
Open Access



Quantum Theory 
of 

Angular Momentum 



This page is intentionally left blank 



Quantum Theory 
of 

Angular Momentum 
Irreducible Tensors, Spherical Harmonics, 

Vector Coupling Coefficients, 3/7/ Symbols 

D. A. Varshalovich 
A. F. loffe Physical-Technical Institute 

A. N. Moskalev 
B. P. Konstantinov Institute of Nuclear Physics 

V. K. Khersonskii 
Special Astrophysical Observatory 

v» World Scientific 
Singapore • New Jersey • Hong Kong 



Published by

World Scientific Publishing Co. Pte. Ltd.
5 Toh Tuck Link, Singapore 596224
USA office:  27 Warren Street, Suite 401-402, Hackensack, NJ 07601
UK office:  57 Shelton Street, Covent Garden, London WC2H 9HE

Library of Congress Cataloging-in-Publication Data
Varshalovich, D. A. (Dimitrii Aleksandrovich)
  Quantum theory of angular momentum.
  Translation of:  Kvantovaia teoriia uglovogo
momenta.
 1. Angular momentum (Nuclear physics)  2. Quantum
theory.  I. Moskalev, A. N.  II. Khersonskii, V. K.
(Valerii Kel’manovich)  III. Title.
QC793.3.A5V3713  1988  530.1'2  86 — 9279
ISBN  978-9971-5-0107-5 (hardcover)
ISBN  978-9971-5-0996-5 (paperback)
ISBN  978-981-4415-49-1 (ebook for institutions)
ISBN  978-981-4578-28-8 (ebook for individuals)

Open Access funded by SCOAP 3

Copyright © 2021 The Editor(s) (if applicable) and The Author(s)
This ebook was converted to Open Access in 2021 through the sponsorship of SCOAP 3, licensed under the terms of the Creative 
Commons Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing, adaptation, 
distribution and reproduction in any medium or format, as long as you give appropriate credit to the original author(s) and the source, 
provide a link to the Creative Commons license and indicate if changes were made.

Copyright © 1988 by World Scientific Publishing Co. Pte. Ltd. 

For any available supplementary material, please visit 
https://www.worldscientific.com/worldscibooks/10.1142/0270#t=suppl

Printed in Singapore

⌒

⌒

⌒

0270_Quantum Theory of Angular Momentum.indd   10270_Quantum Theory of Angular Momentum.indd   1 11/8/2021   4:17:44 pm11/8/2021   4:17:44 pm



PREFACE 

This book deals with one of the basic topics of quantum mechanics: the theory of angular momentum and 
irreducible tensors. Being rather versatile, the mathematical apparatus of this theory is widely used in atomic 
and molecular physics, in nuclear physics and elementary particle theory. It enables one to calculate atomic, 
molecular and nuclear structures, energies of ground and excited states, fine and hyperfine splittings, etc. The 
apparatus is also very handy for evaluating the probabilities of radiative transitions, cross sections of various 
processes such as elastic and nonelastic scattering, different decays and reactions (both chemical and nuclear) 
and for studying angular distributions and polarizations of particles. 

Today this apparatus is finding ever increasing use in solving practical problems relating to quantum 
chemistry, kinetics, plasma physics, quantum optics, radiophysics and astrophysics. 

The basic ideas of the theory of angular momentum were first put forward by M. Born, P. Dirac, W. Heisen-
berg and W. Pauli. However, the modern version of its mathematical apparatus was developed mainly in the 
works of E. Wigner, J. Racah, L. Biedenharn and others who applied group theoretical methods to problems 
in quantum mechanics. 

At present a number of good books on the theory of angular momentum have been already published. 
The general principles and results of the theory may be found in the books by M. Rose [31], A. Edmonds 
[16], U. Fano and G. Racah [18], A. P. Yutsis, I. B. Levinson and V. V. Vanagas [44], A. P. Yutsis and 
A. A. Bandzaitis [45], D. Brink and G. Satcher [9]. Nevertheless, many formulas and relationships essential 
for practical calculations have escaped these books and are either scattered in various editions, or included as 
appendices in papers discussing somewhat disparate topics, making them generally inaccessible. Even greater 
difficulties arise when one tries to use the results, as each author employs his own phase conventions, initial 
definitions and symbols. 

The authors of this book aimed at collecting and compiling ample material on the quantum theory of 
angular momentum within the framework of a single system of phases and definitions. This is why, in addition 
to the basic theoretical results, the book also includes a great number of formulas and relationships essential 
for practical applications. 

This edition is the translated version of our book published in the USSR in 1975. In the course of its 
preparation we have tried to comply with a number of suggestions from our readers. For instance, each 
chapter opens with a comprehensive listing of its contents to ease the search for information needed. We 
also included some new results relating to different aspects of angular momentum theory which have recently 
appeared in journals. Unfortunately the limited volume of the present book prevented us from covering all the 
aforementioned results. We offer sincere apologies to the authors whose results we failed to include. 

The monograph is a kind of handbook. Consequently the material is presented in concise form. Most of 
the formulas and relationships are given without proof. Their full derivation may be found in the literature 
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VI Preface 

listed at the end of the text. Some results which have become generally known are given without references, 
and for this we also apologize. 

The sequence adopted is as follows: chapter, section and subsection. Many chapters are self-contained and 
can be read independently of the others. Sections have double numbering: the first figure denotes the number 
of the chapter, the second, the number of the section. Equations are numbered within the confines of the 
section they are included in. When referring to an equation from the same section only the number of the 
equation is given, e.g., (3), (27); when reference is made to an equation from another section the numbers of 
the chapter, section and equation are given, e.g., Eq. 4.2.(17). A similar system is adopted when referring to 
individual subsections, e.g., Sec. 1.2.5. For convenience the book also contains a glossary of all symbols used 
in the text with references to the pages where their corresponding definitions are given. The list of references 
is divided into parts: the first part lists books and reviews; the second, papers on different subjects; tthe third, 
tables; the fourth, references added during translation. 

The authors hope that many specialists will find in the book some fresh and interesting information. The 
material is prepared and arranged so as to make it useful to those less familiar with theory and for students of 
physics. These readers can effectively use the monograph as a supplementary text to their main courses. 

For those who wish to thoroughly familiarize themselves with the fundamentals of angular momentum 
theory we recommend the excellent new book by L. Biedenharn and J. Louck [132] Angular Momentum in 
Quantum Physics. Theory and Applications. 

The authors wish to express their deep appreciation to D. G.Yakovlev who took the trouble of reading the 
English translation of the book and gave some valuable suggestions on its preparation. 

Leningrad D. A. Varshalovich 
A. N. Moskalev 
V. K. Khersonskii 
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INTRODUCTION: BASIC CONCEPTS 

The evaluation of many physical quantities, such as expectation values of energy, electric and magnetic 
multipole moments, transition probabilities, etc., is considerably simplified by making use of the transformation 
properties of these quantities under coordinate rotation and inversion in three-dimensional space. 

The transformation properties of physical quantities with respect to rotations reveal themselves either 
through rotations of the given physical system relative to some fixed reference frame or through rotations of 
the coordinate axes relative to the physical system. 

Inversion characterizes the behavior of a physical quantity under transformation from a right-handed coor
dinate system to a left-handed one, or vice versa. 

Many physical quantities, by their nature, are invariants under coordinate rotations. In particular, the 
properties of any closed physical system should be independent of rotations, as follows from the isotropy of 
space. As a consequence of this fundamental property of space, the total angular momentum of such a system 
is an integral of motion. 

A similar situation occurs with regard to coordinate inversion. Excluding phenomena connected with the 
weak interaction, a wealth of atomic, molecular and nuclear processes look alike in right-handed and left-handed 
coordinate systems. As a result of this "mirror'' symmetry, quantum states of atoms, molecules, nuclei and 
elementary particles may be characterized by definite parity. 

Strictly speaking, a quantum mechanical wave function *(r) of any closed physical system may be char
acterized by four quantum numbers (s, TT, j t m) which are the eigenvalues of four commuting operators: the 
Hamiltonian H, the parity operator P r , the operator J 2 of the square of the angular momentum and the 
operator Jz of the projection of this momentum onto a quantization axis. Thus *(r) = ¥t,raym(r) obeys the 
equations 

■" ™tnajm\r) == €™tnajm\r]> 

J 2 *.najm(r) = j{j + l J ^ W m M , 

Jz*inajm\r) = ^^gnajmy)} 

where a denotes all other quantum numbers (if available) and r represents a variety of arguments. 
e, 7T, j and m are the integrals of motion not only for a closed system, but also for any system exposed to 

the action of an external spherically-symmetric field. Moreover, the (c7r;m)-repres«ntation appears to be very 
convenient for practical calculation even if the external field is not spherically-symmetric. 

For a given j , there exist 2j + 1 wave functions which correspond to different m. These functions describe 
the quantum states of the system which differ only by the orientation of the angular momentum in space. 
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2 Quantum Theory of Angular Momentum 

Under coordinate rotations these functions undergo linear mutual transformations which do not involve the 
functions of other quantum numbers (e, TT, a,j) and may be written as 

m 

where the transformations coefficients D3
mm,(ayl3i^) are called Wigner .D-functions. They are the elements 

of the finite rotation matrix in the y-representation and depend on the Euler angles a, 0,7 which determine 
rotation. 

Let a quantum-mechanical system which possesses some fixed angular momentum j and its projection m 
consist of two subsystems, with certain angular momenta j \ and j*2> respectively. In this case the wave function 
^jiiaimO'ii r2) may be constructed from the wave functions of subsystems according to the relation 

« W m ( r i , r 2 ) = £ Cj?m 
mim>2 

The quantities (fi^ni42m% **e called the Clebsch-Gordan coefficients. They are very important in quantum 
mechanics because they allow one to construct wave functions for various complex systems (nuclei, atoms, 
molecules, etc.). The addition of many angular momenta into some resultant total angular momentum may be 
performed in different ways, or, in other words, in accordance with different coupling schemes of the momenta 
in question. Each scheme may be associated with a certain representation of these angular momenta. The 
unitary transformations which relate various representations and describe the recoupling of angular njiomenta 
are realized by matrices expressed in terms of the 6j-, 9;-symbols and others 3ny-symbols of higher otder. 

One of the principal concepts of the quantum theory of angular momentum is that of an irreducible tensor. 
By definition, an irreducible tensor of rank A has 2 A -f 1 components which transform under coordinate Rotation 
as 

n' 
In particular, the wave functions * j m with fixed j but different m constitute an irreducible tensor of rank j . 
Moreover, irreducible tensors may be constructed from various physical quantities. For instance, enejrgy is a 
tensor of zero rank (scalar), spin and magnetic moments are tensors of first rank (vectors), the quadrupole 
moment is a tensor of second rank, etc. Generally, any physical quantity or operator which corresponds to 
these quantities may be represented as a linear combination of irreducible tensors. 

The introduction of irreducible tensors into the analysis of physical quantities or corresponding operators 
substantially simplifies the evaluation of matrix elements of irreducible tensor operators, 

(Ma'jWl&xvlcicajm) « J Kn>a>3'm'{r)Wx»**najm(r)dr, 

where / . . . dr denotes integration over continuous variables and summation over discrete ones. These matrix 
elements determine expectation values of physical quantities in definite quantum states, the probabilities of 
quantum transitions between various states, etc. 

According to the Wigner-Eckart theorem, all the dependence of matrix elements on the orientation of 
coordinate axes, i.e., on quantum numbers m^m1 ,/z which determine the projections of angular momenta, is 
entirely contained in the Clebsch-Gordan coefficient 

(Ma'j'm'fox^wjm) = c f X ^ f t V ' l | a » A B « « J > . 
In this case {s'w'a'j'WWxWenaj) is an invariant factor called a reduced matrix element. The Wignerf-Eckart 
theorem allows one to reduce evaluation of transition probabilities, angular distributions, polarizations, etc., 
to the calculation of standard sums of the vector addition coefficients and recoupling coefficients. 

All the facts mentioned above reveal that the quantum theory of angular momentum provides the foiimalism 
which is universal and extremely convenient for various practical calculations. 



Chapter 1 

ELEMENTS OF VECTOR AND TENSOR THEORY 

The theory of angular momenta and irreducible tensors represents, in principle, a development of the classical 
theory of vectors and tensors. In this chapter only the basic definitions and relations of the vector and tensor 
theory are represented which will be used throughout. For more detailed analysis see corresponding monographs 
(e.g., Refs. [11, 34, 35]). 

1.1. COORDINATE SYSTEMS. BASIS VECTORS 
In the quantum theory of angular momentum cartesian, polar and spherical coordinate systems are widely 
used. 

1.1.1. Car tes ian Coordinate System 
In a rectangular cartesian coordinate system the position of a point is specified by three real numbers x, 

y, z which represent the distances between the point and coordinate planes (Fig. 1.1). The position vector 
(radius vector) of a point r may be written as 

r = xex + yey + zez. (i) 

-^ y 

Fig. 1.1. Cartesian coordinate system. 
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Quantum Theory of Angular Momentum 

The covariant cartesian basis (base) vectors eXiey,ez form a real orthonormal basis 

*i*k = &ik> (iik = x)y,z), (2) 
e»*=e;> (* = *,y»*)- (3) 

The contravariant cartesian basis (base) vectors e*(i = x,y,z) coincide with the covariant ones 

e' = e<. (4) 

Throughout this book the right-handed coordinate system will be used. In this system 

[e,- x ek] = eikleh (t, ky I = x, y, z), (5) 

A detailed form of (5) is 
Siki = [e* x e* e<. 

[e* x eyj = eZ) [ey x ez\ = ex, [e, x ex\ = ey . 

(6) 

(7) 

1.1.2. Polar Coordinate System 
In a polar coordinate system1 the position of a point is determined by r, i?, <p, where r is the position vector 

length, i? is the colatitude, and <p is the longitude (Fig. 1.2). The angles 1? and <p are called the polar angles 
of vector r. The relations between cartesian and polar coordinates are 

- y 

Fig. 1.2. Polar coordinate system. 

x = rsint?cos£>, r = \ / x 2 + y2 4- z2, 

y = r sin t? sm <p> v = arc cos 

0 < r < oo, 

- / - , 0< t?<7T , 
v ^ + ̂ T^2 " " 

z = rcosi?. <p = arc cos —7====, (tanv? = — ) , 0 < £> < 2TT. 

The position vector r may be written as 
r = re r . 

(8) 

(9) 

Note that this coordinate system is often called "spherical". To avoid misunderstanding we prefer to call it the "polar" system 
reserving the name "spherical" only for the coordinate system considered in the next section. 
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The covariant polar basis vectors e r ,etf,e^ are shown in Fig. 1.2. They form a real orthonormal basis 

eaep = 8ap) (a,j0 = r,0,ip), (10) 

< = e a , (a = r ,0 ,p ) . (11) 

The contravariant polar basis vectors e r,e t?,ev> coincide with the covariant ones 

e * = e a (a = r,t?,^>). (12) 

The unit vectors er)e^ye^ form the right-handed basis 

[er x e^] = e^, [ e d x e p ] = e r , [ e ^ x e r ] = etf, (13) 

The polar basis vectors e r , e0 , e v , contrary to the cartesian ones, depend on the angles #,£>. This should be 
taken into account when evaluating the derivatives 

-r-er = 0, 
or 
d 

d 
i or 

8 
1** = °' 
^ = 0 ' 

n o o 
-r—er — e^ sintf, -r— e# = e^ costf, -r— e<p = —er sin & — e# cost? . (14) 
dip d(p dip 

The results of applying the V operator (see Sec. 1.3) to the polar basis vectors are presented in the form 

(V • e r) = - , (V • e*) = - cot 0, (V • e^) = 0, (15) 

[V x er] = 0, [V x e*] = - e ^ , [V x e j = - cot t?er e*. (16) 
r r r 

1,1.3. Spherical Coordinate System 
Spherical coordinates are widely used in the angular momentum theory. 
The covariant spherical coordinates xM (with \i = ±1,0) are defined by the relations 

x + 1 = —y=(x + iy) = - - ^ r s i n t V ^ , 

xo = z = rcosi?, (17) 

£_i = —IF{X — iy) = —p=rsini5e~*^. 

The contravariant spherical coordinates x** (where fj, = ±1,0) are given by 

z + 1 = T=(Z - iy) = 7=rsint?e~tv>, 

z° = * = rcost?, (18) 

rr_1 = —7=i(x + iy) — —=rsmdet,p. 
\/2 V2 



6 Quantum Theory of Angular Momentum 

The relations between covariant and contravariant spherical coordinates are as follows 

x" = (-1)"*_M> *„ = (-1)"*-", 

*" = **, xM = x^ , (/* = ±1,0). (19) 

The covariant spherical basis vectors eM (/z = ±1,0) are defined by 
1 / x 

e+i = - - | ( e z + t e ! / ) , 
e0 = e*, (20) 

e_! = -y=(e» ~ *e»)-

The controvartant spherical basis vectors e'i(fi = ±1,0) are given by 

e + 1 = - - ^ ( e a - t e j , ) , 

e° = e „ (21) 
- 1 * / x 

e 7/f (e* ~Me»)-
Relations between the covariant and contravariant spherical basis vectors read 

e" = (-l)"e_MI e„ = ( - l ) ^ - " , 

e" = e;, eM = e"*, (/x = ± l , 0 ) . (22) 

The spherical basis vectors form a complex orthonormal basis 

e„e" = e„e* = £„„, (/x, i/ = ±1 ,0) . (23) 

Vector products of spherical basis vectors may be written with the use of the Clebsch-Gordan coefficients (see 
Chap. 8) in the form 

e ^ x e v = i V 2 C ^ l t / e A ) 
/ - „ » ( M , M = ± 1 > 0 ) . (24) 

One may also rewrite these formulas in a form similar to (5) 

e , x e =-ie^xe\ ( / ^ A = ± 1 0 ) > ( 2 5 ) 

eM x e " = ieM^AeA, 

wheree^A =-f-1 if the combination of indices/i,i/, A is obtained by an even permutation of-hi, 0,-1, e^A = - 1 
for an odd permutation, and e^y = 0 if at least two indices among #, i/, A are equal. 

A detailed form of (25) is as follows: 

e + 1 x e0 = te+ 1 , e0 x e^x = ie^u e + i x e^.x = ie0i 

e ° x e + 1 = i e + 1 , e ^ x e ^ i r 1 , e ^ x e + ^ i e 0 . (26) 

Covariant and contravariarit spherical components (see Sec. 1.2) of the basis vectors eM and eM are giyen by 

[ e ^ = ^ , [e*T = (-!)***-#.. (27) 
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1.1.4, Helicity Basis Vectors 
By analogy with Eqs. (20), (21) one may construct the following combinations of the polar basis vectors 

e ' 0 = e r , e'° = e r , (28) 

e'_x = -^=(e* - ie^), e ' " 1 = -^=(e* + te„) . 

The vectors e' (/i = ±1,0) are called the covariant helicity basis vectors and e'M(/x = ±1,0) are called the 
contravariant helicity basis vectors (the explanation of the term "helicity" is given below in Sec. 6.3.6). 

The helicity basis vectors e^ and e//x satisfy the same relations (22)-(26) as the spherical basis vectors eM 

and eM. 

1.1.5. Relations Between Different Basis Vectors 

(a) Cartesian and Polar Basis Vectors 

ex = er sin t? cos <p + e# cos r? cos (p — e^ sin <p, 
ey = er sin t? sin <p ± e# cos # sin <p H- e^ cos <p, (29) 
e* = er cos t? — e# sin t?. 

Cartesian and Spherical Basis Vectors 

e a = ^ ( e - 1 " e + l ) ^ ( e " 1 " + 1 ) ' 

ey = Ti^"1 + e+l) = ~72(crl + e+1)> (30) 

e* = e0 = e°. 

Cartesian and Helicity Covariant Basis Vectors 

ex = —e'+1 •—=. (cos i9 cos <p + i sin y?) ± eQ sin # cos £> ± e'_ x —=. (cos # COS <p — i sin <p), 

ey = — e'+ x —p (cos i? sin <p — i cos <p) + ejj sin # sin <p ± e'__ x -y= (cos t? sin <p ± t cos y?), (31) 
V2 v 2 

e* = e',! —T= sin t? ± ef. cos i? — e'_ ̂  —7= sin 1?. + 1 \ / 2 ° ly/2 

Cartesian and Helicity Contravariant Basis Vectors 

ex = — e , + 1-y= (cost? cos <p — tsin <p) -f e'° sin & cos ̂ > ± e,_1--7=(cos #cos <p -+■ isinv?), 
\ /2 v 2 

ey = —e/+ x —7= (cos # sin <p -f i cos y?) ± e'° sin # sin <p + e'"~* —p (cos # sin y? — i cos y?), (32) 

ez = e'+1 -7= sin # + e'° cos t? - e'""1 -7= sin #. 
A/2 y/2 
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(b) Polar and Cartesian Basis Vectors 

er = ex sin t? cos <p + ey sin t? sin >̂ -f e* cos 1?, 
©0 = €x cos t? cos v? + ey cos t? sin <p — ez sin #, 
ê > = —e*. sin >̂ •+■ ey cos >̂. 

Po/ar and Spherical Covariant Basis Vectors 

er = —e+i —r= sin #e"~tv> -f- eo cos t? + e_i -7= sin t?etv>, 
v 2 V2 

e# = —e+i ~ p cos de~%ip — eo sin t? + e_i -—p cos t?etv>, 

Po/ar and Spherical Contravartant Basis Vectors er = - e + 1 - p sin t?e'v + e° cos i? + e - 1 - = sin #e"'v . 

e* = - e + 1 4 = cos tV" - e° sin tf + e " 1 4 = cos t?«- ,v, 

ev = -e+14=^-e-1-U-'>-

Po/ar ana" Helicity Basis Vectors 

_ _ _' _ «'0 er — e0 — e , 

* - ; * < « £ . . - < . ) - > " - « • " ) . 

(c) Spherical and Cartesian Basis Vectors 

e + i = —7=(e* + *ey), e+x = —-=(e x - i e y ) , 

e0 = e „ e° = e*, 

e - i = ~ ^ ( e x - iey) , e"1 = ~^{ex + iey) . 

Spherical Covariant and Polar Basis Vectors 

e+i = - e r ~-p sin t?eiV> - e* -y= cos $eXH> — e^ - 7 = ^ , 

e0 = er cos t? — e$ sin #, 

e_! = er 4 = sin t?c""^ + e* 4 = cos t?e~*v - e„ 4=«" f >• 
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Spherical Contravariant and Polar Basis Vectors 

1 1 i 
e + 1 = - e r —7=8int?c""i,p - e#—7= cost?e"~iV> + e«p—=6""'̂ , 

e° = er cos 1? — e# sin 1?, (39) 
1 1 i 

e""1 = er—psint?eiV> + e# -7= cos t?etv> + e^—pctv?. 

Spherical Covariant and Spherical Contravariant Basis Vectors 

e+i = - e ~ \ e + 1 = - e _ i , 
e0 = e°, e° = e0, (40) 

e_! = - e + 1 , e _ 1 = - e + i . 

Spherical Covariant and Helicity Covariant Basis Vectors 

1 + cosfl . sinr? ■„ 1-coetf <1P 
e + i — e + 1 e e 0 / - e - l - e^ c , 

. sint? . - , sint? . x 
e 0 = e + 1 — ^ - h e 0 c o sd-e^—^, (41) 

1-cost? ■ sin* ^ , l + co»tf ,„ 
e _ i - e + 1 ^ e + ° ^/o + e - i 2 

Spherical Contravariant and Helicity Covariant Basis Vectors 

+1 , 1-cost? ■„ sint? .„ 1-fcost? ^ 
e — e + i 2 \/2 2 ' 

n . sin# . A . sint? , x 
e = e + i - ^ - + e o c o e t f - e - i - ^ - ' (42) 

, _ , 1 + COSt? iv ,3i lH? t > 1-CQ31? , „ 
e — e + 1 ^ e \Z5 2 ' 

Spherical Covariant and Helicity Contravariant Basis Vectors 

= _ e < + 1 l - c o s t ? ^ _ e , o f m ^ ^ _ ^ 1 + c o s ^ 
2 -v/2 2 

e o = e , + 1 s m | + e / 0 c o 8 t ? _ e / _ 1 ? m | ) ( 4 3 ) 

e 1 = _ e > + i 1 + c o s ' ?
e -^ + e >o!y e -^_e'^ 1 - c 0 8 , ?

e - 'V. 
2 v/2 2 

Spherical Contravariant and Helicity Contravariant Basis Vectors 

c + i ^ + i i + c 0 8 ^ - . * c>o s i n* c-<g , c > - i l - c o s t ? c _ < t , 
2 v/2 2 

n . . ,sint? ,n . ,_isint? . . . 
e° = e ' + 1 — ^ + e'° cos tf - e' 1—7=-, (44) 

2 v̂ 2 2 
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Equations (41)-(44) may be written in a more compact form using the Wigner D-functions (see Chap. 4). 

V V 

e" = ("I)" £ &-»A*> »> <PK = E ( - 1 ) " + l ' ^ ( 0 . *. *»)«'"» (45) 

(/*,!/ = ±1,0). 

(d) Helicity Covariant and Cartesian Basis Vectors 

1 . . 1 1 
e'+! = —ex --p (cos t? cos y? — i sin y?) — e^ -^= (cos t? sin y? -f-1 cos y?) -f e^ -~p sin t?, 

^o = ex sin t? cos <p + ey sin i? sin >̂ + ez cos t?, (46) 

e!_1 c= ex -j= (cos t? cos y? + isiny?) + ey —p (cos t? sin y? — icosy?) — e^-y=sint?. 

Helicity Contravariant and Cartesian Basis Vectors 

e , + 1 = — ex --p (cos t? cos y? H-1 sin y?) — ey —p(cos t? sin y? — i cos >̂) + ez -~p sin t?, 

e'° = ex sin t? cos <p + ey sin t? sin y? -f e« cos t?, (47) 

e ' " 1 = ex-y= (cos t? cos y? — isiny?) -f ey —-p (cos t? sin y? -ficosy?) — e^—psint?. 

Helicity and Polar Basis Vectors 

e, e r , e'u = e r , (48) 

e'-i = ~^(?tf - l e ^ ) , e'""1 = ^ * ( e * + t e v ) . 

Helicity Covariant and Spherical Covariant Basis Vectors 

. 1 ■+■ cos t? _• sin t? 1 — cos t? ,r/, 
e+i = «+i g « + e o 7 i " + e - 1 2 * ' 

. sint? ;„ rt sint? €-„ , v 
e'0 = - e + 1 ——e %tf> + e0cost? + e - i — — « *> (49) 
, 1-cost? ^ sint? 1 + cost? i(p 

Helicity Contravariant and Spherical Covariant Basis Vectors 

" c°s # _i« sin t? 

1 — ' + e oW" e-1 2 
/+i 1 —cost? - _ sint? 1-f-cost? -M e , + 1 = - e + i e •*>+ e0—T=T ~ e - i et(p, 

,0 sint? _4.̂  . n . sint? ,„ e'° = - e + i —p-e"*^ + e0 cos t? + e_x - y = V , (50) 

/_i 1 + cost? . sint? 1-cost? iu e = - e + 1 e %* - e0 —— - e_i etv 

^ 
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Helicity Covariant and Spherical Contravariant Basis Vectors 

_ + 1 l - c o s i ? < 0sint? . 1 + coBtf iv 
e + i - e 2 e +e ^ _ e 2

 e > 
. .tsint? • n « 1 sin t? . ■ , v 

B0 = - e + 1 — p r e , , p + e0cost? + e 1 - y r - e - " p , (51) 

' - - + i 1 + C08*.«•«> O o s i n , ? . . x l - c o s t f _ ^ _, = —e e K — e —7=— e e . 
2 v/2 2 

Helicity Contravariant and Spherical Contravariant Basis Vectors 

2 V2 2 
.n . ismi? ,-i/» n « 1 sin # .^ / * 

e'° = - e + 1 --7=-etv? + e° costf + e"1—7=r-e~tv% (52) 
\/2 \/2 

x + 1 l - c o 8 t f •„ nsintf ,1-f-cosfl -, 
2 y/2 2 

Equations (49)-(52) may be written in a more compact form using the Wigner D-functions (see Chap. 4). 

e"* = 53 ( - I ) M ^-M(^* . °K = E(-1)"+PI,--M^^.o)eV. (53) 

(*.,!/ = ±1,0). 

Helicity Covariant and Helicity Contravariant Basis Vectors 

e i = e ' ° , e'° = eif (54) 
e ' . ^ - e ' * 1 , e ' - ^ - e L x . 

1.2. V E C T O R S . T E N S O R S 
Vectors and tensors are usually defined by transformation properties of their components under rotations of 
coordinate systems. The transformation rule for cartesian components of vectors and tensors is given below 
in Sec. 1.4 (Eqs. (46)-(51)). The transformation properties of spherical components of vectors and irreducible 
tensors are discussed in Chap. 3. 

1.2.1. Vector Components 
Any vector can be expanded in terms of basis vectors, i.e., written as 

a a 

The expansion coefficients Aa are called the covariant components of the vector, and Aa are the contravariant 
vector components 

i 4 a = A - e a , Aa=A-ea. (2) 
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In a cartesian coordinate system one has 

A = Axex + Ayey + A*e* = Axex + Ayey + A*e*. (3) 

The covariant cartesian components of a vector coincide with the contravariant ones. 
In a polar coordinate system 

A = Arer + A#e# + ^^e^ = Arer + A°e# + A^e^. (4) 

The convariant pol^r components coincide with the contravariant ones. 
For a spherical coordinate system 

A = A + 1 e + 1 + A°e0 + A~le-! = 4 + i e + 1 + A0e° + A-ie~l. (5) 

The relations between covariant and contravariant spherical components are given by 

AM = (-1)"A-", A" = (-1)M_M , (A* = ±1,0). (6) 

If A is a real vector^ i.e., if A* = A, then 

Al = A», A- = A» (/x = ± l , 0 ) . (7) 

If A is a complex vector, then 

A; = ( A T . A"* = (A*)M> (M = ±I,O). (8) 

An expansion of a real vector A in terms of spherical basis vectors is written as 

A = £ 4.e" = £ **«M = £ W = £ ^ X 
M H f* V 

= E **.< = E *;* - E ̂ eM* = E ̂ *e" 
A* A* M M 

= £ ( - 1 ) " A_MeM = E ( - i r A - V . (9) 

An expansion of an arbitrary vector A in terms of helicity basis vectors is given by 

A = A , + 1e'+ 1 + ii'Vo + A'^eLx = A' + 1 e' + 1 + ^ e ' ° + i l ^ e ' " 1 . (10) 

The helicity components of a vector satisfy the same relations (6)-(9) as the spherical components. 
The relations between vector components in different bases are the same as the relations between basis 

vectors. These relations are given by Eqs. l.l(29)-l.l(54) in which one should replace e a —► Aa and e°* —► Aa. 
In particular, 

A+1 = -A-1 = -~(AX +iAy), Ax = ±{A-x - A+1) = ^(A'1 - A+1), 

A0 = A° = AZ, Ay = ^=(A^1 + A+1) = ^(A-1 + A+1), (11) 

A_i = -A+1 = -j={Ax - iAy), AZ = A0 = A0. 
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The matrices of transformations between cartesian, contravariant spherical and polar components of vectors 
are given in Tables 1.1 and 1.2. 

Spherical components of a real vector A which contains no derivatives and is independent of spin variables 
are 

A I A I S m ^ 

^ ± i = : F | A | 7r 
AQ = | A | c o s # , 

,±*V A*1 = =F |A sint? 

7T 
A° = |A|cost9, 

=F»V 

where #, <p are the polar angles of the vector A . 
Equations (12) may be written in terms of spherical harmonics (see Chap. 5) as 

A„ = 
4TT, 

47T. A^^flMY^p), (M = ±l,0). 

The expressions for cartesian components of A in terms of spherical harmonics read 

(2*, A K i w ^ - y x + i O ? , ^ } , AX = 

Ay=iX/-\A\{Y1-1(e,<p) + Y1+i(#,<p)}, 

47T , 
A, = ^T |A|r1 0(*,*>). 

(12) 

(13) 

(14) 

Table 1.1 
Matrix form of the transformations for vector components in different bases. 

Cartesian coordinates Spherical coordinates Polar coordinates 

A = Axex + Ay*y + Azer 

In terms of spherical components 

AA=M(x,y,2<- + 1 , 0 , - 1 ) A» 

\A'J \A~l. 
In te ims of polar components 

'A*\ / V 
Av \— M (x> ^» z *" r> d» *) ( ^ a 

A = 4+ le+ 1 + A°eQ + A ^ e . , 

In terms of cartesian components 

A» \=M{+i,0,-l*-x,V,*)lA, 
.A-*) \A, 

In terms of polar components 

^ + , \ (A, 
A> ) = t f ( + l , 0 , - l « - r , » , * ) [ , « , 

A = ^ r e r + i4de8 + yl ?e ? 

In terms of cartesian components 

^ A (A, 
A9 \ = M(r, 9, <f<^x, y, z)l Ag 

,Aj \At 

In terms of spherical components 

A9)=M(r,i,f<r-+i, 0,-l)[ A° 
,A~l 
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Table 1.2 
Matrices of transformations between cartesian, spherical contravariant and 

polar components of vectors. 

M{+U 0, - 1 « - x, y% z) 
x y z 

W (x, y , z 
+1 

x/~if 
y\~7l 

« - + 1 , 0, - 1 ) 
0 —1 
0 w\ 
» - £ 

0 1 0 

M (*, y , z «— r, ft, cp) AT (r, ft, cp <— a:, y, z) 
r $ cp x y z 

x / sin 8 cos <j> cos $ cos <p —sin <p\ r I sin $ cos cp sin 8 sin cp cos 9 ^ 
y I sin & sin cp cos $ sin cp cos cp 1 0 j cos & cos cp cos & sin cp —sin & 
z \ cos& —sin & 0 / cp\ —sin cp coscp 0 

A/(+l, 
r 

_ £ i ^ e - . f 
vr e 

cos 9 

, V2 

0, - 1 * - r, 8 
a 

cos» , 
" V2" 6 

— sin & 

cos_» 
V2 

f. ?) 
<P 

— *-<»' 
v/re 

0 

^2 

M(r, 0, ? « - + 1 , 0, - 1 ) 
+1 0 - 1 
sin ft { a sin* -»> 

cos ft t. . cos ft _, 
— —7=r-ef - s m o ~l=*e V2 v T 

1.2.2. Scalar Product of Vectors 

The scalar product of vectors A and B in an arbitrary orthonormal basis is defined by 

A B = ^ A a B a = ^ A a £ a . (15) 
a a 

In a cartesian coordinate system we have 

A B = AXBX + AyBy + AZBZ. (16) 

For polar coordinates the scalar product is given by 

A B = ArBr + A#B# + AvBp. (17) 

Equation (17) is valid only if A and B do not contain derivatives because the polar basis vectors depend on 
the polar angles i?,tp (see Section 1.1). In spherical coordinates we have 

A ■ B = ] T ^ J 9 M = £ > M £ * = £ ( - l ) M M B _ M = £ ( - l ) ^ B - » \ (M = ±1 .0 ) . (18) 
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or, in a more detailed form, 
A-B = - A + 1 B _ ! + A0B0 - A _ i B + 1 . (19) 

The scalar product in terms of helicity components of vectors is similar to (18)-(19). The scalar product of 
vectors is invariant with respect to rotations of the coordinate system. 

1.2.3. Vector Product of Vectors 

In a cartesian coordinate system the vector product of vectors A and B is defined by 

A x B A-x Ay Az 

BX By BZ 

= X [AxB]*e<> 
t=x,y,z 

where 
[A x B]» = AyBz - AzBy , 

[A x B]„ = AZBX - AXBZ , 

AxBy AyBx. [A x B] 

Equation (21) may be written in a more compact form as 

[A xB]i = ^2eikiAkBh (i.kj = x,y,z). 
ki 

In the polar coordinate system 

A x B 

where 

e r e# ê > 
Ar A& A<p 
Br B# B<p 

= ]T [AxB]aea, 

(20) 

(21) 

(22) 

(23) 

[ A x B ] r = AoBv - ApBe, 

[ A x B ] * = A^Br- ArBv, 

[ A x B ] „ = Ar Bo- A#Br. 

Equation (24) is valid only if A and B are not differential operators. 
In the spherical coordinate system 

(24) 

A x B = i 
e+i e0 e_i 
A+i A0 A-i 
B+i BQ B-i 

= - t 
e+1 e° e"1 

A+1 A° A-1 

5 + i Bo B-i 
£ [AxB|/= £ [AxB]%, (25) 

l*=±l,0 M=±1,0 

where 

[A x B]+i = i{A0B+1 - A+1B0) = i ^ B 0 - A°B~1), 

[A x B] 0 = i(A-XB+1 - A + 1 S_ i ) = i ^ B " 1 - A^B*1), 

[A x B]_x = i(A-XB0 - A 0 5_i ) = i{A°B+1 - A+1B°). 

(26) 

[A x B ] + 1 = t(AoB_! - A-iBo) = i{A+1B° - A°B+1), 

[A x B]° = i{A-iB+1 - A+iB-i) = i{A+lB~x - A~lB+l), 

[A X B ] " 1 = i{A+1B0 - A0B+1) = i^B"1 - A~lB0). 

(27) 
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Equations (26)-(27) may be written in a more compact form using the Clebsch-Gordan coefficients (see; Chap. 8) 

[ A x B ] M = - . V 2 X ) c f t A 4 , f l A l 

/ - * - ? i„ i (/*,«,A = ±1 ,0) . (28) 
[ A x B ] " = z V 2 X ; ^ u ^ S A

) 

Helicity components of the vector product are given by equations analogous to (25)-(28). 

1.2.4. Products Involving Three or More Vectors 

A • [B x C] = B • [C x A] = C • [A x B] = - A • [C x B] = - B • [A x C] = - C • [B x A], (29) 

A x [B x C] = B(A • C) - C(A • B), (30) 

[A x B] • [C x D] = (A • C)(B • D) - (A • D)(B • C), (31) 

[A x B] x [C x D] = B(A • [C x D]) - A(B • [C x D]) = C(A • [B x D]) - D(A • [B x C]). (32) 

( A [ B x C ] ) ( a [ b x c ] ) = 
A a A b A c 
B a B b B e 
C a C b C c 

=(A • a)(B • b)(C • c) - (A • a)(B • c)(C • b) - (B • b)(A • c)(C • a) 
- (C • c)(A • b)(B • a) + (A • b)(B • c)(C • a) + (A • c)(B • a)(C • b). (33) 

1.2.5. Tensors Sik and ena 
In a cartesian basis two basic tensors Sik and eua are widely used. The first tensor, £,*, is the symmetric 

unit tensor of rank 2. The second tensor, £**/, is the totally antisymmetric unit tensor of rank 3. 
The tensor Sik is called the Kronecker S-symbol and is defined by 

The components Sik are invariant with respect to rotations and inversion of coordinate systems. 
The tensor (or, more precisely, the pseudotensor) eya is often called the Levi-Civita tensor. It is antisym

metric with respect to permutations of any pair of indices. Thus, €iki = 0 if at least two of the indices t, jfc, / 
are equal, and Siki ̂  0 only if all indices i, ky I are different. The components eiki are given by 

£%%% = 0) (* = z>2/>2) (3 components), 
e%ik = e%ki = Skii = 0, (i,k = x,y,z) (18 components), (35) 

Gxyz = Syzx = Gzxy = ~^xzy = Syxz = ~~ezyx = 1 (6 Components). 

The components e ^ are invariant with respect to rotations and inversion of coordinate systems. 
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The tensor e^i has the following properties: The product of two tensors eiM and er8t may be 
the form of a determinant 

sikler»t — 
Sir Sis Su 
Skr Sks Skt 

Sir S{8 Su 
= SirSk8Sit + Si9SktSir + SitSkrSl8 - SirSktSi8 - Si8SkrSlt - SitSk8Slr. 

By summing over a pair of indices, one obtains 

2_^e%kiei8t = 
t 

Summation over two pairs of indices yields 

Sk$ Skt 

Su Su 
Sk»Su - SktSi8. 

2_^SikiSikt = 2£/t-
i,k 

Finally, the summation over three pairs of indices gives 

For an arbitrary 3x3 matrix ||Ai*|| (i9k — x,y,z) the following relation holds 

22,AxiAykAxi€iki = det||Atfc|| = 
i,kj 

A A A 
**xx xxxy ^xz 
AyX Ayy AyZ 
AZx AZy Azz 

1.3. DIFFERENTIAL OPERATIONS 

1.3.1. Operator V 
The operator V (nabla) is the basic vector differential operator. 
Cartesian components of V are given by 

d d d 

dx* y dy* dz' 

These components may be expressed in terms of polar coordinates as 

_ . _ d cost? cos <p d sirup d 
Vx = smt?cosv?— + — — • 5—, 

or r ov r sin $ o<p 
_ . n . 9 cost?sin<p d cos<p d 
Vy = s i n t ? s m ^ — + — — + . Q • T - , or r ov rsmt? o<p 
_ rt d sint? d 
Vz = cost?- —-. 

dr r 3t? 
An expansion of the operator V in terms of spherical basis vectors reads 

V = £ ( - l ) M e M V _ M = - e + 1 V_i + e0V0 - e_iV+i , 



18 Quantum Theory of Angular Momentum 

where spherical components of V are given by 

1 / 3 . d \ 

1 (d d \ 

Spherical components of V in a polar coordinate system have the form 

„ e ^ f , J cost) 3 % d \ 
V+i = ;=<sin#— + • — + —:—- • -r— >, 

v ^ l dr r 9t? rsintf d<p) 
d sin t? d / x 

Vo = c o s ^ - - — • - , (5) 

« «" ̂  f . J cos t? a i a i 
1 y/i I 3r r 3i? rsini? 3 ^ J 

An expansion of V in terms of polar basis vectors may be written as 

V = er Vr + e* V* + e^ V^, (6) 

where 
9 r-r * d vr 1 d /„* 

Vr = —, V* = - . — , V^ = ^ — • — . 7 
or r ov rsintf o<p 

The order of operator components relative to the basis vectors in Eq. (6) is essential because er, e^}ep depend 
on t?, (p. 

The operator V may be written in the form 
<9 1 

V = n— + - V 0 , (8) 
or r 

where VQ is the angular part of V, and n = r/r is the unit vector determined by angles t9 and <p. The operator 
VQ acts only on variables # and <p. In the polar coordinate system it has only two components 

(v„).-£, ( v o ) , - ^ . ^ . m 
The operator VQ may be written as 

V n = - i n x L, (10) 

where L is the orbital angular momentum operator (see Sec. 2.2). 

1.3.2. Laplace Operator 

The Laplace operator (Laplacian) A is a scalar differential operator 

A = V2 . (11) 

In the cartesian coordinate system A has the form 
a2 d2 d2 

A = ^ + a^ + a?- <12> 
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In the polar coordinate system it is given by 

1 d , 2 d , 1 3 . . J . 1 a2 

The operator A may also be written as 

A = " 2 • F " { r V } + T A " ' (14) 
r* or or r* 

where An is the angular part of A 

expressed in terms of the orbital angular momentum operator L as 

An = - £ 2 . (16) 

1.3.3. Differential Operations on Scalars and Vectors 
The gradient of a scalar function 4>(r) is the vector defined in terms of the operator V as 

grad$(r) = V*(r). (17) 

The components of grad$ may be obtained by use of Eqs. (l)-(7) for the components of V. If $ depends only 
on r = |r| (spherically-symmetric field), then 

V$(r)=nfffi, (18) 

where n = r/r. 
The directional derivative of a scalar function $(r) in the direction specified by a unit vector u is the scalar 

defined by 

^ * ( r ) = (u-V)*(r) . (19) 

The divergence of a vector field A(r) is the scalar product of V and A 

divA = V • A. (20) 

The expression for divA in a cartesian coordinate system is 

d i v A = ^ + ^ + ^ = £ d* (21) 
ox oy oz . *—' oxi 

x=x,y,z 
and in a spherical coordinate system it has the form 

divA = - V + 1 J 1 - I + Vo^o - V- iA+i = Y, {-iyVnA-p, (22) 
/x=±l,0 

where the spherical components VM are given by Eqs. (4)-(5). In the polar coordinate system we have 

divA = 1 • | - ( ^ r ) + - 4 - r • ̂ (sin«M„) + - ± - ■ ^ * £ . (23) 
r2 dr rsmv <9# rsintf o<p 
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The curl of a vector field A(r) is the vector product of V and A 

curlA = V X A. 

The cartesian components of curl A are given by 

dAz 

dy 
dAx 

dz 
[curlA], = *£ 

[curlA],, = 

[curlA]„ = 

dAy 

8z ' 
8A, 
dx ' 

dAx 

By' 
or, in a more compact form, 

[curlA]; = X > " ^ ' 
ki dxk 

Moreover, curl A may also be written in the form 

curl A = 

The spherical components of curl A are given by 

Cjp Cy ^z 
JL JL A 
dx dy dz 
Ax Ay AM 

[curl A]+i = t(V0j4+i - V + 1 A 0 ) , 
[curl A] 0 = t ( V - i A + i - V + i A - i ) , 

[curl A]-1 = i{V-iA0 - V 0A_i) , 

or in a more compact form involving the Clebsch-Gordan coefficients 

[curlA]M = -iVi^Cl&iVvAx (M,^,A = ±1 
i/A 

The spherical components of curl A may also be written as 

curl A = i 
e+i e0 e_i 
V+i V0 V_i 
-A+i A0 A-i 

The polar components of curl A read 

[curl A] r = 

[curl A] # = 

a (sint?j4^) 
dA# 

rsint?3t> 
1 dAr Id 

r sin # dp r dr 

rsint? d<p 

[curlA]^ = i | ; ( r ^ ) - i ^ . 

The above equations are summarized in Table 1.3. 
Note also the following differential operations of the second order 

div grad $ = V • (V$) = A$, 
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Table 1.3 
Differential operations. 

Cartesian coordinates Spherical coordinates Polar coordinates 

r 
dr 

ds* 

dV 

( V . A ) 

VXA] 

A$ 

exx + eyy + e,z 
exdx + eydy -f- e2dz 

dx2 + dy2 + dz2 

dxdydz 
d$ d$ d$ 

e*dx~ + esrdy + e*dz~ 

dA* *±9 dA, 
dx ~* dy "■ dz 

ex ey ez 

L JL — 
dx dy dz 
Ax Ay Az 

d2$ d2Q d2Q 
7i2+'dy2+7z2 

—e+1^-1 + e0:r0 — e^x+ 1 

—e+1dx^x + e0dx0 — 

—2(te+1dx_1 + dx0dx0 

idx+1dx0dx^t 

e + i Co e» i 

^ + 1 ^ 0 * ^ - l 

-av+tV^o + VoVo* 

err 
erdr + e$rd& + e f r sin bdy 

dr2 + r*d*2 + r2 sin2 &d<? 

r2 sin ddrd&d? 

er dr + <* r ^ + ef r ^m ^ • df 

i d I d 1 
7* • SF^r) + rsliu • 3 ^ * s m *> + F5mT dy 

er7inr»[^<^sin»)-^r]+ 
1 T 1 dAr J , v1 , 

i r <> , _ <Mrn 
+ e*7|>(ri4»)-~^~J 

t d i (?*\ l a / . <?*\ l ffi 

curl grad $ = V x ( V $ ) = 0, 

div curl A = V • [V x A] = 0, 

(33) 

(34) 

curl curl A = V x [V x A] = V ( V • A ) - A A 

= grad div A — A A . (35) 

1.4. R O T A T I O N S OF C O O R D I N A T E S Y S T E M 

kn arbitrary rotat ion of a coordinate system about the origin is completely specified by three real parameters. 
The most useful description of rotation is that in terms of the Euler angles a , )9 ,7 . Note tha t two other sets of 
parameters are also widely used to describe rotations: 

direction of the rotation axis n ( 0 , $ ) (2 parameters) and the rotation angle w (1 parameter) ; 
the Cayley-Klein parameters. 

1.4 .1 . D e s c r i p t i o n of R o t a t i o n s in Terms of t h e Euler A n g l e s 

Any rotat ion of the coordinate system S{x}y,z} —► S^x'^y'^z'} may be performed by three successive 
•o ta t ions about the coordinate axes (Fig. 1.3) 

(a) rotat ion about the z-axis through an angle a (0 < a < 2n)) 

(b) rotat ion about the new t/i-axis through an angle ^9(0 < p < n), 
(c) rotat ion about the new axis z2 = z1 through an angle 7(0 < 7 < 2TT). 

The same rotat ion S{x,y,z} —► S^x^y^z1} may also be performed by another succession of rotations 
Fig. 1.4), 
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Fig. 1.3. Succession of rotations of a coordinate system according to scheme A. 

Fig. 1.4. Succession of rotations of a coordinate system according to scheme B. 

(a) rotation about the z-axis through an angle 7(0 < 7 < 27r), 
(b) rotation about the initial y-axis through an angle /J(0 < fi < 7r), 
(c) rotation about the initial 2-axis through an angle a(0 < a < 2TT). 
Here the angles a, /?, 7 are the same as those in the first case. 
The relative orientations of initial and final coordinate axes S{x,y,z} and S,{x,

Jy,
iz,}) obtained in both 

cases, A and B, are shown in Fig. 1.5. 

Fig. 1.5. The Euler angles a, ^ , 7 . 

The angles a, /?, 7 are called the Euler angles. They completely define the rotation of the coordinate system. 
The inverse rotation which returns the coordinate system S'lx'ty^z'} back into S{xty,z} is specified by the 
Euler angles —7, —fl, —a, or, equivalently, by the angles TT — 7, j9, —7r — a. 
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Sometimes the following successive rotations are used to obtain the general rotation of the coordinate 
system: 

(a) rotation about the 2-axis through an angle a'; 
(b) rotation about the new a^-axis through an angle /?'; 
(c) rotation about the new axis z^ = z1 through an angle 7'. 

The angles a',^'^' describe the same rotation of the coordinate system as the Euler angles a,j9,7 if 

a' = a + - , fi' = fi, 7' = r 7T 

2* (1) 

The absolute value of a vector is invariant with respect to rotations, but the polar angles #, <p} which determine 
the vector direction, change. The relations between angles #, <p and #', <pf which specify vector directions in 
the initial and final coordinate systems, S{x> y, z} and S'fa', y', z'}} are given by 

The inverse relations are 

cos i?; = cos t? cos /3 -f sin t?sin /3 cos(<p — a), 

cot t? sin f5 
cot(̂ >' + 7) = cot[<p — a) cos j3 — 

sin(̂ > — a) (2) 

cos # = cos &' cos p — sin #' sin /? cos(<pf -f 7 ) , 

/ x / / \ „ cot #'sin/? cot[<p — a) = cot[<p •+■ 7) cos p + . , t - . sm(yr + 7) (3) 

1.4.2. Description of Rotations in Terms of Rotation Axis and Rotation Angle 

Any rotation of a coordinate system S{x, y, z) —► £'{2', y', z1} may be treated as one rotation through an 
ingle (JJ(0 < w < TT) about some axis n(0 , $) . The direction of this rotation axis n is defined by the polar 
ingles 0 , $(0 < 0 < 7 r , O < $ < 2TT) which are the same in the initial coordinate system 5{x, y, z) and in the 
inal one S'{x',y',;?'} (Fig. 1.6). 

Fig. 1.6. Rotation of a coordinate system through an angle OJ about an axis n ( 0 , $ ) . 
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The angles w , 0 , $ completely determine the relative orientation of the initial and final coordinate axes. 
The rotation defined by the angles —a;, 7r — ©, TT -f $ is identical to the rotation defined by the angles a;, 0 , $. 
The inverse rotation S'{x*, y', z1} —► S{xt y, z} is specified by the angles -w, ©, $ or, equivalently, by the angles 
(J, IT — ©, 7T + $ . 

The direction cosines of the unit vector n(0 , $) in the initial coordinate system S{x,y}z} coincide with 
those in the final coordinate system S"{a;', y', z1}. 

n • ex = n • ex = sin © cos $, 
n • ey = n • e'y = sin 0 sin $, (4) 
n e * = n ê  = cos©. 

The polar angles i?, <p of vectors nonparallel to the n-axis vary under coordinate rotations. The relations 
between the polar angles tf,^> and t?', <p' which specify the direction of a vector with respect to S^y, z) and 
5"{x', t/, 2?'}, respectively, are given by 

cos t?' = cos t?(coso; sin2 0 + cos2 0 ) + sin t? sin ©[(1 — cos a;) cos 0 cos(y? — $) — sin a; sin(y? — $)], 

(i <i>\ — c o s ( ^ "" $)[C0S(<; c°g2 Q + sin2 0] + sin(y> — $) sin a; cos Q — cot t?(cosa; — 1) sin Q CQS Q (5) 
— cos(̂ > — 4) sin a; cos © + sin(<p — $) cos w + cot t? sin a; sin © 

The inverse relations are 

cost? = cost?'(coso;sin2 0 -f- cos2©) + sini?/sin©[(l — cosw)cos©cos(<p' — $) + sinwsin^' — #)], 
, . cos(v?' — $) [cos a; cos2 0 +sin2©] — sin(v?; — $) sin a; cos© — cott?'(cosa; — 1) sin ©cos© (6) 

COtl^? — Sr) = = v . " ' . / ' " \ . '' • 
cos(v?' — $) sin a; cos © -+• sin(^' — $) cos u — cot i?; sin u> sin 0 

Introducing parameters w,n(0, $) to describe rotations, we are able to write the transformation properties 
of components of the position vector r in compact vector form: 

r ' = rcosw+n(nr) ( l - cosa;) + [n x rjsino;, 
r = r'cosw + n(nr')(l - cosw) - [n x r']sino;. 

Equations (5)-(6) may be derived by projecting Eq. (7) onto the coordinate axes. 

1.4.3. Description of Rotations in Terms of Unitary 2x2 Matrices. Cayley-Klein Parameters. 
The position vector of an arbitrary point r = xex + yey + zex may be represented by the following Hermitian 

2x2 matrix X: 

i=x,y,z 

where Ci{i = x, y,2r) are the transposed Pauli matrices (Eq. 2.5(4)). Note that 

- det X = r2 = i 2 + y2 + z2. 

Each rotation S{x>y,z) —* 5'{x', t/,2?'} may be represented by a unitary transformation U of matrix X 
into X1 

X'^UXU"1. (9) 

Here U is the unitary unimodular 2x2 matrix 

U+ = U-\ d e t t f = l . (10) 



Elements of Vector and Tensor Theory 25 

Fig. 1.7 Stereographic projection of a point on a sphere. 

Bearing in mind that r is real, one can easily prove that U, indeed, is unitary. The relation det U = 1 ensures 
the invariance of the absolute value of the position vector under coordinate rotations. 

Equations (10) imply the following form of U 

where a and 6 are complex numbers which satisfy the condition 

| a | 2 + | 6 | 2 = l . (12) 

Thus, the matrix U depends on three real independent parameters. The numbers a and b are called the 
Cayley-Klein parameters. They uniquely determine rotation of the coordinate system. The inverse statement 
is not true because the parameters —a and —6 describe the same rotation as a and 6. 

The inverse rotation S"{x',y',2r;} —♦ 5 { x , y , z } corresponds to the matrix 

"--"+-(j: ?). (IS) 

The Cayley-Klein parameters permit us to propose an alternative interpretation of coordinate rotations. 
Let us consider a sphere (of unit diameter) about the origin. Each point of the sphere with coordinates 
x, y, z(x2 + y2 + z2 = 1/4) corresponds to the point $ = £ + irj on the complex plane which is called the 
stereographic projection of the point x, y, z (Fig. 1.7). The complex number f is related to x, y, z by 

l a . , 
(14) 

x + ty _ A 
f ~~ l 

+ * 
x-\y 

The rotation of the coordinate system which transforms the coordinates x, y, z of the point on the sphere into 
x'>y'izi generates the following complex-plane bilinear transformation 

, af + 6 
b -&*£ + a*' 

The coefficients of this bilinear transformation are just the Cayley-Klein parameters a and b. 

(15) 
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1.4.4. Relations Between Different Descriptions of Rotations 

(a) Relations Between Angles a ; , © , $ and Euler Angles a, j3} 7 
The angles a;, 0 , $ are expressed in terms of the Euler angles a, P> 7 by 

o) P a 4- 7 
cos —■ = cos — cos —-—, 

2 2 2 

tan© = 

p 
tan -7 

2 
. a + 7 ' sin 

* = 2 + 

2 
a — 7 

The inverse relations are written as 
P . u sin — = sin 0 sin --, 2 2 ' 

a 4-7 ^ w tan —-— = cos 0 tan —. 2 2' 

2 2* 
Note also the following useful relations between the angles a ,£ ,7 and a; ,0 ,$. 

da 37 cos 0 
do) doj 2cos 2 f , 

dot dri 1 _ . , . 
-rrr = —— = — - tan0sin(a -f-71, 
3 0 3 0 2 v "' 
da __ 37 _ 
3¥~"~3¥"- ' 

3̂ 9 __ sin2 9 sin a; 
3w sin j9 * 

3/3 _ 2 sin 2 0 sin2 I 
3 0 ~~ siiT/? ' 

3$ ' 

3w 3w ^ 
— = — = COS 0 , 
da 07 

^ _ £® _ 
3a 37 
3*__££ 
3a 37 

The Jacobian of the transformation is equal to 

a(«,e,*) 

sin 6 
'2tan I ' 
1 
2' 

3w 
37 
3 0 
3/? 
3 $ 

t a n | 
tan I ' 
cos © sin 0 

sin/9 

3 ( O ; , 0 , $ ) M - I 

3 ( a , ^ 7 ) I 
4sm© . 2 w 
- ^ — - s m —. 
sm/3 2 

A volume element of the three-dimensional rotation group is given by 

dR = sinfidadfidi = 4 sin2 — doj sin QdQd$. 

The total volume of the three-dimensional rotation group is equal to 

/

/•2ir pn p2it pn fir /»2TT 

dR = / da sinPd/3 / *y = 4 / sin2 -<fc/ / sin©d© / d* = 
0̂ Jo Jo Jo 2 y 0 j 0 
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(b) Relations Between Gayley-Klein Parameters a, b and Euler Angles a, ^9,7 
The parameters a and 6 are expressed in terms of the Euler angles a, ^ , 7 as 

while the inverse relations are 

a = cos — e 3 . 
2 

b = sin - e* 3 . 
2 

cos p = |a|2 - |6|2, cos — = |a|, sin - = |6|, 

a-f 7 Re a a — 7 Re 6 
cot = — , cot 

(23) 

(24) 

2 Ima ' 2 Im6* 

The parameters a and 6 may be expressed in terms of the Wigner J9-functions (see Chap. 4) 

a = D | ^ K / 9 , 7 ) , 6 = 0* t i ( a , j 8 ,n r ) . (25) 

The unitary matrix i7, according to Eq. (11), coincides with the transposed rotation matrix D* (a,/3,7) which 
transforms spin functions of particles of spin | (see Eq. 2.5(32)). 

(c) Relations Between Cay ley-Klein Parameters a, b and Angles a;, 0 , $ 
The parameters a, b are expressed in terms of the angles u, 0 , $ as 

w . . u) -a = cos i s m - cos 0 , 
« . * (26> 

6 = —tsin — sin ®e . 

and the inverse relations have the form 

cos a; = 2(Rea)2 — 1, cos — = Re a, 

_ Ima 
C ° S 9 = " x / l - ( R e a ) ^ (2?) 

COt$ = -TT~7-
Re 6 

The unitary matrix (7, according to Eq. (11), coincides with the transposed rotation matrix U* (OJ; 0 , $) which 
transforms spin functions of spin | (see Eq. 2.5(36)). 

1.4.5. Rotation Operator 
Under rotations of coordinate systems quantum-mechanical quantities are transformed by the rotation 

operators D(aiP,7) or t / (o; ;0,$) . 
Wave functions (state vectors) # ' and operators O1 in a rotated coordinate system are related to wave 

functions * and operators O in an initial coordinate system by 

V = S(*tfi,~,)% d = D{a)P,i)d[D{a,M)\-\ (28) 

9' = 0(w,e,*)V, O = ^(w;0,$)O[£/(w;©,$)]- 1 . (29) 
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If the Euler angles a, £ ,7 are chosen to describe the rotation, then the rotation operator jD(a,/?,7) may be 
written as 

£(<*,/?, 7) = e - ^ e - ^ i e - * " ' ' ' , (30) 

or, equivalently, 
5(a,/9,7) = e-iaJ'e^Jye^J'. (31) 

Here Ji is the projection of the total angular momentum operator (see Chap. 2) on an t-axis. The equivalence 
of Eqs. (30) and (31) follows from the fact that, according to (28), 

^ A ^ « « * A « l 3 - « ) 

If the direction of the rotation axis n(6 , $) and the rotation angle u> are chosen to describe the coordinate 
rotation, the rotation operator U may be written in the form 

#(u/;e, $) = *-*""•*, (33) 

where J is the total angular momentum operator (Chap. 2). Note that D(a,0,i) = U(w; 8 , $) . 
The rotation operator written in the forms (30), (31) or (33) is an unitary operator. 

P + (a, 0,7) = \D(a, 0 , 7 ) ] - 1 = D{* - 7, fi, -x - a) = £ ( - 7 ) -fi, - a ) , 
U+{w; 6 , $) = [#(w; 6 , S ) ] - 1 = # («; *r - 0 , IT + *) = 0(-w; 6 , * ) . 

Matrix elements of Z? between eigenstates of the operators J , Jx are the Wigner D-functions (see Chap. 4) 

(J'M'\5(aiM)\JM) = 6jj.Dii,MAa,0,'l). (35) 
/As, 

Matrix elements of Z? between states corresponding to the cartesian basis vectors et(t = x,y}z) coincide 
with elements of the rotation matrix a** (see Sec. 1.4.6) 

(ei\3[a,/J,i)\ek) = at*, (t,A; = x,y,*). (36) 

Effects of the rotation operator on various wave functions and quantum-mechanical operators are considered 
in Chaps. 3, 5-7. 

1.4.6. Transformation of Cartesian Vectors and Tensors Under Rotations of 
Coordinate Systems. Rotation Matrix a 

An arbitrary vector A may be written as a column 

A=UJ, (37) 

where AX)Ay)Ax are cartesian components of A. In this representation the Cartesian basis vectors 0x ,ey ,e^ 
have the form 

e» = I 0 ] , ey = 1 , ez = 0 . (38) 



Elements of Vector and Tensor Theory 29 

The effect of the rotation operator on the basis vectors written in such a form is equivalent to an action of 
some 3x3 matrix a which may be regarded as one of the representations of the rotation operator 

%xx &xy &xz \ 
(39) 

%ZX azy azz J 

The matrix a is real 
a* = a, a*k = aik, (i, k = x, y, z). (40) 

and unitary 
a+a = aa+ = 1 (41) 

Equations (40) and (41) result in the orthogonality condition 

aa = da = 1, (42) 

where a is the transpose of a. Equation (42) written in a component form gives six independent relations for 
the elements at& 

^2cLikau = Skh (*>M = *>2/>2), (43) 
% 

or the equivalent relations 

^2 a**a'*= s**> (*» k>l==x> y» « ) • (44) 
k 

Relations (43) or (44) reveal that only three of the nine matrix elements atfc are independent. This result is 
in agreement with the fact that any rotation of the coordinate system is completely determined by three real 
parameters. 

The matrix a is unimodular, i.e., 

deta = 
*xx "xy "xz 
2yx ayy ayz = 1. (45) 

The relations between cartesian basis vectors e'{ in a rotated coordinate system S* and basis vectors et- in 
an initial coordinate system S are given by 

ej. = a ei = ^ a*te* . (t, k = x, y, z). (46) 
k 

The transformation properties of cartesian vector components are given by 

Ai = YlakiAk' (*'*= X»V^), (47) 

where i4^ are the components of A in the initial coordinate system and A[ are the components of this vector 
in the rotated coordinate system. Equations (43) and (44) ensure that the absolute value of A is unchanged 
by the rotation. 

The transformation rule for cartesian components of a tensor of rank n (n is integer) has the form 

4i*3...*n = /Z a>klilak2i3..-akninAklk3...kn. (48) 
kik2...kn 
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The inverse transformation which corresponds to the rotation S* —► S is performed by the transposed matrix 
5 = a""1. The inverse relations are 

efc = 5 ^ a i w e j , (i, A; = xyy,z). (49) 
t 

i 4 f c = ^ a f c t i 4 j , (i, A; = a, y, z), (50) 

t i « 2 . . . t i i 

The elements of the rotation matrix a^ may be evaluated from 

<Hk = etejfe, (t, A; = x, y, z). (52) 

Thus, the elements a»jb are cosines of angles between the basis vectors in the initial (5) and rotated (5") 
coordinate systems. An equivalent definition of a** in terms of coordinates in S and S1 has the form 

uX- 9Xfc t i \ i \ 
a»* = ^ = -^j> fo,s* = *iy,*). (53) 

The rotation matrix a is given in terms of the Euler angles by 

( cos a cos ft cos 7 — sin a sin 7 — cos a cos p sin 7 — sin a cos 7 cos a sin j3 \ 
sin a cos ̂ 9 cos 7 + cos a sin 7 — sin a cos ft sin 7 + cos a cos 7 sin a sin fi . (54) 

— sin )9 cos 7 sin )8 sin 7 cos^S y 
The inverse matrix a"1 may be obtained from Eq. (54) by transposing or, equivalently, by replacing the Euler 
angles a, 0 ,7 -► - 7 , - & - a . 

The expression for the rotation matrix a in terms of the angles ©, $ which describe the direction of the 
rotation axis, and the rotation angle w has the form 

( (1 — cos (JJ) sin2 0 cos2 $ + cos w 
(1 — cos a;) sin2 6 cos $ sin $ 4- sin w cos 0 
(1 — cos a;) sin 0 cos © cos $ — sin w sin 0 sin $ 

(1 — cos w) sin 0 cos $ sin $ — sin OJ cos 0 (1 — cos a;) sin 0 cos 0 cos $ + sin a; sin 0 sin $" 
(1 — cosw)s in 2 0s in 2 $ + cosu; (1 — cos a;) sin ©cos ©sin $ — sin w sin ©cos $ | . (55) 
(1 — cos a;) sin 0 cos © sin $ + sin a; sin © cos $ (1 — cos a;) cos2 0 4- cos a? 

Equation (55) may be expanded into 

( 1 0 0 \ / n2 nxny nxnz\ I 0 -nz ny 

0 1 0 + (l-coso>) nynx n2 nynz +sina; nz 0 -nx J , (56) 
0 0 1 / \ n * n * nzny n2 ) \-~ny *x 0 

where nXiny,nz are components of the unit vector n which determines direction of the rotation axi$. Using 
(56) one can easily derive the following expressions for the matrix elements a**. 

aik = cosojSik + (1 — cosw)ntnfc - sinu)eiklnl} (i, A;, / = x, y, z). (57) 

The inverse matrix a"1 may be obtained from (55) and (56) by transposing or, equivalently, by replacing 
a;, ©, $ —► -w, ©, $ or a;, ©, $ —► w, n - ©, ir + $. 
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The expressions for a;, 0 , $ in terms of the matrix elements at^ read 

cos a; = -[Spa - 1] = ~(axx + ayy + azz - 1), 

nx sin w = sin OJ sin 0 cos $ = - (azy — ay^ }, 

ny sin a; = sin a; sin 0 sin $ = - (axz - azx), (53) 

nz sin uj = sin a; cos 0 = -(ayx — axy)} 

Uisinw = - -^ f f t f c iow, (i,fc, / = z,y,;?). 

The rotation matrix a may be rewritten in terms of the Cayley-Klein parameters as 

/ | ( a 2 - 62 + a*2 - 6*2) i ( -a 2 + 62 + a*2 - 6*2) a6* + a*6 \ 
a = | ( a 2 + 62 - a*2 - 6*2) | ( a 2 + b2 + a*2 + 6*2) i{ab* - a*b) . (59) 

V -(a6 + a*6*) i(a6-a*6*) aa* - 66* / 

One can see that the parameters a, 6 and —a, —6 correspond to the same rotation matrix. 

Particular Forms of Rotation Matrix 
(a) Rotation through an angle * about the x-axis: 

(1 0 0 \ 
ax(*) = 0 c o s * - s i n * . (60) 

\ 0 sin * cos * / 

(b) Rotation through an angle * about the y-axis: 

c o s * 0 s i n * \ 
ay(tf) = ( 0 1 0 . (61) 

- sin * 0 cos * J 

(c) Rotation through an angle * about the 2-axis: 

( c o s * - s i n * 0 \ 
s i n * cos* 0 1. (62) 

0 0 l) 
For an arbitrary rotation determined by the Euler angles a,y3,7 the rotation matrix, in accordance with 

Eq. (31), may be written in the form 

a = an(w) = aM(a)ay(/3)aM(n). (63) 

Equation (63) represents a particular case of addition of coordinate rotations (see Sec. 1.4.7). 

1.4.7. Addition of Rotations 
Let us consider two successive rotations of the coordinate system. Let the first rotation transform the 

coordinate system S{x, y, z} into 5"{x', y', z'} and the second one transform 5'{x', y', z'} into ^"'{x", y", z"}. 
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Below the parameters describing the resultant rotation S{x}y,z} —> Sn{x"y y", z"} will be given in terms of 
the parameters specifying the rotations S{x,y,z} —> S'{x\y*yz'} and S'{x',y',z'} —► 5"{a;", y",2r"}. 

(a) Description of rotations in terms of Euler angles 
Let both rotations be performed according to the scheme B (p. 22). Let the first rotation S{xry, z} —► 

5'{x', r/,z'} be described by the Euler angles ai, /?i ,7i , the second one, S'fx'jy',*'} —► S"{xi,
iy"1z"}i by the 

Euler angles (*2, /?2> 72 and the resultant rotation, 5{x, y, *} -* S"{x", y", *"} by the Euler angles a,/?, 7. The 
Euler angles a,/?,7,ai,/?i,7i and 0^2,^2,72 are supposed to be defined with respect to an initial coordinate 
system 5{x, y,2r}. 

The operator of resultant rotation has the form 

£(<*,/?, 7) =D{a2,P2n2)D{*u0i,li) (64) 

or in more detail 
e~i<*JM e-*PJy e~ilJz = e-i<*2JMe-iP2Jye-il2JMe-i<XiJge-i01Jye-iiiJz f^\ 

In Eq. (65) J; is the projection of the total angular momentum operator on an t-axis of the coordinate system 
S{x} y, z}. The angles of the resultant rotation a, ^,7 are expressed in terms of a±, ^1,71 and a2) P2,*12 as 

cot(a — a2) = cos)02 cot(ai + 72) + cot fix — sin/92 

sin(ai + 72)' 
cos p = cos fii cos )92 ~ sin Pi sin & cos(c*i +72), (66) 

/ \ n 1 \ n sin5i 
cot(7 - 7 J = cos ft cot(ai + 72) + cot ft-rj—; r. 

sin(ai + 72) 
The following relations are useful for evaluation of a, ft 7. 

sin(a — a2) _ sin(7 — 71) __ sin(ai -f 72) 
sin ft sin ft sin p ' 

(67) 

cos pi = cos p cos p2 + sinj9 sin #2 cos(a — a2)f 

cos ft = cos P cos ft + sinP sin ft cos(7 — 71), (68) 
cos/? = cos ft cos ft — sinft sinp2 cos(ai + 72), 

cos(7 — 71) = cos(c*i + 72) cos(a — a2) + sin(ai -f 72) sin(a — a2) cos ft, 
cos(a - a2) = cos(ai + 72) cos(7 - 71) + sin(ai + 72) sin(7 - 71) cos ft, (69) 

cos(c*i + 72) = cos(7 - 71) cos(a - a2) - sin(7 - 71) sin(a - a2) cos ft 

. 0- Pi . <*i + 72 + a - OL2 t a n — - — 

t a n ^ — 

t P-fo tan — - — 2 

tan — - — 

t a n ^ 2 

2 
f ft+ft tan 

tan 
tan 

tan 

tan 

tan 

2 
<*i + 72 - OJ 4- a2 ' 

2 
<*i + 72 + 7 - 7i 

2 
<*i + 72 ~ 7 + 7i ' 

2 
oc - a 2 + 7 ~ 7i 

2 
a - a 2 - 7 + 7i ' 

(70) 
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Fig. 1.8. Addition of rotations in terms of the spherical geometry. 

Equations (67)-(70) may be easily interpreted in terms of the geometry on a sphere. Each rotation may be 
completely determined by a point of intersection of the z'-axis with the spherical surface and by a unit vector 
in the direction of the x'-axis which lies on a plane tangent to the surface at this point. In this case the 
determination of a,^,7 is reduced to constructing the corresponding spherical triangle, (Fig. 1.8). Equations 
(67)-(70) represent the formulas of sines, cosines and tangents for the spherical triangle. 

Another expression for the angles of the resultant rotation will be obtained if successive rotations are 
performed according to the scheme B (p. 22) but the Euler angles c*2>/?2>72 sPecifymg the second rotation 
Sf{x,

ix/izt} —► Sn{xl\y,\z"} are defined with respect to the intermediate coordinate system S!{x\ y',z'} 
rather than the initial system S{x, y, z}. In this case the operator of the resultant rotation has the form 

D(a,jSf7) = D'(a2i & ,7 2 )£ (a i , £ i ,7 i ) , (71) 

where prime indicates that the operator of the second rotation is taken in the coordinate system S^x'^y'^z'}. 
According to (28), the operator D9 is related to the operator in the initial coordinate system by 

£'(a2,/?2,72) = 5(a1 , /91 ,7i)3(a2,/?2 ,72)[^(ai ,^i ,7i)]"1 . (72) 

Substitution of this expression into Eq. (71) yields 

£(<*,£, 7) = 5(a1 ,^1 ,7i)S(a2 , /?2,72), (73) 

i.e., the operator of the resultant rotation differs from (64) in the order of operators of the first and second 
rotations. Thus, for such a description of the successive rotations the Euler angles a, ^,7 may be obtained 
from (66)-(70) by interchange of indices 1 ^ 2 . 

Finally, if successive rotations are performed according to the scheme A (p. 21), i.e., if each rotation is 
made about the corresponding new axis, the operator of resultant rotation is given by Eq. (73). In this case the 
Euler angles a, ^9,7 of the resultant rotation may also be derived from (66)-(70) by the interchange of indices 
1 ^ 2 . 
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(b) Description of Rotations in Terms of Rotation Axis n ( 0 , $ ) and Rotation Angle OJ 
Let the first rotation, S{x, y,z} —> S'{x', y', z'}, be performed about an axis n i through an angle o>i, 

and the second one, S ' f a ^ y ' j z ' } —► S"{x")y"}z"}) be about an axis 112 through an angle 0J2- The resultant 
rotation £{a;, y, 2 } —^ S,,{x,,

)yn
)zn} may be treated as a rotation about an axis n through an angle oj. 

The operator of the resultant rotation has the form 

The angle of the resultant rotation OJ and the axis of this rotation n are determined by 

OJ 0J\ OJ2 / v 0J\ U)2 
cos — = cos — cos ■—— (rii • 112) sin — sin —, * 

2 2 2 2 2 (7K) 
OJ 0J\ W2 , 0J2 W 1 . w l . w 2 V / 

n sin — = n i sin — cos — - + 1 1 2 sin — cos •—— n i x 112 sin — sin —. 
2 2 2 2 2 l J 2 2 

It follows from Eq. (75) that the resultant rotation is independent of the order of successive rotations (i.e., 
the rotation operators commute) if and only if n i x 112 = 0, i.e., the axes of both rotations are parallel or 
antiparallel. In this case 

OJ = 0>i ±0>2' 

If directions of the rotation axes n i , 112, n are specified by the polar angles ©1, $ 1 ; ©2, $ 2 and ©, $^ respec
tively, and the polar angles are defined with respect to the initial coordinate system S{xry, z}} then 

OJ OJi OJ2 . OJi OJ2 
cos — = cos — cos sin — sin — [cos © i cosJ©2 + sin © i sin ©2 c o s ( $ i — $2)]) 

JL L L It L 
. w ^ . OJI 0J2 ~ . oj2 OJI _ sin — cos 0 = s in"- - cos — cos © x -f- sin — cos — cos @2 2 2 2 2 2 

. OJI . 0J2 . . . (76) 
+ sin — sin — sin ©1 sin ©2 s in($i — $2)) 

It L 
sin ©i (cot ^ cos $1 — cos ©2 sin $1) + sin @2(cot ^ cos $2 + cos ©1 sin $2) 
sin ©1 (cot ^ sin $1 + cos ©2 cos $1) +' sin ©2(cot ^ sin $2 — cos ©i cos $2) 

If directions of the rotation axes n i , n are defined by the polar angles ©i, $1 and 0 , $ with respect to the 
initial coordinate system 5{x, y, z} and the direction of the axis of the second rotation 112 is defined by the 
polar angles ©2, $2 with respect to the intermediate coordinate system 5"{x', t/;,2r'} then the angles ojt ©,$ of 
the resultant rotation will be given by Eqs. (76) with interchanged indices 1 ?== 2. This situation is similar to 
the case when rotations are described by Euler angles. 

(c) Description of Rotation in Terms of Cayley-Klein Parameters 
Let the first rotation, S{x)y)z} —♦ 5"{x;,y^z'} be determined by the Cayley-Klein parameters ai,6i 

(1.4.3) and the second one, 5'{a;',y',2'} —► S,,{x,,
)y,,

)z,,}i by the parameters 02,62- Then the resultant 
rotation S{xty,z} —► S,,{xn

)yN\zn) will be determined by the parameters a,b such as 

a = aia2 - 6J62, ( . 
b = ai&2 + &1CI2. 

The matrix U (see Eq. (11)) which describes the resultant rotation is a product of matrices correspodding to 
the first and second rotations 

U(a,b) = U(ai,b2)U(aub1). (78) 

In this case all the matrices are supposed to be given in an initial coordinate system. 
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(d) Addition Theorem for Rotation Matrices a 
Let us carry out two successive rotations S{xy y, z} —+ 5"{x', y', zf} and Sf{xf, r/, z'} —* Sn{xn', y", 2"}. The 

matrix which transforms cartesian components of vectors and tensors under the resultant rotation S{x} y, z} —► 
5"{x", y", z"} represents a product of the matrices a(l) and a(2) corresponding to the first and second rotations. 
The order of these matrices in the product depends on the convention used for the rotation angles. If all angles 
which describe rotations are referred to the initial coordinate system, i.e., the operator of the resultant rotation 
is given by Eq. (64), then 

a = a(2)a(l) (79) 

or, in terms of matrix elements, 

aik = ^a^(2)a / f c ( l ) , [i,kyl = xyy,z). (80) 

The rotation matrices in terms of the rotation angles are given by Eqs. (54) and (56). The angles which 
determine the resultant rotation are related to the angles of the first and second rotations via Eqs. (66) and 
(76). 

If the angles which determine the first and resultant rotations, S —♦ Sf and S —♦ £", are defined with 
respect to the initial system S{x, y, z} but the angles of the second rotation 5" —♦ S" are defined with respect 
to the intermediate system 5'{x', y', z1} (i.e., the operator of the resultant rotation is given by Eq. (73)), then 

a = a(l)o(2) (81) 

or, equivalently, 
aik = J ^ o»-| (1) a/* (2), ( i , M = z,y,2:). (82) 

/ 
In this case the relationships between the angles of the resultant rotation and the angles of the first and second 
rotations may be derived from Eqs. (66) and (76) by an interchange of indices 1 ^ 2 . 



Chapter 2 

ANGULAR MOMENTUM OPERATORS 

2.1. TOTAL ANGULAR MOMENTUM OPERATOR 

2.1.1. Definition 

In quantum mechanics the total angular momentum operator J is defined as an operator which generates 
transformations of wave functions (state vectors) and quantum operators under infinitesimal rotations of the 
coordinate system (see Eqs. (1) and (2)). 

A transformation of an arbitrary wave function \P under rotation of the coordinate system through an 
infinitesimal angle SOJ about an axis n may be written as 

* - > V ' = ( l - t f w n - S ) » . (1) 

where J is the total angular momentum operator. 
A transformation of an arbitrary quantum operator O under an infinitesimal rotation has the form 

0-+01 = 6 - i £ a m [ J , 6 ] . (2) 

The finite rotation operator can also be written in terms of the total angular momentum operator (see 
Eqs. 1.4(29), 1.4(30), 1.4(32)). The total angular momentum operator is Hermitian, 

J + = J . (3) 

This property for cartesian and spherical components of the operator J can be expressed as 

{Ji)+ = Ji, (i = x,y,z); (,?„)+ = > = (-1)"J_M ) (n = ± l , 0 ) . (4) 

The eigenfunctions of the operators J 2 and Jz represent well-known tensor spherical harmonics (see Chap. 7). 

2.1.2. Commuta t ion Relat ions 

Using the definition of the total angular momentum operator (1) and equations for the rotation addition 
(see Sec. 1.4.7), one may obtain the commutation rules for the operator J . These rules may be written as 

[ ( a J ) , ( b J ) ] = t [ a x b ] J , (5) 
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a and b being arbitrary constant vectors. The commutation relations for the total angular momentum operator 
may also be written symbolically as 

[ J x J ] = tJ. (6) 

Cartesian components of J satisfy the commutation relations 

[Ju Jk] = isikiJh [J2, Ji] = 0 (i, A;, / = x, y, z). (7) 

Equations (7) can be derived from (5) by substituting a = et, b = efc(t,fc = x,y,z) where et- and e* are the 
cartesian basis vectors. In more detailed form Eq. (7) reads 

[ £ , £ ] = [ ^ y ] = [ £ , £ ] = 0, 
[JX} Jy] = -[Jy, JX] = %Jz, [JX} Jz] = -fa* £ ] = " ^ ,Q* 

^ ^ ^ ^ ^ (O) 
[Jyt J*\ = "~[ J*> Jy\ = * J«» 

lP,Jx} = \P,j],) = lP,J,)=0. 
The square of the total angular momentum operator J 2 may be expressed in terms of cartesian components 

?%[* = x,y,«) as 
32 = £ j ? = £ + 3 + j?- (9) 

i 

Covariant spherical components of J satisfy the following commutation relations 

[£,£] =-\/5c&„&, [J2,^] = o, 0»,^A = ±I,O). (10) 

These relations may be obtained from (5) by putting a = eM, b = e„(/i, v = ±1,0), eM and eu being covariant 
spherical basis vectors. A more detailed form of (10) is 

[J+i, J+ 1] = [J0, Jo) = [J-u J-i] = °> 
[J+i, Jo] = -[Jo, J+i] = - J+i, K+i, J-i] = -[J-u J+i] = -Jo, , * 

[J0, ^ - I ] = ~[^- i , Jo] = — J-u 
[J2

IJ+ 1] = [J2,Jo] = [J2 ,J- i ] = 0. 

For contravariant spherical components of J the commutation relations may be written as 

[J», Jt/] = V2C^1J\ [ J 2 , > ] = 0, 0*,*,A = ±l,O), (12) 

Dr, in a more detailed form 

[j+\ P) = -{?>, T»\ = J+\ \J+\ ?->) = -\J-\ T+1) = J°, 
[ J D , J - 1 ] = - [ J - 1 , J D ] = J - 1

) 

\P,J+1} = [P,J°\ = \P>J-1} = 0. 

The operator J 2 is expressed in terms of spherical components JM(/x = ±1,0) as 

P = YK-lYKK = " W - i + ?oJo - J-J+i = %-Jo- 2J+1J-x = 31 +Jo- 2J.XJ+1. (14) 
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2.1.3. Coordinate Inversion. Time Reversal 
xv 

The total angular momentum operator J is an axial vector, i.e., it is invariant with respect to coordinate 
inversion (r —► —r) 

PrJiP-i^Ji, (t = x,y,*), 
PrJ„P^ = J„ (M = ± l ,0 ) . 

Under time reversal (t —► -t)J changes its sign 

PtJiPf1 = - £ , {% = z,y}z), f . 

PtJ^Pr1 =-J», (M = ± I , O ) . 

In Eqs. (15) and (16) Pr and Pt represent the operators of coordinate inversion and time reversal, respectively. 

2.1.4. Total Angular Momentum of a System. Orbital and Spin Angular Momenta 

The total angular momentum of some system consisting of N subsystems with angular momenta|(l),j(2), 
• • • ) j(^0 Is fcne vector sum 

J = E J ( n ) . (17) 
n = l 

For such a system the following commutation relations hold 

£(*).?*(*')] = iS^eikwin), / , - . „ . „ A h M 

W»Mn)\ = *«»«;/W» 

^(n),?,(nO] = - ^ ^ C 1
1 ^ 1 J A ( n ) , 

In particular, Eq. (17) determines the total angular momentum operator as the sum of the orbital angular 
momentum operator L and the spin angular momentum operator S. 

xv xv 
J = L + S. (20) 

XV XV 

The properties of the operators L and S are considered below (Sees. 2.2 and 2.3). The commutation relations 
for L and J are 

XV XV XV 

\Ji, Lk\ = isikiU, (i, k, 1= x, y,z), 
[?M = -Vtcl^Lx, (|i,i/f A = ±1,0). 

(21) 

or, in more detail 
[Jx,Lx} = [Jy,L3,} = [J„Lz} = 0, 

{?*> %,\ = - 1 ^ . 2 . ] = it,, [ £ , £ , ] = -\JztLx\ = -ily, (22) 
[Jy, LZ] = — [ Jz, Ly] = %LX , 

[J+u L+i] = [Jo, L0] = [J-i, 2_i] = 0, 
[J+ulo] = -[J0,L+1] = -L+1, [ J+ i . I - i ] = - [ J _ i , £ + 1 ] = -L0, (23) 

xv xv xv xv xv 

[Jo, L-i] = —[J-1, Lo] = —i - i . 
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Appropriate relations for the spin operator S and the total angular momentum operator J may be obtained 
from Eqs. (21)-(23) by replacing L —♦> S. The orbital angular momentum operator L commutes with the spin 
operator S 

[£; ,&] = 0, (i,fc = x, y, 2r), . 
$ M = 0t (/z,i/ = ±1,0). 

2.2. ORBITAL ANGULAR MOMENTUM OPERATOR 

2.2.1. Definition 

In classical mechanics the angular momentum L of a particle is defined as 

L = [ r x p ] , (1) 

where r is the position vector of the particle and p is its linear momentum. 
In the quantum mechanics the orbital angular momentum operator L of a particle is obtained from Eq. (1) 

by replacing r —► r and p —► p , where r and p are the position and momentum operators, respectively. 
In the coordinate representation we have r = r, p = —iV, 

L = - i [ r x V ] . (2) 

In the momentum representation we have f = iV p ,p = p , 

L = - t [ p x V p ] . (3) 

The formulas below are valid for both representations. The explicit form of L (see Sec. 2.2.3) in the 
momentum representation is obtained by substituting r —► p, V = d/dr —► V p = 9/<9p. 

The operator L is Hermitian and purely imaginary. 

L+ = L, L* = - L . (4) 

For cartesian components of L, Eqs. (4) become 

Zt = U Z; = -Zt, (i = z,y,z). (5) 

and for spherical components Eqs. (4) yield 

Aj- ( - iHM-. - i -»r - i - . , ("-±I'0)' ,6) 

The orbital angular momentum operator L generates transformations of scalar (spinless) wave functions 
under rotations of the coordinate system. A rotation through an infinitesimal angle 6u about the n-axis 
transforms the position vector r into r + £r, with £r = —£a;[n x r]. The corresponding transformation of the 
scalar wave functions reads 

*(r) -> * ( r + 6r) = (1 + 6T • V)*(r) = (1 - %6um • L)*(r) . (7) 

In the case of a finite rotation through an angle u about the axis n, scalar functions are transformed by 
the operator e"~twn L which is the particular form of the rotation operator 1.5(32). The eigenfunctions of the 
Dperators L2 and Lz represent spherical harmonics Y/m(#, <p) (Chap. 5) which depend on the polar angles #, <p. 
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2.2.2. Commuta t i on Relations 

The orbital angular momentum operator L satisfies the same commutation relations as the total angular 
momentum operator J . Appropriate expressions for the commutators are readily obtained from Eq|S. 2.1(5)-
2.1(14) by substituting J -+ L. 

The commutation rules for the operator L with the position operator r and the momentum operator p are 
the following. 

For cartesian components 

ft,*]-***,. (,■*,,„.,,„,,). (8) 
[£*,Pfc] = leikiPh 

Note also that r and f> obey the commutation relations 

[zitzk]=09 [pi,p*] = 0, [$i9pk] = i6ik, (t,fc = x9y9z). (9) 

For spherical components 

[I / i ,x l /] = -v/2C,
1

1^11/xA, 

The commutation relations for the spherical components of r and p are given by 

[w„j = o, [fi»fr] = o, "[*M.̂ ] = *V^(-iri ( ^ = ±1,0). (II) 

Equations (8) and (10) show that the operators r and p are vectors. 
The commutation relations for square of angular momentum operator L2 are 

(12) 
[ L 2 , ? ] = t [ ? x L ] - t [ L x r ] , 
[ L 2 , p ] = t [ p x L ] - t [ L x p ] . 

The operators f2 and p 2 commute with L: 

[L,r2] = 0, [L,p2] = 0. 

The commutation rules of L with the total angular momentum operator J and the spin operator S have been 
considered above (Eqs. 2.1(21)-2.1(24)). 

2.2.3. Explicit Form 

The cartesian components of the operator L are given by 

? .( d d \ <? ( d d \ / d d \ 
L' = -t\yrz-zTy)' L^-x\zTx-xYzh L' = -i\xTy-yYx)- M 

or in a more compact form 

Li = -•' J2 6iM ** P T » (t, fc, / = x, y,«). (14) 
k%i l 
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The cartesian components of L are expressed in terms of polar angles t?, <p as 

d 
+ cot vcos < 

41 

Lx = t I sin<p—-i-cot0co3(p— I , 

? . / ^ fl, 3 \ 
£ y = * ( - c o s y ? — + cott?sinp—J , 

f 5 

The spherical components of L are written as 

£+i = soV+i - x+iVo, 

i - i = a;-iV0 - Z Q V - I . 

or, in a more compact form 

% = -V2 Y, Cttlxx„Vx, (M, »>, A = ±1,0). 

The spherical components of L may also be expressed in terms of polar angles i?, <p as 

1 0 - -%> 

-? l - ^ f ^ „ d \ 
L-i = 7=e %v < — - t c o t t f — } 

For polar components of L we have 

lr = o, u i d * _ . d 

(15) 

(16) 

(17) 

(18) 

(19) 

The square of the orbital angular momentum operator I* is expressed in terms of its components as 

£2 = 53 ( - I ) M ^2-M = -2+i2-i + ̂ o20 - i- i£+ 1 . 

We may also write L2 in the form 

1 sin* ' 5t> \ m dd) + gin21? ' d<p*J ' 

(20) 

(21) 

This operator differs only in sign from the angular part of the Laplacian operator (Eq. 1.3(15)) 

L2 = - A n . (22) 
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The operator L2 is Hermitian and real 
(L2)+ = ( L 2 ) * = L 2 . (23) 

The representation of the orbital angular momentum £ in the form of a differential operator is only one of 
possible representations. Alternatively, L may be represented by a set of three matrices (because it Has three 
components). These matrix elements of L will be given in Chap. 13. 

2.3. SPIN A N G U L A R M O M E N T U M OPERATOR 

2.3.1. Definition 

The spin angular momentum operator or briefly the spin operator S is usually represented by a set of three 
(since the vector S has three components) square (25 +1) x (25 +1) matrices, 5 being the particle spin. These 
matrices act on the spin functions (see Chap. 6) and satisfy the same commutation relations as the components 
of the total angular momentum operator given in Sec. 2.1. The spin operator S is Hermitian: 

S + = S. (1) 

For the cartesian components of S the Hermitian property (1) has the form 

( $ ) + = $ , (» = *,y,«), (2) 

and for spherical components 
(SM)+ = ( -1 ) "$ - , , , (M = ±1,0). (3) 

The behaviour of S under complex conjugation depends on the representation of S (see, e.g., Sec. 2.6.2). The 
eigenfunctions of the operators S 2 and Sz are spin functions xsm (see Chap. 6) which depend on the spin 
variable a. These functions have (25 -j-1) components and describe polarization states of a particle. 

2.3.2. Commuta t ion Relat ions 

The commutation relations for the spin operator S are given by Eqs. 2.1(5)-2.l(14) in which one must 
replace J by S. The commutation rules for S and the orbital angular momentum operator £ have already 
been considered in Sec. 2.1.4. The spin operator S commutes with the position operator ? and the momentum 
operator p , 

[5<,a fc]=0, [&,&]=* 0, (t,fc = x,y,*), (4) 

[ 5 ^ 1 = 0, [5M,p„] = 0, (,z,i/ = ± l , 0 ) . (5) 

2.3.3. Explicit Form 

The spherical components of the spin operator S may be expressed in terms of the basis spin functions xsm 
(Chap. 6) as 

5M = y/S(S + 1) £ ClZ'^XSm'Xtm, (M = ±1,0). (6) 
m,m' 

Cartesian components of S may be obtained from (6), using the relations 
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Equations (6) and (7) are independent of representation used for spin functions, while an explicit form of the 
spin matrices depends on this representation. For an arbitrary spin 5 the simplest form of the spin matrices 
is that in the spherical basis representation. The basis spin functions XSm in this representation are given by 

XSmfr) = *m<7, (m,a = - 5 , - 5 + 1 , . . . , 5 - 1,5), (8) 

and the matrix elements of the spin matrices are 

( § . ) • » = VS(S + l)C|^ l M > (a, o> = -S,-S + l,...,S-l, S). (9) 

The elements are arranged in the matrices as follows 

( Ass AS-s \ 

;;;;;;;;;;;;;;; • u°) 
A-ss •• -A-s-s ' 

Explicit forms of the spin matrices for spin values \ and 1 are given below in Sees. 2.5 and 2.6. 

2.3.4. Traces of Products of Spin Matrices 

The traces of products of cartesian components of the spin matrices can be evaluated for an arbitrary spin 
5 by use of the following formulas (where t, A:, /, etc. take the values x, y, z) 

o 

It{§&§&} = 5 ( 5 + 1 H 2 5 + 1) / \s{s + 1) + | ] (SikSh- + St,**,) + [S{S + 1) - 2}SilSkA . 

For spherical components of the spin operator S the following relations hold (fj.,i/,\, etc. take the 
values ±1 ,0) 

Tr{SM} = 0, 

T V / S ^ S , S(S + 1)(2S + 1) / 1 1 1 \ _ S(S + 1)(2S + 1) 1+A 1 - A 

Tr{3JJJ,} = 5(5+\)f5+1) { [5(5 + 1) + i] (-l^ft.-.^-, + 5M_A-A) 

+ [ 5 ( 5 + 1 ) - 2 ] ( - 1 ) " + * ' 5 M _ A ^ _ P } . 

Some analytic expressions for traces of products of many spin matrices in the spherical basis are given in 
Refs. [133, 144, 145]. 
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2.4. POLARIZATION OPERATORS 

2.4.1. Definition 
To describe a polarization (i.e., spin) state of a particle the so-called polarization operators are widely used. 

The polarization operators TLM(S)(M = -L% - L + 1 , . . . L-1, L and L = 0 , 1 , . . . , 25; L and M being integers) 
are (25 + 1) X (25 + 1) matrices which act on spin functions (see Chap. 6) and transform under rotations of 
the coordinate system according to the representation DL. In other words, TLM{S) are irreducible tensors of 
rank L. Such transformation properties of TLM{S) with respect to rotations of the coordinate system imply 
the following commutation relations with spherical components of the spin operator 5M(/J = ±1,0) 

&, fLM (5)j = VHLTi)c^t:fLM+ll(s). (i) 

Let us normalize the polarization operators by the condition 

^{fiM(S)fLIM,(S)} = 6LVSMM,, (2) 

and choose the phase factors to satisfy the relations 

f£M(S) = (-l)MfL-M(S). (3) 

The conditions (l)-(3) completely determine the polarization operators. The full complement of polarization 
operators fLM (5) with - L < M < I , 0 < L < 25 constitutes a complete set of Y?L=O{2L + 1) = (M + I)2 

linearly independent square (25 + 1) x (25 + 1) matrices. 

2.4.2. Explicit Form 

The polarization operators TLM (5) may be constructed from products of the spin matrices as 

TLM{S) = NL(S)(S ■ V)L{rLYLM(*,*>)}, (4) 

where S is the spin operator, and NL(S) is the normalization factor given by 

4ir(2S - Z)! 
N£{S) = lA[(2S + L + l)\\ (5) 

Note that TLM(S) are actually independent of r, although the vector r enters the right-hand side of Eq. (4). 
The operators TLM (5) may be expressed in terms of the basis spin functions xsm (Chap. 6) by 

TLM{S) = Y § ^ | £ C§Z'LMXSm>xtm' (6) 

The inverse relation is 

XSm'XSm — / > Y 22 j ^SmLM^l (S). (7) 

An explicit form of TLM (5) depends on the representation used for the spin functions. In particular, matrix 
elements of TLM (5) in the spherical basis representation are given by 

[&M(S)W = }J%£\cgLUt (a,c' = -S, -S + 1,... ,5). (8) 



Angular Momentum Operators 45 

For L = 0 the operators TLM {&) a r e proportional to the unit (25 + l ) x (25 •+■ 1) matrix 

When L = 1 the operators TLM (5) are proportional to the spherical components of the spin operator 

f^s)'7wmm^ (M-±,'0)- (10) 

The polarization operators for a spin value 5 = 1 are considered in Sec. 2.6. 

2.4.3. Properties of ft,A/(5) under Transformations of the Coordinate System 

(a) Coordinate inversion (r —♦ —r̂  
The polarization operators TLM (5) are invariant under coordinate inversion 

PrTLM{S)p-l = fLM{S). (11) 

(b) Rotation of coordinate system 
Under rotations specified by the Euler angles a,/?, 7 the polarization operators transform as 

T'LM,{S) = 5(a,^,7)fL^(5)[P(a,)9,7)]-1 = J ] 4 ' ( « , f t 7 ^ ( 5 ) , (12) 
M 

where jD(a,j9,nf) is the rotation operator (see Sec. 1.4.5), and Dj^MI are the Wigner D-functions (Chap. 4). 

2.4.4* Expansion Series of Polar izat ion Operators 

As has been mentioned above (Sec. 2.4.1) the polarization operators TLM (5) form a complete set of linearly 
independent matrices. An arbitrary square (25 + 1) x (25 + 1) matrix A (with 5 integer or half-integer) may 
be expanded in a series of the polarization operators TLM(S), i.e., it may be written in the form 

2S L 

A=Y1 E ALM$LM{S), (13) 
L=0 M=-L 

where the expansion coefficients ALM **e given by 

ALM = Tr{fZM(S)A}. (14) 

If the matrix A is Hermitian, i.e., A+ = A} then 

AlM = {-l)MAL.M. (15) 

Some examples of such expansions are given below. 

(a) Clebsch-Gordan series for polarization operators 
Products of two polarization operators T^Mx (5) and TL3M2 (5) may be written in the form of a Clebsch-

Gordan series 

fLlMl(S)fc,*,(S) = X>l)2S+V(2li + l)(2L2 + l) {L
s
lLis}CZ&wbMiS)- (16) 
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(b) Expansion of rotation operator 
If one is interested only in transformation properties of spin functions and spin operators under rotations 

of the coordinate system, one may replace the total angular momentum operator J by the spin operator S in 
the general expressions for the rotation operator 1.4(31) and 1.4(33). Such a modified operator will be labelled 
by a superscript S. It a rotation is defined by the Euler angles a, /3,7, the rotation operator Ds (a, $,7) may 
be expressed as follows 

. y* >s ./s 9 7" 4- 1 >v 
2? s(a, /9 ) 7) = e - ^ e - ^ v e - ^ = £ ^ C f £ a A ^ L n > , 0 . 7 ) ^ ( 5 ) . (17) 

If a rotation is defined by the rotation axis n ( 0 , $ ) and the rotation angle OJ, the expansion of the rotation 
operator Us(w\ 6 , $) is given by 

2 5 H)L 

L=0 V ̂  + 1 M=-L 

where the functions x£(w) are the generalized characters (see Sec. 4.15). 

2.4.5. C o m m u t a t o r s and An t i commuta to r s 

The polarization operators satisfy the following commutation relations 

[TLittt {S), TLJMJ (S)] = 

V(2i1 + l)(2Ia + l)X;(-l)a*+L'Il - (-1)L>+L>+I»} { £ L* L* } C^L a M jfL j M j(5), 

(18) 

(19) 

{TLiM1(S),TLaM,{S)} = 

V(2Ix + l)(2L2 + l)X;(-l)2S+is[1 + (-l) i l+L>+i ' ] { ̂  ^2 *3 } C£l%LtMJLiMi(S). 
L> I * " J (20) 

Equation (l) is a special case of (19) for L\ = 1. 

2.4.6. Traces of P r o d u c t s of Polar izat ion Operators 

Tr{TLM(S)} = y/2S + 16LOSMO, (21) 

Tr{fLlMl{S)fLtMl(S)} = {-l)MlSLlLlSMl-M1, (22) 

Tr{fLlMl{S)fLlMi(S)fLiMi (S)} = (-i)'*+i.+". V(2I1 + l)(2X2 + l ) ^ ^ M j | £ £ £ }. (23) 

In general 

Tr/f r ^ f r<n r rcn [(2£i+ i)(2£2 +i) . . . (2£n + i)]* 
Tr (rL l M l (S)TL2M2 (5)... TLftMfl(5)} = 2

X '-L-
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where 
k 

t = i 

2.5. SPIN MATRICES FOR 5 = 1/2 

2.5.1. Explicit Form 

For the particular case S = | , the spin operator S is represented by a set of three square 2x2 matrices. 
*** 

Cartesian components of S in the spherical basis representation are given by 

whereas spherical components are written as 

*+1 = ~ ^ ( o o)' ^ * K o -i)» ^ 1 = ^ ( i o)' (2) 

In addition to the spin matrices, the unit 2x2 matrix I is usually introduced: 

'-=(; ;)■ w 
Note that the Pauli matrices a are widely used instead of the spin operator S. The Pauli matrices are 
proportional to the spin operator 

•̂  1 * . .. 

*=f- (4) 
Equations (l) and (2) yield the following properties of the spin matrices 

Sf=Sit (i = x,y,z), (5) 

5+ = (-1)"£_M , (M = ±1,0), (6) 

^ = ^ . (M = ±1,0). (8) 

2.5.2. Commuta to r s and Ant icommuta to r s 

The cartesian components of the spin operator satisfy the following relations 

, ^ . S*K 

[Si,Sk]=ieiklS,, {Si,Sk} = -6ikT, {i,k,l = x,y,z). (9) 

For spherical components these relations take the form 

&,§„] =-V2ClZluSx, { i ^ } = J ( - l ) V ^ , {it,u,X = ±1,0). (10) 
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2.5.3. Products of Spin Matrices 
x v . y v . x s . xv xv xv xv xv 

The four matrices SX} Sy, Sz and I (or S+i, 5o, S- i and / ) constitute a complete set of square 2x2 matrices. 
Any function of the spin operator (5 = | ) may be expanded in a series in terms of these matrices. In particular, 
products of the spin matrices may also be written in such a form. Products of cartesian components (where 
the indices t, A;, /, etc. take the values x, t/, z) are given by 

Si$k = \Sik?+\eiU§u (11) 
4 I 

X V X V X v f c x v X / ' * * ' XV XV 

SiSkSi = -e%kil + -\Si8ki ->- Sk$u + SiSik), (12) 
8 4 

A A A A 1 XV SiSkSiSj = -[Sikh] - $n$kj + $ij6ki)I 
o 

i xv 
+ - ( f o f f l j m - 6u€kjm + &%j*klm + hl^jm - Skj^ilm + £fjS**m)Sm« (13) 

In more detailed form, Eq. (11) is written as 

ftc^y = ~~SySx = r^*) S y 5 * = ~~SzSy = r5xi (") 

XV A XV XV % A 

5*Oa
 == ~Sx&z = r^y 

Products of spherical components are as follows: 

XV XV XV XV X ^*» XV XV 

£+iS+i = 0, JSOISO = 7 / , S-1S-1 = 0 
4 

XV XV X « ^ A A 1 XV 

5 0 5 + 1 = -S+ i , <So<S-i = - - S _ i . 

KSu = \(-irS^J- -^=Cl^Sx, b,v,\ = ±l,0), ( 5 + 1 ) " = 0 , ( 5 _ 1 ) " = 0 , (n = 2,3, . . . ) , (16) 

(So)2n=(\yi (So)2n+1 =(JYS0, (n = 0,1,2,...), (17) 
S S = S 2 = ^ + 5y

2 + ^ = - 5 + 1 5 _ 1 + 5 0 5 o - 5 _ 1 5 + 1 = ^/ . (18) 

xv xv 

Products of the operators S and any vectors a and b commuting with S may be written in the folfm 

XV „XV 

S ( S a ) = j / a - i [ S x a ] ) (19) 

(S • [S x a]) = ([§ x S] • a) = «(§ • a), (20) 

http://xv.yv.xs
file://-/Si8ki
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[ S x [ S x a ] ] = - i / a + i [ S x a ] , (21) 

( S a ) ( S . b ) = J ( a b ) J + ^ ( S [ a x b ] ) , (22) 

( [ S x a ] [ S x b ] ) = i ( a b ) / + i ( S [ a x b ] ) , (23) 

(S • a)[S x b] = J[a x b]J + %-{(S • b)a - (a • b)S}, (24) 

[[§ x a] x [S x b]] = j[a x b]J + | { ( S • b)a + (S • a)b}. (25) 
Tt it 

If n is a unit vector (n2 = 1), then 

2.5.4. Functions of Spin Matrices 

(26) 

where i = x, y, z. 

ea^ = /cosh | + 2Si sinh | , (27) 

cosh(aSt) = /cosh —, sinh(aS<) = 25* sinh —, (28) 

e*s+1 = f+ a§+i> eas0 = / c o s h * + 2 ,s0 s inh 2 e"S-i = f+ a§_u (29) 

cosh(a5+i) = / , cosh(aSo) = /cosh —, cosh(aiS-_i) = / , (30) 
L 

sinh(aS+i) = a5+i, sinh(a5o) = 25osinh —, sinh(aS-i) = aS~i. (31) 
L 

2.5.5. Rotation Operators 

(a) Under rotations described by the Euler angles a,y0,7 spin functions and spin matrices for S = \ are 
transformed by a rotation operator D* (a, ^,7) which is a special case of the operator given by Eq. 1.4(31) 

0 —ttt+nr . 0 —jo-* 
. >sfc 2 - B i n f e • > 

5*(a,j0,7) = ^ a 5 ' e-^5v . c - -75 . = I (32) 
sm jc* 3 cos §e* 3 

The inverse matrix is 

lDl(a,pn)}-1={DHaJ,1)}+=Dl(n-7,p,-*-a) = fl*(-7>-£ -a) 
cos |c* 3 s in | e *a*Jt 

■ sin £e* 3 cos £e * 3 
(33) 

Matrix elements of the operator 1)3 (a, ^,7) are the Wigner /^-functions Dj^M,(ai/3i
f)) (Chap. 4). The ex

pansion of I? a (a,y?, 7) in terms of the spin matrices has the form 

^ 1 z x P a -f- 7 ^ /3 a ~ 7 ^ ft a — 7 ^ fi a + 7 ^ 
J33 (a j ^ ^j = Cos — cos —-—/ + 2isin — sin —-—Sx — 2% sin — cos ■ »rz»'« Sy — 2icoe — sin —-— 5*, (34) 

L L L L Z 2 L L 

Di[a,p,i) = cos ^ cos ~-!-T+ Visin £e-*mr*§+l - 2tcoi f rin ̂ ^ 3 0 + V2sin f e ' ^ S - L (35) 2 Z L It L L 
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(b) Under rotations of the coordinate system through an angle w about an axis n ( 0 , $) spin functions and 
spin matrices for S = \ are transformed by the rotation operator CH(a;;0,$) which is special case of the 
operator given by Eq. 1.4(33). 

'cos j —isin^cos© —t sin ^ s in0c" 1* \ 
C > 3 ( a ; ; 0 , $ ) = c - * w n S = I . (36) 

—t sin §■ sin ©e** cos j + i sin ^ cos 0 

The inverse matrix is 

[ ^ ( w . e , * ) ] - 1 = [#*(«; 6 , *))+ = Unfair- ©,* + $) = & * ( - « ; 0 , * ) 
'cos TJ- + tsin -| cos0 isin jsin0e""**» 

i sin I* sin ©e** cos % —% sin % cos 0 

The expansion of the operator Ui (w; 0 , $) in terms of the spin matrices has the form 

(37) 

U* (w; 9 , $) = e~iwn* = Jcos £ - 2t(n • S) sin £ . (38) 
It it 

The relations between the angles w, 0 , $ and the Euler angles a, # ,7 are given by Eqs. 1.4(16), 1.4(17). Note 
that 

£*(a, /9,7) = £ * ( " ; © , * ) . (39) 

(c) The result of applying the rotation operator .D* (a,j0,7) to the spin matrices may be presented as 

% = JD*(a,&7)&[£*(c*, P,l)}~1 = X > * & > (**,* = *,y,«). (40) 
k 

where a^ are elements of the rotation matrix (Sec. 1.4.6). For spherical components of the spin m^rices we 
have 

#M = fl*(a,A7)$,,[0*(al|&l7)]-1 = ^ ^ a . A l l l ; (41) 

where D*M are the Wigner ^-functions (Chap. 4). 

2,5.6. Traces of Products of Spin Matrices (S = §) 

For cartesian components of the spin operator the following relations hold (where t, fc, I etc. take the values 
*, y, A 

Tr {£•} = 0, 

Tr{SiSk} = ^Sik. 
^ 4*K SS. % 

1V{5t-5fc5,} = - e i W , (42) 
^ ■/»» «*̂  * s 1 

Tr {SiSkSiSj} = - ( £ * % - fa Say + SijSki), 

% TV {SiSkSiSjSm} = — (£jfcffjj-m + SjiCikm + SmlCijk + *ym«tfcl). 

The evaluation of traces of products which contain many spin matrices can be facilitated by using the following 
recurrence relation: if we introduce the definition 

Tiii*...i» = . T > ( 4 4 . A ) , (n > 3), (43) 
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then 

If n is even, one may also use the relation 

^il*2...*n == T\^»lt2-**3*4...»n ~~ ^1*3 2*2*4 ••.*'* + •• • + 0ti*n2t2i3 . . .*a-1 ) ' (45) 

For spherical components of the spin operator the following relations hold (where /z, v> A etc. take the values 
±1,0) 

2V2 U 1/ A ; l ^ 2V2 *{$.&&>=-£\/J(r. ,, ;) = (- i ) l + A^u, 
./V / S (-1) IV {SMS„SA5P} = i - ^ _ { ( _ i ) A ^ _ ^ A _ p _ (-l)"*M_A*„_p + ( - l ) "* M _p^ -*} -

►r spherical components of the spin operator is written as 

r/il/X2.../*n = T r { 5 > Ml 5 ' / i2 . . . 5 / ia} - ( 4 8 ) 

The recurrence relation for spherical components of the spin operator is written as 

where 

If n is even, one may use the formula 

("~1)Ml 

7)ilP3...M» = 7 \0Ml~**2 2)ijM4...J*a "" ^Ml-M3 2)43/14...^ia + • • • + ^Ml-A*n2Ai2Al3...M»-l J* I 4*) 

2,6. SPIN MATRICES A N D POLARIZATION OPERATORS FOR S = 1 

2.6.1. Spin 5 = 1 
If 5 = 1, the spin operator S and the polarization operators TLM(L = 0,1,2;—L < M < L) are square 

<̂  

3x3 matrices. The polarization operator Too is proportional to the unit matrix 

where 

- f1 ° °^ 
/ = 0 1 0 . (2) 

\0 0 l) 
The polarization operators T I M are proportional to spherical components of the spin matrices SM • 

T1 M = ^ M , (M = 0,±1). (3) 
The operators TIM[M = 0> ^1> ^ J can be expressed in terms of spherical components of the spin matrices as 

?2Af = 2^ClMl„'S,M'S'f (4) 
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The polarization operators T2M are equivalent to some symmetric traceless cartesian tensor of second rank 
Qik-

Qik = \ \SA + SkSi - jSikl\ , (*,k = *,y,z), (5) 

Qik = Qki, ^2QU=0. (6) 
t 

Qik is called the quadrupoU tensor. It has 5 linearly independent components. The relations between T2M and 
Qik are given by 

ft±i«T($~±i&.), (7) 

r20 = y 2Q"-
The inverse relations are 

Qxx = r (̂ 22 + ^2-2) —7* 20* Q** = ^** = o ^ ~" ^2 2^ 
y% 1 ^ ^ «** % 1 ^ ^ **« !• / ^ ^ \ 

&. = yffto, Qy* = Q*y = ^(r2-i + f21). 

2.6.2. Explicit Form 

Explicit forms of the spin matrices and the polarization operators depend on the representation Used for 
basis spin functions (Chap. 6). We shall consider the spherical basis representation and the cartesian one. 
These representations are used very frequently. 

(a) Spherical basis representation 

Cartesian components of the spin operator S are given by 

1 f010\ i f0"1 °\ f10 ° §^-A1o")■ s - = 4 ; r ; ] ' M"-?1- (9) 

and the spherical components of § are 

/OICA / 1 0 0\ fOOO" 
5+i = - 0 0 1 , S0 = 0 0 0 I , 5_a = 10 0 I . (10) 

\ o o o y Voo- iy v 0 1 0 

The order of rows and columns in these matrices is shown in Eq. 2.3(10). 
Matrix elements of the spin operators 5M in the spherical basis representation are given by 

&)*■* = V2ClZ'lft fa,*,*'= ±1,0). (11) 

file:///oooy
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The spin matrices in the spherical basis representation satisfy the relations 

S? = $i, (* = *,V,*), (12) 
Sx = SXi Sy = — Sy9 Sj = SZ9 (13) 

% = $. , S+ = (-l)"S_M (M = ± 1 , 0 ) . (14) 

The quadrupole tensor Qik(i, k — x,y, z) in the spherical basis representation has the form 

- 1 0 S\ t / - 1 0 - 3 
0 2 0 

t- / 0 0 - l 
&, = Q„* = J 0 0 0 

2 ' 1 0 0 

/ N / x (1 5) 

. /o i o] . /o- io\ 

The components of the quadrupole tensor Qik in the spherical basis representation have the following properties 

Qtk = Qik, (i,k = x,y,z), (16) 

^ A ^ <At A ^ . ^ . >«S. y S . 

The matrices Qxx,Qyy,Qzx>Qx*,QMx are real, whereas Qxv,Qyx,Qvz>Qzy are purely imaginary. The polar
ization operators TLM in the spherical basis representation are given by 

1 f100\ 

- / O l O ^ j flO 0 \ . / 0 0 0 \ 
ft+i---7f 0 0 1 , f i 6 - - 7 j 0 0 . 0 , ft-i = -7j 1 0 0 , (18) 

^ V o o o j ^ V o o - i J v ^ V o i o J 

( 0 0 l \ , / 0 - 1 0 \ . (I 0 0 \ 

0 0 0 , f21 = - ^ 0 0 1 , fao = - g 0 - 2 0 , o o o ; v2 y 0 00j ve \̂ 0 0 1 j 
. / 0 0 0 \ / 0 0 0 \ 

fi-i = -= 1 0 0 , f3_3 = 0 0 0 . (19) 

^ V o - i o ; Vioo; 
Matrix elements of the polarization operators in the spherical basis representation may be written as 

(TLM),'* = \[^^C\iLM, (<7,<7' = ± 1 , 0 ; - £ < M < L ) . (20) 

The polarization operators TLM in the spherical basis representation are real, i.e., 

ftM'fui (21) 

and satisfy the relations 
fin - (-1)^^-*/. (22) 
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(b) Cartesian basis representation 

Cartesian components of the spin operator S in the cartesian basis representation are given 

^ /oo o\ ^ / oo A ^ (o-io\ 
Sx = 0 0 -i , Sy = 0 0 0 , Sz = t 0 0 . 

\o i o) \-ioo) \o ooy 
The matrix elements of Si in this representation may be written as 

(Si)ki = -isikh (*\ M = *> y, z). 

The spherical components of S are as follows 

' / 0 0 l \ [0~i0\ i f 0 0 X\ 
5 + 1 = -={ 0 0 i , 50 = t 0 0 , 5_! = - ^ 0 0 -ft . 

v 2 y ~ i ~ i o ; vo o o ; v 2 ^ _ l t - 0y 
The spin matrices in the cartesian basis representation satisfy the following relations 

(SM)+ = (-i)"s_„, s ; = (-i)1+"s_„, (M*'±I,O), 
(S-) + =S<, St = -Su {i = x,y,z). 

The quadrupole tensor Qik(i,k = x,y,z) in the cartesian basis representation is given by 

/ - 2 0 0 \ / l OOV / 1 0 0\ 
Q*x = - 0 1 0 , <?„„ = - 0 - 2 0 , Q „ = - 0 1 0 , 

1 / ° - 1 0 > \ i / 0 0 - l \ / 0 0 
Q*„ = & * = -z - 1 0 0 , $ „ = Qxx = - 0 0 0 , Qvx = Qxy = - 0 0 -

^ o ooy L \-\o o) l \o-\ 
The matrix elements of Qik in the cartesian basis representation may be written in the form 

(Qik)im = - j [SuSkm + Sim6M - -SikSimj, (i,k,l,m = x,y,z), 

*** 
In the cartesian basis representation the matrices Qik are Hermitian and real, i.e., 

Qik = Qik, Q*ik = Qik, (i,k = x,y,z). 

The polarization operators TLM in the cartesian basis representation have the form 

1 f100\ 

1 ( o o A / o - » o \ , / oo A 

x / - i -t o\ 1 / o o A - / i o o\ 
r2+2 = x -« i o , f2+1 = - o o < , ?20 = -% o i o , 1 \ o oo J V 1 * 0 ; v V 0 0 - 2 / 

/ o o - A / - i i o \ 
r2_i = - oo t , r2_2 = - » i o . 

1 \ - \ i 0} l \ OOOJ 

by 

- : ) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 
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The polarization operators T^M m *n e cartesian basis representation satisfy the relations 

TLM = ( - 1 ) TLM, 

LLM = (-i)L+MrL-M . 

55 

(34) 
(35) 

One can easily transform any matrix in the cartesian basis representation into a matrix in the spherical basis 
representation and vice versa with the aid of the unitary matrix ?7, 

.A(spherical basis) = £/-A(cartesian basis)U 

A(cartesian basis) = U A(spherical basis) U 
(36) 

ys. yv ys. 
In this case A is any spin or polarization operator (i.e., 5i,5M,Qtfc,Tx,jtf), 

(-% A ^ 
u 0 1 

v -fa ■& ° ; 
CT1 = IA+ = "75 ° 

V o I 

"V5 (37) 

The matrix U coincides with M(-fl ,0, — 1 «— x}y,z) and U X coincides with M(xiy)z < h i , 0 , -1 ) (Table 
1.2). 

The formulas given in Sec. 2.6 (except those of Sec. 2.6.2) are independent of the representation unless the 
contrary is indicated. 

2.6.3. Products of Spin and Polarization Matrices 
yv ys. yv 

For 5 = 1, the nine matrices TLM{L = 0,1,2;—L < M < L) or, equivalently, the matrices i/S^Qik 
constitute a complete set of square 3x3 matrices for expanding any function of the spin and polarization 
operators. In particular, products of the spin and polarization operators may be expanded in a series in terms 
of these matrices. 

ys. yv 

Products of cartesian components of the matrices 5 and Qik may be expressed as follows (z, fc, Z, etc. take 
the values re, y, z) 

(a) 

In particular, 

yN, yv 2l **■" % ^ ^ 
(38) 

(b) 

S 2 = §1 + S% + S? = 21, 

[Sit Sk] = SiSk - SkSi = teuaSi, 

{Si, Sk) = SiSk + SkSi = -SikI + 20«fc-

y N . y S . y N . % > ^ 1 / - ^ >"* * ^ 

SiSkSi = - £ » * / / + - (SikSi + fe 5>) + i£ i i m (Jjc m 

^ / r ^ r 'sy \ I £\ y*\ ./*s \ 
= r^tfcM + -ZyOik^l + fe5i) H- - ( £ t f c m Q | m + ^UmQkm + eWmVim)' 

(39) 

(40) 

(41) 

(42) 

http://yN.yS.yN
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Prom Eq. (42) one may obtain the Duffin-Kemmer relation 

S%SkSi + SiSkSi = SikSi + £*jS». (43) 

Other particular cases of (42) are 

SiSkSi = 6ikSi (no sum over»); £ $ & $ = £*, (44) 

$ £ * £ * + 5*5*5t- = Si + ^ 5 ^ (no sum over *) (45) 

XK XV XV XV XV XV XV XV XV # XV 

&x&y&M * dy&M&x i &M&x&y = = *<*i 

Oz&M&y ~^" &*&y&x "f" &y&x&M ̂  —*•* > 
c c c c o o ^ o •/* 
SXSMSM = SySySg = ~0 X — tVyjf) 
XV XV XV XV XV / \ X *V < ^ 

SXSySy = SgSgSg = —OJB + *QyX) 
ir 
2* 

XV XV XV XV XV XV X ^V ^ 

SySxSX = SMSMSy = A ̂  "" t^**» 
XV XV XV XV XV XV A < ^ . ^ 

SySgSg = SxSxSy = - 5 y + tQx*> 
ir 
2* 

XV XV XV XV XV XV X ^ * * 

SgSySy = SXSXSM = "zSg
%-~ tQxyi 

xv xv xv . - - - . - . V XV XV X "**» ^ 

SZSXSX = SySySx = — Ojr + tQzyi 

(c) 

In particular, if n is the unit vector, then 

w 

(e) 

(46) 

(47) 

(48) 

(49) 

5?" = 5 ? + $ « , (n = 1,2,.. .), S*"*1 = $ , (n = 0 ,1 ,2 , . . . ) . (50) 

(S • n)3fc = - ? + £ * ! ! , $ « , (* = 1,2,3,. . .) , 
3 M (51) 

(§-n) a *+ 1 = (§ .B) f (* = 0 ,1 ,2 , . . . ) , 

Q,*5i = - (*,«& + £fc,& - - f o S , ) + ^(e i l mQ f c m + « « „ & » ) , (52) 

SiQk, = - (5,fcSi + 6i,§k - -SMSi) + l(eikmQlm + eilmQkm). (53) 

QikQlm = r [SilSkm + SimSkl - -SikSimJI - -^-JVikm + £mQjW + ^mQi'l + SklQim-

- -SikQlm ~ -SlmQikj + T(foefcmpSp + Sim'klpSp + 6kleimpSp + £fcm*«p«§p)- (54) 

Products involving spherical components of the spin operator S and the polarization operators f ^ may 
be expanded in a series as given below (ju, v — ±1,0) 
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(i) 

In particular 

(ii) 

Particularly, 

S^Sv = - ( -1) M $ M _„J- -j^CllxllfSx +C1IM1I/T2M-

5 = — S+iSL-i 4- Sb'&o — S-iS+i == 27, 

LM-

c2 m c3 O* C*> n 
°±1 — -£2±2» «5±l — *5±1 "~ °±1 — ••• — ", 

^̂ o 2 ̂  / 2 "̂  
5 o : =3 / +V?^ 2 0• 

^ » = S?( ( » = l , 2 , . . . ) l S*n+1 = S0, (n = 0 , l , 2 , . . . ) . 

U U - V(2I1 + l)(2i2 + l)E(-l)1' { ̂  t f } CftUifcfl 

TLji/foo = f0ofLM = " / l ^ w . (^ = 0,1,2; - L < M < I ) , 

S»T2M = " 2 V z 1,A2M ~~ V 2 1/i2A/ ' 

T2KiStA = - - y - C / ^ J J ^ ^ + y -C1»2MT2N> 

T2MT2N = ( - 1 ) ^ ' j f o - t f f + ^Y 2C'2Af2JV'S'/*+ 2 V 3^2Af2//^2A. 

2.6.4. Functions of Spin Matrices 

ca5t = ~(1 + 2 cosh a ) / + sinh a 5t- + (cosh a — l)Qt$ (no sum overt) <$ 

cosh(a5t) = - (1 + 2 cosh a)I + (cosh a — 1)Q»», o 

where t = x, j/, .̂ 

sinh(a5t) = sinh a 5f-, 

o 
^ ^ ^ Of ^ 

«a S + 1=J + a5+i + y r w , 

eaS0 _ _ ( i + 2cosha)7+ sinha50 + J- (cosh a - l)T2o, 
o Y o 

s«*-i = / + a 5 _ 1 + _ r 2 _ 2 ) 

(55) 

(56) 
(57) 

(58) 

(59) 

(60) 

(61) 

(62) 

(63) 

(64) 

(65) 

(66) 

sinh(a5+i) = c*5+i, sinh(a5o) = sinha50 , sinh(aS-i) = a5_i , 

(67) 

(68) 

(69) 

(70) 

(71) 

(72) 

(73) 
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2 

cosh(a£+i) = / + y f 2 2 , 

cosh(aS0) = - ( l + 2 c o s h a ) f + W - ( c o s h a ~ l)f20, 

cosh(aS-i) = I + — T2-2« 

(74) 

2.6.5. Operators of Coordinate Rotations 

(a) Under rotations of coordinate systems defined by the Euler angles a, /3,7 spin functions and spin matrices 
for S = 1 are transformed by the rotation operator Dx(ay p, 7) which is a special case of the operator given by 
Eq. 1.4(31) . ^ ^ 

S\a,ptl) = e - ^ ' e - * " 5 ^ - ^ ' . (75) 

In the spherical basis representation D1(a,p,ri) has the form 
/ l+con/? -i(a+i) sin/? ->q l-co»fl i(i-a) \ 
' 2 c \ /2 2 * l 

dl{a,fJ,i) = cos/0 

I l -cosft g*(«-7) 8 i nft g*a 1+cosft g*(7+a) I 
V 2 x/2 2 / 

(76) 

The matrix elements of I)1 (a,/?,7) in this representation are the Wigner ^-functions -D]ifAf'(a>/?jl7) (see 

Chap. 4). 
In the cartesian basis representation we have 

( cos P cos a cos 7 — sin a sin 7 — cos fi cos a sin 7 — sin a cos7 sin/3 cos a\ 
cos £ sin a cos 7 -f cos a sin 7 — cos fi sin a sin 7 ■+■ cos a cos 7 sin /? sin a I . (77) 

— sin )9 cos 7 sin )9 sin 7 cos/9 y 
The matrix elements of i? 1 (a ,^ ,7) in the cartesian basis representation coincide with the elements of the 
rotation matrix a^ (see Sec. 1.4.6). 

The inverse rotation of the coordinate system is performed by the matrix 

[D'iaJ^)}-1 = [D1(a,M)}+ = DH-^-^-a) = D^v-r,?,-*- <*)■ (78) 

(b) Under rotation of the coordinate system through an angle a; about an axis n ( 0 , $) the spin functions and 
spin matrices for 5 = 1 are transformed by the rotation operator U1 (a;; 0,4>) which is a special case of the 
operator given by Eq. 1.4(33) 

C^(w;0,$) = e - t w S . (79) 

In the spherical basis representation this operator may be written as 

/ | cos o;(l + cos2 ©) — i sin a; cos © 4- ^ sin2 0 

& 1 (w;6 f*) = 

-4= sin ©e""** [(cos w — l)cos© — tsinw] 
V 

4= sin ©e** [(cos OJ — l)cos@ — isinw] 

§ (cosu ; - l ) s in 2 ©e i 2 * 

\(cos a; - 1 ) sin2 ©c"*2* 

cos a; sin 0 + cos2 © ~4=sin©e t<x>[(cosa; - 1) cos© -f- isina;] 

4 j sin ©e** [(cos a; — 1) cos © + t sin OJ] \ cos w( 1 + cos2 0 ) + i sin u> cos 0 + | sin2 0 y 

(80) 
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In the cartesian basis representation U1^; 0 , $ ) has the form 

( (1 — cos w) sin 0 cos2 $ + cos UJ 
(1 — cos u) s in2 0 cos $ sin $ + sin UJ cos 0 
(1 — cos a;) sin 0 cos 0 cos $ — sin w sin 0 sin $ 

(1 — cos a;) sin 0 cos $ sin $ — sin OJ cos 0 (1 — cos a>) sin 0 cos 0 cos $ -f sin u sin 0 sin $ \ 
(1 — cos a;) sin ©sin $-fcosa; (1 — cos a;) sin© cos 0 sin $ — sin w sin ©cos $ I . (81) 
(1 — cos a;) sin 0 cos 9 sin $ + sin a; sin 0 cos $ (1 — cos a;) cos2 0 -f- cos w J 

The inverse rotation of the coordinate system is performed by the matrix 

[ [ ^ ( w ; © , ^ ) ] - 1 ^ ^ ^ (82) 

The expansion of the rotation operator I/1 (a;; 0 , $) in terms of the spin matrices and the polarization operators 
has the form 

C?1(o;;0,$) = -(2coso; + l )J -2s inu; (r iS) + (coso; - l)Y^ninkQik . (83) 
*\* 

(See also Eqs. 2.4(17) and 2.4(18).) 
The relations between the angles a>, ©,$ and the Euler angles a, ^,7 are given by Eqs. 1.4(16), 1.4(17). 

Note that 
d1(aJ,1) = U1(u;e,$). (84) 

(c) Applying the rotation operator D1(aifii7) to the spin matrices yields (i,k9'j\I = x,y>z) 

k 

Q'ik = D1{atp9l)Qik[D1{ail3il)r1 = E a * y a ^ , (86) 

where a^ is the rotation matrix (Sec. 1.4.6) 

S » M s 5 1 ( a , ^ 7 ) ^ 1 ( < » . / » . ' » ) ] " 1 = E I > U f l l ^ . ' y ) ^ . (/*,•/= ±1,0) (87) 

* L M s frfaPntfLMl&HvtPn))-1 = J2DM>M(*>P>I)TLM> (-L < M,M' < L), (88) 

-^MAf'(aJ^)^) D e m 8 t n e Wigner D-functions (see Chap. 4). 

2.6.6. Traces of Products of Spin Matrices 

For cartesian components of the spin matrices S{ and Qik the following relations hold (i, A;, /, etc. take the 
values x, y, z). 

Tr {Si} = 0, Tr{Qik} = 0, 
Tr{Si§k} = 26ik, Tr{5iQfe,} = 0, Tr{QikS,}=0, 

Tr {&§*§,} =ieiu, ( 8 9 ) 

^ ^ 1 o ^ ^ ^ ^ 
Tr {QtfcQfm} = -(^t/^fcm + 6%m6kl ~~ ~ ^ 7 e ^ m ) > Tr { S i S k S i S m } = 8ik$lm + $im$kl-

L 0 
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For spherical components of the spin operator S^ we have (/x, u, A, etc. take the values ±1,0) 

Tr{SM} = 0, 
!*{§,£,,} = (-l)M2*„-„, 

»{MA> = -Ve(l H) = ( -D 1 + ^C (90) 

Tr{SlllSM,...S„J = 0 if/ix+Ma + .-. + Mn^O. (91) 

Traces of products of the polarisation operators 3x.A/ (■£ — 0,1,2; —X < M < L) can be evaluated by using 
Eqs. 2.4(21)-2.4(24) at S = 1. 



Chapter 3 

IRREDUCIBLE TENSORS 

3.1. DEFINITION A N D PROPERTIES OF IRREDUCIBLE TENSORS 

3.1.1. Definition 
Irreducible tensors occupy a central position in angular momentum theory. Under rotations of coordinate 

systems these tensors transform in the same manner as eigenfunctions of the angular momentum operator. The 
use of this property permits us to develop very effective methods for calculating matrix elements of different 
quantum-mechanical operators. 

An irreducible tensor 9Wj of rank J (with J integer or half-integer) is defined as a set of 2 J + 1 functions 
(components) SBIJA/ (where M = —J, —J-f 1 , . . . , J — 1, J) which satisfy the following commutation rules with 
spherical components of the angular momentum operator 

[J±i, WJM] = ^±c±iSy/J(J + 1) - M(M ± 1) 2RJW±X , 
V2 (1) 

In compact form 
IJ^WJU] = '"'VAJTTrtZXmj^. (2) 

From these relations it follows that 
\J2,WJM} = J(J + 1)WJM. (3) 

The quantity S in Eq. (1) which determines relative phases of different SRJM components is arbitrary. Let us 
adopt 6 = 0, i.e., e±t€ = 1, and choose the positive sign of the square root. The linear equations (l) define 
the components of the irreducible tensor 3RJA/ within an arbitrary scalar factor, which is the same for all the 
components. This factor can be a real or complex number, function or operator. In the case of integer rank J 
the overall phase of the 9JI JM components is usually defined in such manner that 

{WJMY = ( - l ) - w 2RJ-A*. (4) 

This choice of the phase coincides with that for spherical harmonics (Chap. 5). However, sometimes in quantum-
mechanical applications it is convenient to redefine irreducible tensors as 

W J = i J 3 K J . (5) 
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Then one has 
{^JMV = {-l)J~M%-M. (6) 

The choice of the phase (6) can be used for tensors of integer as well as half-integer rank J. Making use of this 
phase convention for tensor operators as well as for wavefunctions describing initial \a) and final states |6) we 
get the following relations for matrix elements of HermitianSK} = 9Jtj operators 

mJM\a) = ((a\cmJMr\b)r. w 
3.1.2. Covariant and Contravariant Components 

Any irreducible tensor 9Jlj of rank J can be expanded in a series based on a complete set of the unit 
orthonormalized irreducible tensors e JU of rank J 

**J ' *J'M' = SjJ'SMM' • (8) 

The tensors e JM can be composed, for example, of the basis spin functions. The expansion of 9Hj i$ written 
as 

^ = E e ^ a R ^ = E e ^ a K ^ - (9) 
M M 

yRjM represents the covariant component of the tensor 9Dtj and 9H*f denotes the contravariant component. 
These components are related by 

Wf = (WJMV = ( - 1 ) - M 3 K / - M , 

3.1.3. Transformation of Irreducible Tensors Under 
a Rotation of the Coordinate System 

Under rotations of the coordinate system described by the Euler angles a, j3} 7, the components of irreducible 
tensors 9KJM and and 3Jt JJI/ undergo linear transformation. The coefficients of such transformation are the 
Wigner D-iunctions (Chap. 4) 

WjM>{X') = DiaJn^jM.WlDiaJn)]-1 = Y,WJM{X)DJ
MM,{*> /?,7), 

M (11) 

M 

Here X and Xf denote sets of all arguments of the tensor in the initial and final coordinate systems, respectively. 

3.1.4. Transformation of Irreducible Tensors Under 
Inversion of the Coordinate System 

The transformation properties of irreducible tensor components under inversion of the coordinate system, 
r —* —r, permit us generally to represent an irreducible tensor SDTj of integer rank J as the sum of twb tensors 
^ + 1 U n d S R ^ 1 ) , i . e . , 

9Ry = 9R ( / 1 ) +9R ( 7 1 ) . (12) 

Each of these tensors has definite parity. 
Under inversion of the coordinate system the tensors SDlj- x' transform in the following way 

Pr<m^p-l = *jmi;<\ (^ = ±1). (13) 
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The tensor 9Rj ' with parity TTJ = ( - 1 ) J is called the true (or polar) irreducible tensor of rank J. Tensor 
with parity wj = (—l)J+1 is the pseudotensor (or axial tensor) of rank J . The relations (12) and (13) 

are valid for the tensors 9R j as well. 

3.1.5. Double Tensors 
A double tensor Wjx j3 (1,2) of ranks J\ and J2 has (2 J\ ■+■ 1) (2 J2 4-1) components and depends on variables 

of two different subsystems, 1 and 2. The components of the double tensor satisfy the following commutation 
relations 

(1,2)] = T - W - M * + 1) " ^ ( M i ± l ) W ^ M l ± i W 1 . 2 ) , (14) 

[Jo(l),FK.rljtf1.Mfc(l,2)] = ^ 1 ^ / 1 ^ 1 / ^ , ( 1 , 2 ) , (15) 

[ ^ ± i ( 2 ) , ^ 1 ^ 1 / ^ , ( 1 , 2 ) ] = T - L ^ / W a + 1) - M2(M2 ± 1 ) ^ J I M I J , M , ± I ( 1 , 2 ) , (16) 

$ ( 2 ) , WjlMlJlMt{l,2)} = ^ 2 ^ / ^ / ^ , ( 1 , 2 ) . (17) 

Here J ( l ) and J(2) are the operators of the total angular momenta of subsystems 1 and 2, respectively. 
Under rotation of subsystem 1 and 2 the double tensor WJXJ7 (1,2) transforms according to the represen

tation DJl or DJl, respectively. 

W/,MJ/,A/, (l ' ,2) = X ) ^ i ^ 1 J 1 ^ ( l , 2 ) 2 ? 5 l M I ( a i l j 9 i l 7 i ) > (18) 
M i 

(l,2)DJ>3M,(a2,p2il2). (19) 

3.1.6. Examples of Irreducible Tensors 
In this section we present some examples of irreducible tensors considered in this book. 

^ ys ^ 
(a) The operators of the angular momenta J ,L ,S (Chap. 2) are irreducible tensor operators of rank 1. 
(b) The polarization operator TLM (S) (Sec. 2.4) is an irreducible tensor operator of rank L. 
(c) Spherical harmonics Yjm(t?, <p) (Chap. 5) are irreducible tensors of rank L 
(d) The spin wave functions of a particle of spin S (Chap. 6) are irreducible tensors of rank S. 
(e) Tensor spherical harmonics Yj^(6t<p) (Chap. 7) are irreducible tensors of rank J . 
We may apply the results given in this chapter for all the tensors mentioned above. 

3.1.7. Direct and Irreducible Tensor P roduc t s . Commuta to r s of Tensor P r o d u c t s 
An irreducible tensor product £ j of two irreducible tensors SOT̂  and 9Tj3 of ranks J\ and J2 is defined as 

the tensor of rank J whose components £ J M can be expressed in terms of 9RjxMi and ^HJ2M2 according to 

£ JM = J2 CJ™MXJ2MWJIMI 51J 3 M 3 . (20) 
M1M3 

Irreducible tensor product is denoted as 

£ J S { » J 1 ® 9 1 J , } J . (21) 

The direct product of two irreducible tensors 3Rjx and 9tj3 is defined as a set of (2 J i +1)(2 J2+l) components 
^RjiMi f J3Af3 This tensor is generally reducible and can be decomposed into parts which themselves transform 
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independently under a rotation of the coordinate system. In other words, the direct product can be represented 
as a sum of irreducible tensors £ JM 

Ji + Ja 

» * ! * *73Af3 = E ^ J3M3
 £ ™ ' (22) 

It is essential that the irreducible tensor product %JM satisfies the same equality (6) as ^BljtMi andj ^J9K£2 

( ZJMY = (-1)J"M £J-W ( £ ;« = {SWj, ® %J3}JM). (23) 

This property is specific for tensors of the 3H jM-type. The tensor product £ J M does not satisfy the relation 
(4) although SRjjAfj and 9tj2M3 satisfy this relation. 

Let us introduce some definitions and notations which will be widely used in the consideration of products 
of non-commuting tensor operators. 

The commutator of components of two irreducible tensors is defined by 

9*JiAfi JaM3 = [3RjiMi, 9lj3A/3] =3RjiA/i 9?J3M3 - 9tj3Af3*9RjiAfi- (24) 

The commutator of an irreducible tensor product is written as 

*jlu = {3R'i ® 5» / , }JJ# - ( - l ) ' 1 + J j - J { 9 U 0 9 ^ / , } ^ . (25) 

The functions 9tjjJ3 are the components of some irreducible tensor. They may be expressed in the form 

*JJM2= E Cf/fifiJ,M1*JiJ#i/.M,. (26) 
M1M3 

For commuting tensors we get 

{WJ1®*J3}JM = (-1)JI+J'-J{'*IJ,®WJ1}JM- (27) 

On the other hand, for non-commuting tensors we have 

{9R* ® VtJt}jM = ( - 1 ) * + J » - J { <Rj, « a R j J / w + * * * . (28) 

In particular, from these equations one can see that an irreducible (rank-/) tensor product of two Identical 
tensors 9Jt j is equal to zero, if / = 2 J — 1,2 J — 3 , . . . and the tensor components commute 

{ 2 R J ® 3 R J } / = 0, (29) 

3.1.8. Scalar Products of Irreducible Tensors 
The scalar product of two irreducible tensors 9Rj and 9Tj of the same rank is defined as 

(3Rj • 9tj) = £ ( - 1 ) - " W J I * WJ-A, = E » w « j A r = E 9 * ™ 9 ^ - (30) 
A/ M M 

Similarly, the scalar product of two irreducible tensors Sftj and 9tj is given by 

M M M 
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Note that 
(Wj-9rj) = ( S * , - f l j ) . (32) 

Scalar products differ from irreducible tensor products of zero rank only by some numerical factor. The latter 
tensor products read 

{ * , ® *,}oo = £ C™MlJMimJMl %Ml = -^== 52i-l)'-"*jMt *j-u. (34) 
AY. AY. V ^ -T A XM M i M ] v " " ' ~ M 

Hence, the relations between scalar products and tensor products of zero rank are determined by 

(2H, • 3lj) = ( - l ) - V 2 J + l{0Kj 0 3t j} 0 0 , 
(Sftj • 91 j ) = \ / 2 J + l { i » l j ® ?tj}oo • 

For the scalar product of double tensors we have 

(35) 

(WJlJ3(l,2) ■ &JlJt(l,2)) = £ {-l)Jl~Ml+J3~MlWJlMlJtM,(1,2)17*-J^-J,, (1,2). (36) 

3.2. RELATION BETWEEN THE IRREDUCIBLE TENSOR ALGEBRA 
AND VECTOR AND TENSOR THEORY 

3.2.1. Vectors and Irreducible Tensors 
An arbitrary vector A is an irreducible tensor of rank one. Its spherical components may be treated as 

components of an irreducible tensor A i , of rank one, for which A* — (— l)**.Ai_M. 

Allt = A^, Al» = A». (1) 

A polar vector is a true tensor of rank one. Under inversion of the coordinate system its components change 
their sign. An axial vector is a pseudotensor of rank one. Under coordinate inversion its components remain 
unchanged. 

Using two vectors A = Ai and B = B i one can construct three irreducible tensor products of ranks 
0, 1, 2, 

{Ax 0 B j o o , {Ai 0 Bi}iM , {Ai 0 B ! } 2 M . 

If one of the vectors A or B is polar and the other axial, then {Ai 0 Bi}oo is a pseudoscalar, {Ai 0 Bi}iM is 
a polar vector, {Ai 0 B i ^ is a pseudotensor of rank two. If both vectors A and B are either polar or axial, 
then {Ai 0 Bi}oo is a scalar, {Ai 0 Bi}iM is an axial vector and {Ai 0 Bi}2M is a true tensor of rank two. 

(a) The irreducible tensor product of rank zero differs from the scalar product of vectors A and B by a 
numerical factor: 

{ A 1 ® B 1 } 0 0 = - - ^ ( A B ) . (2) 

The scalar product of irreducible tensors Ax and Bi introduced in Sec. 3.1.8 coincides with the scalar product 
of vectors, 

( A 1 B 1 ) = ( A B ) . (3) 
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(b) The irreducible tensor product of rank one is related to the vector product of vectors A and 1$ by 

{ A ! ® B i } i = - ^ [ A x B l . (4) 

The components of the tensor product of rank one can be expressed in terms of products of spherical components 
of vectors A and B as 

{Aj 0 B1}1M = -j=[A x B]M = I > I % < A M ^ - (5) 
* Mv 

(c) The components of a tensor product of rank two are also related to products of spherical components 
of A and B: 

{AX ® BjaM = £ C?*U„B., = Jxl I ^ I Z\2 £ (A^ + AM. (6) 
H>i/ 

In more detailed form Eq. (6) may be written as 

{ A i ® B i } 2 + 2 = ^ + i 5 + i , 

{Ax ® B^a+i = -J={A+IBQ + A0B+1), 

{Ax ® B ! } 2 0 = - ^ ( A + 1 B _ ! + 2A0B0 + A-xB+x), (7) 

{ A i ® B 1 } 2 _ i = -^(A_ 1 Bo + ^o5_ i ) , 

{Ai ® B i } 2 - 2 = A-iB-i. 

Given three commuting vectors A i , B i , C i we can compose the following irreducible tensor products of ranks 
0 and 1: 

{ { A 1 ® B 1 } 0 ® C 1 } 1 = - - ^ ( A B ) C , (8) 

{ { A 1 0 B 1 } 1 ® C 1 } o = ~ [ A x B ] C , (9) 

{{Ax ® B j x ® d h = ~ [ [ A x B] x C] = ±A(B • C) - ±B(A • C), (10) 

{{Ai ® B x } 2 ® d } ! = y | { ^ C ( A • B) - i B ( A • C) ~ i A ( B • C ) } . (11) 

In addition to the foregoing formulas, there exist products which differ from Eqs. (8)—(11) by vector coupling 
schemes. The problems concerned with recoupling in tensor products are considered below (Sec. 3.3)i> 

Given four commuting vectors Ai , B i , Ci and Di we can compose the following irreducible tensor products 
of ranks 0 and 1: 

{{Ax ® Bi}„ 9 {Ci ® D M o = J(A • B)(D • C), (12) 

{ { A 1 ® B 1 } 1 ® { C 1 ® D 1 } o } i = - - ^ [ A x B ] ( C D ) , (13) 

{ { A 1 ® B 1 } o ® { C 1 ® D 1 } 1 } 1 = - - ^ ( A B ) [ C x D ] ) (14) 

{ { A 1 ® B 1 } 1 ® { C 1 ® D 1 } 1 } 0 = ^ | { ( A C ) ( B D ) - ( A D ) ( B C ) } ) (15) 
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{{Ax ® B a h ® {Ci ® D i l i } ! = ~ ^ { C ( D • [A x B]) - D(C • [A x B])} 

{ B ( A [ C x D ] ) - A ( B [ C x D ] ) } , (16) 
2\/2 

{{Aa ® B i } 9 ® {Ci ® D j a } ! = ~ ^ { ^ ( A • B)[C x D] - ±B(D • [A x C]) - ^A(D • [B x C])}, (17) 

{{A1®B1}1®{C1^B1}2}1 = - ^ L { i ( C D ) [ A x B] - ^C(B • [D x A]) - | D ( B • [C x A])} , (18) 

{{Ax ® B x } 2 ® {Ci ® D ! } 2 } 0 = -1={^(A • C)(B • D) - ±(A ■ B)(C • D) + \ { \ ■ D)(B • C) } , (19) 

{{Ai ® B J 2 ® {Ci ® Di } 2 } i = 

^ = { ( A ' C ) [ B x D] + (A • D)[B x C] + (B • C)[A x D] + (B • D)[A x C]}. (20) 

The change of coupling schemes in products of four operators is discussed in Sec. 3.3. 
Products constructed from the components of identical vectors have the following property 

{... {{Ai ® Ai} , , ® A i } , , . . . ® A J , , = {Aa ® . . . {Ax ® {Ax ® A J , , } , , . . . } u . (21) 

'f a vector A does not contain any spin variable and differential operator one can express such products in 
erms of spherical harmonics (Chap. 5), i.e., 

{ . . . { { A 1 ® A 1 } , 3 ® A 1 } J , . . . ® A 1 } U m n = ^ ^ ^ | A r r U m J ^ ^ n c i ' 0 V l 0 ) (22) 

vhere t?, <p are the polar angles of the vector A and Zi = 1. In particular, if fe = 2, £3 = 3 , . . . , ln = n, we have 

{.,. {{A! ® AJ2 ® A ! } 3 . . . ® Ai}„m = J(2*™[)u\A\nYnm(*,<p)- (23) 

3.2.2. Cartesian Tensors of Second and Third Ranks 
An arbitrary cartesian tensor of second rank Tik[i>k == x,y,z) is, generally, reducible and may be decom-

>osed into three irreducible parts: 
(a) a tensor which is proportional to the unit tensor, Eik = E6%ki 
(b) an antisymmetric tensor Aik = — Aki\ 
(c) a symmetric traceless tensor Sik = Ski > Yli &** = 0- Thus, 

Tik = ESik + Aik + Sik, (24) 

E=lTr(Tik) = ±Y,T«> (25) 
i 

Aik = ±{Tik-Tki), (26) 

Sik = \ (Tik + Tki - -Sik ] T Ttl). (27) 
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The value E is invariant under rotations of coordinate systems. It is an irreducible tensor of zero rank 

Xoo = E. (28) 

The antisymmetric tensor Aik is equivalent to the axial vector 

Aik = eM « i , SUi = - V em Akl. (29) 
1 ki 

Using the components -A**, one can form an irreducible pseudotensor of rank one: 

I1 0 = « , = 4 *y» 

I i± i = T-i (* .±»'« , )='=F-i( i4».±»"A«). ( 3 0 ) 

Using the components of the symmetric traceless tensor Sty, we may construct an irreducible tensor of second 
rank. 

^2±2 = y-{SXx - Syy ± 2%Sxy). 

Thus, from nine cartesian components T^ of a tensor of second rank we can compose one tensor of zero rank 
(scalar which has one component), one pseudotensor of the firsjt rank (three components) and one irreducible 
tensor of second rank (five components). 

Prom the 27 cartesian components Tiki of a tensor of third rank we can compose one pseudotensor of 
zero rank Xoo (scalar, which has one component), three tensors of first rank XiM (3x3=9 components), two 
irreducible tensors of second rank %2^ (2x5=10 components) and one irreducible tensor of third tank X 3 M 

(seven components). In this case construction of the tensors of first and second ranks is not unique. 

3.2.3. Differential Operations as Irreducible Tensor Products 
Differential operations on scalars and vectors (see Sec. 1.3) can be written in the form of irreducible tensor 

products of the operator V and corresponding scalars and vectors, 

grad$= {Vx(8)$}i, (32) 
divA = -\/3{V1<8> A i } 0 , (33) 

curl A = - i \ /2{Vi ® Ai} i , (34) 
A = V2 = - x / 3 { V 1 ® V 1 } 0 , (35) 

grad div A = ->/3{Vi ® {Vx <8> Ai } 0 } i , (36) 
curlcurlA = - 2 { V i ® { V 1 ( 8 ) A 1 } 1 } i , (37) 

div grad$ = - \ / 3 {Vi ® {Vx ® fcjjo = -\ /3{Vx ® V i } 0 $ , (38) 
curl grad$ = -t>/2{Vi ® {Vx <g> $ } i } i = 0 , (39) 
div curl A = t V5{Vi ® {Vx ® A x } x } 0 = 0. (40) 

As follows from Sec. 1.3.1 the operator V is given by 

r V = n - - : [ n x L ] , (41) 
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In spherical component form it is written as 

V ^ / f f r ^ - ^ Y ^ L ^ ) . (42) 

Here Yi is an irreducible tensor, whose components are spherical harmonics YiM(n) (Chap. 5); Li = L is the 
orbital angular momentum operator (see Sec. 2.2). 

When expanding any scalar function $(r) in a Taylor series, one will deal with arbitrarily large powers of 
operator V: 

* ( r + 6r) = «('"*>*(r) = <&(r) + (6r • V)*(r) + ^ ( 6 r • V)2*(r) + . . . 

= *(r) + 6r(u • V)$(r) + ~(*r ) 2 (u • V)2$(r) + . . . . (43) 

Here u = Sr/\6r\ and (u-V) = d/ds is the operator of directional differentiation in the direction u (see Sec. 1.3). 
The operator (u • V) n = dn/dsn can be written in the form of tensor product 

(u.V)» = ( - l ) n £ ( - ^ { . . - { { u i ® ^ ® ^ } ^ (44) 

Using Eqs. (22) and (23) one can express multiple.tensor products of the unit vector u which enters Eq. (44) 
in terms of spherical harmonics. 

3.3. R E C O U P L I N G I N I R R E D U C I B L E T E N S O R P R O D U C T S 

The irreducible tensor product of two irreducible tensors is defined in Sec. 3.1.7. By making use of the same 
relations one can form irreducible tensor products of three and more irreducible tensors. However, in these 
cases different orders and different coupling schemes of tensors in products are possible. 

The recoupling tensors without change of their order may be carried out by some real (for a given definition 
of the vector addition coefficients) and orthogonal matrix which performs the direct and inverse transformation. 
When the tensor order has to be changed one should take account of the commutation rules (Eqs. 3.1(24)-
3.1(28)). We will use the notation 

Kabc.d = [(2a + 1)(26 + l ) (2c+ 1 ) . . . (2<f+ 1)]* . 

3.3.1. Relations Valid for Commuting as well as Non-Commuting Tensors 
For recoupling tensors without changing their order in irreducible tensor products of three and four tensors, 

one has the following relations: 

{{P« 9 Qb}c 9 Rd}/ = (-l)»+t+'+rf £ Uhc { * b
f I} {Pa 9 {Q* ® Rdhh, (!) 

({P«®Q6}cRc) = (- i )- c + 0§ i(P«;{Q6®ReU (2) 

{{Pa 9 Qb}c 9 {Rd 9 Se},}k = (-!)<*+«+'+* £ Uhf { d eh }{{{P„ 9 <W„ ® Rd}h 9 Se}k 

= (-l)°+'+'>+k,Enkc{ab
k
C

h}{Pa9{Qb9{Rd9Se}f}h}k, (3) 
h J 
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({P«®Q6}c{R«®se}c) = ^p^({{P«®Q6}c®R«h-s e ) = (-ira+°^(Pa-{Q6®{Rd®se},U (*) 

{{{Pa®Qb}c®R«}h®Se}fc = 5 > i r t / + * " ' " - U * / { ^l J } { t \ { }{Pa® {Qb® {Ra®^},},}*, (5) 

({{Pa ® Qk}c ® Rd}« • se) = ( - i P + ° ! ; ( P « • (Q* ® i** ® s*}/}-) • (6) 

3.3.2. Relations for Commuting Tensors 
To change the coupling scheme for irreducible products of three and four commuting tensors one can use 

the following relations 

{Pa ® {Qb ® R d } / } . = ( " l J ^ - ^ P a ® {Rd ® Qb}/} . = ( - l ) ° + ' - e « Q 6 ® R d } , ® P a } . 

= ( - l ) a + 6 + < | - e { {R« ® Qb}/ ® Pa} . , (7) 

{{Pa®Q^}c®Rd}/ = ( - l ) c + , 1 + / E I I ^ { / d A } { Q 6 0 { P a ® R , l } h } / • ( 8 ) 

({P«® Qfr}c Ro) = ( - i ) - °£(Q b • {Po®Rc}0. (*) 
lib 

{P„ ® {Qb ® {Rd ® Se}/}fc}fc = ( - l ^ ' - ^ P . ® {Qb ® {S e ® Rd}/}h}fc 
= (-l) -+ fc+- f c{P. ® {{S. ® Ra}, ® QbUK = (-l)6+/~h{Pa ® {{Rd ® S J , ® QbH}k 

= (-l)°+h-fc{{Qb®{Rd®S.}/}h®Pa}fc * (-l)<J+e+a+w-fc{{Qb®{S.®Rd}/K®Pa}fc 

= (-l)°+k+<i+-fc{{{Qe ® Rd}/ ® QbK ® PaK = (-l)tt+6+/-fc{{{Rd ® Se}, ® QfcK ® Pa}fc, 

(10) 

( ab c\ 
d « / H { P . ® Rd}« ® {Q» ® Se}fc}*, ( i i ) 

g h k ) 
{{Pa®Qb)c®{Rd®Se} /}fc = ^ ( - l ) h + t - f c - e n ^ h { j ^ } { ^ n { { { P a ® R d } f c ® Q b } ( , ® S e } f c , 

gh (12) 

({Pa®Qb}c • {Rd®S e}c) = ( - l ) 2 ° + 6 - d E n c { ^ g}({*a®Jl4}g • { Q b ® S e U (13) 
a 

({Pa ® Qb}c {Rd ® Se}c) = £ ( - l ) - + * + * * * 2 | & { a
e
b
d
C

h} ( « * » • **)» ® Qb}e • S.) . (14) 
h 

Equation 3.1(27) and Eqs. (11)-(14) permit us to obtain all other permutations. The product {Pa<8 Qb}b is 
orthogonal to tensor Qb, if a = 26 — 1,26 — 2 , . . . 

({Pa ® Qb)b • Qb) = 0. (15) 
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8.3.3. Relations for Non-Commuting Tensors 

A change of the coupling scheme for irreducible tensor products of three and four non-commuting tensors 
ives 

{{Pa ® Qb}c ® Rd}/ = (-iy+d+cJ2lloh{ a
f
 b

d
c
h }{Q6 ® {Pa ® Rd}h}, + { ttf ® R0}/, (16) 

h 

( { P a ® Q 6 } c R c ) = ( - l ) - ° ^ ( Q 6 { P a ® R o } 6 ) + ( 9 t f Re) , (17) 

{P„ 9 {Qb ® Ra}h}/ = £ ( - i r 6 - c I W { J * < } { a
d
h I } {Q6 0 {P„ ® R,} , } , 

\ 2 6 - d n £ / n . r-p ~ -p i \ , (_i\-a+d±}a(<»ab (Pa • {Q„ ® Ra}a) = ( - i ) » - - g ( Q t . {P a ® R<}6) + ( - i ) - « + ' g ( S ? ..**)> (19) 

{ 0 6 0 1 
<* * / H{P« ® Rd}r ® {Qb ® Se}„}fc 
r </ A; J 

+D- i ) a + f c + , i + < - ' - h i w {; [I} {^ * I }<p- • <*" • *.>*>*, w 

({Pa ® Q*}c • {Rd ® Se}c) = ^ - l ) ^ 2 ^ { " J j } ({Pa ® Rd}„ • {Q6 ® Se}„) 
y 

+ D - 1 ) * * * ^ ' ^ { j ! ; } (p- • c»f • se>a), (21) 

{{Pa ® Qb}c ® {Rd ® Se},}fc = E(-l)°-6+fc-<J-'n f cc / ( ,{ a I I } {b
d
e
h

 9 }{Pa ® {Rd ® {Q* ® Se>„}h}* 
hq 

+£(- ir f e + < i + e - ' - f c iw{; * j}{< j >}{pa®{»?®se}h}k, (22) 

({Pa ® Q*}c • {Rd ® Se}c) = J2(-l)a+d+'+b^{ ^ l9
e } (Pa • {Rd ® {Q6 ® Se}„}a) 

+ 5 : ( - i ) * + - + ^ * ^ { ; ! ; } ( p . - { « f « 8 . } . ) . (23) 

be definition of the commutator 91J^ is given in Eq. 3.1(26). By making use of the foregoing formulas, one 
,n obtain all other relations for irreducible products of non-commuting tensors. 



Chapter 4 

WIGNER /^FUNCTIONS 

4.1. DEFINITION OF DJ
Mh4,(otJ^) 

(a) The Wxgntr D-functiona DJ
UM,{a%f}> 7) may be defined as the matrix elements of the rotation operator 

D(otiP>i) in the JJW-representation. The arguments a , £ , 7 are the Euler angles which specify the rotation 

(JM\D{«,f},T)\J'M') = 6jj,DJ
MM,(a,M). (1) 

The /^-functions realize transformations of covariant components of any irreducible tensor of rank J (e.g., the 
wave function W JM of a quantum mechanical system with angular momentum J and its projection M) under 
coordinate rotations. 

J (2) 

Here #, <p and t?', <p' are polar angles in the initial and rotated coordinate systems, S and 5", respectively. The 
angles t?,<p and #', £>' are related by Eqs. 1.4(2) and 1.4(3). Similarly, a and a' are spin variables in the initial 
and new systems. 

The inverse transformation 5 ' —♦ 5 is performed by the inverse matrix [D"1{a^py^)\J
MM,, Owing to the 

unitarity of the rotation operator, 
D-1(a,M) = D^(a,p,1) (3) 

the elements of inverse matrix are given by 

l5-1(«,/?,1f)]iM'=-Di*M(«./».Tf). W 

Hence, under the inverse rotation, S' —♦ 5, wave functions transform as 

J 

VJtlV,v,<r)- £ Di„.(«.;8,7)*V(*»'>. 
" - - - ' (5) 

M'=-J 
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Table 4.1. Effect of the Operator D(a, 0, y) 

73 

Transformation 

Passive 
Rotation of coordinate system 
without rotation of physical body 
Active 
Rotation of physical body 
without rotation of coordinate system 

Angles, Axes and Sequence 
of Rotations 

1 

OL(Z) 

700 

-OL(Z) 

-yiz) 

II 

000 

-000 
-0O>i) 

III 

y(z') 
<*(z) 

-yiz) 
-oiiz') 

The unitarity condition for the Wigner P-functions may be written as 

J 

MM 
= -j 

J 
M=-J 

J 
(6) 

M' = -J 

The matrix D^M^a,/},*/) is unimodular, i.e., 

tet\\DJ
MM,{«,pn)\\ = +l. (7) 

(b) A set of (2*7 + 1) functions ^IJM with different M's constitute a basis for expansion of an arbitrary 
function tyj with the same J: 

M=-J 
(8) 

The expansion coefficients C*f are contravariant components of some irreducible tensor of rank J. Under 
rotations the quantities Cj* transform by means of functions D^iM,(a}fi1

f>(). 
The effect of the operator J9(a, j9,7) on Wj may be interpreted in two different ways: 
(i) as a rotation of the coordinate system without rotation of the physical body (this is the passive inter

pretation; D acts on the basis functions ^JM while C*f remain unchanged); 
(ii) as a rotation of the physical body without rotation of coordinate system (active interpretation; D acts 

on Cj* but does not affect * / M ) -
Any rotation of a physical body in combination with the same rotation of coordinate system leaves the 

wave function * j unchanged: 

{ j D ( a , ^ , 7 ) } p h y 8 . body * {£(<*, £ , 7)}coord. system = 1 (10) 

i.e., 
iDMM'(a>P>l))phy*. body = {[D l ( o , £ , 7)]j(/M'}coord. system ( l l ) 

Moreover, a rotation of the coordinate system (or physical body) described by the Eul«r angles a, /J, 7 may 
also be realized in two ways: 

(i) by rotating about the initial axes (case B in Sec. 1.4.1), or 
(ii) by rotating about the new (turned) axes (case A in Sec. 1.4.1). 
Thus, any transformation of wave functions described by Eq. (2) can be treated in four different ways 

[Table 4.1). 
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The Wigner D-functions are complex. They depend on three real arguments a, /?,7 and are defined in the 
domain 

0 < a < 2*, 0 < 0 < *, 0 < 7 < 2*. (12) 

These functions, as well as their derivatives, are single-valued, finite and continuous. Sometimes it is convenient 
to change the domain (12). This can be done using the symmetries of #*/*//(<*, 0,7) (Sec. 4.4). For example, 
the matrix of the inverse rotation satisfies the equation 

\D-l{<xJn)\i(w = DJ
MM,{* - ~,,I3, -x - a ) = DJ

MM,(-lt -p, -a). (13) 

This means that the inverse transformation S' -* S may be realised by the Euler angles 

a' = * - 7 , /?' = /?, y = - i r - a , (14) 

as well as by 
«' = - 7 , £' = -/», V = -<*. (15) 

4.2. DIFFERENTIAL EQUATIONS FOR DJ
Mllil (a, 0,7) 

(a) The Wigner ^-functions represent wave functions of a rigid symmetric top. They are eigenfunctions of 
three operators 

>s (j ^ Q ^ , 

' 33 = - [ ^ + C O t 4 i + ^ ( ^ - 2 C ° 8 ^ + ^ ) ] ' W 

where J is the operator of angular momentum of the top; Jt< and J , are projections of J onto the z-axis of 
the rotating (body-fixed) and non-rotating (lab-fixed) coordinate systems, respectively. The eigenvalues of the 
operators (1) are defined by the equations 

?*>DJ
uu,{a,l3,1) = -M'DJ

UM,[a,l3,'1), 
ran/ 1 a \ i 1 *"/ • e d \ . M2-2MM'cos0 + M» \ nJ . . , (2) 

= J(J + l)Dl,M,{*tf)n). 

Periodicity conditions for DJ
UU, (a, f), 7) are as follows 

DJ
MM, (a ± 2kx, p , 7) = DJ

MM, {a, ft 7), 
DiiU,{a,p,1±2hr) = DJ

MMI{a,fitl), (3) 

DMM4«,P ± M*,n) = Duw{«,P> 7), 

where 

k = 0 ,1 ,2 , . . . if J is integer, 
fc = 0 ,2 ,4 , . . . if J is half-integer. 
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(b) The functions D^M,(at ^,7) can also be defined as solutions of the differential equations 

[ £ . # M M < (<*,/?. 7)] = lDJ
MM,(a^n) = ( - 1 ) 1 + V ^ + 1) CJj^vDJ

M_uMI(aJ,n) 

- \ ±yjiiJ^s^.DjiwMtlh v = ±1> 

- j ±y/EM=^MDitw±xMtl)i v = ±1. 
Here Jj, is a covariant spherical component of J in the non-rotating (lab-fixed) system 

and J " is a contravariant component of J in the rotating (body-fixed) system 

y/2 L 37 3/3 sin/9 3aJ' 

(4) 

(5) 

(6) 

(7) 

37 

The operator J 2 can be expressed in terms of Ju or J'" as 

J 2 = -j.j+1 + %J0 - t+J-i = -P-1?*1 + w - J"*1?-1 = £>(£. +1) - 2X1 ?+x 
= ^(J*0 - 1) - 2?-1?+1 = /0(Jo - 1) - 2J+1T-X = ^ ? ° + 1) - l?*1?-1. (8) 

The relationships between Jv and J; / i read 

>(« , A 7) = £ />£„(«, /?,7)X(fl,, /?, 7), 

^(a,/?,7) = £2>J;(al0,7)>(«.0.'r). 
(9) 

Hence 
J"'(aJ,i) = -l(-l,-0,-c(), ?v(a,0,i) = f-vh,fl,et). (10) 

Commutators of spherical components J^ and J'" (/x, 1/ = —1,0,1) are given by 

[>>^"] = ^ c ^ + r > + t f , (ii) 

The commutators of cartesian components J* and J/ (i, k} I = x, y, z) are 

[%,%} = ieikl%, , (12) 
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The operator of orbital angular momentum L(#, <p) (Sec. 2.2) may be regarded as a special case of J(a, fi, 7), 
viz. at a = <p, f) = tf, 7 = 0 

£(1P,*,0) = £„(*,¥>), » = - 1 , 0 , 1 , 

Ji(<P,#,0) = Li{&,<p), i = z,y,z, (13) 

at a = 0,0 = 0,7 = y? 

^"(0,1?,^) = L'"{fi,<p), 1/ = -1 ,0 ,1 , 
£ ( o , *,*>) = 2 a * . <P)> i = *,y,*- (14) 

(c) Equations (2) define DJ4M,{aifii^) only within normalization and phase factors. To fix these factors 
some additional conditions are required. In the case of diagonal elements of the rotation matrix these factors 
are completely determined by the boundary condition 

0 M M ' ( O A O ) = S M M < . (15) 

As for non-diagonal elements, they are determined by Eqs. (4) and (5) which relate the DJ
MM, of different M 

and Af'. This phase convention corresponds to the condition 

DJ
UM.(0,*,0) = (-l)J+"6M,-M. = ( - I ) ' - " ' * - * , * . . (16) 

4.3. EXPLICIT FORMS OF THE WIGNER D-FUNCTIONS 
DlfM,(a,P,i) may be represented as a product of three functions, each of which depends only on one 

argument a,/? or 7, 
oiiu>W,i) = <-iMadi*w(PKiM'\ (i) 

where dJ
MM,[P) is a real function whose explicit forms are given below. 

4.3.1. Expressions for d^M,(fi) Involving Trigonometric Functions 

dftwiP) = (-1)}-M'\(J + MW - M)\(J + M')\(J - A/')!]* 

- . y i & (C08f) (su>f) l2) 
L>K ' k\{J - M - k)\{J - M'- k)\{M + M'+ k)\' y) 

dJ
MM-{0) = ("1) J + M IU + M)\(J " M)\(J + M')\{J - M')\)l 

(cos f) (sin f) 

k 

T(_1)*_L£2!I> l8U1fJ (3) 
^>y ' k\{J + M - k)\(J + M' - k)\{k -M- M')\' l ' 

diiwifi) = \(J + M)\{J - M)\{J + M')\(J - M')\)* 

xY(-Uk ( C 0 8 ^ ^ ^ (4) 
^ ' k\{J + M - k)\{J - M' - k)\{M> - M + k)l ' X) 
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dJ
MM,(p) = (-l)M-M'l(J + My.(J-M)\(J + M')\(J-M')\}i 

X 2f( } k\(J -M- k)\{J + M' - A:)!(Af - M' + Jb)! * 
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(5) 

In Eqs. (2)-(5) k runs over all integer values for which the factorial arguments are non-negative. Each of these 
sums contains (N + 1) terms, where N is the minimum of J + M, J — M, J + M' and J — M'. Equations 
(2)-(5) are not independent, but may be transformed into one another by changing summation variables. 

Equations (2)-(5) may be regarded as special cases of the more general expression 

x E 

d""'W = [ o-j^l J 
( 1) Ji +m 3 QJM VCOS 2 ) VS m 2 ) 
\ ) Jtm^m* [{Ji + m i ) | ( J i _ m i ) , ( h + ^ y ^ __ ̂ J . 

1 

(6) 

where Ji and Ji are arbitrary integer or half-integer numbers which satisfy the conditions J\ — J2 = M' and 
| J1 — J2\ < J < Ji + J?. The sum in Eq. (6) is over all possible (positive and negative) values of mi and 
rri2 which correspond to nonzero Clebsch-Gordan coefficients. In particular, Eq. (6) reduces to Eq. (2), when 
J i = (J + M')/2, J2 = {J- M')/2, mi = M + Jfc - (J - M')/2 and m2 = -Jfc + (J - M')/2. 

<*MM-(£) = ( - ! ) ' 

4.3.2. Differential Representations of dJ
MIA,{j3) 

¥l(j-My.(j + M>y.{j-M>y] ^~cos^ ' (1 + cos^ ' 

* ^ - < - ' > ™ £ [ ( ^ 

diiutf) = (-I)'-

dJ+M 

¥l(j + My(j-MW-M>y] t1-™® ' (1 + cos^ ' 

X(£*cosfl'-"'l(1 COS^ (1 ' C ° S ^ '' 

*~w-i-iV+Mh[{J+M)$:^ 

In practice it is convenient 
lowest. 

X(icos^)^^-COS^J+"(1 + C ° 8 ^ J " M ^ 

to use such equation from Eqs. (7)-(l0) in which the order of derivative is 

(7) 

(8) 

(9) 

(10) 

the 
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4.3.3. Integral Representations of dJ
MM,{P) 

< W W-* 2? L(J + M')!(J-M')!J 

x j T (.<t cos f + ,-.-'♦ sin f ) ' " " ' (."'t cos f + ,Vt sin f ) '+" .«<♦ « . 

Equation (11) can be rewritten as a contour integral 

' (J + M)\{J-M)\]' t . p fi.j-u' ,Af-M'- l 
dMM'{P) = 

1*1=1 

x ( i * 8 i n | + c o 8 | ) / + M > - J - 1 ( f a . 

The integration contour in Eq. (12) is a circle of unit radius about the origin of the 2-plane. 

4.3.4. Relation Between dJ
MM,{f3) and the Jacobi Polynomials 

The functions dJ
UM, [ft) can be expressed in terms of the Jacobi polynomials 

a!(a + jx + i/)! 
(S + JU)!(S + I/)! 

dMM'{P) = €MM' 

where //, v and 5 are related to Af, A/7 and J by 

(sin | ) " ( c o s I ) P.(".")(co./?), 

and 

H=\M-M'\, i / = | M + M'|, s = J - - ( / * + i / ) . 

_ f 1 if M' > M, 

4.3.5. Relations Between ^ M , (y3) and Hypergeometric Functions 

(11) 

(12) 

(13) 

(14) 

(15) 

"MM-KPt ~ ... 
(s + » + v)\(s + fi)) /?> ( s i n | ) M ( c o s | ) ' f ( - S , a + M + I / + l ; M + l ; s i n 2 | ) , (16) 

dJMM<{P) 
ZMM' ( s + / i + i/)!(5 + /z)! 

!(« + */)! 
/?> (■ inf ) M ( coB | ) I / F ( 5 + /z + l , - 5 - l / ; / x + l ; s i n 2 | ) , (17) 

(g-f jx+.i/)l(a + t/)i 
s!(s + /u)! 

^ (sin | ) M (cos | ) ^F ( ~ 5 , 3 + // + !/ + l;*, + l ; c o s a | ) , (18) 
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dJ (R] _ (-l)'gMAf' aMM' (P) - "j 
(s + /Z + */)!(s + I/)! 

s!(s + /z)l 
(sin|) / X ( C O S 0 I / F ( 5 + I / + 1 ; - 3 ~ / Z ; 1 / + 1 ; C O S 2 0 , (19) 

dMM'\P) = —"V" 
(g + /i + i/)!(3 + /i)! 

s!(s + i/)! 
2a+i/ /?> (sin I ) " ( c o s | ) 9 V(-5,-5-i/;/i+l;-tan2|), (20) 

dMM'(P) = "i 
(s + /z + t/)!(s + i/)! 

$!(s + /i)! (21) 

*-<«-i5«f^^ii^(*fn~!)"K---«--'-^)-'-> 
dMM> {fi) = , „ , , w . w . v,.i ISln 7 J (cos T) f -*. ~» -v;-2»-p-

[81(3 + (i + V)l(s + li)i[S + V)i\3 V lJ V ^ ' \ 

Parameters y.,v,s and a phase factor (MJJI in Eqs. (16)-(23) are defined by Eqs. (14) and (15). 

t.4. SYMMETRIES OF dJ
uu,[p) AND fl&^a./M 

(a) In accordance with Eqs. 4.3(2)-(5) the functions d^^,^} are real and satisfy the relations 
diiwlfi) = (-i)u-"'diu-u.ifi) = (-i)M-M'dJ

M,M{P) = diu,_Mw, 
dJ

MM.{-P) = {-l)M-M'dJ
MM,[P) = <&„(/»), 

diiU>{*-0) = (-!)'-"'diuwiP) = {-l)J+MdJ
M-Mm, 

cos 2l 

dJ
MM,(0±2*n) = (-l)*JndJ

MM,(P), 

dJ
MMI(0±(2n+l)*) = ( - 1 ) ± ( 2 " + 1 ) J - M ' < ^ - M < ( / ? ) , 

n is integer 

(b) Equations (1) imply the following symmetry properties of ^ M ' K i ^ ^ ) 

= DJ-M-M>(<*,-P,l) 

(23) 

= ^ M M ' ( « r ^ 7 ) =nDiM^M,(a,-fi,i) = «r?D £ M - (a, -/?, 7) 
= ^M<M (7,-/?,<*) = <"?££A,'-M(7> " M = iDfruh, -P,«) = ^ - M ' - M ^ , -£ ,«) 
= ^-M-M'( -«»/9 . -7) =vDifM,(-a,p,-i) =er,Di*M_MI{-a,P,-i) = />&»,. ( - « ,&-7 ) 
= t>iir-u(-1>0>-*) =*vDii.ii(-i,0,-a) =vDi*M,_M(-i,P,-a) = sD&,M (-7,/?,-«) 
= ^ - M - M - ("«, -ft, -7) = e ^ j U - (-«, -/?. "7)= » ? ^ M - M < ( "« , "A -7) = sDttu,(-a, -/?, -7) 
= S ^ M - - M ( - 7 , -/?, - 0 )= iJ0&.ji,(-7, -/?."«) = ^ ^ £ M - - M ( - 7 , -/?, - " ) = D^M(-lt -0, - a ) , 

(1) 

(2) 

fhere 
« = ( - ! ) M'-M „ __ - t 2 M a - » 2 M ' i (3) 
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The periodicity conditions for DJ
MM,(a,fi,i) are 

DJ
MM,{a,p± 2nx,T) = ( - l ) 2 n J D^^a^n), 

J>iiti.{a,P± (2n+ IK7) = ( - i ) * ^ ) ' - " ' />£_„,(<»,/?,-7), 
£>&„, (a ± n*. /?, 7) = (-i)±2nM DJ

MM, (a, /?,7), 
DJ

MM,{aJn ± n*) = (-i)±2nM> DJ
MMI(a,M), 

where n is integer. Note also that 

Some properties of -DjJfA/'(<*,/?, 7) follow from the addition theorem (Sec. 1.4.7). Let us consider some 
special cases. 

(i) The matrix of the transformation S{x} y, z) —► S"{x', - y ' , - 2 ' } may be obtained from the matrix of the 
transformation S{x} y, z) -> S'{x', t/, *'} by substituting (a + TT, TT - £, - 7 ) for (a, £, 7). On the other hand, 
this substitution corresponds to an additional rotation Rxt about the x'-axis through an angle —7r. Hence, 

0&Ar'(* + * . * - 0 > - 7 ) = £ , ^ 

= ( " 1 ) J ^ M - M ' K ^ 7 ) . (6) 

(ii) The matrix of the transformation S{x, y,z} —► S"'{-x' , t/, - * ' } may be obtained from the matrix of 
the transformation S{x, y, z} —♦ S'fx'jy',;?'} by substituting (a —TT, 7r — /9,7r — 7) for (a,/?, 7). This substitution 
corresponds to an additional rotation Ry> about y'-axis through an angle —7r. Hence, 

DMM. (<* - TT, TT - /?, TT - 7) = *y' £>Af M' (<*, j8, 7) = £ DMM« («. P> l) ^ll"M< (°> ~*. °) 

= ( - l ) J + w ' J D ^ _ M , ( a ^ , 7 ) . (7) 

(iii) The matrix of the transformation S{x^y%z\ —♦ S""{—x', —y',z'} may be derived from the matrix of 
the transformation 5{x, y, z} —► S'{x', y', z'} by replacing (a, £,7) —♦ (a, ^ , 7 — TT). This corresponds to an 
additional rotation Rz' about the z'-axis through an angle — n. Thus, 

DiiM>{«>P,1-*) = Rz>Di[M,{a,fi^) = J2DMM"(c^,l)DJ
M:M,(0,0,-ir) = (-1)M'DJ

MM,(a,0n). (8) 
M" 

Note that three successive rotations through angles — ir about the axes x', y' and z1 return the coordinate 
system to its initial position. 

4.5. ROTATION MATRIX U3
MM, IN TERMS OF ANGLES u;,e,<& 

4.5*1. Definition 
In some cases the description of rotations in terms of w ,©,$ (where OJ is the angle of rotation and 0 , $ 

are the angles which determine the rotation axis, see Sec. 1.4) is more convenient than that in terms of the 
Euler angles a, £ ,7 . Matrix elements of the rotation operator in terms of variables w, ©, $ will be denoted by 
tf£*'(«;e,*): 

ultw («; ©. *) = < |̂e-*"»-» \JM') . (1) 

(4) 

(5) 
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Therefore, under a rotation specified by a;, 0 , $ the components of an irreducible tensor of rank J transform 
as 

Wju'i*',*!) = 52*tjM(*,V>)Uitli.{w,e,*) . (2) 
M 

The polar angles t?, <p and i?'\<p' which specify a direction of an arbitrary vector in the initial and rotated 
coordinate systems in terms w, 0 , $ are related by Eqs. 1.4(5) and 1.4(6). 

4.5.2. Explicit form 
(a) An arbitrary rotation specified by angles a>, 0 , $ may be considered as a result of three successive 

rotations of coordinate system: 
(i) R\{ai = $ , /? != 0 ,7 i = —$), i.e., the rotation which turns the 2-axis to the direction of n ( 0 , $ ) ; 
(ii) ^2(^2 = w, £2 = 0,72 = 0), i.e., the rotation about n ( 0 , $) through an angle w; 
(iii) R$(as = $,Pz = ~ © J 7 3 = ~$)> i-e*> fche rotation which is inverse to i?i. The result of these three 

rotations yields the relation between ^ ' ( w ; 0 , $ ) and the Wigner JD-functions 

U'uw(«5 ©> *) = E D M M » ( • , 6 , -$)e"iM'#w !>£„*,,(*, - 0 , - • ) . (3) 
M" 

Equation (3) enables one to find an explicit form for ^ M , ( w ; 0 , $) for particular J , M and M'. 
(b) According to Eq. 4.6(10) the functions U^j^^w; 0 , $) may be directly constructed from the matrix 

elements U^m, which represent the Cay ley-Klein parameters (see Eqs. 4.6(12)). This gives the expression 

(M+M') 

UMM<{"'>®>*)={ 

I I t t ; / \-iv) e 2-/a «!(«+M+M')!(./-M--«)!(V-M'-«)! V1 "" v /> 
M + Mf > 0, 

(4) 
f • f , l W « * "i"1 %-t(M-M')*Y^ ^/(J+AQ»(J-M)l(J+y')l(J-ArjT , 2U 
l~»Vj ^ - t v ; e 2^« a!(,-M-M')!(/+M-«)!(J+M'-«)l I1 ~ V / > 

M + M ' < 0 , 

In this case Eqs. 1.4(26) have been used, and the following notations are introduced 

v = sin — sin 0 , u = cos ■— — i sin — cos 0 . (5) 
2 2 2 l ' 

In Eqs. (4) the summation index s runs over all integer values which do not lead to negative factorial arguments. 
(c) Another explicit form of l7^M,(a;; 0 , O) can be obtained directly from ^A/'(o!, i9,7) by changing 

variables (w,0 ,$) -+ (a, 0, 7) with the aid of Eqs. 1.4(16) and 1.4(17) 

/
1 " t t a n

2
| C ° S e ^M'tf). (6) 

y i + tan2!**2©; 
The functions d^ M , ( ( ) are defined in Sec. 4.3, and the angle £ is determined by 

. £ . < « ; . - ,_. 
sin - = sm - sin 0 . (71 

2 2 w 

(d) The function U^M,((JJ; 0 , $ ) may be expanded in a series of the spherical harmonics which depend on 
polar angles © and $, 

AM 
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where X\{w) *& a generalized character (of order A) of the irreducible representation of rank J. Explicit forms 
and properties of XA(W) W ^ De giv e n below in Sec. 4.15. 

Equation (8) shows that U^M, (a;; @, $) depends on M and M' only through the Clebsch-Gordan coefficients 

°JMAM# 

4.5.3. Differential Equations 
Uj^Mt(oJ] 6 , $) are eigenfunctions of three operators JZ) Jz and J2 whose eigenvalues equal —My—M1 and 

J(J + 1), respectively. In terms of v, 0 , $ these operators have the forms 

j ^ . ^ c o . e — - ^ c o t - s i n e — + - . — j , (9) 

J\ = ~ t COSe-r - C O t - S i n e — - ~ - T T , (10) 
* L aw 2 2 a e 2 d $ r v ' 

-2 r a2 a; a i / a2 a i d2 \ 1 
J M^ + C O t 2^ + I ^ f e + C ^ (») 

Thus, Ĉ jvf A / ' ^ J e , $) is a solution of the differential equations 

[ J 2 - J ( J + l ) ] ^ M , ( o ; ; e ) $ ) = 0, 
[ £ + M]0&*. (« ;e , *) = <>, (12) 

[ £ + M']t /M M , (W ;e ,$) = o, 
with the boundary conditions 

d 
UMM.{0;e,$) = SMM,, 

3 $ 
a 75^£*'(«;e.*)L = ^ ^ h e , $ ) e=o a$ = 0. 

(13) 

4.5.4. Orthogonality and Completeness 
A collection of the functions U^M,(OJ\ 6 , $ ) with all possible integer and half-integer J > 0 constitutes a 

complete set of orthogonal functions of three variables w, 6 , $ defined in the domain 

0 < 0 < 7T, 0 < $ < 2TT, 0 < CJ < 2TT, (14) 

whose total volume is equal to 167T2. 

(a) Orthogonality and Normalization 

f2n L) fn f2n 1fi ^ 
4J0 ^sin2 2 y0

 dQ8in0/0
 d*^AViKQ.*)^i/»(«;©.*) = 2 j r T i ^ / , ^ J , / * ^ ^ - (15) 

(b) Completeness 

7=0,1/2,1... 1 6 * MM' 4 S i n e 8 1 ^ | 
(16) 
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4.5.5, Principal Properties 

(a) Inverse transformation 

l ^ ' ^ e , ^ = C(-";e^) = ̂ (^;^-e,f+$). (17) 

(b) Complex conjugation 

UtiM,(w;e,$) = UiI,M(w;n-e,x + $) = UZ{,M(-w-,e,$). (18) 

(c) Reversal of argument signs 

VJ
MM,(-u;®,*) = {-l)M-M'uiM,_M(u;e,*), 

l ^ M , ( a , ; - 0 , $ ) = ( - i r ' C ( " ; M ) , (19) 

(d) Periodicity 

UtiM,(u>+4ir;e,$) = UZiMI{u>;e,$)) 

ULw (*; © + 2TT, $) = UJ
MM, (a,; 0 , $ ) , (20) 

^ M > ; © .* +2*) = ^ M < («;©>*)• 
Half-period Shift of Arguments 

U&M,(w + 2n;e,$) = (-l)*JU£{MI(w,e>$), U^M>(2n - a,;©,*) = (-l)M+M'uiM,_M(w,e,$). 
ULM-{u\® + *,*) = {-l)M-M,VLM,-M(w;Q,<S>), Unfair-e,*) = UlM,_M(w;Q,*), 
Che^ + ̂ l-f^'Cke,*), t^^e.Tr-^H-i^-^^je,*) 

(21) 

(e) Permutation hft-M1 and reversal of signs of M and M' 

C h e , * ) = ( - I ) J " M ' ^ M M ' K ; 0 I > ^ ) = (-I)J + A^M-M'("I;©I.*I) -
where angles wi, ©i, $ i and w, @, $ are related by the equations 

cos — = sin — sin 0 sin $ . 
2 2 ' 

s in— cos©i =—sin- - s in©cos$ , (23) 
It L 

W 
cot $1 = — tan — cos 0 ; 

2 

cos — = sin — sin ©i sin $i . 
2 2 

sin — cos 0 = — sin — sin ©i cos $ i , (24) 

cot $ = — tan — cos ©i , 
2 
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sin2 ^ sin2 0 ! + sin2 £ sin2 0 = 1. (25) 

Some relations which are valid for DJ
MM,{OL}P^) remain valid for U^M,((JJ\Q} $) . In particular, the 

Clebsch-Gordan expansion 

tf&*i(«;e.*)tf&«;(w;e.*) = YI^XJ^UMM^Q^)CJ^[J3M' (26) 
3M 

is equivalent to Eq. 4.6(1), and the addition theorem 

^u^Mn{w2;e2i^2)u^,Mf{w1]el)^l) = uJ
MM,{^e^) (27) 

M" 

is equivalent to Eq. 4.7(1). The angles wi, ©i, $1, w2, ®2, $2 and w, ©, $ are related by Eqs. 1.4(76). 

4.5.6. Special Cases 

(a) The rotation axis n ( 0 , $) coincides with one of the coordinate axes: 
(i) The x-axis ( © = § , $ = 0) 

0i*'(«; J.o) -i>i^(f.«.-f) - H ^ ^ H i (28) 
(ii) The y-axis (© = f, $ = f ) 

U"M' (W; f' f ) = DMM'(°>W> ?) = rf&"'H> (29) 
(iii) The *-axis (© = 0) 

C h O ^ ) = W e " , ¥ w . . (30) 

(b) Rotation about n(©,$) through a small angle w <. TT/2. 

^MM*(";©>*) = ^ ^ ( 1 - t w A f cos©) - y e - ^ s i n © V U - M ' ) ( J 4 - M ) 5 M , M ' + i 
- — e^y/{J-U){J + M')SMMi^i - (31) 

(c) Explicit forms of UjhM,(u>] 0 , $) at M = ±J and/or M1 = ± J 

k 2 J / m uj \2J 

(32) 
t/j7(a;;©, $) = (cos— — t sin — cos©) , UiJmmJ{u)\ ©,$) = (cos — -Hi sin — cos©] 

\ it it ' \ L It / 

^ . j t ^ e , * ) = ( - i s i n ^ s i n © ^ * ) 2 7 , tfijjfae,*) = ( - i s i n l s i n Q e ^ ) 2 

(d) Explicit forms of ^ A f ' ( w J e » * ) / o r J = §> *> § > 2 a r c 0 t v c n W o u ; in ™es 4-2S-4.26. 

4.6. SUMS INVOLVING D - F U N C T I O N S 

4.6.1. The Clebsch-Gordan Series 
The product of two /^-functions with the same arguments may be expanded in the following series 

J1 + J2 

D&Ni (<*> A l)DJi%N% (a, fi, 7) = £ £ C / 3 M 3 D J M N ( * , A T f j C j ^ J f „ , , (1) 
J = | J i - J 3 | MiV 
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Here Cj^[iij3M2 is a Clebsch-Gordan coefficient (Chap. 8). The sum in Eq. (1) has 2j + 1 terms, where 
j = min( J i , J2) . Equation (1) may be regarded as a particular case of the expansion of an arbitrary function 
in a series of the D-functions (Sec. 4.10). 

4.6.2. Some Applications of the Clebsch-Gordan Expansion 
The Clebsch-Gordan expansion, Eq. (1), together with the orthogonality condition of the Clebsch-Gordan 

coefficients, Eq. 8.1(8), enable one to calculate sums of products of the D-functions with identical arguments. 
Hereafter we introduce the 3 j -symbol {J1J2J3} defined by 

r . . . -i f *■ tf 3i + h + h is integer and \jx - j 2 \ < 33 < ji + j2 , ( . 
\ 0 otherwise, 

{J1J2J3} is invariant with respect to permutations of j\,J2)J3* Using Eqs. 4.6(1) and 8.1(8), one obtains 

E ^ M ^ M ^ N A ^ ^ D ^ ^ ^ C J X J ^ =6jJ,{J1J2J}DJ
MN(a,p,1). (3) 

MXM3 
NXN3 

E E Gi^j^Dii^ia.fi^Diisia,M)CJ^N2 = SNlN[DJ^N7(a,/?,7), (4) 
J=\Ji-J7\ MiM 

E DkNS^Pn)DJ^Ni(a,Pn)c^NlJlNi = cj^j^D^a,^), (5) 

E Di;N(atfin)DiilMl{a,M)D^Nt(a,fi,1)CJ^flj,If,=CS^iljttit (6) 
NXN3N 

J*N2
 = $JJ'f>NN'{JlJ2J} 1 (7) 

MXM3M 
NXN3 

4.6.3. Generalization of the Clebsch-Gordan Expansion 
The Clebsch-Gordan expansion can be generalized to the case of an arbitrary number of I?-functions of 

identical arguments by successive use of Eq. (3). For instance, the summation of products of three D-functions 
yields 

/ ^ ^ l a M n J*M*^JIMX J\M3 ®MXNX (a> P> l)®M3N3 (a» P> l)®MsNs (a» @> ^)CANX ^Ni^J^N^J^Ns 
Mi Mi Ms 
NXN3N* 

= Sjj'Sjl3rl2{JiJ2Ji2}{Ji2J3J}DiiN(aJil). (8) 

In particular, for the case when J3 = 0, Eq. (8) is reduced to Eq. (3). 
In general, the sum of products of k D-functions is given by 

k k 

E II < & - . * ■ * ^ («, 0, l)tf*Hl_litnt = DJ,ZkNk (a, fi, 7) J] SJt jjiM-i J<) , (9) 
mi,... ,mfc i=i i=i 

where J t(t = 1,2,... , k) is any angular momentum consistent with the vector addition rule, 

J* = j i + J2 H 1" j» > M» = mx -h m 2 H h m» , N> = nx + n 2 H h n*. 
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It is assumed in Eq. (9) that J0 = JQ = M0 = N0 = 0. 
In particular, for j \ = j 2 = . . . = jic = § and J t + i = J{ -f | one has 

E ^ 
mi (a, /?, 7)A?i3n2 («, /?, 7) • • • £>mfcnfc (a, & 7) mi4-...+mjt=M 

ni + ... + nfc=iV 

~ V(J + M)\(J- M)\{J + N)\(J- N)l DJMN{0C' fit l]' ( 1 0 ) 

where J = Jk = k/2 is either integer or half-integer. Similarly, for j \ = j2 = . . . = jk = 1 and J t+i = Jt- -f 1, 

I k 
E \ II(1 + ^ o ) ( l + ^ o ) I > i l x n 1 K / ? > 7 ) ^ 3 n J ( « ^ . 7 ) . . . J D i u n t K ^ 7 ) 

mi+...+mfc=M \ *,j = l 
ni + ... + nfc=JV 

= V(J + M)\(J - M)\(J + N)\(J - Ny. Di{NK*7) • (11) 

where J = Jk = k is integer. 
Equations (10) and (11) are useful for evaluating the Wigner D-functions. For example, Eq. (10) gives an 

explicit form of the D-functions in terms of the Cay ley-Klein parameters (Sec. 1.4.3.) defined by 

2 2 2 2 

£iii(<*./?.7) = &, 0 * i _ i ( a , & 7 ) s a * . 
2 2 2 2 

(12) 

The appropriate expression for the D-functions has the form 

DJ
MN(a,M) = V(J + M)\(J-M)\(J + Ny.(J-N)\ E (a)P(6)'(f.)r,("6*)t • 

plains! 
p,q,r,s r * 

(13) 

Here the summation indices p, <?, r and s run over all integer values consistent with the condition 

p + g + r - f s = 2 J , 
p - ? - r + s = 2 M , (14) 
p + ? - r - s = 2iV. 

According to Eqs. (14), only one parameter from p, qy r and s is independent, i.e., in fact, Eq. (13) represents a 
single sum. The independent summation index may be chosen in different ways. This yields different explicit 
forms for the D-functions, Eqs. 4.3(2)-4.3(5). For example, if r is taken to be independent, Eq. (13) reduces 
to Eq. 4.3(2). 

4.6.4. Dete rminant of Ma t r i x DJ
MM, 

The determinant H-D^^H of the rotation matrix is an invariant sum of products of 2 J + 1 D-functions. 
According to Eq. 4.1(7), this matrix is unimodular, i.e., 

E ( - 1 ) F ^ - / M j ^ ^ 7 ) D ^ + 1 M 3 ( a , / 9 , 7 ) . . . D ^ + 1 K ^ 7 ) = l , (15) 
p 

where MXi M2,... , M2 j+ i represent all possible permutations P of J, J - 1, J - 2 , . . . , - J . The phaste factor 
(—l)p equals +1 for even permutations, and -1 for odd ones. 
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4.7. A D D I T I O N OF ROTATIONS 

4.7.1. The Addit ion Theorem for # M M ' K A 7 ) 

Let two successive rotations of the coordinate system, S{z, y, z) —* S'{a;',y',2'} and Sf{x\ t/,zf} —» 
S"{x",y", 2r"}, be described by the Euler angles a i , £ i , 7 i and a2}p2,'y2) respectively, and the resultant rota
tion 5{z, y, 0} —» S"{a;",y",2"} be described by the angles a,/?, 7. In accordance with Sec. 1.4.7, there are 
two alternative forms of the rotation addition. 

(a) The operator of the resultant rotation, D(a} P,7), is given by Eq. 1.4(64), if all rotations are performed 
according to scheme B (Sec. 1.4.1) and the Euler angles a2,p2,72; &u Pi> 7i ai*d a, p} 7 are defined with respect 
to the initial system S{x, y, z). Then the addition theorem reads 

3 
Y, DMM4"2^2n2)Dif„M,{a1Jini)=DiiM,{a)Pil) , (1) 

where a , ^ , 7 are related to OJI , /?I ,7I and 0:2,#2,72 ky Eqs. 1.4(66)-1.4(70). 
(b) The operator of the resultant rotation D(aJ/3i^) is given by Eq. 1.4(73), if c*i, )0i,7i and a , ^ ,7 are 

defined with respect to the initial system 5(2:, y,z}} but c*2, #2> 72 are defined with respect to the intermediate 
system Sf{x,

iy'izt} (scheme B), or if successive rotations are performed according to scheme A. In these cases 
the addition theorem reads 

J 

£ DMM4^uPini)DJ
Mt,M,(a2J2il2) = D^iaJn) (2) 

M" = -J 

and a,/?,7 are related to <*i, ft,71 and a2i #2,72 by the equations which may be obtained from Eqs. 1.4(66)-
1.4(70) by replacing (<*!,&,71)2 {a2)p2)')2). 

In particular, 

J 

£ C ' ^ A . ^ w h - f t . l ) = DJ
MM,{aJl-^p2n), (3) 

where p is arbitrary, and 

J J 

£ DfiM»(*,M)Di;,hi„(*%p%<i)= Y, ^ K ^ ^ W K ^ - ^ ) 
= DJ

MMI(0A0) = SMMI. (4) 

4.7.2. The Addit ion Theorem for dJ
MM,{p) 

Equation (2) may be rewritten as 

Af"=-J 

Here 
. _ sin^i 

cot a = cos pi cot <p -f- cot P2 ~ > 

cos /? = cos Pi cos ̂ 2 — s m Pi s m ^2 cos <p, (6) 
_ _ sin ̂ 2 cot 7 = cos p 2 cot v? -f cot p \ —: . sm^> 
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Equation (5) is simplified in the following particular cases. If <p = 0 and Pi + f}2 < fl", then a = 0, p = Pi + j92 

and 7 = 0, 
J 

E dMM"(^l)^M-M'(/52) = <&*,,(/?! + ft) . (7) 

If v? = 0 and Pi + jff2 > *"> then a = TT, £ = 27T - pi - j92 and 7 = TT, 

£ < & M » ( / ? I ) < & » A , < ( & ) = {-l)u+M'd3
MM,(2* -fil- h) ■ (8) 

]£ <p = ir and ft > ft, then a = 0, £ = ft - ft and 7 = ?r, 

2 ( - l ) M " - W ' ^ M » ( ^ ) ^ » M ' ( ^ ) = ^ M ' ( ^ l - ^ ) . (9) 

In particular, for ft = ft, 

£ ( - 1 ) M " - A / ' ^ M » ( ^ ) ^ » M ' ( ^ ) = ^ M ' . (10) 
A f " = - J 

If V? = TT/2, then 

where 

£ ( - 0 M " ^ M » ( A ) ^ » M ' ( / J 2 ) = « - < M a ^ M ' ( / 9 ) « - ' M ' 7 , (11) 
A/" = - J 

cot a = cot ft sin Pi, 
cos )0 = cos Pi cos ft > (12) 
cot 7 = cot Pi sin P2 . 

4.7.3. Addition of Two Identical Rotations 
When a i = 0J2, Pi = P2 and 71 = 72 the addition theorem, Eq. (1), together with the Clebsch^Gordan 

expansion, Eq. 4.6(1), yield 

£ E C S " C r n % « ^ K M ) ^ ' = DLn.M,l) , (13) 

where 
cos p = cos2 P — sin2 P cos(a + 7 ) , 

tan(a — a) = tan(^ — 7) = 
t a n ^ (14) 

cosP 

In particular, if a = 7 = 0, 

£ £ C / £ m « " ^+m»m»+M. M O M 7 ' = ^ m ' (2/3) . (15) 
J = 0 , 1 , . . . m" 
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4.7.4. The Multiplication Theorem for d^M, {{}) 
Equation (5) leads to a representation of products of two dJ

MM, (/3) functions 

1 p2n 
dJMM»(Pl)dJM»M>(02) = ±l_^M''*-Ma-M'')dJ

MM,{f})d<p . (16) 

Here a, fa*) are related to fa>fa a n ^ <P by means of Eq. (6). 

4.7.5. Sums Involving the Z?-Funetions of Different Arguments 
In addition to Eqs. (1) or (2) one can derive the following invariant sums which are equivalent to the 

characters of irreducible representations of rotation group for two rotations (Sec. 4.14): 

( a ) 

£ DJ
MM,(a1Jini)DJ

MIM(a2J2,l2)=X
J(RxR2) = x'^Ri) = M a ^ + 1)SJ f ( l 7 ) 

MM' 

where 

0>) 

where 

<o fa fa <*i + 7i + <*2 + 72 . fa . fa <*i ~ 7i - OL2 + 72 
cos -- = cos — cos —- cos sin — sin — cos 

2 2 2 2 2 2 2 
fa + fa Qi + 72 7i +<*2 fa -fa . <*i + 72 . 7i + ^2 ,1Q* 

= c o s c o s _ c o s _ c o s s m _ s m _ m n8) 
O O O O O O * ' 

E DiiM.{aup1ni)DiiM.{a2th%^) ^ x
J(iW*) = x W * 2 ) = ! * L ± ^ l l l , (19) 

w' >9i A <*i + 7i ~ <*2 - 72 , . fa . fa <*i - 7i - <*2 + 72 
cos — = cos — cos — cos h sm — sm — cos 

2 2 2 2 2 2 2 
fa -fa <*i-<*2 71 - 72 fa+fa . Q1-Q2 . 7i - 7 2 ,onx 

= cos cos cos cos sm sm — . (20) 
2 2 2 2 2 2 x ' 

Equation (20) may be obtained from Eq. (18) by replacing (a2> £2*72) —► (—721 —fat —0^2)-
Similarly, one can arrive at invariant sums which may be reduced to the characters involving three and 

more rotations, i.e., xJ i^i^Rs) etc. 
4.7.6. The Ponzano-Regge sum 

Note the following sum involving products of three dJ
MM, (fl) functions with the same J but diflFerent 

arguments (Ref. [89]) 

f ; (2J + l)dJ
MlMl(h)dJ

MlMi {^)dJ
UiMl(fc) = 2-^j=l cos Hh MtSA . (21) 

Here the summation index J runs from Jmin = max{|Mi|, IM2I, IM3I} to infinity, Mi, M2, M3 being fixed, and 

B = 
1 cos fa cos fa 

cos fa 1 cos fa 
COS fa COS fa 1 

(22) 
L I 

, . f 1 x>0 , , 
0(x = \ (23 
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Fig. 4.1. Geometrical interpretation of the angles in Eq. 4.7(21) 

The relations between the angles Si,62,83 and fii,fii,fiz are 

cosjgjcosfo-cosft , . . 
sin pj sin pk 

sin fa _ sin̂ 3y , (t,y = 1,2,3). 
sin Si sin S}-

These relations may be easily obtained by using spherical trigonometry (see Fig. 4.1). 

4.8. RECURSION RELATIONS FOR DJ
MM, 

4.8.1. Relations between DJ and DJ±1 

(24) 

(25) 

«*fiD>Mat.{a,fitl) = V(J2 ~ ffff)" M'2) gfcM«,M) + ^ D^icM) 
y/\(J + 1)* - M»)[(J + 1)* - M»] J+1 

+ ( J+1)(2J + 1) D««' {aJn)> (1) 

• a ia„j , * * ViJ + M) (J + M + 1) (J2 - M'2) . . , „ . 
sin/?e~Djk+1A/,(a,/?,7) = - ^ J ( 2 J + l ) - * > & * ' ( « . M 

M V ( J - A / ) ( J + M + 1) , 
+ 7(JTT) DMM' {a>/3,7) 

+ ( J+1) (2J+1) % M ' l Q , / 3 , 7 ) l (2J 

• fl-ianj , a * v / ( J - M ) ( J - M + l ) ( J 2 -A/ ' 2 ) . , , a , 
sin/?e-a£&_1M,(a,/?,7) = - ^ J (2J+1) ^ATM-(<*.£> 7) 

M V ( J + M ) ( J - M + 1 ) . 
+ J(7Tij ^M M ' ( a '"• 7) 

V(J + Af)(./ + M + l)[(J + l ) 2 ^M ? 2 T„ J + 1 
(J + 1)(2J + 1) £&&(«. M , (3) 
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sxnWDitM.^iaJn) = ^ J(2J+1) *>&£•(<*, 0,l) 

JilTT) DMM' (Q' P> l] 

Vl(J+l)*-M*](J-M>)(J-M> + l) J+1 

(J + 1)(2J + 1) DMM'[a'P'1]' M 

• a -.-, „ j , „ , V(J2 - M2)(J - M')(J - Af' + l ) n . . . „ . smpe-"'D({M,_1(a,/3n)=-X+ '^ + " '- D&£. {a,j3,7) 

M^{J + M'){J-M' + 1) . 
J{J+1) Ditii'faM) 

+ (j+i)[2J+i) DMM ' K M h (5) 

4. V(J-M)(J-M + 1)(J-M')(J-'WTT) J+1 
+ (J + i ) (2J+ l ) °MM'(a'*7j ' ( 6 ) 

„, ««+,> „/ , „ , \/(J- M)(J - M + 1)(J - M')(J - M'+ 1) nT , , „ » 
(l + cos0)«-'<a+^ J ^ ^ K M = ^ ^ 7(2jVl) '-*>&£'(<*, M) 

. V(J + M)(J-M+l)(J + M')(J-~MrTT) nj . R , + JfJ—q 5 ^ (", C 7) 

+ (J + 1)(2J + 1) **»<• ( a ' " ' 7 ) j ? ) 

B l t f „ , l n , , „ . N / ( / + M)(J + M+l ) ( . / -M ' ) ( J r - J t f ' + l) „ , , , „ , 
(1 - cospyl-'') DL+w^faPn) = — j ( 2 j V l j L *>&£>(<*> P>l) 

y/(J-M)(J + M + l)(J + M')(J-M' + l) j 
j ( J T i ) ^ ' ( a , A l ) 

. \ / ( - / - ^ ) ( . / - M + l ) ( J + M')(7 + M' + l) J+1 
+ (J + 1)(2J+1) % M ' l t t ' A 7 , ' ( 8 ) 

h ™,«,-■<—») n ' r„ /» „\ V(J-M)(J-M+i)(J + M')(J + M'+i) ._, 
(1-cos^Je ' 7 ' £ ' A / - I M ' + I ( Q : ' / 3 ' 7 ) = J (2J+1) VMM'[a>P>V 

y/(J + M)(J-M + l)(J-M')(J + M' + l) j 
jfj—y Duw («. A 7) 

V(J + M)(J + A/ + 1 ) ( J - Af')(J - M^TI) J+1 
+ ( J + l ) ( 2 J + l ) ^ W ' (°'P> ^ 

(9) 
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Equations (l)-(9) may be obtained from the Clebsch-Gordan series, Eq. 4.6(1) with Jj = 1. 

4.8.2. Relations Between DJ and DJ±1I2 

cos 
B •«*, , J ( J + M + i ) ( J + M' + §) x 

^ ^j^rr D£}.{">B,I) , (io) 

sinfe^P^+^,_,(a,/3,7)=--^ ^ ~ D^a, M) 

J ( . 7 - M + ± ) ( J + M' + §) ,.,, 
+ ~ 27TI DP&W.1). (ID 

cos 

J ( J + M + i)(J + M' + | ) ,+ 1 

sin 
B ..=» , J ( J - M + | ) ( J + Af' + | ) x 

2.7+1 

Equations (10)-(13) may be obtained from Eq. 4.6(1) with Jx = §. They yield 

2 J + 1 ^ . («./». 7 ) . (13) 

DiiU'W*) = V T 3 - C°Sf e ^ ^ J ^ W " ) 

DitwWti) = \ / j^ i - 8 i n f e ^ ^ i « 4 ( a - ^ ' 
+y7ii-co8fe"<afx2?M-w-i(a>^^> ( ^ v - / ) . (is) 



WignerD- Functions 93 

4.8.3. Relations Between D^M, and D[£±lh£,^1 

" M tM C 0 8 ^ P ^' ( a ^' 7 ) = I V ( J + M,)(J~M, + 1)J^'-l(a'^7)e"<7 

+ iy/iJ-MW + M' + VDLmicfi,^ , (16) 

sinp 2 

+ ±V(J-M)(J + M + l)DJ
M+1M,(a,f)n)e«>, (17) 

tf' (a 8 ̂ *- - t l(J + M'){J-M' + ij 1 + COBP -7 j 
Du+iwicW* ~ y (J-M)(J + M + 1) ~2 * JW-iW.**) 

M'sin ft j t x 

/ ( J - M ' ) ( J + M'TIj" 1-cos/? <7 ., 
y (J-M)(J+M+I) ~r-e ^ W + I ^ M . (is) 

/?' f a f l ^ - - - /(^ + M')( J - M' + 1) 1 - cos/? ■, 7 

M'sinB ^j t * \ 
y/(J + M)(J - M + l) 

U-M')[J + M'+ 1) 1 + cosB . nJ . a . 

n ' t» 8 «\,* -. liJ + M){J-M + l) l + cos/9 ia j 

M sin ft j , , 
^(J-M>){J + M> + l)DuM'Ml) 

.fciQL^lL-^^^^,,, (20) 
(J-i l / ' )(J + M' + l) 2 

D ' f« 8 i)^ - t (J + M)(J-M + 1) 1-cos/? ia j 

M 81X10 ^ r , - x 

^{J + M'){J-M' + 1) 

l(J-M)(J + M+l) 1 + cosB < j 
+ V(J + M>){J-M> + 1) ~^—e ^ + 1 M . ( « ^ , 7 ) . (21) 
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4.9. DIFFERENTIAL RELATIONS FOR DJ
MW {a, £.7) 

Derivatives of DlIU,(a,fi,f) may be expressed in terms of the 2?-functions with different M, M' jand J 

. „ d r, J , >, , (J + l)y/U2 - M*)U* - M'2) _ , . . . . MM' nJ , „ . 
sin/3— DJ

MM,(aJtl) = " i J(2J + 1) ~"^ ^ i i i 'K ATf) - J{J + 1) Diiw(«f,l) 

+ (J+i)(2J + l) ' W K / ^ ) . 

^ J>£*.(«,iM = - \V(J + Af)(J - M + 1) e-teDi_1*,(a,0,Tf) 

(1) 

+ ± v V " M)(J + M + l) *iaDJ
M+lu, (a, fi, 7 ) , (2) 

- \v(J -mv+M' +.iyS'Djiti.+1ia,e,1), (3) 

jp DJ
Uii.{atfitl) = M' Jf™fi DJ

MM,(a,M) - V(J + M)(J - M + l)e~ia />&_!„,(«,/J,^ , (4) 

§pDJMw{«>P>l) = ~M' ^ ^ D ^ i a J ^ + ̂ J^M^J + M+^e^D^^a,^ , (5) 

j-pDJMw{«,P,l) = M £'™fiDiiM.(a,e,l) + V(J + M')(J-M> + l)e-*DJi„._l(a,p,1f) , (6) 

^ ^ M , ( a , / ? , 7 ) = - ^ ^ (7) 

Q^DJMM-{<*>P,l) = -iMDfiM,(a)i3)1)> (8) 

^ DJ
MM>(a,M) = ~iM'DJ

MM,(<x,Pn) • (9) 

See also Eqs. 4.2(1) and 4.2(2). 

4.10. ORTHOGONALITY AND COMPLETENESS OF THE D-FUNCTIONS 
The functions D3

MM, (a, f}t 7) with different J (integer and half-integer) are mutually orthogonal wit | respect 
to integration over a double volume of the 3-dimensional rotation group (i.e., over the volume of SU| group) 
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because the period of D3
MM, (a, ^9,7) with half-integer J is in rather than 2n. The double domain may be 

chosen in two ways: 

Vi : 0 < a < 4TT, 0 < /3 < n, 0 < 7 < 2*r; (1) 
V2 : 0 < a < 2ny 0 < P < n} 0 < 7 < 4*\ (2) 

The total volume of the double domain V\ or V2 is equal to 16*2. 
Orthogonality and normalization condition is 

/ d0t / df* 8 i n ^ / ^ ^ " J ( a * *' ^ M " ! (°- A T) 
16w2 (3) 

If Ji and J2 are both either integer or half-integer, orthogonality of the /^-functions takes place at integration 
over the single volume of rotation group which corresponds to the domain 

V : 0 < a < 2TC, 0 < /? < TT, 0 < 7 < 2a\ (4) 

The total volume of the domain V is equal to Sir2, Hence, the orthogonality condition (3) is reduced to 

t2n f* f2lt 8#3 

J daJ^d/SsmP^ < * y Z > £ ; M , ( a , A 7 ^ (5) 

In physical applications Eq, (5) is used more often than Eq. (3). 
The orthonormality of DlfM,(a1fitn) may be rewritten in terms of dlfM,(fi) 

Jo"d{}sin0diiMI(0)d&M,(0) = j£-l6jj.. (6) 

Thus, the collection of functions -DjJ/jv/'(<*,/?, 7) with integer and half-integer J constitutes a complete set 
of orthonormalized functions. The completeness condition is 

00 J J 2 J + 1 
£ E E l^^^V(«i,/3i,7iP^(«2,^,72) 

J=0,£,1, . . . A / = - J Af' = -J 
= <5(ai - a2)£(cos/?i - cos&Kfri - 72). (7) 

Any function / ( a , 0,7) which is defined in the domain V% (or V2) and satisfies the condition 

HI' dadfi*mf)d'1\f(«,f>n)\7<<x>, (8) 
Va(V3) 

may be expanded in a series of the D-functions 

00 J j 

f(",P,l)= E E E ^MM-DltM.iaJn). (9) 
J=0,J,1, . . . */ = - / M'=-J 
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The expansion coefficients aJ
MM, are determined by 

a)U< = ^ ^ fjf dad^smPd^fia^^D^iccJn) , (10) 
Vi(Va) 

and obey the relation 

£ TJTi £ £ | a ^ | 2 = / / / d a ^ s i n ^ 7 | / ( a , ^ , 7 ) | 2 . (11) 
j=o,jfi,... w = - ' M ' = - J v;(v;) 

If a function / ( a , £,7) is defined in the domain V, it may be expanded in a series of the ^-functions with 
only integer or only half-integer J 

/(a, /?)7)= E E E *iiti'Dli»i'W*l)- ("J 
/integer M= 

or half-integer 

The expansion coefficients 6 ] ^ * are determined by 

/integer M = - / Adf'=-/ 
or half-integer 

»&*• = 2-^rj0 * d a / 0 " d / 9 8 i n / ? / 0 'WW'WiiwM' i ) (13) 
for both cases of integer and half-integer J. A difference between the expansions of / (a , £,7) in these two 
cases occurs if one uses the expansions outside of the domain V. The expansion coefficients in Eq. (12) satisfy 
the relation 

E drr r £ E l*^<l3-/ *»/ # « * / W ( a , M P . (14) 
/Integer 2 J + 1 M = - J M ' = - J J° J° J° 

or half-integer 

4.11. INTEGRALS INVOLVING THE /^-FUNCTIONS 

4.11.1. Integration of Products of DJ
MK{, 

f2n ^»ir /»2ir 
/ da dpsinp dlDltwfaPn) = */o*Afo*A/'o8ir2, (Jisinteger), (1) 
Jo Jo Jo 

/»2ir /»tr /»2ir « 2 

Jo dah d^iXlPL d7P^K(a^ ,^PM,Wi(«.^7) = (-l)W,^2^TT5jlJ^-A ' lMj5-WiM ' ' 
(J\ + J2 is integer) , 

( 2 ) 

L daJodPsin^Jo d 7 P ^ ( a ' ^ 7 ) I ? ^ w ; K ^ 7 ) = 2 ^ 7 ^ ^ ^ ^ ^ M i . (3) 
(Ji + J2 is integer) , 

I "dafo"dfiahl0L "^p^*'i(Qt'^' l , )p^«i(a^''r)i?^M[(0(.^'y) 

/ S T * - • - • ( 4 ) 

= (-1)M'"Mi i ^ T C ' ^ U , CJJIM"U' . (* + * + ̂ isinteger) , 

i 
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/ ar^8 i n^r"d 7^w ' ( a ,^7 ) i ?^M ' ( a '^7 )^ i M i ( a ' ; 9 , '7 ) 
o 2 , 

= u ^ l CJ£1J,U. CilSiw . I* + '* + ^ i n t e g e r ) . (5) 

Equations (l)-(5) are valid, if the conditions in parentheses are satisfied. These conditions may be omitted, 
if the integration domain is V\ or V2 instead of V; in the latter case the factor 81c2 on the right-hand side of 
Eqs. (l)-(5) must be replaced by 16K2 (see Sec. 4.10). 

Integrals involving products of four or more /^-functions may be reduced to Eqs. (4)-(5) by using the 
Clebsch-Gordan expansion (Sec. 4.6.1). 

4.11.2. Integrals Involving dl4M,{0) 
From Eqs. (l)-(5) one may obtain 

/ d/3sm/3di0{p) = 26j0, (6) 
Jo 

^ / ? s i n ^ M W (7) 

Note also the following relation 

^ < V ( « n | ) (cos I ) dJ
MM,(0) 

= V ^ + l ) - M ( M + l ) l S i n 2 J (COS2J ' im*' (0 . (9) 
Equation (9) is valid, if M > M' > 0. Other cases may be deduced from Eq. (9) using the symmetries of 
diiwV) (Eq- 4.4(1)). 

4.12. INVARIANT SUMMATION OF INTEGRALS INVOLVING DMM,(a,/3,i) 
Hereafter R will denote the Euler angles a, p, 7 and we also will set dR = sin fidfidady. 

fdRf(R) = / "da fdPmP f 'dif(a,fitl)- (l) 
J Jo Jo Jo 

Making use of this notation, one gets 

E [dRDMM(R)DM'M>{R) = 8*36jj-, (2) 
MM' J 

E I'dRDMM>(R)DiI,M{R) = {-\fJZif
,i6Jj,, (3) 

MM' J 

E fdRD^Mt(R)DMjMj(R)DMiMi(R) = 8^{J1J2J3}, (4) 
I / . XI- J MXM2M* 

E / dRiDMlNl(R1)D^N3(R1)D^Mi(R1) [dRiD^RJDfc^RjDi*,^) 

= (-i)^(8,Y{i;^|}. w 
A11A/,AT 



98 Quantum Theory of Angular Momentum 

M\MyN J 

x f dJfcD*,, (*3)Z>£,„, (*3)2>&„, (A,) = (**)• { * * * } 2 , (6) 

E / dRiDJ
uu{R1)DJ

N\N, {R1)DJ
N\N,{R1) f dR3DfrM,(R2)DpiMl (fl2)I>£,M, (Jfc) 

E t **iDiiu(*M'N>iXi)DirittA*i) f dR2DJ
N>M,(R,)DJ

NN(R*)DJ};Ni(R2) 

x dR3DblNl(R3)DJ;tNi{R3)DJi;Ui{R4) = (**)*\J J J3 , 
V Jl Jl J3 J 

(8) 

E / dR^DMlNl{*!)*>&»,(Ri)DiiilMlt(Hi) / «uw>j[uUkPiu(R2)Diy»Mit(R2) 

x J dfl3D l̂NlJ(i?3)i?^4W,4(H3)I?^(i?3) / dlUDft^MDifMiRJDfauJIU) 

^ f dR,D^Ml(R,)Dii-Mt{R5)Dp:iMjR,) = (8^)4jl j \ J3! 1 . (9) 

The left-hand sides of Eqs. (5)-(9) include integrations as well as summations. If the integrations are carried 
out before the summations (with the aid of Eqs. 4.11(4)-4.11(5)), then EJqs. (5)-(9) are reduced to sums of 
the Clebsch-Gordan coefficients (Sec. 8.7). On the other hand, if the summations are preformed before the 
integrations, one obtains the integral representations of 6;- and 9;-symbols (see Sees. 9.3 and 10.3). 

4.13. GENERATING FUNCTIONS FOR d^ifi) 
The functions d^M, (/?) may be defined as coefficients of expansions of various generating functions. 
(a) If J and M1 are fixed, then 

(cos t?*!* + inn Lr*^ (ism |e*»/» + cos | e ^ ' A ''" 

_ ^ \(J-M>)\{J + W)\ M.M, iMv j 
~ Jrt^ (J-M)\(J + M)\ (_ t ) - W W - (1) 
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In particular, for <p = 0 

u , _ i l(j-M>y.(J + M>)\ M_M, j 
~ . A . V V - M)!(J + M)! ( *' ^ ^ W ' l2J 

and for v? = ** 

e - ^ ^ y (J_M)!(J+M)!* ^ ' ( ^ P). 
(b) If M and M' are fixed, one can obtain several expressions in which s, fi, v are related to J, M, M' by 

Eqs. 4.3(14), (MM1 is defined by Eq. 4.3(15); and R denotes 

R = \ / l - 2 t c o s / ? + t 2 , |t| < 1. (4) 

(jMM, ( 2sinf W 2cosf V _ f > /(3 + M)!(5 + t/)! , + M ^ 
- R ~ \ J T i F ^ J ^l + iJ + tj "^JV •»(« + M + i')! ""' l^' l J 

£ M V ( s i n ^Y(cos | ) V i ( ; 1 + ft;-tain2 | ) o ^ ( ; 1 + v\tcos2 ^) 

" ^ o V ^ + *)«(•+ * + * + «<)! ""' Wt 
(6) 

£MM< (1 ~ t) (sm - ) (cos - ) 2 J\ ^ , ; 1 + Ml - -^—^-J 

- l . y — ^ T T T O ! — i £ T 7 } ! t < w (/3)- ( 7 ) 

^ M « ' ( s i n | ) " ( c o s | ) V i ( A , M + » ' + l - A ; l + M; 5 )aFi(A1f» + i' + 1 - A ; l + v; £ ) 

E°° (M + ^ + l-A),(A),/x!i/! **■¥*&-,,* (rt 

, = 0 ^ l ( . + M + v)l(. + M)!(. + ^ M M ' W ' W 

In Eq. (8) A is an arbitrary integer. 

4.14. CHARACTERS X
J{R) OF IRREDUCIBLE 

REPRESENTATIONS OF ROTATION GROUP 

4.14.1. Definition 
The trace of the finite rotation matrix in the JM-representation 

X
J(R)= £ D j U W . (1) 

is called the characteristic function, or simply, the character of the irreducible representation of rank J. 
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In contrast to Dj^^, (R)) the function x J{R)1S invariant under rotations of the coordinate systems. Explicit 
forms of XJ{R) ^e simpler when R is specified by a;, 6 , $ rather than by a, ^ , 7 (Sec. 1.4.2). With variables 
ojy 6 , $ in use, XJ(R) ** entirely determined by the rotation angles CJ and is independent of the rotation axis 
n ( e , $ ) : 

XJ(R) = XJ(<»). (2) 

4.14.2. Explicit Forms 
(a) Trigonometric formulas 

sin j 

X / H = £ e~iMu= £ co8A/w> (4) 
Af=-J M=-J 

X («) - 2J-1) ( 2 J_2 n ) ,n , (2cos - ) , (5) 
n=0 

(2 J - 2n) 

m (2J-H1)! / 0K2J-2*/ . 0)\2n Jf \ W .\n [£J * 1)1 / 0>x2J-2n/ . Wx2n -.. 
X H ' E ( - I ) ( 2 n + i ) ! ( 2 J - 2 n ) ! ^ C ° 8 2 ) < m 2 > ■ <6) 

n=0 

(7) 

„ . ( 2 J + 1 ) ! 2 2 J
 r _ _ * _ _ I 2 ' , . w,47+i / c . 

(b) Relations to hypergeometric functions 

XJ(w) = (2J-r 1)F(-J, 7 + 1 ; 3/2; sin2 ^ ) (9) 

X
J H = ( 2 7 + l ) f ( - 2 7 , 2 ( 7 + l ) ; 3 / 2 ; s i n 3 7 ) . (10) 

4 

(c) Relation to the Chebyshev polynomials of the second kind 

X / H = ^ 2 / ( C 0 S | ) . (11) 
(d) Relation to the Gegenbauer polynomials 

X J M = C72Mcos^). (12) 

(e) Relation to the Jacobi polynomials 

v - T ^ - ( 4 j + 2 ) ! ! p(*'*)/ r f t f l « \ „ „ . 
* M ~ 2(47+1)!! P" ( C 0 S V ' M 
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(f) Integral representation 

r, . 2 J + 1 fl
 f W . . W x 2 J . / 4 J v 

X H = — y y_ (cos - + ix sin - ) dx. (14) 

To express xJ{R) m terms of the Euler angles a, /?, 7 one can use the relation 

^ £ <* + 7 , . 
cos — = cos — cos — - — . (151 

2 2 2 * ' 

4.14.3. Pr incipal Proper t ies 

In contrast to Dj^M,(R)} the characters xJ{&) a r e r e a l -

(xJ(R))* = xJ(R). (16) 

The characters which correspond to direct and inverse rotations, R and -R""1, are equal 

X
J(fi-1) = x / W . (17) 

XJ{R) is invariant with respect to coordinate rotation and inversion 

XJ(URU-l) = X
J{R), (18) 

where U is any orthogonal transformation of the coordinate system. 
The characters which depend on the combined rotations R1R2 . . . Rn do not change under cyclic permuta

tions of the rotations 
xJ(R1R2...Rn) = xJ{R2...RnRi). (19) 

In particular, 
xJ(RiR2) = xJ(R2Ri), (20) 

inspite of the non-commutativity of Ri and i22. 
Products of the characters may be expanded in a Clebsch-Gordan series 

xJl(*)x*'(*) = 52{JiJ2J)xJ(R), (21) 
J 

where {J1J2J3} = 1| if the triangle inequality (Sec. 4.6.2) is satisfied, and { J i ^ ^ s } = 0 otherwise. 
The transformation J = J = — J — 1 reverses the character sign 

xJ(R) = -xJ(R). (22) 

The function XJ(W) *s e v e n an(* periodic 

xJ(-o>)=xJn, 
x'{» + **) = xJW, (23) 
X > + 2ir) = ( - l ) 9 V H . 

\ 
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The addition theorem 
The character which depends on the combined rotation R1R2 may be represented as a superposition of 

products of the generalized characters which depend on R\ and R2 (Sec. 4.15): 

A=0 
x J H = E(-i)A^XAJK)xA /MPA(co8e1 2) , (24) 

where a>i,a>2 and w are the rotation angles corresponding to Ri} R2 and R = R\R2> respectively. These angles 
are mutually related by means of Eqs. 1.4(75); 612 is the angle between the rotation axes of JRI and R2 

cos 0 i2 = (ni • 112) = cos ©i cos ©2 + sin ©i sin ©2 cos($i — $2) • (25) 

4.14.4. Differential Equation 

The character xJ{U}) satisfies the equation 

■~i x JM + «>» I • £ x 'M + J(J + i)x ' M = 0 

and the boundary conditions 

XJ(0) = 2J+1, 
X (w ± Ann) = XJ((JJ) 1 where n is integer. 

4.14.5. Differential Relations 

(26) 

(27) 

£ x J(w) = - v7(T+i) xfM ; (28) 

U c o 3 | ; X ( W J V 2 7 T I V (2J~kY- ( s i n f ) * ' ( } 

where xl{&) *s the generalized character (Sec. 4.15): 

S i n | £XJ{U) = J c o , f * » - (J+l)xJ-*l«) = (J+ \)XJ+H") - (J+ l)cos^X
JH. (30) 

4.14.6. Algebraic Relations 

X J + * M = 2 c o s | • * ' ( « ) - * ' - * ( « ) , (31) 

X J , H - X / , H = 2 X
i i ^ : i ( a ; ) c o s [ ( J 1 + J2 + l ) | ] ) (32) 

XJlH + X / 3 H = 2x^^(0* )COB[(J ! - J 3 ) | ] ' . (33) 

Equations (32) and (33) are valid, if Jx + J2 is integer. 

X J~ * M = 2 cos - y x ^ («) , (34) 
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where J is integer and positive. 

In particular, 

- 2 sin2 ~xJl WxJ* M = cos[(Jx + J2 + l)w] - cos[(Jx - J2)o;]. (35) 

2sin2 | [ x J (w) ] 2 = 1 - cos[(2J + l)w]. (36) 

X » = 2^nsi„(| + ^ I ) . (37) 

4.14.7* Orthogonality and Completeness 

The collection of characters x J ( w ) wi fcn different J constitute a complete set of orthogonal functions of 
argument w in the domain 0 < w < 2w. 

The orthogonality and normalization condition for these functions reads 

p2n 

/0 

The completeness condition has the form 

J " XJl ( « ) x * («) sin3 | d w = nSj, j , . (38) 

£ x'Mx'te) - rt^ ^ ) , (39) 
, sin ^ 

4.14.8. Integrals Involving x^O )̂ 

I du) sin2 ~ X J H = *ho, (40) 

^ d o ; s i n 2 | x J ( 2 a ; ) = 7 r ( > l p , (41) 

f2w sin2 ^ fl 
/ du, u * n x J H = -2^rcos[(2J + l ) ^ ] . (42) 
Jo cos «r — cos ~- * 

r2* f sin2 | 
aw -

/o cos | - cos j 

In Eq. (42) the Cauchy principal value of the integral is assumed 

P2*T 

J dw sin2 -X
Jl HxJt («) = *** /, , (43) 

J " dw sin2 ^X
Jl M x * ( « ) x * H = >r{Jt J2 J8} • (44) 
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4.14.9. Sums Involving x J ( w ) 

(a) Finite sums 

y x ' ( w ) „ sin[(J2 + JX + l ) g ] sin[(J2 - JX + 1 ) | ] _ ̂  ^ ^ 
■ ^ G i n — 

JssJ^JjL + l , . . . 

V* <OT^U H \ (2^o + 3) 8in[(2J0 - H ) f ] - (2J0 + 1) sin[(2J0 + 3 ) | ] 

(45) 

(46) 
.7=0,1,2 

The summation index in Eq. (45) runs over integer values, if J\ and 32 are integers, or half-integer values, if 
Ji and J2 are half-integers. 

In the equations given below the summation indices run over both integer and half-integer values: 

J7 j , , sin[(J2 + Jx + l ) f ] sin[(J2 - Jx + \)f ] 
£ *'H = uaT 1Tlai3 2 / 2 j ■ (47) 

(48) 

sin 5- sin =• 
j=Ji,Ji+J,Ji+i, . . . 2 4 

V (2J + i)x
JH = ( 2 J° + 2 ) S in^ (2 J ° + 1 } ^ " {2J°+1] *in^2J° + 2 ) ^ 

,JZ,i,... X " 4 s i n f s i n 2 * 

£ [ x v ( u ) 1 a (4Jo + 3 ) s i n | - s i n [ ( 4 J 0 + 3 ) | ] ^ (49) 

(50) 
^ X M X ( W ) " 2 ( cos f -cos£ ) ' 

J = 0 , A , 1 , . . V 2 2 / 

f) x'(«)eo.[(2J + l)£] 
J = 0 , A , 1 , . . 

sin I - COS[(2JQ + 1)^] sin[(J0 + l)cu] + sin[(2J0 + 1 ) | ] cos[(J0 + l)o/] 
2 sin ^ (cos Y — cos ~) 

(b) Infinite series 

J = 0 , 1 , 1 , . . . 4 S m * 

J (27+l)X 'M = ^ r *(«>). (53) 
/=o,J,i,... s m 2 

(51) 
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us introduce the notation 

oj 
R2 = 1 - 2t cos - + t2, where \t\ < 1 : 

i - t 2 

#4 ' ^ (27 + i ) t 3 V H = 
/=0,A,1,.. 

*-< (u + iy. x M
 8 i n | e 

/=o,i,i... 2 

J=o,i , i , . . 2 \ 

! - * « - * 
* e * 

,-&.... ~w~ ̂ ^ = cos* 2 * U'~;*:~ v^^ti 
£ H T T ^ i W ' V W - * . * ( ; J ; - * - 1 f)o*(;^cos2S), 

J=0,A,l,... x ' 

J = O ^ I , . . . 1 + t2 - 4*cos f cos % 
i-e 

2 w o 2 j- 4- 2£2(cosa> -h cos a;') 

4.14.10. xJ(a/) for Particular Values of a; 

X
J (0) = 2 J + 1 , 

XJ(2*r) = ( - l ) 2 / ( 2 J + l ) , 

j _ f 0 i /J ishalf- i 
* W ~ \ ( - 1 ) ' i/Jisinteg< 

integer 
integer 

»'(f) 
\/2 7 = 1 / 2 , 9 / 2 , 1 7 / 2 , . . . 
1 7 = 0 ,1,4,5,8,9, . . . 
0 7 = 3/2,7/2,11/2,15/2,. 
- 1 7 = 2,3,6,7,10,11,. . . 

I - \ / 2 7 = 5/2,13/2,21/2,. . . 
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4.14.11. Special Cases of x J M 

X > 

X*(w 

X 2 ( " 

X3(w 

= 1, 
= 2 cos — , 

2 
= 4 cos2 — — 1, 

W a; = 8cos3 — - 4cos — , 
2 2 

= 16 cos4 - - 12 cos2 - + 1, 
2 2 

= 32cos& 32cos'* - + 6cos - , 
2 2 2 

(67) 

(68) 

(69) 

(70) 

(71) 

(72) 

4.15. GENERALIZED CHARACTERS, XA(#)> OF IRREDUCIBLE 
REPRESENTATIONS OF THE ROTATION GROUP 

4.15.1. Definition 
Let us introduce the function XA(W) associated with XJ{UJ) by the differential relation 

*n-^$^W (?=%)'*'"' (i) 

where A is integer, 0 < A < 2J, and XJ(QJ) 1S the character of the irreducible representation of rank J 
(Eq. 4.14(1)). 

The function XA(W) will be called the generalized character (of order A) of the irreducible representation of 
rank J. Note that the relations between XA (w) an<i XJ{v) a r e similar to those between the associated Legendre 
functions P/A(z) and the Legendre polynomials Pi[x). 

At A = 0 one has XA (W) = XJ(<*>)-

4.15.2. Explicit Forms 

(a) Trigonometric series 

xin=ixY,<-iMuc. JM 
JMXOf 

M 

W\2J-A-2« J, s ( • w \ * fiTTTT I (2J-A)1 ni*M2] (-l)'(2J-s)\ . OKJ 

j , , (2s inf ) A , — — / ( 2 J - A ) ! 2 ^ A (A + s)!(2 J - a)! r. r % „ .«, 
**<»>- ; ^ ^ V (»/ + * + *)' gQ W - A - a ) ! cos[(2J-A-2a)-] 

(2) 

(3) 

(4) 

(b) Differential form 

J, > 1 / (2J - A)! / . O K A / <J \ A + 1
 r. T , , w , 

(5) 
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See also Eq. (1). 

(c) Relation between x{(w) ana* the Gegenbauer polynomials 

xlM = pj jnVST+I^^^Lfd. |)\ffi(«« |) (6) 

(d) Relations of X\{u) to the Jacobi polynomials 

v'UA - \ / 2 J + l y / ( 2 J - A ) ! ( 2 J + A + l)T 2 J _ A , OKA ( A + i , A + i ) w 

XA H (4J+1)!! 2 ( s m 2) P w ~ * ( C°S 2 ' ' 

X(H=< 

(4J+1) 

[ ^ + i ^ ( a j^j{ig{:g^(-in f r / f . ^ W ) , 
2J — A is even 

V ^ T T ^ g f g ± p r ( c o s | ) (sin |)AP(i+4L*>(«o.«), 

2 J — A is odd 

(7) 

(8) 

(e) Relations o/x/(w) to the Hypergeometric functions 

,. , V 2 J + T /(2J + A + 1 ) ! , . w a r / „ r , „ T , „ , 3 . 2 w> 
* * > ) = (2ATT)!!V (2- / -A)! ( s m I } ^ ( - 2 ^ ^ 2 ^ + ^ 2 ; A + - ; s m 2

I ) , (9) 

7 / . ( - 1 ) 2 J - A ( 2 A ) ! ! ^ J + I 1(2 J + A + 1)! , . u a . , » . , „ T . „ , 3 2 w N 

* * ( w ) " (2A + 1)! V (27TA)! ( S i n 2 ) f ( _ 2 J + A ' 2 J + A + 2 ; A + 2 i C O S l ) (10) 

.,, 1 ( - l ) 2 J - A V ^ J T l 2 4 J - A ( 2 J ) ! , . U.Xf. «x4J-2A 
X * H =

 V / (2J-A)!(2J + A + 1)! ( s m 2 ) ("» 4> 

x , ( - 2 7 + A , - 2 J - f ; ^ - l ; * ) , (11) 

C i / N 2 J - A / . WXA 
X * H V ( 2 J - A ) I ( 2 J + A + 1)1 (C°S 2> ^ 2) 

/ 1 - 2 J + A + 1, 1 \ 
F V " J + 2' 2 ' ~2J' T^j ' (12) 

j . . y/2~T+l /(2J + A+1)! , . w a , wN4J-2> 
X A ( w ) = ( 2 A T i ) ! ! V (2.7-A)! (Sm 2) ^ I ^ 

X f ( -2 J 4- A, - 2 J - - ; A + - ; - tan2 j) , (13) 
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xi(») = V2J+1(2J)UX 

V(2J - A)!(2J + A +1)! + A + 1)'V / V ' 

f ( - l ) ^ ^ J + T ^ } i ! ! g S i ( r i » f) V ( - J + | , J + 1 + | ; *;cos* f ) , 
if 2 J —A is even 

X x » = | ( - 1 ) ' + ^ V 2 T T i y p S | P f cos f (sin * )* 
X j F ( _ J + A ± l ) J + l + A ± i . | ; c o s 2 | ) ) 

i f2J - A is odd 

X x » -

^ ^ X / W ^ ^ n ^ n - J + I . j + I + A-.A + I js in 2 ! ) , 
if 2J — A is even 

if 2 J - A is odd 

(14) 

(15) 

(16) 

(f) Integral representations 

X * ( w ) " 2 A l V (2J^A)! ( - ^ p y o - C O S [ ( 2 , ; + l ) 2 ] ( c O S 2 - C O S 2 ) *>• (1?> 

XA(«) = ( - » ) A — 2 ( 2 J ) , L J _ i Px(x)[cos-+t is in-] dx. (18) 

4.15.3. Principal Properties 

(a) Symmetries 

X A , » = XX'H = H)XXATH>). 
X A > + 2H = (-l)2JnXAJH , xfa* - «) = (-l)2J-Axf H • 

(19) 
(20) 

(b) Particular values of OJ 

XJ
X(0) = (2J + 1)5A0 , xl{2*) = {-l)2J(2J + l)5xo , 

Mr V ( 8 ^ - 8 f e y f l 8 » ^ ^ " A i s e v e n , 
i f2J - Aisodd. 

(21) 

(c) .Recursion re/a turns 
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(d) Asymptotics 

If w —* 0 and J —► oo, while Jo; = x < oo, then 

where ^\ (s) is a spherical Bessel function. If a; —► 0 and J is fixed, then 

«i^@'54f<f' (25» 
4.15.4. Differential Equation 

The functions xi (w) are solutions of the linear differential equation 

d2
 T/ s u) d T/ s W + » - ^ 4 sin | XA M = 0 (26) 

with the boundary conditions 

xi(0) = (27 + l)6xo , x{{?*) = (~l)2J(2J + l)6Xo ■ (27) 

4.15.5. Orthogonality and Completeness 

The collection of functions \\ (<*>) with different J > A/2 and fixed A constitutes a complete set of orthogonal 
functions of argument a; defined in the domain 0 < w < 2n. 

These functions are orthogonal, 

/

.»»2ir 

0 

and the completeness condition reads 

J " du> sin2 | x * HxJx' («) = w6Jt j2 , (28) 

£ xiMxiw = *S{W\T] • (») 
/=0 ,£, 1,» 

4.15.6. The Addition Theorem for XA (<*>) 

The generalized character XA(^) f° r t n e rotation i?(o;;0,$), which resulted from two successive rotations 
i? i (a ; i ;0 i ,$ i ) and #2(^2; ©21^2) may be expanded in terms of XA(-RI) and X A ( ^ 2 ) as 

» » ' " » - \Z ( 2 J + i"7)! (LTI? U v * l * x ) ' 5 ' " " 1 ' 2 ' + " f | > ^ * > ' ■ ' " ■ > * ' w ' (50) 
where PjA(cosx) is an associated Legendre function, x is an angle between the rotation axes n 1 ( 8 1 , $ i ) and 
n2(©2» $2) 

c o s x = ( n i n 2) = cos81cos@2 + sin©! s in82 c o s ($ i ~ $2) • (31) 
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The angle of the resulting rotation, w, is determined in terms of u^o^ and x by 

OJ Wi 0)2 . w l . w 2 
cos — = cos — cos —— sm — sm — cos x • 

Z L L L L 

4.15.7. Sums and Infinite Series Involving XA (w) 

(a) Summation over A 

xW^fjTI*iW>™ = e±,Mw • (|M| - J)' 
A=0 

< 2 J 

A=0,2,... 

<2J 

Â 2A_-fJ. j^t%\nJM £ M A ^ X A J H ^ A O = C O S M W , ( | M | < J ) , 

E H r - 1 f ^ x { ( « ) C i t f A 0 - « i n M a ; l ( | M | < J ) , 
A=l,3,... 

In Eqs. (33)-(35) J > |M| is an arbitrary integer or half-integer. 

<2f 

A=0,2,... 

V 2A + 1 /(A + m - l ) ! ! ( A - m - l ) ! ! , t m _ flT"' 
V , ^ T T V (A + m)!!(A - m)!! **W C <°^ ~ V 27TI Y,m{*>0)' A=|m| 

(A H- m is even), 

- jJ V r i^2A + l /(A + M ' - M - l ) l l ( A - M ' + i l f - l ) H , JM, _ 
^ l"1J 27TlV (A + A/'-M)!!(A-M' + M)!! ** ^WMAM'-M - <W 

(A -h Af' — M is even). 

(b) Summation over J 
f . /(2J + y + l ) l x » . 2 J _ , 2 r V , H s i n f r 

^ V ( 2 J " ^ ! V2J>1 " l h R*l»+1> ' 

f, (4J+l )H X »(f ) a / ^ Hsinf) -
j £ r / 2 V ( 2 ^ + l ) ( 2 J - i / ) ! ( 2 J + i / + l ) ! i2(i - tcos f + J?)"+' ' 

where i?2 = 1 - 2tcos(a>/2) + t 2 . 

jE;-2J-^(^ + i)%j:^)!x,JH^+i(y)-|(ySin|r^-v 
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£ xint" ^ ( ( r i B ; ) ^ t , {42) 
, ~ / a > / ( 2 J + l ) ( 2 7 - * ) ! ( 2 J + * + !)! M 2^ ' * ' 

2J 

j£?/2 T(k) y/{2J+l){2J-u)\{2J + w + l)l 

1 ( « ™ g ) " F(k k + 1 3 / t s inf \ 2 N 

(2^ + l ) ! ! ( l - t c o s f ) f c V2 ' 2 ' 2 ' V l - t c o s f ^ 

Here k is an arbitrary integer. 

xlW(2t)2J 

X2J 

(b) When A = 0,1,2 one has 

j sin(2J + l ) f _ cos Ju> - cos(J + 1)OJ 
Xo \w/ -——— -1 — cos a; 

(43) 

/fT/2 (*J + WV(M + l)(2J-v)l(2J + v+l)\ 

(2tsinf)" . 3 . 2 w x „ , 3 , OK , . 
= [(2, + l ) ! ! p o f l ( ; t / + 2 ; - t S m 2 4 - ) o ^ + 2 ; t C ° S 4>" ( 4 4 ) 

The right-hand sides of Eqs. (39)-(44) may be treated as generating functions of X\ (^)-

4.15.8. Special Cases of xiiw) ^o r Particular A 

(a) For A = 2 J, 2 J - 1,2 J - 2,2 J - 3 the function x / (W) i s 8 i v e n bY 

^M-^^^S^f)"' <45> 
XiV-xM = v ^ > i y /

I i ^ y ( s m | ) a ' " l c o . | , (46) 

a',_a(«) = V^TTiy^i^Csin f f " V - 2 f - l], (47) 

X a ' , - .M = ^ 7 + l ^ ^ ( « n | ) " - » [ 4 7 e o . » f - 3cos | ] . (48) 

(49) 

j - 1 2Jcos(2 .7+l) f s i n f - s i n J o ; _ - 1 J sm{J + l)u - (J +1) sin Jw 
Xl H ~ v /TfTTlJ 2s in 2 f " ^ ( ^ + 1) 1 -cosw ' ( 5 0 ) 

= 1 f [ 3 - 2 J ( 2 J - l ) 3 i n 2 | ] s i n ( 2 J + l ) f _ 3 cos Ju ] 
2{ ' V ^ + l ) ( 2 J - l ) ( 2 J + 3 ) \ 2 S in 3 f 2 l + J

 s i n
2 f / ' ( 5 1 ) 
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(c) X\ (w) m aY be expressed in terms of derivatives of XJ(W) 

X o M = X J M , 

4.15.9. Special Cases of XA(W) f ° r Particular J 

J = 0 *§(«) = 1; 
. 7 = 1 / 2 x ! M = 2cos f , 

•J = 1 Xo(w) = 1 + 2cosw, 
X i M = \ / 2 s i n w , 

X2M = V | ( 1 - c o s w); 

J = 3/2 x l ( w ) = 4coswcosf = 4 c o s | ( 2 c o s 2 f - l ) , 

X i § H = 7 H (2 + 3cosa ; )s in | = ^f- s inf (ecos2 f - l ) , 

**H = ŝ (sin I ) ' cos 2 = ^ 8 i n f s i ™ > 
* ! ( " ) = ^ sin | ( 1 - c o s W) = ^ ( s i n f ) 3 ; 

J = 2 XoM = 4 cos2 a ;+ 2 cos a>- 1, 
Xi(w) = v / | sinw(l + 4cosw), 

X2M = Y | ( 3 + C O S W - 4 C O S 2 O ; ) ) 

X2(w) = 2 y y sinw(l - cosa>), 

xl(*>) = I y/i(i-«*»)>. 

4.16. DJ
MM,{a,p,i) FOR PARTICULAR VALUES OF THE A R G U M E N T S 

Here k, I and n are integers. 
DMM'{W,0) = 6MM., 

^ W ' ( « , 0 , 7 ) = 5 M M ' e - ' M ( a + l )
) 
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DJ
MM,(a,±(2n + l)*n) = 6-MM,(-l)±l2n+VJ+Me-iMl«->), (4) 

DMw(°^,l)-(-l) ' ¥ )j (J + M'W ~ M>)\ Y~1] V k ){k + M-M>)-5) 

Some particular cases of 

D±u 

Eq. (5) are given by 

r>< (r. * ^ f i l ^ x ^ m)!(/ + m)! i m o 

J*oo(«. f .7) = fl(0) = ^ , 2 „(- l ) ' / 2 ^ = j ^ , (7) 

/ * x / ( / - « , ) ! ( * + m ) l | m ( - l ) 1 ^ 
4 a ' 2' V "V 1(1 + 1) ( i+m'2k

 2' (<^)! (tto), 

— c ( —1J 2 I T t a - i m t fo\ 
Tft+m,, f c + i o i_ , / , _ m _ l V / , + m ^ x « • (8) 

" { 2 )l{ 2 P) 

Squares of the 2?~functions for ft = ^ may be written as 

DMM'(a>^l) 

2 
__ -i2Ma-%2M,

1( *\M-M' \^ / -, \l/2 V "" * ) " ^»I0 p / 0 /Q\ 
- C I"1/ 2 ^ \~l) m °JMJ-MUJMfJ-M' ' lyi 

/=0,2,4,... 

Using ^ > ( f f / 2 ) , one can evaluate DJ
MM,{aiPi^) for arbitrary arguments from the relation 

DJMM'(<X,P,l) 
= ^2DJ

Mmi(a,0,0)DJ
mim, (0,?-,0)DJ

mimi(l3,0,0)DJ
m3mi (o, J . o W ^(0,0,-r) 

mi ' L (10) 
_ V ^ ,-iMa jJ (*\ „-im0 jJ (n\ ,-iM'i 
= 2 ^ e Mm\2J mM'\2) 

m 

Numerical Tables of DJ
MMI{0^/2,Q) = dJ

MM,{<K/2) for J = 1/2,1,3/2,2,5/2,3,7/2,4,9/2,5 are given in 
Sec. 4.21. 

4.17. SPECIAL CASES OF DJ
MW FOR PARTICULAR M OR Mf 

(a) M = 0 and/or M# = 0 

„ ( a , ^ ) = ( . i J - ^ J ^ y ^ ^ a ) = ^ J ^ y ^ ^ a ) , 

„(*,/?, 7) = j^Yi-mifin) = l-iryJtfi-L y i m ^ 7 ) . 
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In particular, 

D>0o(<*,p,i) = Pi{coSp), 

Dl
±10{«> fi, 1) = ^ i a ~ | = y PI (cos P), 

4i(«.Ai) - ±'™ ^ = j *(«"*). 

#*M.n)=*~ {-\Z(i-i)V! 2) * < « ■ * > + ^ _ 1 ; ^ 1 ) ( i + 2 ) ^ ^ ) } . 
* « C M - .** { - ^ ^ ^ + V ( l _ i ; i ( 7 +

/ ,
1 ) ( l + 8 ) i y ( ^ } • 

(b) M = ±1/2 and/or M' = ±1/2 

« / f i fl .A _ .±<^« >/* 1 / J ± M ' + i 
At^M./) « ^ — ^ ^ x y J + 1 YJ+iT,_M,[p,,) 

^y-^j—Yj-^i-M'V'in* 

DJ I* B -A-t i\±*-M_T,-a=* V* l+xlJ±M + 1Y , , (fi a,\ 
Du±,[a,P,,)-( l)i c ' ^ j ^ j j ^ J + 1 Yj+W-M*) 

Ty^y>_ i T j .^,«) | . 
In particular 

cos 

, COS 
2^ W (<* , /? ,7 ) = «***" J^T {P'J+L(CO*P) -P'J_L(COSP)}. 

2 

(c) M = ±1 and/or Af = ±1 

D'±^a>^ = e*,a]ll{Ul)l2l+1) [fVil-«i){l + m+l)^i£.Yt^.l{p,1)^ 

+m«*0Yl-m(0,1)±V(l + m)(l - m + l j ^ p ^ r , . ^ ^ / ? . ^ - ^ ! ' 

2y^i(a'^ ,y)a=<+t7(-ir^y<(<+i)(
lr

M+1) {TV(*-™w+m+i)^f^- m - i ( /M^ 

+msin/9y,_m(/9,a) ± y/{l + m){l - m + 1) i ± | 2 i £ K , . , ^ ^ , «)«-<«} . 

(2) 

(3) 

(4) 

(5) 



In particular, 

(d) M = 

Di 

K-. 

(e) M = 

Wigner D -Functions 

-e*i*-il 1 ± c o s / 
l{l + 1) 

_ x«o+«7 1 "F C 0 S / 
1(1 + 1) 

: ± ( J - 1) and/or M' = ±{J - l) 

^ - j + i m ( « , ^ , ' / ) = e « ( J - 1 ) « - - ^ 

^ 7 

?+i(a,^,7) = 

± J and/or. 

^ M ( « 

^i/(« 

DJ
M-j{a 

■-M,hi) 

= (-l)J+m 

M' = ±J 

.)9.7) = J 

.A-y) = J 

,/?>7) = J 

= c - * ( ^ - l ) 7 - * » n « . 

t - 1 _-H( J-l)T~ima 

] 

1 (2J)\ 
(J + M)\(J-M)\ 

1 (27)! 
(J + M)\{J-M)\ 

1 (2.7)! 
( J + M)!(./ - M)\ 

1 (2JJ! 
(J + J t f ) ! ( J -M) ! 

Explicit forms of d^fM, (f)) for particular values of J ( 
Sec. 4.20. 

4.18. ASYMPTOTICS OF D] 

If J » 1, one has 

U ' l a ^ . l ) 

-{P/(cos£) T (1 T cos^)P/'(coSj0)} , 

-{P/(cos/3) ± (1 ±cos/?)P/'(cos0)} . 

/ ( 2 J - 1 ) ! 
y (J + m)\{J - rr> 

1 (2J-1)I 
J (J + m)l(J - m 

/ ( 2 J - 1 ) ! 
j (J + m)](J-m 

1 ( 2 J - 1 ) ! 
/ ( J + m ) ! ( J - m 

( cos - J ( -* 

( cos - J (sin 

( c o s - ) (sin 

^ ( c o s - j (si, 

X [Jcos/9 — m], 

^ ( c o s - j (sin 

x [Jcos/3 + m], 

y!lC 0 S iJ (sin 

x [Jcos/? — m], 

) i ( c o s f ) J m '(s in 

x [J cos ft + m ] . 

2 / 

2 / 

A J - M
e - i M « - , J 7 ) 

(«— f) '"** (-—f) — . — - * « -
7 = 1 / 2 , 1 , 3 / 2 , 2 ,5/2,3,7/2,4,9/2,5) 

4.18.1. Large Angular Momentum 

r̂ ~cos fs + 
x \/ — 

V its 

/ s\{3+p+v)\ 

'Y («+/*)«(*+"; 
i t ±f± i) /5-f(2M 

ysin/3 

! 

+ 1)] „ / M 

l2J 

^ \ 7 + m - l 

' 2 / 

fj\ J+m-1 
2J 

> 

• 

115 

(6) 

(7) 

(8) 

are presented in 

(1) 
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where 3,^,1/ are related to JyM,M' through Eqs. 4.3(14), and £MAT is defined by Eq. 4.3(15). 
If J —► oo and (3 —► 0, while Jfi < oo, then 

Ditti- K P, l) « e - » M a - M ' ^ JM-Af < (J/?) • (2) 

Here Jn{x) is the Bessel function. 

4.18.2. Small Variat ion of Rota t ion Axis 

If P —♦ 0, we have 

x(g)-{,-'-"^^vi)
+,,t,+1'(i)^-}-

If 7r — )9 -+ 0, we have 

X l 2 / \ 2(1/+ 1) V 2 J + " - J 

«-*0 e 

- - s i n G e " * * V ( ^ - ^ ' ) ( ^ + ^ + 1 ) ^ M - + I ~ ^ sinee»* v V + M ' ) ( J - M ' + l)6MM'-i 

In Eqs. (5)-(8) J is the operator of angular momentum defined in Sec. 2.1. 

(3) 

(4) 

(5) 

4.18.3. Infinitesimal Rota t ions 

(a) Rotation e about the x-Axis 

Km\[DliM\-\yety-6MM]=-i{JM\Jx\JM') 

= ~\ SMM'+I V{J-M'){J + M' + 1) - %- SMM'-I y/{J + M'){J-M' + l). 

(b) Rotation e about the y-Axis 

lim ^[DJ
MM,(0,e,0) - SMW] = -i(JM\Jy\JM') 

= -\sMM,+1 y/(J - M')(J + U> + 1) + i Suti'-i V(J + M')(J-M> + 1). 

(c) Rotation e about the z-Axis 

lim ^[DMM'{e,0,0) - 8MM-\ = -%{JM\Jt\JM') = -iMSMM, . (7) 

(d) Rotation e about an Arbitrary Axis n ( 0 , $ ) 

lim -\DJ
MMI{oc,pn) - 6MM,\ = -»•(JM\3 n|JM') = -iMcoaQ6MM. 

(6) 

(8) 
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4.19. D E F I N I T I O N S OF I ^ M ' K ^ ) BY O T H E R A U T H O R S 

Different authors use somewhat different definitions of the rotation matrix. The main differences are in the 
following: 
(a) in using right- or left-handed coordinate system; 
(b) in rotating either coordinate system or physical body; 
(c) in using various definitions of the Euler angles a,/?, 7, namely, 

(i) choosing different rotation axes, 
(ii) choosing a different order of rotations, and 
(iii) defining rotation either in a right-handed or left-handed sense; 

(d) in considering transformations either of covariant or of contravariant components; 
(e) in choosing various transformation rules for irreducible tensors; 
(f) in accepting different phases of non-diagonal elements in Eqs. 4.2(4) and 4.2(5). 

The Wigner ^-functions used in this book coincide with those defined by Edmonds (Ref. [64]), Rose 
(Ref. [30]), Newton (Ref. [28]) and some other authors. The relations between these D-functions and corre
sponding functions of other authors are listed in Table 4.2. 

4.20. SPECIAL CASES OF di,M,(0) FOR PARTICULAR J,M A N D M1 

General expressions for the D-functions, Eqs. 4.3(2)-(5), may be reduced to simple closed forms for particular 
values of J . Explicit forms of d^M,(/3) for J < 5 are presented in Tables 4.3-4.12. d^M,(0) are given in 
terms of either cosyS and sin/9 (if J is integer), or cos()9/2) and sin()9/2) (if J is half-integer). Expressions for 
difM'(P) f° r J ^ 5/2 are presented for M > 0 and \M'\ < M only. For M < 0 and \M'\ > M one can obtain 
difM'(P) using the symmetry properties (Sec. 4.4). 

Explicit forms oidJ
MM,(p) with J < 6 are also given by Buckmaster (Ref. [116]), and Wolters (Ref. [129]). 

Extensive numerical tables of dJ
uu, (0) for J < 13 (integer and half-integer) may be found in Behkami 

(Ref. [114]). 

4.21. TABLES OF dJ
MM,(p) FOR 0 = w/2 

Values of the dj^M,(y?)-functions for £ = %/2 and J = 1/2, 1, 3/2, 2, 5/2, 3, 7/2, 4, 9/2, 5 are given in 
Tables 4.13-4.22. 

4.22. SPECIAL CASES OF U^M,(w,e,^) 

Explicit forms of Uj^M,(u; 6 , $) for J = 1/2,1,3/2,2 are given in Tables 4.23-4.26. 
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Table 4.2. 
Definitions of the Rotation Matrix by Other Authors. 

Reference 

Edmonds [16] 

Rose[31] 

Brink and 
Satcher[9] 

Messiah [2S] 
Tinkhamp] 

Newton [28 ] 

Baldin et al 
I3] 

De-Shalit and 
Talmi[32] 

Dolginov[14] 

Davydov [ l2] 

Bohr and 
Mottelson[8] 

Wigner[43] 

Rose [30] 

Edmonds [64] 

Fano and 
Racah[18] 

Berestetskii 
et al. [6 ] 

Gel'fand 
etal. [20] 

Lubarskii[26J 

Vilenkin [41 ] 

Yutsis and 
Bandzaitis 
f45j 

Rotation 
Operator 

e-i^ze-^ye-^M 

The same 
» » 

» » 
» » 

» » 

» » 

» » 

e<fJ'e**9e*t** 

The same 

» » 

» » 

e^'e^yJt** 

The same 

» » 

» » 

e-i«l*e-iPxe-iiSz 

The same 

» » 

» » 

Transformation Form 

* « , ( » ' , «P') = E ^ * ( 8 ' V) D*M' («• ?. f> 
M 

The same 
» » 

» » 
» » 

» » 

» » 

» » 

The same 

if 

if 
The same 

» » 

v / j f (*• ?) = 2 * « ' (*'• *'> ^ J T («. P. T) 
i f 

* / J P (*'. *') = 2 DM'M («. P. 7) V / J f (*, ?) 
if 

Relation between Referred Function (left) 
and Function of this Book (right) 

D%(*, P, T)-^>i«r(«.i P. 7) 

The same 
» » 

» » 
» » 

» » 

» » 

» » 

D « » ( « , P. 7) = ^jfjf-(-«, - P , - 7 ) 

The same 

?*«»(«. P. 7 ) - * > w K P. T) 

0 J « « . P. Tf))jfjr< = * > * * ( - « . ~P' -1) 

D%, (a, p, Tf) = DJ
xu,(-ot, - p , - 7 ) 

The same 

» » 

0 & r ( « , P. i) = DJ
ux,{—t, - p , - a ) 

r i * (a- P. T) = ( - 0 * - * ' ^ , («. P. i) 

DJHM>(<< P. T) = (-*)*-*'DUM,(a, p, T) 

*iir»K P. -l) = {-i)U-*'DKK,(a, p, 7) 

0(A-KM) = **"*>£*' («. P. 7) 
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Tables 4.3. - 4.12. Explicit forms ofd^M, (0). 

Table 4.3. Table 4.4. 

N. M' 

1/2 

- 1 / 2 

dMM<^ 

1/2 

P 
COS - « r 

. P 
s m - 2 " 

- 1 / 2 

- s i n — 

P 
COS - 7 j -

dw<« 
N. M' 

1 

0 

— 1 I 

1 

1 + cos p 
2 

sin p 

1 — cos 8 
2 

0 

sinp 

cos p 

sinp 

rr 

- i 

1 — cos p 
2 
sinp 

~~ • " 
1 + cos p 

2 

Table 4.5. 

M ^ V 

3/2 

1/2 

- 1 / 2 | 

— 3/2 

3/2 

t P COS3 - y 

. p 3 
V 3 sin -7T* cos* -%-

y . • P P 
V 3 s m * - y c o s - y 

• 3 ? 
sin» - y 

« & ' < « 

1/2 

/— P P — v 3 sin "Y c o s 2 "2" 

P / 8 \ cos -7>- (3 cos* -k- —- 2 J 

—sin -7T (3 sin* -TJ- — 2 J 

/ P 8 
V 3 sin* - y c o s "V 

- 1 / 2 

/— P 8 v 3 sin* - j " cos - y 

8 / 8 \ 
s i n - r r ( 3 s i n 2 - j — 2} 

P / 3 \ 
cos -y ( 3 cos*-j-— 2} 

/— P P v 3 sin ~2 cos* - y 

— 3/2 

' 3 P 

> — P P V 3 sin* - y cos y 

/— , P . P — v 3 sin - j cos* - y 

cos8 -j-

Table 4.6. 
,2 
^MAf' (0) 

X 
2 

1 

0 

—1 

—2 

2 

(1 + cos p)* 
4 

sin P (1 + cos p) 
2 

sin p (1 — cos^p) 
2 

(1 — cos p)* 
4 

1 

sin p (1 + cos p) 
"~ 2 

2cos* p + cos p — 1 
2 

] / - | - s inpcosp 

2 cos* p — cos p — 1 
"~ 2 

sin p (1 — cos 8) 
2 

0 

— 1 / 4 - s inpcosp 

3 cos* p — 1 
2 

j / ± s inpcosp 

^ ] / X S i n * P 

_ 1 

sin p (1 — cos p) 
"~~ 2 

2cos*P —cosp—1 
"" 2 

— ] / - L sin p cos p 

2cos*p + cosp —1 
2 

sin P (1 + cos p) 
2 

- 2 

(1 _ cos p)* 
4 

sin P (1 — cos 8) 
"" 2 

±/Tsin'P 
sin p (1 + cos 8) 

~~ 2 
(1 + cos p)* 

4 
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Table 4.7. 

AT 

5/2 

3/2 

1/2 

- 1 / 2 

—3/2 

- 5 / 2 

il/ = 5/2 

6 ? 
c o s 6 T 

/— . P P — V 5 sin y cos4 - y 

. P P 
V10 sin2 y c<>s8-y 

8 3 
— /To" sin8 - y cos2 - y 

/— P P v 5 sin4 y cos y 

P - s i n 6 y 

w5/2 

A/' 

3/2 

1/2 

- 1 / 2 

—3/2 

M' 

1/2 

- 1 / 2 

W) 

i»/ = 3/2 

c o s 3 y ( l — 5 s i n 2 y ) 

— v T s i n y cos* y \ 2 — 5 s i n 2 y J 

— • T sin2 y cos y ^2 — 5 cos2 y ) 

p / p\ 
sin3 y ( 1 — 5 cos*-yJ 

AT= 1/2 

cos - y ( 3 —12 cos2 y + 1 0 c o s 4 T ) 

- sin y ^3 - 1 2 sin2 y + 10 sin4 y ) 

Table 4.8 

dMM' m 
M' 

3 

2 

1 

0 

—1 

—2 

- 3 

3/' 

2 

1 

A/ = 3 

-^(1+COSp)2 

— sin P (1 4-cos R}2 
J i l l p \L | LUJ Û  

- I E sin2 p (1 + cos P) 

5 sin3 ft 

4 

V 1 5 sin2 8 ( 1 - cos p) 
8 

— sin R M — cos P)2 
— - — a m p ^1 V/Ui p ; 

y (1 - cos p)3 

A/ = 2 

— -4- (1 + cos p)2(2 — 3 cos 8) . 

—1^- sin p (1 — 2 cos 8 — 3 cos2 p) 
8 

M' 

0 

—1 

- 2 

3/ ' 

1 

0 

—1 

M' 

0 

A/ = 2 

^ | L sin2 p cos p 

— f^L sin 3 (1 + 2 cos p - 3 cos2 p) 
0 

y ( l - c o s P ) 2 ( 2 - f - 3 c o s p ) 

A/ = l 

— y (1 + cos p) (1 + 10 cos p — 15 cos2 p) 

J - i L s i n p (1 —5cos2P) 

— - y (1 — cos p) (1 — 10 cos p —15 cos* 8) 

M = 0 

— - y c o s p ( 3 —5cos2p) 
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Table 4.9. 

M' 

7/2 

5/2 

3/2 

1/2 

- 1 / 2 

—3/2 

- 5 / 2 

—7/2 

jtf' 

5/2 

3/2 

1/2 

M = 7/2 

7 P 
c o s 7 y 

/— p p 
— v 7 cos0 y sin y 

, 8 8 
• 21 cos5 y sin1 y 

8 8 
— vH$Tcos*y s i n * y 

•"35" cos' -5- sin*-£-

— Vli cos* y s i n * y 

/— P 3 1 V 7 c o s y sin6 y 

8 1 
- s i n ? y 

M = 5/2 

c o s * y ( l - 7 s i n 2 - | - ) 

— / T cos* y sin y (2 — 7sin2 y ) 

VT cos3 y sin2 y (3 — 7sin2 y ) 

M' 

- 1 / 2 

-3 /2 

- 5 / 2 

M* 

' 3/2 

1/2 

- 1 / 2 

—3/2 | 

M' 

1/2 

- 1 / 2 

ilf = 5/2 

, _ 3 3 / P \ V 5 cos2 y sin3 y (3 — 7 cos2 y ) 

/— P S / 8 \ 
— V 3 cos y sin4 y (2 — 7 cos2 y j 

sin5 y f l — 7 c o s 2 y J 

M = 3/2 

cos3 y f 10 — 30 cos2 y + 21 cos* y ) 

— • I F cos2 y sin y (2 — 8 cos2 y + 7 eos*-y) 

V ÎF cos y sin2 y (2 — 8 sin2 y + 7 s i n * y j 

—sin3 y (lO — 30 sin2 y + 21 sin* y j 

A f = l / 2 

3 / 9 3 P \ 
—cos y (4 — 30 cos2 y + 60 cos* y - — 35 cos* y J 

—sin y (4 — 30sin2 y + 60 sin* y — 35 s i n * y ) 

Table 4.10. 
,4 

2MM' (« 

w 

4 

3 

2 

1 

0 

i!/ = 4 

T j ( i + eosp)* j 

- ^ j L s i n p ( i + cosp)3. 

-LL-sin*p(i+cosp)2 

8 

—-!^plsin3P(l+cosp) 
8 

M' 

—1 

—2 

—3 

—4 

M = 4 

— ^ * " sin3p(i-cos8) 

^ 7 sin2 p (1 — cos p)2 

— / 2 sin p (1 — cos p)3 

1 ^ ( 1 - c o s P)* 
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Table 4.10. {Cont.) 

M' 

3 

2 

1 

o 

—1 

—2 

—3 

M' 

2 

1 

M — 3 

— y (1 + cos p)3 (3 — 4cosj3) 

^ sin p (1 + cos p)2 (1 - 2cos p) 
b 

— v / ? . sin2 3 (1 + cos p) (1 — 4cos p) 
8 

— . ^ I L . sin8 3 cos p 
4 

v / ? sin2 p (1 — cos P) (1 + 4cos p) 
8 

- ^ sin p (1 - cos p)2 (1 + 2cosp) 
1 8 

- g - ( l - c o s P ) 3 ( 3 + 4 c o s p ) 

M = 2 

-4-(1 + cos p)2 (1 — 7 cos p + 7 cos2 p) 

-A. sin p (1 + cos 3) (1 + 7 cos 3 — 14 cos2 8) 
8 

M' 

0 

—1 

—2 

M' 

1 

0 

—1 

M' 

0 

M = 2 

- - ^ p L s i n 2 p ( l ~ 7 c o s 2 P ) 
8 

JL£».sin p (1 — cos p) (1 - 7 cos p — 14 cos2 P) 
8 

— (1 — cosp)2(l + 7 c o s p + 7 c o s 2 p ) 

Af = i 

y (1 + cos P) (3 — 6cos p—21 cos2 p + 28 co$3 p) 

Jl^L. sin p cos p (3 — 7 cos2 p) 

1 
— y (1 — cos p) (3 + 6cos p—21 cos2 p — 28cos' p) 

M = 0 

1 
y (3 — 30 cos2 8 + 35 cos* P) 

Table4.11. 

i 9 / 2 , 2MM' (0) 

AT 

9/2 

7/2 

5/2 

3/2 

1/2 

-1 /2 

-3 /2 

—5/2 

-7 /2 

-9 /2 

Af = 9/2 

cos9 - y 

P P —3cos8 y sin - y 

p p 
6cos? y sin2 - y 

, p P 
—2 v 21 cos8 y sin3 - y 

. 8 p 
3 v 14 cos6 y sin4 - y 

> — P * P' —3 V14 cos* y sin6 - y 

, p p 
j 2^21 c o s 3 - y sin6 y 
1 p p 

—6cos2 - y sin7- y 

p p 
3cos y sin8 y 

3 
- s i n * - y 

M' 

7/2 

5/2 

3/2 

1/2 

1 - 1 / 2 

- 3 / 2 

—5/2 

—7/2 

M' 

5/2 

M = 7/2 

c o s 7 - y f 1 —9 s i n 2 - y j 

—2 cos6 - y sin y f 2 — 9 sin2 - y J 

2 l / lT cos6 - y sin2 - y ( l - 3 sin2 - | - ) 

— v'TT cos* y sin3 y ( 4 "~ 9 s i n 2 T") 

— VTT cos3 y sin* - y ^ —9 cos2 y ) 

2 / 2 T cos2 - y sin6 y f 1 - 3 cos2 - | ) 

—2cos - y sin« y ( 2 ~ 9 c o s 2 T*) 

s i n 7 y ( l — 9 c o s 2 y ) 

Af ==5/2 

3 / 3 3 \ 
cos6 - y (21 — 56 cos2 y + 36 cos* y J 
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Table4.11.(Conf.) 

M' 

3/2 

1/2 

- 1 / 2 

—3/2 

—5/2 

AT 

3/2 

M = bJ2 

, 8 8 / 8 8 \ 
— V 21 cos*y sin y (5 — 16cos2y + 12cos*y) 

, 8 8 / 3 8 \ 
V14 cos 3 y s i n 2 y ( 5 — 20 c o s 2 y + 18cos*yJ 

, 8 8 / 8 B\i 
— V14 cos2 y sin3 -^ 15 - 20 sin2 y + 18 sin* y j 

V~2l cos y s in*y (5 —16 s i n 2 y + 1 2 s in*y ) 

8 / P P \ —sin5 - y (21 — 56 sin2 y + 36 sin* y J 

M = 3/2 

P / 8 P P\ 
—cos3y ( 20—105 c o s 2 y + 168 cos*y—84 cos«y) 

AP 

1/2 

- 1 / 2 

—3/2 

Mr 

1 1/2 

- 1 / 2 j 

if = 3/2 

/— „ P 8 / 3 3 3\ 
v 6 cos2 y sin y (̂ 5—35 cos2 y + 70 cos* y — 42 cos6 -3J 

/— P P / 3 3 3\ V6 cosysm 2 y(^5 — 35 sin2 y + 7 0 sin* y — 42sin«y) 

p / 3 8 8 \ 
- s i n 3 y (̂ 20 -105s in 2 y +168 sin* y — 84 s in«y ] 

M = l/2 

8 / p 3 3 
cos y (5 —60 eos 2 y + 210 cos*y— 280 cos 6 y + 

3 \ 
+ 126 cos8 y j 

P / 8 3 3 
—sin y ( 5 — 6 0 s i n 2 y + 210 s in*y—280s in 6 y + 

+ 126 sin8 y j 

Table 4.12. 

3MM' (« 

AT 

5 

4 

3 

2 

1 

0 

—1 

- 2 

—3 

—4 

- • 

JJ/ = 5 

^ - ( 1 + cos fi)» 

V ^ sin P (1 4- c ^ Rl* 
———- a m p \A j tuo fj 

l ^ L s i n 2 p ( l + cosp)3 

— ̂ ^ s i n » p ( l + cosp)2 

^ 2 1 ( ) sin*p(l + cos3) 
32 ' v ^ *' 

- l ^ L sin* 3 
16 

^ 2 1 ° sin*p(l — cos 8) 
32 r v ' ' 

- ^30 s i n 3 p ( l - c o s 8 ) * 
16 ' v *' 

3 V / 5 s i n 2 p ( l - c o s p ) 3 

- ^ L s i n p ( l - c o s p ) * 

-32" (1 — cos 3)* 

M' 

4 

3 

2 

1 

0 

1 —1 

! —2 

- 3 

—4 

M' 

3 ; 

A/ = 4 

""1(5" ( H - c o s 3)* ( 4 - 5 cos 3) 

3 V 2 sin 3(1 + cos 8)3 (3 — 5 cos 3) 

— JLl iL sin2 p (1 + cos 3)2 (2 — 5 cos 3) 
16 

^2i sin3 p (1 + cos p) (1 — 5 cos 8) 
16 

l ^ B s i n * p c o s P 
16 

— £EL sin3 3 (1 - cos 8) (1 + 5 cos p) 
16 

.2 V^3 . sin2 3 ( 1 - cos 8)2 (2 + 5cos p) 
16 

- 3 v / 2 sin 3 (1 - cos 8)3 (3 + 5 cos 3) 

- ^ - ( l - c o s p ) * ( 4 + 5cos8) 

M = 3 

J L (j _j_ cos 3)3 (13 - 54 cos 3 + 45 cos2 3) 



124 Quantum Theory of Angular Momentum 

Table 4.12. (Cont.) 

M' 

2 

1 

0 

—1 

—2 

—3 

M' 

2 

1 

0 

Af = 3 

- JLL sin p (1 + cos P)2 (1 - 12 cos p + 1 5 cos2P) 

- . ^ L sin2 3 (1 + cos p) (1 + 6 cos p - 1 5 cos2p) 

3 5 sin3? (1 — 9 cos2?) 
16 

- 1& sin2 p (1 - cos p) (1 - 6 cos 3 - 15 cos2p) 

- ZJL sin p (1 — cos p)2 (1 + 12 cos p + 15 cos2 p) 
16 

-32" (1 — cos P)s (13 + 54 cos p + 45 cos2 p) 

M = 2 

-4- (1 + cos p)2 (1 + 3 cos p — 18 cos2p + 15 cos3?) 

— L i . sin p(l + cosp)(l — 3 cos p—9 cos2p+15 cos3?) 
0 

- _v^W s i n 2 p c o s p ( 1 — 3 C0S2 p) 
8 

M' 

—1 

- 2 

W 

1 

0 

—1 

M' 

0 

M = 2 

~ - l - sin p (1 — cos p) (1 + 3 cos 8 — 9 cos2 3 — 15 cos3 P) 
8 

— -£ (1 — cos B)2 (1 — 3 cos 3 — 18 cos2 3 — 15 cos3 p) 

A/ = l 

-jg- (1 + cos p) (1 + 28 cos 3 — 42 cos2 p — 

— 84 cos3 p + 105 cos4 3) 

| — ^30 sin- p (1 — 14 cos2 p + 21 co$* p) 
16 

1 -jg- (1 — cos p) (1 — 28 cos p — 42 cos2 jp + 

+ 84 c o s 3 ? + 105 cos*?) 

Af = 0 

-g- cos p (15 — 70 cos2 P + 63 cos* P) 

Tables 4.13. - 4.22. Numerical Values of dJ
MM, (TT/2). 

Table 4.13. 

dMM'{~) 

Table 4.14. 

dMM'{T) 

Table 4.15. 

dMf(T) 

\ M' 
M N. 

1/2 

- 1 / 2 

1/2 

l /VT 

- 1 / 2 

- l / v T 

1/vT 

\ . AT 
M \ . 

1 

0 

—1 

1 

1/2 

1 / / I 
1/2 

0 

- 1 / / T 
0 

i / v T 

—1 

1/2 

- l / v T 

1/2 

3/2 

1/2 

-1/2 

-3/2 

1/2 v T 

1/2 v̂ T 

-^"3/2/2 
—i/2\/"2| 

1 / 2 ^ 

^ll2</~2\ 

V"3/2/2 
—1/2 ̂ "2 
—1/2 ̂ "2 
• 3 / 2 V"2 

—3/2 

—1/2\T2 

>/!l2</~2 

+ >/ll2f2 

1/2/2 
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Table 4.16. 

aMM' (f) 
\ M' 

\ 
M \ 

2 
1 
0 

—1 
—2 

2 

1/4 
1/2 

• 3 / 2 / 2 
1/2 
1/4 

1 

- 1 / 2 
- 1 / 2 

0 
1/2 
1/2 

0 

^1/2^2 
0 

- 1 / 2 
0 

•3/2 • ! 

—l 

- 1 / 2 
1/2 

0 
- 1 / 2 

1/2 

—2 

1/4 
- 1 / 2 

• 3 / 2 / 2 
- 1 / 2 

1/4 

Table 4.17. 

* ( f ) 
\ M' 

5/2 

3/2 
1/2 

- 1 / 2 
- 3 / 2 

- 5 / 2 

5/2 

1/4 / 5 

• 5 /4 /2 
•3/4 
•5 /4 

•3 /4 /2 
1/4/2 

3/2 

- • 3 / 4 / 2 
—3/4/2 
- 1 / 4 

1/4 

3 /4 /2 

•3/4 • 2 

1/2 

•3/4 
1/4 

—1/2/2 

— i / 2 / 2 
1/4 

•3/4 

- 1 / 2 

- •3 /4 
1/4 
1/2V1 

- 1 / 2 ^ 2 
- 1 / 4 

•3/4 

-3 /2 

• 3 / 4 / 2 
-3/4 • I 

1/4 
1/4 

- 3 / 4 / 2 
•3/4 • 2 

- 5 / 2 

—1/4/2 

• 3 / 4 / 2 
- • 3 / 4 
•3/4 

- • 3 / 4 / 2 
i / 4 / 2 

Table 4.18. 

(f) 
M \ 

3 
2 
1 
0 

- 1 

- 2 
- 3 

3 

1/8 
•y/4/2" 
•T"T/8 

•T/4 
•¥378 
•T/4 / F 

1/8 

2 

—•T/4 v T 
- 1 / 2 

—/r/4 • y 
0 

•374/2" 
1/2 

• T / 4 / F 

1 

•TT/8 
• T / 4 / F 

- 1 / 8 
- • T / 4 

- 1 / 8 
•374/2" 
/3T3*/8 

0 

- • T / 4 
0 

•T/4 
0 

- •T /4 
0 

•T/4 

—1 

•TT/8 
—vT/4 / F 

- 1 / 8 
•T/4 
- 1 / 8 

- / T / 4 / F 
/ T T / s 

—2 

—•T/4/I" 
1/2 

- •T /4 /2" 
0 

• T / 4 / 2 * 

- 1 / 2 
♦ •TM / F 

- 3 

1/8 
- • T / 4 • ¥ 

• T T / 8 
—•T/4 
• T T / 8 

- / F / 4 / 2 " 
1/8 

Table 4.19. 

^MMAT) 

M \ 

7/2 
5/2 
3/2 
1/2 

- 1 / 2 
- 3 / 2 
—5/2 
—7/2 

7/2 

1/8/2* 

v T / s / F 
• T T / 8 / 2 
•TT/8/2* 
•TT/8 • ¥ 
• T T / 8 / F 

• T / 8 / F 
1/8 / F 

5/2 

—•T/8 / F 
—5/8/F 

—3 /3/8 / I 
— •T/s / F 

• T / 8 / F 
1 3 /F/8 v¥ 

5/8 / F 
y/TjsVT 

3/2 

/TT /8 /2" 
3 /T/8 / F 

1/8/F 
'—•3T3/8/F 
—•3T5/8/F 

1/8 / F 
3 / T / 8 / F 
•TT/8 / F 

1/2 

—•5T/8/F 
—/F/8 / F 

vT3/8/F 
3/8/F 

- 3 / 8 / F 
—•F"3/8^F 

/ F / 8 / F 
•TT/8 • T 

- 1 / 2 

• T T / 8 / F 
- • T / 8 / F 
-•3T5/8/F 

3/8/F 
3/8 / F 

—•sTs/s/F 
—•T/8 • T 

' • s T / s / F 

- 3 / 2 

- • 3 T / 8 / F 
3 •T/s / F 
—1/8/F 

—•3*3/8/F 
•;T3/8^T 

1/8/F 
- 3 /5/8 • 2 
'/TT/8 / F 

—5/2 

• T / 8 / F 
- 5 / 8 / F 

3 •T/s / F 
—/T/8 • T 
—/T/8 / F 
3 /F/8 • ¥ 
-5/8 / F 
vT/8 / F 

- 7 / 2 

-1/8 • ¥ 
• T / 8 / F 

—vTT/8/F 
•5T/8 /F 

—•5T/8/F 
' /TT / s /F 
—•T/8 / F 

1/8 VT 
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Chapter 5 

SPHERICAL HARMONICS 

A spherical harmonic Yim(#>^) is a single-valued, continuous, bounded complex function of two real argu
ments t?, <p with 0 < t? < 7T and 0 < <p < 2n. It is characterized by two parameters I and m, which take values 
Z = 0 ,1 ,2 , . . . and m = /, / — 1, / — 2 , . . . — / + 2, —/ + 1, —/. Therefore, for a given / there exist (2/ + 1) functions 
corresponding to different m's. All derivatives of Yim(#,y?) are single-valued, continuous and finite functions. 

The spherical harmonics play an important role in quantum mechanics. They are eigenfunctions of the 
operator of orbital angular momentum and describe the angular distribution of particles which move in a 
spherically-symmetric field with the orbital angular momentum / and projection m. Strictly speaking, / specifies 
the absolute value of orbital angular momentum because /(/ •+■ 1) is the eigenvalue of the square of the orbital 
angular momentum operator, Ii ; m is the eigenvalue of Lz which is the projection of the orbital angular 
momentum operator on the quantization axis. 

5.1. DEFINITION 

5.1.1. Commutation Relations 
The spherical harmonics Yim(#, <p) are components of some irreducible tensor of rank / (Chap. 3). Owing 

to this circumstance they may be defined by the commutation relations 

IK, Ylm(*, <p)} = Vuz+T) c £ + f y«m+M(*, v), (i) 
where /^(t?, <p) is a spherical component of the operator L (see Eq. 2.2(18)). 

The three commutation relations (1) (for /x = 1,0,-1) generate the following three equations 

£±l l r |m(* ,^)==Fy- i '—£-* ^ m ± l ( * , * 3 ) , 
(2) 

t*Ylm{*tp) = mYlm{t9<p). 

5.1.2. Differential Equations 
According to the commutation relations (1), Y/m(t?,v?) is the eigenfunction of the operators L2 and Lz 

(L*Ylm(#,<p) = l(l + l)Ylm(#,<p) 
\L,Ylm(#,<p) = mYlm{#,<p), 
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or in an expanded form 

[dh£H£)+^^+'M^*>=°' sin21? dip-

[»£- + m]y lm(0,p) = O. 
(4) 

Equations (4) are invariant under the following transformations 
( a ) / - > r = - / - l ; 
(b) t? - - t f (or t? -♦ * - 0) ; 
(c) m —► — m , p —* —^?. 

5.1.3, Boundary Conditions 
The first of Eqs. (4) is of the second order. For fixed I and m it has two linearly independent solutions. 

However, only one of them is regular, i.e., satisfies the condition |F/m(#>£>)|2 < oo while the other solution is 
singular at t? = 0 and t? = TT. For quantum mechanical applications the regular solution is of major interest. 
This solution will be considered in the present chapter. The regular solution is selected by the following 
boundary conditions 

Yim{*fp±2wn) = Yim{*,p), 

Below we shall consider the spherical harmonics l/m(^> <p) with integer / and m (with )m| < I) because the 
boundary conditions (5) are fulfilled only for such values of the parameters. 

5.1.4. Normalization 
(a) The differential equations (4) and the boundary conditions (5) are homogeneous. Hence, they determine 

the spherical harmonics only up to some arbitrary complex factor. The absolute value of this factor can be 
fixed by the normalization. 

The normalization and orthogonality relation of the spherical harmonics is given by 

/*2n pit 
/ d<p d0am4Y?m{4,p)Yfm.[t,p)=*6u>6mm.. (6) 
Jo Jo 

(b) Sometimes instead of Yim($t<p) it is more convenient to use the function C/m(t?, <p) (see, e.g., 
Refs. [9, 24]) which differs from Fjm(#,^>) by the normalization factor, 

Clm(*,p) = yf^iYlM{*,V>)- (7) 

The function C/m(t?, <p) satisfies the following relations 

£Clm(*,¥>)C,-m(*,p)( - l ) m = 1, C|m(0,0) = Sm0 , 
TO 

Ci0(tf, <P) = tf (costf), dmtf, <p) = 2^_ m (0 , tf, <p). 

The normalization and orthogonality relation for C/m(t?, <p) can be represented in the form 

f2w f* 21+1 
/ dip \ dfisin t?C;m(t?, <p)CVm, (t?, <p) = - — Sll'trnm' • (9) 

(8) 
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5.1.5. Choice of Phase 
(a) The phase differences of the harmonics Y/m(t?, <p) and Yim'(#> V?) with m = m' ± 1 are determined by 

the commutation relations (1). Using these relations, we may find relative phases of all (2/ + 1) harmonics 
Yim{d}<p) with different m for each L An overall phase factor may be fixed by specifying the phase of one of 
the harmonics Yjm(t?,^>) for some given values of arguments, for example, 

*o(o>o)=v^r- (10) 
In this case the following relations are valid for the complex conjugate function 1^ (0 , <p) 

y,'m(*f <p) = Ylm(fi, -v) = ( - i p y , _ m ( * , <p). ( i i ) 

In particular, Eqs. (10) and (11) show that Yio(d}<p) is real for 0 < t? < TT, and Y/m(t?,y?) with m ^ 0 is real 
only for <p = 0, n/m, 2n/m9 3flr/m,... , etc. 

The above choice of the phase is widely used (e.g., see, Condon and Shortley [10]). 
(b) In the literature (see, e.g., Refs. [6, 18]) one can also find the spherical harmonics defined according to 

another phase convention, namely, 
Ytm{0,<p)=i'Ylm(fi,<p), (12) 

We shall refer to these harmonics as the modified spherical harmonics. They satisfy the phase relation 

Yrm{^<p) = (-^+mYi-^,<p). (13) 

Equations (4) and the relations (5), (10) and (11) completely define the harmonics Y|m(#,^) . Since I and 
m are integers, the function Yim{d}<p) is single-valued. 

5.1.6. Zonal, Sectorial and Tesseral Harmonics 
These functions are linear combinations of the spherical harmonics for \m\ < I 

uiml#,<p) = \[Yim{*,<t>)+Y?m(fi,v)\ = J ^ • p ^ j { c o s m p i H c o s * ) , 

«im(*,p) = £ [ IW*,*>) -Yrm{*,p)) = J 2 - ^ | ^ j | sinm^P,-(cost?). 

(14) 

The functions Ufm(t?,v?) and v/m(#, <p) are real, in contrast to Yim(#, <p). The functions u/o(t?, <p) are called 
the zonal harmonics because parallels where u/o(#, <p) = 0 divide a sphere of unit radius into / + 1 zones. The 
functions u//(#,£>) and v/i(#,v?) are called the sectorial harmonics because meridians where uu($><p) = 0 or 
vu{&i <p) = 0 divide the unit sphere into 21 sectors. The functions ujm(#, <p) and V(m(#, <p) for m ^ 0 and m ^ / 
are called the tesseral harmonics because a set of parallels and meridians where u/m(#, <p) = 0 or vjm(#, <p) = 0 
divides the whole spherical surface into 2m(Z — m+1) cells. The cells, which correspond to positive and negative 
signs of any function, are arranged in checkered order. 

5.1.7. Solutions of Some Differential Equations in Terms of Yjm(i?,^>) 
(a) The solution of the Laplace equation 

V 2 / M , « * ) = 0 (15) 
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in polar coordinates is given by 

3 l m(r, t>,^) = r'F lm(t?,^) and « i m ( r f # , p ) = r ^ 1 ^ (*?,*>) 

where 3jm(r,t?,£>) is regular and 9l/m(*",t?,£>) is singular at r = 0. These functions are called the solid 
harmonics. In the cartesian coordinate representation, a function 3 | m is a homogeneous harmonic polynomial 
of degree / 

^«U#,rt-^P+»>'(i-).ESjH(-=±i)'(Sa)V. M) 
Here p, g, r are positive integers which satisfy the conditions p + g + r = /,p — g = m. 

(b) The solutions of the Helmholtz wave equation 

[V2 + * 3 ] / ( r ^ , ^ = 0 (17) 

in polar coordinates may be expressed in terms of the functions zi(kr) yim(#, <p) where zi(kr) = v^ifr Zt+i(kr)f 

Zl+i(x) being any of the Bessel functions. 
The functions £jm(r , t?,^) = il ji(kr)Yim{& %<p) and 9ijm(**, t?,£>) = il ni(kr)Yim(df <p) are called the *£an<i-

ing spherical waves; £ / m is regular at r = 0, whereas 9i jm is irregular. The functions 3}}^(r f0,^) = 
ilhj (kr)Yim(d%<p) and 93}m'(r,#,y?) = t'A) (A;r)Fjm (#,£>) are called the running spherical waves. The first of 
these corresponds to a spherical wave which converges to the origin, r = 0, while the second corresponds to an 
outgoing spherical wave. In the limit k —► 0 Eq. (17) transforms into (15). In this case 

fi/m(r,t?,^)^3/m(r,t?,p), W , m ( r , t ^ ) ^ » / m ( r , t ? , y > ) . 

(c) Solutions of the equation 

[v»- (n-y + 1)]/M'*>-° <18> 
in polar coordinates are expressed in terms of the functions 

frm(r,#,<p) = rnYlm(0,<p). 

For r = 0 a function f?m(r% #, <p) is regular, if n > 0, but irregular if n < 0. When n = I or n = — I — 1, Eq. (18) 
transforms into (15), yielding 

/ / m M . * > ) = 3 / T O ( r , * , V ) , frJTl(r,*,V>)=*im{r,*,v)- (19) 

Note that along with the above solutions, which are regular at t? = 0, TT, the equations under consideration 
have irregular solutions, which are not discussed here. 

5.2. EXPLICIT FORMS OF THE SPHERICAL HARMONICS A N D 
THEIR RELATIONS TO OTHER FUNCTIONS 

According to Sec. 5.1.2, F/m(#, <p) may be represented by a product of two functions, one of which depends 
only on <p while the other depends on #. The ^-dependence of the spherical harmonics is given by the factor 
e*m<p ^e ^-dependence is determined by the associated Legendre polynomials P/^cost?) [4, 27]. Taking into 
account the normalization, we get 

For the spherical harmonics with |m| < / one gets the following expressions (see Refs. [4, 22, 27]). 
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Yim(d><p) = 
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5.2.1. Differential Expressions for Yim(#,y?) 

eimV / 2 J+i (J + m ) ! , . Q ._m d'-m , 2 , ., 

l i i r i / lT(M! ( s m ' ) (dcosoy-™^8*-1)' 
i i\"eim\l2l+1('^Liatr d,+m fee2.? iv 
jmv ^ 2 l + 1 / . * \ m / d V f # 1 | C M t f W - m / C 0 3 1 j ■ iW+ml 

2' y M*+»>)>(<-»o^ 2 J U o s * ; l ( 1 ' c o s , , ) (coo,? x) '• 
/ ,\m'im" 1 2l+1 k i n ^ " 7 d Vlfcoarf 1 ll '+ mfco3 Iy lV-» l ( - 1 ) 2' yifc{l + m)\(l-m)\Vm2) Uco . J l ( c 0 B * ' 1J ( C ° S * 1} J> 

The spherical harmonics may be expressed in terms of mth order derivatives of the Legendre polynomials 

Assuming that 

% . ( * „ ) - < - l ) V ~ ^ ± i { £ $ ( s i n , ) - ^ £ L _ P i ( c o s . ) . 

(m > 0) 

M 

one can use Eq. (6) not only at m > 0 but also at m < 0. 

5.2.2. Representations of Fjm(#,£>) as a Power Series of Trigonometric Functions of tf/2 

(2) 

(3) 

(4) 

(5) 

I 

(6) 

(7) 

In the following equations sums are over all integer values of s so that no factorial in the denominator has 
negative argument. The quantity £mo is defined as 

Y,m{#,p): 

Ylra^M'-

Ylrn^M--

f ( - l ) m i f m > 0 , 
*m° U ifm<0, 

- ,«*, , /«±i . (* - ") ' (cot * \ - Vf-iV- {21 -3)! ■ ^ n f J 

(8) 

(9) 

(10) 

(U) 
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2» 

■a)! ( c o s f ) ' 
iW*,*») - (-1). yi7-(rr^jT(cot2J Z>x) (TTTj?' S(T^H 

v / , x i .Vim* / 2 / + 1 ( i - m ) T / . * # \ " r , ,x.(l + »»+«) ' ( C ° S 2) 

1 ( * ^ 2 ( ' " ' ) 

Y (***-( n'-»«^ r + 1 ( ' " ^ ' L ^ r r f tw-. (2*-«)» lcos2j 

(12) 

(13) 

(14) 

Yim{4,p) =Uo *imv \p^V(l + m)\{l - m)! fl|m|!(cos | ) 2 ' 

X ^ «!(« + |m|)!(J - «)!(! - \m\ - «)! ' ( 1 5 ) 

K|«(*.¥>) =£mO ( - l ) ' - » e * » * ^ ^ \ / ( / + m)!( / -m)!« |m|!(s i i i^) 2 ' 

X ^ s\(s + \m\)\{l - «)!(/ - |m| - s)! ' ( 1 6 ) 

5.2.3. Representations of F|m(t?,^>) as a Power Series of Trigonometric Functions of t? 
In the equations of this section an integer index $ assumes either only even or only odd values as indicated 

under the summation symbols. Sums are over such s for which the factorial arguments are non-negative. 

i W t M = «'m~ 2 / + 1 
r4?r(/ + m ) ! ( / - m ) ! 

, = |m| , |m|+2 , . . . l~ 1 ; 3 (,+m)!!(7-m)!! * (f + . )!!(*--«)!! V s m ^J (17) 

if i — m is even 

if I — m is odd, 

E l-\m\ / -xLtffl&t (Hm)!!(l~m)!! (2l-<-l)!J 

a=0,2,...V X; ( /+m-«)!!( i -m-«)!! * a!!(sintf)» (18) 
if / — m is even 

c o s t 7 Z , , = l , 3 , . . . l x i (/ + m-*)!!( / -m-«)!! («-l)!!(8intf)» 
if J — m is odd, 

«^--^JWW^r?-i)^H?^^ 
l + m — s is even (19) 
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*U*.rt = ̂ V ^ " + """-»!'>i°<''B-1''^(l + m-,)ll(.-m-.)ll ' ^ 
/ + m - J is even (21) 

The quantity |yim(t?,V?)|2 maY ̂  written in the form 

\YU*,<P)\ --£- p ("I) (731)7 - ^ j i T (,-m)!(, + m)!' (22) 

•=|m|, |m| + l,... v ' x ' * ' * ' 

5.2.4. Yjm(tf,y>) and the Hyper geometric Functions with Arguments Expressed in 
Terms of IVigonometric Functions of 4/2 

^■^WTS^W^^Hntfj), (23) 

«»(*,#»)-(-i) &«• y4^+ m ) ! ( ,_m ) !—l8 m2V (cot2i 

xjLj.-J + Mj-Hj^jjj , (24) 

<-»»< -*»» / « + ! (^ [m | ) ! ( 8 i n t ? )H n«(*.P)-(-ir-6-rf V 4„ ( / _ | m , ) ! | m | ! 2 H 

x f ( - l + \m\, I + |m| + 1; |m| + 1; cos3 - ) , (25) 

/ 2 7 + 1 (2/)!/ t>\3'/ t?\M 
V^I + mJUI-mJlirl""^ lUn2i 

xF[-l,-l + \m\;-2l;—^ I , (26) 

W*.p)-6-^^-^(*-f)W(«-|)^(-i + M.-iiM + i;-»--f). («) 

v /« \ / i\i-m> .m* /21+1 (f + H ) i / i * \ | m | / . * \ 3 ' 
F,m(<M = (-D ^ . ^ — . j - J _ ^ ( e o t - ) ( am- ) 

x j ( - Z + | m | , - l ; | m | + l ; - e o t a | ) . (28) 
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Yim{^t<p) and the Hypergeometric Functions with Arguments Expressed in 
Terms of Trigonometric Functions of t? 

Ylm{^<p)=Uoel /2J+1 ( 1 + H ) 1 (sint?)lr 

x < 

4TT (/- |m|)! 2M|m|! 
f F ( - t M , i±H±l; |m| + l;sina*) 

if? -f m is even, 
c o ^ - i d H z i , J±H±2. | m | + i ; s i n 2 ^ 

if £ -f- m is odd, 

(2/-l)!!(sint?)1 
21+1 

if J + m is even 
y y 

(-1) > c o t # F ^ ~ ^ 2 — , — — , — T " » ^ T ? ; 
if I + m is odd, 

y«m(«?,^ = «<m,p 2Z+1 (sint?)r 

x< 

4*(/ + m)!(l - m)! 

f ( - l ) ^ ( f + m - l ) ! ! ( l - m - l ) ! ! f ( - ^ , < ± ^ ; ± ; c o s 2 t ? ) 
i f /+ m is even 

( - l ) 1 * ^ / + m)!!(i _ TO)!! COS tfF(-^pi , i ± f t 2 ; | ;cos21?) 

if / + m is odd, 

f l-m l-m-1 21-1 1 \ 
* I 2 ' 2 ! 2 'cos^tfr 

(29) 

(30) 

(31) 

(32) 

V M ^ - < , - * P + M ^ + H ) ! ,(tant?)H 

_ / i— Iml I — Iml — 1 , , o „\ 
x F ( — 2 • 2 — ; H + i ; - tan 2t?j , 

'Iml >,*) = «' »m»> 2/ + 1 (sintf)' 
Air(l + m)!(i - m)! 

( - l ) ^ ( / + m - l ) ! ! ( i - m - l ) ! ! f ( - ^ , - ^ ; § ; - c o t 3 t ? ) 
if / + m is even 

(_1) " ^ ( j + m)!j(| _ m)i! c o t * F ( - M p ± , -*±»=1 ; | ; - cot2 #) 
if / + m is odd, 

(33) 

(34) 
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5.2.6. Ytm{&,ip) and the Hypergeometric Functions with Arguments Expressed in 
Terms of Exponential Functions 

v ,a * ieimv I21 + 1 /, , Zf~, T2'+ m + 1(8int?)m 

Y,m(»,<p) = -—)/—(i+my.(i-my. {vii)n> 

_,[(2,+1)f+(2m+1)f i , Jm+1 ( i _ m ; , + i s _ j £ f > j J . (36) 

5.2.7. Yjm(#,̂ >) and Other Special Functions 

(a) The relation between Yim(d}<p) and the Wigner ^-function (Chap. 4) is given by 

Y,m(*,<p) = \ J ^ D'o-m(x,^<p) = ( - l ) m V^^(x , t> ,^) 

= t-iry/^DLmoirS.x) = ̂ j^Eo(tt*.x), (37) 

where x ^ an arbitrary angle. 
(b) Yim{d,<p) can be related to the Jacobi polynomials Pn (x), 

Ylm(0,p) = e ^ g L ^ L t i ( j + m)!(f - m)!(ito*)Mi^J(H)(cos^ . (38) >|m|/! 

(c) Ytm(d, <p) can be expressed in terms of Gegenbauer polynomials C*(x), 

Ylm(0,<p) = fi^'^Ltl ■ j y ^ j l (2|m| - l)!!(sintf)IH <?*+« (cos*). (39) 

5.2.8. V/m(t?,£>) as an Irreducible Tensor Product 
For any position vector r specified by polar coordinates r, t?, >̂ one has 

lrim(0,p) = ^ / ^ ^ { . . . { { r ® r } a ® r } s . . . ® r } , m i (40) 
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5.3. INTEGRAL REPRESENTATIONS OF THE SPHERICAL HARMONICS [4, 22, 27] 

5.3.1. Yim(d,<p) in the Form of Indefinite Integrals 
(a) 

I cost? cost? cost? 

y ^ ^ ) = e - J ^ . | i ^ ^ / J ... J *(«**)(d«»*r, (m>0). (1) 
T 1 1 1 

This formula represents the analytic continuation of the differential expression 5.2(6) to the case m < 0. 
(b) The Mehler-Dirichlet formulas 

. if ■ i f ^ ( 2 m - l ) ! ! ( g ^ ) - r cos[(2f+l)f]dV> 
*r y 4 , r (* + "»)' ' \ 2 ) J0 ( cos^-cost f ) m + * V (2) n. ( «.rt - ( - ir^^- / , , + ' "~m) 

^ ( ^ ) ^^^. i^ ( 2 m . 1 ) 1 ! ( - ) 7 ;^ i^ , imi0) ( C 0 8 t ? - C 0 3 ^ ) m + J (3) 

(c) 

Y^M-ir^/2'+1 ( i+m)! 
4TT (J -m) ! (m-l)!(sint?) f 

l 

x 
cost? 

(a) 

/ P^cos^lcosip-cosd^^dcosxl), (m>0). (4) 
ost? 

5.3.2. F|m(t?, <p) in the Form of Definite Integrals 

11m(^^) = i — ^ c ^ ^ J — — (/ + m ) ! ( J - m ) ! - / [cosi?±*sint?cos$'cos(rr#)#, 
ir V 4TT I] JQ 

IT y 47r(/H-m}!(l — m) ! ,/0 

(5) 

cos(m^)# . 
w+T- (6) (cos t? T % sin # cos $)l 

For £> = 0, complex conjugation does not affect the right-hand side of Eq. (6), because F / m ( # , 0) is real. 
(b) 

« - ( ' . * ) - ^ ^ ^ ^ (8) 

Equations (7) and (8) represent modifications of Eqs. (5) and (6). 
to 

iw*,*) = L~LeimvfJ^r' | ^ (£^/ ' r ( c o s , ? ± z ' s i n , ? c o s ^" m ( s i n ^ 2 m ^' ( m - 0 ) i 
(9) 

« r o 0 M - - ^ - « ^ - 1 _ . ^ _ _ r ( 2 m _ i J j | y o ( c o s^T i s i^ c o s x r m + 1 . ("»>o). (io) 
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Equations (9) and (10) transform to each other at replacing the integration variables according to 

costfcos Y + tsint? cos t? cos tfr — t sin t? , . 
C08U> = , COSX = • (11) 

cos t? -f t sin t? cos x cos # — i sin t? cos rj> 

This replacing is equivalent to the transformation of "mirror" symmetry, i.e., to the replacement / by [ = - / - l . 

5.S.S. Yim(#>p) in the Form of Improper Integrals 
(a) 

x Ir-iv* f ° codiM)^ _ r00 cosh(mt)<ft 1 
\ l ' y0 (cos* + »sin0coshO'+1 /o (co6tf-»sintfcosh«)'+1 / ' l ' 

r f°° {smht)3mdt f°° (sinht)2m<ft 1 
* \ y o (costf + 1 s i n 0 c o s h t ) ' + m + 1 / 0 (cost? - 1 sin0 cosh«)«+•»+» / ' ( m " 0 J ' ( 1 3 ) 

(b) 

HP.*) = Hr^/^! ̂  - m)! / f ^ " " ^ s i n * ) ^ , (14) 
where Jm(x) is a Bessel function. 

(c) |Y/m(t?, p ) | 2 may be represented as 

5,4. SYMMETRY PROPERTIES 

The symmetry relations given below couple the harmonics Y/m(t?,^>) with different values of #, p and 
/, m. These relations permit us to extend the domain of allowed tf,p and generalise Ytm(d}<p) to the case of 
negative /. 

(a) Complex conjugation: 

!£(*,*>) = Ylm(#,-<p) = (-l)myi-m(*,*>) • (1) 

(b) Sign reversal of m: 

Y,-m{*,v) = (-l)my,m(t?,-y>) = (-l)me-i7m*Ylm(4,<p). (2) 

(c) "Mirror" symmetry (replacement / by f = —/ - 1): 

Y[m(*,<p) = (-irY,m(0,<p). (3) 
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(d) Replacement t? —♦ w — t? and <p = TT + >̂: 

i w * -1?( ?) = (-i)'+mr<m(t?,«»), (4) 

i im(*.*+p) = (-!)"%»(*.*>). (5) 
tfm(* - *, IT + ?) = (-l) 'r |m(*, <P) • (6) 

(e) Change of argument signs: 

Ylm(-0,<p) = {-l)mYlm{*,<p), (7) 

Y,m{*, -<p) = (-l)mYi-m(*. p) , (8) 
r{m(-<?,-v?) = y/_m(t?)V?). (9) 

(f) The periodicity in # and <p 

(-l)lYim{*,v), ifnisodd, 
l* im(# ,p) , lfniseven, 

v M -L 1 / ( - l ) m « m ( * , * » ) , i fnisodd, 
y , m (# ,p±njr = < (11) 

I l/m(vi V>) if n is even. 

(12) 

Making use of the above symmetry properties, one gets 

«m(*,f>) = (-ire*"^y,-m(* f*>) = **m*I?m (*,*>) = (-1)-F,lm(t?,^) 

= « - m ( - * , -*>) = ( - i ) m e 2 ^r l m ( - ty , - „ ) = * 2 ^ i ^ m ( - * , -p) = ( - i ) * ^ - * , - p j . 

5.5. BEHAVIOUR OF Ylm{dtp) UNDER TRANSFORMATIONS OF 
COORDINATE SYSTEMS 

Any transformation of coordinate system in 3-dimensional space, which does not affect the orthogonality of 
coordinate axes, may be represented as a result of three operations: (1) rotation, (2) inversion and (3) parallel 
translation. 

5.5.1. Rotation 
The spherical harmonics Yim(#f<p) are covariant components of some irreducible tensor of rank /. Hence, 

under arbitrary rotation 5{rc,y,2f} —♦ 5"{s', y', z1} of the coordinate system described by the Euler angles 
a, f3,7 (Sec. 1.4) the spherical harmonics transform in accordance with 

3ia,firt)Y,m,(4tV) = Ylm.(0tV?) = y£Ylm(0,1,)Dl
mm,(a,{},l). (1) 

m 

Here D^mmt (<*, /?, 7) is a Wigner ZMunction (Chap. 4), t?, <p and #', <p* are polar angles of the position vector in 
the original and final coordinate systems, S and 5', respectively. The angles ##, ip' may be expressed through 
$,<p and the Euler angles according to Eqs. 1.4.(2). 

5.5.2. Inversion 
Under inversion S{x,yfz} —*• S'{—£, — y, — z} the spherical harmonics transform as 

?rYlm(*t <p) = K|m(ir - *, y* + *) = (~l)'F lm(*, *>). (2) 
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5.5.3. Parallel Translation 
At parallel displacement 5{x, y, z) -♦ 5'{x', y', 2'} by a vector a(a, 0, ^) one has r' = r — a. In this case 

the spherical harmonics transform as 

x [$'$WMM**v-i{*>*)W>- (3) 

where T(a) = e a v is the displacement operator, (Y/ l ® Yf , } | m iff the irreducible tensor product (Sec. 3.1). 
The polar coordinates of the vectors r(r,0,^) and t'(r9

%$'>$) are related by 

r*2 = r2 + a2 — 2racoBu>i2 , 
_. rco$t>-acos9 

Vr» + 4 3 - 2 r a c o t a ; w (4) 
, rsin#siii<p — a sin 6 sin $ 

tan <p =* ,\ v *T . A x , 
r sin v cos p — a sin © cos * 

' t 

where 
cos u)i2 = cos t? cos 0 + sin tfsin 6 cos(y> — ♦ ) . (5) 

5.5*4. Special Cashes of Cooriiinate-Sygtem Transformations 
(a) Rotation about the coordinate axes through the angle w 

r' = r, ) 

<p' = 2x-<p,) 
about the x axis * ' * j r - t f , > ! $ „ , ( * - 0 , 2 * - ^ ) = (-l)'y,_m(0,v?) (6) 

*?' = 2 

about the yaxis *' = * - * , \ Y,m(* - * , * - <p) = ( - l ) ' - m y , _ m ( 0 , p ) , (7) 
<p' = * - < p , J 

• - . | 
aboutthe*axis ^ = 0 , >'Yim(0,* + p) =* {-l)mY,m(4,ip). (8) 

(b) Rotation about the z axis through an arbitrary angle \ 

* ' = * , \Ylm(0,<p-X) = e-"nXYlm(O,<p). (9) 

(c) Rotation about an arbitrary direction n(6 , $) through a small angle w(u <. JT/2) 

8Ylm{#,<p) « Yim[Q,<p) -iu>{mcoseY,m{#,<p) 

+ s i n e [ e _ , # ^ J ( 1 + x ) _ m ( m + 1 ) Y i m ^ ^ + e<*N//(/ + l ) - m ( m - l ) y , m _ 1 ( t f , ^ ) ] J . ( 1 0 ) 
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(d) Reflection of the coordinate system with respect to the equatorial plane, t? = n/2 

r'^r ) 
i ? ' = * - t ? , \Yim(w-*9p) = (-l)l+mYim(49V). (11) 

(e) Reflection of the coordinate system with respect to a meridian plane, p = po and p = ic + po 

r' = r 
t?'= t?, ^ F(m(t?,2^0 - *>) = e * 2 m ^ - - l ) m ^ m ( t ? , ^ ) . (12) 
p'~ 2p0-p} 

5.6. EXPANSIONS IN SERIES OP THE SPHERICAL HARMONICS 

5.6.1. General Relations 
A collection of the spherical harmonics Yim(6fp) with all integer non-negative I and integer m(|m| < I) 

constitutes a complete orthonormal set of functions of two real variables # and p defined within 0 < t? < TT, 
0 < p < 2K. The completeness relation for the spherical harmonics is given by 

£ £ r»m(*. WlmP, <p') = S(<P ~ <P')6(C0S * - COS t?') . (l) 
1=0 m = - l 

The orthogonality and normalization relation is as follows: (Sec. 5.1.4) 

/ "dp f" d^sin6YCm{^p)YVrn,(^p) = 6wSmm,. (2) 
Jo Jo 

An arbitrary function / (# , p) which is defined in the interval 0 < t? < *-, 0 < p < 2* and satisfies the 
condition 

\" dpi <Wsint?|/(t?,y?)|2<oo, (3) 
Jo Jo 

can be expanded into a series of the spherical harmonics as 

oo l 

/(*.*>)=E E «mYim(*tv). (4) 
1=0 mzz-t 

The expansion coefficients ajm are given by the relation 

aim = I" «V f d#sin«£,(*, ? ) / (* , v?). (5) 
Jo Jo 

This relation may be treated as an integral transformation of / (# , p) from the continuous variables #, p to the 
discrete variables I, m. In this case Yim(d,p) s (#,y>|lm) plays the role of the transformation matrix 

(M/)HM**>)<W>. (•) 
where 
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As usual, in relations of this type, summation or integration is assumed over all variables which art repeated 
twice. 

The transformation (5) is unitary, i.e., 

(/|lm>(/m|/> = (/|t>,^)(t?,H/>. (7) 

The expansion coefficients o/m satisfy the Parseval condition 

£ E l a "»! 2 = f^d<P Tdesinm^<p)\2^ («) 

The expansion (4) in terms of the spherical harmonics is widely us$d in different branches of physics. It is 
called the multipole expansion, and the ajm are called multipolc moments. 

5.6.2. Expansion of Products of the SphfericarHarmonics 
(a) A direct product of two spherical harmonics of the same arguments may be expanded in series as (the 

so-called Clebsch-Gordan series) 

yi.mj'.^yi.*.^^ - 23 y ^ ^ ^ ^ c j | $ l t 0 < ^ a B a R . i ^ t f ( « , v » ) . (9) 
Lhi 

The inverse relation may bte written as 

]l(2hTl)(tl!]+ 1) ^ ^^mJirA^MYitmA^M=C^lioYLM(^<p). (10) 

Products of three and more spherical harmonics are decomposed according to 

'LATZ^'V (4*)2(2L+1) 

yiimt^.^^m, (*,.*>) x... x yUw>(*frt = Eife.n.jtf.tofP), (12) 

where 

5 L * = y 2Ln + l ^ fA IV 4* ^^lOiiO^L^^-i i im*) t (13) 
AfiA/*,...*/*-! 

with X0 = Af0 = 0. 
(b) Irreducible tensor products (defined in Sec. 3.1) of the spherical harmonics may be expanded as 

{Y,4 («, *>) ® y,, («, „)>„, = \J{i\*$2l3Jl) C&JTUI (*, „), (M) 

{{Y,t (*, *>) • y,, (*, *>)}„ • y,, (*, *>)}™ = ^ +
(

1 ^ 2 + y g » ± i ) cro>oCfo it0yLM ( f p) f (15) 

{...{{Y l l(*,p)«Y,,(d,^)}Ll«Y l,(* lrt>L,...®YI.(*,»»)}L. i / l. 
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In particular, when ^ = l2 = . . . = ln = 1 and L^ = k[k = 1 ,2 ,3 , . . . , n) one has 

{...{{Y1(#,<p)<8>Yl(d,<p)}2®Y1(t,<p)h...®Y1(fi,v)}nm = J (17) 

Note that when expanding the products of the spherical harmonics, the functions C*m(i?,£>) which contain an 
additional factor y/4w/(2l + 1) (Sec. 5.1.4), are more convenient. 

5.7. R E C U R S I O N RELATIONS 

Recursion relations for the spherical harmonics may be obtained, for example, from the Clebsch-Gordan 
series (see Eq. 5.6.(9)). 

-2mcot0Ylm(0,<p) = y/l{l + 1) - m(m + 1) c~^Ylm+1(6, <p) + >/l(l + 1) - m(m - 1) e*K,ro-i(t?,v>). (1) 

sin 

Q jl-m + l v , . . /2/ + 1 i + m ~ i r 

n / I + m Tr / n , /2J + 1 I - m + 2 Tr ,„ , , . 

. «,, /« * t<* (l + m + l)(/ + m + 2 ) t , /rt , (l-m- l ) ( l -m) , r ,„ , 
8 U 1 ^ ' ^ ' ' y = -V (2i-H)(2i + 3) *+'-+'(*"> + V (21- 1)(L 1) y ' - w i ( * ^ ) 

= —cos 

( 2 / - l)(2i + 3 ) c o s 2 * y , m ( t M = ( 2 1 - l ) ^ 1 ^ ^ ^ • ( l +
2 ^ 8 Y,+2m(t,<p) 

+[2l(l + 1) - 2m2 - l]yJm(*. p) + (2/ + s J ^ ^ T ^ ^ ^ y , . * , . ^ y > ) , (5) 

(M- IHM + S j r i . f c o . * . * ^ , , ) = - ( « - 1) ̂  +^+~ mlAl + m + W + m +£Yl+3m+1(*,p) 

-(2m + l)y/l(l + 1) - m(m + 1) Ylm+1(», <p) + (21 + 3 ) ^ ~ ~ • &^ " 2 ^ 3 " " ~ 2 ) ri-am+ifog), 
(6) 
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(21 - 1)(2I + 3).in*cos v e -y < m (v ,*>) = (21 - I ) / ' +
2 , + 1 m3—m^IVm + ^ * W ' ( * ' * > 

-(2m - l M ( / + l ) - m ( m - l ) *„-!(<>,»,) - (2/ + 3 ) ^ ^ • ^ " " ^ ,+ " "-^7 , .,,»■., (tf,y>), 

(2J + 3) / (J-m)l /(/ + m + 2)l(/^m)T 

(2/- l ) (2i + 3 ) . i n ^ - ^ m ( . ) y ) = ^ i ^ ^ ^ ^ W ^ ^ p , 

(2/ + 3) / (t + m)l „ . / ( < ^ m + 2)l(/ + m)lTr , a , /ft, 

5.8. DIFFERENTIAL RELATIONS 

5.8.1. Action of the Operator of Orbital Angular Momentum on Ytm(#, p) 
Spherical components of the operator £ (Eq. 2.2(18)) act on Yim(6,<p) according to 

or in a more compact form 

(i) 

Z*Ylm(6, v) = >ffl+l)ClZX Y,m+It(0, <p). (2) 
The action of the operator £ 2 on Yjm(̂ > <p) yield* 

i2Ylm(0,<p) = l(l + l)Ylm(*,<p). (3) 

5.8.2. First and Second Older Derivatives of Ylm(0,<p) 

j£Y,M<p)*imYtm(*,v), (4) 

—Ylm{0,<p) = mcot*K|m(*,tc>) + y/l(l + 1) - m(m + 1) Y,m+l{&,*>)«"* 

= -mcot*Y,m(0,<p) - \/l{l + 1) - M™ - 1) tfm-i(0, p)e* 

= i>//(/ if 1) - m(m + 1) I W i ( 0 , *>)«"* - ± V'(* +1) - m(m - 1) Yim-i(*. «>)«* . 
2 (5) 
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sin * A y | m ( d | p) = ain^_±_YiM p) 

= Uo8dYlm(fi,<p) - ^ ? i ± l (P - ma)y,_lm(*,p) 

= -(/ + l)co8* y,m(*,*>) + ^ | ± i [(/ + l)2 - m*]Yl+lm{4, p) 

= l\l&+
+W?l)y»-t*'*> - ('+ ^\lw^^T)Yl-lm{^]' (6) 

^ y *"(*> *>) = " [<(' + !) " ^ ] «»('•«») ~ cot »~k Y«"l°> V) ■ (7) 

5.8.3. Vector Differentiation Operations 
(a) The gradient of a function /(r)Fjm(#, y>), where f(r) is an arbitrary function of r = |r| can be expanded 

in terms of vector spherical harmonics (Sec. 7.3) as follows: 

v|/MiU«.ril - -\fM(t - Lr>)y- <«■»» + ^ ( I + iii/)Tt*(«.rt• W 
or in component form 

sin 

v„[/My,„0M]^^+
+%~f3) ( | - \ f ) W . r t 

y^^(f + ̂ / )« - ,„ (^) . <») 

Here Vo$±i are spherical components of the operator V (Sec. 1.3). 
Let us consider some special cases of Eq. (9). If f(r) = ji(kr) is a spherical Bessel function, one has, 

£v(j»(*r)y,m(*,*>)] = ̂ \ ji+i(tr)Y{+1(*,«») + y Q ^ - i M Y , ' - 1 (,?,*>). (12) 

Putting /(r) = r1, one gets 
Vlr'Ytm^)p)) = y/WTT)rl-lY\^(d,p). (13) 

If / ( r ) = r - ' - 1 , Eq. (9) is reduced to 

Vfr"'-1 y(m(t?,p)] = N / ( /+ l ) (2 i+ l )r - ' - 2 Y, '+ 1 ( t f ,^ ) . (14) 
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(b) The divergence of a vector function /(r)Lyjm(tf,^>) vanishes for any function f(r) 

Vlf(r)ZY,m(0,<p)] = O. (15) 

(c) The curl of a vector function /(r)£ Yim(dt p), where f(r) is an arbitrary function of r, is expressible in 
terms of a gradient of the corresponding scalar function 

V x [/(r)L F,m(tf, <p)\ = , v [ ( r | + / ) !W*. *)] - * [ ? Tr ( ^ £ ) ' ^ M *"<*» *>' ( l 6 ) 

In particular, if f(r) = ji{kr), one gets 

cnTl[jt(kr)lYlm(^V>)) =»V((fcrji_1(Ar) -lj,(kr))Ylm{*t¥>)\ + irk>jt(kr)Ylm(0,<p). (17) 

curl[r'Ly,m(t?,^)] = i ( { + l ) y j ^ + i j f ' . - 1 Y f c 1 ^ ) • (18) 

andif/(r) = r"'-1, . 

c«rl[r-,-1£r„I.(*lp)l = -ilV(l+l)(2l+'l)r'l-iYt1(^<p). (19) 

Some additional formulas for the vector differentiation of functions which contain Yim{#i<p) will be given 
in Sec. 7.3.6. 

5.9. S O M E I N T E G R A L S INVOLVING SPHERICAL H A R M O N I C S 

5.9.1. Integrals over Total Solid Angle 

/ dpi d#8UL#Yim{#,<p) = \fo6l06mo. (1) 
Jo Jo 

["dpf* dtsin*Yiimi(*,*>)yj;m,(*,tp) = ^ ^ m , . (2) 
Jo Jo 

/ dp ^sint?y} imi(t?,^)^m,(t?,^) = ( - l ) m j hxht-mmn • (3) 
JO JO 

^2' 4, jT * .in *y,imi (*, P)y„m, (#, <P)YU (*, „) = ̂ / K + g ^ M c/.o a0 3 . ^ . (4) 

/ * dp / " <f*«in t?r, imi (*, <p)Yhmt (0, v?)^,ro , («?, p) 
Jo Jo 

l(2l1 + l)(2l2 + l)(2l3 + l) (I, l3 l3\ (I, l2 l3 \ 
V 4* \ 0 0 O j \mi m, mz) ' W 

Integrals involving products of three and more spherical harmonics can be evaluated by reducing them to 
integrals which involve products of a smaller number of harmonics. For this purpose it is convenient to use the 
Clebsch-Gordan expansion (Eq. 5.6(9)). 
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5.9.2. Fourier Transformations for Some Functions Which Contain VJm(t?,^>) 

rdrr2 f ndp fW M^^rji(qr)Yim(^fp) = 2w2il6-^^Ylm(0k)<pk). (6) 
Jo Jo Jo q 

t00 drr2 f *d<p / ^ s i n t V ^ ^ ^ (7) 
Jo Jo Jo - r 

f°° drr2 I "dp f\dsmeeik^VxL}(j)(qr)Yim(^<p))=2^^ (8) 
Jo Jo Jo Q 

• s <^s Here j)(x) is a spherical Bessel function, &k and <pk are polar angles of the vector k; L and L^ are the operators 
of orbital angular momentum in the coordinate and momentum representations, respectively, 

L = -t[r x V], Lk = -t(k x V k ] . (9) 

5.9.3. Integrals with Respect to $ 

[ y^(t>,V)YVm(t, <p) sin M* = ^ . (10) 

j\u*MYlm.{*M^ = 2J^smm- Km'>o). (ii) 

rn/2 
f" (sm*)m+l(cosfi)nYlm(&,<p)d# 
Jo 

21+1. (l+m)\ n\e^ (mn>0\ tn\ 
4* ( / - m ) ! ( _ 1 ) (n + < + m + l ) ! ! ( n - f + m)!!' K » ^ 0 ) - (12) 

/ \(h ~ hWi + h + 1) " 4 - 2 ^ 1 Ylimi(*,<p)Y,,mt(0,<p)d(cosd) 
Ja

 L sm v J 

- sin2 * [y l imi (*, „) ̂ ± _ y„m , <*, „) - y , m , (#, „) ̂  yJimi (#, *>)] [ 

= [cot 0(1, - (2)«,m,(*,p)Kiw(*,«>) + «a + ma)y, l ini(*.¥>)«.-!«,(*,«>) 

-(/i +m1)r,1_lmi(tfIp)y,jWf (*|P)]|J. (13) 
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5.10. SUMS INVOLVING SPHERICAL HARMONICS 

5.10.1. Sums over m (with fixed /) 

' 2J + 1 £iiw*.*>)i3 = ̂ . w 
m=-/ 

/ 
£ ™\Y,m(0,<p)\2 = O, (2) 

m=-l 

E*^!'.^*'., 8* 

5.10.2. Sums over / (with fixed m > 0) 

£v(2<+ 
4 ' ^ - " K t a l * ^ ) 

(8) 

V * (=F»)m
 y M ^ = , / 2 / + 1 (co»tf±»»in<?co8y)' 

In the equations given below (27) we will use the notation R = y/1 — 2t cos 0 + 1 3 . 

n+I? tn-l+m I 4 T 

l )( i -m)!(/+m)! /! 

= l~2"(m\)>r°Fl i'™*1'*™2 | ) o A ( ; m + l;-tsina | ) , (|t| < 1), (7) 

& >/(< + »*)»(.-m)l V 2Tia **<♦.*) 

n! (-8in«V*')m ^ f n + 1 n , , / tsini? \ a \ 



Spherical Harmonics 151 

V / A* (l + m-n)\[l- m + n - l ) l . _ ( 2 m - »)l(n-1)1 
^ Y ( 2 / + l ) ( i -m) ! ( i + m)!' /! r i m l * , W - 2 m ( m , ) 2 

1 +1— J2> 
x ( -s int?« , v ) m / ' (n ,2m+ 1 - n;m+ 1; )F(n,2m + 1 - n;m + 1; —!— ) ,(|t| < 1), (9) 

g/?^§l)^(»><'-"™ 
1 (-sini?e ,>)m r yt(cos&-t) 

2mm\ iP^+i 
^ [ . g S S ^ z a j ^ ^ + u - i C ^ ) , ( W < i , , (io) 

A-m. l**{2l+W + m)\ 
l=m 

(l-m)l 
j,(t)Ylm(<r,<p) = (-tsmW)me mMitco*0 ("I 

/=m,m+2,.. . 

f 4a-(2i + l)(i + m)! 
( / -m)I ji(*)>W*>*>) = H""»^'V)m «»(*«»*). (12) 

J=m+l,m+3,. . . 
' ' " ' " ' v " ' " ^ m)' »wy,-(*-y> = (-«™«^*r™(«"«*). (i») 

|=m V * ' 

f4?r(2/ + l ) ( / + m)! . 

f=m 
(l-m)\ 3t{*)zi{y)Ylm(#,<p)= ( -

xj/sint?e'^ \ m 

y i 2 + y2 — 2iycos 
=)m^m( \ /a: 3 + V2 " 2iycost?), 
t?7 / (15) 

£ f - " j » ( t ) r , m ( * 1 , V ) i ) r l ^ ( * 3 , ^ ) = £ J m ( t8 int f 1 8int? 2 K < c o " , ' c o "' ' e
< ^>-^) . (16) 

l=m 

5.11. GENERATING FUNCTIONS FOR Ylm{9ttp) 

For fixed m one has (see Refs. [4, 22]) 

R2m+1 

(2m-l)!!(»in0)"* 2 * *"y 21+1 ' (J-m)! ^im(<?. ° ) > 1*1 < J - > 
' = m 

(i) 

where 
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In particular, for m = 0 one gets 

1 
£ t 'P , (cos t? ) , | t | < l , 

r (2) 
£ ^P«(cOStf), 1*1 > I. 
J=0 

* -2"(d*#)* f4-' i!V(2'+l)(' + m)!(i-m)!y'^'0)' | t | < 1 - (3) 

In addition, we present the following expansions in terms of Yfm(t?,^) [4] 

c 
(c08^> 

(C08 t? — 

where 
f 1 if x > 0, 

In particular, when m = 0 one has 

ew-.co,^.e(co.^co.y = ̂ yy*^* fl(co§#). (7) 
Vcos^-cost f ^ / cos^-cos^ ^ v ' l ' / = 0 

5.12. ASYMPTOTIC EXPRESSIONS FOR Ylm{^<p) 

5.12.1. Yim(0}<p) for Large / 
If / > 1 and / > m > 0, a spherical harmonic Ylm(d, <p) for e < t? < * - e (0 < e < 1//) and 0 < <p < 2* 

can be approximated by (see Ref. [4]) 

€^coi[(2/ + l)f + (2m-l)f] ,x . 
* Vsintf W / / s in 1 

A more exact formula [22] is 

(it 

*•<*•* - ^ » { ( ■ + T ^ ) c"[<2,+»|+<*»- »g 

+.&y-[««+»)i+«»—»g}+«»(?)- » 
The terms 0(1//) and 0(1/ / 3 ) depend on m and tJ. 

If / > 1 and / > m > 0, one also obtains 

| ^ ± m(t? ,*?) |<~(8 in t f ) - ( m + i ) (3) 
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5.12.2. Behaviour of Yim(d$<p) in Neighbourhoods of t> = 0,?r and w/2 

For 0 < t? < e(e < 1) one has 

«±m(#,rt « (TI) -^j-y-47- • ^r^gi UJ l1 s tsrr i)—III J • (4) 

For X — e < # < TT, one obtains 

«*»(*,*)«(-1) (±1) -^-^-^r ■ jfz^i 1—j i1 j j s r n j — K I T ) J • (5) 

In the case when */2 — e < # < w/2 + e 

w^)M-^.-^ni^p^[l_ffi±^(f.^], M 

if I + m is even and 

, , , . i ± ^ i ±imv 21 + 1 ( l -m) l l [l + m)l\ (* \ 

x [ l _ i ( i + i ) - K + i ) ( , _ ^ t ( 7 ) 

if I + m is odd. 
If t? is small, F|m(t?, 9?) may be approximated by the Bessel function (McDonald formula [4]) 

(8) x | « M * ) + («n J ) 2 [ | Jm+sN - Jm + 2 («) + ^ *Wi(<*)] + 0[(s in | ) * ] J . 

Here a = (21 + 1) sin(i?/2), JA(<*) is the Bessel function. 

5.12.3. Asymptotic Expression for Fixed mf I -+ 00, # —► 0 and Finite it? 

In this case 

r,_m(*, ?) * \j£'~imv J'm(w) • (9) 
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m,cxD 

^oo 
/=5m=2 /*«m*=3 /=»5JW-4 /*5m=5 

Fig. 5.1. Spherical harmonics Yjm(t?, 0) are shown as functions of the polar angle <?. Symbols + and — indicate the sign of the 
function. 
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5 .13 . Ylm(d,<p) F O R S P E C I A L V A L U E S OF I A N D m 

5 .13 .1 . y,m(t?,v?) f o r / < 5 

Below the explicit forms of the spherical harmonics for / = 0 ,1 ,2 ,3 ,4 ,5 are presented in 
metric functions. These harmonics are plotted in Fig. 5.1. 

YOO(0,<P) = 

*W«M = 

Yio(*,v) = 

tt-i(*,¥>) = 

Y2+2{#,<p) = 

Y2+1{#,<p) = 

YM{*,¥>) = 

Y2-i{#,<p) = 

Y2-2(t,<p) = 

Y3+3{#,<p) = 

Y3+2{#,<p) = 

Y3+i(&,<p) = 

Y3O(0,<P) = 

n - i ( * , p ) = 

Y3-2(0,<p) = 

n-s(*,¥>) = 

y4+4(t?,y>) = 

n+a(*.*>) = 

1 
= 2v^F' 

! - |Vs "»«""• 
!2VCC°"'' 
■ yi *«■- • 
. ^ ^ ^ . ^ ( . . . W ) ^ . , 

: ~ X \ / - X — cost?smt?et^ = - 7 \ / - — - s m 2 i ? ^ , 
2V 2JT 4Y 2*r ' 

: 7 1 / - ( 3cos 2 # - 1) = | \ / - (1 + 3cos 2t?), 
4 Y fl" 8 Y fl" 

: - \ / — cost?sint?<TtV = - \ / — sin2t?<T$v, 
2Y 2*r 4Y 2 f 

: I * / ! ! ! ! 8 i n 2 * - * * = ~ \ / P ^ l - cos 2 # ) e " ^ . 
4 V 2TT 8 V 2TT V ' 

~ l v ? s i n 3 ^ 3 l P = " ^ y ^ ( 3 s i n t ? - sin3t?)e*3* , 

: i i / i ± ^ cos i?sin2 tf^2* = 4 \ / ^ T ^ (cot * - cos 3t?)e*2* , 
4V 2JT 16 V 2 * v ' 

~\J— ( 5 c o s 2 0 - 1) sint?ef> = -^:J— (sint? + 5sin3t?)c^ 

1 /7* 1 /7~ 
- y - ( 5 c o s 2 i ? ~ 3 ) c o s t ? = — y - ( 3 c o s # + 5cos3t?), 

\\l— (5cos21? - 1) sin t?e~f> = ~ r \ / — (sin i? + 5sin 3t?)C- f > , 
8 Y fl" 32 V flr 

7 \ / ^ r ^ cos t?sin2 tfe"*2*' = l - J ^ ^ l (cost? - cos3t?)«-<2", 
4V 2ir 16 V 2»r v ' 

\\l— sin3 fie'"* = ^ r \ / — (3 sin * - sin St?)*"*3". 
8 Y w 32 Y ir 

~ J ^ sin3tfcost?ef'3* = ™ J ^ ( 2 a i n 2 * - i i n 4 * ) « f " 8 * f 

- t / — sin2 t?{7cos2t? - lie1*2** = ^ \ / ^ - (3 + 4cos 20 - 7cos4tf)€ 
8 V 2*r v ; 64 V 2TT v ' 
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terms of trigono-

» 

i 

(1) 

(2) 

(3) 

(4) 
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Yi+1 

YiQ 

Yb+4 

^6+3 

^6+2 

(0,y>) = - - J - sin0(7cos30 - 3cosO)e*v = - | - W - (2sin20 + 7s in40)e* , 

3 3 
(<>. V>) = 7T-7= (35cos40 - 30cos3 0 + 3) = a , - (9 + 20cos 20 + 35cos40), loyir 12o^ic 

(0, <p) = - W ^ sin0(7cos3 0 - 3cos t?)«- ,v = | - J- (2sin20 + 7 s i n 4 0 ) e - * , 

(tf( ^) = £ J X 8in3 tf(7cos20 - l)«-*a» = 2-J|- (3 + 4 cos 20 - 7cos40)«-**', 

(tf) ^) = iJLl sin3 Ocos Oe^3* = ^:\p~ (2sin20 - sin4*)«-<3*>, 

(0,y>) = -jzj^-^ »"»6 Oe*'6*' = -JTzJ— (lOsinO - 5sin W+Jin,50)e<6*', 

(*, ¥>) = ^ y 2 T
U 8i*4 * co» *«*" " 2?6V'TZ *2 co8 * ~ 8 C08 3* + c o s W)e '4*» 

^ ' ^ = " j S y ' V " " i n 3 , , ( 9 c o ^ , , - 1 ) « * 3 * = " 5J5 J — ( « » » * + 1 3 «n 30-9sin5tf)«<3,?, 

(*. *>) = ?V 5 o ? U 8 i n 3 *(3«<*3 * ~ <*»-4)<P* - T^T J ^ (2cos* + cos30 - 3cos50)e<3<> , o V 2x 128 Y 2x 

(5) 

l6+i(0,*>) = - ^ Y 'lif11 *ia^2Uos**" 14co"2* +1)«'* 

= - r ^ T \ / ^ (2sin* + 7 sin 30 + 21 sin 5 0 ) * * , 
256 V 2ir 

>so(^, <p) = Try — (63cos5 tf - 70cos31? + 15cos t?) = — J — (30ebs t> + 35cos 30 + 63cos 50), 16 V fl" 256 V * 
(6) 

y6- i (o, v>) = j r y 2 * " 8 i n < , ( 2 1 cos* * "1 4 c o"3 * + 1 ) e ~* v 

1 /165 
256 V 2* 

(2 sin t? + 7 sin 30 + 21 sin 5t>)e_ ,v , 

n - 3 ( 0 , *>) = J yjZS
2l'n «u»3 *(3 cos3 0 - cos 0 ) * - 2 " = ^ Y 2 F ( 2 C°" * + C°" 3 * " 3 C°" 5 * ) * ~ < 3 * ' 

ft-3(*,«>) = i J i - L i l 8 in3 tf(9cos2,, _ 1 ) e - . 3 V _ - L « / ! H ( 6 s i n 0 + 13sin30-98in50) e - < 3 ' p
) 

oi V ir 512 Y TT 

l6-4(0 ,p) = J^y l w
n «in40cos0e-< 4 v = ^ 1 / ^ ( 2 c o s t ? - 3 c o s 3 0 + c o s 5 0 ) * - ^ , 

y6-6(0,v>) = %zJ7— sin50e-<6^ = - ^ / ^ ( l O s i n O - 5sin30 + s in50) e - ' 6*\ oZ V fl" 512 V fr 
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5.18.2. Ylm(d$<p) for \m\ = 0,1,2,3,4 and Any Integer / 
In this case Yim(df<p) may be expressed in terms of the Legendre polynomials, 

rio(*,¥>) = y ^ ^ f l ( c < » * ) , 

Y,±i{*,p) = T 
,±i<p 1(1+1) 
sint? V 4»r(2/ + 1) 

[ ^ ( c o s t ^ - P ^ c o s t ? ) ] , 

(7) 

(8) 

Y,±2(#,<p) = 
e±i2V 

(sint?)2 
f(f - ! ) / ( / + !)(/ + 2) 

4?r(2Z + 1) 
P ; - 2 (cos t?) 

2 / - 1 

-(2ia-?)yis)^^+«Ti^H' (9) 

v /« * «±<3¥' / 1 C + 3)! 
r ' ± 3 ( * ' " > = T (rinlj* V CpFTij' (7̂ 3)1 

P,_3(cost?) 

(2/- l)(2Z 

(2/ - 3)(2i - 1) * "0^"" "' (21- 3)(2i + 3) 

+1 ) P ' + l ( C ° S tf) " (2i + 3)1(2/ + 5) P ' + 3 ( C ° S *>] ' 

P/_i(costf) 

(10) 

W*.f»)=77 
,±«*> 1 (* + «)' 

(sinf?)4 y 4JT(2J + 1) (Z-4)! 
4 

( 2 / - 5 ) ( 2 i - l ) ( 2 Z + 3 ) 
4 

( 2 / - l ) ( 2 i + 3)(2i + 7) 

( 2 i - 5 ) ( 2 / - 3 ) ( 2 / - l ) 
6(21 + 1) 

Pj_4(cost?) 

Pj_2(costf) + 

P,+2(cost?) + 

( 2 i - 3 ) ( 2 / - l ) ( 2 / + 3)(2/ + 5) 
1 

Pj(costf) 

(2J + 3)(2J + 5)(2/ + 7) 
Pj+4(C08 t?) 

5.1S.S. K,TO(0, y?) for |m| = I, I - 1, J - 2, / - 3, / - 4, i - 5 and Any Integer / 
In this case the spherical harmonics are conveniently expressed in terms of trigonometric functions. 

(11) 

y,±l^^) = ( T i ) ' ^ y ^ | ! ( s i n ^ , 

I f e d - D P . p ) = ^ 1 ) ' ~ l e ± H , ' 1 ) V \ f ^ ^ cost?(sintf)'-\ 

«*(!- . ) (#,#») = ( T l ) ' - V = « ' - 2 > " ^ ± * . H z | j | (sin * ) « I ( 2 / - 1) cos2 * - 1], 

I fed-srf*,*) = ( T l ) ' " 3 ^ ' - 3 ) » ^ 2 £ ± 2 • | | Z | | (8in tf)'-3 C 0 8« | (2i - l) cos2 * - 3], (15) 

(12) 

(13) 

(14) 

*±(,-„(«M - ( T l , ' - ^ C - ^ « + J . | 5 | | (*,,!-
X [(2/ - 1)(2Z - 3) cos4 t? - 6(2i - 3) cos3 t? + 3], (16) 
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*i±(i-5) (*,*?) = 
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^-^"-'"JWWi^"^ 
x [(2/ - 1)(2Z - 3) cos4 tf - 10(2/ - 3) cos2 t? + 15]. 

5.14. Y,m(*,p) A N D &Ylm{#,<p) FOR SPECIAL * 
(a) 

0>) 

£w."> . . - { 
& »«(*.*> 

£««(*.*> 

Ylm{0,<p) = SmOyl^-, 

if / + m is odd, 

* * ( * , ? ) - M - i ) ' ^ - ^ , 

y„n(±™.v>) = *m0(-i)n' \ / ^ . 

^ L 0 - { 5 m - i e *mie } v — i s ? — • 

0 if / + m is even, 

te-«-.w«u-,.-*-^ra±a. 
„=*„„-(-1) (*»-!• -*•*• ) y — i s — • 

5.15. ZEROS OF r,m(*,p) A N D & y , m ( * , p ) 

(17) 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

In the interval 0 < t? < ?r the spherical harmonics Fjm(t?, v?) and their derivatives wfYimft, <p) possess some 
zeros. 

The number of zeros, i.e., the number of roots of the equations 

Ylm{#,<p)=0 and j^Ylm^,<p)=0, (1) 

is finite in interval 0 < t? < fl\ All these roots are non-degenerate. Below we denote the zeros of Yim(|?, <p) and 
00 V/m(#,£>) by t?a and t?£, respectively. Note that the functions in question have no roots with resj 
in the domain 0 < <p < 2n. 

5.15.1, Zeros of Yim(#, <p) 

If m = 0, Ylrn($y <p) has I zeros in the interval 0 < # < 7r. I f m ^ O , Yim{&, <p) has (I - \m\) zeros | 
same interval of t? and als< > two zc ire >s at $a = 0 and i?a = *-. All these zeros lie symmetrically with r 

>ect to <p 

aside the 
espect to 
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t? = ir/2. Hence, Yjm(*r/2, <p) = 0 provided (Z - m) is odd. If m ^ 0, the zeros of YJm(t?, <p) are determined by 
the equations 

if m = ±1, cos2 # a = 
m = ± ( Z - l ) cos2i?a = 

m = ± ( l - 2 ) cos2t?a = 

m = ±(l- 3) cos2 t?a = 

a — m = ±(l-4) cos2#, 

m = ±(/ - 5) cos2 t?a = 

, 0 ; 
1 

' 21 - 1 * 
3 

' (2J-1) 
, 0 ; 

3 ± 2y/3{l -
21 

5 ± 2N /5(/ -

- 2)1>(2l-
- 1 
- 3 ) / ( 2 / -

- 3 ) . 
1 

- 3 ) 
(21-1) 

, 0 . (2) 

Numerical values of i?a for 0 < I < 5 are given in Table 5.1. If I > 1, approximate values of #a may be 
found from the relation 

K /4Aj + 3 ~ 2 m 7r/4fc + 3 - 2 m \ 

where ife is integer and ? J ^ < fc < «±2lpl=i. 

(3) 

Table 5.1. 

Zeros of Ylm (#, ?) and - - r / m ( tf, „). 

/ m 

1 0 
1 ± 1 
2 0 
2 + 1 
2 +2 
3 0 
3 +1 
3 + 2 
3 + 3 

da (degree) 

90 
0; 180 
54.7; 125.3 
0; 90; 180 
0; 180 
39.2; 90; 140.8 
0; 63.4; 116.6; 180 
0; 90; 180 
0; 180 

$0 (degree) 

0; 180 
90 
0; 90; 180 
45; 135 
0; 90; 180 
0; 63.4; 116.6; 180 
31.1; 90; 148.9 
0; 54.7; 125.3; 180 
0; 90; 180 

/ 

4 
4 
4 
4 
4 
5 

5 

5 

5 
5 
5 

m 

0 
+ 1 
+ 2 
+ 3 
± 4 

0 

± 1 

+ 2 

+ 3 
+ 4 
+ 5 

$a (degree) 

30.6; 70.1; 109.9; 149.4; 
0; 49.1; 90; 130.9; 180 
0; 67.8; 112.2; 180 
0; 90; 180 
0; 180 
25; 57.4; 90; 112.6:155 

0; 49.9; 73.4; 106.6; 130.1; 
180 

0; 54.7; 90; 125.3; 180 

0; 70.5; 109.5; 180 
0; 90; ISO 
0; 180 

$0 (degree) 

0; 49.1; 90; 130.9; 180 
23.9; 69; 111; 156.1 
0; 50.9; 90; 129.1; 180 
0; 60; 120; 180 
0; 90; 180 
0; 49.9; 73.4; 106.6; 

130.1; ISO 
19.6; 56.1; 90; 123.9; 

160.4 
0; 32.9; 72.1; 107.9; 

147.1; ISO 
0; 46.9; 90; 133.1; 180 
0; 63.4; 116.6; 180 
0; 90; 180 

5.15.2. Zeros of &Yim (*,*>) 

If m = 0, ^Ffm(t?, <p) has I - 1 zeros in the interval 0 < t? < w and also two zeros at fy = 0 and fy = w. If 
m ^ o, ^VJm(t?, <p) has (I - \m\ + 1) zeros in the same interval and two additional ones at fy = 0 and t?# = * 
provided m > 2. All zeros of j#Ytm(&}<p) lie symmetrically with respect to # = w/2. Hence -^Y^^,^) = 0 
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for t? = JT/2 provided (I — m + 1) is odd. When m ^ 0 the values of ^ are determined by the equations 

if m = ±l c o s 2 ^ = 0; l(i > 2); 

m = ±{l - 1) cos2 tf/» = y ; l(i > 3); 

m = ± ( / - 2 ) c o s 3 ^ = p ^ y ; 0 ; l (Z>4) ; 

m = ± ( / _ 3 ) c o s ^ ^ ^ - ^ ^ - ^ l ^ ; ^ ^ ) ; 

m - ± ( l - 4 , c o s * * , - 7 ' - 8 * ^ ^ 1 ( f , 6 ) , ( 4 ) 

Numerical values for tfy are given in Table 5.1. 
It is evident that Yim(d,<p) has an extremum at 1? = tfy. Zeros of Yjm(#,^>) and ^Yim(^f(p) alternate in 

the domain 0 < t? < *\ 
All harmonics yjm(t>,0) and Yi+$im+9($,0) with m > 0, and m + s > 0 have the same number of maxima, 

minima and zeros, i.e., can be represented by topologically equivalent plots (Fig. 5.1). With increasing I + s 
the positions of all maxima, minima and zeros of Yj+,,m+a(i9,0) shift to t? = ?r/2. 

5.16. BIPOLAR A N D TRIPOLAR SPHERICAL HARMONICS 

In many applications one has to deal with functions which depend on two or three vector directions. Convenient 
bases for expansions of such functions are provided by the bipolar and tripolar harmonics. 

5.16.1. Bipolar Spherical Harmonics 

Bipolar spherical harmonics are given by irreducible tensor product of the spherical harmonics withjj different 
arguments 

The variety of .bipolar spherical harmonics with different /1,/2,-t and M forms a complete orthonormal set 
of functions which depend on two unit vectors, ni and n2 . These functions possess simple transformation 
properties under rotations and inversion of coordinate system. 

The orthogonality and normalisation relation for these harmonics is given by 

II dQtda^Y,, (no 0 Y,, (n3)}LW{Y,; (nx) ® Y,.(n3)}i,w, = sllVisliVjLL,6MU,, (2) 

where 

/

/»2TT *n 

dft = / d<p \ tWsint?. 
The completeness condition has the form 

£ {Y,1(n1)®Y,3(fi2)}iM{Y,I(ni)®Y/,(n2)KM = 5(n 1 -ni)5(n 3 -n a ) , (3) 
hhLM 

where 
6(ft - ft') = £(cos t? - cos&')6{<p - <p'). 



Spherical Harmonics 161 

In addition, let us note the following equation 

Under a rotation of the coordinate system the bipolar harmonics transform according to 

5(a>/j>7){Y,1(n1)®Y,,(n9)}w,, = { Y ^ n i ) ® ^ , ^ ) } ^ ' = X>W(<*>0> 7){Yi,(ni) ®Y, , ( n , ) } ^ , 

(5) 
M 

where the angles flj = {t?$-,^} and (1* = {t?»,£>*} are related by Eqs. 1.4.(2), 1.4.(3). 
Under inversion of coordinate system the phases of the bipolar harmonics change according to 

Pr{Yh(ni) ® Y,3(n2)}LM = (-ly'+'MY/^nx) ® Y«a(n2)}LM. (6) 

The Clebsch-Gordan series for product of the bipolar harmonics may be presented in the form 

{Y^no ® Y,.(n3) W{Y,»(ni) ® Y,»(n2)}L»M» 

= £ cVli>u>u» £ ^i!iL.i»iia» <Y'> (°0 ® Y'> (n2)}iM, (7) 
LM hl3 

where 

*'i 'i' *i 
1'2 l'i h 
V L" L 

J,U3L l(K + l)(2l'2 + l)(2l'{ + 1)(2% + 1)(2L> + 1)(2L" + l j ,,0 . 0 \ l'} f, j1 1 

For the important special case L = 0 a bipolar harmonic is reduced to a scalar product of the spherical 
harmonics 

{ Y , ^ ) ® Y,,(n2)}0o = -j=f== (Y^fix) • Y j n , ) ) ^ , , , (9) 

In accordance with Eq. 3.1(30) this scalar product is given by 

l 
(Y^nx) • Y*(n2)) = £ Y^(a1)Yim(a2). (10) 

5.16.2. Tripolar Spherical Harmonics 
A tripolar spherical harmonic is defined as an irreducible tensor product of three spherical harmonics with 

different arguments, 

{Yitfun) ® {Y|3(t?2, <p2) ® Yls(t?3» <Ps)h„}LM 

In contrast to bipolar harmonics, the tripolar harmonics allow diflferent coupling schemes of angular momenta, 
namely, li + (12 + lajia, = L, (h + bjha + I3 = L or (U + ^Jh, +12 = L. The relations between different 
coupling schemes are considered in Sec. 3.3. 

The tripolar spherical harmonics form a complete orthonormal set of functions which depend on three unit 
vectors n 1,112 and 113. 
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The orthogonality and normalization relations is as follows 

IJfdn1dn2dn3{Yll[nl)^{Yh(n^ 

The completeness relation may be presented in the form 

£ { Y ^ f h ) « { Y , 3 ( n 2 ) « Yi i (n 8 ) }A}LM{Y, 1 (n #
1 )« {YiM) ® Y ^ M I M 

ALA/ 

= 5(n1~n;)*(n2-n^)*(n3-n^). 
In addition we also have the following equation 

E KY^nx) ® {Y„(n2) ® Y,.(n.)h W = (2/l + 1)(*2,!3
1)(2'3 +1] • 

(12) 

XLM (**)3 

Under a rotation of the coordinate system the tripolar harmonics transform according to 

3{atptl){yiA^i) • {Y<,(n2) 9 Y,,(ns)}A}Li,. = (Yijn;) e {Y,f (ni) ® Y , , ( ^ ) } A } ^ 
= J^^^MnHYh^i) « {Yi,(na)« Y,,(n8)h}LJ,, 

where the angles 0( = {*J,pJ} and fit = {#», ^ } are related through Eqs. 1.4.(2), 1.4.(3). 
Under inversion of the coordinate system the tripolar harmonics acquire the phase factor 

PriY^itii) ® {Y,,(n2) ® Y,,(n3)}A}LM = (-i)'1+''+''{Y,x(fti) ® {Y,2(n2) ® Y,,(<I3)}A W 
The Clebsch-Gordan series for the tripolar harmonics is given by 

{Y^no ® {Y,- (n2) ® Y,. ( n 3 ) } A - W ^ W ® {Y,»(n2) ® Y,»(n3)}A»}i»M» 

= E CLJlfV<M» E ^iij JA'L'll'li'li'A-L" <Y<i ("0 ® {Y,, (n2) ® Y,, (n3)}A}iAf , 
LM l,UUX 

where 

jhhhXL 
•°l'1Jij;A'i'Ji'«i'li'A"L" 

l(2l'x + l)(2/» + 1)(21'3 + l)(2/» + l)(2ff + l)(2f8 + 1)(2L> + 1)(2L" +"|j" 
(4JT)3 

x v/(2A' + 1)(2A" + 1)(2A + 1) Cg° 0 < * ° „0C''° { A' A" A W i3 « fc 
1 1 ' a * * l z / L " £ j lA'A"A 

Putting L = 0 in Eq. (11), we get an important special case for the tripolar scalar harmonic: 

{Yi,(ni) ® {Y,,(n2) ® Y,,(n8)}A}oo 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 
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5.17. EXPANSIONS OF FUNCTIONS WHICH DEPEND ON TWO VECTORS 

5.17.1. Preliminary Remarks 
Any function /(ri,r2) which depends on two arbitrary vectors ri(ri,t?i, <pi) and r2(r2, t?2,£>2) niay be 

expanded into a series of the bipolar harmonics (Sec. 5.16): 

/ (r i ,r 2 )= £ Cffi(rur2){Yh(ni)®Yh(n2)}LM. (1) 
hhLM 

The function / (r i , r )̂ may be presented in terms of ri and r2 as well as in terms of R and r, where 

R = r ! + r 2 , r = r i - r 2 l r1 = - ( R + r) , r2 = ~ ( R - r ) . (2) 

Polar coordinates of the vectors R(i?,0, $) and r(r, #, <p) are related to polar coordinates of the vectors 
Ti{ri,$upi) and r2(r2, #2,^2) by 

R2 = r2 -f r| 4- 2rif2 costt^ » 
T\ COS t?i + f2 COS t?2 

COS© = 

tan$ = 

y/r\ + r\+ 2*^2 coso;i2 
ri sin #1 sin £>i + f2 sin #2 sin >̂2 
ri sin t?i cos y?i + r2 sin #2 cos y?2 ' 

r
2 = r

2 + r | _ 2rxr2 cosa>12 , 
ri cos t?i — r2 cos #2 

(3) 

cost? = 

tan^> = 

y/r\ + r| — 2rir2 cos W12 
ri sin t?i sin y?i — f2 sin #2 sin <p2 
r\ sin t?i cos <pi — r^ sin #2 cos y>2 

Here o;12 is the angle between r% and r2 (Fig. 5.2), 

coso;i2 = cos #1 cos #2 + sin #1 sin #2 cos(pi — ^2) • (4) 

The inverse relations to (3) can be written in the form 

Ar\ = R2 + r2 + 2i2r coso;, 4r| = .R2 4- r2 - 2Rr cosw , 
n R cos 6 H- r cos t? fl i2 cos 0 — r cos t? 

COS t>i = . = , COS #2 = 1/-R2 + r2 + 2i2r coso; ' >/JP + r2 - 2Jlr cosw ' 
iZ sin 0 sin $ + r sin t? sin v? i? sin 0 sin $ — r sin # sin ̂ > / . 

tan <p\ = tan ^2 = • (51 
R sin 0 cos $ + r sin t? cos y> R sin 0 cos $ — r sin # cos <p 

w being the angle between R and r (Fig. 5.2) 

cos o) = cos 0 cos 1? -f sin 0 sin t? cos($ — <p). (6) 

Note that the expressions for the polar coordinates of R and r are interchanged by the replacement r2 —► — r2, 
i.e., #2 —► w — t?2i <P2 —* TT+^2' Hence, the expansions of functions F(R,r) and F(r,R), which may be reduced 
to each other by the replacement R ^ r are mutually related. If 

J(R,r) = / ( r 1 ) r 2 ) = £ C £ £ ( n , !*){¥,,(Ox) ® Y , , ( n 2 ) } t M , (7) 
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then 

Fig. 5.2. Relations between the vectors R, r and ri, r2-

F(r,R) = / ( n , - r 3 ) = £ (-l)' ,Cftl?('"i,r9){Y,1(n l) ® Y , , ( n 2 ) H M . («) 

5.17.2. Addition Theorem for the Spherical Harmonics 
The functions / ( r i , r 2 ) which are invariant under rotations of coordinate systems play an especially im

portant role in applications. These functions depend only on three variables ri = |ri|,r2 = 1^1, (ri rj) = 
rif2 COSW12 or, equivalently, on R = |ri + r2|, r = |ri — r2J and (R • r) = iZrcosu;. The expansions of these 
functions will evidently contain only the bipolar harmonics of sero rank (L = 0), i.e., only scalar products 
(yj(fii) * Yi(Q2)) (Eqs. 5.16(10)). Such expansions are equivalent to the expansions in terms of the Legendre 
polynomials, which depend on coso>i2 because 

( Y , ^ ) ■ Y,(n3)) = ^ ± 1 P,(coso,13). 

This relation is called the addition theorem for the spherical harmonics. 

5.17.3. Expansions of Some Functions Which Depend on (r2 r2) 

(9) 

(ri • r2) = -j f W Y i f t f i , ^ ) • Yi(t?2) Pa)), 

(ri • r 3 ) 3 = -j r\r\ [(Y0(*i,*>i) • Y0(*2 , y*)) + fa&uVi) • Y 2 (0 2 , **))] , 

( r . r 2 ) 3 = y ^ [ ( Y ^ ! , ^ ) • Y 1 (* 3 | ^ 3 ) ) + | ( Y s ( * X l ^ i ) • Y , ( * a , ^ ) ) ] . 

In the general case [69], for integer n, one has 

(rx r 3 r = 4 * r ? r j £ ( W _ 0 „ ( ^ I + 1 ) ! ! ( Y « ( ^ . ^ ) - Y * ( ^ ^ ) ) -

(10) 

(11) 

(12) 

(13) 
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In this formula the summation index / assumes the values / = 0 ,2 , . . . , n — 2, n if n is even, and I = 1,3,. . . , 
n — 2, n if n is odd. 

The expansion of the exponential function is given by 

,«*»-) = ^ ^ t ' j j J n r a J t Y , ^ ! ) • Y,(fi2)), (14) 

where ji (x) is a spherical Bessel function. 
An arbitrary function / (r i 1*2) which can be written as a power series 

/ ( r i - r 2 ) = f ; c n ( r 1 r 2 r ) (15) 
n=0 

may be expanded in terms of the spherical harmonics: 

oo 

f(*i • ra) = J2 /*(^i^)(Yi(ni) • Y|(Oa)), (16) 
(=0 

The expansion coefficients are determined by 

*(,*M~4'jL*(-Jfc'ff+i)r (1" 
5.17.4. Expansions of Some Functions Which Depend on r = |ri - r2 | 

An expansion of the delta function 6(ri — T2) is 

*(*i - **) = ^ ^ - f ) ( Y i ^ ) • ¥ , (02) ) . (18) 

This equation results from the completeness relation for the spherical harmonics (Eqs. 5.6(1)). 
An expansion of the Green's function for the scalar Helmholtz equation may be written in the form 

ikr °° 
— = 4 i w * 2 ji(fcr1)fcl

(1)(*r3)(Y,(n1) • Y , ^ ) ) , (n < r2), (19) 
r 1=0 

where j\{x) and h\ '(x) are the spherical Bessel function and the Hankel function of the first kind; respectively. 
Equation (19) is valid at r\ < r2\ for r\ > T2 one should make the replacement r\ ^ r2. Equation (19) follows 
from a more general expansion which is given in Ref. [70]. 

00 

zo(kr) = 4wJ2 *(*r1)*i(Ara)(Y|(n1) • Y,(n 2 ) ) , (n < ra), (20) 
1=0 

Here zi(x) = y/w/2xZi+i(x)f and Zj+i(x) is any of the cylinder functions. 
When k = 0 Eq. (19) yields the important expansion of the Green's function for the scalar Laplace equation 

J = ^ E p T i ) ( S ) ' ( Y ' { n i ) Y ' ( n 2 ) ) ' (ri<r2)- (21) 
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This result as well as Eq. (19) are valid when ri < r2, whereas if rx > r2 it becomes valid after the interchange 
rx ^ r2. We may also write Eq. (21) in a symmetric form valid both at ri < r2 and at ri > r2: 

Below we give some examples of expansions of rn{n = 1, —3, —5) 

-^|p^(|r)(5iT5-A) (Y' (n'»Y' (nj»»' (23) 

^ - ^ f ; ( ^ r ) W ( n . ) Y , ( n 3 ) ) , (24) 

^ = 5i^E(«-i)(2' + 3 ) ( | T ) ( s ! i T -^)(Y,( n i )y , (n J ) ) . («) 

These equations are valid when r\ < r2, whereas for ri > r<i they are valid after interchanging t\ and r2. 
Equations (23)-(25) follow from the expansions which will be considered below. 

5.17.5. Expansions of rn = |ri - r2|n 

Let n be an integer. Then the expansion under discussion is as follows 

r n = 4*E u^*nrur,)(Ydni)Yt(n2)), (26) 

where the expansion coefficients a[*(ri,r2) are determined by (see Ref. [97]) 

^ ■ ^ - ^ ( ^ ' ' ( ' - i ' - i - i " * ! ^ ) - <"*">• w 

'{ )_—(77f) i a Fv~r~2~2'-l~n>~7T> 
2 / - H r^r* - r?)"+2 / n 3 n r?, - r\\ 

2«+3(n + 2 ) ' r'2+'»+4 V + 2 + ' 2 + 2 ! n + 3 ; " " ^ ~ / ' 
('I < r2), (29) 

a"{ri'r2) = 7Ij- t (-1 ) , C 0 STr" r> F( / - 2 ' - 2 - 2 ; / + 2 ; 4 ) 

r(-f)r(2 + / + t ) »4+1 ^ 2' i 2
; 2 i ; r ? J ' 

(ri < r2) . (30) 
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If T\ > r2i one should interchange rj and r2 in Eqs. (27)-(30). Let us present also symmetric expressions for 
a p( r i j r2) which are valid when fj < r2 and ri > r2: 

* " l ' ] | T ^ ' ( ' - 5 ' 1 + , 1 " + ! i R S F ) ' (32) 

A comparison of Eqs. (27) and (28) shows that the expansion coefficient for rn and r"~n~4 are related by 

(-*) 

(* + 2 ) , 

Note that all the expansions given in Sees. 5.17.4 and 5.17.5 remain valid after substituting R = |ri -f r 2 | for 
r = |ri — r^j and multiplying the expansion coefficients by (—l)1. 

5.17.6. Expansions of Spherical Waves 

The spherical waves have the form zz,(kr)YLM($><p), where r(r,t?,^) = r i — r2, ZL{X) = \/ir/2xZL+1(x) 
and ZL+i(x) is any of the cylinder functions. The spherical waves are expressed in terms of the bipolar 
spherical harmonics of rank L [70] (Sec. 5.16.1) 

*L{kr)YLu(*M=\l-£ri £ *'1-'°-V(2/1 + l)(2*2 + l) 
J i , l j = 0 

x Ct^oJiA^ziA^^iA^x) ® Y / 2 ( n 2 ) } L M , ( n < r2) . (34) 

When r\ > r2, one should interchange ri and r2 in Eq. (34). If zi(kr) = J L ( ^ ) I J i ( x ) De*n8 a spherical Bessel 
function, one obtains as A; —► 0 [22, 96] 

r L F L M ( ^ ^ ) = V4ir(2l + l)! £ (-1)'* /M ^ M {Y^QJ ®Yh(Q2)}LM. (35) 
(lti3=0 V (2H + 1JH2J2 + 1)! 

Similarly, if ^ L ( ^ ) = ^L(kr), n^kr) being a spherical Neumann function, one obtains as A; —► 0 [22, 96] 

7ttW>*) = \/^T t £ o ( " ^ " ^ ( I T I J T ■ ^ { Y U n . ) ® Y,2(n2)},M , (ri < r2). (36) 

For example, spherical components of r / r 3 read 

J = 4 * f ; ( - l ) l t / [ - ^ { Y , _ 1 ( n 1 ) ® Y , ( n 3 ) h M f ( r ^ r a ) . (37) 
^ i=i v * r

2 
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5.17.7 Expansions of r* YLM (tf, <p) 
The expansion of this function in terms of bipolar harmonics of rank L may be written as 

rNYLM(#,r) = 4* f ; <h(ru'*)f^2L2+V ^ ^oWuM ® ^AWLM , (38) 

The sum is over all positive integer li and {3 allowed by the momentum addition rules and the parity selection 
rule (ii + h - L is even). The expansion coefficients a££(ri, rj) are given by (see Ref. [98]) 

n. T(I,+I,-N\T(L+N+3\ 

a,.,,(ri,ra) - (-1) {2h + 1 ) H / ^ x / _ t | + < t # r t , x r(*^)r(=i»±*£a±a) 

x < ( 2y. / ( ! l±4^.«Lziz»zi i t + | i d ) . ( n < , , (39) 

If rx > r2, the expression for the expansion coefficients may be obtained from Eq. (39) by interchanging rx 

and r2, /i and /2 and introducing the additional factor ( - l ) L . The expression (39) was studied in detail in 
Ref. [78]. For different values of N and L the expansion coefficients are determined by the following relations. 
For N = L, L + 2, L + 4 , . . . we have 

< £ ( r ! , r 3 ) = 

f (-l)'>(J\T + L+l)!!(j\r-£)!! £ 
( . 1 + . f .a=fp!a) 

(2M)«(2«i+2/i + l)!l(2«a)!!(2#a+2la+l)!! 

I 0 

For N = L - 2, L - 4, L - 6 , . . . one gets 

a^(r 1 > r 3 ) = ( - l ) ' » + ^ 

if k + /a < N , 
if /x + h > N . 

(N + L + l)\\ 

(40) 

,ii,i> rvr: 2(L-N-2)\\(N + li + l2 + 2)l'1 2 

If iV is integer, N — L is odd, and ri < r2) the expansion coefficient is given by 

</L
3(ri,r2) = 

V x> ( L - N - 2 ) ! ! r l r 2 A/ (2#) ! ! (^- / 1 - /a -2#) ! ! (^- / i+ ( 3 - f l -2«) ! ! (2 / 1 +2«+l ) ! ! 
M 

10 
ifi\r-/x + z3 + i > o , 
if J V - J J + JJ + K O . 

(42) 
The expansion coefficient for r\ > r2 may be obtained from (42) by interchanging ri and r2, /i and /2 and 
introducing the additional factor ( -1) L . It should be emphasised that if N < —3 the expansion coefficients 
contain additional terms involving the delta function 6(ri — r2) and its derivatives [78] 

ahh(rltr2U - (-1) _ _ ^ ^ (-1) ^ _ ^ _ ^ 

«l+«j+tf<-3 
1 1 / B \ - ^ - M - M - 3 r g ( r i - r a ) l 

(2ai)!!(232)!! ' r»'+1 U r 3 / L r 2 r ^-» J ' (43) 
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These additional terms give finite contributions into the integrals involving the expansion (38). 
Finally, if N is not integer, the expansion coefficient is given by 

tihiru*) = (-1)'1+L+1 , V v } VM» 
hhKU v y ' r(^ts)r(Ar + /1 + i2 + 3) ' 

* ££)* (£ 0" £<"*+-*~2 -1- - ̂ +"+"+2> • w 
Note that all the expansions given in Sees. 5.17.6 and 5.17.7 remain valid after substituting R(i2,0, $) = ri+r2 
for r(r, t?, <p) = ri — T2 and introducing the additional factor (—l)'3 into the expansion coefficients. 



Chapter 6 

SPIN FUNCTIONS 

6.1. SPIN FUNCTIONS OP PARTICLES WITH ARBITRARY SPIN 

6.1.1. Definition 
Spin functions describe polarization states of particles1 of definite spin, i.e. definite intrinsic angular 

momentum. 
The spin functions x{a) may De treated as functions of a discrete variable a which is the spin projection 

on the 2-axis. The variable a takes 25 + 1 values, a = —5, — S + 1 , . . . , S — 1,5, where S is tl^e particle 
spin (integer or half integer nonnegative number). The quantity |x(^)|2 gives the probability thalp the spin 
projection on the 2-axis in a given state equals a. 

The spin functions are commonly written as column matrices which contain 2*9 + 1 elements: 

x(s- i ) 
x = 

x(-s + i) 
x(-s) 

(1) 

The elements of this matrix give the values of the spin function x(&) for corresponding values of spiji variable 
a. The quantities x{a) a r e called the contravariant components of the spin function x (see Sec. 6.1.4 below). 

In such a representation operators acting on the spin variables take the form of square (2S + 1) >t (25 + 1) 
matrices, and summation over the spin variable is replaced by matrix multiplication. The Hermitian conjugate 
function x* has the form of a row matrix 

xT = (x'(s),xm(s-i),...x*(-s + i),x*(-s)). (2) 

The interpretation of Ix^) ! 2 as the probability for the spin projection on the *-axis to be equal to a is5 possible 
only if x(^) satisfies the normalization condition 

E ixwi2 = i- (3) 
<T=-S 

We use the name "particle" not only for an elementary particle (electron, nucleon, etc.) but also for any composite system (atom, 
molecule) which can be treated in phenomena under consideration as one object. 

170 

2021 © The Author(s). This is an Open Access chapter published by World Scientific Publishing Company, 
licensed under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0).
https://doi.org/10.1142/9789814415491_0007

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1142/9789814415491_0007


Spin Functions 

This condition may be written also in a matrix form 

171 

(4) 

The above representation of spin functions is called the spherical basis representation. When the spin value 
is integer, one may also use the cartesian basis representation. The latter representation is considered below 
(Sec. 6.3) for spin-1 particles. 

6.1.2. Basis Spin Functions 
According to definition, the basis spin functions describe the states with definite spin and spin projection 

on the 2-axis. The basis spin functions are eigenfunctions of the operators S 2 and SZi where S is the spin 
operator (see Sec. 2.3) 

S2X5m = 5 ( 5 ± l ) x S m , SzXSm = mXSm' (5) 

As follows from the definition, the dependence of the basis spin functions xsm{<?) on the spin variable a is 
given by 

XSm{<?) = $m<r • 

In other words, contravariant components of the basis spin functions xsm have the form 

[XSm]^ = &mo • 

If the basis spin functions are written as column matrices, then 

(6) 

(7) 

Xss = 

/ 1 \ 
0 

0 
\0J 

, Xss-i = 
1 

0 
i Xs-s = 

0 

0 
(8) 

The collection of 25 + 1 basis functions x s m ( ^ = 5 , 5 — 1, . . . , —5) constitutes a complete orthonormal set of 
functions. The orthonormality condition for the basis functions is 

XsmXSm' = S„ 

The completeness condition for the basis spin functions may be written in matrix form 

s 
/ ^ XSmXsm — * * 

(9) 

(10) 
m=-S 

where / is the unit (25 + 1) x (25 + 1) matrix. 
Matrix products XSmXsm' °^ *n c D a s i s sPin functions are the square (25 + 1) x (25 + 1) matrices. They 

may be expanded in terms of the polarization operators TLM{S) (see 2.4), 

XSmXsm %' = ] C V 2 5 + 1 CSm'LMTLM(S) . (11) 

Matrix elements of spherical components of the spin operator 5^(/J = ±1,0) between the basis spin functions 
are given by 

xlmAxsm = V 5 ( 5 + 1 ) C | - ; M ; (12) 
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The only nonvanishing matrix elements are the following: 

xL+i^+iXSm = - ^ y/(S-m){S + m+l)> 

X5m5'0X5m = m, (13) 

x L - i ^ - i X S m = ^ V ( * + m ) ( 5 - m + l ) . 

For cartesian components of the spin operator S<(* = x,y,z) the nonvanishing matrix elements are 

x L ± i 4 x 5 m = T^ # T m ) ( 5 ± m + l ) , (14) 

The matrix elements of the polarisation operators TLM(S) between the basis spin functions may be written as 

Xsi ..fU(S)x»- <* ^ j f ^ f .<#£* • (15) 

Under rotations of the coordinate system the basis spin functions are transformed either by the rotation 
operator 3s(a,/3ti) (Eq. 2.4(17)), if rotations are defined by the Euler angles a,)0,7, or by the rotation 
operator C/5(o;;9, *) (Eq. 2.4(18)) if rotations are described by the rotation axis 11(0,$) and the rotation 
angle w 

X'sm' s Ds{a,/3,«,)xsm* = ^ ^ ' K i M x s m , 

A (16) 
X'sm' = US{W, 6 , *)x$r»< = £ , tf£m< («; 6 , *)x5m , 

m 
where 2?^mr are the Wigner ^-functions (Chap. 4), and Umm, are the functions defined in Sec. 4.5. The 
functions x'sm' describe quantum states with definite spin S and spin projection m' on the new *'-axis. They 
are eigenfunctions of the operators S'2 and S'g, 

$"x'sm>=S(S+l)x?8m.t 
°MXsm' ~ m X$m* • 

Here S' is the spin operator in the rotated coordinate system 

SM = £ A U " > ^ ) & , (/i,*/ = ±l,0). (18) 

6.1.3. Helicity Basis Functions 
The spin projection on the linear momentum direction of a particle is called the helicity. For particles of 

spin S the helicity A assumes (25 + 1) values, A = S> S - 1 , . . . , —S + 1, S. 
The helicity basis functions XSA(#> V?)* by definition, are the eigenfunctions of the operators S 2 and S n 

where S is the spin operator, n = p/p is the momentum direction of the particles, t? and <p are the polar angles 
of the vector n, 

S2X5A (*, <p) = S(S + 1)X5A (*, <p), ( 1 9 ) 

SnxsA(t?,p) = Axs A (*,*>). 
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The function XsA (#><£>) describes a quantum state with definite spin 5 and helicity A. 
The helicity basis functions xsx (<?, <p) may be expressed in terms of the basis functions xsm by means of the 

rotation which turns the z-axis parallel to n(t?,p). Such a rotation is determined by the Euler angles a = <p} 

fi = #. The third Euler angle 7 (the angle of rotation about the new z'-axis) is arbitrary. For simplicity, let us 
adopt 7 = 0. In this case the rotated cartesian basis vectors e^e'^e', will coincide with the polar basis vectors 
e ^ e ^ e p , respectively (Sec. 1.1.2). Making use of the transformation properties of the basis spin functions 
Xsm under the rotation (16) we obtain 

Xsx{^p) = YfDix{iPi^0)xsm1 

^ m (20) 
XSm = £I^A-m(0 ,^)XSA(tM♦ 

A 

For Hermitian adjoint functions we have 

m (21) 

A 

It follows from (7), (20), (21) that the contravariant components of the helicity basis functions have the 
form 

|x«(*,»>)r-I&<lM.O). M . _ . 5 . - S + 1....5-1,S) (22) 

The collection of 25 + 1 helicity basis functions XSA (#>£>) (A = 5 , 5 - 1 , . . . ,—5) as well as the set of the 
functions xsm form complete orthonormal sets. The orthonormality condition for the helicity basis functions 
is 

XsA(^)XSA'( tM = *AA*. (23) 

The completeness condition for these functions has the following matrix form 

Y,Xsx{*,P)x*sx(*,<p) = I- (24) 
A 

Matrix products XSA(#>£>)XSA'(#>£>) of the helicity basis functions are the square (25 + 1) x (25 + 1) 
matrices. They may be expanded in terms of the polarization operators TLM (5) (see Sec. 2.4) as 

xsx{»Mx*sA0M = £ \/%£\ ̂ IX-LMAP, M)f i W(s) . (25) 
JuAs 

Matrix elements of the polarization operators between the helicity basis functions are given by 

xlx^MfiM(S)x8x(«M = yJ^^(-^k^iDtu.k(^,0). (26) 

In particular, the diagonal matrix elements are 

xlxV.rfauWxsxV.v) = y/jf—Ci^Yiui*,?). (27) 
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6.1.4. General Spin Functions 
Any spin function (l) of particles of spin S can be expanded in sum of the basis spin functions Xsm, 

s , 
X - E am

X5m, (28) 

where am = x ( m ) w a contaxvarian* component of some irreducible tensor of rank 5. Similarly, the expansion 
of the Hermitian adjoint function x* has the form 

Xf = E , ( 0 * X L - (29) 
m=-S 

In general, (am)* / am, i.e., the corresponding irreducible tensor is not real. The normalisation condition (4) 
imposes a restriction on am: 

£ |«f-i. 
m=-S 

The product XX* of t w o 8P*n functions represents the square (2S + 1) x (25 + 1) matrix which may be 
expanded in terms of the polarization operators ±LM{S) (Sec. 2.4) 

25 L 
*Xf = £ £ (-1)"^-MW5) , (30) 

LsOA/«*-L 

where the expansion coefficients may be expressed through am as 

3 
/>iM = \ / i^T £ c ! ^ ( a T a m - (3i) 

In particular, P0o = 1/V2S + 1. 
The quantities PLM[M = —L, —L + 1 , . . . , L) are covanan* component of some irreducible tensor of rank 

L. They represent the mean values of the polarization operators fi,M (S) in the states described by the spin 
functions x-

X*TLM(S)X = PLM. (32) 

Under complex conjugation PLM transforms as 

(PLUY = ( - 1 ) " P L - M ■ (33) 

The equality xXtXXt = XX* implies the following conditions for the coefficients PLM, 

PLM= £ ( - l ) 2 S + L l + L V ( 2 I i + l ) (2I 2 + l) { £ L
s
iL

s\c^MlL3MlPLlUlPL,M3> (34) 

In particular, Eq. (34) gives the normalization condition 

o o r 

£ £ | P L M | 2 = 1 . (35) 
Ls=0 A/=-L 
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Under rotations of the coordinate system specified by the Euler angles a, f}% 7 the spin function x is transformed 
by the rotation operator 3s(af/iti) (Eq. 2.4(17)) into 

x' = # W , - * ) x . (36) 

The spin function x' m the rotated coordinate system may be expanded in sum of basis spin functions xsm or 
X#

5m in the original or rotated coordinate systems: 

x'= £ *'mXsm= £ am
X'Sm, (37) 

m=-5 m=i-S 

where am and a,m are components of the spin function in the original and rotated systems, respectively. The 
relations between the basis functions xsm and x'sm Bie given by Eq. (16). The transformation properties of 
am under rotations are 

(38) 

in accordance with general transformation rule for contravariant components (Sec. 4.1.2). 

6.1.5. Polarization Density Matrix 
Spin functions enable one to describe only the totally polarized (pure) particle states. 
For describing partially polarized states which are incoherent statistical mixtures of the pure states, the 

polarization density matrix is used. 
The polarization density matrix p of the particles of spin 5 is the square (25 + 1) X (25 + 1) matrix defined 

by 
P ~ - = <X(*)XV))« (39) 

or in a matrix form by 
P=(XX1)(, (40) 

where ( )$ denotes the statistical average. In particular, for pure states one gets 

?=XX f - (41) 

The density matrix is Hermitian, 
pf = p, i.e., p%9, = / w ; (42) 

and normalized, 
T V p = l , i.e, £ p * * = l . (43) 

The conditions (42), (43) reveal that the density matrix of particles of spin 5 is completely determined by 
(25 + l ) 2 - 1 = 45(5 + 1) real parameters. 

An expectation value of any polarization operator T in a state described by the density matrix p may be 
evaluated by 

(f) = Tr{fp} = Tr{pf}. (44) 
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Note also the following property of the density matrix 

Tt{f}<l, (45) 

where the equality holds only for pure states. The density matrix of pure states satisfies the relation 

f±f. (46) 

The density matrix p may be expanded into a sum of the polarisation operators TLJ^(5) , 

23 L 

? = E E (-l)MtL-ufLH(S). (47) 

The expansion coefficients tu4 are called the statistical tensers. They r̂epresent expectation valves of the 
polarisation operators TLM(S) in a state described by the density matrix p, 

tLM ±(fLu(S))~Tc{?>TLM(S)}. (48) 

The statistical tensors are related to the density matrix elements by 
( 

' L A * = v ^ i X c*ii.uP"\.> (49) 
3 

i 
ft 

Pea 

In particular, 

y4s + 1 <OO = - 7 E ^ T - (51) 

Under complex conjugation the statistical tensors transform as 

fLM = (-ir tL. hd 

The properties of the statistical tensors for pure (completely polarised) states have been considered above 
(Eqs. (3l)-(35)). For unpolarised states all statistical tensors vanish except too, thus 

Punpol^ 2S + 11' ^ 

where / is the unit matrix. 
The quantities tLM are covariant components of some irreducible tensor of rank L. Under rotations they 

transform in accordance with Eq. 4.1(2). 

6.1.6. Two Particles with Arbitrary Spins 

Let us consider a system of two particles, 1 and 2, with spins S\ and S^. Total spin S of the system takes 
the values \SX - 53 | , \SX - S2\ + 1 , . . . , Si + 52 . The spin function x$m (1,2) which describes the system with 
total spin S and spin projection m may be written as 

XSm(l,2) = X ) CS^SMXS^(l)xs,mj(2). (53) 
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The inverse relation is 
X51m1(l)X5,m,(2) = £ C f £ 1 S 1 m , X S m ( l , 2) . (54) 

s 
Spin functions (53) are orthonormalized 

xLU.2)xs«m'(l ,2) = fes'4»m» (55) 

and satisfy the completeness condition 

Exsm(l,2)xL(l.2) = / . (56) 

Let the polarisation operator T̂ M (*)(* = *»2) act on spin variables of a particle t only. Then we have 

T^MMxsmil,'*) = ( - ! )*+*+*+*» N/(2X1 + 1)(25 + 1) 

X 
s 
E^l'jJcfX^XswM, <57> 

ft,*, (2)xsm(l, 2) = (1-1)"+^ V ( 2 I 2 + 1)(25 + 1) 

X E { £ S' 1 } °f ̂ . X 5 W (1,2), (58) 

One may also consider a set of scalar operators Q/,(l, 2) with 0 < L < min{2Si, 2S2} 

Qx,(l,2) = 2 ( - i ) M f L M ( l ) ^ . M ( 2 ) . (59) 

These operators leave the spin of a system and spin projection unchanged: 

&( l ,2 )xsm( l ,2 ) = ( - l ) * + 5 ' + 5 ( 2 L + 1) { l l l l s } XSm(l,2). (60) 

Among scalar operators the so-called projection operators P$(l,2)(|Si — ^2) < S < 5i + S2) are of special 
interest. When applied to arbitrary spin function x(l>2), the operator Ps(1,2) gives the component of this 
function with definite total spin 5. Thus, the projection operator Ps(l,2) may be defined by the equations 

Ps(l,2)xs<m'(l,2) = * s s ' X s M M ) . (61) 

Rrom Eqs. (61) one may obtain the following properties of the projection operators 

P s ( l , 2 ) iV( l , 2 ) = 6ss'Ps(l,2), (62) 

£ P s ( l , 2 ) = I . (63) 
s 

The form of P$(l,2) may be written explicitly as 

Ps(l ,2) = E x s r o ( l , 2 ) x L ( 1 . 2 ) , (64) 
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or, in terms of scalar operators <3x,(l,2), 

P5(l,2) = (-l)^^^(25^1)^{^g^}QJ.(l,2). (65) 

6.2. S P I N FUNCTIONS FOR 5 = 1/2 

6.2.1. Basis Spin Functions 
The basis functions Xim( m = ±1/2) a r e fche eigenfunctions of the operators S2 and 5*: 

S 3 

A function x\m describes the state 6f a spin-* particle with definite spin projection, m, on the z-axis. 
The dependence of the basis functions Xim(a) o n ^ spin variable <7 is given by 

X*m(*) = *m*. (2) 

According to Eq. 6.1(1), the basis functions x\m maY b* written as 

*** = («!)• **-»-(?)• <3> 
The Hermitian conjugate functions x\m ^ a y e the form 

X j t - ( 1 , 0 ) , X t i_ i = (0 , l ) . (4) 

The following compact notations for the basis functions are widely used: 

*Hsa' **-*=^ (5) 
The basis functions x\m *&tisfy the orthonormality condition 

x J ^ X j m ^ m ' m . . (6) 

The completeness condition for the basis functions i | 

2>imX}m = /, (7) 
m 

where / is the unit 2x2 matrix. 

6.2.2. Expansions of Products of Basis Functions 
The products X$mX\m represent 2x2 square matrices whose elements are 

[Xl m Xi m , W ' S x\,(XlmX\m,)Xi* = k m < W • (S) 
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The expansions of these products in terms of the spin matrices are given by 

^rnAm, = \6mm.I-V-SC$mX, (9) 

where S^p = ±1,0) are spherical components of the spin operator (Sec. 2.5). In more detailed form Eq. (9) 
may be written as 

P<x* = X\-lx\x=Sx- iSy = y/lS-x , 
* * 2 2 

PP^Xh-hx\.h = -2I-Sx=~I-S0. 

6.2.3. Action of Spin Operators on Basis Functions 
Cartesian components of a spin operator Si (see Sec. 2.5) applied to the basis functions yield 

5**H = §**-*> s'Xi-k = §*H 

(10) 

SyXH = \xh-h, ^ X i - ^ - ^ X j J . (11) 

Spherical components of the spin operator 5M (see Sec. 2.5) act on the basis functions as follows: 

S.Xim = -^C^mXim,. (12) 

More explicitly Eq. (12) is 

^-lXH = ^ x i - i ' ^-ixi-i=0. 

According to (12), matrix elements of the operator S • a for any vector a have the form 

[ S ' a W = x l > » X } , = ( - l ) 1 - " 3 ^ c £ V , o - l . ■ (14) 

where a»M(/i = ±1,0) are covariant spherical components of a (Sec. 1.2). 

6.2.4. Transformation of the Basis Functions Under 
Rotations of the Coordinate System 

The basis functions x^m
 a r e covariant. Under rotations S —♦ S1 of the coordinate system these functions 

are transformed by the rotation operator D* (a, /3f 7) (Eq. 2.5(32)) if rotations are described by the Euler 
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angles a, £,7, or by the rotation operator tM(a;;6,$) (Eq. 2.5(36)), if rotations are defined by the rotation 
axis n(6, $) and the rotation angle a;: 

Xjm' = £*(a,£,*y)xjm< - J2xk-Dim'la'Al)> 
m (15) 

m 

where Z? £m , (a, £, 7) are the Wigner ^-functions (Chap. 4), and i / j^ , are defined in Sec. 4.5. 
A function Xim# describes a state in which a particle of spin \ has the spin projection rrt! on the new 

z'-axis. The functions Xim* &re eigenfunctions of the operators S™ and S'MtS' being the spin operator in the 
rotated coordinate system (Eqs.2.5(40) and 2.5(41)): 

*Xjm'- m Xjm" 

The explicit form of the basis spin functions in the rotated coordinate system is 

(16) 

if the rotation is specified by the Euler angles a, 0,7 and 

'cos !J- t s in*cos6^ / -tsin ^ sin6c ** 

-1 sm S sm 6e t v / \ cos £ +1 sin £ cos 9 2 0*** ** c / \ **VB Q I * BUI 2 

in terms of the angles u, 6, *. 
The functions Xim* satisfy the orthonormality and completeness conditions (6), (7) as well as the relations 

(9)-(l3) in which the spin operator § should be replaced by §'. 

6.2.5. Helicity Basis Functions 
The helicity basis functions XhxftiV) (A = ±%) describe states in which the spin projection on the linear 

momentum direction n(0,y?) = p/p is equal to A. These;functions are eigenfunctions of the operators § 2 and 
S n 

S3XjA(^^) = jXiA(t>,y>), 

According to Eq. (15) the helicity functions X$AO*»P) *& related to the baifis functions x\m by 

^ *" (2°) 
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For Hermitian adjoint functions Eqs. (20) yield 

m 

4*. - D-1)*""^.*.*^*.*). (21) 

The explicit form of the helicity functions is given by 

cos | e" * * \ / - sin f «"** ' 
X«(* .*>)= .M > X*-j(*.*>) = I . (22) 

sinfe'* / \ cosfe** 

X*H (*.*>) = (cosfe^t, s i n f e - f ) , x j . j (*.#>) = ( - s i n f e*f , cosf e ^ f ) . (23) 

The helicity functions XhxftfP) ** w e ^ ^ x u constitute an orthonormaliied basis. The orthonormality 
condition for the helicity functions may be written as 

x\v(*,V>)Xix{**¥>)~6x.x. (24) 

The completeness condition is 

52xixi*,v)x\xl*,V>) = T. (25) 
A 

The expansion of products of the helicity functions has the form 

Xixi*,¥>)x\x.(*,¥>) '^xx't+Vi^cl^Dl^^O^. (26) 

Explicitly, this gives 

" (27) 

, . , t /JS . l / l - c o s 0 - M n * « - < » \ 1 * a 

Matrix elements of the spherical components of the spin operator SM(/i = ±1,0) between the helicity states 
are given by 

x\y(*,v>foxix(*,i>) = (-ir+"^c}L^M-^(*».*.o)- (28) 
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or, in a detailed form 

<+|S>1+) = i cos t? ( + & H = - - sk # , 

/ i ^ IK sin t? _.•«» i i ^ i v 1 ~~ cos t? _ i ia , _ _ % (+l5-ll+>=^fe • <+l5-ll->—ivr- • (29) 

i i ft i t 1 —cost? €-̂  / ift i v tifl^ »•*» 

(-|^o|+) = -^«int>, ; (—|̂ o|—> = —-cost?, 

/ ic i , \ - 1 + C 0 8 < ?
r-«v / iS I \ _ s i ntf -<„ H 5 - l | + ) - ~ i ^ ~ e ' H5- l | _>--Vfe ' 

Here we use the abbreviations 

(+|5M | - ) = xfii(t>,»?)5MXi-i(«?,^), etc. 
2 2 » 3 

Matrix elements of cartesian components of the spin matrices 5t(t = x, y,z) have the form 

(+p* |+) = -sini?co8£>, (+P*) - ) = - (cos tf cos ̂ >-fi sin ̂ >), 
L It 

- s int fs inp, , (+\Sy\-) = -{ 

1 , . * , . ! 

(+|SV |+) = - s i n t f s i n p , (+|.SV|-) = - ( c o s t ? s i n p - t cos£>), 

(+|S, |+) = -cost>, ( + | S , | - ) = --sin<>, (30) 

(-|«5S|+) = - (cost? cos <p — i sin <p), (—\SX\-) = - - sin t? cos <p, 
It It 

(~|5y |+) = -(costfsinp-f tcosp) , (- |5yJ-) = - - s i n t f s i n ^ , 
L It 

(-1^,1-H) = - | s i n t ? , {-\S,\-) = -±cos0. 

Note that the diagonal matrix elements of the spin operator may be written as 

x\S*M*X\x(*M = An(i>,*>). (31) 

6.2.6. General Spin Functions for S * \ 
An arbitrary spin function \ \ of a particle of spin | may be expanded in terms of the basis spin functions 

X±m> 

*»- E ^**--(.4) • (32) 

An analogous expansion of the Hermitian conjugate function \ \ is 

X\= £ am*X\m = (ai\a-i*)- (33) 
3 
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Here am(m = ± | ) is the contravariant component of the spinor x i (see below). The normalization condition 

x\xi = l (34) 

imposes the following restriction 
| o * | 2 + | a - * | 2 = l . 

The coefficient am may be interpreted as the probability amplitude that the spin projection on the 2-axis for 
the particle in a given state x i is equal to m. 

Special cases 

(a) Spin is directed along the z-axis: 

a* = l, a - * = 0 , X x = X i x = Q . (35) 

(b) Spin is directed along the negative z-axis: 

a * = 0 , a " * = l , X i = X i - i = ( j ) . (36) 

(c) Spin is parallel to n(t?,y>): 
t> _•«. # • / c o s f e - ^ V 

o i = c o s - e *'*, o > = 8 i n - e * t , X i = X * i ( * , ^ ) = • (37) 
2 2 V «*!«<* ) 

(d) Spin is antiparallel to n(t?,<p): 

t? t? / — sin f c~*^ \ 
a* = - s i n - * - < * , a~* = cos-e<*, X j = Xi-iO?,**) = • (38) 

V cosfe** J 

In general, the spin function (32) describes a spin-| particle whose spin is directed along some unit vector 
n with cartesian components 

n a = 2 R e ( a W - * ) , ny = 2Im(a**cT*), nM = |a*|2 - |a~*|2 . (39) 

The spherical components of this unit vector n are given by 

or more explicitly 

nM = V3 £ C l ^ a ^ a - , (40) 

n + 1 = - v / 2 a i * a - i , n0 = |a*|3 - |a"*| 2 , n_! = V 2 a " K * . (41) 

The product of the spin functions x^Xi m a y be expressed in terms of the spin matrices 
•a ~5 

\ai\2 a-l*ai\ . 

1 a* a * \a *\* J 

where n specifies the spin direction (39)-(41). 
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Matrix elements of the spin operator S may be written in terms of the vector n as 

The transformation of spin functions under rotations of coordinate system is effected by the rotation operators 
D*{<x>Pil) (E<1- 2.5(32)) or tfa(u;;0, *) (Eq. 2.5(36)), depending on the choice of the parameters to describe 
rotations: 

X* = £*(«,£.ir)Xf « # * ( « ; 6 , « ) X J . (44) 

The spin functions x i in the rotated coordinate system may be expressed in terms of the basis spin functions, 
3 

Xlm o r Xim> referred to the original or rotated coordinate systems, respectively. 

x ' i = ( ; ^ ) = E - ' m X ^ = E«mx' i m . (45) 

In this case am and a'm are spinor components in the original and rotated coordinate systems. The relation 
between the basis functions x'im and X i m is given by Eq. (15). The transformation properties of am are as 
follows. 

m 

Thus, am are contratariant spinor components (see Eq. 4.1(2)). 

6.2.7. Polarization Density Matrix 
The polarisation density matrix for particles of spin \ may be written in the form 

p = i { ? + 2 P S } , (47) 

where the real vector P is called the polartMation vector. This vector gives the expectation value of the spin 
operator multiplied by 2, 

P = 2(S) = 2TV{pS}. (48) 

The absolute value of the vector P is called the polarization degree; it ranges from 0 (for unpolarised states) 
to 1 (for pure, i.e., totally polarized states): 

0 < | P | < 1 . (49) 
■\ 

The spherical components of the polarization vector are related to the elements of the density matrix by 

P „ = V 3 £ C | ; ; M , W (50) 

oof 

or in an expanded form 

P + 1 = - \ / 2 p _ H , Po = / > $ * - / > - $ - $ , P- i = V 2 p j - j . (51) 

Cartesian components of the polarization vector are given by 

Px = p i _ j - h p . i i , P y = t ( p i _ i - p _ i i ) , P , - p H - / > _ j _ j . (52) 
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For a pure state described by a spin function x i the density matrix p has the form 

Ppure = XiXl (53) 

and the polarization vector P coincides with the unit vector n (see Eqs. (39)-(41)). For an unpolarized state 

Punpol=2 ' f - ( 5 4 ) 

6.3. SPIN FUNCTIONS FOR S = 1 

6.3.1. Basis Spin Functions 
The basis functions Xim{m = ±1,0) are eigenfunctions of the operators S 2 and Sz 

S Xim = 2xim, / j * 
SzXlm = mXlm • 

The function xim describes the state of a spin-1 particle with definite spin projection m on the z-axis. The 
three basis functions Xim(™ = ±1>0) may be treated as spherical covariant basis vectors e m (see Sec. 1.1) 
written in column form. Instead of xim one may use the basis functions x»(l = x> y>z) which are the cartesian 
basis vectors e t : 

Xll = ~--E(Xa:-i-tXy), X* = - /=(Xl- l ~ Xll) , 

Xio = X*, Xy = - / ~ ( x i - i + X n ) , (2) 

x.—£(*.-«*). x.-*.. 
The functions Xim(™ = ±1>0) as well as x*(* = £>y»2) constitute an orthonormal basis. The orthonormality 
conditions read 

xlm'Xlm = bm'm , X<X* = Sik . (3) 

The completeness condition for basis functions may be written as 

£ Ximxim = ?> £ XiXi^Tf (4) 
m=±l,0 i=x,y,z 

where I is the unit 3x3 matrix. 
To describe the states of particles with spin 1 one may use the spherical basis representation or the cartesian 

basis representation. 

Spherical basis representation 
In the spherical basis representation the dependence of the functions Xim(^) on the spin variable a is given 

by 
X l m H = «m<r . (5) 

According to Eq. 6.1(1), the basis spin functions xim may be written as 

Xu = 0 , xio = 1 , Xi - i = 0 , (6) 
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and the Hermitian conjugate functions x l m read 

Xfu = (1,0,0), x!o = (0,1,0), x t - i = (0,0,1). (7) 

In the spherical basis represemtation the functions x»(* =* *> Vi *) have the form 

*"£("?)• *-£(?)■ »-(!)• , 8» 
X' = i/2(~1,0,1)t ^ v * - ^ 1 ' 0 ' 1 ) ' Xl = (0 , l ,0 ) . (9) 

It follows from (6), (8) that in the spherical basis representation the functions xim are real, 

Xlm = Xlm, (m = ± l , 0 ) , (10) 

and the functions x% satisfy the relations 

Xx = Xx , Xy = —Xy, X* ~ XM • (11) 

Explicit forms of the spin matrices and the polarisation operators in the spherical basis representation are 
given by Eqs. 2.6(9)-2.6(22). 

Cartesian basis representation 
In the cartesian basis representation the spin variable a assumes three possible values, a = x, y, z. The 

dependence of the functions Xi[v) o n a is given by 

Xi[p) = Si. . (12) 

Thus, the basis spin functions Xt(* = x*yiz) in the cartesian basis representation may be written in the 
following form (see also Eq. 1.4(37)) 

**=(i)' *■(!)• *-=(5) ,i3) 
Xt = (1,0,0), x j = (0,1,0), x l = (0,0,1). (14) 

The basis functions Xim(m = ±1,0) read 

w i =-^(i)' *- ( • ) • »—£(-<)• (I5) 

x! . = - ^ ( l , - > ' , 0 ) , x!o = (0,0,1), x ! - , = -^(l ,>' ,0) . (16) 

It follows from Eqs. (13), (15) that in the cartesian basis representation the functions x; are real, 

Xi = Xt (* = x,y,2r), (17) 
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and the functions xim satisfy the relations 

X*im = ( - l ) m Xi- ,n (m = ± l , 0 ) . (18) 

The spin matrices and polarization operators in the cartesian basis representation are given by Eqs. 2.6(23)-
2.6(35). 

The direct and reverse transformations from a spherical basis to a cartesian one can be performed by the 
use of the unitary 3x3 matrix U> 

X (spherical basis) = Ux (cartesian basis) 
X (cartesian basis) = U~1x (spherical basis) - ! . , _ . . _ . . . , . . . . . . . (19) 

The explicit form of U is given by Eq. 2.6(37). The expressions below are independent of the representation 
used unless the contrary is indicated. 

6.3.2. Expansions of P r o d u c t s of Spin Funct ions 

Products of the basis functions XimXim' a n d X*xt a r e square 3x3 matrices which may be expanded in 
terms of the polarization matrices J, 5M(/x = ±l ,0) ,T 2 Af(^ = ±2, ±1,0) or, equivalently, of the matrices 
/,Si9Qik{i9 k = x,y,z) (Sec. 2.6). These expansions are given by 

XlmXim' = ^Smm'I+ "y= C'im'l/x5'/* + V 3 Clm'2MT2M , (20) 

XiXk = Is*? + %2S^iSi - Qik . (21) 

Written in component form these expansions yield 

xnxlx = \t+ \s0 + ±fw = \t+ \3. + \Q„ , 

X11X10 = "2^+1 " -fi&i = 2^(^« + *§' + 2§" + 2*^»«)' 

X11X1-1 = fta = ^(Qxx ~ Qyy + 2iQxy), 

xioxli = 2^-1 + 7^^2-1 = -rm& - *§»+ 2&« - 2i^y*) > 

Xiox\o = \T- \jl f20 = \T-^, (22) 

Xioxl-i = "2^+1 + -a 2̂1 = ^ ( ^ + *̂ v - 2Q** ~ 2iGv*). 

Xl- lXn = ^2-2 = ^{Qxx - Qyy ~ 2iQXy) , 

1 ct m ft* 

2s-1 - 7?2-1 = W2( X1-1X10 = T$-i - - T S ^ - i = ^-7=(SX - iS„ - 2Qx* + 2iQyz), 

t If. 1 - 1 - 1 - 1 - 1 -
xi -»xI . l -5 / - 5 f t + ̂ r 9 0 - 5 / - 5 f f . + 5g. ZZ ' 
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X.XI = \T- |ft-a " jfta + ^ » o = | f - $ „ , 

•X.Xj = | ( & ~ ?2-2 + T22) = £ & - Q,y , 

X*xl = 272^ - 1 + ^+l) " ̂ ? 3 - 1 " *2l) = " 5 ^ " ^**' 

XyXl = -£(& + £-2 - £2) = -\3. ~ Q,v, 

XyXl - 3 / + 2 *3-2 + 2^22 + ^ 2 2 0 = 3 / - Qyy , 

XyXl - ^ ^ - l ~ ^ i ) _ 5&-» + * « ) m 5** ~ $»» ' 

X.XI - - j ^ f (5-l + *+») -< j ^ - i ' - r ") - 25 y ~ Q"' 

X.xl = - ^ (&-1 " 2+i) - \fa-i + T21) = -£& - Qv. , 

1^ / 2 A ! ♦ ^ H'-Vi*-?-«-x*x; 
6.5.5. Act ion of Spin Operators on Basis Functions 

Spherical components of the spin operator £7*0" s ±1>0) and its cartesian components Sf( 
on the basis functions as follows 

5MXlm = V2C1
1^ lMXlm', 

SiXk = »><«Xi • 
In a more detailed form 

£+1X11 = 0 £+1X10 = -X11, £+1X1-1 = -X10, 
5 o X u = X i i > £0X10 = 0, £0X1-1 = - X i - i i 

£-1X11 = X10 £-1X10 = X1-1> £-1X1-1 = 0 . 

£+iX« = - - / | X * t 8+M9 ^--fiX*' £+iX* = -/=(x*+*Xy)> 

£oX* = *Xy 1 £oXy = -*X» t SOXM = 0 , 

£-iX« = ~7/ f ** » ^-iXy = ~/|X* , £-iXs = -fiix* - %Xy) • 

£*Xu = ~/ |Xio, £*Xio = " 7 | ( x i - i + X11) , £*Xi-i = ~7|Xio , 

£yXll ==-/=XlO, £ y X l O = - T | ( x i - l - X l l ) i £yXl-l = ~;^=XlO, 

£*Xu = Xu 1 £*Xio = 0, £ ,Xi - i = -X1-1 • 

£*Xa = 01 £*Xy = *XM , SSXM = ~%Xy 1 
SyX* = ~*XM , SyXy = 0 , SyX, = *X« , 
£*X* = *Xy 1 £.Xy - ~*X« » £*Xs = 0 . 

file:///fa-i
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6.3.4. Action of Quadrupole Operators on Basis Functions 

The operators f2At{M = ±2, ±1,0) and Qt*(i, k = x, y, z) act on basis functions in accordance with 

T2MXlm = Y 3 ^lm2MXlm' 1 

~ 1/2 \ 
QtfcXi = 2\z6ikXl " **/X* "" *wXV 

In detailed form we have 

£21X11 = 0 , £21X10 = — 7 = X u , £21X1-1 = -7=Xio, 

^22Xx = - ^ (Xx + iXy) , ?22Xy = £ ̂  ~ *Xx^ » ^ X * = 0 , 

ftiX. = 2X* ' ^ a 1 * * = 2X* ' ^ 2 l X * = 2*X* * * X | ^ ' 

1 

(29) 

£22X11 = 0 , £22X10 = 0 , £22X1-1 = X11 , 
1 # 1 

^ x u , r2lXi-i = ^ 

1 ZsT 1 
£20x11 = ~/gXii, £20x10 = - y ^ x i o , £20x1-1 = 7 ^ x 1 - 1 , (30) 

£2-1X11 = 7^X10, £2-1X10 = " - ^ X i - i , £2 -1X1-1=0 , 

T2oXx = ~7=Xx , £20Xy = ~7~Xy , £20X* = - y 3X* , (31) 

£2-lXx = - ^ X M , £2-iXy = ^X* , £2-1X1 = - ^(Xx - iXy), 

£2-2Xx = ~ 2 (X* - *Xy) , £2-2Xy = £ (** + *Xx) £2-2X1 = 0 . 

- 1 1 - 1 - 1 1 
VxxXn = 9X1-1 - g X u , VxxXio = 3X10, V x x X i - i = 2X11 ~~ ^ X i - i , 

A 1 1 A 1 K ! 1 

QyyXll = - o X l - 1 - XXll , VyyXlO = 3X1O , VyyXl-1 = ~ 2 X l X ~" 6 X l ~ * ' 
1 2 ^ 1 

QZMXII = 3X11, Q*»Xio = - 3 X 1 0 , Q**Xi-i = 3 X 1 - 1 , (32) 

QxyXll = 2X1-I , QxyXlO = 0 , QxyXl-1 = " ^ X l l 1 

Qx*xn = ;r/f xio, Qx*xio = ^ ( x u - xi- i ) , Qx*xi-i = ~;r>|Xio» 
<?y*Xll = ^ / ? X l 0 , Qy*XlO = ""^7| (Xl l + X l - l ) , Qy*Xl- l = £ " = XlO • 
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QxxXx — " « X * > QxxXy ~"" nXy ) QxxXz — nXz i 

1 2 >s 1 
QyyXx = r X s > QyyXy = ~"T7Xy > QyyXz = T X * > 

QzzXx — *Xx i QzzXy ~~ oXy ) QzzXz — «X*» 

1 ^ _ 1 ~ _ 
QxyXx = "~«Xy > QxyXy "~ " " A X * J QxyXz ~~ 0 , 

1 ^ __ ~ _ 1 
QxzXx = ~~~zXz » QxzXy ~~ ^> QxzXz ~~ ""rX« > 

QyzXx — "> ^iyzXy ~~ e\Xz y *%yzXz — «Xy • 

(33) 

6.3.5. Transformation of Basis Funct ions Under Rotations of the Coordinate Systems 

The spin functions Xim(*N = ±1>0) and x*(* ^ ^V**) constitute the covariant spherical basis and (cartesian 
basis, respectively. Under rotations they transform through the rotation operator D1(ai/3ii) (Eqs< 2.6(75)-
(78)) if rotations are specified by the Euler angles a, 0,7 or through the rotation operator U\OJ\ 0 , $) 
(Eqs. 2.6(79)-(83)) if rotations are described by the rotation angle w and the rotation axis n(©, $) . 

Xim' = ^ ( ^ M j X l m ' = Yl Dmm>{<X>P>l)Xlm, 
m = ± l , 0 

X ^ ^ K J M X * — £ aki*k-
(34) 

fc=x,y,z 

Here 2?^m,(a,)0,7) are the Wigner /^-functions (Chap. 4) and a** are elements of the rotation matrix 
(Sec. 1.4.6). 

The functions Xim' describe quantum states in which a particle of spin 1 has the spin projection m' on the 
new 2r -axis. These functions are eigenfunctions of the operators S / 2 and S'z where S' is the spin operator in 
the rotated coordinate system (Eqs. 2.6(85) and 2.6(87)) 

S Xim' — 2 Xim'» 
SzXlm' = m ' x ' l m ' • 

In the spherical basis representation the functions Xim' n a v e ^n e f ° r m 

, l±co8^ e -» (a - f 7) v 

Xn = X10 

/ gin/9 - t a \ 
' N/2 ' * 

cos/8 

\̂  l -CQ 8 ^ e t (a^ 7 ) y 

/ l -cos/9 - t ( a - 7 ) 
/ 2 

xUi = 
\̂  l±co8j^e»(a+7) y 

and the functions x\ we given by 

/ cos 0 cos 7—t sin 7 r-*'** \ 

— sin )8 cos 7 x; = 
cos 0 cos 7_-f t sin 7 Aa. 

x„ = 

/ cos /? sin Tjf-i cos 7 ~ ta \ 

sin y0 sin 7 x» = 

2 

COS/? 

(35) 

(36) 

(37) 
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In the cartesian basis representation these functions read 
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Xii 

/ cos 0 cos at—t sin a — fa \ 
/ s/2 e \ 

cos 0 sin a-f i cos a ^—fa 

sinfi -fa 
V2C 

Xio 
' sin fi cos a 
sin 0 sin a J , x i - i = 

COSJS 

/ cos 0 cos ot+t sin a fa \ 

cos ff sin ot—t cos a t*Y (38) 

( cos ft cos a cos 7 — sin a sin 7 \ / — cos fi cos a sin 7 - sin a cos 7 \ /sin fi cos a 

cos $ sin a cos 7 + cos a sin 7 I , Xy = I "~ c o s P s m a sin 7 + cos a cos 7 1 , X* = ( s m P s m a 

— sin ̂ 0 cos 7 y ^ sin/? sin 7 y ^ cos/? 
'(39) 

The expansions for the basis functions in the rotated coordinate system in terms of the angles a;, ©, $ may be 
obtained by the use of the rotation operator UX{<J)\ 0 , $) (Eqs. 2.6(80)-(81)). 

6.3.6, Helicity Basis Functions for S = 1 
The helicity basis functions Xu($>^>)(^ = ±1,0) describe the states in which the spin projection on the 

linear momentum direction n(t?,p) = p/ |p | is equal to A. The functions Xu(#, <p) are eigenfunctions of the 
operators S2 and S • n 

S2XiA(t?,^) = 2xu(t?,p), 

SnxiA(*,lp)==AxiA(*,1p). 
According to Eq. 6.1(20), the helicity basis functions may be derived from the functions xim by a coordinate 
rotation 

^ m (41) 
Xim = 2 , 0 1 A-m(M,¥>)XU(*.*>) • 

A 

For Hermitian adjoint functions Eqs. (41) assume the form 

(40) 

xL(*,*>) = EM^^m-Ab.tf.oJxU, 
m 

XL = D-^'^imM'^xlAto*')-
(42) 

The helicity functions XIA(#> <p) niay be treated as the covariant helicity basis vectors e^ (see Sec. 1.1.4) written 
as column matrices 

Xix{*,V>)=*x (A = ±1,0) . (43) 

One can construct the following linear combinations Xi(&> <p) (*' = x> y>z) °f the helicity functions xu(^>IP): 

X*(<?, <P) = -Tg{xi-i(*. <p) ~ Xn(*. <P)} . 

X*{#,P) = ^{Xi-i{#,<p) + Xu{#,<p)} , 

X*(^>P) = Xio(t?,v)-

The functions x»(̂ > V?)(* = ^iV,2) coincide with the polar basis vectors (see Sec. 1.1.3): 

Xz(#,<p)-*«> Xy(#,<p) = e*>> x*(^»^ ,)=ep . 

(44) 

(45) 
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It should be emphasized that the functions x» (#>¥>) describe the states with no definite helicity. These 
functions are related to the basis functions Xk{k = x,yfz) (Sec. 6.3.1) by 

X » ( ^ p ) = £ a w ( v ^ 0 ) x * , 
* (46) 

where at-fc(a,£,7) are elements of the rotation matrix given by Eqs. 1.4(54). The relations between the Her-
mitian conjugate functions x] {$><?) an(* X* a r e a^8° g*ven by Eq. (46) because the elements a** are real. 

Three helicity functions Xi A (#,£>) with A = ±1,0 or, equivalently, three functions Xi(#,£>) with t = x%yyz 
constitute an orthonormalized basis. The orthogonality and normalization conditions have the form 

The completeness conditions are 

X I A O ^ X I V O ? ^ ) = *AA', 

E xM<p)x\A»,<p) = Tt 

A=±1,0 

t=S ,y ,S 

Explicit form of the helicity functions XixftiP) **<* H* functions Xt(#>p) 

(a) Spherical basis representation: 

xn{#><p) = sin (9 

V 1—coat? A<o J 

, Xio(#,V?) = cost? 

, sin fl Av , 

/ 
1 —coifl.—t<o . 

Xi-i(t?,y>) = 

V l i ^ i i e ^ J 

Xx(#,<p) = — sint? 

£2l£-,«> 
V y/2 

Xy(#,<p) = 

ffr-»\ 

V tS* ) 

x. (#,<p) = cost? 

.«•» 

(b) Cartesian basis representation: 

(47) 

(48) 

(49) 

(50) 

- /costfcosp —tsin^A [sui#co8<py 

Xn(^iP) = —7= [ cosi?sin<p + icosp , Xio(t?,£>)= I sintfsinp ) , 
V 2 V -sint? y V c o « * 

- / cos t? cos <p + t sin <p> 

Xi-i(^,y>) = -7= I cos t?s in^- tcos^ ) , 
V 2 I -sint? 

(51) 

cos t? cos <p \ ( — simp 
Xx(#,<p)= | costfsinv? , Xy(^,^)= cosy? 

-sintf / \ 0 

sin t? cos <p> 

X*(#i^) = ( sin t? sin v? 
cost? 

(52) 
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In the cartesian basis representation these functions satisfy the relations 

X I A ( * . * ) = ( - 1 ) ^ I - A ( * . P ) . (A = ±1,0) , 

x* (#> <p) = Xi (#> <p), (*' = «• y> *) • 

The expansions of products of the helicity basis functions in series of spin matrices and quadrupole operators 
(Sec. 2.6) are given by 

1 1 l 

E J>AMr(P.*.0)ft„. (54) 

Analogous expansions for Xi($i<p) c a n be written as 

X<(*,<p)xI(*,iP) = 3**^+ J*»w J2 am/b,t?,0)5m - 5 3 amf(^,t?,0)anfc(^,i?,0)Qmn, (55) 
m=x,y,z m,n=x,y,* 

where am|(c*,^, 7) are elements of the rotation matrix (Eq. 1.4(54)). 
Matrix elements of the spin operator between the helicity states XIA(#I P) OT between the states Xi[&>P) 

are 

xlx(*,p)§»xM*M = (- ir+"\^^,1„Di l ,_ l /(^#,o), (56) 

Xi{*,V>)$iXk{*,V>) = -iY,eikmaim(<p,'d,0). (57) 
m 

In particular, the expectation value of the spin operator S in a state with the helicity A is given by 

xlA(t?,^)§xiA(t?,^) = An(i?,^), (A = ±1,0) . (58) 

The expectation value of the operator S in the states x* (*?> <p) is zero. 

xlOMSXiOM =0, (i = x,y,*). (59) 

The evaluation of matrix elements of the quadrupole operators T2M[M = ±2, ±1,0) and Qik(h k — x,y,z) 
gives 

x\x(*,p)tuixM*,V>) = (-l)M+tr\flclXy2NI>lM-N(p,e,0), (60) 

X*(*iP)3lmX*(*,¥>) = -\{aii{<P,#,0)a
mk{<P,*,0) + alk(<p,d,0)ami{<p>#,0) - jSik6lm} . (61) 

In particular, the expectation values of the quadrupole operators J W in states with helicity A are equal to 

X\A*,<P)T2MXM*><P) = \ + | A | y 15 Yiu{*M , ( 6 2 ) 

(A = ±1,0;M = ±2 ,±1 ,0) . 
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6.3.7. General Spin Functions for 5 = 1 
An arbitrary spin function Xi °f a particle of spin 1 may be expanded in terms of basis spin functions, i.e., 

written in the following form: 

Xi = E a m X i m = E ( - l ) m a - m x i m = E OiXi. (63) 
m=±l,0 m=±l,0 »=x,y,* 

The expansion of the Hermitian conjugate function \\ 1S given by 

X l = E ( « T x L = E ( - l ) m ( a - m ) * x L = E **xl . (64) 
m=±l,0 m=±l,0 $=x,y,* 

In a spherical basis the function Xi has the form 

a +1 -a- iA / - ^ ( a * - i a y ) 
Xi = a° = a0 = a, , (65) 

and in a cartesian basis this function reads 

Xl = I " ^ ( o " o + a + 1 ) J = ( ^ ( a _ 1 + a + l ) ] \ a w ) ' (66) 

The expansion coefficients am are contravariant spherical components of some generally complex vector a, am 

are covariant spherical components of a and a» are cartesian components. Sometimes a is called the polarization 
vector of particles of spin 1. 

Under complex conjugation components of this vector transform as 

( a " T = K ) m , (am)* = (a*)m , (a,)* = (a*).-. (67) 

The normalization condition 
XiXi = 1 (68) 

imposes a restriction to the components of a 

| a + 1 | 2 + |a° |2 + la"1!2 = | a + 1 | 2 + |a0 |2 + \a.tf = |ax |2 + |a„|2 + |a , | 2 = 1, (69) 

or, in compact form 
|a|2 = a* -a = l . (70) 

The spin function product XiXi m a y De expanded in series of the spin matrices S and quadrupole momentum 
operators, T2M or Q t* (see Sec. 2.6), 

M = - l A / = - 2 

t=x,y,x t,fc=x,y,« 

or in more compact form, 

3 * x 2 

(71) 
V P..C. J. V* P.. n.. 

3 2 Xixl = ^ + | E * § + E **<*$*< 

XiXi = ^1 + ^ P • S + (P 2 • T 2 ) , (72) 

file:///a.tf
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where (P 2 • T2) is scalar product to two irreducible tensors of rank 2 (see Eq. 3.1(31)). 
The real vector P can be expressed in terms of the polarization vector a as 

P = t [ a x a * ] , (73) 

or, in components, 
PM = V 2 ^ C ^ l M ( a T a w , (m,n,/z = ±1,0) , 

m ' " (74) 
pi-iz2 sMa*at > (*> k>l = x> y>z) -

Spherical and cartesian components of a real irreducible tensor P 2 of rank 2 may be expressed in terms of 
components of a by 

>/?£« ft"" V j LC i»2M(°")* a". (m,n=±l ,0;M = ±2,±l ,0) , 

Pik = ~ -{a*'afc + a*a*f ~ 3$* } » (*\fc = «»2/»*) > *75' 

Pik = Pki, J2Pii = 0' 
i 

The vector P and tensor P 2 give the following expectation values of the spin operator and the quadrupole 
momentum operator, respectively: 

(s> = xisX i = P , 
(f2M) = xI*Wxi = P*M . (76) 

{Qik) = x{QikXi = Pik. 
The transformation of the spin function %i under rotations of coordinate systems is performed by the rotation 
operators D1{ai/3i-f) (Eqs. 2.6(76)-(77)) or ^ ( c ^ e , ^ ) (Eqs. 2.6(80)~(8l)) depending on the choice of the 
parameters to describe rotations 

x i - ^ W . - r i X i - ^ t o e . ^ X i . (77) 

Spin functions in a rotated coordinate system may be expanded into sums of basis spin functions Xim>X* m 

the original coordinate system as well as into sums of functions XirmXi m *n e rotated coordinate system: 

Xi= £ a'm
Xlm= £ am

X'lm, 
m=±l,0 m=±l,0 

X'l= £ ( - i r ° ' - m X l m = £ ( - l ) m « - m X i m . (78) 
m=±l,0 m=±l,0 

xi = £ a<*»= £ ai*'i • 

The relations between basis functions in the rotated and original coordinate systems are given by Eqs. (34). 
The components of a in the above systems are related by 

n m 

<C = X>»m(«,/>,lK. a ^ ^ C K A ^ , (79) 
n m 

(m, n = ± 1 , 0; z, A: = re, y, 2 ) . 



Chapter 7 

TENSOR SPHERICAL HARMONICS 

7.1. GENERAL PROPERTIES OP TENSOR SPHERICAL HARMONICS 

7.1.1. Definition 
The tensor spherical harmonics ^/A/(#,£>), by definition, are eigenfunctions of the operators J 2 , «/*,L2 and 

S 2 where L is the operator of orbital angular momentum (Sec. 2.2), S is the spin operator (Sec. 2.3), and 
J = L + S is the operator of total angular momentum (Sec. 2.1): 

J,YJ$(*,<p)=MYti(*,<p), 
1>7YJ$(*, <p) = L(L + !)¥%(*, <p), U 

S2YJ£(0,<p) = S(S + l)YJ£(»,<p)-
A tensor spherical harmonic describes the angular distribution and polarization of spin-5 particles in a 

state with definite total angular momentum J , projection M, and orbital angular momentum L. The spin 
value 5 is sometimes called the rank of the tensor spherical harmonic. Accordingly, one often uses such names 
as spinor spherical harmonics (5 = £), vector spherical harmonics (5 = 1), etc. However, strictly speaking, 
these terms are not entirely adequate because, in fact, the transformation properties of the tensor spherical 
harmonics under rotation of coordinate system are determined by J , but not by 5 (see Sec. 7.1.4). 

The tensor spherical harmonics may be constructed from the spherical harmonics YLM{&% <p) (eigenfunctions 
of L2 and Lx) and the spin functions xsa (eigenfunctions of S 2 and SM) in accordance with the coupling scheme 
of two angular momenta 

Y&&M = T,CZ%s*YLM(0,<p)xs. ■ (2) 

Thus, the tensor spherical harmonics are irreducible tensor products (of rank J) of scalar spherical har
monics and spin functions: 

YJ$(0,<p) = {YL®Xs}jM. (3) 

The indices J and S are integer or half-integer nonnegative numbers, and L is always an integer nonnegative 
number. For given J and 5 , the momentum L takes the values L = | J — 5 | , | J — S\ + 1 , . . . , J + S. The 
possible values of M are M = — Jt —J - h i , . . . , J — 1, J. 

The tensor spherical harmonics with fixed indices are functions of three variables: two polar angles #, <p(0 < 
$ < 7r, 0 < <p < 2n) and spin variable £(£ = —5, —S + 1 , . . . , 5 — 1,5) which is the argument of spin function 
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Xsa- The spin variable £ is usually not mentioned as an argument of tensor spherical harmonics. Instead, 
the tensor spherical harmonics are written in matrix form by analogy with spin functions. More precisely, 
Yjj^(t?, <p) is represented by a column matrix with 25 + 1 elements, and yj^f+(#j ^) is represented by a row 
matrix. Summation over spin variable is replaced by matrix multiplication. 

The tensor spherical harmonics ^ J M I ^ J ^ ) constitute a complete orthonormal set for series expansion of 
rank 5 tensor functions within the domain of arguments 0 < t? < ?r, 0 < >̂ < 27r (see Sec. 7.1.8). 

Note also the following orthogonality relations for Y^ft, <p) which have the same J, M and 5 but different 
L: 

EYJLM+(^<P)'YjLm<p) = 0, KL'jLL. (4) 
M 

7.1.2. Components of Tensor Spherical Harmonics 
(a) Spherical contravariant components of tensor spherical harmonics may be written, in accordance with 

Eq. (2), as 
[#£(*, V)T = C[M-^YLM-^ <P), (g) 

(M = - 5 , . . . , 5 - 1 , 5 ) . 

Covariant spherical components may be defined by the relation 

from which one obtains 

\Y%{*, <p)l = (-i)s-"c-/jJf+MS_MyLW+M(tf, <P) . (7) 
If 5 is integer, an alternative definition of the covariant spherical components that is widely used is (see 
Sec. 7.3.2) 

[Y^^^i^i-mY^mp^i w 
so that 

\Yj£(*, <P)U = ( - i )"c£E + M 5 _ M y L * + M (* , <P) . (9) 
Note that the equations of this chapter are independent of definition of covariant components, unless the 

contrary is indicated. 
(b) The expansion of tensor spherical harmonics in terms of helicity spin functions may be written as 

Yffiv.v) = £ iyj£(*,¥>)]'W*,*>), (io) 

where contravariant helicity components are given by 

[YjL^<P)\'X = \l^^^sxDJ_x_M(0,^p)- (11) 

If covariant helicity components are defined by 

[Yffi(*,<p)}'x = (-l)S-A[5"i£(*,*>)]'-* . (12) 

then 
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An alternative definition of covariant components (for integer S) 

\r£{*,<p)\'x = (-i)xlY%(*,r)]'-\ (14) 

yields 

\YtfiVM\x = {-^)}+L-S+X\[^Ci^D{_M{0,^). (15) 

7.1,3. Complex Conjugation 
Spherical components of a tensor spherical harmonic transform under complex conjugation according to 

[*&(*, <p)r = (-i)J+L+s-M-nYjL£M(*, *>)]-", 
iYjLM*>v)); = (-i)J+L+s-M-nYts

M(*,<p))-»- ( ] 

These transformation rules are valid also for the corresponding helicity components. 

7.1.4. Transformations of Coordinate Systems 

(a) Coordinate inversion 
The operator for coordinate inversion Pr, when applied to a tensor spherical harmonic, gives 

PrY&{*M = TipY&(* -»,* + <p) = Vp(-l)LYjL£(0,<p), (17) 

where rjp is a phase factor which describes the intrinsic parity of the tensor. 

(b) Rotations of coordinate systems 
Under rotations of the coordinate system specified by the Euler angles a, /3,7 the tensor spherical Jiarmonics 

transform according to 

/ 
YJ

L£l(#',<p') = D(a,0)1)YJ£l(d,<p)= £ DJ
tiU,(a,0,1)YJ'S(*,V), (18) 

where M is the projection of total angular momentum on the initial z-axis, M' is its projection on tfte final z'-
axis; #, <p and #', <pf are polar angles of the unit vector n in the initial and final coordinate systems, respectively. 
The relations between #', <p' and tf, <p are given by Eqs. 1.4(2), 1.4(3). The coefficients DJ

MM,{(i>l3,i) are 
matrix elements of the rotation operator, i.e., the Wigner ^-functions (Chap. 4). Note that the transformation 
properties of tensor spherical harmonics are determined by the total angular momentum J, but not bjy the spin 
S. Thus, it is J that determines true rank of a tensor spherical harmonic. 

7.1.5. Differential Equations 
(a) Tensor spherical harmonics are eigenfunctions of the operator L2; hence, they satisfy the equation 

{Aa + L(L + l)}YJ
L^)p) = 0, (19) 

where An is the angular part of the Laplace operator (see Sec. 1.3.2). The expanded form of Eq. (10) is 

file:///YtfiVM/x
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(b) Components of the tensors rLYjJ§(i?, <p) are harmonic polynomials of degree L and satisfy the Laplace 
equation 

A{rLYJ£(fi,<p)} = 0. (21) 

(c) The quantities zi,(kr)Yjf^('&i(p) obey the Helmholtz equation 

(A + k2){zL(kr)YjL^,<p)} = 0, (22) 

where 
ZLM = ^ZL+,(kr), (23) 

ZLJt i is any of the cylinder functions of half-integer order. 

7.1.6. Action of Operators V, n and Angular Momen tum Operators 
In the equations given below r = {r, $,v?}> ** = r / r , $(r) is an arbitrary function of r = |r|, L is the 

operator of orbital angular momentum, S is the spin operator, J = L + S is the operator of total angular 
momentum, and nM, VM,£M, etc. are spherical components of the corresponding operators (/i = ±1,0). 

(a) 

V„{*(r)r#(*,*>)> = (-1)J+L+W(2J+1)(L+1){^ - £ # ( r ) } 

X X ) { L J I £ J } ^i^r^ir1-?^*. *>) + (-l)'+i+S+1>/(27Ti)Z {^fi + ^ * ( r ) } 

x £ { L i i L s } cf&VrttU*' *>) • (24> 

In particular, 

J'L' ^ ' 
(25) 

where 

( Ly/L + 1, if I ' = 1 + 1 , 
{L + l)\/I, \iL' = L - \ , 
0 if L' ? L ± 1. 

AL.[L)= I 

•V{*W^(*.P)} = (-l)/+s+1«(r)V(2 J + 1)(2L + 1) J > 1 ) L ' { {, I ^C^C^Y^^M-
J'V *- J (26) 

^ M ^ O ^ ) } = *(r)2„{yj£(*,*,)} 

= ( - ^ + 1 ^ ( 2 J + 1)L(L + 1)(2L + 1) £ { £ £' 5 } C r ^ + , ( ^ ) . (27) 

$.{*0-)rJ£(<M} = *(r)s^{rj£(^)} 

- l ) ^ ^ ( r ) V(2J + 1)5(5 + 1)(25 + 1) 5 > 1 ) J ' + S { 5 5 1 } ^ f i ^ M ^ ( * > * > ) • (28) 

^ { * ( r ) i ^ ( * , * > ) } = * ( r ) ^ { ^ ( * . P ) } = * ( r ) > / 7 ( 7 T i ) C + ; ^ + ( , ( « ^ ) . (29) 
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(b) 

(r • V){*(r)yj£(<M> = r^-Y$(*t <p), (30) 

(rL)Wr)yj£(tf,*>)}=0, (31) 

(r • §){*(r)r#(*,*)> = r $ ( r ) ( - l ) W + V S ( S + 1)(»* + 1)(2£ + 1) £ { 5 S J I C " ° 1 0 ^ ( ^ p ) • 
L' <■ ^ (32) 

An expanded form of Eq. (32) is 

^ „|VWM «,! - * f /(J + ^ + ^ + 2 ) ( ^ + ^ - ^ + l ) ( J - ^ + ^ W + ^+g+ l ) 3 ,L + 15 f l ? s 
(S-n)YJti(dt¥>)---^j (2L + 1)(2L + Z) YjM ^ 

/ (J + £ + 5 + l)(J + £ - 5 ) ( J - £ + 5 + l ) ( -J + £ + 5) L_1 S . 
+V (2L-1)(2L+1) YjM l*'*"' (33) 

(r • J){*(r)y/£(*,„)} = (r • §){*<r)yj£(*f *>)} . (34) 

(c) 

(§V){$(r)yj£(^)} = 

- " 2 t ^ r " 7 $ ( r , / Y (2l+l)(2L + 3) YjM {*>,p) 

1 f«f*(r) ^UlJ j+^g+l) (J + L-5)(J-U5+l)(-JU + y % > 
"2\"ir + _ ^ $ ( r , / V (2L-1)(2I+1) K ' " (35) 

(S • L){»(r)yj£(tf,*>)} = \{J(J + 1) - L(Z, + 1) - 5(5 + l)}*(r)yj£(* f p), (36) 

(S • J){«(r)yj£(tf,*>)} = \{J{J + 1) - 1(1 + 1) + S(S + l)}*(r)y/5(*. p) , (37) 

(L • J){*{r)YjLM»,<p)} = \{J(J+l) + £ ( ! + 1) ~ S(S+ l)}#(r)yj£(*,p), (38) 

7.1.7. Sums of Tensor Spherical Harmonics 
In what follows (Eqs. (39)-(42)) S is integer, and covariant components of tensor spherical harmonics are 

defined in accordance with Eqs. (8), (9): 

tlYsA*,p)lYjL&(*.r)r = / ^ T A I 1 } c&or"*(».*>>• (39) 
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E YSA*M\Y&VM\* = \]t~l(2J + 1) C%soYj*M<P) > (40) 

E KMp)\Y%[*,<f>)r = ( ~ 1 ) ^ i ? i ^ T i r 1 c ^ y * - " ( * ^ ) - (41) 

E Wtf.dirfffop)],. = )j{2J^2S2+l) ^C^oYsM,<P) ■ (42) 

7.1.8. Orthogonality, Normalization and Completeness 

A collection of tensor spherical harmonics with the same S and all possible J,L,M forms a complete 
orthonormal set of tensor functions in the domain of the arguments 0 < t?< TT, 0 < <p < 2?r. 

The orthonormality condition for tensor spherical harmonics has the form 

fir pzn 
/ / Y^t(^<p)Y^(^<p)smMM<p^Sjjf8MM'SLLf . (43) 
Jo Jo 

The completeness of these functions is given by 

E E E [Yi'M*,r)nYjL&*w)r = 6^6(<™4-co*mr-v>'), 
J L=\J-S\ M=-J 

{fi;u = -S,...,S-l,S). 

(44) 

7.1.9. Expansion in a Series of Tensor Spherical Harmonics 

Any tensor Fs (t?, <p) of rank 5 which depends on polar angles #, <p and possesses components which satisfy 
the conditions 

j ' \Fsv{*,p)\2dn < o o , (/i = - 5 , . . . , 5 - l , 5 ) , (45) 

may be expanded in a series of tensor spherical harmonics Yj"^(d} <p)} i.e., written in the form 

Fs(*,<p) = E A'wYffi(*, <p) ■ (46) 
JLM 

The expansion coefficients are given by 

AjLM = J dnYjL
M

+ (t?, <p)Fs (0, <p). (47) 

These coefficients satisfy the relation 

E l A ^ w | 2 = [ dn\Fs(#,<p)\2 . (48) 
JLM 
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7.2. SPINOR SPHERICAL HARMONICS 

7.2.1. Definition 
The spinor spherical harmonics ftj^ (#, <p) are defined as tensor spherical harmonics with S = \ 

nLjM{»,<p)=Y%[0,<p). 

They are eigenfunctions of the operators J2, J»,L2, S2 where L is the operator of orbital angular 
(Sec. 2.2), S is the spin operator for S = | (Sec. 2.5) and J is the operator of total angular 
(Sec. 2.1) 

32nL
JM(#,<p) = J(J + l)nL

JM(#,<p), 

^LJM(^'P) = -^LJM(^<P)-

(Sec. 7.1.1) 

(1) 

momentum 
momentum 

(2) 

The spinor spherical harmonics may be expressed in terms of scalar spherical harmonics YLM($> <p) (Chap. 5) 
and spin functions \\a (^ec- 6.2) as 

(3) 

For the spinor spherical harmonics J is a half-integer nonnegative number because L is always integer. For given 
J only two values of L are possible, L = J ± | , while M assumes 2 J + 1 values: M = — J, — J + 1 , . . . , J — 1, J. 
The spinor spherical harmonics are orthonormalized in the domain of angles 0 < # < ?r, 0 < (p < 2n (Sec. 7.2.7). 

7.2.2. Components of Spinor Spherical Harmonics 
(a) The spinor spherical harmonics may be expanded in terms of basis spin functions xiu ^ 

where contravariant components [Hj^]'* are given by 

in^(*,*»)I" = ciZ_Mill YLM^{d,<?). 

In more detailed form Eq. (5) reads 

I^JMH^)}' = -]f^^YJ+iM_i(^<p), 

in'i*(*.*')r*-y^^y/+ji#+t(*,*»), 

[n# (*.*)]* = \f^-YJ_iM_i(#,<P), 

[njM*(̂ *»)l-* = yJ^r-YJ-iM+i(*>r)-

(4) 

(5) 

(6) 

(7) 
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Covariant components of spinor spherical harmonics are defined by 

[n (̂*,*>)]M = (-i)*-M[n^(tf,¥>)l-" (8) 

and have the form 
^LJM(^<P)]^ = (-^-'1CJ

L^+fli_liYLM+^,<p). (9) 

A more detailed form of Eq. (9) is 

= V 2+(J++l)lYj+^M+^' 

h-M + i-, .. 
= V 2(J+1) *>+*"-*(*■« 

IJ-M „ ,„ . 
i=]/-^j-YJ-iM+^,V>) 

/J + M „ 

(10) 

(11) 
)• 

(b) If spinors xi<r are written as column matrices, the spinor spherical harmonics assume the form 

fij£*(0,p) = J JM V * « / 

'V^gf5''**"-*^) 
k >/i|£f? *>+**+*(*.*), 

(12) 

n7M (^ .V)= v
/ T - j 7 * 1 • (13) 

(c) An expansion of njM( t? , v?) m terms of helicity basis spin functions Xixi&iP) (^ec- 6.2.5) may be 
written as 

Vui*.*)-)/^ 
or, in a detailed form 

° 2 M d - ^ 

n#<«.«>) = \ /^ f 

1 E ^ A ^ - A - M ^ ^ ^ X l A ^ . V ) . (14) 
A 

- B - 1 ) ' + ^ - A - M ( 0 ^ , ^ I ; ( ^ ^ ) , 
- A (15) 
-]£0-A-jtf(O,*,¥>)XiA(*,<p). 

A 

7.2.3. Complex Conjugation. Time Reversal 
(a) Here we use the representation in which the basis spin functions are real, x l = X±a* For this reason, 

the transformation properties of spinor spherical harmonics with respect to complex conjugation may be written 

as 
= ( _ l ) J + Z - M . ^ n L _ M ( ^ ^ (16) 
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where 2x2 matrix iay has the form 

* . - ( . % ) ■ < " ) 

Components of spinor spherical harmonics transform under complex conjugation according to 

(18) 

\nLjM(*,<p)r = WuifiMT = (-I)J+L-MM-M(*,P)1 = (-i)/+r-w-"+*[n5-w(*.p)]-'*. 
(19) 

(b) The time-reversal operator Pt (as defined by Wigner) acts on a spinor spherical harmonic in the following 
manner 

Z&JMV.P) = WJU(*,<P) = (-i)J+L-M+1> nLj-u(*,v) ■ (20) 

7.2.4. Transformation of Coordinate Systems. 

(a) Coordinate inversion 

PrOLjM(#,<p) = njMl«-*,« + <p) = (-i)LnL
JM(*,<p)- (21) 

(b) Rotations of coordinate system 
Under rotations specified by the Euler angles a,)?, 7 the spinor spherical harmonics transform according to 

j 

nL
JM,^',<p')=D(a,M)(iLjM^,<p)= £ DiiM-faPMui*,?), (22) 

M=-J 

where DJ
MM, are the Wigner ^-functions (Chap. 4), M1 is the projection of total angular momentum on the 

rotated z'-axis; 1?, <p and #',£>' are polar angles of the position vector r in the initial and final coordinate 
systems. The relations between t?', <p' and t?, <p are given by Eqs. 1.4(2)-1.4(3). 

7.2.5. Action of V and Angular Momentum Operators 
The spinor spherical harmonics satisfy Eqs. 7.1(24)-7.1(38) for S = ^. Note also the following relations in 

which S is the spin operator (Sec. 2.5), L is the operator of orbital angular momentum (Sec. 2.2), J = L 4- S 
is the operator of total angular momentum, and n(t?, <p) = r / r . 

(a) 
(Sn)n5M(#,<p) = -fa'M(#,<p), (23) 

where 

(24) V = 2 J - L = { 

An expanded form of Eq. (23) is 

(25) 
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0>) 

where 1! = 23 - L, 

r(sv)nL
JM(#,<p) = _ l±^n^(tf ,^) , 

I -{J + k) = -(L+l), itL = J-l 
K = < 

In a more detailed form Eq. (26) gives 

'(S • v )n£» (*, *>) = — ^ - n } * ' (*,*>). 

r(§ v)^-V.*>) = ^ ^ - ^ i * (*,*>) • 

(c) 

or, in detailed form 

(£-§)n^(tf>¥,) = ^ _ i n ^ ( t f > V ) ) . 

7.2.6. Recursion Relations 

<».«&,(*,*) = V ( J " M
2 f J

1 | y M + l i n ^ ( ^ ^ ) - 57PTI) <#,(*.*>) 

(26) 

(27) 

(28) 

(29) 

(30) 

V(J-M)(J + M) L - 1 
+ £J "/-XMl^.*7). 

(31) 

***<&,(*,„) - -^J + M ; y M + 2ln^(^) 
N / (J + M + l ) ( J - M ) 

2 J ( J + 1 ) n ji/+1 (*.*>)- V V - M H J - M - l ) ^ 
2J n j : i w + i ( * . p ) . (32) 

. „ i„^T ,„ ^ x/(J - M + 1)(J ~ M + 2) , , , ,„ , 
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where V is defined by Eq. (24). Note that Eqs. (31)—(33) may be written in a compact form as 

n»nLJM(*M = (-l)J+L+W(2J+l)(2L+l)J2 {L [> \ }ctiioCJj'£1l'1ClIj,.M+^<p), (34) 
J'V ^ 2 ' 

where nM(/z = ±1,0) are spherical components of the unit vector n(t?, <p). 

7.2.7. Orthonormality and Completeness. Expansion in a Series of Spinor Spherical Harmonics 
The collection of spinor spherical harmonics Q^M (t?, <p) with half-integer nonnegative J ( | < J < oo),L = 

J ± | and M = —J, — J + 1 , . . . , J forms complete set of spinors for 0 < # < TT, 0 < <p < 2TT. 
The orthonormality condition has the form 

pit r2n 
/ oWsini?/ d<pQ1},tfl(#,<p)n'}M{0,<p)=6j.j6L,L $M'M • (35) 

Jo Jo 
The completeness condition may be written as 

E E E n^^^n^^'^^/^cos^-cos^^b-y'), (36) 

where / is the unit 2x2 matrix. 

Any spinor x(#> ^) which satisfies 

Jx+{#,<p)x{#,<p)dn<ooy (37) 

may be expanded in a series of spinor spherical harmonics 
X(t?,^)= E ^ M ^ M ^ . ^ ) . (38) 

JLM 

where the expansion coefficients AL
JM are given by 

ALjM = I' d*sin 0 f d<pfi$+ (t?, ^ )x(* , V?). (39) 
Jo Jo 

The expansion (38) is valid for the range 0 < t? < ?r, 0 < <p < 2K. 

7.2.8. Clebsch-Gordan Series 

n^1^^n^M3(^^) = E(-1)J,+M,+/j+L+' { £ , £ I } 

'(2Jx + 1)(2J2 + l)(2£x + l)(2£a + 1) ^ L M 
4w<2L+ 1) ° L , 0 i j 0 ^Jt-MiJiM, *LM{V, <p) , (40J 

o ^ ^ i n f e , , ^ ) - (-1).^+M1^MTIj(2J2^)(2L1 + i)(2X2 + i) 

x D - ^ ^ o J L2 J2 I [ C / / £ M I J J M J ¥&,(*,#>), (41) 

where S is the spin operator, YjM is a vector spherical harmonic (see Sec. 7.3). 
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7.2.9. Addit ion Theorems 
Let n i and 112 be unit vectors with polar angles $i,£>i and #2)^2? coso;i2 = n i • 112 = cos #1 cos #2 + 

sin t?i sin #2 cos(^?i — <p2\. The addition theorem for the spinor spherical harmonics may be written in the form 
j 

4TT £ n 5 i ( t f 1 > ^ 1 ) n ^ ( t f 2 , ^ 2 ) = *LL»(2J + l)PL(coso;12) l (42) 
M=-J 

V-^ r . , , ^ r ' , , f i t n i X n 2 l P f (CO! 
4* £ n^( t? 1 ,^)sn^ M ( t9 2 ,^)= / * n

2;Ti
L; ; , 

i[ni X n2]P£(cosa;i2) if V = L, 
,(cosa;i2) -n 2P£,(coswi 2)} , if I ' = 2 J - i , 

(43) 
where PL(Z) is a Legendre polynomial, P^(x) = dPL(x)/dx, S is the spin operator (Sec. 2.5). Another form 
of the addition theorem may be obtained for matrix products of the type 

4* E nLJMi#U<Pl)nLJM(#2,<P2) 
M=-J 

= (J + ±)IPL(cosw12) - t4(J - L)S • [ni x n2]Pi(cosw1 2), (44) 

4* £ njMi*U<pMM {*2,P2) 

= 2(1 ' - L){(S .ni)Pi,(coswi2) - (S .n2)P£,(cosa/i2)} , (2/ = 2J - L). (45) 

7.2.10. Quadrat ic Forms of Spinor Spherical Harmonics 
The quadratic forms Hj^ t f , <P)^JM(^> £>) describe angular distributions of spin-| particles in states with 

definite total angular momentum J, angular momentum projection M and orbital angular momentum L. Note 
that in fact these forms are independent of L and angle <p. 

Let us denote 
WjM(#) = nLjU*,<p)nLjM(*,<p)- (46) 

Then one obtains 

= i F { ( J + M ) | F J _ , M _ i ( ^ V 3 ) | 2 + ( J - M ) | y J _ i M + i ( ^ ^ ) | 2 } . (47) 

An expansion of WJM {&) in terms of the Legendre polynomials may be written as 

WJM(#) = J2 an(J,M)P2n{cosd), (48) 
n=0 

where 

an(J,M) = ( 4 n + l ) ( J _ i j _ , l ) < V f 0 2 n O < ? JM 
JM2nO 

( 4 n + l ) ( 2 J + 2 n + l ) ( J ~ I + " ) ! (2n)! / (2J - 2n)l J M 

"1J 4nV2JTT ( J _ i _ n ) ! ( n ! ) ^ V ( 2 ^ + 2n + l ) ! C 7 ^ 2 " 0 - (49} 
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In particular, 

a0(J,M) = - , a1(J,M) = — J{J + 1) , 

: _2J_ 3(J2 + 2J- 5M2)(J2 - 5M2 - 1) - 10M2(4M2 - 1) 
° 2 ( J , M , ~ 2 S 6 i r " ( J - l ) J ( J + l ) (J + 2) 

The functions WJM («?) are normalized according to 

J 2 J + 1 ( 5 1 ) 

The symmetries of WjAf(#) are 

W W * ) = Wj-M(fi) = W W * -1?) = Wj-U[* - r?). (52) 

For i? = 0 and «? = TT we have 

For special Af values one obtains 

Wj±i{*] = 2*(2J+l) { ™ 3 « - * ( « » * ) ] * + (•> + £ ) V 7 - j ( c o s t ? ) ] 2 } , (54) 

Wj±</-i)ffl = ( 2 ^ " y tf)""a' {1 + 4 J(J - 1) cos21?} , (55) 
7r22^[(7-i)!] 

* W * ) = (
r

2/ ) !
 x l 2 sin2'"1 tf. (56) 

,2>^[(j-l)!j 
The explicit forms of WJM{&) f o r J = | , | ) | , | , | , ^ - ( i < M < 7 ) a r e given in Table 7.1. For negative M 
one may use the relation WJM($) = WJ-M($)-

7.3. VECTOR SPHERICAL HARMONICS 

7.3.1. Definition 
The vector spherical harmonics YjM(t?, <p) are defined as the tensor spherical harmonics a* 5 = 1 

(Sec. 7.1.1). 
Y ^ t ^ l s ^ C - P ) . (1) 

They are eigenfunctions of the operators J2 , JZ)L2 , S 2 where L is the orbital angular momentum operator 
(Sec. 2.2), S is the spin operator for 5 = 1 (Sec. 2.6), and J = L + S is the total angular momentum operator 
(Sec. 2.1) 

J,YL
JM(#,<p) = MYL

JM(e,<p), 
PY5M(#,<p) = L(L+l)YI;M(*,<p), 
S2Y5M(#,<p) = 2YLjM(0,<p). 
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Table 7.1 
Explicit forms of W / M W -

J 

1 
2 

3 
2 

3 
2 

5 
T 
5 
T 
5 
2 

7 
T 
7 
T 
7 
2 

7 
2 

9 
2 

9 
2 

9 
2 

9 
2 

9 
2 

11 
2 ! 

11 i 
2 

11 
2 

11 
2 

11 
2 

11 
2 1 

M 

1 
2 

1 
2 

3 
2 

1 
2 

3 
2 

5 | 
2 

1 ! 
2 | 

3 
2 

5 
2 

7 
2 

1 
2 

3 
2 

5 
2 

7 
2 

9 
2 

1 
2 

3 
2 
5 
2 

7 
2 
9 
2 
11 
2 

W J M ( » ) = CJM(» , 9 ) 8 ^ (», ?) 

1 
4w 

g£{3cos2&4-1} 

3 
5-sins ^ 

3 
jg^{5cos*» —2cos«» + l} 

3 
|2^sin2 0{15cos2^-f 1} 

1 5 • ,« 
3 2 S s m ^ 

g ^ {175 cos« ̂  — 165 cos* 0 + 45 cos2 0 + 9} 

ii<441 

15 
g j j sin* ̂  {21 cos* ̂  — 6 cos2 0 + 1 } 

5 
g^sin*0{35cos*0 + l} 

3 5 . o n 

S5s in6* 
cos8 0 — 644 cose 0 + 294 cos* & — 36 cos* 0 + 9} 

15 
j28^ s i n 2 ^ ( 1 4 7 c o s 6 * — 1 0 5 c o s* * + 2 1 c o s 2 * + *) 

^ r { 4 8 5 1 c o s 1 o » -

35 
j2fa s i n * * ( 4 5 c o s* * — 1 0 c o s 2 & + 1) 

35 
gj2^ sin« o {63 cos2 0 + 1} 

315 . A 
5 1 2 i s i n 8 a 

- 9555 cos» & + 6510 cos^ 0 — 1750 cos* 0 + 175 cos* 0 + 25} 

105 
gj2^ sin* ^ {297 cos* 0 — 348 cos<> 0 + 126 cos* 0 — 12 cos* 0 + 1} 

105 
1024^ sin* 0 {495 cos** 0 — 285 cos* 0 + 45 cos* 0 + 1} 

315 
J J J ^ sine 0 {77 cos* 0 — 14 cos* 0 + 1} 

I ^ s i n 8 0 { 9 9 c o s 2 0 + 1} 

693 . 
l U 2 5 s m l ° * 
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According to Eq. 7.1(2), the vector spherical harmonics Y j M may be written as 

m,cr 
(3) 

where C[%[1(r is the Clebsch-Gordan coefficient (Chap. 8), YLM is a scalar spherical harmonic (Chap. 5), and 
ea is a covariant spherical basis vector (spin function for an S = 1 particle, Sec. 1.1.3); J and L are ncjnnegative 
integers. For a given J, three values of L are possible: L = J, J ± 1 (with the only exception that X = 1 for 
J = 0), and M takes the values M = —J, — J -f 1 , . . . , J — 1, J. 

The vectors YjM(iJ,^) which have the same J,M but different L satisfy the orthogonality relations 

M 
(4) 

Along with Y*fMi other vector spherical harmonics Yj^(A = 0,±1) are widely used. The Y ^ ( # , ^)'s 
(unlike Y j M ) are not eigenfunctions of the operator L2 but are suitably oriented with respect to the vector n = 
r/r specified by polar angles #, <p. The vector spherical harmonics Y j ^ (#, <p) and Yjj^-(#, v?) are Uansverse> 
and Yj^f (# , £>) is longitudinal with respect to n(#,^>). 

(5) 

Sometimes Y ^ ( ^ ^ ) and Yj^- (&,<p) are called the electric and magnetic multipoles, respectively. H!hey have 
the form 

Y ^ (?9 <n\ — — (jl Y V^Wrisffi (A — V r w f i 9 iS>\ JM( 'P} VWTT)( n) JM( M~ y/7(jTrj JM[°M' 
The longitudinal vector Yj~^'(#, <p) is given by 

Y^^pJ^^ftf.p). 

In Eqs. (6) V n denotes the angular part of the V operator (see Eqs. 1.3(9)-1.3(10)), and L is the orbital an 
momentum operator. Three vectors Y^(t?,^)) with different A are mutually orthogonal: 

Y & W ) . Y W (*,¥>)=(), ax'jkx. 

The vector spherical harmonics Y j ^ (i?, <p) are linear superpositions of YjM(t?,v?) with different t- ' 

Y & W ) = \IWT1
YJJM(*,P) - {{j^v^M ■ 

(6) 

(7) 

gular 

(8) 

Thus 

(9) 
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The inverse relations are written as 

Y#(«.,)-^^Y! 1 } / '^-y/M*™ 

* ^ ) + V ^ T Y S 

>}(*,*>). 

•W)-
The vector spherical harmonics YjM( t? ,p) , as well as Y ) - ^ ^ , <p) constitute a complete orthonormal 
set for the range 0 < A < K} 0 < <p < 2W (see Sec. 7.3.13 below). 

7.3.2. Components of Vector Spherical Harmonics 

211 

(10) 

vector 

(a) The vector spherical harmonics Yjj^(t),^) may be expanded in terms of the spherical covariant basis 
vectors eM(/i = ±1,0) as 

where [YjM(#, (p)]** and [YjW(t^, <p)]/j, are contravariant and covariant components, respectively. 
The contravariant spherical components of Yh

JM(#, <p) are given, according to Eq. 7.1(5), by 

WMVM]" = Ci£_^YLM^(0tV). 

The covariant spherical components of YjM(t?, <p) are related to the contravariant ones by 

\YLjM(o,<p)u = {-inyL
JM^,<p))-'i 

and are given by 

MuWMV = (-i)McZ#+Ml_My«,+M(*,*>) • 
In more detailed form Eqs. (12), (14) may be written as 

[*iLli*,¥>)]+l = -l*JjV{*,v>)]-i = 

[YJJV(*,V>)}0 = WJj&(*,V>)}o = -[ 

[Y5i1(*,P)]-l=-[Y^1(*,»»)]+i = 

' ( J - M + l ) ( J r - M + 2) 
2(J + l)(2J + 3) 

( J - M + 1 ) ( J + M + 1 ) 1 
( J+ l ) (2 J + 3) J 

'(J + M + l)(J + M + 2) 
2 ( 7 + l ) ( 2 / + 3) 

| Y ^ ( * , # » ) ] + 1 = - ( Y ^ ( * , P ) 1 - 1 = -
' ( J + M ) ( J - M + 1 ) 

2J(J + 1) 

[Y'Jwftf to\]° ~ [ Y ^ f t f lolln = —■ Yr**(& U>\ I X JM V V ! T P ; J I J JA/l̂ * ̂ yjO — yr-y——rlJMl^^jj 

l Y ^ ^ . ^ r ^ - i Y ^ ^ , *»)]+! = f" 7 - M ) ( 7 + M + l)"|* 
2 J ( J + 1 ) J 

- 1 
1 3 

^ + l M - l ( ^ ^ ) ? 

1 
2 

■i * 1 3 

y>+iAf+i(*iv>)-

1 FjM-l(^) , 

y>Af+i(*,^). 

(ii) 

(12) 

(13) 

(14) 

(15) 

(16) 
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[ Y ^ V > ) ] + 1 = H Y ; ^ ( ^ ) ] - i 
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(J + M)(J + M - 1)1 * 
2 7 ( 2 7 - l ) 

{J-M)(J + M) 
J{2J - 1) 

( J - M ) ( J - M - 1 ) 1 

I j - l M - l ^ P ) , 

^ - 1 A / ( « M > (17) 

' J-1M+1 (*,*>). 2 7 ( 2 7 - 1 ) 

(b) An expansion of Y}^(t?, p) in terms of the spherical covariant basis vectors eM(/* = ±1,0) had the form 

Y&OM=£iYak*'*)] , ,<y-D-iw&p,*)]-,*,, (18) 

The contravariant spherical components of Y j ^ (#, £>) may be written as 

[ Y ^ ( « ? , y ) r = CJtt^YjM-^v), _ 

The covariant spherical components of Y j ^ (#, <p) are related to contravariant ones by 

^c-dH-irrtf^r. 
and may be written as 

ryffi,(*,*»)]+l -lYffi,(*,p)]-

+ 

{J + M){J + M - 1){J + 1) 
2 7 ( 2 7 - l ) ( 2 7 + l ) 

( 7 - M + l ) ( 7 - M + 2)7 

Yj-iM-i(0,<p) 

2 ( 7 + l ) ( 2 7 + l ) ( 2 7 + 3) J 
i 

Yj+iM-l[#,<p), 

[Y&^)]° = [Y& W)]o = 
, i (7 - M)(J + M){J + 1) 

7 ( 2 7 - 1 ) (27 + 1) 

(J-M+1)(J + M+1)J 
[ (7 + l ) ( 2 7 + l ) ( 2 7 + 3) J 

Yj-1M{d,<p) 

\ 
'J+IM (#,<P), 

lYitf^^r^-iYitf^pji+i" (7 - M)(J - M - 1)(7 + 1) 
2 7 ( 2 7 - l ) ( 2 7 + l ) 

(J + M+1)(J + M + 2)J 
2 ( 7 + l ) ( 2 7 + l)(27 + 3) 

i 
Yj-1M+i{0,<p) 

., i 
3 

y>+iA/+i(#,<p). 

(19) 

(20) 

(21) 
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r(0) [ Y M ^ r = H Y ^ ( < ? , *>)]_!=-(0) (J + M)(J-M + 1) 

0 _ [ V ( ° ) rat^n^rai^)^ M 
y/J{J +1) 

2 J( J + 1) 

*>*(* ,*>) , 

Yju-i{4,p), 

r(0) l Y S J r ^ r t r ^ - l Y ^ ^ p J l + i -(o) (J-Af)(J + M + l ) 
2J(J + 1) y > i / + i (*,*>)■ 

(22) 

[ Y & W ) i + l = H Y & W ) i - i = 
(J + M)(J + A f - l ) 

2 (2J - l ) (2J+ l ) 
{J-M + l)(J-M + 2) 

2(2J + l)(2J + 3) y>+uwr-iK*?), 
3 

r ( - l ) o rv*-1)* [Y^ , ( '?^)] 0 = [Y^(t? )*3)]0 = 
, 1 

3 

+ 

(J-M)(J + M) 
(2J-l ) (2J r+l) 

[ ( J - A f + l ) ( J + M + 1)]* 
(2J + l)(2J + 3) 

YJ+iM{&,<p), 

(23) 

r ( - l ) / Y!TM,('9^)r1 = - [Y^'(«?^)] + 1 = ( - 1 ) / (J-M)(J-M-l) 
L 2(2J-1)(2J + 1) 
(J + M + l)(J + M + 2)l* 

2(2J+l)(2J + 3) 

y>-i^+i(*,*>) 

lV+lM+l(«?,y>). 

r(A) (c) An expansion of Y^{■&, (p) in terms of the polar basis vectors er,e,> and ev (Sec. 1.1.2) is given by 

Y f f i ( ^ ^ ) = [Yy2r(^^)]rer + [ Y ( A ( * l p ) ] , e , + [ Y (
J * i ( * l ^ e ¥ > . (24) 

where the polar components of YJJ^(T?, >̂) have the form 

y/J(J + 1) 3l? 33 *>"(*.»>) 

1 (J-M)(J + M + 1) , 1 /(J + M ) ( J - M + 1) , 
2V WTT) e *>-+»(*•*»)-5V JfjrTI) e *>"-»<*•«• 
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[*!&(*,¥>)], =0 , 
[ Y ^ {& <o\\<, — - — ■ —-Vr.rftf <o\ - —— • 1 Vr».rfl9 to\ { JuK %*)]* y/j(J+l) sin* d<pYjM(*'P> y/j{J+l) Sin#YjM[*'P>' 

[Y ( 0 ) fl9 U>\] = - — Vrwfl? <£>) 
1*JM(»,<P)\V ^ j ( j + i) a * r j M l , p j 

_ i l(J-M)(J + M+l) , i l{J + M)(J-M+l) 
2 y J ( J + I ) ^M+1(t?,*p) + - y J ( J + 1 ) 

[Y&W)]r =*>*(*.*>). 
[Y&W)]«=0, 
[Y&W)1*=0. 

'"YJM^V.V). 

(26) 

(27) 

(d) An expansion of Y j M ( # , v?) in terms of helicity basis vectors e[,(#, <p) (Sec. 1.1.4) may be written as 

V V 

where [Y^M(i?, v?)],l/ and [YjM(t?, £>)](, are contravariant and covariant helicity components, 

Mu&Mr = yj^-c'^DL..^,^). 
The covariant helicity components of Yj^t f , £>) are related to contravariant ones by 

[Y$M(^)i:, H-ir[Y$MoMr' 
and may be written as 

WuVMt = ( - I ) J + L + - + 1 V ^ ^ ^ O I , ^ - M ( O , « ? ^ ) . 

Explicitly we may write Eqs. (29)-(3l) as follows: 

[ Y ^ C ? ^ ) ] ' + 1 = -[*&li*,v)Y-i = yf£DJ-i-M(°,»,<p). 

[Y^C?.^)]'0 = [Y^^.^l'o = -\[^±Di_M{0,d,v), 

[Yft1^)! '-1 = - ( Y ^ ^ ^ l V i = yf^Di-MfrtM ■ 

[riui*,r)rl = -\VJJM(*,<P)U = -y/^Di^io,*,*), 
{VJM(*,<P)}'° = IYJJM(#,<P)\'O=0, 

[Y^^,^] ' - 1 = -[Yj„{*,r)]'+l = yJ*l±lDi_u(o,*t¥>). 

(28) 

respectively. 

(29) 

(30) 

(31) 

(32) 

(33) 
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l*fcl(*,*)rl = -[*JJMH*,¥>)Y-I = }J^D,-I-H(0,*,P) , 

V 4?r 

[YfcMW1 = -lY^1^,*>)]'+! = ]f^D{_M(0,#,<p). 
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(34) 

(e) An expansion of Y j ^ ( # , v̂ ) m terms of the helicity basis vectors e[,(i?, £>)(*/ = ±1,0) has the form 

Y ( / i , ( t?^) = y ^ ^ { P £ 1 _ M ( 0 , t ? ^ ) e ' 1 ( ^ p ) + ^_ A f (0 ) t9 ) v ? )e '_ 1 (^* ' )} 1 

* & ( * , ? ) = ^ ^ { - I > £ i - j t f ( 0 ^ 

Y & W ) = yfi^Dl_M(o,*,r)e'Q(*,v). 

The contravariant and covariani helicity components, [Yy^] / | / and [Yj^][,, are given by 

[YSrOMr1 "-lYS^^l'-x = ) / ^ ^ i - i # ( 0 , *,*>), 
[ Y ^ ^ . ^ ' ^ I Y ^ ^ ^ ^ O , 

[Y&p,*)]'-1 = -IYSi(*.*»)]'+i - y/^^Di^io,^). 

[YffirP.dr1 = "[Y&P, ¥>)]'-! = - / v I > - 1 - w ( M ' p ) l 

lYffir^^r^lYia^^li-O, 

lYffir̂ .p)]'-1 = -[Yia^pJlVx = >J^-Di-M{*,*,<p). 

[ Y & W ) ] ' + 1 = -[*ti]i*,v>)Y-i = o 

[Y(7W
:)(«?̂ )]'0 = [Y^W)1(> = y/^£± Di_M{o,*tV), 

( Y & W ) ! ' - 1 = - [Y&W)] ' + 1 = 0. 
f .3.3. Complex Conjugation 

(35) 

(36) 

(37) 

(38) 

The vector spherical harmonics Y^M ($, >̂) and Yj^ (#, £>) are complex vectors. Under complex conjugation 
they transform as follows 

Yfc(«M = H ) J + L + M + 1 Y $ _ M ( ^ ) , 
*$(*,*)-i-ir+^vyiui*,*)-

The complex conjugates of the spherical components of Y j M and Y j ^ are given by 

fet^ii; = [ Y f o ^ ) ] " = ( - I ) / + L + M + " + 1 [Y^_ M («?^ ) ] -^ = (- i) / + i + w + 1[Y^M(^ *=>)]" 

[Y^M^.^r = [Y^(^,P)1M = (-l)J+L+W+"+1[Y^_w(t?^)]-" = (-l)J+L+M+1lYJ_M(#,<p)U 

[Y ( A(*,P)] ; = [ Y ^ ^ . ^ r = ( - I ) M + M + A + 1 [Y^ M («?^) ] - M = ( - i ^ + ^ M Y ^ ^ p j r , 
[Y&(*, *>)]"* = [Y(/2r*(*.P)]M = (-IJ^^^MY'/J^^,^)]-" - ( - l J ^ + ' t Y ^ I * . ^ ! , . 

(39) 

'(40) 

'(41) 

(42) 

(43) 
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7.3.4. Transformations of Coordinate Systems 

(a) Coordinate inversion 

Pr-VLjM(#,¥>) = "Y^M {* -* ,* + *>) = ( - 1 ) L + 1 Y^M(&,<p), 

(b) Rotations of the coordinate system 
Under rotations specified by the Euler angles a,)9,7 (Sec. 1.4) the vector spherical harmonics transform 

according to 

where D3
MMf (a, ft, 7) are the Wigner D-functions (Chap. 4), M1 is the projection of total angular momentum 

on the new ar'-axis; #, <p and #', <pf are polar angles of r in the initial and final coordinate systems, respectively. 
The relations between t?',^' and #,y? are given by eqs. 1.4(2), 1.4(3). 

7.3.5. Differential Equations 
(a) The vector spherical harmonics Y j ^ ( # , <p) are eigenfunctions of the operator L2; hence, the^ satisfy 

the equation 

This equation may be rewritten in a compact form as 

{A„ + L(L+l)}YLjM(#,<p) = 0, (47) 

where An = V n is the angular part of the Laplace operator (see Eq. 1.3(15)). 

(b) The vector functions rLY^M(#><p) are solutions of the Laplace equation 

A { r i Y ^ ( t f ) ^ ) } = 0. (48) 

It follows from Eq. (48) that the components of rLYjM(tf, <p) are harmonic polynomials of degree L. 
(c) The vectors zc,(fcr)YjM(#,y?) satisfy the Helmholtz equation 

(A + k?){zL(kr)YL
JM(0,<p)} = O. (49) 

where 

ZL(kr)=yf£-rZL+i(kr), (50) 

and ZL+i is any of the cylinder functions of order L + | . 

7.3.6. Differential Operations 
Below we present the results of the action of the V operator on scalar and vector spherical harmonics; here 

/(r) denotes an arbitrary function of r = |r|. 

sini 
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» 

V{f{r)YJM(#, <p)} = grad {f(r)YJM{fi, p)} 

V{/(r )y«(* ,p)} ^ grad{/(r)FJM(t9^)} = ^ Y ^ W ) + V ^ ^ ^ / M Y ^ , * , ) . 

(b) 

(c) 

( r - V ) { / ( r ) Y W ( ^ ) } = r ^ / ( r ) Y W ( ^ ) . 

Vx[/(r)YJy( tf ,p)l = curl [/(r)YjM (*,*»)] 

-Vi^T (I" 7) /W^^rt + V^T (I + ̂ ) /W^Crt. 
V X [/(r)Y£/(*,*)] s curl [ / (r)Y^1 (*,*>)] = t ^ ^ " ( £ - ^ ) / ( r ) Y ^ ( * , p ) . 

V X [/(r)Y&(*,*>)] EE curl[/(r)Y^(,?^)l = i ( £ + i ) / ( r J Y ^ (*,*>), 

V X [ / ( r )Y^ (*,»»)] = curl [ / ( r j Y ^ ^ ^ ) ] 

= » ' ( ^ + ; ) / W Y i i ( * ^ ) + » - > / ^ 7 + T y i / ( r ) Y a » ( * , » ) ) > 

V x [ / ( r ) Y ^ ' ( ^ ) ] = curl(/(r)Ya>(tf>V?)] = - i > / j ( 7 T l ) £ f(r)Y%(#,<p). 

(d) Some applications of spherical harmonics to physical problems involve the functions 

FjM{r)=zj(kr)YjM(#,<p), 
F J W M =*L (AT) Y « , (*,*>), 

(52) 

v-[fWtlVQM] = div[/(r)Y^c?^)] = - y ^ ^ QJ: + J-^r) MYJMVM, 

V- [f(r)YJ
JM(*tV)] s div[/(r)Y^(tf>P)] = 0, (53) 

V- [ / ( r ) Y # (*,„)] s d i y [ / ( r ) Y ^ ( * , p ) ] = ^ ^ ( | - ^ ) / ( r ) r J M ( ^ ) . 

V- [/(r)Y&(*,*,)] H div[/(r)YW (*,*>)] = - > / 7 ( 7 T l ) ± /(r)FJM(«?)V3), 

V- l / W Y i a ^ . p ) ] EE d iv [ / ( r )Y^(^^) ] = 0, (54) 

V- [ / H Y f t W ) ] EE d i v i / M Y ^ ) ^ , ^ ) ] = ( £ + * ) /(r)Y>*(*,*>) • 

(55) 

(56) 

(57) 
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where ZL(kr) = y/7r/(2kr) ZL+i(kr), and ZL+i is any cylinder functions; k is an arbitrary parameter. For 
these special functions Eqs. (51)-(56) are reduced to the following 

i g r a d { F ^ ( r ) } = yj ^—^^{k^Y^^) + yj' ±±± zJ+1(kr)Yj&frp) 

-VSf«W + ̂ T * ' i l w - (58) 

i d i v { F ^ ( r ) } = -yjI^±Zj(kr)YM^) = " \ / ^ ^ ( r ) , 

id iv{F5 M (r ) } = 0, (59) 

i d i v { P ^ ( r ) } = -yj^l-^zjWYjuVM = -yJIIlFMT). 

i c u r l { F ^ ( r ) } - i^j^»j(hr)Y}u(*,p) - iyf^j'^r), 

^curl{F^M(r)} = ^J^OgJ+l(kr)YJj1/(*,r) +i)j£±*j-i(kr)Y &(*,?) 

i c u r l { F ^ ( r ) } = - ^ ^ W Y ^ I ^ ) = ^y/2jELT'Jti{r). 

7.3.7. Action of Angular Momentum Operators 
The action of the angular momentum operators on vector spherical harmonics is given by Eqs. 7.1(27)-

7.1(29) for S = 1. In addition, we note the following relations in which S, L and J = L + S are the spî i, orbital 
and total angular momentum operators, respectively; n is the unit vector defined by the polar angles #, <p. 

(a) 

G n)Y^ l*„\- \ (J + L + 3)(J + L)(-J + L + 2)(J-L+1) L+1 

1 l(J + L + 2)(J + L-l)(-J + L+l)(J-L + 2) ^ 
- 2 V ( 2 L - 1 ) ( 2 L + 1 ) YjM ( * ' p ) ' ( 6 1 ) 

In particular, 

(S • n ) Y & l ( * , <p) = -yj^jL^Y^O, p), 

(§ .n)Y^(*^) = - ^ Z 2 Z Y J + 1 ( * I P ) _ y ^ r Y J - i ( t f | # > ) , (62) 

(S .n)Y&/(*,*>) = -yl£±YJ
JU(*,p); 

( i - n j Y t i ^ p J ^ - Y W (*,*»), 

( S n ) Y ^ , ^ ) = - Y ^ ( < M > (63) 
( S ' n ) Y < - J » ( ^ ) = 0. 
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0>) 

r($ \ r tv* f,9 „ \ - L (J + L + 3)(J + L)(-J + L + 2)(J - L+l) L+1 r{SV)YJM(#,<p) - - y _ _ _ _ _ Y j M (*,„) 

L + l / ( J + £ + 2)(J + £ - l ) ( - J + £ + l ) ( J - £ + 2) L _ t 

In particular, 

(c) 

In particular, 

r(§ -VjYft.1 (*,¥>) = " ( ^ + 2 ) ^ / 2 7 ^ 1 Y/Af (*,*>), 

r(§ •VjYfcft*,*) = (J- i l ^ Z t ^ Y ^ , (*,*>); 

r(§ • VJY&(#,p) = - Y ^ , (*,*), 
r(S • V) Y&(* ,p ) = -Y&(tf,y>) - N /J(7TT) Y&>(*,<p), (66) 

r(S . V ) Y < _ I ( ^ ) = >/J(J + l) Yg i (* ,p ) . 

(SL)Y^(t?, *>) = \{ J{J + 1) - L(L + 1) - 2}Y$M(tf, p ) . (67) 

(S • £ ) Y j i 1 ^ , *>) = - ( J + 2)Y5+
f
1(^) <p), 

(S-l)YJ
JM(#,<p) = -YJ

JM(d,<p), (68) 
(S • LjYfc1 (*,*>) = (J - lJYfc1 (*,*>). 

(s • L ) Y ^ ( ^ ^ > ) = - Y & (*,*>) + VW+~rj Y{j-j>[*,r). 
( S - L ) Y ^ ^ ^ ) = - Y ^ ^ ) , (69) 

(§.£)Y&W) = V^>^Y&^^^ 

7.3.8. Algebraic Relations 
In the equations given below n is the unit vector specified by the polar angles #, (p. 
(a) 

nYj„{*,<p) = ^JZY^^M- \I{J^IYJJM(^) . 
nYj„,(*,*>) = Y & ) (*,*>)• (70) 

(b) 

nYJ
JM(&,<p) = 0, (71) 

n • Y ^ 1 (*, *>) = ^/ ̂ - - YJA* (*,¥>) ■ 



22 0 Quantum Theory of A ngular Momentum 

W 

(a) 

nY%{»,p)=0, 
nY(?Ud,<p)=0, (72) 

n X YJjti(*,<p) = iyj^J-^Y^^p)' 

n x Yk(tf,*>) = iyfniY&i*, p) + . • ^ Z I y ^ ( * > P), (73) 

n x ¥#(*,*>) = iyJ±±LYiu(*,p) • 

n x Y W ( t f ) P ) = , T W ( ^ ) , (74) 
n x Y ^ ' l ^ l - O . 

7.3.9. Sums of Vector Spherical Harmonics 

Prom Eq. (75) one obtains 

E W *>)[Y&(*,*>)]M = ^ n • YJ&p.p). 

# i = - i 

M = - l 

(b) 

(75) 

E ^ ( ^ ^ [ Y i i / ^ ^ i M - o , (76) 

Eys.(MiYSi(*,f9)],.-o, 

E nW^lYpit t f .^-O, (77) 

E *?„(*, *>)[Y&>(*,*)]„ = yf^Yjui*, p). 

E 17i,(*.*»)Y^(*,p) = V ( 2 J + y £ + 1 ) ^ 0 n • (78) 
M = - J 4 * 
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In more detailed form Eq. (78) reads 

j 

Analogous relations for Yj^(t?,p) have the form 

E 17i#(*,*»)Yair(*,#»)= E 17i#(*,#»)YS2r(*,p)-0, 
A f = - J M = - J 

r ( - l ) M ^ = ? Z + i . 

W 

E wwcrt^"-

•̂  9 7-1-1 

t Yffi>^)Y<^) = ̂ ^ , . 
(d) Below a is an arbitrary complex vector, n is the unit vector specified by the polar angl 

E h - Y ^ J t f . r t P - ^ + lJIap + ^ - l J I n - a l 9 } , 

E (a • Y # ( * , » , ) r (• • Y ^ ( * , p ) ) = _ t V ^ - H ) n , ( a . x m]> 
Adf= — J 

E ( . • Y ^ l ( * , * > ) r ( . - Y ^ ( # , P ) ) - i ^ ^ H { | . p - S | B . . p } f 

E ( • • Y ^ ( * , p ) ) ' ( . - Y ^ 1 ( * . P ) ) - - - a 2 ^ 3 n . [ . * x . ] l 

8* 
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£ ( a . Y ^ ( ' ? ^ ) ) * ( a Y ^ 1 ^ ^ ) ) = ^ ^ { | a | 2 - 3 | n - a | 2 } ) (89) 

£ ( a ' Y ^ ( ^ ) ) ' ( a - Y ^ ( ^ ) ) = - . ^ | ^ n . [ a * x a j . (90) 

(e) Analogous relations for Yy^ (t?, £>) have the form: 

£ l a - Y ^ . ^ l ^ ^ d a p - l n - a l 2 } , (91) 
M = - J 

£ | a . Y < > ^ ) | 2 = ^ { | a | 2 - | n . a | 2 } , (92) 

£ |..Y^(*,rt|a-^|n..|9, (93) 
J 

£ ( a Y ^ ^ ^ ) ) * ( a . Y ^ ( ^ ^ ) ) = - t ^ n . [ a * x a ] ) (94) 

£ ( • • Y < / 4 ( * I P ) ) V Y B W ) ) « 0 I (95) 

£ ( a . Y ( > ^ ) ) * ( a . Y ^ ( t f ^ ) ) = - i ^ ± i n [ a * x a ] , (96) 
M= — J 

x: (•■Yi2r(*Ip))VY&>(*,d)=o, (97) 

X: (a-Y^(^^))*(aY^(^^))=0 ) (98) 

£ ( a Y ^ > ( ^ ) ) > . Y ^ ( ^ ) ) = 0 . (99) 
M=-J 

7.3.10. Clebsch-Gordan Series 

Y ^ ^ . ^ Y ^ J t ? , ^ ) 

- V f i l ^ H , M^i + *)(2-ft + l)(2^i + 1)(2£2 + 1) f^LiL] L0 LM . . 
~ ZJr1) y 4^(21+1) \JiJil} Ll0Ll°CJM*">YLM[P>W> 

Y £ M l (*.¥>) x Y&,,(#,*>) = i ̂ ( 2 7 ! + 1)(2J2 + 1)(2£1 + 1)(2I2 + 1) 

f Jx Lx 1) 
XJ2{JIL21 ) Cf°OLj0 CiM

Ml J]Mj YJM(0, <p). (101) 
JL J L 1 

file:///JiJil}
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7.3.11. Addit ion Theorems for Vector Spherical Harmonics 

Let n i and 112 be the unit vectors determined by the polar angles #1,^1 and #2, <P2, respectively; coso;i2 = 
n i 112 = cos #1 cos t?2 +sin t?i sin #2 cos(^i — <p2). Then we have the following addition theorems for the vector 
spherical harmonics YjM. 

(a) 
J 

4 * £ YJM{*U<PI) ' Y^M(^2,^2) = 6L.L{2J+1)PL{COBU>12) . (102) 
M=-J 

0>) 
3 2 J + l r 4* J2 YltfW1,p1)xYJ&{fii,to) = y^[niX**)P'j+i(coB»u).. 

M=-J 

4* £ Y j i 1 * ^ ! , ^ ) X YJjM{#2,<p2) = - , - ^ ^ ± i l { n i ^ + 1 ( c o 8 w 1 3 ) - n 3 P } ( c o s « i a ) } , (103) 
M = - J 

4* ] T Y ^ t t f ^ ^ Y ^ f e ^ ) ^ , 
W=-J 

4T £ Y ^ ( ^ ) ^ 1 ) x Y ^ 1 ( ^ ) ^ 2 ) = i ^ ^ ^ 2 { n 1 P ; ( c o s W l 2 } - n 2 P ; + 1 ( c o s a ; 1 2 ) } ) 

Af=-J 

4 T £ Y ^ ( t f l l ^ 1 ) x Y ^ ( * 9 l ^ ) = H ± ^ [ n 1 x n 3 ] P ' J ( c o s « i a ) > (104) 

4 T £ Y&(4uVl) x Y ^ 1 ^ , ^ ) = - • V ( J + y j + 1 ) { n i f* ( c o t < l > u ) _ ^ P ^ f c o s a ^ ) } , 

4 T £ Y ^ ( t ? 1 ) V ? 1 ) x Y ^ 1 ( ' ? 2 ) P 2 ) = 0 ) 
Af=-J 

4TT J2 YJMX*(*i, Pi) x Y J M ( * a , Pa) = » ̂ ( J + H ( 2 J + 1} { n i ^ x t c o s a n a ) - n2F;(cosa;12)} , (105) 
Af=-J 

In these equations PL(%) is a Legendre polynomial, and P'L(x) = dPi(x)/dx. Analogous equations for YJM 
may be obtained from Eqs. (9)-(10). 
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(c) The most general form of the addition theorems for YjM may be written by introducing arbitrary 
complex vectors ai and a2- For brevity, we shall omit the arguments (cosa^) of derivatives of the Legendre 
polynomials, writing P'L instead of P'L (cos w^), etc. 

4* £ (ai • Y^( t? 1 ( ^) )* (a 2 • Y ^ ( ^ ) V 3 2 ) ) = y ^ y i K ^) (a 2 n2)[Py + (2J+ l)P*J+l] 
M=-J 
+ (a? • n2)(a2 • njP'J - Raj • m)(a2 • m) + (aj • n2)(a2 • n2)]Py+1 + (a? • a2)P^}, 

4x £ ( « i Y ^ ( « ? 1 > ^ ) ) * ( a 2 - Y i M ( ^ 2 ) ^ ) ) = i ^ - ^ y / ^ T 

x {-[aj x aa] niJP'j+i + [aj x a2] •n^JP'j - [{&{ -n^aa • [m X n2]) + (aj • [m x n2])(a2 m^)\Pj+1 

+ [ ( a l n 2 ) ( a 2 [ n 1 x n 2 ] ) + ( a l [ n i x n 2 ] ) ( a 2 n 2 ) ] / ^ } , (106) 

'I 

J 

4* £ ( a 1 Y ^ 1 ( ^ ) ^ ) ) * ( a 2 . Y / V ( t ? 2 , ^ ) ) = ^ = V ^ T T ) . 
x {[(a; ni)(a2 n2) + (aj n2)(a2 ni)}P}' - (aj ni)(a2 ■n1)P'J+1 

- (aj • n2)(a2 • n2)P'J_1 + (a£ • a2)P;> , 

4* E (• i -Y^(*i , f t))*(^-Y^(* a > W))- 5p^y^I 
x {[a; x a2] nxJP^ - [a£ x a2] n2JP;+ 1 + [(aj -ni)(aa • [m x n2]) + (aj • [m x n2])(a2 n^Py 
- [(a! ' n2)(a2 • [ni x n2]) + (aj • [m x n2])(a2 • n2)]Py+1} , 

Air £ («i • Y^(tfi,*»i))*(aa • Y ^ ^ a , ^ ) ) = - H ± L { - ( a ; . n i ) (a 9 n^fpy., + (J - 1)P|] 

- (aj n2)(a2 nOfPy-! + JP^] + [(aj •n1)(a2 m) + (aj n2)(a2 n2)]Py + (aj -aaJ^Pj - P ^ ] } , 
(107) 

4* £ (axY^(t?1,* :>1))*(a2Y^1(«?2)^2)) = ^ 7 A / ^ ^ { - [ a i x a 2 ] n 1 ( J + l ) P ; 
M=-J ' "*" 
+ [aj x a2] • n2( J + l j P ^ + |(aj • ni)(a2 • [m x n2]) + (aj • [m x n2})(a2 • nx)]Py 
- I(ai • »2)(a2 • [ii! x n2J) + (aj • [m x n2])(a2 • n2)]Py_J , 

Air fi (a* • VJM(#U<PI)Y(*2 • Y & ^ a , * * ) ) = - = = = ? { [ « •n 1 ) (a r n 5 ) + (.; n2)(a2 - ^ j p y 
M=-J y/J(J + l) 
- (aj -iiOtaa -nijPy.! - (aj n2)(a2 n2)Py+1 + ( a j a ^ } , 
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4* £ (•!■¥#(*!, ^ ) ) > a - Y ^ 

- [aj x a2] • n2(J + l)P^ - [(aj ■ ni)(a3 • [nx x n2]) + (at • [m x n2])(a2 • ni)]Py_i 
+ [(aj • n2)(a2 • [m x n2]) + (aj • [ni x n2])(a2 • n2)}P'J}, (108) 

Air Y, ( a i • Y ^ 1 ^ ! . P i ) ) > a • Y ^ l ( * a . ¥*)) = j ( W • m)(a 2 • n2)[P? - (27 - l J P ^ ] 

+ (a; • n2)(a2 • n^P'J - [(a* • m)(a 2 • m) + (aj • n2)(a2 • x i a ) ] / ^ + (aj • a2)P^} . 

(d) The case when the vectors aj and a2 are transverse (i.e., a* ni = a2 112 = 0) is of special interest (e.g., 
to describe the multipole electromagnetic fields). In this case Eqs. (106)-(108) are considerably simplified to 

Air J2 (ai • Y ^ C ? i ^ i ) ) * ( a 2 • Y ^ 1 ^ , ^ ) ) = f^rite n2)(a2 ■n1)P'J + (a? • a 2 )P ; } , 

J 

Air £ ( « r Y ^ ( * i , P i ) ) ' ( a 2 ' Y J M ( ^ P 2 ) ) 
M = - J 

= ITi^^T1^ x a 2 ' ' n i P y + [a* x a 2 ] ' n 2 [ ( J + 1 ) p ' " p"+ l l } ' 

4* X) (ai •Vi#{*u<Px)Y{*2 ■ Y ^ ^ a . P a ) ) = - — = { ( a l n2)(a2 m ) ^ ' + (aj • a 2 ) ^ } . 
M=-J ^J(J+1) 

J 
Air J2 (*i-VJjM(#i,<Pi)y(*2-YJjli

1(d2)<p2)) 

T T T V ^ T " ^ x a2' ni[(,/ + l)p>J - p'J+l] + [aI x azl n2P"}' 

(109) 

M=-J 

Ax J2 («i-Y^(*i,«>i))*(a3.Y^(»9lWi)) 
M = - / (110) 

= 7 ]7TI ) { _ ( a I ' n 2 ) ( a 2 " n i ) [ p y - 1 + J P ' ] + (a* ■a2)1 j 2 p j " p ' - l l } • 
J 

Air £ ( a i Y ^ M ( ^ ^ i ) ) * ( a 2 Y ^ ( ^ ^ 2 ) ) 

= 7 \ / y T T { _ [ a I x a z l ' n i [ p y " 1 + J P ^ + [aI x a 2 ' " n 2 P y } ' 

A* £ (ai Y^(tf1 ,V 3 l))*(a2 • Y&^a,**) ) = - 7 = = ^ ; -n3)(a3 m ) P y + (aj • a ^ } , 

Air £ ( a i - Y ^ ^ . ^ J J ^ a a - Y ^ ^ , ^ ) ) ( m ) 
M=~J 

= 7 ]/TTT{{^ X a2''niPy _ |a*x az!"n2[py-1 + JP'j]}' 
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4* ] T ( a i • VJMH*UPI))*{*2 • YJj^2,<p2)) = 7 { ( a J n 2)(a 2 njP'J + K • a 2 ) P ^ } . 
M = - J 

Note that P y + 1 - ( J + 1)P^ = Py_x 4- J / ^ . 
(e) Analogous relations for Yj^, when a i • n i = a2 • n2 = 0, acquire the form 

4n J2 ( a i • Y ^ ( ^ ) ¥ > 1 ) ) * ( a 2 • Y^(tf 2 ,*> 2 ) ) = - ^ ^ { ( a * -n2)(a2 . n i ) P y + ( ^ • a 2 ) ^ } , 

Af=-J 

= T p T i ) { ( a * x a2]'ni(2 J + 1)P" " [a I x a2]'n2[( J + 1)py-x + JP>J+l]}' 

4* £ (»i • YS2r(*i, *i))>a • Y&(*3| <p2)) 
M=-J 

= JUTT) {_[a* x aa] 'ni[(J + 1 ) J ° ' - 1 + JP>i^] + [a* x azl 'nz(2J + ^p"} -
^ (H3) 

4* £ («i-Yiaf(*1>W))*(.a.Yi2f(*a,Va)) 

= ^7Tl ) { " ( a I n2)(a2 ni)(P"-i + J P ' l + W a2)k2P. - P^-x]}. 

The sums involving the longitudinal vectors Y j ^ ^ are equal to zero, because 

• i • Y ^ ^ i . ^ i ) = a 2 Y ^ 1 ) ( ^ 2 ) V > 2 ) = 0 . 

7.3.12. Integrals Involving Vector Spherical Harmonics 
Let us use the notation / f(#}<p)dQ = f£ dt?sint?/0

 n d<pf{d,(p). 

f*iVrY^M(^<p)dn = iL4irjL(kr)YL
JM(#k,<pk), (114) 

where 

k = (M*,<P*)> r=( r ,* ,y>) , 3L{X) = J-^JL+I{X). 

— - y { [ J . y J + l (* r ) - ( J + l)u-i(kr)\Y%{*k,ph) - y/J{J + l)[jj+i(kr) + y / - 1 (* r ) ]Y^ 1 , (4 ,<p k ) } , 
(115) 

/ «<kr Y & (tf, *>)<ffl = 4niJjj(kr)YJ
JM(#k, <pk) = 4*iJjj(kr)Y%(#k, <pk), (116) 
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/ ^ Y J T M W ) ^ ^ - 1 ! 
j - i 

r(l) IA. , „ . \ _ l( T-L. i W . . . ft-A _ 7V. . ^ , \ l v ( _ 1 ) | = ^ - 7 — r { V ^ ( J r + 1) [ij+i(*r) +JJ-i(fe-)]Y&(*fc,Wfe) - [(J + l)*,+ 1(*r) - Jjj-iikr^Y^^,^)} . 
2J + 1 J U 7 J 

, I T - (118) 

[ Y*j:*M,{#,<p) YJM(#,<p)dn - 6j.j6L,L8M,M, 
J
r (119) 
y Y K £ (*, *>) • Y (/i(tf, <p)dU = 6j,j6yx6M,M ; 

j " Yfatf, <p) x ¥ $ „ ( * , *>)<ift = i (-1)J+L 6LL.y/6(2J' + l){ ^W} Cj%,lm em . (120) 

7.3.13. Orthogonality, Normalization and Completeness 
The collection of vector spherical harmonics YjM( t? ,p) with integer nonnegative J(0 < J < oo), £ = 

J, J ± 1 and integer M( |M| < J) constitutes a complete orthonormal set of vector functions in the domain of 
arguments 0 < t? < TT, 0 < <p < 2w. The orthonormality condition for Y j M ( # , <p) has the form 

/ / YLj',*M,{^ <p)YJM{*,v)smtd#dp = 8J,J6L,L8M<M- (121) 

Jo Jo 

The completeness condition for spherical components of YL
JM (#, <p) may be written as 

oo J + l J 
E E E [Y^(*,p)]M[Y^(*',*>')i: = ^ * ( < : o « * - c o 8 t f O % - ^ ) - (122) 
J=0 L = J - 1 M = - J 

Similarly, the set of Yj^( t? , >̂) constitutes a complete orthonormal set. The orthonormality property for 
Yj^( t? , <p) is the following 

r / *V(fyW,p)V1^ (123) 
Jo Jo 

and the completeness relation for spherical components of Y \ ^ (#, <p) reads 

E E E ( Y ! ^ ( * , ^ [ Y ( / 2 r K , P ' ) ] : - ^ ^ ( c o 8 * - c o 8 * ' ) % - ^ ) . (124) 

7.3.14. Expansion in Series of Vector Spherical Harmonics 

Any vector F(t?, <p) which depends on polar angles #, <p and satisfies the condition 

j \F(#,<p)\2dQ<oot (125) 
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r2n with fdn = fiMnntfi'dn may be expanded in series of vector spherical harmonics Yjj^(t?, <p) or 
Y ^ ( t ? , <p). In order words, for 0 < i? < *, 0 < <p < 2* F(t?, <p) may be written as 

J?(»)P)=Y^AJMVLJM(»,<P) (126) 
JLAf 

or 
mr) = EAl&YJxM(*><p)- (127) 

JAA/ 

The expansion coefficients are given by 

r (128) 
A% = JdClY(*,<P)V{jXk(*,<P)-

Note also the following useful rule. If a scalar function $(ri ,r 2 ) of vector arguments r1(r1, t?i, ^x) and 
r2(r2, t?2, £>2) m a y be expanded in a series of scalar spherical harmonics as 

*(ri ,r2) = ^2AL{rur2)Y£m (t?2, <p2)YLm{#u <px), (129) 
Lm 

then the expansion of the vector function F(r2)$(ri ,r2) in a series of Y ^ ^ i , <pi) has the form 

F(r 2 )*( r i , r 3 ) = £ ^(r i ,r 2 ) [F(r 2 ) • YfafavtMiiPuVi). (130) 

Some examples of such expansions are given below. 

(a) Expansion of a plane wave 

e(k)eik* = 4* ] T t,LyL(*r){e(k) • Y^(t? f c ,^)}Y^M(t?,^>). (131) 

where jL{x) = y/^/{2x) JL+^{x) is a spherical Bessel function, k = (A:, dk,<pk),r = (r,t?,^>). The expansion in 
a series of Yjj^(t?, <p) has the form 

««•"*«£ 4 4 Y&(*.#>). (132) 
JAA/ 

where the expansion coefficients are given by 

A% = 47rt'+1 | \ / ^ I J>+i(*r)e(k) • Y ^ * ( ^ f c , „fc) - ^ / I ± A j,_ l (A;r)e(k) • Y ^ ( t f f c l * > f c ) | 

49Tt'/+1 „» (133) 
= 27TT{ [ 7 ' j j + 1 {kr) ~{J + W ' - i M W O • ¥ & • ( * , *>*) 

- VTfTTi) [j7+1(*r) + yj_!(*r)Mk) • r j ^ * ^ , «»*)}, 
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A% = 4«JyJ(fcr)e(k) • YJ/M(#k,<pk) = 4*iJjj(kr) e(k) • Y%*(0k,<pk), (134) 

47TI , -J - l 
| ^ { V J ( 7 T i ) l j > + 1 ( * r ) + yJ_1(*r)Wk) • Yy>(*fcfPfc) 

- \{J + l)3J+i{kr) - J ■ ij-i(fcr)Wk) • lrji1)*(**, ¥>*)} • (135) 

If the plane wave is transverse, i.e., k e(k) = 0, then e(k) • *JM {$k><Pk) = 0. 

(b) Green's function for Laplace equation 

J(R)]R^7j:=4'r £ ^(^Op^ijPW-Y^Ce.^lY^^,^), (136) 

where r = (r, <?, £>), R = {R, 0 , $) , 

^T+T , if r < /2, 
iM^OH ^ (137) 

^ r , if r > /?. 

(c) Green's function for Helmholtz equation 

J ( R ) l W - T F =47rik E A L ( f i ) r ){ J (R)Y^(e ) $)}Y^(^ ) ^ ) ) (138) 
JLM 

where 

jL(kr)h^](kR), Hr<R, 

h{L](kr)JL{kR), Ur>R, 
M*,r)-{,{l)'L).S .. „ ' (139) 

h}L '{x) = \Ar/(2x) i ^ j / A (x) is the spherical Hankel function. 

7.3.15. Vector Spherical Harmonics for # = 0 or t? = 7r 

If tf = 0 or # = 7r, the vector spherical harmonics YjM(t?,y?) and Y } ^ (#,£>) are equal to zero unless 
M = 0, ± 1 . The expressions for these harmonics in terms of spherical basis vectors e/x(/i = 0, ± l ) have the 
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form 

Y^1(0> V») = ( - l ) J - 1 Y j i 1 ( 1 r > p ) = | 
£ eM, UM = ±1; 

{-y/Weo, ifM = 0. 

YJJM(°,<P) = (-1)J-YJJM(*,<P) = { 

{ -My/m±eM, ifM = ±l; 

l o , otherwise. 

vj
JMi(o,<p) = (-iy-lYtt(*,<p) = { 

*&(<>,*)-(-lJ'^YSOr.p)-
y/HJ+eM, ifM = ±l; 

0, otherwise. 

V{jOU0,v) = (-l)JY{%(*,<p)=\ 
{ -My/We**' ifM = ±l, 

U , otherwise. 

Y|TMW) H - l ^ Y & W ) = 
^ / S g i e o , i f M = 0; 

0, otherwise. 

7.3.16. Vector Spherical Harmonics a t J = 0,1 

If J = 0 or J = 1, the vector spherical harmonics YjM(tf, <p) may be expressed in terms of 
vectors eM(/z = 0, ±1) and the unit vector n(#,^>) as 

Y£o(*,*>) 
V47T 

n , 

/ g 
Y}M(<>> **) = M / r - [eAf x n ] , 

Y?M(^> *>) = ^ {ew - 3n(eM • n)} . 
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Analogous expressions for Y J J ^ (#,£>) are 

^W^vfc1 1 ' (150) 
Y&(*.*>) = \ / ^ { e M - n ( e M n ) } , (151) 

8TT 

8TT 
Yf2(^)=M/^e«xn], (152) 

Y&W) = \/A»(ejtf-n). (153) 

7.3.17. Quadrat ic Forms of the Vector Spherical Harmonics 

The functions IYJJ^(t?,<p)\2 are important for physical applications. In particular, they describe the an
gular distribution of spin-1 particles in quantum states with total angular momentum J . These functions are 
independent of <p and are the same at A = 1 and A = 0. Let us use the notation 

<,(*) = IY!TMW)I2-
(154) 

Then one has 

+ ( j + M ) ( j - M + i)|yJM-i(t?,y>)|2}, ( 1 5 5 ) 

The expansions of Wj$ {$) in terms of the Legendre polynomials have the form 

J 
WjiiW = E a - ( J ' M ) ^ n ( c O S t 9 ) , 

n=0 
J 

^ L ( ^ ) = E 6 - ( J » M ) P 2n(cOSt? ) , 

(156) 

n=0 

where 

(2J + l ) ( 4 n + l ) / J J 2n \ J 0 r J M 
M ' ' i ' B J — ^ | J J 1 f °J02nO°JM2nO 

4n + l J ( J + l ) - n ( 2 n + l ) (J+n) l (2n) l / ( 2 J + l ) ( 2 7 - 2 n ) l J M 
1 ; 4JT / ( J + l) ( J - n)!(n!)2 V (2J + 2 n + l ) ! ° ^ 2 n 0 ' (157) 

h(jM\-^±lrJo r'M -( , y» 4 " + * U + n)\ (2n)! / (2J + 1)(2J - 2n)! J A , 6 n ^ , A i j - - ^ - G J O 2 „ 0 C / M 2 „ o - ( - l J - — ^ - — ^ — y (27 + 2 n + l ) ! C^^o- (158) 
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In particular, 

ao{J,M) = bo{J,M) = ± , (159) 

° l ( J , M ) - ^ J ( J + l ) ( 2 J - l ) ( 2 J + 3) ' ( 1 6 0 ) 

M^M)-- (2J_ i ) (2J + 3 ) ) (161) 

^7_ [ J ( J + 1 ) - 1 0 ] [3(J2 + 2J - 5M 2 ) ( J 2 - 5AT2 - 1) - 10M2(4M2 - 1)] 
° 2 ( ' , _ 1 6 7 r J ( J + 1 ) ( 2 J - 3 ) ( 2 J - l ) ( 2 J + 3)(2J + 5) ' 

_2J^ (3(J2 + 2J- 5M 2 ) ( J 2 - 5M2 - 1) - 10M2(4M2 - 1)] 
M l , _ 1 6 ) r ( 2 J - 3 ) ( 2 J - l ) ( 2 J + 3)(2J + 5) 

The functions W J J $ ( # ) satisfy the normalization conditions 

£ w&w- £ wL(*)-2J+1 
4TT 

Note the following symmetry properties of Wjjfi (t?) 

wj-ui*) = wf_u(t) = wA,(* -1?) = w^c* - *), 

(162) 

(163) 

(164) 

(165) 

For t? = 0 and t? = 7r we have 

^ ( 0 ) = ^ W W = L " » f. . ' (166) 
I. 0, otherwise. 

„ „ ( M±l if M = 0 • 

The explicit forms of Wf$(tf) for J = 0,1,2,3,4,5(0 < M < J) are given in Table 7.2. For negative M one 
may use the relation WJ-M = WJM . Note also the explicit form of Wj!]{| (t?) for special values of A<f: 

W"W - J j t i w sin2tf[P;(co8tf)]2, 

^ o W = ^ [ ^ ( c o s r ? ) ] 2 ; 
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Table 7.2 
Explicit forms of hjM(#) and w)M(d). 

J 

0 

1 

1 

2 

2 

2 

3 

3 

3 

3 

4 

4 

4 

4 

4 

5 

5 | 

5 

5 

5 

5 

Af 

0 

0 

1 

0 

1 

2 

0 

1 

2 

3 

0 

1 

2 

3 

4 

0 

1 

2 

3 

4 

5 

W / M (•) 

1/4* 

| k*** 
^ ( 1 + cosU) 

15 . n 
-77^-sin2a cos2$ 

5 
jg^ (1 — 3cos28 + 4cos*8) ■ 

J%k (i-cos4a) 
i 21 

^ s i n 2 0( l—5cos2 0)2 

7 i 
- ^ r r (1 + 111 cos2 8 — 305 cos* 8 + 225 cos* 8) 

35 
j2g^ sin28 (1 — 2 cos2& + 9 cos* 8) 

105 
2 g ^ s i n * 8 ( l + cos2 8) 

45 
g ^ sin2 8 cos2 8 (3 — 7 cos2 8)2 

9 ^5g^ (9 — 153 cos2 8 + 855 cos* 8 — 1463 cos« 8 + 784 cos* 8) 

9 J T ^ sin2 8 (1 + 50 cos2 8 —175 cos* 8 + 196 cose 8) 

63 
2§g^ sin* 8(1 + cos2 8 + 16 cos* 8) 

63 
■j28isin«8(l + cos2 8) 

165 | ^ sin2 8 (1 — 14 cos2 8 + 21 cos* 8)2 

■JQ24^ (1 + 813 cos2 8—7070 cos* 8 + 21378 cos« 8 — 
— 26019 cos* 8 + 11025 cos™ 8) 

77 
?gj^ sin2 8 (1 — 20 cos28 + 150 cos* 8 — 324 cose 8 + 225 cos* 8) 

231 
2 Q ^ sin* 8 (1 + 31 cos2 8 — 129 cos* 8 + 225 cos« 0) 

231 
J J J ^ s i n 6 8(1 + 6 cos2 8 + 25 cos* 8) 

J | | s i n 8 8( l + cos2 9) 

w | M (ft) 

1/4* 

3 
-£7 C0S2 8 

3 . „ - s - sm2 8 8n 

j | : ( 1 ^ 3 c o s 2 8)2 

15 . A -££- sin2 8 cos2 8 

1 5 • . a sin* 8 32n 

7 
JgZ COS2 8 (3 — 5 COS2 8)2 

21 
g^: sin2 8 (1—5 cos2 8)2 

105 . , 
22^ sm* 8 cos2 8 

3 5 • , * 
6 4 ^ s i n C * 

9 
25gzw (3 — 30 «os2 8 + 35 cos* 8)2 

45 
g ^ sin2 8 cos2 8 (3 — 7 cos2 8)2 

45 
j2g^ sin* 8(1 — 7 cos2 8)2 

315 . ft 
g i S s i n 6 8 cos2 8 

3 1 5 • 8<v 

^ cos2 8 (15 — 70 cos2 8 + 63 cos* 8)2 

g j 2 i sin2 8 (1 — 14 cos2 0 + 21 cos* 8)2 

1155 
j ^ sin* 8 cos2 a (1 — 3 cos2 8)2 

~ | ^ s i n « 8 ( l - 9 c o s 2 8)2 

3465 . . f l 
ETo~ Sin8 8 COS* 8 
512rc 

693 . A a 
1 0 2 ^ s i n , ° * 
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7.4. OTHER NOTATIONS FOR TENSOR SPHERICAL HARMONICS 
The spherical harmonics defined by other authors are presented on the left-hand sides of the equalities given 

below. On the right-hand sides of these equalities we exhibit the corresponding harmonics in our notation. 

Tensor spherical harmonics 
Berestetskii, Dolginov and Ter-Martirosian [55] 

( -1 ) L for integer L, 
for half-integer L. 

Y£ = flYf+XL
t where , = | | 

Newton [28] 
UM __ ,-1+SylS UjlS ~ % XjM ' 

Spinor spherical harmonics 
Akhiezer and Berestetskii [2]: flyjm = flym; 
Berestetskii, Dolginov and Ter-Martirosian [55]: YJ^ = fly*A; 
Berestetskii, Lifshitz and Pitaevsky [6]: fiy/m = t'fiym. 

Vector spherical harmonics 
Akhiezer and Berestetskii [2]: Y ^ = Y ( /^,YJ L M = Y^M; 
Blatt and Weisskopf [7]; Rose [30]: TfA = ( - 1 ) A + 1 " L Y ^ ; 
Berestetskii, Dolginov and Ter-Martirosian [55]: Yjm' = —Y{+V 
Jackson [23]: X / m = Y ^ . 
Newton [28l- Y ( c ) - t J Y ( 1 ) Y ( m ) - iJ+1 Y ( 0 ) Y ( 0 ) -i^Y*""1) V ^ - »'+1V/ 
i>ewi;on [zoj. x JM — i x JM , x JM — % ^ J M ^ J A / " " 1 X ; M J 1 ; / - * * JM • 
Berestetskii, Lifshitz and Pitaevskii [6]: Y% = iJY(j]

M , Y ^ J = » J + 1 Y § £ ,Y{J]
M = t / Y ^ ) 



Chapter 8 

CLEBSCH-GORDAN C O E F F I C I E N T S A N D Sjm SYMBOLS 

8.1. DEFINITION 
The Clebsch-Gordan coefficients are vector addition coefficients. They play an important role in the decompo
sition of reducible representations of rotation group into irreducible representations. All recoupling coefficients 
or Znj symbols can be determined as the sums of products of the Clebsch-Gordan coefficients. The aforesaid 
explains the extensive application of these coefficients in the quantum theory of angular momentum. 

8.1.1. The Clebsch-Gordan Coefficients 
Let j i and J2 be two angular momenta with projections mi and m<i on the quantization axis. A Clebsch-

Gordan coefficients represents the probability amplitude that j i and j2 are coupled into a resultant angular 
momentum j with projection m. In accordance with the vector addition rules j i 4-J2 = j , the Clebsch-Gordan 
coefficient vanishes unless the triangular conditions (triangular inequalities) are fulfilled, i.e., 

\ji -J2I < ; < J1+J2 , (!) 

and the requirement 
mi + rri2 = m, (2) 

is satisfied. It will also be assumed that arguments of the Clebsch-Gordan coefficients satisfy the following 
conditions: 

(a) JiihiJ a r e integer or half-integer non-negative numbers;1 

(b) mi ,m2,m are integer or half-integer (positive or negative) numbers; 
(c) |mi| < j u \m2\ < j 2 , \m\ < j ; 
(d) ji ■+- mi, j*2 + ^ 2 , J + m, ji -f J2 + j are integer non-negative numbers. 

The absolute value of a Clebsch-Gordan coefficient is given by 

[^X;,mJ2 = ^ / o
2 ^ < * / J V M ^ ^ (4) 

The phase of the Clebsch-Gordan coefficients may be chosen in different ways. The phase convention proposed 
by Condon and Shortley [10] is universally accepted. In accordance with this convention the Clebsch-Gordan 

The extension of the Clebsch-Gordan coefficients to negative values of momenta will be considered in Sec. 8.4.5. 
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coefficients are real and their phases are fixed by the additional relation 

< # U ~ , <&?-* = 2J£± Cda f*dfi BiafiCdl D"»>{a' A ̂  -* {a> *7)^ -*{a' 0t7) • 
(5) 

where 
C#W» . >o. 

313U2-J2 
Under such a phase definition the Clebsch-Gordan coefficients satisfy the relations 

(- l )A-™. <%mihm% > 0, ( - 1 ) * + - . C * ; * ^ > 0. (6) 

The Clebsch-Gordan coefficients are elements of the unitary matrix which performs direct and inverse trans
formations between state vectors \j1m1j2m2) and \j1j2jm) 

C3^nihm2 = {iimihm2\hJ2im) = (jiJ2Jm\jimij2m2). (7) 

The unitarity relation is 

E C*'m C* m = 8 • • 8 
/iwiiiama Ji»**ijamj °jj'°mm' j 

m i m j 

The direct product of two irreducible tensors 9Ryimi and 9Ty,mj may be decomposed into irreducible tensors. 
The coefficients of this decomposition are just the Clebsch-Gordan coefficients: 

aWy.m, V . = £ C & i A m , {3%. ® * * }*» • (9) 
>(m) 

The inverse relation is 
Wh ® **}/»» = J2 C , ^ , ^ . **m, • (10) 

m i m j 

8.1.2. The Wigner 3jm Symbols 
Not infrequently the Wigner 3jm symbols [110] are used instead of the Clebsch-Gordan coefficients. These 

symbols possess simpler symmetry properties. The 3jm symbols are related to the Clebsch-Gordan coefficients 
by 

I 3l 32 ]3 \ _ i i\j,+mt+2u *■ ffhmt i,,\ 
\rrit ma m3 J v ' y/2j3 + 1 ii—*ii*-m, • \Ll) 

The inverse relation is 

nismt _ / _ t « W » + m , / 2 • 4. 1 ( 31 32 33 \ 
Cnml}3fn3 - I 1J V2J3 + 1[mi m 2 _mJ ■ 

(12) 

The 3/m symbol represents the probability amplitude that three angular momenta j i , J2 and J3 with projections 
mi,m2 and m$ are coupled to yield zero angular momentum: 

/ h h J3 \ y > CJ"m' r00 (w\ 

The phase factor r\ = (-i)Ji-J3+J» is chosen in such a way that any cyclic permutation of columns leaves the 
Sjm symbol unchanged. Below we shall use, along with the letters jtm other Latin letters (a, i,c, etc.) to 
denote angular momenta, and Greek letters (a, ^ , 7 , etc.) to denote momentum projections in the arguments 
of the 3jm symbols and Clebsch-Gordan coefficients. 

file:///j1m1j2m2
file:///j1j2jm
file:///rrit
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8.1.3. Regge IE-Symbols 

The Wigner Zjm symbol may be represented by a square 3x3 array ||#ifc||(t, k = 1,2,3) which is called the 
Regge R-symbol [94] 

# u #12 #13 fa b c\ _ 
W 7/ 

where 

#21 #22 #23 
#31 #32 #33 

(14) 

# n = - a + 6 + c, 
#21 = a + a , 
#31 = a — a , 

#12 = a — 6 -|- c, 

#22 = * + @» 
#32 = 6 — j9 , 

#13 = a -+- 6 — c, 

#23 = C + 7 i 

#33 = C - 7 • (15) 

The inverse relations are 

2a = -R21 + #31 = #12 "h #131 

26 = #22 + #32 = #11 + #13 y 

2c = #23 + #33 = #11 + #12» 

2a = i?21 — #31 = #32 ~" #22 "+" #33 "~ #23 > 

2fi = #22 "~ #32 = #31 "" #21 "+* #33 ~~ #23 > 

27 = #23 — #33 = #31 ~ #21 + #32 "" #22 • (16) 

All nine elements #** are non-negative integers which satisfy the relations 

(17) 

where 

J = a + b + c. (18) 

8.2. EXPLICIT FORMS OP THE CLEBSCH-GORDAN COEFFICIENTS AND 
THEIR RELATIONS TO OTHER FUNCTIONS 

Below we shall assume that the arguments of the Clebsch-Gordan coefficients and Zjm symbols satisfy 
Eqs. 8.1(1)-8.1(3). In addition we introduce the A-symbol defined by 

A{abc) = (a + b - c)\(a - 6 + c)l(-q + 6 + c)! 
(a + 6 + c + l)! (1) 

The A-symbol is invariant under permutations of a, 6, c. Numerical values of the A-symbol are given in 
Table 8.12 for § < a, 6, c < 5. If one of the momenta a, 6, c equals zero, the A-symbol is reduced to 

A(aaO) = 
\ / 2 a + l (2) 
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8.2.1. Representations of the Clebsch-Gordan Coefficients in the Form of Algebraic Sums 

CSb/i = &,.«+*A(a6c)[(a + *)!(a - *)!.(* + 0)\(* ~ PW + 7)!(c - 7)!(2c + 1)]* 

X *-* z\(a + b - c - 2f)!(a - a - *)!(& + /? - *)!(c - 6 + a + *)!(c - a - /? + z)! 

(Van der Waerden [40], Racah [91]) 

(3) 

C°aab^ - *7.«+0 
A(abc) 

"E 
(c + a - 6 ) ! ( c - o + 6)! 
(- l)«-«+«(a + a + z)\{c + b-a-z)\ 

z\[a — a — z)\(c — 7 — z)\(b — c + a + z)\ 

(Racah[9l],Fock[68j) 

(o - a)l(6 - j9)!(c + 7)l(c - 7)l(2e + 1) 
(a + a)!(6 + /3)! 

, 1 
3 

(4) 

C:ib/} = 6lta+0A(abc) (c + 7 ) l ( c - 7 ) ' ( 2 c + l ) , I 

(a + a)! (a-o)! (6 + j9)!(6-^)!j 
( - l )H*+»( c + 6 + q - « ) l ( q - a + «)| 

^ s!(c - a + 6 - *)!(c + 7 - z)\{a - 6 - 7 + 2)! 

(Wigner[43]) 

(5) 

Caab$ — ^7,<»+/9 
A(abc) (a + a)l(o - a)\(b - fi)\[e + i)\(2c + l) 

, 1 

£ 
(a - 6 + c)!(a + b-c)\[ (6 + £)!(c - 7)! 

( - l ) * * + « ( 2 c - « ) l ( a + 6 - c + »)! 
z!(c - a + 6 - z)!(c + 7 - z)\(a - c - 0 + z)\ 

(Majumdar[82]) 

(6) 

CVabB - S1, a+0' 
A(abc)(a + b + c + 1)! 

(a - b + e)\ 
(a-a)»(c + 7 ) l (2e+l ) 

(o + o)!(6 + /9 ) ! ( t - |8 ) ! (e -7) ! 

£ ( - l ) > + ^ » ( 2 c - « ) l ( c + t + tt-«)I 
^ z\(c -a + b- z)\(c + 7 - *)!(a + 6 + c + 1 - z)! 

(Bandzaitis and Yutsis [51]) 

(7) 

CC7 __ &T,tt+fl 
"a"6/? A(a6c) [ 

*E 

(a + a)I(tt - a)l(c + 7)!(c - 7)I(2c + 1) 
(6 + /?)!(6-/?)! 

(-l)«-«+«(a + b - 7 - »)1(6 + c - a - z)\ 
z!(a - a - z)\(c - 7 - z)\(a + b + c+l-z)\ 

(Bandzaitis and Yutsis [51]). 

(8) 

In Eqs. (3)-(8) the summation index z assumes integer values for which all the factorial arguments îre non-
negative. 
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8.2.2* Quasi-Binomial Representation of the Clebsch-Gordan Coefficients 
The Clebsch-Gordan coefficients can be presented in the form of quasi-binomials 

I * 
Cllbs -£y,a+/r 

A(abc) ( c - l ) l ( c + 7)l(2c + l) 1 _ _ _ , 0]](a+i,-c) {9) 
; -a ) ! (a + a)!(6-/9)!(6 + ^)!j ^a + a ^ P> <° QA6 + W • l»J (a + b-c)] [{a 

For calculating the quasi-binomial one should use the binomial formula with all powers replaced by quasi-
powers. 

(u ± t>)<fe) = £ ( ± 1 ) * (*) «(fe"*)«(,) • (10) 

Quasi-powers (or generalized powers) are defined by 

If z is integer and positive, we get 

tt<«) = „(!)(•) = F ( " + 1 ) 
r ( u - * + i ) ' 

(-nw / . \(*i r(u + «+i ) 

u ^ = u(u - 1 ) . . . (u - « + 1), 

u(-1)(*) = ( u + l ) ( u + 2) . . . (u + «). 

(11) 

(12) 

8.2.3. Clebsch-Gordan Coefficients and Finite Differences 
The Clebsch-Gordan coefficient are related to finite differences [41] 

Calb0 = 57,ot+/?(-"1) i \a-e+0 (c + 7)!(q + i - c ) ! ( 2 c + l ) 
[(c - ^)!(c + a - b)\(c - a + i)!(a + 6 + c + 1)! 

(«-«) ( > a-6~t) * 
(a - a)(a"fe-c) 

where the difference of order k with respect to the argument a is given by 

k 

A*/(a) = EH)*"" fc! 
n=0 

n!(ib-n)! 
/ (a + n), 

(13) 

(14) 

(15) 

In particular, 
A. / (a) = / ( a + l ) - / ( a ) f 

Finite differences are anologous to differentials, while quasi-powers are analogous to ordinary powers. fVom 
this it can be concluded that the Clebsch-Gordan coefficients are analogous to the Wigner ^-functions [20, 
58]. To illustrate this similarity let us introduce the notations 

j = 6, ii = c-a> v = /3, P = - ( a + 6 + c),, Q = a + a - -(a-h 6-f-c). (16) 

This follows from the fact that the Clebsch-Gordan coefficients may be expressed in terms of orthogonal polynomials of a discrete 
variable (Hahn polynomials); see Refs. [142, 143]. 
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Now, Eq. (3) may be rewritten in terms of quasi-powers 

/g + t + c + 1 C7 _ [ 
V 2c+1 °-^-[ 

(y+M)'(j~-/«)»(/+y)'(y-^)» * 

(2P)(2i) (P - Q)U+»)(P - (?)(>'+") (P + Q)(-M-") J 
(P - Q)U+*+')(P + Q)U-*-») D-1)' z\(j - fi - z)!(; + i/ - z)!(p - i/ + z)! * 

(17) 

Replacing quasi-powers in (17) by ordinary powers and introducing the angle i? according to 

cos 
. Q e [PTQ . e [P~^Q 
$=P' C082 = V-2P-' am2=y-2p-' 

(18) 

we see that Eq. (17) reduces to the following relation for the Wigner ZMunction 

4A») = (j + M)!(j - M)Ki + ")»(/ ~ *)' k 

(2P)2/(p - Q)i+M(p - Q)J+"(P + Q)-»-» 
(P-Q)}+'t+*(P + Qy-'t-' El-1)' z\(j ~ p- z)\(j +1/ - z)!(/i - i / + z)! 

(19) 

Equation (19) is similar to Eq. 4.3(4). The analogy between Eqs. (17) and (19) permits us to connect the 
recursion relations, symmetry properties, etc. of the Wigner Z>-functions and the Clebsch-Gordan coefficients 
[58]. Since for u >► z, u >> 1 quasi-powers became asymptotically equal to ordinary powers, a Clebsch-Gordan 
coefficient turns into a ^-function in the large-momentum limit (Eq. 8.9(1)). 

8.2.4. Expressions for the Clebsch-Gordan Coefficients in Terms of 
the Binomial Coefficients [126] 

C°aabB - *7,or+/? 

where J = a -f 6 + c. 

( 2a )( 2b ) 
\J-2cJ\J-2c) 

1 * 

\ J-2c) \a-a) \b-8J \ c - 7 / ?<-<;%'--.?.)(/♦-,*). <2°> 

8.2.5. Representa t ions of t he Clebsch-Gordan Coefficients in Terms of 
of t he Hypergeometr ic Functions 

The Clebsch-Gordan coefficients may be expressed via the generalized hypergeometric functions 3F2 of unit 
argument, 

CVabp - Sl,<*+0 
A(a6c) r(o + a)!(fe - 0)\{c + 7)l(c - j)\(2c + l ) ] * 

(a + 6 - c)!(-6 + c + a ) ! ( -a + c - fi)\ [ (a - a)!(6 + fi)\ 

x 3 * 2 
—a — b + c, —a + a> — 6 — ft 

- a + c - £ + l , - 6 + c + a + l (21) 

file:///J-2cJ/J-2c
file:///b-8J
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C £ M = * 7 , « + ^ - l ) a - " 
A(abc)(b + c - a)\ 

X3F2 

(a - b'+ c)!(-a + 6 + c)\(b - c + a)! 
a + a + 1, - a + a, - c + 7 
4 - c - f a , t - c + a + 1 

(a + g ) l ( t - f l l ( c + 7)l(2c + l) 
(a -a ) ! (6 + fl!(c-7)! 

n 1 
2 

(22) 

r c 7 _ r / .it+g A(06c)(6 + C + tt)l ( a - a ) ! ( c - 7 ) ! ( 2 c + l) 1 * 

X S J F S 3 ' 2 
a — 6 — c, 0 — a + 1, —c — 7 

0—6 — 7 + 1 , — 6 — c — a 
(Rose [30]) , 

(a + a)!(& + /3)!(6-/9)!(c + 7)!j 

1 (23) 

CZb0 = Sy,a+,(-l)b^ 
A(a6c)(2c)! 

X3 F2 

{a-b + c)!(-o + b + c)\(a -c-/3)\ 
a — b — c, a + b — c + 1, — c — 7 

-2c, a-c-0+ 1 

(a + a ) l (p -q ) I (6 - l ) l ( 2c + l) 
(6 + /?)!(c + 7 ) ! ( c - 7 ) ! 

(24) 

r c 7 _ c / Ub+B A(a6c)(2c)!(6 + c + a)! 
^««W-*7.«+/»l 1) { a _ 6 + c ) ! ( _ a + 6 + c ) ! 

( a - a ) ! ( 2 c + l ) 
L(a + o)!(6 + /?)!(6 - /3)!(c + i)\(e - 7)!] 

X3 ^2 
a— 6 — c, — a — b — c - 1, — c — 7 

—2c, — 6 — c — a (25) 

C'aaW = 6l,a+fi{-1) 
a _ a ( a + J - 7 ) ! ( 6 + c - a ) ! 

X3 J ^ 

A(a6c)(a + 6 + c + l)! 
—a — 6 — c — 1, — a + a, — c + 7 

—0 — 6 + 7, —6 — c + a 

(o + a)!(c + 7)!(2c+l) ] * 
(a -a ) ! (6 + )9)!(6-/9)!(c-7)! 

(26) 

Equations (21)-(26) may be associated with Eqs. (3)-(8), respectively. 
According to Ref. [36], all 3 J^-functions of unit argument, which are given by finite sums, may be expressed 

in terms of the Clebsch-Gordan coefficients. Any Clebsch-Gordan coefficient may also be represented in the 
form of derivatives of the hypergeometric functions [46]: 

Cllb0 =*7,«+^(-1) a+6—c Ajabc) 
(a + 6 - c)\(-a + 6 + c)!(a - 6 + 7)! 

db-fi 

(a + a)l(a - a)!(6 + ^)!(c + 7)!(2c + 1) 
( 6 - / ? ) ! ( c - 7 ) ! 

1 * ^ 2 

. ( * ) ■ 6 - 0 [(1 - t)a+b-cF{a - b - c, - c + 7; o - 6 + 7 + 1 (27) 

8.2.6. Representations of the 3;'m Symbols in the Form of Algebraic Sums 

The explicit form of the Wigner Zjm symbols may be obtained from Eqs. (3)-(8) for the Clebsch-Gordan 
coefficients. Rewriting these equations in terms of the i2-symbol elements, we get the following relations for 
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the 3jm symbols [45] 
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( : ; ; ) = < - . ) « • ■ +R»3 
n (*/)! 
(J+l)! 

X ^ ^'z\{Rl3 ~ z)\{R23 ~ z)\{R3l ~ *)!(*33 ~ ^83 + *)1(*11 ~ -̂ 32 + z)\ ' 

(ab c \ = t_i\H>i+fl»i+fi»» [ ■ftisi-Rsai-RaiiflMiflaa! 1 * 
W - T / l j LU+l)!fti!fta^3i!i?33!j 

x V V i)« ( f la i+«)»(* i i+ * » ! - » ) ' 

(28) 

*!(fi3i - *)!(fi33 - *)!(fii3 - fisi + z)\ ' 
(29) 

(:J;)-™ 
(:J0- (-l} 

•^31+^33+^*8 fiiilfinlfi^fis^s! 1* V^f . . , (J?3iH-ar)!(.R3a + J?33-«)! 
L(J+l)!J*ai!i*33!J*3i!i?33U V j *!(J?n - «)|(Jfa - *)!(fii3 - A33 + *)!' 

(30) 

/?31+<R33+-R»3 

^ai+iZaa+Uja 

•Ri 1' J^21! -Rs 1' -^32! ^33! * (RlS+z)\{R2S + R33-*Y-
l{J+l)\R13\Ra\R73\Ra9\\ \>^ ^"«!(itii'-*)l(ilbs'-')!(Aai - A33 + *)!' 

>, , x , (fiu + fiai-*)!(ii 
z)!(7 + l - z ) ! ' ( 3 2 ) 

(31) 

(J + l)!fiii!fi13!fi3i!fi33! i * , (fiu + -R31 - 'V.(Rn + ^33 - z)\ 

Rn+R»i+Rn (J+l)lfi3l!fl33lfi3llfi33l 
finlfiialfiisffiaalfiss! 

, 1 ; a ! ( f i u - z ) ! ( f i 3 3 -

D .>, (fill + ^31 ~ *)1(-Rl3 + -«33 ~ Z)\ 
' zURi3-z)](R3l-z)](J + l-z)\' )' (33) 

where J = o + 6 + c. 

8.2.7. Quasi-binomial Representations of the 3j'm Symbols 

& ; ) - < - » 
#31+^33 

n ( - l ) ( * . l - * i » ) n ( - l ) ( / l * 3 - « l » ) « ( - l ) ( * 3 3 - * l » ) p ( - l ) ( H 3 1 - « l » ) 
1121 121 ^32 £32 

(J + 1)!JW 

* 
( u - V ) ^ » ) . (34) 

The quasi-binomial may be evaluated according to Eqs. (10) and (11). Variables u and v may be chosen in 
different ways [45]: 

(a) —fiaVfii , ' . « = R$Ri\\ 
(b) « = fi2i)fi[r1), v-R^RiS, 
(c) v-R^Rl-V, v-BJg(J + l)M. (35) 
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8.3. INTEGRAL R E P R E S E N T A T I O N S 

8.3.1. Integrals Involving Algebraic Functions 
The Clebsch-Gordan coefficients may be represented by the following integrals [41] (J = a + b + c) 

_ i \ a - c + 0 ( - i ) (c + -y)!(J-2c)!(J r+l)!(2c + l) /7C7 

*«bf) 2j+i [(a-o)!(o+o)!(6-/9)!(6 + j9)!(e-7)!(J-2o)!(J-26J! 
x £ ( 1 - «)-«(! + «)*-' j £ ^ [(1 - Xy->°{1 + x)J-2Vx, 
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(1) 

CfL -izli _ i ) a - c + ^ (J - 2b)\{J - 2c)!(J + l)l(2c + 1) 
a<*&/? 2

J +! L(°-Q!)!(0 + Q) !(6-^) !(6 + )9)!(c-7)!(<: + 'y)!(J-2o)! 

/

X A3-"2* 

Ji - «)*'(i + x?-e J^J^ |(i - «)-*(i + «)•+■»]& 
In particular, i f a = ^ = 7 = 0, then 

rco _ ( - i ) ° " c 

Wow - 2/+ia!6 ! c! 
[ ( j - 2 t , ! ' j i ; i y " " 2 ' + i ) ] 7 j ' - ^ ^ ' " - ^ -

(2) 

(3) 

8.3.2. Integrals Involving the Wigner /^-Functions 

1 
" ( o - f H c i l)!(a + b - c)!(2c + 1) ] » 

(2a)!(26)! 

where J? means the set of the Euler angles (see Sec. 4.12) 

] ' J dRDla(R)Db^b(R)Dc^b(R), (4) 

^acrb/? 
(-1) o+c—a—7 

2a+b+l 
( J - 2 c ) ! ( J + l)!(2c + l) 1* 

(a + a ) ! (a -a ) ! (6 + /?)!(6-£)! 

* /j^'""(TT^)V'«-«(•»«-•) 

(Akim and Levin, [46]) (5) 

8.3.3. Integral Involving the Spherical Harmonics 
If a,6,c are integers and J = a-j-6 + c = 2gis even (i.e., g is integer), then 

cz* = (-1) 0 - C 4fT 

(2a+l)(26 
(6) 

8.3.4. Integral Representat ions for P roduc t s of the Clebsch-Gordan Coefficients 
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In particular, 
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[C&oP = ^ ^ | ' ^ 8 i n t ? P a ( c o s t ? ) P 6 ( c o s t ? ) P c ( c o s t f ) . (8) 

8.4, S Y M M E T R Y P R O P E R T I E S 

The simplest way to formulate the symmetry properties of the Clebsch-Gordan coefficients and 3jm symbols 
is to use the representations of these coefficients in the form of the Regge #-symbols [94] (see Sec. 8.1.3). 

8.4.1. S y m m e t r y Proper t ies of t he iJ-SymboIa 
The #-symbol possesses the following symmetry properties [94]. 

where 

and 
t(-i)' 

(a) Permutations of columns 

#11 R\2 #13 
#21 #22 #23 II = e 

#31 #32 #33 

Ru 
R2i 
R$i 

Rik 
#2ik 
#3fc 

Ru l 
# 2 / 

#3f 1 

for cyclic permutation (even number of permutations), 
for non-cyclic permutation (odd number of permutations). 

(1) 

(2) 

(b) Permutations of rows 

R11 R12 #13 
#21 #22 #23 
R31 R32 R33 

= s 
♦1 

*1 

11 

# t 2 

Rk2 
R12 

R%3 
#*3 I 
Rl3 1 

(3) 

# 1 1 # 1 2 # 1 3 
# 2 1 # 2 2 # 2 3 
# 3 1 # 3 2 # 3 3 

= 

(c) Transposition 

#11 #21 #31 
#12 #22 #32 
#13 #23 #33 

These symmetry transformations relate 6 x 6 x 2 = 72 generally different coefficients. 

8.4.2. S y m m e t r y Proper t ies of t h e 3jm Symbols 
The above relations are equivalent to the following symmetry properties of the 3jm symbol. 

Classical symmetries [110] 

(a) Permutations of columns (corresponding to permutations of columns of the #-symbol): 

fabc\_fbca\_fcab\_ , ^a+6+c f a c b\ 

\a+b+c f b a c 1 _ / i\a+6+c = ( - i ) a (c b a\ 
17 0 a) '' 

(<) 

(5) 
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(b) Change of signs of momentum projections (corresponding to the permutation of the second and third 
rows of the JE-symbol) 

(:;;)-<-»>—• U 4-'■,)■ <6> 
Regge symmetries [94] 

(c) Replacement of arguments: 

( : ; ; ) - < -

b+c+a a+c+0 a+b+*i 
jja+6+cj 2 2 2 | ( 7 ) 

a_b±^a 5 _ « ± | z l c - « ± | = 2 

(corresponding to the permutation of the first and third rows of the i?-symbol) and 

( n b+c~a 

_ 6 + c *=*=*_ 

64-c-fa 
2 

7 *=« t*+7. 
(8) 

2 

This corresponds to the transposition of the iZ-symbol. According to the above symmetry properties, 72 
formally different Sjm symbols have the same absolute values. One can decompose these symbols into six 
groups (12 coefficients in each group). The Sjm symbols which belong to different groups correspond to 
triangles of different forms but the same perimeter J = a + b + c. On the other hand, all Sjm symbols which 
belong to one group are related by the classical symmetry properties (5) and (6). In Eq. (9) we list one Sjm 
symbol from each group. 

( : ; ; ) ■ ( . : 

H-g~g H-<?+« \ / 5 a+c-p a+c+p 

J b+0-c-n b-0-c+i J l a — c -<*-<*+c+*r -a+a+c-i 

(a) 

r o+fr-T o-t-H-7 \ / 6 + c - q a+c-0 a+b-i 
C 2 2 1 / 2 2 2 

b - a 2±«Z±Z1 a-*-k+fi ) {a-a„kkZz& fc_£_*±|zl C^7_5±|Z2 

b+c+a a+c+0 a+b+t 
2 2 2 

fctftft-a-a ^ f ^ - t - y J s ± | ± a - c - 7 > 

8.4.3. Symmetry Properties of the Clebsch-Gordan Coefficients 

(9) 

0>) 

° a q 6 0 - I Xi °fe/9aq - V 1 i y 2fc + J ° a « c - 7 ~ V x i y 2 j , + ! °c-ya-q 

■ (- i ) , M \ / i if"»- < - w i l l <**. • "o» 
Cu-l-il^'C^-,- <»> 
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where 

w 

where 

Caabfi — ^a'a'b'0' > U^) 

2o' = (a + a) + (6 + 0 ) , 2a = (a' + a') + (6' + /?'), 
2a' = (a + a) - (6 + )?), 2o = (a' + a') - (6' + p'), 
26' = (a - a) + (6 - /?), 26 = (a' - a') + (6' - /9'), 
2/9' = ( a - a ) - ( 6 - / ? ) , 2/3 = (a' - a') - (6' - /?'), (13) 

c' — c, c = c', 
7 ' = o - 6 , 7 = a' - 6 ' 

c^-t-ir'^i^^^' (14) 

2 a ' - ( 6 - / J ) + (c + 7 ) , 2a=(6 ' - /? ' ) + (c' + 7'), 
2a' = 2(a + a ) - ( 6 - / ? ) - ( c + 7) , 2a = 2(a' + a') - (6' -/?') - (c' + 7'), 
26' = (a - a) + (c + 7 ) , 26 = (a' - a') + (c' + 7'), (15) 
2/?' = 2(6 + /?) - ( a - a ) - (c + 7 ) , 2/? = 2(6'+/?') - (a' - a') - (c' + 7 ' ) , 
2c' = (a - a) + (6 - 0), 2c = (a' - a') + (6' - p'), 
27' = ( a - a ) + ( 6 - / ? ) - 2 ( c - 7 ) , 2 7 = (a' - a') + (6' - /?') - 2(c' - 7') • 

8.4.4. "Mirror* Symmetry 
The original relations which define the Zjm symbols and the Clebsch-Gordan coefficients may be extended 

to the domain of negative integer or half-integer arguments a, 6, c. In this case the following symmetry relations 
are valid [45] (here we denote I = — c — 1,^ = —7, etc.). 

(a) The relations for the 3;m symbols are 

(:j;)c<-^"(:{;)= fi-'r-'(^)-'Hr'(:j;). m 
The Sjm symbols with negative momenta obey the symmetry relations (5) and (6) provided a, 5, Z are replaced 
by —a, - 6 , - c , respectively, in the phase factors of these relations. 

(b) The relations for the Clebsch-Gordan coefficients are 

<EM - (-i)0+6"c cHB0 = (-1)6—" c & , = (-1)*' C&, = (-1)— c£5/9 = c £ M 

/2c+l 6<? _ /2c+1 _ /2c+1 
" V 26 + 1 " ^ ~ V 2a + 1 "'""' ~ V 2a~+~T ^ ' l17> 
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CCalbfi ~ Cllb0 > (18) 
Cilbfi ~ Cllip > (19) 

<CM = c S * - (2°) aa 

When tabulating formulas for the Clebsch-Gordan coefficients, it is convenient to use the "mirror* symmetry 
properties in the form 

c£S7- = (-i)*+ 'c£#. (21) 

8.4.5. Properties of the Vector-Addition Coefficients under Transformations of the 
Coordinate System and Time Reversal 

The vector-addition coefficients are not invariant under transformations in question, although formally they 
are independent of coordinates and time. 

(a) Rotation of the coordinate system. 
The projections of angular momenta vary under rotations of the coordinate system. The Zjm symbols 

and the Clebsch-Gordan coefficients in a new coordinate system may be expressed as superpositions of the 
corresponding quantities in the initial coordinate system. Thus 

8 (: j;) - (:■ r i) - E (: j;) iwwrew.w. 
RCllb0 ~ CVa'bp* = zZ C^0 flM'(*)^'(*)^i'(*) * 

<*01 

(22) 

(b) Inversion of the coordinate system. 

The 3jm symbols and the Clebsch-Gordan coefficients are invariant under inversion of the coordinate 
system, because angular momentum is a pseudovector. 

p f a b c\ _ f a b c\ 
* V « ] » 7 7 ~ W l T / ' (23) 

rr Kjaab0 ~ ^aab0 • 

(c) Time reversal. 
The time reversal changes signs of projections of all angular momenta (reversal of the rotation direction). 

Hence 
p (a b c \ - ( a b c \ - f_-M«+b+c (a b c\ 

% \*filj- \~* -fi -l) ~ l J \*fil)9 (24) 
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8.5. EXPLICIT FORMS OF THE CLEBSCH-GORDAN COEFFICIENTS 
FOR SPECIAL VALUES OF THE ARGUMENTS 

(a) c = 0 or 6 = 0: 
8.5.1. Special Values of Momenta a, 6, c 

(b) c = a + b: 
(2a)l(26)!(a + 6 + a + £)!(a + 6 - a - jg)l 
. (2a + 26)!(a + a)!(a - a)!(6 + 0)!(6 - fi)\ 

The following two fomiula* are equivalent to Eq. (3) (i and n are integer) 

> 1 * 
u o o - n + » 6 6 - i + l ~ 

e,)(,a-\) 
PED J ' 

s*a+ba—ft«fn— 1 ^ 
u o o + n - i 6 - 6 + i - l ~" 

cam 
/ 2a+26 \ 

L V3a+*-l/ J 

i 

In particular, 

/nra+6a—6 

/nra+6a+6 _. ^ 

f(2a)!(26)! 
L(2o + 26)! 

(c) c = o + 6 - 1: 

In particular, 

(2o + 26 - l)(2o - 1)1(26 -> l)l(a + 6 + a + £ - l)l(a + 6 - a - £ - 1)!] * 
(a + a)!(a - a)!(6 + £)!(6 - £)!(2a + 26)! 

CaVa+" = 0, if I - ? ; 
/? 6 

'aa-166 

>oa+6-1 a + 6 - 1 _ / fl 

/nra+6-la—6 __ 
'aab-b 

(2o)!(26)!(2o-26-l) 
(2a+ 26)! 

, 1 
3 

(d) c = a - b (a > 6): 

fya-ba+0 _ I «\6+/» 
°oab/3 — l _ 1 J 

(a + a)!(g - a)l(26)!(2a - 26 + 1)! 1 * 
(2a + 1)!(6 + 0)\{b - p)\(a - b + a + p)\{a - 6 - a - /?)! 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 
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The following two formulas are equivalent to Eq. (13) (i and n are integer) 
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Ca - 6 a + 6 - n + l _ / -1X26-1+1 
aa-n+i 66 -»+ l — \~~l) 

2 a + 1 (n-.) 

Ca—6a—6—n+1 / -t\*H-1 
aa-n+i 6 - 6 - i + l — V x / 

2 a - 2 6 - n U : i ) ( ^ : f ) 

[ 2a + ! (£) 
\ 

In particular 
r « - 6 « - 6 _ , / 2 a £ 2 6 T T 
<?oa6_fr " V 2a + l • 

(14) 

(15) 

(16) 

(e) c = a - 6 + l ( a + l > 6 ) : 

C ^ 1 " ^ = ( - 1 ) " + ' + 1 2 M + 6a + 0) 

In particular, 

(2a - 26 + 3)(26 - l)!(2o - 26 + l)!(a + a)!(a - a)! 
(2a + 2)!(6 + p)\(b - £)!(a - 6 + a + 0 + l)!(a -b-a-p+ 1)! J ' 

(17) 

Ca—6+la—6 
r,nh-h — yaab-b 

(2a - 26 + 3)26 ] * 
(2a + 2) (2a+l ) 

(18) 

(f) c = a + 6 - 2: 

^ ^ a ^ = [ 2a(2a- 1)26(26- 1) 1* [/ 2a \ / 26 \ / 2a + 2 6 - 4 \ r * 
aab* [2(2a + 26 - 2) (2a + 26 - 1) J [\a-a)\b-Pj\a + b-a--P-2ji 

f / 2 a - 2 \ / 2 6 - 2 \ / 2 a - 2 \ / 2 6 - 2 \ / 2a - 2 \ / 2 6 - 2 \ 1 
X\\a-a)\b + p) \a-a-l)\b + p-l) + \a-a~2)\b + P~-2jj' 

In particular, 

(g) c = a - 6 + 2(a + 2 > 6 ) : 

~»a-6+2a+0 
yaab0 

/nra+6—2a—6 
yaa6—6 

(2a)!(26)!(2a + 26-3) 
2(2a + 2 6 - l ) ! 

, I 

(19) 

(20) 

(26 - l)26(2a - 26 + 5)(2a - 26 + 4)(2a - 2 6 + 3) 
2(2a+l)(2a + 2)(2a + 3) 

\ ( 2 a \ ( 2 b \ ( 2 a - 2 6 + 4 \ ] " > 6 + / 3 r / 2 6 - 2 \ / 2 a - 2 6 + 2 \ 
[\a-a)\b-pj\a-b-a-p + 2j\ { ' \\b + p) \a - b - a - p) 

_ / 2 6 - 2 \ / 2a-26 + 2 \ / 2 6 - 2 \ / 2 a - 2 6 + 2 \ 1 
\b + p - l) \a - b - a - p + 1J + \b + p - 2 ) \a - b - a - P + 2) J ' V ' 

In particular, 

C ia—b+2 a—b 
aab-b 

(2a - 26 + 5)26(26 - 1) 
(2a + l)(2a+2)(2a + 3)J (22) 
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(h) a = 6, a = fi: 

0, if 2a -h c = 2$r + 1, 

v aaaa 
**»« / ( T / V T T ' > [ f C + 7 ) t f e a i ? y " 2 C ) 1 * » i f2a + c = 2 , , 

( ^ ) »(***) »(*-«)! L J 

gr is integer and positive. 
(i) 6 = a + § , 0 = a ± § , 2 a + c = 20: 

aaa+J a+ \ 

oaa+J a - \ 

c + 2a+ 1" 
a + a + 1. 
c - 2 a + 1" 
a - a + 1. 

* 

* 

c, 

c, 

where 

(7 = 
( _ l ) c / 2 - « ^ 0 + ^ , 

(a-f)Kf + «)'(f-°)! 
(2o + c + 2)(2o - c)l(c + 2a)!(c - 2a)!] 

2(2o + c + l)! 

6 = 0 + § , 0 = a ± ± 2o + c = 2 ^ + l : 

(23) 

(24) 

(25) 

00 0+ J a+ J 
c - 2 a + l 
a + a + 1 0 , 

oaa+J a ~ i 
c + 2 a + 1 
a - a + 1 D, 

where 

D = 
( - l ) V ° (o + ^ ) ! f (2a -c)! (c + 2 a + l ) ! ( c - 2 a + 1)!] 

2(2o + c + 2)! ("-£fi)'(£t1 + a)!(£t1-a)! 

(k) 6 = a + 1; p = a, a ± 1; 2a + c = 2g: 

(c + 2a + l ) ( c - 2 a ) ] * /nrc2a-f 1 °aa<*+la+l 

/nrc2a 
u a a o + l a 

/ n r c 2 a - l 
u a a o + l a - l 

(a + a + 2)(a + a + l)J 
2<* 

£ , 

[(a + a + l ) ( a - a + l)]* 

( c - 2 a + l ) ( c + 2a) 1 
( a - a + 2 ) ( a - a + l)J £ , 

where 

£ = 
( - l ) f " ( a + l j ! f(2c + l)(2a + c + 2 ) ( 2 a - c + l)!(c + 2a)!(c - 2a)! 

2 ( a - | ) ! ( f + a ) ! ( f - a ) | l c(c + l)(2a + c + 1 ) ! 

(26) 

(27) 

(28) 

(29) 
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b = a + 1; P = a, a ± 1; 2a + c = %q + 1: 

u a a a + l a + l — 

/nrc 2 a 
u o a o + l a 

/nfc2a — 1 
u o a o + l a - l ~ 

c ( c + l ) + ( 2a+ l ) (2a + 2) f(c + 2 a + l ) l ( c - 2 a - 1 ) ! 
2(fi±l + a ) ! ( « ± l - a ) ! L (a + a + 2)(a + a +1) 

f , 

2a+ 2 (c + 2a)! (c-2a)! 

c ( c + l ) - ( 2 a - l ) ( 2 a + 2) 

F, 

2{^-a)\{^ + a)\ 
(c + 2 a - l ) ! ( c - 2 a + l)! 

[ ( a - a + 2 ) ( a - a + l) r, 

where 

F = 
( - I j ^ - a f r + j j l ) ! r ( 2 c + 1 ) ( 2 a , c + 1 ) l 

fa^ £zjAj [c(c-hl)(2a + c + 2)!J 

Equations (24)-(31) were obtained by Stone [107]. 

(a) a = 0 •= 7 = 0: 

WOW) — * 

8.5.2. Special Values of Momentum Projections 

( 0, ifa + 6 + c = 2g + l , 

(-!)«-« V^5+lgl r(2g-2a)l(2g-26)1(2g-2c)l] * tf . 2 
I (i-a)!(*-6j!(a-c)! [ ( 2 g + l ) ! J > lta + 0 + C-Zfif, 

g is integer and positive. In particular, 

ra+W) _ (a + 6 ) ! 

a!6! 
ya0bO 

(2a)!(26)! I 

/-*a—60 ^_ / 1^6 
'a060 ( - i ) 6 

6!(a-6)! 

(2a+ 26)! 

(2fe)!(2a-26+l)! 
(2a +1) ! 

(b) Tf = c or a = a: 

C cc c / i \a— a 

^aa6/? _ &"l-0,a 

(2c + l)l(a + t - c ) l ( a + a ) l ( 6 + 0)l 
(a + b + c + l)!(a - 6 + c)!(-o + 6 + c)!(o - a)!(6 - 0)! J 

(2c + l)(2o)l(-o + b + c)\{b - jg)l(e + 7)! 
[(a + b + c + l)!(o - 6 + c)!(a + 6 - c)!(6 + p)\(c - i)\\ 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 
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In particular, 

Caabb " ^a+6,c i 

C cc __ (2a)!(2c + l)l 

1 * 

* 

aa-l&c-a+l 

oabc-a-1 — 

(a + 6 + c + l ) ! (a-6 + c)!j ' 

(2a - l)l(2c.+ l)!(a + 6 - c)(-a 4- b + c +1) ] * 

(2a)l(2c + l)!(o + 6 - c + l ) ( -a -hi + c) 1 * 
(a + 6 + c + l)!(a - 6 + e)\2c 

ir-
Cao = (2c)! 2c+1 

(2c-6)!(2c + 6 + l)! j ' 
* 

(2c + l)(26)l 1 * 
(2c + 6 + l)!6! 

(c) 7 = c — 1 or a = a — 1: 

C S # = «.+/..—i(-l)—{(» ~ /?)(* + * + 1) " (a - a)(a + a + 1)} 
(2c + l)(2c - l)!(o + 6 - c)\(a + a)l(b + fi)l , 1 

[(a + 6 + c + l)!(a - 6 + c)!(-o + 6 + c)!(o - a)!(6 - /J)! J ' 

C^-i6/» = V/»,a-i{(c-7)(c + 7 + l ) - ( 6 + / ? ) ( 6 - ^ + l ) } 
(2c + l)(2o - l)l(-a + 6 + c)!(6 - 0)\{e + 7)! 

[(a + 4 + c + l ) ! (a -6 + c)!(o + 6-c)!(6 + /?)!(c-7)!j ' 
* 

In particular, 

C ee-l _ A 
<u<ur - u > 

£ £ - ! * = h,c-a{a{a + 1) - 6(6 +1) + e(e + 1) - 2oc} 
(2c + l ) (2c - l ) ! (2o - l ) ! 

[(o + 6 + c + l ) ! ( o - 6 + c)! 

8.6. RECURSION RELATIONS FOR THE CLEBSCH-GORDAN COEFFICIENTS 
8.6.1. General Recursion Relations 

(6 + P - 2k)\(c + 7)!(o + 6 - c)\(-a + 6 + e)l(a + 6 + c + l)!(2c + 1) 
(6 + /9)!(c-7)!(a-6 + c)! 

c'^-fc ••*"*'-* (c + *-e')!(e + c' + ib +1)1(^ + 4 c)! 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 
(47) 

(48) 

(c' + k - 7)1(0 - 6 + c' + k) !(2c' + 1) 
(c' - Jfc + 7)!(-a + 6 + c' - *)!{a + 6 - c' - *)!(o + 6 + c' - k + 1)! (1) 
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(Yutsis and Bandzaitis [45]) where k is integer or half-integer, 0 < A: < (b + /3)/2. In accordance with the choice 
of k Eq. (1) yields different recursion relations. 

Note also the relation obtained by Stone [107] 

{a + b + c + l)!(a - b + c)\{a + b - c)\(b + p)\(b - 0)\{a - b + a - jJ)\{a - b -a + fi)\ 
( -a + b + c)\(a + a)!(a - a)! 

Y ] - t e - ^ v (26 +V+ !)!(»-|)!(^+i9)!(^-i9)! 

( -a + 6 + c + t#)l(y + 2/9)1(6' - 2/9)1 i 
(a - 6 + c + V + l)!(a - 6 + c - 6')!(<* - 6 - e + V)\J * 

Here a - 6 > |a - fi\ > 0, 6' is integer, b' + 26 is even, and a - 6 + c > 6' > | - a + 6 + c|, 26 > i' > |2j9|. 
Equation (1) may be rewritten by the use of quasi-powers in the form [45] 

(2) 

2c+ 1 1 * * 
"<>f>0 L(t+^)(2fc,J £ (-l) fc+fc ,^-Vi?-*[(« + T)(k-fc,)(c - 7 + * + *')(fc+fc>) (« + b ~ c)(fc+fc<) 

fe'=-fc 

X ( - o + b + c)(fc"fc')(a + b + c + l)<fc-fc')(a - 6 + c + jfc + Jb')(fc+*'>(2c + 2k' + 1)]» 

(2Jb)(»+»'> 

where 

(2c + k + kf + l)(3*+i)(fc + #)(*+*') ' 

( a - n ) ! ' 2 S * S 2 ' * \ i if 6 is 

(3) 

integer, 
half-integer. 

8.6.2. Arguments a, £, 7 Change by 1 

[ ( c ± 7 ) ( c T 7 + l ) l * C 2 g - [ ( a T « ) ( a ± a + l ) ] * C 2 ± 1 M + [ ( * T « ( 6 ± / J + l ) ] * C : 

In particular, for ĵ l = c one has 

7 
aabfi±l • 

(6±/9)(feT /?+l) 
( a ± a ) ( a f a + l ) 

* 

when |a| = |y9| = § 
r,i _ r c0 (2»+l ) + ( - l ) « + » - ( 2 q + l ) . 

aM~ °* 6-* 2[c(c + i)]* 
and for |a| = |/8| = 1, o + J + c even, one gets 

rc0 _rco c(C + l ) - q ( q + l ) - 6 ( 6 + 1 ) 
alb~1~Oo0W 2[a(a+1)6(6 + 1)J* ' 

Cc2
hl = Ce0„ ° ( q + l)(c(< + 1) ~ aia + 1) + W + 1)1 + »(» + l)[c(c + 1) + «(« + 1) - >(* + 1)] 

""*" 2 [ a ( a + 1 ) 6 ( 6 + l ) ( c - l ) c ( c + l ) ( c + 2)]i 'a l&l — '-'oOW 

(4) 

(5) 

(6) 

(7) 

(8) 
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8.6.3. Arguments Change by 1/2 

(2a+l)[b±tfCllb0 = ^(aTa)(a + b-c)(a + b + c+l))iCllia±ib_il)JFi 

+ [ ( a ± a + l ) ( - a + 6 + c ) ( a - 6 + c + l ) ] ^ ; i a : t i 6 _ § / J T § ) (9) 

(2o + l ) [ 6 T i 8 + l ] * C 2 w = [ ( o T a ) ( a - t + c)(-a + 6 + c + l ) ] * C ^ i a : t f 6 + i / , : F i 

±[{a±a+l)(a+b-c + l)(a + b + c + 2)]*C?+ia±ib+i^it (10) 

[ ( -« + 6 + c ) ( a - 6 + c + l ) ]*C2; M = ! ( a - a + l ) ( 6 - / ! ) ] * C ^ ^ _ i 6 _ f / , + i 

+[(a + « + l)(* + 4 ) ] * C « J . + i k _ i / | _ J > (11) 

[(o--6 + c)(-« + 6 + c + l ) ] i c 2 ; w = I ( « - « m - ^ + l ) l * ^ J . + i 6 + i / i -J 
+[(a + a ) ( H . J + l ) ] * C £ j - _ | k + J , + J I (12) 

2c(-a + fe + c)(a + b + c + 1) 
2 c + 1 I ' C&, = [(6 - fl(e - 7)1* C i T A i + K» + M< + *»)!* C i ^ - * -

(13) 

2c(c=F7)(a + 6 + c + l ) 
2 c + 1 

(14) 

2c(c =F l)(a + b - c + 1) 
2c+ 1 c 2 „ - ±K« ± -+1)(-«+b+e)i* c:;ixi |^ 

T[(»±*+!)(«-* + *)]* C i ? £ * . aa6+$/?±J (15) 

2 ( c + l ) ( c ± 7 + l ) ( a + 6 - c ) 
2 c + 1 ^W-*[(«*«)(-• +> + «+1)1*<C|2}M 

±l(*Tfl(.-» + e H a ) l * C ^ * / ± r (16) 

[(2c + l)(6=F/?)]*C£v = (c T n ) ( - a + H c)(o + b + c + 1) 
2c 

"(c ± 7 + l)(q - 6 + c + l)(q + 6 - c)] 
2 ( c + l ) 

In particular, Eqs. (9) and (10) yield 

Vc+*7±* 

/orcO L/^cO (a + 6 - c ) ( a + 6 + c + l) 
(2a+ 1) (26-hi) 

n 3 

(17) 

(a + f> -c -H) (a + 6 + c + 2) 
(2a+ 1) (26+1) 

(18) 
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if a 4- 6 + c is odd, and 

■icO ycO 

if a 4- 6 4- c is even. 

( -0 + 6 + c ) ( o - 6 + c 4-1)1 
(2a+1) (26 4-1) 

_ r*cO ( a - 6 + c ) ( - o 4-64-c + 1) 
(2a 4-1) (26 4-1) . (19) 

8.6.4. The Case When a = £ = 7 = 0 

Let p be integer and 2g = a 4- 6 4- c. Then 

rco _ r c o ( s -a ) i ( q -6 ) l 
W+p06-pO - WofeO ^ _ fl _ py^g _ ft + py [ ^g _ 2ay^g _ 2 j j j 

(2a -2a~-2p) ! (2a-26 4-2p)l 

In particular, Eq. (20) yields 

CcO _ /nrcO 
a + 1 0 6 - 1 0 — ° o 0 6 0 

(~a + 6 4 - c ) ( a -6 4-c 4-1) 
( - a 4- 6 4- c - l)(a - 6 4- c 4- 2) 

(20) 

(21) 

- r?co ->c0 __ 
- 'a06+2p0 ~ ^aO&O c^i-iy 

{g + p)i{9-*)li9-b)\{g-c)\ 
g\{g-a + p)\{g-b-p)l[g-c + p)\ 

(a 4- 6 - c 4- 2p)!(a - 6 4- c - 2p)!(-a 4- 6 4- c 4- 2p)!(a 4- 6 4- c 4-1)!] » 
(a 4- 6 - c)!(a - 6 4- c)!(-a 4-64- c)!(a 4- 6 4- c 4- 2p 4-1)1 J 

Moreover, from Eq. (22) one gets 

CeO /nrcO 

a06+20 ~ **"~°a060 

(a 4- 6 4- c 4- 2)(a 4- 6 - c 4- l)(a - 6 4- c)(-a 4- 6 4- c 4-1) 1 
[(a 4- 6 4- c 4- 3)(a 4- 6 - c 4- 2)(a - 6 4- c - l ) ( - a 4- 6 4- c 4- 2) J 

* 

(22) 

(23) 

8.6.5. Arguments a, 6, c Change by 1 

2[b>-p\icZ ■[(o2 - a 2 ) ( -a + 6 + e)(-o + 6 + c + l)(o - 6 + c)(a - 6 + c + 1)]* •»»-W o (2o+ l ) 

X C « 7 - 1 ^ + ^(^[(~a + 6 + c ) ( a ~ 6 + C + 1 ) ( a + 6 " c ) ( a + 6 + C + 1 ) 1 ' ^ bfi 

( o + l ) ( 2 o + l ) 
{[(o + l ) 2 - a2](a + 6 - c){a + 6 - c + l)(o + 6 + e + l)(a + 6 + c + 2 ) } * C £ l a W , (24) 

2 ^ : ^ = - a ( 2 o
1

+ 1 ) [ ( « 2 - " 2 ) ( - a + i + c + l ) ( a - 6 + c)(a + 6 -c ) (a+fc + C + l ) ] i g ^ l a b < ; 

~^riy {a (a+1]+b{b+1] ~c{c+1))c%** 
{[(a + l ) 2 - a 2 ] ( -a + 6 + c)(a -b + c + l)(o + 6 - c + l)(o + b + c + 2 ) } * C £ l a W , (25) 

(a + l ) ( 2 o + l ) 
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2[(6 + l ) 3 - / 9 2 ] i ^ 6 + ^ = - ^ ^ [ ( a 2 - a 3 ) ( a + 6-C)(a + 6-c + l)(a + 6 + c + l)(a + 6 + c + 2)]i 

X C : l l ^ + ^(^l("0 + 6 + C + 1 ) ( a " : 6 + c ) ( 0 + 6 ~ C + 1 ) ( 0 + 6 + C + 2 ) l i C -W 

+ ( o + l ) [ 2 t t + l ) {[ (a+l) 2 -a 2 | ( -a + t + c)(-a + 6 + C +l) (a-6 + c)(a-6 + c + l)}ic:;i<,t<?, (26) 

vaab0 — 
4c2(2c + l ) (2c - l ) 

.(c + 7)(c - 7)(-o + b + c)(a - b + c)(o + 6 - c + l)(o + b + c + 1)J 

f(a- fi)e(e - 1) - <*>{* + 1) + 7*(* + 1) r«-i-» 
X \ 2c(c- l ) °-W_ 

f(c - 7 - l)(c + 7 - l)(-a + b + e - l)(a - b. + c - l)(a + b - e + 2)(a + b + c)' 
4 ( c - l ) 2 ( 2 c - 3 ) ( 2 c - l ) 

X 
3 

°aa60 f • (27) 

8.6.6* Arguments a, 6, a, £ Change by 1 

[(*±«(*±/»+l)l*C2k-W 

2o(2o ̂7^I(a±a) (a±o- l ) ( -a + 6 + e)(-a + 6 + e + l)(o-6 + c)(a-6 + e + l ) l*C« l a T l w ± l 

+ 2 ( a + 1 ) ( 2 a + 1)[(a:Fa + l)(aTa + 2)(a + 6-c)(a + 6-c+l ) (a + fe + c + l)(a + fe + c + 2)|i 

X<?a+la?160±l • (28) 

[(»¥fl(6±0 + l)l*C£:w 

= ±2a(2a + l ) ( ( a ± a ) ( ° ± ° " 1 ) (~° + 6 + c + XHa " 6 + CK° + 6 " eH° + b + c + ̂ l^-ia^ii 

~2a(a1+l){a(a + X) + 6 ( 6 + 1 } " C(C + 1 ) } 1 ( a ± a ) ( a T a + ^iC^Tn0±i 

T 2 ( o + 1 ) ( 2 a + 1)[(a=Fo. + l)(aTa + 2)(-a + fe + c)(o-6 + c-H)(a + 6-c-H)(a + 6 + c + 2)]̂  

xC,o+laT16/J±l • ( 2 9) 
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[ ( & T 0 ) ( 6 = F / ? + l ) ] * C £ 6 + 1 / ? 

= ^^^[(a±a)(a±a-l)(a + b-c)(a + b-c + l)(a + b + c + l){a + b + c + 2)}^C:ila^lbp±1 

±2a^+l)[(a±a){aTa + l)(-a + b + c + l){a-b + c){a + b-c + l){a + b + c + 2)}iCllTlbfi±1 

+ ot x i l u_^K a T a + W 0 T a + 2)(-o + 6 + c)(-a + 6 + c + l)(a - 6 + c)(a - 6 + c + 1)]* 

(30) 

8.6.7. Arguments c, 6,7,^8 Change by 1 

( - a + 6 + c)(a - 6 + c)(a + 6 - c + l)(a 4- fe 4- c 4- l)(2c - 1) 
(2c + 1) 

[(6 + 0 ( 6 - I + l)(c + 7)(c + 7 - l ) ] * ^ ; : , 1 - 2/?[c2 - ^ » C a 

(31) 

4-

2c 

[(6T0(6T/J + 1)]*C2^1/I 

(c ± 7)(c ± 7 - l)(o - 6 4- c)(a - 6 4- c + l)(a 4- 6 - c)(a + b - c + 1) 
( 2 c - l ) (2c 4-1) 

(c gp 7 + l)(c T 7 + 2)( -a 4- 6 4- c)(-a + 6 + c + l)(g + 6 + c 4- l)(a + 6 + c + 2)] * ^ c + i ^ i 
rr—Tm——r; V/^LA—« • 2(c + 1) (2c+l)(2c + 3) 'aaft^Tl 

(32) 

= ±-"2c 

[ ( A i / W T i S + l ) ] * ^ 

(c ± 7)(c ± 7 - l ) ( - a + 6 + c)(a - b + c){a + b - c + l)(o + 6 + c + 1)1 * - c - i ^ i 
(2c - l ) (2c + l) ' ° — ■ — 

+McTI){-a(a +1} + 6(6 +1} + C ^ ^ 

^aa6/?^l 

a a & ^ ? l 

2(c + l) 
( c ? 7 + l)(c =F 7 + 2)( -a + & 4- c 4- l)(a - & 4- c 4- l)(o 4- 6 ~ c)(a 4- 6 4- c 4- 2) 

(2c + l)(2c + 3) 
* 

(33) 

2c 

[(6±/?)(&±/?+l)]*C£fc+1„ 
(c ± 7)(c ± 7 - l ) ( - a + 6 + c)(-o + b + c + l)(a + 6 + c + l)(a + 6 + c + 2) 

(2e - l ) (2e + l) 

T 2 c ( c
1

+ 1 ) [ ( c ± 7 ) ( c T 7 + l ) ( - a + i + c + l ) ( a - f t + c)(a + fe-c+l)(a + 6 + c + 2 ) ] i c ; ^ 1
; F 1 

+ 2(c + 1) 
(c =F 7 + l)(c T 7 + 2)(o - 6 + c)(a - b + c + l)(a + b- c)(a + b - c + l) . I 

(2c+l)(2c + 3) CtSgl. (34) 
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8.6.8. Recursion Relations for the Regge Symbols 
Recursion relations for the Regge jR-symbols are very convenient because each relation is equivalent to a 

variety of formally different expressions for the Clebsch-Gordan coefficients. The formulas given below represent 
some recursion relations [86, 103]. In these formulas we use the notation J = £)fc=i #»* = Yli=i #»* = <*+& + £• 

[*n(J+l)I* 
# n #12 #13 
#21 #22 #23 
#31 #32 #33 

+ [#23#32] 

- [#22#33T 
Rn — 1 R12 #13 
#21 R22 ~" 1 #23 
#31 #32 #33 "~ 1 

Rll — 1 J?i2 #13 
#21 #22 #23 ~" 1 
#31 #32 "" 1 #33 

= 0. (35) 

K#ll + l)#2l]* 
#11 + 1 #12 #13 
R21 "" 1 #22 #23 
#31 #32 #33 

+ [(i?13 + l)#23]* 

+ [ ( /?12+l )#22]* 

#11 #12 #13 + 1 
#21 #22 #23 "" 1 
#31 #32 #33 

#11 #12 + 1 #13 
#21 #22 "~ 1 #23 
#31 #32 #33 

= 0. (36) 

[#11#22(J + 1)]* 
#11 #12 #13 
#21 #22 #23 
#31 #32 #33 

— (#22 + #23) [#33] 3 

- [ # 2 3 # 3 l ( # 2 1 + l ) ] * 

#11 — 1 #: 
#21 
#31 

#11 — 1 #12 #13 
i?21 + 1 #22 "" 1 #23 ~~ 1 
R3I — 1 J?32 #33 

12 R 13 
#22 ~" 1 #23 
#32 #33 — 1 I 

= 0 . (37) 

( # 1 1 + # 1 2 + 1) [#22] * 
#11 #12 #13 
#21 #22 #23 
#31 #32 #33 

~ [ # 1 1 # 3 3 ( . / + 1 ) ] * 

+ [#13 (#23 + 1)(#12 + 1)]* 

#11 - 1 #12 #13 
#21 #22 "~ 1 #23 
#31 #32 #33 ~~ 1 

#11 #12 + 1 #13 ~~ 1 
#21 #22 "~ 1 #23 + 1 
#31 #32 #33 

= 0. (38) 

(R22 — #33)[#11#23#32P 

+ (#33 — # l l ) [ # 1 3 # 2 2 # 3 i r 

+ (#11 ~ #22)[#12#21#33P 

#11 — 1 #12 #13 
#21 #22 #23 ' 
#31 #32 "" 1 #33 

#11 #12 #13 — 1 
#21 #22 ~ 1 #23 
R3I — 1 i?32 #33 

#11 #12 ~" 1 #13 
#21 ~~ 1 #22 #23 II = 0 . 
#31 #32 #33 "~ 1 

(39) 
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8.7. SUMS OF PRODUCTS OF THE CLEBSCH-GORDAN COEFFICIENTS 

Sums of products of the vector-addition coefficients are more conveniently represented in terms of the 3/m 
symbols than in terms of the Clebsch-Gordan coefficients, because the Zjm symbols have simpler symmetry 
relations. The sums expressed in terms of the Zjm symbols will be given in Sec. 12.2. Nevertheless the Clebsch-
Gordan coefficients are also widely used. That is why we present the formulas which seem to be most useful 
for sums of products containing the Clebsch-Gordan coefficients. For practical convenience we consider various 
versions of the formulas which differ by permutations of upper and lower arguments. In these formulas we use 
the notation 

n 0 6 . . . < :
= [ ( 2 a + i ) ( 2 6 + i ) - - - ( 2 c + i ) ] i -

8.7.1. Sums Involving One Clebsch-Gordan Coefficient 

a 

£Hr*c-«-« = n > , (2) 
a 

£ ( - 1 ) ^ C2b0[(a + a)!(o - a)!(t + /?)!(*- fl!(c + 7)!(c - 7 ) ! ] " ' = 0 . (3) 

8.7.2. Sums Involving Products of Two Clebsch-Gordan Coefficients 

J2 Calb(3 Clabfi = Scc> * 7 7' > ( 4 ) 

Yl Calb0 CCalb'0> = 7^2 6bb'600> , (5) 
ai lib 

E i - 1 ^ <%» Cc'-Yaa = ("1)C + 1 fr * * *,V - (6) 

E(- 1 ) a + " Cl}«* ^ - v - ft Scc, 6„,, (7) 

E °c,% C = (-1)6"°~7 J$ &cc> «n' • (8) 
ap He 

Yl Calb(3 CZ'b0' = faa' <W » (6) 
cy 

r2 va ua» i - r 2 E nc
 caL, czcl=n6 *.v hr. (io) 

El-1)0"0 n! <E* <£* - IL *».-* w • (") 
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8.7.3. Sums Involving Products of Three ClebschrGordan Coefficients 

22 CZ*bfi Cd6bfi C¥a1* -r *1 1 1 ^ CZf* ] e f d\ ' 
a06 K J ) 

/ICwc-i Cft" °^f¥> - * * " j l - * c"f¥> | e f 4 J * 

a ^ K ' J 

a0* k y ^ 

Er-i^+^r»c^ r»<** r*^ iicdd net \abc\ 
I l) Caabfi °6- /Je# ^aafip ~ ^ " f j G c 7 / * i g / <f f ' 

a06 l i e V ' J 

2 j ( - l ) a " a C ^ a a Cl'$d6 Cj*a_a = ^ I J C /
 C"/*> j e f d \ > 

a$6 J K J J 

^(- l ) 6 ** c ?- / fc7 cd6bfiC%*fv = *i 11^C"f* \e f d) ' 

2^(~l ) a ~ a C£ac_7 C ^ . ^ CtZ/r = *i I I M ^ / p 1 e f d f ' 

where #d = (-l)>+«+<*+/, K2 = (-l)«+*+«+'. 

8.7.4. Sums Involving Products of Four Clebsch-Gordan Coefficients 

^bfia ^e*f<p ^e*b0 ^f^a 

(cba) 
ZZ Cbpc-nCttf-v^e*0™!* = ( - l ) H e " a I J ^ y E C O T V M C i ? a « \ f ' d > , 

Pi*v htc y j g k J 

c 7 C7 e , e , a-6+ - ' 2 Jbc { C 6 " 1 
2 ^ ^ J a a C°fl>3H CWM Cf%d6 = ( - 1 ) " + ' \ \ c e 2^, Cg*jn Cd6aa \ f e d ) » 

0T<P kK ( j g k J 

Ees*c*.qg,,<#C7 = (-i)-+--'n EM)'""<feess-1/' '). 

E eg.-. <&-• ctU-0 c&_, = (-!)»—•-+• n EC-M^« I / • 1}. 
07«*> AB#C I j g k J 
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{ c b a 
ft d 
j g k 

a b c 

22 CWa C"f<P C'%n Cfljn " I J iibcdk C™'i* CM*« \ d e f ( » 
0i*v kK [k g j 

E c5fc-7 # / - , <£»-# <&-, - n r «-«+>+«-"n^ E <&-, ess.. I / ! 5 
^7«¥> ** [j g k 

{ c b a 
fed 
j 9 k 

{ c b a 1 
/ e d | 
y 0 * j 

c 6 a 
E (-i)-**-• CCM css/r cfl, e f t , = (_i)*w—' JT £ C - M c&„. / • <* 

0i«*> fcic I i' g k 
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(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

8.7.5. Sums Involving Products of the Clebsch-Gordan Coefficients and One 6/ Symbol 

/-si-1)2' n.cd
 CS« ^ / ^ \ e f & f = ^aabfi Caif<p • (3 1) 

2^(-l) c + + 11^ C€faa C^C1 1 / «J e J = ^Ifc/J ^Ib/J i 

D i\2e-<*+<»+^TT ynrci wvy J C / 0 l - ^ ^ o , 

^ l l a e °/-¥>*M* °e#«-« 1 j e fl J - ^&0<i* ̂ fipdS > 
C7 ^ ' 

D i \ C + d - 0 - * > T T 2 y^C7 ^C7 / a b C \ _ /-Ktf • * « 

x> l i d aafe* ° / - ^ * 1 c / d J "" a a / * ° 6 -***> 
c*i \ J ) 

Yl^1^ ILf Cal&/? CfUl I c / d | = C ^ °"«/* ' 

Z^C""1) C l l c /
 Cb0d6 Cllfv 1 d C / J C ^ a a ^ ^ ' 

D *\9+d-0ll-cdd net net J O t C 1 ^ ^ 
""^ J j " °aad/9 W i W \ e f d ) ~ ^b'^' U««f<P > 

D | \2el locc /nr6̂  r̂̂ ct J C f 0 I _ ^,e# ^ ^ XJ J | °/v?c7 °C7aa j j e fl J - W*6/J °/¥><W * 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 
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8.7.6. Sums Involving Products of the Clebsch-Gordan Coefficients and One 9j Symbol 

f c b a ) 
/ L I!. .*,. , C^Pe1

 C<mJ» CMoa \ f e d ) = Cf*iV CVtbfi Cfvci • ( 3 9 ) 

EIL* c™« ̂  ^ ' e d r c5L* c"^ c ^ • (40) 

' -i I (cba) 
El-1)"'-" HI, <*/-* C&.CJ/, { / « * [ - C&. C-?,_, Cfc_7 , (41) 

£ H ) » ' - r - ' I J ^ ofc_7 <£,„ <5&. / e d = (£,_„ C ^ Cfa,, (42) 
ad ( j g k ) 

(ll<Wj»Cfl rri 
c J a 

£ ( ^ W W ± 1 M M C^V_M%,„ Cft,, { / . <f } - Cfc_, C&, C&. . (43) 
0J n* y gf A; 

Sums of larger numbers of the, Clejjsch-GQrdan coefficients mayl^e obtained from the above equations using 
the orthogonality relation (Eq. 8.1(B)). > 

8.7.7. Some Additional Sums of Products of Two Clebsch-Gordan Coefficients 

We note also tfo'me other iuihs of products of the uletsch-Gbrdan coefficients. The first two suma, obtained 
by Morgan [136], are written as 

„_n (2/' - 1)(2/ - 2V + 2J + 1) r l 0 | , + / 0 ) ~ 2J + 1 ' i 4 4 J 

and 

£ (i^Ti." iT+3 2F+l)?i-2^ + 2J|+1 (pw{+>o°) = 0 - <45) 
In these equations l,l'tJ are integers. 

Din proved the following identity [134] 

K + l 

H c - 6 i t ( , + 1 , ~ ° t a + - V )"j 
(46) 

where a, 6, c are non-negative integers, with a + 6 + c odd, which satisfy the triangular condition 

| c - 6 | < ^ < c * f & . 

The sum runs only over values of t for which the Clebsch-Gordan coefficient does not vanish. Dunlop and Judd 
[135] give the following relation 

2^camkoccU_mkQ-(-i) V^'i)i(j,4t+i)i' <47> 

which is valid for a — c > |Af |. 
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8,8. G E N E R A T I N G F U N C T I O N S 
The Clebsch-Gordan coefficients may be generated by expansions of some functions in power series or finite 
sums. Below we present several generating functions. In these relations J s a 4- 6 -f c. 

8,8.1. Regge Determinant to Power J 

Ui U2 U3 
*>1 »2 V$ 

Wi XV2 W$ Rik 

R%i #I-Ria # l 3 R3i „Ri2 #1H3i #, J* JI # l lfl53 . . .#* 
"l U 2 u 3 **! v2 v3 wl w2 w„ 

[i2ll!jRl2!iZi3!«R2l!-R22'^23!-R3l!^32!JR33!]a (1) 
Rn R12 R\3 
•#21 -R22 # 2 3 
# 3 1 # 3 2 # 3 3 

(Regge [94], Shelepin [106]). Here R^k are the elements of the i?-symbol (see Sec. 8.1.3). The iE-symbols and 
the Clebsch-Gordan coefficients are related by Eqs. 8.1(14) and 8.1(11). 

8.8.2. P roduc t s of Binomials 

{h-*)'-*>(*-*)'-**(*-h) \J-2b 

E (-ir*--1 ( J + 1)!(J - 2a)l(J - 2b)\(J - 2c)l 
2c+ 1 

[(a + a)!(a - a)!(6 + £)!(& - fi)\{e + -y)!(c - 7)»1* " " ^ ' 

<*,/?,7 
a+0+7=O 

-*C—7 (2) 

(V\U2 — U1V2) C (^lV2 — W2V1) a{uiW2 — W1U2) iJ-2b 

( J + 1)!(J - 2a)I(J--26)l(J - 2c)!] 
2c + 1 E (-1)-*-7 

a+fi+n-0 

ur°«s+ot>?~'«S+'wr7»s+7 
- 7 

[(a + a)!(a - a)!(ft + /9)!(6 - 0)!(c + 7)!(c - 7)!]* " * 

8.8.3. Exponential Function 

(3) 

exp{x!(t2 - t3) + x2(i3 - *i) + z3(ti - t2)} 

I XJ Zl g 2 x 3 H l2 H ^c-7 
a,M

 A ( a 6 c ) [(2c + l)(a + a)!(a^a)!(6 + ^)!(6^^)!(c + 7)Kc-7) ! ]* " * ' 
a.V»7 

where A(abc) is given by Eq. 8.2(1). 

8.8.4. Hyper geometric Function 

W 

(J-26)l(c + 7)l(2c + l) 
( J -2a ) ! ( J -2c ) ! ( c -7 ) ! ( J+ l ) ! j 

( « - l ) J - 2 e 

( a - 6 + 7)! 
F(7 - c, a - 6 - c; a - b + 7 + 1; t) 

= y />C7 
^ aa6 /?[(a + a ) ! (a~a) ! ( i + i9)!(6-y9)!]i 

<*+0=7 
(Akim and Levin [46]) (5) 

file:///J-2b
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8.8.5. Wigner D-Function 

(2c + l) 1 % / „ » = V r-H»+"r^ (coaf) ( s in f ) 
( J + l ) ! ( J - 2 e ) l J * " ' U £ < ' aa6> [(a+ a) ! (a-a) ! (6 + /?)!(6-/?)!]*' 

where a - 6 = V, |a — 6| < c < a 4- 6. 

8.8.6. Generating Function for the Coefficients C ^ w 

(6) 

1 + u2 + v3 + it;' = £H) a - 6 

a6c 

(■y+ i ) 
:2c + l 

* 
°«Q60 

u J - 2 a | ; J - 2 6 u ; / - 2 c 

[ ( J - 2 a ) ! ( J - 2 6 ) ! ( J - 2 c ) ! ] * 
(Schwinger(lOl)) (7) 

8.9. CLASSICAL LIMIT A N D ASYMPTOTIC EXPRESSIONS FOR 
THE CLEBSCH-GORDAN COEFFICIENTS 

Asymptotic expressions permit us to simplify calculations of the Clebsch-Gordan coefficients. Note that these 
expressions appear to be accurate even if the arguments Jure not very large. 

8.9.1. Asymptotic Expressions for a, c > 6 

where £ = c — a, t? is the angle between the momentum c and the z axis, 

cos 

This formula was obtained by Edmonds [64], Brussard and Tolhock [60]. In particular, 

^ w « n ( c o s t f ) , 

<S&O*(±I)* . 

(1) 

(2) 

(3) 

(5) 

(6) 

(7) 

(8) 
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If a, c >• 6 2> 1 one can use in Eq. (1) the asymptotic expressions for the Wigner D-function (Eqs. 4.18(1)-
4.18(4)). Then the Clebsch-Gordan coefficients may be represented in the form 

Cf - 1 V * - ' 
aab& » 

( - i ) 2 (6+ fl!(6-£ + ! ) ! ] * cos[(26 + l ) f - f ( / 9 - 5 + §)] 
(/?-*)! [x (6 + 5)1(6-5)! J V^Ttf 

tf0>*,£>O, 

2 (6 + 5)!(6-g + l ) ! l ' co« [(26+ l ) § - f ( f i - £ + *)] 

if 6>P,5>0. 

(9) 

(10) 

8.9.2. Asymptot ic Expressions for o, 6, c, 7 » a + 6 - if 

^ W « ( - l ) ( a - 6 - a ) ! 

b - " r ( 2 c + l ) ( a - 6 + c)!(a-a)!(6 + /9)!(c-7)!(c + 7)! 1 * 
(0 + 6 - c)!(-a + 6 + c)\(a + 6 + c + l)!(o + a)!(6 - £)! J * 
(Akim and Levin [46]). 

(11) 

8.9.3. Semiclassical Formulas for a,6, c > 1 

°Zbfi « ( - l ) 2 6 + c + 7 + 1 y ~ ^ cos [y^! + £ 0 3 + **3 " m 2 ^ + mi<p2 + J ] , 

(Ponzano and Regge [89]), where 

1 . , 1 1 
Ji = <* + - » 2̂ = &+2>:?3 = c + - , rr*i = a , rr^^p, m3 = - 7 , 

1 
16 

0 
3?-mi 
3'i - ml 

1 

i? - mf 
0 

3'i -ml 
1 

J'l - m 2 
:?! - m f 

0 
1 

1 
1 
1 
0 

If mi = 77*2 = m$ = 0, Eq. (14) reduces to 

5 3 = M a + 6 + c + 0 ( _ a + 6 + c + 0 ( a - 6 + c + 0 ( a + 6 - c + 0 • 
cos 8i 

2j?ml + mi{j?-jZ + jf) 

COS <Pi = 
1 J? - 3k - 3? - 2mkmi 

(12) 

(13) 

(14) 

(15) 

(16) 

2V(3Z-ml)(j?-m?)-
Indices »,fc, / in (16) are those which may be obtained by cyclic permutation of 1,2,3. The quantities which 
enter Eqs. (14)-(16) have a simple geometrical interpretation. Three momenta j \ = a + | tj2 = b 4- § and 
y3 = c •+- I form a triangle oriented in space in such a manner that the projections of its sides on the z axis are 
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equal to mi, ma and m3, respectively (Fig. 8.1). S is an area of the triangle projection onto the (4 y)-plane. 
Let us construct a trihedral prism whose pidelong edges are parallel to the * axis and one of the crttts sections 
coincides with the oriented triangle. Then 6+ is the angle between the normals to the planes adjacent to the 
edge ft. The angles fPi are shown in £Tig $A . 

In particular, if a = fi = 7 » 0, we get 0X = $2 =* *$ = */2. 

CcO 
o060 * ( - l ) 

"1+(-!)<*»-' 1 IE±k (17) 

Equations (12)-(17) are valid, if S2 > 0. 

A=*+i 

/,=»++ 

Fig. 8.1. Geometric interpretation of the parameter* in the asymptotic relation Eq. 8.9(12). 

More accurate expressions valid not only for S3 > 0 but also if S2 < 0 or S2 » 0 were obtained by Schulten 
and Gordon [140]. In the case of S2 > Q they derived 

f cos n0i4»(-Z).- sinfi0B»(-Z), if fl - 0 0 < 0, 
X 1 cos Q0Bi{-Z) - sin flbAt(-2), if 0 - n0 > 0 , (18a) 

while for S2 < 0 

( cosn0i4t(Z)-sinn0Bt(Z), if f ) - n o < 0 , 
1 cos n0Bi(Z) - sin ilQAi{Z\, if 0 - O0 > 0. 

In these equations Ai(Z) and Bt(Z) are the Airy functions 

z=(||n-no|) , 

fi = 3ih + J2O2 + Jŝ s —ma<pi.+ m ^ , 

(18b) 
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9\ ' and <p\ ' being determined by the relations 

* \w if w/2<Re6i < w, 

(0 ) _ J 0 if 0 < Re 99f- < TT/2 , 
^* ~ \ TT if TT/2 < Re v?i < v. 

8.9.4. Squares of the Clebsch-Gordan Coefficients in the Classical Limit 

According to Sec. 8.1.1 the square of a Clebsch-Gordan coefficient represents the probability of the coupling 
of two angular momenta j x and j 2 with projections mi and m2 into the resultant angular momentum j with i 
projection m. On the other hand, the same square is equal to the probability that the momenta j i and j 2 

coupled into the momentum j with the projection m have the projections mi and m2, respectively. Let us 
consider the square of the Clebsch-Gordan coefficients in the classical limit [60]. 

If the vector j as well as the magnitudes of ji and y2 are given, the possible positions of the end of the 
vector j i form a circle (Fig. 8.2). The probability in question is proportional to the length of the circle arc 
confined between the planes z = mi and z — m2. In the classical limit (for ji,J2,j >• 1) this probability may 
be expressed by 

(Cy^t** , )2 - n r i - w + J 2 < + y 4 ) + 2 { i l i l + j ! j 2 + j l f ) - ^ m 2 m + j l m i m " >' 2 m i m 2 »"* • <M* 

Equation (19) is valid only on the average, because if ji, j*z and j are large, even fairly minor relative variations 
of these quantities lead to rapid oscillations of the Clebsch-Gordan coefficients (See Eq. 8.9(12)). When 
mi = m2 = m = 0 and j \ -f- y2 — j is even, one has 

CS.A0 « ("I) 
21+21 -V^i-w x4 + & + J4) + 2(y?;| + Jh2 + Jh2)\ 

- 1 
4 (20) 

~y 

Fig. 8.2. Addition of angular momenta in the classical limit. 
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8.10. ZEROS OF THE VECTOR-ADDITION COEFFICDENTS 
A Clebsch-Gordan coefficient C ^ t , and associated Zjm symbol I o _ ) vanish unless triangular conditions 
are satisfied (Eqs. 8.1(1) and 8.1(2)). However, there ejrist nontrivial cases when the Clebsch-Gordan coefficients 
are equal to sero although the triangular conditions are fulfilled. This leads to some additional selection rules 
which forbid the quantum transitions whose amplitudes are proportional to the appropriate Clebsch-Gordan 
coefficients. Here we point out the most important relations between the arguments for which the Clebsch-
Gordan coefficients vanish. 

(») C$K = 0,ii J s a + b + c in odd; 
(b) C2o« = 0,<7~ae7 = 0,C^o_a = O.if J = 2a + c is odd; 
(c)^7i££U = 0,iijVodd; 

(•)CESr-0*f--■.*; 
(f) C£$ = 0 if a(* +1) - 6(6 +1) =* (a - 0)e, in particular 

ess; a* o. 
(g) CZ»-x = 0 if *(a +1) - e{e + 1) = -(<*,+ 7)6p in particular, 

Below we list particular Zjm symbols with J = a + b + c<17 which vanish in nontrivial cases. They are 
arranged in the order of increasing J and a < b < er Roots of other Zjm symbols may be obtained by the 
use of the simplest symmetry properties of the Zjm symbols, concerned with the permutations of momenta 
a, b, c and sign changes of the projections a, 0,7 {see Ef s. 8.4(5) and 8<4(&))* Hence, any Zjm symbol from the 
table given below generally represents 12 formally different versions of the $jm symbols or the Clebsch-Gordan 
coefficients which are equal to sero. One should bear in mind .that tjke Zjm symbols and the Clebsch-Gordan 
coefficients are related by (see Sec. 8.1.2) 

fab e\ / ^a^b+f 1 fir, 

8.11. CONNECTION OP THE CLEBSCH-GORDAN COEFFICIENTS AND THE 
Zjm SYMBOLS WITH ANALOGOUS FUNCTIONS OF OTHER AUTHORS 

SJl32 

; > » i m i 

<&*(«»»*) 
X[J9rniJi>J2t™i) 
C(jm;mim2) 
m i m j t n 

C{jiJ2J,mim2) 
f Ji h j 1 
LWll ^*2 m\ 

Wigner[43j, 
Eckart [15], 
VanderWaerden [40], 
Condon and Shortley [10], 
Fock [68], 
Boys [59], 
Blatt and Weisskopf [7], 
Biedenharn [115], 
Rose [30], 

Yutsis and Bandsaitis [45], 

I 0iminima | {jxj^jm) - Fano [66]. 
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J = 3 

J = 5 

J = 7 

( M 1 V 
\0 0 0/ 
/ l 2 2\ /3/2 3/2 2 \ 
\0 0 0/ • \ l / 2 1/2 - 1 / ' 
/ l 3 3\ /2 2 3\ /2 2 3 \ / 2 5/2 5/2\ 
U 0 OJ * \0 0 0/' \1 1 - 2 / * \ - i 1/2 1/2/ * 

J - 8 f23 M f3/23 7/M 
\0 2 - 2 / * \ l / 2 1 - 3 / 2 / * 
/I 4 4\ /2 3 4\ /3 3 3\ /3 3 3 \ 

J ~ 9 Vo o oj* loo or \o o oJ* d i —2j' 
/ 2 7/2 7/2\ /5/2 3 7//2\ /5/2 5/2 4 \ /5/2 5/2 4 \ 
V - l 1/2 1/2/' \3/2 0 -3 /2 /* \ l / 2 1/2 — 1 / ' U/2 3/2 - 3 / * 

/ l 5 5\ /2 4 5\ /2 4 5 \ /3 3 5\ /3 3 5 \ /3 3 5 \ 
\0 0 0 / ' VO 0 0 / ' VI 2 - 3 / * \0 0 0 / f \ i 1 - 2 / ' \2 2 - 4 / * 
/3 4 4\ / 3 4 4\ / 2 9/2 9/2\ /3 7/2 9/2 \ /7/2 7/2 4 \ 
l o o o j ' V—2 1 1/* V - l 1/2 1/2/' \2 1/2 - 5 / 2 / ' U/2 1/2 - 1 / ' 

J = l l 

(7/2 7/2 4 \ /3/2 9/2 5 \ /5/2 4 9 /2^ 
!/ ' Vl/2 3 —7 

J = 13 

/7/2 7/2 4 \ /3 
U/2 3/2 - 3 / * Vl/2 3/2 -2J * \l/2 3 -7/2J ' 
/ l 6 6\ /2 5 6\ /3 4 6\ /3 5 5\ / 3 5 5\ /4 4 5\ 
VO 0 0/ * VO 0 0/ ' VO 0 0/ * VO 0 0/ ' V-2 1 1 / ' VO 0 0/ * 
/ 4 4 5 \ /4 4 5 \ 11 11/2 11/2N /7/2 9/2 5 \ /7/2 4 11/2 \ 
VI 1 - 2 / ' \2 2 - 4 / ' V - l 1/2 1/2 / ' U/2 - 1 / 2 - 2 / * U/2 1 - 7 / 2 / ' 
/ 4 9/2 9/2\ / 4 9/2 9/2\ /7/2 7/2 6 \ /7/2 7/2 6 \ /7/2 7/2 6 \ 
V-l 1/2 1/2/ ' V-3 3/2 3/2/ * U/2 1/2 - 1 / ' U/2 3/2 - 3 / ' U/2 5/2 - 5 / * 

_ / 3 5 6\ /3 5 6 \ /3 5 6 \ /4 4 6 \ / 4 5 5 \ M 5 5 \ 
F - 1 4 (i _ i oJ' b 1 - 3 / * VI 4 - 5 / ' VO 2 - 2 / * \t 3 —4/* \2 1 - 3 / ' 

/3 9/2 13/2 \ /5/2 5 13/2 \ /5/2 5 13/2 \ /4 9/2 11/2 \ /3/2 6 13/2 \ /5/2 U/2 6 \ 
VI 3/2 - 5 / 2 / ' Vl/2 1 - 3 / 2 / ' U/2 3 - 9 / 2 / * VO 7/2 - 7 / 2 / ' U/2 2 - 5 / 2 / ' U/2 1/2 - 2 / ' 
/ l 7 7\ 12 6 7\ /2 6 7 \ /3 5 7\ /3 6 6\ /3 6 6 \ / 3 6 6\ 

1 V0 0 0/1 V0 0 0/' 113-4 /* VOOO/' VOOOr V0 5 - 5 / f \—2 1 1/* 
/4 5 6\ /4 5 6 \ M 4 7\ /4 4 7 \ / 4 4 7 \ /4 4 7 \ /5 5 5\ 
VO 0 0/ * V3 0 - 3 / * VO 0 0 / f VI 1 - 2 / f V2 2 - 4 / * U 3 - 6 / f VO 0 0/ ' 
/5 5 5 \ /5 5 5 \ / 2 13/2 13/2\ /4 9/2 13/2 \ / 4 11/2 11 /2\ / 4 11/2 U/2\ 
VI 1 - 2 / * V2 2 - 4 / ' V - l 1/2 1/2/* 13 3 / 2 - 9 / 2 / ' \ - i 1/2 1 / 2 / ' V-3 3/2 3 / 2 / ' 
/9/2 5 11/2 \ /9/2 9/2 6 \ /9/2 9/2 6 \ /9/2 9/2 6 \ 
V3/2 0 - 3 / 2 / * U/2 1/2 —1/ f V3/2 3/2 - 3 / * U/2 5/2 - 5 / * 
/ l 8 8\ /2 7 8\ /3 6 8\ /3 6 8 \ /3 7 7\ / 3 7 7\ /4 5 8\ /4 6 7\ 

f""17 VOOO/' 10 0 0/' 10 0 0;' V2 4 - 6 / ' \Q 0 0/ * 1—2 1 1/' U 0 0/ f U 0 0/' 
/5 5 7\ /5 5 7 \ / 5 5 7 \ /5 5 7 \ /5 6 6\ / 5 6 6\ / 5 6 6\ 
VO 0 0/f U 1 - 2 / * U 2 - 4 / ' U 3 - 6 / f U 0 oJ' V-2 1 i)9 V-4 2 2/' 
/ 2 15/2 15/2\ /3 13/2 15/2 \ / 4 13/2 13/2X / 4 13/2 13/2\ /5 U/2 13/2 \ /7/2 6 15/2 \ 
V - l 1/2 1/2/* V2 3/2 - 7 / 2 / * \ - l 1/2 1 /2 / 1 V - 3 3/2 3/2 J1 \2 1/2 - 5 / 2 / * U/2 5 - 1 3 / 2 / * 1/2 

13/2\ / 9/2 6 13/2\ /U/2 U/2 6 \ (11/2 U/2 6 \ /it/2 U/2 6 \ /9/2 U/2 7 \ 
5 9/2/' 1-7/2 1 5/2,/' U/2 1 /2-1/ ' U/2 3 / 2 - 3 / ' V5/2 5 /2 -5 / ' U/2 1/2-4/ ' 

/9/2 6 
U/2 -
/3/2 15/2 8 \ /9/2 9/2 8 \ /9/2 9/2 8 \ /9/2 9/2 8 \ /9/2 9/2 8 \ /9/2 5 15/2 \ 
Vl/2 5/2 - 3 / ' U/2 1/2 -1J ' U/2 3/2 - 3 / ' U/2 5/2 - 5 / ' U/2 7/2 - 7 / ' U/2 2 -11/2/ * 
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- Racah [91], 
- Fano and Racah [18], 
- Landau and Lifshitz [25], 
- Fano [66], 
- Schwinger [101], 
- Lubarskii [26], 
- Sharp [102]. 

8.12, ALGEBRAIC TABLES OF THE CLEBSCH-GORDAN COEFFICIENTS 
Below we present tables of algebraic formulas for the Clebsch-Gordan coefficients C^60 w * t n ^ = V ^ J *> 3/2,2, 
5/2,3,7/2,4,9/2,5. If 6 = 3,7/2,4,9/2,5, we give C^b0 with p > 0, while C^ 6 / ? with P < 0 may be obtained 
from the symmetry property 

/OfC7 _ _ / 1 \ a + 6 - c inrC-7 

The algebraic tables of the Clebsch-Gordan coefficients are also available in Ref. [10] for 6 = 1/2,1,3/2,2; 
in Ref. [121, 125] for 6 = 5/2; in Refs. [117, 130] with 6 = 3; and in Ref. [126] with 6 = 7/2,4,9/2,5. 

8.13. NUMERICAL TABLES OF THE CLEBSCH-GORDAN COEFFICIENTS 
In Table 8.11 we present numerical values of the Clebsch-Gordan coefficients for a, 6,c < 3. These values 
are given in the form of square roots of rational fractions and in decimals. The Clebsch-Gordan coefficients 
are separated into groups with respect to the values of c. The arguments a, a, 6,£ for the Clebsch-Gordan 
coefficients given in Table 8.11 satisfy the inequalities (a) a > 6, a > 0; (b) a > 0 for a = 6. Other Clebsch-
Gordan coefficients with a, 6, c < 3 may be reduced to those in Table 8.11 by the use of the symmetry properties 

Uaab0 - (~~l) ^b0aa ~ l~ 1 i Ua-ab-0 — ^b-0a-a ' 

Numerical values of the Clebsch-Gordan coefficients are also given in Refs. [126, 127]. Reference [127] 
presents the Clebsch-Gordan coefficients for | < a < 4, | < 6, c < 9/2 in decimals. Reference [126] gives the 
Clebsch-Gordan coefficients for ~ < 6 < 6, a = 5,11/2,6 in the form of rational fractions. Numerical values of 
the Zjm symbols are also available in Ref. [113]. 

/ ;'i 32. h \ _ 
y mi rr\2 m$ J 

( {-l)~n^2^3iV{j1j2j3imim2m3) 
(_l)-ji+i2+y3y(yj2y3) m i m 2 m 3 ) 

{-l)jl^^ji(j\muj2m2ij3mz | 0) 
X{ji32J3, rnim2m3) 
{-i)h'MhU{jlj2mlm2 | h - m3) 

I Uihte) 



Tables 8.1. — 8.10. Algebraic Formulas for the Clebsch-Gordan Coefficients. 

a + 1/2 

a —1/2 

Table 8.1. Table 8.2. 

? = i/2 

"L 2c+ 2 J 

! = —1/2 

f-c + 7 + 17A 
L 2c + 2 J 

c 

* + l 

n — 1 

P = l 

r(c + T - D ( c + if)7/. 
L (2c-l)2c J 

r(cH-Tf)(c —Tf + i) nr/. 
L 2c(c + l) J 

n c - T + i K c - n - O T , 
L (2c + 2) (2c + 3) J 

aal0 

p=o 

T (c + t)(c-t) 7A 
L (2c - 1) c J 

[c(c + l)]'/> 

L (c + l)(2c + 3) J 

(3 = - l 

[ 

" (c — If — l ) (c — Tf)" 
(2c — 1) 2c j 

= (c + 7 + l ) ( e - 7 ) " 
L 2c (c + 1) J 
(c + 7 + 2) (c + 7 + 

(2c-j-2) ( 2 c + 3) 

'A 

72 

1)7/. 

Table 8.3. 
-.C7 

f* 
3 = 3/2 :i/2 48 = — 1 / 2 § 

I 

o 

A + 3/2 

o + l/2 

a— 1/2 

a—3/2 

a + 3/2 

« + l/2 

a—1/2 

a - 3/2 

(c + -r ~ 2) (c + T - l ) ( c + T ) l / 2 r _ 
L (2c —2) (2c —1) 2c 

]' 
T3 (c + 7 — 1) (c + if) (c — 7 + 1) T/' 
L ( 2 c - 1 ) 2c (2c+ 2) J 
T3 (c + Tf) (c — T + 1) (c — T + 2)-f/» 
L 2c (2c + 2) (2c + 3) j 

r ( c - T + l ) ( c - T + 2 ) ( c - T + 3) 7/» 
L (2c + 2) (2c + 3) (2c + 4) J 

Table 8.3. (Cont) 

3 = -3 /2 

r ( c - T - 2 ) ( c - 7 - l ) ( c - V 
[ (2c —2) (2c —1) 2c 

r3(c + 7 + l ) ( c - T - l ) ( c - T ) 
L ( 2 c - 1 ) 2c (2c+ 2) 
•3(c + 7 + l)(c + 7 + 2 ) ( c - T ) ' 

2c (2c + 2) (2c + 3) 
"(c + T + l)(g + T + 2)(c + T+3)' 
. (2c+ 2) (2c+ 3) (2c+ 4) , 

a + 2 

o + l 

o 

o — l 

o - 2 

P 3 (c + T — 1) (c + T) (c — T) 7/» 
L (2c - 2) ( 2 c - 1 ) 2c J 

r c + 7 7/, 
- 3 7 + 1 ) [ ( 2 C —l)2c(2c + 2)J 

r c — 7 + 1 7/2 

"'" 3 T ) \2C (2c + 2) (2c + 3) J 

I 
(c "'" " " l_2c (2c -f- 2) (2c -f 3) 

3(c + T + l ) ( c - T + i ) ( c - T + 2) 
(2c 4- 2) (2c + 3) (2c 4 A) 

•3(c + T ) ( c - T - l ) ( c - T ) 
(2c —2) (2c —1) 2c 

c —7 
(c + 3 7 + l) 

- ( c - 3 7 ) 

"P 

L (2c —1) 2c (2c + 2 ) 
c + 7 + 1 

2c (2c + 2) (2c + 

■l" 
]'• 

i(c + T + l ) (c + 7 + 2 ) ( c - T + l) 
(2c + 2) (2c + 3) (2c + 4) T 

Table 8.4. 
r c 7 

<KX20 

3 = 2 . 3 = 1 

-[ 

(c + 7 - 3) (c + T - 2) (c + 7 - 1) (c + 7)7/:. 
(2c —3) (2c —2) (2c —1) 2c j 

(c + 7 - 2 ) ( c + 7 - l ) ( c + 7 ) ( c - 7 + l)1'A 
(2c — 2) (2c — l ) c ( c + l) 

T3 (c + 7 - 1) (c + 7) (c - 7 + 1) (c - 7 + 2)l'Aj 
L 2 ( 2 c - l ) c ( c + l ) ( 2 c + 3) 

r ( c + 7 ) ( c - f - M ) ( c - T + 2 ) ( c - 7 + 3)7A 
L c(c + l)(2c + 3)(2c + 4) 

( c - 7 + l ) ( c - 7 + 2 ) ( c - 7 + 3 ) ( c - 7 + 4)-
( 2 c + 2) (2c+ 3) (2c+ 4) ( 2 c + 5) 

? (c + 7 - 2 ) ( c + 7 - l ) ( c + 7 ) ( c - 7 ) 
(2c —3)(c —1) (2c — l ) c 

,, 9 , n f (c + 7 - l ) ( c + 7) T> -(c - -7 + 1) I ( 2 c _ 2) (2c - 1) c (c + 1)J 
; i ( c + 7 ) ( c - 7 + l) 7A 

l ) c ( c + l ) ( 2 c + 3) J 
( c - 7 + l ) ( c - 7 + 2 ) 

(1 - 27) r_i 
|_ 2 (2c 

w[; J" ( c + * " L c (c + 1) (2c + 3) (2c + 4)j 
[-(c+7 + l ) ( c - 7 + l ) ( c - 7 + 2 ) ( c - 7 + 3 7 / , 
I (c + l)(2c + 3)(c + 2)(2c + 5) J 



Table 8.4. (Cbnt.) 

a + 2 

a+1 

a - \ 

]" 
1 = 0 

r 3(c + 7 - l ) ( c + t)(c-t-i){e—i) 
L ( 2 c - 3 ) (2c — 2) (2c — l ) c 

f 3 ( C + T ) ( C - T ) II, 
T L ( c - l ) ( 2 c - l ) c ( c + l ) J 

3 1 ( 2 - C ( C + 1 ) 

[ ( 2 e - l ) e ( e + l)(2c + 3)],/» 
r 3 ( c + 7 + l ) ( c - 7 + l ) 7 / , 

T f Lc(c+ l ) (2c + 3)(c + 2)J 
'3(e + T + l)(c + T + 2 ) ( c - T + l ) ( c -T+2) -r / . 

(c + 1) (2c + 3) (2c + 4 ) (2c + 5) J 

p = - l 

r ( c 4 - T ) ( c - 7 - 2 ) ( c - T - l ) ( c - 7 n / , 
L ( 2 c - 3 ) ( c - l ) ( 2 c - l ) c J 

(C + 2 T 4 - 1 ) L ( 2 C - 2 ) ( 2 , 

(2T + «»[■ 
ic — l ) c ( c + l) 

3 ( e 4 - T 4 - l ) ( c - 1 f ) 
2 (2c - 1) c (c + 1) (2c + 3) 

- ( c - 2 7 ) (c + T + l ) (e + T + 2) 7/. 
c ( c + i ) ( 2 c + 3 ) (2c+4)J 

(c + 7 + l ) ( c + 7 + 2 ) ( c + 7 + 3 ) ( c - 7 + l)7/: 
( c + l ) ( 2 c + 3)(c f 2 ) ( 2 c + 5 ) 

Table 8.5. 
Ccys 

p — 2 

(c - T - 3 ) ( c - T - 2 ) ( c - f - l ) ( c - T ) 7 / . J" (2c — 3) (2c — 2) (2c — 1) 2c 
:(c + T + l ) ( c - 1 T - 2 ) ( c - - t - l ) ( c - T ) 7 / . 

(2c — 2) (2c — l ) c ( c + l) J 
:3(c + T 4 - l ) ( c 4 - T + 2 ) ( c - T - l ) ( c - i f ) 7 / » 

2 (2c — l ) c ( c + l ) ( 2 c + 3) J 
r(c + T + l ) ( c + T + 2)(< + T + 3 ) ( c - 7 ) 7 / ' 
L c (c + 1) ( 2 c + 3 ) ( 2 c + 4) J 
• (c+7 + l ) (c + 7 + 2)(c + 7 + 3)(c + T + 4 ) 7 / , 

(2c + 2) (2c + 3) (2c + 4) (2c + 5) J 

? 
3 

I 

3 

p = 5/2 R=3/2 

a + 5 / 2 

a + 3/2 

a + 1 / 2 

a - 1 / 2 

a —3/2 

a —5/2 

(c + T) ! (2c - 5) ! 

p(c 
I" L(c + T f - 5 ) ! ( 2 c ) ! 

- - T ) l ( c - T + l ) ( 2 c + l ) ( 2 c - 4)17/, 

I" 
(c + T - 4 ) ! ( 2 c + 2)! 
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HO (c + 7)! (c - 7 + 3) 1 (2c + 1) (2c - 2) 17/. 
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1
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c
(2;|)1!
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(c + 5T + l) 
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L(c + t - 2 ) ! ( c - T - 3 ) ! ( 2 c ) l J 

2 (c + 7) (c - 7) ! (2c + 1) (2c - 4) 17/, [? ]" 
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9 / Q 10 J . 11 # 4w • . » r ( c - T ) ( 2 c + D(2c-3)»7/« 2{3Tf(2t + l) —(c—7 —l) (c — i + 1)}^ ( 2 e 4 3) | J 

(c + 7 + 1) (2c 4 1) ( 2 c - 2 ) 17/, 
<2* + 4)t J 

, r 2 ( c + T + 2 ) l ( c - 7 + l)(2c + l ) ( 2 c - l ) l 7 / , 
( C - 5 T ) L (C + 7 ) I ( 2 C + 5 ) I J 
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[ (c + T)!(c-T)l(2c + 6)l 
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3 = - 3 / 2 

5 (c + ^(c-i)l (2c-5) 

(3c 

I- 5(c + T ) ( c - T ) l ( 2 e - 5 ) l "]/. 
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Quantum Theory of Angular Momentum 

Table 8.11. 

Numerical Values of the Oebsch-Gordan Coefficients. 
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1/2 
1/2 

3 
2 
2 
1 
1 
1 
0 
0 

3 
3 
2 
2 
1 
1 
0 

a 

1 
1 
0 

■3/2 
1/2 1 

b 

1 
1 
1 • 

2 
2 
2 
2 
2 

3/2 
3/2 
3/2 
3/2 
3/2 
3/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

2 
2 
2 
2 
2 
2 
2 
2 

3 
3 
3 
3 
3 
3 1 
3 

b j 

1/2 1 
1/2 
1/2 

0 
0 

P 

—1 
1 
0 

- 1 
- 2 

0 

0 

- 3 / 2 
- 1 / 2 
—3/2 

1/2 
- 1 / 2 
—3/2 

- 3 / 2 
—5/2 
- 1 / 2 
—3/2 

1/2 
- 1 / 2 

—2 
—1 
—2 

0 
—1 
- 2 

1 
0 

- 2 
—3 
—1 
—2 

0 j 
—1 

0 

8 

1/2 
- 1 / 2 

1/2 

0 
0 
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r»l«+P 

V3/275 
I/V2T5 

—V2JS 

l/t/5" 

—V3J275 
—i/% 2̂TS 

0 

1/v^ 
—^3/2^5 

1/̂ 5" 
vT/^vT) 

—V3/2T5 
1/(2 VT) 

1/vT 

-2vT/v^5^7 
-3/v^2T577 

3/V5T7 

ii>/2iri 
V3/7 

1/vT 
V2.3/5 .7 

—2 v^/vJTT 
1/^5^7 

—V^/5^7 
3/^5^7 

VJ/(2vT) 
3/(2 vT) 

-v^5"/(2v/f) 
-1/^7" 

^IT/vT^ 
1/(2 vT) 
0 

0.547723 
0.316228 

—0.632456 

0.447214 
0.632456 

—0.547723 
—0.316228 

0.000000 

0.707107 
—0.547723 

0.447214 
0.387298 

-0.547723 
0.223607 

0.377964 
0.597614 

—0.478091 
—0.358569 

! 0.507093 
0.119523 

0.654654 
—0.534522 

0.377964 
0.414039 

—0.478091 ; 
0.169031 | 

—0.292770 
0.507093 

0.327327 
0.566947 

—0.422577 
—0.377964 

0.462910 
0.188982 
0.000000 

1 
l /^r 1 
\/2/\/z 

1 
1 

1.000000 
0.577350 
0.816497 

1.000000 
1.000000 

L. 
3/2 
3/2 
3/2 
3/2 
3/2 

2 

\i 
2 

2 
2 
2 
2 
2 
2 
2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

3 \ 
3 j 
3 
3 
3 
3 

3 
3 . 

3 
3 
3 
3 J 

a 

3/2 
! 3/2 

1/2 
1/2 
1/2 

2 
1 
1 
0 

2 
2 
1 
1 
1 

1 0 
0 

5/2 .1 

3/2 
3/2 
1/2 
1/2 
1/2 

5/2 
5/2 
3/2 
3/2 
3/2 
1/2 
1/2 
1/2 
1/2 

3 
2 
2 
1 
1 
1 
0 
0 

3 
3 

11 

b 

1 
1 
1 
1 
1 

1/2 
1/2 
1/2 
1/2 

3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 

2 
2 
2 
2 
2 
2 
2 
2 

3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 

5/2 
5/2 
5/2 
5/2 j 

P 

0 
—1 

1 
0 

- 1 

- 1 / 2 
1/2 

- 1 / 2 
1/2 

- 1 / 2 
- 3 / 2 

- 1 / 2 
- 3 / 2 

3/2 
1/2 

—1 
0 

- 1 

1 
0 

—1 

—1 
- 2 

0 
- 1 
- 2 

1 
0 

- 1 
—2 

- 3 / 2 
- 1 / 2 
- 3 / 2 

1/2 
- 1 / 2 
- 3 / 2 

3/2 
1/2 

- 3 / 2 
—5/2 
- 1 / 2 
—3/2 
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Table 8.11. (Cont.) 

clX 
>/WI>fc 

1 v^/v^r 
-vT/^5* 

1/VIP3 
2 v̂ 2"/v̂ 3̂ 5 

2/Y/5" 

'-1/vT 
vT/vT 

-vT/vT 

-v^ /^5" 
0 

V^/^5* 
1/̂ 5" 

- 1 / v T 

vT/vT 
- 2 / v T 3 

I/V3T5 
- W 5 

1/V5 

*W 
2vT/v^T7 

—2 tfil'/tt 
—vT/vTHPir 

4 VJ/V3-5-7 
3/v^5T? 

—>/2l>/n 
—v^5/v^3^7 

2/V5T7 

2/vT 
—VJ/vf 

2/v̂ 5T7 
- 2 y/J/y/n 

2/^577 
-l/v^5T7 

3/^5^7 

y/b'/y/Tl 

0.774597 
I 0.632456 
| —0.632456 

0.258199 
| 0.730297 
1 0.894427 

—0.447214 
0.774597 

—0.632456 

0.632456 
0.632456 

—0.632456 
0.000000 

| 0.632456 
0.447214 

1 -0.447214 

0.816497 
—0.516398 

| 0.632456 
0.258199 

—0.632456 
0.447214 

0.534522 
0.617213 

—X). 585540 
—0.138013 

0.552052 
0.507093 

—0.239046 
—0.487950 

0.338062 

0.755929 
—0.534522 

0.534522 
0.338062 

—0.585540 
0.338062 

—0.169031 
0.507093 

0.462910 
0.597614 

—0.534522 
-0.218218 

file://�/JhjylTl
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a 

3 
3 
3 
3 
3 
3 
3 

a 

1 
1 
1 
i 

3/2 
3/2 
3/2 
3/2 

3/2 
3/2 
3/2 
3/2 
3/2 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

5/2 
5/2 j 
5/2 
5/2 
5/2 

a 

2 
1 
1 
1 
i 
0 
0 

a 

i 
1 
1 
0 

3/2 
3/2 

' 1/2 
1/2 

1 3/2 
1 3/2 

3/2 

1/2 

2 
1 
0 
2 
2 
1 
1 
1 
0 
0 
2 
2 
2 
1 
1 
1 
0 

5/2 
3/2 
3/2 j 
1/2 ' 
1/2 

b 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

6 

1 
1 
1 
1 

1/2 
1/2 
1/2 
1/2 

j 3/2 
' 3/2 

3/2 
3/2 
3/2 

0 
0 
0 

2 
2 
2 
2 
2 
2 
2 

1/2 
1/2 
1/2 | 
1/2 
1/2 

P 

'—5/2 
1/2 

i-1/2 
M/2 
1—5/2 

3/2 
1/2 

r^ 
i — 1 

o 
V2 

- l y 2 
1/2 

- 1 / 2 

| 1/2 

—3/2 
1/2 

- 1 / 2 

0 
0 
0 
0 

—1 
1 
0 

—1 
1 
0 
0 

—1 
—2 

1 
0 

—1 
0 

- 1 / 2 
1/2 

- 1 / 2 
1/2 

- 1 / 2 
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^HTl 
3/^STT 

—l/^PF7 
-^>/TI>/tn> 

l/t/Tf 
-v^/v^TT 

2//T7 

,«+P 

0.487950 
0.507093 

-rO. 097590 
-T-0.483646 

0.267231 -1 

—0.414039 
0.338062 

" 

1 

l 
1/vT 

W 3 

1 
1/2 
^ / 2 
l/V? 

1/vT 
l/v/f 
1/2 
0 
1/2 

1 
1 
1 

1/V3 
- l / v T 

l/v^T3 
1/^2 

-1/V2" 
0 
vT/v'f 
* W 
vr/v'f 

- v T / v f 
—l/vTT? 

l/v^2T7 
-VT/i/T 

v T / v T l 
-\HTT\ 

VI/VJ 
- l / v ' J 

1/V2" 

1.000000 
0.707107 
0.408248 ,i 
0.816497 1 

1.000000 
0.500000 
0.866025 
0.707107 

0.707107 
0.707107 
0.500000 

:0.000000 
0.500000 

1.000000 
1.000000 . 
1.000000 

0.816497 
0.577350 

—0.577350 
0.408248 
0.707107 

—0.707107 
0.000000 

0.534522 
0.654654 
0.534522 

—0.654654 . 
—0.267261 

0.267261 
—0.534522 

0.912871 
—0.408248 

0.816497 
—0.577350 

0.707107 

a 

1 m 
5/2.n 
5/2. 
5/2 
5/2" 
5/2 
5/2 

5/2.. 

5/2 

-5/2 
5 £ i 
5/2 i 

5/2 
5/2 

3 
3 
3 , 
3 
3 ; 
3 | 
3 ' ! 

3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 

a 

: 5/2 
' .5/2 
\ 3/2 
, 3/2 
i 3/2 

1/2 

I ,1/2 
1/2 

5/2 
5/2 
5/2 
3/2, 
3/2 
3/2 1 
1/2 
1/2 

•3 1 
2 

,2 
1 
1 
1 
0 
0 

3 
3 
2 
2 
2 
1 
1 
1 
1 
0 
0 
0 

3 
3 
3 
2 

■2 

2 
1 

6 

; 3/2 
; 3/2 

3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 

5/2 
5/2 
5/2 i 
5/2 , 
5/2 ( 
5/2 
5/2 
5/2 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

3 
3 
3 
3 
3 
3 
3 

,8 

- 1 / 2 
- 3 / 2 

1/2 
- 1 / 2 
—3/2 

3/2 
1/2 

—1/2 
-r3/2 

-^1/2 
- 3 / 2 
i-5/2 

1/2 
^1/2 
- 3 / 2 

*/2 
- 1 / 2 

"T1 i 
0 

—1 
1 
0 

- 1 
1 
0 

- 1 
—2 

0 
—1 
—2 

1 
0 

- 1 
—2 

2 
1 

1 ° 
—1 
— 2 ■ 

—3 
0 

— t 
—2 

1 

Table 8.11. (Cont.) 

C«Zifi 

vTT^/v^l 
y/S/fitf 

—2 vT/v/3^7 
l/v^2T377 

y/zjff 
.1/1/7 

-5 / (2 ••P?) 
- l A S T ? 

3/(2 • f ) 

^l{2\fT) 

5/(2 ^3^7) 
-3/(2^7") 
-1/^7" 

l/fc^JTy) 
0 

—2/vT̂ 7 
vT/Vf 

- • 5 / v ^ 7 
v^2^5/V3^7 
l / v ^ 7 

- 2 vT/v'SI 
V2/VT 
i/VT 

-Wf 
v̂ 5"/̂ 2T7 
\^5/^2T7 

0 
V5"/v^T7 
v̂ 3/v̂ 2T7 

- l / v T 
—1/^7 

v^r/vT^ 
-1/V2T7 

i v^/v^f 
! ° 

Vs/JUTi 
5/(2 V3T7) 
5/(2 v ^ ) 

—y/hlfn 
- v ^ / ( 2 v T ) 

0 
v'iT/vT 

QL690066 

QI.597614 

—0L617213 
0.154303 
0.654654 
0,377964 

—0,545545 

—Oil 267261 
0,566947 

0^422577 
0i>597614 
0,545545 

I —0.566947 
\ —0.377964 

0j, 109109 
01,000000 

—01.436436 

0*845154 
-0,487950 

0.690066 
0.218218 

—0.617213 
0,534522 
0.377964 

—0.654654 

0.597614 
0.597614 

—0.597614 
0,000000 
0.597614 
0.462910 

—0,377964 
—0.377964 

0,462910 
—04267261 

0,534522 
0.000000 

0,345033 
0^545545 
0,545545 

-0,487950 
-0,422577 

1 0,000000 
0,534522 
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Table 8.11. (Cont.) 

Laab? 

1/V/2TFT 

2/v^3 • 7 

0.154303 
—0.327327 

0.436436 

3/2 
3/2 
3/2 
1/2 
1/2 
1/2 
2 
2 
1 
1 
0 
2 
2 
2 
1 
1 
1 
1 
0 
0 
5/2 
3/2 
1/2 
5/2 
5/2 
3/2 
3/2 
3/2 
1/2 
1/2 
1/2 
5/2 
5/2 
5/2 
3/2 

1 
1 
1 
1 
1 
1 
1/2 
1/2 
1/2 
1/2 
1/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
0 0 
0 

2 
2 
2 
2 

1 
0 

1—1 
1 
0 

—1 
1/2 

-1/2 
1/2 

-1/2 
1/2 
1/2 

-1/2 
-3/2 
3/2 
1/2 

-1/2 
-3/2 
3/2 
1/2 
0 
0 
0 
0 

—1 
1 
0 

—1 
1 
0 

—1 
0 

—1 
—2 
1 

1 
^2/5 
l/v^2T5 
V3?5 
v̂ 3/5 
v^3/2^5 

1 
l/v^5" 
2/^5" 
^2/5 
v̂ 3/5 

2/v/f 

y/I^/yf^l 
-^3/7 

l/v^5^7 
y/bjy/n 
3V^3"/v^2.5.7 

-3Y2ftfT7 

1 
1 
1 

^5/7 
V2/7* 

-V 2̂/7 
3/^5^7 
4/V5^7 

-4/^5^7 
1/^5^7 
3 v T / v ^ 

y/J/y/Y^l 

1.000000 
0.632456 
0.316228 
0.774597 
0.774597 
0.547723 

1.000000 
0.447214 
0.894427 
0.632456 
0.774597 

0.755929 
0.676123 
0.414039 

-0.654654 
0.169031 
0.597614 
0.621059 

-0.717137 
-0.292770 

1.000000 
1.000000 
1.000000 

0.845154 
0.534522 

-0.534522 
0.507093 
0.676123 

-0.676123 
0.169031 
0.717137 

0.597614 
0.654654 
0.462910 

-0.654654 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

3/2 
3/2 
3/2 

1/2 
1/2 

1/2 
1/2 

1/2 

3 
2 
2 
1 
1 
0 

3 
3 
2 
2 
2 
1 
1 
1 
1 
0 
0 

3 
3 
3 
2 
2 
2 
2 

0 
0 
0 

1/2 
1/2 
1/2 
1/2 
1/2 
1/2 

3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
-5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

-1/2 
1/2 

-1/2 
1/2 

-1/2-
1/2 

-1/2 
-3/2 

1/2 
-1/2 
-3/2 

3/2 
1/2 

-1/2 
-3/2 
3/2 
1/2 

-1/2 
-3/2 
-5/2 

1/2 
-1/2 
-3/2 
-5/2 
3/2 
1/2 

-1/2 
-3/2 
-5/2 
5/2 
3/2 
1/2 

-I/V/2T5T7 
>/2li!\m 
3 v/37^2 • 5 • 7: 
y/3/y/n 

-2 y/2/y/b^l 
0 
3 yJzHYlTl 

\ /n/^7" 
-1/1/7" 

v̂ 5/7 
-\/2/7 
2/vT 

y/T^I(2y/T) 
3/(2 \f7)_ 

-v^5/v^2.7 
l /^sT? 
y/s/y/T 
1/3/(2 i/f) 

-fTI(2\/s) 
-1/^2-5-7 

31/3/V2T5T7I 
3/VFT7 

-V2T3/V5T7 

y/sly/n 

y/bly/Tl 
-yJVftTl 
-I/V2T7 

l/y/T^ 
y/b/y/Tl 
y/2ji 

-1/V/5T7 
-2VT/V/5T7 
-1/1/5T7 

y/2(l 
-yfbly/2 - 3 - 7 
yJTjyJTTl) 
2 y/IftzTb^il 
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Table 8.11. (Cont.) 

3/2 
3/2 
3/2 
3/2 
1/2 
1/2 

2 
2 
2 
1 
1 
1 
0 
0 

2 
2 
2 
2 
1 
1 
1 
0 

5/2 
5/2 
3/2 
3/2 
1/2 
1/2 

5/2 
5/2 
5/2 
3/2 
3/2 
3/2 
3/2 
1/2 
1/2 
1/2 
1/2 

5/2 
5/2 
5/2 
5/2 

b 

3/2 
3/2 
3/2 
3/2 
3/2 
3/2 

2 
2 
2 
2 
2 
2 
2 
2 

1/2 
1/2 
1/2 
1/2 
1/2 
1/2 

3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 

5/2 
5/2 
5/2 
5/2 

P 1 
3/2 
1/2 

—1/2 
—3/2 

1/2 
- 1 / 2 

1 
0 

- 1 
1 
0 

—1 
1 
0 

1 
0 

" i 

2 

1 
0 

—1 
0 

1/2 
- 1 / 2 

1/2 
- 1 / 2 

1/2 
- 1 / 2 

1/2 
- 1 / 2 
- 3 / 2 

3/2 
1/2 

- 1 / 2 
—3/2 

3/2 
1/2 

- 1 / 2 
—3/2 

1/2 
—1/2 
—3/2 
—5/2 

1 

•>3a+0 

1/̂ 2" 
i/^T 
1/(2 vT) 
^/v^5 
3/(2 v^) 

1 

l/yn 
v^/vT 
2 N ^ V J ^ 
1/vT 
vT/vT 

1/^2" 
l/v^2 
v^/v^JTS 

l/v^2T5 
0 
1/vT 

o 
l 
l/v/2-3 
v ^ / v T ^ 

VJ/y/J 
1/vT 

*T/(2 • J ) 
N/5"/(2v/3) 
1/(2 vT) 

-v^3"/(2vT) 
1/(2 VT) 
7/(2 v^2TI75) 

-l/v/2" 
- 1 / ( 2 v/375) 

1/̂ 5" 
3/(2vT) 

v^/(3 \fl) 
y/bl{2sft) 

vW(2.3) 

1.000000 
0.707107 
0.447214 
0.223607 
0.774597 
0.670820 

1.000000 
0.577350 
0.258199 
0.816497 
0.730297 
0.447214 
0.632456 
0.774597 

0.707107 
0.707107 
0.547723 
0.316228 
0.000000 
0.447214 
6.632456 
0.000000 

1.000000 
0.408248 
0.912871 
0.577350 
0.816497 
0.707107 

0.790569 
0.645497 
0.353553 

-0.612372 
0.288675 
0.639010 
0.547723 

-0.707107 
-0.129099 
0.447214 
0.670820 

0.527046 
0.645497 
0.577350 
0.372678 

: 5/2 
; 5/2 

5/2 
•5/2 

5/2 
•5/2 

3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 

3 
II 3 

3/2 3/2 1 
3/2 
3/2 : 
1/2 ! 

1/2 

3 
2 
1 
0 
3 

3 
2 
2 
2 
1 
1 
1 
0 
0 

3 
3 
3 
2 
2 

2 
2 

0 
0 
0 

3 
3 
3 
3 
2 
2 

2 
2 

1 
1 
1 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

0 
0 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

• 3 
I 3 

3/2| 
1/2 

- 1 / 2 
- 3 / 2 

1/2 
- 1 / 2 

0 
0 
0 
0 

0 
- 1 

1 
0 

—1 
1 
0 

- 1 
1 
0 

0 
—1 
- 2 

1 
0 

—1 
- 2 

2 

1 
0 

—1 
- 2 

2 
1 
0 

0 
- 1 
- 2 
- 3 

1 
0 

- 1 
- 2 

1 
0 

hi 

—2/3 
- 1 / ( 2 V3) 

1/V2.3.5 
7 / (2 .3 \^ ) 

-2 /^375 
—2/(3 v̂ ") 

1 
1 
1 
1 

^ / 2 
1/2 

- 1 / 2 
1/̂ 3" 
vT/(2v/3") 

- v ^ / ( 2 v ^ ) 
1/(2 y/J) 

' l/VF 
-1/V2" 

0 

vT/(2v/3") 
vT/(2v/3") 
I/V/2T3 

0 
1/2 

1/^2.3 
- 1 / 2 
- ^ 3 / ( 2 v^5) 

l/v^lTS 

l/v̂ T 
-I/V/2T3T5 
- 2 / v ( T 5 

I/V/2T3 
1/̂ 3" 
i/vT 
1/V2T3 

- l / v ^ 3 _ 
- 1 / ^ 2 . 3 

0 
l/v^T5 
0 

-i /v/n* 
-i/v^JTa 

0 

-0.666667 
-0,288675 
0^182574 
0:521749 
-0*516398 
-0,298142 

1-P00000 
UOOOOOO 
1J000000 
14 )00000 

0.£66025 
0.£00000 

-0.600000 
0.677350 
0.^45497 

-0.IB45497 
0.$88675 
0.707107 

-0.1T07107 
0.([)00000 

0.645497 
0.645497 
0.408248 

-0.645497 
o.dooooo 
0.500000 
0.̂ 77350 
0.408248 

-0.300000 
-0.387298 
0.1B2574 
0.632456 
0.5(77350 

-0.182574 
-0.546398 

0.408248 
0.577350 
0.577350 
0.408248 

-0.577350 
-0.408248 

O.OQOOOO 
0.408248 
0.000000 
-0.408248 
-0.408248 
0.000000 
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Table 8.12. 
Numerical Values of A (abc) for -5- < a, b, c < 5. 

a 

1/2 
1/2 
1/2 
1/2 
1/2 
1/2 
1/2 
1/2 
1/2 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
2 
2 
2 

b 

1/2 
1 
3/2 
2 
5/2 
3 
7/2 
4 
9/2 
1 
1 
3/2 
3/2 
2 
2 
5/2 
5/2 
3 
3 
7/2 
7/2 
4 
4 
9/2 
5 
3/2 
3/2 
2 
2 
5/2 
5/2 
3 
3 
7/2 
7/2 
4 
9/2 
2 
2 
2 

c 

1 
3/2 
2 
5/2 
3 
7/2 
4 
9/2 
5 
1 
2 
3/2 
5/2 
2 
3 
5/2 
7/2 
3 
4 
7/2 
9/2 
4 
5 
9/2 
5 
2 
3 
5/2 
7/2 
3 
4 
7/2 
9/2 
4 
5 
9/2 
5 
2 
3 
4 

1 
A (a&c) 

2^3" 
2^5* 

V2T3T7 
2vTT7 
2-3^2" 
3V2.5 
V2•5 • 1 
2V^^3 
V2♦3 • £ 

1 

2V3.5 
2 ^ 3 ^ 
2V2-3 
V3 • 5 -1 

5 

V2-3-5-7 
2 V̂2 • 3 • 7 
4V^3^7 
2-3^7" 
2-3^2^7 
2.3^2^5 
4-3^5" 
3V5TTT 
3V2-5-11 
2 V 2 . 3 - 5 v i i 
2 -3 V5" 
2V5T7 
2V3-5 
2V2-5 
2V2-3 
2-3 vT 
2-3 vT 
2V2-3 
2-3 >/2 
2V2-3 
2-3 ^2" 
2.3^3" 
3 V2 - 5 
4V2-5 
3V2-5 

•7 
7 
5-7 

1 
3-7 
5-7 
5-7 
5-11 
5-11 
5 1 1 
7 
7 
7 

A(abc) 

0.408248 
0.288675 
0.223607 
0.182574 
0.154303 
0.133631 
0.117851 
0.105409 
0.953463-10-1 
0.204124 
0.182574 
0.129099 
0.129099 
0.912871 
0.975900 
0.690066 
0.771517 
0.545545 
0.629941 
0.445435 
0.527046 
0.372678 
0.449467 
0.317821 
0.275241 
0.745356 
0.845154 
0.487950 
0.597614 
0.345033 
0.445435 
0.257172 
0.345033 
0.199205 
0.275241 
0.158910 
0.129750 
0.398410 
0.298807 

.10-1 

.10-1 
10-1 
10"1 

10-1 
io-* 
10-1 
10-1 
io-i 
10-1 
10-1 
10-1 
10-1 
10-1 
10-1 
10-1 
10-1 ! 
10-1 
10-1 
10-1 
10-1 
10-1 
10-1 
10-1 
10-1 
10-1 

0.398410-10-1 

a 

2 
2 
2 

1 2 

I 2 

2 
2 
2 
2 
2 
2 
2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

1 3 

1 3 
3 
3 

1 3 

3 
3 
3 
3 
7/2 

j 7/2 
7/2 
7/2 
4 
4 

4 

4 
9/2 

1 5 

b 

5/2 
5/2 
5/2 
3 
3 
3 
7/2 
7/2 
4 
4 
9/2 
5 
5/2 
5/2 
5/2 
3 
3 
7/2 
7/2 
4 
9/2 
3 
3 
3 
7/2 
7/2 
4 
4 
9/2 
5 
7/2 
7/2 
4 
9/2 
4 
4 
9/2 
5 
9/2 
5 

c 

5/2 
7/2 
9/2 
3 
4 
5 
7/2 
9/2 
4 
5 
9/2 
5 
3 
4 
5 
7/2 
9/2 
4 
5 
9/2 
5 
3 
4 
5 
7/2 
9/2 
4 
5 
9/2 
5 
4 
5 
9/2 
5 
4 
5 
9/2 
5 
5 
5 

4V 
2-
2 
2-
4 
Vs 
2 
2 
2 
4 
4 
3 
4 

1 
A(a&c) 

3 -5 -7 
3 V 2 . 5 . 7 
3V5T7 
3 V3•5 • 7 
3V5T7 

> 3 - 5 7 - 1 1 
3 V2 • 3 - 5 - 7 

• 2 . 3 . 5 . 7 - 1 1 
3V5.7-11 
3^2 .5 .11 
3V3-5-11 

• 2 . 3 . 5 . 1 1 . 1 3 
3VIP7 

2-3-5^7" 
2 - 3 VfTTT 
2 
2 
2 
2-
4 
4 
4 
3 
4 
2 
2 
4 
2 
4 
4^ 
2 
2 
2 

1 2 
3 

i 4 

2 
3 
2 
8 

3-5V2-7 
3^5 .7 .11 
3V2.5-7-11 
3^2-5 -7 -11 
3^5 .7 .11 
3 ^ 5 1 1 13 
5 V2 - 3 - 7 
5V2-7-11 
3V3-7-11 
5 V 2 - 3 - 7 . i l 
3 V2- 3- 5- 7-11 
3^2-5-7-11 ■ 
3 V5-7-11-13 

/ 3 -5 -7 -11 -13 
/ 2 - 3 . 5-7-11-13 
3-5V2-7-11 
3^2-3-7-11-13 
3 V2.5. 7-11-13 
7 V2 - 3 • 5 -11 -13 
5V2-7-11-13 
3 . 7 V H . 1 3 
3-7 V5-11-13 
5-7 V2-11-13 
3 -7V3.5-11 .13 
3-7 V3-11* 13 

A (abc) 

0.243975 
0.199205 
0.281718-
0.162650-
0.140859 
0.208063 
0.115011 
0.104031 
0.849412 
0.794552 
0.648749 
0.508921 
0.140859 
0.125988 
0.189934 
0.890871 
0.849412 
0.600625 
0.600625 
0.424706 
0.311649 
0.771517 
0.537215 
0.548293 
0.465242 
0.346771 
0.300312 
0.235584 
0.204022 
0.144265 
0.268608 
0.215058 
0.166583 
0.109054 
0.148997 
0.995526 
0.890426 
0.563155 
0.514088 

10-1 
10-1 
10-1 
10-1 
10-1 
10-1 
10-1 
10-1 
10-2 
10-2 
10-2 
10-2 
20-1 
10-1 
10-1 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-2 
10-3 
10-3 
10-3 
10-3 

0.287384-10-3 
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Chapjter9 
i 
I 

6j SYMBOLS AND THE |IACAH COEFFICIENTS 

9.1. DEFINITION 

9.1.1. 6 /Symbol* 
The Wigner 6; symbols [110] are related to the coefficients of transformations between different coupling 

schemes of three angular momenta. The angular momenta j i , j 3 , j$ may be coupled to give a resultant angular 
momentum j and its projection m in three different ways: 

I) j l + J 2 = j l 2 , j l 2 + J 3 = j , 
H) J2+J3=J23f J l+J23=j> 

HI) j l + J 3 = j l 3 , j l 3 + J 2 = j . (1) 

Let 1.7172 {jiTJjsjm) denote the state vectors corresponding to the coupling scheme I. These vectors are eigen
vectors of the operators Ji,J2,J3,Ji2iP>y* and may be written as 

IjiMixihtjm) - £ C ^ ^ I ^ ^ ^ J W - (2) 

The state vectors corresponding to the coupling scheme II are eigenvectors of the operators Ji^jli J3ij23»J >3*i 

171117139713 

Similarly, the state vectors corresponding to the coupling scheme III are eigenvectors of the operators j?,jo, j?, 

\3iMm)37Jm) = £ Cj*-.M Am,CjS»":*m.|yimi,»m3 l*mi>. (4) 

States belonging to each coupling scheme form a complete set of states. A transition from one coupling scheme 
to another is performed by some unitary transformation which relates the states with the same total angular 
momentum j and projection m. The coefficients U of this transformation differ from the 6j symbols only 
by normalization and* phase factors. These factors are chosen in such a way to make the 6/ symbob more 
symmetric (Sec. 9.4). 
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One defines the Wigner 6j symbols \ . . . > by the relation 
(33 3 323 ) 

(3ito{Ji2)J3J™\h»tote (toz)fmf) = 8jj*8mmi U{jxj2333\ J12J23) 

From Eq. (5) one may obtain [92, 64] 

(yiibO^JjajmlyiyaOiaJiy'm') = %'«mm'(-l)J"+il"J"n^1J U{j2jijjs\ji23iz) 

= Sw 6mm,(-!)*+*+*>+*. V /(2;1 2-fl)(2;13 + l) { * * f } , (6) 

(33 3 3l3 ) 

(jliJ2J3{to3)jm\j1j3{j13)j2j,mt) = Sjji 6mm' ( - l )^+^-^» U(jXJdh]3l3J23) 
= Sif Smm,(-1)*+'+*. V(2, i 8 + l ) (2 i w + l) { £ * £ * } . (7) 

According to the definition (5) the 6j symbols may be given in terms of the Clebsch-Gordan coefficients 

jiirnujtmi JimiJ2m2 ii"» l i a s e s iaWaiawia 

= %' Smm'(-iy^+^ y/{23\2 + l)(2jas + l) { l f i l ) . (8) 

Here the sum is over mi,m2,m3,mi2,m23 while m and mf are fixed. This relation completely determines 
absolute values and phases of the 6j symbols. The 6j symbols turn out to be real just as the Clebsch-Gordan 
coefficients are. 

The quantum-mechanical rules of vector addition impose some restrictions on possible values of momenta 

which are arguments of the 6j symbol < . ? . > . 
t 33 3 323 ) 

(a) All momenta are integer or half-integer nonnegative numbers (with one exception considered in Sec. 9.4). 
(b) Each triad {J1J2J12)* {Ji23sj)i {tojztos) and {J23J1J) should satisfy the triangular condition (Eq. 8.1(1)). 

The unitarity of the recoupling transformations implies the orthogonality and normalization conditions of the 
6j symbols. 

Below we shall use Latin letters a, 6,c, etc., to denote arguments of the 6j symbols. 

9.1.2. Racah Coefficients 
Instead of the Wigner 6j symbols the Racah coefficients [91] are often used, especially in spectroscopy 

theory. These coefficients differ from the 6j symbols only by a phase factor: 

{ dl ) } = (-l)°+6+<i+eW(abed;cf). (11) 
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The Racah coefficients were introduced independently of the 6j symbols. The phase of the Racah coefficients 
coincides with the phase of the coefficients which describe the transformation between I and II coupling schemes 
(Eq. (5)). 

9.1.3. R Symbols 
The 6j symbols and the Racah.coefficients may be iWitten in the form of a 3x4 array \\Ria || (t = 1,2,3; a = 

1,2,3,4) which is called the R-symbol (Shelepin [105]) 

Ru R\2 R\z RIA 
\ #2X R>22 #23 #24 
J?31 R32 #33 #34 

S[^j}S(-ir^^(a^,c/), (12) 

where 

Rn = - c + d + c, R12 = 6 + d - / , # i3 = a + c - / , U u = a + 6 - c, 
R21 ss - 6 + (J -1- / , #22 = c + i - e. #23 = a - 6 + c, #24 = a - e + / , 

#31 = -<* + * + / , # 3 2 - - < * + & + *, #33 = c-<* + *, #34 = 6 - d+ f. (13) 

The inverse relations are 

2a = #13 + #24 = #14 + #23* 2rf == /2n -h R%2 = #12 + #21 > 
26 = #12 -f #34 = #14 + #32> 2tf s= J J n + #33 as Rl3 + /J31> 

2c = H22 + #33 = #23 + #32, ? 2 / = /fel + #34 * #24 + #31 . (14) 

All 12 elements /£,•<, are integer nonnegative numbers. The differences between corresponding elemenls of rows 

( t , * = 1,2,8; a, 0 = 1 , 2 , 3 , 4 ) . (15) 

and columns are constant: , 

Ria ~~ Rka = R%$ "~ Rk0 > 

Ria "" Rifi =* Rka "~ Rkfi % 

Note the following relations: 

]Tit t l==2(<* + e + / ) - a - 6 - c , £ Jfcd = 2(a + e + e) - 6 - d- / , 
t = i »*i 

3 3 
]T#»2 = 2(6 + c + d) - a - * - / , J £ flu = 2(a + 6 + / ) - c - d- e% (16) 
tssl t = l 

^2 Ria = 2(a -I- 6 + c +1* + e + / ) . 

One may also use the following parametrisation of the elements Ria [45]: 

Ria = Ai-B0l. (17) 

Here A{yBa are integer nonnegative numbers 

Ai = a + b + d + ct J?! = a + 6 + c, 

i43 = a + c + <*+ / , ft*a + e + / , 

i43 = 6-hc-fc-f / , #3 = 6 + <* + / , 
B 4 = c + i + (J, (18) 
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with 
3 4 

£ ^ = £ f l a = 2(a + & + c + d+e + / ) . (19) 
t = l o = l 

The inverse relations are 

2a = Ai+A2- £ 3 - B4) 2d=Ax + A2-Bx - B2, 
26 = Ai + A3 - B2 - B4i 2e = Ax + J43 - Bx - £3 , 
2c = A2 + A3 - 5 2 - B3i 2 / = A2 + A3 - Bi - 5 4 . (20) 

The J2 symbols provide the simplest formulation of the symmetry properties of the 6j symbols and Racah 
coefficients. 

9.2. GENERAL EXPRESSIONS FOR THE %j SYMBOLS. 
RELATIONS BETWEEN THE 6; SYMBOLS A N D OTHER FUNCTIONS 

The 6j symbols < , - > vanish if at least one of the triads (a6c), (cde),(aef) and (bdf) does not obey the 

triangular conditions 8.1 (1). The expressions for the 6j symbols given below are valid if all these conditions 
are satisfied. Corresponding expressions for the Racah coefficients may be obtained by the use of the relations 
between these coefficients and the 6j symbols 9.1 (11). 

9.2.1. Expressions for the 6; Symbols in Terms of Finite Sums 

In the expressions presented below the sums are over all integer nonnegative values of n so that no factorial 
in denominators has a negative argument. The quantities A(a6c) are defined by Eq. 8.2(1). Numerical values 
of A(abc) are given in Table 8.12. 

I a
d

 b
e°f I = A{abc)A{cde)A{aef)A{bdf) 

v (-ir(*+i)' 
^ In - a - b - c)\[n - c - d - e)Un - a - e - /)!(n - 6 - d - f)Ua + b + d + e-n)\ 

x(a + c - h d - f / - n)\{b + c + e + / ~ n ) ! 
(Racah [91]) (1) 

By the replacement n—*a + b + d+e — n one can rewrite Eq. (1) in the form 

{ dl / } = ( - l ) ° + 6 + < , + e A(abc)A(cde)A(aef)A(bdf) 

( - l ) " (q + b + d + e+l-n)\ 
n\{a + b-c- n)\(-c + d + e - n)l(a + e-f- n)\{b + d-f-n)\ 

x{-a + c-d+f + n)\(-b + c - e + / + n)! 
(Racah [91]) (2) 
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Some other expressions for the 6j symbols which cannot be easily reduced to (l) and (2) are [45, 50]. 

{ ; : ; } = H « + o + d + / A (a« / )ANf ) 
A{abc)A{cde) 

Enr ( -a + 6 + c + n)\(c -d + e + n)\(a -c + d + f - n)! 
n\(a -e + f- n))(-b + d + f- n)\{-a + 6 - d + e + n)!(6 +:c + « - / + 1 + n)! ' (3) 

{ " ; } = H \a+c+d+f A{abc)A{bdf) 
A{aef)A(cde) 

E(-i) 
(a - 6 + d + e- n)\{-b + c + e + f- n)!(o + c + d + / + l - n ) ! 

■ ^ v ' n ! (a-& + c - n ) ! ( - 6 + d + / - n ) ! ( a + <; + / + l - n ) ! ( c + d + e + l - n ) ! ' (4) 

{;:;}-<- i) 
a+b+d+. A{abc)A(cde)A(aef)A(bdf)(a + e + / + 1)1(6 + d + / + 1)1 

(a + 6 - c)!(a - 6 + c)!(-c + d + e)!(c + d - e)\(-a + e + /)!(6 - d + / ) ! 

B-1)" ( -a + e + / + n)! (6 - d + f + n)\(a + c + d- f-n)\ 
n\{a + e-f- n)\(b + d - / - n)!(-o + c - d + / + n)!(2/ + 1 + n)! ' (5) 

{;:;}-<- 1) 
6 + c + e + / A(aic)A(cde)A(ag/)A(6d/)(a + 6 + c + l)!(i + d + / + 1)1 

(a + 6 - e)!(e - d + e)!(c + d - e)!(a - e + / ) ! ( - a + e + /)!(6 + d - / ) ! 

■D-1)" 
(26 - n)!(6 + c - e + / - n)!(i + c + e + / + 1 - n)! 

n\(-a + 6 + c - n)!(6 -d+ f- n)!(o + 6 + c + 1 - n)!(6 + d + / + 1 - n)! ' (6) 

9.2.2. Bargmann Formula [53] 

j a b c \ = 

\ d e f j -

Rn R12 # 1 3 # 1 4 
# 2 1 # 2 2 # 2 3 # 2 4 
# 3 1 # 3 2 # 3 3 # 3 4 

ft n (R<«Y-
t = l a = l 

I 
y, (-!)"(»+ 1)1 
**.»- nwin(y.)i 

»=1 a = l 

(7) 

Here # , a are elements of the # symbol (Sec. 9.1.3), Ba are given by Eq. 9.1(18), x»,t/a are summation indices, 
n = Z)t=i xi+ lCa=i */<*• The s u m s are over all integer nonnegative values of xt-, t/a which satisfy the conditions 
x% + y<* = #ia- These conditions show that only one of the summation indices is independent. The sum in (7) 
contains r + 1 terms where r = m i n ^ a } . If we take the quantity n (integer nonnegative) as an independent 
summation index, then xt = A{ - n,ya = n - BaiAi and Ba being given by Eq. 9.1(18). In this case the 
Bargmann formula (7) reduces to the Racah formula (1). 

file:///defj
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9.2.3. Relations Between the 6; Symbols and the Generalized Hypergeometric Functions 

The 6j symbols may be written in terms of the hypergeometric functions 4.F3 with unit argument: 

{;:;}-<- 1) a+6+d+e_ A{abc)A(cde)A(aef)A(bdf){a + b + d + e + l)! 
{a + b- c)\{-c + d+ e)!(a + e - /)!(& + d- / ) ! ( - a + c-d+ f)\{-b + c - e + / ) ! 

x*F9 
—a — 6 + c, c — d — e, — a — e + f, — b — d + / 

-a-b-d-e-l,-a + c-d + f + l,-b + c-e + f + l (Rose [30]) (8) 

{;!;}-H> 
a+c+d+z A(a e / )A(6ff)(-a + 6 + c ) ! ( C - d + e ) ! ( a - C + d + / ) ! 

A{abc)A(cde){a - e + / ) ! ( -6 + d + / ) ! ( -o + b-d + e)\(b + c + e - / + 1)! 

x4 i ;3 
- o + 6 + c + l , c - d + e + l , - a + e - / , 6 - d - / 
-a + c-d-f,-a + b-d+e+l,b + c + e-f + 2 (9) 

f O 6 C 1 _ /_ 1 \a+c+<i+/_ 
\ d e f j - ( l> A 

A(abc)A(bdf)(a - b + d + e)!(-6 + c + e + f)\(a + c + d + f + 1)! 
(aef)A(cde){a - b + c)\(-b + d + f)\(a + e + f + l)!(c + d + e + 1)! 

X4F3 
-a + b — c,b — d— f, —a — e — f — 1,— c — d— e — 1 
—a+ 6 — d— e,b — c — e — f, — a — c — d— f — 1 (10) 

tt'l}-™ a+b+d+e 

A(abc)A(cde)A(aef)A{bdf)(a + e + f + l)!(6 + d+f + l)!(a + c + d - / ) ! 
(a + 6 - c)\(a - b + c)\{-c + d + e)!(c + d - e)!(a + t - /)!(& + d - / ) ! ( - a + c - d + / ) ! (2 / + 1)! 

X4F3 
- o - e + / , - 6 - d + / ) - o + e + / + l , 6 - d + / + l 

-a-c-d+ f,-a + c-d+ f + l,2f + 2 (11) 

{::;}=(-) b+c+e+/ 

A(abc)A(cde)A{aef)A{bdf)(2b)\{b + c - e + f)\(b + c + e + f + 1)! 
{-a + b + c)\(a + b - c)!(c - «f + e)!(c + d- e ) ! (a - c + / ) ! ( - a + e + /)!(6 + d- f)\{b -d+f)\ 

X 4 * S 
a — 6 — c, — 6 + d— / , — a — 6 — c — 1,— 6 — d— f — 1 

-26, -b-c + e- f, -b-c-e-f-1 (12) 

Equations (8)-(l2) present Eqs. (2)-(6) in terms of the hypergeometric functions. 



296 Quantum Theory of A ngukr Momentum 

0.2.4. Relations Between the 6; Symbols and the Zjm Symbols 
The 6j symbols may be written as sums of products of the Clebsch-Gordan coefficients (Eq. 9.1(6)) or 3jm 

symbols. The relations between the 6j symbols and the Zjm symbols are 

{^;}=D-')™-(^;)(::4)(j^)0i.;;). (13) 

In Eq. (13) the sum is over all possible values of a,fi,i,6,e,<p with only three summation indices being 
independent. Some other sums of the Zjm symbols which yield the 6; symbols will be considered in Chap. 12. 

0.2.5. Quasi-Binomial Representation of the 6j Symbols 
The 6j symbols may be written in terms of quasi-binomials [45, 99] which are defined in Sec. 8.2.2. These 

representations are widely used in tabulating the formulas for the 6/ symbols. 
Let us introduce the following definitions: 

kx = e-dt B = R2i = -b + d+f, F = Ri2 = b + d- f, 
k2 = a~b, D = Ru = b-d+f, E = Ri2 + R21 + J?34 + 1 ~b + d+ f + 1. (14) 

Then the dependence of the 6;' symbols on &i and k2 is given by 

(abc\=(b + k2 b c\ 
\defJ-{ d d + hff 

r / . . L. \(2ki] (c + jfe3)(3*i).B(*»-*i)X)(-i)(fcj-*j)£;(-i)(fc,+*»)jp(-i)(*»+fcl) I J 
(c + Jbi)!(c - Jbi)!(26 + c + k2 + 1)(»«+D(2<i + e + kx + 1)(3«+D J ( u " ^ * ( 1 5 ) 

The quantities u and v may be chosen in different ways. This depends on which equations in Sec. 9.2.1. 
are supposed to be written in a quasi-binomial form [45]. 

Equations (1) and (2) are obtained by putting 

Equation (3) is obtained, if 

u = {c + k1)^{B-k2 + k1)^D^, 
v = (c- k^F^iE + kt + Jfea)*"1). 

« = (c + k^B^^D + Jk2 - Jbx)<-*>, 
v = (c - h)^{F + Jk2 + kjl-^EW . 

or 
« = {2d - c + k^-^D^ (F + k2 + Jbx)(-1), 
t> = (2<*+ c + Ax + 1)W{D + k2 - kJ^FW . 

Equation (4) corresponds to 

u = {2d + c + jfcx + 1)W(B - k2 + ibi)*1)^1), 
v = {2d - c + ktf-VBl-ViE + k2 + J^)*"1). 

Equation (5) is obtained provided 

u = (c + k2)l-V{B - k2 + ki)W{D + Jb3 - Jka)*-1), 
v = (c - Jfe1)<1)(26 + c + ifca + l)M{2d - c + Aj)^1), 

(16) 

(17) 

(18) 

(19) 

(20) 
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or 
U = (c + fc1)(1)(26-c + i 2 ) ( - 1 ) ( 2 d - c + fc1)(-1)) 

t>=(< + * 3 ) ( - 1 ) * , ( 1 ) £ ( 1 ) -
Equation (6) corresponds to 

u = D^E^{2b + c + k2 + l){1), 
v = (D + fc2 - fci)(_1)(JE7 + fc2 + Jfc1)t-1>(26 - c + Jb2)(-a), 

or 
u = (c + Jbi)^) (26 + c + k2 + l) (1)(2d + c + Jbi + 1)W, 
v = (c + fc2)("1)(^ + *2 + A:1)^1)(i7 4-A:2-f-A:i)(~1). 

Equation (15) for the 6j symbols is valid, if all the exponents 2&2, k2 — ki and A;2 + A;i are integer nonnegative 
numbers, i.e., if &2 > |fci| > 0. If some of the exponents are negative, the corresponding quasi-power should be 
replaced in accordance with 

„(") _► - „(-*)(") -+ 1 for a < 0 (24l 
P p(-i)(H) ' P p(M) tOT<T<{) W 

9.3. INTEGRAL REPRESENTATIONS OF THE 6/ SYMBOLS 
Squares of the 6; symbols may be expressed by integrals involving the characters of the representations of the 
rotation group [110] 

{dl / } = j^IdRldR2dR3X
a(R1)x

b(R2)xn^)xd(R2Rs1)xe{R3R:1)xnRiR21)- (i) 
Here 

X>\R) = J2D>mm{R) s j ;DL(a ,Ai ) 
m m 

is the character of the representation of rank j (Sec. 4.14) 

/ }{R)dR = f'da f" sin fidfi f " * , / ( « , fin)-
J Jo Jo Jo 

Note also the following integral representations for some special 6j symbols 

{ a * / } = ( ^ / dRidR2Xc(Ri)xf(R2)xa(R2Ri)xb(R^1Rx), (2) 

f 06 g) f ab j l f ab c "I 
\ < U c J \ d 6 / J \ e * 6 / J 

= fe^TT / ^1^2di?3^4XC(^l)X<'(^2)X/(«3)Xa(^4ii2)Xb(^4ii3/?2i?lii4)X<J(i?l«4i23) , (3) 

(ab c\(aef\(db f\(dec\ 
\de fj\abej\abcj\abcj 

= fe^T fdR1dR2dR3dR<dR5X
d(Ri)xe(R2)xf{R3)xa(R4)xa(RB1R3R2)xb(Rt>R*R2Ri)xc(R;1RsRiR3) • l8* J J (4) 
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9.4. S Y M M E T R I E S OF T H E 6; S Y M B O L S A N D T H E R A C A H C O E F F I C I E N T S 

9.4.1. ^ -Symbols 
The symmetry properties of the 6j symbols and the W-coefficients may be formulated in a fairly simple 

way if these coefficients are written in terms of the R symbols (see Sec. 9.1.3). 
The value of the R symbol is invariant under any permutation of its rows or columns [105] 

(i) 
Ril R%2 #t3 #t4 

I #*1 #*2 #fc3 #*4 || = 
Rn Ri2 R13 Ru 

In other words, any permutation of parameters A{ or Ba (see Sec. 9.1.3) leaves the value of the R symbol 
unchanged. These symmetry relations involve 3! x 4! = 144 generally different Racah coefficients. 

# n #12 #13 #14 
#21 #22 #23 #24 
#31 #32 #33 #34 

# 1 * #10 #17 #1$ 
#2a #20 #?7 #2$ 
#3a #30 #37 #36 

(2) 

9.4.2. 6; Symbols 
The above-mentioned symmetries of the R symbol are equivalent to the following symmetries of the 6; 

symbols. 
(a) Classical Symmetries [110]: The 6j symbol is invariant under any permutation of its columns or under 

interchange of the upper and lower arguments in each of any two columns: 
(ab c ) _ ( a c b 1 f 6 a c 1 f b c a 1 f c a b 1 ( c b a 1 
\def)-\dfe}-\edf}-\efdr\fde)-\fed} 
f a e / 1 f a / e l f e a / 1 J e / a l _ J / a e l _ J / e a l 
\dbcj \dcbj \bdcj \bcdj \cdbj~\c bdj 

_ ( d e c 1 _ f d c e l f e d c 1 _ ( e c d\_ f c d e l J e e d\ 
~ \ab f j ~ \a f b ] - \b a f f~ \b f a}" \f abf~ \f b aj 

= (dbf\ fdfb\ fbdf\ ft>fd\ ffdb\(fbd\ 
\a e c j \a c e j \e a c j \e c a j \c a e ) \c e a J ' 

These relations involve 3! x 4 = 24 different 6j symbols. 
(b) Regge Symmetries [95]: The relations below are functional ones, i.e. in general they cannot be obtained 

by interchanging the 6j symbol arguments. 

( a b c 1 __ ( a si — b si — c \ _ f *2 — & b *2 — c \ 
\d e f j "" \d si-e si-f)~\s2-de 32 - f j 

= (s3-as3-bcy\=(s2--ds3--esi--f>\__(33--dsi--es2-f) ,~) 
[S3 — d 3$- e f J \ 52 — a 53 - 6 5i - c J \ 53 — a si — b $2 — c j ' * ' 

where 

These relations are especially useful when s» equals one of the 6; symbol arguments. Combining the Regge 
symmetries and the classical symmetries, one gets all 144 symmetry relations. 

9.4.3. Racah Coefficients 
For the Racah coefficients the symmetry relations are the following. 
(a) Classical Symmetries [91]: 

W(abed; c /)= W(deba; cf)= W{edab; c / )= W{bade; cf) 
= W(aebd; fc)= W(dbta\ / c )= W{bdae; / c )= W{eadb; fc) 
= e1W(acfd;be)= *iW{dfca;be) = 8iW[fdac;be)= ^^(cad/jfcc) , . 
= exWiafcdicb)^ e1W(dc/a;c6)= €XW(cdaf\tb)^ €lW(fadc\tb) * ' 
= e2W(cbef;ad)= e2W(febc;ad)= e2w\efcb\ad)^ e2W(bcfc;ad) 
= e2W(cebf;da)= c2W(fbec;da)= e2W{bfcc;da)= e2W{ecfb;da), 

file:///dbcj
file:///dcbj
file:///bdcj
file:///bcdj
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where 
ei = (-l)b+'-c~f , e2 = (-i)«+<*-c-/ . (6) 

(b) Regge Symmetries: 

W (abed; cf) = W(s$ — a, s3 — 6,53 — e, S3 — d\ cf) = eiW^a, Si — 6, Si — e, d\ sx — c, Si — / ) 
= $i W(s2 — d, S3 — e, s3 - 6, s2 - a; si - / , si - c) = e2W(s2 - a, 6, c, s2 — d\ s2 - c, s2 - / ) 

= e2W(s3 - d, si - c, si - 6, s3 - a; s2 - / , s2 - c). (7) 

Here S i , s 2 , s 3 are given by Eq. (4) and e^e2 by Eq. (6). 

9.4.4. "Mirror" Symmet ry 
The formulas for the 6j symbols may be extended to include negative integer or half-integer values of 

arguments. In this case one has the following symmetry properties [45] corresponding to the replacement 
j -* -j - 1, 

{;!)}-{;J/}-(-')"{;!/}-«-'i"+,{;i/} 
-(-»"-{i:,/}-(->r«{:^}-(-ir{::j}-(-i)-{}:,

/} 
-i-»)"{;!*/}--(-ii"{si/}-(-'r{;!,/}-(-i>"»{;j}}-

Here 

/ 0 b c 1 _ ( tfb+e+d Sbc&ef i a b °\ = (-l)a 

\defj y > y/(2b + l)(2e+l)' \ 0 e / J V ; ^/(2b + l)(2c +1 ) ' 

f O 0 C 1 _ / ^ a + d + e gac£ff / ° 6 C \ = (_l)«+M-«l ga/fr:d 
l < * e / J l ' V ( 2 a + l ) ( 2 d + l ) ' W O / J * ' V ( 2 a + l ) ( 2 c + l ) ' 

f a 6 0 1 _ / , * « + « + / ^ab^e / ° 6 C \ = (_ l )«+H-c * o e ^ M 

l ^ e / J ^ y/{2a+l){2d+l)' \deOJ l ' ^ ( 2 o +1)(26 + 1) ' 

(8) 

a = —a — 1, fc = —6 — 1 , etc. 
^ = 6 - c _ e + / | ^ 2 = 2(a + d), <p3 = c + d + e + 2/ , £>4 = a + 6 + c, <p5 = 2(c + / ) + 1. (9) 

Similarly, for the Racah coefficients one gets 

W(abed;cf) = -W(abed;cf) = W(abed;cf) = -W(abed)cf) 
= {-l^^Wiabedicf) = (-l)+*W{afo3;tf) = i(-l)+*W(*ltd\cf) = t ( - l )^W(a6?J;ff / ) 
= t(-l)*»jy(afcc*;ff/) = t ( - l )*»W(a6?J ;c / ) = ( - l )^W(a6eJ ; c/) = ( - l ) ^ + 1^(a6ec*;c/). (10) 

Here 
^ = - 6 - f c - c - f / , V>2 = - c + d + e + 2/, ^ 3 = a + 6 - c , ^ 4 = 2 ( d + / ) . (11) 

9.5. E X P L I C I T F O R M S OF T H E 6; SYMBOLS FOR CERTAIN A R G U M E N T S 

9.5.1. One of Arguments is Equal to Zero 
For the 6j symbols one obtains 

+6+e hftce 

(1) 

file:///defj
file:///deOJ
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Analogous relations for the Racah coefficients are 

In this case all other arguments are supposed to satisfy the triangular condition. 

9.5.2. One of Arguments is Equal to the Sum of Two Others 
If one of the 6j symbol arguments is equal to sum of two others from the same triad (abc), {ede), (aef), [bdf), 

one may use the classical symmetries of the 6;' symbol (Eqs. 9.4(2)) to express it in the form 

{ d ! ° / b } = (-1)a+b+d+e W{abed; a + bf) = (_!)«+»+<*+« 

(2o)!(26)i(o + b + d + e + l)!(a + b - d + «)!(o + 6 + d'- e)!(-o + e + /)l(-fe + d+f)\ 1* 
{2a + 2b + l)\{-a-b + d + e)\(a + e-f)\{a-e + f)\[a + e + f+l)\{b + d-f)\{b-d + f)\{b + d + f + l)]\ 

(3) 
In particular, 

faba + b}_( .a+b+d+e [ (26)!(2C)!(a + b + d- e)l(a-b + d + e)\ 1* 
\dea + ej y ' [(2o + 26 + l)!(2o + 2« + l)!(-o - 6 + d+ e)!(-o + b + d - e)\\ ' W 

(ab a + 6 \ _ ,ua+b+d+e 
\dea+e-lf~{ l} 

x^2a(o + 6 + d + e + l)(a + 6 - d + e ) ( 2 o + 2 6 + i ) ! ( 2 o + 2 e ) ! ( _ o _ 6 + i + e ) ! ( _ o + 6 + d _ e + i ) ! j , ^ 

faba + b] . u,a+h+e (2a)!(6 + C)! 
\ a e a + 6 / l l) (2o + 26 + !)!(-& + e)!' [ l 

(ab a + 6 1 _ . ,7a+b+e (2o - 1)!(6 + < - ! ) ! [2o • 2b{b + e)(2o + b - e)(2o + b + e + 1) 
\ o e o + 6 - l J [ ' (2a + 26)!(-6 + e)! [ (2a + 2 t+1) ( -6+ e +1) j ( ? ) 

f a 6 a + 6 l _ , >2a+2b (2a)!(26)l 
\ o 6 / J _ l X' (a + 6 - /)!(a + 6 + / + 1)!' W 

U & a + 6) , )2o+2fc (2a)!(26)l 
l 6 a / / l ' | ( 2 a - / ) ! ( 2 a + / + l)!(26-/)!(26 + / + l ) ! ]*' U 

f a o a + o ) , n 2 a + 2 t (2a)!(2o)I 
l a U + i } - 1 ^ (2a+26+l) ! ' (W) 
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( i i ) 
, U2a+2b (2a)!(26)! 
1 ' (2o + 26)!' 

2o+26 1 
2 a + l 

t 1 \2a+2b 
1 1} (2a 

(a 

26 
+ l)(2a 

>*) , 

+ 2)' {:!.!>'.}-'-*»""»^'tu^- (o£i-i)' (13) 

f o 6 a + 6 1 = / 1x2(a+5+c) 1 /14x 
\ a + 6 + e e a + eJ v ' [ (2 a + 26 + l)(2a + 2e + 1)]* ' V ' 

9.5.3. One of Arguments is Smaller by Unity than the Sum of Two Others 
If the 6j symbol has one argument which is one less than the sum of two others from the same triad 

(a6c), (cde)} [aef)} (bdf), one may use the classical symmetries of the 6j symbol (Eqs. 9.4.(2)) to bring it into 
the form 

{d \ ° + / " * } = (-i)a+b+d+'w(ab<d>a+b -1/) 
= i_qa+b+d+. 2 { a f c ( o + fc) + (0 + 6 ) / ( / + i) _ ad(d + i) _ 6 e ( e + i)} 

[ (2a - 1)1(26 - l)!(a + 6 + d + e)!(a + 6 - d + e - l)!(a + 6 + d - e - l ) ! ( -a + e + / ) ! ( -6 + d + / ) ! 1 * 
: [ ( 2 a + 2 6 ) ! ( - a - 6 + d + e + l ) ! ( a + e - / ) ! ( a - e + /)!(a + e + / + l ) ! ( 6 + d - / ) ! ( 6 - d + / ) ! ( t + d + / + l ) ! . 

(15) 

In particular 

{ d ! a t e - l } = (-l)O+6+d+e2{0(a+6 + e-1) (0+6 + e)-0d(d+1)-26e} 

[ ( 2 6 - l ) ! ( 2 e - l ) ! ( a + ft + d - e - l ) ! ( q - 6 + d + e - l ) ! 1 * 
[(2a + 26)!(2a + 2 e ) ! ( - a - 6 + d + e + l ) ! ( - a + 6 + d - e + l)lJ ' V ' 

| a 6 a + 6 - l | = ( _ 1 ) 2 o + 2 6 2 { a 6 ( a + 6 ) + ( a + 6 ) / ( / + 1 ) _ a 2 ( a + 1 ) 

ft*fft n i l (2a-1)1(26-1)1 
-M» + i)>(a + t _ / ) l ( a + 6 + / + 1 ) I . (is) 

J a 6 a + 6 - l \ , U2a+2b9(u , M , , f , u „ . , (2a - 1)1(26 - 1)1 
\ba f H " 1 ) 2{(a + »)/(/ + 1) - 2a6} ̂  _ / ) | ( j 8 + , + 1)!(26 _ / ) ! (26 + , + x > 1 j * > 

f a 6 a + 6 - l l , *2(a+6+e) 
\ a + 6 + e - 1 e a + e - 1 J v ' 

Some other cases are given by Eqs. (5), (7), (11). 

26-2e 
(2a + 26)(2a + 26 - l)(2a + 2c)(2a + 2c - 1) J 

(19) 

(20) 
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9.5.4. Arguments a, 6, d} e are Equal in Pairs 

If a = 6 and d — e or a = c and 6 = d, the Wigner 6; symbol may be rewritten as [56] 

{ 6 6 / } = { 6 Vc } = H ) ^ ^ ' / ) " (-l)2a+26W(a6a6;/c) 

= f _ i r + b + c + / [ (2a - c)l(2t - c)l 
K ' [(2a + c+l)! (26 + c + l)! 

Vc{a,f,b), (21) 

where c is integer, and Vc(a, f, 6) = Vc(b, f, a). According to Eq. 9.6(6), the quantities Vc satisfy the recursion 
relation 

Vc+1 = 2-^±VlVc - c(2c + l)Ve - - 4 r [ 4 a ( a + 1) + 1 - c2][46(6 + l) + 1 - c 2 ] ^ . (22) 
c + 1 c -t-1 

Let us denote 

a = a(a + 1), 6 = 6(6 + 1), x = / ( / + l) - a (a + 1) - 6(6 + 1) = / - a - 6. (23) 

Then for some special values of c the functions Vc are given by 

V0(a,f,b) = l, (24) 
Vr

1(a,/,6) = - 2 i , (25) 
V2(a,/,6) = 6x2 + 6 x - 8 a 6 , (26) 
V3(a, f, b) = -20x 3 - 80x2 - 16x[3 + a + b - 3a6] + 80a6, (27) 
V4(a, / , 6) = 70x4 + 700x3 + 40x2[39 + 5a + 5^ - 6a6] 

+ 80x[9 + 6a + 66 - 17a6] - 48a6[27 + 4a + 46 - 2a6], (28) 

V In th\-t rt+-»fita'+7 ft (2a)!(2a-l)!(2a + 26)!(-a + 6 + / ) ! 
V 3 a _ 1 ( « I / , * ) - ( - l ) 2{a + / - 6 } ( 2 6 _ 2 a + 1 ) ! ( a + 6 _ / ) ! ( a _ 6 + / ) , ( a + 6 + / + 1 ) ! , ^ 

( a < 6 + 0 , 

(b,a+l), 

(2a - 26 + l)!(a + 6 - / ) ! ( - a + 6 + /)!(a + 6 + / + 1)! ' ( 3 Q ) 

V In fh\-t I } - " * / (2a)!(2a)!(2a + 2 6 + l ) ! ( - a + 6 + / ) ! 
K 2 o ( a , / , 6 ) - ( I) (26 - 2o)!(a + 6 - /)!(a - 6 + /)!(a + 6 + / + 1)! ' { 3 1 j 

( < * < & ) , 

V (nfh\-( U-+"' (2fc)!(26)!(2a + 26 + l)l(a - 6 + / ) ! 
^ ( a , / ,») - (-1) /

( 2 a _ 2 6 ) ! ( a + 6 _ / ) ! ( _ a + 6 + / ) ! ( a + 6 + / + 1 ) ! • (82) 
( 6 < a ) . 
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For special values of / one has 

vt AM (26) ! (2a+c+l ) ! 
^ a , a - M ) = ( 2 a + 1 ) ! ( 2 6 _ c ) ! , ( « > * ) , 
. . . . M (2a)!(26 + c + l)i 
y c ( a , 6 - a , f e ) = ( 2 6 + 1 ) ! ( 2 a _ c ) , , ( « < 6 ) , 

V e ( a , a - 6 + l16) = 2 { 2 6 ( a + l ) - ( a - 6 + l ) c ( e + l ) > f c | | ^ t l + J ) i , 

(o > b - 1), 

V4a,b-a+l,b) = 2{2a(b+l) + (a-b-l)c{c+l)}{^0^±^-, 

(6 > a - 1), 

Vc(a,a + 6 - l , 6 ) = ( - i r 1 2 { ( a + 6 ) C ( c + l ) - 2 a f e } | 2
2 ° " 1 | g 2 ^ 

Ve(a,a + M ) - ( - l ) ( 2 a _ c ) ! ( 2 6 - c ) ! -

See also Eqs. (9) and (19). 

9.6. RECURSION RELATIONS 

9.6.1. Relat ions in Which Arguments are Changed b y 1/2 

[(a + 6 + c + l ) ( - a + 6 + c){c + d + e + l)(c + d - e)]* { J * J } 

= -2c[(6 + d + / + l ) ( 6 + d - / ) ] * 
a 6 - l c - A 

+[{a + b - c+ l){a- b + c){-c + d+ e + l){c - d + e)}$ | j * ' " ^ l , 

( a - & - d + e ) [ ( a+6 + c + l ) ( C + d + e + l ) ] * { ^ * ' } 

- [ (a - 6 + c)(c - d + e)(o + e - f){a + e + f + 1)]* 
a - | 6 c - i 

d e~\ f 

+ [ ( - o + 6 + c)(c + d- e){b + d- f)(b + d+f + 1)]* 

[ ( -o + 6 + c ) ( a - 6 + c + l)(o + « - / + l)(6 + d + / + l)]* I j j j j 

= [(c + d - e)(c - d + e + l)(a + e + / + 2)(6 + d - / ) ] * 
a + | 6 - | c 

d - § e + i / 

o+2 b~h c 

+(a - 6 - d + e + l ) [ ( -o + 6 + c)(b - d + / ) ] * 
d e / - § 
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( 2 d + l ) ( 2 / + l ) [ ( a + 6 + c + l ) ( a - 6 + c ) ] * { ; ^ } 

= - [ (a + e + / + l)(a - t + f){b + d+f+ l ) ( -6 + d + f){c + d + t + l)(c + d - *)]* 
• - 1 6 C - 1 

a - i 6 c - I 
- [ ( - a + « + / + l)(a + « - / ) ( 6 - d + / + l)(6 + < f - / ) (c + d + « + l)(c + d - « ) | * \ 

f a - § b c-\ 
- [ (a + e + / + l)(a - t + /)(6 + < * - / + 1)(6 - <i + / ) ( - c + d + e + l)(c - <f + e ) ] H 

+ [ ( - o + e + f + l){a + e - f){b + d+ f + 2){-b + d + f + l)(-c + d + e + l){c - d+ e)]l 
a - i i c - 1 

x < >. (4) 
<*+* < / + § 

9.6.2. Relations in Which Arguments are Changed by 1 

(2c + l){2[a(o + l)d{d + 1) + 6(6 + l)e(e + 1) - c(c + l ) / ( / + 1)] 

-[a(a + 1) + 6(6 + i) - e(c + l))[d(d + 1) + e(e + 1) - c(c + 1)\) {* b
g < } 

= -c[(o + 6 + c + 2 ) ( -a + 6 + c + l)(o - 6 + c + l)(o + 6 - c) 

x(<* + e + c + 2)( -d + e + c + l ) ( ( i - e + c+l)(<* + e - c ) ] * | j J ' + 1 } 

- ( c + l)[(o + 6 + c + l ) ( - a + 6 + c)(o - 6 + c)(a + 6 - c + 1) 

x(<f + c + c + l ) ( - d + e + c)((*-e + C)(d + e - c + l)]* j ° * c ~ * 1 . (5) 

(2c + l ){-2a(a + 1) - 26(6 + 1) + 2 / ( / + l) + c(c + 1)} j J £ < } 

= (c + l ) [ (2a+c + 2)(2a-c)(26 + c + 2) (26-c) ]* | j J ' + 1 } 

+c[(2a + c + l)(2a - c + 1)(26 + c + 1)(26 - c + 1)]* j J J C " * | , (6) 

(2c + l ) { [ a ( a + l ) + 6 ( 6 + l ) - c ( c + l ) ] 2 - 2 [ a 2 ( a + l ) 2 + 62(6 + l ) 2 - c ( c + l ) / ( / + l ) ] } | ^ * j | 

= c(a + b + c + 2) ( -o + 6 + c + l)(o - 6 + c + l)(a + 6 - c) j " J C ~t * | 

+ (c + l)(a + 6 + c + l ) ( - a + 6 + c ) ( a - 6 + c)(a + 6 - c + l ) [ " J c ~ 1 | . (7) 

In particular 
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9.7. GENERATING FUNCTION 
The 6j symbols turn out to be the coefficients of a power series expansion of the generating function /(r^a) 

[53], which depends on 12 variables r^a(i = 1,2,3; a = 1,2,3,4), 

fM = 
3 4 4 3 i+£ii'<«+En". 1"-E*i*.){;!;}n n<«>.)-- « 

*=1 a = l a = l t = l 
The exponents i^a are elements of the R symbol. The relation between Ria and arguments a, 6, c, etc. is given 
by Eqs. 9.1(13)-9.1(14). The normalization factors N are 

r 4 - , * 

n (*« + i)» 
N(Ria) = ft ft (*<«)' 

*=1 a = l 

(2) 

where Ba are given by Eqs. 9.1(18). 

9.8. SUMS INVOLVING THE "6; SYMBOLS 
In this section only the most important sums involving products of the 6j symbols are presented. We shall 

use the notation {abc} for the symbol which is equal to 1 if a, 6, c satisfy the triangular conditions 8.1(1) and is 
zero otherwise. In the equations below the sum is over all possible values (integer or half-integer) of X which 
obey all triangular conditions. 

Z(2X+l){a
a
b
b
X

c} = (-ir{abc}, 
x K } 

5>ir*x(2*+i){jjf}-w(2«+i)(2*+i), 

»-^+"{:"}{:"}{:f*}- ?!•}■ 

(JR = a + 6 + c + cf+e + / + p + g + r) 

£<«+»{:if}{:;?}{;{?}{:if}-<-ir"«' 

D-»M(«+'){:if}{:^}{;if}{:i X 
s 

— has} 
c — p b 
f r - g 

I q e d -
a d e h 

p q r s 
b c f g 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(?) 

(8) 
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Many other sums, involving the 6j symbols as well as the 3jm symbols and the 9j symbols, will be given in 
Chap. 12. 

9.9. ASYMPTOTICS OF THE 6; SYMBOLS FOR LARGE A N G U L A R MOMENTA 

9.9.1. Asymptotic Relations Between the 6; Symbols and the Clebsch-Gordan Coefficients 

If R :» 1 and a, 6, c etc. are arbitrary, one gets the following asymptotic relation 

( a b c \ 
\d+R e + R / - h i ? / 

i\a+6+<i+e 
« 

(- i ) 
y/2R(2c + 1) (1) 

where a = / — e,P = d — / , 7 = cf — e. 
For the 6; symbols and the Zjm symbols this relation assumes the form [47] 

( a b c \ (-i)a+o+c+2(<H«+/) / a b c \ 
\d + R e + R f + rf™ y^ft \e-f f-dd-e) (2) 

The asymptotic relation between the R symbols which correspond to the 6j symbols and the Clebsch-Gordan 
coefficients is written as 

» 

-c + d + e + 2R b + d-f a + e-f a + b-c 
-b + d+ f + 2R c + d-e a-b + c a-e + f 
-a + e + f + 2R -a+b+c c-d+e b-d+f 

-a+b+c a — 6 + c a-f 6 - c 
a + e - / b-d+f c + d-e 
a-e + f b + d-f c-d + e 

(__l)a+M-c+2(d+e+/) 

V 2 l 

In particular, when d = c = / = 0 one obtains [60] 

(a b c \ 
\RRRJ « 

( - i ) c „<*> 
v^2^Ty a0W' 

(3) 

(4) 

9.9.2. Asymptotic Expressions for the 6; Symbols 

The asymptotic behaviour of the 6; symbols < , - > for large angular momenta is closely associated with 

geometric properties of the tetrahedron whose edges are a + | , 6 + | , etc. (Fig. 9.1). 

/s4=d+i 

Fig. 9.1. The tetrahedron associated with asymptotic behaviour of the 6j symbols. 

file:///RRRJ
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(a) The Ponzano-Regge Formula [89] (semiclassical approximation to the 6j symbols): If a, 6, c, d, e, / >> 1, 
then 

Here 

&}h^~[£»e»+(\'{v2>o)- (5) 

1 . 1 1 
Ji2 = a + 2 > Ji3 = o + 2 > Ji4 = c + 2 » 

j23 = J+2> J 2 4 = . e + r > j34 = a + 2 > 

iik = ifci, jii = 0 . 

(6) 

V is the volume of the tetrahedron, 0 ^ is the angle between two external normals to the planes adjacent 
to the edge ji^. 

The tetrahedron volume is equal to 

v2 = 23(3!)2 

0 hi hi ha 1 
J34 0 & fa ! 
& J?4 0 jl2 1 
#23 1̂3 1̂2 0 1 
1 1 1 1 0 

The angles Qik are given by 
5<5fc sin 0jfc = -Fjifc , (t ^ fc) 

(7) 

(8) 

Here Si is the area of the triangle opposite to the vertex pi (Fig. 9.1). One can evaluate Si, using the standard 
formulas. For example, 

Sl = 7 ^ 0 l 2 + ;i3 + Jl4)(yi2 + Jl3 ~ Jl4)0l2 - J13 + J14) (-J12 + Jl3 + Ju) = ~ 7 ^ 16 16 

0 y?2 ; ?3 1 
y?2 0 & 1 
; ? 3 & 0 1 
1 1 1 0 

(9) 

The asymptotic expressions (5) are valid only if V2 > 0 (classically allowed domain). If V2 < 0 (classically 
forbidden domain, when an associated tetrahedron does not exist), the asymptotic expression becomes 

J a 6 c 1 
\ d e / J » 2v

/l27jl r cos $ exp ^ jifclm Qik 
t,fc=i 

, ( V 2 < 0 ) , 

where 

* = E (** - 5)Re0<* • 

(10) 

(11) 

In this case the 6j symbols are exponentially small even if the triangular condition is satisfied. 
Near the classical domain boundary, where V2 « 0, Eqs. (5), (10) are of little use, although one may use 

the improved expressions [89] 

{ d ! / } w 2 ~ ' ( n 5 « ) {cos$Ai(*) + s i n $ B i ( * ) } , (12) 
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Ai(z) and Bi(z) being the Airy-functions [27], 

f 

z — < 
[-(w)2(*n$) if73>o, 

(13) 

Note that the Ponzano-Regge approximation is sufficiently accurate even at comparatively small angular mo
menta a, 6, c etc. Asymptotic expressions similar to (12) but extended over the entire domain of angular 
momenta are obtained in Ref. [140]. 

(b) The Edmonds' Formula [16]: If / , m, n are arbitrary integers or half-integers and a, 6, c >► / , m, n, then 

f a b c] {_l)a+b+c+f+m jf 

\ 6 + m a + n / J * N / | 2 a + l ) ( 2 6 + l) m n l ' ' 
(14) 

where d}
mn(Q) ia the rotation matrix (Chap. 4), 6 is an angle between the tetrahedron edges a + n+ | and 

6 + m + ± ( F i g . 9.2) 
^ a ( 0 + i ) + t(6 + i ) - c ( c + i) 

2s/a{a + l)b{b=+^ ' 
cost 

0+/I+J-

[93], 

Fig. 0.2. The angle 6 which enter* Eq. 9.9(14). 

In particular, if m = n = 0, a, 6, c > / and / is an arbitrary integer, then (14) turns into the Racah formula 

fab c\ 
\bafj 

_i\a+6+c+/ ( - i ) P / (cos6) , * V{2a + l)(2b+l)~'y"~~" .;,£ ( l 6 ) 

where P/ is the Legendre polynomial. If, in addition, / is large (a,6, c > / > 1), one can substitute into (16) 
asymptotic expressions for the Legendre polynomials to obtain 

(wK i) a+b+e+f 
1 * 

L*(2a + 1)(26 + 1)(2/ + 1) s in6 J 

This expression may also be written in the form (cf. Eq. (5)) 

(abc\ (-!)«+*•«+/ 

where the tetrahedron volume is given by 

cos [(/♦*)•-!]• (") 

« -—'. —cos IH)-* 
*-\H)H)H)"-

(18) 

(19) 

file:///bafj


6j Symbols and the Racah Coefficients 

(c) If a, 6, c, d, c, / > 1, m, n, p one has 

where V is the tetrahedron volume (7) 

309 

(20) 

(21) 

Qi is the angle between two external normals to the planes adjacent to the edge U + \ (Fig. 9.3), with 
li = d, /2 = *> 's = /• The angles 0* can be evaluated from 

cos 0^ = cos <pik cos <pu - cos <pki 
sin p,-fc sin spsi 

where combinations i,fc, / are obtained by cyclic permutations of 1,2,3. 

'•++=/+-*-

(22) 

•a T a —c-r 2 

/.+ +=<*+ + 

Fig. 9.3. Geometrical interpretation of the angles in Eqs. 9.9(20)-9.9(23). 

In Eq. (22) <pik = <Pki is the angle between the edges U + ^ and /* + | of the tetrahedron (Fig. 9.3) 

C08W _ M ^ + i) + M<* + i ) - A ( a + i) 
™ 2^i,-(z< + i)ifc(ifc + 1 ) 

with i^k^l and ji = a, ja = 6, J3 = c. 
(d) In particular, for m = n = p = 0 Eq. (20) yields the Wigner formula [43] 

(23) 

\ d e / / 24*V 
, (o, 6, c, d, e, / » 1). (24) 

This formula is valid only on the average because the 6j symbols oscillate rapidly with momentum variations 
in the region of large angular momenta. 

(e) If a, 6, c, etc. are fixed and R -+ 00, one has [89] 

Ub + R c + R) . )t 
\de+Rf+RJ y ' 

(o - 6 + c)\(a - e + f)\[e + d- e)\(-b + d+f)\ 
(a + 6 - c)\{a + t - / ) ! ( -c + d + e)\{b + d-f)\ 

J«i([n(c+/-6-«) 

(2i?)-1-l6+«-c-/l 
|6 + e - c - / | ! 

1 + 0 (i)]- (25) 



310 Quantum Theory of Angular Momentum 

In this case 

(p = a + d + min {6 -I- c, c + / } , 
f 1, if x > 0 , 

S i g n X = \ - l , i f x < 0 . 
(26) 

9.10. RELATIONS BETWEEN THE WIGNER 6; SYMBOLS A N D 
ANALOGOUS FUNCTIONS OF OTHER AUTHORS 

Racah [91]: 
^(a6ed;c/) = ( - i r ^ ^ | ^ ^ } , 

Jahn [73]: 
U{abed;cf) = [{2c+l){2f + l)]lW{abed\cf)t 

Biedenharn, Blatt and Rose [56]: 

Z{abed;cf) = r a + ' + ' [ ( 2 a + l)(26 + l)[2d+ l)(2e + l)]$Cf
al0W{abcd;cf). 

9.11. TABLES OF ALGEBRAIC EXPRESSIONS FOR THE 6; SYMBOLS 

Algebraic expressions for the 6j symbols < , . > with d = £, 1, | , 2, | , 3, | , 4 are presented in Tables 9.1-9.8. 

We use the following notations 

s = a + 6 + c 
X = - a ( a + 1) + 6(6 + 1) + c(c + 1). 

The tables of algebraic formulas for the 6j symbols and Racah coefficients are also given in Refs. [3, 45, 
56]. 

9.12. NUMERICAL VALUES OF THE 6; SYMBOLS 

Numerical values of the 6j symbols < , . > with a, 6, c,d, c, / < 3 are presented in Tables 9.9-9.11. These 

values are given exactly (i.e., as square roots of rational fractions) and in decimals. All arguments a, 6, c, d, c, f 
are supposed to differ from zero. Otherwise one should use Eqs. 9.5(1). Arguments of the 6/ symbols given in 
Tables 9.9-9.11 satisfy the following conditions: 
Table 9.9. 1. a, b,d} e are half-integers; c, / are integers. 

2. a > 6,d, e and c > / . 
3. If a = 6, then d > t\ if c = / , then 6 > e. 

Table 9.10. 1. a, 6,c are integers; d, c, / are half-integers. 
2. a > 6 > c. 
3. If a = 6, then d > c; if 6 = c, then c > / . 

Table 9.11. 1. All arguments a, 6, c, d, e, / are integers. 
2. a > 6, c, d, c, / ; 6 > c, c, / . 
3. If a = 6, then d > c; if 6 = c, then c > / ; if a = d, then c > / . 

Any 6jf symbol can be written in one of these forms by using the classical symmetries (Sec. 9.4.2). 
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Tables 9.1.-9.8. Algebraic Expressions for the 6/ Symbols. 
Table 9.1. 
a b c 

1/2 e f 

/ e = c + l/2 e = c- 1/2 

6+1/2 

6 — 1/2 

/ n n 1 1 f (« + 2 ) ( « - 2 a + l ) 7/, 
( - 1 ' 2 L(26 + l)(6 + l)(2c + l)(c + i) J 

(s — 2c) (s — 26 + 1) 7A 
1) J 

I f (s-2c + l)(s-2b) 7/, 
( ' 2L(26+i) (6 + l )c (2c- f l ) J 

(-1)« \[ 6(26 + l)(2c + l)(c + (-!)• T[ 
(, + ! ) ( « _ 2a) 

2 [_&(26 + l)c(2c + -f 1)J 

Table 9.2. 

( a b c ) 
1 e / J 

/ = C + 1 

6 + 1 

6 

6—1 

2a+ 1) ( s - 2 a + 2 ) 7/2 
l)(c + l)(2c + 3)J 

4x. i r (*+.2)(* + 3)(f-
-1 ) 2 L (2b + 1) (6 + 1) (26 + 3) (2c 

• 2) (s — 2c) (s — 26 + 1) (s - 2a 4 1) 7/, 
6 (26 + 1) (6 + 1) (2c + 1) (c + 1) (2c + 3) J 
2c — 1) (g — 2c) (s — 26 + 1) (g — 26 + 2) 

1 T ( 
H) ,+1TLT 

1 r (s 
(26 - 1) 6 (26 + 1) (2c + 1) (c + 1) (2c + 3) J" 

/ 

6 + 1 

b 

6 — 1 

( -1 ) «+l K iyrit 
i )J 

(s + 2) (s — 2c + 1) (s — 26) (s — la + 1) 
(26 + 1) (6 + 1) (26 + 3) c (2c + 1) (c + 
, 1 * 

2 [6 (26 + 1) (6 + 1) c (2c + 1) (c + 1)]V. 
i n . 1 r ( t + l ) ( « - 2 c ) ( « - 2 6 + l ) (« -2a )7 / . 
l — 1 ' 2 L (26 - 1) 6 (26 + 1) c (2c + 1) (c + 1) J 

( -1) ' 

/ e = c — 1 

6 + 1 

b 

6 — 1 

(-!)* 
(s — 2c + 1) (s — 2c + 2) (s — 26 — 1) (s — 26) ir. 

2 L (26 + 1) (6 + 1) (26 + 3) (2c - 1) c (2c + 1) 
1 r (« +1) ( « - 2 e + !)(«-2ft) ( t -2a )7 / . 

- 1 ' 2 L6(26 + l ) ( 6 + l ) ( 2 c - l ) c ( 2 c + l ) J 
1_ r s (s + 1) (s — 2a — 1) (s — 2a) 
2 L 

? 

(-!)• 2 L (26 - 1) 6 (26 + 1) (2c - 1) c (2c + 1) I" 
Table 9.3. 
a b c 

3/2 e f 

f e = c + 3/2 

6 + 3/2 

6+1/2 

6—1/2 

- 3 / 2 (-!)• 

(s + 2) (s + 3) (s + 4) (s — 2a + 1) (s — 2a + 2) (s — 2a + 3) 
(26 + 1) (26 + 2) (26 + 3) (26 + 4) (2c + 1) (2c + 2) (2c + 3) (2c + 4) 

/ n o r 3 ^ + 2 ) ( s + 3 ) ( j ? - 2 c ) ( s ^ 2 6 + 1 ) ^ - 2 a + l ) ( ^ - 2 a + 2)7/a 
v - 1 ) L 26 (26 + 1) (26 + 2) (26 + 3) (2c + 1) (2c + 2) (2c + 3) (2c + 4) J 

3 (s + 2) (s — 2c — 1) (s — 2c) (s — 26 + 1) (s — 26 + 2) (s — 2a + 1) 
(26 — 1) 26 (26 + 1) (26 + 2) (2c + 1) (2c + 2) (2c + 6) (2c + 4) 

(s — 2c — 2) (s — 2c — 1) (s — 2c) (s — 26 + 1) (s — 26 + 2) (s — 26 + 3) 

( -1)* 

(-l)*+i [■ 

■]'• 

(26 — 2) (26 — 1) 26 (26 + 1) (2c + 1) (2c + 2) (2c + 3) (2c + 4) 
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Table 9.3. (Cont.) 

f c = c + l/2 

6 + 3/2 

6 + 1/2 

6 - 1/2 

6 — 3/2 

r 3 ( s + 2)(s + 3 ) ( s - 2 c + l ) ( s - 2 6 ) ( s - 2 a + l ) ( s - 2 a + 2)7/, 
(~* ' L (26 + 1) (26 + 2) (26 + 3) (26 + 4) 2c (2c+ 1) (2c+ 2) (2c+ 3) J 

, u.,oy 9hrJ (i + 2 ) ( i - 2 a + l) 7/, 
( - 1 ) {6A — zoc) [ 26 (26 + 1) (26 + 2) (26 + 3) 2c (2c + 1) (2c + 2) (2c + 3) J 

T (s— 2c) (s — 26 + 1) 7/s 
( -1 ) ' + 1 {3X + 2 (6 + 1) c) y {2b _ ^ 2b (2b + 1 } ( 2 6 + 2 ) 2 c ( 2 c + 1) (2c + 2) (2c + 3) J 

r 3 (s + 1) (s - 2c - 1) (s — 2c) (5 — 26 + 1) (s — 26 + 2) (s - 2a) 7/, 
("~1)# [ (2b — 2) (2b ~ 1) 2& (26 + !) 2 c (2c + 1) (2c + 2) (2c + 3) J 

/ e = c — 1/2 

6 + 3/2 

6 + 1/2 

6 - 1 / 2 

6 - 3 / 2 

-1) ' + 1 [ 3 (s + 2) (5 — 2c + 1) (5 — 2c + 2) (5 — 26 — 1) (5 — 26) (s — 2a + 1) 7/i ]" (26 + 1) (26 + 2) (26 + 3) (26 + 4) (2c — 1) 2c (2c + 1) (2c + 2) 

I n - i f 3X 4- 26 fc + i n r ( , - 2 c + l ) ( i - 2 6 ) 7/, 
<—1; idA -t- z* (c -t- i j ; [̂  2 6 (2h + ^ ( 2 6 + 2 ) ( 2 6 + 3 ) ( 2 c _ ^ 2 c ( 2 c + t ) ( 2 c + 2 ) j 

(-.!)•+! {3X - 2 (6 + 1) (c + 1)} L (26 - 1) 26 (26 + 1) (26 + 2) (2c - 1) 2c (2c + 1) (2c + 2) J 

f 3(f + l ) « ( t - 2 c ) ( « - 2 6 + l ) ( i - 2 a - l ) ( f - 2 a ) 7/» 
1 *' L (2^ — 2) (26 — 1) 2b (26 + 1) (2c — 1) 2c (2c + 1) (2c + 2) J 

/ e = c — 3/2 

6+3 /2 

6 + 1/2 

6 - 1 / 2 

6 - 3 / 2 

(-I)' [■ T 
(-1)'[-

(5 — 2c + 1) (5 — 2c + 2) (5 -. 2c + 3) (s — 26 — 2) (* — 26 — 1) (s — 26) 7/1 
(26 + 1) (26 + 2) (26 + 3) (26 + 4) (2c — 2) (2c — 1) 2c (2c + 1) 

3 (S + 1) (s — 2c + 1) (g — 2c + 2) (s — 26 — 1) (s — 26) (5 — 2a) 7/t 
26 (26 + 1) (26 + 2) (26 + 3) (2c — 2) (2c - 1) 2c (2c + 1 ) J 
T 3(s + l)s(*-2c + l)(*-26)(*-2q-l)(s-2a) 7/« 

<~"lj L (26 — 1) 26 (26 + 1) (26 + 2) (2c — 2) (2c — 1) 2c (2c + 1) J 
r (i-l)t(f + l)(f-2a-2)(j-2a-l)(i-2a) 

( } L (26 — 2) (26 — 1) 26 (26 + 1) (2c — 2) (2c -
— 1)(5 — 2 a ) 7/, 
: — 1) 2c (2c + 1) J 

Table 9.4. 
a 6 c 
2 e / 

( a b c \ 
1 2 e / J 

/ :C + 2 

6 + 2 

6 + 1 

6 

6 — 1 

6 — 2 

f (# + 5) 1 (5-2a + 4)! (26)1 (2c) 1 7/, 
K ' L (* + 1) ! (* ~ 2a) ! (26 + 5) ! (2c + 5) ! J 

(-1)'+12 

-„•[ 
r c+*)! ? 

2a) ! (26 + 5) ! (2c + i 
(s — 2c) (s - 26 + 1) (s — 2a + 3) 1 (26 — 1) ! (2c) ! 
(s + l) j (S — 2a) ! (26 + 4) ! (2c + 5) ! 

6 (s + 3) ! (s - 2c) ! (s — 26 + 2) 1 (s — 2a + 2) ! (26 - 2) ! (2c) ! 7/1 
(s + 1) ! (5 — 2c — 2) ! (s — 26) ! (5 — 2a) ! (26 + 3) ! (2c + 5) ! J 

(s + 2)(s- 2c) ! (s - 26 + 3) 1 (s — 2a + 1) (26 - 3) ! (2c) ! 7, 
(5 — 2c — 3) ! (s — 26) ! (26 + 2) ! (2c + 5) ! 
(s - 2c) ! (s — 26 +4)1(26 — 4) ! (2c) ! 

(-1)'+12[ 

•4) ! (s—26) ! (26+1) ! (2c + 5)!j 
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Table 9.4. (Cont.) 

f e = c + l 

6 + 2 

6 + 1 

6 

6 — 1 

6 — 2 

, ^ *!"(*+ *) ! (' - 2c + *> (J - 2V (s-2a + 3)\ (26) ! (2c - 1) 1 7/a {~~1} Zl (s + 1) ! ( s - 2 a ) ! ( 2 6 + 5) ! ( 2 c + 4 ) ! J 

(-1)«2 

/ ^ . + i / / y r T ( * + 3 ) i ( * - 2 a + 2 ) i ( 2 6 - l ) i ( 2 c - l ) ! 7 / 2 
(_l) .+i4{X —&c>L ( 7 + 1 ) ! ( s - 2 a ) ! (26 + 4) !(2c + 4)! J 

6 (5 + 2) (̂  — 2c) (s — 26 + 1) (s — 2a + 1) (26 — 2) ! (2c — 1) 1 7/, P 
(26 + 3)!(2c + 4)! 

2C) I (S _ 26 + 2) ! (26 - 3) ! (2c - 1) ! 7/, r (s — ( - i r i 4 { x + c(6 + i ) } ^ ( 5 _ 2 c _ 2 ) ! ( 5 _ 2 6 ) ! ( 2 6 + 2 ) ! ( 2 c + 4 ) 

— 2c) ! (s -
(S _ 2c — 3) ! (s — 26] ! (26"+1)"I (2c + 4) ! 

rl 
r(« + l ) ( » - 2 e ) l ( « - 2 f r + 3 ) l ( « - 2 a ) ( 2 6 - 4 ) l ( 2 e - l ) | - T / . 
L (s —2c —3) ! (s—26) ! (26 + 1)! (2c + 4)! J 

-J" 

s f 6 (̂  + 3) ! (̂  — 2c + 2) 1 (s — 26) ! (s — 2a + 2)! (26) ! (2c — 2) ! TV, 
( - 1 )* [_ (5 + 1) ! (s — 2c) ! (s — 26 — 2) ! (s — 2a) ! (26 + 5) ! (2c + 3) ! J 

/ < w o / v . , , r 6 ( ^ + 2 ) ( ^ - 2 c + l ) ( s - 2 6 ) ( 5 - 2 a + l ) ( 2 6 - l ) ! ( 2 c - 2 ) 1 7 / > 
(-1) 2 <* + *> L (26 + 4)!(2c + 3)! J 

T (26 — 2) ! (2c — 2) ! 7/a 
( -1) ' 2 {3* (X - 1) - 46 (6 + 1) c (c + 1)} [(26 + 3)l(2c + 3 ) l J 

(—l)«+i 2 {* — & — !} 
f6 (5 + 1) (s — 2c) (s - 26 + 1) (s — 2a) (2b — 3) ! (2c — 2) ! 7/» 

(26 + 2) ! (2c + 3) ! J 
a r 6 (s + 1) 1 (s — 2c) \(s — 2b + 2) 1 (̂  — 2a) ! (26 — 4) ! (2c — 2) ! 7/> 

(—*)' [ (5 — 1) ! (s — 2c — 2) ! (s — 2b) \(s — 2a — 2)\ (2b + 1) ! (2c + 3) ! J 

= c —1 

(s + 2) (s - 2c + 3) ! (s — 26) ! (s — 2a + 1) (26) ! (2c — 3) ! 7/» 
(s — 2c) ! (s — 26 — 3) ! (26 + 5) ! (2c + 2) ! J 

(S _ 2C + 2) ! (s — 26) ! (26 — 1) 1 (2c — 3) ! 7/t 
(_l).+i2[-

(_l).+i4{X + &(c + l))[- ^ + . 2 c ) ! ( s _ 2 6 _ ^ 
" 6 (s + 1) (5 — 2c + 1) (s — 26) (s — 2a) (26 — 2) ! (2c — 3) ! 

(—iy+12{x p 
-c-l}[- (26 + 3)! ( 2 c + 2)! 

(s + 1) ! ( y — 2 a ) ! ( 2 6 - 3 ) ! (2c — 3) ! 
(_i)m 4 <Z - (6 + 1) (c + 1)} [(s _ 1} , (# _ 2a _ 2 ) , ^ ^ J T J ^ P T ! •]'• 

]'■ 

-l)'2[ 
(s + 1) ! (s — 2c) (s — 26 + 1) (s — 2a) ! (26 — 4) ! (2c - 3) I 7/i 

(s — 2) ! (s — 2a — 3) ! (26 + 1) ! (2c + 2) ! J 

--c — 2 

f ( s - 2 c + 4 ) ! ( s - 2 6 ) ! ( 2 6 ) ! ( 2 c - 4 ) ! 7/. 
1 V 1(8 — 2c) ! (s — 26 — 4) ! (26 + 5) ! (2c + 1) ! J 

( - 1 ) ' 2 [ 

(-1)* [■ 

(~1)*2[-

(s + 1) (s — 2c + 3) ! (s — 26) ! (s — 2a) (26 — 1) ! (2c — 4) ! 7/1 
(* — 2c) ! (s — 26 - 3) ! (26 + 4) ! (2c + 1) ! J 

6 (s + 1) ! (s — 2c + 2) ! (s - 2b) ! (s - 2a) ! (26 - 2) ! (2c — 4) ! 7/. 
(s — 1) ! (s— 2c) \(s — 2b — 2)\ (s—2a —2)! (26 + 3) ! (2c + l ) ! 

anl (« + ! ) ! (J — 2c + l ) ( s - 26) (̂  - 2 a ) ! ( 2 6 - 3 ) ! (2c — 4) 11'/, 
J" 

(-1)* 

(5 _ 2) ! (s — 2a — 3) ! (26 + 2) ! (2c + 1) ! 
f (5 + 1) ! (s-2a) ! ( 2 6 - 4 ) ! (2c - 4) ! 7/2 
L (s — 3) ! (s — 2a — 4) ! (26 + 1) ! (2c + 1) ! J 



/ 

Table 9.5. 
a b c 

5/2 e f 

e = c + 5/2 

6+5 /2 

6+3 /2 

6+1 /2 

6 — 1/2 

6 - 3/2 

6 — 5/2 

( - i ) ' u 

(-!)'[• 

f (s + 6) ! ( s - 2 g + 5) 1(26)1 (2c) ! 7/, 
* j L (' + 1) 1(« — 2a)! (26 + 6)1 (2c + 6) 1 J 

' 5 (s + 5) 1 (s - 2c) (s - 26 + 1) (s - 2a + 4) 1 (26 — 1) 1 (2c) ! 7/, 
(s + 1) ! (s - 2a) ! (26 + 5) ! (2c + 6) 1 J 

10 (s + 4) 1 (s - 2c) i (s - 26 + 2) 1 (s — 2a + 3) 1 (26 - 2) 1 (2c) 1 7/2 

(s + 1) 1 (s — 2c — 2) ! (s - 26) 1 (s — 2a) ! (26 + 4) ! (2c + 6) ! 
10 (s + 3) 1 (s — 2c) 1 (s — 26 + 3) ! (s — 2a + 2) 1 (26 — 3) 1 (2c) 1 7/, 

(s + 1) 1 (s — 2c - 3) 1 (s — 2b) ! (s — 2a) 1 (26 + 3) 1 (2c + 6) ! J 
5 (5 + 2) (5 — 2c) 1 (s — 26 + 4) 1 (s — 2a + 1) (26 - 4) 1 (2c) 1 7/« 

r 
(5 — 2c — 4) 1 (5 — 26) 1 (26 + 2) ! (2c + 6) 1 

r (s-2c) 1 ( . - 2 6 + 5) I ( 2 6 - 5 ) 1 (2c) 1 7/, 
("-1' L (s - 2c — 5) ! (s — 2b) ! (26 + 1) I (2c + 6) ! J 

"-J to 

c 
3 
3 
8 

I 
Hi 

3 

/ e = c + 3/2 

6 + 5/2 

6 + 3/2 

6+1 /2 

6 - 1 / 2 

6 - 3 / 2 

6 - 5 / 2 

g f 5 (s + 5) 1 (s — 2c + 1) (s — 26) (s — 2a + 4) 1 (26) 1 (2c — 1) 1 7/, 
(~~1>* L (* + 1) * (* — 2a) * (2& + 6) ! (2c + 5) ! J 

/ 4x , ,*v PI. J ( ' + 4 ) l ( * - 2 a + 3 ) l ( 2 6 ~ l ) l ( 2 c - l ) 1 7 / r 
( - l ) {5A - bbc) L (, + l) ! (S - 2a) ! (26 + 5) 1 (2c + 5) 1 J 

2 (s + 3) 1 (s — 2c) (s — 26 + 1) (5 -^ 2a + 2) 1 (26 — 2) 1 (2c — 1) 1 7/, 
(5 + 1) 1 (5 — 2a) 1 (26 + 4) ! (2c + 5)1 J 

2 (5 + 2) (5 — 2c) 1 (5 — 26 + 2) 1 (s — 2a + 1) (26 — 3) 1 (2c — 1) I 7/, 
(_ l )*(5X + 2c(6 + 4 ) } [ ( s _ _ 2 c - 2 ) 1 (s - 26) 1 (26 + 3) 1 (2c + 5) 1 

/ n . M « y x f i n._L n J ( ' ~ 2 c ) 1 (5 - 26 + 3 ) 1 (26 - 4) l ( 2 c - 1 ) 1 7/, 
( - 1 ) n { 5 X + 6 c ( 6 + l ) } | _ (5 _ 2c - 3) 1 (5 - 26) 1 ( 2 6 + 2)1 ( 2 c + 5) I J 

-]' 
(5 — 2c — 3) 1 (5 — 26) 1 (26 + 2) 1 (2c + 5) 1. 

(5 — 26 + 4) 1 (s — 2a) (26 — 5) 1 ( 
(S _ 2c — 4) ! (s — 26) 1 (26 + 1) I (2c + 5) I 

f r 5 (s + 1) (s — 2c) 1 (5 — 26 + 4) 1 (s — 2a) (26 — 5) 1 (2c — 1) 1 7A 
(~ 1 ) # [ (s — 2c — 4) ! (s — 26) 1 (26 + 1) I (2c + 5) I J 

/ e = c + 1/2 

6 + 5/2 

6 + 3/2 

6 + 1/2 

r i 0 ( 5 + 4 ) l ( 5 - 2 c + 2 ) l ( 5 - 2 6 ) l ( 5 - 2 a + 3 ) l ( 2 6 ) l ( 2 c - 2 ) 1 7 / a 
( } L (5 + 1)1 ( 5 - 2 c ) 1 ( 5 - 2 6 - 2 ) 1 ( 5 - 2 a ) 1 (26+6) I ( 2 c + 4)1 J 

2 (5 + 3) 1 (5 — 2c + 1) (5 — 26) (5 — 2a + 2) 1 (26 — 1) 1 (2c — 2) ! 7/, 
(5 -f- 1) ! (5 - 2a) ! (26 + 5) I (2c + 4) 1 

( 5 + 2) (5 — 2a + l)(26 

( - l ) ' " { 5 A - - 2 6 ( c - 3 ) } [ -

(—l)t+1 2 {bX2 - 2X (26c — 6 - c + 3) - 26c (26c + 46 + 4c + 3)} f 

■j 
2) 1 (2c — 2) 1 7/, 

(26 + 4) 1 (2c + 4) ! 



Table 9.5. {Com.) 

e = c + l/2 

(5 — 2c) (s — 26 + 1) (26 — 3) ! (2c — 2) ! 7/> 
( - 1 ) ' 2 {5X2 + 2X (26c - 6 + 3c - 4) - 2 c (6 + 1) (26c ~r 4 6 - 2c + 1)} | ± (26 + 3) i (2c + 4) i J .»p 

(_l)«+i(5Jr + 2(6 + l ) ( c - 3 ) } [ -

't 
2(s + l)(s — 2c) \(s — 2b + 2)\(s — 2a) (26 — 4) ! (2c - 2) ! "T/, 

(s — 2c — 2) ! (5 — 26) ! (26 + 2) ! (2c + 4) ! J 
10 (<? + !)( (s — 2c) \(s — 2b + 3) 1 (s — 2a) ! (26 — 5) 1 (2c — 2) ! "IV, 

(~"1)* I (s — 1) \(s — 2c — 3) ! (s — 2b) ! (s — 2a — 2)! (26 + 1) ! (2c + 4) ! J 

e = c — 1/2 

f p 10 (s + 3 ) 1 (s — 2c + 3) ! (s - 2b) 1 (s — 2a + 2) I (26) ! (2c - 3) ! 7/» 
(—1)t L (s + 1) I (5 — 2c) ! (s — 26 — 3) ! (s — 2a) ! (26 + 6) ! (2c + 3) ! J 

( - l )«{5X + 26(c + m[ 2(s + 2)(s—2c + 2)\(s — 2b) 1 (s — 2a + 1) (26 — 1) i (2c — 3) 1 ~T/2 
(5 — 2c) ! (s — 2b — 2) I (26 + 5) ! (2c + 3) ! J 

r (s — 2c + 1) Is — 26) (26 — 2) ! (2c — 3) ! 
(~l)«2{5X2 + 2X(26c + 3 6 - c - 4 ) - 2 6 ( c + l ) ( 2 6 c - 2 6 + 4c + l ) } ^ (26 + 4) ! (2c + 3) ! 

(-l)s 2 (5X2 - 2X (26c + 36 + 3c + 7) - 2 (6 + 1) (c + 1) (26c - 26 - 2 c - 3)} [ (* + 1} ^ ^ / f ( 2 7 + 3 / f ° ~~ 3 ) ' f 
F2(s + i)\(s- 2c) (s - 2b + !)(* — 2a) ! (26 - 4) ! (2c - 3) ! 7/2 

+ " 1 (s — l ) ! ( s —2<z —2) ! (26 + 2) ! (2c + 3) ! (—l)«+i { 5 X - 2 (6 + l ) (c - I 
r 10 (s -f 1) ! (s — 2c) I (a — 26 + 2) ! (s - 2a) ! (26 - 5) ! (2c — 3) ! 7/. 

(~1)* L (s — 2) ! (s — 2c — 2) ! (s — 26) ! (s — 2a — 3) ! (26 + 1) ! (2c -f 3) ! J 

e = c — 3/2 

f 5 (i + 2 ) (« -2c + 4) 1 (s - 2 6 ) 1 (s - 2a + 1) (26) ! (2c - 4) ! 7A 
(~*> |_ (s — 2 c ) ! ( s —26 —4) ! (26 + 6) ! (2c + 2) ! J 

/ i « « « v _ i _ « i . / -i- i u f (* ~ 2 c + 3 ) ' ( $ ~ 2 6 ) ! {2b~ i] ' ( 2 c ~ 4 ) ! 7 ; ' (-!)•+» {5X + 66 (c + 1)) L ( s _ 2 c ) ! ( , _ 26 - 3) ! (26 + 5) ! (2c + 2) ! J 

, iwn«ra.?fh p ( * + l ) ( ' - 2 c + 2) l (s -26)! (s -2a)(26-2)! (2c-4)!7 / , 

( - 1 ) " 1 {oX + 2 (6 - 3) (c + 1)) £ ( s _ 2 c) ! (s - 26 - 2) ! (26 + 4) ! (2c + 2) ! J 

( _ i ) . i i {5X- — 2 (ft + 4) (c + i » |_ ( s _ 1 ) ! ( s _ 2 a - 2 ) ! ( 2 6 + 3)!(2c + 2)! J 

( _ l ) . + i (5X - 6 (6 + 1) (c + 1)} [ ( s _ 2 ) l ( s - 2 a - 3 ) l ( 2 6 + 2)!(2c + 2)i j (-])'[ 5(s + l) 1 (s — 2c) (s — 2b + 1) (8 — 2a) ! (26 — 5) 1 (2c — 4) ! 7A 
(s — 3) ! (s — 2a — 4) ! (26 + 1) ! (2c + 2) ! 1" 

4? 

3 



Table 9.5. (Cont.) 

f e = c — 5/2 

6 + 5/2 

6 + 3/2 

6 + 1/2 

6 — 1/2 

6 — 3/2 

6 — 5/2 

-,[. 
'-"•[(^ . 2c + 5) 1 (s - 26) 1 (26) 1 (2c - 5) ! ■]" 

-,,[■ 

(""ir L (* - 2c) ! (* - 26 — 5) ! (26 + 6) ! {2c + 1) ! 
5 (s + 1) (s - 2c + 4) 1 (s — 26) 1 (f — 2a) (26 - 1) 1 (2c — 5) 1 

(s - 2c) 1 (s - 26 - 4)! (26 + 5)! (2c + 1) ! 
10 (s + 1) 1 (s - 2c + 3) 1 (5 — 26) 1 (# — 2a) 1 (26-2) 1 (2c - 5) 1 

]" r (s — 1) 1(5 —2c) I (s —26-3)!(f — 2a —2)!(26 + 4)!(2c+l) ! 
r 10 (5+ 1) 1 (5 — 2c + 2) 1 (5 — 26) 1 (f — 2a) I (26 — 3) I (2c — 5) 1 7, 

(-^'L (* — 2) ! (s — 2c) 1 (5 — 26 — 2) ! (5 — 2 a — 3 ) ! (26 + 3) ! (2c + 1) ! J 
r 5 (5 + 1) I (5 - 2c + 1) (5 - 26) (5 — 2a) 1 (26 - 4) 1 (2c - 5) 1 7/, 

"-1' L (5-3)!(5-2a-4)!(26 + 2)!(2c + l)l J 
, n . f (* + l)l(5-2a)l(26-5)l(2c-5)l 7/t 
I""1' L(* — 4) ! (5 — 2a — 5) ! (26 + 1) ! (2c + 1) !J 

A 

(-

Table 9.6. 
a b 
3 e 

j a b c \ 
\ 3 e f ) 

f 
a 
3 
2 
•$. 

HI 

3 

/ Cr=C-\- 3 

6 + 3 

6 + 2 

6 + 1 

6 

6-1 

6 — 2 

6-3 

(s + 7) 1 (5 — 2a + 6) 1 (26) 1 (2c) 1 

(-1),+1[ 
(-I)' [ 

t""1) L (* + *) i(* — 2a) 1(26 + 7) ! (2c 
6 (5 + 6) 1 (5 — 2c) (5 - 26 + 1) (5 — 2a + 5) 1 (26 - 1) 1 (2c) ! 7/» 

(2c) 1 7/» 
:c + 7)lj 

-]' (5 + 1) ! (5 — 2a) ! (26 + 6) ! (2c + 7) ! 
15 (5 + 5) 1 (s — 2c) 1 (5 — 26 + 2) 1 (5 — 2a + 4) 1 (26 — 2) 1 (2c) ( 7/1 
(5 + 1) ! (5 — 2c — 2) ! (5 — 26) ! (s — 2a) ! (26 + 5) ! (2c + 7) I 

' 5 (5 + 4) 1 (5 — 2c) 1 (5 — 26 + 3) 1 (5 — 2a + 3) 1 (26 — 3) ! (2c) 1 
J" 

r 5 (5 + 4) 1 (5 - 2c) 1 (5 - 2 6 + 3) 1(5 - 2 a + 3) 1(26 - 3 ) ! (2c) 1]/, 
(~" ' L (5 + l)l(5-2c —3)1(5-26)1(5 — 2 a ) l(26 + 4)!(2c + 7)l J 

15 (5 + 3) 1 (5 - 2c) 1 (5 - 26 + 4 ) I (5 — 2a + 2) 1 (26 — 4) 1 (2c) ! 7/, (-1)'[J 
(-1)'+1[ 

(5 + 1) 1 (5 — 2c — 4) 1 (5 — 26) I (5 — 2a) 1 (26 + 3) 1 (2c + 7) 1 
6 (5 + 2) (5 — 2c) 1 (5 — 26 + 5) 1 (5 — 2a + 1) (26 — 5) 1 (2c) 1 

(5 _ 2c — 5) ! (5 — 26) ! (26 + 2) 1 (2c + 7) I 
9 f (5 — 2c) 1 (5 — 26 + 6) 1 (26 — 6) 1 (2c) 1 7/» 

("-1)* L (* — 2c — 6) 1 (5 - 26) I (26 + 1) ! (2c + 7) I J 

■1" 

/ c = c + 2 

6 + 3 (-!)' 
' G (5 + 6) ! (5 — 2c + 1) (5 — 26) (5 — 2a + 5) 1 (26) 1 (2c - 1) 1 

(5 + 1)1(5— 2a) 1(26 + 7) 1 (2c + 6) 1 I" 



Table 9.6. (Cont.) 

e = c + 2 

(g 4 . 5) j (S — 2a + 4) ! (26 — 1) ! (2c — 1) 1 TV, 
6)1 J <-!)•♦« 2 {3X - 46c) [ - ^ j + i p - ^ _ 2 f l ) , (26 + 6) 1 (2c + I 

10 (5 + 4) 1 (5 — 2c) (s - 2b + 1) (s - 2a + 3) ! (26 - 2) 1 (2c - 1) , „ , / Q V 9 ,. ^ f 10 (5 + 4 ) ! ( 5 - 2 c ) ( 5 - 2 6 + 1) ( 5 - 2 a + 3 ) ! ( 2 6 - 2 ) 1 ( 2 c - 1 ) ! 7 A 
( -1 ) (3X —2c(6 — ^ (* + 1) I (* — 2a) ! (26 + 5) ! (2c + 6) ! J 

( _ l ) " i 2 { X + 2c) [• 30 (s + 3) 1 (s — 2c) I (s — 26 + 2) 1 (5 — 2a + 2) ! (26 — 3) 1 (2c — i) 1 17: 
(5 + 1) ! (5 — 2c — 2) ! (s — 26) ! (5 — 2a) ! (26 + 4) ! (2c + 6) ! J 

/ 4X./QV i_9 /* J _ ^ T r i 0 ( < + 2 ) ( * - 2 c ) l ( > - 2 d + 3 ) l ( > - 2 a + l ) ( 2 6 - 4 ) l ( 2 c - l ) l 7 / , 
( - 1 ) ' {3X + 2c (6 + 3)} L (, _ 2c - 3) I (* - 26) ! (26 + 3) ! (2c + 6) ! J 

# I * . + I O / Q V _ I _ / / 7 _ L 1 u r ( ^ 2 c ) ! ( . ~ 2 6 + 4 ) ! ( 2 6 ^ 5 ) ! ( 2 c ~ - J ) ! - 1 7 2 ( - l ) ^ 2 {3X + 4c (6 + 1)} L ( 5 _ _ 2 c _ 4 ) | ( , _ 2 6 ) ! { 2 6 + 2 ) ! ( 2 c + 6 ) ! J 
f r 6 (s 4-1) (5 — 2c) ! (5 — 26 + 5) ! (5 — 2a) (26 — 6) 1 (2c — 1) ! 7/, 

("~1)* L (5 — 2c — 5) ! (s — 26) ! (26 + 1) ! (2c -f 6) ! J 

e = c + i 

a r 15 (s + 5) ! (s — 2c + 2) ! (5 — 26) ! (5 — 2a + 4) ! (26) ! (2c — 2) ! TV, 
("~1)* [ (« + 1) !(« — 2c) ! (s — 26 — 2) ! (s — 2a) ! (26 + 7) ! (2c + 5) ! J 

/ 4../QV o u < , n r i 0 ( f + 4 ) l ( f - 2 C + l ) ( * - 2 6 ) ( f T 2 a + 3 ) l ( 2 6 - l ) l ( 2 c - 2 ) f 
( « ! ) • {3X - 26 (c - 2)} ̂  (s + l ) ! ( s - 2 a ) ! ( 2 6 + 6)!(2c + 5 ) ! 

(s + 3) ! (s — 2a + 2) ! (26 — 2) ! (2c — 2) ! 7/« 
( - 1 ) ' (15X2 — 10X (26c - 6 - c + 2) - 46c (6c + 76 + 7c + 4)) [ 

( ~ l ) ^ 2 { 5 ( X + c - 2 ) ( A : + c ) - ( 2 6 - l ) ( 2 6 + 3)c(c + 2)}[-

P-Y (s + j) ! (s — 2a) ! (26 + 5) ! (2c + 5) 
3 (s + 2) (5 — 2c) (s — 26 + 1) (5 — 2a + 1) (26 — 3) 1 (2c — 2) ! TV, 

(26 + 4) ! (2c + 5) ! J 
T (s — 2c) ! (s — 26 + 2) ! (26 — 4) ! (2c — 2) ! 7/, 

( _ 1 ) . (15X* + 10* (26c - 6 + 3c - 3) - 4 (6 + 1) c (6c + 76 - 6c + 3)} [ \s __ 2 < / J 2 ) , ( , Z2b) ! (26 + 3) 1 (2c + 5) t J 

i n m n y ^ / ^ i w , r iO(t + D ( * - 2 c ) I ( f - 2 6 + 3) I ( # - 2 a ) ( 2 6 - 5 ) 1 ( 2 c - 2 ) 1 7/. 
( - 1 ) « {3X + 2 (6 + 1) (c - 2)} L ( * _ 2 c - 3 ) ! ( 5 - 2 6 ) ! (26 + 2) ! (2c + 5) ! J 

t r 15 (5 + 1) 1 (5 — 2c) 1 (s — 26 + 4) ! (s — 2a) 1 (26 — 6) 1 (2c — 2) 1 7/, 
(""1)# [ (s — 1) ! (s — 2c — 4) I (5 — 26) ! (5 — 2a — 2) ! (26 + 1) ! (2c + 5) ! J 

e = c 

r 5 ( * + 4) 1 ( f - 2 c + 3) 1 ( 5 - 2 6 ) 1 (8 -2a + 3) ! (26) 1 (2c - 3) ! 7/« 
( - 1 ) ^L (5 + 1)! (5 — 2c)! (5 — 26 — 3 ) ! (s — 2a) !(26 + 7) !(2c + 4) I J 

/ n - i ' - f Y . i f 3 0 ( 5 + 3) ! ( 5 - 2 c + 2) ! ( 5 - 2 6 ) 1 ( 5 - 2 a + 2 ) ! ( 2 6 - 1 ) ! ( 2 c - 3 ) ! ! / , 
(—1) ^ (A 4- zo) ^ (̂  -4- 1) ! (̂  — 2c) ! (5 — 26 — 2) ! (s — 2a) ! (26 + 6) ! (2c + 4) ! ■Y 

( - i ) ' ^ 2 { 5 ( A - + 6 - 2 ) ( X + 6 ) - 6 ( 6 + 2 ) ( 2 c - l ) ( 2 c + 3 ) } [ ^ ± ^ (s — 2c + 1) (5 — 26) (5 — 2a + 1) (26 — 2) ! (2c — 3) 1 7/t 
(26 + 5) ! (2c + 4) ! J 



Table 9.6. (Cont.) 

f 

b 

6—1 

6 - 2 

6 - 3 

( -1 ) '+U (5*3 _ 20X* - 4X [36 (6 + 1) c (c + 1) - 6 (6 + ^̂  

t W2HIY h 1WV h *\ tW <w>, 4W9 I , , J 3 (5 + 1) (5 - 2c) (5 - 26 + 1) (5 - 2a) (26 - 4) ! (2c - 3) I 7A (—i) 2 (5 (A — 6 — 1) (X — 6 — 3) — (6* — 1) (2c — 1) (2c + 3)} I (26 + 3) !(2c + 4) ! J 

/ n m o / v n „ , , „ T 30(s + 1) I (# —2c) 1 (• —26 + 2) 1 (* — 2a) 1 (2fr — 5) 1 (2c — 3) 1 7/, 
1 *' * 1* - ^ l* + !)) L (5 - 1) ! (̂  - 2c - 2) ! {s - 26) ! (s - 2a - 2) ! (26 + 2) ! (2c + 4) ! J 

T 5(5 5 (s + 1) 1 (s — 2c) 1 (5 — 26 + 3) 1 (5 — 2a) ! (26 — 6) 1 (2c — 3) ! 7/, 
2) ! (s — 2c — 3) ! (5 — 26) ! (5 — 2a — 3) ! (26 + 1) ! (2c + 4) ! ]' 

e = c — 1 

6 + 3 

6 + 2 

6 + 1 

6 

6 — 1 

6 — 2 

6 - 3 

r 15 (s + 3) 1 (s — 2c + 4) 1 (5—26) 1 (5 — 2a + 2) 1 (26) ! (2c — 4) 1 7/» 
( ~ ' L (* + ! ) ! ( * — ^c) I (5 — 26 — 4) ! (s — 2a) ! (26 + 7) ! (2c + 3) ! J 

( - l ) ' { 3 X + 26(c + 3)} 

! (s — 2c) I (s — 26 — 4) ! (s — 2a) ! (26 + 7) 
10 (5 + 2) (5 — 2c + 3) 1 (s — 26) 1 (5 — 2a + 1) (26 - 1) ! (2c — 4) 1 7/, 

(5 — 2c) I (5 — 26 — 3) ! (26 + 6) ! (2c + 3) ! -T 
r (s — 2c + 2) ! (s — 26) ! (26 — 2) I (2c — 4) ! 7/» ( - i n i 5 y + 10*(2tc + 3 6 - c - 3 ) - 4 » ( C + l ) ( t c - t t + 7c + ^ 

( - l ) . 2 ( 5 ( * - c - 3 ) ( * - c - l ) - ( 2 6 - l ) ( 2 6 + 3 ) ^ 

(-1)« (15X« - 10X (26c + 36 + 3c + 6) - 4 (6 + 1) (c + 1) (6c - 66 - 6c - 9)} [ ( , ^ + ,'>,' ^ " ^ f » ^ f ^ " ^ , f 

( -1 ) ' + 1 {3X - 2 (6 + l)(« + 3))[ 
1) ! (« — 2a - 2) ! (26 + 3) ! (2c -f 3) ! 

10 (s + 1) 1 (s - 2c) (s - 26 + 1) (« - 2a) ! (26 - 5) ! (2c - 4) ! II, 
(s _ 2) ! (s — 2a — 3) ! (26 + 2) ! (2c + 3) ! 

r 15 (s + 1) I {s - 2c) I (s — 26 + 2) 1 (s — 2a) 1 (26 - 6) ! (2c - 4) ! TV, 
( _ 1 ) L (* — 3) I (s - 2c — 2) I (s — 26) I (* — 2a - 4) I (26 + 1) ! (2c + 3) ! J 

-]' 

S 
a 
c 
3 3 
8 
$, 
* 
c 

I 
3 <* 

3 

/ e = c — 2 

6 + 3 

6 + 2 

* + l 

6 

6 - 1 

, n ^ f 6 ( 5 + ^ ( * ~ 2 c + 5 ) 1 ( 5 - 2 6 ) 1 (5 - 2 a + 1) (26) ( (2c - 5) ! 7/» 
[ 1} L ( s - 2 c ) ! ( 5 - 2 6 — 5) ! (26 + 7) ! (2c + 2) ! J 
( r ; n , Y 1 i / i f . , i n r ( ^ 2 c + 4 ) l ( 5 - 2 6 ) t ( 2 6 - l ) ! ( 2 c - 5 ) ! 7 A 
(-)•+' 2 {3X + 46 (c + 1)) L ( , _ 2 c ) ! ( * - 2 6 - 4 ) ! ( 2 6 + 6)!(2c + 2 ) l J 

10(5 + 1)(5 — 2c + 3) 1 (5 — 26) ! (5 — 2a) (26 — 2) ! (2c - 5) 1 7/2 
(5 — 2c) ! (5 — 26 — 3) ! (26 + 5) ! (2c + 2) ! ( - l ) ' + ' { 3 * + 2 ( 6 - 2 ) ( c + l ) } [ 

t-i\M ? / v _ 9 / , J. , x , r 30(5 + l ) ! ( 5 - 2 c + 2 ) l ( 5 - 2 6 ) ! ( 5 - 2 a ) l ( 2 6 - 3 ) ! ( 2 c - 5 ) ! 7/, 
{ i) ^ A z^c-j- i ; ) ^ ( 5 _ 1 ) | ( 5 _ 2 c ) ! ( 5 — 26 — 2)! (5 — 2a — 2)! (26+ 4) ! (2c + 2) ! J 

1' 
( - i r * { 3 X - 2 ( 6 + 3)(c + l)}Jj 

f 10 (5 + 1) 1 (5 — 2c + l) (5 — 26) (5 — 2a) ! (26 — 4) 1 (2c — ,r>) ! 7/, 
(5 — 2) ! (s — 2a — 2)\ (26 + 3) ! (2c + 2) ! ]" 



Table 9.6. (Cont) 

e = c —2 

( _ l ) « + i 2 { 3 X - 4 ( 6 + i ) (c + l )} [ -

( _ 1 ) f r6 (« + l ) l ( i - 2 c ) ( j -

(s + 1) 1 (s - 2a) 1 (26 - 5) 1 (2c — 5) 1 
(s — 3) I (s • 
26 + 1) (s -

(* — 4) I (s — 2a — 5) 1 (26 + 1) 1 (2c + 2) 

2a — 4) ! (26 + 2) i (2c + 2) ! J 
2a) \ (26 - 6) ! (2c — 5) 1 7/2 

-1)' [- (g _ 2c -f- 6) 1 (g — 26) 1 (26) 1 (2c — 6) 1 
l ) ! j 

(-1)* 

(~1)' 

( - 1 ) ' 2 

("~Ar L (5 - 2c) ! (5 - 26 - 6) ! (26 + 7) ! (2c + : 
r 6 (5 + 1) (s — 2c + 5) 1 (s — 26) 1 (s - 2a) (26 — 1) 1 (2c — 6) 1 7/, 
[_ (s — 2c) ! (s — 26 — 5) I (26 + 6) 1 (2c + 1)1 J 
15 (s + 1) 1 (s — 2c + 4) 1 (s — 26) 1 (s — 2a) 1 (26 — 2) 1 (2c — 6) 1 ' 

(s — 1) I (s — 2c) ! (s — 26 — 4) 1 (s — 2a — 2) ! (26 + 5) 1 (2c + 1) 
' 5 (s + 1) 1 (s - 2c + 3) 1 (s - 26) 1 (s — 2a) 1 (26 — 3) 1 (2c — 6) 1 7A 

(5 — 2) ! (s — 2c) 1 (s — 26 — 3) ! (s — 2a — 3) 1 (26 + 4) 1 (2c + 1) ! 
f 15 (5 + 1) 1 (s - 2c + 2) 1 (s - 26) 1 (s - 2a) 1 (26 — 4) 1 (2c — 6) ! 

' L (s — 3) 1 (s — 2c) ! (« - 26 — 2) 1 (s — 2a — 4) 1 (26 + 3) 1 (2c + 
6 (* + 1) 1 (s — 2c + 1) (s — 26) (s - 2a) I (26 — 5) 1 (2c — 6) 1 

(-!)' 
(-!)• [ 

(S — 4) 1 (5 — 2a - 5) ! (26 + 2) 1 (2c + 1) 1 
(s + 1) 1 (s — 2a) 1 (26 — 6) 1 (2c - 6) .1 

(s — 5) 1 (s — 2a - 6) 1 (26 + 1) 1 (2c + 1) 1 

LLl/! 

]" 

3 

5-

I 
I 
3 

Table 9.7. 
a be 

7/2 
| a b c \ 
{ 7/2 e / J 

e = c + 7/2 

(-1)* [■ 
-}'• 

r (s + 8) 1 (s - 2 a + 7) 1(26)1 (2c) 1 
{ ] L ( ^ + 1 ) U 5 - 2 a ) 1 (26+ 8)! ( 2 c + 8) 

7 (s + 7) I (s — 2c) (s — 26 + 1) (s — 2a + 6) 1 (26 — 1) 1 (2c) 1 "j1/, 
(5 + 1) 1 (s — 2a) 1 (26 + 7) 1 (2c + 8) 1 J 

21 (s + 6) 1 (s — 2c) 1 (s — 26 + 2) 1 (s — 2a + 5) 1 (26 — 2) 1 (2c) ! 7 
(« + 1) 1 (s — 2c — 2) 1 (s — 26) 1 (s — 2a) 1 (26 + 6) 1 (2c + 8) ! J 

35 (s + 5) 1 (s - 2c) 1 (5 - 26 + 3) 1 (s — 2a + 4) 1 (26 — 3) 1 (2c) 1 7/2 
(5 + 1) j (S — 2c - 3) 1 (s - 2b) I (s — 2a) ! (26 + 5) I (2c + 8) ! J 
35 (5 + 4) 1 (s — 2c) 1 (5 - 26 + 4) 1 (s — 2a + 3) 1 (26 — 4) 1 (2c) 1 7/, 

(s + 1) 1 (s — 2c — 4) 1 (s — 26) 1 (s — 2a) 1 (26 + 4) 1 (2c + 8) ! J 
21(5 + 3)1 (s — 2c) l (s — 26 + 5) 1 (s — 2a + 2) 1 ( 2 6 - 5 ) 1 (2c) ! 7/1 

(s + 1) 1 (s — 2c — 5) 1 (s — 26) 1 ($ — 2a) 1 (26 + 3) I (2c + 8) ! 



Table 9.7. (Cont.) 
O 

/ e = c + 7/2 

6 — 5/2 

6 - 7 / 2 

(-1)*+1[ 7 (s + 2) (s — 2c) 1 (s — 26 + 6) 1 (s — 2a + 1) (26 — 6) 1 (2c) ! 7/, 

<-!)• [ 
(, _ 2c — 6) I (5 — 26) ! (26 + 2) I (2c + 8) ! 

(s — 2c) 1 (5 — 26 + 7) 1 (26 — 7) 1 (2c) 1 
(, _ 2c — 7) I (* — 26)! (26 + 1) ! (2c + 8)IJ 

/ e = c + 5/2 

6 + 7/2 

6 + 5/2 

6 + 3/2 

6 + 1/2 

6 - 1 / 2 

6 - 3 / 2 

6 — 5/2 

6 - 7 / 2 

(-l)'+i { 7 X - 2c (36 

n . r 7 ( 5 + 7)l(5^-2c + l ) ( 5 - 2 6 ) ( 5 - 2 a + 6 ) l (26 ) l (2c - l )n 'A 
{~1} L (5 + 1) ! (, — 2a) I (26 + 8) I (2c + 7) ! J 

, n f / 7 y f (5 + 6)1 ( 5 - 2 a + 5) 1(26-1)1 (2c-1)1 7/, 
( _ 1 } ( /A-lUcft)^ (s + l ) l ( t - 2 a ) 1(26 + 7) l(2c + 7) I J 

3 (s + 5) 1 (s — 2c) (5 — 26 + 1) (5 — 2a + 4) f (26 - 2) ! (2c — 1) 1 7/, 
- 5 » [ J 

( , + i) ! (5 — 2a) ! (26 + 6) ! (2c + 7) ! -J 
l_ 1 } ( / A — z c ( 0 - » j ) ^ ( t + j ) ! ( 5 —2c —2)1(5 —26)! (5 —2a) !(26 + 5) ! (2c + 7) ! J 

, n f + 1 / 7 Y , o ,, , n n r 5 ( 5 + 3 ) l ( i - 2 c ) l ( 5 - 2 6 + 3 ) l ( s - 2 a + 2 ) l ( 2 6 - 4 ) l ( 2 c - l ) n V : 
(-1) (7A + <Jc (6 + y)) [̂  (5 + 1} 1 (J _ 2c - 3) ! (5 - 26) ! (5 - 2a) \ (26 + 4) ! (2c + 7) ! J 

t m / 7 Y ± 9 nr, , o n f 3 (5 + ^ C*- 2 g l i (' - 2 6 + 4) ! (* ~ 2 « + *> <2* ~ 5 > ! < 2 g ^ *> ! 7A 

I—i) l>* + *c [dt> + Bj) ^ (S _ 2c — 4) ! (s — 26) ! (26 + 3) I (2c + 7) ! J 

( - i ) w {7* + 10c (6 + i)) L ( , - 2 c - 5 ) l . ( f - 2 6 ) ! ( 4 6 + . 2 ) l ( 4 c + 7)lJ 
r 7 (5 + 1) (5 - 2c) I (5 - 26 + 6) 1 (s — 2a) (26 - 7) 1 (2c - 1) 1 "T/» 

( ~ 1 } L (5 — 2c — 6) f (5 — 26) ! (26 + 1) ! (2c + 7) I J 

<o 

i 
I 

3 / e =» c + 3/2 

6 + 7/2 

6 + 5/2 

6 + 3/2 

6+1 /2 

6 - 1 / 2 

6 - 3 / 2 

J %^r21 (5 + 6) 1 (5 - 2 c + 2) 1 (*-26) 1 (1 - 2 a + 5) 1 (26) 1 (2c - 2) 1 7/, 
I""1' L (# + i ) ! ( t —2c)l ( 5 - 2 6 - 2 ) ! ( 5 - 2 a ) l (26 + 8) !(2c + 6)! J 

/ n w n y 2fc/Q, ^ r 3 < i + 5 ) 1 < f ^ 2 c + 1 ) ( # ^ 2 6 ) ( g - 2 a + 4 ) 1 ( 2 6 ^ 1 ) ! ( 2 c ~ 2 ) 1 7 / > 
(-l)t+i {7X - 26 (3c - 5)} [̂  (5 + l ) t ( 5 - 2 a ) l ( 2 6 + 7)!(2c + 6 ) l J 

(5 + 4) 1 (5 - 2a + 3) 1 (26 - 2) 1 (2c - 2) 1 7/, 
(5 + 1)! (5 - 2a) ! (26 + 7) ! (2c + 6) ! 

( - ! )•« {21 vi _ 6X (66c - 36 - 3c + 5) + 46c (6c - 116 - lie - 5)} [ (* (+j? {}' ( 7 ^ 2 a ) 1 (26 + 6) 1 (2c + 6) 1 ]" 
(—l) f{7-Y*-2^(26c-6 - 9c + 8) - 4c [c(6* + 36 - 4) + 36* + 26 + 2]}[ 15(5 + 3) I (5 - 2c) (5 — 26+1) (s—2a+2) 1 (26—3) 1 (2c-2) 1 7/1 

(5 + 1) I (5 - 2a) I (26 + 5) ! (2c + 6) 1 r 
l W'(7V«±8)r/9*, t.j.u m _ ^ i ^ A n . i nt-.i ir . n n ri5(« + 2 ) ( « - 2 c ) l ( « - 2 6 + 2)t («-2« + 1 ) (26-4) l (2c-2) l 7/, (- lr+ ,{7A»+2X(2*e-6+lle—»)—4e{*#»— 6- .g ) + 36* + 46.f 3J}^ fr — 2c-^H-fr — 2»H ft*-f 4» 1 (2* + 6) 1 J 

( - I ) ' {21X» + 6* (66c - 36 + 9c - 8) + 4c (6 + D {be - 116 + 12c - 6)} [ g Z £ - 3 ) 7 ( ^ ) 1 (26 +1) 1 ( £ + 6) 1 f 



Table 9.7. (Cont.) 

( - l ) '+ i {7X + 2(6 + l) ( 3 c - 5 ) } [ 

e = c + 3/2 

3 (g + 1) (5 - 2c) 1 (s - 26 + 4) ! (s - 2a) (26 - 6) 1 (2c - 2) 1 
(s — 2c — 4) ! (s — 26) ! (26 + 2) ! (2c + 6) ! 

- 2c) 1 (s - 26 + 5) 1 (s — 2a) 1 (26 — 7) 1 (2c - 2) 1 7/, 
6)lJ 

]" 
[ } L(s — l)\(s — 2c — S) I (s — 26) ! (s — 2a — 2) ! (26 + 1) ! (2c + 

c = c + l / 2 

8 r 35 (s + 5) ! (s — 2c + 3) 1 (s — 26) 1 (s — 2a + 4) 1 (26) 1 (2c — 3) 17A 
(""1)4 L (* + 1) Hs — 2c) ! (5 — 26 — 3) I (s — 2a) I (26 + 8) ! (2c + 5) ! J 

(—l )*{7X-26 (c -8)}[ 5 (s + 4) 1 (s — 2c + 2) 1 (s — 26) 1 (5 — 2a + 3) 1 (26 — 1) 1 (2c — 3) 1 
(s + 1) I (s — 2c) \ (s — 26 — 2) I (s — 2a) ! (26 + 7) ! (2c + 5) I ]'• 

( - 1 ) ' { 3 5 X 3 - 1 0 X 2 (36c 

(_!)» (7X2 _ 2X (26c — 96 — c + 8) — 46 [6 (c2 + 3c — 4) + 3c2 + 2c + 2 
r 15 (s + 3) 1 (5 — 2c + 1) (s — 26) (s - 2a + 2) 1 (26 — 2) 1 (2c — 3) 1 

X L (s + 1) I (s — 2a) I (26 + 6) ! (2c + 5) ! 

}X 
fit 

- 3 6 - 3 c + 17)-20X(36 2 c 2 -

136c+ 196 + 1 9 c + 22)} 

662c + 66c2 — 262 — 2c2 + 6 + c — 6) + 86c (362c2 + 362c + 36c2 ■ 
(s + 2) (s — 2a + 1) (26 — 3) 1 (2c — 3) 1 7/i 

. 662 — 6c2 + 

(26 + 5) ! (2c + 5) ! 
(~1)*+1 {35X3 + 1 0x2 (36c - 36 + 6c — 20) - 20X (362c2 + 662c — 262 - 5c2 + 126c - 56 + 7c — 9) — 8 (6 + 1) c (362c2 + 362

c + 36c2 

n (s — 2c) (s — 2b + 1) (26 —_4) ! (2c - 3) ! 7/i 
— 662 — 6c2 — 76c — 316 + 9 c - 3 ) } [ - (26 + 4) ! (2c + 5) ! 

( -1)* {7X2 + 2X (26c - 96 + 3c - 17) - 4 (6 + 1) [6 (c2 + 3c - 4) - 2c2 

' 15 (s + 1) (s - 2c) 1 (s — 26 + 2) 1 (s — 2a) (26 - 5) 1 (2c — 3) ! 
X (S — 2c — 2) ! (s — 26) ! (26 + 3) ! (2c + 5) ! 

5 (S + 1) 1 (S — 2c) 1 (s - 26 + 3) 1 (s — 2a) ! (26 

- c - 6 ] } X 

• 6) ! (2c - 3) ! p 5Q 
(_-l)«+i {7X + 2 (6 + 1) (c - 8)} [ ( 5 _ _ 1 ) | ( s _ 2 c - 3 ) I ( s - 2 6 ) l ( s - 2 a - 2 ) ! ( 2 6 + 2)!(2c + 5 ) ! 

35 (S _j_ j) j (S — 2c) 1 (s — 26 + 4) 1 (s - 2a) 1 (26 — 7) 1 (2c - 3) 1 7/i 
-2)\(s — 2c — 4) ! (s — 26) ! (s — 2a - 3) ! (26 + 1) ! (2c + 5) ! J ( 

r 35 
■I" 

3 

8. 

9 

e = c - l / 2 

f—l\«+i 

( - 1 ) ' 

X 

LTA 35 (S - j , 4) 1 (s — 2c + 4) 1 (s — 26) 1 (s — 2a + 3) 1 (26) 1 (2c — 4) 1 
(s + 1) I (s — 2c) I (s — 26 — 4) I (s ~ 2a) I (26 + 8) I (2c + 4) I 

4U+1/7F.L9A/ _i_ n n f 5 (* + 3) 1 ( * - 2 c + 3) l ( t - 26) I (> - 2a + 2) I (26 - 1) 1 (2c - 4) 1 
1) (/A -+- ZG (c 4- y)) [̂  (5 + 1 } j ( s _ 2 c J j ( f _ 26 — 3) I (* — 2a) ! (26 + 7) ! (2c + 4) ! 

(—1),+1 {7X* + 2X (26c + 116 - c - 9) — 46 [6 (c* - c - 6) + 3ca + 4c + 3]} X 
15 (s + 2) (s — 2c + 2) \ (s — 26) 1 (s — 2a + 1) (26 — 2) 1 (2c — 4) I 

(s — 2c) 1 (s — 26 — 2) ! (26 + 6) I (2c + 4) ! 

r 
T 



Table 9.7. (Cont.) 

f e = c — 1/2 

6 + 1 / 2 

6— 1/2 

b - 3/2 

b - 5/2 

6 — 7/2 

( - l ) * + l {35A'3 + 1 0X2 (36c + 66 - 3c — 20) — 20AT (362c2 + 66c2 — 56* — 2c2 + 126c + 76 — 5c — 9) — 86 (c + 1) (362c2 + 362c + 36c2 — 
M fir2 76 , 4-Q6 <H, „n[ (* ~ 2c + I) (s - 2b) (2b - 3) \ (2c - 4) \ ITU 

_ 662 - 6c2 - 76c + 96 - 31c - 3)} ^ (26 + 5) ! (2c + 4) ! J 

(-1)*+1 (35A'3 _ 10A'2 ( 3 6 c + 66 + 6c + 26) - 20X (362c2 - 562 - 5ca — 126c — 176 - 17c - 21) + 8 (6 + 1) (c + 1) (362c2 + 362c + 36c2 -

- ,. - e - + ,». - „. - a. - ,s„ [ " + " V+i)U^')'f "4'' I" 
( -1)* {IX2 - 2X (26c + 116 + 3c + 20) - 4 (6 + 1) [6 (c2 — c - 6) - 2ca — 5c - 9]} X 

[~ 15 (s + 1) 1 (s — 2c) (s - 26 + 1) (s — 2a) 1 (26 — 5) 1 (2c - 4) 1 7/» 
X L (* —1) 1(« —2a — 2) I ( 2 6 + 3) ! ( 2 c + 4 ) 1 J 

, n , + i , 7 y 2fh l i w . - i - n n T 5(* + l ) K * —2e)l ( 5 - 2 6 + 2) 1 (# — 2a) 1 (26 — 6) 1 (2e — 4) I IV, 
{ i) {iA - z ^ -f- i) (c -f- yj) [ ( , _ 2) ! (f — 2c — 2) I (* — 26) I (5 - 2a - 3) ! (26 + 2) ! (2c + 4) I J 

r 35 (s + 1) 1 (s — 2c) 1 (s — 26 + 3) I {s — 2a) 1 (26 — 7) 1 (2c — 4) 1 7/, 
( *) L (s — 3) ! (s — 2c - 3) ! (s — 26) ! (s — 2a - 4) ! (26 + 1) ! (2c + 4) I J f 

3 

8 

i 
I 
3 

/ e = c - 3/2 

6 + 7/2 

6 + 5/2 

6 + 3/2 

6 + 1/2 

6 - 1/2 

6 - 3/2 

6 - 5/2 

6 — 7/2 

(-I)' [ 
( - l ) ' { 7 * + 26(3c + 8)}[ 

- 5) t 7/a 
■3)1 J 

21 (s + 3) 1 (s - 2c + 5) 1 (s — 26) 1 (5 — 2a + 2) 1 (26) 1 (2c 
(5 + 1) I (s — 2c) ! (s — 26 — 5) ! (s — 2a) 1 (26 + 8) I (2c + i 

3 (5 + 2) (s — 2c + 4) I (s — 26) 1 (s — 2a + 1) (26 — 1) 1 (2c — 5) 1 7/» 
(s — 2c) ! (* — 26 — 4) ! (26 + 7) I (2c + 3) ! J 

r (s — 2c + 3) 1 Is — 26) 1 (26 — 2)! (2c — 5) i 7/, 
(-l)M21X» + 6X(6frc + 9 6 - 3 c - 8 ) + 4 6 f c ^ 

( - 1 ) ' {7X* + 2X (26c + 36 - 9c - 17) - 4 (c + 1) [c (6» + 36 - 4) - 262 + 6 - 6]} X 

X 
15 (s + 1) (s — 2c + 2) 1 (s - 26) 1 (s — 2a) (26 — 3) 1 (2c — 5) ! 7, 

(* — 2c)I (* — 26 — 2) I (26 + 5) t (2c + 3 ) I 
(—1)' {7** — 2X (26c + 36 + lie +20) —4 (c + 1) [c (6* — 6 — 6) — 26* — 56 - 9]} X 

15 (s + 1) I (s - 2c + 1) (1 - 26) (1 — 2a) 1 (26 - 4) 1 (2c - 5) 1 7/, 
(* — 1) ! (s — 2a — 2) I (26 + 4) I (2c + 3) ! X [J T 

( - 1 ) ' (21X2 - 6X (66c + 96 + 9c + 17) + 4 (6 + 1) (c + 1) (6c + 126 + 12c + 18)} [ ^ l ^ f r _ 2 a ^ 
2a) 1 (26 - 5) 1 ( 2 c ~ 5) 1 

3) I (26 + 3) I (2c + 3) ! J" 
• 3 (s + 1) 1 (s — 2c) (s — 2b + 1) (s — 2a) 1 (26 — 6) 1 (2c - 5) 1 7/, 

( - ! ) •« <7* - 2 (6 + 1) (3c + 8)} [1 ( , - 3 ) l ( — 2 — - 4 ) 1 ( 2 6 + 2) I (2c + 3) I 
f 21 (s + 1) 1 (5 — 2c) 1 (s — 26 + 2) 1 (s — 2a) 1 (26 — 7) I (2c — 5) I 7/, 

(~~1)# L(* ~ *) ! (s — 2c — 2) I (s — 26) I (s — 2a — 5) ! (26 + 1) I (2c + 3) I J 

■r 

/ e = c — 5/2 

6 + 7/2 
r7(* + 2 ) ( s - 2 c + 6 ) ! ( « - 2 6 ) l ( « - 2 a + l)(26)l(2c 

1 ' I (* - 2c)! (s - 26 - 6) I (26 + 8)! (2c + 2) ! 
6) ! T/, r 



Table 9.7. (Cont.) 

e = c — 5/2 

r (S -2c + 5)! (s - 2 6 ) ! (26 - 1) ! ( 2 c - 6 ) ! 7/2 (-!)•« {IX + 106(c + 1)} [ ( ^ 2 c ) 7 ( / _ , 2 6 _ 5 ) | \ 2 b + 7
;
) ! (2c + 2 )1 J 

(^l)«+i{7X + 2 ( 3 6 ~ 5 ) ( c + .,»[ 3 (s + 1) (s — 2c + 4) 1 (s - 26) 1 (5 — 2a) (26 - 2) ! (2c - 6) i 7/, 
(s — 2c) I (s — 26 — 4) ! (26 + 6) ! (2c + 2) ! r 

i u>»nYMO,h m / . - u m f 5(» + D I ( « - 2 c + 3) I ( « - » ) I ( « - 2 a ) ! ( 2 6 - 3 ) 1 ( 2 c - 6 ) I 7/, 
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(—l)f 2 {14X* + 7X (26c + 36 — 6c - 11) - 2 (c + 1) [2c (6 — 1) (6 + 10) - 1162 + 136 - 30[} X 

2 (5 + 1) (s -2c + 3) I (5 - 26) 1 (s — 2a) (26 — 3) 1 (2c — 6) ! 
X T (5 — 2c) 1 (s — 26 — 3) I (26 + 6) I (2c + 3) I 

( - l ) * 2 { 7 X 2 - 7 X ( 4 c + 7 ) - 4 6 ( 6 + l ) ( c + l ) ( c - 2 ) + 18(c + l)(2c + 3)} X 
f 10 (5 + 1) 1 (s — 2c + 2) 1 (s - 26) 1 (s — 2a) 1 (26 — 4) 1 (2c — 6) 1 7/» 

X L (5 - 1) ! (5 - 2c) ! (s - 26 — 2) I (s — 2a — 2) ! (26 + 5) ! (2c + 3) ! J 

(-1)9 2 {14X* - IX (26c + 36 + 8c + 14) — 2(c + 1) [2c (b + 2 ) (6 - 9) - 116* - 356 - 54]} X 
r 2 (5 + 1) 1 (8 — 2c + 1) (t — 26) (8 — 2a) 1 (26 — 5) 1 (2c — 6) 1 "[/» 

X L (* - 2 ) ! (# - 2a - 3) ! (26 + 4) I (2c + 3) I J 

(s + j) | (s — 2a) 1 (26 - 6) ( (2c - 6) ! r (5 + 1) ! (* — 2a) ! (26 — 6) ! (2c — 6) ! fU 
( - l ) ' 2 { 1 4 A ' * - 7 X ( 4 6 c + 06 + 6c + l l ) + 4(6 + l ) ( c + l ) ( 2 6 c ^ ^ 

t 1 W 9 / 9 Y /f. I n / r . j , n r i M 5 + l ) l ( 5 - 2 c ) ( s - 2 6 + l ) ( ^ 2 a ) l ( 2 6 - 7 ) ! ( 2 c - 6 ) ( l / , 
( - ! ) • " 2 {2X - (6 4-1) (2c + 5)} [ ( , _ 4) I ( * - 2 a - 5 ) ! (26 + 2 ) ! ( 2 c + 3 ) 1 J 

r 7(s + l ) l ( 5 - 2 c ) l ( 5 - 2 6 + 2 ) l ( 5 - 2 a ) l ( 2 6 - 8 ) l ( 2 c - 6 ) ! 7/, 
I *J ZL (5 - 5) ! (s - 2c — 2) 1 (s — 26) ! (s - 2a — 6) I (26 + 1) ! (2c + 3) ! J 

a 
e 
3 

I 
t 

BE 

/ c = c — 3 

6 + 4 

6 + 3 

6 + 2 

6+1 

' 2 (5 + 2) (8 - 2c + 7) 1 (8 - 26) 1 (8 — 2a + 1) (26) 1 (2c — 7) 17/. 

•7)17/» 
2 ) l J 

(—l)'*12 L ( 5 _ 2c) 1 (* — 26 — 7) 1 (26 + 9) 1 (2c + 2) I 
, n ~ . l f r Y i o , , . i n r ( 5 - 2 c + 6 ) l ( , - 2 6 ) l ( 2 6 - l ) l ( 2 c - 7 ) 1 7 A 
( " ! ) + 4 { 2 * + 3b (C + 1}> L ( 5 - 2 c ) l ( , - 2 6 - 6 ) I ( 2 6 + 8)l(2c + ; 

(y + l ) ( * - 2 c + 5) ! (s — 26) 1 (5 — 2a) (26 - 2) ! (2c 
( - i r ' 2 < 2 X + ( 2 6 - 3 ) ( c + l)} f l4< 7) ! 7/= 

(s ~ 2c) 1 (5 - 26 - 5) 1 (26 + 7) ! (2c + 2) ! 1" 
(-!)•+! 4 { 2 * + ( 6 - 5 ) (c + 

r 7 (5 + 1) 1 (s - 2c + 4) 1 (s — 26) 1 (s — 2a) ! (26 — 3) 1 (2c - 7) ! II* 
'' L (5 — 1) 1 (5 — 2c) 1 (s — 26 — 4) 1 (* — 2a — 2) ! (26 + 6) ! (2c + 2) ! J 



Table 9.8. (Cont.) 

e = c — 3 

/ 4 W 1 / / Y Q / ■ ^ T 35 (̂  + 1) 1 (> — 2c + 3) 1 (* — 26) 1 (> — 2a) 1 (26 — 4) 1 (2c — 7) 1 IV, 
(_ ! , 4 IA - 6 [c + 1)) ^ ( s _ 2 ) j ( s _ 2 c ) j ( s _ 2h _ 3 ) j ( , _ 2a - 3) ! (26 + 5) ! (2c + 2) ! J 

/ i\»iAt9X r/.J-r.W. x m r 7 ( f + 1) l ( t - 2 c + 2 ) 1 ( f - 2 6 ) 1 ( f - 2 a ) 1 (2fr-5) 1 ( 2 c - 7 ) 1 TV. 
( -1) 4 {2X - (6 + 6) (c + 1)} L ( s _ 3 ) , { s _ 2 c ) , ( s _ 26 — 2) ! (5 — 2a — 4) ! (26 + 4) ! (2c + 2) ! J 

( - l ) ' + 1 2 { 2 X - ( 2 6 + 5)(c + .„[ 14(s + l) i(s — 2 c + 1 ) (5 — 26)(s —2a) ! (26 — 6) ! (2c — 7) 1 7/, 
(5 _. 4) ! (s — 2a — 5) ! (26 + 3) ! (2c + 2) ! 

/ n '+ iA/ov - W J . I W . L i n f (* + ^ ! (* — 2a) l (26 — 7) I (2c — 7) I 
(-1)'+* 4 {2X - 3 (6 + 1) (c + 1)} L ( 5 _ 5 ) ! ( 5 _ 2 a - 6 ) ! ( 2 6 + 2)!(2c + 2) 

" 2 (5 + 1) 1 (5 - 2c) (5 — 26 + 1) (s - 2a) ! (26 - 8) 1 (2c - 7) 1 TV, 
(s — 6) ! (s — 2a — 7) ! (26 + 1) ! (2c + 2) ! J 

r]" 
(-1)'2[-

T 

(-1)*2 

(-1)'2[-

(-1)«2[-

# r (s — 2c + 8) 1 {s — 26) 1 (26) ! (2c — 8) 1 17, 
(—*)* L (« — 2 c ) ! (« — 26 — 8) I (26 + 9) ! (2c -f 1) ! J 

2 (g + 1) (s - 2c + 7) I (s - 26) ! (s — 2a) (26 - 1) 1 (2c - 8) 1 ']" 

(-l)f2[ 

(-1)'2[-

M)'2[ 

(s — 2c) ! (s - 26 — 7) ! (26 + 8) ! (2c + 1) ! 

7 (s + 1) 1 (s — 2c + 6) 1 (s — 26) ! (s — 2a) ! (26 — 2) 1 (2c — 8) 1 "17= 
(5 _ 1) ! (s — 2c) ! (s — 26 — 6) ! (* — 2a — 2) ! (26 + 7) ! (2c + 1) ! J 

14 (s + 1) ! (s — 2c + 5) ! (s — 26) ! (s — 2a) 1 (26 — 3) 1 (2c - 8) ! I'A. 
;* — 2) ! (s — 2c) ! (5 - 26 — 5) ! (* — 2a — 3) ! (26 + 6) ! (2c + 1) ! J 

70 (s -f 1) I (s — 2c + 4) 1 (s — 26) 1 (s — 2a) ! (26 — 4) ! (2c — 8) ! 7/2 
(* — 3) ! (s — 2c) ! (s — 26 — 4) ! (s — 2a — 4) ! (26 + 5) ! (2c + 1) ! J 

14 (s + 1) \(s - 2c + 3) 1 (s - 26) 1 (s — 2a) ! (26 - 5) ! (2c - 8) ! "17c 
(5 ._ 4) I (S __ 2c) ! (s — 26 — 3) ! (s — 2a — 5) ! (26 + 4) ! (2c + 1) 1 J 

7 (s + 1) ! (s — 2c + 2) ! (s — 26) t (s - 2a) 1 (26 — 6) 1 (2c — 8) ! 7/2 
(s — 5) ! (s — 2c) \(s — 2b — 2) ! (s — 2a — 6) ! (26 + 3) ! (2c + 1) ! J 

2 (s + 1) 1 (s — 2c + 1) (* — 26) (s — 2a) i (26 — 7) ! (2c — 8) ! It* 
(s - 6) ! (s - 2a — 7) ! (26 + 2) I (2c + 1) ! J 

r (> + l) 1 (> — 2a) 1 (26 — 8) 1 (2c —8) 1 7/« 
{~~1} l(s-7)\ (s- 2a - 8 ) ! (26 + 1) !(2c + l ) l J 
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Tables 9.9-9.11. Numerical Values of the 6/ Symbols. 

Table 9.9. 

a b c 

1/2 1/2 1 
3/2 1/2 1 
3/2 1/2 1 
3/2 3/2 1 
3/2 3/2 1 
3/2 3/2 1 
5/2 3/2 1 
5/2 3/2 1 
5/2 3/2 1 
5/2 5/2 1 
5/2 5/2 1 
5/2 5/2 1 

3/2 1/2 2 
3/2 1/2 2 
3/2 3/2 2 
3/2 3/2 2 
5/2 1/2 2 
5/2 1/2 2 
5/2 1/2 2 
5/2 3/2 2 
5/2 3/2 2 
5/2 3/2 2 
5/2 3/2 2 
5/2 3/2 2 
5/2 5/2 2 
5/2 5/2 2 
5/2 5/2 2 
3/2 3/2 3 
5/2 1/2 3 
5/2 1/2 3 
5/2 3/2 3 
5/2 3/2 3 
5/2 3/2 3 
5/2 3/2 3 
5/2 5/2 3 
5/2 5/2 3 
5/2 5/2 3 1 

d 

1/2 
1/2 
3/2 
1/2 
3/2 
3/2 
1/2 
3/2 
5/2 
3/2 

1 5/2 
5/2 

1/2 
3/2 
3/2 
3/2 

| 1/2 
1/2 

1 3/2 
1/2 
1/2 
3/2 
3/2 

j 5/2 
3/2 
5/2 

! 5/2 
3/2 
1/2 
3/2 
1/2 
3/2 
3/2 
5/2 
3/2 
5/2 
5/2 

e f 

1/2 1 
1/2 1 
1/2 1 
1/2 1 
1/2 1 
3/2 1 
3/2 1 
3/2 1 
3/2 1 
3/2 1 
3/2 1 
5/2 1 

3/2 1 
1/2 1 
1/2 1 
3/2 1 
3/2 1 
5/2 1 
3/2 1 
3/2 1 
5/2 1 
3/2 1 
5/2 1 
3/2 1 
3/2 1 
3/2 1 
5/2 1 
3/2 1 
5/2 1 
3/2 1 
5/2 1 
3/2 1 
5/2 1 
3/2 1 
3/2 1 
3/2 1 
5/2 1 

f a b 
{ d e 

1/2 • 3 
- 1 / 3 
- 1 / 2 . 2 - 3 

/IT/2 • 3 / J 
1/2-3 

—11/2 .2 .3 .5 
- 1 / 2 . 2 
- 1 / 2 . 5 
- 1 / 2 . 2 . 3 . 5 

/ T / 2 . 6 / 2 " 
1/3.5 

- 3 1 / 2 - 3 - 5 . 7 

1/2/275 
1/2.2 

- 1 / 2 / f 
1/2.2-5 

-1/1/375 
/ f / 2 • 3 vT 

-1 /2V2-3 -5 
/ f / 2 • 2 v̂ 3~T5 
1/3VT 
y/Tl2-5 /§" 

—13/2.3-5/277 
1/2-2.5 

—1/772 • 5 / if 
- v T / 5 vT 

23/2 . 3 - 5 - 7 
3/2-2-5 
)/S/2-3>/T 
1/2/273 

— / f / 3 / f 
- / J / 5 / T 

1 / 2 . 3 . 5 / 2 7 7 
- 1 / 2 . 5 

1/2-5 

/ 3 /5 yff 
1 —11/2 .3 .5 .7 

; } 
0.166667 

-0.333333 
-0.083333 

0.263523 
0.166667 

—0.183333 
-0.250000 
-0.100000 
—0.016667 

0.187083 
0.066667 

-0.147619 

0.158114) 
0.250000 

-0.223607 
0.050000 

—0.258199 
0.197203 

—0.091287 
0.170783 
0.149071 
0.152753 

-0.115813 
0.050000 

-0.152753 
—0.106904 

0.109524 
0.150000 

! 0.140859 
0.204124 

—0.178174 
—0.163299 

1 0.008909 
-0.100000 

0.100000 
0.130931 

1 —0.052381 

a b c \ 

3/2 1/2 2 
3/2 3/2 2 
3/2 3/2 2 
5/2 1/2 2 
5/2 1/2 2 
5/2 3/2 2 
5/2 3/2 2 
5/2 3/2 2 
5/2 3/2 2 
5/2 3/2 2 
5/2 5/2 2 
5/2 5/2 2 

5/2 5/2 2 
5/2 5/2 2 
5/2 5/2 2 
3/2 3/2 3 
5/2 1/2 3 
5/2 1/2 3 
5/2 3/2 3 
5/2 3/2 3 
5/2 3/2 3 
5/2 3/2 3 
5/2 3/2 3 
5/2 5/2 3 
5/2 5/2 3 
5/2 5/2 3 
5/2 5/2 3 
3/2 3/2 3 
5/2 1/2 3 
5/2 3/2 3 
5/2 3/2 3 
5/2 3/2 3 
5/2 5/2 3 
5/2 5/2 3 
5/2 5/2 3 
5/2 5/2 3 

d e / 

3/2 1/2 2 1 
3/2 1/2 2 
3/2 3/2 2 
3/2 1/2 2 
5/2 1/2 2 
1/2 3/2 2 
3/2 1/2 2 
3/2 3/2 2 
5/2 1/2 2 
5/2 3/2 2 
3/2 1/2 2 
3/2 3/2 2 

5/2 1/2 2 
5/2 3/2 2 
5/2 5/2 2 
3/2 3/2 2 
3/2 3/2 2 
5/2 1/2 2 
1/2 5/2 2 
3/2 3/2 2 
3/2 5/2 2 
5/2 1/2 2 
5/2 3/2 2 
3/2 3/2 2 
5/2 1/2 2 
5/2 3/2 2 
5/2 5/2 2 
3/2 3/2 3 
5/2 1/2 3 
3/2 3/2 3 
5/2 1/2 3 
5/2 3/2 3 
3/2 3/2 3 
5/2 1/2 3 
5/2 3/2 3 
5/2 5/2 3 

( a b c 
\d e 1 

1/2-2.5 
- 1 / 2 - 5 

3/2-2-5 
- 1 / 5 
- 1 / 2 . 3 . 5 

3 /2-2-5 
JT/2.5/2" 

- 1 / 2 . 5 
1/3-5 

- 4 7 / 2 . 2 . 3 . 5 . 7 
-vT/5 /IT 
—1/2.5 /37? 

- 1 / 2 • 5 
2 .2 /5 .7 

— 1 / 2 . 2 . 3 . 5 
1/2-2.5 
1/2/27377 
1/2-3 

- 1 / / 3 7 5 7 7 
—/J/5 /T 

11 /2 -2 .5 /3^7 
—2 / J / 3 /577 

23/2 - 3 - 5 - 7 
3 -3 /2 -5 .7 
/If/2 /577 

—/J/5 • 7 /2" 
—29/2 . 2 . 3 . 5 . 7 

1 /2-2-5 .7 
1/2-3-7 

—1/5.7 
—1/3.7 

71 /2 .2 .2 .3 .5 .7 
3 -3 /2 -2 -5 -7 
1/2-7 

—1/2-5 
79/2-2-3-3-5.7 

) 

0.050000 
—0.100000 

0.150000 
-0.200000 
-0.033333 

0.150000 
0.187083 

-0.100000 
0.066667 

-0.111905 
—0.163299 
-0.021822 

-0.100000 
0.114286 

—0.016667 
0.050000 
0.059761 
0.166667 

-0.097590 
-0.106904 

0.120020 
, -0.159364 

0.109524 
0.128571 
0.146385 

—0.034993 
—0.069048 

0.007143 
0.023810 

-0.02S571 
—0.047619 

0.0S4524 
0.0642S6 
0.071429 

—0.100000 
0.062698 



a b c 

1 1 1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 

2 1 1 
2 1 1 
2 1 1 
2 1 1 
2 1 1 
2 1 1 
2 1 1 
2 1 1 
2 1 1 
2 1 1 

2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 2 
2 2 2 
2 2 2 
2 2 2 
2 2 2 
2 2 2 
2 2 2 
3 2 1 
3 2 1 
3 2 1 
3 2 1 
3 2 1 

d 

1/2 
3/2 
3/2 
3/2 
5/2 
5/2 
5/2 

1/2 
1/2 
3/2 
3/2 
3/2 
3/2 
3/2 
5/2 
5/2 
5/2 

1/2 
1/2 
3/2 
3/2 
3/2 
3/2 
3/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
3/2 
3/2 
5/2 
5/2 
5/2 
5/2 
5/2 

1/2 
1/2 
1/2 

3/2 
3/2 

e 

1/2 
1/2 
3/2 
3/2 
3/2 
5/2 
5/2 

3/2 
3/2 
3/2 
3/2 
5/2 
5/2 
5/2 
3/2 
5/2 
5/2 

1/2 
1/2 
1/2 
1/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
5/2 
5/2 
5/2 
3/2 
3/2 
3/2 
3/2 
5/2 
5/2 
5/2 

1/2 
3/2 
3/2 

1/2 
3/2 

/ 

1/2 
1/2 
1/2 
3/2 
3/2 
3/2 
5/2 

1/2 
3/2 
1/2 
3/2 
1/2 
3/2 
5/2 
3/2 
3/2 
5/2 

3/2 
5/2 
3/2 
5/2 
1/2 
3/2 
5/2 
1/2 
3/2 
5/2 
1/2 
3/2 
5/2 
1/2 
3/2 
1/2 
3/2 
1/2 
3/2 
5/2 

5/2 
3/2 
5/2 
5/2 
3/2 

6/ Symbols and the Racah Coefficients 

(a b 
1 d e 

- 1 / 3 
- 1 / 2 - 3 

vT/2 • 3 vT 
—1/3^2^5 
—1/2 v'JTS 

y/T/2 • 3 vT 
- 1 / 3 •STT 

1/2 VJ 
—1/2 )/2T3 

1/2 V2 . 3 • 5 
—V^/5 >/3 
- i /2 • r 

^772 • 5 \/I 
—y/T/3.5 vT 
- 1 / 2 . 5 v/273 

1/2.5 
- 2 - 2 y/2l3-S^T 

—1/2 y/b 
—1/3 Vb 
—1/2 v/2^5 

vT/2 • 3 ^5" 
—3/2 • 5 /vT 

1/5 vT 
—1/2-3-5vT 
— 1/2-5 v/J 

vT/2 • 5 v/2^3 
— 1/5^2" 

Y/7"/3 • 5 

—11/2.3-5 vT 
1/5 >/T 
y/T/2 • 5 V2" 
0 
1/2-5 

—1/2 VI77 
—y/I/b ^3 

1/7 v^73 
I/7V2T3 

1/3 ^2" 
1/2 v̂ 5" 

- 1 / 3 >/b 
1/3 v/2^7 
1/2-5 

Table 9.10. 

O 
—0.333333 
—0.166667 

0.263523 
—0.105409 
-0.158114 

0.197203 
—0.056344 

0.288675 
—0.204124 

0.091287 
—0.163299 
—0.223607 

0.187083 
—0.124722 
—0.040825 

0.100000 
—0.142539 

—0.223607 
—0.149071 
—0.158114 

0.197203 
—0.212132 

0.141421 
—0.023570 
-0.057735 

0.108012 
—0.141421 

0.176383 | 
—0.13S587 

0.075593 : 

0.1870S3 
0.000000 
0.100000 

—0.133631 
—0.163299 

0.058321 
0.058321 

0.235702 
0.223607 

-0.149071 
0.089087 
0.100000 

a b c 

3 2 1 
3 2 1 
3 2 1 
3 2 1 
3 2 1 
3 2 1 
3 2 1 

3 2 1 
i 3 2 1 

3 2 2 
j 3 2 2 

3 2 2 
3 2 2 
3 2 2 
3 2 2 
3 2 2 
3 2 2 

3 2 2 
3 2 2 

[ 3 2 2 
3 3 1 
3 3 1 
3 3 1 
3 3 1 
3 3 1 
3 3 1 
3 3 1 
3 3 1 
3 3 1 
3 3 2 
3 3 2 
3 3 2 
3 3 2 
3 3 2 
3 3 2 
3 3 2 

3 3 2 
3 3 2 

3 3 3 
3 3 3 
3 3 3 
3 3 3 
3 3 3 

d 

3/2 
3/2 
3/2 
3/2 
5/2 
5/2 
5/2 

5/2 
5/2 
1/2 
1/2 

I 1/2 
3/2 

j 3/2 
3/2 
3/2 
5/2 

5/2 
5/2 
5/2 
1/2 
3/2 
3/2 
3/2 
5/2 
5/2 
5/2 
5/2 
5/2 
3/2 
3/2 
3/2 
5/2 
5/2 
5/2 
5/2 

5/2 
5/2 

3/2 
5/2 
5/2 
5/2 
5/2 

e 

3/2 
5/2 
5/2 
5/2 
3/2 
3/2 
5/2 

5/2 
5/2 
3/2 
5/2 
5/2 
3/2 
5/2 
5/2 
5/2 
3/2 

5/2 
5/2 
5/2 
1/2 
1/2 
3/2 
3/2 
3/2 
3/2 
5/2 
5/2 
5/2 
1/2 
3/2 
3/2 
1/2 
3/2 
3/2 
5/2 

5/2 
5/2 

3/2 
3/2 
5/2 
5/2 
5/2 

/ 

5/2 
1/2 
3/2 
5/2 
3/2 
5/2 
1/2 

3/2 
5/2 
3/2 
3/2 
5/2 
3/2 
1/2 
3/2 
5/2 
3/2 

1/2 
3/2 
5/2 
5/2 
5/2 
3/2 
5/2 
3/2 
5/2 
1/2 
3/2 
5/2 
5/2 
3/2 
5/2 
5/2 
3/2 
5/2 
1/2 

3/2 
5/2 

3/2 
3/2 
1/2 
3/2 
5/2 

( a b 
{ d e 

—2-2>/Il3-SJT 
1/V2-3-5 

—y/2/5 ^3 
vT/5 vT 
1 / 2 - 5 ^ 7 

—1/5 VY^l 
1/3 V2 - 5 • 7 

— 2 . 2 . 2 / 3 - 5 . 7 
3 v/375 • 7 V2 

—1/5 >ll 
-1/5 VI 

1/5^2" 
- 1 / 5 V2 
—I/V/5T7 

1/5 • f 
*T/5 • 7 

—3/5 • 7 vT 

—1/^2-3-5-7 
13/2-5-7^3" 

—3 • 3/2 - 5 - 7 V2 
—v^/3 vT 
—Vb /2 • 3 VT 
—l/v/5^7 

vT/2 • 2 • 3 V5" 
- l / v ^ . 3 - 5 . 7 

V3l2 V2 • 5 • 7 
—^2^5/3 - 7 

17/2 -3-7 V2^5 
—V2I1 Vb 

\l3J2 VJT7 
VJ/bVT 
vT/2 - 2 • 5 VT 
l /v/3.5.7 
3^375 • 7 yfl 

— 17/2.5-7^2^3 
1/7 

- 1 1 / 2 . 2 - 5 . 7 
- 1 / 2 . 3 . 5 . 7 

'—y/Tliy/^Tb 
—3 VaT/2 • 7 ^2^5 
—•5"/7 V2T3 

1/2-7 V2 • 3 • 5 
17/2-3.7 ^ 2 ^ 5 
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TT~ 
-0.142539 

0.182574 
—0.163299 

0.130931 
0.021822 

-0.053452 
0.039841 

—0.076190 
0.104978 

—0.141421 
—0.141421 

0.141421 
—0.141421 
-0.169031 

0.075593 
0.040406 

—0.060609 

-0.069007 
0.107222 

-0.090914 
—0.178174 
—0.140859 
—0.169031 

0.098601 
-0.069007 

0.103510 
—0.150585 

0.127997 
—0.090351 

0.146385 
0.130931 
0.032733 
0.097590 
0.104978 

—0.099146 
0.142857 

—0.078571 
—0.004762 
-0.078246 
—0.117369 
—0.130410 

0.013041 
0.073899 
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a 

1 

2 
2 

2 
2 
2 
2 

2 
2 
2 
2 

3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 

b c 

1 1 

1 1 
1 1 

2 1 
2 1 
2 1 
2 1 

2 2 
2 2 
2 2 
2 2 

2 1 
2 1 
2 1 
2 1 
2 1 

2 2 
2 2 
2 2 
2 2 
2 2 
2 2 

d 

1 

1 
2 

1 
1 
2 
2 

1 
2 
2 
2 

1 
1 
2 
2 
3 

1 
1 
2 
2 
3 
3 

c 

1 

1 
1 

1 
1 
1 
2 

1 
1 
2 
2 

1 
2 
1 
2 
2 

2 
2 
2 
2 
2 
2 

/ 

1 

1 
1 

1 
2 
1 
1 

1 
1 
1 
2 

2 
1 
2 
1 
1 

1 
2 
1 
2 
1 
2 
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\ a b 
. d e 

1/2-3 

1/2-3 
1/2-3-5 

—1/2 vT 
1/2-3 vT 

- 1 / 2 - 5 
1/2-3 

y/f/2-5 v̂ 3" 
vT/2 • 5 V3* 

- 1 / 2 - 5 
- 3 / 2 . 5 . 7 

1/3 vT 
1/5 
1/5V̂ 3*T7 
1/3.5 
1/3.5.7 

-V2"/5 v̂ " 
0 

- ^ 2 / 5 7̂" 
2 .2 /5 .7 

- 1 / 5 - 7 
1/2-7 

Table 9.11. 

TM 
0.166667 

0.166667 
0.033333 

—0.223607 
0.074536 

-0.100000 
0.166667 

0.152753 
0.152753 

-0.100000 
-0.042857 

0.149071 
0.200000 
0.043644 
0.066667 
0.009524 

—0.163299 
0.000000 

-0.106904 
0.114286 

-0.028571 
0.071429 

1 a 

3 
1 3 

3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 

b 

3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 

c 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

3 
3 
3 
3 
3 
3 
3 

d 

1 
1 
2 
2 
2 
3 
3 

1 
1 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 

2 
2 
3 
3 
3 
3 
3 

e 

1 
1 
1 
2 
2 
2 
3 

1 
1 
1 
1 
2 
'2 
2 
1 
2 
2 
3 
3 

2 
2 
2 
2 
3 
3 
3 

/ 

2 
3 
2 
1 
2 
1 
1 

2 
3 
2 
3 
1 
2 
3 
2 
1 
2 
1 
2 

1 
2 
1 
2 
1 
2 
3 

( a 6 c 
I <* e f 

—v^/3 vT 
1/2 • 3 JT1 

-1/V3 . 5 . 7 
—2 vT/3 ^5^7 

1/V2.5.7 
— 1 / 3 7 

1 1 / 2 2 3 7 

v^/5 vT 
l/2v/2~T7 
v^J/5 vT 

—1/2 V2 - 5 • 7 
2 ^2^3/5 • 7 

—vT/5 • 7 V2 
—11/2.5.7V^2^3 

2/5.7 
v^/7 ^275 

- 1 / 2 - 5 
—3/2 - 2 7 

19/2 . 2 - 3 5 - 7 

-V^3 /7 vT 
—v/iT/2 • 7 V̂ F 
—1/7 VT 

2/7 v̂ 3T5 
1/2-7 
1/2.3.7 

- 1 / 2 . 7 

1 
—0.178174 

0.044544 
—0.097590 
—0.159364 

0.119523 
—0.047619 

0.130952 

0.106904 
0.133631 
0.130931 

—0.059761 
0.139971 

-0.034993 
-0.064153 

0.057143 
0.078246 

—0.100000 
—0.107143 

0.045238 

—0.110657 
—0.055328 
—0.101015 

0.073771 
0.071429 
0.023810 

—0.071429 



Chapter 10 

9j A N D 12j SYMBOLS 

10.1. DEFINITION OF THE 9j SYMBOLS 

10.1.1. 9j Symbols as Recoupling Coefficients 
The Wigner 9j symbols [110] (or Fano coefficients [66]) are associated with the coefficients of unitary trans

formations which connect state vectors corresponding to different coupling schemes of four angular momenta. 
Let us consider an addition of four angular momenta j i , j 2 , j3 and j * to form a resultant angular momentum 

j with projection m. There exist different coupling schemes of these angular momenta. We pay attention to 
the following schemes1 

I) j l + J 2 = j l 2 ) J3+J4=J34> j l 2 + J 3 4 = j ; 
II) J l + J 3 = j l 3 , J 2 + J 4 = J 2 4 , j l 3 + J 2 4 = j ; 

HI) J l + J 4 = j l 4 , J 2 + J 3 = J 2 3 , J l 4 + J 2 3 = j ; (l) 

Let \3\j2ti12)J3JA(J34)J™) D e a state vector which corresponds to scheme I. This vector is an eigenvector of 
the operators Ji,J2,J3,J4,Ji2,J34,j!2 and j z and may be written as 

\3i32Ui2)h3Aih*)3m) = £ C « » y , < m j < ^ C U C ^ K m J ^ i . J 2 m 2 , i 3 m 3 , y 4 m 4 ) . (2) 
mums* 

Here |yimi,jkm2, jamsjjiiitTu) is eigenvector of the operators Jf and jiX(i = 1,2,3,4). A state vector which 
corresponds to scheme II is the eigenvector of the operators J j , J2, J3, J4, J13, J24> J and jM. It can be represented 
in the form 

\j\jz Vi»)32H fah'm) = £ C . l s A . m » C y S m , C£Z)\mi \jimu j ^ a , »m», i***) . (3) 
♦Til W j 171317*4 

Similarly, a state vector, which corresponds to scheme III, is the eigenvector of the operators Ji,J2> J3>J4>Ji4> J23> 
y and j x . This state vector is given by 

\3i34Vi4)J2}ifa)jm) = £ ^ m 1 4 i „ m „ ^ ^ : m 4 ^ C ; m J i ^ i ^ ^ , y 3 m 3 ) y 4 m 4 ) . (4) 
1711171317131714 

»^14»^33 

Along with the coupling schemes (l) there exist some other ones, e.g., j i + J2 = ji2» j l 2 + J 3 = j l23>jl23+J4 = j - However, 
the coefficients of transformation which connects a state vector in this coupling scheme with vectors in coupling schemes, I, II or 
III are related to the products of two 6j symbols rather than to the Qj symbols. 
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The state vectors associated with each of these coupling schemes form a complete set of functions. Any 
transformation which connects the state vectors in different coupling schemes, is determined by a unitary 
matrix. Such a matrix relates the state vectors with the same resultant angular momentum j and its projection 
m. It may be shown that the transformation matrix is independent of m. The Wigner 9/ symbols are 
proportional to the matrix elements (transformation coefficient). Thus, the Wigner 9j symbols (or, equivalently, 
the Fano coefficients) 

]i 02 3i2 
33 H 334 
3l3 324 3 

are related to the coefficients of the transformation between state vectors in schemes I and II by 

Ul32 {J12)J3J4 {334)J™\3lJ3 (j'13)J2J4 (£4)*''"*') 
[ jl J2 312 ) 

[{2j12 + l)(2/is + l)(2y34 + 1)(2;34 + 1)]* < h U 3*4 ) • (5) 
U l 3 324 3 J 

Using this definition, we may also obtain 

(Ji32 {3i2)J334 {334)3 m\3\JA {314)3233 {323)3'™') 
[ jl 32 312 ) 

= 63T6mrn,(-iy*+>*->» [(2;12 + l)(2y14 + 1)(2;23 + 1)(2*4 + 1)]* < * 33 334 > , (6) 
[314 323 3 J 

(3i33 {313)3234 {324)3 rn\ji34 {314)3233 {323)3'™') 

t [ 31 33 313 ) 
= % < < W ( - l ) " - ' W " + y " [{2ji3 + l)(2;i4 + 1)(2;24 + 1)(2£3 + 1))* I 34 h 324 \ . (7) 

[ 314 323 j J 

As follows from definition (5) a 9y symbol can be represented as a sum of products of the Clebsch-Gordan 
coefficients: 

i i m i j j m a jsmsurrn J i a m u j ^ m s * j i m i / j m a 3*m*3i™i hz™>i*3u m.34 
rmmik 

[ 3i 32 3i2 ) 
I(2/13 + 1)(2J13 + l)(2j2 4 + l)(2y34 + 1)]M 33 34 334 } . (8) 

[ ;*13 324 3 J 

This equation unambiguously fixes the absolute value and phase of the 9/ symbol. The 9; symbols are real. 
Below we shall also use Latin letters (a, 6, c, etc.) to denote arguments of the 9; symbols. 
In accordance with the quantum mechanical rules of angular momentum addition, arguments of the 9j 

symbol 
a b c 
d e f 
9 h 3 

satisfy the following conditions. 
(a) Arguments a, 6, c . . . , j are integer or half-integer non-negative numbers (generalization of the 9JJ symbols 

to the case of negative arguments will be considered in Sec. 10.4.3). 
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(b) A 9j symbol vanishes unless the triangular conditions (see Sec. 8.1.1) are fulfilled for triads (o6c), (def)} 

[ghj), {adg)f {beh) and (cfj). 
The 9j symbols satisfy the orthogonality and normalization relations 

a l e ) \ a b c1 

£ ( 2 j f + l ) ( 2 h + l ) I d e f W d t / ' \ =6Cc>6ff>{abc}{def}{cfj} 
gh g h j I I g h j ( 2 c + l ) ( 2 / + l ) ' 

d e / \ l d e^f \= 6gg.6hh,{adg}{bth}{ghj} ^ + 
1) 

(9) 

(10) 

These relations follow from the unitarity of transformations which relate state vectors in different coupling 
schemes. 

10.1.2. 9j Symbol and r Symbol 

A 9? symbol may be represented as a 3x6 array | | r ^ , r^ | | (Shelepin [105], Wu [111]) which is called the 
r-symbol:2 

( i i ) 
a b c 1 
d e / 
9 h j J 

nx ri2 r13 r'u r'12 
r2i r^a T23 1*21 r22 
f3i f32 r33 r 3 1 r 3 2 

r13 
23 

f33 |j 

where 

r n = - a + 6 + c, 
r2 i = - d + e + / , 
^31 = -flf + h + ;, 
r i i = -<* + <*+ & 
r21 = a - d + flf, 
r'31 = a + d - gf, 

r12*= a — 6 + c, 
r22 = d - c + / , 
r32 = 9 - h + i> 
ri2 = - 6 + « + fcf 

r22 = b — e + /i, 

' 32 = 6 + e - h, 

r i 3 = a + 6 - c, 

r23 = <* + e - / , 

r33 = Sf + /* - i, 
r i3 = - c + / + if 
r23 = c - / + i> 
r' -
r 33 ~~ 

= C + / - i- (12) 

The inverse relations are as follows 

2a = ri2 + r i 3 = r21 + r31, 
26 = r x l + r13 = r22 + r32, 
2c = r n + fi2 = r23 + r33, 

2d = r22 + r23 = r'n + r31, 
2e = r2 i + r23 = r'12 + r32, 
2 / = r 2 i + r22 = r'13 + r33, 

2# = r32 + r3 3 = r u + r21, 
2/i = r3 1 4- r3 3 = r'12 + r22, 
2i = r 3 i + r32 = r13 + r23 . (13) 

All eighteen elements Tik^'ik a r e integer and non-negative. Only nine of them are linearly independent. The 

The array ||rt-fc, r|-fc|| under discussion (Wu [111]) differs from the ^symbol introduced by Shelepin [105]. 
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elements rt* and rjfc satisfy the following relations 
3 3 3 

» = 1 » = 1 » = 1 

3 3 3 

£ ) r a = ii-2(a-h<i + y), £ r i 2 = R- 2(6+ e + A), £ r t 3 = A - 2(c + / + ;), 
tcs l t sr l t = l 

3 3 3 
£ r ;

M = Jl -2(a + » + c)l X > ^ = *-2(<*+* + / ) , E f l 3i = « - 2 ( ^ f c + y), (14) 
• s i »=1 ♦ = ! 

3 3 3 

t = i t = i t = i 
3 3 

J ] rik = *, £ rjfc = R, 

where 
£*=a + 6 + c + <* + e + / + $r + /i + y. (15) 

10.2. EXPLICIT FORMS OF THE 9; SYMBOLS AND 
THEIR RELATIONS TO OTHER FUNCTIONS 

The expressions given below represent the 9; symbok in the forms of algebraic sums and sums involving 
products of the Clebsch-Gordan coefficients, 3;m and tj symbols. Unlike the Zjm and 6; symbols the expres
sions for the 9/ symbols in terms of the generalised hypergeometric functions are still unknown. Convenient 
expressions for the 9j symbols in terms of quasi-binomials can be obtained only in some special cases. 

10.2.1. Expressions for the 9; Symbols in the Forms of Algebraic Sums 

J b C 1 A{abc)A{def)A{beh)A(ghj) 
g

C
h

f
jj A(adg)A(cfj) 

x (a + <*-g)!(c + /~y) ! (g+/ i + y + l)l 
(a + d + g + l)!(a - 6 + c)\{-a + 6 + c)\{d - t + /)!(-<* +1 + f)\{b - c + A)!(-6 + e + A)! 

* X-/ ^.-c+.-s+i+.+r+.+i (2a-*)!(26-y)!(2<i-*)l(2g-t)l 

(-a + 6 + c 4- s)!(-6 -f g 4- A + y)!(-<* + e + / + z)\(b -c + g-j + t)\(-a - c + / + g + s + t)l 
X (a + 6 - c - x)!(6 + e - fc - y)!(<f + c - / - *)!(& + c - ^ + y - t)\{a + d - y - x - *)!(« - 6 + A + y - t)! 

(c-d + c + y + * - t ) ! 
(-d + <? + / + * - t)\{b - e + g - ; - y + *)!(-« + c - e + jr-y + * + t)!x 

x ( -a + c - d + / + g + y 4-1 + x + *)!. (1) 
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In Eq. (1) the sums are over all integer values of z, y, z , t for which the factorial arguments are greater than 
or equal to zero. An expression for the 9 ; symbols in the form of triple sum was proposed by Alisauskas and 
Yutsis [131]. 

10 .2 .2 . W u Formulas [ i l l ] 

where 

J l l ^12 Jl3 
hi 322 J23 \ = A ( j i i y i 2 i i 3 ) A ( i i i i i 2 i i 3 ) A ( ^ i i i 2 i i 3 ) A ( y i i i i i i i i ) 
J31 ^32 ^33 

xA(yi2y22y32) A(yi3y23y33) $ ^ ( - i ) W4+W5+W, ( n " ^ 1 ) ! 

3 6 n «w n w«! 
P,<7=1 a = l 

(2) 

3 6 

p , g = l a = l 

In Eq. (3) the summation is over 15 integer and non-negative variables " P f l (p ,q = l ,2 ,3) ,c i ; a (a = 1 ,2 , . . . ,6) . 
These variables satisfy the following conditions owing to which only six variables are independent: 

Wl + OJ4 + 1/21 + "31 = 

0>3 + W6 4" "22 + "32 = 

W2 + W5 + "23 + "33 = 

W3 + W 5 + "11 4" "31 = 

0>2 4* W4 + ^12 4" "32 = 

Wi 4-o>6 4-"13 4-"33 = 

0>2 4-CJ6 4" "11 4" "21 = 

W\ + W5 4" "12 4" "22 = 

W3 4- W4 4" "13 4" "23 = 

= r u , 

= *"12) 

= ^13, 

= ^21 > 

= f*22> 

= r 2 3, 

= rsu 

= **32, 

= 7*33, 

u>i 4- 0J4 4- "12 4- "13 

o>3 4 - w 6 4- "11 4-"13 

^2 4-W5 -H "11 4-"12 

W3 4- W5 4- "22 4- "23 

0>2 4" W4 + 1/21 4" "23 

u>i 4- u>6 4- "21 4- "22 

o>2 4- ^6 4- "32 4- "33 

^1 4 -^5 4" "31 + " 3 3 

0>3 4" W4 + I/31 + I/32 

= r ' u , 

— r 1 2 ) 
- r' 
— r 1 3 ) 
— r21> 
— r' ~ r 2 2 ) 

"" r23» 
— r' 
— r 31 > 
= ^32 1 

= *33 • 

(4) 

vpq and wa are related to arguments of the 9j symbols by 

«= i «= i 

n + wi 4- o;4 - i / n = y12 4- J13 4- ;*2i 4- i n , 

n 4- w3 4- we - ^12 = J11 4- J13 4- J22 4- J32, 

n 4- w2 4- w5 - "13 = J11 4- Ji2 4- J23 4- J33, 

«= i « = i 

n 4- o>3 4- 0J5 - "21 = J22 4- J23 4- J11 4- J31 , 

n 4- W2 4- w4 — 1/22 = J21 4- j'23 4- J12 4- J32 1 

n 4- wi 4- w6 ~ "23 = ;*2i 4- J22 4- yis 4- j'33 , (6) 

n 4- o>2 4- o;6 - "31 = J32 4- J33 4- jn 4- J21 , 

n 4- o>i + w6 - "32 = J31 4- ;*33 4- ^12 4- J22 , 

n 4- W3 4- W4 - 1/33 = J31 4- J32 4- Ji3 4- j'23 • 

A choice of independent summation variables can be made in many ways, leading to formally different repre
sentations of the 9y symbols. Some of them are given below. 
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(a) 

where 

3n 3i2 3i3 
J21 J22 ;*23 } = A(yiiyi2yi3)A(y2iy22y23)A(y3iy32y33)A(yiiy2iy3i)A(yi2y22y32)A(yi3y2373$) 
331 332 333 

3^+3 2 *£+**+*»+*« 
(-1) *-« (1+l,4 

n (**.-*».)! ft u (*-£*>)+*«-*<.}' 
I>,«=1 <*=1 t \ 0=1 / J 

(7) 

*11 2T12 *13 
^ P f ) = | Z21 *22 *23 

*31 *32 *33 , 

* l + * 4 *3 + *6 Z2 + Z5 

Z% + Zf> Z2+ Zi Zi + ZQ I , 

^2 + ^6 *1 + zb z3 "T" ^4 
(8) 

^1 = Jll + y23 + J32, ^4 = jll + 322 + 333 i 

^2 = J31 + ^22 + Jl3i ^6 = ybl + J32 + 3l3 i 

^3 = 2̂1 + Jl2 + J33, ^6 = J*31 + 3l2 + ^23 • 
3 

*= £*«• 
Summation in Eq. (7) is over all integer and half-integer za > 0. 

(b) 

3n 3i2 3i3 
32i 322 323 } = A(yiiyi2yi3)A(y2iy22y23)A(y3iy32y33)A(yiiy2iy3i)A(yi2y22y32)A(yi3y23y33) 
^31 332 333 

(9) 

(10) 

:(-D* E 
(_l)«4 + «.+«. M + £ 

= 1 / 

- n (*M-j^)«n 
p,«=i P = I 

( ^ — E H + *p - AP I H*P+3 ~ Ap+3)! 
(11) 

Summation in (11) is over all integer and half-integer za > 0; zpq and hp are determined by Eqs. (8) and (9). 
(c) 

3n 3i2 3i3 
hi 322 323 } = A(yi1yi2yi3)A(y2iy22y23)A(y3iy32y33)A(yiiy2iy3i)A(yi2y22y32)A(yi3<723y33) 
331 332 333 

£ 
(-1)'*+"+'* ll + R-2t+ £ £ x0 - x4 J! 

k'') x4!(x6 + x4y.(x6 + xAy. n (*P« + «P«) 
P*«=l 

! ft (t-J,r->, + Xp- £*,)< 
p=i V 0=1 / 

(12) 
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where (Zll 312 %iz\ ( ^1 X3 + X6 X2 + X5 

X21 x22 x23 I = I ̂ 3 + ^5 ^2 zi + a;6 
X31 X32 X33 J \X2 + XQ X\ H- £5 £3 

Summation in Eq. (12) is over all integer xa > 0. 
t = j n 4- J22 +J33 • 

10.2.3. 9j Symbols as Sums of P roduc t s of the Clebsch-Gordan Coefficients 
or t he 3;m Symbols [110] 

(13) 

(14) 

a b c 
de f \ =\(2c+l)(2f+l)(2g+l)(2h+l)rH2j+l)-1 £ <^<%J%t*<^<%J%» > (15) 
9 h j 

a b c 
d e f 
9 h j 

a b c 

. f-.i)2(c+a) 
* * ' . [ " " (2a + l)(2c + l)(2; + 1) ^ ° ^ V ° w ( « 0 ^ ^ / ^ ^ w u / ^ 

a/?7 
6c<p 
riiAi/ 

g h J I a0i6*<p 

The following two relations were obtained in Ref. [45] 

a 6 c 
d e f} = 

A[abc)A{def) 
g h A M*dg)*{cfj) [ (2h + l) 

(g + h + j+l)\(g-h + j)\ 

(16) 

i:{ -E(:; ; ) ( i : i ) ( : :0(^:)a:: ) ( ; iO- <-> 

(c + / - j ) l ( a + d - g ) l 
(a + <t + 9 + l)!(o - 6 + c)!(-o + 6 + c)!(rf - e + f)\{-d + « + / ) ! 

E(-ir c+0+x+y . 

*v£ 

(2a - s)i(2d - y) l(-a + 6 + c + s)! ( -d + e + / -h y)l 
x!y!(a + 6 - c - x)\(d + e- f- y)\{-a + c - /? + x)!(-d + / + flf-y + i0 + y)! 

( - a + / + j - fi + s)! ( -d + c + g + P + y)\ r (6 -^ ) ! ( e + g - y - f jg)i 
(a + d - 0 - x - y ) K - a + c - d + / + a + y + l + x + y)! [ (6 + j9)!(e - ? -f j - 0)\ 

ybpej-g-P i 

(18) 

a 6 c 
d e f 
g h j 

{a + d- g)\(c + f- j)\{g- h + j)\(g + h + j+l)\ 
[(-a + d + g)\{a-d + g)\(a + d + g + l)!(c + f + j + l)!(c - / + j)\(-c + f + j)\ 

• [ (2c+l ) (2 /+l ) (2fc + l ) ] i ^ ' 
(a + a)\{d + g - a)\{c + a + £)!(/ + j - a - fi)\ 
(a - a)\\d -g + a)\(c - a - /3)!(/ -j + a + /?)! J 

i 

*^bpej-g-P^aabp ^dg-aej-g-fl • (19) 
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10.2.4. 9; Symbols as Sums of Products of the 6j Symbols or 
the Racah Coefficients [110, 74] 

J«/)=D-»^+1){;;:}{^;}{^i}. m 

{ ab c) 
d t f\= £ ( 2 * + l)W(aech\ xb)W(aegf; xd)W(ehfg; xj). (21) 

g h j } * 
10.3. INTEGRAL REPRESENTATIONS OF THE 9; SYMBOLS 

10.3.1. Representation Involving the Generalised Hypergeometric Function 

?)■ 
J * e I _ (-!)«+»—f-fc+/ A(abc)A(def)A{beh) 
ghji 2b+e+h+1 ' M^g)A(cfj)A(ghj) 

(q + d - g)\{e + f - j)\(g-h + j)!(fe + e + h+ 1)1 
(a - b + c)!(-a + b + e)\{d -1 + /)!(-d + e + /)!(a + d + y + l)!(-6 + e + A)!(6 + e + / - f)! 

E (-l)*+v(2a - »)»(-a + 6 + c + x)>(-o - e + / + g + x)\(2d - y)l(c - d + eft j -I- y)l 
i!y!(a + 6 - c - * ) ! ( - o + c - e + sr-y + *)!(d + e - / - y ) ! " 

(a + d - s r - * - y ) ! ( - o - d + ff+c + / + y + l + z + y)! 

f1 h + z\ie F \~b~e + 9-h -a-e + f + g+ 1 + z, d - e - / - y ; * - l 
y_!V ' 3 3 i - o + e - « + fl-y + l + », - c + d - e - j ' - y ; * + l 

x ( d t ) - + ^ [ ( 1 " a)'+W(1 + *)-'+hHV'- W 
10.3.2. Representation Involving the Wigner 27 Functions 

/ d ! / 1 C*» = #_il—/-•+* l(»y+!)(« + »-*)'(« + * +« + !)»(«* + «-/)'(«< + « + / + !)»!* 
I f A / J ^fV (a + d+s+l ) ! (6 + « + A+l)!A(adg)A(6e/») 

x[(» + A - y)!(? + h + j+ 1)!]* y dR1dR3dR9B^(R1, R*, R9)D°b-ajRi)D{-<i,r(R')*£**(*») • (2) 

In this equation 7, <p, fi are arbitrary integer or half-integer numbers and 

dRi = j^ j sinpidondpidli , (*' = 1,2,3). (3) 
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The integration limits are standard (see Eq. 4.10(4)). B^(RilR2) R$) may be presented in the form 
Tyodgtn n n \ __ na+d-g n*b+e—h na-d+g n*b—e+fc n—a+d+g n*—b+e+h tA\ 
**beh \KU K*> K$) — °\2 **\2 ^31 ^31 °Z2 ^32 1 l4J 

Bik = e-««'+«*) (sin & cos ̂ M ^ * ) - cos £ sin £,-*<•"-"> 1 
\ 2 2 2 2 / 

= Et-^^^LW^tir^) = -^L*(*^1)' (5) 
3 3 3 3 

M 

The coefficients B^ possess the following properties: 
W»)V = E(-1)y"m^m(^)^-ro(^) - (-l)2^'-,^^-1) , (6) 

m 
[Btf* = E(-1)1-mD'-,'n(R<)D-,-rnm « J * y / ( W ) , (7) 

m 

N = «i»7. (8) 
where 

cos (lik = cos Pi cos /?* + sin # sin ̂  cos (7.; — 7*) . (9) 
In particular, when a = 6, d = c, 0 = A, from Eq. (2), one has [63] 

2 2 / } . c&o = (-i)c+/ 

Here 

9 g } i ' * " \(a + d-g+iy.]*A>(adg) 

x[(2j + l)(2a - c)!(2a + c + 1)!(2<*- f)\(2d + / + l)\{2g- j)\(2g + j+ 1)!]* 

X J d^d^dilzB^ni, n2, n3)Pc(cos£1)P/(cos&)P,(co8&) • (10) 

dni = ^t,mpidMli, (11) 

. i n ^ ) ( . in^i) (.in Op) (12) 

10.3.3. Integrals Involving Characters of Irreducible Representations of Rotation Group 

a b c 
d e f \ - ( ^ / ^ 1 ^ 2 ^ 3 ^ 4 ^ 6 X C ( - R l ) X / ( ^ ) x ' ( i ? 8 ) x 0 ( i i l - R 4 ) X f e ( ^ « 6 ) X < i ( ^ i 2 4 ) 

X X - ( J f e J f e ) x » ( l W l « ) x * ( J W f e ) , (13) 

a a 6 
a a c 
6 c <f 

= |g^ j8 / ^i^^X a(*i)x*(i?a)x -( i l8)x a( ife*i)x*(/ i8*r1)x< ,( i i8i lJ1) • (" ) 
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10.4. SYMMETRY PROPERTIES OF THE 9; SYMBOLS 

10.4.1. Pe rmu ta t i on S y m m e t r y 
Any 9j symbol possesses the following symmetry properties with respect to 

mutations of columns or rows as well as transposition leave the 9j symbol unc 
permutations [74]: even per-

hanged; odd permutations of 
columns or rows introduce the phase factor ( -1)* , where R is sum of all arguments 
symmetry properties may be written as follows 

(a) Column permutations 

[ i n ii2 Ji3 
W 2 1 322 323 
\ 331 J32 333 , 

( jii jik ju \ 
> = e < J2i J2k J2l \ . 

( J3i J3k J31 J 

(b) Row permutations 

( jll jl2 jl3 1 | jil 3x2 3x3 I 
\ 321 322 323 ? = * \ jkl 3k2 3k3 / • 
[ 331 332 333 J [ jll 312 313 J 

(c) Transposition 

| jll 312 313 | | jll 321 J3l j 
\ J21 J22 J23 ) = \ jl2 J22 332 } • 
{ 331 332 333 ) ( 313 323 333 J 

Here 

( 1 for even permutations 
J (cyclic permutations), 
j (—1)R for odd permutations 
^ (non-cyclic permutations). 

3 

All these symmetry properties are independent and relate 3!x3!x2 = 72 9j symbols 

of the 9y symbol. These 

(1) 

(2) 

(3) 

M 

(5) 

given below (Eq. (6)). 
The 9j symbols obtained by column permutations are arranged horizontally. The 9j symbols obtained by row 
permutations are arranged vertically. The six lower rows represent the transposed 9j symbols. 

( a 6 c ) T e a t ) ( 6 c a ) [ l a c ] ( c b a 
\def\= \fdt\= l e f d U s l t d f U t l f t d 
\9hj J { j gh ) { hj gJ { hgj j [jhg; 

f s r / i y i ( y y M [ ^ y ? j ( M y | iJ hg' 
= < a 6 c > = < c a 6 > = < 6 c a > = e < 6 a c > = e < c 6 o 

(defj [fdej [efdj [e d f J [fed, 

(def\ \f*t\ (<fd\ i c d f \ (fed> 

= \9hj?= \J9h>= \hjg\=e{hgj}=e{jhg 
[ a b c J [ c a 6 J ( h o J \b a c j yeba 

I 
= e 1 

I 
\=e 

1 
1 re 
1 

(acb) 
Idfe 

U J h J f 9 3 h ) 
I ac b \ 
(dfej 

\ d f e \ { 9 ; h ) 
[ a c 6 J 
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(6) 

10 .4 .2 . S y m m e t r i e s of t h e r S y m b o l 

Any r symbol possesses the following symmetry properties: 
(a) Permutat ions of rows introduce the phase factor e (see Eq. (4)). 

**ii r i 2 r i 3 r ' n r'12 r'13 

r 2 1 r 2 2 r23 r 2 1 r 2 2 r 2 3 

*"3i "̂32 *"33 r 3 1 r 3 2 r 3 3 

= e\ 
r%l r%2 r%3 Til ri2 ri3 
?ki rk2 rk3 r'kl r'k2 r'fc3 

1 Hi ri2 U3 r'n r\2 r{3 | 
(?) 

These permutat ions correspond to permutations of rows for the 9y symbols. 
(b) Simultaneous permutat ions of appropriate columns in both parts of the r symbol (i.e., r t^ and r'ik) 

introduce the same phase factor e. 

r n ri2 r*i3 r n r 1 2 r 1 3 

r 2 i *"22 "̂23 r 2 i r 2 2 r2 3 

**31 *̂32 7*33 ^31 r32 r33 
= e 

ru nk ru r'u r[k r'u 

»"2t ?2k *2i r'2i r2k r*2i 
r$% 3̂fc r$i r'3i

 r3k r3( 
(8) 

This symmetry corresponds to the symmetry of the 9j symbols with respect to column permutat ions. 
(c) Transposition of both parts of the r symbol with their simultaneous permutat ion is equivalent to 
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transposition of the 9j symbols: 

I ' l l »"12 >*13 1*\l >̂ 12 '"lS 
rai raa r^z r^ rja r^ = 

|| »"3i rat T33 »ii »i2 rg3 | 

'"ii ^ l ' s i r n r2i r3i 
r[2 T22 ^2 r ia r22 ^32 

| ^13 ^ 3 ^33 r13 ^23 ^33 
(») 

10.4.3. "Mirror" Symmetry 

The original relations which define the 9j symbols may be extended to the domain of negative integer or 
half-integer arguments. Introducing the notations a = - 0 - 1,5 = - 6 - 1 , . . . , etc., we obtain the following 
symmetry properties (45] 

(ab e) (&lc) f a 6 e) (a I e ) 
\dcf\= { j * f \ = r , i { i t f \ = m { i e f \ 
{ghj) {ghj) {ghj) (9K3) 
( a 5 c ] (abe) (abe) (ale) 

= iriilde f \= -it]7 l i e f U t)3 I i I f \= IJ3 l i e f \ 
{ghj) {ghj) {ghj) {ghj) 
fa fc - l 

= t'ij4 I i t f \=-iri4 < 
{ghj) 

fab e) (ale) (abe ) 
l l f\=T,6{it f\=ri6lie f \ 

[ghj) {ghj) {ghj) 
(al e) (ab e) (ab e) (al e ) 

= irh \ i « / >= -if}6 l i e f) = m Id e f U IJ7 l i e f \ 
{ghj) {ghj) {ghj) {ghj) 
(ale) (abe) 

- %< i l f >= vs I i t f >=»?8< 
{ghj) {ghj) 

r a 5 s ] (abe) 
i t f\=ri*{dt J) 

{9hj\ 1 j K j l 
Ul c) (abe) (ale' 

= -»ife < i t f U - t in l i e f \ = - { i e f 
{ghj) {ghj) {ghj, 

f 

> ax 1 
V 

o l i f ) 
ie f) 
ghj ) 

(ale) (abe) 
= - < * < / = - < ? * / . (10) 

[9hj J [ghj) 

In these equations 

tli = ( - 1 ) 6 — * * , T,6 = ( _ i ) - / - » + * + i , 

•to = (-1)«+*—»+» , * = ( -1 )»"W f 

^3 = ( - l ) e + / - ' - \ »?7 = ( - l ) 3 ( 0 + < + y ) , 

^ = ( - 1 ) * , f}» = (-l)R-d+e-f+1. (11) 

When tabulating formulas for the 9; symbol 5, it is convenie tit to us e the "mirror* symmetry properties in 
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the form [45] 

d-6 e + e f + <p) ( d + 6 e + e f + <p 
d e f = t ( - l ) '+<-* 1 e f ) % (12) 
9 h j J I g h j 

d+6 e-e f + <p) ( d + 6 € + e f + <p 
d e f = i ( - l ) H M d I f \ , (13) 
9 h j J [ g h j 

d+6 e + e f -<p) ( d + 6 e + e J + <p 
d e f U f - ( - l ) y + ' - ' { d e f \ , (14) 
9 h j I I g h j 

d-6 e-e f + <p\ { d+6 €+e f + <p 
d e f \=(-l)h+*-°+U i l f } , (15) 
9 h j J [ g h j 

d-6 e + e f-<p) ( d+6 e + e f + <p' 
d e f U ( - i r ^ + 1 i e f } , (16) 
9 h j ) { g h j 

d + 6 e-e f -<p) ( d + 6 S+e f + <p 
d e f U (-1)'+'-*+* { d I f \ t (17) 
9 h j J { g h j 

d-6 e-e f -<p) ( d+6 l + e ?+<p) 
d e f l=i(_i)<7+ft+;+*+*+*+iJ d I f \ . (18) 
9 h j J [ g h j J 

10.5. RECURSION RELATIONS FOR THE 9j SYMBOLS 

10.5.1. General Form of the Recursion Relation 
Recursion relations for the 9; symbols may be obtained for instance, using the following equation [77] 

(-ir'*'D->r«i.+i){j|/J{:!i;}{i^} 
. M r '+ / '«+ . Ei -u-p, +1) {» ! r } { J" J J } {I H } ■ (i) 

Specifying A = | , 1 , | , 2 , etc. and using explicit forms of the 6; symbols, we may obtain various recursion 
relations. Examples of such relations are given below (Eqs. (2)-(5)). 
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10.5.2. Relations Involving Four 9j Symbols 
Equations (2)-(4) are derived by putting A = 5 in Eq. (1) and specifying the values of a1 and /'. In 

particular 
(a) for a' = a — | , f = / — 5, one has 

2 ^ [ ( ° - * + e + 0 ( o + * + e + 0 ( e + / " y + 0 ( e + / + y + 0 ] \ j f ] / 
+ 2 ^ [ ( - ° + 6 + e + l ) ( o + * - e + 0 ( " e + / + y + 5 ) ( e " / + y + 0 ] r T / 2 

\ y J o - i 6 c 
= ^-1\{d + t- } + l){-d + e + f){-a + g + d+l)(a- d + g)$ \d+l e / - § 

(b) for a1 = a + | , / ' = / -I- | , one obtains 

_(«-* + e + 5) (« + » + « + !) (« + / - i+5) (« + / + i+5)]'II • V | 
1 ( a + ? 6 c 1 

= ^ ^ [ ( < * - « + /+l ) (<'+« + / + 2)(a + <*-</+l)(a + <*+g + 2)]> ^ <*+§ e / + § ^ 
[ 9 * y J 

. f a + 2 6 C I 
+wTI ( (~ d + e + / + 1)(<f + e " / ) ( " 0 + d + J')(a"<i+s7 + 1)1M<i"2 e / + * \> 

{ 9 h y J 

1 

2c+ 1 

1 
+i7T 

a + 6 + c + 0 ( a + 6 - c + 0 ( - c + / + y + 0 ( c - / + y + 0 ] j l f ] 3 

(c) for a' = a - § , / ' = / + §, one gets 

gf /i y 
"27TT [("a + 6 + c + 0 (« + »-« + 5) (e + / - ^ + j ) (e + / + J + !)] 

1 f « - M e j 
= u+~{l(d-e + f + 1)(d+e + f + 2)(-a + d + 9+m°-d + 9)]i { d+\ e / + § f 

I 9 h, j J 
1 ( ° - i * c ) 

" 2 d T I ( M + e + / + 1 , ( ' f + e " / ) ( a + d ~ J 7 ) ( o + c ' + s ' + 1 ) 1 M < i ~ 3 « / + * } • 

(2) 

(3) 

(4) 
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The relation for a' = a + | and / ' = / — | is equivalent to Eq. (4). 

10.5.3. Relations Involving Five 9;' Symbols [45] 

Putting A = 1,o' = a and / ' = / in Eq. (l), we get 

a 6 c + 1 Ac+1{ab,fj) . 
(c + l)(2c + l ) 1 « f c ) 

+ MabLfJl(abc-1 Ad+1{efyag) 
(d+ l ) (2d + l) 

a be 
d+1 e f 

9 h j 

Ad{ef>ag) 
' d(2d+ 1) 

a be 
d-1 e f 

9 h j 

■{ [o(q + 1) + d(d + 1) - g(g + l)j[d(d + 1) - e(e +1) + / ( / + 1)] 
d{d+l) 

[o(o + 1) - 6(6 + 1 ) + c(c + l)][c(c + 1) + / ( / + 1) - j 
c(c + l) 

!ii±M\[a
d

b
e
Cf 

] [ghj 
(5) 

where 

Aq(pr,st) = [(-p + r + q){p ~r+q)[p + r-q + l)(p + r + g + 1) 

X (-5 + t + q){s - t + q)(s + t - ? + l)(s -f t + g + 1)]* . 

We also present the relations of another type between five 9j symbols [75]: 

(6) 

{g + h + j+ l)(g +h- j)(-b + e + h)(b + e-h+ 1) 
{a + d+g + 2){a-d + g+l) 

* ( a + § 6 + | e 
d e f 

9-hh-k3 

(g ~ h + j){-g + h + j + l)(b + e + h + 2)(b - e + h + 1) 
(a + d + g + 2)(a-d+g+l) 

-,* {a+| 6 + § c 
<f e / 

? - | * + | 3 

+ 
(g + Jt + j + 2){g + h - j + 1)(6 + e + fe + 2)(6 - e + h + 1) 

( a + d - g + l ) ( - a + d + g) 
i ( ° + 5 fc+§ c 

<i e / 

(g - A + J + l ) ( - g + h + j')(6 + e - A + l ) ( -6 + e + A) 
(a + d - g + l ) ( - a + d + g ) 

d e f 
g + | * - | j 

= ( 2 g + l ) (2A+1) 
(o + 6 + c + 2)(a + 6 - c + 1) 

(a + <f + g + 2)(o - d + g + l)(a + ef - g + l ) ( - a + d + g) 

H a t e 

ghj 
(7) 
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(g + h + j + 1)(g + h - j){b + e + h + l)(6 + h - e)] 
(o + d - g ) ( - o + ( f + g + l ) 

i f a - | 6 - i c 
<f e / 

g - | A - | y 

- [ (-g + h + j + l)(g - /> + j)(-b + e + h + l){b + e-h) 
(a + d-g){-a + d + g+l) 

(g - h + j + l)(-g + h + j)(b + e + h + 1)(6 - c + h) 

(g-hh+k3 

{a + d + g+l)(a-d + g) 9+2 h~h iJ 

r(g + ^ + J+2)(g + A - j + l)(-6 + e + A+l)(H-e-/i)1* j 0 ^ 6 ~ 3 « 
(a + <f + g + l ) ( a - d + g) ■+£ h + h 

= (2g + l)(2A+l) (a + 6 + c + l)(a + t - c ) 
(a + d + g + l ) ( a - d + g)(a + <f-g)(-a + <* + g+ l )J 1 . '. 

5 J 

\ [ a b c 
de f (8) 

(-g + h + j + l)(g-h + j)(-b + e + h+l)(b + e-h)]i (a+' b~* c 

{a + d+g + 2)(a-d + g+l) J | ^_ l A ^ A y 

(g + fe + j + l)(g + /i-y)(fe-He + AH-l)(t-e + A)|^ f ° + a 6 " a J 
(a + «i + g + 2)(a-<* + g + l) J | ^ _ i A l i y 

(g-/> + y + l)(-g + A + y)(6 + < + /t + l ) (6 -g + / i)1 i f ° + * 6 ~ 3 J 
(a + d - g + l )(-a + d + g) 

(g + A + y + 2)(g + fe-y+l)(-fe + e + A + l)(6-he-/>)]> f a + * 6 "3 J 
(a + d-g+l)(-a + <*+g) J ^ C -+ i fc+i ff+2 5 J 
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10.5.4. Relation Involving Six 9j Symbols 

349 

[(a + 6 + l ) 2 - (c + l)2]M(c + l ) 2 - (a - 6)2]* [ / + j - c + 1 
(2c+ 1) [ f + j-c 

$ \a b c + 1 
d « / 
g h j 

[(d+ g-n) 2-( / + i)2i*[(/ + i ) 2 - ( d - e ) 2 ) i r c - / + y + i i ^ [ah c 

Kg+fe + i)2-(y+i)2]M(y+i)2-(g-fe)2]^ 
(2y+i) L <+f-3 J \ghj+l 

(-c + /+y+i)(c-/+y + i)(c + /-y+i)(c + /+y+2) 
(-c + / + y)(c-/ + y)(c + /-y)(c + / + y + i) 

f[(q + 6 + l)2-c2]i[c2-(q-6)2^ [ -C + / + J 1*f° b e ~ 1 

+ 
[ ( < f + e + 1 ) 2 _ / 2 ] l [ / 2 _ ( d _ < ) 2 ] l 

2 / + 1 
C - / + J 

[(g + A + l ) 2 - ; 2 ] ^ ^ - ^ - ^ 
2y + i 

c - / + y + i 

c + f-j 
c+f-j+l 

1 3 f ° ^ C 

d « / - l 
g A y 

} ( a i c 
d t j 
9 h j - 1 

(10) 

10.5.5. Recursion Relations for Some Special Cases 
Somewhat simpler recursion relations may be obtained, if arguments of the 9j symbols satisfy some special 

requirements. 
(a) If two columns (or two rows) are the same, then 

1 a a c -f 1 

2c+ 
-[(2a + c + 2 ) ( 2 a - c ) ( - c 4 - / - h ; ) ( c - / + y - h l ) ( c - h / - y + l ) ( c - f / + ; + 2)]* I dd f 

9 9 3 
a a c — 1 

+ ^ — l ! ( 2 a + c + l ) ( 2 q - c + l ) ( - c + / + y + l ) ( c - / + y)(c + / - y ) ( c + / + y + l ) ] M d d / 
I 9 9 3 

= ^-Y[(2d + / + 2)(2d-/)(-c + /+y + i)(c-/+y)(c + / - y + i)(c + / + y + 2)]Mdd/ + i | 

+5-7^-r[(2ci+/-»-i)(2rf-/-hi)(-c + /-i-y)(c-/ + jH-i)(c + /-y)(c + /-i-y-t-i)]* i S 2 / - i I . 
2 / + 1 U a 3 J(i 
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(b) If one of arguments in any triad is equal to the sum of two other arguments, one has [45] 

' ( -c + ff + fc - /)(c - g + fc + / + l)(c + y - fc + / + 1) (c + g + /i + / + 2)j 
(2c + 2 / + 2)(2c + 2 / + 3) J 

i 1 
"T 

[ ( - a + 6 + c + l)(a - 6 + c + l)(a + 6 - c)(a + 6 + c + 2)' 
[ (2c+l)(2c + 2) 

{-d + e + f + l)(d - e + / + l)(d + e - f){d + e + / + 2)' 
(2/ + l ) (2 / + 2) 

} f a 6 c ) 
\de f 
[ghc+fj 

1 f a 6 c + 1 ) 
\de f 
(ghc+f+1) 

k (ab c ) 
Id e f+1 \ . 
[ghc+/+lj 

(c) If one of arguments in any triad is equal to 0 or 1, one gets [32, 75]: 

I:!:!.**1)***1'-*1*1'-**1'!:!:}. 

(a a c 1 
[9{g + l)(c + l)(2c + 3)(2d + c + 2)(2d - e)]* I d d c + 1 \ 

I n i ) 
[ a a c \ 

= [ff(g+l)c(2c-l)(2d + c + l ) ( 2 d - c + l ) ) i l d d c - \ \ 
{9 9 1 J 

( a a c \ 
+{2e + l)[d{d+l) + g{g+l)-a{a+l)] Id d c \ , 

(g go) 

(ab c ) 
[c(2c + 3)(d + e + c + 2)(-d + e + c + l ) ( d - e + c + l ) ( d + e - c ) ] 5 ldec + l \ 

[9g 1 J 
( a 6 c ) 

-[(c + l ) ( 2 c - l ) ( d + e + c + l ) ( - d + e + c ) ( d - e + c ) ( d + e - c + l ) ]* I d t c - 1 > 
U 0 1 J 

- (2. + 1) w 1 ) - <.+1) - c(.+1) + y +'«*+*>,+*+ ■> - f+')i \ {;;: \ 

where either a^b and d ^ c, or a ^ d and 6 ^ e. In particular, 

f a i e | urn-
v 
< * k 

2c+ 1 
c + (a - d)(2a + 1) + (6 - e)(26 + 1) 

' c(2c - l)(d + e - c)(-d + e + c + l)(d - e + c + l)(d +c +c + 2) ' 
.(c + l)(2c + 3 j ( d + e - c + l ) | {-d+e + c){d-e + c)(d + e + c+l)_ 

- 1 
1 

* fa 6 c ) 

III-1) 

(12) 

(13) 

(14) 

. (15) 

(16) 
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10.6. GENERATING FUNCTION OF THE 9j SYMBOLS 
The following function of eighteen variables r^, rt'fc(i, A: = 1,2,3) [ i l l ] 

3 6 ] ~ 1 

11 " ]C a™ "~ H M 
p,q=l a = l J 

may be regarded as a generating function for the 9j symbols. Here apq and ba are given by the arrays 

(i) 

p i l <*12 <*13 
[o>pq) = 1 0>2l ^22 <*23 I = 

\ a 3 1 °32 ^ 3 3 / 

(hl\ 

(*«) = 

62 
63 
64 

U6J 
The elements ba satisfy the equation 

6 

£>« = 
a = l 

1 T21 T31 7-J2 

Til T31 T'22 

\TU r2i r32 

/ »ii 

= 

7-31 

7-21 

- T i l 
- T 2 1 

V-T 3 i 

nn r2i 
7-, 51 r 3 1 

r 1 3 
r 2 3 
r 3 3 

*il 
* 1 

**1 

' 2 1 

*Jl 

n 2 
^22 
r 3 2 

T22 T32 T'n T 

T\2 7*32 ^21 r 

?12 7"22 ^31 T 

7"32 

^22 

?\2 

T22 

*32 
T\2 

<2 
r 2 2 
r 3 2 

^32 r 2 3 T 

^22 r 1 3 T 

T\2 r 3 3 T 

^22 r 3 3 7 
*32 Tx3 r 

T\2 r 2 3 * 

r 1 3 ^13 

"̂23 ^23 
r 3 3 r 3 3 

t 
13 ^23 ^33 ? n 

23 r 1 3 733 ^21 

33 f 1 3 ^23 7"31 

2 3 ^ 
/ 
13 / 
33 
/ 
33 
/ 
13 'J 

• 

4* 
r 2 2 
r 3 2 

(2) 

(3) 

(4) 

The function (1) can be expanded into a power series whose expansion coefficients are proportional to the 9j 
symbols: 

! ~ £ apq 
p,q=l 

6 

a = l 

- E 
n Erp, + H £ ^ + 1 1 

P = l \ 9 = 1 L«=l 

n rp.Jr' ! 
P,tf=l 

g h j \ P,«=I 

The exponents rpfl and r' are the elements of some r symbol. 

10.7. ASYMPTOTIC EXPRESSION FOR A 9; SYMBOL 
If a, 6, c, <i, e, / , gy h> j >* 1, we obtain 

2e(g)(-i) _i \a+c-e+9+y cos[(rf - h)Sx + (a - j)(S2 + (6 - /)63] 
*v/£(2a + 1)(26 + l){2d + 1)(2/ + l)(2h + l)(2j + 1) (1) 

In this equation 

1 cos #3 cos t?i 
B = I COS #3 1 COS #2 

COSt^i COS # 2 1 

f l i f £ > 0 , 
"* I 0 if B <0. 

(2) 

(3) 
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The angles ^ , 5 2 and £3 are determined by the relation* 

\ — CO8 t?2 . CO8 1?i COS t>3 
CO8O1 = : — - — : — - — 

sm Vi sm 173 
sin 62 __ sini?! 
sin £3 sin #3 ' 

cos i?2 cos i>3 — cos t?i sm Si 8mt?a 
cos So = ;—-—:— , ——— — ~i—r" 1 

sm t>2 sm 173 sm 62 sm #1 

_ cos t?i cos t?2 - cos t?3 sin 63 _ sin #3 
3 ~~ sin #1 sin tf3 ' sin 61 sin tf? ' 

The angles t?i, t?2 and #3 may in turn be evaluated using the equations 

cos 
q(q-H) + 6 ( 6 + i)-c(c-n) 0 < , l < j r | 

2^4*+1)6(6 + 1) " 

(4) 

COS t?o = — 
d(<f+l)-«(e + !) + / ( / + !) 

0 < 0 3 < JT , (5) 

CO8 173 = 
-g{g + i) + h{h + i) + j{j + i) 

2^h{h+l)j{j + l) 
o < 0 3 < * . 

10.8. EXPLICIT FORMS OF THE 9; SYMBOLS AT SOME 
RELATIONS BETWEEN ARGUMENTS 

10.8.1. Two Rows (or Columns) are Identical 
In this case a 9j symbol vanishes unless the sum of all arguments is even [49], or 

a b c } 
a b c > 
9 hj ) 

= 0,if 0 + h + y = 2A:+ 1, 

a a c 
ddf } = 0 , i f c + / + j = 2 J b + l , 
9 9 i 

fc = 0 , l , . . . 

(1) 

10.8.2. One Degenerate Triad 
Let one argument of a triad be equal to the sum of the other two. For brevity, we shall refer to such a triad 

as a "degenerate* triad. If some 9j symbol has one degenerate triad, it may be expressed as 

A(h,j,a + d) (2a)\{2d)\ i 

xy 

A{abc)A(beh)A(def)A(cfj) l(2a + 2<* + l)!j 

(6 + c - a ) ! (6 + e - ^ ) ! ( e + /-<f)!(c + / - j ) l ( a - K f + / t + j + l)l 
X (a + 6 + c + 1)!(6 + « + h + l)\(d + e + / + l)!(c + / + / + 1)! 

( - l )*+ y (2c - i)!(2e - y)!(j + / - c + x)\{h + b-e + y)\ 
x\y\{c + f-j- x)\(b + e-h- y)!(c -c-a + h-x + y)\{e -c-d + j + x-y)] i*> 
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This equation may be rewritten in the form of a sum involving the Clebsch-Gordan coefficients [104] 

(2a)!(2d)! 

353 

aj b °A \{a + d + j-h)\{h + j + a + d+l)\]l d e j } = — 
a + d h j A{abc)A(def)A(cfj) 

1 * 
L(2a + 2<*+l)!(2/i+l)J 

B-1)* 

(c + t - a ) l ( / + e -cQl( / + c - j ) l 
[a + b + c + l)\[f + e + d+l)\{f + c + j + l)\ 

( / + j - c + s ) ! ( 2 c - s ) ! [(6 + a - c + x)\(e + ct + c - j - x)\] 
z!(/ + c — j — x)! [(6 + c - a - x)!(e + y — c — d + x)! 

Qhj-a-d 
bc—a—xej—d—c+x' 

Equation (2) may also be rewritten in the quasi-trinomial form 

(AW _ BH) _ c<i))<*> = 53 (fc>) (k " *) (-!)«+» <?<•> B<»> A^—') , 

where A W , £ M and C( k - x -») are quasi-powers (Eq. 8.2(11)). Using Eq. (4), one gets [45] 

( - i ) 
b+e-h 

(2d)\{a+ b + c + i)(-D(fc+i-*-c+<«)(a - 6 + e)l-i)(b+j-h-o+4)x 

x(b-c + o)(-1)(h+c-fe-J+<f)(6 + c - a)W{b+»-h-i+d) 
(e-d + f)\{d - t + f)\{d + e - /)!(« + <* + / + 1)!(/ - j + c)!x 

x (e + fc - ()!(« - h + &)!(/ + j - e)!(6 + e + fc + l)(2 e + 1) x 
x(c + / + ; + l)W+1)(2a)(-1)(2<i+1) 

(3) 

(4) 

x(2e)!(2/)! (* + J 
_ ,, (1) _ {e-h + b)M(b-e + h)l-1) _ {f-j + c)W{c-f + j)l-1) <*)( 

(2e)(1) (2f)W 

(e+f-d) 

(5) 
If one argument is equal to the difference of the other two from the same triad, the expression for the 

9j symbol may be obtained from the above equations either by using the "mirror" symmetry properties 
(Sec. 10.4.3), 

a be 
d e f } =i(-i)«*+*-*-i+c 

a — d h j 
or by renaming and per mutating the arguments: 

a be} (d+g b c} ( d e f 
d e f \ —+ I d e f \ = { g h j 

a - d h j) a = d + ' ( g h j) (d+g b e 
The equations of Sections 10.8.3-10.8.6 may be derived from Eqs. (2)-(5). 

(6) 

(7) 

10.8.3. Two Degenerate Triads 
In this case there exist five types of relations which cannot be transformed to one another by renaming and 

permutating the arguments [45, 104]. All these relations are given below 

(2a)!(26)!(2(i)!(2e)! 1* 
A{abc)A{def)A{cfj) L(2a + 26 + l)!(2d + 2c + 1)!J 

>(a + 6 + d + c + y + l)!(a - 6 + c)\(d - e + /)l(c + / - j)\ 

* \ ^ = A(a+db + ej) 
a + d b + e j 

(a + 6 + c + l)\{d +e + f + l)!(c + f + j+ 1)! 
v - ( - l ) ' ( 2 / - « ) l ( j + c - / + «)! 
^ z\{c + f-j- z)){d +f-e- z)\{a - b - f + j + z)\ ' (8) 
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Equation (8) may be rewritten in terms of the Clebsch-Gordan coefficients: 

(2a)!(26)!(2cf)!(2g)!(a + t + rf + e + y + l)!(a + d + t + b - j)\ 
(2a + 2d + 1)!(26 + 2e + l)!(a + 6 + c + l)!(a + 6 - c)\{d + e + / + l)!(rf + e - /)!(2y + 1) 

x o c a - 6 / d - « i (9) 

- (-tfd+h-b-f (2C)!(2/)!(2d)!(2g)! 
(2c + 2 / + l)!(2d+2$+l)! 

* (<* + «-/)! 

, (6 + e - h)\(d+ g + b- c)l{c + f + h-g)\ 
' A{beh)A{def){d +1 + / + 1)!(6 + e + h + l)!(d + g + 6 + c + 1)! 

E (2< - s)!(A + b - e + x)\{d + g + e + c - h - x)\ 
x\(b + c-h-x)l(d+c-f-x)\ (10) 

A(a + 6/y)A(a + dhj) 
A(beh)A(def) 

(26)!(2d)! 
l(2a + 26+l)!(2a+2d+l)! 

*£ 

a b a + b 
d e f 

a + d h j 
(a + b + f + j +l)\(a + d+ h + j +l)l(h-b + e)\{e- d+ f)l 

* (/ + 3 ~ a - W + ; - a - d)!(6 + e + h+ l)!(d+ e + / + 1)! 
(-l)*(a + b + e + d-j- x)l(j + f-a-b + x)\(j + h-a-d+x)l 

x\(a + b + f-j- x)\(a + d + h-j- x)\{j + e-a-b-d + x)\[2j + 1 + x)\' (11) 

[(2a - 26)!(2a - 2d)!(26)!(2d)!]* 
A(a - 6 /j)A(a - a*Ay)A(6eA)A(de/) 

£ 

6 a - 6 | 
e / \ = (_i)H-/-*-fc 

(b + f + j - a)\(d + h + j - a)\(h - b + e)\(e - d + / ) ! 
* (a - 6 + / + j + l)!(a - d + A + j + l)!(6 + e + h + l)!(d+ e + / + 1)! 

(x - 1)!(6 + e + d - a - j + x - l)!(a -d + h + j-x+ l)!(a - 6 + / + j - x + 1)! 
(2j + 1 - i)!(6 + / - a - y + i - l)!(d +h-a-j + x- l)!(a + e + j - b - d - x + l)! (12) 

= (-1) a+d-g. A(a + 6 + fgh) 
A(adg)A(beh)A(def) 

(2a)l(26)I(2/)» 
(2a + 26 + l)(2a + 26 + 2 / + l)! 

(a + b + g + h + f + l)\(g - a + d)!(e - 6 + h)\(d + e - / ) ! 
(<7 + h - a - b - /)!(a + g + d + l)!(6 + t + A + l)!(d + « + / + !)! * (13) 
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10.8.4. Three Degenerate Triads 
Below we present the simplest expressions of 9/ symbols 

a b o + 6 | A{a + bd + eg + h) ( a + H e + d + f/ + H l ) ! 
a e a + e 
g h g+h A{adg)A(beh) (a + d + g + 1)!(6 + e + h+l)\ 

(2a)l(26)l(2d)l(2e)l(2g)l(2fe)l 
L(2o + 26 + l)\(2d + 2e+ l)\(2g + 2h+ 1)! 

(14) 

c + b b c 
d e d + e \ = (-l)b+e~h 

g h g + h 

A(c + bdg) (d + e - c + g+Ji)! 
A(c d + e g + h)A(beh) (b + e + h + l)!(d - 6 - c + g)\ 

{2b)\(2c)\{2d)\{2e)\(2g)\{2h)\ 2 

(26 + 2c + l)\{2d + 2e + l)!(2g + 2fe + 1)! 
(15) 

o 6 o + 6 
e + / e 

g h 

a+fb \ =.( H«+«+/-« A(a + 6 + M ) (q + 6 + g + A + / + l ) ! ( e - 6 + ft) 
a + J + / J l ' A(oje+/)A(6efc) (o + A - o - 6 - /)!(6 + c + h + 1) 

(e + g + / - a ) ! 
(a + e + / + 9 + l ) ! 

(2a)!(26)!(2e)! 
(2o + 26 + l)(2e + 2 / + l)!(2a + 26 + 2 / + 1)! 

(16) 

= A(o + rf6 + <f+/j) (a + 6 + 2d + / + j + l)!(a - 6 + c)!(j + c - / ) ! 
a + d b + d i f j \ A(abc)A(cfj) ' (a + b + c+l)\(c + f + j+l)\(a-b-f+j)\ 

(2a)!(26)!(2/)! 
(2a + 2d + 1)!(2/ + 2d+ l)(26 + 2d + 2 / + 1)! 

(17) 

10.8.5. Four Degenerate Triads 

A(q + 6 + / q + (i6 + e) (2a + 26 + d-f- e + / + 1)! a 6 a + 6 

atdb+e a+l+f\~ A ^ ) (<* + « + / + 1 ) ! 
(2e)!(2d)!(2/)i ^ 

x (2a + 26 + l)(2a + 2d + l)!(2e + 26 + l)!(2a + 26 + 2 / + l)!) J ' 
(18) 

c + 6 6 c 
d b + h d+b + h \ = ( - l ) 2 6 - A , . . . . . . . . u 
g h g + h I A(cd + b + hg+h) (d + g-b-c)\ 

A(c + bdg) {2h + b + d + g-c)\ 

(2c)l{2d)\(2g)\ 1 A 
2 

L(26 + 2/i + 1)(26 + 2c + 1)!(26 + 2d + 2h + l)!(2g + 2/i + 1)! 
(19) 
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a 6 a + 6 
a + g b+h f 

g h a + b + f 

_( ) 2aA(a + H / ^ ) {a + b + g + h-f)\ 
1 ' A(a + gb + hf) ' {-a-b + g + h-f)\ 

[(2a + 
(2/)!(2g)!(2/Ql 

26 + l)(2a + 26 + 2 / + l)!(2a + 2g + l)!(26 + 2h + 1)! 
* 

(20) 

a 6 a + 6 
d 6 + A / 

a + d h a + b + f 

_ A(ha + da + b + f) (2a + 6 + d + /i + / + l)!(d + 6 + / t - / | 
A{dfb + h) ' (h + d + b + f + l)!(d + / i - / - 6 ) ! 

f (2d)!(2/)!(2/Q! 
[{2a + 26 + l)(2o + 2d+ 1)!(26 + 2A + l)!(2a + 26 + 2 / + 1)! 

* 
(21) 

a 6 a + 6 
a + g a + <j + / / 

g h a+b+f 
= (-1) 

^Aja + b + fgh) {a-b + f + g + h)\ 
A{bha + g+ f) (g + h- a - 6 - / ) ! 

(26)!(2g)! 
(2a + 2g + l)(2a + 26 + l)(2a + 2 / + 2g + l)l(2a + 26 + 2 / + 1)! 

i 
(22) 

J .* a + b I A{a + b + f,a + d,h) (2a + b + d + h + f+l)\{h-b + d+ M 
<* + / / / - . ■ A(6,d + / , / ) ' (6 + d + / + A + l)!(A + d - / - 6 ) ! a + d /i a + 6 + / 

(26)!(2d)!(2d)! l i 
[(2a + 26 + l)(2a + 2d + l)!(2d + 2/ + l)!(2a + 26 + 2/ + 1)! J ' 

A dlf aV \ -I 1 )«+*- A (« + » + / .*.* + / + *) (26 + 2 / + a + d + g + l | ! 
; 6+:+;/ a+i+f)-{-l) — * r a ( .+-+f+ i) . 

(2a)! (2d)! 
[(2a + 26 + l)(2d + 2/ + l)(2a + 26 + 2/ + l)!(2d+ 26 + 2/ + 1)! 

(23) 

(24) 

a 6 a + 6 
d b + h f \ = (-l)<*-»-/-h 

a+b+f+h h a+b+f 
(b + d + h-f)\ 

(2a + d + 6 + / + h + l)!(d + 6 + h + f + 1) 

A(d, / , 6 + h) A(a, d, a + 6 + / + h) 

(2a)!(2/)!(2a + 26 + 2/> + 2/ + l)i }* 
(2a + 26 + l)(2a + 26 + 2 / + 1)(26 + 2h + 1)! J , (25) 

elf ! *¥}-( l l /+a+>-iA(j ,6 + e,a + g + / ) ( / + j + 6 + a + 2e + l)! 
a+V+fb + e { J A(/,a + 6,;) ( / + a + 6 + /+l)! 

(2/)!(26)!(26)! 
(2/ + 2e + l)(2e + 26 + l)!(2a + 26 + 1)!(2/ + 2e + 2a + 1)! (26) 
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10.8.6. Five or Six Degenerate Triads 

a 6 a + 6 ^ « 

aid b l e a + ile
d + ej~[(2a + 2b+l)(2d + 2e + l){2a + 2d+l){2b + 2e + l))i ' 

In particular, from Eq. (27) it follows that 

a b a 4- 6 
a b a 4-6 } = 

2a 26 2a4-26 1 (2a + 26+l)[ (4a+1)(46 +1) ]* ' 

a a 2a 
a a 2a 

2a 2a 4a J < 4 a + 1 ) 2 ' 

a 6 a 4- 6 
a + g a 4 y + / / 

0 a + 6 4 - / + $f a + 6 4 - / 

( - l ) 2 a 

In particular, 

[(2a + 2a + l)(2a + 26 + l)(2a + 26 + 2 / + l)(2a + 2 a + 2 / + 1)]* ' 

( -1)2 a 6 a 4-6 i / i\2a 

T a + ^ i V / a + 6 + / ( (2a4-26 + l)(2a + 26 + 2 / + l) 

10.9. E X P L I C I T F O R M S OF T H E 9j SYMBOLS FOR 
S P E C I A L VALUES OF T H E A R G U M E N T S 

10.9.1. One of Arguments Equals Zero 
In this case a 9j symbol is reduced to a 6j symbol [110]: 

d C / > = SCf Sgh TIjj? {" dj}= 6cf Sgh[(2c+1)(2*+!)]"* ^(fc**;ac) • g f c o j " " [ ( 2 c + l ) ( 2 a + l ) ] 

Using the symmetry properties, we get 

geb> = ldga> = ledc> = l o c c \ - l c O c \ = lgg 
gda) [ e g6J ^ 6 a c J [ o a d j [ 6 geJ [ e d e j ( 0 g g J {gOg 

= ldbC]= (-l)b+d+c+g [abc}= W(bcgd;qe) 
{gill [(2c+l){2g+l)]i\edgj [(2c+1)(2,+1)]* ' 

In particular, if two arguments are equal to zero, one has 

( - i ) 
a b c \ ( ^a -6 -c 

do/j=M«>^AN2i + 1)(2c + 1) 
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If three arguments are equal to zero, one obtains 

, / I _ SadSbe6cf . . 
o S o j [ ( 2 a + l ) ( 2 6 + l ) ( 2 c + l ) ] i ' U 

Ob c) ( _ 1 ) 2 6 
d 0 / > = S^SbaSbfSbgSbh + . (5) 

10.9.2. One of Arguments Equals Unity [32] 

dl °c \ = (-!)***+. (a-d)(a + d+l)-(b-e)(b + c + l) Ubc] 
g g l j { ' [(29 + 2)(2g + l)2g(2c + 2)(2c + l)2c}i\'dgj' * ' 

d l l ] (-!)*+-+«+« r(2g-K3)(2g + 2)(2g+l)(2c + 2) (2c+l )2cj * 

= {(b-e + g+l)(-b + e + g+l)(b + e + g + 2)(b + e-g)]ila
e * " + 1 } 

+ [ ( a - < f + < 7 + l ) ( - a + < i + < ; + l ) ( a + d + ( 7 + 2)(a + <i- !7)]i j ° J * } , (7) 

a 6 c + 11 
d e c M ( c + l ) ( a - r f ) ( a + < i + l ) - ( ( ; + l ) ( a - & ) ( a + &+l) + ((7+l)(c + l ) ( 0 - C ) ] 

< / + ! < ? 1 J 
x[(2<7 + 3)(2<7 + 2)(2g + l)(2c + 3)(2c + 2)(2c + 1))* (_i)»+c+«<+, 

-(.+i)^J(«.«+j i«.«+j){:i,;1}- w 
The quantity Ag(A,/i;cr,i/) is defined by Eq. 10.5(6). 

10.9.3, One of Triads Equals ( 1 /2 , 1 /2 , 1) 
In this case a 9j symbol may be expressed in terms of the 6/ symbols [16]: 

f : { | U ^ / - 3 u»./u»«/--e(2rnri-«'ir,c- (9) 
2 2 / 

In addition, the 9; symbols in question may be reduced to the Zjm symbols [9]. If d> t> c are integer and 
d + 1 + c is even, one has 

[6(2e + l)(2rf+ 1)(2« + 1)J* ( j o o ) { ? f ' [ " ( § 1 " 0 ' ^ 
2 2 
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If d + e + c is odd, one gets 

' a 6 WO " 
V 2 2 X 

, ^b+e+i [ ( d - a ) ( 2 t t + l ) + ( e - t ) ( 2 t + l ) + c + l] / » 6 e \ ( n . 
1 ' [6(c+l)(2e + l)(2c + 3 ) ( 2 d + l ) ( 2 e + l ) ] * VJ " I ° / ' 

a 6 c 
1 WO • 

V 2 2 A 

= { 1 ) 6 + e + ^ \(d - a)(2a + !) + ( « - b){2b + l) - c) / a 6 e \ m ) 
V J [6c(2c + l ) ( 2 e - l j ( 2 d + l ) ( 2 e + l ) i * V I ~ 5 ° / 

10.10. RELATIONS BETWEEN THE WIGNER 9j SYMBOLS A N D 
ANALOGOUS FUNCTIONS OF OTHER AUTHORS 

o 6 c 1 / a 6 c 
d e f \ = x \ d e f \ , (Fano 
S h. j ) \gh j 

Fano and Racah [18]) 
fa b e\ 

= U I d e f \ , (Arima et al. [49] 
\9hjJ 

= (-l)a+e-c~hS(abde;cfgh;j), (Schwinger [101]) 

« . Xiabde-^gh-j) (Jahn and Hope [74]) 
[ ( 2 c + l ) ( 2 / + l ) ( 2 g + l ) ( 2 f c + l ) ] i ' V l " 

( a b c\ 
de f \ (Kennedy and Cliff [79]) 
ghjj 

10.11. TABLES OF A L G E B R A I C F O R M U L A S OF T H E 9; S Y M B O L S 
Tables 10.1-10.12 contain algebraic formulas for the 9j symbols represented in the form 

with 

0 < a < 3 , 0 < £ < 2 , 7 = 0 , 1 , 
- a < A < a , - 0 < £ * < / ? , - - 7 < i / < 7 . 

The formulas are given only for the 9j symbols with a > /3. The 9j symbols with a < p may be obtained 
using the symmetry properties. 

file:///9hjJ
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Algebraic tables of the 9j symbols are also available in Ref. [120] for a, ft = J; 7 = 0,1; v = 0, ± 1 ; A, /i = ±\ 
and in Ref. [45] for 0 < a < 3,0 < p < 2;7 = 0,1;0 < A < a;0 < /x < p,v = 0 , ± 1 . 

In the tables given below we use the following notations 

S = a + 6 + c , 

Z = -c(c + 1) + a(a + 1) + 6(6 + 1) . 

10.12. TABLES OF NUMERICAL VALUES OF THE 9; SYMBOLS 
In Tables 10.13-10.14 we present numerical values of the 9j> symbols 

with {ghj) = (£, | , 0 ) or (£, £, 1). Other arguments of these 9; symbols are integer or half-integer numbers 
such as 

0 < a, 6, c, d, c, f < 4 . 

All numerical values are given in the form of rational fractions and decimals. Each table contains the 9j 
symbols with fixed c and / . In addition, all tables are divided into two groups. The first group contains 
the 9j symbols with integer c and / , while the second group contains those with half-integer c and / . The 
arrangement of tables inside each group is as follows: 

c and/are integer (Tables 10.13) c and/are half-integer (Tables 10.14) 

c 

0 

1 

2 

3 

4 

1 

0 

1 

2 

/ 
0 

1 

2 

3 

4 

0 

1 

1 

1 

/ 
0 

0 

0 

0 

0 

1 

1 

1 

1 

c 

1 

2 

3 

2 

3 

4 

3 

4 

/ i 
2 1 

2 1 

2 1 

3 1 

3 1 

3 1 

4 1 

4 1 

c 

1/2 

3/2 

5/2 

7/2 

1/2 

3/2 

1/2 

3/2 

5/2 

/ 
1/2 

3/2 

5/2 

7/2 

1/2 

1/2 

3/2 

3/2 

3/2 

/ 
0 

0 

0 

0 

c 

3/2 

5/2 

7/2 

5/2 

7/2 

/ 
5/2 

5/2 

5/2 

111 

7/2 

/ 
1 

1 

1 

1 

1 

Tables of numerical values of the 9j symbols are also available in Refs. [120, 113] for gt h = | ; j = 0,1; a, 6 = 
0,1,2,3,4; d,e = | , §, | , | ; c, / = 0,1,2,3,4,5 and in Ref. [128] for integer arguments j = l ; a , 6 , c , / < 6; 
d} e < 11. In Ref. [120] numerical values of the 9; symbols are given in the form of rational fractions; in Ref. [113] 
they are given in the form of rational fractions and decimals; and in Ref. [128] in the form of decimals. 
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10.13. 12j SYMBOLS 

10.13.1. Some Remarks on the 3nj Symbols 
The 6j' and 9j symbols represent special cases of the 3nj symbols for n = 2 and 3, respectively. The Znj 

symbols of higher orders (n > 4) are encountered in some special changes of the coupling scheme of five and 
more angular momenta. They are proportional to the coefficients of unitary transformations connecting the 
state vectors which correspond to different coupling schemes. The Snj symbols are invariants with respect to 
rotations in three-dimensional space. If n > 4, there exist different kinds of the 3nj symbols which are not 
reduced to products of the 3nj symbols of lower order. Among them one can distinguish the Snj symbols of 
the first and second kinds which may be expressed as single sums of products of the 6j symbols. Using the 
notations of Ref. [44], the 3nj symbols of the first and second kinds may be be represented in the following 
forms: 

(a) The Snj symbols of the first kind 

h fe.- In | = ^ ( 2 ^ + l ) ( - l ) ^ + ( n " l ) X 

k\ A?2 • • • kn \ x 
(j\ kx x 1 (j2 k2 x 1 f jn - i K-i * 1 (jn kn x 1 
1 k2 n h ) \ *3 J3 h ) ' " \ kn j n ln-i J X h ki ln j ' 

(b) The Snj symbols of the second kind 

( i ) 

3l 32 ■■■Jn 

h (a... In 
K\ A?2 • • • f^n 

= £ ( 2 i + l ) ( - l ) * » + r 

(j\ ki X 1 (j2 k2 X 1 (jn-1 fcft-1 * 1 (jn kn X 1 
\k2 32 h) \k3 J3 hf'X kn jn ln-l)\kijl ln j ' (2) 

In these equations Rn = ^ ^ = i ( ^ + '» + ^ t j -
lf n > 5, there appear the 3nj symbols of other kinds (third, fourth, etc.). They may be represented by 

single sums of more complex products of the 6 / and 9j symbols. The amount of different Znj symbols rapidly 
increases with n. For example, there exist five different 15j symbols, eighteen different lSj symbols, etc. 

Here we restrict ourselves to the consideration of the 12j symbols because the 15j symbols and symbols of 
higher orders are rarely used in applications. So far, the properties of the 12j symbols have been examined 
[17, 44, 45, 74, 137-139, 141] less thoroughly than the properties of the 6 j and 9j symbols. Tha t is why our 
consideration is ra ther brief. 

10 .13 .2 . 12j S y m b o l s of t h e F irs t K i n d (12y(I ) -Symbols ) 

(a) A 12j(l)—symbol may be represented by the following invariant sum of products of eight Sjm symbols 

« ( 

d\ CL2 a 3 a4 
b\2 ^23 &34 ^41 

C\ C2 C3 C4 
a l a 2 ^12 \ ( a2 °3 ^23 
a i a 2 # 1 2 / \ « 2 «3 #23 

C2 C3 623 
,72 73 #23 

= £ <-D a4 + «4+C4+74 

<*i&ikli 

K 03 04 *34 \ f a* cx 64 1 \ 
<*3 <*4 #34 / \ -Of4 71 # 4 1 / 

f C\ C2 bi2 \ (C2 C3 623 j f C3 C4 634 \ / C4 a i 641 \ 
\ 7 l 72 # 1 2 / V^2 73 # 2 3 / \ 7 3 74 # 3 4 / \ ~74 <*1 # 4 1 / ' (3) 

file:///-Of4
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Equation (3) unambiguously fixes the absolute value and phase of the 12/(1) symbol. The 12/(1) symbols are 
real. 

(b) Arguments of a 12j(I) symbol satisfy the following conditions: 
(i) All arguments are integers or half-integers and non-negative. 
(ii) The 12/(1) symbol vanishes unless the triangular conditions (see Sec. 8.1.1) are fulfilled for all the 
triads (oi612a2), (o2*23a3)> (<*3*34<*4)> (a4*4iCi), (̂ 1*12^2)1(̂ 2*23^3)1 (̂ 3*34^4) and (c4*4i<*i)* 
(iii) The 12/(1) symbol vanishes unless the tetragonal conditions are fulfilled for two tetrads of arguments, 
(01C1O3C3) and (02020404). The tetragonal conditions for the tetrad (/1/2/3/4) mean that j \ + J2+/3+/4 
is integer and j \ < j2 + js + A, h < /1 + /s + H> h < /1 + J2 + At H < /1 + to + J3. 

(c) The 12/(1) symbols satisfy the orthogonality and normalization relations 

( Oi 02 O3 O4 I f Oi O2 O3 04 

*12 *23 *34 *41 > I *12 *23 *34 *41 
Ci 02 C3 C4 J [ Ci c'2 C3 C4 

= (2C2 + l)(2cT+ 1H2C4 + l){C^12C2}{^23C3}{c3634C4}{c464ia1} , (4) 

( Oi 02 O3 04 
*12 *23 *34 *41 

Ci C2 C3 C4 

01 a'2 o3 a4 

*12 *23 *34 *41 
c l c 2 C3 C4 

(2a2 

(d) The 12/(1) symbols may be represented by 

+ 1H2<?+ lj{2bl2 + i)<0»*«^Ha»*»a»H«s*W{«i*i2e2} . (5) 

Oi 02 03 04 I 
612 t33 t34 641 > = J3(-l)s"*(2a; + l) 

c l c 2 O3 C4 J x 

x I Oi O2 *12 1 f 0 2 O3 623 1 f O3 04 634 1 f O4 Ci 641 1 , . 

1 02 Ci X ) \ C3 C2 X j \ C4 03 X j \ Oi C4 X J ' l ' 

where 5 = J^Li K + c») + *12 + *23 + *34 + *4ii 

al a2 °3 a4 I 
612 633 634 641 [ = ( - i r - a ' - c i + c , ^ ( 2 x + i ) 

Ci 02 O3 C4 J * 
(7) 

(e) Symmetry properties: To discuss the symmetry properties it is convenient to separate all arguments of a 
12/(1) symbol into two groups: (*i2*23*34*4i) and (01O2O3O4C1C2C3C4). Cyclic permutations of the arguments 
or inversion of argument order simultaneously in both groups leave the 12/(1) symbol unchanged. These 
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symmetry properties relate 16 formally different 12y(I) symbols 
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d i tt2 O3 0 4 

612 623 634 64 1 

Ci C2 C3 C4 

a 3 a 4 c l c 2 
634 641 612 623 

C3 C4 a\ a>2 

a.4 a^ o>2 ai 

634 623 &12 &41 
C4 C3 C2 Ci 
C2 Ci d± 03 

6l2 641 634 623 
a2 al C4 C3 
Ci C2 C3 C4 

&12 &23 634 641 
Q>1 Q>2 a3 a4 
C3 C4 Oi CL2 

634 641 612 623 
Cl3 a4 ci C2 
C4 C3 C2 Ci 

634 ^23 612 641 
CI4 03 Cl2 Ol 
&2 &1 C4 C3 

&12 &41 &34 &23 
C2 Ci 04 G3 

02 Cl3 a4 Ci 
&23 634 641 612 

C2 C3 C4 d\ 

CI4 Ci C2 C3 
&41 ^12 ^23 634 

c4 Cll &2 a3 
Ci 04 03 C&2 

64I 634 623 &12 
dl C4 C3 C2 
C3 c2 ci a4 

623 612 641 634 
a$ 0,2 CL± C4 
C2 C3 C4 ai 

&23 634 641 612 
Cl2 a3 a4 ci 
C4 a\ a 2 0 3 

641 ^12 &23 634 
CI4 c i C2 C3 

a\ C4 C3 C2 

64I 634 fc23 612 
c i ci4 a>3 a>2 

0 3 a 2 a i C4 

623 &12 &41 &34 
C3 C2 Ci CL4 

(8) 

(f) Recursion relations: These relations are very useful for the evaluation of the 12 (̂1) symbols. Some of 
them may be derived from the properties of the 15j symbols. For example, 

( -
( U } ( l U 1 a l "2 « 3 « 4 

b'Al y Ci C2 C3 c 4 

f / u } ( L/ ^ I ai a 2 a 3 a 4 

fc' V ' V * ' Ci Co C* Ci Cl C2 C3 C4 
(9) 

Here A is any integer or half-integer non-negative number (A = | , 1, | , 2 , etc.). Substituting explicit forms 
of the 6j symbols for a given A, we may obtain a recursion equation which relates the 12j(I) symbols with 
arguments c4 — C4 ± A, 641 = 64i ± A, a4 = a4 ± A, 634 = 634 ± A. For example, when A = | , a4 = a4 — | , and 
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c\ = c4 4- | we have 
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(2634 + 1) < [(-<*i + C4 + 641 + l)(<*i + c4 4- 641 4* 2)(a4 - cx 4- 641 + ̂ K + ci + *4i + 5)] 

&1 a2 <*3 a4 
x < 612 623 634 

Cl C2 C3 C4 4" § 
641 + k 

1/1* 4- [(ai - c4 4- M ( a i + c4 - 641 4- l)(-a4 4- Ci + 641 4- -)(a4 4- d - 641 4- -)] 
al a2 a3 a4 

X < 6l2 ^23 &34 
C\ C2 C3 C4 4" 

&41 — 2 

= (2641 4- 1) < [(a3 - a4 4- 634 + l)(a3 4- a4 - 634) (<* - c4 + 634 4- -)(c3 + c4 - 634 4- -)] 

al a2 A3 
612 ^23 &34 4" f 641 

C\ C2 C3 

0 4 - 5 

r 1 ^ 1 " ^ 
4- [ ( -as 4- a4 4- 634)(«3 4- a4 -f 634 4- l ) ( - c 3 4- c4 4- 634 4- - ) (c 3 4- c4 4- 634 4- -)J * 

<*1 <*2 <*3 a 4 — 2 
6x2 ^23 *34 ~ 2 

C4 
Hi 

C\ C2 C3 

Another recursion relation is written as 

- ( i) 2 /(2 o4 + i ) ( A 6 < l f l i }{x a, j , 

a i G2 &3 a 4 
6l2 &23 &3 k* 

34 
4 *41 

c l c 2 c 3 c
4 

a4 
3 . 

a l <*2 a 3 <*4 

6l2 623 *34 
Ci C2 C3 C4 

(10) 

(11) 

(g) Explicit forms of the 12^(1) symbols at some special relations between arguments may be obtained from 
Eqs. (6) and (7). Here we give some of such forms. 

If some argument in any tetrad is equal to the sum of three other arguments from the same tetrad, the sum 
in Eq. (7) contains only one term. For example, 

al a 2 a 3 a4 
6 1 2 623 &34 &41 

C\ C2 &1 4" CL3 4- C\ C4 

= (-1) <*i+&4i — C4+C1+613— C3 m 
(2a1)l(2a3)l(2c1)l 

(2a!4-2a34-2(;i4-l)! 

^D{aia2bi2)D{ciC2b12)D{a3a2b23)D{a3CL4h4)D{aiC4bAi)D[cia4bAi) 
D{ax 4- a 3 + ci c2b23)D(ai + a3 + c\ c463 4) 

The quantity D(abc) is defined by 

I* 
D{abc) = 

(-q + 6 + c)l 
[(a 4- 6 4- c 4- l)!(a - 6 4- c)!(a 4- 6 - c)! J 

(12) 

(1*) 
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Equation (7) for the 12j(I) symbol may also be reduced to one term. For example, 

(26.34)l(264i)l 

365 

bi2 623 &34 64I I = 
Ci C2 ai 4- 634 -I- 641 c4 

623 
C2 

(2634 + 2 6 4 i ) !(2ai + 26 4 i - f 1) 

D(634a3a4) £ ( 6 4 1 ^ 4 ) 
^(634 + 641^103) 

&2 a 3 
612 ci 

<*i 4- 634 + 641 ai 634 + 641 J 
U 'C4ai+6 4 i (14) 

Similar expressions may be obtained from Eq. (14) using the symmetries of the 12j(I) symbols (see Eqs. (8)). 
If arguments at- and C{ satisfy the equalities at- = bik ± a&, C{ = 6^ ± c&, (A; = i ± 1) one obtains 

612 4- a>2 a2 a3 °4 
612 623 634 641 I = 

6l2 ~~ 2̂ C2 C3 C4 

__ 1 \2ci + 6 3 S - 6 3 4 -a% - a 4 ( - 1 ) 
2a2 4- 2c2 4~ 

°a a 4 f a3 c3 a2 4- c2 1 
1 1 c4 a4 634 J 

(2a2)!(2c2)!(261 2-2c2)! 
(26i2 + l)(26i2H-2a2 + l ) ! 

«, 1 
2 

(15) D ( a 2 a 3 f c 2 3 ) - P ( c 2 C 3 & 2 3 ) - P ( 6 l 2 - ^2 ^ l ^ - P ^ + <?2 C4Q4) 

J9(a2 4- c2 C3a3)D(6i2 4- a2 C4641) 
(h) Explicit forms of the 12j(I) symbols for special values of arguments. If one argument is equal to zero, 

the 12^(I) symbol is reduced to a 9j symbol or to a product of two 6j symbols: 

t a2 a3 a4 | 8 6 \ a i ^12 ° 2 1 
6l2 *>23 *>34 0 ) = . a i °*wl C l .x { C3 c2 ^23 / , (16) 

ci c2 c3 c4 V ( 2 a i + l ) ( 2 C l - f l J 
034 Ci a3 I 

cti ci2 03 04 
6l2 &23 634 641 

Ci C2 C3 0 
= (-1) tl2"f^a»+fe34+t41 — <*3""C3 . 

V ( 2 6 4 i + 1) (2634 + I) 

f 641 <*2 612 1 J a 2 a 3 &23 1 
\c2 ci a4 J \ fc34 C2 0 4 / " 

(17) 

Simple expressions for the 12j(I) symbols may also be obtained, if two of four arguments from one tetrad 
are equal to | , i.e., in the cases: (1) a^ = Ci = | ( i = 1,2,3,4); (2) ai = a;±2 = §> (^) c* == c * ± 2 = 2> W 
Ct = a*±2 = 2 ( l ^ ^ < 4, i — 2 > 1). For example, when 04 = C4 = | , one has 

d\ &2 <*3 2 

6 1 2 6 2 3 & 3 4 1 6 " f = 2(2ax + l)(2a2 + l)(2a3 + 1) 
2 

^aici^aaca *aaC3 

C\ C2 C3 

i ? ( | a i f e 4 i ) J ( ^ i f e 4 i ) g ( | a 3 M ^ ( ^ 3 M / a l °2 &12 1 J 0>2 a3 ^23 I 
l _ ' 2Z>(la lCl)£>(la3C3) \ c2 cx 1 J \ c3 c2 1 / » 

where e = a2 + c2 + 612 + 623 + 634 + &41- If &i = C3 = §, then 

-1 ( - 1 ) a 4 -c 4 

2634 + 1 
■56j«64i + 

C2 5 C4 

(_ l )J>J4+«>41-9+l 

2D^aa3g) 
(2a3 - 1)! 
(2a 3 +2)! j 

* £>(|64lC4)g(|t34C4) f 6 3 4 641 
■0(1*34641) I a 3 03 0 4 

(634 &41 1 1 } 
\ a3 03 04 J J 

■ f 1 ^4 + b4 1 + 2 f l + l g ( | f e 4 lC 4 )g ( |&34C4) i> ( la3 C l ) 
1 ' 2 ? ( | c l S ) P ( i a 3 g ) D ( l 6 3 4 6 4 i ) 
j &23 0.2 O3 1 f &12 C2 Ci 1 f 634 641 1 1 
\ I 0 *12 / 1 § ? *23 J 1 <=1 <*3 «4 / ' 

(18) 

(19) 
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where a is an arbitrary parameter which satisfies the triangular conditions for appropriate triads of the 6/ 
symbols in Eq. (19). The expressions for the 12/(1) symbols are more simplified in the cases: (i) af- = a t±2 = \ 
and Ci = Ci±2\ (ii) c$- = C{±2 = § and a$- = ai±2\ (iii) &% = ct±2 = § and cf- = at-fc2- In addition, if a3 + 612 + c2 

is even, then 

- GL2 &3 CL4 2 L L L L I — ( iK4-a4+a3+C2 + l °bjibii J &23 <*2 <*3 I 

03 c2 § c4 I I ° 3 

(20) 

I a>2 a3 623 A 
, ( - l ) W 6 » + 2q, D(hh^)D{\bAlCA) [634 641 1 ] U - 1 1 / 

2v / (2a3 + l)(2c2 + 1)(2612 + 1) £(1634641) l a 3 "3 0 4 / / a 3 c2 6 1 2 \ ' 
\ 0 0 0 J 

and if 03 + 612 + c2 is odd, one has 

( a2 03 6 23^ 

x ~2 ° 2 J ,21) 

* (2a3 + l)(2o3 + 2)(2a3 + 3)>/2(2c2 + l)(26i2 + 1) / a 3 + l c2 6 1 2 \ ' / a 3 + l c2 b12\ 
\ 0 0 0 y 

5 > , A A A , = ,-u—•-«--♦• g<j^.wH..«.w«.-i^.) 
« , - 1 Cl L u J *>(<WM) 

/ o2 03 6 2 3 \ 
?, (c2 - 623)(2623 + 1) + (612 - a2)(2a2 + 1) - a3 \ - § 0 f / 

(2a3 - l)(2o3)(2a3 + l)\ /2(2c2 + l)(2612 + 1) ( a3 - 1 
"12 c2 \ 

^ 0 0 0 / 

(22) 

(i) Relations between the 12/(1) symbols introduced in this book and analogous functions of other authors 
are given by 

al a2 <*3 <*4 J f &12 al a2 <*3 
6l2 &23 634 641 / = \ C\ 64I <*4 C3 

C\ C2 C3 CA } ^ C2 C4 623 &34 
(Jahn and Hope [74]), 

{ al a2 a3 a4 
6l2 ^23 634 641 
Ci C2 C3 C4 

(Elbaz and Castel [17]). 

(j) Tables of numerical values of the 12/(1) symbols are presented in Ref. [139]. These tables contain the 
12/(1) symbols whose arguments are less than or equal 2. Numerical values are given in decimals. 
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10 .13 .3 . 12; S y m b o l s of t h e S e c o n d K i n d (12;? (II) S y m b o l s ) 
(a) Instead of the 12; (II) symbols determined by Eq. (2), we shall consider the somewhat more symmetric 

12;(II) symbols introduced in Ref. [141]. The latter 12j(II)-symbols may be represented by invariant sums of 
'products of eight 3 ; m symbols: 

< - 0,20,3(14} 

bi — 63 64 
c l c2 — c4 

VOi 02 03 - J 

I = / ^02+01-04 Y ^ fa2 a3 a4\ ^a4 64 c4\ (c4 cx c2\ (c2 d2 a2\ 
f { } f^x \ a 2 <*3 a4J \a4 p4 7 4 / \H 7 i 7 2 / \ ^ 2 h a2) 

^64 h bi\ /bi ci di\ (di &1 d3\ fiz 63 o-%\ 
\ h h Pi) \0i 71 Si) \ h h S3) \S3 ft a3) • 

(23) 

Equation (23) unambiguously fixes the absolute values and phases of the 12; (II) symbols. These symbols are 
real. 

(b) Arguments of the 12; (II) symbols satisfy the following conditions. 
(i) All arguments are non-negative integers or half-integers. 
(ii) A 12; (II) symbol vanishes unless the triangular conditions (see Sec. 8.1.1) are fulfilled for the triads 
(a2a3a4)i (616364), (C1C2C4), ( ^ 1 ^ 3 ) , {b\Cidi)} {a2c2d2)> (0363^3) and (a 46 4c 4 ) . 
(iii) A 12; (II) symbol vanishes unless the tetragonal conditions (see Sec. 10.13.2) are fulfilled for three 
te trads (0204^361), (0364^2^1) and (a4b3c2di). 

(c) The 12; (II) symbols satisfy the orthogonality and normalization condition 

J2 (2*i + l)(2x2 + l)(2x3 + 1) { 
( — a2 a3 a4 

61 — 63 64 
C\ X\ — C4 

I d\ x2 x$ — 
S^a'Jbjb'^b^ 

(2a4 + l)(26i + l)(264 + l ) 

(d) The 12; (II)-symbols may be represented as the following sums 

{a2a3 a4}{6i6364}{6iCidi}{a464C4}. (24) 

— a2 as a4 
61 — 63 64 
c l c 2 "" c 4 
d\ d2 d3 — 

= ( - l ) ^ - " < - d i + c ' £ ( 2 x + l ) 
X 

(a3 64 x 1 (a3 64 x 1 ( bi d3 x 1 f c4 a2 x 1 
\ 61 d3 63 J \ c4 a2 a4 J \ d2 c\ di j \ d2 Ci c2 J ' 

( — a 2 0 3 0 4 "j 

61 — 63 64 
c l c 2 "~ c 4 
d\ d2 d3 — ) 

o,3 63 03 
[ = (-l)*-«-*+c '£(2*+ 1) { a4 64 c4 

0 2 61 X 

(25) 

(e) Symmetry properties: Any 12;(II) symbol is symmetric with respect to a permutat ion of any two 
columns and simultaneous permutat ion of the rows whose numbers coincide with the numbers of permutated 
columns. In addition, the 12;(II) symbol does not change under transposition. These symmetry properties 
relate 48 formally different 12;(II) symbols: 
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( - a2 

\h -| Ci C2 

U i 42 
1 — i 
1 

r - a 4 
rfi -
h 64 

> Cl C4 
f - a 3 - i C l " " M l <*3 
Ui 6s 
( - a2 _R -

" | dx d2 
I Ci C2 

1 
_ j 

'- a 3 
Ci -
61 6s 
t d\ d$ 
r - «4 

* -
Ci C4 

I 61 64 
(- »i 
J a 2 -
] as 6s 
v a 4 64 f- * U -
1 a 3 (̂  
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03 «4 \ (-
63 *4 I J a2 
- c4 j j c2 
4s ~ ) U 2 
a 2 as \ 
d2 d3 1 
- *3 f 1 
c2 — / 

f 
\d2 
1 «2 
I C2 

a 4 a 2 ĵ r -
<U ca I J c2 - * | 1 * 
64 - J loa 
a 4 a3 \ ( -k4 63 1 1 a2 " * f" | d2 c4 - J I c2 
a2 a4 \ (-

°2 °4 U < °2 
- 64 | j a 2 

*1 
— 
ci 
* 
64 
-
<*4 
C4 
6s 
— 
«3 
«3 
6l 
— 
dx 
ei 
63 
— 
«3 

63 
»3 
-
43 
61 
4 
— 
ci 
64 
C4 
-
<»4 
64 
«4 
-
*3 
6l 
Cl 
— 

4a - J 14 4 4 
<*3 03 ) f -
is 4 2 
- c2 
63 - J 

UI* 1 °2 
' I a 2 

cidx\ (-
c2 4 2 I 1 6̂  
- <*3 [~ | 63 
cA - ) I 64 
61 e n I 
64 c4 1 
- c2 f I 

v as ds 6s ~ / 
r - ^ _ 1 a 3 -
j <*4 <U 
v a 2 c2 
r - »i 

= 1 a 2 -
I «4 64 
v as 63 

= < 

r - ci 
1 a 3 -
a 2 c2 

I a 4 c4 
r - * 
a 4 -
| ̂ s ^s 
I a 2 <f 2 

' _ 
(4 
»i 

163 
rfi 61 ̂j r -
^3 63 I J 63 " M l b* 
d3 - ) Ui 
<*i ct \ f-
d3 c3 1 1 6i 
- C4 f ~ I 64 
d3 - J U s 
» i 4 ] r -63 ds 1 1 63 
- d3 [ I *i 
64 - ) U 4 ci ix "j 
C4 64 I 
- 63 
c2 — > 

r -
- 1 Ui 

64 
-
CA 

*A 

a2 
-
a3 
«4 
^2 
-
4 
43 
CQ 

C4 
Cl 
a2 
-
a4 
«3 
c2 
-
c\ 
CA 
42 
43 
4i 

63 

641 M-« 
- J 

( - ex c2 

1 a3 - a2 
I 63 61 — 
v d$ dx d2 

63 "j ( - C4 ci 
<̂ 3 1 1 ̂ 3 — 1̂ 
«3 | | <>3 °4 _ 

- J U 3 b4 bi 
h ) :r - J i3 
«3 
<̂ 3 
-

( - c2 CA 

1 63 — 64 
I 4s d2 — 
v as a 2 04 

1 r - ci c4 
I I as - a 4 
[" I 4 3 dx -
/ v 63 61 64 

64 ) 
C4 - ' 04 [ - i 

r - c 2 cx 
163 - 61 
I as a2 — 
V 4s a2 aj 

6l ̂  f - C4 C2 

C 4 1 f " °4 l _ J «4 
64 f ~ I *4 
- J U C3 ] 
d2 
o3 
- 1 

r -
l a < 

1 U cx) (-
bx\ J 64 
dx f " | c4 
- J U4 c3 -j 
a 3 I 
d% f~ - J 

/ — 

0 4 

1c* U 4 C 41 f~ 64 I J h 
04 f | 04 
- J U 4 cx\ (-

43 4 l_ J 4 - 4 4 (_ J c4 
-
a3 
C2 
ci 
-
C4 
a2 
*A 
-
«3 
42 4s 

4i 
42 4i 
— 
4s 
a2 
a3 
-
«4 
C2 

<U 

Cl 

ci I j 63 64 -
— / v as CL4 a2 
4 2 ̂  ^ — as 63 
4i 1 c i - 6 i 
4 3 | j c2 a2 -- J I C4 a4 64 
° 2 1 T - 4s 03 
CA L . I c4 - a 4 
ci | j ci 4 X -
— J I c2 d2 a2 «9 ] 
a3 1 
<*4 
"~ / 

(- 63 4s 
\ = I 

* 

c2 - d2 
c4 64 -
Cx 61 ii 

c2 ̂  f — as d$ 
ci 1 
<U 
— J 

>= 1 ex - dx 
j cA a4 -v c2 a 2 a 2 4 2 ̂  r - 63 as 

4s 1 I c2 — a2 
4i | | ci 61 -
- J I c4 64 a 4 a2> 
«4 
03 

► = ^ 

r —' ds 63 
c4 - 64 
c2 d2 — 
^ cx dx 61 

bx f j *4 
- J lo4 

d M f" 
dx l J di 
d3 |~ I da 
- J U s 
bs\ I 
64 = 
61 - J 1 
°9) 1 
: ■ 

- J 1 

f ^ ^ 

d3 
dx 

<d3 
t _^ 

ds 
<dx 

6 3 1 f -

51 U i1 
64 f M s 
- J Ida 
* 1 1 
d 2 = dx\ 
- ) 1 
<»3 1 | 
- L 
a3 [ 1 - J 

f — 
d3 
di 

dx d2 ds 
— 
61 
cx 
43 -
a3 
63 
42 — 
c2 
a2 
4i 
-
ci 
61 
42 — 
aa c2 
43 -
63 
a3 

a4 
— 
a2 
a3 
CA 
— 
cx 
c2 
64 

63 
61 
a4 
— 
as 
a2 
64 
— 
61 

, ds 63 
' mmm 

d» 

Idx 

CA 

c2 

cx 

a 2 03 
- 63 
c2 -
dx d2 

cx c2 

— a2 
61 -
4s 4i 
63 61 
- Cx 
a3 — 
^3 4 2 

as a 2 
- c2 
6s -
dx 4s 
61 63 
- a3 
cx -
d2 dx 
C2 Cx 
- 6x 
a 2 — 

64 c 4] 
61 cx 

- c2 
63 — > 
a4 64 ' 
as 63 
- 61 
o 3 - 1 

c* a 4 ̂  
c3 o 3 
- <»3 
C! - J 
C4 64' 
CX 61 
" 63 
c3 - . a 4 c4 ' 
a3 c3 
- ci 
O3 — ; 
64 O4 "i 
63 03 
- a 3 
bx - > 

) 

) 
) 

J 1 I 
J 
) 

J 
\ 
> 

/ 1 
J 

► 

^ 

^ 

^ 

I 

1 
1 

(27) 1 



9j and 12] Symbols 369 

(f) Recursion relations: These relations are useful for evaluation of the 12y(II) symbols. We present only 
one relation: 

?M+i{i ni}{iz :'•} 
- ( - I ^ - ^ D ^ I U £}{!;£ 8} 

*i 

( - a2 o3 o4 

6i - b'z b4 

I (fj Ĉ2 ^3 ~" 
< — a2 as 04 

&i - 63 64 
Ci C2 """ C4 

I d\ d2 d$ — 

In particular, putting A = | , a\ = a4 - | and 63 = 63 + | in Eq. (28) we obtain 

(28) 

3x1 * 
(264 + 1) I [(03 + 63 - d3 + 1)(<*3 + t3 + d3 + 2)( - o3 + 03 + a4 + - ) ( a 2 + 03 + o4 + -.)] 

- 02 03 + i 04 ^ 
hi - 63+ § *4 
Ci C2 ~" C4 

k d i d2 0(3 — / 

U i i + I (-03 + 63 + d3 + l)(o3 - 63 + d3)(o2 - o3 + a4 + - ) (o2 + 03 - o4 + - ) I 

( - a2 az-k aA\ 
6l - &3 + | *4 
c l &2 ~ C4 

I ui (*2 03 — / 

( ( - (*2 03 a4 - i 

[(-a4 + 64 + C4 + l ) (04 -»4 + C ^ ~ ^ ^ 

di d2 <fe ~~ 
— <X2 <*3 &l 

+ [(a4 + 64-C4)(a4 + 64 + C4 + l ) ( - 6 i + 63 + 64 + i ) ( t i + 63 + 64 + | ) ] } | ^ C3 *_? ^ 2 

di d2 d$ — 

(29) 

(g) Explicit forms of the 12; (II)-symbols for some relations between arguments may be obtained, using 
Eqs. (25) and (26). 

If one argument in any tetrad is equal to the sum of three other arguments from the same tetrad, one 
obtains 

- 61 + C4 + cfe a3 a4 ^ 
»i - 63 64 I = / j x * , - ^ - * (2»i)l(2c4)l(2<fe)l 
ci c2 - c4 f l ' (26i + 2c4 + 2cf3 + 1 ) ! 

\ d\ d2 d$ — ) 
D(bib3b4)D(cAciC2)D(d3did2)D(bidiCi)D{cAbAa4)D{dzb3a3) 

D(bi + cf3 + c4 0403)1^(6! + <*3 + c4 02^2) 
(30) 

Let each argument in any tetrad be equal to the sum of two arguments which form a triad with this 
argument. Then, the 12j(II) symbol may be expressed as a sum involving products of two Clebsch-Gordan 
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63 + 64 

di 

03 + a 4 

c2 

d2 

03 
63 

a4 
64 

c2 + c3 

di + d2 

x / [dici 63 + 64)/ (0*202 a3 + a4) 

= (-l)*» — - ^ + c » / (a363 dx + d2)f (a464 cx + c2) 

(2as)!(2a4)!(263)!(264)!(2c1)l(2c2)!(2d1)!(2a'2)! 
(2a3 4- 2a4 + l)!(263 + 264 + l)!(2ci + 2c2 + l)!(2a,

1 + 2d2 + 1)!J 

£ [/ (as + a4 63 + 64 * ) / (dx + d2 cx + c2 * ) ] - ^ + ^ ^ ^ > (31) 

where 
/ (a6c) = [(a + 6 + c + l)!(a + 6 - c)]"* . 

(h) Explicit forms of the 12y(II) symbols for special values of the arguments. 
If one argument is equal to zero, a 12jT(II) symbol is reduced to product of two 6j symbols: 

0 

t — I - A I 7 = 
C\ C2 — C 4 

I. d\ d2 ds — 
V(2o3 + l)(2c2 + 1) 

xf 1 ' 8 ! ! 4 ) !???) -
^ O3 C4 0 3 J ^ 0 3 Oi Oi J 

If two arguments from any tetrad are equal to \ we obtain 

r - <*2 k °o 
61 - 63 § 
C\ C2 ~~ C 4 

I d\ d2 d$ — ) 

0bidi0cia70cid2 

+ l ' \d2 d rfi/lda C! c 2 / 

ff = 61 -f 63 + C2 -f c4 -H a2 — a4 — di -f- ds , 

2(261 + l)(2c1 + l)(2c4 + l) 

c4 a2 1 1 Z?(|a2fl4)^(|6163)x9(|c4a4)i9(|63d3) 
2x9(l6i63)i9(la2C4) 

_ 1 
1 

2 «s «4 ) 
2 "" *s 64 

Ci C2 ~" C 4 

d\ d2 d$ — 

I / ^269+2^ fr*»c4 f 03 a4 j 1 H 2 «2 2 I 
f l 1J 2(2d3 + 1) I 64 63 d3 / \ d dx d3 J 

03 63 ds 
+ 3 ( - l ) 6 * - a < - d l + c ' { a4 64 c4 

* i 1 2 2 A 

d2 di d3 
c 2 c l c 4 
± ^ 1 
2 2 x 

At c4 = d3, d3 ± 1, a 12y(II) symbol may be expressed in terms of the Zjm and 6y symbols: 

- | a3 a4 ^ 
\ - 63 64 
c l c 2 "~ d3 
di d2 d$ — ) 

i \2a 8 +2di_ = (-1) 2(24 
1 {03 a4 n U c j l ) 
3 + 1) \ 64 63 d3 j \ci di d3 J 

(32) 

(33) 

(34) 

(35) 
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This equation is valid, if a4 + 64 -f d$ and c\ -f- C2 4- d3 are even. If these numbers are odd, one has 

I _ (a4 - a3) (2a3 + 1) 4- (64 - 63) (263 4-1) 4- d3 + 1 
(2d34-l)(2d34-2)(2d3 + 3) 

371 

, (c2 - d2){2d2 + 1) -f (ex - dt) ( 2 ^ + 1) + d3 4-
V(2a4 4- 1)(264 + l)(2ci + l)(2c2 + 1) 

/ 03 63 d3 A / c?2 di d3 \ 
1 U - | o J U - | o J 

a4 64 d3 + l \ / c x c2 d3 + l \ 
0 0 0 J \0 0 0 ) 

(37) 

— 5 a 3 a 4 

Ci C2 — 0̂ 3 — 1 
d\ d2 d3 — 

(a4 - a3)(2a3 4- 1) 4- (64 - b3)(2b3 4-1) - d3 

(2d 3 - l ) (2d 3 ) (2d 3 4- l ) 

(c2 - d2)(2d2 4- 1) 4- (ci - di)(2di 4-1) - d3 

X3 63 d3 \ I d2 d\ d3 \ 

V(2a4 + l)(264 + l)(2c! + l)(2c2 + 1) (a4 bt d3-l\ (a c2 d3-l\' 
V o o o / \o o 0 / 

(i) Relations between the 12 (̂11) symbols considered above and analogous functions of other authors: 

(38) 

( — a2 03 04 ) 
61 — 63 64 

V (il C?2 ^3 — 

a2 a3 ct4 ^ 
61 63 64 
Ci C2 C4 

, d\ d2 d3 J 
(Sharp [141]) 

= (-1) 
a a + a s + d j + d a — 61 — 64 — ci — C4 

a 3 c/3 d 2
 a 2 

63 di C2 CL4 
64 6j Ci C4 

(Yutsis, Levinson and Vanagus [44]), 

CI3 d3 d2 a2 
= ( _ 1 ) a , + a , + d , + d 1 - 6 l - 6 4 - c » - c 4 ^ ^ ^ ^ ^ 

64 6X ci c4 

(Elbaz and Castel [17]). 



372 Quantum Theory of Angular Momentum 

Tables 10.1.-10.12. Algebraic Expressions for the 9/ Symbols. 
Table 10.1. 

I a + K 6 + jx c + v j 
a b c > 

1/2 1/2 0 ) 
v = 0 

1/2 

-1/2 

1/2 

-1/2 

(s + 2 ) ( * - 2 c + l) 
2 (2a + 1) (2a + 2) (26 + 1) (26 + 2) (2c + 

f ($ - 2 6 + l)(s - 2 a ) 7/1 
d* 

2 (2a + 1) (2a + 2) (26 + 1) 26 (2c + 1) ]" 
f" ( s - 2 6 ) ( s - 2 a + l ) 7/» 

"" L 2 • 2a (2a + 1) (26 + 1) (26 + 2) (2c + 1) J 
(, + ! ) ( » - 2 c ) 

L 2 • 2a (2a + 1) 26 (26 + 1) (2c + 

Table 10.2. 
a + X 6-fp. c + v 

a 6 c 
3/2 3/2 0 

1)J 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

^ [ (s + 2 ) (s+3 ) ( * + 4 ) ( s - 2 c + l ) ( s - 2 c + 2 ) (s -2c + 3) 7/i 
2 L (2a + 1) (2a + 2) (2a + 3) (2a + 4) (26 + 1) (26 + 2) (26 + 3) (26 + 4) (2c + 1) J 

i_ r 3 (s + 2) (s + 3) (s - 2c + 1) (s - 2 c + 2) (5 - 2 6 + 1 ) ( 5 - 2a) 7/, 
2 L (2a + 1) (2a + 2) (2a + 3) (2a + 4) 26 (26 + 1) (26 + 2) (26 + 3) (2c + 1) J 
J_ f 3(s + 2 ) ( s - 2 c + l ) ( s - 2 6 + l ) ( s — 2 6 + 2) (s - 2a - 1) (s — 2a) 7/, 
2 L(2a + 1) (2a + 2) (2a + 3) (2a + 4) (26 - 1) 26 (26 + 1) (2b + 2) (2c + 1) J 

_1_ f (s - 26 + 1) (s — 26 + 2) (s - 26 + 3) (* - 2a - 2) (s - 2a — 1) (5 — 2a) 7/« 
2 L (2a + 1) (2a + 2) (2a + 3) (2a 4- 4) (26 — 2) (26 — 1) (26) (26 + 1) (2c + 1) J 
J_ f 3 (s + 2) (s + 3) (s - 2c + 1) (s - 2c + 2) (5 - 26) (5 — 2a + 1) 7/, 

~~ 2 L2a(2a + l)(2a + 2) (2a+3)(26 + l)(26 + 2) (26 + 3) (26 + 4) (2c + l) J . 2a (2a + 1) (2a + 2) (2a + 3) (26 + 1 ) (26 + 2) (26 + 3) (26 + 4) (2c + : 
( f + 2 ) ( f - 2 c + l ) * 9Mr ( i + 2 ) ( t - 2 c + l ) 7 4 

2 V* z a o ' [ 2a (2a + 1) (2a + 2) (2a + 3) 26 (26 + 1) (26 + 2) (26 + 3) (2c + 1) J 
1 r (* — 26 + 1) (s — 2a) 

y <3Z + 2a (6 + 1)} [ * = t - " 1 

irii 
2 L2a 

. 2a (2a + 1) (2a + 2) (2a + 3) (26 — 1) 26 (26 + 1) (26 + 2) (2c + 
1 (s + 1) (s - 2c) (s - 26 + 1) (5 — 26 + 2) (5 — 2a - 1) (s — 2a) 7/» 
i (2a + 1) (2a + 2) (2a + 3) (26 — 2) (26 — 1) 26 (26 + 1) (2c + 1) J 

J_f 3(* + 2 ) ( s - 2 c + l ) ( s - 2 6 - l ) ( g - - 2 6 ) ( j - 2 a + l ) ( s - 2 a + 2) 7/, 
2 L (2a — 1) 2a (2a + 1) (2a + 2) (26 + 1) (26 + 2) (26 + 3) (26 + 4) (2c + 1) J 

(s — 26) (f — 2a + l) 

*T 

1 M -L9h<«-x- m r ( * - 2 6 ) ( « - 2 a + l) 7/, 
2 \6& -j- to [a -f- i j ; ^ ( 2 a __ 1 } 2 a ( 2 a + ^ ( 2 a + 2 ) 2b (2ft + 1 } ^26 + 2 ) ( 2 6 + 3 ) (2<? + t ) J 

l / q 7 9 , , 1Wfc , m T (5 + I) ( 5 - 2 c ) 7/. 
2 ^ - z (a -f- i)(0 -h 1 J) [ (2a - . 1 ) 2a (2a + 1) (2a -j- 2) (26 - 1) 26 (26 + 1) (26 + 2) (2c + 1) J 

i_ f 3s (s + 1) (5 - 2c - 1) (s - 2c) (s - 26 + 1) (5 - 2a) 7/, 
2 L (2a - 1) 2a (2a + J) (2a + 2) (26 - 2) (26 — 1) 26 (26 + 1) (2c + 1) J 

1 r (s - 26 — 2) (s — 
-~ 2 [ (2a —2) (2a —1) 

- (S - 26 — 2) (s — 26 — 1) (s — 26) (* 
1) 2a (2a + 1) (26 + 1) (26 + 2)126 + 3) (26 + 4) (2T+l)~ 

■2a + l ) ( s - ■ 2a + 2 ) ( s - 2 a + 3 )7 / , 

J_ f 3 (5 + 1) (s — 2c) (s — 26 - 1) (s — 26) (5 — 2a + 1) (5 - 2a + 2) 7/, 
2 L(2a — 2) (2a — 1) 2a (2a + 1) 26 (26 + 1) (26 + 2) (26 + 3) (2c + 1) J 

3s (s + 1) (s — 2c — 1) (s — 2c) (s — 26) (s — 2a + 1) _±r 
2 [ (2a -

±r 
2 L (2a — 2) (2a — 1) 2a (2a + 1) (26 — 2) (26 — 1) 26 (26 + 1) (2c + 1) 

2) (2a - 1) 2a (2a + 1) (26 — 1) 26 (26 + 1) (26 + 2) (2c + 
(5 - l) s (s + 1) (s - 2c — 2) (s - 2c - 1) (s - 2c) 

wT 
? 
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Table 10.3. 
a + X b —j— fjt. c + v 

a b c 
1/2 1/2 1 

v = i 

1/2 

1/2 

-1/2 

-1/2 

1/2 

- 1 / 2 

1/2 

- 1 / 2 

r <il 
L 3 (2a + 1) (2a 

[ 

(s + 2) (8 + 3) (s - 26 + 1) (s - 2a + 1) 
+ 2) (26 + 1) (26 + 2) (2c + 1) (2c + 2) (2c + 

(s + 2) (s — 2c) (s — 26 + 1) (5 — 26 + 2) Jh 
3 (2a + 1) (2a + 2) 26 (26 + 1) (2c + 1) (2c + 2) (2c + 3) 

(s + 2) (s — 2c) (̂  — 2a + 1) (s - 2a + 2) 7/: 
3 . 2a (2a + 1) (26 + 1) (26 -f 2) (2c + 1) (2c + 2) (2c + 3) J 

(s — 2c- 1) (s — 2c) (s - 26 + 1) (s — 2a + 1) 7/, 
3 • 2a (2a + 1) 26 (26 + 1) (2c + 1) (2c + 2) (2c + 3) ■]" 

v = 0 

1/2 

-1/2 

1/2 

-1/2 

<a-6)[-6]2T 
( » + 2 ) ( « - 2 e + l) —? i ) J 

(a + 6 + 

+ 1) (2a + 2) (26 + 1) (26 + 2) c (c + 1) (2c + 1 
(s— 26 + 1) (t— 2a) 7/. 

(2a + 2) 26 (26 + 1) c (c + 1) (2c + 1) J 
(s — 2b) (s — 2a + I) 7/. 

1)[6(2a + l) 

(<* + 6 + 1) L 6 . 2a (2a + 1)'(26 + lV(26 + 2)'c (c + 1) (2c + 1 ) J 
,, T (» + ! ) ( « - 2 c ) 7/. 
1° _ a> L 6 • 2a (2a + 1) 26 (26 + 1) c (c + 1) (2c + 1) J 

/ = — 1 

1/2 

-1/2 

1/2 

-1/2 

-[ (s — 2c + 1) (5 — 2c + 2) (s — 26) (s — 2a) 
3 (2a + 1) (2a + 2) (26 + 1) (26 + 2) (2c — 1) 2c (2c + 

(5 + i)(s — 2c + i)(s-2a — 1) (5 — 2a) Jh 
ir]'1 

-t ]" 3 (2a + 1) (2a + 2) 26 (26 + 1) (2c — 1) 2c (2c + 1 ) 
(s + 1) (s — 2c + 1) (s — 26 — 1) (s — 26) fh 

. 3 • 2a (2a + 1) (26 + 1) (26 + 2) (2c — 1) 2c (2c + 1) 
j ( M ^ l ) (s — 2b) (s — 2a) _ 7 / i b 

]" 
3 . 2a (2a + 1) 26 (26 + 1) (2c — 1) 2c (2c + 1) 

Table 10.4. 
( a -\-\ 6 -j-fi c-f-v 

a b c 
3/2 1/2 1 

:1 

1/2 

- 1 / 2 

1/2 

- 1 / 2 

tf (* + 2) (* +3) (5 -f 4) (5 - 2c + l ) ( s -26 + l ) ( s -26 + 2) 
(2a + 1) (2a + 2) (2a + 3) (2a + 4) (26 + 1) (26 + 2) (2c + 1) (2c + 2) (2c + 

I T (s + 2) (s + 3) (s — 26 + 1) (s - 26 + 2) (s - 26 + 3) (s - 2a) it 2 L (2a + 1) (2a + 2) (2a + 3) (2a + 4) 26 (26 + 1) (2c + 1) (2c -f 2) (2c + 3) 
a + 36 — 3c f (s + 2) (s + 3) (s — 26 + 1) (s — 2a + 1) 

d"" 
r7 

—? 
•3) J 2 L 3 • 2a (2a + 1) (2a + 2) (2a -f 3) (26 + 1) (26 + 2) (2c + 1) (2c + 2) (2c + ; 

36 -). 3c _ a + 3 f {s + 2) (s — 2c) (s - 26 + 1) (« - 26 + 2) 7/» 
2a (2a + 1) (2a + 2) (2a + 3) 26 (26+1) ( 2 c + 1) ( 2 c + 2) (2c+3) J -fc 
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Table 10.4. (Cont.) 

v = i 

1/2 

•1/2 

3/2 

3/2 

1/2 

-1/2 

1/2 

-1/2 

i + 3c - 36 + 

3/2 

3/2 

1/2 

1/2 

-1/2 

-1/2 

-3/2 

-3/2 

1/2 

-1/2 

1/2 

-1/2 

1/2 

-1/2 

1/2 

-1/2 

r (S 4 . 2) (s + 3) (s — 2c + 1) (s — 2c + 2) (s — 26 + 1) (s — 2a) 7/» 
~~ L 2 (2a + 1) (2a + 2) (2a + 3) (2a + 4) (26 + 1) (26 + 2) 2c (2c + 1) (2c + 2) J 

r (S -f 2) (5 — 2c + 1) (s - 26 -f 1) (s — 26 + 2) (s - 2a — 1) (5 — 2a) 7/, 
~~ L 2 (2a + 1) (2a + 2) (2a + 3) (2a + 4) 26 (26 + 1) 2c (2c + 1) (2c + 2) J 

( s + 2 ) ( * - 2 c + l) 
- { 3 Z - 2 a ( 2 a + 6 + 3)}r 

— {3Z — 2a (2a— 6 + 2 ) } [ 

{3Z + 2(a + l ) ( 6 - 2 a + l ) } [ 

■*)>[■ 

2 .3 • 2a (2a + 1) (2a + 2) (2a + 3) (26 + 1) (26 + 2) 2c (2c + 1) (2c + 2) 
(s - 26 + 1) (s — 2a) 

2 . 3 • 2a (2a + 1) (2a + 2) (2a -f 3) 26 (26 + 1) 2c (2c + 1) (2 
(S — 2b)(s — 2 a + 1) 

F+irJ 

{3Z + 2(a + l)(2a 

2 .3 (2a — 1) 2a (2a + 1) (2a + 2) (26 + 1) (26 + 2) 2c (2c + 1) (2c + 
(« + !)(«-2c) I/. 

2 • 3 (2a — 1) 2a (2a + 1) (2a + 2) 26 (26 + 1) 2c (2c + 1) (2c + 2) J 
r (5 + 1) (s — 2c) (s — 26 — 1) (s — 26) (s — 2a + 1) (s — 2a -f 2) 7/i 

"~ L 2 (2a — 2) (2a — 1) 2a (2a + 1) (26 + 1) (26 + 2) 2c (2c + 1) (2c + 2) J 
p s (s + 1) (s — 2c — 1) (s — 2c) (5 — 26) (s — 2a + 1) 
. 2 (2a — 2) (2a — 1) 2a (2a + 1) 26 (26 + 1) 2c (2c + 1) (2c + 2) •]'■ 

v = —l 

3/2 

3/2 

1/2 

1/2 

•1/2 

1/2 

3/2 

3/2 

1/2 

-1/2 

1/2 

-1/2 

1/2 

-1/2 

1/2 

-1/2 

J_r (s + 2) (s - 2c -f 1) (s — 2c + 2) (s — 2c + 3) (s — 2a — 1) (J — 2a) TV. 
2 L (2a + 1) (2a + 2) (2a + 3) (2a + 4) (26 + 1) (26 + 2) (2c — 1) 2c (2c + 1) J 

1 r (* - 2c + 1) (s - 2c + 2) (s — 26 + 1) (s — 2a — 2) (* — 2a — 1) (5 — 2a) 7/, { ]" 2 L (2<* + l) (2a + 2) (2a-f-3) (2a + 4) 26 (26 + 1) (2c - 1) 2c ( 2 c + 1) 
3s-2a+ 3 f (s — 2c + 1) (5 — 2c + 2) (5 - 26) (s - 2a) 7/, 

2 L 3 * 2a (2a + 1) (2a + 2) (2a + 3) (26 + 1) (26 + 2) (2c - 1) 2c (2c + 1) J 
36 - 3c • -fc (s + 1) (s — 2c + 1) (s-2a — 1) (s — 2a) 

2 L 3 ' 2o"(2o + 1) (2a 4- 2) (2a 4- 3) 26 (26 4- 1) (2c — 1) 2c (2c 4-
3c + 3 6 - a 4 - 2 f (s + l ) ( s - 2 c 4 - 1) (s - 26 - 1) (s - 26) 

d* 
2 

a 4-36-
■b _ 7 ' ' 

3 (2a - 1) 2a (2a + 1) (2a + 2) (26 4- 1) (26 4- 2) (2c - 1) 2c (2c 4- 1) J 
3c 4-1 f s(s+l)(s—2b)(s — 2a) '[_3(2a-

i r *(* + !)(*-
2 I (2a — 2) (2a — 1) 

> 
1) 2a (2a + 1) (2a 4- 2) 26 (26 4- 1) (2c — 1) 2c (2c 4- 1) J 

— 26 - 2) (s - 26 - 1) (s — 2b) (s-2a + 1) 
2a (2a + 1) (26 4- 1) (26 -f- 2) (2c — 1) 2c (2c 4-1) 

1 f (s - 1) s (s + 1) (s - 2c) (s - 26 - 1) (s -2b) "\l, 
2 L (2a - 2) (2a - 1) 2a (2a + 1) 26 (26 4- 1) (2c - 1) 2c (2c 4 -1 ) J 

•]'■ 
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Table 10.5. 
a + X b + p. c + v 

a 6 c 
3/2 3/2 1 

v = l 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

f 3 (s + 5) ! 
L 2-5(g + l ) ! (g 

5 _ 2c + 2) ! (s - 2b + 1) (g — 2 a + l ) ( 2 a ) ! (2b) ! (2c) ! if 

(b — 3a + 3c) [ 
- ( 6 + 3 a - 3 c + l)f~ 

-[■ 

2c) ! (2a + 4) ! (2b + 4) ! (2c + 3) ! 
(5 + 4) ! (̂  — 2c + 1) (s — 2b + 2) ! (2a) ! (2b — 1) I (2c) 1 •f 2 . 5 (s + 1) ! (s — 26) ! (2a + 4) i (26 + 3) ! (2c + 3) ! 

(s + 3) 1 (S — 2b + 3) ! (s - 2a) (2a) ! (26 - 2) 1 (2c) ! 7/8 

2 • 5 (s + 1) ! (5 — 26) ! (2a + 4) ! (26 + 2) ! (2c + 3) ! J 
3 (S + 2) (s — 2c) (s-2b + 4) 1 (s - 2a) ! (2a) ! (26 - 3) ! (2c) !" T 

— (a — 36 

2 • 5 (5 — 26) ! (s — 2a — 2) ! (2a + 4) ! (26 + 1) ! (2c + 3) ! 
(s + 4) ! (s — 2c + 1) (s — 2a + 2) 1 (2a — 1) ! (26) ! (2c) ' + 3c)[-

{(s — 2c) (g + 6c + 9) — 2 (s - 26) (5 ~2a))[-
T • 5 (g + 1) ! (s — 2a) ! (2a + 3) ! (26 + 4) ! (2c + 3) ! 

-(^ + 3 ) ! ( s - 2 6 + l ) ( s - 2 a + l ) ( 2 a - l ) ! ( 2 6 - l ) ! ( 2 c ) ! 
2 • 3 • 5 (s + 1) ! (2a + 3) ! (26 + 3) ! (2c + 3) ! 

r (5 '2)0? — 2c) (s — 2bA-2)1 (2a— 1)! (26 — 2)!(2c)\ 

• (s — 2c) ! (s — 26 + 3) ! (s — 2a)(2a—1) ! (26 — 3) ( (2c) ! 

I" 

_ (a + 36 + 3c + 3) [ 2 , 5 ( s_ 2 c_ 
■ (« + 3)l(«-

(« 

- ( a + 36-3C + l ) [ 2 . 5 ( s + 1 ) , ( s 

— {(s — 26+l)(6 — a + 7c-f-8)— 2(s + l)(s 

— { ( s + 2 ) ( a + 6 —7c—7)-2(s—26)(s—2a)}|-

)[ 
[2 .5 (s — 2b — 2) ! (s 

2)\(s — 2b) ! (2a + 3) ! (26 + 1) ! (2c + 3) ! 
- 26) (s — 2a + 3) ! (2a — 2) ! (26) ! (2c) ' 

f 
rl" -2a)!(2a + 2)! (26 + 4) ! (2c-f 3) 

r ( s4-2) (5-2c) (5-2a + 2)!(2a-2)!(26-l)!(2c)!-V/, 
■^ + l)> L2-3-5(5 —2a)! ( 2 a + 2)! (26 + 3) ! (2c+ 3) ! J 

-2c)!(s—26 + l)(s — 2a + l)(2a—2)! (26—2)!(2c)!7/» 
. 3 • 5 (s — 2c - 2) ! (2a + 2) ! (26 + 2) ! (2c + 3) ! J 

(d& _ a -f- dc + Zj | 2 . 5 (5 — 2c — 3) ! (5 — 26) ! (2a + 2)! (26 + 1)! (2c + 
\c) ! 7/» 
3)IJ 

3 (g + 2) (5 - 2c) (̂  - 26) ! (s - 2a + 4) ! (2a - 3) ! (26) ! (2c) ! -]" 
— (6 + 3a + 3c + 3,[ 

(3a-

-[■ 

2a) !(2a + l ) ! (26 + l)!(26 + 4)!(2c + 3) ! 
(s — 2c) ! (s — 26) (s — 2a + 3) ! (2a - 3) ! (26 — 1) ! (2c) 1 TV, 
2 • 5 (* — 2c — 2) ! (s — 2a) ! (2a + 1)' I (26 + 3) ! (2c + 3) ! J 

(s + 1) (s - 2c) 1 (s — 2a + 2) ! (2a - 3) I (26 - 2) ! (2c) ! cmv* 
3)U 

r ( s + l ) ( s —2c) 1 (s— 
~ 6 + 3 c + 2 ) L2 • 5 (s — 2c - 3) ! (s — 2a) ! (2a + 1) ! (26 + 2) ! (2c 
3 (s + 1) ! (s - 2c) ! (g - 26 + 1) (s — 2a + 1) (2a - 3) ! (26 - 3) ! (2c) 1 7/, 

2 • 5 (s — 1) ! (s — 2c — 4) ! (2a + 1) ! (26 + 1 ) ! (2c + 3) ! J 

:0 

3/2 

1/2 

-1/2 

-3/2 

3/2 

(3a + 3)[ 
(3a + 6 + 4)[-

f 3 (* 4- 4) 1 (g — 2c + 3) 1 (2a) ! (26) ! (2c — 1) ! 
( a "" 6 ) L 5 (g + 1) ! (g - 2c) I (2a + 4) ! (26 + 4) ! (2c + 2) 
(g + 3) ! (g — 2c+ 2) ! (g — 26 + 1) (g - 2a) (2a) ! (26 - 1) ! (2c - 1) ! 

T? 
5 (g + 1) ! (g — 2c) ! (2a + 4) ! (26 + 3) ! (2c + 2) ! 

(g + 2) (g — 2c + 1) (g — 26 + 2) ! (g — 2a) ! (2a) ! (26 — 2) ! (2c -

(a + 6 + 1) 

5 (g — 26) ! (g — 2a — 2) ! (2a + 4) ! (26 + 2) ! (2c + 2) ! 
f 3 (g - 26 + 3) ! (g - 2a) ! (2a) ! (26 - 3) ! (2c — 1) ! 

imv, 

(36 - a + 3) P 
5(s 

> + 3) 1 (« -
I" - 26) ! (g — 2a — 3) ! (2a + 4) ! (26 + 1) ! (2c + 2) 

2c + 2) ! (g — 26) (g — 2a + 1) (2a — 1) 1 (26) ! (2c —1) 
5 (g + 1) ! (g — 2c) ! (2a + 3) ! (26 + 4) ! (2c + 2) ! 

LT2 
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:0 

1/2 

1/2 

1/2 

-1/2 

-1/2 

-1/2 

-1/2 

-3/2 

-3/2 

-3/2 

-3/2 

1/2 

- 1 / 2 

- 3 / 2 

3/2 

1/2 

- 1 / 2 

- 3 / 2 

3/2 

1/2 

- 1 / 2 

- 3 / 2 

(a - 6) (3Z - 2a6) H 
(s + 2) (s - 2c + 1) (2a - 1) 1 (26 - 1) 1 (2c - 1) 1 7/, 

3 • 5 (2a + 3) ! (26 + 3) ! (2c + 2)! J 
r (, _ 26 + 1) {s — 2a) (2a — 1) ! (26 — 2) I (2c — 1)! 7/, 

(a + 6 + l ) { 3 Z + 2 a ( 6 + l ) } L i 3 > 5 (2a + 3) 1 ^6 + 2) 1 (2c + 2) I ^ J 

% P (* + 1) (s-2c) ( s - 2 6 + 2)l (s - 2 a ) 1 ( 2 6 - 3 ) 1 ( 2 a - 1)1 ( 2 c - 1) 1 7/> 
(^ + « ) [ 5 ( s _ 2b) ! (* - 2a - 2) I (2a + 3) I (26 + 1) I (2c + 2) I J 

. ^ r ( ^ + 2 ) ( s - 2 c + l ) ( 5 - 2 6 ) l ( 5 - 2 a + 2 ) l ( 2 a - 2 ) l ( 2 6 ) l ( 2 c - l ) l 
- (6b + a + 4) ^ 5 (s - 2a) 1 (s - 26 - 2) 1 (2a + 2) I (26 + 4) 1 (2c + 2) I 

(a + 6 + l ) { 3 Z + 26(a + l ) } ^ 3-5 ( 2 a + 2) 1 (26 + 3) I (2c + 2) 1 
(s + 1) (s - 2c) (2a - 2) 1 (26 - 2) 1 (2c - 1) 1 7/, 

3 • 5 (2a + 2) 1 (26 + 2) 1 (2c + 2) 1 
(5 + 1) 1 (s - 2c) 1 (s - 26 + 1) (s - 2a) (2a - 2) 1 (26 - 3) 1 (2c 

5 (s — 1) ! (s - 2c — 2) 1 (2a + 2) 1 (26 + 1) 1 (2c + 2) 1 

]'• 

( 6 _ « ) { 3 Z - 2 ( a + l ) ( 6 - f - l ) } [ -

(a-36 + l)[-

L I" 
rwt 

ni]1' 
. T 3 ( * - 2 6 ) ! ( * - 2 a + 3 ) l ( 2 a - 3 ) l ( 2 6 ) t ( 2 c - l ) t 7/. 
l« + » + i) [ 5 ( s _ 2b — 3)! (s - 2o) I (2« + 1) I (26 + 4) 1 (2c + 2) I J 

~(3<z + 6)[-

- ( 6 - 3 a + l ) [ 

•2a + 2)l(2a —3)1(26—1)1 ( 2 c - l ) l ? (f + l ) ( t - 2 c ) ( I - 2 6 ) 1 ( I . 
5 (s - 26 - 2) ! (5 — 2a) 1 (2a + 1) I (26 + 3) I (2c + 2) 1 

(5 + j) j (g - 2c) 1 (s - 26) (* — 2a + 1) (2a - 3) 1 (26 - 2) 1 (2c - 1) 1 T/t 
5 (s - 1) 1 (s - 2c - 2) 1 (2a + 1) I (26 + 2) 1 (2c + 2) I J 

r 3 (s + 1) 1 (r - 2c) 1 (2a - 3) 1 (26 - 3) 1 (2c - 1) 1 TV, 
( 6 "" a ) L 5 (s - 2) 1 (s - 2c — 3) 1 (2a + 1) I (26 + 1) I (2c + 2) 1J 

v = —1 

3/2 

3/2 

3/2 

3/2 

1/2 

1/2 

3/2 

1/2 

- 1 / 2 

—3/2 

3/2 

1/2 

1/2 

1/2 

1/2 

V2 

-1 /2 

—3/2 

3/2 

1/2 

f 3 (s + 3) 1 (s - 2 c + 4) 1 (s - 2 6 ) (s—2a) (2a) 1 (26) 1 ( 2 c - 2 ) 1 f/» 
^ L 2 . 5 (s + 1) 1 (s — 2c) I (2a + 4) 1 (26 + 4) ! (2c + 1) I J 

,Q . . . , .. f (5 + 2) ( s - 2 c + 3) l ( s - 2 d ) 1 (2a) 1 ( 2 6 - 1 ) l ( 2 c - 2 ) l 7 / » 
- (da - 0 + JC + ^ 2 . 5 ( s - 2 c ) l ( s - 2 a - 2 ) 1 (2a+ 4) I (26 + 3) 1 (2c + 1) i J 

["(* — 2c + 2) 1 (s — 26 + 1 ) (s — 2a) 1 (2a) 1 (26 — 2) 1 (2c — 2) 1 7/t 
" 4 ) [ 2 . 5 ( t - 2 c ) i ( 5 - 2 a - 3 ) l (2a + 4)i (26 + 2)1 (2c + l ) l J 

-[ 

(s — 2c + 2) 1 (s — 26 + 1 ) (s — 2a) 1 (2a) 1 (26 — 2) ! (2c — 2) 1' 
2 . 5 (t — 2c) I (s — 2a — 3) 1 (2a + 4) I (26 + 2) 1 (2c + 1) 1 

3 (s + 1) (s - 2c + 1) (s - 26 + 2) 1 (s - 2a) 1 (2a) 1 (26 — 3) 1 (2c - 2) I 7/i 

_ (3a + b + 3c + 

I" 
]" 

2 .5 (s - 26) 1 (s - 2a - 4) 1 (2a + 4) 1 (26 + 1) 1 (2c + 1) 1 
m , Q , n , f (5 + 2) ( 5 - 2 c + 3) 1 ( 5 - 2 6 ) 1 ( 2 a - 1 ) 1 (26)1 ( 2 c - £ ) l 
^ - a - t - d c - t - d ) ^ 2 . 5 ( 5 _ 2 c ) i ( * - 2 6 - 2 ) l ( 2 a + 3)l(26 + 4)l(2c + l ) l 

- {(5 + 1) (a + 6 - 7c + 2) - 2 (5 - 26 + 1) (5 - 2a + 1)} X 
r (S _ 2c + 2) 1 (5 - 26) (5 - 2a) (2a — 1) 1 (26 — 1) 1 (2c — 2) ! 

X L 2 . 3 • 5 (5 - 2c) \ (2a + 3) 1 (26 + 3) 1 (2c + 1) 1 
{(s - 26) (6 - a + 7c — 1) — 2 (5 + 2) (5 — 2c)} X 

r(s + 1) (s - 2c + 1) (5 — 2a) 1 (2a — 1) 1 (26 — 2) 1 (2c - 2) 1 
X L 2 • 3 • 5 (5 — 2a — 2) 1 (2a + 3) I (26 + 2) 1 (2c + 1) 1 

, . f ( 5 + l) 1 ( 5 - 2 6 + 1) ( t - 2 a ) 1 ( 2 a - 1 ) 1 ( 2 6 - 3 ) l ( 2 c - 2 ) 17/, 
- [a + 6b - 6c) [̂  2 • 5 (5 - 1) 1 (s - 2a - 3) 1 (2a + 3) 1 (26 + 1 ) 1 (2c + 1) I J 
m. i_ ■ o. ■ „ r ( ^ - 2 c + 2 ) l ( 5 - 2 6 ) l ( 5 - 2 a + l ) ( 2 a - 2 ) l ( 2 6 ) l ( 2 c - 2 ) l 

- (36 + a + 3c + 4)L 2 . 5 (« - i c ) 1 (s - 26 - &) ! (2a + 2) I (26 + 4) I (2c + l) t 
- {(5 - 2a) (a - 6 + 7c - 1) - 2 (s + 2) (* - 2c)} X 

+ 1) (s - 2c + 1) (̂  - 26) 1 (2a — 2) 1 (26 — 1) I (2c - 2) I 

-]'■ 

]" 
*[*■■ ■2c + l ) ( s -

2 • 3 • 5 (s - 26 - 2) I (2a -f 2) ! (26 + 3) I (2c + 1) I -]" 
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Table 10.5. (Cont.) 

-1 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

(a-

{(s — 2c + 1) (a + 6 + 7c) - 2 (s - 26 + 1) (s - 2a + 1)} X 
r (s + 1) 1 (s — 26) (s — 2a) (2a — 2) ! (26 — 2) 1 (2c — 2) 1 7/» 

X L 2 . 3 • 5 (* — 1) ! (2a + 2) I (26 + 2) ! (2c + 1) ! J 
r(« + l ) l ( « - 2 c ) ( * - 2 a ) l ( 2 f l - 2 ) l ( 2 6 - 3 ) l ( 2 c - 2 ) 1 7 / , 

60 "+" 6C "T" 1} L 2 .5 (s — 2) ! (s - 2a - 2) ! (2a + 2) ! (26 + 1 ) ! (2c + 1) ! J 2 .5 (* — 2) ! (5 — 2a — 2) ! (2a + 2) ! (26 -f-1) ! (2c + 1) 
[ 3 (s + 1) (s - 2c + 1) (s — 26) ! (5 - 2a + 2) 1 (2a - 3) 1 (26) 1 (2c - 2) 1 7/, 
L 2 • 5 (s — 26 — 4) ! (s — 2a) ! (2a + 1) ! (26 + 4) ! (2c + 1) ! J 

r(5 + l ) l ( ^ - 2 6 ) ( ( 5 - 2 a + l ) ( 2 a - ^ 3 ) ! ( 2 6 ^ 1 ) ! ( 2 c - 2 ) ! 
— I* -i- da — acj |̂  2 • 5 (5 - 1) ! (s - 26 - 3) ! (2a + 1) ! (26 + 3) ! (2c + 1) ! 

(s + 1) ! (s — 2c) (s — 26) ! (2a — 3) ! (26 — 2) ! (2c — 2) ! 
■«fc (6 3a + 3c + x; ĵ  2 # 5 ( s __ 2 ) j ( s _ 2 6 _ 2 ) j ( 2 a + 1 } , ( 2 6 + 2 ) , ( 2 c + t ) , 

• 3 (s + 1) ! (s — 2c) ! (s - 26) (s — 2a) (2a - 3) 1 (26 — 3) 1 (2c - 2) 
2 . 5 (5 — 3) ! (s — 2c — 2) ! (2a + 1) ! (26 + 1) ! (2c + 1) ! 

Table 10.6. 

a -\-X & + f1 c -f- v 
a b c 

5/2 3/2 1 

T 

v = l 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

-j" 
[• ]'* 

(56-

r (s + 6) 1 (s — 2c + 3) ! (s — 26 + 2) 1 (2a) ! (26) 1 (2c) 1 
L 2 • 3 (s + 1) I (s - 2c) ! (s - 26) ! (2a + 6) ! (26 + 4) ! (2c + 3) I 
(S ^- 5) j (S — 2c + 2) ! (s — 26 + 3) 1 (s — 2a) (2a) ! (26 — 1) 1 (2c) ! 

2(s + l) ! (s — 2c) ! (s —26) ! (2a + 6) ! (26 + 3) ! (2c + 3) ! 
f (s + 4) ! (s — 2c +1) (s — 26 + 4) ! (s - 2a) i (2a) ! (26 — 2) ! (2c) 117, 
L 2(54-1)1(5 — 26)! (s — 2a — 2)! (2a + 6) 1(26 + 2) !(2c + 3)! J 

f (s + 3) ! (s — 26 + 5) ! (s - 2a) ! (2a) 1 (26 — 3) 1 (2c) ! 7/» 
L 2 • 3 (s + 1) ! (s — 26) ! (s — 2a — 3) ! (2a + 6) ! (26 + 1) ! (2c + 3) ! J 

( 5 + 5 ) j (S - 2c + 2) ! (s - 2 6 + 1) (s — 2a + 1) (2a — 1) 1 (26) 1 (2c) ■*>F !]* 
{2a(3a — b — 3c) + b(s — 2c) (s — 2a 

2 - 3 - 5 ( s + l) ! (s —2c) ! (2a + 5) ! (26 + 4) ! (2c + 3) ! 
(g + 4)l(g — 2c+l ) (5 — 26 + 2)! (2a —1)1(26 —1)1 (2c) 1 7 
2 • 5 (s + 1) ! (s — 26) ! (2a + 5) 1 (26 + 3) 1 (2c + 3) 1 J 

r (S + 3) !.(f — 26 + 3)! (s — 2a) (2a —1) 1(26—2)! (2c) 1 

+D)[J 7. -l)!(2c)l 

{2a(3a + 6 - 3 c + l ) + 5 ( 5 - 2 c ) ( 5 - 2 a + l ) } L 2 > 5 ( s + 1 ) U 5 _ 2 6 ) ! ( 2 a + 5 ) 1 ( 2 6 + 2 ) ! ( 2 c + 3 ) 1 J 

(a + 56 + 5 c + 5 ) 

X 

(5 + 2) (s — 2c) (5 - 2 6 + 4) 1 (s - 2a) 1 (2a — 1) 1 (26 - 3) 1 (2c) 1 
2 . 3 • 5 (s — 26) 1 (s — 2a — 2) ! (2a + 5) ! (26 + 1) ! (2c + 3) ! 

{(2c — 26 - 1) (a — 26 + 2c) - (s - 2c) (s — 26 + 1)} X 
(S + 4) 1 (s - 2c + 1) (s-2a + 2) 1 (2a — 2) ! (26) ! (2c)_l 7/* 

r 
ij. 3 -5 (s + 1) 1 (5 — 2a) ! (2a + 4) ! (26 + 4) ! (2c + 3) 1 

{a (2a — 1) (3c — 3a — 6) — 4(5 — 2c) (S — 2a + 1) (2a — 1) + (s — 2c - 1) (s — 2c) (56 + 5c — a + 8)} X 
' (5 + 3) 1 (5 — 26 + 1) (5 - 2a + 1) (2a - 2) 1 (26 - 1) 1 (2c) 

X ij. 5 (5 + 1) ! (2a + 4) ! (26 + 3) ! (2c + 3) ! 
— {a (2a — 1) (3c — 3a + 6 + 1) — 4 (s — 2c) (s — 2a + 1) (2a — 1) + (s — 2a + 1) (5 — 2a + 2) X 

• (s + 2) (5 - 2c) (5 — 26 + 2) ! (2a - 2) 1 (26 - 2) ! (2c) ! 
X (5c — 56 — a + 3))p 

X 

5 (5 — 26) ! (2a + 4) ! (26 + 2) 1 (2c + 3) ! 
{(2c + 26 + 1) (a + 26 + 2c + 2) + (s + 2) (s — 2a + 1)} X 
(5 — 2c) 1 (5 — 26 + 3) ! (5 - 2a) (2a — 2) 1 (26 — 3) 1 (2c) 1 
3 .5 (5 — 2c — 2) \ (5 — 26) ! (2a + 4) ! (26 + 1) ! (2c + 3) 

T 
r? 



378 Quantum Theory of Angular Momentum 

Table 10.6. (Cont.) 

X 

1/2 

1/2 

1/2 

1/2 

3/2 

3/2 

3/2 

■3/2 

5/2 

•5/2 

5/2 

-5/2 

V-

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

v = l 

26 - 1) (2c — 26 — a - 1) - (s — 2c) (s - 26 + 1)} X 
- 3) 1 (s — 26) (5 — 2 a + 3) l(2a — 3 ) 1(26) ! (2c) 1 

- { ( 2 c 
r (s + 3) 1 (s - 26) (s — 2a + 3) 1 (2a - 3) 1 (26) ! (2c) 1 7/, 

X [ 3 • 5 (s + 1) ! (s - 2a) ! (2a + 3) I (26 + 4) ! (2c + 3) ! J 
{(a + 1) (2a + 1) (3c + 3a - 6 + 3) - 4 (s + 2) (s - 26 + 1) (2a + 1) + (s - 26 + 1) (s - 26 + 2) X 

v/**_]_«; -1. -L n u f (^+ 2) (̂  - 2c) ( ^ - 2 a + 2)1 (2a-3) 1(26-1)1 (2c) 17/, 
x [00 -j- DC + a -f a; ̂  5 (5 - 2a) I (2a + 3) 1 (26 + 3) 1 (2c + 3) ! J 

{(a + l)(2a + l)(3c + 3a + 6 + 4)-4(* + 2)(5-26 + l)(2a+i) + (5 + 2)(5 + 3)X 
r (s — 2c) 1 (s — 26 + 1) [s — 2a + 1) (2a — 3) ! (26 — 2) ! (2c) ! 

X (oc + a - 56 + 4)} [̂  5 (5 - 2c - 2) 1 (2a + 3) ! (26 + 2) I (2c + 3) ! 
{(2c + 26 + 1) (26 - a + 2c + 1) + (s + 2) (5 - 2a + 1)} X 
r (S + 1) (5 - 2c) 1 (s - 26 + 2) 1 (2a — 3) 1 (26 - 3) 1 (2c) 1 TV, 

X L3 • 5 (s — 2c — 3) ! (s — 26) 1 (2a + 3) 1 (26 + 1) 1 (2c + 3) 1 J 

if 

(56 + a-5c+l)[±Tf: 
3 • 5 (s — 2c — 3) ! (s — 26) 1 (2a + 3) 1 (26 + 1) 1 (2c + 3) 1 

(s + 2) (s - 2c) (s — 26) 1 ($ — 2 a + 4)1 (2a —4)1(26) 1 (2c) 1 

:[: 

5 (s - 26 — 2) 1 (s — 2a) 1 (2a + 2) 1 (26 + 4) I (2c + 3) 1 
- {(2a + 2) (3a + 6 + 3c + 3) — 5 (s + 2) (s - 26 + 1)} X 
(s — 2c) \ (s — 26) (s — 2a + 3) I (?a — 4) 1 (26 — 1) 1 (2c) 1 
2 . 5 (s — 2c — 2) I (s — 2a) I (2a + 2) 1 (26 + 3) 1 (2c + 3) 1 
{(2a + 2) (3a - 6 + 3c + 2) - 5 (s + 2) (s — 26 + 1)} X 

r 

(56 + 5C _ a + 
a 
4 

s + 1) (s - 2c) 1 (s - 2a + 2) 1 (2a - 4) 1 (26 — 2) 1 (2c) 1 
5 (s - 2c - 3) ! (s — 2a) 1 (2a + 2) 1 (26 + 2) 1 (2c + 3) 1 
(S + j) ! (S _ 2c) 1 (5 - 26 + 1) (5 — 2a + 1) (2a - 4) 1 (26 — 3) 1 (2c) 1 

2.3.5(s — l) l(s — 2c — 4)1 (2a + 2) 1(26+1) I (2c+3) I 
(s — 2c) 1 (s — 26) 1 (s — 2a + 5) 1 (2a - 5) 1 (26) 1 (2c) 1 

]'■ 
r (s — 2c) 1 (s — 26) 1 (s — 2a + 5) 1 (2a - 5) 1 (26) 1 (2c) 1 7/» 
L 2 . 3 (s — 2c — 2) ! (s — 26 — 3) 1 (s — 2a) 1 (2a + 1) 1 (26 + 4) 1 (2c + 3) ! J 

(s + 1) (s - 2c) 1 (s - 26) 1 (s - 2a + 4) 1 (2a — 5) 1 (26 - 1) 1 (2c) 1 [ 2 (s - 2c - 3) 1 (s - 26 — 2) 1 (s - 2a) 1 (2a + 1) 1 (26 + 3) 1 (2c + 3) 1 
(s + 1)1(5- 2c) 1 (s - 26) (s — 2a + 3) 1 (2a - 5) 1 (26 - 2) 1 (2c) ! 

~ L 2(5 
[■ 

1) 1 (5 - 2c - 4) 1 (5 - 2a) I (2a + 1) 1 (26 + 2) 1 (2c + 
(5 + 1) 1 (5 - 2c) ! (5 - 2a + 2) I (2a — 5) 1 (26 - 3) 1 (2c) 1 

2 . 3 (s — 2) 1 (5 — 2c — 5) 1 (5 — 2a) 1 (2a + 1) 1 (26 + 1) 1 (2c + 3) I 

2c) 1 II, 
3)! J 

>. 

5/2 

5/2 

5/2 

5/2 

3/2 

3/2 

3/2 

H- 1 
3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

v = 0 

r (5 + 5) 1 (5 — 2c + 4) 1 (5 - 26 + 1) (5 — 2a) (2a) 1 (26) 1 (2c — 1) 1 17, 
L 3 (5 + 1) l (5 — 2c) 1 (2a + 6) 1 (26 + 4) 1 (2c + 2) i J 

__ I" (s -f- 4) 1 (5 — 2c + 3) 1 (5 - 26 + 2) 1 (5 — 2a) 1 (2a) 1 (26 — 1) H(2c - 1) 1 7/« 
~~ L (s + i) ! (s — 2c) ! (5 — 26) 1 (5 — 2a — 2) 1 (2a + 6) 1 (26 + 3) 1 (2c + 2) 1 J 

r (5 + 3) 1 (5 - 2c + 2) 1 (5 — 26 + 3) 1 (5 - 2a) 1 (2a) 1 (26 — 2) 1 (2c — 1) 1 7/« 
~~ L (s + 1) 1 (* — 2c) 1 (5 - 26) 1 (5 — 2a — 3) 1 (2a + 6) 1 (26 + 2) 1 (2c + 2) 1 J 

' (5 + 2) (5 — 2c + 1) (5 — 26 + 4) 1 (5 — 2a) 1 (2a) 1 (26 — 3) 1 (2c — 1) 1 ■[-' 3 (5 — 26) 1 (5 — 2a — 4) 1 (2a + 6) 1 (26 + 1) 1 (2c + 2) 1 J 
(9 th n\i*n ^hJL^\^i. 9fcW „, , n,[ (° + VH* ~ 2c + 3)\ (2a - i)\ (2b)\ (2c - t)\ 7U {2(6-a)(3a-56 + 5c) + 5(5-26)(5-26 + l)}L3.5(s + 1 ) ! ( ^ 2 c ) U 2 a + 5 ) | ( 2 6 + 4 ) ! ( 2 t f + 2 ) ! J 

{3 (5 - 26) (5 — 2a - 1) - 2 (5 + 4) (5 - 2c) + 2a (2a + 5)} X 
(5 + 3) ! (5 - 2c + 2) 1 (5 — 26 + 1) (5 -

X 

X 

-2a) (2a — 1)1(26 — 1)1 (2c — 1)1 
5 (5 + 1) ! (5 — 2c) I (2a + 5) 1 (26 + 3) I (2c + 2) 1 

{ - 3 (5 + 1) (5 - 2c + 2) + 2 (5 — 26 + 3) (5 — 2a + 1 ) + 2a (2a + 5)} X 
' (5 + 2) (5 — 2c + 1) (5 — 26 + 2) 1 (5 — 2a) 1 (2a — 1) 1 (26 — 2) 1 (2c — 1) 1 

5 (5 — 26) 1 (5 - 2a — 2) ! (2a + 5) ! (26 + 2) 1 (2c + 2) 1 

J" 
l" 



9j and 12j Symbols 379 

Table 10.6. {Cont.) 

- 3 / 2 

3/2 

1/2 

- 1 / 2 

- 3 / 2 

3/2 

1/2 

- 1 / 2 

—3/2 

3/2 

1/2 

- 1 / 2 

-3 /2 

3/2 

1/2 

- 1 / 2 

—3/2 

{ - 2 (a + 6 + 1) (3a + 56 + 5c + 5) + 5 (s + 1) (s + 2)} X 
(s — 26 + 3) ! (s — 2a) ! (2a — 1) ! (26 - 3) ! (2c - 1) ! 

{( s + 3) (s - 2c) 

X L 3 • 5 (s 
(4(* + 4)(s 
( * + 3 ) ! ( s -

- 26) ! (s — la - 3) ! {2a + 5) ! (26 + 1) ! (2c + 2) ! 
- 2c) — 6 (s — 26 — 1) (s — 2a) - 6 (2a - 1) (a + 2)} X 
2c + 2) ! (s — 26) (s — 2a + 1) (2a — 2) ! (26) ! (2c — 1) ! ]'• 

a — 36 -X(3c 

{(s — 26 + 2) (s 

X (a — 36 + 3c + 2) (3c 

2 • 3 • 5 (s + 1) ! (s — 2c) ! (2a + 4) ! (26 + 4) ! (2c + 2) ! 
(s + 4) (5 - 2c — 1) + 2 (2a — 1) (a + 2)] — (s — 26) (s — 2a) (a + 36 + 3c + 5) X 

( 5 + 2) (5 — 2 c - f l ) (2a-Dip - 2 ) 1 ( 2 6 - 1 ) ! ( 2 c - l ) ! ]"■ 2-5 (2a + 4) ! (26 + 3) ! ( 2 c + 2 ) ! 
2a + 1) [(s _ 26 + 3) (5 — 2a + 2) + 2 (2a — 1) (a + 2)] — (s + 1) (s 

(s — 26 + 1) (s — 2a) (2a —2)! (26 — 2)! (2c-
•a + 36 + 2)} 

X 

2 • 5 (2a + 4) ! (26 + 2) ! (2c + 2) ! 
{4 (s — 26 + 3) (s — 2a + 1) - 6s (5 — 2c + 1) + 6 (2a — 1) (a + 2)} X 
(s + 1) (s — 2c) (s - 26 + 2) ! (s - 2a) ! (2a - 2) ! (26 - 3) ! (2c - 1) 1 "\l, 

5 (s — 26) ! (s — 2a — 2) ! (2a + 4) ! (26 + 1) ! (2c + 2) ! J 

- 2 c + l ) X 
i l l]7 2 

J 

2-3 
{4 (s - 26 + 1) (s — 2a + 3) — 6 (s + 1) (5 — 2c + 2) + 6 (2a + 3) (a — 1)} X 

r ( s + 2)(s — 2c + l ) ( s - 2 6 ) ! (s — 2a + 2) ! (2a - 3) ! (26) ! (2c —1) 
2 - 3 - 5 (s 

{ ( 5 _ 2 a + 2)(5 — 26 + l)[(s 

X (— a + 36 + 3c + 4) (a — 36 + 3c)} f" 

{(, + 2 ) ( * - 2 c - l ) [ - ( * + 3)(«-

■]"■ 26 — 2) ! (s — 2a) ! (2a + 3) ! (26 + 4) ! (2c + 2) ! 
. 2a + 3) (s — 26 + 2) + 2 (2a + 3) (a — 1)] — (s — 2c + 1) (5 + 1) X 

(s - 26) (s — 2a + 1) (2a - 3) ! (26 — 1) ! (2c — 1) ! lit 

X (3c — a — 36 + 1) (3c + a + 36 + 

■2c-

3)}[" 

2 • 5 (2a + 3) ! (26 + 3) ! (2c + 2) ! 
- 2) + 2 (2a + 3) (a — 1)] — (s — 2b) (s -
(s + 1) (s — 2c) (2a — 3) ! (26 — 2) ! (2c 

2a\X 
- 1 ) ! 

2 • 5 (2a + 3) ! (26 + 2) ! (2c + 2) ! 
— {4 (s + 2) (s — 2c — 2) — 6 (s — 26) (5 — 2a — 1) - 6 (2a + 3) (a — 1)} X 

(s + 1) ! (s — 2c) \(s — 2b-j-l)(s — 2a) (2a — 3) ! (26 — 3) ! (2c — 1) ! 

J'1 

X 

X 

2 • 3 • 5 (s — 1) ! (s — 2c — 2) ! (2a + 3) ! (26 + 1) ! (2c + 2) ! 
{2 (a + 6 + 1) (5c + 56 + 3a + 8) - 5 (s + 1) (s + 2)} X 

(s — 26) ! (s — 2a + 3) ! (2a — 4) ! (26) ! (2c 

}" 
•1>! 

2)! J 

x"[-

3 . 5 (s — 2b — 3) ! (s — 2a) \ (2a + 2) ! (26 + 4) ! (2c + 
{ _ 35 (5 _ 2c + 1) + 2 (s — 26 + 1) (5 — 2a + 3) + 2 (a + 1) (2a — 3)} X 

(s + 1) (s — 2c) (s — 26) 1 (s — 2a + 2) ! (2a - 4) ! (26 — 1) ! (2c —1) ! 
5 ( 5 -

{ 3 ( 5 _ 2 6 -
(* + !)!(*-

- 2 6 -
l ) ( s -

-2c) ! 

r 2) ! (s — 2a) ! (2a + 2) ! (26 + 3) ! (2c + 2) ! 
- 2a) — 2 (£ + 2) (s — 2c — 2) + 2 (a + 1) (2a — 3)} X 
s^~- 2b) (s — 2a + 1) (2a — 4) ! (26 — 2) ! (2c — 1) 1 "l1/* 

5 (5 — 1) ! (5 — 2c — 2) ! (2a + 2) ! (26 + 2) ! (2c + 2) ! 
{2 (a — 6) (56 — 3a + 5c + 2) + 5 (s - 2a) (s — 2a + 1)} X 

4) !(26 —3) ! (2c —1) ! 
X L 3 - 5 ( 5 

(5 + l) !(<> — 2c) ! (2a- rj" - 2) ! (s — 2c — 3) ! (2a + 2) ! (26 + 1) ! (2c + 2) 
• 2c) (s — 2b) 1 (s — 2a + 4) 1 (2a - 5) 1 (26) ! (2c — 1) ! 

IT, 

[-

3 (s — 26 — 4) ! (s — 2a) ! (2a + 1) ! (26 + 4) ! (2c + 2) ! 
(s + 1) ! (s — 2c) ! (s — 26) ! (s — 2a 4- 3) ! (2a - 5 ) 1 ( 2 6 - 1 ) ! (2c -

]"■ 
■1)1 

- 1) ! (s — 2c — 2) I (s — 2b — 3) ! (s - 2a) ! (2a + 1) ! (26 + 3) ! (2c + 2) ! 
(s + 1) ! ( s - 2 c ) ! ( s - 2 6 ) ! (s - 2a + 2) ! (2a - 5) ! (26 — 2)1 (2c —1)1 

s - 2) 1 (5 — 2c — 3) 1 (s — 2b — 2) 1 (5 — 2a) 1 (2a + 1) 1 (26 + 2) 1 (2c + 2) ! 
(s + l) 1 (s — 2c) 1 (s — 26) 1 (s — 2a + 1) (2a - 5) ! ( 2 6 - 3 ) 1 (2c —1)1 

r 
3 (s — 3) 1 (s — 2c — 4) ! (2a -f- 1) ! (26 + 1) ! (2c + 2) ! r 



Quantum Theory of Angular Momentum 

Table 10.6. (Cont) 

v = —1 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

3/2 

1/2 

-1/2 

-3/2 

f (s + 4) 1 (s — 2c + 5) 1 (s — 2a) 1 (2a) 1 (26) 1 (2c — 2) ! 7/« 
L 2 • 3 (s + 1) ! (s - 2c) ! (s - 2a - 2) ! (2a + 6) ! (26 + 4) ! (2c +.1) ! J 

f (s + 3) 1 (s - 2c + 4) 1 (s - 26 + 1) (s - 2a) 1 (2a) 1 (26 - 1) I (2c - 2) 1 7/t 
L 2 (s + 1) ! (s - 2c)! (s - 2a - 3) I (2a + 6) I (26 + 3) ! (2c + 1) I J 

(s -j- 2) (s - 2c + 3) 1 (s — 26 + 2) 1 (s — 2a) 1 (2a) 1 (26 - 2) I (2c — 2) 1 [ 
L 2 • 3 (s -

— (5b — a-f-Sc + 3)[ 

2 (s - 2c) ! (s - 26) ! (s — 2a — 4) I (2a + 6) ! (26 + 2) ! (2c + 1) ! 
(5 - 2c + 2) 1 (s — 26 + 3) 1 (s — 2a) 1 (2a) 1 (26 - 3) 1 (2c — 2) 1 

]" 
-]" 2c) ! (s - 26) ! (s - 2a — 5) I (2a + b) ! (26 4- 1) ! (2c + 1) ! 

(S + 3) j (S — 2c + 4) 1 (s - 26) (s — 2a) (2a — 1) 1 (26) 1 (2c — 2) 1 7/, 
2-3 5 (s + 1) ! (s — 2c) ! (2a + 5) ! (26 + 4) ! (2c + 1) ! 

(j 4- 2) (s - 2c -f 3) 1 (s - 2a) 1 (2a — 1) 1 (26 — 1) 1 (2c - 2) 1 7/» 
2 .5 (s — 2c) ! (s — 2a - 2) ! (2a + 5 ) I (26 + 3) ! (2c + 1 ) I J 

{*(3a + * + 3c + 4) -5( t + l)(*-26)>L2.5(^ 

{2a(3a—6+3c+3) —5($ + l)($ -26)}[ 

r(* + l ) ( * - 2 c + l ) ( 5 - 2 6 + 2 ) l ( * - 2 a ) l ( 2 a - l ) l ( 2 6 - 3 ) l ( 2 c - 2 ) l 
-pc-a-56) L 2 . 3 . 5 ( * - 2 6 ) l ( * - 2 a - 4 ) l ( 2 a + 5)l(26 + l ) ! (2c + l ) l 

{ ( 26 + 2c + 3 ) ( 2 6 - a + 2c + 2) + (f + l ) ( * - 2 a ) } X 
T(f + 2) (8 — 2c + 3) 1 (s — 26) 1 (2a - 2 ) 1 (26) 1 (2c —2) 1 T/» 

X L 3 . 5 ( s — 2c) ! ( i - 2 6 - 2 ) 1 (2a + 4)I(26 + 4)!(2c + 1)1 J 
{a (2a - 1) (3a + 6 + 3c + 3) - 4 (s +1) (s - 26) (2a - 1) - * (5 + 1) (56 — 5 c - a + 3)} X 

"J* — 2c + 2) 1 (s — 26) (* — 2a) (2a — 2)1 (26 — 1) 1 (2c — 2) 1 "T/t 

r 

x[J 5 (s — 2c) ! (2a + 4) ! (26 + 3) ! (2a + 1 ) ! 
{a (2a — 1) (3a — 6 + 3c + 2) — 4 (* + 1) (s — 26) (2a — 1) + (s — 26 - 1) (s — 26) (56 + 5c + a + 2)} X 

[ (s + 1) (s — 2c + 1) (̂  — 2a) 1 (2a — 2) 1 (26 - 2) 1 (2c — 2) 1 7/« 
X [ 5(f — 2a —2) !(2a + 4) ! (26 + 2) ! (2c + l) ! J 

{(2c — 26 + 1) (2c — a — 26) - (s — 26) (s - 2c + 1)} X 
[" (s + 1) 1 (s - 26 + 1) (s - 2a) 1 (2a - 2) 1 (26 - 3) 1 (2c - 2) I 7/» 

X L 3 • 5 (s — 1) I (s — 2a — 3) ! (2a + 4) ! (26 + 1) ! (2c + 1) I J 

- < ( 2 6 + 2c + 3)(a + 26 + 2c + 3) + (s + l ) ( s - 2 a ) } X 
r (s — 2c + 2) 1 (s — 26) 1 (s — 2a + 1) (2a — 3) 1 (26) 1 (2c — 2) 1 7/» 

X L 3 • 5 (s — 2c) ! (s - 26 - 3) ! (2a + 3) ! (26 + 4) ! (2c + 1) I J 
- {(a + 1) (2a + 1) (6 - 3a + 3c) - 4 (* - 2c + 1) (s - 2a) (2a + 1) - (s - 2a — 1) (s - 2a) X 

ssm r ^ . , . , r ( * + l)(> —2c + l ) C —26) l (2a -3 ) l (2 f r — l ) l ( 2 e —2)17 / . 
x p0 _ J C + a + 4 , ; ^ 5 (5 - 26 - 2) I (2a + 3) I (26 + 3) ! (2c + 1) ! J 

— {(a + 1) (2a + 1) (3c - 6 - 3a — 1) — 4 (s — 2c + 1) (* - 2a) (2a + 1) — (s — 2c + 1) (* — 2c + 2) X 
v / . . . ^ , r ( ^ + l ) U ^ - 2 6 ) ( . - 2 a ) ( 2 a - 3 ) l ( 2 6 - 2 ) l ( 2 c ~ 2 ) l 7 / , 
x {a - oo - DC - l)) ^ 5 (s - 1) ! (2a + 3) ! (26 + 2) ! (2c + 1) I J 

{(2c - 26 + 1) (a — 26 + 2c + 1) - (s — 2c + 1) (s — 26)} X 
' (s + 1) 1 (s — 2c) (s — 2a) 1 (2a — 3) 1 (26 — 3) \J2c — 2) I r (5 + 1) 1 (s — 2c) (s — 2a) 1 (2a — 3) 1 (26 — 3) 1 (2c — 2) 1 7/, 

X L 3 • 5 (s — 2) ! (« — 2a — 2) I (2a + 3) ! (26 + 1) ! (2c + 1) I J 
(s + 1) (5 - 2c + 1 ) (5 ~ 26) 1 (s - 2a + 2) 1 (2a - 4) 1 (26) 1 (2c - 2) I 7/, 

(56 + a + 5c + 6)^ ' 2 ' . 3 • 5 (# - 26 - 4) ! (s - 2a) ! (2a + 2) ! (26 + 4) i (2c + 1) 1 
-{2(a + 1) (3a + 6 - 3c) + 5 (s - 2c + 1) (s - 2a)) X 

p (s + 1) 1 (s - 26) 1 (s - 2a + 1) (2a - 4) 1 (26 - 1) 1 (2c - 2) 1 7/» 
X [ 2 • 5 (s - 1) I (s — 26 - 3) ! (2a + 2) ! (26 + 3) ! (2c + 1) ! J 

{2 (a + 1) (3a - 6 - 3c - 1) + 5 (s - 2c + 1) (s - 2a)} X 
' (s -f-1) 1 (s - 2c) (s _ 26) 1 (2a - 4) 1 (26 - 2) 1 (2c — 2) 1 7/» 

. 5 (s - 2) I (s - 26 - 2) ! (2a + 2) I (26 + 2) I (2c + 1) ! J 
(s + 1) 1 (s - 2c) 1 (s - 26) (s - 2a) (2a - 4) 1 (26 - 3) 1 (2c - 2) 1 

2 .3 .5 (s — 3) ! (s - 2c — 2) ! (2a + 2) I (26 + 1) ! (2c + 1) ! (a-56+5c + l)[- -j-
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3/2 

1/2 

- 1 / 2 

—3/2 

r c + i)' 
— L2-3(« —1) ! 

[ 
\(s—2b) 1 ( 5 - 2 a + 3) ! (2a - 5) ! (26) ! (2c — 2) ! 

(* + !)!(*■ 2c) (s ■ 

26 — 5) ! (s — 2a) ! (2a + 1) ! (26 + 4) ! (2c + 1) ! 
- 26) ! (s - 2a + 2) ! (2a - 5) ! (26 - 1) ! (2c - 2) 1 

2(s — 2) ! (s — 26-
(5 + 1) \(s — 2c) ! (s-

- 4) ! (5 — 2a) ! (2a + 1) ! (26 + 3) ! (2c + 1) I 
- 26) ! (s - 2a + 1) (2a - 5) ! (26 - 2) ! (2c — 2) ! 

I 2 (s - 3) ! (s - 2c - 2) ! (s - 2b - 3) ! (2a + 1) ! (26 + 2) ! (2c + 1) ! 
(s + 1) ! (s - 2c) ! (s - 26) ! (2a - 5) ! (26 - 3) ! (2c - 2) I 

.2 -3(5 — 4) ! (s — 2c — 3) ! (5 — 26 — 2)! (2a + 1) ! (26 + 1) ! ( 2 c + l ) ! 

Table 10.7. 
a + X 6 + [x c + v 

a 6 c 
V 1 1 0 ) 

J" 

; = 0 

1 

0 

—1 

1 

0 

—1 

1 

0 

—1 

(5 + 2) (5 + 3) (5 — 2c + 1) (s — 2c + 2) 
L 3 (2a + 1) (2a + 2) (2a + 3) (26 + 1) (26 + 2) (26 + 3) (2c + 

2 (5 + 2) (5 - 2c + 1) (g — 26 + 1) (5 — 2a) 
3 (2a + 1) (2a + 2) (2a + 3) 26 (26 4-1) (26 + 2) (2c + 1) 

(s — 26 + 1) (5 — 26 + 2) (5 — 2a — 1) (s — 2a) 
3 (2o + 1) (2a + 2) (2a + 3) (2b — 1) 26 (26 + 1) (2c + 

2 (s + 2) (s — 2c + 1) (s — 26) (s — 2a + 1) 
1)J 

-[' 3 . 2a (2a + 1) (2a + 2) (26 + 1) (26 + 2) (26 + 3) (2c + 1) 
2Z 

[3 • 2a (2a + 1) (2a + 2) 26 (26 + 1) (26 + 2) (2c + l)?** 
2(5 + l)(5 —2c)(5 —26 + l)(5 —2a) Jh 

_ 3 • 2a (2a + 1) (26 + 2) (26 — 1) 26 (26 + 1) (2c + 1) 
(5 — 26 — 1) (5 — 26) (s-2a + 1) (s - 2a + 2) 

•]" 

3 (2a- 1) 2a (2a + 1) (26 + 1) (26 + 2) (26 + 3) (2c + 
2 (5 + 1) (5 — 2c) (5 - 26) (5 - 2a 4- 1) 

3 (2a — 1) 2a (2a + 1) 26 (26 + 1) (26 + 2) (2c + 1) 
5 ( 5 + 1 ) (5 — 2C— 1)(5 — 2C) 

ir]6 

L 3 (2a — 1) 2a (2a + 1) (26 — 1) 26 (26 + 1) (2c + 

Table 10.8. 
( a + X 6 + p. c + v 
\ a b c 
| 2 2 0 

v = 0 

2 

1 

0 

-1 

(5 + 5) ! (5 - 2c + 4) ! (2a) ! (26) ! rnT 
I" 

L 5 (5 + 1) ! (5 — 2c) ! (2a + 5) ! (26 + 5) ! (2c + 
T (5 + 4) ! (5 — 2c + 3) 1 (5 — 26 + 1) (5 - 2a) (2a) 1 (26 - 1) ! 
L 5(5 + 1) ! (5 —2c) ! (2a + 5) ! (26 + 4) ! (2c + l) 

6 (5 + 3) ! (5 - 2c + 2) ! (5 - 26 + 2) 1 (5 - 2a) ! (2a) 1 (26 — 2) ! 
.5(5 + 1) ! ( 5 - 2 c ) ! (5 — 26) K(5 —2a —2) ! (2a + 5) ! (26 + 3) ! (2c + 

f (5 + 2) (5 — 2c + 1) (5 — 26 + 3) 1 (5 — 2a) ! (2a) 1 (26 — 3) 1 
2 [ 5 ( 5 - 2 6 ) ! ( 5 - 2 a —3) ! (2a + 5) ! (26 + 2) ! (2e + l) T 

V? 
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Table 10.8. {Cont.) 

2 

0 

0 

0 

0 

0 

2 

-2 

-2 

-2 

■2 

—2 

2 

1 

0 

- 1 

—2 

2 

1 

0 

—1 

- 2 

2 

1 

0 

—1 

—2 

2 

1 

0 

—1 

- 2 

[ b ( s -
(s - 26 + 4) ! (s — 2a) 1 (2a) I (26 — 4) I * ] * 26) ! (5 — 2a — 4) ! (2a + 5) ! (26 + 1 ) I (2c + : 

{s + 4) ! (s - 2c -f- 3) ! (s — 26) ( 5 - 2 a + l)(2a - 1) ! (26) ! JU 

4 { Z - a 6 } [ " 

2{Z + a } [ 

5(5 + 1) ! (s — 2c) ! ( 2 a + 4) 1(26 + 5) !(2c + i) 

(s + 3) ! (s - 2c + 2) ( (2a - 1) 1 (26 — 1) ! 
5 (s + 1) ! (5 — 2c) ! (2a + 4) ! (26 + 4) ! (2c + : 

6 (s + 2) (s - 2c + 1) (? - 26 + 1) (s - 2a) (2a — 1) 1 (26 - 2) 1 7/, 
5 ( 2 a + 4) ! (26 + 3) l(2c + l) 

r (S _ 2b + 2) 1 (s — 2a) 1 (2a - 1) 1 (26 - 3) ! 7/» 
4 {Z + a (6 + 1)} [̂  5 (5 __ 2b) l (s _ 2a _ 2) j (2a + 4) ( (26 + 2) , (2c + ^ J 

-[■ (5 + 1) (5 - 2c) (5 - 26 + 3) ! (̂  - 2a) 1 (2a • 
(26 + 2) ! (2c + 

1)! (26 — 4) !7 / , 1 
[■ 

5 (5 — 26) ! (s — 2a — 3) ! (2a + 4) ! (26 + 1) I (2c + 1) 

6 (s + 3) ! (s - 2c + 2) ! (s — 26) ! (s — 2a + 2) ! (2a — 2) ! (26)1 7/« 
26 - 2) ! (s — 2a) ! (2a + 3) 1 (26 + 5) 1 (2c + 1) 

. 2c + 1) (s — 26) (s - 2a + 1) (2a - 2) 1 (26 - 1) I 
]" 

[• 

5(5 + 1)1(5 — 2c) ! (s-
r 6 (s + 2) (s 

- 2 {Z + 6} L 5(2a + 3)l(26 + 4)l(2c + l) 
T (2a — 2 ) ! (26 — 2) I 7/1 

2 { 3 Z ( Z - l ) - 4 a ( a + l )6 (6 + l ) } [ 5 ( 2 ; + 3 ) 1 / 2 ; + 3 ) | (
J

2 c + 1 ) j 

j" 6 (s + 1) (5 _ 2 c ) (5 - 26 + 1) (5 - 2a) (2a- 2) 1 ( 2 6 - 3)1 
z ( Z _ G _ 1} ^ 5 (2a + 3) ! (26 + 2) 1 (2c + 1) 

6 (s + 1) 1 (s - 2c) 1 (s — 26 + 2) 1 (5 — 2a) 1 (2a — 2) 1 (26 — 4) 1 
5 (s — 1) 1 (s — 2c — 2) ! (s — 2b) 1 (s — 2a — 2) I (2a + 3) 1 (26 + 1) I (2c + 1) 

(s + 2) (s — 2c + 1) (5 — 26) 1 (s - 2a + 3) 1 (2a — 3) 1 (26) 1 7/, 
5 (s — 26 — 3) ! (s — 2a) 1 (2a + 2) I (26 + 5) 1 (2c + 1) 

(s — 26) 1 (s — 2a + 2) 1 (2a - 3) 1 (26 - 1) 1 

J" 

I" 
f (s + 2) (s — 2c + 1) (5 — 26) 1 (s - 2a + 3) 1 (2a — 3) 1 (26) 1 7/, 
L 5 (5 — 26 — 3) ! (s — 2a) 1 (2a + 2) I (26 + 5) 1 (2c + 1) J 

L17 . i , n n r ( s - 2 6 ) l ( * - 2 a + 2 ) l ( 2 a - 3 ) l ( 2 6 - l ) l 7/. 
4 ^ + [a ~r *' ° ' L ^ (* - 26 - 2) 1 (5 - 2a) ! (2a + 2) ! (26 + 4) 1 (2c + 1) J 

r 6 ^ + l ) ( ^ - 2 c ) ( 5 - 2 6 ) ( 5 - 2 a + l ) ( 2 a - 3 ) l ( 2 6 ^ 2 ) 1 7 / , 
_ z ( Z _ a - 1) L 5 (2a + 2) 1 (26 + 3) 1 (2c + 1) J 

!)}[, 
5 ( 2 a + 2) 1(26 + 3) !(2c + l) 

(5 + 1) ! (5 — 2c) 1 (2a - 3) ! (26 — 3) 1 
4 {Z - (a + 1) (6 + x ; ; [_ 5 ( 5 _ *) I (, _ 2 c - 2 ) I (2a + 2) ! (26 + 2) 1 (2c + 

(5 + 1) 1 (5 - 2 c ) 1 (5 — 26 + 1) (5 - 2a) (2a - 3) 1 (26 — 4) ! 7/, 
wf 

V 

•■[ 

5 (S — 2) ! (5 — 2c — 3) ! (2a + 2) 1 (26 + 1) ! (2c + 1) 

(5 — 26) ! (5 - 2a + 4) ! (2a - 4) 1 (26) 1 

Lr 
wf m 5 (5 — 26 — 4) ! (5 — 2a) ! (2a + 1) ! (26 + 5) 1 (2c + 

(5 + 1) ( 5 - 2 c ) ( 5 - 2 6 ) 1 ( 5 - 2 a + 3) 1 (2a - 4) 1 (26 — 1) 1 7/, 
5 (5 - 26 — 3) ! (5 — 2a) ! (2a + 1) 1 (26 + 4) ! (2c + 1) 

6 (5 + 1) ! (s - 2c) ! (5 - 26) ! (5 - 2a + 2) 1 (2a - 4) ! (26 - 2) 1 
J" 

5 (5 - 1) I (5 - 2c - 2) ! (5 — 26 - 2) ! (5 — 2a) 1 (2a + 1) ! (26 + 3) 1 (2c + 1) 
(5 + 1) ! (5 - 2c) ! (5 - 26) (s — 2a + 1) (2a - 4) ! (26 — 3) ! 

•]" 
) f (5 + 1) ! (5 - 2c) ! (5 - 26) (s^2a + 1) (2a - 4) ! (26 - 3) ! 7/, 
L 5 (5 — 2) ! (5 — 2c — 3) 1 (2a + 1) 1 (26 + 2) ! (2c + 1) J 

r (5 + 1) 1 ( 5 - 2 c ) ! ( 2 a - 4 ) ! ( 2 6 - 4 ) ! 7/, 
L 5 (5 - 3) ! (5 - 2c - 4) ! (2a + 1) ! (26 + 1) ! (2c + 1) J 
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Table 10.9. 
a + X 6 + fjL c + v ] 

a 6 c \ 
1 1 1 J 

v = l 

1 

0 

—1 

1 

0 

—1 

1 

0 

—i 

■]"• (S -f 4) 1 (s — 2c + 1) (s — 2b + 1) (s — 2a + 1) (2a) 1 (26) ! (2c) 1 
3 (* + 1) ! (2a + 3) ! (26 + 3) ! (2c + 3) i 

f 2 (s + 3) ! (s - 26 + 2) ! (2a) I (26 - 1) ! (2c) 1 "17, 
(C

 a ) L 3 (5 -t-!) ! (s — 26) ! (2a + 3) ! (26 + 2) ! (2c + 3) ! J 
(s + 2) (s — 2c) (s — 26 + 3) 1 (s — 2a) (2a) 1 (26 — 2) ! (2c) ! 17* ■[■ 

(b 

3 (s - 26) ! (2a + 3) ! (26 + 1) ! (2c + 3) ! 
2 (s + 3) ! (s — 2a + 2 ) ! (2a - 1) ! (26) ! (2c) ! 

-I 
r]" 

2(c + l) 

c) L 3 (s + 1) ! (s — 2a)'! (2a + 2) T (26 + 3) ! (2c + 3) !. 
(s + 2) (s — 2c) (s-2b + 1) (s — 2a + 1) (2a — 1Q t (26 — 1) ! (2c) ! 7/, 

T 2(s 

-[■ 
r 2(s 

3 (2a + 2) ! (26 + 2) ! (2c + 3) ! 
•2c) ! (5 — 26 + 2) !(2a —1) ! (26-•2)1 (2c)! 

2c — 2)\(s — 26) ! (2a + 2) ! (26 + 1) ! (2c + 3) ! 
(s + 2) (s — 2c) (s — 26) (s — 2a + 3) ! (2a — 2) 1 (26) ! (2c) ! 

3 (s — 2a) ! (2a + 1) I (26 + 3) ! (2c + 3) ! 

■]" 

s _ 2c) 1 (s - 2a + 2) I (2a - 2) 1 (26 — 1) ! (2c) 1 

■]'■ 

r]" 
-[ 

2c - 2) ! (s — 2a) ! (2a + 1) ! (26 + 2) i (2c + 3) ! 
(S + l)(s — 2c) I (s — 26 + 1) (s — 2a + 1) (2a — 2) ! (26 — 2) 1 (2c) ! lit 

3 (s — 2c — 3) ! (2a + 1) ! (26 + 1) ! (2c + 3) ! J 

f* v = 0 

1 

0 

—i 

i 

0 

—1 

1 

0 

—1 

2 ( a + 1 ) 

■b)[: 2 (s + 3) i (g — 2c + 2) 1 (2a) 1 (26) ! (2c — 1) ! 
{°>-")\ 3 > + l)!(«"-
(s + 2)(s — 2c+l)(s-

2c) ! (2a + 3) ! (26 + 3) ! (2c + 2) ! J 
- 26 + 1) (s — 2a) (2a) ! (26 — 1) 1 (2c — 1) 1 ]'■ 

r 2 (s — 26 + 2) ! (s — 2a) ! (2a) 1 (26 - 2) 1 (2c — 1) ! lit 
( a + b + ^ L 3 (* - 26) ! (s — 2a — 2) \ (2a + 3) ! (26 + 1) ! (2c + 2) ! J 

(s +2) (s —2c + i) (s — 2b) (s — 2a+ i) (2a — i) ! (26) ! (2c — 1) ! lit 

3 (2a + 3) ! (26 + 2) ! (2c + 2) ! 
■ 26 + 2) ! (s — 2a) ! (2a) ! (26 - 2) ! (2c — 1) ! 

!(6 + i)[ 

(s + 1) (s -■[■ 

(a + 6+l)[: 

3 (2a + 2) ! (26 + 3) ! (2c + 2) ! 
0 

• 2c) (s — 26 + 1) (s — 2a) (2a — 1) ! (26 — 2) ! (2c — 1) ! 7/, 

]' 
3 ( 2 a + 2) 1(26 + 1) ! (2c + 2) ! 

2 (s — 26) ! (s — 2a + 2) ! (2a — 2) ! (26) ! (2c — 1) ! 

2a\ 

3(s — 2b — 2)\(s—2a)\ (2a + 1) ! (26 + 3) ! (2c + 
(s + 1) (s — 2c) (s — 26) (s — 2a + 1) (2a — 2) ! (26 — 1) ! (2c — 1) 1 

3 ( 2 a + l ) 1(26+ 2)! ( 2 c + 2) ! 
f 2 (s + 1) ! (s — 2c) 1 (2a - 2) ! (26 — 2) 1 (2c — 1) ! "J/, 

(b ~ a)[_3 (s — 1) \ (s — 2c — 2) \ (2a + 1) ! (26 + 1) ! (2c + 2) ! J 

2)! J 

V = = — 1 

1 

0 

—1 

1 

•[ (s + 2) (s — 2c + 3) ! (s — 26) (s — 2a) (2a) 1 (26) 1 (2c — 2) •I" 

-[■ 

3 (s — 2c) ! (2a + 3) ! (26 + 3) ! (2c + 1) i 
r 2 (s — 2c + 2) ! (s — 2a) 1 (2a) 1 (26 — 1) ! (2c — 2) ! lit 

(a + c + 1 ) L 3 ( s — 2c) \(s — 2a — 2) ! (2a + 3) 1(26 + 2) ! ( 2 c + i ) ! J 
(s + 1) (s — 2c + 1) (s — 2b + 1) (g — 2a) 1 (2a) ! (26 — 2) 1 (2c — 2) ! lit 

(6 + c + 

3 (5 — 2a — 3) ! (2a + 3) ! (26 + 1) ! (2c + 1) ! 
2c + 2) ! (s — 26) 1 (2a — 1) ! (26) 1 (2c -

]" 
r 2(s 2 ) ! 

2c) ! (s — 26 — 2) ! (2a + 2) ! (26 + 3) ! (2c + 
LLT* 
1)!J 
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0 

0 

—1 

—1 

—1 

0 

—1 

1 

0 

—1 

v = — 1 

2c 

-[■ 

2 a ) ( 2 a - l ) l ( 2 6 - l ) l ( 2 c - 2 ) l J" 
r 2 (s + 1) 1 (i - 2a) ! (2a — 1) 1 (26 — 2) 1 (2c ■ 

(c ~~ 6) L 3 (s - 1)! (f - 2a - 2) ! (2a + 2)! (26 -

(i + l ) ( < - 2 c + 1) (5 — 26) (5 
(2a+ 2) I (26+ 2) I (2c+ 1)1 

2) 1 7/, 
l)!(2c + i ) ! j 

(S + i) (s - 2c +1) (s - 26) 1 (s - 2a + 1) (2a - 2) 1 (26) I (2c - 2) 1 7/1 
3 (s — 26 — 3)! (2a + 1) ! (26 + 3) ! (2c + 1) I J 

f 2 (s + 1) 1 (5 — 26) 1 (2a — 2) 1 (26 — 1) 1 (2c — 2) 1 7/, 
<a"~ c) L 3 (s - 1) ! (s - 26 - 2) ! (2a + 1) ! (26 + 2) ! (2c + 1) ! J 
(S + j) ! (S - 2c) (s — 26) (s - 2a) (2a — 2) 1 (26 — 2) 1 (2c — 2) 1 7/1 

3 ( 5 - 2 ) ! (2a+l) ! (26+1) ! (2c + l) ! J 

v = i 

2 

2 

2 

1 

1 

1 

0 

0 

0 

—1 

—1 

—1 

- 2 

—2 

—2 

1 

0 

—1 

—1 

—1 

—1 

0 

1 —1 

r (5 + 5) 1 ( g - 2 c + 2) 1 ( 5 - 2 6 + 2) 1 (2a) 1 (26) 1 (2c) 1 7/, 
L 5 (5 + i) 1 (s — 2c) ! (s — 26) ! (2a + 5) ! (26 + 3)! (2c + 3) I J 

r 2(5 + 4 ) l ( 5 - 2 c + l ) ( 5 - 2 6 + 3 ) ! ( s - 2 a ) ( 2 a ) l ( 2 6 - l ) l ( 2 c ) l 7/, 
L 5 (s + 1) ! (s — 26) I (2a + 5) ! (26 + 2) ! (2c + 3) ! J 

(s + 3) 1 (s — 26 + 4) 1 (s — 2a) 1 (2a) 1 (26 — 2) 1 (2c) 1 7/, 
[ 5(5 -1) 1(5 — 26) 1(5 — 2a — 2) !(2a + 5) 1(26 + 1) !(2c + 3) ! _ 

v r(5 + 4 ) l ( s - 2 c + l ) ( s - 2 6 + l ) ( 5 - 2 a + l ) ( 2 a - l ) l ( 2 6 ) l ( 2 c ) l 7 / » 
- (b - c ) [ 5 (s + 1) ! (2a + 4) ! (26 + 3) I (2c + 3)! J 

P2 (s + 3 ) 1 ( s - 2 6 + 2) 1 ( 2 a - 1) 1 ( 2 6 - 1 ) 1 (2c) 1 7/, 
2 {6 (6 - c) + (a + 6 - c) (c + 1)} [ 5 (« + 1) ! (* - 2 6 ) I ( 2 a + 4) I (26 + 2) ! (2c + 3) I J 

„ p (« + 2) (s -2c) (s - 2 6 + 3) 1(5 - 2 a ) ( 2 a - 1)1 (26 - 2 ) 1 (2c) 1 7/, 
2(6 + c + l ) [ ^ 5(* —26) I ( 2 a + 4) ! (26+1) I ( 2 c + 3) ! J 

(5 + 3) 1 (5 — 2a + 2) 1 (2a — 2) 1 (26) 1 (2c) 1 7/, 
2 { 3 ( 6 - c ) 2 - a ( a + l ) } [ ^ 2 # 3 .$(s'+\) ! (5 - 2a) 1 (2a + 3) 1 (26 + 3) 1 (2c + 3) 1 

(5 + 2 ) ( 5 - 2 c ) ( 5 - 2 6 + l ) ( 5 - 2 a + l ) ( 2 a - 2 ) l ( 2 6 — l)l(2c)l 7/, 
2 { a ( a + l ) + 36(6 + l ) - 3 c ( c + 2 ) - 3 } [ ' 3-5 (2a + 3 ) I ( 2 6 + 2) ! (2c + 3 ) I 

f (5 - 2c) 1 (5 - 26 + 2) 1 (2a — 2) 1 (26 — 2) 1 (2c) 1 
2{3(6 + c + l) - " ( a H " 1 ) } [ 2 . 3 - 5 ( 5 - 2 c - 2 ) 1 ( 5 - 2 6 ) 1 ( 2 a + 3) 1(26+ 1)1 ( 2 c + 3) I 

(5 + 2) (s - 2c) (5 - 26) (5 - 2a + 3) 1 (2a - 3) 1 (26) 1 (2c) 1 7/» 
— 2 (6 — c) ^ ' 5 ( 5 - 2 a ) I (2a + 2) 1(26 + 3)1 ( 2 c + 3 ) i 

ofLu ^ i u . » n /.- 1 m f 2 <* ~ 2 c ) ! (' ~ 2 a + 2) 1 ( 2 a - 3 ) 1 ( 2 6 - 1 ) 1 (2«) 1 7/« 2 { 6 ( 6 - c ) - ( a - 6 + c + l ) (c + l ) } ^ 5 ( 5 _ 2 c _ 2 ) | ( 5 _ 2 a ) l ( 2 a + 2 ) | ( 2 6 + 2 ) j ( 2 c + 3 ) , J 

r(5 + l ) ( 5 - 2 c ) l ( s - 2 6 + l ) ( 5 - 2 a + l ) ( 2 a - 3 ) l ( 2 6 - 2 ) l ( 2 c ) 1 7 / . 
^ (6 + c + l ) ^ 5 ( , — 2 c - 3 ) ! ( 2 a + 2)l (26 + 1)1 (2c + 3)l J 

(5 — 2c) 1 (5 — 26) i (5 - 2a + 4) 1 (2a - 4) 1 (26) 1 (2c) 1 
(5 — 2c — 2) 1 (5 — 26 — 2) 1 (5 — 2a) I (2a + 1 ) 1 (26 + 3) I (2c + 3) I J 
2 (5 + 1) (5 - 2c) 1 (s - 26) (5 - 2a + 3) 1 (2a - 4) 1 (26 - 1) 1 (2c) 17/, 

5 (5 — 2c — 3) 1 (5 — 2a) 1 (2a + 1) ! (26 + 2) 1 (2c + 3) 1 J 
(5 + 1) 1 (5 — 2c) 1 (5 - 2a + 2) 1 (2a — 4) 1 (26 — 2) 1 (2c) 1 7/, 

5 (5 - 1) I (5 - 2c - 4) \ (5 — 2a) 1 (2a+ 1) 1 (26+1) 1 (2c + 3) I J 
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Table 10.10. (Cont.) 

1 

0 

-1 

1 

0 

-1 

1 

-1 

1 

0 

-1 

1 

0 

-1 

1 

0 

—1 

1 

0 

—1 

1 

0 

[-2 (s + 4) 1 (s - 2c + 3) 1 (s — 26 + 1) (s — 2a) (2a) 1 (26) ! (2c 
' L 5 (s + 1) ! (s - 2c) ! (2a + 5) ! (26 + 3) ! (2c + 2) ! 
• (5 + 3) 1 (g — 2c + 2) ! (s - 26 + 2) 1 (g - 2a) 1 (2a) ! (26 

J 
1) ! (2c —1) ! 

-[■ 

t)_!> 
2)!J |_5(s-fc:l) !(s —2c) !(s —26) ! (s — 2a — 2) ! ( 2a+ 5) !(26 + 2)!(2c + 

2(s+2)(s — 2c + 1) (s - 26 + 3) ! (s - 2a) 1 (2a) ! (26 - 2) ! (2c - 1) ! 7/, LJ 5 (S - 26) ! (5 - 2a — 3) ! (2a + 5) ! (26 + 1) ! (2c + 2) ! 
r 2 (g + 3) 1 (s — 2c + 2) ! (2a — 1) 1 (26) 1 (2c — 1) ! 7/» 

2 { c ( c - 6 ) + ( a - 6 + c)(6 + l ) } [ 5 ( s + 1 ) ! ( 5 _ 2 c ) ! ( 2 a + 4)!(26 + 3)!(2c + 2)i J 

4 (c - 6) (c + 6 + ..[■ (S -f. 2) (g - 2c + 1) (* - 26 + 1) (s - 2a) (2a - 1) 1 (26 - 1) ! (2c - 1) 
5(2a + 4)!(26 + 2)!(2c + 2) ! 

Li" 
[ 2 (s — 26 + 2) 1 (s - 2a) 1 (2a - 1) ! (26 — 2) ! (2c - 1) ! 

2 {c (c + 6 + 1) - 6 (s + 1)} L 5 (5 __ 26) ! (s - 2a - 2) ! (2a + 4) ! (26 + 1) ! (2c + 2) ! 

2{3(6 + l ) 2 - a ( a + l ) - 3 c ( c + .»>[■ 

2 (g _ 26 + 2) I (s - 2a) 1 (2a - 1) ! (26 — 2) ! (2c - 1) ! 7/2 

(s + 2) (g - 2c + 1) (g - 26) (s—2a + 1 ) (2a—2)! (26) 1 (2c — 1) ! 7/i 
3 • 5 (2a + 3) ! (26 + 3) ! (2c + 2) ! 

2 ^2 {a (a + 1) [a (a + 1) + 26 (6 + 1) + 2c (c + 1)] - 3 (6 - c)2 (6 + c + l)2} X 
f ( 2 a - 2 ) 1 ( 2 6 - 1 ) ! ( 2 c - 1 ) 1 7A 

X [ 3 • 5 (2a + 3) ! (26 + 2) ! (2c + 2) ! J 
r(g + l ) ( ^ - 2 c ) ( g - 2 6 + l ) ( g - 2 a ) ( 2 a - 2 ) l ( 2 6 - 2 ) ! ( 2 c 

— 2 {362 — a (a + 1) — 3c (c + 1)} I 1)H7> 
3 .5 (2a -}-3) I (26 + 1 ) ! (2c + 2) ! 

P 2 (s - 2 6 ) 1 (s - 2 a + 2) 1 ( 2 a - 3) 1 (26) 1 (2c - 1) ! 7/» 
2 { c ( c - 6 ) - ( a + 6 - c + l ) (6 + l ) } ^ 5 ( s _ 2 6 _ 2 ) ! ( 5 _ 2 a ) ^ 2 a + 2 ) ! ( 2 6 + 3 ) ! ( 2 c + 2 ) l J 

(S _(- i) (S — 2c) (s — 26) (s — 2a + 1) (2a — 3) 1 (26 — 1) 1 (2c — 1) ! 
5(2a-f2) !(26 + 2) !(2c + 2) ! 

2 (5 + 1)1 (s - 2c) 1 (2a - 3) 1(26 — 2) 1 (2c — 1) 1 

- 4 ( c - 6 ) ( c + 6 + l ) [ 

2{c(c-b+l)+b(a-b + c)}[ 

r2(s + i)(i 
[ 5 (S — 2b — 3) 1 (s — 2a) 1 (2a + 1) ! (26 -f 3) 1 (2c + 2) 1 

(s + 1) 1 (s - 2c) 1 (s - 26) 1 (s — 2a + 2) 1 (2a - 4) 1 (26 - 1) 1 (2c — 1) 1 

]'• 
b + 1) + b (a — u -r v)} ^ 5 (5 _ ^ j ( 5 _ 2 c _ 2 ) j ( 2 a + 2 ) , ( 2 6 + t ) , ( 2 c + 2 ) , 

2 (5 + 1) (S — 2c) (g - 26) 1 (g — 2a + 3) 1 (2a — 4) 1 (26) 1 (2c — 1) 1 
]" 

•]"• 
5(g — l ) l ( g - 2 c — 2)\(s~ 26 
2 (g + 1)1 (g —2c) l(g — 26) (g -

- 2) 1 (g — 2a) 1 (2a + 1) 1 (26 + 2) 1 (2c + 2) 
• 2a + 1) (2a — 4) 1 (26 — 2) 1 (2c — 1) 1 

T? 
5 (g — 2) 1 (g — 2c — 3) 1 (2a + 1) 1 (26 + 1) ! (2c + 2) 1 

v = — 1 

-}'■ 

[ 

r (S + 3) 1 (g — 2c + 4) 1 (g — 2a) 1 (2a) 1 (26) 1 (2c — 2) 1 TV, 
[ 5 ( 5 + 1) ! (s — 2c) 1 (g — 2 a - 2 ) 1 (2a + 5) 1 (26 + 3) 1 (2c + 1) 1 J 

2 (g + 2) (g - 2c + 3) 1 (g — 26 + 1) (g - 2a) 1 (2a) 1 (26 — 1) 1 (2c - 2) 1 

— 2 (6 + c 

_ 7 ' « 
5 (s — 2c) \ (g — 2a — 3) 1 (2a + 5) 1 (26 + 2) 1 (2c + 1) 1 J 
- 2c + 2) 1 (g — 26 + 2) 1 (g — 2a) 1 (2a) 1 (26 — 2) 1 (2c - 2) 1 IV, 
— 2c) ! (g — 26) I (g — 2a — 4) 1 (2a + 5) 1 (26 + 1)! (2c + 1) 1 J 

(g + 2) (g — 2c + 3) 1 (g — 26) (g — 2a) (2a — 1) 1 (26) 1 (2c — 2) 1 + 1)[ 
2(6(c + 6 + l ) - c ( g + l ) } [ 

- 2 (c - 6) [ 

2(3(6 + c + l ) 2 - a ( a + l ) } [ 

2 { 3 c 2 - a ( a + l ) - 3 6 ( 6 + l ) } [ -

5 (g — 2c) 1 (2a + 4) 1 (26 + 3) 1 (2c + 1) 1 
2 (g — 2c + 2) 1 (*— 2a) 1 (2a — 1) 1 (26 — 1) 1 (2c - 2) ! 
5 (g — 2c) 1 (g — 2a — 2) 1 (2a + 4) 1 (26 + 2) ! (2c + 1) 1 

2c + 1) (g - 26 + 1) (g - 2a) 1 (2a - 1) 1 (26 — 2) 1 (2c — 2) 1 2)_!7/, 
5 (s — 2a - 3) 1 (2a + 4) ! (26 + 1) 1 (2c + 1) ! 

(S _ 2c + 2) 1 (g - 26) 1 (2a - 2) 1 (26) 1 (2c - 2) 1 7/, 
2 • 3 • 5 (g - 2c) 1 (g - 26 - 2) 1 (2a + 3) 1 (26 + 3) ! (2c + 1) ! J 
(s + 1) (s - 2c + 1) (g - 26) (s - 2a) (2a — 2) 1 (26 - 1)1 ( 2 c - 2 ) 1 

3-5 (2a + 3)l (26 + 2) !(2c + 1 ) 1 J" 
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> = — 1 

0 

- 1 

- 1 

—1 

- 2 

- 2 

- 2 

—1 

1 

0 

—1 

1 

0 

—1 

(S + i) 1 (5 - 2a) 1 (2a - 2) ! (26 - 2) ! (2c - 2) 1 
2 .3 -5 (5 —1) !(«—2a —2) ! ( 2a+ 3) ! (26 -f 1) ! (2c+1) I 

(s -f 1) (5 - 2c + 1) (s - 26) 1 (5 - 2a + 1) (2a — 3) 1 (26) 1 (2c - 2) I 

2 { 3 ( 6 - c ) ' - a ( a + l ) } [ -

- 2 (6 + c + 1) [̂  5 ( s _ 26 - 3) ! (2a + 2) ! (26 -f 3) ! (2c + 1) ! 

o n . / * . n . / _I_A u f 2(s + i) l ( t - 2 6 ) l ( 2 a - 3 ) l ( 2 6 - 1 ) 1 (2c — 2) 1 TV, 
2 { 6 ( 6 - c + l) + c(a + 6 - c ) } ^ 5 ( 5 _ 1 ) | ( 5 _ 2 6 _ _ 2 ) I ( 2 a + 2 ) | ( 2 6 + 2 ) ! ( 2 c + 1 ) ! J 

' (s + 1) ! {s — 2c) (s — 26) (s - 2a) (2a - 3) ! (26 — 2) ! (2c • 

■]" 

2(c ■ ^ 

(«+ «)!(« 
5 (s — 2) ! (2a + 2) ! (26 + 1) ! (2c + 1) ! 

- 2 6 ) ! ( s - 2 a + 2)! (2a - 4)! (26)! (2c - 2) ! 

■2)111, 

-T 7. 
b(s — i) \(s — 26 — 4) ! (* - 2a) ! (2a + 1) ! (26 + 3) ! (2c + 1) ! j 

2 (s + i)\(s - 2 c ) (s - 2 6 ) ! (s - 2a + 1) (2a - 4) I (26 — 1) ! (2c — 2) I 
5 (s — 2) ! (s — 26 -

(s + 1)1 (s-2c) \(s-
3) 1 (2a+1)1 (26+ 2)1 ( 2 c + 1)1 

- 26) 1 (2a - 4) 1 (26 - 2) 1 (2c — 2) 1 
5 (s — 3) ! (s - 2c — 2) ! (s — 26 — 2) ! (2a + 1) ! (26 + 1) ! (2c + 1) ! •T-

Table 10.11. 

a b c } 
2 2 1 j 

v = l 

2 

1 

0 

—1 

—2 

2 

1 

0 

—1 

—2 

2 

1 

(s -f 6) ! (s - 2c + 3) ! (s - 26 + 1) (s - 2a + 1) (2a) 1 (26) 1 (2c) 1 ]'■ 
— 2 (2a — 6 -

+ (2c — 2a -

3 • 5 (s + 1) ! (s - 2c) ! (2a + 5) 1 (26 + 5) ! (2c + 3) ! 
r (S -f 5) 1 (s - 2c + 2) 1 (s - 26 + 2) 1 (2a) 1 (26 - 1) 1 (2c) 1 

2 c ) L 3 • 5 (s + 1) ! (s — 2c) ! (s — 26) ! (2a + 5) ! (26 + 4) ! (2c + 3) ! 
2 (5 + 4) ! (s — 2c + 1) (s — 26 + 3) ! (s — 2a) (2a) ! (26 — 2) ! (2c) I 

] " 
i) [J 5(s + 1) ! ( s - 2 6 ) ! (2a + 5) ! (26 + 3) ! (2c + 3) ! 

(S 4- 3) j (5 - 26 + 4) ! (s - 2a) 1 (2a) 1 (26 - 3) 1 (2c) 1 
r 

2 (2a + 6 - 2c + 1) [ ^ ($ + {)■-, -(f _ 2f)) -, ( f _ 2fl 

f ( s - f 
~~ 2L 3 • 5 (s - 26) ! (s - 2a — 3) ! (2a + 5) ! (26 + 1) ! (2c + 3) ! 

(5 + 5) 1 (S - 2c + 2) 1 (s - 2a + 2) 1 (2a - 1) 1 (26) 1 (2c) 1 

2)!(2a + 5)!(26 + 2)!(2c + 3)l J 
(s + 2) (s — 2c) (s — 26 + 5) 1 (s — 2a) 1 (2a) 1 (26 — 4) 1 (2c) 1 

s — 2a — 3) ! (2a + 5) ! (26 + 1) ! (2c + 3 
s - 2c + 2) 1 (s - 2a + 2) 1 (2a - 1) 1 (26; 

M T + 1 ) ! (s — 2c) \ (s — 2a) ! (2a + 4) ! (26 + 5) ! 2 (26 — a — 2c) Ty; 

r ( s + 4)!(« — 2c + l)(s 
4 { ( s - 2 c ) ( s + c + 2 ) - 3 a 6 } | - ^ 

2 {(c — a) (Z + a) + (c + 1) (s — 2c) (s — 2a + 1 

i 1 (2c) 1 17, 
(2c + 3 ) ! j 

26 -f 1) (s ~ 2a + 1) (2a— 1) 1 (26 — 1) 1 (2c) 1 

X 

3 • 5 (s + 1) ! (2a + 4) ! (26 + 4) ! (2c + 3) ! 
r 2 (s + 3) 1 (s - 26 + 2) 1 (2a - 1) ! (26 - 2) I (2c) 1 

' > L 5 (* + 1) ! (s — 26) ! (2a + 4)! (26 + 3)! (2c + 
4 {(s - 2a + i) (a - 6 + 2c + 1) — 3a (6 + 1 ) } X 

(5 + 2) (s - 2c) (s — 26 + 3) ! (s —2a) (2a —1) 1(26 — 3)1 (2c) ! 

!c2|-17. 
3 ) l J 

Lf 

— 2 (26 + a + 2c + 2) 

3 .5 (s — 26) ! (2a + 4) ! (26 + 2) ! (2c + 3) ! 
(s — 2c) ! (* — 26 + 4) ! (s - 2a) 1 (2a —1) 1(26 —4)1 (2c) 1 

( 2 c - 2 6 - 1 ) [-

L 3 . 5 (5 — 2c — 2) 1 (s — 26) ! (s — 2a — 2) 1 (2a + 4) 1 (26 + 1) 1 (2c + 3) 1 
2 (S + 4) ! (s - 2c -f 1) (s - 26) (s - 2a + 3) 1 (2a - 2) 1 (26) 1 (2c)) 1 

■}'■ 

-T / s 

. 2{(c — 6) (Z + 6) + (c + 1) (s - 2c) (s - 2b 

b(s — 2a) ! (s + 1) 1 (2a + 3) 1 (26 + 5) 1 (2c + 3) 1 
[" 2 (s + 3) 1 (s - 2a + 2) I (2a — 2) 1 (26 — 1) 1 (2c) i 7/» 

+ ^ [_b(s + 1) I (s — 2a) 1 (2a + 3) 1 (26 + 4)! (2c + 3)! J 
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v = l 

-1} 
•3(^ + 2) (s 2c)(s~2b + l)(s-2a+l)(2a~2) ! (26 - 2) ! (2c) \ IV, 

5 (2a + 3) ! (26 + 3) ! (2c -f- 3) ! J 2(c + l ) { 2 ( Z - c - l ) 

2 { ( 6 + c + l)(6 + l - Z ) + ( c + l ) ( s + 2 ) ( s - 2 a + l ) } X 
r 2 (s - 2c) ! (s - 26 + 2) ! (2a - 2) 1 (26 - 3) 1 (2c) ! 

X [ 5 (s - 2c - 2) ! (s — 26) ! (2a + 3) ! (26 + 2) ! (2c + 3) 
2 (s + 1 ) (5 - 2c) ! (̂  - 26 + 3) 1 (s - 2a) (2a - 2) 1 (26 - 4) ! (2c) ! IV, 

3)! J -(2c + 26+l)[-
3)! J 

—? 3)! J 

5 (s — 2c — 3) ! (s — 26) I (2a + 3) ! (26 + 1) ! (2c + 
f (* + 3) ! (s — 26) \(s-2a + 4) ! (2a — 3) 1 (26) ! (2c) 1 

2 @b + a ~ 2c + V13 • 5 (s + 1) ! (s — 2b — 2) ! (s - 2a) ! (2a + 2) ! (26 + 5) ! (2c + 3) 
4 {(S — 26 + 1) (6 — a + 2c + 1) — 36 (a + 1)} X 

r (s + 2)(s — 2c) (s — 26) (5 — 2a + 3) ! (2a — 3) ! (26 — 1) 1 (2c) ! 7/i 
X L 3 • 5 (s — 2a) ! (2a + 2) ! (26 + 4) ! (2c + 3) ! J 

_ 2 { ( a + c + l ) ( a + l - Z ) + (c + l ) ( s + 2 ) ( s - 2 6 + l ) } X 
[" 2 (J - 2c) ! (s — 2a + 2) ! (2a — 3) ! (26 - 2) 1 (2c) 1 7/, 

X |_ 5 ( s _ 2 c — 2) ! (s — 2a) ! (2a + 2) ! (26 + 3) ! (2c + 3) ! J 
,n , ow Q I i / ^ n / 7 ^ n J ( ^ + l ) ( ^ ~ 2 c ) i ( ^ 2 6 + l ) ( 5 ~ - 2 a + l ) ( 2 a ^ 3 ) ! ( 2 6 ^ 3 ) ! ( 2 c ) ! 1 V a 

- 4 { ( s + 2 ) ( s - 3 c ) - 3 ( a + l)(6 + l)}[_ 3-5 (s - 2c - 3) ! ( 2 a + 2) ! (26 + 2 ) 1 ( 2 c + 3) ! J 

2 (a — 26 
r (s + 1) ! (s — 2c) ! (s — 26 + 2) 1 (2a — 3) ! (26 — 4) ! (2c) 1 7/, 

"* 2 c ~~ ^ L 3 • 5 (s — 1) ! (s — 2c — 4) ! (s — 26) ! (2a + 2) ! (26 + 1) ! (2c + 3) ! J 
r (S . j . 2) (s — 2c) (s — 26) 1 (s — 2a + 5) 1 (2a — 4) ! (26) ! (2c) 1 7/, 

~ 2 L 3-5 (s — 26 — 3) l(s — 2 a ) ! ( 2 a + l ) ! (26 + 5) ! (2c + 3) ! J 
r (s — 2c) 1 (s — 26) ! (s — 2a + 4) ! (2a - 4) 1 (26 — 1) ! (2c) ! 7/« 

2 <2a + b + 2 c + 2> [ 3 • 5 (s - 2c — 2) ! (s — 2b - 2) ! (5 - 2a) ! (2a + 1) ! (26 + 4) ! (2c + 3) i J 
r 2 (s + 1) (, - 2c) ! (s - 26) (s- 2a + 3)! (2a - 4 ) 1(26 - 2 ) 1 (2c) 17/ , 

— (^c-f-^a-hl)j^ 5(s — 2 c - 3 ) 1 ( s - 2 a ) 1 (2a + 1) 1 (26 4-3) ! (2c + 3) 1 J 
r (s 4 1) ! (s — 2c) 1 (s — 2a + 2) 1 (2a — 4) 1 (26 — 3) ! (2c) ! 7/i 

2 (2a "~ 6 + 2c + 1J [ 3 • 5 (s — 1) ! (s — 2c — 4) ! (s — 2a) ! (2a 4 1) 1 (26 + 2) 1 (2c + 3) ! J 
r (s 4 1) 1 (s - 2c) 1 (s - 26 4-1) (s - 2a 4-1) (2a - 4) 1 (26 - 4) 1 (2c) 

~" 2 L 3-5 (s — 2) \(s — 2c — 5) l (2a-f 1) ! (26 4 1 ) ! (2c 4-3) 1 
-]'■ 

v = 0 

2 

1 

0 

—1 

—2 

2 

1 

0 

—1 

2 (a — 6) tf 2 (5 4 5) ! (̂  - 2c 4 4) ! (2a) ! (26) ! (2c - 1) ! T 
2 (2a + 2)[ 

(2a43)[5(s + 1 ) !{5 

5 ( s + i ) ! ( s - 2c) ! (2a + 5) ! (26 4 5) ! (2c 4- 2) ! 
2 (S 4 4) ! (s - 2c 4- 3) 1 (s — 2b+i)(s~ 2d) (2a) \ (26 — 1) I (2c -■1) 

(« 
3 .5 (5 + 1) I (s — 2c) ! (2a 4 5) 1 (26 + 4) ! (2c 4 2) ! 

- 2c 4 2) 1 (s — 26 4- 2) ! (* - 2a) ! (2a) ! (26 — 2) ! (2c -
-]" 

1)1 7/» 
■2)IJ 2c)! (5 — 26) 1 (s — 2a — 2)! (2a 4 5) ! (26 + 3)! (2c 4 . 

2 (S 4- 2) (s — 2c 4-1) (5 — 26 4 3) 1 (5 — 2a) ! (2a) ! (26 — 3) 1 (2c — 1) I 
2 (2a 4 6 4 3) [ 

2 (a 4 b 4 1) L 3 • 5 (s - 26) ! > — 2a - 4 )T(2a+5) 1 "(26+T)T(2c 4- 2) 1 
' 2 (5 -f- 4) 1 (s — 2c + 3) I (s — 2b) (s — 2a + 1) (2a - 1) 1 (26) 1 (2c 

3-5(5 — 26) I (s — 2a — 3) ! (2a + 5) ! (26 + 2) ! (2c+2) ! 
2 (s — 26 4- 4) 1 (s — 2a) 1 (2a) ! (26 — 4) ! (2c — 1) ! ]'• 

2 (26 — a + 2) 

4(6-

4(Z + a)(a 

3 • 5 (s + 1) I (s — 2c) 1 (2a + 4) 1 (26 + 5) ! (2c + 2) 1 
2 (5 + 3) ! (5 - 2c + 2) ! (2a - 1) 1(26 — 1) ! (2c — 1) 1 ■a){ab — Z)\ 

M)[" 

1) 

]" 

4(a + 6 + i ){Z + a(6 + 

3-5(5 + 1) 1 ( 5 - 2 c ) !(2a + 4) ! (26 + 4) ! (2c+2) ! 
(s + 2) (s - 2c + 1) (s - 26 + 1) (5 - 2a) (2a - 1) ! (26 - 2) 1 (2c - 1) 1 

5 (2a + 4) ! (26 + 3) ! (2c + 2) ! 
2 (s — 2b + 2) ! (s — 2a) ! (2a — 1) ! (26 — 3) ! (2c — 1) I f 2(5 — 2 

26) ! (s - 2a - 2) ! (2a + 4) ! (26 + 2) i (2c + 2) r]" 



388 Quantum Theory of Angular Momentum 

Table 10.11. (Cont.) 

> = 0 

- 2 

2 

1 

0 

- 1 

2 

2 

i 

0 

—1 

- 2 

2 

1 

0 

—1 

- 2 

r 2 ( t + l ) ( * - 2 c ) C - 2 6 + 3 ) l ( * - 2 f l ) l ( 2 a - l ) l ( 2 6 - 4 ) l ( 2 c - l ) l JU 
z [to -+- a) ^ 3 . 5 ( s __ 26) ! (s - 2a - 3) ! (2a + 4) ! (26 + 1) I (2c + 2) ! J 

' (s + 3) ! (5 - 2c + 2) 1 (s - 26) 1 (s - 2a 4- 2) 1 (2a - 2) 1 (26) 1 (2c - 1) 1 
•2(26 4 .,[• 1 ) ! -W, 

TJTJ 
4(Z + 6)(6 + l) 

5 (* + 1) I (s - 2c)! (* — 26 - 2)! (s - 2a)! (2a + 3) ! (26 -f 5)! (2c + 1 
(s + 2) (s - 2c -f 1) (s - 26) (s - 2a + 1) (2a - 2) I (26 - 1) 1 (2c - 1) I 11, 

4(Z -»-!)*[■ (» + !)(»• 

5 (2a + 3) ! (26 + 4) I (2c -f- 2) I 
0 

2c) (s - 26 + 1) {s - 2a) (2a - 2) 1 (26 - 3) I (2c ■ 1)1 

2(26 -.,[■ C + 1 ) 1 ( 1 -
5 (2a + 3) ! (26 + 2) ! (2c + 2) I 

2c) 1 {s - 26 + 2) 1 (s - 2a) 1 (2a - 2) 1 (26 — 4) 1 (2c — 1) 1 
]'• 

T/t 

2(26 + a + 3) 

5 (s - 1) ! (s - 2c - 2) ! (s - 26) ! (s — 2a — 2) ! (2a + 3) ! (26 + 1) ! (2c + 2)! J 
+ 2) (s - 2c + i) (s - 26) ! (s - 2a + 3) 1 (2a - 3) 1 (26) 1 (2c — 1) I 7/t | "2 ( f -I" 3 • 5 (s - 26 — 3)! (» — 2a)! (2a + 2)! (26 + 5)! (2c + 2) ! 

/ / _!_ * _ ! _ « / » - ^ i. / . , „ f 2 ( « - 2 6 ) ! ( « - 2 a + 2 ) l ( 2 a - 3 ) l ( 2 6 - l ) l ( 2 c - l ) l l[l, _ 4 ( a + 6 + l ) {Z + 6(a + l ) } ^ 3 . 5 ( s _ 2 6 _ 2 ) , ( s _ 2 o ) 1 ( 2 a + 2 ) ! ( 2 6 + 4 ) I ( 2 c + 2 ) 1 j 

, t r (' + 1) (» - 2c) (« - 26) (» - 2a + 1) (2a - 3) I (26 - 2) I (2c - 1) 1 Jl, 
4 a ( * S - a - l ) L 5(2a + 2)!(26 + 3)l(2c + 2)l J 

2 (s + 1) I (s — 2c) I (2a — 3) I (26 - 3) I (2c — 1) I 
4 ( a - 6 ) < ( a + l)(6 + l ) - Z } [ 3 • 5 (* — 1)! (s — 2c — 2)! (2a + 2) I (26 + 2) t (2c + 2)! r 

M , j %r2(f + l ) l ( f - 2 e ) l ( f - 2 6 + l ) ( > - 2 a ) ( 2 a - 3 ) l ( 2 6 - 4 ) l ( 2 c - l ) I T / . 
- J (a - zo 4- l) ^ 3 • 5 (t — 2)! (f — 2c - 3) ! (2a + 2) ! (26 + 1) ! (2c + 2) I J 

r 2 ( 5 - 2 6 ) l ( s - 2 a + 4 ) l ( 2 a - 4 ) l ( 2 6 ) l ( 2 c - l ) l 7/. 
"" ^ (fl+ * + 1 } L 3 - 5 (s — 26 - 4) ! (s — 2a) ! (2a + 1) ! (26 + 5) ! (2c + 2) ! J 

2 (S + 1) {s — 2c) (s - 26) 1 (s — 2a + 3) 1 (2a - 4) 1 (26 - 1) 1 (2c — 1) 1 7/» 
2(2a + ,[; 3-5( s — 26 — 3) ! (5 —2a) I (2a 4-1) ! (26 + 4) ! (2c + 2) ! 

r (S 4- j) 1 (5 - 2c) ! (* — 26) 1 (s — 2a + 2) 1 (2a - 4) 1 (26 — 2) 1 (2c — 1) I 7/t 
— 2 (2a - 1) L 5 (, _ i) j (, _ 2c — 2) ! (* — 26 — 2)! (* — 2a) ! (2a + 1) ! (26 + 3) ! (2c + 2) I J 

— 2(6 —2a + i)[ 

2 ( * - * ) ( l T 5 ( s 

2) ! (s — 26 — 2)! (s — 2a) ! (2a + 1) ! (26 + 3) ! (2c + 2 
2 (S + 1) 1 (s — 2c) 1 (s — 26) (5 - 2a + 1) (2a — 4) 1 (26 — 3) 1 (2c — 1) 1 J/t 

3 • 5 (s — 2) ! (s — 2c — 3) ! (2a + 1) ! (26 + 2) ! (2c + 2) I 
2 (s + 1) 1 (s — 2c) 1 (2a — 4) 1 (26 — 4) 1 (2c — 1) 1 

•T 
3) ! (S — 2c — 4) ! (2a + 1) ! (26 + 1) ! (2c + 2)1 J 

v = — 1 

2 

1 

0 

- 1 

- 2 

2 

1 

0 

r (s + 4) 1 (s - 2c + 5) 1 (s — 26) (s — 2a) (2a) 1 (26) 1 (2c — 2) I 7/» 
L 3 • 5 (5 4-1) ! (s — 2c) 1 (2a + 5) ! (26 + 5) ! (2c + 1)! J 

9/9 * . 9 i - i f (• + 3 ) «(• — 2c + 4) I (• — 2a) I (2a) 1 (26 — 1) 1 (2c — 2) 1 IV' 
— z ^a - o -t- zc -f- zj L 3 . 5 (5 + i) ! (s _ 2c)! (s - 2a - 2) 1 (2a + 5) ! (26 + 4) I (2c + 1) ! J 

r 2 ( t 4 - 2 ) ( f - 2 c + 3 ) l ( f - 2 6 4 - l ) ( f T 2 a ) l ( 2 a ) l ( 2 6 - 2 ) l ( 2 c - a ) l 7 / . 
— izc -t- za -+■ 6) L 5 (i - 2c) ! (5 - 2a - 3) ! (2a + 5)! (26 + 3) ! (2c 4-1) I J 

9/9 A.K . 9 . it r <* - 2 c + 2> ! ('-264-2) 1 (t -2a) 1 (2a) 1 (26-3) 1 (2c-2) 1 7/. 
"" Z [Za + D + ZC + d j L 3 • 5 (5 - 2c) ! (s - 26) ! (s - 2a - 4) ! (2a + 5) I (26 4- 2) I (2c + 1) 1 J 

■[■ (s 4-1) (s — 2c + 1) (f - 26 4- 3) 1 (s — 2a) 1 (2a) 1 (26 — 4) 1 (2c - 2) 1 7/1 T 3-5 (*— 26) !(s — 2a — 5) I (2a + 5) 1(26+1) ! (2c + 1) I 
->,-»> ,-> ■ ~ T ( « + 3 ) l ( » - 2 c + 4 ) l ( « - 2 6 ) l ( 2 q - l ) l ( 2 6 ) l ( 2 c - 2 ) l T / t 
z V° ~ a "T" ̂  + z ' L 3 • 5 (s + 1 ) I (s - 2c) I (* — 26 - 2)! (2a + 4)! (26 + 5) I (2e + 1 ) ! J 

t,i . 4w. , « . „ r ( » + 2 ) ( s - 2 c + 3 ) l ( « - 2 6 ) ( « - 2 q ) ( 2 a - l ) l ( 2 6 - l ) l ( 2 c - 2 ) l 7 / , 
- « ( ( » + 1) (« - 3«) - 3 a 6 } [ 3 . 5 ( s - 2 c ) ! ( 2 a + 4)!(26 + 4)!(2c + l ) ! J 

»«7X-w-a.,J.« «/,xiw, „.A,[2('-2c + 2)l(s-2a)\(2a-l)\(2b-2)\(2c-2)ly, - 2 { ( Z + a ) ( a + c + l ) - c ( S + l ) ( S - 2 6 ) } | _ 5 ( < _ 2 c ) | ( s _ 2 a _ 2 ) I ( 2 a + 4 ) I ( 2 6 + 3 ) ( ( i ; + 1 ) ! J 



9j and 12] Symbols 389 

Table 10.11. (Com.) 

-1 

—1 

—2 

—1 

X 

- 4 {3a (6 + 1) - (s - 26) (2c + 6 - a + 1)} X 
(s + 1) (s - 2c + 1) (s - 26 + 1) (s - 2a) ! (2a - 1) ! (26 - 3) ! (2c - 2) ! 

•a —2c)| 

2 (2c + 26 + 

3 • 5 (s — 2a - 3) ! (2a + 4) ! (26 + 2) ! (2c + 1) ! 
(s + 1) ! (s — 26 + 2) ! (s — 2a) ! (2a — 1) ! (26 ■ 4) 1 (2c - 2) ! 7/, 

- 2 (2b + u ~~ * c ; L 3 • 5 (s - 1) I (s - 26) ! (s - 2a - 4 ) !(2a + 4) ! (26 + 1) ! (2c + 1) ! 
P 2 (J? + 2) (s — 2c + 3) ! (s — 26) ! (s - 2a + 1) (2a - 2) 1 (26) ! (2c — 2) ! 

• 3 ) I ' ~~~~ "~ ]" 5 (s — 2c) ! (s 

2{(Z + 6)(6 + c + l ) ~ c ( s + l ) ( s - 2 a ) } [ ^ 

" 3 (s + 1) (s - 2c + 1) (s — 26) (s — 2a) (2a — 2) ! (26 — 2) ! (2c — 2) ! 7/, 

26 — 3) ! (2a + 3) ! (26 + 5) ! (2c + 1) ! 
2c + 2) ! (s — 26) ! (2a — 2) ! (26 — 1) ! (2c - 2) ! ]" 

2c (2Z + 2c -3,[i 
2 {(Z - 6 - 1) (c - 6) + c(s - 2c + 1) (s - 26)} [ 

(2c-26 + 1) T 

2(26 + a + 2c + 3 ) [ 3 ^ ^ 2 c ) 1 ( 5 

5 (2a + 3) ! (26 + 3)! (2c + 1) ! J 
2(s + 1)! (s — 2a)! (2a —2) 1(26 —3)! (2c 

5 (s — 1)! (s — 2a — 2)! (2a + 3)! (26 + 2) 
2 (s + 1) ! (s — 2c) (s — 26 + 1) (s — 2a) ! (2a — 2) ! (26 — 4) ! (2c — 2) ! 

5 (s — 2) ! (s — 2a — 3) ! (2a + 3) ! (26 + 1) ! (2c + 1) ! 
(s -~ 2c + 2) ! (s - 26) ! (s — 2a + 2) ! (2a — 3) ! (26) ! (2c - 2) ! 

x[. 
— 26 — 4) ! (s — 2a) I (2a + 2) ! (26 + 5) ! (2c + 1) 

— 4 {36 (a + 1) — (s — 2a) (2c + a - 6 + 1)} X 
(s + 1) (s - 2c + 1) (s - 26) 1 (s-2a + 1) (2a - 3) 1 (26 - 1) ! (2c - 2) ! "f/, 

: - 2 ) ! 7/, 
!(2c + l)!j 

I" 
r]" 

L]" 3 • 5 (s — 26 — 3) ! (2a + 2) ! (26 + 4) ! (2c + 1) ! 
n r / _ [2 (s 4-1) ! (s — 26) ! (2a — 3) ! (26 — 2) ! (2c - 2) ! 7/. 

- 2 < ( Z - a - i ) ( c - a ) + c ( i - 2 c + l ) ( « - 2 a ) } ^ ^ 

4 { ( * - 2 c + l)(* + c + 2 ) - 3 ( a + l)(6 + i ) } X 
(s + 1) ! (s — 2c) (s — 26) (s - 2a) (2a — 3) 1 (26 — 3) 1 (2c — 2) ! 7/» 

3 . 5 ( s - 2 ) l ( 2 a + 2) ! (26+2) 1 ( 2 c + 1 ) ! J 
(, + ! ) ! ( , _ 2c) ! (s - 2a)! (2a — 3) ! (26 — 4) 1 (2c — 2) ! 

3 . 5 (s — 3) I (s — 2c — 2) ! (s — 2a — 2) ! (2a + 2) ! (26 + 1) ! (2c + 
(s + j) (S - 2c + 1) (s — 26) 1 (s — 2a + 3) ! (2a - 4) 1 (26) 1 (2c — 2) 1 7A 

wf 
x[-

2 (2c - 26 + a + 1) [■ 

-«[■ 

2 (2a + b - 2c) [ 3 . 5 ( s _ 1 ) T (5 _ 2b _ 4) | (, _ 2 a) ! (2a + 1)T(2F+ 4) ! (2c + : 
r 2 ( 5 + l ) l ( 5 - 2 c ) ( 5 - 2 6 ) l ( 5 - 2 a + l ) ( 2 a - 4 ) ! ( 2 6 - 2 ) ! ( 2 c - 2 ) ! 7/, 

(ZC - ^ -h 1) [_ 5 (s - 2) ! (s - 26 - 3) ! (2a + 1) ! (26 + 3) I (2c + 1) ! j 

■]" 3 • 5 (s - 26 - 5) ! (s - 2a) \ ( 2a+ 1) I (26 + 5) ! (2c + 1) ! 
(s-l-1) j ( s _ 2 6 ) IJ* - 2 a + 2) ! (2a - 4) ! (26 — 1) 1 (2c - 2) ! "\U 

1 ) 1 J 

■ 2 (2c • 

■[J 

■«)[T (5 + 1) j (g — 2c) 1 (s — 26) 1 (2a - 4) 1 (26 — 3) 1 (2c - 2) ! r? ' 2 a + b + l > L 3 . 5 (s - 3) ! (* - 2c - 2) ! (s - 26 - 2) 1 (2a + 1) ! (26 + 2) I (2c + 1) ! J 
(S + 1) ! (S — 2c) ((s — 26) (s — 2a) (2a — 4) 1 (26 — 4) 1 (2c — 2) 1 7/» 

3 . 5 (s — 4) ! (s — 2c — 3) ! (2a + 1) ! (26 + 1) ! (2c + 1) ! J 

Table 10.12. 

{f a + X 6 + f i c + v 

a 6 c 
I 3 2 1 

v = l 

■[■ 

r (s + 7) ! (s — 2c + 4) ! (s - 26 + 2) 1 (2a) 1 (26) 1 (2c) 1 7/, 
[ 7 (s + 1) ! (s - 2c) ! (s - 26) ! (2a + 7) ! (26 + 5) ! (2c + 3) ! J 7(s + l) !(s —2c)!(5 

(s + 6) ! (s — 2c + 3) 1 (s 
26) ! (2a + 7) ! (26 + 5) ! (2c + 3) ! 
26 + 3) ! (* - 2a) (2a) 1 (26 — 1) !J2C^ I 

7 (s + 1) I (s — 2c) ! (s - 26) ! (2a + 7) 1 (26 + 4) ! (2c + 3) ! <]<■ 
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Table 10.12. (Cont.) 

> = 1 

0 

-1 

-2 

2 

1 

—1 

—1 

- 2 

r 2 ■ 3 (s + 5) ! (s - 2c + 2) ! (s - 2b + 4) ! (s - 2a) 1 (2a) 1 (26 - 2) 1 (2c) 1 
[7 (* + 1) ! (s — 2c) ! (s — 2b) \(s — 2a — 2)\ (2a + 7)! (26 + 3)! (2c + 3) I r 

■[• 

(36 - a — 3c) P 

(s + 4)! (s - 2c + 1) (s — 26 + 5) 1 (s — 2a) 1 (2a) 1 (26 — 3) 1 (2c) 1 7/, 
7 (s + 1) ! (5 - 26) ! (t - 2a — 3) ! (2a + 7) ! (26 + 2) ! (2c + 3) ! J 

r ( 5 + 3 ) 1 (s - 26 + 6) 1 (s - 2a) 1 (2a) 1 (26 - 4) 1 (2c) 1 7/, 
[ 7 (s + 1) ! (s - 26) ! (s — 2a — 4) I (2a + 7) ! (26 + 1) ! (2c + 3 ) ! J 

2 (1 + 6) ! (s — 2c + 3) ! (s — 26 + 1) (s — 2a + 1) (2a — 1) 1 (26) 1 (2c) I 
3 . 7 (s + 1) ! (s — 2c) 1 (2a + 6) ! (26 + 5) ! (2c + 3) I 

2 (s + 5) 1 (s — 2c + 2) 1 (s —26 + 2) 1 (2a—1) 1 (26-
]" 

« , m , W t M 1 / . , w r 2 ( 5 + 5 ) ( ( . - 2 c + 2 ) l ( . - 2 6 + 2 ) l ( 2 a - l ) l ( 2 6 - l ) l ( 2 c ) l 

2{a(a + 2c + 5) + 3 ( 6 - c ) ( 6 + c + i ) } X 
[" (̂  + 4) 1 (s - 2c + 1) (5 - 26 + 3) 1 (s - 2a) (2a - 1) 1 (26 - 2) 1 (2c) 1 "17, 

X L 7 (s + 1) 1 (s - 26) I (2a + 6) ! (26 + 3) ! (2c + 3) ! J 

2{3(c + 6 + l ) ( s - 2 c + l ) - ( a + 3 ) ( s - 2 a + l ) } X 
f 2 (s + 3) ! (s - 26 + 4) 1 (S — 2a) 1 (2a — 1) 1 (26 — 3) ! (2c) 1 

X L 3 • 7 (s + 1) ! (s - 26) ! (s - 2a — 2) ! (2a + 6) I (26 + 2) ! (2c + 3)""!" 

— 2c) (s - 26 + 5) 1 (s — 2a) 1 (2a — 1) 1 (26 - 4) 1 (2c) 1 

£c) I TV. 
3) I J 

-i" 
( 3 6 + a + 3c + 3 ) [ 3 . 7 ( , _ ; 26) ! (s — 2a — 3) ! (2a + 6) ! (26 + 1) I (2c + 3) ! 

{(s — 2c — 1) (s - 2c) - 8 (5 - 2c) (5 — 26) + 6 (s — 26 — 1) (s - 26)} X 
f (̂  + 5) 1 (s — 2c + 2) 1 (s — 2a + 2) 1 (2a — 2) 1 (26) 1 (2c) 1 

X L 3 ' 5 - 7 ( s + l) l ( s - 2 c ) \(s— 2a) ! (2a4-5) ! (26 + 5) I ( 2 c + 3) I 

■]'■ 

]'■ 
{(S — 2c — 1) (s — 2c) (s — 2a + 2) (2a + 4) (2a + 5) — 2 (s — 2c) (5 — 2c + 2) (5 — 2a + 1) X 

X {2a — 1) (2a + 5) + (s - 2c + 2) (s — 2c + 3) (5 - 2a) 2a (2a - 1)} X 
[" (̂  + 4) I (5 — 2c + 1) (s - 26 + 1) (s — 2a + 1) (2a — 2) I (26 — 1) 1 (2c) 1 7/, 

X L 3 • 5 • 7 (s + 1) ! (2a + 5) ! (26 + 4) I (2c + 3) ! J 

{ ( 5 - 2 c ) ( s - 2 a + i ) ( 2 a + 5 ) [ ( 5 - 2 c - l ) ( s - 2 a + 2)(2a + 4 ) - 2 ( 5 - 2 c + l ) ( * - 2 a ) ( 2 a - l ) J + 
+ 2a (2a — 1) (s — 2c + 1) (5 — 2c + 2) (5 — 2a — 1) (s —2a))X 

w r (* + 3 ) ! ( s—26 + 2) ( (2a - 2) ! (26 — 2) 1 (2c) 1 -]'• ^ L 2 .5 • 7 (5 + 1) I (s — 26) ! (2a + 5) ! (26 + 3) ! (2c + 3) ! 
{(5 - 2a + 1) (2a + 5) [(s - 2c - 1) (s — 2a + 2) (2a + 4) - 2 (5 - 2c) (s — 2a - 1) (2a — 1)] + 

+ 2a (2a — 1) (s — 2c + 1) (5 — 2a — 2) (s-2a — 1)} X 
' (s + 2) (5 — 2c) (s — 26 + 3) 1 (s — 2a) (2a — 2) 1 (26 — 3) 1 (2c) ! 

3 .5 . 7 (s — 26) ! (2a + 5) ! (26 + 2) ! (2c + 3) ! 
{(* - 2a + 1) (t - 2a + 2) + 8 (s + 1) (s - 2a + 1) + 65 (t + 1)} X 

(5 — 2c) 1 (s — 2b + 4) ! (5 — 2a) ! (2a — 2) ! (26 — 4) ! (2c) ! 

X -J" 
x l* 5 • 7 (s - -r - 2c — 2) ! (s — 26) ! (5 — 2a — 2) ! (2a + 5) ! (26 + 1) ! (2c + 3) ! 

2 { a ( a + l ) - 5 ( 6 - c + l ) ( 6 - c ) - 2 } X 
, r (5 + 4) ! (5 — 2c + 1) (5 — 26) (s — 2a + 3) 1 (2a - 3) 1 (26) 1 (2c) 1 7/, 
' L 5 • 7 (s + i) ! (s — 2a) ! (2a + 4) ! (26 + 5) ! (2c + 3) ! J 

- 2 7 3 - { ( s - 2 c - l ) ( 5 - 2 c ) ( 2 a + 3)(2a + 4 ) [ ( s - 2 c - 2 ) ( 5 - 2 a + 3 ) ( 2 a + 2 ) - 3 ( s - 2 c + l ) X 
X (s -2a + 2) (2a - 2 ) ] + ( 5 - 2c + 1) (s -2c + 2) ( 2 a - 1) (2a- 2) \(s - 2c) ( 5 - 2a + 1) (2a + 4)3 — 

(S -[- 3) j (g _ 2a + 2) 1 (2a - 3) ! (26 — 1) 1 (2c) 1 7/, 
5 • 7 (s + 1) ! (s — 2a) ! (2a + 4) I (26 + 4) ! (2c + 3) ! J 

X 

— (s - 2c + 3) (s - 2a) ^ a ] } ^ 
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Table 10.12. {Com.) 

- 1 

— 1 

— 1 

— 1 

— 1 

— 2 

— 2 

— 2 

— 2 

— 3 

-3 

—1 

v = l 

2{[c (c + 2) + a(a + l)-6 (6 + 1)] • [10c - 10Z+ 4 (2a2 +2a+1)] - 2c (c+ 2) (2a-l) (2a + 3) + 
+ (2a + 4)(2a-2)[a(a + l)+36(6 + l)-3c(c + 2)-3]}X 

" 3 (s + 2) (s - 2c) (s - 26 + 1) (s — 2a + 1) (2a - 3) 1 (26 - 2) ! (2c) I x[J LT2 
2 • 5 • 7 (2a + 4) ! (26 + 3) ! (2c + 3) ! 

1 
y-^- {S _ 2a + 1) (5 — 2a + 2) (2a + 3) (2a + 4) [(s — 2c — 2) (s — 2a + 3)(2a + 2) — 3(s — 2c — 1) X 
X (s -2a) (2a -2)] + (s 

^-(s~2c + l)(s-2a-2)2a]}[^Ty^ 

2a — 1) (s — 2a) (2a — 1) (2a — 2) [3 (s • 
(s — 2c) 1 (s — 26 + 2) 1 (2a • 

2c) (5 — 2a+1) (2a+ 4) — 
3) 1 (26 — 3) 1 (2c) I 7/« 

X 

2c — 2 ) ! (s —26) ! (2a + 4) ! (26 + 2) ! (2c + 3) ! 

_2{a(a + l)-5(6 + c)(6 + c + l)-2}X 
(s + 1) (s - 2c) 1 (s — 26 + 3) 1 (s — 2a) (2a - 3) 1 (26 — 4) 1 (2c) 1 TV, 

5-7 (s — 2c — 3) ! (s — 26) ! (2a+ 4) ! (26 + 1) !(2c + 3 ) ! 
{(s _ 26 + 1) (s — 26 + 2) - 8 (5 — 2c + 1) (s — 26 + 1) + 6 (s — 2c + 1) (s — 2c + 2)} X 

[" ( 5 + 3 ) 1 (s — 26) 1 (« — 2a + 4) 1 (2a — 4 ) 1 (26) 1 (2c) 1 7/t 
X [ 3 . 5 .7 (, + ^ i (S __ 26 — 2) 1 (s — 2a) ! (2a + 3) ! (26 + 5) ! (2c + 3) ! J 

— {(s — 26 + 1) (2a — 3) [(s + 3) (s — 26 + 2) (2a — 2) — 2 (s + 2) (s — 26 — 1) (2a + 3)] + 
+ (2a + 2) (2a + 3) (s + 1) (s — 26 — 2) (s — 26 — 1)} X 

r (g + 2) (g — 2c) (s — 26) (s — 2a + 3) 1 (2a — 4) 1 (26 — 1) ! (2c) ! 17» 
X L 3-5-7 (s — 2a) \ (2a + 3) ! (26 + 4) !(2c + 3) ! J 

{(* + 3) (s - 26 + 1) (2a - 3) [(s + 2) (s — 26 + 2) (2a — 2) — 2 (s + 1) (s — 26) (2a + 3)1 + 
+ (2a + 2) (2a + 3) s (s + 1) (s — 26 — 1) (s — 26)} X 

(s — 2c) ! (s - 2a + 2) ! (2a — 4) ! (26 — 2) 1 (2c) 1 7/» X . 2.5 • 7 (s — 2c — 2) ! (s — 2a) I (2a + 3) ! (26 + 3) ! (2c + 3) ! 
— {(s + 2) (2a — 3) [(s + 3) (s — 26 + 2) (2a - 2) — 2s (s — 26 + 1) (2a + 3)] + (2a + 2) (2a + 3) X 

(s + 1) (s — 2c) ! (s — 26 + 1) (s — 2a + 1) (2a — 4) 1 (26 - 3) 1 (2c) 1 T/» 
X(*-l)*(«- -26)[- v • 2c) 1 (s - 26 + 1) (s . . , x , ̂  

3 .5 . 7 (S _ 2c — 3) 1 (2a + 3) ! (26 + 2) ! (2c + 3) I 

X 
{(s + 2) (s + 3) + 8 (s + 2) (s — 2a) + 6 (s — 2a — 1) (s — 2a)} X 

(* + ! ) ! (s — 2c) 1 (* - 26 + 2) I (2a — 4) 1 (26 — 4) 1 (2c) 1 "]U 
-[_3.5.7(s — 1 ) ! (s 

— (36 + a 

. 2c — 4) i (s — 26) ! (2a + 3) ! (26 + 1) I (2c + i 
r (S + 2) (s - 2c) (s — 26) 1 (s — 2a + 5) 1 (2a - 5) 1 (26) ! (2c) ! 7/» 

3c + !) [ 3 . 7 (s — 26 - 3) ! (• - 2a) ! (2a+ 2) ! (26 + 5) ! (2c + 3) ! J 

r 2 (s — 2c) 1 (s - 26) 1 (s — 2a + 4) ! (2a — 5) ! (26 — 1) 1 (2c) 1 7/» 
X L 3 • 7 (s — 2c — 2) ! (s — 26 — 2) ! (s — 2a) ! (2a + 2) ! (26 + 4) ! (2c + 3) ! J 

2{(a+l)(2c-a + 4)-3(6-c)(6-t-c + l)}X 
r (S + 1) (s - 2c) 1 (s — 26) (s — 2a + 3) 1 (2a — 5) 1 (26 — 2) 1 (2c) 1 7/i 

X L 7 (* - 2c - 3) ! (s - 2a) ! (2a + 2) ! (26 + 3) ! (2c + 3) t J 

X 
2 {(s + 2) (a - 2) - 3 (* - 26) (c + 6 + 1)} X 

f 2 (s + 1) ! (s - 2c) 4 (s - 2a + 2) 1 (2a — 5) 1 (26 — 3) 1 (2c) 1 7/i 
L 3 - 7 (s — 1) ! (s - 2c - 4) I (s - 2a) I (2a + 2) ! (26 + 2) ! (2c + 3) ! J 3 .7 (s — 1) ! (s - 2c - 4) I (s - 2a) I (2a + 2) ! (26 + 2) ! (2c + 3) ! 

^ p (t + 1) 1 (. - 2c) !(s- 26 + 1) (5 - 2 a + l) (2a- 5) 1(26-4)1 (2c) 17/. 
_ (a - d6 - 6c - 2) L 3 • 7 (s - 2) ! (s - 2c - 5) 1 (2a + 2) I (26+1) 1 (2c + 3) 1 J 

r (s — 2c) 1 (s-26) 1 (s-2a + 6) 1 (2a — 6 ) 1 (26) 1 (2c) 1 7/t 
[ 7 (s — 2c - 2) 1 (s - 2b - 4) I (s - 2a) I (2a + 1) ! (26 + 5) I (2c + 3) 1 J 

(S + i) (S __ 2c) ! (s - 26) ! (* — 2a + 5) ! (2a — 6) 1 (26 — 1) 1 (2c) 1 "]V» _ - . 3 ) l J .f (* + !)(*■ 
— |̂_7(s — 2c — 3) I (S __ 26 - 3) ! (s — 2a) ! (2a + 1) ! (26 + 4) I (2c + J 
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v = l 

T 2-3(s + l) l ( 5 - 2 c ) l ( 5 - 2 6 ) l ( 5 - 2 a + 4 ) l ( 2 a - 6 ) 1(26 — 2)1 (2c) 1 7/. 
L 7 (s — 1) I (5 — 2c — 4) ! (s — 26 — 2) I (* — 2a) I (2a + 1 ) ! (26 + 3) I (2c + 3) I J 

■[■ }" (s + 1) 1 (s - 2c) 1 (s - 2b) (s - 2a + 3) 1 (2a - 6) 1 (26 - 3) 1 (2c) 1 7/, 
3 (5 - 2) 1 (5 - 2c - 5)! (5 - 2a) 1 (2a + 1) ! (26 + 2) ! (2c + 3) I 
(5 + 1) 1 (5 - 2c) ! (s — 2a + 2) 1 (2a — 6) 1 (26 - 4) 1 (2c) 1 7A 

.7(5 — 3) ! (5 —2c — 6) 1(5 — 2a)! (2a + 1 ) 1 (26 + 1) ! ( 2 c + 3)1 ]" 
v = 0 

3 

3 

3 

3 

3 

2 

2 

1 

0 

—1 

- 2 

2 

- 2 

—1 

|" 2 (5 + 6) 1 (s — 2c + 5) 1 (5 — 26 + 1) (s — 2a) (2a) 1 (26) 1 (2c — 1) 1 7/» 
""'[_ 7 (5 + 1) ! (5 - 2c) 1 (2a + 7)! (26 + 5) ! (2c + 2) ! J 

• 2 (5 + 6) 1 (s — 2c + 5) 1 (5 — 26 + 1) (5 — 2a) (2a) 1 (26) 1 (2c — 1) 1 
7(5 + 1) ! ( s - 2 c ) l ( 2 a + 7)l 

' 2 (f + 5) 1 (5 - 2c + 4) 1 (# — 26 + 2) 1 (5 ■ f 2 (f + 5) 1 (5 - 2c + 4) 1 (# - 26 + 2) 1 (5 - 2a) 1 (2a) 1 (26 - 1) 1 (2c - 1) 1 7/, 
"" 2 L 7 (5 + 1) ! (5 - 2c)! (5 - 26) ! (5 - 2a - 2) ! (2a + 7) ! (26 + 4) 1 (2c + 2) I J 

r3(5 + 4) 1 (5 - 2 c + 3) 1 ( 5 - 2 6 + 3) 1 (5 — 2a) 1 (2a) 1 (26 — 2) 1 (2c — 1) t 7/t 
~~ 2 [ 7 (5 + 1) ! (5 - 2c) I (t — kb) ! (t — 2a — 3) 1 (2a + 7) 1 (26 + 3) 1 (2c + 2) I J 

f 2 ( 5 + 3) 1 (5 - 2c + 2) 1 ( 5 - 2 6 + 4) 1 ( 5 - 2 a ) 1 (2a) 1 ( 2 6 - 3 ) 1 (2c — 1) t 7/» 
- 2 L 7 (5 + 1 ) ! (5 - 2c) I (5 - £6) 1 (i - 2a - 4) ! (2a + 7) I (26 + 2) I (2c + 2) I J 

-[■ 2 (5 + 2) (5 - 2c + 1) (5 - 26 + 5) 1 (t - 2a) 1 (2a) 1 (26 - 4) 1 (2c — 1) 1 
7 (5 - 26)! (5 - 2 a 1 - 5) I (2a + 7) 1 (26 + 1 ) 1 (2c + 2) I •]'• 

2 { ( » - 2 a ) ( 2 a - 3 6 + 3C) + (a + 3 ) ( « - » ) } [ 3 . 7 ( < + 1 ) | ( , _ 2 c ) , ( 2 a + 6 ) | ( 2 6 + 5 ) | ( i e + 2 ) | j 

X 
n«+4)' 

x 

4 { « ( 2 6 - a - l . ) - 3 ( c - 6 ) ( c + 6 + l ) ) X 
(« — 2c + 3) ! (t — 26 + 1 ) (« - 2a) (2a — I) I (26 — 1) I (2c — 1) I 

3 • 7 (* + 1 ) I (* — 2c) I (2o + 6)! (26 + 4) I (2c + 2) I 

- 2 { 3 ( Z + 2 a ) - a ( 2 a + 6 ) } X 
2(» + 3 ) l ( t — 2c + 2 ) l ( « - 2 6 + 2) l (« — 2a) I (2a— 1) I ( 2 6 - 2 ) I ( 2 c - 1 ) I 

7 (* + 1)! (* — 2c) I (* — 26)! (* — 2a — 2) I (2a + 6) I (26 + 3) I (2c + 2) I 

4 { 3 ( c - 6 ) ( c + 6 + l ) - a ( 2 6 + a + 3 ) } X 
(t + 2) (« - 2c + 1) (t — 26 + 3) \ (t — 2a) 1 (2a — 1) I (26 — 3) I (2c - 1) 1 ft, 

]" 
■r 

j" 3 .7 (5 — 26) ! (5 — ia — 3) 1 (2a + 6) 1 (26 + 2) 1 (2c + 2) I 

2<(* + l ) (a + 3 ) - ( 5 - 2 c + l ) ( 2 a + 36 + 3c + 3 ) } X 
r ( s - 2 6 + 4) 1 ( 5 - 2 a ) 1 ( 2 a - 1 ) 1 ( 2 6 - 4 ) 1 ( 2 c - 1) 1 TV, 

X L 3 - 7 (* - 2 6 ) l (* -"2a-4) l (2a + 6)!(26 + l)l(2c + 2)lJ 
{5 (5 + 5) (5 - 2c) — 10 (5 — 26 — 1) (5 — 2a) — 4 (2a — 1) (2a + 5)} X 

' 2 (5 + 4) 1 (5 - 2c + 3) 1 (5 - 26) (5 — 2a + 1) (2a - 2) 1 (26) 1 (2c - 1) 1 7/> -J 3 .5 • 7 (5 + 1) 1 (5 — 2c) I (2a + 5) 1 (26 + 5) 1 (2c + 2) I 
- {30Z1 — 4Z [8a* + 11a — 5 6 + 10a6J + 8 a 6 (4a1 + a — 76 — ab — 9]} X 

f 2(5 + 3) 1 ( 5 - 2 c + 2)1 (2a — 2) 1 ( 2 6 - 1 ) 1 ( 2 c - 1 ) 1 7/» 
X L 3 - 5 - 7 (5 + 1) 1 (5 - 2c)! ( 2 a + 5) 1 (26+ 4)1 ( 2 c + 2)1 J 

{2 (Z + a) [4 (2a + 5) (2a - 1) + 15 (Z + a - 2 ) - 6 ( 2 6 — 1 ) ( 2 6 + 3) a ( a + 2)} X 
T (5 + 2) (5 - 2c + 1) (5 - 2,b + 1) (5 — 2a) (2a - 2) 1 (26 - 2) 1 (2c — 1) 1 7/» -J" 5-7(2a + 5) 1 (26 + 3) 1 (2c + 2) 1 

— {30Z* - 4Z [8a* + a + 56 — 10a6 + 5] — 8a (6 + 1) [4a« + 2a + 76 + a6 — 2]} X 
2 (5 — 26 + 2) 1 (5 — 2a) 1 (2a — 2) 1 (26 — 3) 1 (2c — 1) 1 

X L 3 • 5 • 7 (5 - 26) I (5 — 2a — 2) I (2a + 5) 1 (26 + 2) 1 (2c + 2) \ ■]'• 
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Table 10.12. (Com.) 

= 0 

- 2 

—1 

- 2 

X| 

- (10s (s - 2c + 1) — 5 (* - 26 + 4) (s - 2a + 1) - 4 (2a - 1) (2a + 5)} X 
'2 (s + 1) (t - 2 c ) (« — 26 + 3) 1 (5 - 2a) 1 (2a - 2) 1 (26 - 4) 1 (2c - 1) 1 7/, 

3 . 5. 7 (s — 26) ! (* — 2a - 3) I (2a + 5) ! (26 + 1) I (2c + 2) ! 

2 { ( a - 3 ) ( a + 4 ) - 5 6 ( 6 + 3) + 5c(c + l ) } X 

•I" 
X 

2 (s + 3) ! (s - 2c + 2) 1 (5 - 26) 1 (s - 2a + 2) 1 (2a - 3) ! (26) 1 (2c — 1) 1 7/, 
_ 5 • 7 (s + 1) ! (s — 2c) i (s — 26 — 2) 1 (* - 2a) I (2a + 4) ! (26 + 5) I (2c + 2) ! 

{(Z + 6) [20 (Z + 6 — 2) — 6 (2a — 2) (2a + 4)] - 46 (6 + 2) (2a — 1) (2a + 3)} X 
2(s + 2) (t — 2c + !)(* — 26) (s - 2a + 1) (2a — 3) 1 (26 - 1) 1 (2c 

]" 
X 

1) 17/» 
5 • 7 (2a + 4) 1 (26 + 4) I (2c + 2) ! 

2 {(f - 26 — 1) (s — 26) (s — 2a — 1) (s — 2a) [s (s — 26 + 2) — 2 (6 + c + ac 4- 2)] + 8 (a + 2) X 
X (c - 6) (s + 2) (t - 2c) (s — 26) (s — 2a) + (5 + 2) (5 + 3) (* - 2c - 1) (s - 2c) [s (s - 26 + 3) -

P 3 ( 2 a - 3 ) 1(26— 2)1 ( 2 c - 1 ) 1 7/, 
_ 2 (a + 26 + ac)]} [ 5 . 7 ( 2 a + 4) ! (26+ 3) ! (2c + 2 ) ! J 

— {(Z - 6 — 1) [20 (Z — 6 — 3) - 6 (2a - 2) (2a + 4)] - 4 (6 + i) (6 — 1) (2a - 1) (2a + 3)} X 
r 2 (s -f- 1) (s — 2c) (s — 26 + 1) (s — 2a) (2a — 3) 1 (26 — 3) 1 (2c — 1) 1 

X L 5 • 7 (2a + 4) ! (26 + 2) ! (2c + 2) i 

2{(a-L-3)(a + 4 ) - 5 ( 6 + l ) ( 6 - 2 ) + 5 c ( c + l ) } X 
2(« + l ) ! ( s ~ 2c)! (s — 26 + 2) I (5 — 2a)! (2a — 3) 1 (26 — 4) 1 (2c — 1) 1 7/» 

-]" 
X 5. 7 (S — 1)! (s — 2c — 2) ! (5 — 26) ! (s — 2a — 2) ! (2a + 4) ! (26 + 1) ! (2c + 2) ! 

{10 (s + 1) (s - 2c + 2) - 5 (s — 26 + 1 ) (s — 2a + 4) — 4 (2a + 3) (2a — 3} X 
2 (g + 2) (s — 2c + 1) (s — 26) 1 (s — 2a + 3) ! (2a - 4) 1 (26) ! (2c - 1) 1 

•]" 

x -]'■ 3 . 5 . 7 (s — 26 — 3) ! (s — 2a) ! (2a + 3) ! (26 + 5) ! (2c + 2) ! 
{30Z2 - 4Z [8 (a + 1)* — 11 (a + 1) — 156 — 10a6] — 86 (a + 1) [4 (a + 1)* — a + a6 — 66 — 10]} X 

2 (s — 26) 1 (s — 2a 4- 2) ! (2a — 4) 1 (26 —1) 1 (2c —1) ! :[-d T? X L 3 • 5 • 7 (* — 26 — 2) I (5 — 2a) ! (2a + 3) t (26 + 4) ! (2c + 2) ! 

(2 (Z - a — 1) [4 (2a + 3) (2a - 3) + 15 (Z — a - 3)] — 6 (26 - 1) (26 + 3) (a + 1) (a -
• 2 ) ! ( 2 c - l ) ! 

1)}X 
• (S + 1 ) (s — 2c) (s — 26) (s — 2a + 1) (2a - 4) 1 (26 - -]'• *> L 5 • 7 (2a + 3) ! (26 + 3) ! (2c + 2) ! 

- {30Z2 — 4Z [8 (a + I)2 - (a + 1) (1 — 106) + 5 (6 + 1)] + 8 (a + 1) (6 + 1) [4 (a + 1)* - a - 10 + 
2 (s 4.1) I (s — 2c) 1 (2a - 4) 1 (26 - 3) 1 (2c - 1) 1 . tu . ^ i* m f 2(s + l ) ! ( s - 2 c ) l ( 2 a - 4 ) l ( 2 6 - 3 ) l ( 2 c - l ) ! 7/» 

+ (6 + 1) (b - a)J>L 3 . 5. 7 ( 5 _ 1 } | (s _ 2c - 2) ! (2a + 3) ! (26 + 2) ! (2c + 2) ! J 
— (5 (s + 2) (s — 2c - 3) — 10 (s - 26) (s — 2a - 1) — 4 (2a + 3) (2a — 3)} X 
r 2 (s + 1) 1 (s — 2c) 1 (* -»26 + 1) (s — 2a) (2a - 4) 1 (26 - 4) 1 (2c - 1) 1 7/» 

X L 3 . 5 . 7 ( s — 2)! (s —2c — 3) ! (2a + 3) ! (26+1) ! (2c + 2)! ? 
2 {(s + 1) (3c — 36 - 2a — 2) + (s - 2c + 1) (a - 2)} X 

(s — 26) 1 (s — 2a + 4) 1 (2a — 5) 1 (26) 1 (2c - 1) 1 
x f Jin! ]'• 26 — 4) ! (s — 2a) ! (2a + 2) !(26 + 5) ! (2c + 2) 1 

- 4 { 3 ( c - 6 ) ( c + 6 + l ) - ( a + l)(26 + a)}X 
+ 1) (s — 2c) (s — 26) 1 (s — 2a + 3) 1 (2a - 5) 1 (26 - 1) 1 (2c - 1) I 7/» 

3 .7(5 — 26 — 3) ! (s — 2a) ! (2a + 2) t (26 + 4) ! (2c + 2) I J 

- 2 {3 (Z - 2a - 2) - (a + 1) (2a - 4)} X 
r 2 (5 + 1) 1 (1 - 2c) 1 (s - 26) 1 (8 - 2a + 2) 1 (2a - 5) 1 (26 - 2) 1 (2c - 1) 1 

X L 7 ( 5 —1) ! (s — 2c — 2) ! (s —26 — 2) ! (s - 2a) ! (2a + 2) I (26 + 3) ! (2c + 2) ! 

■p 

]'■ 
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Table 10.12. (Cont.) 

v = 0 

- 2 

2 - 2 

3 2 

3 1 

3 0 

3 - 1 

3 - 2 

]'• 
- 4 { 3 ( c - 6 ) ( C + 6 + i ) - ( a + l ) ( a - 2 6 - 2 ) ) X 

x. f (* 4-1) 1 (* - 2e) I (s — 26) (s - 2a + 1) (2a — 5) 1 (26 — 3) I ( 2 c - 1)! 
X L 3 • 7 (s - 2) !(* - 2c - 3) ! (2a + 2) ! (26 + 2)! (2c + 2)! 

2//. ™«rJ-lk 2«xn i. ?.w„ rnf (« + l)l(»-2c)l(2a--5) l (26-4) l (2e- l ) l 7/, 2{(S-2a)(3C + 36-2a + l ) - ( S - 2 a ) ( « - 2 ) } L 3 . 7 ( s _ 3 ) ! ( s _ 2 c _ 4 ) ! ( 2 a + 2 ) ! ( 2 6 + 1 ) ! ( 2 c + 2 ) ! J 

T 2(s + l)(s — 2c) (s — 26) 1 (s - la + 5) 1 (2g - 6) ! (26) 1 (2c - 1) ! 

-'[• 
•]"• [_ 7 (s - 2b — 5) ! (s — 2a) ! (2a + 1) ! (26 + 5) ! (2c + 2) 1 

2 (s + 1) 1 (5 — 2c) 1 (g — 26) 1 (s - 2a + 4) ! (2a — 6) 1 (26 — 1) 1 (2c — 1) 1 
7 (s - 1) ! (s — 2c — 2) ! (s — 2b — 4) ! (s - 2a) ! (2a + 1) ! (26 + 4) ! (2c + 2) 1 
3 (5 -f 1) ! (S - 2c) 1 (5 - 26) ! (s - 2a + 3) 1 (2a - 6) 1 (26 - 2) 1 (2c - 1) ! t/t 

J" 
]" * L 7 (s - 2) ! (s - 2c — 3) ! (* — 26 — 3) ! (s — 2a) I (2a + i) ! (26 + 3) ! (2c + 2) ! 

f 2 (5 + 1) 1 (s - 2c) ! (5 - 26) 1 (5 - 2a + 2) 1 (2a - 6) 1 (26 - 3) 1 (2c - 1) 1 7/, 
— 2 [ 7 (s - 3) ! (s - 2c - 4) ! (s — 26 - 2) ! (s - 2a) ! (2a + 1) ! (26 + 2) ! (2c + 2) I J 

P 2 (s + 1) ! (s — 2c) 1 (5 - 26) (s - 2a + 1) (2a — 6) 1 (26 — 4) 1 (2c — 1) 1 
7 (s — 4) ! (5 — 2c — 5) ! (2a + 1; ! (26 + 1) ! (2c + 2) I -J" 

v = - l 

3 

3 

3 

3 

3 

2 

2 

1 

0 

—1 

- 2 

2 

—1 

- 2 

■[• 

r (S + 5) ! (s — 2c + 6) 1 (s — 2a) 1 (2a) 1 (26) 1 (2c — 2) I 7/» 
L 7 (s + 1) ! (s - 2c) 1 (s — 2a — 2) ! (2a + 7) ! (26 + 5) ! (2c + 1) ! J 
(s + 4) 1 (s - 2c + 5) 1 (s - 26 + 1) (s - 2a) ! (2a) 1 (26 — 1) 1 (2c - 2) 1 ]'• r 

7 (S + 1) ! (s — 2c) I (s — 2a — 3) ! (2a + 7) ! (26 + 4) ! (2c + 1)! 
• 2 .3 (s + 3) ! (* — 2c + 4) 1 (s - 26 + 2) 1 (s — 2a) 1 (2a) 1 (26 - 2) 1 (2c — 2) 1 

7 (s + i) 1 (* - 2c) 1 (s — 26) 1 (s — 2a — 4) 1 (2a + 7) ! (26 + 3) ! ( 2 c + 1) ! 
r (S _f- 2) (s - 2c + 3) 1 (s — 26 + 3) 1 (5 — 2a) 1 (2a) 1 (26 - 3) 1 (2c — 2) 1 7/» 

2 [ 7 (5 - 2 c ) l (s -2b) ! ( s - 2 a - 5 ) ! ( 2 a + 7 ) ! ( 26+ 2) 1 (2c + 1 ) ! J 
r (y — 2c + 2) 1 (s - 26 + 4) 1 (s — 2a) 1 (2a) 1 (26 — 4) 1 (2c — 2) 1 7/, 
[1 (s — 2c) ! (s - 26) ! (5 — 2a — 6) ! (2a -j- 7)! (26 -f 1)! (2c + 1)! J 

• 2 (* + 4) 1 (5 — 2c + 5) 1 (5 - 26) (5 — 2a) (2a - 1) I (26) 1 (2c — 2) 1 7/, 
3 . 7 (s + 1) ! (s - 2c) ! (2a + 6) ! (26 + 5) I (2c + 1) ! J 

2{(s + l)(a + 3 ) - 3 ( s - 2 6 + i)(6 + c + i ) } X 
f 2(5 + 3) 1 (s — 2c + 4) \(s — 2a) ! (2a — 1) 1(26 — 1)1 (2c — 2)1 7/, 

X L 3 • 7 (s + 1) 1 (s - 2c) 1 (s — 2a — 2) 1 (2a + 6) 1 (26 + 4) 1 (2c + 1) 1 J 

_ (36 — a + 3c + 3) f-

"(« + 2)(t. 
2 { a ( a - 2 c + 3) + 3 ( 6 - c ) ( 6 + c - h l ) ) X 

•2c + 3) 1 (s - 2b + 1) (s - 2a) 1 (2a — 1) 1 (26 — 2) 1 (2c - 2) 1 7/, 

— (3c _ a — 36) T 

7 (s — 2c) 1 (5 - 2a - 3) 1 (2a + 6) 1 (26 + 3) 1 (2c + 1) 1 

2 { ( * - 2 6 ) ( a + 3 ) + 3 ( * + 2 ) ( 6 - c ) ) X 
r 2 (5 — 2c + 2) 1 (s - 26 + 2) 1 (s - 2a) 1 (2a — 1) 1 (26 — 3)1 (2c ■ 

X L 3 • 7 (s — 2c) 1 (5 — 26) 1 (s — 2a — 4) ! (2a + 6) 1 (26 + 2) I (2c 

2 (5 + 1) (5 - 2c + 1) (s - 26 + 3) 1 (s — 2a) 1 (2a — 1) 1 (26 — 4) 1 (2c — 3) 1 7/. 

2C — 2) 1 7/. 
2c + l ) l J 

3 • 7 (* - 26) 1 (s - 2a - 5) 1 (2a + (j) 1 (26 + 1) I (2c + 1) 1 
{$ (s + 1) + 8 (s + 1) (5 - 2a + 1) + 6 (s - 2a + 1) (s - 2a + 2)} X 

(5 + 3) ! (s - 2c + 4) 1 (5 - 26) 1 (2a — 2) 1 (26) 1 (2c — 2) 1 

-]" 
f (5 + 3) ! (s - 2c + 4) 1 (s - 26) 1 (2a - 2) 1 (26) 1 (2c — 2) 1 ~TU 

X L 3 • 5 • 7 (s + 1) ! (s — 2c) ! (5 — 26 — 2) I (2a + 5) 1 (26 + 5) I (2c + 1) 1 J 
{(s 4-1) (2a + 5) [s ($-2b- 1) (2a + 4) — 2 (* + 3) (* — 26) (2a — 1)] + 2a (2a - 1) (s + 3) X 

ss / . . A\ / . 9 f c ± m r (^+2) ! (5 - 2 c + 3) 1 ( 5 - 2 6 ) (5 - 2a) ( 2 a - 2 ) 1 ( 2 6 - 1 ) 1 ( 2 c - 2 ) t 7 
X (* -t- 4H* - >̂ -r 1)) I 3 • 5 • 7 (5 - 2c) ! (2a + 5) ! (26 + 4) 1 (2c+ 1) 1 J 
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Table 10.12. (Com.) 

= —1 

{5 (s + 1) (s — 26) (2a + 5) [(s — 26 — 1) (2a + 4) — 2 (5 — 26 + 1) (2a — 1)] + (s + 2) (s + 3) X 
(S _ 2c + 2) 1 (5 — 2a) 1 (2a — 2) 1 (26 - 2) 1 (2c — 2) 1 TV, 

7(S-_2c) i (s — 2a — 2) I (2a + 5) I (26+3) ! ( 2c+ 1) 1J X 2 a ( 2 a - l ) ( 5 ~ 2 6 + l ) ( s - 2 6 + 2 ) } [ 2 7 ^ 

{[s (S — 26 - 1) (2a + 4) — 2 (s + 1) (s — 2b + 2) (2a - 1)] (s - 26) (2a + 5) + (s + 2) 2a (2a — 1) X 
r (5 + l ) ( s ~ 2 c + l ) ( ^ - 2 6 + l ) ( s ~ 2 a ) ! ( 2 a - ~ 3 ) ! ( 2 6 - 3 ) ! ( 2 c | - 2 ) ! 7 / , 

" d " L 3 • 5 • 7 (s — 2a — 3) ! (2a + 5) 1 (26 + 2) ! (2c + 1) ! J X (5 — 26 + 2) (s — 26 + ; 

{(, — 26 — 1) (s — 26) — 8 (s — 2c) (* — 26) + 6 (* - 2c — 1) (5 - 2c)) X 
r (s + 1) ! (s — 26 + 2) ! (s — 2a) 1 (2a — 2) 1 (26 - 4) 1 (2c — 2) ! 7/, 

X L 3 - 5 ( * — 1 ) !(* —26) ! (s — 2a —4) !(2a + 5) 1(26 + 1) ! (2c + l)!J 

2{a(a + l ) - 5 ( 6 + c + l ) (6 + c + 2 ) - 2 } X 
(s + 2) (s — 2c + 3) ! (s — 26) ! (s — 2a + 1) (2a — 3) ! (26) ! (2c — 2) ! 7/, 

X 5-7(5 — 2c) ! (s — 26 — 3) ! (2a + 4) ! (26 + 5) ! ( 2 c + 1) ■]'■ 

y T y {5 (s + 1) (2a + 4) (2a + 3) [(s — 1) (5 — 26 — 2) (2a + 2) — 3 (s + 2) (s — 26 - 1) (2a — 2)] + 

+ (s + 2) (s + 3) (2a — 1) (2a — 2) [(s + 1) (s - 2b) (2a + 4) . 3 — (s + 4) (s - 2b + 1) 2a]} X 
r (s-2c + 2) 1 (s — 26) ! (2a - 3) 1 (26 — 1) 1 (2c - 2) 1 TV, 

X L 5 - 7 (5 —2c) !(s —26 —2) i (2a + 4) ! (26+4) I ( 2 c + 1) ! J 

— 4 {[6 (6 + 1) + a (a + 1) + (c + 1) (c — 1)] (4a2 + 4a — 5Z — 5c — 3) — (c + 1) (c - 1) (2a — 1) X 
X(2a + 3 ) + 2 ( a + 2 ) ( a - l ) [ a ( a + l ) + 3 6 ( 6 + l ) - 3 ( c + l ) ( c - l ) - 3 l ) X 

• 3 (S + j) (S _ 2c + 1) (s — 26) (s — 2a) (2a — 3) 1 (26 — 2) 1 (2c — 2) 1 7/, 
2 • 5 • 7 (2a + 4) ! (26 + 3) I (2c + 1 ) 1 J X i1 

-^-j {(S _ 26 — 1) (s — 26) (2a + 4) (2a + 3) [3s (s — 26 + 1) (2a — 2) — (s — 1) (s — 26 — 2) X 

X (2a + 2)] + (5 - 26 + 1) (s — 26 + 2) (2a — 1) (2a — 2) [(s + 2) (s - 26 + 3) 2a -
(s + 1) 1 (s — 2a) 1 (2a — 3) 1 (26 — 3) 1 (2c — 2) ! TV, 

. 3 (s + i) (S _ 26) (2a + 4)]} [ 5 • 7 (* - 1) I (s - 2a - 2) I (2a + 4) 1 (26 + 2) 1 (2c + 1) ' 

-1" 
■ 2 (a (a + 1) - 5 (c - 6) (s - 6 + 1) - 2} X 

r (S + 1) 1 (s — 2c) (s - 26 + 1) (s - 2c) ! (2a - 3) 1 (26 — 4) 1 (2c - 2) 1 
X [ 5 • 7 (* — 2) I (* — 2c — 3) 1 (2a + 4) I (26 + 1) 1 (2c + 1) ! 

X 

+ {(* - 2a) (s - 2a - 1) + 8 (* + 2) (* - 2a) + 6 (* + 2) (s + 3)} X 
(s -2c+ 2) 1 (s - 26) 1 (s - 2a + 2) 1 (2a - 4) 1 (26) 1 (2c - 2) 1 TV, 

L 3 . 5 . 7 (s — 2c) 1 (s — 26 - 4) 1 (s — 2a) ! (2a + 3) 1 (26 + 5) 1 (2c + 1) 1 

- {(* - 2a) (2a - 3) [(s -2c + 2)(s-2a- 1) (2a - 2) - 2 (* - 2c + 1) (s - 2a + 2) (2a + 3)| + 
+ (S _ 2c) (s - 2a + 2) (s - 2a + 3) (2a + 2) (2a + 3)} X 

T (s + 1) (s - 2c + 1) (s - 26) ! (s - 2a + 1) (2a - 4) 1 (26 - 1) 1 (2c - 2) 1 TV, 
X [ 3 . 5 • 7 (s - 26 - 3) 1 (2a + 3) 1 (26 + 4) I (2c + 1) ! J 
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Table 10.12. (Cont.) 

v = — 1 

- i 

- 1 

—1 - 2 

{ ( , _ 2 c + 1) (s- 2a) (2a - 3) [(s - 2c + 2) (s - 2a - 1) ( 2 a - 2) - 2 ( * - 2 c ) ( * - 2a + i)(2a + 3)J + 

+ (2a+2) (2a + 3 ) ( i - 2 c - l ) ( 5 - 2 c ) ( s - 2 a + l ) ( * ~ 2 a + 2)}X 
f (* + ! ) ! ( * - 26) 1 (2a - 4) ! (26 - 2) 1 (2c - 2) 1 TV, 

X [ 2 • 5 • 7 (s - 1) ! {s - 26 - 2) ! (2a + 3) ! (26 + 3) 1 (2c + 1) ! J 

— {(f — 2c + 1 ) (2a — 3) [(s — 2c + 2) (s - 2a - 1) (2a - 2) — 2 (s - 2c — i) (s — 2a) (2a + 3) J + 
+ (2a + 2) (2a + 3) (* - 2c - 2) (* - 2c - 1) (s-2a + 1)} X 

|- (i + 1) 1 (* - 2c) (* - 26) (s - 2a) (2a - 4) 1 (26 - 3) 1 (2c - 2) 1 17, 
X L 3 .5 . 7 (5 _ 2 ) ! (2a 4- 3) ! (26 + 2)! (2c + 1)! J 

{(* — 2c + 1) (s - 2c + 2) - 8 (» - 2c + 1) (5 — 26 + 1) + 6 (s — 26 + 1) (* — 26 + 2)} X 
(s + 1) 1 (s - 2c) 1 (f — 2a) 1 (2a - 4) 1 (26 - 4) 1 (2c — 2) 1 h 3 • 5 • 7 (s — 3) ! (s - 2c — 2) ! (s - 2a — 2) ! (2a + 3) ! (26 + 1) ! (2c + lyrP 

—2 _ ( 3 6 + a + 3c + 4 ) [ 
2 (5 + 1) (i - 2c -f 1) (s - 26) 1 (g - 2a + 3) 1 (2a - 5) 1 (26) 1 (2c - 2) 1 TV, 

3 • 7 (5 — 26 - 5) ! (s — 2a) I (2a + 2) ! (26 + 5) ! (2c + 1) ! J 

2 {3 (t - 2c) (6 + c + 1) - (8 - 2a) ( a - 2 ) } X 
f 2 (5 + 1) 1 (8 - 26) 1 (s — 2a + 2) 1 (2a — 5) I (2^ — 1) 1 (2c — 2) 1 

X L 3 • 7 (8 - 1) I (* — 26 — 4) ! (t — 2a) I (2a + 2) ! (26 + 4) ! (2c 
-2)1 TV. 
+ 1)1 J 

- 2 
- 2 { ( a - 2 ) ( a + 2c + i) + 3(6 + c ) ( 6 - c + l )>X 

r (5 -f-1) | (S — 2c) (8 — 26) 1 (8 - 2a + 1) (2a — 5) 1 (26 — 2) 1 (2c — 2) 1 TV, 
X L 7 (* — 2) !(* — 26 - 3) 1 (2a -f- 2) ! (26 + 3) I (2c + 1) ! J 

- 2 —i 
2 < 3 ( s - 2 a + l ) ( 6 - c ) + ( * - 2 c + i ) ( a - 2 ) } X 

r 2 (5 + 1) 1 (s — 26) 1 (t — 2c) 1 (2a — 5) 1 (26 — 3) 1 (2c — 2) 1 
X [ 3 • 7 (5 — 3) ! (* — 2c — 2) ! (s — 26 — 2) ! (2a + 2) I (26 + 2)! (2c 

! > 
+■!)! J 

- 2 (a — 36 + 3c + .,[■ 2 (f + l) 1 (S - 2c) 1 (s - 26) (5 — 2a) (2a - 5) 1 (26 - 4) 1 (2c - 2) 1 TV, 
3 . 7 (s - 4) ! (5 - 2c — 3) ! (2a + 2) I (26 + 1) ! (2c + 1) ! J 

- 3 

- 3 

- 3 

- 3 

—1 

r (* + 1) 1 (f — 26) 1 (« — 2a + 4) 1 (2a - 6) 1 (26) 1 (2c — 2) 1 TV, 
L 7 (s - 1) I (8 — 26 — 6) ! (s — 2a) ! (2a + 1) I (26 + 5) I (2c + 1) ! J 

r (* + 1) 1 (# — 2c) (s — 26) 1 (s — 2a + 3) 1 (2a — 6) 1 (26 — 1) 1 (2c — 2) 1 TV, 
~" 2 L 7 (s — 2) ! (s — 26 — 5)1 (s — 2a) ! (2a + 1) I (26 -f 4) I (2c + i) I J 

r 2*3(* + l ) l ( s —2c) 1 ( * - 2 6 ) 1 (s —2q + 2 ) 1 (2a — 6)1(26 — 2) 1 (2c — 2) 1 TV, 
[ 7 (8 - 3) 1 (* — 2c — 2) 1 (s — 26 — 4) 1 (x — 2a) 1 (2a + 1) 1 (26 + 3) 1 (2c + 1 ) ! J 

r (S 4 . j) 1 (f _. 2c) 1 (f — 26) 1 (* — 2c + 1) (2a — 6) 1 (26 — 3) 1 (2c — 2) 1 TV, 
- 2 [ 7 (S - 4) ! (s - 2c - 3) 1 (t - 26 - 3) I (2a + 1) I (26 + 2) 1 (2c + 1) 1 J 

r (j + 1) 1 (j — 2c) 1 (f — 26) 1 (2a — 6) 1 (26 — 4) 1 (2c — 2) 1 
L 7 (s - 5) ! (5 - 2c - 4) ! (s — 26 - 2) ! (2a + i) I (26 + 1) I (2c + or? 
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Tables 10.13. -10.14. Numerical Values of the 9/ Symbols. 

Table 10.13. 

0 
1 
1 
2 
2 
3 
3 
4 

a 

1 
1 

0 
1 
1 
2 

0 
1 
1 
2 
2 

1 
1 
2 
2 
3 

i 
2 
2 
3 
3 

2 
2 
3 
3 
4 

i d 

1 1 / 2 

l 1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

d 

1/2 
3/2 

1/2 
1/2 
3/2 
3/2 

1/2 
1/2 
3/2 
3/2 
5/2 

1/2 
3/2 
3/2 
5/2 
5/2 

3/2 
3/2 
5/2 
5/2 
7/2 

3/2 
5/2 
5/2 
7/2 
7/2 

& 

0 
1 
1 
2 
2 
3 
3 
4 

& 

0 
0 

2 
2 
2 
2 
2 

2 
2 
2 
2 
2 

3 
3 
3 
3 
3 

1/2 
1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

e 

1/2 
1/2 

1/2 
1/2 
1/2 
1/2 

3/2 
3/2 
3/2 
3/2 
3/2 

3/2 
3/2 
3/2 
3/2 
3/2 

5/2 
5/2 
5/2 
5/2 
5/2 

5/2 
5/2 
5/2 
5/2 
5/2 

[a b 

r e 
l 1/2 1/2 

1/2 
1/(2 V3) 
1/(2 \fe • 3) 
1/(2V^2T5) 
1/(2 v^n>) 
1/(2^3*77) 
1/(4 vT) 
1/(4-3) 

( a b 

1 1/2 1/2 

1/(2-3) 
1/(2-3) 

-1 / (2 -3 ) 
1/(3^2-3 

—1/(2.3^2^3) 
1/(2.3^2") 

1/(2-3) 
1/(2-3^2^3) 
V5"/(4 • 3 \/J) 
1/(4-3 ^5) 
1/(2 V2TF"5) 

1/(2 • 3 V2) 
- 1 / ( 4 - 3 vT) 

^37(4-5) 
- 1 / ( 2 . 3 - 5 ^ 2 ) 

1/(2 • 3 >/b) 

1/(2 V2TIT5) 
1/(2 • 3 • 5 >l2) 

VT/(3 • 5 V2T3) 
1 / ( 2 . 3 ^ 3 . 5 . 7 ) 
1/(2.3 y/T) 

1/(2 • 3 V̂ 5") 
— 1 / ( 2 - 3 ^ 3 ^ 7 ) 

vr/(3 - 7 v^) 
- 1 / ( 4 . 3 - 7 ) 

1/(4 V^T) 

0> 

0.500000 
0.288675 
0.204124 
0.158114 
0.129099 
0.109109 
0.094491 
0.083333 

El 
0.666667 
0.666667 

—0.666667 
0.136083 

—0.068041 
0.117851 

0.666667 1 
0.068041 
0.107582 
0.037268 
0.091287 

0.117851 
-0.037268 

0.086603 
—0.023570 

0.074536 

0.091287 
0.023570 
0.072008 
0.016265 
0.062994 

0.074536 
-0.016265 

0.061475 
—0.011905 

0.054554 

a 

2 
3 
3 
4 

3 
3 
4 

a 

2 
2 

1 
2 
2 
3 

1 
1 
2 

2 

1 3 
. 3 

1 ° 
1 

1 1 . 

i 2 

2 
3 
3 

, 4 

0 
1 
1 
2 

2 
3 
3 
4 

d 

5/2 
5/2 
7/2 
7/2 

5/2 
7/2 
7/2 

d 

3/2 
5/2 

3/2 
3/2 
5/2 
5/2 

1/2 
3/2 
3/2 
5/2 
5/2 
7/2 

1/2 
1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

& 

3 
3 
3 
3 

4 
4 
4 

& 

^̂ ^̂ ^ 

0 
0 

2 
2 
2 
2 
2 
2 
2 
2 

2 
2 
2 
2 
2 
2 
2 
2 

c 

7/2 
7/2 
7/2 
7/2 

7/2 
7/2 
7/2 

e 

___^_ 

1/2 
1/2 

1/2 
1/2 
1/2 
1/2 

3/2 
3/2 
3/2 
3/2 
3/2 
3/2 

3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

j" a & 

d * 
* 1/2 1/2 

1/(2- 3 Vf) 
1/(4.3-7) 
3/(8-7) 
1/(8.3^3-7) 

1/(4 STl) 
-1 / (8-3^3^7) 

v^7/ (8 • 9 vT) 

( a b 

d ' 
1 1/2 1/2 

1/(2-5) 
1/(2-5) 

—1/(2 y/2lfl>) 
1/(2.5 vT) 

- 1 / ( 3 . 5 >/I) 
1/(2 • 3 V5") 

1/(2 v'2'7375) 
1/(4 v^F5) 
1/(4-5) 
vT/ (2 .3 .5vT) 
1/(2-3 v T 7 ) 
1/(2 V2T5T7) 

-1 / (2 -5 ) 
1/(2-5^2) 

-1 / (4 -5 ) 
^ 7 / ( 4 . 5 ^ ) 

-1 / (2 .5^2^5) 
1/(5^2^7) 

- 1 / ( 4 ; 5 vT) 
1/(4-5) 

1/(2-5) 
1/(3 • 5 V2) 
^77(2.3-5 V-2) 
l / ( 2 . 5 v T 5 ) 
1/(5 VJT5) 
1/(2 • 5 VF7) 
v̂ 3*/(2 • 5 V2T7) 
1/(2 - 3 5 V2T3) 

! _ 

0.062994 
0.011905 
0.053571 
0.009092 

0.054554 
—0.009092 

0.047439 

0 > 

0.100000 
0.100000 

—0.091287 
0.070711 

—0.047141 
0.074536 

0.091287 
0.064550 
0.050000 
0.062361 
0.028172 
0.059761 

—0.100000 
0.070711 

—0.050000 
0*059161 

—0 031623 V/ • \J%J * \/*rf %J 

0.053452 
—0.018898 

0.050000 

0.100000 
0.047141 
0.062361 
0.031623 
0.051J640 
0.021822 
0.046291 
0.013608 
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a 

1 
1 
2 
2 
3 
3 
4 

1 
2 
2 
3 
3 
4 

2 
2 
3 
3 
4 

a 

3 
3 

2 
3 
3 
4 

2 

2 
3 
3 
/ 
** 
1 
2 
2 
3 
3 
4 

d 

1/2 
3/2 | 
3/2 
5/2 
5/2 
7/2 
7/2 

3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

3/2 
5/2 
5/2 
7/2 
7/2 

d 

5/2 
7/2 

5/2 
5/2 
7/2 
7/2 

3/2 

5/2 
5/2 
7/2 
7/2 

3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

b 

3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 

4 
4 
4 
4 
4 

6 

0 
0 

2 
2 
2 
2 
2 
2 

e 

5/2 
5/2 
5/2 ! 
5/2 
5/2 
5/2 
5/2 

7/2 
7/2 
7/2 
7/2 
7/2 
7/2 

7/2 
7/2 

1 7/2 
7/2 
7/2 

e 

1/2 
' 1/2 

1/2 
1/2 
1/2 
1/2 

3/2 

3/2 
3/2 
3/2 
3/2 

3/2 
3/2 
3/2 
3/2 

1 3/2 
3/2 

Quantum Theory of Angular Momentum 

( a b 
■ d e 
I 1/2 1/2 

1/(2-3 vT) 
- 1 / ( 2 • 3 ATI) 

1/(5 JTl) 
- 1 / ( 2 • 5 i/ap?) 

1/(7 v/2T5) 
- 1 / ( 4 - 7 ^ 5 ) 

^57(4-

1/(2 V̂ 2 

3V 3̂"T7) 

T5T7) 

1/(4.5 Vf) 
V§"/(2 • 5 y/Yl) 
1/(4 • 7 VT) 
VT/(8 • 7) 
1/(8 v^5T7) 

1/(4.5) 
—1/(2.3.5 vri) 

Y T / ( 4 . 3 v ^ ) 

—1/(8 VF5T7) 
vTl/(8.3^375) 

r a b 
d e 

K 1/2 1/2 

1/(2-7) 
1/(2-7) 

- 1 / ( 2 - 3 vT) 
1/(3-7) 

-1 / (4 -7 ) 
1/(4 VT1) 
1/(2 y/2 ♦ 5 . 7 ) 

1/(3 N/2 o - / ; 
• 5 7 ( 2 . 3 . 7 •g") 
•37(4 • 7 •!") 

1 1/(4 • 3 •2^7) 

- 1 / ( 2 ^275^7) 
1/(2 • 5 \T) 

-1/(2.5^7") 

- 1 / ( 4 . 7 
1/(4^2 

7 v̂ 2 • 5) 

T3T7) 

0 

0.074536 

—0.028172 

0.053452 
—0.021822 

0.045175 

- 0 . 0 1 5 9 7 2 

0.040663 

0.059761 

0.018898 

0.046291 

0.015972 

0.039930 

0.012199 

0.050000 
—0.013608 

0.040663 
- 0 . 0 1 2 1 9 9 

0.035681 

¥~ 0j 

0.071429 
0.071429 

—0.062994 
0.047619 

—0.035714 
0.054555 

0.059761 

0.039841 
0.037646 
0.043741 

! 0.022272 

-0.059761 
0.037796 

—0.037796 
0.039123 

—0.025254 
0.038575 

a 

1 
1 
2 
2 
3 
3 
4 

0 
1 
1 
2 
2 
3 
3 
4 

0 
1 
1 
2 
2 
3 
3 
4 

1 
1 
2 
2 
3 
3 
4 

a 

4 
3 
4 

3 
3 
4 

d 

1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

d 

7/2 
7/2 
7/2 

5/2 
7/2 
7/2 

b 

2 
2 
2 
2 
2 
2 
2 

3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 

4 
4 
4 
4 
4 
4 

I 4 

b 

r\ 
0 

e 

5/2 1 

5/2 1 
5/2 
5/2 
5/2 i 
5/2 
5/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

7/2 
7/2 
7/2 
7/2 
7/2 
7/2 
7/2 
7/2 

7/2 
7/2 
7/2 
7/2 
7/2 
7/2 
7/2 

e 

1/2 
1/2 
1/2 

3/2 
3/2 
3/2 

Table 10.13. (Cont.) 

t a b 

1 1/2 1/2 

1/(2.3 •F) 
1/(3 V2 • 5 • 7) 
1/(2 • 5 •F) 
1/(2 • 5 •F) 
1/(7 v̂ 2 • 3 • 5) 
1/(4-7) 
l /(4.3v/3.7) 

-1 / (2 -7 ) 
1/(3-7) 

— ^ 5 / ( 2 . 3 . 7 ^ 2 ) 
•§7(2 • 7 vTT5) 

—1/(7 V2 • 3 • 5) 
•§7(2.7 •av?) 

—1/(2 • 7 v^F7) 
• l l / ( 2 . 3-7 v ^ 3 ) 

1/(2-7) 
1/(4-7) 
• 3 / ( 4 . 7 ^ 2 ) 
1/(4. 7 vT) 
1/(4-7) 
1/(2.7 JTH) 
•IT/(4. 7VJT7) 
1/(4.7V^T3) 

1/(4 v'S"^) 
—1/(4-3 •iTF) 

1/(4 • F F " 7 ) 
- 1 / ( 4 . 3 • F l ) 
V lT / (2 .3 .7V^3) 
—1/(4. 7 ^2T3) 
•57(4 .3 • 2 7 0 ) 

r a b 

d e 

* 1/2 1/2 

1/(2 • 9) 
- 1 / ( 4 . 3 •§") 

•57(4. 9 V3") 

1/(2.3VT1) 
•5/(4 • 3 •2HT7) 
•7/(4 • 9 VTI) 

0 J 

0.062994 
0.039840 
0.037796 
0.037796 
0.026082 
0.035714 
0.018185 

—0.071429 
0.047619 

—0.037646 
0.039123 

—0.026082 
0.034853 

—0.019090 
0.032238 

0.071429 
0.035714 
0.043741 
0.025254 
0.035714 
0.019090 
0.031657 
0.014580 

0.054554 
—0.022272 

0.038576 
—0.018185 

0.032238 
—0.014580 

0.028753 

ii~ 
f\ AC C C C ^ 

i 0.055556 
—0.048113 

0.035861 

0.044544 
0.028753 
0.030003 



9j and 12j Symbols 399 

Table 10.13. (Cont.) 

a 

2 
3 
3 
4 

2 
2 
3 
3 
4 

1 
2 
2 
3 
3 
4 

1 
1 
2 
2 
3 
3 
4 

0 
1 
1 
2 
2 

3 
3 
4 

a 

i 
0 
1 

1 
2 

1 
2 

d 

5/2 
5/2 
7/2 
7/2 

3/2 
5/2 
5/2 
7/2 
7/2 

3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
1/2 
3/2 
3/2 
5/2 

5/2 
7/2 
7/2 

d 

1/2 

1/2 
1/2 

3/2 
3/2 

3/2 
3/2 

b 

2 
2 
2 
2 

2 
2 
2 
2 
2 

3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 

4 
4 
4 
4 
4 
4 
4 
4 

b 

0 

1 
1 

1 
1 

2 

2 1 

e 

3/2 
3/2 
3/2 
3/2 

5/2 
5/2 
5/2 
5/2 
5/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

7/2 
7/2 
7/2 
7/2 
7/2 
7/2 
7/2 

7/2 
7/2 
7/2 
7/2 
7/2 

7/2 
7/2 
7/2 

e 

1/2 

1/2 
1/2 
3/2 
3/2 

3/2 
3/2 1 

r a t ) 

j d * 
I 1/2 1/2 

- 1 / ( 2 . 3 VF5) 
1/(2 • 3 V̂2 • 3 • 7) 

~ l / ( 4 V m ) 
v/fl/(4.9 •JT5) 
1/(2 • 3 ^3^5) 
1/(2 • 9 %T) 
1/(9 •2T7) 
VlI/(4. 3^3^577) 
1/(4.3V^T5) 

- 1 / ( 2 . 3 •2T7) 
1/(2. 3 VTTT7) 

—1/(9 •2T7) 
•lT/(2 -9-7) 

—vT/(2 • 3 • 7 •1T3) 
1/(2 . 3 v/2 • 3 • 7) 

1/(4-3^3") 

•5/(4.3 v'-nri) 
1/(4^275^7) 
•11/(4 • 3 v̂ 3 .5 • 7) 
•5~/(2 -3-7 • F 3 ) 
1/(4 • 7 • ! ) 
•F/(4 • 9 •2T7) 

—1/(2-9) 
•ST/(4 - 9 3̂") 

— >ITI(!k • 9 • O ) 
• l l / ( 4 . 9 •2T5) 

- 1 / ( 4 . 3 •aT5) 
1/(2 • 3 V2.3 • 7) 

— •5'/(4. 9 •2^7) 
•13/(4.27 • ! ) 

( a b 
I d e 
I 1/2 1/2 

-1 / (2 -3) 

1/(2.3) 
1/(3 V^2.3) 

—1/(4.3 •5") 
- 1 / ( 4 . 3 ) 

1/(4-3) 
1/(41/3-5) 1 

0 J 

—0.043033 
0.025717 

—0.029881 
0.029134 

0.043033 
0.024845 
0.029696 
0.026972 
0.021517 

—0.044544 
0.025717 

—0.029696 
0.026322 

-0.021735 
0.025717 

0.048113 
0.028752 
0.029881 
0.026972 i 
0.021735 
0.025253 
0.016600 

-0.055556 
0.035860 

—0.030003 
0.029134 

—0.021517 

0.025717 
—0.016600 

0.023607 

1 

—0.666667 

0.666667 
0.136083 

—0.048113 
—0.083333 

0.083333 
0.064550 I 

a 

2 
3 

2 
3 

3 

4 

3 
4 

a 

0 

1 
1 
1 
1 
2 

2 
2 
2 
3 

3 
3 

3 
4 

a 

1 
1 

0 
1 
2 

0 
1 
2 
2 

d 

5/2 
5/2 

5/2 
5/2 

7/2 
7/2 

7/2 
[ 7/2 

d 

1/2 
1/2 
3/2 
1/2 
3/2 

3/2 
5/2 
3/2 
5/2 
5/2 
7/2 
5/2 
7/2 
7/2 

d 

1/2 
3/2 

1/2 
3/2 
3/2 

1/2 
1/2 
3/2 
5/2 

b 

2 
2 

3 
3 

3 
3 

4 
4 

b 

0 
1 
1 

1 
1 

2 
2 
2 
2 

3 
3 
3 

3 
4 

b 

0 
0 

e 

5/2 
5/2 

5/2 
5/2 

7/2 
7/2 

7/2 
7/2 

* 

1/2 
1/2 
1/2 
3/2 
3/2 

3/2 
3/2 
5/2 
5/2 ; 
5/2 
5/2 
7/2 
7/2 
7/2 

e 

1/2 
1/2 

1/2 
1/2 
1/2 

3/2 
3/2 
3/2 
3/2 

( a b 
l a e 
K 1/2 1/2 

-1/ (9^275) 
-1 / (2 -9 ) 

1/(2-9) 
1/(9 Vf) 

- 1 / ( 8 v'F7) 
-1 / (8 -3 ) 

1 1/(8-3) 
vT/(8-9) 

l a b 
l a e 
1 1/2 1/2 

1/(2 VT) 
-1 / (2 -9 ) 

1/9 

- 1 / 9 
•51(2 • 9 • f ) 

-1 / (2 .5 • O ) 
1/(3-5) 

- 1 / ( 3 . 5 ) 

v^/te-s.svl) 
-•5"/(2.3.7v^3) 

1/(3-7) 
-1 / (3 -7 ) 

1/(4-7) 
—•7/(4-27) 

f a b 
| d e 
I 1/2 1/2 

1/(3 ^273) j 
—1/(2 • 3 •fT3) 

1/(3 •2T3) 
1/(4-3) 
1/(4.3 •af) 

1/(2-3 • O ) 
1/(4-3) 
1/(3 ^2 ,3 .5 ) 

- 1 / ( 4 . 3 vT) 

i ! _ 
-0.035136 
—0.555556 

0.555556 
0.041996 

—0.027277 
—0.041667 

0.041667 
( 0.031056 

EZ 
0.288675 

—0.055556 
0.111111 

—0.111111 
0.087841 

—0.040825 
0.066667 

—0.066667 
0.050913 

—0.030738 
0.047619 

-0.047619 
0.035714 

—0.024498 

i l~ 
0.136083 

—0.068041 

0.136082 
0.083333 
0.048113 

0.068041 
0.083333 
0.060858 

—0.037268 
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Table 10.13. (Cont.) 

( a b 1 | / a b 2 l 
a d 6 e < d e l > 1 a I d I 6 I « I | d e 1 > 

I I I ^ 1/2 1/2 1 J I 1/2 1/2 1 i 

1 1/2 2 3/2 - 1 / ( 4 - 3 ^ ) -0.048113 I 3 5/2 2 5/2 - 2 / ( 3 • 5 v ' O ) —0.029096 
1 3/2 2 3/2 1/(3V^T3T5) 0.060858 3 7/2 2 5/2 -1 / (4 -3^5^7) -0.014086 
2 5/2 2 3/2 1/(4.3^3") 0.048113 4 7/2 2 5/2 —1/(4-3 vT) —0.037268 
3 5/2 2 3/2 1 / ( 2 - 3 ^ 2 7 ^ ) 0.030429 f 3 / 2 S | 5/2 1 / ( 2 - 3 ^ 5 ) 0.052705 

1 3/2 2 5/2 1/(4- 3 vT) 0.037268 2 3/2 3 5/2 1/(2-3-5) 0.033333 
2 3/2 2 5/2 1/(4 -3VJ) 0.048113 2 5 / 2 3 5 / 2 2/(3-5^3^7) 0.029096 
3 5/2 2 5/2 1/(3V^T5T7) 0.039841 3 5/2 3 5/2 vf/(3 • 7 vT) 0.030117 
3 7/2 2 5/2 -1/(2-3^2^3^7) -0.025717 3 7/2 3 5/2 1/(4-7^273) 0.014580 
2 3/2 3 5/2 -1 / (2-3^27373) -0.030429 * 7/2 3 5/2 1/(4-3 vTT) 0.022272 
2 5/2 3 5/2 1/(3^27577) 0.039841 2 5/2 3 7/2 - 1 / ( 4 • 3 vT77) —0.014085 
3 7/2 3 5/2 1/(4-3^273) 0.034021 3 5/2 3 7/2 - l / ( 4 - 7 *̂ 27"3) -0.014580 
4 7/2 3 5/2 1/(4-3 \fTl) 0.022272 3 7/2 3 7/2 - l / ( 4 - 7 v T 7 5 ) -0.014580 

2 5/2 3 7/2 1/(2.3^27377) 0.025172 * 7 / 2 3 7/2 - 1 / ( 4 - 3 V ^ ) -0.022272 
3 5/2 3 7/2 1/(4-3^273) 0.034021 I 2 5/2 4 7/2 1/(4-3 VF) 0.037268 
4 7/2 3 7/2 1/(9 vTT) 0.029695 3 5/2 4 7/2 l/(4-3^2~77) 0.022272 
3 5/2 4 7/2 _ l / ( 4 - 3 \ ^ 7 7 ) -0.022272 3 7/2 4 7/2 l/(4 - 3 v T T ^ 0.022272 
3 7/2 4 7/2 1/(9 v^TT) 0.029696 | 4 | 7/2 | 4 | 7/2 | ^11/(4-27^2) | 0.021715 

*~ I I " " i ) 
f o 6 2 l I " * * I I * * ' 2 ! 

a I d I 6 I r I j d e 1 | A I I I I * */2 1/2 1 > 
* 1/2 1/2 1 ' fl T j j j ~ ~ T " 

! 1 1 3/2 0 1/2 1/(2-3 vT) 0.117851 

2 3/2 0 1/2 - l / ( 2 V 2 - 3 - 5 ) —0.091287 1 1 3/2 1 1 / 2 1/(4-3^3") 0.048113 

1 1/2 1 1/2 1/9 0.111111 2 3 / 2 * 1 / 2 - V ( « - 3 - 5 ) -0.016667 
1 3/2 1 1 / 2 1/(4-9) 0.027778 1 2 5 / 2 \ l 1 / 2 ^(3 • 5) 0.066667 
2 3/2 1 1 / 2 1/(4^375) 0.064550 0 1/2 1 3 / 2 1/(2-3 V̂ ") 0.117851 
1 1/2 1 3/2 -1/(4-9) -0.027778 ' £ | f0 H ' ' 3 ^ h 0 ' 0 4 8 1 1 3 

1 32 1 3/2 -1 2.9W75) -0.017568 ' ^ ' A °-°mU 

2 3/2 1 3/2 - l / ( 2 - 5 V ^ 3 ) -0.040825 J ' - i f c - S - S * ) -0.023570 
2 5/2 1 3/2 - 1 / ( 4 - 3 - 5 ) -0.016667 2 & / 2 ' 3 ' 2 ^ ' ^ ^ 0.044096 
3 5/2 1 3/2 _ l / (2 -3V275) -0.05270S i 4 ' 2 2 3 ' 2 ~ V ( 4 - 3 - 5 ) -0.016667 

\ „ . v 1 3 / 2 2 3/2 1/(2-3-5^2) 0.023570 
0 1/2 2 3/2 1/(2VJ7375) 0.091287 2 3 / 2 2 I ^ ^ 
1 1/2 2 3/2 1 / ( 4 ^ 0.064550 2 5 / 2 2 3 / 2 | ^ ( 4 . 5 ^ 3 — ) 0 . 0 3 4 1 5 6 

1 3/2 2 3/2 1 / ( 2 - 5 ^ ^ 0.040825 3 5 /2 2 3/2 l / ( 2 . 5 V T T 7 ) -0.015430 
2 3/2 2 3/2 ^ 2 . 5 ^ . 3 - 5 ) 0.048305 3 7 / 2 2 3/2 1 / ( 5 ^ ) 0.043644 
2 5/2 2 3/2 ^7 / (4 -3 -5^5) 0.019720 I c l o 
3 5/2 2 3/2 1/(2-3-5) 0.033333 \ J* \ \ \ l-,^ * -0-066667 

I 1 3/2 2 5/2 ^7/(4-3-5) 0.044096 
1 3/2 2 5/2 - l / - (4 .3 .5 ) _ —0.016667 J 2 3/2 2 5/2 -^77(4-5^375) - 0 034157 
2 3/2 2 5/2 - ^ 7 / ( 4 - 3 ^ 5 ) -0.019720 1 2 5/2 2 5/2 ^277/(9-5 ^S") 0 037185 
2 5/2 2 5/2 —1/(3-5^3-5) -0.017213 3 5/2 2 5/2 - 2 / ( 9 - 5V7) -0.016798 

I I I I I 1 3 I 7/2 ] 2 j 5/2 I 1/(2-5 vTT) | 0.026726 
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Table 10.13. {Com.) 

a 

2 
2 
3 
3 
4 

2 
2 
3 
3 
4 

3 
3 
4 

a 

2 
2 

1 
2 
2 
3 

1 
2 
2 
3 
3 

0 
1 
1 
2 
3 
3 
4 

0 
1 
1 
2 

d 

3/2 
5/2 
5/2 
7/2 
7/2 

3/2 
5/2 
5/2 
7/2 
7/2 

5/2 
7/2 
7/2 

d 

3/2 
5/2 

3/2 
3/2 
5/2 
5/2 

1/2 
3/2 
5/2 
5/2 
7/2 

1/2 
1/2 
3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
1/2 
3/2 
3/2 

b 

3 
3 
3 
3 
3 

3 
3 
3 
3 
3 

4 
4 
4 

6 

0 

0 

2 
2 
2 
2 
2 
2 
2 

2 
2 
2 
2 

0 

5/2 
5/2 
5/2 
5/2 
5/2 

7/2 
7/2 
7/2 
7/2 
7/2 

7/2 
7/2 
7/2 

e 

1/2 

1/2 

1/2 
1/2 
1/2 
1/2 

3/2 
3/2 
3/2 
3/2 
3/2 

3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 

5/2 
5/2 
5/2 
5/2 

r a 6 
d ' 1 1/2 1/2 

- 1 / ( 2 
2/(9 

- 1 / ( 9 
1/(4 

- 1 / ( 4 

• 5^2"3~7) 
5^7") 
7) 

•3V2-3-7) 

- 1 / ( 5 ViTT) 
1/(2-5 VFT) 

- 1 / ( 4 
1/(4 

- 1 / ( 4 

- 1 / ( 4 
1/(4 

•7vT) 
• 7VT) 
.3VF3T7) 

• 3V2-3-7) 
• 3 V2 • 3 • 7) 

-V7/(4 • 9 v T " F 5 ) 

f a b 
| d e 
I 1/2 1/2 

1/(2 • 5 vT) 

—1/(3 • 5 VT) 
1/(4 V3T5) 
1/(4-3-5) 
2/(9-5) 
1/(9^2-5) 

1/(4 ^3^5) 
1/(3-5 VF) 

-v/7"/(4 -9-5) 
v/5"/(2 • 9 v T ^ ) 

- 1 / ( 2 - 3 ^ 5 ^ 7 ) 

1/(2 
- 1 / ( 4 

1/(3 
1/(4 
1/(2 
1/(2 
1/(2 

1/(3 
2/(9 
vT/( 

5vT) 
3-5) 
5^2") 
3vT) 
3 • 5 VT) 
5 V F 7 ) 
3 • 5 vT) 

5 v ^ ) 
5) 

4 -9-5) 
1/(4-3 VT) 

1 ) 
2 
1 J 

1 

-0.015430 
0.016798 

-0.015873 
0.025254 I 

—0.012859 

—0.043644 
0.026726 

—0.025254 
0.025254 

—0.012859 

—0.012859 
0.012859 

—0.013418 

¥2 
0.070711 

—0.047146 
0.064549 
0.016667 
0.044444 
0.035136 

0.064550 
0.047140 

-0.014699 
0.033201 

-0.028172 

0.070711 
-0.016667 

0.047140 
0.037268 
0.012599 
0.026726 
0.023570 

0.047140 
0.044444 
0.014699 
0.037268 

1 

a 

• 

3 
3 
4 

1 
1 

, 2 
1 2 

i 3 

4 

1 
2 
2 
3 
4 

2 
2 
3 
3 

a 

3 

2 
2 
3 

2 
2 
3 
3 
4 

1 
1 
2 
2 
3 
3 
4 

1 
1 
2 

d 

5/2 
7/2 
7/2 

1/2 
3/2 
3/2 
5/2 
7/2 
7/2 

3/2 
3/2 
5/2 
5/2 
7/2 

3/2 
5/2 
5/2 
7/2 

d 

5/2 

3/2 
5/2 
5/2 

3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
3/2 
3/2 

& 

2 
2 
2 

3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 

4 
4 
4 
4 

b 

0 

2 
2 
2 
2 
2 ! 
2 
2 

2 
2 
2 

e 

5/2 
5/2 
5/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

7/2 
7/2 
7/2 
7/2 
7/2 

7/2 
7/2 
7/2 
7/2 

c 

1/2 

1/2 
1/2 
1/2 

3/2 
3/2 
3/2 
3/2 
3/2 

3/2 
3/2 
3/2 
3/2 
3/2 
3/2 
3/2 

5/2 
5/2 
5/2 

f a b 

1 1/2 1/2 

1/(5 V^2T77) 
- 1 / ( 4 . 5 ^ 3 7 7 ) 

7/(4 .9 .5^3) 

- 1 / ( 9 V2~5) 
^7(2.9*^2^7) 

-1 / (2 .3 .5V/T) 
1/(5 vTHP7) 
1/(4.3^2^5) 
^ 5 / ( 4 - . 9 \ ^ l T 7 ) 

l / (2 .3 t fT7) 
1/(2-5^2^7) 
1/(4.5 V^Tf) 
1/(4. 3 VYH) 
1/(3 V2-3. 5 . 7 ) 

- l / (2.3.5v^2") 
7/(4 • 9 • 5 V3") 

- ^ 5 / ( 4 . 9 ^ 2 ^ 3 ^ 7 ) 
1 / ( 3 ^ 2 . 3 . 5 . 7 ) 

j 
1 1/2 1/2 

- 1 / ( 2 - 3 vT) 

■1/(3.5) 
1/(2-9.5) 
1/(9 VT) 

- 1 / ( 2 - 3 - 5 vT) 
- 1 / ( 9 . 5 *T) 
-2 / (9 -7 ) 
-1/(4 .3 .7V^2) 
-1 / (4 i/TlTT) 

1/(3-5) 
l /(2.3.5v^2) 
1/(2.5^5*) 
vT/(3 • 5 VIP/) 
2/(5-7 V3T) 
v̂ 3*/(4 • 5 • 7 V'JT) 
1/(4-3 VST?) 

—1/(2.9.5) 
—1/(9 • 5 v7) 
- v T / ( 3 • 5 VFT?) 

2 1 
2 
1 i 

0.030861 
—0.010911 

0.022453 

—0.035136 
0.033201 

—0.012599 
0.030861 
0.026352 
0.009584 

0.028172 
0.026726 
0.010911 
0.026352 
0.023002 

—0.023570 
0.022453 

—O.U>9»8t 
0.023002 

'•1 % 

; } 
—0.0U2994 

0.01,6607 
0.011111 
0.041996 

—0.023:w() 
—0.0083M 
—0.031746 
—O.0:18418 
—0.038576 

0.lMiM>7 
0.023570 
O.U44721 
0.015936 
0.0329-11 
0.008748 
0.022272 

—0.011111 
—0.008391) 
—0.015936 
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a 

2 
3 
3 
4 

0 
1 
1 
2 
2 
3 
3 
4 

1 
2 
2 
3 
3 
4 

1 
2 
2 
3 
3 
4 

a 

2 
2 
3 
3 

1 
2 
2 
3 
3 

1 
2 
2 
3 

d 

5/2 
5/2 
7/2 
7/2 

1/2 
1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

d 

5/2 
5/2 
5/2 
7/2 

3/2 
3/2 : 
5/2 j 
5/2 
7/2 

3/2 
3/2 
5/2 
5/2 

b 

2 
2 
2 
2 

1 3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 

4 
4 
4 
4 
4 
4 

6 

0 

2 
2 
2 1 
2 

* 

5/2 
5/2 
5/2 
5/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

1 5/2 
7/2 
7/2 
7/2 
7/2 

1 7/2 
7/2 

7/2 
7/2 
7/2 
7/2 
7/2 
7/2 

e 

1/2 

1/2 
1/2 
1/2 

3/2 
3/2 
3/2 
3/2 
3/2 

3/2 j 
3/2 
3/2 
3/2 

Quantum Theory of Angula 

( a b 
' d e 
* 1/2 1/2 

—1/(2 • 5 /* 3 5 .7) 
—1 /(5.7V2") 

1-1/(3.5.7) 
—1/(9 / iP?) 

1/(2-3 VT) 
1/(9 / 7 ) 

' 2/(9-7) 
2/(5 • 7 / 3 ) 
1 / (5 -7 /2) 
1/(2- 7 /T) 
1/(3.7V^2.7) 

VTT/(9 .7 ^ n ) 
1/(4.3.7 VJ) 

—/3~/(4- 5 - 7 / J ) 
!—1/(3.5-7) 
- 1 / ( 3 . 7 / 2 . 7 ) 
—1/(4 • 7 •2^7) 
—VTI/(4.3.7 /27"3) 

1/(4^27577) 
1/(4-3^277) 
1/(9/377) 
V 11/(9. 7^273) 
/Tl/(4 -3-7 /273) 

vTl/(4 • 3 / 2 • 3 • 5 • 7) 

r a 6 
j <f e 
I 1/2 1/2 

1/(2-3 v̂ T) 

1/(9 ^275) 
- 1 / ( 2 - 9 . 7 ) 

1/(3-7) 

1/(4/375) 
- 1 / ( 4 - 3 . 5 ) 

2/(9-5) 
—/2 /(9 • 7 / 5 ) 

1/(2 • 7 /2T3) 

1/(4.3-5) 
—1/ (4 .5 /5 .7 ) 

2/(3 • 5 /57T) 
- 1 / ( 3 - 5 . 7 ) 

3 ) 
2 
1 i 

' —0.009759 
—0.020203 
—0.000523 
-0.024246 

0.062994 
0.041996 
0.031746 
0.032991 
0.020203 
0.026997 
0.012726 
0.021492 

0.008418 
—0.008748 
—0.009238 
-0.012727 
-0.009545 
—0.016119 

1 0.038576 
0.022272 
0.024246 
0.021492 
0.016119 
0.019072 

2 ) 3 I 
1 i 

0.074536 

0.035136 
—0.007937 

0.047619 

0.064550 
—0.016667 

0.044444 1 
—0.010039 

0.029161 1 

0.016667 
—0.008452 

0.022537 
-0.009524 

a 

3 
4 

0 
1 
1 
2 
2 
3 
3 
4 

1 
1 
2 
2 
3 
3 
4 

1 
1 
2 
2 
3 
3 
4 

2 
2 
3 
3 j 

4 

a 

3 
3 

2 
3 
3 
4 

2 

2 

r Momentum 

d 

7/2 
7/2 

! 1/2 
1 1/2 

3/2 
i 3/2 

5/2 
5/2 
7/2 
7/2 

1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
3/2 
3/2 
5/2 

1 5/2 
7/2 
7/2 

3/2 
5/2 
5/2 
7/2 
7/2 j 

d 

5/2 
7/2 

5/2 
5/2 
7/2 
7/2 

3/2 

5/2 

b 

2 
2 

2 
' 2 

2 
2 
2 ■ 

2 
2 
2 

3 
3 
3 ' 

■ 3 

3 
3 
3 

3 
3 

! 3 
3 
3 
3 
3 

4 
4 
4 
4 
4 

b 

0 
0 

e 

3/2 
3/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

7/2 
7/2 
7/2 
7/2 
7/2 
7/7 
7/2 

7/2 
7/2 
7/2 
7/2 
7/2 

e 

1/2 
1/2 

1/2 
1/2; 
1/2 
1/2 

3/2 

3/2 

Table 10.13. (Cont.) 

( a b 2 
j d e 3 
I 1/2 1/2 1 

/3"/(4.7/5~) 
- 1 / ( 4 . 3 / 3 . 5 . 7 ) 

1 / (2 .3 /5 ) 
—1/(9 /J75) 

2/(9.5) 
- 2 / ( 3 . 5 / 5 . 7 ) 

1/(5 /S77) 
- 1 / ( 2 - 5 . 7 ) 

1 / (7 /2 .3 .5 ) 
—1/(9 / 2 • 3 • 5 • 7 ) 

—1/(2.9-7) 
/2"/ (9 .7 /5) 

- 1 / ( 3 . 5 . 7 ) 
1/(2.5-7) 

- 1 / ( 7 / 2 • 3 • 5 • 7 ) 
1/(3. 7 / f ) 

..—1/(9-7/3") 

-1 / (3-7) 
1/(2 • 7 /2^1) 

—/T/(4-7/F) 
1/(7 /275T5) 

- 1 / ( 3 • 7 / f ) 
/11/(8.7VT) 

- / l l / ( 8 . 3 . 7 / 3 " ) 

- 1 / ( 4 • 3 /375T7) 
1 / (9 /2^3 .5 .7 ) 

- 1 / ( 9 • 7 /3") 
/IT/(8.3.7/3") 

- 1 / ( 8 - 3 / 3 7 7 ) 

(a d : 
j d e ? 
1 1/2 1/2 1 

1/(3-7) 
-1 / (4 -7 ) 

1/(9 / 7 ) 
1/(9-7) 
5/(8-3-7) 
1/(8 /J77) 

1/(3 V2 • 5 • 7) 
- 1 / ( 2 . 9 / 2 7 5 7 7 ) 

) 

) 

0.027664 
—0.008133 

0.074536 
—0.035136 

0.044444 
—0.022537 

0.033806 
—0.014286 

0.026082 
—0.007667 

—0.007937 
0.010039 

—0.009524 
0.014286 

—0.009858 
0.017998 

—0.009164 

—0.047619 
0.029161 

—0.027664 
0.026082 

—0.017998 
0.022385 

—0.011398 

—0.008133 
0.007667 

—0.009164 
0.011398 

—0.009092 

1 
J 

0.047619 
—0.035714 

0.041996. 
0.015873 
0.029762 
0.027277 

0.039841 
—0.006640 
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3 
3 
4 

2 
3 
3 

4 

1 
2 
2 

3 
3 

4 

1 
2 

2 
3 
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0 
1 
1 
2 
2 
3 
3 

4 

1 

1 

2 

2 

3 

3 

4 

d 

5/2 

5/2 
7/2 
7/2 

5/2 
5/2 
7/2 

7/2 

3/2 
3/2 

5/2 

5/2 
7/2 

7/2 

3/2 
3/2 

5/2 
5/2 
7/2 
7/2 

1/2 
1/2 
3/2 
3/2 
5/2 
5/2 
7/2 

7/2 

1/2 

3/2 

3/2 

5/2 

5/2 

7/2 

7/2 

b 

1 

1 

1 

1 

2 
2 
2 

2 

2 

2 

2 

2 
2 

2 

3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 

3 

4 

4 

4 

4 

4 

4 

4 

e 

3/2 

3/2 

3/2 
3/2 

3/2 
3/2 
3/2 

3/2 

5/2 

5/2 

5/2 

5/2 
5/2 

5/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

7/2 
7/2 
7/2 
7/2 
7/2 
7/2 
7/2 

7/2 

7/2 

7/2 

7/2 

7/2 

7/2 

7/2 

7/2 

Quantum Theory of Angular Momentum 

( a b 3 \ 

l d e 4 l 
I 1/2 1/2 1 J 

1/(2.3V^2T7) 

—1/(4-3 • 7 vT) 

•5"/4 • 7 v/<T~3) 

—•57(4 • 27 •577) 

1/(4-3 •5^7) 
—1/(4.3.7^2^3) 

•57(4 •3•7•F) 
- 1 / ( 4 . 3 ^ 2 . 3 . 5 . 7 ) 

1 / (2 .3^F7) 

—1/(4.3^5T7) 
1/(3 •37577) 

—1/(9 • 7 •JT) 
^Ti 1(8 • 3 . 7 •T) 

—^TT/(8 • 9 V5T7) 

1/(4.3. 7 vT) 

—1/(4.3.7 V/2T3) 

1/(9 • 7 • ? ) 

—1/(9.7 • f ) 

V5-11/(4 .3 .7V2.3.7) 

- •57(4 . 9 • 7 •if) 

1/(4 •ITT) 
-1/(8 •STT) 

•57(4 • 7 •jTlJ) 
—VT/(4 • 3 • 7 • J ) 

•5717/(8 • 3. 7 •IT) 
—•5711/(4 -3-7 ^2.3.7) 

•11/(2 .3 .7 •STT) 
—1/(2.3.7^273) 

—1/(8-27) 

•57(4 • 27 >JY1) 
—1/(4'. 3 V2 • 3 . 5 • 7 ) 

vTl/(8 • 9 ^577) 

—^5"/(4 • 9 • 7 • f ) 

1/(2.3. 7 vTTg) 
-•57(2 • 27 •27377) 

0.044544 

-0.008418 

0.032603 
—0.005533 

0.014086 

—0.004860 
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—0.007786 
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Table 10.13. (Cont.) 

( a b 4 
\ d e 1 
' 1/2 1/2 1 

•57(4 • 9 •3) 

•5"/(8.9) 
1/(8-9) 

V5 /(4 • 3 V2 • 3 . 7) 

- 1 / ( 4 . 9^27?) 

•77(4 • 9 V2T5) 

1/(4-9) 

1/(4-9^2-5.7) 
•37(4 • 5 ^277) 
• lT/(4.9.5^273) 

1/(4-9) 

1/(3 V2-3-5-7) 

—•11/(8.9.5 i f ) 
7/(8-9.5) 

V5/(4-3V2.3.7) 

—1/(4.9V2.5.7) 

1 / (3V2.3 .5 .7 ) 

1/(4.9 •? ) 
'1/(4-9 •27S77) 

•5 / (8 .9 ) 

1/(4.9 •277) 

•37(4.5^277) 

•11/(8. 9 .5 • f ) 

1/(4 • 9 • ? ) 

1/(9 V2.3-7) 

•57(4.9 •§■) 
-1 / (8 -9 ) 

•77(4.9^275) 
—•IT/(4 • 9 - 5V2T3) 

7 / ( 8 . 9 . 5 ) , , 

- 1 / ( 4 • 9 •27577) 

1/(9 V2. 3 • 7) 

I) 
0.035861 

0.031056 
0.013889 

0.028753 

—0.007424 

0.023241 

0.027778 

0.003320 

0.023146 

0.007522 

0.027778 
0.023002 

—0.003482 

0.019444 

0.028527 

—0.003320 

0.023002 
0.019641 

0.003320 

0.031057 

0.007424 

0.023146 

0.003482 

0.019642 

0.017145 

0.035861 
—0.013889 

0.023241 

—0.007522 

0.019444 

—0.003320 

0.017145 
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( a b 5/2 i 
| d e 5/2 f 1 
^ 1/2 1/2 0 

-1 / (3 -4 ) 
•7 /(3 • 4 v^3.5) 

—1/(2.3 • O ) 
1/(3.5 )/2) 

-1/(4-5^3") 
1/(4 •577) 

—1/(6 */2lT7) 
1/(9 • 2 •F) 

1/(3-4) 
•5 /(3 • 4 V̂3 • 7) 
1/(3 V2 . 3 • 7) 
1/(2.3 V5T7) 
1/(4 V/5T7) 
1/(4. 7 • J ) 
•57(2 • 3 • 7 • J ) 
1/(2 • 9 •277) 

1/(2-3 •T) 
- •57(3 .8 ^2^7) 

3/(8 •§7577) 
- 1 / ( 6 •JTgT?) 

•57(2.3-7 •F) 
- • J / ( 1 6 . 7 ) 

•5"TT/(3 • I6V3T7) 
1/(8 V^T3) 
1/(3.8^275) 
1/(9.2 •§") 
1/(2 • 9 •27?) 
•5711/(3 • 16 V^T) 
1/(3 • 16 y/W) 

( a b 7/ 
j d e 7/ 
I 1/2 1/2 0 

—1/16 
1/16 

1/(4 ^ 
V3/(l6>/7) 

' ^7/(3.16 •3") 

- 1 / ( 8 •275) 
1/(8 V2T7). 

- 1 / ( 8 •2T7) 
v^5"/(3.8 V2T3) 

—0.083333 
0.056927 

—0.043033 
0.047141 

—0.028867 
0.042258 

—0.019920 
0.039284 

0.083333 
0.040663 
0.051434 
0.028172 
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0.020620 
0.037646 
0.014848 

0.062994 
—0.024901 
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—0.015465 

0.033716 

0.051031 
0.017010 
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0.012028 
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Table 10.14. (Cont.) 

r a b 7/5 
j d e 7/5 
I 1/2 1/2 0 

1/(4-5) 
•3 /(5 • 8 y/2 ) 
1/(8 •gT?) 
1/(8 •277) 
1/(8 •FHTl ) 

-1/(8 •573) 
•IT/(5 • 8 • ? ) 

- 1 / ( 2 .3 .5 ) 
l / ( 3 . 4 ^ f ) 

-1/(16 VT) 
• l l / (3 • 16 )/b) 

1/(4 y/Tl) 
1/(8 v^TT) 
1/(8 •177) 
1 / (3 .4 VT) 
1/(2.3.7) 
• l l / (7 • 16) 
•T/(3 • 16 • f ) 

- 1 / 1 6 
•37(16 • f ) 

—1/(8 •2T7) 
1/(8 •277) 

-1 / (16 • f ) 
•11/(7 • 16) 

- 1 / ( 7 - 8 ) 
1/(8 ^3 • 7) 

1/(16) 
•7/(3 • 16 • J ) 
•57(3 • 8 ^273) 
1/(8 •27375) 
•11/(3.16 y/b) 
•5"/(3 • 16 Vf) 
1/(8 •aTT) 
1/(8-9) 

1 ( a b 1/ 
j d e 1/ 

1 I 1/2 1/2 

1 1/4 
1/(3-4) 
1/(3-4) 
5/(4-9) 

-1 / (2 -9 ) 

! _ 

0.050000 
0.030619 
0.033408 
0.033408 
0.022822 

—0.051031 
0.030619 

—0.033333 
0.031497 

—0.023623 
0.030901 

0.054555 
0.033408 
0.033408 
0.031497 
0.023810 
0.029613 
0.017607 

-0.062500 
0.040916 

—0.033408 
0.033408 

—0.023623 
0.029613 

—0.017857 
0.027277 

0.062500 
0.031823 
0.038036 
0.022822 
0.030901 
0.017607 
0.027277 
0.013889 

n 
0.250000 
0.083333 
0.083333 
0.138889 

—0.055556 
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( a b 3/2 \ 
| d e 3/2 > 
I 1/2 1/2 1 ' 

1/(8 VST) 
7/(3 .5-8) 
1/(3 • 4 .5 vT) 
3/(4 • 5 v^75) 

—^T/(3 • 5 • 8 vT) 
11/(3-5.8 V7) 

—1/(2 • 5 Y/2T7) 

—1/(2 • 5 N/2^3) 
^37(5.8) 

—vT/(3 • 5 • 8 vT) 
11/(2 .5 .9^2.5) 
1/(5.9 vT) 
13/(3.5.8^2^7) 
1/(8 JTITZ) 

1/(8 v/^5) 
11/(3-5-8 vT) 
1/(5 • 9 V f̂) 
13/(2.7.9 ^2^5) 

-1 / (7 .8^2^3) 
V57(3 • 8 V^l) 

- 1 / ( 2 • 5 ^2^7) 
13/(3-5.8^2^7) 

- 1 / ( 2 . 4 . 7 V^n) 
^57(8.7^2) 
1/(3 - 8 ^2^77) 

1/(8 V2 • 3 • 5) 
V /̂fa • 8 fTl) 
1/(3 • 8 ^2 .3 .7 ) 

0.055902 
0.058333 
0.011785 
0.047434 

—0.009860 
0.034647 

—0.026726 

—0.040825 
0.043301 

-0.009860 
0.038650 
0.008399 
0.028953 
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0.032627 

—0.007290 
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0.024901 1 4 

0.006429 1 2 
17/(8-27 yf2l>) 1 0.024888 1 

( 0 b 5/2 \ 
I d e 3/2 > 
M/2 1/2 1 ' | 

l/(2.vTT^5) 
- 1 / ( 2 - 5 ^ 3 ) 
—1/(2-5.9) 
-1 / (2 -9 ) 

1/(3-4) 
1/(3.4V^2.5) 
vT/(4 • 5V273) 
vT/(4 -5-9) 
1/(9 V2T5) 1 
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Table 10.14. (Cont.) 

( a b 5/2 \ 
\ d e 3/2 1 
1 1/2 1/2 1 J 

- 1 / ( 3 - 4 - 5 ) 
- 1 / ( 3 . 4 . 5 V ^ ) 
—VT/(4 • 5 V/2T3T5) 
- 1 / ( 4 . 5 V/3T5) 
-1/(5^2^377) 
- 1 / ( 4 . 5 v'iTl) 
- 1 / ( 3 . 4 vT) 

1/(2- 3 >/F) 
vT/(2 • 3 . 5 VW) 
vT/(2 -3-5 V2T3) 
v^f/(2.3.5^5) 
1/(3-5 V^5) 
1/(5 V(T7) 
1/(4.5 ^Tl) 
1/(3.4^3^5) 

- 1 / ( 2 . 3 ^ . 3 . 5 . 7 ) 
- 1 / ( 2 - 3 . 5 VT) 
—1/(2 .3 .5^7) 

1 - 1 / ( 2 - 7 V ^ l ) 
- 1 / ( 3 - 4 . 7 ) 
-^57(4.9 Vf) 

1/(2 • 3 V̂ 2T7) 
1/(2 • 5 v f 7 ) 
1/(2.5 VY1) 
1/(4 • 7 v f ) 

V51(1 • 8 V273) 
v^ll/(3.8^2T3T7) 

—l/ (2-9V2.3 .5) 
-V^5"/(9.4V^2T3T7) 
-1 / (3 -8^277) 
-vTT/(8.9v'2T5) 1 

—0.016667 
-0.011785 
—0.024152 
—0.012910 
—0.030861 
—0.010911 
—0.037268 

0.074536 
0.050918 
0.036004 
0.039441 
0.021082 
0.030861 
0.010911 
0.021517 

-0.011501 
—0.012599 
—0.012599 
—0.018443 
—0.011905 
—0.023477 

0.044544 
0.026726 
0.026726 
0.025254 
0.016301 
0.021324 

—0.010143 
—0.009584 
—0.011136 
—0.014567 

( a b 3/2 1 
I d « 5/2 | 
I 1/2 1/2 1 ' 

1/(2 • 3 \̂ 5") 

1/(3.4) 
- 1 / ( 3 - 4 . 5 ) 

^7 /(2 - 3 • 5 VW) 

1/(3-4^275) 
-1/(3.4.5V^2) 

•f/(2.3.5v^273) | 
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2 
2 
2 
2 
2 

3 
3 
3 
3 
3 
3 1 
3 j 

3 

3 
3 
3 
3 
3 
3 
3 

4 
4 
4 
4 

4 

4 j 
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(a b 7/2 \ 
Id e 5/2 f 
I 1/2 1/2 1 

' 1/(2 • 3 v^) 

-•57(2 -3-7 •? ) 
- 1 / ( 3 - 7 . 8 ) 
-1 / (3 -8 ) 

! 1/(2-3 v/io) 

1 / ( 2 . 3 ^ 2 . 3 . 5 . 7 ) 
•57(2 • 3 • 7 v/2~) 
1/(8 - 7 V/2T3) 

•57(3 - 8 •FT) 

- 1 / ( 2 - 5 \r2^1) 
- 1 / ( 3 . 4 . 5 v/f) 
—1/(4. 7 v/3") 

-1/(7-8 • O ) 
-•57(3 • 8 •JTf) 

1/(2-9) 
1/(2.9 VT) 
1/(2- 5 VT) 
1/(2- 5 V2.3-7) 
1/(2-7^2^3) 

1/(7.8^3") 
•57~ll/(8 • 9 VT1) 

- 1 / ( 2 - 7 - 9 ) 

-•57(4 - 7 • 9 • J ) 
- l / ( 4 -7 \ /2T5) 
—1/(2 . 3 . 7 V2T5) 
—•57(2 -3-7 •J77) 
- 1 / ( 4 - 7 • JTT) 

—VSTiI/(4 • 7 • 9 •3") 

1/(4 • JTT) 

1/(4-7) 
• 5 1(7 • 8 v/2 ) 
•57(7 • 8 •if) 
•57(3 - 4 • 7 • ? ) 

•57TT/(3 - 4 - 7 •27~7) 

•11/(7 • 8 •iTT) 
•lT/(3 -7-8) 

—1/(3.8^273-7) 
-1 / (3 -8^27177) 

—1/(4.9^277) 
—•11/(4 • 7 • 9 Vf) 

- •57(3 • 7 - 8 vT) 

-•57(8 - 9 VT) 

[_ i 

0.062994 

—0.030738 
—0.005952 
—0.041667 

0.052705 
0.011501 
0.037646 
0.007290 
0.024901 

—0.015430 
—0.006299 

—0.020620 
—0.007290 
—0.024901 

0.055556 
0.020998 
0.037796 
0,015430 
0.029161 j 
0.010310 1 
0.022477 

—0.007937 
—0.006274 
—0.011294 
—0.007529 
—0.014229 
—0.007794 
—0.016991 

0.054555 
0.035714 
0.028235 
0.028235 
0.018823 
0.023596 
0.012924 
0.019742 

—0.006429 
—0.006429 
- 0 . 0 0 7 4 2 4 

—0.009306 

- 0 . 0 0 7 6 8 4 

—0.011738 1 

a 

3 

2 
3 
3 

2 
3 
3 
4 

1 
2 
2 
3 
3 
4 

1 
2 
2 

1 3 
3 

4 

0 
1 

1 
2 
2 
3 

3 
4 

1 
1 

2 
2 
3 
3 
4 

1 
1 

2 
2 

3 
3 | 

4 

d 

7/2 

5/2 
5/2 
7/2 

5/2 

5/2 
7/2 
7/2 

3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

3/2 
3/2 
5/2 
5/2 
7/2 
7/2 ■ 

1/2 
1/2 
3/2 

3/2 
5/2 
5/2 

7/2 
7/2 

1/2 
3/2 

3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
3/2 

3/2 
5/2 
5/2 
7/2 

7/2 

b 

1/2 

1/2 
1/2 
1/2 

3/2 
3/2 
3/2 
3/2 

3/2 
3/2 
3/2 
3/2 

3/2 
3/2 

5/2 
5/2 
5/2 
5/2 
5/2 

5/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

7/2 
7/2 

7/2 
7/2 
7/2 
7/2 
7/2 

7/2 
7/2 

7/2 
7/2 
7/2 
7/2 
7/2 , 

e 

0 

2 
2 
2 
2 

2 
2 

2 

2 
2 
2 
2 

2 

3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 

4 
4 

4 
4 

4 
4 

4 

Table 10.14. (Cowf.) 

( a 6 5/2 } 
j d e 7/2 > 
I 1/2 1/2 1 J 

1/(4 V/3T7) 

1/(2-9) 
- 1 / ( 2 - 7 - 9 ) 

1/(4-7) 

1/(2-9 •T) 
- ^5/(4 -7-9 vT) 

vT/(7 - 8 v/2") 
- 1 / ( 3 - 8 V2- 3 -7) 

1/(2.3^273) 
—1/(2 - 5 V2 - 3 - 7) 

1/(2-5 V'T") 
- 1 / (4 - 7 v^271) 

v/5"/(8-7vT) 
—1/(3 • 8 v/2 - 3 - 7) 

1/(2-3^2- 3- 5- 7) 
-1 / (3 -4-5^7") 

l /(2-5v/2-3-7) 
—1/(2.3.7V^275) 

•57(3 - 4 - 7 V̂2") 

-1/(4 • 9 •FT) 

1/(2-3 VT) 
—•57(3 - 2 - 7 • J ) 

•57(2 - 3 - 7 •S") 
- 1 / ( 4 . 7 •T) 

1/(2.7 vT73) 
— • 5 / ( 2 . 3 . 7 VT1) 
•57TT/(3 -4-7 VTH) 

- V l l / ( 4 - 7• 9 VT) 

—1/(3-7-8) 

1/(7.8^273) 

—1/(8.7^273) 
1/(7 • 8 •'T) 

—1/(4 - 7 •STT) 
•11/(7 - 8 •FT) 

- • 5 7 ( 3 - 7 - 8^3~) 

-1 / (3 -8 ) 

•5/(3-8v/2.7) 

- •57(3 • 8 •FT) 
•TT75/(8 - 9 •FT) 

-.•5771/(4 - 7 - 9 •S") 
•TT/(3.7.8) 

-•57(8 • 9 vf) 

0.054555 

0.055556 
—0.007937 

0.035714 

0.020998 
—0.006274 

0.028235 
- 0 . 0 0 6 4 2 9 

0.052705 
—0.015430 

0.037796 

—0.011294 
0.028235 

—0.006429 

0.011501 

—0.006299 
0.015430 

—0.007529 
0.018823 

—0.007424 

0.062994 
—0.030738 

0.037646 
—0.020620 

0.029161 
—0.014229 

0.023596 
—0.009306 

—0.005952 
0.007290 

—0.007290 
0.010310 

—0.007794 
0.012924 

—0.007684 

—0.041667 
0.024901 

—0.024901 
0.022477 

- 0 . 0 1 6 9 9 1 

0.019742 
, -0 .011738 
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Table 10.14. (Cont.) 

a 

3 
4 

3 
3 
4 

2 
3 
3 
4 

2 
2 
3 
3 
4 

1 
2 
2 
3 
3 
4 

1 
1 

d 

7/2 
7/2 

5/2 
7/2 
7/2 

5/2 
5/2 
7/2 
7/2 

3/2 
5/2 
5/2 
7/2 
7/2 

3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
3/2 

b 

1/2 
1/2 

1/2 
1/2 

3/2 
3/2 
3/2 
3/2 

3/2 
3/2 
3/2 
3/2 
3/2 

5/2 
5/2 
5/2 
5/2 
5/2 
5/2 

5/2 
5/2 

e 

0 
0 

2 
2 
2 
2 
2 

2 
2 
2 
2 
2 
2 

3 
3 

r a b 7/2 } 
| d e 7/2 1 | 
I 1/2 1/2 1 i 

•37(16 v/7) 
•7/(3.16 •S") 

1/(4-7) 
—5/(3.7.16) 

11/(16-27) 

1/(8 •577) 
1/(7.8^273) 
11/(3.7.8^273) 
5 \T/(8 • 27 VT1) 

•3/(4 • 5 VT) 
- 1 / ( 3 . 5 - 8 v^77) 

11 / (4 .6 .7 /273) 
—1/(7-8^273) 

13/(8 • 9 V27577) 

1/(8 •277) 
—1/(3. 5-8 ^/F7) 

11/(2.5.9^377) 
1/(4 • 7 • 9 •S") 
13/(3 • 7 • 16 •S") 
•H/(3 • 16 ^37577) 

1/(4-7) 
1/(7.8V^2.3) 

0.040916 
0.031823 

0.035714 
—0.014881 ! 

0.025463 

0.033408 
0.007290 
0.026731 
0.013834 

0.032733 
—0.002227 

0.026731 
—0.007290 

0.021581 

0.033408 
—0.002227 

0.026671 
0.002291 
0.022338 
0.006743 

0.035714 
0.007290 

a 

2 
2 
3 
3 
4 

0 
1 
1 
2 
2 
3 
3 
4 

0 
| 1 

1 
2 
2 
3 
3 
4 

d 

3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

1/2 
1/2 
3/2 
3/2 
5/2 
5/2 
7/2 
7/2 

6 

5/2 
5/2 
5/2 
5/2 
5/2 

7/2 
7/2 
7/2 
7/2 
7/2 
7/2 
7/2 
7/2 

7/2 
7/2 
7/2 
7/2 
7/2 
7/2 
7/2 
7/2 

e 

3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 

4 
4 
4 
4 
4 
4 
4 
4 

( a b 7/2 } 
\ d e 7/2 } 
I 1/2 1/2 1 

11/(3.7.8V^273) 
1/(4.7.9^3") 
13/(2.7.9 •aTl) 

—•lT/(3 • 7 • 16 •377) 
5 vT/(3 • 7 • 16 VW) 

•57(16.1/7) 
- 5 / ( 3 -7.16) 

11/(3-7.8 •273) 
—1/(7 • 8 •273) 

13/(3.7 • 16 >/3) 
-VTT/(3. 7.16 • 0 ) 

5/(7.8v^577) 
1/(7-8.9) 

•7 / (3-16 •J*) 
11/(16-27) 
5 ^57(8 • 27 V2T7) 
13/(8 .9vT377) 
• l l / (3 .16 ^37577) 
5 ^57(3 • 7 • 16 •iT) 
1/(7.8-9) 
17/(8 • 27 •377) 

0.026731 
0.002291 
0.022515 

-0.002154 
0.019211 

0:040916 
—0.014881 

0.026731 
—0.007290 

0.022338 
-0.002154 

0.019484 
0.001984 

0.031823 
0.025463 
0.013834 
0.021581 
0.006743 
0.019211 
0.001984 
0.017175 



Chapter 11 

THE GRAPHICAL METHOD IN ANGULAR MOMENTUM THEORY 

To solve many quantum mechanical problems involving angular and spin dependences one has to integrate a 
product of the spherical harmonics or the Wigner ^-functions and to sum products of the Clebsch-Gordan 
coefficients and Znj symbols. Expressions of this kind are, as a rule, rather complicated. They contain so 
many arguments and parameters that it is difficult to understand interrelations between them, to find out the 
symmetry of the expression, and to see its invariance with respect to a particular transformation. 

The representation of such expressions in diagrammatic form facilitates their general analysis. A graphical 
representation is more compact and clear. All arguments and parameter interrelations are obvious. The 
structure and symmetries of the expression as a whole and each part of the expression are evident. Moreover, 
the graphical technique substantially reduces the calculation job. 

There are several versions of the graphical method. A handy technique for summing the Zjm symbol 
products was suggested by Levinson [80], Yutsis, Levinson and Vanagas [44] and Yutsis and Bandzaitis [45]. 
A slightly modified version was proposed by Brink and Satchler [9]. A certain development of this diagram 
technique was presented by El-Baz and Castel [17] who extended it to expressions involving continuous vari
ables. This version is now commonly used.1 However, various books and papers concerning such diagrams 
are somewhat different in definitions, phase conventions, and rules of the graphical technique, although the 
notations, sometimes, are similar. Therefore, one should be careful in using formulas from various sources. 

In this chapter we represent the unified graphical method in detail. The basic elements of diagrams are 
defined in Sections 11.1 and 11.2 where the graphical representation of the standard functions and main 
operations of the angular momentum theory are given. Section 11.3 exhibits the rules of the diagram technique, 
i.e., the graphical method of calculation. For practical convenience, all the definitions and rules are arranged 
in tables. The general scheme of application of the diagram technique is formulated in Sec. 11.4. 

11.1. GRAPHICAL REPRESENTATION OF FUNCTIONS 
A principle of any graphical method is in establishing a one-to-one correspondence between elements of a 
diagram and constituents of the analytic expression. Any expression inherent in the theory may be represented 
by a definite diagram, and vice versa, any such diagram represents a definite analytic expression. 

Moreover, a transformation of the expression under some analytic operation corresponds to a certain trans
formation of the associated diagram. That is why all calculations of spin angular quantities may be performed 
by the graphical method instead of the analytic one. 

A somewhat different graphical method was suggested by Shelepin [105], but it is not very widespread now. 
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11.1.1. Basic Elements of Diagrams 
The Dirac representation of quantum mechanical quantities seems to be most adequate to the graphical 

method. This representation operates with state vectors: the "kets," |*) and the Hermitian conjugate "bras," 
(tp\. Graphically, these vectors are represented by directed lines connected with nodes (dot or cross bar). 

A line with an arrow coming out of a node represents the aket" |\£), i.e., a covariant (standard) state 
vector, whereas, a line with double arrow coming into the node represents the abra* (*|, i.e. a contravariant 
(Hermitian conjugate) state vector. 

A thin solid line corresponds to a state with some definite angular momentum j and projection m: 

Such lines are referred to as the y-lines. 
A dashed line corresponds to a state with some definite direction of the position vector (or linear momentum) 

« -*. |n> , 

Such lines are referred to as the O-lines. 
A double dashed line corresponds to a set of the Euler angles a,/?,7 (or the angles a>,6, $) which specify 

a rotation of the coordinate system, R. Such lines are called the A-lines 

The symbols j 171,0 and ii are usually indicated near the corresponding lines. Therefore, length, curvature, 
orientation, and position of the line are inessential. For example, 

1 »■ is equivalent to m ' and * *, • 

However, the arrow direction with respect to the node is of importance. 
The normalization of state vectors may be different. In diagrams it is indicated by the type of node. A 

state vector | jm) normalized according to 

0'm|yW) = 6tf6mmi 

is represented by the y-line with a bar node, whereas, a state vector \jm)9 which obeys the normalization 
condition 

ijm\j'm'). = (2; + l ) - % y < W 

is represented by the y-line with a dot node. The completeness condition for wave functions \jm) or \jm) reads 

]C w o n = J2 b'm)(2y+^CH =x • 
jm jm 

Similarly, a state vector |0) normalized by the Dirac £-function 

(0|0') = 6{n - 0') 
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corresponds to the Q-line with the bar node, whereas, a state vector |fi) normalized by 

(n|n;) = 4^(n - n') 

corresponds to the O-line with a dot node. The completeness condition for the functions \Cl) or \Q) reads 

y|n><*n<n| = 1 and | | n ) ^ ( n | = i , 

respectively. 

11.1.2. Diagrams of the Basic Functions of the Theory 
Quantum mechanical quantities, i.e., state vectors and operators, may depend on many spin and angular 

variables (such as jm or 0) and also on coordinate system rotation R. Accordingly, these state vectors and 
matrix elements of the operators may be represented graphically as blocks (i.e., as subdiagrams) with external 
jm-, fi- and/or /Mines associated with the corresponding spin angular variables. A diagram corresponding to 
a composite expression will be a combination of such blocks connected by some of jm-, fl- and iMines. 

Diagrams of some spin and angular functions are listed in Tables 11.1-11.3; graphical displays of their 
properties and relations is given in Tables 11.4-11.14. 

A spherical harmonic Y/m(#, <p) = (n|/m) is represented by a junction of a thin solid and dashed lines which 
correspond to \lm) and (Q|. 

A Wigner 3jm symbol I - 1 = (00\aabfic^f) is represented by a dot-node junction of three thin solid 

lines which correspond to |aa), \bf)) and |cy). The sign of the node determines the cyclic order of arguments, 
i.e., the sequence of coupling of momenta: plus corresponds to the anticlockwise one. 

The 3j, 6j, and 9j symbols, or, more generally speaking, the Snj symbols, may be represented graphically 
by closed diagrams without external lines because they are invariant under coordinate rotation. Such closed 
diagrams consist of 3n y-lines connected in 2n dot nodes by three's, because the Znj symbols are actually 
the sums of 2n various 3jm symbols (Sec. 10.13). Any 3nj symbol may be represented by several equivalent 
diagrams which differ in the arrow directions of internal the j lines and in the node signs since each 3nj symbol 
may be expressed through diflferent sums of products of the Zjm symbols; such sums turn into one another by 
replacing summation indices. 

Matrix elements of the rotation operator in the O-representation, (f]|J?|fl') = £(ft — i2fl'), and in the ;m-
representation, (jrr^Rtfm!) = SjJiD:

mrn,(R)) are displayed as junctions of three lines. One of them is a double 
dashed inline and the two others are either dashed lines corresponding to |0') and (Q| states, or thin solid lines 
corresponding to \j'rn!) and (jm\ states. The sign of the junction node determines the order of arguments; 
strictly speaking, it shows which of two states is initial and which is final. Plus corresponds to the anticlockwise 
reading of arguments, and minus to the clockwise one. Therefore, a sign reversal means conversion from the 
rotation R to the inverse rotation R"1. 

Matrix elements of any irreducible tensor operator ( ^ T A ^ I * ' ) are represented by a block with three external 
lines corresponding to (*|, |*') and |A/n); the operator symbol (and other possible quantum numbers) are 
indicated inside the block. 
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Table 11.1. Basic Elements of Diagrams. 

415 

Analytical Expression Graphical Representation 

"ket" 

"bra" 

\jm) 
\jm) 
{jm\ 
{jm\ 

(jrr^j'm1) = 63y6mmi 

"ket1 |n) 
|n) 

<n|n') = 6{n - n') 

(n|n') = 47r5(n-n') 

(fi1,n2|n) = *(n1-n)«(n2-n) 

<n|/m) = Ylm(n) 

{im\n) = Yl*m(n) 

(n |H = c/m(n) 

(im|n) = c;m(n) 

jm-State Vector 

Kronecker 5-Symbol 

Spherical Harmonics 

Clebsch-Gordan Coefficients 

jm 
jm 

jm 
jm 

jm 
-*+ h 

f'm' 

tt-State Vector 

Dirac 6- Function 

n 

_ > ► — - , 

— + *> 

— O *• 
■ ^ n, 

. 7 * ^ 2 

ft 

n 

/m 

/m ft 

/m 

/™ 

hm\ 

n 

/2m2 

d h m 2 = (Jirnij2rri2\jiJ2JM) = O i £ J M | 
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Tablt 11.1. (Cont'd) 

Analytical Expression Graphical Raprasantation 

= {JimiJ2m2J3m3\00) 

Wigntr Sjfm 8ymbolf 

Matric Tanaor 

lm fm' /m jm* 

/m /m# lm /m# 

Table 11.2. Invariant Functions. 
Analytical Expression Graphical Raprasantation 

( 2 a + 1 ) 

y/2aTl 

Sab 

N/2O+1 

0 

•/.v 
(2«+l) tf i f C 

{a 6 c} 

Sj Symbol 

€) 
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Table 11.2. {Cont'd^ 

Analytical Expression Graphical Representation 

f a t c ) 
\ABC) 

6j Symbol 

C*WA 

9j Symbol 

{ ai 02 a$ a4 | 
61 62 63 &4 / 

ci c2 C3 C4 J 

12;(I) Symbol 

' — C2 63 <*4 ^ 
C3 — OL2 ^4 
^2 a 3 "~ c 4 

v ax 61 c\ — J 

12;(II) Symbol 

c3? 

V*' 
I * 

- * 4 * 

♦ 6 , 
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Table 11.3. Matrix Elements. 
Analytical Expression Graphical Representation 

Irreducible Tensor Operator 

Q-Representation 

(7n|»A|l|ytY> aw 77 ^ \M 

7 denotes all quantum numbers except 0 

Adjoint Matrix 

bnian+jyn') = (-i)A- | l(yn#|«A-M|1n>< 
9»7'1 

n' 

J <* n 

yr?v Representation 

(7jm|aRAM|7Vm'> aw77' 
- « /m 

^ A/u 

7 denotes all quantum numbers except J m 

Adjoint Matrix 

(IJMWUI'J'™') = (-i)A-M(7Vm'|anA_M|7ym)* m 7 y 

Reduced Matrix Element 

<-yyii3RAiivy> = EmMm.(7ym|3RAMhym')(-iK-

( j X j ' ) 
\ —m ft m* J 

an 77' 

r 
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Table 11.3. [Cont'd) 

Analytical Expression Graphical Representation 

Rotation Operator 

^-Representation 

tftt\D{R)\iCi) = «7.,«(n' - Rti) 

j m- Representation 

( 7 y m | P ( i ? ) | 7 ' / m ' ) = S^S^&^R) 

Inverse Rotation Matrix 

(lMD+[R)\l'j'm') = 611.6,.,,Di;,m(R) 

11 .2 . G R A P H I C A L R E P R E S E N T A T I O N OF T H E M A I N O P E R A T I O N S OF T H E T H E O R Y 

Expressions which occur in calculations based on the quantum theory of angular momentum have a specific 
character. They contain spin angular variables of two kinds, i.e., external and internal ones. 

(i) External variables are actual arguments of the expression under consideration. The evaluation of an 
expression does not involve any integration or summation over external variables, i.e., they appear as 
fixed (but, in principle, changeable) parameters. 

(ii) Internal variables are those over which integration or summation is assumed. It is essential that each 
internal variable which enters an expression inherent in the theory corresponds to some scalar product 
| ^ ) ( ^ | . This is why one does not need to take into account any transformation of internal variables 
under rotat ion of the coordinate system. This specific feature is important for practical calculations. 

In other words, quantum mechanical problems are mainly concerned with invariant integration and/or 
summation of bilinear forms over total ranges of all internal variables. Accordingly, the graphical method 
under consideration may be applied only to the expressions of such a type. 

This section describes the graphical representation of those analytic operations which are specific to angular 
momentum theory, while the rules of calculations by the graphical method will be formulated in the next section. 

11 .2 .1 . M u l t i p l i c a t i o n 
The product (direct product) of factors 9H and 91 is represented graphically by unlinked subdiagrams 

(blocks) which correspond to factors 9Jt and 9 1 . The mutual disposition and orientation of these subdiagrams 
are inessential. For example, the product 

(A B C\ ( A B C\ 
[a 0 1)\a b c } 

*R S n 
II " - - -

. -* = T 

jm j / m 

11 R 
jm 

jm jm 

jm j m 

II 

8 * 
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may be represented by 
A* cy b ,C 

Bfi ♦ 

11.2.2. Invariant Summation over Projections 

The scalar product of two irreducible tensors of rank / , 9Rym and 9tym, i.e., the sum of bilinear combinations 
over all possible values of the projection m 

is represented by the conjunction (closure) of \jm)- and (/m|-lines of subdiagrams corresponding to (|9R|/m) 
and (/m|9t|) 

The resultant linking /-line has the same direction as the original |/m)- and (/m|-lines. 
For example, the sum of product of two 3/m symbols over two projections, a and ft 

E fa b c\ (a b c'\ v-\_iV*-«+6-/H-c-7 ( a b c\ fa b c'\ 

may be displayed as 
a* aa a 

bfi bfi ^J 

Thus, each internal /-line of a diagram represents a scalar product (contraction over m) of two irreducible 
tensors of rank / . To construct such a scalar product one of these tensors should be written in a covariant 
form (|3R|/m) s 9Rym while the other should be written in the form (/m|9t|) = ( - l ) y ~ m 9ty_ m (Sec. 3.1.8). 
Graphically, this means that one of the corresponding subdiagrams has the external |/m)-line (with single 
outward arrow) and the other has the (/m|-line (with double inward arrow). 

Two diagrams which differ only by the direction of an internal /-line, correspond to analytic expressions 
which differ only by the phase factor (—l)2', because 

m m 

One should especially mention the entirely invariant sums of products of two, four, six, or more 3/rn symbols 
over all projections. Corresponding diagrams are closed with respect to all /-lines. These sums represent the 
Wigner 3n/ symbols (Table 11.4). 
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Table 11.4. 
Sums of 8jm Symbol Products. 

Analytical Expression Graphical Representation 

3/ Symbol 

2 ( A / l / . W / l / l / s \ 2 H ) ^ * r W W h h h\(hhh\ { } 

6/ Symbol 

V-i*i \f*i ^ fV V i —*2 X3 /Ul M-2 — Hi \—*1 *2 *a3/ 

2 (—1 )i»-ifc»+^-i,L*+is-^*+*t-«!+*.-*,+ * . -« . / ' 7 l 7'2 M / 7l k* kA( kl j'2 kA 
H*i Vp-i ^2 fV V—H-i — H Hi \*1 — H ~ 7 -3 / 

x / *1 *2 / 3 \ f / l / 2 / 3 ) 
\—xl *2 —^3/ 1 kl k2 kZ J 

9/ Symbol 

V (h h M / * i *2 *s \ / ' i '2 h\(h ki '1 \lh h h\(l3 h M 
*v&i \f*i f*2 H) \*i H *3 I \h *2 V w *i h / Vf*2 x2 hi M*3 *3 hi 

, = 2 r—i)^^^»+^-^+^^«+*»~**+*^^+^-,t3+|»-x^|^x»+l»-x» f / x h h\[kl *2 k3) 
w««x* \H-i tH Hi \x i x2 x3 / 

f h /■ / . 

\h h h) \—fh —*i — h) \—H —*t — V V—f*i —*s — V , , , 1 
I li l% *s ; 

11.2.3. Summation over Angular Momentum 
A thick j'-line linking two subdiagrams 

EH 91 

represents the complete sum over j and m of scalar products of irreducible tensors of rank j 

f > i E<l»|im>0m|*t>, 

where Nj is the weight factor; Nj = 2j + 1 for a summation involving the S^m symbols, 3nj symbols and the 
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functions of the type Z ^ m , ( # ) f Cym(n) = [4*/{2j + l)]l'2Yjm(n)} or Py(coso;). On the other hand, N, = 1 
for summations involving C £ ^ i y a m i , U(jij2J3J4lJj%<>* Yjm((l). For example, 

" 6/? fr'/J' 

j;r,m(n)y^(n)^(n|im)<HO0, n / n' 

(m 

D"+i>tff?}{.'f?}. « 
A Clebsch-Gordan coefficient may be represented as a stun over e'i' of products of two 3jm symbols 

(Table 11.10a) 

^ . (aa6«=(-ir^ E(̂ '+1) (:;;:) (;;; s) 
c'7' 

( - ! ) ■ 2a *C7 

w 
11.2.4. Invariant Integration over Directions 

A double integral of a bilinear form 

/<|W|n>^<n|9t|>, 

over the total solid angle 4*(0 < # < ir,0 < <p < 2n) is represented by dashed Q-line which links |Q)- and 
(Oj-lines of subdiagrams corresponding to the integrand factors " 

/E-'«-[*] = H-^-H • 
The resultant 0-line has the same direction as the original |0)- and (0|-lines. In this case O0 is the normalization 
constant; for integration of the standard spherical harmonics 0 0 *= 1, 

I %(n)rlw(n)<m = <Mo><n|''»0, 

whereas ft0 = 4* for integration of the functions C,m(fi) = [4*r/(2/ + l)]1/2Yim(n). 

n I'm* 
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11.2.5. Integration over Rotation Parameters 
The integration of a bilinear form with respect to parameters which specify the rotation R (the Euler angles 

{a}/3}7} or the angles {a;, 0 , $}) over the entire domain of their definition (RQ = / dR, see Sec. 4.10) 

/ (PKJiJIXIw^-1)!')^ 
KQ 

Table 11.5. 

Basic Operations of the Theory. 

Analytical Expression Graphical Representation 

Multiplication 

<ISRIXI91|> [»r «]: 
Invariant Summation over Momentum Projection 

(Scalar Product of Irreducible Tensors) 

2 < I 3R I /mX/w l <R1 > = ( « y • %) jm jmt j ijrn jmt 1 
m « t 

Complete Summation over Angular Momentum and Projection 

2 < I 9 R I/*>#,</»» I 9U> 
jm 

Completeness Condition 

2 lM>/V y </m| = 1 
jm 

fH-^-B ■ aw » L 

Irreducible Tensor Product of Irreducible Tensors 

fn tfn2 

= <9Ri,®9tA>«f 

© 
JM 

m 91 9W 91 

Complete Invariant Integration over Direction Angles 

S<l9Ria>dQ<ai9t i> 
Completeness Condition 

f I Q> dQ <Q j = 1 
JS-^B . a-°-s 

Complete Integration over Rotation Parameters 

f dR 
J<IOR(^1)l>-^;<l5?(i?)l> 

Completeness Condition 

s ■-"0 

la-z-s ■ fir i s : ) * 3 
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may be represented by a conjunction of corresponding R- and R 1-lines of subdiagrams which display the 
integrand factors. 

Note that integrals of three or more functions of R may be reduced to standard bilinear forms, using the 
Clebsch-Gordan expansion. 

11.8. RULES OF THE GRAPHICAL TECHNIQUE 

In this section the rules of calculation by the graphical method will be formulated, specifically, the rules for 
the reduction of diagrams to standard diagrams which represent the basis functions of the angular momentum 
theory. 

11.3.1. Deformation of Diagrams 

Expressions which appear in calculations based on the theory of angular momentum can be rather com
plicated. Corresponding diagrams consist of many lines, thin and thick, solid and dashed, single and double. 
These lines are partly linked to some nodes. One can clearly distinguish two types of lines: internal and 
external. Internal lines have both ends linked to nodes, whereas external lines have one end linked to a node 
but the other free. Any identical transformation of an analytic expression corresponds to some transformation 
of the internal lines of the diagram with external lines remaining unchanged. 

If the structure of the inner part of a diagram is unimportant, it may be replaced by a block with the 
same external lines, because these are just the external lines which determine the transformation properties 
of corresponding diagram (or sub-diagram) under rotation of the coordinate system. For instance, any closed 
diagram without external lines is invariant under such rotation and may be reduced to some of the Znj symbols 
or their combinations. 

As pointed out in Sec. 11.1.1, the length of the lines, their curvature and orientation are not important. 
Consequently, any diagram may be arbitrarily rotated and deformed, although the node signs have to be 
reversed for those nodes where the order of momentum coupling becomes changed. 

Thus, any deformation of a diagram performed under the proper check for the node signs does not change 
the meaning of the diagram, i.e., the deformed and original diagrams represent the same expression. Such 
diagrams will be called identical An example of identical diagrams is given below: 

Two diagrams will be called topologically similar} if it is possible to make them coincident by means of 
rotations, deformations and/or reflections. Topologically similar diagrams have the same numbers of nodes 
and of lines, solid and dashed, but they may differ by directions of lines and by node signs. 

The expressions corresponding to two topologically similar diagrams are equal in absolute value, but may 
differ by a phase factor. One may find this factor by means of successive reductions of one diagram to the other, 
i.e., by reversals of node signs and line directions (where necessary) in accordance with the rules formulated 
in Sees. 11.3.2 and 11.3.3. In this way one may reduce any diagram to the topologically similar diagram 
of some basis function of the theory, and determine the additional phase factor. Several examples of such 
transformation for the Sj} 6;, and 9; symbols are displayed in Table 11.6. 
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Table 11.6. 
Symmetry of 3m* Symbol Diagrams. 

3; Symbol {a b c} 

Reversal of Node Sign and Line Direction, and Argument Permutation 

(a I b j c =(-D a + 6 + c U \ b j c = ( - D a + 6 + c / « J * Y 

d> (a \b Jc = (-l)2 f l (a lb Jc 

Reversal of Node Sign 

(a b c 1 
^^mhol\ABCJ 

A B 
= (_1)2(^+B+C) 

^ B 

Reversal of Line Direction 

= (_l)2(^+^+C) 
A B 

\ z(-\)2(A+B+C) 

Argument Permutation 
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Table 11.6. (Cont'd) 

Reversal of Node Sign 

&l Q>2 ° 3 
9j Symbol { C\ C2 C3 

bi 62 ^3 

k 3 = (-ir° 
♦ 

K 
■f 

*vi ^ 
">> 

fcN 

Nc5 

,«r> 

^ 2 

3̂ = ( - D 

Reversal of Line Direction 

c3 z(-\)2^+i)^ci)bl C3 z(-l)2(ai+b3+Cl)bl 

Argument Permutation 

bx = ( - l / ° 

b3 z (_i ) yo 

b2 =(-l)y° 

where JQ = (Zi -f a2 + 03 4- 61 + 62 + 63 + Cj 4- «2 4- C3 

11.3.2. Change of Node Sign 
The reversal of the sign in a node joining (JiJ2te)-lines corresponds to the change of the momentum-

coupling order. This transformation is equivalent to introducing the additional phase factor (—l)J'l+J'a+'». For 
example, 
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+ = ( - l ) ' i + / 2 + / 3 

1 / 1 

The reversal of signs of all the nodes in a diagram produces an additional phase factor of (—l)2^+^xj 

where Jo and J\ are the algebraic sums of all the momenta for the internal and external lines, respectively. 
For example, 

cy 

= (-D a+b+c 
cy 
A 

bp bfi 

2(A+B+C)+a+b+c 

11.3.3. Change of Direction of External Lines 
The direction of an external j-line specifies the form (covariant or contravariant, i.e. \jm) or (jm\) of an 

irreducible tensor of rank j (Sec. 11.1.1). The conversion of covariant components of a tensor into contravariant 
ones, as well as the inverse transformation, is carried out by contraction (over m) of the tensor in question 

with the tensor ( , 1 = (—l) J + m£m_m ' , which may be considered as the metric tensor for the (2j -f 1)-

dimensional space of the functions \jm). Such a transformation reads 

il-F jm jm jm 

and the inverse transformation is 

rtr ' ^ ' 

l&r jm' jm 
m 

jm 

Thus, a reversal of the direction of any external j-line (jm being fixed) corresponds to the transformation 

(\m\jm) = 9Rym «i <ym|9R|> = ( - l J ' - T R y - m , 

in the associated analytic expression. In other words, the replacement of a single outward arrow by a double 
inward one corresponds to the introduction of the phase factor (—l)-7'"17*, and substitution of —m for m, and 
vice versa. 

file:///m/jm
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For example, 

and, conversely, 

EU)(^;)=Hr-U;). 

11.3.4* Change of Direction of Integral Lines 

The reversal of the direction of any internal y-line produces the phase factor (—l)2j in the associated 
analytic expression, because 

5>l) y—«^*/-m = (-l)2'X(-lK—%-m9lym. 
m m 

For a closed diagram which represents a 3n/ symbol, reversal of the directions of the /-lines produces the 
factor (—l)2 J in the associated expression, where J is the algebraic sum of all the momenta of the 3n/ symbol 
(Table 11.6). 

The reversal of the directions of three internal /-lines (/1/2/3) coupled together in a node does not produce 
any additional phase factor, since (—l)*V»+£+*») = 1. For example, 

*'. ^ ♦ . * 

For a closed diagram associated with a Snj symbol the reversal of directions of all the /-lines and simulta
neous reversal of signs of all the nodes do not change the meaning of the expression. 

11.3.5. Linking Subdiagrams 

In this Section the graphical rules for the multiplication of subdiagrams are formulated. These are the rules 
for linking the subdiagrams (blocks) into one united diagram. 

(a) Two subdiagrams representing factors 9R and 9?, which have at least one identical (for both subdiagrams) 
/-line, may be linked together into the combined diagram which displays the product of these factors: 

0z>/ / e g - O' B ^ S 
/ 

The necessary condition for such a linking is that at least one of these subdiagrams should have no external 
line. The graphical rule is equivalent to the relation 

( 5 > H « I > > » > ) X (£0'»»'|W|/»»'>) =(2j+l)^(jm\m\jm')(jm'\m\}m). 
V m / \ m' / mm' 
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(b) Two subdiagrams representing the factors SDl and 9t which have at least one identical (for both sub-
diagrams) node, i.e., three coupled j-lines {jifate) may be linked together into the combined diagram which 
corresponds to the product of these factors: 

3R » [ = Wi
ll 

w 

This is equivalent to the relation 

f n i m j f n j 

For example, + C ♦ 

£ " " a + g " 
As in Scheme (a), at least one of these subdiagrams should have no external lines. However, in the other 

subdiagrams the joined j-lines may be external. For instance, 

C7 C 7 ^ r ■ cr^o^ 
l 

•w& 
bfi + C ♦ 

Note that Scheme (a) is a special case of Scheme (b) when one of the momenta ji%J2,j$ equals zero. 

11.3.6. Cutting Diagram into Subdiagrams 
The scalar product of two n-fold irreducible tensors of rank j \ t J2,... , Jn> i«««i the n-fold invariant sum over 

projections 

m i m j . . . m i i 
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may be transformed into a Jb-fold complete sum (over momenta X\y X2)... , Xn with A; = n — 3 and n > 4) of 
the product of factors: 

fc=n-3 
(%,*.../. %\h...u) = E (2JTi+l)(2Jr3+l) • • • {2Xk+\)mhh...iK(X1X2...Xk)<Wyiya.../.(*i*2•..Xk). 

XiXa...Xfc 

These factors represent contractions of the original tensors and 3jm symbols: 

W}1}t...}K(X1X,...Xk) 

_ V* cm /j'l J2 Xl \ (itfi-Mt (Xi J3 X2 \ (_-,\X,-M, (Xk jn-i jn \ 
- 2s J*yim,Am,...y.m. ^ ^ . ^ ^ I V yMi m 3 . j ^ y I *■) ''' \Mk m„_i mn) ' 

= V c»mima...m» / 7 l 72 * 1 \ / 1 ^ 1 - ^ (Xl J3 X2 \ / ,>Xa-M3 / ^ f c Jn- l Jn \ 
- 2 ^ JiM%...3» l m i m 2 -Af l yM ^ ^Mx m3 - A / 2 / 1 } "\Mk rn^-i m*,/ ' 

miKii 

Again, at least one of these contracted quantities must be a true invariant, i.e., should not depend on any 
additional momentum projection or direction. 

For n < 3 the sum over Xi may be reduced to the direct product of the contracted tensors. For example, 

(^ilia—in * Rjlfa—Jn) = ™JIJ7—Jn ' ^JlJl-Jn • 

This means that the original sum becomes factorized. Therefore, the cases n < 3 are the most important ones 
for practical applications. 

The analytic transformations under study correspond to cutting the associated diagram into two subdia
grams which represent two factors. The necessary condition is that at least one of these subdiagrams should 
have no more external lines (apart from those j-lines which link the sub diagram together) 

9R 

/ i 

'I 
\ 

In-1 
, >n 

91 9» a?1 xip 
VnJfXk Xkjfa\ 

91 

The most important cases of cutting of one, two, three, as well as four, five, and six j-lines are presented 
in Table 11.9. 

In many cases, the successive use of these rules allows one to divide a diagram into several (three or more) 
subdiagrams representing invariant factors. For example, 

.B B, 

\^^^^{^^ 
C C 

The most important cases for the application of the cutting rules are in the separation of external lines of a 
diagram, i.e., in extracting the dependence on all the external variables in the form of the standard functions of 
the theory {^jy!nijJm3 > &mm> (^)i Cym(ft), etc.). Such a separation is the essence of the Wigner-Eckart theorem 
which will be discussed in Sec. 11.4.2. 
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11.3.7. Graphical Method of Summation 
According to Sec. 11.2.3, a complete invariant sum over angular momentum j and projection m is graphically 

represented by a thick y-line. Such a summation may be easily performed by the diagram technique, if this 
thick j-line connects two identical nodes. 

Rule £ : Any thick y-line which connects identical pairs of thin y-lines, may be removed provided the ends 
of the thin lines with equal momenta are linked together. This is displayed below: 

9K 

Such a graphical operation does not change the meaning of a diagram and corresponds to the equation 

^(2y+l)(;iy2ym|9Jl|;iy2ym) = ^2 Oim ihm2 \<M\jim1 j2m2) } 

j m tnim>2 

where 

For example, 

aa 

■ * * -

be 

{abc}{bde} 

bp1 

6w 
(26 +1) ' 

*( *| c) r M (e \b' Jd 

When a common thick j-line is included into two or more unlinked subdiagrams, one should preliminarily 
link these subdiagrams with the aid of the rules of subdiagram multiplication (Sec. 11.3.5) in order to arrive 
at one thick j-line. Only after this operation can one perform graphical summation over j and m according to 
Rule J2- These combined graphical operations are displayed in Table 11.9. 

The complete invariant summation over j and m may also be performed graphically in the cases when the 
lines adjacent to the thick j'-line are dashed ft-lines. For instance, 

]C«m(n)y,^(n') = *(n-n'), 
lm 

/ ft' ». — «. — -* 
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£ (2J + l)DJ
MM,(R1)DJ

M,M(Ra) = ltotSiR! - Jfe), 
JMM1 

J 

J 

In fact, all the rules for complete invariant summation formulated in this section follow from the complete
ness of |ym)-functions. 

] T \jm)(jm\ = £ |ym)(2y + l){jm\ = 1, 

11.3.8. Replacing An Internal fi-Line by a Thick y-Line 

Each internal 0-line which represents invariant integration over direction angles ft{t?, <p} may be replaced 
by a thick j-line representing the complete invariant sum over j and m, according to 

jm 

where 

(ym|9R|y'm') = f f dndn'ijmWin'iwwintfm'). 

Thus, all the fi-lines in the inner part of a diagram may be converted into the y-lines. Hence, it is sufficient 
to formulate the rules of graphical operations only for diagrams in which all the internal lines are y-lines. 

11.3.9. Elimination of j =* 0 Line 

In the particular case of j = 0 the corresponding expression is independent of the angular variables n{t?, <p}. 
Hence, the corresponding j-line may be removed from a diagram without changing its meaning. However, there 
remain the nodes which were initially connected with this j = 0 line. These nodes may also be extracted from 
the diagram in the form of a separated subdiagram corresponding to the factor 

The phase of K depends on the node sign and line direction. K is positive if the node sign correiponds to 
the cyclic order of the coupling momenta (yi , ; ,^) , the ji-line is directed toward the node and the y<2-line is 
directed outward from the node. In this case the resultant ji = j^-line has the same direction as that before 
the node's removal. In other cases the phase of K may be determined by means of the reduction of th* diagram 
under study to the above case, using the rules of Sec. 11.3.2. 



The Graphical Method in Angular Momentum Theory 

Thus elimination of the j = 0 line may be illustrated by 

/=0 _ 

433 

3R 9R 

g ^ i . g £ . g>|̂ >. 
Some special cases of the 3jm and 3nj symbols with j = 0 are presented in Table 11.7. 

11.3.10. Elimination of the R - 1 Line 
In the particular case J? = 1, a double dashed .R-line corresponds to no rotation, i.e., it represents a fictitious 

Iependence. Hence, an R = 1 line may be removed and the lines adjacent to the i?-line have to be closed. 
This operation does not change the meaning of the diagram. 

jm' 

an 
R = l 

jm 
2R D 

an 
R = l 

n 
an y n 

Some examples of the expressions and diagrams containing R = 1 are given in Table 11.8. 
A summary of the rules of graphical operations is presented in Table 11.9. 
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Table 11.7. 
Zero Angular Momentum (J = 0). 

Analytical Expression Graphical Representation 

jm Symbols 
aoL + bP b0 fl<* ffa 6/3 <ft* bp 

fa 0 bX ^ / a \ *«**-* 
\a0$) • 2 a + l \ a ? j V ' V^a + l 

-^ = »» » «< 

c = 0 c = 0 V* V* 
aa W b& + aa aa bP act 

c = 0 c = 0 *v* *v* 
V ' V-aOp; ^2a+i 

fla + b|3 W - flot aa b0 
t «c = * -

c = 0 c = 0 *XT 
( a b 0 \ *ab*aS 

{ a 6 0 >=»»,» 

\ab c f y ' ^2a + l 

\ 6 6' 0 J k ' (2a + 1) 

aa 6(3 60 + «<* oo 60 
*»- "~T < * * = **-

c = 0 c = 0 
*V»* 

MJ Symbols 

O = O* 
c c 

♦ ♦ • — ■ — • ♦ 

A /* 

♦ = + 

♦ ♦ ♦ 

1 6 6' c j V ' V(2a + 1X26+1) l ■•■ri ■<$>•&■ 

;».; )-'-^"^(2t;^+,> {•/.;} 
a ♦ 

*<j # t>-
b ♦ - d ♦ ♦ e 

tf ♦ 
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Table 11.8. 

Zero Rotation (R = 0). 

Analytical Expression Graphical Representation 

(a) For /?=l 

i.e., 

(b) F o r t f = l 

6 ( 2 ' — 7?Q) = 5(Q' — Q), 

< Q ' | / H Q > = <Q'|fi>. 

i.e., 
< / i» |Z>( l ) | / ' in '> = </ni | / 'm r>. 

(c) F o r ^ _ 1 / ? = l 

\ h (Q" — R~lQ') dQ'h (Q' — RQ) = o (Q" — Q), 

i.e., 
<Q* | R'11 Q'X2' I & I Q> = <Q" I Q>-

(d) ¥OTR~1R = 1 

i.e, 

</m* | £ (JT1) | f m'></'m' \D{R)\ jm} = </m" | /m>. 

ft _ ft 
- * * ~ I I ■* 

II 
ti 
I I 

ft ft 

/ w / m 

II 
H 
li 

R = 1 

ft" - ft' - ft 

II 
II 

ft" + ft' ft 

R 

II 
/ ? 1 / ? = 1 

ft" 

ym + + jm 
*> S5 7/ *" 

R-1 *>y/R 
II 
II 
II 

w - + jm 

R~lR = \ jm jm 

Table 11.9. 
Rules for the Transformation of Diagrams 

Analytical Expression Graphical Representation 

Invariant integration over directions Replacing dashed ft-line by thick solid /-line 

Jde<Q|9K|G> = ^</Jl / |TO|/J»/> 

A "'"A A^A 
W aw 

Completeness Condition 

J | Q>dQ<Q| = J | /#></* 1 = 1. 
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Table 11.9. (Cont'd) 

Analytical Expression Graphical Representation 

Complete summation over / and M 

2 ( 2 / + l)</i/.;/Af|gR|/1/I;/AO 

2 (2/ + l)</,/,; lM\g*\tj€;JM> 

JMM' 

= 2 </^/i^|9RI/»mi'4l»4></a,Wt/«»«|W|/im1/1m1>. 

Elimination of thick solid /-line 

2 (2/H-l)</^,; yitf 19R|/^4; /JW> 
JMM'M* 

= 2 </imi'«B1il<aRl/»m»/«''»«>X 

where 

Transformation of product of invariant sums into invariant 
sum of products (at least one of two factors must be a 
perfect invariant). 

( 2 <Jm i a* i >m>) ( 2 <"»' i * i "»'>) 

= ( 2 / + l ) 2 </»1911/»'></*»'191 !/"•>• 

[2 <i*'^^^(ii;i)l 
L m i m t m « J 

xf 2 (i«u)< / i m i / > m w^ i 9 i , >l 
|_«i i«n tm a J 

■= 2 < i O T 11*** '« m « ' • m »> ^ m > '* m « /«m» i ^ i >• 

Expression reduction for J = 0 

2 <M I W » 0 (-I)''""'(J^) 
mm' 

"/V vv-
« 

h h 

f7V\ 
W 

9) 

/ i / i 

ftfl 
M '* 

9) » 

/J 
/ 2 

h 
/ 4 

*t 

Linking subdiagrams containing identical /-line (at least 
one of subdiagrams should have no other external lines) 

o 
ix/ 

/ n 

/ i s 

» 

-

91 

h 

h 

h 

91 

Elimination of a / = 0 line in a diagram 

SN 
♦ J = o . 0}'̂ -
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Table 11.9. (Cont'd) 

Analytical Expression Graphical Representation 
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Table 11.10. 
S;m Symbols. 

Analytical Expression Graphical Representation 
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Table 11.10. (Cont'd) 

Analytical Expression Graphical Representation 

Orthonormality 
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Table 11.10a. 
Relation of Clebsch-Gordan Coefficients to Zjm Symbols. 

Analytical Expression Graphical Representation 

C*m,J,», = <^W1 '*m* I WO - <A/»^ I /l»»l /»".> 

-M)V.2 W i + 1 , ( '^) (A/ . A) 
^ J \A/ 0 m,/ \nu m% mj 

-(-l)V.V57TT(-ir^(Jii) 

-(-i^2w.+«Ci/,)(/'A/I) 
=(-i)2-''v^r+T(-i)j-jff ' ' * M . 

\—M 77*2 ^ 1 / 

7l™l / l ^ l 

7M 

72™2 72^2 

7l™l 
72 m2 

( -1) 
73 -W 

■• - =(-l)2/l ( / ) +' 0 
72^2 

/ l W 

7i™i 

j2m2 

j2m2 J\mx 

JM 



440 Quantum Theory of A ngular Momentum 

Table 11.11. 
Metric Tensor for (2j + 1)-Dimensional Space of Functions \jm)> 

Analytical Expression Graphical Representation 

Definition and Properties 
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Table 11.12. 
Spherical Harmonics. 

Analytical Expression Graphical Representation 

Definition 

Addition Theorem 
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Table 11.13. 
Wigner ^-Functions. 

Analytical Expretiion Graphical Representation 

Adjoint Matrix 

ym ^ /m' /m /> /> + m' jn' jm 
= 2 * * — i r 

n 
\\R 

Inverse Matrix 

Unitarity 

•n »» 

/m jm' jm jm' 

?m' 

! !« - ' 

♦ 

R 

♦ . 
»i " ti w // 

jm' 

jm 

!!* 

jm' 

•*> 

jm 

» 

/m' 

/w 
^ 

Orthonormality 

S ** „, <*> *&,. <*> i S - ' ' ^ a f t r . 
/ I ^ I 

j2m2 
y2 m2

 r '^J2m2 
*J2m2 

Completeness 

2 (2/ + i ) 2 D«»' (*»> °Cm' (*•>=16*,$ (*i - *«)• 
R\ mfm\^R* Rl R2 

Rotation Matrix in O-Representation 

n' 

</m I i? I I 'm') = </m | 2><Q | i?"* | Q'><Q' | * '» '>. Y = ]\ 
\\R *tR 

n 

o (Q' - BQ) = ^ ^ ^ C/>»< (2') />JL'«(^*) C J , (0). / m 

/mm' 

<Q' | i? | Q> == <Q' | Z'm'> <Z'ro' | JT11 Jm> </m | Q>. 

Im I'm' 
I'm' ^ x a n > ^ 



The Graphical Method in Angular Momentum Theory 443 

Table 11.13. (Cont'd) 

Analytical Expression Graphical Representation 
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Table 11.13. (Cont'd) 

Analytical Expression Graphical Representation 

Addition Theorem* 
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Table 11.14. 
Matrix Elements of Irreducible Tensor Operators. 

Analytical Expression Graphical Representation 

Matrix element of an irreducible tensor 
operator of rank k in the JM-represent at ion 

(Wigner-Eckart theorem) 

where (f/ || 3Rfc 17'/') is the reduced matrix element 
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Table 11.14. {Cont'd) 

Analytical Expression Graphical Representation 

Matrix element of the scalar product of two irreducible tensor operators which 
depend on variables of the first and the second subsystems, respectively. 
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11.4. S U M M A R Y OF THE GRAPHICAL TECHNIQUE 

The preceeding sections present the principles of the graphical methods of angular momentum theory, i.e., 
graphical representations of the basis functions and operations (Sees. 11.1 and 11.2) as well as the rules of 
handling them (Sec. 11.3). This section resumes the discussion of the general properties of diagrams, the 
Wigner-Eckart theorem in diagrammatic form and the scheme for the application of the graphical technique. 

11.4.1. General Properties of Diagrams 

Let us summarize the main properties of diagrams which are consequences of the graphical relationships 
discussed above. 

(a) Any diagram may be arbitrarily turned and deformed, bent or stretched. Along with these continuous 
transformations, discrete transformations such as reflection and inversion are also allowed. 

A transformed diagram corresponds to the same analytic expression provided node signs are reversed for 
those nodes in which the cyclic order of the coupled momenta becomes opposite to the initial one. 



The Graphical Method in Angular Momentum Theory 447 

(b) Each y-line holds a fixed value of angular momentum j inspite of any deformation of the lme. For an 
external y-line, the projection m is fixed as well as the j-value. Moreover, j and m remain unchanged along 
the line even if any block (subdiagram) is inserted into the line, provided this block has no additional external 
y-lines. 

(c) The total angular momentum of any diagram or subdiagram, i.e., the vector sum of angular momenta 
of all external lines, is equal to zero. 

i i 

Hence, for a diagram with one external y-line j has to be zero; for a diagram which has two external yjines 
associated with j \ and j^ one has j \ = j*2. 

(d) Any diagram may be cut into two subdiagrams in many different ways. The total angular momenta 
of both these subdiagrams are identical. Moreover, the angular momenta will be the same for all the diagram 
cross-sections with fixed sets of external lines for each subdiagram. 

11.4.2. Generalized Wigner-Eckart Theorem in Diagrammatic Form 
Standard functions of angular momentum theory may be used as a basis for the expansion of any expression. 

However, sometimes all the dependence of the expression on external variables may be factortzed in the form 
of some standard function. Graphically such a function may be separated according to the rules of Sec. 11.3.6. 
The most important special cases are the following. 

(a) A diagram without external lines (i.e. a closed diagram) is invariant with respect to coordinate-system 
rotations. 

(b) A diagram with one external line also is invariant. This is a consequence of the fact that, in principle, 
one cannot distinguish any preferred direction in isotropic space. Therefore, any dependence on one direction 
is fictitious, so that such an external y-line has to correspond to j = 0 and may be eliminated in accordance 
with the rule of Sec. 11.3.9. 

(00|9Jt|ym) = Sjo6mo (00|9R|00) 

r / 2 

/ = 0 7= 0 

(c) A diagram with two external lines corresponding to {jim\\ and ^2^2) is non-zero only if j \ = j2 and 
mi = rr»2 

Oimilatoma) = * y V 7 " ' S<JiH9* | j im) 

gr. ■ 03/, c'"' ■ B>D" 
/ i " i i 

A 

j2m2 

lirni 

This follows from the fact that any dependence on two directions is, actually, the dependence on the angle 
between these directions, i.e. it may be represented by the scalar product of two functions \jm) and (jm\. 

(d) A diagram with three external y-lines which represent |yimi), ^2^2) and 3̂*713) is proportional to the 

3jm symbol (jl J'2 jz ) 
\ mi rri2 W3 ) 

(00\<m\jlm1j2m2j:im3) = <0||9K||jij5,ft) ( * * , * ) , 
\ TTl\ 17*2 "*3 / 
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where (0||9R||yi^A) is the reduced matrix element defined by 

mi ma ma 

/3»»3 

(e) A diagram with four external /-lines corresponding jimi, J2m2>3$ms and y4m4 may be presented as a 
sum (over j) of the product of two 3/m symbols 

where 

m i m i m i m i \ * * / \ * "* / nil m j mt w»4 

/ l * l /3W3 

t7m2 >4 m 4 / 2 " i * ^R^J 
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Table 11.15. 
Generalised Wigner-Eckart Theorem. 

Analytical Expression Graphical Representation 
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Table 11.15. (Cont'd) 

Analytical Expression Graphical Representation 
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11.4.3. Scheme for the Application of the Graphical Technique 

The aim of calculations inherent in the angular momentum theory is to transform an original formula in 
such a way as to express all the dependence on the orientation of the coordinate system in the form of a simple 
standard function (Cy^y,™, > Ytm(Cl), DMM,(R), or some related combination). The remaining factor (or the 
expansion coefficient) is invariant and can be represented as a product (or sum of products) of the standard 
3.7, 6y, 9j symbols. 

To carry out these calculations by the graphical method one has to perform the following operations: 
(a) To represent the original analytic expression in diagrammatic form using the graphical representation 

of functions and operations in accordance wi^h the rules formulated in Sections 11.1 and 11.2. 
(b) To eliminate all fictitious j — 0 lines and R = 1 lines according to the rules of Sections 11.3.9 and 

11.3.10. 
(c) To link step-by-step, all the subdiagrams which have a common thick y-line, using the rules for graphical 
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multiplication of subdiagrams (Sec. 11.3.5). 
(d) To replace each internal ft-line by the corresponding thick y-line, using the rule of graphical integration 

(Sec. 11.3.8). 
(e) To remove thick j-lines with identical nodes (J1J2J3) a nd reconnect the remaining thin j \ - and y2-lines 

in accordance with the rule of graphical summation (Sec. 11.3.7). 
(f) To cut the resultant diagram (according to the rules of Sec. 11.3.6) into subdiagrams which are topo-

logically similar to diagrams of the standard functions. In particular, one should separate all the external lines 
in the form of the simplest possible subdiagram. 

(g) To determine the phase factor of a diagram by reducing each subdiagram to some standard diagram 
(Tables 11.1 and 11.2) by means of reversal (when necessary) of node signs and line directions according to 
the rules from Section 11.3.2 and 11.3.3. 

(h) To represent the final diagram in analytic form. 
One can use a simplified version of the graphical method without taking the signs of the nodes and directions 

of the lines into account, if one is interested only in the absolute value of an expression but not in the phase. 



Chapter 12 

SUMS INVOLVING VECTOR, ADDITION M p 
BECOUPLING COEFFICIENTS 

Many quantum-mechanical problems are concerned with calculations of sums containing products of the 
Clebsch-Gordan coefficients and Snj symbols whose summation indices represent quantum numbers Of angular 
momenta and momentum projections. Summation over different indices may be performed independently and 
successively. It is more convenient to start with the summation of Zjm symbol products over projections. 
This summation may be carried out with the aid of the equations presented in Sec. 12.1. Summation over 
projections yields invariant Znj symbols. The next step is to sum the products of Znj symbols over momenta; 
this may be done with the aid of the equations of Sec. 12.2. 

12.1. SUMMATION OP PRODUCTS OP Zjm SYMBOLS 

This section contains a collection of sums involving the Zjm symbols. Each sum is illustrated by a diagram 
which shows the coupling scheme of angular momenta involved in the sum. The equations are grouped in 
accordance with the number of Zjm symbols in the products. Within each group the equations are arranged 
according to the number of fixed indices, i.e., the number of external lines of the corresponding diagram. The 
summations are of two kinds: 

(a) Summation index j represents an angular momentum and runs over all possible values consistent with 
the triangle condition. Summations of this kind are shown by thick internal j-lines in the diagrams. 

(b) Summation index my is a projection of j and runs over all allowed values, j,j — l,y — 2, . . . , —y. 
Summations of such kind are shown by thin internal y*lines in the diagrams. 

The sums are written in such a form that each summation index my is included in two Zjm symbols, 
although with the opposite signs. In addition, the sums contain the phase factors (—l)*~m' which easure that 
the results of summation are invariant under coordinate rotations (Sec. 11.2). Any sum over projections, which 
is invariant with respect to rotations, may be converted into such a form (Sec. 8.4). 

Hereafter, we use the notation 

IL. . , = \/(2a + l)(2i + l)...(2/ + l). (1) 
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Sums Involving Vector Addition and Recoupling Coefficients 

12.1.1. Sum Involving One Zjm Symbol 

12.1.2. Sums Involving Products of Two 3jm Symbols 

- O 

qK N 

aa 

W W 

ftp W 

EM*- (: \.:) (: <;)=<-i>*B-ir<ni (:; _;) (; \ ̂  {: 

aa C7 

4 

bfi dh 

bp dh 
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12.1.3. Sums Involving Products of Three 3;m Symbols 

D_i\P-VM-*-«+r-p (p o. q\ (q b A (r c p\ _ / a b c\ (a b c \ 
^ 1J U « -«) U P -P) \P 7 -+) " V-a -£ - 7 ; \r P qj 

E fabp\fp c q\ (q d e\ 

■sn:(:^)(-;^-:)(:J:)(!;;l xy 

a 

12.1.4. Sums Involving Products of Four Zjm Symbols 

E /_i\p-*+«-«+r-p+.-<r+i-T (P * q\ { q r t \ { r a' s \ { s p t \ 

I ] \+-*K)\-KpT)\-pa/*)\-*-+-T) KfJfpVT 

_ (-1)"-° fqpa}5 . 

a a 
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pipK<7 

*-<r (P o, q\ fq b r\ fr s p\f s c d\ 
\if> a -K) \K 0 -p) \p ex -ip) \-<J 7 6 J 

v-a (p a q\ fq b r\ fr c s\ fs d p\ 
\ip a -K) \K $ -p) \p 7 -a) \a 6 -\\>) 

\ ^ I i \p-V'+9-'c+r-p+«-<j 

cy dh 

= / i^2r—* —d—a—q 

b{3 dS 

b^T^d 

(9) 

(10) 

D-r«n:(:_;;)(^) .<. . <"> 

fla C7 
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12.1.5. Sums Involving Products of Five Zjm Symbols 

£ (-!)■ p-t+q-K+r- p+i-a+t-T+u-v+v-it 
ipKpV 

fr t q\ fq p u \ fu a » \ / » i r \ ( ' p *\ 
\P r -K) \ * 1> -v)\v a -n) \/i a -p) \-<r -rf> -r) 

=(-1)*uwJuvSaoSao {*'"}' (12) 

d > -

£ (-1) p-tf+fl-*+r-H-«-«r+t-

rv 
\1> <* -xj \K P -*y \T ~a -+) \a i ~v) \v 0 -P) 

( a b e\ (a b e') fa p qY 
a Pi) {us rj\t r « / ' (13) 

b» 

a* ■ 

cy 

£(-D P—V'+tf—*+r—p+j—*+t—T+U—v 

Inept 

(p a q\f q t r \ ( r b * \ ( * P u \ / t i c t \ 

*>U 

O 
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D \P-*+fl-<c+r-„+,-*+t-r (p a q\(qb r\ (r c s\ (s d t \ ft t p\ 
l) \if> a -K) \K p -p) \p 7 -°) \<r S -r) \r e -+) 

= (-I)' 

l/>Kp 

or 

t—p—6— a—d—c 
s^i-u'-i+y-"T\3 (a b x\( x e y\(yc d\lab x\lx e y\h c d\ 
hfS ' A l . „ ^ a / 9 t ) \ - t 8 -l)\V1 6j\r P 9 j \ * r p J \ s t rj 

(15) 

*tvn 

= / j\p—t—6—a—<f—c £<-i>—-it (:;<) (4«-;)(;;:){::;}{ c e y 
r p x 
$ t d 

= f ~ l ) r " t + p + a + d Y^ f_i^-e+y-»?+*TT2 (a c x\( x e y\ Iy b d\ 

f c g a r l f o c x l f x c y 1 f y 6 d l 
\ 6 s r / \ 2 r p q]\t z pj\s t z) ' 

(16) 

(17) 
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12.1.6. Sums Involving Products of Six Zjm Symbols 

*UW^)-t^{;"}«*M-'-<- (i8) 
ri/fjtX 

V t U t t' 

E (i\p-4>+<l-K+q'-p+p,-*+u-i'+v-»+t-T+,-X (* « <l\ ( «* * <f \ ft S p \ ( t 8 p'\ 
V ' \v IA K) \-V - M -p) \T A +J \-T -A -a) 

X ( l J a) (-p -a -a') = ^ ^ ^ ' W ^ * « « ' { u v g } { p t 3 } { a p g } , (19) 

i//xrA 

tf a aa a a 

63 
O 
O 

E /_i\P-*+«-»e+r-p+«-»+«-T+»-|«+u-i/+»-A ^ aQP\f P* 9\(9 UV\f Vr ?^ 
V>*p<r 
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rpKpcr 
vr\x\ 

E (_l)P-^+9-«+'"-p+a-<T+u-l/+t-t+t;~^+ff-A (p * ^\(^T V \ (V S P\ (U r I 
* \ip a —K) \K p —\h) \\i —a —il>) \v —p —) 

v g 
aa a OL 

1/TfJlX 

p r 
-v> - p E / ^ p - ^ + f l - i c + r - p + . - ^ + u - i z + t - r + t i - M + a - A (°> P <l\ ( ? 9 A (3 t v \ ( V 

* ' \a \j) K) \—/C -A -aJ \a r /xJ \ - / z 

aoc a a 

E (-i)p-— ̂ +g—K:+U—i/+r—p+v —jx+a — <r+g— A 

V"ci^P 

/ - j \ * + b+u+t ; — q—a—d—c \ 

\ 

P 

/ 
db 

+u+r+p-g 

Q u 

g 

s v 

-a—c Vf-

r 

\ 
n 

. i W - t i 

(pa q\(qu g\ fg v s\ (s d p\ 
\rp a —KJ \K V —Ay \X \i —a J \a S —r/>J 

/ u 6 r W re v\ 
\-v P PJ \-Pl -V-) 

E(-irsn:(:40(;? )̂{°p1}{«"t}{r;;}= ™ 
b{3 

db 

,-ir™-D-«"it(:-;i)(i;;){-i}{r:i}{:'.,.}{;i:}-'M' 
xyn 

H 

db 

> - > 
\J^r X 

> - > 

</6 C7 
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-(-ir—D-«r-n:(;4»)(:j;){;:t}{;j;}{:!:}. (25) 

S V 

db n 

E (-1)' ,p-^+«-ie+»-M+r-p+'«-flr+tt--i/+g-

= (-I)' a+&+c+u+ 

A/P « « W * w 9\(9* v\(vb r\ 
\+ a -K) \K -H -Xj \\v-+)\nfi-pj 

( re t\ (» d u\ 
PI-a) \e6 -v) 

•{;::}D-«r«n:(:^)(4»;){:;:}{;::}. m 

bfi 

V 

o 

/ 
aa 

£ (-ir*+« 
ftfKfHT 
Tl/fA 

\ _ 
P M 

-*c+r-p-M-

s 

\ 
db 

•<r+t- U-V+V-H(P« ? U ? « f W r C ' V ' 1 ' P^ 

*( "* Off ") 

-H)—,,£'-»^'iC(:j4)(:i«){»"}{»."}{?ti:}{!ii}; 
/>0 

J6 

u aa *>0 

O </6 
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(28) 

W 

db 

arv 

D_1\P-*+«-#e+r-H-«-«r+«-r+«-i' (p °> q\(qb r\ (r c * \ (8 d t \ ft t *A / u / p\ 
' \V> a -KJ \K p -p ) \p 7 -a) \a 6 -T J \T e -v J \v <p -$) 

= V r - . i ^ - < + y - i + * - ? T T 2 (a x h \ (c V d \ (e z f\ ( x V z\ (axb\(cyd\ 
L£ l} LLxyz{aU) \1TISJ \es<p) \-t-ri-sJ\rqpf\t8rj 

x ( e z * \ i x y z \ = {put j \ t pr J 

xyz 

(29) 

xyz xy* 

( a b x\fxc y\fyf z\ fz d e\ (a b x 1 (x c y 1 (y f z 1 (z d e 1 
<*P-t) \Zl-rjJ\ri<p-tJ\t6c)\rpqj\8prf\u8pf\tu8J (30) 

file:///-t-ri-sJ/rqpf/t8rj
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= (-1) U—d—C—6— 

(31) 

r^<m 

12.2. SUMMATION OF PRODUCTS OF 6; A N D 9; SYMBOLS 
This section presents a collection of sums involving- tj and, 9; symbols. All the sums are illustrated by 
diagrams which display the coupling scheme for angut|Lr moments involved in the equation. The sums are 
grouped in accordance with the number of 3nj symbols in the products. Within each group the sums are 
arranged according to the number of summation indices. The summation indices are printed by capital letters 
in equations and mkrled by thick j-lines. In Sec. 12.2, just as in Sec. 12.1, we use th* notation 

n ^ 4 = ( ( 2 « + i ) ( 2 6 + i ) ; . . . ( 2 / + i ) ] i . 

Some of the sums presented are taken froth Refs./(24]"and (44). 

12.2.1. Suing Involving One 3n; Symbol 

£n>*>=it> (i) 

• ■ 0 © 

■ O 

(2) 

(3) 
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D-r>«n;:{^}=iL>. 

o-̂ -o 
a b e 

&bc 

e f X ) *A6 

e^S 

c^S 

e \ 

NJ 
\x^> 

aNI 
l^ jT 

X 

a b t 
n l | c r f / \=^{dbc}{acf}, 

X I / i X J Ha 
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W 

(5) 

(6) 

12.2.2. Sums Involving Products of Two Znj Symbols 
(i) Single summation 

D-«r«i£{:if}{;ifx}-{;;;} 

p) 

(8) 
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EfcfiinttfK^ttH:!;}-
cs 

\ q 
d \ 

\ / 
s \ 

s e 

Ei-D-m Jfflirrf}-^^:;}!;::}. 
where J? = a + &-fc + cf + e - h / + p + g 

p / 

<?X 

\ j > 

s x 

/ 7 

f o 6 p | \ e f p 

x X \r s X \ \r s X 

— r a c 1 
3 - 6 d 
* ff - q 

( f e p - ) 

\ C\ \g \ 

o(a>bp)(efp) ( ap b ) ( ds 

(-i)p+'-f-'EIIx\**i \\9h9 = ( - r - ' E l r e , , A 
x X [ r s X j [ r s X j Y Y[cfY){cf 

a p b } [dab 
9 
Y 

i 
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(ii) Doubk summation 

a b X } ( a b X 

465 

c dY W c dY } = {ac«}{Mfc}{,/y}, 

„ f o i l ) f a H l ( a d 3 

D-^IIxr \cdY \\dc Y = ( - ) 2 b + / + f c < > h \ , 

X) 

A 
* v 

v/ 
/ 

vg 

fh 

(iii) 7Vip/c summation 

XYZ 

^ H e r * l a b c J = I I o 6 c ' 

■ © 0 0 
it.{f:J}{frf}-«. 

(13) 

(14) 

(15) 

(16) 

xy z 
f-XYZ I a ^ ° ) = i a 6 c H d « / } . 

XYZ \ d e f 
En: (17) 
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12.2.3. Sums Involving Products of Three 3nj Symbols 
(i) Single summation 

where .R = a + 6 + c + cf + e + /-fp-t-$ + r, 

f 

f 
HA X L±\̂  

fv7 \A 
X 

X 

d 

x\ 

d 

\A X 
^ 

»-^it{:if}{:;f}{:ff}-{i:;}. 

(—l]P+«-«-/ ?m{;ii}{Hf}{:,'f}-

HT-'ElCllilHli'Kl/f}-™ b+g—c—h 
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(ii) Double summation 

V-TT 2 (abX\ (cdX\ (ab q \ _ ( a b q \ 
j^^XY \c d p j \ a b Y j \ c d Y J - \ c dpj' 

467 

(22) 

D-i)-y+pnL{:o}{r^}{:^}=|wpHM, m 

m 
* 

XY | qY g 

ed 
.P9 *}{«'}■{;:• 

a b p 

<»XP 

(24) 

E C .-i {;:f}{::T}-«-^«{:::}. 
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En^{^}{K^}{:^}='-"2'|{w/,{^^}' 
h b 

Y Y C ) D i 
. <afX\ iafX 

XY \ p c b \ \ Y g b 

ahY 
9b 

X X 

\ b 

& 'Ex] 
(iii) Triple summation 

EnL„{::5|{:;f){:rf)-M-n:{:::}. 

0-HI 
T,(-i)x+Y—hR ..._<«<** 

XYZ 
[2 
lXYZ 

a b X 

* f 9 

g b Y 
c dZ 
h j a 

(26) 

:}-{::;}{:/;}{;i:}- <°" 

(28) 

Mihftwii'.:}' <M» 
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5>i)x+'—'If 
XYZ 

XYZ 

all p ) 
e d X 
qY Z) 

bdY 

Ik •}{:?;}-&<*>{#}■ 

in 
XYZ 

XYZ 

a b p] [c dX] ibdY] s [ abp 
cdX)\ef Z)\efZ) = ${dfh} Ice 9 

l U I q j h { 
pN 
/ 

L^ 
\ 

) * / 

h 

k 

1 l\£ 
k\ ^ > 

* ^ e 

f^C 

^ 

^b 

(30) 

(31) 

12.2.4. Sums Involving Products of Four Znj Symbols 
(i) Single summation 

D-i>*-*irx{:^}{:^}{;{?}{?^} 

=E(- 1) 2 r +°"H > + e + /II-*{::£}{"•}{"<}" 
e h b c 

r 3 p q 
f g a d 

where JJ = a + 6 + c + ci + e + / + 0 + /i + p + g + r + a. 

(32) 
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TTJ2 la-hx\(edx\hfx\(ghx\ 
j*llx\c:aP j\tfq jlfhr l\ab]« ) 
•<ii : \ •: 

X: \pe b ) 

a f X 
hr e \ = (-i)-H-f-r+. 
s g b 

(-4 <Lp \ 

9 4 * \ 
[r the— j 

ti. 

i \ 

p v » 

(ii) Double summation 

£i&%i#H:irO{;!i}{tJ^?<-rH,i»i}W'. 

£5wik{:ij}{;ifH;j;}{::?} 
SB (_l)~«+Hc-^t«^/-f-"&<<•» {;*:}'• 
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ab X 

s ^ M j j r {";}{:"}{;"}-<-•> a-6+d+e—J—P+r 
e 6 /i 

P 9 r 

g-^^{ii!}{ij?}0"}{!"} 
= (_i)*+'+°+c+p-#-/i-t-—?^n;{i;i}{iil}{^}. 
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(iii) Triple $ummation 

l l} UxlXiX.\X1X2X*J\c XsX2f 

\ c Jfi Jfs J ^ c X2 X i J 1 X« ^ 6i 6a 63 J (38) 

X, 

m> x* Xi 

# 3 

bi * 3 

j&i^4^n^"H?"}fe*/;}:^^ssr^'-,w*- ,M) 

* )c h U U If <*v e 

y LJ v£/ U v 
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EH»-nL2{;^}{;^}{^:}{i^}=^w)w>w», 

r 

a b e') ( I e j 

j£ i XYZ \XY g) [ZYh 
\(adX\fXY g\ 
i\kZ I j\h k Z) 

— f_1^3e+*-<*+»+j' (-1) p^'M'A}-
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(40) 

(41) 

S^it4:jf){;ii){:if}{ifn-«-^-lS{ri;}{i:n. 
(42) 

fY* 

/ ft 

«V* 
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£M) Y-a-b-c~f-h-

XYZ 

= t-QvhlL{uf\ I« 9 3 1 / « 0 J 1 ( « ) 

3>. u) 

/ 

/ ' 

XYZ 
XYZ 

abX) 
cdY 
t a r 

^yflfci^U--^} = /^^\{^n/^*\ (44) 
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M A T R I X E L E M E N T S O F I R R E D U C I B L E T E N S O R O P E R A T O R S 

13.1. THE WIGNER-ECKART THEOREM A N D THE 
EVALUATION OF MATRIX ELEMENTS 

In this section we consider the evaluation of matrix elements of irreducible tensor operators in a general form* 
Let a quantum mechanical system be characterized by a set of the quantum numbers (njm)y where j and 

m are the angular momentum and its projection on the quantization axis, respectively. The symbol n stands 
for all other quantum numbers required to define the state of the system. Let ^ n y m be the wave function of 
this state. The matrix element of any irreducible tensor operator 9Wfc of rank k between the states (n'j'm1) 
and (njm) is defined as 

(n7m;|9Wfc*|nym) = f *^y/m/3W fcK*nymdr. (1) 

where 3Rfc« is a tensor component. 

13.1.1. Wigner-Eckart Theorem 

The Wigner-Eckart theorem is widely used for evaluation of matrix elements. According 16 this theorem, 
the dependence of any matrix element on the orientation of the coordinate system, i.e., on the projections ra, 
m' and /c, is entirely included in the Zjm symbol or the Clebsch-Gordan coefficient, 

( n ' i W I ^ h y m ) = ( - I ) ' ' " " ' ( J , ' * Q ( n V I I ^ H n , ) = ( - 1 ) ^ ( " ' ^ . (2) 

The invariant factor (nfj'||2R*||ny) is called the reduced matrix element of the set of tensor operators Wtk*. 
As follows from the definition (2), the reduced matrix element of the unit operator is given by 

(n'y'||I||ny) = >/2j+l6n,n,6rj . (3) 

In this section, as well as in Chap. 12 we shall use the notation 

n a 6 . . . c = [ ( 2 a + i ) ( 2 j + i ) - - - ( 2 c + i ) ] ' -
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15.1.2. S u m Rules 
Making use of the definition (2), one can obtain the following rules for sums of matrix elements of irreducible 

tensor operators: 

£l<„yw|̂ wm>i> = M ^ M e , w 
f?MC J 

El<nV'mq^|nym>r = M ^ M J ! , (6) 

D KnVm'^lnim)! 3 = |<n'/'||#*||ny>|3. (7) 

13.1.3. Matrix Elements of Products of Irreducible Tensor Operators 
irreducible tens 
icible product \ 

may be written in the form 

19.1.9. Matrix jBiiemenis 01 .rroaucts 01 irreauciDie lensor uperators 
From two irreducible tensor operators Paa and Q^ <̂ e can compote tie dfrect or reducible product Paa Qb$ 

and the irreducible product {Pa® Qb}<n of rank c (sel tJhap. 3). A matttx element of the direct tensor product 

(n'fntlP* • fob**) - t ^ l £ q£aa$%^(n^^ • (8) 

■» ■ , ■ i 

Another frequently used relationship for the same matrix element is as follows: 

(n'j'm'lPaa'Qwlnjm) 

= ^TT^ D"1)" ' IIC <#£<£* E { J !* 1 } WIlMniikXnijkll̂ lln,) . ' (9) 

Matrix elements of irreducible tensor products may ,be evaluated from, the equation 

(nVm#|{P^«Q^7|njm>. 

. ( .xj i '^-c^^W £ | a ^ ^ | W |^ | n i A ) ( f l l y l | |Q k | | f l i > . (10) 

Putting c = 0 and 6 = a in Eq. (10) and multiplying the resulting expression by ( - l ) ~ a I I a (^ accordance 
with Eq. 3.1 (34)) we get a matrix element of scalar product of two tensors of rank a 

(n'j'm'|(P0 • qa)\njm) = SifSmm.X ^{-lr'+'Hn'jypafadiKnMSaVlnj). (11) 
nai 

From the three irreducible tensor operators Paa,Wb0 and Bd6> one can compose the products 

Paa ■ Qbfi ■ R<U , \Pa ® Qbfe-j ' #<M i flm * ( Q b ® Rrf}/*> . 
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Making permutations of operators one can construct other products which differ from the given above only 
by commutators of operators. The matrix element of the direct product of three tensor operators is given by 

(n'j'm'\Paa-QbfiRdS\njm)=(-^= £ ^-(n'j'\\Ta\\ndi)(nih\iQ4fhi2) 

x(n2j2||Rd||ny> £ < ^ a a C ? ^ 6 , ^ . (12) 

^ ^ ^ N ^ . >%, ^ » 

The evaluation of matrix elements of the products {P a ® Qbjci ' Rd6 and Paa • {Q& ® Rd}C7 is reduced to the 
successive use of Eqs. (8)-(10). 

The matrix element of the irreducible tensor product of three tensors may be represented in the form 

(n'j'm'\{{Pa ® Q6} c ® fi*)„|n/m) = ( - l ) / + - / f l f c ^ 

* E < _ 1 ) i a {y 2 / ix } { / > i } ^VIIPallmyiXnUillQ^lln^Xn^ll^llny). (13) 

By the use of Eq. 3.3(1) the evaluation of the matrix elements of {P a <8> {Q& 0 R d } c } ^ is reduced to 
applying Eq. (13). 

The matrix element of a scalar product may be obtained from Eq. (13). Taking into account the factor 
( - l ) - c I l c > o n e 8 c t 8 

(nVm'|({Pa ® Qb}c • Rc)\njm) = 63j,6mrn, ( - l ) 2 ^ c A | 

£ { °2 y Jx } WHPallniyiXnu^lQMI^^X^^IIRellnj). (14) X 

Of the four irreducible tensors Paa,Qbp, Rd6 and SC€ one can compose the following types of tensor products: 
(a) Paa * Qb£ ' Rd6 J>e* U ^ ^ ^ ^ ^ 
(b) { P a 9 Qb}cl • #<w {Q6 ® Rdlte 
(c) {{P„ ® Qfc}c ® Rd}/* • 5 e , , { P 0 ® {Q6 ® Rd}fc}/^ * ^e# ) M i a • {{Q& ® Rd}fc ® Se}fV , 

P « a { Q 6 ® { R d ® S e } h } / v > , { P a ® Q 6 } c X { R d ® S e } h < r ; 
(d) { { {P a ® Q 6} c ® Rd}/ ® Se}kK , { P 0 ® {Qt ® {Rd ® Se}fc}/}fc , { {P a ® Qb}c ® {Rd ® Se}/}fac . 

Products with other orders of the operators can be reduced to the products listed here using the commu
tation rules. 

A matrix element of a direct product may be evaluated as follows: 

(n'j'm'fa.QvRvS^njm) = (_i)2«+26+2d+2e 1 £ (n'^^n^^jx^f^Ut^h^f^z) 

Jifoj* 

x<n3y3| |S e | |ny)=4— £ C£X„C^^Z„C%£ . (15) 

Matrix elements of products of (b)- and (c)-type products can be evaluated by using Eqs. (8)-(14). 
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The evaluation of matrix elements of irreducible tensor products yields 

W * • Q>}c ® *<>/ • SeWlnim) = ( - l ) ^ + ' + - » ^ c f i ^ ( - 1 ) * + * { ? £ ;< } 

x l j ^ H ^ M (n7||^||n1j1)(n1j1||Q6||n2y2)(n2j2||R(1||n3y3>(n3j3||S<||ny)|, (16) 

<n'/m'|({{P0 0 Qfr}c ® Ra} , ■ §,)|»ym) = ( - 1 ) - ' - ' H * « M ^ J ^ J " 1 * * ' { £ 5 1 } { / 1 1 } 

x(nV||P0||n1y1>(n1y1||Q(,||n2y2)(n2y2||Ra||n3y3)(n3j3||S/||ny). (17) 

Finally Eq. 3.3(5) allows one to simplify the calculation of matrix elements of the tensor product {P a ® {Q& ® 
{Rd ® § . }*} / }kK to Eq. (16). Thus 

x { / ' y y t } (BV8^.ll»i;i><»xJill^ll»^)(»3iil|fi-B»a»>(»»8*l|8.ll»j'>, (") 

<n'/m'}|({P0 ® Q t } e • {R , ® Se}c)|nym> = « , , * . • - H f £ ( - 1 ) - ' + * { ° J ,' } { y £ £ } 

x(nV||Pa||ni;i)(n1y1||Q6||n2;2)(n2;2||Rd||n3y (19) 

13.1.4. Matrix Elements of Operators Which Depend on Variables of Two Subsystems 
If a quantum-mechanical system consists of two subsystems, 1 and 2, and eigenstates of these subsystems 

are characterized by the sets of quantum numbers (nijimi) and (n2j2m2), it is often convenient to introduce 
the two following representations of matrix elements. 

(a) The angular momenta of both subsystems are not coupled. Then 

(n;y{m;;n'2^m^|P(l,2)|n1j1m1;n2y2m2>= / ^ ^ ( l ) * ^ * * ^ ^ 
J (20) 

where * n u - i m i and ¥ n 3 y, m , are wave functions that describe the eigenstates of each subsystem. Such a 
representation of matrix elements is called the (nijimi; n^n^)-represent at ion. 

(b) If angular momenta j i and j 2 are coupled to the resultant angular momentum j with projection m = 
mi + m2, then 

KyIn'2;2y'mlP(l> ^ih^M™) = J ^ y ^ y j y w ( 1 , 2 ) P ( 1 , 2 ) * n i y i n , y , y m ( l , 2)drxdr2 , (21) 

Here 
^ n i y i n a y 3 j m ( l ) 2 ) = J^, ^ m i j ' j m j ^ l J i m i U ) *n7j7m7 (2) . (22) 

This representation of matrix elements is called the [nijir^toj™) -represent at ion. 
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In general case, we have 

(niyjmi; ri2j2rri2\Paa(1,2)\mjxmi; n2j2m2) 

= (-1)2aTf; E <&*n*C$£wmrf (23) 

Any operator J4(1, 2) which depends on variables of two subsystems can frequently be expressed as a direct 
or irreducible product of two operators Pa<x(l) a n ^ Qbflft) which depend only on variables of the first and 
second subsystem, respectively. 

A(l,2) = Paa{l)Qbp{2) or 1(1,2) = {P a ( l ) ® Q6(2)}C7 . 

The matrix element for the direct-product case is given by 

(niJ[m[;n2j2m2\Paa(l) • Qbp{2)\nijxmi\n2j2m2) 

= L ^ — q £ i „ c * % „ ( n y i \ \ ^ , (24) 

whereas for the irreducible tensor product case it may be expressed in the form 

(niyjmi; n2y2m^|{Pa(l) <8> §b{2)}c1\nijimi\n2j2m2) 

= ̂ E ^ J m ^ (25) 

The matrix element of a scalar product is given as follows: 

(n[j[m[]n2j^m2\(Pa(l) • Qa(2))\n1j1m1;n2j2m2) 

Matrix elements of the same operators can be evaluated in the (n^'i n2y2ym)-representation. This yields 

("iyirc^yWlPaafl) • Qbp{2)\riijin2j2jrn) 

= ( - i ) 2 * + 2 6 n > ^ \A£n, (27) 
ci [ h to 3 ) 

( » i / i ^ 2 / " » ' | { £ a ( l ) ® Qb(2)}cl\n1j1n2j2jm) 
( a b c) 

= ( - 1 ) 2 C I I c y < m c 7 & A J7 > <ni^||?a(l)||n1y1>(nij5||Q6(2)||n3il> f (28) 
{ h to y J 

(*iii*2&W&a(l) ' Q«(2))|n1y1n2iiym) 

= fy,^(-l)'+*+j5 {£* J} y } (niyill^atlJIInuiXnijSllQ^^Hnaji). (29) 
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Let us consider the products of three operators which depend only on variables of one of the subsystems. 
In this case the matrix elements of direct products of these operators can be evaluated by the successive use of 
Eqs. (24), (27) and (8). If two of three operators form an irreducible tensor product, Eqs. (25), (28), (9) and 
(10) must additionally be applied. 

Matrix elements of irreducible tensor products of three tensor operators may be represented in the forms 

(niilmi; n^mi|{{£«(l) ® Qb(2)}c ® fLd{l)}e9\nljimi\n2J2m2) 

xK^M^t^lliVJXJVJll^itlJIImiiXnijSll^t^BiWa), (30) 

K J X 3 & W | « P a ( l ) ® Q„(2)}e ® Ra(l)}e.|n1j1»3y3ym> = (-1)*—*-*-*! TT C # £ £ i f , 
fNJ 

<n;yy3£/m'|({£0(l) ® §6(2)}e • ft.(l))|*1ji»iflj1ym) = fy/^flt(-l)-+»+^<-< JJ 
x { £ | } } £ { l ) jj } KiiH^(l)||ATJ)(iVJ||fee(l)||«1i1)(naJa||^(2)||n2il). (32) 

The evaluation of matrix elements of the product {Pa(l) $ {Qb(2) ® Ra(l)}/}fc can be performed using 
Eq. 3.3(1), while, for the product {{Pa(l) ® R<i(l)}/ ® Qb(2)}*, one can use Eqs. (25), (28), (10). 

Matrix elements of direct products of four tensor operators can be obtained by the successive u?e of the 
foregoing relations. 

We give below expressions for matrix elements of irreducible tensor products of four tensor operators: 

(n'xiX; n ^ m i l U f ^ l ) ® Q6(2)}c ® {Rd(l) ® §ft(2)}/}fc<e|n1;1m1; n^m*) = ( - i )Wl+^+» J k . 

then " ^ / l 0 * J NiJxN,Ji (Jl J1 1 } KJ* n 3 > 

A"'dx&JllWxWNMMm*^ (33) 
<niji»ajV'"»'|{{P«(l) ® Q6(2)}c ® (R<i(l) ® 8e(2)}/}fcK|nly1na^ym) 

x(niii||?.(l)||JV1J1)(JV1Jl||fi-(l)nnii1)(n'ai5||Q6(2)|AaJa)(iV3Ja||§.^ (34) 

(n i i in iJajWlH^l) ® Q6(2)}« • (Ra(l) ® §.(2)}e|nlyl»aja/m) = ^ m < m ( - l ) 3 c + * I + ' W - 6 - 4 I I 3 

x, V T T 3 1 a b c \ I A Jl » \ Y* H M U « ' J \ 

x(n»^J?.(l)||iVlJ1>{JV1JlHftd(l)||nlyx>(naj5||Qfc(2)||JVaJ3)<JVaJa||8.W (35) 
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K / X ; "2J>2l{{{Pa(l) ® Qft(2)}c ® Rd( l )} / ® Se(2)}fc/C|n1y1m1;n2y2m2) 

1̂-̂ 2 ghari 

£ { j u j x } {^ y2 X}<»WB^.(i)ll^^)^iJxBfi-WIW) 
X (n'3^ || Qb(2) || iV2 y2> <iV2 ^21| S e (2) |j n2j2>, (36) 

(n'ij'in2j2j'm'\{{{Pa{l) ® Q6(2)}c ® R d ( l ) } / ® §.(2)}ibe|ni/ni2fcym) 

<nWI||Pa(l)||^i^i>(JNri^i||Rd(l)l|n1j0<n2y2||Q6(2)||iV2J2><JV2J2 (37) 

Kyln 2 i 2 j"m' | ({{Pa( l ) ® Q6(2)}c ® R d ( l ) } / • 8 / (2)) |» 1y 1« a«m> 

*,',**'-{ 1) llc/ 1.114 / d g ) \ j2 j. y j ^ JL ^ \ k A Jx ) \ j2 j, j2 ) 
x<»i^ll^-(l)IIJVi J-iXJVx J-i||fi^(l)||ni^><n^j^||Q*(2)||J>TaJ'sXJVa J-3||3/(2)||«a*»> - (38) 

Matrix elements of irreducible tensor products with other coupling schemes of operators may be evaluated 
using the formulas for the recoupling of four irreducible tensors (see Eq. 3.3(3)-3.3(5)). 

If the wave functions and operators depend on variables of three or more subsystems, the evaluation of 
matrix elements is reduced to the successive use of the above equations. 

13.1.5. Matrix Elements of Operators Which Depend on 
Variables of One of the Subsystems 

Let Paa(l) be an operator which depends on variables of subsystem 1. Matrix elements of this operator 
are diagonal with respect to quantum numbers which characterize eigenstates of subsystem 2. 

7*2.72 ̂ 21 *aa 

Further evaluation is reduced to the use of the foregoing relations. 
If an eigenstate corresponds to some fixed resultant angular momentum j = j i + J2 and its projection 

m = mi + m2, one has 

{niyin2y^m'|Poa(i)|n1y1n2y2ym) = ^ * i w i ^ ( - i ) ^ + * - r i y < % L { j * y<} <»iiHI*.WII»iii>-
(40) 

A matrix element of the direct tensor product of two operators may be represented in the form 

Kyin2y2y'm'|paa(i)Qfc/,(i)|n1y1n2y2ym) = 5nW^y3(-i)y i + i-y i + 2 o + 2 6nyEn c^mc>-««>/»{? jl ■>} 
x £ {li>j) (n'jiwPMnNJHNjmmmj,). («) 

NJ (J Jl ' 
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For an irreducible tensor product one gets the expressions 

^{Vi[Cj} W^W\\NJ){NJ\\qb(l)\\nih), (42) X 
NJ 

(n'JX2^;'m'|(Pa(l) • Qa{l))\nij1n2J2Jm} = Sn»9n76^96jyxS3y6m»m 

x = p - ( - l ) - ^ X;(-l)^<ni*l||^.(l)||iVJ><JV^BQ.(l)||ft1ik>. (43) 
l l / i JN 

In the case of the irreducible tensor product of three operators we obtain 

(nljln^/m'KfPafl)» Q6(l)}c ^Rd{l)}f¥>\n1jln2J2Jm) 

x(nijI||?.(l)||JV1Jl)(^^i||^(l)ll^aJ3><iVaJa||fi-(l)||ni,i>l (44) 

(n'xyln^'m'KiPafl) ® Qt(l)}c • fi.(l))|ni*nia*iym) = ^„,fyy//<;Av*m<m(-l)-c+2'1 

"St £ ( i V, J1l<»iiill^-(1)II^^O<^x^x||Q*(l)IIJ^^a><J^i^i||fi«(l)||»ayx>. (45) 

The matrix elements of irreducible tensor products of four operators may be evaluated using the expressions 
given below: 

(»iyi»aja/W|{{£.(i) ® Q6(I)}C ® {R„(I) ® s^i^^imym^ym) 

-***«*.( i) l l ^ ^ t , * * , * / 2-, ( i) t jay i jJ t^y i^ / ly iyx^ / 

x<»WI|£.(l)l |tfi' i)<tfiJi | |&(l)HA^ (46) 

Kyin2y2y'm'|({P0(l) ® Q t(l)}c • {R,,(l) ® S.(l)}o)|ntfinai3ym) 

- ̂ t a ^ f ^ Uii}{ i ̂  x} 
/ i Jj Jj 

x I f •Kyill^(i)ll^i/i>(^iA||Qk(i)||JVaj3)(jvaj3||fi-(i)||Ar3 JsX^Jsii^tiJHmy!), (47) 

(nijinaya/m'KUP^l) ® Q6(l)}c ® R ^ l ) } , ® M l ^ k y i n ^ / m ) 
= <S , 5 - • (-Uh+h+i+f+eTT ni'm! {3l k j \ V ^ <_X\J, + Jt / « * « ! / « * « / \ / « / * \ 

Jl Jl J* 

xK^I|P«(l)ll^iJi>(^i^||06(l)||^a^a><^3Ja||fi-(l)||A8J,)<Ar8J,j|§.(l)||»1,j)I (48) 
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W;W*'">'l(({P.(i) ® QsWh ® Rd(i)}/ • 8/(i))l»iii>>aA>>») 

-^4»^v^-i-ir'-*i» E i-D*{;2l;,}{?;3{} 
l l j i NxNiN* K J } KJ } 

J\ i / j t / j 

x(n'J1 | |Pa(l)||iV1J1>(JV1J1 | |Q6(l)||JV3Ja>(AaJ9 | |fi t f(l)||AS,Js)(AiJ^ (49) 

Matrix elements for tensor products with other coupling schemes of operators may be obtained from the 
foregoing equations by the use of the recoupling rules and the commutation relations for irreducible tensors 
(Chap. 3). 

13.2. MATRIX ELEMENTS OF BASIC TENSOR OPERATORS 
13.2.1. Some Introductory Remarks 

In this section we shall consider matrix elements of the following operators and their tensor products: 
(a) the unit operator / ; 
(b) the unit vector operator n = fii; 
(c) the gradient operators V = Vi and VQ = (Vo)i; 

** ** 
(d) the total angular momentum operator J = 3\\ 
(e) the orbital angular momentum operator L = Li; 
(f) the spin angular momentum operator S = Si; 
(g) the spherical harmonic operator Yim(&}<p). 
All matrix elements may be evaluated from the equations of Sec. 13.1. 
A wave function which describes an eigenstate of some quantum system will generally depend on the position 

(r, #, <p) as well as on the spin variables (£). It may be defined by 
* M , < p ; e ) = *n{r)Yim{#p)xsm.{t) = (r ,^y9;£|n,Z,m;5m,), (1) 

where I and m are the orbital momentum and its projection; s and m3 are the spin momentum and its 
projection. The symbol n has been defined previously in Sec. 13.1.1. 

The wave functions (1) determine the (nlmsm9 ^representation of operators. 
If the angular momenta L and S are coupled into the total angular momentum J with its projection M, 

the wave function which describes an eigenstate of the quantum system is defined as 

4(r,*,*,;£) = ¥„(r) £ Cf£m.Yim(*t<p)x.mM) = Mr)Y&{*,p) = (r,*,wt\n,l,:J,M). (2) 

These wave functions determine the (nlsJM)-represent at ion of operators. 
If an operator acts only on position variables, the evaluation of matrix elements in the (fi/msm^ ^represen

tation is reduced to calculating matrix elements in the (nZm)-representation. 

(n'rm'iaW.ffikxfa^tflnlmisrn,) = ^ . ^ m . m ^ n ' / ' m ' ^ ^ ^ ^ l n / m ) . (3) 

If an operator depends only on spin variables, we get a similar relationship 

(nU,m,;s,m'9\mkK^)\nlm]sm3) = 6u.6mm*(n's'm'9\$kK{Z)\nam9). (4) 

Hereafter matrix elements of operators which depend only on position variables or only on spin variables will 
be evaluated in the (nlm)- or the (nsm8) -represent at ion, respectively. 
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To determine matrix elements of operators 3Rfc,c(r,#,p) and 9tfc*(0 in the (n/sJM)-representation one 
should use the equations 

{n'Ha'J'\\mk\\nUJ) = ^ . ' ( - l ) J + ' ' + ' + f c n / J ( { J> ki' } { ' " I * * W>. (5) 

(n'r,'J'\\%k\\nl'J) = *«'(-l) / '+ '+*+fcII / /, { J> [ i } <»V| *»!«•> • (6) 

If some operator -R^ (r, t?, v?; £) acts on position as well as on spin variables, its matrix elements will be 
given in the (n/s JM^representation. These matrix elements may be evaluated in the (nlmam$ ^representation 
with aid of 

( n ' / ' m ' ; s X I ^ ( r , * ^ ; e ) | n / m ; . m . ) = £ C ^ m . Q f ^ (7) 
JM 

J'ht' 

or from the corresponding equations of the section above. 
Prom now on, we will omit the arguments of operators in the expressions for matrix elements to simplify 

the equations. In addition, the index n will also be dropped in all the cases for which it is not essential. 

13.2.2. Matrix Elements of the Unit Operator $ 

The unit operator I is an irreducible tensor operator of rank sero. It does not act on variables r, #, <pf £. 
Hence, in any representation its diagonal matrix elements are determined by 

<A'(I|A> = <A'|A> = 6XX.. (8) 

All non-diagonal matrix elements vanish. A reduced matrix element of the operator I may be represented in 
the form 

</||i)|i) = \Ztt+T, <a||i||*) = V27TT, </VJ||I||/sJ) = y/2JTl6w6„,. (9) 

13.2.3. Matrix Elements of the Unit Vector n(t?,p) = &i(t?, <p) 

The unit vector operator fii(t?, <p) acts only on variables t?,y>. In the (/m)-representation matrix elements 
of spherical components of this operator are given by 

{I m \nip\lm) = ' ClmlfA, (10) 

where 
(niai||0 = V2iTTc/;°lo. (ii) 

Taking into account Eq. (5), we obtain a reduced matrix element in the (Is ̂ -representation 

(iVJ'HnxllIaJ) = 6„,(-iy+J+''+W(2J + 1)(2J' + l)(2/ + l)C#>o { J, J £ } . (12) 

file:///nip/lm
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The matrix element (10) vanishes unless /' = l± 1. Using Eq. (11) one can rewrite Eq. (10) in component form 
as 

„ . . , r „ v l(l±m + l)(l±m + 2) c 
(I + lm \n1±1\lm) = J a ( 2 l + 1 ) ( 2 l + 8) *»'-±i. 

(I + lm \n10\lm) - y ( 2 / + l ) ( 2 , + 3 ) *m 'm ' 

<* - lm \n1±1\lm) - -W 2 ( 2 / + 1 ) ( 2 / _ 1 } ^ ' m ± i , 

(13) 

/, ix^ i. v / (i — ™)[l + ™) ^ 
< f-W^' t o ,>-V(2<+l)(«-l)* m'm • 

All other matrix elements of the spherical components of the operator in question are equal to zero. 
The matrix elements of the cartesian components of the operator fii(t?, <p) are given by 

lfm\ lift I f n ^ - T 1 (l±m+l){l±m+2) 1 (lTm-l)(iTm) .> 
(lm±l|«.|M-=F5y («+!)(«+ 8) 5 ' ' ' + 1 ± 2 V (2I+1) (2I -1 ) *'1"1' ( M ) 

//*m + i l g i / m N - » \ / ( * ± m + 1 ) ( * ± m + 2)J9 t / ( l = F m - l ) ( l = F m ) , > 
{/ m ± I j n , | H _ 2W ( W + 1 ) ( l M + s ) W " 2V (2I + 1)(2I-1) 5'""1» ( 1 5 ) 

All other matrix elements of the cartesian components of ni(t?, <p) vanish. 
It is easy to obtain the matrix elements of direct products of two operators involving ni(r?,y?): 

<JW|ai„aiv|im> = t ^ H - W * M - , + \Jl f ^ c£SoOg|lycftsL. (IT) 
These matrix elements vanish unless V = l,l±2. To derive the matrix elements of direct products of cartesian 
components of fii(i?, y>) one may express these products in terms of the products of spherical components. In 
this way we get 

(l'm±2\nxHx\lm) = !<*'m±2|81 ± 181 : t l |Jm) f 

(l'm\nxnx\lm) = -(tm\Rl±i1iw\lm), 
(I'm ± 2\nyny\lm) = -(I'm ± 2 |n i ± 1 n 1 ± i | im) , 

(l'm\nyny\lm) = -(i'm|"i±i"i=Fi|'™>, 
(l'm\n,nM\lm) = (l'm\n10n10\lm), (18) 

(I'm ± 2\nxny\lm) = *%-(l'm ± 2\ft,±lfi1±1\lm), 

(I'm ± l\nxfit\lm) = =F-7=(l'm ± l |n 1 ± 1n 1 0 | im), 

(l'm± l\nynz\lm) = -j=(l'm± l\n1±1n10\lm). 

The matrix elements of the irreducible tensor product of Jfc unit vector operators fii(t?, <p) may be represented 
in the form 

(l'm'\{... {{n: ® n j , , ® fij,, ® . . . ® fi^.\lm) = J ^ - C*&0 f[ C^l010C^kKk , (19) 
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where q\ = 1. In particular, if g2 = 2, $3 = 3, g4 = 4 , . . . one has 

< i W | { . . . { { n 1 ® n 1 } 2 ® n i } 3 ® . . . ® f i i W | / m > = ^ (20) 

From Eq. (19) one obtains two obvious equalities, 

(l'm'\{nn)\lm) = SnS, m'm' j 

(/'m'|[nxfi]|/m) = 0. 

13.2.4. Matrix Elements of the Operatpr V(r, t?, <p) = Vi(r, t?, <p) 

The operator Vi(r, #,^>) acts only on variables r, d,<p. The matrix elements of its spherical components 
are determined by 

(»'iW|V,,|»M = W^f C/X. (2D 

where 

(n'/'HVilln/) = v / l T I ^ i ' a i f r i + i - \//Bn</<n^<*-i . (22) 

The quantities An>t'ni and JBn'/'nJ in Eq. (22) may be represented as the integrals 

An.,nt = J" K'Ar) ( | ; - ^ ) *n,(r)r9dr, 
(23) 

Here ^ n / (r) is the radial part of the corresponding wave function. 
Reduced matrix elements of the operator Vi(r, t>, <p) in the (nls JM)-representation may be obtained from 

Eq. (5) by replacing 9R* -♦ Vi. 
The matrix elements (21) vanish unless /' = / + 1. In detailed form Eq. (21) reads 

/ n / u i /,A , . , / ( / ± m - f l ) ( l ± m + 2) 

(n / + lm \V10\ntm) - W ^ y 4n'/+i,n/<Wm , 

./; _ i„M*7 . L.,_V _ _ . l(lTm-l)(lTm) 
(24) 

(n'/ - lm' |Vi± 1 |n /m) = - W 2 ( 2 / + l ) ( 2 Z - l ) - B w # ' - 1 ^ m ' m ± 1 ' 

. / i i ~ ' iT7 i - i - \ - / ( / - m ) ( / + m ) 
( n ' / - lm' |V1 0 |n/m) = \ / ( 2 / 4 ^ ) ( 2 / - 1) jBn '*~1 'n/*" 

All other matrix elements equal zero. The matrix elements of the cartesian components of Vi(r, tf, y?) are as 
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follows: 

(n 1 m ± l|Vs |n/m) - T - W (2f + i)(21+3) ^'<+1'"<5<'<+1 

1 ( I T W - 1 ) ( 1 T W ) 
± 2 V (M+ !)(«-!) B^-^8"-i' 

(n I m ± l|V„|nim> - - « / ( 2 / + 1 ) ( 2 / + 3 ) 4»'i+i,m*i'i+i 

t ( i T m - l ) ( l T m ) 
2 V (2I+1)(2J-1) 5 « ' ' - 1 - ^ ' ' ' - 1 • 

(25) 

/„'/'mlV | w l m \ - . Kl-m+l){l + m + l) 
(n I m\Vz\nlm) - W ( 2 / + 1 ) ( 2 / + 3 ) A»'i+i.m W 

/ ( / - m ) ( f + m)" 

All other matrix elements are equal zero. 
The matrix elements of the angular part of V(r, t?, <p) may be presented in a simpler form. According to 

Eq. 1.3(10), 
V n = - i [n x L]. 

This operator is independent of r. The use of the Wigner-Eckart theorem yields the following expression for 
the matrix elements of the spherical components of ( V Q ) I , 

{I m KVn)iM|/m) - , - ClmlfJt, (26) 

where 
(n(^o)i\\l) = -{lVUlSlll+1 + (l + l)Vi6l,l-1}. (27) 

Equation (27) may be obtained from (22) by the formal substitution 

An'l',nl -* -I, Bnn^ni -> / + 1. (28) 

Similarly, Eqs. (24) and (25) become valid for (VQ)I after the same substitution (28). 
Let us consider the matrix elements of products of two operators (Vo)i. In the case of the direct product 

we obtain 

<IW|(*o).,<$o)i,M = t ^ ' C + lWrW*»- + C£,„ { f c ^ ^ ^ E 3 c , » | r - * r . t S 

The matrix elements of the product of cartesian components (Vn)j(Vn)fc(i, k = x, y, 2) are related to the matrix 
elements (29) by means of Eqs. (18) where one should make the replacement rLirik —► (Vn)t(Vo)fc(i, A; = x, y, 2). 
In the case of the irreducible tensor product of two operators (Vn)i one has 

(*W|{(Vnh ® (VnhWIM 

- ( - 1 ) f c + ' + ' 'v^i C 7 / ^? {/' 1 /"} (n<yoW)d"\\(vn)i\\i) ■ (30) 
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In particular, Eq. (30) yields the well known expression for the matrix elements of scalar product of two 
operators ( V Q ) I 

<Z'm'|((Vn)i • (Vn)1)|Im> = -6n6m,ml(l + 1). 

Matrix elements of products of the operators fij and (VQ)I are of interest for application. For the matrix 
elements of the direct product of these operators one obtains 

(/'m'|niM(V0)i«/|/m) = - f t i * y — - — < C\*lvC\™lK + J , ^ _ ^ j + 3) Ci^Cim2K \ 

"*r/+2/V (« + 8)(2/ + 5) C^"C"»2* + *''^2(/ + 1}V (2l-l)(2J-3) CWCf«" ' (31) 

The matrix element of the direct product (Voji^ni^ differs from the foregoing one by the factor 

<M*HaM(*i*.(Vo)iM) | lm) 

where 5 î»/iM is the commutator of the operator components in question (see Sec. 3.1.7) 

Si„i„(ai„,(Vn)i„) = - (Vo) , M ^ = (-l)1+vl6v-v + 2^C2
1ffY2„+l/(#,<P) (32) 

and 

(l'm'\ XlllU,{rilv, (V„) lM)|/m) = ( - l ) 1 + " ^ „ V«<< W + ^ | | i ± i C ^ C f r ^ C , ' X + , . (32a) 

To determine the matrix elements of products of cartesian components of the operators Hi and ( V Q ) I one can 
transform these products to the products of spherical components (see Eq. 1.2(11)) and use Eq. (31). 

For the irreducible tensor product of ni(t?,y>) and ( V Q ) I one obtains 

<r«'|{fii 9 (VnhMM = (-i)''+<+*c<wK^±i £ v/2FTT j J } £ } c&10<H(fro)i||J>. (33) 

The reduced matrix element of (VQ)I in (33) is given by Eq. (27) 

{/'m'KfVnh ® fii}h.|Jm) = (-^(I'm'^n, ® ( V o J i ^ l H - (-l) fe(i'm'|9tii(fi1( (Vn) i ) |M . (34) 

The second term in Eq. (34) is the matrix element of the commutator of the irreducible tensor product in 
question. 

»Ji(fi i , (V0)x) = -2L 5fc0 + 2 y ^ | y2(C(0, y,)5M . (35) 

Using Eqs. (104) and (105), we find 

<ZW|tt£i(n1( (VnhJItm) = -^ f co*„.Sm m . + ^ f f ^ C f & c f t k f c , . (36) 
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13.2.5. Matrix Elements of the Total Angular Momentum Operator J = Jx 
. ^ yv yv 

The operator of the total angular momentum J = L + S acts on position as well as spin variables. Making 
use of the Wigner-Eckart theorem, we get 

n'*'T'ltf'\? \l,T\f\- (* '* ' J ' l | J i lM) rJ'M' r r7x 
(Is J M \Jlfl\lsJM) - — " — ^JMIUL i I37) 

where 
(/VJ'HJiH/sJ) = 6w6„.6jj,y/J[J+l){2J + l). (38) 

For simplicity in equations (41)-(47) we shall omit the quantum numbers I and s in notation for matrix 
elements. Thus, 

(J'M'\ £ „ | JM) = {-^£M Cf&, (39) 

where 
(J'Pi\\J) = 6JJ.^J(J+1){2J+1). (40) 

In expanded form 

(JM ± 1\J1±1\JM) = ^V±M + W*M) 
2 ' (41) 

(JM\J10\JM) = M. 

All other matrix elements are equal to zero. Let us present the non-vanishing matrix elements of the cartesian 
components of J : 

(JM ± l\Jx\JM) = \y/(J ± M + 1)(J T M), 
It 

(JM ± l\Jy\JM) = *W(J ± M + 1){J * M), (42) 

(JM\JZ\JM) = M. 

The matrix element of the operator J 2 is as follows: 

(J'M'\P\JM) = 6jj.6MM,J{J + 1). (43) 

Let us consider matrix elements of products of the J i components. Matrix elements of direct product of 
spherical components may be represented in the form 

(J'M'\JlltJlu\JM) = J(J + lW&^C^Sjj,. (44) 

In component form 

(JM±2\J1±1J1±1\JM) = l^/(J ±M + 2)(J±M + 1)(JTM-1){J^M), 

, „ . , „ ♦ * , „ . , , / ( J ± M + 1 ) ( J = F M ) 
(JM ± 1\JI±IJIO\JM) = T My i ^ '-

(JM ± 1 |W,„ | /J0 . , (J# ± I ) / ' * " * , 1 ' " * " ' . (45) 

i< 
( J M | J1 0 Jiol^M) = M 2 . 

(JM\J1±1J1:fl\JM) = -±(J±M)(JTM + l), 
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The non-vanishing matrix elements of product of the cartesian components are as follows: 

{JM±2\JXJX\JM) = \v/(J ± M + 2)(J ± M + 1)(J =F M - 1)(J T M), 4 
<JM|£ J,| JM) = i[J(J + 1) - M3], 

(JM ± 2\JyJy\JM) = -\\/(J ± M + 2)(J ± M + 1)(J T Af - 1)(J =F M), 4 
(JA/|JWJ„|7M> = i[J(J + 1) - M2), 

(JM|.7,£|JAf) = A/3, 

(JM ± 2|J, J„| JM) = =FT\ / (J ± M + 2)(J ± M + 1)( J f M - 1)(J =F M), 4 

(JA/|J;J;IJA/) = 1 M , ( 4 6 ) 

{JM ± 2\JVJS\JM) = T 7\ / (^±Af + 2)(J±A/ + l ) ( J T A f - l ) ( J T A f ) , 
4 

(JM|J„Ja|JM> = - ; ;M, * 
2_ 

M (JAf ± 1| Jx JM\ JM) = -£-y/(J ±M+ 1){J T M), 

M i l <JM± 1|£ T.\ JM) = ^ ^ V / ( J ± M + 1 ) ( J = F A / ) , 

(JM± 1\TVT,\JM) = T X-M%/{J±M+l){J*M)) 
L 

{JM ± 1| J, J„| JM) = T J(M ± l)V(^±A/ + l)(JTAf). 
it 

In the case of the irreducible tensor product of two operators J one obtains 

{J'M'\{J1 ®^}kK\JM) = 6JJ.(-1)*J+"J(J + l)>/(2*+l)(2J+l) | j J J } C^;K. (47) 

In particular, from this equation one has two obvious relations 

<J'M'|(J • 3)\JM) = 6jj.6UM,J(J+ 1), 
<J'M'|[J x J]K|JM) = fW-'U+!)<?'&«• 

In applications, the expressions for matrix elements of products of the operator J and the operators fix or 
(VQ)X are of particular interest. Some relations for the matrix elements in questions will be considered below. 
The matrix elements of the direct tensor product of operators fix and Jx are given by 

{i's'j'M'\nlttjlv\ujM) = s.A-iy+J+l'+1VJ(J +1)(2/ + i)(2J +1) c/;°10 { J, l^cj'tf^cfflX, 

{l's'J'M'\Jlun^\l3JM) = {l's'J'M'\filttJlu\lsJM) - {I'3'J'M'|9tlMl„(nlM, Jlv)\lsJM). (49) 

The commutator of components of these operators is as follows: 

KiMMniM. £ , ) = - y f C W l ' ' . <P) ■ (50) 
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Using Eqs. (104) and (105), one finds 

( / V J ' M ' l t t x ^ ^ , JXu)\lsJM) = ( - l ) J + ' ' + ' 5 , . V 2 ( 2 i + l ) ( 2 J + l)C/;°10 { J, \ J
p } C ^ C ^ , , • 

(51) 
In the case of the irreducible tensor product of the operators ni and Ji one obtains 

(JVJ'Mf\{nx ® Ji}^|/«JM) = (-iy+l'-J,+k+1699l>J{2l + l)(2fc + 1)J{J + 1) 

x (2J H- 1)CZ010 l j / j j r l j# j j# r CjMkK • (52) 

The commutator of the irreducible tensor product may be expressed as 

9tii(fi l f Ji) = -\[^YlK{t, <p)Skl, (53) 
V *J 

Taking Eqs. (104) and (105) into account, we get 

(l's'J'M'\ X&faXWsJM) = (- l) J + ' '+ 'W2(2J+l)(2<+l)j J, J £ } C&0Cj&Ui • (54) 

Now the matrix elements of {Ji ® Si}**: are determined by 

(fa'J'M'KJi ® n^k^lsJM) 
= (-l) f c(iVj'M'|{n1®J1} f c K |Z3JM) + ( - l ) f c + 1 ( / ' 3 , J 'M' |^ i (n 1 ) J 1 ) | / sJM) . (55) 

This expression may also be rewritten in the form 

{l's'J'M'\{31®n1}kK\lsJM) = {-l)'+l'-J'+k+1St,>V{2l + 1)(2* + 1)(2J' + 1)(2J + l) 

X v^TIjCo { j , J * } { j , J J
v } c£& • (56) 

Let us consider the matrix elements of products of the operators (VQ)I and Ji. In the case of the direct 
product of these operators we have 

'JMlv ' (I's'J'M'KVnh^lsJM) = ( - l ) J + ' ' + ' + V ^ + l ) ( 2 J + 2 ) | ^ ' ] } (I'WtyMQCj'^C] 
(57) 

As in the foregoing case, 

(ZVJ'M'lJi^VnJxJ/sJM) = (f8'J'M'\{Vn)llAJlt,\UJM) - (/VJ'M'|9?lMll,((Vn)i,x, Jlt,)\UJM). (58) 

The commutator of components of the operators ( V Q ) ! and Ji is 

* i ^ ( ( V n ) W i , ) = - \ / 2 ^ U V n ) A , (59) 

Using Eq. (26), we find 

(/'S'J'M'|9t lMl ,((Vn) lM , Jlv)\lsJM) = ( - l ) ' + ' ' - ' W 2 ( 2 J + l ) { j , [ $ } C^CJ'^Al'W^ohWl) • 
(60) 
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In the case of the irreducible tensor product of these operators, {(Vn)i ® Ji}** one has 

(JVJ'Af'KCVoh 93l}k»\UJM) = {-iy+,'-r+k+l6„.y/(2k+l)J{J+l) 

x (2J +1) { j * I} | j , ) kj } <r KVojxBOc/iJt. (6i) 

while for the irreducible tensor product {Ji ® (Vn)i}*« we have 

(l'3'J'M'\{3l 9 &o)ihK\l>JM) = (-l)k(l'»'J'M'\VyQ)i ® 3i}kK\hJM) 
+ (-l^il's'J'M'lXllUyah,3i)\lsJM). (62) 

The commutator of {(Vo)i ® Ji}** w determined by 

»&((fro)i, Ji) = -V2(Vn)iJkl, (63) 

i.e. 

(l's'J'M'\*£((?ci)u3i)\l'JM) = (-iy+,'+'6^^^ (64) 

Equation (62) may also be represented by 

(I's'J'M'ltfi ® (?o)ihK\UJM) = (-1)*+''-J'+k+16...V(2k + 1)(2J+ 1)(2J' + 1) 

x v ^ V + 1) { r f ! } { J' ) J' } CIKVoJxIIO^X • 

13.2.6. Matrix Elements of the Orbital Angular Momentum Operator £ = £1 
This operator acts only on the position variables 0, <p. In accordance with the Wigner-Eckart theorem, we 

get 

(lW\Lltt\lrn) = ^ M c l ^ , (66) 

where 
(/'||£i||/> = W ' < J + 1)(2'+1). (67) 

Equations (39)-(47) are obtained for the matrix elements of the total angular momentum operator J and 
remain valid for the operator £ after the replacement 

—► m, Jip —► Lip. 

A reduced matrix element in the (Is^-representation is given by 

(I's'J'WUWhJ) = (-ly+'+'^S.'.SnVCU + 1)(2^' + 1)1(1 + l)(2l + 1) { j , { \ } . (68) 

We present matrix elements of products of the operators Li and ni. For the direct product of these 
operators we have 

{tm'\^Llu\lm) = ^ + ^ + 1] CttroCtiUtfZX • (69) 
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The commutator of the components nlM and JLI„ may be written in the form 

Taking Eqs. (104) and (105) in account one finds 

(70) 

(I'm'19ti„i„ (?»!„, Llv\lm) = -W 2 ^ 1 C?/0i0C1^"(7/ f^ / i+v . (71) 

The matrix element of the direct product L^ni^ is 

In the case of irreducible tensor products of the operators in question one gets 

<lW|{fii 9 £i>».|«m> = ( - i r c j l f y y 1 1 ! ? ! + l)Cf£o { J } J } , (73) 

(/'m'KLx ® fijfc,|/m) = ( - l ) ' ' + , + * C £ l V ( 2 f c + W + l)(2I + 1) C & 0 { J J J } • (74) 

Both equations are related by the expression 

(i'm'Kfii ® fixWI/m) = (-lJ^i'm'KLx ®fii}fcK|/m> + (/'m'|9lJi(n1)L1)|Zm), (75) 

where 

»ii(f i i ,£1) = - ^ y i ^ i > (76) 

(I'm'MKZiXiWrn) = _ ^ 2 | ^ C ^ C , ' ^ • (77) 

Let us now consider matrix elements of products of the operators (VQ)I and Li. The matrix elements of 
the direct product of these operators are 

(Z'm'KVnH^I/m) = \ / | ^ Y ( i ' l l ( V o ) i | | 0 ^ , i ^ . m i V , (78) 

{l'm'\Llv(%)^\lm) = ] / ! £ $ (n^o)i\\l)Cl'c'+^c(ZT • (79) 

Equations (78) and (79) differ by a quantity which is the matrix element of the commutator of L\v and (Vo)lAt, 

*1MU(VO)I„ , Zlu) = ->/2Ct$r&Q)1n.v , (80) 

<lW|* lMU,((Vn)1|H Zu,)\lm) = - ^ ^ ( n i ( V n ) i | | O C 1
1 ^ C ' / X + , • (81) 

In the case of the irreducible tensor product of the operators (Vo)i and Li we find 

/I'm'lftf ^ «9»f \ Um\-( , W'-H+*, /(2fe + l)f(f + l)(2f + l j ■ , | | r ^ . ... (1 1*1 w'm' 
(tm |t(Vo)i®Li}fcie|Jm) = (-1) y 2 T + I " ll(vn)i| |0 j j/ j j |<>jmfeK) 

(i'm'KL! ® (Vnh^lH = (-l)''+'+V(2fc+!)/'(/'+ l)(/'||(Vn)1||0 { J j * } Cftk . (83) 
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The commutator of the product {(Vo)i ® I»i}ktc m aY De represented in the form 

» i i ( f t ) ) i , £1) = - V 2 ( $ n M « , (84) 

Using Eq. (26), one obtains 

<rm' |*U(&i ) i , £ i )M = - \ / ^ 7 (i'll(Vn)i||OCL"i'.. (85) 

The matrix elements of the irreducible tensor product of the operators Li and Ji are 

(f,,J'M'\{lx9h}kK\UJM) = (-iy+,-J'+k+16u>6..lCJ'^K(2J+ 1) 

x>/(2*+l)(2/+l)«(/+l)J(J+l)|]# ^5}{j ' l f}» ^ 

xV(2A + !)/(/ + 1)(2Z + 1)J>(J> + 1)(2J' + 1)(2J + 1) { ) , ) *, } { J, J f } . (87) 

„ ^ >v 
The commutator of the irreducible tensor product {Li ® J i } * * is defined as 

9?i i (L 1 ,J 1 ) = - \ ^ 2 1 ^ f c l ) (88) 

To evaluate its matrix elements one can use Eqs. (66) and (67). Then 

(l's'J'M'\ 3ii1
K{Lu31)\lsJM) = (-iy+J+t6u.6..,6klV2(2J+ 1)(2/+ 1)1(1 + 1) { J, J { J C & & . (89) 

To determine the matrix elements of the direct tensor product of the operators Li and J i one can decompose 
this direct product into irreducible products. In this way one obtains 

{l's'J'M'\Llu J1(l\lsJM) = Y,CkClu{l's'J'M'\{U ® J^llsJM). (90) 
fc(C 

{l's'J'M'\J^Liv\hJM) = £C£ 1„(/V./ 'M'|{J 1 ® Li}kK\UJM). (91) 
fc-c 

The commutator of the operator components LiM and J\v may be presented in the form 

*iMi.(£iM, ?iv) = -^Clft'U^ , (92) 

From Eqs. (92), (66) and (67) we find 

{I's'J'M'W^il^J^UJM) = (-!)'+'+l6lv6„,y/2(2J + 1)(2Z + 1)1(1 + 1) j J, J f } C^+TC/i "Af 

(93) 
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**>. > v 
13.2.7. Matrix Elements of the Spin Angular Momentum Operator S = Si 

This operator acts only on spin variables. Using the Wigner-Eckart theorem, we get 

/o'™' ic I.™ \ - (g/llSlHs) n*'< (QA\ 
{s m9 \SllJt\sma) = ' ; t C^m.iM' I94) 
(«l||8i|W = * . . V ^ + l)(2« + l). (95) 

Equations (39)-(47) were obtained for the matrix elements of the operator Ji and they remain valid for the 
spin operator Si after the replacement 

J —► 5, M—+mSi Ji —► S i . 

The use of Eqs. (6) and (95) yields an expression for the reduced matrix element of the spin operator in 
the (Zs ̂ -representation 

(JVJ'l&HfaJ) = {-l)'+,+J'+18„>6.,,Vs{s + 1)(2* + 1)(2J + 1)(2J' + 1) | j , [ J \ . (96) 

The operators ni, (Vo)i, Iu commute with the spin operator Si . Matrix elements of the irreducible tensor 
products of these operators and the spin operator are given by 

/ 1 /' 
(/VJ'M'|{fii®S1}fcK|fc.7M) = W ( 2 * + 1)(27+ l)(2l + 1)(2* + l)«(. + 1) Cft°10C&}£. { s i s ) , (97) 

J kJ' 

111') 
(JVJ'M'|{fyn)i ® SiU^lsJM) = W ( 2 * + 1)(2J+ 1)(2« + l)s(s + l)(l'\\(V„)i\\l}CJj'^K { s 1 s \ , 

J kJ' ) 
(98) 

I 1 / 
(l's' J'M'|{L! ® Si} fcK |/SJM) = 6,.,6,.,\/{2k + 1)(2J + 1)(2Z + 1)(2« + 1)1(1 + l)s{a + l)CJ^kK { s 1 s 

J kJ' 
(99) 

The operators Si and Ji do not commute. Matrix elements of irreducible tensor products of these operators 
depend on the order of the operators. 

( J V J ' M ' K S I <8> Ji}fcK|/5JM) = ( - l ) J + f c - / ~ * + 1 ^ ^ ( 2 J - f l)y/(2k + l)*(a + 1)(2«+ 1)J(J+ 1) 

(i'^'J'M'KJj ® Si}fc(C|/«JM) = (-1)J+fc-'-*+1^<5,.,\/(2ifc + 1)(2J + 1)J'(J> + 1){2J> + 1) 

xV«(< + i)(2« + i){], J *,} { j , J ^ j c i X - (ioi) 
The commutator of the product {Si ® Ji}fc« is as follows: 

X&{Ui,3i) = -V2§llt6kl. (102) 
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Using Eqs. (94) and (95), we find 

(WJ*M'\X&[$u3i)\l*JM) = [-l)l+'+reu.6„.6hly/2*{B +1)(2« + 1)(2J + 1) { j , } ^ } c / ^ . (103) 

^ ^ ^ ^ 
To obtain matrix elements of direct products of the operator Si and the operators ni, (VQ) I , LI or J I one should 
decompose the direct products into irreducible products in accordance with Eq. 3.1(22) and use Eqs. (97)-(101). 

13.2.8. Matrix Elements of the Spherical Harmonic Operator YLu = YLI/^V?) 

A spherical harmonic operator, rj,„, depends only on position variables #, <p. PVom the Wigner-Eckart 
theorem it follows that ^ 

(rm'Ui.M-^fcSl,, (IM) 

, ,^, , .^+M+aoft . . (105) 
Similar relationships for an operator Cn/{^9<p) (see Eq. 5.1(7)) may be represented in the form 

{M\dLv\lm) = {^Mcl^, (106) 

{nCL\\l) = y/2iTlClolo- (107) 

Let us consider the matrix elements of some tensor products involving YLI/(#I <P)-
For products of the commuting operators fii and Y&, we get 

lm+j/l/i <J m |nlMr^|Zm) - - y ^ + 1} j V 2^+3 C'0L0 C ' " ^ C''+1" 

~y 21' — 1 ^,0L0 ^XmL™ " î'™ m+"i(» [ » (108) 

{I m | |ni ® YL}L>v'\lm) = (-1) W 4ff(2P + 1) cimL<»> 

x £ V2*+lC»ioC»o { J 1 *' J . (109) 

The matrix elements of products of the non-commuting operators (VQ)I and x x, are determined by 

(iW|(vn)lM^|M = - ^ ^ ^ {(i' - Qyf^tfc? 

y/il'-lm+»/rlW , /// , 9 \ 4 / P + 1 W'+lO^/'+lm+j/^'m' I /* i n \ 
XU/mLi/ °/'-lm+i/l/i + I* + *JY 2J# + 3 ° '0L0 ° l m L ^ °<' + lm+plM f > V11UJ 

y-m-mvn), . W I M - i ^ W ^ ' j ^ g " * 1 ' 
ECII^n)'ll*>C5i» { f i t ' } •*''-'' <U1> 
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The commutator of components of these operators is as follows 

»w(vn)u.*u=-V6£(i+i)(2i+1)x;-^=cfoo
10^r{*,\\}?„„+„(*,*,). (112) 

The commutator of the irreducible product of the same operators may be expressed as 

»lk((Vn) i , YL) = -^-ML±A[2L + 1)C^10 | J., 1 1 } YVV, (l?,p). ( 1 1 3) 

One can easily obtain the matrix elements of these commutators: 

( J ' m ' l t t ^ a V o h ^ l / m ) = - J ^ + i & t i l (2L+ 1) 

Y V^^L'O Ĵ'O ^L'/i+^J'm' f l 1 1 \ / 1 1 4 \ 

<rm'|9Tit,(C^o)i, Y L - ) I H = - f L { l +
{ 2 ^ ^ &> +l)<t£v><&rf&» { ^ U } • ("«) 

Of particular interest are the matrix elements of direct and irreducible products of the angular momentum 
operators and the spherical harmonic operator. 

The matrix elements of products of the operators Li and Yf, are given by 

{I m \LlfXYLt/\lm) - W ^ ^ ClOLOClmLv Cl'm+vlvL > V116) 

(/ m |{Li ® YL}L't/'Km/ = l - 1 ) y ^ cimL'v'ciOLO \ it i if r • V117) 

The commutators of these operators are 

«iMto(2iMi YL») = yfL{L+l)CL
L^YLl>+u . (118) 

. » i ^ ( £ i f t L ) = - v / ^ i T i ) r L M + ^ L ' L ^ + ^ - (119) 

Using Eqs. (104) and (105), we find the expressions for the matrix elements of the commutators, 

(/ m |Wl,iMLlM> *!,,,) |/m) = W f, + ClmL»+vCLvlvL C10L0 > (120) 

//'™'l<Ri£ ff v M/™\ - /£(I> +1)(2£ + l)(2i + 1) rl'o nl'm> . , . 
{I m | XLll/,(Lu YL)Km) = -W g p + 1) cioLocimLn+v°L'L . (121) 

In the case of products of the operators Si and Yx, the matrix elements may be evaluated in the (IsJM)-
representation: 

(I's'J'M'fr^lUJM) = f w Y ( 2 J + 1 ) ( M + 1 ) ( 2 ^ 1 ) < ( < + 1 ) ( { U + 1 ) c a 0 
/0L0 

x E(--l)L+*+1V5F+lC/X+p<ffir I i 1 • I . (122) 
J k J' 
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( W W K Y , . 8 . W I W J 0 = < . . y ( 2 J + im'+ i m +lm + 1)a(> +1)(2' + J) 

X Cl0LQCJMVv, < 3 1 3 > . 
1 J I' J' J 

(123) 

The matrix elements of products of the operators Ji and Yj, in the same representation may be obtained 
by using the relations 

(l>S>J'M>\J^\lsJM) = ( . 1 ) « W ^ , ^ + l ) ( 2 i + l ) ( 2 J + l ) J ^ + l) 

(r̂ 'M'KJ, • YL]L,.\ISJM) - i-iy^'-^y/^ + W + *><«+*>ff + *> J'(J' + *>(" 

The commutators of these operators are reduced to the commutators of Li and Yx,. Namely, 

« i i . ( J 1 , Y L ) = <Rii,(L1)Y i). 

The matrix elements of these commutators in the (Is JM)-representation are given by 

(i's>J> M'\ * _ „ ( £ „ , YL.)\UJM) = ( - D ^ ^ ^ y ^ + D ^ + iHM + D ^ + D 

(^V'M'ISR^^Jx, YL)|/5JM) = i-l)J+i§+'+»%.*6w}JL{L+ 1 ) ( 2 L ^ ^H2f + 1 H 2 J + x> 

• 

(124) 

_ 1 ) 

(125) 

(126) 

(127) 

Below we also present expressions for matrix elements of some more complex tensor products which include 
the spherical harmonic operator: 

UWI/fi * & \ \ 9 \lm\- ? [ ui'+L'+kl(2L + l)(2l+l)(2k+l)(2l" + l) 
(i m |{m ® (Vo)i}**n„|M - j ^ (-i) y _ _ _ _ _ 

X^mLi/C ,L'T'ikicCioLoC/''010 j /̂ j £ f ( H I ( ^ o ) l | | £ # ) > 

. . _,_ . _,_ . . f 1 r' f O f r i r l ^ 
xCf, LH'V"1 + l ^ W o x o { J \ \ } { J " / } (̂ 'IKVn)! | | i ') , 

' 

(128) 

~ 

(129) 
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U'm>\Ua a f 1 « Y 1 \lm\-( 1^+'+* / (2£+l)(2f+l)(2fc+l)(2F+l) 
(I m Hjii! 0 Li}k ® Yi) f p | (m) - |-1J W 4^(2/' + 1) 

xCfcjv E ( - l ) 1 ' ' v ^ i 7 T T ( 2 L ' + lXL°0Ci'?010 | J l l } | J J l } , (131) 

*CfiiuCWkKCil0 I J ^ *, } <I'||(Vo)i||2if>, (132) 

/IWI//I& i f f l i l f f l v l l / m \ - f il'+'+* / (2fc+l) (2X+l)(2/+l) (2f+l) (<m lUlVnji ®I'i>fc®Yi,}F¥,|<m) = (-1) A/ 4^(2/' + l) 

xC, 'X E ( - 1 ) L V ^ ( i i ' + l)(2£' + l ) C / ^ { J i ' £' } { M X' } <Z'!ICV'o)1 | |I '), (133) 

V 4TT 

x £ v/(2^i + l)(2Ii + l)Ci\facf£*C£&cQ0l0 { I S J ) | / 1 3 , (134) 

(i'a'J'M'KIn! ® Sx}* ® YL}F^|/S JM) = ( - 1 ) ' + — ^ ^ . . . C ^ 

/ (2L + l ) (2J -H) (« + l ) (2 f c -H) (2 f + lMa + l ) ( 2 < + l ) ~ y ^ ^ + 1} 
V 4TT ^ 

Jx kJ' 

(lVJ>M>l{iyah®Sl}kKYLvllsJM) = ( - ! ) ' + ^ , , ^ ^ 1 ^ + *K" + W * + *)'(« H B g f M 

x £ ^ 2 ^ + l C ^ £ > C j K t e C * 5 & { i / L £U s 1 sUn&nhllLi), (136) 
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{I's'J'M'lUfyaU ® §1}fe ® YL}Fv\lsJM) = (-1)'+-J '-FS„,Ci'^;v 

.J{M+ 1)(M + 1)(2 J + l)(2fc + 1)(2F + 1)3(3 + 1)(23 + 1) y , {2Jl + 1)C^ 

x{Jj/1}{"J1}{;|J;}c»^iii">' <13 '> 

(t . w n a , » SihAifa-w) = (-i) i ,+J-J,+*+l«... 

xC'î c'jxWl*«Cw{)oc'L?oio { jj L l i ) { J' Jx ^ } { J' 1 i'1} ' (138) 

xrw+w2L+i)(2i+D(2 J + DOES E V J l ( J x + 1 ) ( 2 L l + 1 } 

«M+fl«««cc«.{jiii}{jiii}{$it}{j}j:}. <»> 

(iVJ'tf-Kft,). e Jj.^iwio = n r ' - ^ ' v , / 1 2 1 + 1 ) ( 2 ' + '» 2 J + 1 ) ( 2 H H 

£ vsjprnjp*+iwaaoaj^canri^wi,) {j: j £} {* £ j} {j, j j t }, 
(140) 

*«<♦.).*> {j, u } {? f,: f{; u } {*} j;} • c«) 
(r3>rM , | {£ 1®s 1} f c K^|/3jM) = ( - i ) < + ' + J ^ci ;g < 0 

/(2£ + l)(2f + l)(2Jb + 1)3(3 + 1)(23 + 1)1>{1> + 1){21> + l)(2 J + 1) 
X V 4* 

£ VUTTIc!M„cj'XkK {' s J } (3 1 1 1 , (142) 

X 
L1J1A/1 

X 
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„ ^ A* i+t-J'-Fc r>J'M' nt'o {I's'J'M'lUU ® St}k ® YL}Fv\lsJM) = ( - 1 ) ' + - ' -%,'Ci^C^o 

l{2L+l)[2l+l)(2k + l)[2F + l)s{s + l){2s + l)l'{l' + 1)(2P + 1){2J+i) 

x?<w«+,»Ui?}{"*}{;1i;}' (U3) 

'JiASifcc 

"Ui;}{j.ii}{;;*}. >-) 
( W M ' | { { L : ® J j f c ® YL}FJ/3JM) = (-l)'+l'-F+k+1Sts'ClXcJj'MFv 

xJ{2L + w + i)(2J + i){2k + iw + i)nr + D(»f +1) E ^JZhTT^ + 1)t 

X{j1Ll'j{j'J1J1]{j'll'j{j'JJ1j> (145) 

JiM± 

«-v{kii}{ltt}{iiJ:}- <*> 
(/'5'J'A/'|{{Sa ® Jx}fc® Y i ^ M A f ) = ( - l ) i + F - J ' + f c + 1 ^ . . C 7 ^ 0 C i ^ 

x^LTT)(2l + 1)(2J + 1 ) ( 2 ^ 1)(2F + !),(. + 1)(2, + g^^jj—f^ + ^ 

^Mi^lUii}^"1}^'.}- (l47) 
The commutators of the operators in Eqs. (128)-(147) may be represented in a more general form as 

9?fc/c,Li/({Pa® Qb}kK,YLv) = ^ C 7 a ^ { 9 a a f L i / ( P a a i ^ i / ) Q b ^ + P a a X 6 ^ f L i / ( Q 6 ^ i ^ i / ) } i (148) 
a/? 

^ ( { P a ® Q b } f c , Y L ) = V 

The evaluation of matrix elements of these commutators may be performed using the foregoing equations. 
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13.2.9. Matrix Elements of Some Scalar and Vector Products 
Using Eq. (33), one can easily obtain matrix elements of scalar and vector products of the operators n and 

( l ' m ' | ( f i V o ) M = 0 , 
(l'm'\[n x VaUlm) = i VW+T) C f X * ' ' • 

(150) 
(151) 

Equation (150) follows from the orthogonality of the vectors in question. Equation (151) may also be obtained 
by taking into account the fact that 

[n xVfi] = i £ . 

Matrix elements of scalar and vector products of the operator J and the operators n and Vo may be derived 
from Eqs. (52)-(56) and (61)-(65) 

(l's'J'M'\{n ■ 3)\UJM) = 6,,,6j.j6M,M{-iy+''+J+WnJ + mJ + l)(U+l)Clo0
1o {lju>} ' (152) 

(l's'J'M'\[n x 3}K\lsJM) = %-(-l)J+'+l'{J'{J' + 1) - J{J + 1) - 2}V{2l + l){2J+l) 

x °»010 I J' 1 /' j °/Af lie • (153) 

The scalar product of the operators n and J is commutative. At the same time, the vector product of these 
operators is not commutative, i.e., 

(rs'J'M'\{3xn}K\hJM) 

= i(-lV+'+l'+1{JW + 1) - AJ + 1) + 2}v/(2i+l)(2J + l)C7,';o10 | l
Jt I I } Cfjfi . (154) 

In a similar manner we get 

<ZVJ'M'|(Vn -3)\UJM) = Sj,j6t,,6M,M{-iy+v+J>J(2V + l)(2J + l)J(J + 1) 

x [JWz6^+<*+* vE5'"-1! { J i i} • < i55> 
(l's'J'M'\fin x 3\K\lsJM) = i ( - i ) '+ '+ ' '+ l y / {W + 1)(2J + 1){J'{J' + 1) - J{J + 1) - 2} 

(156) 

As in the foregoing case, the scalar product of the vector operators V n and J is commutative, while the vector 
product is not commutative. Therefore, 

(l's'J'M'\[3 x %}K\UJM) = l-{-l)J+,+l'{J'{J' + 1) - J{J + 1) + 2h/(2J' + l)(2J + l) 

(157) 
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The matrix elements of scalar and vector products of the operator L and the operators n and Vn may be 
obtained from Eqs. (73)-(77) and (82)-(85). In the case of scalar products we get 

(/'m'|(nL)|/m) = 0, 
(ZW|(Vn-L)|Zm)=0. 

(158) 

These results follow from the orthogonality of the vectors n, VQ and L. The vector products [ n x l ] and 
[VQ x L] are not commutative. Hence, 

<JW|[fi x L]„|lm) = -'-mi' + 1) - 1(1 + 1) - 2}]/^^C'l'0%Cl^K = i (l'm'\(V0)lK\lm), 

(l'm'\[L x n\K\lm) = l-[l'(l' + 1) - 1(1 + 1) + 2)y[%^CZ?l0C$%K , 

and also 

= ^ ' C + l)-<(< + ! ) - 2 ] 

</'m'|[Vn x l]K\lm) 

ImlKi 

(159) 

(160) 

(161) 

f*K ^ 

(/'m'KLxVnUI/m) 

.![,'(/< + 1) _/( / + !) + 2] V 2 ^ ' ' + I + ( / + 1 ) \ / S T * ' ' - 1 cf ralic * (162) 

The matrix elements of scalar and vector products of the operators L and J may be derived from Eqs. (86)-
(89). The scalar product is commutative: 

J{J+l) + l{l+l)-s{s + l) 
2 

{l's'J'M'\(L-3)\lsJM) = 6ViS.,.Sj.jSM,M-

The vector product is not commutative: 

(/VJ'M'|[L x 3\K\hJM) = U-l)'+,+J+1SfiS.:[J(J+ 1) - J'(J' + 1) + 2] 
it 

xV(2J+l)J(l+l)(21+l)j ^ J / } C / X , 

(163) 

(164) 

(/V.7'M'|[J x LK]|/sJM) = | ( - l ) , + l + J + 1 *j . /« . . . [7 ' (J ' + 1) - J(J + 1) + 2] 

xv/(2J +!)/(/+ 1)(2/+1){ l
Jt J jf J C&& . (165) 

Matrix elements of scalar and vector products of the spin operator S and the operators n, Vn and L (which 
commutative with S) may be found from Eqs. (95)-(99): 

(l's'J'M'\(n • S)\lsJM) = (-l)'+,+J6jj,6MM,6„.Vs(s + 1)(2* + 1)(2Z + l) C/;°10 { i f f / } . (166) 
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(iVJ'M'|(V0 §)\lsJM) = (-l)'+'+J+H}j.6MM.6. t.y/3{3 + l)(2t + 1)(2J' + 1) 

{I'a'J'M'KL ■ S)\UJM) = 6U'6...6jj,6UM,-\J(J + 1) - J(i + 1) - «(« + 1)), 

(167) 

(168) 

(l'»'J'M'\[n x 8]K\UJM) = i {-1),,+J+'S..,y/{H + 1)(27 + 1) Cl'0°10 

*ll(J' - ew + r +1) - (/ - i)[J +1 +1)] { f lj \ } cj'£K, (169) 

(Ha'J'M'lfin x §}K\UJM) = t (-l)''+J+'+1«„- V(2*' + 1)(2J + 1) { f l'j\ } 

xi[(J'-n(^' + '' + l ) - U - 0 U + ' + 1)1 i\fWz6i,,+i+(i+i}vS" 5 " ' - i l c ^ •(i7o) 

(I's'J'M'WL! x Si]«|J«JJlO = i ( -1 ) ' + J + V(2J + 1)J(* + 1)(2/ + l)fe.*„. 

x i [ (J ' - / ) (J ' + / + l ) - ( J - / ) ( ^ + i + l ) ] { f lj\)cJj'tfL (171) 

The scalar product of the operators S and J is commutative and its matrix elements are determined by 

(/VJ'M'|(S • 3)\UJM) = 6u>6..'Sj,.6uht\w +1) + «(« + l) ~ *(' +-1)1. (172) 

The vector product of the same operators is not commutative. The matrix elements of this product are given 
by 

</VJ'M'\[S x 3UUJM) = %-{-l)t+,+J>%.-6u.[J{J + 1) - J'{J' + 1) + 2] 

V(2J + 1M« + 1)(2. + 1) { J, [ J } CfjfU, (173) 

<JVJ'JV'|[J x il.lZ.JJlO = ^(-iy+'+J'+16u>S.4J'{J' + 1) " J(J + 1) + 2] 

xV(2J + l).(. + l)(2.+ l) { J, J / } CfjfL. (174) 

http://il.lZ.JJlO
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®r> C # , G<p 

e±i,e0 

e ^ e 0 

A-r > -Atf»-^^ 
^ ± 1 , ^ 0 

A1 A1 

A^'.A0' 
M{xyyyz) «► + 1 , 0 , - 1 ) 
M[r>$y<p ^ x,yyz) 
M ( + 1 , 0 , - 1 <£ r,t?,*?) 

n(0,*) 
a; 
a, 6 
£(<*,£, 7) 
0(«;e,») 

XJ(r) 

xi(R) 
R 

1. Vectors, Basis Vectors 

cartesian basis vectors (p. 4) 
polar basis vectors (p. 5) 
covariant spherical basis vectors (p. 6) 
contravariant spherical basis vectors (p. 6) 
cartesian components of vector A (p. 12) 
polar components of vector A (p. 12) 
covariant spherical components of A (p. 12) 
contravariant spherical components of A (p. 12) 
covariant helicity components of A (p. 12) 
contravariant helicity components of A (p. 12) 
matrices of transformation between 
cartesian, spherical and polar components 
of vectors (p. 14) 

Rotations of the Coordinate System 

Euler angles (p. 22) 
direction of rotation axis (p. 24) 
angle of rotation about axis n(@, $) (p. 24) 
Cayley-Klein parameters (p. 25) 
rotation operator in terms of Euler angles (p. 27) 
rotation operator in terms of rotation axis n ( 0 , $) and rotation 
angle u) (p. 27) 
rotation matrix which transforms cartesian components of vectors 
and tensors (p. 29) 
matrix elements of rotation operators which 
transform irreducible tensors of rank J (p. 72, 80) 
character of the irreducible representation of the 
rotation group (p. 99) 
generalized character (p. 106) 
set of parameters which specify rotation, e.g., CK, /?, 7 or CJ, @, $ 
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dR = sin pdadpd') 
= 4 sin2 %dwdBd$ 

3. 

I 

Pt 
f(a) 

V 
A 
Vn 

An 
(m\ - — 
\n) ~ n\ 

m! 

^r^yy 
l°J»» ~ (a-l)l 
(a )« 
(o + 6)W 
(a + b + c)W 
A? 
*(*) 

v ; I 0, if x < 0, 

sgn x = < 
' 1, if x > 0, 

0, if x = 0, 
- 1 , if re < 0, 

sik 
Sikl 

f 1, i f6>a , 
*ab l ( - l ) 6 - a , i f6<a. 
rffl = sin dd&d<p 

volume element of the three-dimensional 
rotation group 

Other Transformations of t he Coordina te Sys tem 

operator for identity transformation 
operator for coordinate inversion 
operator for time reversal 
operator for coordinate displacement (p. 142) 

4. Mathematical Symbols and Operations 

vector differential operator (p. 17) 
Laplace operator (p. 18) 
angular part of V (p. 18) 
angular part of A (p. 19) 
binomial coefficient 
Pochhammer symbol 
quasi-power (p. 239) 
quasi-binomial (p. 239) 
quasi-trinomial (p. 353) 
finite-difference operator (p. 239) 
Dirac ^-function, 

theta function 

sign function 

Kronecker tf-symbol (p. 16) 
Levi-Civita tensor (p. 16) 

phase factor 

solid angle elements 

L 
S 
a 
J + , L + , S + 
TLM(S) 

Qik 

U 

5. Angular Momentum and Polarization Opera to r s 

total angular momentum operator (p. 36) 
orbital angular momentum operator (p. 38) 
spin operator (p. 42) 
Pauli matrices (p. 47) 
Hermitian conjugates of operators J , L, S 
polarization operator of rank L (p. 44) 
quadrupole operator (p. 52) 
trace of products of spin matrices (p. 50) 
unitary matrix of transformation between cartesian and 
spherical basis representations (p. 55) 
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6. Irreducible Tensors 

WJ1M1J2M2{1,2) 

{9R*® WJ3}JM 

q> Ji J3 

= [9JljxAfx, 9?J3Ma] 

covariant components of irreducible tensors 9Jtj and 3ftj (p. 61) 
contravariant components of irreducible tensors 9R/ and 3ftj 
(p. 62) 
component of a double tensor Wj^ j 3 ( l ,2) (p. 63) 
component of the direct product of irreducible tensors (p. 63) 
component of the irreducible tensor product {SJtji ® 3lj2}j 
(p. 63) 
scalar product of irreducible tensors (p. 64) 
commutator of a direct product of irreducible tensors (p. 64) 

commutator of an irreducible tensor product (p. 64) 

XS<r 

Xsx 
YjL£(#,<p) 

{abc} 
A(abc) 
fa b c\ 

^aabp 
j a b c 1 
\defj 
W(abcd;ef) 
(abc) 
Id e f \ 
[9 h j ) 
[ Oi 0 2 CI3 (I4 

\ &12 &23 &34 ^41 
[ Cx C2 C3 C4 

j" — a2 a 3 a4 ' 
1 6i — 63 64 
< 1 c l c 2 ~~ c 4 
V d\ &2 d$ — > 

► 

7, Eigenfunctions of the Angular M o m e n t u m Opera tors 

spherical harmonics (p. 131) 

modified spherical harmonic (p. 132) 
basis spin function (p. 171) 
helicity-basis function (p. 172) 
tensor spherical harmonic (p. 196) 
spinor spherical harmonic (p. 202) 
vector spherical harmonics (p. 208) 
quadratic form of spinor spherical harmonics (p. 207) 

quadratic forms of vector spherical harmonics (p. 231) 

8. Vector Addition and Recoupling Coefficients 

3; symbol (p. 85) 
triangular A-symbol (p. 237) 

Zjm symbol (p. 236) 

Clebsch-Gordan coefficient (p. 235) 

Wigner 6j symbol (p. 291) 

Racah coefficient (p. 291) 

9j symbol (p. 334) 

12j symbol of the first kind (p. 361) 

12j symbol of the second kind (p. 367) 

file:///defj
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9. Matrix Elements 

\njm) 

WkK 
(n'j'm'\'mkK\njm) 
(n']'\\$lk\\nj) 

fl(«) 

T(x) 
F(a,b;c;x) 
Pr ,(a(i,a(a,... Opt Pi,'••Pq\x) 

«p 
i ••• > Pq ~p q [Pi, Pi 

PL^Hx) 
cxA*) 
Un{x) 
Ln*Hx) 
Ai[x),Bx(x) 
Mx) 
Nv(x) 
Hll\x),H?\x) 
Zv[x) 

"«(*) = >/£*!+*(*) 

state vector with angular momentum j and projection m on 
2-axis, n denotes all other quantum numbers 
irreducible tensor operator of rank k 
matrix element of irreducible tensor operator (p. 475) 
reduced matrix element of irreducible tensor operator (p. 475) 

10. Special Functions 

Legendre polynomial 
associated Legendre function 
gamma function 
hypergeometric function 

generalised hypergeometric function 

Jacobi polynomial 
Gegenbauer polynomial 
Chebyshev polynomial 
Laguerre polynomial 
Airy functions 
Bessel function of order v 
Neumann function of order v 
Hankel functions of the first and second kind and order v 
any cylinder function of order v 
spherical Bessel function 
spherical Neumann function 
spherical Hankel functions of the first and second kind. 
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