin
if and only if for all positive integer k, o, =0, 7, = 0.

Definition 1.8.3. Suppose that the functions of the right side of system (1.8.1)
satisfy
X(z77y) = 7X(Iay)7 Y(Iafy) = Y(xay) (1872)
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We say that the functions of the right side of system (1.8.1) are symmetric with
respect to the coordinate x.
Suppose that the functions of the right side of system (1.8.1) satisfy

X(*I‘,y) - X(a?,y), Y(fxay) = 7Y(xay)7 (1873)

we say that the functions of the right side of system (1.8.1) are symmetric with
respect to the coordinate y.

If one of (1.8.72) and (1.8.73) satisfies, we say that system (1.8.1) is a symmetric
system with respect to a coordinate.

From Corollary 1.4.1, we have

Theorem 1.8.19 (The symmetric principle). Suppose that (1.8.1) is a sym-
melric system with respect to a coordinate. Then, it has a analytic first integral in
a neighborhood of the origin.

Since the coefficients of the right side of system (1.8.1) can be complex, Theorem
1.8.19 expands the symmetric principle for the center-focus problem in real planar
differential autonomous systems.

Theorem 1.8.20 (The anti-symmetric principle). Suppose that the origin
of system (1.8.1) is a complex center. Then, there exist two power series u,v of x,y:

u=x+hot, v=y+hot. (1.8.74)

with a nonzero convergent radius, such that by transformation (1.8.74), system
(1.8.1) becomes a symmetric system.

Proof. Since the origin of system (1.8.1) is a complex center, by Theorem 1.8.2, the
functions of (1.8.65) are power series of x,y with nonzero convergent radius. From
Theorem 1.8.13 and Theorem 1.8.15, we see that by the transformation (1.8.65),
system (1.8.1) can become the following symmetric system:

du 1 & 9 ok
E:fvfinTk(u +0%)",
k=1
d—U:u—i— 1uiC:Tk(uZ + ). (1.8.75)
dt 2
k=1
O

By using the above two theorems, we obtain a method to check if the origin is a
complex center. In fact, for a given system of the form (1.8.1), if we find a suitable
transformation to make this system become a symmetric system, then the origin of
the system is a complex center.
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Example 1.8.1. Consider the real planar differential system

dr e
dt =Y z,
d
d—i/ = 2+ 22% — 5a2% — 2(1 — 4az®)zy — daz’y® + ay®. (1.8.76)

By the transformation u = z,v =y — a2, system (1.8.76) becomes

du dv 49 4
i i Gau“v" + av®. (1.8.77)

Letting ¢ = v2, the above system reduces to the Riccati equation

€ _

4 2
v —2(u — 6au*E + a&”?). (1.8.78)

The functions of the right side of system (1.8.77) is symmetric with respect to the
variable v. Therefore, Theorem 1.8.19 follows that the origin of system (1.8.76) is a
center.

We now consider the existence of integrating factor in a neighborhood of the
origin when the origin of system (1.8.20) is a m-order weak critical singular point.
It is easy to show that the following conclusion holds.

Theorem 1.8.21. Let the origin of system (1.8.20) be a m-order weak criti-
cal singular point. Then, in a neighborhood of the origin, system (1.8.20) has the
following integrating factor :

1 1

o] = Hm+1
Hm+1 (14 Z Pmtk prk
h=1 Hm

M(&n) =

(1+ h.ot), (1.8.79)

where H = &n).

From Proposition 1.1.4 and Theorem 1.8.21, we have

Theorem 1.8.22. Let the origin of system (1.8.4) be a m-order weak critical sin-
gular point. Then, in a neighborhood of the origin, system (1.8.4) has the following

integrating factor :
1

(zw + h.o.t.)
where H and J are given by (1.8.33), M s given by (1.8.79).

M(z,w) = JM =

—, (1.8.80)

Similarly, we have
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Theorem 1.8.23. Let the origin of system (1.8.66) be a m-order weak criti-
cal singular point. Then, in a neighborhood of the origin, system (1.8.66) has the
following integrating factor :

1 1

M*(U,U) = 00 o = H7n+1
Mt (1 0 H’“)
k=1 ’m

(1+ h.o.t.). (1.8.81)

where H = u? + v2.

Theorem 1.8.24. Let the origin of system (1.8.1) be a m-order weak focus.
Then, in a neighborhood of the origin, system (1.8.1) has the following integrating
factor:

1

1
M (z,y) =T M" = 1+ h.ot.) = ’
(@9) ( ) (22 +y2 + hot)" !

- Herl

(1.8.82)

where H and J are given by (1.8.70), M* is given by (1.8.81).

Theorem 1.8.25. Suppose that in a neighborhood of the origin, system (1.8.1)
has an integrating factor M*(xz,y) with the form f*(x,y)G(z,y) and s+ 1 is not a
negative integer, where

flz,y) =2 +y* + hot., G(z,y)=1+h.o.t. (1.8.83)
are two formal series of x,y. Then, the origin of (1.8.1) is a complex center.

Proof. We use reductio ad absurdum. Suppose that the origin of system (1.8.1) is
not a complex center but a m order weak focus. Then, Theorem 1.8.24 follows that
there is a first integral of (1.8.1)

M (z,y)
M (z,y)
in a neighborhood of the origin. From (1.8.83) and (1.8.84), F(rcosf,rsinf) has
the form

F(z,y) = = f5(z,9)G(x,y) (@ + y* + h.o.t.)™ ! (1.8.84)

1+ i Ck (Q)Tk

k=1

F(rcos,rsinf) = p2(stm+1) , (1.8.85)

where for all k, ((0) are polynomials of cos#,sinf (k=1,2,---). Because s + 1 is
not a negative integer, hence, s+m-+1 # 0. (1.8.85) implies that the origin of system
(1.8.1) is a complex center which is in contradiction to the original hypothesis. [

We next consider the case of s + 1 is a negative integer. Let s +1 = —k, where
k is a positive integer. Then, M*(m, y) in Theorem 1.8.25 has the form:
~ G(LE, y)

M*(z,y) = Fri(z )’ (1.8.86)
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Theorem 1.8.26. Suppose that system (1.8.1) has an integrating factor M*(z,y)
with the form (1.8.86) in a neighborhood of the origin. If the origin is not a k order
weak focus. Then the origin of (1.8.1) is a complex center.

Proof. We use reductio ad absurdum. Suppose that the origin of system (1.8.1) is
not a complex center but a m order weak focus, where k # m. Then, Theorem
1.8.24 follows that in a neighborhood of the origin of system (1.8.1), there is the
following first integral

M*(x,y)  G(z,y)(z? + y? + h.ot.)™H

F(z,y) = = . 1.8.87

)= M) o) et

Since k # m, (1.8.87) implies the origin of system (1.8.1) is a complex center. It is
in contradiction to the original hypothesis. O

Similarly, we have

Theorem 1.8.27. If system (1.8.4) has an integrating factor M(z,w) of the
form  f2(z,w)G(z,w) in a neighborhood of the origin, where s + 1 is not a negative
integer and

f(z,w) = zw+ hot., G(z,w)=1+ h.o.t. (1.8.88)

are two formal series of z,w. Then the origin of (1.8.4) is a complex center.

If s+ 1 = —k, where k is a positive integer. Then M(z,w) given by Theorem
1.8.27 becomes G )
~ 2, W

Theorem 1.8.28. Suppose that system (1.8.4) has an integrating factor M(z, w)

of the form (1.8.89) in a neighborhood of the origin. If the origin of (1.8.4) is not a

k-order weak critical singular point. Then, the origin of (1.8.4) is a complex center.
Example 1.8.2. System

dz dw

- = 2 2 - =
T =% + 3zw(az” + bw*), T w (1.8.90)
has an integrating factor
~ 1

This is a singular factor. However, we have the first two singular point values
w1 = pa = 0 of the origin of system (1.8.90). The origin is not a 2-order weak
critical singular point. By Theorem 1.8.28, the origin is a complex center.

Example 1.8.2 tells us that Theorem 1.8.25 ~ Theorem 1.8.28 are useful for
solving the center problem.
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Definition 1.8.4. If there are a constant v # 0 and three formal series of
(z*,w*):

1
oz, w*) = yw* + hot., PEFw*) = ;z* + h.ot., G(z*,w") =1+ h.o.t.,

(1.8.92)
such that by using the transformation
z=p("w"), w=y(E"w") (1.8.93)
system (1.8.4) becomes
dz* * * * * dw* * * * *
—Z(z",w")G(z*, w"), =Wz w")G(z", w"). (1.8.94)

dT dT

Then, system (1.8.4) is called generalized time-reversible system.

Let the origin of system (1.8.4) is a complex center. Then, in a neighborhood of
the origin, the standard normal form of (1.8.4) has the form

d¢ 1

77 =€ 1+§;m(§n)k = (&),

dn _ 1+1i7(g | = —w(en) (1.8.95)
o = 3 2 m(En)*| =~ (). 8.

By using the transformation £ = n*,n = £*, system (1.8.94) can become the following
system:
de* dn*
— _¢ * *
dT (&), dT

It implies that system (1.8.95) is generalized time-reversible system.

= W), (1.8.96)

Theorem 1.8.29. If the origin of system (1.8.4) is a complex center, then, by
using a suitable analytic transformation, system (1.8.4) can become a generalized
time-reversible system.

The following is the converse theorem of Theorem 1.8.29.

Theorem 1.8.30. If system (1.8.4) is a generalized time-reversible system, then
the origin of system (1.8.4) is a complex center.

Proof. We use reductio ad absurdum. Suppose that system (1.8.4) is a generalized
time-reversible system and its origin is not a complex center. Then, there is a

positive integer m, such that p; =po = -+ = 1= 0, ptyy, # 0. Thus, there is a
polynomial F(z,w) = zw + h.o.t., such that
dF oF oF
dewl Y ) T ED gy )
dl' |15 0z ow

= i (z0)™ T + heo.t.. (1.8.97)
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By using (1.8.93), in a neighborhood of the origin, we can solve z* and w* as follows:

1
2" =p*(z,w) =yw+ h.ot., w" =¢*(z,w)=—z+h.o.t. (1.8.98)
Y
Let
F*(z,w) = F(¢*(z,w), ¢*(z,w)) =zw + h.o.t.. (1.8.99)

We see from (1.8.97) that

dF*(z,w) _dF(z",w")
dr (1.8.4) dr (1.8.94)
6 u) | 2P g ) - S e )
= — i (zw)™ Tt + heoot.. (1.8.100)

(1.8.97) and (1.8.100) follows that p,, = 0. It gives the conclusion of this theorem.
O

Example 1.8.3. Consider the following system
dz

& _z
ar ~ 2w)
=24 9(7 = 8N)[3(1 +4\)2% + wz? + (7 — 8\ w?z — 3(2 — Nw?]z,
dw
9T = —W(z,w)

=—w+9(7 = 8N)[3(1 + 4N w® + (4 + TNw?z — wz? +3(2 — N\)2*|w.  (1.8.101)

This system has a algebraic integral

flz,w) =14 27(1 +4\)(7 — 8)\) (w + 2)* (2 — w). (1.8.102)
Let
L L (1.8.103)
f3(z,w) f3(z,w)
Then . y
P (1.8.104)
fa(zw) fa(zrw)

By transformation (1.8.103), system (1.8.101) becomes

dz* Z(z*,w*)  dw* W(z*,w*)
== 77 =—1 7 1.8.1
T = e d fe ) (18.105)

Thus, system (1.8.101) is a generalized time-reversible system. By Theorem 1.8.30,
the origin of system (1.8.101) is a complex center.
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1.9 Integrability and Linearized Problem of the Resonant
Singular Point

Let the origin of the system (1.5.1) be a p, ¢ resonant singular point. By using a
suitable linear transformation, system (1.5.1) become

dz =

ar ~ P? + g:z Zi(z,w) = Z(z,w),

dw -

a1 ,;2 Wi(z,w) = =W (z,w), (1.9.1)

where p, ¢ are two irreducible integers, Z(z,w), W(z,w) are two power series of z, w
having nonzero convergent radius. For all k, Zx(z,w), Wi (z,w) are homogeneous

polynomials of degree k of z,w:

Zi(z,w) = Z Aapz®w?,  Wi(z,w) = Z basw®2P. (1.9.2)
a+pB=k a+pB=k

We now cite the definition of a normal form of system(1.9.1) given by [Christopher
ect, 2003].
Definition 1.9.1. Suppose that there are two formal series of z,w

E=z+hot., 7=w+hot., (1.9.3)

such that by transformation (1.9.3), system (1.9.1) reduces to the form:

dé . =

% = p§|l +;ﬁk(§qﬁp)k] ,

dﬁ o ~ - ~ Fq~p\k

o7 = 47 14> G(E%7) ] : (1.9.4)
k=1

Then, we say that (1.9.3) is a normal transformation in a neighborhood of the ori-
gin of the system (1.9.1). System (1.9.4) is a normal form corresponding to the
transformation (1.9.3).

A resonant singular point can be transformed to a weak critical singular point
by a suitable transformation. Actually, from Theorem 1.5.4, there are two power
series p(w), ¢ (z) with nonzero convergent radius, satisfying ¢(0) = ¢(0) = ¢’(0) =
¥'(0) = 0, such that by the transformation

u=z—pw), v=w-—1v(2), (1.9.5)
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system (1.9.1) becomes

du =

d—T:puU(u,v):pu 1+};Uk(u,v)1,

dv >

T = —qoV(u,v) =—quv |1+ ];Vk(u,v) , (1.9.6)

where U(u,v), V(u,v) are two power series with nonzero convergent radius of u, v.
Ui (u,v), Vi(u,v) are homogeneous polynomials of degree k of u,v.

Suppose that z = ¢p(w), w = ¥(z) are analytic solutions of the system (1.9.1),
passing through the origin. By using the transformation

u=2aP, v=y (1.9.7)

system (1.9.6) becomes the following special system having weak critical singular
point O(0,0):

dx =

ar _ P,y D 4
¥ii xU (2P y?) = x 1+§Uk($,y)],
dT ’ Pt '

Since = 0 and y = 0 are two solutions of system (1.9.8), hence, any normal
transformation in a neighborhood of the origin of system (1.9.8) has the form

(o) (o)
X =z |1+ Z cgﬁx"‘yﬁ , =y |1+ Z dgﬁy"xﬁ . (1.9.9)
a+p=1 a+p=1

By Theorem 1.8.1, for the coefficients of the formal series (1.9.9), first, ¢}, ,d}, are
taken as any constant numbers. Then, the other coefficients can be determined
uniquely. Corresponding to (1.9.9), the normal form of system (1.9.8) is as follows:

dX* * = * kK
o= X 1+;pk(>< ¢ )k],
a7 kZqu X . .J.

Compare with system (1.8.4), the right sides functions of the system (1.9.8) have
the following properties:
(1) x =0 and y = 0 are two solutions of (1.9.8).
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(2) U(aP,y?), V(zP,y?) are two power series of aP, y2.
These properties of (1.9.8) make it have a particular normal transformation and

a special normal form.

Definition 1.9.2. Let (1.9.9) be a normal transformation of system (1.9.8) in
a neighborhood of the origin satisfying for m/(pq) are not positive integers, ¢, =
&, = 0. We say that (1.9.9) is a p,q resonant normal transformation. The
corresponding normal form is called the p,q resonant normal form.

Obviously, the standard normal transformation in a neighborhood of the origin
of system (1.9.8) is p, ¢ resonant.

Theorem 1.9.1. For all given ¢y kp and dip, kg (k =1, 2,---), one can derive
uniquely and successively the terms of the formal series

o
X =z |1+ Z Eaﬁxapyﬁq = xf(xp, yq)a
a+B=1

C=y |1+ Y. dapy™a™ | =yg(a®,y?), (1.9.11)
a+pB=1

such that by transformation (1.9.11), system (1.9.8) becomes the following normal
form

dx - k

= X 1+;m(f<<>’“’q],

dé ——h - o ()kpa

== + ) @O (1.9.12)
k=1

Proof. Write that

flu,v) =1+ Z Fon (1, 0),

m=1

g(“’av) =1+ Z gm(u,v), (1.9.13)

m=1

where fm(u, v), gm (u,v) are homogeneous polynomials of degree m of w, v:

fon(u,v) = Z Captt®v?, Gmlu,v) = Z dopv®u®. (1.9.14)
a+p=m a+pB=m
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From (1.9.8), (1.9.11) and (1.9.13), we have

u
= ou 0
¢ : [ 09w Ogm
=y {pu 5o = Q= G (u,0)| (1.9.15)

where F, (u,v), Gy, (u,v) are homogeneous polynomials of degree m of u, v:

m—1 <
fr af
Fpn=Un Up— — V!,
+ ; <fk +pu 9 B QU k
m—1 ~ ~
0 0

G = Vin + ng + qvﬂ) Vit puﬁUmk] . (1.9.16)

— ov ou

By using (1.9.11), we obtain

(o) o0
Zﬁ (ROt =&y pru0*? Frt (u, 0)§" (u, v),

k=1 k=1
Zq (xC)FPe = qukukqvk”gk”qH(u ) fFP9 (u, v). (1.9.17)
k=1 k=1

Let

oo oo oo
Zﬁ XC kpq =T lZﬁkuqukp + Z @m(uav)] s

k=1 k=1 m=1
o0

¢ () —yl

k=1

Then, by (1.9.13), (1.9.17) and (1.9.18), we see that for any integer m, ®,,, ¥,
only depend on fl,fg, e ,fm_l and §1,G2, * ,Gm—1. For any positive integer k,
when (k—1)(p+q) <m < k(p+q), P, ¥y, only depend on py,pa, -+, Pr—1 and
,Gk—1. We know from (1.9.15) and (1.9.18) that (1.9.12) holds if and only

MS

Gru P 4 Z U, (u v)] : (1.9.18)

k=1 m=1

617627"'
if
5 (-] - s S
m=1 m=1 k=1
oo agm agm oo oo ek
2 puZdm ) = N (0, - Gy Wk (1.9.1
S (% i) = 3 (= Gu 4 Lt (1919
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From (1.9.14), for any positive integer m, we have

8fm 8fm o ~ a, B
pu s = qug s = > (ap — B)éapue”,

a+pB=m
Uagm —pu% = Z (ﬁq—ap)igauavﬁ. (1.9.20)
ov ou
a+pB=m
Denote that
Oy — Fo= Y Copu®o”? Gm= Y Dasvu’ (1.9.21)
a+pB=m a+pB=m

Then, from (1.9.19), (1.9.20) and (1.9.21) we get

)
Z Z Olp 5(1 caﬁu Z Z C ﬁuavﬁ+2ﬁkukqvkp,
k=1

3

m=1 a+pB=m 1=1 a+pB=m

0 S 0

Z Z (Bq — ap)dgauv® = Z Dgauavﬁ + Z Geut . (1.9.22)
m=1 a+pf=m m=1 a+p= k=1

Since p and ¢ are two irreducible integers, hence for any natural numbers «, 3,
when a4+ 0 > 1, ap — B¢ = 0 if and only if there exists a positive integer k, such
that « = kp, 8 = kq. Thus, (1.9.22) follows that for any natural numbers «, 3, when
ap—0Bq # 0, all ¢, Jga are determined uniquely by the following recursive formulas

1

= Dga. 1.9.23
Bqg—ap ( )

Cop = ———C d
Cap ozp—ﬁq aBs Ba

Moreover, for any positive integer k, px, ¢r are determined uniquely by the following
recursive formulas

Pr = _qu, kp> qr = —l)kp7 kq- (1.9.24)
Because all coefficients of ¢xq,xp and Jkp,kq in (1.9.22) are zeros. So that, éxq kp and
dip,kq can be given as arbitrary constants in advance. O

From Theorem 1.9.1 and Corollary 1.8.1 we have

Theorem 1.9.2. In a neighborhood of the origin, any p, q resonant normal trans-
formation of system (1.9.8) has the form of (1.9.11). The corresponding normal form
has the form of (1.9.12).

In a neighborhood of the origin, the standard normal transformation and the
standard normal form of the origin of system (1.9.8) can be written respectively as
follows:
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oo
x=xz[1+ > capz®y®t| = xf(z?,y?),

a+pB=1
C=y |1+ Y dapy™a™ | =yg(a”,y?), (1.9.25)
a+6=1
dx S kpq
o= X |1+ me(xQ™)
k=1
dg - kpq
5 =—C |1+ D a0 (1.9.26)
k=1
where
quA’ kp = dkp, kq = 0, k = 1,2, st (1927)

Theorem 1.9.3. Let (1.9.11) be a p,q resonant normal transformation in a
neighborhood of the origin of system (1.9.8) and its corresponding normal form be
(1.9.12). Then,

E=(z—)fPlz—pw—2), 7= w—1)§%z—pw—1) (1.9.28)

is a resonant normal transformation in a neighborhood of the origin of system (1.9.1).
By transformation (1.9.28), system (1.9.1) can be reduced to (1.9.4).

Proof. From (1.9.5), (1.9.7), (1.9.11) and (1.9.28), we have
E=xP, n=c(". (1.9.29)
(1.9.12) and (1.9.29) follows (1.9.4). O

Theorem 1.9.4. Let (1.9.3) be a normal transformation in a neighborhood of
the origin of system (1.9.1) and corresponding normal form be (1.9.4). Then, there
exist two unit formal series f(u, v), §(u,v) of u,v, such that £,7 can be expressed as
the form of (1.9.28). By using transformation

)2 = xf(zp7yq)7 C = yg(l,p’yq) (1930)
system (1.9.8) becomes the p,q resonance normal form (1.9.12).

Proof. Let (1.9.3) be a normal transformation in a neighborhood of the origin of
system (1.9.1). Then, by transformation (1.9.5), € and 7j can be represented as two
formal series of u,v. Since u = 0 and v = 0 are two solutions of system (1.9.6)hence,
there are two unit formal series F(u,v), G(u,v) of u, v, such that,

£ =uF(u,v), 7=vG(u,v). (1.9.31)
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Denote that
Flu,v) = Fv(u,v),  §u,v) = G (u,v), (1.9.32)
where the functions of the right hands take their principal values. Then, f (u,v),
g(u,v) are unit formal series of u,v. From (1.9.5), (1.9.31) and (1.9.32) we obtain
the representations (1.9.28) of &, 7.
From (1.9.5), (1.9.7),(1.9.28) and (1.9.30), we have (1.9.29).
(1.9.4) and (1.9.29) follows (1.9.12). O

Remark 1.9.1. Theorem (1.9.3) and theorem (1.9.4) imply that in a neigh-
borhood of the origin, the p,q resonance normal transformation (1.9.11) of system
(1.9.8) and the following normal transformation of system (1.9.1)

p
00

E=(—9) |1+ Y éplz—9)*(w-9)"| =z+hot,
a+pB=1

oo

i=(w=1) [1+ > dap(w—1)*(z—=9)°| =w+hot (1.9.33)
a+p[=1

have the one-to-one correspondence relation. Moreover, (1.9.5) and (1.9.7) imply
(1.9.29).

Definition 1.9.3. We say that in a neighborhood of the origin,

p

E=(z—¢p) |1+ Z cap(z — )% (w — )P | =z+hot.,
a+p=1
q

n=(w—1v¢) |1+ Z dop(w —0)*(z — @)’ | =w+hot. (1.9.34)
a+p=1

is the standard normal transformation of system (1.9.1), where crq, kp = dip, kg =

0, k=1,2,---. Corresponding to transformation (1.9.34), system
df > q,.P\k
o5 = P51+ p(E”)" | = (&),
k=1
D14 S aem)t| = —wien) (1.9:35)
dr = ’

is called the standard normal form in a neighborhood of the origin of system (1.9.1).

From Remark 1.9.1 and Theorem 1.8.2, we have
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Theorem 1.9.5. In a neighborhood of the origin, the standard normal transfor-
mation of system (1.9.1) and the standard normal transformation of system (1.9.8)
have the following relation

E=x" n=(. (1.9.36)

Moreover, if for all k, px = qi, then &, 1 are two power series of z,w having nonzero
convergent radius.

Theorem 1.9.6. Let
Wk =Pk —qQks Tk =Pk +qk, k=1,2---. (1.9.37)

For system (1.9.1), we have

dH - k1
T =pq Y pH"Y,
k=1
ds pq( - k)
L (1.9.38)
dl"  2i =
and
) ) = X
5, M2) = 5-(MW) = pgM >k + D (), (1.9.39)
k=1
where
NS
L& 11| 0z Ow
H=¢p" Q=—In>—, M=¢ 9P . 1.9.4
g, Rt ¢y o o (1.9.40)
dz Ow

Proof. By using (1.9.35) and (1.9.40) to do computations directly, we obtain (1.9.38).
Let M = &9~ 1'yP~1J, where J is the Jacobian of &1 with respect to z,w. Then,
Proposition 1.1.3 follows that

0 0

a(MZ) — 8_w(MW)
= % (gil’*ln‘I*lJZ) — 8% (ScpflanlJW)
_7 a% (e — a% ()| . (1.9.41)
(1.9.41) implies (1.9.39). O

Similar to Theorem 1.8.3, we have
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Theorem 1.9.7. Let F(H) and G(H) be two unit formal power series of H.
Then,

§=¢F(H), ij=nG(H) (1.9.42)
gives the normal transformation in a neighborhood of the origin of system (1.9.1).

Theorem 1.9.8. If (1.9.3) is a normal transformation in a neighborhood of the
origin of system (1.9.1), then there exist two units of formal series of H of the form

F(H)=1+Y AH* G(H)=1+> BiH", (1.9.43)
k=1 k=1

such that € = EF(H),7 = nG(H).

Proof. Let (1.9.3) be a normal form in a neighborhood of the origin of system (1.9.1).
Then system (1.9.1) becomes the normal form (1.9.4) by transformation (1.9.3). By
Theorem 1.9.4, there are two unit formal series f(u,v),g(u,v) of u,v, such that
(1.9.28) holds. System (1.9.8) becomes the normal form (1.9.12) by transformation
(1.9.30). From Theorem 1.8.4, ¥, ¢ can be written as the following formal series of

X C:
=X 1+2Am<x<>’"], {=¢

m=1

+y Bm(xg)m] . (1.9.44)

From (1.9.25) and (1.9.44), we have

X=af |1+ > Ay (xy)m(fg)m] :
C=yg |1+ > Bul= )m(fg)’"] : (1.9.45)

where f = f(a?,y),g = g(a?,y?). By (1.9.30), ¥/x = f(27,y7) and (/y = §(a”,y?)
are two formal series of P and y?. Thus, when m/(pq) is not a positive integer, we
have A, = B,;, = 0. Now (1.9.45) can be become

=x |1+ fikpq(xo’qu] CC=CY] kaq<x<>’ﬂ . (1.9.46)
k=1 -
(1.9.29), (1.9.36) and (1.9.46) follow that
00 p o) q
§=¢|1+ Z Akpq(fqnp)k] o n=n|l+ Z kaq(ﬁqn”)k] . (1.9.47)
k=1 k=1

This gives the conclusion. ]
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In [Xiao P., 2005], the author gave the following definition.

Definition 1.9.4. For any positive integer k, ux = pr — qx s called the k-th
resonant singular point value of the origin of system (1.9.1) and 7, = pr + qi i
called the k-th resonant period constant of the origin of system (1.9.1).

Define that po = 0. If there is a positive integer k, such that py = pp = -+ =
pr—1 = 0, but p # 0, then the origin is called the k-order resonant singular point;

If for any positive integer k, there are pi = 0, then the origin is called a complex
resonant center.

Remark 1.9.2. The k-th resonant singular point value is the k-th saddle quatity
given by [Christopher ect, 2003]

Remark 1.9.3. Theorem 1.9.5 and Theorem 1.9.6 imply that if the origin of
system(1.9.1) is a complex resonant center, then H = £Pn? is an analytic first integral
of system (1.9.1), and H a is power series in z,w having nonzero convergent radius.

Similar to the proofs of Theorem 1.8.7~ Theorem 1.8.11, we have the following
results.

Theorem 1.9.9. System (1.9.1) has an analytic first integral in a neighborhood
of the origin if and only if all resonant singular point values of the origin are zeros.

Theorem 1.9.10. System (1.9.1) in a neighborhood of the origin is linearizable
if and only if for all k, pr =0 and q; = 0.

Theorem 1.9.11. If the origin of system(1.9.1) is a complex resonant center,
then any first integral in a neighborhood of the origin of system(1.9.1) can be ex-
pressed as a formal series of H. In addition, any analytic first integral in a neigh-
borhood of the origin of system (1.9.1) can be expressed as power series of H with a
nonzero convergent radius.

Because system (1.9.8) can be reduced to system (1.9.26) by using standard
normal transformation (1.9.25). Therefore, we have

Theorem 1.9.12. The origin of system (1.9.1) is a complex resonant center if
and only if in a neighborhood of the origin there is an analytic integral factor :

M(z,w) = 27 "wP™! + h.o.t.. (1.9.48)

Remark 1.9.4. In [Simon etc 2000], the conditions of Theorem 1.9.9 are taken
as the definition of the integrability. While the conditions given by Theorem 1.9.10
are taken as the definition of the linearizable systems in a neighborhood of the origin
of system (1.9.1).
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Theorem 1.9.13. For any positive integer k, the k-th resonant singular value
and resonant period constant of the origin of system (1.9.1) are the kpq-th singular
value and the kpg-th period constant of the origin of system (1.9.8), respectively.
In addition, if m/(pq) isn’t a positive integer, then the m-th singular value and the
m-th period constant of the origin of (1.9.8) are zeros.

Finally, we have

Theorem 1.9.14. For system (1.9.1), if the origin is a m-order resonant singu-
lar point, then its standard normal form (1.9.35) has the following integrating factor
in a neighborhood of the origin:

1
M= . (1.9.49)

EnH™ <1+ZMH’€>

k=1 :U’7n

Moreover, system (1.9.1) has an integrating factor J M in a neighborhood of the
origin, where H = &P, J =1+ h.o.t. is the Jacobian of &, 1 with respect to z,w.
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Chapter 2

Focal Values, Saddle Values and Singular
Point Values

In this chapter, we consider a class of real planar autonomous differential systems,
for which the functions of the right hand are analytic in a neighborhood of the origin
and the origin is a focus or a center. We introduce the elementary theory to solve
the center problem.

2.1 Successor Functions and Properties of Focal Values

By making a linear change of the space coordinates and a rescaling of the time
variable if necessary, a planar differential system can be written as

daj o0

& — X - X

7 =0yt k§=2 k(@ y) = X(2,y),

dy oo

o :x+5y+kE:2Yk(:E,y) =Y(x,y), (2.1.1)

where X (z,y), Y (z,y) are analytic in a sufficiently small neighborhood of the origin
and

Xk(l',y): Z Aa,@xayﬁa
a+6=k

Yi(z,y) = Z Basz®y” (2.1.2)
a+6=k

are homogeneous polynomials of order k.

It is well know that the origin of system (2.1.1) is a rough focus when § # 0 and it
is either a weak focus or a center when § = 0. The problem of determining whether
a non-degenerate singular point (it has purely imaginary eigenvalues) is a center or
a weak focus is called the center-focus problem (or simply, center problem). This
is one of the most important topics in the qualitative theory of planar dynamical
systems. [Poincaré, 1891-1897], [Lyapunov, 1947] and [Bautin, 1952-1954] had done
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pioneering fundamental work. In last century, many mathematicians also made some
important contributions in this direction. We first introduce the method of Poincaré
successor function.

Under the polar coordinate transformation

xr=rcosf, y=rsinb, (2.1.3)
system (2.1.1) is become
dr_ r|o+ i (0)r*
dt - Pr+2 )
k=1
ﬁfuiw (0)r* (2.1.4)
P 2 k+2 ) L

where

0k(0) = cos0Xj_1(cosb,sin ) + sin Yy, _1 (cos 0, sin 6),

P (0) = cos0Yy,_1(cosB,sin @) — sin 0 X1 (cos 0, sin ). (2.1.5)
We see from (2.1.4)that
J o+ Z Prk+2 (Q)Tk
U ) . (2.1.6)
do s .
L) trpa(O)r
k=1

To study the solutions of this equation, we discuss a class of general differential
equations

d o0
d—; =Y Re(0)r* = R(r,6). (2.1.7)
k=0
Where we assume that there exists a positive real numbers 7o, such that R(r,0)

is analytic with respect to 7 in the region {|r| < ro, |#] < 47}, and it is continuously
differentiable with respect to the real variable 6. In addition,

Ri(0+7) = (=1)*Ri(0), k=0,1,---. (2.1.8)

We next use the small parameter method given by Poincaré (see [Poincaré, 1892]).
Suppose that (2.1.7) has the following solution of convergent power series

r=7,h) = i ve(0)h*, (2.1.9)
k=1
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satisfying the initial condition r|g—g = h, where h is sufficiently small and
1(0)=1, v(0)=0, k=2,3,---. (2.1.10)

Substituting (2.1.9)) into (2.1.7) and equating coefficients of the same powers of
h, it follows that

v1(0) = Ro(0)v1(6),
v5(0) = Ro(0)v2(0) + R1(0)v7 (),

vy, (0) = Ro(0)Q1,m(0) + R1(0)Q2,(0) + - - - + Rip—1(0) Qi (0),

...... (2.1.11)
where Q,, (0) is given by
m!
Qe (0) = > 7V )i (0) - v, (6). (2.1.12)
drtatbg=m T2 IR
Particularly,
Q1 (0) = v (0),  Qum(0) = v77(0). (2.1.13)
Thus, (2.1.10) and (2.1.11) follow that
v (0) = elo Ro(@)de
0
v (0) = Vl(@)/ 1(0)Q2.m(p) 1(#)n.m (#) do.
0 v1(p)
...... (2.1.14)
We see from Ry(0 + ) = Ro(f), and (2.1.14) that
Lemma 2.1.1. For equation (2.1.7), we have
vi(m) = v1(27). (2.1.15)
For system (2.1.1), if 6 = 0, then (2.1.14) becomes
V1 (0) - ]-7
0
im(®) = [ (B2 (0) + -+ Bors (0 (9)] di
0
m=1,2 --. (2.1.16)

Thus, we have
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Lemma 2.1.2. For system (2.1.1), if § = 0, then all vi(6) are polynomials of
0, sinf and cos, whose coefficients are polynomials of Ang, Bag. Particularly, for
all k, v (), vi(2m) are polynomials of Aag, Bag-

Lemma 2.1.3. For a sufficiently small h, we have
—7(0 +m, h) =70, —7 (7, h)). (2.1.17)

Proof. The condition (2.1.8) follows that under the transformations p = —r, w =
0+ m, (2.1.7) is invariant, i.e.,

d (o)
ﬁ =pY_ Ri(w)p* = Rp,w). (2.1.18)
k=0

Therefore, a solution of (2.1.18) satisfying the initial condition p|,—o = h is p =
7(w, h), i.e., 7 = —F(6+m, h) is one solution of (2.1.7) satisfying the initial condition

r|o=0 = —7(m, h). On the other hand, r = 7#(0, —7(m, h)) is also a solution of (2.1.7)
satisfying the same initial condition. By the uniqueness of solution, (2.1.17) holds.
O

Similarly, the following conclusion holds.
Lemma 2.1.4. For a sufficiently small h, we have
7(0 + 2w, h) = 7#(0,7(2m, h)). (2.1.19)

In order to study the stability of the zero solution of (2.1.7), Poincaré introduced
the following successor function:

A(h) = #(2m, h) — h = [11(2m) — 1]h + i Vi (2m) ", (2.1.20)
k=2

where 7(27, h) is called Poincaré return map.
The following theorem is given by [Liu Y.R., 2001].

Theorem 2.1.1. For any positive integer m and va,(27) given by (2.1.20), we

have
m—1
[1+ v (m)]vam (21) = (D (2m) = 1]+ > (Wvgpya (2m). (2.1.21)
k=1
where for allk, k=1,--- ,m—1, Q(ff) are polynomials of v1(), va(m), -+, vam(m),

1 (27m),v2(27), -+, Vo (2m) with rational coefficients.
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Proof. Taking 6§ = 27 in (2.1.17) and # = 7 in (2.1.19), we have
7(m,7(2m, h)) + 72w, —7 (7, h)) = 0. (2.1.22)

We see from (2.1.9) and (2.1.23) that

(Ve ()% (27, B) + (= 1) vy, (27)7% (0, h)] = 0. (2.1.23)

NE

el
Il

1

It can be written as the power series of h, for which the coefficient of the term h?™

satisfies
> wa(7) 2 (27) + (—1)F 14 (27) Qe 2 ()] = 0. (2.1.24)
k=1
Therefore, we have
(14 v1(7)]vam (27) = G1 + Ga, (2.1.25)
where
G1 = —[vi™(7) — Nvam(27) — 7™ (27) — 11 (27)]vam (7)), (2.1.26)
Go = - i [ () Qb 2 (270) + (= 1)* v (270) Qs 2 (). (2.1.27)
k=2

According to (2.1.26) and Lemma 2.1.1, G has the factor 4 (27) — 1. Hence, we
have from (2.1.25),(2.1.27) and (2.1.12)that

2m—1
1+ 1 (P (2m) = €0 2m) — 1]+ 3 €Wy (2m), (2.1.28)
k=2
where all gfff) are polynomials of vy (7), va(w), -+, vam(w), v1(27), va(27), -,

Vom (27) with rational coefficients. By using the mathematical induction, we obtain

m—1
[+ w1 (m)] " vam (21) = 1 (1 (27) = 1]+ Y 1D vars (27), (2.1.29)
k=1
where all n,,(,i“) are polynomials in vy (), va(m), -+, vom(w), v1(27), a(27), -+,
Vom (27) with rational coefficients. Denote that
(1+z)™=2""11+2)+ (22 — 1) f(2). (2.1.30)

Then f(z) is a polynomial of & with rational coefficients. By using (2.1.30) and
Lemma 2.1.1, we have

1+ v (m)" = 2m_1[1 + v (m)] + [1(27) — 1] f (v (7). (2.1.31)

Thus, (2.1.29) and (2.1.31) follow the conclusion of Theorem 2.1.1. O
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This theorem is important in the studies of the properties of successor function
and focal values as well as in the discussion of the multiple Hopf bifurcation of limit
cycles.

Theorem 2.1.1 has the following corollary.

Corollary 2.1.1. If v1(27) = 1, then, the first positive integer k satisfying
vp(2m) # 0 is an odd number.

Corollary 2.1.1 and the definition of Poincaré successor function (2.1.20) give
rise to the following result.

Theorem 2.1.2. Consider equation (2.1.7).

(1) If ri(2m) < 1 (> 1), then the zero solution r = 0 is stable (unstable).

(2) If vi(2m) = 1 and there exists an integer k > 1, such that vo(27) = v3(27) =

- = 1p(2m) = 0 and vop+1(27) # 0, then when vopp1(27) < 0 (> 0), the zero

solution r = 0 is stable (unstable).

(3) If 11 (2m) = 1 and all positive integers k, we have vopy1(2m) = 0, then for
a sufficiently small h , all solutions satisfying initial condition rlgp—o = h are 27-
periodical solutions.

Definition 2.1.1. Consider system (2.1.1).

(1) If i (2m) # 1, then the origin is called rough focus.

(2) If 11 (2w) = 1 and there exists a positive integer k, such that ve(2mw) =
v3(2m) = -+ = v (2m) = 0 and vak41(27) # 0, then the origin is called the k-order
weak focus, vapy1(2m) is called k—th focal value.

(3) If v1(2m) = 1 and for all positive integers k, we have vopy1(2m) = 0, then the
origin is called a center.

2.2 Poincaré Formal Series and Algebraic Equivalence

When ¢ = 0, systems (2.1.1) have the following forms

dz o, B _
T **y+Zkay =—-y+ Z Anpr®y” = X(z,y),
k=1 a+p=2
dy 8
pri x—l—ZYk r,y) =x+ —é:QBagx y’ =Y (z,y), (2.2.1)
[0

where Xy (z,y), Yi(z,y) are given by (2.1.2).

Definition 2.2.1. Let A1, Ao, -+, A\, and S\m, be polynomials with respect to

Ang's and Bog's. If for a positive integer m, there exist polynomials ﬂm), §2m), R

(m)
3

m—1-

with respect to Ang’s and Bag's, such that

A = A A+ €T+ E A 4+ €0 A ), (2.2.2)
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then, we say that N\, is algebraic equivalent to S\m, written by Ay, ~ Am. Further-
more, if for any positive integer m, we have \,, ~ A\, then we say that sequences
of functions {\;,} is algebraic equivalent to { A\, }, written as {Am} ~ {Am}-

Remark 2.2.1. It is easy to see from Definition 2.2.1 that the following conclu-
sions hold:

(1) The algebraic equivalent relationship of the sequences of functions is self-
reciprocal, symmetric and transmissible.

(2)If for some positive integer m, Ay, ~ A, then, when \j = Ao = -+ = App_1 =
0, we have A\, = S\m

(3) The relationship Ay ~ A1 implies that \; = \;.

Definition 2.2.2. Suppose that
h)=1+Y cph* (2.2.3)
k=1

is a formal power series of h, where for any k, cx is a polynomial with respect to
Ang's and Bog's, then G(h) is called a unit formal power series of h. In addition, if
G(h) is a unit formal power series, and G(h) has non-zero convergent radius, then
G(h) is called a unit power series.

Theorem 2.2.1. Let \,,, and A, be polynomials with respect to Aag’s and Bag's,

Gm(h) and G, (h) be unit formal power series of h, m =1, 2, ---. If
D Anh G (h) =Y Anh™ G (h), (2.2.4)
m=1 m=1

then {Am} ~ {Am}.

Proof. For any positive integer m, comparing the coefficients of h™ at the right-
hand side and the left-hand side of (2.2.4), we then have the conclusion of this
theorem. O

By using Lemma 2.1.2 and Theorem 2.1.1, we have the following conclusion.

Theorem 2.2.2. For system (2.2.1), we have

Vo (2m) ~ 0, m=1, 2,---. (2.2.5)
Moreover, the equivalence relations Vam11(2m) ~ Dami1 hold if and only if for any
positive integer m, there exist 1, M2, +++, Mm—1, such that
m—1
V2m+1 277' Z nkVQk-‘rl 277' —|—l/2m+1, (226)
k=1

where all i, are polynomials of Aap’s,Bag’s.
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We next introduce Poincaré’s formal series method.

Theorem 2.2.3. For system (2.2.1), one can construct successively a formal
power series

F(z,y) = Fi(x,y), (2.2.7)
k=2

where Fy,(z,y) is a homogeneous polynomial of order k of x,y and Fa(x,y) = x> +y?,
such that

dF &
= 3 Vol £ 229
m=1

Definition 2.2.3. For any positive integer m, Vo, 41 is called the m-th Liapunov
constant of system (2.2.1).

Remark 2.2.2. We do not consider the convergence for the formal power se-
ries. When we realize some operations such as addition, subtraction, multiplication,
division, differentiate and integration on a formal series, we only deal with its coef-
ficients, do not consider its convergence. Such operation is called formal operation.

It is clear that for a given system (2.2.1), all vor11(27) can be uniquely deter-
mined. But the coefficients of formal series F' in (2.2.7) are not unique. In fact,
for any positive integer m, when Fs, F3, ---, F5,,_1 have been determined, the
coefficient of one term of Fb,, can be arbitrarily chosen. So that, this value will
effect the latter Liapunov constants.

Each time when the first nonzero Liapunov constant is determined for the given
system, it seems that we have solved the center-focus problem. But when we study
the multiple Hopf bifurcation of limit cycles from a weak focus, only considering the
first nonzero Liapunov constant is not enough. It is necessary to investigate the
zero roots and their distributions of the Poincaré successor function.

We notice that the relationship between the focal values and the Liapunov con-
stants was studied in [Gobber etc, 1979] and the algebraic equivalent relation be-
tween the Liapunov constants and the focal values was proved in [Liu Y.R., 2001].

[Liu Y.R., 2001] proved

Theorem 2.2.4. For system (2.2.1), we have

Vomyr} ~ {%umﬂ(%)} . (2.2.9)

Proof. By using the polar coordinate to F' given by Theorem 2.2.3, we have

F(0) = F(7#(6, h) cos 0,7(6, h) sin §) = i F.(cos 0, sin )7 (0, h). (2.2.10)
k=2
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Thus, we obtain

AF =F(2r) — F(0) = i Fi.(1,0)[7* (27, h) — h*]
k=2
=2h[F(27, h) — h)G(h) = 2h i vk (2m)AFG(h), (2.2.11)

k=2
where G(h) is a unit formal series of h.
On the other hand, (2.1.4) and (2.2.8)) can be transformed into

2T
N dF dt
AF*L PT T

/% Voi172K+2(0, h)dd
0

L+ trya(0)7* (0, h)
k=1

o0
=21 Y Vars1h** G (h), (2.2.12)
k=2

where for any positive integer k,

1 am 72k+2(0, h)do
Gu(h) = 3rarrs /0 r (2.2.13)
L+ hiy2(0)7* (60, h)
k=1
is a unit formal series of h. From (2.2.11) and (2.2.12). we have
Ry on2mhFG(h) =7y Va1 h* PG (h). (2.2.14)
k=2 k=2

From (2.2.14), Theorem 2.2.1 and Theorem 2.2.2, we then have the conclusion of
this theorem. O

Theorem 2.2.4 has important application in the study of successor function and
focal value as well as in that of multiple Hopf bifurcations of limit cycles created by
higher-order weak focus.

Theorem 2.2.5. Let
Hopio(z,y) = (22 + ¢ + hot,, m=1,2,---, (2.2.15)

be given formal series of x and y, which coefficients be all polynomials with respect
to Aap’s and Bog's. For system (2.2.1), one can construct successively a formal
power series F = 2% 4+ y% 4 h.o.t., such that

dF &

ar Z‘Gm+1H2m+2($ay)- (2.2.16)
k=1
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Furthermore, we have
1
{‘/2/m+1} ~ {;V27n+1<27r)} . (2217)

The prove of (2.2.17) is similar to Theorem 2.2.4.
Form Theorem 1.8.13, there exist two formal series of x, y,

u=ux-+h.ot, v=y+hot., (2.2.18)

and by means of the transformations (2.2.18), system (2.2.1) can be transformed
into the following normal form

d 1
N gz (opu — Tpv) (u? + 0*)F = U(u,v),
dt 2
k=1
OO i( u+ o) (u? + v = V(u, v) (2.2.19)
R — T o = . N
dt g T ’
Let
H =u?+v?, (2.2.20)
then
dH &
_ m—+1
= = > omH™ (2.2.21)
m=1
From Theorem 2.2.5, we have
1
Theorem 2.2.6. {om} ~ {Vams1} ~ {—1/2m+1<27r)} . (2.2.22)
T

2.3 Linear Recursive Formulas for the Computation of
Singular Point Values

In this section, we assume that A,g’'s and B,g’s are all complex coefficients, t is a
complex variable. By using the transformations

r=a+iy, w=z—iy, T=it, i=+—1, (2.3.1)

system (2.2.1) is transformed to system (1.8.4), i.e.,

dz o0
— a, B _
T = z+ E anpzw” = Z(z,w),
a+p3=2
dw =
— oy — a B
=Y E bopw®zl’ = =W (z,w). (2.3.2)

a+pB=2
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where aqg’s and b,g’s are all complex coefficients, T is a complex variable.
For system (2.3.2), the singular point values {y,,} of the origin is defined in
Definition 1.8.2. From Theorem 1.8.5, Theorem 1.8.13 and Theorem 2.2.6, we have

Theorem 2.3.1. For system (2.2.1) and (2.3.2), we have
{(Vamyr} ~{ipm},  {vam1(2m)} ~ {impm}. (2.3.3)
From Theorem 2.2.3, we have

Theorem 2.3.2. For system (2.3.1), one can determine successively a formal
series

o0
F(z,w) = Z Capz®w® = 2w + h.o.t., (2.3.4)
a+p=2

where c11 =1, cog = co2 = 0, such that

dF & .
- = > Am(zw)™ (2.3.5)
m=1

and {Am} ~ {pm}-

Theorem 2.3.3. In (2.3.4) and (2.3.5), let c11 = 1, ca0 = co2 = 0, ¢ = 0,
k=2 3, -, then when o+ 3 > 3 and a # (3, cap and Ay, have the recursive
formulas given by

1 a+p+2
Cah =54 Z (e =k +1akj—1— (B—J+ bjk-1]ca—rt1,8-j+1, (2.3.6)
k+j=3
and
2m-+4
A= > lm—=k+2)ar;1—(m—j+2)bjxlem kiom iz, (23.7)
k-+j=3

where cqp = 0 when oo < 0 or B < 0.
Proof. Denote
oo
Z(z,w)=z+ Z ar,j—12"wi
k+j=3

W(z,w)=w + Z bjr—12" 1w, (2.3.8)
ktj=3
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then
dF &
o= Y lacas w2 = feap w MW
a+(=2
Cae ) > e’
a+(3=3
+ Z Z (aak,j,l — 5bj’k71)caﬁza+k—lwﬁ+j—l
atB=2k+j=3
= > [(a=B)cap + Aaslz"w?, (2.3.9)
a+5=3
where
a+pB+2
Aap = Z (@ —k+Dakj—1 — (B—7+1)bjk—1]ca—r+1,8-jt1- (2.3.10)
k+j=3
Thus, (2.3.9) and (2.3.10) follow the formulas (2.3.6) and (2.3.7). O

From Theorem 2.2.5, we have
Theorem 2.3.4. Let
Hopio(z,w) = (z2w0)™ T + hot, m=1,2--, (2.3.11)

be given formal series of z and w, which coefficients be all polynomials with respect
to aag’s and bag's. For system (2.3.2), one can construct successiwely a formal
power series F' = zw + h.o.t., such that

dF &
— = > N Hopya(z,w). (2.3.12)
k=1
Furthermore, we have
N}~ (i)} (2.3.13)

Theorem 2.3.5. For system (2.3.2), one can derived successively the formal
series

M(z,w) = Z Capz®w?, (2.3.14)
a+£5=0
with coo = 1, such that
AMZ) OMW) & < -
P > (mA+ DA (zw)™, (2.3.15)
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To calculate ¢, and S\m, we have

Theorem 2.3.6. In (2.3.14) and (2.3.15), let coo =1, ek =0, k=1, 2, -+ |
then when oo+ 3 > 1 and o # B, cap and A, have the recursive formulas given by

1 a+G+2
= 54 > e+ Dag;1 = (B+Dbjk1]cariio—ji (2.3.16)
k+j=3
and ) oo
Am = Z (akj—1 = bjk—1)Cm—kt1,m—j+1, (2.3.17)
k+j=3

where capg = 0 when a <0 or 5 < 0.
Proof. We see from (2.3.8) that
oMz) I(MW)

0z ow
oM oM oM  OM
=27 " (E B a—w)
= Z (o — B)capz®uwP
a+pB=1

+ Z Z [(Oz + k)ak,jfl - (ﬁ +j)bj#kil]caﬁzankalwﬁij,l
a+B=0k+j=3
o0

= Z (o — B)capz®uw?
a+pB=1
oo atfB+2

+ Y > e+ Dar—1 = (B+ Dbja—i]caisr,pjr1z*w’. (2.3.18)
a+B=1 k+j=3

Hence, (2.3.15) and (2.3.18) implies the conclusion of this theorem. O

What is the relationship between {\,, } and {i,,}? The following theorem answer
this problem.

Theorem 2.3.7. For {\,,} defined by Theorem 2.3.5, we have

A} ~ {pm}- (2.3.19)
Proof. Let

zZ*

l\’)lr—t

W* =MW + = ZA 2™ (2.3.20)
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From (2.3.15) and (2.3.20), we have

oz*  Ow*
— — — =0. 2.3.21
0z ow 0 (2:3.21)

From (2.3.21), there exist a formal power series F(z,w) = zw + h.o.t., such that

oF 1 o= ¢
—:W*:MW o )\m " m+1’
0z + 2 mZ::1 =
OF 1 o= ¢
—=Z"=MZ— 2y A" (2.3.22)
ow 2 m=1
From (2.3.22), For system (2.3.2) we have
dF (9F OF
T =l g W = Z AmHomy2(z,w), (2.3.23)
where
1
Hyppyo(z,w) = i(zw)m(wZ +2W) = (zw)™ + h.ot.. (2.3.24)
(2.3.24) and Theorem 2.2.5 implies the conclusion of this theorem. O

We see from the above discussion that when we use the recursive formulas given
by Theorem 2.3.3 and Theorem 2.3.6 to compute singular point values of the origin
of system (2.3.2) in a computer, we only need to perform finite many arithmetic
operations, this is, plus, minus, multiply and division, to the coefficients of the
system. Such calculation is symbolic and it has no error.

In principle, according to the recursive formulas given by Theorem 2.3.3 and
Theorem 2.3.6 and using computer algebra systems such as Mathematica, Maple we
can compute singular point values of the origin of system (2.3.2). Unfortunately, the
simplification of singular values is a very difficult problem.

For an example, we use the recursive formulas of Theorem 2.3.6 and computer
algebra system such as Mathematica to calculate the singular point values of the
origin for the cubic system

dz _ 2 2 3 2 2 3

_dT = 2z + ag02” + a112w + apaw” + azpz” + a212°wW + ajpzw” + agzw”,

d

% = —w — b20w2 - bnwz - b0222 — b30w3 — b21w22 — b12w22 — b0323. (2.3.25)

We found that the first eight singular point values have the terms shown in the
following table.
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Hi M1 H2 H3 Ha H5 He6 K7 M8 H9
terms 4 42 306 1482 5694 18658 54256 143770 overflow

This table tell us that for the computation of the singular point values, to find a
method for the simplification of ux under the conditions p1 = o = -+ = ux—1 =0,
it is a key step.

2.4 The Algebraic Construction of Singular Values

We now introduce the work of algebraic construction of singular values (see [Liu
Y.R. etc, 1989]).
Consider the two parameter transformation

z=pe?z,  w=pe . (2.4.1)

where Z, W are new space variables, p, ¢ are complex parameters, p # 0.
Denote that z = x+iy, w = x —iy, Z = T+iy, w = £ —14y. Then, (2.4.1) becomes

x = p(Z cos g — §sin @),

In the case of real variables and real parameters, (2.4.2) just is a composite trans-

formation of a similarity and a rotation.

Definition 2.4.1. We say that the transformation (2.4.1) is a generalized rota-
tion and similar transformation.

Under the transformation (2.4.1), system (2.3.2) is changed to

dz >
=i+ Y aapz®i’,

dT e
dw . S
5= - > bapi®2’, (2.4.3)
a+p=2
where
daﬁ — aaﬁpa+6—lei(a—ﬁ—1)¢’
bap = bagp P temila=B=1)¢, (2.4.4)

For convenience, let f = f(aag,bag) be a polynomial with respect to finite many
coefficients of system (2.3.2) and f= f(dag,éag), "= flals,bhp), where a5 =
bag, big =aap, @20, 520, a+ 5= 2.
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Definition 2.4.2. Suppose that there exist constants \, o, such that f = preiolf,
we say that A is a similar exponent and o a rotation exponent of system (2.3.2) under
the transformation (2.4.2), which are denoted by I;(f) = X and I.(f) = o.

From (2.4.4) and Definition 2.4.2, we have

IS<aaB) =a+ -1, IS(baﬁ) =a+8-1,
I(apg) =a—0—1, I.(bop)=—(a—pF—1). (2.4.5)

Definition 2.4.3. For system (2.3.2), suppose that f = f(aag,bag) is a polyno-
mial of ang’s, bag's,

(1) If f = p*kf, then fis called a k-order generalized rotation invariant under
(2.4.2);

(2) If f is a generalized rotation invariant,and f is a monomial of aag’s, bas's,
then f is called a monomial generalized rotation invariant,

(3) If f is a monomial generalized rotation invariant, and it can not be expressed
as a product of two monomial generalized rotation invariant, then f is called a
elementary generalized rotation invariant.

Definition 2.4.4. A polynomial f = f(aag,bag) of system (2.3.2) is called self-
symmetry, if f* = f. It is called self-antisymmetry, if f* = —f.

Theorem 2.4.1. Let f1 = fi(aag,bag) and fo = fa(aas, bag) be two polynomial
with respect to finite many coefficients of system (2.3.2). If fi = pre™V f1, fo =
péeiUZﬂf27 then

Li(fif2) = Is(f1) + Ls(f2), L-(fif2) = I:(f1) + I (f2). (2.4.6)

Corollary 2.4.1. If f1 and f2 are two generalized rotation invariants, then their
product fi f2 is also an generalized rotation invariant and Is(f1 f2) = Is(f1)+ Ls(f2).

We see from (2.4.3) that

Theorem 2.4.2. A monomial of the coefficients of (2.3.2) given by

g= H Qo B; H by 80 (2.4.7)
j=1 k=1

is a N-order generalized rotation invariant under (2.4.2) if and only if

n

Is(g) = Z(aj +ﬁj - 1)+Z(’7]€+5k - 1) :2Na

Jj=1 k

I.(g9) = Z(%‘ - Bi—1)—

Il
—

NE

(e — 6, —1) = 0. (2.4.8)

<

Il
—
~

Il
—
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It is easy to see that NN is a positive integer when (2.4.8) holds. From Theorem
2.4.2, we have

Theorem 2.4.3. If a monomial g = g(aag,bag) is a k-order generalized rotation
invariant (or elementary generalized rotation invariant) of (2.3.2), then so is g*.

We see from §1.8 that by the standard normal transformation
=24 Y adfw =¢ew), n=wt+ Y dywtd =n(zw), (24.9)
k+j=2 k+j=2

system (2.3.2) can become the standard normal form

d¢ =

yiE :§+5;pk(sn>’“,

dn >

ar = "™ 77;%(577)]“' (2.4.10)

Theorem 2.4.4. All p;, and g given by (2.4.10) are k-order generalized rotation
invariants of (2.3.2), k=1, 2, ---

Proof. For the variables £, n of the formal series given by (2.4.9), we denote that
o1 ibs L —id -
E= e elpes, pe i)
1 . . .
= —€e"’n(pe'®z, pe” ). (2.4.11)
p

By means of transformation (2.4.11), system (2.4.3) can be changed into the standard
normal form

i < :
=6+ ) g,
k=1

T

dﬁ ~ .- 2k ~k+1Fk

i R . 2.4.12
T 7l gzlp qen T ( )

We have from (2.4.12) that
e = 0" pr, G =par, k=1,2, . (2.4.13)
It follows the conclusion of this theorem. O

Theorem 2.4.5. For system (2.3.2), we have

P =k, G =Dk, k=12, . (2.4.14)
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Proof. By using the transformation

z=w", w=z* T=-T% (2.4.15)
system (2.3.2) becomes
dz* & oy,
dT* =z + Z af ) (U) ),8’
a+(3=2
dw* * - * *\a [ %\
T = > bhs(w) (=)0 (2.4.16)
a+pB=2
The transformation
& =nw*, %), n*=Ew*,z") (2.4.17)

makes system (2.4.16) have the following standard normal form

W e +Zq L ),

dr*
A —Zpk “yk+L(gx )k, (2.4.18)
dr*

Clearly, (2.4.14) holds. O

We see from Theorem 2.4.4 and Theorem 2.4.5 that

Theorem 2.4.6. For any positive integer k, ux is a k-order generalized rotation
invariant and the anti-symmetry relation pj, = —pji holds. T is also a k-order
generalized rotation invariant having self-symmetry relation 7 = .

Theorem 2.4.6 implies the following conclusions.

Theorem 2.4.7 (The construction theorem of singular point values).
The k-order singular point value py of (2.3.2) at the origin can be represented as
a linear combination of k-order monomial generalized rotation invariants and their
antisymmetry forms, i.e.,

N

e = (o = gig)s k=1,2, -, (2.4.19)
j=1

where N is a positive integer, and ~y; is a rational number, gi; and gy, are k-order
monomial generalized rotation invariants of (2.3.2).
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Theorem 2.4.8 (The construction theorem of period constant). The k-
order period constant T, of (2.3.2) at the origin can be represented as a linear combi-
nation of k-order monomial generalized rotation invariants and their self-symmetry

forms, i.e.,
N

T =Y Veilok + 955, k=1,2, -, (2.4.20)
j=1
where N is a positive integer and ’yl’cj is a rational number, gi; and gzj are k-order
monomial generalized rotation invariants of (2.3.2).

Theorem 2.4.9 (The extended symmetric principle). Let g be an elemen-
tary generalized rotation invariant of (2.3.2). If for all g the symmetric condition
g = g* is salisfied, then the origin of (2.3.2) is an complex center. Namely, all
singular point values of the origin are zero.

Remark 2.4.1. The symmetry principle of a real differential system is a special
case of this extended symmetric principle. In fact, suppose that real vector field
(2.2.1) has a symmetry azis passing through the origin (without loss the generality,
we assume that it is the x-axis). Then, (2.2.1) satisfies

It implies that for the associated system of (2.2.1), the relationship Z(w,z) =
W (z,w) holds. Hence, for all pairs (o,3) , we have ang = bap. It gives rise to
the condition of the extended symmetric principle.

For example, we consider the following complex analytic system

dz =
o7 = FTausw > felz)wh,
k=2
d—wffwfih() k (2.4.22)
dT = k(2w 4.
k=2
and its symmetry system
dz i &
T :z+th(w)z ,
k=2
dw =
T v briwz — ;fk(w)zk, (2.4.23)

where fr, hy are two polynomials and
deg(fr) <k, deg(gr) <k—2, k=23, ---. (2.4.24)

It is easy to show that the origin of (2.4.22) and (2.4.23) is a complex center
(see [Liu Y.R. etc, 1989]). The following is a new result.
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Theorem 2.4.10. There exists an analytic change of the form (2.4.9), such that

system (2.4.22) and (2.4.23) becomes a linear system

dg dn

— = — = - 2.4.25

T8 g ( )
Proof. Tf (2.4.24) holds, the rotation exponent of any coefficient of a nonlinear term
of (2.4.22) is negative, while for (2.4.23) it is positive. We have from Theorem 1.5.2
that any generalized rotation invariant of (2.4.22) and (2.4.23) is zero. Hence, for
systems (2.4.22) and (2.4.23), Theorem 2.4.2 implies that pp, = ¢, =0, k=1, 2, -- -,
which follows the conclusion of this theorem. O

Remark 2.4.2. By using Theorem 2.4.1 and the mathematical induction method,

we can easily prove the following conclusion: for cog and Ap,, Ay, in Theorem 2.3.3
and Theorem 2.3.6, we have

Is(caﬁ) :Oé-f—ﬁ, ]r(caﬁ) :Oz—ﬁ, Cla :C:ﬁa
Is()\m) = Qm, Ir()\m) = 07

IOm) =2m, I,(An)=0. (2.4.26)

2.5 Elementary Generalized Rotation Invariants of the Cubic
Systems

In this section, we consider the complex second-order cubic polynomial differential

system
dz 9 9
— =2z 4+ a9z” + a112wW + apgaw
dT
3 2 2 3

“+as0z” + a21 27w + aj2zw” + apzw s

dw
2 2

— =W — bgow — bnwz — bogZ
dT

—b30w3 - b21w2z — b12w22 — b0323. (2.5.1)

By using the theory mentioned in Section 2.4, we obtained (see [Liu Y.R. etc, 1989])

Theorem 2.5.1. System (2.5.1) has ezactly 120 elementary generalized rotation
invariants, which are listed as follows:

Self-symmetry

order 1 az0b20, ai1bii, ao2bo2.

order 2 azobso, a12b12, ap3bo3 -

(2.5.2)
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Asymmetry
order 1 aspai, boobi1; as1, ba1.
azoaiz, b3obi2; aZqbso, b2 as0;
a20b11b30, baoai1aso; b2, bao, a?, aso;
agoau, bgobu; azobiiaiz, baoai1biz;
b2, a12, a?, bia; adyao2, b30b02;
order 2 a3ybi1a02, b3a11b02; a20b?,a02, baoa?; boz;
b3, a0z, a$boz; a20a30002, b20b30bo2;
a20b12a02, baoai12bo2; bi1asoaoz, a11b30b02;
b11b12a02, a11a12bo2; a20bo2a03, b20ao2b03;
b11bo2aos, a11ap2bo3.
a?yaos3, b2, bos; asobi2ao3, bspai12bo3;
b2,a03, a2,bo3; a2, b20a02, b2 a20bo2;
azobi2b20a02, bsoai2a20bo02; b2,b20a02, a2,a20b02;
a?ya11a02, b2,b11bo2; agobizaiiaoz, bsoai2b11bo2;
biya11a02, a?4b11b02; a3oaos, b3obos;
a3yb11a03, b3a11bo3; a3,b?,ao3, b2,a?, bos;
as b3, aos, b20a3; bo3; b} a03, af;bo3;
order 3 a20b30bo3a02, b2oaszoao3boz; a20a12bozaoz, b2ob12a03b02;
b11b3obosaoz, a11a30a03b02; bi1ai2bo3ao2, a11b12a03b02;
b30a03b25, asobozady; a12a03b3,, biabozadsy;
b2,a03b2,, a2y bozady; baoai1ao3b3,, azobi1bozady;
a? aosbi,, b2, bogady; b2, b3obos, a%,a30a03;
baoa11b30bos, a20b11a30003; a?,b3obos, b2, az0a03;
b3,a12b03, aZ,b12a03; baoaiiai2bos, a20b11b12a03;
a2, bizaos, b2, a12bos.
b20b35a3s, 203,333 a11bgyags, b11ag,b35;
order 4 a30b35a3s, b30agyb3s; b12b35a3s, 1235335
a30ada; b30b323 a3gbi2ag,, b3oa12b3;
a30b%2a327 b30a§2b32; b?z“?}zv a?ng?
order 5 béQ ag3, aéQ bgs,
(2.5.3)
Corollary 2.5.1. The quadratic system
dz 9 9
aT Z+agp2” + a112w + apgew”,
d_'LU = —w — b2()'LU2 — bll'LUZ - b()222 (254)
dT
has exactly 13 elementary generalized rotation invariants as follows :
agzobao, a11bi1, aozboz, azoai1, baobi1,
(130(102, b§0b02; a§0 bi1aps, b§0a11 bo2; (2 5 5)

2 20 3 3
azobijaoz, baoaiiboz;  byiao2, aiyboz-
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Corollary 2.5.2. The Zs-equivariant cubic system

dz _ 5 2 2 3

a7 Z+a3pz” + a1 27w + apzw” + agaw”,

d

% = —w — b30w3 - b21w2z — b12w22 — b0323 (256)

has exactly 13 elementary generalized rotation invariants as follows

aszobzo, ai12b12, ao3bo3, azoai2, b3obi2, a1 b,

2 2 2 2
azoaos, b3pbos, asobi2aos, bzoai2bosz, bisaos, aizbos. (2.5.7)

2.6 Singular Point Values and Integrability Condition of the
Quadratic Systems

For some concrete families of differential equations, the characterization of center and
finding and simplifying focal values (or saddle values) has extensively been studied
during the last decades.

[Liu Y.R. etec, 1989] studied the computation and simplification of singular point
va-lues for systems (2.5.4) and (2.5.6). We now introduce their study results.

Applying recursive formulas of Theorem 2.3.6, we can compute the singular point
values of the origin of system (2.5.4) and simplify them by using computer algebra
system. Mathematica and Maple are very good computation software.

Theorem 2.6.1. The first three singular point values at the origin of system
(2.5.4) are given as follows:

H1 = baob11 — azoai1,

-1
2 ~ ?(211 + 31 — 2]3),
5
pg ~ g (b — aosbos) (21> — Iy), (2.6.1)
where

3 3 2 2
Iy = Aona02 — bzob(]27 I = agobua(m - bgoallb(]27

IQ = agob%aoQ — bgod%lbOQ, ]3 = b:flCLOQ — a§1b02. (2.6.2)

Theorem 2.6.2. For quadratic system (2.5.4), the first three singular point va-
lues are all zero if and only if one of the following four conditions holds:
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C1:2a0 —b11 =0, 2byy — a1 = 0;

Cy :agoarr — bbb =0, Ip =1 =1 =13 =0;

C3: a1 = by = 0;

) { bao + 2a11 = azo + 2b11 = 0, ao2bo2 = a11b11,

: (2.6.3)
[bi1| + [bo2| # 0, |a11] + |aoz| # 0.

Theorem 2.6.3. For system (2.5.4), we write that

fi =14 2(agz + bagw) + [(a3g + baobo2)2>
+3(az0b20 — ao2boz)zw + (b3 + azoaoz)w?]
+(azobao — aozboz) (bo22” + azoz*w + bagzw® + agaw?),
f2=2a11b11[1 — 3(b112z + a1 w)]
+[3(b112 + a11w) — (@112 — apzw)(br1w — bo2z)]
x[a11(b) — a11bo2)z + bi1(ai; — agzbir)wl,

f3 =1- 2(b112 -+ auw) — (allb()222 - 2(111[71121[) + a()2b11w2). (264)

Then,
(1) If Condition Cy in (2.6.3) holds, then system (2.5.4) is Hamiltonian.
(2) If Condition Cq in (2.6.3) holds, then the conditions of the extended symmet-
ric principle are satisfied.
(3) If Condition Cs in (2.6.3) holds, then there exists a integrating factor ffl.
(4) If Condition Cy in (2.6.3) holds, then there exists a first integral f2f5°.

From Theorem 2.6.1 ~ Theorem 2.6.3, we have

Theorem 2.6.4. The origin of quadratic system (2.5.4) is a complex center if
and only if the first three singular point values are all zero.

Appendix
The computational course of the singular point values in Theorem 2.6.1 is given as
follows:

Let cgp, =0, k=1, 2, --- . We use the recursive formulas to do the computation.

The computational course of above singular point value is given as follows:

p1 = baob11 — azoaii,

1 ;
o =3 (—24a?, a3y —2a3, boa—4agaai1 az0boa+15a3, azob11 —2a02a3yb11—3ao2a20b3,
+2a02b£f1 + 30@11@%0b20 + 3@%1()02 boo+4agabgabi1bag — 15a115%1 boo+2a11bgs b%()

—30a920b11 b%o + 24b%1b%0)'
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Let
1
ko1 = 5(24a11a20 + 4dapzboz — 15a11b11 — 30ag0bao + 24b11b20),

H2 — H2 — k21,u1,

then
1 3 2 2 3 2 2
2 = 5(—2@11502 — 2ap2a30b11 — 3602020071 + 2a02b3; + 3a7;b02b20 + 2a11bo2b3)),
ie.,
1
Mo = 5(—2]1 - 3]2 + 2]3),
1

M3 = 5(*7236&?1030 — 696&02&11&%0 — 778a‘f1a20602 — 2250(1(]20,%10,%0602

—153ap2a?, b3y — 120ad,a11a20b35 + 8424a3,a3,b11 — 614apzariadybin
+381at;bo2b11 + 1204ag2a2;azoboabin — 108a2,a3yboabir — 262843, asb?;
—159ap2a11a30b3, — 252a35a20b02b3; + 1082a02a11a20b3; + 153a2,b02b3,
—381agaai1b}; + 15876a%,a3bao + 2160a3; azoboabao + 2504ag2a11a3,bo2b20
+252a02a3,b35b20 — 1512002, a30b11b20 + 1452a02a3,b11b20 — 108243, bo2b11b20
+120a3,b35b11b20 + 482a02a30b%1bag — 1204agaa11bo2b?1bag + 2628a3, b3, bag
—2160a02a20b31 bao + TT8an2bi bao — 9288a11a3,b3, — 482a2,azpbo2b3,
+108ag2a11b35b30+159a3,bo2b11b30—2504a02a20b02b11b3+15120a11a20b%, b3,
+2250a02b02b?, b3 — 8424a11b3, b3, — 1452a11a20b02b3, + 9288a2,b11b3,
+614a11bo2b11b3y — 15876a20b3, b3, + 7236b3,b3 + 696bg2b11b3).

Let

1 . .
k31 = m (14472(1%11130 + 1392(1(]2(130 + 290&‘%11)02 + 4500&020,110,20[)02 + 240&%2632

—16848a%, az0b11—38a02a30b11 —2408ag2a11bo2b11+5256a, b3, —909ag2a20b?;
+290a02b:151 — 31752a11a§0b20 — 909a%1b02b20 — 5008ag2a20b02b20
+44712a11a20b11b20 + 4500a02b02b11b20 — 16848a11b3,bag + 18576a3,b3,
—38a11bo2b3, — 31752a0b11b3, + 1447263, b3, + 1392b02b3,),

1
k32 = 6(2110,11(120 + 36(1(]2602 — 112&11[)11 — 252&2(]b20 + 211b11b20),

p3 — p3 — kaipn — ksapo,
then

us = = (—ap2boz + a11b11) (a3 boz + 2a02a20b3; — ap2b3; — 2a3,boabao),

ool ot

i.e.

5
3 = g(aubu — ap2bo2) (212 — I3)).
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2.7 Singular Point Values and Integrability Condition of the
Cubic Systems Having Homogeneous Nonlinearities

Theorem 2.7.1. The first five singular point values at the origin of system
(2.5.6) are given as follows:

1 = a21 — bay,
M2 ~ b3ob12 — aszoai,

1
3 ~ §(3I4 + 8[5 - 3[6),

1
g ~ E(aﬂ +b21)(914 — 615 + I5),

1
M5 ~ %(40,121712 — aogbog)(914 — 6]5 -+ I(,), (271)

where
2 2
Iy = a30Q03 — b30b037
I5 = azobi2a03 — b3oai2bo3,

I = bisa03 — aizbos. (2.7.2)

Theorem 2.7.2. For system (2.5.6), the first five singular point values are all
zero if and only if one of the following four conditions holds:

Cy a1 = b1, 3aze — bia = 3b3p — a2 = 0;

Cy i ag1 = ba1, asoaiz = bzobi2, Iz =I5 = I = 0;

= b = 0, B b 3 = 4 b 5
Cs - a21 21 03003 12012 (2-7.3)
ago + 3b12 = b3g + 3a12 = 0.
Theorem 2.7.3. For system (2.5.6), we write that
fs=1—"6(b122> + arpw?)
+3(3b%224 - 2a12b03z3w + 2(112[)122211)2 - 2b12a03w3z + 3&%211}4)
1

—|—§(2a122 — aog’w)(legw — 5032)
X(b0324 — 2b1223w — 2a12w3z + a03w4). (274)

Then,

(1) If Condition Cy in (2.7.3) holds, then system (2.5.6) is Hamiltonian.

(2) If Condition Cq in (2.7.3) holds, then the conditions of the extended symmet-
ric principle are satisfied.

(3) If Condition Cs in (2.7.3) holds, then there exists a integrating factor f5_5/6.
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From Theorem 2.7.1 ~ Theorem 2.7.3, we have

Theorem 2.7.4. The origin of (2.5.6) is a complex center if and only if u =
po = p3 = pra = p5 = 0.

Appendix

The computational course of the singular point values in Theorem 2.7.1 is given as
follows:
p1 = as1 — bat,
p2 = —ai2a30 + b12b3o,
1
pz = §(28a12a21a30 + 3agzady + 3aisbos — 12a12a21b12 + 8agzasobiz — 3aosbiy

—20a12a30b21 + 12a12b12b21 — 36a21a30b30 — S8a12b93b30 + 20021012030
+36a30ba1b30 — 28b12b21b30 — 3bosb’)-
Let

3
k31 = 5(2a12a30 — a12b12 — 3asobso + 2b12b30),

-1
ksy = 7((121 + ba1),
M3 — 43 — kslm - kszuz,

then
1
3 = §(3a03a§0 + 3a25bos + 8agzasobiz — 3ap3by — 8ai2bosbso — 3bosbdy),
i.e.
1
Hn3 = §<3I4 + 8]5 - 3]6),
1 2 2 2 2 2
4 — (—108&12@21 asp — 72a12a30 — 81@03&21&30 — 13a12a21 b03 — 24&03@12@30[)03

16
+28a12a3,b12 + 32aT5a30b12 + 24ap3a21a30b12 + aozaz1bly + 88aiza21a30b21
+75a03a30ba1 — atebozba1 — 64agzazobiabar + 13ag3b?ybar + 4aizasebs,
—28a12b12b3; + 84a3,a30b30 + 96a12a30b30 + 64a12a21bo3b3o — 4a3;b12b3o
+24a03bo3b12b30 — 32012075 b30 — 24a12b03b21b30 — 88a21b12b21b30 — 84as0b3; bao
+108b12b3,b30 — 75az21bo3b3y — 96a30b12b3 + 7203503, + 81bo3ba1b3,).
Let

1
ks = 3 (—52a12a21a30 — 39a03a3, — 3aTbos + 14a12a1b12 + 22a03a30b12 — 3037,

—4a12a30b21 + 14a12b12b21 + 42a21a30b30 + 22a12b93b30 — 4a21b12030
+42a30b21b30 — 52b12ba1b3o — 39bo3b3y),

1
kao = Z(aél + 18a12a30 + 6ag3bos — 8a12b12 + 2a21b21 + b3, — 24a30b3o + 18b12b30),

—11
ka3 = 1—0(a21 + ba1),
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a4
then

Ha

ie.

Ha

M5

Let
ks1

— g — kgrpn — Kaopro — kazpua,

=0 (a21+b21)(—9a03a3+a35bos+6apzasobia —aozbis —6a12bo3bso+9bos3b3,),

1
= E(aﬂ +b21)(914 — 615 + I5),

1
- @ (46080‘120’%10’30 + 71040’%20’210%0 + 2961&()30310%0 + 1482(1()30,120,%0

+423a25a3,boz + 462a35a30bo3 + 1944ag3a12a21a30bo3 + 72a33a30bo3
+104apzaisbds — 1728a12a3,b12 — 4524a25a21a30b12 — T44ap3a3; azobiz
+712ag3a12a3yb12 — 200a3,bo3b12 — 672a03a12a21b03b12 + 288a5a30b03b12
+876a25a21 b3 —8lapzad, by —1002ap3a12a30b%5 —104ad;bo3b3s+200ag3a12b3,
—9120a12a3, azoba1 — 4008a3,a3oba1 — 2448a0za1a3gba1 — 216a35a21bozba1
—984ap3ai2asobozba1 + 4032a12a3,b12b21 + 3060a?,a30b12b21
+168ag3a21azobi2ba1 + 672a03a12b03b12b21 — 876a3,b35ba1 + 216ag3a21b35ba1
+7008a12a21a30b3; — 513agzaiyb3; + 8latsbosbs, — 4032a12a21b12b3;
+1440a03a30b12b§1 — 423a03b%2b§1 — 2304a12a30b§1 + 1728a12b12b§1
—5184a3,a30b30 — 12684a12a21a30b30 — 576anzaiobso — 1440a12a3, bozbao
—2160a35a30bo3bs0 — 2736a03a21a30b03b30 — 288a03a12b33b30 + 230443, b12b30
11008012021 az0b12bso — 2130ag3aZebi2bso + 1002a25bosbisbao
+984a0za21b03b12b30 — 3060a12a21b35b30 + 2160a3a30b35b30 — 462a03b35b30
+12096a3,a30b21b30 + 8532a12a30ba1b30 — 168a12a21b03b21b30
+2736a03a30b03b21b30 — 7008a3,b12b21b30 — 10080a12a30b12b21b30
—1944ap3bg3b12b21b30 + 4524a12b%2b21b30 — 12096@21a30b§1630
174401260362, bso + 9120a21b1202, bso + 5184asebd bso — 4608b12b3, bso
+6732a21a30b3, + 513a3,bo3b3, + 2130a12a30b03b3, — T2a03b33030
—8532az1a30b12b2) — T12a12b03b12b2 + 40082162502, — 6732a24ba1bd,

1 2448a1bo3ba1 b2 + 12684a30b12ba1b2g — T104b%5ba1b2, — 2961b03b3, b2,
+5T6asobosbly — 1482bosb1ably).

1
= a(1528a12a§1a30 + 1852@%20%0 + 987@03&21&%0 + 117&%20@1()03

+488ag3a12a30boz — 576a12a3,b12 — 1264a75a30b12 — 320ag3a21a30b12
—224ap3a12bozb1a +292a25b35 — 3apzaz1 by — 1536a12a21as0ba1 +171agzadyban
—3a25bo3ba1+768a12a21b12bo1 —408ag3asobiabe +117ag3b35ba1 +776a12a30b3,
—576a12b12b3, — 1728a3,a30b30 — 3536a12a3b30 — 408a12a21bo3b30
—912agsazobosbso + 776a3,b12bs0 + 3360a12a30b12b30 + 488a03bo3b12b30
—1264a12b35b30 + 2304a21a30b21b30 — 320a12b03bo1b30 — 1536a21b12b21b30
—1798a30b3 bao + 1528b1202, by + 2244a2ebZy + 171azibosbZy — 3536as0biabd,
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+1852b%2b§0 + 987b03b21b§0),
1 .
k52 = %(—12a§1—774a12a21a30—519a(]3a§0—9a:{2b03—240a03a21b03+366a12a21b12

+200a03a30612 — 90,03[)%2 — 36&%1621 — 774(1120,3(][)21 — 240&03[)03[)21
+366a12612621—36aglb%1—12b§1+1038(121a30b30+200a12603630—774(121612630
+1038a30b21b30 — 774b12b21b30 — 5191)(]3[)%0),

1
30
+185612630),

k53 = (270%1 + 185&12(130 + 42&03[)03 — 78&12[)12 + 54(121 bzl + 27b%1 — 240&30[)30

-3
ksa = 7((121 + ba1),
ps — ps — ks1pn — ksope — kssps — ksafia,

then
s = g—o (—ap3bos +4a12b12)(—9ag3a3y + atsbos +6aozazobiz — aozbis — 6a12b03bs0
+9bo3b3y),
i.e. 1
s = @(4%2512 — ap3bo3) (914 — 615 + Is).
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Chapter 3

Multiple Hopf Bifurcations

In this chapter, we discuss the bifurcations of limit cycles created from the origin
for perturbed systems of (2.1.1).

3.1 The Zeros of Successor Functions in the Polar
Coordinates

We consider the perturbed systems of (2.1.1) as follows:

=t —y+ Y Xila,y.e,6) = X(2.,¢,0),

dt
k=2
W oys +§:Y( e.8) = Y(z,y.¢,0) (3.1.1)
— = €T = €T I
dt y k_2 k 7y7 ) )y7 ) )
where z, y and ¢ are real variables, e=(e1,€9, -+ ,€,) and § are real small parame-

ters,

Xi(z,y,€,0) = ZAagsé)a:y,
a+6=k

Yi(2,y,6,6) = Y Bagle,6)x (3.1.2)
a+6=k

are homogeneous polynomial in z,y. We assume that A,z(g,0)'s, Bag(e,d) s are
power series of €, § which have real coefficients and nonzero convergent radius. And
there are g, yo, €0, 0o, such that for |z| < zo, |y| < yo, |e] < vo, |0] < do, the
power series X (z,y,€,0) and Y (z,y,€,d) of z,y,&,d are convergent.

By using the polar coordinate transformation

x =rcosf, y=rsinf, (3.1.3)
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system (3.1.1) becomes

dr = .
=T 6+Z<pk+2(9,€,6)7“k ,
k=1
@71+iw (0,€,8)r* (3.1.4)
dt - ] k+2\V, &, ) -1

where

vr(0,e,0) = cos0Xy_1(cosb,sinb, e,d) + sin Y, _1(cos,sinb, e, ),
Vi(0,e,0) = cos0Y;_1(cosb,sinb, e,d) —sinXy_1(cosf,sinb,e,6). (3.1.5)

From (3.1.4), we have

5+ pria(0,e,0)r"
d’l" k=1

— = =r[d +o(r)] . (3.1.6)
do e i
1+ Z wk+2(07 &, 5)7’
k=1
We consider the following equation
dr >
_ k _
5= r;)Rk(e, e,0)r* = R(r,0,¢,0), (3.1.7)

where we assume that there exist positive real numbers rq, €9, do, such that R(r, 0, €, 0)
is analytic with respect to r,e,d in the region {|r| < ro, |e| < &0, |0] < do, |0] < 47}
and it is continuously differentiable with respect to the real variable 6. In addition,

27
Ry(6,0,0)df = 0,
0
Ri(0 +7,e,0) = (=1)*Ri(0,¢,6), k=0,1, ---. (3.1.8)
For sufficiently small complex constant h (i.e. |h| < 1), the solution of (3.1.6)
satisfying r|gp—o = h and corresponding Poincaré successor function are given by
(o)
r=70he6) =Y w(0,e )",
k=1
A(h,e,0) =7(2m, h,e,0) — h, 11(0,0,0) = 1. (3.1.9)

On the basis of the analytic dependence of solutions of a differential equation with
respect to initial conditions and parameters, there exist positive numbers hg, €
and 4§}, such that 7(, h,e,d) is analytic with respect to h,e,d in the the region
{|h| < ho, |e|] < g}, 0] < 8},|0] < 47} and it is continuously differentiable with
respect to the real variable 6.
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Definition 3.1.1. Suppose that h = h(e,d) is a continuous function with com-
plex value in real variables €,5 when |e| < 1 and |0| < 1. If h(0,0) = 0 and
A(h(e,d),e,0) =0, then h = h(e,0) is called a zero of A(h,e,0).

To study the limit cycles created from the origin of (3.1.1), when the origin is a
weak focus or centers, the problem can be formulated as follows: for |e] < 1, § < 1,
how many small positive real zeros of A(h,e,d) can have?

In order to answer the above problem, we shall deal with it in the area of analytic
theory of differential equations. We have to investigate the numbers, positions of
all complex zeros of A(h,e,d) as well as some algebraic and analytic properties for
A(h,e,0).

First, Lemma 2.1.3 gives

Theorem 3.1.1. For sufficiently small h, € and 6, if h = h(e,d) is a real or

a complex zero of A(h,e,d), then h = —7(m, h(e,d),&,8) so is. Thus, in the real
domain, the positive zero and the negative zero of A(h,e,d) are paired appearance.

Definition 3.1.2. For sufficiently small h, € and §, if h = h(e,d) is a real or
complex zero of multiplicity k of A(h,e, §), then we say that r = 7(0, h(e, ), €,0) is
a 2w period solution of multiplicity k of (3.1.6)

Particularly, if A(h,e) = 0 when 0 < |e < 1, |§] < 1, then, for all (,0)
e{0 < le] <« 1, 4| < 1}, the origin of (3.1.1) is an center .

Theorem 3.1.2. Suppose that the origin of system (3.1.1)g_q s—o 18 a weak
focus of order m. Then, when 0 < |e] < 1, 0 < |8] < 1, there exist exactly 2m + 1
complez period solutions of system (3.1.6) with 27 period near the trivial solution
r=20

Proof. Under the condition of Theorem 3.1.2, we have

V2(27T7 0; 0) = V3(27Ta O’ 0) == V2m(27ra 07 0) = 07
V2m+1(277',0,0) 7é 0. (3.1.10)

From (3.1.9) and (3.1.10), we have
A(h,0,0) = vom1(27,0,0)h*™H 4 o(h2™m ). (3.1.11)

From (3.1.11), Theorem 3.1.1 and Weierstrass preparation theorem, there exist pos-
itive number hy), &, &, such that for |e| < &g, || < &), A(h,e,0) has exact 2m + 1
complex zeros ( in the multiplicity) h = hg(e,0), k = 0,1,2,---,2m in the disc
|h| < h{, where

ho(g,8) =0, hmik(e,0) = —7(m, hi(g,0),e,0), k=1,2,--- ,m. (3.1.12)

Thus, the conclusion of this theorem holds. O
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We see from Theorem 3.1.1 that there are at most m positive real zeros in the
2m+ 1 zeros given by Theorem3.1.2. Furthermore, we have the following conclusion.

Theorem 3.1.3. If the origin of system (3.1.1)g_q s_o 5 a weak focus of or-
der m, then, when 0 < € < 1, §] < 1, (3.1.1) has at most m limit cycles in a
neighborhood of the origin .

Theorem 3.1.4. Suppose that (1) the origin of system (3.1.1)g_g s5—¢ s a weak
focus of order m; (2) n = m—1 and there exist j1,j2, - ,jm—1 € {1,2,--+ ,n}, such
that at the origin of € — § parameter space, we have

a(Vh V3, Vs, 7V2m71)
£0, (3.1.13)
8<6’ €j1s€gar " ’Ejm,fl)
where
Vok+1 :V2k+1(27'(',€,5), k= 1,2,~-~ ,m—l. (3.1.14)
Then for choosing proper € = (1,2, -+ ,&n) and ¢ in the parameter space of (n+1)-

dimension, in a sufficiently small neighborhood of the origin, system (3.1.1) has
exactly m limit circles .

The proof of Theorem 3.1.4 will be given in Section 3.3.

3.2 Analytic Equivalence

Thereinafter we assume that the dimension of parameter space is one, i.e., € = ¢ is
an real small parameters. System (3.1.1) becomes

dx =

E = §.T ) + ];:2 Xk(:c,y,s,5) = X(xayvsaé)a

dy =

gk + oy + ;Yk(x,y,s,é) =Y (x,y,¢,9). (3.2.1)

Usually, when we consider the problem of multiple Hopf bifurcation of limit
cycles for a concrete planar dynamical system, we are always going to find the focal
value 1941 under the conditions 6 = 0 and v3 = v5 = --- = 91 = 0. We do not
like to compute va, vy, -- -, vor. Generally, a successor function has infinitely many
terms, one can only find the first finitely many terms. Therefore, it is difficult to
determine exactly all zeros of a successor function. We shall show in Section 3.3
that if Condition 3.3.1 is satisfied, one can find a quasi successor function, by which
the first terms of all zeros of a successor function can be determined.

In this section, we study the relation of analytic equivalence of focal values.
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Definition 3.2.1. Suppose that for some positive integer k > 1, there exist power
1) (2 (k—1)

series &7, &7, o0, & of € and § with a nonzero convergence radius, such that
k=1
vi(2m,e,0) = £ 1 (2m,e,0) — 1] + Y &7 v;(2m,€,8) + i<, 0). (3.2.2)
j=2

We say that vi(2m,e,0) and vy (g,9) are analytic equivalent. They are written by
v (2m,€,0) ~ Ug(e,0).

We see from 14 (m,0,0) = v1(27,0,0) = 1 and Theorem 2.1.1 that the following
conclusions hold.

Theorem 3.2.1. For every positive integer m, we have v, (27,€,0) ~ 0.

Theorem 3.2.2. For every positive integer m, Vo 11(2m,&,8) ~ Dapmi1(g,0) if

and only if there exist power series 77,(7?), 777(71), e 7]7(77,m71)

convergence radius, such that

of € and § with nonzero

Voma1(2m,€,0) =111 (27, ¢,0) — 1]

m—1
+ Z g1 (2, €,0) + Doy (€, 0). (3.2.3)
k=1

Theorem 3.2.3. For system (3.2.1), we have
V2k+1(27r,€,5) ~ V2k+1(27'(,€,0), k= 1,2,"' . (324)
Proof. For system (3.2.1), denote that

v1(2m,6,0) — 1 = 2™ — 1 = 278g0(9),
Vor+1(2m,€,0) = vap41(27m,€,0) + dgi(e,0) k=1,2,---, (3.2.5)

where go(0) = 1, go(9) is a power series of § and for all k, gi(e,0) are power series
of € and § with nonzero convergence radius. From (3.2.5), we have

g,0
Vort1(2m,€,0) = gfr(go((s)) [v1(2m,€,0) — 1] + vor+1(2m, €,0). (3.2.6)
It follows the conclusion of Theorem 3.2.3. O

Considering the algebraic equivalence of focal values, the following conclusion
holds.

Theorem 3.2.4. For systems (3.2.1)s—o, if there exists a positive integer k, such
that vo11(27,€,0) ~ Daky1(€), then vogi1(2m,e,0) ~ Dopi1(e).
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The associated system of (3.2.1)s—¢ has the form:

Bt Y s
dT_z aap(€)z"w",
a+p=2
d—w———ib()aﬁ (3.2.7)
dT_w ag(E)w™ 2", 2.
a+(=2

where all ang(e), bas(e) are power series of € with nonzero convergence radius.

Definition 3.2.2. For systems (3.2.7), if there is a positive integer m > 1 and

power series 57(71)(5), ,(,3)(5), cee ﬁ,lm_l)(s) of € with monzero convergence radius,
such that .
pon(e) = 3 EREne(2) + i 0). (328)

k=1
Then, we say that pm(g) and fin,(€) are analytic equivalence. They are written by
fim (€) = fim (€)-
Obviously, if pm(€) ~ fim(e), then, fi, () is a power series of e with nonzero
convergent radius. Similar to theorem 3.2.4, we have

Theorem 3.2.5. For systems (3.2.7), if there exists a positive integer m > 1,
such that pum () ~ fim(€), then pm () =~ fim(e).
From the relationship of focal values and singular point values, we have the

following result.

Theorem 3.2.6. For the associated system (3.2.7) of system (3.2.1), if there
exists a positive integer m > 1, such that pi,(g) ~ fm(e), i.c., they are analytic
equivalent, then

Vam+1(2m,€,0) 2= i fin (€). (3.2.9)

3.3 Quasi Successor Function

Let 6 = d(e) be a power series of real coefficients with respect to e, which has a
nonzero convergence radius and §(0) = 0. System (3.2.1) becomes

(2—? =)z —y+ ZXk(x,y,E,é(a)) = X(z,9,¢,0(¢)),
k=2
% =o 5(€)y + kZZQYk(x’ y’€’6<€)) = Y(J}, y’5’6<5))- (3.3.1)

The Poincaré successor function of system (3.3.1) is given by

A(h,e,0(e)) = 7(2m, h,e,0(g)) — h = i ve(0,¢,0())hk — h, (3.3.2)
k=1
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where h is a sufficiently small complex constant.
In this section, we suppose that A(h,e,0(¢)) is not identically zero when 0 <
le] < 1. Thus, the following condition holds

Condition 3.3.1. There exist natural numbers N, m and Ao, A1, -+, A\m, which
are independent of €, such that

V1 (27T7 g, 5(5)) —1= >\05IO+N + O(€IO+N),

Vort1(2m,6,0(€)) = Mpe® TN po(e ™), k=1,2, -, m, (3.3.3)
where lg, 1y, -+, Ly,—1 are positive integers,
Im =0, Am #0, (3.3.4)

and

Vomani1(2m,6,0(e)) = O(EN), k=1,2, . (3.3.5)

Remark 3.3.1. (1) In Condition 3.3.1, if N = 0, then the origin of (3.3.1).—¢ is
a m-th weak focus. In this case, we suppose that e = 1. Furthermore, if the origin
of (3.3.1)c=0 is a m-th weak focus, then N = 0, and (3.3.5) hods. (2) If N > 0,
then the origin of (3.3.1)c=¢ is an center. Furthermore, if the origin of (3.3.1).=
is an center, and N =1, then (3.3.5) hods.

Remark 3.3.2. (1) In Condition 3.3.1, if v1(2m,,0(g)) = 1, we suppose that
Ao =0, lp = oco. (2) If for some positive integer k € {1,2,--- ,m — 1}, we have
vop+1(2m,e,0(g)) ~ 0, then we suppose that A\, =0, 1 = oo.

Lemma 3.3.1. If Condition 3.3.1 is satisfied, then A(h,e,6(g)) can be repre-
sented as

A(h,e,0(¢)) = eVhA(h,e), (3.3.6)

where .
A(h,e) =Y Mec h*gi(h,e) (3.3.7)

k=0

and gi(h,€) is a power series of h and € with nonzero convergent radius, gr(0,0) =
1, k=0,1, ---, m.

Proof. The proof is divided into the following three steps.
(1) First, Condition 3.3.1 and Theorem 2.1.1 follow that for every positive integer
Ny (27, e,0(¢)) is a power series of € with nonzero convergent radius.

k, e~
(2) We rewrite (3.3.3) as

v1(2m,6,8(e)) — 1 = MootV gy (e),
Vo1 (2m,6,0(¢)) = e N e (), k=1,2, -+, m, (3.3.8)
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where £ () is a power series of & with real coefficients, which has nonzero convergent

radius and £, (0) =1, k=0, 1, ---, m. From Theorem 2.1.1 and Definition 3.2.2,
we know that when 2 < k < 2m + 1, v,(2m,e,d(¢)) is a linear combination of
AoghotN etV oo\ etV for which the coefficients are power series of &

with real coeflicients and nonzero convergent radius. It leads to

2m—+1
v (2m e, d(e)) — 1+ Z vp(2m,e,6(e))hF 1
k=2
m—1
=eN N Nee*hH gi(h,e) + Ane'm TN E ()R, (3.3.9)
k=0

where gi(h, ) is not only a polynomial of h, but also a power series of & with real
coefficients and nonzero convergent radius, g (0,¢) = &(e), k=0, 1, ---, m — 1.
(3) From (3.3.4) and (3.3.5),

gm(h,€) = &m(e) EN Z k(27 8, 8())RP 2t (3.3.10)
Am k=2m+2

is a power series of h,e with real coefficients and nonzero convergent radius. From
(3.3.9) and (3.3.10), we have

A(h,e,6(e)) = eNh Y A h*Fg(h, e). (3.3.11)
k=0

This completes the proof of this lemma. ]

Definition 3.3.1. Suppose that Condition 3.3.1 is satisfied. We say that

m

- Z Apelr h2F (3.3.12)

is a quasi successor function of system (3.3.1).

Obviously, the quasi successor function of (3.3.1) can be computed by finitely
many steps under Condition 3.3.1.
Clearly, we have

Lemma 3.3.2. Under Condition 3.3.1, if h = 0 is a zero of multiplicity k of
A(h,e), then k must be an even number. Moreover, h = 0 is a zero of multiplicity
k of L(h,e).

Remark 3.3.3. Suppose that h=h(e, §(¢)) is a zero of A(h,e,6(g)) and h(e,0(¢))
is not identically zero when |e| < 1. If Condition 3.3.1 holds, then, by using Weier-
strass preparation theorem, it follows that ¢ = 0 is an algebraic zero of h(e,d(g)).
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Namely, there are two irredusible positive numbers p and q and a nonzero constant
(3.3.13)

P
q

n, such that

h(€7 5(6)) - 7765 + €%<(€E)a
where ((o) is a power series of o with nonzero convergence radius and ¢(0) = 0. ne
is called the first term of h(e,d(g)).

From Lemma 3.3.1, we obtain
Lemma 3.3.3. If Condition 3.3.1 is satisfied, then, for every positive integers p

and q, we have

(3.3.14)

where ®(n, o), V(n,o) are analytic for sufficiently small o and a bounded |n|. In

addition,
D= Oél’llclélm{lkq + 2kp}, (3.3.15)
m
Gn) =>_ X", (3.3.16)
k=0
Mo, if lug+2kp =D,
(= Mo a2k (3.3.17)
0, if lg+2kp> D.
(3.3.14) implies the following lemma.
Lemma 3.3.4. If Condition 3.3.1 is satisfied, h = h(e,0(¢)) is a zero of A(h, e,
).

d(g)), for which the first term is noed, no # 0, then n = no is a zero of G(n
Moreover, replacing A(h,e,(g)) with L(h,€), above conclusion also holds.

(3.3.14) and implicit function theorem follows that

Lemma 3.3.5. If Condition 3.3.1 is satisfied and n = ng # 0 is a simple zero of
G(n), then, A(oPn,c?) has also a zero n = ng + f(o)correspondingly, A(h,e,d(e))
has a zero h = nosg + 5%]‘(53), where f(o) is a power series of o with nonzero

radius of convergence and real coefficients, f(0) =0 and g is a real number.
Moreover, replacing A(h,e,0(g)) with L(h,€), above conclusion also holds.

Again (3.3.14) and the Weierstrass preparation theorem imply that

Lemma 3.3.6. If Condition 3.3.1 holds and n =mn9 # 0 is a zero of multiplicity
k of G(n), then A(oPn,0?) has k zeros n = no+ f;(0). Correspondingly, A(h,e,0(¢))
also has k zeros h = noe +5§fj(€%), where f;(o) are power series of o with nonzero

convergent radius, f;(0) =0, j=1, 2, ---, k
For L(h,e), we have the same conclusion.
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Thus, from Lemma 3.3.1 ~ Lemma 3.3.6, we obtain

Theorem 3.3.1. If Condition 3.3.1 holds, then, the zeros of A(h,s) and L(h, )
have the same first terms by rearranging the orders of these zeros.

From Theorem 3.3.1 and Lemma 3.3.5, we have

Theorem 3.3.2. If Condition 3.3.1 holds and for 0 < e < 1, there exist exactly
s zeros having positive first term in all 2m zeros of L(h,¢)). In addition, these s
positive first terms are different each other. Then, A(h,e) has exactly s positive
2€T08.

For the case 0 < —e < 1, replacing ¢ by —e in the quasi successor function, we
obtain the corresponding result.

Theorem 3.3.3. Suppose that Condition 3.3.1 holds. If (1) There is a positive
integer d, such that

lh=(m—kd, k=01, -, m (3.3.18)
oo
(2) G(n) = Z)\knzk has ezactly m different positive zeros m1, N2, -+, Nm.

k=0
Then, for 0 < e < 1, A(h,e) has exactly m positive zeros

h=hg(e) = me? + 0(5§), E=1,2, - ,m. (3.3.19)

Correspondingly, in a sufficiently small neighborhood of the origin, system (3.3.1) has
exactly m limit cycles, which are close to the circles x> 4+y? = n,%ad, k=1,2,---, m.

Proof. If the Conditions of Theorem 3.3.3 hold, then
L(h,e) = Apelm=Rdp2k,
k=0

By Theorem 3.3.2, we know the conclusions of this theorem. O
Theorem 3.3.4. Suppose that Condition 3.3.1 holds. In addition,

A1 A <0, k=1,2, -+, m,
lp—1 — g >l — lk+1, k= 1,2, -+, m—1. (3320)

Then, for 0 < e < 1, A(h,e) has exactly m positive zeros

— N\ lp—1—1g lp—1—1lg
h = hp(e) = A’“ L et hoe ), k=1,2, - ,m. (3.3.21)
E
Correspondingly, system (3.3.1) has exactly m limit cycles in a sufficiently small
—Ak—
neighborhood of the origin, which are close to the circles x +y? = % ghe—1=le
E

k=1,2, -, m.
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Proof. Let k € {1, 2, ---, m}, (3.3.20) implies that
Li—lg>2(k—7)(k=1—1lg), j=0,1,---, m. (3.3.22)

(3.3.22) becomes an equality if and only if j = k—1or j = k. Let 2p = q(lx—1 —lx),
where p, ¢ are relatively prime. Lemma 3.3.3 follows that D = lpq + k(lx—1 —
I)g, Gm) = Me—1m?72 + \gn?®. Hence, Lemma 3.3.5 follows the conclusion of
Theorem 3.3.4 O

Example 3.3.1. Suppose that for system (3.3.1), we have

v1(2m,e,6(e)) — 1 = Aoe + o(e),

Vory1(27,0,0) =0, k=1,2, -, m—1,
l/2m+1(27'(, 0, 0) = )\m, >\m 7& 0. (3323)
Then
Vor+1(2m,e,0(e)) ~0, k=1,2, -+, m—1 (3.3.24)

and the quasi successor of system (3.3.1) is L(h,e) = Ao + Ay h®™. It follows the
conclusion of Hopf bifurcation theorem.

Proof of Theorem 3.1.4 Based on the Implicit function theorem, under the

conditions of Theorem 3.1.4, solving

v (2m,€,6) — 1 = covam1(2m,0,0)0%™
Vor41(2T,€,8) = cpvomy1(2m,0,0) 0™ 2k k=1,2,--- m—1, (3.3.25)

we obtain the unique solution

0=0(c), e=c¢€(o), (3.3.26)
where cg, ¢1, -+, ¢m_1 are determined by
H n —k?) = chn%. (3.3.27)
k=1 k=0

d(o), e(o) is analytic at ¢ =0 and §(0) =0, €(0) = 0.
From (3.3.25) and (3.3.27), the quasi successor function of system
(3.1.1)5=5(c),e=€(0) 18

m
L(h,0)=vam+1(27,0,0) Z g2m T2k p2k
k=0

2
= Vo t1(27,0,0)0%™ H (h— - k2) . (3.3.28)

k=1
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Thus, from Theorem 3.3.3, when 0 < ¢ < 1, in a sufficiently small neighborhood of
the origin, system (3.1.1)5—s(»), e=e(s) has exactly m limit cycles, which are close to
the circles 22 + y2 = k%202, k=1, 2, ---, m. It follows the conclusion of Theorem
3.1.4.

3.4 Bifurcations of Limit Circle of a Class of Quadratic
Systems

In order to obtain more limit circles, as an example, in this section, we consider a
planar quadratic system to show how to compute quasi successor function and find
focal values in a higher order weak focus (or a center).
We investigate the planar quadratic system
dx dy

B _ X - = Y- 4.1
At ox Y+ 2<$?y)v dt $+5ZU+ Q(xay)? (3 )

where Xs(z,y), Ya(z,y) are homogenous quadratic polynomials of x,y. By trans-
formations z = x + iy, w =z — iy, T =it, i = /—1, system (3.4.1)5=0 becomes

dz 9 9
ar z+ az02” + aj1zw + apggw”,
j—;{ = —w — bagw? — bjjwz — byaz?, (3.4.2)
where
aap = Ao +1Bag, bap = Aap — iBag. (3.4.3)
Now

Xo(z,y) = —(Bao + Bi1 + Bo2)$2 —2(Az0 — Ag2)zy + (B20 — Bi1 + Boz)yz’
}/2<.CL‘, y) = (A20 —|— A11 —|— AOQ).CL‘Z — 2(320 — BOQ).CL‘y — (A20 — A11 + Aog)y2. (344)

Theorem 2.6.1 follows that the first 3 focal values of system (3.4.2) are

p1 = baob11 — azpair,
Mo ~ —%(2]1 + 3]2 - 2]3),
ps ~ 2(ai1bir — agzboz)(2l2 — Is), (3.4.5)

where

3 3 2 2
Iy = a5pap2 — bybo2 I = ajgbi1ag2 — bypai1bos,

I2 = az(]bflaog — bz()d%lbog, Id = b?laog — a?lbog. (346)
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Suppose that N is a natural number, taking

25
0= §(3 + €2N)812+N, a1 =byp =1,
a02:2—|—5Ni, bpo =2 —¢

15 25
agy = —2 — §(3 +e2M)e? - §56+N(3 + 2N,

15 25
bog = —2 — §(3 +e2M)e? 4 §a6+’\’(3 + 2. (3.4.7)

NZ"

Then Theorem 2.3.1 implies that

25
v (2m) —1= ZW(3 + 2NN 4 o(e12FN))

25
v3(27) ~ —Iﬂ'(?) 4 e2M)eFHN 1 (8T,
25
vs(2m) =~ ZW(S + 22N 4 o(e2 ),
25
v7(2m) ~ —Iﬂ'(?) + 2NN 1 o(eM). (3.4.8)

Furthermore, when (3.4.7) holds, we have

a20a11 — bagbi1 = O(EN)a

I, =0@EY), k=0,1,2,3. (3.4.9)

Therefore, Theorem 2.4.7 and the elementary invariants of the quadratic system
given by Corollary 2.5.1 follows that

vort1 = O(EN), k=1,2,---. (3.4.10)

(3.4.8) and (3.4.10) give rise to that under condition (3.4.7), the quasi successor
function of (3.4.1) is

2
L(h,e) = fm(s” — %% 4 2n* — nO), (3.4.11)
where
4, if N =
A={ ! 0 (3.4.12)
3, if N>0.

For 0 < ¢ <« 1 there exist three zeros of L(h,¢)
h=hi(e) =" +o(e¥), k=1,2,3. (3.4.13)

Thus, Theorem 3.3.4 implies that
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Theorem 3.4.1. Suppose the coefficients of right hand of system (3.4.1) are
given by (3.4.7). Then, (1) For N =0, the origin of system (3.4.1)c—¢ is a 3 order
weak focus, while when N > 0, it is a center. (2) For 0 < |e| < 1, system (3.4.1)
has exactly 3 limit circles in a sufficiently small neighborhood of the origin, which
are close to the circles x> + y?> =2, k =1,2,3.

Remark 3.4.1. When N > 0 in (3.4.8), we must show that (3.4.10) holds. It
was proved by using the construction theorem of singular point values.
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Chapter 4

Isochronous Center In Complex Domain

For a given planar dynamical system, when we have characterized its center, it is
also interesting to know whether the center is isochronous or not. In this chapter,
we extended the concepts of the period constant and the isochronous center in the
real systems to the complex systems. The results and methods mentioned in this
chapter are more interesting.

4.1 Isochronous Centers and Period Constants

We consider the following two-dimension complex autonomous differential system

dx =
E:—y—i—ZXk(x,y):X(ﬂ?,y%
k=2
@—x+§:Y(Jc ) =Y(z,y) (4.1.1)
at = ] kT, Y) = yY)s o

where z,y, t are complex variables, X (z,y) and Y (z,y) are power series of x,y with
non-zero convergent radius. X (z,y) and Yy (z,y) are homogeneous polynomials of
degree k.

By using the polar coordinate transformation

x=rcosf, y=rsind, (4.1.2)
system (4.1.1) becomes
dr & df S
i Py ok (0)rt, =1t > kg2 (0)r", (4.1.3)
k=1 k=1

where

0r(0) = cos0Xj_1(cosb,sinf) + sin Yy, (cos d,sin 6),
Ui (0) = cos0Y)_1(cos b, sinf) — sin 0 X1 (cos 0, sin ). (4.1.4)
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From (4.1.3), we have

o0
) > prpa(0)r"
G— . (4.1.5)
do i i
L+ trra(O)r
k=1
Let -
r=70,h)=> v (0)h* (4.1.6)
k=1
be the solution of (4.1.5) satisfying the initial condition r|p—o = h, where
@) =1, v(0)=0, k=2,3,---. (4.1.7)
From (4.1.3), we have
0
t=T(0,h) = / v (4.1.8)
0

L4+ g2 (0)i* (9, )
k=1

Definition 4.1.1. Suppose that for sufficiently small complex constant h (i.e.,
|h| < 1), we have
7(2m,h) =h, T (2w h)=2m. (4.1.9)

We say that the origin of system (4.1.1) is a complex isochronous center.

Obviously, if system (4.1.1) is a real planar autonomous differential system and
the origin of system (4.1.1) is a complex isochronous center, then the origin of system
(4.1.1) is an isochronous center in the real field.

Denote that

T(2m,h) = /27r R d =7 (2 - iTkhk> : (4.1.10)
a4 Z#%H(Q)fk(ea h) het

k=1

It is proved in [Chicone etc, 1989] that

Lemma 4.1.1. For system (4.1.1), if 7(2m,h) = h, then Ty = 0. Furthermore,
for any positive integer k, if Th = To = -+ = Top, = 0, then Top11 = 0.

From (4.1.10) , Definition 4.1.1 and Lemma 4.1.1, we have

Theorem 4.1.1. Suppose that the origin is a complex center of system (4.1.1).
Then, the origin is a complex isochronous center if and only if for any positive integer
k; ,Zak =0.
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By the transformation
z=x+iy, w=x—1y, T=it, 1=+v—-1, (4.1.11)

system (4.1.1) becomes its associated system

dz =
T = z—l—ZZk(z,w) =Z(z,w),
k=2
dw =
T W kZZQWk(z,w) =-W(z,w), (4.1.12)

where
Zk = Yk — iXk = Z aagz”‘wﬁ,
a+6=k
Wi =Yi+iXp= Y bapw®z’ (4.1.13)
a+6=k
are homogeneous polynomials of degree k of z, w.
Definition 4.1.2. Suppose that the origin of system (4.1.1) is a complex isoch-

ronous center. Then, we say that the origin of system (4.1.12) is also a complex
isochronous center.

We see from Section 1.8 that system (4.1.1) can be reduced to the following

standard normal form

d¢ =

yiE =§+§;pk<fn)k,

d o0

d—; = *n*n;qk(ﬁn)k, (4.1.14)

by means of the standard formal transformation

E=z+ Z ckakwj:ngng(z,w):{(z,w),
k=2

kot =2
n=w+ Z dyjw" 29 :77+an(z,w) =n(z,w), (4.1.15)
ktj=2 k=2

where for all k, & (z, w), ni(z,w) are homogeneous polynomials of degree k of z, w.
Let

u= %(§+77) =+ ) u(z,y) = ulz,y),
k=2

U:%@_”):y‘LZ“k(fC»y):v(%y), (4.1.16)
k=2
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where for all k, ux(x,y), vi(z,y) are homogeneous polynomials of degree k of x,y.
By transformation (4.1.16), system (4.1.1) becomes

du n 1 n 2)k

— = v+ = (opu — Tv) u v4)¥,

dt 2 Pt

d 1 > .

d—: = 5 Z Tku“l‘UkU m —|—'U2)k, (4.1.17)
where

or =ik = 1Pk — qk)s Tk = Pk + Qk- (4.1.18)

For the origin of system (4.1.12), ur = pr — qx is the k-th singular point value,
Tk = pr + qr is the k-th period constant.

We next consider the relation between {731} and {7 }.

By the transformation

u=pcosw, v=psinw, (4.1.19)

system (4.1.17) can be reduced to

oo

d 1 . dw 1 &
d_i’ - §ngp2k, - :1+§ZTkp2k. (4.1.20)
k=1

Obviously, by means of the transformation

E=pe, n=pe ™ T =it (4.1.21)
system (4.1.14) can also be reduced to (4.1.20).
Let
p(6,h) = \/u2(7,5) + V2@ §), (4.122)
where
=7(0,h)cosf, ¢§=7(0,h)sind. (4.1.23)
From (4.1.22), we have
p(0,h) = \/u2(h,0) 4+ v2(h,0) = hA(h), (4.1.24)

where A(h) is a power series of h with non-zero convergent radius, and A(0) = 1.
By (4.1.3) and (4.1.20), we obtain

Lemma 4.1.2. If the origin of system (4.1.1) is a complex center, then p(0,h)
is independent of 0, namely

p(0,h) = p(0,h) = hA(R). (4.1.25)
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Thus, (4.1.3), (4.1.20) and Lemma 4.1.2 follow that

Lemma 4.1.3. Suppose that the origin of system (4.1.1) is a complex center,
then when x = 7(0, h) cos @, y = 7#(0,h) sind, we have

w=w(l,h), (4.1.26)
where
1 o0
w(@,h) =w(0,h)+ |1+ 3 ZTkak(O, h)] 7(0,h) (4.1.27)
k=1
and -
Z ’Uk(h, 0)hk71
w(0, h) = arctan v(h0) _ arctan h=2 (4.1.28)
u(h70) > k—1
1+ Zuk(h, 0)h" =
k=2

is a power series of h with non-zero convergent radius.

From (4.1.2) and (4.1.19), we know that

v U
w — @ =arctan y
Yy

Z [Uk (1’7 y)lL’ - uk(xa y)y]
=2 . (4.1.29)

o0
(u2 + v2) +Z up(z, y)z + vi(z,y)y]
k=2

=arctan

Thus, we have

Lemma 4.1.4. For sufficiently small h, when x = 7(0,h) cos@, y = 7(6,h)sin b,

we have
w(0,h) — 0
Z vy (cos 0, sin 6) cos O — u(cos 0, sin 0) sin 6] 7~ (6, h)
— arctan —=2_ (4.1.30)
1+ Z uy,(cos 6, sin 0) cos @ + vy (cos 6, sin 0) sin 0]7 (6, h)
k=2

Theorem 4.1.2. If the origin of system (4.1.1) is a complex center, then, in the

sequences {7}, we have

(T} ~ {0}, {Ta} ~ {m}. (4.1.31)
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Proof. Suppose that the origin of system (4.1.1) is a complex center. We see from
(4.1.30) that w(@,h) — 0 is a 27 periodic function of § and

w27, h) —w(0,h) = 2. (4.1.32)

On the other hand, from (4.1.27), we have

w(2m,h) —w(0,h) =

1 - 2k
L+ 5 > 7™ (0, h)] T(2m, h)

k=1
_ 1 s 2k 1 s k
=or 1+§];Tkp (o,h)] <1§;%h > (4.1.33)

(4.1.25), (4.1.32) and (4.1.33) imply that
> Th* =" mh® Bay(h), (4.1.34)
k=1 k=1

where for any positive integer k,

A% (R
Bor(h) = = (2) (4.1.35)
2k A2k
145 > " mh?t A% ()
k=1
is a power series of h with non-zero convergent radius and By (0) = 1. From
(4.1.34) and Theorem 2.2.1, we obtain (4.1.31). Thus, the conclusion of Theorem
4.1.2 holds. O

From Theorem 4.1.1 and Theorem 4.1.2, we obtain

Theorem 4.1.3. The origin of system (4.1.12) is a complex isochronous center
if and only if

{un} ={0}, {m}={0}. (4.1.36)
We see from Theorem 4.1.3 and Theorem 1.8.18 that
Theorem 4.1.4. The origin of system (4.1.12) is a complex isochronous center

if and only if system (4.1.12) is linearizable in a neighborhood of the origin.

4.2 Linear Recursive Formulas to Compute Period Constants

In this section, we discuss a method to compute 75, which was developed by [Liu
Y.R. etc, 2003a).
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Theorem 4.2.1. For system (4.1.12), one can derive uniquely the formal series

flz,w) =2+ Z Chy2iw’ = Z Jm(z,w),
m=1

ket j=2
g(z,w) = w+ Z dpjw* 2 = Z gm (2, w), (4.2.1)
ket j=2 m=1

where [, (z,w), gm(z,w) are homogeneous polynomials of degree m, and
Gy =djy =0, j=12,---, (4.2.2)

such that system (4.1.12) reduces to

df .- /r k+1, k
ar - [+ Zpkz wr,
k=1
dg Ny k+1 .k
=9 ;qkw z". (4.2.3)

Theorem 4.2.2. In (4.2.1) and (4.2.3), when k —j — 1 # 0, ¢;; and dj; are
determined by the recursive formulas
Clj Dy
= = 4.2.4
“ T i1k M i1k (424)

and for any positive integer m, pl. and q,,, are determined by the recursive formulas

p;n = Um+1,m, q;n == Dm+1,m7 (425)
where
k+j+1
ij = Z [(k —a+ 1)aa,ﬁ—1 - (J - ﬁ + 1)bﬁ,a—1]09€_a+17j_5+1,
a+£5=3
k+j+1
Dij= > llk—a+Dbag1—(—B+1Dagaldiari,;pp1- (4.2.6)
a+(6=3

In (4.2.6), we have taken ¢y = djy = 1,¢5p = di; =0 and if « < 0 or 3 <0, we
take anp = bap = 5 = d,5 = 0.

Proof. From (4.2.3), we have

LS N LTS AT S
dT_f—mZZ:Q< o = fm>+n;q>m(z,w)7
9 g5 (Qm,  Dom =



118 Chapter 4  Isochronous Center In Complex Domain

where
afm afm _ . /ok, g
2 fm = Z (k—j—1)cy;2"w?,
k+j=m
agm agm _ J
a—ww - ?lz —Jm = Z (k - ] - 1) ’U) < <428)
k+j=m
and

m—1
0 0
P (2, w) = Z <%ka+1 a{ij k+1) = Z Crjz"w’,
h=1

k+j=m
= (99 dg
U, (z,w) = < kakarl — —kkaH) = Z ijwkzj. (4.2.9)
k=1 Ow 0% k+j=m
From (4.2.3) and (4.2.7) ~ (4.2.9), we have
o0
Z [(k —J- )Ck] +CkJ 2wl = me "
ket j=2
o0
> (k=5 =Dy + Dij] wh2? = Z ¢l wm ", (4.2.10)
ket j=2
(4.2.10) follows the conclusion of this theorem. O

We next consider the relations between (pj, g;) and (pj, ¢})-

Theorem 4.2.3. Let (po,q0) = (p), q) = (0,0). For any positive integer m, if

(panO) = (plaql) == (pm—me—l) — <0a0)a
(P, 90) = P15 ¢1) =+ = (Pra—1> 1) = (0,0), (4.2.11)
then
(p;n’q;n) = (pman)~ (4.2.12)

Proof. Suppose that there exists a positive integer m, such that (4.2.11) holds. Let

2m+1 2m+1

& =z+ Z ckakw’, Nt =w+ Z dkjwkzj,
ktj=2 ktj=2
2m—+1 2m—+1

f*=z+ Z 2w, gt =w+ Z dj w27 (4.2.13)
k+j=2 k+j=2

Then, from (4.1.15), we have
dg* * m—+1 dﬂ* *

=& +ppz"w™ + hot., = 0 — w2 hot.  (4.2.14)

dr dr
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and from (4.2.3), we obtain

af*
ar

dg”
dT

= f* +p, 2" w™ + hot., =—g" — ¢, w" 2" + hot. (4.2.15)

Because of £, 1, f and g are all unique, from (4.2.14) and (4.2.15), we have that

& = f*, 0" = g*. It follows the conclusion of this theorem. O

Remark 4.2.1. For system (4.1.12), if (4.2.11) holds, then, we have p, +¢q., =
Pm + Gm = Tm, p{m*ql:n =DPm — Qm = Km-

The above three theorems give rise to an algorithm of 7,,. The algorithm is
recursive. It can be easily realized by computer algebra systems.
Similar to Theorem 4.2.1, we have

Theorem 4.2.4. For system (4.1.12), we can derive uniquely the formal series

f(zw)ferchzw] mezw

k+j=2

g(z,w) =w+ Z drjwz? = Z Im (2, w), (4.2.16)
ktj=2

where fm(z,w) and G (z,w) are homogeneous polynomials of order m,

Gip1 =djp1; =0, j=1,2,--, (4.2.17)
such that
df - >
ﬁ - f Z ‘| )
dg >
. 4.2.1
a1 ] (1219

Thus, we obtain the following result as Theorem 4.2.2.

Theorem 4.2.5. In (4.2.1) and (4.2.3), when k —j — 1 # 0, &; and dy; are
determined by the recursive formulas

1 R [(k+35)/2]-1
Crj = " Cyj — ; DsCh—s.j—s |
B 1 R (kt5)/2]-1
Tdy; = m Dy — Z dsdi—s,j—s | » (4-2-19)

s=1
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and for any positive integer m, p.,, and G, are determined by the recursive formulas

m—1
ﬁm = Om+1,m - E ﬁsék‘f&‘,j757
s=1

m—1
Gm = Dmyrm — Y Gullh—sjs, (4.2.20)
s=1
where
) k+j+1
Crj = Z [(k—a+1aas-1— =B+ 1bga1]Ck—at1,j—pr1,
a+pB=3
i ki1 )
Dij= Y [(k—a+Dbap-1—(—B+1apa-1ldi-arijprr. (4.2.21)
a+£5=3

In (4.2.19) ~ (4.2.21), we have taken é19 = dip =1, ¢ =dop1 =0, and if a <0 or
B8 <0, we take ang = bag = Cap = dag = 0.

For (4.2.18), we write that
Ak =Pk —Qks Tk =Pk + Gk, k=1,2,---. (4.2.22)
Theorem 4.2.6. In (4.2.22), we have
{pn} ~ {iwn}- (4.2.23)

Proof. Let F(z,w) = f(z,w)§(z,w) = zw + h.o.t.. From (4.2.18), we have

dF = K i
T = gz,uk(zw) . (4.2.24)
k=1
(4.2.24) and Theorem 2.3.4 implies the conclusion of this theorem. O

Theorem 4.2.7. If the origin of system (4.1.1) is a complex center, then in
(4.2.22), we have

{m} ~ {7} (4.2.25)
Proof. Let
f=pcosw, §=psinw, (4.2.26)
then
d—w—1+1§:*( )k (4.2.27)
T 5 Tr(zw)". 2.
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Suppose that the origin of system (4.1.1) is a complex center, then when z =
7(0,h)cos®, y=7(0,h)siné, we have w = w(f, h) and

1+ e fi(e, e )1 (0, h)
1 _
w(0,h) =0 = o In =2 (4.2.28)
LD e gu(e”, e )1 (0,h)

is a 27 periodic function in . Thus, we get
w(2m, h) —w(0,h) = 2. (4.2.29)

(4.2.29) and (4.1.27) imply that

141 i%kf%(e h)
27 doo 27 2 ’
0 0
1+ Z Ypyo(0 . h)
27 ~2k
(6, h)do
T (2w, h) + T
z g
1+ Z Yry2(0 ,h)
©° ~
=T(2m,h) + 7> _ #h®* Bay(h), (4.2.30)
k=1

where for any positive integer k,

. 1 [ 72k(9,h)do
BZk(h) = m/@ 1 e~ (4231)
1 1 ~
+ 5 ];TM“ (e,h)

is an unit formal power series of h. From (4.1.10), (4.1.34) and (4.2.30), we obtain

Zf‘kthng(h) = ZTk—h2kBQk(h). (4.2.32)
k=1 k=1

Hence, by (4.2.32) and Theorem 2.2.1 we complete the proof of this theorem. |
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4.3 Isochronous Center for a Class of Quintic System in the
Complex Domain

In this section, we investigate an example to show how to apply the method men-
tioned in Section 4.2. Consider the following complex quintic system:

d
ﬁ =z + az02” + as12°w + (a12 + 3bzo)zw? + agzw® + Az3w?,
d
% = —w — byow® — bo1w®z — (b12 + 3age)wz® — bozz® — Aw’z%. (4.3.1)

First we have the following conclusion, which is similar to Corollary 2.5.2.
Lemma 4.3.1. System (4.3.1) has ezactly 14 elementary invariants as follows
asobso, aisbiz, aosbos, azoaiz, bzobiz, a1 bar, A
adgaos, b3gbos, asobizaos, bsoaizbos, bisacs, aizbos. (4.3.2)

We next discuss the conditions that the origin of system (4.3.1) is a center.
Applying the recursive formulas given by Theorem 2.3.5, we obtain

Theorem 4.3.1. The first seven singular point values at the origin of (4.3.1)
are as follows:

H1 = a21 — boy,

2 ~ bi12b3g — ai2a3o,

1
3 ~ 5[3((1%2503 — biya03) — 10(b12asoaes — a12bsobos)],

1
pa ~ ——(az + b21)(a%2503 - 5%2003),

40
s ~ ﬁ(25a03b03 — a12b12 — 150A) (afybos — biyaos),
e ~ 0,
7 N*Laublz)\(aéb%*6%2‘103)' (4.3.3)

200
Theorem 4.3.1 follows that

Theorem 4.3.2. The first seven singular point values of system (4.3.1) are all

zero if and only if one of the following four conditions are satisfied:

C1: a2 = bar, ajg = b2 =0;

Ca : a1 = bay, biabso = a12a30, afzbos = bizaos, |aia|+ [bia] # 0;

cn { A = a1 = bo1 = 0, 10az0 + 3b1a = 10b30 + 3a12 = 0,

a12b12 = 25a03bos |ai2| + [bi2| # 0, biya03 — afybos # 0;
Cy tag = b1 = a12 = bzg = 0, 10a30 + 3b12 = 0, aozbos = 6A, bi2a03bos # 0;
Cy : az1=ba1 =b1a=aszg = 0,10b30 + 3a12=0, agsbos = 6, ai2ap3bos # 0. (4.3.4)
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4.3.1 The Conditions of Isochronous Center Under Condition C;

Suppose that Condition C; in Theorem 4.3.2 is satisfied. Then, there exists a con-
stant s, such that ag; = boy = s. Thus, system (4.3.1) becomes

d ) )

d_; = 2+ a302° + 22w + 3bspzw? + agsw® + )\zde,

d_w o 3 2 2 3 y,3.2

T = w — bygw” — swz — 3azgwz — bgzz” — Aw”z”. (4.3.5)

Applying recursive formulas given by Theorem 4.2.2 to do computations, we obtain

Theorem 4.3.3. For the origin of system (4.3.5), the first six complex period
constants are as follows:

1 = 28,
1
T2 ~ 5(*311031703 — 48az0bzo + 4)),

T3 ~ 30(&()3b§0 —+ bOSb?gQ);

15
T4 ™~ 3—2(3(1(2)317(2)3 — 128&()3[)03&3()173() -+ 768&%017%0),
Ty ~ 0,
76 ~ Tazgb3o(1111agsboz — 2688a30bs0). (4.3.6)

Moreover, the first six complex period constants are all zero if and only if one of the
following two conditions holds:

Ci1: s=X=a3z = boz = 0;
Cikl D s=A= b3() = ap3 — 0. (437)

Theorem 4.3.4. If Condition Cy1 or C, holds, then the origin of system (4.3.5)
18 a complex isochronous center.

Proof. If Condition C1; is satisfied, then system (4.3.5) becomes

d d
@ 2 + 3bgpzw? + agzw?, v

- = _ 2
a7 a7 w(l + byow ) (438)

System (4.3.8) is linearizable by using the transformation

1 w
= (2 + bgpzw? + —agzw®)\/1 + bgow?, = —. 4.3.9
§=( 30 4203 ) 30 n W ( )
Thus, the origin of system (4.3.9) is a complex isochronous center.
If Condition CY; is satisfied, then by using the same method as the above, we
know that the origin of system (4.3.5) is also a complex isochronous center. |
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4.3.2 The Conditions of Isochronous Center Under Condition C5

If Condition C5 in Theorem 4.3.2 holds, then there exist constants p, ¢, s, such that
as1 =bo1 =8, azo =pbia, bz =paia, aos=qals boz=qbiy. (4.3.10)

Thus, system (4.3.1) becomes

dz ) ) )

T = 24 pb122® + 522w + (1 4 3p)arpzw? + gai,w® + A23w?,

d ) ) )

% = —w — pajpw® — sw?z — (1+ 3p)b12wz2 —qbly S — w22, (4.3.11)

Theorem 4.3.5. The first six complex period constants of the origin of system
(4.3.11) are as follows:

T = QS,

1
Ty ~ 5[4)\ — a12b12(4 + 28p + 48p2 + 3a12b12q2))]’

1
75~ 7 01212(3 + 10p)(7 + 24p)q,

1
i~ 52adsbha[192(1 4 3p) (1 + 4p) (2 4 5p)

+8a12b12(13 + 42p)q® + 135a3,b7,q"],

1, .
253001202 (1550 + 5178p)q(63 + 226p + 105a12b124%),

1
Tg ~ m051521;%2[712(37019 + 310766p + 858060p° + 781200p°)

+a12b12(1006867 + 3466140p)¢*)] (1 + 3p)2(1 + 4p). (4.3.12)

Ty ™~

In addition, the first six complex period constants are all zero if and only if one of
the following five conditions holds:

1
021 5:077’:07(]:0717:75;
1
022 5:077’*07(]*071)* Z7

Coz: s=0,7r=0, p= —2—74, 36a12b12¢> — 1 = 0;
Coy: s=0,1r=0, a2 =0;
Cy: s=0, r=0, bio =0. (4.3.13)
Proposition 4.3.1. If Condition C2; holds, then the origin of system (4.3.11)
is a complex isochronous center.
Proof. When Condition Cs; holds, system (4.3.11) becomes
dz 1 dw 1 3

z— —blgzd, — = —w + —aoWw

a7 = 3 a7 3 (4.3.14)
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This system is linearizable by using the transformation

z w

f=—nt = (4.3.15)
\/1—11) 22 1/1—1a w2
3012 312
It follows the conclusion of this proposition. O

Proposition 4.3.2. If Condition Cas holds, then the origin of system (4.3.11)
18 a complex isochronous center.

Proof. When Condition Cas holds, system (4.3.11) becomes

dz 1 dw 1
d_T = 12(4 — b1222 + (1121112), d_T = 7171)(4 — a1222 + b12w2). (4316)
Let
z=re, w=re ™ T=it, (4.3.17)
1 0 . do N . .
then § = —(Inz — Inw), we have il 1. It implies the conclusion of this
i
proposition. O

Proposition 4.3.3. If Condition Ca3 holds, then the origin of system (4.3.11)
18 a complex isochronous center.

Proof. When Condition Cs3 holds, system (4.3.11) becomes

% L Thioz? zw? L w3

dT 24 288b12q2  1296b2,¢3"

dw biowz> Tw?

— = —w— bl — . 4.3.1
ar ~ W T edE 8 T 36dbiag? (4.3.18)

System (4.3.18) is linearizable by using the transformation

i h

£= N (4.3.19)
where
F biaz® N 22w 2w? N w3
=z — -
! 24 ' 48¢  288biaq? | 518423

b= b25q2%  bi22?w | zw? w3

2T 4 8 48q  864b1aq?’

3b 2 2

frm1o22 U W (4.3.20)

8 16q 96b12q2 '

It gives the conclusion of this proposition. O
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Proposition 4.3.4. If Condition Ca4 holds, then the origin of system (4.3.11)
is a complex isochronous center.

Proof. When Condition Ca4 holds, system (4.3.11) becomes

dz )
= z(1+ biopz?), T = —w — blyqz® — 3biopzPw — biaz*w. (4.3.21)

System (4.3.21) is linearizable by using the transformation

z
- = ufs, 4.3.22
6 \/W n f4f5 ( )
where
(1+b12p22)%, if p#£0,
f4 = bioz .
e~z , if p=0,
fs=w— qu(z) (4.3.23)
and
2 —blzzz .
2 —bioz®—2e 2, if p=0;
b122> 1
b12z? +2In (1 - = ) if p=—3;
9(z) = 2 1 (4.3.24)
— 2b192% — 2(4 — b12%) In (1 _ bz ) if p=—7;
2 — bya(1 + 2p)22 — 2(1 + bropz?) 7
,  others.
(1+2p)(1+4p)
It follows the conclusion of this proposition. O

Remark 4.3.1. From (4.3.24), we have g(0) = ¢’(0) = ¢"(0) = 0.
Similar to Proposition 4.3.4, we have

Proposition 4.3.5. If Condition C5, holds, then the origin of system (4.3.11)
is a complex isochronous center.

Proposition 4.3.1 ~ Proposition 4.3.5 imply that

Theorem 4.3.6. The origin of system (4.3.11) is a complex isochronous center
if and only if one of condition in (4.3.13) holds.
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4.3.3 The Conditions of Isochronous Center Under Condition Cj3
If Condition C3 in Theorem 4.3.2 holds, then system (4.3.1) becomes

j—; =z— %bqu + 1—1011122102 + agzw?®,
2—; = —w — bosz® — 11—0b1222w + 130&12?113, (4.3.25)
where
bisaos — alabos =0, ai2biz = 25agsbos, |aiz| + [bi2| # 0. (4.3.26)
We have

Theorem 4.3.7. The first two complex period constants of the origin of system
(4.3.25) are as follows:
_a12b12
50
In addition, the first two complex period constants are all zero if and only if one of
the following two conditions are satisfied:

=0 mn= (4.3.27)

C31: ai2=0, bz =0,
Cékl : b12 = O, aps = 0. (4328)

Theorem 4.3.8. If Condition Cs1 or C5, holds, then the origin of system
(4.3.25) is a complex isochronous center.

Proof. When Condition C3; holds, system (4.3.25) becomes

dz 3 . dw 1
d_T =z — 1—0b1223 + a()3’w3, d_T = —w (1 + 1—0b1222) . (4329)

System (4.3.29) is linearizable by using the transformation
=t -1
E=fef7", n=uwf®, (4.3.30)
where

1 ;
fo =z + ~agzw’®,

4
3 3 1 X
f7 =1- 1—Ob1222 - 1—0a()3b122w3 - 2—0(1(2)31)1211)0. (4331)

Thus, the origin of system (4.3.29) is a complex isochronous center.
Similarly, if Condition C%; holds, the origin of system (4.3.25) is also a complex
isochronous center. O
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4.3.4 Non-Isochronous Center under Condition C4 and C}

If Condition Cy or C§ in Theorem 4.3.2 holds, then for system (4.3.1),we have

7
=0, 7= *ansbos # 0. (4.3.32)
Thus,we have

Theorem 4.3.9. If Condition Cy or C§ in Theorem 4.3.2 holds, then the origin
is mot an isochronous center.

Thus, the problem of the complex isochronous center for the system is completely
solved in this section.

Remark 4.3.2. On the basis of the conclusions in this section, for system
(4.3.1), if X # 0, then the origin is not an isochronous center.

Remark 4.3.3. System (4.3.1)x—o is a cubic systems having homogeneous non-
linearities. For the origin of system (4.3.1)x—o, the problem of the complex
isochronous center is correspondencely solved in this section.

4.4 The Method of Time-Angle Difference

In this section, we introduce another method to characterize isochronous centers of
system (4.1.1) and system (4.1.12) (see[Liu, Li, 2006]).

A center of an analytic system is isochronous if and only if there exists an analytic
change of coordinates such that the original system is reduced to a linear system.
Clearly, such a change of variables needs to determine two functions of two variables.
We now give another new method to characterize isochronous centers of polynomial
systems. Unlike the above method of the linearized system, this method only needs
to determine a function which is called the function of the time-angle difference. In

addition, other two algorithms to compute period constants 7 are also given.

Theorem 4.4.1. For system (4.1.12), one can derive successively the terms of
the following formal series

Glzyw) =" % (4.4.1)
k=1

where, for any positive integer k,

gak(z,w) = Y Capzw’ (4.4.2)
a+(B=3k
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is a homogeneous polynomial of degree 3k in z,w, Cyi can take any constant, such
that

dG .  db 1 , m
T +i+ a7 = 9 Z 7, (zw)™, (4.4.3)
m=1
where
1 z df wZ + zW
=—h— —=—— 4.4.4
O=5my ar 22w (4.4.4)

Theorem 4.4.2. In Theorem 4.4.1, let Coo = 0, for any positive integer m,
when o+ = 3m and a # 3, Cop is given by the following recursive formula

1

Cob = 305"

Aus. (4.4.5)

In addition, 7}, is given by the following recursive formula

/
Tm = Gm+1,m + bm+1,m

2m—+41
21 Z [(m—k+1)agj—1—(m — j + 1)bj k—1]C3m—2k—j+3,3m—2j—k+3, (4.4.6)
k+j=3
where
—3i
ADap= T(aafmﬂ,ﬁfm +bg—m+1,0-m)
m—+1
+ Z (20 — B — 3k +3)ar,—1 — (28 — a — 3 + 3)bj k1]
k+j=3
Xa—2k—j+3,8—2j—k+3- (4.47)

In the above two formulas, if a < 0 or B < 0, then we define that ang = bag =
Cop = 0.

1
Proof. Notice that 6 = % In i. We have
i

w
dG . d9 o > —m ag'Eim ag'&‘;m
dTJerrdT—m:l(zw) { % " o w+ Hspm
= Z (zw)™™ Z (a — ﬁ)Cagzawﬁ + Hzp |, (4.4.8)
m=1 a+[B3=3m
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where for any positive integer m,

" B
Hsp = —(2w)" N wZpy1 + 2Wini1)

2
m—1 89
— 3m—3k
+ Z (zw)" 1 [%z —(m — k)ggm_gk] w241
— g k
— Z (zw)k_1 [%w —(m — k)ggm_gk:| 2Wia1
k=1 w
1
=3 Z Aagzo‘w'g. (4.4.9)
a+(B=3m
From (4.4.8), (4.4.9), and (4.4.3), the conclusion of this theorem holds. O

Corollary 4.4.1. For system (4.1.1), one can derive successively the terms of
the following formal series

gsk(z + iy, v — 1y)

G*<$,y):G($+iy,$—ly x2+y

, (4.4.10)

such that
aGr 1 — ,
i gl E Tin x +y (4.4.11)

m=1

Corollary 4.4.2. For system (4.1.3), one can derive successively the terms of
the following formal series

G(r,0) = G(re? re™) = Zggk(ew, e~ 03k (4.4.12)
such that
dg d9 1
o = Z (4.4.13)

Theorem 4.4.3. If the origin of (4.1.12) is a complex center, then

{1}y ~ {7t} (4.4.14)
Proof. From (4.4.13) and (4.1.3), we have

%i 72k (0, 1)
k:

1+ Z Yir2(0)7* (0, h)
k=1

dt dg(7(0,h),0)
- a8

(4.4.15)



4.4 The Method of Time-Angle Difference 131

Because the origin of (4.1.12) is a complex center, so G(7(,h), ) is a 27 periodic
function in 6. Integrating the two sides of (4.4.15) from 0 to 27, it follows

T(2m,h) =2r =7 »_ 7hh** Bor(h), (4.4.16)
k=1

where for any positive integer k, Boy(h) is given in (4.2.31). From (4.1.10), (4.1.34)
and (4.1.16) we have

> mh® Bor(h) = > 7ih** Bo(h). (4.4.17)
k=1 k=1
(4.4.17) and Theorem 2.2.1 imply the result of Theorem 4.4.3. O

Theorem 4.4.1 and Theorem 4.4.3 give an algorithm to compute period constants
Tk -

Definition 4.4.1. (1) For system (4.1.12), if there exists a formal series G(z,w)
having the form (4.4.1), such that

(cil_i +i+ j—; =0, (4.4.18)
then G(z,w) is called a function of the time-angle difference in a neighborhood of
the origin;

(2) For system (4.1.1), if there exists a formal series G*(x,y) having the form
(4.4.10), such that

dG o

dt dt
then G*(x,y) is called a function of the time-angle difference in a neighborhood of
the origin.

0, (4.4.19)

For system (4.1.12), we notice that the function of the time-angle difference
is not unique. In fact, if G(z,w) is a function of the time-angle difference and
F(z,w) is a first integral satisfying F'(0,0) = 0, then G(z,w) + F(z,w) is also a
function of the time-angle difference . In addition, if G1(z,w) and Ga(z,w) are two
functions of the time-angle difference and G (z, w) —G2(z, w) is not a constant, then
G1(z,w) — G2(z,w) is a formal first integral.

From Theorem 4.4.1 and 4.4.3, we have

Theorem 4.4.4. (Theorem of time-angle difference) For system (4.1.1) and
(4.1.12), if the origin is a complex center, then the origin is a complex isochronous
center, if and only if there exists a function of the time-angle difference in a neigh-
borhood of the origin.
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This theorem tell us that if the origin of (4.1.1) is a complex isochronous center,
then, when || < 1, we have formally

t—0=G"(7(0,h)cosb, 7(0,h)sind) — G*(h,0). (4.4.20)

Now we discuss some properties of the function of the time-angle difference of
system (4.1.12). Suppose that ¢ and 7 are given by (4.1.15) satisfying (4.1.14). We
consider the function

= 1 5(27 w) 77(27 w)
=— |1 —1 4.4.21
G(z,w) 5 [n . n— ( )
Letting 2 = u?v, w = wv?, then, from (4.4.15) we obtain
§(z,w) = k-2, k—1
=1
. + g w0 T (u, v),
k=2
n(z,w) — k=1, k—2
=1 E 4.4.22
w + U v nk(u’ U)7 ( )

v), ublyke?

where for any positive integer k > 1, uF~20*~1& (u, Nk (u, v) are two

homogeneous polynomials of degree 3(k — 1) in u,v. Hence, C?'(u%, uv?) is a power
formal series having the form

G (uv, uv? Z (4.4.23)

k=1

where for any positive integer k, fgk(u, v) is homogeneous polynomials of degree 3k
in u,v. So that, we have

A _ - fdk(zﬂw)
k=1
Theorem 4.4.5. For the function G(z,w) defined by (4.4.21), we have

dG(z,w) . d) 1 .
it o = o ;m(gn) : (4.4.25)
Proof. We see from (4.4.21) that

~ 1

G(z,w) = Z[lnf —1Inn] —6. (4.4.26)

By using (4.1.15) and (4.4.26), we obtain (4.4.25). O
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Theorem 4.4.6. Suppose that the origin is a complex isochronous center of
(4.1.12). Then, G(z,w) is a function of the time-angle difference of (4.1.12) in
a neighborhood of the origin. As a series of u and v, the convergence radius of
G(u?v,uv?) is not zero.

Specially, if z = 0 and w = 0 are two complex straight line solutions of system
(4.1.12), then (4.1.12) has the form

d d
d_; = zP(z,w), d_;li = —wQ(z,w), (4.4.27)
where
o .
P(z,w) =1+ Z aﬁcjzkuﬂ, Qz,w) =1+ Z bjjw ko, (4.4.28)
k+j=1 k+j=1

Theorem 4.4.7. For system (4.4.27), one can derive successively the terms of
the following formal series

G(z,w) = > gil(z,w), (4.4.29)
k=1
where for any positive integer k,
Z Copz®w’ (4.4.30)
a+pB=k

is a homogeneous polynomial of degree k in z,w, Cki can take any constant, such
that

— 4it—=== T (zw)™. (4.4.31)
m=1

Theorem 4.4.8. In Theorem 4.4.7, denote Cyy = 0, then for all o # 3, Cop is
given by the following recursive formula

a+B-1
oL )t " [(a—k)ak; — (8 — )] C. 0. (44.32)
o0 B—a 24 kj — J a—k,G—j ¢ - (4.4
k+j=1

For any integer m > 0, 1/, is given by the following recursive formula
2m—1
T = A + Uy + 20 Z [(m — k)aj; — (m — j)biy] Con—keom—j- (4.4.33)
k+j=1
In the above two formulas, if « < 0 or B < 0, then we define that ang = bap =
Cap = 0.

Theorem 4.4.8 gives an algorithm to calculate complex period constants of the
origin of system (4.4.27). In this case, G(z,w) is a formal power series of z,w.
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4.5 The Conditions of Isochronous Center of the Origin for
a Cubic System

In this section, as an application of the method of Time-Angle Difference, we consider
the following real cubic system

dx )
I —y —2a12y — (3aq + as — ag)x*y + (a4 — as + ag)y>,
d )
d—i =+ (a1 + a2)r?* — (a1 — a2)y*+ (a4 + as + ag)z® — (3as — a5 — ag)ry*  (4.5.1)
and its associated system
dz — s tay? 4 3 2 2
T 12 A22W ~+ a42° + asz”w + agzw”,
d_w — .y — 2 _ _ 3 _ 2, .2
T = W — 1w’ — AWz — aaw’ — aswz — agwz”. (4.5.2)

Using Theorem 4.4.8 and computer algebra systems, we have the following result.
Theorem 4.5.1. The first 5 period constants of the origin of (4.5.2) are as
follows:
T = 2(0,5 —aijay — a%),

Ty ~ 2[(3@% — a5 — ag)(aq + as + ag) + 3asag),

1
T3 ~ g(a4 +as + ag) f3,

1
Ty ~ %(04 +as + ag) f4,
1

™ 2029696000005 (4> ~ 246 ’ 45.
102969600000 (% ~ 2a6)(as + as + ac) fs, (4.5.3)

5
where
f3= —20a§a5 - 80a§a6 + 3asas + 7a§ + 6agsag + 9asae + 2a<23,
fa :36a4a§ + 4(1? — TTasasa¢ — 58a§a6 — 98a4a§ + 247a5a§ — 186a2,
fs= 1371835883790(12 — 57411367448a4a5 — 16682041862a§
—3793858253681asag + 1649355227996a5a6 — 989885411687a§. (4.5.4)

From Theorem 4.5.1, we have
Theorem 4.5.2. The first 5 period constants of the origin of (4.5.2) are all
zero, if and only if one of the following 5 conditions holds:
Cy:ay=a5=ag =0,
Cy:as=a5=a4+ag =0,
Cs:a1+as=as5=a4+ag=0,
C4:a1—3a2:a4—2a§:a5—4a§:a6—2a§:O,

Cs:aq4+ a2<a1 + (Lg) = a5 — a2<a1 + CLQ) =ag = 0. (455)
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We next consider respectively 5 conditions Cy ~ Cs.
When Condition C; holds, system (4.5.2) becomes

d
- 2(1+ arz + ag2?), —w(1+ ayw + agw?). (4.5.6)

az dw
ar T

Proposition 4.5.1. For this system, there exists a function of the time-angle
difference

PG / Md%/ _ataw T (45.7)
2 | Jo 14+ a1z+ a4z o 1+ aw+ agw?

When Condition Cy holds, system (4.5.2) becomes

d

é =2(1 + a1z + asz® — aqw?),

d

% =—w(l+aw+ agw?® — agz?). (4.5.8)

The associated system of (4.5.8) is that

d

ar _ —y(1 + 2a12 + dasx?),

dt

d

d_g; =2+ a2’ — a1y® — dagwy’. (4.5.9)

We have

Proposition 4.5.2. For system (4.5.9), there exists a function of the time-angle
difference

1 — VA — a2
“ In t oz da Y . if at —4day <0,
2+/4ay — a? 1+ a1z + \/dag — aly
—a1y . 2
—0={ ——— —4as =0 0.
t—0 T o if af —4ay , (4.5.10)
— 2_ 4
S arctan Vay T 2aay . if a3 —4day > 0.
a? — day 14+ a1z

When Condition C3 holds, system (4.5.2) becomes

dz

9T = 2(1+ a1z — ayw + ag2® — agw?),

dw 9 9

T = —w(l + aw — a1z + agw* — asz”). (4.5.11)

Proposition 4.5.3. For system (4.5.11), there exists a function of the time-
angle difference
t—0=0. (4.5.12)
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When Condition Cy holds, system (4.5.2) becomes

d
ﬁ = 2(1 + 3agz + agw + 2a32% + 4a2zw + 2a3w?),
d
ﬁ = —w(1 + 3asw + azz + 2a2w? + da3wz + 2az2?). (4.5.13)
The associated system of (4.5.13) is
dx
i —y(1+ 2a22)(1 + 4asz),
dy _ 2 _ 2 2 3
pri T+ 4dasx 2a2y° + 8asz”. (4.5.14)

‘We obtain

Proposition 4.5.4. For system (4.5.14), there exists a function of the time-

angle difference
das(1 4 2asz)y

t—0 = —arct . 4.5.1
arctan T+ days + 8aa? (4.5.15)
When Condition C5 holds, system (4.5.2) becomes
L =21+ (o + e[l - aa+ ol
a7 =z ap az )z asz asw|,
dw
9T = —w[l + (a1 + a2)w|[1 — agw + azz]. (4.5.16)
The associated system of (4.5.16) is
dx
pri —y[l + 2a12 — 2az(ay + ag)x? + 2az(a1 + a2)y?],
d
d_:i =+ (a1 + ag)x® — (a1 — az)y® + daz(a; + az)zy®. (4.5.17)

We have

Proposition 4.5.5. For system (4.5.17), there exists a function of the time-
angle difference
(a1 + a2)y
1+ (a1 +az)x’
Theorem 4.4.4, Theorem 4.5.2 and Proposition 4.5.1 ~ Proposition 4.5.5 follow
that

t — 60 = —arctan (4.5.18)

Theorem 4.5.3. The origin of the real system (4.5.1) is an isochronous center
if and only if the first 5 period constants of (4.5.1) are all zero, i.e., one of the
conditions Cy ~ Cs is satisfied.

Remark 4.5.1. If a1,as,a4,a5,a¢ are all complex constants, and x,y,t are all
complex variables, then the functions of the time-angle difference given in Proposition
4.5.1 ~ Proposition 4.5.5 are all power series with non-zero convergent radius. Thus,
the conclusion of Theorem 4.5.3 is also correct in the complex field.
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such as the method of the change of variables. The same as the computation of
Lyapunov constants, the computation of period constants is a much more difficult
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Chapter 5

Theory of Center-Focus and Bifurcation of
Limit Cycles at Infinity of a Class of
Systems

We have mentioned in Preface of this book that a real planar polynomial vector field
V' can be compactified on the sphere. The vector field p(V') restricted to the up-
per hemisphere completed with the equator 'y, is called Poincaré compactification
of a polynomial vector field. If a real polynomial vector field has no real singular
point in the equator I'w of the Poincaré disc and I'o, can be seen a trajectory, all
trajectories in a inner neighborhood of I', are spirals or closed orbits, then I' is
called the equator cycle of the vector field. I'w, can be become a point by using
the Bendixson reciprocal radius transformation. This point is called infinity of the
system.

In this chapter, we discuss the center-focus problem of infinity (i.e., to distinguish
when the trajectories in a inner neighborhood of I'o, are either closed orbits or
spirals) and the bifurcation of limit cycles at infinity for a class of systems.

5.1 Definition of the Focal Values of Infinity

Consider the following real planar polynomial system of degree (2n + 1):

dI 2n+1 dy 2n+1
B X - = Y, 1.1
dt ];) k(l',y), dt ];) k(xay)7 (5 )

where n is a positive integer and X (x,y), Yi(z,y) are homogeneous polynomials of
degree k in x,y of the form

Kry) = Y Aapz®y’,
a+pB=k

Yi(z,y) = Z Basz®yP. (5.1.2)

a+6=k
Suppose that the function xYa2,11(z,y) — yXont1(z,y) is not identically zero.
Then, system (5.1.1) only has finite real or complex singular points in I's,. It has
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no real singular point in I' if and only if 2Ya,41(2,y) — yXant1(z,y) is a positive
(or negative) definite function in the real field. This function can be expressed as a
product of linear terms in the complex field as follows:

2n+2

tYon+1(2,y) — yXont1(2,y) = H (akx + Bry). (5.1.3)
k=1

On the Poincaré disk, all infinite singular points (real and complex) of system
(5.1.1) are the intersection points of the straight line apz + Sy = 0 and the unit
circle2? +4y?2=1,k=1,2,--- ,2n + 2.

Without loss of the generality, we assume that I(x,y) is positive definite (other-
wise, we can take a transformation ¢ — —t), then, there exists a positive numbers
d, such that

aYoni1(,y) — yXont1(z,y) > d(@* + )" (5.1.4)

By using the transformation

T=— s Y= (5.1.5)
system (5.1.1) becomes
2n—+1
dr -1
T pontak(0)r",
k=0
2n+1
de 1
% = TQ_TL Z w2n+2_k(9)7”k. (516)
k=0
Thus, we have
2n—+1
; Panv2(0) + D prara-w(0)r"
T k=1
5= L : (5.1.7)

Vant2(0) + ) bonia-i(0)rF
k=1
where ¢ (0), ¥i(0) are given by (2.1.5). Especially,

Yan+2(0) = cos0Xa,11(cos b, sin ) + sin 0Y2,,41(cos 0, sin b),
Yont2(0) = cos Y2, 1(cos b, sin ) — sin @ Xop,y1(cosf,sinf).  (5.1.8)

(5.1.4) and (5.1.8) follow that

Yon+2(0) = d > 0. (5.1.9)
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Since for all k, ¢ (6) and 1 (0) are homogeneous polynomials of degree k in (cos 6,
sin#), we have

or(0+m) = (—1)Fu(0), (0 +7) = (=19 (0). (5.1.10)

It implies that equation (5.1.7) is the specific form of the equation (2.1.7).
For a sufficiently small constant h, we write the solution of (5.1.7) with the initial

condition r|p—g = h as
oo

r=7(0,h) =Y vi(O)h*. (5.1.11)
k=1

From (5.1.7) and (5.1.11), we obtain

0 —
Vl(H):eXp/O %. (5.1.12)

By Corollary 2.1.1, if v1(27) = 1, then the first positive integer k satisfying
vi(2m) # 0 is an odd number.

Definition 5.1.1. For any positive integer k, vop11(27) is called the k-th focal
value at infinity of system (5.1.1)

Definition 5.1.2. For system (5.1.1):

(1) If i(27) # 1 and when v1(2w) < 1 (> 1), infinity is called a stable (an
unstable) rough focus;

(2) If 1(2m) = 1 and there exists a positive integer k, such that vo(2m) =
v3(2m) = -+ = vor(2m) = 0 and vap+1(2m) # 0, then when vop1(27) < 0 (> 0),
infinity is called a stable (an unstable) weak focus;

(3) If 1(27) = 1 and for any positive integer k, we have vori1(27) = 0, then
infinity is called a center.

From Corollary 2.1.1 and the geometric properties of the Poincaré successor
function A(h) = 7(27,h) — h, we obtain

Theorem 5.1.1. If infinity is a stable (an unstable) focus of system (5.1.1), then
' is an internal stable (an internal unstable) limit cycle.

If infinity is a center, then there exists a family of closed orbits of system (5.1.1)
in a inner neighborhood of the equator T's.

For a given polynomial system, to solve the center-focus problem of infinity, it
depends on the computations of the focal values of infinity. In next sections, we
discuss this difficult problem.



5.2 Conversion of Questions 141

5.2 Conversion of Questions

First, we consider a special case of system (5.1.1). Letting

X2n+1(z7y) - (51’ - y)(‘rz + y2)n7
Yoni1(2,y) = (x + 8y)(z® + y*)", (5.2.1)

then system (5.1.1) becomes

2n
dx
— = —y)@ )"+ Y Aas®y’,
a+£5=0
dy 2n
=+ Sy) (@ +y*)" + Y Bapz®y” (5.2.2)
a+£5=0
For system (5.2.2), (5.1.8) reduces to
QDQTLJFQ(@) = 5, l/}gnJrQ(o) =1. (523)
Thus, (5.1.7) becomes
2n+1
p § + Z (102'n+2—k(9)rk
T k=
5= S . (5.2.4)

1+ > Yonioi(0)r"
k=1

It is easy to prove that

Proposition 5.2.1. For system (5.2.2), we have v1(0) = ¢=°? and when & >
0 (< 0), infinity is a stable (an unstable) focus.

From Lemma 2.1.2, we obtain

Proposition 5.2.2. If 6 =0, then for system (5.2.2), all v(0) are polynomials
in @, sin6, cos @, and their coefficients are polynomials in Ayg, Bag. Especially, for
all k, vi(m), vip(2m) are polynomials in Aapg, Bags.

Notice that infinity of system (5.2.2) can be changed to the origin by using a
suitable transformation. In fact, by the transformation

U v dt 2 9o
- - = — = + " 5.2.5
T2y YT u@r (u” + %) ( )
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system (5.2.2) becomes

2n

d
d_u = —(6u+v)(u? +v?)" + Z(u2 +02)2 7 (u? — 0?) X (u, v) + 2uvYy (u, 0],
T k=0
dv 2 2\n E 2 2\2n—kj(, 2 2
= (u—o0v)(u” +v7)" + Z(u +v7) [(w® — v*)Yi(u,v) — 2uv Xy (u, v].
k=0
(5.2.6)
In the transformation (5.2.5),
u v
- = 2.
T YT e (5.2.7)

is called Bendixson reciprocal radius transformation. Making the polar coordinate
transformation v = rcosf, v = rsinf, the transformation (5.2.7) becomes the
transformation (5.1.5).

The transformation (5.2.5) makes infinity of system (5.2.2) become the origin of
system (5.2.6). Thus, the studies of the center-focus problem and the bifurcation
of limit cycles of infinity of system (5.2.2) can be changed to the studies of the
corresponding problems for the origin of system (5.2.6). Since the origin of system
(5.2.6) is a higher-order singular point (or degenerate singular point), it leads to
some difficult problems. We discuss them in Section 6.

Ifforallk € {n+1,n+2,---,2n}, we have Xy (z,y) = Yi(z,y) = 0, then system
(5.2.2) becomes

dx -

= = @z =y)(@® + )" + Y Xi(.),
k=0

d n

d_:i = (x4 6y)(2® + v*)" + Z Yi(z,y). (5.2.8)
k=0

Hence, we have the following conclusion.

Theorem 5.2.1. By the transformation
U v dt 9 In
— - Z = 5.2.9
T u2+v2a Yy ’LL2+’U2, T (U +’U) s ( )

system (5.2.8) becomes the following polynomial system

du 2 ok 22

— n X7 2 .
o= ou U+,§:O<u +09)" 7 [(u® = v°) Xk (u, v) + 2uvYy (u, 0],
dv -

=u— v+ Z(u2 + 0" F(u? = v?) Vi (u,v) — 2uv Xy (u, 0], (5.2.10)
k=0

dr

for which the origin is an elementary singular point.
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We can use the following transformation

u v dt

x:(u2+’u2)ml’ y:(u2+vz)m1’ dr

= (u? +vH)™m2, (5.2.11)
such that infinity of system (5.2.2) changes to the origin which is an elementary

singular point.
Theorem 5.2.2. By the transformation

u v dt_

= — = (u? +p?)nntl) 5.2.12
(u2 + v2)nt1’ Yy (W2 + 02"t dr (u” +v7) ) ( )

xr =

system (5.2.2) becomes the following polynomial system:

du —ou 2ol

o _ § P

e o1 v+ 2 2nk+k+1(uvv)7

dv ov 2ol

W S Qon v), 2.1
il T | + 2 Qank+k+1(u,v) (5.2.13)

for which the origin is an elementary singular point, where

1
2n +1

Ponpyg1(u,v) = [(’02 U2> Xont1-k(u,v)

- ;Z 1? uv }/ZnJrlk(u,U)] (u? + ) F=DFD (59 14)
and
2 1 2
Qank+k+1(u,v) = KU "oV ) Yony1-x(u,v)
- ;Z i i wv Xopt1-k(u, v)] (u? + v?)EF=DEFD (5.9 15)
are homogeneous polynomials of degree (2n+1)k+1 of u andv, k=1, 2, --- | 2n+1.

This theorem tell us that the studies of the center-focus problem and bifurcation
of limit cycles at infinity of system (5.2.2) can be change to the studies of the
corresponding problems at the elementary singular point O(0, 0) of system (5.2.13).
Because system (5.2.13) is a class of particular systems of (2.1.1). Therefore, we
can apply all known theory for the center-focus problem of system (2.1.1) to system
(5.2.13).

Of course, system (5.2.13) have the following particular properties.

(1) The subscripts (i.e., the degree of homogeneous polynomials) of Papptkt1,
Qonk+k+1 form an arithmetic sequence having common difference 2n + 1, &k =
1,2,--+,2n+ 1.
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(2) Poppskr1 and Qongirt1 have the common factor (u? 4 v?)(k=1Dn+1),

(3) System (5.2.13) has a pair of conjugated complex straight line solutions u +
w = 0.

We can use these special properties to study the theory of center-focus at infinity
for system (5.2.2).

5.3 Method of Formal Series and Singular Point Value of
Infinity

By the polar coordinate transformation
u=pcosf, v=psinf (5.3.1)

system (5.2.13) becomes

2n+1
S+ > @antak(0)pFCmHY
@ I k=1
o 2n+1 2n+1
L+ Y Wongai(0)p" )
k=1

(5.3.2)

Substituting (5.3.1) and (5.1.5) into (5.2.12), we have
r=p*t (5.3.3)

Obviously, equation (5.3.2) can also be obtained from equation (5.2.4) by using
transformation (5.3.3).

Let p = p(0, po) be the solution of (5.3.2) satisfying the initial condition plg—o =
po- By using the particular properties of (5.2.13) mentioned in the above section,
we obtain

Proposition 5.3.1. 5(0, po)py ' is a power series of pa" ™, i.e., p(0, po) has the
following form.:

A0, po) = Zwm Dentn 1 (0)pg" T (5.3.4)

m=1

o0
Proof. Let r = 7(0,h) Z Vm (0)R™ be the solution of (5.2.4) satisfying the initial
=1
condition 7|p—g = h. From (5.3.3), we obtain

220, po) = 7(0, pa" ). (5.3.5)
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Let ho = p2"*t. (5.3.5) follows that

. _ 1 - T
0 0,h ntl
o) _ (#000)) lz Vm(emgu] (539
Po 0 oot
Since the right hand of (5.3.6) can be expanded as a power series of hg, it follows
the conclusion of this proposition. O
Clearly,

v(2n) —1=e 2 — 1= 216 + 0(4),

—2x =276
o1(27) — 1= ezt — 1= o j: - + (). (5.3.7)
Theorem 5.3.1. If § =0, for any positive integer k, we have
U2k(2n+1)+1(27r) ~ 2n—+11/2k+1(27r),
O(2k—1)(2n4+1)+1(27) ~ 0, (5.3.8)

and when m is not an integer multiple of 2n+ 1, 0,41(27) = 0, where vog41(27) is
the k-th focal value at infinity of system (5.2.2) and oap(2n41)41(27) is the k(2n+1)-
th focal value at the origin of system (5.2.13).

Proof. First, when § = 0, we see from (5.3.7) that 14 (27) = 01(27) = 1. Thus, from
(5.3.4), we have

P2 (2m, po) — pg
2n
=" o 5 (2, po)[p(27, po) — po]
j=0
= (2n+ 1)pg"G(po)[5(27, po) — po)
o0
=@2n+1)G Z T(m—1)(2n+1)+1(2T)Pg’ () (5.3.9)

where G(po) is an unit formal power series in pg (see Definition 1.2.3).
On the other hand, (5.3.5) follows that

pr(2m, po) — po" T =7 (2m, pg" ) — g
o0
=" v 2m)pp Y., (5.3.10)
m=2
By (5.3.9) and (5.3.10), we have
o0
2n+1
Otm—1)(2n+1)+1(2m)pg "
m=2
1 .- m(2n+1)

= Um (27 . 5.3.11
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Comparing the coefficients of the same power of py on the two sides of (5.3.11), it
gives rise to the conclusion of this theorem. O

By the transformation

z=x+iy, w=x—iy, T =it (5.3.12)
system (5.2.2) becomes
d—Z:(l Zn Tl "+2Zkzw
dr k=0
dw 2n
T —(1 +id)w " — Z Wi (z,w), (5.3.13)
k=0

where

Zi(z,w)= Z aapz®w?

zt+w z—w Zzt+w z—w
=Y i X . 3.14
’“( 2 2@)“’“( 2 2¢) (5.3.14)
We say that system (5.2.2) is the associated system of (5.3.13) and vice versa.
Let

E=u+iv, n=u—iv, T =i (5.3.15)
Then, from (5.3.12), (5.3.15) and (5.2.12), we have
6 n dT n(2n+1)
p= > w=—— (& . 5.3.16
€ T e =Y (9:3:40)

By transformation (5.3.16), system (5.3.13) can be reduced to
2n+1
dg
E:<1+2 )f"‘fZ@anﬂ(fﬁ)

dn i6 2ntl
ar ' - v 3.1
dT ( 2n + 1) e ; kzn+1) (€ 1), (5.3.17)

where

n
@k(?n-‘rl) (5777) |:2 +1 77Z2n+1 k‘(é~ n)

n+1

T o1 on+1 EWany1-k (&, )] (¢ n)(kﬂ)(nﬂ),
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Uiensn) (&n) = & Wang1-x(&m)

2n —|—1
n+1

+ 5y M2 w(En) | (MO (5.3.18)

are homogeneous polynomials of degree k(2n + 1) in &, 7.

Obviously, system (5.3.17) can also be obtained from system (5.2.13) by using
transformation (5.3.15), thus, system (5.2.13) is the associated system of (5.3.17)
and vice versa.

We next consider the case of § = 0. When § = 0, system (5.2.2), (5.2.13), (5.3.13)
and (5.3.17) take the following forms, respectively,

d
df y(@® +9°) +Zszy X(z,y),
k=0

dy
e z(z? + %) —I—ZYk z,9) z,9); (5.3.19)

du 2n+1

P + kz:; Pongyir1(u,v) = P(u,v),

d’l) 2n—+1

T =u+t kzl Qanitit1 (u, ) = Q(u, v); (5.3.20)
dz
9T = L™ 4 ZZk z,w) = Z(z,w),
dw 2n
ew . ntln = — : 3.21
o w' Tz ];)Wk(z,w) Wz, w); (5.3.21)
d§ 2n+1
T i+ & Z Prantny(§m) = (&, m),

k=1

d7] 2n—+1

o =11 Vi (€)= —¥(En). (5.3.22)
k=1

The right hand of system (5.3.22) have the following particular properties:

(1) The subscripts (the degree of homogeneous polynomials) of ®42,,41), Yi(2n41)
form an arithmetic sequence with common difference 2n+ 1, k=1,2,--- ,2n+ 1.

(2) ®pi2n+1) and Wyap 41y have the common factor (€n) =D (n+1),

(3) System (5.3.22) has a pair of straight line solutions £ = 0 and n = 0.

From these properties of the right hand of system (5.3.22), we have
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Theorem 5.3.2. For system (5.3.22), one can derive uniquely and successively
the terms of the following formal series

o0
F(&m) =M 14> fmensnEn)| (5.3.23)
m=1

such that

aF - (m+1)(2n+1)

(5.3.22) =1

where

fm(2n+1) (é-v 77) - Z Caﬁganﬁ (5325)

a+B=m(2n+1)

are homogeneous polynomials of degree m(2n+1) in &,n (m=1,2,---) and we take
coo = 1, Cr(2n+1),k(2n+1) = 0, k=1,2,---. (5326)

Definition 5.3.1. For any positive integer m, i, given by (5.3.24) is called the
m-th singular point value at infinity of system (5.3.21).

If there exists a positive integer k, such that pun = po = -+ = ur—1 =0, ux # 0,
then infinity of system (5.3.21) is called a weak critical singular point of order k.

If for all positive integer k, ux = 0, then infinity of system (5.3.21) is called a
complex center.

Theorem 5.3.3. In the (5.3.25), for all pairs (a, 3), when o # 3, and a+3 > 1,
Cap s given by

1

P 2nt1)(B—a)
2n+1

X Z {[na —(n+1)B+(n—k)2n+1)ar;-—1

k+j=1
08— (1 D+ (n— )20+ Dby |
XCa+7zk+(n+1)j—(n+1)(2n+1),ﬁ+nj+(7z+1)k—(n+1)(2n+1)' (5327)

For any positive integer m, p, is given by

2n+1
=Y [(n—k=mar;1— (n—j—mbji 1]
k+j=1
XCnk+(n+1)j+(m—n—1)(2n+1),nj+(n+1)k+(m—n—1)(2n+1) > (5328)

where for all pairs (o, 3), when o < 0 or 5 < 0, we take aqs = bap = cap = 0.
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Proof. From (5.3.23), we have

d_F _ 2n+1 af7n(2n+1) . afm(2n+1)
dT (5.3.22) =) {Z < 193 ¢ on K

m=1

=1 s=1

co 2n+1
a fm S 2n+1
+ Z Z { —) + (20 + 1) frm—s)2n+1) | Ps2nt1)
o0

2n—+1 6f ) (2nt1)
[ ——— 4+ (2n+ 1)f(ms)(2n+1)] ‘Ifs(zn+1)} .

m=1 s=1
(5.3.29)
By (5.3.25) and (5.3.29), we obtain
dF 2n+1
5(5322 =) Z Z &= Pleast®n
3. m=1 a+pB=
m(2n+1)
oo 2n+1
+(€77)2"+1 Z Z Z [(Oé + 2n + 1)(1)5(2n+1)
m=1 s=1 a+p=
(m—s)(2n+1)
— (B+2n+ 1) Ty0n41)] capé™n”. (5.3.30)

From (5.3.18) and (5.3.30), we get

_ dF -
(&m)~ B+ T =>. (o = B)capt™n’
(5 3 22) m=1 a+p=
m(2n+1)
1 oo 2n+1
Z Z [(na—nfB — 3 —2n—1)nZans1-s

m=1 s=1 a+pB=
(m—s)(2n+1)

—(nf—na—a—2n— 1)€W2n+1_s} cagf"""(s_l)(”H)nﬁ"’(‘g_l)(”"’l). (5.3.31)

(5.3.14) becomes
Zont1-s(&m) = Z ayj—177 7,
k+j=2n42—s

Wonsis(€m) = > bixag (5.3.32)

k+j=2n4+2—s
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Thus, (5.3.31) and (5.3.32) follow that

> D (a=B)eapt™”’

—(2n dF
(&)=t —

a1 (5.3.22) m=1 a+p=
m(2n+1)
oo 2n+1
T S5 SIS S S (TSR
m=1 s=1 a+(B= k+j=

(m—s)(2n+1) 2n+2—s
f(nﬁfnafa—Zn—l)bj’k,l] Caﬁgoﬁ'(s—1)(7t+1)+k775+(5—1)(7L+1)+j. (5.3.33)

Write that

ar=a+(s—1)(n+1)+k,
fr=p0+(s—1)n+1)+3]. (5.3.34)

Hence, when k+j=2n+2—3s, a+ = (m —s)(2n+ 1), we have

o1+ 1 =m(2n+1),

a=ar+nk+n+1)j—(n+1)2n+1),
B=p+nj+n+1k—(n+1)(2n+1),
no—nf—0-2n—1=nag —(n+ 1)1+ (n—k)(2n+1),
nB—na—a—-2n—1=nf —(n+1)as +(n—75)2n+1). (5.3.35)

Substituting (5.3.34), (5.3.35) into (5.3.33), and using the symbols «, 8 instead of
ay, 31, we obtain

dF 2n+1
0T | (én) Z > (a—B)cap+ Hapl€0°,  (5.3.36)
-3. m=1 a+p=
m(2n+1)
where
1 2n—+1
Hop= 5= Z {[na— (n+1)B+ (n— k)(2n + 1)]ax ;1
k+j=1
= [nB—(n+Da+(n—7)2n+1)]bjr}
X Cankt(n+1)j—(n+1)(2n+1),B+nj+(n+1)k—(n+1)(2n+1)- (5.3.37)
From (5.3.24) and (5.3.36), it gives rise to the conclusion of this theorem. O

For any positive integer m, let ., be the m-th singular point values at the origin
of system (5.3.22), we have
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Theorem 5.3.4. For any positive integer k, we have

Mk

Hi(nt1) ~ 3027 - (5.3.38)

and when m is not an integer multiple of 2n + 1, we have u., = 0.

Proof. For the function F(£,n) given by (5.3.23), let

1
2n+1

F(g,n) = FTm(&,1) = &

From (5.3.24) and (5.3.39), we have

Z o (Em)TCPHDF
- . (5.3.40)

0o 2n/(2n+1)
(2n+1) 1+ Z fm(2n+1)(€an)]
m=1

dF

(5.3.22)

(5.3.40) follows the conclusion of the theorem. O
From Theorem 5.3.1, Theorem 5.3.4 and Theorem 1.4.4, we have
Theorem 5.3.5. For any positive integer k,
s
2n +
Vok41(2m) ~ dmug, (5.3.41)

Ook(2nt1)+1(2m) ~ o 1M

where oo (an11)+1(27) is the k(2n+1)-th focal value at the origin of system (5.3.20),
Vog+1(2m) is the k-th focal value at infinity of system (5.3.19) and py is the k-th
singular point value at infinity of system (5.3.21)

From Theorem 2.3.4 and the particular properties of the right hand of system
(5.3.22), we have

Theorem 5.3.6. For system (5.3.22), one can derive successively the terms of
the following formal series

M(£7 77) =1+ Z gm(2n+1)(§a 7’)7 (5342)

m=1
such that

O(M®)  IMY) = 2mn+m+1
193 on 2n+1

A (€)Y, (5.3.43)

3
I
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where, for any positive integer m,

ImeninEm) = Y dapl®n’ (5.3.44)

a+pB=m(2n+1)

is a homogeneous polynomial of degree m(2n + 1) in &,n, and
Am ~ (20 + D 0n41) ~ B (5.3.45)
Similar to Theorem 5.3.3, we have

Theorem 5.3.7. In the right hand of (5.3.42), letting doy = 1 and taking
di2n+1),k(2nt+1) (k =1, 2, ---) as arbitrary numbers, then for all (o, 3), when a # 3,
and o+ 3 = 1, dog is given by

2n+1

1
dap = 2n+1)(8 - a) Z

{[na — (n+1)8 —1Jag,;-
k+j=1
—nB—(n+1)a— 1]bj7k_1]}

X dotnk+(n+1)j—(n+1)(2n+1),f+nj+(n+1)k—(n+1)(2n+1) (5.3.46)

and for any positive integer m, A, is determined by

2n+1
Am= > (b1 —ar;1)
k+j=1
Xdnk—i—(n—i—l)j-ﬁ-(m—n—1)(2n+1),nj+(n+1)k:+(m—n—1)(2n+1)7 (5347)

where for all (o, B), when o < 0 or § <0, we take ang = bag = dag = 0.

Theorem 5.3.3 and Theorem 5.3.7 give the recursive formulas to compute singular
point values at infinity of system (5.3.21).

Theorem 5.3.8. For system (5.3.21), one can derive successively the terms of
the following formal series

fm(2n+1) z U))
Fl(z,w) = 1+ Z Gy | (5.3.48)
such that
dF = o,
— = (zw)" —> (5.3.49)
dr (5.3.21) ,;;1 (zw)m+t

where iy, s the m-th singular point value at infinity of system (5.3.21), m =1,2,---
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Proof. The inverse transformation of (5.3.16) is

—(n+1 —(n+1 dT
&= z(zw) 2(n++1), n = w(zw) ;nil), — = (zw)". (5.3.50)

By (5.3.23) and (5.3.48), we have

Sitou ’("“)) (5.3.51)

F(z,w)=F (z(zw)m,w(zw) Zn+1

From (5.3.50), (5.3.51) and (5.3.24), it gives rise to the conclusion of this theorem.
O

Theorem 5.3.9. For system (5.3.21), one can derive successively the terms of
the following formal series

" Im(2n+1)(# w)
M(z,w) = (zw) T 1+ Z m( nm)n+1) ] , (5.3.52)
such that
OMZ)  I(MW) &= 2mnFm DA,
— — ol 5.3.53
0z DD (2n + 1)(zw) (55359
=1
where Ay, ~ i, m=1,2,---
Proof. First, by (5.3.42), we have
M(z,w) = (zw)*”*lfﬁM [z(zw) Sty ,w(zw) =i | (5.3.54)
We consider the system
dz MZ
—=—=2
a7 (zw)" (z,w),
dw MW
T oy -W(z,w). (5.3.55)
By the transformation
& = z(zw) Ry , n=w(zw) Rty ) (5.3.56)
system (5.3.55) becomes
ag dn
— =-M v . 3.
o7 = MEn2(En), —= (&mW (&) (5.3.57)
The Jacobin determinant of transformation (5.3.56) is given by
0¢ 0 0¢ 0 -1 1
g2 0n 08 0 _ (zw) =L (5.3.58)

T 9z dw  Ow 9z 2n+1
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Then, from (5.3.54), (5.3.55) and (5.3.58), we have

Z =JZ
2n+1M Too2n+41

MW = JW. (5.3.59)

Thus,

1 {G(MZ) G(MW)} _ouz) auw) (5.3.60)

2n+1 9z  Ow 0z ow

By applying Proposition (1.1.3) to systems (5.3.55) and (5.3.57), from (5.3.57) we
get

oJZ) _oIW) _ [8(M<I>) a(M\p)]

Dz ow oc  On
-1 1 [O(M®P) O(MWD)
=op W) [ & " o | (5.3.61)
From (5.3.60) and (5.3.61), it follows that
OMZ)  I(MW) _1 O(MD) O(MD)
_ — e — . .3.62
2 i LV T an (5.3.62)
(5.3.62), (5.3.43) and (5.3.56) give rise to the conclusion of this theorem. O
We now consider the following formal series
2n+1 )
H(z,w) =1+ Z o) m(nﬂ , (5.3.63)
where
P (2n+1)(§,m) = Z eagzo‘wﬁ (5.3.64)

atp=m(2n+1)
are homogeneous polynomials of degree m(2n + 1) in z,w (' m = 1,2,---), and
ho = €00 — 1.
Reference [Liu Y.R., 2001] gave the following two theorems.

Theorem 5.3.10. For all s # 0, v # 0, one can derive successively the terms
of the formal series

F(z,w) = (zw)sH%(z,w), (5.3.65)
such that ~
dF L, el A
— = —(zw)""H~ = 5.3.66
Z ) 2 Gopr (5:3.00)
(5.3.21) m

and for any positive integer m,

A~ =8Vl (5.3.67)
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Theorem 5.3.11. Let s, be two constants, if for any positive integer m, (s +
n+1—m) #0, then one can derive successively the terms of the formal series

M(z,w) = (zw)*H7 (2, w), (5.3.68)
such that B - .
8(2422) - a(gwm = %(zw)"“Hi*l mZ::l (Z’z;/)m (5.3.69)
and for any positive integer m,
Am o~ =y(s+n+1—m)un. (5.3.70)

By Theorem 5.3.10 and Theorem 5.3.11, the authors of [Chen H.B. etc, 2005b)
gave the recursive formulas to compute singular point values of infinity of system
(5.3.21) as follows.

Theorem 5.3.12. For the formal series F giwen by Theorem 5.3.10,
€k(2n+1),k(2n+1) can be taken arbitrarily, k = 1,2,---. If a # B and a + 3 > 1,
eag s given by

. r
2n+1)(8 — «)
2n+1

X Z {[na —(n+ 1)+ (yvs+n+1—Fk)(2n+1)]arj—1
ktj=1

€apg =

08— (14 Dt s+ 1= )0+ b |
X €atnk+(n+1)j—(n+1)(2n+1),B+nj+(n+1)k—(n+1)(2n+1)- (5.3.71)
For any positive integer m, X, is given by

2n+1

Np= D [(vs+n+1—k—may;
k+j=1
—(ys+n+1—j—m)bjr_i]

X €t (n41)j+ (m—n—1)(2n+1),nj+n-+1) k+(m—n—1)(2n41) - (5.3.72)

In above two recursive formulas, for all (o, 3), if « < 0 or § < 0, we take ans =
baﬁ = €ap = 0.

Theorem 5.3.13. For the formal series M given by Theorem 5.3.11,
€k(2n+1),k(2n+1) Can be taken arbitrarily, k = 1,2,---. Ifa # 3, and a+ 3 > 1, eqp
s given by
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1

P = T (A —a)
2n—+1

x Z {[na —(n+1)B+(ys+n+1—-k)2n+1)]ar;—1
ktj=1

~{n8— (n+ Dt s 2 + o+ 1= )2+ Db
X€atnk+(n+1)j—(n+1)(2n+1),8+nj+(n+1)k—(n+1)(2n+1); (5.3.73)

else eq3 = 0.
For any positive integer m, A, is given by

2n—+1
A= Z [(ys+vk+n+1—k—m)ag 1
k+j=1

—(ys+yj+n+1—j5—m)bjr 1]

X Cnk+4(n+1)j+(m—n—1)(2n+1),nj+(n+1)k+(m—n—1)(2n+1)- (5374)

In above two recursive formulas, for ¥(o, 3), when a < 0 or § < 0, we take anp =
bag = €ap = 0.

From Theorem 5.3.10 and Theorem 5.3.11, we have

Theorem 5.3.14. Infinity of system (5.3.21) is a complex center if and only if
there exists a first integral F(z,w) with the form (5.3.65).

Theorem 5.3.15. Infinity of system (5.3.21) is a complex center if and only if
there exists an integral factor M(z,w) with the form (5.3.68).

5.4 The Algebraic Construction of Singular Point Values of
Infinity

By means of the transformation
z=pe®s, w=pe Y0, T=p 2T, (5.4.1)

system (5.3.21) becomes

s o
~ = ()" ()" + Gap(2)" ()",
dr om;:(] ’
dw A\n+1/2\n < 7 ANa 2\ 3
77 @) @) = Y bap()*(2)?, (5.4.2)
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where Z,w, T are new variables and p, ¢ are complex constants, p # 0 and for all

(a, B),

daﬁ _ aaﬁpaJr,Bonflei(afﬁfl)d)

bap = bapp P2~ 1emilla=f=1¢, (5.4.3)
I

z=x+1y,z2=2+1y,
w=r— iy, Ww=71T— iy,
T =it,T =i, (5.4.4)
then transformation (5.4.1) becomes
x = p(icosp —Psing), y=p(@sing+gcosg), t=p 2"t (5.4.5)

Compared with transformation (2.4.1), transformation (5.4.1) has a new time
scale T = p~2"T. We say that transformation (5.4.1) is a generalized rotation and
similar transformation with time exponent n.

Definition 5.4.1. For systems (5.4.1), assume that f = f(aap,bag) is a poly-
nomial in aag, bag. Denote that f = f(dag,(;aa), f* = f(bag, anp). If there exist
A, o, such that f = p e f, then \ and o are respectively called the similar expo-
nent and the rotation exponent with time exponent n of f under the transformation
(5.4.1), which are represented by Ign)(f) =\ IT(n)(f) =o.

We see from (5.4.3) and Definition 5.4.1 that

Is(n)(aaﬁ):a+6f2n717 Iﬁn)(a’aﬁ):afﬂfla
I™bag)=a+6-2n—1, I (bag) = —(a—F—1). (5.4.6)
Obviously, for the generalized rotation and similar transformation in Definition

Section 2.4, the similar exponent, the rotation exponent and the generalized rotation
invariant all have time exponent 0. From (2.4.4) and (5.4.3), we have

(ap = p_Qndaﬁ, bas = p_2"6a5. (5.4.7)
In addition, (2.4.5) and (5.4.6) imply that
Isn)(aaﬁ) = Is(aap) — 2n, Iﬁ”)(aaﬁ) = I (aap),

I (bop) = Is(bap) — 20, I (bag) = I, (bagp). (5.4.8)

S
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Proposition 5.4.1. Suppose that fi = fi1(aas,bag) and fo :Afg(aag,bag) are
polynomials in anp, bag. If there exist A1, Ao, 01,02, such that fi = p*ei®1?f;,
fa = p2€'2? fa, then

IV (fif) = I (f) + I (f2), I (fufo) = IV (F1) + I (f2). (5.4.9)

We see from Proposition 5.4.1 and formula (5.4.6) that

Proposition 5.4.2. For m; + mg order monomial
mi mo
9= H G, B; H b7k75k’ (5.4.10)
Jj=1 k=1

given by the coefficients of system (5.3.21), we have

mi m2

IM(g) =Y (aj+ B —2n—1)+ > (w+0 —2n 1),
Jj=1 k=1

IM(g) = > (a; =B —1) = > (w — 6k — 1), (5.4.11)
Jj=1 k=1

Remark 5.4.1. For the coefficients aag, bag of system (5.3.21), we have 0 <
a+ B < 2n, thus, from (5.4.112, for my + mo order monomial g of the coefficients
of system (5.3.21), we have " (9) <0.

From Proposition 5.4.2 and Theorem (t2.4.2), we obtain
Proposition 5.4.3.
1M (g) = I,(g) — 2n(my +m2), I (g) = I.(g). (5.4.12)

Definition 5.4.2. (1) Suppose that f = f(aag, bag) is a polynomial in ang, bag.
If f = p?)f, then f is called a k-order generalized rotation invariant with time
exponent n under the transformation (5.4.1).

(2) A generalized rotation invariant f is called a monomial generalized rotation
wmwvariant, if f is a monomial of ag, bag.

(3) A monomial generalized rotation invariant f is called an elementary gener-
alized rotation invariant if it can not be expressed as a product of two monomial
generalized rotation invariant.

(4) A generalized rotation invariant f is called self-symmetry, if f* = f. It is
called antisymmetry, if f* = —f.

From Proposition 5.4.1 and Definition 5.4.2, we have
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Proposition 5.4.4. Suppose that f1 and fo are monomial generalized rotation
invariants (or elementary generalized rotation invariants), then so are f{ and f1fa,
moreover,

I =I0(f), I (fufe) = I () + I8 (f2). (5.4.13)
We see from Proposition 5.4.2 and Definition 5.4.2 that

Proposition 5.4.5. The mi+mgy order monomial given by (5.4.10) is a N-order
generalized rotation invariant if and only if

IM(g) = (a;+8;—2n—1)+ Y (v + 8 —2n—1) = 2N,
j=1 k=1

I (g) = (o =B —1) =Y (% — 6 —1) =0. (5.4.14)
j=1 k=1

Lemma 5.4.1. For any positive integer m, the m-th singular point value pi,, at
infinity of system (5.3.21) is a “—m” order generalized rotation invariant with time
exponent n under the transformation (5.4.1), i.e

fim = P 2" . (5.4.15)

Proof. For the function F(z, w) given by Theorem 5.3.8, let F = p2F(pei®Z, pe~i¢10),
then, from (5.3.48), we have

Fmans1) (261 e ~i?)

- 1+ Z m(2n ;w T . (5.4.16)
And from (5.3.49), we have

dF N M

Ty Y Gaa)

T (5.4.2) = pP(2w)
5.4.17) leads (5.4.15), thus, Lemma 5.4.1 holds. O
( ) , thus,

Lemma 5.4.2. For any positive integer m, the m-th singular point value pi,, at
infinity of system (5.3.21) is antisymmetry, i.e.,

Lo = =l (5.4.18)
Proof. By the antisymmetry transformation

z=w", w=z* T=-T% (5.4.19)
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system (5.3.21) becomes

d *

d;* = (" "*1 "y E Wi (w*, 2%) = W(w*, 2%),

dw* n+1 koK

ik —(w*) E Zp(w, 2) = —Z(w*, 2"). (5.4.20)

For the function F(z,w) given by Theorem 5.3.8, let F* = F(w*, z*), then from
(5.3.48), we have

1+ Z M . (5.4.21)

Fr= Z U)* m(n+1)

From (5.3.49), we obtain

dF* = — L,
- (z"w” _Epm) (5.4.22)
dr (5.4.20) Z: (z5w*)m+t”
(5.4.22) follows (5.4.18). Thus, the conclusion of this lemma holds. O

We see from Lemma 5.4.1 and 5.4.2 that

Theorem 5.4.1 (The construction theorem of singular point values at
infinity). For any positive integer m, the m-th singular point value ., at infinity of
system (5.3.21) can be represented as a linear combination of “—m” order monomial
generalized rotation invariants with time exponent n and their antisymmetry forms,
ie.,

fm =Y kil — 95y), k=1, 2, -+, (5.4.23)
where N is a positive integer and yy; are rational numbers, gi; and gi; are —m order
monomial generalized rotation invariants with time exponent n of system (5.3.21).

This theorem follows that

Theorem 5.4.2 (The extended symmetric principle at infinity). If all
elementary generalized rotation invariants g of (5.3.21) satisfy symmetric condition
g = g*, then all singular point values at infinity of system (5.3.21) are zero.

Under the translational transformation

Z=z2—2z, w =w-—wy, (5.4.24)
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system (5.3.21) becomes

dz' n N 2n N
o7 = (&) )"+ D ahs()* (W),
a+6=0
dw' nn+l: nn - ’ A TVAY:]
o7 =~ E)" - > bgw) ()7 (5.4.25)
a+6=0

For any positive integer m, the m-th singular point value at infinity of system (5.4.25)
is written by /.. In [Liu Y.R. etc, 2006¢], the authors proved that

Theorem 5.4.3. In the sense of the algebraic equivalence, singular point value
at infinity of system (5.3.21) have the property of translational invariance. Namely,

{m} ~ {pm} (5.4.26)

5.5 Singular Point Values at Infinity and Integrable
Conditions for a Class of Cubic System

Consider a class of real planar cubic system

C(li—f = X1 (2,y) + Xa(xz,y) + (62 — y)(2* + 3?),
% =Yi(z,y) + Ya(z,9) + (x + dy)(2? + y?). (5.5.1)

where X}, Y are homogeneous polynomials of degree k in x,y, k =1, 2.
When § = 0, by means of transformation

z=x+iy, w=x—1iy, T =it (5.5.2)

system (5.5.1) can be reduced to

dz 2 2, .2

a7 a102 + ap1W + ag02° + a11 2w + agpw” + 27w,

dw _ _ 2 _ 2 2

IT = biow — ag1z — bogw biiwz — bgow wz. (5.5.3)

If

aig = Ao +iBio, bio = Aio — 1Bio,
aor = Ao1 +iBo1, bo1 = Ao1 — iBo1
azo = Agg +iBao, b = A0 — iBao,
aj; = Ay +iB1, bin = Ay —iB,
a2 = Aoz +iBo2, bo2 = Aoz — iBo1, (5.5.4)
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system (5.5.1)5—o can be reduced to

dx

i —(Bio + Bo1)z — (A1o — Ao1)y — (Bao + B11 + Boz)2?
—2(Agg — Aga)xy + (Baoo — Bi1 + Bo2)y? — y(a? +y?),

d

d_i = (A1 + Ao1)x — (Big — Bo1)y + (Azo + A11 + Agz)a”

72(320 — BOQ)I’y — (A20 — A11 + Azo)y2 + .I(1’2 + yz). (555)

By using the following generalized rotation and similar transformation with time
exponent 1:

z=pe®s, w=pe Y0, T=p 3T (5.5.6)

and (5.4.6), we obtain the similar exponent and rotation exponent of all ang, bas as

follows:
I (ay0) = IM (byo) = =3, IM(a10) =0, IM(byo) =0,
ID(agy) = IV (o) = =3, IV (bo) =2, IW(ao) = ~2,
IM (as0) = IM (byo) = =1, IM(aze) =1, 1M (byo) = —1,
IM(ayy) = 1M (by1) = -1, IMbyu) =1, IW(ay) = —1,
IM(ags) = IM (bos) = =1, I (bp2) =3, IM(age) =—3.  (5.5.7)

From (5.5.7), we know all elementary generalized rotation invariant of system
(5.5.3). For example, since

IV (031a3,) = 318V (bor) + 21 (ap2) = -8,

I (b31ady) = 31 (bor ) + 218 (ag2) = 0,

b3 ad, is “—8/2 = —4” order generalized rotation invariant. It can not be expressed

as a product of two monomial generalized rotation invariants. Namely, the general-

ized rotation invariant is “elementary”. Similarly, (b3,a3,)* = a,b3, is also a “—4”

order elementary generalized rotation invariant.

Theorem 5.5.1. System (5.5.3) has exactly 32 elementary generalized rotation
imvariants with time exponent 1 at infinity, which are listed as follows.

By means of transformation

p= b AT s (5.5.8)

“oep YTeoep ar
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Degree elementary generalized rotation invariant number

a20b20, a11b11, ao2bo2 (self—symmetry)
-1 aio, bio 7

azoail, baobi1

ao1bo1  (self-symmetry )
bo1b3g, boibaoair, boia?y, borazoaoz, boibiiaoz
-2 ao1a3y, aoia20bi1, ao1bdy, aoibaoboz, aoiai1boz 9
adpao2, a3gbi1ao2, az0b? aoz, b3 aoe
b3oboz, b3gai1boz, baoai boz, ajiboz

-3 b2 b20a02, a3;az0boz, b2 ai1a02, ad;biiboz

32 3 72
—4 bp1a52+ 51052

system (5.5.3) becomes a 7-th differential system with the elementary singular point

as follows:
d§ 1 3 2 2
T =&+ 3 (260267 + (a0 + 2b11)€%n + (a11 + 2b20)én?] €
1 .
+3 [2b016% 4 (a10 + 2b10)én + ao1n®] €77 = ®(&,n),
d 1 .
% =3 [2@02773 + (bao + 2a11)n%E + (b11 + 2a20)77€2} ]

1 .
3 [2a01m” + (b1o + 2a10)n€ + bn &%) n°E* = —W(&, n). (5.5.9)
From Theorem 5.3.6, we have

Theorem 5.5.2. For system (5.5.9), one can derive successively the terms of
the following formal series

M@Emn) = 14> Y dapt™n’, (5.5.10)

m=1 a+pB=3m

such that

O(M®)  I(MYU) I 3m
sy 3

5 Am (€7)3™. (5.5.11)

3

m=1

In addition, for any positive integer number m,
A~ Bl ~ fm, (5.5.12)

where (i, is the 3m-th singular point value at the origin of system (5.5.9), and pn,
is the m-th singular point value at infinity of system (5.5.3).

From Theorem 5.3.7, we know that
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Theorem 5.5.3. For (5.5.10), letting doo = 1 and taking dsg s, = 0, k =

1, 2, -+, then for all (a, B) and o # (3, dag is given by the recursive formula
1 3
dop= 75— Z (@ —=28—1ag,j-1
3(6 - ) k+j=1
= (B = 2a = 1)bj k—1] datk+2j—6,8+;+2k—6- (5.5.13)

For any positive integer m, A, is given by the recursive formula

3
Am = Z (bj k-1 — Ak j—1)dr42543m—6,j+2k+3m—6- (5.5.14)
k+j5=1

where for all (a, 8), when a <0 or f < 0, we take ang = basg = dag = 0.

Theorem 5.5.1 and Theorem 5.5.2 give the recursive formulas to compute directly
the singular point values at the origin of system (5.5.3). By using computer algebra
system M athematica, we obtain the terms of the first eight singular point values at

infinity of system (5.5.3) as follows:

Hi B H2 H3 Ha M5 He w7 Hs Ho
terms 4 30 166 600 1764 4516 10378 21984

We see from this table that the expressions of the singular point values are very
long. We need to simplify them.
When Aq1g = A\, Ap1 = Bo1 = Bio = 0, system (5.5.5) can be reduced to

dzx
P —\y — (Bao + Bi1 + Bog)z? — 2(Agp — Ag2)wy

+(Bao — Bi1 + Bo2)y? — y(a* + %),
d
d—‘z = A&+ (Asg + A1y + Aga)a? — 2(Bag — Boz)ay
—(Ag0 — A11 + Ag)y” + z(2® + 7). (5.5.15)

In [Blows etc, 1993], the author discussed the center-focus problem and the bifur-
cation of limit cycles at origin and infinity of system (5.5.15) where the parameters
of (5.5.15) are real. We next assume that the parameters of (5.5.15) are complex.

The associated system of (5.5.15) is given by

d

é = Az + a202° + a1 2w + agaw? + 22w,

d

% = — w — byow? — brjwz — bpow? — w?z. (5.5.16)

From Theorem 5.5.1, we have
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Lemma 5.5.1. System (5.5.16) has exzactly 14 elementary generalized rotation
invariants which are listed as follows

A, ag0b2o, aiibir, ao2bo2, azoai1, baobii,
3 2 2 3
a50a02, azgbi1ao2, a20biiac2, biiao2,

b3oboz,  b3gaiiboz, baoaiiboa, aiibos. (5.5.17)

By Theorem 5.5.1 and Theorem 5.5.2, we use computer algebra system-Mathem-
atica to calculate the first 6 singular point values at infinity of system (5.5.16)
for which there exist the numbers of terms 2, 14, 64, 180, 416, 846, respectively.
Simplifying them, we obtain the following theorem.

Theorem 5.5.4. The first 6 singular point values at infinity of system (5.5.16)
are given by

M1 = agoai1 — baobit,

1
fo ~ 5(410 — 1),

s 4(2[1 — IQ)(38>\ — 7h()2) — (2]2 — 13)(15}7,2() + 4hgo — 16)\)
3 )
96

1
~ (20— I
i 1680( 2 — I3) fa,

(215 — I3)(2085ha0 — 1258hqy + 4776))

13991704889894387712000
1

1688725139658200521113600000

s,

hi, (21 — I3) fs, (5.5.18)

M5 ~

He ~
where

f1="210hgoh11 — 541hoohos + 18h11hog + 42h2, — 168hga ),

f5=253032857528472000.J3 4+ 2114537039332505919721 haohy 1
+6921878766377155200ha0h02 — 510999167489700493800h3,
—34871062234758497441h11hoe + 1639708991825843200h3,
+6384378367684800000h20\ + 162132858540896763524h1 1\
—4181742245609548800h02\ — 925132563468288000012,

fo = —43354482540693424129161616296852ho0h 11
+4882195524329926183734042496576ha0hos
+10838886466163652594580429391013h2,
—1220573965726107568918619767504h11hoy
+127643623556931256320000h2,. (5.5.19)
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In (5.5.18) and (5.5.19), p1 and

_ 3 3 _ 2 2
Iy = asgap2 — b3yboz, I = ajgbi1ag2 — byya11bos,

I = axb? ags — baoga? boa, I3 = b} ape — afyboa (5.5.20)
are anti-symmetric generalized rotation invariants, while X and
J3 = b3 a0z + a31boa,  hoo = asobao,  hi1 = aiibii, hoz = aosboz  (5.5.21)
are self-symmetric generalized rotation invariants.

Theorem 5.5.5. For system (5.5.16), the first 6 singular point values are zero
if and only if one of the following six conditions holds:

Ci:lo=15 =1=13=0, azai — bapbi1 =0;

Co: 2a90 — b11 =0, 2byy — a1 = 0;

Cs: A =0, bi1 = —2az, a11 = bz =bo2 =0, azoae2 # 0;

C3: A=0, a11 = —2bg, b1y = az = apz =0, baobo2 # 0;

Cy: A=bog=uag =0, boa =0, bi1ap2 #0;

Cl:A=ua =0byp =0, ap2=0, aj1bps #0. (5.5.22)

Proposition 5.5.1. If one of condition Cy and Cs in Theorem 5.5.5 holds, then
the infinity of system (5.5.16) is an complex center.

Proof. If C holds, from Lemma 5.5.1, we know that the coefficients of system
(5.5.16) satisty the condition of the extend symmetry principle. If Cy holds, system
(5.5.16) is a Hamiltonian system. Thus, this proposition holds. O

Proposition 5.5.2. If one of condition Cs and C5 in Theorem 5.5.5 is satisfied,
then then infinity of system (5.5.16) is an complex center.

Proof. Tf C5 holds, system (5.5.16) can be reduced to

dz

2 2 2
— = a202” + agow” + 27w
dT ’

d
% = 2ag902w — zw?. (5.5.23)

This system has the following integral:

(w - 2&20)3(322 + 2(1(]2’10)
w

= constant. (5.5.24)

Thus, infinity of system (5.5.16) is an complex center.
Similarly, when C% holds, the conclusion of Proposition 5.5.2 is true. O

Proposition 5.5.3. If one of condition Cy and C} in Theorem 5.5.5 holds, then
infinity of system (5.5.16) is an complex center.
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Proof. When C4 holds, system (5.5.16) becomes

Yo w(bn + w). (5.5.25)

9 — w(anz +aomw +2%), W
w\a11z ap2W z
11 02 ) dT

T =

By means of transformation (5.5.8), system (5.5.25) can be changed into

d 1 )

d_’i = 55(3 + 2611620 + a11€n* + aoan’®),

d 1 )

d_;]’ = =313+ b n+ 2a18n° + 2a021”). (5.5.26)

By Theorem 1.6.7, system (5.5.26) is linearizable in a neighborhood of the origin.
Thus, when Cy holds, the conclusion of Proposition 5.5.3 holds.
Similarly, when C is satisfied, the conclusion of Proposition 5.5.3 is true. O

Propositions 5.5.1, 5.5.2, 5.5.3 and Theorem 5.5.5 follow that

Theorem 5.5.6. Infinity of system (5.5.16) is an complex center, if and only if
the first 6 singular point values are zero, i.e., one of the siz conditions in Theorem
5.5.5 is satisfied.

We next discuss the conditions of infinity of system (5.5.16) to be a 6-order weak
singular point. From Theorem 5.5.4, we have

Theorem 5.5.7. For system (5.5.16), infinity is a 6-order weak singular point
if and only if one the following conditions holds:

1
= %(99 eV 2761)h20, hog 75 0,
12638443 + 2384972761
378000

1 ;
Cs: agboz 20, X\ = Zao2bo2, a11 =0, 6307, + dagzbfy = 0;

Cs : {an + 2b20 = b11 +2a20 =0, A

2 .
h027

1
hai = 5 (61 % V2T6)hoz, J5 =

1
Cg : a02b02 7é 0, A= ZaogbOQ, b11 = 0, 630};’1 —+ 4b02(1(2)2 =0. (5527)

Theorem 5.5.8. If x,y,t are real variables and all the coefficients of system
(5.5.15) are real, then it is impossible that infinity of system (5.5.15) is a 6-th weak
focus.

Proof. From the conditions given in Theorem 5.5.8, we have
bog = @20, b11 = an, boz = ape. (5.5.28)

By Theorem 5.5.7, we only need to prove that when one of conditions of C5, Cg and
C¢ holds, it is impossible that (5.5.28) is satisfied.
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In fact, if condition C5 holds, then

J3 — Ahihey _ 157420332562049 & 2995800288171v2761 _
hi, 71442000000 '

(5.5.29)

On the other hand, from (5.5.20) and (5.5.21), we know that when (5.5.28) is
satisfied, I3 is a pure imaginary. Then, I = J2 — 4h3 hoa < 0. It implies that if
condition Cj is satisfied, then (5.5.28) does not hold.

In addition, it is easy to see that when one of condition Cs and Cg holds, we
have a11b11 = 0, but not all a;; and by1 are zero. Thus, if one of condition Cy and
C¢ is satisfied, then (5.5.28) does not hold. O

5.6 Bifurcation of Limit Cycles at Infinity
Consider the following perturbed system of (5.5.1) with two small parament ¢, ¢
2n+1 2n+1

dx dy
E - ’;) Xk<w7ya€a6), E - ;} Yk<x?ya€a6)? (561)

where Xy (z,y,e,9),Yr(x,y,&,0) are homogeneous polynomials of degree k in x,y,
and the coeflicients are power series in &, d having nonzero convergent radius. Assume
that there is an integer d, such that

1'1[277,+1 (ZL’, y07 0) - yX2n+1(x7 Y, 07 O) 2 d(xQ + y2)n+1 (562)
and

d9=0. (5.6.3)

/2” cos 0 X9, 41(cosb,sin6,0,0) 4 sin 6Ys,1(cosd,sin 6, 0,0)
o cos0Ys,1(cosb,sinb,0,0) — sindXo,1(cosh,sinb,0,0)

By means of transformation (5.1.5), system (5.6.1) can be changed into

2n+1

Prnt2(06,0) + Y prara-i(0,e,0)r"
dr k=1
a0 " 2n+1

'(/)2n+2 (9, g, 6) + Z ¢2n+2—k<ea g, 6)rk
k=1

r+o(r), (5.6.4)

_ —P2n+2 (9, g, 6)
¢2n+2 (07 g, 6)

where

vr(0,2,8) = cos0X_1(cosb,sinb, e, ) + sin OY;,_1(cos 0, sin b, €, §),
Vi(0,€,0) = cos0Yy_1(cosf,sinb, e, §) —sinX_1(cosb,sinb, e,d). (5.6.5)
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For a sufficiently small h, we write the solution of (5.6.4) with the initial condition
rlop=o = h and the Poincaré succession function respectively as follows:

r=70,h,e,8) = vg(0e 6)h",
k=1
A(h,e,8) = 7#(2m, h,e,8) — h. (5.6.6)

Clearly, 1v1(6) can be expressed as

0
_(P2n+2(79a g, 5) dy
v1(0,e,0) = ex / 5.6.7
1( ) P 0 ¢2n+2 (197 g, 5) ( )
From (5.6.3) and (5.6.7), we have
v1(2m,0,0) = 1. (5.6.8)

Particularly, if Xo, 1, Y241 are given by (5.2.1), then v1(0,¢,8) = e~%?.

Obviously, equation (5.6.4) is a particular case of equation (4.1.7).

If 6 = 6(¢) in the right hand of system (5.6.1) is a power series of € having
nonzero convergent radius, and §(0) = 0, we can obtain a quasi succession function
L(h,e) by computing the focal values at infinity. The method mentioned in Chapter
3 can be used to study the bifurcation of limit cycles in a neighborhood of infinity
of system (5.6.1). For an example, we discuss a class of real planar cubic system

dx

i (6z — y)(2® + y*) + Xa(z,y),

d

d_gt/ = (z 4 6y)(z* + ¢*) + Ya(z,y), (5.6.9)

where Xo(z,y), Ya(x,y) are homogeneous polynomials of degree 2 in z,y. By means
of transformation (5.1.5), system (5.6.9) can be changed into
dr 0 + [cos 0 Xo(cos0,sin ) + sin OY>(cos 0, sin 6)|r

— =— . 6.1
o "7 [cos 0Y3(cos B, sin 0) — sin 0 X5 (cos 6, sin 0)]r (56.10)

It is interesting that under the polar coordinates x = rcosf, y = rsinf, real
planar quadratic system (4.4.1) can reduce to

dr 7“5 + [cos X2 (cos b, sin 0) 4 sin OY>(cos O, sin 6)|r
dd 1+ [cos@Ys(cosf,sinf) — sin X (cos b, sin 0)]r”

(5.6.11)

The vector fields defined by (5.5.10) and (5.6.11) are opposite oriented. Therefore,
we can use known conclusions of the center-focus problem and bifurcations of limit
cycles for the quadratic system.



170 Chapter 5  Theory of Center-Focus and Bifurcation of Limit Cycles: - -

By means of transformation z = z + iy, w =z — iy, T =it, i = v/—1, system
(5.6.9) reduce to

d

d_IZ“ = (1- i0) 22w + ag02* + a112w + agaw?,

dw . 2 2 2

T = —(14id)w*z — boow™ — byywz — bpaz”. (5.6.12)

where the relations between ang, bag and the coefficients of Xa(z,y), Ya(z,y) are
given by (3.4.3) and (3.4.4).

Obviously, system (5.6.12)s5—¢ is the case of A = 0 of system (5.5.16), namely it is
the particular case of the system (5.5.3) with a0 = ap1 = b1g = bp1. From Theorem
5.5.1, we have

Lemma 5.6.1. When 6 =0, system (5.6.12) has exzactly 13 elementary general-
ized rotation invariants with time exponent 1 at infinity, which are listed as follows:

degree generalized rotation invariant

1 az0b20, a11b11, ap2bo2 (self—symmetry)
azoaii, b2ob11

p) V)
_9 a3oa02, a3gbiiaoz, a20b? a2, b3 ao2

b3oboz, b3pai1boz, baoa?iboz, a3iboz

Remark 5.6.1. From Corollary 2.5.1 and Lemma 5.6.1, system (5.6.12)5—0 and
the quadric system 2.5.4 have the same elementary generalized rotation invariants.
But, the order of the same generalized rotation invariant in the two systems are
difference as the time exponents are difference.

By computing the singular point values at infinity of system (5.6.12) and simpli-
fying them, we have
Theorem 5.6.1. When § = 0, the first 4 singular point values at infinity of
system (5.6.12) are listed as follows:
p1 = azoair — baobii,

1
o ~ 5(410 —I),

1
3 ~ 4—8(2002[?02 — 3ag0b20) (1411 + 515 + I3),

1
[y ~ maSQbSQ(—?)Gﬂl + 2201, — 1913), (5.6.13)
where Iy, are given by (5.5.20).

From Theorem 5.6.1, we obtain
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Theorem 5.6.2. When § = 0, the first 4 singular point values at infinity of
system (5.6.12) are zero if and only if one of the following two conditions holds:

az0011 —baobi1 =lo =1L =1, =13 =0, (5.6.14)

bn = 2a20, ailp = 2b20. (5615)

From Lemma 5.6.1, we have

Theorem 5.6.3. When 6 = 0, if (5.6.14) holds, the coefficients of system
(5.6.12) give rise to the condition of the extend symmetric principle. While if
(5.6.15) holds, system (5.6.12) is a Hamiltonian system.

Theorem 5.6.1, 5.6.2 and 5.6.3 follow that

Theorem 5.6.4. When 6 = 0, infinity of system (5.6.12) is a complex center if
and only if p1 = po = ps = pg = 0, namely, one of the two conditions in Theorem
5.6.3 holds.

We next discuss the bifurcation of limit cycles created from infinity of system
(5.6.9). Assume that ang = Aag +iBas, bag = Aapg — iBag and

1

6 — §€IO+N’
33 -1
Aoy = —1 — 223 Bop — — 6+N
20 405 s 20 1 € ,
A =2, By =0,
V18150 — 15972 — 62522N -5
Apo = By = —¢&V. 5.6.16
02 110 P02 = o ( )

From Theorem 5.6.1, we have

Lemma 5.6.2. When (5.6.16) holds, for infinity of system (5.6.9), we have

v1(2m,e,6(¢)) — 1 = —met0tN o o(10HN),
vs(2m,e,8(2)) = me N us(2m e, 6(e)) & —metHN,
ve(2m,e,6(e)) = me' ™ wo(2m,e,0(¢)) = —melN. (5.6.17)

By Lemma 5.6.2, if (5.6.16) is satisfied, then when ¢ = 0, if N = 0, infinity of
system (5.6.9) is a 4-order weak focus. If N > 0, infinity of system (5.6.9) is a center,
for which the vector field is symmetric with respect to x—axis. To obtain the quasi

succession function at infinity, we need to prove the following conclusions.

Lemma 5.6.3. If (5.6.16) holds, for any positive integer k > 4, the k-th focal
value at infinity of system (5.6.9) satisfies the following formula

Vor1(2m,e,6(¢)) = O(eN). (5.6.18)
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Proof. When (5.6.16) holds, it is easy to prove that
azoair — baobi1 = O(EN)
Iy =0(EY), I, =0(@VN),

L =0(EY), I3=0(N). (5.6.19)

)

Thus, Lemma 5.6.1 and the construction theorem of singular point values at infinity
(Theorem 5.4.1) lead to the conclusion of this Lemma. O

From Lemma 5.6.2 and 5.6.3, we have

Lemma 5.6.4. When (5.6.16) holds, the quasi succession function at infinity of
system (5.6.9) is given by

L(h,e) = —m(e'® — n? + 3h* — ehb + h®). (5.6.20)
From Theorem 3.3.4 and Lemma 5.6.4, we obtain

Theorem 5.6.5. If (5.6.16) holds, then when 0 < & < 1, there exist at least 4
limit cycles in a sufficiently small neighborhood of infinity of system (5.6.9), which
are close to the circles (x> +y*)" 1 =k, k=1, 2, 3, 4.

5.7 Isochronous Centers at Infinity of a Polynomial Systems

In this section, we extended the definition of the isochronous center to the case of
infinity for a class of polynomial systems.
We consider the following real system:

dx

i Xi(

i x2+y Z k(z,y)
2n

dy 1
- - - Y 5.7.1
di ($2+y2)n ;} k(.’L’,y)—f—.’L’, ( )
where n is a positive integer, and Xy (x,y), Yi(x,y) are homogeneous polynomials of
degree k.
By a time rescaling t — (z%+y?)"t, system (5.7.1) becomes the system (5.2.2)5—0.
Definition 5.7.1. For system (5.7.1), infinity is called an isochronous center, if

it is a center and the period of all periodic solutions in a neighborhood of infinity is
the same constant.

By using the transformation

u v
T = (u2 + v2)ntL’ y= (uZ + v2)ntL’

system (5.7.1) can be reduced to the system (5.2.13)s5=0. We immediately have the

(5.7.2)

following conclusion.
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Theorem 5.7.1. Infinity of system (5.7.1) is a center (isochronous center) if
and only if the origin of system (5.2.13)s=0 (or system (5.3.17)s=o) is a center
(isochronous center).

Definition 5.7.2. Infinity of system (5.7.1) is called a complex isochronous
center, if the origin of system (5.2.13)5—¢ (or system (5.3.17)5—0) is a complex
isochronous center.

Infinity of system (5.5.1)5=¢ is called a complex quasi isochronous center, if in-
finity of system (5.7.1) is a complex isochronous center.

By Theorem 5.7.1 and the above knowledge, to determine center conditions and
isochronous center conditions at infinity of system (5.7.1), we only need to consider
the the computation problem of singular point values and period constants at the
origin for system (5.3.17)s—0.

To explain the mentioned idea, we consider the following real rational system

i~ VT @y w T @ (5.7.3)

where X3(x,y), Ys(z,y) are homogeneous polynomials of degree 3 in z,y. The
associated system of system (5.7.3) has the form

d

d_; =z+ W(a3023 + a9 22w + ajazw? + aogws),

d—w = —w — —(bg()ws + b21w22 + blg)’LUZQ + bogzs). (574)
dT 22w?

By means of transformations
Z2= ==, W= 7573 (5.7.5)

system (5.7.4) becomes

d§ 3, 83 1 74 1 6 5
ey 2 Z(2 Z(2
yia £+ 5bo3€ n° + 5( aso + 3b12)¢'n" + 5( as1 + 3b21)E°n
1 2
+3(2a12 + 3b30)&°n° + 5a03§4777a
d 3 1 1
% =-n- 3%377853 - 3(2530 + 3a12)n ¢ - 5(2521 + 3a91 )1’
1 2
—3(2512 + 3azo)n’€® — 550377457- (5.7.6)

5.7.1 Conditions of Complex Center for System (5.7.6)

First, we discuss the center conditions. By using Theorem 2.3.6 to compute the
singular point values at origin of system (5.7.6) and simplify them, we obtain
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Theorem 5.7.2. The first 35 singular point values at the origin of system (5.7.6)
are given by

1
us = g(*a21+b21),

Hio ~ g(auafzo - b12b30),
1

s ~ E(*9aosa§0 — a3yboz + ap3biy + bozbig),

1
oo ~ —(a21 + b21)(3a03a§0 — ap3asopbiz + a12bozbzo — 3503530)7

20
H25 ~ m(16a30630 - 3a03b03)(3a03a§0 — ap3asobi2 + a12bo3bzo — 3bosb§0)7
H3o ~ 0,
88 5 .o 2 2
35 ~ —ﬁa30b30(3a03a30 — ap3aszobi2 + a12bo3bzo — 3bosbs). (5.7.7)

We know from Theorem 5.7.2 that

Theorem 5.7.3. For system (5.7.6), the first 35 singular point values are zero
if and only if one of the following four conditions holds:

C1:  az1 = ba1, a12 = 3b3g, b12 = 3aso,

O, - { az1 = ba1, [3azo — bia| + [3b3o — a12| # 0, ai2aze = bi2bso,
a§0a03 = bgobo& azobi2a03 = bzgai2bo3, b%21103 = a:fgbos’

Cs: a1 =by =azy =bia =ap3 =0, a2 = —3bsp,

C3:  ag = by = bzo = aiz =boz =0, b2 = —3aso. (5.7.8)

We next discuss the conditions that the origin is a complex center.
(1) When condition C; holds, there exist a constant s, such that as; — ba; = s.
Thus system (5.7.6) becomes

de 3 11 9 2
_ T 7.4 6,5 & 2 po 56 4 = 4,7

aT §+503£n+5a30§n +s§7n +530§77 +5a03£n,

dn 3 ses 1 74 6e5 9 5.6 2 407

My 2 - _? ~ ZhoaneT. (5.7.9

IT Y § = bson & —sn’€ 7 @307 § 7 bosn] £ ( )
System (5.7.9) has an analytic first integral

5157715

F= - - —- 5.7.10
4 —+ 3[)03677}‘3 —+ 12(130667]4 —+ 6555775 —+ 121)30647]6 —+ 3(1(]36‘57]7 ( )

Thus, the origin of system (5.7.9) is a complex center.

(2) When condition C5 holds, we denote that 3asyg — b1z = 3, 3bzg — a12 = a,
then there exist complex p, q, s, such that

aso =pB, bz =pa, ags =qa’®, boz=qB> az =by =s. (5.7.11)
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Thus, system (5.7.6) becomes

dg 3 o83 1 7.4
- - —(11p —
7 =T a0 En” + £ (1p = 3)5¢
) 1 2
+5E57° + g(9p —2)at"n® — gqa2€4777,
dn 3 5 g3 1 =
L __p_Z — —(11p —
1T n 5qa n°§ 5( p—3)an'§
) 1 2
—sn°¢" = =(9p = 2)B0°¢° — ZaFyeT (5.7.12)

For system (5.7.12), the conditions of the extended symmetric principle are satisfied.
Thus the origin of system (5.7.12) is a complex center.
(3) When one of conditions Cs and C§ holds, we have

Proposition 5.7.1. If one of conditions Cs and C3 holds, then the origin of
system (5.7.6) is a complex isochronous center.

Proof. When conditions C3 holds, system (5.7.6) becomes

d€ 3 3 )
S _b[83i_b 5,6
aT §+503577 5305777
dn 7 704 2 407
2L 4 b -2 . 7.1
aT Ntz 307" € : 031§ (5.7.13)

System (5.7.13) is linearizable by using the transformation

2
15

3, 13
(1 — 3bseén®) 10 <1 i Zbogg ! >

3 1, V=T (1 3b 54776) 35
° — 2030 :
(1 + 150357773>

Thus the origin of system (5.7.14) is a complex isochronous center.

u=¢

(5.7.14)

Similarly, if Condition C% holds, the origin of system (5.7.6) is also a complex
isochronous center O

To sum up, we have

Theorem 5.7.4. All singular point values of the origin of (5.7.6) are zero if
and only if the first 35 singular point values of the origin are zero, i.e., one of the
four conditions in Theorem 5.7.3 holds.

Theorem 5.7.5. For system (5.7.1), infinity is a complex center if and only if
one of the four conditions in Theorem 5.7.3 holds.
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5.7.2 Conditions of Complex Isochronous Center for System (5.7.6)

‘We next discuss the isochronous center conditions.
(1) When condition Cy in Theorem 5.7.3 holds, we have

Proposition 5.7.2. The first 20 period constants of the origin of system (5.7.9)
are given by

1
Ts =28, Tip ~ *5(003503 + 16a3z0bso),
15 ~ 0, T20 ~ —80a3,b3,. (5.7.15)
From Proposition 5.7.2, we have

Proposition 5.7.3. The first 20 period constants of the origin of system (5.7.9)
are all zeros, if and only if one of the following conditions holds:

Cii: =0, azo =0, ag3 = 0;

Cfl . S = 0, bg() = 0, b(]3 = 0

)

Co1: s5=0, azo =0, boz =0;

)

C;l LS = 0, b30 = 0, aps = 0. (5716)

Proposition 5.7.4. If one of condition C11 and Ciy holds, then the origin of
(5.7.9) is a complex isochronous center.

Proof. When condition C17 holds, system (5.7.9) becomes

d¢ 3 3 9 5

4 _ Zho3E3n® + SbgotOnO

g7 = & g bos€” + S bsolr

d 2 11

_d;’“ =-n- gb(]3§7774 - 353054777~ (5.7.17)

System (5.7.17) is linearizable by using the transformation

£/ 1+ 3b3o&in°
(1 + 3b3o&46 + 3bo3c™nB)s
1+ 3b3o& % + 3bos€Tn®) 5
L, 30870 + GbostT ) (5.7.18)
\/ 1+ 3bg(]§47]6
Thus, the origin of (5.7.17) is a complex isochronous center.
If Condition C7; is satisfied, then by using the same method as the above, we
know that the origin of system (5.7.9) is also a complex isochronous center. O

Proposition 5.7.5. If one of condition Ci2 and CYy holds, then the origin of
(5.7.9) is a complex isochronous center.
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Proof. When condition Cj2 holds, system (5.7.9) becomes

j_; =&+ §b30§5n6 + %%3547777
j—; =-n- 1—511)3054777 - gao:sfgns' (5.7.19)
By using the transformation
u=es, v=¢e4, (5.7.20)

system (5.7.20) becomes

du dv
— = —2u(l — =—v4+1 . 7.21
a7 u( =+ 3bsou + ag3v), aT ’U( + 10b3pu + 3ap3v) (5 7 )

The origin of system (5.7.21) is an integer-ratio node, similar to the proof of Theorem

1.6.1, we can prove that the origin of (5.7.19) is a complex isochronous center.
Similarly, when condition C7j, holds, the origin of (5.7.9) is also a complex

isochronous center. O

(2) When condition Cy in Theorem 5.7.3 holds, we have

Proposition 5.7.6. The first 25 period constants of the origin of system (5.7.12)
are given by

1
T5 = 28, Tig ~ 75045(*427 +16p” + afg?),
1 1
ms ~ 70 q(6p — 1), 10~ — 20”8 (5.7.22)

From Proposition 5.7.6, we have

Proposition 5.7.7. The first 20 period constants of the origin of system (5.7.12)
are all zeros, if and only if one of the following conditions holds:

Co1: s=0,qg=0, p=0;

Cos : S:O,q:O,p:%;

Cy3: s=0, a=0;

Cis: s=0, g=0. (5.7.23)

Proposition 5.7.8. If condition Ca1 holds, then the origin of (5.7.12) is a
complex isochronous center.

Proof. When condition Cs; holds, system (5.7.12) becomes

A Boaa 2o
T = €= 28" — Zag,
dn 3

2 ,
i gan754 + gﬂnf’g". (5.7.24)
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System (5.7.16) is linearizable by using the transformation

1— 4.6\% 1— 6,,4)\ %
¢ = S0 —atln )35’ h— n(1 — &% )35. (5.7.25)
(1 —pB¢n*) 1o (1 —aginb)io
Thus, the origin of system (5.7.24) is an complex isochronous center. O

Proposition 5.7.9. If condition Caa holds, then the origin of (5.7.12) is a
complex isochronous center.

Proof. When condition Cas holds, system (5.7.12) becomes

g I ra 1 556

qr = & Pt gl

dn L o7 1,56

A - = . 7.2

a7 = 1 g€ — 5ghne (5.7.26)

: : i0 —i0 ; do _

By using the polar coordinates £ = pe'”,n = pe and T = it, we have i 1.
System (5.7.26) has an isochronous center at the origin. O

Proposition 5.7.10. If one of condition Ca3 and C55 holds, then the origin of
(5.7.12) is a complex isochronous center.

Proof. When condition Cas holds, system (5.7.12) becomes

dg 32 483, 1 7.4
g8 _ 2 Z83(11p —
ap = E T e + 281 = 3)¢"",
dn 2.0 74 1 6,5
- — ZB(9p — 2)57°. 7.2
a7 = " 0 = =69 = 2)E (5.7.27)
Letting
u=_Em3, v=¢E4, (5.7.28)
system (5.7.27) becomes
du 9 9 dv 9 9
T = du + 36%qu” + F(10p — 3)uw, pri 20+ 23%quu + 26(3p — 1)v*.  (5.7.29)

The origin of system (5.7.29) is an integer-ratio node, similar to the proof of Theorem

1.6.1, we can prove that the origin of (5.7.29) is a complex isochronous center.
Similarly, when condition C3; holds, the origin of (5.7.12) is also a complex

isochronous center. O

(3) Finally, when one of conditions C5 and C in Theorem 5.7.3 holds, according
to Proposition 5.7.1, the origin of system (5.7.6) is a complex isochronous center.

The problem of a complex isochronous center for the infinity of system (5.7.3)
and (5.7.4) are already solved completely in this section.
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The problem of a complex quasi isochronous center for the infinity of system

dx d
= @)+ XKsleyy), o =@y 4+ Ya(ay)  (5.730)

are also already solved completely.
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Chapter 6

Theory of Center-Focus and Bifurcations
of Limit Cycles for a Class of Multiple
Singular Points

For a multiple singular point, the criteria of center-focus is very difficult. There is no
general theory for center-focus problem. Only on some particular cases, a multiple
singular points can be changed to an elementary singular points by means of suitable
transformations, we can treat the criteria problem.

In this chapter, we introduce the theory of center-focus for a class of multiple
singular points.

6.1 Succession Function and Focal Values for a Class of
Multiple Singular Points

Consider the following real planar system:

T Y Xi(ay), Fri Y Yila,y), (6.1.1)
k=2n+1 k=2n+1

where n is a positive integer, and Xy (z,y), Yi(z,y) are homogeneous polynomials
of degree k in x,y. Suppose that xYa,i1(z,y) — yXont1(z,y) is a positive (or
negative) definite function. Without loss of generality, we assume that xYa, 41 (z,y)—
yXont1(x,y) is positive definite, then there exists a positive number d, such that

2Yont1(2,y) — yXons(z,y) = d(@® + )" (6.1.2)
The origin of system (6.1.1) is a multiple singular point. From (6.1.2), we know
that the origin of system (6.1.1) has no Frommer characteristic directions. It implies

that the origin is a center or a focus. By the polar coordinate transformation

x=rcosf, y=rsinb, (6.1.3)
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system (6.1.1) becomes

dr " >
dat rin kE—o: Pantaik(0)r,
do >
__ .2n k
% =r kgio Vont2+k (9)7" . (6'1'4)

Thus, we have

P2n+2(0) + Y prarorn(O)r"

% =7 = : (6.1.5)
Ganr2(0) + Y tonyark(0)r
k=1

where ¢ (0), ¥i(0) are given by (2.1.5). Especially,

Yan+2(0) = cos0Xa,11(cos b, sin ) + sin 0Y2,,41(cos b, sin b),
Yont2(0) = cos Y2, 1(cos b, sinf) — sin 0 Xop,11(cosf,sinf).  (6.1.6)

From (6.1.2) and (6.1.6), we obtain
Yant2(0) = d > 0. (6.1.7)

Since for all k, o (0), 1, (0) are homogeneous polynomials of degree k in cos 6, sin 6,
we see that

er(0+7) = (=1 0r(0), r(0+m) = (=1)*0i(0). (6.1.8)

Obviously, we know from (6.1.8) that system (6.1.5) is a particular case of system
(2.1.7).
For sufficiently small A, let

o0
r=70,h)=> v(0)h*. (6.1.9)

k=1
be the solution of system (6.1.5) satisfying the initial condition r|g—g = h. From
(6.1.5) and (6.1.9), we obtain the expression of v (6) as follows:

o P2n+2 ("‘-’) dw

n(0) = e 0 1P2n+2(‘ﬂ)

(6.1.10)

Corollary 2.1.1 follows that if 14 (27) = 1, then the first integer k satisfying k > 1
and v (2m) # 0 is an odd number.
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Definition 6.1.1. For any positive integer k, voj1(2m) is called k-th focal value
at the origin of system (6.1.1).

Definition 6.1.2. For system (6.1.1):
(1) If i (2m) # 1, then the origin is called a rough focus;
(2) If v1(27) = 1 and there exist a positive integer k, such that vo(2m) = v3(27) =
- = vop—1(27) = 0 and vop41(27) # 0, then the origin is called a weak focus of
order k;
(3) If vr1(2m) = 1 and for all positive integers k, vor11(27) = 0, then the origin
is called a center.

By Corollary 2.1.1 and the geometric properties of Poincaré succession function
A(h) = 7(2m, h) — h, we have the following conclusion.

Theorem 6.1.1. For system (6.1.1):

(1) If the origin is a rough focus , then when v1(2w) < 1 (> 1), the origin is
stable (unstable);

(2) If the origin is a weak focus of order k, then when vapy1(2m) < 0 (> 0), the
origin is stable (unstable);

(3) If the origin is a center, in a neighborhood of the origin, there exists a family
of closed orbits of system (6.1.1).

6.2 Conversion of the Questions

In this section, we assume that in the right hand of system (6.1.1), the first homo-
geneous polynomial of degree 2n + 1 is as follows:

X2n+1(xay) = (655 - y)(x2 + yz)nv
Yons1(2,y) = (z + 8y)(2® + y*)". (6.2.1)

Hence, system (6.1.1) becomes

dx >

= = 0r =y +")"+ Y Xilwy),
k=2n-+2

d o0

d_?t/ =@+ +y)"+ D Yilzy). (6.2.2)
k=2n+2

Now, (6.1.6) reduces to

@2n+2(0) = 6, @2n+2(6) =1. (623)
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Under the polar coordinates, system (6.2.2) becomes

. o+ Z Pont2+k (9)7“k
e — . (6.2.4)
db ad i
L+ Y Yonsasn(0)r
k=1

It is easy to prove that the following propositions.

Proposition 6.2.1. For system (6.2.2), we have v1(0) = €°? and when § < 0 (>
0), the origin is a stable (an unstable) focus.

From Lemma 2.1.2, we obtain

Proposition 6.2.2. For system (6.2.2), if § = 0, then all vi(0) are polynomials
in 0, sin® and cosf and the coefficients of vi(0) are polynomials in Ang, Bag.
Especially, for all k, vi(n), vg(2m) are polynomials in Aag, Bag-

Similar to Theorem 5.2.2, we have the following theorem.
Theorem 6.2.1. By the transformation
z=u(u? +0)" Ty =ov@?+0H)" T,
j—j = (u? +v?) "), (6.2.5)

system (6.2.2) can be reduced to the following analytic system.:

du ou >
— = — E P,
e o 13 v+ 2 2nk+3k+1,
dv ov >
— E 6.2.6
dT ut 2n -+ 3 * k=1 Qan+3k+1’ ( )

for which the origin is an elementary focus, where

1
Ponktskt1 = [(Qn n 3U2 + ’02> Xont14k(u, v)
2 2
_ QZ I SU’UYQn+1+k(U, 'U):| (U2 —+ 1)2)(k71)(n+1)’
@2 = | (v + gmt? ) YonsnsaEm)
2nk+3k+1 o 13 20414k (S5
2n+2 _
X ria )| ()N (52)

are homogeneous polynomials of degree 2nk + 3k + 1 in u,v.
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This theorem tell us that our problems at a multiple singular point can be
changed to the corresponding problems at the elementary singular point O(0,0)
of system (6.2.6). Since (6.2.6) is a particular system of (2.1.1), therefore, all con-
clusions in the theory of center-focus about system (2.1.1) can be used to system
(6.2.6).

Notice that as a special system of system (2.1.1), the right hand of system (6.2.6)
have the following particular properties:

(1) The subscripts of Popkisk+1, @onk+sk+1 form an arithmetic sequence with
the common difference 2n +3 (k=1,2,--- ,2n+1).

(2) Poppisrs1r and Qanpyary1 have common factor (u? + v?)(k=D(n+1),

(3) System (6.2.6) has a pair of conjugated complex straight line solutions utiv =

On the basis of the above properties, we can obtain some new results for the
theory of center-focus of the origin of system (6.2.6).

6.3 Formal Series, Integral Factors and Singular Point Values
for a Class of Multiple Singular Points

Under the polar coordinates
u=pcosf, v=psind, (6.3.1)
system (6.2.6) has the form

o+ Z <P2n+2+k(9)ﬂk(2n+3)
do_ _» k=1 (6.3.2)

dd — 2n+3 © ,
1+ Z zb2n+2+k(@Pkmnﬁ)
k=1

Substituting (6.1.3) and (6.2.5) in (6.3.1), we have
r=p>ts, (6.3.3)

Of course, (6.3.2) can also be obtained from (6.2.4) by using transformation (6.3.3).
Write the solution of (6.3.2) satisfying the initial condition plo—o = po as p =
p(0, po). The properties of the right hand of (6.2.6) follows that

Proposition 6.3.1. (0, p0)p, " is a power series in pi" ", that is, p(6, po) has
the form

o

p0.p0) =Y T m—1)(2ns3)1(0)pf" T (6.3.4)

m=1
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Proof. Let the solution of (6.2.4) satisfying the initial condition r|p=¢ = h be r =
o0
7(0,h) = Z Vm (0)R™. From (6.3.3), we have

m=1
P80, po) = 7(0, p2). (6.3.5)
Taking ho = pa"*3, then from (6.3.5), we obtain

A0, po) _ <f(9vh0))m _ [i ym(ﬂ)hOmI] m. (6.3.6)

Po ho =

Since the right function of (6.3.6) can be expanded as a power series in hg. Thus,
the conclusion of Proposition 6.3.1 holds. O

It is easy to see that
vi(21) — 1= €?™ — 1 = 276 + 0(6),

s o)
g1(27) — 1= ePs — 1 = %Z 5 +0(0). (6.3.7)

Theorem 6.3.1. If § = 0, then for any positive integer k, we have

(2m) ~ v (27)
e ~ 1%
O2k(2n+3)+1 47T o +3 2k+1(4T),

U(Qkfl)(2n+3)+1 (277) ~ 0, (638)
where vopy1(27m) is the k-th focal value of the origin of system (6.2.2), while
Tok(2n+3)+1(2) is the k(2n+3)-th focal value of the origin of system (6.2.6). More-
over, when m is not an integer multiple of 2n + 3, we take op41(27) = 0.

Proof. If § = 0, from (6.3.7), we have v (27) = 01(27) = 1. From (6.3.4), we obtain

2n+3

~2n+3(2ﬂ-7p0) Po

P
2n—+2

= Z po P27 5 (2, po) [5(27, po) — po]
=(2n+3) 6" 2G(po) (27, po) — po

[ee]
=(2n+3)G Z T(m—1)(2n+3)+1(2T)Pg’ (rra), (6.3.9)
m=2

where G(po) is a unit formal power series in po (see Definition 1.2.3).
On the other hand, from (6.3.5), we have

2m, po) — po" > =F(2m, py

=" v 2m)pp Y, (6.3.10)

~2n+3(

2n+3 2n+3
p ) —

Po
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(6.3.9) and (6.3.10) imply that

Z Tm-1)(@n+3)+1(2m)pg Y

m=2

o0
e I IR A (6.3.11)
m=2

Comparing the coefficients of p§ on the two sides of (6.3.11), it leads to the conclusion
of Theorem 6.3.1. O

By making transformation
z=x+iy, w=x—1iy, T =it (6.3.12)

system (6.2.2) becomes

d (o)
é = (1 —id)z" " + Z Zi(z,w),
k—2n+2
d
d; —(1+ id)w e — Z Wi (2, w) (6.3.13)
k=2n+2
where
_ a, B _ Ztw o z—w) Z+w z—w
Zi(z,w) Q§kaaﬁz w Y < 5 o ) 11X}, < 5 o ,
. _ o _y, zt+w z—w X, z+w z—w
Wi (z,w) a_%::kbaﬁw z k< 5 5 +iX 5 5 .
(6.3.14)
We say that (6.2.2) and (6.3.13) are associated.
Let
E=u+t+iv, n=u—iv, T =ir. (6.3.15)
From (6.3.12), (6.3.15) and (6.2.5), we obtain
dr _
=€ w=nEnT, oo = (En) T, (6.3.16)

aT
By transformation (6.3.16), system (6.3.13) can be changed to

dg
T (1 2n+3>£+£zq)k2n+3 (&),

dn id
a~ ! —n2 v 3.1
a1 ( +2n+3)” ’7; k(2n+3) (€:71); (6.3.17)
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where

[(n+2

12n+3 K
n+1
2n+3

[(n+2

|2n+3
n+1

+ 2n+3

P 2nt3)(§m) = Zont1+k(&m)

¢ W%Hk(s,n)} (€ k=D,

Uiants)(§m) = & Wong14x(&m)

" Zzn+1+k(§a77)] (€ m)E=DOFD (6.3.18)

are homogeneous polynomials of degree k(2n + 3) in &, 7.

Clearly, system (6.3.17) can also be obtained from system (6.2.6) by using trans-
formation (6.3.15). Thus, system (6.2.6) and system (6.3.17) are associated.

We now discuss the case of 6 = 0. When § = 0, system (6.2.2), (6.2.6), (6.3.13)

and (6.3.17) can be reduced to the following forms, respectively:

o0

dx

&= @)+ Y Xi(wy) = X(y),
k=2n-+2
d o0
T= 2@+ + Y Vilwy) = Y(@y) (6.3.19)
k=2n-+2
d—u*f’quiP (u,v) = P(u,v)
dT — e 2nk+3k+1 9 — 9 9
@*quiQ (u,v) = Q(u, v); (6.3.20)
dT — P 2nk+3k+1 9 — 3 3 «J.
dz n+1l, n -
=AW + Z Zi(z,w) = Z(z,w),
k=2n+2
d_w _ _antln > _ .
o = w2 Z Wi(z,w) = =W (z,w); (6.3.21)
k=2n+2
d¢ s
T = § +€Z¢k(2n+3)(€an) = (&, n),
k=1
d _ N — T 6.3.22
ﬁ——n—nz k(2n+3)(§777)__ (6,77)- ( -9 )

k=1

The right hand of system (6.3.22) have the following particular properties:
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e subscripts of ®p(9,13) an k(2n+3) form a arithmetic sequence with the
(1) Th bscri f(I>(+) d\II(+)f ith i ith th
common difference 2n+3 (k=1,2,---).
(2) ®pi2nts) and Wy (a,13) have the common factor (én) (k=D (n+1),
stem (6.3. ave a pair of straight line solutions £ = 0 an = 0.
(3) Sy (6.3.22) h ir of ight li luti E=0andn=0
On the basis of the above properties, we have

Theorem 6.3.2. For system (6.3.22), one can derive uniquely and successively
the terms of the following formal series

F(Eﬂ?) = (577)2n+3 1+ Z fm(2n+3)(€7n) ) (6323)
m=1
such that
dF >
i (7n+1)(2n+3) 394
AT | (529, Z m(En) (6.3.24)
where
fm(2n+3) (5? 77) = Z Caﬁganﬁ (6325)
a+pB=m(2n+3)
are homogenous polynomials of degree m(2n+3) in &,n, m=1,2,--- and we take
coo =1, Cr@nt3)k@nts) =0, k=1,2,---. (6.3.26)

Definition 6.3.1. For any positive integer m, fi, in (6.3.24) is called the m-th
singular point value at the origin of system (6.3.21).

Theorem 6.3.3. In (6.3.25), for all a, 3, when o # § and o+ B > 1, cqop is
determined by the recursive formula

1
P 2n+3)(B-a)

xZ{ (n+2)a—(n+1)+ (n+2—k)(2n+3)]ar1

—[n+2)8=(n+1Da+(n+2-5)(2n+ 3)]bj,k_1}

X Ca— (n42)k—(n+1)j+(n+1)(2n+3),8—(n+2)j— (n+1)k+(n+1)(2n43) - (6.3.27)
For any positive integer m, p,, is given by the recursive formula

2m—+2n+2
Hm = Z [(m+n+2—k)ak,j,1 — (m+n+2—j)bj’k71]
ktj=2n-+3

X C(mtn41) (2n43) — (n+2)k— (n+1)7, (m-+n+1)(2n+3)— (n+2)j— (n+1)ks  (6.3.28)

where for all (a, 8), when a < 0 or <0 take anp = bag = cap = 0.
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Proof. We see from (6.3.23) that

gy dF
(&n)~m+®) —

i afm(2n+3) afm(2n+3)
T =2 ( & ")

(6.3.22) 1 on

S a fmfs 2n+3
" Z Z F% + (20 +3) fom—s)@nt3) | Ps(an+ts)

_ Z Z {nw + (2n + 3)f(m—s)(2n+3):| \Ils(2n+3)~ (6329)

_ dF >
(e~ o) =3 > (a=Bleast™n
(6322) =1 atp
=m(2n+3)
o0 o0
+> > (e + 20+ 3)® (201 3)
m=1s=1 a+0
=(m—s)(2n+3)
— (B+2n+3)Usan43)] capl®™n”. (6.3.30)

By using (6.3.18) and (6.3.30), we have

o dF >
—(2n+3)
(én) T

> (= Beast™n”

(6.3.22) m=1 atp
=m(2n+3)

T 1 Z Z Z [("04 —nf+2a—0+2n+3)nZanti1s
eyt

—(nB —na+ 28 — o+ 2n + 3)EWap 145 | Cap@ DD A=)+,

(6.3.31)
We see from (6.3.14) that
Z2n+1+s(€a77) = Z ak7j—1§k77j71a
k+j=2n42+s
Wontips(Em) = > b€l (6.3.32)

k+j=2n42+s
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From (6.3.31) and (6.3.32), we obtain

= > (o= B)east™n”

AT (6322) 51 &b
=m(2n+1)
1 oo oo
+2n+3zz Z Z (na —nfB+2a— B+ 2n+3)ag,;j—1
m=1s=1 a+3 k+j=

=(m—s)(2n+3) 2n+2+s
—(nB—na+20—a+2n+ 3>bj7k_1:|Caﬁé-a+(sfl)(n+1)+kn,@+(sf1)(n+1)+J

(6.3.33)
Let
ap=a+(s—1)(n+1)+k,
bi=0+(s—1(n+1)+]. (6.3.34)
Thenifk+j=2n+2+s, a+ 5= (m—s)(2n+ 3), we have
o1+ 1 =m(2n +3),
a=a;—n+2)k—(n+1)j+ (n+1)(2n+ 3),
B=p—n+2)j—(n+1k+(n+1)(2n+3) (6.3.35)
and
no—nl+2a—0+2n+3
=(n+2)a; —(n+1)p1+(n+2—-k)(2n+3),
nf—na+20—-—a+2n+3
=n+2)f1—(n+ 1o+ (n+2—7)(2n+3). (6.3.36)

Substituting (6.3.34), (6.3.35) and (6.3.36) into (6.3.33) and using «, § instead
of ay, 1, we obtain

dF n
o (&n)?+3 Z > (e = B)eas + Hapl €97, (6.3.37)
(6‘3‘22) m=1 a+fp=
m(2n+3)
where
1
H.p=
P om+3
X Z{[(n +2)a—(n+ 1)+ (n+2—k)2n+ 3)]ar,j—1
k,j

—[(n+2)8 = (n+ Do+ (n+2—5)(2n+ 3)|bj k-1]}

X Co— (n42)k—(n+1)j+(n+1)(2n+3),8— (n+2)j— (n+1)k-+(n+1)(2n+3)-  (6.3.38)



6.3  Formal Series, Integral Factors and Singular Point Values: - - 191

Thus, (6.3.24) and (6.3.37) follow the conclusion of this theorem. O

Remark 6.3.1. We see from (6.3.25) that o+ [ is an integer multiple of 2n+3.
Since for all (o, B), when oo < 0 or 3 < 0, we have taken cop = 0. Thus, in the right
sides of (6.3.27) and (6.3.38), we have

a+ 0

2 3<k+j5<
n -+ +7 o 13

+2n+2. (6.3.39)

For any positive integer m, we write the m-th singular point value at the origin
of system (6.3.22) as /..

Theorem 6.3.4. For any positive integer k, the k(2n+3)-th singular point value
M;c(2n+1) at the origin of system (6.3.22) and the k-th singular point value py at the

origin (multiple singular point) of system (6.3.21) have the following relation:

Hi

and when m is not an integer multiple of 2n + 3, we have u,, = 0.

Proof. For function F(&,n) defined by (6.3.23), we denote that

F(e,n) = F=m (¢,1) = &

1+ Z Jm(2n+3) (5777)] . (6.3.41)

m=1

We see from (6.3.24) and (6.3.41) that

o)
Z Lom 577 m(2n+3)+1
m=1

dF
ak . - STITET (6.3.42)
6.3.22
( : (2n + Z fm(2n+3) 3 77)‘|
Thus, (6.3.42) follows the conclusion of Theorem 6.3.4. O
From Theorem 6.3.1, Theorem 6.3.4 and Theorem 2.3.2, we have
Theorem 6.3.5. For any positive integer k, we have
i
UZk(2n+3)+1(27T) ~ o+ 3/%,
Vop1(2T) ~ i, (6.3.43)

where oo (an13)+1(27) is the k(2n+3)-th focal value at the origin of system (6.3.22),
while vap41(27) is the k-th focal value at the origin of system (6.3.19).
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Theorem 2.3.5, Theorem (2.3.7) and the properties of the right side functions of
system (6.3.22) imply that

Theorem 6.3.6. For system (6.3.22), one can determine successively the terms
of the following formal series

oo

M(En) = 14 gmenss)(&n), (6.3.44)

m=1

such that

O(MP) O(MY) iZanerJrl

B o2n+ 3

m(2n+3)
o€ on Am (&) ; (6.3.45)

m=1

where for any positive integer m,

gm(2n+3)(§a 77) = Z daﬁganﬁ (6346)
a+B=m(2n+3)

are homogenous polynomials of degree m(2n + 3) in &,n and
Am ~ (277’ + 3)M;n(2n+3) ~ Hm- (6347)

Similar to the proof of Theorem 6.3.3, we have

Theorem 6.3.7. In the right hand of (6.3.44), let doo = 1 and di(25,+3),k(2n+3)
(k=1, 2, ---) is arbitrarily chosen. Then for all (v, 3), when a # 8 and a+ 5 > 1,
dagp s given by the recursive formula

1
dop = @t 3)G-a) kz]: {l(n+2)a—(n+1)8+ lak;

—[(n+2)8— (n+1)a+1]bjr1]}
X oy — (n42)k—(n41)j+(n+1)(2n4+3),8— (n+2)j— (n+1)k+(n+1) (2n+3) - (6.3.48)
For any positive integer m, A, is given by the recursive formula

2(m+n+1)

Am = Z (@, j—1 — bjr—1)

k+j=2n+3

XA (1 fmn) (3+2n)—k(2+n)—j(14n), (1+mtn)(3+2n)—j@2+n)—k(14n), (6.3.49)
where for all (o, B), when o < 0 or § <0, we take ang = bag = dag = 0.

Theorem 6.3.3 and Theorem 6.3.7 give the recursive formulas to compute directly
the singular point values at the origin by applying the coefficients of system (6.3.21).
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Theorem 6.3.8. For system (6.3.21), one can derive successively the terms of
the following formal series

fm(2n+d) z w)
Flz,w) =z2w |1+ Z Gy | (6.3.50)
such that
dF i
A = (zw)" Z o (z0)™ T (6.3.51)
(6.3.21) m=1

where y, is the m~th singular point value at the origin (infinity) of system (6.3.21),
m=1,2,--.

Proof. The inverse transform of transformation (6.3.16) is

—(n+1 —(n+1 dT
£ = 2(w) 5, = w(zw) 2T, = = (zw)", (6.3.52)

From (6.3.23) and (6.3.50), we have

—(n+1) *(n+1))

F(z,w)=F (z(zw)m,w(zw)T+3 (6.3.53)

Hence, from (6.3.52), (6.3.53) and (6.3.24) we have the conclusion of the theorem. O

Theorem 6.3.9. For system (6.3.21), one can derive successively the terms of
the following formal series

o0

M(Z,'LU) _ (Z’LU) n— 1+2n+3 1+ Z g7n(2n+—?’)(zu))‘|7 (6354)

Zw)m(nJrl)

such that

O(MZ) _ O(MW) _ (Zw)_l—i_ﬁ i 2mn +3m + 1

0z ow 2n+3 Am (zw)™,  (6.3.55)

m=1
where A\py ~ i, m=1,2,--.
Proof. First, from (6.3.44), we have

M(z,w) =M (z(zw) = ,w(zw) 72<:I§)) . (6.3.56)
Consider the system
dz MZ
—_— = — = Z
dT  (zw)" (z,w),
d MW
Yo T W w). (6.3.57)
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By the transformation

£ = z(zw)%g), n = w(zw) Rz , (6.3.58)
system (6.3.57) becomes
a dn _

The Jacobian determinant of transformation (6.3.58) is given by

0§ om0 on 1 e
7= 0z dw Ow 9z 2n+ 3(zw) e (6.3.60)
From (6.3.56), (6.3.57) and (6.3.60), we have
Z=Jz = JW. 3.61
m3MEi=J2, MW =JW (6.3.61)

Thus,

1 [OMZ)  aMW)] _ O(JZ)  aIW)
2n+3[ 9z  ow }_ 9z dw

Using Proposition (1.1.3) to system (6.3.57) and (6.3.59), from (6.3.60), we obtain
a(J2) 9UW) _g {O(Mq)) B 8(M\I/)]

(6.3.62)

0z ow 193 on
1 o [O(M®)  O(M)
= 2 — . 6.3.63
2n+3(2w) o { 0& an ( )
From (6.3.62) and (6.3.63), we get
Z Mo MY
OMZ) _OMW) (i [OMB)  0() 6560
0z ow 1913 an
Thus, (6.3.64), (6.3.45) and (6.3.58) imply the conclusion of Theorem 6.3.9. O
Consider the following formal series
m(2n+3) z U))
(z,w) =1+ Z Gy (6.3.65)
where
hmenss&m) = Y eapz®w” (6.3.66)
a+pB=m(2n+3)
are homogenous polynomials of degree m(2n + 3) in z,w ( m = 1,2,---), and
ho = €pp — 1.

The following two theorems are given by [Liu Y.R., 2001].
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Theorem 6.3.10. For all s # 0 and v # 0, one can derive successively the
terms of the following formal series

F(z,w) = (zw)sH% (z,w), (6.3.67)
such that
dF 1 , —
— = —(zw)"t HA ! Z A (zw)™ (6.3.68)
(6.3.21) v m=1

and for any positive integer m, X, is given by
A~ SV . (6.3.69)

Theorem 6.3.11. Let s,y be two constants. If for any positive integer m, ~y(s+
n+1+m) # 0, then one can derive successively the terms of the following formal
series

M(z,w) = (2w)*H7 (2, w), (6.3.70)
such that
8(MZ) a(MW) 1 n+sprs—1 .- " m
P ;(zw) H~ ;Am(zw) (6.3.71)
and for any positive integer m, N is given by
A~ (s +n+14m)pm. (6.3.72)

Similar to Theorem 6.3.3, we can prove the following theorem.

Theorem 6.3.12. For the formal series F giwen by Theorem 6.3.10,

Ck(2n+3),k(2n+3) can be arbitrarily chosen, k =1,2,---. When a #  and a+ 3 > 1,
eqap 15 given by the following recursive formula
1
€ag =

@n+3) (B —a)

X Z{[(n—i—Q)a— n+1)6+(n+1-— k+’ys)(2n+3)]ak7j_1

7[(n+ 2)—(m+Da+n+1—j7+vs)(2n+ 3)} b]gk1}

X€a (n+2)k—(n+1)j+(n+1)(2n+3),8— (n+2)j— (n+ D+ (n+1)(2n43)  (6.3.73)
and for any positive integer m, N, is given by the recursive formula

2m—+2n+2
A, = Z [(m4+n+1—k+~vs)ar,;—1
kit j=2n+3

—(m4+n+1—j+vs)bji1]

X € (m4n+1)(2n+3)— (n+2)k—(nt1)j,(m+n+1)(2n+3) — (n+2)j—(n+ Dk (6.3.74)
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where for all (o, B), when o < 0 or § < 0 we take aag = bag = €ap = 0.

Theorem 6.3.13. For the formal series M in Theorem 6.3.11, €k (2n+3),k(2n+3)
can be arbitrarily chosen, k =1,2,---. When a# 3 and a+ 3 > 1, eqnp is given by
the recursive formula

1
eaﬁmZ{[(n+Q)a(n+l)ﬁ

k,j
+(n+1—k+vk+7vs)2n+3)]|ar-1 — [(n+2)8
—(n+Da+n+1—j5+vj+vs)(2n+ 3)]bj’k1}
X€a (n+2)k—(n-+1)j+(n+1)(2n+3), 8- (n+2)j— (n+1)k+(n+1) (2n+3) (6.3.75)
and for any positive integer m, N is given by the recursive formula

2m—+2n+2
N = Z [(m+n+1—k+~vk+ys)arj1
k+j=2n+3

—(m+n+1—j+7j+7v8)bjr1]

X €(m4n+1)(2n+3)—(n+2)k—(nt1)j,(m+n+1)(2n+3)— (n+2)j—(n+ 1)k, (6.3.76)
where for all (o, B), when o < 0 or § < 0, we take aag = bag = €ap = 0.
From Theorem 6.3.10 and Theorem 6.3.11, we have

Theorem 6.3.14. The origin of system (6.3.21) is a center if and only if there
exists a first integral F(z,w) with the form (6.3.67).

Theorem 6.3.15. The origin of system (6.3.21) is a center if and only if there
exists a integral factor M (z,w) with the form (6.3.70).

6.4 The Algebraic Structure of Singular Point Values of a
Class of Multiple Singular Points

In Section 5.4, we defined the generalized rotation and similar transformation having
time exponent n and discussed its generalized rotation invariant. By transformation
(5.4.1), system (6.3.21) becomes

TS @@ Y aw@) @)

dr a+pB=2n+2
W oy 15— S bas()(2)?
o7 = @) Y. bap(@)(2)’, (6.4.1)
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where 2, w, T are new variables, p, ¢ are complex constants, p # 0 and for all («, 3)

daﬁ :aaﬁpa+ﬁ 2n—1 z(a B— 1)(;5

bap = bapp® P2 teia=p —W. (6.4.2)
Lemma 6.4.1. For any positive integer m, the m-th singular point values pi,

at the origin of system (6.3.21) is m-order generalized rotation invariants of trans-
formation (5.4.1) with time exponent n, namely,

fim = P2 [ (6.4.3)

Proof. For function F(z,w) given by Theorem 6.3.8, let F = p~2F (pe'® 2, pe~ ).
Then (5.4.1), (6.3.50) and (6.3.51) follow that

P fm 2n+3 Ze' i@ U}€ ¢)
=z |1+ Z ( ’m(n " (6.4.4)
and
U7
—jf (Za)™ p2"m (Zap)™ T, (6.4.5)
T (6.4.1)
(6.4.5) leads to (6.4.3). Hence, Lemma 6.4.1 holds. O

Lemma 6.4.2. For any positive integer m, the m-th singular point values iy,
at the origin of system (6.3.21) is self-antisymmetry, i.e.,

Loy = — .- (6.4.6)
Proof. By the following transformation of antisymmetry:
z=w", w=z", T=-T, (6.4.7)
system (6.3.21) can be transformed into the following complex system:

dz*

7T :( n+1 ZW/C w* Z W(’LU Z*),

dw* n+1 *

T = —(w™) ZZk w,z) = —Z(w*,z"). (6.4.8)
k=0

For function F(z,w) given by Theorem 6.3.8, letting F* = F(w*, z*), then from
(6.4.7), (6.3.50) and (6.3.51) we have

. 1 - fm(2n+3) (U}*VZ*)
m=
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and
dF* — _ (=pp)
- = (z"w")" P e (6.4.10)
dr (6.4.1) mzzl (z*w*)m+t
It follows (6.4.6). So that, the conclusion of this lemma holds. O

From Lemma 6.4.1 and Lemma 6.4.2, we obtain

Theorem 6.4.1 (The construction theorem of singular point values of
the Multiple Singular Point). For system (6.3.21), the m-th singular point value
Wm at the origin can be represented as a linear combination of m-order monomial
generalized invariants and their antisymmetry forms, i.e.,

N
= > ilgn; — gy), k=1,2, -, (6.4.11)

=1
where N is a positive integer and vy; is a rational number, gr; and gy, are m-order
monomial generalized rotation invariants with time exponent n.

From Theorem 6.4.1 we have

Theorem 6.4.2 (The extended symmetric principle of the multiple sin-
gular point). For system (6.3.21), if all elementary generalized rotation invariants
g satisfy symmetric condition g = g*, then all singular point values at the origin are
zero.

6.5 Bifurcation of Limit Cycles From a Class of Multiple
Singular Points

Consider the following perturbed system of (6.1.1) depending on two small param-
eters €, 0 as follows:

dx >
E: Z Xi(z,y,e,0) = X(z,y,¢,9),
k=2n+1
dy _ i Yi(2,y,6,0) =Y (,y,¢,0) (6.5.1)
i k\Ls Y, &, s 9,50, U

k

I|
™

n+1

where X(x,y,¢,9),Y(z,y,¢,0) are power series in z,y, €, having non-zero conver-
gent radius and real coefficients. We assume that there is an integer d, such that

1’1}277,+1 (ZL’, y07 0) - yX2n+1(:E? Y, 07 0) 2 d(xQ + y2)n+1 (652)

and

/2” cos 0 Xap,41(cos,sind,0,0) + sin Y5, 11 (cos b, sin b, 0,0) =0 (653)
0

cos Y2, 11(cosB,sin6,0,0) — sin 0 X2, 41 (cos 8, sin b, 0,0)
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Under the polar coordinate (6.1.3), system (6.5.1) takes the form

P2n12(0,€,8) + D pantark(f,e, 6)r"

dr . k=1
g 0 ,
'(/)2'n+2 (97 g, 6) + Z 1p2n—i—2—f—k(97 g, 6)T
k=1

_ P2an+2 (97 & 6)
¢2n+2 (97 &, 5)

where ¢ (0,¢,96), Vr(0,e,9) are given by (5.6.6).
For sufficiently small h, let the solution of equation (6.5.4) satisfying the initial

r+o(r), (6.5.4)

condition r|p—o = h and the Poincaré succession function be

7(0,h,e,0) = Zykﬁeé

A(h,e,8) = #(2r, h, £, 8) —h, (6.5.5)

where
o ©an+2 (19a g, 5) dd
0 ¢2n+2 (197 g, 5)

v1(0,e,8) = exp (6.5.6)

From (6.5.3) and (6.5.6) we have
v1(2m,0,0) = 1. (6.5.7)

Specially, if Xo, 11, Y2,41 are given by (6.2.1), then v1(6,¢,8) = €%

Obviously, equation (6.5.4) is the special case of equation (3.1.7).

If § = d(e) given by (6.5.1) is the power series in ¢ having non-zero convergent
radius and real coefficients, and §(0) = 0, then by computing the focal value at
the origin of system (6.5.1) we can obtain a quasi succession function L(h,¢), and
use the method mentioned in Chapter 3 to study bifurcation of limit cycles in a
neighborhood of the origin of system (6.5.1).

In next section, we consider a quartic system as an example.

6.6 Bifurcation of Limit Cycles Created from a Multiple
Singular Point for a Class of Quartic System

As an application of the method described above, we now study the following real
planar quartic system:

da
dt
dy
dt

- (51‘ - y)(xQ + y2) + X4(ﬂ?,y),

= (z + 6y)(z* + ¢°) + Ya(z,y), (6.6.1)
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where
Xu(z,y) =—(q1 + ¢2 — p1g2)x* — 2(p1 — pa + 2p1p2)z’y — 6p1gaz’y?
+2(=p1 + p2 + 2p1p2) 7Y — (—@1 — @2 — P1g2)y”,
Ya(z,y)=(1+p1)(1 +p2)z* —2(q1 — g2 — 2p1g2)z®y — 2(—1 + 3p1pa)a?y?

—2(q1 — @2 + 2p1g2)ay® + (=14 p1) (=1 + p2)y™. (6.6.2)
Making the transformation z = z+iy, w = x —iy, T = it, system (6.6.1)5— becomes
dz . . .
27 = Zw At pi(p2 —ig)2" + (1 +iq) 2w + w2+ (2 +iga)w’z,
dw . . )
T = —w?z—p (p2 +ZqQ)w4 —(p1 —ig )wiz—w?z?— (p2 —zq2)wz3. (6.6.3)
Letting

2= w=n’¢, dT = (¢&n)°dT, (6.6.4)

system (6.6.3) is transformed into the following polynomial system of degree 6:

e

1 , 1 ,
Gr =6+ =243 (2~ iq2)E%n + = (2 + 3py1 + 3iqy )

5

1 . 1 .
+EB+2 - 2iq1)E%n® + =(3+2p1)(p> + ig2)&%n*,

dn 1 . 5 1 . 442
e -2+ + —Z(2+3p —
aT n 5( 3p1)(p2 ZQZ)W § 5( 3p1 3'LQ1)77 §

1 , 1 .
—5(3 + 2p1 + 2iq1)n3€d — 5(3 +2p1)(p2 — ige)n?E™. (6.6.5)

for which the origin is an elementary singular point.

From Theorem 6.3.1 and Theorem 2.3.1, for any positive integer k, the k-th focal
value vop11(27) at the origin of system (6.6.1)5—o and the 5k-th singular point value
pip at the origin of system (6.6.5) have the following relation

Vokt1(2m) ~ BiTpusy. (6.6.6)

By calculating singular point values at the origin of system (6.6.5) and from (6.6.6),
we have

Theorem 6.6.1. The first 4 focal value at the origin of system (6.6.1)5=¢ are
as follows:

v3(2m) = 2mqq,
2
1/5(27'(') ~ §7T(p1 - 1)(191 + 1)(171 + 2)q2a

1
vi(2m) ~ 7m(pr = 1) (1 + 1)(p3 + g5 — 5)ga,

vo(2m) ~ %ﬂ(m —1)(p1 + 1)ga. (6.6.7)
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It follows the following result.

Theorem 6.6.2. The first four focal values at the origin of system (6.6.1)5=q
are zero if and only if one of the following three conditions holds

Cl 1= 07 q2 = 07
02 1= 07 p1 = _17
Cg Loq1 = 0, pP1 = 1. (668)

Thus, we have

Theorem 6.6.3. If condition Cy holds, the wvector fields defined by system
(6.6.1)5—0 is symmetry with respect to x-axis.

If condition Cy holds, then system (6.6.1)5—¢ has a first integral ff3f22 in a
neighborhood of the origin, where

fi=2"+97
fo=3(2% +9%) — 2(p2 + 3)2> — 6qua®y + 6(po — D)zy® + 20y (6.6.9)

If condition Cs holds, then the right hand of system (6.6.1)s5—¢ has a common
factor

22+ y? + 2(p2 + 1) + 6gex?y — 2(3p2 — Day? — 229> (6.6.10)
and there exists a first integral f1 in a neighborhood of the origin.
Form Theorem 6.6.2 and 6.6.3, we obtain

Theorem 6.6.4. For system (6.6.1)5—q, the origin is a center if and only if the

first four focal values of the origin are zero, i.e., one of three conditions in Theorem
6.6.2 holds.

We now construct an example, such that 4 limit cycles can be created from a 4th
weak focus of system (6.6.1). If the coefficients of system (6.6.1) satisfy

21525

§=T560", g =-——c q=1,
28665 525
pr=-2+ e, pp=2-="67 (6.6.11)
8 2
then by Theorem 6.6.1 we have
v (2m) — 1 = 151207e® + o(®),
, 28665
v3(2m) = —21525me% + 0(e%),  v5(27) = Tw€4 + o(eh),
1575 105
zﬁ(Qw)::4~7z—w52+—o@?), 1@(2%)::—Z—ﬁ—#oﬁu. (6.6.12)
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Therefore, the quasi succession function of (6.6.1) is given by

105

Lh,e)=— m(h® — 30h%e? + 273h%e* — 820h%8 + 576<%)
1
=2 - 1627 9 42~ ). (66.13)

Thus, (6.6.13) and Theorem 3.3.3 imply that

Theorem 6.6.5. If the coefficients of system (6.6.1) are given by (6.6.11), then
when € = 0, the origin is a 4-th weak focus, when 0 < |e| < 1, there exist 4 limit
cycles in a sufficient small neighborhood of the origin, which are close to the circles
2?2 +y? =k%%, k=1,2,3,4.

6.7 Quasi Isochronous Center of Multiple Singular Point for
a Class of Analytic System

Making the transformation dt’ = (2% +y?)dt and dT” = (2w)"dT, system (6.2.2)5-0

and (6.3.13)5—¢ can be respectively become

o

% =y m k_%:ﬁ Xi(z,y),
%:”” x2+y k;ﬂyfﬂw (6.7.1)
and
= (zi))" ké; Zx (=, w)
% - " %;2 Wi (z, w) (6.7.2)

Definition 6.7.1. (1) We say that the origin of (6.7.1) (or (6.7.2)) is a com-
plex isochronous center, if the origin of (6.2.6)s—o (or (6.3.17)s—0) is a complex
isochronous center.

(2) We say that origin of system (6.2.2)5—¢ (or (6.3.13)5=0) is a complex quasi
isochronous center, if the origin of (6.7.1) (or (6.7.2)) is a complex isochronous
center.

Clearly, the functions of the right hands of system (6.7.1) and system (6.7.2) are
non-analytic at the origin. However, it is possible that the origin of these system
are a complex isochronous center. We study the following system

dx Xa(z,y) dy Yi(z,y)
- — 6.7.3
dt’ y 24 y27  dv i 2 42’ ( )
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where X4, Y, are given by (6.6.2).
We see from Theorem 6.6.4 that the origin of system (6.6.1)s5—¢ is a center if and
only one of three conditions in Theorem 6.6.2 holds.

Proposition 6.7.1. If condition Cy in Theorem 6.6.2 hods, then the origin of
system (6.7.1) is an isochronous centers if and only if py = —1.

Proof. When condition C; of Theorem 6.6.2 hods, then for the origin of system
(6.6.5)5—0, we have

9
7= —3(1+p)(3+ 203 + p1p3),

1
710 ~ = (14 p1)(81 + 3p1 — 40p2 — 3p? — 12p1pa + 4p%ps + 9p2),

~_ 1
™5 ~ ~ 355500 - TPV
% (99679615 + 53139921p; — 9621062p2 — 4057890p% + 326167pt + 49953p2).

(6.7.4)

We see from (6.7.4) that if 75 = 719 = 715 = 0, then p; = —1. In addition, if p; = —1
and condition Cy in Theorem 6.6.2 hods, then for system (6.6.5)5—0, under the polar

. . de
coordinate & = pe'?, n = pe=’, T =it, we have I = 1. It implies the conclusions

of this proposition. O

Proposition 6.7.2. If condition Cy in Theorem 6.6.2 hods, then the origin of
system (6.7.1) is an isochronous centers.

Proof. When condition Cs in Theorem 6.6.2 hods, then for the origin of system

, . de
(6.6.5)5—0, under the polar coordinate & = pe'?, n = pe=, T = it, we have = 1.

It implies the conclusions of this proposition.

Proposition 6.7.3. If condition C5 in Theorem 6.6.2 hods, then the origin of
system (6.7.1) can not be an isochronous centers.

Proof. When condition C3 in Theorem 6.6.2 hods, then for the origin of system
(6.6.5)5=0, we have

5= —4(1+p2+¢2), 710~ —8(2p2—3), 715 ~ 180. (6.7.5)

It implies the conclusions of this proposition.
To sum up, we have

Theorem 6.7.1. The origin of system (6.6.1)5—¢ is a quasi isochronous cen-
ter(i.e., the origin of system (6.7.1) is an isochronous center), if and only if ¢ =0
and p; = —1.

O
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Chapter 7
On Quasi Analytic Systems

For a nonanalytic real planar dynamical system, there is a few papers to concern
with the study of the center problem and bifurcations of limit cycles. In this chapter,
we investigate a class of quasi-analytic systems.

7.1 Preliminary

We consider the following class of systems:

d = e

S=dr—y+ Y @4y T Xy,
k=2

d >0 —1 —1

T —atdy+y @+ Yilay), (7.1.1)
k=2

where for any positive integer k,
Xi(x,y) = Z Aagxay’a, Yi(z,y) = Z Baﬁxayﬁ (7.1.2)
a+p=k a+p=k

are homogeneous polynomials of degree k of  and y, A is a real constant and A # 0.
Clearly, when A = 1, system (7.1.1) becomes

dx =

i or —y+ kEZQXk(JC,y) = X(,y),

dy >

A Y — Y . .
o =Ty ;;:2 k(r,y) =Y(2,y) (7.1.3)

We assume that X (z,y) and Y (x,y) are power series of x and y with non-zero
convergent radius.

Generally, for A # (2s + 1) where s is an positive integer, the functions of the
right hand of system (7.1.1) are non-analytic. We say that system (7.1.1) is a quasi-
analytic system corresponding to system (7.1.3).

For A > 0 (or < 0), the linear terms of (7.1.1) are lowest (or highest) order
terms in the right hand of (7.1.1). Hence, when A > 0, the origin of (7.1.1) is a
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center or a focus. When A < 0, (7.1.1) has no real singular point in the equator of
Poincare compactification. The point at infinity is a center or a focus. Therefore, it
is necessary to determine whether the origin (or the infinity) is a center (or a weak
focus) or not for all A # 0.

Making the transformation

T =rx cos 6, y:ri sin 0, (7.1.4)

system (7.1.1) becomes

dr = &

o o+ kz::l Prt2(0)r ] )

do = X

=1 el (7.15)

where

0k(0) = cos0Xj_1(cosb,sinf) + sin Yy, _1 (cos 0, sin 6),
P (0) = cos0Yy,_1(cosb,sin @) — sin 0 Xy, (cos 0, sin ). (7.1.6)

From (7.1.5), we have

; 54> pria(®)r
U V— . (7.1.7)
do e
L+ thiga(0)r
k=1

Obviously, equation (2.1.6), i.e., the polar coordinate form of (7.1.3), differs from
(7.1.7) only in a constant factor .

Suppose that a solution of (7.1.3) satisfying the initial condition r|g=g = ro has
the form
o0
r=7(0,rp,0 Zuk 0,0)rf, (7.1.8)
k=1
where
v1(0,6) = 1,(0,6) =0, k=23, ---. (7.1.9)

We know from the theory of Chapter 2 that if § = 0, then, for the first non-zero
v (27, 0), we have k = 2s + 1, where s is a positive integer.
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Definition 7.1.1. For system (7.1.1), suppose that A > 0 (or A < 0).

(1) If 6 # 0, the origin (or the infinity) is called a rough focus.

(2) If§ = 0 and there exists a positive integer k, such that vo(2m,0) = v3(2m,0) =
oo = vop—1(2m,0) = 0, and vop41(27,0) # 0, then the origin (or the infinity) is called
a k—order weak focus. The var41(27,0) is called a k—order focal value.

(3) If 6 = 0 and for all k, we have vop41(2m,0) = 0, then the origin (or the
infinity) is called a center.

It is easy to see the following conclusions hold.

Theorem 7.1.1. In the case of A > 0, for system (7.1.1):

(1) If the origin is a rough focus, then when 6 <0 (> 0), it is stable (unstable);

(2) If the origin is a k-order weak focus, then when vop11(2m,0) < 0 (> 0), the
origin is stable (unstable);

(3) If the origin is a center, then there exists a family of closed orbits enclosing
the origin.

Theorem 7.1.2. In the case of A <0, for system (7.1.1):

(1) If the infinity is a rough focus, then, when § > 0 (< 0), it is stable (unstable);

(2) If the infinity is a k-order weak focus, then when vopt1(2m,0) <0 (> 0), the
infinity is stable (unstable);

(3) If the infinity is a center, then there exists a family of closed orbits which lies
in an inner neighborhood of the equator in Poincare compactification.

Remark 7.1.1. For \ <0, if the infinity in Poincare compactification of system
(7.1.1) is a stable (unstable) focus, then the equator '« in Poincaré compactification
of system (7.1.1) is a internal stable (unstable) limit cycle. If the infinity of system
(7.1.1) is a center, then, there exists a family of closed orbits which lies in an inner
neighborhood of the equator I .

Definition 7.1.2. (1) For X\ > 0, if the origin of (7.1.1) is a center and the
period of any closed orbit enclosing the center is 2w, then, the origin is called an
isochronous center of (7.1.1).

(2) For X\ < 0, if the infinity of (7.1.1) is a center and the period of any closed
orbit in an inner neighborhood of the equator is 2w, then, the infinity is called an
isochronous center of (7.1.1).

Clearly, for A > 0 (< 0), when the origin (the infinity) of (7.1.1) is an center,
the origin (the infinity) of (7.1.1) is an isochronous center if and only if 7 (rg) = 27,
where

27
T (ro) = / — a0 : (7.1.10)
L ks (070, 70,0)
k=1
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It is difficult to study directly the problems of center-focus, isochronous center
and bifurcations of limit cycles by using (7.1.7). In next section, we shall use a
necessary transformation, such that system (7.1.1) becomes an equivalent analytic
system.

7.2 Reduction of the Problems

Let
E=a(@®+y) T, n=yE )T (7.2.1)
Taking x = rX cos 0, y= rx sin 0, we have
£ =r3cosh, n=r3sinb. (7.2.2)

Thus, for A > 0 (< 0), (7.2.1) makes the origin (the infinity) become the origin in
(&,n)—plane and (7.1.1) reduce to

d 5>\ L1 - -
dnfgjL_ lingr’l] )" Qs (&, m), (7.2.3)
dt 3k: o ;

where for any positive integer k,

Pk+3(€7 77) = ()‘62 + 3772)Xk+1 (é-v 77) + ()‘ - 3)677Yk+1 (67 77),
Qi+3(&m) = (A +3)Yey1(E,m) + (A = 3)énXps1 (&) (7.2.4)

are homogeneous polynomials of degree k + 3 of x and y. Thus, the study on the
problems of center-focus and bifurcations of limit cycles for (7.1.1) is transformed
to the discussion for (7.2.3).

Notice that the functions on the right hand of (7.2.3) are a special class of (7.1.3).
Therefore, it makes sense to do new study for this system.

Remark 7.2.1. The functions on the right hand of system (7.2.3) have the
following properties:

(1) There exist two complex straight line solutions £ +in =0 and & —in =0 of
(7.2.3).

(2) Ezpanding the two functions of the right hand of (7.2.3) as two power series
of & and n, then, every monomial has the degree 3k — 2, k=1, 2,

(3) As a exponent parameter A of (7.1.1), it becomes a coefficient parameter of
(7.2.3). Therefore, \ appears in all formulas of the focal values and period constants.
This is different from an analytic system.
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By using the polar coordinate transformation

E=pcosf, n=psinb, (7.2.5)
system (7.2.3) becomes
9 _ ZP |0+ i@k 2(0)p°
it 3 - ’
k=1
Y 1S bal0)” (726
a ) . L.
k=1
From (7.2.6), we have
o 5+ pria(0)p®
A pR— . (7.2.7)
o 3 -
L4 rya(0)p
k=1
Obviously, (7.2.7) can become the from (7.1.7) by using the transformation r =
3
p°.

For each small pgy, writing the solution of (7.2.7) satisfying the initial value
plo—o = po as p = p(b, po,d), by using (7.2.3), we have the following lemma.

Lemma 7.2.1. The solution p = p(0, po,0) of (7.2.7) has the form

p(0, po,0) = po Z o341(0,8)p5", (7.2.8)
k=0
where
520
0'1(9,5)16 3, 03k+1(075):0; k:]., 2, SR (729)

To find the relationship between the k-order focal value vog41(27,0) of (7.1.1)
and the 3k-order focal value ogj1(2m,0) of (7.2.3), we need the following results.

Theorem 7.2.1. ogi41(2m,0) and vo11(27,0) are algebraic equivalent, i.e.,

{vor+1(2m,0)} ~ {306r41(27,0)}. (7.2.10)

Proof. Equation (7.2.7) can be become to the from (7.1.5), by using the transfor-
mation r = p3. So that,

70, p3,0) = p>(8, po,0). (7.2.11)
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From (7.2.11), when ro = p§ we have

o0 ~

27, 70,0
Z Vi1 (27, 0)7«’8 — M 1
=1 To

3
~3 27T, ,() -
’)(T'%) 1= (1 +Z"3k+1(27r’0)r§> -1

k=1
o0

:3203k+1(27r,0)7“§G(r0), (7.2.12)
k=1

where

G(To) =14+ (Zng_H 271' 0 ) +

k=1

(Z o3p41(27,0)r ) (7.2.13)

is a unit formal power series of ro. Thus, (7.2.12) and Theorem 2.2.1 give rise to the
conclusion of this theorem. O

wl =

7.3 Focal Values, Periodic Constants and First Integrals of

(7.2.3)
By using the transformation
z=&+in, w=&—in, T=it, i=+v—1, (7.3.1)
system (7.2.3)5—¢ becomes
dz z +E§: Moo (2, w) = Z(2,w)
dT 6 e k+2 ) )
dw _ - i Mo (z,w) = —W(z,w) (7.3.2)
dT 6 ] k+2 ) ) -9

where

Dp(z,w) = A+ 3)wZi—1(z,w) — (A = 3)zWi_1(z,w),
Up(z,w) = (A4 3)eWi_1(z,w) — (A = 3)wZi_1(z, w),

Zu(ew) = Y (z+w z—'w> X, (z+w z—w),

2 72 2 72

z4+w z—w 24w z—w
) =Y i X . 3.
Weleow) =vi (5220 ) pim (SRR EL0) . ga)

We next denote that

Z aapz®w®,  Wi(z,w) Z bapsw®z" (7.3.4)
a+p=k a+p=k
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Let py be the k-th singular point value of the origin of system (7.3.2), 7 be the
k-th period constant, k = 1,2,---. By the properties of system (7.3.2), we have

Lemma 7.3.1. For system (7.3.2), we have
{use—1} ={0}, {par—2} ={0}, {me-1} ={0}, {mr2}={0}. (7.3.5)
From Theorem 7.2.2 and Theorem 2.3.1, we obtain
Theorem 7.3.1.
{var+1(2m,0)} ~ {306k+1(27,0)} ~ {3imusy}. (7.3.6)

Denote that

T(ro)=m (2 — Z’T;J’S) , (7.3.7)

k=1

where 7 (rg) is given by (7.1.10). Thus, (7.1.10), (7.2.11) and (7.3.7) follow that

T() == (2—Z%p3k> -/ W @ . (138

=t L+ trs2(0)5° (0, po, 0)
k=1

From (7.3.8) and Theorem 4.1.2, we have

Theorem 7.3.2.

{Tor—1} ~ {0}, {Tax} ~ {m}. (7.3.9)

Definition 7.3.1. For A > 0 (< 0), 7oy is called k-th period constant of the
origin (the infinity) of system (7.1.1)5—0.

From Theorem 7.3.2, we know that

Theorem 7.3.3. For A > 0 (< 0), the origin (the infinity) of system (7.1.1)5=¢ is
an isochronous center, if and only if the origin of system (7.2.3)s5=¢ is an isochronous
center.

Theorem 2.3.5 implies that

Theorem 7.3.4. For system (7.3.2), one can derive successively the terms of
the following formal series

M(z,w) = ZMgk(z,w), (7.3.10)
k=0
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where
Msp(z,w) = Z Capz®uw® (7.3.11)
a+pB=3k

1s a 3k-degree homogeneous polynomial in z, w and

coo=1, cap3r=0, k=1,2, -, (7.3.12)
such that
oMZ) >
_ 3k
P = Z (3k + 1) py (zw) ", (7.3.13)
k=1
In addition,
(e} ~ {pskl- (7.3.14)

Similar to Theorem 2.3.6, we have
Theorem 7.3.5. When o # 3, cop in (7.3.11) are given successively by

1 %(aJrﬁJrﬁ)

O 2, LA+ OBt (=93] s

“[ 20+ (A =3)a+ (A+3)8] bikr } ca-zkjis, g-2i-kss (T:3.15)

and for any positive integer m, s, in (7.3.13) are given successively by
A 2m+2
o = = Z (k=1 — bj k—1)C3m—2k—j+3, 3m—2j—k+3, (7.3.16)

3
k+j=3

where for k <0 or j <0, we take cp; = apj = by; = 0.
From Theorem 4.2.1 and Theorem 4.2.3, we obtain

Theorem 7.3.6. Suppose that the origin of system (7.3.2) is a complex center,
then one can derive successively the terms of the following formal series

f(z,w):zi Z Capz®w?, (7.3.17)

k=0 a+B=3k
where coo =1, cap3p =0, k=1, 2, ---, such that
d
_f _ iz Z 7 (w)? (7.3.18)
m=1
In addition, 75 = 73, and for all positive integer m, when 75 =75 = -+ = Té(m_l) =

0, we have T4, = Tam.
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Theorem 7.3.7. In Theorem 7.3.6, for all pairs (o, B) with o # 3, cap is given
successively by

%(a+ﬁ+6)

3 [ Ao+ 8 — 3k — 3§ + T)(anj—1 — bjr_1)
k+j=3

_
6(8—a)

Cap =

+3(a =B —k+j+1)(ar;-1+ bj,k—l)} Ca—2k—j+3, A—2j—k+3, (7.3.19)

and for all positive integer m, 74, is given successively by

2m-—+2
1 .
= 3 > [ A(6m — 3k — 35 + T)(ar,j—1 — bjx—1)
ktj=3
+3(L—k+j)(arj—1 +bjr—1)] 3m—2k—j+3, 3m—2j—k+3, (7.3.20)

in which for k <0 or j <0, we take cxj = ar; = br; = 0.

Clearly, Theorem 7.3.5 and Theorem 7.3.7 give two recursive formulas to deter-
mine the focal values and period constants of (7.2.3)s5—¢. It can be realized easily
by computer program.

From the peculiarity of system (7.3.2), the origin of system (7.3.2) is a complex
center, if and only if there exists a first integral F'(z,w) of the form

F(z,w) = szng(z,w), (7.3.21)
k=0

where Fy(z,w) = 1, F3(z,w) is a homogeneous polynomial of degree 3k in z and

[ee]
w, k=20, 1, ---. In addition, Zng(z,w) are analytic in a neighborhood of the
k=0
origin.
Let F(z,w) = F*(z,w), we have

Theorem 7.3.8. The origin of system (7.3.2) is a complex center, if and only
if for any non-zero constant s, there exists a first integral F(z,w) of the form

F(z,w) = (zw)® ifgk(Z,U}), (7.3.22)
k=0
where Fo(z,w) = 1, Far(z,w) is a homogeneous polynomial of degree 3k in z and
w, k=20, 1, ---. In addition, i}'g,k(z,w) are analytic in a neighborhood of the
origin. 0

Theorem 7.3.8 implies the following result.
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Theorem 7.3.9. For A > 0 (< 0), the origin (the infinity) of system (7.1.1)s—0
is a center, if and only if there exists a first integral in a neighborhood of the the
origin (the infinity) having the form

oo
(A=3)k

Hz,y) = (@2 +1)F D (@2 +y) "7 Hal,y), (7.3.23)
k=0

where s is a non-zero constant, Hsi(x,y) = Far(x + iy,x — iy) is a homogeneous
polynomial of degree 3k in x and y, k = 0, 1, ---, Ho(x,y) = 1. In addition,
o0

ZH3k($, y) are analytic in a neighborhood of the origin.
k=0

7.4 Singular Point Values and Bifurcations of Limit Cycles of
Quasi-Quadratic Systems

In this section, we consider quasi-quadratic systems

d —1
d_f =0z +y+ (22 +4°) T Xalz,y),
d —1

where

Xo(z,y) = Azoa” + Aniay + Ay,
Ya(z,y) = Baoa® + Biizy + Boay®. (7.4.2)

By using (7.2.1), (7.4.1) becomes

)
% - ?Af — %W +30°)Xa (&) + (A = 3)énYa(&, )],
)
L e Dt O )+ (- DEXale )] (143)

Transformation (7.3.1) makes (7.4.3) become

de (0NN
aT 3 )*

dw ( 2'5)\)
——(1+22)w-

(A +3)wZa(z,w) — (A= 3)zWa(z,w)],

[N IR\

olg

T 3 [(A+3)zWa(z,w) — (A= 3wZay(z,w)], (7.4.4)

where

2 2
Zo(z,w) = agpz” + a112w + agaw”,

WQ(Z, w) = bz(]w2 + bnzw + 60222. (745)
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The coefficients of (7.4.4) and (7.4.1) have the following relations

1 .

azp = Z[(BQO — Ay — Boz) - Z(A20 + Bi1 — Ao2)]7
1 .

boo = Z[(320 — A1 — Bog) + (Ao + Bri — Aga)],
1 .

ai] = 5[(320 + Boz) — i(A20 + Ao2)],
1 .

b1y = 5[(320 + Boz) +i(A20 + Ao2)],
1 .

ap2 = Z[(BQO + A1 — Boz) — i(A20 — Bi1 — Ao2)]
1 .

boz = Z[(BQO + A11 — Boz) +i(A20 — B11 — Ao2)]- (7.4.6)

The recursive formulas to compute the singular point values of origin of system
(7.4.4)5—¢ have been given by [Liu Y.R., 2002], in which we know that

Theorem 7.4.1. The first 18 singular point values at the origin of system
(7.4.4)5—0 are given by

A(b2ob11 — azoa11)

M3 = 3 B
Y.
He = 36 5
[6OH + ()\2 — 10\ — 51)@02[)02)}A1 — ()\ — 1)()\ + 3)@02()02A3
M9 = A ’
1152
_ A = 1A+ 9)g1(N)ad,b Ay
Hr2 2073600 ’
C A = 1)(50% + 6X + 81)[24216192000J0 + g2(N)agbdy] ao2boaAr
Hs = 608662978560000 ’
A -D(A+ 9)g3(N)agabga A (7.4.7)

18 = 179345713609765019484160000

where

g1(\) =91)\% — 326\ — 3057,
g2(\) =3719329667\% — 4236625226\ — 85125314061,
g3(\) = 114059407179219568146253\ + 499405812207464098577649,
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H = (ago + b11)(b20 + a11),
Jo = (az0 + b11)aoz + (bao + a11)>bo2,
Ay =[(A = 1)ag — (A + 1)b11)*(2a20 — b11)aoz
—[(A = 1)bzo — (A + 1)a11]?(2b2o — a11)boz,
Ao =[(A—=1)azo — (A + 1)b11][(A — 3)az0 — (A + 3)b11](2a20 — b11)aos
—[(A = 1)bag — (A + Daga][(A = 3)b2o — (A + 3)a11](2b20 — a11)bo2,
Az=[(A = 3)az — (A + 3)b11]*(2a20 — b11)aoz
—[(X = 3)bao — (A + 3)a11]*(2bag — a11)bo2. (7.4.8)

Theorem 7.4.1 follows that

Theorem 7.4.2. The origin of system (7.4.4)5—¢ is a 18-th weak singular point
if and only if the following conditions hold:

()\ — 3)@20 — (/\ + 3)b11 = ()\ — 3)1)20 — (/\ + 3)0,11 =0,
—()\2 — 10\ — 51)

60
550918368000.J) + (206742143969 + 905896803117)aZsbis = 0,

91(A) =0, Azagzboz # 0. (7.4.9)

H = ap2bo2,

Proposition 7.4.1. If system (7.4.3)5=¢ is a real autonomous differential sys-
tem, then it is impossible that the origin is the 18-th weak focus point of the real
system (7.4.3)s—o.

Proof. Let system (7.4.3)5—0 be a real autonomous differential system. We have
from (7.4.6) that

bao = G20, b11 = a1, bo2 = ape. (7.4.10)

Therefore, (7.4.10) follows that

ap2boz >0, H >0, I2<0, (7.4.11)
where
Iy = (a2 + bi1)*age — (bao + a11)3b02~ (7.4.12)
Equation g1(A) = 0 has two roots
163 — /76189 163 4+ /76189
M=—rww——"7—+ A= +7 (7.4.13)
91 91
We have from (7.4.9) that
—11738
Hl=n, = ap2bo2 < 0,

29917 + 146+/76189

2(29917 4 146+/76189
H‘)\:)\z = ( 124915 agaboa > 0. (7414)
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From (7.4.11) and (7.4.14), we have A # ;. When A = )\, we have
Is= Jg — 4H? apabos

_ 8704882981322555563249793 )\, + 37355551065521106746838369a4
- 6904876346545072896000000 02

bgy > 0.

(7.4.15)

This result is in contradiction with (7.4.11). Hence, it gives rise to the conclusion of
this proposition. O

From the Theorem 7.4.1, it is easily proved that

Theorem 7.4.3. The origin of system (7.4.4)5—¢ is a 15-th weak singular point
if and only if the following conditions holds:

()\ — 3)(12() — ()\ -+ 3)b11 = ()\ — 3)b2() — ()\ -+ 3)(111 = 0,

2(29917 + 1464/76189)
124215

(24216192000.J5 + g2(N)agybis)ao2boa A1 # 0. (7.4.16)

A=), H=

ap2bo2,

The conditions of Theorem 7.4.3 can be realized in real domain. The following
conclusion are given by [Liu Y.R., 2002]

Theorem 7.4.4. For system (7.4.3), if

163 4+ 24/76189
ago =boyg =A+3, a1 =bi1=A-3, )\:T’
305710 i —3057v10 i

ap2

(7.4.17)

- ) b02 - )
/107059 4 11621/76189 V107059 + 11621/76189

then, the origin of system (7.4.3)s—o is a stable 15-th weak focus point. By small
perturbation, there exist 5 limit cycles in a sufficiently small neighborhood of the
origin.

7.5 Integrability of Quasi-Quadratic Systems

We know from Theorem 7.4.1 that

Theorem 7.5.1. For system (7.4.4)s—o, the first 18 singular point values are
zero if and only if one of the following 10 conditions are satisfied:
C1: 2az0 — b1 = 2by — a1 = 0;
azoa11 = bagb11, [2a20 — b11| + [2b20 — a11] # 0,
Cy: asoa02 = bigboz, ajgbiiace = b3gaiiboz,

2 2 3 3
azobiiao2 = baoaiiboz, bijaoz = ajiboz;
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C3: A=1, a1 =b;1 =0;
Cy: A=1, ag+2b11 = bz +2a11 =0, a11b11 = ap2boz;
Cs: A=3, a1 =bi =az = a2 =0, babo2 # 0;
Cr: XN=3, big=a11 =byp=0bo2 =0, agaoz #0;
Cu { (A = 3)asy — (A + 3)biy =0,
bao = a1 = boz =0, (A —3)agz # 0;
e { (A = 3)b2o — (A4 3)ay; =0,
azo = b1 = ap2 =0, (A—3)bo2 # 0;
. { (A —1)ago — (A +1)b11 = (A — 1)bao — (A + 1)ag; =0,
bo2 =0, (A+3)(A—1)agz2 #0;

(7.5.1)
ap2 =0, ()\ + 3)(/\ — 1)b02 £ 0.

Proposition 7.5.1. When Cy holds, there exists the integral factor of system
(7.4.4)5—¢ as follows:

o - { (A =1ago — (A + 1)b11 = (A = 1)bzo — (A + 1)ar1 =0,

My = (z2w) 76 + (3 — N)(bo22® 4 3ag0z*w + 3bagw?z + agaw®)] 7. (7.5.2)

Proposition 7.5.2. When Cy holds, the coefficients of the right hand satisfy the
conditions of the extended symmetric principle.

Proposition 7.5.3. When C3 holds, there exists the integral factor of system
(7.4.4)5=0 as follows:

M2 = Z w [1 + QZ’IU(CLQ(]Z + bz()’w) + (a%o + b20b02)24w2

+3(az0b20 — aozboz)z w® + (béo + az(]aoz)w422

+(az0b20 — aozboz)(b02z3 + agpz’w + bagw?z + a02w3)z3w3]_1. (7.5.3)

Proposition 7.5.4. When C4 holds, system there exists the integral factor of
system (7.4.4)s=0 as follows:

22w?

Ms = — —. (7.5.4)
(].72b112’2’w72(11111)2270411[)0224’102+2a11b112"3’w371)11(1(]211)422)5

Proposition 7.5.5. When one of Cs5 and CZ holds, there exists the integral
factor of system (7.4.4)5—o as follows:
1 —2<b0223 + aong)
M, = 553 OXP 3 . (7.5.5)
Proposition 7.5.6. When one of Cs and C§ holds, there exists the integral
factor of system (7.4.4)5—0 as follows:

A+9

6 3x—9
My = (zw)_3 <3—)\ + b022’3 + a02w3> . (756)
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Proposition 7.5.7. If one of C7 and C% holds, then system (7.4.4)5—q is lin-
earizable in a neighborhood of the origin.

Proof. When C7 holds, system (7.4.4)s—o becomes
dz

_ 2 3 1 2.0, A+3 3
T z+ 3(0,20 + bll)Z w + 3(b20 + a11)z w” + ap2zWw",
d A—3 2 1
ﬁ =—w+ 5 agaw* — g(bzo +apn)wdz — g(GQQ + b11)w222. (7.5.7)

We see from Theorem 1.6.7 that system (7.5.7) is linearizable in a neighborhood of
the origin. Similarly, we can prove that if C% is satisfied, then system (7.4.4)s—¢ is
also linearizable in a neighborhood of the origin. O

Theorem 1.8.28, Theorem 7.5.1 and Proposition 7.5.1 ~ Proposition 7.5.7 imply
that

Theorem 7.5.2. The origin of system (7.4.4)5—¢ is a complex center, if and
only if the first 18 singular point values are all zero, i.e., one of the 10 conditions
in Theorem 7.5.1 is satisfied.

7.6 Isochronous Center of Quasi-Quadratic Systems

The first 18 singular point values of the origin of system (7.4.4)s5—¢ are all zero if
and only if one of the 10 conditions of Theorem 7.5.1 is satisfied. In this section, we
shall solve completely the problem of complex isochronous centers of the origin for
system (7.4.4)5=0.

7.6.1 The Problem of Complex Isochronous Centers Under the Condi-
tion of Cy

When condition C holds, system (7.4.4)s—o becomes

d A—3 A—9 9 )

é =z- boaz* — a0z w + - baoz*w? + agow’z,

d A—3 A—9 . A+9 A+ 3 )

% = —w + a02w4 + bgowdz — + a20w222 — + bongd.
(7.6.1)

Using Theorem 7.3.5, we have
Lemma 7.6.1. The first 15 period constants of the origin of system (7.6.1) are
given by

T3 = ?(aozbm + 9az02b20) (A + 3),

-1 . .
T6 ~ 7(‘130%2 + bgbo2 — 9azb3e) (A + 1)(A +3)(A +9),



220 Chapter 7 On Quasi Analytic Systems

3
Tg ~ —agobg()(agoaog + bgobog)(/\ + 3)(/\ + 6)()\ + 15)(2/\ + 3)(5)\ + 3),

32
—21

Tia ~ ——a50b3o A(A + 1) (A + 3)(A + 9)(359\2 + 2010\ + 3231),

160

—6435
i ~ Tagobgo(/\ + 3)(820\ + 819).

This lemma follows that

(7.6.2)

Lemma 7.6.2. The first 15 periodic constants of system (7.6.1) are all zero if

and only if one of the following 7 conditions is satisfied:

Ci1: A=-3;

Cia: az = boz2 = 0;

Cly: bao = ag2 = 0;

Ciz3: apg=ap2=0, A=-1;
Cis: bag=0bp2=0, \=-1;
Cia: ag =ap2=0, A=-9;
Ciy: bag=0bo2=0, A=-9.

(7.6.3)

Proposition 7.6.1. if C11 holds, then the origin of system (7.6.1) is an isochronous

center.
Proof. When C1; holds, system (7.6.1) becomes

dz 3 2 2

a7 = Z(l + b(]QZ + QCLQ(]Z w + bz(]Z’w ),

d )

d_;i = —w(1 + agaw® + 2bogw?z + agowz?).
It has the first integral

23w

1+ b(]223 + 3a2022w + 3b20w22 + a(]2w3

Let z = 7€, w=re" T =it. (7.6.5) becomes
r? = cg(0) + e+ 2g*(0),

where

1 3t 3 i o
9(6) = §(b026326 + 3azoe™ + 3bage " + agae 7).

Thus, system (7.6.4) follows that
dt 1 1 cg(0)

g 1+ g(0)r3 c+c2g2(0)

27 dt
Hence, we obtain / — df = 2.
o do

(7.6.4)

(7.6.5)

(7.6.6)

(7.6.7)

(7.6.8)
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Proposition 7.6.2. If one of Ci2 and Cy, holds, then the origin of system
(7.6.1) is a complex isochronous center.

Proof. When C12 holds, system (7.6.1) becomes

dz A+9 A+3

d_T =z + b2022w2 + a022w3,

d A—3 A—9

d_;li = —w+ agaw* + baow®z. (7.6.9)

According to Theorem 1.6.8, system (7.6.9) is linearizable in a neighborhood of the
origin. So that, the origin of (7.6.9) is a complex isochronous center. Similarly, if
C75 holds, the same conclusion as the above is true. O

Proposition 7.6.3. If one of Ci3 and Cfi5 holds, then the origin of system
(7.6.1) is a complex isochronous center.

Proof. When Ci3 holds, system (7.6.1) can be reduced to

dz 2 . 4 9 o
ﬁ =z+ 3b022 + 3b202 w”,
dw 5 3 1 3
~ =y — = _Z . .6.1
T w 3b20w z 3b02wz (7.6.10)

By the transformation

—1

3

2 ;
f =z (1 -+ 2b20w2,z) (1 -+ gb()gzd —+ 2b2()Z’LU2) y

1

6

- 2
n=w (1 + 2b202w2) ! (1 + 5(30223 + 2b20w22) s (7.6.11)

system (7.6.10) can be linearized. So that, the origin of (7.6.10) is a complex
isochronous center. The same conclusion is true for the condition Cf;. O

Proposition 7.6.4. If one of Cia and C73, holds, then the origin of system
(7.6.1) is a complex isochronous center.

Proof. When C14 holds, system (7.6.1) becomes
dw

dz
ﬁ = Z(l + 2b0223), ﬁ = —w(l + 3b20w2z — bogzs). (7.6.12)

By the transformation
f = Z(l + 2b()223)%1,
n = w(l + 2bg2z)3 (1 + 6boow?z + 2bp22%) 7, (7.6.13)

system (7.6.12) can be linearized. So that, the origin of system (7.6.12) is a complex
isochronous center. The same conclusion is true for the condition C7y. O
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To sum up, Proposition 7.6.1 ~ Proposition 7.6.4 follow that

Theorem 7.6.1. The origin of system (7.6.1) is a complex isochronous center if
and only if the first 15 period constants are all zero, i.e., one of the seven conditions
in Lemma 7.6.2 is satisfied.

7.6.2 The Problem of Complex Isochronous Centers Under the
Condition of C2

Write that 2as9—b11 = B, 2bog—a11 = A. When () is satisfied, there exist constants
p and ¢, such that

azo =pB, beg =pa, apz=qa’, by =qB>. (7.6.14)

In this case, system (7.4.4)s—o becomes

d 1 1
ﬁ =z-gr - 3)qB’ (" — 5<3 —9p — 7+ pr) 3w
1 1 5 -
+6<_3 +9p — 7 + priaz’w® + 6(7“ + 3)qa’ zw?,
dw 1 3 4 1 5
aT w+6(7" 3)ga”w +6(3 9 —r + priaw’z
1 1 o
—6(73 +9p — 1+ pr)Bw?z? — 6(3 +1r)gBPwz’. (7.6.15)

By calculating period constants, we have

Lemma 7.6.3. The first 12 period constants of the origin of system (7.6.15) are
all zero if and only if one of the following 8 conditions hold:

1
Coy : P:§7 q=0, af#0;
Cyw: g=0, =1+3p—A+pA=0;

1 -1
CQ?)' p_§7 q_Ma)\_z;a aﬁ#ov

3 -3

S op=2 g=—2 A=-1 -

024 p 10’ q loaﬂaA ) 04/67507
Cos: p=—, q=— A=1, af#£0;
25 P 12’ q_4OLﬂ’ =1, « )
Cas: p= o) g= -2 A=1, af#0;
26 - p_20a q_ZOaﬂ’ =1, « )
Cor: B=0;
Cy,: a=0 (7.6.16)

Proposition 7.6.5. If Co; holds, then the origin of system (7.6.15) is a complex
isochronous center.
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Proof. When C3; holds, system (7.6.15) becomes

dz 1 9 9

o7 = 92(9—1—)\52 w — dazw?),

dw 1 9 9

— = — . .6.1
7T 9w(9+)\aw z — Apwz”) (7.6.17)

. . de
Let z = re?, w = re™, T = it. We have I = 1. Thus, this proposition is
true. O

Proposition 7.6.6. If Cas holds, then the origin of system (7.6.15) is a complex
isochronous center.

Proof. When Cso holds, system (7.6.15) becomes

d 1
d—; =z+ §(3p — 1)(282 + aw)z*w,
d 1
d_;j =—w— §(3p — 1)(20w + B2)w?z. (7.6.18)
Let
=2 1 1=z
E=zf1" [ n=wf’f", (7.6.19)
where
fi=14+0p—-1)B2%w, fo=1+3p—1)azw? (7.6.20)

By using (7.6.19), system (7.6.18) can be linearized. It follows the conclusion of this
proposition. O

Proposition 7.6.7. If Cas holds, then the origin of system (7.6.15) is a complex
isochronous center.

Proof. When Cbs holds, system (7.6.15) becomes

dz Bz3w  aPzwd dw awdz  fPwzd

R i Ll e P (7.6.21)

System (7.6.21) has the following function of the time-angle difference:

(aw — B2)3%i

Gr = 1208

(7.6.22)

By Theorem 4.4.4, the conclusion of this proposition holds. O

Proposition 7.6.8. If Cay holds, then the origin of system (7.6.15) is a complex
isochronous center.
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Proof. Suppose that the condition Cyy is satisfied. Then system (7.6.15) becomes

d

d;‘ 30 5(30(16 6ﬁ323 - 5Oéﬁ22’2’u) —|— 25@22;“)2 _ 30431113)’

d

d? 30c 5(30045 603w® — 5802wz 4 2a4%wz? — 33%2%).  (7.6.23)

System (7.6.23) has the following function of the time-angle difference:

o B(5a — 3%2% — aB2?w)
G = 4 log a(58 — a?w? — afw?z)’

(7.6.24)

Thus, Theorem 4.4.4 implies the conclusion of this proposition. O

Proposition 7.6.9. If Ca5 holds, then the origin of system (7.6.15) is a complex
isochronous center.

Proof. Suppose that the condition Cys is satisfied. Then, (7.6.15) becomes

d
d; 60 ﬁ(36aﬂ 33223 + 8af% 2w + fa’zw? — 6a’w?),
d 0
d—;{ = 364 B(36aﬂ 3a’w® + 8Bacw?z + affwz® — 63°2%).  (7.6.25)
There exists a transformation
-1 o2 -1 2 -1 -1
E=z2f3" [P 15, nm=wfdf® f5°, (7.6.26)
where
3223 2w azw?
=1 — _
fs 2a 6 12 7
o?w?  aw’z 322
—1_ _ Pz
f1 125 T 76 127
2322 2 2
fs=1+ ﬂ; “ O‘;w : (7.6.27)

such that (7.6.25) reduces to a linear system. This gives the conclusion of the
Proposition 7.6.9. O

Proposition 7.6.10. If Cas holds, then the origin of system (7.6.15) is a complex
isochronous center.

Proof. Suppose that the condition Cag is satisfied. Then, (7.6.15) becomes

d 0 o
d—; = @(600& + 33223 + 8a 8% 2w — 5Ba” zw? + 6a’w?),
dw

T fﬁ(moﬁ + 3a3w? + 8Ba%w?z — baFPwz? +63°2%).  (7.6.28)
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There exists a transformation

= 2 .32 2 F .32
E=z2fs" [71s*, n=wfdf” fs*, (7.6.29)
where
3223 2w azw?
=1
Jo=1%5a "0 T 20
a?w? aw?z wz?
fr=1+ B ,
2083 10 20
22w azw?
fs=1+ Prw : (7.6.30)
5 5
such that (7.6.9) reduces to a linear system. This gives the conclusion of the Propo-
sition 7.6.10. O

Proposition 7.6.11. If one of Cor and C35, holds, then the origin of system
(7.6.15) is a complex isochronous center.

Proof. Suppose that the condition Co7 is satisfied. Then, system (7.6.15) becomes

dz
dr

dw 1 5 1 5 4
- = PG R - =(— . .6.31
aT w+6(3 9 — A+ pAazw +6( 3+ Nga’w (7.6.31)

According to Theorem 1.6.8, system (7.6.31) is linearizable in a neighborhood of the
origin. So that, the origin of (7.6.31) is a complex isochronous center. Similarly, we

1 1
= 24 5(=3+9p = A+ pAazu® + £ (3 + N)ga”zu?,

can prove that the origin of system (7.6.15) is also a complex isochronous center, if
C3- holds. O

Thus, Proposition 7.6.5 ~ Proposition 7.6.11 imply that

Theorem 7.6.2. The origin is a complex isochronous center of system (7.6.15)
if and only if the first 12 period constants of the origin are all zero, i.e., one of the
8 conditions holds in Lemma 7.6.3.

7.6.3 The Problem of Complex Isochronous Centers Under the Other
Conditions
If C5 holds, we can figure out that the third period constant of the origin of system

—4
(7.4.4)5:0 is T3 = ?a02b02. Thus, we have

Lemma 7.6.4. If condition Cs holds and 73 = 0, then one of the following
conditions holds:

Cs1: A=1, ainn =bi1 =bp2=0;
Ci: A=1, an=bn=ap=0 (7.6.32)
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Theorem 7.6.3. If one of C31 and C3, holds, then the origin of system (7.4.4)s—o
is a complex isochronous center.

Proof. If Cs1 holds, then system (7.4.4)5—¢ becomes

d

d—; = §(3 + 2a902%w + bogzw? + 2a02w3),

d _

% = Tw(?) + agaw® + 2byow’z + azowz?). (7.6.33)

According to Theorem 1.6.7, system (7.6.33) is linearizable in a neighborhood of the
origin. So that, the origin of (7.6.33) is a complex isochronous center. Similarly, we

can prove that the origin of system (7.6.1) is also a complex isochronous center, if
3, holds. O

If C4 holds, we can figure out that the third period constant of the origin of
system (7.4.4)5—¢ is 73 = %ambog. Thus, we have

Lemma 7.6.5. If condition Cy holds and 73 = 0, then one of the following
conditions holds:

Ca1: ago =0b11 =bo2 =0, by +2a11 =0, A=1;
Cly: by =ai1 =agpe =0, ao+2b11 =0, A\=1;
Cizt b =a11 =bo2 =0, az +2b11 =0, A=1;
Cly: azo=bi1 = ags =0, bog +2a11 =0, A= 1. (7.6.34)

Proposition 7.6.12. If one of C41 and Cj; holds, then the origin of system
(7.4.4)5=0 is a complex isochronous center.

Proof. If C4y holds, then system (7.4.4)5—¢ becomes

dz z

ﬁ = 5(3 + 2@02“}3),

d _

ﬁ - T“’(g + agow® — 3a1,zw?). (7.6.35)

According to Theorem 1.6.8, system (7.6.35) is linearizable in a neighborhood of the
origin. So that, the origin of (7.6.35) is a complex isochronous center. Similarly, we
can prove that the origin of system (7.6.1) is also a complex isochronous center, if
C}; holds. O

Proposition 7.6.13. If one of Cia2 and C3y holds, then the origin of system
(7.4.4)5—¢ is a complex isochronous center.
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Proof. Tf C42 holds, then system (7.4.4)5—¢ becomes

d 2 d 1
d_; =z —b2tw+ §a022w3, d—; =w+ ga()2w4. (7.6.36)
There exists a transformation
-1 2 -1
§=afe® [, n=wfy (7.6.37)
where
1 )
fo=1=2b112°w — agebri2®w*,  fro =1+ gaogw{ (7.6.38)

such that (7.6.36) reduce to a linear system. Hence, the origin of system (7.6.36)
is a complex isochronous center. Similarly, we can prove that the origin of system
(7.4.4)5—¢ is also a complex isochronous center if Cj, holds. O

From Lemma 7.6.5, Proposition 7.6.12 and Proposition 7.6.13, we have

Theorem 7.6.4. Suppose that the condition Cy is satisfied. Then, the origin
of system (7.4.4)5—0 is a complex isochronous center, if and only if one of four
conditions in Lemma 7.6.5 holds.

Theorem 7.6.5. If one of Cs and C¥ holds, then the origin of system (7.4.4)5—o
s a complex isochronous center.

Proof. Suppose that the condition Cj is satisfied. Then, (7.4.4)5—¢ becomes

dz dw
Toh g —w(1 + bo22® + bagzw?). (7.6.39)

There exists a transformation
E=z, v=wfi?, (7.6.40)

where

P z _ P
fu=0+ 2b202w2)e%2b0223 + 4b20b0222w2/ zesz°2Z3dz, (7.6.41)
0
such that (7.6.39) reduce to a linear system. Hence, the origin of system (7.6.39)
is a complex isochronous center. Similarly, we can prove that the origin of system
(7.4.4)5=¢ is also a complex isochronous center if C¥ holds. O

Theorem 7.6.6. If one of Cs and C§ holds, then the origin of system (7.4.4)s=0
s a complex isochronous center.
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Proof. Suppose that the condition Cg is satisfied. Then, system (7.4.4)5—o becomes
dz

2
T =z+ )\73b1123w—|— apgzzw?,
d A —
d—;lj = —w+ 2wt (7.6.42)
There exists a transformation
=zf13 fii, n=wf, (7.6.43)
where
fi2 =6 — (A — 3)agaw?,
24\ A+9 24NN+ 9 w 18—2)
fiz = <f12 + P 36112210) 5+ 7/\(_ 3 )a(]2b1122w2/ wfy  dw,
0
(7.6.44)

such that (7.6.42) reduce to a linear system. So that, the origin of system (7.6.42)
is a complex isochronous center. Similarly, we can prove that the origin of system
(7.4.4)5—¢ is also a complex isochronous center if C¢ holds. O

Finally, when one of C7 and C% holds, Proposition 7.5.7 gives directly rise to the
conclusion that the origin is a complex isochronous center.
From tha above discission, we know that the isochronous center problem of the

quasi-quadratic systems have been solved completely.

7.7 Singular Point Values and Center Conditions for a Class
of Quasi-Cubic Systems

Consider the following quasi-cubic systems

dz . -1

d_T = (1 — 25)2 + (Z'U]))\ Zg(z,w),

dw . -1

o= —(1+i0)w — (zw) " Wa(z, w), (7.7.1)

where

3 2 2 3
Z3(z,w) = aszpz” + az12°w + ajpzw” + agzw”,

W3(Z, ’lU) = b30w3 + 62111)22 + 61211)2’2 + b(]gzg. (772)

By the transformation z = « + iy, w =« —y, T = it, system (7.7.1) becomes

da
dt
dy

= =Ty + (@7 + ) Vs (, ), (7.7.3)

=—y+dx+ (2* +y*) ' X3(x,y),
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where X3(x,y),Y3(x,y) are homogeneous polynomials of degree 3 of x and y. By
using the transformation (7.2.1), system (7.7.3) becomes

e oA 1

E = gf -n + §(£2 + 772)P5(§a7’)7

d oA 1

d_i = f + ?7] + §(§2 + 772)Q5(§a 77)7 (7'7'4)

where

P5(&,m) = (A +37°)X3(&,m) + (A — 3)EnY3(€,m),
Qs(&,m) = (M + 36%)Y3(&,m) + (A — 3)EnX3(&, ). (7.7.5)

The associated system of system (7.7.4) is given by

dz 10\ 15

d_T = <]. — ?> z + 62 ’LUq)f,(Z,'LU),

dw 10\ 1

- (122 — Zw?av 7.
IT ( + 3 )w gW % 5(2z,w), (7.7.6)

where

O5(z,w) = (A4 3)wZs(z,w) — (A — 3)zWs(z,w),
Us(z,w) = (A + 3)z2Ws(z,w) — (A — 3)wZs(z, w). (7.7.7)

Theorem 7.7.1. The first 27 singular point values at the origin of system
(7.7.6)5=0 are given by

1
13 = §>\(a21 —ba1),

1
e ~ §>\(b30512—a30a12),

1

Mg ~ ﬁ)\(QAl — )\AQ),
1

piz ~ ﬂ)\(am +b21)Aq,

1
15 ~ @)\[8(&30 + b12)(b30 + a12) + (A2 — X — 8)agzbos] A1,

Hig ~ 0,

1
o1 ~ eaes A (A= 13X = 8)(5X + 13)agbiy A,
-7 9
Hat ~ Tggag A~ Daosbos oA,

121

H27 ™ 13294000

AN = 1)(3X — 8)agsbp; A1, (7.7.8)
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where
Ay = (3aso — biz)(aso + bi2)aos — (3bso — ai12)(bso + a12)bos,
Ay = (aszo — bi2)(3az0 — bi2)aos — (3bso — ai12)(bso — a12)bos,
Jo = (azo + bi2)*ags + (bso + a12)bos. (7.7.9)

Theorem 7.7.2. The first 27 singular point values of system (7.7.6)s=o are zero,
if and only if one of the following 6 conditions is satisfied:
C1: az1 —b21 =0, 3azp — b1z = 3b3g — a12 = 0;
a1 = ba1, agpaiz = bypbia, a§0a03 = bgobos,
Co: 2 2
azobi2a03 = bzpai2bo3, b12a03 = ajsbos;
A =1, az1 = b1 =0, ag3boz = 4ai2b12,

azo + 3b12 = b3g + 3a12 = 0;

Gy {
{ —7 az1 = ba1 =0, azg — Thiz = bzg — Tai2 =0,

Cy:
bisaos + afsbos = 0, apsbos = 144a12b12, apsbos # 0;

a1 = bay = b3p = a12 = bpz = 0,
Cs:
72 11507()\+2)612—0

cr {am = bo1 = azo = b1z = ap3 =0,

(A =2)bgp — (A +2)aj2 = 0.
Proposition 7.7.1. If Cy holds, then system (7.7.6)5—¢ has the integral factor
My = (zw) gy, (7.7.11)

(7.7.10)

where

A—2
g =1-— 2w [b0324 + 4&302’3’11) + (CL21 + b21)22w2 + 4b30w32 + a30w4]. (7712)

Proposition 7.7.2. If Cy holds, then the coefficients of the right hand of system
(7.7.6)5—0 satisfy the conditions of the extended symmetric principle.

Proposition 7.7.3. If Cs holds, then (7.7.1)5=0 is an integrable cubic system.

Proposition 7.7.4. If Cy holds, then system (7.7.6)s5—¢ has the integral factor

5

My = (zw) g3, (7.7.13)
where
1
go = 1— gZ’U.)(b(]gZA + 246122310 + 24&122’11)3 + a03w4)

1
—mz w?(—3b2,2% — 240bo3b122 w — 8640b%,25w?

+1296a12b0325w3 + 130&03[)032’ w? + 1296&03[)122’ w®
—8640a%,2%w" — 240agza122w" — 3a2;w®). (7.7.14)
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Proposition 7.7.5. If one of Cs5 and CZ holds, then system (7.7.6)5—0 has the
integral factor

M; = (zw)%ugg, (7.7.15)

where

1 2<)3\742)
{1 — Z()\ — 2)(b0325w + a03w5z)] . Aif AN#2,

93 = (7.7.16)

exp |:T(b0325’w + a03w5z)] ., ifA=2.

Theorem 1.8.26, Theorem 7.7.2 and Proposition 7.7.1 ~ Proposition 7.7.5 follow
that

Theorem 7.7.3. The origin of system (7.7.6)5=0 is a complex center, if and
only if the first 27 singular point values are all zero, i.e., one of the 6 conditions in
Theorem 7.7.2 is satisfied.

Bibliographical Notes

The singular point values and center conditions of system (7.7.1) and (7.7.3) were
discussed in [Xiao P., 2005] and [Llibre etc, 2009a]. The materials of this chapter
are taken by [Xiao P., 2005; Liu Y.R., 2002; Liu Y.R. etc, 2008a].



Chapter 8

Local and Non-Local Bifurcations of

Perturbed Z -Equivariant Hamiltonian
Vector Fields

In order to obtain more limit cycles and various configuration patterns of their rela-
tive dispositions, we indicated in [Li Jibin etc, 1987-1992] that an efficient method is
to perturb the symmetric Hamiltonian systems having maximal number of centers,
i.e., to study the weakened Hilbert’s 16th problem for the symmetric planar poly-
nomial Hamiltonian systems, since bifurcation and symmetry are closely connected
and symmetric systems play pivotal roles as a bifurcation point in all planar Hamil-
tonian system class. To investigate perturbed Hamiltonian systems, we should first
know the global behavior of unperturbed polynomial systems, namely, determine
the global property for the families of real planar algebraic curves defined by the
Hamiltonian functions. Then by using proper perturbation techniques, we shall ob-
tain the global information of bifurcations for the perturbed non-integrable systems.
In this sense, we say that our study method is to consider integrally two parts of
Hilbert’s 16th problem.

8.1 Z g Equivariant Planar Vector Fields and an Example

Let G be a compact Lie group of transformations acting on R™. A mapping ¢ : R —
R™ is called G-equivariant if for all g € G and ¢ € R™, ®(gz) = g®(x). A function
H : R™ — R, is called G-invariant function if for all x € R, H(gx) = H(x). If ®
is a G-equivariant mapping, the vector field de/dt = ®(x) is called a G-equivariant
vector field.

Cousider the (z,y) real planar polynomial system of the degree n

dx dy

E :X(xay)7 % :Y(xay)v (En)
where X (z,y),Y (z,y) are real polynomials of z and y with the degree n. Let ¢ be a
positive integer. A group Z, is called a cyclic group if it is generated by a real planar
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27
counterclockwise rotation through — about the origin. Making the transforma-
q
tion
z=x+1iy, w=z—1iy, T =1t

the system (E,,) becomes its associated system

dz dw

= Z(z,w), I —W(z,w), (E7)

n
where

Z(z,w) =Y (z,y) —iX(x,y) = Z Qapz®w?
a+pB=0

W(z,w) =Y (x,y) +iX (x,y) Z basw®2? (8.1.1)
a+6=0

and Y(a, ), we have bag = Gag-
[Li Jibin and Zhao Xiaohua, 1989] proved the following result.

Theorem 8.1.1. A vector field defined by (E}) is Zy-equivariant, if and only if
the functions Z(z,w) and W (z,w) have the following form:

w) = Z g (zw)w’ " 4 Z hj(zw)zI Tt
j=1 =0
w) = D6 (2w 37 by (0w, (8.1.2)

where g;(¢) and h;(C) are polynomials with complex coefficients in ¢. In addition,
(E}) is a Hamiltonian system having Z,-equivariance, if and only if (8.1.2) holds
and

— ——=0. (8.1.3)
Theorem 8.1.2. A Z,-invariant function I(z,w) has the following form:

w) = Zgj (zw)w? + Z hj(zw)z94. (8.1.4)
j=1 =0

Corollary 8.1.1. (1) For the planar polynomial systems of degree 5, all non-
trivial Zg-equivariant vector fields have the following forms:

(a) ¢=6, Z(z,w)= (aio + az12w + azez*w?)z + agsw®;

() ¢=5, Z(z,w) = (a0 + ag12w + azez’w?)z + agsw®;

DN

(¢) ¢g=4, Z(z,w)= (a10+ az212w + a3222w2)z + (aps + a14zw)w3 + ags2°;
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(d) ¢=3,
Z(z,w) = (a1p + az1zw + azoz?w?)z + (ao2 + algzw)w2 + as0zt + agsw?;
(e) q= 27

Z(z,w) = (a10 + as1 2w + a3222w2)z + (ap1 + ar2zw + a2322w2)w

3 3 5 5
+ (aso + ag12w)z° 4 (aps + arazw)w” + aspz” + agsw”,

where aqnz are complex. The above Z(z,w) define Z,-equivariant Hamiltonian vector
ﬁelds Zf and O’flly Zf ajp — b10 = a1 — b21 = a3 — b32 =0 and

Jor q=4, ais = 5Sbys,

Jor q=3, aiz = 4bso;

for q=2, a1z = 3b3o, a3z = 2bs1, ais = Sbso.

(2) For the planar polynomial systems of degree m —1(m > 7), when ¢ = m,m —

1,m—2,m—3, Zy-equivariant Hamiltonian vector fields defined by (8.1.1) have the
following forms:

[%]-1
(a)q =m, Z(z,w) =z aBJrl’ﬁ(zw)B + a(]’milwm—l;
B=0
211
(b)q =m — 1, Z(Z,U)) =z aﬁ-‘,—l,ﬁ(ZU))ﬁ + a07m_2wm—2;
B=0
(3]-1
()g=m—2, Z(z,w)=z2 Z api1,p(zw)? + agm_12™ !
B=0

(dyg=m-3, Z(z,w)=z2 Z agi1,5(zw)° 4 agm_o2™ 2
B=0
+[a0,m—1 — (M = 2)by m_sgzw]w™ 4,

where agy1,8 are all real.

Corollary 8.1.2. System (E}) is Zg-equivariant if and only if: ¥(«, 3), when
(= B —1)/q is not a integer, we have anz = bag = 0.

Obviously, system (E}) define Hamiltonian vector fields if and only if V(«, 3),
we have (a+ 1)aq+1,8 = (B + 1)bgt1,a-

A group D, is called dihedral group of order 2¢ which is characterized as the
symmetry group of the regular ¢-gon. It is generated by two elements, the (plane)
rotation by an angle 27/q and a reflection in R?.

Theorem 8.1.3. A vector field defined by (E}) is Dg-eqiuvivariant, if and only
if all coefficients of the functions g;(zw) and hj(zw) in (8.1.2) are real numbers.
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The orbits of Hamiltonian polynomial systems given by Corollary 8.1.1 define
different families of sextic (m = 6) algebraic curves having Z,-equivariance. One
of the main questions in real algebraic geometry is to describe what schemes of the
mutual arrangement (schemes or configurations) of ovals can be realized by curves
of given degree. By using some Z4-equivariant Hamiltonian systems, we can realize
a lot of configurations of ovals for planar algebraic curves of degree m.

As an example, we consider a Zs-Equivariant Planar Vector Fields

dx

— = —y(-1+ay’ —ay" +y°),

dt

d X

d—g; = z(—1 4 ba® — ba* + 29), (8.1.5)

where b > a > 3. Equation (8.1.5) has the Hamiltonian function as follows:

1 1
(bz* + ay*) + g(bmﬁ + ay®) — g(xs +94%).  (8.1.6)

1 1
H(x,y) = 5(302 +y?) — 1

Clearly, the Hamiltonian H(z,y) is negative definite at infinity.
Denote that

xlzé\/2(b—1)—2 6171, 1:3:%\/2(()—1)—1—2\/@—1)2—4,
ylzé\/2(a71)72 (a—1)%—4, ygzé\/Q(a—l)JrQ\/m,

It is easy to see that system (8.1.5) has 25 centers at (0,0), (1,0), (0,1), (1,+1),
(x1, £y1), (z1,Lys), (x3, £y1), (23, £ys3) and their Zs-equivariant symmetric points,
24 saddle points at (z1,0), (x3,0), (0,y1), (0,y3), (z1,%£1), (zs3,£1), (1, £y1),
(1, +ys) and their Zs-equivariant symmetric points. we denote that

hécl:H(xlayl)a hg:H(IS,yS), g:H(I?nyl)a %ZH(Ilny),
hi = H($1,0), h§ = H(()’yl)’ h% = H(Lyl)a hi = H(l‘la 1)a
hi = H(x2,1), hi= H(xs,0), $=H(1,y3), h§=H(0,y3),
where
H(0,0)=0 H(lO)*§—ib H(Ol)—§fi H(1,1) = h§ + hS
) - Y ) - ] 19 ) ’ - ] 120’; ) — 1 2

Obviously, for b > a > 3, hi < h3, hj < hj, h§ < hi, h3 < h§. To
compare hf(i =1 ~ 8) in the first quadrant of the (a,b) parametric plane, we have
the following four curves :

(Cl) b:a;
(Cy) b=4.5, in which kS = h$, hi = hi;
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1

(C3) b= 2 {18 +2(a — 3)(a* — 2a — 3)%} , in which h3 = h3;
1

(Cy) b= 2 {18 —2(a—3)(a® - 2a — 3)%} , in which h3 = hg.

There are other bifurcation curves by comparing some h;. These curves partition

T
the —-angle region of the first quadrant in (a,b)-parametric plane into different

regions. For example, we give 9 different phase portraits of (8.1.5), which are shown
in figures (1)~(9) of Fig.8.1.1, when h; (i = 1 ~ 8) have the following orders:

(3) (a,b) € (C4) (4)






238 Chapter 8 Local and Non-Local Bifurcations of Perturbed Z,;-Equivariant- - -

(1) —oo < hi <hj<hi<hi<hi<hs<hjy<hg;
(2) —oo < hi <hy<hg<hy<hj<h;<hg<hg;
(3) (a,b) € (Cy), —oo < h] < hy < hg=h3 < hj < h; < hg < hi;
(4) — oo < hi <hy < hy <hy<hg<h;<hg<hg;
(5) (a,b) € (Cg),—00 < hi < h3 = h3 < hy < h§ = h3 < hg < hg;
(6) — oo < hi <hj<hy<hj<hi<hg<hg<hg;
(7) (a,b) € (C3),—00 < hi < h] < h3 = h3 < hj < h§ < hg < hg;
(8) —oo < hj <hi=h3<hj<hj=h§<hi<hi;

(9) —oo < hi <hj <hj <hj<h;=hi<hg<hs.
As h is varied, the level curves H(z,y) = h of the Hamiltonian defined by (8.1.6)
give rise to different eighth algebraic curves in the affine real plane.
For an example, we consider figure (1) of Fig.8.1.1, i.e., G = (a,b) = (3.2, 3.48).
We have

&1 = 0.7118903630, & = 1.404710686,7; = 0.8010882788, 1y = 1.248301875,

h§ = 0.085, h§ = 0.1083333333, h§ = 0.1933333333,

G = 0.2083547972, hg = 0.2778383751, h§ = 0.2714227698,
he = 0.2147704034, h{ = 0.09719593344, h35 = 0.1111588638,
h§ = 0.1961588638, hj§ = 0.2055292667, hi = 0.2685972390,
hg = 0.160263906, h$ = 0.2025744701, s = 0.1175744701,

—00< 0 < hf <hj <h§ <hi <hg<hi<h§<hj
< h3 <hj <hj<hS<hi<h§<hg.
As h increases from —oo to h§, the schemes of ovals of the eighth algebraic curves will

be varied. This change process is shown in figures (1)~(24) of Fig.8.1.2. Similarly,
we can discuss other phase portraits in Fig.8.1.1

o 5] — g3 /1 —

) y y

7N o A
Lo =1 =050 05 1 1 At _o\%/m JERNY —J.5 N5 % x\}’ 1
—0.5] ‘ J

—1 —1]

\ —154 J - s/ s
(1) —co<h <0 (2) 0 < h < h§ (3) h§ < h < hj
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Fig.8.1.2 Different schemes of ovals defined by (8.1.6)

We see from Fig.8.1.2 that as h increases from —oo to h¢ the schemes of ovals of

the eighth algebraic curves defined by H(x,y) = h are varied as follows.

(1) h € (—o0,0), there is a global periodic orbit family {T'2}, enclosing 49 singular

points.

(2) h € (0,h%), there exists a periodic orbit family {T'4}, enclosing the center

(0,0). Together with {T'2} there exist two families of periodic orbits.
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(3) h € (h$, h{), there exist 2 families of periodic orbits {T'%;}, i = 1,2, enclosing
the centers (1,0) and (—1,0), respectively. Together whit {I'#} and {T'?} there exist
4 families periodic orbits.

(4) h = hf, there are two heteroclinic orblts {I‘OL }, @ = 1,2 and two homoclinic
orbits {F }, i =1,2, and a periodic orbit {I‘ }

(5) h§ < h < h§, there exist two families of periodic orbits: {F?I_Q)}, enclosing
5 finite singular points, and {I'2}.

(6) h € (hS,hs), there exist 4 families of periodic orbits: {F?pz)}» enclosing 5
nite singular points, an -+, ¢ = 1,2, enclosing the singular point (0,1) an
finite singular points, and {I',}, i = 1,2, enclosing the singular point (0,1) and
(0, —1), respectively, and a global periodic orbit {I'?}, enclosing all 49 singular

points.

(7) h = hj, there are two heteroclinic orbits {I‘(1 2)} and two homoclinic orbits

{Fg;}, 1 =1,2 and a global periodic orbit {I‘SQ}, enclosing all 49 singular points.
(8) h € (h5,hg), there exist two families of periodic orbits {I‘&_S)}, enclosing
9 finite singular points, and a periodic orbit family {T'2}, enclosing all 49 singular

points.
(9) h = h§, there are 2 heteroclinic orbits {lezéfs)i}’ i = 1,2 and 2 heteroclinic
orbits {F(s i1 =12

(10) h € (h§, h§), there exist two families of periodic orbits {F 56 b ¢ = 1,2,
enclosing 19 singular points.

(11) h = h§, there are 4 homoclinic orbits {F?573)i}, i=1,2,3,4.

(12) h € (h§, hs), there exist 4 families of periodic orbits {F?s—:a)}v enclosing 9
finite singular points.

(13) h§ < h < h§, there are 4 families of periodic orbits {F&f?’)i}, and {T4}, i =
1,2,3,4.

(14) h = h3, there exist 4 homoclinic orbits {I‘h3}, i =1,2,3,4, enclosing one
singular point (1,1) and its ze-symmetric points, respectively, and there exist 4
homoclinic orbits {I‘(6 3)i 3}, 1 =1,2,3,4, enclosing 9 singular points, respectively.

15) h € (h§, h3), there exist 4 families of periodic orbits {I'?, ..}, enclosing 7

3 (3-7)
finite singular points,respectively.

(16) h = h&, there are 8 homoclinic orbits {F?;%)Z.}, i=1,2,3,4and {F?LE))Z.},
i=1,2,3,4.

(17) h € (h3, h}), there exist 8 families of periodic orbits {I’?7_4)z.}, 1=1,2,3,4
and {F _5)i 1}, i=1,2,3,4, enclosing 3 finite singular points, respectively.

(18) h = hj, there are 8 homoclinic orbits {I’?f}, 1=1,2,3,4, {FZ}}, 1=1,2,3,4
and 4 periodic orbits {F(7 5)it-

(19) h € (h§, hS), there exist 12 families of periodic orbits: {T'%}, i = 1,2,3,4,
enclosing the singular point (z1,ys) and its Zs-equivariant symmetry points, and
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{ThY, i = 1,2,3,4, enclosing the singular point (z1,y;) and its Zs-equivariant
symmetry points, and {F?775)i}, ¢ = 1,2,3,4, enclosing 3 finite singular points,
respectively.
20) h € (hS,hS), there exist 8 families of periodic orbits:{I'2.}, i = 1,2,3.4,
4, vz 7i
enclosing the singular point (z1,ys) and its Zs-equivariant symmetry points, and
' .}, i=1,2,3,4, enclosing 3 finite singular points, respectively.
(7—5)1
(21) h € (h%, ki), there exist 4 families of periodic orbits {F?7_5)i}, 1=1,2,3,4,
enclosing 3 finite singular points, respectively. , ,
(22) h = hg, there are 8 homoclinic orbits I‘gf,l = 1,2,3,4 and {Fgf}, i =
1,2,3,4.
23) h € (hE,hS), there exist 8 families of periodic orbits: {T2}, i = 1,2,3.4
57" 51
and {T4}, i=1,2,3,4.
(24) h € (h§, hg), there exist 4 families of periodic orbits {T'%}, i =1,2,3,4.
Notice that as h increases the periodic orbits T, T, F?PQ), Ik, T# expand
outwards, all other periodic orbits contract inwards.

8.2 The Method of Detection Functions: Rough
Perturbations of Z ;-Equivariant Hamiltonian Vector Fields

Consider the following perturbed planar Hamiltonian system

de OH

i = 6'_y —Ew[p(x,y) _)‘]a

dy  OH

a - or ay[p(x,y) - /\], (82-1)

where H(z,y) is the Hamiltonian, p(0,0) = 0,0 < ¢ < 1,\ € R. Because the
perturbations in the right hand of (8.2.1) always have two linear terms Az and Ay,
so that it is called rough perturbations.

Suppose that the origin in the phase plane is a singular point of (8.2.1) and the
following conditions hold:

(A1) The unperturbed system (8.2.1).—¢ is a Z4-equivariant Hamiltonian vector
field. For h € (h1,h2) one branch family of the curves {I'"} defined by the Hamil-
tonian function H(x,y) = h lies in a period annulus enclosing at least one singular
point. As h increases, I'" expands outwards. When h — hi, T approaches a singu-
lar point or an inner boundary of the period annulus consisting of a heteroclinic (or
homoclinic) loop.

(A2) Surrounding the period annulus, there exists a heteroclinic (or homoclinic)
loop I'*2 at h = hy connecting some hyperbolic saddle points (v, 5;),1 <4 < q.

(A3) The divergence 2z[\ — F(x,y)] = 2¢ [)\ - -z —p(x,y)] of the

perturbed vector field is a Z,-invariant function.
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We define the function

A=A(h) = //Dh Py yn)

//D dady Ok

which is called a detection function corresponding to the periodic family {I'*}. The
graph of A = A(h) in the plane (h,)) is called a detection curve, where D" is the
area inside I'".

(8.2.2)

Clearly, if H(x,y) = h is a polynomial, then A(h) is a ratio between two Abelian
integrals. In this case, A\(h) is a differentiable function with respect to h. Of course,
when the degree of H(x,y) is more than 4, classical mathematical analysis can-
not provide the calculating method for A\(h) in general. We must use a numerical
technique to compute these Abelian integrals. Our following approach is computa-
tional. It is satisfying that for finding much more limit cycles and their complicated
patterns.

On the basis of the Poincaré-Pontrjagin-Andronov theorem on the global center
bifurcation and Melnikov method (see [Melnikov, 1963]), we have the following two
conclusions (as in [Li Jibin etc, 1985, 1992]):

Theorem 8.2.1 (Bifurcation of limit cycles). Suppose that the conditions
(A1) and (As) hold. For a given X = Xg, considering the set S of the intersection
points of the straight line X\ = Ao and the curve A = \(h) in the (h, \)-plane, we have

(1) If S consists of exactly one point (ho, Ao) and X' (h) > 0(< 0), then there
exists a stable(unstable) limit cycle of (8.2.1) near T'0;

(2) If S consists of two points (ho, o) and (ho, \o) having ho > ho and N (ho) >
0, X (ho) < 0, then there exist two limit cycles near T and T respectively, the
former is stable and the latter is unstable;

(3) If S contains a point (ho, Xo) and N (hg) = N'(ho) = --- = A=V (hg) = 0,
but \%) (hg) # 0, then (8.2.1) has at most k limit cycles near T"0;

(4) If S is empty, then (8.2.1) has no limit cycle.

Theorem 8.2.2 (Bifurcation parameter created by a heteroclinic or
homoclinic loop). Suppose that the conditions (A1), (Az) and (As) hold. Then
for 0 < e < 1, when X = A(hg) + O(¢e), system (8.2.1) has a heteroclinic (or
homoclinic) loop having Z,-equivariance.

The following two propositions describe the properties of the detection function
at the boundary values of h.

Proposition 8.2.1 (The parameter value of Hopf bifurcation). Suppose
that as h — hy, the periodic orbit T" of (8.2.1) approaches a singular point (£,7),
then at this point the Hopf bifurcation parameter value is given by
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b = Ah1) +O0(e) = lim A(h) +O(e) = F(&,n) + O(e). (8.2.3)

h—hi
Proposition 8.2.2 (Bifurcation direction of heteroclinic or homoclinic
loop). Suppose that as h — ha, the periodic orbit " of (8.2.1) approaches a het-
eroclinic (or homoclinic) loop connecting a hyperbolic saddle point (a, ), where the
saddle point value satisfies

SQ(a, B) = 2¢0(a, B) = 2¢[A(h2) — F(a, 8)] >0 (<0),
then we have

X(ha) = Jim X (h) = o0 (+00). (8.2.4)

Remark 8.2.1. (1) If T'" contracts inwards as h increases, then the stability of
limit cycles mentioned in Theorem 8.2.1 and the sign of X' (hsa) in (8.2.4) have the
opposite conclusion.

(2) If the curve T defined by H(z,y) = h (h € (h1,h2)) consists of m com-
ponents of oval families having Z4-equivariance, then Theorem 8.2.1 gives rise to
simultaneous global bifurcations of limit cycles from all these m oval families.

(3) If (8.2.1).—0 has several different period annuluses filled by periodic orbit
families {T"}, then by calculating detection functions for every oval families, the
global information of bifurcations of system (8.2.1) can be obtained.

We notice that the hypothesis (Aj) is very important symmetry condition to
guarantee simultaneous global bifurcations of limit cycles from all symmetric ovals
of unperturbed systems. There were some errors which appeared in some literatures
(the authors used asymmetric perturbations to give symmetric bifurcations of limit
cycles). Work in this area requires a great deal of care.

8.3 Bifurcations of Limit Cycles of a Z,-Equivariant
Perturbed Hamiltonian Vector Fields

In this section, we use the method of detection functions to study the following
Zs-equivariant perturbed polynomial Hamiltonian vector field of degree 7:

dx X
— =—y(=1+ay® —ay" +¢°)
dt
—ex(2® 4+ pyb + gxty® + maty? + nat + 1yt + ex?y? 4+ ga® + ky® — ),
d )
d_i =a2(—14 ba? — ba* + )

—ey(2® + py® + qzty? + may* + nat + Iyt + ex?y? + g2 + ky® - N).
(8.3.1)
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Our main result of this section is the following theorem.

Theorem 8.3.1. For all small ¢ > 0, there is a parameter group G = (a,b) =
(3.2, 3.48), PG = (p, ¢, m, n, 1, e, g, k) and A = X € (Aa(h}), mazx(As6(h)) =
(3.931785676, 3.931785952), where

p=—0.680337, ¢q=0.728, m = —0.01983226, n = —5.5693079,
[ =2.971005, e= —2.3624684728, ¢ = 10.3882075, k = —3.067249,

such that system (8.3.1) has at least 50 limit cycles with the configuration as Fig.8.3.1.
It implies that H(7) > 50.

5 -1 -05 0 05 1 L5
Fig.8.3.1 The configuration of 50 limit cycles of (8.3.1)

Corresponding to (8.3.1), the function F(x,y) defined in Section 8.2, (A3) for the
divergence of the perturbed vector field has the form

F(z,y) = 42° + 4py® + 4qz*y* + 4ma®y* + 3na® 4 3ly* + 3ex?y? + 2922 + 2ky>.
(8.3.2)

We consider the case G = (a,b) = (3.2, 3.48).

We compute 16 detection functions defined by (8.2.2) which correspond to the

above 16 types of period annuluses laid by {T"}, i = 0 ~ 8 and {F?zej)}’ 1,] =

1~8.

/ F(z,y)dxdy
Dl i

// dxdy ¢
DI
1

P [41;1(h) + 4pliz(h) + 4qliz(h) + 4mIs(h) + 3nl;s(h)
+3116(h) + 3eliz(h) + 2gLis(h) + 2kLig(h)]

Ai(h)
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=4J; (h) + 4in2<h) + 4qu3<h) + 4mJL4(h) + 3nJ;s (h)

+31Jis(h) + 3eJiz(h) + 2g9Jis(h) + 2k Jio(h), (8.3.3)
. Ly . A
where¢ =0,---, 15, Jij:¢'(h)’]7 ~ 9 and D! is the area inside ', i = 0 ~ 8

and {F?i_j)}, i,j=1~8.

:// z8dxdy, Iig(h):// yedady, I3(h) :// zty?dady,
Dt Dt i

h) = // 129461306@7 25 // 4d50dy7 16 // 4d$dya
D DI

= [[ apady taw = [[ sy, ram) = [[ g2y
Dk D Dk

For the given parameter group G, the functions J;;(h) can be numerically calculated
to a given degree of accuracy (in this section, up to 8 digits accuracy after the decimal
point).

By using the theory given in Section 8.2, we immediately obtain the following
values of bifurcation parameters and bifurcation direction detection.

8.3.1 Hopf Bifurcation Parameter Values
(1) Bifurcation from the origin (0,0):

bl = F(0,0) + O(e) = \o(h§) + O(e) = 0+ O(e);

(2) Simultaneous bifurcations from the center (1,0) and its Zs-equivariant sym-
metry point:

b = F(1,0) + O(e) = M (hS) + O(e) =4+ 3n + 29 + O(e);

(3) Simultaneous bifurcations from the center (0,1) and its Zs-equivariant sym-
metry point:

bil = F(0,1) + O(e) = Ma(hS) + O(e) = 4p + 31 + 2k + O(e);

(4) Simultaneous bifurcations from the center (1,1) and its Zs-equivariant sym-
metry points:

b =F(1,1) + O(e) = A3(h§) + O(e)
=44+4p+4qg+4m +3n+ 31+ 3e + 29 + 2k + O(e);
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(5) Simultaneous bifurcations from the center (x1,y;1)and its Zs-equivariant sym-
metry points:

by =F(&,m2) + O(e) = M (h§) + O(e)
=0.5206413704 + 1.057163732p + 0.659285010q + 0.8348486100m
+ 0.7705018932n + 1.2355000417 + 0.9756818745¢
+ 1.013575778g + 1.283484861k + O(e);

(6) Simultaneous bifurcations from the center (x3, y3)and its Zs-equivariant sym-
metry points:

bE =F(x3,y3) + O(g) = As(hE) + O(e)
=30.73132664 + 15.13483632p + 24.26871502¢ + 19.16515143m
+ 11.68069811n + 7.2844999741 + 9.224318133¢
+ 3.946424222¢g 4 3.116515142k + O(e);

(7) Simultaneous bifurcations from the center (xs,y1) and its Zs-equivariant
symmetry points:

bg =F(x3,51) + O(¢) = Xs(h§) + O(e)
=30.73132664 4 1.057163732p + 9.994666124¢ + 3.250538192m.
+ 11.68069811n 4 1.2355000411 + 3.798881808¢ + 3.946424222¢
+ 1.283484861k + O(e);

(8) Simultaneous bifurcations from the center(z1,y3) and its Zs-equivariant sym-
metry points:

b =F(x1,y3) + O(c) = As(hS) + O(e)
=0.5206413704 4 15.13483632p 4 1.600853878q + 4.922261820m
+ 0.7705018932n + 7.2844999741 + 2.369118194¢e
+1.013575778¢ + 3.116515142k + O(¢).

8.3.2 Bifurcations from Heteroclinic or Homoclinic Loops
(1) The heteroclinic bifurcation value from F&i:
No(h3) =4 Jou (1) + pJoa (k) + g oa () + mJoa (k)|
o+ 3[ndos () + Lo (h3) + e oz ()] +2[gJos (b3) + kJoo (k)
=0.01847349678 + 0.008628383552p + 0.001096236119¢q

+ 0.0009416294268m + 0.05147676987n + 0.3177776748!
+ 2.849669323e + 0.1708886847¢ + 0.1357139172k;
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(2) The homoclinic bifurcation value from F?;
M (B3) =4[ Ju1 (B5) + pia () + aia () + mJua (1)

+3 [an(hi) + l16(R1) + €J17(hi)} +2 [ngs(hi) + kiJw(hi)}
=3.611784974 + 0.000004518102844p + 0.0222157829¢q

+ 0.0002817271755m + 2.701412176m + 0.0002165886604(

+ 0.01691288606¢ + 1.860157372g + 0.01170095915k;
hy .
(1-2)i

N2 () =4 | Tiza (03) + P12y (B5) + 01200 (B5) + 12, (03|

o3[ v20 (1) + Uizag (55) + €120y ()] + 2[9 71300 (05) + FTiza (1)
=0.619127664 + 0.007186827272p + 0.004626557344¢q

-+ 0.0008313208604m + 0.4944371853n + 0.02650203403!

-+ 0.00914146392¢ + 0.4532650618¢ + 0.1149840416k;

(3) The homoclinic loop bifurcation value from I’

hy .
(1-2)i

Nia(h5) =4[ Jron, (05) + 1o, (B5) + a1z, (05) + miTvan, (15)|

+3 [nJ12b5 (h3) + 1J126s (h3) + €J12b7(h§)} +2 [9J12bs(h§) + kJ126 (h3)
=1.634387781 + 0.0397726711p + 0.02472219963¢

+ 0.002861286998m + 1.239285198n + 0.09018424998I

4 0.03143078892¢ 4 1.035484067¢g + 0.2586575882k;

(4) The homoclinic loop bifurcation value from I’

(5) The homoclinic bifurcation value from Fgf
No(h3) =4[ Jo1(h3) + p(J22h3) + g.Jag (h3) + mJaa(h3)|

o+ 3[nTas () + Lo (1) + e a7 (3)] +2[gJas (h3) + koo (h3)]
=0.00000005221480448 + 3.743975326p 4 0.0000146116802¢

+ 0.005160125348m + 0.00001111664026n + 2.8134687861

+ 0.003907110966€ + 0.00266141767g + 1.916502045k;

hy |
(2—8)i

Aog(hy) =4 [J28a1 (h3) + pJasay (h3) + qJ2sas (h3) + mJ28u4<h§)}

o+ 8[nTas0s (1) + s (h3) + €asar (03)] + 2|9 Tasas (13) + KTasas (13)]

(6) The homoclinic loop bifurcation value from I’
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=1.528568166 + 0.2796039501p + 0.02312248899¢
-+ 0.003010126949m + 1.159047502n + 0.26650527621
+ 0.02964874849¢ + 0.9686132178¢g + 0.3659959262k,

hg

(7) The homoclinic loop bifurcation value from Lo gy

Nas (1) =4[ asw, () + pJasn (h3) + @ Jasi, (1) + mTass, (13)]

o+ 8[nTasts () + Lasts (h3) + easnn (1) + 2|9 Tas0a () + K asi (b))
=1.372838402 + 0.7130790244p + 0.02496369812¢

-+ 0.005925672356m + 0.9688062621n + 0.54691765591

+0.03004169472e + 0.6924383026¢g + 0.5056410860k;

(8) The homoclinic bifurcation value from Fggr

As(hg) =4 {ng(hg) + pJs2(hg) + qJs3(hg) + mJ84(h§)}

+3 [nJ85(h§) + 1Js6(hg) + 6J87(h§)} +2 [9J88(h§) + kJgo(hg)
=8.450862632 + 5.105966132p + 3.636837927¢

+ 3.134050664m + 3.641439873n + 3.336393348I

+ 1.823126874e + 1.657717122g + 1.384773977k;

hg

(9) The heteroclinic loop bifurcation value from I'g ¢:

Ase(hg) =4 [Jsssal (h3) + PJs6as (h3) + qJs6as (h3) + mJ86a4(h§)}

+3 [’NJSGas(hg) + 1J86a6 (hg) + €J86a7(h§)} +2 {gJS(Sas (hg) + kJs6a, (hg)
=9.754388324 + 5.914983032p + 4.30201944¢

+ 3.710142403m + 4.133645955n + 3.8501176741

+ 2.153350750e + 1.835487881¢g + 1.546679654k;

(10) The homoclinic bifurcation value from I‘gg:

No(hg) =4[ Jor () + pJoa () + as (h§) + mJoa (k)|
+ 8 ndsa () + Les () + eJoz ()| + 2| g Jas (k) + koo (hg)
=7.155564872 + 6.199982264p + 3.530078178¢

+ 3.339413539m + 3.343305972n 4 3.066794199(
+ 1.962417754e 4 1.646792689¢g + 1.590722154k;
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(11) The homoclinic loop bifurcation value from F?E,g)i:

Aoz (h3) =4 [J361(h§) + pJse2(h3) + qJs63(h3) + mJ364(h§)}
+3 {nJ365<h§) + 1J366(h3) + €J367(h§)} +2 [gJ368(h§) + kJs69(h3)
=11.76423828 + 4.48408094p + 5.12115052¢q

+ 3.79492621m + 5.254572348n + 2.5728074831
+ 2.640530609¢ + 2.37684288g + 1.566411436k;

(12) The homoclinic bifurcation value from ng
No(h3) =4 | a1 (B5) + pJsa(h3) + a s (h5) + s (A3)]
3 [nTs(5) + Lo (h3) + eaz (3)] +2[gJas (h3) + ko (h3)]
=3.962380738 + 3.746263574p + 3.787478389¢q

+ 3.718889686m + 2.9641166n + 2.8150103961
+ 2.849669323€ + 1.982244017¢g 4 1.917167834k;

(13) The homoclinic loop bifurcation value from I‘?im:
Nar(h5) =4[ Jara (03) + pJsra (3) + a s (3) + moJza ()]
+3 [nJ375(h§) + 1J376(h3) + €J377(h§)} +2 [gJ378(h§) + kJ379(h3)
=12.11002223 4 4.516781536p + 5.180259832¢

+ 3.798296204m + 5.356087002n + 2.562072875]
+2.63126143¢ + 2.394331786g + 1.550865659k;

(14) The homoclinic bifurcation value from F?{ :
Ne(h3) =4 | Tr1(h5) + pJa(h3) + aTra(h3) + mJra (h3)]
3 [n T (3) + Lo (1) + erz (3)] +2[gJzs(h) + ko (1)
=13.11694704 4 7.1741212p 4 8.364053504¢
+ 6.711148228m + 5.590494093n + 3.812008314!
+ 3.908296332¢ + 2.405761824¢g + 2.02425938k;

(15) The homoclinic loop bifurcation value from I‘?j_ i

Ara1(h3) =4 [J741(h$) + pJraa(h3) + qJ7as(h3) + mJ744(h$)}

+3 [nJ745(h§) + 1 J746(h3) + 6J747(h§)} +2 [9J748(h$) + kJ749(h§)}
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=0.7858417652 + 8.108441212p 4 1.50483635¢
+ 3.278742351m + 0.9616798872n + 4.417631181(
+1.916102631e + 1.102333304g + 2.313089952k;

s

(16) The homoclinic loop bifurcation value from F(775)Z_:

A751(h7) =4 {J751(h§) + pJrsa(hi) + qJ7s3(hi) + mJ754(h§)}

+3 {nJ755(h§) + 1756 (h7) + €J757(h§)} +2 {9J758(h$) + kJ7s9(h7)
=18.40792832 4 6.773226916p + 11.30717893¢

+ 8.183911196m + 7.576607154n + 3.5521500811

+ 4.763098827¢e + 2.965031712¢g + 1.900329115k;

(17) The homoclinic loop bifurcation value from F?ffﬂi :

Nar(h3) =4[ Juzy (1) + pJaza (k) + ¢.Jaza (h5) + mJaza (1)

o+ 8[nans () + Lam (1) + eJure (h5)] +2[gJars (B3) + karo (15
=0.7043393632 + 12.87612256p + 1.754596815¢

+4.609943068m + 0.8994385899n + 6.448646343!

+2.337070265e + 1.068560984¢g + 2.910511176k;

(18) The homoclinic bifurcation value from I‘Zi D

Aaa(hy) =4 {J441(hi) + pJaaa(hy) + qJaas(hy) + mJ444(hi)}

+3 [nJ445(hz) 1 aas(R3) + eJ447(hz)} 42 [gJ448(hz) + kJ449(h3)}
=0.56571565 + 1.42863293p 4+ 0.7373783236¢

+ 1.004593847m + 0.8028564387n + 1.468520833!

+ 1.062299310e + 1.027178501g + 1.379538797k;

(19) The heteroclinic bifurcation value from I‘Z}:

Na(h5) =4[ Jaa () + paa(h3) + aas (h3) + mJaa(h3)|
+3 [nJ45(hf1) + 1 Ja6(hy) + €J47(hi)} +2 [9J48(h451) + kJyg(h)
=0.6570780724 4 8.97330446p + 1.407794252¢q

+ 3.38076334m + 0.866510622n + 4.750761078!(
—+ 1.902459768e 4 1.054452362¢ + 2.388553358k;
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hg

(20) The heteroclinic bifurcation value from L5 5

As5(hs) =4 [J551(h§) + pJssa(hi) + qJs53(he) + mJ554(h§)}
+3 [nJ555(h§) +1Js56(hz) + €J557(h§)} +2 [gJ558(h§) + kJs59(h3)
=30.32576921 + 12.81935486p + 22.3809865¢

+16.80312911m + 11.55980965n + 6.427436025]
+ 8.545855461e 4 3.922899756¢ + 2.90521144k;

(21) The heteroclinic bifurcation value from F?§_6)i :
Ase(hs) =4 [J561(h§) +pJse2(h3) + qJs63(hs) + mJ564(h§)}
=30.6043408 + 1.430604303p + 10.71292984¢q

+ 3.860168266m + 11.6428985n + 1.469740995!
+4.077323181e 4 3.939085054¢g + 1.380040031F;

(22) The heteroclinic bifurcation value from I‘g;
No(h3) =4 |51 (B3) + pJoa(h3) + aTsa (h3) + mTsa (A3)]
+3 [nJ55(h§) +1Js56(h3) + €J57(h§)} +2 [ngs(hg) + kJ59(h§)}
=30.42297952 4 8.845137676p + 18.30930269¢
+ 12.28655488m + 11.58880433n + 4.697399295(
+ 6.986516913¢ + 3.928547774¢g + 2.372987788k.

8.3.3 The Values of Bifurcation Directions of Heteroclinic and Homo-

clinic Loops

(1) o0 =Ao(h]) — F(21,0)
= —0.5021678736 + 0.008628383552p 4+ 0.001096236119¢
+ 0.0009416294268m — 0.7190251233n + 0.03177776748I
+ 2.849669323e — 0.8426870933¢g + 0.1357139172k;
(2) o1 =Ai(h]) = F(21,0)
=3.091143604 + 0.000004518102844p + 0.0222157829¢q
+ 0.0002817271755m + 1.930910283n + 0.00021658866041

+0.01691288606¢ + 0.846581594¢g + 0.01170095915k;
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(3) o121 =A1(h]) — F(21,0)
=0.00000005221480448 + 2.686811594p + 0.0000146116802¢
+0.005160125348m + 0.00001111664026n + 1.5779687451
+ 0.003907110966¢ + 0.00266141767g + 0.633017184k;
(4) o2 =Xz(h3) — F(0,11)
=0.0984862936 + 0.007186827272p + 0.004626557344¢q
+ 0.0008313208604m — 0.2760647079n + 0.02650203403!
+ 0.00914146392e — 0.5603107162¢g + 0.1149840416k;
(5) o122 =A2(h3) — F(0,41)
=0.00000005221480448 + 2.686811594p + 0.0000146116802¢
+0.005160125348m + 0.00001111664026n + 1.577968745]
-+ 0.003907110966€ + 0.00266141767g + 0.633017184k;
(6) o5 =As(hg) — F(0,ys)
=8.450862632 — 10.02887019p + 3.636837927¢
+ 3.134050664m + 3.641439873n — 3.9481066261
+ 1.823126874e + 1.657717122g — 1.731741165k;
(7) o281 =Aas(h3) — F(0,y1)
=1.528568166 — 0.7775597819p + 0.02312248899¢
+0.003010126949m + 1.159047502n — 0.9689947648(
+ 0.02964874849¢ + 0.9686132178¢g — 0.9174889348k;
(8) o282 =Aas(hg) — F(0,ys)
=1.372838402 — 14.4217573p + 0.02496369812¢
+ 0.005925672356m + 0.9688062621n — 6.7375823181
+ 0.03004169472¢e 4 0.6924383026g — 2.610874056k;
(9) os6 =As(hg) — F(0,y3)
=9.754388324 — 9.219853288p + 4.30201944q
+ 3.710142403m + 4.133645955n — 3.4343823001
+ 2.15335075¢ + 1.835487881g — 1.569835488k;
(10) 06 =Ao(h) — Fl(zs,0)
= — 23.57576177 4 6.199982264p + 3.530078178¢q
+ 3.339413539m — 8.337392138n + 3.066794199(
+ 1.962417754e — 2.299631533¢g + 1.590722154k;
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(11) 063 =Ae3(h3) — F(1,y1)

= 7.76423828 + 3.426917208p + 2.554180798¢
+ 2.147592822m + 2.254572348n + 1.337307442]
+ 0.715303318¢e 4 0.37684288g + 0.282926575k;

(12) o3 =X3(h3) — F(1,y1)

= —0.037619262 + 2.689099842p + 1.220508667¢
+ 2.071556298m — 0.0358834n + 1.579510355!
+ 0.924442032e — 0.017755983¢g + 0.633682973k;

(13) 037 =As7(h3) — F'(1,y1)

=8.11002223 4 3.459617804p + 2.61329011¢
+ 2.150962816m + 2.356087002n 4 1.3265728341
+ 0.706034139¢ + 0.394331786¢ + 0.267380798k;

(14) o7 =A7(h7) — F(1,y3)

=9.11694704 — 7.96071512p + 2.13102322¢q
— 3.001518404m + 2.590494093n — 3.47249166!
—0.766476381e + 0.405761824g — 1.092255762k;

(15) o741 =A7a1(h7) — F(1,93)

= — 3.214158235 — 7.026395108p — 4.728193934¢
— 6.433924281m — 2.038320113n — 2.866868793(
— 2.758670082¢e — 0.897666696g — 0.80342519k;

(16) o751 =A751(h7) — F(1,93)

=14.40792832 — 8.361609404p + 5.0741486469
— 1.528755436m + 4.576607154n — 3.732349893(
+ 0.088326114e 4 0.965031712¢g — 1.216186027k;

(17) gq7 :)\47(hi) — F(.%l, 1)

=0.1836979928 + 8.87612256p + 0.727260957¢
+ 2.582791512m + 0.1289366967n + 3.448646343(
+ 0.816706598¢e + 0.054985206¢9 + 0.910511176k;

(18) 044 :)\44(]7,2) — F(.%l, 1)

=0.0450742796 + 10.52043547p — 0.2899575344¢
— 1.022557709m + 0.0323545455n — 1.531479167]
— 0.458064357¢ + 0.013602723g — 0.620461203k;
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(19) o4 =As(h3) — F(1,1)
—0.136436702 + 9.43672181p + 0.380458394¢
+ 1.353611784m + 0.0960087288n + 1.750761078I
+0.382096101e + 0.040876584g + 0.388553358k;
(20) 055 =Ass(hS) — F(x3,1)
= — 0.40555743 + 8.81935486p + 6.80672236¢
+ 8.910280666m — 0.12088846n + 3.4274360251
+ 2.626219128e — 0.023524466g + 0.90521144k;
(21) 056 =Asg(hS) — F(x3,1)
= —0.12698584 — 2.569395697p — 4.8613343¢q
— 4.032680178m — 0.03779961n — 1.530259005
— 1.842313152e — 0.007339168¢g — 0.619959969k;
(22) o5 =As(h3) — F(x3,1)
= —0.30834712 + 4.845137676p + 2.73503855¢
+ 4.393706436m — 0.09189378n + 1.697399295(
+1.06688058¢ — 0.017876448g + 0372987788k

8.3.4 Analysis and Conclusions

We notice that the above bifurcation parameter values A;(h$), Ai(h) and the values
of bifurcation directions of heteroclinic and homoclinic loops o; are 52 linear com-
binations of the perturbed parameter group GP = (p,q,m,n,l,e, g, k) in which all
coefficients are determined by the unperturbed parameter group G = (a,b).

Our main idea is to control the perturbed parameter group G P such that system
(8.3.1) has more limit cycles and interesting configurations of limit cycles. We now
assume that the following 9 conditions hold.

(A1) As3(h5) — Aa(R5) — 0.000004 = 0, i.e.

3.305294126 — 9.690458236p + 2.379684137¢
+0.338126346m + 2.097605978n — 1.935750682(

+0.947209555€ + 0.927791655g — 0.471385524k = 0;
(Az) Mgz (h3) — Aaa(h3) =0, i.e.

—0.1386317132 — 11.44748963p — 1.017218491¢
— 3.605349221m — 0.0965821512n — 4.980125510!
— 1.274770955¢ — 0.041382483g — 1.530972379k = 0;
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(As) As(hg) — Ass(hg) =0, i.e.

—0.09721031 + 3.974217184p + 4.07168381¢q
+4.51657423m — 0.02899468n + 1.730036730!
—+ 1.559338548e — 0.005648018¢ + 0.532223652k = 0;

(Ag) Ar(h) = 0.0000074806 — As(h3) = 0, i.e.

12.45986133 — 6.262600610p + 6.956259252¢
+3.330384888m + 4.723983471n — 0.9387527641
+2.005836564¢ + 1.351309462g — 0.364293978k = 0;

(As) Aa(h3) — Ass(hg) =0, ie.

—29.76005356 + 1.70108061p — 21.64360818¢
— 15.79853526m — 10.75695321n — 4.9589151921
— 7.483556151e — 2.895721255g — 1.525672643k = 0;

(AG) o4 > 0, i.e.

0.1364367020 + 9.43672181p + 0.380458394¢
+1.353611784m + 0.0960087288n + 1.750761078!
+0.382096101e + 0.040876584g + 0.388553358k > 0;

(A7) o5 > 0, i.e.

— 0.30834712 4 4.845137676p + 2.73503855¢
+4.393706436m — 0.09189378n + 1.6973992951
+ 1.066880580e — 0.017876448¢g + 0.372987788k > 0;

(Ag) )\44(]7,2) — )\4(}12) >0, i.e.

9.11694704 — 7.960715120p + 2.131023220¢
—3.001518404m + 2.590494093n — 3.472491660!
—0.766476381e 4 0.4057618249 — 1.092255762k > 0;

(Ag) o282 > 0, i.e.

0.0450742796 + 13.46327174p + 0.0780933136¢
+0.1697452370m + 0.0323545455n + 0.233020792(
+0.0866174355¢ + 0.013602723g + 0.096053936k > 0.
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This condition group implies that
= —4.959044757 — 218.7859884¢q — 189.4342184m — 65.57083389%€,
g = 8.145249994 + 811.1774884q + 704.3383284m + 243.1040413e,
p = 2.735300854 + 2189.269964¢ + 1906.335655m + 660.0711271e,
[ = —10.43117841 — 8516.324523q — 7416.925354m — 2567.734602¢,
k = 13.48130813 + 11324.34856¢q + 9863.015869m + 3413.831129e,

3410.376340q + 2967.465567m + 1027.306312e < —2.156351598,
—390.5034948q — 339.7885394m — 117.7244154e < 0.5724654325,

79.45248062¢ + 69.14974198m + 23.95556181e < —0.1242491626,

— 3.493693868 < e < —2.341298974,
—0.04501413607 < m < 0.2064423284,
0.7251234415 < g < 1.075899527.

Let

e = —2.3624684728.

m = —0.01983226, ¢ = 0.728,

Then, we have

n = —5.5693079, ¢ = 10.3882075, [ =2.971005,
p = —0.680337, k= —3.067249.
Write GP = (p,q,m,n,l,e, g, k), where
p=—0.680337, ¢ =0.728, m = —0.01983226, n = —5.5693079,
1 =2.971005, e = —2.3624684728, ¢ =10.3882075, k = —3.067249.
Under this parameter group we obtain the following results.
A1(h§) = 8.0684913, A2(h§) = 0.057169, A3(h§) = 3.87092584,
Ag(h§) = 3.931781015,  As(h§) = 3.955940327,  Ag(h§) = 3.925790544,
A7(h$) = 4.015918357,  Ag(h§) = —5.552190597, A;(h]) = 7.831451565,
A12(hf) = 2.276985007,  A12(h3) = 4.880448863, Aa(h3) = —0.048460718,
)\gg(hg) = 4.561323043, )\28( 2) = 2.706368228,  \gs(hg) = 6.441822038,
As(hg) = 5.860872204,  X¢(h{) = 3.524650018, )\63(h§ = 4.394373129,
A3(h§) = 3.931798368,  Ag7(h3) = 4.414874768, A7(h3) = 3.931792091,
A741(hE) = 3.898490328, )\751(h$) = 3.946081102, A47(h§) = 3.931783666,
Aaa(hf) = 3.931785676,  A4(h§) = 3.931784361,  As5(hi) = 3.931782966,
As6(hE) = 3.931785105,  As(hf) = 3.931783670,

max(\gq(h)) = 3.948799772,

max(Asg(h)) = 3.931785952,
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and

00 <0, 010 >0, 02 >0, 0121 <0, 0122 >0, 08 >0, 0281 >0, 0282 >0,

ogg >0, 08 >0, 06 <0, 0g3 >0, 03 <0, 037 >0,07 >0, o741 >0,
o751 >0, 044 >0, 047 >0, 04 >0, 055 >0, 056 >0, 05 > 0.

It follows that under the parameter conditions of G and PG, system (8.3.1) has
the graphs of detection curves shown in Fig.8.3.2.

A
’l(/}) 7.83
H\4
//ff%% /\i
Mg (R ' 4.41 a
s(h) o Ms6(h) 4.3?}‘5 /)\75(}5 >4015
12 . Ay : L 3.9559
/ \ Aos h)3.93 989.9460§44(h) Az(h) = A5(F)
\ ‘ 93179 925 3.93178 K
Agg(h) ,3//8\% K 31898X,7(h) %) '
7|
2.706
D.27
.057
|2(/5) 0.048
mi hi TRy ks TRy Tmg Thy Thg Thy o 'ay Wi R Chihy ki B

Fig.8.3.2 Graphs of detection curves of (8.3.1) with parameters G and PG

We see from Fig.8.3.2 that when

X € (Maa(hy), max(Ase(h)) = (3.931785676, 3.931785952), (8.3.4)

in the straight line A = X intersects the curves A = As7(h), A = Aga(h), A = Ag(h)
at two points, and also intersects the curves A = A3(h), A = Xg3(h), A = Asg(h),
A= MXag(h), A= X2(h), A= XA7(h), A= XAs5(h) at one point, respectively.

Hence, by using the Zs-equivariance of (8.3.1) and the results in Section 8.2, we
obtain the conclusion of Theorem 8.3.1.

8.4 The Rate of Growth of Hilbert Number H(n) with n

While it has not been possible to obtain uniform upper bounds for H(n) in the
near future, there has been success in finding lower bounds (see Bibliographical
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notes below). In this section, we shall use idea stated in §8.4.1 and the method
posed by [Christopher and Lloyd, 1995] to investigate some perturbed Zs-(or Z4-)
equivariant planar Hamiltonian vector field sequences of degree n(n = 2k — 1 and
n =3 x 21 —1). We obtain some new lower bounds for H(n) in Hilbert’s 16th
problem and configurations of compound eyes of limit cycles. In addition, we give
some correct rates of growth of Hilbert number H(n) with n are obtained.

8.4.1 Preliminary Lemmas

We consider the following perturbed planar polynomial Hamiltonian system

dx oOH

== _8—y +eRi(z,y) = fi(z,y) +eRi(z,y),

dy B OH .

o = g, Tele(wy) = foley) +eRa(z,y), (8.4.1)

where H(z,y) is the Hamiltonian, 0 < ¢ < 1.
The following lemma is given by [Christopher and Lloyd, 1995].

Lemma 8.4.1. (1) Suppose that Ro(x,y) =0, p = (2¢,y.) is a non-degenerate
center of the unperturbed Hamiltonian system of (8.4.1) and let U be a neighborhood
of p. Forn € Z, there is g9 and a polynomial Ry (xz,y) of degree 2n + 1 such that
the perturbed system (8.4.1) has at least n limit cycles in U for 0 < & < 9. Without
loss of generality, suppose that p = (0,y.) is on the y-axis. Then, the perturbation
term Ry(x,y) can have the form

R(z) =Y (=1)Fpa =R+ (8.4.2)

where ng =1 and nr, K ng—1 (k=1,---,n).

(2) Suppose that (8.4.1) has N collinear non-degenerate centers and Ra(z,y) = 0.
Then the n, of (8.4.2) can be so chosen that n limit cycles appear around each of
the centers simultaneously.

Suppose the following conditions hold:

(A1) The unperturbed system (8.4.1).— defines a Z;-equivariant Hamiltonian
vector field (¢ > 2) for which all centers are non-degenerate and all saddle points
are hyperbolic.

(A2) When h € (—o0, hy)(or h € (hy,00)), one branch family of the curves {T'*}
defined by the Hamiltonian function H(x,y) = h lies in a global period annulus
enclosing all finite singular points of (8.4.1).—o. As h — hy, ' approaches an inner
boundary of the period annulus consisting of a heteroclinic (or homoclinic) loop.

We know from [Li Jibin and Li Cunfu, 1995] that the condition (A2) holds if
and only if the Hamiltonian H (z,y) of (8.4.1).— is positive (or negative) definite at
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infinity. Let dy be the maximal diameter of the area inside the inner boundary and
A > dy. For the “quadruple transformation” defined by [Christopher and Lloyd,
1995] (p222), we have the following generalized result.

Lemma 8.4.2. Suppose that (A1) and (As) hold. Then the map
(z,y) = (X? = A,Y? - A4) (8.4.3)

transforms (8.4.1) into a new system which has the same orbits as

dX  0H, , ,
E——a—y +€YR1(X —A,Y —A),
dy  0H, , ,

where Hy(X,Y) = H(X? — A, Y? — A) is the new Hamiltonian of the unperturbed
system (8.4.4).—o. Furthermore, we have

(1) For the unperturbed system (8.4.4).—o, it has four times as many period
annuluses as (8.4.1).—g which lie in each quadrant and do not intersect the X-
axis and Y -axis. At all image points except the origin of the singular points of
(8.4.1)c—0, their Hamiltonian values are preserved. There exist new singular points
(Xi,0) and (0,Y;) on the axzes where X; and Y; satisfy f1(X? — A,—A) = 0 and
fg(—A,Yj2 — A) =0, respectively. There is a global period annulus surrounding all
finite singular points of (8.4.4).—0.

(2) For the perturbed system (8.4.4), it has four copies of the existing limit cycles
of (8.4.1). These limit cycles do not intersect the X and Y axes, if the “shift
constant” A is moderately large.

As an example to understand Lemma 8.4.2, we consider a Zg-equivariant Hamil-
tonian system of degree 5:

dz

o =Y+ 207 + 7y — a(a® + )%y
+005(a? + %)%y — 20(2® + y*)y® + 16y°),

d

d_i =z —25(z + D) + a(z? +y?) e

+8[5(x* + y*)?x — 20(2* + y*)a® + 162°], (8.4.5)

or in the polar coordinate form

d

d_?; = Br°sin 60,

db 5 4
i 1 —28r + (a4 B cos60)r?,

which has the Hamiltonian

1 1 1 )
H(r,0) = 757”2 + 557"4 - 6(04 + Bcos66)r°.
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1
Suppose that « > > 0,a+ [ >1and § = 5(044—5—!— 1). We see that the system

1 1
(8.4.5) has 25 finite singular points at (0,0) and (z1,0), (22, 0), (zs, 677) , (24, 67T>

and their Zg-equivariant symmetric points.
Let G = (o, 3,0) = (1.4, 0.25, 1.325). We have z; = 0.7784989442, 20 =1, z3 =
0.6895372608, z4 = 1.352363188 and

hi = H(z1, 0) = —0.12090603,
h2 = H(ZQ, O) = —0.1125,

1

hs =H <23, 67r> = —0.1085647965,
1

hs=H <Z4, 67‘1’) = 0.1290200579.

In this case, the phase portrait of (8.4.5) is shown in figure (1) of Fig.8.4.1 (only
homoclinic and heteroclinic orbits are drawn in all phase portraits of this paper).
Under the map (z,y) — (22—3,4%—3), the new system of degree 11 is Zy-equivariant.
It has 109 finite simple singular points and the phase portrait shown in figure (2) of
Fig.8.4.1.

(1) Phase portrait of a fifth system (2) Four copies of (1)

Fig.8.4.1 Four copies of a Zg-equivariant Hamiltonian system
We also need to use the following obvious conclusion.

Lemma 8.4.3. Suppose that the Hamiltonian function H(x,y) of (8.4.1)c—0
is Zg-invariant, then the Hamiltonian function Hy(X,Y) = H(X? — A,Y? — A)
of (8.4.4)c—¢ is Za-invariant. In other words, the orbits of (8.4.4).—o have Z-
equivariant symmetry. Thus, if T is a closed orbit around a center C; of (8.4.4)c—¢
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on an axis for any h € (he, hs), then
I(h):}{ (Y’Rl(X2 —AY? - A)dY — XRQ(X2 —AY? - A)dX)
ry

B ORy (X2 — A,Y? — A)  ORy(X2— A Y? — A)
/waXY{ axz_4) v avroay XY

—0. (8.4.6)

This lemma implies that the perturbation terms of the right hand of (8.4.4) do
not create any limit cycle around the neighborhood of a center on an axis.
In the following subsections, we shall consider the following perturbed Hamilto-

nian system sequence:

— kL .p = = 2 1 eQi(z PH
7 Y + € k(x,y), n o € k( ,y), ( k)

for k =2,3,---, where
Hipa(z,y) = Hi(x® — AF71 g% — AR,
Pk+1(£[’,y) = Pk(xz - Ak717y2 - Akil)a
Qrar(,y) = Qu(a? — AP 2 — AF1),

8.4.2 A Correction to the Lower Bounds of H(2* — 1) Given in
[Christopher and Lloyd, 1995]

We first discuss the system given in [Christopher and Lloyd, 1995]. Suppose that
Hy(z,y) = (22 — 1)2 + (y* — 1)?, i.e., we consider the cubic system

dx 1

— = Ay(y® -1 —(z—y)3 —e(z—

=y - e |-y s —y)]

dy 2

— =4 —1). 4.
o x(x ) (8.4.7)

Let (8.4.7) be the system (PHs). Then (PHs).—o is a Zs-equivariant system

which has the phase portrait shown in figure(1) of Fig.8.4.2. Since Pa(z,y) = %(x —
y)? — e(r —y) and Qa(x,y) = 0. By using Lemma 8.4.1, it follows that there
exist at least 3 limit cycles around 3 centers (—1,—1),(0,0) and (1,1) of (8.4.7).=0,
respectively.

We now consider the map: (z,y) — (22 — 1,5?> — 1). By Lemma 8.4.2, under
this map, the unperturbed system (PHj3).—o has the phase portrait shown in figure
(2) in Fig.8.4.2 . For the perturbed system (PHsj), the perturbed terms become

Ps(l)(x,y) = yPy(2? — 1,y% — 1). As the first step, the map creates a new system
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having at least 12 = 4 x 3 limit cycles surrounding the image points of (-1, —1), (0, 0)
and (1, 1), respectively.

As the second step, by using Lemma 8.4.1, we take Pé2) () = nox” — ma® +
new® — nzw. Thus, around 3 = 22 — 1 centers on the y-axis of (PHj).—g, at least
9 = 3 x 3 limit cycles are created.

N e
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(1) A cubic system (2) A system of degree 7
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(3) A system of degree 15
Fig.8.4.2 Copies of a Zs-equivariant polynomial vector fields

Let Ps(z,y) = Pél)(x,y) + P3(2)(x), then the system (PHs) has at least S5 =
4 x 3+ 3 x 3 =21 limit cycles.
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We next consider the map:(z,y) — (22 — 2,y — 2). By Lemma 8.4.2, under this
map, the unperturbed system (PHy).—¢ has the phase portrait shown in figure (3)
in Fig.8.4.2. The same two-step method as the above shows that the system (PHy)
has at least Sy =4 x 21 4+ 7 x 7 = 133 limit cycles.

By using inductive method for the system (PHy), first, taking the map: (z,y) —
(22 —2F=2 92 —2F=2) we have the perturbed terms P,gi)l (7,y) = yPp(2? —2F2 4% —
2F=2). Second, by using Lemma 8.4.1 to perturb the 2¥ — 1 centers on the y-axis of
(PHp41)e=0, we obtain the perturbed terms P,S_)l (7) as (8.4.2). It gives 28 — 1 limit
cycles. Hence, by using Py1(x,y) = P,g)l (x,y)+ P,gr)l (x,y) as the perturbation for
(PHp1), we have

Spi1 =4 x S+ (2F —1)%

Let S, = 4%0),. Then

1 1 1
Uk+1:0'k+sz+m.
oL l1n
Ok T ORI T ok T gk
1 1 1 1 1
1 35 1 1
_ ity S 4.
e LTI T e (8.48)
Note that o9 = i Thus,
16
. 13 1
Sp=4F1 k- =) F2F - . (8.4.9)
6 3
Remark 8.4.1. It was stated in Ref. [Christopher and Lloyd, 1995] (p223) that
“We take R(x,y) to be of the form yRyi(x)+ Ra(y), --- . We then construct Ra(y),

..., to be a polynomial of degree 251 — 1 so that 28 — 1 limit cycles appear near
each of the 28 — 1 centers on the x-axis.” The last conclusion is incorrect! Because

agRg(y) = 0, under the perturbed terms given in [Christopher and Lloyd, 1995] (for
-

which Ra(x,y) =0 in (8.4.1)), it has no contribution to the divergence of the vector
field. Therefore, the term Ra(y) cannot create any limit cycle from the centers on
the z-axis.

In(n+1)

Write that n = 28 — 1. Then k = logy(n + 1) = 3
n

obtain

. From (8.4.9), we

Proposition 8.4.1. By using the Zy-equivariant systems (PHy) to create limit
cycles, where Qi (x,y) =0 and (PHs) is (8.4.7), we have

1 {M 13] 2

> - 2 =, 4.
H(n)/4(n+1) o 5 +n+ (8.4.10)

3
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This proposition is the correction of Theorem 3.4 of Ref. [Christopher and Lloyd,
1995].

8.4.3 A New Lower Bound for H(2lc -1)

In this subsection, we consider the perturbed Zs-equivariant vector field (see [Li
Jibin etc, 1987]):

dx

T =yl =) +ealy? — 2 - ),

dy _ L _op2 2 2

i (1 —22%) +ey(y” —az” — ), (8.4.11)

where 0 < ¢ < 1. The system (8.4.11).— has Hamiltonian
Hy(z,y) = —22* — y* + 2(2® + ¢?). (8.4.12)

There exist 9 finite singular points of (8.4.11).—¢ which are the intersection points

1
of the straight lines x = 0,2 = £——= and y = 0,y = +1. The phase portrait of

V2
(8.4.11).—¢ is shown in figure (2) of Fig.8.4.3.

Let (8.4.10) be the system (PHz) and suppose that —4.80305 + O(g) < A <
—4.79418 + O(e). We know from [Li Jibin etc, 1987] that the system (PHs) has at
least 11 limit cycles having the configuration shown in figure (1) of Fig. 8.4.3. By
taking the map: (z,y) — (22 — 3,y? — 3), the new unperturbed system (PH3).—¢

Ox3

e

(1) 11 limit cycles (2) The system (8.4.11).—¢
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(3) A system of degree 7

Fig.8.4.3 Four copies of system (8.4.11)

has 49 finite singular points which are intersection points of the straight lines x =

/ 1
0,x = £ 3iﬁ,x =+v3andy =0,y = +v2,y = +v3,y = +2. The phase

portrait of (PHj3).—o is shown in figure (3) of Fig. 8.4.3.
The first perturbed terms of (PHjs) have the forms:

PV (2,y) = y(a® —3)[(y? —3)? — (a% — 3)2 - A],
W(z,y) = a(y® = 3)[(v* — 3)? — (2 — 3)2 — A

These are polynomials of degree 7. Hence, firstly, we have from Lemma 8.4.2 that
there exist 4 x 11 = 44 limit cycles of (PHj3) under the first perturbations P3(1) and
Qél). By Lemma 8.4.3, the above perturbations do not create limit cycle around the
centers on the y-axis. Thus, secondly, we use Lemma 8.4.1 to add new perturbation
terms P3(2) and Qg) = 0 such that 3 x 3 limit cycles appear around the 3 = 22 — 1
centers of (PHs).—o on the y-axis. To sum up, two sets of perturbations give rise to
S3 =4 x 11 + 3 x 3 = 53 limit cycles of (PHs3).

By using inductive method, similar to that in §8.4.2, from the “quadruple trans-
formation”

(z,y) — (® = 3" y* =357

and the bifurcations of small amplitude limit cycles around the centers on the y-axis
for the system (PHjyy1),k = 3,4,---, we have

Spy1 =4 x S + (2F —1)? (8.4.13)
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limit cycles. Note that Sy = 11. Thus we obtain from (8.4.12) and (8.4.8) that

1 1
=41 (k- = ok _ 2. 414
Sk ( 6> + 3 (8 )

Proposition 8.4.2. By using the Zs-equivariant systems (PHy) to yield limit
cycles, where (PHs) is (8.4.11), we have

Hn) > In(n+1) 1] 2

2 —_— = —
(n+1) { 5 | tnts (8.4.15)

A~ =

8.4.4 Lower Bound for H(3 x 2k—1 — 1)

In this subsection, we consider the perturbed Zs-equivariant vector field of degree 5
(see [Li Jibin etc, 2001]):

dx

o 1—b 2 4

=y =by" +y)
—Ex(px4+qy4+gx2y2+mx2+ny2—)\),

d

d—?::x(lfax2+x4)

—ey(pz* + qy* + gry? + ma® + ny® — ). (8.4.16)

or its polar coordinate form:

1
% =7 sin20[(b — a) — (b+ a) cos 260 + 2r* cos 26| r®

—er®(pcos @ + gsin? 6 + g cos? O sin” 0)

—er[r?(mcos? 0 + nsin?0) — ],

do 1
%:1 ~3 [3(a + b) + 4(a — b) cos 20 + (a + b) cos 46] r*
1
+§(5 + 3 cos4)r?, (8.4.17)

where @ > b > 2. (8.4.16).=¢ and (8.4.17).=¢ have the Hamiltonian functions as

follows:
Loo ooy Lo 4 o L6 6
H(z,y):—i(x +y )Jrz(ax + by )—E(x +9°), (8.4.18)

1 1
Hy(r,0)= —57“2 + 5(3(60 +b) + 4(a — b) cos 26

1 X
+(a + b) cos40)rt — 4—8(5 + 3 cos46)r". (8.4.19)
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Denote that

\/ 4 a+ Va2 —4
2 b
\/b2 4 b+ Vb2 -4
—

It is easy to see that the system (8.4.16) has 13 centers at

(07 O)’ (517771)’ (51, *771)7 (5270)7 (527772)7 (527 *772)’ (07772)

and their Zs-equivariant symmetric points, 12 saddle points at

(0,m), (§1,0), (&1,m2), (&1, —m2), (&2, m), (§2, =)
and their Zs-equivariant symmetric points. We have from (8.4.18) that
=H(0,0) =0,
=H ({1, m) = H(&, *771)

=HE0) = *i 60—’ - @ f4>%} |

g =H(0,1p) = H(0,—m) =~ [6b— b — 1* ~ 9)1]
hy =H (&2, m2) = H(&2, —12)
= s [Bath) — (@ 48 - @ - 9% - 7 - )]

24
and
e = H(,0) = i[m—a + (a? —4)%],
hs = H(0,m) = i 66— 8+ ¢~ 9)%]
W= H(E,m) =~y [6la+0) — (@ +%) + (® — 9)F — (7~ 9)F],
1

N
N

By = H(Gom) = — o7 [6a+b) — (6 +5) - (4 — ) + (07 — )

.

24
Suppose that (a,b) = (2.5,2.3). We have

€ = 0.7071067812, & = 1.415213562,
n = 0.762960789, 1, = 1.310683347,
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and

h{ = —0.2436732647, hj = —0.1290899314,
hi = —0.1215767351, hj = —0.1145833333,
hs = —0.0069934018, hj = 0.03757673603,
hi = 0.1596732652, h5 = 0.16666666667,

—00 < h{ < hj < h§ < hj <h§<0<hj<h§<hs.

The unperturbed system (8.4.16).—¢ has the phase portrait of figure (2) in
Fig.8.4.4. In [Li Jibin etc, 2001}, we showed that when

(p.q,9,m,n)
=(—.144543, 1.157350656, —3.328234861, 3.014502, 6.564525872),

A€ (Al(h;’), min (max(Ay(h), max()\6(h)))
~(9.319050412, 9.319051762),

the system (8.4.16) has at least 23 limit cycles having the configuration shown in
figure (1) of Fig.8.4.4.

We now take (8.4.16) as (PHs). Under the map (z,y) — (2% — 3,y — 3), the
new system (P Hgs).—o has the phase portrait shown in figure (3) of Fig.8.4.4. There
exist 121 finite singular points of (PH3).—¢ consisting of the intersection points of
the straight lines z = 0,2 = /3£ &,z =vV3andy =0,y = £/3 L 1,y = V3,0 =
1,2. There are 5 = 3 x 2271 — 1 centers on the y-axis.

(1) 23 limit cycles (2) The system (8.4.16).—o
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(3) A system of degree 11

Fig.8.4.4 Four copies of (8.4.16).—¢

By Lemma 8.4.2, the perturbed terms

Py (z,y) = (x = 3)[p(2® - 3)* + q(y? - 3)*
+9(2® = 3)*(y*> = 3) + m(a® — 3)> + n(y® — 3)* — A,

P(z,y) =2(y? - 3)[pa® — 3)' + q(y* — 3)*
+g(w _3 2(y2 3)2+m(x2—3)2+n(y2—3)2—)\]

quadruple the number of limit cycles of (PHs), i.e., there exist 92 = 4 x 23 limit

cycles of (PHs). Next, by using Lemma 8.4.1 to perform secondary perturbation

for 5 centers on the y-axis of (PH3)-—o, we have P(Z) =nox't —ma® + -+’ —

N5, Qé (z,y) = 0. It give rise to 52 = (3 x 2271 — 1)? = 25 limit cycles. Thus, the
system (PHs3) has at least 92+25=117 limit cycles.

Again by using inductive method, suppose that the system (PHj) has Si limit

cycles. First, transform the system (PHy) by the quadruple map: (z,y) — (22 —

3k=1 y2 — 3k=1). Then perform secondary perturbation to the centers on the y-axis
of (PHg+1)e=0. We have

Spi1 =4 xS+ (3x 281 1) (8.4.20)

Also let Sy = 4F0y. Similar to the computation of (8.4.1), we have

9 31 11 1
— E—92) - 2(— 4 =) (— e —
o= 02+16( IS R R ER T
13 1
—02+—/€ +

16~ 48 ' 2kt 3 x 4k’ (8.4.21)
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23
Notice that o9 = 6 Thus,

9 1 1
Sp =41 (k- =) +3x 2kt - =, 8.4.22
. (4 6)+ e (3.4.22)
1\ 1 1) -1
Let n =3 x 281 — 1. Then, k — 1 = log, <n;r ): n(nJrln)Q n3.Wehave

from (8.4.22) that

Proposition 8.4.3. By considering the Zs-equivariant systems (PHy) to yield
limit cycles, where (PHs) is (8.4.16), we have

H(n) >

=

In(n+1)—In3 25 2
In2 27 3

(n+1)? [—+— +n+=.

1
Denote that pu = 1o ~ 0.360673. To sum up, the Proposition 8.4.1 ~ Propo-
n

sition 8.4.3 imply that

Theorem 8.4.1. There are two sequences of n = 2F —1 andn = 3x 281 -1,k =
2,3,-++, and a constant p = (4 x In2)~! such that the number H(n) of limit cycles
of the systems (PHy) grows at least as rapidly as u(n + 1)?In(n + 1).

Bibliographical Notes

Up to now, we know that a given system (E,,) always has a finite number of limit
cycles [Ilyashenko, 1991] and that H(2) > 4, H(3) > 12, H(5) > 24, H(7) >
50, H(9) > 80( see [Shi Songling, 1980; Chen Lansun and Wan Mingshu, 1979;
Chan,H. et al, 2001; Li Jibin et al, 1987; Li Jibin et al, 2001; Yu Pei and Han
Maoan,2005; Liu Yingrong and Huang Wentao,2005; Lloyd, 1988; Luo Dingjun et
al, 1997; Perko, 1991; Ye Yangian, 1995]). Also by considering a small neighborhood
of a singular point, H(n) > %[n2 +5n—20—6(—1)"] for n > 6 [Otrokov, 1954].

35 5

[Christopher and Lloyd,1995] showed that H (2 —1) > 4k—! <2k - E) +3.2F — 3

(for example H(7) > 25) by perturbing some families of closed orbits of a Hamil-
tonian system sequence in small neighborhoods of some center points and using a
“quadruple transformation”. The method given by them is very interesting. Un-
fortunately, the computation of a lower bound is not correct (see Remark 8.4.1).
Therefore, we need to correct and develop their work.



Chapter 9

Center-Focus Problem and Bifurcations of
Limit Cycles for a Zs-Equivariant Cubic
System

In this chapter, we study the Zs-equivariant cubic system which is represented by
(EJZ 2). We first solve completely the problem of center-focus for this class of systems.
Then, considering the bifurcation of limit cycle created from infinity, we show that
a cubic system has at least 13 limit cycles.

9.1 Standard Form of a Class of System (EZ?)

In this section, we consider the following system (Ede) having at least two finite
elementary focuses

dzx

= = X1(@,y) + Xs(2,y) = X(2,9),

d

d—‘? =Yi(z,y) + Ys(z,y) = Y(z,y), (9.1.1)

where Xy (x,y), Yi(z,y) are homogeneous real polynomials of order k with respect
toz and y, k=1, 3.

Suppose that system (9.1.1) has at least two finite elementary focuses. We as-
sume that two of them are at the points (41,0) (otherwise, we make proper linear
transformation).

Definition 9.1.1. If the functions of the right hand of system (9.1.1) satisfy

X(1,0) = Y(1,0) =0,
0X(1,0) _ 9Y(1,0)

o oy 2
0X(1,0) 9Y(L,0)
5y = L == (9.1.2)

then we say that system (9.1.1) has the standard form.
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Obviously, when system (9.1.1) has the standard form, the linearized systems of
(9.1.1) at the point (£1,0) have the forms:

dx dy
5 =d(zF1) —y, e (x F 1)+ oy. (9.1.3)

Lemma 9.1.1. If system (9.1.1) has at least two finite elementary focuses, then
by using suitable linear transformation, it makes (9.1.1) become the standard form.

Proof. Without lose of generality, suppose that system (9.1.1) has two elementary
focuses at the points (+1,0). We have

X(1,0) 0Y (1,0)

X(1,0)=Y(1,0)=0 0. 9.1.4
( ’ ) ( ’ ) ) ay ax 7& ( )
Write that
_0X(1,0) L dY (1,0)
- Oz oy
~0X(1,0) 0Y (1,0) B 0X(1,0) 9Y (1,0) (9.1.5)
- Ox Oy oy oz o
and
p? —4qg = —4s>, p=2s6, s>0. (9.1.6)

Then, by the transformation

dY (1,0) . 9Y(1,0) dY (1,0)
A + oy 05 ) v
aY (1,0) ~
_— = = .1.
o U =Y t = st, (9.1.7)
system (9.1.1) becomes the standard form. O

On the basis of (9.1.2) and Lemma 9.1.1, we have

Theorem 9.1.1. If system (9.1.1) has at least two finite elementary focuses, by
a proper linear transformation, (9.1.1) can be reduced to the following standard form

dz o 0 - .

— = ——x — (a; + Dy + =2 + a12%y + aszy® + azy®,

dt 2 2

d 1 1

d_z =—5T+ (0 —aq)y + §m3+a4x2y+a5zy2+a6y3. (9.1.8)

Obviously, (£1,0) are elementary focuses of system (9.1.8) and the linearized
systems at the points (£1,0) are (9.1.3). Letting

r==xu+1), y==4v, t==7, (9.1.9)
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system (9.1.8) becomes

d 30 d .

d_u =du—v+ 7u2 + 2a1uv + a2v2 + §u3 + a1u2v + (1211/02 “+ asv

-

dv 3 9 9, 14 2 2 3

I :u+5v+§u + 2a4uv + asv +§u + agu v + asuv® + agv”. (9.1.10)

9.2 Liapunov Constants, Invariant Integrals and the

Necessary and Sufficient Conditions of the
Existence for the Bi-Center

When ¢ = 0, system (9.1.8) becomes

dr

== —(ay + Dy + ar12%y + aszy® + azy®,

d 1 1

= = =37 —awy + 52 + aua’y + asey’ + agy’

and system(9.1.10) becomes

d .
d_u = —v+a1(2 +u)uv + ag(1 + u)v? + azv?,
-
d 3 1. .
d_v =u+ §u2 + §u3 + ag(2 + w)uv + as(1 + w)v? + agv®.
-

We denote that

A1 =2(1+4as)aq + (2 + a1 + as)as,

Ay =2(14a1)(1 + as) — as,

Az = 3aq + (a1 + a5)(5az + 4ay),

Ay =6(ay + as)(1 + a1) + (5ag — 2a4)ay.

(9.2.1)

(9.2.2)

(9.2.3)

By using the transformation z = u + v, w = u — iv, T = it, system (9.2.2) can

become its associated system. Applying the formula in Theorem 2.3.6, we obtain
the first Liapunov constants at (41, 0) of (9.2.1). We find that there exist 6 terms in
V3 and when V3 = 0, there are 25, 118, 350, 831, 1717 terms in V5, V7, Vo Vi1 Vig,

respectively. By some tricks of the simplification, we know that

Theorem 9.2.1. The first 6 Liapunov constants of (9.2.1) at the singular points

(£1,0) are as follows:

1
V3= Z(ag + 2a1a2 — 2a4 + 2a2a5 — 2a4as + 3ag),

1
Vs oo (3425 4 241 As),
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Vi~ 864h0h3’

Vor 45360h0h4’

Vi 698544h0h5’

Vis~ ot —ay(az — a1) (2as — a)(das - as)
13 85562001a2 a2 — a4 ) 202 — A4 )(202 — A4

><(5a2 — a4)(2a2 + a4)(4a2 + a4)h0h6,
where

ho=3(a1 + a5)As — 2a4 A1,
hs=30as — 54ajas — 84a3as + 70a3 — 105aza3 + 36a4 + 36a1a4
—70a3a4 — 84azas — 52aza’ + 16a3 + 126asa5 + 126a1azas,
hy=108(1 + a1)*(5as — 8a4)
—12(1 4 a1)(525a3 — 420a3a4 — 110aza; + 92a3)
+5(539a5 — 560a3a3 + 448a2a3 + 96aqa]; — 64a3),
hs=[ —4(1 4 a1)*(128az — 97ay)
+4(1 + a1)(3136a3 — 2401a3a4 + 440aza3 + 94a?)
—a4(7007a3 — 784a3as + 2352a3a; — 1256azaf + 16a})]
x (9 + 9a; + 4a3),
he =9038315a3 + 4146497aza, + 19151043

Lemma 9.2.1. The resultant of hy, hs with respect to a1 is

R(h4, h5, CL1) = CLS(GQ — a4)3(2a2 — a4)(4a2 — a4)2
X (5&2 — a4)(2a2 + a4)(4a2 + a4)A(a2, CL4),

where
Alag,as) = 20a3 — 35a3a4 — 20aza; — aj.

275

(9.2.4)

(9.2.5)

(9.2.6)

(9.2.7)

This lemma tell us that if the first six Liapunov constants at (41,0) of (9.2.1)
are all zeros, then, the common factor between Vi3 and R(hy4, hs,a1) is zero. Thus

we have

Lemma 9.2.2. If the first siz Liapunov constants at the singular points (£1,0)

of (9.2.1) are all zeros, then,

az(as — aq)(2a2 — aq)(4as — aq)(bag — aq)(2a2 + a4)(4das + ag)hy = 0.

(9.2.8)



276 Chapter 9  Center-Focus Problem and Bifurcations of Limit Cycles for a - - -

Theorem 9.2.2. The first siz Liapunov constants of (9.2.1) at the singular
points (£1,0) are all zero, if and only if one of the following conditions is satisfied:
1
(C1): as =0, a1 = —as, ag = —302;
(C2): as=0, a1 +as #0, az = ag = 0;
(Cg) . ho :0, a1 + as #0,
1
ag = 5(—a2 — 2a1a9 + 2a4 — 2a9a5 + 2@4&5),
2(1 4 ay)(ay + as)* — a3(1 + 2a; + 2a5) = 0;
(04) : 2(1 + a5)a4 + (2 +a1 + a5)a2 =0,
as = 2(1 + al)(l + a5),
1

ag = 5(7(12 — 2a1as + 2a4 — 2azas5 + 2a4a3);

1
(Cs5): as #0, a1 = 5(*2 +3a3), a2 = au,

as = ai(l - ai +as), ag = asg(l — ai);

1 1
(C): as #0, a1 = g(—8+ 5a3), az = 3%
1 ) 1
as = —§(8+ a?), a3 = —ﬁai, ag = Za4(2 —a?);
1
(C7): as #0, ay = —3—2(32 + 15a3),
1 1
az = 7 as4,a3 = mai(&l + 15a3),
1 3
as = 73—2(96 +17a3), a6 = 71—6114(4 +a?);
1
(Cs): as #0, a1 = 75(50 + 21a3),
1 1
az = 04,03 = ﬁai(%o + 63a3),
1 1
a5 = —=5(200+ 39a3), ag = —55(35 + 9a2);

1
(Cy): as #0, a1 = 75(9+4ai),

2
as =0, a3 =0, ag = §a4(1 +as);

1 1
(CIO) cag #0, ap = —§(8 + 3(1?0, ag = —50,4,
3 1
ag = 1—6ai(4 + a2 4 4as), ag = §a4(4 — a2 + 8as);

1
(C11):as #0, a; = —3—2(32 + 15a3),
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1 1
az = —a4,a3 = mai(&% + 495a2),

1 1
= —(160 + 111a2), a5 = — 45a3).
as 32( 60 + 111a}), ag 16a4(76+ 5ay)

Proof. We first prove the sufficiency.

Substituting each condition (C;) (j = 1,2,---,11) into the above formulas of
Vs, Vs,---,Vis, respectively, it follows that V3 = V5 = --- = Vi3 = 0. Thus, the
sufficiency of this theorem holds.

We next prove that every condition (C;) is the necessary condition such that
Vi3 =V;=---=V;3=0. By Lemma 9.2.2, we need to consider the following four
cases.

(1) If ay = 0 and hg # 0 then Lemma 9.2.2 implies that as = 0. Hence, the
relationship

4Vs = 3ag = 0,
ho = 3((11 + (15)(2 + 2a1 — ag + 2a5 + 2(11(15) 7& 0 (929)
follows the condition (Cs).
(2) If hg # 0 and as(az — a4)(2a2 + a4) = 0, by solving Vs = V5 = -+ = Vi3 =0,
we have

18a; = —18 + 2543 + 10aza4 — 8a3,
12a3 = —aa(—20as + 8ay + 5azai + 7a3 — 20asas + Sasas),

6ag = 2a9 + 4aq — 5a§a4 — agai — 4dasas + 4asas. (9.2.10)

Thus, when ay = 0, we obtain the condition (Cy). When as — a4 = 0, we have the
condition (C5). When 2as + a4 = 0, it gives rise to the condition (Chp).

(3) If ho # 0 and (2a2 — aq4)(das — aq)(bas — aq)(4as + a4) = 0. By solving
V3 =Vs=-.--=Vi3 =0, we have

6asa1 = 160a§ — 6a4 — 45a§a4 — 10a2ai,
18a2a3 = a(1920a3 — 1344a3a4 + 132aa? + 647a3a>
+30a3 — 556a3as + 103asa] + a3),
6a3as = —(960a3 — 672a3a4 + 36aza3 + 320a5a>
+36a3 — 237a3a’ + 28aqa] + 6a}),
9a3a = —(960a3 — 672a3a4 + 39aza? + 400a3a3
+24a}} — 269a3a; + 29asay + 5aj). (9.2.11)

Hence, when 2as — ay = 0, we have the condition (Cg). When 4as — ay = 0, we
obtain the condition (C7). When 5as — a4 = 0, we have the condition (Cs). When
4as + a4 = 0, we obtain the condition (C11).
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(4) If hg = V3 = V5 = 0, we consider the following three subcases. A} = A3 =0
imply that (Cy) holds. If | 41|+ |Az| # 0 and |as|+|a1 +as| # 0, (C3) holds. Finally,
we get condition (Cy) when |A1| + |A2| # 0 and a4 = a1 + a5 = 0. O

We now prove that the origin of (9.2.2) is a center when each condition (Cy) ~
(C11) of Theorem 9.2.2 holds.

(1) Suppose that the condition (C4) holds. Under this parameter condition,
system (9.2.1) becomes

dx

E = —(a1 + l)y + a1x2y + a2$192 + a3f93a

d 1 1 1

d—z:—ix—f— §x3 —alxy2 - §a2y3. (9-2'12)

It is easy to see that the following conclusion holds.

Proposition 9.2.1. System (9.2.12) is a Hamiltonian system with the Hamilto-
nian quantity

1
Fifay)= 21 200+ ay?)
1
—ﬂ[?)x‘l — 12a12%y? — 8agwy® — 6azy?]. (9.2.13)

As an example, we use Fig.9.2.1 to show some phase portraits of system (9.2.13).
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Fig.9.2.1 Some phase portraits of (9.2.12)

(2) Suppose that the condition (Cj) holds. Under this parameter condition,

system (9.2.1) becomes
dx

dy 1
- =y(-l-a+ az® + azy?), d_Z = 5a(-1+ 2% + 2a5y?). (9.2.14)

Proposition 9.2.2. Let
g1 = (24 a1 +as) — (a1 + as)z? — 2(a3z — aras + a?)y?,
g2 = =1+ 2% + 2a5y°,
1 = 2a3 + (a1 — as)?. (9.2.15)
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System (9.2.14) has an integral factor

My(z,y) = fi ! (9.2.16)
and a first integral
Fy(z,y) = f1 s, (9.2.17)
where
fi=g —ngs,
1
+ Vi
(91 \/7_192) 1’ i > 0
91 — /7192
2
fo=3 expZL2, if 71 =0 (9.2.18)
91
exp( 2 arctan@) if 11 <O0.
VN g1

(3) Suppose that the condition (C3) holds, we have

Proposition 9.2.3. Under the condition (Cs), system (9.2.1) has an integral
factor
Ms(x,y) = f3 ) (9.2.19)

and a first integral
Fy(x,y) = f§H20 ) g, (9.2.20)

where
f3=(a1 +as)x — asy,
fa=2+ a1 +as)|asx + 2(1 + a1) (a1 + as)y]
—(1+ a1 + as)[asz® + 2(1 + a1) (a1 + as)z’y
+2a4(1 + as)zy® + 2a3(a1 + as)y®]. (9.2.21)
Remark 9.2.1. Suppose that the condition (Cs) holds. Let

a1 +as =7, a4 =byy. (9.2.22)
By solving 2(1 + a1)(a1 + as)? — a3(1 + 2a1 + 2a5) = 0, we obtain the expression of
a1. By solving hg = 0, we obtain the expression as. Thus, condition (Cs) can be
reduced to

1
Y# 0, as=bsy, a1 = 5(—2+b?1 +2b37),

1
as = (2~ B3 +27 - 26%),

_ 1
(C3) : ag = §<_a2 — agr 4 4bgy — b3r + 2byy? — 2b342), (9.2.23)

1
as = —6b4(8a2 — 12by + 3bi + dasy

—14byry + 8b3y — 4byy? + 4b342).
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(4) Suppose that the condition (C4) holds. Let

Yo=1+ai+as, 73=2+2a1+aj,
g3 =1— 2% —2y? — 2a5y°%. (9.2.24)

We have

Proposition 9.2.4. Under the condition (Cy), system (9.2.1) has an integral
factor
Ma(z,y) = f5 7 fs" (9.2.25)
and a first integral
Fy(z,y) = fsfe 7" (9.2.26)

where
1 .
o= (1+7293)>2, if 72 #0;
eg37 Zf Y2 = 07
fo =22 + 2a42y — 2(1+ al)yZ,

T+ agy — %G
(49— WJ) 3 if > 0
T+ asy + /73 Y
-2
fr=9 exp 4 ) if 3 =0; (9.2.27)
T+ asy
( —2 t Y ) if 43 <0
ex arctan , i - .
P V=3 T+ a4y 7

Remark 9.2.2. Under the condition (Cy), if aa = a4 = 0, then, ag = A; = 0.
Thus, when a; + a5 = 0, the condition (C1) holds; When a1 + as # 0, the condition
(C3) holds. In addition, if |as| + |as| # 0, then, Ay = 0 implies that there exits a
constant vy such that

24 a1+ a5 =2va4, 14 as=—vyas. (9228)
In this case, the condition (Cy) can be changed to

asay #0, a1 = —1+ (a2 + 2a4)7,
(Cy) : { az = —2as(az + 2a4)7?, (9.2.29)

as = —1—agy, ag = az(l — 2ay47).

(5) Suppose that the condition (C5) holds. Under this parameter condition,
system (9.2.1) becomes

dx 3 1

i —§aiy + 5(—2 +3a3)z?y + agzy® + a3(1 — a3 + as)y?,

@ — _1 _ 1 3 2 2 _2y,,3

priia + 5% + a4y + aszy” + as(1 — a)y”. (9.2.30)



282 Chapter 9  Center-Focus Problem and Bifurcations of Limit Cycles for a - - -
Proposition 9.2.5. Let

Ya=—2+ a3 + 2as,
g94=2a3(2 + aj + 2a5) — 7a(2 + af + 2a5)(z” — ajy?)
—(a} = 2a5)va(—= + asy)?
x(—2% — 2a42y — 2y* + 2a3y* — 2asy?),
g5 =ai —2(a® — afy®)
(=1 +ad)(—z + agy)?(—2* — 2a42y — 4y* + 3ajy?). (9.2.31)
System (9.2.30) has an integral factor

—4+43a342a5

Ms(z,y) = fsgfgf (9.2.32)
and a first integral
Fs = fofto, (9.2:33)
where
fs = — aqy,
fo= [a3 + (=1 +a3)(—2* + aiff)]ﬁ, if 1—af#0;
ety if 1-aj=0, (9.2.34)
; 94%4, if ya#0;
10 =

95 . -
expm , iof y4=0.

(6) Suppose that the condition (Cs) holds. Under this parameter condition,
system (9.2.1) becomes

dx 5 1 1 5
pn = —gaiy + g(—8 + 5ai)x2y + 5(141’92 - 3_2(11?43,
d 1 1
d_gtJ =T —asy + 5333 +asz’y
1 1
—§(8 +a?)zy* + ZM(? —aj)y’. (9:2.35)

Proposition 9.2.6. System (9.2.35) has an integral factor

—164+5a7 —8+a?

Me(w,y) = fi1 ©  fi2° (9.2.36)
and a first integral

Fo = f1f12/13; (9.2.37)
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where

f12 = 22 + Sayy,

J11=22 — aqy,
1
8+ (—2+a7)(4 —42® +afy®)] 24, if —2+af #0;
fi3= 2,2 (9.2.38)
2—-2
exp++y, if —2+4+a3=0.

(7) Suppose that the condition (C7) holds. Under this parameter condition,
system (9.2.1) becomes

d 1 1
z_15n, 5(32 + 15a3)2%y

o §a4y
1 1
+Za4zy2 + mai(m + 15a3)y?,
dy 1 1 4 9
at 772x7a4y+ 2:E + asx”y
1 3
—5(96 +17a2)xy® — 1—6a4(4 +a?)y’. (9.2.39)
Proposition 9.2.7. System (9.2.39) has an integral factor
=8
M7(z,y) = fi} (9.2.40)
and a first integral
Fr(z,y) = fia’ fiss (9.2.41)
where
fra =48a2(4x + 3agy) — (8 + 3a3)(4x + asy)?,
fi5=2560a3(4x + 5asy)
—80a3(16 + 5a3)(4x + asy)?*(4z + 3asy)
(9.2.42)

+(8+ 3a3)(16 + 5a3) (4x + asy)®.
(8) Suppose that the condition (Cs) holds. Under this parameter condition,

system (9.2.1) becomes

de 21 , 1 _
==y — —(50 421
- 0™y 50( +2lag)z”y
L agay? + —
—a4x
54T 1250
d 1 1
Y —=T — a4y + —a3 a4x2y

dt 2 2
1 1
—@(200 + 39a2)xy? — 2—5a4(35 + 9a%)y3. (9.2.43)

a3(250 + 63a3)y”,
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Proposition 9.2.8. System (9.2.43) has an integral factor
—10

Ms(z,y) = fig (9.2.44)

and a first integral
FS(xay) = f1_67ff7a (9245)

where

fr6 = 22505 (5 + 3asy) — (25 + 9a2) (52 + asy)?,

f17 =1968750a5 (52 + Tasy)
+525a2(25 + 7a3) (25 + 9a%) (5x + aqy)* (5 + 3asy)
—78750a3(25 + 7a3) (5x + asy) (5x + 3aqy)?
—(25 4 7a2)(25 + 9a2) (52 + asy)". (9.2.46)

(9) Suppose that the condition (C9) holds. Under this parameter condition,
system (9.2.1) becomes

de 4 1

i gaiy — 5(9 + 4ai)x2y,

d 1 1 2

d—th =—5%—ay + §x3 + a2y + aszy® + §a4(1 + as)y®. (9.2.47)

Proposition 9.2.9. System (9.2.47) has an integral factor

9-8a3+18ag

My(2,y) = fig' fig (9.2.48)
and a first integral
5 9(3+2a5)
Fy=(3z + 4aay) fis f19 *
9(3+2a5)
2 de
—6(1 0 9.2.49
( +a5)/9+(9+4a§)(1+x2)’ (9:249)
where
fis8 =3z + 2a4y,
1
2\(_ 2\1 9+4a2 . 9 .
fio= [9,—1|—+£? +daz)(=1+27)] toif 94 dag £ 0; (9.2.50)
€ 9 ) Zf 9 + 40,421 = 0

Remark 9.2.3. When 9+4a% =0, a4 is a complex number, the above results of
the integrability of (9.2.1) are also true when the parameter group (a1, as, as, as, as, ag)
is complez.
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(10) Suppose that the condition (C1p) holds. Under this parameter condition,
system (9.2.1) becomes
dv 3 ,

1
7 g%y - g(S +3a3)z%y

1 3
—§a4xy2 + 1—6ai(4 + a2 + 4as)y®,
dy 1

=——Tr—auy+ 1303 + a4x2y
dt 2 2
1
+asry® + §a4(4 —ai + 8as)y>. (9.2.51)
Proposition 9.2.10. The singular points (£1,0) of system (9.2.51)are centers.

Proof. By using the transformation

- 1 2(2z+ 3aqy)
2 2zt agy)d’
2 1
" Y _ LAaan,, (9.2.52)

T 20+ awy’ T 26
system (9.2.51) becomes

e 1
d—f = E”(l —2¢) [~16 + 3a3(8 + aj + 8as)n?]

dy 1

d—z = 2 [86+ (8 = 303 + 8as)” — a3(8 + o] + 8as)y*].. (9.2.53)

The above transformation makes (£1,0) of (9.2.51) become the origin (0,0) of
(9.2.53). In addition,

E=(x—1)4hot, n=y+hot., near (1,0),
E=—(x+1)+hot, n=-y+hot, near (—1,0). (9.2.54)

Clearly, the vector field defined by (9.2.53) is symmetric with respect to the
&-axis. It implies that the conclusion of this proposition. |

(11) Suppose that the condition (C11) holds. Under this parameter condition,
system (9.2.1) becomes

de 15 , 1 o 9
W02, (32415
gt~ 3%y 32( + 15a3)zy

1 1
—Za4xy2 + mai(SSZ 4 495a3)y>,
d 1 1
d—i = —530 — aay + §x3 + a4x2y

1 1
+§(160 + 111a3)xy® + Ea4(76 + 45a3)y°. (9.2.55)
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Proposition 9.2.11. The singular points (+1,0) of system (9.2.55) are centers.
Proof. Let

g6 = (2562 + 576a42%y — 528a3xy® — 540ajxy? — 932a3y® — 585a3y>).  (9.2.56)
By using the transformation
¢ = 4y 122 + 13a4y
 dx + 3agy \| 3(4x + 3asy)’

8(4x + bagy)? B 4y% (122 + 13a4y)
(4 + 3asy)® 3(4z + 3aay)®

1
77—2 96,

(4 + 3asy)®  |3(4x + 3aqy)
dr = dt 9.2.57
T 7 16(az + 5asy) \| 122 + 13aay (9:257)

system (9.2.55) becomes the following Lienard system

d 1

_df =1+ 2€2[M8 + 19203 — a}(528 + 297a3€7),
dn 1 2.2 2y (2
o=t~ 3aiE) 4 + (48 + 27a))¢”]

x[32 — a3 (24043 + 135a3)£?]. (9.2.58)
The transformation (9.2.57) makes the singular points (41, 0) of (9.2.55) become
the origin of (9.2.58) and we have
¢E=y+hot, n=(x-—1)+hot., near (1,0),
¢=—-y+hot, n=—(r+1)+hot, near(—1,0). (9.2.59)

Obviously, the vector field defined by (9.2.58) is symmetric with respect to the
n-axis. It implies that the conclusion of this proposition. O

Theorem 9.2.1,Theorem 9.2.2 and Propositions 9.2.1~ Propositions 9.2.11 imply
that

Theorem 9.2.3. The singular points (£1,0) of system (9.2.1) are centers if and
only if the first 6 Liapunov constants are all zeros, namely, one of 11 conditions in
Theorem 9.2.2 holds.

9.3 The Conditions of Six-Order Weak Focus and
Bifurcations of Limit Cycles

We know from Theorem 9.2.1 and Lemma 9.2.1 that if (£1,0) of system (9.2.1) are
weak focus of order 6, then we have
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Alag, as) = 20a3 — 35a3a4 — 20aza; —aj =0, asho # 0. (9.3.1)

Let as = Aayg. It is easy to see that the function A(A, 1) has three zeros at

M= YT 0 = 2.21224585 - - -
1276
7 Vo7 2
Ao = 5 + Y= cos <00 - ?> = —0.05557708 - - - ,
7 Vo7 2
==+ SCcos (0 + o | = —0.40666876 - - -, (9.3.2)
1276 3
where
1 36v/2319
Oy = 3 arctan <74451 ) . (9.3.3)

By Theorem 9.2.1, we have

Theorem 9.3.1. For system (9.2.1), (£1,0) are weak focuses of order 6 if and

only if
A(N1) =0, agho #0, (a1,a2,as,as,a6) = (a1, az,as,as, as), (9.3.4)
where
a1 = 1—18 [—18 4 (—8 + 154\ + 385\%)a?],
Q2 = Ay,
iz =— 64;006& [2880(8 4 74\ + 143)\?)

+(3578819 + 73223024\ + 158462585\%)a?],

1
s = _%[126 + (44 + 320\ + 797)\?)a?],

1
G = — 5=z a4 [45(4 — 19\) + (502 + 6820\ + 16105\?)a3). (9.3.5)

Lemma 9.3.1. Suppose that A(X\,1)=0 and (a1, a9, as, a5, ag) = (a1, az, as, as,
ag). Then ho =0 if and only if

A=A, ai=wi, or aj=uws, (9.3.6)

where
w1 = 0.03274565---, wg = 0.03453237 - - - . (9.3.7)
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Proof. When (a1, ag, as, as,a6) = (a1, az, as, as, ag), we have

- a2(5468369 + 111981560\ + 242266355)2) z 035)
0= 593806218257103750 0 o

where

ho = 158348324868561a
+260090(1927442096 + 735778623\ — 734798180A%)a2
+275(1591628188157 + 1932176311266 — 1198485512456A%)  (9.3.9)

is a quadratic polynomial in a3. A(\,1) = ho = 0 imply that

75(1927442096+735778623)\7734798180)\2 )

aj=
6088212729

+ 25\/6(726003814062582237 14988190268053629\+7306440411744220\2)

. (9.3.10)
6088212729

When A = Xy and A = )3, (9.3.10) follows that a3 is not a positive real number.
But when A = Aq, ai = wq, ws, where wy = 0.03274565---, wo = 0.03453237 - - .
Namely Lemma 9.3.1 holds O

According to Theorem 9.3.1 and Lemma 9.3.1, we have

Theorem 9.3.2. (+1,0) are weak focuses of order 6 of system (9.2.1) if and
only if

A()‘v 1) = 07 (€2} 7é 07 (a17a27a37a57a6) = (C~L1,C~LQ,C~L3,C~L5,C~LG) (9311)
and when X\ = \1, a3 # w1, wa.

Theorem 9.3.3. Suppose that (£1,0) are weak focuses of order 6 of system

(9.2.1). Then, when
6

18]+ lax — | < 1, (9.3.12)
k=1
by making a small perturbation of the coefficient group of (0,a1,as,as,as,as) of
system (9.1.8), there exist 6 small amplitude limit cycles in a small neighborhood of
(£1,0), respectively.

Proof. Because (£1,0) are weak focuses of order 6 of system (9.2.1) and (9.3.4) holds,
Theorem 9.2.1 follows that when A(X,1) =0, aghg # 0, the Jacbin of the function
group (Va, Vs, V7, Vy, Vi1) with respect to (a1, as,as,as,ag) at (ai,asq, as, as,ag) is
given by
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O OV Vi Vi 3
8a1 8a2 8a3 (3'(15 4
o v o oV
80,1 6@2 6a3 8&5
J_a(‘/?n ‘/57 V77 V97 Vll) o % % % % 0
~ 9(a1, a9, as, as, ag) | day  Oas Oas Oas
oVe Ve
gve Yh 0 0 0
8a1 8a2
oV
11 0V 0 0
6@1 6@2
_ 539(8602456533509+175937693579696/\+380614976209391>\2)a}13h8 £0. (9.3.13)
12538266255360
Thus Theorem 3.1.4 follows that Theorem 9.3.3 holds. |

Under conditions of Theorem 9.2.1 and Theorem 9.3.1, Vi3 = aj'x # 0, where

—11
K = 2551000000 [(56794007957132160

—3379058706136258840a2 + 50225301517577575587a%)
+(1161552717525657600 — 69108607749089418880a>
+1027209339522075478992a) A + (2512846172532009600
—149506172061524927560a2 + 2222214298048672809225a)A2)]. (9.3.14)

Theorem 9.2.1 and Theorem 9.3.2 imply that
Lemma 9.3.2. If
as #0, A\, 1) =0, 6§ = 259200ka} e,
a] = (~11 + 6064,
~ 104 2\ 3.2
ag = as + 4—5(13 + 220\ + 4601%)aye”,
az = ag + c162 + coe + 3% + 468,

~ 2 4 6 8
a5 = a5 + C5€° + CceE” + cre + CgE”,

~ 2 4 6 8 10
ag = ag + Cc9e” + c10€” + c11€° + c126° + c136 7, (9.3.15)

and a3 # w1, wa, when X = A1, where co ~ ci3 are given by §9.7, then the first siz
focal values at (£1,0) of system (9.1.8) are as follow

v1(27) — 1 = 518400a;'kme'? + o('?),
v3(2m) = —773136a5 kre'® 4 o(c1?),
vs(27) = 296296a;' kme® + o(e®),



290 Chapter 9  Center-Focus Problem and Bifurcations of Limit Cycles for a - - -

vr(27) = —44473a; ke + o(e%),
v9(2m) = 3003at kme® + o(e?),
(2m) = 791a4 Kkme® + o(e?),
(27) = a3 k7 + o(1). (9.3.16)

V11

V13

Theorem 9.3.4. Under the condition in Lemma 9.3.2, there exists a positive
number g9 > 0, such that system (9.1.8) has exactly 12 limit circles, which are close
to the circles (x F1)% 4+ y? = k% when 0 < |¢| < eo, k = 1,2,3,4,5,6.

Proof. By Lemma 9.3.2, the quasi succession function at (£1,0) of system (9.1.8) is
that

L(h,e)=a}' krn(518400e'? — 773136h%'0 + 296296118
744473h656 +3003h8e* — 910102 + B'?)

=aj'km H — k%e%) (9.3.17)
(9.3.17) and Theorem 3.3.3 imply this theorem.

9.4 A Class of (EZ?) System With 13 Limit Cycles

In this section, we consider the following system having two weak focuses of order
6:

dr

i —(ay + D)y + a12%y + aszy® + asy®,

d 1 1 . 1 :

d—i:7§x+ 51‘5 —axy? — §&2y3, (9.4.1)

where (a1, dg, a3, as, ag) are given by (9.3.5), A(\,1) =0, a4 # 0 and a3 # w1, wo
when \ = ;.
Write the functions of the right hand of system (9.4.1) as follows:

~ 1
Xi(z,y) =—(a1 + 1)y, Yi(z,y) = —5% @y,

Xa(z,y) = ara’y + azwy® + azy’,
1 - .
Ya(x,y) = 5333 + agx’y + aszy® + asy’. (9.4.2)
By (9.3.5), every component of the group (a1, as, as, as, ag) is a polynomial in A, a4
with the rational coefficients. A € {A1, A2, A\3} and a4 is a free parameter. We are
going to consider the bifurcation condition of limit cycles of (9.4.1) created from the
infinity (i.e., the equator I's, of the Poincar’e sphere). Let
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Py(x,y) =2[x X (x,y) + yYi(z,y)] = —(3 + 2a1)xy — 2a4°,
Qa(z, ) 2021 (z,y) — yXi(2,y)] = —2® = 204wy + 2(1 + a1)y?,
Py(z,y) =2[zX3(z,y) + yYs(z,y)]
=(1+ 2a1)2%y + 2(d2 + as)2®y® + 2(as + as)ay® + 2aey”,
Qa(z,y) =2[zY3(z,y) — yXs(z,y)]
= 4 20423y + 2(as — ay)x?y? + 2(a — az)zy® — 2asy*.  (9.4.3)

It is known that system (9.4.1) has no real singular point on the equator I's, if
and only if Q4(z,y) is positive definite.

Suppose that Q4(z,y) is positive definite. In order to investigate the stabi-
lity and bifurcations of limit circles on the equator I's, of (9.4.1), by making the

transformation 0 0
g=7 =Y (9.4.4)
p p
system (9.4.1) becomes
dp _ Py(cosf,sinf) + Py(cos,sinf)p? (9.4.5)
a0 pQ4(COS€,sin9) + Q2(cos 6, sin ) p2” o
According to (9.4.3),
Q4(cosB,sinb)|g—o = 1. (9.4.6)

Clearly, the right hand side of (9.4.5) is an odd function with respect to p, Hence,
the solution of (9.4.5) satisfying the initial condition p|p—o = h has the form

Z Do 41 (0) R (9.4.7)

Substituting (9.4.7) into (9.4.5), we obtain

—Py(cos p, sin p)

v1(0) = d 9.4.8
71(6) = exp o Qalcosp,sing) (548)
— )/9 Py (cos p, sin ¢),Q4(cos p, sin ) 72 (@)dy (0.4.9)
’ ! 0 | Pa(cosp,sin p),Qa(cos ¢, sin ) Q3(cos p,sing)’ o
Because
d
4Py(cosf,sinf) = 2Rs(cos 0, sin 0) — @Q;;(COS 0,sin0), (9.4.10)
where

Ry = a4 cos® 0 + 2(ay + as) cos Osin @ + (ag + 3ag) sin? 0. (9.4.11)
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(9.4.8) and (9.4.10) follows that

71(0) = /Q4(cos B, sin ) - O

7 (2m) —1=e%2™ 1, (9.4.12)

where ;
1 Ra(cos o, sin )
GO)=—< —— = dop. 9.4.13
(©) 2 Jo Qa(cosp,sinp) 7 ( )
By (9.4.12), we know that the infinity is a weak focus of (9.4.1) only if Q4(z,y)
is positive definite and G(27) = 0.
We see from (9.4.9), (9.4.12) and (9.4.13), when G(27) = 0, 4(0) is a periodic

function of period 7 and

%@w)2lﬂ

Lemma 9.4.1. Suppose that system (9.4.1) has no real singular point on the

equator T'oo and G(2mw) = 0. Then, a4 is a real zero of the following polynomial Hy

of degree 15 in a3:

Py(cos @, sin ¢),Q4(cos @, sin ) e2G(@) dyp

(9.4.14)
Py(cos @, sin ¢),Q2(cos ¢, sin ¢)

T
Q@ (cos p, sin p)

Hy =24488801280000000000 + 770943744000000000000a3
—469421964289260000000000a
+36075095205512305500000000a$
—1143110740438000496812500000a
+11013872157343419644770312500a1°
+67294307690668435658116875000a.12
18216045042989819669497109375a1*
—455712654622496257745066187500a.1°
—817172022465840200592407725000a %
—57549976589616052075594587500a,2°
+1286475949345038306506007073750a3>
+1637228153622181244360199321500a3*
+934842729588870230115343355500a3°
+263170086745751773461987484900a3°
429615860952895797456782793171a3°. (9.4.15)

Theorem 9.4.1. System (9.4.1) has no real singular point on the equator T'
and G(27) = 0 if and only if ay = £a}, X\ = Aa, where a}(= 0.81233628 - --) is the
largest real zero of the function Hy.
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Lemma 9.4.1 and Theorem 9.4.1 will be proved in Section 9.5.

Lemma 9.4.2.
dG(2
(2m) = 17.00901058 - - - > 0. (9.4.16)
day as==%al, A=Xa
Lemma 9.4.3.
73(27) ~ £5.36546 x 101, (9.4.17)
a4=iaz, k=k2

The proofs of Lemma 9.4.2 and Lemma 9.4.3 will be given in Section 9.6.

We see from Theorem 9.4.1, Lemma 9.4.2 and Lemma 9.4.3 that the equator '
of system (9.4.1) is a unstable (stable) inner limit cycle when A = A\a, a4 = aj (or
as = —aj}). When A = Ao, as =aj(1 —0) (or ay = —aj(1 —0)) and 0 < 0 < 1, the
equator I's of system (9.4.1) is a stable (unstable) inner limit cycle.

By using well known Hopf bifurcation theorem, we have

Theorem 9.4.2. When A = Ay, a4 = a}(1 — o) (or ay = —aj(1 — o)) for
0 <o <1, system (9.4.1) has exactly a unstable (or a stable) limit cycle near the
equator.

Theorem 9.3.3 and Theorem 9.4.2 imply the following main result.

Theorem 9.4.3. For system (E3Z2), 6 limit cycles can be created respectively in
two small neighborhoods of two weak focuses of 6 order. In addition, in a inner
neighborhood of the equator, there exists a larger limit cycle. Therefore, there exist
13 limit cycles with the scheme 1 D (6 J6).

When A = Ay, a4 = +aj, by solving (9.3.14), we have x = 0.00037809 - - > 0.
Thus, Theorem 9.3.4 and Theorem 9.4.3 follow that

Theorem 9.4.4. Suppose that the coefficients of system (9.1.8) are given by
(9.3.15), where A = Xa, ag = a}(1 — o) (or ay = —a}(1 —0)). Then, we have

(1) When e = 0 =0, (£1,0) are unstable (or stable) weak focus of 6 order, the
equator T'ss of system (9.1.8) is a unstable (or a stable) inner limit cycle.

(2) Whene =0, 0 < 0 < 1, (£1,0) are unstable (or stable) weak focus of 6
order, and in the neighborhood of the equator, there exists a unique unstable (or
stable) limit cycle.

(3) When 0 < |e| < 0 < 1, there exist 6 limit cycles in a neighborhoods of
(£1,0), respectively. In a neighborhood of the equator, there exists a unique unstable
(or stable) limit cycle. Namely, there exist 13 limit cycles. Furthermore, the equator
T is a inner stable (or unstable) limit cycle.
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9.5 Proofs of Lemma 9.4.1 and Theorem 9.4.1

In order to know the exact value of G(27), we need to have factorization of Q4(z, y).
Because the coefficient of the term x* in Q4(x,y) is 1. It implies that Q4(z,y) is
positive definite if and only if there exist two positive numbers «, 5 and two constants
Y1, Y2, such that

Qa(z,y) = [(z +my)* + PY7)[(x +120)° + 52y7). (9.5.1)

Expanding the right hand of (9.5.1) and comparing the coefficients of the same pow-
ers with (9.4.3), it follows from (9.3.5) that «, 3,91, 72 are solutions of the equations
fi=fo=fs=f, =0, where

fi=as —v1 — e,
f2=236 + 4a2 + 4502 + 4562 + 1090a2\ + 2722a3 )2
+4577 + 1807172 + 4573,
f3=180ay + 502a5 — 180as) 4 6820a3\ + 16105a3 \>
+6756271 + 6750272 + 67572y, + 6757172,
f1=23040a2 + 3578819a} — 32400a%3% + 21312042\
17322302403\ + 411840032 4 158462585a;\>
—324005%v7 — 324000273 — 32400723, (9.5.2)

Remark 9.5.1. It is easy to show that if (o, 5,71, 7Y2) is a complex solution group
of the equations f1 = fa = f3 = fa =0, then Qu(x,y) always has the factorization
(9.5.1) whether Q4(x,y) is positive definite or not.

Lemma 9.5.1. System (9.4.1) has no real singular point on the equator if and
only if there exist three positive numbers «, 3,7, such that

Qa(z,y) = [(xz+ %azxy —agvy)? + 2y [(z + %aw +asvy)® + 5%y°. (9.5.3)

Proof. Because a4 # 0, we see from f; = 0 that there exists a v such that

1 1
N =504 7as, Y2 = 5aa+yas (9.5.4)

We can assume that v > 0 and prove that v # 0. In fact, we see from f; = fo =0
that

4 1
o+ = —= 27%a2 — gg (143 + 21802 + 5444)22)a2. (9.5.5)
Since we have A(\, 1) =0, (9.5.5) implies that o? + 8% < —2 + 2v%a3. It follows
that v # 0. O
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Substituting (9.5.4) into (9.5.2), we know that fy = f3 = 0 if and only if

o = I5, 52 = fe, (956)

where

1 :
f5= 7007 (180 — 269a3 — 1080 — 2145a37y + 2700a3~*

+360\ 4 2710a3\ — 32700a3yA + 8620a3\* — 81660a37)\?),

fo= (—180 + 269a3 — 1080y — 214543y + 2700a3~>

2700y
—360\ — 2710a2\ — 32700a3y\ — 8620a3\? — 81660a3vA?).  (9.5.7)

Lemma 9.5.2. System (9.4.1) has no real singular point on the equator if and
only if F1 =0, f5 >0, fe >0 and~y > 0, where
Fy =32400 + 213480a3 + 8910016a3 + 129600\
+6988320a2)\ + 179010340ai\ + 1296002
+15915600a3\% + 38632886503\
—180(6480 — 5760a? + 255463a; + 136800a3\
+5439976a3\ + 465120a2)\? + 11877880a;1?)~>
+162000a3(72 + 143a3 + 2180a3\ + 5444a3)\?)~*
—29160000a;+°. (9.5.8)

Proof. Submitting (9.5.4), (9.6.6) into fy4, it is easy to show that f, = A(X,1) =0
if and only if F; = 0. Thus Lemma 9.5.2 holds. O

Denote that

ny = (6> - a?)
x (—1440 4 943a3 + 9000 — 4320\ + 31780a3\ + 75700a2\%)
—60(3a? + 42)(—72 — 43a3 + 15003\ + 376a3\?)y
+4a3(—1440 + 943a3 — 675a* — 22532
—4320\ + 31780a3\ + 75700a3\?)~?
—240a3(—72 — 43a2 4 15003\ + 376a2)\?)v* — 3600a3~*,

Nng = —(52 —a?)
x (—1440 + 943a% + 9003% — 4320\ + 31780a3\ + 75700a2)?)
+60(a? + 36%)(—72 — 43a2 + 150a3 )\ + 376a3)\?)y
+4a3(—1440 + 943a] — 2250% — 675/3°
—4320\ 4 3178003\ + 75700a3)\%)y2
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+240a%(—72 — 43a2 + 15043\ + 376a22?)y> — 3600a;~",
nz=—15(a* — 3?)(=72 — 43a3 + 150a3 )\ + 376a3\?)
+a2(—1440 + 943a3 + 45002 + 4506% — 4320\

+31780a2 )\ + 75700a2\?)y + 900a;j~>. (9.5.9)
Substituting (9.5.3) into (9.4.13) and using the method of partial integration, we
have
T
Lemma 9.5.3. When 0 € (—5, 5),

G6) = G1(0) — G1(0)
~1800a3(a? — 2aB + B2 + 4a3vy?) (a2 + 2a8 + 32 + 4a3v?)’

where

(9.5.10)

2a4(1 — 27) + [a2(1 — 2v)? + 4a?)]tand
da
2a4(1 + 27) + [a3(1 4 27)? 4 45°]tand
4p
4a*tan?d + (2 + ag — 2a47y tan 0)?
432tan?0 + (2 + a4 + 2a4ytan )2’

G1(0) = aqfny arctan

+agans arctan

+2afns log (9.5.11)

Lemma 9.5.4.
_ —agm(afr + Bfs)
G = So0aB0Z + 2051 72 + 40277 (95.12)

where

fr=1440 — 943a? + 9005% + 4320~
+2580a37y + 900a3y? + 4320\ — 31780a3\
—9000a2y\ — 75700a2\% — 22560a37\?,
fs =1440 — 94342 + 900a* — 4320
—2580a3y + 900a3y? + 4320\ — 31780a3\
+9000a3y\ — 75700a3\? + 22560a37\?. (9.5.13)

Proof. Because the integrand of the right hand of (9.4.13) is a periodic function of
period 7, Lemma 9.5.3 implies that

Gen=2[6(3)-¢(-3)]

T T
_ 261 (3) =61 (5)]
1800 8(a? — 2a3 + B2 + 4a3y?) (a2 + 2a3 + (B2 + 4a3ry?)
B 2may(fny + anz)
~ 1800a8(a? — 2083 + (2 + 4a3y?)(a? + 2a8 + B2 + 4a3y?)
(9.5.9) and (9.5.14) give the conclusion of this Lemma. O

. (9.5.14)
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Remark 9.5.2. When afr+(fs # 0, the function G(0) has jump discontinuous
points at 0 = g tkr, k=0,1,2,---. When afr+ 0fs =0, for 6 € (—o0,0), G(0)

is a continuous periodic function of period .

Lemma 9.5.5. Suppose that system (9.4.1) has no real singular point on the
equator. Then G(2m) = 0 if and only if f7fs <0 and Fy = 0, where

Fy = 77760047 (48600 — 99630a3 — 4001235a4 + 1427515404
+194400\ — 1590300a3\ — 78937845a3\ + 2920922183a5\
—3877200a2)\? — 170418660aj)\? + 6319248215a5\)~*
—216(104976000 + 1138989600a3 — 83650309200a7
—949863385800a$ 4 68019121524943a5 + 419904000\
1246868560000\ — 1705595216400a3) — 19423812453480a$)
+1391129313186520a3\ + 51858144000a3)\*
—3691578067200a3)\? — 42021926420400aS)\?
+3009500477048005a3\%)y? + 1133740800 + 685843200047
—3027453103440a] — 30040565308416a$
+2789782868404321af + 15116544000\ + 1702220832004\
—61921065003840a;\ — 614438279223480aS)
+57056708189236408a3\ — 133959025108800a 4\
+30233088000A\* + 376625894400a3\
—1329260609063880ai\? + 123433679684533387a5)\?. (9.5.15)

Proof. Lemma 9.5.2 follows that if system (9.4.1) has no real singular point on the
equator, then, F; = 0. We see from (9.5.12) that G(27) = 0 if and only if f7fs <0
and o?f2 — %22 = 0. From (9.6.6) and (9.5.13), by using F; = 0 and A(A, 1) =0,

we have
1

2 r2 2 r2
@2 p
ST = 0Is = ghamazys

It follows the Lemma 9.5.5. O

(9.5.16)

Proof of Lemma 9.4.1. Lemma 9.5.2 and Lemma 9.5.5 follow that if system
(9.4.1) has no real singular point on the equator I'o, and G(27) = 0, then F} = F; =
A(N 1) =0, agy # 0. Thus, using Mathematica program, we obtain

Res(Res(F1, Fa, ), AN\ 1),\) = a3 HSH} =0, (9.5.17)
where H; is given by (9.4.15),

Hy = —28800 — 138920042 + 1293760a’ + 5630539aC. (9.5.18)
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Next we prove that Hy # 0 by finding contradiction. Suppose that Hy = 0, then
M1 = ReS(Ho, Fl, CL4) = 0, M2 = ReS(H(), FQ, CL4) =0.

By using Mathematica, we know that M, M, are two polynomials with respect to
v, A. The highest common factor of Res(My, A(A, 1), A) and Res(Mz, A(X, 1), ) is
2. Thus, when Hy = F} = Fy = A()\, 1) = 0, we have v = 0. This contradicts the
conditions of Lemma 9.5.2. Thus Lemma 9.4.1 holds.

Lemma 9.5.6. When Fy = F» = Hy = A(\,1) =0, aq # 0, X is a polynomial
of degree 14 of a2 with rational coefficients, i.e., \ = Ho, where

14
1
H. :—§ bra2k 9.5.19
2 m Ky ( )

and m, by, by, -+, big are given by §9.7.

Proof. By using Mathematica, we see that \/Res(F1, F», ) is a polynomial in a4, A.
Making this polynomial with A(X,1) to do mutual division with respect to A, we
have a§(F3 — Fy\) = 0. Hence, when F} = F, = H; = A(\, 1) =0, a4 # 0, we have

(9.5.20)
where F3, Fy are two polynomials of a7 with rational coefficients. The highest com-

mon factor of Fy and H; is 1. By the polynomials theory, there exist two polynomials
F5, Fg in a3 with rational coefficients, such that

(9.5.20) and (9.5.21) imply that
F3F5
A= = I3 F: 9.5.22
F4F5 345, ( )

when Fy = F» = Hy = A(M\ 1) =0, aq # 0. Using H; = 0 to eliminate the terms
of a4 with power exponents larger than 28 in the expansion of F3F5. We obtain the
conclusion of the Lemma 9.5.6. O

Remark 9.5.3. Using Mathematica, we obtain
A(Hs, 1) = Hy Fr, (9.5.23)
where F; is a polynomial of a3. Thus, Hy = 0 follows that A(Hz,1) = 0.

Lemma 9.5.7. Suppose that v # 0, Hy =0, A\ = Hs. Then, Fy = F5 =0 if
and only if Fo = 0.
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Proof. By using Mathematica, it is easy to verify from A(Hy,1) = 0 that
48q5 Fy + (1800a3q07* — 1) F2 = Hs(aa, \)y* + Ha(as, N), (9.5.24)
where

qo = 48600 — 99630a2 — 4001235a; 4+ 142751540a$ + 194400\
—1590300a3\ — 78937845a;\ + 2920922183aS\
—3877200a3)? — 170418660a5\ + 6319248215a5)\?,
q1 = —17496000 — 42573600a3 + 11777807700a;
—640423404750a5 4 11135043548357a5 — 69984000\
—1567836000a3\ + 240482822400a3\
—13097306243370a5) + 227734631514230a )
—3316464000a2\? + 520536499200a 4\
—28333646277600a5\* + 492670092977045a3\%. (9.5.25)

In (9.5.24), Hs(a4, A) and Hy(aq, ) are two polynomials in a4, A with rational coef-
ficients, for which the highest power exponent of A is 2. And we have

Hs(as, Hy) = H\Fs, Hy(as,Ho) = H,Fy,

where Fg, Fy are two polynomials in a3. Thus when H; = 0, A\ = H,, we have
Hs = Hy = 0. Hence, when Hy =0, A= Hs, (9.5.24) follows that

48¢2 Fy + (1800a%qoy? — q1)Fs = 0. (9.5.26)

Again using Mathematica, we know that Res(qo, H1,a4) is a polynomial in A, for
which with A(A, 1) are relatively prime. Thus, when H; = A(\ 1) = 0, go # 0.
Therefore, from (9.5.26), we obtain the conclusion of this Lemma 9.5.7. O

Remark 9.5.4. Notice that all operations in the above lemmas are rational op-
erations, by using Mathematica to polynomials of a4, A,y with rational coefficients.
So that, they have no any rounding error.

The Proof of Theorem 9.4.1. Necessary: It follows from Lemma 9.4.1,
Lemma 9.5.5 and Lemma 9.5.6 that if system (9.4.1) has no real singular point
on the equator and G(27) = 0, then H; = F, = 0, A = Hy. We can find that
H1|a§:§ has exact four positive zeros a = (i, k = 1,2, 3,4, where

¢ =0.65989022 -+, (5 = 0.37330788- -,

(3 =0.03359415 -, ¢4 =0.01780119 - -- (9.5.27)
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and ¢; = (a})?. Thus, in order to make H; = 0 and A\ = Ha, it has to satisfy the
following 4 conditions:

Cy:aj=C, A=A,
Cy:a =G, A=\,
Cs:aj = (3, A=A,
Cy:a2=C, A= M. (9.5.28)

From (9.5.26), when H; = 0, A = Hy and

2 q1

== 9.5.29
1800(142;@] ’ ( )

v

we have F; = 0. For 42 given by (9.5.29), we obtain the following computational
results:

—0.08092370---, if a2 = (1, A= A,

2 ) 0.01951104---, if a2 = (o, A = Ao,
7T 022561073+, if a2 = Cs, A= A1, (9.5.30)

190.45459957 - -, if a2 = (4, A= A,

By (9.5.30), if one of the conditions Co, C3, Cj is satisfied and ¥? is defined by
(9.5.29), then Fy = 0,~4% > 0. Furthermore, (9.5.5) and (9.5.30) imply that

—0.94577861---, if aZ = (a2, A = Ao,
o + 4% =1 —12.58341028---, if a2 = (3, A = Ay, (9.5.31)
—0.27130003 - -, if a? =4, A= Aq.

Clearly, o + 3% is negative. By Lemma 9.5.2 and Remark 9.5.1, we obtain the
necessary of this theorem.
Sufficiency: When the condition C; holds, we see from F» = 0, (9.6.6) and
(9.5.13) that
v = 0.95518279 - - - |
a? =0.02182871---, (% =0.09886412- -, (9.5.32)
f7 = 8243.65696363 - - -, fg = —3873.59848007 - - - .

Lemma 9.5.2, Lemma 9.5.5 and Lemma 9.5.7 imply the sufficiency of this theorem.

9.6 The Proofs of Lemma 9.4.2 and Lemma 9.4.3

When A = Ay and a4 is varied in a small neighborhood of +aj, Theorem 9.4.1 implies
that Q4(z,y) is positive definite. Thus, we see from Lemma 9.5.1 and Lemma 9.5.2
that Q4(z,y) has the factorization as (9.5.3), where «, 3,y satisfy

a?=fs, BEP=fs, F1=0. (9.6.1)
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oF
It implies that «, 3,v are continuous functions of a3. When 8—1 # 0, we can
Y
d d d dG(2
calculate —a, —ﬁ, 2T and by using (9.5.14), we can find ﬂ By (9.5.14)
day’ day dag day
and (9.5.16), we have
G(27T) = H5F2, (962)
where
Hs I (9.6.3)

B 27337500a4037v3 (a2 + 2a8 + 32 + 4a3y?)(afr — Bfs)

By (9.5.32), when A = Ay and a4 is varied in a small neighborhood of +aj, we
obtain af; — Bfs > 0.

OF;
Lemma 9.6.1. When Fy = Hy = A(\, 1) =0, we have 8—71 # 0.

oFy

oy Y
ayg, A. For the resultant of this polynomial and A(A,1) with respect to A, it is
a polynomial of a4, which is prime with the polynomial H;. Thus, this lemma
holds. |

Proof. By using Mathematica, we know that Res (Fl, is a polynomial in

Proof of Lemma 9.4.2

Proof. When A = Ay and ay4 is varied in a small neighborhood of +a} , Lemma 9.5.2
implies that F; = 0. We see from Lemma 9.6.1 that

d_")’ o 6'F1 8F1

=——/ —. 9.6.4
day Oay 0y ( )

(9.6.2) and (9.6.4) follow that when A\ = A3, at a4 = £aj, we have

dG (2r) dF, OF, OF, 0F, 0F\ /OF
= H—= = - = —_—. 9.6.5
day *day ° ( 0y Oas Oy 8a4) / oy ( )
Using (9.5.32), (9.6.3) and (9.6.5), we obtain
dG(2
(2m) = 17.00901058 - - - . (9.6.6)
das |g,—taz, x=xs

Then, Lemma 9.4.2 holds. O

Proof of Lemma 9.4.3

Proof. By using (9.4.14), (9.5.10) and (9.5.32) to compute, we have that Lemma
9.4.3 holds. O
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9.7 Appendix

Co =539 (594561331+12159853840A+2630599274512 )a$,

€1 =— oo (~1074510+452297684a% — 21857085
4925022292502 A—472464002% 4-20011444745a2 7\ )a},

C2 = 37g07bTar0 (2558716387449552+1013924199420034321 a3
+52332524917779600A+20736808593910992256a3 A
+113214060155936160\% +44860994915155953859a2 A?)a§,

c3 Zm(—2505649578712461828360+1435447422350937850454657ai

—5124561765439976995176014-29357812780720622598192416a3 A

—110862255246939470854440\% +63511252100124300505455635a2 A?)af,

— —13
€4 = 1T329527209494127560005908 185258052295450390625
X (—31834460290713919579083281019136199779853763043200000

+50280260932461639855623872865520590812238414266800000a2
+6365021324691796815400929707842167502489513617516480000a
+57259561083570503256091720196239707527029823176530770400a
—5746283610376483087751237895938940357206343623688256986400a5
+649846631231070052107661520445798338133894874027033648917807a}’
—651171308515396915028594335554609014646473804062080000 A
+1028322466139960504393080463711907756405729048913680000a2 A
+130177523057425237007563600201174967602039292098802208000a; A
+1171074244239424146532781705576096546132899285293528528000a A
—117523160886860981291242154839583128481670374217405899553280a3 A
+13290682359031702403896437369325210492560868821295597635210000a;° A
—1408739766249350098044568988501631958183010730094080000 A
+2224618732623284121083329748456342776528481557535040000a3 A
+281619644127217978175922220374204092025950234649115680000a; A
+2533444581900216017380135702052534033344828405678997364000a§ A2
—254243841462741792188480943393426556725577682816903219855200a5 A
+28752410275787415274115592423234227686652051162404968443078445a1° \?)a2,
c5 = %% (180+18317a2 —2025A+373439a2 A— 666072 +-807620a2 \?) a2,

— 52 2
C6 =gE391875 (—14640825890+4-277794403047a; —297642955430\
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+5682054029130a2 A\—643354561400\% +12292426157715a3 A% )a],

€7 = ool (—20183385331212507+297138270941817444242 —412796851484198355)

+60770804241575838161a2 A\—893026165172960340\% +131468576418175907831a2 A?)a$,

P 1664
8 T 511645004860105000294937342896376559375
X (108860103505395151810421890871440964979720

+174103681879414520761136159458903752571815a2
—10557357616993051187063587884723483133192010a
+156861433129261054037861541885554846857378251 a5
+2311942086469272701580432648879926909975400 A
+3621108841362360016619289562154317939678125a2 A
—215846749820364988164980114966120038295542310a; A
+3208158102172947586570870728190270495607385813a$ A
+5027394357647431888386160966577548423111200\>
+7851739732470236473683967444019078955305700a2 \?
—466930391365533503019328911089191159220412440a \>
+6940378973092320074653506846195325346427210480a$ A?),

— —104
€9 =1ptgs (—2679+67652a3 —53790A+1389194a3 A\—117060A% 4300753205 A%)aj,

clo = T%%ﬁ (152217275580+25959189233645a2 +3106111900860A4530914901675948a3 A
+67170644812807\° +1148554667524115a2A%)a],

C11 = gysooeerys (—55324412125423200427911714110836463963 a2
—1131514912456026120A+570851179670703914920a3 A
—2447869640821698600\% +1234951436665000410505a2 \?)a’,

C12 = m
X (—15583426332122373999281701317970676482828104000
—23891149373767040074636852963343188844405944500a2
+1398494859372864280452777486185639782423058722200a
—20793724322697563749127889076387518827736461552550a5
—9707002224940525802338273507828750607471648608651812a5
+1429035705368691279125794047999381103393371923503049563a 10
—308838558171646666927676025307026981981932112000 A

—481657725556160268425252765418742742402603296500(1‘21 A
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—|—28610443258382367246628444191252339953749095009000&21 A
—425271 149947718077830876419109038170441002139083300(12 A
—198527896338605010832955718278602835685067281710568300(12 A
—i—29226680152648068103911OO7398642534109910980164052081012(&0 A
—665120046911974977664090336426461197656217280000\°
—103990905661218933661532569362418937952581 1690000@3 A2
+61896970814722727872213287892247516133181626834000(11 A2
—920009919003345718714045444351200198668529238142550&2 A2
7429485513310802642360546161171960366525002618072581080(12 A2

+63227566203473001110005154354345428715380731301618997941 aio Aay,

ci3 = 13 x
13 = 33569028768871489069350839067431266060593750

(—4040205092075217603862475032779911919096132362403840
—6313720500235766190675753060783427329906110269870080ai
+375651463192764333261425365487437865341361202842787840(13
—5583567470484805513994084581 188403174298092037520826368@2
+4693766296112163253393898683177878958618737696194359680ai
—279263824441095674891306422385346838792741503249616883320ai0
+4150892602142403983926935824603530249787675757718894268751a}f
—82632819838886726884258829868258612352273189240012800\
—1291301092120391 15957602442092652287080925644033945600ai A
+7682832680274963868683889895540070630201612896542924800ai A
—114195286313436287529831721901 137693721362327782148632576(12 A
+95997046040395840702680712182933461502967213072165324800(12 A
—571151 1926905246144144229474804367855377698640154882394240a‘ll0 A
Jr8489417722622400199266644172100596221771457544212587070081611}12 A
—178764503729383404203403601980269512002134207034163200 \>
—279354249526317031945953522931124592655758960850944000ai A2
Jr16620662751872805587639269962363364226394854431066030080(12L A2
—247044481054784797022208066454576065774106626431621836800@2 A2
+207675300550152899924828413787343853013720775912715420800ai A2

— 12356004739316987035148856963617616057492861928103728203880ai0 A2

Center-Focus Problem and Bifurcations of Limit Cycles for a - - -
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+183655898748902198758426425776820926875135138559382371030925ai2kz)ai,

m  =41768861099732811507005593611646374236805368532722796304266557197195552700000000
40269749660833784102730754868241173225875313540958021030644938927835937920050666
60140089967669946316611433155969040351460015344542405511035570117375152062710,

bo =133044732241688250129897645400021066090787419135379646332915211181851004248541
33074443255206144160082848298871381787422856569544217176386954421990273292015801
94110039187275928082176088793039126831249241415685346698100477058442570825000000,
b1 —1934234333754748946841567262351339056161062881680376463975517652845723302
37593455612044682944712048056992395396957872838664842053837667629212299915007276
5450055602803114392713055900512548736710402698508094834731289270886348800000000,
b2 ——1304086348652361001504528329700875532056818601220393247517143398575230655319
66015172812800179804978560701304020511967849367060216459026837192352946746385599
72851827031031632566019361322811477543817721009100136779391416121070540800000000,
b3 =103572979665013063817681177641403590462440193902902884676511988412878390186393
27908024921638778609056804200520176323188746642895922493614282349832731909920992
12062565245562426201672460230309648002075930824242396963357840881994478840000000,
b4 ——3460089866550368464115993377149611861085983900612920426835200721074487360806731
35640227253191954709488674460537317215542982703744822887815376493192915183887486
81693099420924226663330813424207204782943964064431644448241366153766864679000000,

b5 —40268480405535264666026335762209781098632654229856321754438831540885455299110807
84536121208490652906224184294417903710712261498631604275499765696065112488974511
13576747645034682498705532813119661391531685620417255350204783974586683544725000,

bﬁ =78039454039961170914384772040880996940137141355112920288216945991979382573568304
96396716256962035053198167397759898221743273266600626539983493606941561946111039
47424392967563838044014685779506651507583047675051175402270906818823761126621875,

b7 =-—-300182457140231178604251863371151864149881728448383375632262387574260513198215899
20016392408324507364145794241993059100657117059767940037273233977641093481750995
47202927563542202059490306652133862900553259677827175137705363782242284278652500,

bg —=—869565851019757275424312259473714626201935566018902874848586658678384836299613261
78584564266834474549631419735132815626720746305252067760582202899623888879219632

10388043070402781239360014924074377800878165544067697215604197082137278595275000,
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bg =-—351215895944591709669958029992291472177924645159423648585456748610439038468724173
31876868416434077877520832728387553549296093296068600637174930021814620752528369
19760268964065707016059698892649273598719535138119499434467174672913633103496500,
b10 =1136734450218184171868703323402624899193778935067822782343810554037144092784693946
19694936062270258789013022233978282296183597310914589599475309120050094795980126
3978360199546544363857996470132228766300966062769477324868138447442219392301110,
b11 —=1758537836625989707675920419880598705835165713131162670862091838470166751372796326
4954563538615811784215607181115902004652848158254485655426947783252095775914348
36976364035424660761708522472839528481644522771064844337498003568656527343117700,
b12 =1090207524559549387874861711346072433102837433983516445965949895646153252938941281
87679233530160151431933195777501859766129895098057209186046743779570574334805468
12913648850418781253711176096485628875358010200191617158012607460091024125124080,
b13 =322651898840812916854837680011336850966749180188399810590009633200100408087458236
41291757383448775615551522083856805273297884172070469517508008409636013814501143
41821263609286230076704935433258418799768104803836971289380534968847770021460476,
b14 —=37581541338721502665448857904407239421659394133860592481017760576209065297804531
14149594176635059879272781147765426412700898207260332189646547073028908102374075

37509832177899639544708691594205316929398289424810073677303066024011374998517151

Bibliographical Notes

The center-focus problem at the origin of system (E3Zz) was solved by [Sibirskii,
1965], furthermore, shortened expressions of the first five Liapunov constants of
the origin had been given by [Liu Y.R., 1987] and [Liu Y.R. etc, 1989]. If system
(Edzz) have two elementary focuses, the first result of there exist at least 12 small-
amplitude limit cycles was proved by [Yu P. etc 2004; Yu P. etc 2005a; Yu P. etc
2005b]. In [Liu Y.R. etc, 2005], for a class of system (EZ2) with five free parameters
and two elementary focuses, shortened expressions of the first six Liapunov constants
were obtained, center-focus problem was solved, a new proof of there existing 12 limit
circles for (EZ#?) system was given.

In [Li J.B. etc, 2010] and [Liu Y.R. etc, 2011b], the authors considered the most
general case that system (E3Z 2) is a six-parameter system which has two elementary
focuses (or centers). For this system, shortened expressions of the first six Liapunov
constants of two elementary focuses are obtained, center-focus problem was solved
completely. The conclusion that there exist at most 12 small-amplitude limit cycles
with the scheme 6| J6 was proved. Because the system having two elementary weak
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focuses of order 6 keep to have a free parameter, in [Li J.B. etc, 2010] and [Liu Y.R.
etc, 2011c], the authors obtained a larger limit cycle by the bifurcation from the
equator. Therefore, the existence of 13 limit cycles with the scheme 1 D (6(J6) had
been proved.

By considering Poincar’e bifurcations from some period annuluses, i.e., investi-
gating the numbers of some Abelian integrals, [Li C.Z. etc, 2009a] also obtained the
existence of existence of 13 limit cycles for a symmetric cubic system with different

disposition.



Chapter 10

Center-Focus Problem and Bifurcations of
Limit Cycles for Three-Multiple Nilpotent
Singular Points

Suppose that the origin of a real planar analytic system is an isolate singular point
and at this point, the eigenvalues of the coefficient matrix of the linearized system
are all zeros, but the coefficients of the linear terms are not all zero. In this case, the
origin is called a nilpotent singular point, for which the study on the center-focus
problem and bifurcations of limit cycles is more difficult. Recent years, the authors
of this book made some new contributions on this study direction. In this chapter,

we introduce their new results.

10.1 Criteria of Center-Focus for a Nilpotent Singular Point

Let the origin be a isolate singular point and it is nilpotent. Then, by making a
proper linear transformation, a planar autonomous analytic system can be reduced
to the following form:

dx > .
=0y =yt Y ayrty,
k+j=2
d oo _
d—i =U(ay)= Y bty (10.1.1)
k+j=2

where ®(z,y), ¥(z,y) are analytic in a neighborhood of the origin. Clearly, a nilpo-
tent singular point is a multiple point. By the discussion in Section 1.2, we have

Proposition 10.1.1. Suppose that y = f(x) is the unique solution of f(x) +
O(z, f(x)) = 0 in a neighborhood of the origin of system (10.1.1), where f(0) = 0.
If we have

U(x, f(x)) =ax™ +o(z™), a#0, (10.1.2)

then the multiplicity of the origin is m.
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The result in Section 1.2 tell us that a m-multiple singular point can be decom-
posed exactly into m complex elementary singular point.
On the basis of the discussion in [Amelikin etc, 1982] we have

Proposition 10.1.2. The origin of system (10.1.1) is a focus (or an enter) if
and only if

U(z, f(a) = az® "t +o(a® 1), a#0,

{a_@ i 8_@] ="t + o(z" ™),
Oz 0y |y j(a)

B2 + 4na < 0, (10.1.3)
where n is a positive integer.

In order to solve the center and focus problem, in [Amelikin etc, 1982], the
authors made the transformation

z=(—a)T 2z, y=(—a)T Iy + f(2) (10.1.4)
and introduces the Lyapunov polar coordinates
xy =rCst, y = —r"Snd, (10.1.5)

such that the concepts of focal values and the successor function of the origin for
system (10.1.1) were defined.

The normal forms of system (10.1.1) are discussed in some paper. Form Theorem
19.10 in [Amelikin etc, 1982], we have

Theorem 10.1.1. If condition (10.1.3) is satisfied, then there exist the following
formal series

o0
, .
u=x+ E aijkyj,

k+j=2
[ee]
v=y+ Y bty
k+j=2
dt N :
—=1+ > gty (10.1.6)
T k+j=1

such that by the above transformation, system (10.1.1) is reduced to the following

Liénard equations

d d ,
d—“ —vt Fu), &= aut (10.1.7)
.

where .
F(u) = Eﬁu” + o(u™). (10.1.8)
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According to [Alvarez etc, 2006], we have

Theorem 10.1.2. If condition (10.1.3) holds, then there exist the power series
having the form (10.1.6) with non-zero convergence radius, such that by the above
transformation, system (10.1.1) is reduced to the following Liénard equations

du dv 5 = & B
=0 g o +vk§13ku , Bp_1=p. (10.1.9)

In addition, for all k, Bop play the role of Lyapunov constants of the origin of
(10.1.1).

To find the coefficients ay;, bj.;, c;; of transformation (10.1.6) and By, in (10.1.9),
it is very tedious and hard work.
Especially, if system (10.1.1) is symmetric with the origin, which can be written

as

dx

i y+ZX2k+1 z,y), ZY%H ,y), (10.1.10)

where Xop11(z,y), Y%H(JJ, y) are homogenous polynomial of degree 2k + 1 in x, y.
Amelikin et al in Chapter 18 of [Amelikin etc, 1982] gave the following conclusion.

Theorem 10.1.3. For system (10.1.10), if the conditions in (10.1.3) are satis-
fied, then there exists a positive definite formal power series F(x,y) in a neighborhood
of the origin, such that

dF

- Z Vier?*. (10.1.11)

(10.1.10) e [3n+1

Remark 10.1.1. Generally, for (10.1.1), when the conditions in (10.1.3) hold,
there always exists a positive definite Lyapunov functions in a neighborhood of the
origin. However, the Lyapunov functions may be not a formal power series of x,y.

Example 10.1.1. For system

d . d .
d—f =y + px® 4 x>, d_th = —22% + 2uxy + 22t (10.1.12)
we have the Lyapunov function
F = (2" +y*) exp (2;1 arctan %), (10.1.13)
x
such that IF
= = A1+ p?)ax8 exp (2;1 arctan %) (10.1.14)

Clearly, F' is not a formal power series of x,y.
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10.2 Successor Functions and Focus Value of Three-Multiple
Nilpotent Singular Point

In this section, we assume that m = 3 in (10.1.2). Then, Proposition 10.1.2 follows
that

Proposition 10.2.1. The origin of system (10.1.1) is a three-multiple focus(or
center), if and only if

bao = 0, (2a20 — by11)? + 8bzg < 0. (10.2.1)
Without loss of generality, under condition (10.2.1), we can assume that
a0 =, b =0, b1 =2, bz=-2. (10.2.2)
Otherwise, by letting
2a20 + b11 = 4, (2a90 — b11)? + 8bzp = — 16\ (10.2.3)
and making the transformation
=Xz, n=Ay+ 3(2020 = bip) N2, (10.2.4)

it gives rise to the mentioned case. When (10.2.2) holds, system (10.1.1) becomes
the following:

d S :
d_g; =y + puz® + Z [ arz™y’ = X (z,y),
k+2j=3
dy i P
pri 2uzy — 2% + Z by’ =Y (z,y). (10.2.5)
k4-2j=4

By using the generalized polar coordinate transformation
x=rcosh, y=r’sind, (10.2.6)
system (10.2.5) is changed as follows:

dr _rcosfX(rcosf, 72 sin @) + sin OY (r cos 0, r? sin 0)
dt (1 + sin” 0)

r oo
= R (0 k,
1+sin29k§1 k(@)

df _ cosfY (rcosb, r2sin @) — 2rsin 0X (r cos B, 72 sin 0)
dt r2(1 + sin? 9)

r o0
= 0)rk, 10.2.7
1+ sin?0 kzonk( r ( )
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where

R1(0) = cosO[sin (1 — 2cos® ) + p(cos? § + 2sin? )],
3

Qo(#) = —2(cos* § + sin?0) < -5 (10.2.8)
Thus, we have
r Z Ry (0)r*—1
ﬁ — k=1 = R (0) r—+ o(r). (10.2.9)
do s . Qo(0)
> Qo)
k=0
Let
o0
r=70,h)=> v(0)h¥, (10.2.10)
k=1
be a solution of (10.2.9) satisfying the initial condition r|g—g = h where h is small
and .
v (0) = exp/ £.(6) do, v(0)=0, k=2.3,---. (10.2.11)
o Qo(f)

Submitting (10.2.10), (10.2.11) into (10.2.9), v4(#) can be solved successively.
Especially, we have

() = ! (10.2.12)

1 inf \’
(cos 0 4 sin? 0) 3 exp (§u arctan — )

cos2 0

It follows that
vkr)=1, k=0, £1, £2,---. (10.2.13)

Proposition 10.2.2. Under the transformation r — —r, 0 — w™ — 6, equation
(10.2.9) s invariant.

Proposition 10.2.3. When |0] < 47, |h| < 1, we have

—7(m—0,h) =70, —7(m, h)) (10.2.14)
Proof. By Proposition 10.2.2, r = —7 (7w — 0, h) is a solution of (10.2.9) satisfying
rlo=0 = —7(m, h). On the other hand, r = 7(0, —7(m, h)) is a solution of (10.2.9)
satisfying the same initial condition. Thus, by the uniqueness of solution, (10.2.14)
holds. O

Moreover, (10.2.9) is invariant under the transformation r — —r, 0 — 6 — 27, It
implies that
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Proposition 10.2.4. When |0| < 47, |h| < 1,
(0 — 27, h) = 7(0, 7(—2m, h)), (10.2.15)
70+ 27, h) = 7(0,7(2m, h)). (10.2.16)

de
Because for all sufficiently small r, we have pn < 0. Hence, we can define the

successor functions of system (10.2.9) in a small neighborhood of the origin as follows:
o0
A(h) = #(=2m,h) —h =" v(—2m)h*. (10.2.17)
k=2
Proposition 10.2.3 and Proposition 10.2.4 follow the following result.

Theorem 10.2.1. For any positive integer m, Vo,,11(—27) has the form

m

Vomi1(=2m) = Y &R g (—2m), (10.2.18)
k=1
where €% is a polynomial of vi(m), v;(2n), vi(=2m) (j =2,3,---,2m) with rational

coefficients.

Definition 10.2.1. Let fi, gi be continuous and boundary functions with respect

to  and a;j,bi5, k = 1,2,---. Suppose that for an integer m, there exists a group
( %m), §§m), e ,E,(nni)l) of continuous and boundary functions in 1, a;;, b;; such that
fn = gm + («Eim)fl F &My 57(77_)1fm—1) . (10.2.19)

Then, we say that f,, and g,, are equivalent, written by fn, ~ gm. If for any integer
m, we have fn, ~ gm, we say that the sequences of functions {f,,} and {gm} are
equivalent, written by {fm} ~ {gm}-

Remark 10.2.1. [t is easy to see from Definition 10.2.1 that the following con-
clusions hold:

(1) The equivalent relationship of the sequences of functions is self-reciprocal,
symmetric and transmissible.

(2) If for some integer m, fu, ~ gm, then, when f1 = f =+ = fn_1 =0, we
have fm = gm-

(3) The relationship f1 ~ g1 implies that f1 = g1.

By Theorem 10.2.1, we have

Proposition 10.2.5. For any positive integer m, vom+1(—27) ~ 0.
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Remark 10.2.2. We know from Theorem 10.2.1 that when k > 1 for the first
non-zero vi(—2m), k is an even integer. This fact is different from the center-focus
problem for the elementary singular points.

Definition 10.2.2. For system (10.2.5):

(1) For any positive integer m, vom (—2m) is called the m-order focal value of the
origin;

(2) If va(—2m) # 0, the origin is called 1-order weak focus; if there is an integer
m > 1, such that ve(—27m) = v4(—2m) = -+ = vom_2(—27m) = 0, but Vo (—2m) # 0,
then, the origin is called m-order weak focus;

(3) If for all positive integer we have vo,,(—2m) = 0, then, the origin is called a
center.

Theorem 10.2.1 follows that

Theorem 10.2.2. If the origin of system (10.2.5) is a m-order weak focus, it is
stable when van, (—2m) < 0 and unstable when v, (—27) > 0. If the origin of system
(10.2.5) is a nilpotent center, then in a neighborhood of the origin of (10.2.5), all
solutions are periodic solutions.

10.3 Bifurcation of Limit Cycles Created from Three-Multiple
Nilpotent Singular Point

In this section, we consider the perturbed system of system (10.2.5)

dx e .
-E=Jx+X®w%=M+y+uﬁ+ Z:amﬁw,
k+25=3
d s .
d_gz =26y + Y (z,y) = 26y + 2uxy — 22° + Z braFyd. (10.3.1)

k+2j=4

Clearly, when 0 < || < 1, in a neighborhood of the origin, there exist one elementary
node at the origin and two complex singular points of system (10.2.5) at (z1,y1) and
(22,y2) where
=0 o) SSLI (6%) (10.3.2)
T1,2 = 77—~ o 5 Y2=7—"T1 (] . ..
TED) VETE
When § — 0, those three singular points coincide to become a three-multiple singular
point O(0,0).
By generalized polar coordinate transformation (10.2.6), the linearized system
dx dy

- _
R

— = 20 10.3.
7 Y (10.3.3)
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becomes J Ro(0) &0
T ity
sy = 90\ 10.3.4
i T Trate @ (10:3.4)
where
Ro(0) = (1 + sin® 0)d. (10.3.5)

Nonlinear system (10.3.1) is transformed into

> Ri(0)r*
d — 0
e = B0 o), (10.3.6)
dé . Qo)
> QiO)r
k=0
by the same transformation (10.2.6).
Let .
r=7(0,h,8) = w(6,0) + > _ vi(8,0)h*, (10.3.7)
k=1

be a solution of system (10.3.6) satisfying the initial condition r|p—¢g = h, where h is
sufficiently small and

19(0,0) =0, 11(0,0) =1, v(0,0)=0, k=2,3,---. (10.3.8)
Denote that

vo(0,0) = Ao(6)d + o(d),
Vi(0,8) = vp(6,0) + Ap(0)8 + 0(5), k=1,2,---. (10.3.9)

We have from (10.2.13), (10.3.7) and (10.3.9) that the successive function in a neigh-
borhood of the origin of system (10.3.1) is as follows:

A(h,§)=7(—2m, h,§) —
=[Ao(—2m)d + 0( )]+ [A1(=2m)d + o(8)] h

+ i —2m,0) + Ag(—2m)d + o(8)] h". (10.3.10)
k=2

Proposition 10.3.1. In (10.3.9),

—11(6,0) /" (1 + sin? 0)df
(

Ap(0) = )
o(f) 2 ) 11(6,0)(cos 0 + sin” )

(10.3.11)

where 1
v1(0,0) = - . (10.3.12)

1 1 0
(cost 6 + sin? )7 exp <§u arctan CS;; 9>
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From (10.3.11), we have

1 [ (1 + sin” §)de
Ap(—2m) = = > 0. 10.3.13
o(=27) 2 /0 v1(6,0)(cos 0 + sin? §) ( )

Proof. Submitting (10.3.7), (10.3.9) into (10.3.6), we have

dAy(0) 1
o Qi(9)

(10.3.8) and (10.3.14) follow the results of (10.3.11) and (10.3.12). O

[(1+sin®6) + cos R, (0)Ao(0)] . (10.3.14)

We see from (10.3.7) and (10.3.9) that 7(6, h,0) = v1(0,0)h + o(h) if 6 = o(h),
when 0 < h < 1, |0| < 47. Thus we have

Theorem 10.3.1. If the origin of system (10.3.1)5—¢0 is a center, then there is
no periodic solution in a neighborhood of the origin of (10.3.1) when 0 < |§] < 1.

Theorem 10.3.2. Suppose that the origin of system (10.3.1)s—o is a m-order
weak focus. Then, we have

(1) When dvam (—2m,0) > 0, there is no periodic solution in a neighborhood of
the origin.

(2) When dvap(—2m,0) < 0, there exists a unique limit cycle which encloses the
elementary node O(0,0) with initial value

B —Ao(—271')6 2m %

Proof. Under the condition of this theorem, we have from (10.3.10) that
A(h,0) = vap, (—2m,0)R*™ 4+ o(h*™), A(0,6) = Ag(—2m)6 + 0(5).  (10.3.16)
By using the implicit function theorem to solve
A(h,0) =0, 6|lp=0 =0, (10.3.17)

we have uniquely the following result:

_ 1/2m<_27ra O)

5= h2™ 4+ o(h®™). 10.3.18
o) (12 (10.3.15)
Thus, we obtain
a2l E
= i _— 2m ), 1 . .1
h |:V2m(27r7 0)] +o(67) (10.3.19)

This means that Theorem 10.3.2 holds. O



10.3  Bifurcation of Limit Cycles Created from Three-Multiple Nilpotent: - - 317

Remark 10.3.1. Under the condition of Theorem 10.3.2, when & is varied
from zero to nonzero, the origin (three-multiple nilpotent singular point) of system
(10.3.1)5=0 is split to become one elementary node at the origin and two complex
singular points. A limit cycle enclosing the elementary node O(0,0) is created. This
an interesting bifurcation behavior which is different from usual Hopf bifurcation.

Example 10.3.1. Considering the system

x
pr =0z + y + +ax(z* + >k,

dy

= = =20y — 22° + 2ay(2* + )", (10.3.20)

where k is a positive integer. When 6 = a = 0 system (10.3.20) is a Hamiltonian
system with the Hamiltonian

H(z,y) = 2* + 42 (10.3.21)
We see from
dH
— H(S +aH") (10.3.22)
dt (10.3.20)
that there exists a unique limit cycle aH* = —0 enclosing elementary node O(0,0)
of system (10.3.20) when da < 0. O

In order to consider multiple bifurcations of the origin, we next discuss the per-
turbed system as follows:

dx e )
— =0z +y + (e, 0)2° + k; o (e,0)z"y’ = X (z,y,¢,9),
=

d > )
d_z; =28y + 2u(e, §)zy — 22° + Z bij(e,0)aFy! =Y (z,y,¢,8), (10.3.23)
k+2j=4

where X (z,y,¢,9), Y(z,y,¢,0) are power series of x, y, €, § with real coefficients and
non-zero convergence radius.

Under generalized polar coordinates (10.2.5), write the solution of (10.3.23) sa-
tisfying the initial condition r|g—g = h as follows:

r=7(0,h,e,0) =vo(0,5,0) + Y _ vi(0,e,0)h", (10.3.24)
k=1

where |h| is sufficiently small and

V()(O,&, 5) = 0, 1/1(0, g, 5) = 1, Vk(0,€, 5) = 0, k= 2,3, AN (10325)
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Denote that

vi(0,e,0) = v (0,¢,0) + 0gr(0,,9), (10.3.26)
where g (6,,0) are analytic for sufficient small &, when || < 4m. It is easy to
prove that

Proposition 10.3.2. 1(6,£,0) =0, ¢0(0,0,0) = Ag(0), 11 (—2m,e,0) =1
(10.3.27)

We now suppose that § = §(e) be a power series of € with real coefficients and
non-zero convergence radius, §(0) = 0. Then successor function of (10.3.23)5:5(5) in
a small neighborhood of the origin is given by
A(h,e)=7(=2m, h,e,6(e)) — h

o0

=vo(—2m,e,0(e)) + [1(=2m,e,0(e)) — b+ Y vi(—2m,€,8(c))h*. (10.3.28)

k=2

We see from (10.3.26), 10.3.27 and (10.3.28) that

€) ng<—27{',€,5<€))hk

oo

+> vk(=2m,£,0)h (10.3.29)
k=2

Definition 10.3.1. Suppose that for )| < 1, h = h(e) is a continuous func-
tion of real variable £, which takes its value in the complex field. If h(0) = 0 and
A(h(e),e) =0, then h = h(e) is called a zero of A(h,¢).

Similar to Proposition 10.2.3, we obtain

Proposition 10.3.3. For 7(0, h,e,d) defined by (10.3.24), when 0| < 4w, |h| <
1, we have
—7(m—0,h,e,8) =70, —7(m, h,e,d),¢,0). (10.3.30)

It follows that

Proposition 10.3.4. For a sufficiently small , if h = h(e) is a real zero of the
successor function A(h,e), then so is h = —7(m, h(e),£,0(g)).

Proposition 10.3.4 tell us that there exists a pair of the real zeros of A(h,¢).

Definition 10.3.2. Suppose that k is a positive integer and k > 2. If there exist
k—1 power series &2(g), &3(€), -+, &r—1(g) and Uk () in € with non-zero convergence
radius, such that

k—1

vi(—2m,€,0) = i(e) + Y _ &a(e)va(—2m,€,0), (10.3.31)

s=2
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then, we say that vi(—2m,e,0) and g (g) are analytic equivalence, denoted by
Ve (=27, 2,0) = i, (e). (10.3.32)

Furthermore, if for any positive integer k > 2, vo(—2m,¢,0) = 12(e) and vi(—2m,&,0)
~ vy (g), then we say that the two sequences of functions {vy(—2m,£,0)} and {vk ()}
are analytic equivalent, written by

{vi(=2m,e,0)} ~ {Dk(e)}. (10.3.33)
By Theorem 10.2.1, we have

Proposition 10.3.5. For any positive integer k,
vok+1(€,0) = 0. (10.3.34)

Because for any k, vi(—2m, h,e,d(¢)) is power series of e. By Theorem 10.2.1,
when 0 < |e| < 1, if A(h,¢) is not always equal to zero, the following conditions
hold.

Condition 10.3.1. There exist a natural number N and a positive integer m,
such that

A()(*27T)(S(€) = )\()€IO+N + O(EZO+N),
vo(=2m,e,0) = \elt ™ 4 o(el V),

vor(=2m,2,0) = X\pe* N po(e TN k=23 ... m, (10.3.35)

where ly, 11, ,l,m—1 are positive integers, Ao, A1, -+, Ay are independent of €. In
addition,

by = 0, Am 7é 0,

Vomaor(—2m,6,0) = 0(EN), k=1,2,---. (10.3.36)

Remark 10.3.2. (1) In (10.3.35) and (10.3.36), if there is a s € {2,3,--- ,m—
1}, such that vos(—2m,e,0) = 0, then we take As =0, Iy = +oo. If N =0, we take
eN=1.

(2) If Condition 10.3.1 holds, the origin of system (10.3.23)5=c=0 is a m-order
weak focus when N =0 and a center when N > 0.

Proposition 10.3.4 and the proof of Weierstrass preparation theorem imply the
following conclusion.

Theorem 10.3.3. Suppose that Condition 10.3.1 holds. Then, we have
(1) There exist positive number hg, g, such that function A(h,e) has exactly 2m
complex zeros (in the multiplicity) at the region {|h| < ho, |e| < eo}.
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(2) When 0 < |e| < 1, in a small neighborhood of the origin, system (10.3.23)5—5(z)
has at most m limit cycles enclosing the elementary node O(0,0).

(3) When 0 < |e| < 1, in a small neighborhood of the origin, system (10.3.23)s5—0
has at most m — 1 limit cycles.

Definition 10.3.3. Suppose that Condition 10.3.1 holds. The function
L(h,e) = Moel® + Mgl h? + - 4 Ngel* b2k oo 4 N el pm (10.3.37)
is called a quasi successor function of (10.3.23)5-5(c) in a neighborhood of the origin.

Similar to Theorem 3.3.2, we have

Theorem 10.3.4. Suppose that

(1) Condition 10.3.1 holds and 0 < e < 1.

(2) There ezist exact s zeros having positive first term in all 2m zeros of L(h,€).

(3) These s positive first terms are different each other.
Then,

(1) A(h,e) has exact s positive zeros.

(2) System (10.3.23)5—5(c) has exactly s limit cycles in a neighborhood of the
origin.

For the case 0 < —e < 1, replacing € by —¢ in the quasi successor function, we

obtain the corresponding result.
Similar to the proof of Theorem 3.3.3, we have

Theorem 10.3.5. Suppose that
(1) Condition 10.3.1 holds and 0 < ¢ < 1.
(2) There exists a positive integer d, such that

o0
(3) G(n) = Z Nen?E has exact m simple positive zeros 1, N2, -+, Tm.
k=0
Then
(1) A(hye) has exact m positive zeros h = Mee? + 0(5%), k=1,2 ---, m.

(2) System (10.3.23)5—5(c) has exactly m limit cycles in a sufficiently small neigh-
borhood of the origin.

The same as Theorem 3.3.4, we have

Theorem 10.3.6. Suppose that Condition 10.3.1 holds. In addition,

)\k‘fl)\k‘<07 kilv 27"'am7

lp—1 — g >l — lk+1, k= 1,2, -+, m—1. (10339)
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Then, when 0 < e < 1, A(h, ) has exact m positive zeros h = hy(e) given by

A I q1—1 lp_q—1
hk(e)zw/# e foleTT ), k=12 - ,m. (10.3.40)

Correspondingly, system (10.3.23)5-5(c) has evactly m limit cycles in a sufficiently
small neighborhood of the origin.

Theorem 10.3.7. If §(e) = M + 0o(€), Ao # 0 and the origin is a center of
system (10.3.23)5=c—=0, then there is no limit cycle of system (10.3.23)s5—s() in a
sufficiently small neighborhood of the origin when 0 < |g] < 1.

Proof. Under Condition of Theorem 10.3.8, the quasi successor function of system
(10.3.23)5=5(c) is L(h,&) = Aoe. Theorem 10.3.4 follows the conclusion of this theo-
rem. O

Finally, we consider system

dx > .
=0ty +puy, 02+ Y ai(y,0)2*y’ = X(2,y,7,9),
k+2j=3
dy 3 - k, j
= = 20y + 2u(y, )zy — 227 + > bii(v,6)aty = Y(x,y,7,6), (10.3.41)
k+2j=4
where v = {71,72, -+ , Y} IS a vector in the n-dimension parameters space. X

(z,y,7,0), Y(z,y,7,d) are analytic with respect to z,y,d,~ in the region {|z| <«
]-a |y| < 17 |5| < ]-a |'7 *7()| < 1}
Similar to Theorem 3.1.4, we have

Theorem 10.3.8. Suppose that
(1) The origin of system (10.3.41)y=~  s=0 is a m-order weak focus, n > m—1.
(2) There exist ji1,jo, s jm-1 € {1,2,--+,n}, such that

D(V27V47"' 71/2771*2)
D(’Yju’yjaa' o ’,ij—l) Y=,

£0, (10.3.42)

where voy, is the k-th focus value of system (10.3.41)s5—0.

Then, by choosing proper parameters in the region {0 < ||y —~,|| < 1, 0 < |§| <
1}, system (10.3.41) has exactly m limit cycles in a sufficiently small neighborhood
of the origin.
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10.4 The Classification of Three-Multiple Nilpotent Singular
Points and Inverse Integral Factor

On the basis of Theorem 10.1.1 and Theorem 10.1.2, we know that

Theorem 10.4.1. For system (10.2.5), one can derive successively the terms of
the following series with non-zero convergence radius:

oo
wlw,y) =+ Y anaey’,

a+pB=2
o0

’U(l’,y) =Y + Z b;ﬁxayﬁv bl20 = — K,
a+pB=2

C(z,y) =1+ Z cixﬁxayﬁ (10.4.1)
a+B=1

such that by the transformation
w=ulz,y), v=v(zy), d=Cy)d, (10.4.2)

system (10.2.5) is reduced to the following Liénard equations

du 2 S 4k S 4k+2 S 2k+1
E:v—i—?uu +2Aku —l—ZBku +ZCku =U(u,v),
k=1 k=1 k=1
dv 2y, 3
= —2(1 4 p*)u® = V(u,v), (10.4.3)

In addition, the origin of system (10.2.5) is a center if and only if for all k,C) = 0.

Definition 10.4.1. Write that By = 2u.

(1) If uw # 0, the origin of system (10.2.5) is called a three-multiple nilpotent
singular point of 0-class.

(2) If p = 0 and there exists a positive integer s, such that By = By = -+ =
Bs_1 =0, but Bs # 0, the origin of system (10.2.5) is called a three-multiple nilpo-
tent singular point of s-class.

(3) If u = 0 and for all positive integers s, Bs = 0, the origin of system (10.2.5)
is called a three-multiple nilpotent singular point of co-class.

If the origin of system (10.2.5) is a center, system (10.4.3) has the form

du 2 = 4k = 4k+2
E:v—i—Q,uu —l—ZAku +ZBku ,
k=1 k=1
d )
e R (10.4.4)

dr
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The vector field defined by system (10.4.4) is symmetry with respect to v axis. By

the transformation

dr’
2
= = dr = —— 10.4.
w=u", v=wv, dr 50 (10.4.5)
system (10.4.4) can reduce to

dw o0 oo

P —v = 2puw — Z Apw?* — Z Brw?F 1,

k=1 k=1
dv 9

Obviously, in the wOv phase plane, the origin of system (10.4.6) is an elementary
singular point (focus or center). For any positive integer k, let V§k+1(27r) be the k-th
focal value of the origin of system (10.4.6),—0, it is easy to see that

{ V3ki(27) } ~ {—2 % Bm}. (10.4.7)

If v # 0, the origin of system (10.4.6) is a rough focus. In this case, Theorem
2.1 in [Qin Y.X., 1985] follows that by using an analytic transformation

E=w+h.ot, n=v+puw+ ho.t., (10.4.8)

system (10.4.6),0 can be reduced to a linear system

d§ dn
e —f—un 10.4.
T pE—mn, o5 =&—um (10.4.9)

When p = 0, Theorem 4.1 in [Amelikin etc, 1982] tell us that for system
(10.4.6),=0, one can construct successively the terms of a formal series of w, v

E=w+ h.ot, n=uv+hot., (10.4.10)

such that system (10.4.6),—0 becomes a normal form as follows:

d 1 —
L. > mne + 1)
ﬂ—€+1§:( 2t 10.4.11
7 =6+ 5 2 (& + (€ +17)" (10.4.11)
k=1
where
{ ks (2m) } ~ {73}, (10.4.12)

and when all v, = 0, £, n are power series of w,v with non-zero convergent radius,
7y is the k-th period constant of the origin of system (10.4.11).
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When p =0, (10.4.7) and (10.4.12) imply that
(2k + 1! 1,
{) ~ {2 D By p ~ — V41 (2m) o (10.4.13)

We see from (10.4.1), (10.4.5), (10.4.8) and (10.4.10) that when x = rcosf,y =

r2siné ,

u=x+o(r), v=y—px®+o(r?), w=2z*+o(r?),
E=2%+o(r?), n=y+o(r?). (10.4.14)
It is easy to prove that

Theorem 10.4.2. If the origin of system (10.2.5) is 0-class, then, system (10.4.9)
has an analytic inverse integral factor

E 40’ =at+y* +o(r?) (10.4.15)
and a first integral
(€2 +n?) exp (u arctan g) . (10.4.16)

If the origin of system (10.2.5) is s-class, then, the origin of system (10.4.11) is
a s order weak focus and (10.4.11) has a formal inverse integral factor

Dy=H (14 k) = et (10.4.17)
1 s
and a first integral
f(H)
. 10.4.18
1+ svsf(H)arctan ¢ ( )

In addition, if the origin of system (10.2.5) is oco-class, the origin of system
(10.4.11) is a center, and (10.4.11) has a formal inverse integral factor

1 oo
Do =1+ 3 ’;Tka (10.4.19)

and a first integral H, where

H=&+n"=a"+y° +o(r),

1

[ee) s+1
H=H (1 +) Ttk H’“) =zt +y* +o(r?),

1 s

FUH) = (—s/ % dH>_1 = H* + o(H*). (10.4.20)
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Remark 10.4.1. By Theorem 10.4.2, if the origin of system (10.2.5) is co-class,
then, when the origin is a center, for any natural number s, system (10.4.11) has an
analytic inverse integral factor (€2 + n?)*™1D..

In order to obtain the inverse integral factor of system (10.4.4) when the origin
is a center, we need to use the following result which can be proved by the chain
rule for the differentiation. Write that

_ _0(&m) Ow,v) dr

d(w,v) d(u,v) dr’’ (10.4.21)
(& +n*)g™", if 5 =0,
M(u,v) = { Mg, if 0<s< oo, (10.4.22)

(€ 4+ 7*)(Dacg™ )71, if 5 = o0,

g, M are formal series of u,v, and g = 1 + h.o.t.. Moreover, when x = rcosf, y =

r?siné,

M(u,v) = u* + (v + pu?)? + o(r*) = 2* + y* + o(r?). (10.4.23)
By Theorem 10.4.2 and Proposition 1.1.4, we have

Theorem 10.4.3. If the origin of system (10.4.4) is 0-class, then, in a neigh-
borhood of the origin, system (10.4.4) has an analytic inverse integral factor M and
a first integral (10.4.16).

If the origin of system (10.4.4) is s-class, in a neighborhood of the origin, system
(10.4.4) has a formal inverse integral factor M**1 and a first integral (10.4.18).

If the origin of system (10.4.4) is co-class, in a neighborhood of the origin, system
(10.4.4) has an analytic inverse integral factor Doog~tand a first integral €2 + n?.
In addition, for any natural number s, M>t! is also an inverse integral factor of
system (10.4.4).

We see from Proposition 1.1.4, if the origin of (10.2.5) is a center, then for systems
(10.2.5) and (10.4.4), we have

dt
— =1+ h.o.t. 10.4.24
dr +hot, ( )

Theorem 10.4.3 implies the following result.

Theorem 10.4.4. Denote that

M =a*+y* +o(r*) = a* +y* + Z iyl (10.4.25)
k+2j=5
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If the origin of system (10.2.5) is 0-class, then, when the origin of system (10.2.5)
is a center, in a neighborhood of the origin, system (10.2.5) has an analytic inverse
integral factor M and a first integral (10.4.16).

If the origin of system (10.2.5) is s-class, then, when the origin of system (10.2.5)
is a center, in a neighborhood of the origin, system (10.2.5) has an analytic inverse
integral factor M**Y and a first integral (10.4.18).

If the origin of system (10.2.5) is oco-class, then, when the origin of system
(10.2.5) is a center, in a neighborhood of the origin, system (10.2.5) has an ana-
lytic inverse integral factor

My =1+ hot. (10.4.26)
and an analytic first integral €2 + n?.

Theorem 10.4.5. If the origin of system (10.2.5) is co-class and it is a center,
then, for any natural number s, system (10.2.5) has the inverse integral factor M1,
where M = 2* +y? 4+ o(r*) is a power series of x,y with non-zero convergent radius.

Proof. Under the conditions of Theorem 10.4.5, Theorem 10.4.4 follows that system
(10.2.5) has the inverse integral factor M, = 1+ h.o.t. and a first integral £2 +n? =
% + y% + o(r*). Hence, for any natural number s, M (2 + n?)**! is the inverse
integral factor of system (10.2.5). Hence Theorem 10.4.5 holds. O

Theorem 10.4.6. If system (10.2.5) has a inverse integral factor Mf“, where
Mi(z,y) = z* + v + o(r*) is a power series of x,y, s € N, then (10.2.5) must be
s-class or co-class.

Proof. Suppose that system (10.2.5) is k-class which is different from natural num-
ber s, by Theorem 10.4.4, system (10.2.5) has inverse integral factor MQkH, where
My (z,y) = x* + y? + o(r?) is a power series of z,y. Then system (10.2.5) has a
first integral F(x,y) = MfHM;(kH). Therefore, we have that the origin of system
(10.2.5) is a center and (10.2.5) is oo-class. it is contradict with condition. O

10.5 Quasi-Lyapunov Constants For the Three-Multiple Nilpo-
tent Singular Point

By Definition 10.4.1, the origin of system (10.2.5) is O-class when p # 0.
Proposition 10.5.1. If the origin of system (10.2.5) is s-class, then,
sp=0. (10.5.1)

Theorem 10.5.1. If the origin of system (10.2.5) is s-class or co-class, one can
construct successively the terms of the formal power series M (x,y) = z* +y?+o(r?),



10.5  Quasi-Lyapunov Constants For the Three-Multiple Nilpotent Singular Point 327

such that
o (X N, 0 (Y
Ox \ Ms+! Oy \ Ms+1
]' - m m
=rrs D@m= 4s — 1Ay [27H 4 o(r? )] (10.5.2)
m=1
i.e.,
oX 9y oM oM
— 4+ — M- )| Z—X+==Y
<3x+3y> (5+)(3=’E "oy )
=3 A [(2m —4s — D)™t 4 o(r?m )] (10.5.3)
m=1

Proof. If the origin of system (10.2.5) is s-class or co-class, Theorem 10.4.3 follows
that system (10.4.4) has inverse integral factor M**! in a neighborhood of the origin,
where M given by (10.4.23) is a power series of u,v. Thus, for system (10.4.3), we

have
o) U 9 vV o\ _ 0 — —
u <Ms+1> T (Ms+1> ~ B <M8+1 ; Cmu
1 m
= eie Zl Conl(2m — 4s — 3)(1 + p?)u?™+
+2p(2m — 25 — Du™ v + (2m + 1)u?™0? 4 o(r?™ )], (10.5.4)
ie.,
ou oV oM oM
<%+%)M(S+1) (WU+WV)
= Z C[(2m — 4s — 3)(1 4 p?)u?m T4
m=1
+2p(2m — 25 — Du*™ v + (2m + D)u®™v? + o(r*™ )] (10.5.5)
Write that
* 1 = 2m—+41
M= — mz::lcmu v, (10.5.6)
then,

?|

ov ou ov

2m+44 2p(2ms 4 2m + s — 1)u2'm+2,U
s+1

<8U+8—V)M*(s+1) (8/\/1 U+8M V>

Cm [2(1 + p?)u
1

—(2m + Du2™? + o<r2m+4)] (10.5.7)

3
I
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Let
M =M+ M*=u' + (v+ pu?)? + o(r*). (10.5.8)

By (10.5.5), (10.5.7) and (10.5.8), we have

oau v\ -~ OM OM
(_UJF%)M(SJFI)(WU+WV>

o0
=Y Cufm = as = 1)(1 + p2u
m=1
4 2
_%qﬁwﬁ-zv_’_o(?ﬂm-ﬁ-ﬂ} (10.5.9)

By (10.5.1) and (10.5.9), we have

ou v\ -~ OM OM
(%ﬂL%)M(SJrl)(WU*FWV)

S e, [(Qm —ds — 1)(1+ p2)umt 4 0(7’2’”*4)} . (10.5.10)

m=1

It implies that

_ 1 S 2 2m-+4 2m-+4
Ry m71(2m —4s — 1) (1 + p2)Cy, [u2™H 4 o(r?™ ] (10.5.11)
Denote that B
~ 8(u,v)] ST Y s A
M(z,y) =M =z +y +o(r), 10.5.12
) = [ G vt olr) (10.5.12)

where v = u(x,y),v = v(z,y),{ = w(x,y) are given by (10.4.1). (10.5.11) and
Proposition 1.1.3 follow that

5 () 5 ()
2t} [2 (L) + 2 ()]
E:c, )/\31‘15'+2

o)

U, v

i (2m — 45 — 1)(1 + p*)Cy, [0 + o(r*™ )] . (10.5.13)

m=1

>
=

From (10.4.1), (10.5.12) and (10.5.13), we obtain (10.5.2). Since A, = (1 + p?)Chp,
it follows the conclusion of Theorem 10.5.1. O



10.6  Proof of Theorem 10.5.2 329

Theorem 10.5.2. For system (10.2.5), if there exists a natural number s and a
formal series M (z,y) = y? + 2* + o(r*), such that (10.5.2) holds, then

{vom(=2m)} ~ {omAm} . (10.5.14)
where
1 27 1 in20 2m+4 910
Om = / (14 sin” ) cos , >0. (10.5.15)
0 4 L2 gy 2mAT 2m —1 sin @
(cost 0 + sin“ 0) exp parctan
2 cos2 6

The proof of Theorem 10.5.2 is given in next section Section 10.6.

Definition 10.5.1. If there exist a natural number s and a formal series M (z,y)
= y2+at+o(rt), such that (10.5.2) holds, then, A\, is called the m-th quasi-Lyapunov
constant of the origin of system (10.2.5), m=1,2,--- .

We see from Theorem 10.5.1 and Theorem 10.5.2 that

Theorem 10.5.3. If the origin of system (10.2.5) is s-class, then, the origin of
system (10.2.5) is a center if and only if there is an inverse integral factor M1,
where M = z* + y% + o(r*) is a power series of x,y.

Theorem 10.5.4. If the origin of system (10.2.5) is co-class, then, the origin
of system (10.2.5) is a center if and only if there exist a natural number s and an
inverse integral factor M*t1, where M = z* + y* + o(r*) is a power series of x,y.

10.6 Proof of Theorem 10.5.2

Let Q(h, h') be a region (see Fig.10.6.1) enclosed by the following four oriented curves
Fl, FQ, Fg, F4 given by

Ty: r=7(6,h), 0: 0 — —2m,

I'y: y=0, = h — ﬁ',

Ty: r=70,0), 0: =21 — 0,

Fy: y=0, : b —h, (10.6.1)

where 0 < ' — h < h < 1 and

h=#(=2m,h), b =7i(—2mh). (10.6.2)
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=7(0,h)

Fig.10.6.1 The region Q(h, k')

Let M(z,y) = 2* + y? + o(r*) be a formal series of x,y, s be a natural number.
Define that.

0 Y
I= lim — : 10.6.
h'1~>h h' // |:6'1» (Merl) ay <Ms+1):| dl’dy ( 0.6 3)
Q(h ')
We have the following conclusion.
Lemma 10.6.1.

2 oo
= jist2 D (@2m —ds = 1) van(=2m)gm(h)R™, (10.6.4)

m=1
where for all m, gm(h) is a formal series of h, and g, (0) = 1.

Proof. Notice that the integrand function of (10.6.1) has no singularity in the region
Q(h,h'). By using known Green formulas, we obtain

Xdy —Ydx
I= h'ﬂh h/_h Z I, W (1065)

In the orbits I'y and I's, we have

Xdy — Ydx Xdy —Ydx
- W == 0, v W B 0 (1066)

Let
Y(z,0)  —2g(z)
Merl(x,O) T s+l

(10.6.7)

where g(x) is a formal series of x, and g(0) = 1. We see from (10.6.5) and (10.6.6)
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that

. 1 () " og()
f2h1,1§h W=h | ), i d:cf/h

(10.6.2) and (10.6.8) follow that

h
=04 [" 9()
dh h 1.4s+1

_29(h) dh  29(h)
= ﬁ48+1 E - hds+1

+Zk1/ —om)hk- 1] _ 29(h)

h4s+1

dzx

h4s+1
:Il + I27

where

(10.6.10) implies that

where G (h) is a formal series of h, and Gy (0) =1, k =1,2.
By (10.6.9) and (10.6.11), we know that

=2 i [KGa(h) — (45 + 1)C1 (h)] v (—2m)h*.

h4s+2
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(10.6.8)

(10.6.9)

(10.6.10)

(10.6.11)

(10.6.12)
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Thus, (10.6.12) and Theorem 10.2.1 imply that

2

=gy D (2m—ds = Do (=205 g (), (10.6.13)
m=1

where g, (h) = 1+0(1) is a formal series of h. This gives rise to the proof of Lemma
10.6.1. O

Theorem 10.6.1. If there exists a formal series of x,y given by M(x,y) =
x* + y? + o(r?), such that

2 (X o (Y 1 &
o (Ms+1) * dy <Ms+1> = ez Z_:ldem(x,y), (10.6.14)

where Ym, K, # 0, then

A Km
{vam(=2m)} ~ {m} , (10.6.15)
where
F77L ('CL‘? y) f7n( ) y) ( 47n+4) (106'16>

is a formal series of x,y, fm(x2,y) is a homogeneous polynomial of degree m + 2 of
2
X 7y7

- 1 /2“ (1 + sin? ) f,, (cos? , sin 0)d6 . . (10.6.17)
2 Jo (cos* 6 + sin? 0) *5 ex 2m 1 arctan sin 0
P 2 N cos?
Proof. The Jacobin of the transformation (10.2.6) is as follows:
Oz, y) _
J = 1 20 10.6.18
Sgy = (1 sino), (106.15)

For the double integral defined by (10.6.3), making the transformation (10.2.6), then,
we see from (10.6.14) that

7(0,h") X o Y
I=m /znde/r(eh { (M5+1)+8_y<M8+1>}Jdr

:/_27r [aam <M5+1> + 35 (M};l)] J 87:(89];}‘) do. (10.6.19)

By (10.6.14), (10.6.18) and (10.6.19), we have

I= i Ao A (D), (10.6.20)

m=1
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where

0
r2(1 + sin? 0) Fy, (x,y) 07(6, h)
Ap(h) = [% e 5 de.

In (10.6.21), we have set

oo

r=rcos, y=r’sind, r=7(0,h)=urvi(0)h+ Z v (0)R*

k=2

and we have

7 =11(0)h + o(h),

F(xv ) fm(COS 0 smG) 2m+4(9)h2m+4+0(h2m+4)’

M = (cos* 0 + sin® 0)vi (0)h* + o(h*).
Thus, (10.6.21) and (10.6.23) imply that

1 .
Ap(h) = Wcmiﬁ Gm(h),

where §,,,(h) are formal series of h,

2m -2 2 .
- :/ (1 + sin” @) f,,(cos® 0, sin 0) p2m=4s=1(g) 4o,
0

(cos* O + sin® 9)s+2 !
(10.2.14), (10.5.1) and (10.6.25) follow that
Con = 2Km.
By (10.6.20), (10.6.24) and (10.6.26), we have

2 2 ~
I=30s > din b Gun (h).

m=1

We see from (10.6.13) and (10.6.27) that

Z (2m — 45 — 1)vgp (—2m)h*" g (h) = Z A Ko D2 ™ G (h).
m=1

m=1

It follows (10.6.15). Hence, Theorem 10.6.1 holds.
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(10.6.21)

(10.6.22)

(10.6.23)

(10.6.24)

(10.6.25)

(10.6.26)

(10.6.27)

(10.6.28)

O

We see from (10.5.15) and (10.6.17) that if f,,(z,y) = 2*™, then Kk, = opm.

Thus, we know that Theorem 10.5.2 is a special case of Theorem 10.6.1.
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10.7 On the Computation of Quasi-Lyapunov Constants

In this section, we study the computation method of quasi-Lyapunov constants. For
the right hand of system (10.2.5), we write that

o0 o0
X(@y)=y+Y Xi(z,y)=y+ Y ayz™y,
k=2 ket j=2

ZYk z,7) Z bty (10.7.1)
k+j=2
where X (x,y),Yr(x,y) are homogeneous polynomial of degree k of z,y and
aso =, bog =0, by =2u, byy=—2. (10.7.2)
We have
Theorem 10.7.1. For any positive integer s and a given number sequence
{cos}, B =3, (10.7.3)

one can construct successively the terms with the coefficients co3 satisfying o # 0 of
the formal series

oo oo
M(z,y) =y*+ > capr®y’ =Y Mi(x,y), (10.7.4)
a+pB=3 m=2
such that
o ( X o (Y I o .
% <Ms+1) + a_y <Ms+1> - Mst2 Z WmT (1075)

m=>5
where for all k, My (x,y) is homogeneous polynomial of degree k of x,y, cog,wm are
all polynomials with rational coefficients of p and ay;, by;, cog.

Remark 10.7.1. Because sy =0, we see from (10.7.4) that

— 2sb
c30 =0, co1 =2 s?l =0, ci2= %,
282/’(‘2
cqo =1+ m =1,
1 25+ 1 2541,

Cal — ——Qay — ——————

B1L= 7930 30s +1)2 ail — 3G+ 1) 21,
0y = 221~ sbig — pcos  (2sbo2 — a11)(2bo2 + a11)

> s+1 2(s + 1)2 ’
SR (2s — 1)bo3 + (2sbo2 — a11)aoz + [a11 — (3s + 1)bo2]cos

13 — 9

s+1
spl(s +1)° + s°4?]

ws = 8 —0. (10.7.6)

(+17
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Thus, when x = rcos@,y =r?sin, M(x,y) = z* + 3% + o(r?).

Remark 10.7.2. By Theorem 10.5.3, we can determine a natural number s
and constant sequence {cog}, such that {wary1} = {0}. Therefore, Theorem 10.5.3
implies that if s and {cog} are solutions of the equations {wak+1} = {0}, then

D} ~ {Qmwmﬁ} (10.7.7)

Equation (10.7.5) is equivalent to

X oY OM oM >
M — 1 — X —Y = m m. 10.7.
<8x+6‘) (s+)(8x +6‘y ) mz:;wx (10.7.8)

Clearly, equation (10.7.8) is linear with respect to the unknown function M, so that,
we can find the following recursive formulas for the computations of c,g and wy,.
Namely, we have

Theorem 10.7.2. For a > 1l,a+ ( > 3 in (10.7.4) and (10.7.5), cap can be
uniquely determined by the recursive formulas
1
Caf = ————
b (s+ 1«

when m =5, wy, can be uniquely determined by the recursive formulas

(Aa71¢5+1 + Ba71ﬁ+1) , (1079)

wm = Ao+ B, (10.7.10)
where
a+pB—1
Aup = Z [k —(s+1)(a—k+1)] arjca—r+1,8-
k4j=2
a+pB—1
Bop = Z [1—(s+1)(B=37+1)] brjca—r,g—jt1- (10.7.11)
k+j=2

Notice that in (10.7.11), we set

coo =10 =0=cp1 =0,

coo=c11=0, copp=1 (10.7.12)
and when o <0 or 3 <0, cqp =0.
Proof. We have

X 0y oM oM
M — N(=—x+2"y
(&r 3@/) (s+)(3 +3y )

=X [ s+1 lw@ (z,y)+\Pm(x,y)], (10.7.13)

m=3
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where
oM, _
a+pB=m
=cim-1y" + 2027m_2xym_1 + - memez™  y (10.7.14)
and
m—1
8Xn 8J\4rn 1—n
O = Z [WMerln —(s+ 1)87;)(”] ;
n=2
m—1
8Yn aMmqtlfn
v, = — M1 —n — 1)———Y, 10.7.15
;[8y fion = (s 4 )Py (10.7.15)

are homogenous polynomials of degree m of z,y. (10.7.15) implies that

m—1

D, = Z Z [k — (s + 1)a]agjcapz® ™ 1y I,

n=2 k+j=n
a+pB=m+n—1

m—1

U, = Z Z [1—(s+ 1)ﬁ]bkjcagx“+kyﬁ+j_l. (10.7.16)
n=2 k+j=n
a+pB=m+n—1
Thus,
®,, = Z Anpz®y®, W, = Z Bapz®y”, (10.7.17)
a+pB=m at+p=m

where A.p, Bag are given by (10.7.11). Hence, (10.7.13), (10.7.14) and (10.7.17)
follow that

0X oY oM oM

o0
=> | > —(s+Dacasz® T+ > (Aap+ Bap)a®y’| . (10.7.18)
m=3 | a+p=m a+p=m

By using (10.7.8) and (10.7.18), we obtain the conclusion of Theorem 10.7.2. O

10.8 Bifurcations of Limit Cycles Created from a Three-Multiple
Nilpotent Singular Point of a Cubic System

In this section, we discuss the following cubic system

dx
7 y—2zy+ (—aq + a7)x2y + agy® + aszy® + asy>,
dy

i —22% + ay 2y + % + agxy® + asyd. (10.8.1)
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By Theorem 10.7.1 and Theorem 10.7.2, we can determine a positive integer s and a
formal series M (z,y) = z* +y? +o(r*), such that (10.7.5) holds. Using the recursive
formulas and computer algebra method, for example, Mathematica, we have

Theorem 10.8.1. For system (10.8.1), the first 8 quasi-Lyapunov constants of
the origin are as follows:

)\1 = gala

2
Ay ~ 5(a2 + 3as),
4
)\3 ~ ﬁa7(3a3 — 5@6),

4
Ay~ %a6a7(735 — 105a4 + 71@7),

s agar (176400 + 18375a5 + 5460a7 + 12250a3 — 32a3),

~ 121275
32

™ 7449316875
32

- 895908296236078125a
32

- 31270967072166673965472734375a

A6 agar f,

A7 607 f7,

)\8 6a7f8. (1082)

where

f6 =30866913000 + 2089303650a7 — 118849500043 + 2939769047
—15232875a2a7 — 11099643,

fr = —44389456322515920000 — 2155807164550977000a7
+1647138037233150000a3 + 11437991172477450a2
+910916029415875a3 + 22121192499656250a
—798220526556a%,

fs =9423379312441682897451542400000
+1514298765681319947369112800000a7
+82859324997946429848009339000a2
+1864567030459291902188584650a3
+14562086011231729200961815a:
—2666191085683953547508a3. (10.8.3)

Lemma 10.8.1. If the origin of system (10.8.1) is a center, then, agar = 0.
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Proof. By theorem 10.8.1, it only need to prove that equations fg = fr = fs =0
have no real solution. In fat, let

my = 22(1066395363913341000 + 28799529917404050a7
+10618172399835000a3 + 262642872352770a7
4+136092531222375a2a7 — 991653026468a2),

my = 3(64680 + 829a7)?,

my = 12997486087387652517672078195922800000
—365468973428419037174314657615275000a7

—6636084295245265658315014527681000a2
—193072016330746017200389316240550a3
—158395474078481780708311488885a7
—442002223918290634023459292a3,

my = —829(604792809107550 — 26154872314410a7
+10468656247875a2 + 76281002036a%). (10.8.4)

Then

ma fo -+ mafr = 687241Ry,

m3 fe +malRy o 2
£6703582655256691000 — 297991502749037725377750000a5 — Rz, (10.8.5)

where R;, Ry are polynomial of a7 as follows:

Ry =243072129127249422000000
+39631081641240889800000a7
+2255796909810283455000a% + 55422352230619563000a
+524676790165767750a7 + 492626020125225a5
41128890456908a8,

Ry = —5598205484096735678668500000
—103015830580161330796965000a7
+13819265426965160101653000a2
+338887648622295179419950a
+278022008486800728465a7 + 775819806495910828a3. (10.8.6)

(10.8.5) and (10.8.6) imply that

Ry =0, 297991502749037725377750000a3 = — Ry. (10.8.7)
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if fo = f7r=0.
Because fg is also a polynomial of a7, which has no common factor with R;.
Therefore, Lemma 10.8.1 holds. O

Theorem 10.8.1 and Lemma 10.8.1 follow that

Theorem 10.8.2. The first 8 quasi-Lyapunov constants of system (10.8.1) all
are zeros if and only if one of the following conditions holds:

a1 =0, as=—3a3, a7=0; (10.8.8)
ayp = 0, ag = 0, az = 0, ag = 0. (1089)

When condition (10.8.8) is satisfied, system (10.8.1) becomes

dzx )

- =y~ 2uy - asx’y + agy® — 3aszy” + asy’,

dy 3 2 2 3

pri —2x° + y* + agxy” + asy”. (10.8.10)

When (10.8.9) is satisfied, system (10.8.1) becomes

dx

o Y2yt (Cast ar)z’y + asy®,

d

d—‘z = —22°% + % + ayay®. (10.8.11)

Obviously, (10.8.10) is a Hamilton system. System (10.8.11) is symmetric with
respect to the x-axis. Hence, we have

Theorem 10.8.3. The origin of system (10.8.1) is a center if and only if the
first 8 quasi- Lyapunov constants are all zero, i.e., one of conditions of Theorem
10.8.2 holds.

By Theorem 10.8.1 and Lemma 10.8.1, we have

Theorem 10.8.4. The origin of system (10.8.1) is a 8-order weak focus if and
only if

1
a; = 0, ag = 730,3, az = gaﬁ, ay = ﬁ(735 + 71(17),
-2
as = ﬁ(&mo +2730a7 + 612503 — 16a3) (10.8.12)

and ag, ay satisfy (10.8.7).
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Remark 10.8.1. By using computer to do computations, we find that equation
R1 = 0 has exact solutions a7 = A7 and a7 = A7, where

A; =—13.506311..., A7 = —28.122170.... (10.8.13)
(10.8.7) follows that
02laren, =842971..., 2|, _; =—2.85598.... (10.8.14)

Thus, the origin of system (10.8.1) is a 8-order weak focus if and only if (10.8.12)
holds and

ar = A7, 297991502749037725377750000a = — R. (10.8.15)

Finally, we consider the perturbed system of system (10.8.1) as follows:

dx )
i ox +y —2zy+ (—aq + a7)x2y + agy? + asxy? + asy®,

d ] )

d—i = 26y — 22% + @12y + 2 + aszy® + azy®. (10.8.16)
Theorem 10.8.5. If the origin of system (10.8.16)s—¢ is a 8-order weak focus,

making a small perturbations to the coefficients of system (10.8.16)s=o, then, in a

small neighborhood of the origin, there exist at least 8 small amplitude limit cycles

of system (10.8.16), which enclosing the origin O(0,0) (an elementary node).
Proof. When one of two conditions in Theorem (10.8.15) holds, we have

D(A1, A2, A3, Ay A5, Mg, A7)
D(al, as,as, 04,05, g, CL7)
Oe O
0N OX2ON3 0N ONs | Dag  Dar
~ day dag daz Day Das | N7 I
dag  dag
B 524288azgaz Jy
~ 145850034635282007923510207264053225163895703125

J=

(10.8.17)
where

Jo=—35556835165626695730382523897078827369474800000
—5744800734016092753769033241386032801141960000a7
—323075438519129601860973591482667203995191000a%
—7693402576858950297023303846220072236593800a
—64394670570018037637346981474598827583140a
+76862330062195974590661486322086814547a3. (10.8.18)

Because there is no common factor between Jy and R;. Thus, when the origin of

system (10.8.16)5—¢ is a 8 order weak focus, we have J # 0. Theorem 10.3.8 implies
that Theorem 10.8.5 holds. O
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Bibliographical Notes

There are different topological phase portraits in a neighborhood of a nilpotent
singular point (see [Zhang Z.F. etc, 1992]). In Section 17-19 of [Amelikin etc, 1982],
the authors introduced some study results before 1980s.

In[Amelikin etc, 1982; Takens, 1974; Strozyna etc, 2002; Moussu, 1982; Alvarez
etc, 2005; Alvarez etc, 2006], by considering the normal forms of (10.1.1), the authors
studied the computation problem of the focal values.

The content of this chapter is taken from the recent papers [Liu Y.R. etc, 2009a;
Liu Y.R. etc, 2009b; Liu Y.R. etc, 2011a; Liu Y.R. etc, 2011d].
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