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Preface

Methods for numerical simulations in engineering sciences keep updating every
day, and naturally the state-of-the-art advancement may not be incorporated into the
well-known textbooks. This short book introduces the Conservation Element and
Solution Element (CESE) method, which has a relatively short history. The CESE
method provides time-accurate simulations of physical systems and overcomes the
difficulties in capturing discontinuities, by combining many innovative considera-
tions in a nontraditional manner. This book elaborates on how the CESE method
works and presents a comprehensive survey of the recent CESE developments and
applications.
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Chapter 1 ®)
Introduction Check for

With the rapid development of electronic computers, numerical computation has
become an important paradigm of scientific discovery as well as a powerful tool for
engineering research. Solving complex problems in a computational fashion is more
than applying theories, equations, and formulas. Computational methods, also called
algorithms or schemes, have strong influences on the outcomes of computations.

The space—time conservation element and solution element (CESE) method is
aimed to numerically solve equations of conservation laws in various physical
systems. The major concern herein will be the computational fluid dynamics (CFD),
which is a hot area in scientific and engineering researches. Nevertheless, it may help
at the outset to recognize that the conservation laws in CFD problems have a lot in
common with conservation laws in other fields, such as acoustics, solid dynamics,
electromagnetics, and magnetohydrodynamics. The physics may be different, but
the mathematics are similar. For instance, physics involving dynamical evolution
of waves and discontinuities are usually modelled by time-dependent nonlinear
hyperbolic partial differential equations (PDEs). Some CFD problems happen to
be representative of such physical problems in a wider context.

1.1 Background

Most of the key achievements in conventional CFD have been incorporated into the
computational procedure of the finite volume method (FVM). Indeed, the FVM is
well established and widely used, and therefore it is sometimes regarded as a mature
technique. There are two important steps in the FVM, namely the reconstruction and
the evolution [1, 2]. In the reconstruction step, one needs to locally approximate the
flow field with simple functions such as polynomials, and then interpolate the values
of flow quantities at the cell interfaces by utilizing the cell-average values. In the
evolution step, the numerical flux at each cell interface is determined by some kind
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2 1 Introduction

of flux technique, and then the time integration of the conservation equations can be
performed.

A major category of CFD problems face the challenges brought by (1) the coexis-
tence of smooth regions and discontinuities in the flow (e.g., shock waves and material
interfaces) and (2) the wide spectrum of wave numbers/frequencies in the flow (e.g.,
acoustic waves and turbulence). Due to these physical phenomena, the CFD solver is
required to well handle the numerical dissipation, which leads to an endless debate in
the CFD community. First, for the robustness in capturing shock waves, there must
be a certain amount of numerical dissipation to suppress the spurious oscillations.
However, a low numerical dissipation is very favourable for the accuracy and reso-
lution of the viscous layers, contact surfaces, and small-scale structures in the flow,
which would be smeared out by excessive dissipation.

To achieve the low but controllable numerical dissipation, the research works
on FVM are mostly dedicated to two approaches: (1) developing high-order recon-
struction techniques in conjunction with nonlinear limiters and (2) improving the
flux solvers (e.g., approximate Riemann solvers). In both ways, numerous important
advances have been obtained.

In spite of these successes in the FVM development, several shortcomings may
arise. (1) A conventional FVM implementation highly relies on the selections of
special techniques, such as the limiter and the Riemann solver. Actually, each special
technique has its own pros and cons. There are many alternatives for each option,
but none of them can be proven to be optimal and general. (2) The coupling of space
and time is usually overlooked and may not be guaranteed in the numerical solution.
(3) The multi-dimensionality can be questionable because most flux solvers are only
based on one-dimensional physics. (4) The popular high-order FVM schemes are
usually not compact, i.e., large stencils are used. Under this background, the CESE
method was proposed to overcome the difficulties in the conventional FVM to some
extent, and it became a new member in the family of FVM.

1.2 History of the CESE Method

The space—time conservation element and solution element method was initiated
by Sin-Chung Chang of NASA Glenn Research Centre and his collaborators for
aerodynamic computation in early 1990s [3, 4]. There were several motivations to
propose the CESE method. First, they wanted to construct multidimensional and
space—time unified CFD schemes, without using dimensional splitting or separated
treatments of space discretization and time discretization. Second, they believed a
CESE solver should be built from a non-dissipative core scheme so that numerical
dissipation can be controlled effectively, dynamically, and even actively. Third, they
attempted to avoid using the Riemann solver in the CESE method.

Around 1994, the CESE project was approved and supported by NASA Glenn
Research Centre. The work of the research group showed that this time-accurate
scheme possesses low numerical dissipation, which is valuable in CFD simulation.
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For the first time, the transonic resonance in a convergent-divergent nozzle with
frequency-staging effect was successfully simulated by the CESE scheme [5, 6]. In
this case, the blind prediction by the CESE scheme matched the experimental data.
Therefore, the CESE method is proved to be capable of simultaneously simulating
multidimensional unsteady shock waves and acoustic waves with high accuracy.

Owing to its accuracy and robustness, the CESE method is employed in the
CFD module of the simulation software LS-DYNA [7]. The Jacobs Technology Inc.
(designer of the NASA’s hypersonic flow test facilities) developed its own in-house
CESE code called JUSTUS (Jacobs Unified Space-Time Unstructured Solver) for
hypersonic flow simulations. Another in-house CESE code, called “ez4d” software,
was developed by the NASA Langley Research Centre. This is a time-accurate 3D
Navier—Stokes flow solver on unstructured meshes [8, 8].

1.3 Main Features of the CESE Method

The CESE method is a special finite-volume-type numerical method, with the aim
of solving the governing equations of fluid dynamics and other conservation laws in
various physical systems. The CESE method possesses many features such as the
unified treatment for space and time, the fully discrete one-step explicit scheme, and
the highly compact stencil. Without enlarging the stencil or adding stages of time
integration, the CESE method can achieve arbitrary high-order accuracy for both
space and time.

The essential ingredients in the CESE method include: (1) the spatial deriva-
tives of physical variables are stored as independent unknowns, in addition to the
physical variables themselves. In every time step, these derivatives are updated by a
specially designed procedure. (2) a staggered mesh and a staggered time-marching
strategy are employed. (3) the interior structure within each solution element is
built with the Taylor expansion. (4) the time-marching approach is based on the
Cauchy—Kowalewski procedure.

Through a combination of the above techniques, the CESE method has low dissi-
pation and high compactness. When applied to the simulations of complex physical
processes, the CESE method can catch shock waves, contact discontinuities, fine
structures, and small disturbances, with high resolution and strong robustness. There-
fore, the CESE method demonstrates good performances in the numerical simula-
tions of wave-propagation problems (e.g., shock waves, acoustic waves, detonation
waves, stress waves in solid, and the electromagnetic waves), interfacial instabil-
ities, as well as the interactions of gaseous and liquid phases. In many research
areas including high-speed aerodynamics, shock dynamics, detonation, aeroacous-
tics, and solid dynamics, the CESE method proves to be suitable and shows a good
development prospect.
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1.4 Outline of the Book

The remainder of this book is organized as follows. First of all, the non-dissipative
core scheme of the CESE method is introduced in Chap. 2, with detailed descrip-
tions of the basic concepts. Then, the practical shock-capturing CESE schemes with
numerical dissipation including the classical a—« scheme, the Courant number insen-
sitive scheme, and the recently proposed upwind CESE schemes are presented in
Chap. 3. Furthermore, Chaps. 4 and 5 extend the CESE method to multidimensional
and high-order versions. In Chap. 6, numerical properties of various CESE schemes
are analysed, along with comparisons to other numerical schemes. Chapters 7-9
provide an overview of the applications of the CESE method, most of which are
quite relevant to the aerospace engineering. Finally, a summary and an outlook of
the CESE method are given in Chap. 10.
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Chapter 2 ®)
Non-dissipative Core Scheme of CESE i
Method

This chapter is devoted to demonstrating the basic ideas in the CESE method. These
ideas include the adoption of a space—time integral form of governing equations as
the starting point of scheme construction, as well as the introduction of conservation
element (CE) and solution element (SE) in the discretization of space—time domain.
Then, the non-dissipative core scheme of the CESE method will be presented in
detail.

2.1 Space-Time Integral Form of Governing Equations

Governing equations for a specific physical problem can be expressed in both differ-
ential and integral forms. Usually, a differential equation or a set of differential
equations can clearly describe the evolution of a physical system. The differential
forms of governing equations are prevalent in textbooks and theoretical research
works, due to their compactness in writing and the maturity in the mathematical
analysis on differential equations.

In the area of numerical simulation, the finite difference method is directly applied
to the differential equations, while the finite volume method and finite element
method require the governing equations to be cast into integral forms before numer-
ical treatments. In fact, the performance of a numerical method will be influenced
by the form of equations that is used in the numerical method, even though different
forms of governing equations can be mathematically equivalent. As will be shown
in this book, a major feature of the CESE method is the adoption of a space—time
integral form of the governing equations, in which time and space are treated on the
same footing.

For illustrative purposes, we consider the compressible Euler equations for 2D
planar flows, which can be written in a differential form as
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U  oF 3G _

— 4+ —+— =0, 2.1
8t+8x+8y @b

where U denotes the vector of conserved variables such that
U= , 2.2)

where F and G are the inviscid fluxes of the form

ou oV
2 uv
F=| P e=| ” 2.3)
puv pv*+p
(E+ pu (E+ ph

In Eqgs. (2.2) and (2.3), p is the density of the fluid, # and v are the x-component
and y-component of the flow velocity, respectively, p is the static pressure, and E is
the total energy per unit volume of the fluid. Note that once the equation of state
(EOS) is provided, Eq. (2.1) becomes a closed set of equations. Here, flux vectors
F and G are regarded as functions of conserved vector U. A set of equations in the
form of Eq. (2.1) is called a system of conservation laws.

By using the gradient operator in 2D physical space

o 0
vV=[—, =), 2.4)
dx dy
Equation (2.1) can also be written in a divergence form
oU
E—FV-H:O, (2.5)

where H is a matrix composed of spatial flux vectors F and G:
H=F,G) (2.6)

Therefore, the divergence form of Euler equation states that at time ¢ and point
(x, ), the temporal rate of change of conserved quantities plus the divergence of the
spatial flux of these quantities must be zero.

Consider a control volume denoted by V in 2D physical space, as shown in Fig. 2.1,
with the surface S(V') and the unit outward normal vector n on the surface. Integrating
Eq. (2.5) over the control volume V and applying the Gauss’s theorem, one obtains
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which can be interpreted as follows: the temporal rate of change of conserved quan-
tities within the volume V must equal to the net inward flow rate of these quantities
through the surface S(V). This integral form of Euler Eq. (2.7) is the starting point
of the well-known finite volume method (FVM) in computational fluid dynamics.

With a unified treatment of time and physical space, we can define x, y, and ¢ as
coordinates in a three-dimensional Euclidean space, called the space—time domain.
On this basis, the definition of gradient operator can be extended as

a a9 0
V=|—, —, — (2.8)
dx Jy ot

and Eq. (2.1) can be written in a divergence-free form as
V-h=0, (2.9)
where the matrix £ is composed of both flux vectors and the conserved vector U:
h=(F,G,U) (2.10)
By applying Gauss’s theorem to the integration of Eq. (2.9) over an arbitrary

control volume V in the 3D space—time domain as shown in Fig. 2.2, the Euler
equation is eventually formulated as

f h-ndS=0 2.11)
S(V)

which means the balancing of flux is enforced for a space—time control volume.
Clearly, this equation gives a direct description of the space—time conservation of
mass, momentum, and energy in fluid flows, which faithfully preserves the original
physical laws.
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Fig. 2.2 Schematic of a t
control volume in

three-dimensional

space—time domain

X

Equation (2.11) provides an example of the space—time integral form of governing
equations for physical problems. It is worth noting that the space—time integral form
and the traditional integral form like Eq. (2.7) state the same physics and must be
equivalent to each other in mathematics, but they can lead to different numerical
schemes. In contrast to the finite volume method, the CESE method numerically
implements the space—time integral form of governing equations, emphasizing on
the conservative property in the unity of time and physical space.

2.2 Definitions of Conservation Elements and Solution
Elements

The CESE method starts with discretizing the space—time domain which is relevant
to the computation. The discretization procedure generates the mesh for the physical
space and determines the time-step size for the time-marching algorithm, similar to
most CFD methods. The features of the CESE discretization include the construction
of control volumes for the space—time integral form of the governing equation, the
arrangement of the solution points, and the selection of the unknown variables to be
calculated and stored at each solution point. All these features can be demonstrated
by introducing two special concepts: the conservation element (CE) and the solution
element (SE), which coin the algorithm accordingly.

To explain the CESE method in a simple way, we begin with the application of the
CESE method to a 1D scalar conservation law of the form, without loss of generality

ou df(u) _
ot ax

0. (2.12)

With a uniform division of the 1D physical space and a constant time step, the
space—time mesh is constructed as a 2D x—¢ plane as shown in Fig. 2.3 (solid lines).
The spatial coordinate of the j-th mesh node is denoted by x;, with the corresponding
cell centre position at x;, 12 = (x; + xj41)/2, and the cell size of Ax =x;,; — x;. In this



2.2 Definitions of Conservation Elements and Solution Elements 11

% 3 1 ! . . i - ooy
i — i - — + = + += +2
=4 J=5 J J 3 J 1 > J i 3 J
| = i i i
I ' I
Fand Fand - o ooy ! o n+1
3 b I W ] B | A4
1 i 1
1 i 1
) 1 ) 1
------------ L | B 12 1 S e A
} T ' 2
FanY o Fan® . o m n
A4 T A" 1 W AV g
I ] I
1 ] i
1 i 1 1
------------ 1 Rt -1 SR B e e B e
] 2
I i I
1 i i
FanY o Fany Fant o n-1
A" A4 : o H AV ; A
i i 1
t 1 ] i

Fig. 2.3 Mesh and arrangement of solution points for 1D CESE scheme

time-marching algorithm, each step between #,_; and ¢, consists of two half steps:
[ty—1, ta—112] and [t,_1p2, t,], With the time-step size of At =1, — t,_;.

The unknown function u(x, ) is represented by the discrete values of u at a set
of specific space—time points, called solution points which are shown as mesh nodes
in Fig. 2.3—black circles for integer time levels {¢, 1, ..., t,, ...} and red squares
(cell centres) for half-integer time levels {¢/, t3, ..., tpt1/2,-.. }. In other words, a
staggered mesh is used at each intermediate time level. In the CESE scheme, both
the unknown variable u and its spatial derivative u, will be calculated and stored at
each solution point (e.g. point (j, n)):

ou
W =ux), ty), (u,)) = a(x;, In) (2.13)

The paths of information flow in a single CESE time step is illustrated in the
schematic diagram in Fig. 2.4. As seen, a highly compact stencil in space and time
is used in the CESE scheme. If a half time step it is treated as the basic iteration, the
halfwidth of the symmetric stencil is then Ax/2 and unknowns at point (j, n) only
depend on the data stored at (j — 1/2,n — 1/2) and (j + 1/2, n — 1/2).

Based on the space-time mesh shown in Fig. 2.3, a set of small space-time
elements, named conservation elements (CE), can be constructed, as demonstrated
in Fig. 2.5. A CE is assigned to each solution point. For example, (CE)’; is denoted
as the CE for point ( j, n), which is the rectangle with four vertices at the points
G—12,n—1/2),(j+ 1/2,n — 1/2), (j + 1/2, n), and (j — 1/2, n). Apparently,
the CEs cover the whole space—time domain without overlap. It is noteworthy that
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Fig. 2.4 The information flow in one CESE time step with time-marching variables

the arrangement of CEs is staggered in two successive half time steps. Accordingly,
the space—time integral form of Eq. (2.12) is numerically implemented within each
conservation element and discrete equations for unknowns are established.

When performing the space—time integration of Eq. (2.12) over a CE, an important
question arises: how to evaluate u# and f along the boundary of the CE. This leads to the

n+l © ' © : © ' © ' O
[ [ n [
}?+; L - = =
n o o © O O
n
(CEY;
"n—— [ [ n [
J —J —J | -
n-1/2 n-1/2
(CE)L» | (CE)).,,
n-1 O , 6] - , , @
t E | |
| X 3 1 . . 3
j-2  j-= j-1 i=z J I*s Jj+l1 T3 Jj+2

Fig. 2.5 Schematic of conservation elements (CEs) arrangement
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Fig. 2.6 Schematic of the

solution element (SE) ( SE )':
associated with solution g At/2
point (j, n)

Ax/2 Ax/2

—
(j.n)

!

I_ At/2

introduction of a solution element (SE) for each solution point, as shown in Fig. 2.6.
(SE)’; composed of two line segments bisecting each other at point (j, n), forming
a cross with four endpoints (j + 1/2, n), (j, n + 1/2), (j — 1/2, n), and (j, n — 1/2).
For half-integer points, SEs can be defined in the same way. Note that conservation
element (CE)’ is bounded by line segments belonging to three solution elements:

(SE);, (SE):’::Z, and (SE);;} Z In the CESE scheme, the functions u(x, ¢) and f (x,
t) are assumed to be linear along each line segment of a SE and are approximated by
first-order Taylor expansions about the centre of the SE. Specifically, in the solution

element (SE);?, u and f are constructed as

u@, 1) =+ () (= x7) + @) — 1), (1) € (SE) (2.14)

F@at) = f1 4 ()1 = x) + (f)1E = 1), (x,1) € (SB)"! (2.15)

where u, and f, are the temporal derivatives of u and f, respectively.

2.3 Non-dissipative Core Scheme: a Scheme

In this section, we present a non-dissipative CESE scheme, named the a scheme, to
solve the 1D scalar conservation law, Eq. (2.12). A space—time flux vector is defined
as

h=(fu (2.16)

where f and u can be regarded as the components of flux vector £ in x-direction and
t-direction, respectively. According to this definition, Eq. (2.12) can be converted into
the space—time integral form of Eq. (2.11) by following the procedure in Sect. 2.1.
Consider a half step marching from time level n—1/2 to time level n. At the solution
point (j, n), two independent unknowns u’} and (ux)_’;, need to be calculated simul-
taneously. Therefore, two algebraic equations need to be formulated by discretizing
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Fig. 2.7 Definition of (SE)”
sub-CEs: CE™ and CE*, and J
the associated SEs
E D,\(JIJ?) F
I A" " 1
1 [
I _an AR I
 (CE ()
Al ¢ . B
n-1/2 n-1/2
(SE) (SE) .,

the integral conservation law. For this purpose, the conservation element (CE)’; is
split into two sub-elements: (CE™ )” and (CE+)” As shown in Fig. 2.7, (CE™ )” and
(CE+)” are the rectangle ACDE and the rectangle CBFD, respectively. Each edge of
these rectangles belongs to one of the three SEs associated with (CE)’}.

Next, the space—time integral conservation law is implemented over each of the
sub-CEs. Let the control volume V in Eq. (2.11) be (CE’);? and (CE*)? in turn, one
can obtain

fﬁ h-ndS=0 2.17)
S(CE™)
and

7§ h-ndS=0, (2.18)
S(CE™)"

where h is the space—time flux vector expressed in Eq. (2.16) and n is the unit outward
normal vector on the boundary of (CE_)’} or (CE+)’}-.

As depicted in Fig. 2.8, the average values of u(x, ¢) on line segments DE, DF,
AC, and BC are denoted by U 5, Ug", UL, and Ug, respectively, while the average
values of f (x, ) on line segments AE, BF, and CD are presented by F', Fg, and F ¢,
respectively. Notably, CD is the interface between two sub-CEs. With this notation,
integral Eqgs. (2.17) and (2.18) can be expressed as

Ax
UL 7 = ULT"‘(FL—FC)_ (2.19)
Ax Ax At
U;;T = URT-I-(FC—FR)?, (2.20)

which explicitly state the balance of space—time flux in each sub-CE.
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Fig. 2.8 Space-time flux through the each boundary of sub-CEs

To proceed with the scheme construction, the time-marching variables (i.e. # and
u,) at the solution points will be linked with U, Ur", Uy, Ug, Fi, Fg, and F¢
in Eqgs. (2.19) and (2.20), using the concept of the solution element. Recall that u
and f can be calculated by first-order Taylor expansions about the solution point, by
assuming them to be linear functions of x and ¢ inside each individual SE. Since line
segments AC and AE belong to (SE)?:}%, U and F; can be obtained in terms of the
known information stored at (j — 1/2, n — 1/2), i.e., point A in Fig. 2.8. Performing

Taylor expansions in (SE);:;Z yields

n— Ax n—

UL =uj_y);+ wa)j_i?i 2.21)
BN

Fu= [0+ 7<fz>,;i§§ (2.22)

Similarly, because BC and BF belong to (SE)'};}%, Ur and Fy can be obtained
by the Taylor expansions about solution point (j + 1/2, n — 1/2):

Ax
—12 n—1,2
- T (ux)j+1/2 (2.23)

s A
Fr=fiaf + 5 U5 (2.24)

In Egs. (2.21)—(2.24), u and u, at time level n — 1/2 are the known values. In
addition, since f = f (u) is a prescribed function in the conservation law,

fimfs = Fais) (2.25)

By applying the chain rule, the spatial derivative of f is described as
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Loz = [(0r ) du)u ], (2.26)

The temporal derivative of u can be obtained using Eq. (2.12),
)iy = =) (2.27)
By applying the chain rule again, the temporal derivative of f is derived as

()i = [(3f / duu ] (2.28)

Accordingly, Uy, Fr, Ug, and Fg can be explicitly calculated using the above
formulas.

The first-order Taylor expansion in (SE)’ is used again to relate U, and Ug" to
unknowns u;‘ and (ux);f at time level n:

* n Ax n
Up=u}— T(ux)j (2.29)
* n Ax n
Substituting Eqgs. (2.29) and (2.30) into (2.19) and (2.20) yields
. Ax " At
u'; —T(ux)j =UL+(FL_FC)Ea (2.31)
. Ax . At
uj—}—T(ux)j = UR+(FC_FR)E (2.32)
Adding Egs. (2.31)—(2.32), one can derive
" 1(U + Ug) + A (Fp — Fgr) (2.33)
u. — — JE— — .
;=50 R Ax L R
and subtracting Egs. (2.31) from (2.32), one has
B ) = (U= U + 2L @Fc — i — Fo) (2.34)
—(uy) == — — — - .
4 T R P A Tre T TR

Up to now, Eq. (2.33) is presented as an explicit time-marching formula for u’;,
but ()’ still cannot be directly calculated by Eq. (2.34). The reason is because Fc,
which presents the average value of flux f through the interface CD, has not been
addressed. In the original CESE scheme, F¢ is provided by the Taylor expansion in
(SE), i.e.,
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A
Fe=f— Tt( £ (2.35)

With a similar procedure to Eqs. (2.25)—(2.28), f ;1 and ( f,)_’} can be expressed
in terms of u’; and (ux)’}. Since u’]’ is determined by Eq. (2.33), a time-marching
formula for the only unknown in Eq. (2.34), (ux)’;, can eventually be derived.

Note that a complete CESE time step consists of two half steps: a half step
marching from nodes to centres and another half step marching from centres to
nodes. The marching schemes for both half steps are identical, except for the indexes
of the solution points. Usually, the initial conditions of u and u, are specified at the
initial time, to = 0 and the corresponding boundary conditions for u and u, need to
be implemented at the boundaries of x.

The above CESE scheme is referred to as the a scheme [1] in the literature. Define
a solution vector

n

uj
qi=| Ax ) (2.36)
T(ux)j
and let function f (1) be a linear one:
f = au, ais a constant (2.37)

The a scheme, which is mainly expressed by Egs. (2.33) and (2.34), can then be
rewritten in a matrix form:

¢} = Quq )2+ Qrd}13 (2.38)

where the coefficient matrices are

If14v 1 =22 If1—v =142
Q Qr = - 2.
L 2|: -1 —1+vi|’ k 2|: 1 —1—-v (2.39)

and v is a constant, which is defined as
v=ag— (2.40)

Analogously, we apply Eq. (2.38) to the half-step marching from time level n—1
to time level n—1/2, and obtain

q)2)5 = Qud'"] + Qrq’ . (2.41)
n—1/2

qi 1 =Qud} ' + Qe (2.42)
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After substituting Egs. (2.41) and (2.42) into (2.38), a complete time step in the
a scheme can be formulated as.

q) = (Qu)’q}"] + (QLQr + QzQL)} " + (Qr)d)}. (2.43)

In fact, the numerical dissipation, dispersion, and stability of different CESE
schemes can be conveniently analysed using their matrix forms like Eq. (2.43).

An unique feature of this a scheme is its use of Taylor expansion in the inverse time
direction, to relate the interface flux F¢ to the marching variables (see Eq. (2.35)).
Such a treatment makes the a scheme the space—time inversion invariant and renders
this scheme non-dissipative [2]. From a historical perspective, the a scheme forms
the non-dissipative core of subsequent CESE-family schemes.

The a scheme described in this chapter is restricted to 1D scalar problems and
uniform meshes. First-order Taylor expansions are used in each solution element in
the present scheme. Since the a scheme is reversible in time, it cannot be used for prac-
tical applications, considering that real physical processes are irreversible in time to
respect the second law of thermodynamics. Accordingly, substantial improvements
have been made to develop this a scheme into a viable numerical method. In Chap. 3,
we will describe different approaches to introducing necessary numerical dissipa-
tion into the CESE scheme, which result in two categories of CESE schemes: the
central CESE schemes and the upwind CESE schemes. In Chap. 4, we will describe
the extensions of CESE schemes to multi-dimensional Cartesian and unstructured
computational meshes. In Chap. 5, high-order Taylor expansions in solution elements
will be used to achieve high-order accuracy in both space and time, without enlarging
the spatial stencil or adding time-integration stages.
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Chapter 3 ®)
CESE Schemes with Numerical Chack or
Dissipation

As depicted in Chap. 2, the interface between the two sub-CEs (CD in Fig. 2.7),
belongs to the SE of (j, n). The flux F¢ needs to be calculated through the Taylor
expansion at point (j, n) toward the inverse time direction. As a result, the a scheme is
reversible. This violates the second law of thermodynamics. Thus, the non-dissipative
core suffers from the unphysical oscillations for practical applications. This chapter
will present the improvements based on the non-dissipative core by introducing
necessary numerical dissipation. The resulting dissipative CESE schemes can be
categorized into the central CESE schemes and the upwind CESE schemes. It is
convenient to begin with the most widely spread CESE scheme, the a—« scheme.

3.1 a-a Scheme

Similar to the a scheme described in Chap. 2, the a—« scheme is also a central scheme
because of the fact that techniques to calculate upwind numerical fluxes are not used.
Again, we consider the 1D scalar conservation law of the form

ou  0f () _
ot ax

0 (3.1

To solve Eq. (3.1) with the a—« scheme, the discretization and the definitions of
CE and SE keep the same as those for the a scheme, which can be found in Sect. 2.2.
Basically, the solution algorithm follows that of the a scheme (see Sect. 2.3), except
for Eq. (2.35) for the flux F¢. It is worth noting that abandoning the calculation of F'¢
does not affect the correctness of Eq. (2.33) for updating u;. Actually, Eq. (2.33) is
purely a result of conservation in the entire conservation element (CE)’;, irrespective
of the flux F¢. Therefore, the formula for updating the node value of the unknown u
remains unchanged, which is written as
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" 1(U + Ug) + A (F Fgr) 3.2)
u, == — — .
j ) L R IAx L R

The calculation of U, F, Ug, and Fg are explicit and has been presented in
Sect. 2.3, and then u'; can be evaluated using Eq. (3.2).

The remaining part of the a—r scheme is to update the spatial derivative (u)’
in a different way from the procedure of the a scheme. It is in this step where the
necessary numerical dissipation is added into the a—« scheme. First, two different
estimations for (ux);? can be obtained:

n ut 1/2 n— 1/2
xJ Ax/2 ’

(3.3)

n—1/2 n—1/2 n
n [ ;+1§2 + (At/z)(ut)j+1§2i| —uj
(u?)" = (3.4)
J Ax/2

In these equations, the temporal derivatives u, at time level n—1/2 can be readily
obtained using Eqgs. (2.27) and (2.26). Next, (ux)zf is taken as a weighted average of
(uy)} and (uj)?:

W) = W(@.)], @), «) (3.5)

where W is a weighted average function with an adjustable parameter « (o > 0, the
commonly used values are « = 0, 1 and 2), expressed as

oo

- Lt —
WoT ) = e

: (3.6)

The role of this weighted average function is similar to the slope limiter func-
tions in upwind schemes, and it proves to be effective in suppressing the spurious
oscillations near a discontinuity.

The above a—« scheme has a clear and simple logic. However, the dissipation
of the a—« scheme increases dramatically as the Courant—Friedrichs—Lewy (CFL)
number (the parameter defined by Eq. (2.40), v = aAt/Ax) approaches zero. In
practice, for small values of v, the discontinuities in the solution can be smeared
out. Therefore, the accuracy of the a—« scheme is considered to be CFL-number
sensitive.

To demonstrate this shortcoming, we consider f = au (a is a constant) in Eq. (3.1),
and take ¢ = 0 in Eq. (3.6). In this case, the weighted average function is reduced to
a simple arithmetic averaging, and Eq. (3.5) can be written as

Wi+ @23 = [l + @@y ]

(ux);l = Ax

. @30
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which means a central difference approximation at time level # is used to update the
spatial derivative (u x)’}. Recall that in Sect. 2.3 we have shown that a CESE scheme
applied to the linear scalar convection equation can be written in a matrix form

n—1/2 n—1/2

ql} = Qqu_l/z + QRqH.]/z (3.8)
for a half step or
q) = (Qu)’q}"] + (QLQr + QzQL)Q} " + (Qr)*q}7) (3.9)

for a complete step. Here, the solution vector ¢ is defined by Eq. (2.36) and the
matrices Q7 and Qg are functions of the CFL number v = aAt/Ax. By combining
Egs. (3.2) and (3.7), the a—a scheme with = 0 can also be cast into the form of
Eq. (3.9) with Q;, and Qk as follows:

I+ 1 =92 1=y =142
QL_E[—l/z v }’QR_E[ 12 —v } (3-10)

Now, consider a limiting case of At = 0 (but Ax > 0), which leads to v = 0. It
can be shown that Eq. (3.9) leads to

1012 1 T 1[307 00 112 =1 7 .
no Z g2 g2 ; 3.11
4 4[—1/2 —1/2]qf—1+4[0 1}1/ Talip i B GID

However, a reasonable time-marching scheme should guarantee that q; = q’;_l

when At vanishes, which indicates that the a—« scheme suffers from numerical error
when the CFL number is very small. Further numerical experiments show that, in
practice, when the CFL number v becomes smaller than 0.1, the excessive numerical
dissipation of the a—« scheme can be remarkable.

3.2 Courant-Number-Insensitive Scheme

To overcome the shortcoming of the a—« scheme, a Courant—-Number—Insensitive
(CNI) scheme was constructed [1]. This improvement is based on two requirements:
(1) the CNI scheme should reduce to the non-dissipative a scheme when the CFL
number v = 0 and (2) the CNI scheme should resemble the a—« scheme when
|v| = 1. In this section, the construction of the CNI scheme will be present, and then
the relationship between the CNI scheme, the a scheme, and the a—« scheme will be
shown.

First, the formula for updating the node value of the unknown u remains the same
as Eq. (3.2), which has been used in a scheme and the a—« scheme. By substituting
formulas for Uy, F, Ug, and Fg (Egs. (2.21)—(2.28)) into Eq. (3.2), the explicit time
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marching formula for u”; can be written as

. L+ 12 1- R n—1/2
j = —H- it —g— 3 A (Ux);_ypp+ —— > Uiyp+t—o— 3 A X () i)
(3.12)

Then, an algorithm for updating (u,)’; is devised. As shown in Fig. 3.1, the points
(G — 1/2,n) and (j + 1/2, n) are denoted by V_ and V., respectively. The point M _
is the midpoint between (j — 1/2, n) and (j, n), and M. is the midpoint between (j
+ 1/2, n) and (j, n). We define two important points P_ and P, which are on the
line segments V_M_ and V.M, respectively. The distances between Py and node
(j, n) are marked in Fig. 3.1. It is clear that P, coincides with V. when v = 1, and
they approach My as v — 0. The values of u(x, r) at Py are estimated by Taylor
expansion at points (j = 1/2, n — 1/2):

n— n (1 B |V|)Ax n—
u(Py) = ') + ( Vs F )i (3.13)
where u;’;}g and (ux):f;:g are known, while (u,)?;:g can be obtained using Egs.
(2.27) and (2.26).
Next, u(P_) and u(P.,) are used to construct two different approximations of (u x);f

u;’ —u(P_)

@) = T hara oD Ax/d (3.14)
and
N u(Py) —u'j
(@); = T whar/a (-15)
4 P M (J, n) M. P. v,
H ® H n
(1 |v])Ax (1+|v|)Ax (1+|v])Ax i{l—|v|}Al\:
N 4 5 4 4 L4
2
t
(B4 ol
i 1 | 1 1
[j_f‘ J.’—EJ J (_;’+5, H—EJ

Fig. 3.1 Definition of points in CNI scheme
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Finally, the CNI scheme use a weighted average of (ﬁ;);? and (12;“)’} as the updated
value of (u X);f, in a way similar to the a—« scheme. However, the weighted average
function in the a—« scheme, i.e. Eq. (3.6), is replaced with a more sophisticated one
as

[1+ Favbeyg @ + [+ Favbeos ] @,

(u)} = , (3.16)
24+ F(VD 6] + 2]
where
) @,
(s2)} = min(‘(ﬁ;)}}" e ) -1 (3.17)
and
Fvh =0.5/1vl. (3.18)

Hence, the overshoot phenomenon near discontinuities can be suppressed by the
artificial dissipation, just like the a—« scheme. Moreover, the dissipation brought by
Eq. (3.16) can be adjusted dynamically according to the CFL number v.

When v = 0, we can show that the CNI scheme will reduce to the non-dissipative
a scheme. Substituting v = 0 (which also means Ar = 0) into Egs. (3.12) and (3.13)
yields

a Loaap 1 n-12 1 ao1p 1 n—1/2
u = Euj71/2 + gAx(”x)jq/z + EMHI/z — gAx(u,c)jH/2 (3.19)

and
n— Ax e
w(Py) ="y F T(ux)ji;g (3.20)
From Egs. (3.19) and (3.20), we can get

g = HP T 6

By using v = 0 and Eq. (3.21), it is readily shown that

_u(Py) —u(P-) _

(@), = gy = ), 62)

J

Thus, the weighted average of (ﬁ;);f and (12;)’} isequal to [u(Py) — u(P_)]/(Ax/2),
which gives
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a1 V2 Ax  a_ip 12 n—1/2 123
(ux)j = m Uit — 4 (“x)j+1/2 | "j-12 + (ux)j 1/2 (3.23)

Recall the expression of the a scheme (see Egs. (2.38) and (2.39) in Chap. 2) and
let v = 0, we can reproduce Eqs. (3.19) and (3.23). Therefore, in the limiting case
of v = 0, the CNI scheme and the a scheme are identical.

As for the other limiting case vl = 1, Egs. (3.13)—(3.15) lead to

n n—1/2 n—1/2
A\ uj [ Jj— 1;2 + (At/z)(ul)jflfz]
(@); = : (3.24)
! Ax/2

and

n—1/2 n—1/2 "
@)= [ i + (A1/2)() H?z] “j (3.25)
a Ax/2 :

There is no difference between (ﬁi)’} in the CNI scheme and (ui)’]’ in the a—«
scheme. Hence, the algorithms for updating (u,)’; in the CNI and the a—« schemes
are basically the same when Ivl = 1, except for the specific forms of the weighted
average function.

Both the a—« scheme in Sect. 3.1 and the CNI scheme in this section belong to
the central CESE schemes. Extensions of these schemes to 2-D and 3-D cases for
various systems of conservation equations (e.g. Euler equations for compressible gas
dynamics) are straightforward and have been well implemented.

3.3 Upwind CESE Scheme

The aforementioned central CESE schemes are used to solve nonlinear hyperbolic
systems of conservation laws. However, they did not explicitly resort to the knowl-
edge of characteristics or eigenvalues of the systems. As an alternative approach,
the characteristic-based upwind CESE scheme proposed by Shen et al. [2], elegantly
combines the basic ideas of the CESE method and the upwind numerical flux tech-
nique in the Godunov-type FVM method. The upwind CESE scheme is naturally
CFL-number-insensitive, which means it does not suffer from the drawback of the
a—a scheme presented in Sect. 3.1. For some challenging CFD problems such as the
simulations of detonations and multiphase flows, the upwind CESE scheme captures
discontinuities in flow fields with improved accuracy and robustness, especially for
contact discontinuities (e.g., material interfaces).
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3.3.1 Construction of Upwind CESE Scheme

For illustrative purposes, the 1D scalar conservation law (Eq. (3.1)) is considered
again. Before introducing the upwind CESE algorithm, some elementary concepts
about the space-time discretization need to be clarified. The same computational
mesh and solution points as shown in Figs. 2.3 and 2.4 are adopted. The definition of
CEs is also retained (see Fig. 2.5). Nevertheless, some modification is made to define
the SEs, as sketched in Fig. 3.2. In comparison to the (SE)’; in Fig. 2.6, the newly
designed (SE)’; no longer contains any part that allows for 7 <7,. Apparently, the SEs
pave the whole space—time domain without overlap. It is assuemed that u(x, ¢) and
f (x, t) are piecewise linear. For instance, inside (SE);?, they can be approximated
by the first-order Taylor expansion at point (j, n). The boundaries of conservation
element (CE); belong to three solution elements: DE and DF belong to (SE);’, ACand

AE belong to (SE);’:} ﬁ and BC and BF belong to (SE);;}%. The interface between

(SE)?:}% and (SE)?;%, i.e. line segment CD, splits the conservation element (CE);f
into two sub-CEs: (CE™)" and (CE*)?.

The construction of the upwind CESE scheme closely follows the framework
of the non-dissipative core scheme (i.e., the a scheme in Sect. 2.3). Indeed, Eqs.
(2.16)—(2.34) still hold for the upwind CESE scheme, and they can be derived by
the same procedures as presented in Sect. 2.3. Therefore, just like the a scheme, the
a—o scheme, and the CNI scheme, the formula to update uZ’ in the upwind CESE
scheme remains the same as Eq. (3.2). However, for the purpose of updating (u,)",
the Eq. (2.34) will be utilized, which is the direct result of the space—time integral
form of conservation law. For convenience, here we recall this equation:

B ) = 2WUr = U + L @Fe - i — Fo) (3.26)
4 uxj_z R L TAx c L R .

Note that this equation is actually discarded in the a—« and the CNI schemes, but
both the a scheme and the upwind CESE scheme make full use of it. Furthermore,

E D) |F
(SE) .. (SE) v
A - C DB
(ceiczl  Wiep=i)

Fig. 3.2 Definitions of CE and SE for upwind CESE schemes
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the key difference between the a scheme and the upwind CESE scheme lies in the
treatment of F¢ in Eq. (3.26), which denotes the average flux through the interface
CD between (CE_)’} and (CE+)'J’. (see Fig. 3.2).

As can be inferred from the new definition of solution elements in Fig. 3.2, the
operation used in the @ scheme to link F'¢ with (u, )" is forbidden in the upwind CESE
scheme. Instead, we intend to obtain F ¢ from the known data at time level n — 1/2,
and then insert F¢ into Eq. (3.26) to get (u x)'}- Toward this end, a local Riemann
problem can be built at the mi g)omt of CD (denoted by (j, n — 1/4)), because CD is

the interface between (SE)"_M2 nd (SE)? +}ﬁ To be specific, by Taylor expansion

in (SE)"J?%, the left state at point (j, n — 1/4) is evaluated as

n— Ax n— n—
(ur); M=v, + — w)j- }f; + ( ) }Z (3.27)

Meanwhile, Taylor expansion in (SE)?;}% provides the right state at point
G, n — 1/4):

n— n At n—
wp)) ™ =Ug — (x>,+i§§ RN (3.28)

Recall that U, and Uy are given by Eqgs. (2.21) and (2.23). According to the defi-

nition of solution elements, the values of (u L)"_l/ *and (u R)"_l/ * are not necessarily

equal to each other, and in general (u L)" 4 and (u R)" I/ 4 form the discontinuous

initial data on the left and right sides of the “dlaphragm” CD.
Next, the average flux F'¢ through CD can be evaluated based on the local Riemann
problem with initial data (3.27) and (3.28) as

Fe = P, o™ (3.29)

where F' stands for any upwind numerical flux solver, or loosely referred to as
Riemann solver. Consequently, the special derivative (ux)’; can be updated explicitly
by Eq. (3.26). It is worth noting that, in the upwind CESE scheme, the time marching
formula Eq. (3.2) for u;? has no concern with the upwind procedure above, since flux
F ¢ never appears in Eq. (3.2).

In case of strong discontinuities, using proper limiters for the derivatives in Egs.
(3.27) and (3.28) bocomes crucial to suppress spurious oscilations. When limiters
are used, the reconstruction of (u L)" V4 and (u R);f_l/ *is written as

W)} =UL+ —uf + —uf, (3.30)

(3.31)
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where u%, u®, ul, and u® are the limited derivatives. In this book, the weighted

biased averaging procedure limiter (WBAP-L2) [3] is adopted. The limited slopes
(spatial derivatives) are

n—1/2
n— (Ur — UL)/(Ax/2) (x4
= ()W, 0, 00), 0f = ==L 0 = —TER
(ux)j_l/z (”x)j_l/z
(3.32)
12 (Ug — Up)/(Ax/2) )15
= ()W (1L 0F.6F), of = ok = R
( x)j+1/2 (u X)J+l/2
(3.33)
where the limiter function is
5+1/6:1+1/6, -
W(1,91,92) _ —5+l/912+l/022’ 1f91 aHd92 >0 (334)
0, else

Once the limited slopes are obtained, the limited temporal derivatives can be
calculated by the chain rule and the conservation equation itself, i.e.,

L__ 19

x8u

RO
ul = — o

My = —Uy (3.35)
—u, d ou |, —Uy

~

3.3.2 Scheme for Linear Scalar Convection Equation

Let f = au, then Eq. (3.1) becomes the linear scalar convection equation. Without
loss of generality, a is assumed to be a positive constant. For this simple situation, the
exact solution of the local Riemann problem with initial data (u L)';*l/ *and (u R)’ffl/ 4
can be readily obtained. If the limiter is not used, the interface flux F¢ (Eq. (3.29))
is

n— l n—
Fc—a[UL+ — @)+ (u»,;iji] (@>0) (3.36)

With this F¢, the upwind CESE scheme, which is a combination of Egs. (3.2)
and (3.26), can be written in a matrix form as Egs. (3.8) and (3.9), in which ¢ =
[u, (Ax/4)u,]" and the matrices Q; and Qp are functions of the CFL number v =
alAt/Ax:

I 1+v 1—? IN1—v =142
i , == 3.37
Q 2[—1+v —1+4v—v2] Qr 2|:1—v —1+? (337
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If the initial data (u L);_l/ * and (u R)?_l/ 4 are reconstructed using the limiter, the
matrix form shown as Eqgs. (3.8) and (3.9) still holds, but the matrices Q; and Qg
should be

I 1+v 1—2? If1—v =142
QL == 2 0 QR == 2
2| —14v —14+2(1+¢)v + (1 —2¢)v 2l 1—v =140
(3.38)
where
(Ug — Up)/(Ax/2) W)
oL =W, 0 05),0F = =L gl = SRR (339)
(“x)j,1/2 (ux)j,1/2

The scheme without limiter Eq. (3.37) can be regarded as the special case of
Eq. (3.38) with the limiter function ¢, = 1.

Based on matrices Q; and Qf in Eq. (3.38), we can examine the property of the
upwind CESE scheme at the limiting case of v = 0. Recall that the a—« scheme
becomes very diffusive when v — 0 and cannot guarantee that q; — q’}’l as
At — 0 (but Ax is a finite constant). However, the upwind CESE scheme does not
suffer from such a deficiency. A direct evaluation of matrices Q; and Qg in Eq. (3.38)
as v — 0 shows

2 2
171 1 171 -1
2—)— = 2—)— =
& 4[—1—1] 0. Q 4[1—1} 0

I =17  fr=1]p1 1
QLQR+QRQL_>Z|:_1_1:||:1 _1]+Z|:1 _1][—1—1]=I

Consequently, the time marching scheme for a complete time step (Eq. (3.9)) can
always ensure that q’} — q’;_l as At — 0, regardless of the form of the limiter
function. Unlike the a—« scheme, the upwind CESE scheme is inherently CFL-

number insensitive.

(3.40)

3.3.3 Scheme for Euler Equations

The 1D unsteady Euler equations for a perfect gas are written as

oU oF
— 4+ — =0, (3.41)
ot 0x

where U = [p, pu, E1", F = [pu, pu®+ p, (E + p)u]T are the vectors of the
conserved variables and the inviscid flux. Here, p, u, and p represent the density,
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velocity, and pressure, respectively. The total energy per unit volume is denoted by
E, whichis E = p/(y — 1) + pu?/2 with constant ratio of specific heat y = 1.4.

The upwind CESE scheme for a scalar equation can be directly applied to solve
each component of U. However, the upwind procedure to calculate the flux through
the interface between (CE_);? and (CE*); needs a substantial extension, because of
the complexity of the eigen-structure of Eq. (3.41). Still, the flux vector F¢ can be
expressed as

Fe =R o)), (3.42)

where F stands for any appropriate upwind numerical flux solver, e.g., approximate
Rimann solvers and other upwind flux functions. Moreover, (U L);_l/ and (U R)_']'._l/ 4
are the data on the two sides of line segment CD in Fig. 3.2, which are reconstructed
with an appropriate limiter and serve as the discontinuous initial data of the local
Riemann problem. Fortunately, any efficient and robust upwind flux solver [4, 5]
exsiting in the FVM literature can be employed to calculate F .

3.3.4 Remarks on Upwind CESE Method

For the purpose of capturing discontinuities, the upwind CESE method introduces
necessary numerical dissipation by the upwind procedure to calculate F'¢ (see Egs.
(3.29)—(3.35)). This fact might lead to confusion between the classical upwind FVM
[4, 5] and the present upwind CESE method. In the former, the upwind flux technique
to tackle local Riemann problems is viewed as the building block of the whole method.
In the latter, the upwind flux technique plays a different role.

To shed light on this issue, the interval [j — 1/2, j 4+ 1/2] is taken as a repre-
sentative control volume to analyse, which is called “cell” in the FVM, and marked
as line segment AB in Fig. 3.2. In this section, three fluxes are related with [j —
172, j 4+ 1/2], denoted by F, Fg, and F¢. Apparently, these fluxes can be classi-
fied as the flux through the boundary of the control volume (F, and Fg) and the
flux through the diaphragm inside the control volume (F¢). For the upwind CESE
scheme, the upwind procedure is performed only to calculate F ¢, while fluxes through
the boundaries are not linked to any local Riemann problems. Owing to the time-
marching strategy on the staggered mesh, information at points x;_j» and x;, 1/, are
ready before evaluating F; and Fg. Thus, the procedure to calculate 'y and F only
involves Taylor expansion inside the SE, the definition of physical flux function f (u),
and the Cauchy-Kowalewski procedure (steps to derive u, and f, from u, as shown
in Egs. (2.26)—(2.28)). On the contrary, the non-staggered FVM employs the upwind
flux solver to get all fluxes through boundaries of control volumes, because each F,
or Fg should be treated as the result of a local Riemann problem. Usually, F ¢ is not
considered in the FVM.
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Recall that F¢ is absent in Eq. (3.2). Therefore, the upwind procedure in the CESE
scheme never affects the time-marching algorithm for the average value of u(x, ¢) on
[/ — 172, j + 1/2], but solely redistributes u(x, ) on [j — 1/2, j + 1/2] through the
calculation of u, using Eq. (3.26). However, the upwind FVM relies on two upwind
numerical fluxes fj,l /2 and fjH /2 to update the average value of u(x, ) on [j — 1/2,
Jj + 1/2]. This is the reason why we claim that the upwind CESE method utilizes the
upwind technique in a different way from the traditional upwind FVM.

3.4 Comparison of Different CESE Schemes

So far, four CESE schemes, namely the a scheme, the a—« scheme, the CNI scheme,
and the upwind CESE scheme, have been introduced. To make a comparison, their
main formulas and properties are listed in the following tables. Table 3.1 indicates that
the CNI and upwind CESE schemes are more favourable for the practical simulations,
since they can capture discontinuities with reasonable numerical dissipation and
they are free of the sensitivity issue which is encountered by the a—« scheme. The
key formulas in each scheme are shown in Table 3.2. It is notable that all CESE
schemes share a common approach to updating u’;. Only the a scheme and the
upwind CESE scheme update (u,)’; are based on the conservation law for sub-CEs. In
contrast, the a—« and the CNI schemes construct (ux);f using the finite-difference-like
approximation followed by some kind of weighted averaging technique.

Table 3.1 Properties of four different CESE schemes

Central or upwind Dissipative or CFL-number sensitive or
non-dissipative insensitive
a scheme Central Non-dissipative Insensitive
a—o scheme Central Dissipative Sensitive
CNI scheme Central Dissipative Insensitive
Upwind CESE Upwind Dissipative Insensitive

Table 3.2 The formulas to update u;? and (u x);? in each CESE scheme

Formula for u;‘ Formula for (u X);?
a scheme &0t = 3WUr = Up) + 55 2Fc — FL — Fp)
1 _
a—«a scheme u? = E(UL + Ug) (ux)gf = W((ux );f, (uj);f, Ol)
S At n_ wilG)y. ("
CNI scheme + (FL — FR) (ux)j = W{( (i )j’ @, v
| 2Ax
Upwind CESE o)) = 3(Ur = Up) + 535 @Fc — Fi — F)
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Table 3.3 The matrices Q; and Qg in Eq. (3.8), which is the matrix form of the CESE method
applied to the linear scalar convection equation (Eq. (3.1) with f = au, a > 0)

oL Or
14y 1292 J1i=v 14027
a scheme 3 3
| -1 —1+v 11— |
_1 1—? _1_ 1 2]
a—o scheme (o = 0) ! +v v 1 v +v
12w 12 |
1 1— 12 (1= —142]
Upwind (without Limiter) I v IR
| —14+v —14+4v—? [ 1—v —1+0? ]

When applied to the linear scalar convection equation (Eq. (3.1) with f = au and
a is a positive constant), it is possible to rewrite the CESE scheme in a very compact
matrix form. In Table 3.3, the coefficient matrices for different CESE schemes are
listed. The matrices for the CNI scheme are not tabulated due to their lengthiness.
Such Q; and Qp, together with Eqgs. (3.8) and (3.9) are useful for revealing the
instrinct properties of different CESE schemes, e.g., the stability of each scheme.

3.5 Numerical Examples

Here, the 1D scalar convection problem and Sod’s shock-tube problem with uniform
grid size of 0.01 are computed using different CESE schemes. The corresponding
C + + source codes implementing the a—« CESE scheme are presented in the
Appendix. For Eq. (3.1) with f = u, a square wave propagates in a computational
domain [—1, 1] till # = 2.0 with the initial condition described as

1, if —05<x<05
u(x,0) = 0. else (3.43)

The periodic boundary condition is imposed on both ends. The results are plotted
in Fig. 3.3. For CFL = 1, all three schemes provide a virtually exact result. When
CFL = 0.8, both the a-o and the CNI schemes suffer from strong oscillations on
the upwind sides of the discontinuities, while the upwind scheme provides a result
with satisfactory accuracy. If CFL is further decreased to an extremely small value,
the CNI and upwind scheme can capture the discontinuities very well, but the large
dissipation in the a—« scheme abnormally smears out the discontinuities. This case
proves the CFL insensitivity of the CNI and upwind CESE schemes.

In the Sod’s shock-tube problem [6], the gas is initially separated at x = 1 with
left and right states (p, u, p)r = (1.0, 0.0, 1.0) and (p, u, p)r = (0.125,0.0, 0.1).
In Fig. 3.4, the computed density profiles at # = 0.4 are shown. For CFL = 0.8, all
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1.0} — ’. R 10} ‘;?.. b
{ i‘
08 L 4 08 - ! +
——CFL=1 g 06 ——CFL=1 | 4
CFL=0.8 “! ~— CFL=0.8
-~ CFL=1E-4 04k CFL=1E-4 |
02}k ? 4
i |
0.0 wirA S
.
02 41 L L 0.2 : ! -
=10 0.5 00 03 ] 1.0 0.5 a0 0.5 1.0
x x
(a) a-a CESE (b) CNI CESE

i \
08k f 1
06| ——GFL=1 i
CFL=0.8
ail e CFL=1E4 ]
02F \ 4
0.0 H LS
0.2 L i I
-1.0 05 0o 0.5 10
(c) Upwind CESE

Fig. 3.3 Solutions for scalar convection equation: square wave problem at t = 2

the schemes can capture the wave structures precisely. For an extremely small CFL
number, the CNI and upwind schemes maintain great accuracy, but the a-o scheme
seriously smeared out the rarefaction, contact, and shock waves.
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Chapter 4 ®
Multi-dimensional CESE Schemes Geda

The previous chapter has shown that the necessary numerical dissipation can be
introduced in 1D CESE schemes through either a central or upwind approach.
In this chapter, we present the extensions of 2D CESE schemes based on carte-
sian meshes, followed by a detailed description of implementation on unstructured
meshes. Both the central schemes and upwind schemes will be presented. Then,
numerical examples will be provided to demonstrate the capabilities of the present
schemes.

4.1 CESE Schemes on Cartesian Meshes

4.1.1 The Improved a-o. CESE Scheme

The marching scheme requires physical variables and their spatial derivatives at each
mesh point. In the pioneer development of the 2D CESE solver [1], the domain is
discretized by congruent triangles. Based on a similar technique, Zhang, Yu, and
Chang [2] reported a further extension of the 2D CESE scheme on quadrilateral
meshes. In the above versions of CESE schemes, the solution points are solely
updated at the cell centers with a staggered stencil. As a result, a generalized flux
technique was also proposed as a post-marching procedure to handle the “flux decou-
pling” problem when two mesh points cohost one sub-CE. Alternatively, an improved
2D CESE scheme [3, 4] was proposed with a new definition of SE and CE. In this
updated scheme, the entire space—time region is divided into non-overlapping CEs,
making it convenient and simpler for calculation and straightforward for extension
to 3D scheme. Figure 4.1 shows the space-time geometrical configuration of the
improved 2D CESE scheme with a uniform rectangular mesh. The spatial projec-
tions of the solution points at (n —1/2)th and nth time levels are denoted as B and
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@, respectively. The solution is updated alternatively between the cell centers @ and
cell vertices M. Here At/2 = t, — t,_12 and P, P’, and P” subsequently repre-
sent the points at three successive timesteps. The conservation element of point P’,
denoted by CE(P’), is defined by the space-time hexahedron ABCDA’B’C’D’, i.e.,
the union of four sub-CEs: CELP(P’), CELV(P’), CERP(P’), and CERV(P”). In partic-
ular, CE'’P(P’) is defined as AFPEA’F’P’E’. Other sub-CEs are defined similarly.
Next, consider the solution element of P’, SE(P’), which consists of three orthogonal
planes, A’B’C’D’, EGG”E”, and FHH”F”. The physical flux vector is assumed to
be smooth within each SE and can be approximated by Taylor expansions about the
mesh point associated with the SE. In the following, we present the construction of
the 2D CESE solver using similar techniques as described in the 1D scheme.

1’ o 1
' CELU CERU "
Ealo e 7|7
- = . i
D H C A’ | F B
Ay : :
Y ElTPYG |
] 3 5|
a1 F B D! H c
P ittt o s e e o === i
¥y 4
/‘ ‘. 4 + J. !
x - - u P ‘ 1 .
Ax A F ’
(a) Mesh points on the x-y plane (b) CE(P")
.-‘.\_ly H"
d D 1 1 .(‘
E' 2 (el | Gy | Gug
Y i F., For, s
1 Lt L RL
i > Uy 1> Uy —T*
D' s ¢
PO N T P R N '
El” Pl i G T ‘P T
g 1 :’ |{‘:t3I |(;{'H
; i F, Fy F,
x N L Uyp Uy =
H ? .
t ) o st ] i Ed T ‘i‘ |
v E i al G X A Um. GHH B
* T
F
(c) SE(P) (d) Fluxes in the sub-CEs

Fig. 4.1 Grid points in the spatial domain, definitions of CE and SE, and corresponding fluxes in
a CE for the 2D CESE scheme on rectangular meshes
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In this section, we consider the 2D scalar hyperbolic conservation law

B B 9
ou of 38 @.1)
atr  dx  dy

By using the Gauss’ divergence theorem, it is shown that Eq. (4.1) can be written
in the form of

yf hondS=o0, 4.2)
S(CE(P")

where i = (f, g, u) is the space-time flux vector, S(CE(P’)) is the boundary of
CE(P’), n is the unit outward normal vector on the surface of the control volume.
Note that the u, f, and g are approximated by first-order Taylor expansion about point
P’.For any (x, y, 1) € SE(P’), let

u(x,y,t) =u(dx, 8y, t)p, 4.3)
fx,y,t) = f(éx,8y,8t)ps, 4.4)
g(x,y,t) = g(bx, 8y, ét)p, 4.5)

where X (8x, 8y, 8t)y denotes the first-order Taylor expansion about point N as
X(8x,8y,80)y = Xy + (X;)ndx + (Xy) 8y + (X,)yt, (4.6)
and
x =x—xy, 0y=y—ynN, 6t =t —ty. 4.7
In addition, the spatial and temporal derivatives of f(«) and g(u) can be derived
by the chain rule (Egs. (2.26) and (2.28)) and u, = — f, — g,.

Meanwhile, one obtains local flux conservation of the four sub-CEs by integrating
Eq. (4.2) over their surfaces, given by

, AxAy AxAy AyAt Ax At
Urp =Urp + (FLp — Fcp) +(GpL — GcL) ,
4 4 4 4
4.8)
, AxAy AxAy AyAt Ax At
URDT = Ugp + (Fcp — Frp) 1 + (Gpr — Gcr) 1

4.9)
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AxA AxA AyAt Ax At
U;w—y = Ugy Y + (Fcy — Fru) Y + (Gcr — Gur) ,
4 4 4 4
(4.10)
, AxAy AxAy AyAt Ax At
Uy =ULy + (Frv — Fcu) +(Gcr —Guyr) ,
4 4 4 4
4.11)

where Uyp, U'rp, Frp, Fep, Gpr, and Gy, are the average fluxes on the surfaces
of CEIP(P"), AFPE,A’F’P’E’, AEE’A’, FPP’F’, AFF’A’, and EPP’E’, respectively.
Similar definitions are applied to the other sub-CEs. By definition, the fluxes Uyp,
F1p,and Gp, canbe determined via the Taylor expansion in SE(A). Itis also important
to emphasize that the fluxes F¢p and G¢; that denote the fluxes across the “inner”
surface of two neighboring sub-CEs, however, are not trivially available due to the
presence of discontinuities. In fact, it will be shown later that all the fluxes across the
interfaces among sub-CEs vanish in the formulation of the time marching scheme of
u. Apart from this, based on the assumption that the distribution within each SE is
linear, the average fluxes on the exterior surfaces of CELP(P’) read

Ax Ay
Urp = M<— —, 0) (4.12)
a0 a),
A A
UL, = u(—Tx, —Ty,o> (4.13)
Iy
Ax At
GDL = g(_v 07 _> (4'14)
4 4 /4
Ay At
Frp = g<0, —, —> (4.15)
4 4/,

Fluxes are expressed similarly for the other three sub-CEs.

To proceed, by adding Egs. (4.8)—(4.11), the fluxes through the interfaces between
sub-CEs are well balanced. Consequently, the value of the solution point P’ can be
derived as

1 At
u(P') = Z(ULD + Ugp +Ury +Ury) + E(FLD — Frp — Fry + Fry)

At
—(G Grp —Gru — G
+4Ay( o+ Grp RU Lu)
(4.16)
Moreover, by replacing the average fluxes in Eq. (4.16) with the Taylor expansions

about their corresponding SEs centers, we can obtain the explicit time marching
scheme for u(P’) as
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(Py= gy ALy Al @.17)
U= 4T aax T any® ‘

where

_ Ax Ay Ax Ay Ax Ay Ax Ay
u=u|l—,—,0) +tul-——,—4,0) +ul-—,——,0) +ul—1,——,0) ,
4 4 A 4 4 B 4 4 c 4 4 D
— Ay At Ay At Ay At Ay At
=s(0. 25 5 N I (e IR [Ny I
1= 4)A+f( 4 4){) f( 4 4)3 f( 4 4 )¢

_ AxOAl + AxOAt AxOAt AXOAI
g—g4~~4Ag 4"4Bg 4“4Cg4’!40‘

With respect to the spatial derivatives, by using the continuous assumptions at
points A’, B’, C’, and D’, the following relations can be formulated

Ax Ay At
ul ——,——,0) =ul0,0,— ) , (4.18)
2 2 p, 2 /)4
Ax Ay At
u| —,——,0) =ul0,0,— ) , 4.19)
2 2 » 2 )g
Ax Ay At
ul —,—,0) =ul(0,0,— ) , (4.20)
22 p, 2 )¢
Ax Ay At
ul —,—,0) =u(0,0,—) . 4.21)
22 p, 2 )p

After mathematical manipulation of Egs. (4.19) and (4.20), (4.18) and (4.21),
(4.20) and (4.21), (4.18) and (4.19), respectively, the spatial derivatives at solution
point P’ can be explicitly calculated as

pr) = L 0.0 _At +ul0,0 _At —2u(P) (4.22)
u, Ax u , U, ) 5 u , U, ) c u s .
ug (P ——[M<, Y >A+u<, ,—2> — 2u( )} (4.23)

P 1 At At (P (4.24)
u_\, P’ = _A u (), (), —2 C+M (), (), —2 D—Zu P 5 4.24

(P) = L|: (00 ﬁ) + (00 ﬁ) 2 (P’)i| 4.25)
uy _—Ayu,,zAu,,zB—u . .



42 4 Multi-dimensional CESE Schemes

One note that, two derivatives were estimated along both spatial directions
(denoted by superscripts + and —). Recall that to a weighted averaged function
Eq. (3.6) is again adopted to suppress numerical wiggles, such that

ue(Py = W((u;) . (uf) . ), (4.26)

uy(P') = W((u;)P,, (), a). (4.27)

The Egs. (4.17) and (4.22)—(4.27) constitute the first half-step marching scheme
from cell vertices to cell centers. The second half-step scheme that marches from
centers to vertices follows a similar approach. As described above, constructing the
improved 2D a—« CESE scheme based on rectangular grids is genuinely simple and
could be straightforwardly extended to the 3D scheme.

4.1.2 CNI CESE Scheme

When applying the above 2D a—« schemes [1—4] for solving problems with highly
non-uniform meshes, the local CFL number may vary significantly from its stability
limit of 1 to approaching 0. Namely, the solutions tend to smear out by decreasing
the CFL number. The Courant number insensitive (CNI) scheme was proposed to
address this issue to alleviate the sensitivity problem by improving the strategy in
updating the derivatives [5]. A new point, [,,, is designated dynamically moving
along the line segment connecting the vertices and the centers M’,, of each sub-
CEs (Fig. 4.2). Analogous to the 1D CNI scheme (Sect. 3.2), if we define the local
and global Courant numbers as v and vy, the interpolated points are designated to
approach the centers when v/vy — 0, and approach the cell vertices whenv/vy — 1.
For example, the coordinates of ] are

x(I) = v—vox(A/) + (1 - v—"o)x(M;), (4.28)

y{p = Ly + (1 - i)y(M{)- (4.29)
Vo Vo

If we approximate u(/ ] ) at t = ¢, from the expansions about A at r = #,,_» and
P’ att =1, as

At
u(x4,8y+,0)p = u(l]) = u<8x_, dy_, 7) (4.30)
A

where 8x; = x(I,) —x(P),8yy = y(I,) — y(P), 8x_ = x(I;) — x(A), and 8y_ =
y(I l/) — y(A). Similar relations can be derived for each I,;. Combining Eq. (4.30)
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for u(l ;) and that for u ([ 4;), one can explicitly formulate two independent conditions
for calculating the spatial derivatives of u(P’). Repeating the same procedure for
combinations of u(Ié) and u(13'), u(Il/) and u(Iz/), u(13') and u(IA;), we arrive at four
sets of spatial derivatives. The weighted average function is then used to calculate
the optimal derivatives for capturing the discontinuities.

4.1.3 Upwind CESE Scheme

In the 2D upwind CESE scheme that Shen et al. [6] proposed, the CE retains the
same form as the central CESE scheme. The time marching scheme of u is the
same as in the a-a scheme. The upwind procedure only affects the calculation of
the spatial derivatives, and global space—time conservation is ensured. In analogue
to the definition in the 1D upwind scheme, for example, SE(P’) is defined as cuboid
A’B’C’D’A”B”C”D” (Fig. 4.3), where the physical flux vector is approximated by
the Taylor expansion about point P’. The average values at the top surfaces of the
four sub-CEs of CE(P’) read

Ax Ay
Up=ul-——,-==,0) , 4.31
LD ”( 44 )P/ “-31)
Ax Ay
Upp = ”(T’ - 0>P,, (4.32)

Ax A
U;wzu(—x —y,0> , (4.33)
P/
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Fig. 4.3 Definition of SE of the upwind CESE scheme

Uy = "‘(‘

Ax/2

4 3

Ax Ay

L) .
P!

(4.34)

Referring to Fig. 4.1d, by substituting Eqs. (4.31) in (4.8), (4.32) in (4.9) and
subtracting the two, one obtains

2 At At
ul Py = Ar [(URD —Urp) + E(ZFCD —Frp—Frp) + ?y(GDR —Gcr—GpL+ GCL)}- (4.35)

Equation (4.35) represents the spatial derivative in the x direction based on the
information of the lower pair of CEs. Note that in contrast to central schemes, the
upwind scheme requires additional estimations of inner fluxes (e.g., F¢cp, Ger, and
Gy in Eq. (4.35)) to compute spatial derivatives. Analogously, with the aid of Egs.
(4.31) and (4.34) and by combining with Egs. (4.10) and (4.11), Egs. (4.8) and (4.11),
Egs. (4.9) and (4.10), respectively. The following equations for spatial derivatives

can be formulated

2 At At
ul Py = E[(URU —Urv) + 5, (@Fcu = Fru = Fru) + ?y(GCR -Gygr—GclL +GUL)] (4.36)

2 At At
uﬁ(P/) = Ay |:(ULU —ULp) + E(FLU — Fcy — FLp + Fcp) + B(ZGCL -GprL — GUL):Iv (4.37)

2 At At
ul(p'y = ) [(URU —Ugrp) + ~—(Fcu — Fru — Fcp + Frp) + 5(2GCR —~GpR — GUR)]~ (4.38)

A

X
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The final spatial derivatives are calculated by using WBAP limiter to remove small
noises near the strong discontinuities, e.g.,

ux(P'y = u$ (PYWBAPL2(1, 0y, 02) = %[ME(P/)+u£](P/)]WBAPL2(1, 01, 62), (4.39)
where

01 = uP (P /ut (P,

0, = u¥ (P /ub (P).

In the expressions for spatial derivatives in Egs. (4.35)—(4.38), the fluxes on CE(P’)
surfaces can be easily approximated by the Taylor expansions of the values from ¢
= t,—12. To complete Eqs. (4.35)—(4.38), the fluxes through the inner boundaries
of CE(P’), Fcp, Fceu, Ger, and Geg, need to be solved. However, the points at the
two sides of the interface between two sub-CEs belong to different SEs. In that case,
the fluxes across these interfaces may be discontinuous. For this reason, they can be
calculated by an upwind procedure. For example,

Fep = F(um, ud), (4.40)

where F refers to any efficient Riemann solver, ugp, and ul,, denote the values at
the centroid of the interface FPP’F’, and they are respectively approximated by

Ax At

M;D :ULD+(M§)LDT+(M:<)LDT (441)
A At
ut, = Ugp — (uj)RDTx + () pp g (4.42)

As an analogue to the 1D upwind CESE scheme, reconstructed slopes are
employed in the calculation of the upwind fluxes to eliminate the spurious
oscillations:

), p = ”x(A)WBAPLz(]’ OLp QZD) (4.43)

X

(1) rp = wx(BYWBAP(L, Oz, Op) (4.44)
where the parameters in WBAP limiter are

ol _ (Urp —ULp)/(Ax/2) 5, ux(B)
ke Uy (A) LT Ay
_ (Urp —ULp)/(Ax/2) 0 _ ux(A)

oL = = )
kb Uy (B) ©ORP T u(B)

(4.45)
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The temporal derivatives are hereafter calculated by the chain rule and Eq. (4.1),

(), = —=Ff(ULp, (1Y), p) — & (ULp, uy(4)) (4.46)

(M?)RD =/ (URD’ (“DRD) - gY(URD’ “y(B)) (4.47)

4.2 CESE Schemes on Unstructured Meshes

In order to extend the capability of the CESE scheme to solve problems with complex
spatial geometries, CESE schemes on unstructured meshes have been proposed and
developed. Notably, both central and upwind versions have been developed for hybrid
meshes of triangular and quadrilateral elements. Hereafter, the second order CESE
scheme on hybrid meshes [7] is presented here.

4.2.1 a-0x CESE Scheme

Consider a 2D mesh consisting of quadrilateral and triangular elements as sketched
in Fig. 4.4. The V; denotes the vertices of the cells. Initially, the value of u, and
its spatial derivatives, u, and u,, are provided at these vertices. For each cell, C,,
represents its centroid, and O,, is the mid-point of the cell edge. Meanwhile, V;, Vl.',
and Vl denote points at time step #,_12, tn, Ini1/2, respectively. Other space—time
points are defined similarly.

The staggered marching strategy is again adopted here. The scheme marches from
vertices Vl to cell centroids C m fromt =t,tot =t,41,2. The corresponding CE for C/,
is either a triangular prism or a hexahedron (Fig. 4.4c and d). SE(C n;)) is defined as
four (e.g., SE(CI)) or five (e.g., SE(Cg)) planes intersecting at the centers. Similarly,
in the other half marching step, from ¢t =t¢,_ tot =t¢,, C,, and O,, form a polygonal
element of which the centroid is denoted as G;, and the scheme marches from C,,
to the G;. Note that G; does not necessarily coincide with V;. Thus, interpolation
is required at each marching step. SE(Vi') is defined as M vertical planes and one
horizontal plane intersecting at Vi/, where M denotes the number of C,, linked to
CE(V;). Each CE is composed of a group of hexahedral sub-CEs. As shown in
Fig. 4.5, 0,,-1C,, 0,,V; 0, _,C, O, V/ is the mth sub-CE belonging to CE(V,), G,,
and Gm are defined as the centroids of the bottom surface O,,_;C,, O,,V; and top
surface O, C. O, V., respectively.

m—1~m~m"i>
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Fig. 4.4 Definition of conservation elements in CESE schemes based on a hybrid mesh

It should be noted that the marching scheme from ¢t =, to t = t,,,1,> is a particular
case of that from ¢t =t,_jp to t = ¢t,. From t = ¢, to t = t,,41p, the projection of a
CE on the spatial domain is either a quadrilateral or a triangle, while the projection
in the other step is a polygon with an arbitrary shape. Without loss of generality,
we present the marching scheme from ¢t = ¢, to t = ¢,,. By applying the integral
conservation law Eq. (4.1) to the mth sub-CE, the flux-balancing relation is obtained

as
// udo = // udo — // V-ndo, (4.48)

0, ,C 0,V On-1C O Vi On1CnCly 0y +Cy 00 0},C)y
+0,-1 ViV, 0),_+0, Vi V/ 0},

m—1
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(mjﬂ" m"']

Fig. 4.5 The mth sub-CE of CE(V;)

where V = (f, g) is the vector of the fluxes, and n is the unit outward normal vector
of the surface. In second-order schemes, the integration over a surface is equivalent
to the average value at the centroid multiplied by the surface area. Therefore, the
above equation can be rewritten as

At At ~ ~
U,;q m__ (I)Fn(ql)_Ax,g)Gfrll))‘i__(Lm—lFm—l _LmFm)a
25, 5 25,
(4.49)
where §,, denotes the area of the top surface, and At/2 = t, — t,_1)2. Um, Um,

(FV, G1), and (F?, G(z)) represent the average values over O, ,C, O, V;

m m>=m" i’
0,-1C,0,,V:, Op—1C,, C Om 1» and C,, Oy, OmCm, respectively. They can be
approximated by first-order Taylor expansion in the corresponding SEs. IATm_l and
IAT,,, are the fluxes in the normal direction across the interfaces O,,_; V; Vi/ 0,'"71 and
0,V Vi' O;n with the neighbouring sub-CEs. L,,; and L,, are the lengths of the line
segments O,,—1V; and O,,V;, respectively. The summation of the flux-balancing
equations of every sub-CEs is expressed as

// udo = Z // (4.50)

C,04C}..C}, o, _,conv
where Oy = Oy,. By substituting Egs. (4.48) and (4.49) into (4.50), the interface
fluxes between sub-CEs are cancelled, the conservation law on the entire CE(V[./)
yields



4.2 CESE Schemes on Unstructured Meshes 49

2

M M M
u(G) = [Z Up Sy — % DD (AYPFED Ax,ﬁ?G,g?)] D S. (45D
m=1

m=1 m=1 [=1

Equation (4.51) is the explicit marching scheme for u(G;). In addition, the treat-
ment of spatial derivatives is similar to that in cartesian meshes. By using the
continuous assumption at C,, the following relation can be established

At
u(C) + ur(Co) 5 = u(Cl) = 1(G)) + ux(GD8x +uy(GOY  (4.52)

for each m, where éx,, = x(C,,) — x(G;), and 8y,, = y(C,,) — y(G;). Apply the same
relation at C,’n +1- together with Eq. (4.52), the two spatial derivatives are ready to be
solved using Cramer’s rule,

Sy Oym Sxy,  Ouy,
SUps1 OVm SXpma1 Oy,

Mx(G;) — #y“ uy(G;) — #’ (4.53)

0Xm  6Ym 80X 6Ym

8Xm41 8Ym+1 8Xm41 8Ymt1

where
At ,

Supym = u(Cp) + “t(Cm)T —u(G)). (4.54)

Totally, M pairs of derivatives can be calculated in this approach. Shen et al. [7]
suggested using the weighted average function to obtain the final derivatives as

M M
3 Wy (G > Wum (G
’ m=1 ’ m=1
uy(G;) = m sy (G =, (4.55)
Z W(m) Z W(m)
m=1 m=1
where
- 0 2 0 2\
we =] [u (G/),»] + [u; (G/)i] (4.56)
i=l, i#m

Here, the adjustable variable o (« = 0 ~ 2) controls the dissipation near the discon-
tinuities. Smaller « results in lower dissipation, and the function will reduce to an

arithmetic average when o = 0. Finally, the value at Vl.' is interpolated from G; as

u(V)) = u(G)) + u (G)[x(V)) = x(G))] + uy (G)[y(V)) = y(G)].  (4.57)
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The a—« CESE scheme on the hybrid mesh formulated by Egs. (4.51) and (4.57),
while robust, is nevertheless sensitive to the Courant number. The following section
addresses the further improvements to make the scheme Courant number insensitive,
including the CNI scheme and upwind scheme. These two updated schemes, being
closely analogous to those presented in Sects. 4.1.2 and 4.1.3, possess the identical
time-marching scheme for « as provided in the a-o CESE scheme on a hybrid mesh.
Only the marching scheme for spatial derivatives is modified accordingly.

4.2.2 CNI CESE Scheme

As a straightforward extension of the 1D CNI scheme, Shen and Parsani [8] extended
the CNI scheme to a hybrid mesh. Recall that the central idea of the CNI scheme is
that when the local Courant number (v) approaches the global Courant number (vp),
the scheme becomes the a-o scheme. When v approaches 0, the scheme reduces to
the non-dissipative counterpart. As depicted in Fig. 4.6, a new point I,/n is defined
such that

x(I) = Ulox(c;,,) + (1 — Ulo)x(é/m), (4.58)

V(I = —y(Cl) + (1 - 1)y<é/m). (4.59)
) Vo

The value of I,/n can be obtained using the expansion from G; as

u(ly) = u(x(ly) = x(GD. y(Uy) = ¥(G), 0) 5, (4.60)

Fig. 4.6 Definition of points
in instructed mesh for CNI
scheme

-~
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where u(I,'n) can be calculated as

A
u(l,) = u(X(I,;) —x(Cw), y(,,) = y(Cn), Tt) : (4.61)
Co

With the aid of Eqgs. (4.60) and (4.61) to each I,'n. Every two neighboring I;n
explicitly provide one set of u, (G;) and u y(G;.). Then, the optimal derivatives can
be weightedly averaged from these M sets of derivatives.

4.2.3 Upwind CESE Scheme

In the upwind CESE scheme, the definition of SE is modified and SE(V;) is the
polyhedron C,0,C,...C},0,,C; P"0|C,...C,,0,, (Fig. 4.4b). The values of , f,
and g are continuous within each SE. However, the interface flux Fm between two
neighboring sub-CEs may be discontinuous. The flux /ﬁm can be evaluated in an
upwind manner in the normal direction as

A

E, = F(ur,ug) (4.62)

where F denotes the Riemann solver, and the values at the center of the interface,
uy, and ug, are reconstructed from SE(C,,) and SE(C,,+) with a similar procedure as
the 2D upwind CESE scheme on a uniform mesh. The WBAP limiter (Eq. (3.42))
is used to reconstruct the derivatives. Once the fluxes across inner interfaces are
determined, the averaged value on the top surface of mth sub-CE U,’n in Eq. (4.49)
can be explicitly computed. We can therefore relate U,,n to u(G;) using the Taylor
expansion as

U,, = u(G) +u(GH[x(G,,) — x(GD] +u,(GD[y(G,) = ¥(GD]  (4.63)

Two linear equations can be derived for each set of m and m + 1. Accordingly, a
similar procedure for averaging the derivatives in the central scheme can be directly
applied here.
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4.3 Numerical Examples

Two canonical problems are selected to demonstrate the performance of the a—«,
CNI, and upwind CESE schemes on either structured or unstructured meshes. For
Euler equations, the above schemes can be directly applied to solve each component
of the conserved variables. The interface fluxes in the upwind CESE scheme can be
solved as a Riemann problem, where Riemann solvers including Harten, Lax and
van Leer (HLL) Riemann solver, the contact discontinuity restoring HLLC Riemann
solver, and the Roe Riemann solver, can be applied to solve the local Riemann
problem. Since the upwind direction may not be perpendicular to the grid-aligned
direction, here we use the rotated HLLC Riemann solver. The first example is the
Mach 3 wind tunnel problem with step. The computational domain is [0, 3] x [0,
1] with a step of height 0.2 placed at 0.6 from the entrance. The inflow boundary
condition is imposed at the left boundary, and supersonic outflow is applied at the
right boundary. The upper and lower boundaries are treated as reflective boundaries.
Initially, the primitive variables (o, u, v, p) are set as (1.4, 3, 0, 1). Figure 4.7
depicted the simulations using different CESE schemes with 1800 x 600 structured
cartesian meshes. Both the CNI scheme and the upwind scheme can capture the shear
layer instability that is missed in the result from a—« scheme.

The second example is the double Mach reflection problem. A Mach 10 shock
propagates to the right and reflects over a solid wedge with an incline angle of 30
°. A supersonic inflow boundary condition was implemented on the left boundary.
Reflective and non-reflective boundary conditions were applied on the lower and
upper boundary, respectively. The problem was solved using unstructured quadrilat-
eral meshes with a mesh size of 1/400. Figure 4.8 compares the results by applying
different schemes at computation time ¢ = 0.2. All the three schemes can accurately
describe the structures while the upwind scheme surpasses with finer resolved feature
near the wall-adjacent jet.
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Fig. 4.8 Double Mach
reflection problem computed
by different CESE schemes
with unstructured
quadrilateral meshes: density
contours at t = 0.2
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Chapter 5 ®
High-Order CESE Schemes e

This chapter is dedicated to the description of high-order CESE schemes. In the
second-order CESE schemes, the first-order Taylor expansion was employed to
approximate the unknowns and fluxes within the solution elements. The accuracy of
the scheme mainly depends on the approximations on the surfaces of the conser-
vation elements. Analogously, the high-order CESE schemes with Mth-order in
space and time are generally derived from (M —1)th-order Taylor expansions in the
solution elements. The high-order CESE schemes use a highly compact stencil.
Furthermore, spatial and temporal high-order accuracy can be achieved simultane-
ously. We shall start with constructing a 1D high-order scheme and then extend it to
multi-dimensional schemes.

5.1 Construction of High-Order CESE Schemes

Several attempts have been made to obtain higher-order accuracy for CESE schemes.
One of the primary advantages of the high-order CESE schemes is the usage of the
most compact stencil. High-order accuracy is achieved by the approximation with
high-order Taylor expansions. For example, a(3) scheme [1] has 4th order of accuracy
by applying second-order Taylor expansion, and it is stable for v < 0.5. Furthermore,
a(4) scheme [2] with 4th to Sth order of accuracy was developed by defining more
CEs at each grid point. The CFL number needs to be constrained below 1/3. The
constructions of high-order schemes from the above two approaches were limited to
only 1D scenarios. Alternatively, Chang [3] proposed a high-order scheme that can
be extended to arbitrary order with CFL limited below 1. In this scheme, the even
derivatives are advanced in the same manner as the conserved variables, whereas
the odd derivatives are advanced through finite difference. This method has been
extended to solve Euler equations [4]. In this section, we follow the approaches of Liu
and Wang [5] in deriving the high-order 1D scheme, Wang et al. [6] for 2D high-order
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schemes on uniform meshes, and Shen et al. [7] for the 2D high-order scheme for
hybrid meshes. In these schemes, only the conserved variables are computed through
the integration on the CE surfaces, while all the physical derivatives are computed
through the finite difference of lower-order derivatives. In the following text, we
will present the constructions of the third-order CESE schemes. The construction of
arbitrary order schemes could be achieved by implementing the same strategy, and
details can be accessed in Shen et al. [7] and Yang et al. [8].

5.1.1 Construction of a Third-Order 1D CESE Scheme

Recall the 1D scalar problem

ou of(u)

— 0 5.1
ot 0x G-I

with f = au. To formulate a third-order scheme, u(x, ) and f(x, ¢) in any (x, t) € SE(j,
n) are approximated by the second-order Taylor expansion as

W 1) = Ul )00 = x5) A ) = 1) + () (6 = x)(0 = 1)

1 1
2 j =) 4 S} =) () €SB (5.2)

FED = I+ () = x) + (5 = 1) + (fur)hx = x)( = 1)
1 1
+ 3 (f)jx =2 + S()j(t = 1) (x,1) € (SE)] (5.3)
where u,;, Uy, Uz, f x> fxx, and f; are the second-order derivatives of u and f, respec-

tively. These derivatives are assumed constant within the SE. With the aid of the Eqs.
(5.1) and (5.2), then one has

W) = —a(y), ()} = —a(uy), W)} = a* W) (5.4)

It implies that u, u,, u,, are the only independent variables associated with each
grid point. Substituting Eqgs. (5.2) and (5.3) into the integral form of Eq. (5.1). The
following algebraic relation can be derived as

n n Ax3
Mij+(Mxx)jW =Ur +Ug + Fp — Fg, (5.5)

where
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_ Ax n—1/2 Ax? n—1/2 Ax3 n—1/2
Up=Su;_yp+ S (ux) + G5 (Uxx)

A 12w A Aw T

X n— X - P _

Ur = Tuj+ll//22 - TZ(MX)j-‘]_/léz + 43_8(Mxx)]‘l_/,_21/2 (5.6)
At pn— At n— At n— . .

FL= 2 Jj-12 +T(f’)j—1/2+ﬁ(ftr)j_1/2

At pn—1/2 At? n—1/2 A n—1/2
Fr=5finn 5 UDian+ (Ui

In Egs. (5.5) and (5.6), the values at t = t,,_, are already known. It is necessary to
calculate (u,.)’; att =1, before explicitly computing u’;. The second-order derivative,
(uxx)", is approximated by a central difference as

(ux)?+1/2 - (”x)’}_]/z

A (5.7)

(uxx);!z

Then u’j’. can be directly computed from Eq. (5.5), and (u x)gf can be calculated
in the same manner as the second-order a-o schemes using the weighted average
function.

5.1.2 Construction of a Third-Order 2D CESE Scheme
on Uniform Mesh

Recall the 2D scalar hyperbolic conservation law

u ~of 08

— =0. 5.8
ar  dx  dy (58)

which can be cast into the integral form

f h-ndS=0 (5.9)
S(CE(P"))

where b = (f, g, u) is the space—time flux vector, n is the unit outward normal vector
on the surface of the control volume. Inspired by the construction of the high-order
1D scheme, second-order Taylor expansion is utilized inside the SE to estimate u, f,
and g. The definitions of SE and CE are kept the same as the second-order schemes
(Fig. 4.1). For a point (x, y, t) that belongs to SE(P’),

u(x, y, 1) = u(dx,8y,8t)p,, (x,y,1) € SE(P’) (5.10)
fx,y, 1) = f(6x,8y,8t)p, (x,y,1) € SE(P') (5.11)

g(x, y, 1) = g(8x, 8y, 80 p;, (x,y,1) € SE(P') (5.12)
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where X (8x, 8§y, §t), denotes the second-order Taylor expansion about point N as
X(8x,8y,8t)y = Xy + (X)ndx + (X)), 8y + (X,) 6t

1 2 1 2 1 2
+ E(XXX)N(SX) + E(ny),v(Sy) + E(Xtt)N(at)
+ (Xxy) 838y + (X 1) 8Y81 + (X)) y 1. (5.13)

and
dx=x—xN, y=Yy—YyN, Ot =1t —1ty. (5.14)

Substituting Eqgs. (5.10)—(5.12) into (5.8), one obtains

= —fr — 8y

Uy = —for — 8yt ) (5.15)
Uyt = _fxx — 8xy

Uyr = —=fay = &y

Together with the chain rule, to compute the derivatives in Eq. (5.13), the only
unknowns are u, Uy, Uy, Uxy, Uyy, and uy,. By integrating over the surface of the
CE(P’), Eq. (5.9) leads to

f h~ndS=/ h~ndS+/ h-ndS+f h-ndS
S(V) A'B'C'D ABCD ABB'A’

+/ h~ndS+/ h-ndS+/ h-ndS=0.
BCC'B/ cpD'C DAA'D!
(5.16)

Thereafter, with the aid of Egs. (5.10) —(5.12) and (5.16) can be rearranged as
(Ax)? (Ay)? L A Ar_
(u)p/ + T(uxx)p’ + T(uyy)p/ - Z u—+ Bf + A_yg ) (5'17)

where

47 4
A A A A
C D
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f( _L At) +f(0,—g,£> (5.19)
44 ), 474 ),
_ . R Ax At
e=( 0.5 w50 5),
Ax At [(Ax At
S50 ), (5 T), o

and
i(8x, 8y, 8t)y = <u>N + ()N 8x 4 (uy) By + () 5t

1
(MM)N((S)C)2 ( W)y O + () y8x8y,  (5.21)

F@x, 8y, 805 = (HHy + (fndx + () 8y + (fi)ndt

1 1
+ 8( Foy) y B9 + o Fidn 81> + (fyr) ¥t (5.22)

8(8x,8y.80)y = (9)y + (80X + (8y) 48y + (8) 5ot

1 1
+ g(gmN(ax)z + g(gt»N(st)z + (8ur) N XL (5.23)

Prior to explicitly computing («),, from Eq. (5.17), (u,,), and (uyy)p, are
required to be obtained from the finite difference of the interpolations from the
previous time step. The second-order derivative (u,,), can be estimated as

_ A
(l/lxx); _ (ux)B + 5 (uxr)BAx(ux)A 2 (uxt)A , (524)

_ A
(Mxx); _ (ux)C + 5 (uxt)CAx(ux)D 2 (uxt)D. (525)

(Ury) s is then computed from simple average as

(uxx)Jpr/ + (uxx);/

P (5.26)

Similarly, the derivative (u,y) , is computed as

(uyy)+ . (“}’)D + %(“yt)p - (u.V)A - %(”yt)A’ (5.27)

r Ay
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) = (e ¥ F e = () = $u)y

A , (5.28)
+ —
,+ )
(uyy)p, _ (”yy),, - (”n)p . (529)

Equations (5.17), (5.26), and (5.29) form the procedure to get the values of (u),,,
(Uxx) and (u yy)p/ at the new time level. To complete the time marching, we need
to further compute u,, u,, and u,,. The weighted average of the sided-estimations
computes the first-order derivatives as

+ 1 [ At At 1
(I/lx)p/ = B u 0, 0, 7 5 +u 0, O, 7 . — Z(MX)p’ s (530)
_ LT At A\ T
(ux)p = B z(ux)p’ —u 07 07 7 B —u 0, 0, 7 b , (531)
+ 1T At At T
(), = 55«00 5 Fu(0.0.5) 20, |, (5.32)
- I At Ar\ T
=—|2 _ 25y _
(uy), i (), u<0, 0, )A u<0, 0. - )B_, (5.33)
W)y = W((u;)p () pr @), (5.34)

(1) = W (1) s () o). (5.35)
Meanwhile, the mixed derivative u,, is computed from

()p + S e p — () g — 5 (ux) 4

(1), = &~ , (5.36)
(o) = (ue)c + %(ux»cA—y(ux)B - %(um)g’ 5.3
(1) = (w)p + %(ux»BA—x(uX)A RGOy (538)
() = (w)c + %(ux»cA—x(ux)D — 5 wnp. (5.39)

1 _ _
(1), = 5[ )y + (), + (2), + (), ] (5.40)
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5.1.3 Construction of a Third-Order 2D CESE Scheme
on Unstructured Mesh

Similar to constructing the third-order scheme on a a uniform mesh, second-order
Taylor expansion is utilized here, and the variables stored at each grid point are still
U, Uy, Uy, Uyy, Uyy, and u,,. Now we recollect the definitions of SE and CE in the 2D
CESE scheme on the unstructured mesh as depicted in Fig. 4.4, and the flux balancing
relation was derived in Eq. (4.48). From the summation of the conservation law for
all the sub-CEs, we arrive at the flux balancing relation for CE(VI.'):

M M

// wdo =" // wdo - // V - ndo.

C|0}-C}, 0}, M=1C,, 00V 00 =1, 0,00, Clyt O 1 C Cly O,

m=m m~m—1

(5.41)

The LHS of Eq. (5.41) represents the integration of u on the top surface of CE( Vi/),
i.e.,

1 ZM(GE) 2
udo =u(G})-S+TERMI = u(G S+Z 2792 (8x)
X
Cioi”'C;\/IOM m= IC;nOmGL()’/n 1
8%u(G} 8%u(G)
+3 (2 )<s)>2 , ( ’)wx)(swdxdy, (5.42)
2 9y dxdy

where §x = x — x(G;), Sy =y — y(G;), and S represents the area of the polygon
C,0, ...C,,0),. The second term in RHS (TERM1) of Eq. (5.42) denotes the inte-
gration of the high-order terms of u. The two terms in RHS of Eq. (5.41) can be
respectively expressed as

M M

v // udo = TERM2 = 3 // u(C) + l()c,,,) (6x) + d”(ac’”) Gy)
M=, O Vi Opy—y M=y OmV; Oy ’
192 u(Cm) L1 a u(Cm) o 2 02u(Cm)
5 (6x)? 02 @y + — 5 (8x)(8y)dxdy, (5.43)

where §x = x — x(Cy), 5)7 =Yy- Y(Cm)

M
> // V-ndo = TERM3 = ) [FLUX%"” + FLUX§’”)],

M=l 000! Cl 4+ 01 CuCL O "=

m=m m~m—1

X

(5.44)

with
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2—a2—a—b a+b+c c
(m) _ At (m) a9 f(Cm) (m)]4 m)1P[ At
FLUX S Ay Ax Ay -5
ux, {;)172 Z (a+h+1)a‘h'(c+l)' axaaybarc [ Il ] [ M ] 2
2 2—a2—a-b btc ¢
At (m) 1 gat g(Cm) (m) (m) bl At
— A Ax A -
DI (@+b+ Dalblc+ D! axdaybarc [ ] [ 7 ] 2]
a=0b=0 c¢=0
(5.45)
2—a2—a—b a+b+c c
(m) _ At (m) il f(Cm) (m)]¢ (m)b[ At
FLUX <Ay -A —Ay -5
Ux, Z Z Z a+b+ 1)41},!(6 + 1! axaaybarc [ 2 ] [ 2 :| 2
a=0b=0 c¢=0 N
2 2—a2—-a-b btc ¢
At (m) 1 gat g(Cm) (m)]@ m)1°[ At
——A —A —A -
2 o gg ; (a+b+Dalblc+ 1) gxagybarc [ "2 ] [ ic ] 2]
(5.46)

in which Ax™ = x(0,,) — x(C,), AY\™ = y(0,) — y(Cp), AxS™ = x(C) —
*(Op1), Ay(m) = y(Cp) — y(Op—1). FLUX™, and FLUX™, represent the fluxes
across the adjacent CE surfaces on which the points are defined within SE(C,,).

By substituting Egs. (5.42)—(5.44) into (5.41) and moving the high-order terms
to RHS. Consequently, the value of u(G;.) can be expressed by

1
u(G)) = S (TERM2 — TERM3 — TERMI). (5.47)

Two remarks should be noted regarding Eq. (5.47). First of all, since u, f, and g
are nonlinearly distributed on the surfaces of CE, the integral terms appeared in Egs.
(5.42) and (5.43) are not simple multiplications of the value at the centroid and the
surface area as what has been implemented in the second-order scheme. In contrast,
they are now calculated using the coordinate transformation method:

4
x =Y 5N, ), (5.48)

4
Y=Y yiN:i(E. ). (5.49)

i=1

where

1 1
N =Z(1—§)(1—n), Ny =2 +8d =),

1 1
Ny=Z4HU+n,  No= (1= +7). (5.50)

Thereafter, the integration of an arbitrary function ¢ (x, y) over the irregular
quadrangle A is transformed into the integration over a rectangle (Fig. 5.1) as
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(X4, Va) -1, 1) (1, 1)
(x3, }’3) ¢ *

® L]
(s 1) -1,-1) (1,-1)
() (b)

Fig. 5.1 Sketch of the coordinate transformation

1

1
//Aab(x,y)ds = /dn/qb[x(s, n), y(&, m1Jdé, (5.51)

-1 -1

where J is the Jacobian matrix of the coordinate transformation,

a(x, y) ’Z, 1 X G as PRS- as (5.52)

T aE xS Yo i

In addition, TERM2 and TERM3 in Eq. (5.47) can be computed from the infor-
mation at t = t,_1/,. TERMI consists of high-order terms (i, 1y, and u,,) of u at
t = t,. As a result, the high-order derivatives must be solved prior to computing u.
The idea to calculate the high-order derivatives are analogue to that in Sects. 5.1.1
and 5.1.2. For example, from the Taylor expansion C,, we have

we(Chut) = x(Ch) = e (C) [¥(Cpy ) = x(Ci) | ey () [¥(Chu ) = (i) ) (5.53)

ux (Cppay) = ux(Ch) = e (C) [¥(Clr ) = X (Ch) | + 1y (C1) [¥(Cpy ) = ¥(Co | (5.54)

On the other hand, u, (C;n_l), Uy (C;n), Uy (C;Hl) can be interpolated from the
previous time level,

’ At
(C l) =ux(cm—l)+uxx(cm—l)7
’ At
Uy (Cm) =Uyx (Cm) + Uyx (Cm)T
’ At
tx(Chrpr) =ue(Cons) + ther(Con) - (5.55)

By substituting Eq. (5.55) into Egs. (5.53) and (5.54), a pair of equations with two
unknowns (u,, (C ;n), Uy, (C ;n)) are ready to be solved by Cramer’s rule. A simple
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average (or weighted average to suppress oscillations near discontinuities) can be
applied for M pairs of derivatives. Once all the second-order derivatives are obtained
under the same routine, u (G ;) can be immediately calculated from Eq. (5.47). The last
unknowns remain to be computed are u, and u,, which can be calculated similarly
in Sect. 4.2, e.g.,

ity (G}) (82)(8y) = w(C) + 4 (Co) & + 5141 (Con) (5) S
where §x = x(C,,) —x(G;), 8y = y(Cp) — y(G;). Similarly, on applying Eq. (5.56)
to C,,41, a pair of u, and u, can be easily determined. Then, we apply the weighted
average function to obtain the optimal derivatives. Finally, u (Vi/) and its derivatives
are interpolated by Taylor expansion from the information at u(G;).

5.2 Numerical Examples

The Shu-Osher problem consists of a Mach 3 shock interacting with an entropy
wave, which requires the capability of capturing fine structures in the flow. The
computational domain [0, 10] is discretized by a uniform grid size of 0.05, the non-
reflection boundary condition is imposed on both sides, and the initial condition is
described as

(3.857143, 2.629369, 10.33333) x <1

.57
(1 4+ 0.2sin(5x), 0, 1) x> 1 (5-57)

(o, u, p)={

The density distributions at t = 1.8 are depicted in (Fig. 5.2). Compared to the
benchmark solution, which is calculated with a-a scheme using very high grid reso-
lution, higher-order CESE schemes are less dissipative and can reveal better flow
structures.

The second example is the Mach 3 wind tunnel problem with step. This problem
has been described in Sect. 4.3. Here, we use the identical numerical setups except
with a mesh size of 1/250. As depicted in Fig. 5.3, vortex-like structures generated in
the results using high-order schemes, however, disappeared in the low-order schemes
due to the increasing dissipation. It is not surprising that the triangular mesh result
surpasses the quadrilateral ones because the mesh area is only half of the latter when
the mesh sizes are the same.
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Fig. 5.2 Density distributions for Shu-Osher problem at t = 1.8. a Entire view, b Enlargement.
Courtesy of Shen [7]
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Fig. 5.3 Density contours for Mach 3 wind tunnel with a step at = 4.0. Courtesy of Shen [7]
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Chapter 6 ®)
Numerical Features of CESE Schemes Geda

In this chapter, some remarks are made on the numerical characteristics of the CESE
schemes described in foregoing chapters. Due to the special formulation, rigorous
analysis of the CESE schemes will take more efforts than that of traditional finite
difference schemes. However, it is possible to extend the widely used modified equa-
tion analysis, modified wavenumber analysis, and von Neumann stability analysis
to the CESE schemes. Here, a stability analysis for the second-order upwind CESE
scheme applied to the linear scalar convection equation is presented. Additionally, a
rough estimation of the algorithm complexity is presented to show the computational
efficiency of the CESE method. In order to demonstrate the accuracy of the CESE
method in comparison with established numerical approaches, simulation results of
some canonical problems are shown.

6.1 Stability

All CESE schemes in this book are explicit time-stepping schemes. Similar to other
explicit schemes, the numerical stability of CESE schemes is closely related to the
Courant—Friedrichs-Lewy (CFL) condition. Only when the CFL condition is satis-
fied, the system can remain numerically stable. Consequently, the time-step size used
by a CESE scheme has to be restricted according to the upper bound of the stable
CFL number v for that scheme.

It has been proven in [1, 2] that the stability conditions for the second-order a
scheme (Sect. 2.3) and the second-order a—« scheme (Sect. 3.1) are both v < 1. For
the second-order upwind CESE scheme (Sect. 3.3), the stable upper bound of the
CFL number is also unity. This stability analysis is first given by Jiang et al. [3] and
introduced as follows.

For illustrative purpose, we consider the simplest upwind CESE scheme applied
to the 1D linear scalar convection equation

© The Author(s) 2023 69
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ou ou
—+a—=0 (6.1)
at ax

where a is a positive constant. Without using any slope limiter, the upwind CESE

scheme for Eq. (6.1) can be written in a matrix form as

n n—1/2 n—1/2
q; = QL‘I_,‘_1§2 + Qqu+I;2 (6.2)

with the vector of time-marching variables

n

uj

=1 ax, | (6.3)
T(ux)j

and the coefficient matrices (recall Chap. 3)

[ 1+v 1—v? I[1—v -1+
= _ = , 6.4
Q. 2|:—1+v—1+4v—v2:|’ Or 2|:1—v—1—|—v2 ©4

where v is the CFL number, which is defined as
v=a—. (6.5)

Following the routine of von Neumann stability analysis, we assume the vector ¢
to be a Fourier component with arbitrary wavenumber & such that

gl =A,0e"", (-7 <0=<m), (6.6)

where 6 = kAx is the reduced wavenumber, and i is the imaginary unit. Substituting
Egs. (6.6) into (6.2) yields

4,0) = [0 + 04?401 20). 6.7)
Hence, the amplification matrix for each half step is

M = QL€7i9/2 + QReiQ/Z

_[cos%—ivsin% i(v2—1)sin} i| 68)
T Lid—vsing @v—1cosd+i(w?—2v)sinf | :

The spectral radius of matrix M, denoted as p(v, 0), is calculated numerically as
a function of the CFL number (0 < v < 1) and reduced wavenumber (-7 <6 < ).
In Fig. 6.1, it can be seen that p(v, #) < 1 holds for all wavenumbers as long as 0 <
v < 1. Thus, this second-order upwind CESE scheme is numerically stable when v
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086 088 09 092 094 096 098 1

spectral radius of matrix

Fig. 6.1 Spectral radius p(v, ) of matrix M in the von Neumann analysis of the upwind CESE
scheme. Courtesy of Jiang [3]

is less than or equal to 1. Also shown in Fig. 6.1, as the CFL number approaches 0
or 1, the numerical dissipation in the second-order upwind CESE scheme vanishes.

For high-order CESE schemes, the stability analysis is more complicate and the
stable upper bound of the CFL number depends on the scheme’s construction. A
novel approach to construct highly stable high-order CESE schemes was proposed
by Chang [4], using the same space—time stencil as that in the second-order CESE
scheme. The same CFL-number constraint for numerical stability (i.e., v < 1) is
retained, which is favourable for explicit time-stepping computations.

6.2 Efficiency

The CESE method has a highly compact stencil in space and time, regardless of the
order of the scheme. This compactness feature provides the CESE method a great
advantage when parallel computation is performed.
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For a CESE scheme, the nominal order of accuracy and spatial dimensionality
will determine the number of independent variables (denoted by K) to be stored
and updated at each solution point. For a M-th-order accurate (M > 2) and spatially
D-dimensional (D = 1, 2, or 3) CESE scheme, K can be determined by a precise
counting and

M, D=
K(D, M) = MM+1)/2, D=2. (6.9)
MM +1)(M +2)/6 D=3

Notably, the number K in the CESE scheme is the same as the number of degrees
of freedom for each cell in the discontinuous Galerkin (DG) scheme. Therefore, if
the CESE and DG schemes are of the same order and used to solve the same problem
on the same mesh, the memory requirements for a CESE scheme and a DG scheme
are comparable.

The CESE method requires neither a reconstruction procedure based on a wide
stencil nor a multi-stage time-integration technique. Besides, no upwind operation
related to flux calculation is included in central CESE schemes. Nevertheless, the
CESE method adopts the Cauchy—Kowalewski procedure to express the temporal
derivatives in terms of spatial derivatives. It also takes time to update the spatial
derivatives using the algorithms described in Chaps. 3, 4 and 5. The combined effect
of all these factors determines the computational speed of the CESE method.

6.3 Accuracy

Generally, the accuracy of a CESE scheme depends on the order of the Taylor expan-
sions, i.e., the degree of the approximation polynomials that are used to approx-
imate unknowns and fluxes within each solution element. To achieve the theoret-
ical M-th order of accuracy of the scheme in space and time, the (M —1)-th-order
Taylor expansions are needed. According to practical applications, the second-order
CESE schemes, including the central and upwind schemes, can usually provide a
satisfactory trade-off between accuracy and efficiency.

The ability to capture shock waves and contact discontinuities with high resolu-
tion is one of the excellent features of the CESE scheme. Here, two canonical flow
problems are used to demonstrate the accuracy of CESE schemes by comparing the
numerical simulation results by CESE and other schemes. As the first example, Sod’s
shock-tube problem [5] is solved by both the CESE method and the finite volume
method (FVM). The CESE code is an implementation of the second order a—« scheme
described in Chap. 3, while the FVM counterpart incorporates the second-order
MUSCL (Monotonic Upstream-centered Scheme for Conservation Laws) recon-
struction, the van Leer limiter, and the HLLC Riemann solver. A uniform mesh with
200 cells and a CFL number of 6.9 are employed in both the CESE and the FVM
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computations. Density and internal energy distributions fromx = — 1 tox =1 at
time t = 6.5 computed by CESE and FVM schemes are plotted in Fig. 6.2a and b,
respectively, in comparison with the exact solution. As shown in Fig. 6.2, a narrower
contact discontinuity is resolved by the CESE scheme than the FVM counterpart.
Meanwhile the CESE results match the exact solution better than the FVM results
at the tail of the rarefaction wave.

Fig. 6.2 Comparison of
numerical results of Sod’s T ey . exact =
shock-tube problem by 2nd-order CESE (200 cells)

CESE and FVM schemes at 09 — eeeeeeee 2nd-order FYM (200 cells) =
dimensionless time t = 0.5. 081 E
Courtesy of Jiang [3] 07k E
06k E
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In the second example, the problem of a Mach-3 inviscid flow through a 2D
tunnel with a forward-facing step inside is solved by three schemes (a—o CESE,
upwind CESE, and upwind FVM) of second-order accuracy in space and time. The
initial conditions, boundary conditions, and geometrical parameters are the same as
that in [6]. The upwind FVM flow solver is provided by Hao et al. [7]. The same
computational mesh and the same Courant-Friedrichs—Lewy (CFL) number of 6.95
are employed for all the three schemes. Density fields at time ¢ = 4.0 are shown in
Fig. 6.3a and b. Compared with the upwind FVM scheme, both the a—« and upwind
CESE schemes can accurately capture the structure of shock waves, but only the
upwind CESE scheme can resolve the phenomenon of shear-layer instability (see
the lower part of Fig. 6.3b), which is not observed in the present a-« CESE and FVM
results.

To assess the accuracy of the high-order CESE schemes described in Chap. 5,
the Shu—Osher problem and the double Mach-reflection problem were studied inten-
sively in Ref. [8], where the fourth-order CESE scheme provided a good resolution
of fine structures in the flows.
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Chapter 7
Application: Compressible Multi-fluid e
Flows

Multi-fluid flows involving shock-accelerated inhomogeneities and shock-induced
instability play essential roles in a wide variety of problems including, but not
limited to, supersonic combustion [1], inertial confinement fusion [2], and super-
nova explosion [3]. Numerical simulations of these complex flows prove to be chal-
lenging in the presence of moving and deformable material interfaces, especially for
fluids with large differences in their densities or thermodynamic properties. There-
fore, a discontinuity-capturing, mass-conserving, and positivity-preserving scheme
is desirable for compressible multi-fluid simulations.

Qamar et al. [4] implemented the CESE method of Chang [5] and Zhang et al. [6]
for solving the one- and two-dimensional compressible two-fluid models of Kreeft
and Koren [7]. Numerical simulations were performed for gas—liquid Riemann prob-
lems and interactions of air shock waves with inhomogeneities containing lighter
and heavier gases. In comparison with the non-oscillatory central scheme [5] and
the kinetic flux-vector splitting scheme [8], the CESE scheme gives better resolution
of discontinuities. Because of its outstanding ability for discontinuity capturing, the
studies on Richtmyer—Meshkov instability (RMI) [9, 10] and Rayleigh—Taylor insta-
bility (RTD) [11, 12] have greatly benefited from the development of this method.
Those numerical results not only eliminated disturbing factors in experiments (e.g.,
dimensional effect, boundary effect, liquid mist scattering), but also provided more
ideal working conditions (that cannot be easily realized in experiment) and more
flow details (that cannot be timely recorded by camera).

Recently, the upwind time—space CESE method was used extensively in studies of
shock-accelerated inhomogeneous flows [13—15] and RMI [16—18]. The compress-
ible two-fluid flows are described by a volume-fraction-based five-equation model
[19] coupled with the stiffened gas equation of state [20]. Extensive numerical simula-
tions were carried out using the maximum-principle-satisfying upwind CESE scheme
[13], which is an improved version of the upwind CESE scheme presented in Chap. 4.
The maximum-principle satisfying property is achieved by adopting a very simple
limiter proposed by [21]. Furthermore, the ability to capture contact discontinuities
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(material interfaces) can be enhanced by employing the HLLC Riemann solver in the
upwind procedure. As a result, challenging numerical simulations of the gas—gas and
gas-liquid Riemann problems were successfully performed, in which the mass of
each fluid component is conserved and the positivity of volume fractions is preserved
[13].

In this chapter, we use extensive numerical examples to indicate that the CESE
method captures shocks and contact discontinuities sharply without spurious oscilla-
tions and proves to be arobust and accurate numerical tool for studies of compressible
multi-fluid flows.

7.1 Richtmyer-Meshkov Instability

The Richtmyer—Meshkov instability occurs when an initially perturbed interface
separating two different fluids is impulsively accelerated. This impulsive acceler-
ation, in RMI studies especially, is provided by shock waves mostly. Two basic
mechanisms dominate the RMI development, are the baroclinic vorticity and the
pressure disturbance. For the baroclinic vorticity, the extent of the misalignment of
the pressure gradient across the shock with the density gradient across the mate-
rial interface makes contribution to the perturbation growth. While for the pressure
disturbance, the wave system plays an important role.

As the inertial confinement fusion (ICF) cares more about the interaction of a
converging shock with a disturbed interface, the converging RMI has become an
imperative [22, 23]. The nature of geometrical convergence in converging RMI,
however, makes the perturbation development more complicated because of the
coupling of the Bell-Plesset (BP) effect [24, 25], Rayleigh—Taylor (RT) effect [26,
27], and the multiple shock impacts therein.

In perfect agreement with their experimental images [28], Zhai et al. [17] used the
upwind CESE method to make further discussion about the converging RMI issues.
Figure 7.1 shows the shock behaviors and interface morphologies after a converging
shock interacting with perturbed interface. The inner test gas is SF6 and the interface
initial amplitude is 1 mm. The comparison clearly approved the applicability of the
method used in simulating converging shock waves and converging RMI issues.

The Rayleigh—Taylor effect on the phase inversion (RTPI) was the major concern
in Zhai’s work [17], which is supposed to be helpful in finding a freezing state
interface in ICF physics. In this work, the influence of the initial amplitude on the
RTPI was firstly investigated. Figure 7.2 depicts three converging RMI cases with
different initial amplitudes (Cases 11, 12 and I3 with ag = 1.0, 1.65, and 2.0 mm,
respectively), according to which, Fig. 7.3 records the time-variation of the interface
amplitudes. It was found that the amplitude histories can be roughly segmented into
three stages after the initial shock compression. At the first stage, the amplitude of
the perturbed interface increases because of the RMI, while during the second stage
before re-shock, the amplitude reduces owing to the RT stabilization effect which
is caused by the stronger adverse pressure gradient near the geometry origin. Based
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Fig. 7.1 The evolution of a single-mode interface with initial amplitude 1 mm. upper: experimental
schlieren image; lower: numerical schlieren image at the same instants. (IS = incident shock, II =
initial interface, RS = reflected shock, TS = transmitted shock, SI = shocked interface, RTS =
reflected transmitted shock, STS = secondary transmitted shock). Courtesy of Z. G. Zhai [17]

on the amplitude histories, they concluded that whether a normal phase inversion
occurs or not depends on the competition between the RT stabilization effect and
RM instability caused by the re-shock. Especially, for a special initial amplitude,
there is a critical state with a zero-amplitude of the interface at the re-shock.

Furthermore, a parametric study was performed to evaluate the influences of
Atwood number, shock Mach number, and initial radius of the interface on the vari-
ation of critical amplitude with the azimuthal mode number. Their thorough inves-
tigation well explained the reason why this sensitive RTPI phenomenon was not
observed in previous converging RMI studies.

The even more complicated converging RMI at a dual-mode interface was numer-
ically studied by Zhou et al. [18] using the same upwind CESE methodology. It is
not surprising that the dual-mode or multi-mode interface is far more complicated
than the single-mode converging counterpart due to the existence of mode interfer-
ences such as harmonic generation and bubble merger. By comparing the detailed
processes of the interface deformation and wave propagation for different dual-mode
cases together with the development of a referencing single-mode interface, signif-
icant influence of the phase difference between two basic waves on the instability
development can be clearly distinguished. While after the re-shock, the discrepancy
becomes much smaller due to the weak dependence of the re-shocked RMI on the
pre-re-shock state.
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Fig. 7.2 Schlieren images
showing the evolution of the
single-mode interface. (PI =
phase inversion, RTPI =
Rayleigh—Taylor phase
inversion). Courtesy of Z. G.
Zhai [17]
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The study on dynamics of the dual-mode converging RMI clearly reveals the mode
coupling effect, in which the growth of the first mode was found to be inhibited,
promoted, or not influenced, depending upon the first mode amplitude as well as
the phase difference between the two basic waves. These findings, including all the
other parametric studies in their work [18], were considered to be of great help for
designing an optimal structure of the ICF capsule.
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Fig. 7.3 Time-variation of interface amplitude in three perturbed cases. (PI = phase inversion,
RTPI = Rayleigh-Taylor phase inversion). Courtesy of Z. G. Zhai [17]

7.2 Rayleigh-Taylor Instability

Other than the shock-induced interface instability, the rarefaction-induced insta-
bility was performed by [29] using the upwind space—time CESE method. Some
of their numerical schlieren images of the SFg/air interface instabilities induced by
the rarefaction waves are presented in Fig. 7.4, in which the rarefaction waves were
generated by simulating a diaphragm burst in a SFg shock tube. The influence of
rarefaction wave acting time was demonstrated by varying the distance between the
initial diaphragm and the gas interface (shown in cases SA1, SA3, and SAS); while
the influence of the rarefaction wave strength was demonstrated by setting different
pressure ratios between the two sides of the initial diaphragm (shown in SA3, SA7,
and SA9).

Generally, after the rarefaction wave sweeps the SF6/air interface from the down-
side, RTI is triggered and the perturbation on the interface gradually grows. Different
from the classical RMI where an impulsive action is exerted, and also different from
the classical RTI where a continuous body force exists, the rarefaction wave imposes
acceleration to the interface within a limited time. When the rarefaction wave leaves
the interface, the baroclinic vorticity dominates the later interface evolution and KHI
occurs on the interface as the further stretching of spikes and bubbles.

Based on the numerical results provided by the upwind CESE method, theoretical
models were modified in Liang’s work [29] considering the time-varying acceleration
and the growth rate transition from RTI to RMI. It was also found that the interface
perturbation can be more unstable under the rarefaction wave condition than under
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Fig. 7.4 Schlieren images of the SF¢/air interface evolution induced by rarefaction waves in cases
a SA1, b SA3, ¢ SAS, d SA7, and e SA9. Numbers represent the time in ps. f schlieren images
of the interface evolution in cases SA1 (left), SA3 (middle) and SAS (right) at dimensionless time
10.3. (RWH = rarefaction wave head, RWT = rarefaction wave tail). Courtesy of Y. Liang [29]

the shock wave condition due to the larger amount of vorticity deposited by the
continuous pressure gradient.

7.3 Shock Refraction

The upwind space—time CESE method has also been used in simulating the
shock refraction phenomenon at an inclined air/helium interface in the cylindrical
converging shock scenario [16]. Figure 7.5 presents the experimental and numer-
ical schlieren images of the shock refraction, in which good agreement between
the two was achieved. Moreover, the numerical results apparently provide much
cleaner images than their experimental counterparts (especially the region behind
the deformed gas interface).

It is observed that, during the incident shock wave converging, when the shock
velocity increases and the incident angle (with respect to the gas interface) decreases,
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Fig. 7.5 Sequences of experimental (lower) and numerical (upper) schlieren frames showing the
evolution of a converging shock wave refracting at a 45° tilted interface. (i = incident shock, m =
material interface, t = transmitted shock). Courtesy of Z. G. Zhai [16]

the wave pattern is found to transit from one to another. In the work of Zhai et al.
[16], two interfaces with 45° and 60° initial incident angles were examined. For the
45° case, the shock pattern was found to transit from free precursor refraction (FPR)
to bound precursor refraction (BPR), and then to regular refraction with reflected
shock (RRR); while for the 60° case, it was found to be from twin von Neumann
refraction (TNR), to twin regular refraction (TRR), to free precursor von Neumann
refraction (FNR), and finally to FPR. These clearly depicted transition sequences
that never occur in the planar shock scenarios, greatly enriched the shock refraction
classification.

7.4 Shock-Gas-Bubble Interaction

Here, we review the numerical studies of shock-accelerated inhomogeneous flows
conducted by Shen et al. [13], Fan et al. [15], and Guan et al. [14] first. Figure 7.6
shows a general schematic of the computational setting of a shock-accelerated inho-
mogeneity. The homogeneity can be gas bubble [13], water column [13] or droplet
[14], and the shape of the initial homogeneity can be circular, square, rectangular,
and even triangular [15].
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Fig. 7.6 Schematic of the initial setup for the interaction of an incident shock wave and a gas/water
inhomogeneity

In the shock—helium-cylinder case [13], a planar shock propagates from left to
right at Mach 1.22 and impacts the helium cylinder with a radius of 25 mm. The
cylinder morphology after shock impact is shown in Fig. 7.7, in which the gas inter-
face is sharply captured. The vortices, deposited due to baroclinicity, are clearly seen
developing on the interface. As is shown, a salient feature of the helium cylinder
morphology is the piercing of a middle air jet that finally separates the whole cylinder
into two symmetric lobes.

A quantitative validation of the CESE method in simulating the shock—helium-
cylinder interaction was performed by comparing the trajectories of the upstream
point, the jet point, and the downstream point of the helium cylinder with the ones
obtained by the level set method [30]. Good agreement of the results was achieved
between the two methods, as depicted in Fig. 7.8.

The maximum-principle-satisfying upwind CESE scheme was applied by Fan
et al. [15] to present a comprehensive study of jet-formation phenomenon in the
interaction of a planar shock with a variety of heavy gas inhomogeneities. Comparing
with the above light helium cylinder scenario, the heavy R22 cylinder experiences
an obvious different deformation pattern. Figure 7.9 shows the cylinder morphology
of the R22 cylinder with a radius of 25 mm impacted by a planar incident shock with
Mach number 1.22 (to numerically reproduce the experiment conducted by Haas
and Sturtevant [31]). The shocks that transmitted into this heavy cylinder were found
converging at the downstream pole. The ensuing shock pattern and pressure gradient
leads to a jet at the downstream cylinder surface.

Fan et al. [15] summarized that the heavy gas jet forms not only in the scenario
of circular cylinder, but also in a series of differently shaped heavy gas cylinders,
including square, rectangle, and triangle. Fan’s square case reproduced the experi-
ment performed by Luo et al. [32] where the shock Mach was 1.17 in air and the side
length of the SFg square was 56.6 mm. To reveal more details of the shock converging
patterns in a small region, a slightly over-fined mesh was used in their simulation,
which greatly reduced the numerical viscosity, making the secondary vortices at the
late stage more pronounced than its corresponding experimental images. Other than
that, numerical results shown in the lower halves of Fig. 7.10 agree quite well with
the upper halves’ experimental images, including the gas interface morphology, the
shock patterns, and the consequent jet formation at the middle leeward surface of
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Fig. 7.7 Deformation history of a helium bubble impacted by a Mach 1.22 shock. Courtesy of H.

Shen [13]
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Fig. 7.8 Position history of the upstream point, the jet point, and the downstream point of the
helium bubble. Courtesy of H. Shen [13]
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Fig. 7.9 Shadowgraphs of the evolution of an R22 circular cylinder under the impact of an incident
shock with Mach number 1.22. (is = incident shock; dts = direct transmitted shock; rs = reflected
shock; rts = reversed transmitted shock; s/ = slip line.) Courtesy of E. Fan [15]

the square. Based on the detailed information provided by the CESE simulation,
the mechanism of jet formation was revealed. It was found that for all the cases
they simulated, the key factor in forming a downstream jet is the formation of type II
shock-shock interaction [33]. According to this, a geometrical criterion was proposed
to determine whether a jet will be formed [15].

7.5 Shock—Water-Droplet Interaction

The ability of the upwind CESE method to handle gas—liquid interfaces was initially
demonstrated in Shen’s work [13]. The setup of this problem resembles that of
the shock—bubble interaction (see Fig. 7.6). Due to the high-density ratio and large
difference between the thermodynamic properties of air and water, more challenges
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Fig. 7.10 Comparison of experimental images (upper) by Luo et al. [32] and the numerical results
(lower) of the planar incident shock impact on a square cylinder using CESE method. (is = incident
shock, rs = refracted shock, ts = transmitted shock, ms = Mach stem, gi = gas interface, dts =
direct transmitted shock, /ts = lateral transmitted shock, ds = diffracted shock, uvr = upstream
vortex pair, dvr = downstream vortex pair). Courtesy of E. Fan [15]

are there in simulating the shock—water-column interaction. In this case, the radius of
the water column was 2.4 mm and a shock wave with Mach number 1.47 was launched
to sweep over the column from left to right. Upon the interaction of a shock with water
column (or water droplet), two essential issues are extensively discussed. One issue
concerns the immediate interaction of the shock wave (or rarefaction wave) with the
water column (or droplet). It covers an extremely short period of time compared to
the whole water column breakup, in spite of its vital role in the following interface
deformation. The other issue concerns the long-period water column deformation,
which covers from the initial protrusion growth on the water column surface to the
later large interface distortion and mass loss of the bulk of the column. At the early
stage, as shown in Fig. 7.11, the shock propagates through the water column as
though passing over a rigid cylinder, nearly no interface deformation is detected.
Howeyver, the shock waves as well as rarefaction waves bounce back and forth inside
the water column, making the internal pressure change dramatically and becomes
highly heterogeneous. After the incident shock has passed, as shown in Fig. 7.12,
atomized water is gradually stripped away by the high-speed post-shocked flow. The
water column develops into a crescent shape and the downstream was covered up by
the transversely spreading atomized water. Note that the instabilities were captured
in detail in this CESE simulation. The history of drag coefficient of the water column
was also derived from the numerical results, as shown in Fig. 7.13. Again, good
agreement was obtained in comparison with numerical simulations of Chen [34] and
experimental data of Igra and Takayama [35].
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Fig. 7.11 Sequences of pressure contours (unit: Pa) in the early stage of a shock—water-column
interaction. Courtesy of H. Shen [13]
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Fig. 7.12 Evolution of the numerical schlieren plot during the stripping breakup of the water
column. Courtesy of H. Shen [13]

The case of a spherical water droplet deformation under planar shock impact was
studied by Guan et al. [14] using axisymmetric simulation. As shown in Fig. 7.14, the
initial protrusions emerging on the droplet surface were clearly captured by the CESE
methodology. The internal flow pattern of the droplet was visualized numerically in
this study. It is seen in Fig. 7.15 that the internal flow pattern of the droplet is
established soon after the impact by the incident shock and is held steady for a long
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time " Courtesy of H. Shen [13]

Fig. 7.14 Comparison of the numerical (lower part) and experimental (upper part) results at
different instants. (EQ = equator; WS = windward stagnation; LS = leeward stagnation; C =
corrugation; KHI = Kelvin—Helmbholtz instability, AT = atomization). Courtesy of B. Guan [14]

time. For the first time, a saddle point was observed in this internal flow pattern.
Further, a simple theory was proposed to correlate the stationary position of the
saddle point with the Mach number of the incident shock.
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Fig. 7.15 Morphologies and internal flow patterns of a water droplet under shock impact with
different shock Mach numbers Ms. Contours show the density of air with units kg/m®. Courtesy of
B. Guan [14]
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Chapter 8 ®)
Application: Detonations e

Detonation is a shock-induced combustion in which chemical reactions are closely
coupled with shock waves. The shock wave compresses the reactant with an abrupt
increase in temperature and pressure, initiating the reactants to be burnt into products.
The intense heat release permits the high propagating speed of the shock wave to be
sustained. It is fundamental research related to both the safety industry and propul-
sion systems. For most explosive mixtures, detonation wave speeds are formulated
by Chapman—Jouguet (CJ) theory. Typical detonation velocities for gaseous mixtures
generally range from 1400 to 3000 m/s. Behind the shock, the time scale for reactions
is commonly on the order of microseconds or even less. Furthermore, the detona-
tion front is intrinsically unstable, forming transient multi-dimensional structures.
Many studies revealed that high resolution is necessary to resolve the essential deto-
nation structures. Due to its complex nature and multiple time scales, detonation is
thus a challenging problem for solvers on shock-capturing capability, robustness,
and computational efficiency. This chapter will present several essential aspects of
detonation research by applying the CESE schemes.

8.1 Gaseous Detonations

In detonation simulations, the requirement for the computational resources is usually
very high because the satisfactory resolution is necessary to compute the coupling
between flow and chemical reactions and to resolve the detonation structures. As
a result, applying detailed chemistry is usually limited to problems with simple
and small domains or particular situations. Otherwise, simulations with simplified
models are preferred to gain insight into the physics without loss of credibility. For
illustrative purposes, we consider a system for ideal gas and a simplified chemical
model. The 2D inviscid reactive compressible flow equations can be expressed as
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aU  oF 0G

Y + 9% + 3y =S (8.1)
where the conserved variable vector U, the flux vectors F, G and source term vector
S are defined as U = [p, pu, pv, E, pA1", F = [pu, pu? + p, puv, (E + p)u, prul”,
G = [pv, puv, pv* + p, (E + p)v, pav]’, S = [0, 0, 0, 0, @]7. The symbols p,
u, v, p, E, and A denote density, velocities in x and y directions, pressure, the total
energy per unit volume, and mass fraction of the reactant, respectively. The perfect
gas law was adopted here as p = pRT, where R is the gas constant and 7 is the gas
temperature. The total energy is

_ p l 2 2
E = o -1 + 2,o(u +v) + pAQ, 8.2)

where y and Q are the specific heat ratio and the specific heat release. The chemical
reaction rate is formulated by the one-step Arrhenius model as

& = —kpre E/RT (8.3)

where k is the pre-exponential factor, and E, denotes the activation energy.

8.1.1 Ignition of Detonations

Ignition of detonation refers to the formation of a detonation wave through either an
instantaneous onset or the transition from deflagration. Shen and Parsani [1] studied
the direct ignition of spherical detonation by using the upwind CESE scheme to
solve Eq. (8.1). The distance between the shock wave and the position where half
of the reactant is consumed can be defined as the half-reaction length. A uniform
resolution with 20 meshes per half-reaction length was adopted, and the number
of mesh points is 1.6 billion. It is well-known that the dynamics of detonation are
sensitive to the activation energy. Thus, three activation energies representing stable
(E, = 15), mildly unstable (E, = 27), and highly unstable (E, = 50) detonations
were studied. For different E£,, k was adjusted to fix the half-reaction length in unit
length. A hot spot with p; = (y — 1)E,, Ty = 20.0, and a radius of 1 was used to
form a blast wave to ignite the mixture. All variables above are nondimensionalized
with respect to the state of the unburnt reactant.

The peak pressure history behind the shock for 1D detonations are depicted in
Fig. 8.1, and typical 2D contours are plotted in Fig. 8.2. For stable case (Fig. 8.1a),
the subcritical, critical, and supercritical regimes are observed successively when
E, increases from 1.8 x 10* to 1.0 x 10°. In the critical regime, E; = 2.0 x 10*
(Fig. 8.1b), Py, first decays and then rapidly increases due to the formation and
amplification of the pressure pulse behind the leading shock. The 2D result shows a
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Fig. 8.1 Peak pressure history at the shock front (Pgp,) as a function of position and source energy
(Eg),foraE, =15,bE, =15 E; =2 x 10%, ¢ E, =27, d E, = 50. Courtesy of H. Shen [1]

highly oscillatory pattern for Py, due to the development of multidimensional insta-
bilities, and the run-up distance deviates from 1D solution. Three critical energies
were detected for the mildly unstable case (Fig. 8.1c), The authors further observed
the fourth critical energy when refining the search using a minor incremental Ej.
However, there might be a unique critical energy in the 2D case. The inconsistency
between 1 and 2D becomes more apparent for the highly unstable cases. For all the E
tested, 1D detonation eventually failed (Fig. 8.1d). The results suggest that, without
large overdriven, the 1D detonation propagation through auto-ignition is impossible
for the highly unstable cases. Contrarily, the critical energy is approximately 1.5 x
10° for 2D cases (Fig. 8.2d). The key factors dominating the direct ignition of 2D
detonation are the unsteadiness arising from the decay of the leading shock, heat
release from the chemical reaction, and the inherent multidimensional instabilities.
In 1D detonations, only the first two aforementioned factors exist. Detonation fails
when the excessive unsteadiness overtakes the heat release. The transverse waves
induced by the multidimensional instabilities create local over-driven detonations.
On the one hand, these local over-driven detonations facilitate the propagation of the
global detonation; on the other hand, induce stronger expansion waves to increase
the risk of failure. The competition among these three factors should be considered
to provide a comprehensive model of direct initiations.
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Fig. 8.2 Maximum pressure history in two dimensions. a £, = 15, E; = 2.5 x 10, b E, =27,
E; =45 x 10% ¢ E, =50, E; = 1.0 x 104, d E, = 50, E; = 1.5 x 10*. Courtesy of H. Shen [1]

Another situation of detonation ignition occurs when the gaseous reactant in the
unconfined space is ignited through the detonation wave emerging from a small
tube. When the detonation wave diffracts from a tube into the unconfined space, the
substantial expansion will perturb the detonation front. If tube size is small enough,
the detonation wave will quench (subcritical), otherwise, the detonation will continue
to propagate (supercritical). Shi et al. [2] investigated the 2D detonation diffraction
using the a—«a CESE scheme. Two scenarios were considered. If the detonation wave
inside the tube does not contain transverse waves, it is classified as the planar case.
Otherwise, it is classified as the cellular case. In these simulations, Egs. (8.1)—(8.3)
were employed with E, = 24 to assure that 1D detonation wave is stable (For E,
higher than 25.27, 1D detonation is intrinsically unstable). A resolution with 24
meshes per half-reaction length was tested converged for current settings, and the
total mesh points are around 410 million. A first glance at the results revealed that the
critical channel width for cellular scenarios is smaller than that for the planar case
(Table 8.1). Four cases, including supercritical and subcritical for planar and cellular



8.1 Gaseous Detonations 99

vTv?gtltT ?c;: Efri:tigil channel Lower limit Upper limit
Planar 100 110
Cellular 75 85

scenarios, were carefully discussed by examining wave structures and Lagrangian
particles that are initially scattered in the flow.

For planar scenarios, the disturbance originates from the corner propagates
towards the symmetric line. The diffracted shock wave decelerates and decouples
with the flame front. In the shocked reactant, a compression wave is formed and
amplified through the temperature gradient towards the leading shock. The compres-
sion wave is indicated by the successive abrupt change in temperature for particles
E7-E9 (Fig. 8.3). When this compression wave merges with the leading shock, deto-
nation may be facilitated if the strengthened shock wave exceeds a critical value.
On the other hand, the aforementioned disturbance reflects from the symmetric line,
and the reflected rarefaction (Fig. 8.4) wave may simultaneously affect the shocked
reactant and hinder the formation and amplification of the compression wave. For the
sub-critical case, i.e., w = 100, re-initiation is reproduced if the boundary condition
is modified such that the rarefaction wave does not reflect towards the leading shock.
Therefore, for the planar cases, re-initiation is attributed to the competition between
the coalescence of the amplified compression wave with the leading shock and the
strength of the reflected rarefaction wave.

For cellular scenarios, the re-initiation patterns are different from the planar cases.
Despite the number of transverse waves decreases when the detonation wave expands
into the unconfined space. It is interesting to note that from Fig. 8.5, a complete
decoupling is not observed during the propagation of the supercritical case (w =
85) (a complete decouple is observed before re-initiation in the planar w = 110

0 ;
20 40 60 80 100 120 140 160 180 200 220
t t

(a) (b)

Fig. 8.3 Temperature traces of particles along the re-initiation direction for planar detonation
diffraction: a w = 110 and b w = 100. Courtesy of L. S. Shi [2]
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Fig. 8.5 Numerical soot foils for a planar detonation diffractions, w = 110, b cellular detonation
diffractions, w = 85. The red dashed lines indicate the disturbance line predicted by Skews’ model.
The blue dash-dot line is the re-initiation path along which particles E; are initially located. Courtesy
of L. S. Shi [2]

case). Detonation wave sustains through the continuous formation of local overdriven
detonation when transverse waves collide. Previous experimental research revealed
that the critical tube diameter for unstable mixtures is d. = 131 (A: detonation
cell size), but d. =~ 30A or even more were measured for stable mixtures highly
diluted with argon. The distinct difference between the re-initiation mechanisms
planar and cellular detonation diffractions elaborated in current simulation provides
a plausible explanation of the discrepancy of the correlations on critical tube sizes. In
unstable detonations, where the formation of local hot spots is essential to sustain the
detonation, the correlation between the d. and A is established. It is well-known that
the cellular patterns in stable detonation are regular, with transverse wave velocity
approximately being the sound velocity in the burned products. This corresponds to
the planar scenarios. Detonation re-initiates if the influence of the reflected rarefaction
wave is negligible. Thus the d,. / A correlation may not be necessary.
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8.1.2 Dynamics of Detonations

Asdiscussedin Sect. 8.1, multi-dimensional instability is a fundamental phenomenon
in detonation. In this section, we will elaborate more on the studies on detonation
propagation in one, two, and three dimensions using CESE schemes.

Wang et al. [3] have implemented 2D CESE on detonation reflection on a wedge
using a detailed reaction model. Later, in the study on the propagation modes of
stoichiometric H,/O, 3D cellular detonation in a square duct [4], two types of prop-
agation modes were verified, which depended on the configuration of the initial
conditions. Unreacted pockets with complex structures were also captured by using
the improved CESE scheme.

Numerous numerical studies based on detailed chemical mechanisms have quanti-
tatively reproduced the key structures of multi-dimensional detonations. They expe-
rienced barriers to predict the cell size correctly. For example, for H,/O, mixture
highly diluted by argon, the regular cell sizes predicted from simulation using detailed
chemical mechanisms were approximately half of those measured in experiments.
One of the important physical phenomena in high-speed flow, the vibrational non-
equilibrium of molecules, was usually ignored in early numerical studies. Behind the
detonation wave, the time scales for vibrational relaxation and chemical reaction are
comparable. Shi et al. [5] re-examined this problem with the consideration of vibra-
tional relaxation and its coupling with reactions. The convection of vibrational energy
was integrated into governing equations, and the translational-rotational energy and
the vibrational energy were separated in the formulation of the total energy, which is
composed of enthalpy of formation, translational-rotational energy, kinetic energy,
and vibrational energy. The energy exchange rate was calculated by the Landau-Teller
model.

Four scenarios were compared in 1D and 2D simulations. (1) The mixture is
assumed to be thermodynamically equilibrium. (2) Vibrational relaxation is incor-
porated, and the translational temperature is kept as the dominant temperature of
the chemical reactions. (3) Vibrational relaxation is considered, and the geometric
average temperature is used to compute the reaction rates. (4) The physically consis-
tent vibration-chemistry-vibration coupling model is adopted to account for the effect
of vibrational non-equilibrium on chemical reaction rates. Examples of 1D detona-
tion structures are depicted in Fig. 8.6. Model (2) exhibits a temperature overshot
behind the shock compared to the equilibrium case because the mixture remains
vibrational cold. The vibrational temperature approaches the equilibrium state grad-
ually, and a noticeable disparity still exists when exothermic reactions are triggered.
Since translational-rotational temperature controls reactions in model (2), the over-
shot in temperature results in a marginal decrease in the half-reaction length (8). In
model (3), the geometric averaged temperature is used to calculate the reaction rate.
The onset of severe chemical reactions occurs only when the vibrational relaxation
approaches equilibrium. The half-reaction length increases by 1.64 times that in the
model (1). A similar trend is observed in the case using model (4). The detonation
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Fig. 8.6 Temperature and H; distribution with initial condition of 0.1 atm and 300 K. Left: scenarios
1 and 2. Right: scenarios 1 and 3. Courtesy of L. S. Shi [5]

cell widths are predicted from 2D simulation using models (1) and (2) are approxi-
mately the same. The cell widths using models (3) and (4) are approximately 1.32 and
1.34 times the value of that in the model (1). It reveals that the vibrational-chemical
coupling effect may be one of the factors responsible for the failure to correctly
predict the cell size.

Later, Uy et al. [6] further examine the effect of vibrational non-equilibrium on
the one-dimensional instabilities using the CESE scheme. In this study, 1D piston-
supported detonation case with fixed non-dimensional specific heat release Q =
50, the ratio of specific heats y = 1.2, and characteristic vibrational temperature
6 = 20. The ratio between the chemical time scale 7. and the vibrational time
scale Ty was selected as a control parameter. Park’s two-temperature model was
used to evaluate the effect of vibrational non-equilibrium on the chemical reac-
tion rate. The neutral stability limit under the vibrational equilibrium assumption is
approximately E, = 26.47, above which the detonation is unstable with amplified
oscillation. Numerical tests reveal E, = 27 with the thermal equilibrium assump-
tion being longitudinally unstable. Nevertheless, for finite vibrational relaxation rate
(i.e.,the ¥ = 1. /Ty # 00), the amplitudes of pressure oscillations decay for smaller
t* =3, 5,7, and the oscillation decays much faster for as t* decreases. The results
imply that the propagation of detonation is stabilized because of the vibrational non-
equilibrium. Theoretical analysis using linear stability analysis (LSA) under different
overdriven factors f = (D/Dcy)* was also provided in Uy et al. [7]. The neutral stability
limit predicted using the CESE scheme agrees very well with LSA (Table 8.2). The
accuracy of CESE in solving detonation problems is further confirmed.
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Table 8.2 Comparison of the neutral stability limit (NSL) and the period of oscillation (PO)
computed by LSA and numerical simulation. Case I: f = 1, thermal equilibrium (eq). Case II:
f =1, thermal nonequilibrium (neq), 7 = 5. Case IlI: f = 1, neq, t* = 7. Case IV: f = 1, neq, ¢
=9.Case V: E; =50, eq. Case VI: E;, = 50, neq, 7* = 5. Case VII: E, = 50, neq, 7% = 10. Case
VIII: Ea = 50, neq, 7 = 20. Courtesy of C. K. Uy [7]

Case Linear stability analysis Numerical simulation
NSL PO NSL PO

I E, =26.46 10.63 E, =2647 10.64
I E, =27.13 12.14 E, =27.14 12.15
I E, =26.99 11.77 E, =27.02 11.74
v E, =26.90 11.54 E, =2692 11.51
v f=162 8.02 f =162 8.03
VI f=1.555 9.51 f=1554 9.52
VII f=1582 8.80 f=1581 8.83
VIII f =160 8.46 f =1598 8.43

8.1.3 Rotating Detonation Waves

Because of the rapid compression of the mixture and the quasi-constant volume
combustion, the high thermodynamic efficiency of detonation makes it favourable
to be employed in developing potential detonation engines. The rotating detonation
engine (RDE) is one of the promising candidates in which the detonation wave propa-
gates circumferentially, and the reactant is continuously injected into the combustion
chamber.

Figure 8.7 depicts the flow features of RDE simulated with the upwind CESE
schemes. The 2D simulation is essentially the unwrapped RDE channel from a 3D
geometry. The top is the RDE outlet described by a non-reflective boundary. The
reactant is injected into the combustor from the bottom through micro-Laval nozzles.
The ideal injection was assumed that all the bottom areas could inject fresh reactant.
Typical flow features of RDE can be observed, characterized by a rotating detonation
wave, triangular reactant layer, oblique shock, and slip line. Furthermore, Wang et al.
[8] used an improved CNI 2D CESE scheme to study the kerosene/air RDE. The
results suggested that decreasing the inlet/wall ratio would reduce the strength of the
detonation wave, and the reaction zone would be elongated. With further decreasing
the air ratio, the burned gas emerges in the triangular zone, and the detonation wave
fails to be self-sustained.
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(a) 2D simulation (b) 3D simulation

Fig. 8.7 Density contours of 2D and 3D RDE simulations using the upwind CESE scheme

8.2 Two-Phase Detonations

Liquid fuels and energetic powders are of advantages of high energy density and easy
storage, which makes them common in practical propulsion systems. Detonation-
based propulsion systems using these non-gaseous fuels involve reactive multi-phase
high-speed flows. Although gaseous, liquid and/or solid phases are involved in these
detonation phenomena, it is always referred to as two-phase detonation from the view-
point of reactants, namely gas—liquid two-phase detonation and gas—solid two-phase
detonation. Compared to gaseous detonations, two-phase detonations are character-
ized not only by shock waves and fast combustion, but also by multi-phase interac-
tion and multi-scales, leading to great difficulties in numerical simulations. With the
successful applications of the CESE method in gaseous detonation simulations, it is
imperative to extend the CESE method to two-phase detonation problems and test
its capabilities of accuracy and robustness in two-phase detonation simulations.

There are mainly two kinds of frameworks that are used to address the discrete
phase in two-phase detonation simulations, namely the Eulerian—Eulerian framework
and the Eulerian-Lagrangian framework. Between these two frameworks, the Eule-
rian—Eulerian framework, which is also referred to as the two-fluid model/method,
is more common and easier in implementation and extension in two-phase deto-
nation simulations. The discrete phase (the liquid phase in gas—liquid two-phase
detonations or the solid phase in gas—solid two-phase detonations) is considered as a
special continuum, such that continuum mechanics can be employed to describe the
bulk motion of the discrete phase. Then, the discrete phase becomes another “fluid”,
and the gaseous-phase flow and the discrete-phase flow can be solved by similar
approaches. As for the Eulerian—Lagrangian framework, the gaseous phase is solved
as in the Eulerian—Eulerian framework, but every discrete liquid particle (droplet) or
solid particle is tracked individually by Newton’s laws of motion.

In two-phase detonation modelling, it is a general way to assume that the
particle (liquid or solid) of the discrete phase is small, spherical in shape and
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uniformly suspended in the gas atmosphere. Additionally, the two-phase suspen-
sion is assumed to be diluted enough to neglect the volume fraction of discrete
particles and particle—particle collisions. Two-phase detonation is a highly transient
two-phase flow problem involving strong shock waves; hence, thermal and mechan-
ical non-equilibrium between the gas and particles should be considered. Further,
uniform distribution of temperature is considered within particles due to their small
particle sizes, and ideally, all reaction heat is absorbed by gas only. Based on the
above assumptions, the two-dimensional governing equation of the gaseous phase in
an Eulerian—Eulerian framework can be expressed as follows [9]:

AW 3dF 9G
— L =5+Ww, 8.4
o oy + (8.4)

where U is the vector of conserved variables, F and G the conservation flux vectors
in the x- and y-directions, S the vector of two-phase interaction source terms, and W
the vector of chemical reaction source terms, respectively. They can be expressed as

[ o1 ] [ o] [ oy ] [ |
U — IO}’IS , F — 102}15” , G — IO}’ISV , W — a)VLS ,
pu pou”+p pouy 0
pv puv v+ p 0
| E ] | (E+ p)u | | (E+ p)v | | 0
(8.5)
and
_ 0 -
Ip
S = : ) (8.6)
0
—fxtupdy
—fy+vpdp
L ~qp — (upfs +vpfy) +(Ep/pp)dp
In the above equations, p; is the mass density of species i and i = 1, ..., ns; ns is

the number of species contained in the gas mixture; p, u, and v are the gas pressure
and x- and y-components of gas velocity, respectively; w; is the mass production rate
of gaseous species i by chemical reactions; and p and E are the mass density and
total energy per unit volume of the gas mixture, expressed as
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ns 1
p=lep,~, E=ph—p+p(?+v?), 8.7)
i=

where 4 is the specific enthalpy of the gas mixture, calculated by

h=S"Pp. (8.8)

i=1

with the specific enthalpy of each individual species 4; as a function of gas tempera-
ture 7, obtained from a species thermodynamic data base, such as the NASA Glenn
data base [10]. By further assuming each species performs as a perfect gas, the
equation of state of the gas mixture is then given by
ns R
0
= iRiT, Ri=— 8.9
P ; p W (8.9)
where Ry = 8.314 J/(mol K) is the universal gas constant, and W; is the molar mass of
species i. Variables in Eq. (8.6) are related to the properties of the discrete phase and
the interaction between two phases. Their definitions will be given in the following
paragraphs.
As for the discrete phase, the governing equation has a similar form as Eq. (8.4):

U, n oF, n G,
at ax ay

=S, (8.10)

where U,, F, and G, are the vectors of conserved variables, conservation fluxes in
the x- and y-directions of the discrete phase, which can be given by

Pp Ppip PpVp
Pplp ppit PpUpVp
UP = PpVp |» FP = PpUpvp |» Gp = ppV?, ,
E, Epup Epvp
L Np Npup NPVP
- J,
Je—updy
S, = fr=vpdy 8.11)
qp + (”pfx + foy) - (Ep/Pp)Jp
0

In Egs. (8.6) and (8.11), J, is the mass regression rate (the combustion rate) of the
discrete phase and it is determined by the combustion model of the discrete phase.
pp is the density of the discrete phase in the suspension. u, and v, are the x- and
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y-components of the velocity of the discrete phase, respectively. E, and N, are the
total energy per unit volume and the particle number density of the discrete phase,
respectively. They can be calculated by

60p

—, 8.12

1
E, = ppep + Epp(”fa + Vi)’ Ny =

where ¢, is the specific internal energy of the discrete phase and can also be obtained
from a species thermodynamic data base as a function of discrete phase temperature
T,; d, is the diameter of the particle; and p,, is the material density of the discrete
phase.

Additionally, the x- and y-components of drag force acting on the discrete phase,
fx and f, can be modelled as follows:

7 2
fo= Nngde,o|V = V,|(u —up)
e , , (8.13)
fy= NpchdppW = V(v =)
where Cp is the drag coefficient,
24 1pa2/3
_ F,,(l + gReP/ ), for Re, < 1000. 8.14)
0.424, for Re, > 1000

In Egs. (8.13) and (8.14), the relative velocity and the relative Reynolds number
Re, between the gas and discrete phases can be calculated by

172
V=Vl =[w—u,)+ (v =v)] (8.15)
and
d -V
Re, = w, (8.16)

where p is the viscosity coefficient of gas. Accordingly, the convection heat transfer
between the two phases is expressed as follows:

qp = Npmd, Nu, (T — T}), (8.17)

with the two-phase Nusselt number expressed as functions of Re, and Prandtl number
Pr:

0.33
Nu, =2+ 0.459 Re™ Pr . (8.18)



108 8 Application: Detonations

The CESE method has been proven to be of high accuracy and good stability in
solving gaseous detonation problems in Sect. 8.1, and it is chosen to solve the two-
phase detonation problems as well. That is, Eqs. (8.4) and (8.10) in the Eulerian—
Eulerian framework can be solved using a CESE method, such as the a-o scheme.
Theoretically, the source terms in the governing equations can be addressed together
with the space—time integration in the CESE method [11-15]. However, a separated
treatment of source terms is always employed in solving two-phase detonations,
because the Jacobian matrixes of the interphase interaction and chemical reaction
source terms in coupling treatment are rather complicated to calculate. Notably,
with the source terms treated separately, it has been proven that the good accuracy
and stability of the CESE method are preserved in high-speed reactive flow simula-
tions [5, 16, 17]. On the other hand, the characteristic time scales of the interphase
interaction and chemical reaction source terms are much smaller than that of flow
dynamics, always leading to stiffness problems in two-phase detonation simulations.
To overcome this problem, the operator-splitting technique with multiple sub-time
steps [18] is always employed and then the source terms of interphase interactions
and chemical reactions are explicitly integrated as ordinary differential equations.
The detailed implementation process under the Eulerian—Eulerian framework can be
illustrated as follows:

CESE =~
U, t‘;jOUn-H A(l‘o/)z AL/N
U CESE i = U?dﬁ;l = Unp
4 $,=0 p.n+l Up,n+1 = Up,n+l
() yy(m)
Un+l , Up.n+l — S(m)’ W(m)’ S;m)

= U = U 4 ACS™ + W]

(m+1) _ yy(m) 7 Q(m)
Ut =u, + A S8

N
Unpr = U

N) s (8.19)
Upni1=U,

where the subscripts n and m refer to the global time step (Af) and the sub-time step
(AY), respectively, and N is the total number of sub-time steps within one global
convection time step of the CESE method. Depending on the degree of stiffness in
the problem, N can be chosen to be 10—20.

To test the accuracy and robustness of the CESE method in two-phase detonation
simulations under the Eulerian—Eulerian framework, Wang et al. [15] applied the
CESE method to simulate the detonation synthesis of titania (TiO;) nanoparticles.
The corresponding chemical reaction can be described as follows:

TiCl4(g) + 02(g) + 2H,(g) — TiO,(s) + 4HCl(g) (8.20)
As seen, it involves TiO, solid particles as well as TiCly, O,, H, and HCI gases,

implying that it is a gas—solid two-phase detonation problem. Simulation results
showed that the simulated detonation profiles of gas density, pressure and temperature
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Fig. 8.8 Profiles of gas density, velocity, pressure and temperature in the detonation synthesis of
nanosized TiO, particles. Courtesy of G. Wang [15]

are similar to those in the gaseous detonation wave, but a sudden drop of gas density
can be captured after the detonation front because of phase transition from gas to
solid particles, as shown in Fig. 8.8. Additionally, it is also found that the simulated
particle size of the produced TiO, and the simulated peak pressure agreed well with
other calculation and experiment data [19], respectively.

As for gas-liquid two-phase detonation, Wang et al. [3] solved the two-phase
planar detonations of liquid hydrocarbon fuels with the same CESE method under the
Eulerian—Eulerian framework. It is also found that the detonation profiles are similar
to those of gaseous detonations, but with higher gas density, pressure and temperature
behind the detonation front due to higher energy density of liquid fuels. Additionally,
the length of the reaction zone is found to be longer as well, which is relative to the
slower combustion rate of the liquid particle. Table 8.3 shows the comparisons of
simulated detonation speeds to the experimental values. It can be revealed that the
relative errors are less than 10% for particle sizes small than about 145 pwm. As for
two cases with larger particle sizes, the cases with relative errors exceeding 10%, it
may be caused by the neglect of deformation of large liquid particles in modelling,
since the combustion rate of liquid particle is influenced by particle deformation. All
the above numerical results showed that that the CESE method is of high accuracy
and good robustness in two-phase detonation simulations under an Eulerian—Eulerian
framework.

The Eulerian—Eulerian framework is a simple and effective way to deal with
the discrete phase in two-phase detonations, but it has some inherent limitations in
modelling realistic two-phase suspension in industries or experiments with a specific
particle size distribution, where a relatively wide range of particle diameters are
involved [20-22]. Under the Eulerian—Eulerian framework, all particles within one
numerical mesh are assumed to be in the same states, such as the same particle size,
temperature, velocity and so on. However, the number of particles within one mesh
may be large, and their states may differ depending on their initial states and interac-
tion histories with gas phase. Moreover, the forces and the heat transfers between the
gas and particles also differ by the particle size, resulting in different temperatures and
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Table 8.3 Comparisons of detonation speeds of liquid hydrocarbon fuels between simulations and
experiments. Courtesy of G. Wang [3]

Fuel Particle size Equivalence Experiment Simulation Relative error
(pwm) ratio (m/s) (m/s) (%)
CeHia 20-30 0.41 1670 1544.83 —7.50
CeHis 20-30 0.49 1720 1671.30 —2.83
CeHia 20-30 0.56 1700 1773.92 4.35
CeHia 20-30 0.68 1780 1935.89 8.76
CioHzo 145 1.0 2130 1946.93 —8.59
CioHzo 375 0914 1810-1850 1996.72 7.93-10.32
CioHao 1300 0.23 970-1250 1169.97 —6.40-20.62

velocities of particles within one computational mesh. Further, it had been demon-
strated that many two-phase detonation characteristics are significantly influenced
by the particle size. Consequently, the Eulerian—Eulerian framework is insufficient to
reflect the true physics of realistic two-phase detonations with particle size distribu-
tions and to simulate them accurately, which raises the demand of modelling realistic
two-phase detonation under the Eulerian—Lagrangian framework where the discrete
particles are tracked individually.

Under the Eulerian—Lagrangian framework, Eq. (8.4) is still applied as the
governing equation of the gas phase, and U, F, G and W have the same forms
as Eq. (8.5). However, the two-phase interaction source term S is expressed in the
following form instead,

0
Ik
1 X”: :
S— : 7
dV pa 0

—fuk + upk-]pk
— fyk + VvprJpi

~qpk — (Upk fxk + vpr fuk) + %(”ﬁk + Vﬁk) okt epr - Jpk
8.21)

where subscript k represents all the quantities related to the kth particle (solid or
liquid). To include all effects of particles into the source term S of the gaseous
equation, the summation is done within the gaseous mesh element dV, and np is the
number of particles in dV.

The motion of every particle is then descripted using Newton’s laws of motion
instead of the Eulerian form Eq. (8.10). For the kth particle, the corresponding
governing equation can be written as
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dL i
dt

=S, (8.22)

where L and S, are the vectors of the Lagrangian variables of the kth particle and
the corresponding source terms, respectively, and they are expressed as

T
ka = [mpks Xpks Ypks M pkU pkcs M picV pk s Epk] s (8.23)
and

T
Spk = [— ok tpks Vors frks Fyks —€pidpk + api] - (8.24)

InEq. (8.23), my; and E,; are the mass and total internal energy of the kth particle,
respectively, and Epx = myi-epx.

Further, the Lagrangian forms of the drag force and the convection heat of the
kth particle can be easily derived from the according Eulerian forms Eqs. (8.13) and
(8.17), as follows:

Jax = %Cmd;kﬁ)‘v — V| (= i)
8 , (8.25)
Sy = §CDkd[27kp|V — V| (v = v
and
qpk = Tdp ANy (T — Tpr). (8.26)

Under the Eulerian—Lagrangian framework, the CESE method is again applied
to solve the gas phase equation, while the source terms of interphase interactions
and chemical reactions are treated separately and integrated explicitly as ordinary
differential equations, along with the integration of particle Lagrangian equations,
by using the operator-splitting technique as well, as depicted below,

At' = At/N
CESE 2~ 0 ~
Uy — U = LU, =Ty
S=W=0 ()
ka,n+1 = ka,n

(m) (m) (m)
Uit Lopknr = S, W, Sk
= UMY = Ul 4+ AC[S™ + W)
(m+1) _ ¢ (m) (m)
ka,n+1 - ka,n—H + At Spk
Upr = ULY
= { o= Tl ) (8.27)

_1MN
ka,n-H - ka,n+l
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Notably, the Eulerian—Lagrangian framework had rarely been developed to solve
high-speed reactive two-phase flows, mainly because the number of fine particles
has proven too large and simulations too expensive to achieve in the past. Nowa-
days, with the rapid development of computer technologies, parallel computation
techniques such as the Message Passing Interface (MPI) technique may help to
make simulations of two-phase detonations with fine particles under an Eulerian—
Lagrangian framework possible. However, the application of MPI parallel compu-
tation technique to an Eulerian—Lagrangian framework is not as straightforward as
that under a purely Eulerian framework. A large amount of information exchange
from one computational core to another is needed for calculations of the interaction
source terms between two phases, leading to formidable communication cost even
exceeding the computational cost, especially when the Eulerian framework is stag-
gered with the Lagrangian framework due to the relative movement between these
two phases.

To solve the communication problem of parallel computing technique of high-
speed two-phase flows under an Eulerian-Lagrangian framework, the traditional
static data structure, such as multi-dimensional array, should be avoided using to store
the information of the discrete phase described under the Lagrangian framework.
Notably, the order of particles presented under the Lagrangian framework is not
important and does not need to be preserved as its initial order. The only operation
required for coding is to traverse every particle one by one. Inspired by the above
facts, dynamic data structures can be introduced to store particle information and
solve the communication problem under the Eulerian—-Lagrangian framework. For
example, the structures and the corresponding operations of linked lists used to store
particle information are schematically shown in Fig. 8.9. As seen, each CPU owns
one linked list to store information of the particles that are at the corresponding
locations to the gas phase. In each linked list, one node represents one particle and
consists of two parts: the data part that stores particle information, and the pointer
that points to the next node of the particle for traversing. The pointer of the last node
always points to the “NULL”, implying that the linked list has ended.

Additionally, there are four basic operations for the linked list to adjust the
particle’s storage location: allocate, free, delete and insert, as depicted in Fig. 8.9.
The “allocate” operation is used to allocate new memory to store information about a
“new” particle, the “free” operation to free the memory that stores information about
an “old” particle, the “delete” operation to disconnect one particle from the linked
list, and the “insert” operation to connect one particle at the end of the linked list.
When the particle phase is staggered with the gas phase because of relative motion,
the information of the particles, whose locations exceed the corresponding location
ranges assigned to the present CPUs, will be transferred to and stored in the CPUs
with the correct particle location ranges. For example, for CPU A in Fig. 8.9, where
one particle is removed, the following sequence of operations is needed:

(1) send the information of the specific particle to CPU B;
(2) delete the particle node from the linked list;
(3) free the memory of the separated node.
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Fig. 8.9 Linked lists and operation sequences. Courtesy of Z. J. Zhang [9]

Meanwhile, for CPU B in Fig. 8.9, where a new particle is received, the
corresponding operation sequence is:

(1) receive the information of the new particle from CPU A;
(2) allocate a new node and store the information into the data field of the node;
(3) insert the new particle node at the end of the linked list.

With this dynamic data structure and the corresponding operation sequences, the
information about Lagrangian particles is always stored in the CPUs of the correct
Eulerian coordinates, and therefore excessive communication between CPUs when
calculating gas-particle interactions is avoided, as shown in Fig. 8.10. Moreover,
with the limitation of the global time step by the CFL condition, only “one” particle
at most will cross the CPU boundary at every iteration; that is, the information of
“one” particle at most will be transferred to the other CPU at one iteration step by the
above operation sequence. As a result, the communication cost of the MPI parallel
for the gas-particle interaction calculation will be reduced from O(N) to O(1) when
using this data structure. Here, N is the number of particles stored in each CPU.

To demonstrate the MPI parallelization performance with the use of the above
linked lists and the corresponding operation sequences, Fig. 8.11 depicts the speedup
parameters of a 2D Al-air detonation propagation problem using the CESE method
under an Eulerian—Lagrangian framework, which involves approximately 24 million
Eulerian meshes and about 75 million Lagrangian particles in the computational
domain. This test case is simulated on the Tianhe-2 supercomputer from China with
core numbers of 1, 2, 3,4, 6, 12, 24, 48, 96, 192 and 384. The use of one core means
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Fig. 8.10 Dynamic data structure using the linked list in the Eulerian—Lagrangian framework.
Courtesy of Z. J. Zhang [9]

that the simulation is done serially. As depicted in Fig. 8.11, when 384 cores are used,
the code using linked lists still has a reasonable parallel efficiency of about 50% for the
tested problem, while MPI parallelization under the Eulerian—Lagrangian framework
using multi-dimensional static arrays is impossible, even with only 2 cores, as the
communication cost is shown to be unacceptably large. This means that the linked list
dynamic data structure works well in the MPI implement when solving two-phase
detonations under the Eulerian—Lagrangian framework.

To test the performances of CESE method in simulations of two-phase detonation
under the Eulerian-Lagrangian framework, Shen et al. [23] simulated the gas—liquid
two-phase detonations in the C9H»;—O»/air systems with different fuel droplet sizes
and equivalence ratios. A deficit in the detonation speed compared to the corre-
sponding purely gaseous one was observed in the gas—liquid suspensions with lean
fuel and larger droplet sizes, while an increase in the detonation speed was observed

Fig. 8.11 Speedups of the 10°F
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Fig. 8.12 Distribution of particle size near the detonation front in gas—liquid two-phase detonations.
Courtesy of H. Shen [23]

with very rich fuel. This special two-phase detonation feature in rich fuel is due to the
slow combustion rate of the droplet, leading to a large amount of fuel burnt behind
the C-J point, as shown in Fig. 8.12. As a result, the efficient equivalence ratio is
reduced and detonation speed shifts to the equivalence ratio direction. The accuracy
and robustness of the CESE method applied to two-phase detonation simulations
under an Eulerian—Lagrangian framework had been demonstrated.

Notably, simulations of the monodisperse two-phase detonation problems (with
single particle size) under the Eulerian-Lagrangian framework always present the
same results as those performed under the Eulerian—Eulerian framework. The raising
of modelling two-phase detonations under the Eulerian-Lagrangian framework is in
fact to simulate the realistic polydisperse two-phase detonations, where a particle
size distribution is involved and the particle diameters are in a relatively wide range.
One of the frequently used particle size distribution models to describe the polydis-
perse suspension is the log-normal distribution function, expressed by the number
frequency distribution function as follows [24]:

1 1 <1ndp - lnan)z 1 @29
= —exp| —z| ——— —, .
/\/27'[0'0 P 2 (0] dp

fu(dp)
where d,;; and o are the number median diameter and standard deviation of the
distribution, respectively. In practice, the specific particle size distribution of a poly-
disperse suspension is always given by other two particle size parameters that can be
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easily measured, namely the volume-average diameter (d) and the mass-weighted-
average particle diameter (d,,). For example, the measured polydisperse parameters
of the Al powder tested in the experiment of Zhang et al. [20] are d = 2 pm and d,,,
= 3.3 wm. The relationships between (d,, o) and (d, d,,) can be obtained through
the integrations of Eq. (8.28), as follows

— o 13 3. 2
d= |:/ San(S)de| = anez%
0

Em = |:/Oo S4fn(s)dsi|/|:/oos3fn(s)dsi| = nMe%Ug
0 0

Consequently, the corresponding parameters of the above-mentioned Al powder
are d,y = 1.37 wm and o9 = 0.5. However, it is a good way to use the parameter set
of (d, 0p) to discuss the polydisperse suspensions in numerical simulations, because
the effects of particle size distribution on polydisperse detonations can be easily
discussed by varying o. Some specific particle size distributions with fixed d =
2 pm and different o values are depicted in Fig. 8.13.

In the followings, the typical Al-Air detonation problems with different particle
size distributions, taking as an example, are simulated by the above numerical algo-
rithm under the Eulerian—Lagrangian framework, to show the capacities of the CESE
method in solving polydisperse two-phase detonation and show the differences
between monodisperse and polydisperse two-phase detonations. The single-step
global chemical reaction occurs in the Al-air suspension is

(8.29)

2AI(s) + 3/204(g) — AlOs(s) (8.30)
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Fig. 8.13 Log-normal particle size distributions with d = 2 um. Courtesy of Z. J. Zhang [25]
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To model the combustion rate of every single Al particle, the surface-kinetic-
oxidation and diffusion hybrid combustion model (originally proposed by Zhang
et al. [26]) can be employed. The Lagrangian form of the combustion rate of the kth
Al particle is given as

vatWar  kaxksk

: . (8.31)
vo,Wo, kax + kg

_ 2
Jpral = 70d ;. o Co,

where the reaction rates for the diffusion-controlled and kinetic-controlled combus-
tion regime are expressed by

W, d 1/3
ke = vo,Wo,  paidpi,al (1+0.276Re;/k2 Pr)

valWar 2Cotal Kd;k()’Al (8.32)

kg = koe_Eu/RUTxk

InEqgs. (8.31) and (8.32), vaj and v, are the stoichiometric coefficients for Al and
O,, respectively; Co, and Cioy are the mole concentrations of O, and gas mixture,
respectively; T is the particle surface temperature; and K, ko and E, are model
constants.

As depicted in Fig. 8.14. Some special two-phase detonation features corre-
sponding to multi-phase interaction can be clearly identified in the detonation front
structures of monodisperse Al-air detonation. The first feature is known as “double
peaks” in the gas pressure, density and velocity profiles (Fig. 8.14a, c), which is
distinctly different from the single peak feature observed in gaseous detonations.
It is demonstrated, from the one-dimensional flow theory in gas dynamics that the
second peak in the detonation front structures of monodisperse Al suspension is
caused by the dominant stage of heat transfer due to intense phase transition (Al
evaporation) at a specific location after the shock front. The second feature, shown
in Fig. 8.14b, is the plateau of particle temperature due to Al evaporation, which is
equal to 2750 K and results in the observed “kink” in the gas temperature profile due
to the intense heat transfer between the gas and particles. The third feature, shown
in Fig. 8.14c, is the particle velocity lag in the velocity relaxation process, resulting
in the alternative forces acting on particles and momentum transfers between the gas
and particles. All these two-phase features for monodisperse Al-air detonation are
similar with those obtained by Zhang et al. [26] and Teng and Jiang [27, 28].

However, as for the polydisperse detonation with a log-normal particle size distri-
bution of oy = 0.5, most features of monodisperse Al detonation, including the
double peaks in gas pressure, density, velocity profiles and the kink in gas tempera-
ture profile, disappear, and only single peaks of gas quantities exist in the detonation
front, which are quite similar to the wave front structures in gaseous detonations. The
double peaks in the detonation front is demonstrated theoretically to be attributed to
the space-dispersed phase transition processes of particles of different sizes result in
an overall moderate heat transfer intensity, which hinders the formation of the heat-
transfer-dominant stage. These differences between monodisperse and polydisperse
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J. Zhang [25]

two-phase detonations are relative to the multiple timescales and length scales in
polydisperse suspension with a continuous particle size distribution.

As for the multi-dimensional two-phase detonation features, Fig. 8.15 shows the
comparisons of cellular detonation flow fields between monodisperse and polydis-
perse detonations. As indicated in Fig. 8.15a, typical cellular detonation structures,
including pairs of triple points, Mach stems, incident shock waves and pairs of trans-
verse waves, can be observed in both the monodisperse and polydisperse detonation
fronts. Moreover, the gas temperature and the O, species mass fraction distributions
for both monodisperse and polydisperse cases are non-uniform behind the detona-
tion fronts, which are characterized by irregular local (high and low) temperature
and O, concentration zones, respectively, as shown in Fig. 8.15b, c. These irregular
distributions of the flow field parameters in monodisperse and polydisperse detona-
tions are both caused by the periodical motions of triple points along the detonation
fronts. All these features in two-phase detonations are similar to those observed in
gaseous detonations, except for the transverse waves. The transverse waves in both
the monodisperse and polydisperse detonation fronts are weak and degenerate fairly
fast in the rear flows, which are different from the strong transverse waves observed
in purely gaseous detonations. According to Zhang et al. [26], these weak transverse
waves can be attributed to the slow diffusion-controlled combustion of the majority
of Al particles after their kinetic-inductions and a considerable amount of condensed
Al oxide formed in the detonation products without contributing to gas pressure.
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Fig. 8.15 Comparison of flow fields in Al-air detonation fronts. Left: monodisperse with d, =

2 wm at r = 0.6 ms. Right: polydisperse with d = 2 um and o9 = 0.5 at r = 1 ms. Courtesy of Z.
J. Zhang [25]

Further, larger detonation cell sizes are expected in polydisperse two-phase deto-
nation compared to monodisperse detonation, since the reaction zone is larger, as
shown in Fig. 8.16 by peak pressure contours. The estimated cell sizes of the monodis-
perse detonation and the polydisperse detonations (¢ = 0.5 and 0.8) are Anonodisperse
=10.5 £ 0.5 mm, Aps = 13.3 = 0.8 mm and Agg = 20.0 £ 1.8 mm, respectively.
Ao.5 18 27% larger than Amonodisperse» and Ao g is even 190% larger. Figure 8.17 plots
these detonation cell sizes as a function of the square of standard deviation o by a
logarithmic scatter diagram, together with those of other three polydisperse detona-
tions with different 0. An approximately linear relationship between In A and 002
can be captured. Then, linear fitting is employed, and the fitting function appears to
be lInA = 0.9367(702 + 0.0655, implying that the detonation cell size A of polydis-
perse suspensions is an exponent function of the square of standard deviation of the
distribution o§. This is an important quantitative relation of polydisperse two-phase



120 8 Application: Detonations

(a) Monodisperse: f."” =2um, =06 ms

g
)
o,
=
3
By
I
1]
E
g
a
I
=
=
I
=
)

o Proaa 'Ps
_ 50
E
-
x [m]
(c) Polydisperse: d =2 pm, o,=0.8, =1 ms
0.1 — -
E e
Y = 20
0 - —_
0 0.2 0.4 0.8 0.8 1
0.1 -
0 L . 1
1 1.2 14 16 1.8 2
x [m]
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Fig. 8.17 Detonation cell 2.5
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detonation to evaluate the effect of particle size distribution on detonation cell size.
From the above results, the capacities of the CESE method in polydisperse two-phase
detonation simulations under the Eulerian-Lagrangian framework is demonstrated
as well.
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Chapter 9 ®)
Other Applications oo

The CESE method has been applied to a wide range of scientific and engineering prob-
lems since its inception in the 1990s. Although solving CFD problem is the primary
goal of the CESE method, this general approach is actually applicable to a variety of
PDE systems with physical backgrounds different from fluid dynamics. This chapter
mainly introduces the application highlights of CESE in several representative fields.

9.1 Hypersonic Aerodynamics

Typical high-speed aerodynamic problems can be solved by using the CESE methods.
Successful examples of such applications include the supersonic flow over a blunted
flat plate [1], Mach reflection of shock waves [2], unsteady viscous flows in rocket
nozzles [3], counterflow jets for the reduction of aerothermal load on spacecrafts [4,
5], and the flow over roughness elements in a supersonic boundary layer [6].

With the increasing number of Mars exploration missions in recent years, the
research interest of hypersonic aerothermodynamics has been revived. In a typical
atmospheric-entry flight, the aircraft will encounter hypersonic gas flow, and the flow
field is characterized by strong shock waves and thermochemical non-equilibrium
effects. CFD has become a useful tool for in-depth understanding of complex
flow physics and for complementary experimental prediction of aerodynamic
characteristics.

Using a 2D axisymmetric CESE solver based on hybrid meshes, Wen et al. [7—
9] conducted a systematic study of hypersonic chemically reacting non-equilibrium
flows over spheres. Three different working gases: nitrogen, air, and carbon dioxide
were used in their simulations. The thermochemical non-equilibrium effects consid-
ered therein include the vibrational energy relaxation of gas molecules as well as the
dissociation and recombination reactions in the gas flows. The physically consistent
coupled vibration—chemistry—vibration (CVCV) [10] two-temperature model was
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employed. Here, the performance of the CESE method are shown by three different
flow cases. The working gas, sphere radius, and the CESE simulation results [9]
of the dimensionless shock stand-off distances (defined as the ratio of the stand-off
distance to the sphere radius) of each case are listed in Table 9.1, along with the
experimental and theoretical results of Wen and Hornung [11]. The CESE results are
shown in good agreement with experimental and theoretical results. Further investi-
gation of the shape of shock waves is presented in Fig. 9.1, in which the numerical
density contours are overlaid on the experimental finite fringe differential interfer-
ograms. The shapes of the simulated bow shocks with the CESE method match the
experimental results well.

Another important thermochemical non-equilibrium process in an atmospheric-
entry flow is the ionization in a high-temperature shock layer. Massimi et al. [12]
conducted a numerical investigation of hypersonic ionized air flows over rounded
nose geometries, using a 2D axisymmetric CESE solver based on hybrid meshes. The
multi-species NS equations were solved with the two-temperature seven-species Park
model for ionization reactions. The weakly ionized air flow in the Radio Attenuation
Measurement (RAM-C II) flight test at 71 km altitude was simulated and compared
with experiments and numerical results of Candler and MacCormack [13]. The CESE
results [12] of the maximum electron number densities along the direction normal to
the vehicle’s surface agree well with the flight test measurements and the numerical
results of Candler and MacCormack [13].

Table 9.1 The working gases, sphere radii, and dimensionless shock stand-off distances (last three
columns) in different flow cases

Case no Gas Radius (inch) Experiment [11] Theory [11] Simulation [9]
N, 1.5 0.100 0.095 0.100

2 Air 1.0 0.105 0.093 0.095

3 CO, 2.0 0.088 0.084 0.087

(a) Case 1 (b) Case 2 (c) Case 3

Fig. 9.1 Comparison of experimental shapes of the bow shocks with the numerical predictions by
CESE. Courtesy of C. Y. Wen [9]
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9.2 Aeroacoustics

Thanks to the rapid development of CFD, it is now expected to solve aeroacoustics
problems through high-resolution numerical simulations of unsteady compressible
Euler or NS equations. However, in many computational aeroacoustic problems,
the coexistence of shock waves and small disturbances (acoustic waves) imposes
stringent requirements on numerical methods.

The sound—shock interaction problem was used by Wang et al. [14] to examine
the accuracy of the CESE method for aeroacoustic problems involving shock waves.
Loh et al. [15] further considered three selected problems, namely a linear bench-
mark problem, instability waves on a free shear layer, and shock—vortex interactions,
to illustrate the feasibility of using CESE as a tool for computational aeroacoustics
(CAA). Good numerical results with high resolution and low dispersion were demon-
strated by their second-order CESE scheme. Additionally, the authors also pointed
out that the non-reflecting boundary condition, which plays an important role in
CAA, is much simpler to implement in the CESE method than in traditional methods
(see [15, 16]). To deal with practical multi-dimensional CAA problems where large
disparity in grid cell size is inevitable, Yen et al. [17, 18] modified the Courant number
insensitive (CNI)-CESE scheme [17] and the local time-stepping CESE scheme [18]
to improve the numerical efficiency. A 3D simulation was performed for the propaga-
tion of a Gaussian acoustic pulse and a vorticity wave embedded in a Mach 0.5 mean
flow. Once again, the CESE results were in good agreement with the corresponding
analytical solution in preserving both the form and amplitude of the waves [17]. Yen
[18] further conducted a series of 3D CESE simulations for the Helmholtz resonator
problem. By using a second-order CESE scheme, excellent agreement between the
linear acoustic theory and the CESE solution was achieved.

The CESE method has also been employed as a numerical tool for CAA prob-
lems in practical engineering applications related to engines and aircrafts. To shed
light upon an aeroacoustic resonance phenomenon often encountered by conver-
gent—divergent nozzles under transonic conditions, Loh and Zaman [19, 20] devel-
oped an axisymmetric NS solver using the CESE method and conducted a numerical
investigation. A 3D CESE NS solver was also implemented by Loh et al. [15] and
applied to compute the screech noise generated by an under-expanded supersonic
jet. Kim et al. [21] simulated the supersonic unsteady flow over an open cavity to
investigate the mixing-enhancement and flame-holding capability in the scramjet
engine. The CESE method solving 2D NS equations successfully captured the self-
sustained oscillations in the supersonic cavity flows. The computed frequencies and
amplitudes of the pressure oscillations compare favourably with the theoretical and
experimental data. Cheng et al. [22] also studied subsonic and supersonic flows over
open-cavity geometries by an unsteady NS solver based on the CESE method. When
compared with experimental and analytical data, the generation and propagation of
flow-induced acoustic waves were faithfully captured, and satisfactory results were
obtained for the oscillation frequency of the dominant mode.
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9.3 Solid Dynamics

In recent years, high-resolution discontinuity-capturing numerical methods origi-
nally devised for CFD problems have been utilized to solve nonlinear solid-dynamic
problems with Eulerian formulations. Among these methods, the CESE method has
attracted considerable attention from researchers in computational solid dynamics
because of its simple logic, high accuracy, and ability to capture the behaviours of
nonlinear waves.

Wang et al. [23] investigated numerically two high-velocity impact problems in
elastic—plastic materials: (1) Taylor copper-bar-impact problem and (2) the pene-
tration of a long rod (tungsten heavy alloy) into a steel target. In this study, the
CESE method combined with the level-set technique was adopted to solve Eulerian
governing equations that describe the solid dynamics and to trace material interfaces.
Chen et al. [24] extended the CESE solver developed by Wang et al. [23] to simu-
late high-velocity impact problems involving elastic—plastic flows, high strain rates,
and spall fractures. Excellent agreement was observed between their simulation of
aluminium plates colliding with stainless-steel plates and the experimental data.

As known, the governing equations of elastic waves in solids can be properly
written as a set of fully coupled first-order hyperbolic PDEs, including the conser-
vation laws of mass and momentum as well as the rate-type constitutive relations
for materials, by treating the density, velocity, and stress components as primitive
unknowns. Therefore, the CESE method, which is suitable for hyperbolic systems,
can be intuitively applied to simulate linear and nonlinear waves in elastic solids. The
CESE simulations of resonant standing waves arising from a time-harmonic external
axial load and compression waves arising from a bi-material collinear impact was
demonstrated by Yu et al. [25]. Another study on the propagation and reflection of
extensional waves in an abruptly stopped elastic rod using the CESE method was
carried out by Yang et al. [26]. Moreover, Chen et al. [27] performed CESE simula-
tions to study planar-wave expansion from a point source in an anisotropic solid of
cubic symmetry (gallium arsenide) and Yang et al. [28] extended the CESE simula-
tions to stress waves in solids of hexagonal symmetry, illustrating wave propagation
in a heterogeneous solid composed of three blocks of beryl with different lattice
orientations. Lately, Lowe et al. [29] conducted a comprehensive study of nonlinear
longitudinal waves (including both weak and strong shocks, rarefactions, and contact
discontinuities) in tapered elastic rods using the CESE method as a numerical tool.
In the above studies, the CESE simulations effectively captured waves in a variety of
solid materials and provided results consistent with the available analytical solutions.
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9.4 Magnetohydrodynamics

The plasma flows in aerospace applications and astrophysics can be described and
solved generally by the magnetohydrodynamic (MHD) equations, which combine
the NS equations for fluid dynamics and the Maxwell equations for electromagnetics.
Due to the divergence-free constraint usually imposed for the magnetic field B in
the computational MHD problems, some special treatments are added into the MHD
numerical schemes to enforce V - B = 0. Since the proposal of the CESE method,
researchers have been attempting to solve MHD problems accurately and efficiently
with the CESE method.

Zhang et al. [30, 31] used the CESE method to study MHD benchmark prob-
lems, including an MHD shock-tube problem and an MHD vortex problem. Their
CESE results without additional treatments for V - B = 0 compared favourably with
previously reported reference solutions. In fact, Zhang et al. [30, 31] performed the
simulations with the baseline CESE scheme and the CESE scheme in conjunction
with a special treatment to maintain V - B = 0. Nevertheless, no obvious difference
was observed.

Feng et al. [32] developed a numerical platform based on the CESE method to
investigate solar—interplanetary physics and space weather. Three dimensional MHD
equations were solved with the adaptive mesh refinement (AMR) to better resolve
flow features that have spatial scales many orders of magnitude smaller than the vast
size of solar—interplanetary space. This CESE-based MHD-simulation approach was
validated through the numerical study of solar corona and solar wind and comparison
with observation data. Recently, Yang et al. [33, 34] extended this CESE-based MHD
solver to a high-order version [33] and an upwind version [34] based on the CESE
modifications of Shen et al. [35] and Shen and Wen [36], respectively. Numerical
tests of MHD-vortex and MHD-blast-wave problems demonstrated the accuracy
improvement of the CESE results by applying both the high-order and the upwind
extension. Furthermore, a new strategy to keep the magnetic field fundamentally
divergence-free was proposed by Yang et al. [33], taking the advantage of the CESE
method that the spatial derivatives of the magnetic field are treated as marching
variables in the algorithm.

Notably, the successful combination of MHD modelling and CESE simulation
was elaborated in a recent monograph of Feng [37]. For more details about the
CESE method for MHD, readers are recommended to refer to Feng [37] and the
references therein.
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Chapter 10 )
Summary ot

In this book, the space—time CESE method is introduced as a novel and distinctive
numerical approach to solving conservation equations in engineering sciences. Also,
from a historical perspective, the development of the CESE method since the 1990s
has been reviewed and the remarkable improvements and extensions of the CESE
method in the past few years has been summarized. Various applications of the CESE
method have been presented to emphasize its numerical performance under different
scenarios, including many research topics in engineering, such as compressible multi-
fluid flows and detonations.

The most elegant part of the CESE method might be the non-dissipative a scheme
described in Chap. 2, where the unknown variable u and its spatial derivative u,
can be obtained directly from the conservation laws. However, for the purpose of
shock capturing, two families of CESE schemes have been developed on the basis
of a scheme. The first family is called the central CESE scheme, including the a—«
and CNI schemes. In these schemes, the spatial derivatives are updated by specially
designed procedures, where artificial dissipation can be added. The central CESE
schemes avoid any characteristic-based techniques (i.e., they are free of Riemann
solver). The second family is the upwind CESE schemes, in which the upwind flux
solver (e.g., Riemann solver) can be utilized, but it just plays a supporting role.
By combining the ideas in the original CESE method and the conventional upwind
FVM, the upwind CESE scheme managed to retain the forms of discretized equations
for u and u, in the a scheme, while the numerical dissipation can be introduced in
a reasonable manner. It is worth noting that the dissipation of the upwind CESE
scheme is naturally insensitive to the CFL number.

Two important issues about the CESE method, namely the CESE schemes on
unstructured meshes and the high-order CESE schemes, have been discussed in
Chaps. 4 and 35, respectively. The CESE method is naturally multi-dimensional and
compatible with unstructured meshes. A high-order extension of the CE/SE method
in both space and time can be achieved by storing and updating high-order derivatives
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(e.g., Uy, and u,,, ) at each solution point, without enlarging the stencil or adding stages
in time integration.

The CESE method has low dissipation and high compactness. When applied to
the simulations of complex physical processes, the CESE method can catch shock
waves, contact discontinuities, fine structures, and small disturbances, with high reso-
lution and strong robustness. Therefore, the CESE method demonstrates good perfor-
mances in the numerical simulations of wave-propagation problems (e.g., shock
waves, acoustic waves, detonation waves, stress waves in solid, and the electromag-
netic waves), interfacial instabilities, and shock—bubble/droplet interactions. In many
hot research areas including hypersonic aerodynamics, shock dynamics, detonation,
aeroacoustics, MHD, and solid dynamics, the CESE method proves to be suitable
and shows a good development prospect.

In recent years, an important topic in CESE research has been its application
to highly nonuniform and high-aspect-ratio computational meshes, which are often
required in simulations of boundary layers. In particular, the CESE method has been
recently applied to aerodynamic heating problems and direct numerical simulation of
laminar or turbulent flows. It is also worth noting that the CESE schemes are mainly
applied to unsteady problems due to their explicit nature in time with the associated
restriction on time step size. In order to solve steady problems efficiently, the exten-
sions to implicit time-stepping CESE schemes are under developing. Further analyses
of the numerical properties of CESE schemes will be very useful to solidify their
mathematical foundation. The modified equation analysis and the spectral property
analysis for the upwind CESE scheme are in progress now.

Along with the continuous improvement of high-performance computing, numer-
ical methods emerge one after another. Many challenging numerical simulations can
be accomplished today. However, none of the existing numerical methods can be
accurate, robust, and efficient under all situations. In this sense, the CESE method may
not be superior to the existing methods, but it does provide an alternative approach
which deserves more evaluations and further investigations. The authors wish this
book can familiarize the readers with the CESE method.
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Appendix

1. The a-o CESE solver for solving the 1D scalar convection problem.

#include <stdio.h>
#include <math.h>
#include <stdlib.h>
#include <time.h>

#define end_time 2.0 // Computing time.
#define L1-1.0 // Left end of the domain.
#define L2 1.0 // Right end of the domain.
#define N 200 // Mesh number.

#define S£ 0.8 // CFL number.

#define MAX (x,V)
#define MIN(x,y)

((x)>(y))?(x):(y))

) >
((x)<(y))?(x):(¥))

(
( ) :

double Ul [N+3],U2[N+3],Ux1[N+3],Ux2[N+3],Ut[N+3],F[N+3],
d )

double const dx=(double (L2-L1)) /double (N) ; //Mesh size
double avg (double x1,double x2)
{
double x,aa;
aa=2.0;//6*fabs (x1-x2)/ (fabs (x1)+fabs (x2)+1e-10) ;
=(pow (fabs (x1) ,aa) *x2+pow (fabs (x2) ,aa) *x1) /
(pow (fabs (x1) ,aa) +pow(fabs (x2) ,aa)+1e-20) ;
return x;
}// Compute weighted average of x1 and x2.
double CFL (double U[N+3])
{
int i;
double maxvel,vel;
maxvel=1e-10;
for(i=1;i<=N+1;1i++)
{
vel=1.0;
if (vel>maxvel)maxvel=vel;
}
return Sf*dx/maxvel;
}// Compute timestep.
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void Bound (double U[N+3],double Ux[N+3])
{

U[0]=U[N];
U[N+2]1=U0U[2];
Ux[0]=Ux[N];

Ux[N+2]=Ux[2];
}// Apply boundary condition.

void U2Fu(double U[N+3],double Fu[N+3])

{
int i;
for (i=0;1<N+3;1i++)
{
Fuli]=U[1i];
}

}// Compute flux.

void ComputeTemporalDerivatives (double U[N+3],double Ux[N+3])
{
int 1i;
for (1i=0;1i<=N+2;1i++)
{
Ut[i]=-Ux[1];
Ft[1]=Ut[i];
}
}// Compute the temporal derivatives of U and F.

void CESE_TimeMarch (double U[N+3]1,double Ux[N+3],double
Fu[N+3],double
Fut [N+3], double Unew[N+3],double Uxnew[N+3],double dt, int ishalf)
{

int 1,I;

double Uxplus,Uxminus,Uleft,Uright,Fleft, Fright;

for(i=1l-ishalf;i<=N+1;i++)

{

I=i+ishalf;

Uleft=U[I-1]+dx*Ux[I-1]1/4;
Uright=U[I]-dx*Ux[I]/4;
Fleft=Ful[I-1]+dt*Fut[I-11/4;
Fright=Fu[I]+dt*Fut[I]/4;

Unew[i]=0.5* (Uleft+Uright+dt/dx* (Fleft-Fright)) ;
Uxminus=2* (Unew[1]-U[I-1]-dt*Ut[I-1]/2)/dx;
Uxplus=2* (U[I]+dt*Ut[I]/2-Unew([i]) /dx;
Uxnew[1]=avg (Uxminus, Uxplus) ;
}
}// Scheme marching from integer-step to half-step, or from half-
step to integer-step.

void Initialize (double U[N+3],double Ux[N+3])
{

int i;

for (i=0;1i<=N+2;1i++)

{
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if (i > =(N/4+1)&&i<=(3*N/4+1))

{

Ulil=1;
}
else
{

U[i]=0;
}
Ux[11=0;

}

}// Initialization.

void Output (double U[N+3],double t)

{

int i;

double x;

FILE *fp;
fp=fopen("result.txt", "w+");
for(i=1;i<=N+1;1i++)

{

x=L1+(i-1)*dx;

fprintf (fp, "%20.5e\t%20.5e\n",x,U[i]);
}
fclose(fp);

}// Output result.

void CESE_Solver ()

{

int Nstep=0;

double dt, t=0;

Initialize(Ul,Ux1);

while (t<end_time &&Nstep>=0)

{
dt=CFL (Ul) ;
t=t+dt;
Nstep++;
printf ("Nstep=%d,dt=%e, t=%e\n",Nstep, dt, t);
U2Fu (Ul,F);
ComputeTemporalDerivatives (Ul,Ux1) ;

CESE_TimeMarch(Ul,Ux1,F,Ft,U2,Ux2,dt,1);//the 1st half

time step

U2Fu(U2,F);
ComputeTemporalDerivatives (U2,Ux2) ;
CESE_TimeMarch(U2,Ux2,F,Ft,Ul,Ux1,dt,0);//the 2ndhalf

time step

Bound (U1,Ux1) ;
}
Output (UL, t) ;

}// a-o CESE solver.

int main(void)

{

CESE_Solver() ;
return 1;
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2. The a-a CESE solver for solving the Sod-shock problem.

#include <stdio.h>
#include <math.h>
#include <stdlib.h>
#include <time.h>

#define end_time 0.1 // Computing time.

#define L1 0.0 // Left end of the domain.
#define L2 2.0 // Right end of the domain.
#define LO 1.0

#define N 200 // Mesh number.

#define Sf£ 0.8 // CFL number.

#define GAMA 1.4 // Ratio of specific heats.

#define roul 1.0
#define ul 0.0
#definepl 1.0
#define rou2 0.125
#define u2 0.0

#define p2 0.1 // Initial conditions
#define MAX (x,y) (((x) > (y))?2(x):(y))
#define MIN (x,y) (((x)<(y))?(x):(y))

double U1 [N+1][3],U2[N+1]1[3],Ut[N+1][3],F[N+1][3],Ux1[N+1][3],
Ux2[N+1]1[3], Ft[N+111[31;
double const dx=(double (L2-L1))/double (N) ; // Mesh size.

double CFL (double U[N+1][3])

{
int i;
double maxvel=le-4,vel,p,u;
for(i=1;i<=N-1;1i++)

{
u=U[i][1]/U[1][0];
p=(GAMA-1)*(U[i][2]1-0.5*U[i] [0] *u*u) ;
vel=sqgrt (GAMA*p/U[1] [0]) +fabs(u) ;
if (vel > maxvel)maxvel=vel;

}

return Sf*dx/maxvel;
}// Compute timestep.

double avg (double x1,double x2)
{
double x,aa=1.0;
x=(pow (fabs (x1) ,aa) *x2+pow (fabs (x2) ,aa) *x1) /
(pow (fabs (x1) ,aa) +pow(fabs(x2) ,aa)+1le-20) ;
return x;
}// Compute weighted average of x1 and x2.

void Init ()
{
int 1i,k;
double x;
for(i=0;i<=N;i++)
{
x=L1+i*dx;
if (x<=L0)
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Ul[I]1[0]l=roul;
Ul[Il[1l]l=roul*ul;
Ul[I][2]=pl/(GAMA-1)+roul*ul*ul/2;

Ul[I][0]=rou2;
Ul[I]l[l]=rou2*u2;
Ul[I1[2]=p2/ (GAMA-1)+rou2*u2*u2/2;

}
for (i=0;i<=N;i++)
{
for (k=0;k<3;k++)
{
Ux1[i][k]1=0;
}
}

}// Initialization.

void Bound (double U[N+1][3])
{

for (int k=0;k<3;k++)

{

if(k==1)
{
U[N] [k]=0;
Ux1[N][k]=Ux1[N-1][k];
U[0] [k]1=0;
Ux1[0] [k]1=Ux1[1][k];
}
else
{
U[N] [k]=U[N-1][k];
Ux1([N] [k]=0;
U[0] [kI=U[1][k];
Ux1[0][k]=0;

}
}
}// Apply boundary condition.

void U2F (double U[N+1][3],double F[N+1]1[31)
{

int i;

double u,p;

for (1i=0;i<N+1;i++)

{

u=U[i] [1]/U[1]1[0];
p=(GAMA-1)*(U[41]1[2]1-0.5*U[i][1]1*U[i][1]1/U([i][0]);
F[i1[01=U[i][1];

F[i]1[1]=U[i][0]*u*u+p;

F[i]1[2]1=(U[1][2]+p) *u;

}
}// Compute flux.
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void ComputeDerivative (double U[N+1][3],double Ux[N+1][31)
{

int 1i;

double u;

for (i=0;i<=N;i++)

{

u=U[i][1]/U[1]1[0];

Ut[i][0]=-Ux[i][1];

Ut[1] [1]=-(GAMA-3) *u*u*Ux[1][0]/2-(3-GAMA) *u*Ux[1i] [1]
- (GAMA-1) *Ux[1][2];

Ut[i][2]=-((GAMA-1) *u*u*u-GAMA*u*U[1][2]/U[i][0])*
Ux[1]1[0]-(GAMA*U[i]1([2]1/U[1]1[0]-3*(GAMA-1) /2*u*u)*Ux[i][1]-
GAMA*u*Ux[1i][2];

Fe[i] [0]=Ut[i] [1];

Ft[i][1]1=(GAMA-3)*u*u*Ut[i][0]/2+ (3-GAMA) *u*Ut[i][1]
+(GAMA-1) *Ut [i] [2];

Ft[1]1[2]=((GAMA-1) *u*u*u-GAMA*u*U[1][2]/U[1]1[0])*
Ut[i][0]1+(GAMA*U[i] [2]/U[i][0]-3*(GAMA-1)/2*u*u)*Ut[i] [1]
+GAMA*U*Ut [1] [2];

}

}// Compute the derivatives of F.

void CESE_TimeMarching(double UI[N+1]1[3], double UxI[N+1]1I[3],
double Fu[N+1][3],double Fut [N+1] [3], double Unew[N+1] [3], double
Uxnew[N+1] [3], double dt, int ishalf)
{
int i,3,I;
double Uleft,Uright,Fleft, Fright,Ux_minus,Ux_plus;
for(i=1-ishalf;i<N;i++)

{

I=i+ishalf;

for (3=0;3<3;j++)

{
Uleft=U[I-1][j]+dx*Ux[I-11[F]1/4;
Uright=U[I][j]-dx*Ux[I][j]/4;
Fleft=F[I-1][j]+dt*Ft[I-1]1[]j]1/4;
Fright=F[I][j]1+dt*Ft[I]1[j]1/4;
Unew[i][j]=0.5* (Uleft+Uright+dt/dx* (Fleft

-Fright));

Ux_minus=2* (Unew[i] [J]1-U[I-1]1[j]-dt*
Ut[I-11[31/2)/dx;

Ux_plus=2* (U[I][J1+dt*Ut[I][J]/2-Unew[i] [F])/dx;

Uxnew[i] [j]=avg (Ux_minus, Ux_plus) ;

}
}

}// Scheme marching from integer-step to half-step, or from half-
step to integer-step.

void CESE_1D_Solver ()

{
int i, comput_num;
double dt, t=0;
FILE *fp;
comput_num=0;
Init();
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while (t<end_time)

{
comput_num++;
dt=CFL(Ul) ;
t=t+dt;
U2f(Ul, f);
ComputeDerivative (Ul,Ux1) ;
CESE_TimeMarching (Ul,Ux1,F,Ft,U2,Ux2,dt,1);
U2f£(U2,f);
ComputeDerivative (U2,Ux2) ;
CESE_TimeMarching (U2,Ux2,F,Ft,Ul,Ux1,dt,0);
Bound (U1) ;

}

}// a-a CESE solver.

void Output (double U[N+1][3])
{
int i;
double x;
FILE *fp;
double rou,u,p;
fp=fopen ("result.txt", "w+");
for (i=0;i<N+1;1i++)
{
x=L1+i*dx;
rou=U[i][0];
u=U[i] [1]/U0[i][0];
p=(GAMA-1)*(U[1i][2]1-0.5*U[1] [0] *u*u) ;
fprintf (fp, "%20.5e\t%20.5e\t%20.5e\t%20.5e\n",
x,rou,u,p);
}
fclose(fp);
}// Output result.

int main()

{
CESE_1D_Solver() ;
Output (U1) ;
return 1;
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