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FOREWORD 
 

Within the series of the PRIN projects (Progetti di Ricerca di Interesse Nazionale of the Italian 
Ministry of Education, University and Research) a wide part of the Italian “wind engineering” com-
munity has joined the latest proposal (2006) with the title “Aeroelastic phenomena and other dynam-
ic interactions on non-conventional bridges and footbridges (AER-BRIDGE)” which has been se-
lected, co-financed and activated in December 2006. The main target has consisted in developing new 
operative tools “… to avoid more serious disasters (those due to the lacked serviceability or even to 
the collapse) which can occur on main structures…”, i.e., those systems which offer an increasing sen-
sitivity to wind hazard due to their lightness, slenderness and challenging performances. 

The project has been developed thanks to the cooperation amongst five research Units based at the 
University of Florence, Chieti-Pescara, Venice, Turin and Reggio Calabria, which have dealt with the 
most critical emerging topics in specific areas, as diffusely described in the Introduction. 

This volume presents the main results and detailed scientific outcomes to a wide audience of users 
amongst professionals, doctoral students and researchers, aiming to increase their consciousness and 
basic know-how in the field. The international dimension and relevance of the achieved results is also 
evidenced by means of those cooperation activities carried out with primary laboratories and re-
search groups worldwide. This confirms the well recognised scientific qualification of the Italian wind 
engineering community within the international context and competition. 

About 45 researchers have been contributing and taking part in the activity along the two-year du-
ration of the project, producing more than 40 scientific publications in refereed journals, and present-
ing their work within all major conferences of the sector concerned. AER-BRIDGE has therefore 
widely reached the proposed objectives and can be considered as one more example of good-practice 
of scientific cooperation in the field of wind engineering in Italy. 
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Introduction 

Claudio Borri 
National Scientific Coordinator of AER-BRIDGE 
Head of CRIACIV (c/o Dip. di Ingegneria Civile e Ambientale) 
Università degli Studi di Firenze 

OBJECTIVES 

The project “Aeroelastic Phenomena and Other Dynamic Interactions on Non-Conventional 
Bridges and Footbridges” (in the following referred to as AER-BRIDGE, approved and granted 
within the Research Projects of National Interest (PRIN) of MIUR, the Italian Ministry of Educa-
tion and Research in 2007-09) has been launched and carried out as a natural follow-up of previ-
ous projects in the same line, namely: “Life-cycle Performance, Innovation and Design Criteria 
for Structures and Infrastructures Facing Eolian and Other Natural Hazards” (PERBACCO, 
2003-05), “Wind and Infrastructures Dominating Eolian Risk for Utilities and Lifelines” 
(WINDERFUL, 2001-03) and “Analysis, Control and Mitigation of Aeolian Risk on Constructions 
and Urban Environment” (ACME CUE, 1999-01). These “predecessors”, to some extent run by 
the same research teams as in AER-BRIDGE, left many open questions in terms of risk and per-
formances of bridges and footbridges facing the storm hazard. This is why the fourth project in 
the series has focused on such specific category of structures. 

It is important to underline that the research group under the leadership of CRIACIV has 
reached, in recent years, a primary position in Italy mainly due to the common large scale re-
search facility (i.e., the large Wind Engineering laboratory), this last being managed by six Italian 
Universities (CRIACIV is the Italian acronym for  “Interuniversity Research Centre for Building 
Aerodynamics and Wind Engineering”). About 45 researchers are working together from different 
Universities/Institutions on common projects, including the series of PRINs (all financed in the 
last 20 years), with the main aim of promoting wind engineering and building/environmental 
aerodynamics in the country and internationally (important international/European cooperation 
has also been developed in the last years). 

The present volume, which collects the main outcome of the AER-BRIDGE project, has a dou-
ble aim: first, to make the achieved results available and sustainable for a wider scientific com-
munity and for professional users; second, to offer a more extensive version of the results, which 
have been more deeply evaluated during the time elapsed after the project conclusion (February 
2009). In fact, the closure of such a wide two-year project requires a big effort (included the ad-
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ministrative one) and the scientific results normally suffer for being constrained within a limited 
format (also due to the on-line tool available: the MIUR/Cineca web-site). 

Furthermore, this book is far from pretending to cover the wide range of activities carried out 
and results obtained, while it presents a selection of them in extended form. In the five Chapters 
(Chapt. 1: Aerodynamic and aeroelastic behaviour of bridge decks: CFD investigation and simpli-
fied approach to flutter; Chapt. 2: Innovative deck configurations and suspension systems for 
long-span bridges; Chapt. 3: Structural design assisted by wind tunnel testing; Chapt. 4: Computa-
tional simulation of crowd and wind flow over bridge structures; Chapt. 5: Synchronisation phe-
nomena and their implications in the design of footbridges) the contributions of the respective re-
search Units will be presented and widely discussed, under the coordination of the Chapter Au-
thors. 

The declared overall aim of the AER-BRIDGE project was to avoid that severe damages (those 
limiting serviceability or even leading to collapse) can occur to main infrastructures, which are 
more sensitive to dynamic problems of self-excitation under wind action, i.e., very long span 
bridges and non-conventional footbridges. In order to focus the general aim, this may be summa-
rized as “to ensure a high performance level for the serviceability of bridges and non-
conventional footbridges during and after an intense wind storm". In addition to that, the crowd 
load on footbridges and the interaction phenomena have been widely addressed.  

AER-BRIDGE has developed following some main research lines: 
1.  problems of “pure” aeroelastic interaction, concerning the systems that are more sensitive 

to self-excited forces (bridge decks, slender structures, cables, etc.); the theoretical-experimental 
approach was focused to the definition and the development of models, with special regard to the 
time-domain ones. Among the types of structures under investigation, special attention was given 
to long- and very-long-span bridges (up to and over 3000 m) and to non-conventional footbridges. 
The aspects of innovation were ranging from the use of light structural materials to the optimiza-
tion of bridge deck section (including single- and multi-box decks as well as the Reynolds number 
effects on the aerodynamic behaviour); 

2.  self-excited dynamic effects in cable-stayed systems, through a further development of the 
available models (extended to the time domain) to the large suspended or cable-stayed structures, 
for which aeroelastic phenomena may induce large and potentially catastrophic effects of amplifi-
cation of the oscillations; 

3.  development of computational procedures for the simulation of wind-structure and pedestri-
ans-structure interactions, both through analytical models and CFD. The investigation has in-
cluded simulation of the dynamic synchronization phenomena and of the vortex-shedding that af-
fects the structures of bridges and footbridges. The specific aim was here to compare and to vali-
date the models available in the scientific literature. 

 

OUTCOMES 

While closing the AER-BRIDGE project, the Coordinator wishes to underline the synergy, pas-
sion and competence shown by all research teams involved. The research Units have also commit-
ted own human resources and equipments in order to fulfil the proposed aims. As already men-
tioned before, the wind engineering laboratory of CRIACIV has served again as the common 
main research facility from the experimental point of view (one asset of absolute importance in 
such large research projects). Clear examples of that is the support to the experimental activities 
of the Units of Torino (validation of CFD results), of Chieti-Pescara (multi-box bridge decks) and 
Reggio Calabria (pedestrian loads on footbridges). 
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In details, the activities carried out by the five research Units may be summarised as in the fol-
lowing. 

 
RESEARCH UNIT CRIACIV AT THE UNIV. OF FLORENCE  

The widest and heaviest part of the activity at the Research Unit FI-CRIACIV was devoted to 
experimental activity in the wind tunnel laboratory (also on behalf of other research Units) and 
specific analyses on long-span bridges. During the two years of the project, an intense experimen-
tal research regarding the aerodynamic and aeroelastic behaviour of long span bridges has been 
carried out. First, a forced-vibration system to measure self-excited forces, which characterize a 
bridge deck or a generic prismatic structure at several reduced wind speed, was conceived and de-
signed. The system is activated by four brushless engines, i.e., three-phase synchronous engines 
with permanent magnets. They guarantee high-precision positioning and high performance opera-
tion. The kinematic solution which was chosen is a modification of the traditional system: a disk 
connected to the driven shaft transmits the motion, by means of a linear guide, to a connecting 
rod. The latter can only slide along the vertical direction. In this way, the motion of the extremes 
of the rocker arm activated by the connecting rod is perfectly harmonic. 

The experimental and numerical activities on multi-box decks, whose geometry is similar to 
the Messina bridge, were performed in a close cooperation with the Research Unit of Chieti-
Pescara. In view of an optimization of the cross-section, it was studied the effect of a reduction of 
space between the lateral boxes and the central one on the aerodynamic behaviour and aeroelastic 
stability of the deck. The measure of the flutter derivates, as well as several tests in “ambient vi-
brations” in the wind tunnel, showed that a limited reduction of the distance between the boxes is 
possible without any reduction of the critical flutter velocity. 

By the use of the experimental free-vibration set-up, the aeroelastic derivatives of a bridge 
deck having a trapezoidal cross-section were measured for different values of the angle of attack. 

Thanks to the collaboration with the Institute of Aeroelasticity of the German Aerospace Cen-
tre (DLR) in Göttingen, an extensive campaign of numerical simulations (CFD) was also per-
formed. The non-commercial finite-volume code TAU - developed at DLR - was used. The main 
purpose of the research was to explain some discrepancies between the experimental results ob-
tained at the CRIACIV wind tunnel and at the Western Ontario Laboratory in Canada on the sec-
tion model of the Sunshine Skyway Bridge. The numerical approach was based on the Unsteady 
Reynolds-Averaged Navier-Stokes equations (URANS), numerically integrated on two-
dimensional grids of hybrid type. The numerical simulations confirmed the initial suspicion that 
the cause of the discrepancies was the different degree of sharpness of the lower edges in the two 
models. 

Another field of research regarded the experimental and numerical study of the aerodynamic 
properties of a two-dimensional prism having rectangular cross section and ratio B/D = 0.5 (being 
B the width and D the height of the rectangle). Such a geometry is a reference for studies on the 
aerodynamic and aeroelastic behaviour of bridge decks, and an international benchmark has re-
cently been launched (http://www.aniv-iawe.org/barc). 

Furthermore, the activity of CRIACIV continued with the study of the effects of accessory 
structures and non-structural elements on the aerodynamic and aeroelastic behaviour of bridge 
decks, focusing on the problem of the correct reproduction of such details at small scales in the 
wind tunnel. In some cases such details are so small that they can only be reproduced by equiva-
lent configurations. Moreover, even when the dimensions do not represent a problem, it is well 
known that the reduced scale may have significant effects on the flow field, and consequently on 
the forces acting on the structure. 
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With regard to the theoretical and numerical analyses (innovative numerical simulations based 
on semi-empirical models), wind load models were developed further, with particular focus on the 
extension of the model of indicial functions to the turbulent flow and modelling of the buffeting 
forces. Through the indicial functions, admittance functions have been obtained, so that the mod-
elling was extended in the time domain using more realistic functions than the Sears one (which is 
only valid for an extremely thin airfoil). Moreover, the three-dimensional code for aeroelastic and 
aerodynamic simulations of flexible bridges was developed further. New modules for the parame-
tric generation of suspension and cable-stayed bridges were added and new simulation techniques 
in the frequency and time domain were implemented, with original contributions both in the mul-
ti-modal analysis in the frequency domain and in the time domain simulations. The numerical tool 
was used to validate load models which were already developed, by means of comparison be-
tween experimental and simulation results. 
 
RESEARCH UNIT AT THE UNIV. “G. D’ANNUNZIO” OF CHIETI-PESCARA 

At the Research Unit at the Univ. G. D’Annunzio of Chieti (Pescara Campus), the activity was 
focused on very long span road and railway suspension bridges, with steel multi-box decks. The 
starting point of the research was the study of the classical multi-box deck (such as the Messina 
bridge, 1992) with the objective of finding a compromise between a creative structural design and 
economy of construction, in order to guarantee, at the same time, adequate performances in terms 
of aeroelastic stability. 

In order to define the ranges of optimum design of the deck and the suspension system, new 
configurations of long span bridges were investigated, following three different approaches: anal-
ysis of the aeroelastic response of the multi-box deck for different values of the distance between 
the boxes (A); introduction of simple structural devices on the system of suspension and study of 
their effect on the stability with regard to classical flutter (B); investigation on the configuration 
of very long span bridges with multi-box deck for which there is the inversion of the critical fre-
quencies of the modes involved in the classical flutter instability (C). For all the investigated con-
figurations, some characteristics of the original project of the Messina bridge (1992) were kept 
unchanged. 

As regards the approach “A”, four new solutions for the design of the deck were investigated, 
characterized by a progressive and systematic reduction of the distance between the longitudinal 
boxes (8 m, 6 m, 4 m, 2 m). After evaluating the reduction in weight of these structures, the struc-
tural behaviour under wind loading was analyzed, by means of both numerical analyses (with the 
software TENSO) and experimental ones (in the CRIACIV wind tunnel). Both the experimental 
and the numerical results were encouraging: the modal analyses showed that, as the empty space 
between the caissons decreases, the separation of the modes involved into the flutter phenomenon 
increases; the experimental analyses highlighted that, within some limits, there is small sensitivity 
of the flutter critical wind speed to the reduction of the distance between the boxes, while the sen-
sitivity to the configurations of accessory structures is high. The numerical analyses in time histo-
ry (according to the quasi-steady theory) confirmed that, if the aerodynamic properties are the 
same, there is a small variation of the flutter critical velocities as the distance between the boxes 
decreases. 

As regards the approach “B” (for the bridges analyzed according to the approach “A”) the 
structural response was studied with regard to the classical flutter, after having introduced four 
couples of crossed hangers at a distance of 360 m, 390 m, 1050 m and 1080 m from each tower. 
The analyses in time history showed that the introduction of suspensions has a positive effect on 
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the separation of frequencies of the modes involved in the classical flutter and, consequently, on 
the critical flutter velocity. 

Concerning the approach “C”, two configurations of multi-box deck were investigated: in one 
of them there was a third cable in the middle of the deck, in the other one there were only two 
boxes, since the central box was eliminated and the suspension cables were translated internally 
with respect to the boxes. After having evaluated the weight reduction of the structures, the results 
of the numerical analyses in the first case (characterized by the introduction of the third suspen-
sion cable) showed an unsatisfactory reduction of the ratio of the periods of the critical modes; in-
stead, in both the numerical and the experimental analyses of the deck with two boxes the classic-
al flutter instability did not arise (at least up to a reasonably high wind speed).  

Concluding, the study of the decks achieved the objectives which had been planned. As re-
gards numerical and analytical modelling of the load due to vortex shedding, theoretical-
numerical studies are underway, as well as the setting of the updated version of the code of calcu-
lation TENSO. 
 
RESEARCH UNIT AT THE UNIV. IUAV OF VENICE 

Two main issues were investigated at IUAV Research Unit in Venice, the wind-structure inte-
raction and the pedestrian-structure interaction.  

As for the first problem, 1) the influence of the effective angle of attack, 2) the influence of the 
frequency of the structural motion on the forces and 3) overall geometrical non-linearity were in-
vestigated. The analysis of the response of a bridge was set according to the following strategy: 

- from the theoretical point of view: by the use of a synthetic formulation in the time do-
main. Such a formulation, based on the classical expressions that describe the aeroelasticity and 
the aerodynamics of bridges, allows the evaluation of the sensitivity of the structure and a para-
metric investigation of the response. Although the synthetic formulation represents a simplifica-
tion of the complex phenomena characterizing the wind flow on a bridge, it makes a synthetic 
evaluation of the dynamic phenomenon which will establish; 

- from the numerical point of view: by the use of models to investigate the fluid-structure 
interaction on bridges. Through the use of CFD tools, wind tunnel tests were retraced in order to 
evaluate the aerodynamic and aeroelastic parameters by the investigation of the angle of attack. 
CFD tools were also used to evaluate the non-linear behaviour, function of the angle of attack, in 
rigorous and exhaustive terms.  

Two main issues were developed in the research, concerning the fluid-structure interaction on 
cable-stayed bridges. It was referred to a project supervised by the Responsible of the Research 
Unit of a bridge on the Adige river, concerning the study of the excitation of the bridge deck and 
the mitigation of the vibrations of the cables. As regards the first issue, the focus was on the flut-
ter instability and on the excitation induced by the vortex shedding. The problem was also ap-
proached through wind tunnel tests at Politecnico di Milano for the evaluation of the aeroelastic 
parameters. As regards the second topic, it is well known that one of the main problems of bridges 
is the excitations of cables due to wind, to the interaction with traffic and to the motion of the 
deck and of the towers. During the research, having the Adige bridge as reference, a viscous-
elastic damping system was investigated. In particular, the focus was on the criteria to detect the 
optimum damping and the power dissipated. For such studies, analytical tools were developed, the 
use of which can also be extended to other fields of the dynamics of structures and mitigation of 
vibrations.  

As for the pedestrians-structure interaction, relying on experimental tests on the movement of a 
single pedestrian, an experimental methodology for the elaboration of accelerometric measure-
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ments was developed. In addition, a theoretical model was set, based on the force generated by 
the single pedestrian. Using the model, the synchronization of the pedestrians with the structure 
can be described following a unitary approach. Last, but not least, tests on a cable-stayed foot-
bridge – designed by the Responsible of the Research Unit – were performed and aimed to a dy-
namic characterization of the structure (in terms of frequencies and damping) and to the evalua-
tion of the vibrations induced by the pedestrians in several dynamic load configurations. 
 
RESEARCH UNIT AT POLITECNICO DI TORINO 

In the Research Unit at Politecnico di Torino, the applications regarding the pedestrians-
structure and the wind-structure interaction were developed in the following steps: 

1. set-up of the physical-mathematical models; 
2. direct simulation of the interaction phenomena; 
3. identification of the linear transfer functions in the frequency domain; 
4. identification of the non-linear transfer functions in the time domain. 
The study of the pedestrians-structure interaction mainly aimed to develop the points 1 and 2: 

the initial objective has been fully achieved. 
The study of the wind-structure interaction aimed to be articulated in all the four phases. But 

during the research new interesting fields emerged concerning the second and the third phases. It 
was then decided to deeply develop them, in view of a “curiosity driven” research. Without them 
the development of new procedures of identification (phase 4) would have been lacking of the ne-
cessary phenomenological aerodynamic bases.  

- Pedestrian-structure interaction: the Unit gave a significant contribution to the study of 
lateral synchronized excitation, proposing and developing a new approach for modeling the 
crowd-structure interaction. The mathematical model was then implemented into a multi-physical 
code of calculation developed ad-hoc. The model has been tested both on ideal tests and on a real 
event registered on a footbridge. The comparison between simulations and experimental mea-
surements confirmed the validity and the accuracy of the proposed model, referring to the dynam-
ics of the crowd and of the structure.  

- Wind-structure interaction: the modeling of the turbulent wind flow in the vicinity of 
bridge decks was integrated with the estimation of the accuracy of two models on the aerodynam-
ics of bluff-bodies. The models have been applied to three study cases: a thin plate, the deck of 
the Sunshine Skyway bridge, a cylinder of rectangular cross-section with ratio base/height equals 
to 5 and sharp edges (bluff-body). The analysis of the second test case was carried out in coopera-
tion with the Research Unit in Florence, and it was aimed to the evaluation of the sensitivity of 
the aerodynamic behavior of the bridge deck with regard to small variations of some geometrical 
parameters, such as the rounding of the edges of the trapezoidal cross-section. The study of the 
third test case was undertaken in a wider initiative aiming to promote – at an international level – 
a benchmark of bluff-bodies aerodynamics. The benchmark, namely “Benchmark on the Aerody-
namics of a Rectangular 5:1 Cylinder” (BARC, http://www.aniv-iawe.org/barc) was also pro-
moted, among the others, by some members of the Unities of Research of Florence and Reggio 
Calabria, in addition to the one of Torino and with the patronage of the Italian Association of 
Wind Engineering (ANIV), the International Association for Wind Engineering (IAWE), in coop-
eration with the European Research Community On Flow, Turbulence And Combustion 
(ERCOFTAC). The study of the first test case allowed the evaluation of the sensitivity to the vari-
ation of parameters which were previously regarded as deterministic and then characterized as 
stochastic variables. In particular, the Reynolds number, i.e., the velocity of the incident flow, was 
chosen as the main parameter. The aeroelastic behaviour was evaluated referring to the semi-
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empirical model by Scanlan, where the aeroelastic force is expressed as a function of the so-called 
flutter derivatives. In the project, techniques of identification of the flutter derivatives were devel-
oped (modified indicial approach) relying on the input data (motion of the structure) and output 
data (aeroelastic forces) given by the computational simulation. The results highlighted the pro-
nounced sensitivity of the flutter derivatives to the Reynolds number and allowed to characterize 
them statistically, by computing the stochastic Navier-Stokes equations (stochastic flutter deriva-
tives). 

 
RESEARCH UNIT AT UNIV. “MEDITERRANEA” OF REGGIO CALABRIA 

The Research Unit at Univ. of Reggio Calabria aimed at investigating the dynamic interaction 
phenomena characterizing footbridges, in order to compare, validate and criticize the current 
models available in literature and propose new design criteria. 

The activities are described in the following, some of them are currently on-going. 
1. Analysis of the undisturbed walking: measurements on 124 people were performed. They 

were asked to walk for a distance of 72 m. For each person, the time and number of steps were 
registered for the estimation of statistics. 

2. Development of a model of vertical response: the vertical load produced by the crowd was 
generated by a Monte Carlo simulation. The response of the footbridge was computed by the nu-
merical solution in the time domain of the equation of motion. Relying on these results, a re-
sponse spectrum was defined, so that the designer is able to determine the peak acceleration on 
footbridges depending on the return period. 

3. Definition of a response model for the single crossing: to do that, the approximated equa-
tions of the response of a beam under a harmonic load travelling with constant velocity were writ-
ten. The formulation was particularly accurate in the evaluation of the maximum displacement 
and the maximum acceleration. 

4. Experimental investigation on a bridge model: in order to study the effects produced by 
the oscillations of footbridges on the parameters of walking, experimental tests on a 12 m-
footbridge, vibrating in the vertical direction, were performed at the Technical University of 
Denmark. These tests also allowed to estimate the limits of application of the analytical results. 

5. Development of a device for the experimental analysis of the dynamics of the crowds: in 
order to evaluate the dynamic behaviour of a group of people and more or less dense crowds, a 
pedometer was set and attached to a shoe of each pedestrian. 

6. Experiments on the dynamics of crowds: by now, only preliminary tests on groups of 2, 5 
and 10 people have been performed. The research will be carried out in the following months, de-
pending on the availability of resources. 

7. Validation of the models proposed in the past: the researchers involved in the project had 
proposed a load model to evaluate the response of footbridges under scarcely dense crowd and so 
unable to generate synchronization phenomena. In order to validate this model, a numerical inves-
tigation on footbridges with different geometrical and mechanical parameters was performed. 

8. Laboratory experiments on the pedestrians-footbridge interaction: in order to appreciate 
the governing mechanism of such interaction, an experimental campaign was initiated, with the 
use of the treadmill temporarily installed at the CRIACIV wind tunnel. 
 

SOME CONCLUDING REMARKS 

The previous overview shows very clearly the outstanding vitality of the research group and its 
capability to work with very high synergy. Although this might be a natural, long lasting pheno-
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menon due to the numerous previous projects that the group has performed in previous years, the 
research outcomes may be considered unique in the entire national scientific scenery. For sure, 
the group working in AER-BRIDGE has represented the most accredited and entitled research 
pole in Wind Engineering in Italy for a long period, thanks to a successful and efficient coopera-
tion strategy which has become, nowadays, well consolidated. 

The Author of this Introductory Chapter, being at the same time the national Scientific Coordi-
nator of the project, is given the chance to acknowledge sincerely everybody’s contribution to the 
project in the past three years. It would be too long here to mention all the participants (Ph.D. stu-
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1 Aerodynamic and aeroelastic behaviour of bridge 
decks: CFD investigation and simplified approach 
to flutter 

Claudio Mannini, Gianni Bartoli, Claudio Borri 
Università degli Studi di Firenze 

The research Unit of the University of Florence has dealt with the investigation of the aerody-
namic and aeroelastic behaviour of bridges and footbridges. The main results obtained are sum-
marized in this chapter and divided into two contributions. The first one (part I) reports the nu-
merical simulation of the three-dimensional unsteady flow past an infinitely long 5:1 rectangular 
cylinder, which is considered as a benchmark geometry for studies dealing with bridge aerody-
namics and aeroelasticity. This activity has been coordinated with the research Unit of Politecnico 
di Torino, whose results are presented in Chapter 4. The second contribution (part II) focuses on a 
simplified method of flutter assessment for flexible bridge structures and highlights some impor-
tant aspects of the aeroelastic instability mechanism. 
 

 
PART I 

Numerical simulation of flow around a benchmark section 

1.1 INTRODUCTION 

The numerical simulation of flow around bridge decks and bluff bodies in general is still a 
challenge due to complex physical phenomena such as massive separation and reattachment, la-
minar-to-turbulent transition and alternating detachment of large eddies. In addition, these types 
of flow are three-dimensional even for simple two-dimensional geometries, thus posing signifi-
cant problems with respect to the computational cost. In particular, the unsteady flow around a 
stationary two-dimensional rectangular cylinder with chord-to-thickness ratio B/D = 5.0, at low 
Mach number (M∞ = 0.1), relatively high Reynolds number (Re = 26,400 based on the body 
thickness D) and zero flow incidence (α = 0°), has been numerically simulated. This geometry is 
often assumed as a reference test case for studies dealing with bridge aerodynamics and aeroelas-
ticity and a benchmark study (BARC, which stands for Benchmark on the Aerodynamics of a 
Rectangular 5:1 Cylinder) was launched in July 2008 [a]. 

As previously mentioned, the simulations discussed here refer to a configuration with a zero-
degree angle of attack, which is the basic test case of the BARC. Nevertheless, the experiments 
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conducted by Schewe [b] in the high-pressure wind tunnel in Göttingen, Germany, highlighted the 
interesting case of configurations with small flow incidence, where significant Reynolds number 
effects can be observed. For instance, for α = 2° the lift coefficient increases of nearly 100 % 
passing from a Reynolds number of 4,000 to 120,000. Similarly, for α = 4° the increase is of 
about 70 % with a double-bent pattern if the Reynolds number ranges from 5,200 to 370,000. This 
last configuration was also numerically studied [1] solving the 2-D unsteady Reynolds-averaged 
Navier-Stokes (URANS) equations in combination with an explicit algebraic Reynolds stress 
model (EARSM). The results suggested that the progressive upstream migration of the time-
averaged shear-layer reattachment location on one side of the rectangular cylinder is responsible 
for the strong Reynolds number effects previously mentioned. Different mechanisms of vortex 
shedding at low and high Reynolds numbers were highlighted too. 

Along with one of the authors’ research activity [1-8] (in particular, in [3] the case of an har-
monically oscillating cylinder is also considered), other numerical simulations on the same geo-
metry were performed by Shimada and Ishihara [c], who investigated rectangular cylinders with 
various chord-to-thickness ratios with a 2-D two-layer k-ε turbulence model. In the framework of 
the BARC, Bruno et al. [d] performed a 3-D Large Eddy Simulation (LES) with a dynamic sub-
grid scale model and studied the mechanism of vortex shedding with the help of proper orthogon-
al decomposition techniques (see also Chapter 4). 

Three-dimensional Detached-Eddy Simulation (DES) is employed in this work as strategy of 
turbulence modeling. This hybrid method combines the Reynolds-averaged Navier-Stokes ap-
proach near solid walls and Large-Eddy Simulation away from walls, where significant amounts 
of turbulent kinetic energy can be economically resolved. 

The numerical results obtained with DES are compared with experimental data, as well as with 
the results of 3-D unsteady RANS computations. Moreover, the role played by the spanwise pe-
riod of the computational domain is investigated. Results obtained with spanwise extensions of 
one and two chord lengths are compared in terms of integral quantities and correlation of fluctuat-
ing pressures. 

 

1.2 EXPERIMENTAL RESULTS 

For the geometry considered there are not many sets of experimental data available in the lite-
rature. In particular, the authors are not aware of any data concerning measurements of the local 
flow field. Besides general studies on rectangular cylinders with various chord-to-thickness ratios 
(e.g. [e-g]), the main experimental data considered for comparison and validation in the current 
work are those measured by Schewe [b] in a high-pressure wind tunnel. In this low-turbulence 
closed-circuit facility the force coefficients, the Strouhal number and the mean base pressure were 
measured for a wide range of Reynolds numbers and for several angles of attack, on a fixed mod-
el. The measured drag (CD ≈ 1.0, normalized with respect to the body thickness D) is in good 
agreement with other wind-tunnel results available in the literature [g-i]. For the Strouhal number 
(St = fsD/U∞, where fs is the dominant frequency of vortex shedding observed in the lift spectrum 
and U∞ the free-stream velocity) the experimental data are more scattered: Nakamura and Yoshi-
mura [j] and Nakamura and Nakashima [k] obtained St = 0.115, Okajima [e] as well as Parker and 
Welsh [l] St = 0.106, whilst Matsumoto et al. [m] found a slightly larger value, i.e., St = 0.132. Fi-
nally, Stokes and Welsh [n] measured St = 0.118 and St = 0.109 respectively for plates with 
chord-to-thickness ratios of 4.9 and 5.2. 

The pressure coefficient distribution at zero-degree angle of attack for two different Reynolds 
numbers was measured by Matsumoto [i] in the Kyoto University wind tunnel, Japan (see [m] for 



Aerodynamic and aeroelastic behaviour of bridge decks 

 

11

details concerning the experimental set-up). Finally, the pressure measurements performed in the 
CRIACIV wind tunnel in Prato, Italy [o,p] are also referred to. 

Given the lack of local flow field measurements for this geometry, a qualitative reference are 
the results obtained by Mizota and Okajima [c] for a slightly bluffer 4:1 rectangular cylinder, 
whose flow field is supposed to be similar to that for the profile considered. 

 

1.3 NUMERICAL METHODS 

The numerical simulations were performed using the finite-volume unstructured solver DLR-
Tau code [q], developed by the German Aerospace Center (DLR). The code solves the compress-
ible Navier-Stokes equations using vertex-centered metrics with second-order spatial and tempor-
al accuracy. Viscous terms are treated using a conventional second-order central differencing 
scheme. In the current work the inviscid fluxes are approximated using a central difference 
scheme stabilized with artificial dissipation. The convective term in the additional turbulent equa-
tion is also discretized with second-order central differencing. 

The advancing in time is performed through the dual time-stepping approach. The time deriva-
tives are first discretized with a second-order backward difference formula and the resulting se-
quence of nonlinear steady-state problems is solved in pseudo-physical time by an explicit three-
stage Runge-Kutta scheme, until a steady state in pseudo-time is reached. The local convergence 
within each physical time increment is accelerated by means of the local time-step technique, 
where the largest time step compatible with the Courant-Friedrichs-Lewy (CFL) criterion is cho-
sen cell by cell for each inner iteration. Explicit smoothing of the residuals and a 3V multigrid al-
gorithm based on the agglomeration of the dual-grid volumes are adopted as additional techniques 
of acceleration of the convergence of the solution within each time step. 

An economical strategy to approach turbulent flows is to solve the unsteady RANS equations 
in combination with additional equations for turbulence modeling. Nevertheless, in spite of their 
simplicity and computational efficiency, turbulence models, especially if based on the linear 
Boussinesq eddy-viscosity hypothesis, are unable to capture complex interaction mechanisms be-
tween Reynolds stresses and mean velocity field. As a consequence, these models often fail for 
strong streamline curvature, which characterizes the flow past bluff bodies [r,s]. The 2-D URANS 
approach was recently explored by one of the writers for the 5:1 rectangular cylinder [1] and for a 
bridge section [2] and some interesting results were obtained in combination with an explicit al-
gebraic Reynolds stress model. Nevertheless, limited accuracy for these complex flows was ap-
parent. 

A better alternative to the unsteady RANS approach for the simulation of problems with mas-
sively separated flow is to use the Large Eddy Simulation (LES) approach. However, LES re-
quires three-dimensional grids and wall-resolved LES (WRLES) becomes unaffordable when 
high-Reynolds-number thin turbulent boundary layers have to be resolved due to the necessary 
grid refinement, as the costs are of the order of a poorly resolved Direct Numerical Simulation [t]. 
Wall-modeled LES (WMLES) reduces the computational requirements at high Reynolds num-
bers, but the decision about the location of the interface between LES and modeled flow regions 
is highly critical for the success of a zonal WMLES. 

In order to overcome these difficulties the non-zonal Detached-Eddy Simulation (DES) method 
was introduced by Spalart et al. [t] and Shur et al. [r]. DES is a non-zonal hybrid RANS-LES me-
thod and the switching between the RANS and LES modes is controlled by the turbulent length 
scale, which for the Spalart-Allmaras variant (SA-DES) used in this work is related to the wall 
distance. In practice, this approach combines RANS model near solid walls, where a wall-
resolved LES is unaffordable or too expensive, and LES away from walls, where massive separa-



Chapter 1 

 

12

tion occurs, a RANS formulation is not consistent with the flow physics and turbulent kinetic 
energy can be economically resolved. 3-D meshes are still needed and, while the number of grid 
points required for a properly designed DES mesh is not much higher than that for a URANS 
mesh, the requirement to adopt smaller time steps and the need to obtain the statistical conver-
gence of the solution have limited the use of DES within industry. For the present geometry, due 
to the presence of sharp edges and the absence of thin turbulent boundary layers, a pure LES me-
thod might give fair results with the same level of refinement of the spatial discretization. A few 
doubts are posed by the short regions of unsteady shear-layer reattachments and it would be ex-
tremely interesting to compare the DES results with those obtained by extending up to the walls 
the sub-grid scale model while keeping unchanged the computational mesh and the discretization 
algorithms. 

The switch between RANS and LES modes is based on a modified definition of the characte-
ristic length scale d* in the Spalart-Allmaras turbulence model [u], depending on the distance 
from the wall d and the largest edge length Δ of the local grid cell: 

 
{ } { }* min , max , ,DES x y zd d C= Δ Δ = Δ Δ Δ (1.1)

 
Near the wall d* = d as d < CDES Δ, and therefore the RANS mode of the DES model is active, 

i.e., the additional equation works as an eddy-viscosity model. In regions where CDES Δ < d, 
d* = CDES Δ and, under an equilibrium assumption, the turbulence model reduces to a Smago-
rinsky sub-grid scale model. The additional parameter with respect to pure URANS simulations is 
the constant CDES. Shur et al. [r] calibrated this parameter against decaying homogeneous isotrop-
ic turbulence (DHIT) to ensure that the LES mode returns a proper turbulent kinetic energy cas-
cade (i.e., the Kolmogorov 5/3’s law is resolved). CDES = 0.65 is the recommended value, ob-
tained by adopting a centered fourth-order accurate differencing scheme. A smaller value of the 
DES constant can be used for more dissipative codes [v,w]. However, the optimal choice of CDES 
is closely tied into the numerical properties of the numerical scheme adopted. Spalart [v] claims 
that DES is not very sensitive to this parameter. In the present work CDES = 0.45 is assumed ac-
cording to the numerical diffusion of the central-difference scheme employed, on the basis of the 
calibration using DHIT in the case of second-order accurate spatial discretization of the fluxes, as 
reported in [x]. 
 

1.4 SPATIAL AND TEMPORAL DISCRETIZATION 

In this work hybrid meshes are employed, characterized by structured quadrilateral cells 
around the body profile, in order to better capture the large viscous effects, and unstructured tri-
angular cells in the remaining part of the domain. The use of hybrid grids presents several draw-
backs: the discretization of the flow fluxes in the unstructured domain is more diffusive than in 
the structured domain, and usually a finer spatial discretization is necessary to obtain grid-
independent results. In addition, it is complicated to obtain stable algorithms with order of accu-
racy higher than second for the unstructured discretization of gradients. Another disadvantage of 
hybrid grids is the fact that standard methods of grid-convergence study, such as Richardson 
extrapolation, are very difficult to employ rigorously. Nevertheless, unstructured grids allow 
much easier and faster meshing of complex geometries, as well as convenient and economic mesh 
refinements just where it is needed. For these reasons their use has become increasingly popular 
both in research and industrial applications. Despite the fact that, due to the simplicity of the 
geometry, structured or even Cartesian grids would have been more appropriate for the present 
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test case, the use of hybrid meshes was preferred for ease of wake refinement and as an exploring 
study for more complex bluff-body geometries. 

Fig. 1.1 shows the 3-D grid (1,703,585 nodes and 2,957,440 cells) obtained by extruding a 2-D 
grid for one-chord length in the spanwise z-direction (L/B = 1.0), using 65 nodes to discretize the 
resulting edges (Δz/B = 1/64). Therefore the mesh is perfectly structured in the spanwise direction. 
The second grid used is identical to the first one but presents a double spanwise period (L/B = 2.0) 
and the same z-spacing (3,380,961 nodes and 5,914,880 cells). 

The height of the first structured layer is chosen in order to have maximum wall-unit values in 
the normal direction y+ ≈ 1 (Δy1/B = 5.0 × 10-5). The mesh consists of 28 prismatic layers with a 
stretching factor in the wall normal direction ∆yj+1/∆yj = 1.23, for a total height of 0.353·D. It is 
worth noting that Spalart [v] observed that in DES applications very little is typically gained by 
going below y+ = 1 and ∆yj+1/∆yj = 1.2. In the streamwise and spanwise directions the spacing is 
such that x+ ≈ z+ ≈ 300, with significant refinement in the neighborhood of the sharp edges. 
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Figure 1.1 Three-dimensional mesh used in the computations (L/B = 1.0) 
 

Isotropic cells with dimension equal to B/64 are designed in the so-called “focus region”, 
where the largest geometry-dependent turbulence structures are generated, which represents the 
optimal conformation for the LES mode of DES. In fact, the premise of a well resolved LES is to 
filter out only eddies that are small enough to be products of the energy cascade, and therefore 
statistically isotropic [v]. Consequently, in this physically correct condition for LES, refinement 
in just one or two directions is a waste of resources. The extension of the assumed focus region is 
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shown in the top-right frame of Fig. 1.1 (one chord downstream the rectangular cylinder). The 
grid spacing is smoothly enlarged when going into the supposed “departure region” and becomes 
very coarse in the “Euler region” (according once again to the terminology followed in [v]). With 
the designed grid and the chosen value of the DES constant, the LES mode was active in the 86 % 
of the computational volumes. 

The nondimensional time-step size is Δt* = 0.017, where t* = tU∞/D is the number of travelled 
lengths D by a fluid particle in a time unit (U∞ = 34.0 m/s is the free-stream velocity), in order to 
discretize the expected period of vortex shedding with more than 500 time steps. This temporal 
discretization is finer than the one suggested in [v] on the basis of the cell size in the focus region. 

The choice of the resolution of the spatial and temporal discretization relies on literature results 
but it is also based on the indications offered by the URANS grid-convergence study presented in 
[1] and by the preliminary DES computations discussed in [3,4]. It is also worth noting that grid-
convergence studies for DES simulations are not only burdensome but also particularly proble-
matic [x] and they were not attempted in this work. 

The governing equations are solved on a cylindrical computational domain with a radius equal 
to 100·B (top-left frame of Fig. 1.1). The farfield boundary condition is placed at the external con-
tour of the domain, i.e., free-stream values of the flow variables are assigned as external values 
and values at the boundary are calculated employing the theory in [y]. The calculation of the flux-
es crossing the boundary faces is done using the AUSM Riemann solver. The no-slip and periodic 
boundary conditions are imposed respectively at the body surface and at the lateral planes of the 
computational domain. The turbulence model is activated everywhere by prescribing at the far-
field boundary small values of the turbulent viscosity (10 % of the laminar viscosity). Neverthe-
less, no resolved turbulence is generated upstream the rectangular cylinder (smooth flow). As ini-
tial condition, free-stream values of the flow variables are imposed at all grid nodes. 

 

1.5 DISCUSSION OF THE RESULTS 

The first DES simulation considered was performed on the grid with a spanwise period equal 
to the chord length of the cylinder (L/B = 1.0). In [1,5] the results of this 3-D simulation were 
compared to those of 2-D URANS computations obtained with the eddy-viscosity one-equation 
turbulence model of Spalart and Allmaras [u] and an EARSM model, namely the Linearized Ex-
plicit Algebraic (LEA) model [z], closed with the k-ω equations of Wilcox [aa]. It was remarked 
that, despite the fact that the Spalart-Allmaras model represents the additional equation for the 
DES approach followed here, the URANS solution with this eddy-viscosity model was steady and 
inaccurate. A significant improvement of the result is given by the 2-D URANS-LEA solution. In 
contrast, no large difference can be observed between the 2-D and 3-D solutions as the flow field 
resolved by the URANS equations presents limited three-dimensional features [1]. This result is 
not surprising as it was noted in [bb] that 3-D URANS simulations must be conducted using sig-
nificantly larger spanwise periods than those necessary to develop three-dimensionality in DES or 
LES. Also, the result seems to be very sensitive to the period and turbulence model chosen, so 
that Shur et al. claim that 3-D URANS computations can be effective in order to better predict the 
mean drag coefficient but are often not very beneficial where transient flow characteristics are 
concerned. In addition, in many cases three-dimensionality has to be triggered by introducing a 
random perturbation in the initial condition. In one instance discussed in [bb] 3-D structures could 
be sustained only by restarting from a DES flow field. 

In Tab. 1.1 the mean and standard-deviation values of the force coefficients and the Strouhal 
number are compared with the experimental results of Schewe [b]. All the quantities are norma-
lized with respect to the body thickness D. It is worth noting that it is difficult to assess a precise 
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reference experimental value for the standard deviation of the force coefficients since several 
phenomena can strongly influence it. Sub- or super-harmonic resonances with the vortex shedding 
can increase the mean-fluctuation values, especially when the natural frequency of the model is 
low. As standard deviation of the lift coefficient, CL

’ = 0.4 seemed to be a reasonable reference 
value [b]. It can be remarked that the URANS-LEA simulation slightly underestimates the 
Strouhal number, whilst CL

’ is significantly overpredicted. Non-negligible improvement can be 
obtained by applying DES, especially in terms of mean-fluctuating value of the lift coefficient, 
which is reduced by almost 50 %. Nevertheless Strouhal number seems to be still underestimated 
by about 7 %. It is worth adding that the result of the URANS-LEA simulation is nearly periodic, 
whereas significant chaotic behaviour characterizes the DES solution. 

 

 St CL CD CL’ CD’ t*
INT 

3-D URANS-LEA (L/B = 1.0) 0.095 0.013 1.071 1.035 0.029   84.5 

3-D SA-DES (L/B = 1.0) 0.103 0.047 1.016 0.553 0.055 464.5 

3-D SA-DES (L/B = 2.0) 0.102 0.005 1.029 0.421 0.043 715.0 

Experiments [b] 0.111 0.0 1.029 ~0.4   

Tab. 1.1 Comparison with experiments of Strouhal number and mean (CD, CL) and standard-deviation (CD’, CL’) 
values of drag and lift coefficients. t*

INT denotes the nondimensional time units considered for the cal-
culation of the statistics 
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Figure 1.2 Comparison with experiments of the mean (left) and standard-deviation values (right) of the computed 
pressure coefficient distribution. ξ/D = 0 and ξ/D = 6 denote respectively the stagnation and the base 
body contour points 
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Fig. 1.2 shows the mean and standard-deviation values of the pressure coefficient on the body 
surface. A few wind-tunnel test results are reported for comparison. The mean pressure coeffi-
cients of both URANS-LEA and SA-DES computations, that are also spanwise-averaged, are in 
good agreement with experiments, which are characterized by limited scatter. Slightly lower val-
ues of the mean base pressure are predicted by the DES computation with respect to the URANS 
one. In contrast, wind-tunnel data for the standard deviation of the pressure coefficients present a 
significant dispersion. All the simulations predict the same position of the peak of the mean fluc-
tuations, at a streamwise position x/D ≈ 3.6 (ξ/D ≈ 4.1 in the figure), in agreement with experi-
ments. Nevertheless, with respect to wind-tunnel data (and also to URANS-LEA results) the  
SA-DES computation underestimates the magnitude of the peak. In addition, the URANS-LEA 
and SA-DES computations predict the same values of CP

’ immediately after the leading edge for a 
distance of about D, then, for a length of about 1.5D the fluctuating pressures computed with DES 
are larger than those obtained with the URANS equations. The opposite condition is observed 
around the aforementioned peak of CP

’, where the URANS-LEA results are in better agreement 
with the experiments of Matsumoto [i]. Finally, near the trailing edge and in the base region, the 
DES fluctuations are again larger. However, despite the considerable length of the computation, it 
is worth noting that a perfect convergence of the second statistical moment of the pressure fluctu-
ations has not been reached yet. The experimental results of Galli [o] for CP

’ are surprisingly 
large, also in the stagnation face, and that might be due partly to residual wind-tunnel turbulence. 

In Fig. 1.3 the DES time-averaged flow field is depicted showing that the shear-layer mean 
reattachment occurs near the downstream vertices of the rectangular section, at x/D = 2.25 (x = 0 
denotes the center of the rectangular cylinder), in agreement with the computational results of 
Bruno et al. [d], who found x/D = 2.165 (see also Chapter 4). The length of the recirculation re-
gion behind the body is slightly larger with respect to the LES result in [d], the time-averaged 
saddle point being located at x/D = 3.47. A nearly-steady counter-rotating secondary vortex em-
bedded in the main unsteady bubble is resolved close to the leading edge (Fig. 1.3). The second-
ary vortex is also evident in the LES simulation in [d] but in that case it looks longer and thinner. 
In the URANS-LEA results described in [1] this counter-rotating vortex is present too but much 
smaller. In addition, the center of the time-averaged main bubbles was found significantly down-
stream with respect to the present position. 
 
 

D/2 D/2

Figure 1.3 Streamlines of the time-averaged flow field. A close-up view near the upstream top edge is reported in 
the right frame 
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A computation with the same parameters discussed in the previous section was repeated on the 
grid with double spanwise period (L/B = 2.0). The computed force coefficients are shown in 
Fig. 1.4 (left frame). Low-frequency modulations in the lift coefficient time history are apparent. 
The Strouhal number as well as the mean and standard-deviation values of lift and drag coeffi-
cients are reported in Tab. 1.1 and their statistical convergence with respect to the length of the 
computation is highlighted in the right frame of Fig. 1.4. It can be remarked that more than 900 
nondimensional time units are necessary to obtain stable values of the second-order statistical 
moments and a mean value of the lift coefficient satisfactorily close to zero. Even longer signals 
are needed to obtain stable higher-order moments, which makes these computations extremely 
expensive (see also [s]). By doubling the spanwise extension of the computational domain no sig-
nificant changes are observed for the Strouhal number and mean drag, while the mean fluctua-
tions of the force coefficients, as expected, significantly decrease. In contrast, the mean and stan-
dard-deviation values of the pressure distribution do not change appreciably (Fig. 1.2). 
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Figure 1.4 Lift and drag coefficient time histories for the computation with two-chord spanwise period (left) and 
pattern of convergence of Strouhal number and mean and standard-deviation values of the force coeffi-
cients (right). The dashed vertical line on the left indicates the nondimensional time instant after which 
the signals are considered to calculate the results reported in Tab. 1.1 
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Figure 1.5 Spanwise correlation of the pressure coefficients corresponding to an upstream (x/D = -1.6) and a 
downstream location (x/D = 1.6). Experimental data [p] refer to a Reynolds number of 63,600 
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In order to better investigate the effect of the spanwise period considered, the correlation coef-
ficient of the pressure fluctuations at different spanwise positions is shown in Fig. 1.5. The results 
suggest that the common choice of a distance between the periodic boundary planes equal to the 
chord of the cylinder is not enough in this case to allow the natural loss of correlation of pressures 
and the free development of large-scale turbulent structures. As a matter of fact, correlation first 
decreases with spanwise separation, reaches a minimum and then starts to increase again, due to 
the effect of periodic boundary conditions. As a consequence, the standard deviation of integral 
force coefficients might be overestimated. If a two-chord spanwise length of the cylinder is 
adopted, one observes a remarkable faster decrease of the pressure correlation, which corresponds 
to a reduction of lift and drag mean fluctuations of more than 20 %. Nevertheless, the effect of pe-
riodic boundary conditions imposed at the lateral planes is still non-negligible and an even larger 
spanwise period may be convenient to allow the free development of the three-dimensional wake 
of the cylinder. In particular, Fig. 1.5 shows that, considering an array of pressures in the down-
stream half portion of the cylinder (x/D = 1.6), the correlation coefficient for the case  
L/B = 2.0 is close to that obtained from measurements. For spanwise separations ∆z/D less than 
1.5 correlations for one-chord and two-chord spanwise periods are identical. Conversely, the re-
sults for the upstream array (x/D = -1.6) clearly overestimate or underestimate the experimental 
data respectively for L/B = 1.0 and L/B = 2.0. It is also worth noting that in the last case negative 
correlation is obtained for about 3 < ∆z/D < 7 and that the results of the two simulations are dif-
ferent also for very small spanwise separations. Results for the 3-D URANS-LEA simulation are 
also reported. The large values of the correlation coefficient well agree with the fact that the com-
puted flow field is characterized by limited three-dimensional features. 
 

1.6 CONCLUDING REMARKS 

It was shown that with the DES approach and a carefully designed three-dimensional grid fair-
ly accurate results can be obtained for the benchmark test case of the 5:1 rectangular cylinder. In 
particular, the quality of the simulation is improved with respect to 2-D and 3-D URANS me-
thods. Nevertheless, requirements of fine three-dimensional meshes, small time steps and statis-
tical convergence of the computed flow field make this approach very expensive for bluff-body 
flows. 

The cost of the computation is tightly related also to the choice of the spanwise period of the 
computational domain and in the present work it was shown that one-chord length might be not 
enough to allow the free development of three-dimensional large-scale flow structures. A clear 
improvement was obtained by doubling the spanwise period but this is probably still not sufficient 
to make negligible the effect of periodic boundary conditions imposed at the lateral planes of the 
computational domain. 

Finally, the good results obtained with DES for the BARC case study, employing hybrid mesh-
es and an unstructured solver, are promising in view of the challenge offered by detailed engi-
neering-structure aerodynamics and fluid-structure coupling problems at high Reynolds numbers 
in the case of geometries with significant rounded surfaces, where the cost of a well-resolved LES 
may be prohibitive. 
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PART II 
Simplified approach to flutter 

1.7 INTRODUCTION 

Modern long-span bridges are more and more sensitive to wind loads and aeroelastic pheno-
mena due to challenging designs involving also high-performance materials, which allow lighter 
structures and lower vibration frequencies. In particular, an adequate and reliable safety margin 
with respect to the onset of the aeroelastic instability known as flutter, which can induce the col-
lapse of the structure, has to be warranted. 

Classical flutter is a self-excited phenomenon due to the aeroelastic coupling of vertical bend-
ing and torsional modes, which introduces energy into the system leading to divergent or large-
amplitude limit-cycle oscillations. Relevant for bridge structures is also torsional flutter, wherein 
negative damping in a torsional mode can be attained without any coupling with other modes. 
Both phenomena are usually approached with semi-empirical models [cc-ee,9], in which some 
aerodynamic coefficients, the so-called flutter derivatives, have to be experimentally determined 
in the wind tunnel. Given the strong dependence of the calculated flutter velocity on these coeffi-
cients, the experimental phase and the identification procedure are extremely important [10]. 

Although it is important to compute in the most accurate way as possible the flutter critical 
wind speed and the response to turbulent wind, a certain effort has been devoted by the authors in 
the attempt to simplify the flutter problem, searching for approximate formulas for flutter predic-
tion to be employed at early-design stages and implemented for the improvement of codes and 
standards [11,12]. Approximate approaches also help to better understand the mechanism leading 
to flutter instability and consequently allow a better tailoring of the structural design in order to 
avoid flutter. 

In the literature there are several attempts to obtain simplified models of flutter assessment 
[ff-jj,13-16], that demonstrate the relevance of this issue. The most common simplified method is 
the quasi-steady theory. The limits of this approach were discussed in [kk,14,15], while its abso-
lute inadequacy to predict torsional flutter instability was highlighted by Nakamura [ll]. 

 

1.8 MECHANICAL MODEL 

In a flutter analysis, normally only the onset instability wind speed is sought for the design of 
bridge structures. Therefore, under the assumption of small oscillations perturbating the flow, the 
structure can be modeled as a two-degree-of-freedom (DoF) linear oscillator, as follows: 

 

( ) ( ) ( ) ( )22 ,h h h sem h t h t h t L t Kζ ω ω + + = 
  (2)

( ) ( ) ( ) ( )22 ,seI t t t M t Kα α αα ζ ω α ω α + + =   (3)

 
where h and α are the heaving displacement and the pitching rotation (Fig. 1.6), m and I the mass 
and the mass moment of inertia per unit length, ωh and ωα the circular eigenfrequencies, ζh and ζα 
the structural damping respectively in the heaving and pitching modes, Lse and Mse the self-
excited lift and moment per unit length; K = Bω/U is the reduced frequency of oscillation, where 
B is the deck width, ω the circular frequency of oscillation at flutter, U the undisturbed mean flow 
speed. In the previous equations, the dot denotes derivatives with respect to time t. Classically the 
self-excited forces can be assumed as linear functions of structural displacements and velocities, 
parametrically dependent on the nondimensional reduced frequency of oscillation [cc,dd]: 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )* * 2 * 2 *
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1 2 3 4,se
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M t K qB KA K KA K K A K t K A K

U U B

α
α

 
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  

 

 

(5)

where q = 1/2ρU2 is the mean dynamic pressure, ρ is the air density and the coefficients Hi
* and 

Ai
* are the flutter derivatives, which are functions of the reduced frequency of oscillation K as 

well as the mean angle of attack [14,17,mm]. This simple two-degree-of-freedom model can be 
extended to multimode analysis [dd,nn] of the bridge structure. Nevertheless, in most cases the 
flutter critical wind speed can be accurately calculated by considering two modes only [oo,18]. It 
is worth remarking that the classical linear model of Eqs. (4)-(5) has been found to be questiona-
ble in some instances, since a non-negligible dependence of flutter derivatives on the amplitude of 
oscillation has been observed [pp,19]. 

By assuming coupled harmonic oscillations at frequency ω and imposing the system complex 
determinant to vanish, one obtains a fourth-order and a third-order polynomial equations with re-
spect to the nondimensional frequency of oscillation (flutter equations), whose common solution 
gives the critical flutter wind speed [ii]. 

Alternatively, it is possible to define the dissipative forces in the left-hand side of Eqs. (2)-(3) 
as imaginary stiffness terms [qq], by introducing the rate-independent damping coefficients gh and 
gα: 

 

 
( ) ( ) ( ) ( )21 ,h h sem h t ig h t L t Kω + + = 
 (6)

( ) ( ) ( ) ( )21 ,seI t ig t M t Kα αα ω α + + =  (7)
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Figure 1.6 Reference scheme for displacements and self-excited forces 
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where i denotes the imaginary unit. The rate-independent damping coefficients can be related to 
the ratio-to-critical damping coefficients by the following relations: 

 

2h h
h

g
ωζ
ω

=
              

2gα α
α

ωζ
ω

= (8-9)

 
The previously mentioned flutter equations can now be written as: 

 

( ) ( ) ( )
2

2 2 2 2 2
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2 2 2
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1
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(11)

 
where rα = 1/B·(I/m)1/2 is the nondimensional radius of gyration, μ = 2m/(ρB2) is the mass ratio of 
the deck section, γω = ωα/ωh is the still-air frequency ratio and X = ωα

2/ω2 is a nondimensional 
frequency parameter. The advantage of this approach is that the flutter equations simplify to 
second-order polynomial equations of the frequency parameter X and hence manipulations are 
easier. 

 

1.9 APPROXIMATE FORMULAS 

It is possible to remark that by assuming 1-ghgα ≈ 1, Eq. (10) can be written as follows: 
 

( ) ( ) ( )

( )
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3 4 2 12 2
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 
 

 + − − + ≅ − − ⋅ − =  
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(12)

 
The approximation in Eq. (12) holds for all the dynamic and aerodynamic data of real bridge 
structures which have been collected in a database [14,15], unless X ≈ γω, i.e., ω ≈ ωh. This condi-
tion is unrealistic, provided that the frequency ratio is not very close to one. A simplified equation 
is therefore obtained for the frequency parameter: 

 
*
3

2
1

A
X

rα μ
= +

 
(13)

 
Furthermore, Eqs. (10) and (11) can be linearly combined in order to eliminate the term in X2 and 
all the terms which contain a second power of the damping coefficients can be neglected. Several 
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terms in the resulting equation are clearly negligible with respect to the others, once the range of 
variability of the dynamic and aerodynamic parameters has been identified with reference to the 
previously mentioned bridge database [14,15]. Therefore the following simplified equation can be 
obtained: 

 

( ) ( )
( )

2 * * 2 *
3 2 12

2 2 * * 2 2 *
3 2 1

h h

h

r g g A g g A r H
X

r g g g A A r H
α α α α

ω
α ω α α ω α

μ
γ

μ γ γ
⋅ + + + − −

=
⋅ + + − −

(14)

 
By comparison with Eq. (13), eliminating a couple of negligible terms, one obtains: 

 

( ) ( )* * 2 2 * * 2 * 2 4 2 2
2 3 1 3 2 1 1 0A A r H A r A r gω α α ω α α ωγ μ γ μ γ+ − − + − = (15)

 
Eq. (15) allows to determine the flutter critical reduced frequency of oscillation, which appears as 
argument of the flutter derivatives. Then, through Eq. (13) the nondimensional frequency parame-
ter X can be calculated and the critical wind speed is finally obtained. More details about the sim-
plification procedure can be found in [14-16]. Besides the convenient analytical form of the pro-
posed equations, it is important to stress the fact that only three out of eight flutter derivatives are 
retained. These functions are the so-called “direct” flutter derivatives, which can be measured in 
the wind tunnel also with single-degree-of-freedom experimental set-ups. Clearly Eqs. (13) and 
(15) represent a remarkable simplification of the flutter problem. 

From the analysis of Eq. (13) it is possible to notice that the mechanism with which the tor-
sional frequency decreases up to the flutter frequency is very simple, absolutely analogous to the 
case of 1-DoF systems, depending only on the flutter derivative A3

*, and it is unaffected by the 
structural damping. 

In contrast, the analysis of Eq. (15) is less immediate but it can be remarked that the structural 
damping can play a significant role in the equation for the critical reduced frequency of oscillation 
through one term depending only on the structural properties of the bridge. These observations are 
in agreement with the results of Chen and Kareem [rr], who found that the structural damping 
does not influence significantly frequency, aerodynamic damping and complex mode shape and 
the aeroelastic modal damping can be simply estimated as the sum of structural modal damping 
and the aerodynamic damping estimated with zero structural damping. Moreover, only the struc-
tural damping of the torsional mode has an influence on the flutter mechanism. This is reasonable 
as it is the evolution under wind of the torsional mode (torsional branch) to get unstable, i.e., at 
the critical wind speed it is the eigenvalue relative to torsion that exhibits positive real part. 

As it is clear from the procedure of simplification of the flutter equations, the approximate 
Eqs. (13) and (15) do not hold for frequency ratios very close to unity, in the same way as Sel-
berg’s [ss] and Rocard’s [hh] formulas for the flat plate. Nevertheless, it seems that a frequency 
ratio of about 1.3, or sometimes even less, is sufficient to obtain an acceptable degree of approxi-
mation. Frequency ratios very close to unity are fairly uncommon and usually characterize either 
super-long-span bridges or very unconventional structures, which are not expected to be analyzed 
with simplified methods, requiring instead careful experimental campaigns since the very begin-
ning of the design procedure. 

If damping is neglected the proposed model reduces to Nakamura’s one [ff], although it was 
obtained in a completely different way [14,15]. The simplified solution of the flutter equations 
proposed by Chen [gg] accounts for the structural damping contribution and is also based on the 
assumption of well separated frequencies. In addition, this approach retains only four flutter de-
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rivatives, namely H3
*, A1

*, A2
* and A3

*. The fact that the considered flutter derivatives are differ-
ent from those emphasized in that work should not be seen as a contradiction, in view of existing 
flutter derivative inter-relations [tt,uu]. In particular, the fact that the proposed formulas depend 
only on the coefficients H1

*, A2
* and A3

* does not mean that these are the most important deriva-
tives for the instability mechanism and that the others can be neglected. On the contrary, the ap-
parent redundancy of the classical model of self-excited forces [Eqs. (4)-(5)] just allows to ex-
press the critical condition with three aerodynamic parameters instead of eight.  

The fact that the present equation for the critical reduced frequency of oscillation does account 
for the contribution of structural damping is an important feature of the model. In fact, as re-
marked in [rr], while the role of structural damping on the instability onset is negligible in the 
case of “hard-type flutter”, it is significant in the case of “soft-type flutter”. In the second instance 
the negative damping builds up slowly with increasing wind speed, so that a small translation of 
the curves of total damping due to an increase of the structural damping is able to induce a signif-
icant increment of the critical wind speed. In contrast, the change of sign of the total damping is 
abrupt for hard-type flutter and therefore the instability condition is little sensitive to small trans-
lations of its curve. Only in the case of soft-type flutter devices such as tuned mass dampers can 
be effective in controlling the flutter instability [rr] and the effect of large self-excited drag forces 
can be non-negligible [vv]. This issue will be further analyzed later on in this chapter. 

It is still necessary to precise that, if the damping is known as ratio-to-critical instead of rate-
independent coefficient, the procedure of calculation of the critical reduced frequency of oscilla-
tion through Eq. (15) becomes iterative. Eq. (9) with ω = ωα is used to obtain a first estimate of gα 
and then, once the critical flutter frequency has been calculated through Eq. (13), the rate-
independent damping coefficient is updated and the flutter calculation is repeated. One iteration is 
normally enough to obtain convergence. 

 

1.10 MODEL VALIDATION 

In order to validate Eqs. (13) and (15) the following procedure has been followed. A large 
number of structural parameters for various typologies of existing bridges (suspension, cable-
stayed and footbridges) have been collected and compared [14,15]. Since mass and moment of in-
ertia enter in the flutter equations [Eqs. (10)-(11)] in the form of the nondimensional parameters 
μ, rα

2μ and rα
2μ2, two bridge structures were identified as representative of opposite extreme dy-

namics and used as references in the following analyses: the Tsurumi Fairway Bridge, Japan 
(μ = 35.7 and rα = 0.249) and the Rio Guamà Bridge, Brazil (μ = 178.6 and rα = 0.353). They are 
both cable-stayed bridges but Rio Guamà Bridge is characterized by a concrete deck and conse-
quently by a remarkable mass with respect to the chord B. In contrast, Tsurumi Fairway Bridge 
presents a relatively light steel deck with a large chord length. 

In order to draw as general as possible conclusions, it is important to consider a large number 
of dynamic and aerodynamic data. Assuming that flutter derivatives depend on reduced frequency 
of oscillation and cross-section geometry only, it is possible to combine the aerodynamics of a 
bridge with the dynamic properties of a completely different one, performing calculations on ideal 
structures. This observation is important because it allows to employ for the calculations all the 
reliable aerodynamic and dynamic data available to the authors. In particular, the first validation 
tests were performed considering the flutter derivatives of a theoretical flat plate [qq,ww], which 
is always an important benchmark for bridge aeroelasticity, and a rectangular cylinder with a 
chord-to-thickness ratio B/D = 12.5, the bluffer one among those studied by Matsumoto [tt] not 
prone to torsional flutter. 
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Figure 1.7 Comparison between approximate and exact solutions of the flutter equations (URc = 2π/Kc is the flutter 

critical reduced wind speed) for different values of the frequency ratio γω and two values of the ratio-
to-critical damping coefficients in the case of classical flutter instability 
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Figure 1.8 Comparison between approximate and exact 1-DoF and 2-DoF solutions of the flutter equations 

(URc = 2π/Kc is the flutter critical reduced wind speed) for different values of the frequency ratio γω and 
two values of the ratio-to-critical damping coefficients in the case of torsional flutter instability 
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Case Aerodynamics 
μ rα γω ζh ζα 

(-) (-) (-) (%) (%) 

1 Flat plate   35.7 0.249 2.38 0.5 0.5 

2 Flat plate   24.1 0.374 1.32 0.6 0.7 

3 R12.5 178.6 0.353 1.96 0.8 0.8 

4 R12.5   27.7 0.357 2.29 0.5 0.5 

5 Akashi Kaikyo   55.6 0.422 2.34 0.5 0.3 

6 Tsurumi   35.7 0.249 2.38 0.5 0.5 

7 Tsurumi   55.5 0.250 2.06 0.2 0.2 

8 R14.3F   47.2 0.539 1.54 0.5 0.5 

9 R14.3F   27.7 0.357 2.29 0.5 0.5 

10 R20   38.7 0.286 2.27 0.2 0.5 

Tab. 1.2 Case studies (classical flutter) 

 

 

Case 

Exact solution Approx. solution 

fc URc Uc fc ∆fc URc ∆URc Uc ∆Uc

(Hz) (-) (m/s) (Hz) (%) (-) (%) (m/s) (%)

1 0.315 10.75 128.7 0.315 +0.1 10.43 -3.0 124.9 -2.9

2 0.071 6.72 28.9 0.071 +0.5 5.51 -18.0 23.8 -17.6

3 0.562 16.80 134.2 0.563 +0.1 16.83 +0.2 134.5 +0.2

4 0.308 7.64 66.0 0.314 +1.7 7.01 -8.2 61.6 -6.6

5 0.138 16.14 79.2 0.138 -0.3 15.91 -1.5 77.2 -1.7

6 0.377 8.34 119.5 0.352 -6.7 9.89 +18.5 132.2 +10.6

7 0.880 11.04 217.6 0.836 -5.0 12.72 +15.3 238.3 +9.5

8 0.180 11.41 24.6 0.179 -0.1 10.59 -7.2 22.8 -7.3

9 0.284 10.16 80.9 0.283 -0.6 9.35 -8.0 74.0 -8.5

10 0.338 11.21 90.2 0.340 +0.7 10.79 -3.7 87.4 -3.1

Tab. 1.3 Results for the case studies in Tab. 1.2 (fc is the coupling frequency, URc is the reduced flutter wind 
speed, Uc is the flutter wind speed) 
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Case Aerodynamics 
μ rα γω ζh ζα 

(-) (-) (-) (%) (%) 

1 Tacoma   47.2 0.539 1.54 0.5 0.5 

2 R5   47.2 0.539 1.54 0.5 0.5 

3 R5   35.7 0.249 2.38 0.5 0.5 

4 R5 178.6 0.353 1.96 0.8 0.8 

5 R5   24.1 0.374 1.32 0.6 0.7 

6 R10   47.2 0.539 1.54 0.5 0.5 

Tab. 1.4 Case studies (torsional flutter) 
 
 

Case 

1-DoF solution 2-DoF exact solution Approx. solution 

fc URc Uc fc URc Uc fc ∆fc URc ∆URc Uc ∆Uc 

(Hz) (-) (m/s) (Hz) (-) (m/s) (Hz) (%) (-) (%) (m/s) (%) 

1 0.200 4.81 11.5 0.200 4.81 11.5 0.200 0.0 4.81 0.0 11.5 0.0 

2 0.189 5.05 11.5 0.190 4.41 10.0 0.190 +0.4 4.35 -1.4 9.94 -1.0 

3 0.376 4.64 66.3 0.377 4.08 58.5 0.385 +2.0 3.94 -3.2 57.7 -1.3 

4 0.626 5.73 50.9 0.626 5.56 49.4 0.626 +0.1 5.52 -0.7 49.1 -0.6 

5 0.066 4.74 19.0 0.067 2.76 11.2 0.070 +3.3 2.90 +5.0 12.2 +8.5 

6 0.182 9.89 21.6 0.188 7.65 17.3 0.189 +0.1 7.46 -2.5 16.9 -2.3 

Tab. 1.5 Results for the case studies in Tab. 1.4 (the differences are calculated with respect to the 2-DoF exact 
solution) 
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Figure 1.9 Graphic solution of the approximate Eq. (15) for two bridges. The exact solution of the flutter equa-

tions is also reported 
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In Fig. 1.7 the previously discussed reference dynamics and aerodynamics are combined and 
the rigorous solution of the flutter equations [Eqs. (10)-(11)] are compared to that given by the 
approximate formulas [Eqs. (13) and (15)] in terms of critical reduced wind speed URc = 2π/Kc, 
where Kc is the critical reduced frequency of oscillation, for different values of the frequency ratio 
γω and structural damping. It is clear that the approximation offered by the simplified method is 
good unless the frequency ratio is very close to one. It is also apparent in the bottom right frame 
of the figure that, when the effect of damping is significant, the simplified equations are able to 
correctly account for it. 

A similar analysis was performed also in the case of a deck cross section prone to torsional 
flutter. In particular, the flutter derivatives measured in [tt] for a 5:1 rectangular cylinder were 
considered. Results are reported in Fig. 1.8, along with the solution of the 1-DoF problem. It is 
worth noting that the 2-DoF and 1-DoF approaches usually give close results, unless the frequen-
cy separation is small. Nevertheless, it was observed in [oo,vv] that the coupling of heaving and 
pitching motions generally reduces the critical wind speed in the case of torsional flutter. Also in 
this case the agreement between exact and approximate solutions is very good and the simplified 
equations are able to take into account the unfavorable effect of coupling between bending and 
torsion and the role played by damping (right frame of Fig. 1.8). 

As further validation, various case studies were taken into account for classical and torsional 
flutter instabilities in Tabs. 1.2-1.5. In particular, cases 5-6 in Tabs. 1.2-1.3 and case 1 in 
Tabs. 1.4-1.5 refer respectively to the Akashi Kaikyo Bridge [xx], Japan, Tsurumi Fairway Bridge 
[yy], Japan, and Original Tacoma Narrows Bridge [cc], USA, for both dynamic and aerodynamic 
properties. All the other case studies are ideal. The flutter derivatives of a rectangular cylinder 
with a chord-to-thickness ratio of 20 [tt] (R20) and 10 [tt] (R10), as well as a rectangular cylinder 
with semicircular fairings and chord-to-thickness ratio of 14.3 [zz] (R14.3F) were used too. Con-
cerning the structural properties, case study 2 of Tabs. 1.2-1.3 and 5 of Tabs. 1.4-1.5 refer to the 
1992-proposed-design of Messina Strait Bridge, Italy; case studies 4 and 9 of Tabs. 1.2-1.3 to the 
Bosporus I Strait Bridge, Turkey; case study 7 of Tabs. 1.2-1.3 to the Indiano Bridge, Italy; case 
study 10 of Tabs. 1.2-1.3 to the Normandy Bridge, France. The interested reader can find more 
details about the dynamic properties of these bridges in some authors’ previous publications 
[14,15]. It is apparent in the tables that the degree of approximation offered by the simplified for-
mulas is good, often limited to few percents and in most cases below 10 %. Just for test cases 2, 6 
and 7 (Tabs. 1.2-1.3) the errors are larger but well below 20 %. For test case 2 the discrepancy 
was expected as the frequency ratio is small, namely γω = 1.32 (the dynamic parameters of the 
1992-proposed design of Messina Strait Bridge are considered in this case). In contrast, both test 
case 6 and 7 refer to the flutter derivatives of the Tsurumi Fairway Bridge. It is worth noting that 
for this fairly streamlined cross section the values assumed by the coefficient H4

* are surprisingly 
high, thus rendering the proposed formulas slightly less accurate. In fact, the absolute value of the 
coefficient is in this case much larger not only than the one predicted by the Theodorsen’s theory 
for a flat plate but also for most bridge deck sections, which usually show values close to zero. 
This is the reason why in several formulations, such as the original one in [cc], this coefficient 
was even neglected along with A4

*. 
It can also be observed in Tabs. 1.3 and 1.5 that the approximate formula for the critical fre-

quency is very accurate, almost exact in most cases (except test cases 6 and 7 in Tab. 1.3). Also, 
the agreement with the rigorous 2-DoF results is extremely good in case of structures prone to 
torsional flutter (Tab. 1.5) and always significantly better than the results of the 1-DoF approach. 

Fig. 1.9 shows the pattern of the function on the right hand side of Eq. (15) and its zero cross-
ing as compared to the exact solution of the flutter equations in the case of the Akashi Kaikyo 
Bridge (test case 5 of Tabs. 1.2-1.3) and Tacoma Narrows Bridge (test case 1 of Tabs. 1.4-1.5). 
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1.11 ANALYSIS OF THE MECHANISM OF INSTABILITY  

The simplified formulas of Eqs. (13) and (15) can also be used to better understand the me-
chanism of flutter instability. To this purpose all the terms in Eq. (15) depending on the aerody-
namic stiffness coefficient A3

* can be moved to the right hand side of the equation: 
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If Eq. (13) is now substituted into Eq. (16), one obtains: 

 

( )* 2 * 2 2 *
2 2 12

1

1

X
A r g A r Hα α ω α

ω

μ γ
γ

−− = +
−  

(17)

 
In the case of sections not prone to torsional flutter (A2

* < 0), this equation can be interpreted as 
follows: the progressive reduction of the torsional frequency X-1 due to the aerodynamic coeffi-
cient A3

* is transformed into negative aerodynamic damping through a weighting factor depending 
on the flutter derivatives H1

* and A2
*, the frequency ratio and the nondimensional radius of gyra-

tion. Instability is reached when this negative damping equals the positive structural damping and 
the direct aerodynamic damping in torsion (A2

*). 
Eq. (16) can also be rearranged in the following manner: 
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Then the 2-DoF flutter critical condition was written as for the 1-DoF torsional flutter instability, 
by substituting the flutter derivative A2

* with the modified function Ā2
*. In the case of a cross sec-

tion prone to torsional flutter the difference between A2
* and Ā2

* tends to be small [16]. As said 
before, the term proportional to H1

*A3
*, which is equivalent to A1

*H3
*, gives the main destabiliz-

ing contribution, in agreement with the conclusions of other authors [tt,gg,jj]. Nevertheless, if the 
nondimensional mass moment of inertia I/(ρB4) and the frequency ratio are not too large, also the 
term proportional to A2

*A3
* can play a non-negligible destabilizing role. 

This simple flutter formulation can give some indications to tailor the structure at early-design 
stages and increase the flutter critical wind speed by modifying the structural dynamic properties 
of the bridge. In particular, it can help to understand to which extent the classical strategies are 
really efficient. Obviously an increase of the torsional frequency (especially by increasing the tor-
sional stiffness of the structure) has a positive effect, because the dimensional critical wind speed 
increases, once the reduced critical wind speed has been fixed. The deck width plays an analogous 
role. However, more interesting is to understand how the reduced critical wind speed can be in-
creased. From Eq. (19) it is apparent that in the case of classical flutter instability an increase of 
the deck mass per unit length m has always a favorable effect with respect to flutter. Conversely, 
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if A2
* takes small values and the frequency ratio is already fairly large, a further increment of the 

frequency separation does not produce any appreciable increase of the reduced critical wind 
speed. In the same conditions an increase of the mass moment of inertia I tends to be not effec-
tive. However, the reduced critical wind speed tends to be more sensitive to variations of the mass 
moment of inertia in case of large values of the structural damping in torsion, due to the second 
term of Eq. (18). Nevertheless, it must be remarked that the discussed parameters are generally 
related (for instance, the frequency ratio depends on the ratio of the mass moment of inertia to the 
mass of the deck) and it is not possible to change them in a completely independent way. A de-
tailed discussion of the effects on the flutter instability mechanism of the different structural dy-
namic parameters can be found in [16]. 

The simplified formulas can also help to explain the reasons for the different types of flutter 
instability highlighted in [rr]. It is worth noting that, once the bridge structural properties are 
fixed, one can observe hard- or soft-type flutter depending on the aerodynamic properties, as 
clearly shown in Fig. 1.10. In the same way, given the flutter derivatives, the type of instability 
can change depending on the structural properties of the bridge (see the lower frames of Fig. 1.7 
and Fig. 1.8). It is evident from Eq. (16) that, if rα

2μ is large and in particular if μ is large, the neg-
ative aerodynamic damping builds up slowly with increasing wind speed [rr]. In addition to that, 
in case A2

* takes small negative values, the role of structural damping on the mechanism of insta-
bility is non-negligible and soft-type flutter occurs. In fact, with reference to Fig. 1.10, the rectan-
gular cylinder R12.5 with respect to the flat plate presents similar values of H1

* and A3
* but much 

smaller absolute values of A2
* and  that is why one observes soft-type flutter for the former and 

hard-type flutter for the latter. 
Finally, it should be remarked that when a 2-DoF flutter calculation is performed, either rigor-

ous or simplified, the choice of the critical modes susceptible to couple is crucial. This selection 
must be based on the mode coupling coefficient [ii,18], which accounts for imperfect mode shape 
similarity, on the frequency ratio and on the absolute value of the torsional frequency. In many 
cases the choice is obvious in practice but sometimes more than one calculation are necessary to 
find the smallest flutter critical wind speed. Just in few cases, especially at erection stages of a 
bridge, the mode shapes are fairly complicated and this choice is not trivial. Sometimes even a 
multimode approach is necessary to properly account for the actual mechanism of instability [jj]. 

 

1.12 CONCLUDING REMARKS 

In the second part of this chapter it was shown that the problem of flutter stability can be ana-
lytically simplified by manipulating the flutter equations on the basis of experimental evidences. 
The procedure leads to two approximate equations, through which the critical reduced wind speed 
and the flutter frequency can be calculated with just three flutter derivatives instead of the usual 
eight coefficients. These formulas give accurate results provided that the frequency separation of 
the critical modes is not too small. This result represents a considerable simplification and it al-
lows a deeper understanding of the flutter mechanism and the consequent better tailoring of the 
bridge structure at early-design stages. In particular, the proposed formulas help to explain the 
role played by the damping and other structural parameters in the instability onset. 
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Figure 1.10 Example of soft-type and hard-type flutter for the same structure (μ = 178.6, rα = 0.353, γω = 1.96,  

ζh = ζα = 0) with different aerodynamic properties. The total modal damping (structural + aerodynamic) 
is plotted against the normalized wind speed (fα is the still air torsional frequency). Solid and dashed 
lines refer respectively to torsional- and heaving-branch modal damping 
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2 Innovative deck configurations and suspension 
systems for long-span bridges 
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2.1 INTRODUCTION 

The University of Chieti-Pescara Research Unit of AER_BRIDGE project have been dealing 
with the structural response bridges to wind actions. The studies developed during the past co-
financed projects (1997-1998 “RESACIV” - Researches and experimental campaigns for building 
aerodynamics and wind engineering; 1999-2000 “ACME-CUE” - Analysis, control and mitigation 
of aeolian risk in buildings and urban environment; 2001-2002 “WINDERFUL” - Control the 
aeolian risk and ensure the serviceability of structures and infrastructures; 2003-2005 
“PERBACCO” -  Performance during the whole life, innovation and design criteria of structures 
and infrastructures withstanding eolic action and other natural events) represent the starting point 
to achieve the goals of the present research project. 

In particular, during these two years, the activities have been focused on wind-structure 
interaction of long-span suspension bridges with multiple-box steel deck. Although classical 
multiple-box girder decks are characterized by a high aeroelastic stability, the increase of the span 
length of recent bridges causes a dangerous sensitivity to aeroelastic phenomena, within both 
serviceability and ultimate limit states: it is extremely important to guarantee a reliable safety 
margin with respect to the collapse due to flutter. This aim has been pursued by improving the 
system stability from a structural and an aerodynamic point of view: on the one hand, the 
influence of the box spacing on the aeroelastic behaviour of the deck has been investigated, and, 
on the other, the possibility to enhance the flutter stability with innovative structural solutions (by 
increasing the frequency separation or by obtaining torsional-to-bending frequency ratios smaller 
than one) has been tested. The results, summarized in the following sections of this chapter, and 
reported in details in the cited papers, has been obtained interpreting numerical and experimental 
analysis, in collaboration with the University of Florence and the University of Trieste. 

2.2 DEVELOPMENTS IN DESIGNING WIND-RESISTENT LONG-SPAN BRIDGES 

The span length of modern suspension bridges has always been increasing and consequently 
the control of the structural response to steady and unsteady wind loads is nowadays a design 
priority: it is important to postpone flutter to high wind speed, in spite of low natural frequencies 
and low frequency ratios usually characterizing long-span bridges, while drag and moment forces 

Claudio Borri & Claudio Mannini (Edited by), Aeroelastic Phenomena and Pedestrian-Structure 
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have to be kept as low as possible. The deck, therefore, has a key role in designing long-span 
bridges, despite being a secondary element in the static behaviour of the whole system.  
 In view of this assumption, traditionally, the design solutions to control aeroelastic stability of 
suspension bridges aim to follow two possible approaches: if, on the one hand, to increase deck 
stiffness may be one of the choices (e.g. adopting stiffening truss, which is basically stable from 
an aeroelastic point of view, with static aerodynamic coefficients slightly dependent from 
rotations, but with rather high values of drag forces; the deck of the Akashi Kaikyo suspension 
bridge in Japan is a recent example); on the other, to improve its aerodynamic characteristics is a 
feasible alternative (e.g. adopting a streamlined section, which generally presents very low drag 
coefficient, if the deck height is less than 3 m). Although both approaches appear to be an 
effective design criteria for small or medium-span bridges, they involve significant technical and 
economic consequences for long-span bridges: it is necessary to increase the deck height, and 
consequently the structural supports dimensions (main cables and towers with their anchorages), 
to obtain sufficient resistance to wind actions, enhancing the construction costs.  

Only recently, the design approach of decks has undergone a further development. Multiple-
box stiffening girder decks seem to meet lightness and aerodynamic requirements fairly well. For 
these reasons, in the last years a special attention has been devoted to this cross-section layout: 
e.g. Matsumoto et al. [a,b], Sato et al. [c], Ogawa et al. [d] and Larose and D’Auteuil [e].  
 One of the most outstanding applications of this deck configuration is the design of Messina 
Strait Bridge (Italy) proposed in 1992: a 3300 m main-span suspension bridge [f,g,h] (Fig. 2.1-
2.2), whose cross section is characterized by three curved boxes, connected every 30 m by 
transversal beams. This structural solution, presenting very low drag static coefficients and low 
structural weight, seems to be, now, the best structural solution to ensure both aeroelastic stability 
(in the range of wind speeds of practical interest) and a good balance between technical and 
economic requirement for long-span bridges. 

 

 
Figure 2.1 Messina Strait bridge lateral view 
 

 
Figure 2.2 Messina Strait bridge deck section (1992)  
 
 Experience made during the design studies for the Messina Strait bridge was, certainly, 
valuable and the original project is only marginally improvable. Moreover, these studies were 
oriented to achieve the best result for that specific situation: a bridge with a long span (3300 m), 
with an exceptional deck width (60 m) to place ten roadway lanes (two reduced lanes in addition 
to inspection and maintenance) and two railway lanes. In that situation, it was immediately clear 
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that changes to the pure suspension system (main cables in the configuration due to their weights 
and deck loads through vertical hangers) were not necessary, and only the aerodynamic study of 
the deck was sufficient to ensure good performances for both aeroelastic stability and vibrations 
due to vortex-shedding. Nevertheless, today, it is required to extend the studies conducted for the 
specific case of Messina bridge to different configurations, in order to obtain reductions of 
construction costs (e.g. adopting simplified multiple-box decks with some lower aerodynamic 
characteristics, but with adequate performance in terms of aeroelastic stability against flutter, 
vortex-shedding, etc.). During this research project, starting from the original Messina Strait 
bridge design (1992), sets of different multiple-box deck configurations have been investigated to 
achieve this goal. In particular, to obtain realistic proposals of suspension bridges in terms of 
design criteria, two are the main design approaches that have been pursued: 

 
(a) in primis, the analysis of the influence of different spacing between longitudinal 

boxes in the aeroelastic response of the whole structural system; 
  

(b) in secundis, the evaluation of the possibility to increase the aeroelastic stability of 
long-span bridges by means of innovative solutions affecting the structural side of the 
design, testing: 

  

(b.1) the benefits on the of natural frequencies separation after introducing some simple 
structural elements (e.g. crossed hangers); 

  

(b.2) the possibility to obtain the total inhibition of the flutter instability mechanism by 
inverting the torsional and the bending natural frequencies of the lower modes with 
similar shapes. 

 
The original grids between the boxes have not been considered within these studies, according 

to the recent deck configuration proposed during the General Contractor selection in 2005 
(Fig. 2.3). As a consequence, the two lanes for railway maintenance have been eliminated and the 
total number of road lanes has been reduced, from the original three to two for each roadway. 
 

 
Figure 2.3 Messina Strait bridge deck section (2005) 
 

The central span (3300 m), the side spans (960 m and 810 m), the maximum sag of the 
suspension cables (300 m) and the tower height (around 380 m) have been unchanged, while the 
deck geometry, the distance between the main cables and the shape of the towers have been varied 
in order to obtain the examined configurations. 
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 In the case of the approach (a), four bridges reproducing the basic geometry of Messina Strait 
bridge, each one characterized by a progressive reduction of the gap between longitudinal boxes, 
have been analyzed. The results, shown in Section 2.3, have been used to determine the bridge 
system with the best balance between construction costs and adequate performance in terms of 
aeroelastic stability against classical flutter. 

In Section 2.3, the first results about an ongoing research about nine new multiple-box deck 
layouts, with simplified boxes supporting railway, are also presented. In this context, different 
boxes spacing in relation to different vertical hangers distances have been taken into account. 
 In the second part of the chapter, the point of view drastically changes, as the possibility to in-
crease the aeroelastic stability of long-span bridges by means of innovative solutions affecting the 
structural side of the design has been investigated.  
 In particular, as regards the approach (b1), higher frequency separation between lower modes 
with similar shapes has been tested after introducing four pairs of “crossed hangers” on the bridge 
models reproducing the original Messina bridge and the first four bridges presented in (a). The 
results shown in Section 2.4 have been useful to evaluate the benefits of this structural solution on 
classical flutter wind velocity. 

As regards the approach (b2), different bridge configurations have been analysed to find a 
structural solution with torsional-to-bending frequency ratios smaller than one. As a matter of 
fact, a suspension bridge with this characteristic could be in a position to avert dynamic instability 
phenomena due to classical flutter. Referring to this approach, whose results are shown in Section 
2.5, the basic idea is to avoid classical flutter by inverting the torsional and the vertical bending 
natural frequencies of the lower modes with similar shapes (that is to obtain torsional-to-vertical 
bending frequency ratios lower than one), by modifications of the mass distribution over the deck 
with respect to the position of the suspension cables. As a matter of fact, if this was possible and 
compatible with all the design constraints, the effect of fluid-structure interaction would be the 
reduction with the wind speed of the torsional frequency and, at the same time, the increase of the 
vertical bending frequency: the modes would tend to further separate instead of coupling and 
consequently they could not give rise to classical flutter. This happens even if such frequencies 
tend to coincide in still air. This result is theoretically well known but completely unexplored in 
practice [i].  

It is worth noting that the natural modes that tend to couple are those that present similar 
shapes, so in these studies only those modes with torsional and vertical modal forms characterized 
by the same number of nodes, are considered. Accordingly, as only the inversion of critical 
frequencies does not eliminate the problem entirely, since higher modes can still couple, however, 
the coupling of the fundamental modes happens, in general, at the lowest wind velocity, so that, 
considering higher modes means to delay significantly the onset of flutter. 

Finally, being released from the need to introduce structural solutions designed to increase the 
deck torsional stiffness (beyond the stiffness strictly necessary for the static stability) or to 
optimize its aerodynamic characteristics (beyond the limit to ensure a good behaviour against 
vortex-shedding, turbulence and torsional flutter), the design efforts can be focused primarily on 
the research of that particular distribution of masses on the deck that is able to ensure the pursued 
result. This approach also greatly reduces laborious numerical simulations and experimental 
campaigns in wind tunnel. 

In order to obtain further reductions in construction costs with respect to aerodynamically more 
sophisticated solutions, the results about some simple structural typologies to support traffic lanes, 
such as truss girders or steel boxes as transversal beams and orthotropic slabs on steel beams or 
steel boxes for the roadway, are shown in Section 2.5. 
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 For each examined configuration, after evaluating the new scheme of dead and live loads 
acting on the decks and after redesigning each structural element, experimental and numerical 
analysis have been carried out. The whole process, starting from the original design criteria of 
Messina ‘92, ensure that the reliable safety margins within both serviceability and ultimate limit 
states are not inferior to those of the initial project. Thus, the structural weight reductions that 
have been obtained (steel for deck elements, cables and towers), can be considered fully 
representative of the variations in costs among different bridge layouts.  
 To obtain a geometrical optimization of multi-box decks, it has been considered suitable to 
realize an experimental campaign in the “CRIACIV” (Inter-university Research Center on 
Building Aerodynamics and Wind Engineering) boundary layer wind tunnel, using 1:100 scale 
models and the design solution 1992 for the Messina bridge as reference.  
 To evaluate the static and dynamic structural response to dead, anthropogenic and eolic 
actions, several numerical simulations have been build up. To this purpose, different numerical 
models have been realized, using section and full three-dimensional finite element (FE) models. 
Most of the numerical analysis have been performed using “Tenso”, a software to solve nonlinear 
problems of two and three-dimensional FE models consisting of  “cable” and “beam” elements, 
implemented by the Research Unit. In particular, to weigh the influence of the main static 
deformed configurations on the stability range, many modal analysis have been performed for 
each examined bridge under dead loads. The results have been used for subsequent evaluations of 
the frequency modes directly involved in the classical flutter (about the first twenty modes). 
 The structural response to wind actions has been assessed with both frequency-domain and 
time-domain analysis.  
 In the case of time-domain analysis, an incremental-iterative process to find the solution of the 
equilibrium equations has been used. This kind of numerical procedure allows to define a scalar 
relationship between forces and displacements, that is characteristic of each structure studied and 
that allows to reduce to a one-Degree-of-Freedom (1-DoF) equivalent system the search of the 
maximum displacement of a structural system subject to some external actions. The dynamic 
integration is made up in terms of Lagrangian coordinates and mechanical damping is estimated 
through the mass and stiffness matrices (Rayleigh). As for the wind speed, its main component is 
considered variable with the height of each structural element, following the “Logarithmic Law” 
introduced by Monin Oberoff. Finally, a quasi-steady load model (QS) [1] has been used, getting 
the aerodynamic data from the aerodynamic coefficients measured in the CRIACIV wind tunnel, 
whereas the aeroelastic derivatives are seldom measured with dependence on the flow angle of 
attack. The sign convention adopted to implement this numerical process is shown in Figure 2.4 
and the aeroelastic forces (Lift, Drag and Moment, respectively) have been derived from the 
following formulations: 

( ) ( )θρθ LrL BCUF 2

2

1=  (2.1)

( ) ( )θρθ DrD BCUF 2

2

1=  (2.2)

( ) ( )θρθ MrM BCUF 2

2

1=  (2.3)
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where ρ is the  air density, Ur is the relative velocity, B is the deck width, CL(θ),CD(θ) and CM(θ) 
are the aerodynamic coefficients for lift (L), drag (D) and Torsion (M), functions of the actual 
angle of incidence θ. 

 
Figure 2.4 Sign convention for forces, displacements and velocities 
 

All time-domain analysis, whose duration is 1000 s, have been preformed for a range of wind 
speed of practical interest. 
 The results of experimental and numerical analysis, synthesized in the next Sections and 
reported in detail in [11-17], highlight the actual possibility of achieving reductions in 
construction costs, while retaining acceptable performance in terms of stability against flutter, in 
the case of a long-span bridge with multiple-box deck. 

 

2.3 SENSITIVITY ANALYSIS OF AEROELASTIC BEHAVIOUR OF LONG-SPAN BRIDGES WITH   

MULTIPLE-BOX DECKS 

 In this section, the results about static and aeroelastic numerical tests performed on four bridge 
models, reproducing the basic geometry of Messina Strait bridge, are shown. These deck profiles 
are characterized by a different distance between longitudinal boxes (8 m, 6 m, 4 m e 2 m).  
 

 
Figure 2.5 Deck cross-section scheme of the four solutions investigated (a1), (a2), (a3) and (a4) 
 

The geometry and the size of the three longitudinal boxes supporting roadways and railways 
(including their weight and stiffness) is the same adopted in the reference project, while the size 
of the transversal beams changes from the original width of 52 m (a1) to 48 m (a2), 44 m (a3) and 
40 m (a4). As a consequence, due to the elimination of the original grids between the boxes (and 
the related four road lanes, while the maximum rail loads remain unchanged) and due to the 
variation of deck widths, the loads acting on the examined cross beams are lower than the original 
one. In Figure 2.5, the layouts of the four decks are summarized. 
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2.3.1 Feasibility study 

 To better analyze the effects of the new load conditions on the examined bridges and, in 
particular, to evaluate the weight reductions on the transversal beams, four numerical models, 
made up of “shell” FE, have been realized (Fig. 2.6). After varying the plate thickness and after 
redesigning the shape of the transversal beams (adapting deck width and height, systematically), 
new stress-deformation conditions have been evaluated in order to select the better geometrical 
shapes, according to the original design criteria. 
 

 
Figure 2.6 “Shell” FE model of the (a1) transversal beam  
 

Having obtained the size of the new transversal beams, both the suspension cables and the 
towers have been redesigned too, respecting the original design criteria. 

In Table 2.1, and in details in [1], the weight reductions of the examined bridges (a1-4), in 
comparison with the original Messina bridge weight, are summarized. 
 

Deck Configurations Steel weight reduction  

bridge (a1) -17 % 

bridge (a2) -20 % 

bridge (a3) -22 % 

bridge (a4) -23 % 

Tab. 2.1 Weight reductions of the examined bridges (a1-4) in comparison with the original Messina bridge 
 

 To optimize the parametric analysis and to reproduce the principal dynamic characteristics 
(and, in primis, the modal characteristics) of the detailed model, the “shell” FE deck models have 
been replaced with the “beam” FE deck models. Each two-dimensional model has been realized 
with the same initial masses distributions of the corresponding three-dimensional ones. 

For all the numerical models of each deck configuration (a1-4), modal analysis has been 
carried out to minimize, for subsequent iterations, the differences due to two schematizations of 
the structure. In particular, after considering the first four modes with similar shape, the geometric 
characteristics of the two-dimensional models have been varied in order to obtain the same natural 
period of vibration as the corresponding three-dimensional ones (the results of the particular case 
that refers to the model (a1) is shown in Fig 2.7-2.8). This aim was achieved by changing the 
value of the vertical moment of inertia of both the transversal and longitudinal beams, reaching a 
very good approximation with a difference between corresponding modal frequencies below 1%. 
The full results of this analysis are reported in [1,2]. 
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 It is important to specify that the identification process (the outputs of which have been used to 
define the geometric characteristics of the decks in the global numerical models) has been realized 
without considering all the local modes of vibration produced by the many degrees of freedom of 
the three-dimensional models and by the multiple modes due to deck symmetry. 
 

  
Figure 2.7 1st vertical mode of the deck (a1), constituted by shell FE model - T=0.31 s (left), compared with the 

corresponding beam FE model - T=0.31 s (right) 
 

  
Figure 2.8 1st torsional mode of the deck (a1), constituted by shell FE model - T=0.22 s (left), compared with the 

corresponding beam FE model - T=0.22 s (right) 

2.3.2 Modal analysis results in still air 

 After implementing a full three-dimensional FE model for the four bridges, different modal 
analysis have been performed with Tenso to obtain the first twenty modes and to evaluate the 
relationship between the 1st torsional and the 1st vertical modal frequencies in relation to the decks 
width reductions (Fig. 2.9). All numerical models consist of 1006 joints, 592 “cable” FE and 925 
“beam” FE. 
 

       
Figure 2.9 1st vertical (left) and 1st torsional (right) modal shapes referring to FE models of the bridges (a1-4) and 

Messina bridge 
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 In Table 2.2, and in [1,2], the frequencies values related to the first two torsional (1st fα) and 
vertical (1st fh) modes and the 1st torsional-to-1st bending frequency ratio (1st γω = 1st fα/1st fh) in still 
air are indicated, for each examined bridge including the original Messina bridge. 
 The analysis results show how, while decreasing the deck width, the frequency of the 1st  
bending mode remains almost unchanged and the frequency of the 1st  torsional mode increases 
from 0.08094 Hz (obtained for the original Messina bridge) to 0.0866 Hz (obtained for the bridge 
(a4)), enhancing the separation between the modes which are directly involved in the flutter 
phenomenon (from the original ratio of 1.33, obtained for the original Messina bridge, to 1.43 
obtained for the bridge (a4)). 

This phenomenon indicates, theoretically, a growing of flutter wind speed in proportion with 
the reduction of the deck width. 
 

Deck Configurations Modal Frequencies 

 1st fα [Hz] 1s t fh  [Hz] 1st γω 

Messina ’92 bridge 0.0804 0.0604 1.33 

bridge (a1) 0.0821 0.0604 1.36 

bridge (a2) 0.0823 0.0604 1.38 

bridge (a3) 0.0847 0.0605 1.40 

bridge (a4) 0.0866 0.0605 1.43 

Tab. 2.2 Modal frequencies of the examined configurations (a1-a4) in comparison with Messina bridge 

2.3.3 Frequency-domain analysis results 

 Starting from the results obtained during static tests performed in wind tunnel for models with 
fairings [2] and using a software developed by the Research Unit, critical wind velocities of flutter 
have been deduced using a frequency domain analysis on the section models of decks (a1-4). This 
procedure, developed under the assumption of the QS theory (i.e. for sufficiently high reduced 
wind speed), while introducing an error (whereas for the high wind speed of flutter that have been 
obtained is not so relevant), leads to significant results at least as regards the comparison between 
the different bridge configurations that have been examined [k,l,m]. 
 The critical wind speed for aeroelastic instability is that of a classical two-Degree-of-Freedom 
(2-DoF) flutter [k], in which only two natural modes (with similar shapes, one vertical and one 
torsional) are involved. 

In Table 2.3, critical wind speeds (UC), calculated as shown in [k,l,m], and the natural periods 
of vibration (TC) are indicated.  
 

Deck Configurations TC [s] UC [m/s] 

Messina ’92 bridge 15.03 94.0 

bridge (a1) 12.89 86.7 

bridge (a2) 12.96 79.4 

bridge (a3) 12.86 88.6 

bridge (a4) 13.16 65.1 

Tab. 2.3 Wind velocity of flutter of the configurations (a1-4) and Messina bridge 
  
 The analysis results show that the deck width reduction lowers the critical wind speed of 
flutter, from 90 m/s (obtained for Messina bridge) to 65 m/s (obtained for the bridge (a4)). 
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2.3.4 Time-domain analysis results 

 Using the experimental data referring to the original Messina deck [n], time-domain analysis 
have been performed with Tenso, for each examined bridge (a1-4) and for the original one. 
Following the sign convention shown in Figure 2.4, in Figures 2.10-2.12 the time-domain analysis 
results are shown, being Fy and Fz the drag and lift aeroelastic forces and Mx the aeroelastic 
moment.  

In particular, Figure 2.10 shows the values of the aeroelastic forces referred to the original 
Messina bridge under a wind speed of 95 m/s; Figure 2.11 shows the values of the aeroelastic 
forces referred to the bridge (a1) under a wind speed of 90 m/s and Figure 2.12 shows the values 
of the aeroelastic forces referred to the bridge (a2) under a wind speed of 85 m/s. 
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Figure 2.10 Aeroelastic forces for the original Messina bridge obtained from the static coefficients reported in [n] 

under a wind speed of 95 m/s 
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Figure 2.11 Aeroelastic forces for the bridge (a1) obtained from the static coefficients reported in [n] under a wind 

speed of 90 m/s 
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Figure 2.12 Aeroelastic forces for the bridge (a2) obtained from the static coefficients reported in [n] under a wind 

speed of 85 m/s 
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 The time-domain analysis results underline that, there is a minimal change in the flutter critical 
wind velocity with respect to deck width reduction (the same trend was disclosed also by 
frequency-domain analysis results shown in the previous Section). The masses reduction involves 
a lowering of critical wind velocity of flutter just over 5%, passing form the original Messina 
bridge to the bridge (a1). The same happens reducing the deck width, i.e., passing from the 
configuration (a1) to the configuration (a2). That fact is largely confirmed by the results of 
aeroelastic tests performed in CRIACIV wind tunnel for the section models of the examined 
decks and reported in [2]: a critical wind velocity of flutter equal to 25.3 m/s for the bridge (a1) 
and a critical wind velocity of flutter equal to 24.8 m/s for the bridge (a1). 

2.3.5 Work in progress 

 To extend the studies on the aeroelastic sensitivity of multiple-box decks for long-span bridges, 
retaining the intent to investigate possible savings in construction costs and, simultaneously, an 
acceptable aerodynamic behaviour, a new parametric study about multiple-box decks has been 
developed, considering: 
 
- a simplification of the structures supporting the railways, including the introduction of a new 

way for rail maintenance; 
- a systematic decrease of the distance between vertical hangers; 
- a reduction of the gap between the longitudinal beams. 
 

 
Figure 2.13 Deck cross-section scheme of the three investigated solutions (a5-7) 
 
 

Tab. 2.4 Geometric characteristics of the nine new bridges (a5-7) 
  

 Deck 
Configurations 

Deck width 

[m] 

Hanger distance 

[m] 

Trasversal beam height 

[m] 

Railway box height 

[m] 

(a5) bridge (a5.1) 52 30 4.50 2.0 

 bridge (a5.2) 52 25 4.50 1.8 

 bridge (a5.3) 52 20 4.50 1.6 

(a6) bridge (a6.1) 49 30 4.15 2.0 

 bridge (a6.2) 49 25 4.15 1.8 

 bridge (a6.3) 49 20 4.15 1.6 

(a7) bridge (a7.1) 46 30 3.80 2.0 

 bridge (a7.2) 46 25 3.80 1.8 

 bridge (a7.3) 46 20 3.80 1.6 
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In particular, after replacing the original railway box with two simplified boxes with different 
height (from 2 m, 1.8 m to 1.6 m) in relation to a systematic decrease of the distance between 
vertical hangers (from 30 m, 25 m to 20 m) and after reducing the gap between the longitudinal 
beams (from 52 m, 49 m to 46 m), nine new bridges have been obtained as synthesized in Figure 
2.13 and in Table  2.4. 
 Also in these cases, numerical models of the new transversal beams, made up of “shell” FE, 
have been realized in order to contain stress-deformation values within the range defined in the 
original design criteria. 

Having obtained the size of the new transversal beams, both the suspension cables and the 
towers have been also redesigned, with respect to original design criteria. 

In Table 2.5, the weight reduction estimate about the global structures examined (a5-a7), in 
comparison with the original Messina bridge weight, are summarized.  
 

Deck Configurations Steel weight reduction 

deck (a5.1) -15 % 

deck (a5.2) -16 % 

deck (a5.3) -20 % 

deck (a6.1) -16 % 

deck (a6.2) -17 % 

deck (a6.3) -22 % 

deck (a7.1) -17 % 

deck (a7.2) -19 % 

deck (a7.3) -23 % 

Tab. 2.5 Weight reductions of the entire examined structures (a5-a7) in comparison with the original Messina 
bridge 

 
 After obtaining the geometric characteristics of each deck (implementing an identification 
process the “beam” FE similar to that described in Section 2.3.1), a full three-dimensional FE 
model for each of the four bridges has been implemented and, with Tenso, different modal 
analysis have been carried out. The numerical models referring to the bridges with vertical 
hangers spaced 30 m apart consist of 1115 joints, 592 “cable” FE and 925 “beam” FE, while the 
numerical models referring to the bridges with vertical hangers spaced 20 m apart consist of 1673 
joints, 890 “cable” FE and 1728 “beam” FE. 
 

Deck Configurations Modal Frequencies 

 1st fα [Hz] 1st fh  [Hz] 1st γω

Messina ’92 bridge 0.0804 0.0604 1,33 

bridge (a5.1) 0.0848 0.0605 1.40 

bridge (a5.3) 0.0838 0.0599 1.40 

bridge (a6.1) 0.0859 0.0605 1.42 

bridge (a6.3) 0.0875 0.0596 1.46 

bridge (a7.1) 0.0872 0.0605 1.44 

bridge (a7.3) 0.0880 0.0600 1.46 

Tab. 2.6 Modal frequencies of the examined configurations (a5-a7) and Messina bridge 
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 In Table 2.6, the frequency values related to the first two torsional (1st fα) and vertical (1st fh) 
modes and the 1st torsional-to-1st bending frequency ratio in still air (1st γω=1st fα/1st fh) are 
indicated, for the bridges examined with vertical hangers spaced 30 and 20 m apart, including the 
original Messina bridge. 

Even for these cases, the progressive reduction of the deck width tends to increase the 
frequencies of the 1st torsional mode, while the frequencies of 1st bending mode tends to remain 
constant, with positive effects on the separation between the modes directly involved in the flutter 
instability. 
 As this new group of bridges appear to be functional and with no serious aeroelastic problems 
(at least, around zero angle of attack), further investigations, both experimental and numerical, are 
currently underway to complete the feasibility study and response to flutter. 
 

2.4 STRUCTURAL SOLUTIONS TO INCREASE FLUTTER WIND VELOCITY  

 To increase torsional stiffness of the classic suspension system and, consequently, to improve 
the aerodynamic performance of long-span suspension bridges, it is possible to adopt different 
structural solutions [o]. 
 Probably the oldest technique to increase torsional stiffness is the introduction of auxiliary 
cables inserted in radial direction from the top of the tower (“additional cable stays”), as proposed 
by Roebling for the Brooklyn bridge. This method, although not strictly necessary for this 
structure, was used to suppress the oscillations caused by vortex-shedding at low wind speed [p]. 
The system of radial cables is effective to increase the torsional stiffness when applied to bridges 
with stiff towers or, alternatively, if the cables are anchored near the centre line in the case of 
bridges with flexible towers. 
 The “mono-dual cable” solution, for which the two main cables are unified into a single cable 
over the towers, allows combinations of low torsional inertia with desirable deformation 
characteristics. The aerodynamic stability of a long-span bridge with “mono-dual cable” system is 
similar to a classic smaller suspension bridge. 
 Another structural device used to increase the aerodynamic performance is the introduction of 
“crossed hangers” as done in the Deer-Isle bridge [q]. The “crossed hangers” increase torsional 
stiffness of suspension bridges because they neutralize “in phase” movements of the main cables. 
The “crossed hangers” require main cables to be reciprocally fixed in the lateral direction and  the 
introduction of compressed elements, for bridge-spans below a certain limit. This system 
contributes significantly to the rotational inertia of the system. 
 

 
Figure 2.14 Bridge (a1) FE model with crossed hangers located at 360 and 390 m from each tower 
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 To investigate the possibility to increase security against aeroelastic instability of multiple-box 
decks, the effect of the introduction of four pairs of “crossed hangers” (located at 360, 390, 1050 
and 1080 m from each tower) (Fig. 2.14) on the aeroelastic response of bridges with 
configurations (a1-a4) and of the original Messina bridge has been analyzed. “Crossed hangers” 
are, in fact, a structural solution that, apart from being a feasible device to use on a long-span 
bridge with the geometric characteristics such as the ones studied herein, simultaneously, satisfies 
the requirements of cost reductions and benefits for the aeroelastic stability [r]. 

2.4.1 Modal analysis results in still air 

 To evaluate the relationship between the 1st vertical and 1st torsional modal frequencies  
(Fig. 2.9) for the bridges (a1-4) after introducing four pairs of “crossed hangers” in each 
numerical model, different modal analysis have been performed with Tenso. 

In Table 2.7, the frequency values related to the first two vertical (1st fh) and torsional (1st fα) 
modes and the 1st torsional-to-1st bending frequency ratio in still air (1st γω=1st fα/1st fh) are 
indicated, for each bridge examined including the original Messina bridge. 
 

Deck Configurations Modal Frequencies 

 1st fα [Hz] 1st fh  [Hz] 1st γω 

Messina ’92 Bridge 0.0925 0.0603 1.53 

Bridge (a1) 0.0926 0.0603 1.53 

Bridge (a2) 0.0917 0.0603 1.52 

Bridge (a3) 0.0898 0.0604 1.49 

Bridge (a4) 0.0870 0.0605 1.44 

Tab. 2.7 Modal frequencies of the configurations examined (a1-a4) in comparison with Messina bridge 
 
 The results of modal analysis show that the introduction of “crossed hangers” is an efficient 
technique to increase the separation between the frequencies (from the original ratio equal to 
γω=1.33, without “cross hangers”, to γω=1.53, with “crossed hangers”, for the original Messina 
bridge). This benefit, however, is lost as the distance between longitudinal boxes reduces. In the 
case of the bridge (a4), the 1st torsional-to-1st bending frequency ratio obtained with or without 
“cross hangers” is virtually the same (from the original ratio γω=1.43, without “crossed hangers”, 
to γω=1.44, with “crossed hangers”). 

2.4.2 Time-domain analysis results  

Even in this case, using the experimental data referring to the original Messina deck [n], time-
domain analysis have been performed with Tenso, for each bridge examined (a1-4) and for the 
original one, after the introduction of “crossed hangers”. 

Following the sign convention shown in Figure 2.4, the time-domain analysis results are shown 
in Figures 2.19-2.20, being Fy and Fz the drag and lift aeroelastic forces and Mx the aeroelastic 
moment. In particular, Figures 2.19-2.20 show the values of the aeroelastic forces for the original 
Messina bridge obtained with the static coefficients reported in [n] and wind speed equal to  
110 m/s and 130 m/s, respectively. 
 Time-domain analysis results show that the introduction of four pairs of “crossed hangers” in 
the original Messina bridge has a positive effect on the critical wind speed of flutter: from the 
original velocity of 90 m/s, without “cross hangers”, to about 120 m/s, with “cross hangers”, 
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confirming the conclusions derived from modal analysis discussed in previous Section 2.4.1. In 
fact, the aeroelastic forces stabilize at 110 m/s, while they grow indefinitely at 130 m/s. 
 

2.5 INNOVATIVE STRUCTURAL SOLUTIONS AGAINST CLASSICAL FLUTTER INSTABILITY 

 Besides the possibility to separate the critical frequencies, the possibility of having torsional-
to-bending frequency ratios smaller than one (γω =  fα/fh < 1) has been also investigated. As a 
matter of fact, a suspension bridge with this characteristic could be in a position to avert dynamic 
instability phenomena due to classical flutter.  
 It is noteworthy that, among all the components of a suspension bridge, the deck and the main 
cables are designed to support anthropogenic loads. Their structural roles change with increasing 
the span. For suspension bridges with span up to 1000 m, the deck stiffness constitutes a 
significant portion of the whole structural stiffness. As the span increases, the deck contribution to 
overall stiffness decreases, while increasing the main cables stiffness. From a static point of view, 
this means that, while rising the span, the stiffness of the global structure increases. From a 
dynamic point of view, this peculiarity implies a reduction of the ratio between the frequencies 
associated with the vertical and torsional modes of the deck. 
 In order to evaluate the contribution of the deck stiffness in the case of Messina bridge, modal 
analysis has been performed with Tenso, after concentrating the deck masses on the main cable 
joints. The results, reported in Table 2.8, show that the deck stiffness, is not entirely negligible, as 
the two frequencies differ by about 10%. With that mass distribution, the torsional-to-bending 
frequency ratios would be equal to one, if the torsional deck stiffness was negligible. 
 Starting from these results new configurations have been investigated, with the aim of 
obtaining the inversion of critical frequencies. In particular, the following cases have been 
analyzed: 
 

(b2.1) three-box decks with three suspension cables, whose results are given in Section 2.5.1; 
  

(b2.2) twin-box decks with two suspension cables, whose results are given in Section 2.5.2. 
 

Deck Configurations Modal Frequencies 

 1st fh [Hz] 1st fα [Hz] 1st  γω 

 

Messina ’92 bridge 

 

 

 

0.0604 

 

0.0804 

 

1.33 

Messina ’92 bridge with deck 
masses concentrated on main 

cables 

  

0.0624 

 

0.0690 

 

1.11 

Messina ’92 bridge with deck 
masses concentrated on main 
cables and deck stiffness = 0 

  

0.0620 

 

0.0648 

 

1.04 

Tab. 2.8 Frequencies of the 1st vertical and 1st torsional modes of the Messina bridge with different mass 
configurations 

2.5.1 Three-box decks with three suspension cables  

 A first attempt to obtain torsional-to-bending frequency ratios smaller than one (γω =  fα/fh < 1) 
has been carried out after introducing a third suspension cable in the centre of the original 
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Messina bridge deck (Fig. 2.15) [1,2,3,4,5]. The original grids between the boxes have not been 
considered within this study.  

The shape, the dimension, and the position of the road and railway boxes are the same as in the 
original design of 1992 (apart from the small widening of the railway box due to the introduction 
of a third hanger), whereas the cross beam can be conceived with reduced thicknesses. The overall 
cable mass has been kept unchanged for the configuration (b2.1.1) 

 

 
Figure 2.15 Three-box deck cross-section scheme with three suspension cables (b2.1) 
 
 As the presence of the central cable does not allow to invert the natural frequencies (the ratio 
between critical frequencies goes from the original γω=1.33 to γω=1.30 after introducing the third 
cable) (Tab. 2.9), another configuration with three suspension cables have been analyzed. In this 
last case,  the mass of the central cable is twice of each cable on the sides (b2.1.1).  
 

Deck Configuration Modal Frequencies 

 1st fh [Hz] 1st fα [Hz] 1st γω 

 

 

 

bridge (b2.1.1) 

 

 

 

 

 

0.0605 

 

 

0.0789 

 

 

1.30 

Tab. 2.9 Frequencies of the 1st vertical and 1st torsional modes of the bridge (b2.1.1) 
 

Deck Configuration Modal Frequencies 

 1st fh  [Hz] 1st fα  [Hz] 1st γω 

 

 

 

bridge (b2.1.2) 

 

 

 

 

 

0.0605 

 

 

0.0773 

 

 

1.28 

Tab. 2.10 Frequencies of the 1st vertical and 1st torsional modes of the bridge (b2.1.2) 
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The results of modal analysis for configuration (b2.1.2) (Tab. 2.10) show that, even for this 

case, a minimum reduction of the ratio between critical frequencies has been obtained (the ratio 
between critical frequencies goes from the original γω=1.33 to γω=1.28). It is possible to obtain a 
frequency ratio γω=1.10 only by assigning almost the total mass to the central cable, 90 %, which 
is obviously just a mathematical abstraction.  
 As a matter of fact, the configuration with three suspension cables produces no appreciable 
effects on the inversion of critical frequencies. 

2.5.2 Twin-box decks with two suspension cables  

 An another configuration analyzed provides a twin-box deck with two suspension cables closer 
to each other and masses mainly placed on the outer sides. 

2.5.2.1 Feasibility study  

 Leaving unchanged the philosophy of the original Messina bridge, and considering, for 
simplicity, only longitudinal boxes supporting road traffic, three different configurations of the 
suspension bridge have been analyzed. In particular, the deck models (summarized in Fig. 2.16), 
obtained by changing the positions of cables and boxes, are: 
 

(b2.2.1) the deck configuration with 26 m gap between suspension cables; 
  

(b2.2.2) the deck configuration with 39 m gap between suspension cables; 
  

(b2.2.3) the deck configuration with 52 m gap between suspension cables. 
 
 Specifically, the so-called configuration (b2.2.1), has been obtained from the original deck 
moving the suspension cables inside the road boxes, while maintaining the original width, 
B=54.5 m. The so-called configuration (b2.2.3), has been obtained from the original deck moving 
the suspension cables outside the road boxes. The deck width, in this case is equal to 80.5 m. 
 The increase of the distance between the main cables, while increasing the maximum bending 
moment value (due to the transversal beam mass only), reduces the deck rotation when subjected 
to the same concentrated unit force (for instance, keeping unchanged the diameter of the 
suspension cables, the second deck presents torsional rotations equal to one half of those of the 
deck (b2.2.1)), with considerable benefits in terms of transverse deck deflection under 
unfavourable traffic load configurations.  
 

 
Figure 2.16 Twin-box deck cross-section scheme with 26, 38 and 52 m gap between the two suspension cables 

(b2.2.1) 
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 The configuration (b2.2.2) represents an intermediate case between the configurations (b2.2.1) 
and (b2.2.3), with space between the main cables equal to 39 m and deck width equal to 67.5 m. 
 The bending moment and the shear stress in the transversal beams are practically the same in 
the three cases and, therefore, their weights (and costs) increase only linearly with the spacing 
between the suspension cables, so that the difference in the total weight of the three decks is 
negligible. Obviously, the new deck configurations implied a modified design of the towers and 
suspension cables as well, according to the performance requirements of the original design of 
Messina bridge. 
 The study of the twin-box layouts follows the aim of achieving long-span suspension bridges 
for which it is possible to envisage an inversion of critical frequencies, only modifying the mass 
distribution on the decks. The choice to retain the original shape of the road boxes, however, 
ensures the persistence of a good aerodynamic behaviour (static response under wind, vortex-
shedding, response to turbulence). 

After defining the geometry, taking into account the actual traffic load conditions, new dead 
weights of the bridges have been calculated, as shown in Table 2.11. 
 

Deck Configurations Steel weight reduction  

deck (b2.2.1) -37 % 

deck (b2.2.2) -35 % 

deck (b2.2.3) -34 % 

Tab. 2.11 Weight reductions of the entire examined structures (b2.2) in comparison with the original Messina 
bridge 

 
 As shown in Table 2.11, despite all the precautions related to the simplifications made, the aim 
to obtain an optimization of the construction costs seem to be possible. To obtain a cost 
optimization, in terms of structural weights, is an actual possibility, even assuming to re-introduce 
the Messina bridge railway box (which represents approximately 20% of the weight of the entire 
dead load of the deck). 

2.5.2.2 Modal analysis results in still air 

 To investigate the structural behaviour of the preliminary twin-box decks, modal analysis has 
been performed on the simplified section models referring to configurations (b2.2.1) and (b2.2.2) 
with different mass distributions. Each model consists of infinitely stiff beam FE connected to two 
spring-supported cables.  
 The results for deck configurations with mass distribution similar to those presented in this 
Section are shown in Table 2.12 and, more extensively [1,4].  

It is important to note that the value of the critical frequencies of the modes involved in the 
flutter instability (which are directly dependent on the characteristics of the springs) is not as 
important as their ratio (which is independent of the springs themselves).  
 Since the analysis results shown above suggest the achievement of the critical frequencies 
inversion (γω =  fα/fh < 1), it has been decided to further their studies with additional modal 
analysis.  
 For each bridge with the twin-box deck configurations (b2.2), a full three-dimensional FE 
numerical model has been set up (Fig. 2.17). On each model a modal analysis with Tenso has 
been performed, under dead loads, in order to derive the frequencies and shapes (Fig. 2.18) of the 
most significant natural modes. The results are reported in the Table 2.13. 
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Deck Configuration 1st γω 
 

 
 

 

deck (b2.2.1) 

 

0.81 

 

deck (b2.2.2) 

 

0.88 

Tab. 2.12 Ratio between critical frequencies (1st vertical to 1st torsional modes) of the bridges (b2.2.1) and 
(b2.2.2) 

 

 
Figure 2.17 Bridge (b.2.2.3) full three-dimensional FE model 
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Figure 2.18 Shape of the first two vertical (on the left) and torsional (on the right) modes of the bridge (b2.2.3) 
 

Deck Configurations Modal Frequencies 
 1st fα  [Hz] 1st fh  [Hz] 1st  γω 2nd fα  [Hz] 2nd fh  [Hz] 2nd  γω 

bridge (b2.2.1) 0.06052 0.06074 0.99 0.07731 0.08211 0.94 

bridge (b2.2.2) 0.06077 0.06099 0.99 0.07720 0.08201 0.94 

bridge (b2.2.3) 0.06192 0.06181 1.00 0.07814 0.08197 0.95 

Tab. 2.13 Modal frequencies of the configurations (b2.2) 
  
 In view of the results summarized herein, configurations denoted as (b.2.2.1), (b.2.2.2) and 
(b.2.2.3) are retained as effective solutions to design long-span suspension bridges with frequency 
ratios lower than one. Even if the 1st torsional-to-1st bending frequency ratio is about one in still 
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air, the attainment of the aim against flutter instability is substantially obtained. In fact, it is 
known that the frequency separation is expected to increase under wind as a consequence of the 
reduction of the torsional frequency and of the slight increase of the vertical bending frequency. 
Consequently, the modes should tend to further separate instead of coupling, thus not giving rise 
to classical flutter. Moreover, the achievement of the aim of flutter-instability suppression is 
confirmed by the 2nd torsional-to-2nd bending frequency ratio, that is smaller than one for all the 
configurations examined. 

Modal analysis on twin-box decks of bridges with railways are underway. First numerical 
results on section models show that it is possible to obtain torsional-to-bending frequency ratios 
smaller than one if the centres of gravity of the boxes are external with respect to the suspension 
cable planes. 

2.5.2.3 Time-domain analysis results 

 In order to complete the analytical studies, time-history analysis have been performed on the 
global numerical model referring to the configuration described in Section 2.5.2.1. The self-
excited forces acting on the deck have been obtained from the static aerodynamic coefficients, 
measured in the CRIACIV wind tunnel for the decks shown in [5] (for the deck model with or 
without spoilers), following the QS analytical method. 
 The analysis results underline that flutter instability does not occur up to high wind speeds for 
both configurations (b.2.2). In Figures 2.21-2.22, time-domain analysis results are shown for the 
configuration (b.2.2.3) under a wind speed of 90 m/s, being Fy and Fz respectively the drag and 
lift aeroelastic forces on the bridge deck, Mx the aeroelastic moment with respect to the 
longitudinal x-axis of the deck, all referring to the sign convention of Figure 2.4. In particular, the 
aeroelastic forces in Figure 2.21 refer to the experimental model without spoilers, whereas the 
aeroelastic forces in Figure 2.22 are obtained from the static coefficients measured for the model 
with spoilers. Although large static deflections are evident over 100 m/s wind velocity for both 
bridge configurations, no flutter instability occurs in the wind speed range of interest. 
 Numerical and experimental studies show that such a bridge can be reasonably designed and 
the selected solution is a twin-box girder deck with masses mainly placed externally with respect 
to the suspension system. It is worth noting that this typology of multiple-box deck sections can 
be also very performing from the aerodynamic point of view, if correctly designed. 
 The aeroelastic behaviour of structures with frequency ratios lower than one has been both 
numerically and experimentally studied. No unexpected aeroelastic phenomena have been 
observed, while 1-DoF torsional flutter has been observed in the wind-tunnel only under 
particular conditions that are not significant from a design point of view.  

2.5.2.4 Work in progress 

 The use of boxes similar to those of the design of the Messina bridge deck (which require 
sophisticated metallic carpentries) leads to design of more expensive structures than those 
obtainable in a “traditional” way, at least for spans up to 3300 m.  
 In order to understand whether this type of deck with inverted frequencies can be economically 
advantageous for bridges with more or less 3000 m span lengths, it is necessary to verify if the 
relaxation of the aerodynamic constraints on the longitudinal beams can allow cost reductions by 
means of the use of simpler solutions from the constructional point of view. As a matter of fact, 
for these structures the aerodynamic optimization of the deck is supposed to be much less 
enhanced, since only a reduction of the static (in particular the drag and moment coefficients) and 
dynamic wind loads due to buffeting and vortex-shedding is required and not a substantial 
increment of the flutter critical wind speed.   
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Figure 2.19 Aeroelastic forces for the original Messina bridge with “crossed hangers” obtained with the static 

coefficients reported in [n] and wind speed of 110 m/s 
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Figure 2.20 Aeroelastic forces for the original Messina bridge with “crossed hangers” obtained with the static 

coefficients reported in [n] and wind speed of 130 m/s 
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Figure 2.21 Aeroelastic forces for the bridge (b2.2.3) obtained with the static coefficients reported in [5] (model 

without spoilers) and wind speed of 90 m/s 
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Figure 2.22 Aeroelastic forces for the bridge (b2.2.3) obtained with the static coefficients reported in [5] (model 

with spoilers) and wind speed of  90 m/s 
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 To evaluate cost reductions with respect to aerodynamically more sophisticated solutions (such 
as the one of Messina bridge), some simple structural typologies have been taken into account, 
such as truss girders or steel boxes as transversal beams and orthotropic slabs supported by steel 
beams or steel boxes for the roadway. Each deck configuration has been pre-designed for various 
values of the longitudinal spacing between the hangers (in a range between 20 and 30 m). In these 
cases the minimal required aerodynamic performance can be guaranteed through more or less 
simple non-structural aerodynamic appendices and in particular fairings [j].  
 During this research campaign an analytical-experimental approach has been followed. 
Assuming reasonable values of the aerodynamic coefficients for the different deck solutions, pre-
designs of the bridge have been obtained with a suspension scheme able to guarantee the 
inversion of the first pairs of modal frequencies (i.e., the torsional frequencies are lower than the 
corresponding vertical bending frequencies). Then the designs have been refined in order to limit 
the torsional rotations due to traffic loads. 
 Starting from the encouraging preliminary results obtained for the modified configurations of 
Messina bridge (Figs. 2.16), some simple deck configurations have been taken into account, in 
order to obtain the inversion of the first couples of modal frequencies, with respect to the original 
design criteria. The deck configuration with the roadways supported by an orthotropic steel slab 
and four steel beams with double T section and with steel boxes as transversal beams is one of the 
solutions investigated (Fig. 2.23). For this structural solution the distance between the main cables 
is 40 m and the steel mechanical characteristics of different structural elements of the deck are the 
same as for the original Messina bridge, in order to obtain realistic proposals of suspension 
bridges, in terms of design criteria. 
 The geometric characteristics of the structural elements have been defined considering both the 
local and the global static response of the bridge under dead loads and different operating load 
conditions. In particular, once defined the number of lanes, the total amount of traffic loads and 
their position and referring to asymmetric traffic actions at the serviceability limit state, the 
dimension of the transversal boxes has been defined locally, accepting simultaneously a 
transversal slope just over 1% and operating stresses well below the yield strength. 
 The longitudinal structures which support the roadways, have been stiffened with L-section 
steel elements, introduced to connect the main double T-section beams (Fig. 2.24), according to 
the plan scheme showed in Figure 2.25.  
 The geometric and mechanical characteristics of the towers, cables and hangers have been 
evaluated after finding the actual new permanent loads and mass distributions. 
 In order to evaluate the frequency ratio between vertical and torsional modes of the suspension 
bridge with the geometrical characteristics described above, full three-dimensional FE numerical 
models of deck sections and global structures have been set up. In particular, the global model 
consists of 1670 joints, 884 cable elements and 1360 frame elements. 

Referring to numerical global model results (Tab. 2.14), even if the 1sttorsional-to-1stbending 
frequency ratio is about one in still air, the attainment of the aim against flutter instability is 
substantially obtained. The achievement of the aim against flutter instability is confirmed by the 
2nd torsional-to-2nd bending frequency ratio, that is smaller than one too. 

To complete analytical studies, time-domain analysis have been performed on the global 
numerical model referring to the configuration examined. The self-excited forces acting on the 
deck have been obtained from the static aerodynamic coefficients measured in the CRIACIV wind 
tunnel for the deck shown in [7], following the QS analytical method. 
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Figure 2.23 Cross-section (AA) of the simplified deck with main suspension cables spaced 40 m apart 
 

 
Figure 2.24 Cross-section (BB) of the simplified deck with main suspension cables spaced 40 m apart 
 
 

 
Figure 2.25 Plan of the simplified deck with main suspension cables spaced 40 m apart 
 

Deck Configurations Modal Frequencies 
 1st fα  [Hz] 1st fh  [Hz] 1st  γω 2nd fα  [Hz] 2nd fh  [Hz] 2nd  γω 

Simplified twin-box deck 0.0602 0.0608 0.99 0.0725 0.0804 0.90 

Tab. 2.14 Modal frequencies of the bridge with simplified twin-box deck 
 
 The analysis results show that flutter instability does not occur up to high wind. Although non-
negligible static deflections and rotations have been found, no classical flutter instability occurs 
up to 60 m/s wind speed. Further numerical analyses with higher wind velocities show an increase 
of rotations due to the low torsional stiffness of longitudinal beams. This phenomenon can be 
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reduced after introducing few pairs of X-shaped structural elements to connect the truss girders in 
the longitudinal beams. 
 The preliminary results obtained for the long-span suspension bridge with a simplified twin-
box deck configuration seem to lead to the conclusion that the proposed solution is feasible and 
can imply a significant reduction of costs of deck construction, with respect to the much more 
sophisticated metallic carpentries designed for Messina bridge. 

To complete the feasibility study and response to flutter, further investigations, both 
experimental and numerical, are currently underway. 
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2A  Appendix to Chapter 2: Geometrically nonlinear 
finite element analysis 

Fabio Rizzo, Piero D’Asdia 
Università “G. D’Annunzio” di Chieti-Pescara 

2A.1 INTRODUCTION 

The non linear finite element analyses used to acquire data for this research were calculated 
with a software called TENSO, now in its eight edition. This non-commercial software was first 
written in the ’70s but evolved into its fullest configuration in the ’90s when professor and engi-
neer Piero D’Asdia and his group used it to design the Messina Strait bridge. In recent years many 
subroutines have also been completed and updated, creating an instrument that is ideal for analyz-
ing structures with non-linear geometric characteristics such as cable structures, suspension 
bridges or tensostructures. All the algorithms in subroutines that compose the program were re-
constructed and re-tested during this research project in order to record all the flow charts and ma-
thematical procedures executed by the program. The object of this appendix is to illustrate the 
main characteristics of the software and demonstrate its potential. 

 

2A.2 FINITE ELEMENT MODEL  

TENSO can evaluate parabolic cable structures in various ways: dividing the cable into a suit-
able number of rectilinear cable elements makes it possible to configure an elastic catenary confi-
guration or a parabolic cable. The rectilinear cable finite element requires only nodal loads. Poss-
ible applications include suspension bridges with a center distance between hangers that is suffi-
ciently small compared to the cable span so that loads can be considered as concentrated on the 
nodes. Another application is cable net roofs where the distance between cables compared to the 
maximum span of the roof is sufficiently small. When the finite element model contains this kind 
of element the global stiffness matrix is updated for each loading step by assembling stiffness ma-
trices of the elements varied according to the strains found in the previous step. This takes into 
account the geometric nonlinearity of the structure. The parabolic cable finite element is used to 
calculate cable structures with uniformly distributed loads. Use of this method depends on the dis-
tribution of the load on the cable: if the load is distributed along the cable span direction then the 
cable has a parabolic configuration; if the load is distributed along the axis of the cable then the 
finite element used is an elastic catenary element. 

Claudio Borri & Claudio Mannini (Edited by), Aeroelastic Phenomena and Pedestrian-Structure 
Dynamic Interaction on Non-Conventional Bridges and Footbridges, ISBN: 978-88-6453-200-4 (print) 
ISBN: 978-88-6453-202-8 (online) © 2010 Firenze University Press
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The uniform section beam finite element makes it possible to calculate the stiffness matrix of 
the beam and to account for axial forces coming from eventual pre-stressing or concomitant ther-
mal loads. This aspect is important, for example, when studying suspension bridges where axial 
force values are very high in the elements that form the towers and the deck. Beam finite elements 
with variable sections, used, for example, to optimize structural members, calls for identifying ten 
coefficients for a polynomial description of changes in areas and moments of inertia along axis of 
the beam. The stiffness matrix was evaluated using a numerical procedure based on the point va-
lidity of the elastic bond and on description of the range of displacement using six independent 
functions.  

The procedure initially calculates the flexibility matrix of the element, applying a system of 
forces and evaluating a natural displacement system. These terms are obtained as displacement 
values from actions of unitary forces to which an iterative algorithm converges. This algorithm 
recalculates them at each step using, along the axis of the beam, the balance conditions between 
stress characteristics and the natural forces on the configurations. These correspond to the dis-
placement field obtained in polynomial form, requiring resolution of the twelve conditions of ki-
nematic compatibility and balance furnished by the previous step. The Gauss method is used for 
the numerical integrations that are required. Four stiffness balance sub-matrices are then numeri-
cally obtained from the flexibility matrix by inversion and multiplication with the balance matric-
es in the current configuration. The program also has the possibility of introducing nodal dam-
pers. 

 

2A.3 NONLINEAR STATIC AND DYNAMIC ANALYSIS 

Tenso software simultaneously uses two methods to better approximate the global configura-
tion of a strongly strained structure: both by non linear incremental step by step numerical analy-
sis and by variable stiffness matrix progressive iteration methods as well as by the secant method. 

Using the incremental step by step method makes it possible to transform the non linear prob-
lem into a series of linear problems, each phase of which takes into account the load and strain 
history evaluated during of the previous step. A portion of load (ΔP) small enough to make sure 
the classic elasticity method can be used is applied for each step of analysis. This simple and clas-
sical approach, however, contrasts with the impossibility of a priori establishing the exact dimen-
sions of a sufficiently small load step, with the serious risk of not being able to check the quality 
of the solution. Various methods of transient stiffness matrix or instantaneous stiffness matrix 
have been developed to solve this problem. These are basically vector versions of the Newton-
Raphson (N.R.) method for solving non-linear equation systems. 

If displacements are large, the new stiffness matrix, Kk+1, evaluated based on the updated geo-
metric solution and based on the internal stress state, multiplied by the displacement vector, δk+1, 
gives an internal forces vector, Pk+1 that is not in balance with the external forces vector; the dif-
ference between these two force vectors is the out-of-balance force vector, Rk+1. This vector is 
then applied as an external load to correct the displacements Δδk+1. This increment in the dis-
placements vector is then used to update the geometric shape of the structure. 

The method used in Tenso to solve non linear dynamic analyses is the Newmark-beta method.  
The reasons behind this choice are to be found in its excellent performance especially regarding 
unconditioned stability and regarding the relative simplicity of calculations compared to other al-
gorithms. 

The implementation procedure takes place in these consecutive phases: reading of initial boun-
dary conditions; solution of the stiffness matrix with Newmark method β and γ, parameters that 
determine the stability and the precision of the integration procedure, set equal to ¼ and ½; defini-
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tion of the force vector; step by step calculation with an iterative process and check of numerical 
system convergence. A check of solution precision is performed at each integration step in order 
to evaluate the possibility of using a smaller integration step. The node reactions furnished by the 
stiffness of the generically strained structure, by the very nature of the integration algorithm, will 
generally be different from the applied external loads. These differences represent the unbalanced 
loads. The Newmark algorithm that is used contains a correction by which precision is calculated 
as the ratio between the unbalanced load norms and those of the loads applied on the unrestrained 
degrees of freedom. For each integration step there are non-null unbalanced loads that are added 
to the next loading step, bringing the load – deviation path near to the real path. 

 

2A.4 WIND-STRUCTURE INTERACTION 

It is possible to evaluate wind loads, during a non linear static or dynamic analysis done using 
Tenso, both based on analytical calculations and directly from wind tunnel data. Special simplifi-
cations are possible when analyzing suspension or stayed bridges. Drag, lift and moment forces 
on the deck can be calculated starting from the static polars obtained on section models in wind 
tunnels, as was done to study aerodynamic and aero-elastic behavior for the Messina Strait 
Bridge. It is then possible to simulate the effect of vortex shedding on the decks of suspension or 
cable-stayed bridges, on cables, hangers or stays and antennas just as along all slender structures 
such as towers or chimneys. 

The vibrations generated by vortex shedding are often cause of structural collapse (by exceed-
ing ultimate yield strength) or, more frequently, of fatigue collapse or of performance malfunc-
tions (the amplitude of vibrations can make the structure difficult or even dangerous to use). This 
is a particularly non linear phenomenon, influenced by many factors tied both to the characteris-
tics of the incident flow (such as, for example, the distribution of mean speed along the structure 
and, above all, the intensity of turbulence) and to the interactions between flows and structural 
motion. Tenso includes a subroutine of this wind load model that simulates the particular form of 
interaction between motion and force that is characteristic of the synchronization between the vor-
tex shedding and natural vibration. This concept is based on three empirical relations that make 
the size of the synchronization interval, the lift coefficient value and the motion-force phase de-
pend on the amplitude of the oscillation. In this way it correctly reproduces the hysteresis charac-
teristics of the phenomena [d]. 
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3 Structural design assisted by wind tunnel testing 

Massimo Majowiecki, Nicola Cosentino 
Università IUAV di Venezia 

3.1 INTRODUCTION 

This Chapter presents some of the recent experiences in wind tunnel testing, made by the Au-
thors within the design stage of steel structures. According to principle of the «design assisted by 
testing», contemplated by the Eurocode, the combination of tests and calculations is increasingly 
used. Multiples are the motivation of this increasing interest/demand. The sophisticated architec-
tural shapes (culminating in the «free form design»), the absence of corresponding reliable fluid-
dynamics models and the increasing flexibility of structures are probably the main ones. Not less 
important is the opportunity/necessity to confirm by control checks the assumptions made in the 
design, specially with respect to complex aeroelastic phenomena, such as lock-in, flutter, rain-
wind induced vibration, etc.. 

The main purpose of the paper is to outline the potentiality of the presented tests and the main 
problems encountered in their use. These aspects have to be accurately evaluated in defining the 
test specifications. 
 

 

 

Figure 3.1  Experimental deck model and deck section (Adige River Bridge) 
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The use of some data analysis techniques (such as the proper orthogonal decomposition, the 
sensitivity analysis, etc.), in keeping the essential design parameters, is presented too. 

The presented experiences refer to the tests performed during the design of: a cable stayed 
bridge on the Adige river (on the A31 motorway - Italy); the New Braga Stadium (Braga - Por-
tugal); the new Unipol headquarter Tower (Bologna - Italy); the tall building and the roof on 
«Piazza delle Città Lombarde» (Milan - Italy); the new Bologna town-hall (Bologna - Italy). 

 

3.2 THE ADIGE RIVER BRIDGE 

The design of the Adige river cable stayed bridge [1] was assisted by wind tunnel tests aimed 
to check the aerodynamic and the aeroelastic behaviour of the deck and of the tower. The tests 
were carried out at the «Politecnico di Milano» boundary layer wind tunnel (Fig. 3.1). 

Regarding the bridge deck, the aerodynamic static coefficients and the flutter derivatives (with 
a particular focus on the low reduced velocity values) were measured. The bridge deck was mod-
eled by an elastic mockup made by an aluminum structure. Since the (expected) ratio between the 
flexural and the torsional frequencies was quite close to the unity (0.85), this ratio was reproduced 
at the model scale to correctly take it into account for flutter investigation. 

The quasi-steady aerodynamic forces were measured in low turbulence conditions, at different 
angles of attack. The aerodynamic coefficients (Fig. 3.2) allow to determine the quasi-steady wind 
forces on the deck and to check the sensitivity to galloping. 

The aeroelastic behaviour was investigated by both a direct and an inverse method. By the di-
rect method the wind induced forces on the deck, under an imposed 1-DOF motion, are measured. 
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This allows to define and change a-priori the (mean) angle of attack; it also allows a large re-
producibility of the tests. On the other hand, the inverse method consist in measuring the forces 
on the duck during a free motion. This procedure allows to investigate the vortex shedding me-
chanism. 

Based on the wind tunnel measured aeroelastic derivatives (Fig. 3.3), the flutter critical condi-
tions (velocity and frequency) have been investigated by mean of the classical Scanlan-Tomko 
procedure (Fig. 3.4). The order of magnitudes have been checked by comparing the results with 
those obtained by the simplified Theodorsen theory. The influence of the angle of attack and of 
the inherent structural damping on the critical parameters has been checked too. 

In order to keep the aeroelastic behaviour at very low wind speeds, an alternative approach to 
the flutter problem has been adopted. The aerodynamic forces are written as: 
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Figure 3.3  Flutter derivatives H1* and A2*, for the attack angles 0°, 3°, -3° 

 

Figure 3.4  Real and imaginary parts of the flutter equation solution. Coupling of modes 1 and 3 – angle of 
attack 0° - linear interpolation (left) vs polynomial fitting of experimental coefficients (right) 
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where B and L are the deck dimensions (L = unit length), ρ is the air density, V is the wind speed, 
V*

ω = V/ωB is the reduced velocity, ω is the angular frequency, θ and z are the deck DOFs. It is 
possible to calculate the minimum damping necessary to avoid the excitation due to vortex shed-
ding. By considering only the equation of motion for the vertical displacement (which, in the 
present case, corresponds to the first vibration mode), the total damping is obtained by the super-
position of aeroelastic and structural damping components. 

In order to obtain stability against vortex-shedding, the total damping must be positive  
(Fig. 3.5): 
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Figure 3.5  Flutter derivatives h1* and a2*, at low reduced velocity 

 

 (a)  (b) 
 

 (c)

 (d) 

Figure 3.6  Aerodynamic coefficients at the pylon base: (a) CFX, (b) CFY, (d) CMX 
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(a) (b)

Figure 3.7  Spectral properties of the wake (a) and base bending moment vs wind speed (b) 

 
V* being the reduced velocity V* = V / Bf. Of course, this is an approximate procedure, because 
vortex shedding is a strongly non-linear phenomenon; it is here treated by a linear approach, but 
this allows to estimate the order of magnitude for the minimum structural damping which is ne-
cessary to protect the structure from vortex-shedding. 

The bridge tower model (flexible aeroelastic model) was firstly placed on a dynamometric bal-
ance to determine the aerodynamic forces and moments (Fig. 3.6) due to smooth wind. The same 
model was then linked to the ground and equipped by accelerometers and extensometers to meas-
ure the vibration induced by the vortex shedding. An independent anemometer measured the wake 
wind speed. 

The aerodynamic forces are used in the design of the tower sections. The “in-wake” wind ve-
locity spectra (Fig. 3.7a) allow to determine the Strouhal number; the relatively low dynamic 
magnification factor (DMF) of the bending moment (in the pylon) at the lock-in velocity 
(Fig. 3.7b) shows a moderate sensitivity to vortex shedding. 
 

3.3 THE NEW BRAGA STADIUM 

The tests for the design of the new Braga Stadium suspended roof [2-7] were carried out, inde-
pendently, at the “RWDI” and at the “Politecnico di Milano” wind tunnels. “RWDI” tests were 
performed on rigid models, to measure the pressure field on the roof, while a flexible (aeroelastic) 
model was tested at the “Politecnico di Milano”, in order to check the aerodynamic stabilities and 
the effectiveness of a possible external damping system. 

The wind pressures were derived from the tests on a rigid model (Fig. 3.8). Since the pressure 
time histories were simultaneously measured at different points, within the upper and the lower 
sides of the roof panels, the instantaneous pressure fields were available. 

Due to the different spatial distribution of upper and lower pressure taps, preliminary interpola-
tion was required to obtain the differential pressures, which represent the actual load on the struc-
ture. Despite the apparent simplicity of this operation, the instantaneous interpolation gave rise to 
uncertainties and numerical difficulties. 

The design wind speeds at the stadium site were derived from 1:1500 scaled wind tunnel tests 
(including a wide stadium surroundings), while the pressure coefficients were measured in 1:400 
model. 
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Figure 3.8  The New Braga Stadium and the RWDI pressure taps arrangement 

 
Both the wind speed profiles and turbulence presented different features in 1:400 tests with re-

spect to 1:1500 ones. In order to match the peak gust velocities between the two scale models at 
25 and 50 m heights (roof position), an equivalent design wind speed was calculated by RWDI. 
The “double model” was a source of further uncertainties and data treatment problems. It also out-
lined a more general problem which often occurs in defining the model reference height: due to 
the imperfect reproduction of the wind profile, significant errors can befall when wind tunnel di-
mensionless coefficients are used with reference to standard codes design wind speed. 
 

 
 

 
 

Figure 3.9  Proper orthogonal decomposition of the measured wind pressure fields 

 

(a) (b)
 

(c) 

Figure 3.10  References points/regions for the response evaluation and the sensitivity analysis (a), minimum reli-
ability index β for each direction (b) and distribution of β values along the slab (c) 
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The orthogonal decomposition techniques have been adopted to simplify the pressure represen-
tation, and to reduce the computational effort. The structural response was determined by sepa-
rately evaluating the mean, the quasi-steady and the resonant response. The first term simply 
takes into account the mean pressure distributions. The second one is obtained by performing a 
classical covariance proper orthogonal decomposition (POD). The third one takes into account the 
dynamic amplification of a suitable number of structural vibration modes, each one being excited 
by the unsteady wind pressures. 

The analytical procedure is synthesized in the following equations, while a typical result is 
summarized in Table 3.1 (with the reference to Fig. 3.10a). The Eqs. (3.3) resume the procedure 
to decompose (POD) a pressure field (Fig. 3.9), the Eqs. (3.4) determine the mean and the quasi-
static response and the Eqs. (3.5) refer to the resonant contribution. 

Let  p(t)={p1(t) … pm(t)}T  be a Gaussian stationary nil mean m-variate random process. Let Cp 
be the covariance (for τ = 0) matrix of p(t). This matrix is symmetric and positive definite, thus it 
admits the modal decomposition: 
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where λk and φk are kth eigenvalue and eigenvector of Cp and  x(t)={x1(t) … xm(t)}T is the  
m-variate random process, image of p(t) in the transformed space. 

The generic response R(t) of a linear system to the load p(t) can be expressed as: 
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where Rk is the generic response (load, deflection, etc.) due to the static distribution φk; 2
kxσ  is the 

variance of the process xk(t); gqs is the quasi-steady gust factor; σR,qs is the standard deviation of 
R; Rqs is the quasi-steady peak (minimum and maximum) response. 

The inclusion of resonant effects can be accomplished using the equations: 
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where gh is the hth modal gust factor; fh is the natural frequency of the hth mode; T is the sample 
length (typically one hour); 2

hRσ  is the variance of response R associated to the mode h; ψh(x,y) is 
the hth mode shape, in terms of deflection normal to the surface at the position (x,y); Rh is the re-
sponse corresponding to this deflection; m(x,y) is the mass per unit area; ξh is the hth modal damp-
ing; ( )fS

hQ  is the modal force spectrum. 
The resonant contribution is proportional to the square of the inherent structural damping ratio. 

Since this contribute was the most important in the case of the Braga Stadium (see Table 3.1), a 
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more appropriate evaluation of the structural damping was necessary (full scale dynamic characte-
rization) and an experimental check of the resonant and aeroelastic effects was made (aeroelastic 
model). 

The aeroelastic model (1:70) was tested at the “Politecnico di Milano” boundary layer wind 
tunnel (BLWT) in both smooth flow (without external environmental reconstruction) and turbu-
lent flow (with external environmental reconstruction). The aeroelastic stability was checked up 
to 58 m/s (full scale). In turbulent wind conditions, oscillation up to 40-50 cm full scale, as order 
of magnitude, were recorded. The aeroelastic model was also tested by placing (at the roof cor-
ners) linear viscous dissipative devices (C = 100-150 kN s/m at full scale). Damping ratios up to 
7-8% were reached. The response was subsequently reduced of about 50%, so confirming the ana-
lytical estimations. 

In January 2004 the structure was equipped with a permanent monitoring system, to measure 
different parameters (such as pressures, accelerations, wind velocity, cable stresses, etc.) at differ-
ent significant points of the structure (Fig. 3.11). 

As it was found numerically and confirmed by the aeroelastic model, the resonant response is 
dominant and the structural inherent damping was a very important parameter in determining the 
response. 
 

Table 3.1  Typical response contributions, in terms of vertical displacement at some roof locations: mean 
(col. 2), quasi-static (col. 4) and total response (col. 6) 

 

 

 
 

 
 

Figure 3.11  Monitoring system on the whole structure 
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Figure 3.12  Images of the exciting system 

 

 
 

(a)  
(b)

 
 

(c) 

Figure 3.13  Exciting-measuring positions (a), typical free motion record (b) and 1st natural mode (c) 

 
The dynamic characterization was performed to determine the actual value of the damping ra-

tio for the first modes. To excite the system, a cable was attacked to the border steel girder 
through a pre-tensioned spring (Fig. 3.12a) and it was harmonically moved (sinus wave) at the 
other end by an electrical engine (Fig. 3.12b). To measure the structural dynamic response under 
the applied dynamic loads and the free vibration decay after the loading excitation stop, 6 accel-
erometers were placed on the roof slab (Fig. 3.13a). 

In order to evaluate the natural modal shapes and the corresponding modal damping, the free 
vibration decay time series, recorded after the resonant harmonic excitation stops, have been used 
(Fig. 3.13b). The modal shapes were determined by orthogonal decomposing (POD) the recorded 
signals (Fig. 3.13c). 

 

3.4 THE UNIPOL TOWER 

The design of the “Unipol” tall (123 m) building [8] was assisted by wind tunnel tests carried 
out at the CRIACIV1 (Florence/Prato, Italy) boundary layer wind tunnel on a rigid model 1:350 
scaled and equipped with 125 pressure taps (Fig. 3.14). 
 

                                                 
1 Cento di Ricerca Interuniversitario di Aerodinamica delle Costruzioni e Ingegneria del Vento (Univ. di Firenze, Roma La Sa-

pienza, Perugia, Trieste, Venezia IUAV, Chieti D’Annunzio); www.criaciv.unifi.it.  
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(a) (b)

Figure 3.14  The Unipol Tower wind tunnel model (a) and the pressure taps locations (b) 

 

 
  (a)                                                  (b)  

(c) 

Figure 3.15  Wind tunnel reference system (a,b) and correlation locus of longitudinal-transversal force 

 
The aim of the tests was to determine the aerodynamic forces by both the simultaneous mea-

surement of pressures at 125 points on the facades and the direct measurement of the base global 
forces by means of a dynamometric balance. In addition, pressures and flow within a double skin 
facade, which covers part of the building, were required to be checked. 

Once the preliminary treatment and reliability problems were overcome, the simultaneous 
pressure fields were retained. The design forces on the building were evaluated at different levels, 
by taking into account the correlation between the components. Due to the asymmetry of the 
structure, the significant load combinations were determined by means of the longitudinal-
transversal force locus (Fig. 3.15c), by including all the tested wind directions. In addition, infor-
mation on local pressures were also available. The measurement of simultaneous pressure fields is 
quite “rich” of information, even if the comparison with directly measured global forces is sug-
gested. 

 

3.5 THE MILAN «ASRL» 

The new Milan regional government centre (“Altra Sede Regione Lombardia” - ASRL) in-
cludes different steel structures: from the roof on the central place to parts of the tall main build-
ing. 
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Figure 3.16  Wind tunnel model of the ASRL buildings and surrounding 

 
The tests [9] were carried out at the “Alan G. Davenport Wind Engineering Group” BLWT 

(Fig. 3.16). Since the analysis included both the wind climate and the global design forces, this 
was a comphrehensive wind tunnel study. In particular, the following informations were provided: 
(a) overall wind loads suitable for use in the design of the structural system of the tower; (b) local 
peak pressures acting on the external surfaces of the project; (c) local net peak pressures (external 
pressure minus internal pressure) suitable for use in the design of the windows and cladding; (d) 
load distributions for structural analysis of the Piazza roof; (e) prediction of the wind environment 
in pedestrian areas around the site; (f) smoke flow through the Piazza roof opening. 

The resulting net pressure coefficients from the wind tunnel tests were combined with the de-
sign probability distribution of wind speed and direction to form predictions of net suctions and 
pressures for various return periods (Fig. 3.17). 

Regarding the Piazza Roof, five different structural load cases were considered and arranged 
by means of the measured pressure time histories at 107 locations. The load cases arrangement 
was oriented to maximize the overturning moments about edge lines of the roof as well as the 
center line of the roof, the shear in the x direction and uplift in the z direction (Fig. 3.18). Predic-
tions of the load cases were made by combining the angle-by-angle aerodynamic data with the 
Milan wind climate model. 
 

 
(a) 

 
(b) 

Figure 3.17  Example of pressure taps location on the Tower (a) and pressure distribution (b) 
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(a) 
 
 
 
 
 
 
Figure 3.18  Pressure taps on the Piazza Roof 

(a), conventions for the roof forces 
(b) and pressure distribution corre-
sponding to the maximisation of 
each force component (c) 

(b) 

(c)
 
Equivalent static loads were determined by using the load-response-correlation (LRC) method, 

based on the influence function for the load action and the correlation of the measured pressure 
data. 

Fig. 3.19a shows the locations where pedestrian level wind speeds were measured. Experimen-
tal results were combined with the extratropical wind climates to provide predictions of the wind 
speeds expected to be exceeded for 5% of the time and those expected to be exceeded once per 
year. These predictions were compared directly with acceptance criteria for pedestrian comfort 
and safety, respectively (Fig 19b,c). 

 

 (a) 

Figure 3.19  Location of measurements (a) and predicted mean wind speeds compared with criteria for pedestrian 
safety (b) and comfort (c) 
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(a)  (b) 

Figure 3.20  Bologna Town Hall model (a) and a typical force coefficients diagram on the roof (b) 

 
Finally, the effectiveness of the Piazza roof opening to allow smoke to escape was determined 

by the plume rise height of the smoke generated in the open space underneath the roof. Analytical 
calculations of the plume rise were carried out for low wind conditions as well as nominal one 
week return and one month return wind speeds. The results suggest that the plume rise heights are 
much larger than the height of the Piazza roof from the ground and the smoke generated in a fire 
can likely escape the enclosure. 

 

3.6 BOLOGNA TOWN HALL 

The Bologna town hall structural design was assisted by wind tunnel tests performed at the 
“Politecnico di Milano” BLWT [10,11]. Two different models were arranged: a 1:50 model of the 
whole structure (Fig. 3.20a), for the measurement of loads on roofs and facades; a 1:1 model of a 
roof tube array (Fig. 3.22), to check the sensitivity to vortex shedding. 

The 1:50 model of the whole structure was used to measure the forces on the roof (by means of 
dynamometric balances) and the pressures on facades (by means of appropriate distribution of 
pressure taps). 

Loads on the roofs were given in terms of force coefficients (Fig. 3.20b), while pressures on 
facades were given in terms of pressure coefficient diagrams (Fig. 3.21a,b) and global maps 
(Fig. 3.21c). 

The building roof is covered by a series of tube arrays, regularly spaced. The length of tubes 
varies between 7 and 14 m. The length-diameter ratio (up to 39), the light weight (aluminum) and 
the end connection type (which produces a very low damping ratio, approximately ξ = 0.2%) 
make the tubes susceptible of dynamic excitation. Since the Scruton number is approximately 2.3, 
it is expected that the tubes are sensitive to vortex shedding excitation. 

In the case of isolated cylinder, this Scruton number value gives rise to oscillations of about 
0.3 diameters. The array effect is also tested in the wind tunnel (Fig. 3.22). The results substan-
tially confirm the previsions made for the single tube, the recorded displacement being 0.25 di-
ameters as order of magnitude. 

Wind tunnel tests showed that the tube oscillation can reach amplitudes which can induce 
damage on the tubes themselves and on the connection, as well as appreciable oscillation of the 
whole roof. In addition, the “look-in” velocity (Fig. 3.23) corresponds to mean wind speed cha-
racterized by a low return period. 
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(c) (d) 

Figure 3.21  Typical pressure coefficients on facades (a,b), pressure taps location (c) and typical pressure 
map (c) for the Bologna Town Hall 

 
Wind tunnel tests suggested to implement design solution to avoid or reduce the sensitivity to 

vortex shedding. Possible ways to do so are aerodynamic solutions (such as placing spires on the 
tubes) and/or adding mechanical damping to the tubes. The final designer-owner decision was to 
realize the roof without any countermeasure, to monitor it and to evaluate ‘on site’ the opportuni-
ty of acting on the tubes (a case of design assisted by testing and monitoring). 

 

3.7 CONCLUSION 

According to principle of the “design assisted by testing”, contemplated by the Eurocode, the 
combination of tests and calculations is increasingly used. The motivations of this increasing in-
terest-demand are various: from the sophisticated architectural shapes to the absence of corres-
ponding reliable fluid-dynamics models, from the increasing flexibility of structures to the neces-
sity of checking complex aeroelastic phenomena. 

The paper outlined the potentiality of wind tunnel testing and the main problems encountered 
in their use. These aspects have to be accurately evaluated in defining the tests specifications. The 
use of some data analysis techniques (such as the proper orthogonal decomposition, the sensitivity 
analysis etc.), in keeping the essential design parameters, was presented too. 

The cited tasks were presented by referring to some of the recent experiences, made by the Au-
thors within the design stage of steel structures: a cable stayed bridge on the Adige river (on the 
A31 motorway - Italy); the New Braga Stadium (Braga - Portugal); the new Unipol headquarter 
Tower (Bologna - Italy); the tall building and the roof on «Piazza delle Città Lombarde» (Milan - 
Italy); the new Bologna town-hall (Bologna - Italy). 
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(a)                                                                    (b) 

Figure 3.22  Wind tunnel model (a) and scheme (b) of one of the tube array 

 

 
(a) 
 

 
 
 
 
 
 
 
Figure 3.23  Accelerometers on a tube of the array 

(a) and vibration amplitudes (b,c) for 
different angles of the array setup 

(b)  
 

(c)
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4 Computational simulation of crowd and wind flow 
over bridge structures 

Luca Bruno, Nicolas Coste, Davide Fransos, Fiammetta Venuti  
Politecnico di Torino 

The activity of the research Unit at Politecnico di Torino has dealt with the dynamic response 
of bridges and footbridges subjected to the wind flow around their deck and to the crowd flow 
along it. In either application, both the one-way action of the flow on the structure and the two-
way interaction between the flow and the structure have been investigated. The knowledge of the 
wind or crowd flow dynamics is needed to determine the load applied on the structure, while the 
modelling and solution of the multi-physics overall system is required to evaluate interaction phe-
nomena. 

Despite the different nature of the phenomena, both problems have been described in a unified 
modelling framework and solved through a common computational approach. The wind and 
crowd multi-scale flow dynamics, due to classical and active particles respectively, are modelled 
in the frame of continuum mechanics by means of conservation equations in their differential 
form. The complex interacting systems resulting from the coupling of the structure with the wind 
or the crowd are handled in the frame of the so-called partitioned approach. 

In the following, a synthesis of the obtained scientific results is proposed for the crowd struc-
ture interaction (part I of the chapter, references [1-3,6,8,11]) and the wind action (part II, refer-
ences [12,17,19]). The interested reader can refer to the cited publications of the research Unit for 
the topics not covered in the chapter. In particular: 

- modelling and simulation of the crowd dynamics: references [4,5,7,9,10]; 
- modelling and simulation of the wind loads on deck and wind-structure interaction un-

der uncertain conditions: references [13-16,18,20-22]. 
The research program has been coordinated with the research Unit at University of Reggio 

Calabria for the study of the crowd-structure interaction (part I), and with the research Unit at 
University of Florence for the study of the wind flow around a bridge deck, with particular em-
phasis on the conception, development and study of an aerodynamic benchmark (part II). 

The Part I is co-authored by L. Bruno and F. Venuti, while the Part II is co-authored by L. 
Bruno, N. Coste and D. Fransos. 

Claudio Borri & Claudio Mannini (Edited by), Aeroelastic Phenomena and Pedestrian-Structure 
Dynamic Interaction on Non-Conventional Bridges and Footbridges, ISBN: 978-88-6453-200-4 (print) 
ISBN: 978-88-6453-202-8 (online) © 2010 Firenze University Press
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PART I 
Crowd-structure interaction in lively footbridges: 

modelling and computational simulation 

4.1 INTRODUCTION 

Over the last few decades, several footbridges have shown a great sensitivity to human induced 
vibration in the lateral direction (e.g. [a,b]). The phenomenon, known as synchronous lateral exci-
tation, can take place every time a great number of pedestrians walk upon a surface that laterally 
oscillates with a frequency near to the lateral walking frequency. The deck lateral motion can be 
triggered by an external action (e.g. wind) or by the pedestrians themselves, who synchronise 
among each other in the presence of high crowd density. Hence, a second kind of synchronisation 
can take place: when a pedestrian walks on a laterally moving surface, because of the attempt to 
maintain the body balance, he/she walks his/her legs more widespread and adapts his/her fre-
quency to the one of the moving surface, that is, he/she synchronises with the structure. There-
fore, the lateral motion of the upper part of the torso increases and the resulting lateral force 
grows in turn. This phenomenon is amplified if the pedestrian walks within a crowd, since the 
synchronisation among pedestrians increases the effects of the pedestrian-structure synchronisa-
tion. The synchronous lateral excitation phenomenon has never caused structural failures, since it 
is self-limited, that is, when the vibrations exceed a limit value, pedestrians stop walking or touch 
the handrails, causing the vibration to decay. In order to provide a deep knowledge of this kind of 
phenomena, an intense research activity, reviewed in [c], has been done in the recent years, pro-
viding the scientific background of some recently published design guidelines [d,e,f]. 

The most relevant data concerning pedestrian behaviour have been obtained with an empirical 
approach. Laboratory tests involving a pedestrian walking on both a motionless platform [g] and a 
laterally moving treadmill [b,h], permitted the lateral force exerted by one pedestrian to be meas-
ured and interesting information about the synchronisation between the pedestrian and the struc-
ture to be obtained. Moreover, the behaviour of a pedestrian within a crowd has been investigated 
by means of in situ experiments [b,i] and through the observation of the videos recorded during 
crowd events [a]. 

To the authors' knowledge, so far the structural effects of walking people have been evaluated 
through the proposal of different load models (e.g. those in [d,j]), i.e. the crowd is simply viewed 
as a load. The first attempt to model the crowd and the structure as parts of a complex dynamical 
system has been proposed by the writers in [k,l], where the overall modelling framework has been 
drawn. The same approach has been adopted without meaningful variations and improvements in 
[l]. It is based on the decomposition of the coupled multiphysical crowd-structure dynamical sys-
tem into two subsystems, the Crowd and the Structure, interacting between each other by means 
of forcing terms. Subsequent works has been devoted by the authors to the a-part development of 
each single model component [4,5]. 

In the present work the updated components are collected in the initial modelling framework 
and the latter is implemented in an ad-hoc developed multi-physics numerical code. The whole 
improved model is applied to an actual crowd event on a real footbridge, the T-bridge (Japan). 
The available and detailed in-situ measurements of both crowd conditions and structural response 
allow the complete comparison between them and the computational results. The same case study 
has been used to perform sensitivity analysis to evaluate some properties of the model. 

4.2 MATHEMATICAL MODEL 

The main features of the developed model lie in the mathematical and numerical partitioning of 
the coupled system into two physical subsystems and in the two-way interaction between them, 
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according to the so-called partitioned approach first proposed by Park and Felippa [m] and gener-
ally applied to Fluid-Structure Interaction problems. In the following, each part of the model is 
described referring to the framework schematized in Fig. 4.1. 

 

 
Figure 4.1  Scheme of the time-domain coupled model 

4.2.1 The Structure subsystem 

The Structure subsystem is modelled as a nonlinear three dimensional (3D) damped dynamical 
system, whose equation of motion can be written as: 
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where q(x,y,z,t) is the structural displacement, x, y, z and t being the space and time independent 
variables; mS and mC are the structural and crowd mass, respectively; C and L are the damping 
and stiffness operators, respectively; ρ(x,t) is the crowd density; F is the applied lateral force; 
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~~ txzz  =  is the envelope of the lateral acceleration of the deck. Non linearity arises from two 

terms: first, the forcing term F is a function of both the crowd density and the lateral acceleration 
of the deck; second, the overall mass m is given by the sum of the structure and the crowd mass. 
The latter derives from the solution of the equation governing the Crowd subsystem, that is in turn 
dependent on the solution of Eq. (4.1). 

4.2.2 The Crowd subsystem 

The Crowd subsystem is described by a 1D first-order macroscopic model, that is, the crowd 
flow is assumed to be a continuous fluid and its dynamics is described through the derivation of 
an evolution equation for the mass density, which is closed by a phenomenological relation that 
links the crowd velocity v to the crowd density in the form: 
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where x and t are the space and time independent variables,  vM is the mean maximum velocity, 
ρM is the maximum admissible density and γ is a coefficient that makes the relation sensitive to 
different travel purposes (leisure/shopping, commuters/events, rush hour/business). Both vM and 
ρM are made sensitive to the geographic area and the travel purpose by means of coefficients, 
which are determined from the observation data reported in [n]. In such a way the model is sensi-
tised to both biometrical and psychological factors that are known to strongly affect crowd behav-
iour. The complete description of the closure equation model is given in [5]. 
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A further improvement of the crowd model is proposed by introducing a space dislocation into 
the crowd density–velocity relation: 

)],([ txvv δρ +=  (4.3)

where δ ≥ 0 is the anisotropic dislocation length. The crowd density ρ in the crowd density–
velocity relation is therefore not a local density, but is forward dislocated in space. From the phe-
nomenological point of view, the dislocation takes into account the pedestrians’ attitude to react 
to what they see in a stretch of road in front of them. It is worth pointing out that the dislocation 
length is expected to depend on the walking speed, i.e. the faster the walking speed, the larger δ. 
In this sense, the dislocation length is analogous to the sensory distance ds, which was defined by 
Fruin as the length required by a pedestrian to perceive, evaluate and react [o], except that the 
former is related to a cluster of pedestrians at the macroscopic scale, while the latter refers to one 
pedestrian at a microscopic scale. Bearing this analogy in mind, the dislocation length is defined 
as: 
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where the ds(ρ) law was proposed by the authors in [5] by fitting experimental data [p], 
d0 = 0.36 m is the averaged body depth and dc is the characteristic dimension of a cluster of pe-
destrians. 

4.2.3 Structure-to-Crowd action 

In order to account for the Structure-to-Crowd action, the closure equation has to be adapted to 
make the walking speed sensitive to the deck lateral motion. The following assumptions are re-
tained from phenomenological observation: 

• the motion of the platform, described by its acceleration z , reduces the walking veloc-
ity; 

• the pedestrians adjust their step to the platform motion with a synchronisation time de-
lay Δτ, which is expected to be greater than the time interval between two succeeding 
footfalls; 

• after the pedestrians have stopped because of excessive lateral vibrations at time ts, a 
stop-and-go time interval Δtr should elapse before they start walking again. 

According to these hypotheses, the term vM in the closure equation (4.2) is multiplied by a cor-
rective function )

~
(zg  , which takes into account the sensitivity of v to the platform acceleration. 

)
~

(zg   is equal to unity for acceleration under the threshold of motion perception cz = 0.2 m/s2 and 
linearly decreases to zero, value reached for acceleration above Mz = 2.1 m/s2. 

4.2.4 Crowd-to-Structure action 

The Crowd-to-Structure action takes place in two ways. On the one hand, the mass m is con-
stantly updated by adding the pedestrian mass mC to the structural mass mS. On the other hand, the 
lateral force F(t) exerted by the pedestrians is expressed as a function of both the crowd density ρ  
and the lateral acceleration of the deck z~ . 

A complete description of the macroscopic force model is provided in [9]: herein, only a few 
basic points are given. The lateral force F exerted by a cluster of n pedestrians walking along a 
portion of the bridge span is given by the sum of three terms: 
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where Fps is the component due to nps pedestrians synchronised to the structure, Fpp is due to npp 
pedestrians synchronised to each other and Fs is due to ns uncorrelated pedestrians. The above-
mentioned numbers of pedestrians are defined as: 
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by introducing two synchronisation coefficients. The pedestrian-structure synchronisation coeffi-
cient Sps is a function of the deck lateral acceleration z~  and of the frequency ratio fr = fpl / fs, 
where fpl is the lateral step frequency, which depends on the walking velocity, and fs is the struc-
tural frequency: 
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2050 ze −=  and b = 2.68. The pedestrian-pedestrian synchronisation coefficient Spp is a 
function of the crowd density: 
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where a = 3.14, ρc = 0.3 ped/m2 is the upper limit for unconstrained free walking and 
ρsync = 1.8 ped/m2 is the density value that corresponds to the total synchronisation of the pedes-
trians.  

Hence, the components of the total force are expressed as follows: 
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where G is the weight of one pedestrian and α is the Dynamic Load Factor (DLF), equal to 0.04 
in Fpp and Fs. The DLFs of the two terms of Fps are expressed as piecewise functions of the enve-
lopes of the deck lateral acceleration and velocity time history ),(

~~ txzz  =  and ),(
~~ txzz  = , respec-

tively [9] (Fig. 4.2). Their trend comes from fitting to experimental data for velocity/acceleration 
values under the serviceability thresholds ( ss zz  , ). For higher values of the deck motion they fol-
low a qualitative trend which guarantees the self-limitation of the Fps component. 

The Fs component is based on the Matsumoto et al.’s [q] model for uncorrelated pedestrians. 
The lateral step frequency fpl, which is half the vertical step frequency fp, is determined through a 
fitting of the data in [r]: 

vvvf p 93.259.135.0 23 +−=  (4.10)
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Figure 4.2  DLFs of the components in phase with z~  (a) and z~  (b) 

 

4.3 COMPUTATIONAL APPROACH 

The solution of the mathematical model is obtained by means of computational simulation per-
formed in the space and time domains. The coupled system is decomposed by means of differen-
tial partitioning, that is, the system is first decomposed into subsystems (or fields) and then each 
field is spatially discretised separately [m]. The differential partitioning allows each field to be 
treated with discretisation techniques and solution algorithms that are known to perform well for 
the isolated system and allows the use of non-matching grids. 

The 1D crowd field is discretised in space by means of Finite Difference Method. The solution 
of the mass conservation Partial Differential Equation (PDE) is approximated by means of the 
Lax-Friederichs scheme in its conservation form [s]. The Finite Element (FE) Method is em-
ployed for the space discretisation of the 3D structural multi-degree-of-freedom (MDOF) model. 
A Beta-Newmark step-by-step integration method is employed to solve the set of Ordinary Dif-
ferential Equations (ODE) that describes the structural subsystem [t]. 

The two subsystems are characterized by non-matching grids in space while they share the 
same discretisation in time. The structure space grid is coarser than the crowd one, since the struc-
ture deformed shape requires less nodes to be described than the pedestrian traffic phenomena, 
because only the first global lateral modes of the deck are expected to be mainly excited. As far as 
the time step Δt is concerned, it has to be chosen in order to guarantee both the Courant-
Friederichs-Lewy (CFL) stability condition for the PDE [s] and the desired accuracy solution of 
the ODE. It follows that the time step is )20/(1 ,maxsft ≤Δ , where fs,max is the frequency of the 
highest mode of interest. 

4.4 DESCRIPTION OF THE CASE STUDY: THE T-BRIDGE (JAPAN) 

The proposed model has been tested by simulating a crowd event on the T-bridge (Toda Park 
Bridge, Toda City, Japan), which has been widely described by Fujino and coworkers [a,i,u].  

In the following, only some characteristics are recalled. The T-bridge is a cable-stayed foot-
bridge with a two-span continuous steel box girder, a two-plane multi-stay cable system with 11 
stays per plane and a 61.4 m-high tower made of reinforced concrete. The total bridge length L is 
about 180 m and the road deck width B is 5.25 m. The girder is fixed longitudinally and trans-
versely at the tower position. Concrete was poured inside the box girder on the side span to re-
duce the uplift force at the end support. The bridge mass is 800 kg/m2 and the damping ratio 
around 0.7%. The footbridge connects a boat race stadium to a bus terminal. Therefore, at the end 
of boat races the bridge is crossed by a great number of pedestrians, sometimes more than 20000, 
who leave the stadium to reach the bus terminal. In these situations, lateral vibrations of the girder 
of up to 1 cm were recorded. 
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4.4.1 Description of the structural model 

In order to reduce the degrees of freedom of the T-bridge FE model and to simplify the struc-
tural analysis, a single-girder (spine) model is used, that is, the bridge deck is modelled using a 
single central spine with offset rigid links to provide cable anchor nodes. The deck stiffness is as-
signed to the spine elements and the deck translational mass (lumped mass approach) is assigned 
to the spine nodes. The towers and the deck are modelled with elastic beam elements and the ca-
bles with truss elements. The FE model geometry is represented in Fig. 4.3, while Fig. 4.4 com-
pares the first structural modes reported in [a] with the ones obtained with the present model. 

 

 
Figure 4.3  FE model with direction of the incoming crowd 

 

 
Figure 4.4  T-bridge first vertical and lateral modes 

4.4.2 Description of the crowd condition along the deck 

The different crowd conditions recorded on the T-bridge have been described in a qualitative 
way in several papers. The most crowded event is reported in [a], when more than 20000 people 
left the stadium and crossed the bridge in about 20 minutes. In the most congested situation, about 
2000 people walked simultaneously on the bridge. Less crowded situations are described in [i,u]: 
a maximum number of around 12000 people crossed the bridge in 12 to 20 minutes, with a crowd 
density varying between 0.8 and 1.5 ped/m2. 

The simulated condition represents an average of the events reported in the literature. The ini-
tial condition on the density is ρ(x,0) = 0.01 ped/m2, while the boundary condition (BC) at the 
inlet ρ(0, t) (Fig. 4.5a) has been built in order to allow about 14000 pedestrians to pass over the 
bridge in 23 minutes, with a maximum density  ρh = 1.33 ped/m2. The incoming density shows a 
steady-state regime bounded between two transient ones, which correspond to the start and the 
end of the stadium evacuation. The velocity-density relation has been adapted for the case of Asia 
and rush-hour traffic (Fig. 5b), that is, ρM = 7.7 ped/m2, vM = 1.48 m/s and γ = 0.273ρM [5]. 
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Figure 4.5  Crowd boundary condition at the inlet (a) and closure equation (b) 

4.5 SIMULATION OF AN ACTUAL EVENT 

The proposed approach allows the evolution of both subsystems to be described in space and 
time. Five crowd regimes can be identified from the time–space distribution of the crowd density 
(Fig. 4.6): 

- Regime I ‘advancing front’: the leading pedestrians advance on the bridge, which is 
still partially empty. 

- Regime II ‘filling gradient’: the crowd is in the transient condition of gradually filling 
the deck span. 

- Regime III ‘uniform crowd’: the pedestrian density reaches its maximum value and is 
almost uniformly distributed along the footbridge. 

- Regime IV ‘vacating gradient’: the crowd density gradually decreases at the footbridge 
entrance, but the whole span remains crowded. 

- Regime V ‘leaving front’: the end of the crowd is leaving the footbridge, which is alre-
ady partially empty. 

 

 
Figure 4.6  Scheme of the space distribution of ρ for the five regimes 

 
The upper limit of regime I and the lower bound of regime V correspond respectively to the 

maximum and minimum difference ),0(),( ttL ρρρ −=Δ . The boundaries of regime III have been 
determined as the time window with a mean value of ρ along the span equal to 99% of the maxi-
mum density ρh and a standard deviation less than 0.01 ρh. 

The results of the computational simulation are compared to the measurements reported in [a] 
for five time windows (Fig. 4.7), which roughly correspond to the windowing proposed by Fujino 
et al.. As for the structure results, the figure reports the time history of the deck lateral displace-
ment in the node corresponding to the position of the accelerometers, the structure first lateral 
frequency fs averaged over the period and the dominant frequency f, obtained through the PSD of 
the displacement in the considered period. As far as the crowd results are concerned, the instanta-
neous spatial distributions of the crowd density are reported, as well as the mean walking fre-
quency fpl. 
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Looking at the results, a very good agreement between the simulation and the measured data is 
evident. The maximum amplitude of the lateral deck displacement, of about 9 mm, matches the 
measurements very well. The maximum percentage of pedestrians synchronised with the structure 
is about 21%, which is in very good agreement with the observation data in [a], where a percent-
age of 20% is estimated. Similar considerations can be made for all the considered variables. It is 
worth pointing out that the dominant frequency of the deck vibration is always closer to the walk-
ing frequency than to the structure frequency. This means that the force components due to syn-
chronised-among-each-other or uncorrelated pedestrians are dominant with respect to the one due 
to pedestrians synchronised with the structure, as also shown in Table 4.1.  

 

 
Figure 4.7  Comparison between the simulation results and the experimental data reported in [a], in gray 

 
F Fps

 Fpp Fs nps/n npp/n ns/n 

28.8 1.1 26.9 2.1 0.21 0.9 0.13 

Tab. 4.1 Maximum amplitudes of each force parameter in the time interval 16-23 min 
 

4.6 SENSITIVITY STUDIES ON THE DESIGN PARAMETERS 

Several sensitivity studies have been performed on the same real structure in order to highlight 
how different design conditions can dramatically affect the response of a real structure. The stud-
ies are described in details in [2,8,10]: in the following, only two of them are reported. 

4.6.1 Sensitivity study on travel purposes and geographic areas 

Four computational simulations are performed by varying the coefficient γ and the value of ρM 
and vM for the following combinations: Asia-rush hour (AR), Asia-commuters (AC), Asia-leisure 
(AL) and USA-leisure (UL), which correspond to a progressive decrease of v for ρ > 0.8 ped/m2 
(Fig. 4.8a). The substitution of the four fundamental laws in Eq. (4.10) leads to the fp-ρ relations 
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represented in Fig. 4.8b. The first case (AR) refers to the conditions actually occurred on the 
T-bridge and described in the previous section. 

The five regimes are highlighted in Fig. 4.9, which plots the deck acceleration time histories in 
x = 0.3L, corresponding to the node monitored by Fujino et al. [a]. First, it can be noticed that the 
gradual decrease of the pedestrian velocity from AR to UL causes longer regimes I and II and a 
consequent progressive shortening of regime III. The main consequence can be seen in the deck 
response, which is gradually shifted in time and decreasing: the case with rush-hour traffic causes 
a deck vibration amplitude which is almost three times the amplitude obtained in a leisure traffic 
condition in the same geographic area. The lock-in threshold cz  is exceeded only in the first case 
AR. In every traffic condition, the regimes I and V are characterized by two local maxima of the 
structural response that can be related to the travelling load effects. In particular, the highest re-
sponse in these regimes for the case AC is due to a value of fr closer to the unity, which means 
that the pedestrian lateral force is almost resonant with the excited first lateral mode of the deck. 

 

 
Figure 4.8  v-ρ (a) and fp-ρ (b) relations 
 

 
Figure 4.9  Deck lateral acceleration at x = L/3 
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4.6.2 Sensitivity study on the crowd density 

The second sensitivity study presented herein is performed on the crowd BCs at the inlet, by 
varying the maximum value reached by the density ρh [0.8; 1.33; 2.0] ped/m2 (see Fig. 4.5a). 

Fig. 4.10 shows that the maximum amplitude of the deck lateral acceleration during Regime III 
does not correspond to the case with the highest density ρh = 2 ped/m2. Increasing values of ρh 
correspond to increasing amplitude of the total force but also to a decrease of fr due to the effect 
of the crowd added mass. As a consequence, when ρh = 0.8 ped/m2, the total force is an order of 
magnitude less that in the case ρh = 2 ped/m2, but the force is almost resonant with the deck first 
mode and, therefore, it induces the highest structural response. The almost steady-state response 
for ρh = 2 ped/m2 is due to the fact that, in the same time window, the crowd density exceeds the 
value above which Spp= 1. Therefore, all pedestrians are synchronised to each other and walk with 
the same frequency, which is sufficiently far from the structural frequency fs to prevent resonance. 

 

 
Figure 4.10  Deck lateral acceleration at x = L/3 

4.7 CONCLUDING REMARKS 

In this work a crowd-structure interaction model to describe the synchronous lateral excitation 
phenomenon has been presented. The model has been implemented in an ad hoc computational 
code, which has been used to perform simulations of actual or ideal events, using the T-bridge in 
Japan as a case study. 

The results obtained from the simulation of a real event show an excellent agreement with the 
recorded data, both for the evolution in time of the crowd condition along the span and for the 
maximum value of the lateral displacement of the deck. 

The sensitivity studies highlight the capabilities of the proposed approach to evaluate the ef-
fects of various physical parameters on the crowd dynamics and structural response. The struc-
tural response is particularly sensitive to the crowd travel purpose and geographic area. Hence, in 
the conceptual design phase, it is important to plan the kind of pedestrian traffic that the foot-
bridge is most likely to incur during its lifetime. 

The sensitivity study on the crowd density has shown that a more crowded condition does not 
always correspond to higher deck vibrations, due to the effects of the crowd added mass, which 
changes the dynamical properties of the footbridge and modifies the fr ratio. Simplified comfort 
criteria, based on the limitation of the number of pedestrians crossing the bridge, might not al-
ways be effective in preventing the synchronous lateral excitation phenomenon. However, the 
complexity of the phenomenon makes it difficult to conceive compact comfort criteria which can 
take into account all features involved. 
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PART II 
Analysis of the separated flow around a benchmark deck section profile 

through computational simulation 
 

4.8 INTRODUCTION 

The aerodynamic behaviour of rectangular cylinders has attracted the attention of the scientific 
community since the experimental reference works of [v] and [w]. On one hand, both the two di-
mensional (2D) and three dimensional (3D) features of the low-Reynolds number flow around 
rectangular cylinders has been clarified in several studies, e.g. in [x]. On the other hand, the high-
Reynolds number flow (i.e. Re ≥ 1. 104) has been studied by means of both experimental and 
computational approaches, with emphasis on its dependence on the chord-to-depth ratio, e.g. in 
[y, z, aa]. 

Recently, a Benchmark on the Aerodynamics of a Rectangular Cylinder (BARC) has been pro-
posed in order to provide a contribution to the analysis of the high-Reynolds number, turbulent, 
separated flow around a fixed sharp-edged rectangular cylinder with chord-to-depth ratio B/D = 5 
[v]. For this benchmark, the depth-based Reynolds number has to be in the range 2. 104 ≤ ReD ≤ 6. 
104, the oncoming flow has to be set parallel to the base of the rectangle (α = 0) and the maximum 
intensity of the longitudinal component of turbulence has to be Iu = 0.0. In spite of the simple ge-
ometry, it is believed that the problem could be of interest not only for fundamental research pur-
poses, but also to provide useful information on the bridge deck aerodynamics. In the perspective 
of the BARC benchmark, an exploratory computational study has been performed within the re-
search project to preliminary check the benchmark requests for computational, to provide a phe-
nomenological interpretation of the simulated flow and to point out some remaining difficulties 
and unclear aspects in the problem. In particular, the present work focuses on three main aspects: 

1. the comparison among the large amount of results provided in literature is a difficult task 
because the experimental and computational set-ups are heterogeneous and not fully de-
scribed and because only integral aerodynamics parameters are often provided. In this 
study, the obtained aerodynamic coefficients are compared with some results in literature 
[aa, z] in order to roughly assess the reliability of the adopted approach; 

2. the evaluation of the 3D features of the flow around nominally 2D bluff cylinders remains 
an inescapable task also even for elongated rectangular sections. Apart from the span-wise 
correlation coefficient and the coherence spectral function, which are generally employed 
for long cylinders, the Proper Orthogonal Decomposition (POD) methodology is being 
adopted more and more for the analysis and synthesis of random flow fields in bluff body 
aerodynamics applications. An application to rectangular cylinders has been proposed by 
Liaw [dd] using the pressure database obtained from 2D computational simulations. The 
POD application proposed in the present study extends the Liaw's post processing to the 
fluctuating pressure on the 2D lateral surface of the cylinder in order to discuss the field 
spanwise features; 

3. finally, according to the authors, some difficulties remain in describing the expected com-
plex flow phenomena around the cylinder and in relating such phenomena to the fluctuat-
ing aerodynamic forces acting on the cylinder itself. The present result analysis is ad-
dressed to point out the main 2D flow structures, to propose a mapping of the cylinder side 
surface based on the flow structures above, to establish relationships between the instanta-
neous vortical structures, the pressure field and the aerodynamic forces. 
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4.9 FLOW MODELLING AND COMPUTATIONAL APPROACH 

The 3D, turbulent, unsteady flow around the cylinder is modelled in the frame of the Large 
Eddy Simulation approach to turbulence using the classical time-dependent filtered Navier-Stokes 
equations 
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where x and t are the space and time coordinates, u  and p  are the filtered velocity and pressure, 
ν is the kinematic viscosity and ρ  the fluid density. The sub-grid stress tensor is expressed ac-
cording to Boussinesq's assumption as 
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so that the equation system can be closed by a transport equation for the kinetic energy kt of the 
unresolved stresses [ee] 
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where ijijtk SSP ν2= , 2/1
tkkt klC=ν , the constants are set equal to Cε = 1.05, Ck = 0.07 and 

lε = lk = Δ, where Δ is the characteristic spatial length of the filter, related to the mesh size and de-
fined as the cubic root of the mesh cell volume. The modelling of the flow in the turbulent bound-
ary layer is accomplished by introducing a filter width δ damped according to the Van Driest ap-
proach: 
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where k = 0.4187 is the Von Karman constant, CΔ = 0.158, A+ = 26 is the Van Driest constant, y 
the distance to the wall, ντ /yuy =+  the non dimensional wall unit and uτ the shear velocity [ee]. 
In other terms, the characteristic spatial length of the filter in the turbulent boundary layer is not 
necessarily related to the mesh size, but the minimum value between Δ and the one obtained from 
the damping function in Eq. 4.14 is locally adopted in space and time. 

The computational domain and the boundary conditions (b.c.) are shown in Figure 4.11(a). The 
spanwise length of the domain is set equal to L/B = 1 on the basis of a short review of past LES 
simulations applied to elongated, reattached-type rectangular cross-sections: the adopted spanwise 
length in [z] (B/D = 4) is equal to L/B = 0.5 and equal to L/B = 1 in [gg] (B/D = 5). Dirichlet b.c. 
on the velocity field and on the sub-grid kinetic energy kt are imposed at the inlet boundaries. 
Neumann b.c. on the normal component of the stress tensor T and on kt are imposed at the outlet 
boundaries. Periodic b.c. are imposed on both the side surfaces and on the upper-lower surfaces. 
No-slip b.c. are imposed at the section surface. The initial conditions are obtained from a previous 
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LES simulation carried on one non-dimensional time unit, where the standard Smagorinsky sub-
grid model [hh] has been employed. 

 
 Figure 4.11   Computational domain and b.c. (a), computational grid in the x-y plane around the leading edge (b) 

 
The OpenFoam® Finite Volume open source code is used in the following to numerically 

evaluate the flow-field. The cell-centre values of the variables are interpolated at face locations 
using the second-order Central Difference Scheme for the diffusive terms. The convection terms 
are discretised by means of the so-called Limited Linear scheme, a 2nd order accurate bounded 
Total Variational Diminishing (TVD) scheme resulting from the application of the Sweby limiter 
[ii] to the central differencing. The advancement in time is accomplished by the implicit two-step 
second order Backward Differentiation Formulae (BDF) method. The pressure-velocity coupling 
is achieved by means of the pressure-implicit PISO algorithm. 

A hexahedral grid is adopted to discretise the spatial computational domain. The grid is hybrid 
in the x-y plane and structured along the spanwise direction z. The grid in the x-y plane around the 
leading edge is shown in Figure 4.11(b). A body-fitted, structured grid layer is generated at the 
wall, (near wall cell thickness Δy/B = 5.0 10-4, 6 cells in the grid layer, expansion ratio equal to 
1.05). The constant discretization step along the cylinder wall is Δx/B = 2.0 10-3. An unstructured 
quadrilateral grid is used in the remaining part of the x-y plane. The 3D grid is obtained by the 
structured projection of the 2D hybrid grid along the spanwise direction z, where 24 cells are em-
ployed to uniformly discretise the domain length. Sensitivity studies on the grid density in the 
spanwise dimension could be of interest during the BARC benchmark activity, as recently under-
taken by [jj]. The resulting overall number of cells is about 1.75 106. The time is nondimensional-
ised by U and D, where U is the free stream velocity. The non-dimensional time-step is set equal 
to Δt = 5 10-3. The simulation is extended over T = 800 non dimensional time units in order to 
have a long enough statistical sample to obtain converged statistics, disregarding the initial tran-
sient solution. Computations are carried out on 8 Intel Quadcore X5355 2.66GHz CPUs and re-
quire about 2.5GB of RAM memory and 15 days of CPU time for the whole simulation. 

 

4.10 APPLICATION AND RESULTS 

The incoming flow is characterised by a Reynolds number Re = UD/ν = 4.e+4, an incidence  
α = 0 and a turbulence intensity Iu = 0% (ideal smooth flow). The cylinder cross section is charac-
terised by sharp edges and smooth surfaces. 
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4.10.1 Integral parameters 

The main aerodynamic integral parameters are analysed in order to roughly place the present 
results in the large number of data available in literature about pressure forces and wake frequen-
cies for this aspect ratio. More accurate and point-wise comparisons are hard to propose at present 
because of the incomplete information about the experimental or computational set-up in each 
study. The mean value and the standard deviation of the drag CD = FD/(1/2 ρUD) and lift coeffi-
cient CL = FL/(1/2 ρUD) are retained. The Strouhal number St = f1D/U is evaluated from the heu-
ristic analysis of the lift spectrum, where f1 is the dominant frequency. 

The extent of the sampling window is a key and critical element for the extraction of meaning-
ful statistical parameters in the CFD approach, due to the computational costs involved in long 
physical time simulations. Herein, the transient solution, due to the initial conditions, approxi-
mately covers the first 150 non dimensional time units, which are discarded. In order to optimise 
the sampling extent during the stationary regime, the convergence of the mean values and stan-
dard deviations of the drag and lift coefficients have been checked, as for the Strouhal number, for 
increasing extents of the sampling window. A non dimensional sampling extent Ts ≥ 400 has been 
found to be required to avoid a residual larger than 5% in the statistical first moments. In the fol-
lowing, Ts = 500 is retained, which corresponds to around 60 vortex-shedding periods.  

Figure 4.12 compares the present results with experimental and computational data collected in 
[aa] and with the results obtained in [z]. 

 
Figure 4.12 Mean drag and rms lift coefficients, Strouhal number: comparison with results from literature 

 
The obtained mean drag coefficient DC  and St number are in good agreement with the other 

data obtained at the same chord-to-depth ratio and they are in accordance with the general pa-
rameter trend versus the B/D ratio. Some results from literature concerning the standard deviation 
of the lift coefficient show a significant scatter: in particular, the higher the B/D ratio, the higher 
the differences among the results. The reasons for the above mentioned scatter are not completely 
clear: the expected parameter sensitivity to physical incoming flow conditions (e.g. Re number, 
turbulence intensity and integral length scale), experimental set-up conditions and/or computa-
tional model components (e.g. turbulence modelling, numerical approaches) could be systemati-
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cally addressed in future research. For now, it can be noticed that the present 3D LES result is in 
agreement with the trend obtained by [z], using the same approach, while [aa] pointed out a sig-
nificant underestimation of the fluctuating force components in most of the RANS models. 

4.10.2 3D flow features 

The main aim of this section is to evaluate whether 3D flow features exist around a nominally 
2D rectangular cylinder and in which way they contribute to the overall flow dynamics. Figure 
4.13 shows the instantaneous vorticity field around the obstacle. 

 
Figure 4.13 3D instantaneous vorticity magnitude iso-surface (ω ≥ 20) 

 
From a qualitative point of view, 3D flow structures clearly appear even though the flow field 

2D main features hold. Generally speaking, the further the location from the separation point at 
the leading edge, the more significant the 3D features of the flow structures. In particular, the 
flow seems almost 2D just downstream the separation point, while the wake structure is clearly 
3D. 

The fluctuating pressure on the upper side surface of the cylinder is analysed through the POD 
methodology in order to quantitatively evaluate the field spanwise features.  

 
Figure 4.14 POD analysis: (a) eigenvector 2D indicator and (b) eigenvalue cumulative proportion 
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The analysis employs the pressure results stored in every grid points on the upper side surface 
of the obstacle. The non dimensional sampling time is equal to ΔtPOD = 2.5 10-2, the non dimen-
sional sampling window is equal to TPOD = 500. In what follow, pressure modes which are nearly 
constant along the z direction are labelled as “1D”, while the modes which show variability along 
both the x and z directions are labelled as “2D”: they reflect the 2D and 3D features on the flow 
field around the surface, respectively. A 2D indicator is proposed for the i-th eigenvector Φi(x,z), 
in order to assess the 1D/2D nature of each mode in a compact form,  as the along-x average of 
the along-z standard deviation φi = meanx (stdz (Φi)). Figure 4.14(a) graphs the ratio φi / φmax for  
1≤ i ≤ 40. Very low values of the ratio φi / φmax ≤ 0.1 result from the first two modes which can 
therefore be considered as mainly 1D. The 4th, 8th and 10th eigenvectors show intermediate φ 
values (0.3 ≤ φi / φmax ≤ 0.4), and cannot therefore be ascribed to either the 1D or to the 2D ones. 
Finally, the other eigenvectors show high values of the ratio φi / φmax ≥ 0.6, having significant 2D 
trends.  

The cumulative eigenvalue proportion is plotted in Figure 4.14(b), where each mode is once 
more classified according to its prevailing 1D or 2D feature. The overall 1D mode contribution is 
equal to 54.7%, where the 1st mode contributes 35.63% and the 2nd mode 19%. The 1D/2D 
modes contribute 8.2%, while the 2D ones contribute 37.1%. It is worth pointing out that the cu-
mulative proportion up to the 40th mode is 95%, while there is a total of 5000 modes. This means 
that about 0.8% of the modes can reproduce a relatively detailed structure of the wind pressure 
fluctuations acting on each point of the side surface within an error of around 5%. 

4.10.3 2D flow features 

In order to focus on the 2D flow phenomena that mainly affect the aerodynamic behaviour of 
the cylinder, the main mean flow structures are pointed out and discussed first. Some unclear as-
pects of the mean flow downstream the separation point are clarified by analysing the flow dy-
namics in the same zone. Second, some 2D instantaneous flow fields around the whole cylinder 
section are sampled to point out some of the main mechanisms that are responsible for the fluctu-
ating pressure and the aerodynamic force variation. The topology of the mean flow around the ob-
stacle is shown in Figure 4.15: the streamlines obtained from the velocity field averaged in time 
and along the spanwise dimension are plotted in the upper part of the figure, while a synthetic 
scheme of the recognised mean flow structures is proposed in the lower part.  

 
Figure 4.15 Streamlines averaged in time and along the spanwise dimension (above) and scheme of the recognised 

mean flow structures (below) 
 
The mean flow separates at the leading edge and reattaches just upstream the trailing edge, 

while the reversed flow in the wake approximatively extends along 0.76D. The main vortex 
shows an inclined major axis, while a thin recirculation region is clearly visible close to the lateral 
wall, between the main vortex and the separation point, without reaching the latter. In a large flow 
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region between the main vortex and the recirculation region, called herein “inner region”, no 
mean structures can be easily recognised. 

The mean wall shear stress coefficient Cf  distribution on the lower half perimeter is plotted in 
Figure 4.16 and ascribed to the mean flow structures discussed above.  

 
Figure 4.16 Recognised mean flow structures and mean friction coefficient distribution 

 
On one hand, the changes in sign of Cf  permit the x-length of these structures to be measured. 

In particular, the distance of the reattachment point from the separation one is equal to  
xR/B = 0.933, which is larger than the one estimated by [cc] based on the distributions of the time-
averaged pressure coefficient and rms value (xR/B = 7/8). This slight discrepancy can be ascribed 
to the adopted different identification methods, but another possible explanation can be found 
looking at the difference between the present incoming flow conditions (ideal smooth flow) and 
the experimental ones affected by wind tunnel residual incoming turbulence [kk]. Deeper sensitiv-
ity studies would be required to verify this hypothesis. On the other hand, the Cf  distribution al-
lows to shed some light into the “inner region” flow. In fact, the clockwise recirculation region 
involves positive Cf  values, while negative ones are located just downstream the separation 
point up to the recirculation region. According to the authors, this second interval cannot be di-
rectly ascribed to an upwind extension of the main vortex, but could correspond to other counter-
clockwise flow structures. Bearing in mind that the flow is mainly 2D along the inner region 
(Figure 4.13), time-averaging is supposed to partially hide the instantaneous structures which take 
place in this region during the vortex growth and shedding. In order to verify this hypothesis, the 
dynamics of the local flow downstream the separation point is analysed in the following. Figure 
4.17 shows the instantaneous pathlines in this region. Some recognised clockwise and counter-
clockwise vortices are sketched. Dashed lines joint the vortex centre in successive times. The se-
quence mainly takes into exam the shedding process of three vortices (v1, v2, v3) and the related 
flow structures. Grey dash-dot lines refers to vortices successively shed. The qualitative exam of 
the sequence does not aim to provide the rigorous measure of the flow structures, but to contribute 
to understanding the essential physics of the local flow. The vortices are not shed from the separa-
tion point, but from the apex of a pseudo-triangular region just downstream it (outlined for in-
stance by dash lines at times since 787.25 to 788.50) which includes a sort of elongated clockwise 
“bubble” in the shear layer just downstream separation together with a secondary counter-
clockwise vortex close to the surface, caused by the velocity field induced by the growing vortex. 
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Figure 4.17 Vortex shedding  from the pseudo-triangular region and coalescence 

 
The pseudo-triangular region remains substantially attached to the body during the shedding 

cycle, even if it oscillates and its geometry changes: the secondary vortex is nearly constant in 
time and space, while the “bubble” slightly pulsates attaining its maximum and minimum elonga-
tion just before and after the vortex shedding, respectively. These structures, which characterise 
the simulated fully-developed flow downstream the separation point, recall the ones first recog-
nised by Pullin and Perry [ll] in the transient flow involved by a starting vortex past a 90° edge. 
The simulated instantaneous flow pattern at the first sampling time (tU/D = 787.25) is compared 
with one of the flow visualisations proposed by Pullin and Perry in Figure 4.18. Despite the dif-
ferences between the overall flow conditions, the clear analogy seems to confirm the research per-
spectives expressed by Buresti [mm]: “[...] it is reasonable to infer that many of the features ob-
served in the transient flow field around the wedge, induced by increasing the upstream velocity, 
may be qualitatively similar to those occurring near a bluff body separation point during the roll 
up of a forming vortex”. In other terms, the pseudo-triangular region seems to be a case-
insensitive, basic flow structure in bluff-body aerodynamics, even if its “extent is a function of the 
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body shape, and in particular of the afterbody” [mm]. In the present case-study, the pseudo-
triangular region spans over about 5/8D from the separation point. 

 
Figure 4.18 Present study instantaneous pathlines (a) and instantaneous streaklines after [ll] (b) 
 
The primary vortex shedding period is equal to about 0.75 non dimensional time unit and it is 

convected along the wall with a velocity estimated around 0.48U. At tU/D = 788.75, three pri-
mary vortices (v1, v2, v3) successively shed from the apex are travelling along the side surface. 
During the following non-dimensional time unit (second column in Figure 4.17), they succes-
sively coalesce in a single vortex (v1,2,3, tU/D = 790.00). The resulting vortex induces a secondary 
counter-clockwise vortex v̂  close to the side surface. Unlike the nearly-constant secondary vortex 
included in the pseudo-triangular region, the vortex v̂  is convected upstream by the velocity field 
induced by the main vortex with a velocity estimated around 0.14U. 

Once the mean field along the side surface and the instantaneous field downstream the separa-
tion point have been discussed, Figure 4.19(a) makes an attempt to relate them: the instantaneous 
pathlines refer to the sampled time at which the maximum number of primary vortices (v1, v2, v3) 
are present at the same time past the pseudo-triangular region (tU/D = 788.75); the recognised in-
stantaneous structures in the mean inner region are plotted with continuous lines, while the mean 
structures are drawn with dashed lines. It follows that the mean inner region can be viewed as the 
one which contains the pseudo-triangular region, the primary vortices shed from it and the secon-
dary counter-clockwise vortices v̂  induced by the large vortex resulting from the coalescence of 
the primary vortices. In particular, the mean recirculation region results from the contribution of 
several instantaneous vortices, namely the steady one included in the pseudo-triangular region and 
the ones convected upstream. Figures 4.19(b)-(d) graph the distributions of the pressure mean 
value, standard deviation and skewness, respectively. Both the recognised flow structures and the 
pressure distributions allow to propose a physical-based guess mapping of the lateral surface. The 
mapping results from four recognised zones, whose extent is roughly evaluated at the external 
boundary of the separating shear flow: they are named, quoted and graphically represented with 
grey patterns in Figure 4.19. It is worth stressing that the rigorous identification of the x-length of 
these zones, even though possible, is not the scope of this work, while approximate but phenome-
non-based lengths have been preferred to make a guess at the relationship between the fluid flow 
phenomena and the aerodynamic forces. The “vortex shedding” (vs) region is defined as the 
x-distance from the separation point to the apex of the mean inner region: it contains the instanta-
neous primary vortices shed by the pseudo-triangular region and it is characterised by a Cp  pla-
teau and low pC~  values. The main vortex x-length is split into two zones in order to distinguish 
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the part of the side surface where the coalescence of the primary vortices takes place and the one 
where the instantaneous reattachment occurs: the watershed point between these regions is ob-
tained not only by looking at the point where the vortex-induced reversed flow close to the wall 
has a non null vertical component, but also remembering the critical aspect ratio B/D ≈ 3 that dis-
tinguishes separated-type and reattached-type rectangular sections. 

 
Figure 4.19 Instantaneous pathlines, flow structures and lateral surface mapping (a), pressure coefficient distribu-

tions along the central section (b-d) 
 
The “vortex-coalescing” (vc) zone shows the maximum value of the mean suction and a steep 

increase of the fluctuating component, while the mean “pressure recovery” gives the name to the 
second region (pr), where the maximum rms value also occurs. The “mean reattachment flow” 
(rf) region is regained from above and it is characterised by another Cp  plateau. Finally, it is 
worth pointing out that the longest lengths show a change in sign of the pressure skewness and 
that the bound of each length corresponds to its relative maximum or minimum values. Although 
deeper studies are needed to interpret this evidence, the features of the skCp  distribution seems to 
confirm the significance of the selected zones. The same partition of the side-surface applies to 
the spectral content of the pressure signals: a window of the Cp time histories at the mid point of 
each length and the normalised PSDs along the side surface are plotted in Figure 4.20. The pres-
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sure fluctuations in the vs and pr lengths are mainly characterised by one frequency component, 
which corresponds to the prevailing frequency in the lift coefficient (St number). 

 
Figure 4.20 Pressure time histories and Power Spectral Density along the upper side surface 

 
On the contrary, the points in the vc and rf lengths show a broad band spectrum, where the 

most significant frequencies are higher than St. The largest pressure fluctuations along the pr 
length (Figure 4.19(c)) and its narrow spectral content close to St (Figure 4.20) seem to suggest 
that this region contributes to the lift fluctuation component to the greatest extent. This is in 
agreement with the conclusions drawn by [cc]. In order to verify this hypothesis, Figure 4.21 
gives an example of the attempt made to relate the instantaneous lift coefficient CL(t) to the in-
stantaneous flow field, described by the vorticity magnitude contours around the central section 
and by the pressure distribution along the four regions in which the side surfaces have been parti-
tioned. Four instants, corresponding to null, maximum, null and minimum values of the lift coef-
ficient, have been retained for sampling. The (+) sign in the instantaneous vorticity magnitude 
fields corresponds to counter-clockwise eddies, while the (-) sign refers to clockwise ones. The 
suction peaks in the Cp distributions clearly correspond to the travelling vortices alternatively 
shed from the leading-edge and convected along the side surfaces. In spite of their magnitude, the 
suctions at the upper and lower side surfaces approximately cancel each other, and no significant 
effects on the net lift force arise. Positive pressure is recovered along part of the pr lengths at the 
lower and upper side surfaces and it involves the maximum and minimum lift values, respec-
tively. This positive pressure recovery takes place at the time in which a new vortex is shed from 
the vs length and the previous one is already convected in the wake. In other words, the instanta-
neous pressure recovery grows in the time and space domains in between two consecutive vor-
tices shed from the leading edge. At the same time, the pr length along the opposite side surface is 
submitted to a deep suction due to the vortex travelling along it. Hence, the pressure resultant 
forces at the upper and lower pr lengths do not cancel each other as they have the same direction. 
The pressure-induced net lift force acting on the pr length predominates over the contribution of 
the other regions to the overall lift acting on the whole section, as Figure 4.22 demonstrates. Nev-
ertheless, it is important to point out that the described mechanism is not the sole responsible for 
the aerodynamic behaviour of the cylinder: according to the authors, further analysis would be re-
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quired to identify complementary flow phenomena and to order them according to their contribu-
tion to the overall aerodynamic behaviour. 

 
Figure 4.21 Instantaneous vorticity fields and pressure distributions along a vortex-shedding period 
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Figure 4.22 Net lift components expressed by the identified lengths 

4.11 CONCLUDING REMARKS 

A computational study has been proposed in this work to analyse some flow features of the 
high Reynolds number, turbulent, separated and reattached flow around a fixed rectangular cylin-
der with chord-to-depth ratio equal to 5. 

Some partial conclusions can be made: the overall simulated aerodynamic behaviour seems to 
agree well with the results in literature, even though the latter are sometimes scattered; the POD 
analysis shows that, even though the 3D flow features are not negligible, the main phenomena 
which drive the aerodynamic forces remain 2D; the computational approach postprocessing facili-
ties have been employed to shed some light on the relationships between the vortex shedding and 
convection mechanisms, the instantaneous pressure field and the aerodynamic forces. 

Further studies are required to check the present proposal, to complete the knowledge of the 
main fluid flow phenomena which drive the section aerodynamics and to provide a complete data-
base for validation and comparison purposes. In this perspective, the newborn BARC benchmark 
could offer an useful research framework to the scientific community adopting both computa-
tional and experimental approaches. 
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5 Synchronisation phenomena and their implica-
tions in the design of footbridges 

Francesco Ricciardelli 
Università Mediterranea di Reggio Calabria 

5.1 THE DESIGN OF FOOTBRIDGES AGAINST PEDESTRIAN LOADING 

Footbridge response to pedestrian loading is known to be strongly related to the possibility of 
occurrence of interaction phenomena among the pedestrians and of the pedestrians with the 
structure. These two types of interaction can be investigated based on the theory of 
synchronisation of non-linear dynamic systems. The first occurs when a number of pedestrians 
walk very close to each other, to the point of synchronising their walking frequency and phase, 
and it is therefore related to some crowd density parameter. The second occurs when the structure 
vibrates with a sufficiently large amplitude, and at a frequency sufficiently close to the 
pedestrians natural frequency, such to trigger their gait, and make them all walk at the structural 
vibration frequency and all with the same phase. This second type of synchronisation is therefore 
related to the dynamic characteristics of the footbridge. The possibility of occurrence of these two 
types of synchronisation was illustrated in more detail in [1]. However due to the complicated 
mathematics and to the difficulty in calibrating the parameters appearing in the models, an 
approach to the design of footbridges incorporating these two possible synchronised types of 
behaviour is yet unavailable. 

In fact, present design practice in most of the cases neglects the possible occurrence of 
interaction phenomena, and considers the pedestrians as an external load. Only in a few cases 
more sophisticated loading patterns have been proposed and applied. Besides the possibility of 
establishing refined models incorporating possible synchronisation mechanisms, it is clear that the 
use of simple loading models based on the tools of linear structural dynamics is appealing for the 
designer, therefore it is of interest to assess their accuracy and to set the limits of their 
applicability. 

In this section results of experiments aimed at defining the charatceristics of walker-footbridge 
synchronisation and of crowd synchronisation will be presented. In addition, loading models of 
footbridges will be presented together with their numerical validation. 

 

Claudio Borri & Claudio Mannini (Edited by), Aeroelastic Phenomena and Pedestrian-Structure 
Dynamic Interaction on Non-Conventional Bridges and Footbridges, ISBN: 978-88-6453-200-4 (print) 
ISBN: 978-88-6453-202-8 (online) © 2010 Firenze University Press
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5.2 EXPERIMENTAL EVALUATION OF GAIT PARAMETERS 

An experimental campaign was carried out at the University of Reggio Calabria with the aim 
of defining the gait characteristics (frequency, stride and speed) and to identify their possible de-
pendency on the physical characteristics of the individuals (age, height, weight). The tests con-
sisted in the measurement of the time and number of steps required to walk a stretch of flat path 
of 72 m. The sample was made of 124 individuals with an average age of 27 years (STD = 12.6 
years), an average height of 169 cm (STD = 11.7 cm), and an average weight of 663 N (STD = 
163 N). 

From the experiments the walking speed, frequency and amplitude were indirectly derived, and 
their relationship to the characteristics of the individuals are shown in Figs. 5.1 and 5.2. It was 
found that there is a minor decrease of the walking frequency with weight (0.0002 Hz/N) and age 
(0.0012 Hz/year), and a minor decrease of stride length with age (0.03 cm/year), whereas all the 
other parameters are sensibly independent of each other. 
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Figure 5.1 Dependency of gait parameters on height and age 
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Figure 5.2 Dependency of gait parameters on weight 
 
 

0

0.05

0.1

0.15

0.2

0.25

0.
5

0
.6

0.
7

0
.8

0.
9 1

1.
1

1
.2

1.
3

1
.4

1.
5

Stride Length (m)

R
e

la
ti

v
e 

n
u

m
b

er
 o

f 
in

d
iv

id
u

a
ls

Lav=0.79 m
Lstd=0.19 m

0

0.05

0.1

0.15

0.2

0.25

0.
6

0
.7

0
.8

0.
9 1

1.
1

1.
2

1
.3

1.
4

1.
5

Frequency (Hz)

R
e

la
ti

ve
 n

u
m

b
er

 o
f 

in
d

iv
id

u
a

ls

fav=0.92 Hz

fstd=0.11 Hz

 

0

0.05

0.1

0.15

0.2

0.25

0.
8

5

0
.9

5

1.
0

5

1
.1

5

1.
2

5

1.
3

5

1.
4

5

1.
5

5

1.
6

5

1.
7

5

1.
8

5

1.
9

5

Speed (m/s)

R
e

la
ti

v
e

 n
u

m
b

e
r 

o
f 

in
d

iv
id

u
a

ls

Vav=1.39 m/s

Vstd=0.23 m/s

 

Figure 5.3 PDFs of stride length, frequency and speed 
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In Fig. 5.3 the frequency distributions of walking frequency, stride and speed are shown, to-
gether with their Gaussian approximation. The average walking frequency was found to be 
0.92 Hz, lower than that of 1.00 found by Matsumoto [m], which confirms that gait characteristics 
depend on the lifestyle of the individuals. 

For some applications it is of interest the relationship between the walking frequency fp, the 
stride length l and the walking speed v. The tests revealed that walking speed can be reasonably 
assumed a linear function of both walking frequency and stride length, while the latter parameters 
are quite uncorrelated with each other. Such result is shown through Fig. 5.4. Together with the 
results of the tests carried out at the University of Reggio Calabria (indicated as URC), eight 
points are shown, coming from similar tests carried out at the Danish Technical University (indi-
cated as DTU), and other eight points coming from the tests presented in [a]. 

Together with the experimental points, also the linear fits are shown, based only on the URC 
measurements. The fits show that the walking velocity is almost proportional to the walking fre-
quency, therefore it seems reasonable to neglect the constant value of 0.024 m/s and assume a re-
lationship of the type v=0.754·fp, where the slope of the line is in good agreement with the meas-
ured mean stride length of 0.768 m. In Fig. 5.4 the lines of equation v=[mean(l)±RMS(l)]·fp and 
v=[mean(l)±2·RMS(l)]·fp are also shown, which define the confidence ranges associated with the 
relationship between walking speed and stride length. 

A similar approach can be applied to analyse the relationship between stride length and walk-
ing velocity. Also in this case, when the constant value of -0.0007 m/s is neglected the linear rela-
tionship v=1.835·l is obtained from the URC measurements, whose slope is in perfect agreement 
with the measured mean walking frequency. Also in Fig. 5.4 the confidence ranges of the rela-
tionship between stride length and walking velocity are shown, through the lines of equation 
v=[mean(fp)±RMS(fp)]·l and v=[mean(fp)±2·RMS(fp)]·l. Finally, in Fig. 5.4 the relationship be-
tween the walking frequency and the stride length is shown. In this case the points are quite scat-
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Figure 5.4 Relationship between stride length, walking frequency and walking speed 
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tered, without a clear trend. In the figure a line corresponding to the mean stride length from the 
URC measurements, together with the constant values [mean(l)±2·RMS(l)] are also shown. 

 

5.3 CLOSED FORM RESPONSE OF FOOTBRIDGES TO THE CROSSING OF ONE PEDESTRIAN 

The full details of this section are given in [6]. 
The equation of motion of an elastic beam featuring viscous damping and with a span-wise 

constant cross section is: 

 IV( , ) ( , ) ( , ) ( , )mw x t cw x t EIw x t q x t+ + =   (5.1)

where w(x,t) is the beam displacement, m and c are the beam mass and viscous damping per unit 
length, E is the Young’s modulus of the material and I the moment of inertia of the cross section, 
and where q(x,t) is the load per unit length at time t. It is convenient to express the beam response 
as a combination of the modal response in the relevant modes: 

 ( , ) ( ) ( )i i

i

w x t x y t= φ  (5.2)

where φi(x) is the i-th mode shape and yi(t) is the i-th generalised coordinate. 
For a supported beam the i-th mode shape is: 

 
( ) sini x i x

L

π φ =  
 

 (5.3)

where L is the beam span. In the case of a sinusoidal force moving at a constant speed v, the forc-
ing function appearing in Eq. (5.1) is: 

 ( , ) sin( ) ( )q x t F t x vt= ω δ −  (5.4)

where F and ω  are the amplitude and frequency of the force, and where ( )δ ⋅ indicates the Dirac 
delta function. The i-th modal force can be derived from Eqs. (5.3) and (5.4): 

 
( ) ( , ) ( ) sin sin( )i i

L

v
f t q x t x dx F i t t

L

π = φ = ω 
   (5.5)

Finally, the equation of motion in the i-th mode is obtained as: 

 [ ]2
1 22 cos( ) cos( )i i i i i i i i

F
y y y t t

mL
+ ξ ω + ω = ω − ω   (5.6)

in which: 

 2
2

2i
EI

i
L m

πω =  (5.7)

is the i-th natural frequency, and ξi is the i-th damping ratio. 
From Eq. (5.6) it appears that the load is decomposed into the sum of two harmonic compo-

nents, having the same amplitude, and circular frequencies: 

 
1 1i

i

n
 ω = ω − 
 

                                     2 1i

i

n
 ω = ω + 
 

 (5.8)

respectively. In Eqs. (5.8) the quantity: 
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 2L
n

l
=  (5.9)

is equal to twice the ratio of the beam span to the wavelength l= ωπv2  of the load, i.e. is the total 
number of cycles the sinusoidal force applies to the beam.  

The solution of Eq. (5.6) is: 

 
1 1 1 2 2 22

( ) sin( ) sin( ) sin( )i it
i i i i i i i i Di Di Di

i

F
y t C t C t s C e t

mL
−ξ ω = ω + ϕ + ω + ϕ + ω + ϕ ω

 (5.10)

where: 

 21Di i iω = ω − ξ  (5.11)

is the damped frequency of the beam in the i-th mode, and where: 
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(5.12)

The resonant response in the i-th mode is obtained by setting iω=ω . Eqs. (5.8) become: 

 
1 1 1 i
i i i

i

i

n

 ξ ω = ω − = ω −   ε   
                            2 1 1 i

i i i
i

i

n

 ξ ω = ω + = ω +   ε   
 (5.13)

It can be seen that the parameter i in iε = ξ  is relevant to the system behaviour, as it is an index 
of the stationarity of the response. A large value of εi is associated with the response in a low 
mode of a beam of long span featuring high damping, and subjected to a high frequency load 
travelling at a low speed. The maximum transient response of such a system to a moving load is 
close to the response the system would experience if the same load were stationary at midspan. 
On the other hand, a small value of εi corresponds to the response in a high mode of a short span 
beam featuring low damping, subjected to a low frequency load moving at a high speed. In the 
latter case, the response is highly non-stationary. 

Under the assumption that i/n = ξi/εi << 1, i.e. in the case in which the wavelength of the load 
is much smaller than the wavelength L/i of the deformed shape of the beam, a large number of cy-
cles of the external load takes place between two nodes of the vibration mode. With the further 
assumption of low damping, Eqs. (5.12) can be approximated as: 



Synchronisation phenomena and their implications in the design of bridges and footbridges 

 

115
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Being i/n small, then 22
2

2
1 iii ω≅ω≅ω . Eq. (5.10) becomes: 

( )2
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( ) 1 sin atan cos ( )cos
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i i ti i

i i i i
i i i i i

F
y t t e t A t t
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−ξ ω

   ε ξ ≅ − + ε ω − + ω = − ω   ω ξ + ε ε ε    
(5.15)

Eq. (5.15) describes a harmonic response with slowly varying amplitude. The maximum of the 
response can be approximated with the maximum of the envelope, and the time instant at which 
this occurs is found through solution of the equation: 
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  (5.16)

An approximate solution of Eq. (5.16) is: 

 1
cos atan 0i

i
i i

t
 ξ ω − = ε ε 

 (5.17)

The cosine in Eq. (5.17) vanishes at: 
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i i i
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 (5.18)

This allows writing the approximate maximum of the normalised displacement transient re-
sponse as: 

 12 2 2atan
2* 2max max
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 (5.19)

where: 

 2
max 1i

istat

y mL

F

 ω =  ξ 
 (5.20)

are the amplitudes of the normalised displacement and acceleration stationary response, and 
where: 
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 (5.21)

is a transient resonant response coefficient (Fig. 5.5). 
The maximum of the normalised transient response can then be calculated by evaluating the 

envelope A(t) at time t* . 
When the moving load is not resonant with the beam, the dynamic behaviour is governed by 

the ratio of the excitation frequency to the natural frequency in the mode considered: 
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ω

 (5.22)

Eqs. (5.12) can be rewritten using the αi parameter as: 
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(5.23)

When the system is lightly damped, and rather away from resonance, Eqs. (5.23) can be ap-
proximated as: 
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Figure 5.5 Transient resonant response coefficient 
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and: 
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Based on Eqs. (5.24) and (5.25), Eq. (5.10) becomes: 
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 (5.26)

When the system is away from resonance, Eq. (5.26) provides a quite satisfactory approxima-
tion of Eq. (5.10), while it tends to loose accuracy as the system approaches resonance (i.e. as  
αi → 1). An approximate envelope of Eq. (5.26) is obtained by setting: 

 sin( ) cos( ) 1i i Dit tα ω = ω = ±  (5.27)

which gives: 
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 (5.28)

Opposite to Eq. (5.26), Eq. (5.28) is more accurate when the system is not too far from reso-
nance, while it tends to loose accuracy as the system moves away from resonance (i.e. as αi → 0 
and as αi → ∞). The procedure shown here is based on the approximation of the response through 
Eq. (5.26), and with the approximation of its envelope through Eq. (5.28). This means that the re-
sults are expected to loose accuracy both when the system gets very close to resonance, or when it 
moves very far from it. On the other hand, for intermediate values of αi they are expected to be 
fairly accurate. 

Following the same approach used for resonant oscillations, the maximum response can be 
found by setting:  
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A solution of Eq. (5.29) can be found by setting: 
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 (5.30)

which gives the time instant at which the envelopes reach their maximum: 



Chapter 5 

 

118

 *

2
i

i i i

t
ε π=

ξ ω α
 (5.31)

There results that the approximated maximum of the normalised response is: 
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 (5.32)

Eq. (5.32) proves quite accurate, except when αi approaches unity, in which case the solution 
for a resonant load is more accurate. 

Eq. (5.32) can be interpreted as a function of the frequency parameter αi, depending on the 
damping parameter ξi and on the stationarity parameter εi. This allows its use, together with that 
of Eq. (5.19), to build Transient Frequency Response Functions (TFRF). In particular, Eq. (5.19) 
applies at and around resonance, while Eq. (5.32) applies away from resonance. On the other 
hand, as the system approaches resonance, Eq. (5.32) tends to infinity. This allows defining the 
TFRF as the minimum value calculated through Eq. (5.19) and Eq. (5.32), that is: 
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FRF e e
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   ξ α ε   ξ ε α = + + ε + ε ξ + ε− α − α        
 (5.34)

In Fig. 5.6 the TFRF is plotted for a damping ratio ξi=0.01, and two different values of the εi 
parameter of 0.1 (left) and 1.0 (right). 
 

5.4 EXPERIMENTAL VALIDATION OF THE LOADING MODELS 

The response model of Section 5.3 well applies to short span bridges. For a medium to long 
span footbridge the worst load condition proves to be that of the stationary action of a crowd. For 
the particular case in which the density of the crowd is low enough for the pedestrians not to in-
teract with each other, therefore give rise to a synchronised behaviour, a loading model was pre-
sented by Ricciardelli [k]. Based on this, the RMS stationary acceleration response of a supported 
bridge can be written as: 

RMS o o( )8 Fea M f S f
BL

W W

⋅ = δ
πξ

 (5.35)

where foSFe( fo) is the non dimensional power spectrum of the equivalent load associated with one 
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Figure 5.6  Transient Frequency Response Functions 
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pedestrian, δ is the density of pedestrians, and L and B are the span and width of the bridge. 
The non dimensional power spectrum of the equivalent load associated with one pedestrian is 

obtained as the integral of the power spectrum foSF( fo/fp) of the load associated with one pedes-
trian centred at the frequency fp weighted through the probability density p( fp) of the walking fre-
quency: 

o o o o0
( ) ( ) ( )Fe F p p pf S f f S f f p f df

∞
= ⋅ ⋅  (5.36)

For the loading models leading to Eqs. (5.19) and (5.32) and to Eq. (5.35) to be applicable, the 
amplitude of oscillation of the footbridge has also to be small enough for the pedestrians not to be 
affected in their gait. To investigate the modifications occurring to the walking parameters due to 
the footbridge oscillation tests were carried out at the Danish Technical University on a model 
footbridge, able to vibrate in the vertical direction. These also allowed verifying the limits of ap-
plicability of Eq. (5.19). The footbridge, shown in Fig. 5.7, is a suspended span of 12 m, whose 
design data and final dynamic characteristics are reported by Ingolfsson [l]. For the purpose of 
matching the average walking frequency, an additional mass of 1075 Kg was added at midspan. 
There resulted a first natural frequency of 1.95 Hz. The measured damping ratio proved to be de-
pendent on the amplitude of oscillation. In particular a value of 0.5% was measured for low am-
plitudes up to 3.5 cm, a value of 0.6% for intermediate amplitudes up to 5.5 cm, and a value of 
0.8% for larger amplitudes. In the following the value of 0.5% will be used, as in the tests the am-
plitude of oscillation never exceeded the value of 3.5 cm. The first modal mass in the configura-
tion with the additional mass at midspan was estimated to be about 2020 Kg. 

First, a set of tests was carried out to measure the undisturbed walking characteristics of the 
eight test persons which consisted in measuring the average walking frequency and speed and 
stride length on a fixed floor. The values obtained were considered as a reference for the meas-
urements on the vibrating model footbridge. Then three sets of metronome tests were carried out 
on the model footbridge. In test #1 the metronome frequency was set equal to the bridge natural 
frequency, in test #2 it was set equal to 90% that (1.75 Hz), and in test #3 equal to 110%  
(2.15 Hz). In the metronome tests the persons were asked to try to keep the other walking parame-
ters as natural as they could. Finally, free walking tests were carried out, in which the persons 
were asked to walk on the bridge according to his/her own pace rate. Each of the tests above was 
repeated three times, and the results were averaged. 

In Tab. 5.1 the results of the free walking tests (on the stiff floor and on the vibrating foot-

 
Figure 5.7 Model footbridge at DTU 
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bridge) are compared. It can be noticed that there is a minor difference between the walking fre-
quencies measured on the footbridge and those measured on the floor, to be considered as a ran-
dom fluctuation. On the other hand, a systematic increase of the stride length is noticed when the 
pedestrians walk on the footbridge. This ranges between 0 and 7%, and globally increases with 
the amplitude of oscillation of the footbridge. In Tab. 5.1 the measured response is also compared 
to that predicted through Eq. (5.19) or (5.32). Either the one or the other equation is used in each 
case, depending on how close to each other were the walking and vibration frequencies. The 
closed form solution of Eq. (5.32) predicts the measured response with an error in the range of –
34% to +42%. This is mainly explained through the fact that this equation, even though quite ac-
curate away from resonance, tends to become inaccurate as the system approaches resonance. 
Other causes of inaccuracy are associated with the experimental setup, with the assumption of a 
sinusoidal deformed shape, and with the short span of the footbridge. The closed form solution of 
Eq. (5.19), on the other hand, generally overestimates (between 42% and 77%) the measured re-
sponse. This is mainly due to the fact that this equation applies in case of resonance, and in the 
free walking tests this condition is generally not achieved. 

In Fig. 5.8 the measured non-dimensional load detuning (difference between walking and vi-
bration frequencies) is plotted as a function of the theoretical non-dimensional load detuning (that 
calculated based on the walking frequency on the stiff floor). Measurement of a zero detuning 
would indicate that the pedestrian has synchronised its gait to the footbridge vibration. This situa-
tion, however, never occurred in the tests, suggesting that in none of the tests a walker-structure 
synchronisation mechanism took place. The maximum measured acceleration amplitude was  
2.26 m/s2, corresponding to a displacement amplitude of 1.51 cm. It is concluded that in this spe-
cific case of a short span, the synchronisation thresholds (both in terms of accelerations and dis-
placements) are larger than the values above. 

Finally in Tab. 5.2 the results of the metronome tests are presented. First it is noted that there is 
a discrepancy between the metronome frequency and the walking frequency, indicating that, es-
pecially in the resonance tests the walkers could not fully match the triggered frequency. For the 
resonance tests the measured acceleration is compared with that calculated through Eq. (5.19). 
The predicted acceleration always exceeds the measured one. For those walkers who could better 
match the metronome frequency (subjects # 2,4,5,7), the overestimation of the measured response 
through Eq. (5.19) is in the range of 26% to 64%. In this case the overestimation of the response 
by Eq. (5.19) is justified by the fact that when forced to follow the metronome frequency, the 

n 
W 

[N] 

H 

[m] 

gender 

 

fp [Hz] l [m] a [m/s2] 
ratio 

floor bridge floor bridge meas. calculated 

1 559 1.60 F 1.72 1.70 0.69 0.69 0.31 0.25   (eq. 5.32) 0.81 

2 647 1.77 F 1.93 1.94 0.71 0.76 1.68 2.98   (eq. 5.19) 1.77 

3 736 1.76 M 1.79 1.82 0.83 0.89 1.24 0.86   (eq. 5.32) 0.69 

4 785 1.80 M 1.88 1.83 0.85 0.90 1.98 2.81   (eq. 5.19) 1.42 

5 697 1.74 F 1.87 1.90 0.81 0.87 1.95 2.76  (eq. 5.32) 1.42 

6 687 1.80 M 1.82 1.82 0.83 0.85 1.48 2.52   (eq. 5.32) 1.70 

7 736 1.78 M 1.95 1.90 0.85 0.89 2.26 2.86   (eq. 5.19) 1.27 

8 1010 1.88 M 1.72 1.70 0.77 0.79 0.67 0.44   (eq. 5.32) 0.66 

Tab. 5.1 Free walking results 
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walkers tend to modify their walking parameters (see the increase in stride length), therefore mod-
ify the action to the footbridge. For the off-resonance tests the measured accelerations are com-
pared with those calculated through Eq. (5.32). In this case the prediction error is larger when the 
walking frequency is lower than the vibration frequency (up to 63%), and smaller when the walk-
ing frequency is larger than the vibration frequency (as low as 4%). 

 

5.5 EXPERIMENTAL INVESTIGATION OF WALKER-FOOTBRIDGE DYNAMIC INTERACTION 

PHENOMENA 

In this section results from experimental investigations into lateral loads induced by pedestri-
ans when walking on a laterally moving surface are presented. This is of particular interest when 
modelling the effect of crowd induced action on long-span and light-weight footbridges. It is 
shown that the movement of the structure has an adverse effect on the behaviour of the pedestri-
ans and the loading they induced, which must be accounted for in design in order to reduce the 
susceptibility of the structure towards excessive pedestrian-induced vibrations. 

During walking the ground reaction force, or simply GRF, occurs due to acceleration (and de-
celeration) of the centre of mass of the body. In general the GRF is a three dimensional vector 
which varies in both time and space. Early studies on lateral GRFs, revealed that the horizontal 
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Figure 5.8 Measured vs. theoretical detuning 
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[m/s2] 

1 1.85 0.73 1.23 2.41 1.75 0.72 0.455 0.364 2.08 0.73 0.666 1.07 

2 1.94 0.76 1.82 2.98 1.77 0.72 0.656 0.459 2.08 0.77 0.697 1.11 

3 1.88 0.94 2.01 2.67 1.75 0.89 1.00 0.438 2.11 0.89 1.38 1.20 

4 1.96 0.90 2.36 3.21 1.75 0.87 1.32 0.491 2.15 0.88 1.38 1.01 

5 1.96 0.88 1.93 2.88 1.77 082 0.622 0.486 2.14 0.89 1.11 0.919 

6 1.98 0.87 1.97 2.95 1.77 0.90 1.08 0.504 2.11 0.89 0.982 1.02 

7 1.96 0.94 2.30 2.89 1.77 0.85 1.09 0.394 2.13 0.85 1.26 1.02 

8 1.89 0.85 2.23 4.04 1.73 0.84 0.781 0.451 2.10 0.84 1.16 1.56 

Tab. 5.2 Metronome walking results 
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component of the force was generally very small and its lateral component is caused by balancing 
of the body during walking. A typical shape of the lateral GRF is shown in Fig. 5.9 for a single 
footstep (left) and continuous walking (right), under the assumption that all footsteps are identi-
cal, i.e. the same force pattern is replicated perfectly at each step during the entire walking. This 
perfect periodicity implies that the load can be written in terms of a Fourier series, with funda-
mental harmonic equal the duration of two consecutive steps: 

( )
1

( ) sin 2L j w j
j

F t G jf t
∞

=

= π − φ  (5.37)

in which fw is the walking frequency, Gj and φj are load amplitude and phase angle of load har-
monic j respectively. Typical values for G1 are 4-10% of the body weight. 

In [1] a frequency domain approach for modelling lateral pedestrian loads on a rigid surface 
(i.e. in the absence of lateral movement) is presented. The Power Spectral Density (PSD) for the 
first five harmonics of the lateral pedestrian load was given in a general (non-dimensional) form 
as: 

2

2

( ) 2 / 1
exp 2

2
L

j

F j w

L jj

S f f A f jf

F BB

  − = −   
π     

  (5.38)

where Aj and Bj are parameters determined by the data fit and 2

jLF is the area under the PSD around 
the jth harmonic. The results are based on experimental work done by Pizzimenti [i], using the 
same Treadmill Ergometer Device as presented herewith. 

 

Figure 5.9 Typical shape of a lateral walking force time history, obtained from a single footstep (left) and 
from a superposition of two consecutive footsteps (right). From [b]

 

Figure 5.10 TED setup (left) and pedestrian walking test in progress (right) 
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When walking on a laterally oscillating surface, people tend to spread their feet apart and 
change their walking frequency and phase, to match that of the floor. The modification to gait due 
to floor oscillations is known within the civil engineering community as human-structure (dy-
namic) interaction or simply HSI. During the temporary closure of the Millennium Bridge, con-
trolled pedestrian crowd tests were undertaken on the bridge which revealed that HSI affects the 
total pedestrian load such that a component in phase with and proportional to the velocity of the 
structure is observed. This finding suggested that the lateral pedestrian load can be treated as 
negative damping, which for a sufficient number of people cancels the inherent structural damp-
ing and in turn causes large vibration amplitudes. 

During the summer 2009, seventy-one healthy volunteers (45 males and 26 females) aged 16 to 
60 years, with average height 1.73 m (STD 0.01 m) and average weight 74.4 kg (STD 15.1 kg) 
participated in this study. A Treadmill Ergometer Device (TED), located in the CRIACIV labora-
tory in Prato was used to measure lateral GRFs during walking. In brief, the treadmill consists of 
three separate parts, Level 1 to 3. The base of the treadmill (level 1) is fixed on the laboratory 
floor. Level 2 consists of a steel frame connected to the base through rail guides, allowing hori-
zontal motion. Level 3 consists of the walking surface (dimension 100x180 cm), which is made of 
a steel frame system covered with plywood panels and a rubber belt. The belt is driven by a mo-
tor. The lateral movement of the treadmill is obtained using a motor connected to Level 2 which 
controls the lateral vibration frequency and the amplitude. The connection between level 2 and 3, 
i.e. belt and the laterally driven frame, is made with 4 flexural load cells for measuring the lateral 
pedestrian load (Fig. 5.10). 

 

 

Figure 5.11 Typical examples of measured force and square-root PSD in absence of lateral treadmill motion 
(top) and with harmonic oscillation of around 20 mm at frequency around 1.1 Hz 
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Subjects were requested to walk on the treadmill, at a freely selected walking speed, during 
lateral sinusoidal movement at various vibration frequencies and amplitudes. Each subject per-
formed several tests, each with duration 30 s, with vibration frequencies in the range 0.33 to  
1.07 Hz and displacement amplitudes between 4.5 mm and 48 mm. Furthermore, each test subject 
performed a reference test, walking on the treadmill for 2 minutes in the absence of lateral vibra-
tion. Two typical results from the static and dynamic tests respectively are shown in Fig. 5.11. 
The main difference between the static and the dynamic tests is the existence of a load component 
at the frequency of the lateral treadmill vibration, denoted the self-excited force. 

The magnitude of the self-excited force is quantified through the average work done by the pe-
destrian force per structural vibration cycle, through integration of the measured lateral force over 
the displacement of the structure. The average work is then normalized with the work done by a 
sinusoidal signal in phase with the velocity of the structure to obtain an equivalent sinusoidal load 
of the type: 

( ) ( ) ( ),0 sineq p p b LF t c x t c x t= = ω − φ   (5.39)

which produces the same work per cycle as the measured force. This way, the pedestrian load is 
modelled as equivalent damping, with the load coefficient, cp, determined as: 
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Figure 5.12 Average value of the pedestrian load coefficient as function of the normalised frequency (between 
lateral vibration frequency and mean walking frequency) for different lateral displacement ampli-
tudes (top) and as function of lateral displacement amplitude (bottom) for various vibration fre-
quencies. 
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where ,0bx  is the velocity amplitude of the treadmill, FL(t) measured pedestrian load and TTtot the 
total measurement time. Positive values of cp imply that the pedestrian inputs energy into the 
structure and negative values imply an increase in the overall damping of the structure. 

Pedestrian walking tests were performed at different lateral shaking frequencies, fL, and ampli-
tudes, xb,0, with up to 70 test subjects at each particular combination of fL and xb,0. In Fig. 5.12, the 
mean value of cp (taken for all the test subjects) for each frequency (normalized by the mean 
walking frequency of the population) and amplitude is presented, both as function of normalised 
frequency (top) and amplitude (bottom). In the top figure, the curves are made of an initial near–
linear segment (up to fL/fω ≅ 0.8 on the horizontal axis), followed by an almost horizontal seg-
ment. The slope of the linear segment and the value of the constant segment increases with de-
creasing amplitude. At the lowest frequencies cp is negative (i.e. damping is added to the struc-
ture), but at higher frequencies (fL/fω ≥ 0.5) the coefficient is positive. In addition, in the bottom 
figure there is a clear correlation between the average load coefficient and the displacement am-
plitude at most frequencies. In particular for fL/fω > 0.89, the negative damping decreases with in-
creasing amplitude, which demonstrates the self-limiting nature of associated structural response. 
At lower frequencies, the added damping decreases for an increase in the displacement amplitude. 

However, very large intersubject variability was observed in the tests, illuminated through a 
large scatter in the measured load coefficients. Therefore, the load coefficient is best described 
through its probability distribution and central moments (mean and standard deviation). In Fig. 
5.13, the experimentally obtained probability distribution of cp is shown for different frequencies, 
both in 3D (left) and in the (fL,cp) plane (right), where also the mean value ±σcp is shown.  

Globally it was shown that pedestrian induced lateral load depends on the movement of the 
ground surface which needs to be accounted for when designing bridges for dynamic pedestrian 
loads. The relationship between the force and the movement of the structure possesses an unfor-
tunate property, i.e. it increases in amplitude with the velocity of the structure, which causes a po-
tential threat of divergent amplitude, when loaded with a sufficient number of pedestrians. Fur-
thermore, large scatter in the data presented herewith, stresses the importance of treating the data 
through their probability distribution functions, rather than single characteristic numbers.  

Future work should include definition of the probability distribution functions for the load co-
efficient for creation of a load model, further investigation into different types of synchronization 
and overall phase coherence. 

 

Figure 5.13 Probability distribution of pedestrian load coefficients at different frequencies shown in 3D (left) 
and shown in the ( , /p L wc f f )-plan together with mean value pc  and ±σcp (right) 
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5.6 EXPERIMENTAL INVESTIGATION OF DYNAMIC INTERACTION PHENOMENA IN CROWDS 

Experimental measurements on the dynamics of crowds and groups people were carried out 
between January and May 2009 at the University of Reggio Calabria, using simple, custom-built, 
electronic devices able to simultaneously record the foot contact time of a number of walkers. In 
addition to the walking frequencies, the possibility of aligning the signals on one single time scale 
allowed analysis of the phases among the walkers. Information about the phases is of interest 
when synchronisation phenomena are investigated, with particular application to the definition of 
pedestrian loading of footbridges. 

The pedometer (Fig. 5.14) consists of two elements: a switch located at the heel and a re-
cording device that is connected to the switch through a cable. The latter has an internal clock and 
a memory in which the contact times are recorded. The device is small and light, and can be worn 
at the leg, therefore not modifying the normal walk. In the tests rubber-sole, leisure shoes were 
used, to ensure comfort and stability to the walkers. Download of the data was carried out through 
a standard USB port. The internal clock of the pedometers can be reset with a radio signal, which 
allows having one common reference time scale for all the devices. So doing it is possible to in-
vestigate the lags between the contact time of pairs of walkers, therefore characterise their walk-
ing phase. 

Tests were carried out on groups of walkers and on small crowds. By group a number of indi-
viduals is meant, who know each other and who walk together to a common destination therefore 
with the same speed. The surface area occupied by the group, therefore the density, is not im-
posed, but it is rather the result of the interaction between the members of the group. The control 
parameter for the group is the number of members. Groups of two, five and ten walkers were ana-
lysed. By crowd a large (larger than for a group) number of individuals is meant who are forced to 
walk close to each other because of space constraints, but that do not necessarily know each other 
nor walk to a common destination. The control parameter for the crowd is density. The walking 
speed of members of a crowd is not necessarily common to all members. However, when the den-
sity becomes large, the walking speed tends to become the same. In fluid dynamics this would 
correspond to a transition from turbulent to laminar flow. Crowds of densities δ of 0.5 walk-
ers/m2, 0.7 walkers/m2 and of 1.5 walkers/m2 were considered. 

Before performing group and crowd tests, the undisturbed gait parameters of each walker were 
measured in a free-walking test. These were then used as reference values for comparison of those 
measured in the group and crowd tests. 

      

Figure 5.14 Pedometer: recording device (left) and switch (right) 
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Group tests were performed over a length of about 130 m, which people walked four times. 
The four records were then assembled together by removing the pauses, so to obtain one single 
record of about five minutes. Five groups of two, three groups of fine and one group of ten were 
tested. In the group tests the way in which individuals occupy the space around them was also ob-
served, to try to gather as much information as possible on the interaction occurring among the 
walkers. 

Crowd tests required that the density be kept constant at a prescribed value. To achieve this, 
two different techniques were used, depending on the target density. For high-density crowds the 
density was kept constant by keeping constant the area of the surface occupied by the walkers. 
This area was 1.7 m wide and had a length depending on the number of walkers available and on 
the target density. As the rectangular area occupied by the walkers moved forward at a constant 
speed, all the walkers were forced to adjust to the same speed. Such type of behaviour is consis-
tent with that observed in real life for high-density crowds. For low-density crowds the density 
was kept constant by keeping constant the rate of the random arrival of new walkers at the starting 
section of the testing path. Such arrivals followed a Poisson distribution. For all crowds tests a 
walking length of 80 m length was used, that was walked only once. 

To understand the interaction occurring among the components of a group of walkers or of a 
crowd, knowledge is necessary of the undisturbed dynamic behaviour of each walker, i.e. walking 
speed and frequency and stride length. These parameters were measured during preliminary tests 
(P tests) on a sample of 34 individuals, from which the test subjects for the group and crowd tests 
were taken. The results of the P tests are not discussed here, but only used as reference in the dis-
cussion of the results of the group and crowd tests. 

Group tests (G tests) were performed on five groups of two (G2 tests), three groups of five (G5 
tests) and a group of ten (G10 tests) walkers. The results of only four of the five G2 tests are dis-
cussed, as one of the tests provided results that were found meaningless. 

In Tab. 5.3 the statistics (mean, standard deviation and index of variation) of the walking fre-
quency measured in the G2 tests are presented, and compared with those (in brackets) measured 
on the same walkers during the P test. The first observation is that when walking in pairs the 
mean walking frequency reduces (except for one case), with an average reduction of 4.6%. In par-
ticular both members of the pair tend to reduce their frequency, which suggests that such reduc-
tion is more the consequence of a two-way interaction between the walkers, rather that the one-
way adjustment of one walker to the other. Such interaction can be ascribed to a more relaxed at-

Test fmean [Hz] fstd [Hz] If 

G2-1 
0.834 (0.939) 0.035 (0.027) 0.042 (0.029) 

0.829 (0.859) 0.028 (0.024) 0.033 (0.028) 

G2-2 
0.839 (0.901) 0.032 (0.040) 0.039 (0.045) 

0.839 (0.815) 0.037 (0.027) 0.044 (0.033) 

G2-3 
0.862 (0.889) 0.029 (0.032) 0.034 (0.036) 

0.864 (0.902) 0.039 (0.028) 0.045 (0.031) 

G2-4 
0.897 (0.981) 0.023 (0.020) 0.026 (0.020) 

0.929 (0.978) 0.027 (0.035) 0.029 (0.036) 

Tab. 5.3 Frequencies from G2 tests 
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titude of the walkers when in company. In Fig. 5.15 time histories of the instantaneous walking 
frequencies are shown for the P and G2 tests, defined as: 

1

1
( )i

i i

f t
t t+

=
−

 (5.41)

where ti and ti+1 are the i-th and (i+1)-th contact times. Different types of behaviour can be 
pointed out. For the first pair a clear adjustment of the walking frequencies of the two walkers is 
visible. The mean frequency of the two walkers differs by 9% in the P tests and is almost coinci-
dent in the G2 test. This adjustment takes place at the expenses of an increase in the intra-subject 
variability (fstd and If) of the walking frequency of both walkers. This effect can better be seen 
from Fig. 5.16, where the phases: 
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Figure 5.15 Instantaneous walking frequencies from G2 tests (right) and the corresponding P tests (left): G2-
1 (first row), G2-2 (second row), G2-3 (third row), G2-4 (fourth row) 
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( ) ( ) ( )
( )

2

j j k k
j k i i

jk i i i

f t f t
t t t

+ϕ = −  (5.42)

between the walkers j and k at time ti are plotted. In Eq. (5.42) j
it  and k

it  are the i-th contact times 
of walkers j and k, respectively, and ( )j

if t  and ( )k
if t  their instantaneous frequencies at times j

it  
and k

it . For about 50 s, from t ≅ 45 s to t ≅ 95 the two walkers have the same walking frequency, 
therefore they keep a constant phase of about π/3 (ϕ/2π = 0.16). At about time t = 95 s, the walker 
who showed a largest undisturbed walking frequency during the P tests increased his frequency to 
a slightly larger value of that of other walker. As a result the phase becomes (linearly) increasing. 

This occurs for about 35 s, from t = 95 s to t = 130 s, until the phase difference gets back to a 
value of about π/3, to stay constant again for further 50 s, from t = 130 s to t = 180 s. In particular, 
the new value of the constant phase is ϕ/2π = 1.22, that is ϕ = 2π + π/2.3, indicating that the two 
walkers have locked-in again to the same frequency and phase, after one of the two has made one 
step more than the other. This is a discontinuous type of behaviour that is recognised in many of 
the tests performed. 

Also for the second pair there is a strong frequency adjustment during the G2 test. The average 
frequencies of the two walkers differed by a 10% in the P test (0.901 Hz versus 0.815 Hz) and be-
came exactly coincident in the G2 tests (0.839 Hz). This means that the two walkers walked ex-
actly the same number of steps in the G2 test. This complete frequency synchronisation, however, 
is not accompanied by a phase synchronisation, as from Fig. 5.16 it can be seen how the phase 
fluctuates between -2π and 2π, being constant only for short durations, and never at the same 
value. 

The same frequency adjustment of the first two pairs is found also in the third pair. In this case, 
however, this result was somehow expected, as the undisturbed walking frequency of the two 
walkers differed only by a 1.5% (0.889 Hz versus 0.902 Hz). In the G2 test both reduce their fre-
quency (to 0862 Hz and 0.864 Hz, respectively), and a long frequency synchronisation of almost 
140 s at a phase of about ϕ = -4/3π (ϕ/2π= -0.63) can be observed from Fig. 5.16. Outside that 
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Figure 5.16 Phases of G2 tests: G2-1 (first row, left), G2-2 (first row, right), G2-3 (second row, left), G2-4 
(second row, right) 
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range a slow decrease of the phase confirms the tendency of one of the walker to have a slightly 
higher frequency than the other, as observed in the P tests. 

Finally, the fourth pair of walkers examined showed a completely different behaviour. In this 
case neither frequency nor phase synchronisation could be observed. The average walking fre-
quencies of the two walkers differed by only 0.3% in the P tests (0.981 Hz versus 0.978 Hz), and 
diverged in the G2 tests (0.897 Hz versus 0.929 Hz) to a difference of 3%, indicating that the in-
teraction in this case had more the characteristics of a disturbance. The phase has in this case a 
linear variation, at least for limited time durations. In particular constant values of the linear phase 
variation were observed from the beginning of the test to about t = 100 s (zone 1), from there to 
about t = 130 s (zone 2) and from there to the end of the test (zone 3). 

In Tab. 5.4 the statistics (mean, standard deviation and index of variation) of the walking fre-
quency measured in test G5-1 are presented, and compared with those (in brackets) measured on 
the same walkers during the P test. In Fig. 5.17 the time histories of the instantaneous walking 
frequencies are shown, as measured in the P and G5-1 tests. It can be observed that the interaction 

Test fmean [Hz] fstd [Hz] If  

G5-1 

0.877 (0.939) 0.083 (0.027) 0.094 (0.029)  

0.839 (0.859) 0.029 (0.024) 0.034 (0.028) 

 0.857 (0.901)  0.037 (0.040)  0.043 (0.045) 

 0.850 (0.815)  0.075 (0.027)  0.088 (0.033) 

 0.875 (0.889)  0.020 (0.032)  0.023 (0.036) 

Tab. 5.4 Frequencies from G5-1 test 
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Figure 5.17 Instantaneous walking frequencies from P (left) and G5-1 (right) tests 
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Figure 5.18 Phases of G5-1 test 
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occurring in the group walking brings a reduction of the averaged value of the mean walking fre-
quency of the five walkers: 

1

1 N i
meani

f f
N =

=   (5.43)

N = 5 being the number of walkers in the group, which goes from 0.880 Hz in the P tests to  
0.860 Hz in the G5-1 test. This confirms the tendency of walkers in groups to walk in a more re-
laxed way. In addition a reduction is observed of the inter-subject variability of the mean walking 
frequency. This is measured through the index of variation of the mean walking frequency of the 
five walkers: 
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f f
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=

−
=
  (5.44)

which is 0.053 in the P tests and reduces to 0.019 in the G5-1 test. 
It is finally observed that the reduction of the inter-subject variability of the mean walking fre-

quency is obtained at the expenses of an increase of the intra-subject variability of the walking 
frequency. This is measured through the averaged value of the index of variation of the walking 
frequency of the five walkers: 

Test fmean [Hz] fstd [Hz] If  

G10 

0.886 (0.939) 0.033 (0.027) 0.037 (0.029)  

0.836 (0.859) 0.030 (0.024) 0.035 (0.028) 

 0.855 (0.901)  0.038 (0.040)  0.044 (0.045) 

 0.846 (0.815)  0.029 (0.027)  0.035 (0.033) 

 0.869 (0.889)  0.024 (0.032)  0.028 (0.036) 

0.873 (0.902) 0.043 (0.028) 0.050 (0.031) 

0.926 (0.981) 0.023 (0.020) 0.025 (0.020) 

0.940 (0.978) 0.037 (0.035) 0.037 (0.036) 

0.930 (0.910) 0.026 (0.030) 0.028 (0.033) 

Tab. 5.5 Frequencies from G10 test 
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Figure 5.19 Phases of G10 test 
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that increases from 0.034 of the P tests to 0.057 of the G5-1 test. This effect is considered as the 
result of the effort of the walkers put in keeping the same velocity and approximately the same 
frequency as the other members of the group. In doing so, they tend to walk in a less natural way, 
with the effect of decreasing the stationarity of their gait. 

This effect can also be observed from Fig. 5.18, where the phases, as defined through  
Eq. (5.42) of four walkers with respect to the fifth are shown. Walkers 1 and 5 walk with the same 
mean frequency (0.877 Hz versus 0.875 Hz), therefore their phase stays almost constant. In par-
ticular it is zero from the beginning of the test to about t = 80 s; it then increases until it reaches 
the value of about π, which is kept from t = 110 s to t = 180 s, to drop down to zero again at  
t = 200 s. This indicates that these two walkers tend to walk either in phase of in opposite phase. 
Walkers 2 and 3, on the other hand, walk at a different frequency with respect to walker 1  
(0.839 Hz and 0.857 Hz, respectively as opposed to 0.877 Hz), and such difference is kept con-
stant in time so that there results a linear increase in phase. Finally a third type of behaviour is 
that of subject 4, who walks at a different mean frequency from walker 1 (0.850 Hz versus  
0.877 Hz), but is unable to keep it constant (high intra-subject variability). There results a large 
increase in the index of variation of the walking frequency of walker 4 with respect to the undis-
turbed condition of the P test (Iv = 0.088 in the G5-1 test and Iv = 0.033 in the P test). In Fig. 5.18 
this behaviour is identified with a phase that increases with varying slope. 

Similar conclusions to those of G5-1 test could be drawn from the G10 test. In Tab 5.5 the sta-
tistics (mean, standard deviation and index of variation) of the walking frequency measured on 9 
of the 10 walkers of test G10 are presented, and compared with those (in brackets) measured on 
the same subject during the P test. One time history could not be used due to a failure of the pe-
dometer during the test, so one of the walkers was treated as a dummy when processing the data. 
Also in this case there is a reduction of the averaged value of the mean walking frequency f , 

Test f  [Hz] f  [Hz] fI  

From [b] 0.923 0.112 0.121  
C05 0.781 0.018 0.023 
C07 0.816 0.046 0.056 
C15 0.724 0.042 0.058 

Tab. 5.6 Frequencies from C tests 
 

0

10

20

30

40

50

0.
6

0.
8

1.
0

1.
2

f [Hz]

Pr
ob

ab
ili

ty

              

0

10

20

30

40

50

0.
6

0.
8

1.
0

1.
2

f [Hz]

Pr
ob

ab
ili

ty

               

0

10

20

30

40

50

0.
6

0.
8

1.
0

1.
2

f [Hz]

Pr
ob

ab
ili

ty

 
Figure 5.20 Frequency distribution from C tests 
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which goes from 0.908 Hz in the P tests to 0.885 Hz in the G10 test. Less dramatic is here the re-
duction of the index of variation of the mean walking frequency, which is 0.063 Hz in the P tests 
and reduced to 0.044 Hz in the G10 test. Consequently also the averaged value of the index of 
variation of the walking frequency has a negligible increase, from 0.032 of the P tests to 0.035 of 
the G10 test. Globally speaking it can be concluded that the interaction among walkers is lower in 
a group of ten than it is in a group of five. This is probably due to the fact that a group of five is 
small enough to behave as one single group, while a group of ten starts to become the assemblage 
of smaller subgroups behaving in a more or less independent way. This behaviour is somehow 
confirmed by Fig. 5.19, where the phases, as defined through Eq. (5.42), of nine walkers are 
shown, with respect to a theoretical walker having constant frequency f = 0.885 Hz equal to the 
average value of the mean walking frequency of the nine walkers. It is clear how walkers 2, 3 and 
4 on one side, and walkers 7, 8 and 9 on the other (but possibly also walkers 1, 5 and 6) tend to 
sub-group together (notice that parallel curves in the phase plots indicate constant phase shift be-
tween the walkers the curves refer to). 

Crowd tests (C tests) were performed with densities of 0.5 walkers/m2 (C05 tests), 0.7 walk-
ers/m2 (C07 tests) and 1.5 walkers/m2 (C15 tests). For the C tests, the frequency characteristics 
are compared with those from a previous study of the undisturbed gait of a sample of 114 walkers 
of similar characteristics to those participating in the tests discussed here. 

In Tab. 5.6 the inter-subject statistics of the mean walking frequency measured in the crowd 
tests are presented and compared with those of the undisturbed walk. These are the averaged 
value of the mean walking frequency defined in Eq. (5.43), the standard deviation of the mean 
walking frequency: 

( )2

1

N i
meani

f f
f

N
=

−
=
  (5.46)

and the index of variation of the mean walking defined in Eq. (5.44). 
It can be noticed that in all three tests there is a substantial reduction of the average and of the 

standard deviation of the mean walking frequency. However, such reduction does not appear to be 
related to the density parameter. In fact, the largest reduction of the average mean frequency oc-
curs for a density of 1.5 walkers/m2 (0.724 Hz versus 0.923 Hz, 22% reduction), and the largest 
reduction of the standard deviation of the mean frequency occurs for a density of 0.5 walkers/m2 
(0.018 Hz versus 0.112 Hz, 84% reduction) while for a density of 0.7 walkers/m2 the reduction of 
both statistics is lower (12% and 59% reduction of f  and f , respectively). The fact that the 
maximum reduction of f  occurs for a large density of pedestrians is strictly related to the reduc-
tion of the walking speed occurring at large densities. The reduction of the standard deviation, 
however, is more related to the increase in the organisation of the walkers, and it is a surprising 
result that the maximum organisation is for a moderate density of 0.5 walkers/m2. 

Finally, in Fig. 5.20 the Gaussian PDF of the undisturbed walking frequency is compared with 
the histograms of the mean walking frequencies measured during the C tests. In the plots the areas 
of the Gaussian PDF and of the histograms are the same (and equal to 1), it is evident how the 
walkers in the crowd tend to walk in a very narrow range of frequencies.   
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