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Preface

Taxis is an orientation mechanism under which the migration of the population is
regulated by light, temperature, electric field, chemicals and many more in its envi-
ronment. Among these, chemotaxis is an important sensory phenomenon in which
cellular organisms direct their movements up or away the concentration gradient of
stimulating chemical.

As a prototypical macroscopic model for self-enhanced chemotaxis, the mathe-
matical feature of the Keller—Segel system has been the subject of intensive study
over the past few decades, inter alia its ability to display cell aggregation in the utmost
sense of finite-time blow-up of some solutions in two-even higher-dimensional
settings. Motivated by numerical and modeling issues, suppressing taxis-driven blow-
up in theory and numerics is a considerable challenging problem. There are some
possible ways to avoid blow-up such as bounded chemotaxis sensibilities, nonlinear
cell diffusion, logistic-type proliferation and death, and additional cross-diffusion
term in the equation for the chemical signal.

In this book, we refrain from attempting to show that our results encompass all that
have been done in the numerous relevant contributions on global classical solvability,
boundedness and large time behavior in various types of chemotaxis systems, and
rather put our recent research studies together in one place, and try to present in a
somewhat systematic way some of the progress on these issues for more involved
taxis-type cross-diffusive equations capable of adequately describing more complex
biological systems.

The book is organized as follows. The first chapter focuses on global bounded-
ness to a three-dimensional chemotaxis—Stokes system with nonlinear diffusion and
rotation, and asymptotic profile of a two-dimensional chemotaxis—Navier—Stokes
system with singular sensitivity and logistic source. The second chapter is concerned
with Keller-Segel-fluid system where the chemoattractant is produced by bacteria
rather than being consumed in the previous chapter. Relying on a variant of the
natural gradient-like energy functional, the first part thereof shows that blow-up
can be prevented by the slow diffusion of the cells in a two-dimensional Keller—
Segel-Navier—Stokes system with rotational flux. In comparison with that the second



vi Preface

part demonstrates that the suitable saturation of sensitivity is sufficient to guar-
antee global existence in a three-dimensional Keller—Segel-Navier—Stokes system
involving tensor-valued sensitivity. The third chapter is divided into three parts.
The first part investigates the logistic damping on Chaplain—Lolas model of cancer
invasion with remodeling of tissue remodeling in two-dimensional spaces, while
the second part of this chapter is devoted to the integrative interactions of chemo-
taxis, haptotaxis, logistic growth and remodeling mechanisms, and proves the global
boundedness of solutions thereof rather comprehensively, as well as the global clas-
sical solutions under some smallness conditions in the three-dimensional setting.
In the third part, we consider the long-time behavior of solutions to the evolution
equations modeling tumor angiogenesis in a bounded smooth domain @ c RV
(N = 1, 2). In particular, in the one-dimensional case, it is shown that the corre-
sponding solution converges to a steady state thereof with an explicit exponential
rate. The fourth chapter is devoted to Keller—Segel—(Navier)—Stokes system modeling
coral fertilization. The fifth chapter is concerned with the density-suppressed motility
model. In the first part, by introducing an auxiliary parabolic problem to which the
comparison principle applies and constructing relaxed super- and sub-solutions with
spatially inhomogeneous decay rates, it is proved that the density-suppressed motility
model admits traveling wave solutions in R”; In the second part, based on the duality
argument, it is shown that for suitable fast diffusion of chemical signals the problem
under consideration admits at least one global weak solution which will asymptoti-
cally converge to the spatially uniform equilibrium. The sixth chapter is devoted to a
haptotactic cross-diffusion system modeling oncolytic virotherapy. In the first part,
the corresponding solutions of the model with suitably small initial data is globally
bounded and approach some constant profiles asymptotically. In the second part apart
from the haptotaxis of uninfected cancer cells, the inclusion of two further haptotaxis
mechanisms, both of infected tumor cells and virions, is considered with respect to
aspects of classical solvability and boundedness in the presence of certain suitably
strong further zero-order degradation.

It is our great pleasure to thank our collaborators, former students who were
involved in this research. In particular, we would like to express our deep thanks to
Professors Jingxue Yin, Peter Y. H. Pang, Zhian Wang, Li Chen and Jiashan Zheng,
not only for our joint research but for the warm hospitality we enjoyed when visiting
them as well. We would also like to acknowledge the financial support from the NNSF
Project 12071030, 12171498, and Beijing Natural Science Foundation Z210002.

Beijing, China Yuanyuan Ke
March 2022 Jing Li
Yifu Wang
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Chapter 1 ®)
Chemotaxis—Fluid System oo

1.1 Introduction

In the early 1970s, Keller and Segel proposed the cross-diffusion system to describe
the phenomenon of spatial structures in biological system through chemical induced
processes (Keller and Segel 1970, 1971a). In particular, they looked at situations
where cells partially orient their movement along gradients of a signal secreted by
themselves, or instead, cells direct their movement in response to a substance which
they consume. A prototypical example of the former is the Dictyostelium discoideum
colony, while the latter is an E. coli population. The model in which the biased migra-
tion is induced by the consumed nutrient is usually called chemotaxis—consumption
system. Often such chemotactic movements take place in a fluid environment, and
experimental findings and analytical studies have revealed the remarkable effects of
chemotaxis—fluid interaction on the overall behavior of the respective chemotaxis
systems, such as the prevention of blow-up and improvement of efficiency of mix-
ing (Chertock et al. 2012; Kiselev and Ryzhik 2012a; Kiselev and Xu 2016; Lorz
2012; Tuval et al. 2005). It should be noted that the derivation of chemotaxis models
interacting with a fluid can be obtained by asymptotic methods inspired by Hilbert’s
sixth problem (Bellomo et al. 2016).

This chapter is concerned with a convective chemotaxis system for the oxygen-
consuming and oxy-tactic bacteria, coupled with the incompressible Navier—Stokes
equations. Section 1.3 is concerned with the following system

n,+u-Von=An" —V-mS(x,n,c) - Vo), xeNR,t>0,
¢;+u-Ve= Ac — nc, xef2,t>0,
u; + VP = Au+nVg, xef2,t>0, (LLD)
V-u=0, xef2,t>0,
(Vn"™ —nS(x,n,c)-Ve)-v=0,c=0,u =0, x€082,t>0,
n(x,0) =nopx), c(x,0) = co(x), u(x, 0) = up(x), x €2

© The Author(s) 2022 1
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2 1 Chemotaxis—Fluid System

with m > 0, where £2 is a bounded domain in R?, S(x, n, ¢) is a chemotactic sensi-
tivity tensor satisfying B
S e C*(2 x [0, 00)?; R¥*3) (1.1.2)

and
[Sx,n,c)] < (14+n)"%Sy(c) forall (x,n,c) e 2 x [0, 00)? (1.1.3)

with @ > 0 and some non-decreasing S : [0, c0) — R.

In the two-dimensional analogue of (1.1.1), the condition of m =1, « =0 is
sufficient to ensure global existence of some generalized solution thereof (see Winkler
2018d), which eventually becomes smooth (Winkler 2021a). Nevertheless, a new
difficulty arises in the analytical studies of the three-dimensional version of (1.1.1).
It is well known that, compared with the case m = 1 (see Ke and Zheng 2019, Wang
et al. 2018, Winkler 2018e), the nonlinear diffusion mechanism m # 1 may inhibit
the occurrence of blow-up phenomena (see Tao and Winkler 2012b, Winkler 2013).
Up to now, system (1.1.1) with nonlinear diffusion has been studied systematically.
Indeed, in three space dimensions (N = 3), many authors considered the global
existence and boundedness of the solutions, and the restriction on m is weakened bit
by bit. For example, when the chemotactic sensitivity function S(x, n, c¢) is scalar-

value, in 2010, the range of m can be belong to [@, 2] (Francesco et al. 2010); in

2013, for locally bounded solution, m can be greater than % (Tao and Winkler 2013);
in 2018, the resultis pushed tom > % (Winkler 2018c). If we only consider the global
existence of the solutions, rather than its boundedness, the value of m can be even
smaller, suchasm > 1inDuan and Xiang (2014) andm > % inZhang and Li (2015a).
When the chemotactic sensitivity function S(x, n, ¢) is tensor-value (S is a matrix),
in 2015, Winkler (Winkler 2015b) established the uniform-in-time boundedness of

global weak solutions in bounded and convex domains §2 for m > %. Zheng (2022)
extended the previous global boundedness result to m > %. As an extension of
this result, when S fulfills (1.1.3), the corresponding results are constantly updated.
In 2017, it was shown in Wang and Li (2017) that m > 1 and m + o > % insures
the global existence of bounded weak solution; in 2020, Wang (2020) extended the
previous global boundedness result tom + %a > %, o> 0andm + o > %. The first
section shows how far the porous medium type diffusion of bacteria and saturation
of tensor-valued sensitivity ensure the global boundedness of the weak solutions to
(1.1.1) in the standard sense by the method different from those in Tao and Winkler
(2013), Wang (2020), Winkler (2015b), Winkler (2018c).

In order to prepare a precise statement of our main results in these respects, let us

assume that the initial data satisfy
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ng € C*(82) for certain x > 0 with no > 0 and ny #£0 in $£2,

1,00 . . =
co € W™ (82) with ¢y >0 in £2, (1.1.4)

ug € D(A”) for some y € (%, 1),
where A denotes the Stokes operator with domain D(A):=W?>2(2) N Wg*(2) N
L2(2), and L2(R2) := {p € L*(2)|V - ¢ = 0} (see Sohr 2001). As for the time-
independent gravitational potential function ¢, we assume for simplicity that ¢ €
W2 ().
Within this framework, our main result can be stated as follows (Zheng and Ke
2021):

Theorem 1.1 Let (1.1.4) hold and suppose that S satisfies (1.1.2)—(1.1.3). If m +

o > % withm > 0 and o > 0, then there exists at least one global weak solution (in
the sense of Definition 1.1 below) of problem (1.1.1). Also, this solution is bounded

in §2 x (0, 00) in the sense that for allt > 0

lnC, OlliLe@y + e, Dllwreey + lul, Dllre@ < C

with some positive constant C independent of t. Moreover, ¢ and u are continuous
in 2 x [0, 00) and
neC’_([0,00); L(£2)).

The proof of Theorem 1.1 focuses on the derivation of regularity estimates for
the component n, properly by means of a new bootstrap iteration in the case of
19—0 <m+ta< % which seems to be quite different from those in Tao and Winkler
(2013), Wang (2020), Winkler (2015b, 2018c), Zheng (2022). More precisely, based
on the basic a priori estimates, we can establish the L7 (£2)-estimates on n, for some
p > % in the case % <m+ao<2 o> % or m + « > 2 by using some carefully
analysis. Whereas for % <m + «a < 2and smaller o € [0, %], the derivation of the

L7*($2)-estimates on n, with some px > % needs a new iteration. In fact, on the

basis of the spatio-temporal estimate ft’H /, o Z‘—j |Vc,|? provided by the quasi-energy
functional, one can establish the boundedness of n, in L”' (§2) (see Lemma 1.20) and
LP"(£2) (see Lemma 1.23), where p; = 2(m 4+ a)> — 2(m + o) +4 + 1a[4(m +
a)—1]and p, = 3p2+3(4m —5+3a)p, + (2m +2a — 3)(m — 1) + 1. Based
on the LP"-boundedness of n,, one can then archive the uniform bounds of 7, in
LP($2) for any p > 1. With the aid of a standard Morse-type technique and the
maximal Sobolev regularity, one can derive the boundedness of n., Vc, and u, in
L*>($2), inter alia the further regularity properties thereof which seem necessary to
obtain the global weak solution to system (1.1.1).

In the second part of this chapter, we are concerned with the chemotaxis—
consumption system coupled with the incompressible Navier—Stokes equations
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n,+u-Vn:An—XV~(EVC>+f(n), x€e N, t>0,
c

¢;+u-Ve=Ac—nc, xe 2, t>0, (1.1.5)
u; + W -Vyu=Au+ VP +nVg, xe R, t>0,
V.u=0, x e, t>0,

describing the biological population density z, the chemical signal concentration c,
the incompressible fluid velocity # and the associated pressure P of the fluid flow in
the physical domain 2 C R". It is assumed that n and ¢ diffuse randomly as well as
are transported by the fluid, with a buoyancy effect on n through the presence of a
given gravitational potential ¢. Further, it is assumed that the chemotactic stimulus
is perceived in accordance with the Weber—Fechner Law (Short et al. 2010; Wang
2013; Winkler 2019b) which states that subjective sensation is proportional to the
logarithm of the stimulus intensity, in other words, the population n partially direct
their movement toward increasing concentrations of the chemical nutrient ¢ that
they consume with the logarithmic sensitivity. In addition, on the considered time
scales of cell migration, we allow for population growth to take place, through the
term f(n) =rn — un? with the effective growth rate r € R, which accounts for the
mortality or population renewal, and strength of the overcrowding effect u > 0; we
note that » = 0 is allowed and has indeed been argued for in certain models (Hillen
and Painter 2009; Kiselev and Ryzhik 2012a).

The system (1.1.5) appears to generate interesting, nontrivial dynamics. However,
to the best of our knowledge, no analytical result is available yet which rigorously
describes the qualitative behavior of such solutions. This may be due to the circum-
stance that (1.1.5) joins two subsystems which are far from being fully understood
even when decoupled from each other. Indeed, (1.1.5) contains the Navier—Stokes
equations which themselves do not admit a complete existence and regularity theory
(Wiegner 1999).

At the same time, by setting u =0 in (1.1.5), we arrive at the following
chemotaxis—consumption model

n,:An—xV-(gvc)’ (1.1.6)

c¢; = Ac —nc,

where population growth has been ignored, which was introduced by Keller and
Segel (1971a) to describe the collective behavior of the bacteria E. coli set in one
end of a capillary tube featuring a gradient of nutrient concentration observed in
the celebrated experiment of Adler (1966). Later, this model was also employed to
describe the dynamical interactions between vascular endothelial cells and vascular
endothelial growth factor (VEGF) during the initiation of tumor angiogenesis (see
Corrias et al. 2003; Levine et al. 2000). It has already been demonstrated that the
logarithmic sensitivity featured in (1.1.6) renders a significant degree of complexity
in the system; in particular, it plays an indispensable role in generating wave-like
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solutions without any type of cell kinetics (Hillen and Painter 2009; Keller and Segel
1970; Rosen 1978; Schwetlick 2003; Wang 2013), which is a prominent feature in
the Fisher equation (Kolmogorov et al. 1937).

In comparison with (1.1.6), the related chemotaxis system

n
n, =An—xV~(;Vc)+f(n), (LL17)

¢ =Ac—c+n,

where the chemical signal c is actively secreted by the bacteria rather than consumed
(see Bellomo et al. 2015; Hillen and Painter 2009), has been more extensively stud-
ied. It is observed that the chemical signal production mechanism in the c—equation
inhibits the tendency of ¢ to take on small values, and thereby the singularity in the
sensitivity function is mitigated. Accordingly, for such higher dimensional systems
with reasonably smooth but arbitrarily large data, the global existence of bounded
smooth solutions can be achieved. Indeed, global existence and boundedness of clas-

sical solutions to (1.1.7) without source terms is guaranteed if x € (0, \/%) (Fujie

2015; Winkler 2011a), or if N =2, x € (0, xo) with some yo > 1.015 (Lankeit
2016b), while certain generalized solutions have been constructed for general x > 0
in the two-dimensional radially symmetric case (Stinner and Winkler 2011; Winkler
2011a). Moreover, without any symmetry hypothesis, Winkler and Lankeit estab-
lished the global solvability of generalized solutions for the cases x < oo, N = 2;
X < «/§, N =3;and y < %, N > 4 (Lankeit and Winkler 2017).

Furthermore, in accordance with known results for the classical Keller—Segel
chemotaxis model (see Lankeit 2015; Winkler 2010a, 2014a for example), the pres-
ence of the logistic source term f(n) = n(r — un) in (1.1.7) can inhibit the tendency
toward explosions of cells at least under some restrictions on certain parameters.
Indeed, itis known that (1.1.7) with N = 2 possesses a global classical solution (n, c)
forany r € R, x, u > 0, and (n, ¢) is globally bounded if r > XTZ forO0 < x <2or
r > x — 1 for x > 2 (Zhao and Zheng 2017). Moreover, (1, ¢) exponentially con-
verges to (i, [LL) in L*°(£2) provided that u > 0 is sufficiently large (Zheng et al.
2018). As for the higher dimensional cases (N > 2), the global very weak solution
of (1.1.7) with f(n) =rn — un* is constructed when k, x and r fulfill a certain
condition. In addition, when N = 2 or 3, this solution is global bounded provided =~
and the initial data ||ng]| 2, || Vol 1+ are suitably small (Zhao and Zheng 2019).

In contrast to (1.1.7), system (1.1.6) is more challenging due to the combination
of the consumption of ¢ with the singular chemotaxis sensitivity of z. Intuitively,
the absorption mechanism in the c—equation of (1.1.6), which induces the pref-
erence for small values of ¢, considerably intensifies the destabilizing potential of
singular sensitivity in the n—equation. Up to now, it seems that only limited results
on global classical solvability in the spatial two-dimensional case are available. In
fact, only recently have certain global generalized solutions to (1.1.6) been con-
structed for general initial data in Lankeit and Lankeit (2019b), Winkler (2016a),
Winkler (2018a), whereas with respect to global classical solvability, it has only
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been shown for some small initial data (see Wang et al. 2016; Winkler 2016¢). In
particular, Winkler (2016¢) showed that the global classical solutions to (1.1.6) in
bounded convex two-dimensional domains exist and converge to the homogeneous
steady state under an essentially explicit smallness condition on ng in L log L(£2)
and Vncp in L2(£2). We would, however, like to note that numerous variants of
(1.1.6), such as those involving nonlinear diffusion, logistic-type cell kinetics and
saturating signal production (Ding and Zhao 2018; Jia and Yang 2019; Lankeit and
Lankeit 2019a; Lankeit 2017; Winkler 2022; Lankeit and Viglialoro 2020; Liu 2018;
Viglialoro 2019; Zhao and Zheng 2018), have been studied. For example, the authors
of Zhao and Zheng (2018) proved that the particular version of (1.1.6) by adding
f(n) =rn—un* (r >0, >0,k > 1) into the n-equation admits a global classi-
cal solution (n, ¢) in the bounded domain 2 c RN if k > 1 + %, and in the two-

dimensional setting, (n, c, ic"') — (( ﬁ)ﬁ, 0, 0) for sufficiently large u. In partic-
ular, it is shown in the recent paper Lankeit and Lankeit (2019a) that (1.1.6) with
logistic source f(n) =rn — un® (r € R, u > 0) possesses a unique global classi-
cal solutionif 0 < y < \/% , > 1\;—;]2, and a globally bounded solution only in one
dimension for any x > 0, u > 0. Also, the author of Wang (2019) showed that if
W > o with some g = o(£2, x) > 0 then the corresponding classical solution is
globally bounded, and (n, c, @) — (%, A, 0) with A € [0, ﬁ fg co) in (L>®(£2))3
ast — oo. Of course, this leaves open the possibility of blow-up of solutions when u
is positive but small. Anyhow, it has been shown in Winkler (2017a) that when u > 0
is suitably small, the strongly destablizating action of chemotactic cross-diffusion
may lead to the occurrence of solutions which attain possibly finite but arbitrarily
large values.

Coming back to our chemotaxis—consumption—fluid model (1.1.5), as we have
already pointed out, very little seems to be known regarding the qualitative behavior
of solutions (Black 2018; Black et al. 2018, 2019). In fact, we are aware of one
result only which is concerned with the asymptotic behavior and eventual regularity
of solutions to the Stokes variant of (1.1.5). Namely, it is shown in Black (2018) that
for small initial mass | o 10, the corresponding system upon neglection of u - Vu and
f(n)in (1.1.5) possesses at least one global generalized solutions, which will become
smooth after some waiting time and stabilize toward the steady state (ﬁ f o 10,0,0)

with respect to the topology of (L>°(£2))3. Since the presence of the fluid interaction
does not have any regularizing effect on the large time behavior, it is expected that
instead of the small restriction on the initial data, the quadratic degradation may have
a substantial regularizing effect on the dynamic behavior of solutions to (1.1.5).

The second part of this chapter focuses on the asymptotic profile in time of solu-
tions to (1.1.5) in the two-dimensional case. In order to state our main results, we
shall impose on (1.1.5) the boundary conditions

Vn-v=Vc-v=0 and u =0 for x € 052, (1.1.8)

and initial conditions
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n(x,0) =ne(x), clx,0) = co(x), u(x,0) =ug(x) for x € £2. (1.1.9)
Throughout this part, it is assumed that

no € C°(82), ng > 0and ny # 0in £2,
co € WH®(02),co > 0in 2 as well as (1.1.10)

1
ug € D(AP) forall B € (5, 1)

with A denoting the Stokes operator A= — & A withdomain D(A):=W?>?(£2; R*) N
W, (£2; R?) N L2(82), where L2 (2) := {¢ € L*(£2; R?)|V - ¢ = 0} and & stands
for the Helmholtz projection of L?(£2) onto L?, (£2).

Within this framework, by straightforward adaptation of arguments in Lankeit and
Lankeit (2019a) with only some necessary modifications, one can see that the problem
(1.1.5), (1.1.8), (1.1.9) admits a global classical solution (n, c, u, P) whenever x €
(0, 1),r € Rand u > 0, which is unique up to addition of constants in the pressure
variable P, and satisfies n > 0, ¢ > 0 in £2 x [0, 00). The first of our main results
is concerned with the global boundedness of the solution as well as its asymptotic
behavior (Pang et al. 2021).

Theorem 1.2 Let f(n) =rn — un®,r € R, u > 0and ¢ € W>*(£2), and suppose
that (ng, co, uo) satisfy (1.1.10). If (n, ¢, u, P) denotes the corresponding global clas-
sical solution to (1.1.5), (1.1.8), (1.1.9), then there exists a value o = uo(82, x,r) >
0 with no(82, x, 0) = 0 such that whenever 1 > o, (n, c, u) is global bounded,

ry Ve
ln(-, 1) — ;”L“’(Q) — 0, ||T(', Ollze@ — 0, Nlu(-, )llre@ — 0

and whenr > 0, |[c(-, )| L) — Oast — oo.

As indicated in the above discussion, we need to introduce new ideas to show
how the regularizing effect of the quadratic degradation in the chemotaxis—fluid
model (1.1.5) can counterbalance the strongly destabilizating action of chemotactic
cross-diffusion caused by the combination of the consumption of ¢ with the singular
chemotaxis sensitivity of n. Specifically, we develop the conditional energy func-
tional method in Winkler (2016c) to show the global boundedness of solutions in the
case of r > 0, in which the key point is to verify that

ar N X 2 . c
Fow) = | Hoy+% [ [VwP wi=—In(——)  (LL11)
P 2 Ja llcoll =2

with H(s) := sIn £ - i constitutes an energy functional in the sense that .% (n, w)
is non-increasing in time whenever u is appropriately large relative to r (see Lemma
1.41). Indeed, from (1.4.29), one can obtain the global bound of fg n|Inn|dx and
/, o |Vw|?dx, which then serves as a starting point to derive the uniform bound of
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ln(-, t)||L>~(e) via the Neumann heat semigroup estimates. Furthermore, by making
appropriate use of the dissipative information expressed in (1.4.29), we can establish
the convergence result asserted in Theorem 1.2. It is noted that compared to that of the
case r > 0, u > 0, the proof of Theorem 1.2 in the case of r < 0, u > 0 involves
a more delicate analysis. In fact, unlike in the case r = pu=0or r > 0, u > 0,
(1.1.5) with r < 0, i > 0 seems to lack the favorable structure that facilitates such
conditional energy-type inequalities. Taking full advantage of the decay information
on n in L'—norm expressed in (1.4.2), our approach toward Theorem 1.2 is to
construct the quantity

Z(n, w) ::/ n(lnn+a)+1f Vw2 (1.1.12)
2 2 2

with parameter a > 0 determined below (see (1.4.64)). Unlike in the case of r > 0,
Z (n, w) does not enjoy monotonicity property, it however satisfies a favorable non-
homogeneous differential inequality (1.4.71) in the sense that it can provide us a priori
information on solution such as the global bound of [, n|Inn|dx and [, |[Vw|*dx

(see Lemma 1.43), as well as tlim / [Vw(., t)|2 = 0 (see (1.4.77)).
— 00 Q

As an important step to understand the model (1.1.5) more comprehensively,
we shall consider the convergence rate of its classical solutions in the form of the
following result:

Theorem 1.3 Let the assumptions of Theorem 1.2 hold and r > 0. Then one can
find i (x, 2,r) > 0such thatif u > w.(x, §2, r), the classical solution of (1.1.5),
(1.1.8), (1.1.9) presented in Theorem 1.2 satisfies

,
lnC, 1) — ;”L"o(Q) — 0, llcC, D= — 0, Nu, Dllzx@) — 0

as well as ||%(-, DllLr2y = Oforall p > 1 exponentially as t — oo.

This implies that suitably large u relative to r enforces asymptotic stability of the
corresponding constant equilibria of (1.1.5); however, the optimal lower bound on %
seems yet lacking. The main ingredient of our approach toward Theorem 1.3 involves
a so-called self-map-type reasoning. More precisely, making use of the convergence
properties of (n, @) asserted in Theorem 1.3, we prove by a self-map-type reasoning
that whenever u is suitably large compared with r,
r Vel
(n(-,t) — ;, c(,t),u) — (0,0,0) and 7(-, t)— 0

in (L*®(£2))* and L®(£2) exponentially as 1 — 00, respectively (see Lemma 1.45).

As aforementioned, the limit case r = 0 becomes relevant in several applications.
In this limiting situation, the total cell population can readily be seen to decay in the
large time limit (cf. Lemma 1.36 below). As a consequence, we can obtain the decay
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properties of solutions, namely that the decay on n in L' actually occurs in L*, and
also for c. More precisely, our result reads as follows:

Theorem 1.4 Let the assumptions of Theorem 1.2 hold andr = 0. Then the classical
solution of (1.1.5), (1.1.8), (1.1.9) from Theorem 1.2 satisfies (n, c, @, u)y —
(0,0,0,0) in (L®(£2))* algebraically as t — oo.

The result indicates that structure generating dynamics in the spatially two-
dimensional version of (1.1.5), (1.1.8) and (1.1.9), if at all, occur on intermediate
time scales rather than in the sense of a stable large time pattern formation pro-
cess. Apparently, it leaves open the questions whether the more colorful large time
behavior can appear in the three-dimensional version of (1.1.5).

The approach toward Theorem 1.4 uses an alternative method, which, at its core,
is based on the argument that the L*-norm of n can be controlled from above
by appropriate multiples of HLI This results from a suitable variation-of-constants
representation of n, by which and in view of the decay information on |[Vw| in
L>(£2), the L' decay information on u from (1.4.2) can be turned into the L>-
norm of n (see Lemma 1.46). As a consequence, by comparison argument, we have
a pointwise upper estimate for w as well as a lower estimate for v (see Lemma
1.47). Using L? — L4 estimates for the Neumann heat semigroup (e'#),¢, we then
successively show that ||[Vw||;~ and ||n||z~2) can be controlled by appropriate
multiples of r4+1 from above and below, respectively (see Lemma 1.48). These a
priori estimates allow us to get the pointwise lower estimate for w as well as the
upper estimate for ¢, which complement the lower bound for ¢ previously obtained,
and thereby prove that ¢ actually decays algebraically.

1.2 Preliminaries

Firstly let us recall the important L? — L9 estimates for the Neumann heat semigroup
(€'?);~0 on bounded domains, which plays an important role not only in Chap. 1, but
also in Chaps. 3, 4 and 6.

Lemma 1.1 (Lemma 1.3 of Winkler 2010 and Lemma 2.1 of Cao 2015) Let (¢’2),-
denote the Neumann heat semigroup in the domain $2 and )y > 0 denote the first
nonzero eigenvalue of —A in 2 C RN under the Neumann boundary condition.
There exists c;, i = 1,2, 3,4, such that for all t > 0,

@) If1 <q < p <o, then for all w € L1(82) with fga) =0,

@) If1 <q < p < oo, then forall w € L1(82),

_l_ N1 —
1V 40llir@ < o (147 56D) e M ol
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(ii)If2 < q < p < oo, then for all o € Wh1(R2),
IVe ol < e (14172077) e[ Vol
(v Ifl<g<p<ooorl <q <ooandp = oo, then forall v € (L9(2)N,
€4V - llire) < e (1417726070 ) e Jollu).

In order to obtain the solution of system (1.1.1) through a suitable approxima-
tion procedure, we follow the well-established approaches to regularize both the
chemotactic sensitivity and nonlinear diffusion in the first equation in (1.1.1) (see
Cao and Lankeit 2016; Li et al. 2015; Winkler 2015a,b; Ke and Zheng 2019).
Let (0g)ec(0,1) € C3°(£2) be a family of standard cut-off functions, which satisfy-
ing0<p, <1in2 and p; /" 1in §2 as € \( 0, and . € C5°([0, c0)) satisfying
0<yx.<1in[0,00)and x. /1 ase \ 0. Define

Se(x,n,¢) == pe(xX) e (M)S(x,n,¢), x€R2, n>0, ¢c>0

for e € (0, 1), which implies that S, (x, n, ¢) = 0 on d§2. As an approximation func-
tion of the sensitivity tensor S, S, also satisfies the condition (1.1.3), that is,

[Se(x,n,¢)| < (1 +n)"*Sg(c) forall (x,n,c) e 2 x [0, oo)z. (1.2.1)
The regularized problem of (1.1.1) can be presented as follows

Net + e - Vng = A(ng + &)™ — V- (ng Fe(ng)Se(x, ng,ce) - Veg), xe€82,t>0,

Cet +Ug - Veg = Acg — ngcg, x€,t>0,
Ugt + VP = Aug +neVo, xe N, t>0,
&t £ &€ & ¢ (].2’2)
V.ug =0, xe 2, t>0,
Vng -v=Vce-v=0,us =0, x €082,t>0,
ng(x, 0) = ng(x), ce(x, 0) = co(x), ug (x, 0) = ug(x), x €8,
_ 1
where F,(s) = 175 for s > 0.

Let us recall the local well-posedness of (1.2.2).

Lemma 1.2 (Winkler 2012, 2015b) Let 2 C R? be a bounded domain with smooth
boundary. Suppose that (1.1.2)—(1.1.3) hold. Assume that the initial data (ng, co, uo)
fulfills (1.1.4). Then for each ¢ € (0, 1), there exist functions
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n, € C°(£2 x [0, 00)) N C>'(£2 x (0, 20)),
ce € C2 x [0, 00)) N CH1(2 x (0, 00)) Ny=3 CO([0, 00); W' (2)),
u, € C°2 x [0, 00)) N C>' (2 x (0, 0)),

P. € C10(£2 x (0, 00)),
(1.2.3)
such that (ng, ce, ue, P:) solves (1.2.2) classically in 2 x (0, 00), and such that
ne > 0andc, > 0in 2 x (0, 00).

The following lemma reveals the relationship between the regularity of u. and n,.

Lemma 1.3 (Winkler 2015b; Zheng 2022, 2019) Let (n., c., u., P.) be the solution
of (1.2.2)in 2 x (0, T) aswell as p € [1, +00) and q € [1, +00), such that

3
q < b if p<3,
3-p

g <00 if p>3.

Then for all K > 0, there exists C = C(p, q, K) such that if |n (-, t)|lr2) < K
Sforallt € (0, T), then || Dug(-, t)||pa2y < C forallt € (0, T).

The following lemmas will be used in the sequel.

Lemmald LetT >0, t€(0,T), A>0,0 >0 and B > 0, and suppose that
y : [0, T) — [0, 00) is absolutely continuous fulfilling y'(t) + Ay®(t) < h(t) fora.e.
t € (0, T) with some nonnegative function h € L}oc([O, T)) satisfying fth h(s)ds <
B forall t € (0,T — ). Then

y(t)fmax{yo+B ,( )a +ZB} forall t € (0, T). (1.2.4)
Ta

For its elementary proof, we refer to Lemma 3.4 of Stinner et al. (2014) where the
particular case T = o = 1 is detailed.
As a crucial tool for analyzing the key term f ‘VCF below, we will use the

following inequality established by Lemma 2.2.4 in Lankelt (2016a).

Lemma 1.5 (Lankeit 2016a) There are Co > 0 and o > 0 such that every positive
w € C*() fulfilling Vw - v = 0 on 382 satisfies

/|Au)|2 /|Vw|2Aw
-2 + )
2 w Q w
2 2 |Vw|4
<—to | wD*lnw|” — o —+C [ w
Q 2 w Q

Now, we display an important auxiliary interpolation lemma in Winkler (2015b),
Zheng and Wang (2017).

(1.2.5)




12 1 Chemotaxis—Fluid System
Lemma 1.6 (Winkler 2015b; Zheng and Wang 2017) Let g > 1,
A €2 +2,4qg + 1] (1.2.6)

and 2 C R3 be a bounded domain with smooth boundary. Then there exists C > 0
such that for all ¢ € C*(82) fulfilling ¢ - g—f = 0on 3082, we have

2(A=3) 6g—X

IVelir@) < ClIVel" D20l % g} Il 75, + Cliglic)- 1.2.7)

As an application of Lemma 1.6, (1.2.10) immediately leads to

Lemma 1.7 Let B € [1, 00). Then there exists a positive constant Ay g such that

Vel 72 ) < 2op(lIVee P~ D2l g, + 1) (12.8)

The basic boundedness information of solutions to (1.2.2) is stated as follows.

Lemma 1.8 The solution (ng, c¢, u, P) of (1.2.2) satisfies

||n£(-, t)”Ll(_Q) = ||n0||L1(_Q) fOV Clll t>0 (129)

and
llce G, Ollre2) < llcollLe) forall t > 0. (1.2.10)

Proof The identity (1.2.9) directly follows by integrating the first equation in (1.2.2).
Moreover (1.2.10) is readily derived by applying the maximum principle to the
second equation.

The following Gagliardo—Nirenberg inequality will be used several times in
Sect. 1.4.

Lemma 1.9 Let 2 C R? be a bounded Lipschitz domain. Then i) there is C > Osuch
that |Vl o) < CllAGI2: o) VeI g forall o € W22(R2) fulfilling 21 = O;

(ii) there is C > 0 such that ||g0||23(9) < C||cp||%4,l_2(m||<p||L1(_Q)f0rallg0 e W2 ().

1.3 Global Boundedness of Solution to a Chemotaxis—Fluid
System with Nonlinear Diffusion

1.3.1 A Quasi-energy Functional

Since some first regularity properties beyond those from Lemma 1.8 can be obtained
by making use of a quasi-energy functional. Indeed it is a starting point of the
derivation of further estimates for solutions to the approximate problems (1.2.2).
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Lemma 1.10 For any ¢ € (0, 1), the solution (n,, c., u., P) of (1.2.2) satisfies

a |VC€|2
dt Q Ce

2llcoll L~
52/ IVns||Vcsl+M/ \Vu >+ C forall t >0
2 Mo Q

|VC£|4+/ n5|ch|2
2

3 Ce

-HLO/ D e, + 2
2 2 0 c;

(1.3.1)

for some C > 0, where i is the same as (1.2.5).

Proof Thankstoc, > 0, weintegrate by parts and deduce from c,-equationin (1.2.2)
that

|VCS|2 __2/ AcgCes + |VC8|2CH
2

dt Jo ¢, Ce o 2

:_2/ |Ac€|2+2/ MH/ A e
2 Ce 2 Ce

|VC£|2ACe / |VC5| nacs / |VC8| us Ve,

2

|Ac,5|2 Ac,
=2 +2 | Aceng+2 - Ve,
2 2 Ce

+/ |ch|2Acg _/ Ve *ne ‘f |VeelPus - Vee
Q Cg 2 Ce 2 C2

(1.3.2)
Together with (1.2.10), an application of Lemma 1.5 yields that for some positive
constants o and C (o), it has

_2/ |AC£|2+/ Vo> Ace
2 Ce 2 2

4
S-Mo/ (ce|D*Inc,|* + v 8'
2

E

)+ C(uo)llcoll=2)|$2] for t > 0.

In addition, integrating by parts again, we have

A
2 f % (e - Veo)
2 Ce

Ve, |? 1
=2 S U - Ve, —2 | —Ve, - (Vu, - Ve,)
2 G 2 Ce
1
— 2/ —(u, - DZCE) - Ve, forall t >0
2 Ce
and
Ve |?

1
U, -Vep =2 c—us . chg - Ve, forall ¢t > 0.
2 Ce

2
2 G
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So combining the above two inequalities, we get

Ac Ve, |?
2/ S(ug-ch)— | ;l u, - Ve,
2 Ce 2 C

Ve, |? Ve lr o 2lleoll e
52/ [Veel V| < @/ | 3s| n llcollz (52)/ Vi, 2.
2 Ce 2 Jo < Mo I7)

Therefore inequality (1.3.1) readily results from above inequalities.

In order to deal with the term f_Q |Vu,|? on the right of (1.3.1), we recall the
following standard energy inequality for the fluid component of solutions of (1.2.2).

Lemma 1.11 Let m 4+ o > % Then for any n € (0, 1), there exists C(n) > 0 such
that

d
E/ lue)? +/ [Vu,|> < ’7/ (ne + )" 2|V > + C(n) forall t > 0.
2 2 2
(1.3.3)

Proof Testing the third equation in (1.2.2) by u, and using V - u, = 0, we get

Zdt/ |u5| —|—/ |Vu5| /n5u5~V¢> forall ¢ > 0. (1.3.4)

By the Young inequality and the continuity of the embedding W!?(2) < L®(£2),
we obtain that there is C; > 0 such that

[ nete 90 <U9lilncl g g IVil 22
2

(1.3.5)
<Cillne + 8||LS(Q)||VME||L2(Q) forall ¢ > 0.
Further, by the Gagliardo—Nirenberg inequality, we have
Ine + el ¢ o)
‘ o T Tate miu
<Cy(|V(ne + )" I 5y (e + &)= ||'”7(3;2;) "l 0) || )
1
<C3(|V(ne + )" IIZ(E"&;))_I +1) forall t >0,
(1.3.6)

for some C, > 0 and C3 > 0 independent of €. Combining (1.3.6) with (1.3.5) and

noticing m + o > % we can see that for any 1 € (0, 1),
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/ netg - Vo
2

1
<5 IVitelzo) + CallV (e + &)

m+a 2

F ST+ ) (13.7)

1
SEHVM»;Hiz(Q) + n/ (ns + )" 2|Vn,|> + C(n) forall ¢t > 0.
2

This together with (1.3.4) arrives at (1.3.3).

Now, we turn to analyze fg(ng + &) In(n, + ¢) or ||n, + 8||1LT+°§(Q),

tributes to absorbing fg (ne + &)™t*=2|Vn,|* on the right-hand side of (1.3.3).

which con-

Lemma 1.12 The solution (n., ce, u., Pe) of (1.2.2) satisfies

d
— f (ne +¢&)In(n, + &) +m / (ne +&)" 2| Vn,|*
dt Jgo 2

scsf VnlVel  if a=0,
2

1.3.8
—i“n +8||1+C{ +m/(n +8)m+a—2|vn |2 ( )
a(l+a)yde © LTED L ¢

SCS/ Vn Ve if @ >0
2

forallt > 0, where Cg = sup So(s).

0=s=llcollLo0 (@)

Proof The proof of the lemma is given separately for two cases.
(1) For the case « = 0. Integration by parts, we deduce from n.-equation as well
as V-u, = 0and (1.2.1) that

d
E\/{;(ne"'s)ln("e"'&‘)
_ / Aln, + )" In(n, + &) — / In(1, + &)V - (10 Fo (1) Ss (5. e, ) - Vo)
2 2
—/ In(n, + &)u, - Vn, (1.3.9)
2
s—m/<n8+e>m*2|Vng|2+/ So(ce)|Vne||Vee]
2 2
s—mf <ns+s>’"*2|ws|2+cs/ VnelIVel.
2 2

(2) For the case @ > 0. Multiplying the first equation in (1.2.2) by (n, + €)%, and
noticing the hypothesis (1.1.3), we then have
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1T+a Tadr ||I’l£ + 8”51?2(9) + ma /Q(”e + 8)”1+°’_2|Vn8|2
—a / (ne + &), Vn, - (F,(1,)S. (¥, n.. c.) - Ve,) (1.3.10)
fos

<a / (e + &) (1 + 1)~ Solco)| V|| Ve
2

SoeCS/ |Vng||Vc,| forall t > 0.
2

Hence, (1.3.8) readily follows from (1.3.9) and (1.3.10).

Remark 1.1 Note that when S(x, n, ¢) is scalar-value, one can make use of the
corresponding flavor thereof to neutralize 2 |, o |Vne||Vc,| on the right-hand side of
(1.3.1) and Cg f_Q |Vng||Vc,| on the right side of (1.3.8).

In the sequel we shall derive an energy-type inequality under the assumption

19—0 < m + a < 2, from which the regularity of solutions of (1.2.2) beyond that of

Lemma 1.8 is achieved.

Lemma 1.13 Let % <m~+ o < 2and S satisfy (1.1.2)—(1.1.3). Suppose that (1.1.4)
hold. Then there exists C > 0 independent of ¢ such that the solution of (1.2.2) sat-

isfies
|ch|2 2
+ lus|” < C forall t >0, (1.3.11)
2 Ce o}

/(ng+8)l+"‘§C if «>0,

$2 (1.3.12)
f(n€+8)ln(ng+8)§C if « =0,
2

t+1
/ /<—IV6|2 Vet S b (e + )" (e + )" 2|V < C,
c&

(1.3.13)
t+1
/ / |Vu|* < C (1.3.14)
t 2
as well as
t+1
/ / c.|D*Ine, > < C. (1.3.15)
t 2

Proof Adding an suitable multiples of the inequalities in Lemmas 1.10-1.12, one
can conclude that there exist positive constants ¢;, (i = 1, 2, 3), such that

d ([ Vel
4 / f<n5+e)1n<ns+e>+k1/ e +k2/ Vi
dt \Jg
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\v/ 2
t k.| D?Inc, |2 +/ RelVeel” (1.3.16)

2 Ce
Ve |*
+k2/I 3gl
2 G

[ oo

2

§k3/ |Vng||Vce| + k3 forall 1t >0 when o =0
2

and

d Ve |? 1 e .
_(/9 +a(1+a)””8+8”wm>+k1/9Ius|

dt Ce
& V & 2
+k2/ |Vu8|2+k2f c€|D2lnc£|2+f nelVeel”
; . e (13.17)

Ve |*
o [ Vel g, [ oo ion
2 G 2
§k3/ |Vng||Vce| + k3 forall t >0 when o > 0.
Q
Next, we will estimate | o |Vne||Vc,| by the Gagliardo-Nirenberg inequality along

with the basic priori information provided by Lemma 1.8. Indeed, making use of
(1.2.10) and the Young inequality, we thereby find ks > 0 such that

k3f Vi, |IVe|
(1.3.18)
A\ k
o [ Ivel 2/( 4 &)V, +k5/<ns+s>4 e
2 o C3

Therefore for & > 0, we insert (1.3.18) into (1.3.17) to get

d |Vee|? 1 " / i
dr + e el g +k
dt (/9 Ce a(l+a) Ine Izive @) + k1 5 7

\v/ 2
+k2/ |wg|2+k2/ c8|D21nc5|2+/ nelVeel
o 3k9 @ G (1.3.19)
2 | C; 2 / (n8+8)1n+a 2|Vn |
2 7] CS

SkS/ (ne +&)42"2 4 ks forall t > 0.
Q

Next, we deal with / (ne + £)*2"=2% separately for two cases. Indeed, in the case

19—0 <m+toa< by the Gagliardo—Nirenberg inequality, we get
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kS/ (n8+8)4—2m—2a

2(4—2m—2a)
—kSH(ns + 8) 2 ” 2(21+2L):n 2a)
(£2)
- 23-2m—2a) 2(4—2m—20) _ 2(3—2m—2a)
mre 3t —1 m+a 3(m+a)—1
<kellV e + )" 3Gy e )" 2T (1.3.20)
2(4—2m—2a)
+ (e + ) 2
L¥a (§2)
nta 6(3—2m—2a)
=k;(|IV(n, +¢) 2 ||L“2((m§“;’ "'4+1) forall t >0,

where kg and k; are positive constants. Hence, if & <m + o < 3. we have

— 2 b
6(3—2m—2
é(m+n;)7?) € (0,2), and then get

k
kS/ (ne + &)+ 2m=2 < sz (ne + )" 2|Vn,|*> + ks forall + >0 (1.3.21)
2 2

3

with some kg > 0 by the Young inequality. While in the case 5 <m + o < 2, we

have 4 — 2m — 2« € (0, 1) and thereby immediately get

ks / (ne + &)y 272 < ks / ne + ko (1.3.22)
2 2

with some k9 > 0. Therefore, (1.3.19) together with (1.3.20)—(1.3.22) leads to

d Ve, |2 1 I+ / 2
. & fi k &
dt </.o Ce * a(l +a) e el g 2 e

|VC5|2
k | [V k/ D*Inc,|? /"*’—
+ 2/9| ug|” + ko ch| ce|” + 5 e (1.3.23)

|VC‘8|4 k2 m+a—2 2
2/, 3 +3 Q(Vla—i‘é“) [Vn,|

< kyo forall ¢t > 0.

Sincem + o > % , we utilize the Gagliardo—Nirenberg inequality to see that there

exists a positive constant k;; such that

1+o
—||n, + & «
a( +a) ll7e ”L“‘ (2)

3(m+a)—1
<k </ (ne + g)m+“2|Vn5|2> + kyy forall 7 > 0.
2

Hence recalling (1.2.10) and according to the Poincaré inequality, we can see that
forallt > O,
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Ve, |? 1 o / i
ell it k
\/;2 Ce + a(l +a) ”ne + ||Ll+ (2) + 1 o |u8|

2 Ve |* m+a—2 2 ‘
<ki2 Vug|"+ | —5—+ | (n.+¢) |Vne|™ ) + ki
o} 2 G Q

with some ki, > 0 and ¢ = max{m, 1}. Thus, we infer from (1.3.23) and
(1.3.24) that there exist k13 > 0 and k4 > 0 such that for all ¢ € (0, 1),
1

/ / | C£|2 ! ” ”1[ ” ” / | |2
+ ng + & o + Cy S Ug
P X (1 ) +e () o 0L (82)
|V:8|2 1 . 8 / 5 3
+k + ne +¢ o + —||c o0 u
13 (/ Ce (1 ) ” 3 ||[l+ (2) 0 ” OHL (£2) | 8|

2 2 2 nE|Vc£|2
s f|ws| +f ce|D? Inc,| +/ Rl
2 Q2 Ce
v 5
+k13< 'Cf ﬂ o +s)'"+“—2|Vng|2)

< kg forallt>0 if a>0

(1.3.24)

(1.3.25)
which along with Lemma 1.4, implies that (1.3.11)—(1.3.12) are valid. Further,
(1.3.13)—(1.3.15) result from integrating the inequality (1.3.25). The proof for the
case ¢ = 0 can be proved similarly, and is thus omitted here.

1.3.2 L*((0, 00); L?(82)) Estimate of n. for Some p > %

The further regularity properties of solutions can be obtained by means of a bootstrap
iteration in the case of > <mito<s In this direction, we first shall make use of
results in Lemma 1.13 to improve the regularltles, in particular for n,.

Lemma 1.14 Let p > 1. Then the solution (ng, c., u., P.) of (1.2.2) satisfies
1d m(p —1) e
;E”ns +8||£p(9)+T/Q(na+8) tp 3|V7’ls|2

( hez (1.3.26)
< p s / (ne + &) 1" (1 + 1) 2| Ve, |? forall t > 0.
m Q

Proof Multiplying the first equation in (1.2.2) by (n, + &)?~!, using V - u, = 0 as
well as (1.1.3), we get
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1d _
Sarhne +ell] g +mp— 1)/9(,,8 + )" PV, P
=(p — 1)/ (ne + 8)p_2nsvn£ < (Fe(ng)Se(x,ng, ce) - Veg)
$2 (1.3.27)
<(p—1) / (ne + )77 (14 ne) " *So(ce)| V|| Ve |
2
<(p— 1)c5/ (ne + )"~ '(1 + n.)"%|Vn,||Ve,| forall ¢ > 0.
2

Hence (1.3.26) follows from (1.3.27) and Young’s inequality.
As a consequence of Lemma 1.13, we have

Lemma 1.15 Under the assumptions of Lemma 1.13, there exists a positive constant
C independent of & such that

f |Veo|? < C forall t > 0. (1.3.28)
2

Ve |?

Proof Noticing that |Vc,|* <
and (1.2.10).

llce (-, D)l (), (1.3.28) results from (1.3.11)

&

Combining Lemma 1.14 and estimate (1.3.28) immediately leads to
Lemma 1.16 Let % <m+a <2, Ssatisfy (1.1.2)—(1.1.3) and (n., c., u., P.) be
the solution of (1.2.2). Then there exists C > 0 independent of € such that

t+1
sup / (ne + )" + sup / / (ne + )23 \vn, 2 < C  (1.3.29)
2 t 2

1€(0,00) 1€(0,00)
forallt > 0.
Proof Taking p = m + 2« in (1.3.26), we get

m(m + 2« — 1 B
(f)/(ns_i_S)Zm-k—Za 3|Vn5|2
2

d m+-2o
m+ 2 E”né‘ + 8||Lm+2a(_(2) +

<k / (e + )21 + 1) |V,
2

g 2 2
<llcollz=ykr | —IVeel” +ki | Ve
Ce 2

2

(1.3.30)
for some positive constant k; > 0. Now, applying the Gagliardo—Nirenberg inequal-
ity and (1.2.9), one can find constants k, > 0, k3 > 0 and ks > O independent of

g € (0, 1) such that
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/(n8+8)m+2a
2

420 20n+2a)

|| 2m+2a—1
2(m+2a)

L 2mF2a=T (

=|(n: + )

3m+6a—3
3m+3a—2
”LZ?Q) ”(ne +8)

2m+20) _ 3m+6a—3
” 2m+2a—1  3m+3a-2

L7 )

2m+2a 1

2m+2a 1

2m+2a—1 2m+2a)
(e +2) 2 |y )
L2mF2a=T ()
3m+6a—3
3m+3a—2
<C’;(”V(Vl5 + 8) ”LZZQ) )
nm (m ) 2m+2a

_W”V(ns—F €)

2»1+2a 1

2
”LZ(Q) + k4~

Inserting the above inequality into (1.3.30), one then has

1 d Mt m(m +2a — 1) e
e el g + T [ ey,
+/(n8+8)m+2a

2

n
suconmmkl/ —8|Vcs|2+k1f |Vee|* + ka.
2 Ce 2

As the application of Lemma 1.4, this together with (1.3.28) and (1.3.13) then arrives
at (1.3.29).

According to Lemma 1.3, the bound of L?(§2) for Du, can be suitably enlarge upon
the result of Lemma 1.16 in asserting the following.

Lemma 1.17 Let— <mta<s Thenforr < %3_(’(”m+f;), thereexists K := K (r, m)
such that
|Duc(-, t)|l1r2y < K forall t > 0. (1.3.31)

Proof In light of (1.3.29), (1.3.31) is the consequence of an application of Lemma
1.3 with p =m + «.

In order to obtain the further regularity of c,, one can establish the time evolution
of Ve, in L?#(£2), similar to that of Lemma 3.6 in Winkler (2015b).

Lemma 1.18 For any B > 1, the solution of (1.2.2) satisfies

1 28— 1) ,

2/3 dt Ilvcg”LZﬂ(Q) TL |V|Vc£|ﬂ|

41 / Ve, PP D%, + / ne Ve, (1332)
2 2 2

5—/ cg|VcE|2ﬁ—ZVng~Vca+/ |Due||Ve | + C
2 2
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forallt > 0, where C > 0 is a positive constant independent of ¢.

Proof Noticing the boundedness of [|Vc, (-, 1)l .2 obtained in Lemma 1.15, and
applying the arguments as those in the proof (3.10) of Ishida et al. (2014) (see also
Wang and Xiang 2016; Zheng 2016, 2017a), one can find a positive constant k; such

that 5

9|V, o _B-=1 2

f —— Ve [P < —— /|V|Vc‘e|ﬁ| + k1.
s O B 2

Hence by pursuing quite a similar strategy in the proof of Lemma 3.6 in Winkler
(2015b), one can derive (1.3.32).

Now, we address the question how far the regularity information such as provided
by Lemma 1.17 is convenient to estimate the term |, o |Du,||Ves|*# on the right of
(1.3.32).

Lemma 1.19 Letr > 3 andﬁ elr—1, (4 2r) 1. Then for any n > 0 and K > 0
there exists C = C(B, r, K) > 0 such that zf||Du8||Lr(Q) < K, then

/ Ve |*# | Du,| < n/ |Veo|#72| D¢, |> + C forall t > 0. (1.3.33)
2 2

Proof We invoke the Holder inequality with exponents —* and r to see that

r—1

r=1 1
/|Vcs|2ﬂ|Du5|s</ |ch|'-1> (/ |Du5|>
2

<K </ Ve |- )

<K||Vc8|| T for all # > 0.

Since B € [r — 1, W] ensures that A := 2’3 = € [28 + 2, 48 + 1]. Therefore, we
may apply Lemma 1.7 and (1.2.10) to see that for some k; = ki (K, r, B) > 0 and
ky = ka(K, B,r) > 0, it has

4B0.=3) B SB=A

2
1 n2 — 2
KIVeely,  shillVel’ Dl g lecliniy” +killeel ey

4B(A=3)

<k (| Vee P~ D2ccll 75y + 1) forall 7> 0.

Thanks to the assumption » > % and g € [r — 1, ﬁ], we have

4B0.—3) 4B -

F—n Q% 1>2ﬂr <2
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and thus arrive at (1.3.33) by means of the Young inequality.

At this position, on the basis of space—time regularity property of n, provided by
Lemmas 1.16, 1.14 can be exploited so as to derive the further regularity features of
Ng.

Lemma 1.20 Let (n,, ce, ue, P;) be the solution of (1.2.2) as well as % <m+a <
%. Then there exists C > 0 such that

141
sup |Ine(-, 1) + 8”le1 (@ T sup / / (ne + 8)pl+m_3|vna|2 <C,
1€(0,00) te(0,00) Jt 2
(1.3.34)
where py = 2(m 4+ a)? — 2U*) L 4 4 L@4(m + o) — 1).
Proof Let 8; = 2m + 2« — 1. Then in view of (1.3.32) and (1.2.10), we obtain that

for some C; > Oand all ¢ > O,

1 d 25 21— 1) B2 281-2 2, |2
Z_mEHVCEHLZﬁl(Q)_i_ﬁ—IZL|V|vc€| li +/Q|VC8| D%

<lleoll @) / Vo V| — / nelVe P+ / Vo 2| Duy| + .
2 2 2

(1.3.35)
By Lemma 1.7 and the Young inequality twice, we can conclude that for some
Cz > O,

2B1—1
licoll () f Ve 71 Vi, |
2
2m+20-3 3-2m—2a 3-2m-2uny 28, —]— 3=2m=2ay
=||Co||L°°(.Q)/<naz (Vnel) (ne © 1Vel| ) Ve, 1o S
2

1 1 —om—2a
S_/'%IVCEI”M /|vc£|[25f1*i} A
2Ja 0.6 J2

21

4G f (e + £)"23|Vn, |
2

1 1 1
== / ne|Vee | + / Ve P12 4+ €, / (ne + &) 23| Vn > + =
2 Jo 2A0,ﬂ] o o 2

1 1 1
<= / n5|VCg|2ﬁl + —|||VC£|ﬂ'_1DZC£”i2(Q) + Cz[ (ne + 8)2m+2a_3|Vn€|2 + -,
2 ), 2 o 2

(1.3.36)
Here we have used the fact that % + 2”“’%"‘_2 + 3_2”21_2“ = 1. Inserting (1.3.36) into
(1.3.35), we then have
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1 d 28, 2(B1 = 1) B2
Z—’BIZHVCEHLM,(Q)‘F’B—IZ/Q |VIVee |

1 1
+§f Ichlzﬁ"2|D2c£|2+§/ ne|Vee | (1.3.37)
2 2

1
<G / (e + £)7243Vn, P + / Vo2 D] + ~.
2 e 2

In addition, it is observed that

3(m+a)

3(m + ) T—mray L
——1<ﬂ]<—3 { J;(;M)
3- (m + Ol) (4 o 23—(m+ot))+

can be warranted by m + o € (%, %], and thereby by Lemmas 1.16 and 1.17, there

exists a constant C3 > 0 such that
1
/ Ve P Du,| < - f Ve P72 | D%c,|* + C5 forall ¢ > 0.
2 4Ja
Substituting it into (1.3.37), one immediately obtains that for some C4 > 0

d 28 21— 1) / 2
— — || Ve |7 = | V|V P
2‘31 dt ” CSHLzﬂ] () + ’312 o ‘ | Ca| |

1 1
+Z/ |ch|2ﬁ‘*2|02c8|2+5/ ne|Vee |
2 2
<, / (e + ™3|V, P + o,
2

which along with (1.3.29) leads to

t+1
2 _
sup ||Vc5||L"Z},](9)+ sup / /(IVc6|2ﬁ1 21D2e, 2 4 1, Ve |2P1) < Cs
te(0,00) te(0,00) Jt 22 (1 3 38)

for some C5 > 0.

Moreover, denoting py = m + 2« and taking p := p; = 13—6(m +a)?— %(m +
a)+4+ %a[4(m + a) — 1]1in (1.3.26), and applying the Young inequality, we con-
clude that for any § > 0, there exists constant C(§) > 0 such that
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1 d m(pl - 1) m -3 2
ZE”HE + 8||le| (2) + T /;(ng + 8) +p1 |Vns|
<, / (1, + )P 2|V, P
2
(1.3.39)
B
=) / (ne + &) P72 5S4 (o) / (n. + )|V [P
2 2

55/(ns+e)%“l*”%“ +C(5)/(ns+s)|ch|2“1,
2 2

thanksto(p1~|—1—m—2oz—é)%=%+pl—l+%=m+pl—l+§p0.
Further, by the Gagliardo—Nirenberg interpolation inequality, we infer from

(1.3.29) that

/ (ne + 8)m+pl_l+%p°
2

2
2(m+p1—14+% po)
mipy—1 Zmrpim T3 Po)

_ m+py—1
=l + &) 50
L T (2)
2mtpy—1+3 po)
pram=l pram—1 S =D
<Cs [ IV(me +8) = lppgllme+&) =11 3"
Lm+p1—](9)

2m+py~1+2 pg)
prm=1 ——

+ e +e) 2 I 5
L7FP1=T ()

pptm—1

<C(IVe+8) 7 oo+ D

with constants Cg > 0 and C7 > 0. Inserting the above inequality into (1.3.29) and
picking § > 0 appropriately small, one concludes that there exists a positive constant
Cg such that

-1
M/ (n8_|_£)m+171*3|vn8|2+/ (e + &)
4 2 2

SCS/ ne|Vee | +f Ve [P + Cs.
2 2

1 d ”
EE””S + 8”Lm(g) +

Now by (1.3.38) and (1.2.8), one can get

t+1
-3 2
sup |lne (. 1) + el b )+ sup / / (ne + )" "3 Vn, [ < Co
t€(0,00) te(0,00) Jt 2

for some positive constant Cy.

Lemma 1.21 Let % <m+a< % and (ng, ce, ug) be the solution of (1.2.2). Then
forany B > 1 and n > 0 there exists a constant C = C (B, n) > 0 such that
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/|Vc£|2f’+/ IVcslzﬂIDuelfn/ Vel 282 D%, 12 + C forall 1 > 0.
2 2 2

Proof 1Itisobservedthatm + o > % ensures p; = 13—6(m +a)?— ?(m +a)+4+

%a[4(m +a)—1] > %, and thus from Lemma 1.20, we have

sup |lng(, O 2= <Ci.
1€(0,00) L25($2)

By Lemma 1.3, forany 2 < r < %, IDug (-, 1)l 2y < C, for some positive con-

stant C,. Moreover, by Lemma 1.19, one can conclude that for any g > 1
/ Ve | Du,| < g / |Vee 72| D¢, | 4+ C3 forall t >0 (1.3.40)
Q Q

with some positive constant C3. On the other hand, in view of Lemma 1.7, it follows

from the Young inequality that there is C4 > 0 satisfying
Ve 2P < g IVee 2621 D2%¢s 2 + Cy forall 1 > 0,
o) fo)

which together with (1.3.40) leads to the desired inequality.

The regularity of V¢, from Lemma 1.21 can be readily developed to the following
basis for the iterative reason, which can elevate L?' (£2) of n, from Lemma 1.20 to the
L?(£2)-boundedness of n, with some p > % To this end, we consider the properties
of the iteration sequence {p,},>1 stated in the following.

Lemma 1.22 Let py = ¥(m+a)> = Z2(m+ o)+ ja@m+a)— 1) +4, L <
m < %andO <a< llg.Assumethatforanyn =1,2,---,

2 2
Pt = 3Pn+ 3(m =5 4 30)py + @m +2a = 3)(m =1 + 1,

then py is monotonically non-decreasing functions with respect to m as well as p,, is
monotonically non-decreasing functions with respect to n, inter alia lim p, = +o0.
n—oo

Proof A direct calculation shows that

2 2
Pntl =§p,2, +30@m=5+30)p,+ @m+20 =3)(m—1) +1

2
=§Pn[pn + 4m —5) +3al + 2m + 20 —3)(m — 1) + 1.

Dueto0 <a < % and % <m+a < %, the mathematical induction implies that

for any n € N*, p, > m + «. In addition, it is observed that
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2
Pl — =—<pn PE)+ 3@m = 3)(pn = pu)
=§(Pn — Pn—1)(Pn + Pp—1 +4m — 5 + 3a).

Hence in light of p, > p; and m + « > 2 one can see that p3 > p, and thereby

9 b
DPn+1 > Py by the induction.
By the contradiction argument, one can show that lim p, = +o0. In fact, sup-
n—o0
posed that {p,},>1 is bounded, then limn_>Oo p,, = p, with some positive con-
stant p, < oo, which implies that p, = 3p* + £ (4m —5430)p. + 2m 4 2« —
3)(m — 1) + 1, that is
2

8 13
gpf + (gm -3 +20)p. + 2m +2a —3)(m—1)+1=0. (1.3.41)

By Weda’s Theorem, we have

8 13 5 2
O§A=(§m—?+2a) —4 x 3 X [2m + 20 —3)(m — 1) + 1]
_16,02 —8(11 — 2a)p + 4a* — 20« + 73

(1.3.42)
9
_H(p,a)
9
with p =m + «. Note that for any 0 <o < & and ¥ <m +a < 3, aH;Z“)

32p —8(11 —2a) < 0.Sofor0 < o < & and&<m+agg,

10 10, 10 )
H(p. o) < H(. @) = 16(-) = 8(11 = 20) 5~ + 40> — 200 + 73 <0,

which contradicts with (1.3.42).

Lemma 1.23 Let— <m+a<%aswellas0<a§ﬁ If

+1
sup |lne(-, 1) + 8||€’;n(9) + sup / / (ne + &)™ 3| Vn,|* < K (1.3.43)
2

1€(0,00) 1€(0,00) J1
with p, + m — 3 < O forsome K > 0, then there exists C = C(K) > 0 independent

of e, such that

141
sup lne (-, 1) + &7t (o) + sup / /(m—i—s)”"*'”’ 31V )? < C,

t€(0,00) 1€(0,00)

where pyy1 = 3p2 +2(3m — 3+ &)p, + @m + 20 —3)(m — 1) + 1 foranyn =
1,2,3,---, and p; is taken from Lemma 1.20.
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Proof Let B, = p,+m—1 forany n=1,2,3, - . Recalling (1.3.32), there is
C; > O such that forallr > 0,

1 d 26 28, — 1) f 2 f b o
— [ Vel R L — V|Ve, Bul® Ve, B:=21 D Ce
2/3" ’t ” ||L2ﬂn (£22) ﬁr% | | | | | | | |

< lleoll =) / Vo2V, | - f ne Ve, + f Vo 2| Du,| + C.
2 2 2

(1.3.44)
As done in (1.3.36), we can conclude that there exists a positive constant C, such
that

llcoll () / Ve =t | Vng|
2
1 1
5-/ ne|Vee PP+ Vel P D27 q) (1.3.45)
2 Ja 2
1
+Co [ Gt On 4,
o 2

which along with (1.3.44) implies that

1 d 26, 2 — 1) 12
zﬂnauwsummﬁTL [VIVe, |

1 1
+ = / |Vee P2 | D |* + = f ne|Vee | (1.3.46)
2 Jo 2 Jo
1
<G / (ne + &)™ P3|V, |2 + / Ve P | Dus| + =
2 0 2

and thereby together with Lemma 1.21 leads to

1 d 2
— L Ve

2By dt L2Pn (2)

2 1 _ 1
+ HVCSHL%;;" @) + 3 /,Q |ch|2ﬂn 2\D2C5|2 + 3 /;Z ng|Vc8‘2ﬂn

<Cy / (e + &) TP =31V, 2 4 Cy
2

with some constant C4 > 0. By (1.3.43), there exists some positive constant Cs such
that

t+1
28, —
Sup ”VCF«”L/;H(_Q) —+ Sup / f [|VC£|2ﬁn 2|D2C8|2 4 n8|vce|2ﬁn] S le
te(0,00) te(0,00) Jt 2 3 47)
(13.

Furthermore, in view of p, > m + «, taking p, | = %pﬁ + 2(‘3—‘m — % 4+ a)p, +
2m +2a — 3)(m — 1) + 1 in (1.3.26) and by the Young inequality, it follows that
for any n > 0, there is C(n) > 0 such that
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d . m(pn 1 — 1) m — —2a
» E”ns + 8”€ﬁtl—|(9) + + / (ne +¢) s 3(1 +ng) 2 |Vi’l£|2
n+1 2

_ 2
S(anrl 1)CS/(n8+8)Pn+1+17M72a|vcs|2
2m 0

n -1 C2 —m—20— =
e S/(ng+e>ﬁ%|wa|2<ns+e)”"+'+‘ "
2m 7]

Bn

<C(n) / (ns + &)V P+ / (ne + &)l P T2 g
2 2

(1.3.48)
Thanks to p,y+; = %p,zl + 2(§m — % +a)p, + 2m+ 20 —3)(m — 1) + 1, we can
see that

1 Bn 1 pn+m—1
(Pugt +1—m =20 — ) =(pyyy +1—m — 20—
! Bn Bn—1 " pntm—1"py+m—2
2
=m+put1 =1+ Zpn
and thereby
12
/ (ne + 8)’"+Pn+l 143 pu
2
2m+pyi1—143 pn)
AP =l T, T
_”(ns + 8) : ” 20m+pyg =1+ 5 pn)
L MtPatrl (2)
2m+py1-1+5 pn)
Pug1tm=l S e T Y S B
<CslIV (e + &)™ Pagy e + 0™
L P11 (2)
m+pn—1+2 pn
Pny1+m—1 20 -t:ﬂ)n]fﬁ” )
+Csll(n: +&) = || ",
LT ()
Pnt1+m—1

<C1(IV (e + )" |22 + D

Substituting the above inequality into (1.3.48) and taking > O appropriately small,
one may derive that there is Cg > 0 such that for any ¢ € (0, 1),

d : m(ppy1 — 1) _
p E”ns + 8||ZIIJ;L|(Q) + %/ (ne + 8)m+p"+1 3|vne|2
n+1 2
+/(n£+€)nl+Pn+l_l+%Pn
17
scm)/ ne|Vee[?r +f |Vee [P + Cs.
2 2

This together with (1.3.47) implies that for some positive constant Co,
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t+1
sup ”ns(', t) + EHIL)ZL (£2) + sup / f (ns + 5)pn+l+m_3|vns|2 <G
t 2

1€(0,00) 1€(0,00)
and thus completes the proof of Lemma 1.23.
Combining Lemma 1.3.34 with Lemma 1.23, we immediately have

Lemma 1.24 Let0 <o < % and% <m+a< % Then there exist constants p* >
3 *
5 and C = C(p*) > 0 such that

/ n? (x, t)dx <
2

A
a

forallt > 0.

By the similar strategy as above, one can also derive the boundedness of |, o nf
with some p > % in the case m + o > 2.

Lemma 1.25 Let m + o > 2. There exists C > 0 independent of ¢ such that the
solution of (1.2.2) satisfies

f (ne + )" < C wvforall t >0 (1.3.49)
2
as well as
t+1 )
f f [+ &) - n e 24w P < . (1.3.50)
t 2

Proof Taking c. as the test function for the second equation of (1.2.2) and using
V -u, =0, it yields that

1d
M||c5||iz(m+fg|wg|2=—Lnsci,

which together with n, > 0 and ¢, > 0 implies that for some positive constant Cy,

+1
/ c§+/ f |Ve,|* < C; forall ¢ > 0.
2 t 2

Now, choosing p = m + 2« — 1 in (1.3.26), we get
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_ 1 m420—1 m(m + 2a — 2) dmt2a—4 2
P e ellty, ¢ M=) /9<n8+8> a4, |
2a — 2)C3
SM/ (1, + )2 (1 4 n.)"|Ve, |2
2m o
2
_m+ 20~ 2)C

/ |Ve > forall ¢ > 0.
2m 7]

(1.3.51)
Furthermore, applying the Gagliardo—Nirenberg inequality, we obtain that there
are C; > 0, (i =1, 2, 3), such that

/(n8+8)m+2a—l
—1

420
=|(ne + 8)m+rx 1” m:tj—zal d

T(£2)
1 3(m+2a 2) 1 +2a—1 _23(m+7a 2)
SCI ||V(n5 + 8)m+0¢7 ”Lzé(m;zr;m 7 ”(ns + S)era ” m+u “mta—T 6m+6a—7

Lm(g)

m+20—1

+C1||(n£ + 8)!11+0( 1” m+a 1

Lm+0(* (£2)
6(m+20-2)

SCZ(”V(ng + 8)171+Dl—1 || 6m-+6a—7 + 1)

L%(£2)
m@m +2a — 2 B
- ( )/(n£+8)2m+2a YVn? + C
1P

thanks to 8#42¢=2) _ 2, and

6m+-6a—7
2m+a-3)
/(n8+8)2(m+a—g) _||(ns+8)m+a l” 'zn(;ialJ)
2 L~ mFa— l (2)

<G (IV(ne + &) MTaq + D.

Inserting above two inequalities into (1.3.51), we derive

1
m+2a—1 m+2a—1
mdt e + &l () + /Q(Vla +¢)
m(m + 20 —
+—

2
3 ) f (e + )"V P 4 (n, + )20 (13.52)
2

200 — 2)C?
gm/ Ve 2+ Cy forall 1> 0
2

2m
with some positive constant C4. Now, we define y, (t) := |[n (-, 1) + ¢ II'L”Lzz‘fff,l(m and
m(m + 2o —

2 2
he(t) := f) /9(% +&)2mt20=4 gy 2 4 (g 4+ )23 forall £ > 0.
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As an application of Lemma 1.4, this together with (1.3.51) readily yields (1.3.49)
and (1.3.50).

With the space—time regularity property of n, in (1.3.50), we can improve the regu-
larity of Vu, beyond (1.3.14) through following lemma.

Lemma 1.26 Let m + o > 2. There exists constant C > 0 such that for all t > 0,

t+1
/ |V, ) +/ / |Au,|* < C. (1.3.53)
2 t 2

Proof Multiplying the projected Stokes equation u,, + Au, = P[n. V] by Au,,
we derive

liIIA%M 12, + | |Augl> =] Pn.V$)Au
2dt 2 T o 1 T g T e

! 1 (1.3.54)
55/;2 \Aus|2+ EHVQS”%OO(Q)‘/_QHE forall 7> 0.
Recalling that [| A2, |2, ) = [|Vuel|2, p, (see p. 133 of Sohr 2001), and with some

C; > 0, we have

/ Vi, (-, )] < q/ |Au,|?> forall > 0.
2 2

Thanks to the fact that || - [|w22(o) and ||A(-)||z2() are equivalent on D(A) (see p.
129 of Sohr 2001), we see that for

¥(0) :=/ Vi (.0t > 0
2

and
_ ! 2 2
2

I quatiOII (] .3.54) lmplles the ]llequalily
1 1 u ora > U.

As an application of Lemma 1.4, this yields (1.3.53) thanks to (1.3.50).

At this position, we can achieve the regularity of ¢, in the case m + o > 2 just as
that in Lemma 1.13.

Lemma 1.27 Let m + o > 2. There exists C > 0 independent of € such that

t+1
/ |Vc£(~,t)|2+/ f |Ace|*> < C forall t > 0. (1.3.55)
2 t 2
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Proof Similar to the proof (1.3.42), we can conclude that
EEHVCSH%Z(Q)
1
5——/ |Acs|2+||co||Lw(Q)/ ni—/ Ve (Vue - e,)
2Ja 2 I7)

1
5—5/ | Ace]? + ||Col|LOC(.fz)/ i + | Vue |l 2@V eeljagg, forall ¢ > 0.
e e

(1.3.56)
Recalling (1.2.10), the Gagliardo—Nirenberg inequality entails that there exist C; > 0
and C, > 0 such that

2 2 2
IVeellzsgy =CillAceliz@)lce <o) + Cillcel7(g)

(13.57)
<Ca||Acellr2@) + C2 forall ¢ > 0.

Substituting (1.3.57) into (1.3.56) and by the Young inequality, we obtain that for
some positive constant C3,

d 2
EE”VCSHLZ(Q)
1 1
< [ 186+ leolimiay [ 024 1Vl (CalAcul g, + CoP
2 2

1
s—Z/ |A03|2+||60||L°°(9)/ n; + CalI Vel gy + C3 forall £ >0,
2 2

(1.3.58)
which together with (1.3.57) implies that for some positive constants Cy, Cs,

1d 1

3 3 IVeellizg) + gllAceliz g, + Call Veeliaqg)
(1.3.59)
5||c0||Lx(m/Qn§+c3||wg||iz(m + Cs forall t > 0.

Now, we define g.(¢) := ||Vc. (-, t)||%2(9) and

he(t) := ||c0||Loc(g>/ n2(, 1) + C3|| Vue (., t)lliz(m + Cs.
2

As an application of Lemma 1.4, this in conjunction with (1.3.53) entails (1.3.55).
Proceeding as the proof of Lemma 1.16, we can arrive at

Lemma 1.28 Let m + « > 2. Then there exists C > 0 independent of € such that
the solution of (1.2.2) satisfies

f (ne +&)"™*"2 < C forall t > 0. (1.3.60)
2
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Proof Choosing p =m + 20 — % in (1.3.26), we obtain that for some C; > 0,

3
1 m+20— m(m +2a — 5) _1_
||n,3+ I 72/ (g + &) 20273 1y, 2

m+ 20 — Lm+2a77 2) 2
1
SC1/ (ns+8)7+2“(1+ns)_2a|VCa|
2
1 2
§C1/ (ng +€)2|Veel
2

1
<Cillinoll, 1 g +'9”+Z/9 |Vee|* forall ¢ > 0.

(1.3.61)
On the other hand, we employ the Gagliardo—Nirenberg inequality to derive that
there exists positive constants C, C3 and Cy4 such that

/ (ne + &) 23
2

mt2a—}
+a—3 m+a 3
=|(n, + &)™ || m+2,3_%
L NI‘HJ(f* (Q)
m+2a— % 3Qm+4a—3)
_27
<[ V(n +8)m+a—>”2%”(n + 8)m+a_1|| mta— % S(am+da—3)—2
= 2 L2(2) € mta—3
Lm+o¢ %(Q)
m-+20— %
3
+C2"(n€ +8)m+a71” m+oa— 4
m
L 1(2)
mtoa—3 2%
<Ca(IV (e + &)™ 2 7 + 1)
2m+2a—1-3 2 o5
_c, /(ne 4 g)2r2e=i =31y, + C; forall t > 0.
2

Inserting the above inequality into (1.3.61), one has

3(@m+4a—3)-2

1 d +20—1 1\ ety
||I’l£ 8||m 7Ot 12 + CS / (l’lg + 8)m+2a—2
m + 2 dt L™ 2(2) o

5C6+—/ |Vee|* forall ¢ > 0.
4 Jq

With the help of (1.3.55) and (1.3.57), we derive that (1.3.60) by Lemma 1.4.
At this position, by the result stated in Lemmas 1.28, 1.24 and 1.16, we have

Lemma 1.29 Letm + o > %. Then there exist positive constants qy > %and C=>0
such that the solution of (1.2.2) satisfies

/ n?(x,t)dx < C forall t > 0. (1.3.62)
fo)
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Proof Let
7
p*lf—<m+a§—and0<afﬁ,
+ 2 'f10 + <3 d l
if — < — an > —
m o 5 m a_2 and o T

q0 3
m + 2o if§<m+a§2,

1
m+2a—§ if m+o>2,

with p* given in Lemma 1.24. Then it is easy to see that gy > % and thereby (1.3.62)
readily follows from Lemmas 1.28, 1.24 and 1.16.

1.3.3 Uniform L°°-Boundedness of n. as Well as V¢, and u,

With Lemma 1.29 at hand, further regularity properties of n,, ¢, and u, can now be
obtained by essentially rather standard arguments (see the proof of Corollary 3.4 in
Winkler 2015b or Lemma 6.1 in Winkler 2018c for example). We firstly use the heat
semigroup to obtain the L°°(§2)-bound for u,.

Lemma 1.30 Letm + o > % and assume that the hypothesis of Theorem 1.1 holds.
Then there exists a positive constant C independent of ¢ such that, the solution of
(1.2.2) satisfies

e (-, )l Loy < C forallt > 0. (1.3.63)

Proof Let h.(x,t) = P[n,V¢]. Then by Lemma 1.29, there is C; > 0 such that
forallz > 0
17 C, )z < Ci. (1.3.64)

Fixing ry and § with rg € (%, 1) and § € (0, 1 — rp), one can chooses r; > g such

that W% (§2) < L>(£2). It then follows from the variation-of-constants represen-
tation, the Young inequality, the Sobolev embedding theorem and (1.3.64) that

lluee (-, )l L)

t
<lle™uoll =) + / [Ae "DAATOh (-, T)dT | 2y dT
0
t
<lle™" uoll =) + / AT ("DAATOR, (-, T)dT |11 (2)dT
0
t
<lle™" u |l L=(2) + Ci / (t — ) 00D e DAL (L T)d T || 1 (@)dT
0

t
<lIA”uoll 20y + Ca f (t =) "M h (- O oy dT
0

<Csforallt > 0.
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Here, we have used the fact that rp > =— > 3(+ — 1) and
2q0 2%qo r

t [ee]
/ (t — 1) 0 e < / e < o0
0 0

Lemma 1.31 Assume that the hypothesis of Theorem 1.1 holds. Then there exists a
positive constant C independent of € such that the solution of (1.2.2) satisfies

Ve (-, )l Loy <C forall t >0 (1.3.65)

with3 <ry < min{(,ﬁ%, 4}, where q¢ > % is given by Lemma 1.29.

Proof Involving the variation-of-constants formula for ¢, and applying V - u, =0
inx € £2,¢t > 0, we have

ce(t) = e Ve — / eV (n () e (5) — ce(s) — V - (ue(s)ce(5))ds,
0

and thus
IVee (-, Loy

t
<IIVe"colln) + f Ve 92 [n.(s) — 11c: ()| o2y ds
0(£2) ; € e 0(82) (1.3.66)

t
+ / Ve ™94V - (u(s)ce () | rocayds forall t > 0,
0

where rg € (3, min{ (33‘;3)+ ,4)).
Now, we will estimate the terms on the right of (1.3.66) one by one. In view of

(1.1.4), there is C; > 0 such that

Ve ‘A Degll oge) < Cy forallt > 0. (1.3.67)

1 3/1 1
— == ———) > -1,
2 2\q o
which together with Lemmas 1.29 and 1.8 implies that for some positive constants
C2 and C3,

Since g > %, it yields

t
/ 17D (1, () — Dea ()]l ogads
0

<C; forall ¢t > 0.
(1.3.68)
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- 1 cepioo 1 3.1 1 1 ~ 1 1
Finally, we choose ¢ = 3 satistying 5 + 5(; — ) <y andk = 7 € (0, ¢). In

view of Holder’s inequality, we derive from Lemma 1.30 that there exist positive
constants C;, i =4, ---, 8 such that

t
/ Ve 4DV - (g (5)ce ()| o 2dls
0
1
§C4/ e~ ADV -+ (ug(s)ce () llwivo 2y ds
0

t
<C _A + 1 L (l‘—S)(A—l)V . d
< 5[0 Il )e (ue(s)ce () Lo(2yds (13.69)

t
——t—k (s
<Cs / (t — )" F e (510 (5) ey
0
t
L
SC7/ (t — )" "2 e ug () | 1oy llce (5) | L2y ds
0
<Cg forall t > 0.

Here, we have used the fact that
t L ) L
/ (t —s) T2 R M= gy < / o i e < o0
0 0

Combining with (1.3.66)—(1.3.69), we arrive at (1.3.65).

From the regularity property of solutions obtained above, we can infer the higher
regularity about n,.

Lemma 1.32 Assuming that m + o > 19—0. Then for all p > 2, there exists C > 0
such that
lne(-, 1) + €llLray < C forall t > 0. (1.3.70)

Proof Recalling Lemmas 1.14 and by (1.31), we have

1d m(p—1) et p—
;Ellnﬂrellﬂ(m-irT/Q(nﬂrs) PV, P

SCI/("e+8)”+1_’"(1+ns)_2“|VCs|2
2

: :
<G ( / (ng+s)3<"+"m—2“’) ( / |ch|3>
[%) k%)

1

3
<G, </ (ne + 5)3(”“’"2"‘)) forall + >0
2

for constants C; > 0 and k, > 0. By the Gagliardo—Nirenberg inequality, there exist
positive constants C; > 0, (i = 3,4, 5, 6) fulfilling
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(/ (ns +8)3(p+1m20()>3
2

-1 ””*L_ m-2e)
=|[(n. + &) | spetm
L mtp— e ()
3p—3m+2—6a et p— 2(p+l=—m) _~3p—3m+2—6a
Int3p—a mrp—1 Imt3p—a
<Gs||V(n. +¢ @ e +e) i o
LmFr=T ()
et
+Cs|(ne 2
L mtp-1 (Q)
3p—3m+2—6a
<C4s(|V(n, +¢ Z_}”;” “ +1) forall t >0
and
[ ey
2
m+p—1 mf#
= +¢e) 2 |"",
LT (2)
ey 3mq+?p 3 mtp=l m+p e ﬁ
<GSV, + &) F T, + 0) "
Lm+p mFp=1 ()
2p
mip-1 2L
+Cy4ll(ng +¢) 2 +pzl
LT (£2)

3p-3

23))1+3p74
+ 1) forall r > 0.

<Co(|IV(ne + )%

With the help of m + o > 12, we have 3p—3m2-8¢ _ 1 ynd hence obtain that for

9° 3m+3p—4
some constant C7 > 0
1 d 3m+3p—4
3p-3
;Z||n8+8||ip(g)+c7 (f.rz(ns +8)”> <C; forall ¢ > 0.

Therefore, (1.3.70) follows from the application of Lemma 1.4.

By applying the general semigroup estimates, the standard parabolic regularity
arguments and a Moser-type iteration (see, e.g., Lemma A.1 of Tao and Winkler
2012a), we can now establish the existence of global bounded classical solutions to
the regularized system (1.2.2).

Proposition 1.1 Letm + « > 1. Then there exists C > 0 independent of ¢ € (0, 1)
such that

ne(, Dllze2) + e Dllwree) + 1A U iz < C forall t > 0.
(1.3.71)

Proof Let h.(x,t) = £[n,V¢]. Then by (1.3.70), there is C; > 0 such that

Ihs(-, D)2 < C forallz > 0.
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So combining the known smoothing properties of the Stokes semigroup (see Giga
1986) with (1.1.4), there are positive constants C, and C3 such that

t
—tA —(t—-1)A
IAY ue (-, 22y <IIAY e Augll2) + / |AY e D4, (-, T)dT| 1200y d T
0

t
— —A(t—
<lIAuoll 122 + C2 / t =) Ve N D)llag)dT
0

<Csforallt > 0.

Next, we rewrite the variation-of-constants formula for ¢, in the form

t
ce(- 1) = '@ Ve —i—f AN (e, —npe, —up - Veg) (-, s)ds forall ¢ > 0.
0

Dueto3 <ry < min{(3323)+,4} (see Lemma 1.31), one can pick 6 € (% + 2370, 1)

and thereby the domain of the fractional power D((—A + 1)?) < W>®(£2) (see
Winkler 2010). Hence, in view of LP-L9 estimates associated heat semigroup,
Lemma 1.31 as well as (1.1.4), we conclude that there exist positive constants A;, Cy4
as well as Cs and Cg such that

IVee (-, D) llwie )

-
<Cae™"||Veoll ()

t
+ f (t — ) e (e — nece — ue - Ve ) () o @)ds
0

! (1.3.72)
<Cs + Cs / (t—s5)FeMU=9gs
0
t
+C5/ t — ) eI |ng (-, $) ooy + Ve, 9)lloc)1ds
0
<Cg forall t € (0, 00).
Finally, we rewrite the first equation of (1.2.2) as
ng = Amg +&)" — V- (neug +ng Fo(ng)Se(x, ng, ce) - V), (1.3.73)

Hence, in view of (1.3.72) and using the outcome of Lemma 1.32 with suitably large
p as a starting point, we may invoke Lemma A.1 in Tao and Winkler (2012a) which
by means of a Moser-type iteration applied to (1.3.73) and establish

[1e(, 1)l 2y <C7 forall >0 (1.3.74)

with some positive constant C;7 independent of ¢.

To achieve the convergence result, we still need the following further regularity
estimate. With the help of Proposition 1.1, we can straightforwardly deduce the
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uniform Holder properties of ¢, as well as V¢, and u, by using the standard parabolic
regularity property and the standard semigroup estimation techniques.

Lemma 1.33 Let m 4+ o > %. Then one can find n € (0, 1) such that for some
C >0,

llce (-, t)”c“-%(.oxlt,tﬂl) < C forall t € (0, 0)
as well as

g (-, t)”C“'%(Qx[t,t+1]) < C forall t € (0, 00),
and for any t > 0, there exists C(t) > 0 fulfilling

IVes (-, )l <C forall t € (t,00).

@ xln 1) =
Proof Based on the uniform boundedness of {(n;, c¢, Us)}ee(0,1) as claimed in Propo-
sition 1.1 and the assumptions on ¢, we conclude the desired estimates by applying
the standard parabolic regularity theory (see, e.g., Ladyzenskaja et al. 1968) and
some standard semigroup estimation techniques, which is omitted here.

Unlike ¢, and u,, we are not able to attain the Holder regularity for n, due to the
presence of nonlinear diffusion. We now make full use of the a priori bounds derived
so far to obtain the boundedness property of the time derivatives of certain powers of
n, and spatio-temporal integrability property of [~ [, (n. + &)""7=3|Vn,|?, which
plays a key role in deriving strong compactness properties for n.. Let us provide the
following spatio-temporal estimates at first.

Lemma 1.34 Letm + o > %. Then there exists a positive constant C such that for
anye € (0, 1)

/ / (e + )" P3|\ Vn, > < C forall p>1and p>m+2a—1. (1.3.75)
o Je

Proof In light of Proposition 1.1, there exists C; > 0 such that for all ¢ € (0, 1),
ne < Crin £2 x (0, 00). Forany p > m + 2o — 1 and p > 1, using Proposition 1.1,
we can thereby estimate the integral on the right of (1.3.26) according to

1 m(P - 1) ! m —
—lne o 0) +ellf ) + —5— (ne + )" 73|V,
p 2 0 Ja

(p = DC§ // tem—2a g 2 4 L
< (ne + )" 2V P+ g + el
2m - Jo Ja P He

_ 2
_-1G

o0
1
(€, + 1yrHi-m—20 / / Vel? + Lo + 117,
2m 0 o & p LP(£2)

- 1C? 1
Su(c1 +1)P+1—'”—2“f ¢+ =lno+ 117, o, forall 1 € (0, 00),
dm Q )4

which immediately leads to our conclusion.
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In order to pass to the limit in system (1.2.2) by compactness argument, we intend
to supplement Proposition 1.1 with an appropriate boundedness property of the time
derivatives of n,.

Lemma 1.35 Letm +« > 19—0. Then one can find C > 0 such that for any ¢ € (0, 1)
10ime (. Dl 2@y = € SJorall t € (0, 00). (1.3.76)
In particular,
lne(-, 1) _ns(.7s)||(W(]2'2(Q))* <Clt—s| forall t = 0,5 >0 and ¢ € (0, 1).
(1.3.77)

Moreover, let ¢ > m and ¢ > 2(m — 1). Then for all T > 0 and ¢ € (0, 1), there
exists a positive constant C(T) such that

T
/ 19, (e + &) (-, D)l 2 gg2)+dt < C(T) forall & € (0, 1). (1.3.78)
0

Proof To estimate the integrals on the right of (1.3.80) below appropriately, we first
apply Proposition 1.1 to find C| such that

(ne +&)" <Cy, n, <Cy aswellas |V¢,| < Cy and |u,| < C; in £ x (0, 00).
(1.3.79)

For any fixed ¢ € C3°(§2), we multiply the first equation in (1.2.2) by (n, + e)s Iy
and then get

1
< [ ooy
SJe
:/ (ns + 8)§_1 [A(ns + 8)m -V. (nESS(-xv ng, CS)VCS) — Ug - Vna] . 1/f
2
=—(c = Dm f (ne + &) *(ne + )" 1| Vne |’y
o}
_m/ (e + )5 (e + )"V - Vb
Q2
+ (G — 1)/ (ne + )5 'Vng - (Se(x, ne, ce) - Ve)yr
2
+/ (ne +8)°Se(x, ne, ce)Veg - Vi
2
1
+ —/ (ne +&)°u, - Vi forall t € (0, 00).
S Je
(1.3.80)
In what follows, we shall estimate the right of the above equality appropriately by
(1.3.79). Indeed, since ¢ > m and ¢ > 2(m + o — 1), the number p := ¢ —m + 1

satisfies p > 1 and p > m + 2o — 1, so that, (1.3.75) becomes applicable so as to
yield C3 > O fulfilling
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o0 o0
0 2 0 2

for some positive constant C3. Now, applying (1.3.79), we conclude from the Young
inequality that

—(s —Dm / (ne + &) 2 (ne + )" | Vn Py
2
_mf (ne +&)° ' (ne + )" 'Vn, - Vy
2
+ (¢ — 1)/ (ne +)'Vng - (Se(x, ne, ce) - Ve ) yr
2
1
+/ (ns + 8)§Sa(x» ng, CS)VCE . Vlﬁ + — / (ns + 8)§ua . VW
@ §Ja (1.3.81)
<Cic — 1) / (e + 521V 21 e
2
+Cs / [t + )52V, 2+ (€1 + DSV o)
2
+ Cs / [(ne + &) 2| Vne > + CEY =)
2

1
O CSIR1IVY @ + T I21IV @

with some positive constants C4 as well as Cs and Cg. Inserting (1.3.81) into (1.3.80),
we derive that there is C; > 0O such that for all # > 0 and any ¢ € (0, 1),

I/Qaz(ng +e)° .0yl < C7(L(”s +8) VR + DIV lwig)-

As in the three-dimensional space, we have WS ’2(.{2) < W>(£). Collecting the
above inequalities, we infer the existence of Cg > 0 such that for any ¢ € (0, 1),

10, (12 + )5 D)l gy < cg(f (. + £)S 2|V > + 1) forall 1 € (0, 00).
2

Therefore, we obtain the desired estimate (1.3.78).
Testing the first equation in (1.2.2) by an arbitrary ¢ € C{°(§2), we have

/ Nt (1) - @ =/ [Ane +&)" = V- (n,Se(x, e, c.)Vee) —up - Vg | - g
2 2
:f (na +8)mA§0 +/ }’ZSSE()C, ng, CS)VCS : V<P +/ NglUg + V(p
2 2 2

for all # € (0, 0o). Then combining this with (1.3.79) as well as (1.1.3), we get
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|/ nes(1) - ol §C9[/ |A¢|+/ Voll in 2 x (0, 50)
2 2 2

for all ¢ € (0, 1) with some positive constant Cgy, which establishes implies (1.3.76)
and thus also (1.3.77).

1.3.4 Global Boundedness of Weak Solutions

The a-priori estimates achieved so far allow us to construct weak solutions by com-
pactness arguments. To this end, let us define what a weak solution is supposed to
be.

Definition 1.1 (Weak solutions) By a global weak solution of (1.1.1), we mean a
triple (n, ¢, u) of functions

nel, (82 x][0,00)),
c e L},.(0,00); Wh1(£2)),
u € L},.([0, 00); Wy (£2; R?)),

such thatn > 0 and ¢ > O a.e. in £2 x (0, c0),

ne,n™ €L}, .(2x[0,00), u®ue L}, (2 x[0,00); R¥>?), and
nS(x,n,c)Ve, cu and nu belongto L}, (2 x [0, 00); R?),

V.u=0a.e.in £2 x (0, c0), and

T
[ [ no= [ moc.0
0 Ja fo)
T T T
=/ /n’”Ago—}—/ /n(S(x,n,c)-Vc)~Vg0+/ /nu~V¢)
0o Je 0o Je 0o Je

for any ¢ € C5°(£2 x [0, 00)) as well as

T T T T
_/ /Cﬁﬂr—/CO(P(‘,O):—/ /VC-Vq)—/ /nc-(p-‘rf fcu-Vq)
0 2 2 0 2 0 2 0 2

for any ¢ € Cgo(.@ x [0, 00)) and

T T T
Lo o= [ rvoso- [ oo
0 2 2 0 2 0 2

for any ¢ € C5°(£2 x [0, 00); R3) fulfilling V - ¢ = 0.
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The Proof of Theorem 1.1 We first give a series of convergence results. According
to Lemma 1.33, the Arzela-Ascoli theorem and a standard extraction procedure, we
can find a sequence (¢;) jeny € (0, 1) with &; N\ 0 as j — oo such that

ce; = ¢ in C},.(22 x [0, 00)), (1.3.82)
Ve, — Ve in Cp (2 x [0, 00)), (1.3.83)

and B
e, = u in Cp, (2 x (0, 00)) (1.3.84)

hold with some limit functions ¢ and u belonging to the indicated spaces. On the
other hand, Proposition 1.1 ensures the existence of a subsequence such that

Vee, — Ve weakly starin L*(£2 x (0, 00)), (1.3.85)
Du,;, — Du weakly star in L*(£2 x [0, 00)), (1.3.86)

and
ne, — n weakly starin L™ (£2 x (0, 00)) (1.3.87)

hold for some n € L>®(£2 x (0, 00)).
Fix { > m — 1. Then Lemmas 1.34 and 1.35 assert that for any 7 > 0,

(e 4+ €)%)ee(.1) is bounded in L*((0, T); W'2(£2))

and
(3 (e + €)%)ec.1y isbounded in L'((0, T); (Wy*(£2))*)

respectively. So the embedding W'2(2) <> L*(2) <= (Wy*(£2))* and the
Aubin-Lions compactness lemma yield that (n, + 8)56(0,1) is a relatively compact

subset of the space L?(£2 x (0, T)). This in conjunction with the Egorov theorem
gives that for some subsequence of ¢ = ¢,

(ne +€)S — ns strongly in L?(£2 x (0, T))

and hence
(ng+e)—>z ae. in 2 x(0,7),

for some nonnegative measurable z : £2 x (0, T) — R. This combined with the
Egorov theorem, then we can see that z = n, and thereby

ne — n ae. in £2 forall (0,00)\ N. (1.3.88)
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Next, noticing that L*°(£2) — (Woz’z(.Q))* is compact, in view of Proposition 1.1
and Lemma 1.35, we can use the Arzela-Ascoli theorem again to assert

ne — n in CP ([0, 00); (Wy2(£2))%). (1.3.89)
With the help of (1.3.89) and the fact that ||1]| .~ (2 x(0,00)) 18 finite, we can derive
n € CY_,(10,00); L¥(£2)) (13.90)
by using the similar methods in the proof of Lemma 4.1 in Winkler (2015b).
Combining (1.3.83) with (1.3.88), noticing the definition of S,, we may further
infer that

neSe(x,ng, ¢g) - Veg = nS(x,n,c)- Ve ae.in 2 x (0,00) as €:=¢; \(0.

Then we may use the dominated convergence theorem, along with a subsequence
(still denoted by {e;}7Z,), we derive that

neSe(x,ng, ce) - Veg = nS(x, n, c) - Ve strongly in leoc((} x [0,00)) as &:=¢; (0. (1.3.91)

In the following, we shall show that the triple (n, c, u) is exactly a global weak
solution to system (1.1.1). Indeed, multiplying the first equation in (1.2.2) by ¢ €
Ci° (82 x [0, 00)), integrating by parts, we obtain

—/ /ngwt—/ nog(-, 0)

0 2 2

=/ /(ns+8)”‘A<p+/ /ns(Ss(x,ns,cs)'ch)'pr
0 2 0 2

o0
+/ / ng.u, - Vo.
0o Je

In view of (1.3.89), (1.3.91) as well as (1.3.84), we conclude from the dominated
convergence theorem that

[ [ nor= [ nopt.0)
0o Je 2
:/ fnmA¢+f /n(S(x,n,c)-Vc)~V<p
0 Je 0o Je
+/ /nu-Vw.
0 Je

Next, multiplying the second equation and the third equation in (1.2.2) by ¢ €
Ci° (82 x [0, 00)) and ¥ € C3°(£2 x [0, 00); R?), respectively, then with the help
of (1.3.85)—(1.3.86) and by a limit procedure, we also derive that
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[ [ o[ cwc.0

0o Je 2

:—/ /Vc~V<p—/ /nap+/ /cu-qu
0o Jo 0o Je o Je

“f fre feco == [ veves [ e
0 2 2 0 2 0 2

in a completed similar manner. This means that (n, ¢, u) is a weak solution of (1.1.1).
The convergence properties in (1.3.82)—(1.3.89) lead to the stated boundedness of
global weak solutions thereof, and thus complete the proof of Theorem 1.1.

and

1.4 Asymptotic Profile of Solution to a Chemotaxis—Fluid
System with Singular Sensitivity

1.4.1 Basic a Priori Bounds

In order to derive some essential estimates, it would be more convenient to deal with a
nonsingular chemotaxis term of the form V - (nVw) instead of V - (%Vc) in (1.1.5).
To this end, we employ the following transformation as in Lankeit and Lankeit
(2019a), Lankeit (2017), Winkler (2016a): w := —ln(m), whereupon 0 <

w e C%2 x (0, 00)) N C>(£2 x (0, 00)), and the problem (1.1.5), (1.1.8), (1.1.9)
transforms to

ng+u-Von=An+ xV-mVw)+n(r — un), x e, t>0,
w,+u-Vw=Aw—|Vw|2+n, xef2,t>0,
U, + -V u = Au+ VP +nVe, xef2,t>0,
V-u=0, xef2,t >0,
Vn-v=Vw-v=0, u=0, x€d82,t >0,
co(x)
n(x,0) =no(x), wx,0) = —In(—————), u = up(x), x € L.
llcoll L (2)
(14.1)

Let us first recall some basic but important information about (n, w) due to the
presence of the quadratic degradation term in the first equation of (1.4.1).

Lemma 1.36 The classical solution (n, w, u, P) of (1.4.1) satisfies
12r

(i) lim sup ||n(-, )|z <
=00
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! re ' 1
(i) [ W) s = 5 [ I 9lads + o)l foralls
fo Mmoo Jy 1%
t(); t t
(iii)/ / [Vw|*dxds < / w(x, ty)dx +/ ln(C, $)lLids forall t > 1.
o 2 2 I

In particular, if r < 0, then

[$2]
n(,t < ————— forall t >t 142
InC, iz 1) fe 0 (1.4.2)
[£2]

withy = ———.
v [ no(x)dx

Proof Integrating the first equation in (1.4.1) and using the Cauchy—Schwarz
inequality, we get

i/‘nzr/n—u,/nz<r+/n (v/n)2 (1.4.3)
dt Q Q 7] - 2 |Q|

which yields (i) readily. By the time integration of (1.4.3) over (fy, t), we get (ii)
immediately. In addition, from the second equation in (1.4.1), V-u =0and u =0

on 052, it follows that
— w— /|Vw| —i—/ (1.4.4)

and thus establishes (iii).
When r < 0, it follows from (1.4.3) that

- = 2
o= |_Q|(f n) (1.4.5)

which then yields (1.4.2) by the time integration.

In order to make use of the spatio-temporal properties provided by Lemma 1.36(ii)
to estimate the ultimate bound of |, o IVu |2, we shall utilize the following elementary
lemma (see Lemma 3.4 of Winkler 2019a):

Lemma 1.37 Let t0 > 0,T € (tp, 0], a >0 and b > 0, and suppose that the
nonnegative funcnon h e Lloc R) satisfies f,’+1 h(s)ds <b for all t € [ty, T]. If
y € C%([ty, T)) N C'([ty, T)) has the property that y'(t) + ay(t) < h(t) forall t €
(to, T), then y(t) < e~y (1) + l_l;,a forall telty,T).

With Lemmas 1.36 and 1.37 at hand, we can employ the standard energy inequality
associated with the fluid evolution system in (1.4.1) to derive some boundedness
results for u.
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Lemma 1.38 For the global classical solution (n, w, u) of (1.4.1), we have
(i) if r > 0, then

31 +7)|82] ||V¢||%oo(:z) r

lim sup [lu(-, 0)132,0) < (1.4.6)
100 LA n C,(1—eF) 1
as well as
r+1 5(1 2| IVelin
timsup [ 1G9 s = 2R L (14)
=00 Jt M Co(l—e )1

with Poincaré constant Cp > 0.

(ii) if r <0, then

2
—%(f—to) n 2|.Q| HV¢HLOC(_Q) 1
2

Cp 1
12 Cpl—e= 2 ot+vy

0P < )1 forall t > 19

(1.4.8)

as well as

t+1
f IVut, $)I720)ds
t

iy, HE) IVl e 1
W (1—eF)loty

<[l 1) 72 (0)e forallt > ty. (1.4.9)

Proof (i) According to the Poincaré inequality, one can find some constant C), > 0
suchthat C,, [, [u|* < [, |Vu|?. Testing the third equation in (1.4.1) by u and using
the Holder inequality, we obtain

d

—/ |u|2+cp/ |u|2+/ |Vul?

dt Jo P I7)

< 2/ nVeo -u < 2(|IVoll=@linlliz@)llull )
o)

P 2 2 2
< S llullza o) + = 1IVOli~@)linlia g
2 C,

duetoulyo =0and V- u = 0.
Writing h(t) = C%||V¢||2Lm(9)||n(-, t)||iz(9),we see that y(¢) := fg lu(-, )]? sat-

isfies

y' (1) + %y(t) +/ IVu(-,1)|* < h(r) forall > 0. (1.4.10)
2
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In view of Lemma 1.36 (i) and (ii), we know that

(L+n1elr
—

1+1 2
lim sup / h(s)ds < C—||v¢||ix(m (1.4.11)
t p

—>00

An application of Lemma 1.37 thus shows that there exists positive #y > 0 such that

2
_% - 31 +1))2] IVellieo r
f9|u<-,z>|25nu<-,zo)niz(g)e Fo- 3+ DI2) 2@ T forall 1> 1

P
Booca—e)t

and thereby verifies (1.4.6). Thereafter, again thanks to (1.4.11), an integration of
(1.4.10) in time yields (1.4.7).
(i1) In view of (1.4.2), we have

2] 1

—_—, 1.4.12
e (1.4.12)

t+1 2 5
/ h(s)ds < — 1V |2 e
t CI’

whereupon Lemma 1.37 guarantees that

2
*%(f*fo) T 2|.Q| ”V¢||L00(Q) 1

2 <y 1
2 Cpl—e7) o+v

[0 < i g ¢ forall > .

This precisely warrants (1.4.8), and thereby in turn yields (1.4.9) after integrating
(1.4.10) over (¢, t + 1) and once more employing (1.4.12).

Now by a further testing procedure, we can turn the above information into the
estimate of ||Vu(:, 1)|l12(), particularly its decay in the case of r = 0, on the basis
of an interpolation argument, which is inspired by an approach illustrated in section
3.2 of Tao and Winkler (2016).

Lemma 1.39 For the global classical solution (n, w, u, P) of (1.4.1), we have
(i) if r > 0, then there exists (11 := 1(82,r) > 0 such that for all © > wy,

1
i Vu(-,t < — 1.4.13
lmtiugo IVu(-, 2@ < 7K, |2] ( )

(ii) if r <0, then for any u > 0,

lim [|Vu(, 1)l 2@) = 0. (1.4.14)
11— 00

Proof Applying the Helmholtz projector & to the third equation in (1.4.1), multi-
plying the resulting identity u, + Au = —Z[(u - V)ul + L[nV¢]by Au, and using
the Gagliardo—Nirenberg inequality, we can find C| > 0 such that
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1d 2 2
—— | |Vu|"+ | |Au]
2dt Jgo o

= —/ Pl(u-Vul - Au +/ PnVe]- Au
2 7]

1
< 5/ |Au|2+/ |(u~V>u|2+||V¢||%m(m/ n
2 2 2

< 1/ |Aul® + ull (o) IVl 20 + IV /n
=3 L>(£2) L2(£2) L>®(2)
2 2

1
<3 / |Aul + Cyll Aul 2o el 2y | Vs g, + 1901 f n?
2 fos
< |Au|2+c—‘2||u||2 IVull72 0 + IV n
= ) L2(£2) L2(£2) L>®(£2)
Q2 Q
which entails y(¢) := [, [Vu(-, 1)|* satisfies
V() < hi(®)y@) + hy(t) forall £ >0 (1.4.15)
withhy (1)=C7 [lu(-, )| 2 VU D172y and ha(t) = 2V |7 (o) In ¢, D117 -
(1) In order to prepare the integration of (1.4.15), we may use Lemma 1.38 (i) to

find some fy > 0 such that

30 +0)12] IVolice r
% C,(1—eFym

flu(, t)”L qQ) = <C =
andf IV, S)HU(Q) s <2C,forallt >ty + 1.
Hence for any ¢ > ty + 1, we can find t, = #,(¢) € [t — 1, t) such that
IVut, £)1l72 o, < 2Ca, (1.4.16)
and then integrating (1.4.15) over (¢, t) yields
t
y(t) S y(t*)ej;*hl(a)do +/ efs hl(U)dGhz(S)dS S (2_,[_ Cp)C262C12C22
I
and thereby verifies (1.4.13).

(ii) For any ty > 1 and ¢ > #y + 2, we use Lemma 1.38 (ii) to pick t, = #,(t) €
[t — 1, ¢) fulfilling

t
IVut, t) 720 = [ VU, )l172q)ds
t—1

4|02| ||V¢||Lw(9) 1
w? c(1_e*7)fo+)/

2 %1
<lu(, tO)”LZ(Q)e 2 ¢ tO)



1.4 Asymptotic Profile of Solution to a Chemotaxis ... 51

as well as

t t
2 2 2
< . N \e
[71 hi(o)do < Cl ;_111123-(5: Iz (-, S)”L-(_Q)/ | IVu(, S)||Lz(9)ds

"
iy, 412 IVollive) 1 o
woC,(—eFyloty

< CR(lu to) 172 00€
In addition, by (1.4.12) we also have

t t
2] 1
hy(o)do = 2|V |? / n(-, )| ds < 2|V ey —or —————.
/H 2(0) IVl | InC S aads <2098 limia 5

Therefore combining the above inequalities, (1.4.15) implies that

ot t
Y1) < y(t)elahi@xe 4 ol oo f

t—

hy(s)ds
1

and thus (1.4.14) holds readily.

1.4.2 Global Boundedness of Solutions

In this party, we show that the classical solution of problem (1.4.1) is globally
bounded in the cases of » > 0 and r < 0, respectively.

1. The Caser > 0

In this subsection, we derive the global boundedness of solutions to (1.4.1) whenever
W is suitably large compared with r. As in Winkler (2016c), the main idea is to
examine the behavior of the functional

Z(n, w) :=/ H(n)+lf Vw2 (1.4.17)
2 2 Ja

where H(s) 1= s1n £2 + i, along trajectories of the boundary value problem (1.4.1).
The following elementary property of H (n) will be used in the sequel.

Lemma 1.40 For all nonnegative functionn € C (£2), H(n) > 0.

Proof 1t is easy to verify that H(I&) =0, H’(i) =0and H'(s) =
implies H(n) > 0 foralln > 0.

1> 0, which

Now we can describe the evolution of .% (n, w) along the trajectories of (1.4.1)
by the standard testing procedure.

Lemma 1.41 Let 2 C R? be a smooth bounded domain and (n, w, u) be the global
classical solution of (1.4.1)withr > 0, u > 0. Then whenever u > u($2, x,r) 1=
max{up, le}, there exists t, > O such that
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d
Eﬁ(n, w) <0 forall t > t,. (1.4.18)

Proof Multiplying the first equation in (1.4.1) by H'(n) and integrating by parts, we

get
de()
— n
dt Jo

/ H'(n)(An + xV - (nVw) +rn — un* —u - Vn)
o)

— / H"(n)(|Vn|? + xnVn - Vw) —I—/ H'(n)(rn — un®)
2

Ian2
:—/ /Vn Vw—l—/(lnn—ln—)(rn—;m)
fos

VZ
<_/|n| /Van

due to (Inn —In £)(rn — un?) <0,V-u=0andu =0on ds.
On the other hand, testing the second equationin (1.4.1) by —Aw, usingV - u = 0
and u = 0 on 92 again, we can obtain

v A
2dt/ [Vw] +/| wl?
=/ [Vw| Aw+/ Vn-Vw+/(u-Vw)Aw
I?) 2 2
1 1
57/ |Aw|2+7/ |Vw|4+/ Vn-Vw+/(u~Vw)Aw
2 ) 2Ja 2 2
1 1
:7/ |Aw|2+7/ |Vw|4+/ Vn-Vw—/ Vw~(Vu-Vw)—/ u(D*w - Vw)
2 ) 2 ) 2 2 2
1 , 1 4 1 )
== |Aw]” + = IVw|™ + Vn-Vw — Vw - (Vu-Vw) — = u-VVw|
2J)e 2 /e 2 2 2/
1 1
27/ |Aw|2+7/ |Vw|4+/ Vn-Vw—/ Vw - (Vi - V).
2 Jo 2)a 2 Q

Furthermore, by Lemma 1.9 (i) and the Cauchy—Schwarz inequality, we get

/| wl* + /|Aw|2
Zdt Q

S_vallil(m/ |Aw|2+/ Vn.Vw—i-/ |Vu||[Vw|?
2 Q Q o

(1.4.19)

Kl 1
s<7||Vw||iz(m+K1|9|z||w||u(m>f |Aw|2+f Vi Vi
2 2

and thus
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2dt/| wf + 1 3= KilIVwliia ) — 2K 1217 ||W||Lz<m)f |Aw]?

5] Vn-Vw.
2

Since 2.7 (n,w) > x||[Vwll7,
(1.4.19) yields

(1.4.20)

@) due to H(n) > 0, combining (1.4.20) with

4 2m w)+/ [Vl + X K F 0, w) — 20K 1212 [ Vull, 2 )/ Aw? <0 (1.4.21)
dt’ ’ Q n 2 I ’ 1 L2(£2) Q - o

fort > 0.
On the other hand, when . > s it follows from (1.4.13) that it is possible to pick
some #p > 0 such that 16K[£2|2[|Vu(-, t)||12(2) < 1 forall ¢ > 1y, and thereby

d |Vn|? 5
—F(,w) + +(——K1y(n, w)) | |[Aw|” <0 for t > 1.
dt 0 n 0
(1.4.22)
In what follows, we shall show that there exists f, > fosuchthat4K;.% (n, w)(t,) <

X.
Firstly by Lemma 1.36 (i), there exists #; > f( such that for all r > #|

3|192|r
lnC, Dl e < , (1.4.23)
2p
which along with Lemma 1.36 (iii) yields
15 15
/ / |Vwl|? S/ w(',ll)-i-/ InC, )l ds
n 2 2 n
g 3|2|r
< | wo(x)+ ln(, )l yds + (2 —11).
2 0 21
Similarly invoking Lemma 1.36 (i) and (ii), we find that
ftz I aends < 22 (E0200 — 1) + ~ a1
n(,s s < —(— 2 — 1 — G, )Ly ).
" L2(£2) 2 L I (£2)
Hence there exists t* > | suitably large such that whenever #, > #*,
f2 . 2|82|r
[Vw|® < (tp — 1) (1.4.24)
n JR n

and .
2 r
/ I )W ziayds = 2421670~ 1) (1.4.25)

5]



54 1 Chemotaxis—Fluid System

Let 8122|
.
Fiimtretnnl [ Vutof = 22
2
and r
Sy =t € [, o]lInC, D20 = 8|sz|(;>2}.
Then t t t t
|%|§|24—1|, PRy iy (1.4.26)

In order to estimate the size of %] and .%, we recall (1.4.24) to get
8|L2|r f 2|12|r
EA 5/ f Vw]* < (t, — 1)
I'L n 2 l’l’

and thus |.%| < "zzl‘l is valid. Similarly, one can verify that |.%5| < "24;1”.

As (1.4.26) warrants that |(¢, ;) \ (1 U .%)| > @, one can conclude that
there exists t, € (1, ;) such that

.
InC, 617200, < 8|9|<;)2 (1.4.27)

and
> 8|L2|r
[Vw(, t)|” < ——. (1.4.28)
2 j

Applying Elng < n‘§2+lnn% -& forall £ >0,n>0,0 >0 with n = % (see
Lemma 5.5 of Winkler 2016c¢) and (1.4.27), we then arrive at

/ HmG, 1) = E/ nz(ut*)—/ neo) + L) < 240
2 r Jo o » P

Thereupon from (1.4.28) and the definition of % (n, w), it follows that # (n, w)(z,) <
O+4x)2 |ﬁ, which entails that 4K .% (n, w)(t,) < x provided u > M
As an immediate consequence of (1.4.22), we have

|Vn|?

d
—f(n,w)+/ + 5/ |IAw2 <0 forall > 7, (1.4.29)
dt Q 8 2

when u > ©2($2, x, r), and thus end the proof of this lemma.
Additionally from (1.4.29), one can also conclude that

Corollary 1.1 Under the conditions of Lemma 1.41, we have
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IVnI2

F(n, w)(t)+/ / / |Aw| < (9+4)()|Q|— forallt > t,.

(1.4.30)

Next by a further testing procedure, we can turn the above information into the
uniform-in-time boundedness of ||n(, t)|z2(2) and [|[Vw(:, )|l 14(e) if @ is appro-
priately large compared with r, which will serve as the foundation for the proof of
global boundedness of ||n(-, 1)1~y and [[Vw(:, )| L=(2)-.

Lemma 1.42 Ifu > po(x, £2,r) := max{u,(x, $2,r), M} then there exists
C > 0 such that
lnC, Dz + IVw(, Dlipsey < C forall t > t,.. (1.4.31)

Proof Since u > uo(x, §2,r), it follows from (1.4.30) that

/|Vw|2<£(§+i)|9| forall 7 > 1
o Tuoxo x? :

X
208K, 52|

and moreover due to ﬁ <
, 1
K, | |[Vw| < 3 forall ¢ > t,. (1.4.32)
Q

Multiplying the first equation in (1.4.1) by n and integrating the result over £2,
we get

1d
—— | n*=— /|Vn|—x/nVan—|—r/n2—,u/n3
<——/ |Vn|> + = /n2|Vu)|2+r'/n2—,u/n3.
2 2

On the other hand, by the second equation in (1.4.1) and the identity Vw - VAw =
1A|Vw|? — | D*wl|?, we obtain

d
- Vuwl*
dt/Q'“"

= 2/ |Vw|2A|Vw|2—4/ |Vw|2|D2w|2—4/ [Vw[*Vw - V|Vw|?
2 2 2

(1.4.33)

+4/ |Vw|2Vn-Vw—4/ IVw|’Vw - V(u - Vw)
2 2
=—2/ |V|Vw|2|2—4/ IVw|?|D*w|?

2 2

—4/ |Vw|2Vw~V|Vw|2—4/ n|Vw|*Aw
2 2
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2 23|Vw|2 2
—4 | aVIVw|®-Vw +2 [Vw| —4 | |[Vw|"Vw - (Vu - Vw)
Q 382 dv Q

(1.4.34)

duetoV - u =0and1§¢=00n8.(2.
According to % < C |Vw|2 on 052 for some C; > 0 and

5
VW 202 < nIVIVWIP 2y + Co | Vw|? | 1oy for any 1 € (0, 7

(see Lemma 4.2 of Mizoguchi and Souplet (2014) and Remark 52.9 in Quittner and
Souplet 2007), one can conclude that

a|Vw|2
2 vwpih o |V|Vu)||+Cz( |Vw|) (1.4.35)
082

for some C3 > 0.
For the other integrals on the right side of (1.4.34), we use the Young inequality
to estimate

_ 2 2 1 2,2 6
4| [VwPVw - V|Vw]? < IVIVwlP +12 | |Vw (1.4.36)
2 3 2 2

_ 2 1 22 2 2
4 | nV|Vw|*-Vw < IVIVw||=+ 12 | n”|Vw| (1.4.37)
o 3Je Q

as well as

—4/ n|Vw|*Aw
2

IA

1
-/ |Vw|2|Aw|2+24/ n?|Vw|?
6Jo 2

X (1.4.38)
-/ |Vw|2|D2w|2+24f n?|Vw|?
3 2 2

IA

due to |[Aw|? < 2|D*w|? on £2.
Substituting (1.4.35)—(1.4.38) into (1.4.34), we readily get

11
—f |Vwl* +—/ |V|Vw|2|2+?f |Vw]*| D*wl?
2

512/ |Vw|6+36/ n2|Vw|2+C3(/ |Vw|2)2+4/ [Vw[*|Vu|
2 2 2 2

and thus
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d
—f |Vw|4+2/ IV|Vw|??
dt Q Q

(1.4.39)
512[ |Vw|6+36/ n2|Vw|2+C3(/ |Vw|2)2+4/ IVw[*|Vu|
2 2 2 2

due to the fact |V|Vw|?|?> < 4|Vw|*|D*w|? on £2.
Therefore combining (1.4.33) with (1.4.39) leads to

d
—/<n2+|Vw|4>+2/ |V|Vw|2|2+f Va2
dt Jo Q Q

512/ |Vw|6+37/ n2|Vw|2+c3(/ [Vw|?)?
2 2 2

+2r/ n2—2u/ n3+4/ IVw[*|Vul (1.4.40)
2 2 2

513/ |Vw|6+372/ n3+C3(/ IVw|?)?
2 2 2
+2r/ nz—ZM/- n3+4/ IVw[*|Vul.
2 2 2

Furthermore by Lemma 1.9 (ii), we get ||(,a||3L3 < K2||V<p||%2||go||Ll + C4||<p||3L1 and

thus
fler”us(f |V|Vw\2|2>(/ |Vw|2)+c4</ Vul)?.
2 2 2 2

Upon inserting this into (1.4.40) and (1.4.30), we obtain

d
—f<n2+\Vw|4>+<2—13K2/ \Vw|2>/ V| Vw|??
dt Jo 2 2

+f \Vn\2+/ n? + [Vul*)
2 2

5372/ n3+(2r+1)/ n272u/ n3+f \Vw|4+4/ IVw[*|Vu| + Cs,
2 2 2 2 2

which, along with
4 1 22
IVw|" < - [ [VIVw]*]” + Cg
Q TJo

and
4 22 13 2.2
4 QIVwI IVul = VOl o) IVull 3 o) = 3% QIVIVwI =+ C;

by the Gagliardo—Nirenberg inequality and (1.4.13), implies that
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d 2 4 13 2 202
— (n"+ |Vw|") + (— — 13K, IVw]|?) IVIVw]|~|
dt Jo 8 2 2

+f |Vn|2+/(n2+|Vw|4) (1.4.41)
2 2

5372/113—}—(21’4—1)[n2—2u/n3+Cg.
2 2 2

On the other hand, according to an extended variant (Biler et al. 1994), (1.4.23) and
(1.4.30), one can infer that

372 | wd<c [Va|? 1 3 ! 2
<Co n| nllnn| |+ Co(| n)” +Cg < |Vn|= + Co.
2 2 2 2 2Ja

Hence from (1.4.41) it follows that there exists Cy; > 0 such that for all r > ¢,

i/ (n2+|w4>+/ (n2+|Vw\4)+(E—13K2/ |Vw|2>/ VIV < 11,
dt Jo Q 8 2 2

(1.4.42)
which, along with (1.4.32), entails that

d
—/(n2+|Vw|4)+/(n2+|Vw|4)SCH
dt Jo 2

for all t > t, and thereby (1.4.31) is valid.

We are now ready to prove Theorem 1.2 in the case of r > 0.
Proof of Theorem 1.2 in the case of r > 0. From the above lemmas, it follows that
there exists C > 0 such that

InC, Oz + IIVw(, D@y + IVul, Dl < C

whenever © > uo(x, §2,r) := max{u,(x, §2,r), w}. So, by the argument
in, e.g., Lemma 4.4 of Black (2018), we can readily prove that |[n(-, t)|l1~q2),
IVw(, )l =) and [[A%u(-, t)||L2¢2) With some a € (%, 1) are globally bounded;
we refer the reader to the proof of Lemma 4.4 in Black (2018), Lemmas 3.12 and
3.11 in Tao and Winkler (2016) for the details.

Based on the global boundedness of solutions, we are able to derive the conver-
gence result claimed in Theorem 1.2, namely,

. r
lim |[n(-, 1) — — |z =0, (1.4.43)
—00 /~'L

Jim [Vw(, D=2 = 0, (1.4.44)

lim Jlu(, D)llzx@2) =0 (1.4.45)
=00
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as well as
lim inf w(x,t) = oo. (1.4.46)

t—>0o0 xef2

o0 |Vn|2 o0 5
+ lIAwP < C
te 2 n te 2

established in (1.4.30), we can show (1.4.44), (1.4.45) and

In fact, due to

Tim (-, ) = 70l 12) = 0 (1.4.47)

with 7(t) = WI‘ fQ n(-,t) by the arguments in Proposition 4.15 of Black (2018),
where we have used

o) o) 00 2
)220 < C Val?, .o < C Vel
In(, 1) =20 = IVallzi g = ( " n)
Iy Iy Iy 2 2

and the regularity of n. Therefore it suffices to show that

lim [7(t) — —| = 0. (1.4.48)
=0 M

To this end, we adapt the idea of Litcanu and Morales-Rodrigo (2010b) and give the
details of the proof for the convenience of readers.
Integrating the first equation in (1.4.1) on the spatial variable over £2, we obtain

_ —_ M 2 — - M —\2
nm=rm—— | n“=rn—un-"— — | (n—n)
’ 121 Jo 121 Jo
Putting a(t) := \5—| f on(, 1) — 7)2, the above equation then becomes
_ _r —
n;, = un(— —n) —a(t). (1.4.49)
"

Thereupon multiplying (1.4.49) by n — i, we get
d _ r, __ T, _r
—m—= =) +2un(n — —)" = -2a(®)(n — —)
dt 2 w W
and then

*®__r _ r _ r *°
Zﬂf nm— —)? < @) — —)? + 2sup |n(t) — —|/ a(t). (1.4.50)
1 w w moJ

t>1

In addition, invoking the Poincaré—Wirtinger inequality
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1 2 |V(p|2 1.2
lp—— [ eMdyl” =Cp | lol for all o € W'*(£2)
Q 12| Jo 2 2 lol

for some C,, > 0, one can find

< [ Va@s)I?

I s < € (14.51)
o n(s)

o0
/ a(s)ds < C, SUII) ||n(l)||L1(rz)/
1 > 1

due to (1.4.30) and Lemma 1.38 (i). Hence combining (1.4.51) with (1.4.50) yields

G- ) <cC. (1.4.52)
1 n
On the other hand, %ﬁ(ﬁ — i)z =n,((n — /%)2 +2n(n — 1)), which along with
| < rit + &7 [ n* < C implies that

<C. (1.4.53)

d 7 r )2
dt %

Therefore by Lemma 6.3 of Litcanu and Morales-Rodrigo (2010b), (1.4.53) and
(1.4.52) show that

lim 7(6)(2(1) — —) = 0. (1.4.54)
r—0o0 M

From (1.4.47),itfollows that there exists #; > f, suchthat ||[n(-, t) —n()|lL~) <
ﬁ forall + > #;, and thus

— — 2 12 —
n, =rn — un- — ﬁ Qn(n—n)
Zpm( - sup 1, 1) = 70 |x(2) (1.4.55)
r
Zﬂﬁ(ﬂ —n).

On the other hand, noticing that the solution y(¢) of the ODE
/ - T —
yi) = uy(z— -y, y(t)>0
n

satisfies lim y(¢) = 2L, by the comparison principle, (1.4.55) implies that there
—>00 M

exists tp > t; such that for all t > £, n(t) > 4L This together with (1.4.54) yields
n
(1.4.48).
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Finally, in view of (1.4.43), one can find #3 > 1 such thatn(x, t) > ﬁ forall x €
2 and t > 13, and thereby w(x, t) satisfies w, > Aw — |Vw|? + Z’—M —u-Vuw for
t > t3. Hence if y(¢) denotes the solution of ODE: y'(¢) = ﬁ y(t3) = mi(rzl w(-, 13),
Xe
then

wx. 1) > ——(t —13) (1.4.56)
2p

by means of a straightforward parabolic comparison which warrants that (1.4.46)
holds and thereby completes the proof.

2. The Caser <0

In this subsection, we show the global boundedness of solutions to (1.1.5), (1.1.8),
(1.1.9)inthecaser < 0, u > 0. As mentioned in the introduction, due to the structure
of (1.1.5)withr < 0, u > 0, itis difficult to find a decreasing energy functional com-
pared with the situation when r > 0, u > 0 considered in the previous subsection or
when r = u = 0 considered in Winkler (2016c¢). Indeed, the energy-type functional
Z(n, w) in (3.1) of Winkler (2016¢) decreases along a solution in £ x (fy, co) if
F(n(-, ty), w(-, ty)) is suitably small, namely

d
—Z(n,w) <0 forall ¢t > 1.

dt

The main idea underlying our approach is to make use of the quadratic degradation in
the first equation of (1.1.5) which should enforce some suitable regularity properties.
More precisely, on the basis of (1.4.2), we can show that the quantity of form

Z(n, w) ;=/ n(lnn+a)dx+§/ \Vw|2dx, (1.4.57)
2 2

with parameter a > 0 determined below (see (1.4.64)), satisfies a certain of differen-
tial inequality. Although unlike the case of r > 0 in which it enjoys the monotonicity
property, .% (n, w) also provides us the global boundedness of | o lInn|dx and
/, o |Vw|?dx. This is encapsulated in the following lemma.

Lemma 1.43 Ler 2 C R? be a smooth bounded domain and (n, w, u) be the global
classical solution (1.4.1) withr <0, u > 0. Then there exists t, > 0 such that for
allt > t,

1
Vw(, D> < — 1.4.58
/9| w(-, 1)] =I5 ( )

with K given in Lemma 1.9 as well as
/ n|lnn| <C (1.4.59)
2

for some C > 0.
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Proof We test the first equation in (1.4.1) againstInn + a + 1, and integrate by parts
to see that

d
—/ n(lnn + a)

Ian2

/Vn Vw+/(n(r—un)—u Vn)(Inn 4+ a + 1)
Ian2

/ Vn-Vw +/ n(r — un)(Inn + a) (1.4.60)
2
duetor <Qand V-u =0.

On the other hand, recalling (1.4.20) and (1.4.14), it is possible to fix 5 > 0 such
that for all + > ¢y, we have

1d/w |2+1f|A |2+1<3 2K |IVwl|3 )fm 2
- w - w —(= - 1l Vw w
2dt Jo 4 Jgo 4°4 L@’ |,

(1.4.61)
5/ Vu-Vw.
Q

From Lemma 1.9 (i), there exists a constant K3 > 0 such that

Hence combining (1.4.61) with (1.4.60), we get

d Vn|?
—Z(n, w)—i—[ [Vl +i/‘ |Aw|2+K3/ n(Ilnn + a)
dt Q n 4 0 0
+EC Lok 1Vl [ 160P
gog - I |15
5/ n(Ks; —,un)(lnn—i—a)—i—r/ n(Inn + a) for t > 1. (1.4.63)
2 2

Now for any fixed & < min{z, fi-}, we pick a > 1 sufficiently large such that

K
et <=2 (1-1)R2 max_[nlnn| < emin{K, 1), (1.4.64)
M O<n<e¢

due to lir%nlnn =0andnlnn < Oforalln € (0, 1), and thereby fix #; > max{1, 7y}
fulfilling
al$2| £ |$2] £

€ = <= (1.4.65)
ut+y) 4 pin+y) 16

as well as
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(@+ &) )R] 20 (2 4 gl ey + lwolliey)

&
+ < - (1.4.66)
ut +vy) 5} 4
Letty =t + 17,
I
A EAt eln, fz]l/ IVw(-, 1)]* > 2—}
2 X
and .
Then th — 1] t, — 1]
A < Ile, 5] < “Tl. (1.4.67)

By Lemma 1.36(iii), (1.4.2) and the second equation in (1.4.1), we obtain that

%) 15}
f [IVw|2§/ /n+fw(-,t1)
1 2 h 2 2
%) 1
=[ [ [ [
f 2 2 0 2
|£2]

S—(fz—fl)-l-/ wo—i-tl/ no.
u(t +y) I?) I?)

Furthermore, by (1.4.65) and (1.4.66)

h 2 t|n + ||lw
/ / VwPdxds <( |$2] n ol + |l OHLI(Q))(Q—tl)
n Je

u(ty +y) h—n

2
B+ lInoll @) + llwollLie)
< ; (p —11)
1

P
—(h — 11).
<8X(2 )

& f2
On the other hand, by the definition of .¥}, we see that ™ |71 < / / |[Vw|? and
X 151 2

thereby |.7| < @.
In addition, by (1.4.2) and (1.4.65), we get

e 12| e
n S - n(" tl) S 2— < _7
n Jo wJo w @t +y) 16

which implies that |.75| < 251,
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Therefore from (1.4.67), it follows that | (#;, 1) \ (%1 U .#3)| > 2511 and thereby
there exists t, € (t1, t>) such that

£
InC tllia) < 5 (1.4.68)
and
/ |Vw(- ,)|2<1<L (1.4.69)
Q s bx 2X 6K1' e Y

By (1.4.69), we can see that the set

1
S £ {t € (t,, 00)| Klf |Vw(-,s)|2 < 1 for alls € (¢, 1)}
2

is not empty and hence Ts = sup S is a well-defined element of (., co]. In fact, we
claim that Ty = oco. To this end, supposing on the contrary that Ty < oo, we then
have K [, [Vw(-,1)]> < § forall 7 € [z, Ts), but

1
K1/ IVw(-, Ts)I* = - (1.4.70)
o 4

Hence from (1.4.63) and (1.4.62), it follows that for all ¢ € [z, Ts),

|Vn|*

d K
L Fn, w)+/ +ﬁ/ |Aw|2+1<3f n(lnn+a)+ﬂ/ IVuw|?
dt 2 4 Jo 2 2 Jo
5/ n(K3—,un)(lnn+a)+r/ n(Inn + a)
I7) I7;

5/ n([(g—/m)(lnn—i—a)—i—r/ n(lnn +a)
e‘”<n§ﬁ

O<n<e™ @

O<n<e™¢

§K3f . n(lnn+a)+r/ nlnn (1.4.71)
e*“<n§73
SaK3/ n+K3/ nlnn —r|2] max |nlnn|

Q e—a<n5% O<n<e™

K3
<K3(a+ (In —)+)/ n+ ek
150 Q

(@ + (In £2)4) K3|$2|
<
ity +y)

+¢K3,

where we have made use of ¢, > t;, the decay estimate (1.4.2) and (1.4.65), and thus
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T Vn|?
e‘K3(T‘_")(/ ls (-,o)-i-l/ |Aw(-, 0)|*)do
o n 4 Jq

<7 ( K”+aﬁwm%umw+
n, w)(t, &,
- u(t +y)

ﬂmwmn+/

[

which implies that

(@+ (n T2
u(tr +vy)

sf n(lnn+a)<~,t*>+5/ IVwl*(, 1) + &
17, 2 Je

(a+ (n 522

1/ V(.. Ts)* <F (n, w)(ty) +
2

—/ n(lnn+a)(-, Ts) + ¢
2 Q

—f n(lnn +a)(-, Ts)
Q

u(tr +vy)
s/oﬁ+amuu»+1/|vm%ng+e (1.4.72)
17, 2 Jo
(a+ (n 22 f (a4 @) T)
_ - n(nn+a)(., s
u( +vy) Q s

dueton > Innforalln > 0.
In addition, by (1.4.65), we see that

f n(Inn +a)(-, Tg) 2/ n(Inn +a)(-, Ts) (1.4.73)
2 O<n<e ¢

= [ ety
O<n<e=¢

> —|£2| max |nlnn|
O<n<e™4

> —&.

Upon inserting (1.4.73) into (1.4.72), we see that

l/ IVw(., Ts)2 5/ (n2+an)(-,t*)+5/ IVw2(., t,)cl.2 — 3.58
2 2 2 2 2
(1.4.74)
(a+ (n 2|2
u(t +y)

&,

which along with (1.4.68), (1.4.69), (1.4.2) and (1.4.65), establishes that
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/IV (TR <5+ f (i 4 OO 1]
= w —4a | n(,t
g u(t +y)
<3¢ (1.4.75)
< X

~ 8K,

This contradicts (1.4.70) and thereby Ts = oo, which means that the differential
inequality (1.4.71) is actually valid for all # > #,.

Now revisiting the proof of (1.4.75), upon integration in time over (¢, t), we have
% fg [Vw(-, t)|?> < 3eforallt > t, which implies that (1.4.58) is valid by the choice
of ¢, as well as

/ ninn(-,t) < C, forall t > t, (1.4.76)
2

for some C; > 0.
Since £Iné > —- for allé > 0,

/n|1nn|(~,t):/nlnn(-,t)—Z/ nlnn(~,t)§/nlnn( t)—i—ﬂ
2 2 O<n<l 2

which along with (1.4.76) readily implies that (1.4.59) is actually valid with C =
i+ 28,

Furthermore, from (1.4.71), one can also conclude that

Corollary 1.2 Under the conditions of Lemma 1.43, we have

) t+1 |Vn|2 ) ) 5
lim ( FawP) =0, lim | |Vwen2=0. (1477
o n 1—00 Jo

—>00 t

Proof On the basis of the decay estimate (1.4.2) and revisiting the argument in the
proof of Lemma 1.43, one can conclude that for any & € (0, min{ 24)(—1(], ﬁ 1), there
exists 7, > 1 such that

t \v4 2
/ |Vw(~,t)|2+/ e*"s“*")(/ ﬂ(~,a)+5/ [Aw(-, 0)|P)do < ¢
2 te 2 n 8 o

for all ¢ > t,. Furthermore, it follows from the above inequality that

t 2
/ (/ [Vnl (.,o)+£/ IAw(-, 0)P)do < ek
—1Jo n 8 Ja

for any ¢ > t, + 1, which implies that (1.4.77) is indeed valid.

At this point, we can prove Theorem 1.2 in the case of r < 0.
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Proof of Theorem 1.2 in the case r < 0. We can repeat the argument in the proof of
Theorem 1.2 in the case r > 0. In fact, in view of (1.4.58) and (1.4.59), (1.4.31) is
also valid for r < 0, > 0, and thereby the global boundedness of solutions can be
proven. In addition, similar to the case of r > 0, we can show

lim fIn(, D)llLx2) = 0, (1.4.78)

tlirgo IVw(-, )l pe2y =0 (1.4.79)
as well as

tlirg lu(-, OllLe2) = 0. (1.4.80)

For the sake of completeness we shall only recount the main steps and refer to the
mentioned sources for more details. Invoking standard parabolic regularity theory
(see the proofs of Lemma 4.5 and Lemma 4.9 of Winkler 2016¢ for details), one can
see that there exist 0 € (0, 1) and a € (%, 1) and C; > O such that for all r > 1

171l 0.8 pprary T NVWCE Dlles + 1A%uC Dll2@) < Cr. (1.4.81)
If (1.4.78) were false, then there would be C, > 0, (#;)ren and (xg)reny € £2 such that
th > ocoask — 0, and n(xy, 1) > C, forall k € N, which, along with the uniform
continuity of n in §£2 x [t, t + 1] as shown by (1.4.81), entails that one can find » > 0
such that B(xy,r) C §2 for all k € N and n(x, t;) > % for all x € B(xy, r). This

shows c
/ n("tk) > / n('stk) > _27.[,.2
2 B(xg,r) 2

which contradicts (1.4.2) and thus proves (1.4.78). Similarly, on the basis of (1.4.77)
and (1.4.81), (1.4.79) can be proved. Finally, (1.4.80) results from (1.4.14), (1.4.81)
and a simple interpolation, and thereby completes the proof.

1.4.3 Asymptotic Profile of Solutions

It is observed that in the case r < 0, solutions to (1.1.5), (1.1.8), (1.1.9) enjoy the
exponential decay property due to the exponential decay of ||n(-, )11 ). There-
fore, we pay our attention to the asymptotic profile of (1.1.5), (1.1.8), (1.1.9) in the
cases r > 0 and r = 0, namely, we will give the proofs of Theorems 1.3 and 1.4
respectively.

1. The Caser > 0

Making use of the convergence properties of (n, @) asserted in Theorem 1.2,
we apply L? — L7 estimates for the Neumann heat semigroup (e’4),~¢ to show
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(n,c,u) > (i, 0,0) in L*°(£2) and 'VC—"‘ — 01in L?(£2) at some exponential rate as
t — oo, respectively, whenever u is suitably large compared with r. To this end, we
first make an observation which will be used in the proof of the subsequent lemma:

Lemma 1.44 For any fixed a € (0, min{\, r}), there exists &, > 0 such that
8ue <r—a (1.4.82)

as well as
4C1182 < 1, 8XC4182 <1 (1483)

where ¢; > 0 (i=1,4) is given in Lemma 1.1, I = [} (1 + 07 o )e Mo
and &y = 4¢1|R215 I ¢).

Lemma 1.45 Let (n, w, u) be the global bounded solution of (1.4.1). For fixed
o € (0, min{A, r}) and u > 32x04c1|52|é12r, one can find constants C; > 0 (i =
1,2,3)and B < o such that

InG 1) = iy < Cre™, (1.4.84)
IVw(-, )llzs2) < Cre™ (1.4.85)
as well as
luC, )~ < Cze (1.4.86)
forallt > 1.

Proof Let N(x,1) =n(x,1) — /%, €1 > 0and &, > 0be given by Lemma 1.44. Then
from (1.4.43), (1.4.44) and (1.4.45), there exists #y > 1 suitably large such that for
t=>1

- £ e
INC DllLe@) < §1 (2 + DIVw(, Dllpee) < gz (1.4.87)
and

o0
8c1||u(-,t)||Lx<g>/ (140 ) *109g5 <1, (1.4.88)
0

Now we consider

ING. Dl < 1™ forall ¢ € [0, T),

~ (1.4.89)
IVw(, Dllrsy < g2~ forall t € [t, T).

T ésup{7~"e (to, 00)

By (1.4.87), T is well-defined. In what follows, we shall demonstrate that T = oo.
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To this end, we first invoke the variation-of-constants representation of w:
t t _
w(-, 1) =" (-, 1) — / IV w(, 5)|2ds + / e"IAN(, s)ds

i to

t
— [ e vuyeosds + L - )
fo 1%
(1.4.90)
and use Lemma 1.1(i), (ii) to estimate

IVw(, Hllzse)

t
—1tp) A —s)A 2
<[[Ve"" % (-, 1) | Loy + / Ve D2 Vw(-, )| 1s2)ds
fo

t t
+/ Ve AN, )|l Loyds +f Ve 9% - Vw) (-, $)ll 1s()ds
to 1o
<200e M|V w (-, 10) |l o2

t
o [ A4 @ =9 DT gy ds

to

t
a2l f (A4 (t — ) )e M NC, $)ll e )ds
fo

t
to f (4 (=) D™ Nule, )i VW )l scds

to
=L+ L+
(1.4.91)
forallty <t < T.
Now we estimate the terms I; (i = 1, 2, 3), respectively. Firstly, from (1.4.87),
we have [; < %e‘ll(’_"”. By the definition of T and (1.4.83), we can see that

t
I, <c,&? 1+ (t —s) 3)e MU 2060 g
2
t

t
2
<ci€; / (14t —5)"3)e M7V et gy

fp
0
2
SC]E%/ 1+ U—i)e—()u—a)ada )
0

<82 —at—10)

By the definition of T, (1.4.88) and &, = 4c,|$2|¢I&;, we also have



70 1 Chemotaxis—Fluid System
i ' ~1 ) h1=5) —ats—i0)
I3 <(c1182|6&1 +cy sup Hu(ut)HLoo(Q)ez)/ (14 —s5)"2)eMUTTm*70) g
1=ty )
1 ! 1
=(c11216e1 +cq sup llu-, 1)l Loo(2)2) / (4 (1 — )7 2)e~ M=) t=0) pmali=lo) g
=1 1)
1 e “Lo o —a)e —a(t—ty)
<(e11215¢) +c1 sup Hu(ut)HLOO(Q)t?z)[ (1407 2)et1709 g ~ali~10
1>10 0
<382 —a(—1)
Substituting these estimates into (1.4.91), we get

7
IVw(, 1)l 1s(2) < %e-a“-’(ﬂ < ge ) forall t € 1o, T).  (1.4.92)

On the other hand, since ]\7, = AN +~XV - (nVw) — rN — /LI\?Z —u- VN, the
variation-of-constants representation of N yields

t
N(, 1) =e" AN 1) 4+ x / AV L (nVw) (-, s)ds

fo

t t
— /L/ eTIATIN2 (L 5)ds —/ A (4 LV N)(-, s)ds.

I o

Then by V - u = 0 we can see that

INC, Ol

t
Sue(l—to)(A—r)N(,, lo)||L°0(9) + M/ ||e('_S)(A_’)N2(., S)”LOO(Q)dS
1o
, ~
+/ e AIV . (uN) (-, 5) || L (2)ds
1o

t
+ X f eIV . (nVw) (-, 5) || 1 2)ds
to
=L+ L+ S+

Here the maximum principle together with (1.4.87) ensures that
(=) || N €1 _a(t—t)
Ji<e CINC, )2y < 5 .

By the definition of 7 and comparison principle, we infer that

J>

IA

t
u/ e UTIAN( ) || Lo 2y ds

fo

IA

t
—r(t—s 7 2
1 / e UINNC )|y ds

4]
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t
< ME%/ efr(tfx)efmx(xftn)ds
4]
t
< l/«812/ e~ r=a)t=s) g ,—a(t=10)
fo
2
< HEL ,—ati-1)
- r—o
S S_Ie—()t(l—lg)

8
due to (1.4.82) and o < r. Similarly by (1.4.88), we have
t . B
J3 <cysup lu(-, )l =) f (14 (t — ) 2)e” BTN 5) || 10y ds
1=1o fo

t
J o) —o(s—
Scl sup ||u(.7t)||1‘oo(9)81/ (l_’_(l‘_s) z)e A i+r)( b)e a(s f[))ds
1ty

(=)

o0
Scl Sup ”u(.’ t)”L"C(Q)Sl / (1 + 0'7%)e7()»1*0!)0'd0— . e*a(tffo)
0

1>ty

B a0

As for the term Jy4, we recall (1.4.83), (1.4.89) and apply Lemma 1.1 (iv) to get

t
Jy <xcs / (14 (t —5) ) P (aVw) (-, 8) || o) ds

fo

1
2 r
<xcaer / (14 (1 = 5)73)e” P (= gy 7000y b0) g
fo 1%

r o0
<xcsg2(— + 81)/ (1 + 0~ 3)e~Ptr=a0go . g=alt=)
M 0

<8_1670l(17t0) + XC4£182670[(t7t0)
8 U

& r
=§167“(’7t“) + dxcact|82] g [%g; —eoU—10)
m

<ﬂe—a(t—t0)

due to &t > 32xcqc1|82] & I*r. Hence combining above inequalities, we arrive at
N 5¢ —a(t—ty)
INC, Ol oy < ?e o forall t €[y, T).

This along with (1.4.92) readily shows that T’ cannot be finite. In combination with the
decay property (1.4.84), a straightforward interpolation argument can be employed
to prove (1.4.86).
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Proof of Theorem 1.3. According to (1.4.56) and w = — ln(m), we have

c(x, 1) < llcollL~ye 2"~ for all t > 15. On the other hand, if . (x, £2,r) :=
max{ig, 32xcsc1|82| 61 2r}, then as an immediate consequence of Theorem 1.3 and
Lemma 1.45, n(-, t) — i and ‘VL—,C|(~, t) — 0in L>(£2) and L5(£2), respectively, at
an exponential rate when p > . (x, £2, r). Moreover, with the help of the uniform
boundedness of || @ (-, )|l L (s2y withrespectto? > 0, one can show that @ (-, 1) >
0in L?(£2) for any p > 1 exponentially by the interpolation argument. The proof
of this theorem is thus complete.

2. The Caser =0

The proof of Theorem 1.4 proceeds on an alternative reasoning. To this end, making
use of the decay information on [Vw]| in L*°(£2) in (1.4.77) and the quadratic degra-
dation in the n—equation, we first turn the decay property of ||n (-, t)||r1 () from
(1.4.2) into an upper bound estimate of ||n(:, ) || L~ (2).

Lemma 1.46 Let (n, w, u) be the global bounded solution of (1.4.1) obtained in
Theorem 1.2 withr = 0, i > 0. Then one can find constant C > 0 such that

lnC, L) < forall t > 0. (1.4.93)

t+1

Proof According to the known smoothing properties of the Neumann heat semigroup
(€");=0 on 2 C R" (see Winkler 2010), one can pick ¢; > 0 and ¢, > 0 such that
forall0 <t <1,

lell @) < Cit 2 llgllLie) forall ¢ € L'(£2) (1.4.94)
and
1€V - pllzx@) < Cot F Fllgllne) forall p e C'(2:RM.  (1495)
By (1.4.79) and (1.4.80), there exists #, > 3 such that
24C, (X IVw (-, Dllsee) + lu, Dlie) <1 forall 1>10—1.  (1.4.96)

Now in order to prove the lemma, it is sufficient to derive a bound, independent of
T € (ty, 00), for M(T) = sup {t|n(-, 1)l }-

to—1<t<T
By the variation-of-constants representation of n, we have

t t
n(,t) =eln(,t— 1)+ X/ DAY (nVw)(, s)ds — / DA . V) (., s)ds
t—1 t—1

t
— ;,L/ 98520 5)ds.
t—1
(1.4.97)
Since %4 is nonnegative in §2 for all 0 < s < ¢ due to the maximum principle, it
follows from the nonnegativity of n that for all ¢ € (ty, T)
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lnC, ) llzec2)

t
<lle®n(-st — Do) + x/ ™AV - (nVw) (-, 8) || Lx(2)ds

t—1

t
+ / e - Vr) (-, )|l Lo(2)ds
1

-1

which along with (1.4.94)—(1.4.96) and (1.4.2) yields

nC. DllL=)

t
<CillnC,t = Dllzi2) + CzX/ (t — )¢ [|[(nVw) (-, Hzz)ds
-1

t

FCo | =8 o wn)(, 85 yds

t—1

C|82] 6C,
S G—1+7) + - 1(X to_f{l33<<T IVw(, )3y + llu(, D2y - M(T)
Ci|82 1
< 1182] M(T).
uit—14+y) 4@ -1
Hence,
4C,|82|
M(T) < ——+2 sup {slnC, )=}
1% 1h—1l<s<ty

which readily yields (1.4.93) since T > fty is arbitrary, and thus ends the proof.
In light of Lemma 1.46, we can derive a pointwise estimate c(x, t) from below.

Lemma 1.47 Let (n, w, u) be the global classical solution of (1.4.1) obtained in
Thenrem 1.2 withr = 0, u > 0. Then there exists k > 0 fulfilling

inf cy(x)

c(x, 1) > é‘:L—I)K (1.4.98)

Proof By the second equation of (1.4.1) and Lemma 1.46, we can see that

C
t+1

w, < Aw — |Vw|? + —u-Vuw

with some C; > Oforallz > 0.Lety € C'([0, 00)) denote the solution of the initial-
value problem y'(¢) = ¥(0) = |[wo|| L= (%), then from the comparison principle,
we infer that

<
t+1°

w(x, 1) < [lwollzeey + C1In(t +1) forallz > 0, (1.4.99)

which along with w = — ln(mx yields (1.4.98) with x = C;.
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Now utilizing the decay information on |Vw| in L*(£2) in (1.4.77) again, and
thanks to the precise information on the decay of ||n(:, t)||L=(») in Lemma 1.46, we
can obtain the desired estimate for ||n(-, ¢)| L~(2) from below as well as the upper
estimate for [Vw(:, 1) || p=(0).

Lemma 1.48 Let (n, w, u) be the solution of (1.4.1) obtained in Thenrem 1.2 with
r =0, u > 0. Then one can find Cy > 0 and C, > 0 fulfilling

1 c
InC. D= = ﬁlln(-, Dllre) = t+—11 forall t >0 (1.4.100)

as well as

C
t+1

IVw(, )llrx2) < forall t > 0. (1.4.101)

Proof We first adapt the method in Lemma 1.46 to derive the precise decay rate of
IVw(-, )]l L=(2)- By (1.4.79) and (1.4.80), one can choose some ) > 2 such that

o0
4c1/ (1+0 D™ 7do(IVw(, D@ + luC, Dllim@) <1 (14.102)
0

forall 1 > % and then let M(T) £ sup {s|Vw(., s)ll =)} forall T > 1.
%<5<T
By the variation-of-constants representation of w, we have
. t t t
w(-, 1) = e w(, 5) —/ "I Vw|* (-, s)ds +/ e —u - Vw)(-, s)ds

I
2

forall 1y <t < T. We then show that

IVw(, )|l Loo ()

t t t B t _
<IVe2 2. D)l (@) +f, Ivet S>A|Vw\2||mo<g)+f, IVe" =m0 )
2 2
t
+/r Vel =94 . V)l (o)
2
_lo M t ! 0 S P,
<ci(1+172)e 2 nw<-,5>||Loo<m+c1f[<1+(z—s> D)e MU= |n(, )l oo (g2)
2
! D B
+c1/[ 1+t =) 2)e MUV, 5) ooy (IVw (-, $)ll ooy + U 9)ll Lo (2))
2

_1 Mt 2ciey [ -1 e
el +172)e” 2 (lwgllios(e) +ealnt + 1) + =12 [ (1 4072)eM%do
0

2¢ o0 1o
+Tl‘/0 (1407 2)e %o sup (IVw(, Dl poo(2y + lu(. Dl poo(e)) - M(T)

)
=3
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2c1c2

1M o0 _1
<c1(1+ 1 D™ T (gl o) + 2 lne + 1) + / (4o~ 3)e M40
0

1
— M(T
+2t (T)

by using Lemma 1.4.1(i), (1.4.99), (1.4.93) and (1.4.102). This along with the defi-
nition of M (T) yields

M(T) <2 sup {s|[Vw(, )L~} +cs

1
70<s<t0

with some constant ¢4 > 0 as lim 7 In(r + 1)e " = 0. Hence, upon the definition
—00

of M(T), we arrive at (1.4.101) with an evident choice of C,.
Continuing with the proof, we claim that there exists ¢4 > 0 such that

1
||I’l( I)”Loo(g) > ﬁ||n(~,t)||L1(g) > [:‘—_41 for all ¢+ > 0. (14103)

Indeed, from the n—equation of (1.4.1) with » = 0 and Young’s inequality, it follows

d Vn|? 1 2
that—/lnn: [Vl +X/—V~(an)—u/n2—X—/|Vw|2—,u
dt 7] n2 on 4

n. Inserting (1.4.2) and (1.4.101) into the above inequality ylelds o f olnn >

Glel _ el and thus

_x
4 (1+1)? t+y

/ Inn(-,t) > —|2|In(t +y) —cs forall t > 1 (1.4.104)
2
with some c¢5 > 0. On the other hand, by the Jensen inequality, we have

I-Qlln(/ n(. 1) —182|1n|2] = |2|In{— n(~,t))}2f Inn(, ).
2

I-QI
This inequality together with (1.4.104) readily leads to (1.4.100).
With the above lemmas at hand, we can now complete the proof of Theorem 1.4.

Proof of Theorem1.4.By w = — 1n(W) Lemma 1.46 and Lemma 1.48, one can

see that (n, IVC‘) —> (0,0)in L*°(£2) algebralcally ast — o0. Hence, it suffices to
show the decay property of c(x, t). In view of the w-equation in (1.4.1), (1.4.103),
(1.4.101) and V - u = 0, we can pick C; > 0 (i = 1, 2, 3) such that

/‘ /n_/ Vw2 — / C1|9| C2|82| ’
t+1 (141)?
and hence fg w(-, 1) > C|2|In(t 4+ 1) — C3, which entails that for any r > 0

there exists xo(¢) € £2 such that w(xp(¢),?) > CyIn(t + 1) — \-QI Since for each
NS Wlr(£2) with p > 2, there exists C4 > 0 such that
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_2
() — e < Calx = yI'" 7| Volirig) forallx,y e 2,
we therefore obtain from (1.4.101) that

w(x, 1) = wxe®), 1) — |x —xo@OIIVw(, £)llLe(2) (1.4.105)

C
>Cin(t+1) — 53' — Cydiam(£2),

and thereby c(x, 1) < for x € £2,¢ > 0 for some Cs > 0. This together

5
(t+ Do
with (1.4.98) shows that c(x, t) actually converges to 0 in L*>°(£2) algebraically as
t — 00, and thus ends the proof of Theorem 1.4.
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Chapter 2 ®)
Keller-Segel-Navier—Stokes System oo
Involving Tensor-Valued Sensitivity

2.1 Introduction

Chemotaxis, the biased movement of cells in response to chemical gradients, plays
an important role in coordinating cell migration in many biological phenomena (see
Hillen and Painter 2009). For example, the fruit fly Drosophila melanogaster navi-
gates up gradients of attractive odors during food location, and male moths follow
pheromone gradients released by the female during mate location. In 1970, Keller and
Segel (1971b) proposed a mathematical model describing chemotactic aggregation
of cellular slime molds

n, = An —V - (nVc), xeNR, t>0, 11

¢ =Ac—c+n xef2,t>0, LD
where 2 C RY, and n and ¢ denote the density of the cell population and the con-
centration of the attracting chemical substance, respectively. One of the most char-
acteristic mathematical features of system (2.1.1) is the possibility of blow-up of
solutions in a finite or infinite time. It is well known that solutions of system (2.1.1)
may blow up when N = 2 with large total mass of cells and N > 3 with arbitrarily
small prescribed total mass of cells (see Bellomo et al. 2015; Horstmann 2003; Nagai
et al. 1997; Winkler 2013). In order to describe the nonlinear dependence on the cell
density in cell movement, the following variant has also been widely studied:

n,=An" —V.mVo), xeR, t>0,
(2.12)

¢ =Ac—c+n, xeNR, t>0,
where m > 0. Recent results indicates that m = 2 — % is the critical blow-up expo-

nent of (2.1.2) in some sense. Indeed, all solutions are global and uniformly bounded
ifm > 2 — £ (see Tao and Winkler 2012a; Winkler 2010b); whereas if m < 2 — 2,
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(2.1.2) has some solutions which blow up in a finite time (see CieSlak and Stinner
2012; Winkler 2010b).

Recent analytical findings show that already cell transport through a given fluid can
substantially influence the solution behavior in certain Keller—Segel-type chemotaxis
systems (Kiselev and Ryzhik 2012a,b); in fact, even complete suppression of blow-
up may occur (Kiselev and Xu 2016). To the best of our knowledge, however, the full
mutual coupling of equations from fluid dynamics to chemotaxis systems, including
buoyancy-driven feedback on the fluid motion, has been considered in the analytical
literature in cases when the signal substance is produced by the cells, which seems
rather thin compared with that in cases for the oxygen-consumed though, such as the
Keller—Segel-Navier—Stokes of the form

n+u-Vo=An—-V-mSkx,n,c)Ve), xe€ £2,t >0,
¢ +u-Ve=Ac—c+n, xe82,t>0,

U+ -Vu+VP =Au+nVep, xe2,t>0,
V-u=0, xe2,t>0,

(Vn —nSx,n,c))-v=Vec-v=0, u=0, xe€d2,t>0,
n(x,0) = nop(x), c(x,0) = co(x), u(x,0) =up(x), x € 2,

(2.1.3)

where 7 and ¢ are defined as before and £2 C R is a bounded domain with a smooth
boundary. Here, u, P, ¢ and k € R denote, respectively, the velocity field, the asso-
ciated pressure of the fluid, the potential of the gravitational field and the strength of
nonlinear fluid convection. S(x, n, ¢) is a chemotactic sensitivity tensor satisfying

S € C%(£2 x [0, 00)%; R (2.1.4)
and
IS(x,n,c)| < Cs(1+n)" forall (x,n,c) € 2 x [0, 00)? (2.1.5)

withsome Cg > Oando > 0.Problem (2.1.3)is proposed to describe the chemotaxis—
fluid interaction in cases when the evolution of the chemoattractant is essentially
dominated by production through cells (see Winkler et al. 2015 and Hillen and
Painter 2009). For example, in two dimensions, if S = S(x, n, ¢) is a tensor-valued
sensitivity fulfilling (2.1.4) and (2.1.5), Wang and Xiang (2015) proved that the
Stokes version (k = 0 in the first equation of (2.1.3)) of system (2.1.3) admits a
unique global classical solution that is bounded. Recently, Wang, Winkler and Xiang
(2018) extended the above result Wang and Xiang (2015) to the Navier—Stokes ver-
sion (k # 0 in the first equation of (2.1.3)). In both papers Wang et al. (2018) and
Wang and Xiang (2015), the condition o > 0 is optimal for the existence of the
solution. Furthermore, similar results are also valid for the three-dimensional Stokes
version (k = 0 in the first equation of (2.1.3)) of system (2.1.3) with o > % (see
Wang and Xiang 2016). In the three-dimensional case, Wang and Liu (2017) showed
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that the Keller—Segel-Navier—Stokes (k 7 0 in the first equation of (2.1.3)) system
(2.1.3) admits a global weak solution for tensor-valued sensitivity S(x, n, ¢) satisfy-
ing (2.1.4) and (2.1.5) witha > % Recently, due to the lack of enough regularity and
compactness properties for the first equation, by using the idea proposed by Winkler
(2015a), Wang (2017) presented the existence of global very weak solutions for the
system (2.1.3) under the assumption that S satisfies (2.1.4) and (2.1.5) with o > %,
which, in light of the known results for the fluid-free system mentioned above, is an
optimal restriction on «. However, the existence of global (stronger than the result
of Wang 2017) weak solutions is still open.

When taking the nonlinear diffusion of the cells into account, the system above
may be reformed as

n,+u-Va=An" —V.-mS(,n,c)Vo), xeNR,t>0,

¢;+u-Ve=Ac—c+n, xe 2, t>0, 2.16)
U+ -VYu+ VP = Au+nVo, xef2,t>0, o
V-u=0, x e, t>0,
with S fulfilling
[S(x,n,c)| <Cs

for some positive constant Cs. When « = 0, Li et al. (2016) and Zheng (2019)
considered the chemotaxis—Stokes system (2.1.6) for N = 2and N = 3, respectively.
They concluded that when m > 2 — %, the weak solutions of the simplified system
(2.1.6) (¥ = 0) are global existent and bounded. But till now, as far as we know, it
is still not clear that in the case that k¥ 7 0, whether the solution of the chemotaxis—
Navier—Stokes system (2.1.6) is bounded or not.

The emergence of degenerate diffusion, full Navier—Stokes fluid (¢ # 0) and
rotational flux (tensor-valued sensitivity S) makes the system (2.1.6) contain a more
complex cross-diffusion mechanism, which brings more mathematical difficulties to
the problem. In fact, if k = 0, by utilizing the L I estimate on 1, one can invoke Lemma
2.4 in Wang and Xiang (2015) and the Sobolev embedding theorem (Theorem 5.6.6
in Evans 2010) to obtain the regularity of u in arbitrary L? spaces (see Lemma 2.4
in Li et al. 2016). Then one can also obtain L? estimate on c, by using the variation-
of-constants representation for ¢ (see the proof of Lemma 2.6 in Wang and Xiang
2015 and Lemma 2.6 in Li et al. 2016). By using the estimates on ¢ and u, one can
finally derive the entropy-like estimate involving the functional [, n” + [, |Vc|*
(see Lemma 2.9 in Li et al. 2016 or Lemma 2.10 in Wang and Xiang 2015). Once the
crucial step has been accomplished, the main results can be easily obtained by using
the standard Alikakos—Moser iteration. However, when « 7 0, one cannot acquire
the regularity of u in arbitrary L? spaces directly. Here, we develop some L?-estimate
techniques to raise the a priori estimates of solutions from L' (2) — L" () —
L"(£2) — LP(£2) (for any p > 2), which even seems a new method in the case of
fluid-free system.
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The first part of this chapter is concerned with system (2.1.6) along with the initial
data

n(x,0) =no(x), c(x,0) =co(x), u(x,0) =uplx), xe€S2, 2.1.7)
and under the boundary conditions
(Vnm—nS(x,n,c)Vc)-v:Vc-v:O, u =20, x€df2,t >0 (2.1.8)

in a bounded domain £2 C R? with smooth boundary, where the chemotactic sensi-
tivity tensor S(x, n, c¢) satisfies

S e CH2 x [0, 00)?; R¥*?) (2.1.9)

and
|S(x,n,c)] < Cg forall (x,n,c) e 2 x [0, oo)2 (2.1.10)

withsome Cg > 0. Throughout this part¢ € W2 (£2) and the initial data (ng, co, 1)
fulfills

no € CK(S_Z) for certain k¥ > 0 with ng >0 in £2,
co € WH®(2) with ¢y >0 in £2, (2.1.11)
ug € D(A),

where A denotes the Stokes operator with domain D(A) := W22(£2) N W,2(£2) N
L2($2),and L2(2) := {p € L*(22)|V - ¢ = 0} (see Sohr 2001).

Within the above frameworks, the main result on global existence and bounded-
ness of solutions to (2.1.6)—(2.1.8) is stated as follows (Zheng and Ke 2020).

Theorem 2.1 Letm > 1, 2 C R? be a bounded domain with smooth boundary, and
assume (2.1.9)—(2.1.11) hold. Then the problem (2.1.6)—(2.1.8) admits a global-in-
time weak solution (n, c, u, P), which is uniformly bounded in the sense that

InC, Ollee2y + e, Dllwre) + lul, Ollre@y < C forall t >0 (2.1.12)

with some positive constant C.

Remark 2.1 (i) If u = 0, Theorem 2.1 coincides with Theorem 5.1 in Winkler
(2010b), which seems to be optimal according to the two-dimensional fluid-free
system.

(i) Theorem 2.1 extends the results of Li et al. (2016), in which the authors dis-
cussed the chemotaxis—Stokes system (k = 0) in a two-dimensional convex domain.
As mentioned earlier, we not only extend the results to the chemotaxis—Navier—
Stokes system (k 7~ 0), but also remove the convexity assumption of the domain. In
Li et al. (2016), in order to get the regularity of V¢, the assumption that the domain
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should be convex is required. Applying the boundedness of ||Vc|| 12 (see Lemma
2.8) and the fractional Gagliardo—Nirenberg inequality (see Lemma 2.5 in Ishida
et al. 2014) to gain the regularity of V¢ in arbitrary L? spaces, the hypothesis of
convexity for £2 is removed herein.

The second part of this chapter considers the globally defined weak solution (see
Definition 2.1) to system (2.1.3) with the initial data (n, co, uo) fulfilling

no € C’((Q) for certain ¥ > 0 with ny >0 in £2,
co € WH(2) with ¢o >0 in £2, (2.1.13)
ug € D(A)) for some y € (3/4,1) and any r € (1, 00),

where A, denotes the Stokes operator with domain D(A,) := W27 (£2) N WOI”(.Q) N
L7 ($2)and L7 (§2) := {¢ € L"(£2)|V - ¢ = 0} forr € (1, co) (similar to thatin Sohr
2001).

Theorem 2.2 Let 2 C R® be a bounded domain with a smooth boundary, and
(2.1.13) hold. Suppose that S satisfies (2.1.4) and (2.1.5) with some o > % Then
problem (2.1.3) possesses at least one global weak solution (n, c, u, P) in the sense
of Definition 2.1.

2.2 Preliminaries

In order to construct the weak solutions to (2.1.6)—(2.1.8) by an approximation pro-
cedure, we consider the approximate variant of (2.1.3) given by

Ngr +ug - Vg = A(ng + )" — V- (n.Se(x,ne, c.)Vey), x €82, t>0,
Cot + U -Veg = Acg —co+n,, x€82,1t>0,

Ug + VP, =Au, — k(s - VYu, + n.Vop, xe€ 82, t>0,

Vou,=0, xe£2,t>0,

Vng-v=Ve,-v=0,u, =0, xe€0d2, t >0,

ne(x, 0) = no(x), ce(x, 0) = co(x), ue(x,0) =up(x), x € £,

2.2.1)
where S;(x,n,c) := p.(x)x:(M)S(x,n,c),n >0, ¢ >0, p, € C§°(£2) such that
0<p:<1in £ and p, /1 in 2 as ¢ \ 0, x; € C5°([0, 00)) such that 0 <
Xe <1 in [0,00) and x. /' 1 in [0,00) as & \(O.

By the well-established fixed-point arguments (see Lemma 2.1 in Winkler 2016v,
Winkler 2015b and Lemma 2.1 in Painter and Hillen 2002), we could show the local
solvability of system (2.2.1).

Lemma 2.1 Let 2 C R? be a bounded domain with smooth boundary, and assume
(2.1.9)«(2.1.11) hold. For any ¢ € (0, 1), there exist T4y € (0, 00] and a classical
solution (ng, ce, Ue, Pe) of system (2.2.1) in 2 x [0, Tyqx.e). Here,
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ng € €02 x [0, Tnax,e) N C*1(2 x (0, Tnax.e)),
ce € CO2 X [0, Tynax,e)) N €21 (2 % (0, Tynax,e) N () LU0, Twax,e); WP (£2)),
p>1
ue € CO2 % [0, Tnax.e) N C*1(2 % (0, Tnax.e) N () €U0, Tnax.e): D(AY)),
y€(0,1)
Pe € C10(2 x (0, Tnax.e))-
(2.2.2)
Moreover, ne and c, are nonnegative in §2 x (0, Tyax.c), and if Tpax.. < 400, then

lim sup[||ne (-, D)l =2y + lce ¢, D llwre2y + 1A ue (-, Dl 12(2)] = 00
1]7;”[1.{,5

forall p>2andy € (5, 1).

Lemma 2.2 (Tao and Winkler 2015b) Let T € (0,00], 0 € (0,T), A > 0and B >
0, and suppose that y : [0, T) — [0, 00) is absolutely continuous such that y'(t) +
Ay(t) < h(t) fora.e. t € (0,T) with some nonnegative function h € L}OC([O, T))
satisfying ftH” h(s)ds < B forall t € (0,T — o). Then y(t) < max{yy + B, % +
2B} forall t € (0, T).

In light of the strong nonlinear term (u - V)u, problem (2.1.3) has no classical
solutions in general, thus we consider its weak solutions.

Definition 2.1 Let 7 > 0 and assume that (n, cg, uo) fulfills (2.1.13). Then a triple
of functions (n, c, u) is called a weak solution of (2.1.3) if the following conditions

are satisfied: B
nel, (2x[0,T)),

c € L}, (10, T); W"'(2)), (2.2.3)
ueLl,.([0,T); Wh'(2); RY),

loc

wheren > Oandc > 0in £2 x (0, T) as well as V - u = 0 in the distributional sense
in 2 x (0, T). Moreover,

uue Ll (2 x][0,00); R3X3) and n belongs to L (2 %[0, 00)),

loc loc

cu, nu, and nS(x, n, c)Ve belong to L} (£2 x [0, 0c0); R?)

loc
T
—/ /mpz—/ no(-, 0)
0o Je 2
T T T
:—/ an~V<p+f /nS(x,n,c)Vc-V<p+/ /nu~V<p
0 Je 0 Je 0 Jo

for any ¢ € ch(fz x [0, T')) satisfying g—f =0onasf2 x (0,T), as well as

(2.2.4)

and

(2.2.5)
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T
—f /apf—/ cop (-, 0)
0 2 2

. r . . (2.2.6)
=—/ /Vc-Vgo—/ /cq)+/ /n<p+/ fcu-Vw
0o Je 0o Je 0o Je 0o Je
for any ¢ € C8°(.(_2 x [0, T)) and
T T
—/ /uw,—/uow(-,O)—K/ /u®u~V¢
0o Je 2 0o Jo (2.2.7)

T T
:—/ fVu-Vw—/ /anﬁ-ga
0o Je 0 Je

for any ¢ € C8°(.(_2 x [0, T); R?) fulfilling Vg = 0in £ x (0, T).
If (n, c,u) : 2 x (0, 00) —> R is a weak solution of (2.1.3) in £2 x (0, T) for
all T > 0, then (n, ¢, u) is called a global weak solution of (2.1.3).

To obtain the solution of system (2.1.3), we first consider the following approxi-
mate system of (2.1.3):

neg +ue-Vng = Ang, — V- (ngFe/(ns)Sg(x, ne,c)Veg), xe€82,t>0,
Cer + Uy - Ve, = Acy — ¢ + Fe(ny), xe€ 82, t>0,

U + VP, = Auy — k(Yeu, - Vu, +n,Vop, x € 2, t >0,

Veu, =0, xe€2,t>0,

Vng-v=Ve, - v=0,u, =0, x€082, t >0,

ne(x,0) = no(x), ce(x,0) = co(x), ue(x,0) =up(x), x €2,

(2.2.8)
where |
F.(s) :=—-In(1+4+e¢es) forall s >0 and ¢ > 0, 2.2.9)
e
as well as
Se(x,n,c) = p.(x)S(x,n,c), x € 2, n>0, ¢>0 (2.2.10)
and

Yow := (1+eA)'w forallw e L2(£2)

is a standard Yosida approximation and A is the realization of the Stokes operator
(see Sohr 2001). Here, (0¢)cc(0,1) € C5°(£2) is a family of standard cutoff functions
satisfying 0 < p, < lin 2 and p, / 1in 2 as e \( 0.

The local solvability of (2.2.8) can be derived by a suitable extensibility criterion
and a slight modification of the well-established fixed-point arguments in Lemma 2.1
of Winkler (2016v) (see also Winkler 2015b and Lemma 2.1 of Painter and Hillen
2002), so here we omit the proof.
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Lemma 2.3 Foreache € (0, 1), there exist Ty, . € (0, 00] and a classical solution
(ng, ce, e, Pp) 0of (2.2.8) in 2 x (0, T4x.¢) sSuch that

ne € CO(2 x [0, Tuax,e)) N C*' (2 X (0, Tyuax.e)).

ce € CO2 X [0, Tuax.e)) N C*' (2 X (0, Tax.e))

U € COU2 X [0, Thax.e): RH N CH(2 x (0, Thrare): RY),
P, € CM(2 x (0, Thax.e)),

classically solving (2.2.8) in §2 x [0, Tyax.c). Moreover, n, and c. are nonnegative
in 2 x (0, Tax.e), and

l7:C, Olleoc2y + llce G Ollwioey + 1A U (-, Dl 12(2) = 00 as t = Thaxe,

where y is given by (2.1.13).
Lemma 2.4 (Winkler 2010; Zheng 2017c) Let (em)rzo be the Neumann heat semi-
group in 2 and p > 3. Then there exist positive constants k| := k1(§2), ky := ky(§2)
and k3 := k3(82) such that for all T > 0 and any ¢ € WP (£2),

IVe 9llirie) < killVellLre),
and for all T > 0 and each ¢ € L™ (£2)

_1
Ve ollLro) < k(1 4+t 2)|@llL~2)s

as well as for all T > 0 and all ¢ € C'(£2; R?) fulfilling ¢ - v =0 on 32

_1_3
€74V - pllic@) < ks(1+ 72 D) [9lLrca).

2.3 Blow-Up Prevention by Nonlinear Diffusion to a
Two-Dimensional Keller—Segel-Navier—Stokes System

2.3.1 Some Basic a Priori Estimates

In order to establish the global solvability of system (2.2.1), this section is to derive
some necessary estimates for the approximate system (2.2.1). Let us first state two
basic estimates on n, and c.

Lemma 2.5 (Ke and Zheng 2019) The solution of (2.2.1) satisfies

/ N =/ ng forall t € (0, Thax.e) (2.3.1)
Q 2
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as well as
/ ce < max{/ no,/ co} forall t € (0, T,yux.c)-
Q Q 2

According to Lemma 2.5, we will derive some information on (n, + £)"~!, V(n, +
g)m1, cg and |Vc,|?. This approach has been undertaken previously in, e.g., Wang
et al. (2018), Ke and Zheng (2019) and Liu and Wang (2016).

Lemma 2.6 Let m > 1. Then there exists C > 0 independent of € such that the
solution of (2.2.1) satisfies

/(n£+g)'"*1 +/ c§+/ lug|> < C forall t € (0, Tpax.e) (2.3.2)
2 2 2

as well as

t+t
/ / [(ne + &) Vne|* + | Vee > + | Vue ] < € (2.3.3)
t 2

forallt € (0, Tyaxe — 7) with T = min{1, § Tuax.c }-

Utilizing the latter spatio-temporal bound for V (1, + )" ~!, we can establish the
regularity of ¢, beyond Lemma 2.6.

Lemma 2.7 Let (ng, ¢, U, P;) be the solution of (2.2.1). Then for any q > 2, there
exists C := C(q) independent of € such that

llce s DllLay = € forall t € (0, Tax.e)- (2.34)

Proof Multiplying the second equation in (2.2.1) by ¢? ~! with p>3+4m—1),
using the fact V - u, = 0, we have

1d

- cf-i-(p—l)/ C572|V68|2+/ c?
pdt Jg Q2 9]
5/ Cfil(ns'i's)

o)

m—1
(p=DIp=2(m=D] p—2(m—1)
—1
<lne + &l p-20- e "
L p=4m=T) ()

plp=2(m—1—1] 2(m—1)

? 2p-1)
< —2m— 2 11 [p=1lp=2(m-1)] 2 (p=DIp=2(m-1)] .
<Cilln, +8||L%( (IVee I 20) llce || 32 + ||Ca ||L,, (_Q)) :
p  20p=2(m-1-1]

< p—2(m— p=2m=1)
=Cline + 5”[‘;7}%7‘;( (IVes ”Lz(g) +1D

(p—1 20m—1
<—— [ AV + Ciline +ell” )+ C

2 Lp p—Fm—T) 1)(9)
2.3.5)

for some positive constants C;, (i =1,2,3), due to the Gagliardo—Nirenberg
inequality.
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By appropriate reformulation, if follows from (2.3.5) that for all # € (0, T,,14x.¢),

1 d —1
—— cg"—l-M/ Cf_2|ch|2+/ c?
pdtJg 2 Je 2 (2.3.6)

<Ciln. +ell” 2y + Csforallt € (0, Tar,e)-

p=2(m—1)
L p—4m—1) (Q)

In the following, we will estimate the integrals on the right-hand side of (2.3.6). In
view of the Gagliardo—Nirenberg inequality, for some C4 > 0 and Cs > 0, we may
derive from (2.3.3) that

—2(m—1
lIne + &1l 20m’
L p=3m=1) (2)
| p—2(m—1)
:” (né? + 8)m7 ” mi/:—Z(mfl)
L [p=4m=DIm=1) ()

p=20m—1)

P
—12 —1m=T -1 -

S”V(ns + S)m ||L2(Q)||(n8 + S)m ” L + ”(ns + S)m ” Ll
L m—1 (Q) Lm—T (Q)

<IV(e + )" o
which along with (2.3.6) and Lemma 2.2 leads to (2.3.4).

Based on the information from Lemma 2.7, we can derive the more regularity
property of solutions than that in Lemma 2.6 asserted in the following lemma.

Lemma 2.8 Let m > 1. Then the solution of (2.2.1) satisfies
/ (ng + &)™ +/ |Veo|> < C forall t € (0, Thax.e) 2.3.7)
Q Q
as well as
t+1 _—
/ / IV(n,+¢)"2 |><C forall t € (0, Thaxe — 1), (2.3.8)
t Q
where T = min{1, %Tmax,s}.

Proof Multiplying the first equation of (2.2.1) by (n, + £)”~! and noticing V - u, =
0, one obtains

1 d m m—
;E”ns +8||Lm(9) +(m—=1) /;2(”5 + 8)2 3|Vi’lg|2
— / (e + )"V - (180 (x. 1. ) V)
2

<Cs(m — 1)/ (ns + &)" 1 Vn,||Ve,| forall r € (0, Thax.e)
2
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by using (2.1.10). From the Young inequality, it follows that for any n > 0, there
exists C;(n) > 0 such that

lilln +ell7, +(m—1)/(n +&)*" 3|V, |?
mde' ¢ @ P ¢

1 —1)C?
<z f (ns + ¥ 3|V, |* + u/ (ns + )|Veo | (2.3.9)
2 ) 2 o

1
< /(ng+s)2'"*3|ws|2+n/(n8+e>2'"+cl(n)/ \ZAE=S
2 0 2 2

On the other hand, in view of Lemma 2.5 and the Gagliardo—Nirenberg inequality,
we infer that for some C, > 0,

4m

2m-1
/ (e + ™" = 102+ T N7 < CallV 1+ W)+ Ca

(2.3.10)
Inserting (2.3.10) into (2.3.9) and choosing 1 appropriately small, we then get

1 d —1 2m-3 2
__||ng+8||Lm(Q)+ 4 (ng+8) \|Vn8|

<c3f Ve, |5

In light of (2.3.4), there exist positive constants [y > ﬁ and Cj, such that
llce (-, Doy < Co forall ¢ € (0, Thax,e). (2.3.11)

Next, with the help of the Gagliardo—Nirenberg inequality and (2.3.11), we derive
that

4m

S “21 T @) 31 2m T
IVeel 3 <Cyll Ac g el + Calleell Fod,
2

4m

SCS ” ACE ”L;’(”Q]) + CS

with some positive constants C3 and Cy4, and

- € (0.1,
210

which together with the fact that 2‘:;‘—:”1 < 2 (duetoly > ﬁ), yields

4m
C3/ IVeg[ T <
2

[ Acell ) + Ce. (2.3.12)

0| =—
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On the other hand, taking —Ac, as the test function for the second equation of
(2.2.1), and using the Young inequality, it yields that for all # € (0, T},,4x.¢)

Ve oo + / Ao + f Ve,

2 dt
/ cAce — / Ve, V(ug - Veg)

ngAce — f Ve, (Vug - Veg)
(2.3.13)

1
= / e + 5 / 12+ 1V e Ve e g,
/|A0e| + = /ng+C7||Vua||L2(.Q)||Acs||L2(Q)||VCa||L2(.Q)
fZ/ |AC5|2+5/ ng+CSHVMS”iZ(Q)HVCs”iZ(Q)
2 7

where we have used the fact that
1
/ Ve, - (D*c; - up) = —/ ue - V|Ve,|* =0 forall 7 € (0, Tpax.e)
2 2 2

as well as
IVeeliaq) < Crll Al Vee e forall ¢ € (0, Thax.e)
for some C7 > 0 by the elliptic regularity (Gilbarg and Trudinger 2001).

Hence by appropriate reformulation, (2.3.9), (2.3.12) and (2.3.13), we derive that
forallt € (0, Thhax.e),

d -t
E(Ilns-i-EII'Zm(g)+IIVCs||iz(9))+C8/ V(e +&)77 |
2
+08/<|Ac8|2+|w8|2>
2

<Cy / (e + )% + Col| Vi |20 IV 172y + Co forall 1 € (0, Truax.c)
2
(2.3.14)

with some Cg > 0 and C9 > 0. So by (2.3.10) and m > 1, we can see that
d m Csg ot
et el + 196 ) + 5 [ 190+ )P
dt 2 Jo

+Cs/ (|Ace|* + Ve ) (2.3.15)
2

<Col|Vitell72 ) I Veell7 2y + Cro forall 1 € (0, Tax.)
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for some constant Cy > 0.
Note that from the Gagliardo—Nirenberg inequality and (2.3.3), it follows that
there exist constants C; > 0, (i = 11, 12, 13), such that

t+1
f / (ne + )"
t 2
t+t

=/ [[CRE R
t

LT (2)

t+t m—1 1
<Cy ( f IV + )" Ml gy e + )" 7
¢ L7T(R2) (2.3.16)

1+t m—1 "

[ hmre) 1 g0

t+t
Y (O
t

<Cis.

Therefore, if we write y(¢) := ||n.(-, 1) + 8||'”,7,(m + || Vee (-, t)”iz(.o) + landp(t) =
Co [, IVus(-,1)]* + Cio, (2.3.15) implies that

V() +h(t) < pt)y(t) forallt € (0, Thax.e), (2.3.17)
with

C o
h(t) = —8/ |V<ns+e)27‘|2+csf | Ace|?.
2 Jo 2

Next, by estimates (2.3.3) and (2.3.16), one obtains

t+t
/ p(s)ds < Cyy (2.3.18)
t

as well as
t+t
/ y(s)ds < Ciq4, (2.3.19)
t

forall r € (0, T)yax.e — 7) and some Cy4 > 0. For given ¢ € (0, T4x.c), by estimate
(2.3.19), one can see that there exists 7o > 0 such that 7y € [t — 7, 1], y(-, tp) < %
and hence

: c
V(1) < y(tg)eho " < 214 ,Cu (2.3.20)
T

due to (2.3.18) and the Gronwall lemma. Moreover, combining (2.3.17), (2.3.18) and
(2.3.20), we immediately get the desired inequality (2.3.8).
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In order to obtain the global boundedness of n,, a further regularity of Vn, beyond
(2.3.7) seems to be required. Indeed, drawing on (2.3.3) and (2.3.8), we first have
the following.

Lemma 2.9 Let m > 1. There exists a positive constant C independent of ¢, such
that

/ |Vue(-,0)|> < C forall t € (0, Tar.s)- (2.3.21)
2

Proof Applying the Helmholtz projection to the third equation in (2.2.1), and also
multiplying the result identified by Au,, we then find that

1d
2dt

=/ Au, P (—k Yeue - Viug) —l—/ P Vo)Au,
2 o)

1
55/ AuP + xzf Yoty - Vo
2 2

- ||v¢||ix(mf n? forall t € (0, Tpar.e)-
2

1 2 2
1A U |72 +/ | Aug|
Q

(2.3.22)

Noticing thatsince || Yeute |l 12¢2) < lluell12(q), it follows from the Gagliardo—Nirenberg
inequality and the Cauchy—Schwarz inequality that with some C; > 0 and C, > 0

& / |(Fatte - V)its
2

2 2 2

=K ||Y8u8||L4(Q)||Vu8||L4(Q) (2.3.23)
2

<k“Cilll\VYeuellr2(2) 1 Yeue | L2y I Aste | 122y | Vit | 2(2) ]
2

<k C2||VY8MS”L2(Q)||AM£||L2(Q)”VM5”L2(_Q) forall ¢t € (0, Tmax,g)-

Now, from the fact that D(A?) := W,2(£2; R%) N L2(£2) and (2.3.2), it follows that
1 1 1
IVYeuellize) = 1A Yeuelli2) = IYeA2uellr22) < 1A2ucll22) < IVuell22)-
This, together with (2.3.23), yields
e / |Vetty - Vyu, P
2

2
=GsllAucll 2 Vutelly2 o)

1
= lAucllizo) + Gl Vuel g, forall £ € (0, Tnax.c),

which combining with (2.3.22) implies that
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1d 1
5 g A el ) = CIVHEN L ) + IV o) / n; forallz € (0, Ta.e)-
2

By the fact that || A2 u, ||iz(9) = | Vu, ”iz(ﬂ)’ we conclude that
(1) < p)z(t) + h(t) forall t € (0, Tar.e), (2.3.24)

where z(1) := [, [Vu,(-, 1)|*, as well as p(t) = 2C3 [, |Vu. (-, 1)|* and

h(t) =2||V¢||ix(9>£2n§(~,t).

Note that (2.3.3), (2.3.8) and (2.3.10) warrant that for some positive constant Cy,

t+t
f (o(s) + h(s))ds < Cy.

Therefore, by an argument similar to the proof of (2.3.8), we can arrive at (2.3.21)
and thus complete the proof of this lemma.

Lemma 2.10 Let m > 1. Then there exists a positive constant C independent of ¢
such that the solution of (2.2.1) satisfies

IVes (D)l ongay < C forall t € (0, Tax.s)- (2.3.25)

Proof Considering the fact that Ve, - VAc, = $A|Ve,|* — | D?c,|?, the straightfor-
ward computation implies that

d 2m
%E”VC’S”U’"(Q)

=/ Ve "2V, - V(Acy — ¢o + ne — ug - Veg)
2
1 _ _
=5/ Ve, " 2A|ch|2—f Ve, " 2|ch5|2—/ Ve, [
2 2 2
—f nsv-(|vc5|2m*2vcs)+/(us-vcs)v-(|vcs|2'"*2vcs) (2.3.26)
2 2
m—1 B 2 1 9|V |2
Z_T/ |VC3|2m 4‘V|VC5|2’ +§/ |VC8|2m 2%_‘/ |VC€|2m
Q2 2 v Q2
— / |Vee "2 D?c,)* — / ne|Vee " * Ac, — / neVee - V(IVee ™" 2)
2 2 2
+ / (e - Ve [Ver "2 Ac, + f (e - Ve )Ve, - V(| Ves P72
2 2

2m — 1 1 9| Vee|?
20D [ wve P [ ve 22Xl oo przpe
2
m o 2 Joo av Q
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_/ n5|Vc£|2m_2Ac£—/ navce'v(|vcs|2m_2)_/ |Vc£|2m
2 2 2
+ / (e - Ve ) IVe, "2 A, + / (s - Ve Ve, - V(| Ver 72
2 2
forall £ € (0, Tpax.e). Since | Ace| < +/2|D?c,|, we can estimate
/ng|ch|2m72Ac5 fﬁ/ n8|VC€|2m72|D2C8|
2 2
1
5—/ |ch|2’"-2|D2ce|2+2f P2V, [
4 Jo 2
1
A / Ve P2 D2, P 42 f (ns + )2V, "2
4 Jo I
(2.3.27)
and
f U - Veo)|Ves "2 Ac, <2 f iy - Ve, [Ve, 1 D
2 2
1
- / Ve "2 D2, P 4 2 / ity - Veo PIV e, 2"
4 Jo 12
1
5—/ |ch|M‘2|ch5|2+2/ s 21V e, P
4 Jo Q

1
51[ |ch|2m*2|1)2c8|2+2/ e IV e P
2 2

(2.3.28)
forall t € (0, T,pax.c)- Again, from the Young inequality, we have
= [ neve - vqve
o)
=—(m—1) / ne|Ve 2" Ve, - VIVe, |
2

m— 1 (2.3.29)

=

/ Ve [9IVe P 4+ 20m — 1) / i, 2|V e, P2
8 2 2

(m—1) 2 -
57/ [VIVee|"| +2(m—1)/ e[|V "2
m Q 2
and
/ (s - Ve Ve, - V(IVer ")
2

—m—1) / (s - Vo) |Ve, LM DVe, - V|Ve, 2
2
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m—1 i 2
=3 /|Vc£|2 HVIVe | (2.3.30)
2

+2m—1) / g - Voo P Veo "2
2

(m

_1) m|2 m
s f!vwm | +2<m—1>f e IV e P
m 2 Q

=

Observe that

3|Ve, |2
/ Vel ge,pm2 <, / Ve, 2"
a0V 99 (2.3.31)

2
:CQ||VCE|m”L2(39)-

Due to Proposition 4.22 (ii) in Haroske and Triebel (2008), W’Jr%'z(.Q) — L2(382)
with r € (0, %) is compact and thus

Ve 172ag) < CulllVeel" 12, (2.3.32)

r+{;,2(9)'

Therefore, from the fractional Gagliardo—Nirenberg inequality and Lemma 2.8, it
follows that for some positive constants C, and Cs,

m 2
Vel ||Wr+%,z(9)
m | 2a my2—2a my 2
=GIVIVe "2 g Ve | IIL%(Q)+51IIIV62| IIL%(Q) (2.3.33)

=GslIVIVee|"ll7200) + C3

with a = % Note that r € (0, %) and m > 1, 0 < a < 1. Hence, combining
(2.3.31)—(2.3.33) and using the fact that a € (0, 1), we can see that

3| Vee|? m—1
/ Vel g, pm2 < ¢ . )f VIV | + Ca. (2.3.34)
e OV 2m o

Now from (2.3.26)—(2.3.30) and (2.3.34), we obtain that for some positive constant
Cs,

1 d

2m m—1 mp2 1 2m=2, 2. 2 2m
Zve V|Ve - | e D Ve
o e g + 5 [ (9l 5 [ ver e+ [ (vl

§2m/ n2|Vee |22 +2m/ lug?|Vee ™ 4 Cs forall 1 € (0, Tnax.e)-
2 2

(2.3.35)
Next we turn to estimate terms on the right of (2.3.35). By the Young inequality, we
have
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2m / n2|Ve "2 <2m / (ny + )%|Vee |2
Q 2

1
5-/ |Vc5|2’”+C5/ (ne 4+ &)™ forall 1 € (0, Tpax.c)
2 Je Q

(2.3.36)
and

2m / lue PV < / Ve + Co f u"*? forall 1 € (0, Tnax.e),
2 2 2
(2.3.37)
_ 1
where Cs = = (1m) ™" (2m)™ and Cs = (2m)>"*!. On the other hand due to
(2.3.7), we derive from the Gagliardo—Nirenberg inequality that for some positive
constants C;, (i =7,8,9),

1
2 1 m
/|ch|m+ :|||Vcs|m||L2r7+1
2

o (£2)
2m—1 2 2mt1
§C7(||VIch|’”IIZzz;2)IIIchI’”IIZ%flm + Vel 2 o) "
2m—1
=Gs(IVIVee "Ml 3o + D,
m—l 2
< V|V ™ C
e e I
which along with (2.3.37) implies that
2m/ ||V "
m_flz (2.3.38)
<—— /|V|Vcs|m|2+C6/ w2 4 Cy forallt € (0, Thar.e)-
2m Q Q

Substituting (2.3.36) and (2.3.38) into (2.3.35), we have

d 1
N v/ 2mm - \V/ 2m
5 IVel (Q)+2/Q| el

<Cs [+ G [ w4l forallt € (0 Ty
2 2

Hence, due to W'2(2) — LP(2) for any p > 1, the boundedness of
IVue (-, )l 12(2) (see Lemma 2.9) implies that there exists a positive constant Cy;
suchthat [|u, (-, t)|[pan+2(2y < Cyy forall t € (0, Tipax,e), which together with (2.3.8),
(2.3.10) leads to (2.3.25) by Lemma 2.2. This completes the proof of Lemma 2.10.
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Lemma 2.11 Let m > 1. Then for all p > 1, there exists a positive constant C
independent of €, such that the solution of (2.2.1) from Lemma 2.2 satisfies

lne(C, Ollir2y < C forall t € (0, Thaxe)- (2.3.39)
Proof Taking (n, + ¢)?~' with p > max{1, m — 1} as the test function for the first

equation of (2.2.1), combining with the second equation, and using V - u, = 0, we
obtain that for all # € (0, T4x.¢),

1 d o
;Ellne+8Ilip(9)+m(p—1)/9(ng+5) 2319, 2
S(P - 1)/ (ng +8)”72n8|Vn5||Ss(x, Ng, Ce)|IVeg]

2

<(p - 1)Cs/ (e + )P [Vna|IVe,|
2

1 - 13
mp =D )/(n8+s)"’”*3|wg|2+ u/ (e + &) 17" Ve 2,
) o 2m Q
and hence
1d m(p —1) m+p—3 2
;E“}’lg + 8”{”(9) + ) L(na + 8) +p |Vn5|

(- 1C2 (2.3.40)
fu/ (ne + )P Ve, |2
2m Q

for all ¢ € (0, T)yux.e). In the following, we will estimate the right-hand side of
(2.3.40). In fact, due to m > 1, we conclude from (2.3.25) that

/ (ne +&)P " Ve |?
2

m—1
d

5( f (ns+s)m(f»71"")> ' < [ |vc£|2m>m (2.3.41)
2 2

m—1
m

<C, (/ (ne + e)m(pnfllm)) 1 forall ¢ € (0, Thax.e)-
I?)

. . _ 2 . . .
Further, noticing that % < 2duetom > 1, an application of the Gagliardo—

Nirenberg inequality then leads to
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m—1

(/ (nF + e)m(erl m))

m(p+l m) 2”’:'_'1”)
=C ”(ns + 8) ” Zin(!H»l—m)
L (m=D(m+p=1) (Q)
P+ m(p n;2+]) ot 711 :
<C Vin + ¢ m(p+1-m n. + ¢ m(p+ m
<CoIV e +) I " e + 0T (2342
P 2<1'+71-'1n>
m+p—
+ 0 + ¢ w%m)) 7
2mp—m2+1)
m m—1
<Cs(IVne +8) 5 5 + 1)

-1
<MD )/<ng+e>"'+”—3|wg|2+c4
2

for some C3 > 0 and Cy4 > 0. Therefore, combining (2.3.40), (2.3.41) with (2.3.42),
we arrive at

1d m(p—1) et
;E”ng + 8”2),)(9) + T/ (ng +8) +p 3|Vn8|2 < CS,
Q
which along with the fact that for some Cg > 0,
m(p —1) et
Ine +elfne) = —5— | (e +&" "7 Vnel” + Co,
Q

and Lemma 2.2 implies that (2.3.39) holds.
Now we can rely on standard reasoning to obtain the following.

Lemma 2.12 Letm > 1 and y € (%, 1). Then one can find a positive constant C
independent of €, such that

”na('y t)”L”(.Q) =< C fOF all t € (O, Tmax,a),

”Cs('a t)||W"°°(S2) <C for all t € (O, Tmax,s)

as well as
A u (-, )22y < C forall t € (0, Thaxe).

Proof Firstly, applying the variation-of-constants formula to the projected version
of the third equation in (2.2.1), we derive that

t
us (-, 1) =e*’Au0+/ e~ TOAD g (. 1)V — kYeus - VIugldt forall 1 € (0, Tnax.e)-
0
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Let hy = P[n.(-,1)Vp — k (Yeu, - V)u,]. Then in view of the standard smoothing
properties of the Stokes semigroup, we can conclude that for y € (%, 1) and pg €
(ﬁ, 2), there exists C; > 0 such that

A  ue (-, D22

t
<lIA” e Yugll 200y + / [AY e D4, (-, D)d Tl 200y d T
) A € 62 (2.3.43)

t 1 1
—y -4z _ _
<A uollr2(2) + Ci / t—7) " 2e TN ) @) dT
0

forallz € (0, Tuax.e)-
In light of (2.3.39), for some positive constant C5, it has

”na('v t)”L/’U(.Q) = CZ forall ¢ € (0’ Tmax,£)~

So employing the Holder inequality and the continuity of &2 in L”(£2; R?) (see
Fujiwara and Morimoto 1977), there exist positive constants C;, (i = 3,4, 5, 6),
such that

126 C, Ol Lroe)
<C3||(Yeue - Vue (-, )Ly + C3line -, )l Lo (2
SC4||YsMs||L 20 (Q)IIVMg(', D22 + Ca (2.3.44)

2-pg
<Cs||VYeucll 2 ) llVue (-, )l 122y + Ca
<CollVute (-, DIy + Ca forall 1 € (0, Tyuaxe),

2py
where we have used the fact that W12(£2) <> L7 (£2). Collecting (2.3.43),(2.3.21)
and (2.3.44), we conclude that

”Ayue('a t)”Lz(.Q) =< C7 forall ¢ € (07 Tmax,e)

which together with the fact that D(A?) is continuously embedded into L*°(§2) by
y > % yields
llue (-, D2y = Cs forall 1 € (0, Tax,e)- (2.3.45)

Further, in view of (2.3.25), one may use (2.1.11), m > 1 and the smoothing proper-
ties of the Neumann heat semigroup (e'4) +>0 to obtain that there exists C9 > 0 such
that

Vee (-, )|lLe2) < Co forall t e (0, Thx.e)- (2.3.46)

Moreover, the boundedness of n, can be archived by the well-known Moser—Alikakos
iteration procedure (see, e.g., Lemma A.l in Tao and Winkler 2012a). Indeed, by
(2.3.45) and (2.3.46), we see that the hypotheses of Lemma A.1 in Tao and Winkler
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(2012a) are valid provided that the parameter p in Lemma 2.11 is appropriately large.
The proof of Lemma 2.12 is complete.

With all the above regularization properties of n,, ¢, and u, at hand, we can show
the existence of global bounded solutions to the regularized system (2.2.1).

Lemma 2.13 Letm > landy € (%, 1) and (ng, ce, ue, Pe)ec(o.1) be classical solu-
tions of (2.2.1) constructed in Lemma 2.2 on [0, Typay ). Then the solution is global
on [0, 00). Moreover, one can find C > 0 independent of ¢ € (0, 1) such that

ln.C, D)llLe2y < C forall t € (0, 00)

and
llee G, Dllwrw2y < C forall t € (0, 00)

as well as
A ue (-, 1)l 222y < C forall t € (0, 00).

Then, with the help of Lemma 2.13, we can straightforwardly deduce the uniform
Holder properties of c., Vc, and u, by the standard parabolic regularity theory as
the proof of Lemmas 3.18-3.19 in Winkler (2015b) (see also Zheng 2016).

Lemma 2.14 Let m > 1. Then one can find n € (0, 1) such that for some C > 0

llcs (-, t)”C"'%(.Qx[t,H—l]) < C forall t € (0, 00)
as well as

g (-, t)”C“'%(.Qx[r,tH]) < C forall t € (0, 00),
and for any t > 0, there exists C(t) > 0 fulfilling

(Ve (-, 1)l C(t) forall t € (z,00).

<
5 @xlni+1]) =

2.3.2 Global Boundedness of Weak Solutions

Based on the above lemmas, the weak solution of (2.1.6)—(2.1.8) can be obtained
as the limitation of classical solutions to the systems (2.2.1). Applying the idea of
Zheng (2016) (see also Liu and Wang 2016 and Winkler 2015b), we first state the
definition of the solution as follows.

Definition 2.2 Let T > 0 and (n, ¢, uo) fulfill (2.1.11). Then a triple of functions
(n, c, u) is called a weak solution of (2.1.6)—(2.1.8) in £2 x (0, T) if the following
conditions are satisfied:
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ne Lll()c([-z X [0’ T))7
ce Ll (10,T); W-(£2)),
well (0,T); Wh(2)),

wheren > 0andc > 0in £2 x (0, T) as well as V - u = 0 in the distributional sense

in £2 x (0, T), moreover, n™ € L}OC(Q x [0, 00)), cu, nu and nVc belong to

LIIDC(S_Z X [0’ OO), ]RZ) andu®u S Ll ([_2 X [0’ OO), RZXZ); and

loc

T T T T
*/ / mﬂz*/ no(p(~,0)=/ / nmA<p+/ / nVc~V<p+/ / nu - Ve
0 2 2 0 2 0 2 0 2

for any ¢ € C8°([_2 x [0, T')) satisfying g—f =0onadf2 x (0,T), as well as

T
—/ /C¢z—/co¢(',0)
0o Je 2
T T T T
Z—//VC~V¢—//C¢+//H¢+/[CM'V¢
0o Je 0o Je 0o Je 0o Je

forany ¢ € C§°(£2 x [0, T)) and

T
[ [ o~ [ wpc.0
0 Jo 2
T T T
=K/fu®u-Vg0—//Vu~V(p—//nV¢~<p
0 Je 0 Je 0 Je

for any ¢ € C§°(£2 x [0, T); R?) fulfilling Vo = 0in £2 x (0, T).
If for each T > 0, (n, ¢, u) :£2 x (0, 0c0) —> R* is a weak solution of (2.1.6)—
(2.1.8)in £2 x (0, T'), then we call (n, c, u) a global weak solution of (2.1.6)—(2.1.8).

In order to apply the Aubin—-Lions Lemma (Simon 1986), we will need the reg-
ularity of the time derivative of bounded solutions. Employing almost exactly the
same arguments as that in the proof of Lemmas 3.22-3.23 in Winkler (2015b) (the
minor necessary changes are left as an exercise to the reader), and taking advantage
of Lemma 2.13, we conclude the following lemma.

Lemma 2.15 Let m > 1 and let ¢ > max{m,2(m — 1)}. Then for every T > 0
and ¢ € (0, 1), one can find C(T) > 0 independent of ¢ such that fOT |10; (ne +
e)s (-, t)||(Wé,z(Q))*dt < C(T) as well as fOT fQ |V(ng + 5)§|2 < C(T).

At this position, the main result can be proved as follows.

Proof of Theorem 2.1. In conjunction with Lemmas 2.13, 2.11 and the Aubin—

Lions compactness lemma (see Simon 1986), one can infer the existence of a
sequence of numbers ¢ = ¢; ~\ 0 along which

n, — n ae.in £ x (0, 00), (2.3.47)
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Vn™ — Vn™ in L3 (82 x [0, 00)), (2.3.48)
ce — ¢ in Cp (2 x [0, 0)), (2.3.49)
Ve, — Ve in Cp (82 x (0, 00)), (2.3.50)
Ve, — Ve weakly starin L*(£2 x (0, 00)) (2.3.51)

as well as B
ue — u in Cp (82 x [0, 00)) (2.3.52)

and

Du, — Du weakly starin L*°(£2 x (0, 00)) (2.3.53)

holds for some limit (n, ¢, u) € (L®(£2 x (0, 00)))* with nonnegative n and c.
Indeed, Lemma 2.15 implies that foreach T > 0, (1 )¢ (0,1 is bounded in L?((0, T);
W12(£2)). By using Aubin-Lions lemma, one then obtains n§ — z¢ for some non-
negative measurable z : £2 x (0, £2) — R. Further by Lemma 2.11 and the Egorov
theorem, one has (2.3.47) and (2.3.48).

Due to these convergence properties (see (2.3.47)—(2.3.53)), by applying the stan-
dard arguments, we may take € = ¢; “\ 0 in each term of the natural weak formu-
lation of (2.2.1) separately. Then we can verify that (n, ¢, u) can be complemented
by some pressure function P in such a way that (n, ¢, u, P) is a weak solution of
(2.1.6)—(2.1.8). Finally, we can infer from the boundedness of (n., c., u.) and the
Banach—Alaoglu theorem that (n, c, ) is bounded.

2.4 Global Existence of Solutions to a Three-Dimensional
Keller-Segel-Navier—Stokes System

2.4.1 A Priori Estimates for Approximate Solutions

In this subsection, we are going to establish an iteration step to develop the main
ingredients of our result. The iteration depends on a series of a priori estimates. We
first recall some properties of F; and F, which play an important role in the proof
of Theorem 2.2.
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Lemma 2.16 Assume F, is given by (2.2.9). Then

1
0< Fs’(s)= <lforalls >0ande >0 2.4.1)
1+es
as well as
lirg F.(s) =5, lirg F/(s) =1foralls >0 (2.4.2)
e—0t e—01
and
0< F.(s) <sforalls > 0. (2.4.3)

Proof Recalling (2.2.9), by tedious and simple calculations, we can derive (2.4.1)—
(2.4.3).

The proof of this lemma is very similar to that of Lemmas 2.2 and 2.6 of Tao and
Winkler (2015b) (see also Lemma 3.2 of Wang 2017), so we omit it here.

Lemma 2.17 There exists ). > 0 independent of € such that the solution of (2.2.8)
satisfies

/ Ng +/ ¢ < Aforallt € (0, Thax.e)- 2.44)
Q Q

Lemma 2.18 Let o > % Then there exists C > 0 independent of € such that the
solution of (2.2.8) satisfies

/ 02 4 / En / u? < Cforallt € O, Tyare).  (245)
2 2 2

Moreover, for T € (0, T,,4x.¢), one can find a constant C > 0 independent of € such
that

T
f [ [ 21Vne P + Ve + [VueP] < C. (24.6)
0 2

Proof The proof consists of two cases.
Case (I) 2a # 1: We first obtain from V - u, = 01in £2 x (0, 7,4 ) and straight-
forward calculations that

i 1 d ’
sign2a — I)EE”nS”LOZla(Q)

+sign(a — 1) Qe — 1)/ n2*2|Vn,|?

@ (2.4.7)

z_f sign(2at — D)n?* 'V - (n. F/(n)S. (x, ne, ce) - Vo)
2

<signa — 1)2a — 1) / n2 20 FL(ne)|Se (x, e, )| Vne| | Ve
2
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forall t € (0, T,y4x.¢). Therefore, from (2.4.1), in light of (2.1.5) and (2.2.9), we can
estimate the right-hand side of (2.4.7) as follows:

sign(a — 1) (2a — 1)/ n2*2n Fl(ne)|Se (x, ne, c)||Vne|[Vee|
2

<sign(Qa — 1) (2o — 1)/ n2*2n.Cs(1 4 n.)~*|Vne||Ve,|
2

2o — 1
<sign(2a — 1) “2 /nﬁ“—zwngﬁ
§ (2.4.8)

200 — 1
+| az |C§/ n§a72n§(l+n€)72a|vc‘€|2
2

2o — 1
<sign(2a — 1) “2 /n§“*2|w5|2
2

20 — 1
2

by using Young’s inequality, where in the last inequality we have used the fact that
n22p2(1 +n.)"* < 1foralle > Oand (x, 1) € 2 x (0, Tyyax.c)- Inserting (2.4.8)
into (2.4.7), we conclude that

. 1 d " . 20— 1 o
sign(a — D%E”ng”im(m + sign(2e — 1) 7 / ng 2|Vns|2
$ (2.4.9)

20— 1
2

To track the time evolution of c,, taking c, as the test function for the second equation
of (2.2.8) and using V - u, = 0 and (2.4.3) together with Holder’s inequality yields

1d 2 2 / 2
—— v
2dt||cs||Lz(9)+fQ| al+ | el

Z/ Fe(ng)ce
o (2.4.10)
5/ Lryers
I7)
<lnell, ¢, llcell Loy for all £ € (0, Thax,e).

L5(R2)

By applying Sobolev embedding W!2(£2) < L®(£2) in the three-dimensional set-
ting, in view of (2.4.4), there exist positive constants C; and C, such that

2 2 2
”Ca”LG Q SCIHVCSHLZ Q + CIHCS”LI Q
(£2) (£2) (£2)

) (2.4.11)
SCI ”VCSHLZ(Q) + C2 forallt € (0, T;nax,s)~
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Thus, by means of Young’s inequality and (2.4.11), we proceed to estimate

||cs||Lz(m+f Ve, +/ e,

2
52 ||ca||L6(9)+ Liin nells o (2.4.12)

Cl
szuwgniz(m + S lnellyg o+ Csforallt € (0, Tar)

and some positive constant C3 independent of ¢. Therefore,

1d 2 1 2 , Cy 2
2V g [y 1ol [l <GHmly ok Caforalls € 0. o)
(2.4.13)

To estimate ||ng||Lg(m for all ¢ € (0, Tiyax.e), we should notice that o > % ensures

that ML_] < 2, so that in light of (2.4.4), the Gagliardo—Nirenberg inequality and
Young’s inequality allow us to estimate that

el ¢
L5 ($2)
o 2
=||ngllzsi(m
. ) (2.4.14)
SCAIVR I E g 52 T+ ey )
2
Echa—zcg”V”g”LZ(m + Cs forall 7 € (0, Thax.e)

with some positive constants C4 and Cs independent of €. This together with (2.4.13)

contributes to
||cg||m)+ /|ch| +/ .

_8 2C2 Vng ||L2(m + Cgforall t € (0, Tpax,e)

(2.4.15)

and some positive constant C¢. Taking an evident linear combination of the inequal-
ities provided by (2.4.9) and (2.4.15), one can obtain

: d 2 d 2
sign (2o — 1)2— el gy + 120 = 11C3 -l gy

20— 1
+|2—|c§f |V05|2+2|2a—1|C§/ |ce|?
2 2

2 —1 1
+ (sign@a — 122" — e — 1] /nza_2|Vn8|2
2 4 5

<Cjforallt € (0, Thax.e)

(2.4.16)
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. . . 20 —1 2a —1|
and some positive constant C;. Since sign(2a — 1) = T (2.4.16)

implies that
. 1 d d
sign (20 — 1) o= — el ) + 120 = 1C5—lcel 2 0
20 — 1
+ Mcﬁf IVeol? + 220 — 1|c§f lc. |2
2 22 2

200 — 1] o
+ T n? 2|V”a|2
2

<C;forall t € (0, Tpax.e)-

(2.4.17)

If 20 > 1, then sign(2a — 1) = 1 > 0, thus, integrating (2.4.17) over time, we can
obtain
/ n2 + [ c2 < Cgforallt € (0, Tpar.e) (2.4.18)
Q Q

and
T
/ / [n2* 72| VN> + Ve [*] < Cs(T + 1) forall T € (0, Tyar,e) (2:4.19)
0 2

and some positive constant Cg. If 2o < 1, then sign(2a — 1) = —1 < 0; hence, in
view of (2.4.4), integrating (2.4.17) over time and employing Holder’s inequality,
we also conclude that there exists a positive constant Cy such that

/ n2 + / ¢ < Cyforallt € (0, Thax.c) (2.4.20)
2 2

and
T
/ / [n2°721Vn. > + |V [*] < Co(T + 1) forall T € (0, Tax.e). (24.21)
0 2

Case (II) 2 = 1: Using the first equation of (2.2.8) and (2.2.9), integrating by
parts, and applying (2.1.5) and (2.4.1), we obtain

d
dt Jo

:/ nsllnng—i—/nsl
Q Q

:/ Anglnn, — / Inn,V - (n.F.(ng)Se(x, ne, ce) - Veg)
7) 7)

ne Inn,

|Vne|? _a e
<- + CS(l + ns) _|Vn5||vcs| forallr € (O, Tmax,s)v
2 £ 2

n ne
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which combined with Young’s inequality and 2« = 1 implies that

d L[ Va2 1
_/ ng1nn€+-/ V| g-c§/ Ve, |? forall £ € (0, Thay o)
dt 7 2 Q ng 2 7] ’

However, since 2o = 1 yields o > %, by employing almost exactly the same argu-
ments as in the proof of (2.4.10)—(2.4.16) (with the minor necessary changes being
left as an easy exercise to the reader), we conclude an estimate of

/ nelnn, + f c2 < Cyforallt € (0, Tar.e) (2.4.22)
2 2

and
g |V”s|2 2
/ f [— + [V :| < Cio(T+1)forall T € (0, Tax.e)- (2.4.23)
2 ng

Now, multiplying the third equation of (2.2.8) by u,, integrating by parts, and using
V.-u, =0 give

1d
——/ |ug|? +/ [Vu,|* = [ neue - Vo forall t € (0, Tax.e). (2.4.24)
2dt Jo Q2 2 ’

Here, we use Holder’s inequality, Young’s inequality and the continuity of the embed-
ding W'2(£2) < L°(£2) to find Cy; and C, > 0 such that

/ nette - Vo <NVl lnel, g o e lliecey
2

=CullVollL=@)llnell, s

L@ IVuell 22 (2.4.25)

1
=3 IVteliag) + Cralinelly g  forallt € (O, Tare)-

Next, in view of (2.4.4) and o > %, (2.4.14) and Young’s inequality along with the
Gagliardo—Nirenberg inequality yield

1 2
/Q nette -V <5 IVite s gy + Coll VAl By I [
1
<5 IVuelliag) + VAL 2 + Cr forall € (O, Thr.e)
(2.4.26)
and some positive constant C3. Now, inserting (2.4.25) and (2.4.26) into (2.4.24)
and using (2.4.19) and (2.4.23), one has

/ lus|> < Cy4 forallt € (0, Thax.e) (2.4.27)
2
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and ;
/ / |Vug|2 < Cuu(T+1) forall T € (0, Tyax.e) (2.4.28)
0o Je

and some positive constant Cy4. Finally, collecting (2.4.18)—(2.4.21), (2.4.22)—
(2.4.23) and (2.4.27)—(2.4.28), we can get (2.4.5) and (2.4.6).

With the help of Lemma 2.18, based on the Gagliardo—Nirenberg inequality and
an application of well-known arguments from parabolic regularity theory, we can
derive the following lemmas.

Lemma 2.19 Let o > 3. Then there exists C > 0 independent of € such that, for
each T € (0, Tax.e), the solution of (2.2.8) satisfies

r - oz 1 1
/ / [|Vng|¥ e ]5C(T+l)if—<a§—, (2.4.29)
0 Je 3 2
T 100 1
/ / [|Vng|3+2& t g ] CT+Dif5<a<l, (2.4.30)
0 2
as well as ,
10
/ / [|Vng|2+ng3] <C(T+1)ifa>1 2.431)
0 2
and
T 10
/ {/ [cd + |ug|® 5 1+ ||u8||L6(Q)} <C(T+1). (2.4.32)
0

Proof Case 1 3 <a =< 5:From (2.4.4), (2.4.5) and (2.4.6), in light of the Gagliardo—
Nirenberg inequality, for some C; and C, > 0 that are independent of &, one may

verify that
/ / 601+2

6a+2
—/0 A, .

T ) 2 6a+2
<Cy / (||Vn;'||Lz(m||n§||;§ AR
0

(£2 La(®)

<Co(T + 1) forall T > 0.

Therefore, employing Holder’s inequality (with two exponents ﬁ and ), we
conclude that there exists a positive constant C3 such that
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! Jatl ! 20-2 2| ! r fag2 | 4
Vne| 2 < o Vn, i
[ [ —[/ f, e ”'] [/ - } (2434

<C3(T + 1) forall T > 0.

Case % <o < 1: Again by (2.4.4), (2.4.5) and (2.4.6) and the Gagliardo—
Nirenberg inequality and Hélder’s inequality (with two exponents 312 o),
we derive that there exist positive constants C4, Cs and Cg such that

r 100
[
0 2
T
_/0 el o) (2.4.35)

T 4 100
) 4 102
<Cy f (1931 ) I oy + 10 )
0

<Cs(T +1)forall T >0

and

and

r 100 T 2a—2 2 % T 10 %
T4 o= }
[ L < [} [wone ] UL ] s

<Ce¢(T + 1) forall T > 0.

Case o > 1: Multiplying the first equation in (2.2.8) by n,, in view of (2.2.9) and
using V - u, = 0, we derive

1d 5 2
EE””LEHLZ(_Q) + o |Vn£|
— f BV - (e FL1) S (x, ne, ) - Vo) (2437)
o)
< [ meF 1S, el V| Vel forall £ € 0. Ty
2
Recalling (2.1.5) and (2.2.9) and using o > 1, via Young’s inequality, we derive
| neFimo1S eV 19
2
<Cs / |Vne||Vee| (2.4.38)
f?)
1 2, Cs 2
== [Vag|” + —= [Vee|” forall 1 € (0, Thax,e)-
2o 2 Jo

Here, we have used the fact that
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-1
nng/(ns)|Ss(x’n87cs)| < Csng(14+n;)"" <Cgs

by using (2.1.5). Therefore, collecting (2.4.37), (2.4.38) and using (2.4.6), we con-
clude that

/ n; < Cyforallt € (0, Tax.e) (2.4.39)
2

and

T
/ / Vi |> < C7(T + 1). (2.4.40)
0 2

Hence, from (2.4.39)—(2.4.40) and (2.4.5)—(2.4.6), in light of the Gagliardo—Nirenberg
inequality, we derive that there exist positive constants C;, (i = 8§, - - - , 17) such that

10 4 10
/ f J <Cq / (||Vn5||iz(m||ng||zz(m+||n£||gz(m) 0441)

<Co(T +1)forall T > 0,

10 4 10
[ [efzcn [ (Wetbalediin +lelfia)  pam,
<Cn(T +1)forall T >0

as well as

T r 4 10
10 jd i
3 <C ( \V/ 2 3 3 )
/O fg el ¥ <Cig /0 IVt 2 e o ) + el a3
<Cis(T + 1) forall T >0

and

T T
2 2
/0 e 200y <Cs /0 1Vt s oaan

<Ci7(T +1)forall T > 0,

where in the last inequality we have used the embedding W0 U(.Q) <> L%(£2) and
the Poincaré inequality. Finally, combining (2.4.33)—(2.4.36) with (2.4.40)-(2.4.44),
we can obtain the results.

2
Lemma 2.20 Let% <a < %. Then there exist y = 2:‘:3 € (1,2)and C > 0 inde-

pendent of € such that, for each T € (0, Ty ), the solution of (2.2.8) satisfies

T 2y
/ lInell* < C(T +1). (2.4.45)
0

Lﬁi(m

Proof To this end, we first prove that for all p € (1, 6), there exists a positive
constant C; independent of ¢ such that, for each T € (0, T},4x,¢), the solution of
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(2.2.8) satisfies

T 2pa—1)
/0 Il Loty < C(T +1). (2.4.46)

In fact, by (2.4.4) and (2.4.6), we derive that for some positive constants C, and C3
independent of ¢ such that

T 21)(&7%)
[
/0 (£2)

T 2p  6a—1
_ ap-1 6
= i)y
0
2p  6a—1 _ 2p  6a—1

T
2
<C Vna 2 not p—1  6a nut p—1  6a
= 2/0 <|| o L R U e

<C3(T +1)forall T > 0,

2

which implies that (2.4.46) holds. Next, by o € (%, 2;81], we may choose y = 25:13
such that

1 i .2 2.4.47

<y < mm{a 1 } ( )
as well as

oy
p = € (1, 6a) (2.4.48)
and 1 |
2p(a — = 12y (ax — < 2
ple—p) _lve—g 2y (2.4.49)

p—1 — Ty—6 2—y°

Collecting (2.4.46)—(2.4.49), one can derive (2.4.45) by the Young inequality.

2.4.2 Global Solvability of the Approximate System

The main task of this subsection is to prove the global solvability of the regularized
problem (2.2.8). To this end, first, we need to establish some e-dependent estimates
for ng, ¢, and u,.

Lemma 2.21 Leta > % Then there exists C = C(g) > 0 depending on € such that
the solution of (2.2.8) satisfies

/ n2et? 4 / |Vug|> < C forallt € (0, Tpax.e)- (2.4.50)
2 2



110 2 Keller—Segel-Navier-Stokes System Involving Tensor-Valued Sensitivity

In addition, for each T € (0, T,,4x.c] with T < oo, one can find a constant C > 0
depending on ¢ such that

T
/ /[ni“IVnslerlAualz]fC. (2.4.51)
0 2

Proof In view of (2.2.9), we derive

1
F/(n,) < —,
ENng

so that, by multiplying the first equation in (2.2.8) by n!*2*, using V - u, = 0, and

applying the same argument as in the proof of (2.4.7)—(2.4.21), one can obtain that
there exist positive constants C; and C, depending on ¢ such that

f n2t2 < ¢ forallt € (0, Thax.c) (2.4.52)
2

and ;
/ f n2%|Vne|* < Cy forall T € (0, Typayr..] with T < oo.
0 2

Now, from D(1 + eA) := W>2(2) N W7 (£2) < L®(£2) and (2.4.5), it follows
that, for some C3 > 0 and C4 > 0,

IYeuell ooy = I +eA) " el oo (@) < Callus (0l 2 < Ca forall 1 € (0, Trnax.e)-
(2.4.53)
Next, testing the projected Stokes equation u. + Au, = P[—«Yeue - Viu, +
n:V¢] by Au,, we derive

1 ” % ||2l 2 / | |2
2dt € 2( ) Q ¢

:/ Aug P(—k Yeug - Vug) +/ P VNo)Au,
7] I?)

1
55/ |Au8|2+K2/ |(Y€u€-V)u8|2+||V¢||%m(9)/ n2 forall t € (0, Thax.c)-
2 2 2

(2.4.54)
However, in light of the Gagliardo—Nirenberg inequality, Young’s inequality and
(2.4.53), there exists a positive constant Cs such that
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e f (Vette - Va2 < Yot Py / Vi,
2 2
<[ Yeute |7 ) / |V |? (2.4.55)
2

§C5/ |Vu,|* forall € (0, Tpax.c)-
7

Here, we have used the well-known fact that ||A(:)||12() defines a norm equivalent
to || llw22(2y on D(A) (see Theorem 2.c2.2-1.3 of Sohr 2001). Now, recall that

1A U2, o = IV, Substituting (2.4.55) into (2.4.54) yields

(£2) ”LZ(Q)

1 ” ||21 Q2 / | |2
2d[ € 2( ) Q ¢

(2.4.56)
<Cs / IVuel> + IVl 7~ () / n forall 1 € (0, Thax.c)-
2 2

Since o > 3 ylelds 200 +2 > £ > 2, by collecting (2.4.52) and (2.4.56) and per-
forming some basic calculatlons we can get the results.

Lemma 2.22 Under the assumptions of Theorem 2.2, one can find that there exists
C = C(e) > 0depending on ¢ such that

f |Veo (-, 1)|> < C forallt € (0, Tax.e) (2.4.57)
2

and

T
/ / |Ace)? < Cforall T € (0, Tyax.e] with T < oo. (2.4.58)
0 2

Proof First, testing the second equation in (2.2.8) against — Ac,, employing Young’s
inequality, and using (2.4.3) yields

1d
Ed_”VCe”iZ(Q) Zf —Ace(Ace — ¢ + Fe(ne) —ue - Vey)
t Q

/|Acs| —/ Vel —/ Fu(n)Ac, — f(us Veo) Ac,
<__/ |AC£| _/ |VC£| +/” +/ lug - Vegl|Ace|

(2.4.59)
forallt € (0, T,,4yx.¢)- Next, one needs to estimate the last term on the right-hand side
of (2.4.59). Indeed, in view of Sobolev’s embedding theorem (W'2(£2) < L°(£2))
and applying (2.4.50) and (2.4.5), we derive from Holder’s inequality, the Gagliardo—
Nirenberg inequality, and Young’s inequality that there exist positive constants Cj,
C,, C3 and Cy4 such that
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/Q lug - Veel|Ace| <lluellLs@)IVeells@)llAcell2e)
<CillVeellpyay 1 Acell L2
<Col Ace o e o o + lee Bzl Ace 2@y (24.60)
<C3 (I8¢l 0 + I Ac l202)
§%||Ace||2Lz(m + Cyforall t € (0, Thuax.c)-
Inserting (2.4.60) into (2.4.59) and using (2.4.50), one obtains (2.4.57) and (2.4.58).
This completes the proof of Lemma 2.22.

Lemma 2.23 Let o > % Assume that the hypothesis of Theorem 2.2 holds. Then
there exists a positive constant C = C(¢) depending on ¢ such that, forany3 < q <
6, the solution of (2.2.8) from Lemma 2.3 satisfies

A up (-, )22y <C forallt € (0, Thax.e) (2.4.61)
as well as
lue(:, D=2y <C forallt € (0, Tax,s) (2.4.62)
and
Vee (-, DllLaey <C forallt € (0, Tyaxe)s (2.4.63)

where y is the same as in (2.1.13).

Proof Let ho(x,t) = P[n,Vo — k(Yeu, - V)u,]. Because o > % then along with
(2.4.50), and (2.4.53), there exist positive constants gy > % and C such that

||n8(" t)”L'/O(Q) S Cl for allt [S (07 Tmax,g) (2.4.64)

and
12e(, Ol zao2y < Ciforall t € (0, Thax,e)- (2.4.65)

3
7
%) > —1. Therefore, in view of the smoothing properties of the Stokes semigroup
Giga (1986), we derive that, for some A, C, > 0, and C3 > 0,

Hence, because gg > 5, we pick an arbitrary y € (%, 1) and, then, —y — %(qio —

A ue (-, D22

t
<IA” e "ugll 1202y + f [AY e DAn, (-, )dT || 120y dT
0 (2.4.66)
3 1 1
<IA7 gl 20 + C2 / (1 = ) GV O (D) o d T
0

<Cjforallt € (0, Thax.e)-
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Observe that y > 3 and D(AY) is continuously embedded into L*°(£2). Therefore,
we derive that there exists a positive constant C4 such that

llue (-, )l Le(@) < Caforallt € (0, Thax.e) (2.4.67)

from (2.4.66). However, from (2.4.57), with the help of Sobolev’s embedding theo-
rem, it follows that, for any fixed g € (3, 6),

llee (-, Dl La@) = Cs forall £ € (0, Tax,e).- (2.4.68)

Now, involving the variation-of-constants formula for ¢, and applying V - u, = 0 in
x € £2,t > 0, we have

t
ce(t) = '@ Vey 4 / AN (F (ny(5)) + V - (e (5)ce (5))ds, 1 € (0, Tpar.c),
0

(2.4.69)
so that, forany 3 < ¢ < min{(ﬁ%, q}, we have
IVee (-, Do)
t
<[Ve"“VeollLae) + / IVe'™ D F, (ne ()l Lards
(£2) A ) (2.4.70)

t
+ / Ve 47DV . (uo(s)ce () | Loy ds.
0

To address the right-hand side of (2.4.70), in view of (2.1.13), we first use Lemma
2.4 to get
Ve ‘A Dol Lagay <Cs forall t € (0, Tpax.e). (2.4.71)

Since (2.4.64) and (2.4.68) yields

1 3 ( 1 1)
——=|——==) > -1,
2 2\q ¢
together with this and (2.4.3), by using Lemma 2.4 again, the second term of the
right-hand side is estimated as

12
,/IIVe(’*S)(A’”Fg(ns(S))Ilu(mds
0

! 13,011
<Cy f 4@ —s5) 2 2% P1e ) ng () Loyds
0

<Cgforallt € (0, Thux.c)-
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Finally, we will address the third term on the right-hand side of (2.4.70). To this

end, we choose 0 < ¢ < % satisfying % + %(l -y <and % € (0, % — (). In view

of Holder’s inequality, we derive from Lemr%a 2.4, (2.4.68) and (2.4.67) that there
exist constants Cy, C1g, C1; and Cy; such that

t
/ Ve ADV - (uy(s)ce () | Layds
0

t
<Cy / (=4 + D'e" DV - (u(s)ce ()l za(o)ds
0

t e s 2.4.72
<Cio / (1 — ) F e i (5)ea(5) L1y ds (2472)
0

t
P S Y
<cy, f (t — )" 3R &M g (5) Ly e () Lo s
0

SCIZ forallt € (0, Tmax,s)'

Here, we have used the fact that
! 1 ~ © 1 ~
f (t —s)" T2 R0 g 5/ o2 *e M e < 400.
0 0

Finally, collecting (2.4.70)—(2.4.72), we can obtain that there exists a positive con-
stant Cy3 such that

3
/ |Vee ()7 < Cizforallz € (0, Tyyux.e) and someq € <3, min {$, (j}) .
Q B —qo)+

(2.4.73)
The proof of Lemma 2.23 is complete.

Then we can establish global existence in the approximate problem (2.2.8) by
using Lemmas 2.21 and 2.22.

Lemma 2.24 Leta > % Then, forall ¢ € (0, 1), the solution of (2.2.8) is global in
time.

Proof Assume that T,,,, . is finite for some & € 0,1).Fix T € (0, T,4x.¢), and let
M(T) = SUP;c(0,1) lne(, )=y and he = Fg,(ns)ss(xa ng, ¢;)Vee + ue. Then,
by Lemma 2.23, (2.1.5) and (2.4.1), there exists C; > 0 such that

||ﬁ€(-, Dllzay <Ci forallt € (0, Tp4y,) and some 3 < g < 6. (2.4.74)

Hence, because V - u, = 0, we can derive

ns(t)=e<’*’0mns(~,to)—f eI (-, $)he (-, 8))ds, t € (tg, T) (2.4.75)

to
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by means of an associate variation-of-constants formula for n, where #y := (t — 1) .
If t € (0, 1], by virtue of the maximum principle, we can derive

(1—10)A

lle ne (-, 1) |2y <lnollL=), (2.4.76)

while if > 1 then, with the help of the L”—L? estimates for the Neumann heat
semigroup and Lemma 2.17, we conclude that

3
e~ %n, (-, to) | L2y <Ca(t — t0) "2 s (-, o)l 212y < C. (2.4.77)

Finally, we fix an arbitrary p € (3, ¢) and then once more invoke known smoothing
properties of the Stokes semigroup (see P. 201 of Giga 1986) and Holder’s inequality
to find C4 > 0 such that

t
/ €94V - (ne (-, )he (-, 8) | L2y ds
1)

! 13 ~
<c, / (6 = )55 e s $)Foe s )| rirdis
fo

! _1_3 ~ 2.4.78
§C4/ (1 =) o, g, o e Co) oy G478
to
t

_1_3 b 1-b A
=Cq | @ —=5) 2 2 lugC, ) e oI L1 g e )l La2)ds
fo

<CsM"(T) forallr € (0, T),
where b := % € (0, 1) and

1
Cs:= C4C12_b/ 0'7%7%610'.
0

Since p > 3, we conclude that —% — % > —1. In combination with (2.4.75)—

(2.4.78) and using the definition of M (T'), we obtain C¢ > 0 such that
M(T) < Cg + CsMP(T) forall T € (0, Tax.e). (2.4.79)

Hence, in view of b < 1, with some basic calculation, since T € (0, T),4x.) Was
arbitrary, we can obtain there exists a positive constant C7 such that

e, O llL~(2) =C7 forallt € (0, Thaxe)- (2.4.80)

To prove the boundedness of || Ve, (-, 1) ]| L= (), We rewrite the variation-of-constants
formula for ¢, in the form
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t
e 1) =4 D 4 / U ADIE (n)(s) — ug(s) - Ve (s)lds for all £ € (0, Tnax,e)-
0

Now, we choose 6 € (3 + 2, 1), where 3 < ¢ < 6 (see (2.4.73)), then the domain
2 2q

of the fractional power D((—A + 1)?) < W!>(£2) (see Horstmann and Winkler
2005). Hence, in view of LP—L9 estimates associated with the heat semigroup,
(2.4.62), (2.4.63) and (2.4.3), we derive that there exist positive constants A, Csg,
Cy, Cy9 and Cy; such that

llce (-, D llwree)
<GCsll(=A + 1)!ec(, )l oo

t
<Cot e M|lcollLaca) + Co f (t —5) e I(Fe(ne) — ue - Vo) (9) |l Loy ds
0

t
<Cyo + CIO/ (t =) ne() ) + e ()o@ I Vee ()|l a2y 1ds
0

<Cy forallt € (0, Tux.e)-
(2.4.81)
Here, we have used Holder’s inequality as well as

t ]
/ (t—s) e < / o % do < +oo.
0 0

In view of (2.4.61), (2.4.80) and (2.4.81), we apply Lemma 2.3 to reach a contradic-
tion.

2.4.3 Regularity Property of Time Derivatives

In preparation of an Aubin—Lions-type compactness argument, we will rely on an
additional regularity estimate for n, F,(n.)S. (x, ne, ¢;) Ve, utg - Vg, ngue and cout,.

Lemma 2.25 Leto > % and assume that (2.1.13) holds. Then one can find C > 0
independent of € such that, for all T € (0, 00),

T 2
- 243
/ / |:|nng/(ns)S£(x, N, Ce)Vee| 3 + [ngugl w i|
0 2

| o (2.4.82)
<C(T +1 if ~ =57
<C(T + 1), lf3 <@=
T 3ot 10Ge-+1)
/ / |:|n8Fg/(ns)Ss(x’ Ne, Ce)Vee| 2 + |neug| e ]
0 Jo (2.4.83)

1

8
<C(T+1), if— < -,
<C(T +1) lf21<a_2
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T
/ / |:|nng/(”s)Ss(x’ ng, CS)VC5|3+% + |l’l51/t5|3<i’0%”],
0o Je | (2.4.84)
<C(T +1) ’fi <a<1

as well as
r 5
/ / [lnng/(nS)SS('x’ ng, Cs)vcs|2 + |n8u8|§i| SCT+D, ifax1 (2.4.85)
0 2

and ’
f / [|u€ Vel + |c€u€|3] <C(T+1). (2.4.86)
0 2

Proof First, by (2.1.5), (2.4.1) and (2.2.10), we derive

ngFg/(ns)Ss(X, ng, Cs) < C‘S’,lél—at)+

with (1 — @)y = max{0, 1 — «}. Case % <o < %: It is not difficult to verify that
GRS R
3+l 2 6at2 O
and
9(a+2) 3 3

10Ga+1) 10  6a+2’

so that, recalling (2.4.29), (2.4.44) and Holder’s inequality, we can obtain (2.4.83).

Whileif | < o < &, in light of (2.4.6), (2.4.29), (2.4.32), (2.4.45), an employment

of the Holder and Young inequalities to shows that

T
[ [ [meroos.conecoved  + |
0 2

3-3x

T 6at2 4 T 5 %
<C; |:/ /’%3 :| |:/. / |ch|j|
0 2 0 2
T

+C1/ ne||” u|l”
el e

=G (T + 1),

2
where y = 23:13 is given by Lemma 2.20.

Other cases can be proved very similarly. Therefore, we omit their proofs.
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To prepare our subsequent compactness properties of (n,, c., u.) by means of
the Aubin—Lions lemma (see Simon 1986), we use Lemmas 2.17-2.19 to obtain the
following regularity property with respect to the time variable.

Lemma 2.26 Let o > %, and assume that (2.1.13) holds. Then there exists C > 0
independent of € such that

T
/ 10:7: (-, Ol (was2yy-dt < C(T + 1) forall T e (0, 00) (2.4.87)
0
as well as
r H
/ 19;ce (-, t)||(“W1,5(_Q))*dt <C(T+1)forall T € (0, 00) (2.4.88)
0
and ;
5
/0 10,1 (-, Z)H(Wo‘,’f(ﬂ))*dt <C(T+1)forall T € (0, 00). (2.4.89)

Proof Firstly, testing the first equation of (2.2.8) by certain ¢ € C*(£2), we have

f (ns,z)‘p‘
2

= / [Ans -V. (nsF;(ns)Ss(xv Mg, Ce)VCe) — U - Vna] fﬂ'
2

= / [—Vn,3 Vo +n.F.(ng)Se(x,ne, ¢e)Vee - Vo + neu - V(p]‘
2

=< / [|Vn8| + |l’l5F8,(n£)Sg()C, Ng, C)Vee| + |n5u5|]‘ ||§0||W1'°°(.Q)
2

forall > 0.

Observe that the embedding W>*(£2) — W!(£2), so that, in view of & > 1,
Lemmas?2.19 and 2.25, we deduce from the Young inequality that for some C; and
C, such that

T
/0 ||3[ng(~, t)”(w24(g))*dt
T T T
<Ci / / ‘Vn5|rl +/ / |”8Fé(ns)ss(x»”8aCs)vcs‘rl +[ / |”s“5|r2 +T
0 2 0 2 0 2

<Cr(T +1) forall T >0,
(2.4.90)

where
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3+ 1 1 1
f-<a<-—,
2 3
— 10
= « if - <a <1,
342 2
2 ifa>1
and )
200 + % 1 8
2T if - <a<—,
o+1 3 21
10Ba+1) .. 8 1
—_— f—<a < -,
= 9(a +2) 21 2
, =
10« .
—— if-<ua <1,
3a+1) 2
— ifa>1,

Likewise, given any ¢ € C*(£2), we may test the second equation in (2.2.8)
against ¢ to conclude that

/ e t)</>‘
2

/ [Ace —ce +ne_“£'vcs]'(p‘
2

=‘—/VC»;'WO—/Ce¢+/na<ﬂ+/caua~vc0‘
22 2 2 2

<
<{IVerl 5 g + Nl 5 gy + Wl 5 g + llcctell 5 o } I lwrscy

for all ¢+ > 0. Thus, from Lemmas2.19 and 2.25 again, in light of @ > %, we invoke
the Young inequality again and obtain that there exist positive constant C3 and Cy
such that

T H
A ”8{C£('1 t)”?wlS(_Q))*dt

T T T 10 T o
<Cs (f / |ch|2 +/ / ny +/ f cs +/ / lug|? + T)
o Ja 0 Je 0 Je 0 Je

<C4(T +1) forall T >0

with
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(2.4.91)

Finally, for any given ¢ € C(‘)’f’g (£2; R?), we infer from the third equation in (2.2.8)
that for all t > 0

/3tus(',t)<ﬂ'=‘—/ VME'V(/)_K/(Y£ME®M£)'V¢+/ nav¢'§0‘~
2 2 2 2

Now, by virtue of (2.4.6), Lemmas 2.19 and 2.25, we also get that there exist positive
constants Cs, Cg and C;7 such that

T 5
4
J RS
T 5 T 5 T s
SCS </ / |VMS|Z+/ / |Ysus®”8|z+/ /ng>
0 2 0 2 0 2
T T T 10 r
F§C6</ /|w6|2+/ /|Ysu8|2+/ /|ua|T+f /n£3+T)
0 2 0 2 0 2 0 2

<C:(T +1) forall T >0,

which implies (2.4.89). Here r3 is the same as (2.4.91).

2.4.4 Global Existence of Weak Solutions

Based on the above lemmas and by extracting suitable subsequences in a standard
way, we can prove Theorem 2.2.

Lemma 2.27 Let (2.1.4), (2.1.5) and (2.1.13) hold, and suppose that a > % There

exists (&j) jen C (0, 1) suchthate; (Oas j — ooand suchthatase = &; \( Owe
have

3 1.1 1
o iy<es;

ne — na.e. in 2 x (0, 00) and in Lfoc(fl x [0, 00)) withr = 10« lfl ca<l1 (2.4.92)
3420 7 2 ’



2.4 Global Existence of Solutions to a Three-Dimensional Keller ... 121

3+1 .1 1
ifz <a =<,
2 3 2
Vn, — Vnin L}, (82 x [0, 00)) withr = { 10 ifl w1 (2493
3420 " 2 ’
2ifa > 1,
ce —> cin leoc((} X [0, 00)) and a.e. in 2 x (0, 00), (2.4.94)
Ve, — Veae. in 2 x (0, 00), (2.4.95)
Uy, —> uin LIZDC(S_Z X [0, 00)) and a.e. in 2 x (0, c0) (2.4.96)
as well as )
Ve, — Ve in L} (2 x [0, 00)) (2.4.97)
and B
Vu, — Vu in LfOC(SZ x [0, 00)) (2.4.98)
and 0
ue = u in L} (2 x [0, 00)) (2.4.99)

with some triple (n, c, u) that is a global weak solution of (2.1.3) in the sense of
Definition 2.1.

Proof First, from Lemma 2.19 and (2.4.87), we derive that there exists a positive
constant Cy such that

Inellzr q0.00):wir(2)y < Co(T + 1) and [|3;n¢|| 11

loc

(0,00 w24y = Co(T + 1),
(2.4.100)
where r is given by (2.4.92). Hence, from (2.4.100) and the Aubin—-Lions lemma
(see, e.g., Simon 1986), we conclude that
(n¢)ee(o,1y 18 strongly precompact in Lfoc([_Z x [0, 00)), (2.4.101)
so that, there exists a sequence (&) jen C (0,1) such that e = ¢; \(0O as j — o0
and
n, — na.e.in £2 x (0, co0) and in Lfoc([_Z x [0,00)) as e =¢; \(0, (2.4.102)
where r is the same as (2.4.92). Now, in view of Lemmas 2.18, 2.19, 2.25 and 2.26,
employing the same arguments as in the proof of (2.4.100)—(2.4.102), we can derive

(2.4.92)—(2.4.94) and (2.4.96)—(2.4.99) hold. Next, let g.(x, t) := —c. + Fe(n,) —
ue - Vcg. With this notation, the second equation of (2.2.8) can be rewritten in com-
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ponent form as
Cor — ACy = ge. (2.4.103)

Case % < a < 5: Observe that

1.
5

<

4
3 3 73

60 + 2 10} 1 1

< min for- <a < —.
3 2

&1

Thus, recalling (2.4.29), (2.4.32) and (2.4.86) and applying Holder’s inequality, we
conclude that, for any ¢ € (0, 1), g, is bounded in Li(.Q x (0, T)), and we may
invoke the standard parabolic regularity theory to (2.4.103) and infer that (¢, )¢e(0,1 15
bounded in L ((0, T); W3 (£2)). Hence, by virtue of (2.4.88) and the Aubin-Lions
lemma, we derive the relative compactness of (c¢)ee(0,1) in Li (0, T); Wl'%(.Q)).
We can pick an appropriate subsequence that is still written as (&) jen such that
Ve, — z1in Lg(.Q x (0, T)) for all T € (0, c0) and some z; € L%(Q x (0, T))
as j — oo. Therefore, by (2.4.88), we can also derive that Ve, — z; ae. in £2 x
(0, 00) as j — oo. In view of (2.4.97) and Egorov’s theorem, we conclude that
z1 = Ve and hence (2.4.95) holds. Next, we pay attention to the case + < a < 1: By

2
straightforward calculations, and using relation 1

;3 <a< 1, one has

5 5 . [ 10 10
- < —<mn{——, —;.
4 3 3°3

Consequently, based on (2.4.30), (2.4.32) and (2.4.86), it follows from Holder’s
inequality that

Cet — Ace = g is bounded in L%(.Q x (0,T)) forany ¢ € (0,1). (2.4.104)

Employing almost exactly the same arguments as in the proof of the case % <a < %,

and taking advantage of (2.4.104), we conclude the estimate (2.4.97). The proof of

case o > 1 is similar to that of case % <a< %, SO we omit it.
In the following proof, we shall prove that (n, ¢, u) is a weak solution of problem

(2.1.3) in Definition 2.1. In fact, by o > % we conclude that
r>1,

where r is given by (2.4.92). Therefore, with the help of (2.4.92)—(2.4.94) and
(2.4.96)—(2.4.98), we can derive (2.2.3). Now, by the nonnegativity of n. and c,,
we obtain n > 0 and ¢ > 0. Next, from (2.4.98) and V - u, = 0, we conclude that
V.u=0ae. in 2 x (0, c0). However, in view of (2.4.83), (2.4.84) and (2.4.85),
we conclude that

neF.(ng)Se(x, ng, ce)Vee = 22in L'(2 x (0, T)) (2.4.105)
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ase =¢; \(Oforeach T € (0, o), where r is given by (2.4.92). However, it follows
from (2.1.4), (2.2.10), (2.4.2), (2.4.92), (2.4.94) and (2.4.95) that

ngFg/(ng)Sa(x, ne, ce)Vee — nS(x,n,c)Veae.in 2 x (0,00) as e = g; \{ 0.
(2.4.106)
Again by Egorov’s theorem, we gain z, = nS(x, n, c)Vc, and therefore (2.4.105)
can be rewritten as

nSFE/(nE)SE(x, ng, c)Vee, = nS(x,n,c)Vein L™ (2 x (0, T)) (2.4.107)

ase =¢; \( 0 foreach T € (0, 00), which together with » > 1 implies the integra-
bility of nS(x, n, c)Vc in (2.2.4) as well. It is not difficult to check that

20 + 2 1 8
M >1lif- <o < —,
o+ 1 3 21
103 1 1
$>1ifi<a§_’
9 +2) 21 2

10

1
>1lif - <a<1.

Thereupon, recalling (2.4.83), (2.4.84) and (2.4.85), we infer that, for each T €
(0,00), when e = ¢; (0,

2042 1 8
2 if - <o < —,
atl 3 21
10Ba+1) . 8
Notty — z3in L7 (2 x (0, T)) with 7 = 9%+2) 2L 72 24.108)
—aif—<a<1,
3a+1) 2
5
2ifa>1.
3

(2.4.108) together with (2.4.92) and (2.4.96) implies
ngug, — nu a.e.in £2 x (0,00) as e = g; \( 0. (2.4.109)

(2.4.108) along with (2.4.109) and Egorov’s theorem guarantees that z3 = nu, where-
upon we derive from (2.4.108) that
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2a+§ 1 8
if- <o <—,
at1 3 21
103+ 1) . 8 1
) —if— <o < -,
ety — nuin L' (2 x (0, T)) with7 = { 2@ +2) 21 2 (2.4.110)

100 .. 1
3w+ 1) 2

5
—ifa>1
3

ase =¢; \(0, foreach T € (0, 00).
As a straightforward consequence of (2.4.94) and (2.4.96), it holds that

Celly —> cu in L}OC([_Z x (0,00)) ase =¢; (0. 24.111)

Thus, the integrability of nu and cu in (2.2.4) is verified by (2.4.94) and (2.4.96).

Next, by (2.4.96) and the fact that [|Y.¢ll;22) < ll¢llzg) (¢ € L2(£2)) and
Y. — @ in L?(£2) as £ \( 0, we can get that there exists a positive constant C;
such that, for any ¢ € (0, 1),

1Yeug (-, 1) —u(, t)”LZ(_Q) < Yelug(, 1) —u(, t)]”LZ(_Q) + (1 Yeu(, 1) —u(, l)”LZ(Q)
<llug(, 1) —u(, t)”LZ(Q) + ([ YeuC, 1) —u(, I)HLZ(Q)
—>0ase=1¢; \ O
and 5
1Yot 1) — Gy D12y <(1¥ette G, D2y + G Do)
2
S(”Ms(w D22y + llu(, t)|||L2(Q))
<C;

for all ¢ € (0, 0c0)/N with some null set N C (0, c0), and thus by the dominated
convergence theorem, we can find that

T
/0 I Yeue (-, 1) — u, Dl 2 (g)dt — Oase =¢g; \ O forall T > 0.

Therefore,
([0, 00); L*(£2)). (2.4.112)

2
Youg > uin Lj,,

Now, combining (2.4.96) with (2.4.112), we derive
Yeue ®ue — u @ uin L, (2 x [0,00)) as e = &; \{ 0. (2.4.113)
Therefore, the integrability of nS(x, n, ¢)Vc, nu, cu and u ® u in (2.2.4) is verified

by (2.4.107), (2.4.110), (2.4.111) and (2.4.113). Finally, for any fixed T € (0, 00),
applying (2.4.92), one can get
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T
/ VEaaCo 1)) = n( Dl di
0
T
< f |FanaCo ) = Faln( )l 0 d
0
T
+ / IFo(nC. 1)) — G 1)l di (2.4.114)
0
T
<IN i~ 000) / .G t) = nC D)l o d
0
T
+/ |Fo(nC 1)) = nC, Ol g de
0

where r is the same as in (2.4.92). Besides that, we also deduce from (2.4.3) and
r > 1 that
[ Fe(, 1) —n(, Dl @xo.ry <2 InC, Dl

for each t € (0, T'), which together with (2.4.92) shows the integrability of
IF (-, 1)) = nC, Dl o

on (0, T'). Thereupon, by virtue of (2.4.2), we infer from the dominated convergence
theorem that

T
/ | Fe(n) — n|}r g dt — Oase =g; \ 0 (2.4.115)
0

foreach T € (0, c0). Inserting (2.4.115) into (2.4.114) and using (2.4.92) and (2.4.1),
we can see clearly that

F.(n) > nin L,’DC(S_Z x [0,00)) as e =¢; \( 0. (2.4.116)

Finally, according to (2.4.92)—(2.4.94), (2.4.96)—(2.4.98),(2.4.107),(2.4.110)-(2.4.113)

and (2.4.116), we may pass to the limit in the respective weak formulations associated
with the regularized system (2.2.8) and obtain the integral identities (2.2.5)—(2.2.7).
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Chapter 3 ®)
Chemotaxis—Haptotaxis System oo

3.1 Introduction

Cancer invasion and metastasis are influenced by a plethora of biochemical processes
and involve many biochemical mechanisms, among which chemotaxis and haptotaxis
are two of the main mechanisms directing the migration of cancer cells Chaplain and
Lolas (2005). Evidence has been found that cancer cells release complex enzymes
such as the urokinase-type plasminogen activator (uPA), which degrade the surround-
ing extracellular matrix (ECM), and thereby allow the migration of cells following
the concentration gradient of such diffusive enzymes. This process is referred to as
chemotaxis Chaplain and Lolas (2006). On the other hand, in addition to random
diffusion, the movement of cancer cells is biased toward the gradient of an immov-
able stimulus (density of tissue fiber) by finding matrix molecules such as vitronectin
adhered therein. This process is called haptotaxis Perumpanani and Byrne (1999).

Recently, a variety of mathematical models have been proposed for various aspects
of cancer invasion and metastasis Aznavoorian et al. (1990); Chaplain and Lolas
(2005, 2006); Friedman and Lolas (2005); Gatenby and Gawlinski (1996); Meral
etal. (2015); Szymariska et al. (2009). Gatenby and Gawlinski (1996) used reaction—
diffusion equations to describe the interaction between the density of normal cells,
tumor cells and the concentration of H*-ions produced by the latter. They suggested
that cancer cells up-regulate certain mechanisms, which allow for the extrusion of
excessive protons and hence acidify the environment. This triggers apoptosis of nor-
mal cells and thus allows the neoplastic tissue to extend into the space made available.
Later on, Meral et al. (2015) proposed a population-based micro-macro model for
acid-mediated tumor invasion, which involves the the microscopic dynamics of intra-
cellular protons and their exchange with extracellular counterparts. The continuum
micro—macro models explicitly accounting for subcellular events are rather new,
especially in the context of cancer cell migration Stinner et al. (2014, 2016).

The analytical results on various models of cancer invasion are mathematically
interesting Bellomo et al. (2015); Engwer et al. (2017); Jin (2018); Li and Lankeit
(2016); Litcanu and Morales-Rodrigo (2010b); Morales-Rodrigo and Tello (2014);
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Stinner et al. (2014, 2016); Szymariska et al. (2009); Tao and Wang (2008); Walker
and Webb (2007); Zhigun et al. (2016). From a mathematical point of view, the system
under consideration comprises a strong coupling of reaction—diffusion equations and
an ordinary differential equation (ODE) in two or three space dimensions. Since
ODE corresponds to an everywhere degenerate reaction—diffusion equation and has
no regularizing effect, this amounts to considerable difficulty for the analysis. Indeed,
analytical results on the cancer invasion model are yet quite fragmentary, so far mainly
concentrating on the global existence and boundedness of solutions. For example,
Stinner et al. (2014) proved the global existence of weak solutions to a PDE-ODE
system modeling the multiscale invasion of tumor cells through the surrounding
tissue matrix. Very recently, Engwer et al. (2017) studied the global existence of
weak solutions to a multiscale model for tumor cell migration in a tissue network.
The more detailed answers have been given only in some special cases Hillen et al.
(2013); Litcanu and Morales-Rodrigo (2010b); Tao and Wang (2009); Wang and Ke
(2016).

The first part of this chapter is concerned with the Chaplain—Lolas model of cancer
invasion Chaplain and Lolas (2005, 2006)

U, = Au— xV-uVv) =&V - uVw) + pu(r —u —w), x € 2,t > 0,
oy, =Av—v+u, xe€82,t>0,

w; = —vw+nw(l —w—u), xe2,t>0,

d 0 d 0
—M—XM—U—Eu—wz—vzo, x€df2,t>0,
av ov ov av

u(x,0) =up(x),ov(x,0) = ovg(x), w(x,0) = wo(x), x e

(3.1.1)
in a bounded domain £2 C R" (n = 2, 3) with smooth boundary 92, where d/dv
denotes the outward normal derivative on 952, u denotes the density of cancer
cells, v represents the concentration of the matrix degrading enzyme (MDE) and
w describes the concentration of the extracellular matrix (ECM), respectively; and x
and £ measure the chemotactic and haptotactic sensitivities, respectively. The term
pu(r —u — w) assumes that in the absence of the ECM, cancer cell proliferation
satisfies a logistic law, and n > 0 embodies the ability of the ECM to remodel back
to a normal level. The parameter o may take on the value of 0 or 1. When o = 0, we
are making the simplifying assumption that the diffusion rate of the MDE is much
greater than that of cancer cells, which is supported by evidence Chaplain and Lolas
(2006). Indeed, similar quasi-steady approximations for corresponding chemoattrac-
tant equations are frequently used to study classical chemotaxis systems (see Jiger
and Luckhaus (1992)). As for the initial data (ug, v, wo), we suppose throughout
this section that, for some ¥ € (0, 1),
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ug € CH(2) with ug >0 in 2, ug #0,
Vg € Wl,OO(Q) with vy = 0 in .{2, (3 1 2)

- . 9
wo € C*(£2) with wy >0 in & and % —0 on 8.
v

It is observed that when letting w = 0, (3.1.1) is reduced to the Keller—Segel sys-
tem with logistic source. This chemotaxis-only system has been extensively studied
by many authors during the last decades. In this context, the particular attention
focuses on the question of whether the solutions of the models are bounded or blow-
up (see, e.g., Cieslak and Stinner (2012), Cieslak and Winkler (2008), Ishida et al.
(2014), Painter and Hillen (2002) and Winkler (2008, 2010a, 2011b)). In particu-
lar, solutions may blow up in finite time when n > 2, u = 0 Herrero and Veldzquez
(1997); Nagai (2001). It is known that arbitrarily small u > O guarantees the bound-
edness of solutions when n = 2 Osaki et al. (2002), while when n > 3, appropri-
ately large u (compared with the chemotactic coefficient ) is required to exclude
unbounded solution Winkler (2010a). It is still unknown whether finite-time blow-up
may occur if u > 0 is small, though global weak solutions are known to exist and
will become smooth after some time Lankeit (2015). On the other hand, the nonlinear
self-diffusion of cells may prevent blow-up of solutions Cie$lak and Winkler (2008);
Ishida et al. (2014); Wang et al. (2014).

When x =0, (3.1.1) becomes the haptotaxis-only system. For x = u =n=
0, 0 = 1, the local existence and uniqueness of classical solutions have been shown
in Morales-Rodrigo (2008). The global existence and asymptotic behavior of weak
solutions have been proven in Litcanu and Morales-Rodrigo (2010b); Marciniak-
Czochra and Ptashnyk (2010); Walker and Webb (2007) when n = 0, and global
existence and uniqueness of classical solutions have been shown in Tao (2011) when
n > 0, respectively.

Note that in contrast of the chemotaxis-only system, haptotaxis-only system and
the chemotaxis—haptotaxis system, the chemotaxis—haptotaxis system with remod-
eling of non-diffusible attractant (1 > 0in (3.1.1)) is much less understood (Chap-
lain and Lolas (2006), Pang and Wang (2017) and Tao and Winkler (2014b)). The
main technical difficulty in their proof lies in the effects of the strong coupling in
(3.1.1) on the spatial regularity of u#, v and w when n > 0. When n = 0, one can
build a one-sided pointwise estimate which connects Aw to v (see Lemma 2.2 of
Cao (2016) or (3.10) of Wang (2016)). Relying on such a pointwise estimate, one
can derive two useful energy-type inequalities which can help us to bypass the term
f o uf ~V . (uVw) (see Lemma 3.2 of Zheng (2017b)). Using such information along
with coupled estimate techniques and the boundedness of the || Vv(:, )| 12(), one
can establish the estimates on |, oul + |Vv|? forany p and ¢ > 1 (see Lemmas 3.3
and 3.4 of Zheng (2017b)), which combined with the standard regularity theory of
parabolic equation and the Moser iteration procedure implies the boundedness of u
in L*°($2) (see Lemma 3.5 of Zheng (2017b)). However, for the model (3.1.1) with
n > 0, one needs to estimate the chemotaxis-related integral term | o’ [Vv|? (see
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(3.28) in Tao and Winkler (2014b)) or [, e~ P D=7 |Vy|? (see (3.8) of Pang and
Wang (2017)) with a := ue™*", which requires much more technical demanding.
In Pang and Wang (2017), assuming that p > &nmax{|lugllz~2), 1} + w(x?, &)
(the hypothesis cannot be dropped (see the proof of Lemma 3.2 of Pang and Wang
(2017))), Pang and Wang (2017) proved that the problem 3.1.1 admits a unique global
solution (u, v, w) € (C%1(£2 x (0, 00)))>. Moreover, u is bounded in £2 x (0, c0).

This chapter consists of three parts. The first part shows the global boundedness
of classical solutions to the chemotaxis—haptotaxis model with any n > 0 (Ke and
Zheng (2018)).

Theorem 3.1 Leto >0, x > 0,£ > 0,7 = 1 and n > 0. Assume that 2 C R? is
a bounded domain with smooth boundary and the initial data (ug, vy, wo) satisfy

i 3
o € C2 (D) with >0 in Q2 and % =0 on 482,
v

i} 9
vo € CT(2) with vy > 0 in 2 and % =0 on 92,
v

249 1 S . S5 dwo
wy € C (.Q)wzthwoZOm.Qanda—=00n8.Q
v

with some ¥ € (0,1). If u > 0, then there exists a triple (u,v, w) € (CO82 x
[0, 00)) x C*1(£2 x (0, 00)))® which solves (3.1.1) in the classical sense. More-
over, u and v are bounded in 2 x (0, 00).

Remark 3.1 (i) If w = 0, it is not difficult to obtain that the solutions under the
conditions of Theorem 3.1 are uniformly bounded when n = 2, which coincides
with the results of Osaki et al. (2002).

(i1) From Theorem 3.1, it follows that solutions of model (3.1.1) are global and
bounded for any n = 0, © > 0 and n < 2, which coincides with the result of Tao
(2014).

The second part of this chapter is devoted to the integrative interactions of chemo-
taxis, haptotaxis, logistic growth and remodeling mechanisms, and establishes the
global existence of classical solutions to the chemotaxis—haptotaxis model (3.1.1)
with the remodeling of the ECM. It is noticed that the authors of Tao and Winkler
(2014b) made appropriate use of the dampening effect of —nuw in the third equation
of (3.1.1) to derive an energy-like inequality, which yields an a priori estimate of
/, o uInu in bounded time intervals. The latter is the starting point for a bootstrap
argument used to derive higher regularity estimates. In this part, thanks to the variable
transformation a = ue 5" (Tao and Wang (2009, 2008); Tao and Winkler (2014b)),
making use of the damping effect in the first equation of cancer cells, one derives a
priori estimate of f o uInu forall time ¢ > 0 and thus proves the global boundedness
of solutions thereof rather comprehensively. The result in this respect is the following
(Pang and Wang (2018)).
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Theorem 3.2 Let 2 C R? be a bounded smooth domain, and suppose that y >
0, >0,n>0andu > 0. Then for any r > 0, the problem (3.1.1) admits a unique
global classical solution (u, v, w), where ||u(-, t)| =) is uniformly bounded for
t € (0, 00).

The key step of our analysis of (3.1.1) consists of identifying a certain dissipative
property of the functional [, ¢“a* witha = 5" u. Indeed, we shall see in Lemma
3.17 below that a certain variant thereof satisfies an inequality of the form

d 1 ,

Z a2 4 = /Q fva? < c(||Av||i2(_Q) + ||a||i2(9)) f 42 4 c(e)
with some ¢ > 0, c(¢) > 0 for any ¢ > 0 (see (3.4.17)), whereupon Lemma 3.5 will
provide the bound of | o u?, which provides a starting point for the higher regularity
estimates of solutions. On the other hand, in the case of o = 0, the key step in our
proof of theorem is to identify

d
Ewalna—i——/ eévalna
dt
1.
<ec(|AvIa g + 1901 0) [ alna (3.13)

+ e Av]122 ) + IV0I20)) + c(e)

with some ¢ > 0, c(¢) > 0 for all ¢ > 0, which along with Lemma 3.5 enables us to
obtain an a priori estimate for u in the space L log L($2) for all time. Notice that in
the two-dimensional space, the global boundedness of solutions (p, ¢, w) to a tumor
angiogenesis model was established in Morales-Rodrigo and Tello (2014) if the initial
data wy of the fibronectin concentration satisfies either wy > lor |[|wg — 1| =2y < 6
with some § > 0. It should be mentioned that by the estimate technique above, one
can remove the extra assumption on wy.

In the three-dimensional setting, the problem of the global existence of solutions
to (3.1.1) seems to be more delicate. Indeed, the only result that we are aware of
is presented in the recent paper Bellomo et al. (2015), where a certain global weak
solution was constructed for (3.1.1) with o = 1. To the best of our knowledge, the
existence of global classical solutions to (3.1.1) is still open. As mentioned previously,
some weak solutions to the three-dimensional chemotaxis system including logistic
growth eventually become classical solutions after some waiting time when smallness
conditions on the growth rate of the cells are imposed Lankeit (2015); Winkler (2008).
A natural question is whether the chemotaxis—haptotaxis system (3.1.1) possesses
global classical solutions under some smallness conditions. Our result in this direction
is as follows (Pang and Wang (2018)).

Theorem 3.3 Let 2 C R? be a bounded convex domain with smooth boundary
and x >0, >0, n>0 and > 0. For any given wy, there exist a constant
ro = ro(i, |21, llwollL=(2)) > 0 and appropriate small ||uo|| 122y and ||vollwi+2)
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such that the problem (3.1.1) possesses a unique global classical solution (u, v, w)
provided that r < ry.

Relying on the mass evolution of solutions to (3.1.1), the quantity | o a*(t) +
/, o |[Vu(t)|* is shown to satisfy an autonomous ordinary differential inequality, and
thereby is bounded whenever r > 0 and initial data are suitably small by the com-
parison argument of the corresponding ordinary differential equation. This serves as
a starting point for the bootstrap procedure to yield a bound for a in L*°(£2).

As a physiological process, angiogenesis involves the formation of new capillary
networks sprouting from a pre-existing vascular network and plays an important role
in embryo development, wound healing and tumor growth. For example, it has been
recognized that capillary growth through angiogenesis leads to the vascularization of
a tumor, providing it with its own dedicated blood supply and consequently allowing
for rapid growth and metastasis.

The process of tumor angiogenesis can be divided into three main stages (which
may be overlapping): (i) changes within existing blood vessels; (ii) formation of
new vessels; and (iii) maturation of new vessels. Over the past decade, a lot of work
has been done on the mathematical modeling of tumor growth; see, for example,
Anderson and Chaplain (1998b); Bellomo et al. (2015); Chaplain and Lolas (2005,
2006); Li et al. (2015); Stinner et al. (2015, 2016) and the references cited therein.
In particular, the role of angiogenesis in tumor growth has also attracted a great
deal of attention; see, for example, Anderson and Chaplain (1998a); Chaplain and
Stuart (1993); Levine et al. (2001); Paweletz and Knierim (1989); Sleeman (1997)
and the references cited therein. For example, in Levine et al. (2001), a system
of PDEs using reinforced random walks was deployed to model the first stage of
angiogenesis, in which chemotactic substances from the tumor combine with the
receptors on the endothelial cell wall to release proteolytic enzymes that can degrade
the basal membrane of the blood vessels eventually.

The third part of this chapter considers a variation of the model proposed in
Anderson and Chaplain (1998b), namely

p,:Ap—V-p(lj_ Ve + pVw) + Ap(1 — p), xe2,t>0,
c

¢ = Ac — ¢ — upc, xeNR,t>0,
w, = yp(l —w), xef2,t>0,
ap o dc ow ac

£ _ — —)=— =0, €082,t >0,
ov p(1+c8v+p8v) ov o ~
p(x,0) = po(x), c(x,0) =co(x), wlx,0) =wo(x), x €2,

3.14)
in a bounded smooth domain £2 C RY(N = 1, 2), where, in addition to random
motion, the existing blood vessels’ endothelial cells p migrate in response to the
concentration gradient of a chemical signal ¢ (called Tumor Angiogenic Factor, or
TAF) secreted by tumor cells as well as the concentration gradient of non-diffusible
glycoprotein fibronectin w produced by the endothelial cells Morales-Rodrigo and
Tello (2014). The formerly directed migration is a chemotactic process, whereas



3.1 Introduction 133

the latter is a haptotactic process. In this model, it is assumed that the endothelial
cells proliferate according to a logistic law, that the spatio-temporal evolution of
TAF occurs through diffusion, natural decay and degradation upon binding to the
endothelial cells, and that the fibronectin is produced by the endothelial cells and
degrades upon binding to the endothelial cells.

For the remainder of this chapter, the initial data are assumed to satisfy

(po, co, wo) € (C**P(£2))? is nonnegative for some B € (0, 1) with py # 0,

dpo a  dcy dwy dco
_— = — —)=—=0.
ov p0(1+c0 av +'08v) av

(3.1.5)

The third part focuses on the global existence and asymptotic behavior of classical

solutions to (3.1.4). Let us look at two subsystems contained in (3.1.4). The first is
a Keller—Segel-type chemotaxis system with signal absorption:

= Ap —V -(pVe)+ ip(l — p), €e,r>0,
{I’z P (pVe) +ap( —p) x > (3.16)

¢ = Ac — pe, xef2,t>0.

Itis known that, unlike the standard Keller—Segel model, (3.1.6) with > = 0 possesses
global, bounded classical solutions in two-dimensional bounded convex domains for
arbitrarily large initial data; while in three spatial dimensions, it admits at least global
weak solutions which eventually become smooth and bounded after some waiting
time Tao and Winkler (2012c). In the high-dimensional setting, it has been proved
that global bounded classical solutions exist for suitably large A > 0, while only
certain weak solutions are known to exist for arbitrary A > 0 Lankeit and Wang
(2017).

Another delicate subsystem of (3.1.4) is the haptotaxis-only system obtained by
letting « = 0 in (3.1.4):

pr = Ap — pV-(pVw) + Ap(l — p), x € 2,t>0,
w; =yp(l —w), xe 2, t>0.

Here, since the quantity w satisfies an ODE without any diffusion, the smoothing
effect on the spatial regularity of w during evolution cannot be expected. To the best of
our knowledge, unlike the study of chemotaxis systems, the mathematical literature
on haptotaxis systems is comparatively thin. Indeed, the literature provides only some
results on global solvability in various special models, and the detailed description
of qualitative properties such as long-time behaviors of solutions is available only in
very particular cases (see, for example, Corrias et al. (2004); Litcanu and Morales-
Rodrigo (2010b, a); Marciniak-Czochra and Ptashnyk (2010); Tao (2011); Tao and
Winkler (2019a); Walker and Webb (2007); Winkler (2018b)).

More recently, some results on global existence and asymptotic behavior for cer-
tain chemotaxis—haptotaxis models of cancer invasion have been obtained (see, for
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example, Li and Lankeit (2016); Pang and Wang (2017, 2018); Stinner et al. (2014);
Tao and Winkler (2014b, 2015a); Wang and Ke (2016)). Particularly, Hillen et al.
(2013) have shown the convergence of a cancer invasion model in one-dimensional
domains, and the result has been subsequently extended to higher dimensions Li and
Lankeit (2016); Tao and Winkler (2015a); Wang and Ke (2016).

In Morales-Rodrigo and Tello (2014), in two spatial dimensions, the authors
showed the global existence and long-time behavior of classical solutions to (3.1.4)
when the initial data (po, co, wo) satisfy either wog > 1 or ||lwy — 1||z~(2) < 6 for
some § > 0 (see Lemma 5.8 of Morales-Rodrigo and Tello (2014)). Generalizing
this result, our first main result establishes that, for any choice of reasonably regular
initial data (pg, co, wo), the L*-norm of p is globally bounded. This is done via an
iterative method (Pang and Wang (2019)).

Theorem 3.4 Let o, p, X, i and y be positive parameters. Then for any initial
data (py, co, wo) satisfying (3.1.5), the problem (3.1.4) possesses a unique classical
solution (p, ¢, w) comprising nonnegative functions in C(£2 x [0, 00)) N CEH(2 x
(0, 00) such that || p(-, )| L=y < C forallt > 0.

Next, we investigate the asymptotic behavior of solutions to (3.1.4). Under an
additional mild condition on the initial data wg, we will show that the solution
(p, ¢, w) converges to the spatially homogeneous equilibrium (1, 0, 1) as time tends
to infinity (Pang and Wang (2019)).

Theorem 3.5 Leta, p, A, i and y be positive parameters, and suppose that (3.1.5)

is satisfied and wy > 1 — —. Then the solution (p, c, w) € C(£2 x [0, 00)) N C%!
_ P

(82 x (0, 00) of (3.1.4) satisfies

Ill}{.lo lpC, 1) = @) + lleC, Dllwrzey + lw, 1) = @y =0  (3.1.7)

for any r > 2. In particular, if N = 1, then for any € € (0, min{\{, 1, y, A}) there
exists C(€) > 0 such that

IpC, 1) = Ulpx(a) < Ce)e” MinthrLy-A=ar, (3.1.8)
leC, ) lwiaegy < C(e)e™ 179", (3.1.9)
lw, 1) — 1wz < Cle)e” V™", (3.1.10)

where Ay > 0 is the first nonzero eigenvalue of —A in §2 with the homogeneous
Neumann boundary condition.

The main mathematical challenge of the full chemotaxis—haptotaxis system is the
strong coupling between the migratory cells p and the haptotactic agent w. This
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strong coupling has an important effect on the spatial regularity of p and w. In
fact, the lack of regularization effect in the spatial variable in the w-equation and
the presence of p therein demand tedious estimates on the solution. The key ideas
behind this result are as follows.

As pointed out in Tao and Winkler (2015a), the variable transformation z :=
pe ”" plays an important role in the examination of global solvability for the full
chemotaxis—haptotaxis model in the two- and higher dimensional setting. However,
due to the presence of the additional chemotaxis term in our model, this approach
is not directly applicable to our problem. Instead, in the derivation of Theorem
3.4, we introduce the variable transformation g := p(c + 1)"%e~"" as in Morales-
Rodrigo and Tello (2014), and thereby ensure that g (-, 7) is bounded in L"(£2) for
any finite n (see Lemma 3.27). It is essential to our approach to derive a bound
for [, > + [ [, 1Vq*"|* from the bound of ['7" [, ¢*" (m =1,2,...) by
making appropriate use of (3.5.3)—(3.5.4) in Lemma 3.26 (see (3.5.7) below).

3.2 Preliminaries

Before formulating our main results, we recall some preliminary lemmas used
throughout this chapter. Some basic properties of solution can be found in Horstmann
and Winkler (2005) (see also Winkler (2010), Zhang and Li (2015b)).

Lemma 3.1 (Horstmann and Winkler (2005)) For p € (1, 00), let A :== A, denote
the sectorial operator defined by

3
A= —Au forall ue D(A,) = {p e Wz'p(9)|a—¢)|ag —0).
V

The operator A + 1 possesses fractional powers (A + 1)*(« > 0), the domains of
which have the embedding properties

1
D((A+ 1)) = WH(Q) if a > .
Ifm e {0,1}, p e[l,x]and q € (1, 00) withm —% <20 — g, then we have

lullwnri2) < CIA + D¥ullpa() forall u € D((A+ 1%,

where C is a positive constant. The fact that the spectrum of A is a p-independent
countable set of positive real numbers 0 = ky < k| < k < - - - entails the following
consequences: forall 1 < p <q <ooandu € LP(82), it has

gl _1 _
1A + D% Mull oy < et 25 0N u o)

foranyt > 0and o > 0 with some k > 0.
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In deriving some preliminary estimates for v, we shall make use of the following
property referred to as a variation of Maximal Sobolev Regularity.

Lemma 3.2 (Hieber and Priiss (1997, Theorem 3.1) Li and Wang (2018, Lemma
2.2)) Letr € (1, 00) and k > 0; consider the following evolution equation:

hy = Ah —kh+ f, (x,1) e 2 x(0,T),
Vh-v=0, (x,t) €082 x (0, T), 3.2.1)
h(x,0) = ho(x), x € £2.

Then for each hy € W2 (2) with Vhy-v =0 on 982 and any f € L"((0,7),
L" (£2)), (3.2.1) admits a unique mild solution h € WL (0, T); L™ (2))N
L ((0, T); W" (.Q)). Moreover, for any ¢ € (0, k], there exists C, > 0 such that

T T
[ el s < ¢, (f em||f(-,S)||’Lr(g)dS+(||ho(~)||’{4/z,r(9))>~
0 0

(3.2.2)

Let us also recall the well-known Gagliardo—Nirenberg inequality Friedman
(1969); Tao and Wang (2009).

Lemma 3.3 Ler 2 C R” be a bounded domain with smooth boundary. Let [, k be
any integers satisfying 0 <l <k, 1 <q,r < ocoand p € RT, é < 6 < 1 such that

1-6

r

l 1k
——=0(=—= )+ (3.2.3)
n q n

1
p
Then there are positive constants Cgy and Cy depending only on $2,q,k,r and n

such that for any function ¢ € W54(2) N L"(R2),

IV'@llLria) < CGN||Vk¢”iq(_(2)||(p”i709) + CillellLr ) (3.2.4)

with the following exception: If | < q < ocoandk —1 — 3 is a nonnegative integer,
then we assume that (3.2.3) holds for 0 satisfying é <6 <l1l,r>1.

To estimate [, a* + [, |Vv|* with @ = ¢ ¥"u in the proof Theorem 3.3, we
will have to get a handle on |, o [Vv|® and |, 2 a’. The above Gagliardo-Nirenberg
inequality enables us to replace them by more convenient terms.

Lemma 3.4 Let 2 C R? be a bounded domain with smooth boundary. For any
e > 0, there are C(¢) > 0 and C, > 0 such that for any v € C*(2)

3 3
/le|6§s/ IVIVu]? > + C(e) ((/ |Vv|4> +</ |Vv|4> ) (3.2.5)
2 2 2 2

and for any a € W2(£2)
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3 3
/a3§8/ |Val? + C(¢) (/ a2> +C </ a> ) (3.2.6)
2 2 2 2

Proof We would like refer the reader to Lemma 4.3 of Lankeit (2015) for (3.2.5)
and (2.7) with y = 2 of Winkler (2008) for (3.2.6), respectively.

The following statement generalizing that of Lemma 3.4 in Stinner et al. (2014)
plays an important role in the proofs of Lemmas 3.17 and 3.22 below.

Lemma 3.5 Let T € (0,0],0 < t < T and suppose that y is a nonnegative abso-
lutely continuous function satisfying

V(@) +a@®)y) <b@)y@) +c(t) fora.e.t € (0,T) 3.2.7)

with some functions a(t) > 0,b(t) > 0,c(t) > 0anda, b, c € L}OC(O, T) for which
there exist by, c; > 0 and p > 0 such that

t+1 t+t
sup / b(s)ds < by, sup / c(s)ds < c;
t t

0<t<T-t 0<t<T-1
and
t+t 1+
/ a(s)ds —/ b(s)ds = p forany t e (0,T —1).
t t
Then
2b,
b cie b
y(@) < y(0)e™ + i +cie” forall t € (0,T).
—e

Proof From (3.2.7) and a comparison argument, we obtain that forany 7 < < T,

t
y(t) <y(t — 7)el®—alnds o / c(s)el b@)=a@)do 4 ¢

-1

t
5y(t—f)€7p+/ c(s)el b@1o gg
—T
t

<y(t— ‘l,’)e_/’ +/ C(S)ef,ir b((r)dads

-1

<y(t — 1) +cre.

Hence, taking r = k7 (k = 1,2,...,[L]), we have



138 3 Chemotaxis—Haptotaxis System

y(kt) <y((k — D1)e ™ + cre”
<e P(y((k —2)1)e " 4+ cie?) + c1e”

= y((k —2)1) + e Pcre” + ™
k-1
=e*y(0) + c1e” Z e iP
j=0
cleb‘

=y + /-

1

Now for any given € (0, T) > 0, we can fix k € N such that kt <7 < (k+ )7,
i.e., k =[£], and thus get

t
y(t) <y(kr)ef[,<b<s>fa<s>>ds+/ c(s)el bl@)=at@)do 4
kt

t
Sy(kr)efk'rb(s)ds +/ C(S)ef;b(zr)d(rds
kt
<ykt)e’ +cre”
2b;

Sy(O)eb‘e_[f]p + +cre.

ce
1—e"

Apart from the asserted results in Lemma 3.2, we also need some fundamental
estimates for the inhomogeneous linear heat equation

vy=Av—v+u, xe€2,t>0,
9
8—”:0, X eI, t>0, (3.2.8)
v

v(x,0) =vo(x), xe€ £,

which can be derived from a standard regularity argument involving the variation-
of-constants formula for v and L? — L? estimates for the heat semigroup (see
Horstmann and Winkler (2005) for instance).

Lemma 3.6 Ishida et al. (2014, Lemma 2.1) Yang et al. (2015, Lemma 2.2) Let T >
0,1<p<oo,veLP(R)anduc L' (0, T; LP(2)). Then (3.2.8) has a unique
mild solution v € C([0, T]; L?(82)) given by

t
v(t) = e ey +/ e 179092y ($)ds  forall t €0, T),
0

where e'? is the semigroup generated by the Neumann Laplacian. In addition, let 1 <
qg<p< n"fq, vy € WhP(2)andu € L>®(0, T; LI(2)). Then for everyt € (0, T),

lv@llLr2) < llvolleey + c2llullLoqo,1y;L0(2)) (3.2.9)
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IVv@)llLr2) < IIVollLre) + c2llullLeo,m);L02)) (3.2.10)

where ¢, is a positive constant depending on p, q and n.
The following statement can be found in Appendix A of Tao and Winkler (2014b).

Lemma 3.7 Tuao and Winkler (2014b, Lemma A.3 and Lemma A.4) Let 2 C R? be
a bounded domain with smooth boundary. Then for all M > 0, there exist constants
a > 0, B > 0 depending only upon M such that for any nonnegative function u €
L*(2) and [, u < M, the solution v of

—Av+v=u, xe€S2,

v (3.2.11)
— =0, xR
av
satisfies
f |Vv|2—|—/ [v)? 505/ ulnu + B. (3.2.12)
2 2 2

3.3 Global Boundedness of Solutions
to a Chemotaxis—Haptotaxis Model

In some parts of our subsequent analysis, we introduce the variable transformation
(see Tao and Wang (2009); Tao and Winkler (2011, 2014b), Pang and Wang (2017))

a=ue v, 3.3.1)

upon which (3.1.1) takes the form

a; = 50V . (5 Va) — xe EVV - (EYa V) + Eqvw

+a(u—&enw)(1 —ef%a — w), xef,t>0,
vy =Av+aef? — v, xe€eNR,t>0,
w,:—vw—o—nw(l—aeéw—w), xeR,t>0,
0 0
9a %% _y, x€dR,t>0,
v v

a(x, 0) :=ag(x) = ug(x)e 50 v(x,0) = vo(x), w(x, 0) = wo(x),  x € L.
(3.3.2)

The following lemma deals with local-in-time existence and the uniqueness of a
classical solution for the problem (3.1.1).

Lemma 3.8 (Pang and Wang (2017)) Assume that the nonnegative functions uy, vy,
and wy satisfy (3.3.2) for some ¥ € (0, 1). Then there exists a maximal existence
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time Tpqx € (0, 0o] and a triple of nonnegative functions

a e C'2 x [0, Tyax)) N CH'(2 x (0, Truar)),
v e CY82 x [0, Tax)) N C* (82 x (0, Thuar)),
w e CHN(2 x [0, Thar)),

which solves (3.3.2) classically and satisfies

0<w < p:=max{l, [wollz=i@) in 2 x (O, Tyua)- (3.3.3)
Moreover, if Tyyax < 400, then

laC, OllLe@) + IVw(, Dllse) — 00 as t /7 Tyax. (3.3.4)

In this subsection, we are going to establish an iteration step to develop the main
ingredient of our result. Firstly, based on the ideas of Lemma 3.1 in Pang and Wang
(2017) (see also Lemma 2.1 of Winkler (2010a)), we can derive the following prop-
erties of solutions of (3.1.1).

Lemma 3.9 Under the assumptions in Theorem 3.1, we derive that there exists a
positive constant C such that the solution of (3.1.1) satisfies

/ u(x,t)—l—/ vz(x,l)+/ IVu(x,t)|> < C forall t € (0, Tpay).
2 2 2
Lemma 3.10 Let

1 5+ 1 5(6 —1
ERESLICIL

BEES R 2

Ay 171 C7C1

and H(y) =y + Ay~ for y > 0. For any fixed § > 1, C7, x, Cs41 > 0,

88 —1x?

min H(y) = X (CrCs) .
y>0 2

Proof 1tis easy to verify that H'(y) = 1 — A;8y ™%~ and H’((A18)5J+l) = 0. On the
other hand, lim,_, o+ H(y) = 400 and lim,_, o, H(y) = +00. Hence, we have

) G 81y 0
min H(y) = H[(A8)"] :T(C7C6+l)”"

whereby the proof is completed.

—1)y?
Lemma 3.11 Let h(p) = % - M(QCPH)# —(p — Dénp, where

p=LE& x,n, p,u, C;and Cpyy are positive constants. Then there exists a positive



3.3 Global Boundedness of Solutions to a Chemotaxis—Haptotaxis Model 141

constant py > 1 such that
h(po) > 0. (3.3.5)

Proof Since h(1) = % > 0, from the continuity of 4 it follows that for each u > 0,
there is some pg > 1 such that (3.3.5) holds.

According to the local existence results_ in Lemma 3.8, for any fixed s € (0, Tj4x),
it yields (u(-, s), v(, s), w(-, 5)) € (C*(£2))>. Therefore, without loss of generality,
we can assume that there exists a constant 8 > 0 such that

luollc2zy = B: Nlvollc2qzy = B and [wollcxgy < B- (3.3.6)

Lemma 3.12 Let u, x,n and & be the positive constants. Assume that (a, v, w)
is a solution of (3.3.2) on (0, Tyux). Then there exists a positive constant C =
C(po, 1821, i, x, &, n, B) such that

/ a™x,t)dx < C forall t € (0, Tyay), 3.3.7)
2

where po > 1 is the same as in Lemma 3.11.

Proof By using (3.3.2) and integration by parts, we get
d - o
— eva” + (po+ 1) W gbo
dt Jo o
:%‘/ efwapo A—vw 4+ pw(l — aeé?w —w)}
2
+ Po/ eEVahl (e (5 Va) — xeFVV - (5P aVv))
7]
+ agvw 4 a(p — Enw)(1 — ae®™ — w)} + (po + 1)f WP
o)
=—po(po — 1)/ e a™2|Val* + po(po — I)X/ Evgh-lyg . vy 33-8)
$2 2
o= [ Eramow
o)
+/ EYal {(po+ 1) + (po — DEnw(w — 1) + pou(l — w)}
f7)

+ / e*al  (po — DENW — poul
2

=N+ h+ I+ Js+ Js forall t € (0, Thay).

Now, in light of (3.3.3), (3.3.4) and the Young inequality, we derive that
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1 1\ Po
Is 581[ ezswapo+1+7(gl Pt ) [(po—US]”O“f Sw(=po) ,po+1
2 2

po+1 PO
1 1)\ —Po
<e; / ekwgpotl L~ (M) [(po — 1)$]P0+1 / UPO+1’ 3.3.9)
2 po+1 Po 2

Ja <[(po + 1) + (po — DENP? + popl /Q EWaPo

5(po4-IHI-%Snp24-M]/;e§waP° (3.3.10)

1 1 —Po
582/ Hwapotly (L”O+ )> (po + DPOFUL + gnp? + )P0t @
2 po+1 Po

as well as

k;/ﬁwmmm—mW—mmmmnemmm
2

and

-1 —1
J2SP0(P0 )/ egwap0_2|va|2+ Po(po )X2/ egwap()'Vv'z
2 Q 2 2

SPO(pO - 1) f eEwap072|Va|2 =+ )\'()\/ e2$wapo+1
2 2 2
_ +1
1 (/\o(Po+ 1)> P [Po(Po— 1))(2}'70 / (=P8 7 2P0+ 1)
po+1 Po 2 Q
(3.3.11)

S—Po(po — 1)/ e ar % Val? +ko/ eXvartl
2 o Q

1 (XO(PO + 1)>_PO |:P0(Po - 1))(2T0+1 / |V 2ot D)
po+1 Po 2 2

with any small positive constants &, &, and Ag.
Inserting (3.3.9)—(3.3.11) into (3.3.8), we derive that

d
dt Jo

+ (po+ 1)/ evabo +/ e*ar  pop — &1 — &2 — Ao — (po — DéEnp]
2 2

- 1 (Ao(po+ 1)),p0[l70(l70— 1)X2]p0+1/ |V [2Po+D
po + 1 Po 2 2

+Ci(e1, &) forall t € (0, Thpay),

esvaho

(3.3.12)

where
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1 &(po+1) _
Ci(er,e2) 1 = (RO o (py + 1)1+ Enp? + )Pt |2
po+1 Do
1 1
EPED ), - g fo
po+1 Do 2

(3.3.13)

Next, from Lemma 3.9, n = 2 and the Gagliardo—Nirenberg inequality, it follows
that

lv(, )Ly < Ca forall t € (0, Thax)- (3.3.14)

This along with (3.3.13) follows

Ci(e1, 82) <Cs(ey, €2)

1
= (e x Py )P g 2]
po+1 Do
+1
+C (&1 x 22y =mp(py — g
po+ 1 Po

From this and (3.3.12), we also obtain

d

_/ EvaP + (po + 1)/ eV aho

dt Q 2

+ / e*Pa* [pop — &1 — 2 — ho — (po — D&nP]
Q2

<t o@Dy PP =D 2y [ rovpy
po+1 Do 2 2
+ Csz(g1, &) forall t € (0, Tax)-

Then for any t € (0, T;,4x), by means of the variation-of-constants representation for
the above inequality, we can estimate

/ ear (-, 1) + [pop — &1 — €2 — Ao — (po — Dénp]

2
t
. / / e~ (Po—=D(=5) ,26w ; pot]
0 J2

Sf ul + 1 ()»O(Po-l-l)),po[Po(Po— 1)X2]p0+1 (3.3.15)
2 po+ 1 Po 2

t
f /e—(po—l)(t—s>|vv|2<po+1>
0 J2

+ Cs(gy1, &) forall t € (0, Tpyax)-

Next, according to the Gagliardo—Nirenberg inequality, (3.3.14) and Lemma 3.9, we
can choose C4 and Cs such that
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2(pot1) pot+1 pot+1
IVOC, OIS o) CallvCy ) e o) IVVE 9175 5216
1 3.

<Cs[lv(, $)lyayer gy forall 1 € (0, Ta)-

Therefore, with the help of (3.3.16), applying (3.2.2) of Lemma 3.2 with y = py + 1,
we obtain

1 ()»o(Po + 1))_,,0[170(P0 - 1)X2]p0+1 ft/ ¢~ (P D=5 |73y 2P0t D
po+1 Do 2 0 Je
L do(po+1) _, po(po—1) L po—1)(t—s
<7 1( - Y~Po[ > Xz]poJrlCS/O e~ (Po—D( ‘)||v("s)||lv)‘9;rpt>+‘(9)
L ho(po+1D _,  po(po—1 5,044
CsC
0+1( o ) [ > x°] 5C pot1
/ / (o= t=9) 4
1 A 1
+1( O(p0+ )) po[pO(pO2 ) ]pO_HCSC g(p0_1) (3317)
~ po
/ / (o=t 2wt |
L dolpo+1D _p popo—1 501
c,C
0+ 1( Do ) [ ) ] 7% po+1
/ / —(po—D)(t—s) Zéw P0+1+C6
forall ¢t € (0, T,,,.x), Where
L do(po+1) _, po(po—1)
Co = oy : ;0 )P CSCpp ol
and
Cy; = Cseg(po_l).
Substituting (3.3.17) into (3.3.15), we derive
/ e"al (-, 1) + [pop — &1 — &2 — o — (po — D&np]
fo)
/t/ e—(po—l)(t—S)e.ZEwamH
0 Je
(3.3.18)
I 2o(po+1), _, po(po—1)
S170 + 1( Po 7l 2 Xz]p0+lc7cpo+l

t
f /e*@O*l)(’*”e%wam“ + Cs(e1, &) forall ¢ € (0, Tan),
0 J



3.3 Global Boundedness of Solutions to a Chemotaxis—Haptotaxis Model 145

where Cg(eq, &) := Cz(e1, &2) + C¢. Choosing Ao = (Alpo)!’oﬁ in (3.3.18) and
using Lemma 3.10, we derive

(po — x> T
[ eEmarocn +tpou = e — e = PP ZDE (€10 )T = (o D

2
/'/ o= (Po—D)(t=s) 26w po+1 (3.3.19)
0 J
<Cg(e1,&2) forall ¢ € (0, Tinax).

Now, for the above positive constants ., x, & and 1, due to Lemma 3.11, it has

_ po(po— 1)

2
X L PoM
Dol 5 (C7Cpyr1) 0% — (po — Dénp > - > 0,

thus one can choose ¢; and ¢, appropriately small (e.g., & = &, = %) such that

po(po— 1)

2
X e
0<er+e& < pop — 5 (C7Cpyr1) ¥ — (po — Dénp.  (3.3.20)

Collecting (3.3.19) and (3.3.20), we derive that there exists a positive constant Co
such that

/ uP (x, t)dx < Co forall 1 € (0, Tay)-
2

The proof of Lemma 3.12 is completed.

Lemma 3.13 Assume the hypothesis of Lemma 3.12 holds. Then for all p > 1, there
exists a positive constant C = C(p, |82, i1, x, &, n, B) such that f_Q al(x,t)dx <
C forall t € (0, Tay).

Proof Firstly, from Lemma 3.12 (see (3.3.7)) and (3.3.1), there exists a positive
constant C; such that

/ u?(x,t)dx < Cy forall t € (0, Tpay), (3.3.21)
2
where pg > 11isthe same as thatin Lemma 3.11. Next, we fixg < (23# and choose
some o > % such that
1 2])0
q < < . (3.3.22)
w3 —3 T 2= po)t
Now, involving the variation-of-constants formula for v, we have
t
v(t) = e~ Uy + / e Ay (5)ds, t € (0, Thax)- (3.3.23)
0
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Hence, it follows from (3.3.6), (3.3.21)—(3.3.23) that
(A + D)l o)
<c / (1 — 9 D I ) s + e gl
0 .

—a—3(+-1) 4o —a+l
<(C, o 2 a'e*%do + Cst « forall t € (0, Tpux),
0

(3.3.24)
where ¢ > 0 is given by Lemma 3.1. Hence, in light of Lemmas 3.1 and 3.8, due to
(3.3.22) and (3.3.24), we have

2po

m) (3.3.25)

/ [Vu(t)|? < C4 forall t € (0, Tpp,y) and g € [1,
2

with some positive constant C4. Now, due to the Sobolev embedding theorems and
N = 2, we conclude that

lv(-, Dl L) < Cs forall 1 € (0, Tpay).- (3.3.26)

Applying the Young inequality, one obtains from (3.3.3), (3.3.2) and (3.3.26) that
for any p > max{2, py — 1}

i/ EVal 4+ p(p — 1)/ eswap72|Va|2+p//./ eXwgptl
dt Jo 2 2
:p(p_n;(/ eEwa”*IVa-WJr(p—l)g/ EValvw
2] 1?)
+f EPaP{(p+ 1) + (p — Dénw(w — 1) + pu(l — w)}
I?)
+/ e2§wap+1(p7 Dénw (3327)
I?)
—1 —1
§7p(p )/ eswap_2|Va\2+7p(p ))(2/ eswa”Wv\Z-‘r(p—l)S/ EValyw
2 2 2 2 2
+/ EYal{(p+ 1)+ (p— DEnww — 1) + pu(l — w)}
I?)
+/ ezéwap+l(p— DéEnw
I?)
SM/ eswap_2|Va\2+MX2/ eéwaﬂ|w2+c6/ o]
2 I7} 2 2 2
—1 —1
Sip(p )/ eswap_2|Va\2+7p(p )xzesp/ aP|vv?
2 2 2 o}

+c6[ aPt forall ¢ € (0, Trax).
2

Next, with the help of the Gagliardo—Nirenberg inequality (see, e.g., Zheng (2015)),
it yields that
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(11+1)

1 2.2
o [ amt =Colat 1,
2 L (£2)
)4 [ B 3 2(p+l)
<C7(||Va-= a 0 a? v
11Va I g a1+l )
22
<Cy(IVat [, + 1)
2(p—po+D
Z 1
=C8(”Va ||L2(ig) 1)

with some positive constants C7, Cg and

1 Pt1—po
p =gt = B S e 0.,

Since, po > 1 yields py < 2(2 p G- pT in light of the Holder inequality and (3.3.25),
1

we derive
po—1

0 )"0 (/ |Vv|2p0>p0
2

2
X p(p—l)egp/ ot <X p(p D e </ arp
2 0 2

<@ww2m@f

where Cy is a positive constant. Since py > 1 and p > py — 1, we have

p0<&<+oo,

P po—1
which together with the Gagliardo—Nirenberg inequality (see, e.g., Zheng (2015))

implies that
I—p2 2 2
az| 2
M etz )

P P
Colla?|?. » <Cio(IVaz||*s  |la*
sllaf 12, s, o <Cro(1Vaf g a1
221,
fcll(Hva2 ”LI:'E_Q) + 1)
2(p—po+D
—CH(“VCI ||L2(.(2) + 1)
with some positive constants Cjg, C1; and
P _ P
Po 1P
o= ——"" € (0.1
Po

Moreover, an application of the Young inequality shows that
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2 —1
Cq / gt X PP =D g / |Vl
2 2 2

—1
gp(pT)/ a’2|\Val? + Cp (3.3.28)
2

-1
§—p(p ) f eéwap’2|Va|2 + Cps.
4 o
Inserting (3.3.28) into (3.3.27), we conclude that

d -1
_/ eswauM/ eSwap—2|va|2+W/ XV aPtl < Cys.
dt Jo 4 2 2
Therefore, integrating the above inequality with respect to ¢ yields
laC, DlliLr@) < Cis forall p =1 and 1 € (0, Tyax)

for some positive constant C4.

Remark 3.2 It only assumes that & > 0 which is different from that in Pang and
Wang (2017). Indeed, by the technical lemma (see Lemma 3.10), one could conclude
the boundedness of f o a® (for some go > 1),, and further in light of the variation-
of-constants formula and L?-L? estimates for the heat semigroup, one may derive
the boundedness of f o a? (forany p > 1).

Our main result on global existence and boundedness thereby becomes a straight-
forward consequence of Lemma 3.8 and Lemma 3.13.

The proof of Theorem 3.1: The proof of Theorem 3.1 consists of the following steps.
Step 1. |la(-, 1)||L~(p): Firstly, in light of (3.3.3), due to Lemma 3.13, we derive
that there exist positive constants py > 2 and C| such that

flee (-, t)”L”O(.Q) < C forall t € (0, Tppax)-

Next, since py > 2 and n = 2 yield to 400 = nnpo , therefore, by using Lemma

3.1 (see also Lemma 2.1 of Ishida et al. (2014)), we conclude that

||VU(t)||LGC(Q) < (C, forall t € (0, Thur). (3.3.29)

Applying the Young inequality, in light of (3.3.3) and the first equation of (3.3.2),
one obtains from (3.3.29) that for any p > 4
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d
Z vl 4 p(p— 1)/ efwap72|Va|2+/ Wyl
dt Jo 2 2

:g/ EWal  (—vw + quw(l — aef? — w))
2
+ p/ SVl (e 8T L (EWVa) — xe EVV . (5PaV))
22

+atvw +alu — Enw)(1 — aef™ —w)} + pf Eval
@ (3.3.30)

EM/ egwap72|Va|2+p(p—l)X2C3/ SWaPl
4 Q Q
+(p—1)&/Qef"’al’vw+/gef“’a”{(p+1>+<p—1>5nw<w—1>+pu<1—w)}
+ f WP (p — Dy — pul
2

—1
5%/ eswap_2|Va|2+C4p2(/ aPtl 4 1) forall 1 € (0, Tnax),
2 2

where C3 > 0 and C4 > 0 are independent of p. Here and throughout the proof of
Theorem 3.1, we shall denote by C; (i € N) the several positive constants independent
of p. Therefore, (3.3.30) implies that

d P
= efwa"+c5f Va2 \2+/ £WaP < C4p2(/ aPTl 4+ 1) forall ¢ € (0, Tnax).
2 2 2

dt Jo
(3.3.31)
Next, once more by means of the Gagliardo—Nirenberg inequality, we can estimate

2p+1)

2 1 2 2
Cap /GH =Cyp-llaz|l i,
o A ate))

2p+1) 2041 (] _ 2p+1)
2 (I=¢1)

2 i 1 z p
§C6P (Hvaz ”a" ”leg) + ”a2 ”LII(Q)

P
”LZ(Q)

pt+2 2(p+D)
2 2 2 2Ty 3.3.32
=Cop*(IVas | 5o laf ey + a1, ) (3.3.32)

2p 2(p+1)

<CsIVai |2y + Copr a7 + CepPllab |l
<Cs||Va ”LZ(Q) 7P lla ”L‘(.Q) 6P lla ”L](Q)

4 2p
2 R
<CsIIVab s + Csp 2 lat 1710y,

where s
p
2- 5 _ p+2

) = <
1—242 20p+D

0<g =

Here, we have used the fact that % > 2. Therefore, inserting (3.3.32) into (3.3.31),
we derive that

d £w Ew Ap_ P % 2
E/ elal +/ e*Val <Cgprillazllfig) + Cap
2 2 (33.33)

)
=

=

™l

4p r
<Cypr— (max{l, flu> ||L'(S2))
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Now, choosing p; = 2/*? and letting M; = max{l, SUP;c(0.7) fga%} for T €
O, Thhax) and i = 1,2, 3, ..., we then obtain from (3.3.33) that

a | o
E/Qeéwap‘ +/Qeswa‘”' < C]opl-m ZM,-pilz(T),

which together with the comparison argument entails that there exists A > 1 inde-
pendent of i such that

2p;

M;(T) < max{A' M/ (T), €¥|2|llao||V o)}- (3.3.34)

Here, we use the fact that «; := % < 4. Now, if \\M[" |(T) < e5p|52|||a0||’£’;@(9)
for infinitely many i > 1, we get

1 i
Pi-1 Pl 12| llao ||I’ioo Pi 1k
sup /ap"*l(.’[) < —L(Q)
1€(0,7) J 2 Al

for such i, which entails that

sup lla(:, Dllz=2) < llaollL=2)- (3.3.35)
te(0,T)

Otherwise, if A'M;" | (T) > €%[82|]laoll}~ g, for all sufficiently large i, then by
(3.3.34), we derive that

M;(T) < )LiM;(LI(T) for all sufficiently large i, (3.3.36)
and thus (3.3.36) is still valid for all i > 1 upon enlarging A if necessary. That is,
M;(T) < MM (T) foralli > 1.

Therefore, based on a straightforward induction (see, e.g., Lemma 3.12 of Tao and
Winkler (2014b)), we have

M;(T) §Xi+2;=2('7_l)'n£:f"kMén:"q‘ foralli > 1, (3.3.37)
where «, = 2(1 + &) satisfies g, = pk{2 < % for all k > 1 with some Cy; > 0.

Therefore, due to the fact that In(1 + x) < x(x > 0), we derive
Hli:,iKk = i+1=J pZi Inl+e))
<2i+l—jez,f:/5,

<2i*1=ieCn forall i >1 and j € {l,...,i},
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which implies that

Y G =D Tk <zf,.:2<j — )2+ eCn

2i+2 = 2i+2
€~ G- D)
S_Z 2J
j=2
3eCn
<
- 8

By the definition of p;, we easily deduce from (3.3.37) that

i Geni m_ x c
Xy G=D-M_ ek k=1"k 3.C11 L1l

1 ) - ) . L1t
Miﬁz (T) E)"ﬁ+TMO 2i+2 S )\,T’ﬁ)\TMO 4 ,

which after takingi — oo and T /' T,,,, readily implies that

L1

€ £
laG, O)lli~@y < 2% My* forallt € (0, Tpa). (3.3.38)

Step 2:[|[Vw(:, 1)|l5(2) Employing almost exactly the same arguments as that
in the proof of Lemmas 3.5-3.6 in Pang and Wang (2017) (the minor necessary
changes are left as an easy exercise to the reader), and taking advantage of (3.3.29)
and (3.3.38), we conclude the estimate for any 7' < T},

IVw(, Hllzsey < C forallt € (0, T).

Now, with the above estimate in hand, using (3.3.35) and (3.3.38), employing the
extendibility criterion provided by Lemma 3.8, we may prove Theorem 3.1.

Remark 3.3 If i > &nmax{|lug|z~2), 1} + 1* (x>, €) (see the proof of Lemma
3.4 to Pang and Wang (2017)), one only needs to estimate Cp? /, o a? other than
Cp*(f,ar™ +1).

3.4 Global Boundedness of Solutions
to a Chemotaxis—Haptotaxis Model with Tissue
Remodeling

3.4.1 A Convenient Extensibility Criterion

For the convenience in some parts of our subsequent analysis, we introduce the
variable transformation Tao and Wang (2009, 2008); Tao and Winkler (2014b)
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a=ue ",

upon which (3.1.1) takes the following form:

a = e EVV . (EWVa) — e_s")xv (&Y avy) + Eavw
+apr —eE¥a —w) — atquw(l — E%a — w), xef,t>0,
ovy = Av— v+ éf¥a, xeN,t>0,
wy :—vw—i—r]w(l—w—eéwa), x€eN,t>0, G4.D
%:3—3:%:0, x€082,t>0,
a(x,0) = ag(x) = ug(x)e EW0M) syo(x,0) = ovg(x), wlx,0) = wo(x), x € 2.

We note that (3.1.1) and (3.4.1) are equivalent within the concept of classical solu-
tions.

The following result is concerned with the local existence and uniqueness of clas-
sical solutions to the problem (3.4.1), along with a convenient extensibility criterion
for such solutions.

Lemma3.14 Let x > 0,& > 0, u > 0 and r > 0, and suppose that ug, vy and wy
satisfy (3.1.2) with some v € (0, 1). Then the problem (3.4.1) admits a unique clas-
sical solution

a € C%(2 x [0, Tnax)) N C*'(2 x (0, Tyar))
v e CUR2 %[0, Tpar)) NCH1(2 x (0, Tpax)) (3.4.2)
w e C*N 2 x [0, Thax))

witha > 0,v>0and 0 < w < A := max{l, |[woll =)}, where T, denotes the
maximal existence time. In addition, if T,,qc < +00, then

laC, Ollze@y + IVwC, Ollpsey = o0 as t /7 Thuax. (3.4.3)

Proof Invoking well-established fixed point arguments and applying the standard
parabolic regularity theory, one can readily verify the local existence and uniqueness
of classical solutions, as well as the extensibility criterion (3.4.3) (see Pang and Wang
(2017); Tao and Winkler (2014a,b) for instance). With the help of the maximum
principle, we can also verify the asserted nonnegativity of the solutions.

It should be pointed out that the extensibility criterion in (3.4.3) involves the L°-
norm of |Vw|. Although the L3-norm of |Vw| is time-dependent, it is sufficient to
enable us to apply standard parabolic regularity theory to the first equation of (3.4.1)
in the two-dimensional setting (see Lemma 2.2 of Pang and Wang (2017) and Tao
and Winkler (2014b) for instance).

For the classical solution of (3.4.1), the following observation will be used fre-
quently below.
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Lemma 3.15 Let (a, v, w) be the classical solution of (3.4.1) in §2 X [0, Tpax)-
Then for any p > 1, we have

d 2(p—1 »
G [ evar + 20 [ e wat g = p = nena) [ arvie
dt Jo p 2 2

2 -1
Swf eéwap|Vv|2+§'A(p—l)/ P aPy
2 7 2

+ (upr + EnA*(p — 1))/ eal
2

(3.44)
with A = max{1, ||wollL=(2)}-

Proof Testing the first equation in (3.4.1) by a?~! with p > 1 and integrating by
parts yields

d 4p—1 ,
[ emar e 22 [ et - p = Dena) [ arie
dt Jg p Q 2

fxp(p—l)/ eswa”_IVa~Vv+éA(p—1)/ ePalvy
2 2

b (upr + EnA%(p — 1) / EvaP,
“ (3.4.5)

Here, we note that 0 < w < A in £2 X [0, T,,4,). By the Young inequality, we esti-
mate

xp(p — 1)/ ¢Ya’"'Va - Vv
o)

-1 2 -1
SP(P ) / egwap72|va|2 + M/ eéwap|Vv|2.
2 o 2 2

This together with (3.4.5) proves (3.4.4).

3.4.2 Global Existence in Two-Dimensional Domains

According to Lemma 2.6, the key step in the proof of Theorem 3.2 is to estab-
lish a priori estimates of ||a (-, #)||z~(2) and [[Vw(-, t)||15(x). As pointed out in Tao
and Winkler (2014b), one essential analytic difficulty stems from the fact that the
chemotaxis and haptotaxis terms in the first equation in (3.1.1) require different
LP-estimate techniques, since ECM density satisfies an ordinary differential equa-
tion (ODE) whereas MDE concentration satisfies a parabolic equation (PDE). This
part establishes the crucial a priori estimates of solutions via identifying a certain
dissipative property of the functionals |, o ef”a? and /, o efPalna witha = e 5" u.
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1. The Case of 0 = 1

According to the above local existence result, (u(-, s), v(-, 5), w(-, 5)) € (C*(2))>
for any s € (0, T4y ). Hence without loss of generality, we may assume that there
exists a constant C > 0 such that

luollez(zy + lvolle2@y + llwollezzy = C. (3.4.6)

From now on, (u, v, w) is the unique maximal solution provided by Lemma 3.14.
In order to avoid regularity problems, we assume in the rest of this section that
the initial data satisfies (3.1.2). Some basic but important properties of solutions of
(3.1.1) are summarized in the next lemmas.

Lemma 3.16 Let (u, v, w) be the classical solution of (3.1.1) with ¢ = 1. Then we
have
(i) (-, D@y < mo :=max{r|2|, |luollLi@} forall t € (0, Tyay);

1+t ) ) 2m0 ) -
(ii) / (s 72 p)ds < my=r7|2] + Tfor any 0 < v < min{1, Tz}
t

and all t e
O, Tnax — 7);
(iii) v (-, DLy < mo = max{mo, lvollp ()} forall t € (0, Thax);

. ru 42
(i) V0, D) < ma =

mo + Vol 2o, forall t € (0, Tay);

1+t
(v) |lAv(., s)||iz(mds <m3:=my+m forany0 < v < min{l, T’g‘“}and

all t € (0, Ty — 7).

Proof (i) Integrating the first equation in (3.1.1) with respect to x € £2 yields
d 2
— [ ulx,n) <rp [ ulx,0)—p [ u(x,1), (3.4.7)
dt Jgo 2 2

since w > 0 by Lemma 3.14. Moreover, by 2uru < pu® + ur?, we get

d
—f u(x,t)+ru/ u(x,t) §,er2|.{2|,
dt Jo o)

which lmplleS that ||M(, l)||Ll(Q) < max{r|.Q|, ||u0||L1(Q)}.
(i) By (3.4.7) and the Cauchy—Schwartz inequality, we also have

d % 2 wr?
— D+ = 1) < —|82]. 34.8
dt/gu(x )+2/QM(X) 2|| (3.4.8)

Then we integrate (3.4.8) over (¢, t + 7) to get

t+t 2
ﬁf f W < u|9|r+/ u(x, 1),
2 J; Q 2 Q
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which along with (i) yields (ii) of the lemma.
(iii) Integrating the second equation in (3.1.1) with respect to x € 2 yields

i/ v(x,t)+/ v(x, 1) 5/ u(x,t) §supf u(x,t).
dr Jo 2 2 >0 J@

So (iii) follows from the nonnegativity of v and (i).
(iv) Multiplying the second equation in (3.1.1) by —Av and integrating over £2,

we find
/ [Vu(x, t)| —i—/ |Av(x, t)I +/ [Vu(x, t)|
= —/ ulAv
Q
1 2, 1 2
5/ [Av(x, )" + 2/914 (x,1)
and thus

i/ |Vv(x,t)|2+/ |Av(x,t)|2+/ |Vv(x,t)|2§/ u (x,1).  (3.4.9)
dt Q Q 2 2

Combining (3.4.9) with (3.4.7), we can obtain

i/ (u(x,t)+u|Vv(x,r>|2)+f u(x, 1) + pu|Volx, 1))
dt Jgo o

S(r,u+1)/ u(x,t) (3.4.10)
2

<(rp + Dmy,

which, together with the Gronwall lemma, yields

n / Vo, 02 < (ra+2)mo + ul| Vool
2

and hence (iv) holds.
(v) In view of (3.4.9), we have

t+1 t+t
/ I AVC, $)[172q)ds 5/9|Vv(x,;)|2+/ s )72 ds-
t t

So (v) follows from (ii) and (iv).

Lemma 3.17 Let (a, v, w) be a classical solution of (3.4.1)witho = 1in (0, Tpax).
Then there exists some C > 0 such that

laC, i@ < C (3.4.11)
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is valid for all t € (0, Tpax)-

Proof Applying Lemma 3.15 with p = 2, one can find k1 (A) > 0 such that

Z Ew 2+/ Sw|va| +(2M SHA)/ 2£w 3

SXZ/ fw 2|Vv|2+k1(A)/ fw 2+k1(A)/ Evay.
2

Therefore, by means of the Young inequality, we can get

i Ew 2+/ e£w|va|2+/ eﬁ;‘waZ

2 2 3 3
§k2”a”L4(Q)”VU”L4(_Q) + k2||a||L3(_Q) + k2||v||L3(_Q) + k2»

(3.4.12)

where k > 0 is the constant only depending upon A, &, 7, x.
On applying Lemma 3.3 with n = 2, we have

2 2
lallzs o) < ksllVallze)llalize) + ksllalizz g,

and
2 2
V01240 < kallAvll2@) I V0l 2@y + ks 90112 0

which along with Lemma 3.16 (iv), implies that ||Vv||L4(Q) < kallAv| 2oy + ks
Hence, combining above inequalities and by the Young inequality, we have

1
kallalp IVollisg) = 51Vl + ksllallz o) (1 + 1801152).  (34.13)

Therefore, inserting (3.4.13) into (3.4.12), and noting the fact |[v]| 132y < [vllwi2) <
ke by Lemma 3.16 (iv) (iii), we can conclude that

d 1
_ eéuva2+_/ e%'w'va|2+/ eEwaZ
dt Jg 2J)a Q

(3.4.14)
5k7||Av||iz(m/ éw 2+k7/ @+ k.
2

Now applying Lemma 3.3 and the Young inequality, we have

6
2 3 GN
||a||W|v2(Q) > g||a||L3(Q) - 2 ||a||L2(Q)

for any ¢ > 0, which after inserting into (3.4.14) and taking ¢ = i says that
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d
__/ " 2+k7/ a’ < k7||Av”%2(.Q)/ " 2+k7—‘_kg”a”Lz(-Q)
dt Jgo 2 2

with ks = 16K3C5  + ket .
In view of @*> > 1a*> — X for any & > 0, we can obtain

- / Ew 2 / éwaZ
e (3.4.15)

s(k7||Av||iz(m+kg||a||iz(m>/ i + G121

Now, let T = min{l, 2} and & = m Then (3.4.15) implies that writ-
ing a(t) := % b(t) := k7||Av||L2(Q) +kg||a|| 12 and c(t) == k; + £ ‘kz |.Q| func-

tion y(r) := [, ¢*¥a? satisfies
Y () +a@)y@) < b@)y(t) +c(t). (3.4.16)

Hence, the application of Lemma 3.5 to (3.4.16) with by = kyms + kgm, k; = k7 +
%m and p = 1 yields
k1€2b]

ﬁ +k1€bl.

f ¢V < C =" e Magl|}a o) +
2

Now we turn to estimate |la(-, ?)|132). Applying the Young inequality, one
obtains from (3.4.4) that

g3 4 / EValVal? + / £ 3
<6x /ﬂ efwa3lvv|2+3(§nA—u)/gesza“+25A/Qe5wa3v+2gnA2/Qe5wa3 (3.4.17)

séxzfgefwaﬂw%kg( sup ||v(-,r>||Loo<m+1>/ fw 3+k9/9e5'”a4.

0=<t<Tnax

On the other hand, by f o a? < C and Lemma 3.6, one can find some constant k;o > 0
such that [Jv(-, £)|lz~@2) < k1o and [Vv(., H)|lzs2) < kio for all t < T,,,.. Hence,
(3.4.17) shows that there exists k;; > 0 such that

d 2 3
D g 4 2 fefwwaz|2+/ 65'”11351611/ itk (AI8)
df 3 Q ko] 2

By means of the Gagliardo—Nirenberg inequality, we have

8 3 4 3 4 8 3 8
a a3 <2C? Vaz|? az|’? 2C3 la?|?
I ||L4(9) [ || . 3.1l 7200l IIL%(Q) +2C} || IIL%(Q
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Therefore by (3.4.18), |la(-, t)|l12() < C and the Young inequality, one can arrive
at

d
— [ &vdd +/ Eva® < kpo.
dr Jg 2

Finally, (3.4.11) follows from the Gronwall inequality.

On applying Lemma 3.6, the following result is an immediate consequence of
0 <w(x,t) < A and Lemma 3.17.

Lemma 3.18 Under the same assumptions as in Theorem 3.2, there exists C > 0
such that the classical solution (u, v, w) of (3.1.1) satisfies

I0C. Dllwiny < C forall t € (0, Tyay). (3.4.19)

Note that |Vv(:, t)||z~(p2) is bounded by (3.4.19). However, ||[Vw(-, 1) 1~2)
might become unbounded. Therefore, Lemma A.1 of Tao and Winkler (2012a)
as the result of the well-known Moser—Alikakos iteration Alikakos (1979) can-
not be directly applied to the first equation in (3.1.1) to get the boundedness of
lee (-, t) || L~(s2)- At this position, arguing as in Lemma 3.6 of Pang and Wang (2017),
Lemma 4.2 of Tao (2011) or Lemma 3.5 of Tao and Winkler (2014b), we can establish
the following estimates.

Lemma 3.19 Under the assumptions of Theorem 3.2, there exists C > 0 such that
the classical solution (u, v, w) of (3.1.1) satisfies

luC, Dllzx2) < C forall t € (0, Tax). (3.4.20)

Lemma 3.20 Under the assumptions of Theorem 3.2, for all T > 0 there exists
C(T) > 0 such that the classical solution (u, v, w) of (3.1.1) satisfies

IVw(-, Dllsey < C(T) forall t € (0, min{T, Ty, }). (3.4.21)

We are now in the position to prove Theorem 3.2 in the case o = 1.

Proof of Theorem 3.2 in the case of o = 1. By a rather standard argument,
we can show the global existence of classical solutions to (3.1.1) with o =1,
i.e., Tyax = +oco. In view of Lemma 3.18, |la(-, t)||z=(e) is bounded uniformly
with respect to ¢ € (0, Tj4,). Combining this with Lemma 3.20, we can obtain
IVw(, D52y < C(Tpay) forallt € (0, 7,4, ). Hence, the statement of global exis-
tence and boundedness of classical solutions to (3.1.1) is a straightforward conse-
quence of Lemma 3.14. Now by retracing the proof of Lemma 3.17, one can find that
T = 1, and thereby there exists a constant C > 0 which is time-independent such
that |la(-, )|l 13y < C forallt > 0. Therefore, |la(-, 1)|l1~2) < C for some C > 0
and allr > 0.
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2. The Case of 0 =0
Now we turn to proving Theorem 3.2 in the case o = 0.

Lemma 3.21 Let (4, v, w) be the classical solution of (3.1.1) with ¢ = 0. Then we
have

(l) “u('rf)”L‘(.Q) =my forall te (O, Tmax);
1+t
(ii) t ||u(~,s)||2Lz(_Q)ds <m; for any 0 <t <min{l, TT} and all t €
(07 Tmax - t);
(l”) ||v('9t)||L‘(Q) <my for all t € (O, Tmax);
1+t

(iv) IVo(, )72q)ds <my forany 0 <t <min{l, 222} and all t €
t
(07 T;nax - 'E),'
t+1
(v) |Av(-, s)||iz(9)ds <m; forany 0 < 1t <min{l, TT} and all t €
t
(Oa Tmax - 'L’).

Proof We note that we only need to show (iii), (iv) and (v) here. Integrating the
elliptic equation in (3.1.1) with respect to x € §2 yields

/v(x,t):/ u(x, 1), (3.4.22)
2 2

so (iii) is the consequence of (i).
Testing the equation for v in (3.1.1) by —Av and integrating over §2, we can see
that

1 1
/ |Av(x,t)|2+f Votx, O = —/ uhv < —/ |Av(x,t)|2+—/ W (x, 1)
2 2 ko] 2 0 2 Q

and thus [, |Av(x, )]? + [, |Vu(x, 1)]? < [, u*(x, 1). Hence (iv) and (v) follow
from (ii).

As pointed out in Tao and Winkler (2014b), with the help of a well-known reg-
ularity result on semilinear second-order elliptic equations, one can only infer that
IVu(:, t)|lLaey < C forany 1 < g <2 andall t € (0, Tj4r) from Lemma 3.21 (i)
and the second equation in (3.1.1) with o = 0, hence in order to allow for the choice
g = 2, some additional efforts are needed. It should be remarked that for (3.1.1)
with o =1, [Vu(-, t)ll12() < C can be obtained directly (see Lemma 3.16 (iv)).
It is observed in Tao and Winkler (2014b) that a key step toward this is to estimate
f ou(,t)Inu(, 1) (see (3.16) of Tao and Winkler (2014b)). However, the estimate
of the latter involves the compensation of the term |, o Vu - Vw, which makes the
bound of f o u(, ) Inu(-, t) to be time-dependent. Here, we make use of Lemmas
3.5 and 3.21 to derive the global boundedness of [, u(-, ) Inu(-, ).

Lemma 3.22 There exists some C > 0 such that for any (ug, wo) fulfilling (3.1.2),
the corresponding classical solution (u, v, w) of (3.1.1) with o = 0 satisfies
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/ u(,t)Inu(-,t) < Cforallt € (0, Tax)-
2
Proof From the first equation in (3.4.1), it follows
(aeéw)t =V. (eéwVa) —xV- (eéanv) + ;Laeéw(r —w — aesw)

and thus

d Val?
— eéwalna—l—/ eéwﬂ —{—/L/ a’e*"1Ina
dt Q a Q

2
/(e a),lna—i—/ £, +/ Sw' al —i—u/ a’e*" Ina
Q Q a Q

= X/ e¥Va - Vv +/ aetV[u(r —w —ae®™) — eqw(l — w — ae*™)]
fo) fo)
(3.4.23)

+/ ae*Vlulna(r —w) + Evw]
2

1 | Val? £ / 2 2¢
<= Ya|V “1 k
_2f a+2/9 alVol + | a*e¥"na+h

for some k; > 0 and ¢ € (0, T,,,,,). Here, we may use the facts that 0 < w < A :=
max{||woll, 1}, a®> < ea®Ina + e, alna < ea*Ina — e 'ne and a < ea*Ina +
2e? for any ¢ € (0, 1).

By Young’s inequality and applying a> < ea®Ina + e: again, we have

2
X—/ P a|Vol? 58/ |Vv|4+5/ a2 na + ky(e). (3.4.24)
2 Ja 2 4 Jq
Along with aef¥Ina < a’e*" Ina + £ Ae**4, combining (3.4.24) with (3.4.23)
gives
d 1 Val?
— eéwalna+—/ eEwﬂ_FE/ aet”Ina
dt Jo 2Je @ 2)e (3.4.25)
/ IVol* + ki + ka(e) + —=— “E 42|,

which along with the Gagliardo—Nirenberg interpolation inequality

2 2 2
VOl < Chaat (140122 ) + V022 @) V0220

and Lemma 3.7 entails
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d 1 IVal>
— §0 In —/ fwl L —/ 94 In
ar Qe a a+2 Qe P + 5 Qe alna

<eChy 01 (1AV]1720) + IVVIT2 @) I VI T2y + k3(e)

<eClhy 51 (1AV[172q) + VY720 (@ / ulnu + B) + ks (e).
2

Therefore, by the fact ulnu = e*¥alna + afwet™ < 2ef%alna + ks for some
ks > 0, we have

d 1 Val|?

—(/ efwalna+e“|g|)+—[ eéwﬂJrﬁ(/ alna + €54(82))
dt Q 2 0 a 2 0
<26Ch, 5, (1AV[1720) + ||Vv||iz(m)(afgefwa Ina +a|R1ky + B) + ks(e)

§3k6(”AU”iz(g) + ”VU”iZ(Q))(/;Z ePalna + €EA|-Q|)
+ k(1 A1) + IV VI72 ) + Ks(e)

fort € (0, Tyay).
Now, we let the nonnegative functions a(¢), b(t) and c(¢) be defined by a(¢) := %,
b(t) = eke(| AvI2s ) + [VVI22 ). c@O):=kr (1AVI2s ) + [ V0] 0)) + ks ().

Then, we see that the nonnegative function
y(t) = / ePalna + 54|02
2

satisfies y'(¢) + a(t)y(t) < b(t)y(t) + c(t). With the help of Lemma 3.21 (iv) and

(v), we can conclude that when fixing t := min{l, T’g’"} and taking ¢ = 8/5(:;11’

applying Lemma 3.5 with p = L7 yields fQ efValna < C(t) with some constant
C(t) > 0, which completes the proof of this lemma as 0 < w < A.

Based on the above LlogL(S2) estimate of u, we have the following.

Corollary 3.1 There exists some C > 0 such that for any (ug, wy) fulfilling (3.1.2),
the corresponding classical solution (u, v, w) of (3.1.1) with o = 0 satisfies

lv(-, D) llwizey < C  forall t € (0, Tyax)-

Proof This follows from Lemma 3.21 (i), Lemmas 3.22 and 3.7 immediately.

At this position, we can proceed as in the proof of Lemmas 3.2-3.5 or Lemmas
3.10-3.12 of Tao and Winkler (2014b) to derive the a priori estimates below. It
should be pointed out that the bounds of |, o @Ina play an essential role in the proof
of Lemma 3.11 in Tao and Winkler (2014b), while itis not necessary for our argument
in the proof of Lemma 3.17 whenever |[v(-, t)||w12(g) is bounded.
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Lemma 3.23 Let (u, v, w) be the classical solution of (3.1.1) with o = 0. Then
there exists some C > 0 such that

(-, D>y < C (3.4.26)

is valid for all t € (0, Tpax)-

Proof of Theorem 3.2 in the case of o = 0. Since the proof is very similar to that
of Theorem 3.2 in the case o = 1, we omit it here.

3.4.3 Global Existence in Three-Dimensional Domains

In this subsection, inspired by Lankeit (2015); Winkler (2011b), we prove Theorem
3.3. The main idea of the proof is to verify that the quantity |, o a’(t) + /, o [Vu(t)|*
satisfies an autonomous ordinary differential inequality, and then the comparison
argument can be applied to the corresponding ordinary differential equation when
r > 0 and the initial data are suitably small.

Lemma 3.24 Let (a, v, w) be the classical solution of problem (3.4.1) in £2 X
[0, Thnax)- Then

d
a—/ |Vv|4+/ |V|Vv|2|2+4/ |Vv|4§7/ Ewg?| Vol (3.4.27)
dt Jo Q 2

Proof We refer the interested reader to Lemma 3.2 of Tao and Winkler (2015b),
(24)—(26) in Viglialoro (2017), and Lemma 4.6 in Lankeit (2015) for the proof.

Proof of Theorem 3.3 in the case of o = 1. By Lemma 3.15, we have

a ) S“}2+/ e |Val’ + 2 - EUA)/ e
! 2

szf Ew 2|VU| +§-A/ Ew 2U+(2/¢U’+$TIA )/ S,w 2
2 2

Furthermore, the Young inequality entails that there is a constant k; > 0 depending
upon &, x, n and A only such that

_/ Sw 2 f $w|va|2+/ eéwa2
o)
§k1/ ezéwa3+/ |Vv|6+/ v3+r2uf a
o) 2 2 2

which along with Lemmas 3.4 and 3.16 implies that
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d Sw 2+ 1/ §w|va|2 /egwaz
dt 2 o
3
<k, (/ fw 2> /|Vv|6 /v +r2M/a+k3(A) (/ a)
o) fo)
I 3
<k, </Q fw 2> /|Vv|6+k4(||vv||Lz(Q)+||v||21(9))||v||21(9)
3
+r2ufa+k3(A)</ a)
o) I?)
3 ER' 2 3
<k, </ eéwaz) +/ |Vv|6+k4n~18(m§ +n~105)+r2,u/ a—+kiz(A) (/ a) .
2 2 fo) fo)

(3.4.28)
On the other hand, from Lemmas 3.24 and 3.4, it follows that
d 4 2,2 4
— Vo™ + IVIVu|“ |-+ 4 [Vu|
dt Jgo Q2 2
5/ a3+k5<A)/ Vol®
2 2
1 3
§/a3+§/ VY0P 4 ke(A) ((/ |W|4)3+</ |W|4)z),
2 2 2 2
and thus 4 !
E/ |Vv|4+5/ |V|Vv|2|2+4/ Vol
$ @ « (3.4.29)

s/a3+k6(A> ((/ |VU|4>3+(/ |w|4)2>.
2 2 2
Combining (3.4.29) with (3.4.28) and using Lemma 3.4 again, we can see
d 1
—(/ s 2+f Vol + = / éW|w|2+—/ |V|Vv|2|2+f e a?
dt 2 Jo Q
+4/ Vol
2
§/a3+/ Vol + ks (/ g 2) 1 k(A) ((f |Vv|4)3+<f |W|4)%>
2 2 2 2
U3 6 L ) 3
+ kg (my +mg ) +r u/ a+k3(A)(/ a)
2 2
1 1 3
5-/ eEW|Va|2+—/ IVIVU?)? + k7 (/ efwaz)
4 Jo 4 /o 17
1 ks(A) ((/ |Vv|4>3+<f |w|4>3>
2 2

3 6 12
+ kg (my + g ) + 1’2,11/ a+ k9(A)(/ a)’.
2
e (3.4.30)
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Finally, by the Young inequality, we obtain that
kg(A)(/ IVolh)? < 2/ |Vol* + klo(Ax/ [Vol*)?.
2 2 2

Hence, applying Lemma 3.16, (3.4.30) shows that y(t) := [, e¥a® + [, |Vv[*,
t > 0, satisfies

3 6 12
VO + y(0) <k (A3 + kaid 3 + g ) + 2 / a( 1) + ko (AX( fg a1}

6 12
<k11(A)y> (1) + kaiing (m2 g )+ r2umo + ko (A)m)

for some k1 (A) > 0.
Now we can conclude that there is a positive constant ry such that function
2

3 I
O(s) = —¢ + ki (A)G> + karng (m3 + g ) + r>umo + ko(A)m3, ¢ > 0, attains
its minimum at ¢y = (3k I(A))l, and ®O(gp) < 0 when r < rg, and |lug|lr1 () and
||v0||W1 Z(Q) are sultably small. In fact, it is observed that ®(gp) < O provided that

k4m0 (m2 + mo 5 )+ riumg + ke(A)ymd < 2§° . To this end, taking

. 1 -1
ro = min{l, 20 2|~Q|(M+ co(A) + 2¢4(1 + —)) !

3 6
and by continuity of the expressions myg, my and my, one can verify that k4n~1§ (ng
mg )+r umo—l—kg(A)mO =t isindeed valid if r <rp, and |[ug || 11 () and ||vo[lw12(0)
are suitably small. The companson principle for ordinary differential equations
y'(t) < ©(y(¢)) therefore shows by means of comparison with y = ¢y that y(¢) < ¢
for all t > 0 when y(0) < ¢o, which can be satisfied whenever |ug|l;2(2) and
lvollw4(s2y are sufficiently small.

The next step is to obtain a bound for a with respect to the norm in L*°(£2) by a
bootstrap procedure, on the basis of the bounds on [|al|z2(e) and [|[v]|w14(2).
By Lemma 3.15 with p = 3, we get

d 4
_ Ew 3+ /eéw|Va%|2+3(,u—§nA)/ a4e2§w
dt 3 /o

53;8/ Swgd v +2€A/ fw 3v+(3ur+2§nA2)/ fwg3,
2

Moreover, due to W'#(£2) < L°°(£2) and applying Lemma 3.3, we have
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d 3
- eéwa3+/ |Va§|2+/ eéwa'j
dr Jo 2 2

53;&“/ a3|Vv|2+/ a* + kia(A)
2 2

s3x2e“</ a“)%(/ |Vv|4>%+/ a* + ki (A)
2 2 2

<kia(A) ((/ |Va%|2)?</ az)%+(f a2>?></ Vol
2 2 2 2

+(/ |Va%|2>%(f a2>%+</ a*)? + kia(A)
2 2 2

1 .
<z | IVa2|" +ki4(A),
2 Jo

which implies that |, o efVa® < C forsome C > 0. At this position, similarly as in the
proof of Theorem 3.2, one can derive ||a(:, 1) ||p~2) < C and |[v(:, D)|lwi=e) < C
for some time-independent constant C > Oandall# > 0,and then [|[Vw(, 1) 152y <
C(T) for all t € (0, T), which along with Lemma 3.14 completes the proof of this
theorem.

Proof of Theorem 3.3 in the case of o = 0. Since the proof is similar to that of the
case 0 = 1, we may confine ourselves to an outline, giving only details in places
which are characteristic for the present setting.

By Lemma 3.15 and Young’s inequality, we have

d
— eéwaz+/ eéw|Va|2+2/ efva?
dr Jo Q2 2

fkl(A)/ a3—|—/ |Vv|6+/ v3+r2u/ a.
2 fo) 2 2

On the other hand, from Lemma 3.24, it follows that

(3.4.31)

/ |V|Vv|2|2+4/ |Vol* §k2(A)/ a*|Vu|? §k3(A)/ a3+/ |Vvl°.
2 Q Q 2 Q

(3.4.32)
Combining (3.4.32) with (3.4.31) and applying Lemma 3.4, we can obtain
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d
L 2+/ €W|Va|2+2/ fw 2+/ VIV |2+4/ Vol*
<k4(A)/a +2f |Vol® + /v +V2M/“
2
| 3

5—/ eEWIVa|2+—f IVIVUP)? + ks(A) (f efwaz) +k6(A)(/ ay’
2 Q 2 Q (9] 2
+r2/L/a+k7(/ |Vv|4)3+/ |VU|4+/ v’

2 2 2 12
I 1 ’

5_/ eE“’IVa|2+—/ VIV ? + ks(A) (/ e$wa2> +k6(A)(/ ay’
2 Q 2 Q 7 2
+r2u/a+k7(/ |VU|4)3+2f |Vv|4+k8(/ 0)3.

o) 2 2 2

By the Gagliardo—Nirenberg inequality,

(3.4.33)

15
3
”v”L‘(_Q) = C¢32 21||Vv” (Q)”v” L1(£2) +k9”v||Ll(_Q)

= ”VUHU(_Q) + klOHU”Ll(_Q)-

Hence from (3.4.33), it follows that
d
- Ew2+2/ Sw2+2f|vv|
dt

<ks(A) (f g 2) +ke(A)(/ a)3+rM/a+k7(/ Vol )3+k8(/ o).
2

(3.4.34)
On the other hand, applying the standard elliptic regularity theory in the three-
dimensional setting to the second equation in (3.4.1), we have

/g V01 < 0oy < knillefaltsg,
for some kj; > 0, which combined with (3.4.34) and the Young inequality says that
i eéw 2+2/ £V g2
dt Q
3 6
<ks(A) (/ ef“’az) +k6(A>(/ a)3+r2u/ a+kip(A) (/ ef"’a2> +k8(/ v)?
2 2 2 I?) 2

6
s/ 7 + ki3(A) (f ef“’az) +k14(A)(/ a)3+r2M/ a,
2 2 2 2
(3.4.35)

where we have used the fact f QU= f o . Therefore along with Lemma 3.21 (i),
(3.4.35) shows that y(z) := fg efva?, t > 0, satisfies
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Y@ +y(0) < ki3(A)y° @) + k14(A)(/ a)y’ + rzﬂf a
2 Q
< ki3(A)y° @) + kia(A)mg + r* ump.

At this point, the proof can be completed by arguments similar to those for the case
o=1.

3.5 Asymptotic Behavior of Solutions
to a Chemotaxis—Haptotaxis Model

3.5.1 Global Boundedness

In this part, we first recall the result on local existence and uniqueness of classical
solutions to (3.1.4) as well as a convenient extensibility criterion, which follows from
Theorem 3.1, Lemma 5.9 and Theorem 5.1 of Morales-Rodrigo and Tello (2014).

Lemma 3.25 (Morales-Rodrigo and Tello (2014)) Let 2 C R" be a smooth bounded
domain. There exists T4, € (0, 0o] such that the problem (3.1.4) possesses a unique
classical solution satisfying (p, ¢, w) € (C(2 x [0, Tmax)) N C>1 (2 x (0, Thnax))>.
Moreover, for any s > n + 2,

limsup || p(, 1) lwrs ) — 0 3.5.1)
t /" Tax

if Tmax < +00.

From now on, let (p, ¢, w) be the local classical solution of (3.1.4) on (0, Tiax)

provided by Lemma 3.25, and t := min({l, TT .

The following basic but important properties of the solution to (3.1.4) can be
directly obtained via standard arguments.

Lemma 3.26 (Morales-Rodrigo and Tello (2014)) There exists a positive constant
C independent of time such that

t
/ P <C = max{/ Po, 121}, / e_z‘Y/ pds < C forall t € 0, Tmax), (3.5.2)
2 2 0 2
t+t 1
/ / <o+ X) forall t € (0, Tax — 1), 3.5.3)
t 2

t
e(t) < lleollzoo(2ye™" /9 |Vc(t)\2+/0 /9(|VC|2+|ACF) < C forall t € (0, Tmax), (3.5.4)

0 < w() <max{|lwollpoo(p). 1} forall t € (0, Tmax)- 3.5.5)
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As the proof of Theorem 3.4 in the one-dimensional case is similar to that for two
dimensions, henceforth in this section, we shall focus on the case n = 2.

First, we shall show that p remains bounded in L?(2) for any finite g. We note
that the L7 (£2)-bound in Lemma 3.10 of Morales-Rodrigo and Tello (2014) depends
on the time variable.

Lemma 3.27 For any r € (1, 00), there exists a positive constant C (r, T) indepen-
dent of t, such that || p(-, t) |2y < C(r, T) for all t € (0, Tiax).

Proof Letqg := p(c + 1)"%e~"". Asinthe proof of Lemma 3.10 in Morales-Rodrigo
and Tello (2014), we infer that for any m = 1, 2, . .. there exist constants c(m) > 0
depending upon m and C; > 0 such that

= | 4%+ D% + / Vg |2 (3.5.6)
dt Jg 17

se(m)(/ |Ac|2+1>/ q2m+c(m></ > ) +Ci.
2 2 2

Next, we use induction to show

t+t
f 7" +/ / Vg2 < C(m). (3.5.7)
2 t 2

Taking m = 1 in (3.5.6), we get

i 2 a pw 2
g (c+ %™+ | Vgl (3.5.8)
dt Jo o
56(1)(/ |AC|2+1+/ 612)/ g*(c+ 1% +Cy,
2 Q Q

which implies that for the functions

y(z)=/ ¢*(c+1)%"” and a(r>=c<1>(f |Ac|2+1+/ 7,
2 2 2

we have % < a(t)y + C;. On the other hand, for any given ¢t > t, it follows from

(3.5.2) that there exists some ty € [t — T, t] such that y(zy) < %(1 + %). Hence, by
ODE comparison argument we get

. o
Y1) < y(tg)elo “O 1 ¢, / eha®dtgs < ¢, (3.5.9)

fo

In this inequality, we have taken #y = 0 if # < 7 and noticed that f;ﬁf a(s)ds < Cs
for all + < Tiax by Lemma 3.25. Combining (3.5.8) with (3.5.9), one can see that
(3.5.7) is indeed valid for m = 1.
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Now, suppose that (3.5.7) is valid for an integerm + 1 = k > 2, i.e.,

. t+‘[  —
/ e +/ / IVg® |2 < Ck). (3.5.10)
2 t 2

By the Gagliardo—Nirenberg inequality in two dimensions
4 2 2 4
||Z||L4(_Q) =< C3||VZ||L2(Q)”Z”L2(Q) + C4||Z||L2(Q)5

and hence

/q”sa/ﬁwfV/qu4m/f“ﬁ (3.5.11)
2 2 2 2

Integrating (3.5.10) between ¢ and ¢ + 7, we have

t+t "
f /fsaw,
t 2

which implies that for any ¢ > 7, there exists some #y € [t — 7, ] suchthat f o qzk (tg) <
Cs. At this point, let

y(t) :=/ g% (c+ 1)%e”” and b(t):c(k)(/ |Ac|2+1+/ q%).
2 2 2

Then (3.5.6) can be rewritten as

dy

+/WVfHFsty+cL
dt o

By the argument above, one can obtain

" 4+t -
‘/f+/ /szﬁsc
2 t 2

and thereby conclude that (3.5.7) is valid for all integers m > 1. The proof of Lemma
3.27 is now complete in view of the boundedness of the weight (¢ + 1)%e”".

To establish a priori estimates of || p(:, )| L~ (), we need some fundamental esti-
mates for the solution of the following problem:

c=Ac—c+ f, xe€2,t>0,

0

a—c —0, Xx€dR, >0, (3.5.12)
v

c(x,0) = co(x), X € 8.
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Lemma 3.28 (Li and Wang (2018, Lemma 2.2)) Let T > 0, r € (1, 00). Then for
d
each ¢y € W' (2) with % =0o0nd2and f € L"(0,T; L"(£2)), (3.5.12) has a
v
unique solution c € WL, T; L"(2)) N L7 (0, T; W7 (£2)) given by

t
c(®) = e "e?c +/ e 179794 £(5)ds, t€[0,T],
0

where e'? is the semigroup generated by the Newumann Laplacian, and there is C, > 0
such that

t t
/ / ¢*|Acx, 5)"dxds < C, / / I f (o 9) dxds + Cr vl ).
0 J2 0 J

Now applying these estimates to control the cross-diffusive flux appropriately, we
can derive the boundedness of p in £2 x (0, Tyuax).

Lemma 3.29 There exists a constant C > 0 independent of t such that
||P(', t)||L°°(Q) < Cfor all't € (O’ Tmax)~

Proof We will only give a sketch of the proof, which is similar to that of Lemma
¢3.3-3.13 of Morales-Rodrigo and Tello (2014). For k > max{2, || pollL=(g2)}, let
qr = max{qg — k, 0} and £2;(¢) = {x € §2 : g(x,t) > k}. Multiplying the equation
of g by g, we obtain

d
—/ q£<c+1)“e’"”+2f |qu|2+2f q,3+8/ qi(c+ 1)%e™
dt Jo Q Q Q

(3.5.13)
sclf q£+clk/ q,%+clk2f qk+c1/<q£+qu>|Ac|
2 2 2 2

for some C| > 0 independent of k. By the boundedness of ¢ in L" (£2) for any r > 1,
the Gagliardo—Nirenberg inequality and Young inequality, we obtain

1
Cillaelis o) = Zlaxlie) + Collaelie),
Cikligell; <1|| 1210 + CakllgillL
1K1qk L2(R) = 4 qk H(2) 2 qrllL (),
C 21 A <l 2 C 2 Acll?
1 Qk| C|_ 4||qk”1—11(9)+ 2||qk||L2(Q)|| c”LZ(Q)’
2

1 3
clk/ el Acl = 710l gy + CoK* (1 + 1 Acl g 124 1.
2
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Inserting the above estimates into (3.5.10), we have

d
—/ q£<c+1>“eW+f |qu|2+f q£+8/ e+ 1)er
dt Jq Q Q Q

<Callgill o1 Acli? o) + Cok* (1 + 1 Aclfs )12 + (Cr +2C)K 14kl L1 2)

1 3
=Callalliz ) 1Acllizo) + 510kl + Cok* (1 + 1 Aclzs o)1l

On the other hand, according to the relation between distribution functions and L?
integrals (see, e.g., (2.6) of Reyes and Vazquez (2006)), we can see that

oo
r r+1
(r+l)[0 s"12,(0lds = llgON o)
Hence, taking into account Lemma 3.26, we get
16 “ e = 16 1 1
k= 1) |:zk<t>|</k £ |:zs(r>|ds<fO s Olds < =19 Dl g,
and thus
d
- / gi(c+ D)%™ +8 / gic+ e
dt Jo I?;
scznAcniz(m/ gR(c+ D)%™ + Cy(1 + | Ac] b ) 1213
2

Therefore, if h(t) = 8 — C2||Ac||iz(m, then

ot t S
f Gi(c + D%e™ < Che ot / (1+ 1 Aclsg))els 7|2 (s) i ds.
2 0

. _ _gr G [ lAc)?,  ds _
Furthermore, since e~ Jo 19)ds — =81, 2Jo 14¢liz ) < Cse™% by Lemma 3.25 and
elo Moo < 85 we get

t
—8(t—s 5
/qi §C6/ e A+ || AclBs o)) |2 ()] 3 ds
2 0
' 8 8 3
<Cs / S 4 Al g )ds - sup 2]
0 >0

To estimate the integral term in the right-hand side of the above inequality, we apply
Lemma 3.28 with r = 8 and Lemma 3.27 to get

t
f eI Acll}s gds < Cq
0



172 3 Chemotaxis—Haptotaxis System

and thus [, g¢ < Cs(sup 12605
t>0

On the other hand, ]_Q gt () > frzf(t) gt (t) > (j — k)*|82;(1)| for j > k. Conse-
quently
. s
(j —k)*sup |2;(1)] < Cs(SUg 12k ()])* |82 (1)].

t>0 =

According to Lemma B.1 of Kinderlehrer and Stampacchia (1980), there exists kg <
oo such that [£2;,(¢)| = 0 for all ¢ € (0, T,4x). Therefore, |lg(-, )|l 1~2) < ko for
any t € (0, Tj4y) and thereby the proof is complete.

Proof of Theorem 3.4. By the boundedness of p in L*°((0, T,,4.), L*(£2)) from
Lemma 3.29 and a bootstrap argument as in Morales-Rodrigo and Tello (2014), we
can see that the global existence of classical solutions to (3.1.4) is an immediate
consequence of Lemma 3.25, i.e., Thx = 00. Indeed, suppose that Tx < 00, then
by Lemmas 3.15 and 3.19 of Morales-Rodrigo and Tello (2014), we can see that for
any s > n + 2 and t < Tpax

llcC, Dllwis2y + lw(, Dllwise) < C.

Further by Lemma 3.20 of Morales-Rodrigo and Tello (2014), we have
lpC, OHllwis2y < C which contradicts (3.5.1) and thus implies that T, = oo.
Moreover, since T := min{1, %} = 1, there exists a constant C > (0 independent of
time ¢ such that || p(-, 1) || L~y < C forall t > 0 by retracing the proofs of Lemmas

3.27 and 3.28. This completes the proof of Theorem 3.4.

3.5.2 Asymptotic Behavior

In this part, on the basis of the L*>°-bound of p provided by Theorem 3.4, we shall
look at the asymptotic behavior of the solution (p, ¢, w) of the problem (3.1.4).

1. L"-convergence of solutions in two dimensions
When either wg > 1 or |wy — 1]l z~(2) < & for some § > 0, the authors of Morales-
Rodrigo and Tello (2014) removed the time dependence of the L°°-bound of p
(see Lemma 5.8 of Morales-Rodrigo and Tello (2014)) and thereby investigated the
asymptotic behavior of solutions to (3.1.4). In this subsection, on the basis of the
L*-bound of p being independent of time as provided by Theorem 3.4, we shall
derive the same estimates as in Lemmas 5.6 and 5.7 of Morales-Rodrigo and Tello
(2014) under the weaker assumption that wy > 1 — L 'We shall show that the solution
(p, ¢, w) to (3.1.4) converges to the homogeneous steady state (1,0, 1) as t — oo.
Before going into the details, let us first collect some useful related estimates. It
should be noted that no other assumptions on the initial data (py, co, wp) are made
except for reasonable regularity, i.e., (3.1.5).
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Lemma 3.30 (Morales-Rodrigo and Tello (2014, Lemmas 3.4, 3.8, 5.1, 5.2)) Let
(p, ¢, w) be the global, classical solution of (3.1.4). Then

o0
/ / p(l—p)| < max{/ Do, |21}/ s (3.5.14)
0 2 2
o0
/ / plw —1| < lwo — L1 (3.5.15)
0 2
o0
/ / pIVel? < oo; (3.5.16)
0 2
1
f Ve < ™ (f IVeol? + 1 llcol7 (o) max{/ po. 121} + X)>'
2 2 2
(3.5.17)

Lemma 3.31 Under the assumptions of Theorem 3.4, we have

sup lle@) lwre2y < C. (3.5.18)

t>0
Proof We know that ¢ solves the linear equation
¢ =Ac—c+ f

under the Neumann boundary condition with f := —upc. Since p > 0, we know

that 0 < c(x, 1) < |lcollL=(s2ye™" by the standard sub-super solutions method. On

the other hand, by Theorem 3.4, sup || p(¢)||L~(2)< Ci, which readily implies that
>0

| £ 1l 20,000 L% (2)) < C1. Now upon a standard regularity argument, we can deduce
the desired result. For the reader’s convenience, we only give a brief sketch of the main
ideas, and would like to refer to the proof of Lemma 1 in Kowalczyk and Szymariska
(2008) or Lemma 4.1 in Horstmann and Winkler (2005) for more details. Indeed,
according to the variation-of-constants formula of ¢, we have for r > 2

t
c(-o1) = &N De( 1) + / VATV £ (., 5)ds.
1

So by Lemma 1.1 (ii), we infer that
IVe(, Hllre )

t
=2ca]leC, Dlleie) + Cz/ (L4 (t — ) 2)e” TIMID| £ 5) || 10 ds
1

o0
<2eslle, Dl + 2Cy f (1 +o0-Hevdo.
0
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Lemma 3.32 (Morales-Rodrigo and Tello (2014, Lemma 5.4)) Let (p, ¢, w) be the
global, classical solution of (3.1.4). Then for everyt > 0 and k > 0,

d
EF(P(I), w(n) = G(p(1), w(t), c(1)),

where

F(p,w)=K/ IVw|2+/ p(lnp—1)+/ p(w—l)—wc/ p(w—1)%,
2 2 2 2

and

IVpl2 p
G(p,w,c) = 7Vp Ve + (2ayk(lfw)+ap)] 7 Ve - Vw
c

ol+c
+/Q(p 72yk+2,0yk(l7w))p|Vw\2+)u/Qp(lfp)lnp
+/\p/ p(l—p)(w—1)+yp/ P21 —w)

2 2

272 [P =172 = [ pai= pw - 12
7} 2
1
Lemma 3.33 [fwy > 1 — —, then there exists k > 0 such that
0

IVpl* 1
—— | plVw)?+C pr—1|+C p|Vc|
2

2
? (35.19)

G(p,w,c) < ——/

for some C > 0.

Proof By the Holder and Young inequalities, we have

|Vpl* / 2
V V < - A V )
/ I+c¢ . / * 2 .Qpl ‘I

and

1
/(2ayx(l—w)+ot,0) P Vc-wa—/ p|Vw|2+C1/ p|Vel?
Q 1+C 2 0 0

for some C; > 0.
Aswy > 1 — —, we can find some &; > O such that p(1 — wg), <1 — g1, where

(1 — wp)+ = max{0, 1 — wy}. Hence from the w-equation in (3.1.4), it follows that

l—w= (- wo)e*VfotP(s)dS’ (3.5.20)
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and thus
f (p* =2y +2pyK(l — w))p|Vw|*
2

< / (0 — 2yic + 2pyic(1 — wo) ) plVwl?
2

s/(pz—zml)mwf
2

<-— / pIVw]?
2

if we pick « > 0 sufficiently large such that p> — 2yke; < —1.
Denote the lower order terms of G(p, w, ¢) by 8(p, w), i.e.,

O(p, w) =:>»/ p(1 —p)lnp+/\p/ p(I—p)(w — 1)+VP/ P —w)
2 2 2
+ 2%:«/ Pw— 1) — Ayx/ (1l — p)w — 172,
2 2
Since s(1 —s)Ins < 0 fors > 0, we get
0(p, w) sxp/ p(l—p)(w—1)+ ypf p*(l—w)
2 2
+ 2y2xf prw—1)% — ch/ p(1—p)(w—1)*
2 2
<C(llpllLey, lw — 1||L°°(Q))/ plw — 1],
2

which, along with || p(-, ) || L~(2) < C from Theorem 3.4 and |[w(:, ) — 1||1~2) <
lwo — 1| L=y from (3.5.20), yields

op.w) = G [ plu =11,
2
The desired result (3.5.19) then immediately follows.

1
Lemma 3.34 [fwg > 1 — —, then

0
5 o0 |Vp|2 o0 5

sup | |Vw(@)|” + — + pIVw|® < oo. (3.5.21)

>0 J @ 0o Je P 0 Jo

Proof Combining Lemmas 3.30 and 3.31, we have
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d 1 |vpl? 1 ) )
—F(p@.,w)+5 | ——+5 | plVw"=<C [ plw—1+C [ pl[Vc|
dt 2Je »p 2Je 2 2

Hence, (3.5.21) follows upon integration on the time variable, and using (3.5.15) and
(3.5.16).

1
Lemma 3.35 [fwy > 1 — —, then foranyr > 2
0

Tim [pC,0) = POl =0, (35.22)
lim [p(t) — 1| = 0, (3.5.23)
r—0o0

where p(t) = Iﬁll Jo pC. 1), and

lim flw(, ) = @) = 0. (3.5.24)

Proof The proofs of (3.5.22) and (3.5.23) are similar to those of Lemmas 5.9—
5.11 of Morales-Rodrigo and Tello (2014), respectively. However, for the reader’s
convenience, we only give a brief sketch of (3.5.23). In fact, from (3.1.4) and the
Poincaré—Wirtinger inequality, it follows that

7 :Mﬁ—ﬁz—i/(p—ﬁ)z
’ A

V 2
zxﬁ(l—ﬁ—clf | If'
2

).

Hence by (3.5.21), we get

IVpl*
p

D(t) =pyexp{rt — A/ p(s)ds — C1A/OO/ ds}
0 0 Je

1
>C, exp{rr — A/ p(s)ds},
0

which means that (3.5.23) is valid due to either p(¢) — 1 or p(¢t) — 0 in Lemma
5.10 of Morales-Rodrigo and Tello (2014). Indeed, suppose that p(t) — 0, then there
exists fo > 1 such that p(¢) < % and thus fol P(s)ds < 5+ foto P(s)ds forall t > to.
Therefore, we arrive at p(t) > C3eA7' for all ¢ > 1y, which contradicts p(z) — 0.
Now we turn to show (3.5.24). Invoking the Poincaré inequality in the form

1
[0 = o [ oariar =c, [ 1voPar forange wr@)
o 2l Jo o

for some C,, > 0, one can find that for all j € N
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j+1 ) j+1 ,
/ ”p(S) _ﬁ(s)”]}(g)ds < Cpf ”VP(S)HLg(Q)dS
J i

IV p(s)?
<C, sug ||p(t)||L°°(9)/ st’
> i e
(3.5.25)

which, along with (3.5.21) and Theorem 3.4, shows that

j+l1 j+l1
f f p(x.5) = P(s)Pdsdx = / 1p(s) = P($)lI72(g)ds — 0 (3.5.26)
2Jj J

as j — oo.

Now defining p;(x) := fjjﬂ Ip(x,s) —p(s)Pds, x € 2, j € N, (3.5.26) tells
us that p; — 0 in L'(£2) as j — oo. There exist a certain null set Q € £2 and a
subsequence (jx)ken C N such that jz — oo and p;, (x) — O forevery x € 2\ Q
as k — oo. Restated in the original variable, this becomes

Jk+l
/ |p(x,s) — ﬁ(s)|2ds — 0 (3.5.27)

Jk

forevery x € 2\ Q ask — oo.
Therefore, from (3.5.20) and p(x, t) > 0, it follows that for any x € £2 \ Q

lw(x, 1) — 1]

[t]
<lwo — 1l () exp{—y / p(x, )ds)
0

m(1) Jrk+1

<llwo = Tllz>(e) exp{—y Z/ p(x, s)ds}
k=07

Jk

m) g m) 1
<llwo — lz(2) exp{y Y / Ip(x,$) = P$)lds —y Y / Pls)ds)
k=0 J

k k=0 Y Jk
m it mi) et

snwo—lummexp{y2</ p(x.s) = Ps)Pds) —y Y f P(s)ds},
k=0 v/ k=0 v/

k k

where m(t) := r]{l%{jk + 1, [¢]}. Furthermore, by (3.5.23), there exists ky € N such
€

that fj:]’(”l p(s)ds > % for all k > k(. Hence by the fact that m(t) — oo ast — oo
and (3.5.27), we obtain that w(x, r) — 1 — 0 almost everywhere in £2 as t — oo.
On the other hand, as |w(x, t) — 1| < [lwy — 1]lz~(p), the dominated convergence
theorem ensures that (3.5.24) holds for any r € (2, 00).

Remark 3.4 (1) It is observed that since W!2(§2) < L (£2) is invalid in the two-

dimensional setting, || p(s) — ﬁ(s)”iz(m in (3.5.25) cannot be replaced by || p(s) —
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ﬁ(s)ll%x(m, and thus we cannot infer that lim ||w(:, ) — 1|z~(2) = 0, even though
11— 00

we have established that all the related estimates of (p, ¢, w) in Morales-Rodrigo
and Tello (2014) continue to hold under the milder condition imposed on the initial
data wy.

(2) Similar to the remark above, we note that, even though [[w(:, #)|lwin(2) <
C(T) for any n > 2 and ¢t < T, we are not able to infer the global estimate
SUp;>¢ /, o [Vw(t)|**¢ < C. Otherwise, we would be able to apply regularity esti-
mates for bounded solutions of semilinear parabolic equations (see Porzio and Vespri
(1993) for instance) to obtain the Holder estimates of p(x, ) in £2 x (1, 00), and
thereby conclude tl_l)rglo lp(-,t) — 1|~y = 0. As things stand at the moment, we

are only able to infer convergence in L".

2. L*°-convergence of solutions with exponential rate in one dimension

It is observed that the results, in particular Lemma 3.35, in the previous subsec-
tion are still valid in the one-dimensional case. Moreover, in the one-dimensional
setting, the weak convergence result in Lemma 3.35 can be improved via a boot-
strap argument. In fact, we shall derive some a priori estimates of (p, ¢, w) and
thereby demonstrate that (p, ¢, w) converges to (1, 0, 1) in L*°(§2) as t — oo. Fur-
thermore, by a regularity argument involving the variation-of-constants formula for
p and smoothing L? — L4 type estimates for the Neumann heat semigroup, we will
show that p(-, t) — 1 decays exponentially in L*°(£2).

As pointed out in the introduction, the main technical difficulty in the derivation
of Theorem 3.5 stems from the coupling between p and w. Indeed, the lack of the
regularization effect in the space variable in the w-equation and the presence of p
there demand tedious estimates of the solution.

The following lemma plays a crucial role in establishing the uniform convergence
of past — oo (see Lemma 3.40). Though the proof thereof only involves elementary
analysis, we give full proof here for the sake of the reader’s convenience since we
could not find a precise reference covering our situation.

Lemma 3.36 Let k(t) be a function satisfying
o0
k() =0, / k(t)dt < oo.
0

Ifk'(t) < h(t) for some h(t) € L' (0, 00), then k(t) — O ast — oo.

Proof Supposing the contrary, then we can find A > 0 and a sequence (¢;) jen C
(1, 00) suchthatt; > t;_| +2,t; — ooas j — coand k(t;) > Aforall j € N.On
the other hand, by k'(¢) < h(t), we have

Ij

k(t; — 1) > k(t;) —f

;-1

h(s)|ds > k(t;) —/j |h(s)|ds (3.5.28)
;-1

forall T € (0, 1).
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Since h(f) € L' (0, 00), we have ftt_’_] |h(s)lds — Oast; — oo and thereby there
exists jo € N such that fti"_l |h(s)|ds < % for all j > jy, which along with (3.5.28)
implies that

k(tj —t) = k(t;) — (3.5.29)

for j > jo and 7 € (0, 1). It follows that f:/_’;l k(t)dt > % for all j > jo, which

contradicts fooo k(t)dt < oo and thus completes the proof of the lemma.

1
Lemma 3.37 If wg > 1 — —, then there exists a constant C > 0 such that
o

o0
/ / ez > < C (3.5.30)
0 2

Proof We know that z, = ¢™*" p, — pzw, and thus

where 7 = pe™P.

" zal? < 4¢P pel? + ApPe " P lw .

Integrating over £2 x (0, oo) and taking (3.5.5) into account, we have

o0 o0 o0
f /ep“)|zx|254/ f|px|2+4p2sup ||P(f)||L°°(s2)/ /p|wx|2
0 2 0 2 >0 0 2

00 |px|2 o0
<4(1+ p*) sup | p()ll 12 ( f / + plw.l?).
t>0 0 2 P 0 2

Hence by Theorem 3.4 and Lemma 3.34, we get (3.5.30).

1
Lemma 3.38 Ifwy > 1 — —, then there exists a constant C > 0 such that
0

d 2, 1 2
E erwlle +§L6szt

sc<f eﬂw\zx|2+f p\wx|2+/ \cxx|2+/ p|cx|2+/ p|w—1|+/ p(p— 1%
2 2 2 2 2 2

with z = pe™"".
Proof Note that z satisfies
el

)
2= e (e z), — e—W(ZfTVc)X +Az(1 — ze””) — pye? 2 (1 — w).

Multiplying the above equation by z;e”” and integrating in the spatial variable, we
obtain
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/epwz,2+/ "z 2yt
2 2

ozp az , oz
= - v xCx WxCx — X T Cxx 3.5.31
/Qe Z’(1+ Wl t WG T el ) (333D

+ / e”z,(hz(1 — ze™™) — pye™ 22 (1 — w)).
2

Notice that

1d yp :
/Q eprxet = EE o e’ow|Zx\2 - 7 /Q ezp"’z(l — w)\Zx|2

>_ — e Z—qu t 1—w / Pz 2,
Z2a o |zx]| > tzgllp()llLOO(rz)ll ollLoo(2) " lzx|

a2 e < [ v s Ol g [ " lexl”
Qtl+cxx,6 lpx L0(£2) X

/33 z WylCx =< / e zw+C sup HC (t)“ sup ”p(f)”l / |w |
4 = 4 ) 00 P N
1 N X 6 t 1 - X L%°(£2) - (£2) X

/ ool Ll < lf P24 C sup ()] sup flex (0)]12 / lex|?
azel” 1 . . P
(1+ o2 Cx =5 t 1 p p L (.Q) P X 1o°(2) QP X

azePV 1
[ S e =g [ e e supnp(z)nmm)/ e l?

and

f e™z,(hz(1 — ze™) — pye™ 22 (1 — w))
2

—k/ pz(1 = p) —m// zp* (1 —w))
2 2

1
< / 2+ Crsup [p (Dl / (1= py
2 >0 2
+Crsup 1)1 - wo||L°c(9)/ pll—wl.
1> 2

Applying Theorem 3.4, (3.5.18) and inserting the above inequalities into (3.5.31),
we obtain the desired inequality.

Now we focus our attention on the decay properties of the solutions. Indeed, we
will show that p(x, t) converges to 1 with respect to the norm in L>°(§2) ast — oo.
Subsequently, we will establish the exponential decay of | p(-, ) — 1|[1~(2) With
explicit rate.

1
Lemma 3.39 I[fwy > 1 — —, then
o
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lim |lw(,t) — 1||L<>0(_Q) =0. (3.5.32)
—00

Proof From (3.5.20), it follows that for any € > 0

t
lw(x, 1) — 1] < lwg — Ll oo(2) expl—y /0 p(s)ds) (3.5.33)
t t
< llwo — 1l zoo(2) exply /0 Ip(s) = B) oo (@)ds — v /0 Ps)ds)

t t
S”wo—lHLOO(.Q)eXP{%/(; ||p(s>—ﬁ(s)nioo(mds+eyr—y/0 Pls)ds),

where p(t) = & [ PG, 1)
On the other hand, by the Poincaré—Wirtinger inequality, the Sobolev embedding
theorem in one dimension and (3.5.21), we have

t o0
/0 Ip(s) = P() |~ yds < Ci /0 1 px () 72(0yds

o Ipx(s)lzds (3.5.34)

< Cysup |p()|l L= /
ltzg L 0 p(s)

<G

for some constant C, > 0. Combining (3.5.33) with (3.5.34) yields

Cry r_
6) = s = o — Ui expl 22 +eyt — / B(s)ds)
0

for t > 0. The assertion now follows from the last inequality and the proof is com-
plete.

1
Lemma 3.40 Ifwy > 1 — —, then
0

lim [[p(-, 1) — ||z~ = 0. (3.5.35)
—>00
Proof We first show that
tli)fgo lz(, 1) = zZ()|lL>2) =0 (3.5.36)

where Z(1) = 147 [ 2(, 1)
To this end, we consider the function k(¢) > 0 defined by k(1) = fQ e’ |z,|* and

prove that
tlim k@) =0. (3.5.37)
—00

By Lemmas 3.36, 3.37 and 3.38, it is enough to prove that
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h(1) :=/ e”"’|zx|2+/ p|wx\2+/ (\cxx\2+p\cx\2)+/ p|w71|+f p(p — 1)?
2 2 2 2 2

e L1, ).

Noting (3.5.30), (3.5.21), (3.5.16), (3.5.15) and (3.5.4), it remains to estimate

/ / p(p— 1)
0 2

In fact, multiplying the p-equation in (3.1.4) by p — 1, we have

li/(17—1)2=—/ Ipx\2+p/ pwxpx+a/ chl’x_)\/ p(p —1?
2dt Jo Q Q o l+c Q

1
5—5/ |px|2+C(/ p2|wx|2+/ p2|cx|2>—xf p(p— D2
2 2 2 2

Hence, by the boundedness of p, (3.5.16) and (3.5.21), we easily infer that

/oo/p(p—l)zfc
0 2

Furthermore, by the Poincaré—Wirtinger inequality and the Sobolev embedding
theorem in one dimension, we have

lz(t) = 2O llL=2) < Cpllze @Iz 2y,

which along with (3.5.37) yields (3.5.36).

On the other hand, for any {#;};en C (1, 00), there exists a subsequence along
which z(-,#;) —e™” — 0 ae. in £ as j — oo by Lemma 3.35. We apply the
dominated convergence theorem along with the uniform majorization |z(-, ¢;)| <

sup ||z(tj)|lz=(e) < C to infer that
j=1

lim |zZ(t) — e ”| =0. (3.5.38)
t—00
Hence

IpC. 1) — =2
=||‘3pr - 1||L°°(.Q)
<efUHlwole@) (1z( 1) = Z(t) o) + 12() — €77 + 1”0 — el =0
<e!Uthwole@) (12(., 1) = Z(t) | = (@) + 12(t) — e ]) + Cillw(, 1) — 1|1~

for some C; > 0, which together with (3.5.32), (3.5.36) and (3.5.38) yields the
desired result.
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Having established that p(x, t) converges to 1 uniformly with respecttox € 2 as
t — 00, we now go on to establish an explicit exponential convergence rate. Using
(3.5.35), we first look into the decay of fg [w, (£)]?.

1
Lemma 3.41 Let wy > 1 — —. Then for any € > 0, there exists C(€) > 0 such that
0
f lw()|* < Ce)e™ 717", (3.5.39)
fo}

Proof From (3.5.20), it follows that

t 2
[we (0)[* <4lwox [Pe™2 o PO 1 492 19y — 1126727 Jo PO (/ lpx(s)|ds>
0
ot ot !
<dfun e HPO e dry g — 17RO [ )
0

Taking Lemma 3.40 into account, we know that for any € > 0, there exists 7. > 1
such that p(x,t) > 1 — € for all x € £2,¢ > t.. Therefore, integrating the above
inequality in the space variable yields

/ |w (1)
7]

21 2 2 2 21 o 2
<de™2( *@(’**)/ wor * + 4ty 2wy — 170 e ¢ *f)(’**)/ / |px|

2 o Jo
—2y(1—e)t 2 2 © o pal?
<Ci(e)(L +1ne (| Nwox[” + llwo = Ll oo gy sup POl Loo(2) ),
2 >0 0 2 P

for all t > ., which along with (3.5.21) implies (3.5.39).

Now we utilize the decay properties of f o lex (@) 12, f o lwx(®) |? and the uniform
convergence of | p(x, t) — 1] asserted by Lemma 3.40 to establish the decay property
of [p(-, 1) — Ll2g)-

1
Lemma 3.42 Let wg > 1 — —. Then for any € € (0, min{l, y, A}), there exists
C(€) > 0 such that

IpC, 1) — 1 2gg) < C(e)e Minth-yAi=ar, (3.5.40)
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Proof By (3.5.35), we know that for any € € (0, min{l, y, A}), there exists ¢, > 1
such that p(x,t) > 1 —e forall x € £2,¢ > t.. Hence, we multiply the p-equation
in (3.1.4) by p — 1 and integrate the result over £2 to get

lif(p—l)2=—/ |px|2+pf pwxpx+a/ chpx—x/ p(p —1)?
2dt Jo Q Q o l+c Q

1
57/ |Px|2+cl(/ |wx\2+/ |cx|2>fx(1fe>/(p71>2
2 2 2 2

for all t > t.. Now, applying the Gronwall inequality, (3.5.18) and Lemma 3.43, we

have
/ (p(t) — 1)?
2

Se_Z)L(l_E)(I_tE)/‘(p(te)_l)2+cl /Z e_zk(l—é)(l—s)(/ |wx|2+/ |Cx|2)
7 0 2 @

12
§C2(6)672A(17€)t+c3(€)\/\ e*ZA(l*G)(tfs)(872}/(176)_?+e72(176)5)
0

§C4(€)672min{x,1,1,}(1,6),’

where ¢;(¢) > 0 (i = 2, 3, 4) are independent of time ¢. This completes the proof.

Moving forward, on the basis of Lemma 3.42, we come to establish the exponential
decay of || p(-, t) — p(t)|lL~() by means of a variation-of-constants representation
of p, as follows.

1

Lemma 3.43 Let wo > 1| — —. Then for any € € (0, min{A1, 1, y, A}), there exists
o

C(€) > 0 such that

PGy t) = P) || Le(a) < C(e)e” Mminthnlydi=er, (3.5.41)

Proof By noting that p, = Ap(1 — p)(¢), applying the variation-of-constants for-
mula to the p-equation in (3.1.4) yields

p
1+c¢

Cx)x

pC. 1) = B = (p(, 0) = B(0) — /0 (-9

_, / 93 (), + 2 / I3 (p(1 = p) — p(T = p).
0 0

Together with (3.5.17), Lemmas 3.42 and 1.1, this gives
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lpC, 1) = PO lL=e)

t
<4 (p(. 0) = PO |1~y + @ / et=a (L
0

1+c

Cx)x ||L°C(Q)
‘ /
+p fo e (pwy)sllL=(2) + A /O le“4(p(1 = p) = p(0 = P llL~(2)
<cie M| p(.0) = P(0) || L~(2) + Ci /0 ,(1 + (=)D w120
+C, /0 t(l + (=9 e M e 1200
+C /O - ) De M p(1 — p) — p(— Pl
<cie ™| p(, 0) = P(0) || L=(2) + Ca(€) /O t(l F (1 — ) "H)e MUy
+ Ca(e) _/Ol(l + (1 — )" H)e 910
+C /0 t(l + (=9 De M p(d = p) — p( = Pz
It is observed that

Ip(1 = p) = p(1 = P20 =Ip(1 = P20 — 121Ip(1 = p)I°

Hence from (3.5.15) and Lemma 3.42, it follows that
lp(, 1) = PO llL=)
<cie ™ p(-, 0) = BO)||L=(2) + Ca(€) /Ot(l + (1 — 5)"H)e MUy das
+ Ca(e) /Ot(l F (1 — ) "H)e M-

t
+ C3(e)/ A+ — s)—%)e—kl(t—.s)e—min{l,y,A}(l—e)s
0

<C4(6)€_ min{A;,1,y,A}(1—€)t

which implies (3.5.41).
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1
Lemma 3.44 Let wy > 1 — —. Then for any € € (0, min{ry, 1, y, A}), there exists
C(€) > 0 such that

[P(t) — 1] < C(e)e Mini2h2.2y.=) (3.5.42)

Proof We integrate the p-equation in the spatial variable over £2 to obtain

B =1 == /(p )
|Q| (3.5.43)

By (3.5.23), there exists z. > 0 such that p(z) > 1 — € for ¢ > .. Hence by (3.5.41)
and (3.5.43), solving the differential equation entails

— — - [! P(s)ds A ! 1 [ Plo)do -
5(1) — 1] <[P(t) — 1|e ) PO +|Q—|/ e HIPO | p(s) — B($) 220
Ig

_ P S P _
<Ip(t) — 1] 17 ’ewﬁ / e p(s) = PO
te

t
Slﬁ(ts) _ 1|e—}\(l—e)(t—lf) + Cl (6)/ e—)u(l—e)(z—s)e—me[Al,l,y,}\}(l—e)s
0

Slﬁ(ts) _ 1|e—)\(l—e)(1—l5) + Cz(e)e—min{2)\|.2,2y,)\](1—5)t
§C3(€)€7min{2)\l’2'2y')\}(17€)t

for t > t., which proves (3.5.42).

1

Lemma 3.45 Let wy > 1 — —. Then for any € € (0, min{A;, 1, y, A}), there exists
I

C(€) > 0 such that

IpC, 1) — lpx(a) < C(e)e MinthLy-A=ar, (3.5.44)
Proof Combining above two lemmas, we have
1PC. 1) = Uiz < PG 1) = POllm@) + [P() = 1] < Cleem M-ty iimer,
Proof of Theorem 3.5. (3.1.7) is a direct consequence of Lemma 3.35 in the previous

subsection. As for (3.1.8)—(3.1.10), we only need to collect (3.5.19), (3.5.32) and
(3.5.44).
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Remark 3.5 In comparison with (3.5.44), by (3.5.21) and (3.5.37), we have

sup/ lwy(1))* + |ze(D)]> < C,
Q

t>0

and thus sup,.,[|p(@)llwi22) < C. Hence, an interpolation by means of the
Gagliardo—Nirenberg inequality in the one-dimensional setting provides

1 ! . B
1PCo 1) = Hizm@y < 1PC DI IPC 1) = 112, < Cle)e G mntlhrAi=ar,

where we have used (3.5.40).
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Chapter 4 ®
Keller-Segel-(Navier—)Stokes System St
Modeling Coral Fertilization

4.1 Introduction

Chemotaxis, the directed movement caused by the concentration of certain chem-
icals, is ubiquitous in biology and ecology, and has a significant effect on pattern
formation in numerous biological contexts (Hillen and Painter 2009; Maini et al.
1991). The first mathematically rigorous studies of chemotaxis were carried out by
Patlak (1953) and Keller—Segel (1970). The latter work involves the derivation of a
system of PDEs, now known as the Keller—Segel system, which, despite its simple
structure, was proved to have a lasting impact as a theoretical framework describing
the collective behavior of populations under the influence of a chemotactic signal
produced by the populations themselves (Bellomo et al. 2015; Herrero and Veldzquez
1997; Winkler 2013, 2014c). In contrast to this well-understood Keller—Segel sys-
tem, there seem to be few theoretical results on nontrivial behavior in situations where
the signal is not produced by the population, such as in oxygenotaxis processes of
swimming aerobic bacteria (Tuval et al. 2005), or where the signal production occurs
by indirect processes, such as in glycolysis reaction, tumor invasion and the spread
of the mountain pine beetle (Chaplain and Lolas 2005; Dillon et al. 1994; Fujie and
Senba 2017; Hu and Tao 2016; Painter et al. 2000; Tao and Winkler 2017b).

In this chapter, we study the decay property of the chemotaxis—fluid systems
modeling coral fertilization. Section4.3 is concerned with the following Keller—
Segel-Stokes system

pr+u-Vo=2ap -V - (o7, p,c)Vc) — pm, (x,t) e 2 x(0,T),
my4+u-Vm = Am — pm, (x,t) e 2 x(0,7T),
c¢t+u-Ve=Ac—c+m, (x,t) e 2 x(0,T),
ur=Au—V~P+(p+mVep, V-u=0, (x,1) e 2 x(0,7T),
(Vp—pLx,p,c)Ve)-v=Vm-v=Vc-v=0,u=0, (x,1) € 082 x (0, T),
p(x,0) = po(x), mx,0) =mo(x), c(x,0)=colx), u(x,0) =up(x), x € £2,
“4.1.1)

© The Author(s) 2022 189

Y. Ke et al., Analysis of Reaction-Diffusion Models with the Taxis Mechanism,
Financial Mathematics and Fintech, https://doi.org/10.1007/978-981-19-3763-7_4


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-3763-7_4&domain=pdf
https://doi.org/10.1007/978-981-19-3763-7protect LY1	extunderscore 4
https://doi.org/10.1007/978-981-19-3763-7_4

190 4 Keller-Segel-(Navier—)Stokes System Modeling Coral Fertilization

where T € (0, 00], 2 C R? is a bounded domain with smooth boundary 952,
the chemotactic sensitivity tensor .(x, p, ¢) = (s;j(x, p,c)) € C2(2 x [0, 20)?),
i,je{l,2,3},and ¢ € WH>().

This PDE system describes the phenomenon of coral broadcast spawning (Espejo
and Suzuki 2017; Espejo and Winkler 2018; Kiselev and Ryzhik 2012a,b), where
the sperm p chemotactically moves toward the higher concentration of the chemical
c released by the egg m, while the egg m is merely affected by random diffusion,
fluid transport and degradation upon contact with the sperm. Meanwhile, the fluid
flow vector u, modeling the ambient ocean environment, satisfies a Stokes equation,
where P = P(x,t) represents the associated pressure, and the buoyancy effect of
the sperm and egg on the velocity, mediated through a given gravitational potential
¢, is taken into account. We note that the use of the Stokes equation instead of the
Navier—Stokes equation is justified by the observation that the fluid flow is relatively
slow compared with the movement of the sperm and egg. We further note that the
sensitivity tensor . (x, p, ¢) may take values that are matrices possibly containing
nontrivial off-diagonal entries, which reflects that the chemotactic migration may
not necessarily be oriented along the gradient of the chemical signal, but may rather
involve rotational flux components (see Xue and Othmer (2009); Xue (2015) for the
detailed model derivation).

A two-component variant of (4.1.1) has been used in the mathematical study of
coral broadcast spawning. Indeed, in Kiselev and Ryzhik (2012a,b), Kiselev and
Ryzhik investigated the important effect of chemotaxis on the coral fertilization
process via the Keller—Segel type system of the form

pr+u-Vo=2Ap—xV-(pVec) — pup?, 412)

0=Ac+»p
with a given regular solenoidal fluid flow vector u. This model implicitly assumes
that the densities of sperm and egg gametes are identical, and that the Péclet number
for the chemical concentration c¢ is small which allows us to ignore the effects of
convection on c¢. The authors showed that, for the Cauchy problem in R2, the total
mass [, p(x, 1)dx can become arbitrarily small with increasing x in the case g > 2
of supercritical reaction, whereas in the critical case g = 2, a weaker but related effect
within finite time intervals is observed. Recently, Ahn et al. (2017) established the
global well-posedness of regular solutions for the variant model of (4.1.2) with ¢, +
u-Vec= Ac — c+ p instead of 0 = Ac + p. They also proved that fRd o(x, t)dx
(d = 2, 3) asymptotically approaches a strictly positive constant C () which tends
to0as y — oo.

In Espejo and Suzuki (2015), Espejo and Suzuki studied the three-component

variant of (4.1.1)
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pr+u-Vo=A24p—xV-(pL(x,p,c)Vec) — up?,
¢t+u-Ve=Ac—c+p,

U +kw-V)§u=Au — VP + pV,

V-u=0

(4.1.3)

in the modeling of broadcast spawning when the interaction of chemotactic move-
ment of the gametes and the surrounding fluid is not negligible. Here the coefficient
k € R is related to the strength of nonlinear convection. In particular, when the fluid
flow is slow, we can use the Stokes instead of the Navier—Stokes equation, i.e., assume
« = 0 (see Difrancesco et al. (2010); Lorz (2010)). It should be mentioned that the
chemotaxis—fluid model with ¢, + u - Vc = Ac — cp replacing the second equation
in (4.1.3) has also been used to describe the behavior of bacteria of the species Bacil-
lus subtilis suspended in sessile water drops (Tuval et al. 2005). From the viewpoint
of mathematical analysis, this chemotaxis—fluid system compounds the known dif-
ficulties in the study of fluid dynamics with the typical intricacies in the study of
chemotaxis systems. It has also been observed that when . = . (x, p, ¢) is atensor,
the corresponding chemotaxis—fluid system loses some energy-like structure, which
plays a key role in the analysis of the scalar-valued case. Despite these challenges,
some comprehensive results on the global boundedness and large time behavior of
solutions are available in the literature (see Cao and Lankeit (2016); Li et al. (2019a);
Liu and Wang (2017); Tao and Winkler (2015b); Wang and Xiang (2016); Winkler
(2012, 2017b, 2018c, e) for example). It has been shown that when . = . (x, p, ¢)
is a tensor fulfilling

|- (x, p, for some o > 0and C» > 0, “4.1.4)

o)) < A
(I'+p)*

the three-dimensional system (4.1.3) with © = 0, x = 0 admits globally bounded
weak solutions for ¢ > 1/2 (Wang and Xiang 2016), which is slightly stronger than
the corresponding subcritical assumption o > 1/3 for the fluid-free system. As for
o > 0, when the suitably regular initial data (py, ¢, uo) fulfill a smallness condition,
(4.1.3) with u =0, ¥ = 1 possesses a global classical solution which decays to
(Po, po, 0) exponentially with py = Wl‘ o Po(x)dx (Yu et al. 2018). Removing the
presupposition that the densities of the sperm and egg coincide at each point, Espejo
and Suzuki (2017) looked at a simplified version of (4.1.1) in two dimensions, namely

pr+u-Vp=Ap—xV-(pVc) — pm,

m;+u-Vm = Am — pm, (4.1.5)

1
0=Ac+k0(m——/mdx)with/cdx:O,
1£2] Ja 2



192 4 Keller-Segel-(Navier—)Stokes System Modeling Coral Fertilization

and showed that [, po(x)dx > [, mo(x)dx implies that m (x, 1) vanishes asymptot-
ically, while [, p(x, t)dx — Wl\(f.o po(x)dx — [, mo(x)dx) as t — oo, provided
that x is small enough and u is low. In two dimensions, Espejo and Winkler (2018)
have recently considered the Navier—Stokes version of (4.1.1)

pr+u-Vp=A4p—V-(pVc) — pm,
m;+u-Vm = Am — pm,

¢;+u-Ve=Ac —c+m,

U +xkw-V)y=Au—-VP+ (p+m)V¢, V-u=0,

(4.1.6)

and established the global existence of classical solutions to the associated initial-
boundary value problem, which tend toward a spatially homogeneous equilibrium
in the large time limit.

In Sect. 4.3, motivated by the above works, we shall consider the properties of
solutions to (4.1.1). In particular, we shall show that the corresponding solutions
converge to a spatially homogeneous equilibrium exponentially as ¢ — oo as well.

Throughout the rest of this part, we shall assume that

po € C°(2), po>0and py # 0,
mo € C°(£2), mo > 0 and mg # 0,
co € W (£2), ¢ > 0and ¢y 0, @.1.7)

3
uo € D(AP) forall B € (Z’ 1),
where A denotes the realization of the Stokes operatorin L?(£2). Under these assump-

tions, we shall first establish the existence of global bounded classical solutions to
(4.1.1):

Theorem 4.1 Suppose that (4.1.4), (4.1.7) hold witha > % Then the system (4.1.1)
admits a global classical solution (p, m, ¢, u, P), which is uniformly bounded in the
sense that for any 8 € (3’—1, 1), there exists K > 0 such that for all t € (0, 00)

IpC, Ollzx(2) + ImC, Olli=@) + e, Dllwie) + 1APuC, Oz < K.
(4.1.8)

Then, we establish the large time behavior of these solutions as follows:

Theorem 4.2 Under the assumptions of Theorem 4.1, the solutions given by
Theorem 4.1 satisfy

PG 1) = Pog, M(-, 1) = Moo, (-, 1) = Moo, u(-, 1) = 0in L=(2) as t — oo.
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Furthermore, when f o P0F f o Mo, there exist K > 0 and § > 0 such that

loC, 1) — poollizig) < Ke™, (4.1.9)
m(, 1) = mooll o) < Ke™, (4.1.10)
leC, 1) = mooll~@) < Ke™, (4.1.11)

luC, Dll~g) < Ke™, (4.1.12)

where poo = \.(12_| {f.(z po— Jo m0}+, Moo = ﬁ {f.(z mo = [o 100}+'

According to the result for the related fluid—free system, the subcritical restriction
o> % seems to be necessary for the existence of global bounded solutions. However,
for o < %, inspired by Cao and Lankeit (2016); Yu et al. (2018), we investigate the
existence of global bounded classical solutions and their large time behavior under
a smallness assumption imposed on the initial data, which can be stated as follows
Li et al. (2019b):

Theorem 4.3 Suppose that (4.1.4) hold with a« =0 and [, po # [, mo. Further,
let N =3 and py € (%, 00), g0 € (N, 00) if [, po > [, mo; and po € (%, 00),
qo € (N, 00) lffg Po < f_Q mo. Then there exists ¢ > 0 such that for any initial data
(po, mo, co, ug) fulfilling (4.1.7) as well as

lro = pooliLro(2) <& lmo —meollLao(2) <& IVeolpnvgy <& luolpve) <&,

(4.1.1) possesses a global classical solution (p, m, c, u, P). Moreover, for any o,
€ (0, min{A|, mo + poo}), @2 € (0, min{ay, A}, 1}), there exist constants K;, i =
1,2, 3,4, such that forall t > 1,

art ot
P

lo(, 1) = polle@) < Kre ™",

leC, 1) — Mmoollwio@y < Kze™ ', |lu(, 1)1y < Kse .

lm(-, 1) — mellre@@) < Kie™

Here )| is the first eigenvalue of A, and A, is the first nonzero eigenvalue of —A on
§2 under the Neumann boundary condition.

Remark 4.1 In Theorem 4.3, we have excluded the case [, po = [, mo. Indeed, in
this case, some results of Cao and Winkler (2018) suggest that exponential decay of
solutions may not hold.

Remark 4.2 It is observed that the similar result to Theorem 4.3 is also valid for
the Navier—Stokes version of (4.1.1) upon slight modification of the definition of T
in (4.3.60) and (4.3.94).

As mentioned above, compared with the scalar sensitivity ., the system (4.1.1)
with rotational tensor loses a favorable quasi-energy structure. For example, we note
that the integral
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/,oln,o—i-a/ |Vc|2+b/ u|?
2 2 2

with appropriate positive constants a and b plays a favorable entropy-like functional
in deriving the bounds of solution to (4.1.6). However, this will no longer be available
in the present situation (see Espejo and Winkler (2018)). To overcome this difficulty,
our approach underlying the derivation of Theorem 4.1 will be based on the estimate
of the functional

oG D12y + 1uC D) + 1VEC D720

In addition, the proof of the exponential decay results in Theorem 4.2 relies on careful
analysis of the functional

G(1) :=/(p—ﬁ)2+a/(m—m)2+bf(c—5)2+c/ pm
2 2 2 2

with suitable parameters a, b, ¢ > 0.Indeed, it can be seen that G (¢) satisfies the ODE
G'(t) + 81G(¢) < 0 for some §; > 0, and thereby the convergence rate of solutions
in L2(£2) is established. At the same time, in comparison with the chemotaxis—fluid
system considered in Cao and Lankeit (2016); Yu et al. (2018), due to

_Nl_1 —
le4ollire < e (14+1726079) e 0l

for all w € L9(£2) with f_Q w = 0, —pm in the first equation of (4.1.1) gives rise to
some difficulty in mathematical analysis despite its dissipative feature. Accordingly,
it requires a nontrivial application of the mass conservation of p(x, t) — m(x, t).

In Sect. 4.4, we are concerned with the asymptotic behavior of classical solutions
of the three-dimensional Keller—Segal-Navier—Stokes system

pr+u-Vop=A4p -V - (p.L(x, p,c)Vc) — pm, (x,1) e 2 x(0,T),
my4+u-Vm = Am — pm, (x,t) e 2 x(0,7T),
c¢t+u-Ve=Ac—c+m, (x,1) € 2 x(0,7T),
ur+ w-Vyu=Au—VP+(p+m)Vep, V-u=0, (x,t) € 2 x(0,T),
(Vp—pLx,p,c)Ve)-v=Vm-v=Vc-v=0,u=0, (x,t) €982 x (0, T),
p(x,0) = po(x), m(x,0) =mp(x), c(x,0)=cox), u(x,0) =up(x), x € £2.

(4.1.13)

In this coral fertilization model, the sperm p chemotactically moves toward the higher
concentration of the chemical ¢ released by the egg m, while the egg m is merely
affected by random diffusion, fluid transport and degradation upon contact with the
sperm. We assume that the tensor-valued chemotactic sensitivity . = . (x, p, ¢)
satisfies

L (x, p,c)] < Cy forsomeCy > 0, (4.1.14)
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and the initial data satisfy

po € C°(2), po > 0and py # 0,
mo € C°(£2), moy > 0and mg # 0,

100 (4.1.15)
coeW (£2), conandc0¢0,

3
uy € D(AP) forall B € (Z’ 1),

where A denotes the realization of the Stokes operator in L?($2).
Under these assumptions, our main result can be stated as follows Myowin et al.
(2020):

Theorem 4.4 Suppose that (4.1.14) hold and |, po > [, mo. Let py € (3, 3),q0 €

@3, ;”; ). Then, there exists ¢ > 0 such that for any initial data (pg, mg, co, Uo)
fulfilling (4.1.15) as well as

oo — Pocllzro2) < & llmollLw) <&, llcolliew) <&, lluollze) <&,

(4.1.13) admits a global classical solution (p, m, c, u, P). In particular, for any a| €
(0, min{Ay, poo}), a2 € (0, min{ay, A}, 1}), there exist constants K;, i = 1,2,3, 4,
such that forallt > 1

Ilm(, )L~ < Kie ",
loC, 1) — pollLee) < Kae
lleC, Dllwre@y) < Kze ™,

lu(-, DllL~@) < Kse .

—oqt
5

Here, Ay is the first nonzero eigenvalue of —A on §2 under the Neumann boundary
condition, peo = ﬁ(fg Po — f_Q my). and A} is the first eigenvalue of A.

As for the case [, po < [, mo, i.e., mo = % (fgmo — [, po) > 0, we have
Myowin et al. (2020)

Theorem 4 5 Assume that (4.1.14) and [, po < [ mo hold, and let py € (2,3),

q0 € (3, 5 3 p s+——). Then there exists ¢ > 0 such that for any initial data (po, mo, co, Uo)
Sulfilling (4.1.15) as well as

loollLro2y < & llmo —moollLow) <& Vool <& luollse) < e,

(4.1.13) admits a global classical solution (p, m, c,u, P). Furthermore, for any
o € (0, min{Ay, moo, 1}), a2 € (0, min{ery, A}}), there exist constants K; > 0, i =
1,2, 3, 4, such that
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Im (-, 1) — Mool L2y < K1

oG, Ol < Ke™™,
leC, 1) — moollwic (@) < Kze ™,

(-, D)l L~y < Kae .

Remark 4.3 In our results, we have excluded the case f o PO = f o Mo. Indeed, in
light of results of Cao and Winkler (2018); Htwe and Wang (2019), algebraic decay
rather than exponential decay of the solutions is expected in this case.

It is noted that the nonlinear convection (# - V)u in the three-dimensional Navier—
Stokes equation may lead to the spontaneous emergence of singularities, resulting in a
blow-up with respect to the norm of L°°(£2). Hence, we subject the study of classical
solutions of (4.1.13) to small initial data. We further note the substantial difference
between dimensions two and three, and acknowledge results on global boundedness
in two dimensions obtained by Espejo (2018) in the case of scalar-valued sensitivity
and by Li (2019) in the case of tensor-valued sensitivity with saturation effect or
suitably small initial data.

Section4.5 is devoted to the large time behavior in a chemotaxis-Stokes system
modeling coral fertilization with arbitrarily slow porous medium diffusion. In accor-
dance with the phenomena observed from experiments (Coll et al. 1994, 1995; Miller
1979, 1985), oriented motions may occur to sperms in response to some chemical
signal secreted by eggs during the period of coral fertilization. In order to describe
this in mathematics, a model appearing as

n+u-Vn=V.-(Dn)Vn) —V-mVc) — nv,
¢+u-Ve=Ac—c+v,

vi +u-Vv=Av —vn,

Uy =Au+VP+ n+v)VWVQ,

(4.1.16)

was proposed under the assumptions that sperms and eggs enjoy different densities
n and v, respectively, that P and @ separately stand for the liquid pressure and the
gravitational potential with

® € W (), (4.1.17)

and that the fluid velocity u is an unknown function (Espejo and Winkler 2018).

For simplified versions of (4.1.16), such as D = 1 together with n = v or with
a given fluid field u, related analytical results on global dynamic behaviors of the
solution can be found in Espejo and Suzuki (2015, 2017). Whereas for more com-
plex situations, during the past years, a number of analytic approaches have been
developed to explore global dynamics in (4.1.16) and the variants thereof.

In particular, under the interaction of linear diffusion, i.e., D = 1, with proper
saturation effects of cells, by constructing appropriate weighted functions g and
whereafter detecting the evolution of
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/ n?g(c) (4.1.18)
I?)

with any p > 1, system (4.1.16) coupled with (Navier—)Stokes-fluid is proved to
be globally solvable in the classical sense (Li 2019) or in the weak sense (Zheng
2021). Moreover, arguments based on L”-L9 estimates for Neumann heat semigroup
further show exponential decay features of the corresponding classical solutions
under suitable smallness assumptions on initial data (Htwe et al. 2020; Li et al.
2019b).

As a more frequently used method, energy-based arguments, which start from
constructions of proper energy functionals, play a crucial role in the whole study of
systems related to (4.1.16). More precisely, as shown in Espejo and Winkler (2018),
an analysis of a suitably established entropy-like functional

/nmn+m/WVd?+@/ﬂm2 (4.1.19)
2 2 2

with k; > 0and k, > O underlies the derivation of global boundedness and stabiliza-
tion of the unique classical solution to the Navier—Stokes version of system (4.1.16)
with D = 1 in spatially two-dimensional setting. In cases when saturation influence
of cells is accounted for in the cross-diffusion term of n-equation, the construc-
tion of a similar but different functional as compared to (4.1.19) is also viewed as
the fundament in deriving global solvability of system (4.1.16) with D = 1, both
in the Stokes-fluid context (Li et al. 2019b) and in the Navier—Stokes-fluid setting
(Liu et al. 2020). Apart from that, when cell mobility depends on gradients of some
unknown quantity, such as p-Laplacian cell diffusion, the pursuance of global solv-
ability involves an analysis of a functional with more complex structure (Liu 2020).

Actually, whether by establishing weighted estimates as (4.1.18) or by construct-
ing energy functionals of different types, the core of the analysis is to derive a uniform
L? bound of component n for any p > 1. Taking a recent work (Liu 2020) as an
example, in the presence of a porous medium type diffusion, namely D in (4.1.16)
is chosen to generalize the prototypical case

D(s)=s""" s>0 (4.1.20)

with some m > 1, the condition

37
m> 4.1.21)
33

therein reflects an explicitly quantitative requirement for the strength of nonlinear
diffusion in the derivation of temporally independent L” estimates for n. However,
since complementary results on possibly emerging explosion phenomena are rather
barren, it is still unknown that corresponding uniform L?” bounds could be achieved
for smaller values of m or even for the optimal restriction m > 1.

In the present work, we attempt to make use of a different method, by which
conditional estimates for « and ¢ subject to some uniform L? norms of n are estab-



198 4 Keller-Segel-(Navier—)Stokes System Modeling Coral Fertilization

lished, to explore how far the porous medium type diffusion of sperms can prevent
the occurrence of singularity formation phenomena.

For precisely formulating our main results, let us close the considered problem
involving system (4.1.16) with the following initial-boundary conditions

n(x,0) =np(x), clx,0) = co(x), v(x,0) =vo(x) and u(x,0) = ug(x), x € 2
(4.1.22)
as well as

on dac av
Dn)— =—=—=0and u=0, xe€d82,1t>0, (4.1.23)
dv  dv  Jv

where 2 C R? is a bounded domain with smooth boundary, where the function D
fulfills

D e C} ([0, 00)) ﬂ C}.((0,00)) and D(s) > Cps™" forany s >0 (4.1.24)
with certain i € (0, 1), Cp > 0 and m > 1, and where the initial data satisfies

ng € C’(82) forsome v >0 with ng >0 in £ and ng # 0,
co € WH®(£2) with ¢ > 0 in £2,
vo € WH®(£2) with vg > 0 in £, and (4.1.25)

3
ug € D(A%) for certain o € (Z, 1)

with A representing the realization of the Stokes operator with its domain defined as
D(A) := W22(2; RY) N Wy 2(82; R?) N L2 (2) with L2 (2) := {w € L*(2; R?)|
V - @ = 0} (Sohr 2001).

Within this framework, our main results can be read as follows (Wang and Liu
2022).

Theorem 4.6 Assume that 2 C R? is a bounded domain with smooth boundary.
Let (4.1.17) be satisfied, and let (4.1.24) hold with

m> 1. (4.1.26)

Then for each (ng, co, vo, ug) complying with (4.1.25), there exist functions n, c, v
and u fulfilling

n e L¥(82 x (0,00)) N CO([0, 00); (Wy2(2))%),
¢ € N3 L (0, 00); W (£2)) N 22 x [0, 00)) N CLO(2 x (0, 00)),
v € N3 L® (0, 00); W (£2)) N €282 x [0, 00)) N CL0(2 x (0, 00)),

u e L2 x (0,00); R} N LY, .([0, 00); Wy 2 (2; R} N L2(£2)) N CO(2 x [0, 00); RY),
(4.1.27)
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suchthatn > 0,c > 0andv > 0, and that along with certain P € CY(2 x (0, 00))
the quintuple (n, c, v, u, P) becomes a global weak solution of the problem (4.1.16),
(4.1.22) and (4.1.23) in the sense of Definition 4.1 below, and has the stabilization
features that

(-, 1) = noollLr(2) + e, 1) = Veollwioo(@y + IVC, 1) = Voollwiso(@y + lu(, i) — 0

(4.1.28)
forany p > 1 ast — oo with

il Ll i)
oo i= —— no— | w and Ve, := — vo— [ nop -
|“Q|{Q 2 + |Q| 2 2 +

From (4.1.26), which shows the values that m could be taken herein for suc-
cessfully establishing temporally independent L? bounds of n, one can see that an
apparent relaxation is realized in comparison to the previously derived range of m,
i.e., (4.1.21). In fact, for introduced approximated problems of (4.1.16), (4.1.22) and
(4.1.23), which is verified to be locally solvable with an extensible blow-up criterion,
the hypothesis (4.1.26) allows for an application of a standard testing procedure to
derive the uniform L? estimates of (n;)s¢(0,1) With the aids of conditionally uniform
L estimates of (Vcg)eec,1) Which are established by utilizing LP-L9 estimates
for fractional powers of a sectorial operator on the basis of basic estimates implied
in the regularized problems and of some well-established conditional estimates of
(te)ee(0,1y (see Sects.4.3-4.4). The derivation of (4.1.28) is essentially based on
the dissipative effect of the considered consumption process, as shown in Espejo
and Winkler (2018) for two-dimensional Navier—Stokes version of (4.1.16) with
m = 1, or in Winkler (2015b, 2018c) and Winkler (2014b, 2017b, 2021a) for sim-
plified oxygen-consumption type chemotaxis-fluid models withm > 1 and m = 1,
respectively. More precisely, the absorptive contribution —nv to the third equation in
(4.1.16) implies time-independently uniform bounds of spatio-temporal integrals for
nv and for the square of the gradients of both v and ¢, which underlies the achieve-
ment of the convergence of n, ¢ and v in (4.1.28). Thanks to the convergence of n and
v in (4.1.28), the large time behavior of u can be detected by means of a combination
of variation-of-constants formula with regularity properties of analytic semigroup.

4.2 Preliminaries

In this subsection, we provide some preliminary results that will be used in the
subsequent sections.

Next we introduce the Stokes operator and recall estimates for the correspond-
ing semigroup. With LY (2) :={p € L?(22)|V - ¢ =0} and & representing the
Helmholtz projection of L”(£2) onto L% (£2), the Stokes operator on L (£2) is defined
as A, = — % A with domain D(A,) :== W*7(£2) N Woz‘p(.Q) N L5(£2). Since A,
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and A, coincide on the intersection of their domains for p;, p> € (1, 00), we will
drop the index in the following.

Lemma 4.1 (Lemma 4.2 of Cao and Lankeit (2016)) The Stokes operator A gen-
erates the analytic semigroup (e~'), in L’ (£2). Its spectrum satisfies M=
inf Reo (A) > 0 and we fix u € (0, 1}). For any such (1, we have
(i) For any p € (1,00) and y > 0, there is c5(p, y) > 0 such that for all ¢ €
LE($2),
IAY e P lLr(2) < cs(p. )t 7 e [ DllLrcay:

(ii) For any p, g with 1 < p < q < 0o, there is c¢(p, q) > 0 such that for all
¢ € L;(82),

N1
—tA 2 P — .
le " bllLe2) < co(p, @)t ‘(” ’>€ Ml Le2);

(iii) For any p, g with 1 < p < q < 09, there is ¢7(p, q) > 0 such that for all
¢ € Lg(82),

et (1)
Ve bllLae) < cr(p, @)t > >\ e ™™ @llLr2);
v)Ify = 0and1 < p < q < ocosatisfy2y — % >1-— %,thereisq;(y, p,q) >
0 such that for all ¢ € D(AY}),

¢llwrr2) < sy, p, DIAY @l o).

Lemma 4.2 (Theorem 1 and Theorem 2 of Fujiwara and Morimoto (1977)) The
Helmholtz projection &2 defines a bounded linear operator Z: L?(2) — LE(R2);
in particular, for any p € (1, 00), there exists co(p) > 0 such that | Pw| 1r2) <
co(p)llwllir ) for every w € LP(w).

The following elementary lemma provides some useful information on both the
short time and the large time behavior of certain integrals, which is used in the proof
of Theorem 4.3.

Lemma 4.3 (Lemma 1.2 of Winkler (2010)) Leta < 1, 8 < 1, and y, 8 be positive
constants such that y # 8. Then there exists cio(«, B, ¥, 8) > 0 such that
t
/ (L4514t —s5) Pre e ds
0

<ClO(aa /3, v, (3) (1 + tmin{O,lfafﬂ}) efmin{y,é}t'
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4.3 Global Boundedness and Decay Property of Solutions
to a 3D Coral Fertilization Model

4.3.1 A Convenient Extensibility Criterion

At the beginning, we recall the result of the local existence of classical solutions,
which can be proved by a straightforward adaptation of a well-known fixed point
argument (see Winkler (2012) for example).

Lemma 4.4 Suppose that (4.1.4), (4.1.7) and
SL(x,p,¢) =0, (x,p,c) €02 x[0,0) x [0, 00) 4.3.1)

hold. Then there exist Tya,: € (0, 00] and a classical solution (p,m,c,u, P) of
(4.1.1) on (0, T,4x). Moreover, p, m, c are nonnegative in §2 x (0, T,,4y), and if
Tnax < 00, then for B € (3, 1),

lim (oG, Dllzec@) + ImG, Dllre@) + et Dl + 1APuC, Dl 2q)) = oo

1= Tinax

This solution is unique, up to addition of constants to P.

The following elementary properties of the solutions in Lemma 4.4 are immediate
consequences of the integration of the first and second equations in (4.1.1), as well
as an application of the maximum principle to the second and third equations.

Lemma 4.5 Supposethat (4.1.4), (4.1.7)and (4.3.1) hold. Thenforallt € (0, Tppax),
the solution of (4.1.1) from Lemma 4.4 satisfies

oG, Dl < lloollLiy, lmCG Dl < lImollLi @), (4.3.2)
/Ot oG, )m(, s)@yds < min{|lpollLi(), ImollLi2)} (4.3.3)
loC DlliLve) — ImG, Hliie) = lpollLi@) — lImollLie), (4.3.4)
lm (. 172, +2 fo t IVm (., $)I72@)ds < llmoll72(g)- (4.3.5)
lm(, D=2y < llmollL=(x) (4.3.6)
lcC, D llLee) < max{lmollL>2), llcollL=(2)}- (4.3.7)

4.3.2 Global Boundedness and Decay for . = 0 on 02

In this subsection, we shall consider the case in which besides (4.1.4), the sensitivity
satisfies . = 0 on 9£2. Under this hypothesis, the boundary condition for p in (4.1.1)
actually reduces to the homogeneous Neumann condition Vp - v = 0.
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1. Global boundedness for . = 0 on 052

Lemma 4.6 Suppose that (4.1.4), (4.1.7), (4.3.1) hold with o > % Then for any
e > 0, there exists K (¢) > 0 such that, for all t € (0, T,,4,), the solution of (4.1.1)
satisfies

d 1
G2y + 31V DIExg) < A DI + K (). (43.8)

Proof Multiplying the first equation of (4.1.1) by p, we obtain

v
2dt/0+/|p|

/ oL (x, p, c)V,ch—[ p’m 4.3.9)

<= | Vol + Vel
_2f9| P+ /(1—}-/0)2“ ‘|

Now we estimate the term =* |Vc|? on the right-hand side of (4.3.9). In

fact, if o > 3

2 f-Q (1+p)2°‘

47
C2 2
= jvep _af Vel* + K (&), (4.3.10)
o (1+p)= Q
while for € (1, 2),
C§ I 2 < C§ 2-2a 2
S V| P Vel
2 (1+p) 2 Jo
C4
s—S/ p4‘4“+s[ Vel (4.3.11)
16¢ 7] Q

On the other hand, by Lemma 4.5 and the Gagliardo—Nirenberg inequality, we get

/9 Vel* < Con {14 g lelEnay + el | (4.3.12)

4-4 4—4 4—da) 4—4a)(1—1 4—4
fg|p| “ = ol ) = Con {IV RIS 1015 ™ + loliiiis, |

6(3—4a)
5(d—da)"

with A, = Dueto o € (1, 3), we have (4 — 4a), < 2 and thus
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& lp|** < 1/ IVol* + K, (4.3.13)
16¢ Q — 4 Q

by the Young inequality. Combining (4.3.9)—(4.3.13), we readily have (4.3.8).

Lemma 4.7 Under the assumptions of Lemma 4.6, there exists a positive constant
C = C(my, co) such that for all t € (0, Tpuay), the solution of (4.1.1) satisfies

d
S IVeC DlLa o) + 2066, Dl + 14cC, Dz,
<K(IVuC, Dl72q + . (4.3.14)

Proof Multiplying the c-equation of (4.1.1) by —Ac and by the Young inequality,

we obtain
1d
——/ |Vc|2+/ |Ac|2+/ Vel

5—/ mAc+/(u~Vc)Ac (4.3.15)
2 2

=—/mAc—/Vc~(Vu-Vc)—fVc-(ch-u)
2 2 2
:—/mAc—/Vc-(Vch)
2 2
5/ |m|2+1/ |Ac|2+(/ |Vc|4>%<f IVul?)
Q 4 Jo Q I

2 1 2 1 2 € 4
f”m“LZ(Q) + _“AC”LZ(_Q) + _HVMHLZ(Q) + _||Vc||L4(Q)7
4 2¢ 2
where the fact that u is solenoidal and vanishes on 82 is used to ensure [, Vc -

(D*c -u) =0.
By (4.3.12) and taking ¢ = # in the above inequality, we have
GN

1 d , 1 ) X i / 2 1
O TS Q|Vc| +§ Q|AC| + Q|Vc| S||m||L2(Q)+CGN||VM||L2(Q)+Z,

which along with (4.3.5) readily ensures the validity of (4.3.14).

Lemma 4.8 Under the assumptions of Lemma 4.6, the solution of (4.1.1) satisfies

d

TG DIz o) + IV, D) <K (||p<-, D72y + 1) . (43.16)
d 2 2 2
T IVHC DIy + 148G Do) <K (||p<~, D72 + 1) (4.3.17)

forallt € (0, T,y4y) for a positive constant K.
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Proof Testing the u-equation in (4.1.1) by u, using the Holder inequality and
Poincaré inequality, we can get

1d

2 2
V — 0 m V(b'll

S Voll=@)llo + mlrze) el

A

1
= IVl ) + Kidllplz o) + ImllTag)),
which together with (4.3.5) yields (4.3.16). Applying the Helmholtz projection &

to the fourth equation in (4.1.1), testing the resulting identity by Au and using the
Young inequality, we have

1d |
-—/ |Am|2+/ |Au|2:—/ P(p +m)Ve] - Au
2dt Q Q 2

1
5—/ |Au|2+1<2</ p2+fm2>,
2 2 2 2

which yields (4.3.17), due to (4.3.5) and the fact that [, [Vu|* = [, |A%ul?.

Lemma 4.9 Under the assumptions of Lemma 4.6, one can find C > 0 such that for
all t € (0, Tpax), the solution of (4.1.1) satisfies

oG D720 + 1VEC D720y + T4l Dfagg, < K.
Proof By the Gagliardo—Nirenberg inequality
3 2
lolz@) = Can (190152 1011g) + I0llLie))

and (4.3.8), for any ¢ > 0, there exists K (¢) > 0 such that

d 1
Zo1PlL i) + 10l L20) + 71VA I 0) = ellAclzg) + Ki(e). (43.18)

Adding (4.3.16) and (4.3.17), and by the Poincaré inequality, one can find constants
K; >0,i =2,3,4, such that

i 2 2 2 2
Tl + 1Vl g) + Kol + 1 V0l 2q)

<K; (Ilplliz(m + 1) (4.3.19)
1 2

Sg”vp”LZ(Q) + K4~

Recalling (4.3.14), we get
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d
2 2 2 2

ZVelE g +20Vels o) + 1 Aclag) < Ks (1Vuliag, +1). 4320

Now combining the above inequalities and choosing ¢ = %, one can see that there

exists some constant K¢ > 0 such that ’

Y(0) = pC D2 + G D500 + EIVEC DIT2q)

satisfies Y'(r) + 8Y (1) < K¢, where § = min{l, %}. Hence, by an ODE comparison
argument, we obtain Y () < K7 for some constant K; > 0 and thereby complete the
proof.

With all of the above estimates at hand, we can now establish the global existence
result in the case . = 0 on 352.

Proof of Theorem 4.1 in the case . =0 on 3§2. To establish the existence of
globally bounded classical solution, by the extensibility criterion in Lemma 4.4, we
only need to show that

oG D@ + ImG, Dllie=@) + e, Dllwime) + 1A%u(, D) < Ki
(4.3.21)

for all ¢ € (0, T,,4,) With some positive constant K; independent of T,,,,. To this
end, by the estimate of Stokes operator (Corollary 3.4 of Winkler (2015b)), we first
get

lullz=2) < Kallullwiso) < K3 (4.3.22)

with positive constant K3 > 0 independent of Ty, due to ||pllz2e) < K4 and
|m]| L2y < K4 from Lemma 4.9 and Lemma 4.5, respectively.
By Lemma 1.1, Lemma 4.9 and the Young inequality, we have

sup [ Vellpoqey < Ks(1+ sup [m —u- Vel pag))
1€(0, Tnax) 1€(0, Tnax)

=Ks(1+ sup (Imlpae) + llullzs@) Vel L))
1€(0,Tnax)

1 5
<Ks(l+ sup (Imlipage) + lullzo@) Vel /2 o) IVell o))
1€(0, Tnax)

5
< Ke(1+ sup ||Vc||2m(9>)s
1€(0, Tnax)

which implies that sup ||[Vc(:, t)||1~2) < K7. Along with (4.3.7) this implies
1€(0, Tnax)
lc(-, H)llwr=(ey < Ks. Furthermore, applying the variation-of-constants formula to

the p—equation in (4.1.1), the maximum principle, Lemma 1.1(iv) and Lemma 4.9,
we get
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1
Iollimc@ <lle'pollimea + / 13T - (0.7 Ve + pu)lL~@rds
0
1
_7 _ _
<lloollL=(2) +C4/ (14 —s) 8)e ™0 S)II,O«VVC—FpuIIy(g)ds
0
t
_1 _ s
S||P0||L>°(Q)+K9/ (L4 —5) %)e | plls@)ds
0

' N i 4
S||:00||L°°(9)+K9/ 1+ =)D pll fa gy 101112 ) ds
0

1
<looli=@ + Kio sup [0l
5€(0,Tnax)

1 [ee]
with Kjg = Ko sup ||p||22(9)/ (145 8)e ™ ds, where we have used V -
1€(0, Tynax) 0

u = 0. Taking supremum on the left-hand side of the above inequality over (0, T},,4x),

we obtain

1
sup lpll=2) < lpollee) + Ko sup  llpllf~g),
1€(0, Thnax) 1€(0, Thnax)

and thereby sup [ pllz~(2) < K11 by the Young inequality. Finally, by a straight-
le (07 T‘HXG)‘)
forward argument (see [Espejo and Winkler (2018), Lemma 3.1] or [Tuval et al.

(2005), p. 340]), one can find K, > 0 such that sup ||Aﬁu||Lz(Q) < Ki>. The
1€(0, Thnax)
boundedness estimate (4.3.21) is now a direct consequence of the above inequalities

and this completes the proof.

2. Large time behavior for . = 0 on 952

This subsection is devoted to showing the large time behavior of global solutions to
(4.1.1) obtained in the above subsection. In order to derive the convergence properties
of the solution with respect to the norm in L?(£2), we shall make use of the following
lemma. In the sequel, we denote f = ﬁ /, o f(x)dx.

Lemma 4.10 (Lemma 4.6 of Espejo and Winkler (2018)) Let A > 0, C > 0, and
suppose that y € C'([0, 00)) and h € C°([0, 00)) are nonnegative functions satis-
fying y'(t) + Ay(t) < h(z) for some . > 0 and all t > 0. Then iffooo h(s)ds < C,
we have y(t) — 0 ast — oo.

By means of the testing procedure and the Young inequality, we have
d
7 / (p—p)7= 2/ (b —P)(Ap = V(pF(x, p,c)Vc) —u-Vp — pm + pm)
tJa 2
= 72/ IVpl? +2/ pL(x,p,¢)Vc-Vp — Zf (p —P)(pm — pm)
2 2 2

5—/ |Vp|2+1<1/ |Vc\2—2f<p—ﬁ)pm, (4.3.23)
2 2 2
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i/(m—m)zzzf(m—m)(Am—u-Vm—perp—m) (4.3.24)
dt Jgo

_2/ m(Am —u - Vm) — /(m m)(pm — pm)

< 2/|Vm| — /(m m)pm,
i/(C—E)2=2/(C—E)(AC—M-VC—(C—E)—i-(m—ﬁ)) (4.3.25)
dt Jg 2

=2/ c(Ac—u~Vc)—2/(c—E)2+2/(c—E)(m—n_1)
2 2 2

—2/ |Vc|2—/<c—z>2+/<m—m)2,
2 2 2
ﬁ/ |u|2=—2/ |Vu|2+2/(,0+m)v¢~u—2/ VP -u (4.3.26)
dt Q Q 0 2
:—2f |Vu|2+2/(p—ﬁ+m—m)v¢-u
< 2] |Vu|2+K2</ lo—p+m— m|2) </ |u|2>2
<—/|Vu|+K;</|,O ,0|+/Im m|)

where V- u = 0, u |3o= 0 and the boundedness of u, V¢ and . are used.

IA

Lemma 4.11 Under the assumptions of Lemma 4.6,

o =), Dllzx@y = 0 ast — oo,
lm —m)(:, Doy — 0 ast — oo,
lc =), Doy = 0 ast — oo,

lu(, )o@y — 0 ast — oo.

Proof From (4.3.23)—(4.3.26), it follows that

d
—/(p—ﬁ)zi —/ |Vp|2+1<1/ |Vc|2+2ﬁ/ pm, (4.327)
dt Jo Q Q Q

if (m —m)* < —2/ |V |? +2m/ pm, (4.3.28)
dt Jo 2 2

i/ (c—7)? < —2/ |Vc|2—/(c—5)2+/ (m —m)?, (4.3.29)
dt Jo 1P I?) 1P

d
—/ |u|2§—/ IVul* + K3 (/ Ip—ﬁl2+/ |m—ﬁ|2>. (4.3.30)
dt Jo 2 1P I7)
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: —n 2
Since [, Im —m|* < CpIVm|7, o)

of Lemma 4.10 to (4.3.28) yields

and fooo [ pm < K4 by (4.3.3), an application

lm(-, 1) —m)| 22y — 0 ast — oo. (4.3.31)
Since
o0 o0
/o /Ql(m —m)|2ds < C,,/O ||Vm||iz(9)ds < Ks, (4.3.32)

the application of Lemma 4.10 to (4.3.29) also yields

le(-, 1) —c()llL2e) = 0 ast — oo (4.3.33)

o o.¢]
[ vt = [ [ memte [ o-ar sk @33
0 0 2 2

Furthermore, by (4.3.34), [, lp—7p|* < C,,||Vp||i2(9) and [ [, pm < K,
Lemma 4.10 implies that

and

oG, 1) —=pDll2e) — 0 ast — oo, (4.3.35)

o0 o0
[ 0= pa <€ [ 1901 < Ko (4336)
0 0

Hence, from (4.3.32), (4.3.36), [, lu|* < C,,||Vu||iz(m and Lemma 4.10, it follows
that

lu(, Ollr2iey = 0 ast — oo (4.3.37)

as well as [, ||Vu||i2(m < Kg.

Now we turn the above convergence in L?(£2) into L>(£2) with the help of the
higher regularity of the solutions. Indeed, similar to the proof of ||c(-, #) | w1.~2) < K
in Theorem 4.1 in the case . = 0 on 982, [|m(-, t)||lwi.=~(2) < K10 can be proved
since || p(-, 1) lreo(2) + lm (-, t) | L) < Ko for all # > 0 in (4.3.21). Hence, from
(4.3.21), there exists a constant Ki; > 0, such that |[[m(-, 1) —m(@)||wi=~2) <
Kit, lleCo1) =20 llwis@) < Kit. luC.0)lwis@) < Kin forall > 1. Therefore,
by (4.3.31), (4.3.33) and (4.3.37), the application of the interpolation inequality
yields as t — oo,

3 2
”m - m||L°°(.Q) <C (”m - m”‘s)vlm(g)”m - mHZZ(_Q) + ”m - m”LZ(Q)) — 0,

le:, 1) = llzey = 0, Nlu, )z~ — 0.
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In addition, similar to Lemma 4.4 in Espejo and Winkler (2018) or Lemma 5.2
in Cao and Lankeit (2016), there exist ¥ € (0, 1) and constant K, > 0 such
that ”p”cl’ $ @xlest]) = < Ky, for all t+ > 1, which along with (4.3.35) implies that

loC, 1) —pl¢,.@ — 0 ast— oo and then by the finite covering theorem,
oG, 6) = llLx) —> 0 ast — oo.

By a very similar argument as in Lemma 4.2 of Espejo and Winkler (2018), we
have

Lemma 4.12 Under the assumptions of Lemma 4.6,
() = pPoo, M(t) = Moo, (1) = My ast — o0

With peo = {po — Mo} and mee = {Mg — Po}+-

Proof From (4.3.3) and (4.3.5), we have
1
/ lomllLi ey — 0 ast — oo, (4.3.38)
t—1
t
/ ||Vm||§2(m -0 ast— oo. (4.3.39)
-1

On the other hand,

/lupmnwm:/lf p(m — m>+/1/pm

2—/ loC, )iz llm — m||L2(S2)+|~Q|/
> —K/ ||Vm||Lz<m+|9|/
>

& (/_ ||Vm||Lz<m> +|9|/

Inserting (4.3.38) and (4.3.39) into the above inequality, we obtain
t
/ o-m—0 ast — oo. (4.3.40)
-1

Now if pg — mg > 0, (4.3.4) warrants that p — m > 0, which along with (4.3.40)
implies that

t
/ m*(s)ds — 0 ast — oo. (4.3.41)
t—1
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Noticing that m(s) > m(¢) forall + > s, we have 0 < mt)? < tt_l n_12(s)ds —
0 ast — oo, and thus p — px as t — oo due to (4.3.4). By very similar argu-
ment, one can see that p — 0 as t — co and m — m, as t — oo in the case
of pg — iy < 0. Finally, it is observed that ¢ (-, 1) — ms, in L*(£2) as t — oo is
also valid (see Lemma 4.7 of Espejo and Winkler (2018) for example) and thus
c(t) = mqo ast — oo by the Holder inequality.

Combining Lemma 4.11 with Lemma 4.12, we have

Lemma 4.13 Under the assumptions of Lemma 4.6, we have
G, 1) = Pogy M, 1) = Moo, C(-, 1) = My, u(-, 1) = 0 in L2(2) as t — oo.

Now we proceed to estimate the decay rate of ||o(-, 1) — poollzo2), IMm(-, 1) —
Mool lleC, 1) = coollze(e), and [[u(-, )|~y when [, po # [, mo. To this
end, we first consider its decay rate in L?(§2) based on a differential inequality.

Lemma 4.14 Under the assumptions of Lemma 4.6 and | o PO F /, o Mo, for any
e > 0, there exist constants K (¢) > 0 and t, > 0 such that for t > t,,

[D(1) = pool + M () — Moo| < K (g)e™ (Poetmee=ell (4.3.42)
le(t) —moo| < K ()™ mintl(poctmoo=e)lt (4.3.43)

Proof For the case [, py > [, mo, we have po > 0and mq, = 0. By Lemma 4.13,
there exists ¢, > 0 such that p(x,?) > ps, — € for t > ¢, and x € §2, and thereby
%fgm =—[opm < —(pos —€) [ m for t >1,, which implies that m(r) <
e~ (Pe=80) for ¢t > t,. Moreover, due to p = 71 + ps by (4.3.4), we have
[D(t) — pool = m(t) < mge™ P2~ fort > 1,. As for the case [, po < [, mo,
similarly we can prove that |72(t) — ma| = p < poe~"="8=%) fort > t,. Further-
more, by the third equation of (4.1.1), we have % Joc —mo) = [o(m —my) —
[ (¢ — mos), and thereby [C(f) — mo| < K (£)e™ Mnllpeotmoc=elt,

Proof of Theorem 4.2 in the case . = 0 on 0§2. By Lemmas 4.11 and 4.13, as
t — 00, we have

p(” t) _ﬁ([) g 07 m('7 t) _m(t) g Oa p(a t) — Poos m(" t) — Mo in LOO(Q)v

which implies that for any ¢ € (0, ”‘”*%), there exists 7, > 0 such that |p(-, t) —
o) <e m(,t) —m@)| <& p(,t)+m(-, 1) > peo + Mo — ¢ forall t > ¢, and
x € £2. Hence, from (4.3.23)—(4.3.26), we have
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d

—/ (p—ﬁ)2+/ [Vp|? < K1/ |Vc|2+28/ pm, (4.3.44)
dt Jo Q I Q

d

—/ (m—n_1)2+2f |[Vm|? < 28/ om, (4.3.45)
dt Jo Q 2

d -2 2 -2 —\2

— [ (c=0O)"+2 ) |VeI"+ [ (c—0)" < | (m—m)", (4.3.46)
dt Jo Q Q Q

d _ _
—f |u|2+f IVul* < K (f (p—p)2+/<m—m>2) (4.3.47)
dt Jo Q 2 2

fort > t,, as well as

d
— 4.3.48
ar ), pm ( )

=/ [o(Am —u-Vm — pm) + m(Ap — V(pS(x, p,c)Vc) —u-Vp — pm)]
2
=—2f V,on—/(pu-Vm+mu~Vp)+/ ,oS(x,,o,c)Vc-Vm—/ pom?
2 o’ Q 2
2
/IV/OI +2/ |Vm|* —/u V(pm)+K3/ Vel —/ pm(p +m)
/IVPI +2f |Vm|? +K3/ |Vel? __(poo+moo)/ pm,

where V - u = 0, u |30= 0 and the boundedness of p are used.
On the other hand, by Poincare’s inequality, there exists Cp > 0, such that

/ |Vp|2chf(p—ﬁ>2, / |Vm|2chf(m—m>2,
2 2 2 2

/ Vel ch/<c—a2, / |Vu|zzc,»/<u—u)2.
2 2 2 2

Therefore, combining the above inequalities, and taking ¢ < % with a =

min{3, g, ¢4}, the functional G(1) := [,(0 —2)* + & [, (m m)? + Ky [,
(c—0)2+a f o pm satisfies the ordinary differential 1nequahty 700 +6G0@) <
0 with §; = min{%, 1, %}, which implies that

)
oG, 1) = Blizy + Im(, ) =Ml 2@y + e, 1) = Ell ) < Ce™ ', (4.3.49)

Moreover, by (4.3.49) and (4.3.47), [lu(-, )|l 120y < Ce~%' for some 8, > 0. At this
position, combining (4.3.49) with Lemma 4.14, we can find 63 > O such that
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PG, 1) — pocllzzigy + MG, 1) — moollr2ey + lcCy 1) — Mol 2y < Ce ™.
(4.3.50)

Hence, as in the proof of Lemma 4.11, we can obtain the decay estimates (4.1.9)—
(4.1.12) by an application of the interpolation inequality, and thus the proof is com-
plete.

3. Exponential decay under smallness condition

In this subsection, we give the proof of Theorem 4.3 under the assumption that . = 0
on 952. The proof thereof is divided into two cases (Propositions 4.1 and 4.2).

(1) The case [, py > [, mo

In this subsection, we consider the case f_Q Po > fg mo, i.e., Poo > 0, Mmoo = 0.

Proposition 4.1 Suppose that (4.1.4) hold with « = 0 and fg Po > fQ mo. Let N =
3, po € (%, N), qo € (N, NPZU). There exists ¢ > 0 such that for any initial data

(po, mo, co, up) fulfilling (4.1.7) as well as

o — pocllLrmy <& lmollzowy <€, |Veollv <& lluollve <&,

(4.1.1) admits a global classical solution (p, m, ¢, u, P). In particular, for any a| €
(0, min{\1, poo}), a2 € (0, min{ay, A}, 1}), there exist constants K;, i = 1,2, 3,4,
such that for all t > 1

m(, )L~ < Kie ™", (4.3.51)
oG, 1) — pclliee) < Kae ™™, (4.3.52)
leC, Dllwiee) < Kze™, (4.3.53)
lu(, )L~ < Kee . (4.3.54)

Proposition 4.1 is the consequence of the following lemmas. In the proof of these
lemmas, the constants ¢; > 0,i =1, ..., 10, refer to those in Lemmas 1.1, 4.1-4.3,
respectively. We first collect some easily verifiable observations in the following
lemma:

Lemma 4.15 Under the assumptions of Proposition 4.1 and

o0 N
o= / (1 +s_%) e s,
0

there exist My > 0, M, > 0 and & > 0, such that
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I
c3 +2€26106(1+"l+01|9\ 0 %0)0 Tz, Me <1, (4.3.55)

4
12¢5¢10(cs + 4escociol| Vol L2y (M1 + cp + cq]£2] 70 @

T gelitertalelm ey (4.3.56)
b LM
cac10CsMy(eHral@I™ ™o 4 5 10y < = (4.3.57)
a1 M
3c10caCs(My + ¢y +¢112]7 1) Mae < = (43.58)

TR
3ciocrce(My +ci 41|21 w0 ) (1 4 2c9ciol| VOl L= (02

a1 OB M
S(My +c1 + | 2] w0 4 deIFatal@l ey <

1
—. 4.3.5
7 (4.3.59)

Let

IGo—m)(-, )—e' A (o —mo)ll 1o (2
~ _N1_1 ~
T25upAT €(0, Tnax)| <Mye(141 270 )e=1 forall 6 € [¢g, 0o], 7 € [0, T);
Ve(, Do 2y < Mae(l + f%)eﬂ)‘” forallt € [0, T).
(4.3.60)

By (4.1.7) and Lemma 4.4, T > 0 is well-defined. We first show T = T,,,.. To this
end, we will show that all of the estimates mentioned in (4.3.60) is valid with even
smaller coefficients on the right-hand side. The derivation of these estimates will
mainly rely on L? — L7 estimates for the Neumann heat semigroup and the fact that
the classical solutions on (0, 7,,,,) can be represented as

(p —m)(, 1) =e"*(py — my)

- / CINY L (05 (x. py OVE) + 1t - V(p — m))(-, 5)ds,
0

(4.3.61)
m(-, t) =e'“my — /0 t eI om +u - Vm)(-, s)ds, (4.3.62)
c(-, 1) =@ Deg 4+ /0[ AV —u Vo), s)ds, (4.3.63)
u(-, 1) =e "ug + fot eI (o +m)V) (-, s)ds (4.3.64)

for all t € (0, T,4y) as per the variation-of-constants formula.

Lemma 4.16 Under the assumptions of Proposition 4.1, forallt € (0, T) and 6 €
[0, 0],
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_ N1 _ 1 _
(o —m)(. 1) = poollLocey < Mze(1 +1 2 )",

Proof Since e'”py = poo and fQ (po — my — poo) = 0, the definition of T and
Lemma 1.1(i) show that

(o —m)(-, 1) — poollLo2)
<ll(o —m)(-,t) — (oo — mo)llLoca) + 1€ (po — mo — poc) o)

N 1 1

1 1 N
2ot ey (1 4172 %) (oo — poollLre)

1t

<Me(l +1¢

Y
+ Imoll ro(2))e
N

11
-7 %75))670”[

<Mze(l +1t
forallr € (0,T) and 8 € [qo, 00], where M3 = M| 4+ ¢ + C1|.Q|%_%.
Lemma 4.17 Under the assumptions of Proposition 4.1, for any k > 1,
||m(, l‘)”Uc(_Q) < M4||m0||Lk(_Q)efp”“t fOl’ allt € (O, T) (4365)

witho = [ (1 + siﬁ)e"“ds and My = eM3°¢,

Proof Multiplying the m-equation in (4.1.1) by km*~! and integrating the result over
2, weget L [ mF < —k [, pm* on (0, T). Since

=P =P =m = poo| =M = Poo = —Poc T [P =M = pPeol,

Lemma 4.16 yields

d
— mkf—kpoo/mk+k/mk|/?—m_/)oo|
dt Jo Q Q2
s—kpoo/ mk+k||p—m—poo||mm/ m
2 2
<

k A P k
—kpoo | m" + kMsze <1+t 2PO)e “ m
2 2

and thus

! N
/ mt < / mE exp{—kpoot + kMss / (14 s~ ds)
2 0 0

k k(M3zoe—
§||m0||Lk(Q)e( 308 Poot)

The assertion (4.3.65) follows immediately.

Lemma 4.18 Under the assumptions of Proposition 4.1, there exists M3 > 0, such
1 N
that (-, 1) | ooy < Mse (1 + ff*%) e forallt € (0, T).
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Proof For any given ay < A}, we fix u € (a2, A}). By (4.3.64), Lemmas 4.1 and
4.2, we obtain

e (-, )] oo (2)

oN(1_ 1 ! )
<cot™ T () e gl i + / le= 4 D ((p + m)VP) (-, )| Lo (anyds
0

,E(L,L)
<cet ZAN 90 €_Mt||u0||LN(_Q) (4366)
t
+c6 | eI P(p+m—p+m)VP)(, $)llLee)ds
0
L+

20 e "M |lug || Ly 2y

t
+ 6ol VPl L= () / e (p+m—p +m)C, 5) | La@)ds,
0

where Z(p + mV¢) = p + mP (Vo) = 0is used. On the other hand, due to o) <
Poos Lemmas 4.16 and 4.17 show that

(o +m—p+m)C,s)lLow
=l —m—p—m)(-,s) +2m —m)(:, $)|lLw () (4.3.67)
S —m — poo) (-5 $)lLawo 2y + 2| (m —m) (-, ) || Lo ()
<Mie(1 + s_%(i_i))e_“‘s
with M, = M3 + 4eM:9¢ . Combining (4.3.66) with (4.3.67) and applying Lemma
4.2, we have
le (-, ) Ml Loo (2

i N
<cot 2 0 e M |ug |l v )

1

4 _N 1
+ coco |Vl oy Mie f (1 4 5~ 28 s gmnt-9 g
0

14y N H N1 1
<cet” 70 e lug|| v ) + cocociol Vel Loy Mie (1 4 ™02 Gy Ty g et

v
<cot 2T e M e 4 2epcocio|| Vol o) Mise !
1N e
<Mse(1 41 2720 )e™ ",
where Ms = c6 + 2c6¢oCi0l| V|| =0y MY and %(ﬁ — qlo) < 1is used.

Lemma 4.19 Under the assumptions of Proposition 4.1, forall t € (0, T),

M, —1y —ayt
IVeC, DL~y < 78(1 +172)e Y,
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Proof By (4.3.63) and Lemma 1.1(iii), we have

Ve, D)o

t
<lle"“"VVeoll e () + / Ve 4D m —u - Ve) (-, $)ll~@yds  (4.3.68)
0
t
<c3(1+ 7)™ M Vg || i) + f Ve Dm(., 9)|| L~ @)ds
0
t
+/ Ve =90y Ve(., s) || 1x@)ds.
0

Now we estimate the last two integrals on the right-hand side of the above inequality.
From Lemmas 1.1(ii), 4.3, 4.17 with k = go and the fact that go > N, it follows that

t
”Ve(fﬂ)(A*l)

m| = 2yds
0
! 1 N
<c / (14 (¢ — )72 20 )e~ MDD 1o 2 ds (4.3.69)
0

! i
§C2M48/ (14t —s) 7 20)e” FFDE=) p=pe08 g
0

(0.l
<crcioMy(1 4 ™02 72y gement

<2¢rc10My(1 + 17 2)ge™ 1,
On the other hand, by Lemmas 4.3, 4.18 and the definition of 7', we obtain
1
/ [Ve"™9ADy . Vel xoyds
0
t
SQ/ A+ (= 5) 72 30)e P 4 Vel ooy ds (4.3.70)
0
t
<) / (14 (¢ = )23 MDDy o) [ Ve ooy ds
0
t
562M5M282/ (14 (1 — 5) "2 30)e~GHDE=) (] | 73F 505 ) (1 4 573 )™ @05 g
0

! N N
<3¢y Ms Me? / e MHNE=) pmlnra)s () 4 (r — )2 w0 ) (1 45 T20)ds
0

<3cacioMyMse>(1 4172 )e ",
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From (4.3.68)—(4.3.70), it follows that

(3 + 2c2¢10My + 3cacioMaMse) (1 + 173 )ee ™!

IA

IVellze 2y

IA

M, Z1 g
— (1 +172)ge™ ™,
2
due to the choice of M|, M; and ¢ satisfying (4.3.55), (4.3.56), and thereby completes

the proof.

Lemma 4.20 Under the assumptions of Proposition 4.1, for all 0 € [qo, co] and
te0,T),

N1 1
_7(7_,

tA M,
(o —m)(-, 1) —e' " (oo — mo)llo2) < 78(14‘1 2
Proof According to (4.3.61), Lemmas 1.1(iv) and 4.1, we have

(o —m)(-, 1) — e “(po — mo) o)

t
< / eV - (0T (x, p, )VE) +u - V(p—m)) (-, )| 1o (2)ds
0
t
< / 1D - (0.7 (x, p, OV )l ocands
0

t
+ / e"™94V - ((p — m — poo)tt) (-, ) || o (2)ds
0

1_N

! 1 1
<csCs / A+ =220 e ™ p () |l Ve G, 9) [l 1o @yds
0
! 1_N(1_1
- c7f A+ =772 @ D)™ Nu(p —m — poo) (-, )l L0 (2)ds
0
=L+ L.
Now we need to estimate /; and /,. Firstly, from Lemmas 4.16 and 4.17, we obtain

oG, )Ly < 1o —m — po) -, $) L2y + 1M, $)llLow2) + | PcollLo2)

N{(_1

< Mae(l+ 5 T (B w)yeos 1y, 43.71)

11
with Mg = e(ITartal@l? @) 4 poo|[2|%, which together with Lemmas 4.19 and
1.1 implies that
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3N —h1 (1—$)
a0 07)e M ||VC||L00(Q)dS (4372)

1 1
W) (14572 a0 e e D Ve e ds

N1l 1
<c10(caCsMeMy + 3M7Mpe)(1 + ¢ 2 (g "))&‘e_alt

N 1
5%8(1 el

with M7 := c4CsMs, where we have used (4.3.57) and (4.3.58) and - — - < .
On the other hand, from Lemmas 4.16 and 4.18, it follows that

N1 1

1l N1 o
L=c; | A4+ @—=5"2"2% e p —m — pooll oyl oo 2y ds
0

1

! 1N Iy N N ,
< 3C7M3M582/ 14+ @—s5)" 7 (G H))e—lt(l—s)(l 45 3% 30 "2 )e—(al-‘raz)éds
0

< 3C7M3M5C]082(1 + tmin{o»%(%*%)})e—min{ﬂ.al-kaz}t
M, Ny
< Tle(l 1 )t (4.3.73)
where we have used (4.3.59) and ﬁ - qlo < % Hence, combining the above inequal-

ities leads to our conclusion immediately.

Proof of Theorem 4.3 in the case . = 0 on 382, part I (Proposition 4.1). First we

claim that T = T,,,,. In fact, ift T < T,,,, then by Lemmas 4.19 and 4.20, we have
1

IVe(, e < %8(1 +172)e %" and

M N1 1
(o —m)(-, 1) — (oo — mo)ll o2y < 7‘80 172yt

for all 6 € [gg, oo] and ¢t € (0, T'), which contradicts the definition of T in (4.3.60).
Next, we show that 7,,, = oo. In fact, if 7,,,, < 00, we only need to show that as
[ - Tmax,

oG Dllee@) + ImG, Dllie=@) + e, Dllwi=@) + 1APu(, D)l 2@) = 00

according to the extensibility criterion in Lemma 4.4.

Let ty := min{1, T"é‘” }. Then from Lemma 4.17, there exists K; > 0 such that for

te (t()v Tmax),

Im(-, i~ < Kie 7" (4.3.74)
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Moreover, from Lemma 4.16 and the fact that
oG, 1) = pclle@) < (o —m)(-, 1) = pslle(e) + Im(, Dl L=2),
it follows that for all ¢ € (9, T,,4,) and some constant K, > 0,
oG, 1) — pocllioe) < Kae ™. (4.3.75)
Furthermore, Lemma 4.19 implies that there exists K é > 0, such that
Ve(, D)oy < Kie ™' forall t € (to, Thax)- (4.3.76)

On the other hand, we can conclude that ||c(-, #) || .~ (2) + IlAPu(., 1) llz2¢2) < Cfor t
€ (t9, Truay)- In fact, we first show that there exists a constant My > 0, such that

IAPu -, D)l 22y < Moe™™ (4.3.77)
for tg <t < Tax- By (4.3.64), we have

IAPu(-, )l 20

t
<lIAPe " ugll 20 + / [APe= 942 ((p +m — poc) V), )l 12(2)ds.
0

According to Lemma 4.1, [|APe™Aug|l122) < cse ™ ||APug||12(q) for all 1 € (0,
Jimax). On the other hand, from Lemmas 4.1, 4.2, and 4.16, it follows that there exists
M > 1, such that

t
/ 1APe= =94 D((p + m — pso) V), )l 2ardls
0

a0=2 t_ _ _
<coCs|| VIl (o) 2] 20 / e — )P — m = poo) 4 )l Lo (2)
0

+2[lm(-, $) Lo (2))ds

1

02 A [T (t—s) -B =Sy —ars
<cocs||VPll o) R2] 20 M | eV (@ —s) T F(L45 2 0 w')e ™ ds
0

1

02 ~ i _g_N
<cseociol| Vol 210 Me™ (14 (MO P72 Gl

02~ min{0,1-p— 3 (5o =)}
<cscociol| VPl ()82 20 Me ™™ (1 + 1, )

for ty < t < T4, Hence, combining the above inequalities, we arrive at (4.3.77).
Since D(A?) < L>(£2) with g € (§, 1), we have

(-, )| o) < Kie ™" forsome K4 > Oand 1 € (0, Ty ). (4.3.78)
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Now we turn to show that there exists K5 > 0, such that
lle(:, )l o) < Ké’ef‘w for all r € (0, Tppax). (4.3.79)

Indeed, from (4.3.63), it follows that

t
lellm@) < 16D epll e + / 1A — s V) | e ds
. 0
Se"llconmer/ e A" Dm (., ) || L= (2)ds (4.3.80)
, 0
+ /0 e ANy . Ve (., 8) | Lo ds.

An application of (4.3.65) with k = oo yields

t t
/ eV Vm (., )|l L~(@yds < / e Im, )l @ds  (4.3.81)
0 0

t
< llmol 1oy M / e 19t
0

< M4C10€_a2l.

On the other hand, from (4.3.78) and (4.3.76), we can see that

t t
f e A V0 Ve o ayds < f e I ull L) | VellLm@yds  (4.3.82)
0 0

t
E K§K4/ e—2azxe—(t—.v)ds
0

< KéK4C1()€7a2t.

Hence, inserting (4.3.81), (4.3.82) into (4.3.80), we arrive at the conclusion (4.3.79).
Therefore, we have T,,,, = 00, and the decay estimates in (4.3.51)—(4.3.54) follow
from (4.3.74)—(4.3.79), respectively.

(2) The case [, po < [, mo

In this subsection, we consider the case [, po < [, mo, i.e., Moo > 0, poo = 0.

Proposition 4.2 Suppose that (4.1.4) hold witha = 0 and [, po < [, mo. Let N =

3, po € (ZTN, N), qo € (N, 2(]{\,]_"0 ). Then there exists ¢ > 0 such that for any initial

data (pg, my, co, ug) fulfilling (4.01 .T) as well as

loollzrm ) <& llmo—moollLww) <& |IVeollviey <&, luollLyve) <&
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(4.1.1) admits a global classical solution (p, m, c, u, P). Furthermore, for any o) €
(0, min{A, mso}), an € (0, min{ory, A7, 1}), there exist constants K; > 0, i = 1,2,
3,4, such that

m (-, 1) = mooll L) < K1e™*", (4.3.83)
oG, Oll=2) < Kre™™, (4.3.84)
e, 1) — moollwioo(2) < Kze ™, (4.3.85)
lu (-, Ol < Kge ™. (4.3.86)

The proof of Proposition 4.2 proceeds in a parallel fashion to that of Proposition
4.1. However, due to differences in the properties of p and m, there are significant
differences in the details of their proofs. Thus, for the convenience of the reader, we
will give the full proof of Proposition 4.2. The following can be verified easily:

Lemma 4.21 Under the assumptions of Proposition 4.2, it is possible to choose
M, >0, M, > 0and e > 0, such that

M 1 _ 1 M
c3 < ?2, cacio(l +c1 +c1]82)P0 90 + M) < ?2, (4.3.87)
1 _1
18cacgero(l + 2cgcio(l + ¢ + 2170 90 +2M)||[VP| Loo(2))e < 1, (4.3.88)
_1 M
2c1 + (min{l, |2]}) Po < ?1, 24c4Cgc1oMae < 1, (4.3.89)
1 _ 1
24cqc10c6(1 4 2c9cio(l +cp +c1[2[P0 90 +2M)[|VllLe(2))e < 1, (4.3.90)
1 _ 1
24cqc10(1 +c1 +c1182]P0 90 + Mp)e < 1, (4.3.91)
12¢4CgcioM1Mye < 1, 4.3.92)

11 11

crocec4(l +cpteql2]P0 90)(1 4 2cgcio(l +cp +cq]2]70 90 +2M )|Vl Lo (2))e
1
—. 4.3.93

=24 ( )

Similar to the proof of Proposition 4.1, we define

N

1 _1
10m—p) (-, )= A (mo—po)ll o g2y <6 (1 41~ 2 2o~ 7))emort,

~ N1 1
T 2supi 7€ O, Tnad)|[lp(, 1)l oy < Mie(1 4172307 0)e ™11 v € [go, oo,
IVe(, DllLee) < Mae(l +1_%)e_"‘”, vt € [0, T).
(4.3.94)

By Lemma 4.3.7 and (4.1.7), T > 0 is well-defined. As in the previous subsection,
we first show T' = T,,,,, and then T,,,, = oc. To this end, we will show that all of the
estimates mentioned in (4.3.94) are valid with even smaller coefficients on the right-
hand side than appearing in (4.3.94). The derivation of these estimates will mainly
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rely on L? — L4 estimates for the Neumann heat semigroup and the corresponding

semigroup for Stokes operator, and the fact that the classical solutions of (4.1.1) on
(0, T) can be represented as

(m — p)(-, 1) = " (mo — po)

+ / "INV - (pF (x, p,)VE) —u - V(m — p))(-, s)ds,
0

(4.3.95)
t
p(. 1) =epy— / "INV - (pF (x, p, )VE) +u -V + pm)(-, s)ds,
0
(4.3.96)
t
c(-, 1) =@ Ve +/ e"IAD(m — - Ve)(, s)ds, (4.3.97)
0
1
u(- 1) = e uy+ / e~ TIAD((p +m)VP)(-, s)ds. (4.3.98)
0

Lemma 4.22 Under the assumptions of Proposition 4.2, we have

1Gm = ), 1) — moollo i) < Mae(l + 12~y
forallt € (0, T) and 9 € [qo, 00].

Proof Since ' (i — ) = Mmoo and [, (mg — po — M) = 0, from the Definition
of T and Lemma 1.1(i), we get

lm —p)(. 1) —moollLo(g2)

<llm = p) -, 1) — "“(mo — po)ll o) + lle" (mo — po) — € *mosll 00
*%(i*l) —ayt -SE-5H —Ait
<e(l+1t 2'r0 9™ fep(L41 2770 ) (|lpollLro2) + llmo — meollLro(2))e

1L Ny
<(0+ci+clR]7 w)e(1 41 220 1)y
forallt € (0, T) and @ € [go, oo]. This lemma is proved for

1 1
M3 =1+C1 +C1|Q|%7%.

Lemma 4.23 Under the assumptions of Proposition 4.2, we have

mG. 1) — moolloi2y < Mae(1 412%™ forall t € (0,T), 0 € [go, 00].



4.3 Global Boundedness and Decay Property of Solutions to a 3D ... 223

Proof From Lemma 4.22 and the definition of 7, it follows that

lm(-, 1) —meollroey <N —p —moo) (-, Doy + oG Do)
1

<(M3+ Mpe(l + [_%(E_el))e—mt_

The lemma is proved for My = M3 + M.

Lemma 4.24 Under the assumptions of Proposition 4.2, there exists Ms > 0, such
that

(s Do) < Mse(1+ 12 0)e™ forall 1 € (0, 7).

Proof For any given oy < A}, we can fix u € (o2, A}). By (4.3.98), Lemmas 4.1,
4.2 and Z(V¢) = 0, we obtain that

le (-, )l oo 2

t
N1y o
<ct >N Twle m||140||LN(.rz)+/ le= "4 2((p + m)V$) (-, )| Lo (2)ds
0
,E(L,L) —ut
<cgt *N w’e w ||u0||LN(_Q) (4399)

t
+ ¢ / eI (o +m = meo) )l Lo @) VPl L2 ds
0
1, N
<cot 220 e M ug | Ly (o)

t
+ c60oll VOl (@) / eI (o +m — moo) (-, 5) || Lao 2 ds.
0
By Lemma 4.23 and the definition of 7', we get

(o +m —m)(-, $) Loy =I1m —meo) (-, $) Loy + loC, Lo
(4.3.100)

<(My+ M)e(l + 572 w))es,

Inserting (4.3.100) into (4.3.99), and noting %(# — qlo) < 1, we have

e (-, )] oo (2)

N
<cgt 220 e lug | Ly (o)
! N1 _ 1
+ coco(My + M1)||V¢||L°°(Q)8/ (145 200 w))em@semmt=9) g
0

NI
<cet 220 e M ugll Ly 2y

+ cscocio(My + M) ||Vl L=2ye(1 + 1t n a0 em !
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N
<cet 2T e ™M 4 2cqcocin(My 4+ M) |V L (yge ™!

—Mse(1 412 0 ) !
with Ms = c¢ + 2cecocio(My + M1) ||V |l L= (02)-
Lemma 4.25 Under the assumptions of Proposition 4.2, we have
M, —Ly —apt
IVe(, )l o) < 78(1 4+t 2)e ™ forall te(0,T).
Proof From (4.3.97) and Lemma 1.1(iii), we have
IVe(, DllLew)
t
<lle" A"Vl =) +/ [Ve'" 4" Dim —u - Ve) (-, 5) |l px@yds  (4.3.101)

0

t
1y -+ —s)(A-1
<es(1 4175 BH Vg v + / IV DD = o), 5) Ly ds
0

t
+/ Ve ™A Dy . Ve(., 5)|| px)ds.
0

In the second inequality, we have used Ve~ =D = 0.
From Lemmas 1.1, 4.3 and 4.23, it follows that

t
/ Ve "D (m — m) (-, 8)| L= (2yds
0

t N
562/ (L4 (1 —s)72 720 )e B — Moo) (4 $)llLwo(2yds  (4.3.102)
0

! 1N , N1
502M48/ I+ (t —s5) 2 0 )e~ D= (] 4 720657005 gg
0

in{0,1 -~ .
562610M48(1—|—tmm{ 2 2ﬁn})e minfo, A +1}¢

<crcioMue(1 + t_%)e_“‘t.

On the other hand, by Lemmas 1.1(ii), 4.3 and the definition of 7', we obtain
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t
/ [Ve"™9A"Dy . Ve(., s)|| 1= @)ds
0
t 1 N
<c / (U4 (¢t = 5)" 20 )e= G009 | T )l mionds (43109
0
t _I_ N ;
Scz/ (L4t =) 2 20)e” My 9) | a2y Ve, $) | @)ds
0

t
§c2M5M282/ (14 (t — 5) 72 20 )~ GrFDE=9 (] 4§73 %505 ) (] 4 573 )~ (rtods
0

1

t
§3C2M5M282/ e~ MAD=s) p=(@itan)s () 4 ( s)f%fﬁ)(l +s” +ﬁ)ds

0
5362M5M201082(1 + t—%)e—min{)»l-&-l.a]-&-ag}t

<3caMsMycipe*(1 +172)e ",

Hence, combining above inequalities with (4.3.87) and (4.3.88), we arrive at the
conclusion.

Lemma 4.26 Under the assumptions of Proposition 4.2, we have

M, gy
loC. Dl = —-e(l+1 2 e “t forallt € (0,T), 6 € [qo, 0.

Proof By the variation-of-constants formula, we have

t
p(- 1) =" A7) py — / eINATI (Y (p.F (-, p,c)VC) —u - V) (-, s)ds
0
t
+/ =AM b (o — m) (-, s)ds.
0

By Lemma 1.1, the result in Sect.2 of Horstmann and Winkler (2005) and «; <
min{\;, my}, we obtain

oG, Do)
<e ™ (|le"*(po — Po)llLoc2) + 1ol o))

1
+ / (=AY (p.L (-, p, V), )l Lo(2yds
0
t
+ / 9@ (14 - W p) (-, )| 102y ds
0
t
+ / [l =A™ b (g — m) (-, 5) || 02y ds
0

N1 _ 1 _ —
<er(L+172 507 )= Crtmt oo — Bl ey
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+ (min{1, |2[}) " we e

1 N (

t 1 1
+ eiC / (4 (1 = ) F Gt ma ) o1 [V enrdis
0
t
+ / 1A - (pu) (-, $)]l 1oy
0

t
+ / 1A e — ) (e, )5yl
0

<(c1 + (min{1, |2[}) W) (A + 172G D)

N

1 1
2 Go "))eimw(tﬂ)||P||L40(.Q)||m — Moo |lL=(2yds

+c1/(1+<t—s)
0

=(2¢1 + (min{1, [2]) 7 0)(1 4125 D)ee " £ [, + I + L.

_N(L_1

By the definition of 7', Lemmas 4.25, 4.3 and (4.3.89), we get

N

(1 4+ s_%_ﬂ%_%))ds

1_N

t
L < 3C4M1M582/ (4 (t —5) 27 2 a7y =9 g=2s (1 L ¢~ 17 7 G a)) g
0

i N1 ;
§3C4C1()M5M182(1+tmm{0’ 2(,,0 9)})efm1n{)hl,2a1}t

= %8(1 +1 2Dy,
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respectively, where the fact that gy € (N, W) warrants — p— + 2q0 > —1lisused.
Hence, the combination of the above inequalities yields

M _N¢L_1
||p(-,t)||m<m5718(1+t Gyt

Lemma 4.27 Under the assumptions of Proposition 4.2, we have

3 N —a
||(m—p)(',t)—em(mo—,Oo)HLﬁ(Q)§§(1+I AT Pl

for6 € [go, 0], t € (0, T).

Proof From (4.3.95) and Lemma 1.1(iv), it follows that

lm = p) (-, 1) — €2 (mo = po)ll 22y

t
< / 13T - (0.7 (-, pr IVE) — -V — p)) () s ydis
0
t
< / 193 - (0.5 (-, p. )V )| ocends
0

t
+ f 14T - (= p — mao)u) (- 8) [ iads

From the definition of 7" and (4.3.93), we have

1
I <c4CsMy Mas? /(1+(t—s)*f”<%*§))e M9 (] 457173 G205 g

1 1

< 3C4C5C10M1M28 1+ lmm 0,—%(%—§)])e—min{kl,Zal}z

_(1 + t_j(%_’))e—oqt

On the other hand, from Lemmas 4.22, 4.24 and (4.3.94), it follows that
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L N1 _1
(

t
I =c4/ I+ (—5) %
0

— A (t—s
0 e m — p— Mmool () el Lo (2 s

1_N

t
<2c4 M3 Mse? / 1+ (1 — )72 2 G0y hie=s)
0

S sTI)e (1 4 57 )5 s

. e*kl(tfs)ef(aﬁaz)sds

: 0 Nl L
S6CloC4M3M582€_ mln{Al,a1+a2}l(1 =+ tmm{O, 5 (5 ,,0)})

Combining the above inequalities, we arrive at
e N1y
1o = m)C. 1) = o = mo)ll gy < 5 (14172 e,

and thus complete the proof of this lemma.

By the above lemmas, we can claim that T = T,,,,. Indeed, if T < T,,,., by
Lemmas 4.27, 4.26 and 4.25, we have

£ _Nc1 _1
lom = p).1) = €m0 = po)lluay < 5 (1 +1 2Ty,

M _N(1_1
loC, Dl < 718(1 + 1 2(”0 "))e_"‘"

as well as
M -3\ ,—aut
IVeC. D@ < = 8(1+t 2)6 :

for all 6 € [qo, oc] and ¢ € (0, T), which contradict the definition of T in (4.3.94).
Next, the further estimates of solutions are established to ensure 7,,,, = o0.

Lemma 4.28 Under the assumptions of Proposition 4.2, there exists Mg > 0 such
that

Tmax

| APuc., D2y < eMee™" for t € (to, Tnax) with fo = min{ , 1}

Proof For any given o, < A, we can fix u € (a2, A). From (4.3.98), it follows that
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IAPu (-, )20
t
<lAPe™"upll 20y + / [APe™ 9P (o +m — mos)VP) (-, 5) |l 12(2)ds.
0
In the first integral, we apply Lemma 4.1, which gives
B —tA N2 B —art N2 _B —ast
A e “upll 22y < 518217 17 Pe ™ lugllLv ey < c5|82| 7t e e

for all r € (0, T). Next by Lemmas 4.2, 4.22 and 4.26, we have

/ t [APe= 942 ((p + m — moo) V) (-, )l 12(2)ds
0 - . - 7
<cocs || Vbl L(2) 82| 0 fo e (1 —5)7F
(Im,8) = p(,8) = moollLao gy + 200, )| Lo (2))ds
<Mge /r e M — )P+ s_%%_i))e_””ds
0

<Mgecio(1 + e !,

-2
where M = (M3 + M)cocs ||V¢||Loo(9)|52|?70.Thereforethereexists Mg > Osuch
that ||APu(., D22y < eMee™" for t € (ty, Tinax)-

Lemma 4.29 Under the assumptions of Proposition 4.2, there exists M7 > 0, such
that |lc(-, 1) — Mool L2y < M7e™%" for all (ty, Tyax) with ty = min{%, 1}.

Proof From (4.3.97) and Lemma 1.1, we have
(¢ — moo) (-, 1) |l (s2)
t
<cre'|lco — Mmool L) + / le"=A"D(m — mo) (-, )l L) ds
0

t
+ / [0y . Ve (., $) | L@ ds. (4.3.104)
0

By Lemmas 4.3 and 4.23, we obtain

t
/ e D (m — mog) (-, $) || 1 (2)ds
0

t
§c1/ (14 —s)*%)e*“*s)n(m — Moo) (-, 8) || Lo (2yds (4.3.105)
0

<cy (,‘10M48€_azt .

On the other hand, by Lemmas 4.3, 4.24 and 4.25, we get
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t
./ ||e(t7x)(A—l)u . VC(-, S)||L<>o(g)ds
0
! N
<e, / (L4 (1 — )73 - Vel )l erds
0

t LN g
< / (L4t =) 20)e™ N u, )o@l Ve, s)llix@ds
0

<6¢i MsMscioe®e ™. (4.3.106)

Therefore combining the above equalities, we arrive at the desired result.

Proof of Theorem 4.3 in the case . =0 on 352, part 2 (Proposition 4.2). We
now come to the final step to show that 7,,,, = co. According to the extensibility
criterion in Lemma 4.4, it remains to show that there exists C > 0 such that for

ty := min{T"é“, 1} <t < Thax

oG Olliew) + ImC, Dl + e Ollwise) + 1APu(, Dl 2@ < C.
From Lemmas 4.23 and 4.26, there exists K; > 0,i = 1, 2, 3, such that

Im(-, 1) — moollLe2) < Kie™®",

loC, Ol < Kre ™™,
IVe(, Dllie) < Kze ™!

for t € (t, Tinayx). Furthermore, Lemma 4.29 implies that [lc(-, ) — Mmoo |lwie(@) <
Kje™®! with some K} > 0 for all ¢ € (fy, Tyuax)- Since D(AP) < L>®(£2) with
B e (%, 1), it follows from Lemma 4.28 that [|u(-, 7)||p~2) < Kse™®" for some
K4 > Oforall t € (ty, Ty )- This completes the proof of Proposition 4.2.

Before we move to the next section, we remark that the following result is also
valid by suitably adjusting ¢ > O for the larger values of pg or gg.

Corollary 4.1 Let N =3 and [, po # [, mo. Further, let py € (%,00), qo €

(N, 00)if [ po > [, mo, and py € (ZTN, 00), g0 € (N, 00) if [ po < [, mo. There
exists ¢ > 0 such that for any initial data (pgy, mo, co, uo) fulfilling (4.1.7) as well as

oo — poollLro(2) <& lmo —moollLao(y <€ Vool <& luollpng) < e

(4.1.1) admits a global classical solution (p, m,c,u, P). Moreover, for any o
€ (0, min{A;, ms + poo}), a2 € (0, min{ery, A, 1}), there exist constants K; i =
1,2, 3,4, such that for all t > 1

at t
5

loC, 1) = poolley < Koe™™",

lle(, 1) — moollwro(y < Kze ™™, Jlu(-, )|l e2) < Kse .

lm(-, 1) — moollL>2) < Kie™
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4.3.3 Global Boundedness and Decay for General .

In this subsection, we give the proof of our results for the general matrix-valued .7
This is accomplished by an approximation procedure. In order to make the previous
results applicable, we introduce a family of smooth functions p, € C3°(£2) and 0 <
Pyp(x) < 1forn € (0, 1), lim,—¢ p,(x) = landlet 7 (x, p, c) = p,(x)7(x, p, ¢).
Using this definition, we regularize (4.1.1) as follows:

(o)t +uy - Vg = Apy =V - (py 55 (x, py, c)Vey) — pymmy,

(my)e +wy - Vi, = Amy — pymy,

(cp)r +uy - Vey = Acy — ¢y +my, (4.3.107)
(uy)t = Auy — VP + (py +mp)Ve, V-u, =0,

dpy _ Omy,  dcy

v v v

=0, u, =0
with the initial data

Pn(x,0) = po(x), my(x,0) =mp(x), c(x,0) =co(x), uy(x,0) =up(x), x € 2.
(4.3.108)

It is observed that .7, satisfies the additional condition . = 0 on 952. Therefore,
based on the discussion in Sect.4.3.2, under the assumptions of Theorem 4.1 and
Theorem 4.3, the problem (4.3.107)—(4.3.108) admits a global classical solution
(py, my, ¢y, uy, Py) that satisfies
lmy, (-, 1) — MmoollLo2y < Kie™®, lpp(, 1) — poollie2) < K2e ™,
llen (o 1) — moollwioo(2y < Kze™ ', Nluy (-, 1)l p(2) < Kae .

for some constants K;,i = 1, 2, 3,4, and t > 0. Applying a standard procedure such
asin Lemmas 5.2 and 5.6 of Cao and Lankeit (2016), one can obtain a subsequence of
{n;}jen with n; — 0 as j — oo, such that p,, — o, m,, > m, ¢;, = c,u,, —

u in C;’;C% (£2 x (0, 00)) as j — oo for some ¥ € (0, 1). Moreover, by the argu-
ments as in Lemmas 5.7, 5.8 of Cao and Lankeit (2016), one can also show that
(p,m, c,u, P) is a classical solution of (4.1.1) with the decay properties asserted in
Theorems 4.2 and 4.3. The proofs of Theorems 4.1-4.3 are thus complete.
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4.4 Asymptotic Behavior of Solutions to a Coral
Fertilization Model

4.4.1 A Convenient Extensibility Criterion

Firstly, we recall the result of the local existence of classical solutions, which can be
proved by a straightforward adaptation of a well-known fixed point argument (see
Winkler (2012) for example).

Lemma 4.30 Suppose that (4.1.14), (4.1.15) and
SL(x,p,¢) =0, (x,p,c) €0 x[0,0) x [0, 0) 4.4.1)

hold. Then there exist Tya, € (0, 00] and a classical solution (p,m,c,u, P) of
(4.1.13) on (0, Tpyax). Moreover, p, m, ¢ are nonnegative in §2 x (0, T,,4,), and if
Tax < 00, then for B € (%, 1), ast — T,

oG Dllx) + ImC, Dlls@) + lleC, Dllwie) + 1APuC, D@ — .

This solution is unique, up to addition of constants to P.

The following elementary properties of the solutions in Lemma 4.30 are immedi-
ate consequences of the integration of the first and second equations in (4.1.13), as
well as an application of the maximum principle to the second and third equations.

Lemma 4.31 Suppose that (4.1.14), (4.1.15) and (4.4.1) hold. Then for all t €
(0, Thnax), the solution of (4.1.13) from Lemma 4.30 satisfies

oG, Dl < llpollLiy, lmCG Dl < lImollLi @), (4.4.2)
/Ot oG, )m(, s)@yds < min{|lpollLi(), ImollLi2)} (4.4.3)
loC DlliLve) — ImG, Hliie) = lpollLi@) — lImollLie), (4.4.4)
lmC, 1720, +2 fo e M i2@yds < Imolljz g (4.4.5)
lm(, D=2y < llmollL=(x) (4.4.6)
lcC, D llLee) < max{lmollL>2), llcollL=(2)}- (4.4.7)

4.4.2 Global Boundedness and Decay for .¥ = 0 on 0 %2

Throughout this section, we assume that . = 0 on 9§2. We note that, under this
assumption, the boundary condition for p in (4.1.13) reduces to the homogeneous
Neumann condition Vp - v = 0.
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In the case [, po > [, mo, i.e., pos > 0, Mmog = 0, Theorem 4.4 reduces to:

Proposition 4.3 Suppose that (4.1.14) hold and [, po > [, mo. Let po € (3, 3),

q0 € (3, 337”;0). There exists € > 0, such that for any initial data (py, mg, co, Ug)
Sulfilling (4.1.15) as well as

loo — PoollLro2) < & lmollLww) <& llcollie@) <&, luollze) <&,

(4.1.13) admits a global classical solution (p, m, c, u, P). In particular, for any oy €
(0, min{Ay, poo}), a2 € (0, minfay, A}, 1}), there exist constants K;, i = 1,2,3,4,
such that for all t > 1

Im(-, Olle) < Kie ™", (4.4.8)
o, 1) — psclliee) < Kae ™™, (4.4.9)
e, Dllwiee) < Kze ™, (4.4.10)
lu(, Ollix@) < Kse ™. (4.4.11)

Proposition 4.3 is the consequence of the following lemmas. In the proofs thereof,
the constants ¢;, i = 1, 2, 3, 4 refer to those in Lemma 1.1, ¢; > 0,i =5, ..., 10,
refer to those in Lemmas 4.1-4.3.

Lemma 4.32 Under the assumptions of Proposition 4.3 and

o0 3
o= / (1 +s7m> e “ds,
0

there exist My > 0, M, > 0 and ¢ € (0, 1), such that

Ol M
¢2 4 2cp¢ gl atal@l e < Tz, (44.12)
(Iter+e 2170 0) - M
c4c1oCs My (et T 7+ pol$2]®0) < 3 (4.4.13)
o M
s + 2cscoctoll VOl ) (My + 1 +c1[]707w + delleral@P ©ry < 23,
4.4.14)
1_1 11 %
¢+ 2¢7¢0c10 [Vl L (2) | 21770 (My + 1 + ¢1|R2] 70~ w0 + el Fertal@l o)
M,
11 M[
3c10c4Cs(My 4+ ¢ + c1]|82|0 0 )Mre < 3 (4.4.16)
11 M]
3cioca(My + ¢y +c1|2|m w)Mze < R (4.4.17)

12coc10M3e < 1, 12c7c9c10M3ze < 1, 12cqcocioMye < 1. (4.4.18)
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Let

(o —m)(-, 1) — €' (po—mo) |l 1o (2)

3

<Mie(1413 )" Vo € g9, 00]. 1 € [0, T):;
T 25up T € (0, Tan) |V, Dllzie) < Mae(1+172)e™" V1 [0, T);
(- Ol o) < Mye(l+ 12 3m)e™ vr € [0, T);

IV, Ol < Mae(1+172)e™" v € [0, T).
(4.4.19)

Then T > 0 is well-defined by Lemma 4.30 and (4.1.15). Now we claim that T =
Tuax = 00 if € is sufficiently small. To this end, by the contradiction argument, it
suffices to verify that all of the estimates mentioned in (4.4.19) still hold for even
smaller coefficients on the right-hand side. This mainly relies on L? — L¢ estimates
for the Neumann heat semigroup and the fact that the classical solution on (0, 7},4y)
can be written as

(o —m)(:, 1)
=e'“(py — mo) — / TINV - (pS (x, p, V) +u - V(p —m))(-, s)ds,
0

(4.4.20)

m(, 1) =e“mgy — f "% (om +u - Vm)(-, s)ds, (4.4.21)

0
c(, 1) =" @ D¢y + f e D6n —y . Ve) (., s)ds, 4.4.22)
0

u(-, 1) =e "ug +/ eI P((p4+m)Vo — (u-VIu)(-, s)ds  (4.4.23)
0

for all ¢ € (0, T;4x) according to the variation-of-constants formula.

Although the proofs of Lemmas 4.33 and 4.34 below are similar to those of
Lemmas 3.11 and 3.12 in Li et al. (2019b), respectively, we provide their proofs for
the convenience of the interested reader.

Lemma 4.33 Under the assumptions of Proposition 4.3, for allt € (0,T) and 0 €
[qo, o], there exists constant Ms > 0, such that

31y
(o = m)(-, 1) = poollroqay < Mse(1 4120~ )eme,

Proof Due t0 €' ps = poo and [, (pg — mo — pss) = 0, the definition of 7' and
Lemma 1.1(i) show that for all # € (0, T) and 0 € [qo, 00],
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(o —m)(-, 1) — poollroe)
<ll(o —m)(-,t) — (oo — mo)llLoc) + l€"* (po — mo — poo) o)

3

<Me(l +1 2 o é))e_“”’
For(l 4173w

3

§M58(1 +1r 2

Y(lpo = poollme) + ImollLr@))e™

(plo 0))670“[’

1t

where Ms = M + ¢ + cll.QW_%.

Lemma 4.34 Under the assumptions of Proposition 4.3, for any k > 1,
||m(, t)||Lk(_(2) < M6||m0||Lk(Q)€7pxt for allt € (0, T) (4424)

witho = [ (1 + s_%)e’o‘”ds and Mg = eMs°¢,

Proof Testing the first equation in (4.1.13) with m*~! (k > 1) and integrating by
parts, we have
d

— mk < —k/ ,omk on (0, 7).
dr Jg 2

Inview of —p < |p —m — pPoo| — M — Poo < —Poo + | — M — poo|, Lemma 4.33
yields

d
L m"s—kpoo/mk+k/mk|p—m—pw|
dt Jo Q Q

IA

—k,ooo/ mk—l-kllp—m—poollm(m/ m"
Q 2

IA

—k,ooo/ mk+kM5a(1+f%)e*“”/ mk
2 2

and thus

! _3
/ m =< / mf exp(—kpoot + kMse / (1457 0)e™1%ds) < flmollf g, 57770,
2 2 0

from which (4.4.24) follows immediately.

Lemma 4.35 Under the assumptions of Proposition 4.3, we have
M3 14+ \
G Dl < Sle (1 11 )e 2 forall t € (0,T).

Proof Fora, < A}, we fix u € (o2, A}). According to (4.4.23), Lemmas 4.1(ii) and
4.2, we infer that
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le(-, )l Lo (2
<C6l_§(i_"°)€ Mluoll L3
/ le” V22 ((p + m)Ve — (u - VIu)(-, $) |l Lo (s

1 1
<cet 2(3 "0)6 M lluoll 32

t
+ ¢6 / eHINP(p+m —pFmIVP)(-, )|l Lo ds
0

t
+c6/ e MNP (- VIu) (-, 8) || Lo yds (4.4.25)

Jr
j=]

3
290

_1
<cet 220 e M lugll o)

t
+ 60l VPllLe(e) / eI +m —p+m)(, 5) | Lw)ds

+0609/ (t — ) 2e (- Vyu(-, 5| ds
L‘ qn (2)
=306l7+%€7”t||'40||m(9) + i+ /),

where Z(p + mV¢) = p + mP(Ve) = 0 is used.
Due to @1 < pso, an application of Lemmas 4.33 and 4.34 shows that

t
J1 Zc60ol| VLo / eI (o —m — o —m) (-, 8) +2(m — M) (-, 5) || Lo (2)ds
0
t
<c600l| Vol Lo (@) /0 eI ([0 = m = poo) -, 9) | a0 () + 201 — T, 5)ll Lo (2))ds

t
§c(,C9||V¢||Loc(_Q)M§s/ e M= (1 4 s77<%740 e *ds (4.4.26)
0

with M = Ms + 4eMso¢.
On the other hand, by the Holder inequality and definition of 7', we have

Ja <ceco / (t — )72, )| Lo [Vt ) 2 o)ds
<3ceco M3 Mas? / (t — §)"Te M= (] 4 57 )e =25 g, (4.4.27)
0

Now, plugging (4.4.26), (4.4.27) into (4.4.25) and applying Lemma 4.3, we end up
with
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le (-, )l oo 2

1y 3 in{0,1-3 (L - L -
<cot ™20 e ugl| 132y + cococioll Vel Ly Mye (1 + ™M1 72 Ge Ty gment

1,3
+ 36‘669610M3M482(1 +1t LRI )e at
14 3 _
<cet 2+2110 eiuté‘ + 2C6C9€]0||V¢||LO¢(9)M§E€ et
1,3
+ 3C609€10M3M4€2(1 +1 LR )e at

S%s(l T A T

where (4.4.14), (4.4.18) and the fact that g(ﬁ — qLO) < 1 are used.
In the next lemma, we show that the estimate for the gradient is also preserved.

Lemma 4.36 Under the assumptions of Proposition 4.3, we have
My -1 ot
IVu(, Hllre) < 78(1 +1t72)e ™ forall t € (0, T).
Proof According to (4.4.23), we have
t
Vu(-, 1) = Ve uy +/ Ve 94D ((p +m)Ve) — P((u - VIu))(-, s)ds.
0

Applying Lemmas 4.1(iii), 4.2 and the Holder inequality, we arrive at

Vu(, l)||L3(Q)
| ! 3
<et™2e M ugll 3y + /O 1Ve™ 942 ((p + m)V — (u - V), )l 13y ds
1
sc7t‘%e‘”’s+c7f (t = )72 NP (0 +m = 5 F MV, 932y ds
0
! _1_ 3
+c7/ (t—s5) 2 20 e MDD (- V), 9) 3 ds (4.4.28)
0 L3+q0 (_Q)
§C7t7%67’”s
i1t L - S—
+ 7691Vl Lo () 12170 /O (t = )72 M (p +m — pFm)(, 9)ll Lo (2)ds

1

t PR —
+C7C9/ (t—s) 2
0

3
20 eIV, ) 13 gy lu s )l Lao (2)ds
1
=7t 2e Mg+ 1) + 1o,

where Z(p + mV¢) = p + mP(Ve¢) = 0 is used.
Due to @} < poo, an application of Lemmas 4.33 and 4.34 shows that
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t
1 1 1 _
71 <100V llm |21 / (1 — 5) o0
0

1o —m — p=m)(.$) +2(m — ) (-, 9)l| Loy ds (4.4.29)
t
<160Vl )| Q17 / (t — 5)~bemn=9)
0

(1o =m = poc) (-5 )l Lao(2) + 201 (m — m) (-, $) |l Lo (2))ds

3(L_

1 ! , _ 1 |
<c769 | VPl Lo (2)|82] 0 M§8/ e (1 4 57200 w)) (1 — 5)TTe ™ ds.
0

On the other hand, from the Holder inequality and definition of 7, it follows that
2 ! —%—% —u(t—s) —H‘zi —2aps
19 < 3c7c9M3Mys (t —s) 90 ¢ M (1+s 90 )e “*25ds.  (4.4.30)
0

Therefore, inserting (4.4.30), (4.4.29) into (4.4.28) and applying Lemma 4.3, we get

IVu(-, )l 90 (2)
L J in(0.1_3(L_ 1y _
<cptTie Mg c7c9c1oll Vol Lo (2)1$2]7 90 M§5(1 +tmm{ 27205 qo)})e art
|
+ 3C7C9610M3M482(1 +1T2)e %!
1 1 1
<cpt”2e M e+2c7c9c10l| Vol Loo(2)1R217 0 Myse !
|
+ 3c7cocioMaMag? (1 + 1~ 2)e 2!

M. 1
<l 2)e

where (4.4.15), (4.4.18) and the fact that gy € (3, 337”1‘;0), Do € (%, 3) are used.

Lemma 4.37 Under the assumptions of Proposition 4.3, we have
M, 1\ —at
IVe(, Do) < 78(1 +1t72)e ™ forall t € (0, T).
Proof By (4.4.22) and Lemma 1.1(ii), we have

Ve, Do)

t
< e Vel L) + / Ve A"V (m —u - Ve) (-, 5) || 1 2)yds
0
| t
-1\ - —s)(A-1
<l +t72)e M el 1) + f Ve A" V(- 5) || w(2)ds
0

t
+ / Ve Dy . Ve(., 5) || = @ds. (4.4.31)
0
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Now we estimate the last two integrals on the right-hand side of the above inequality.
From Lemmas 1.1(ii), 4.3, 4.34 with k = ¢g¢ and the fact that gy > 3, it follows that

t t 13
/ Ve A"V m| 1w g)ds <ca / (14 (¢ =) 27 20)e” M im | Ly ) ds
0 0

4 1 3
fczM(,s/ (L4 (t — ) 2 20)e~ MHDE=) gmpes g
0

min{0,

<cacioMe(l + 1 %_i])se_“" (4.4.32)

<2crcioMeee™™ ‘

On the other hand, by Lemmas 1.1(ii), 4.3, 4.35 and the definition of 7', we obtain

t
/ [Ve'=9ADy . Vel poo(oyds
0

t
502/ (A4+@—-s) 2
0

3
20 )= MHEDE=) |y - Ve|| Lao () ds (4.4.33)

1

t
SCZ/ (14—
0

3 o
20 )e MDD || Lo () [ Vel oo 2)ds

1

t
§C2M3M282/ A4+@t—-s5) 2
0

230 )g*(k1+l)(t7s)(1 +57%+%)(1 +s7%)ef(a1+a2)sds

t
§3czM3M262/ ¢ FDE=9) g=@+e2)s (| 4 (; _5)73
0

%w0)(1 4+ 5~ 50 )ds
S3CQC|()M2M382(1 + l_%)e‘_a]t.
From (4.4.31)—(4.4.33), it follows that

IVellzx@) < (c2 + 2eac10Ms + 3caci0MaMe)(1 + 17 2)ee™™"

IA

M
2 41 2)se
2
due to the choice of M,, M3 and ¢ in (4.4.12) and (4.4.18), and thereby completes

the proof.

Lemma 4.38 Under the assumptions of Proposition 4.3, for all 0 € [qo, oo] and
te(0,7),

3,1 1

My 31 Y
||(p—m)(-,r>—em<po—mo>||m>s78(1+r 26~ o)yement,
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Proof According to (4.4.20), Lemma 1.1(iv), we have
(o —m) (-, 1) — " (po — mo) | Lo(e2)
< /Ot le“D4(V - (0.7 (x, p, )Ve) +u - V(p —m))(:, 5)|| o) ds

t
< / 1598 - (0.7 (x. p. )V )l ocends
0

t
+ / 1699 - (o = m — o)) () 10 2,
0

3

! PR o
<c4Cs / A+ =) 7 2% )™ (. 5) | Loy VG, $)ll Lx(oyds
0

ol—

3

! 311
+c4/(1+(r—s> 272G e MU (p — m — o) (-, 9) L) ds
0

=1+ I,.
Now we need to estimate /; and /. Firstly, from Lemmas 4.33 and 4.34, we obtain

oG ) lzo@) < 10 —=m = po) (-, ) Lw(@) + Im (-, $)llLw@) + | PoollLo(2)
3(1_ 1

< Mse(1+ siz(ﬁi%))fz—"”‘Y + My (4.4.34)

11
with Mg = e{Itatal@i® ©o 4 ,ooo|9|%, which along with Lemmas 4.37 and 1.1
implies that
' —5=3GE =)y ,—hi(t—s)
I <ciCsMg | (1+ (@ —s) 2 20 #)e™ V|| Ve po2)ds
0

3 3

t
+ C4C5M58[ (14 (=) @) (1 4 57 ) )emarse =)
0
|IVell = @)yds (4.4.35)

t |3 1 |
§C4C5M8M28/ 1+t —5) 272G 9)e 0= (] L g~ 3)e 05 g
0

t 3 3
+ 3C4C5M5M282[ A4t —5) 7 2@ )1 4572720128
0

ce MU

<c1oc4Cs(MgM, + 3MsM,e)(1 + l_%(%_‘%))é‘e_alr

M 31
fT](lth "0 ge !

where we have used (4.4.13) and (4.4.16) and % — q—lo < %
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On the other hand, from Lemmas 4.33 and 4.35, it follows that

—c4f(1+(r )72 o = e 2| oo 2y

< 3¢y M3Msé? /(1+(t—s)‘ﬁ w0 1) N9 (] 4571 I )

et g (4.4.36)
< 3C4610M3M58 (l + tmm 0.3G~ ”0)})670(1[

where we have used (4.4.17) and ﬁ - qio < % Hence, combining the above inequal-

ities leads to our conclusion immediately.

Now we are ready to complete the proof of Proposition 4.3.

Proof of Proposition 4.3. First from Lemmas 4.35-4.38 and Definition (4.4.19), it
follows that T = T,,,,. It remains to show that 7,,,, = 0o and to establish conver-
gence result asserted in Proposition 4.3.

Supposed that T,,,,, < 0o. We only need to show that for all t < T},,,y,

oG Dl + Im G, Dlle) + lleC, Dllwixg) + 1A U, D2 < 00

with 8 € (%, 1) according to the extensibility criterion in Lemma 4.30.
Let fy := min{1, T’”“‘} Then from Lemma 4.34, there exists K; > 0, such that for
re (t07 Tmax),

m(, Dl < Kie ™. (4.4.37)
Moreover, from Lemma 4.33 and the fact that

lo(, 1) = pollzewy < (e —m) (-, 1) — poollLoey + Im(, 1)l Le(2),

it follows that for all ¢ € (fy, T,,4x) and some constant K, > 0,
(1) = poclliee) < Koe ™. (4.4.38)
Furthermore, Lemma 4.37 implies that there exists K} > 0, such that
Ve, )llLew) < Kye ™" forall ¢ € (to, Tyyax) (4.4.39)
Hence, it only remains to show that

G Ollecay + 1APuC, )l 2@y < C forall t € (fo, Tax)-
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for some constant C > 0. In fact, we will show that
IAPu (-, )20y < Ce ! (4.4.40)

for tg <t < T,,4, With some constant C > 0.
By (4.4.23), we have

IAPu(-, )l 20 (4.4.41)

t
<l APe " ugll 12 + / [APe™ "4 D2 ((p +m — poo) VP) (-, 9)ll 122y ds
0
t
+ / 1 APe 94 (- V) (-, ) | 2enrds.
0

According to Lemma 4.1,
IAP e~ Yugll 20y < cse ™ | APugllr2(a) forall t € (0, Thax).

From Lemmas 4.1, 4.2, 4.33 and the Holder inequality, it follows that there exists
[; > 0, such that

t
/ [APe™ 94 D2 ((p +m — poc) V) (-, 9)ll 122y ds
0

qa0-2 d
<csco|[ Vol Lo |92 20 / (1o = m = poc) -, )l oo ()
0
+ 2[lm (-, $) |l g0 (@2)) (t — $) Pe ™ ds
q0-2 ! . _3( L1y .
<cseol Vol o) 192120 1y / et — )P (14520 0))e 1 ds

0

1 _ 1
<cseoctol| Vo ll e |21 50 et (1 4 (MO A=3G—a)y

On the other hand, let M (¢) := e~ || APu(., 1) lz2¢) for 0 < ¢t < T,,4,. By Lemmas
4.1(iv) and the Gagliardo—Nirenberg type inequality, one can see that

1
G- V)u, )2y IR, )@ Va9l
<BIAPu(, )72 110G ) i IV C )2 2)

for some /;, > 0 with ¥ = qio / (qlo — % + %), and thereby an application of Lem-
mas?2.2,4.2,4.35 and 4.36 gives
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t
/ 1APe= 98 D ((u - V) (-, )l 120y ds
0

t
<eseols / 1APUC, )20 1 iy IV 9220y

=S <Imax

<I5(, max M(s)y?/ e (¢ — ) B(] 4 573 1Dy =2 g
0

<C1013( max M(s))? (1 + ¢™nO 3B+ —5)(1= ) gt

<s<Tnax
for some /3 > 0. Now inserting the above inequalities into (4.4.41), we arrive at

402 i — 1_ 1
M) =esll AP uoll ) + escocioll Vol oy |21 0 1 (1 4 O3 G =30y

+eiols( max M(5)” (147" 3P mDA-Dhy

<s<Tinax

which implies that for some [, > 0 depending on 7y, we have

max M(t) <l4+l4( max M(1))".

10 <t <Tpax <t<Thax

On the other hand, from Lemma 4.30, max M (t) < Is. Therefore, we get

<t<ty

max M (1) <y + s +l4( max M@))’.

0=<t<Tax t<Tinax

As ¥ < 1, we infer that M (¢) < [¢ forall ¢t € (0, T,,4,) for some /g > 0 independent
of T,,.» and hence arrive at (4.4.40).
Furthermore, due to D(A?) — L>®(£2) with 8 € (%, 1) and Lemma 4.35, we get

luC, Dllee) < Kse™ forsome Ky > Oand 1 € (0, Ta). (4442
Now we turn to showing that there exists K é/ > (0, such that
e, Do) < Kie ™" forall t € (0, Thax)- (4.4.43)
From (4.4.22), it follows that
t
lelle) < lle"“ Vel + / e A"V m — u - Vo) ||~ @)ds
0
t
< e lleolli=) + / ™AV m(, ) || 1o(@)yds (4.4.44)
0

t
+/ ™A Dy Ve (., 5) || x@)ds.
0
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An application of (4.4.24) with k = oo yields

t t
/ A Dm(., 5) || Lo@yds < / e TINm(-, 9) | Lo (@)ds (4.4.45)
0 0

t
< lmoll i~ Ms / o1 g=pxs g
0

< llmoll o2y Mecioe ™.

On the other hand, from (4.4.42) and (4.4.39), we can see that

t t
f e AP - Ve e @yds < / e Null L@ Vel @yds  (4.4.46)
0 0

t
< K;K4/ e—(a|+(xz)se—(t—x)ds
0
< K§K4C1()€7azt.

Inserting (4.4.45), (4.4.46) into (4.4.44), we arrive at the conclusion (4.4.43). We
have thus established that 7,,,, = 0o, and the decay estimates in (4.4.8)—(4.4.11)
follow from (4.4.37)—(4.4.40) and (4.4.43), respectively.

As for the case [, po < [, mo,1.e., Mo > 0, psg = 0, Theorem 4.5 reduces to

Proposition 4.4 Assume that (4.1.14) and |, py < [, mo hold, and let py € (2, 3),

q0 € (3, 2(%%). Then there exists € > 0, such that for any initial data (py, mo, co, Uo)

fulfilling (4.1.15) as well as
loollLr2y <€, limo—mellronw <&, Vool <&, luollze <,
(4.1.13) admits a global classical solution (p, m, c,u, P). Furthermore, for any

a1 €(0, min{A;, me, 1}), oz € (0, min{ay, A}}), there exist constants K; > 0, i =
1,2, 3,4, such that

m (-, 1) = mooll L) < K17, (4.4.47)
oG, DllLe@) < Kae ™™, (4.4.48)
lleC, 1) — moollwic (@) < Kze ', (4.4.49)
lu(, Do) < Kse . (4.4.50)

The basic strategy of the proof of Proposition 4.4 parallels that of Proposition 4.3
to a certain extent. However, due to differences in the properties of p and m, there
are significant differences in the details of their proofs. Thus, for the convenience of
the reader, we will sketch the proof of Proposition 4.4.

The following elementary observations can be verified easily:

Lemma 4.39 Under the assumptions of Proposition 4.4, it is possible to choose
M, >0, M, > 0and e > 0, such that
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11 M,
3+ cacio(l +cp + 12| w0 + M) < e

a1 M;
c6 + 2c6cocio(Mi~+ 2 + 2c1+ 2¢1| 82|70 )| VP Loy <

a4 [
¢7 + 2c7c9cio(M1~+ 2 + 2c1+ 2¢1| 82|70 0) [ VP | Loy |2]7 0 <

12¢coc10M3e < 1,
) - M
2c¢y + (minfl, [22[}) » < 5 12cgcocioMae < 1,
24C4C56‘10M28 < 1,
12076‘90]0M38 < 1,
12C46‘10C5M1M28 < 1,
2dcicro(l+ 1 4 ¢1|R]7 0 + Mye < 1,
1864610M38 < 1.

12¢10caMa(14-¢1+¢1 2|7 w0 )e < 1.

Define

1

3
”/0(‘7 [)“L(?(Q) < Mlé‘(l +1t 2

~ 1 ~
T:=sup{Te (0, Tax) I VG, Dl Loy < Mae(1+172)e™ ! forall 1 € [0, T);

lm—p) (-, ) =" (mo—po)ll o) <e(l + 1t

3

2

1
(%

] —
Go™7)ye11 g € [go, 0ol;

1, 3 ~
luC. )l Lao () < Mae (1 +1 2+2‘10)e‘“2’ forall 7 € [0, T);

1 ~
IV Dl 30y < Mae (1 n fi) e~ forallt e [0, T).

245

(4.4.51)

(4.4.52)

My
— (4.4.53
7 ( )

(4.4.54)

(4.4.55)

(4.4.56)
(4.4.57)
(4.4.58)

(4.4.59)
(4.4.60)

(4.4.61)

1

9))670!1!.

)

(4.4.62)

By Lemma 4.30 and (4.1.15), T > 0 is well-defined. As in the proof of Proposition
4.3, we first show T = T,,,,, and then T,,,, = 00. To this end, we will show that all
of the estimates mentioned in (4.4.62) are still valid with even smaller coefficients on
the right-hand side. The derivation of these estimates will mainly rely on L? — L4
estimates for the Neumann heat semigroup and the corresponding semigroup for the
Stokes operator, and the fact that the classical solution of (4.1.13) on (0, T') can be

represented as
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A
(m — p)(-, 1) = €' (mo — po)

+/ eIV (pL(x, p,)VCE) —u-V(m — p))(, s)ds, (4.4.63)
0

t
p( 1) =epy— / "INV - (pF(x, p,c)Ve) +u - Vp + pm) (-, s)ds,
0

(4.4.64)
e, 1) =@ Vey + / e"IAD 6 —y - Ve) (-, s)ds, (4.4.65)
0
u(- 1) =e uy+ / e TIAD((p+m)Vp — (u - VIu)(-, s)ds. (4.4.66)
0

Lemma 4.40 (Lemma 3.17 in Li et al. (2019b)) Under the assumptions of
Proposition 4.4,

forallt € (0,T) and 6 € [qo, 00] with Ms = 1 + ¢; + ¢1|£2| % .

Lemma 4.41 (Lemma 3.18 in Li et al. (2019b)) Under the assumptions of
Proposition 4.4,

_3(L_1

M- 1) = meollioqy < (Ms + Mp)e(l 41200yt
forallt € (0,T), 6 € [qo, <]

Lemma 4.42 Under the assumptions of Proposition 4.4, we have
M; I R
(-, Loy < 78(1 4+t 27 m0)e™ " forall t € (0,T).

Proof For any given o, < A}, we can fix u € (o2, A}). By (4.4.66), Lemmas 4.1,
4.2 and Z(V¢) = 0, we obtain that

(s DllLoe)

_%(%_L)

<cet o’ e M ugll 13 (@)

+ / le= 942 ((p +m)V — (- VIu)(-, $)|l oo () ds (4.4.67)
0

t
i i
<cgt 2T H0e Mt8+c6c‘)||v¢”L°°((2)/ e (o +m — moo) (-, 5) [l Lo (2yds
0

1
L3%®m (@)

t
+ coco / (t =) e M@ VyuC, ) o ds.
0
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By Lemma 4.41 and the definition of 7', we get

(o +m —me) (-, )l Lwo2y =N —nmo) (-, Lo + 1o, $) o) (4.4.68)
<@Ms + MDe(l + 5720 w))ems,

Inserting (4.4.68) into (4.4.67), by the definition of 7 and noting that 3 (— — —) <1,
we have

lee (-, )] oo (29

1,3
<cet 2T e Mg

t
+ coco(2Ms +M1)||v¢||Lm(msf (1 + 57260~ a0))e—15 == g
0

+ ¢ f (1 — eV D@ uC, $)llLo@)ds

<cot "> e M e + coeacioMs + M)Vl (e (1 4 ™03 G5 =30 et
+ 36‘66‘9M3M482/ (t — s)_%e_"(’_”(l + f“%)e‘z‘”‘vds

0

SC6I7%+%8€7’” + 2c6c9c10(2Ms + M) |Vl (o) ee
+ 3escoctoMsMy(1 + 12 T )2t

5%8(1 4 et

where we have used (4.4.52) and (4.4.55).

Lemma 4.43 Under the assumptions of Proposition 4.4, we have
My 15—t
IVu(, )32 < 78(1 +t72)e " forall t € (0,T).

Proof According to (4.4.66), and applying Lemmas 4.1(iii) and 4.2, we arrive at
IVul, Ol ey
t
<crt™2e  lugll ) + f IVe™ =94 2((p + m)Ve — (u - VIu)(-. $)ll 132 ds
0
t
<cpt™de e 4 7] @) 0 f (t =) 2D ((p +m — mo) V), ) oo ()
0

t
+or / (=) 2 TN P VD s ds (4.4.69)
0

L3490 (2)

N
<cyt " ie Mg

it 1 e
+ c709| V|l oo (2182130 f (t —5)"2e (0 + m — moo) (-, 5) |l oo (2)ds
0
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! _1_3
+ creo / (t = )73 0 O VU, )3 G 9l o s,
0

where P (Mmoo V@) = moo (V) = 0 is used.
From (4.4.68), it follows that

t
/ (t =) 2 [0+ m — moo) (-, 8) |l Lo (s (4.4.70)
0
' i~ 3G =2\ o
5(2M5+M1)8/ (t —s) 2e =91 4 5720 " w))e 5 ds.
0

In addition, an application of the Holder inequality and definition of 7' shows that

! U T
/O (1 =) e D e, )l | Vit 9) s ds
t
<3M3Mas? / (t — )77 T e (] 4 57 Fag)e 2 g (4.4.71)
0

Therefore, inserting (4.4.71), (4.4.70) into (4.4.69) and applying Lemma 4.3, we get

IVu(, Hlizs 2

1
<cit e Mg
1

1 1 B 1 1
+ 109010Vl o) 12170 (2Ms 4+ My)e(1 4 ™02 7260 iy gt
+ 3C769610M3M482(1 + Iﬁé)eiazt

My -1 —ant
578(1+f )e ",

where (4.4.53), (4.4.57) are used.

Lemma 4.44 Under the assumptions of Proposition 4.4, we have
M, —1\ —ayt
Ve, Dllim) = —-e(l+179)e™" forall 1€(0,T).

Proof From (4.4.65) and the standard regularization properties of the Neumann heat
semigroup (%) in Winkler (2010), one can conclude that
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IVe(, Dllrxw@)

t
<e'|IVe' eyl +f Ve A" Dm —u - Ve) (., s) || x@)ds
0
t
_1 _ s _
<ca(l+t7 e " [Veollpso) + / Ve D (m — moo) (-, 9) |l Lo(2)ds
0

t
+/ [Ve 4Dy . Ve(, 8)| L= @)ds. (4.4.72)
0

In the second inequality, we have used Ve =)A= = 0.
From Lemmas 1.1(ii), 4.41 and 4.3, it follows that

t
/ V9B 4n — o), 5) eyl
0
t
= / (4 =) 30 o —mo) () lwards (@473)
0

t
<e>(Ms +M1)8/ (1 + (1 —5) "2 T0)e~GHDE=9 (] 4 3G ~w)yemens g
0

3

<cacio(Ms + My)e(l + ("2 5 ) ) minfen a1

<caci0(Ms + My)e(l +173)e ™",

On the other hand, by Lemmas 1.1(ii), 4.3 and the definition of 7', we obtain

f l Ve A" Vu . Ve (., 8) || x@)ds
0
<c /[(1 (=) I e P 1 Ve ) | oy ds (4.4.74)
0
< /0 Ut = )3 )e B ) e Ve ) s
<cyM3Mae? /,(1 (1 — ) T e MO (] 4 TR ) (1 4 g 3o (s
0

! _1_3 a3
§3czM3M282/ e~ WD) g—@tes (| 4 (p — 5)72 30 ) (1 45~ T 0 )ds
0

§3C2M3M2C1082(1 + lﬁ%)eialt.

Hence, combining the above inequalities and applying (4.4.51) and (4.4.54), we
arrive at the desired conclusion.

Lemma 4.45 Under the assumptions of Proposition 4.4, we have

3

My = _3.1_1
¢ D) llra) < Srel +1 2T e ™t forall t € (0, T), 6 € [go, 00].
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Proof From (4.4.64), we have

t
p (-, 1) =e' A7) py —/ e!ATI(V L (p.S (-, p,c)VC) —u - V) (-, s)ds
0
t
+/ 1= b (moe — m) (-, s)ds.
0

By Lemma 1.1, the result in Sect.2 of Winkler (2010) and «; < min{A;, m},
we obtain

oG, Dl )
<e™"~'(lle" (o — Po)ll o) + 1ol Lo (2)

t
+ / 1B MOY (.S (., p, VN, ) nds
0
t
+ / 1AM (4 T ) (-, )l 152yl
0

t
+ f [ 1AT2) o (g — m) (-, 8) || o2y
0

=3 G =)y o= (riHmao)t = : — 75 o~ Mool
sci(L1 20 79e™ MM pg — PollLrme) + (min{l, [2]}) re™"~e

1_3

t 1 1
+ ¢4Cs / (1 (t —s) 7200 Crtmede=s) ) 51 oy o Vel oy
0
t
+ f 1@ - (pu)(-, $)]l 192y
0

t
+ / [ =A™ b (g — m) (-, 5) || 02y ds
0

<(cy + (minf1, [2[}) 7)1 412G 7)gee

According to the definition of 7', Lemmas 4.44 and 4.3, this shows that
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and

where the fact that gy € (3, 2(2 )) warrants —% + % > —1 is used. Hence, the
combination of the above mequalltles yields

My, 31 _
oG, Dlle) < 78(1 +1t 2G5 ))e ar

thanks to (4.4.60), (4.4.59) and (4.4.56).

Lemma 4.46 Under the assumptions of Proposition 4.4, we have

for0 € [qp,00],t € (0,7).

Proof From (4.4.63) and Lemma 1.1(iv), it follows that
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lm = ), 1) = €4(mo — po) | L)

t
< / 13T - (0.7, pr IVE) — - Vi = p)) () 1o ydis
0
t
< / 199 - (0.7 9, Vs )l i
0
t
+ / 1593 - ((n = p — moo)u) (- )l ods

_1_ 3,1 _1
<aciCs [ A+t =) ) e M09 o)l Vel $) |y ds

=1+ 12.

From the definition of T and (4.4.58), we have

1 311 1
Iy <3¢4Cs My Mys? /(1+(tfs) 173G D) =9 (1 4 5335 1) )25 g

<3e4CocioMi Mag? (1 + 1™ =3 Gg =7 o= minth) 2a e

<§(1 P L

From Lemmas 4.40, 4.42 and (4.4.61), it follows that

,1 ,,,,,
—c4f A+ (=) 272G ) e — o — el | oo )
1
sc4M3M582/ (L (1 —5) 2200 ) U1 g™ e
0

1 3
(1 +s 2 m)e s

1

< 3c4M3Mss? /(1+(r—s) 3Gy (1 4 s G ))
e—M(l é)e—(ﬂll-‘rsz)Yds

3C1()C4M3M582€_min“\l'al-"_aﬂt(1 + tmin{O,%(é—%H)

< 2(1 _{_t—j(%—*))e—alt

IA

Combining the above inequalities, we arrive at
tA € —3Ge =)y et
G0 —m)(-, 1) — €= (po — mo)llLoay < 5(1+t n- e

and thus complete the proof of this lemma.
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By the above lemmas, one can see that T = T,,,,,. We will need two more estimates
to show that 7,,,, = oo.

Lemma 4.47 Under the assumptions of Proposition 4.4, for all B € (%, min{f—t -
2%, 1}) there exists Mg > 0, such that

Tmax
6 3

”Aﬁu('a t)”LZ(.Q) =< 8M6e_a2t for te (lo, Tmax) with fo = mln{

1.

Proof The proof is similar to that of (4.4.40), and thus is omitted here.

Lemma 4.48 Under the assumptions of Proposition 4.4, there exists M7 > 0, such

that |lc(-, 1) — Moo L=(2) < M7e™*" for all (ty, Tyax) With ty = min{ T”g“‘, 1}.

Proof We refer the readers to the proof of Lemma 3.24 in Li et al. (2019b).

Proof of Proposition 4.4. We first show that the solution is global, i.e., T,,,, = 00. To
this end, according to the extensibility criterion in Lemma 4.30, it suffices to show
that there exists C > 0, such that for all t) < t < T,,,4x

oG, Ollei@) + ImG, Ol + leC, Dllwrs@) + 1APuC, 2@y < C.
From Lemmas 4.41, 4.45 and 4.47, there exist K; > 0,i = 1, 2, 3, 4, such that

Im(, 1) — moollLo2y < Kie™®, oG, D)llrew) < K2e™®,
IVe(, D=2 < Kze™", [|APu(, H)ll2@) < Kse ™

for t € (ty, Tinax)- Furthermore, Lemma 4.48 implies that [c(-, 1) — Moo ||wioe(@) <
Ke™®" with some K} > 0 for all ¢ € (ty, Tyuax)- Since D(AP) < L>(2) with
B e (%, 1), it follows from Lemma 4.47 that [lu(:, 1)||r~2) < Kse™®" for some
K4 > Oforall t € (ty, Tuax)- This completes the proof of Proposition 4.4.

4.4.3 Global Boundedness and Decay for General ./

Proof of Theorems for general .. We complete the proofs of our theorems by
an approximation procedure (see Cao and Lankeit (2016) for example). In order
to make the previous results applicable, we introduce a family of smooth func-
tions p, € C3°(£2) with 0 < p,(x) <1 for n € (0, 1), and lim, o p,(x) = 1, and
let 7, (x, p, c) = py(x)F(x, p, ).

Using this definition, we regularize (4.1.13) as follows:
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(o) +uy - Vpy = Apy =V - (0S5 (x, py, cp)Vey) — pymy,

(my)e + uy - Vi, = Amy — pymy,

(cy) +uy - Ve, = Acy — ¢y +my, (4.4.75)
(up)e + (uy - Vyuy = Auy = VP + (py + my)Ve, V-u, =0,

dpy omy, ac

—=—"T="=0,u,=0
av av av

with the initial data

pn(x,0) = po(x), my(x,0) =mp(x), c(x,0) = co(x), uy(x,0) =upx), xe€ 2.
(4.4.76)

It is observed that .7, satisfies the additional condition . =0 on 9£2. There-
fore based on the discussion in Sect.4.4.2, under the assumptions of Theorem 4.4
and Theorem 4.5, the problem (4.4.75)—(4.4.76) admits a global classical solution
(py, my, ¢y, uy, Py) that satisfies

ot ot

lm, (-, 1) — meollL=2y < Kie™™, 1oy, 1) — poolle@) < Kae ™™,

ey Gy 1) — meollwio@y < Kze™,  |APu, (-, )l 1200y < Kae ™™

for some constants K;,i = 1,2, 3,4, and all # > 0. Applying a standard procedure
such as in Lemmas 5.2 and 5.6 of Cao and Lankeit (2016), one can obtain a subse-
quence of {n;};jen with n; — 0 as j — oo such that p,, > p, m,, > m, ¢, —
C,uy, —> u in C),2 (82 x (0,00)) as j — oo for some v € (0, 1). Moreover, by
the arguments as in Lemmas 5.7 and 5.8 of Cao and Lankeit (2016), one can also
show that (p, m, c, u, P) is a classical solution of (4.1.13) with the decay properties
asserted in Theorems 4.4 and 4.5, respectively. The proof of our main results is thus
complete.

4.5 Large Time Behavior of Solutions to a Coral
Fertilization Model with Nonlinear Diffusion

4.5.1 Regularized Problems

At first, we present a natural notion of weak solvability to (4.1.16), (4.1.22) and
(4.1.23).

Definition 4.1 For a quadruple of functions (n, c, v, u), we call it a global weak
solution of (4.1.16), (4.1.22) and (4.1.23), if it fulfills
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ne L} (2 x[0,00)),
c € Li5.(82 x [0,00)) [ Lj, (10, 00); W' (£2)),

_ 4.5.1)
v € L. (2 x [0,00)) [ ] Liy ([0, 00); W' (£2)),
u € L}, (10, 00); Wy (2; RY)),
withn > 0,¢>0,v > 0in £ x (0, 00), and
E(n), n|Vc|, nlu|, clu| and v|u| belong to L}OC(S_Z x [0, 00)), “4.5.2)

where E(s) := fos D(o)do, if V - u = 0 in the distributional sense, if

_/w/"¢z—fno¢(',0)=—/m/E(n)Aq)—i—/oo/nVc-Vgo
0o Je 2 0o Je 0 Je
+/ /nu-Vgo—/ /nwp
o Jo 0 Je

for any ¢ € C§° (£2 % [0, 00)) satisfying g—f =0, if

—/ /C%—/Cofp(-,0)=—f /VC-W—/ /C¢+f /wp
0 2 2 0 2 0 2 0 2
—l—/ /cu~V(p
0 2

(4.5.3)

“4.54)
and

—/OO/V%—/VO(P(',O)=—/OO/V%V(p—/oo/vmp—i—/m/vwvw
0o Je 2 0o Je 0o Je 0o Je

_ 4.5.5)
for any ¢ € C3°(£2 x [0, 00)), as well as if

—/ /”'fﬂr—/uofﬂ(',o)=—/ /W~w+/ /(n+v)V¢>~<p
0 2 2 0 2 0 2

B (4.5.6)
for any ¢ € C§° (.Q x [0, 00); R3) fulfilling V - ¢ = 0.

Now, in line with the analysis in closely related settings (Winkler 2015b, 2018c),
let us introduce a family of regularized problems of (4.1.16), (4.1.22) and (4.1.23)
through a standard approximation procedure. Thereupon, the corresponding approx-
imated problems appear as
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Ngy +ug - Vg =V - (Dg(ng)Vng) — V- (ngFS'(ng)ch) — Fe(ng)ve, x€82,1t>0,
Cet +Ug - Vee = Acg —Ce +Vve, x€82,1>0,

Ver +Ug - Vve = Avg — v Fe(ng), x€£2,t>0,

Uy = Autg + VP + (ng +v.)V®, V.u, =0, xe82,1t>0,

aa’: =aai:=%=o, e =0, xe€d2. t>0,

ng(x,0) =no(x), ce(x,0) =co(x), velx,0) =vo(x), ue(x,0) =uop(x), xe€ 2,

“4.5.7)
where for each ¢ € (0, 1) (D¢)ec0.1) € C?([0, 00)) fulfills
D,(s) > ¢ and D(s) < D.(s) < D(s) +2¢, s >0, (4.5.8)
and where R
F.(s) .= / pe(0)do, s >0 forall ¢ € (0,1) 4.5.9)
0

with (0¢)se0,1) C C5°([0, 00)) having the properties that for each ¢ € (0, 1)
. . 1 .2
0<p.<1in [0,00), p.=1in [0,-] and p, =0 in [—,00), (4.5.10)
& I3

from which and (4.5.9) one can infer that for each ¢ € (0, 1)
F. € C™([0,00)), 0<F.(s)<s and 0 < F/(s) <1, s>0 (4.5.11)
as well as
Fe(s) —> s and F/(s) — 1 forany s >0 as ¢ — 0. 4.5.12)

Actually, the local solvability of (4.5.7) can be verified through a suitable adapta-
tion of standard fixed point arguments as proceeding in Winkler (2012, Lemma 2.1),
so here we merely present the associated assertions.

Lemma 4.49 Let (4.1.17) be fulfilled. Then for any (ng, co, vo, uo) complying with
(4.1.25) and each ¢ € (0, 1), one can find T . € (0, +00] and functions

ne € CO(82 % [0, Tax ) ] €212 % (0, Trnax.e)),
ce € [ €U0, Tmax.e); W' (2) () C*1(82 % (0, Trnax.e)),

r>3

ve € [ €0, Tmax.e); W (2)) [ €' (82 x (0, Trnax.e))

r>3

e € CO(2 x [0, Tnax.): RY) [ €2 (2 X (0, Tina,e): RY),

(4.5.13)
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such that ng > 0, ¢, > 0 and ve > 0 in 2 x [0, Tyax.¢), that with P, € C'°(£22 x
(0, Tiax.e)) the quintuple of functions (ng, cg, Ve, Ug, P.) forms a classical solution
of (4.5.7) in 2 x [0, Tax.c), and that with some o € (%, 1) either Tiyax,. < 0O OF

timsup {l1ns (. Dll (@) + llee ¢ Dl gy + e ¢ Dl gy + 1A% 6Dl 2|
I/Tmax.s

=00
(4.5.14)
holds.

Thanks to the consumption interaction between n and v, (4.5.7) implies following
basic estimates.

Lemma 4.50 Let M() = max{f_o no, f_Q V0, ||C()||Loo(_Q), ||V0||Loc(_Q)}. Then the solu-
tions constructed in Lemma 4.49 satisfy

/ ng(-,t) < My and / ve(-, 1) < My (4.5.15)
I?; 2

forallt € (0, Thax.e) and € € (0, 1), as well as
Ve, Dllzo2) < Mo and ¢ (-, 1) |lL~2) < Mo (4.5.16)

forallt € (0, Thyax.e) and € € (0, 1). Moreover, there exists some C > 0 such that

o0
/ / F(n.)ve <C forall ¢ € (0,1) (4.5.17)
0 2
and
o0
/ / |Vve|> < C forall €€ (0,1) (4.5.18)
0 2
as well as ~
/ f Ve > < C forall € € (0,1). (4.5.19)
0 2

Proof The detailed process of the derivation thereof can be found in Espejo and
Winkler (2018); Liu (2020).

In the final, we provide some conditional estimates of (. ).<(0,1), Which reveal the
relationships between temporally independent estimates of (u#.).e(0,1) and uniform
L? (p > 1) norms of (n,)ee(0,1)-

Lemma 4.51 uppose (n., c;, Ve, Ue)ee(0,1) are solutions as established in Lemma
4.49. Let p>2,1 >3 and a € (%, 1). Then for any t > 0, one can find M| =
Mi(p,l,t, My) > 0 and My = M, (o, p,t, My) > 0 such that
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pgl (% +L)
} (4.5.20)

lue (-, Ol iy < M - {1 + sup [ln.(-, D) llLr2)
7€(0,1)

foreacht € (0, Thx.) and all ¢ € (0, 1), and that

P (el gy

-1 (7%

1A%us (-, Dl 22y < M - [1 + sup |n.(, T)||Lﬂ(s2)} (4.5.21)
re(0,1)

foreacht € (0, Thx.c) and all ¢ € (0, 1).

Proof Recalling (Winkler 2021b, Corollary 2.1), we infer from u.-equation in (4.5.7)
that

Lo (52 +0)

—1 3

lue (-, OllLie) = Cr - {1 + sup [ln:(, 7) +ve (-, T)”LI’(S))} (4.5.22)
7€(0,1)

withsome C; = C(p, [, ¢, My) > Oforeacht € (0, Tiax ) andalle € (0, 1), where
due to (4.5.16),

lne(-, T) +ve(, Dllzr2) SlneC, D llr@) + Ve D llr@)

N (4.5.23)
<lneC, D llLr@) + Mol 217

for any 7 € (0, ¢t) with each ¢ € (0, Thx ) for all ¢ € (0, 1). Thereupon, we can
rewrite (4.5.22) as

plil (3;3+‘)
1
lueC, Ol < Cr- {1+ Mol$2|7 + sup |n.(:, T)Ilmm} (4.5.24)
7€(0,1)

for each t € (0, Thax) and all € € (0, 1). With the choice of M| :=C;- (1 +

M0|52|%), (4.5.20) is implied by (4.5.24). In a flavor quite similar to the reason-
ing of (4.5.20), (4.5.21) follows from a combination of Winkler (2021b, Proposition
1.1) with (4.5.23).

4.5.2 Conditional Uniform Bounds for (Vce)ee,1)

In fact, for the derivation of uniform L” bounds of (n.).c(,1), besides the -
independent conditional estimates of (u,).c(0,1) as given by Lemma 4.51, it is also
essential to gain similar uniform estimates for signal gradients with respect to the
temporally independent L?” norms of (n).e(,1) in accordance with the recursive
frameworks established in Winkler (2021b). For convenience in expressions, we
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make use of the following abbreviations:

I, () =1+ sup [ln.(, Dllzr2), t € (0, Tmax,) forall & € (0,1) (4.5.25)
7€(0,1)

and

Kyp:() =1+ sE)p)HB@ (cs(-,r)—e*wco)”wm, t € (0, Thaxe) (4.5.26)
7€(0,1

foralle € (0, 1).

Lemma 4.52 Let 6 € (%, 1) and q > 3. Then for any ¢ > 0, one can find some
C=C@,q,) > 0satisfying

m+£
—TB 6 —1B
Vet —e )| = C {1+T:?01?[> Bet.n) = Pep)
(4.5.27)
foreacht € (0, Thaxe) and all ¢ € (0, 1).
Proof Sincef € (%, 1) enable sus tochoose g > 3large enoughsuchthat1 — % >

0, this ensures the existence of ¢ > 0 sufficiently small such that: < 1 — %, which
allows for the following choice of ©#, namely

3
9 (1) = % 40 <6. (4.5.28)
q

From the interpolation inequality provided by Friedman (1969, Theorem 2.14.1) for
fractional powers of sectorial operators, it follows that

|| Bﬂ(c{:‘('s t) - e_rBCO) || L1(£2)
9 B\ B, %"
=C ”B (ce(, 1) — e o) ”Zq((z) ”CE(" 1) —e e ”LZ(Q) (4.5.29)
443 g3
20q g Tt

1y l——
=ci {2mole2) | B (oo 1) = ¢ e

with some C; = C1(0, g, t) > 0 and My > 0 as taken in Lemma 4.50 for each 7 €
(0, Thmax.) and all ¢ € (0, 1). Combining with the embedding D(B?) — Wh>®(£2)
(Henry 1981), we obtain from (4.5.29) that

[Vce(,1) —e o) Lo(R2)

<G |B (e 1) = e o) | 1y g

q+3
g +t

1 l—L—‘éi3 _
=c:Crfemol ) T B e = e e i
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with C; = C,(0, q,t) > Oforeacht € (0, Thx..) and all € € (0, 1), and whereafter
1 1——2
(4.5.27) holds with C := C,C, {2M0|.Q|3} "
With the aid of Lemma 4.52, the following conditional estimates can be estab-

lished by means of the L”-L9 estimates for fractional powers of sectorial operators
(Horstmann and Winkler 2005, (3)).

Lemma 4.53 Let9 € (%, 1), andletq > 3, p > 2. Then for eacht > O there exists
C=C@,q,p,t) > 0suchthat

])Cl.(%+l)
|B® (ce (-, 7) — quCO)”Lq(Q) <C- {1 + sup [n:(, DllLr2)
r€(0,1)
(4.5.30)
forallt € (0, Thyaxe) and € € (0, 1).
Proof Picking ¢ > 0 sufficiently small such that
3
Lemindl— 250 a0l (4.5.31)
20q
and then letting
3
1 (4.5.32)

l:= ,
342g(1—0)—1

one can observe from ¢ < 2g(1 —6) and ¢ > 34+ 2g — 2q0 + 2¢g0t > 3+ 2q —
2g6 implied by (4.5.31) and (4.5.32), respectively, that

3q 3q 3q
q = > = > >3
342 —2q6 —2q(1 —6) 342g—2g60 —t  3+2g—2g0
(4.5.33)
Next, we apply BY to the following variation-of-constants representation
t
o) —ePeg = / e P e 1) —ue(, DVe (-, T} T
0
forall € (0, Thaxe) and € € (0, 1) to have
0 "o
1B —B(t—1
|8 cct) = e gy < [ 1B 0000 g
t
+ / |Be™20u, (. 1) Ver (- D) | 1 g d
0
(4.5.34)

for all ¢ € (0, Thax.e) and & € (0, 1). Recalling the L?-L? estimates for fractional
powers of sectorial operators (Horstmann and Winkler, 2005, (3)) and the following
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regularity features of the Neumman heat semigroup (Henry 1981; Winkler 2010),
namely

Ve ? < C1 IVeoll =) (4.5.35)

o Hm(rz)

with some C; > 0, we gain from (4.5.16), (4.5.20), (4.5.25), (4.5.26) and (4.5.27)
that

t
f H39 —BU-1)y (., 1) §C2/ (l+(t—r)79>ef(lff)llv5(~,T)Iqu(Q)dT
0

L4(R2)

t
5C2M0|:2|3 / (1 +(t — r)_g) e D4y < 3
0
(4.5.36)
forallt € (0, Tax.e) and € € (0, 1) with C; > 0 and

o0
Cy = czM0|9|$/ (1407 e do < oo
0
thanks to 6 € (%, 1) , and that

t
f |87 0u,(, 1)V, D)y g AT
0
4 —g—3(1_1 t
§C4/ (l—l—(t—f) 3Gy )e—( “Nue (-, TIVee (-, Tl )dt
0
! —60-3-L\ _¢-1)
<Co [ (140 =07 300) e Dl V6 Dl miendT
0

t
<ci [ (14 =0 D) e I Dlla)
0

: {”V(CS(‘, 0) — ¢ 5c0) | gy + ||Ve_ch0||Loo(Q)} dv

t 3
§C4M1/ (1+(r—r)*9*%<%*$>) ~enge . 7 T
0

q+3

+
{cqu”gg () + C1||VCO||L°°(S2)}

(=3 q+3
S(;61;:81 7 +0) (t) - qu’%q’:% )

(4.5.37)
forall t € (0, Thnax,) and € € (0, 1), where Cy4, Cs are positive constants and Cg :=
CysM(C5 + C1 My) fooo (1 —i—G*e*%(%*%)) e ?do < oo due to (4.5.33). Inserting
(4.5.36) and (4.5.37) into (4.5.34) entails

(5 +) T+t

|B%(ce(-.t) — e o) |, @ < Ci+Cslye ®)- K5, (1) (4.5.38)

forall t € (0, Thax.e) and € € (0, 1). It can be readily seen from (4.5.31) that
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3
L+&<1,
20q

which allows for an application of Young’s inequality to attain

P 1-3

1 o
B (et = €)1y = Cs 5 Ky + G )T

with certain C7 = C7(0, q, p, 1, ) forallt € (0, Ty ) and e € (0, 1). We thus com-
bine with (4.5.26) to have

P

1 [E ) P—
qug,g(l‘) <1+C;+ EKq,gqg(l) —+ C71[;’,;1 5 +0)- 2q—q— 3 = o),

namely

%A(%Jﬂ)'%
Kyo.:1) < 21+ C3) +2Cq1, ® (@3

forall t € (0, Thax.e) and € € (0, 1). Setting

20g—q —3+7 . 26
V(@) = P q9—4 7). q .
—1 3q 20g —q — 3 —20qt
we note that ¥ (7) \ 20 as 7 N\ 0, whereupon for arbitrarily small : > 0 one
+3
can pick /' € (O, min {1 - %Tq’ 2g(1 — 9)}) such that
, p 20
< C— 4
V() < o1 3 +1

An elementary calculation along with (4.5.32) thus shows

)4 l—3+, 260q
—_— —_— t .
p—1 31 20g —q —3 —26qV

p 29q—q—3+t/+/ 20q
. L .
1 3q 20g —q — 3 —20qV

20
=) = - T4y,
p

—1' 3
which in conjunction with (4.5.39), (4.5.25) and (4.5.26) yields (4.5.30).

With Lemmas 4.52—4.53 at hand, we are in the position to derive the desired
conditional uniform L* estimates for (Vcg)ee(0,1) from a well-known continuous
embedding.
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Lemma 4.54 Suppose that p > 2. Then for any t > 0, one can find C(p,t) >0
Sulfilling
#~ %+L)

Ve (, f)||L°°(Q) <C-11+ sup [n:(, Dlre (4.5.40)
1e(0.1)

foranyt € (0, Thaxe) and all € € (0, 1).

Proof For given: > 0, there exists ¢ > 3 sufficiently large satisfying ql < t, which
shows

qg+3 1
L
3q 3
Define 3 2
o) = (%—FT)-(?%—T), 7> 0.

We can readily see that

q+3 20 g+3

1
<=4 as 1\0.

"5@\% 3 3g 3

This enables us to pick some ¢ = (" (t) > 0 such that
" 1
W) =5+ (4.5.41)

Now, from Lemmas 4.52-4.53, we are able to find certain C; = C(p,q,0,!") >0
fulfilling

P (20 LY. (93
C()) ”Lx(g) S C11;;l 3t ) (291/ +L/)

[Vics(-.t) —e ™" (4.5.42)
for any ¢ € (0, Tmax..) and all € € (0, 1). Apart from that, (4.5.35) provides some
C, > 0 satisfying

[Ve ™ coll iy < C21Ve0ll o) - (4.5.43)

Thereupon, it can be deduced from (4.5.25), (4.5.41), (4.5.42) and (4.5.43) that
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IVee (Dl < Vet 1) = e e)| gy + [ Ve P eo]| i)
FH) (57 +)

<C11" l @) + C2 IVeoll =)
20+// q+3+/r

<Cil,. a5 )(zoq l)(t)

_C3I” oW

<C31pp81 (WL)()

withC3 := C1 + C3 |Vl () forany ¢ € (0, Thax,e) andalle € (0, 1), as claimed.

4.5.3 A Prior Estimates

Relying on the basic estimates and the conditional estimates obtained in previous
sections, we can achieve the boundedness of (1,).e(0,1) in temporally independent
LP-topology under a milder assumption on m as compared to that imposed in Liu
(2020).

Lemma 4.55 Letm > 1. Then for any p > 1 there exists C = C(p) > 0 such that
IneC, Dllery =€ (4.5.44)

for each t € (0, Thax.e) and all € € (0, 1). In particular, for p = m, one can find
C. > 0 fulfilling

T
f /n?”WmFSCAT+D (4.5.45)
0 2

fOI" any T € (07 Tmax,£)~

Proof Thanks to the arbitrariness of p > 1, herein without loss of generality, we let
p > m. (4.5.46)

In addition, since m > 1, it is possible to choose ¢ > 0 sufficiently small such that

1+3
= <
3m —2

(4.5.47)

In view of (4.1.24), (4.5.11), V - u, = 0 and the nonnegativity of n, and v,, we test
ne-equation in (4.5.7) by pn? ~! and invoke Young’s inequality to have
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sl :—p(p—l)/ Dy(nen?™ 2|Vne|2+p<p—1)/ nPVE (o) Vi - Ve,

_P/ nff_ Fe(ng)ve

2

<~ Cop(p— 1)/Qn:’“’*3|wg|2+p<p— 1)/ 02 V|V,
Cpp(p—1) -3 p(p 1) 2

- Corr =D [ ey, [ty

_2Cpp(p—1)
(m+p-102% Jg

m+p—1
2

—1
r(p ) n57m+l Vel
2Cp  Jo

+

&

(4.5.48)
foreacht € (0, Thax.) and all ¢ € (0, 1). For the rightmost integral, we deduce from
(4.5.25), (4.5.46) and Lemma 4.54 that

pip—1 -
e ek
D 2

-1
_rlp-1D -y 2 4 PP =D p(p—1)
2Cp  Jin<y) 2Cp  Jn>)

p(p — DIL2| 2 p(p—1) 2 a1
=ac, Wl F e T IVl fond

p(p— DIL] 25-(3+) p(p—1) 2-(+) / —
<—Ip€ ¢ —]pg ) - p—m+
— 2CD P ()+ 2CD P () né‘

ngpfm+1 |VC8|2

(4.5.49)

foreach t € (0, Thax ) and all € € (0, 1). Since (4.5.46) implies

2 2(p—m+1)
<
m+p—1 m+p—1

< 6,

with a := % € (0,1) an application of the Gagliardo—Nirenberg

inequality combined with (4.5.15) shows that

p—m+1
/ ¢
2

mtp-1 2(}2:7,’7:”
=|[ng 2p=m+1)
L mtp-1 (_Q)
wpmsy (4.5.50)
m+p=1 ||a m+p—1 j1—a m+p—1 mtp—1
C ‘ Vng i ‘ i ’ 2 ‘ ns i H 2
LZ(Q) [ mtp—1 (_Q) [ m+p—1 (Q)
pimot 1 2-3?”(4?%"”
=
<C2‘ Vn, * +C
L2(2)

for each t € (0, Thax..) and all € € (0, 1), where both C; and C, are positive con-
stants. Observing that
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3(p —m) —6m + 4
ALY e N el N S
3m+3p —4 3m+3p—4

due to m > 1, we again employ Young’s inequality and derive from (4.5.49) and
(4.5.50) that

pp—1) m
T,/ n?~" Ve, |?
p Jo

Pl = DI2] 756G plp — DG 75-(5+)

A ALY t

20, Iye @) + 2C, e )
_ 2,, 1 pim1 2. 2=

L PP = DG G ) ‘Vn;T] > amizp=s (45.51)
2Cp L2(2)

— (2| +Cy) 22 c —1 wepet |2

Sp(p )(I182] + 2)1158 (z+)()+ pp(p—1) 0 %
2Cp (m+p—1)3
3m+3p—4
+C 1,;1(3"‘) 3m—2 (l)

for each t € (0, Tmax,¢) and all ¢ € (0, 1). In light of the facts that I, , > 1 and that
I, ; is nondecreasing with respect to #, it follows from (4.5.48) and (4.5.51) that

mip—t |2

). I
Vn, ? ’ <C4 ( 2

() (45.52)

4 », Corp=1
dt Q € (m+p—1)2

with Cy := %‘ZZHCZ) + Czforeacht € (0, Thax) andalle € (0, 1). Fromm >
1 and (4.5.46), it is clear that p > 1 and p > %(1 — m), which warrants that

2 2p

< <6,
m+p—1 m+p-—1

whence letting b := %% € (0, 1), we once more make use of the Gagliardo—

Nirenberg inequality to have

3m+3p—4

p 3(p—1)
ne
2

2p  3Im+3p—4
mp—1 3(p—1D

mtp—1
2
ng

2p
LmFr=T (2)
2p  3m43p—4

m+p—l' 3(p—1)
2
[ m+p—1 (_Q)

Vne *?

mtp-1

b H mtp—1 |\ 1—b mip-l
i H ‘

<Cs {

LZ(Q) Lm+2p*l (_Q)

p+m 12

<Csg H Vn,

L*(£2)

with Cs > 0 and C¢ > O for each t € (0, T« ) and all € € (0, 1), thatis
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2 3m+3p—4

1 3(p—1)
> — {/ nf} —1 (4.5.53)
Cs LU

for each t € (0, Tinax,¢) and all € € (0, 1). Also due to I, . > 1 and its nondecreas-
ing features, for each fixed T € (0, Tiax ), a combination of (4.5.52) with (4.5.53)
entails

3m+3p—4

d 3(p—1) ( +) '4m+3p—4
— / nf +C7{ / né’} < et U (4.5.54)
dt Jo o

. c c
with C; := Cﬁ(’%il), and Cg := C4 +(”’l)f+1)2 for each t € (0, T) and all ¢ €

(0, 1). By means of an ODE comparison argument, we obtain from (4.5.54) that for
any fixed T € (0, Trax.e)

ES
( +L).Bmt?_p—ll 3m+3p—4
n? < max ny, Ipsl ’ ")
& C Ps
2 2 7

foreach ¢t € (0, T) and all ¢ € (0, 1), which further implies

1430
/ n? < Co - I,;"*(T) = Co - IV(T) (4.5.55)
2

3=
for each t € (0,T) and all ¢ € (0, 1), where Cy := max {fg nl, {gj}smﬂﬂ } .
Recalling (4.5.25), one can infer from (4.5.55) that

I,.(T) <1+ c; I (T) < CioI}, (T)

1
with Cyg 1= 14 C¢ foreach T € (0, Thax,) and all ¢ € (0, 1). In view of (4.5.47),
this further shows

1
1,(T) < Cyy’ (4.5.56)

for each T € (0, Thax) and all ¢ € (0, 1), and thus (4.5.44) holds. Combining
(4.5.56) with (4.5.52) and (4.5.47) entails

2
<Cy (4.5.57)

mtp—1

d C —1
pr g CoP@P =D g =

dt Jo ¢ T m+p—1)2 Jq

(1) 3mt3p—d
with Cyy := C4 - CJy’ G+ for any t € (0, Tiax.e), Whence upon an integra-
tion of (4.5.57) on (0, T') foreach T € (0, Tyax.c), We have
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C -1
/ w7y + 2P =D pp(p—1) / /
Q (m+p—1)>
Thanks to the nonnegativity of n., m > 1 and (4.1.25), we let p = m and derive from
(4.5.58) that

mep—1

Vn, 2

<C11T+/ nb. (4.5.58)
2

T
/ / n?" V> < Cio(T + 1) (4.5.59)
0 2

with Ci; = m max{Cy, f_Q o'} for each T € (0, Tyax,e), Which shows
(4.5.45) by choosing C,, = C, and thus completes the proof.

Now, we are able to verify the uniform boundedness for the left-hand side of
(4.5.14) so as to establish the global solvability of the approximated problems (4.5.7),
which underlies the derivation of global boundedness and stabilization in problem
(4.1.16), (4.1.22) and (4.1.23) by means of well-established arguments.

Lemma 4.56 Let m > 1. Then the family of the solutions (ng, c;, Ve, Ue)ee(0.1) aS
established in Lemma 4.49 solves (4.5.7) globally and has the properties that for any
r > 3andallt > 0 there exists C = C(r) > 0 independent of ¢ € (0, 1) such that

7:C, Ollee2) + llee G Dllwir@) + 1V G Dllwiry + 1A% 1, D)ll22) < C.
(4.5.60)

Proof At first, for any / > 3 and each « € (%, 1), a combination of Lemma 4.55
with Lemma 4.51 provides some C; > 0 such that

lue G, Dlliie) + 1A U, D) < C (4.5.61)

for all ¢ € (0, Tyax.) and ¢ € (0, 1). Moreover, from (4.5.16), Lemmas 4.54 and
4.55, we can infer the existence of C, > 0 fulfilling

llce (-, Dllwro@y < Ca (4.5.62)

for all € (0, Thyax.) and € € (0, 1). In conjunction with (4.5.61) and (4.5.62), an
application of a Moser-type iteration reasoning (Tao and Winkler 2012a, Lemma
A.1) to n.-equation in (4.5.7) yields

lne(, Do) < Cs (4.5.63)

with some C3 > 0 for all 7 € (0, Thax,) and € € (0, 1). Apart from that, for any
r > 3 (Liu 2020, Lemma 5.1) combined with (4.5.16) allows for a choice of C4 > 0
such that

Ve (-, Dllwrr2) < Ca (4.5.64)

for all # € (0, Thaxe) and € € (0, 1). As a result, a collection of (4.5.61)—(4.5.64)
along with (4.5.14) shows the global solvability of (4.5.7) and the validity of (4.5.60).
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4.5.4 Global Solvability

The task of this section is to construct global weak solutions of (4.1.16), (4.1.22)
and (4.1.23) in the sense of Definition 4.1. As the first step toward this, some further
regularity features of (n;, c., Ve, Ue)ee(0,1) are essential to be provided.

Lemma 4.57 There exists v € (0, 1) with the properties that one can find some
e-independent C > 0 fulfilling

e, Ol vy < C forall >0, (4.5.65)

leelcv@npasy < C forall £ >0 (4.5.66)
and

||v8||C”(.Q><[t.t+l]) S C fOr all t Z O, (4.5.67)

and that for any t > 0, there exists e-independent C(t) > 0, such that
IVeellev@xiriiy < C(@)  forall t>1 (4.5.68)

and
IVvellcv@xprrrry < C(x)  forall t>r. (4.5.69)

Proof According to the arguments of Liu (2020, Lemmas 5.4-5.6), (4.5.66)—(4.5.69)
can be derived from a combination of maximal Sobolev regularity with appropriate
embedding consequences, while (4.5.65) is an immediate result of (4.5.60) because
of the embedding D(A%) < C"(£2) for each v € (0, 2 — 3) (Giga 1981; Henry
1981), due to @ € (3, 1) required by (4.1.25).

In order to take limit of (n,).<(0,1) by suitable extraction procedures in the sequel, it
is also necessary to explore the regularity properties of time derivatives of (7;)ce(0.1)-
For expressing conveniently, throughout the sequel, we let

B, := sup [[ngllLo@2x(0,00))- (4.5.70)
£e(0,1)

Lemma 4.58 Letm > 1. Then for each T > 0, there exists C = C(T) > 0 satisfy-
ing

T
/ 192" ()l o yyedt < C(T)  forall e € (0,1). (4.5.71)
0

Furthermore, one can find C > 0 independent of ¢ € (0, 1), such that

Ine(-, 1) — ng(-, S)||(W5.z(9))* <Clt—s| forall t >0 and s > 0. (4.5.72)
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Proof For any fixed ¢ € CgO(Q) and ¢ € (0, T), integrations by parts combined
with applications of Young’s inequality on the basis of the first equation in (4.5.7)

entails
—/ ong (-, ) - w‘

= / ng { (D (ne)Vn, — nng/(na)vca - nsus) - Fs(”s)vs} Y
2

= —(m—l)/ n;"—2D€(n£)|Vns|21/f—/ n" ' De(ne)Vn, - Vs
+(m—1)/ "1 (ne) (Vn, - ng)erf n"F!(n.)Ve, - Vi
—/n e - Vi — / "= ‘F(ng)vgw‘
S{CD(m—l)/ n?’"*wngﬁ+CD/Qn§m—2|Vns|

+(m—1>f " Vng| - |Vca|+/ n Vel

2

—/ ng |u5|+/ n’”vg} M llwre)

§{CD(m—1)/ n?m73|Vn5|2+CDf n§m73|Vng|2+CD/ ng
2 9] 2

+<m—1>/ nim—3|Vng|2+<m—1)/ ns|Vca|2+/ n Ve
2 2 2

1
+—/ ”2"|Ms|+/ n;”Ve} MY liwre2)
mJe 2

s{(CDm+m—1>/ n?’"-3|Vng|2+cDB,3|9|+(m—1)Bn/ Ve |
2 2

+B) / Ve,
17,

foralle € (0, 1), with Cp and M, given by (4.1.24) and (4.5.16), respectively, which
thus together with (4.5.45) and (4.5.65) yields (4.5.71). As for (4.5.72), readers can
refer to Liu (2020) for its proof.

Bﬂl
- f Ius|+B,’['Mo|QI} N llwre @)
m Jjg

Now, we are in the position to verify global solvability of (4.1.16), (4.1.22) and
(4.1.23).

Lemma 4.59 Letm > 1. Then one canfind (¢;) jen C (0, 1), anull set X C (0, 00)
and functions n, ¢, v and u complying with (4.5.1) and (4.5.2), such that £; \ 0 as
J— 00, thatn > 0,c>0andv > 0in £2 x (0,00), and that as € = ¢; (0, we
have
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ne —>n ae.inS2 foreacht € (0, 00)\RN, (4.5.73)
ne —~n in L2 x (0, 00)), (4.5.74)
n,—>n in c,‘3,6<[0, 0): (W§’2(Q))*), (4.5.75)
ce = ¢ in C (2 x [0, 00)), (4.5.76)
Ce Zcin L>®((0, 00); WI(£2)) for each r € (1, 00), 4.5.77)
Ve, — Ve in Cp,. (2 x [0, 00)), (4.5.78)
ve > v in Cp. (82 x [0, 00)), (4.5.79)
Ve Zvin L>®((0, 00); WI(£2)) for each r € (1, 00), (4.5.80)
Vv, — Vv in Cp. (2 x [0, 00)), (4.5.81)
ue — u in Cy. (2 x [0, 00)), (4.5.82)
e = u in L (2 x (0, 00)), (4.5.83)
and
Vu, — Vu in L}, (£2 x [0, 00)). (4.5.84)

Furthermore, (n, c, v, u) solves (4.1.16), (4.1.22) and (4.1.23) globally in the sense
of Definition 4.1.

Proof Observing that

T T T
/ / |Vn|? =m2/ / n2"?|Vn,|* gsz,,/ / n2" 3| Vn,|*
0 ko) 0 2 0 2

for each T > 0 and all ¢ € (0, 1), we thereby infer from (4.5.60) and (4.5.45) that
actually n?' € leoc ([O, 00); (Wl'z(.Q))) . Thereupon, in line with the reasoning of

Liu (2020, Lemma 7.2), the convergence claimed by (4.5.73)—(4.5.84) as well as the
integral identities (4.5.3)—(4.5.6) are valid.

4.5.5 Asymptotic Behavior

Recalling (4.5.9) and (4.5.10), one can see that with some sufficiently small ¢, €
(0, 1) fulfilling

1
B, < - (4.5.85)
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(4.5.17) can be rewritten as

/ / nec, < C forall € € (0, &,),
0 Je

where C > 0. This in conjunction with (4.5.18), the convergence of (n,).¢(,1) and
(Ve)ee(,1y in Lemma 4.59 as well as the uniform boundedness property of (n:)ce(0,1
implies the following stability of the spatial average of both n and v. The detailed
reasoning thereof can be found in Liu (2020).

Lemma 4.60 Suppose that X C (0, 00) is the null set provided by Lemma 4.59. Then
we have

/ n(,t) — {/ no —/ vo} as (0,00)\R >t — 00 (4.5.86)
2 2 Q +
and

/ v(-, t) > {/ Vo —/ no} as (0,00)\R >t — oo0. (4.5.87)
2 Q2 2 +

Now, we are able to achieve the stability of both v and ¢ as asserted by (4.1.28).

Lemma 4.61 Both v and ¢ have the properties that
V= Voo in WNR(2) as t — o0 (4.5.88)

and
€= Voo in WH®(2) as t — oo, (4.5.89)

respectively, where vy, = ﬁ {Jovo— o no}Jr )

Proof According to the arguments of Liu (2020, Lemmas 8.3-8.4), the conver-
gence (4.5.81) together with (4.5.18) shows the uniform boundedness features of
Vv in L*(£2 x (0, c0)) by Fatou’s lemma, which along with the Poincaré inequal-
ity, (4.5.87) and the continuity of v implied by (4.5.79) entails the convergence
v — Vo ast — oo inthe topology of L?(£2). In view of the embedding C'+"(£2) —
W®(2) < L?(£2) with the first one being compact, (4.5.88) follows from an
Ehrling type interpolation argument relying on the Holder regularity property of Vv
implied by (4.5.69). With the aid of (4.5.88), the convergence ¢ — v, as t — 00
in L?(£2) can be derived from applications of a standard testing procedure along
with the dominated convergence theorem to the second equation in (4.5.7) on the
basis of (4.5.16), (4.5.76) and (4.5.79), based on which and the Holder continuity of
V¢ implied by (4.5.68), the convergence (4.5.89) is proved to be valid also from an
Ehrling type lemma.

For the large time behavior of n, we intend to divide the discussion into two
situations, thatare [, no < [, voand [, ng > [, vo, wherein the case when [, ng >
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/, o Vo, aquasi-energy structure which resembles that constructed in Winkler (2018c¢)
is essential to be analyzed for detecting the corresponding stability of .

Lemma 4.62 With X C (0, 00) as chosen in Lemma 4.59, for [, no < [, vo, we
have
n(,t) > ne in Ll(.Q) as (0,00)\R >t — oo, (4.5.90)

while for [, no > [ vo, we have
n(-, 1) = ne in L*(82) as (0,00)\R 3 1 — o0, (4.5.91)

wherenooz‘;?—l{fgno—fgvoh.

Proof 1f [, ny < [, vo, then clearly no, = 0, whence (4.5.90) is an immediate con-
sequence of (4.5.85). Whereas, if [, ng > [, vo, in line with the reasoning of Liu
(2020, Lemma 8.6), it is essential to firstly establish an inequality as follows, which
shows the quantity | ons — Noo)? remains small during a certain short time, that is
for any fixed ¢, > 0

2 2
[ (=) <crf [ (o =na) s+ [ waconr
2 2 2
t
+/ / Vene 4+ sup /IVva(-,S)Iz}
t, J2 SE(ty,ti+1) J 2

forall t € (¢,,1.+ 1) and ¢ € (0, &,) with some C; > 0 and ¢, € (0, 1) satisfying
(4.5.85), where f o(ne(- 1) — Noo)? can be verified to be arbitrarily small whenever
t, is sufficiently large. Consequently, along with the decay properties of the last three
integrals on the right-hand side of (4.5.92), as claimed by Lemma 4.50, (4.5.91) can
be obtained.

(4.5.92)

Thanks to the bounds of n in L*°(£2) and the continuity implied by (4.5.75), the
topologies in which n converges to ny, ast — 00 as asserted by Lemma 4.62 can be
further improved.

Lemma 4.63 cach p > 1,
n(-,t) > ny in LP(2) as t - o0 (4.5.93)

holds.

Proof As performed in the proof of Liu (2020, Corollary 8.7), the topology of the
convergence claimed by (4.5.93) can be achieved by drawing on the Holder inequality
on the basis of the boundedness property of n in L*°(£2) as well as the stability of n
provided by Lemma 4.62. Moreover, in light of the continuity implied by (4.5.75), the
restriction that the convergence should be valid outside null sets of times as required
by Lemma 4.62 can be removed. As a result, (4.5.93) follows.
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The convergence of n and v in (4.5.93) and (4.5.88), respectively, enables us
to derive the large time behavior of u from employing the variation-of-constants
formula along with smoothing features of analytic semigroup, as demonstrated in
the arguments of Liu (2020, Lemma 8.8).

Lemma 4.64 For u, we have
u(-, 1) — 0 in L®(2) as t — oo. (4.5.94)

Proof Readers can find the detailed proof in Liu (2020).

Proof of Theorem 4.6. Theorem 4.6 follows from a collection of Lemmas 4.59, 4.61,
4.63 and 4.64.
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Chapter 5 ®
Density-Suppressed Motility System oo

5.1 Introduction

The reaction—diffusion models can reproduce a wide variety of exquisite spatio-
temporal patterns arising in embryogenesis, development and population dynamics
due to the diffusion-driven (Turing) instability (Kondo and Miura 2010; Murray
2001). Many of them invoke nonlinear diffusion enhanced by the local environment
condition to accounting for population pressure (cf. Méndez et al. 2012), volume
exclusion (cf. Painter and Hillen 2002; Wang and Hillen 2007) or avoidance of danger
(cf. Murray 2001) and so on. However, the opposite situation where the species will
slow down its random diffusion rate when encountering external signals such as the
predator in pursuit of the prey (Jin and Wang 2021; Kareiva and Odell 1987) and the
bacterial searching food (Keller and Segel 1970, 1971b) has not been considered.
Recently, a so-called “self-trapping” mechanism was introduced in Liu (2011) by a
synthetic biology approach onto programmed bacterial Escherichia coli cells which
excrete signaling molecules acyl-homoserine lactone (AHL) such that at low AHL
levels, the bacteria undergo run-and-tumble random motion and are motile, while
at high AHL levels, the bacteria tumble incessantly and become immotile due to
the vanishing macroscopic motility. Remarkably, Escherichia coli cells formed the
outward expanding ring (strip) patterns in the petri dish (Fig.5.1).

To understand the underlying patterning mechanism, both two-component and
three-component “density-suppressed motility” reaction—diffusion systems are pro-
posed. In this chapter, we study the global existence, boundedness, asymptotic behav-
ior of solutions and the existence of traveling wave solutions for density-suppressed
motility models. The chapter is divided into two parts. Section 5.3 is devoted to inves-
tigate a two-component density-suppressed motility model and shows the existence
of traveling wave solutions which are genuine patterns observed in the experiment
of Liu (2011), whereas Sect. 5.4 shows the existence and the asymptotic behavior of
global weak solution for a three-component quasilinear density-suppressed motility
model.
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Fig. 5.1 Time-lapsed photographs of spatio-temporal patterns formed by the engineered
Escherichia coli strain CL3 (see details in Liu 2011). The figure is taken from Fig. 1 in Liu
(2011) for illustration

Chemotaxis plays an outstanding role in the life of many cells and microorganisms,
such as the transport of embryonic cells to developing tissues and immune cells to
infection sites (Isenbach 2004; Murray 2001). The celebrated mathematical model
describing chemotactic migration processes at population level is the Keller—Segel
system of the form

u, =V-(yu,v)Vu —up(u,v)Vv), x e 2,t >0,

(5.1.1)
vy, =dAv —v+u, xef2,t>0,
in a bounded domain £2 C R” where u = u(x, t) denotes the population density and
v = v(x, t) is the concentration of chemical substance secreted by the population
itself (Keller and Segel 1970). The prominent feature of (5.1.1) is the ability of the
constitutive ingredient cross-diffusion thereof to describe the collective behavior of
cell populations mediated by a chemoattractant. Indeed, a rich literature has revealed
that the Neumann initial-boundary value problem for the classical Keller—Segel sys-
tem
u; = Au—V - (uVv), xef2,t>0,

(5.1.2)
vy =dAv — v +u, xef2,t>0
possesses solutions blowing up in finite time with respect to the spatial L* norm
of u in two- and even higher dimensional frameworks under some condition on the
mass and the moment of the initial data (Herrero and Veldzquez 1996, 1997; Winkler
2013, see also the surveys Bellomo et al. 2016). Apart from that, when ¢ and y in
(5.1.1) are only smooth positive functions of u on [0, 00), a considerable literature
underlines the crucial role of asymptotic beahvior of the ratio ;EZ; at large values
of u with regard to the occurrence of singularity phenomena (see recent progress in
Ishida et al. 2014; Winkler 2017¢c, 2019e).
As a simplification of (5.1.1), the Keller—Segel system with density-dependent
motility

u, =V-(y@W)Vu —u¢p(v)Vuv), x € £2,t >0,

(5.1.3)
v, =dAv — v +u, xef2,t>0
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was proposed to describe the aggregation phase of Dictyostelium discoideum (Dd)
cells in response to the chemical signal cyclic adenosine monophosphate (cAMP)
secreted by Dd cells in Keller and Segel (1971b). Here, the signal-dependent diffu-
sivity y (v) and chemotactic sensitivity function ¢ (v) are linked through

d() = (@ — 1y’ (v),

where a > 0 denotes the ratio of effective body length (i.e., distance between the
signal-receptors) to the walk length (see Cai et al. 2022 for details). Notice that when
a = 0, there is only one receptor in a cell, and hence, chemotaxis is driven by the
indirect effect of chemicals in the absence of the chemical gradient sensing. In this
case, (5.1.3) reads as

u; = A(y (v)u), xe,t>0,

(5.1.4)

vy=dAv—v+u, xe€8,t>0,
where the considered diffusion process of the population is essentially Brownian,
and the assumption y’(v) < 0 accounts for the repressive effect of the chemical
concentration on the population motility (Fu et al. 2012). In the context of acyl-
homoserine lactone (AHL) density-dependent motility, the extended model of (5.1.4)

2
up = Auy (v)) +ﬁwZL, x€R,1>0,

+ A
v, =DAv+u—v, xe€eN,t>0, (5.1.5)
uw?
w, = Aw — 5 xef2,t>0
w? + A

was proposed in Liu (2011) to advocate that spatio-temporal pattern of Escherichia
coli cells can be induced via so-called “self-trapping” mechanisms, that is, at low
AHL levels, the bacteria undergo run-and-tumble random motion, while at high AHL
levels, the bacteria tumble incessantly and become immotile at the macroscale.

In comparison with plenty of results on the Keller—Segel system where the dif-
fusion depends on the density of cells, the respective knowledge seems to be much
less complete when the cell dispersal explicitly depends on the chemical concentra-
tion via the motility function y (v), which is due to considerable challenges of the
analysis caused by the degeneracy of y (v) as v — oo from the mathematical point
of view. Indeed, to the best of our knowledge, Yoon and Kim (2017) showed that in
the case of y(v) = ;—2 for small ¢y, problem (5.1.4) admits a global classical solu-
tions in any dimensions. The smallness condition on ¢y is removed lately in Ahn and
Yoon (2019) for the parabolic—elliptic version of (5.1.4) with 0 < k < # Fur-
thermore, for the full parabolic system (5.1.4) in the three-dimensional setting, Tao
and Winkler (2017a) showed the existence of certain global weak solutions, which
become eventually smooth and bounded for suitably small initial data u#( under the
assumption
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(H) y(v) € C([0, 00)), and there exist 1, y2,7 > 0 such that 0 < y; < y(v) < y»,
ly'(v)| < nforallv > 0.

It should be remarked that based on the comparison method, Fujie and Jiang (2021)
obtained the uniform-in-time boundedness to (5.1.4) in two-dimensional setting for
the more general motility function y and in the three-dimensional case under a
stronger growth condition on 1/y, respectively. In addition, they investigated the
asymptotic behavio; to the parabolic—elliptic analog of (5.1.4) under the assump-
ly' ()]

< +4ocory() =v*Fwith0 < k < in Fujie and Jiang

n
0<v<+oo Y (V) (=21
(2020) and Jiang and Laurengot (2021).

On the considered time scales of cell migration, e.g., metastatic cells moving in
semi-solid medium, often it is relevant to take into account the growth of the pop-
ulation. A prototypical choice to accomplish this is the addition of logistic growth
terms ku — pu’ in the cell equation (Murray 2001). From the mathematical point
of view, the dissipative action of logistic-like growth possibly prevents the occur-
rence of singularity phenomena in various chemotaxis models. For instance, for the

chemotaxis-growth system (Fu et al. 2012)

u, = Ay (wu) +u(a — bu), xef2,t >0,

(5.1.6)

v, =Av—v+u, x€eN,t>0,
it is shown in Jin et al. (2018) that in two-dimensional setting, the system admits
a unique global classical solution if the motility function y € C 3(10, 00)) satisfies

y () > 0and y'(v) <O forall v >0, lim, . y(v) =0 and lim v
v—>00 y(v)

, and even

the constant steady state (1, 1) is globally asymptotically stableifa = b >

ly' )I*

y ()
proved for large a and b (Wang and Wang 2019a), while for small a and b, the
respective model can generate pattern formation (see Ma et al. 2020). The reader is
referred to Lv and Wang (2020, 2021) for the other studies on the related variants
involving super-quadratic degradation terms.

As recalled above, the existing results for (5.1.6) are confined to the global well-
posedness and asymptotic behaviors of solutions and stationary solutions (pattern
formation). However, the traveling wave solutions, which are genuinely relevant to
the experiment observation of Liu (2011), are not investigated mathematically except
for a special case that y (v) is piecewise constant. When y (v) is a constant, equations
of (5.1.6) are decoupled each other and the first equation becomes the well-known
Fisher-KPP equation—a benchmark model for the study of traveling wave solutions
of reaction—diffusion equations (Murray 2001). However, once y (v) is non-constant,
(5.1.6) becomes a coupled system with cross-diffusion, and the study of traveling
wave solutions drastically becomes difficult.

max

1
16 0<v<+oo

. For a = b, the global existence thereof in the higher dimensions has been
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The purpose of Sect. 5.3 is to make some progress in this direction and explore the
existence of traveling wave solutions to (5.1.6) with allowable wave speeds. With
general y (v), the analysis and results will be too complicated to have an elegant
presentation. Noticing that the key feature of y (v) lies in the monotone property
y'(v) < 0, in this Section, we consider a general algebraically decreasing motility
function

y(v) = > 0. (5.1.7)

—  m
I +v)"
However, our argument can be directly extended to other forms of motility function,
such as the exponentially decreasing y (v) = e~ %" and so on.

To put things in perspective, we rewrite (5.1.6) as

5.1.8
v, =Av4+u—v, ( )

{ =V - (y()Vu +uy' (©)Vo) +ula - bu),
which is a Keller—Segel-type chemotaxis model proposed in Keller and Segel (1971b)
with growth. For the classical chemotaxis-growth system

(5.1.9)
TV, = Av+u —v,

{ u; = V- (Vu — xuVv) + u(a — bu),
traveling wave solutions are investigated in a series of works (Nadin et al. 2008;
Salako and Shen 2017a,b, 2018, 2020) for both cases T = 0 and v = 1, where
x > 0denotes the chemotactic coefficient. The existence of traveling wave solutions
with minimal wave speed depending on a and x was obtained, and the asymptotic
wave speed as x — 0 as well as the spreading speed were examined in detail in
Salako and Shen (2017a,b, 2018) and Salako et al. (2019) where the major tool used
therein to prove the existence of traveling wave solutions is the parabolic comparison
principle. Except traveling wave solutions, the chemotaxis-growth system (5.1.9)
can also drive other complex patterning dynamics (cf. Kolokolnikov et al. 2014; Ma
et al. 2012; Painter and Hillen 2011). When the volume filling effect is considered in
(5.1.9) (i.e., xuVv is changed to yu(l — u)Vv), the traveling wave solutions with
minimal wave speed were shown to exist in Ou and Yuan (2009) for small chemotactic
coefficient x > 0. For the original singular Keller—Segel system generating traveling
waves without cell growth, we refer to Keller and Segel (1971a), Li et al. (2014),
Wang (2013) and references therein. In contrast to the classical chemotaxis-growth
system (5.1.9), both diffusive and chemotactic coefficients in the system (5.1.8) are
non-constant. This not only makes the analysis more complex, but also makes the
parabolic comparison principle inapplicable due to the nonlinear diffusion. In this
section, we shall develop some new ideas to tackle the various difficulties induced
by the nonlinear motility function y (v) and establish the existence of traveling wave
solutions to (5.1.6).
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In Sect. 5.3, we shall establish the existence of traveling wave solutions and wave
speed of (5.1.6) and explore how the density-suppressed motility influences traveling
wave profiles and “the minimal wave speed”. In the spatially homogeneous situation,
the steady states are (0, 0) and (a/b, a/b), which are, respectively, unstable (saddle
point) and stable node. This suggests that we should look for traveling wavefront
solutions to (5.1.6) connecting (a/b, a/b) to (0, 0). Moreover, negative u and v have
no physical meanings to what we have in mind in the sequel.

A nonnegative solution (u(x, t), v(x, t)) is called a traveling wave solution of
(5.1.6) connecting (a/b, a/b) to (0, 0) and propagating in the direction £ € SV~!
with speed c if it is of the form

wx, ), vx, ) =Ux-&E—ct),V(x-&—ct)) = (U@, V()
satisfying the following equations:

(MUY +cU' +U(a —bU) =0,

s (5.1.10)
V4V +U -V =0

and
(U (—00), V(—00)) = (a/b,a/b), (U(400), V(+0)) = (0, 0), (5.1.11)

where ' = j—z. In the first part of this chapter, we proceed to find the constraints on
the parameters to exclude the spatio-temporal pattern formation and guarantee the
existence of traveling wave solutions connecting the two constant steady states.

Denoting
1
b*(m, a) = max {9m,3m+2‘/W}, (5.1.12)
a

we obtain the following two theorems (Li and Wang 2021c).

Theorem 5.1 Let y (v) be givenin (5.1.7). Then for any ¢ > 2./a and b > b*(m, a),
the system (5.1.6) has a traveling wave solution (u(x,t),v(x,t)) = U(x-& —
ct), V(x - & — ct)) with speed c in the direction &€ € SV for all (x,t) € RN x
[0, +00), satisfying

U v 1
im 29— pm Y@ (5.1.13)
—>+o0 e~M —>+o0 eM 14+a
with ) = ¢=YC=44 g

liminf U(z) > 0 and liminf V(z) > 0.

7—>—00 7—
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Moreover, if
_ a(l +a) a(l +a) "
%(m,a)—m\/m(m+l) <\/m(m+1) +1> <1, (5.1.14)

lim U(z) = lim V(z) =a/b
7—>—00 7—>—00

we have

and
. fen s fon
ZLH:POO U= ZLH:BOO Vi@ =0.
Theorem 5.2 Forc < 2./a, there is no traveling wave solution (u(x, t), v(x,t)) =
Ux-&—ct),V(x-& —ct)) of (5.1.6) connecting the constant solutions (a/b,
a/b) and (0, 0) with speed c.

Remark 5.1 Theorems5.1 and 5.2 imply that ¢ = 2,/a is the minimal wave speed
same as the one for the classical Fisher-KPP equation and irrelevant to the decay
rate of the motility function. Different from the Fisher-KPP equation, a lower bound
b*(m, a) for b is induced by the density-suppressed motility. As m — 0, y (v) — 1
and the equation for u becomes the classical Fisher-KPP equation. Noticing

lim b*(m, a) = 0 and limO%/(m, a) — 0,

m—0
our result well agrees with that for the classical Fisher-KPP equation.

Proof strategies for TheoremsS.1 and 5.2. Since the model (5.1.6) is a cross-
diffusion system, see also (5.1.8), many classical tools proving the existence of
traveling waves such as phase plane analysis, topological methods and bifurcation
analysis (cf. Volpert et al. 1994), among others, become infeasible. Motivated from
excellent works of Salako and Shen (2017a, 2018, 2020) for the chemotaxis-growth
model (5.1.9) by constructing super- and sub-solutions and proving the existence of
traveling wave solutions as the large time limit of solutions in the moving-coordinate
system based on the parabolic comparison principle, we plan to achieve our goals
in a similar spirit. However, substantial differences exist between the models (5.1.6)
and (5.1.9). The nonlinear motility function y (v) in (5.1.6) refrains us from employ-
ing the parabolic comparison principle and constructing super- and sub-solutions
with the same decay rate at the far field, which are crucial ingredients used for
(5.1.9) in Salako and Shen (2017a, 2018). In the first part of this chapter, we develop
two innovative ideas to overcome these barriers. First, we introduce an auxiliary
parabolic problem (5.3.16) with constant diffusion to which the method of super-
and sub-solutions applies (see Sect.5.3.2). This auxiliary problem subtly bypasses
the barriers induced by the nonlinear diffusion but its time-asymptotic limit yields a
solution to an elliptic problem (5.3.29) whose fixed points indeed correspond to solu-
tions to (5.1.10)—namely traveling wave solutions to our concerned system (5.1.6)
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(see Sect.5.3.3). Second, we construct a sequence of relaxed sub-solution U, (x) for
any n > 1 with a spatially inhomogeneous decay rate 6;(x) which approaches to
the constant decay rate of the super-solution U(x) as x — 400 (see Sect.5.2). With
them, we use the method of super- and sub-solutions to construct solutions to the
auxiliary parabolic problem (5.3.16) in appropriate function space and manage to
show its time-asymptotic limit problem has a fixed point. This is a fresh idea sub-
stantially different from the works (Salako and Shen 2017a, 2018) where the super-
and sub-solutions were directly constructed with the same decay rates by taking the
advantage of constant diffusion.

We divide the proof of Theorem5.1 into four steps. In step 1, we construct an
auxiliary parabolic problem (5.3.16) with constant diffusion and prove its global
boundedness uniformly in time (see Proposition5.1) by the method of super- and
sub-solutions. In step 2, we show that the limit of global solutions to (5.3.16) as
t — oo yields a semi-wavefront solution to an elliptic problem (5.3.29) with some
compactness argument (see Proposition 5.2). In step 3, we show that the solution
obtained in step 2 satisfies the boundary condition (5.1.11) by direct estimates under
some constraints on m and a (see Proposition 5.3), which hence warrants that the
semi-wavefront solution is indeed a wavefront solution in R. Finally, in step 4, we
use Schauder’s fixed point theorem to prove that (5.3.29) has a fixed point which
gives a solution to (5.1.10) in R satisfying (5.1.11) (see Sect.5.3.3), where the trick
of utilizing relaxed sub-solution U, (x) with spatially inhomogeneous decay rate is
critically used to obtain the continuity of the solution map. Theorem 5.2 is proved
directly by an argument of contradiction.

Section 5.4 is devoted to the asymptotic behavior of a quasilinear Keller—Segel
system with signal-suppressed motility. In the context of the diffusion of cells in a
porous medium (see the discussions in Calvez and Carrillo 2006; Vazquez 2007),
Winkler (2020) considered the cross-diffusion system

u, = Aty (w)u™), xef,t>0,

(5.1.15)
v, = Av — v +u, xe2,t>0

in smoothly bounded convex domains 2 C R", where m > 1, y generalizes the pro-

totype y (v) =a + b(v+d) ™ witha > 0,b > 0,d > 0 and @ > 0, and proved the

boundedness of global weak solutions to the associated initial-boundary value prob-

lem under some constriction on m and «, which particularly indicates that increasing

m in the cell equation goes along with a certain regularizing effect despite both the

diffusion and the cross-diffusion mechanisms implicitly contained in (5.1.15) are
simultaneously enhanced.

In arecent paper (Jin et al. 2020), Jin et al. considered the three-component system

u = Aty u) + puf(w) —0u, x e 2,1t >0,
v, =DAv+u—v, xef2, t>0, (5.1.16)
w; = Aw — uf(w), xef2,t>0
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in a bounded domain 2 C R2, where B, D > 0and 6 > 0, the random motility func-
tion y (v) satisfies (H) and functional response function f (w) fulfills the assumption

fw) € C'([0,00)), f(0) =0, f(w)> 0in (0, 00) and f'(w) > 0 on [0, 00).

(5.1.17)
Based on the method of energy estimates and the Moser iteration, they showed
the uniform boundedness to initial-boundary value problem of (5.1.16), inter alia the
asymptotic behavior thereof when parameter D is suitably large. Note that the authors
of Lv and Wang (2022) showed the existence of global classical solutions to system
(5.1.16) without the restriction (H) on y (v). In synopsis of the above results, one
natural problem seems to consist in determining to which extent nonlinear diffusion
of porous medium type may influence the solution behavior in chemotaxis systems
involving density-suppressed motility. Accordingly, the purpose of the present work
is to address this question in the context of the particular choice y (v) = v™* with
a > Oinstead of assumption (H) in (5.1.16). Specifically, we consider the asymptotic
behavior to the initial-boundary value problem

"y = A(L:)—a) +Buf(w), xeQ, >0,

v, =DAv+u—v, xef2,t>0, (5.1.18)
w; = Aw —uf(w), xef2,t>0
along with the initial conditions
u(x,0) = up, v(x,0) = vp and w(x,0) = wy, x € 2 (5.1.19)
and under the boundary conditions
a a d
M_T__0onon (5.1.20)
v Jv av

in a bounded convex domain £2 C R? with smooth boundary 952.

In what follows, for simplicity, we shall drop the differential element in the inte-
grals without confusion, namely abbreviating [, f(x)dx as [, f and fot Jo fx, )
dxdrt as fot /, o f(-,)dt as an important step toward a comprehensive understanding
of the effect of nonlinear diffusion on the density-suppressed motility model. Our
main result asserts that the weak solutions to the density-suppressed motility system
(5.1.18) may approach the relevant homogeneous steady state in the large time limit
if D is suitably large, which is stated as follows (Xu and Wang 2021).

Theorem 5.3 Let 2 C R? be a bounded convex domain with smooth boundary, and
suppose thatm > 1,a > 0, B > 0 and f satisfies (5.1.17). Assume that initial data
(1o, vo, wo) € (W (2))? with up = 0, wy = 0 and vy > 0 in 2. Then problem
(5.1.18)—(5.1.20) admits at least one global weak solution (u, v, w) in the sense of
Definition 2.1 below. Moreover, there exists constant Dy > 0 such that if D > D,
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Bim fluC, 1) = walli=@) + 000 = tallis@) + Ilw Dlliex@) =0 (G.1.21)

with u, = ﬁfguo—i— I-%Ifﬂ Wo.

Proof strategies for Theorem5.3. As the first step to prove the above claim, in
Sect.5.4, we give the definition of a global weak solution to problem (5.1.18)—
(5.1.20) and recall that problem (5.1.18)—(5.1.20) with m > 1 and « > O possesses
a globally defined weak solution in two-dimensional setting by the approximation
procedure (5.2.20). With respect to the convergence properties asserted in (5.1.21),
our analysis is essentially different from that of Jin et al. (2020). In fact, thanks to
Y1 < y) <y forall v > 0in (H), authors of Jin et al. (2020) derived the estimate
of [lu(-, )|l 122y, which is the starting point of a priori estimate of [[u(-, t)]| z~(p)- In
particular, the assumption y; < y(v) plays an essential role in constructing energy
function .# (u, v) := |lu(-, 1) — uxllz2(2) + llv(-, 1) — usllL2(), which leads to the
convergence of (i, v) if D is suitable large (see the proofs of Lemma 4.8 and Lemma
4.10 in Jin et al. 2020 for the details). Whereas our asymptotic analysis consists at
its core in an analysis of the functional

/u2+nf |Vvl?
2 2

for solutions of certain regularized versions of (5.1.18), provided that in dependence
on the model parameter D, the positive constant 7 is suitably chosen when D is
suitable large. This yields the finiteness of [° [, [Vu"? |> and [° [, Vo] (see
Lemma5.18) and then entails that as a consequence of these integral inequalities,
all our solutions asymptotically become homogeneous in space and hence satisfy

(5.1.21) (Lemmas 5.19-5.22).

Remark 5.2 (1) Note that as an apparently inherent drawback, assumption (H) in
Jin et al. (2020) excludes y (v) decay functions such as v~*. Indeed, despite v is
bounded below by § with the help of Lemma5.4 and thereby the upper bound for
y (v) can be removed, an lower bound for y (v) in (H) is essentially required therein.
(2) Due to the results on the existence of global solutions in Winkler (2020),
the asymptotic behavior of solutions herein seems to be achieved for the higher
dimensional version of (5.1.18) at the cost of additional constraint on m and «.

5.2 Preliminaries

In this section, we first introduce some notations/definitions and list some basic
facts which will be used in our subsequent analysis in Sect.5.3. In particular, the
construction of relaxed super and sub-solutions with spatially inhomogeneous decay
rates will be presented. For ¢ > 2./a, define
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_ a2 AN
c— JZ _4a c \/c 4a(1+1+a>
A= — and 0(x) := — Vx e R,
2(1+55)
5.2.1)
for which
e—Ax —m
W —chta=0, (1 i ) 02(x) — O (x) +a=0 VxeR (522)
a
and
liril 0i(x) =%, 0<6(x) <i<ia VxeR. (5.2.3)
X—>+00
Choose
0(x)+A1/4, ¢ =2a,
6, (x) := 1) +4/ Va Vx R (5.2.4)
01(x) +A/ky, ¢ >2a
with kg > max {2, 2}. Then
A
6 (x) € <91 (x), 61 (x) + 5) Vx eR (5.2.5)
and there exists xo € R such that
6r(x) < 261(x) forx > xg. (5.2.6)
Define two functions:
U(x) :=min{e ™, n} VxeR (5.2.7)
and
U@ =" r= (5.2.8)
x) = 2.
- d,e x4 d()efez(x)x, X > Xg

for b > b*(m, a) with b*(m, a) is defined in (5.1.12), where § is chosen sufficiently
small, x5 > 0is the unique positive solution of the equation d,,e =% ®* 4 dye =0 W* =
8’
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Fig. 5.2 A schematic of AV
functions U (x) and U, (x),
where the sglid black line
represents U (x) and the
dashed red line represents
U, x)
wr
1 ) l,c = 2\/5 ,
d,=1—— with2<neN, dy =
n —1l,c>2a
and
2a
N = . (5.2.9)
2 4m(m+1)a
b—3m + /(b — 3m)? — At
Noticing that d, € (0, 1) and
lim @®=Pr =
X—>—+00 ’

which will be verified in Lemma 5.1, we can choose sufficiently small §, with which
x5 is large enough such that for all x € R,

O<Qn<ﬁ§n.

We note that the functions U (x) and U, (x) will be essentially used later as the super-
and sub-solutions of an auxiliary problem we introduce in Sect.5.3.2. A schematic
of U(x) and U, ,»(x) is plotted in Fig.5.2. Note that the coefficients d,, (n > 2) and
dy determine the amplitude of U, (x) and 6, (x) and determine the decay of U, (x)
for large x > x;. This is a new ingredient developed in the first part of Chapter 5 to
settle the difficulty of analysis caused by the nonlinear motility function y (v).
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Denote

Cfmf(R) = {u € C(R)| u is uniformly continuous in R and sup |u(z)| < +o0},
zeR

which is equipped with the norm

l[ull = sup |u(z)].
zeR

Define the function space

unif

Goi=1{u e Chy®U, <u=<T), Z:=[)&

To find solutions of (5.1.10) in £y, we need the following Lemmas.

Lemma 5.1 Let A and 0,(x) be defined in (5.2.1). Then it follows that

lim ¢@®=Px =1, (5.2.10)

X—+00

Moreover, for sufficiently small § > 0, if x > xs, then for c = 2./a,
0 <6(x) <2Kie * and —AKje ™" <0/ (x) <0 (5.2.11)

with Ky = 5. | %= while for ¢ > 2./a,

0 < 60;(x) <2Kye ™ and —21Kze™ <6/ (x) <0 (5.2.12)

with K = da”mi :
(c+\/czf4a) Ve2—4a(l1+a)

Proof In the sequel, for notational simplicity, under ¢ > 2./a, we introduce the
following notations:

e—)uc
o(x) =1+ Ta
p(@(x)) :=+/c? —4ap™(x),
2a 2a
h(p(x)) :

- c+p(@(x)) - c++/c? —4a¢*m(x).

Then from the definition of 6, (x), we have

_ 2 —m
6,(x) = CVC Z2apT() 2 — h($ ().

2¢7"(x) c+ /2 —4dap—(x)
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With simple calculation, we find

W () = —da’m b= 5213
T p(@ () (e + plp(x))2pmH(x)’ T 1+a -
and then
8l(x) = (h($())) = I ()¢ (x) = daimpe -0
P - T p(@ () (e + p(p(x))2pm T (x)(1 + a)
(5.2.14)

When ¢ = 2.,/a, it has that liT ¢(x) = 1and liT p(¢(x)) = 0. By L’Hopital’s
x— 400 X— 400

rule, we have

2 e—Ax

e~ 3% .
lim ———
x—+00 2 — 4ap™"(x)

lim ‘
x=00 | p(¢(x))

—AX
:xETmeETOO¢ (x) (5.2.15)
14+a _ 1+a

lim .
x—>+oo dmag™—1(x)  4ma

Then it can be easily verified that

) da’mre s a\/T
lim = - |— =Kj,
x=>+00 p(p(x))(c + p(@(x))?¢" 1 (x)(1+a) 2V 14a

from which and (5.2.14), by choosing sufficiently small § > 0, we can find x5 > 0
such that for x > x;, there holds that

0 < 6](x) <2Ke 2"

When ¢ > 2.4/a, it has that ]iT ¢(x) =1and lir}rl p(Pp(x)) = +/c? —4a. It can
X—+00 X—> 00
be directly checked that

. 4a’ma
lim
x=+00 p((x))(c + p(¢(x))2¢" 1 (x)(1 4 a)
4a’m
= = Kz
Ve —da(c 4+ Ve —4a)2(1 +a)

Then from (5.2.14), by choosing sufficiently small § > 0, for x > x5, we obtain
0 < 6](x) <2Kse ™.

The first parts of (5.2.11) and (5.2.12) are proved.
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On the other hand, by L’Hopital’s rule, using (5.2.13) and (5.2.15), for ¢ = 2./a,
we obtain

lim (h(¢(x)) = h(1)x
AxZe—)»x
1+a
. —4a’mrx’e”
lim
x=+00 p((x))(c + p(¢(x)))2¢" 1 (x)(1 + a)
4a’m . e 5x . x2
— im im —
(1 +a) x40 p(g(x)) v+ ¢
am) |[1+a . x?
= llm = O

14+aV 4ma x—>+oo p5x

= lim ' (¢ (x))

AX

While for ¢ > 2./a, we obtain

xZe ™™ AW . x?
= im —
l+a 14+ a x>+ et~

Jim (h(@(x) —h(D))x = lim h'(¢()¢)))\ =0.

Summing up, for ¢ > 2./a, we obtain

O()—Mx _ evgrfx(h(tﬁ(x))—h(l))x

lim e =1

X—>—+00

and then (5.2.10) follows.
Now, we turn to the estimate of 6}’ (x). Noticing that 1" (¢) = h'(¢)(In(—h'(¢)))’
and

(In(—h'(¢))) = [In(4a*m) — 21n(c + p(¢)) — In p(¢) — (m + 1) In ¢]/
—4am 2am m+1

T 0@t p@NET T @6 g

which together with (5.2.13) and the fact that ¢’(x) = _fi;u and ¢ (x) = k;‘i{:
implies

6y (x)
= (h(p(x))" = (W @) (1)) =B (P(x)$" (x) + 1" ($(x))(' (x))?
=1 (¢ ()" (x) + (In(=h'($))) (¢’ (x))*]
—4aZmAZe™

p(P (X)) (c + p(P(x))) ()" (1 +a)

.{l_e_}‘x ( 4am N 2am +m+1)}
L4+a \ p(@(x)(c+ p@@)))Px)"H "~ (p(p(x)))2¢(x)m+] ¢ (x) ’
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For ¢ = 2./a, then A = \/a, from (5.2.15), it can be verified that

—4a’mrtei*

lim 2 1 = _)\.Kl
x=+00 p(¢(x))(c + p(P(x)))*P ()" (1 + a)
and
lim e ( 4am N 2am " m+ 1) B l
x=too 1+a \ p(p(0))(c+ p(@)NPX)" L (p(d(x)))2p (x)"+! p(x) ) 2

By choosing sufficiently small § > 0, we can find a x5 > 0 such that
0>0{(x) > —AKle_%x, for x > xs.

While for ¢ > 2./a, we can check that

) —4a*mr?
lim = —AK>
x=>+00 p(p(x))(c + p(@(x)))2P ()" (1 + a)
and
. o ( dam N 2am L + 1> _
w400 L +a \ p(@p()(c+ p@))NP)™tT ~ (p(@(x)))2px)™+ ~ p(x) )

Then by choosing sufficiently small § > 0 so as to generate a x5 > 0, we have
0>6/(x) > —20Koe ¥, for x > x;.

Then the last parts of (5.2.11) and (5.2.12) follow. This completes the proof of
Lemma5.1.

Throughout Sect. 5.4, we shall pursue weak solutions to problem (5.1.18)—(5.1.20)
specified as follows.

Definition 5.1 Let m > 1, > 0,8 > 0 and f satisfies (5.1.17). Then a triple
(u, v, w) of nonnegative functions

uel ($2x][0,00)
velL] ([0,00); W'(£2))
w e L}, ([0, 00); W"1(£2))

will be called a global weak solution of problem (5.1.18)—(5.1.20) if
u™ /v* € L},.(22 x [0, 00)) (5.2.16)

and
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_/ /W’t—/ u0§0(',0)=/ /M—aAw+ﬁ/ /uf(u))<p (5.2.17)
0 Q Q 0 UV 0 Q

forall ¢ € C§°(§ x [0, 00)) such that g—“f|m = 0and

—/OO/vgo,—/v0¢(-,0):—D/m/Vv~V¢—/w/vgo—i—/oc/u(p
0o Je 2 0 Je 0 Je 0 Jg
(5.2.18)

forall ¢ € C°(2 x [0, 00)) as well as

/OO/ wwt—/ wo<p<-,0)=—/°°/ Vw-w—/oo/ Wf e (5.2.19)
0 2 2 0 2 0 2

for all g € C(£2 x [0, 00)).

For ¢ € (0, 1), we denote by (u,, v., w,) the solution of the regularized problem

e = A, + DM + A (ue(ue + )" '0]%) + Bu. f(we), x €2, t>0,

Ve = DAV, +ue — v, xeN, t>0,
werAws_uef(ws), xef2, t>0,
d ad ad
ug: Ug: ws:o, xea.Q,t>0,
av av av
ug(x,()):uo, US(X,O)ZU(), ws(-xvo)zwo’ XEQ
(5.2.20)

with M > m. Note that due to the a priori boundedness of w,, the global smooth
solvability of (5.2.20) can be derived by the argument in Lemma 2.4 of Winkler
(2020) with evident minor adaptations, and we may refrain from giving the details
for brevity here. As for the global weak solutions of (5.1.18)—(5.1.20), we can state
as follows.

Lemmas.2 Let m > 1,a > 0,8 > 0 and f satisfies (5.1.17). Then there exist
(&j)jen C (0, 1) as well as nonnegative functions

u e L*®(2 x [0, 00))
v e CO(2 x [0, 00)) () L1, (10, 00): W'(£2)) (5.2.21)
w € CO(2 x [0, 00)) () L7, ([0, 00); W'2(£2))

such that e; (0 as j — oo and as €; \ 0, we have
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u, —> u a.e. in 2 x (0, 00), (5.2.22)

Uy — u in ﬂ L} (2 x [0, 00)), (5.2.23)
p=1

ve — v in Cp (2 x [0, 00)), (5.2.24)

we — w in Cp (2 x [0, 00)), (5.2.25)

Vv, — Vv in L3 (82 x [0, 00)), (5.2.26)

Vw, = Vw in L}, (2 x [0, 00)). (5.2.27)

Moreover, v > 0 in 2 x (0, 00) and (u, v, w) forms a global weak solution of
(5.1.18)—(5.1.20) in the sense of Definition5.1.

Proof The existence of global weak solutions of (5.1.18)—(5.1.20) can be verified on
the basis of straightforward extraction procedures as in Winkler (2020). Indeed, due
to the a priori boundedness of w,, one can derive some necessary a priori estimation
for (u,, v,, w,) such as fttH [ uf withall p < m + 1, (ve, w,) in (W"9(£2))? with
some g > 2 and u, in L*°(£2) and finally apply an Aubin-Lions lemma to obtain a
weak solution of (5.1.18)—(5.1.20) with the additional information (5.2.22) (we refer
the reader to the proof of Lemma 7.1 in Winkler 2020 for detail).

The following basic properties of the spatial L' norms of (u,, v,, w,) as well as
the L* norm of w, are easily verified.

Lemma 5.3 Let (u., ve, we) be the classical solution of (5.2.20) in £2 x (0, c0).
Then we have

lueC, Dl + Bllwes (-, DLy = lluolli@) + BllwollLi(2)s (5.2.28)
llee -, Ol 2y = lluollzie), (5.2.29)
/ ve(e, 1) < / vo+/ uo+/3/ wo (5.2.30)
I?) Q2 2 2
as well as
t = lwe (-, 1)l L) is non-increasing in [0, 00). (5.2.31)

Proof Multiplying w,-equation by 8 and adding the result to u.-equation in (5.2.20),
we get

d d
— — =0, 5.2.32
pe Qw8+dt/9u£ (5232)

which immediately yields (5.2.28). An integration of the first equation in (5.2.20)
gives us
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d
z /g ue = /Q e f(w,) = 0 (5.2.33)

which readily entails (5.2.29). Upon the integration of the second equation in (5.2.20),

we can see that 4
- vs+/ Ve ff Ug
dt Jo Q Q

which, along with (5.2.28), leads to (5.2.30). Due to the fact that f and w, are non-
negative, the claim in (5.2.31) results upon an application of the maximum principle
to we-equation in (5.2.20).

Let us first derive a positive uniform-in-time lower bound for v, which will alle-
viate the difficulties caused by the singularity of signal-dependent motility function
v~ % near zero. Despite the quantitative lower estimate for solutions of the Neumann
problem was established in the related literature (Hillen et al. 2013; Winkler 2020),
we present a proof of our results with some necessary details to make the lower
bound accessible to the sequel analysis.

Lemma 5.4 Forall D > 1 and e € (0, 1), there exists § > 0 such that
Ve(x,t) >3 forallx € 2 andt > 0. (5.2.34)

Proof According to the pointwise lower bound estimate for the Neumann heat semi-
group (e’ A),zo on the convex domain £2, one can find C;(§2) > 0 such that

et > CI(Q)/ @  forallz > 1 and each nonnegative ¢ € C°(£2)
e

(e.g., Fujie 2016; Hillen et al. 2013). i
By the time rescaling f = D¢, we can see that ¥(x, f) := v (x, %) satisfies

v ~ —1x~ -1 —1z
FH =Av—D" v+ D u.(x,D't). (5.2.35)
Now applying the variation-of-constants formula to (5.2.35), we have
~ _ 7 ~ —
5(, 1) = APy + D’I/ eT=A=DNy (. D )ds t >0,
0
(5.2.36)

where by the comparison principle, we can see

= -1 iD-! .
e AP Dyp() = P inf vy (x)
xe

> ¢~ 2 inf vo(x) forall x € 2,7 <2D
xeNR

and
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i _
D*I‘/. ei=9(A-D l)ug(gD*]s)ds
0

-1 B
> D’I/ T=@A=D7Y . D7l5)ds
0

—1 .
zc,(Q)D—l(/ e P9 gg) inf /u5(~,s)
0 2

s€(0,00)

> C1(2)(e P —e*D"’}/ uo
2

C1 (82 s
EL/MO forall x € £2 and7 > 2D,
2e 0

due to D > 1. Therefore, inserting above inequalities into (5.2.36), readily establish
(5.2.34) with 8 = min{ <2 [ ug, e2 inf vo(x)}.
Xe

Through a straightforward semigroup argument, we formulate a favorable depen-
dence of ||ve (-, )|l Lr(2) With respect to parameter D.

Lemma 5.5 For p > 1, there exists C(p) > 0 such that
lve . Ollr2y < C(p)(1 + D%_') forallt > 0. (5.2.37)

Proof Applying Duhamel’s formula to the equation

av ~ —1~ —1 -1z
EzAv—D V4+ D us(x,D"t)
satisfied by 0 (x, 1) := v, (x, %) and employing well-known smoothing properties of
the Neumann heat semigroup (e’4) >0 on §2 (see Lemma 3 of Rothe 1984 or Lemma

1.3 of Winkler 2010 for example), we can find C), > 0 such that for any 7 > 0

10 (-, Dllzr )
D F [T st _
= lle® e vo() + D ‘/ AP Dy (- D )ds e
0
-D7'7 S [ —D7 (i) PR R -1
=e HUOHM(Q)_’_E e A4+@ -3 P ueC, D™ s)Ip1(o2)ds
0
Cp ’ -D~(i-s) e —14+1
< llvollzr2) + B(”"‘OHLI(Q) + Bllwoll i) | e A4+ @—s) "r)ds
0
Cp b —1+1
= llvollLr@) + 7 luollzi @) + BllwollLig) [ e (I+o "r)do
0

Cp LI |
5”UOHLP(Q)+6(”u0”L‘(Q)+/3||w0||L'(Q))(D+DP A e %o Trdo)

1_ R |
< lwollzr(g) + (1 + D7 I)Cp(lluollu(g)+,3||w0||L1<_Q))(1+/ e "0 Frdo)
0
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which ends up (5.2.37) with

o el
C(p) = llvollrc2y + 2C,(luollLi(2) + BllwollLi(2)) <1 +/ e o l+"d0) .
0

5.3 Traveling Wave Solutions to a Density-Suppressed
Motility Model

5.3.1 Some a Priori Estimates

Lemma 5.6 For any u € &,, denote V (-; u) the solution of

V'+cV +u—-V =0. 5.3.1)
Then for ¢ > 2./a, we have
e—Ax
0<V(x;u) <mi N 5.3.2
< V(x u)_mm{l+a n} ( )
|V'(x; w)| < mi { 2 2e™ }< i { il e } (5.3.3)
x; u)| < min , < min , 3.
Vet +4 R +4 Il+a /1+a
forall x € R.
Proof Denote
—Cc — 214 _ 244
Pl At e S VAl A (5.3.4)
2 2
From (5.3.4) and the definition of X in (5.2.1), we obtain
0<i=<+a, A <0, >0 A +A<0, A+A2>0 (5.3.5)
and
Mir=—1, M+r=—c rM—cri—1=—(1+a). (5.3.6)

By the variation of constants, the solution of (5.3.1) can be expressed as

X —+00
( / MOy (s)ds + / e*ﬂx—”u(s)ds). (5.3.7)

Vix;u) =
)\2 _Al —00

Note that 0 < u < U = min{n, e **} since u € &,. Then using (5.3.5) and (5.3.6),
we obtain from (5.3.7) that
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1 X +00
0<Vx;u) < / MO gTAs g g +/ ) M g
A — A —00 x
—(A+A)s | X —(hpta)s | T
R s s
)\.2 — )\] —()\.1 + )\)e—)‘lx —()\.2 —+ )L)e—)‘z"
_e—Ax e—Ax

Az—ck—1:1+a

1 (fx b1 =s) T iy N
e"‘*snds+/ ezxsnds)z =7
)‘«2_)‘«1 —00 X )“1)“2

Thus, the inequality in (5.3.2) follows. On the other hand, differentiating (5.3.7) with
respect to x, we have

1 X +00
</ ey (s)ds +f kze“("s)u(s)ds) .
)\-2 - )\1 —00 x

For ¢ > 2./a, using (5.3.5), (5.3.6) and the fact that

)Lz—)nlz\/62+422\/1+a,

as well as the fact 0 < u < min{n, e}, we obtain with some simple calculations

and

0<Vxiu) <

Vi(x;u) =

1 X +o00
[V (x;u)| < P <f (=1 e gy +/ Aze“(xs)e“ds)
2 — A —00 x

2e—Ax e—kx
= =
Va+4 T ST+a

and

1 X —+00
V' (x; u)| < ( / (—r)eM I nds + / xzeM(’“”nds)
Ay — A — 00 x

= 2 = 1 )
Vei+4 T JT+a

from which the inequality in (5.3.3) follows. The Lemma is, thus, proved.

Lemma 5.7 Forany u € &,, denote V (x; u) the solution of
V' +cV +u—-V =0.

Then for sufficiently small § > 0, if x > x;, then
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y(V)@lz(x) —cbi(x)+a >0, (5.3.8)
and
y(V)O2(x) — chr(x) +a > 6“—4 if ¢ = 24/a, (5.3.9)
Alc — 2\
y(V)@zz(x) —ch(x)+a=< —% if ¢ > 24/a. (5.3.10)
0
Proof Noticing V (x) < i;—i for x > x5, we get (5.3.8) from the fact that
2 e—)\x -m
Y (V)2 (x) — by (x) +a > (1 + +a) 62(x) — b, (x) +a = 0.
With
e*)\.x —-m
kaoo(l_'_ ]—|—a) =1 xEIJPooel(x)Z)\"

by choosing sufficiently small § > 0, for all x > x5, we have

15 1 e \-m 33
) (5.3.11)

D<o < yV)=—— > (1 > 2
16 =@ <A v(V) (1+V)'"_<+1~|—a Y

For the case ¢ = 24/a, forwhich A = %,noticing 6, (x) =60;(x) + ik,using (5.3.11),
we get

Y (V)03 (x) — cbr(x) +a

1 1 1
= y(V)@lz(x) —chi(x) +a+y(V) (1—6)»2 + E)»@l (x)) - ZCA

4
Zﬁ i)ﬂ+£)\2 _l)ﬂ:i
34\ 16 32 2 64

for all x > xs, from which (5.3.9) follows.

On the other hand, for the case ¢ > 2./a, for which A < %, noticing

1, 1 1
>y (V) (42 + 32000 ) — 73

1
0r(x) =01 (x) + k—o)» with ky > max {c o 2} ,

we obtain ) |
— A2 4200, (x) —cA < =A2h—¢) <0
ko 2
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and then
Y (V)03 (x) — cbr(x) +a < 6}(x) — cbr(x) +a (5.3.12)

1 /1
=0,(x)* —cth(x)+a+ — [ =22 +216,(x) — cA
ko \ ko

1
< 61(x)% = cO,(x) +a + —Ar(2r —¢).
2ko

Moreover, owing to the fact lim,_, ;o 0;(x) = A, we have

lim (61(x)®> —cO;(x) +a) =2>—cA+a=0.
xX—>—+00
Then choosing § sufficiently small, we obtain that for all x > x;
) 1
01(x)" —cH(x) +a < Ek(c —2M). (5.3.13)
0

Inserting (5.3.13) into (5.3.12), we obtain y(V)922(x) —cBr(x)+a < ﬁk(% —
¢) < 0. Thus, (5.3.10) follows and Lemma 5.7 is proved.

5.3.2 Auxiliary Problems

In this section, we shall investigate some auxiliary problems which act as bridges to
our concerned problem.

1. An auxiliary parabolic problem

In the sequel, for convenience, we use y’(v) and y” (v) to denote the first- and second-
order derivatives of y (v) with respect to v, respectively. This should not be confused
with U’, V', U”, V" where the prime ' means the differentiation with respect to x.
Given u € &,, we first consider the following equation:

Vi+eVi+u—-V =0 (5.3.14)
which, subject to variation of constants, yields

X —+00
: (/ My (s)ds +/ e“("_“)u(s)ds) .
Ay — Al —00 X

(5.3.15)

V=Vx;u) =

Now taking V in (5.3.15) as a known function, we define
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FU,U"

1 ’ ’ ’ " 12 ’ ’ 2
=% YWV + ) U + [y WMIV'IP+y' (V)(V =U — V) +a]U - bU?}.

By U(x, t; u, U), we denote the solution of the following Cauchy problem:

U =U"+FUU), xeRit>0
(5.3.16)

U(x,O;u,U):U(x), x e R.

From Lemma 5.6 and the definition of y (-), the boundedness of ﬁ, y'(V),y"(V),
V and V' has been guaranteed. Then the comparison principle is applicable to
(5.3.16). By the semigroup theory, U can be represented as

t
Ux,t;u,0) = “VUx) + / e~ =AY + F(U, UN)(x, s)ds.
0

The local existence of solutions to (5.3.16) can be obtained by the well-known fixed
point theorem (cf. see Salako and Shen 2017b, Theorem 1.1) along with standard
parabolic estimates. We omit the details here for brevity and assume that the solu-
tion of (5.3.16) exists in an maximal interval [0, T) for some T € (0, co] with
U(x,0;u,U) > 0 for x € R. Then the comparison principle for (5.3.16) implies
that U (x, t; u, U) > O forall (x,¢) € R x [0, T).

Proposition 5.1 If ¢ > 2./a and b > b*(m, a) with b*(m, a) deﬁnid in (5.1.12),
there exists § > Oiuch that for any u € &,, the solution U(x,t;u, U) of (5.3.16)
satisfies U (-, t; u, U) € &, forallt € [0, +00).

Proof Denote

L(U) (5.3.17)
= yNU"+ 2 VIV + ) U + (" VIV + 9y (VIV = U —cV') +a) U — bU?

with V defined in (5.3.15). Noticing y (V) > 0, we have

L(U)

U'+FU,U)=—"—"22.
( ) y(V)

Hence, a function U (x) is a super-solution (resp. sub-solution) of (5.3.16)if L(U) <
0 (reps. L(U) = 0). Firstly, we need to prove that for any solutionu € &,, there exists
U(x,t;u,U) < U.For any s > 0, from the definition of y (), we have

m

- <0 5.3.18
(1 4 s)m+! <% ( )

1
0<V(S)=m§1, —-m <y'(s) =

and
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7 m(m + 1)

From (5.3.17), using (5.3.2), (5.3.3), (5.3.18) and (5.3.19), by the definition of n in
(5.2.9), it is easy to verify that

L) = (" V)V + 9y (VIV —n—cV)+a)n—bn’

<<m(m+1) 2 <1+ 2¢ >+ b)
mom+ ) 52 N, g
“\ 15 " )" nln
1
S(an+3mn+a_bn>,,=0,
14+a

On the other hand, from (5.3.17), using (5.3.2), (5.3.3), (5.3.18) and (5.3.19), we
obtain

L(e—)\X)
= y(V)A2e™ — 2y (V)V' +¢) re ™
+ (y”(V)(V’)zef“ + ]//(V)(V _ e*)\x _ CV/)) eka + ae*)ux _ b672)\x

2ma 672)»)( _ C)Lef)\x + m(m + 1)674)\)( + (m + 2em )eZAx

V1+a l+a JiF 2

4 ae—Ax _ be—ZAx

S )\‘267)»)( +

2 1
< —crta)e ™+ ( mya + m(m + )e_z” +3m — b) e,
V1+a 1+a
where we have used the fact that A € (0, /a]. Noticing
mi/a
b>b*(m,a) > + 3m,
( ) V1+a

by choosing § sufficiently small in (5.3.26), we obtain L(e™**) < Oforall x > x;5. By
the comparison principle for parabolic equations, it follows that U (x, ¢; u, U) < U.

Now we prove that for any u € &, we have U (x, 1; u, U) > U,. From (5.3.17),
using (5.3.2), (5.3.3), (5.3.18) and (5.3.19), we obtain

L&) = y"(V)(V)25 + Y/ (V)(V — 8 — cV')§ + 8(a — bd)
> ' (V)(V — V)8 + 8(a — bS) (5.3.20)

2c
ZS(a—bS—mn(l—i——))
2+4

> 8 (a — bS — 3mn).

Owing to the fact b > b*(m, a), we obtain
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2
= a <2, (5.3.21)

b—3m+ \/ (b — 3m)? — dntrtba ~ 3m

Substituting (5.3.21) into (5.3.20), we have L(§) > 0 for sufficiently small §. On the
other hand, using (5.3.17), by direct but tedious calculations, we have
L(dye™ "™ 4 dpe™ %)
=y (V)(dne™ ™ +doe™ )" + Qy' (VIV' + 0)(dne™ " + doe™ ")
+ (" WV)? +y VIV = (dye " + doe™ %) — V') +a)
(dye "% 1 dye %y — b(d,e” % 4 doem0%))2 (5.3.22)
> (y(V)OF(x) — ¢y (x) + a) dye "% + (y (V)03 (x) — cbr(x) + a) doe™ ™"
+ dpe” O [y (V) (0] (x)x)* + 26 (x)0; (x)x — 0] (x)x — 20} (x)) — ] (x)x
=2/ (V)V'(0](x)x + 61(x) + ¥ " (VI(V) + ¢/ (V)(V = V)]
+ doe” " [y (V) ((05(x)x)* + 265 (x)82(x)x — 05 (x)x — 265(x)) — ¢} (x)x
=2y (V)V'(05(x)x + 6:(x)) + ¥ (VI(V) + ¥ (V)(V — V)]
_ b(dne*("(x)x +d06792(x)x)2'

To prove that L(d,e ™" ®* 4 dye=%)%) > 0, we consider the cases ¢ = 2,/a and
¢ > 2./a separately.
Case 1. ¢ = 2./a. In this case, we have dy = 1 and substitute it into (5.3.22).

Using (5.3.18) and Lemmas 5.1 and 5.7, by choosing sufficiently small §, for x > x;,
we obtain

' (V) <0, y"(V)>0, 6;(x)>0, 6/(x) <0

and
y (V)67 (x) — cbi(x) +a >0, y(V)05(x) — cbr(x) +a > 6a—4,
from which we obtain that for any x > x;,
L(dye™ 1% 4 g=020x) (5.3.23)

a  _o,(x)x —0; (x)x
> —e 2 +dy,e!
64 "

=27 (V)8] (x) =¢8] (x)x — 29" (VIV' (6] (0)x + 61(x0)) + ¥ (V)(V = cV))]

e PO 2y (V)63 () = c3(0x =2y (V)V/ (O3 (0)x +02()) + ¥ (V)(V = V)]
_ b(dne—(ﬂ(x)x +e—92(x)X>2.

Furthermore, from (5.2.3) and Lemmas 5.1 and 5.6, we have
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0<6(x) <va, 0<60(x)<2Ke

and
0< Vi < '{e_M } V') < { n_ e }
< V(x;u) < min SNt x; u)| < min , .
1+4+a 1 VJl4+a 1 +a

By the above estimates and (5.3.18), we arrive at the following estimates:

=2y (V)0[(x) — b (x)x = 2y"(V)V' (O] (x)x + 01(x)) + y'(V)(V — V)
(5.3.24)

dmnx A 2mi/a m cm
— 4+ 2ex + KevX—( + + )f“
( J1+a) : Vita l1+a JT+a

4mnx _a dm./a m > o
= —(4+4Jax + —— | Kje " — [ == + e,
( Va \/1+a> : («/1+a l+a

Then from the fact that 6,(x) = 6;(x) + %, we get

v

=2y (V)05(x) — cO5(x)x — 2y (VIV'(05(x)x + 02(x)) + y' (V)(V — cV')
(5.3.25)
= — 2y (V)8 (x) — e8] ()x — 2" (VIV' (0] (0)x + 6, () + ¥/ (V)(V — eV
—%yaovu
4mnx _1, dm./a m my/a ) —Ax
—(4+4 — F .
( * ﬁ”m)’“e <m+ T+a 2vita)€

Substituting (5.3.24) and (5.3.25) into (5.3.23), we end up with

v

L(dne—(?l(x)x + e—é)z(x)x)

x| @ 4mix > ( iy (9z<x>—el<x>—'ﬁ>x)
>e — —Kil4+4ax + e 2 +d,e 2
{64 l < Ve V1+a !
(5.3.26)

_<4mﬁ 4 m )(e—Ax+dne(92(x)—91(x>—x)x)_ my/a e
J14+a 1+4a 21 +a

—b (dze(Qz(X)*wl (x))x + 6792():)): +2d 6*91 (X)X) }
n n .
From (5.2.5) and (5.2.6), we have 6,(x) — 260;(x) < 0 and 6,(x) — 0;(x) — A <

6(x) — 01 (x) — % < 0 for x > x;, then for ¢ = 24/a, by choosing § sufficiently
small in (5.3.26), we obtain
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L(dne—9|(x)x + e—@z(x)X) >0
for all x > x;.

Case 2. ¢ > 2./a. Inserting dy = —1 in (5.3.22), using Lemmas 5.1, 5.6 and 5.7,
we obtain

0<6(x) <+a, 0<6(x)<2Kye™ 0>0](x)>—-21Ke ™™,

ef)»x
0<V(x;u)§min{ , }
l1+a

Vi) < min f 2 27 | <min |2 e |
x; u)| < min , =mn|—, — ¢,
JZt4 J2ia JT+a JT+a
2 2 )\.(C—Z)\.)
y(V)Oi(x) —cti(x) +a >0, y(V)By(x)—ch(x)+a =< TR
0

By these results, (5.3.18) and (5.3.19), for any x > x;, noticing that 6,(x) = 0;(x) +
,?—0, we obtain

L(d,e~01 0% _ g=0200)x)

> (y(V)OF(x) — c01 (x) + a) dpe™ 1% — (y(V)63 (x) — cba(x) + a) e 2"
+ dpe 1 F [2y (V)] (x) — 8] (x)x — 2" (V)V' (O] (x)x + 61 (x)) + ¥'(V)(V — V)]
— e O [y (V)((05(x)x)* + 205 ()02 (x)x — 05 (x)x) — 2y (V)V/ (05 (x)x + 62(x))
+Y VIV = ey (VIV'] = bdye™ 10 — e (5.3.27)

S ot [ME=2M <d§e(ez<x>—291<x>>x i e—@z(x)x)
4ko
2m

V1+a

1 2c
- (4K2 +2cx Ky + QKre™™x +a)+m ( + < ))

1 +a 4 + C2
. dne(ﬁz(x)—Ql (X)—A)x

A
- ((2K2x)2e—“ + 4K, (ﬁ + %> x + 20 Kox +

m(m + l)e’“ 2cm )e*”}
14a /4 + 2

2m A
—— (2Kpxe ™ + a—i——)
v1+a( g va ko

Noticing 6;(x) — 260;(x) < 0 and 6,(x) — 6;(x) — A < 0 for x > x;, then for ¢ >
2./a, by choosing § sufficiently small in (5.3.27), we obtain

L(dn(379‘ xX)x _ e*@z(x)X) > ()
for all x > x;5. Then by the comparison principle for parabolic equations, we obtain

Ux,t;u) > U, forc > 2/a.
Summing up, by choosing
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2
0= a (5.3.28)

b _ 3m + \/(b _ 3m)2 _ 4m(m+1)a

I4a

and sufficiently small §, (U, U ,,) is apair of super- and sub-solutions of (5.3.16) (seea
schematic of super- and sub-solutions illustrated in Fig. 5.2). Denoting U (x, t; u, U)
the unique solution of (5.3.16), by the comparison principle for parabolic equations,
weobtainU, < U(x, t;u, ﬁ) < U and thus Ux,t;u, ﬁ) € &,. This completes the
proof of Proposition5.1.

2. An auxiliary elliptic problem
Now foru € 2y :=(),. én, we study the following problem:

n>1
YU+ (2 NV +e) U+ (Y NV + ¢y (VIV —U —cV) +a)U
—bU* =0,
VeV +u—-V =0,
(5.3.29)
which is equivalent to solving L(U) = 0.

Proposition 5.2 For every u € %,_if c > 24/a and b > b*(m, a) with b*(m, a)
d_eﬁnedin (5.1.12), denote U (x, t; u, U) the solution of (5.3.16)withU (x,0; u, U) =
U, there exists a unique function U (x; u) € %y such that

Ux;u) = tlirglo U(x,t;u, U) = §I>1£U(x, t; u,U)

and U (x; u) is the unique solution of (5.3.29) satisfying

Ulx;
liminf UG w) = 0 and lim 25" — 1, (5.3.30)
xX——00 x—>+400 e AX
Proof From Proposition5.1, we have
Ux,t;u,U) <U(x) forall (x,1) € R x [0, +00). (5.3.31)

For any 0 < #; < t,, noticing
Ux,t;u,U) =Ux, t;u, U(x, b, — t1;u, U)),

from (5.3.31), we have o
Ux,t—t;;u,U) 2UX).

Then using again the comparison principle for parabolic equations, we obtain

U(-x’ bhiu, U) =< U(-x7 1 u, ﬁ)a
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which implies that U (x, -; u, U) is decreasing with respect to . Noticing
U(x,u,U)

has lower and upper bounds since U (x, -; u, ﬁ) € &, as shown in Lemma35.1, one
can conclude that there exists a unique U (x; u) such that

Ulxiu) = lim U(x, t; u,U) =}r>1£U(x,t; u,U) (5.3.32)

for all x € R. Denote .
Un(xa t) = U(X, t+1tu, U)

for (x,t) € R x [0, o0), where {t,},>1 is an increasing sequence of positive real
numbers converging to +o00. Then from the elliptic regularity theory for (5.3.14) and
parabolic regularity theory for (5.3.16), we obtain that for all 1 < p < 0o, R > 0,
T >0,

IVIiwzr—grr < C and ||U, ”W,%‘]((fR,R)x(O,T)) <C.

From the Sobolev embedding theorem, we obtain
IVlicie® = € and [[Unllcoor g0, 100 = C-

Arzela—Ascoli’s theorem and Schauder’s theory for parabolic equation (cf. Krylov
1996) imply that there is a subsequence {U,},>1 of the sequence {U,},>1 and a
functionU € C* (R x (0 00)), such that{U }n>1 converges toU locally uniformly
in C>'(R x (0, 00)) as n’ — oo. Hence, U(x t) solves (5.3.29) and U e Zo. On
the other hand, noticing U (x, 1) = lim; 0o U(x, t; u, U), from (5.3.32), we have
U(x; u) = Ulx, 1) for every x € Rand ¢ > 0, from which we obtain that U (x; u) €
2o is a solution of (5.3.29). Furthermore, from (5.2.10) and the definition of 2y,
we obtain

liminf U(x; u) > 0

X—>—00
and

U(x; . Ulx;
d, < liminf (x; u) < lim sup (x; u)

x—+4o0 e M X—>+00 e—hx

=1 (5.3.33)

for any n > 2. Noticing lim,,_, » d, = 1, by taking n — oo in (5.3.33), we obtain

. Ulxuw
lim
x—>4o0 =M

=1.
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The uniqueness of U (x; u) satisfying (5.3.30) follows from the same arguments as
that in Lemma 3.6 in Salako and Shen (2017a). The proof is thus completed.

5.3.3 Minimal Wave Speed

In this section, we shall prove TheoremsS5.1 and 5.2. To this end, we first prove
the following result concerning the asymptotic behavior of solutions to (5.1.10) as
z — +oo.

Proposition 5.3 Assume that a > 0 and m > 0 satisfy (5.1.14). Then any solution
(U, V) € (C3(R) N Zy)? to (5.1.10) has the property that

lim U(z)= lim V(z)=0, 1lim U(z)= lim V(z) =a/b
z—>+00 z—>+00 Z—>—00 Zz—>—00
and
ZLH:iloo v (Z) - ZLH:EOO v (Z) =0

Proof From the fact that (U, V) € ,%”02 and Lemma 5.6, we obtain

n

v1+4a

for all z € R. From the first equation of (5.1.10), by the Holder regularity esti-
mates for bounded solutions of elliptic equations and the Schauder theory (Gilbarg
and Trudinger 2001), there exists C > 0 independent of z and « € (0, 1) such that
1Ullc2ezz41) < C and |V || c2e(z,.+1) < C for all z € R, from which it follows that

U@ <n V@I =<n and|V'(2)| <

(5.3.34)

U <C, |[U"(2)<C and|V'(z)|<C (5.3.35)

for all z € R. Multiplying the first equation of (5.1.10) by (@ — bU), integrating over
[—R, R], we obtain

R R R
0= f (y(VU)'(a — bU)dz + cf U'(a — bU)dz +/ Ua — bU)dz
—R —R -R
R
= (y(V)U) (a — bU)|jij + b/ ' (V)V'U +y(VHUHU'dz + caU!ifR
’ —R

1 _ R
—5ebU [N+ f Ula — bU)%dz.
’ R

Then using (5.3.18), (5.3.34) and (5.3.35), we find a constant C; independent of R
such that



5.3 Traveling Wave Solutions to a Density-Suppressed Motility Model 307

b R 5 R 5
— U’ dz—i—/ U(a — bU)"dz
(I +mm /71? —R
R R
=< b/ y MU' Pdz +/ U(a — bU)%dz (5.3.36)
—R —R

R
_ &1 -
§b/_ Y (VIV'UU'ldz — (y(V)UY (@ = bU) ", — caU =" + 5ch2|§:fR

R

1 R 72 K 72
< Cy + ~bmn U'Pdz+ | 1V'dz).
2 _R _R

On the other hand, multiplying the second equation of (5.1.10) by V" and integrating
the result over [— R, R], we obtain

R R R R
0= / V"2dz + c/ V'V'dz + / Uv'dz — / VV"dz
—R —R —R —R

R R R
- / V" 2dz + %(Vﬂin +UV|=R - f U'vidz - vv'[IZF +/ V' 2dz.
—R ~ R R

This along with (5.3.34) and (5.3.35) yields

R R R 1 R 1 R
/ V" dz +f IV'|?dz < C» +f U'Vidz < Cy + —f |U')?dz + —/ V' [2dz,
“R “R R 2 )k 2 J g

where C; is a constant independent of R. Then it follows that

R R
f |V'’dz <2C, +/ \U'2dz. (5.3.37)
—R _R

Substituting (5.3.37) into (5.3.36), one can find a constant C3 = C| + bmnC, inde-
pendent of R such that

b

R R R
Arnm / U'Pdz +/ Ua = bU)*dz < Cs —i—bmn/ U'dz. (5.3.38)
—_R _R

—R

Note that (5.3.28) together with condition (5.1.14) implies

1
——— —mn > 0.
(I+npm
Sending R — oo in (5.3.38), we obtain
1
b—m — mn) / |U'|2dz +/ U(a — bU)?dz < C;. (5.3.39)
((1 + ) R R ’

By sending R — oo in (5.3.37), we find a constant C4 > 0 such that
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/ |V'[dz < Cy. (5.3.40)
R

Then (5.3.39) and (5.3.40) assert that
U' e L*(R), U(a—bU)* e L'(R), V' e L*(R). (5.3.41)
From (5.3.35) and (5.3.41), we obtain

lim U(z) € {0,a/b}, lim U'(z)=0 and lim V'(z) =0. (5.3.42)
z—>+o00 z—>+o00 z—>+o00

Furthermore, from the definition of .2 and the fact that U € 2, we obtain

lim U(z) =0 and lim U(z) =a/b.
—>—00

z—>+00

On the other hand, from the second equation of (5.1.10), we have

1 z e
(/ e)”‘(z_s)U(s)ds + / e)‘Z(Z_S)U(s)dS> (5.3.43)
A — Al —0 z

with A} < 0 and X, > 0 defined in (5.3.4). Applying L’Hopital’s rule to (5.3.43),
from the fact (5.3.42), we obtain

V(z) =

7400 7=>+00 Ay — Ay e~Mz ez

1 . U@ , U@
= lim + —
Ay — Ay 22400 \ = A

= lim U(z)=0

Z—>+00

1 L oeTMsU(s)ds O ehas U (5)ds
lim V(z) = lim (foo () + f“ (s)

and

zLu;noo V(Z) lemoo Ay — Aq

_ ( @ . U(z))
o )\] Z—> OO )»]

a

b’

= lim U(z) =

Z—>—00

<fzoo e MU (s)ds f;oo e_’\zsU(s)ds>

_)‘«IZ e—)\zz

This completes the proof.

1. Proof of Theorem5.1. Note that a fixed point of the mapping u > %2 —
U(-, u) € Zy formed in (5.3.29) is a solution to the wave equations (5.1.10). Hence,
to prove the existence of traveling wave solutions to (5.1.6), it suffices to prove that
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the mappingu > 2o — U(-, u) € 2 formedin (5.3.29) has a fixed point. We shall
achieve this by the Schauder fixed point theorem.

First, we prove that the mappingu > 2y — U(-, u) € Zyiscompact. Let {u, },>1
be a sequence in Zy. Denote U, = U(-, u,), we have U, € Zy. From the elliptic
regularity theorem, we have that || U, ||W]i,cp ® = C for all p > 1. From the Sobolev
embedding theorem, we obtain || U, [|cx &) < C, which along with Arzela-Ascoli’s
theorem implies that there is a subsequence {U, }, > of the sequence {U,},>; and
a function U(x) € C(R), such that {U, },,>1 = U(x) locally uniformly in C(R).
Furthermore, we have U (x) € %Zy. Then the mapping u > Zy — U(-,u) € Zp is
compact.

Second, we prove that the mapping u > Zy — U(:; u) € Zj is continuous. To

this end, denote
o0

1
lalle = Y 5 Nl qmm-

n=1

Then any sequence of functions in 2y is convergent with respect to norm || - ||, if and
only if it converges locally uniformly on R. Let u € 2 and {u,},>; be a sequence
in %2 such that u, converges to u locally uniformly on R as n — oo. Then by the
elliptic regularity theorem applied to the second equation of (5.3.29) and the Sobolev
embedding theorem, we obtain

Vs un)”C,";f’(R) <C.

From Arzela—Ascoli’s theorem, there exists a subsequence of {V (:; u,)},>1, still
denoted by itself without confusion, such that

lim V(;u,) =V(;iu) in Ch.(R).
n'—o0

Suppose by contradiction that the mapping u > 2o — U(-; u) € % is not contin-
uous, then there exist § > 0 and a subsequence {u, },y> such that

MU up) = UG u)lls =38, Va>1. (5.3.44)

By Schauder’s theory (Krylov 1996) applied to the first equation of (5.3.29) and the
Sobolev embedding theorem, from Arzela—Ascoli’s theorem, there is a subsequence
{U(-; up)}rs1 of the sequence {U(-; u,)}=1 and a function U(-) € C*(R), such
that {U (-; u,)},»>1 converges to U(-) in CIZOC(R) and U is a solution of (5.3.29).
Moreover, from the fact that U(-; u,») € 2y and

lim U5 up) — U@ =0,
n—oo
we obtain U(-) € Zy. Then from Proposition5.2, we obtain U(-) = U(-, u). By

(5.3.44), then
UG uw) = U =9,
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which is a contradiction. Hence, the mapping u > 2y — U(-; u) € 2 is continu-
ous.

Now by Schauder’s fixed point theorem, there is U € Zp such that U(-) =
U(-; U). Denote V(-) := V(-; U). Then (U, V) is a solution of (5.1.10). From the
definition of 2y and (5.2.10), we obtain

U
im Y9 _y

z—>+o0 g~z

This along with (5.3.5)—(5.3.6) and L’Hopital’s Rule yields

V® . 1 [ e MU (s)ds /;+oo e U (s)ds
lim = lim
7400 e~ M =+00 Ay — A

e—(M+h)z e—(ath)z

. U(z) U@2) 1
= im — = )
Ay — Ay eotoo \ —=(Ap + M)e ™ —(hy + A)e e l+a

Since U € Zy, it follows that liminf U(z) > 0. On the other hand, noticing for
Z—>—00
z < x5, U(z) > 6 and then

1 : e
V() = (/ e)‘l(Z_S)U(S)dS +/ e)‘z(z_s)U(s)ds)
A= A1 \Jowo z

) < _ )
/ My = ——————— >0,
Ay — A1 o (A2 — A)(=A1)

v

from which lim inf V (z) > 0 follows. Finally, by the assumption (5.1.14) and Propo-

sition 5.3, Wé finish the proof of Theorem5.1.

2. Proof of Theorem5.2. Arguing by contradiction, for ¢ < 2./a, we suppose that
there is a traveling wave solution (u(x, t), v(x,1)) = (U(x - & —ct), V(x - & — ct))
of (5.1.6) connecting the constant solutions (a/b, a/b) and (0, 0). Take a sequence
{z,} with z, = +o00, then

lim U(z,) = lim V(z,) = lim V'(z,) = 0.
n——+o00 n——+o00 n——+00

Now we set

_ U(Z+Zn)

hn(Z) = U(Z ) s Un(Z) = U(Z + Zn)s Vn(Z) = V(Z +Zn)~

As U is bounded and satisfies (5.1.10), the Harnack inequality implies that the shifted
functions U, (z), V,(z) and V,(z) converge to zero locally uniformly in z and the
sequence h,, is locally uniformly bounded and satisfies
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V'V (VI hy 4y (V) (Ve — Uy — ¢V by 42y (V) VIR, + v (V)R
+ ch), 4+ hy(a — bU,) =0,
V' +U,—Vy,+cV, =0

in R. Thus, up to a subsequence, the sequence {4, },>; converges to a function A that
satisfies

h"+ch’+ah=0 inR. (5.3.45)

Moreover, & is nonnegative and 4(0) = 1. Equation (5.3.45) admits such a solution
if and only if ¢ > 2+/a, which leads to a contradiction. This denies our assumption
and hence (5.1.6) admits no traveling wave solution connecting (a/b, a/b) and (0, 0)
with speed ¢ < 2.4/a.

5.3.4 Selection of Wave Profiles

By introducing some auxiliary problems and spatially inhomogeneous relaxed decay
rates for super- and sub-solutions constructed, we manage to establish the existence of
traveling wavefront solutions to the density-suppressed motility system (5.1.6) with
decay motility function (5.1.7), where we find that there is a minimal wave speed
coincident with the one for the cornerstone Fisher-KPP equation and a maximum
wave speed c¢ resulting from the nonlinear diffusion. However, we are unable to
characterize further properties of wave profiles such as monotonicity, stability and so
on. In this section, we shall discuss the selection of possible wave profiles motivated
by some argument in Ou and Yuan (2009).

1. Trailing edge wave profiles

In the spatially homogeneous situation, the system (5.1.6) has equilibria (0, 0) and
(a/b, a/b),which are unstable saddle and stable node, respectively. This suggests that
we should look for traveling wavefront solutions to (5.1.6) connecting (a/b, a/b) to
(0, 0) as we have done. Now we linearize the ODE system (5.1.10) at the origin (0, 0)
and let U’ = X, V' = Y. Then we get the following linear system of (U, X, V, Y):

U’ 0 1 00 U
X' _y?m _V(CO) 00 X
|4 0 0 01 1%
Y’ —1 0 1-—c Y

The eigenvalue A of the above coefficient matrix is

(A2+ﬁ)\+%><kz+ck—l) —0.
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To ensure there is a positive trajectory connecting the equilibria (0, 0) and (a /b, a/b),
we need to rule out the case that (0, 0) is a spiral, which amounts to require

c>2/y)a. (5.3.46)

With y (v) given in (5.1.7), y(0) = 1 and (5.3.46) is equivalent to ¢ > 2./a. This
is well consistent with our results obtained in Theorems5.1 and 5.2. Under the
restriction (5.3.46), it can be easily checked that the origin (0, 0) is either a stable
node or saddle point, which indicates that the traveling wave profile around the origin
(0, 0) will not be oscillatory or periodic.

Next, we linearize the system (5.1.10) at (a/b, a/b) and arrive at the following
linearized system:

U’ 0 1 0 0\ /U
X' alb+or) _ ¢ __aoy aoc X
— o1b ] bo, bo
vl=1 ey (5.3.47)
Y’ -1 0 1 —c Y

where o1 = y(a/b)ando, = y'(a/b). By some tedious computation, we find that
the eigenvalue A of the above coefficient matrix is determined by the following
characteristic equation:

2 b 1
I (c n 1)# + (C_ _albto) 1)# _lat e, o (5348
(ep] a1

(o3 O']b (o3

We suppose that there are periodic solutions near the positive equilibrium (a/b, a/b),
namely the above characteristic equation has purely imaginary roots A = Fwi, where
w is a real number. Then the substitution of this ansatz into the equation (5.3.48)
immediately yields a necessary condition ¢ = 0, and consequently, we get

b
Wt — <m + 1)0)2 + 2o, (5.3.49)
U]b (o5

Notice that o, = y'(a/b) < 0. Then a necessary and sufficient condition warranting
that Eq. (5.3.49) has a real root w is

b a 2
los] < 561 0_1 —-1). (5.3.50)

Thatis, the linearized system (5.3.47) at the equilibrium (a /b, a/b) will have periodic
solutions if the condition (5.3.50) is fulfilled. Thereof, we anticipate that the non-
monotone traveling wave solutions oscillating about the critical point (a /b, a/b) may
exist, but whether the condition (5.3.50) is sufficient to guarantee that the nonlinear
system (5.1.6) has similar oscillatory behavior around the equilibrium (a/b, a/b)



5.3 Traveling Wave Solutions to a Density-Suppressed Motility Model 313

is very hard to determine and even to predict due to the complexity induced by the
nonlinear diffusion and cross-diffusion in the system. Below we shall use numerical
simulations to illustrate that indeed the condition (5.3.50) plays a critical role for the
nonlinear system in determining the monotonicity of wave profiles.

We consider the motility function y (v) = W(m > () as given in (5.3.29).
With simple calculation, we find that the condition (5.3.50) amounts to

, 0= (5.3.51)

T+0
Jim < % Va(+ )" -1

Without loss of generality, we first choose m = 6 anda = b = 0.1. Then ¢ = 1 and

1+0
‘/% )\/a(l + 9y — 1‘ = 2.1635 < /6 = 2.4495.

Hence, the condition (5.3.51) is violated and no oscillation around (a/b, a/b) =
(1, 1) is expected for the linearized system. To verify if this is the case for the
nonlinear system (5.1.6), we set the initial value (i, vg) as

a
b .

1

= (5.3.52)

uo(x) = vo(x) =

and perform the numerical simulations in an interval [0, 200] with Neumann bound-
ary conditions to comply with the experiment. The numerical solution of (5.1.6) is
shown in Fig.5.3 where we observe that the solution will stabilize into monotone
traveling waves although it oscillates initially. This is also well consistent with our
analytical results about the existence of traveling wave solutions given in Theorem 5.1
when J# (m,a) = 0.4143 < 1 if m = 6 and a = b = 0.1. Next, we choose m = 4

and a = b =1 such that /15 |\/a(T T 977 — 1| = 4.2426 and hence (5.3.51)

holds. But numerically we still find that the system (5.1.6) will generate monotone
traveling waves qualitatively similar to the patterns shown in Fig.5.3 (not shown
here for brevity). This implies that the condition (5.3.50) is not sufficient to induce
non-monotone traveling waves oscillating around (a/b, a/b).

Now an important question is whether the density-suppressed motility system
(5.1.6) is capable of producing persistent oscillating traveling waves to interpret (at
least qualitatively) the pattern observed in the experiment (see Fig.5.1). To explore
this question numerically, we consider the following sigmoid motility function:

v—1
= 1 _—_—
r@) V0.1 4+ (v —1)2

which decays but changes the convexity at the point v = 1, in contrast to the decreas-
ing function (5.1.7) whose convexity remains unchanged. We perform the numerical
simulations for (5.1.6) with @ = b = 0.2 in an interval [0, 200] with the same ini-
tial value (5.3.52). Remarkably, we find non-monotone traveling wavefronts develop
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(see Fig.5.4) and persist in time, where the wave oscillates at the trailing edge and
propagates into the far field as time evolves. This is a prominent feature different
from the patterns shown in Fig. 5.3 generated from the motility function (5.1.7). If we
choose some other forms of decreasing function y (v) that changes its convexity at
v = a/b = 1, we shall numerically find similar non-monotone traveling wavefront
patterns generated by (5.1.6).

The above numerical simulations indicate, although not proved in Chapter 5,
that the density-suppressed motility system (5.1.6) can generate both monotone
and non-monotone traveling wavefront solutions connecting (a/b, a/b) to (0, 0).
It numerically appears that the change of convexity of y (v) at v = a/b is necessary
to generate the non-monotone traveling wavefronts oscillating at the trailing edge
around the equilibrium (a/b, a/b). The underlying mechanism remains mysterious
and we will leave it as an open question for future study.

Next, we are devoted to exploring the patterns in a disk to mimic the apparatus
used in the experiment of Liu (2011) where the experiment was conducted in Petri
dishes with bacteria initially inoculated at the center (see Fig.5.1). In the numerical
simulations, we set the domain as a disk with radius 10 and initially place the ini-
tial value (g, vo) = (4 + e~ 4 4 ¢~ in the center. We use the motility
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Fig. 5.4 Numerical simulations of wave propagation generated by the system (5.1.6) in [0, 200]
with y(v) = 1 — ——= 1
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Fig. 5.5 Snapshot of numerical simulations of outward expanding ring patterns in a disk generated

by the system (5.1.6) with y (v) = s, a = b= 0.1,ug = v = 4+ e~y

function given in (5.1.7) with m = 6 and set out Neumann boundary (i.e., zero-flux)
conditions aligned with the experiment reality. The snapshots of numerical patterns
are recorded in Fig.5.5, where we do observe the outward expanding ring patterns
qualitatively analogous to the experiment patterns shown in Fig.5.1. This validates
the capability of model (5.1.6) to reproduce the experimental patterns. However, we
should underline that it appears that the generation of oscillating patterns in two
dimensions does not rely on the change of convexity of the motility function y (v)
as shown in Fig.5.5, which is very different from the situation in 1D as shown in



5.3 Traveling Wave Solutions to a Density-Suppressed Motility Model 317

Figs.5.3 and 5.4. This imposes another interesting question elucidating this subtle
difference.

2. Leading edge wave speeds

Following the spirit of classical method as in Mollison (1977) and Murray (2001), we
discuss the selection of the wave speed ¢ from the initial conditions given at infinity.
Suppose that the initial value (u, vy) of the system (5.1.6) satisfies

~ —Ax
{”O(x) AT sx = 00 (5.3.53)

vo(x) ~ Be ™,

with positive amplitudes A and B. Now we look for traveling wave solutions of
(5.1.10) at the leading edge (i.e., x — 00) in the form of

H~A —)»(x—ct)’
{”(x’ )~ Ae (5.3.54)

v(x,1) ~ Be Mx—eh)

We substitute (5.3.54) into the first equation of (5.1.6) and get the dispersion relation
between the wave speed ¢ and the initial decay rate A:

c=y(O)r+ % (5.3.55)

Hence, by the standard argument as in Murray (2001), the asymptotic wave speed ¢
of traveling wave solutions to (5.1.6) satisfies

_JrO@r+¢, if 0<i < a,

c= 2 /700G, if ) > Ja. (5.3.56)

Next, we plug (5.3.54) into the second equation of (5.1.6) and get the following
relation on the amplitude of u and v:

A=[1+a+ (y(0)—1Ar*B. (5.3.57)

Therefore, given the initial condition (5.3.53), the leading edge of traveling waves
is fully determined by the ansatz (5.3.54) with wave speed (5.3.56) and amplitudes
fulfilling (5.3.57).

As an example, we consider the motility function (5.1.7) chosen in the first part
of this chapter, where y (0) = 1 and hence (5.3.55) gives

M—cr4+a=0

which is exactly the same as the equation (5.2.2). Furthermore, (5.3.57) gives A =
(1 + a) B which well agrees with the result (5.1.13) in Theorem5.1.
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5.4 Asymptotic Behavior of Solutions to a
Signal-Suppressed Motility Model

5.4.1 Space-Time L'-Estimates for u™+'v ¢

In this section, taking advantage of the special structure of the diffusive processes
in (5.2.20) (also (5.1.16)), the classical duality arguments (cf. Cafiizo et al. 2014;
Tao and Winkler 2017a) are used to obtain the fundamental regularity information
for a bootstrap argument. To this end, we denote by A the self-adjoint realization of
— A + 1 under homogeneous Neumann boundary condition in L2 (£2) with its domain

given by D(A) = {(p € W2*2(9)|§—f = O} and A is self-adjoint and possesses a

family (A#) per of corresponding densely defined self-adjoint fractional powers.

Lemma 5.8 Assume thatm > 1 and D > 1, then fort > 0

d
—/ |A-%(u8+1)|2+/ umty T < c/ A ue + D™ +C (54.1)
dt Jo 2 2

with constant C > 0 independent of D.

Proof Due to 9,(u, + 1) = uy, the first equation in (5.2.20) can be written as

d
EA”ws+n+ewg+mM+u4%+wY”w?

= A7 el + DM + ue(ue + 6)" v, + Bue f (we)} -

(5.4.2)

Testing (5.4.2) by u, + 1, one has

1d -1 2 M+1 -1 -
s A2+ D"+ e | e+ D7+ | we(ue + )" (ue + Do ®
2dt Jgo Q 2

= s/ (e + DYA ", + 1) +f e (e +&)" A (e + 1)
2 2

48 [ w oA+ .
o)

(5.4.3)
Thanks to W>2(£2) < L*°(£2) in two-dimensional setting and the standard elliptic
regularity in L*(£2), one can find C; > 0 and C, > 0 such that

M+1 M+1 M+1
”(p”]‘/\j:rl(g) =< Cl ||¢7||sz(9) =< C2||A‘P||L2TQ)

for all ¢ € W*2(£2) such that ?,—f la = 0. Hence, by the Young inequality, we can
see that
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8/<u»v.~+1>MA—‘<ug+1)sf/<us+1)M+‘+£/ |A™ (ue 4 1)[MH

£ eCy _
7 e+ T2 ) + == AT e + Dl

IA

&€ E(jl(jz
= Efg(ug+1)M“+Tllu5+1||242}12),

which along with the Young inequality implies that for any ¢; > 0O, there exists
c(e1) > 0 such that [|¢|lz2e) < e1ll@llLmn (@) + ceDl@llLie) due to M > 1 and
entails that

3¢
e/ (e + DY A e + 1) < —/ (e + DY+ Callue + 1117175,
2 4 Jo

Furthermore, since || w, (-, )| L2y < llwo| L>(2), we apply Lemma 5.4 and Young’s
inequality to obtain that for r > 0,

/ ue (e +&)" oA (e + 1)
2
1 mt
S Z/ {ug(ug+£)n171} m
2

m+l m2_1

1 mtl
<—f ue" (ue+e)7v;“+c4a—“/ |A™ (ue + )"
4 Jq 2

1

v+ c4/9 A~ (e 4+ D" o (5.4.4)

and

ﬂ/ ue f (o)A e + 1)
2

1 o m

< —f u;"*‘v;“+cs/ v A7 (e + DI (5.4.5)
4 Jo 2

] a

—f u’s"*'v;“r/ |A“(ue+1)|’”“+cef v

4 /o 7) I7)

Noticing that u, + 1 > max{u, + ¢, ¢}, we have

IA

1 mtl m2— 3
/ ue(us + 8)"171(’/“9 + l)”;a = _/ ue" (ug + E)Tlv;a + _/ uzﬂrlv;a’

and hence insert (5.4.5) and (5.4.4) into (5.4.3) to get
d
—/ |A—%(us+1)|2+/ Uty e
dt Jo Q
52(045—“+1)/ A~ (e 4+ 1| +2C6/ i T
2 2

which along with Lemma5.5 and D > 1 readily arrive at (5.4.1).
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By means of suitable interpolation arguments, one can appropriately estimate the

integrals [, |[A™" (u, + D! and [, |A=% (u; + 1)|? in terms of Jo um v and
thereby derive estimate of the form

t+1
m+1, —«o
/ /us v, <C
t 2

with C > 0 independent of D, which can be stated as follows.

Lemma 5.9 Letm > 1 and D > 1. Then there exists C > 0 such that for all D > 1
aswellas e € (0, 1)

41
/ / ™% < C  forall t > 0. (5.4.6)
t 2
Proof By the standard elliptic regularity in L*(£2), we have

/Q|A—‘<us + DI < Ol + 175D

Noticing that for the given p € (2, m + 1) (for example, p := ’””) an application

of Young’s inequality implies that for any n > 0, there exists C; () > 0 such that
Cillue + 1L, < nllue + UG, + Crmlue + 1L .

On the other hand, by the Holder inequality, we can see that

/ up _ f m+1 m1+1 vénﬂ
P m+l—p
. m+1 m+pld—) m1
< M?+ vs o Vs l;
2 2

Hence, combining the above estimates with Lemma 5.5, we arrive at

/Q |A™ e + DI < mllue + 1T gy + Crollue + 11174 5,

1
= 77”“8””5:(9) + Ca(n)
mtl—p

pa P
<7 ( / A ) ( f v) +C2m)
2 ko)

< nCs(a, m) (/ mtl _o‘> + Cy(n) forall t > 0.
2

(5.4.7)
On the other hand, by self-adjointness of A~z and Holder’s inequality, we get
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f|A—%<ug+1)|2= /<u8+1>A—‘(u8+1>
2 2

< llue + U2 IA ™ (e + Dllz2e)
< Callue + 1172q)

< Cslluc|72(o) + Cs

< Csllucl}sig, + Cs forall 1> 0.

So in this position, proceeding in the same way as above, we also have
_1 m m
/Q|A 2(ue + DI < Conllue + 175 o) + CronCollue + 111754,
< nCs(a, m) </ mtl _"‘) + C7(n) forall t > (0.4.8)
2

Therefore, inserting (5.4.7) and (5.4.8) into (5.4.1) and taking 7 sufficiently small,
we have

d 1 1
7/ |A_7(u8+1)|2+Cg/ |A_§(u8+l)|2+C8/ mly=@ < ¢y forall 1 >0
2 2

with some Cg > 0, Cy > 0 for all D > 1. Furthermore, by Lemma 3.4 of Stinner
et al. (2014), we immediately obtain (5.4.6).

As the direct consequence of Lemmas 5.9 and 5.5, we have the following.

Lemma 5.10 Letm > 1, D > 1, then for p € (max{2, ’;’T*]l}, m + 1), one can find
a constant C(p) > 0 such that

141
/ / ul(-,8)ds < C(p) forall t >0and D > 1. (5.4.9)
t Q

Proof For p € (2, m + 1), we utilize Young’s inequality to estimate

r+1 141 Ve
P — m+1, —a\ mr1 5, m+l
/ / ua N / / (ug U5 )m v
1 7]
r+1 r+1
/ / mtly / / G forall t > 0,

which leads to (5.4.9) with the help of Lemmas.5.
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5.4.2 Boundedness of Solutions (u., ve, we)

On the basis of the quite well-established arguments from parabolic regularity the-
ory, we can turn the space—time integrability properties of u? into the integrability
properties of Vv, as well as Vw;.

Lemma 5.11 Letm > 1, « > 0 and suppose that D > 1. Then for q € (2, %),
there exists constant C > 0 such that for all D > 1 and ¢ € (0, 1)

lve (-, Dllwroey < C (5.4.10)
as well as

lwe (-, Dllwra@) = C (5.4.11)
forallt > 0.

for x € [2,4), it follows that

for given ¢ > 2 suitably close to the number ,one can choose p € (2,m + 1)
in an appropriately small neighborhood of m + 1 such that

p 11 1
gty )< (5.4.12)

Proof From the continuity of function i (x) =
2(m+1 )

From the smoothing properties of Neumann heat semigroup (e’4),>, it follows
that there exist C; > 0(i = 1, 2) such that

le?@llwia) < Cillellie) for ¢ € CO(2) (5.4.13)
as well as

le'@llwroca) < Czt_7_5(5_5)||<ﬂlle(rz> forallt € (0,1) and ¢ € C(2).
(5.4.14)
Therefore, by the Duhamel representation to the second equation of (5.2.35), we
obtain

10 (-, Dllwrace) (5.4.15)
t
~ . - N
= [l TIAPIG (= D) + / AP D (- Syds lwiaay
D Ji-, D
(—a-DAg L
< e TR0 (= D) llwray+ lle us(, =) llwrae)ds.
D Jyn, D

Due to (5.4.13) and (5.4.14), we have
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— ,1 ~ ~
e~ DDAG (Lt — D) lwraey = 1€20:C, t — Dllwrae

- (5.4.16)
< Cillvg(-, 1 = Dl fore > 1,

while fort < 1,
—(t—1))A A
e DDA 0 = D) lwracey = llevo() lwrae)
< Cillvo() llwre(g2)-
On the other hand, we can see that for t > 0
t
—(t—5)A -1
/ le™ ™ %u (-, D7's) lwragoy
=D+

! i1 _
< Cz/ (t =)D e D) Ly
(@

=1

! G % ! 1 p Tl’
<G / () ds f llue (-, D S)”Lp(_(z)ds
=Dy =Dy

e W L , ’
=cf o do)"s { [ weeo s>||£p(mds}
0 ¢

—=1)4

1

D't P
llue (-, 8) ||Zn(g)ds
(D~'t=D71),

1 p_o(1,.1_1
1 - (z+5-7 p—1
E C2DF(/ p- p—1 (2 P I)do‘)lp
0

< D7,
(5.4.17)
where due to D > 1 and the application of Lemma5.10, we have
D7t
/ ||u£('1 S)”z,)(g)ds S C4
(D-1t—=D-1),
52 (3t-4)

and the finiteness of fol o ""do due to (5.4.12). Hence, combining (5.4.15)

with (5.4.16) and (5.4.17) gives

~ 1
”vé‘('v t)”qu(_Q) =< C2||U£('v r— l)”Ll(_Q) + C3Dp ! + CIHUO()”WI'X’(Q)
= CZ(/ up + ,3/ wo) + C3 + Cillvo() lwie(g2)
Q Q
for all # > 0 and thus completes the proof of (5.4.10).

Next due to ||w, (-, )|l L~2) < llwollL=(p), an application of the Duhamel repre-
sentation to the third equation in (5.2.20) yields
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||w8('7 t)”W]q(Q) < HeAwé‘ ('7 (t - 1)+)“W1"l((2)

t
+ f(||w0||L°°(Q))/ e 4ue, s)”vvl-q(m ds,
=14

and thereby (5.4.11) can be actually derived as above.

The following lemma will be used in the derivation of regularity features about
spatial and temporal derivatives of u,.

Lemma 5.12 Let p > 0 and ¢ € C®(82), then

1

d
—f — (e +e)’ g+ (p— 1>Maf (ue + &) 2 (ue + DM VuePe
D Jo dt Q

=(1-p) /Q(mus +&)(ue + )" TP Vi, P
+alp—1) /;z(us + 8)m+”_3v8_°‘_qu£ -V
+(1—=p) /S;(mug +&)(ue +&)" TP *Vu, - Vo
- Me /Q% + &) e + DYV, - Vo

+oe/ ug(ug+€)'”“’720§“71Vve~V¢+ﬂ/ e f(we)(ue + )P 1o
2 2

(5.4.18)
forallt > 0ande € (0, 1).

Proof This can be verified by the straightforward computation.

Thanks to the boundedness of || Vv, (-, 1) 14(2) With some g > 2 in Lemma5.11,
we can achieve the following D-independent L”-estimate of u, with finite p.

Lemma 5.13 Letm > 1. Thenforall D > 1 and any p > 1, there exists a constant
C(p) > 0 such that

lue (-, OllLr2y < C(p)
forallt > 0ande € (0, 1).

Proof According to Lemmas 5.4 and 5.5, one can find C; > 0(i = 1, 2) independent
of D > 1 fulfilling

v%(x, 1) > Cp, v (x, 1) < Cy in 2 x (0, 00) (5.4.19)

forall e € (0, 1).
Letting ¢ = 1 in (5.4.18) and by Young’s inequality, we have
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d
—/ (e + )" + p(p — 1)/ <mug+s)<u£+s>’"*"*“v;‘”|ws|2+/ (s +&)?
dt Jo 2 Q
<ap(p-1) / e (e +&)" P07V, - Vo,
2
+ Bp f we f(we) (ue + )P~ + / (s +&)?
2 2
—1
< %/ (mug + &) (ue + )" P44 |V, |?
2
2
o —1
4 P(;’ )/Q(us+€)m+p_lvg_a_zlvvs|2

+ ﬁpf(llwollLoom))/ e (ue + )P~ 4 / (s + &)P.
2 7]

Furthermore, recalling (5.4.19), we can find C3 > 0 and C4 > 0 independent of p
such that

mtp-1

d
—/(Ms+8)p+C3/ IV(ue +¢) 2 |2+/<ug+e)”
dt Jo Q Q

< c4p2/ <u5+s)m+1’—1|wg|2+c4pf (ue + &)".
2 2

(5.4.20)

According to (5.4.10), ||Vv£||2Lq(_Q) < Cs for any fixed g € (2, %), and hence,
the Holder inequality yields

Cyp? / (ue + &)™ PV, ?
2

1-2
2 (erp:l)q q 2
<Cyp {/ (ue +¢) o2 } ||Vvs||m(9)
2

m+p—1 2
[

<C4Csp*ll(us +¢) 2

(5.4.21)

2
L2 (82)

mtp—1

C
5—3[ V(s + )" P + Co(p),
4 Jo

where we have used an Ehrling-type inequality due to W'2(§2) — L i (£2) intwo-
dimensional setting and (5.2.28).
On the other hand, since

C4p/ (ue +&)?
2

m=l+p m—14p

1, (Cyp) 1|82 mipe (C4p) 1 |£2]

< / (e + )"+ e +8) T gy
£2 nm-1 nm-1

for any n > 0, we also have
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mp-1

Cap / e+ < & / V(e + )" P+ Cr(p) (5.4.22)
Q 4 Jo

with some C7(p) > 0. Now inserting (5.4.22) and (5.4.21) into (5.4.20), we infer
that forall r > 0

d
/(”s +8)p +f (utg +8)p < Cs(p)
dr Jo 2

with Cg(p) > 0 independent of D > 1, which along with a standard comparison
argument implies that

/ u? (-, 1) < max{Cs(p), ||”0||1L)P(.(2> +1
2

for all > 0 and thus yields the claimed conclusion.

With the L?-estimate of u, at hand, the standard Moser-type iteration can be
immediately applied in our approaches to obtain further regularity concerning L°°-
norm of u, (see Lemma A.1 of Tao and Winkler 2012a for example) and so we refrain
from giving the details here.

Lemma 5.14 Assume thatm > 1, > 0 and D > 1, then there exists C > 0 such
that
luC, )=y < C forallt > 0. (5.4.23)

Remark 5.3 It should be mentioned that whenm > 1, > 0 and D > 0, one can
obtain the boundedness of L°°-norm of u, for all # > 0 by the above argument (also
see Winkler 2020 for reference). However, the explicit dependence of ||u. (-, )|l Lr(2)
on D is required to investigate the large time behavior of solutions in the sequel.
Hence, D > 1 is imposed specially for the convenience of our discussion below.

At the end of this section, based on the above results, we derive a regularity property
for v which goes beyond those in Lemma5.11.

Lemma 5.15 Let m > 1, > 0. Then there exists C > 0 such that for all D > 1
and & € (0, 1) such that
Vv (-, DllLoy < C (5.4.24)

as well as
[Vwe(, D=2y < C (5.4.25)

forallt > D.

Proof Due to [|[Ve?0(-, T — D=2y < Ci[0(¢,F — Dlpi(@), as the proof of
Lemma5.11, we use the Duhamel formula of (5.2.35) in the following way:
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VO, DliL=(e)

_ 7 _
Ve A=D N5 7 - 1)+D—1/ Ve =9(A=D"N (. p=lg)ds
r—1

L(£2)

f _
< |IVe25(, 7 — Dlpoo(2y + D! / 1 IVe =94 (., D71s)| oo (yds
-

~ _ i ~ _3 _
< CLlIBC. 7= D)+ CaD ‘ﬁ 1(1+(t—s) H)ds _max _[u(-. D7) 4o
t7

t—1<s<t

for all 7 > 1, which along with (5.4.23) readily leads to (5.4.24). It is obvious that
(5.4.25) can be proved similarly.

5.4.3 Asymptotic Behavior

1. Weak decay information
The standard parabolic regularity property becomes applicable to improve the regu-
larity of u, v and w as follows.

Lemma 5.16 Let (u, v, w) be the nonnegative global solution of (5.1.18)—(5.1.20)
obtained in Lemma 5.2. Then there exist k € (0, 1) and C > O such that forallt > D

”u”CK'%(ﬁX[t,t-l—l]) S C (5426)

as well as
C. (5.4.27)

100l gareas @y + 100 Getes @y <
Proof We rewrite the first equation of (5.2.20) in the form

Ug =V-alx,t,u,, Vuy) + b(x, t,u,, Vi)
where

a(x,t,ug, Vug) = (M e + DM 4 mu™ v *) Vu, — auv;*" 'V,

and
b(x,t,ug, Vug) = Bug f(wy).

According to Lemmas 5.4, 5.5, 5.14 and 5.15, there exist two constants C; > 0 and
C, > 0 independent of D > 1 satisfying

Ci v, %x,1t) <Cy in 2 x (D, 00)

and
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—a—1
I, Co O lleeey + IV G Do) + e, Do) + lwe G, )i~y < Ca

for t+ > D. This guarantees that for all (x, 7) € £2 x (D, 00)

Vi) - Vu, = S v - ©
a(x,t,ug, Vug) - ua_Tug |Vug |~ — Cs,

_ m=1
la(x, t,ue, Vue)| < mCau” ' |Vue| + Calug|

and
|b(x,t, ue, Vue)| < Cs

with some constants C; > 0 (i =3,4,5) forall t > D and ¢ € (0, 1). Therefore,
as an application of the known result on the Holder regularity in scalar parabolic
equations (Porzio and Vespri 1993), there exist k| € (0, 1) and C > 0 such that for
allt > Dande € (0, 1),

_ <
lotell .t gy = €

which along with (5.2.22) readily entails (5.4.26) with k = «. Similarly, one can
also conclude that there exist k, € (0, 1) and C > 0 such that

< C forallt > D.

+ ”w”CQ'KTZ(ﬁx[t,tH]) -

o0l o2 sy

Moreover, since f € C'[0, co), we have
« <
lf )l s (@ pprgry = € forallz > D

with x3 = min{x, k,}. Thereupon (5.4.27) with k = k3 follows from the parabolic
regularity estimates (Ladyzenskaja et al. 1968, Chap. IV, Theorem 5.3).

The first step toward establishing the stabilization result in Theorem 5.3 consists
in the following observation.

Lemma 5.17 Assuming that m > 1 and D > 1, we have

/OO/ uf(w) < oo (5.4.28)
o Jo

f / [Vw|? < co. (5.4.29)
0 2

Proof An integration of the third equation in (5.1.18) yields

/wa(',l)-i-/ /uaf(wg)z/ wo forall ¢ > 0.
2 0o Jo 2

and
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Since w, > 0, this entails

/00[ ue f(we) gf wo (5.4.30)
o Je 2

which implies (5.4.28) on an application of Fatou’s lemma, because u, f (w,) —
uf(w) a.e.in £2 x (0, 00).
We test the same equation by w, to see that

%/Qwic,rwfofgww - /wo f/ €f<wg)w555/

and thereby verifies (5.4.29) via (5.2.32).

The above decay information of w, seems to be weak for the derivation of the large
time behavior of u, and v.. Indeed, under additional constraint on D, we obtain
the decay information concerning the gradient of u, and v, which makes our latter
analysis possible.

Lemma 5.18 Letm > 1 and o > 0. There exists Dy > 1 such that whenever D >
D, the solution of (5.1.18)—(5.1.20) constructed in Lemma .2 satisfies

/ / IVu"? |2 < 00 (5.4.31)
3 2
o0
/ f [Vv|? < oo. (5.4.32)
3 2

Proof Testing the first equation of (5.2.20) by (u. + &) and applying Young’s
inequality, we obtain that

as well as

1d

2 dt

<a / (e + )"V Vi, - Vo, + B f ety + ) f (100)
2 2

(ug +e)* + / (ue + &)™ 0¥ Vue|?
2

1 2
<= / (e + )"0 Vi | + = / v (e + &)V
2 Q 2 2
+/3/ (ue +8)u£f(wa)7
2

and hence
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i 2 m—1, —«a 2
di (ug +6)" + (ug + ) U V|
«@ @ (5.4.33)
2 —a—2 m+1 2
<o / O (us +¢) Vg |” + 2/3/ (g + &)ug f(wg).
2 2

2
On the other hand, let u.(t) = (ﬁ fQ us (-, t)) 1, then testing the second
equation of (5.2.20) by —Av, shows

d 2 2 2
— | IVue|"+2D | (Ave)” +2 | [Vl
dt Jo 2 2

_2 f Ue (o 1) — o (1)) Av,
2
1 B 2 2
55/ s (o 1) — e (1) +D/<Avs>,
2 2
and thus
d 2 2 2 1 2
—f V.| +Df(Av€) +2f V| s—/ s (o 1) = e (O (5.4.34)
dt Jgo 2 2 D Jo

Hence, combining (5.4.33) and (5.4.34), we have

d 2 2 2 2
— (e +&) +n [ IVl | +nD | [Avel"+2n | [V
dt \Jo 2 2 I7)

+ / oy + )" Vi, P
2 (5.4.35)

n —a— 7
< —/ |ug<~,r>—ua(r>|2+a2/ U7 (ue + &) VP
D Jg, Q2
+2/ (ua +8)u5f(ws)
2

for parameter n > 0 which will be determined later.
In view of Lemmas 5.4 and 5.5, there exist C; > 0(i = 1, 2) independentof D > 1
satisfying
v%(x, 1) = Cr, v (x, 1) < Cy in 2 x (2, 00)

for all ¢ € (0, 1). Therefore, from (5.4.35), it follows that
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d
—(/ (u2+8)2+77f |Vva|2>+an |Av8|2+2n/ |V, |?
dt Q Q Q Q

e / (e + )" Vi, P
2
< 1/ |u8<~,t>—ug<t)|2+a202/(u5+s)'"“|wg|2+2/<u8+s>u5f(wa>.
D J, 2 I

(5.4.36)
According to Lemma5.13 with p = 2(m + 1), we have

1
(Lo o) =cx
2

and then use the Gagliardo—Nirenberg inequality and the Holder inequality to arrive
at

/ (ue + &)™V |?
2

; }
( / <u8+e>2<’"+‘>) ( / mr‘)
e e (5.4.37)
1
Cy ( / (e + s)“’"*“)' (||Avg||2 + ||WE||iz(Q))
2

< GCa(lAvel? + 1V Ve 1320

IA

A

Therefore, inserting (5.4.37) into (5.4.36) yields

d
» (/ (e + ) +n/ |w€|2>+n0/ |Av8|2+2n/ V.
t 0 2

4C
+‘1)2/ VG, + 6"

(5.4.38)
=5 / e (-, 1) — pe (D 4+ &* CrC3Ca(| Ave |72 (o) + IV Vel 72(0)
2

+2/ (e + &)ug f (we).
2

By the elementary inequality:

g — sk
P >8 for u>1,£>0,6>0 and £ # 6,
we have
m+1 m41 m—1
|u82 ('7t)_M£2 | > pe( 1) 2 |ue (-, 1) — e (2)|

and thus
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m+1 m+1

u;"‘l(r)/ o) = e P < [ e 0 — i 0P
2 2

Furthermore, by the Holder inequality and the noncreasing property of 7 > | o le

0 1 1
he() > ﬁfgusc,n > ﬁ/;zuo

and thereby the Poincaré inequality entails that for some Cs > 0

" 1/ e (1 1) — (D)2

2

mtl mtl 5
= lue® (1) — pe’ (1]

2
mt1
SCS/ vt
2

SCSf V(s + )5 P
2

(5.4.39)

Hence, substituting (5.4.39) into (5.4.38) shows that

m+l

i(/ <u8+s)2+n/ |va|2)+< 2 _nSs )/IV(uerS)TIz
dr \Jo o m+1D%  pug"1 Je

< (@2 C2C3C4 — D) Avell3 5 () + (@*C2C3C4 — 20) [ Ve |7

(£2) (£2)

+ 2/ (g + &)ug f(we)
2

< @*C2C3Cs = | Avell7s )

+ (@2 C2C3Cs = ) Vell} s )+ 2lue . Dll ooy + 1) /Q ue f (we)

. 2 2
and hence completes the proof upon the choice of Dy := max{1, %}
140

Indeed, for any D > Dy, it is possible to find n > 0 such that

3C, - nCs
(m + 1)2 - DM_()m_l ’

a?C2C3Cy < 1y

and thereby

i(/ |us+e|2+n/ |Vvs|2)+L/ |V(u8+s)mT“|2+n/ |Vve|?
dr \Jo 2 m+1?%Jo fo)

< 2(llug G, Dlipee(y + D /;2 ug f (we).
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Therefore, in view of (5.4.30), (5.4.23) and (5.4.24), we see that for any ¢ > 3,

t t o0
//|V<us+s>'"7“|2+/ / |Vvs|25c6+c6/ fug_f(wascwcﬁ/ wo
3 2 3 2 3 2 2
(5.4.40)

with constant Cg > 0 independent of ¢ and time ¢, which implies that (5.4.31) and
(5.4.32) are valid due to the lower semi-continuity of norms.

2. Decay of w

The integrability statement in Lemma5.17 can be turned into the decay property of w
with respect to the norm in L°°(£2), thanks to the fact that |[u(-, t)|| 1 () is increasing
with time, while ||w(, #)||z>(s) is non-increasing.

Lemma 5.19 The third component of the weak solution of (5.1.18)—(5.1.20) con-
structed in Lemma 5.2 fulfills

lw, )Ly = 0 ast — oo. (5.4.41)

Proof Writing g := \flz_l [ouo and f(w) := \flz_l [o f(w), we use the Cauchy—
Schwarz inequality and the Poincaré inequality to see that for all # > 0

m@éﬂw=ﬁjﬁw

=/ﬁﬂw—fMﬂm—ﬂm)
0 2

l—

5/ uf (w) + Cillull o)l f/ (W)l o) {/ |Vw|2}
17 7

Thanks to the boundedness of u and w, we have

2 2
—2 2
m {LfﬁM}sZ{Luﬂw4-+QAJVM

s@fww+@/ww.
2 2

Hence, from Lemma5.17, it follows that

[o.¢]
2
/1‘ ILf (-, )y gdt < o0,
which, along with the uniform Hoélder estimate from Lemma5.16, implies that
fw(,1) =0 inL'(2) ast — oo

and thereby we may extract a subsequence (¢;)jen C N such that as t; — oo,
fw(, t;)) — 0almost everywhere in £2. Recalling function f is positive on (0, 00)
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and f(0) = 0, this necessarily requires that w(:, ;) — 0 almost everywhere in §2
as t; — oo. Furthermore, the dominated convergence theorem ensures that

w(-t;) =0 inL'(2) ast; — oo.

Now invoking the Gagliardo—Nirenberg inequality in two dimensional setting, we
have

: 1
lwC, )l < CallVwC, 1) e lwC D11 o) + Callw s 1)L )

and thus
lwC, )~ — 0 ast; — oo. (5.4.42)

Since t = ||w(-, t)]| =) is noncreasing by Lemma 5.4, (5.4.41) indeed results from
(5.4.42).

3. Convergence of u

Now we will show that u stabilizes toward the constant ugy + fwq as t — 00. Note
. . . . . . . m+1 .
that a first step in this direction is provided by the finiteness of f;o /, o [Vu"? |2 in

Lemma5.18, which implies that ||Vu%(-, ) ll2(2) along a suitable sequence of
numbers #; — co. However, in order to make sure convergence along the entire net
t — 00, a certain decay property of u, seems to be required.

Lemma 5.20 We have
> 2
/3 flue (- t)”(wol.z(g))*d[ < 0. (5.4.43)

Proof For any ¢ € C3°(§2), multiplying the first equation in (5.2.20) by ¢ and inte-
grating by parts over £2 yield

|/ Uer @
2

= ‘/ eV e + DM - Vo + V(ue (ue + )" 0% - Vo + Bug f(we)g
2
< / (M (s + DM Vg | + mo e + &)™ Ve + aue + 10,271 Vo )| Vo
2
+/3/Q|usf(ws)llltpllm(m
1 1
mil o 2 2 2
=< Ci( [V(ug +¢) 2| + [Vvel” 1 Dlleliwrz)
2 2
+I3/ ug f(we)ll@llLe(2)
2

with C; > 0 independent of ¢ and ¢, where we have used the boundedness of u, and
Ve
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As in the considered two-dimensional setting we have W2(§2) < L®(£2), the
above inequality implies that

2 2
m+1
||ug,<~,t>||(W(;,z(m)*scm{/ﬂwwgﬂ) : |2} +{/Q|Vvs|2} )+ﬂ/ﬂus.f<wg>

for all # > 3 and hence for all T > 4,

T
2
‘/:; ”uet('a [)l‘(wll(g))*dt

T m+1 r T
5C2<f /|V<u8+s>7|2+/ /|Vvs|2+/ /usf(ws))
3 2 3 2 3 2

which together with (5.4.40) leads to

o)
2
/3\ ”Mst(" I)H(WO]'Z(Q))*dt < C3

with C3 > 0 independent of €. Hence, (5.4.43) results from lower semi-continuity
of the norm in the Hilbert space L?((3, 00); (Wol’z(.Q))*) with respect to weak con-
vergence.

Thanks to the above estimates, we adapt the argument in Winkler (2015b) to show
that u actually stabilizes toward uy + Bwg in the claimed sense beyond in the weak-
sense in L°°(£2).

Lemma 5.21 Letm > 1, o > Qand supposethat D > Dywith Dy as in Lemma5.18.
Then we have
le(-, t) — uullLo2y = 0 as t — oo, (5.4.44)

where u, = lﬁl‘ Jouo+ ‘%‘ Jo wo.
Proof According to Lemmas 5.18 and 5.20, one can conclude that
UG 1) = u, in L®(2) as t — oo. (5.4.45)

In fact, if this conclusion does not hold, thep one can find a sequence () reny C (0, 00)
such that #, — oo as k — oo, and some ¥ € L!(£2) such that

/ u(x, t)rdx —/ uWdx > C, forallk e N
2 2

with some C; > 0. Furthermore, by the boundedness of u and the density of C;°(£2)
in L'(£2), we can choose ¥ € C{°(£2) closing ¥ in L'(£2) enough that

3C
/ u(x, t)ydx —/ updx > =L forallk e N
2 2 4
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and then

fe+1 te+1 C
/ u(x, t)ydxdt — / / uxrdxdt > - for all sufficently large k € N,
2 7 2

174 k
(5.4.46)
where we have used the fact that

tk+l
/ / (u(x, 1) —ulx, ) dx
Ix 2

t+1 t
/ / (u(-,8), ¥ ())dsdt

41 pt
K /tv ”u[('v S)H(WOI-Z(_Q))*det . ||W||W01,2(Q)
k &

f+1 t % .
2 rs
[ { | e s)u(wg,z(m)*ds} 10— 1l 1 e

t+1 t %
2
{ [ [ e s)||(W5,z(m)*dsdt} gy
k k

1

IA

IA

IA

oo 2
) 2
{ / ||ut<-,s>||(wol‘z(m)*ds} 2 IRERS

—>0 as k£ — oo,

IA

due to Lemma 5.20.
Let u(f) = (Wl‘ [ou

m+1

2
T (., t)) "' Then as in (5.4.39), we have

mil o
|

u—o’"*‘f Ju( 1) = p(o)? s/ |ﬁ“(-,t>—u%t>|2scsf Vi
Q2 2 e

and thus

f+1 te+1
u—o'"*‘/ /wo,r)—uwscs/ f VG OR. (5.447)
t 2 Ty 2

We now introduce
ug(x,s) :=ulx,ty +5), (x,5) € 2 x(0,1)

and
M (x,8) = pu(x, fr +5), (x,5) € 2 x (0,1)
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for k € N. Then (5.4.47) implies that

1 fiet m1
u—om—l/ / lup (-, s) — //Lk(s)|2ds SCS/ / |Vu T (.,t)|2
0o Je ti $

— 0 as k— oo,

due to (5.4.31) in Lemma 5.18. This means that
ug(x,s) — ur(s) > 0 in Lz(.Q x (0, 1)) as k — oo,
which in particular allows us to get

1
f / (ug(-, 8) — ux(s)H¥ds — 0as k — oo (5.4.48)
0o Je

as well as |
/ / (ur(-, s) — ur(s))ds — 0as k — oo. (5.4.49)
0o Je

Moreover, by Lemma5.19, we have

t+1
/ / W Dt < 121w, 1)llimi@y — Oas k — oo
I 2

and thereby

1 1 1
|9|f uk<s>ds=/ /ukc,s)ds—/ /(uk(-,s)—uk<s>)ds
0 0 2 0 2
t+1 1
_ Iﬂlu*—ﬂ/ /w(-,ndt—/ /(ukc,s)—uk(s))ds
e 2 0 2

—|R2|uy as k — oo (5.4.50)

due to (5.4.49) and (5.4.41).
Therefore, from (5.4.46), (5.4.48) and (5.4.50), it follows that

Cl te+1 fr+1
& 5/ fu(-,r)wdr—/ fuu/fdt
t 2 t 2

1 1
= / /(uk(~,S)—uk(S))wds+/ //Jvk(s)lffds—u*/ )
0 2 0 2 2
1 1
= / /(uk(-,S)—uk(S))wder/ Mk(S)dS/ w—u*/ 14
0 2 0 2 2

—0as kK — oo,
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which is absurd and hence proves that actually (5.4.45) is valid.

Let us suppose on the contrary that (5.4.44) be false. Then without loss of gen-
erality, there exist sequence {x;}reny and {#; }xeny € (0, 00) with #, — oo as k — oo
such that for some C; > 0

u(xp, ) —uy = ma};cm(x, t) —uy| > C; forall k € N.
X€

In view of the compactness of 2, where passing to subsequences we can find xo € £
such that x; — xo as k — oo. Furthermore, because # is uniformly continuous in
U ren(£2 X 1), this entails that one can extract a further subsequence if necessary
such that

c
w(x, i) — uy > 7‘ forall x € B := Bs(xo) N 2 and k € N

forsome s > 0.Noticing tpat if xo € 052, the smoothness of 02 ensures the existence
of Xy € £2 and a smaller § > 0 such that B;(Xp) C B. Now taking the nonnegative
function ¥ € C§°(B;(Xo))) such as a smooth truncated function in B;(%p)), we then
have

C
f (ux, tx) —u)ydx =f (u(x, i) — u)prdx > — / Ydx,
Q B; (%) 2 2
which contradicts (5.4.45) and hence proves the lemma.

4. Stabilization of v

In what follows, based on the uniform Holder bounds of v and decay of Vv implied
by (5.4.27) and (5.4.32), respectively, we shall show the corresponding stabilization
result for v by a contradiction argument.

Lemma 5.22 Letm > 1 and (u, v, w) be the solution of (5.1.18)—(5.1.20) obtained
in Lemma.2. Then we have

10C, 1) — tallpg@y — 0 ast — oo. (5.4.51)

Proof According to the uniform Holder bounds of v and decay of Vv implied by
(5.4.27) and (5.4.32), respectively, (5.4.51) may be derived by a contradiction argu-
ment. Indeed, assume that (5.4.51) was false, then we can find a sequence (f)xen
with #, — o0 as k — o0, and constant C; > 0 such that

lv(-, %) — usllze = Ci.

Furthermore, the uniform Holder continuity of v in £2 x [¢, t 4 1] warrants the exis-
tence of (x;)ren and r > 0 such that
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e ) — ) > &
v(x,t) —u,| > —
2

for every x € B,(x;) and t € (#, t; + 7) and hence

e+t 0 2
f / (s 1) — u,|* > '[%. (5.4.52)
te 2

On the other hand, the Poincaré inequality indicates

e+t i+t i+t
/ /|v<-,t)—u*|250/ /|w|2+c/ /|v(~,r)—u*|2.
173 2 173 2 173 2

(5.4.53)
Therefore, (5.4.53) yields a contradiction to (5.4.52) thanks to

i+t
f f [Vu|> > 0 as# — oo.
17 2

Now the convergence result in the flavor of Theorem 5.3 has actually been proved
already.

Proof of Theorem5.3. The claimed assertion in Theorem 5.3 is the consequence
of Lemmas5.19, 5.21 and 5.22.
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Chapter 6 ®)
Multi-taxis Cross-Diffusion System oo

6.1 Introduction

Multi-taxis appears in society interactions and cancer treatment. Society interactions
can lead to the complex dynamical behavior in biology and even in criminology
(Eftimie et al. 2007; Guttal and Couzin 2010; Short et al. 2008). A particular example
in this direction is mixed-species foraging flocks, such as the formation of Alaska’s
shearwater flocks through attraction to kittiwake foragers (Hoffman et al. 1981).
Oncolytic viruses (OV) are a kind of viruses that preferentially infect and destroy
cancer cells. Oncolytic viruses can be engineered by some of the less virulent viruses
in nature and be readily combined with other agents. A diverse range of viruses has
been investigated as potential cancer therapeutics, such as herpesvirus, adenovirus,
vaccinia virus measles virus and polio virus, and oncolytic virotherapy offers a novel
promising cancer treatment modality (Breitbach and Parato 2015; Goldsmith et al.
1998; Msaouel et al. 2013).

This chapter is concerned with the multi-taxis diffusion systems modeling
foraging—scrounging interplay or oncolytic virotherapy. Section6.3 is concerned
with the asymptotic behavior in a doubly tactic resource consumption model with
proliferation. Toward better understanding of the effect of foraging—scrounging inter-
play on spatio-temporal dynamics, the authors of Tania et al. (2012) proposed the
forager—scrounger system given by

u; = Au — 1V - uVw),
v, = Av — oV - (vVu), (6.1.1)
w, =dAw — Au+v)w —uw+r

with positive parameters d, xi, X2, A and nonnegative parameters  and r, for the
unknown population densitiesu = u(x, ) andv = v(x, t) of foragers and scroungers
and nutrient concentration w = w(x, t), respectively. The term —V - (u Vw) accounts
for the tendency of foragers moving toward the increasing resource concentration,
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and —V - (vVu) models the movement of scroungers following the actively search-
ing foragers rather the resource. Due to the sequential taxis-type cross-diffusion
mechanisms in (6.1.1), the considerable extra difficulties seem to be expected when
compared to the corresponding scrounger-free system

(6.1.2)
w; =dAw — Auw — uw +r.

! U, = Au— 1V - wVw),
Indeed, in the prototypical case u = r = 0, the two-dimensional version of (6.1.2)
exhibits a substantially stronger tendency toward spatial homogeneous equilibria,
which is also valid for its 3D analog at least after some waiting times (Tao and Win-
kler 2012c). This result implies that any destabilization of the taxis mechanism in
(6.1.2) can be suppressed by the relaxation of the diffusion process together with
nutrient consumption and thereby allows for a certain entropy-like structure. The
feature of (6.1.1) is the sequential taxis, that is, the nutrient-taxis mechanism from
(6.1.2) coupled with forager-taxis mechanism. In this situation, the mild relaxation
of foragers may not suppress the potential of destabilization driven by the forager-
taxis mechanism and thus limits the accessibility of energy-like techniques from the
mathematical point of view. Accordingly, to the best of our knowledge, the ana-
Iytical results in the literature are available only for the low dimensions or certain
generalized solutions, and thereby, the comprehensive understanding of (6.1.1) is
still far from complete (Black 2020; Cao 2020; Cao and Tao 2021; Liu 2019; Liu
and Zhuang 2020; Tao and Winkler 2019b; Wang and Wang 2020; Winkler 2019c).
For example, Tao and Winkler (2019b) established the existence of global classical
solutions to the corresponding Neumann initial-boundary value problem of (6.1.1) in
the one-dimensional setting for suitably regular initial data, as well as an exponential
stabilization provided that the initial masses of either # or v are suitably small. As
for the higher dimensional model (6.1.1), only generalized solutions are considered
in Winkler (2019¢) under an explicit condition on the initial datum for w and r, and
moreover, they can approach spatially homogeneous equilibria in the large time limit
if r decays sufficiently fast. For more related works on smooth properties of solu-
tions to the variants of (6.1.1), inter alia accounting for the superlinear degradation
mechanisms of two populations, we refer the readers to Black (2020) and Wang and
Wang (2020).
On the other hand, (6.1.2) may be viewed as a kind of the predator—prey system
with prey-taxis:

up = Au — 1V (uVw) +uf (w, u) + h(u), 6.13)

wy =dAw — Auf(w, u) + g(w), o
where u(x, t) and w(x, t) are predator density and prey density, respectively; x; Vw
is the velocity of predators pursuing preys (i.e., prey-taxis); 4 (u) and g(w) represent
the intra-specific interaction of predators and preys, while f(w, u) is the functional
response, and its typical form in the literature is f (w, u) = w (Lotka—Volterra type)
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and % is the biomass conversion rate from the prey loss to predator gain. In contrast to
the attractive Keller—Segel model, prey-taxis in most cases of (6.1.3) tends to stabilize
the predator—prey interactions and may actually lead to the lack of pattern formation,
which contradicts intuitive assumptions (Chakraborty et al. 2007; Lee et al. 2008,
2009; Lewis 1994). It also has been recognized that the possibility of spatial pattern
formation in (6.1.3) crucially depends on the death rate of predators, the prey growth
kinetics g(w) and inter alia functional forms of functional response f(w, u) (Cai
et al. 2022; Lee et al. 2009; Wang et al. 2015). In addition to the pattern formation
in (6.1.3), the question of which extent the intrinsic predator—prey interaction may
preclude the population overcrowding has received considerable attention (see Jin
and Wang 2017; Wang and Wang 2019b; Wu et al. 2018; Xiang 2018 and references
therein).

In synopsis of the above results, it is natural to consider the dynamical behavior of
(6.1.1) when the proliferation of foragers and scroungers is taken into account, which
thus indicates that the population proliferation essentially relies on the availability of
nutrient resources. Specially, this work will be concerned with the initial-boundary
value problem

u, = Au — x, V- (uvVw) + uw, xef2,t>0,

v, = Av — x,V - (VVu) + vw, xef2,t>0,

wy = Aw — A(u + v)w — uw, xeN,t>0,

Vu-v=Vv-v=Vw-v=0, x€082,t >0,

u(x,0) =ug(x), vix,0) = vo(x), wix,0) = wy(x), x e
(6.1.4)

in asmoothly bounded domain £2 C RV, N > 1, where v denotes the outward normal
vector field on 052.
It is worthwhile to mention that (6.1.4) can be regarded as a relative of

u, = Au — xV - (uVw) + uw, xef2,t>0,

vy = oUW, xef2,t>0,

wy = Aw — Buw — yow, xe N, t>0,

Vu-v=Vw-v =0, x €082,t >0,

u(x,0) =ug(x), vix,0) = vo(x), w(x,0) = wy(x), x € 82,
(6.1.5)

which describes the competition between the populations # and v feeding on a com-
mon single non-renewable resource w. The authors of Krzyzanowski et al. (2019)
asserted global solvability of problem (6.1.5) within a natural weak solution concept
and moreover provided an analytical evidence which indicates that under suitably
small initial nutrient distributions, in the long time perspective, the motility abil-
ity of population # will turn out to be a competitive advantage irrespectively of
the competitive kinetics thereof. It should be remarked that the structure of (6.1.5)
is comparatively simple enough to allow for the quasi-dissipative property, which
seems to be lost due to the taxis-type cross-diffusive term in the second equation
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of (6.1.4). Inspired by Cao and Lankeit (2016), Myowin et al. (2020) and Li et al.
(2019b), we shall consider the asymptotic behavior of (6.1.4) under suitably small
initial data. Our standing assumptions on the initial data herein will be that

vo € WH®(02) is nonnegative with vy #% 0 and that

(1o, wo) € (W>®(£2))? is nonnegative with duo _ 0, Mo _ o, (6.1.6)
av av
In this setting, all of the solutions of (6.1.4) approach spatially homogeneous
profiles in the large time limit when suitably regular initial data satisfy a certain
small condition, which reads as follows (Li and Wang 2021a). It is remarked that in
comparison with the relative results of Wang and Wang (2020), the small restriction
on initial data does not involve vy herein.

Theorem 6.1 Let 2 C RY (N > 1) be a bounded domain with smooth boundary
andmey, = ﬁ f_Q (Aug 4 Avg + wo). Then there exists ¢y > O suchthat foralle < &g
and

[(Aug + Avg +wo)(-) — meollrx2) < &, [VuollL2n o) < &,

IwollLe2)y < & [IVwollpey <&, l1AwollLrm@) < &

with some po € N satisfying po > 1 + % the problem (6.1.4) admits a unique non-
negative global classical solution (u,v,w) € (C(£2 x [0, 00)) N C>!(£2 x
(0, 00)))3. Moreover; there exist constants u* € (0, 7=), v* € (0, %=) and K; > 0
(i =1, 2,3) such that for all t € (0, 00), we have

lu(, 1) — w2y < Kige ™™,
oG, 1) = v*|lLe(2) < Kree™,

Iw(, D llze) < Kzge™,

where @ = min{A;, u} for © > 0 and o = min{A|, my} for © = 0 with Ay > 0 the
first nonzero eigenvalue of — A in §2 under the Neumann boundary condition.

It is noted that the L? — L9 estimate for the Neumann heat semigroup e'4: there
exists C > 0 such for all w € L9(§2) with fg w =0,

1 1

N1 —
le4ollingy = € (141167 ) e ™ ol

plays an important role in the derivation of decay estimations in Cao and Lankeit
(2016), Myowin et al. (2020) and Li et al. (2019b). However, for the doubly tac-
tic model (6.1.4) with u > 0, despite its dissipative feature, a more subtle effort is
required in rigorous analysis due to the invalid of the mass conservation of Au (-, f) +
Av(s, t) + w(-, t). Indeed, the core of our argument is to verify that the interval
(0, T) on which solutions enjoy some exponential decay properties can be extended
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to (0, co) in which the application of above L? — L9 estimate seems to be neces-
sary. To this end, a nonnegative auxiliary quantity z(-, £) = p f; e*~94w(-, 5)ds is
introduced and accordingly allows us to apply L?” — L? estimate in our argument
since the mass of Au(-,t) + Av(-, t) + w(-, t) + z(-, t) is conserved now. It should
be remarked that our approach is also valid when system (6.1.4) takes into account
nutrient renewal r (x, ) with a certain temporal decay.

Oncolytic virotherapy offers a novel promising cancer treatment modality and
currently has some limitations in the oncolytic efficacy, which might be the result of
virus clearance and the physical barriers inside tumors such as the interstitial fluid
pressure, extracellular matrix (ECM) deposits and tight inter-cellular junctions. The
next two sections of this chapter focus on the boundedness and asymptotic behavior
for solutions to oncolytic virotherapy models involving triply haptotactic terms. To
better understand the physical barriers that limit virus spread, the authors of Alzahrani
et al. (2019) recently proposed the PDE-ODE system of the form

ur = DyAu — §,V - (uVv) + pyuu(l —u) — pyuz,
w; = Dy,Aw — &,V - (WVV) — §,w + puz,

v, = —(auu + o,w)v + uyv(l — v),

7, = D, Az — &,V - (zVv) — 6,2 — p,uz + pw

6.1.7)

to describe the coupled dynamics of uninfected cancer cells #, OV-infected cancer
cells w, ECM v and oncolytic viruses (OV) z. Herein, the underlying modeling
hypotheses are that in addition to random diffusion with the respective motility
coefficient D, and D,,, cancer cells can direct their movement toward regions of
higher ECM densities with the haptotactic coefficient &,, &,,, respectively, and that
uninfected cells, apart from proliferating logistically at rate w,, are converted into
an infected state upon contact with virus particles, whereas infected cells die owing
to lysis at a rate §,,. It is assumed that the static ECM is degraded by both types of
cancer cells, possibly remodeled with rate u, in the sense of spontaneous renewal
of healthy tissue. Finally, it is also supposed that besides the random motion with
D, the random motility coefficient, virus particles move up the gradient of ECM
with the ECM-OV-taxis rate &, increase at a rate 8 due to the release of free virus
particles through infected cells and undergo decay at the rate &, accounting for the
natural virions’ death as well as the trapping of these virus particles into the cancer
cells.

From a mathematical perspective, model (6.1.7) on the one hand involves three
simultaneous haptotaxis processes, but on the other hand contains the production
term puz in w—equation which distinguishes (6.1.7) from the most of the previous
haptotaxis (Fontelos et al. 2002; Marciniak-Czochra and Ptashnyk 2010; Litcanu
and Morales-Rodrigo 2010b; Tao 2011; Winkler 2018b) and chemotaxis—haptotaxis
models (Pang and Wang 2018; Stinner et al. 2014; Tao and Winkler 2019a). In
fact, the haptotactic migration of u, z toward higher densities v simultaneously, in
which no smoothing action on the spatial regularity of v can be expected, renders us
unable to apply smoothing estimates for the Neumann heat semigroup to gain a priori
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boundedness information on u and z beyond the norm in L!(£2). Accordingly, this
superlinear production term puz in (6.1.7) seems likely to increase the destabilizing
potential in the sense of enhancing the tendency toward blow-up of solutions and
thus becomes the key contributor to mathematical challenges already given in the
derivation of global solvability theory of (6.1.7), which is also indicated in the quali-
tative analysis of chemotaxis-May—Nowak model (Bellomo and Tao 2020; Bellomo
et al. 2019; Hu and Lankeit 2018; Winkler 2019d).

Though the methodological limitations seem to widely restrict the theoretical
understanding of the full model (6.1.7), some analytical works on simplifications of
the latter have recently been achieved in Tao and Winkler (2020a,b, 2021). Indeed,
upon neglecting haptotactic migration processes of infected tumor cells and oncolytic
viroses, renewal of ECM as well as proliferation of infected tumor cells, Tao and
Winkler considered the corresponding Neumann initial-boundary value problem for

u; = Au— V- (uVv) — puz,
vy=—wm+wo,

(6.1.8)
w, = Dy, Aw —w 4+ uz,

2y =D, Az —z —uz + Bw

inabounded domain £2 C R? and obtained that the globally defined classical solution
is bounded if 0 < 8 < 1, p > 0 (Tao and Winkler 2020a), whereas for 8 > 1 and
fQ u(-,0) > |£2]/(B — 1), infinite-time blow-up occurs at least in the particular case
when p = 0 (Tao and Winkler 2021). In order to provide an complement to this, the
study in Tao and Winkler (2022) reveals that for any p > 0 and arbitrary 8 > 0, at
each prescribed level y € (0, 1/(8 — 1)), one can identify an L°°-neighborhood
of the homogeneous distribution (u, v, w, z) = (y, 0, 0, 0) within which all initial
data lead to globally bounded solutions that stabilize toward the constant equilibrium
(U0, 0, 0, 0) with some us, > 0. On the other hand, in Tao and Winkler (2020c¢), it
is proved that if 8 € (0, 1), for any choice of M > 0, one can find initial data such
that the globally defined classical solution satisfies # > M in £2 x (0, 00).

Moreover, for the doubly haptotactic version of (6.1.7) with &, = 0, the global
classical solvability to the corresponding initial-boundary value problem for more
comprehensive systems of the form

u; = DyAu — &,V - (uVv) + p,u(l —u) — p,uz,
w, = D, Aw — &,V - (WVv) — 8,w + p,uz,
t & ( ) P (6.1.9)
vy = —(auu + o,w)v + wyv(l — v),
72 = DAz — ;2 — p;uz + Bw.

is proved in Tao and Winkler (2020b). This is achieved by discovering a quasi-
Lyapunov functional structure that allows to appropriately cope with the presence
of nonlinear zero-order interaction terms which apparently form the most signifi-
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cant additional mathematical challenge of the considered system in comparison to
previously studied haptotaxis models.

The purpose of Sect.6.4 is to a more comprehensive understanding of model
(6.1.7) in the biologically most relevant constellation in which the haptotactic motion
of virus particles is taken into account particularly, and either the production term

of the Beddington—

uz or proliferating term p,u(l —u) is adjusted to
u

deAngelis type with positive parameters k,,, 6 (Bellom(L; and Tao 2020) or p,u(l —
u") of superquadratic type, respectively. We are concerned with the PDE-ODE system
given by

u; = DyAu— &,V - wVv) + pyu(l —u") — puz , x € R,t>0,
ky + 6u
puz
wy = Dy, Aw — £,V - WVV) — §,w + ——, xeN,t>0,
ky +0u
vy = —(ogu + ayw)v + pyv(l — v), x € ,t>0,
72t =D, A7 — &,V - (zVv) — 8,2 — puz + Bw, x e, t>0,
ky +06u
(DyVu — &uVv)-v =0, x €082,t >0,
(DyVw — £,wVv) - v =0, x €082,t >0,
(DyVz—&.zVv)-v =0, x €082,t>0,
u(x, 0) = up(x), wix, 0) = wo(x), v(x, 0) = vo(x), z(x, 0) = zo(x), x e
(6.1.10)

in a bounded domain £2 C R? with smooth boundary, where for the initial data
(uo, wo, vo, 20), we suppose throughout Sect. 6.4 that

up, wo, zo and vy are nonnegative functions from C2+l9(f2) for some ¢ € (0, 1),

d
with g 2 0, wo £ 0, 20 £ 0, u0¢0and$=0 on 982,
)
(6.1.11)
Beyond the global classical solvability, in Sect. 6.4, we focus on the global bound-
edness of classical solutions to (6.1.10)-(6.1.11) stated as follows, which can be

regarded as a first step toward the qualitative comprehension of (6.1.10) (Li and
Wang 2021b).

Theorem 6.2 Let 2 C R? be a bounded domain with smooth boundary, D,, D,,,
D,, &,,&,,&, Ly, Uy, P, ky, ay, @y, B, 8, and &, are positive parameters. Sup-
pose that r = 1,0 >0 or r > 1,0 > 0. Then for any choice of (ug, wog, Vo, 20)
fulfilling (6.1.11), there exists C > 0 such that if &,a,, < C, (6.1.10) admits a
unique global classical solution (u,w, v, z), where ||u(-, t)|lp~@), IW(, t)lL~)
and ||z(-, t) || L=() are uniformly bounded for t € (0, c0).

Remark 6.1 In line with the above discussion, the boundedness result on (6.1.10)
with r = 1,0 = 0 is also valid when &, = 0.

Remark 6.2 When 1, = 0, one can see that the restriction on &, ¢, in Theorem 6.2
can be replaced by a certain small condition on vy.
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A cornerstone of our analysis is to show that for the suitably small &,,«,,, the functional

F (1)

= A/ eXW”('*’)b(~,z)lnb(~,t)+/ XD g (. 1) lna(-,t)—l—/ O ) ne(, 1)
2 2 2

witha = ue %V, b = we™ " and ¢ = ze~ %" enjoys a certain quasi-dissipative prop-
erty under appropriate choice of the positive constant A (of (6.4.32)). As the
first step in this direction, we perform the variable change used in several prece-
dents, by which the crucial haptotactic contribution to the equations in (6.1.10)
is reduced to zero-order terms x,a(o,u + a,w)v — x,uyav(l —v), x,b(o,u +
AWV — Xwiybv(l —v) and y,c(oyu + a,w)v — xuycv(l — v), respectively
(see (6.4.1) below). Thanks to a variant of the Gagliardo—Nirenberg inequality involv-
ing certain L log L-type norms, the latter offers the sufficient regularity so as to allow
for the L°°-bounds of solutions in the present two-dimensional setting.

Section 6.5 is devoted to understand the dynamics behavior of (6.1.7) to a con-
siderable extent in higher dimensional settings in light of the above-mentioned
results and a recent consideration of global classical solutions to the one-dimensional
(6.1.7) in Tao (2021). Specially, taking into account the linear degradation instead
of the renewal of ECM and neglecting the proliferation of uninfected tumor cells in
(6.1.7), we are concerned with the following Neumann initial-boundary problem in
Q CRY(N > 1):

uy = Au— &,V - uVv) — pyuz, x€2,t>0,

wy = Aw — &,V - (WVv) — 8w + pyuz, x € 2,t>0,

vy = —(auu + oyw)v — Sy, xe R, t>0,

2t = Az — &V - (zVv) — 8,2 — p;uz + Bw, xef2,t>0,

(Vu —&uVv) -v=(Vw —-§&wVv)-v=(Vz—-&,zVv) - v =0, x €082, >0,

u(x,0) = up(x), wx, 0) = wp(x), v(x,0) = vo(x), z(x, 0) = zo(x), x € £2,
(6.1.12)

where &,, &, &, Pu> Pw> Pz> Ow» Ou» Oz, 0y, @y, and B are positive parameters, for the
initial data (ug, wo, vo, 20), we suppose throughout the third part of Chap. 6 that

up, wo, Vg, zg are nonnegative functions from C2+”(§) for some v € (0, 1),
dug _dwp  dvg _ dzp

ug#£0, wog£0, v £0, z0#0and — = —

= = 0 on 052.
v v ov av

(6.1.13)
Our main result makes sure that for suitably small initial data, these solutions will

be globally bounded and approach some constant profiles asymptotically (Wei et al.
2022).

Theorem 6.3 Let 2 C RN (N > 1) be a bounded domain with smooth boundary.
Assume (6.1.13) holds and B < p"p—fpf(Sw. Then if for some py > max{l, %}, there
exists € > 0 which depends on &,, &, &, pu, Py, Pz, Ay, &y, Such that
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Put p;

Pw

wo + 20 <e

L>*(£2)

9

Huo +

A

||Vu0(')||L2po(_Q) =&, ||VW0(')||L2po(9) = e,

A

IVuo()ll 22y < & IVZoO L2y < &,

Auo(H o2y < &, Awo(Illro2y < & 1AV ey < &

the problem (6.1.12) has a unique nonnegative global classical solution
(u, v, w,2) € (C (2 x [0,00)) N C>' (2 x (0,00)))".
Moreover, there exists a nonnegative constant u* such that

(-, 1) — u*|l L2y — O,
W(, DL~y — 0,
lz(-, Dl L=y — O,

v, Hllze2y — 0

ast — oQ.

Remark 6.3 Our result indicates that the infected cancer cells and virus particle
population can become extinct asymptotically and the density of uninfected cancer
cells tends to a nonnegative constant u* which is less than ug. This result implies
that the oncolytic virotherapy is effective. Unfortunately, the condition under which
u* equals to zero is left as an open problem.

Same to the analysis in Sect. 6.3, a more subtle effort seems to be required for our
analysis in Sect. 6.5 due to the decreasing of [, (u + %w + Z) (-, s)ds. To this
end, a nonnegative auxiliary quantity

0, 1) = / P94 [_ (ﬂ _ %5‘&) w 5z2] (-, s)ds
0 w

is introduced and accordingly allows us to apply L? — L? estimate in our argument
since the mass of u + p"p—fp‘"w + z + Q is conserved now.
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6.2 Preliminaries

In this section, we provide some preliminary results that will be used in the subsequent
sections.

By applying the maximal Sobolev regularity (Theorem 3.1 of Hieber and Priiss
1997), we can obtain the following lemma, which together with Lemmas 1.1, 3.2 and
4.3 will play an important role in the proof of our main results in Sects. 6.3 and 6.5.

Lemma 6.1 (Ishida et al. 2014, Lemma 2.1; Yang et al. 2015, Lemma 2.2) Let
r € (1, 00) and consider the following evolution equation:

h, = Ah + f, (x,1) € 2 x (0, T),
Vh-v=0, (x,1) € 32 x (0, T), 6.2.1)
h(x,0) = ho(x), x €.

Then for each hy € W>"(£2) with Vhy-v =0 on 882 and any f € L"((0, T),
L7 (£2)), (6.2.1) admits a unique mild solutionh € W' ((0, T); L"(£2)) N L"((0, T);
W27 (£2)). Moreover, there exists C, > 0, such that

T T
f f AR < ¢, / f A1+ Colllholly o + 1 ARoll o). (6:22)
0 2 0 2

The following lemma is a special case of Lemma A.5 in Tao and Winkler (2014b)
and can be regarded as a variant of a Gagliardo—Nirenberg inequality originally
derived in Biler et al. (1994), which will be of importance in the later analysis in
Sect.6.4.

Lemma 6.2 Let 2 C R? be a bounded domain with smooth boundary, and let p €
(1, 00) and € > 0. Then there exists K(p, €) > 0 such that

2(p+1)

2 2(p+D)
el 2pen §8||V§0”iz(g)’/ |§0IPIIHI¢I|+K(19,8)<II<0II +1>
L™7 (2) Q 2)

L7
holds for all p € W'2(2).

The following Lemma is based on simple calculations on the maximal value of
the function f(¢) = t%~" for ¢ > 0, which is used in the analysis in Sect. 6.5.

Lemma 6.3 Foralla > 0, b > 0, we have

a a
taefbt < (_)
be

holds for all t > 0.
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6.3 Asymptotic Behavior of Solutions to a Doubly Tactic
Resource Consumption Model

At the beginning of this subsection, we provide a basic state on local existence
and extensibility of solutions to (6.1.4), which can be readily proved by the Amann
theory. Similar proof thereof can be found in Tao and Winkler (2019b, Lemma 2.1)
and hence we omit the detail here.

Lemma 6.4 There exist a _maximal existence time T,,,. € (0, 00] and (u, v, w) €
C(2 X [0, Tpax)) N C>1 (82 x (0, Thnax)) such that (u, v, w) is the unique nonneg-
ative solution of (6.1.4) in [0, T)nax). Furthermore, if T,yqx < 400, then

lim (JluC, Dllwrag) + ¢ Dllwia) + W, Dllwiae) = 0o

1= Lmax

forallg > N.

Theorem 6.1 is the consequence of the following lemmas. In the proof of these
lemmas, the constants ¢; > 0,i =0, 1, ..., 4, refer to those in Lemmas 1.1 and 4.3,
respectively.

We first collect some easily verifiable observations in the following lemma:

Lemma 6.5 Under the assumptions of Theorem6.1, there exist M; > 1(i = 1, 2, 3),
and & > 0 such that

M
2¢10¢4(1 + moo) (XuMa + xuM3) < 71 (6.3.1)
2 M,
et < M2 (6.3.2)
2
1 14+ my M;
26‘3 =+ 26‘106‘2 (XMM6 =+ M2|Q|2”0) 5 +1 < 7, (633)
Mye <1, Mse <1, M3e <1, x,MsMse <1, 4x,coMze <1, (6.3.4)
where

My :=2c3 4 2(82]70 (1 + Mmoo + p) crocaMs, Ms := My + 2cy,

1 Po—2 i
Mg :=2c1 + 2caMacioh <|~Q|2"0 + Cs|£2| 2”0(”0‘”> +2caMycio (1 + moo + p) 8270

and constant Cs > 0 is given in Lemma 6.10 below which is independent of M;(i =
1,2,3).

To obtain a conservation law of mass, we introduce an nonnegative variable z satis-
fying
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s =Az4+puw, (x,t) € 2 x(0,T),
Vz-v=0, (x,7r)e€df2x(0,T), (6.3.5)
72(x,0) =z0(x) =0, x € £,

then it is easy to see that for any ¢ € [0, T'),

/ Au4+rv4+w+2)(,t) = / (Aug + Avg + wy). (6.3.6)
1?) Q2

Let

[+ 2o 4+w +2) (-, 1) —e" Ao+ Avg +wo) ()| L2
< Mjge ™™ forallt € [0, T);

W, D=2 < Mage ™ forall € [0, T);

IVu(-, Ol 2002y < Mzge ™ forall 7 € [0, T).

T ésup Te 0, Trax)

6.3.7)

By Lemma 6.4 and the smallness condition on initial data in Theorem6.1, T > 0
is well-defined. We first show T = T,,,.. To this end, we will show that all of the
estimates mentioned in (6.3.7) are valid with even smaller coefficients on the right-
hand side. The derivation of these estimates will mainly rely on L? — L9 estimates
for the Neumann heat semigroup and the fact that the classical solutions on (0, 7,4y )
can be represented as

(e + 20 +w+2)(, 1) = e (hug + Avg + wo) () (6.3.8)

t
a A/ eI,V - VW) + 1,V - (0Vu) (-, 8)ds,
0

u(-, 1) = e up(-) — /Ot "I,V - (uVw) — uw)(-, s)ds, (6.3.9)
v(-, 1) = ePvy(-) — /0, eI,V - (vVu) — vw) (-, s)ds, (6.3.10)
w(-, 1) = e?wo(-) — /Ol eI + v)w 4+ uw) (-, s)ds, (6.3.11)
2, 1) = ,Lfot eI (., s)ds (6.3.12)

for all t € (0, T,4y) as per the variation-of-constants formula.

Lemma 6.6 Suppose that the assumptions from Theorem6.1 hold. Then for all t €
(0, T), we have

I + 2o +w +2) (-, 1) — mogllL=2) < Msee™ (6.3.13)
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with Ms .= M, + 2c;.

Proof Due to

e Mo = Moo, / [(Mtg + v + wo) () — mag] = 0,
2

|(Aug + Avg +wo) (1) — Moo llL=(2) < &,

and the assumption of Theorem6.1, the definition of 7 along with Lemma 1.1(7)
implies that for all r € (0, T),

(A +2v +w+2)(, 1) — mesllL=(e2)
<u 4+ 20 +w—+2)(, 1) — " (Ao + Avg + wo) | 2 (2)
+ [le"[(Aug + Avg + wo) () — MoolllLx(2)
< Mige ™™ + 2¢1||(hug + Avg + wo) () — Mool o (@ye ™!
< (M +2c)ee™™

=M58€7M.

Lemma 6.7 Under the assumptions of Theorem6.1, we have
L —
Iw(, L= < 786 forallt € (0, T). (6.3.14)

Proof Multiplying the third equation in (6.1.4) by kw*~! and integrating the result
over £2, we get 4 [ wk < —k [,(u 4+ Av + pw)wk on (0, T).

In what follows, we shall show (6.3.14) in two cases: i > 0 and u = 0.

(I) The case i > 0. Since —(Au + Av + n) < —u, we have

d
E\/;Wk(,t) < _//Lk/;zwk(vt)v

/ wh(, 1) < / wh (e M,
2 2

and thus

which implies that

W, Do) < ce™ < —Mpee™

N =

for any ¢ € (0, T'), where we have used (6.3.2).
(IT) The case u = 0. Note that z = 0 for all (x, ) € £2 x [0, T'), and thus



354 6 Multi-taxis Cross-Diffusion System
—Au+A) S Au+rv+wHz—me| +W—my.

From the definition of 7' and Lemma 6.6, it follows that for any ¢ € (0, T'),

d k

7 QW (-, 1)
§k/ wk(~,t)|(ku+kv+w+z)(~,t)—moo|+k/ wk+1(~,t)—kmoo/ wh (., 1)

2 2 2
5k||<xu+xv+w+z)(~,z)—moouLoo(m/ka(-,o+k||w(-,z)||Loc<g>fgw"c,n
—kmoo/ wk(~,t)
2
< k((Ms + Mp)ge™™ _moo)/ wh(, 1)
2

and hence

/ Wk(', 1) < / wé(~)ek((M5+M2)£ for e ds—moot)
2 2

k k M5:Mzs—m t
= ”WO(')”Lk(_Q)e * )’

which implies that for any ¢ € (0, T),

(Ms+Mp)e

IwC, Dllizk2y < Iwo ke @ el (6.3.15)

Thanks to |[wollz~(2) < € and (6.3.2), (6.3.4), we obtain that for any ¢ € (0, T),

1 —Meol
w(, Dllpe) < §M28€ o

by letting k — oo in (6.3.15).

Lemma 6.8 Let the conditions from Theorem 6.1 be fulfilled. Then forallt € (0, T)
and py > % we have

IVw(., t)||L2[’0(Q) < M48€7w

with My := 2¢c3 + 2|.Q|% (1 +me + 1) crocaM,.

Proof By (6.3.11) and Lemma 1.1(iii), noticing || Vwo(-) || L2002y < &, wWe have
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VW, )l L2002 (6.3.16)

t
< ||VetAWO(’)”L21’0(.Q) + / Ve 2 (O + Av + w)w) (-, $) 20 (2)ds
0
t
< 2c3ee M +/ Ve D4 + Av + )W) (-, $) |l 200 (2.
0

Now, we estimate the last two integrals on the right-hand side of the above inequality.
From the definition of 7', Lemmas 1.1(ii), 4.3 and 6.6, it follows that

/0[ 192+ 20+ W) G 9l 200 ()
<o /0 (14 =9 He MO G h 4 w9l 2 (6.3.17)
< )@ fota + (= )" M o, ) oo | Gt + Ao + ), 9l oo (2)ds
< cz|9|ﬁMze /Ot(l F (=) D)e MU= (| Lo + 1) ds
< ZIQI% (1+ meo + ) crocaMage ™.

Inserting (6.3.17) into (6.3.16), we get

IA

(265 + 218217 (1 + mog + 1) 01062M2> pe!

—at
= M48€ s

VWl 1200 2y

and thereby complete the proof.

Lemma 6.9 Under the assumptions of Theorem6.1, for all py > % there exists a
constant C > 0 independent of T such that

T
//|Aw(x,s)|”°dxds§C, (6.3.18)
0o Je
T
//|Au(x,s)|p°dxds§C. (6.3.19)
0 Jo

Proof Noticing that w satisfies

wy=Aw+ F(x,t), (x,t) e 2 x(0,T),
Vw-v=0, (x,t)e€d22x(0,T), (6.3.20)

w(x,0) =wy, x €82

and u satisfies
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u, = Au+ G(x,t), (x,t)e 2 x(0,7T),
Vu-v=0, (x,1)e€0d2 x(0,T), (6.3.21)
u(x,0) =ug, x €52,

with F(x,t) = —Au+v)w—uw and G(x,t) = —x,(VuVw + udw) + uw,
respectively. By Lemmas 6.6 and 6.7, we can see that

T MP(1 o) PO Po
f /'F(x,s)l”“dde§ 2 (At meo)® + 1) o)
0 o] (29 20]

Hence, thanks to Lemma6.1, we can find C; > 0 independent of T such that

T
/ / [Aw(x, s)|°dxds < C.
0o Je

Similarly, by the definition of 7', (6.3.18) and Lemma 6.8, there exists C; > 0 inde-

pendent of T fulfilling
T
/ f |G (x, s)|P°dxds < C,.
0o Ja

Applying Lemma 6.1 to (6.3.21) once more, we have

T
/ / |[Au(x, s)|Pdxds < C;
0 Je

for some C3 > 0 independent of 7' and thereby complete the proof.

Thanks to the decay property of w, v, Vu and space-time L°-estimate for Au,
we can establish an L2(?~1 bound for Vv based on Lemmas 1.1 and 4.3.

Lemma 6.10 Suppose that the requirements from Theorem 6.1 are met. Then for all
po> 1+ % there exists Cs > 0 independent of T and M;(i = 1, 2, 3) such that

IVV(, Dl 2wy < Cs forall t € (0,T). (6.3.22)
Proof By (6.3.10), we have
||VU(', t)”LZ(po—l)(Q) (6323)

t
< IVe" vl 20012y + Xv/ Ve ™4V - Vi) (-, $)ll 201 () ds
0
t
+/ Ve =94 (uw) (-, $) | 201 (2)ds.
0

From Lemma 1.1(iii), we obtain
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Ve 200 ()l 200-02y < 2631Vl 2001 (e (6.3.24)

Now, we estimate the last two integrals on the right-hand side of (6.3.23). From the
definition of 7', Lemmas 1.1(ii), 4.3, 6.6 and 6.9, it follows that

t
vao IVt ™DAY - V). )l 201 25

¢ _l_ N, N
<o [ €M (14— )72 20 500D ) flu(, $)Au, 9)l Lo ()ds
0 (£2)

1 _ N@pg—)

t 1 LN
+C2Xv/ e~ (=91 <l +(t—s) 27 oD 4(p071))
0

AWVeC, )Vul, I 2ppp-n  ds
L 20T (2)

Moo [
n /0||Au<',s>||£‘;0(mds (6.3.25)

1+

= Xv
1 moe [T —_(1—5)2120 LN N\
+coxw ; /e po~1 <l+(t—s) 2 2ro 4<P0*‘>> ds
0

+eaxv sup (IVU(, 9l 2m0-1 (o)
1€(0,T)

| N@pp-1)

t N
/ e~ (=M (1 +(t _S)—§—4p0<p0—1)+4(po—1>) Mzee™*Sds
0

Moo ot

1+m 1+ _
< anCi—— + a0t +2e2c10x0M3ee™" sup V(9 200-1 )

1€(0,T)
where C; := fo’ | Aw(-, s)||£‘},0(9)ds is bounded by Lemma 6.9 and
! —(t—s) 2120 _1_ N4 N pgi(ll
) ::/ e (1+(t—s) T 4<po—n) ds < +o0
0

for po > 1 + %
Next, by Lemmas 1.1(i7), 4.3, 6.6 and 6.7, we get

t
/ ||Ve(t_S)AUW”LZ(pofl)(_Q)dS
0

IA

t
1
2|$2]%D / (A4 (t — )" )M w2 V]| Loy ds (6.3.26)
0

14+ me
A

ds

IA

1 ! Lo (t—s) —
|21 D Mpye | (14 (t —s) 2)e Ve
0

1 14+m
2|82] 2(”0]’” clroca M, %ee_"”.

IA

Inserting (6.3.24)—(6.3.26) into (6.3.23) and using (6.3.4), we readily get
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t:(gPT) IVl L260-1 (@) < 2¢31IVVo ()l L200-1 () + 2€2 %0 C1 L e + 2200 C2 Lt oo
A12) T ¢y LT
and thereby from Lemma6.5, we arrive at
/9 IVo(x, )P0 Vgx < Cs, 1€(0,T) (6.3.27)

with some Cs > 0 independent of 7', M; (i = 1, 2, 3) and hence complete the proof.

Beyond the weak information of Aw in Lemma 6.9, we now turn the boundedness
of Vv into a statement on decay of Aw.

Lemma 6.11 Under the assumptions of Theorem6.1, for all py > %
AW, D) |2y < Mege™" forall t € (0,T) (6.3.28)
with

1 ro—2 1
Mg := 2¢1 + 2c4Macioh (IQ\ %0 + Cs|82| 2”““’0*”) + 2caMacig (1 + mog + ) 82|20 .

Proof From (6.3.8), we have

1AW, )] Lro(2)
t
< 1 Bunlmce + [ 1P+ D)+ W) imiads (6329
0
<2cie”™M | Awoll Lo (o)

+ /0, ™94V - (A(Vu + Vo)yw + (M + v) + 1) VW) (-, 8) || Lo (2)ds
< 2cie™" | Awplizm(a) + 2 /0 94T (Tu+ TowC, Hiw@ds
+ /0' "4V - ((A(u + v) + YWY, 9) | (2)ds.
From Lemma 1.1(i) and the fact that || Awg|| 0 (2) < &, we obtain that

lle'® Awoll Loy < 2ci1ee™. (6.3.30)

Now, we estimate the last two integrals on the right-hand side of the above inequality.
From the definition of 7', Lemmas 1.1(iv), 4.3, 6.6, 6.8, 6.10 and (6.3.4), it follows
that
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t
A f 199 - (Vi 5) + V(o )W ) gands
0
t
_1 _ e
< cah / (I+ @ =) )e ™ Nw(, )l L@ Vul, 9)llLm@ds  (6.3.31)
0
t
L0 i (t—s
+ cah / I+ =) 2)e M w, )l e@) IV, )l L e)ds
0
! —LI —n—s) =2
< caMarer| 2|1 | (14 (t —s) 2)e ™ U™9e™2% Maeds
0
2 ! 1\ —n@—s) —as
+ caMreA|§2|otro-D I+ —s5)2)e ™ e *Csds
0
< 2c4Macro (1217 + Cs| 2| D ) ee
and

t

/ e DAV - (A + v) + L) G, )VWE, ) | 2yds
0

t
<c / I+t —5)"2)e NV, )@l (@ + ) + 1) G, 9) |l e@)ds
0

IA

t
caMae (1 + Mmoo + 1) |2|70 / (14 (t — ) 2)e MU g (6.3.32)
0

2e4Macio (1 + Mo + 1) | 2|75 e~

IA

Inserting (6.3.30), (6.3.31) and (6.3.32) into (6.3.29), we obtain
AW, )2y < Mege™™
and thereby complete the proof.

Lemma 6.12 Under the assumptions of Theorem6.1, for all py > %,

M
VU Ol 2oy < 738e_°" forall t € (0, T). (6.3.33)
Proof By (6.3.9), we have

t
VUG Ol 200 ) < IV w0 200 () + Xu fo IVe'™94Y - VW) (-, $)ll 20 () ds
(6.3.34)

'
+ / Ve 4 uw) -, $) Il 120 (2ds.
0

From Lemma 1.1(7ii) and the fact that || Vug(-) || L2002y < €, We obtain
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Ve uo ()l 2y < 2c38 . (6.3.35)

Now, we estimate the last two integrals on the right-hand side of (6.3.34). From the
definition of 7', Lemmas 1.1(ii), 4.3, 6.6, 6.8 and 6.11, it follows that

t
Xu/ [Ve!=94V . @Vw) (-, )|l 200 (2)ds
0

t
< [ e (14 0= 97 R .9 A9 Lnads
0
(6.3.36)
t
ety [ e (1= 7R ) 190 T8 s
0

1
as +m°°ds

! N 1N
< Cz)(u/ e =M (1 + (@ —ys) 2 4m> Mgee™
0

! 1
+C2Xu/ o= t=9h (1 +(t _s)*rﬁ) MiMse2e 2 ds
0

14+ my

< 2¢10¢2 Xu (Me + M4M3€> ge !

and

t
/||Ve(t_s)AMW”LZI’o(Q)dS
0

IA

o (! SN s
Cz|.Q|2P0/ <1+(l‘—s) %>e MU | ooy e | Locyds — (6.3.37)
0

t
20 1
&> Maz| 2| / (14— t)ernimneen Limy,
0

IA

+ Mmoo

1 I
chochz 8|.Q|2”0€ .

IA

Inserting (6.3.35)—(6.3.37) into (6.3.18) and using (6.3.3), we readily get

1+ meo

1
IVl 200 () < 2c38e™ 1" + 2c1002 ((XuMG + M| 2| 2”°> + XuM4M38> ge” !

M3 _,
< —¢e
2
and thereby complete the proof.

Lemma 6.13 Under the assumptions of Theorem6.1, for allt € (0, T),

M
1G4 v) w4 2) (1) = & (Mo + v0) + wo) ey < e
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Proof According to (6.3.7) and Lemma 1.1(iv), we have
G- +v) +w +2) ¢, 1) — "2 0o + v0) + wo) | L= (@)
t
<A / €2V - GuuVw + X Vi) -, $)l| L) ds (6.3.38)
0
t t
< Mu / €2V - VW), $) L= (2)ds + Axo / le®™D2V - V), )|l 2)ds
0 0
! e i Py P
< cadxu / L+@—s) > *ro e " ul, )L @) IVw, )l 200 (o) ds
0

t _1l_ N '
+ cahxo / (1+(:—s> 2 4m)e—M<’—“||v(~,s>||Loo<g>||W<~,s)||szo<mds
0

=11+ D.

Now, we need to estimate /; and I,. Firstly, from the definition of 7, Lemmas4.3,
6.6 and 6.8, we obtain

! N
I < caxa(l +moo)M48/ (1 e —s)‘%‘%)e—kl“—”e—“fds (6.3.39)
0
< 2ci0ca xu (1 + mog) Muge™™
and
! _1_N
D < cahyy (1 +moo) M38/ (1 +(t—s)2 41’0)67}”([7@67[”(18
0
< 2ci0caxy (1 + mog) Mzge ™. (6.3.40)
Combining (6.3.38)—(6.3.40) along with (6.3.1) leads to

[ +v) +w+2)(, 1) — e (Muo + vo) + wo)ll L= (2)
2c10ca(1 + moo) (XuMay + xuM3)ee™™

IA

1 —at
—M18€
2

IA

and hence ends the proof.

Now, we have prepared the major parts of the proof of Theorem 6.1 and thus can
verify asymptotic properties stated there.

Proof of the Theorem 6.1. First we claim that T = T,,,4,. In fact, if T < T4y,
then by Lemmas 6.7, 6.12 and 6.13, we have
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M, _
Iw(, DllL=w) < — ¢e “,

M;
IVu(-, o) < 786 ,
A M, _,
(A +v) +w+2)(, 1) — e (Aup + vo) + wo)llL~2) = — se
for all r € (0, T), which contradicts the definition of T in (6.3.7).

Next, we show that 7,,,,, = 00.Infact, if T,,,, < 00, then in view of the definition
of T, Lemmas 6.6, 6.8 and 6.10, we obtain that for any py > 1 + %,

[lian (||M(', Dllwizeo 2y + 10G, Dllwraee-n gy + W, f)||W'~2Po(9)) < 09,

max

which contradicts with Lemma 6.4. Therefore, we have T,,,, = 00.
Integrating the first equation in (6.1.4) over £2, we have

/u(x,t)dx:/ uo(x)dx—i—/ /(uw)(x,s)dxds,
2 2 0o Je

which, along with the nonnegative property of u, w and the fact that

1+m _
lu(, Dllre) < . =, WG, D) < Mage™,
warrants
+00
lim u(x, t)dx =/ uo(x)dx—i—/ f(uw)(x,s)dxds, (6.3.41)
1= Jo Q 0 Q
as well as

+00
lim u(t) = L </ ug(x)dx +f f (uw)(x, s)dxds) =u". (6342
=00 1£2] \Je 0 2

As a consequence of the latter, we immediately have

400
O<u*—u@) = |[12—|/t /Q(uw)(x, s)dxds

1 +00
< 21 Mo / / w(x, s)dxds (6.3.43)
Al21 Q

14+ mey
o

Mzé‘eim.

On the other hand, by Poincare’s inequality,
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lu —ull 200 2y < CillVull 2200 (2
and thanks to W'27(£2) < L*(£2) for py > &, we can find C; > 0 such that
lu —ullL=2) < Callu —ullwizn 2y < C2(1+ COIVullL2o o). (6.3.44)

Therefore, by (6.3.43) and the fact that | Vu/|| ;2r (o) < M3ge™, we can pick K| > 0
such that

lu —u™llp~@2) < lu —ullr~@) + U — u”|| L~
< Co(1 + C)IIVull 2ro () + lu(t) — u’| (6.3.45)

< Klse_"”.

On the other hand, from (6.3.12) and Lemma 1.1(i{), we infer that

t
IV2( Dl = w1 f IVe" ™02 w(, $)|l 2 ) ds
0
t
1
gm|9|%/ eI 4 1) W, ) leyds  (6.3.46)
0
< 2MCzC1oMz|~Q|ﬁb“e_w-

By similar procedure as that in the derivation of (6.3.45), there exists constant K, > 0
such that

”Z — Z*”L"Q(Q) < Kzgeiat (6347)
with
7 +00
7= —/ / w(x, s)dxds. (6.3.48)
[£2] Jo 2
Then from the fact that

Mo = v e < 1w+ 20 +w +2) — meoll o) + Allu — u™|| =2
+lwllex@) + llz = 2%~

with
vi = — (moo — z*) —u®, (6.3.49)

using (6.3.13), (6.3.14), (6.3.45) and (6.3.47), there exists K3 > 0 such that
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v —v*|lee) < Kzge™

The decay estimates claimed in Theorem 6.1 readily follow and the proof of this

theorem is thus completed.

6.4 Boundedness of Solutions to an Oncolytic Virotherapy
Model

6.4.1 Some Basic a Prior Estimates

For the convenience in our subsequent estimation procedure, we let

_ 5 X ':E—Wandx‘zéz
D, ™" D, ‘D,

Xu *

and introduce the variable change used in several precedents (Fontelos et al. 2002;
Pang and Wang 2018; Tao and Winkler 2014b)

a=ue ™ b=we ™" and ¢ = ze %

upon which (6.1.10) takes the following form:

a; = Dye X’V - (eX'Va) + f(a,b,v,c), xe,t>0,

b; = D,,e "'V . (eX*'Vb) + g(a, b, v, c), x€eN,t>0,

vy = —(agae”™’ + a,be* P )v + uyv(l — v), x€N,t>0,

c; = D;Z_Xl“av - (eX'Ve) + h(a, b, v, ¢), xeR,t>0, (6.4.1)
—az—z—czo, xeB.Q,t>0,

v v av

a(x,0) = ug(x)e X0 by 0) = wo(x)e v x € R,

vo(x, 0) = vo(x), c(x,0) = zo(x)e %), xeQ

with
paceX:?

f(a,b,v,c) = puya(l —a"e*?) — + yua(a,ae®’ + a,be*)v

k, + Baex«?

— XuMvav(l —v)
paceKutx—xv

gla,b,v,c):= —4,b+ kot factt + xwb(a,ae’’ + a,,be*™)v
— Xwiybv(1 —v)
XuV
h(a,b,v,c) = — 8¢ pace + Bbe I 4y c(anae™ + aybet )y

B k, + Baexwv
— XzMocv(1 —v).
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It is noted that (6.1.10) and (6.4.1) are equivalent in this framework of classical
solutions. The following basic statement on the local existence and extensibility
criterion of classical solutions to (6.4.1) can be proved by a straightforward adaptation
of the reasoning in Pang and Wang (2018) and Tao and Winkler (2020b).

Lemma 6.14 LetD,, D,, D,, &,, &, &2, u, Mo, P, Ky, &y, @y, B, 8y, and 8, are pos-
itive parameters, and assume thatr > 1,0 > 0. Then there exist T,,,; € (0, co] and
a uniquely determined quadruple (a, b, v, ¢) € (C*! (2 X [0, Tpax)))* which solves
(6.4.1) in the classical sense anda > 0,b > 0,¢c > 0and v > 0in 2 x (0, Tyur),
and that if T,,q, < +00, then

laC, Dlize@) + 106G, DLy + IV Dllpay + et Dllire@) — 00 as t 7 Tiax.
(6.4.2)

Proof Invoking well-established fixed point arguments and applying the standard
parabolic regularity theory, one can readily verify the local existence and uniqueness
of classical solutions, as well as the extensibility criterion (6.4.2) (cf. Pang and Wang
2018; Tao and Winkler 2014b for instance). With the help of the maximum principle,
we can also verify the asserted positivity of the solutions.

From now on without any further explicit mentioning, we shall suppose that the
assumptions of Theorem 6.2 are satisfied, and let (a, b, v, ¢) and T,,,, € (0, co] be as
provided by Lemma 6.14. Moreover, we may tacitly switch between these variables
and the quadruple (u#, w, v, z) if necessary.

The following important properties of solutions of (6.1.10) can be easily checked.

Lemma 6.15 Let T > 0. Then solution (u, w, v, z) of (6.1.10) satisfies

MG, Dl < u* = max{|2], luolliey) forallt € ©0.T),  (643)
lv(:, Doy < v* :=max{l, |vll~2)} forallt e (0, T) (6.4.4)
and
W Dlli) < w* = max | ol + ol —22L 1 6.45)
- min{i,, 8y}

forallt € (0, f") as well as

*

Bw ,
”Z(., t)”L‘(Q) < Z* (= max { ”Z()”LI(Q)a 8_ for allt € (0, T) (646)
Z

where T = min{T, T4x}-

Proof Integrating the first equation in (6.1.10) over §2 yields
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d
— | u< ,uu/ u— /L,,/ ut! 6.4.7)
dr Jo 2 Q

due to z > 0. Since ([, u)™ < [2]" [, u"*! by the Cauchy—Schwartz inequality,
(6.4.7) implies that y(t) := fg u(-, t) satisfies

Y (1) < pay(®) — é—“'ry”’(t) for all (0, 7),

from which (6.4.3) follows by the Bernoulli inequality. On the other hand, due to
the nonnegativity of «, w and v in £2 x (0, T), the comparison principle entails that
vy < pyv(1 — v) and thus the estimate in (6.4.4) follows similarly.

Once more integrating the equations in (6.1.10) over §2 and using the fact that
2u < u"t! + 4, we can see that

d + / < 41,192 / 1 (6.4.8)
— [ u o | u<4u, — 4.
dtg H Q H pgku—}—@u
and
d uz
— Sy < 6.4.9
dt/gw+ ./_Qw_p/(gku-i-@u (6.4.9)
as well as
d uz
— ) < — . 6.4.10
dt/Q”Z/QZ— p/fzku+9u+ﬂ/fzw (6.4.10)

Combining (6.4.8)—(6.4.9), we obtain that

d
_(/u+/w)+ﬂu/u+8w/W§4ﬂu|9|a
dt \Jo 2 Q Q

which entails that y(¢) := [, u + [, w satisfies
Y () + min{p,, 8, }y(r) < 4, |L2].

Hence, using the Bernoulli inequality to the above inequality, we get the estimate in
(6.4.5). Further, it follows from (6.4.10) that

d
— + 48 < Bw*
dl/fzz Z/.QZ v

and thereby derive (6.4.6) by an ODE comparison argument.
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6.4.2 Bounds for a, b and cin LlogL

This section aims to construct an Lyapunov-like functional involving the logarithmic
entropy of a, b and c, rather than that of u, w and z, which provides some regularity
information of solutions that forms the crucial step in establishing L*>° bounds for
u, w and z in the present spatially two-dimensional setting. It should be mentioned
that upon the special structure of (6.1.9), inter alia neglecting haptotactic migration
processes of oncolytic viruses z, the energy-like functional .% in Tao and Winkler
(2020b) can be achieved by appropriately combining the logarithmic entropy of u,
w, Dirichlet integral of \/v and integral of z> in line with some precedent studies
(see Tao and Winkler 2014b; Winkler 2018b).

The first step of our approaches consists in testing the first equation of (6.4.1)
against Ina.

Lemma 6.16 For any ¢ € (0, 1), there exists K,(¢) > 0 such that

Val|? u
eX“”alna+Du/ e’“”ﬂ—i—M?/(lna—i—l)u”rl §8f w2 + K, (e).
2 2

(6.4.11)

di Jo

Proof From the first equation in (6.4.1), it follows

ouz

Xy = D,V - (eX'V a(d=u") — .
(ae*?); (e a) + pu(l —u’) kot ou

By the positivity of a in 2 x (0, 00), testing the first equation in (6.4.1) by In a then
shows that

d
dt Jo

= /(eX“”a)tlna—{—/ eXuVq,
2 2

\v/ 2
—Du/ eMﬂJr/ <,uuu(1—ur)— puz )lna—{—/ fa, b, v, )eXu?
2 a 2 ky +6u Q

2
—Du/ eXu”@+/ (Ina+ 1) (uuu(l—ur)— puz ) (6.4.12)
Q a Q ky + 0u

eXVglna

+ Xu/ u(oyu + ayww)v — xuuu/ uv(l —v)
Q Q

\v4 2
S—Duf eXWﬂ—M/ (lna—|—l)(ur+1—u)—p/ " na
o} a Q 2 ky +0u

+Xu/ u(“uu+awW)U+Xqu/ MU2-
2 2

By (6.4.6), we see that
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Xuv XuV* Xuv™
—,of 1 Ina = —,0/ i alna < pe / z = pe 75,
ok, +06u ok, +6u kipe Jo k,e

since alna > —e~! foralla > 0 and v(x,7) <v*forallx € 2, >0 by (6.4.4).
Apart from that, for any ¢ € (0, 1), there exists C;(¢) > 0 such that

Muf (lna+1)u+xu/ u(auu+aWW)v+xum/ uv?
2 2 2

< &/(lna+1)u2+s/ w2 + C(e)
2 2 2

duetoa? < g1a%Ina + e%,alna < ¢gatlna — 81_] Ing;anda < g1a®lna +26‘%
for any ¢; € (0, 1). Therefore, inserting above two inequalities into (6.4.12), we
arrive at (6.4.11).

Lemma 6.17 There exists c* > 0 with the property that if §,a,, < c*, then one can
find gy € (0, 1) and K, > 0 such that for all ¢ € (0, &),

d D,, Vb|?
_/ VhInb + _/ exwvu_}_awf e®'bInb
dt 19} 4 7] b 2

(6.4.13)
2 K> 2 2
= 8||c||L2(Q) + s ||a||Lr+1(Q) + 8-’

wherer = 1if0 > 0andr > 1if0 > 0.
Proof From the second equation in (6.4.1), it follows that

puz

(be*?), = D,V - (eX*'Vb) — §,,w + ku+—9M

By straightforward calculation relying on 0 < v < 1 in £ x (0, 0o) and the Young
inequality, we then see that for any ¢ > 0,

d )
— e)(”’”blnb—i-BW/ eX“’Lblnb—{—DW/ e
dt Jo 2 2

uz
= / (Inb+1) < P - 5wW> + XW/ wloy it + oyw)v — lelvf wu(l —v)
o) ky +6u e} 2

+8W[ winb
2

= ,0/ = lnb—i-p/ L"‘Xw/ivv*/ W+Xwauv*/ Wu“"XwawU*/ w.
0 ku + Ou k] ku + Ou 0 7} 0

2
v [VOIZ (6.4.14)

The first summand on the right-hand side of (6.4.14) will be estimated in the case
r=1,0>0andr > 1,0 > 0, respectively.
Forr = 1and 6 > 0, we have
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d Vb|?

—_ eXwalnb_j’_é‘W/ !

dt Jo Q b
2,2, %2

v
=< B./ Zlnb+(8+XwawU*)/ W2+B/ Z+Xw7u-/ M2+XW[LUU*/ w.
0 Jp>1 2 0 Ja & fo) 2

Since In’s < j—zs for all s > 1, an application of the Holder inequality leads to

2
14 2 14
5‘/b>lzlnbSe|lz||]‘2([_))+@‘/;2b~

In conjunction with (6.4.15), we can see that

S UbInb + D, / (6.4.15)
2

d Vb|?

— / e®’bInb + D,, / eXW“—l | + 8, / e®’bInb (6.4.16)
dt Jo Q2 b 2

o

2 2 2
< (¢+ Xwawv*)”W”[_Z(_Q) + 8||Z||L2(_Q) + ”u”LZ(_Q)

2
p P
+ Otwitov™ + @)”W”L'(Q) + 5||Z||L'(9)-

To estimate the first term on the right-hand side of (6.4.16), by means of the
two-dimensional Gagliardo—Nirenberg inequalities, we can find K, > 0 such that

lell7so) < KellVol7a o) l0l72q) + Kell@lljz (o, forallp € WH2(2). (6.4.17)
Thereby thanks to (6.4.4) and (6.4.5), there exists C; > 0 such that

2 2 X0 4
(e + Xwawv*)”W”LZ(_Q) <e v (e + Xwawv*)”\/Z”]j(Q)

20% Xy * 2
- eV X Kg(e—l—xwawv)f b[ exvab' L
2 Je b

- 4
- eV Ko (& + X0t v*) W / S |Vb|? +e
4 2
(6.4.18)
B 3Dw/ AL
- eV —— ,
=4 J, b !
prOVided that Ewaw <c*i= 2D, and anyO <E<KE = mm{l Dy, }

Therefore, along with Lemma 6.15 and the Holder inequality, we insert (6.4.1%) into
(6.4.16) to arrive at (6.4.13).
While forr > 1,0 > 0, we have
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Vb|?
4 / b Inb + by / e Vbinb + D, / e 20 (6.4.19)

X2 2,42
<—/ zulnb—l—(e—l—xwawv)/ +—/ uz 4+ 24 a7l /u +quvv*/ w.
2

Here, an apparently challenging issue is to estimate |, o ZuInb appropriately in
terms of expression which can be controlled by the dissipation terms in (6.4.11).

Since there exists C; > 0 such that ln% s <s+ C, for all s > 1, we can infer
from (6.4.6) and the Holder inequality that

ﬁf zulnb < L zulnb
ky Jo (b>1}

r—1
2041 | 20D
k—||M||Lr+1(9)||Z||L2(Q) (lnb) 1
{b>

u

1% r—1
< k—||u||Lf+1(fz)||Z||L2(Q)(||b||L1(Q) + C2|82()2¢+D
u

2 300,12
< 5||Z||Lz(g) + ?”M”Lm(m

. 2 r=1
with C5 = £ (IIblli(o) + Co1 2D 7.
Apart from that, by the Holder inequality and the Young inequality, it is easy to
see that

0
— | zu = —|lullp2cyllzll2 )
ki
2

IA

& P 2
Szll720) + 55 lll7 2 0)-
2 7 2k2e @

In conjunction with (6.4.19), we get

d W IVBP
= | e'bnb+ D, +8, | e*'bInb

* Cs )
< (e + xwor, ") [wl72 122 T EHZ”LZ(Q) +— Ilullml(g)
2 *2 2
XM/ M p 2 *
+ + 5 ull;2 + v|wl1
< e 2/(38) lluelly, @) T Xwhy Wl
2 2
< (& + Xwaw ) W72 +ellzllzz g
+ (C* + xwev? - p?

+ 2k28> letl1Z 1y + XooktoV* W21 + Ca
u

for some C4 > 0, which together with (6.4.18) and (6.4.5) implies that (6.4.13) holds.
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Lemma 6.18 There exists K5 > 0 such that

d 3D, Vcl|?
—f eX’clnc = Xf”ﬂ+81/ e ’clnc
dt Jgo 4 2

e
I c (6.4.20)
=< K3”b”i2(9) + KS”“”iZ(Q) + K3.
Proof By the fourth equation in (6.4.1), we can see that
U v ’OMZ
(ce®X’), = D,V - (e'Vc¢) — 8,z — + Bw. (6.4.21)
k, + 6u

Proceeding as above, we test (6.4.21) by In ¢ and integrate by parts to see that for
e >0,

d Vel|?
— exvclnc+5/e><“c1nc+0/ reo Vel (6.4.22)
o c

(lnc+1)( )+x / 2@t + W)Y — Xeft /cv(l—v)
/ k +9 “Jo ' Jo
uz
< —p Inc + /w—i— /Wlnc—i—xauv*/cu
/.Qku +0u g I?) g I?) : 2
+Xzawv*[ CW+Xz/‘Lu/ Cc
2 Q
xov* 202%2 242 2
Spe u*+8/02+xzu /u2+(sz +1>/w2
k, Q 3 Q2 & 2

+(quu+ﬂ2)/c+ﬂfw
2 2

IA

due to
uz ueX¥
—p lnc = clnc
2 ku +
ueX v
< - / clnc
{e<1}
pek v

< u*

=
and

2
ﬂf wlnc<||w||Lz(m+if In®¢
{c>1} {c>1}

2 2
< WlZao) + B / ¢
2



372 6 Multi-taxis Cross-Diffusion System

Now according to the two- dimensional Gagliardo—Nirenberg inequality (6.4.17) and

Lemma6.15, we pick ¢ = e K - and thereafter obtain some C; > 0 such that

2 4
8||C||L2(_Q) :8||\/E||L4(_Q)

|VC|2 2
<Kg8/:zc>/9 o teke </QC) (6.4.23)

2
D [ etV ¢,
4 0 C

IA

Therefore, along with Lemma6.15, in conjunction with (6.4.22) and (6.4.23), we
readily arrive at (6.4.20).

We are now ready to obtain the bounds for a, b and ¢ in Llog L by taking suitable
linear combinations of the inequalities provided by Lemmata6.16-6.18, stated as
follows.

Lemma 6.19 Let T > 0. Then there exists K4 > 0 such that

/ a,DlnaC, ) < Ka, (6.4.24)
2
/ b(-,)|Inb(-, 1) < K4 (6.4.25)
2
and
/ c(,Dlne(, )] < Ky (6.4.26)
2

forallt € (0, T) with T := min{T, Tyax).
Proof From (6.4.18) and (6.4.23), it follows that there exists C; > 0 such that

IVb|®

1B+, < Ci / e (6.4.27)
2

|Vel?
||c||iz(m§C1/ — +Cr. (6.4.28)
2

Multiplying (6.4.13) by A := £ *Cl and adding the resulting inequality to (6.4.20),
using (6.4.27) and (6.4.28), we have

d D Vb|?
Ae®'bInb + / eX’clnc ) + —W/ e’(“’vu + ASW/ e”*blnb
dt 2 8 Jo b 2

3DZ |vc|2
e
4 7] C

+ 6, / eX'clnc (6.4.29)
2
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AKy AK2 )
< A8||C”L2(Q) + A ||a||Lr+l(Q) + - + K3||a||L2(Q) + K3

v [Vel?  AK AK,
S AEC] eX: T + ||a||Lr+l(Q> + + K?”a”LZ(Q) + A8C1 + K3
Q
Taking ¢ = 8 A o in (6.4.29), we can find C, > 0 such that

d D, |Vb|2
Ae*’bInb + | e*'clnc )+ — [ e** + A8, | e*'bInb
dt o 8 Jo b o

3D Vel|?
+—Z/e l cl —i—(S/eXz“clnc
8 Jo c I7)

< Gollall} g, + Ca
(6.4.30)

Combining (6.4.11) with (6.4.30) and using (6.4.18), we can pick ¢ > 0 in (6.4.11)
appropriately small to derive that for some C3 > 0

d D Vb|?
— AeXW”blnb—i—/ eX’alna +/ eXclnc | + —w/ eX”'”il |
dt Jo Q Q 9 Jo b

+ As, [ Vb Inb 6.4.31)
2
3D, Vel? Val?
+— o [Vl +6; / eXZ"clnc—i-Du/ exuvﬂ—i—&f (na + Du'*!
8 9 c o) o) a 2 Ja

< Csllall7 g +Ca.

which, along with a’*' < ea"*!Ina + c(¢) for some c(e) > 0, implies that there
exist C4 > 0 and Cs > O fulfilling

d
Efi(t) + C4.F (1) < Cs (6.4.32)
with
F(t) = A/ VDB (L 1) lnb(~,t)+/ g Hna(-, 1)
2 2
+/ e ) ne(, 1),
2
and thereby

F(t) <Cs (6.4.33)

is valid for some C¢ > 0.
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Now, by the inequality alna > —e~! foralla > 0,
/a(-,t)llna(ut)lz /a(-,t)lna(-,t)—Z/ a(-,t)Ina(., 1)
2 2 a<l
< [ at.nmac.n + 221
2

and similarly,

/b(-,t)|1nb(~,t)| 5/ b(-,t)Inb(-, 1) + 2|82|
Q Q2

as well as

/c(-,t)|lnc(~,t)|§/ c(-,t)Inc(-, 1)+ 2|82|.
Q 7}

Hence, (6.4.24)—(6.4.26) result readily from (6.4.33).

6.4.3 L*°-Bounds for a, b and c

By means of some quite straightforward L7 testing procedures, combining Lemma 2.1
with appropriate interpolation, we can now proceed to turn the outcome of
Lemma 6.19 into the L*°-bounds for a, b and c.

Lemma 6.20 Let (a, b, v, ¢) be the classical solution of (6.4.1) in 2 X [0, T,y4x)-
Then one can find C > 0 fulfilling

laC, Hllre@y < C (6.4.34)
and

16C, Dllpe) < C (6.4.35)
as well as

leG, Ollpe@y < C (6.4.36)

forallt € (0, Tyax)-

Proof Testing the first equation in (6.4.1) by e¢5Va”~! with p > 4, integrating by
parts and using the Young inequality, we can find C; > O and C; := C,(p) > 0 such
that
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—_ eXuvaP+/ eXu? gl
dt Q Q

- p/ eX“"ap_la,—i-)(u/ evaapv[+/ eXul P
2 fos o}

= pf Xt aP =MD, e MY - (Va) + f(a, b, v, )} + fo e*alv, +/ ar
2 2 2

4D, 1
<- (p )/ |va2| +pXuau/ a[)-H 2X“U+C1P/ a”—‘,—Clp/ a’b
2 [}

4D, 1
<- (P )/ |V 7|2+C2/QP+I+C2/17P+1+C2
2 2

(6.4.37)

Similarly, based on the other equations in (6.4.1), we infer the existence of C3 > 0
such that

d
—/ SVpP +/ SVpP
dt Jo 0

4Dy (p — 1 ,
S—L/ |be|2+c3/ a”+l+C3/ b”+'+C3/ P INe)
P 2 Q Q

(6.4.38)
as well as
d EUCP+/ eézvcp
df Q
4D 1
< (P )/|Vz|+C3/a”+1+C3/b”+1+C3/C”H+C3
Q Q Q

(6.4.39)

Collecting (6.4.37)—(6.4.39), we then have

%{/ eéuval’_j’_/ eSWUbP_’_/ eézvc‘P}+/ eéuvaﬂ_j’_/ eéwvbl’_’_/ e&v(,'p

2 2 2 2 2
4
<= ( Va2 +Du/ Vb5 + D, f \V62|>+(C2+2C3)/ P
p

+(Cy + 2c3)/ b 4 (Cy + 2c3)/ Pt 4 ¢y +20;.
2 2

(6.4.40)
Now on the basis of Lemma 6.19, we employ Lemma 2.1 to estimate fQ abtl, fQ prt!
and [, c’*!intermof [, Va2 |, [, Vb |*and [, |Vc? |?, respectively.
Indeed, applying Lemma?2.1 to ¢ = a?, we have
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(Cs +2C3) / !
2

2(p+1)

= (Cr42C)|a || Ly (6.4.41)
L7 ()

IA

» » » 2(p+1)
(C2+2C3)e[IVaz (172 - / allnaz|+ (G2 +2C3)K(p, €) (Ila2 IIL%”(Q) + 1)
.Q p

p(Cy +2C3)e

= fnva%”iz(m.f allnal 4 (C2 +2C3)K (p, &) (/ a)p+1+1>
2 2

which along with (6.4.24) and the appropriate choice of ¢ readily shows that for
Cs(p) >0

4(p — 1D, »
(C2+2C3)/ ar* < Lf Vat P + Ca(p).
2 p Q
Similarly,
4(p — 1)D,, »
(C2+2C3)/ bl < &/ |Vb2|* + Cs(p)
Q p Q
as well as
4(p — 1D »
(C2+2C3)/ Cp+l < Mf |V6‘5|2 +C6(p)o
Q P Q
Therefore, (6.4.40) shows that

d
—_ {/ eSuUa[’_i_/‘ eéw“b[’_’_/‘ eézvcp} +/ eéuua[’_l_/ e&wvb[’_l_\/ E&UCP
dt Q Q 2 Q2 2 2

< C:(p),

which entails that for all p > 2 there exists Cg(p) > 0 such that

/ap(-,t)—i-/ b”(-,t)—i—/ c?(-, 1) < Cs(p) (6.4.42)
2 2 2

forall t € (0, T,,0x).

Furthermore, by adapting a well-established Moser-type iteration, one can readily
turn the latter into the L° bounds for a, b, c. However, since the procedure is rather
standard (see Tao and Winkler 2014b, 2020b for example), we give the details only
in places which are characteristic of the present setting.

By a straightforward calculation and three integrations by parts, we get
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d

_ {/ efuvap + efwvbp + eé:UCP} + / {eEuUaP + efwvbp + EEZUCP}
dt |Je o)

< —2min{Du,DW,DZ}/ [|Va%|2+|Vb§|2+|vC§|2} (6.4.43)
2
+C9p/ {ap+l+bp+l+cp+l}+cg
2

where Cy > 0 as all subsequently appearing constants Cjg, Cyy, ... is independent
of p > 4.

Itis observed that by the Gagliardo—Nirenberg inequality, due to 2 < @ <25
for p > 4, one can pick Cjo > 1 such that for all p > 4,

P2 P
2(p+1)

lell, 2z = Coll Voll Zig) Il Tig) + Crollelluie) forall p € WH2(2).

Applying this together with the Young inequality, we obtain that for some C; > 0,

2p+1)

1 L 3
Cop / a" = Copllatll tu
2 L 7 (£2)

2(p+1)
P2 p =

2 2(pH 220+t 2
Cop {CmIIW2 /52, - lazll 7o + Crollazlie

IA

)

P+ 2(p+1)
P

3 L )4 3 » >
<8CoChplIVatill b - llat i) +8CoClplall, iy,

. 4 )4 2p
< min{D,, D,,, D_}[|Va |72 o, + Ci1p* max{1, la” |11 a)} 7,

where the fact that 22+D < % < 4 for any p > 4 is used.
Similarly, we have

2p
Cop f b"*! < min{D,, Dy, D}|IVb? |22, + Cuip* max{1, 163 [|L1(2)} 7
2

as well as
p+l : 22 4 2 22,
Cop | ¢ =min{Dy, Dy, D}|Vec2[l12) + Crip” max{l, [lc>|lLi@)} 2.
2

Consequently, inserting the above inequalities into (6.4.43) yields the existence of
Ci2 > 0 such that

d

_{/ esuvaues.vvprre&vcp} +/ (5P 4+ 5P 4+ Ever)

(6.4.44)
P P ) 2
< Cpp*max{1, laZ |z + 167 L@ + N2 llpie)} 7.
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Now let py = 4 - 2¥and M} = max{l, sup / aP (-, 1) + b7 (-, 1) + P (-, 1))}
1€(0,Tnax) J 2
fork =0,1,2,.... Then (6.4.44) implies that fork = 1,2, ...

d
dt
< C12Pk4M,?,1,

{/ e5uv g P +e'§"‘vb”* +eézvcpk}+/ {e%‘uvam_i_eéwvbm _,_e%‘zvcm}
2 2

which entails the existence of L > 1 independent of k such that
M, < maX{LkMI?_p |~Q|(”u0”[L)l;o(Q) + ”WOHZI;O(Q) + ”ZOH?;O(_Q))} forall k > 1.

Therefore, by means of a standard recursive argument (see Pang and Wang
2018; Tao and Winkler 2014b for example), both when L"M,f_l < I.QI(IIMOIIZZO(_Q) +

Iwo ”ka(.(z) + llzo ”ka(sz)) for infinitely many k > 1, and as well in the opposite case,
we can obtain some C;3 > 0 such that for all k > 1

1
Pk
M < Cis,

from which, after taking k — oo, the claims (6.4.34)—(6.4.36) readily follow.

According to Lemma6.14, it remains for us to establish a priori estimates for
IVu(-, DllL42)-

Lemma 6.21 Let T > 0. Then there exists C(f’) > 0 such that |[Vv(-, t)|l1+@) <
C(f")for allt < T, where T := min{7T, Tpax}-

Proof This can be achieved through an appropriate combination of three further
testing processes, essentially relying on the L*-estimates for a, b and c just asserted.
We refrain from giving the proof and refer to Tao and Winkler (2020b) or Tao and
Winkler (2014b) for details in a closely related setting.

We are now in the position to prove Theorem6.2.

Proof of Theorem6.2. Thanks to the equivalence of (6.1.10) and (6.4.1) in the
considered framework of classical solutions and in particular the extensibility crite-
rion provided by Lemma 6.14, the proof is an evident consequence of Lemmas 6.20
and 6.21.

6.5 Asymptotic Behavior of Solutions to an Oncolytic
Virotherapy Model

At the beginning of this subsection, in light of the method used in Horstmann and
Winkler (2005) and Pang and Wang (2017), we provide the following statement on
the local existence and extensibility of solutions to (6.1.12) as below.
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Lemma 6.22 Suppose that 2 C RY (N > 1) be a bounded domain with smooth
boundary. Then one can find T,,,, € (0, 00] and a unique quadruple of nonnegative

functions (u, v, w, z) € (C (!_2 x [0, Tmax)) N c?! (S_Z x (0, Tmax)))4 which solves

(6.1.12) classically in 2 x (0, T4 ). Moreover, if Tyqx < +00, then

t}l;n (I G, O llwrzacy +1lv GO llwzagay + 1w G Dllwrzag)+ 11z ¢ D i) =00
(6.5.1)

N
forallqg > 7.

To make the system mass-conserved, we introduce a nonnegative variable Q satis-
fying

QtzAQ—i—(pu—i_pzSW—ﬁ)w—l—SZz, (x,1) € 2 x(0,T),
VQ-v=0, (x,1) € 02 x (0,T), 6.52)
0((x,0=0, x € 82,

where %(SW — B > 0. Then it is easy to see that for all t € (0, T),

+ p;
f[<u+p” p"w+z+Q>(-,t)] =0,
2 Pw t
which means

w + Pz u + Pz
f(w" pw+z+Q)(-,r>=/ (uo+uw+m>- (6.5.3)
Q Pw 2 Pw

We first collect some easily verifiable observations in the following lemma. The con-
stants ¢;, (i = 1,2, 3,4), cio and Cp, refer to Lemmas 1.1, 4.3 and 3.2 respectively.

Lemma 6.23 Under the assumptions of Theorem6.3, there exist M; > 1 (i =0, 1,
T 6) and S(SM’ §W5 sza Pus Pws Pz, Ay, Olw) > 0 such that

M
2¢3 + 2c1002606 (M1 My + MoMs) + 2cioc3 p Moe (M1 + M3) < 71, (6.5.4)

M
2¢3 + 2c10026we (Mo My + MoMs) + 2c10¢3 oy Moe (M1 + M3) < 72 (6.5.5)
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M
2c3 + 2c10¢26,6 (M3My + MoMs) + 2c10¢3 0. Moe(My + M3) + 2c1oc3 My < 73
(6.5.6)
2p0-1
|, i+ o) o Ol (#25%) " 65
< — J.
(2apy) ™ -2
2po—1
(M) +a,Mo)? [ 2pg—1 \
I+ ellvo() o) - 5
(2apo) ™ poe(dy — )
2po—1
+28a“M1 + o, M, ( 2po — 1 ) T
(2ap0)% 2poe(d, — @)
{ po-1
Po — o
+ [lvo () ll 2o (2) C po (—)
FHDERT poe(s, — o)
e&E, M M. e&,MoM 1
: Suly L 5uMo S 142 (6.5.8)
(Qa —k)po)™  ((a —k)po) ™
po—!
po—1 70
My woronC _po=
+ oIz (2)Cpow <P08(5v — a))
e&, MM &, MyM 1
( § oMa 3 oMs e
(Qa —k)po)  ((a —k)po)m
1 po=1
n lvo ()1l L (s2)C p, Mo 2] 70 ( po—1 ) 70
(kpo)% poe(8y —a — k)
1 Ms
: (80[,,,,0,,M0 + Eau(sv —a)+ S(XWPWMO) < 77
u + Z M
2er0cs MoMas (su TRy +sz> =3 (6.5.9)

where .
M0:1+M6+201’ kzmin{i((sv_a)’aw}e(o’a)r

witha € (0, min {A, §,}) and A, > O the first nonzero eigenvalue of — A in §2 under
the Neumann condition.



6.5 Asymptotic Behavior of Solutions to an Oncolytic Virotherapy Model 381

For constants « € (0, min{A,48,}) and M; > 1(i=0,1,...,6) referring to
Lemma6.23, let

IV (-, )l 202y < Mige™ forall t € [0, T),
VW (-, )l 202y < Mage™" forall t €0, T),
IVZ (Ol 202y < Mage ™" forall t €0, T),
T2 sup \T €0, Tnax)| IV G, 1)l 1200 () < Mage™" forall t € [0, T),
1AV ¢, Ol o2y < Msee ™" forall t € [0, T),
[+ 22w 2 4 Q) (-, 1) =€ (o + 252wy
420) () || 1=(2) < Mgge™" for all t € [0, T).

(6.5.10)
By Lemma 6.22 and the smallness condition on the initial datain Theorem 6.3, 7 > 0
is well-defined. We first show T = T,,,.. To this end, we will show that all of the
estimates mentioned in (6.5.10) are valid with even smaller coefficients on the right-
hand side. The derivation of these estimates will mainly rely on L” — L9 estimates
for the Neumann heat semigroup and the fact that the classical solutions on (0, 7;,,y)
can be represented as

<u+mw+z+Q>(nl‘)

w

+
— o4 <u0 + Pu T Pz Wo +Zo) B

w

N / e [EN V) + PP v vy 4 £V <sz)] (. s)ds,
0 W
6.5.11)

u(-, 1) = e “ug (-)+/ "I [—£,V - (uVv) — puuz] (-, s)ds, (6.5.12)
0

t
(e, 1) = 47w () + / A £V - (W) + pyuz] (- s)ds,
0
(6.5.13)

t
2(, 1) =AMz () + f e(TEI £V - (2VY) — puz + Bw] ¢, 9)ds
0
(6.5.14)
for all r € (0, T,,4x) as per the variation-of-constants formula.

The global boundedness for solutions of (6.1.12) can be obtained directly from
the following lemmas.
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Lemma 6.24 Under the assumptions of Theorem 6.3, for allt € (0, T), we have
u
(g

where My = 1 + Mg + 2c; with c; defined in Lemma l. .

< Mye, (6.5.15)
L>(82)

Proof Setmy = ﬁl‘ fg (uo + p“:vpz wo + zo), then my, < &. Itis obvious that

u + 0
etAmoo=m007/ [(qurp ) L WO+Zo) (~)—moo} =0,
2 W

H <uo 4t L wo + ZO> () — Mmoo

w

<e.
L(82)

According to the Lemma 1.1(i), we know for all # € (0, T'),

u+
e |:<M0 + i p pzwo + Z0> ) — mooj|

Then due to the definition of T and Lemma 1.1(i), we have
w +
(422 am)e
L®(£2)
u + u + Z
H( p pzw—i— +Q)(~,t)—em <u0+p pW0+Z0)(~)

u +
e |:<Mo + %Wo + Zo) ) - moo]

< Mgee ™™ + 2ci8e

< (Mg + 2cy) ge ™

< 2cige™™1,

L>(£2)

L(82)

+

L>($2)

and hence end the proof.

Lemma 6.25 Under the assumptions of Theorem 6.3, for allt € (0, T'), we have
—uot

M,
IVu -, Ol 2r0 (@) < 786

Proof Applying (6.5.12), Lemmal.1 (iii), we have
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1V (-, Ol L2ro (2

t
i+ [ IV 6T 0V0) = 03] €9 o

IA

Ve “uo ()]

L2P0(£2)

IA

t
2¢3¢7 M Vg O)ll 2o (2) + & / [Ve'™02V - V) (. 9) | oo o) A5
0
(6.5.16)

t
+ Pu /0 [Ve"™9% uz) ¢, )] Loy () d5-

From Lemmas 1.1(ii) and 4.3, we obtain

ds
L2P0(£2)

t
ds—l—éu/ HW“‘M WAV) (-, 5)
0

t
£, / HVe(’_“)AV VD) -, 5)
0

ds
L200(82)

t
< gu/ HW“‘M (Vuvv) (-, s)
0

L2P0(£2)

t 1N
<& / [1 +(t—s5) 2 0 ] e MU NVUVY (-, 9) [ oo () ds
0

! _l_ N
+suczf [1+(r—s> 2 4ﬂo]e*1<’*> ludv (. )l Lro ) ds
0

t
< éucz/ [1 +@—s5)
0

f _1_ N
+suc2/ [1+(r—s> 2 w]e—kl“—”(||u(~,s)||Loo(m~||Av<-,s>||m<g>)ds
0

=

__N _ _
0 | &MU (Vi (-, 9) | 1200 2y - 1VV Gy ) 200 () ) ds
(£2) (£2)

< 261062514 (M, M482€_ min{2e, A1}t + MOMssze—olt)
< 2ci9c26ue%e ™ (M My + MoMs).

From Hoélder’s inequality, using Lemmas 1.1(iii) and 4.3, we get

t
Pu / Ve wz2) ¢, )| o 0 48
0
t
< 2pucs / e (12Vu, )l oma) + 1uVz2C )l (o)) ds
0

t
0

(IVu G2y - 12 Co )iy + e G ey - 1V2 G2 (e)) ds
< 2cioc3pu(MoM&%e™" + MyMse*e ™)
= 2c19c3puMoe’e ™ (M + M3).

Therefore, inserting the above two results into (6.5.16), we arrive at
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IV (-, )1 L2ro (29
< 2c38e 4 212,87 (M My + MoMs) + 2c1o¢3 p Mog®e ™ (M + M3)
< [2¢3 4+ 2ci0026,6 (M My + MoMs) + 2cioc3 pu Mog (M + M3)] ee™.

According to (6.5.4), we thereby complete the proof.

Lemma 6.26 Under the assumptions of Theorem6.3, for allt € (0, T'), we have
IVw Ol o) < %85"”. (6.5.17)
Proof From (6.5.13), using Lemmas 1.1(iii) and 4.3, we have
IVw (-, )l L2002
< | Ve wo()]| a0, @ Féw fo l [Ve' =AY (W) ¢, $) |20 (245
+ pw Ot ” Vel =948 2 (., s)||L2po(Q)dS

t
< 203867()‘#8“’)' + %-WCZ/ [1+(t— s)*%*%]ef()»lﬁw)(tﬂ)
0
(VWG )l 2002y VUG )l 20 (2)) ds
d _1_ N
+ 5w02/ [T+t —s) 2 Fn]e” HHol=s) (||W(‘, o) 1AVC, S)”LPU(.Q)) ds
0
t
1 20003 / D) (170, 5) gy 120 )| ey ds
0
t
+2p,03 / e= D) (1 (-, ) | ooy 1VZC ) 12200 (2y) ds
0
< [2¢3 4 2c10c2E08 (MaMy + MoMs) + 2ci0¢3p, Moe(My + M3)] ge™

which along with (6.5.5) implies that (6.5.17) is valid.

Similar as done in Lemma 6.26, we also have the following.

Lemma 6.27 Under the assumptions of Theorem6.3, for all t € (0, T), we have
JEp—
IVZ (Ol zro) < 786 . (6.5.18)

Proof From (6.5.14), using Lemmas 1.1(iii) and 4.3, we have
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IVz (., t)”LZPo(.Q)

= HWZ(A_BZ)ZOC)

t
0

ds
L2P0(£2) L2P0(£2)

t
(t=)(A—8) (_ .
+/0 HW (peuz W) )|, ds
! 1
N 2C3se*“1+51>’+szczf [1 4+ (1 — 5)" 290 Je=Gu80=5)
0

-IVz(, s)”LZPO(_Q) [IVu(-, S)HLZPO ) ds

1 N

t
+&62/ [+ (t —s)" 27 %0 ]e” MDD Y2 )|l oo () 1 AVC, )l oo g2y ds
0
t
+pzc3/ D= (15 (1—5)
0
(196 DMzmia e G DMy + 1 )iy 1V G2y ) ds

2
+2ﬂ03/ e~ (1+8)(1=s) ”VW('J)”LZPO(Q) ds
0

< [2¢3 + 2c10026:6 (M3My + MoMs) + 2c19c3p: Moe(My + M3) + 2cioc3 Mz ] se ",

which together with (6.5.6) already implies that (6.5.18) holds.

Lemma 6.28 Under the assumptions of Theorem 6.3, for all t € (0, T'), we have
My
Vv G Dl 2ro2) < 786 . (6.5.19)

Proof We know that
v + (e + o w + 8,)v =0,

from which we obtain
V(- 1) = vp () e o @uutenn+dds, (6.5.20)
It follows that

Vv (., [)”LZI’O(Q)

- Hv [vo(ae*fé(au“+aww+5v>d~*] (6.5.21)

L2P0(£2)

< H Vg (-) e~ Jo@uutenwtd)ds

+ H vo () ve—fé (o u+o,yw+8y)ds

L2P0(£2) L2P0(£2)

'
ef‘s”"/. (o Vu + a,, Vw) (-, s) ds
0

< [ Voo e | 2n ) + 0 Ol (@) :
L2P0(£2)
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Noticing that

t 2po
(/ [Vu (-, s)lds)
0

IA

; 1 . 2pp=1=2P0
[(/ |V (-, 5)|*7 ds) " </ 1ds> " :|
0 0

t
Sl A TORTE N
0

IA

then

t
' / Vu(., s)ds
0 L2P0(£2)

B t 2po ﬁ
= / / Vu (-, s)ds dx
| Je lJo

1

IA

t 2p0
f2po—l f / [Vu (-, 5)>P dxds:| (6.5.22)
L 0 Je

4 ) ﬁ 2p0-1
[Vu (-, 8)|77° dxds t
0 Je
! —as\2po ﬁ 2207_1
(Myge™**)Pods t 2o
0

2pp—1

Met 2o
P

IA

IA

T Qapo)™

Similarly, we have

2pg—1
! Mjet 20
‘ / Vw(-, s)ds <= (6.5.23)
0 pn@ - (upo)™
From Lemma 6.3, noticing py > 1, @ — 8, < 0, for all # > 0, we obtain
2n0-1
Po— — 2
R Y e N (6.5.24)
26p0(8v - Ol)

Inserting (6.5.22) and (6.5.23) into (6.5.21) and using (6.5.24), we obtain

Vv (-, Dl L2002

2pp—1
<l+mm+%mwwwm@<zm—l>% st
- (Zo[po)ﬁ 2epo(8, — a) .
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Therefore, (6.5.19) results from (6.5.7).

To obtain the estimate of || Av (-, 1)l L () fort > 0, we need the following lemma.

Lemma 6.29 Under the assumptions of Theorem 6.3, for all t € (0, T'), we have

(/ / |Au (x, s)|P° dxds)po < K@) (6.5.25)
0 Je

and

(/ / [Aw (x, s)|P° dxds)po < K, (1), (6.5.26)
0 Je

where

1
2 2 70 okt 1
26, MM 826, MoM M| 82|70 ekt (gpy Mo + L (8, — )
K () = Cpo &M 4L + & Mo 5L + ( u - 7 0y )
(Qa—=k)po)  (( — k) po) o (kpo) o

1
+e(l+ |9|m))

and

L
SZEWM2M4 + SZSWMOMS + $2pr§|.Q| 70 ekt
1

- . e+ |sz|p]o))
(Qa — k) pg) o (( — k) po) 7o (kpg) ro

Kr(t) = Cp, (

with k = min {1(8, — @), 8,,} € (0, ).
Proof Denote G (x,t) = =&,V - (uVv) — p,uz + %(BU —)u, then u, = Au— 1

2
6y —a)u + G(x,t) and
, &
(/ ekpos / |G (x, s)|"° dxds)
0 Q2
t 1 Po i
< / P | (=€, VuVv — EuAv — pauz + =(8y — )u) (-, s) ds
0 2 LP0(£2)
' kpos 2 —2as 2 —as 2.2 L
< e E.M i Myc“e + & MoMse“e™ ™ + p,Mye~| 82| ro (6.5.27)
0

1 1] 7
+§(8U—a)M0£|.Q|I’01| ds)

SEMM | SEMMs | eMoI21m et (pMo + Gy~ @)
= i T T
Qe —K)p)™ (@ —k)po) (kpo) ™
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According to Lemma 3.2, we obtain

(f / |Au (x,s)|p“dxds)p0 < Ki(®).
0 Je

Similarly, denote F (x,t) = —&,V-(wWVv)+ p,uz, then w, = Aw —§,w +
F(x,t)and

‘ 7
(/ ek”o“/ |F (x,s)]|” dxds)
0 fo)

1
' 70
< ( / 7 | (—£, YWV — E,wAv + pyuu2) ()| ey ds)
0

" 2 -2 2 - 221012 170 "o
ekpos [gWM2M4s e 4 £, MoMse?e™™ + p,MZe |:2|ﬂo] ds
0

IA

e2&, My M, N &%, MoMs N 62, MZ|92| 7 e
= T T T
(2 —k)po)n  ((@ —k)po) ™ (kpo) o

3

thus from Lemma 3.2, we obtain

([ f |Aw(x,s)|p°dxds>m§K2(t)
0 Je

and thereby complete the proof.

Lemma 6.30 Under the assumptions of Theorem6.3, for allt € (0, T),
Ms
1A (-, Ol o) < 786 . (6.5.28)

Proof By v(-,1) =vy(-)e” JoCuntanwt8)ds | ye get

1Av (-, )Ml Lro 2y
< Hdiv (VUO(_)e—fg(auu+aww+av><-,s>ds>

LPo(£2)
+ Hdi v (vo(-)Ve—fo’ (auu+aww+av><-,s>ds>

LP0(Q2)

< H Avp(-)e” fé(auu-&-aww-f-&,)(-,s)ds vo(_)Ae—for(a“u+aww+8,,)(-,s)ds

+|

LPo(R2) LPo(R2)

t
+2 HVUO(~)8_ Jo(erwttanw3,)(.5)ds / (ot Vit + 00, VW) (-, s)dss (6.5.29)
0

Lr(2)
< | Avo()e™'|

LP0(£2)
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¢ 2
+ |vo(e™ Jo (uttta, w+8,)(-,8)ds |:/ (Vi + a,, V) (-, s)dsi|
0

LP0($2)

t
+ vo(.)e*fo (ot 0, w+8,) (-,8)ds / (ay Au + oy AW) (-, 8) ds

0

LP0(£2)

+2

t
e—él,tvvo(‘) f (o, Vu + o, Vw) (-, S) ds
0

LPo($2)

< || Avo (e bt

LP0(£2) + lvo(llL=2ye”

t 2
[/ (auvu + OIWVW) ('v S):|
0

LP0(£2)

t
/ (a,Vu + o, Vw) (-, s)ds
0

-8,
+ 2 IVug () ll 2o 2y €
L2P0(£2)

_81/
+ lvo() llze2ye ™"

12
/ (a0, Au + a0, Aw) (-, 8) ds
0

LP0(£2)

From (6.5.22) and (6.5.23), we obtain

e—((SU—a)t

t 2
[/ (a, Vu + o, Vw) (-, 5) ds]
0

t 2
(/ Vu (-, s) ds)
0

t t
+ 20, 0,0 Gt / Vu (-, s)ds f Vw (-, s)ds
0 0

t 2
/(;

t
+ 2o a0 G O! / Vu (-, s)ds
0

LP0(£2)

2 —(Sy—a)t

< e 4 aie—(ﬁv—a)t

LP0(82)

t 2
(/ Vw (-, s) ds)
0

LP0($2)

t
/ Vw (-, s)ds
0
t
/ Vw (-, s)ds

0

LP0(82)

2

< al%e—(ﬁv —a)t

<

+ a&)e—(sv —a)t
L2P0(£2)

u(-,s)ds
L2P0(£2)

(6.5.30)

L2P0(£2) L2P0(£2)
2pp—1 2po—1
- (g M1£)%t 70 e~ Bv—a)t N 2oyt My Mag?t 0 e~ Gv—a)t

T T
(2apog) 7o (2apo) 0

2pp—1
(@ Mag)*t r0 e~ e

1
(2apo) o
2pp—1
< (ou M, +Oth2)2€2 ( 2po — 1 ) 70
- (zap0)$ epo(dy — @)

and
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t
2 ||VUO(')I|L2p0(S2) e %! H/ (@, Vu + a,, VW) (-, s)ds
0 L2P0(£2)
2pp—1

a, My + o, M> ( 2P0 —1 > o (6 5.31)
(20{])0)% 2poe(dy — @) ' o

< 2826—0”

From Lemma 6.3, noticing 0 < k < §, — «, pg > 1, we obtain

ro—!

N TR (_Po -1 )”“
~ \ poe(d, —a)

and

-t
tp(’)’i;]e’(‘sf’“’k)’ < (po——l) o
~ \ poe(d, —a —k)

for all + > 0, which together with Lemma 6.28 implies

e*(ﬁvfa)t

t
/ (o Au + ayy Aw) (-) dt
0

LP0(2)
! % -l

< //lauAu+awAw|p°(x,s)dxds t ro e Gvma)
0 Je

po—!
< (@K1 (t) +anKa(t)t 70 e Gt (6.5.32)

ro=l e& MM e&,MoM L
= ECpoClul Po ei(évia)t ( S“ ! 4i + g“ : SL 1+ IQIPO)
(Qa—k)po)ro  ((a — k) po) o
o= M M. MoM. 7o
+eCpyayt 70 e—(av—a)t< £ M2 4¢ + 25w Si +1+ |Q|’J°>
(2 —k)po)™ (@ —k)po) ™

1
CpMp|S2|P0 po=l 1
+81]071[ n e Gy=e=hyt saupuMO‘i‘Eau((Sv_O‘)"‘spwawM()
(kpo) ™

po—1

—1 R e&, M M. e&,MoM. 1

fecpoau< Po )I’O ( EuM My T §uMo 5I +1+|Q|P0)
(

_ 1 1
poe(dy — ) Qo —po)? (o —k)po) 7
ro—!
—1 “rPo ,M> M., MoM 1
+8CPOO€W( Po ) Po < 8$w 2Vl4 1 + Séw 0 5l —|—1+|Q|FO)
poe(dy —a) (e —)po)™ (@ — k)po) ™

po—!

1

C o My|$2| 70 o — 1 P0 1

+e—10 1 2 eay pyMo + — oy (8y — @) + epwory Mo | -
(kpo) 70 poe(dy —a —k) 2

Inserting (6.5.30), (6.5.31) and (6.5.32) into (6.5.29), we get
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1Av ¢, Dl Lro(e2)
2p0-1

—at (o My +0le2)2 < 2py—1 ) Po

- 2
< e + & lvo()llL~(2)e

(2ap0)% poe(dy — @)
2pp—1
M wM 2po— 1 2p
+ g2 uMi @l < Po ) ’ (6.5.33)
(apg) 2o 2poe(dy — @)
1 ro—!
- Po — ko
. o ottc » v -
+ ellvo()llL=(2)e P (poe(au —a))
e&E, MM e&,MoM 1
< §uM, ‘g Mo 51+1+|Q|m>
(2a —k)po)™  ((@ —k)po) ™
ro-!
_ po—1 70
Y. at o -
+ ellvo()ll=(2)e poQw (poe(c‘iv —a))
e&, MM &, MyM a1
( §wM, 4¢+ §wMo 51+1+|Q|m>
(2a —k)po)™  ((a@ —k)po) ™
1 ot
n ellvo() L2y Cp, M| 82|70 ( po—1 ) 0
(kpo) 70 poe(dy —a — k)
1
: <8aupuMO + zau (51) - Ol) + E,OWOleO) .
Therefore, (6.5.28) follows from (6.5.8).
Lemma 6.31 Under the assumptions of Theorem6.3, for allt € (0, T),
4 + u +
H( i pzw+z+ Q) (1) —e? <uo + uWO“‘ZO) ¢)
Pw L(2)
< —se o (6.5.34)
2
Proof From Lemma 1.1(iv) and (6.5.11), using Lemma4.3, it follows that
H( p“+pzw+z+Q>( t)*€’A<0+L+pZW0+Zo)(')
w L>®(£2)
< / e1=94 [suv Vo) + 2P G V) £ £V (sz)]( 5) ds
0 w L>(£2)

t _1_ N .
< Eucy / [1+(r—s> 2 4ffo]e—*l<’—” I@Vv) . )l 20 () ds
0

! _1_N
PP [ [1+<z—s) : 4'70]5*1(’*” 10wV) -, 9l 1200 ) ds
0
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! 1N
+Ec f [1+<z—s> : 4/}0][*1“*” 1Y) ¢ $) 20 ) ds
0

_ + pz
< 2cjpeaMoMyg?e ™! (c?u + uéw + 5) ,

w
and in view of (6.5.9), we already arrive at (6.5.34) and complete the proof.

Proof of Theorem6.3. First let us verifty T = T,,,, by contraction. In fact, suppose
that T < T,,4., then from Lemmas 6.25-6.31, it follows

M,
IVu ¢, Ol 202y < 789 )
My _
Vw (., t)”LZpo(_Q) < 786 m,
M;
||VZ(-7[)||LZP()(Q) < 786‘ ar’
My
Vv (., t)”LZﬁo(_Q) < 786 at
Ms  _
lAv (., t)”Lﬁo(,Q) < 786 m,
+ oz + pz Mg
H (” + Ay ot Q) (1) —e? (Mo Tl +zo> ) < D0t

for all # € (0, T'), which contradicts the definition of T'.
Next, we show that 7,,,,, = o0. Infact, if T,,,, < 00, then in view of the definition
of T, we obtain

,/li}n (”’4 ¢, I)HWIvZI’O(Q) + v, t)”WZv[’O(Q) + lw (., t)”wll/70(9) + Iz (, t)”leZPO(_Q))

< 00,

which contradicts with (6.5.1) in Lemma 6.22. Therefore, we have T,,,, = oc.
Integrating the equation of u in (6.1.12) over £2, we have

/u(x,t)dx:/ uo(x)dx—p,,/ /(MZ) (x,s8)dxds,
2 2 0o Jo

which along with the nonnegative property of «, z and the fact that ||u(-, t)||1~(2) <
Mye warrants that i (¢) := ﬁ f o U (x,t)dx is noncreasing with respect to time ¢
and and its limit ¢t — o0 exists, that is,
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1—>00

400
lim u(x,t)ydx = / ug (x)dx — py, / / (uz) (x,s)dxds
2 Q 0 Q

as well as

+00
tlirgoﬁ ) = ﬁl| </g uo (x)dx — pu/O /Q(uz) (x,8) dxds) =u",

which implies

0< Pu / /(uz)(x,s)dxds:ﬁ(t)—u*—>0
) Ja

ast — oo. On the other hand, by Poincare’s inequality, there exists k; > 0 such that
(s 1) — w202y < ki IV, D)l 20 2) -

By Embedding theorem, we know W27 ($2) < €'~ (2), for po > max({1, ¥},
There exists k» > 0, such that

lu(, 1) —u() o) < ko llu(-, 1) — u(®) w2 ()
Sk (T +kp) IVu(-, Ol L2y = 0

as t — oo. Thus,
||M(', 1) — ”*HLOO(Q) < u(, ) —u(@®)llpoe) + ”L_l(t) - “*”Lw(m — 0.
Now, we consider a linear combination of u and w
H = pyu + pyw,
then
H, = pyu; + pywy = AH — p,§,V - uVv) — p,§,V - WVv) — p,6,,w.

Accordingly,

t
/H(x,t)dx:/ H(x,O)dx—,ou6w/ / w(x,s)dxds.
I?; 2 0 Je

Similarly, we obtain

. 1 +o0
lim H () = — </ H (x,0)dx — pu(Sw/ / w(x,s) dxds) = H*,
1=00 2] \Ja 0 2
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and

[ = B gy = ko |HC0) = AO e
Ska (T +k)IIVHC, Ol 200y = 0.

Then
IH(\t) — H* 1) < IHC, 1) — H®)ll o) + 1H(t) — H*|| =@y — 0
as t — o0o. Then denote w* := pi(H* — pwu™), as t — 00, we obtain
pu W 1) —w* ||L°°(.Q)

= [ouw. 1) = (H* = pytt™)|| 1 )
= ||H(" 1) — H*”L"O(Q) + pw ”“( 1 — ”*”ch(rz) — 0.

Next, we consider a linear combination of #, w and z. Let
I = ,OZ(M +w)+ (Iou + ;Ow)Z-
Then

Ii = Al — p .6,V - wVv) — 6,V - (WVv) — (o + )&V - (2VV)
— (pz8w — (ou + p) B) W — (ou + pw)d;2.

Accordingly,

/ I (x,t)dx
2

t
= / 1(x,0)dx—/ /[(Pz5w—(pu+,0w)/3)W(x,S)+(Pu+pw)5zz(x,S)]dxds,
2 0 J

where 0,6,, — (o, + pw)B > 0.
Similarly, we obtain

L= 1
lim 7() = ﬁ(/Ql(x,O)dx

+0o0
—/O /ﬂ[(pzﬁw = (pu + pw)B) w(x, s) + (ou + pw)dzz(x, S)]dde)

and
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Hl(" 1= 1) HLOC(.Q) <k HI(" H— I_(t)”WI-ZI’U(.Q)
Sk (L + k) IVICG, Dl L2ro2) = 0.

Then

11(, 1) — Iy < M Cot) = T |y + 1TE) — T¥]| 12y — O

1
Dut P

as t — oo. Then denote z* := (I* — p,(u* +w*)), ast — oo, we obtain

(pll + pw) ”Z(’ t) - Z* ||Loc(_(2)

<G = 1| iy + Pl 1) = w7y + pellWC, 1) — Wl @y — O,

By contradiction, if w* > Oor z* > 0, then there exists t* > O such thatforall t > ¢*,

/ (('OM_”L’)Z(;W - ﬁ) w(x, 1) + 8.z(x, t)) dx
Q Pw

Q -+ p.
S 12l ((uaw _ ,8) w* (Szz*> >0,
2 o

d
o /g O(x, )dx

which implies that f o Q(x,t)dx — 00 as t — oo and thus contradicts with that
1O, D=2y < Mpe. Hence, we have w* = z* = 0. On the other hand, by (6.5.20),
it is easy to see that

lv(, ) L2y — 0.

So the proof of Theorem 6.3 is complete.
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