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Preface to the Second Edition

This book, Analytical Heat Transfer, was first published in 2012. This book bridges the
gap between undergraduate-level, basic heat transfer and graduate-level, advanced heat
transfer, and it serves the need of entry-level graduate students. Since it was published,
we have received many useful comments and suggestions that the book should include
additional topics in conduction, convection, and radiation heat transfer. In addition to
combined conduction, convection, and radiation heat transfer as an intermediate-level
graduate course, the advanced-level combined conduction and radiation course, and
the advanced-level graduate convection course are taught as advanced-level graduate
classes at many universities. To satisfy the multiple objectives, there is a need to expand
the current book by including more advanced heat transfer topics.

This text is a revision of the first edition. The primary content and framework
have been based on the first edition. Keeping the same format, the revised second
edition adds new material at the end of each chapter. The following relevant advanced
topics (Contents with an asterisk *) have been added to the second edition: steady
state and transient heat conduction in cylindrical coordinates, Duhamel’s superposi-
tion method and Green’s function method for transient heat conduction, mass and
heat transfer analogy, external laminar flow and heat transfer with a constant pres-
sure gradient, heat transfer in high speed flows, thermally developing heat transfer
in a circular tube, flow and heat transfer in a rectangular channel, laminar mixed
convection, laminar-turbulent transitional heat transfer, unsteady highly turbulent
flows, film cooling flows, turbulent flow heat transfer enhancement, heat transfer in
rotating channels, numerical modeling for turbulent flow heat transfer, combined
radiation with conduction and/or convection, and gas radiation optically thin and
optically thick limits.

We hope this revised book will be useful for (a) the intermediate-level graduate heat
transfer course (Chapters 1-14, only Contents without an asterisk *), as well as for (b)
the advanced-level graduate combined conduction and radiation heat transfer course
(Chapters 1-5 and 11-14 including Contents with an asterisk *), and for (c) the advanced-
level graduate convection heat transfer course (Chapters 6—10 and 15-16 including
Contents with an asterisk *). The instructors shall have the option to choose the relevant
topics for their (a), (b), and (c) courses. We would be happy to receive constructive com-
ments and suggestions on the material presented in the second edition book.

While preparing this second edition manuscript, we heavily referenced the fol-
lowing books and therefore are deeply appreciative to their authors:

V. Arpaci, Conduction Heat Transfer, Addison-Wesley Publishing Company,
Reading, MA, 1966.

D.W. Hahn and M.N. Ozi§ik, Heat Conduction, Third Edition, John Wiley &
Sons, Hoboken, NJ, 2012.

H. Schlichting, Boundary-Layer Theory, Sixth Edition, McGraw-Hill,
New York, 1968.
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W.M. Kays and M.E. Crawford, Convective Heat and Mass Transfer, Second
Edition, McGraw-Hill, New York, 1980.

R. Siegel and J. Howell, Thermal Radiation Heat Transfer, McGraw-Hill,
New York, 1972.

Finally, we would like to sincerely express special thanks to former Texas A&M
University PhD student, Dr. Izzet Sahin (PhD, 2021), and current Texas A&M
University PhD student, Mr. I-Lun Chen. They spent significant time and effort to
prepare most of the new manuscript with advanced topics from original hand-written
equations and drawings. Without their diligent and persistent contributions, this sec-
ond edition book would not be possible.

Je-Chin Han
Lesley M. Wright



Preface to the First Edition

Fundamental Heat Transfer is a required course for all mechanical, chemical, nuclear,
and aerospace engineering undergraduate students. This senior-level undergraduate
course typically covers conduction, convection, and radiation heat transfer. Advanced
Heat Transfer courses are also required for most engineering graduate students. These
graduate-level courses are typically taught as individual courses named Conduction,
Convection, or Radiation. Many universities also offer an Intermediate Heat Transfer
or Advanced Heat Transfer course to cover conduction, convection, and radiation for
engineering graduate students. For these courses, however, there are not many text-
books available that cover conduction, convection, and radiation at the graduate level.

I have taught an Intermediate Heat Transfer course in the Department of
Mechanical Engineering at Texas A&M University since 1980. This book has
evolved from a series of my lecture notes for teaching a graduate-level intermediate
heat transfer course over the past 30 years. Many MS degree students majoring in
Thermal and Fluids have taken this course as their only graduate-level heat transfer
course. And many PhD degree candidates have taken this course to prepare for their
heat transfer qualifying examinations as well as to prepare for their advanced-level
courses in conduction, convection, or radiation. This book bridges the gap between
undergraduate-level basic heat transfer and graduate-level advanced heat transfer as
well as serves the need of entry-level graduate students.

Analytical Heat Transfer focuses on how to analyze and solve the classic heat
transfer problems in conduction, convection, and radiation in one book. This book
emphasizes on how to model and how to solve the engineering heat transfer problems
analytically, rather than simply applying the equations and correlations for engineer-
ing problem calculations. This book provides many well-known analytical meth-
ods and their solutions such as Bessel functions, separation of variables, similarity
method, integral method, and matrix inversion method for entry-level engineering
graduate students. It is unique in that it provides (1) detailed step-by-step mathemati-
cal formula derivations, (2) analytical solution procedures, and (3) many demon-
stration examples. This analytical knowledge will equip graduate students with the
much-needed capability to read and understand the heat-transfer-related research
papers in the open literature and give them a strong analytical background with
which to tackle and solve the complex engineering heat transfer problems they will
encounter in their professional lives.

This book is intended to cover intermediate heat transfer between the undergradu-
ate and the advanced graduate heat transfer levels. It includes 14 chapters and an
Appendix:

Chapter 1 Heat Conduction Equations

Chapter 2 1-D Steady-State Heat Conduction
Chapter 3 2-D Steady-State Heat Conduction
Chapter 4 Transient Heat Conduction

Chapter 5 Numerical Analysis in Heat Conduction
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Chapter 6 Heat Convection Equations

Chapter 7 External Forced Convection

Chapter 8 Internal Forced Convection

Chapter 9 Natural Convection

Chapter 10 Turbulent Flow Heat Transfer

Chapter 11 Fundamental Radiation

Chapter 12 View Factor

Chapter 13 Radiation Exchange in a Nonparticipating Medium
Chapter 14 Radiation Transfer through Gases

Appendix A Mathematical Relations and Functions

There are many excellent undergraduate and graduate heat transfer text books avail-
able. Although I do not claim any new ideas in this book, I do attempt to present the
subject in a systematic and logical manner. I hope this book is a unique compilation
and is useful for graduate entry-level heat transfer study.

While preparing this manuscript, I heavily referenced the following books and
therefore am deeply appreciative to their authors:

W. Rohsenow and H. Choi, Heat, Mass, and Momentum Transfer, Prentice-
Hall, Inc., Englewood Cliffs, NJ, 1961.

A. Mills, Heat Transfer, Richard D. Irwin, Inc., Boston, MA, 1992.

K. Vincent Wong, Intermediate Heat Transfer, Marcel Dekker, Inc., New York,
2003.

F. Incropera and D. Dewitt, Fundamentals of Heat and Mass Transfer, Fifth
Edition, John Wiley & Sons, Hoboken, NJ, 2002.

Finally, I would like to sincerely express special thanks to my former student
Dr. Zhihong (Janice) Gao (PhD, 2007). Janice spent a lot of time and effort to type
most of the manuscript from my original Intermediate Heat Transfer Class Notes
in 2005-2007. Without her diligent and persistent contributions, this book would
be impossible. In addition, I would like to extend appreciation to my current PhD
students Mr. Jiang Lei and Ms. Shiou-Jiuan Li for their help in completing the book
and drawings in 2009-2010.

Je-Chin Han
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Heat Conduction
Equations

1.1  INTRODUCTION: CONDUCTION,
CONVECTION, AND RADIATION

1.1.1 CoNDUCTION

Conduction is caused by the temperature gradient through a solid material. For
example, Figure 1.1 shows that heat is conducted through a wall of a building or a
container from the high-temperature side to the low-temperature side. This is a one-
dimensional (1-D), steady-state, heat conduction problem if 7; and 7, are uniform.
According to Fourier’s conduction law, the temperature profile is linear through the
plane wall.

1.1.1.1 Fourier’s Conduction Law

” dT 7—1_712
=—k—=k———= 1.1
q ] 3 (1.1
and
” q ”
q"=--or g=q"A
A

where ¢" is the heat flux (W/m?), ¢ is the heat rate (W or J/s), k is the thermal con-
ductivity of solid material (W/m K), A, is the cross-sectional area for conduction,
perpendicular to heat flow (m?), and L is the conduction length (m).

AT

.T2

T, 1\
>

—f L f—

FIGURE 1.1 1-D heat conduction through a building or container wall.
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2 Analytical Heat Transfer

One can predict heat rate or heat loss through the plane wall by knowing 7}, T, k,
L, and A,. This is the simple 1-D steady-state problem. However, in actual applica-
tions, there are many two-dimensional (2-D) or three-dimensional (3-D) steady-state
heat conduction problems; there are cases where heat generation occurs in the solid
material during heat conduction. Also, transient heat conduction problems take place
in many engineering applications. In addition, some special applications involve heat
conduction with a moving boundary. These more complicated heat conduction prob-
lems will be discussed in the following chapters.

1.1.2 CONVECTION

Convection is caused by fluid flow motion over a solid surface. For example,
Figure 1.2 shows that heat is removed from a heated solid surface to cooling fluid.
This is a 2-D boundary-layer flow and heat transfer problem. According to Newton,
the heat removal rate from the heated surface is proportional to the temperature dif-
ference between the heated wall and the cooling fluid. The proportionality constant
is known as the heat transfer coefficient; the same heat rate from the heated surface
can be determined by applying Fourier’s Conduction Law to the cooling fluid.

1.1.2.1  Newton’s Cooling Law

” dT
q" =—k;—— luwar=h(T, - T.) (1.2)
dy
Also,
dT
” _kf 7 ly:()
h=—9 _— y (1.3)
T,-T. T,-T.
and

Velocity or thermal

Air flow T boundary layer

S
o3
S

— =

v

//////7////////—)"

<>

Heated surface, A s

FIGURE 1.2 Velocity and thermal boundary layer.
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TABLE 1.1

Typical Values of Heat Transfer Coefficient
Type of Convection h, W/m?-K
Natural convection

Caused by AT: air 5
Caused by AT: water 25
Forced convection

Caused by fan, blower: air 25-250
Caused by pump: water 50-20,000
Boiling or condensation

Caused by phase change

Water = Steam 10,000-100,000
Freon = Vapor 2500-50,000

where T, is the surface temperature (°C or K), 7, is the fluid temperature (°C or K),
h is the heat transfer coefficient (W/m? K), ks is the thermal conductivity of fluid
(W/mK), A, is the surface area for convection, exposed to the fluid (m?).

It is noted that the heat transfer coefficient depends on fluid properties (such as
air or water as the coolant), flow conditions (i.e., laminar or turbulent flows), surface
configurations (such as flat surface or circular tube), and so on. The heat transfer
coefficient can be determined experimentally or analytically. This textbook focuses
on analytical solutions. From Equation (1.3), the heat transfer coefficient can be
determined by knowing the temperature profile in the cooling fluid during convec-
tion. With this analytical profile, the temperature gradient near the wall, d7/dy, can
be used to determine the heat transfer coefficient. However, this requires solving
the 2-D boundary-layer equations and will be the subject of the following chapters.
Before solving 2-D boundary-layer equations, one needs the heat transfer coefficient
as the convection boundary condition (BC) in order to solve the heat conduction
problem. Therefore, Table 1.1 provides some typical values of heat transfer coef-
ficient in many convection problems. As can be seen, in general, forced convec-
tion provides more heat transfer than natural convection; water as a coolant removes
much more heat than air; and boiling or condensation, involving a phase change, has
a much higher heat transfer coefficient than single-phase convection.

1.1.3 RADIATION

Radiation is caused by electromagnetic waves from solids, liquid surfaces, or gases.
For example, Figure 1.3 shows that heat is radiated from a solid surface at a tempera-
ture greater than absolute zero. According to Stefan-Boltzmann, the radiation heat
rate is proportional to the absolute temperature of the surface raised to the fourth
power, the Stefan—Boltzmann constant, and the surface emissivity. The surface emis-
sivity primarily depends on material, wavelength, and temperature. It is between 0
and 1. In general, the emissivity of metals is much less than nonmetals. Note that radi-
ation from a surface can travel through air, as well as through a vacuum environment.



4 Analytical Heat Transfer

e

VNN a4

Any surface at T, €, Aq

FIGURE 1.3 Radiation from a solid surface.

1.1.3.1 Stefan-Boltzmann Law
For a real surface,

q” =eoT; (1.4)
For an ideal (black) surface, € = 1
q" =0T,
and
q" = Ais or g=q"A

where ¢ is the emissivity of the real surface, e = 0 — 1 (€01 < Enonmeta)s Ls 1S the
absolute temperature of the surface, K (K = °C+273.15), o is the Stefan—Boltzmann
constant, 6 = 5.67 X 10-¥W/m? K*, and A, is the surface area for radiation (m?).

1.1.4 ComBINED MODES OF HEAT TRANSFER

In real applications, often radiation occurs concurrently as conduction or convection
is present. This scenario represents combined modes of heat transfer. For example,
Figure 1.4 shows heat transfer between two surfaces involving radiation and convec-
tion simultaneously.

Assume surface A < surrounding sky or building wall surface, 7,,#T,, (or,
T, =T,,).

The total heat flux from the surface A is due to convection and radiation, and can
be found as

q” = q(’::)nv + qr,;d,nel (15)
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Surrounding wall, Ty, €5,

Air flow

Surface A at T, €, A,
FIGURE 1.4 Heat transfer between two surfaces involving radiation and convection.
where
Géon = h(T; = T..)
Grrane = EOT, — 0O T
= sc(Tf - TS‘L‘“), ife=o, €4, =1
=60 (T + T )(Ts + T (T, — Tour)

=hr(Ts _Tsur)

Therefore, from Equation (1.5)

q”:h(’l—;_Tw)'i_hr(T;_T;ur) (16)
where
h, = &0 (T +To (T, + T ) (17)
Also
” q ”
=— or g=q"A;
q A q9=49

where a is the absorptivity, 7,,, is the surrounding wall temperature (°C or K), €,
is the emissivity of the surrounding wall, A, is the radiation heat transfer coefficient
(W/m? K), and A, is the surface area for radiation (m?). Total heat transfer rate can be
determined by knowing T,, T,,,, h, €, &, 0, and A,.

sur? sur?
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1.2 GENERAL HEAT CONDUCTION EQUATIONS

If the temperature profile inside a solid material 7(x, y, z, #) is known, the heat rate
q through the solid can be determined as shown in Figure 1.5. As far as thermal
stress is concerned, it is equally important to predict the temperature profile in high-
temperature applications. In this chapter, the general heat conduction equations will
be derived. The general heat conduction equation can be used to solve various real
problems with the appropriate BCs and initial condition. The heat conduction can be
modelled as 1-D, 2-D, or 3-D depending on the nature of the problem:

1-D T(x) for steady state or T(x, ?) for transient problems
2-D T(x, y) for steady state or T(x, y, #) for transient problems
3-D T(x, y, z) for steady state or 7(x, y, z, #) for transient problems

To determine the temperature profile, the following should be given:

1. Initial condition and BCs

2. Material thermal conductivity , density p, specific heat C,, and diffusivity
a=k/pC,

1.2.1 DerivaTIONS OF GENERAL HEAT CONDUCTION EQUATIONS

The general form of the conservation of energy in a small control volume of solid
material is

Ein - Eout + Eg = Est (18)

where E;,—E,, is the net heat conduction, E, is the heat generation, and E is the
energy stored in the control volume.

Figure 1.6 shows the conservation of energy in a differential control volume in a
3-D Cartesian (rectangular) coordinate. If we consider energy conservation in a 1-D
system (x-direction only),

4x —(qx + 8;: dX)+Eg =Ky (1.9)

The conduction heat rates can be evaluated from Fourier’s Law,

Ty

S

FIGURE 1.5 Heat conduction through a solid medium.

Ty



Heat Conduction Equations

dq
z z d )
q.+ z q
) A A wl
A
Eg N 9,
q, [ ,4)’ Eg —r> 9 EW
~ / I > X
qy q,

FIGURE 1.6 The volume element for deriving the heat conduction equation.

oT
——ka, 2"
ox

With control surface area A, = dy dz, Equation (1.9) can be written as

d

ax( kd dzg)dx+E =E,

The thermal energy generation can be represented by
E,=qdxdydz

where ¢ is the energy generation per unit volume, dx dy dz.
The energy storage can be expressed as

dpdxdydz-C,-T)

E;
' ot

Substituting Equations (1.12) and (1.13) into Equation (1.11), we have

dpdxdydz-C,-T)

d oT
k— |dxdyd dxdydz =
ax( a))cyz+q ydz

ot

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)
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Dividing out the dimensions of the small control volume, dx dy dz, Equation (1.14)
is simplified as

a(k8T (1.15)

)+q':a(pcm
dx\ oJx

ot

If we consider energy conservation, in a 3-D system (x-direction, y-direction,
z-direction), the heat equation can be written as

dpC,T
8(k8TJ+(9 kal +8(k8TJ+q:(Pp) (1.16)
ox\ dx) Jdy\ dy) Jz\' 0z ot

The thermal conductivity k, which is a function of temperature, is often difficult to
determine. If we assume that &, p, and CP are constants, then Equation (1.16) is sim-
plified as

T FT J*T ¢ 19T
9_-2 117
o oy o Tk aa (17

where a = kipC,, is the thermal diffusivity.
In a 3-D, cylindrical coordinate system as shown in Figure 1.7a, the heat conduc-
tion equation has the form of

2 2 ;
18(8T) 19°T 9T ¢ _10T (1.18)

— r— |+ — + + ==
rorC ar ) r*d¢* 97 k o ot

In a 3-D spherical coordinate system as shown in Figure 1.7b, it has the form of

1 d(,0T 1 a(. . oT 1 T ¢ 10T
e —| sin6= T="""" 119
r or (r ar )+ r’sin@ 86(Sm 89)+ " k o ot (119)

r’sin’6 ¢

FIGURE 1.7 (a) Cylindrical coordinate system. (b) Spherical coordinate system.
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1.3 BOUNDARY AND INITIAL CONDITIONS

The physical conditions existing on the boundary should be known in order to solve
the heat conduction equation and determine the temperature profile within the
medium. Moreover, the initial condition 7(x, 0) = T, should also be known if the heat
transfer is time-dependent.

1.3.1 BounpARY CONDITIONS
There are three types of BCs commonly found in many heat transfer applications [1].
1. Specified surface temperature 7(0, 1) = T, as shown in Figure 1.8

2. Specified surface heat flux, as shown in Figure 1.9a and b
a. Finite heat flux

T(0,T
91O _ (120)
dx
b. Adiabatic or insulated surface, which is a special case
T(0,T
4 9TOT) _ (1.21)
dx
A
TS

FIGURE 1.8 Boundary conditions—given surface temperature.

(b)
T

T(x, t)

)
T
—> _/
_> s
—>

X X

FIGURE 1.9 (a) Finite heat flux. (b) Adiabatic surface.
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FIGURE 1.10 Convective boundary conditions.

T(x,0)=T;

FIGURE 1.11 [Initial condition.

3. Specified surface convection, as shown in Figure 1.10

& aT(0,T) _

h[T. —T(0,1)] (1.22)
X

1.3.2 INImIAL CONDITIONS
An initial condition, as shown in Figure 1.11, is required for the transient heat transfer

problem.

T(x,0)=T, (1.23)

1.4 SIMPLIFIED HEAT CONDUCTION EQUATIONS
1. Steady state, 0770t = 0, no heat generation, ¢ =0,

’T_
Ixt
T 0°T
ax*  9y?
*T F*T I*T
o T oy T o T
y Z

1-D
82

2-D

3-D 0

2. Steady state, 1-D with a heat source (heater application)
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’T g
+--=0
ax*  k

Steady state, 1-D with heat sink—fin application

2 .
IT_4_,
ox°  k

3. Transient, without heat generation ¢ = 0

*T 10T
1-D =2
ox> «a ot
2 2
op 9T, 0T _ 107

ax* 9y Taor
FT J°T 9°T _ 10T

3-D
o oy o aar

The above-mentioned three types of BCs can be applied to 1-D, 2-D, or
3-D heat conduction problems, respectively. For example, as shown in

Figure 1.12,
x=0, —kM =0 (adiabatic surface)
dx
IT (a,y,t) .
Xx=a, _kT = h[T(a,y,t) - Tw] (surfaceconvectlon)
y=0, ¢9T(x 0.1) =q” (surfaceheatﬂux)
dy
y=>b, x b, t (surface temperature)
TS
y <z
Insulated 1\1\ T.
U
7

S

FIGURE 1.12 Heat conduction in 2-D system with various boundary conditions.

11
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Examples

1.1 Consider 1-D steady-state heat conduction through a plane wall, without heat
generation, as shown in Figure 1.13.

a. If the left side surface is at a constant temperature T,, and the right side
surface is at a lower constant temperature T,, determine the temperature
and heat flux distributions through the plane wall, T(x), g"(x). If the plane
wall has a heat conduction cross-sectional area A, determine the total
heat transfer rate, g(x).

b. Atx=0, T=T,, but the right side surface is exposed to a convection fluid
at a lower temperature, T, with a convection heat transfer coefficient h.
Determine T(x), T,, q"(x), and q(x).

c. From case (b), in addition to a convection fluid, the right side surface also
has radiation heat transfer with the surrounding surface at temperature

T = T... Determine T(x), T,, q"(x), and g(x).

d. If the left side surface receives a constant heat flux g,”, and the right side
surface is at a lower constant temperature T,, determine T(x), T,, q"(x),
and g(x).

e. The left side surface receives a constant heat flux, g,”, but the right side
surface is exposed to a convection fluid at a lower temperature, T, with
a convection heat transfer coefficient h, determine T(x), T,, T,, ¢"(x), and
qx).

f. From the case (e), in addition to convection fluid, the right side surface
also has radiation heat transfer with the surrounding surface at tempera-
ture T, = T, determine T(x), T;, T,, q"(x), and g(x).

sur

Solution

a. The 1-D heat conduction equation is

2
e

The solution of temperature distribution is

T
a_.
dx
VWK
[~V s
qlI
—
T16
] Tz
‘X
0 L g

FIGURE 1.13  1-D heat conduction through a plane wall.
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T(x)=Cix+C,
Apply the BCs:
.X=0, T=T1, T=T1=C1‘0+C2

X:L, T:Tz, T:TZZCI'LJFCZ

T, -T
Therefore, C, =T, and ¢, = 2—1
Temperature distribution: T(x)= ux +T
oT
Heat flux distribution: ¢” (x)=—k—
ox
q”(x)z—k TZ _Ti , q”(x): k Tl _LTZ
oT
Heat transfer rate: g(x) = —kA, F
T, - T
q(x) = kA ===

b. The temperature T(x), heat flux ¢g”(x), and heat transfer rate ¢(x) distribu-
tions are the same as those shown in (a), but 7, is unknown. Therefore,
we need to determine T, based on the convection fluid temperature, T..,
and heat transfer coefficient, h:

atx:L,—ka—T:h(Tz—TN)
ox

oT T,-T,
from (a) —=——"1
(@ ox L
,-T
L

—k = W(T,~T.)

T+

Therefore, T; = #
14+

k

c. Same as part (b), but T, now can be determined as:

atx= Lkl = (heh )T -T)
ox
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d. Same as part (a), but 7; is unknown. We need to determine 7; based on a
given surface heat flux BCs as:

atx=0,— ka—T = qs",given

dx

From (a)— k % =q/

Therefore, T; = T, + %q;’

e. Same as part (d), but 75 is unknown, need to determine 7, based on sur-
face convection BC as:

a_,

atx=L,~k—=q/=h(T,-T.)
dx
T=T.+%
h
a L ,
T=T.+% 4+ ¢
1 n Tk 4

f. Same as part (e), but 7> now can be determined as:

ar

=q/=(h+h )T, -T.)
ox

atx=L—-k

q’
h+h,

T2:Tm+

g L,

T,=T.+ ;
h+h  k

1.2 Consider 1-D heat conduction through a hollow cylindrical wall without heat
generation, as shown in Figure 1.14. Determine the temperature, heat flux, and
heat transfer rate distributions through the cylindrical wall with the same BCs as

shown in Example 1.1 (a) to (f).

Solution

a. 1-D heat conduction equation is

ld( dT)
——|r—|[=0
rdr\ dr



Heat Conduction Equations

N

T

FIGURE 1.14 1-D heat conduction through a hollow cylindrical wall

The solution of temperature distribution is

r = C]
dr

dar _ G

dar r

T(r)=Cinr+ C,
at=r1,T=Tl = Cllnrl+ C2

at=r2,T:T2 :Cl lnr2+ C2

Solve for at C; and C,

T, - T
CI: 1 r2
In—+
n
T, - T,
C=T-—*Iy
n
In—
n
T, - T, T, - T,
T=""lnr+5-""—2Inn
h n
In— In—
n n
T, - T,
T=T+2 " 2"
lni n
n
. T, - T,
Temperature distribution: T=T7; -~ —-21n -
lnr—2 Ul
hn
oT

Heat flux: ¢”(r)=—k—
or

15
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I _| -7

Jr 2 r
i
where
qn(r)z_k _ Ii _TZ l
2 r
n
o -1, 1
Heat flux distribution: ¢”(r)=k ~—2—~
2 r

n

Heat transfer rate distribution: ¢(r)=q”(r) A,

q(r)=k L= l21'crl
In= "
n
ﬂ@:mmﬂ_n
2
h

where [ is the length of hollow cylindrical tube.
The temperature distribution is a logarithm with radius r:

T(r)=T- 1"y "
lnri h
i

Heat flux distribution depends on the radius r:

L-T, 1
q//(r):k] 2 2
nZ r
h
T,-T, 1
q’(n)=k= I at r=n
1nr_2 n
n
T.-T, 1
¢’ (n)=k——2~ at r=n
lnri n

n

But heat transfer rate is a constant value at any radius r:

T -T
q(r)=k2nlﬁ=q(n)=q(rz)

i
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b. Same as part (a), but the outer cylinder surface is exposed to a convec-
tion fluid at a lower temperature, T., with a convection heat transfer
coefficient, h. In this case, T; is unknown, it can be determined as:

dn, k= (T
r
T -1, 1
whereg—:— L2~ from part (@) atr=r,
r lnr—z n
n
solve for T3;
L+ g
T2= k ul
LN
k n

c. Same as part (b), in this case, T, can be solved as:

(hth)r, r o
k n
+ (h+h,)r2 lnri

k 1

T+
7‘2=

1

d. Same as part (a), but cylinder inner wall receives a constant surface heat
flux q7; therefore T, is unknown and it can be determined as

r=n, q§’=—kal

or

L-T,
7.

q’=k 1 from part(a)
n

In—
n

Solve for T;:

=T, +q’v’ilnr—2
s k rl
e. Same as part (d), but the cylinder outer wall is exposed to a convection
fluid at a lower temperature, T., with a convection heat transfer coef-
ficient, h. In this case, T, is unknown, it can be determined as:

atry k2L = n(r, - 1)
oar

oT T,-T, 1
where — = ———2 — from part(a)
r lnri 12

n
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T+
4] T
3 i where T, =T, + 4"~ In=% from part (d)
1+ 202 vk
k n

solve for Th: T, =

f. same as part (e), in this case, T can be solved as:

T +7(h+:r)r2 2
T, = g

o Bth)n  n

k 1

T.

where T, = T, +q”%lnr—2 from part (d)
s r‘l

REMARKS

In general, heat conduction problems, regardless of 1-D, 2-D, 3-D, steady or unsteady,
can be solved analytically if the thermal conductivity is a given constant and thermal
BCs are known constants. The problems will be analyzed and solved in Chapters
2—4. However, in real-life applications, there are many materials whose thermal con-
ductivities vary with temperature and location, k (T) ~ k (x, y, z). In these cases, the
heat conduction equation shown in Equation (1.16) becomes a nonlinear equation and
is harder to solve analytically.

In addition, in real engineering applications, it is not easy to determine the precise
convection BC shown in Figures 1.10 and 1.12. These require detailed knowledge of
complex convection heat transfer to be discussed in Chapters 6-10.

PROBLEMS

1.1 Derive Equation 1.18.
1.2 Derive Equation 1.19.
1.3
a. Write the differential equation that expresses transient heat conduction
in 3-D (x, y, z coordinates) with constant heat generation and constant
conductivity.
b. Simplify the differential equation in (a) to show steady-state conduction
in one dimension, assuming constant conductivity.
c. Ifthe BCsare: T=1,...at...x=x,T=1T, at x = x,, solve the
second-order differential equation to yield a temperature distribution
(T). Express the answer (T) in terms of (7}, T, x, x;, X,).
d. Using the Fourier Law and the results from (c), develop an expression
for the heat rate per unit area, assuming constant conductivity. Express
your answer in terms of (k, T}, 15, x;, x,).
1.4 Consider 1-D, steady-state, heat conduction through a plane wall without
heat generation, as shown in Figure 1.13. Determine the temperature, heat
flux, and heat transfer rate distributions, as those shown in example 1.1 (a),
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(b), and (c), but the left-side wall is exposed to a high-temperature convec-
tion fluid 7..;, with a convection heat transfer coefficient A,.

a. at x=O,—k8—T=h1(Tw1—Tl)
dx

at x=L,T=T,

b oat x=0,— koL = p (T —T))
dx

at sz,—k&fT:hz(Tz—Tmz)
Jx
c. at x=0,—k&—T=h1(Tw1—Tl)
dx
at x=L—k2L (b + 1 )T - Ton)
dx

1.5 Consider 1-D, steady-state, heat conduction through a hollow cylindrical
tube without heat generation, as shown in Figure 1.14. Determine the tem-
perature, heat flux, heat transfer rate distributions as those shown in example
1.2 (a), (b), and (c), but the cylinder inner wall is exposed to a high tempera-
ture convection fluid 7..,, with convection heat transfer coefficient 4.

a. at r=r1,—kal=h](TN]—T1)
or
at r=n,T=1T,
b. at r=rl,_k8l=hl(Tw1_T‘1)
oar
at V=Vz,—kal=h2(T2—Tw2)
or
c. at r=r1,—ka—T=h1(Tw1—Tl)
or
at r=r2,—kaal=(hz+h,)(n—n2)
r
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2 1-D Steady-State
Heat Conduction

2.1 CONDUCTION THROUGH PLANE WALLS

For 1-D steady-state heat conduction through the plane wall shown in Figure 2.1,
without heat generation, the heat conduction Equation (1.17) can be simplified as

2
o
d; 2.1
= =
dx
Equation (2.1) has the general solution
T=cx+c, 2.2)

with boundary conditions:

atx=0, T:R|:C|'O+C2:CQ
atx =1L, T=T,=cL+c,

Solving for ¢, and c,,

To1 hy

N

/]\ /I\ 5,1 Cold fluid
Hot fluid \\T l/ l/

5,2
ko N\ T,y hy

O——> 4 I
T, 1 Ts,l Ts,2 T, 2
q MV —— q
L !
Ahy Ak Ah,

FIGURE 2.1 Conduction through a plane wall and thermal—electrical network analogy.
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Substituting ¢, and ¢, into Equation (2.2), the temperature distribution is

Ta=To (2.3)

Applying Fourier’s Conduction Law, one obtains the heat transfer rate through the
plane wall
or _ Ta-T, T,-T,

=TT T (ke @9

The heat transfer rate divided by the cross-sectional area of the plane wall, the heat
flux, is

v q _ kBT_

w Ba— T

Y A 2.5
A Jdx L @5)

At the convective surfaces, from Newton’s Cooling Law, the heat transfer rates are

_L,-T,

=An(T.,-T,, )= ———= 2.6
q 1( 1 ,1) (I/Ahl) (2.6)
and
I, —T.,
=Ah (T, —T.,)=———"= 2.7
q 2( 2 ,2) (I/Ahz) 2.7

Applying the analogy between the heat transfer and electrical network, one may
define the thermal resistance based on the concept of electrical resistance. The ther-
mal resistance for conduction in a plane wall is

L
Rcond = a (2 8)

The thermal resistance for convection is then

1
Rconv = 29
P 2.9

The total thermal resistance may be expressed as

Rtotzi"’- ! L !

= (2.10)
Ah kA A, UA

where U is the overall heat transfer coefficient.
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Contact surface

Ty by ~
N
Hot fluid
@ AT Cold fluid

Ty T, i l
'\ Toe,Z h2

FIGURE 2.2 Temperature drop due to thermal contact resistance between surface a and
surface b.

Similar to electric current, the heat rate through the wall is

g= Toy ~ Iz LI LR UA(T., - T.,) 2.11)
(1/Ahy )+ (LIKA) + (1/Ah) Rt

Figure 2.2 shows conduction through two plane walls with thermal contact resistance
between them, R, ., the total heat resistance becomes

tco

+—+— 2.12)

where R,. = (T, — T,)/q = pre-determined (depends on contact material surface
roughness and contact pressure). Ry, = R, /A. If thermal contact resistance is not con-
sidered, R, = 0.

2.1.1 ConbucTioN THROUGH CIRCULAR TuBE WALLS

1-D steady-state heat conduction, without heat generation, in the radial system shown
in Figure 2.3, can be simplified from Equation (1.18)

ld( dT)
——r— =0
rdr\ dr

dr
yr—=
dr

(2.13)

C

The general solution of Equation (2.13) is

T(r)=clnr+c,
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/

@)

Inside
hot fluid \ \ \ \

Ty Tephy Outside
cold fluid

T.1 Ty Ty T,

1 In(ry/ry) 1
hy2nryl 2mkl hy2mryl

FIGURE 2.3 Conduction through circular tube wall.

with boundary conditions

atr=rn, T=T,=clnn +c,

atr=n, T:T;,Z =cllnr2 +

Solving for ¢, and c,, one obtains the temperature distribution

T(r)=T, — b= la g, r .14)
" In(n/n) n

The heat transfer rate can be determined from Fourier’s Conduction Law as

g=—kA " = popn T o Tu T

dr dr (m(zn / (2mki)

At the convective surface, from Newton’s Cooling Law, the heat transfer rates are

.15)

I, -T,
=AN(T.,—-T,,)=—" >
q 11( |1 A,l) (I/Alhl)
and
T, -T.,

q= Ay (TxZ - T‘X”z) - (I/Azhz)
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where the cross-sectional area for conduction is A = 2xnrl, A, = 2nr,l, A, = 27r,l.
Applying the electrical-thermal analogy, the heat transfer rate is expressed as

) T, -T., T, -T.,
1= (Um2mnl)+ (in(r/n ) 20k + (U 2mnl) R

(2.16)
=UA(T., - T.,)
where U is the overall heat transfer coefficient, UA = U\A, = U,A,.
UA =U - 2mrl, area is based on radius, r
UA, =U, -2mnl, area is based on radius, r,

U,A, =U, -27mn,l, area is based on radius, 7,

If we consider radiation heat loss between the tube outer surface and a surrounding
wall,

Gradiaion = 4260 (T = T,

= 460 (T + T ) (T2 + Tour ) (T2 = Toar )

= Ayh (T.p = T )
where

h, = ecr(sz + Tsﬁr)(TS,z + T )
and
4 = qconv t Graa

= Aoy (T2 = T )+ Ash, (T, 2 — Tour)

If T, = T.,, then

1 +1n(r2/r1)+ 1
wamnl 2kl (s 4y )2l

@.17)

tot

For three concentric cylindrical walls, with radius r,, r,, r5, r,, respectively, the total
heat resistance becomes

1 Inn/n Innln Inn/n 1

Ry =
U nomnl 2wkl 2wkl 2mksl  hy2mrl

If thermal contact resistance is considered between the first and second concentric,
cylindrical walls, add R, /A to R,,,, where R, = (T, — T,)/ q, R = R../A, and A = 27tr,l.

tot>
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2.1.2 CrimicAL RADIUS OF INSULATION

Consider a tube of insulating material with inside radius r; at a constant temperature,
T.. At the outside radius of the insulating tube, r,, a surface heat transfer coefficient

h may be assumed for convection from the outside surface of the insulation to the
atmosphere at temperature 7. From Equation (2.16) for this case:

T-T.
(n(r, /r,) 127kl ) + (1/h27er, 1)

Ifl, T, T, h, k, and r, are all assumed to remain constant while r, varies, the rate of
heat transfer, g, is a function of r, alone. As r, increases, the term (1/hr,) decreases
but the term (In r,/r;)/k increases; hence, it is possible that ¢ might have a maximum
value. Take the derivative of the above equation with respect to r,; then set dg/dr, =0

and solve for (7,).,;.a> the critical radius for which ¢ is a maximum [1],

(7% )esiea = K 2.13)
h

where k is the conductivity of insulation material and / is the outside convection coef-

ficient from insulation material. If r; is less than (r,)...0» ¢ 1S increased as insulation

is added until 7, = ()0 Further increases in r, cause g to decrease. If, however,

r;is greater than (r,) any addition of insulation will decrease ¢ (heat loss rate).

critical®

2.2 CONDUCTION WITH HEAT GENERATION

The 1-D, steady-state, heat conduction equation with heat generation in the plane
wall is (from Equation 1.17)

(2.19)

The general solution is
T = —ix2 +ox+c;
2k
with asymmetrical boundary conditions [2] shown in Figure 2.4,
- _r o __ 94
at .x—L, T_T'S,Z__ L+C'1L+C2
2k

q

—E(—L)2 +¢(=L)+c

at x=-L, T=T,=

Solving for ¢, and c,, one obtains the temperature distribution
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o
el

MA

T,l hl q

=

L

T., hy

A 25

-L

FIGURE 2.4 Plane wall heat conduction with internal heat generation and asymmetrical
boundary conditions.

| b
(a) ', (b) §T0
. 7
1 /
|/ ;! T 57\T
s q : s s
Twhw : W‘I’Twh f \bl/\l’Tmh
% ¢ e
! /]
1 L / L
—> /

FIGURE 2.5 Plane wall heat conduction with internal heat generation. (a) Symmetric
boundary conditions. (b) Adiabatic surface at midplane.

T(x):LLZ 1_L2 +7},2_71.1£+7},2+71,1
2 L 2

Applying symmetric boundary conditions shown in Figure 2.5a, at x = L, T = T,
x=—L, T =T, solving for ¢, and c,, one obtains the temperature distribution

q'LZ xZ
Tx)=T,+—|1-— 2.20
-1+ (1) 220

At the centerline of the plane wall, the temperature is

.12
To=T,+ % 2.21)

The heat flux to cooling fluid is

q"=—k2—Z|X=L =h(T,-T.) (2.22)
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From Equation (2.20), one obtains

dT gL
7|x:L [ S

dx k

meEwm@MZDLMﬂ—ZJ:—H—@MMJ:ﬂ“
Therefore, the surface temperature in Equation (2.20) can be determined as

7 =1 +9F
h

(2.23)

In 1-D steady-state cylindrical medium with heat generation, the heat conduction
equation is (from Equation 1.18)

(4T,
rdr\ dr k

(2.24)
d( dT) q
—r—|==*r
dr\  dr k

The general solution is

dl:_ir2+(f]
dr 2k

ar__q .. a
dr 2k r

q >
T(r)=——-r"+c¢nr+c
(N=-rsamrre

FIGURE 2.6 Cylindrical rod heat conduction with internal heat generation.
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with boundary conditions as shown in Figure 2.6:

T
at r=0, d—=0=cl
dr
at  r=rn, T=TS=—i.r02+cz
4k

Solving for ¢, (¢, = 0) and c,, one obtains the temperature distribution

.2 2
qh r
1 =T, +—|1-— 2.25

) 4k ( nf) 22

At the centerline of the cylindrical rod, the temperature is

)
qn
To=T +1- 2.26
0 A% (2.26)
The heat flux to the cooling fluid is
¢ =h(T,-T.)=-k T, 227)
dr
From Equation (2.25), one obtains
ar, __an
dr " 2k

From Equation (2.27), h(T, — T..) = —k(—(¢r, /2k)) = (¢r,/2)
Therefore, the surface temperature in Equation (2.25) can be determined as

T.=17.+4"° (2.28)
2h

2.3 CONDUCTION THROUGH FINS WITH
UNIFORM CROSS-SECTIONAL AREA

From Newton’s Law of Cooling, the heat transfer rate can be increased by either increas-
ing the temperature difference between the surface and fluid, the heat transfer coeffi-
cient, or the surface area. For a given problem, the temperature difference between
the surface and fluid may be fixed, and increasing the heat transfer coefficient may
result in more pumping power. One popular way to increase the heat transfer rate is to
increase the surface area by adding fins to the heated surface. This is particularly true
when the heat transfer coefficient is relatively low such as the air-side of heat exchang-
ers (e.g., the car radiators) and air-cooled electronic components. The heat transfer rate
can increase dramatically by increasing the surface area many times with the addition
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of numerous fins. Therefore, heat is conducted from the base surface into the fins and
dissipated into the cooling fluid. However, as heat is conducted through the fins, the
surface temperature decreases due to a finite thermal conductivity of the fins and the
convective heat loss to the cooling fluid. This means the fin temperature is not the same
as the base surface temperature and the temperature difference between the fin surface
and the cooling fluid reduces along the length of the fins. It is our job to determine the
fin temperature in order to calculate the heat loss from the fins to the cooling fluid.

In general, the heat transfer rate will increase with the number of fins. However,
there is a limitation on the number of fins. The heat transfer coefficient will reduce
if the fins are packed too close. In addition, the heat transfer rate will increase with
thin fins that have a high thermal conductivity. Again, there is limitation on the thick-
ness of thin fins due to manufacturing concerns. At this point, we are not interested
in optimizing the fin dimensions but in determining the local fin temperature for a
given geometry and working conditions. We assume that heat conduction through the
fin is 1-D steady state because the fin is thin. The temperature gradient in the other
two dimensions is neglected. We will begin with the constant cross-sectional area
fins and then consider variable cross-sectional area fins. The following is the energy
balance of a small control volume of the fin with heat conduction through the fin and
heat dissipation into cooling fluid, as shown in Figure 2.7. The resulting temperature
distributions through fins of different materials can be seen from Figure 2.8.

Fin cross-section area

: /)
Hot wall ; hA(T-T..) Fin
/ A | A
x—p —> = |
2_)96 qx ‘1x+%q§ dx @
T T Th' 7. Cold fluid
v/ /]

FIGURE 2.7 One-dimensional conduction through thin fins with uniform cross-sectional
area.

X

FIGURE 2.8 Temperature distributions through fins of different materials.
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%—(%ﬁfﬁij—hA(T—ﬂJzo (2.29)
X

where A, = P dx, P is perimeter of the fin, and g, is from Fourier’s Conduction Law
shown in Equation (1.10).

—i(—kACd—T)dx—thx(T—Tm)=0 (2.30)
dx dx

If the cross-sectional area is constant, that is, A, = constant, and & is also constant,
Equation (2.30) can be simplified as

2
dx kA,
2 p—
M_ﬁ(T_Tm)zo
dx kA.

2.31)

Letting 8(x) = T(x) — T, Equation (2.31) becomes

——-—0=0 (2.32)

——-m’6=0 (2.33)
The general solution to the second-order ordinary differential equation is
0(x)=ce™ +ce™
or
6(x) = ¢, sinh(mx) + ¢, cosh (mx)

with the following boundary conditions:
At the fin base,

x:0,T:Th,then9(0)=Tb—Tw=9;,

At the fin tip,
x = L, there are four possible cases

1. Convection boundary condition —k(d7/0x)|,_, = h(T, — T.,), then (06/0x) ._,
=(—h/k)o,
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2. The fin tip is insulated —k(d7/0x)|,_, = 0 or (00 / dx) ,_, =0
3. The tip temperature is givenas Tl,_, = T, or (L) =T, — Too =6,
4. For a long fin, L/d>10 ~ 20, Tl _, =T, ,or (L) =T, — T, = 0, which is an
ideal case.
Applying the boundary conditions:
x=0,9(0)=9h = +oc

x = L, there are four possible cases

L
For case 1: 90(L) = iOL, that is, ¢c,;me™ + cy(—m)e™ = —(h/k)(c,e"™ + c,e™),

ox —k

solving for ¢, and c,, one obtains the temperature distribution as follows:

0(x) _T(x)-T. _ coshm (L — x)+ (h/mk)sinhm(L — x)

- (2.34)
0, T,-T. coshmL + (h/mk)sinh mL
The heat transfer rate through the fin base (g is
dr do(0)
= X :_Mcil){: = -
qr=4q a0 KA, I
) (2.35)
Y sinhmL + (h/mk)coshmL
coshmL +(h/mk)sinhmL
where M = 0, \/hPkA.
From Appendix A.1
sinhmx = —¢
2
coshmx = re
2

d(e"”‘) =me™dx
d (e""”‘) =—me ™dx
d(sinhmx) = coshmx -mdx

d(coshmx) = sinhmx - mdx
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For case 2: d0/dx|,_; = 0, that is, ¢;me™ — c,me™t = 0, solving for ¢, and c¢,, one
obtains the temperature distribution through the fin base (g,) as

0(x) T(x)-T. coshm(L-x)
0, T,—T. coshmL

(2.36)

qr =gy =—KA, ar) = —ja, P00 _g, (tanhmL ) JhPkA, (2.37)
dx dx

For case 3: 9(L) = 0, that is, c,e"* + c,e™ = @, solving for ¢, and ¢,, one obtains
the temperature distribution and heat transfer through the fin base (g,) as

0(x) T(x)-T. (6./6,)sinhmx+sinhm(L - x) (2.38)
0, B T, —T. B sinhmL '

hmL —
4 =q. =—lo4¢fl—Tlx=0 = —kA, d‘z(o) =9b(cos mL =0,/ eb]\/thAc (2.39)
X

x sinh mL

For case 4: very long fins, 8(L) = 0, then ¢, =0, ¢, = 8,, we obtained the following
temperature distribution and heat transfer rate through the fin base (g,) as

0

0= (2.40)
quqxz—kAc%iO)=M=0bﬁthAc (241)

It should be noted that the above results can be applied to any fins with a uniform
cross-sectional area. This includes the fins with circular, rectangular, triangular, and
other cross sections as shown in Figure 2.7. One should know how to calculate the
fin cross-sectional area, A, and fin perimeter, P (circumferential length), for a given
uniform cross-sectional area fin geometry. The characteristics of the hyperbolic
functions, sinh, cosh, tanh, and their derivatives are shown in Appendix A.l and
Appendix A.2.

2.3.1 FIN PERFORMANCE

2.3.1.1 Fin Effectiveness

Most often, before adding the fins, we would like to know whether it is worthwhile
to add fins to the smooth, heated surface. In this case, we define the fin effectiveness.
The fin effectiveness is defined as the ratio of the heat transfer rate through the fin
surface to that without the fin (i.e., convection from the fin base area).
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Gwith fin

Ne=—""+ (2.42)

without fin

The fin effectiveness must be greater than unity in order to justify using the fins.
Normally, it should be greater than 2 in order to include the material and manufactur-
ing costs. In general, the fin effectiveness is greater than 5 for most of the effective
fin applications. For example, for the long fins (case 4 fin tip boundary conditions),
the fin effectiveness is

N = Guinsin _ OpJhPKA. _ {:A% >1~5 (2.43)

Gwithout fin hB,A,

2.3.1.2 Fin Efficiency

We would like to know the fin efficiency after we have added the fins. The fin effi-
ciency is defined in Equation (2.44) as the ratio of heat transfer through the fin sur-
face to that through a perfectly conducting fin (an ideal fin with infinite thermal
conductivity as super conductors).

N = :ﬁ (2.44)

By definition, the fin efficiency is between 0 and 1. However, the fin efficiency ranges
from 0.9 to 0.95 for most fin applications. For example, for long fins (case 4 fin tip
boundary condition), the efficiency is

n,= OnhPRA._ / kA“Z >90% (2.45)
hPLB, hPL

In order to achieve the higher fin effectiveness and fin efficiency, we need to have a
thin fin (larger P/A_ ratio) with a relatively high thermal conductivity, £ (aluminum or
copper), and a low working fluid heat transfer coefficient, 4 (air cooling).

When calculating the total heat transfer from the system, it is necessary to include
heat dissipated from the exposed base (between the fins). In a system with multiple
fins, the rate of heat transfer for each fin can be calculated based on the assumed
tip condition from above. Multiplying this quantity times the number of fins and
adding it to the heat transfer from the base provide the total heat dissipation for the
system. The rate of heat transfer from a single fin can be determined based on the
fin efficiency.

4 = Yfin + non-fin
q= anqmax + h(Tb -T. )Anon—ﬁn

where N is the number of fins and
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qmax = h(Th - Too)As,ﬁn
ar

in = —kA: —— =
gs kACdx 0

It is important to point out that the temperature distribution through a fin varies
depending on the aforementioned fin tip boundary conditions. In general, these tem-
peratures decay from the fin base to the fin tip as shown in Figure 2.8. These decay
curves are derived from the sinh and cosh functions shown above. In addition, the
heat transfer rate through the fin depends on the temperature gradient at the fin base
and the fin thermal conductivity. For example, the temperature gradient at the fin
base is greater for the steel fin than the aluminum fin. However, the heat transfer rate
through the fin base is higher for an aluminum fin than for a steel fin for the same fin
geometry and working fluid conditions. This is because the aluminum fin has a much
larger thermal conductivity than the steel fin.

2.3.2 RADIATION EFFeCT

If we also consider radiation flux g/, the energy balance Equation (2.29) can be
rewritten as

X

where ¢/ = constant, which is the solar radiation gain, or g, =radiation loss =
—80'(T4 — Tsﬁr). If we consider g, = constant, the solution of the above equation can
be obtained from Equation (2.34) with

o=T7-T. -
h

However, if we consider g/’ = —€0 (T4 —Ta ), the above energy balance equation can
be rewritten as

dq
x T
q (q dx

dx)—hAs(T—Tm)—soAs(T“ ~Ta)=0
Furthermore, if we let 7., = T.,. and h, = z»:O'(T2 + T2 )(T +T.), the above equation

sur
can be written as

d*(T-T.) (h+h)P
dx? kA,

(T-T.)=0

The solution of the above equation can be obtained by numerical integration.
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2.4 CONDUCTION THROUGH FINS WITH A VARIABLE CROSS-
SECTIONAL AREA: BESSEL FUNCTION SOLUTIONS

Most often, we would like to have a fin with a decreasing fin cross-sectional area in
the heat conduction direction in order to reduce material costs. In other situations,
the fin cross-sectional area may increase in the heat conduction direction, such as
an annulus fin attached to a circular tube (the so-called fin tube). In these cases, we
deal with steady-state, 1-D heat conduction through fins with variable cross-sectional
areas. Bessel function solutions are required to solve the temperature distribution
through these types of fin problems [2—4]. Figure 2.9 shows the heat conduction
through variable cross-sectional area fins and heat dissipation to the working fluid.
Consider the energy balance of a small control volume in the fin,

dq. )
=g+ dx |-hA(T-T.)=0
q (CI I X ( )

s gy _pA(T=T.)=0
X

where A, = P dx, P is perimeter of the fin, and g, is from Fourier’s Conduction Law
shown in Equation (1.10).

(@) (b) !

/[N

dx
X 0

FIGURE 2.9 One-dimensional heat conduction through thin fins with variable cross-
sectional area. (a) Conical fin; (b) annular fin; (c) taper fin; (d) disk fin.
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—d(—loé\eﬂ)dx—thx(T—Tm)=0
dx dx

If k is constant, we have

d (AC‘IT)—W(T—L)=0

e\ dx )k

(2.46)
df, dTr-1.)] hP,. .\
dx[A" dx } k(T I.)=0

Annulus Fin: For example, for an annulus fin with a uniform thickness, ¢, as shown in
Figure 2.9b, the fin cross-sectional area from the centerline of the tube is A. = 2nr - ¢.
The fin perimeter, including the top and the bottom, is P =2-2nr. Let 0 =T - T_,
Equation (2.46) becomes

d|:27trtje]— h-411:r9: 0

dr r k
i[rﬁ]_%g:()
dr| dr kt
) 2.47)
ri(rﬁ)—zhr 6=0
dr\  dr kt
ri(rﬁ)—m2 20=0
dr\ dr

where m? = 2h / kt.

2.4.1 BesseL FUNCTIONS AND THEIR SOLUTIONS

1. The heat generation problem — Bessel function:
The solution of Equation (2.47) can be a typical Bessel function with heat
generation as in the following format:

xd(xde)+(m2x2—v2)0=0 (2.48)
de\ dx
0=ayJ,(mx)+aY,(mx), v=0,12,... (2.49)

2. The heat loss problem—modified Bessel function:
The solution of Equation (2.47) can be the typical modified Bessel func-
tion with heat loss as in the following format:

xd(xde)—(mzx2+v2)0=0 (2.50)
dx\  dx
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0=ayl,(mx)+aK,(mx), v=0,1,2,... (2.51)

Comparing Equations (2.47) and (2.50), with r = x, the general solution of
Equation (2.47) is the same format as Equation (2.51) with v = 0 for the heat
loss problem:

0(mr) = aply(mr)+ aK, (mr) (2.52)

with the following boundary conditions:
Atthe finbase,r=r,T=T, then0=T7T,—-T,=0,.
At the fin tip, r = r,, there are four possible cases as discussed before,

1. Convective boundary

&T 39(}’2) —h
—k—, =h(T,,—T. =—20,
or ' ? (T ) or or k"
2. The tip fin is insulated
aT &9(1"2)
—k—I,-,=0 =0
or ' ? or or

3. The outer tip temperature is given

Tl.,=T, or 6(rn)=T,-T.=6,
4. Foralongfinr,/t>10 ~ 20

Tlep,=T. or 6(n)=T.-T.=0

Case 1: the tip is exposed to convection boundary condition:
From solution shown in (2.52)

0(mr) = aoply(mr)+ a\K, (mr)

¢ r=n, 0=06,=ayly(mn)+aKy(mn),
&9(”2) h
. =n, =——0
A ren or k (7’2)

h
aoml, (mr,)— aymK, (mr, ) = —;[aolo (mry)+ a; Ky (mr )]

from above, solve for a,, a:
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= a
Io(mr) " Io(mn)

_| 6 G Ko(mn) C:
al_|:lo(mr|)'C2:|/[l+ :|

Io(m"l) (&)

a Gb Ko(mr])

where
h
Cl = m[1 (mrz)+ ;1()(”’”’2)

h
Cz = mKl (mrz)—;KO(mrz)

Case 2: the fin tip is insulated, for example:

At r=n, 0=0,=acl(mn)+aK,(mn),

20(r,) dly(mr) dK, (mr)
At =n, = [ i
e or o dr n T dr -

= aoml, (mrz)— amK, (mrz) =0,

where applying the properties of / and K,

iIo(mr)=m11(mr) and iKo(mr)=—mK1(mr)
dr dr

Solve for a, and q,

o = K, (mry) 0,
Io(mn) K, (mr,)+ I, (mr,) Ko (mn)

a = Il(mrz)

(

0
]O(mrl)Kl(mrz)-i—Il mrz)KO(mrl) ’

One obtains the temperature distribution as

0(r) T(r)-T. Io(mr)K,(mr,)+1I,(mr)K,(mr)
6, T,—T. Io(mn)K (mn)+1(mn)K,(mn) (2.53)

39
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Therefore, heat transfer through the fin base can be calculated as
de doe
qr =—kA.—I, = —k(2mn )(t)—I,=,
dx dx

(2.54)
I (mn) K, (mr,)—I,(mr,) K, (mn)

Io(mr, )K, (mr2)+ 1 (mrz)KO (mrl) b

qr = —2mkntm

And the fin efficiency can be determined as

qr

" (2 - )6,

Case 3: the tip is kept at constant temperature 7:
From solution shown in (2.52)

0(mr) = aply(mr)+ a Ky (mr)
At r=n, 0=6,= ayly(mn)+aK,(mn)
At r=n, 6=T,-T.=0,= aolo(mr2)+a1K0(mr2)
From above, solve for

0,K(mr,)— 0,Ky(mn)
Iy (mn ) Ko (mr,)— Iy (mr,) Ko (mn)

0,1, (mrz)— 0,1, (mr, )
Ko(mn)Iy(mr,)— Ko (mry )1, (mn)

a =

Case 4: the tip is kept at same temperature as convection fluid:

The temperature distribution is same as for case 3, but 6(r,)=T.. = T.. = 0_

Disk Fin: Consider the example of a thin metal disk, as shown in Figure 2.9d, that
is insulated on one side and exposed to a jet of hot air at temperature 7., on the other.
The convection heat transfer coefficient z can be taken to be constant over the disk.
The periphery at r = R is maintained at a uniform temperature 7: (a) Derive the heat
conduction equation of disk; (b) determine the disk temperature distributions.

a. Energy balance (Equation 2.47):

d(kAc dT)dr —Ph(T-T.)dr=0
dr dr

A, =27t
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P=2nr
2
PET AT hr 1)=0
dr dr Kkt

La9=T4me=ﬁ
kt

rd(rde)— m*r’0=0
dr\  dr

b. Modified Bessel Function (2.52):
0 =ayly(mr)+aK, (mr)

a6 _

—=0 a=0, = K (0)>
dr

At r=0,
Atr=R, 9=TR—Tm=9R=a010(mR)

.0 _ To(mr)

0 Iy(mR)
The heat generation problem—Bessel Function: Heat is generated at a rate g in a
long solid cylinder of radius 7,, as shown in Figure 2.6. The cylinder is immersed in
a liquid at temperature 7. Heat transfer from the cylinder surface to the liquid can

be characterized by a heat transfer coefficient 4. Obtain the steady-state temperature
distributions for the following cases:

viza|1-(7)
b. g=a+b(T-T.)

For case (a)
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W1, 17
T=-4 " licnr+C,
k\4 16 h

From (2.27),

For case (b)

1d(rdT)+l[a+b(T—Tm)]= 0
rdr\ dr k

rzi(rd—T)+ér2 T—(Tw—ﬁ) =0
dr\ dr) k b

Let 9=|:T—(TM —“)], m =
b

2 j(rde) +m*r*0=0 Bessel Function
-

| o

r

From 2.48, withv=0, x=r
From 2.49, 0 = ayJy (mr) + a\Y, (mr)

From A.3.1, ? = —mayJ, (mr)— ma,Y; (mr)
¥

do| _,

At r=0, — =
drl,

But Y¥(0)=- ..q =0
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J A
1

]() (x)
—]1 ()
RN

Q¥

FIGURE 2.10 The characteristics of Bessel functions.

At r=r,, Om=05=[7}—(Tw—2]:|=a()]0(mr0)

0=, 20"

Jo(mro)
Where h(Ts—Tw)=_kdl =_kﬁ =km0sm
r r=m d}" r=n Jo(mro)

It is important to point out that temperature decreases from the fin base to the fin tip
depending on the specified fin tip boundary conditions. The temperature curve again
is a combination of Bessel functions /, and K, with the temperature decaying from
the base to the tip. The characteristics of Bessel functions J, Y, I, and K and their
derivatives are shown in Figure 2.10 and Appendix A.3.

2.4.2 RADIATION EFFeCT

If we also consider the radiation effect, g, = constant = positive value, then the above
solution can be used by substituting 86 =T - T., — (q;'/h). However, if we consider
q!= —86(T4 —-TS ), and T, = T,,, h, = 80'(T2 + Tﬁ)(T +T..), the energy balance
Equation (2.46) can be written as

dl  d(T-T1.)] (h+h)P B
dx[Ac - }— L (T-T.)=0

The solution of the above equation can be obtained by numerical integration.
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Examples

2.1 A composite cylindrical wall (Figure 2.11) is composed of two materials of ther-
mal conductivity k, and kg, which are separated by a very thin, electric resistance
heater for which interfacial contact resistances with material A and B are R/, and

"5, respectively. Liquid pumped through the tube is at a temperature T,,; and pro-
vides a convection coefficient h; at the inner surface of the composite. The outer
surface is exposed to ambient air, which is at T, , and provides a convection coef-
ficient of h,. Under steady-state conditions, a uniform heat flux of g; is dissipated
by the heater.

a. Sketch the equivalent thermal circuit of the system and express all resis-
tances in terms of relevant variables.

b. Obtain an expression that may be used to determine the heater tempera-
ture, Tp,.

c. Obtain an expression for the ratio of heat flows to the outer and inner
fluids, ¢’,/¢’;. How might the variables of the problem be adjusted to
minimize this ratio?

Solution

a. See the sketch shown in Figure 2.11.

b. Performing an energy balance for the heater, E;, = E,,, it follows that
T, -T.;

(h2mr )™ +(In(r/n ) /2mk )+ R 5

a(2mn)=q/+q, =

Th - Too,()
h,2mrs)” +(In(rs/r) 12mk 5 ) + RY 4

i

” ”
R te, A R tc,B

ry

r

V\\ ho’ Too,a

h

i Teosi //v" kg k ain Ty
A
qj, (21ry)
’ Tm'i Thf Tm'o ’
qi 90

1 In(ry/ry) L, In(rg/ry) 1
h2mry,  2mky B TtA L omk o h,2mrg

FIGURE 2.11 Thermal circuit of a composite cylindrical wall and all resistance.
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c. From the circuit,

q—‘: = (Th - T""*") (h" 2mn )71 + (ln(rz /n )/2nk3)+ R

g (Ti—=T.i) (h2mr) " +(In(ry/r )27k, )+ RE.A
2.2 Heat is generated at a rate g in a large slab of thickness 2L, as shown in
Figure 2.5a. The side surfaces lose heat by convection to a liquid at temperature

T... Obtain the steady-state temperature distributions for the following cases:

a. qg=4q, [1—(x/L)2 ]/ with x measured from the center plane.
b.g=a+b(T-T.)

Solution

a.g=g[1-(x/)]

. 4
T:—q"[;x2—112’£2]+c1x+c2

Boundary conditions: x =0, j—T =0 (symmetry); x =L,
X

T -1
dx

Substituting the boundary conditions into the above equation to replace

C, and G,,
.2 4 2
T = 9L §+1(1) _(1) L4
2k |6 6\L L 3Bi
b.g=a+b(T-T.)

2
aT, b T—(TN—E) =0
a’ " k b

Solving the above equation,

T—(TN - %) =€, cos(blk)" x +C, sin(b/k)" x
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Blade ti
\%rad P

N
Combustion
gases
/
i L
T, h

<

FIGURE 2.12 A turbine blade modeled as a fin with constant cross-sectional area.

Applying boundary conditions,

a heos(b/k)"* (alb)x
T-|\T.—— |= 12 72 . 72
b) hcos(b/k)"” L+(b/k) " sin(b/k)"" L

2.3 A long gas turbine blade (Figure 2.12) receives heat from combustion gases by
convection and radiation. If re-radiation from the blade can be neglected T, <« T,
determine the temperature distribution along the blade. Assume

a. The blade tip is insulated.
b. The heat transfer coefficient on the tip equals that on the blade sides. The
cross-sectional area of the blade may be taken to be constant.

Solution

If the blade is at a much lower temperature than the combustion gases, radiation
emitted by the blade will be much smaller than the absorbed radiation and can
be ignored to simplify the problem. An energy balance on an element of fin Ax
long gives

—kACd—TIx +kACd—TIX+AX —hPAx(T -T.)+ qnaPAx =0
dx dx

Dividing by Ax and letting Ax — 0,

2
d f—hi(T—Tm)+M=0
dx” kA, kA,

Since q,,4 is @ constant, we rewrite this equation as

2
dT _hP T—(Tm+qr—“d) =0
KA. h
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which defines an “effective” ambient temperature T’, = T, + q,.4/h. Then the solu-
tions can be obtained by replacing T, with T7...

a. Insulated blade tip.

T—(T.. + qua/h) _ coshm(L - x)

T, — (Tm + Graa /h) coshmlL

b. Tip and side heat transfer coefficient equal.

T—(T. + qua’h) _ coshm(L—x)+(h/mk)sinhm (L~ x)

T, — (T + Gua/h) coshmL +(h/mk)sinmL

2.4 The attached figure shows a straight fin of triangular profile (Figure 2.13).
Assume that this is a thin fin with w>>t. Derive the heat conduction equation of
fin: determine the temperature distributions in the fin analytically and determine
the fin efficiency.

Solution

From Figure 2.13,

) N (2.55)
&X—Z Mdl_zl(T_Tw)zo
L x L dx k

AL Tt
t < W
dx
Y
L
P x

FIGURE 2.13 A triangular straight fin with variable cross-sectional area.
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ol Tk
* (2.56)

where

sz%
kt

A, =2wL

But we need 72 (d?0/dz?) + z(d6/dz) — z260 = 0, for the modified Bessel function

solution. So, z2 ~ x,z ~/x
From the solution form, I, (2m\/xL),implyz ~Jx =2mxL

dz 1 _in 1 2m’L
ZomJL—x" =mJL ==
dx L 2" m\/—ﬁ z
do_do d £o_ddo) d
dx dz dx’ dx* dz\dx) dx’
Substituting into Equation (2.56)
a6 de
2 2
+:2% - (2.57)
dz’ d
The solution to the above equation is
9=C110(2)+C2K0(Z)
Boundary conditions
at x=0, K,—>, C,=0,
at x=L, 9:01,,
Io(2m/xL)
" 1,(2mL)
I(2mL
qy = +kA, ar, - thtwmg
dx Io(2mL)
qr _L11(2mL)

= e, 2wl mL Io(2mL)
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L l’ll:: 0 <~
LS| <t
\4 X
& |
/////://XT///
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FIGURE 2.14 A hollow transistor modeled as a fin.

2.5 A hollow transistor (Figure 2.14) has a cylindrical cap of radius r, and height L,
and is attached to a base plate at temperature T,. Show that the heat dissipated is

Iy (mr,)sinhmL+ I, (mr, ) coshmL
Iy (mr,)coshmL + I, (mr,)sinhmL

qr = 27‘ckr,,t(T;, —Tw)m

where the metal thickness is t, m = (h/kt)"2, and the heat transfer coefficient on the
sides and top is assumed to be the same, h, and outside temperature, T..

Solution

The cap is split into two fins: (1) a straight fin of width 2zr, and length L, and (2) a
disk fin of radius r,. For the straight fin with T = T at x = 0,

T, - T. = C sinhmx + (T, — T.. )coshmx; m = (hike)" (2.58)
For the disk with dT/dr=0atr =0,
Ty —T. = Cly(mr); m=(hike)" (2.59)

The constants C, and C, are determined by matching the temperature and heat
flow at the joining,

T(L)=T:(r,); dT/dx\.p =—dTldrl._,; (2.60)

Since kA, is the same for both fins at the junction. Substituting Equations (2.58) and
(2.59) into Equation (2.60) gives

C,1,(mr,)=C, sinhmL+ (T, — T..)coshmL
—Cy1, (mr,)=C, coshmL+(T, — T..)sinhmL

49
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Solving,

Iy (mr,)sinhmL+ I, (mr, ) coshmL
Iy (mr,)coshmL+ I, (mr,)sinh mL

C =—(T,-T.)

The heat dissipation is the base heat flow of fin 1,

a7 =~ g =—kAcmC,

Iy (mr,)sinhmL + I, (mr, ) coshmL

=2mkrt(T, —T.
krt (T, )IO(mro)costh+11(mr0)sinth

REMARKS

This chapter deals with 1-D steady-state heat conduction through the plane wall with
and without heat generation, a cylindrical tube with and without heat generation, and
fins with constant and variable cross-sectional areas. Although it is a 1-D steady-state
conduction problem, there are many engineering applications. For example, heat
losses through building walls, heat transfer through tubes, and heat losses through
fins. In undergraduate heat transfer, we normally ask you to calculate heat transfer
rates through the plane walls, circular tubes, and fins, with given dimensions, mate-
rial properties, and thermal boundary conditions. Therefore, you can choose the cor-
rect formulas and use them with the given values and obtain the results.

However, at this intermediate heat transfer level, we are more focused on how to
solve the heat conduction equation with various thermal boundary conditions and
how to obtain the temperature distributions for a given physical problem. For exam-
ple, how to solve the temperature distributions for the plane walls, circular tubes,
with and without heat generation, and fins with a constant or variable cross-sectional
area, with various thermal boundary conditions. In particular, we have introduced
one of the very powerful mathematical tools, Bessel function, to solve the fins with
variable cross-sectional area with various thermal boundary conditions. This is the
only thing new compared to the undergraduate heat transfer.

PROBLEMS

2.1 The performance of gas turbine engines may be improved by increasing the
tolerance of the turbine blades to hot gases emerging from the combustor. One
approach to achieving high operating temperatures involves application of a
thermal barrier coating (TBC) to the exterior surface of a blade, while pass-
ing cooling air through the blade. Typically, the blade is made from a high-
temperature superalloy, such as Inconel (k~25 W/m K) while a ceramic, such
as zirconia (k~ 1.3 W/m K), is used as a TBC. Consider conditions for which
hot gases at T, , = 1700 K and cooling air at T, ; = 400 K provide outer- and
inner-surface convection coefficients of 4, = 1000 W/m? K and h; = 500 W/m?
K, respectively. If a 0.5-mm-thick zirconia TBC is attached to a 5-mm-thick
Inconel blade wall by means of a metallic bonding agent, which provides
an interfacial thermal resistance of R”, . = 10~*m? K/W, can the Inconel be
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maintained at a temperature that is below its maximum allowable value of
1250 K? Radiation effects may be neglected, and the turbine blade may be
approximated as a plane wall. Plot the temperature distribution with and with-
out the TBC. Are there any limits to the thickness of the TBC?

2.2 Consider 1-D heat conduction through a circular tube, as shown in Figure 2.3.
Determine the heat loss per tube length for the following conditions:

Given:

Find: ¢/L =?
Steam Inside the Pipe Air Outside the Pipe Steel Pipe AISIT010
T.,=250°C T.,=20°C 2r, = 60mm
hy = 500 W/mK hy = 25W/m2K 2r, =75mm

e=0.8
k =58.7 W/mK at 400K

2.3 Heat is generated at a rate ¢ in a long solid cylinder of radius r,, as shown in
Figure 2.6. The cylinder has a thin metal sheath and is immersed in a liquid
at temperature 7. Heat transfer from the cylinder surface to the liquid can
be characterized by a heat transfer coefficient 4. Obtain the steady-state
temperature distributions for the following cases:

a. q=q'n|:1—(r/r0)2:|.

b. g=a+b(T-T.).

2.4 A hollow, cylindrical, copper tube is used to improve heat removal from a
transistor. The copper tube is attached to the top of a round, disk-shaped
transistor, as shown in Figure 2.15. The disk-shaped transistor dissipates

Tw’ hZ

‘ Too’hZ

T, h, hy=0 [ T, h;

= Transistor

% T
Tb )

FIGURE 2.15 A hollow cylindrical copper tube fin.
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0.2 W at steady-state operation. The backside of the base transistor is well
insulated. At 300K, the copper has a conductivity, £ = 403 W/mK. Other
given parameters include:

L =15mm, r, =775mm, r; = 7.5mm, ¢ = 0.25mm; Assume: 7, = 0

(no cooling)

Air cooling: T, = 25°C, h, = 50 W/m?K
Find: The copper tube temperature distribution and 7, with and without
the tubular fin.

A thin metal disk, as shown in Figure 2.9d, is insulated on one side and

exposed to a jet of hot air at temperature 7., on the other. The convection

heat transfer coefficient, s, can be taken as constant over the disk. The

periphery at r = R is maintained at a uniform temperature 7.

a. Derive the heat conduction equation of disk.

b. Determine the disk temperature distributions.

¢. Do you think the disk temperature is higher at the center or the periph-
ery? Why?

Given a relatively thin annular fin with a uniform thickness, as shown in

Figure 2.9b, is affixed to a tube. The inner and outer radii of the fin are

r; and r,, respectively, and the thickness of the fin is 7. The tube surface

(i.e., the base of the annular fin) is maintained at a temperature of 7, or

T(r) = T,. Both the top and the bottom surfaces are exposed to a fluid at 7.

The convection heat transfer coefficient between the fin surfaces and the

fluid is A.

a. Derive the steady-state heat conduction equation of the annular fin and
propose a solution of the annular fin temperature distribution with the
associate boundary conditions.

b. If during the air cooling, the annular fin has also received radiation
energy from the surrounding environment, 7, sketch, compare, and
comment on the fin temperature profile 7(r) with that in (a)?

Both sides of a very thin metal disk, as shown in Figure 2.9d, are heated

by convective hot air at temperature 7. The convection heat transfer coef-

ficient, &, can be taken constant over the disk. The periphery at r = R is

maintained at a uniform temperature 7.

a. Derive the steady-state heat conduction equation of the disk.

b. Propose a solution method and the associated boundary conditions that
can be used to determine the disk temperature distributions. Sketch
the disk temperature profile 7(r). Do you think the disk temperature is
higher at the center or the periphery? Why?

c. If during the air heating, the disk has also emitted a net uniform radia-
tion flux gpy to the surrounding environment, derive the steady-state
heat condition equation of the disk and propose a solution method to
determine the disk temperature distributions. Sketch, compare, and
comment on the disk temperature profile with that in (b)?

The front surface of a very thin metal disk is cooled by convective air at

temperature 7., while the back surface is perfectly insulated, as shown in

Figure 2.9d. The convection heat transfer coefficient /& can be taken to be
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constant over the front surface of the disk. The periphery at » = R is main-

tained at a uniform temperature, 7%, by a heat source.

a. Derive the steady-state heat conduction equation of disk.

b. Determine the disk temperature distributions with the associated
boundary conditions. Sketch the disk temperature profile 7(r).

c. If during the air cooling, the disk has also emitted a net uniform radia-
tion flux gpg to the surrounding environment, derive the steady-state
heat conduction equation of the disk and determine the disk tempera-
ture distributions. Sketch, compare, and comment on the disk tempera-
ture profile with that in (b)?

2.9 A thin, conical pin fin is shown in Figure 2.9a. Analytically determine the
temperature distribution through the pin fin. Also, determine the heat flux
through the pin fin base. Given: Pin fin tip temperature: 7,>T7.; Pin fin
height: /; Pin fin base diameter: d; Pin fin base temperature: 7,; Cooling air
at T, h; Hot wall at T,

2.10 The wall of a furnace has a height L = 1 m and is at a uniform temperature
of 500 K. Three materials of equal thickness # = 0.1 m, having the proper-
ties listed in the table attached, are placed in the order shown in Figure 2.16
to insulate the furnace wall. Air at 7., = 300 K blows past the outer layer of
insulation at a speed of V_, = 1.5m/s as shown in the figure.

a. Assuming 1-D, steady conduction through the insulation layers, calcu-
late the heat flux from the wall to the surroundings, ¢g. For this, choose
the most appropriate of the following two correlations:

=

hL =0.664Re!? Pr'/® (ReL < 10%;laminar ﬂow)

k
= (0.037 Re%3— 850)Pr”3 (ReL <10°; turbulent ﬂow)

»‘g‘

where & is an average heat transfer coefficient, Re, is the Reynolds
number based on L and V., and Pr is the Prandt]l number of air.

b. For the arrangement shown in the figure, calculate the temperatures at
surfaces 2, 3, and 4.

Air
Furnace
500 K AlBIC T.=300K
V_.=15m/s
1 2 3 4

FIGURE 2.16 A furnace composite plane wall model.
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c. How should the materials A, B, C be ordered to obtain the steepest
temperature gradient possible between surfaces 1 and 2?
d. For this new arrangement, calculate the temperatures at surfaces 2, 3,

and 4.

Material k (W/mK) p (kg/m?) p (kg/ms) (o (k)/kgK)
A 100

B 10

C 1

Air 0.026 1.177 1.846 x 107 1.006

2.11 A very long copper rod with a relatively small diameter is moving in a vac-
uum with a constant velocity, V (Figure 2.17). The long rod is moving from
one constant temperature region, 7, at x = 0, to another temperature region,
T, (at x = L). Solve for the steady-state temperature distribution in the rod
between x = 0 and L. Neglect thermal radiation.

a. Write down the governing equation for the axial temperature distribu-
tion when V = 0.

b. Determine the axial temperature distribution which satisfies the speci-
fied boundary conditions when V = 0.

c. Write down the governing equation for the axial temperature distribu-
tion when V#O.

d. Determine the axial temperature distribution which satisfies the speci-
fied boundary conditions when V#0. (Make any necessary assumption.
For example, the thermal conductivity of the copper rod is k...)

2.12 A thin long rod extends from the side of a probe that is in outer space. The
base temperature of the rod is 7,. The rod has a diameter, D, a length, L, and
its surface is at an emissivity, e. State all relevant assumptions and boundary
conditions.

a. Starting with an energy balance on a differential cross section of the
pin fin, perform an energy balance on the rod and derive a differential
equation that could be used to solve this problem.

b. Sketch, on the same plot, the temperature distribution along the rod, and
compare the heat loss through the rod for the following four cases: (1)

Ty T,

Copper rod

Ve

x=0 x=1L

FIGURE 2.17 A moving fin model.
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2.13

2.14

2.15

2.16

The rod is made of aluminum; (2) the aluminum rod is painted black;
(3) the rod is made of steel; (4) the steel rod is painted black.
Given a relatively thin annular fin with uniform thickness that is affixed to
a tube. The inner and outer radii of the fin are r; and r,, respectively, and the
thickness of the fin is w. The tube surface (i.e., the base of the annular fin)
is maintained at a temperature of 7, or 7(r;) = T,. Both the top and bottom
surfaces of the fin are exposed to a fluid at 7. The convective heat transfer
coefficient between the fin surfaces and the fluid is 4.
a. Show that to determine the steady 1-D temperature distribution in the
annular fin, 7(r), the governing equation may be written in the form of
a modified Bessel’s equation.

d’y 1dy , n?
—5t+———c"+— |y=0
dx*  x dx ¢ x2 Y

where y = y(x), and ¢ and n are constants.

b. The general solution of the above modified Bessel’s equation is
y = C,I,(cx) + C,K,(cx), where C, and C, are constants, and I, and
K, are the modified Bessel’s functions of the first and second kinds
of order n, respectively. Assuming that the heat transfer on the outer
surface of the fin is negligible [i.e., d7/dr = Oat r = r,], solve the gov-
erning equation to obtain the steady 1-D temperature distribution in
the annular fin, 7(r).

c. Also, determine the steady 1-D temperature distribution in the annu-
lar fin numerically using the finite difference method. Give the finite-
difference equations for the nodes at r = r; and r = r, and for a typical
interior node. Rearrange the equations to give expressions for the tem-
peratures at the nodes.

An engineer has suggested that a triangular fin would be more effective than

a circular fin for a new natural convection heat exchanger. The fins are very

long and manufactured from Al 2024T6. The triangular fin has an equilat-

eral cross section with a base dimension of 1.0cm and the second fin has a

circular cross section with a 0.955 cm diameter. If the base temperature of

the fin is maintained at 400°C, which fin will transfer more heat and which
fin has a greater effectiveness?

dfn = (thAc )1/2 -6, Ean = qiinThAO),

Given: k = 25 Wm?K; Kypp416 = 177 W/mK; T = 25°C

A thin conical pin fin is attached to a hot base plate at 7,. The cooling air
has temperature 7., and convection heat transfer coefficient 4. Analytically
determine the temperature profile in the pin fin. Also, determine the heat
flux through the pin fin base.

Determine the temperature distribution for the annulus fin geometry as
shown in Figure 2.9b. Assume that the fin tip is exposed to the same fluid
and convection heat transfer coefficient as the sides of the fin.
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2.17 Determine the temperature profile for the annulus fin geometry as shown in
Figure 2.9b. Assume that the fin tip is fixed at a given temperature between
the fin base and the convection fluid.

2.18 Determine the solutions shown in Equations (2.36) and (2.37).

2.19 Determine the solutions shown in Equations (2.38) and (2.39).

2.20 Determine the solutions shown in Equations (2.40) and (2.41).
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3 2-D Steady-State
Heat Conduction

3.1 METHOD OF SEPARATION OF VARIABLES:
GIVEN TEMPERATURE BC

Most often heat is conducted in two dimensions instead of one dimension, as dis-
cussed in Chapter 2. For example, we are interested in determining the temperature
distribution in a 2-D rectangular block with appropriate boundary conditions (BCs).
Once the temperature distribution is known, the associated heat transfer rate can be
determined. The following are the steady-state 2-D heat conduction equations with-
out heat generation and the typical BCs with given surface temperatures.

*T 9*T
ax*  dy? G
2’0  3°6
—+—=0, with@=T—-T, 3.2
ot T oy 0 (3.2)
BCs:
x=0,T=0orx=0,8=0homogeneous BC
x=a, T=0orx=a,d=0homogeneous BC
y=0,T=0o0ry=0,8=0homogeneous BC
y=b T=T,ory=>0,0=T,— T,=6;nonhomogeneous BC

Here, we define a homogeneous BC as T = 0, or 07/0x = 0, 0T/dy = 0; 8 = 0, or
00/ox =0, d6/dy = 0, that is, temperature or temperature gradient at a given boundary
surface (in the x- or y-direction) equals 0. In contrast, we define a nonhomogeneous
BCas T#0, 0T/ox # 0, 0T/dy # 0; or 8 # 0, 06/0x # 0, 06/0y # 0, that is, temperature
or temperature gradient at a given boundary surface (in the x- or y-direction) does
not equal 0.

Equations (3.1) and (3.2) can be solved by the method of separation of variables.
With this technique, we can separate the 2-D temperature distribution, 7(x, y), into
two independent temperature distributions, 7(x) and 7(y), respectively. The final 2-D
temperature distribution is the product of the separate 1-D temperature solutions, that
is, T(x, y) = T(x)- T(y). The following outlines the method of separation of variables
[1-4]. We need four BCs, two in the x-direction and two in the y-direction, to solve
the 2-D heat conduction problem. One important note is that, among four BCs, only
one nonhomogeneous BC is allowed in order to apply the separation of variables
method. For a given problem, we need to make sure that only one nonhomogeneous
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y
T T=T. Isofluxes

Isotherm

’ T, ¢-o,
b
Ty 0=T-T, To
0=0 0=0
X

T, ©6=0 a

FIGURE 3.1 2-D heat conduction with three homogeneous and one nonhomogeneous
boundary conditions.

BC exists either in the x- or in the y-direction. The principal of superposition will

be used for the problems having two, three, or four nonhomogeneous BCs. We will

begin with the simplest case, as shown in Figure 3.1, with given surface temperatures

as BCs. Then we will move to more complicated cases with surface heat flux and sur-

face convection BCs, as well as the problems requiring the principle of superposition.
Assume the form of the final solution, based on separation of variables.

T(x,y)=X(x)Y(y) 3.3)

Then take the partial derivatives

aT_,ox _dx
dx Jx dx
’T  _I*X _d’X

s =Y -5 =Y—=
Jx Jx dx

O _ v _ar
dy dy dy
T J’Y  _dY
ay* ay’ dy*
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Substitute the derivatives into the 2-D conduction Equation (3.1)

2 2

dx dy
e _1ay

X dx* Y dy?

Y =0

3.4

The equality can hold only if both sides are equal to a constant as each side of
Equation (3.4) is a function of an independent variable. The constant can be positive,
negative, or zero. However, the positive number of the constant is the only possibility
for the BCs in this case. The readers may note that zero and negative constants do not
satisfy the BCs. Therefore, we express Equation (3.4) as

X _1dY o,
X dx* Y ady

3.5)

Then we have
d*X/dx> + A*X = 0 = X = X(x), the equation for two homogeneous BCs,
d*Yldy* — 2*Y = 0 = Y = Y(y), the equation for one homogeneous BC,
X(x) = C, cos Ax + C, sin Ax, the solution for equation with two homogeneous BCs,
Y(y) = Cie™ + C,e™ or (Y(y) = C, sinh 1y + C, cosh 1y),
the solution for equation with one homogeneous BC.
Solve for C, and C, using the x-direction equation
atx=0,7=0,=> X=0,then C, =0,
atx=a,T=0,2X=0,thenC,sinha=0=>Aa=nn,n=0,1,2,3,... so,

Therefore,

X(x)= Czsin?

Solve for C; and C, using the y-direction equationaty =0,7=0,Y=0=C;+ C,
= C,=-Ci.

Y(y)= Cie ™™ — Cye™ = G4 (e'l”y - e’l”y)
With sink(x) = (e* — e™)/2, let C5 = C5/2, the above equation can be written as
Y (y)=Cssinh(L,y)
Then solve the product equation, and let C,C5 = C,.

T(X,Y) =X(x)- Y(y) =C,Cs sin%sinh% = zcnsin%sinh?



60 Analytical Heat Transfer

aty=0b, T=T,=X C, sin(nn/a)x sinh(nn/a)b.
Multiplying both sides by sin(mnx/a) dx, one obtains

. mnx . AMX . nNb . mnx
J.sm—-Tde: E J.C,,sm—smh—sm—dx
a a a a

C, can be determined by the integration over x,

J. T, sin(mnx/a)dx
C, =
J.sin(nnx/a)sinh(nnb/a)sin(mnx/a)dx
_ C,=0, ifm#n (3.6)
J-Tssin(nrtx/a)dx
C, = if m = n.

Isinz (nnx/a)sinh(nnb/a)dx

How does one perform integration? From the integration table, one obtains

1. jsinﬂdx=—icos@ =i(l—cos(nn))
a nm al, nn
0,n =even
a n
=2 1=-(-1)"]=
nn[ ( )] Z—a,nzodd
nm

or

a a

J'Sinzﬂdx=Jde=

a 1 a . 2nx
——— sin
a 2 2 22nm a

0
Therefore, one obtains

(2/mm)[1-(-1)" |1,
sinh(nnb/a)

Finally, the 2-D temperature distribution follows:
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O . ATX . nmy
T(x,y)= ) C,sin——sinh—— 37
(x,y) ; sin— = sinh— 3.7)
T(x.y)= 2(2/’1”)[1_(_1)’1]7; sin ™ sinh ™Y (3.8
Y= sinh(nnb/a) a a '

n=1

The second-order partial differential equations (PDEs) T(x,y) are split into two
second-order ordinary differential equations (ODEs) T(x) and T(y). The second-
order ODE with two homogeneous BCs is the so-called eigenvalue equation.
The solution of the eigenfunctions, sine and cosine, depend on the two homoge-
neous BCs. The eigenvalues, 4, can be determined by one of the two homogeneous
BCs (either both in the x-direction, or both in the y-direction). The solution of
the other second-order ODE is a decay curve of combining e(x) and e(—x) for an
infinite-length problem, or sin/(x) and cosh(x) for a finite-length problem. The only
nonhomogeneous BC will be used to solve the final unknown coefficient C,. The
integrated value C, can be determined by performing integration of sin, sin-square
or cos, cos-square, depending on the given BCs, by using the characteristics of the
orthogonal functions.

If we let @ = T — T,, follow the same procedure, the 2-D temperature distribution
becomes

0(x,y)=6(x)0(y)= ZCnsin%sinhnTny 3.9)

- sin——sinh
sinh(nmb/a) a a

(x.y) = i(zm)[l—(—l) ) 510

With the general solution shown in Equation (3.10), values can be assumed for 7,, 7,,
a, and b. For example, if T, = 20°C, T, = 100°C, and « = b = 100cm, T(x, y) and ¢"(x, y)
can be determined for n = 1 to 3. Using the given values, the two-dimensional tem-
perature and heat flux distribution can be plotted (isotherms and isofluxes) to gener-
ate distributions similar to Figure 3.1. The lines of constant heat flow (isofluxes) are
perpendicular to the isotherms. Using the temperature distribution obtained using
the separation of variables technique, the heat flow per area (heat flux) in both the

x- and y- directions can be calculated from Fourier’s Law.

00
7=kS
4 ox
00

”_ _k
qy (9))

While the temperature within the domain is a scalar, but the heat flux is a vector as
it is calculated from the temperature gradient. The magnitude of the heat flux at a
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specific location within the solid is a resultant of the gy and ¢, components and is
directed perpendicular to the isotherm.

0" =\(a?) +(a7)"

3.2 METHOD OF SEPARATION OF VARIABLES: GIVEN
HEAT FLUX AND CONVECTION BCs

3.2.1 GiveN Surrace Heat FLux BC

The following shows the similar principal of using the separation of variables method
to solve the 2-D heat conduction problems with one nonhomogeneous boundary
specified as a surface heat flux or a surface convection condition [2]. As with the
aforementioned procedure, we need to make 3 of 4 BCs homogeneous. For example,
in Figure 3.2, the three temperature BCs become homogeneous by setting 8 =T — T
and the only nonhomogeneous heat flux BC becomes ¢y = —k(89/ &y). The solution
will be the product of sine and cosine in the x-direction (two homogeneous BCs) with
sinh and cosh in the y-direction (one nonhomogeneous BC). As before, the nonho-
mogeneous heat flux BC will be used to solve the final unknown integrated value C,.

Yy, q = —kg—e = given

N s ly
iy
|~ Isotherm
T, H T,
—— Isoflux
6=0 0=0
T, 0=0 a “x
yA qs" = —kg—i = given
Ty
T T
0=T-T,
0-0 0=0
T, ©6=0 a x

FIGURE 3.2 2-D heat conduction with three homogeneous and one heat flux nonhomoge-
neous boundary conditions.
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Given a long rectangular bar with a constant heat flux along one edge, the other
edges are isothermal. In order to obtain homogeneous BCs on the three isothermal
edges, let @ = T — T,. Laplace’s equation, Equation (3.2), applies to this steady 2-D
conduction problem.

70,70 _,
P ay
BCs:
x=0, O<y<b: 6=0,
y=0, O<x<a: 6=0,
x=a, 0O<y<b: 6=0,
y=b, 0<x<a: g/= —kﬁ
dy

The solution is subject to the three homogeneous BCs with 6 replacing 7,

x y ZC sin "™ sinh Y

Applying the last nonhomogeneous BC, to solve for Cn,

06 qs nm nnb
yl‘ =bh— ZC (Sl 7)7 hT

—(q/rk) J‘asin(nrtx/a)dx
0

C, = n
(nrt/a)cosh(nnb/a)J sin® (nroe/a)dx
0

—(q§’/k)(a/nn)[1 —(-1)" ]

" (na)cosh(nmbla)((al2)]

~(q7k)(2/mm)[ 1= (-1)" ]

(nm/a)cosh(nnbla)

Therefore, we obtain

= 207 1-(-1)
T(xy)=T-) a1 -(-1) ] sin ™ ginh 7Y 3.11)

- kn*n*cosh(nnbla) a a
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From the solution of the temperature distribution across the 2-D plate with the upper
surface exposed to a constant heat flux, values can be used to plot the isotherms
and isofluxes through the plate. If we assume 7, = 20°C, g7 = 4000 W/mK, k = 20
W/mK, and a = b = 100cm, T{(x, y) and ¢”(x, y) can be calculated for n = 1 to 3. Using
the given values, the two-dimensional temperature and heat flux distribution can be
plotted similar to what is shown in Figure 3.2.

3.2.2 GiveN Surrace CoNvecTioN BC

A similar procedure can be applied for the only nonhomogeneous convection BC prob-
lem [2] shown in Figure 3.3. Again, the solution will be a product of sine and cosine
in the x-direction and sinh and cosh in the y-direction, and the nonhomogeneous
convection BC will be used to solve the final unknown, integrated value of Cn.

A long rectangular bar with one side cooled by convection and the others main-
tained at a constant temperature, 7;. Define 8 = T — T,. Laplace’s equation applies to
this steady 2-D conduction problem.

2’0  9°6
-2 + Y = 0
x> dy
which must be solved subject to BCs
I\
T, h h(0-0.) = k22
e ¥ 'p
b |_~Isotherm
T, T,
—— Isoflux
0=0 0=0
Tl 0=0 a ;
N
T, h h©-6) = -k
_— ¥ 1p
b
T 0=T-T, T
0=0 06=0
Tl 0=0 a ;

FIGURE 3.3 2-D heat conduction with one convective boundary condition.
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x=0, O<y<b: 6=0,
y=0, O<x<a: 6=0,
x=a, 0O<y<b: 6=0,
WT-T.)= k2T
dy
y=b, 0<x<a: h[(T—Tl)—(Tw—Tl)]=—k@
y
lz(@—em)——lcﬁ
dy

The solution is subject to the three homogeneous BCs with 6 replacing 7,

x y ZC sin " sinh 7Y

and at y = b, applying nonhomogeneous BCs to solve for Cn:

ZC e e hnﬂb=—{ZCnsmsmhme—0 ‘|
n=1

chsin@(ﬂ PRI h"”b) LY
- a a k k

(h/k)@wj sin(nmx/a)dx
C,= 0

((nrda)cosh (nnb/a)+ (h/k)sinh (nnb/a)) J‘asin2 (nmx/a)dx
0

B (h1k)®.. (a/nm)[1-(-1)" ]
* ((nn/a)cosh (nmb/ay+(k Ih)sinh(nmb/a))[(a/2)]

0. (2/mm)[1-(-1)"]

~ (sinh(unblay+(nn/a)(k/h)) cosh(nmbla)

Therefore, we obtain

T-T, i (2/nn)|:1 —(-1) ]sin(nnx/a)sinh(nny/a) a1

T.-T, sinh(nmb/a)+(nw/a)(k/h)cosh (nrb/a)
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As with the previous BCs, plots of the temperature and heat flow can be generated
by assuming numerical values. Taking 7, = 20°C, T, = 100°C, k =20 W/mK, h = 50
W/m?K, and a = b = 100cm, T{(x, y) and ¢"(x, y) can be calculated for n = 1 to 3 (or
any value of n). Figure 3.3 shows the sample distributions.

3.3 PRINCIPLE OF SUPERPOSITION FOR
NONHOMOGENEOUS BCs

In some applications, we may have all three types of surface BCs applied to a given
problem. For example, Figure 3.4 shows a 2-D heat conduction problem with a given
surface temperature,heat flux, and convection BCs. The problem involves three non-
homogeneous BCs after letting @ = T — T... We need to use the superposition prin-
ciple, splitting the problem with three nonhomogeneous BCs into three individual
problems [1]. For each of the problem, there is only one nonhomogeneous BC. Then
the method of separation of variables can be applied. It is important to note that both
the heat conduction equations and the associated BCs must satisfy the superposition
principle, respectively, that is, @ = 6, + 0, + 0, for both the heat conduction equa-
tion and four BCs. From the aforementioned discussion, we know how to obtain the
solution for #, (two homogeneous x-BCs and one nonhomogeneous at y = 0), 6, (two
homogeneous y-BCs and one nonhomogeneous at x = 0), and 6, (two homogeneous
y-BCs and one nonhomogeneous at x = b). Applying superposition, the final tem-
perature distributions is € = 0, + 0, + 6,. Examples 3.3 and 3.4 provide details for
the superposition method.

20
nT. ho = -k _y
20— Superposition
T 2 — T e V 6 = 0 e =
)| Vv’T=0 o = 6(y) 0-T_T. o 0-0,+0,+0,
q il
dy
09, 09, 00,
he, = -k — hO, = -k — hO; = -k —
9y dy 9y

p=0| V?6,=0 6, =016,=6,(y) v20,=0 92=0§93=0 V28;=0 |[65=6,

%, 0%,

q =k

® 4

&

FIGURE 3.4 Principle of superposition for two-dimensional heat conduction with four non-
homogeneous boundary conditions.
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3.3.1 2-D Hear ConpucTiON IN CYLINDRICAL COORDINATES

In general, heat conduction in the cylindrical coordinates, shown in Figure 3.5, is a
3D problem, i.e., T(r,z,q)). Cylindrical heat transfer can be simplified to a 2D prob-
lem if the temperature remains constant in one direction. More often, the circumfer-
ential temperature is assumed constant, so T(r,z) can be determined beginning with
Equation (3.13). Alternatively, if the temperature does not vary in the z-direction,
the 2D temperature distribution, T(r,¢), can be determined using the separation of
variables technique beginning with Equation (3.14).

2
1‘9( &T)+(9T=O=>T=R(r)Z(z) (3.13)
ror

rﬁ d7*

?T 10T 19°T
2

e
r r or
ar’ d

2o 0=T=R(r)O(¢) (3.14)

Case 1: Consider a short cylinder with an outer radius 7, and a height /. The bottom
and outer surfaces of the cylinder are maintained at 7; while the top surface tempera-
ture is 7,. From Equation (3.13),

2
1&( aT)+aT_0

ror"or ) 92
BCs,
T(r,0)=T
T(r,0)
z z
Y
| ]
- T(r,z,0) | T(rz2)
5 7 r

o

FIGURE 3.5 2-D heat conduction in cylindrical coordinates.
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T(r,[)=T,
T(r,.z)=T

97(0,2) _ 0

r

T(0,z) = finite value, or
Let@=T-T,, 6=06(rz)

From the above equation and BCs,

15(,0), 70,
ror\ or 070

0(r,0)=T,-T; =0
G(E;,Z):Tl_Tl :O
e(r,l):Tz_Tl = 92

26(0,z)
or

0(0,z) = finite value, or =0

From the separation of variables method, assume a product solution,

0(r,z)=R(r) Z(z)

Take the partial derivatives and substitute the derivatives into the governing PDE,

2 2
IR 1,08 (&7

Z
ar* r dr dz*

=0

Rearrange the above equation and group the like terms,

1(d*R 1d4rR\ 1d’z .,
- —mt—— =5 =4
R\ dr rdr Z dz

The r- and z-directions should be separated,

2
d I;+ld—R+/12R=0
dr rdr
2
d ?—/122=0
dz

With focus on the r-direction equation, it can be rearranged to become,
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rd(rdR)+ A*r’R=0
dr

r

This is a Bessel differential equation as shown in Equation (2.48) and the solution
shown in Equation (2.49), with x =r, m = A,v =0. The solution is

R=a,J,(Ar)+aY,(Ar)

at r =0, from Figure 2.10, ¥, (0)=—oco, but R,(0)=6(0) = finite temperature value,
thus a, =0, therefore,

R=a,l, (lr)
atr=r,,0(r,)=0, R(r,) =0, therefore,
Jo(Ar,)=0
This is an infinity of roots, as shown in Figure 2.10,
Antosn=1,2,3,.... 00

These roots have the orthogonality property,

Jr],,(/l,,r) J,(Aur)dr=0 form#n.

0

Consider the z-direction equation, A = 4,

d*z

dzt

A*Z=0

From Equation (2.63) with & = Z, x =z, m = A, the solution is
Z = Cie™ + Cre™"

atz=0, Z(0)=6(0)=0, C,+C, =0, C, = —C,
Z=C (el"z — e"l"z)

Therefore, the product solution is
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70

6(r,z)=R(r)-Z(z)

= iCn (e’l"Z - e_’l“z) -J, (/lnr)

n=1

= ZC,IZSinh(l,,Z) . Ja ()’nr)
n=1

atz=1,0(r,l)= 6,, therefore,

6,= ) C,2sinh (A1) J,(2.r)

n=1
From orthogonality of the Bessel functions,
sz v, (l,,r)dr
C,= 0

25inh(/1nl)'|.rnrJf(ﬂ.,,r)dr
0

n’

From Appendix A.3 the Bessel functions can be re-written to solve for C

To

Jr]o (/lnr)dr = ;:—0]1 (ﬂt,lr,,)

n

0

To
0

o 2
jﬂg(znr)dr =L )+ ()
0

2

=1 (har)

C,= 0.
", sinh(ﬂ,,,l)Jl(l,,ro)

Finally, the temperature distribution is

= 20, sinh(/l,,z)]o(/l,,r)
O(r,z)= -~ 7N 7/
(r.2) - Tyl sinh(),,,l)Jl(/'Lnn,)

- 2(T, — 1) sinh(4,2)J, (A7)
T =T
(ra)=ti+ ), rde sinh(A,0) 0 (A, )

n=1
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Assuming 7, =10cm, /=20 cm, T} =20°C, T, =100°C, n=1, 2, and3, numerical
values for the local temperature and heat flux can be determined to provide isotherms
and isofluxes within the cylinder.

Case 2: Consider the short cylinder from case 1 above. The top surface is now
exposed to a constant heat flux, ¢; . In this case, T, or 8, is unknown, it can be deter-
mined using the heat flux BC,

dT(r,l)
LD
2z
or
20(r,1)
r= -k
1 0z

From case 1, 0(r,z),

@ _d0(r.l) _ N\
=TT ;C,, 2A, cosh(A,1) - J, (A.r)

4 f "1, (Aur)dr
C =Ko

22, cosh(lnl)JrnrJoz (Aur)dr
0

C, can be solved using the same procedure shown in case 1, and the temperature
distribution, 8(r,z), can be determined.

Again, numerical values can be assumed and used to generate 2D plots of the
temperature and heat flow through the short cylinder.

Case 3: Reconsider the short cylinder from case 1. Now the top surface is exposed
to a convection fluid at temperature 7., with a convection heat transfer coefficient, &.
In this case 3, T», or 0,, is unknown, and it can be determined from the convection
BC,

_k%;’l) = h[Tm - T(r,l)] = h[(T,, -T)-T(r,0)+ T]]
—k%?l) = h[6.. - 6(r.1)]
with
0.=T1.-T

and
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o(r,)=T(r,)-T,

From case 1, 0(r,z),

k) C, 2, cosh(2,)-J, (Zr)

n=1

= hli@w =Y ¢, 2sinh(A4,0)- ], (l,,r)]

n=1

.. J. rorJU (/”tnr)dr
0

C,= ,o
[Zsinh(lnl)—%zl,, cosh(lnl)] [z auryar

0

C, can be solved using the same procedure shown in case 1. Thus, the tempera-
ture distribution 6(r,z) can be determined. If 7, =10cm, [ =20cm, T; = 20°C,
T.. = 100°C, h=50 W/m’K, k=20 W/mK, n =1, 2, and 3, determine T(r,z). From
the temperature solution, isotherms and the corresponding isofluxes can be graphi-
cally shown.

3.4 PRINCIPLE OF SUPERPOSITION FOR
MULTIDIMENSIONAL HEAT CONDUCTION AND
FOR NONHOMOGENEOUS EQUATIONS

3.4.1 3-D Hear CoNDUCTION PROBLEM

Sometimes we need to solve 3-D heat conduction problems in Cartesian (rectangular)
coordinates as shown in Figure 3.6. Basically, we first convert the 3-D into the 2-D
heat conduction problem and then solve the 2-D problem by using the separation of
variables method discussed previously. The following is a brief outline on how to
solve this type of problem.

The steady-state 3-D heat conduction equation without heat generation is

1
1
1
P
0 To-] ol T, Ty
1

X TZ

FIGURE 3.6 3-D heat conduction in Cartesian coordinates.
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T I*T 0°T
ox oy T oz
y Z

0 (3.15)

Let0=T-T,.
The above governing equation and the associated BCs become

20 20 20

—+t—5+—5=0
ax*  dy? 97’

0,0 =0, or 00/0x = 0; x = a, 8 = 0, two homogeneous BCs,
0,0 =0, or 00/0y = 0;y = b, 8 = 0, two homogeneous BCs,
0,0 =20, z=c, 0=0, one nonhomogeneous BC.

N =
Il

El

Let 6 = X(x)Y(y)Z(z). Substitute the derivatives into the above 3-D heat conduction
equation and obtain

2 2 2
v Tz G.16)

This implies
2
2§+ﬂX:0
X
1d%Y 1dz G
_ = —— _ /'LZ 2
Y &y Z d7?
The last equation can be further written as
2
cj{ f +u’Y =0
#zy (3.18)
2 2 _
= —(l + U )Z—O

Therefore, we need to solve two eigenvalue equations. The x-direction solution will
be sine and cosine, the y-direction solution is sine and cosine, and the z-direction
solution is sinh and cosh. The only nonhomogeneous BC in the z-direction will be
used to determine the final unknown integrated value C,.

From the previous discussion, the solutions for X, ¥, and Z follow:

X =¢ cosAx +c,sin Ax
Y=cscosuy+cysinyy

AT L
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3.4.2 NONHOMOGENEOUS HEAT CONDUCTION PROBLEM

The problem of the steady-state 2-D heat conduction with uniform heat generation
can be divided into two problems shown below, 0(x, y) = y(x, y) + ¢(x). We already
know how to solve these two problems.

2’0 96

q
AT AT
8x2+8y2 k
) ) (3.19)
'y 'y
8x2+8y2:0
9,4 _ (3.20)
ox>  k )

where
v=X(x)Y(y)= (q COSAx + ¢ 8in ﬂ,x) . (C36_M + c4e’1y)

Equation (3.20) can be solved using the procedure shown in Section 2.2 of Chapter 2.

Examples

3.1 A 2-D rectangular plate is subjected to the following thermal BCs:

0, O<y<b: T=T,
a, O<y<b: T=T,
b

= R R
Il

O<x<a: T=cx

s

a. Derive an expression for the steady-state temperature distribution T(x, y).
b. Sketch the isotherms and isofluxes.

Solution
a.
2’6 J*6
=0 3.21
dx? - ay* | )
Let 0 (x, y) = X (x)-Y (y);
1PX_ Y _,»
2 2
X ‘9x2 Iy (3.22)
X -A’X=0
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2*Y
ay*

+AY =0 (3.23)

X =C, cos(Ax)+ C, sin(Ax)
Y =Cye ™ +Cye™ (3.24)
0= [Cl cos(Ax)+C, sin().x)] [Cﬁf“ + C;;e“]

BCs:

i. x=0:0=0

i. x=a:0=0

ii. y=0:0=0

iv. y=b0=cx-T,

Applying BC (i) to Equation (3.24), C, =0
Applying BC (ii) to Equation (3.24), C, sinh (\a) = 0, A, = nn/a.
Applying BC (iii) to Equation (3.24), C; = —C,.

= . 1 ﬂ ny _ =My
G(x,y) C, C4s1n( B )(e e )

- (3.25)
. [ nnx ) . nmy
0(x,y)= ) C, —— |sinh| —
(.X y) ; sm( a )Sll’l ( P )
Applying BC (iv) and using orthogonal functions to evaluate C,,
J- (cx =Ty )sin(nnx/a)dx
Cp=— (3.26)

sinh(nnb/a)J sin® (nmx/a) dx
0

a 2 a
J-(cx—TO)sin M ax=c|| % | sin[ T |- & cos| T
a nmn a ) nn a
0 0
To-a nmx \*
+——cos| — | .
nmn a Jo

2

J-(cx - To)sin(@)dx = (—cos(nm)) + To-a (cos(nm)—1)
) a nn

nmn

j(cx - To)sin(%)dx i(—l)"+1 + M[(—1)” ~1]

nmn nm

J-(cx - To)sin(@)dx = i(_1)" (—ca+Ty)— Iy-a
) a nn nm
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j. Q(nnx) x 1 . (Znnx) “
sin“| — |dx =| ————sin
d a 2 4nn a b

_2(=1)""(ca=Ty)-2T,
nnsinh ((nmb/a))

2N (_1)H+I(CQ_TO)_TO . (nrr_x) . (mty)
0(x,y)=— — |sinh| —
(x.3) n ; nsinh(nnb/a) B U e
b. See the sketch in Figure 3.7.

3.2 A long rectangular bar 0 < x < a, 0 <y < b, shown in Figure 3.8, is heated at
x = 0 with a uniform heat flux and is insulated at x = a and y = 0. The side aty = b
loses heat by convection to a fluid at temperature T..

a. Determine the temperature distribution T (x, y).
b. Sketch the isotherms and isofluxes.

cx

/

N\
Isotherms 0 Isofluxes

FIGURE 3.7 Sketch for the isotherms and isofluxes.

, h(T—Tw):—k?;—Z: ,

.l
b h’Tm ) dy

0=T-T.
—> T —>| 90
7, —| il g=-k B s
s ox
—> —>
0 T _ a x 0 20 _ a x
5= 5 =0

FIGURE 3.8 A long rectangular bar with heat flux as one nonhomogeneous bound-
ary condition.
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Solution

2’0 3’6

Let 8 (x, y) =X (x)-Y (y):
LI*X _ Y _ .,
X ox* 2y’

*X
ox?

(3.28)
-1’X=0

’Y
ay*

+AY =0 3.29)

X = C; sinh (Ax)+C, cosh (Ax)
Y=Cjsin(1y)+C, cos(Ay) (3.30)

0 =[ C; sinh (Ax)+C; cosh(Ax) |[ Cs sin(Ay) +Cy cos(1y) |

BCs:
i. x=0:q,=—k(06/0x)
ii. x=a:00/0x=0
iii. y=0:00/0y =0
iv. y=b:h0=—k(00/dy)

Applying BC (iii) into Equation (3.30), C; = 0.
Applying BC (ii) into Equation (3.30), C,A cosh (Aa) + C,4 sinh (1a) =0,
C, = —C, coth (1a).
6 = C, [ sinh (Lx) — coth(a)cosh(Ax) |cos (1) (3.31)
Applying BC (iv) into Equation (3.31),
hC, [sinh(/'tx) - coth(/”ta)cosh(/lx)] cos(/'tb)
=+kAC, [sinh(Ax) — coth(Aa)cosh(Ax)]sin(Ab)

Man(&b):% (3.32)

6= ZC,, [sinh(?»,,x) - coth(k,,a)cosh(k,,x)] cos(k,, y)

n=1

where 4, tan(4,b) = (h/k).
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Applying BC (i) into Equation (3.26),

qs = —kZC,, {[/ln cosh(A,x) — coth(A,a)A, sinh(/l,,x)]cos(ﬂ,,ly)}x:0

n=1
b

oo b
q, = —kZ‘C,,Z.,I cos(A,y)— kq)in Jcos(l,,y)dy= C, cos’(A,y)dy
n= 0 0

. b
8 Ln(ay)i=c, [;;A‘H(M)(W]

k2 A 44, )
2g, sin(4,b)
C, =
kA, (sin(/l,,b)cos(/l,,b)+ b/ln)
0 N 2q, sin(A,b)

B & k2, (sin(A,b)cos(A,b)+bA,)

X [— sinh (/'L,,x) + coth (lna)cosh (lnx)]cos (/”tny)

From the general solution above, one may assume numerical values to determine
q(x, y). For example, if a = b = 100cm, k = 20 W/mK, h = 50 W/m?K, T, = 20°C,
g, = 5000W/m?, use n = 1 to 3 and plot the isotherms and sketch the correspond-
ing isofluxes.

3.3 A thin rectangular plate, 0 < x < a, 0 < y < b, as shown in Figure 3.9, with
negligible heat loss from its sides, has the following BCs: x =0, 0 <y <b: T=T,
x=a,0<y<b:T=T, y=0,0<x<a:q’=0 (insulated) y=b, 0 < x<a: T=T,.

a. Determine the steady-state temperature distribution.
b. Sketch the isotherms and isofluxes.

Solution
a.
T T
>+——5=0
dJdx” dy
Let@ =T — T, then
YA T-T,
b
T=T, T=T,
X
0 >
a
=0

FIGURE 3.9 A thin rectangular plate with one homogeneous boundary condition.
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2’6 . 2’0 o
ox* 9y

Letd=0,+0,,

%6, %6,
=0
x> - 2y’
¥@+¥@
ax*  9y?

=0

6, = [Cl cos(lx) +C, sin(/lx):“:C_g cosh(ly)+ Cy sinh(ly)]

x:0, 0|:0, ﬁCIZO
x=a, 0,=0, =S ha=nm, A\, =(E) n=1,273,...
a
y=0, %=O; =C,=0
dy

6, = ZC,,cosh(X,,y) sin(k,,x)

n=1

0,(x,p)=(;-T) = zcnlcosh(naib)sin(%)
n=1

a

(- TI)J sin((nmx/a))dx

0

Cu= a
cosh((nnb/a)) J. 0sin2 ((nmx/a))dx
_(B-T)a-(1-cosmynn) _ 2(T3—T;) [1-(-1)]
(a/2)cosh((nnbla)) nn cosh((nnbla))
_x2m-n) [EU] oy (e
91_2 nn  cosh((nnbla)) COSh( a )sm( a )

Solution for 6,
6, =[Cy cosh(Ax) + C, sinh(Ax)][ C5 cos(Ay) + Cy sin(1y)]
20/dy=0; =Cy=0

0,=0; = A, =(n+1/2)n/b
0, 6,=0; = C =0

=0,
=b

s

= = =
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0,= zcnzsinh(h,,x)cos(lny)

Todd

6:(a,y)=(T:~Ti)= Y Cyosinh(R,a)cos(1,y)

Nodd

(-1, )JZCOS((nﬂy/2b))dy

b

sinh((nna/2b)) J cos”(A,y)dy

0

Cn2 =

_ AT, - T))sin((nm/2))
~ nnsinh((nna/2b))

where sin((nw/2)) = (=1)"-"2 for n odd

> _ _\n-12
0, zzwsﬁlh(@)m(@)
~ nusinh((nna/2b)) 2b 2b

Finally,

T(x,y)=T + 2(13 _Tl)i [1_(_1)n ]) Cosh(%[y)sin(ﬂ)

nn cosh(nnbla a

n=1

_ = D2
+4(T2 Tl)z - 1) sinh(@)cos(@)
nm smh((nna/Zb)) 2b 2b

Nodd

3.4 A long rectangular rod 0 < x < a, 0 < y < b, as shown in Figure 3.10, has the
following thermal BCs:

x=0, 0<y<b:T=T,
x=a, O0<y<b:T=T,+Tsin(ny/b)
y=0, O<x<a:T=T
y=b, O0<x<a:T=T,+Tsin(nx/a)
VoA
T =T,y + T, sin(nx/a)
b
&
" T=T,+ T, sin(ny/b)
&~
> x
0 T=T, a

FIGURE 3.10 A long rectangular rod with two nonhomogeneous boundary conditions.
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a. Determine the steady-state temperature distribution.
b. Sketch the isotherms and isofluxes.

Solution

a. Letd=T—T,, then

2’6 2°6
7t 52=0

x> dy
x=0; 6=0
x=a, 0= Tlsin((ny/b))
y=0; 6=0,
y=b; 0= Tﬁin(E)

a

Let 0 = 0, + 0, with 6, and 0, satisfying the following BCs at
.x:O, 9] =0, 02 =0
x=a, 6,=0, Ozzﬂsin(%)
y=0, 0] =O, 92 =0

y=b, 6, :Tzsin(ﬂ) 6,=0
a

Solutions for €, and @, are obtained as

. (nnx\ . (nmy
0, = C,; sin| — [-sinh| —
=X )"
. (nx . (nm
0, = Zan sm(T)-smh(Ty)
and T=T,+6
T= To + 91 + 02
3.5 An infinitely long rod of square cross section (L x L) floats in a fluid. The heat
transfer coefficient between the rod and the fluid is relatively large compared with
that between the rod and the ambient air, i.e., iy >>h or h; = . Determine the

steady-state temperature distribution in the rod with the associated BCs.

a. Use the analytical approach.
b. Sketch the isotherms and isoflux in the rod, if Ty <T.. and h = a constant
value.
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Solution

a. Assume a long rod with a square cross-section floating as a diamond-
shape and treat its lower-edge pointas x=0, y=0.
let6=T-T.,,

BCs: y=0,0=0,

=% -_"g
dy k
x=0,0=0,
20 h

-, % _-_"p
* ox k

Using the superposition principle:
Let@= 9] + 02
BCs for6;: y=0,0,=0

L,
dy k
x=0,6,=6,
20, h

Sy B

* ox ko

Separation of variables:
9] =XY

X =C;sinhA,x + C, cosh A,x

Y =C;sind,y+Cycos A,y
at y=0,C4 =0

aty=L, A,Cscos A, L= —%C; sinA, L

hL
cotA,L=—— !
k AL

atx=1L,

CiA, cosh A,L+C,A, sinh A, L = —%(Cl sinh A, L + C, cosh /”t,,L)
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o ),nsinh/”tnL+%cosh/lnL__ A
"G ==C, A =—C,
A, cosh A, L + 4smhﬂ.ﬂL B

-0 = ZC,, sin ),,ly(cosh Apx — %)

atx=0,6, =6;,solve for C,,

L

0, Isin Anydy

L
C, = I ~%[1—(—1)”]
2

(1 - ’%3)j‘sin2 A, ydy (1 - %)

0

Where (A/B) should be replaced with (A/B) sinh 0 = 0 in the above C, equation.
Let x=y, y = x, solve for 6,
Then 6 = 91 + 92

b.If L = 50cm, T, =20°C, T.=100°C, h=50w/m’K, k = 20 W/mK,
n=1, 2,and 3, determine T(x,y), plot isotherms, and sketch isofluxes.

REMARKS

In this chapter, we have introduced a very powerful mathematical tool, the method of
separation of variables, to solve typical 2-D heat conduction problems with various
thermal BCs. In the undergraduate-level heat transfer, we normally employ the finite-
difference energy balance method to solve the 2-D heat conduction problems with
various thermal BCs. The finite-difference numerical methods and solutions will
be discussed in Chapter 5. Here we are more focused on the analytical methods and
solutions for various 2-D heat conduction problems. In general, all kinds of 2-D heat
conduction problems with various BCs can be solved analytically by using superpo-
sition of separation of variables.

The most important thing for applying separation of variables is that you have to
set up your problem with only one nonhomogeneous BC. If you have more than one
nonhomogeneous BC, you have to employ the superposition principle and divide
into two or three subproblems in order to use separation of variables. The problems
become more complicated if you work with 3-D heat conduction including heat gen-
eration and complex BCs, but they are still solvable. However, if you are interested in
solving for the 2-D and 3-D cylindrical coordinate systems and for the 2-D and 3-D
spherical coordinate systems with complex BCs, they are beyond the intermediate-
level heat transfer, you need to look at the advanced heat conduction textbook for
solutions.

Another popular method is using the finite-difference method to be discussed
in Chapter 5. It is particularly true when you deal with complicated BCs, such as
convection. In real-life engineering applications, the convection heat transfer coef-
ficients normally are varied along the solid surface. This will introduce additional
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complexity for the separation of variables because we normally assume the uniform
convection BCs to simplify the problem. This will not cause any additional com-
plexities when using the finite-difference numerical method.

PROBLEMS

3.1 Along rectangular bar 0 < x < a,0 <y < b, and a, b << L, the bar length,
is heated at y = 0 and y = b, respectively, to a uniform temperature 7, and
is insulated at x = 0. The side of x = a loses heat by convection to a fluid at
temperature 7., with a convection coefficient /.

a. Write down, step by step, a solution method and associated BCs, which
can be used to determine the steady-state temperature distributions.
b. Sketch the heat flows and the isothermal profiles in the rectangular bar.

3.2 An infinitely long rod of square cross section (L X L) floats in a fluid. The
heat transfer coefficient between the rod and the fluid is relatively large
compared to that between the rod and the ambient air, that is, hf >> h or
h¢= co. Determine the steady-state temperature distributions in the rod with
the associated BCs.

a. Use the analytical approach.
b. Sketch the isotherms and isoflux in the rod, if 7; < T,, and & = a constant
value.

3.3 A long fin of rectangular cross section (2L X L) with a thermal conductiv-
ity, k, is subjected to the following BCs: the left side is kept at 7,, the right
side is perfectly insulated, the upper side is exposed to a constant flux, and
the lower side is exposed to a convection air flow. ¢” = constant; steam 7,
h = oo; air h = constant, 7.

a. Determine the temperature distribution in the fin.
b. Approximately plot the temperature and heat flow profiles in the fin,
if 7,>T.,.

3.4 Refer to Figure 3.1 and determine the temperature distributions for 2-D heat
conduction with the following BCs:

(1) x=0,T=T, ) x=0,T=T,
x=a T=T, x=aT=T,
y=0,T=T, y=0,T=T,
y=bT=T, y=bT=T,

3) x=0,T=T, “4) x=0,T=T,
x=a T=T, x=aT=T,
y=0,T=T, y=0,T=T,
y=bT=T, y=bT=T,

3.5 Refer to Figure 3.2 and determine the temperature distributions for 2-D heat
conduction with the following BCs:
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(€]

3

x=0,T=T,
x=a T=T,
y=0,T=T,
y=b,q/=-k(JT/dy)
x=0,T=T,
x=a,q!= —k(aT/ax)
y=0,T=T,
y=bT=T,

(@)

“

x=0,T=T,
x=aT=T,
y=0, q§’=—k(8T/¢9y)
y=bT=T,
x=0,q/=—k(dT/9x)
x=aT=T,
y=0,T=T,
y=bT=T,

3.6  Refer to Figure 3.3 and determine the temperature distributions for 2-D heat

3.7

3.8

conduction with the following BCs:

(€Y

3

x=0,T=T,
x=a T=T,
y=0,T=T,
y =b, —k(T/0y) = h(T - T.)
x=0,T=T,
x =a, —k(0T/ox) =h(T - T.)

y=0,T=T,
y=bT=T,

(@)

)

0, T=T,
a T=T,
=0, —k(0T/dy) = (T —-T,)
b, T=T,
0, —k(0T/ox) = (T - T.)
a T=T,

y=0,T=T,
y=bT=T,

Use the principle of superposition to determine the temperature distribu-
tion for 2-D heat conduction with four nonhomogeneous BCs shown in
Figure 3.4.
Refer to Figure 3.6 and determine the temperature distributions for 3-D heat

conduction with the following BCs:

(D x=0,T=T,
x=aT=T,
y=0,T=T,
y=bT=T,
z=0,T=T,
z=¢,T=T,

(@)

x=0,T=T,
x=aT=T,
y=0,T=T,
y=bT=T,
z=0,T=T,
z=¢T=T,

3.9 Refer to Equation (3.19) and determine the temperature distributions for
2-D heat conduction with uniform heat generation with the following BCs:

85
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(1) x =0, —k(0T/ox) =0 (2) x=0,T=T,
x =a, —k(dT/ox) = KT —-T.) x=aT=T,
y=0,T=T, y =0, —k(dT/0y) =0
y=bT=T, y =b, —k(dT/dy) = (T —T.,)

3.10 Obtain an expression for the steady-state temperature distribution 7(x, y) in a
long square bar of side a. The bar has its two sides and bottom maintained at
temperature 7;, while the top side is losing heat by convection. Consider the
surrounding temperature to be 7., the heat transfer coefficient at the top wall
be denoted by /4, and let the thermal conductivity of the bar be equal to k.

a. Sketch the domain and write the governing equation and BCs for this
problem.

b. Define the temperature 6(x, y) = T(x, y) — 7, and find a series solution
using separation of variables.

c. Using the BCs write the expression for the coefficients used in the series
solution for #(x, y), and write an expression.

d. Write an expression for (T(x, y) — T)/(T., — T)).

3.11 You are given a very long and wide fin with a height of 2L.. The base of the
fin is maintained at a uniform temperature of 7). The top and bottom sur-
faces of the fin are exposed to a fluid whose temperature is 7., (7., < 7,). The
convective heat transfer coefficient between the fin surfaces and the fluid
is h.

a. Sketch the steady 2-D temperature distribution in the fin.

b. If you were to determine the steady 2-D temperature distribution in the
fin using a finite-difference numerical method, you would solve a set
of algebraic nodal equations simultaneously for the temperatures at a
2-D array of nodes. Derive the equation for a typical node on one of the
surfaces of the fin. Please do not simplify the equation.

c. Using the method of separation of variables, derive an expression for
the steady local temperature in the fin, in terms of the thermal conduc-
tivity of the fin, &, the convective heat transfer coefficient, 4, the half-
height of the fin, L, and the base and fluid temperatures, 7, and 7.,

3.12 A long rectangular rubber pad of width @ = W and height b = 2W is a com-
ponent of a spacecraft structure. Its sides and bottom are bonded to a metal
channel at constant temperature 7;,, and the temperature distribution along
the top of the pad can be approximated as a simple sine curve 7= T, + T,,
sin(mx/W).

a. Write the differential equation and BCs needed to solve for the tempera-
ture distribution in the pad.

b. Find the solution for the temperature distribution from the differential
equation and BCs.

3.13 A long rod with a right triangular cross section has the horizontal length
“a” at temperature 7,, the vertical length “b” at temperature 7,, and the
inclined length perfectly insulated. Obtain an expression for the steady-state
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3.14

3.15

temperature distribution 7(x, y) in the long rod of triangular cross section

as stated. Assume that the thermal conductivity of the material of the rod is

constant.

A long rectangular bar 0 <x < a,0 <y < b, and a, b << L, the bar length,

is heated at y = 0 and y = b, respectively, to a uniform temperature 7, and

is insulated at x = 0. The side of x = a loses heat by convection to a fluid at
temperature 7., with a convection coefficient of /...

a. Write down, step by step, a solution method and the associated BCs,
which can be used to determine the bar steady-state temperature distri-
butions. You do not need to obtain the final solution of the steady-state
temperature distributions.

b. Sketch the heat flows and the isothermal profiles in the rectangular bar.

Given a very long and wide fin with a height of 2H. The base of the fin is

maintained at a uniform temperature of 7,. The top and bottom surfaces of

the fin are exposed to a fluid whose temperature is 7., (7, < T},). The convec-

tive heat transfer coefficient between the fin surfaces and the fluid is 4.

a. Derive an expression for the steady 2-D local temperature in the fin,
in terms of the thermal conductivity of the fin, k, the convective heat
transfer coefficient, A, the half-height of the fin, H, and the base and
fluid temperature, 7, and T...

b. Sketch the steady 2-D temperature and heat flux distribution in the fin.

Note that

J.l:cos2 (ax)]dx = ia[Zax +sin(2ax)] and
0

J[cos(ax) -cos(bx) ]:O whena # b.
0
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Transient Heat
Conduction

The temperature in a solid material changes with location as well as with time, and
this is the so-called transient heat conduction problem. We may have 1-D, 2-D, or
3-D transient heat conduction depending on the specific application. However, some
problems can be modeled as zero-dimensional (0-D) because the temperature in a
solid material uniformly changes only with time and does not depend on location.
This is a special case for transient heat conduction. The finite-length solid material
of 1-D, 2-D, or 3-D transient problems can be solved by the separation of variables
method, and the 0-D transient problem can be solved by the lumped capacitance
method. Figure 4.1 shows typical finite-length solid materials for the 1-D transient
problem for the slab (or the plane wall), cylinder, and sphere. The semiinfinite solid
material of the 1-D transient problem can be solved by the similarity method, the
Laplace transform method, or the approximate integral method.
The unsteady 3-D heat conduction equation with heat generation is

T T T ¢ _10T

= 4.1
o’ ay’ " 7° @D

k oot
The simplified case of the unsteady 1-D heat conduction equation without heat gen-
eration becomes

FT_107
ox> o ot

@.2)

(@) o (b) (©

C =
rO

\

L 2L >

%:fn(Bi,Fo,ﬁj; i:fn[B-,F,LJ; i=fn{3i,Fo,L]
o L 8, vy 0, r
Thick slab Cylinder Sphere

FIGURE 4.1 1-D transient heat conduction and the characteristic length.
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FIGURE 4.2 1-D transient problems for a slab or a plane wall.

We need both the initial and two BCs in order to solve the temperature depending on
(«, 7) as sketched in Figure 4.2. The solution from the separation of variables method is

T =T(x,t)

Initial condition:
t=0, T(x,0)=T,

BCs:

x=0, d—T=O
dx

x=L, T(Lt)=T, or —k@%ﬁﬁzﬂﬂgﬂ—n]
X

4.1 METHOD OF LUMPED CAPACITANCE FOR 0-D PROBLEMS

In real applications, transient heat conduction in a solid material can be modeled
as a 0-D problem. The important assumption is that the entire material tempera-
ture changes only with time. If that is the case, those solid geometries shown in
Figure 4.1 can be solved by the following lumped capacitance method. Note that the
lumped method can be applied to any irregular geometry as long as the assumption
of the temperature of the entire volume uniformly changing with time is valid dur-
ing the transient. Therefore, we do not need to solve the 1-D, 2-D, or 3-D transient
conduction equations.

Consider the energy balance on the solid material during the cooling (or heating)
process as shown in Figure 4.3:

d(pVCT)

o =hA(T-T) 4.3)
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Letd =T — T, then

ved9 - —hAg0
dt
de _ hAg
dt pvC
tdo hA
J— =|-—"a
0 pvC
0
2] hAg
In—=-
0; pvC

t

6, T-T.

0 T-T. _ e—(hAS/pVC)

e—(hL(./k)z(m/L%) _ Bk

= f(Bi,Fo) @.4)

where Bi = (hL./k),Fo = (at/L% ),LC =(V/A,) = (volume/surface area).
The above temperature decay solution is plotted in Figure 4.3. Therefore, the solid
temperature can be predicted with time for a given material with a certain geometry

(a) T

-L : L
0-D Transient problem—lumped 1
capacitance method Thermal time constant

()

[

ol

0.368 === AR

‘Cl Tz ‘CB t

The solution of 0-D heat conduction

FIGURE 4.3 Method of lumped capacitance.
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under the cooling or heating condition. The object with a smaller thermal time con-
stant (t, = (pVc/hA))) can quickly reach the environment temperature.

The question remains, “under what condition can the lumped capacitance solution
be used?” The answer is that the Biot (Bi) number must be less than 0.1. Therefore,
to use the 0-D solution, the condition Bi = (hL/k) <0.1 must be satisfied. The Biot
number is defined as the ratio of surface convection (h, the convection heat transfer
coefficient from the solid surface; L., the characteristic length of the solid material)
to solid conduction (k, the thermal conductivity of the solid material). The smaller
Bi number implies a small-sized object with a high-conductivity is exposed to a
low convection cooling or heating fluid. For the case of a smaller Bi, the tempera-
ture inside the solid material changes uniformly (independent of location) with the
environmental cooling or heating during the transient. Of course, Bi = 0.1 implies
that we may have 10% error by using the lumped solution. The smaller Bi is better
for using the lumped solution. Another point is that the solution can be applied to
any geometry if the condition of Bi<0.1 is valid. For a given solid geometry, the
characteristic length is L, = (volume/surface area) = (V/A,). For example, as shown
in Figure 4.1, the characteristic length L.= L is for a 2L-thick slab (plane wall),

1 . 1 . .
L.= > R, forthecylinder, and L. = 3 R, for the spherical coordinates.

4.1.1 RabpIATION EFFeCT

”

If we also consider radiation flux g/ and internal heat generation, ¢, the energy
balance Equation (4.3) can be rewritten as

d(pVCT)

=AM =T+ gV + Ag

where g7 = radiation gain from solar flux = constant, or g, = radiation loss =
EO'(T4 - Tsﬁr);q' =heat generation = I’R due to electric current and resistance
heating = constant.

If we consider g/ = constant and ¢ = constant, the solution of the above equation
can be obtained from Equation (4.4) by setting

(]

However, if we consider ¢ =0, but g/’ = —£G(T4 . ), the energy balance equation
can be rewritten as

d(pVCT)

" :—hAS(T—Tm)—EO'AS(T4 —Tsﬁr)

If we let T, = Ty, h, = €O (T2 + T2 )(T +T..), the above equation can be written as
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d(T—Tw)+(h+h,)Aa, (T-T.)=0
dt pvC

The solution of the above equation can be obtained by numerical integration.

4.2 METHOD OF SEPARATION OF VARIABLES FOR 1-D AND
MULTIDIMENSIONAL TRANSIENT CONDUCTION PROBLEMS

4.2.1 1-D TrRANSIENT HEAT CONDUCTION IN A SLAB

The solution of the 1-D transient conduction problem for a slab (plane wall) is
expected as T(x, f). The separation of variables method used for the 2-D steady-state
heat conduction problem can be applied if we consider 7(x, f) similar to T(x, y). In
other words, we separate the temperature 7(x, y) into the product of T(x)-7(y) for
the 2-D steady state and T(x, 7) into 7(x) - T(¢) for the 1-D transient. Then we can fol-
low the similar procedure as before in order to solve the 1-D transient problem [1].

For a 1-D plane wall transient problem, as shown in Figure 4.4a, with the convec-
tion BC,

T _ 19T
ox> o ot

Let =T — T, and O(x, 1) = X(x)z(?), then,

2’0 106
vgv__19Y 4.5
dx? o ot @.5)
2
d )2( +A’X=0
dx
() (b)

i hT. i
! ! Ts
2N N
! |
L 0 L -L 0 L

Constant surface

Convective boundary condition temperature boundary condition

FIGURE 4.4 1-D transient heat conduction.
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dt
—~+Aar=0
dt
X =c¢;sinAx + ¢, cos Ax

2
T=C3elw

Initial condition:

BCs:
20(0,r) 0
ox a=0
k 80(§L,t) _ (L) —kc, (— sinlL)l = hc, cosAL
X

ksin(AL)-A = hcos(AL)
Ay = %cot(lnL)
ML= %cot(m):Bi -cot(A,L)

A, is determined by the convection BC.
—~Alat —Alat
0=c,cosA,x e ¥ =¢, cos(?L,,x)e g

where ¢, = c,c;.
Applying the initial condition

6; = ¢, cos(A,x)e’

6; cos(A,x) = ¢, cos® (A,x)

B QiZSin(/lnL)

L
0,«J. cos(A,x)dx
= O =
J.Lcosz(inx)dx l,lL+sin(7LnL)cos(/lnL)
0

Cn
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=0=T-T. = ZCH cos(/lnx)e’(l”)zm

=>9g: T-T. 2sin(A,L)cos(A,x) (WP “6)

. T—T. 4= A,L+sin(4,L)cos(,L)

ot . . . L
For Fo=—5>0.2, the first term (n =1) in the infinite series is much larger than all
the other terms, thus,

0 25in(/11L)-cos(Alx)

0, ML+ sin(A4,L)-cos(AL)

ULy Fo

. . hL . . .
where A,L is the root of ;L - tan(;tlL) =Bi= " At x =0, the dimensionless mid-

plane temperature is

9=T0—Tm=60,

9() 2Sln(/11L) ) ef(lll“)z Fo

6 - ML+sin(AL)-cos(ALL)

~ e~ for any given Bi.
and

g~ cos(Ax)

i

. L . . . .
For any given Bi = h?, g is dependent on x only and is not a function of time.
0

Given the general solution for transient conduction through the plane wall,
numerical values can be used to generate the temperature distributions shown in
Figure 4.4. Forexample,if L=10cm, K =20 W/m-K, o =4 X 107 m?2/s, T; = 400°C,
T.. = 20°C, and h = 10° W/m” - K, T(x,t), with n =1, 2, 3 can be plotted.

In addition to 7(x, 7), the ratio of the total energy transferred from the wall over
the time 7 is

0 I pC, [T = T(x,1)]dV
0, pCV(T-T.)

@.7)



96 Analytical Heat Transfer

=ij 1= 9 \av
\% 0;
1. e
= J. 1-— Asdx
ASL0 0;

1 2 2sin(A,L) sin(/lnL) o Fo
A, L+sin(4 L)cos(/l,,L) AL

4.8)

where Fo = (at/L?).

Similarly, Figure 4.4b also includes the case for a given surface temperature. The
constant surface temperature BC can also be assumed for very high convective heat
transfer coefficients. In other words, if # — oo, T, — T,, with Bi — 0. For the given
surface temperature, or very high heat transfer coefficient, the BCs become:

aT(0,r)
dx
atx=L, T(Lt)=T,

atx =0, =0

Using the separation of variables technique,

0=T-T,=X(t)-7(¢r)

9’0 _ 196
ox> aor

X =C;sin(Ax) + C; cos(Ax)

‘L’=C3e_’12°”
at
=0, % 0,C;=0
x=L,6=0,0=C,cos(AL)
Therefore,
L= w012,
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Thus,

0= ZC,, cos(A,x)- e e

at

t=0,0=T,~T,=6,= ) C,cos(A.x)

L
0,~J. cos(A,x) dx
__Jo _

Ci=—T - (_1)n
J. cos’(A,x) dx AL
0
The general solution can then be obtained as
6 T-T, 2(-1)" (L) Fo
—= = cos(A, " 49
0T 1 = 2 (ar) e “9)

Consider a 1-D plane wall with a thickness L, initially a spatial temperature variation
within the wall is present, F(x). Suddenly, the left side surface (at x = 0) is exposed
to a convection fluid at 7., with a heat transfer coefficient A;; the right-side surface
(at x = L) is exposed to a convection fluid at 7., with a heat transfer coefficient A,.
Determine T (x,7).

Let
0=T-T.
% _ 70
ot ax?
at
x=0,t>0, h(T. —T):—ka—T
dx
20
ho =k—
: dx
at
oT

x=L,t>0,h(T-T.)=-kZ"
ox
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00
h0 =—k—
’ dx
at
t=0,0=T-T.=F(x)-T.
Let
0=X(x)1(t)
2
Zx§+ A’X =0
CLANp L
dt

The general solutions to the two ordinary differential equations are:
X =c,cosAx +c; sin Ax

_32
T=ce ™!

From the BC, x =0

k(—ciAsin Ax + c;Acos Ax) = Iy (¢ cos Ax + ¢, sin Ax)

kcaA = hicyor ey = @cz
1

From the BC,x =L
-k (—cll sin Ax + ¢, A cos /lx) =h, (c1 cos Ax + ¢, sin /lx)
akAsin AL — c,kAcos AL = hyey cos AL + hycy sSin AL
Solving for ¢; and c¢,, and re-arranging:

h h
SnAL 1(,{*,{)

cos/lL_;tz_ﬁ.&
k k

tan AL =
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or
A(3-4)
tan A, L = k__k ,n=1273,...
o B
"k ok
Therefore,

X =A,cosA,x + %Sin A.x

— N h : —aAlt
0= zcn (/”tn cos A, x + X sm/l,,x) e

n=1

where C, can be determined fort=0,60 = F(x)—-T.,

L
J [T(x)— Tm] -(l,, cos A, x + hlsinﬂ,,,x)dx
C, =2 k

L h 2
J. (),,1 cos A, x + ;‘ sin /'L,,x) dx

0
where the denominator of C, can be integrated to become:

L3

2
AL lh+_[;L3 +.(}h) ]. l;+'444444k44444§
2 k’ k ;lZ +_(i}12)

k

If the initial plane wall temperature is F (x)=T; = constant, F (x)-T.. =T, -T. =6,
and if h; = h,, the temperature distribution T(x, t) will be the same as shown in
Equation (4.6).

4.2.2 MuLTIDIMENSIONAL TRANSIENT HEAT CONDUCTION
IN A StAB (2-D or 3-D)

The governing equation for multidimensional heat conduction, as shown in
Figure 4.5, is

26 3°0 6 108

72,272,727 _ Y7 4.10
o oy 97 a ot @.10)
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z
FIGURE 4.5 Multidimensional transient heat conduction.

The solution of the 3-D transient conduction problem is given as the product solution
of the above-mentioned 1-D transient conduction problem:

0(x,y,2,t) =0, (x,1)-6,(.1)-6.(z.1)

2’6, 100,
ox> o ot
26, 108, @.11)
oyt o It
2’0, 196,
7%« ot

where 0,(x, 1), 0,(y, 1), and 0 (z, 1) can be solved by the aforementioned method of
separation of variables with a given surface temperature or convection BCs.

Presented below is an alternative way to determine the 3-D transient heat
conduction temperature distribution.

*T T JI*T 19T
st ot s =
ox* dy" Jdz o ot

LetT(x, y, z, 1) =X (x)-Y(y) Z(z) - 7(¢)

2 2 2
YZrd }2(+XZrd §+XY1d f =—XYZd—T
dx dx dx o dt
d’X 1d%Y 1d°Z_1d’t

1 1 1

T iy

Xdx® Ydy Zdz art dt
Each function must be equal to a constant:

d*X
dx?

+B°X =0, X=c cospx+c,sinBx
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ay
dy —+7Y=0, Y=c3c08yy+cysinyy
2
i? ’Z=0, Z = c5cosNz+ cgsinnz
4
dr Aoy

2 2 2\ _ _
8t+(ﬁ +7°+n )T—O, T=e

Thus

(v, 201 ZZZC'"”"X"’Y 7 (B+72+n?)r

m=1 n=1 p=1

where B,,, V., Ny X, Yy, and Z, depend on the BCs.

Atr =0,
T(x, Y, 2, O) x v, Z ZZEC'"""X Y.Z,

m=1 n=1 p=1

where

j j J. x v, Z X mYnZ pdxdydz
x=0¢ y=0

Jdex J. 2a’y jZﬁdz-
0

A special case, at 7 =0, F(x, y, z)=T; = constant.

Cmnp

4.2.3 1-D TraNSIENT HEAT CONDUCTION IN A
RecTANGLE WITH HEAT GENERATION

The governing equation for 1-D transient heat conduction with heat generation is

0

g 1 06
4.2 4.12
o kT o o “12)

The temperature profile can be solved by separation of variables. For example, to use
the separation of variables method, we define

0=0,(x)+0,(x,t)

0 @.13)
d 92' +4-9
dx k
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q

’4
1 Lo r

z
FIGURE 4.6 Multidimensional transient heat conduction with heat generation.

where 0, can be solved by 1-D heat conduction with internal heat generation, as
shown in Chapter 2 (Section 2.2), and 0, can be solved by the aforementioned method
of separation of variables with a given convection or surface temperature BCs.

For 3-D transient heat conduction with heat generation, as shown in Figure 4.6, the
following equations can be used to solve temperature profiles 7(x, y, z, 1) or O(x, y, z, 1)

2’60 2°0 20 ¢ 1 96
== = 4.14
o oy 92 Tk a o @19
0=61(x)+62x(x’ t)'02y(y’ t)'BZZ(Z’ t) (415)
where
2’6, ¢
==0
dax? - k
8292): :laelr
ox* o ot
3’6,y 106y,
oy’ o ot
82921 :iaOZZ
27* o Jdt

A general form of the solution of 1-D transient heat conduction with the convection
BC applicable to a slab, a cylinder (Example 4.1), and a sphere (Example 4.2), as
shown in Figure 4.1, can be written [2] as

9 _ N 71,,21"0
P ch £(Am)e 4.16)

n=1
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ng 1= 3 Cof ()7 @.17)

0
n=1

where
A, = A, L for the slab
A, = A, r, for the cylinder

n'o

A, = A, r, for the sphere

n'o

Geometry ox, t) C, fon, 1) F(\)
Slab (020/0x?) = (1/ax) (2 sin 4,/(A,+sin 4, cos 4,)) cos(4,(x/L)) sin A /4,
(00/01)
Cylinder  (1/r)(0/0r)(r(06/0r)) Q@ (0 )OI (2) J(A(rlr))  (2J,(4,)/4,)
= (1/r)(36/01) N

Sphere  (1/r)(0/0r)(r*(06/0r)) (2[sin 4, — 4, cos 1,1)/ (sin(4,(r/r,))/ ((3(sinl “ 2 cosd ))/13)
= (1/r)(00/01) (4, —sin 4, cos 4,) (/) n = n "

With the eigenvalues as

Bicos A, — A, sin A, = 0 for the slab,n=£, Bi=h—L, Fo=%t
L k L
MJy(A,) — BiJ,(\,) = 0 for the cylinder,n =", Bi= h}:" . Fo= %t
r I
. . hrn, t
A, cos A, + (Bi — 1) sin A, = 0 for the sphere,n:L, BzzTr, FO:OC—2
T TS

4.2.4 TrANSIENT HEAT CONDUCTION IN THE CYLINDRICAL COORDINATE SYSTEM
Case 1: Consider 1-D transient heat condition in a long cylindrical rod with initial
temperature 7; that is suddenly put into a convective fluid at a low temperature, T..,
with a very high convection heat transfer coefficient, 4, i.e., the surface tempera-
ture is close to fluid temperature. This is a constant surface temperature problem,
T, = T., = constant. Determine the temperature distribution.

Lo ,om)_ o7
ror\" or) «a ot

Let

atr=0
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r=n,0=T-T,=0

o(r,t)=R(r) 7(t)

d(rdR)-i- ArR=0
dr\ dr
R(l’) = C]J()(/ll")"‘CzY()(lr)

ar +al’t=0
dt

T(1)= e
From the BCatr=0

20 _dr _

or dr
0= _Clljl (0)_ CzlYI (0)
¢, =0 because ¥;(0) = —oo

atr =r,



Transient Heat Conduction

Therefore, A7, is the root of J, (/'L,,ro) =0,n=1,2,3,...

Thus
0= ZC,,JO (/l,lr) e

At =0,

6, = chjo(/lnr)

multiply both sides by rJ, (A,.r)dr and integrate,

OijmrJo(lnlr)dr
0

J”DrJO (/'L,,r) -Jo (/lmr)dr
0

C,=

where
n
J-rlo(l,,r)dr = :l—OJl(/lnro)
0 n
n
ero(lnr) JO(;L r) r(2) (/l ro) if m=n
0
n
J.rJO (/lnr) . JO(/lmr)dr =0ifm#n
0
Then

9,‘1’0.]1 (/lnr()) / ln _ 26,

C,= =
”()zjl(lnro)/z Afnn)*ll(ﬂfnn))

The temperature distribution is
(r t) Z 2J0 /'L r
/,L r0J1 /l r()

where A,7, is the root of Jo (A,7)=0, n=1,2,3, ...

—Alat

105

Case 2: In this case, we consider 1-D transient conduction with a convection BC,
h, T.., at the outer radius of a cylinder. The procedure to determine the temperature is

outlined below (see Example 4.1).
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Let

0=T-1.,6,=T,-T.

atr=0
20
Atr=r
—k% =ho
R(r)=cJy (lr) + Y, (lr)

From the BCs,
atr=0

% = L;—Ij =0,c,=0
atr=rn

kA, (Ary) = heido (Ary)

Therefore,

Ao (ﬂ'nr()) = hkﬂ-]o (lnro)

0= ZC,,JO (Aur)- e ke

n
9,-J' Jo(Ar)d
OI’ 0( r) r 291

ij‘) (Anr) -ty (A,,r)dr Aoy ()'nro)
0

C, =
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The temperature distribution is

0(r,1) 2Bie™ ) o Jo (A, )
0; Z [lzro + Bi ]-Jo

where A,7, is the root of (4,7)Jy (A1) = BiJy (A,np) forn=1, 2, 3, ...

Fo=%, pi=""
N k

If Bi=0.1, Ly, =0.4417, Aoy = 3.8577, Asry = 7.0298.
For Fo = 0.2, the first term in the infinite series is much larger than all the other
terms. Thus,

9 _2Bi-e g (Aur)
[2«1 h + Bi ] J()(llro)

where llr() is the root Of()y]ro)‘ll (/’L]ro) =Bi- .11 ()y]ro )
at r =0, the centerline, 8 =T, — T., = 6, and

o 2Bi- ¢ () Fo
0= [)«1 h + Bi ] J()(llro)

Therefore, the dimensionless centerline temperature,

6, _ . .
=%~ ¢ for any given Bi, and

o Jo (/l,r)functionof(Bi,r)
9 h

i

. . 0. . . .
Note for any given Bi, o is dependent on r only and is not a function of time.
o

Ifry, =10cm, k=20 W/m-K, @ =4x10°m?/s , Bi=0.1, T, = 400°C, T., = 20°C,
Fo =0.3, the centerline temperature, T;,, can be determined.

Case 3: Finally, transient heat conduction in multiple dimensions within a cylin-
drical coordinate system is considered. The general solution is outlined below [3].

EIRANE LMY
ror\ ar) 1 00 97 o ot

Let

T(r.¢.z.t)=R(r) ®(¢) Z(z) ()
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and substitute into the conduction equation,

2 2 2
(DZT(d R +lfl—R )+RZ¢{%Z q)J+Rd)Td Z_ R@Z(lﬁJ

dr* rdr r* de? dz* o ot

Now divide by R®Z7,

L(d2R+ld_R)+LLd2<D idZZ_l(La_f)
@’ -

2 > T 2
R\ dr* rdr rede”  Zdz" t\adt
Let
2( 2 2
rfdR §+ld—R +id ? :i(rﬁ)2
R\ dr r dr D do
id%:+2
Z d7*
197 _ 52
T Ot
and
1 d’® 5
J— 3 = -0
D do
r*(d*R 1dR ’ 2
— S =0 £
R\ dr* rdr (rﬁ)
Thus

d*R 1dR , U
+——+|£B°—— |[R=0
dr*  rdr ( p r?

From the Bessel functions and their solutions (see Equations (2.48)—(2.51))
R = functionof J, (Br).Y, (Br)or

R = functionof 7, (Br),K, (Br).

with

2
d—qz)+<bvz=0
d¢
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@ = functionof sin(v(])) ,cos(vq))

2
‘j; +10°Z=0

Z = functionof sin(nz),cos(nz)
or
Z = functionof sinh(nz), cosh(nz)

ot
—+oA’t=0
> oAt

. _32
T = functionof e * *

For 2-D transient, T'(r,z,t), i.e., 0> =0

2
d If+1d—R +B°R=0
dr rdr

R = function of J, (Br),YO (ﬁr) or [, (ﬁr),Ko ([3”)

For 2-D transient, T(r,¢,t), 1.e., 772 =0

2
dR 1dR ﬁ2—— R=0
dr rdr

R = functionof J, (Br).Y, (Br)

For 3-D steady state, T (r,,z), i.e, A> =

d’R 1dR , U
+——+|£Bf°—— |R=0
dr*  rdr ( p r?

R = functionof J, (Br).Y, (Br)or 1,(Br).K, (Br)

For general 3-D transient conduction, the temperature distribution can be determined
as shown below.
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T(r.6.2.0)= 3 3> ConR(B 007 )@ (0,.0)Z(1.2) (B 1,1).

m=1 n=1 p=1
—(B2+n3 ot
where T =e (8503

The initial condition:

T(r,q),z,t) = F(r, o, z)att =0,

3

F(r,¢,2)= ZC,W(D(U,,,Q))- R(ﬁm,vn,r)dr . J.Z(T]p,z)dz

0

(=1

where @ (0,,,0) = dyp sin(V,,0) + b,y c0s(V,,0)

Thus a,,, and b,,, can be determined by multiplying by sin(v,,¢) and cos(v,,9).
Finally, we integrate over ¢ = 0 to 2x. Additional details are provided by Ozisik [3].

C,p can be obtained by multiplying by rR(,Bm, vn,r)-Z (np,z) and integrating
over dzdr,

I J F(r.9.2) rR(B,.v,.r) Z(n,.2)dzdr
X 0(v.0) [ (Brvir)r- [ 2 (n, <)

mnp

For a special initial condition, T(r,(]),z,t) (r 0, z) = constant value, at # = 0.
The 3-D transient temperature distribution T( r,Q, z,t) can be reduced to the 2-D
transient temperature distribution T(r,z,t), T(r,q),t) or to 1-D transient temperature
distribution T (r,t).
Based on the three cases shown above, we can consider 2-D steady-state heat
conduction in the cylindrical coordinate system.

T T 10T 10°T _
or* rar r* ¢’

Let T = R(r)- ®(¢) and insert into the above equation,

d’R 1dR\) R d*®
QoS t 5=
dr rdr r- de¢

r*(d*R 1dR 1 d’® ,,
—| =t =5 =2
dr rdr
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Thus,
2
d ? +A*® =0, ® = c,sinAd +c, cos A9
d¢
2
X f+rd—R—)L2R=O,R=cgrl+c4r”l
dr dr

BCs are needed to solve for the constants:

D(¢) = (¢ +2n)

do
do

_do
, o

¢+21

Now choose 4, =n,n=0, 1, 2, ...
® = ¢;sinnd +c, cosng
The BCs in the radial direction:

r=0,Risfinite c, =0

r=r, T= f(q))
Therefore,
T =R(r)®(¢) = ;" (c1sinng + ¢, cosng)

=ay+ Zr” (@, cosng + b, sinng)
n=r

The nonhomogeneous BC at r =y

o0

f(‘P) =ap+ Y n (an cosnd+b, sinmp)

n=1

a= [re)ds. 0<psom
0
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a, =

2m
ln J.f(d))-cosn(])dq)
') )

L
1 2n
b, = njf(q))-sinnq)d(])
Ty
0
For a special case,
T=T,, O<o<m
atr=r T=0, T<Pp<2m

The temperature distribution is

T 1.~ 2(r) .
7_2)—24'2%(%) 'Sln(l’l(P)

n=1

Similarly, consider the 2-D, T(r,z) case, and if Jo(A.5)=0, A =2.4048,
oty = 5.5201.

4.3 1-D TRANSIENT HEAT CONDUCTION IN A
SEMIINFINITE SOLID MATERIAL

4.3.1 SIMILARITY METHOD FOR SEMIINFINITE SOLID MATERIAL

The semiinfinite solid is characterized by a single identifiable surface. If a sudden
change in temperature occurs at this surface as shown in Figure 4.7, then transient 1-D
conduction will take place within the solid. The similarity method can be employed
to solve this kind of problem [4]. The 1-D transient heat conduction equation in a
semiinfinite solid without heat generation is given by

T _ 19T
ox> o ot




Transient Heat Conduction 113

Heating

Cooling

FIGURE 4.7 1-D transient heat conduction in a semiinfinite solid material.

The surface BC is

T(0,1)=T,
With the interior BC prescribed by

T(eout)=T,
The initial condition is

T(x,0)=T,

By applying the similarity method, we may transform the PDE, which involves two
independent variables (x and 7), to an ODE expressed in terms of a single similarity
variable ().

As x ~~Jot (\/E is the diffusion length), we define the similarity variable

n= (x/\/40{t ); therefore T(x, 1) = T(y),
x = Ao (@.18)

Let @ = (T — T)(Ts — T)).
The 1-D transient heat equation can be expressed as
70_10
ox* o ot
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Transform the similarity variable into 6, that is, 8(x, f) = 6(n)). Therefore,

20 _doon_do[ —x
ot dn dr  dn| 2tdar

86_d98n_dt9( 1 )
Vot

a_%z?x_dn
ro_d(oym_afao( 1| 1)1 o
dx* dn\dx)ax dn|dn\dar )\ Jdor ) 4at on’

Inserting the above terms into the heat equation, we obtain

1 d°6 1 —-X de
= 72 ;.-

4ot dn® o 2t(dat)” dn
Rearranging, we obtain

o d9_  -x db
4or dn* 2t(4ar)”? dn
4.19)
0 -2x d9 _ _ do

at A dn . dn

For the case of given constant surface temperature,

1
0

=
|
8
=
I
8
=
X5
I

Let P = (d60/dn); rearranging the equation and integrating it, we obtain

d—P=—2T]P::>PECZ—0=cle"72
an an
dp
— =-2nd
P nan
dp
—=| -2nd
[ = -ana
InP=-n*+c

f 2
6=c J.e"’ dn+c,
0



Transient Heat Conduction 115

From the BC,
n=0, 6=1 = =1
From the BC,
leoo’ 9:0
mi = )
O=cje Clutl=c ] o =———
1 1 2 1 \/E

0

Inserting ¢, and ¢, into the integral, we obtain the following results as sketched in
Figure 4.8

n
T-T, 2 2 X X
0= ! J"“d =1-erf =erfc] — |=1—erf 4.20
T.-T, noe u=1-er(n) ec(\/mt) © (\/4at) .20
and
oT 00
Y__k7|)6=: kTv_Z 7|x=
K ox ( )Bx 0
n
0 2 2
=—k(T, - T) | 1-—=|e™d
(=)o )
0 x=0 @.21)
2 P |
:—k 7—;_7—; __= ,n
( )[ N 4m],,=0
_k(T,-T)
Jrot
o I-T:
Ts_Ti
1
6 = erfc (M)
n=—= ]
Jaot

FIGURE 4.8 Solution of 1-D transient heat.
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4.3.2 LAPLACE TRANSFORM METHOD FOR SEMIINFINITE SOLID MATERIAL

The 1-D transient conduction problem in a semiinfinite solid material can be solved
by the Laplace transform method [1]. The heat diffusion equation for 1-D transient
conduction is of the form

PT_ 1ot
ox>  «a ot

Case 1: We begin with the constant surface temperature BC.

T(0,1)=T,
T(oo’t) =T
With the initial condition:
T(x,0)=T,
Let 8 =T — T, therefore,
70_100
ax* o ot

0(0,t)=60,=T,-T,
0(x,0)=0
0(c0,t)=0

Defining the Laplace transform of a given temperature,

oo

L(T)=T = J-Te_”dt

L(r)="
S
L(0)=0
@.22)
oT N
| =sT T,
(az) .
I o'T :B”T
ax" ax"
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Applying the Laplace transform to 1-D transient heat conduction,

*T 19T
%0 1p - -
e E[Se -6(x.0)] @.24)

From the initial condition, 8 (x,0)= 0.

-
jxiez—ie =0=0 =ceV% 4 cpe”
o

Vsla

Applying the Laplace transform to the BCs,

0(c0,5)=0, ;=0
6(0,5)="", cl—&
s
So
6 — &e—x sla

Applying the inverse Laplace transform from a given table, we obtain the following
results as sketched in Figure 4.9.

4.25)

Case 2: Now we consider the constant surface heat flux BC (see Example 4.3).

T (x,t)

T.

i

0 X

FIGURE 4.9 Solution of 1-D transient heat conduction with given surface temperature BC.
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T(x,0)=T,
T(eot)=T,
& aT(0,1) _
dx
Let@ =T — T, then
0(x,0)=0
0(e0,t)=0
_k 26(0,1) _
dx
The Laplace transform solution is
g 1

= = .e
k sisla

Applying the inverse Laplace transform from a given table, we obtain the following
results as sketched in Figure 4.10.

3 ‘:qis” V4ot —(x2/4m)_ . ( X J
T-T, k[ﬁe x -erfc Jaar (4.26)

g5 N4at
k ~n

at x=0, T,-T =

@.27)

T (x,t)

by

0 T (x,t)

FIGURE 4.10 Solution of 1-D transient heat conduction with constant surface heat flux BC.
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Case 3: Next, we impose the convective surface BC (See Example 4.4).

T(x,0)=T,
T(oot) =T,
—k% =h(T. - T(0,1))
Let0=T-T,
0(x,0)=0
6(=,0)=0
—k% =h(6.. - 6(0,1))

Applying the inverse Laplace transform from a given table, we obtain the following
results as sketched in Figure 4.11.

9 _T-T _ erfc a
6. T.-T, Jaat

B (x(h/k)+oc(h2/k2)r) ( X h )
) e erfc \/MJrkM (4.28)

dT(0,t)

” — _k
i dx

=h[T. - T(0,1)] @.29)

4.4 HEAT CONDUCTION WITH MOVING BOUNDARIES

There are many engineering applications involving heat conduction with moving
boundaries such as freezing or melting for solar storage systems. Other examples
are related to high-temperature droplet evaporation and ablation applications.
The problems can be solved by using the similarity method [5].

h T,

t s

0 T (x,t)

FIGURE 4.11 Solution of 1-D transient heat conduction convective surface BC.
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4.4.1 FReezING AND SOLIDIFICATION PROBLEMS USING THE SIMILARITY METHOD

Freezing—The Neumann solution (exact solution) [5], as sketched in Figure 4.12:
Governing equation:

0=T-1,

2’6, 1 96,
== 430
axz (0] ot ( )

70, _ 1 20,
8x2 (043 at
BCs (4.30):

x=0, 6,=6, (4.30a)
X=oo, 0,=0. (4.30b)
x=8(1), 6,=0 .300)
6,=0 4.30d)

ox ox P dt

where L represents the latent heat of melting. Equation (4.30e) represents the energy
balance at the interface. In other words, (conduction heat flux from water) — (conduc-
tion heat flux to ice) = (heat flux released to make ice from water).

Initial conditions:

t=0, 6=0, T=T.

Ice

Water

”

9s €<+

—> Moving boundary

OL>x xzs(t)

FIGURE 4.12 Heat conduction with moving boundary problem—freezing.
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Assume p; = p,.
Neumann applied the similarity method:

x
0, =c; + cerf — 4.30f
L =c + e o ( )
0, = | + cerf ——— 4.30g)
2 1 2 \/Wzt . g
Atx=8,8 ~+Jf toobtain 6, =0, 8 = b-/r.
Insert Equations (4.30a)—(4.30d) into Equations (4.30f) and (4.30g)
Cc = 95
-,
=
erf (b/\/4a; )
, 0.
=
erfc(b/\[4ar; )
=6, - 6
T efe(b ey
From Equation (4.30e) with x = &(1) = b/r:
—ki6, exp(=b*/4a)  +hoO.. exp(-b?/4ar;) b 30m)
Jroqerf (b/Jdey )  moserte(b/dos ) Ao '

_2 1 [
NN P 4oyt
Therefore, b can be obtained from Equation (4.30h) and:
S=bt

6, can be obtained from Equation (4.30f), 6, can be obtained from Equation (4.30g),
and ¢{" can be determined:
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20,
:/_ ”_ k bl S
qs = q1 1 Ix

=—k0,

I
0 [1_ erf(b/\/H).\/M]

A special case exists when “slow” freezing takes place. As sketched in Figure 4.13,
the temperature distribution through the ice is approximately linear (6., = 0) and can
be obtained from Equation (4.33f).

0, ~ erf(x/\/4oclt)

It W S A 4.31

6, erf(b/\/4a; )

b can be obtained from Equation (4.33h) with 6, = 0 and § = bt.

In another special case, the heat transfer from the liquid phase to the solid-liquid
interface is controlled by convection. Therefore, the interface energy balance is writ-
ten as

00, do
kS (T =T,) = Lp, &2
' ox ( )=1Lpy dt

where 6, = T, — T, = constant. Again, solve for b with § = b+/r.

4.4.2 MELTING AND LIQUIFICATION PROBLEMS USING THE SIMILARITY METHOD

From Figure 4.14, we allow 8, = liquid phase and 6, = solid phase.
Let6=T-T,,

atx=0, 6,=T-T,=06;
atx=oco, 6,=T,-T,=06,

atx=08(t), 6,=T,~Tp=0

02 = Tm - Tm =0
06, 00, doé
e 4.32
Vox TR oy TP 4 @32
Ice T T

9 €1— *

= Moving boundary

Linear
approximation

0By x=80)

FIGURE 4.13 Slow freezing: 7., =T,

m*
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T, Liquid Solid
= Moving boundary
—>
Tm l\\
T,
> x=3(0) l

FIGURE 4.14 Heat conduction with moving boundary problems.

L is latent heat of melting. This is the energy balance at the interface: (conduction
heat flux from liquid) — (conduction heat flux to solid) = (heat flux required from
liquid to melt solid).

For the initial condition:

attr=0, 6(1)=0
T=T
9:711_Tm=91

From the similarity solution shown in 4.4.1,

01 =c + CzerfL
Jaout

0, =cf+ cﬁerfL
4ot
From the BC:
=0, c= L S
T af (b A
’ 0,‘ ’ 0,‘
=, =0 ——

erfc(b/\/@) ’ erfc(b/@)

At the interface:
x=08(t)=bAr,

k.6, exp(—b2/4a1) k-6, exp(—b2/4a2) _1p b 4.33)
1< .

Jra -erf(b/\[4ay ) M-erfc(b/\/E)_ 2




124 Analytical Heat Transfer

Liquid Solid
T, 1> Moving boundary
a5 —>
=T (8,¢)
0 X Ti
—> x=0(t)

FIGURE 4.15 Slow melting: 7, =

Thus, b can be obtained from the above implicit solution, allowing for the solution
of 6, and 6,.

Special case: Again, in the unique case of “slow” melting, as sketched in
Figure 4.15, 8, = 0 and 6, can be obtained from the above solution.

erf (x/\[Aaur )

A AN 4.34)

6, erf(b/\/4a; )
here b can be obtained from the above with 6; = 0 a6, exp(—b*/401) Ip L
where b can be obtained from the above with 6, =0, =Lp —

g7 can be determined at x = 0 as VT -erf(b/ v 40‘1) 2
96,
@=ql=-kZ =ko,|1-
& ox [ (b/«/40¢1) Jraur

If convection dominates at the liquid—solid interface, the energy balance at x = § (¢) is

00, dé
T, -T,)+k =L
( AL dx P dt

where T, — T,, = 6, = constant.

4.4.3 ABLATION

Ablating heat shields have been successful in satellite and missile re-entry to the
earth’s atmosphere as a means of protecting the surface from aerodynamic heat-
ing. In this application, the high heat flux generated at the surface first causes an
initial transient temperature rise until the surface reaches the melting temperature,
T,. Ablation (melting of the surface) begins and follows a second short transient
period, and then a steady-state ablation velocity is reached. The melted material is
assumed to run off immediately. The problem can be simplified to 1-D transient heat
conduction with a moving boundary due to ablation. Figure 4.16 shows ablation at the
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—> « Va
’” T
qs —> m
—>
—>
-------------- T.
— | T1=T.
x=0 x=1L,o0

FIGURE 4.16 Ablation at surface of flat wall.

surface of the flat plate with a moving ablation velocity, V,, moving to the left [6]. The
heat conduction equation for this reference frame is Equation (4.38) with an added
enthalpy flux term associated with the moving velocity V,:

k— cV,— = pC— 4.35
xS JTPYe 5 TPy, .35

d ( 8TJ oT oT

The problem can be solved in three stages: (1) the initial transient before the surfaces
reach T, (2) the second transient period during ablation, and (3) after the steady-
state ablation velocity has been reached, the temperature distribution in the material
is steady. The initial transient problem has been solved previously (i.e., V, = 0, given
the surface heat flux BC). The second transient problem, Equation (4.35), can be
solved by the finite-difference method. For the steady-state problem with constant
ablation velocity, Equation (4.35) becomes

d(,oT oT
- — 4.36
§x( dx ) PV ox .36)

With the accompanying low thermal conductivity material (such as glasses and plas-
tics) the temperature gradient at the surface is very steep so that x = L may be con-
sidered as x = co. Proper BCs are as follows:

x=0, T=T,
x=o0o, T=T,=T, 4.37)
oT
X = oo, =0
EN

For constant properties k, p, ¢, and for the case of constant surface heat flux gy,
Equation (4.36) is solved by integrating twice and evaluating the integration con-
stants with Equation (4.40). Let 8 = (dT/dx), then
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J‘d@ Va
X

1n0=—ﬁx+c
l04

9=dl=cle_
d.

X

where at x = o0, (dT/dx) =0=0,.. C, =0.

Then (dT /dx) = Ce """,

JdT = J-Cle_(v“ la)x g

T——C e Valr 4

atx=o0, T=T,=C;

atx=0, T=T, :—C1%+C3

a

C [a
_Cl _(7m - 3)7
o o

Therefore,

T=(T, - T.)e "' + T
T-T.
T, —T.

=e —(Vala)x

(Vala)x + C2

=(1,-1.)%

Analytical Heat Transfer

4.38)

Applying the energy balance on the surface in order to determine the ablation veloc-

ity, V, (assuming L as the heat of ablation of the material):

oT
_pLv, = k21,
p dx

”

_ q:
~ pL+pC(T, - T..)

-0=pCV,(T,, - T.)

4.39)

4.40)
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The total heat conducted into the solid material evaluated with the temperature dis-
tribution, Equation (4.38), is

k(T,-T.)

7 4.41)

qr= pCJ(T ~T,)dx =
0

The total heat transferred to the surface in time ¢ is ¢; - . Then for this period of time
t, the fraction of the total heat transferred which was conducted into the solid mate-
rial is obtained by substituting Equation (4.40) into Equation (4.41):

g/ _ k(T —T.)[ pL+pC(T, - T.)] (4.42)

q7 9 g7t

Comparing Equations (4.40) and (4.42), a large magnitude of [pL+pC(T, — T,)] is
desirable to reduce the amount of material ablated, but a small magnitude is desirable
to reduce the fraction of ¢; which is conducted into the solid material. A compromise
is necessary.

4.5 DUHAMEL'S THEOREM FOR TIME-DEPENDENT
BOUNDARY CONDITION PROBLEMS

Duhamel’s theorem can be applied for transient heat conduction problems with a
time-dependent BC. The solution is based on that of the same transient problem with
time-independent BCs that has been presented in the previous sections. Duhamel’s
theorem can be applied for 1-D, 2-D, and 3-D transient heat conduction problems with
time-dependent BCs in rectangular and cylindrical coordinate systems. A few selective
cases are discussed in the below sections. Hahn and Ozisik provide additional details
for the application Duhamel’s theorem with various time-dependent BCs [3].

4.5.1 DUHAMELS THEOREM FOR THE 1-D PLANE WALL PROBLEM

Case 1: Consider a 1-D plane wall with thickness L. Initially the plane wall tempera-
ture is zero at ¢ = 0. Suddenly, when ¢ > 0, the right-side surface at x = L is exposed
to a time-dependent BC, f(¢), while the left-side surface at x = 0 keeps remains at
the zero temperature.

FT_10r

ox*  «a ot
T(x,0)=0 at =0
T(0,71)=0 at x=0,1>0
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For this time-independent problem, ¢(x,z),
Let T(L,t) = constant = 1 for example. The solution is

o(x,t)= L 226"“’1”2’ % -sin A,x

nmw
where A, = —.

From Duhamel’s theorem, the solution of the time-dependent BC is the solution of
time-independent BC with f(¢) over a time interval.

r(en= [l t—T)-%dT

For the time-dependent BC:

Assume f(¢) = bt, alinear increase withz, fort = 0to ¢t = 7, and then f(¢) = 0, returns
to zero, for t > 7,. Thus

df (7) =b for
dt

0<t<1

! > n
T(x,1)= J' [z+zzeal3<”>-(";)-sin,lnx ‘b-dr
7=0 n=1 "

+
S

=b%t (-1’ (1—e"°‘l’%’)-sin/lnx

for ¢ > 1, the BC has a discontinuity at time f =7, i.e., Af; = b7,

1(e0)= [0l t—‘L')-dfT(:)dT+¢(x, —1)) A,
7=0

= j¢(x, t—1)-b-dt—¢(x,t—17)-br,

7=0
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The temperature distribution is

T oo n
T(x,t)= J [z + %Ze-“ﬁ(’-” % : sinl,,lebdr

=0 "
x 2 N —a/lz(—r)(_l)n .
b | =+ = Y e 2 gin,x
1|:L L; A
where the first term integral equals
x _ 2b o (-1) oiln
b=t +— —-(l—e "”)-sml,,x
L' L Z ol

Case 2: Consider a time-dependent BC having continuous changes with time and
many step changes with time.

T(x,1) J.(P(xt— dT+2¢xt— ) A,

For example, the plane wall left side surface at x = 0 is exposed to a time-dependent
heat flux or convection boundary while the right side surface at x = L is insulated.
Initially, the temperature of the entire wall is zero.

*’T 19T
ox> adt
T(x,0)=0 for t=0
—ka—T f(r) atx=0, >0
dx
or =0 atx=L, t>0
dx

For the case of the time-independent BC problem:

°0(x.t) _ 1 30(x.0)

x>  «a Jt
—ka—¢=constant=1atx=0,t>0
X
a—qbzoatx:L,t>O
dx

#(x,0)=0forr=0
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The solution is

ar 2 NO cosA,x —o2
,0)=—+— 1= e
0=+ Ik o3 (=)

where

Using Duhamel’s theorem for 0 < ¢ < 7, assume f(7) =1t for example,

T(x,r)= j ¢(x,t—r)‘”7(1”dr

where

d (@) _,
dt

The time-dependent solution ¢(x, #—7) is obtained from the equation above by
replacing ¢ with (£ — 7). Now we have:

2 cos A, x

T(x,t)= J'ﬂ(t_T)Jr (1_eal,%(t—r))d1

Lk Lk A
7=0 n=1
_at’ . 2 N cosAx 2 O cosA,x (1 3 e_‘u’%')
2Lk Lk A2 Lk oA,

For ¢ > 1), the boundary surface f(¢) has only one discontinuity (one step change)
at time 7 = 7; and the resulting change in f(7) is a decrease in the amount Af; = —7.
Then Duhamel’s theorem reduces to

T

T(un)= [olni- T)d“Z(T)dT F0(x, =T)A f;
7=0

Assume

df ()
drt

and from the above time-independent solution of ¢,

=1, Af=-1
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1 oo

o 2 cosA,x 2 O cosA,x >
T(x,t =J ~(t-7 +—§ nX _ 2 N COSAX oai-0) | 4p
(1) OlLk( " T It
t= n=

n=1

o 2 O cosAx 2 O cosAx (-t
=7, =(-1)+— L = om0 (1=11)
1[Lk( Ik ~ )y Lk A

Note that
oT .
f(t)=-k——| canbeheatfluxor convection,
ax|
f(r)=¢q!(7), at  x=0,or

f()=h(T.-T) a x=0,

where either & or 7., changes with time.

4.5.2 DUHAMELS THEOREM FOR THE 1-D SEMINFINITE SOLID PROBLEM

Case 1: Consider a 1-D semiinfinite solid that is initially at zero temperature. For
timez > 0, the boundary surface at x = 0 is exposed to a temperature variation as f(z).
Determine the temperature distribution T'(x,t) at time ¢ > 0. The 1-D transient heat
conduction equation and BCs are:

T _ 19T
x>« ot

T(0,6)=f(t) at x=0, >0
T(e0,t)=0 at  x=oo, t>0
0 for =0

Consider the solution of the same problem with a time-independent BC, i.e.,

9’ _ 199

x> ot

#(0,f)=constant=1 at x=0,t>0
#(c0,1)=0 at x=o0,t>0
#(x,0)=0 for =0
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From Duhamel’s theorem, T(x,t) with a time-dependent BC can be solved with
@(x,t) from the time-independent BC problem as the below equation.

1(u)= f(r)wdr

The solution of the 1-D transient, semiinfinite solid with a constant surface BC can
be found from Equation (4.20) using 7; =0, T, =1, T = ¢:

X

n
X 2 (e
¢(x,t)=1—erf(\/m):erfc(m)zl—ﬁ!e T dTI

Thus,

2
| X
(40:(1—7))

2o(x, 1—1) x .
at - Jaam (1 - 1)

We now insert this into the above time-dependent solution to yield:

Letting

Therefore,

T(x’t)Z% If(t— ;22).en2dn

If we consider the periodic surface temperature variation:
f(t)=T,cos(wt—c)

Then

T(x,0)= =

N
ey
-~
(@]

o
w
—
e
VoS
-~
|
N
Q| =
3 [\ ]
(3o}
N——
|
o
N————
o
3
QU
=

§

4o
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or

X

Jagi ,
2T, X -
_\/E cos| w t—40m2 —c|-eTdn

0

The second term on the right,

=

<:t-___1§ﬂ*

0
=J.=O if t — oo
0

Therefore T(x,t) = the first term on the right only

2 B %
=T, cos(a)t—x(w) —c]~e (2“)
o

The temperature oscillates with cos(wr) at any location x.
If consider surface temperature variation as

OEN NG

Then

oo

T(x,t)z% J Tt -edn

NEY

Case 2: Now we will consider a time-dependent convective BC at x = 0 on the semi-
infinite surface.

_gzh(Tm—T) atx=0, >0
dx

From Equation (4.28), the time-independent BC, T(x,t), is

xh 0

T(x,t) X [k“’,?} X h
= erfi - ‘t-erfe| ——+—~at
To—T C(\/4at) ¢ erfel faor TV
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Consider x = 0 (the surface exposed to convection),

Wt
ron [ (e
———=l-e -erfc| —ot
T.-T k

If the convective fluid temperature increases with time, ~ Jt, the time history of the
T..(1) ~ </t can be simulated by a series of time steps, which are incorporated into

the above equation using Duhamel’s superposition theorem. The solution of the local
surface temperature can be expressed as, at x =0,

N ha(i—t,)
— h t—t,
T(0,/)-T; 22 l-e ¥ -erfc[%} (Tp = Tenr)

n=1

Note that the above comes from Duhamel’s theorem, as mentioned before, for the
case of N step changes,

T(x,1)= Z(])[x,(t —nA)]- A

When ¢ is in the time interval, (n —1)At <t < nAt, this result can be written in a
general form as

T(x,t)= Zq)(x, t—nAt)- Af; -U(t — nAt)
n=1

where
U(t — nAt) = the unitstep function.

Case 3: Now we will present the case of a heat flux BC which varies with time.

—ka—qu(t) atx=0, >0

The time-independent BC, ¢"= constant, the T(x,t) can be obtained from Equation
(4.26).

Following Duhamel’s superposition theorem, the time-dependent solution, T (x,t),
can be obtained, for a given ¢}(¢) ~ Jt or others, using N step changes,

T(x,0)= Y 0(x.0—nar)- A,
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4.5.3 DuUHAMELS THEOREM FOR CYLINDRICAL COORDINATE SYSTEMS

The temperature distribution in the radial direction can be obtained by solving the
energy equation in cylindrical coordinates:

2°T(r,t) . 19T (r,t) _ 19T(r.1)

or? ror oa ot

T(r,t)=f(t) atr=r, >0

T(r,0)=0 for =0
For the time-independent solution

2*¢(r,t) +l3¢(r,t) _ 19¢(r.t)
or? r dr a ot

¢(r0at):C0nStal’lt:1 atr:ro’t>0

Duhamel’s theorem:

T(r,t)= Jf(r)~%~dt

From the time-independent solution,

oo

Jo( A,
o(r.1)= 1_22 0( L) et
SR Ji ()‘nrO)
where A, values are the positive roots of Jo (4,5 )= 0.
Thus, the time-dependent solution can be written as

200N iz 5 Jo(Aur) j .
(r, :_z O B LA ZE IO
(r,2) Vo n=le 7o) Oe f(r)dr

4.6 GREEN’S FUNCTION FOR TIME-DEPENDENT,
NONHOMOGENEOUS PROBLEMS

The method using Green’s function can be applied to solve transient heat conduc-
tion problems with time-dependent, nonhomogeneous BCs. The solutions are based
on the solutions of the same problem with time-independent, nonhomogeneous BCs
that have been shown in the previous sections. The Green’s function method can
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be applied for 1-D, 2-D, and 3-D transient heat conduction problems in rectangu-
lar and cylindrical coordinate systems. A few selected cases are outlined in the
below sections. The text from Hahn and Ozisik provides additional details for the
application of Green’s function to transient heat conduction problems [3].

4.6.1 GReeN’s FUNCTION IN A RECTANGULAR COORDINATE SYSTEM

Consider 1-D transient heat conduction in a plane wall of thickness L with
time-dependent heat generation and a time-dependent BC.

&27T+l_(xt)_l8l
FICIAE Ay
T(x,0)=F(x) for =0

T(0,t)=fi(r) atx=0, >0
T(L,t)=fo(t) atx=L, >0

For the case of the homogeneous problem

dy _ 1y

ax*  «a Jt
v (x,0)=F(x) for t=0
y=0 atx=0, >0
v=0 atx=L, t>0

The solution is obtained as

L -
v(x,t)= j [iZsin/’Lnx-sin/lnx’-e"‘u%’:|-F(x')dx’
x'=0

n=1

where A4, = %, n=1223,...

The nonhomogeneous solution can be related to Green’s function as

v(x,t)= J G(x,tlx',r)‘rzo F(x)dx’
=0

Thus

2O . ‘ a2
G(x,tlx',’r)‘ =) sinA,x-sinA,x" - e %!
7=0 L
n=1
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The desired Green’s function is obtained by replacing ¢ by ¢ — 7 in the above equation,

2N . R
G(x,tlx’, T)ZZZSln/'Lnx-sm/lnx e %al=)

n=1

The Green’s function, G(x,tlx’, T), for the 1-D transient problem represents the tem-
perature at the location x, at time ¢, due to an instantaneous point source of unit
strength, located at the point x’, releasing its energy spontaneously at time ¢ = 7. The
solution for T(x,t) is expressed in terms of the 1-D Green’s function G(x, ¢ x’, 7) as

t

L L
T(x,t)= J G(x, tlx’, T)|r=o -F(x’)dx'+% J.d’ﬂ J- G(x, ', 1) g(x',7)-dx’
x’'=0

x'=0 7=0

f(t)dt

x'=L

t
J‘ 9G(x, tlk’, 7)
to | 2
ox’
7=0

-f,(T)dT—OzJ dG(x, tl/x ,T)
7=0 ax

x'=0

The right-hand-side, Ist term is for the homogeneous problem, q(x’,t) =0, the 2nd
term is for the nonhomogeneous problem, c'](x’,t) is given, the 3rd and 4th terms are
for time-dependent BCs. Thus, the solution in terms of Green’s function:

L

2 X —on? . . ’ ’ ’
T(x, t):z Ze it gin A,x - J sinA,x"- F(x")dx"+
n=1 x'=0
2 o t L
o ey . 2 . r o2 ’
zzz{e il gin A, x - J.e‘ﬂ"’dr- J sinA,x" - g(x',7)dx’ +
n=1 7=0 x’'=0

t

a%z{e_‘m'%’ A, -sinA,x J.e‘ﬂ’%’ fi(r)dt
n=1

=0

t

—(X%Z(_l)n e—a/l,%t . ln ~sinl,1x J‘eaﬁf fz(T)dT

n=l1 7=0

Special Case 1: If F(x)=0, f,(t)=0, f;(t)=0, and ¢(x,t) = ¢ = constant.

L

200 O . . .,
T(x,t)= SN i sinA,x- | sinA,x"-g-dx
kL

n=1 x’=0

Special Case 2: If F(x)=fi(t)=f,(t)=0, and ¢(x,t)=¢(¢)-6(x—a) for t >0, a
plane surface heat source of strength () at x = a releases its heat continuously,
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t

200 O . . .
T(x,t)= k—z Ze’“’l’%’ -sinA,x -sinA,a - J.e'“’%’ -g(1)-dt

n=1 =0

Special Case 3: If F(x)= f,(t)= £,(t)=0, and g(x,t)=¢(x)-6(t—a) fort>0, a
distributed heat source of strength ¢(x) releases its heat spontaneously at time z =0,

oo L

T(x,t):% ze“"’l’%’ -sinA,x - J- [%L](x’)}sinlnx'-dx'

n=1 x’=0

a. ., S .
where ;q(x )= F(x). This implies that an instantaneous volume source of strength
o, L . . . L
;q(x) releasing its heat spontaneously at time #=0 is equivalent to an initial

temperature distribution F (x).

4.6.2 GRreeN’s FUNCTION IN A CYLINDRICAL COORDINATE SYSTEM

Consider 1-D transient heat conduction in a cylinder of radius r,, with time-dependent
heat generation and a time-dependent BC.

82T+1&—T+l'(rt)
or’  ror kq’

_1J7
oot

T(r,0)=F(r) fort=0
T(n,t)=f(t) atr=nr, t>0

For the homogeneous case,

I’y 1oy _ 19y
or* radr «adt

v(r,0)=F(r) fort=0
v(n,t)=f(t) atr=r, >0

The solution is
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where the A, values are positive roots of J (/lnro) =0.
The solution in terms of Green’s function is

n
w(r,t)= J r’G(r,tIr’,T)‘T=0 “F(r)dr

0

’
r

where

, 2N Jo(Ar ,
G(r,tir ’T)‘T:o = ng odit Jé)((lnro)) Jo(Aar”)

n=1

The desired Green’s function is obtained by replacing ¢ by ¢ — 7,

, 2 oan Jo(Aar ,
G(r,t|r,f)‘r:0:r_22€ e ).Jé)((ﬂnro))-fo(lnr)

0

Thus, the nonhomogeneous solution 7'(r,¢) based on Green’s function:

n

n T
T(r,t)= J r'G(r,tIr',T)L:O F(r)dr +% JdT : J rG(r,dr',7)-¢(r',7)dr

=0 =0  r'=0

—a J. I:r/gﬁ :lr,m .f('[)-d‘t'

=0

where

[r,ﬁG] __2 N oD ) Jo (2ar)
ar’ .,

Thus, the solution in terms of Green’s function:

_ 2 N —al,%t Jo(l’nr) h ’ ’ ’ ’
T(x,1)= gz{e 72 (Am) jorjo(/lnr ) F(r')dr

n=1 »

t n
kr 2 o JO . J.e_a’l’%’d”r+ J-rJo(l r')-q(r',T)dr
0 n=1

=0 r’'=0
oo t
Jo (A,
+2£ efal,%t 'An . ;)( r) ) J.ea/lsf f(T) dr
h = Ji (ln’”o) o

139
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Special Case 1: If F(r)=0, f(r, t)=0, and Q(r, f) = ¢ = constant.

JO lr 27(] N e—al,%t_ Jo(l"r)
kﬁ) = Al J] ﬂfﬁ kn) el ASJ%(Am’b)

2
If t — oo, steady state, e”*' = 0, thus

24~ Jo(Ar) 4l -r?)

T ,00)=—— =
(r ) kr() = l,?]l(l,,rl) 4k

therefore, the solution is

(22 -
rry= 00 =) 20 X0 ey Inlor)
4k kry 4= i (Am)
Special Case 2: If F(7)=0, /(1 1) = 0, and (r,0) = (¢ -8(r" =0),
T
\ Jo(ir) |
o —oA? o\l —ol2r .
T(r,t)= ainr.i,J' oAtt d
) kg Ze It (Aary) egln)dr

n=1 =0

Special Case 3: If F(r)=0, f(r, 1)=0, and ¢(r,7)=¢(r")8(7 - 0),

T(r t): 3 ie_a/l’%t M ])‘r’] ()« r’). aq-(r,) drl
| r()2 -112(/1,17'0) / 0 " k

n=1 r’=0

.., S .
where —¢(r’) = F(r), this implies an instantaneous volume heat source of strength

a.., L . . . L
;q(r) releasing its heat spontaneously at time ¢ =0 is equivalent to an initial

temperature distribution F (r).

Examples

4.1 Solve transient temperature profiles of a convectively cooled cylinder, as
shown in Figure 4.1b, by separation of variables.

Solution

-7,

Let9=T
T

i oo
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10 ( 89) 106 a2%6 106 1 00
— =" or —+—
rar\ or o ot o ror adt

20
i.r=0, —10=0
. r ar 0

i.r=r,, - kg—f ly=, = h0B,,

Separation of variables:

6=R(r)t(2)
ﬂ+7»21=O; T=Ce "
Jt
?’R 10R
“Z=+AR=0
or? +r 8r+

R(r)=CiJo(Ar)+CoYo (Ar)
Applying BCs

8R
Zr()

JdR

_ki|r:r0=kclﬂ,.l](/lr0)=h91;, /l.]](lro)=%.]0(lro), ﬂ'n =2.r0

or
Audi(A)= Bidy(A,)=0

where Bi = (hr,/k),

_ N (s )k r
B—ZC,, Do\ A

n=1

atr=0, 0=1
1=>cJ| A
Senfar)
o

J r./o(/ln(f”/ro))dr ~ (rﬁ/ln)fl(ln)
J

"2 (e ar 912015 ()8 ()]

C 2.]1 J()( }"/Vo) e
— ., [Jo )+ 77 (A) ]

—C AL (0)+CAY (0)=0, J,(0)=0, =C,=0

141
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where F, = (Oct/r,,z)

4.2 Solve transient temperature profiles of a convectively cooled sphere, as shown
in Figure 4.1c, by separation of variables.

Solution

-T.

T
Let@ =
The 1-D transient conduction equation is:
L 9(,299) 100
rPor\ dr) adt

This equation can be re-written as:

1 0° 100
~ 2 _(ro)=—"=
ror’ r6) o ot
BCs:
d0
i.r=r,—k—=nh0,
i.r=r o .
ii.t=00=1
Let U(r, t) = rO(r, t),
U _ 1
arr  «a ot
U=0 atr=0
BCs
aU+(h—1JU=O atr=r,
or k 7,
U=r fort=0
U=R(r)t(t)
I ahT=0; = 1()= Cre
Jt
2
irf FR(F)=0

R(r) = Cisin(Ar)+Cycos(Ar)

atr=0, U=0,=C,=0
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C Acos(Ar, )+(% - l)C,sin(),ro)=0

I
A, = Ar,

Ancos(A,)+ (B —1)sin(4,)=0

where B; = (hr,/k),

where Fy = (Oct/r,,z)

Att=0,60=1U=r,

0

J-ru sin? (l,, (rfr, ))dr A lr,

0

Jror sin(2, (r/r,))dr Al
Cn — . n o

_ 2(sin(/1n ) -y cos(/l,, ))
" A, —sin(4,)cos(4,)

- s1n cos(/l )

[sin(2,) - A, cos(4,)] Sin(l"(rz)) e
. Z2 — Aucos(4,) | /1 e

v
r

4.3 Solve transient temperature profiles in a semiinfinite solid body using the
Laplace transform for the following BCs of constant surface heat flux. If at time
t = 0 the surface is suddenly exposed to a constant heat flux g;’—for example, by
radiation from a high-temperature source.

Solution

1-D transient:

A*T 19T
ox? (xat




144

Initial condition:

aT
=0, -k—=gq/
i X Epak

ii. x 200, T=T,

let@=T-T,
20 _ 10
dx*  adt
Initial condition:
t=0; 6=0
BCs:
00
i.x=0;—-k—=gq
dx 1
ii. x 200, 0=0
Applying the Laplace transform,
9’0 s -
- -26=0
Jx* «
BCs:
i. x=0; k89 il
dx s
ii. X = o0; 0=0
Solving,

9 — Cle—x sla + Czex sla

Applying BC (ii), C, = 0.
Applying BC (i), C; = (q//s)(1/k-/s/et)

Substituting this into above (2),

”

6=

k\/s/

Analytical Heat Transfer
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Rearranging,

6= / o V)"

e

Applying the Laplace inverse,

0= ‘f\/a[z\/zew(—:;t)_ \/)Caerfc(%;o?)]

2
T-T = (4at) exp - —xerchl,2
k T 4ot (4at)

4.4 Solve transient temperature profiles in a semiinfinite solid body using the
Laplace transform for the following BCs of convective heat transfer to the surface.
If at time t = O the surface is suddenly exposed to a fluid at temperature T, with a
convective heat transfer coefficient h.

Solution

1-D transient

Fr_tar
dx* o ot
Initial condition:
t=0;, T=T,
BCs:
i.x=0; ka—e h(6.. — 6y)
dx
ii.x—>o00, T=T,
letd=T-1T,
920 1 00
o adt
Initial condition:
t=0;, 0=0
BCs:
i. x=0; ka—e h(Bw—Oo)
ox

ii. x> 00,0=0
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Applying the Laplace transform,

———0=0 1
X’ «o W
BCs:
=0k 20000 h(ew - é(o,r))
dx s
ii.x—>00,60=0
By solving,
é — Clea\' slo + Czex slo )
Applying BC (i), C, = 0.
Applying BC (i),
_ (hlk)6..
(k) + (7)) s

Substituting this into above (2),

(h/k)e"“ efx slo

0=
(k) + (7))
By re-arranging,

6o (hik)or RS
" ((nh)Ne +s)s

Applying the Laplace inverse,

et o )

T-T, — erfe X _ o IHIR et g Lm + ﬁ(on‘)l/2
T.-T, (4ar) (dor)™ K

REMARKS

There are many engineering problems involving 0-D, 1-D, 2-D, or 3-D transient heat
conduction with various thermal BCs. In the undergraduate-level heat transfer, we
have focused primarily on how to apply the lumped capacitance solutions to solve
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relatively simple engineering problems. For 1-D and multidimensional transient con-
duction problems, we normally do not go through the detailed mathematical equa-
tions and solutions. Instead, students are expected to apply these formulas to solve
many engineering problems given the solid material geometry with appropriate ther-
mal properties and thermal BCs.

In the intermediate-level heat transfer, with Chapter 4, we have introduced sev-
eral very powerful mathematical tools such as similarity method, Laplace transform
method, and integral approximate method, in addition to the separation of variables
method already mentioned in Chapter 3. Specifically, the separation of variables
method is convenient to solve the transient conduction problems with finite-length
dimensions such as the plate, cylinder, and sphere with various thermal BCs.
However, the similarity method, Laplace transform method, or integral approximate
method are more appropriate to solve the transient conduction problems with semi-
infinite solid material for various thermal BCs.

1-D transient heat conduction with moving boundaries belongs to advanced heat
conduction material. Duhamel’s theorem can be applied for transient heat conduc-
tion problems with a time-dependent BC. The method using Green’s function can
be applied to solve transient heat conduction problems with time-dependent, nonho-
mogeneous BCs. Both Duhamel’s theorem and Green’s function method belong to
advanced heat conduction material.

PROBLEMS

4.1 The wall of a rocket nozzle is of thickness L =25mm and is made from
a high-alloy steel for which p =8000kg/m?, ¢=500J/kg K, and k=25
W/m K. During a test firing, the wall is initially at 7; = 25°C and its inner
surface is exposed to hot combustion gases for which 4 =500 W/m?K and
T., = 1750°C. The firing time is limited by the nozzle inner-wall temperature
when it reaches 1500°C. The outer surface is well insulated.

a. Write the transient heat conduction equation, the associated BCs, and
determine the nozzle wall temperature distributions. (Note: The diameter
of the nozzle is much larger than its thickness. No need to perform inte-
gration of orthogonal functions.)

b. Sketch several nozzle wall temperature profiles during transient heating.

c. To increase the firing time, changing the wall thickness L is considered.
Should L be increased or decreased? Why? The value of the firing time
could also be increased by selecting a wall material with different ther-
mophysical properties. Should materials of larger or smaller values of p,
¢, and k be chosen?

4.2 One side of a metal plane wall is insulated. The wall has a thickness of L
and is initially at temperature 7; when suddenly the other side is heated by
forced convection from water at temperature 7,, with a convection heat trans-
fer coefficient A.

a. Outline, step by step, the procedures and the associated initial and BCs
that may be used to solve the temperature distributions in the plane wall.
You do not need to solve the transient temperature distribution.
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4.3

4.4

4.5

4.6

4.7

Analytical Heat Transfer

b. Sketch the temperature profiles in the plane wall during the heating
process. Also, estimate the surface temperature at the final steady-state
condition.

A long metal plane wall with a thickness of 2L is initially at temperature 7;

and suddenly both sides are heated by convection fluid flow at temperature 7,

with a convection heat transfer coefficient 4. Outline the procedures that may

be used to solve the temperature distributions in the plane wall and sketch the
temperature profiles in the plane wall during the heating process for two dif-
ferent cases.

a. Fluid flow is natural convection air.

b. Fluid flow is forced convection water.

c. Also, estimate the surface temperature at the final steady-state condition.
Which fluid flow will reach the steady temperature faster? Why? Make
appropriate assumptions in order to justify your answers.

A large flat plate (with a thickness of 2L) initially at 7, is suddenly plunged

into a liquid bath at 7... Derive an expression for the instantaneous tempera-

ture distribution in the plate, if:

a. The heat transfer coefficient between the two surfaces of the plate and the
liquid, A, is given as constant and finite.

b. The heat transfer coefficient & between the two surfaces of the plate and
the liquid is very large so that the temperatures on the two surfaces of the
plate may be assumed to change abruptly to the temperature of the liquid
(.e.,T(L, t) =T, for t>0).

c. Sketch the instantaneous temperature distribution in the plate for both (a)
and (b) if T,>T..

A semiinfinite solid is initially at a uniform temperature 7, and suddenly

exposed at its surface to a constant heat flux ¢”.

a. Determine the temperature history in the solid.

b. Approximately plot the temperature profiles for the following BCs:

i. Constant ¢”at the surface.
ii. Constant temperature at the surface, 7,(0,£) > T..
iii. Constant fluid temperature 7y and h, T;>T,.

A semiinfinite carbon steel block is initially at a uniform temperature 7, and

its surfaces are suddenly exposed simultaneously to a constant irradiation

flux ¢”and ambient air of 4, T,.

a. Determine the temperature history in the solid and sketch the tempera-
ture profiles in the solid assuming 7; = T.,. Analytical method.

b. If a semiinfinite pure copper block will be operated at the same condition,
state that the time required for the surface of the block to reach T, will be
longer or shorter than that of the steel block. Why?

A liquid confined in a half-space x> 0 is initially at a temperature 7; which is

higher than its freezing temperature 7;,. For times ¢> 0, the surface at x =0

is subjected to the following BCs. Plot the temperature history both in the
liquid and the solid.

a. Constant heat flux is ¢” this ¢”is removed away from the surface.

b. Constant surface temperature 7,, 7,< T,
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c. If natural convection takes place in the liquid region with a constant 4,
plot the temperature profiles and freezing distance & with time in both
case (a) and case (b). Explain the difference.

4.8 A solid simulated as a half-space, x>0, is initially at a temperature 7;
which is equal to its melting temperature 7,,. For time >0, the surface at

x = 0 is subjected to the following BCs. Plot the temperature history both in

liquid and solid:

a. Constant heat flux is ¢” this ¢”is applied to the surface.

b. Constant surface temperature 7,, 7,>T,,.

c. Convection to the surface with heating fluid at 7, A.

4.9 Refer to Equation (4.14) and solve the temperature distributions for the 3-D
block with the following BCs:

x=%a,T=T,

a. y=+b,T=T,

z=%xc, T=T,
X = *a, (-K9T(+a,t)/dx) = h|T(%a,t)-T. ]
b. y=tb, (~K9T(+b,1)1dy) = h[T(+b,t)-T. ]
7 = *c, (-KIT(4c,t)/dz) = h[T(+c,t) - T. ]

4.10 A semiinfinite solid is initially at a uniform temperature 7,. The surface of
the semiinfinite solid is suddenly exposed to a constant temperature 7.

a. Write the governing equations and the BCs.

b. Nondimensionalize the governing equations and BCs by appropriate
choice of temperature variable, length scale, and timescale.

4.11 An infinite body of cold liquid initially at uniform temperature 7, is brought
in contact with a heated horizontal wall of infinite length maintained at a
constant temperature (7,). It is expected that after infinite time the liquid
temperature profile will be linear within a thermal boundary layer of thick-
ness &. Neglect gravity or body forces and liquid convection and assume that
heat transfer in the liquid is by conduction only.

a. Write the governing equations and the BCs.

b. Nondimensionalize the governing equations and BCs by appropriate
choice of temperature variable, length scale, and timescale.

c. Solve the governing equations to obtain the transient temperature profile.
Verify if the solution for the transient temperature profile satisfies the
linear temperature profile when steady-state conditions are reached
(at infinite time).

4.12 A plate is initially at temperature 7, when laid on an insulated surface and
cooled by air flow at temperature 7, with the heat transfer coefficient h.
The length of the plate is /, width w, and thickness b (I>>w, [>>b, w>>b).
The thermal diffusivity of the plate is « and the thermal conductivity of the
plate material is k. The viscosity of air is u and density is p. Estimate the time
required for the bottom surface of the plate to cool to 7,, when
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a. The plate material is made of copper (the conduction resistance in the slab
is negligible).

b. The plate material is made of plastic (the convection resistance on the slab
is negligible).

4.13 A long metal plane wall with a thickness of 2L is initially at temperature 7;
and suddenly both sides are heated by a convection fluid flow at temperature
T... Outline the procedures and solve the temperature distributions in the
plane wall and sketch the temperature profiles in the plane wall during the
heating process for two different cases.

a. Fluid flow is natural convection air.
b. Fluid flow is forced convection water.

4.14 Consider a large wall, separating two fluids at 7., and 7., (7., <T..,). To pre-
vent heat transfer from the hot fluid at 7, to the wall, a thin foil guard heater
(of negligible thickness) on the surface of the wall exposed to the hot fluid at
T., is used to raise the surface temperature to 7.,,. Sketch the instantaneous
temperature distributions at several different times in the fluids near the wall
and in the wall, before and after the surface temperature is raised with the
thin foil guard heater, until a steady state is reached.

(b) Consider a large wall, separating two fluids at 7., and 7., (T.,<T.,)).
Instead of the thin foil guard heater in (a), heat is generated uniformly in
the wall to prevent heat transfer from the fluid at 7., to the wall. Sketch
the instantaneous temperature distributions in the fluids at several differ-
ent times near the wall and in the wall before and after heat is generated
uniformly in the wall to prevent heat transfer from the hot fluid to the wall,
until a steady state is reached.

(c) Consider a large wall with a thickness of 2L its surfaces maintained at
T, and T, (T, #T,). Heat is generated uniformly in the wall. Beginning with
the steady-state, 1-D, heat conduction equation and appropriate BCs (T'= T,
atx = —Land T = T, at x =+L), derive an expression for the steady-state 1-D
temperature distribution in the wall, T(x). Using the expression, show that
the rate of heat generation is equal to the sum of the rates of heat transfer
from the two surfaces.

4.15 A plane wall has constant properties and no internal generation and is ini-
tially at a uniform temperature 7;. Suddenly, the surface x = L is exposed to
a heating process with a fluid at 7, having a convection coefficient /. At the
same instant, the electrical heater is energized providing a constant heat flux
qy atx=0.

a. On T—x coordinates, sketch the temperature distributions for the
following conditions: initial condition (1<0), steady-state condition
(t = o0), and for two intermediate times.

b. On gy — x coordinates, sketch the heat flux corresponding to the four tem-
perature distributions of (a).

c. On g7 -1t coordinates, sketch the heat flux at the locations x =0 and
x = L. That is, show qualitatively how ¢7(0,¢) and g7(L,t) vary with time.

d. Derive an expression for the steady-state temperature at the heater sur-
face, T(0, o0), in terms of g, 7., k, h, and L.
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4.16 The plane wall has constant properties and a uniform internal generation of
q (W/m3 ) that activates only when the electric heater is energized. The wall is
initially at a uniform temperature 7;. Suddenly, the surface x = L is exposed
to a cooling process with a fluid at 7., having a convection coefficient 4. At
the same instant, the electrical heater is energized providing a constant heat
flux gg at x = 0.

a. On T—x coordinates, sketch the temperature distributions for the follow-
ing conditions: initial condition (#<0), steady-state condition (t — ©0),
and for two intermediate times.

b. On g7 — x coordinate, sketch the heat flux corresponding to the four tem-
perature distributions of (a).

c. On g7 -1t coordinates, sketch the heat flux at the locations x =0 and
x = L. That is, show qualitatively how ¢7(0,¢) and g7(L,t) vary with time.

d. Derive an expression for the steady-state temperature at the heater sur-
face, T(0,00), in terms of, g7, ¢, T.., k, h, and L.

4.17 A 10 m-long, 2 cm-diameter copper rod is immersed in a heating bath at
a uniform temperature of 100°C. This rod is suddenly exposed to an air
stream at 20°C with a heat transfer coefficient of 200 W/m? K. Find the time
required for the copper rod to cool to an average temperature of 25°C. Write
all assumptions if necessary. The thermal conductivity, specific heat, and
density of copper are 401 W/m K, 385J/kg K, and 8933 kg/m?, respectively.

4.18 Determine the temperature profile for 1-D transient heat conduction problem
in a cylinder at constant surface temperature as shown in Figure 4.1b.

4.19 Determine the temperature profile for 1-D transient heat conduction problem
in a sphere at constant surface temperature as shown in Figure 4.1c.

4.20 Determine the temperature profile for 1-D transient heat conduction
problem in a vertical plate at constant surface temperature as shown in
Figure 4.4b.

4.21 A solid material confined in a half-space x> 0 is initially at a temperature 7,
which is the same as its melting temperature, 7,,. For times #> 0, the surface
at x = 0 is kept at a constant temperature, 7,. If 7, is higher than its melting

temperature 7,,, we need to understand the temperature history both in the
liquid and solid.

a. Write down the heat conduction equation and the associated BCs which
can be used to solve the time-dependent temperature profiles in both the
liquid and solid. Determine the time-dependent temperature profiles in
both the liquid and solid. You do not need to obtain the final solutions.

b. Sketch the temperature history and melting distance 6 with time both in
the liquid and solid in the same diagram, i.e., sketch T(x, #) with (¢) at
t=0,t=t,t=t,t =t etc., respectively, in the same diagram.

4.22 Consider a flat plate with a thickness of L initially at 7,. The left-hand-side
of the plate (at x = 0) is insulated and right-hand-side of the plate (at x = L)
is suddenly heated by air flow at 7, (T;<T.). The heat transfer coefficient
between the surface of the plate (at x = L) and hot air is given as 4.

a. Write down heat conduction equation and the associated BCs which can
be used to solve the time-dependent temperature profiles in the flat plate.
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Determine the time-dependent temperature profiles in the flat plate. You
do not need to perform the integration of orthogonal function for C,.

b. If the flat plate is a stainless material, sketch the temperature history of the
plate in the same diagram, i.e., sketch T(x, t) att = 0, t = t|,t = t,,t = 15, and
steady state in the same diagram. If the flat plate is an aluminum material,
sketch the similar temperature history of the plate in the same diagram for
comparison. Comment on which material’s surface temperature (at x = L)
will increase faster during the same heating process and why.
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5 Numerical Analysis in
Heat Conduction

5.1 FINITE-DIFFERENCE ENERGY BALANCE METHOD
FOR 2-D STEADY-STATE HEAT CONDUCTION

The previously discussed principle of separation of variables is a powerful method
to solve the 2-D heat conduction problem. However, the solutions become tedious
for various nonhomogeneous boundary conditions (BCs). With the help of modern
computers, the heat conduction problem can be easily solved by using the finite-
difference energy balance method for complex BCs. For example, Figure 5.1 shows
the typical numerical grid distribution for 2-D heat conduction with given surface
temperatures as BCs. It requires detailed mathematical procedures if we choose
the separation of variables method to solve this problem. Of course, the accuracy
of the numerical solutions depends on the number of finite-difference nodes used
for the energy balance calculations. In general, the accuracy improves with an
increasing number of grid points. It should be noted that each grid point actually
represents the temperature of a small area, AxAy. Therefore, we obtain the discrete
temperature distribution using the finite-difference method. However, when Ax and
Ay become very small (approaching zero), the temperature distribution predicted
by the finite-difference method will be the same as that calculated using the separa-
tion of variables method.

In general, the grid size in the x-direction is not necessarily the same as that in
the y-direction. We need to use a smaller grid size (more grid points) in the direc-
tion of a high-temperature gradient. The energy balance can be applied to each

AY T (% y)
\ / Grids cells
7, Jﬁi\ T,
> X

FIGURE 5.1 Finite difference method to solve 2-D heat conduction problem.
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grid point, shown in Figure 5.1. The number of unknown temperatures is the same
as the number of energy balance equations (the number of grid points). Therefore,
the unknown temperatures can be solved using a system of equations. Note that we
do not need to perform the energy balance on the boundary points if the boundary
temperatures are already given. However, we need to perform the energy balance
on the boundary points if the boundary is exposed to a heat flux or convection, in
which their boundary temperatures are unknown and must be determined using
the finite-difference method. The following outlines the finite-difference method
to solve the 2-D heat conduction problem shown in Figure 5.2. We can begin the
energy balance at the interior points and then extend the energy balance to the
boundary nodes with various BCs.

Given surface temperature

Ax I
-
- 1
/
EM —yl le—
Insulated £ % i _Tf’ hT
wall | %I ] -
—_—
Ay T, ’ vy T
)
/] -
A 4 h T, -——-
Y T/ Convection T,
y
7
A \ A
| FFFrfra
x qx
Uniform heat flux
T m,n+1 i,j+1
’ T:)J T, m-1n m+1,ni—LJj /jAy i+1,j
1 /ﬁ Ay Aé Ay 7
Ax Ax Ax|
T, m,n—1 i,j-1

FIGURE 5.2 Finite difference method to solve 2-D heat conduction problem with variable
boundary conditions.
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The energy balance at the interior nodes:

4
D i +a(Ax- Ay-1)

=0 (5.1)
i=1
kAy-1~T‘_T°+kAy-1-T2_T°+kAx-1 T*A 2
- Y 5.2)
+hkAx 14—+ g(Ax - Ay) =0
Ay
If Ax = Ay,
%:ﬂﬁ+n+n+n+qﬁmj (5.3)

The energy balance can also be applied to the boundary nodes (not needed if the
surface temperature is given):
Convection boundary on the surface nodes:

kAy,l.Mij&.l.T“_To +kﬂ.1.T3_TO
Ax 2 Ay 2 Ay

5.4
. Ax
+hAy(T.. - T0)+q7-Ay =0

Uniform heat flux at the surface nodes:

P BT iaeg BT A BT
2 Ax Ay 2 Ax

(5.5)
t A1+ Ac=
qs +q2 Ax=0

If insulation is applied to the surface nodes, then ¢, = 0.
In general, 7, T, T,, T3, and T, can be replaced by 7,, ,, 7, T, T,

m, w “m=-1n> fm+ln fm, n-1> and
T, morbyT, , Ty Ty T s and oy, Wherem = 1,2,3, ...n=1,2,3, ... ori =1,
2,3,..,j=12,3,...toobtain T, |, T, ,, T\ 3, ..., T, }, T 5, T3, ..., and T}, T3 5, T 5, ...

Another approach is to make grid nodes directly from the heat conduction equa-

tion. The 2-D steady-state heat conduction equation with heat generation is

2 2 .
i£+§§+g:0
dx*  dy” k
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The finite-differential format of the steady-state 2-D heat conduction equation with
heat generation can be written as

Tm—l,n - Tm,n T;n+l,n - Tm,n Tm,n—l - Tm,n + T;n,nJrl - Tm,n

+ .
Ax A, & oo 56
Ax Ay k
Allowing Ax = Ay, one obtains
(Tm—l,n - Tm+l,n + T;n,n—l + Tm,n+l ) + %(Ax)z = 47—;11,n (57)

wherem=1,2,3,...,n=1,2,3,....

The above linear equation can be applied to all interior nodes. Theoretically,
one would obtain m X n linear equations, and therefore, the temperature distribu-
tion, T(x, y) = T,, ,, can be solved using the matrix method [1,2]. For example, let
T,,=T,T,,T;, ..., Ty, and the above linear equations can be applied T}, T}, T, ...,

m, n

T,. Rearranging the equation, one obtains

anTi +apTy +apTs +--+ayTy = C
ay Ty + apTy + apTs +--+anTy =G,

(5.8
aniTi + a2 T + aN37;3 +-+awly =Cy
Using the matrix notation, these equations can be expressed as
[AllT]=]c] (59)
where
ai an VY T G
[A]z 0:21 an o oy ’ [T]z 7;2 ’ [C] _ 6:2
111.\/1 ayz ©tt AnN Ty Cy
The solution may be expressed as
[T]1=[A]"[c] (5.10)

where [A]! is the inverse of [A] that is defined as

bll b12 blN

[A]—l — b2] b22 bZN

le bNZ bNN
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Therefore, the temperature can be determined by

T = biCi + bpCy + -+ by Cy
Tz = b21C1 +b22C2 +"‘+b2NCN (5 11)

TN = bN1C1 + bN2C2 + -t bNNCN

Example 5.1

We use Figure 5.3 as an example to demonstrate how to solve the 2-D heat
conduction problem using the finite-difference method. Let Ax = Ay and ¢ =0.
Rearrange the temperatures from the energy balance on nodes 1, 2, 3,....

n=i@+n+n+nk:

AT+, +T:+0+0+0+0+0=-2T,

n=i@+n+n+n)

2T -4T, +0+ T, +0+0+0+0=-T,

n=i@+n+n+n)
1
T4:Z(T3+T6+T3+T2)

Ti= (L4 T AT 4T5)

TS
1 -7 T2 1
s’ N
v N
/7 N
4 bY
TS“ 3 -~ T4 3\ “TS
/ // \\ \
/ A \
/]
/ N \
/ /g 6 5y
- ~ - Y
//’ _|- ~L N
1, - =~ A
- S AN
I// 7 8 i \\
S Toor h
—_—>

FIGURE 5.3 Example of using finite difference method to solve 2-D heat conduction problem.
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1
Tﬁ :Z(TS +7;; +T5+T4)

T =%(2T5 +T+T, +2@Tw)
(4+2(hAx/Kk)) k

1 hAx

s (2+(hAx/k))(T6 e T‘”)

Place the temperatures on the left-hand side of the equations, and the constants on
the right-hand side. We can form a coefficient matrix [A], temperature matrix [T],
and column matrix [C]. The linear equations of the finite-difference energy balance
on each grid point can be represented by the product of [A][T] = [C]. Therefore,
the temperature distribution can be obtained if we know how to solve [T] from
[A] and [C]. Therefore, the primary task for this method is how to obtain [A] and
[C]. The matrix can be solved numerically using a programming code such as
MATLAB®. The solution for [T] is

[T]=[A]"[C]

[ 4 1 1 0 o o0 0 0 1
2 4 0 1 0 0 0 0
1 0 =4 1 1 0 0 0
0 1 2 -4 0 1 0 0
0o 0 1 0 -4 1 1 0

[A]= 0o 0 o0 1 2 -4 0 1
0O 0 0 0 2 0 —(4+2k—hAx) 1
h
0 0 0 0 0 1 1 |2+ Ax
X

_ o . , _

-T Ti

-T T,

0 I

-T. T,

C: s T:

(€] 0 [T] I

T,

—T;—%AxTw 6

k T;

e N
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Example 5.2

We use Figure 5.4 with T(x, y) =T, , wherem=1,2,3,4,5andn=1,2, 3, 4,
5. We need to solve the temperature column matrix [T] with Ax = Ay and ¢ =0.
Provide the linear equations of the finite-difference, energy balance method
on each mode, and obtain a coefficient matrix, [A], and a column matrix [C].
Therefore, the temperature matrix can be solved by [A][T] = [C], [T] = [A]7' [C],
where all [T], [A], and [C] are equal:

T
T,
T. T Ty Tu Ty T
To T T T Ts, T"‘
[T]= Tis Th; Tis Tys Ts;5 = 22
Tu Ta Ty Ta  Tss T
1,5
Tl 5 T2 5 T},S T4 5 TS 5 T
25
Tss
Cl,l
C2,1
Cy Gy Gy Gy G C:
C» G Gy Ciy G, C”
[Cl=| Cs Ciz G Ciz Csz |= 22
C1,4 Cz,4 Csy Cya Cys C; :
CI,S CZ,S C3,5 C4,5 CS,S C ’
25
CS,S

ap (55) as Ay asy
[A] = as as ass ag3 ds3
a4 (2] a3y Ay Asy

as ass ass Ays dss

The above-mentioned finite-difference energy balance method can be used
for solving 2-D and 3-D heat conduction problems in Cartesian, cylindrical, or
spherical coordinates with various BCs. Figure 5.5 provides an example of a 3-D
problem. In this problem, let T(x, y, 2) =T, ,, withi=1,2,3,...0,j=1,2,3,...j,
andk=1,2,3,.. k.
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T, given surface temperature

5
v
4
q5=0 -
insulated 3 / b
wall
2
n=1,..,5
" Al pzd | o2
m= Lx .5 g, uniform heat flux

FIGURE 5.4 Example of using finite difference method to solve 2-D heat conduction
problem with various boundary conditions.

For the case of a curved boundary (3], the interior nodes can be determined as
shown in Figure 5.6.

As shown in Figure 5.6, given T, , T, ; ;, T, ., and T, ;_,, the unknown node, T, ,
can be determined using the appropriate energy balance equation.

oy Ty T2 = g Ti‘jZA_yTu + kA Tf’f*ClA‘y Liso 612
k=123, .., k
D N s B
T (x, y, x) r/% ; ; i=1,2,3, ..., 0
L HT
R
] | ,}//
R s
’FLmWJ
\ 4

FIGURE 5.5 Finite difference method to solve 3-D heat conduction problem.
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Ay

T 7
i~1,jlr 2 4T T,
o @

L~

cAy ‘Ti, - y

A
Y

FIGURE 5.6 Finite difference method to solve the interior nodes next to the curved
boundary.

5.2 FINITE-DIFFERENCE ENERGY BALANCE METHOD
FOR 1-D TRANSIENT HEAT CONDUCTION

The heat equation for 1-D transient heat conduction with heat generation is

’T ¢ _ 10T

x> k o dt

This equation is a parabolic equation. As discussed in Chapter 4, this equation can
be solved analytically using the separation of variables method, similarity method,
Laplace transform method, or integral method. In this chapter, we would like to solve
1-D and 2-D transient conduction problems with various BCs by using the explicit
finite-difference method and the implicit finite-difference method [1].

5.2.1 Expuicit FINITE-DIFFERENCE METHOD

This is a finite difference in space with an explicit form (lower bond). At a given
interior point, heat conduction from the neighboring points is based on the
previous time-step temperatures in order to increase that point temperature during
the incremental time-step change. While this method is limited by the instability
problem, it is a straightforward method that is easily used.

The finite-difference format of the above 1-D transient heat conduction equation
can be written as

(17 -1 ) i+ (T =T )ax g 1o -1y
+r=— (5.13)
Ax k o A
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Example 5.3
Figure 5.7 shows transient heat transfer in 1-D. The temperature at each node is
changing in time and denoted with the time steps, p.

The energy balance at an interior node, for example node 2, can be determined
using the energy balance.

X q = energy storage
Lower bond:

P P

pCoAx-y-1-(T/" =17

T? T, T —T7
koy 1= "2 4 ky 1222 45 Ax-y 1= 5.14
y y q y A (5.14)
letg=0, ox = (k/pC,, ), one obtains
P P P 1 ptl P
TP+ Ty 21 = — (1" - 17)
Fo (5.15)

7" = Fo(T + T} ) +(1- 2Fo) Ty

where the time increment is At with the time step p, that is, t = pAt, with p =0,
1, 2,.... Fo is a finite-difference form of the Fourier number Fo = (aAt/Ax?).

With a traditional hand calculation, the temperature at the (p + 7) step is deter-
mined by the preceding time and temperature at the p step, as sketched in Figure 5.7.
For example, at p = 0, t = 0, so the initial condition is Ty =T =T = T¥ =T,

The stability requirement is (1 — 2Fo) > 0, or Fo < 0.5. This can be achieved
with a combination of At as a very small value and Ax as a very large value.

| Ax
| | !
T,q | ' |
r
S Ny T’”}//:
I\\lkl :/4‘1
~
I
| \f/é T;ﬁ-l Tp+1
I ! I~ ~e 2 4
| TlpI T~ ®——- p+lstep
y | P
| T
| {/ 2| 'TBP\"T, p step
NNy v
T t T > f

i

* o 1 2 3 4
1
o fegt

FIGURE 5.7 Finite difference energy balance method for one-dimensional transient heat
conduction with given surface temperature boundary condition.
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Example 5.4

Consider Figure 5.8, with a surface convection BC (node 0).
The energy balance can be applied to node 0 to solve for the first time step
(p+1):

) P -1 T/ 17 Ax
h(T. -9 )+k IAX" =20 " 0 pCP(T) (5.16)
T0p+l =T/ + 2h ﬂ(Tw _Top)+ zaAzt(Tlp _TOP)
pC, Ax Ax (5.17)

=2Fo(T;" +BiT. )+ (1- 2Fo— 2BiFo)T;
where

oAt .
Fo = E = Fourier number

Bi= % = Biot number

For stability, (1 — 2Fo — 2Bi Fo) > 0 or [Fo (1 + Bi)] < 0.5.

nT,
A
N — —- p+1step
—— p step
> T;
L
x

FIGURE 5.8 Finite difference energy balance method for one-dimensional transient heat
conduction with convection boundary conditions.
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Example 5.5

Figure 5.9 provides a surface heat flux BC.
As with the previous examples, the energy balance can be applied at node 0 to
determine the boundary temperature at time step, p + 1.

P _ TP ptl _ p
gk D AXTO -5 = T pCp(%) (5.18)
oo AL e AL e (- 2F0)Ty (5.19)

+
(ax/2)pc, (a*12)pC,
In this case, stability is achieved for Fo < 0.5 or (1 — 2Fo) > 0.

5.2.2 Impuicir FINITE-DIFFERENCE METHOD

This is the finite difference in space in the implicit form (upper bond). At a given
interior point, heat conduction from the neighboring nodes is based on the new time-
step temperatures in order to increase that point temperature during the incremental
time-step change. This method does not have a stability limitation. However, the
inverse matrix problem must be solved numerically. The accuracy of this method
improves for large At and small Ax.

The energy balance at the interior nodes (e.g., node 2, as shown in Figures 5.7-5.9):

2 g = energy storage

Upper bond:

b

" p+1
s ~ < T p+1
| ~ TZ p+1
. T

- e _ |

— —.p+1lstep
y
/1| ’Tlp\"np\op\\ p step
— &
x A e P

FIGURE 5.9 Finite difference energy balance method for 1-D transient heat conduction
with surface heat flux boundary condition.
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Allowing g = 0,00 = (k/pCp ),Fo = ((xAt/sz ), one obtains

2
7wlp+l _ 712p+l + 713p+l _ 7w2p+l — Ax (]wzpﬂ _ 712p)
oAt (5.21)

(1+2F0) 1" —Fo(T"" + T/ ) =Ty

As noted previously, there is no stability issue. In general, Tj, T}, T,, T;,... can be
replaced by 7, or T, whenm =1,2,3,...ori= 1,2, 3,....

5.3 2-D TRANSIENT HEAT CONDUCTION

The above-mentioned finite-difference energy balance method can also be used for
solving 2-D transient heat conduction problems [1]. Let T(x, y, f) = T(m, n, H) or T(i, j, 1),
withm=i=1,2,3,...,andn=j=1,2,3,....

T d°T ¢ _ 10T

2+ 2+ -
dx* dy" k «a ot

The x-direction net heat conduction + the y-direction net heat conduction = temper-
ature change of a small element (Ax Ay- ).
For the 2-D problem, the explicit finite-difference method (lower bond) for an
interior node is:
(Trr117+1,n

— T ) IAx + (T2, — T, ) IAx . (T2 = T2 ) IAY + (T2 — T ) Iy

Ax Ay

+

= Q.

pl p
Tm,n - Tm,n

1
o At

(5.22)

Let Ax = Ay, ¢ = 0, Fo = aAt/Ax*. The temperature at the (p + 1) step is determined
by the preceding time step, p, as
T4 = Fo(T!

m+l,n

+T) ., + T+ Ty

m,n—1

)+(1-4Fo)T}, (5.23)

For this 2-D problem, the stability criterion of the interior node is (1 — 4Fo) > 0, that
is, Fo < 0.25.
Recall, for the 1-D transient heat conduction problem, one obtains

17" = Fo(T2., + T, )+ (1 - 2Fo)T;
The stability criterion for the 1-D problem was (1 — 2Fo) > 0, or Fo < 0.5.

The 2-D problem can also be solved using the implicit form of the finite-differ-
ence method (upper bond):
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m m,n+1 m,n—1

Ax Ay

(Tt =Tt )+ (T, — T )i (T =T )y + (T = T )1y

p+l 14
Tm,n - Tm,n

1
F o oA -24)

Again, let Ax = Ay, §=0,Fo=aAt/Ax*, and temperature at (p+ 1) step is
determined by:

1
1 1 1 1 1 n+1 1 1 1
T =T+ T, =T + T = T + T =T = F—O(T,f,; ~10,)
Rearranging:
(1+4Fo) T, — oI, + T2, + Tk + T2 ) = T, (5.25)

For a 1-D transient heat conduction problem, one obtains
(1+2F0) T —Fo(T., + T, ) =T}

With the implicit method there is no issue with stability, but numerical (computer)
methods are required to solve the temperature matrix.

In general, the finite-difference energy balance method (explicit or implicit
methods) can be used to solve 1-D, 2-D, and 3-D transient heat conduction problems
in Cartesian, cylindrical, or spherical coordinates with various BCs.

Example 5.6

Figure 5.10 shows a long, square bar with opposite sides maintained at 7, and
T,, and the other two sides lose heat by convection to a fluid at T... The material

y
L,
x __/
P R T
U I R
7 s e T
Ty,

FIGURE 5.10 Finite difference method to solve a 2-D conduction problem.
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conductivity of the bar is k and the convective heat transfer coefficient is h. For
the given mesh, use the finite-difference energy balance method to obtain a
coefficient matrix [A], temperature matrix [T], and a column matrix [C]. The tem-
perature matrix can be solved numerically using a programming language such

as MATLAB.
Figure 5.10 shows the prescribed surface conditions and the nodes. Symmetry
allows us to consider just nine nodes. The interior, nodal temperatures are

Tz=%(T;.+T1 +T5+15)
1
T3=Z(E+T2+T2+7%)

T (14T 4T+ T)

T6=%(T3+T5+T5+T9)

ngi(Ts+T7+T9+T,,)

T, = i(T6+Ts+Ts+Tb)

For the nodes along the left boundary (nodes 1, 4, and 7, respectively), the energy
balance provides:

- @+@+hAy T]+kAyT2+kAxT4=—@Ta—hAyTw
Ax Ay 2Ay 2Ay

kﬂTl - @+kﬂ+my T, +@T5 +kﬂT7 =-hAyT.
2Ay Ax Ay Ax 2Ay

Mg (e Ry e
2Ay Ax Ay Ax 2Ay

The nodal equations should now be combined in matrix form [A][T] = [C]:
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5.4 FINITE-DIFFERENCE METHOD FOR
CYLINDRICAL COORDINATES

5.4.1 Steapy Heatr ConpucTION IN CYLINDRICAL COORDINATES

Case 1: 1-D Steady Heat Conduction in a Solid Rod with Internal Heat Generation
(T =T(r) only, T # T (,z)).

Figure 5.11 shows the finite difference energy balance method for 1-D transient
heat conduction in a cylindrical rod with internal heat generation per volume.
The outer surface is exposed to a flow at temperature, 7.., with a convection heat
transfer coefficient &, at r = 7y,

From the energy balance in each node:

Gin — Gout +q=0
For an interior node (m) per unit depth (in z-direction),

T, —T, T, -1,
2mkr,, Am=l 7 Im 2mkr,, Zm T Smtl
Ar Ar

+70(r =11 )4 =0

where m =1, 2, 3,... M. For example, we have five nodes, m =1, 2, 3, 4, 5; here
the outer surface temperature at node 5 is 75. We need to determine the center node
temperature, Ty, from the above energy balance equation:

I -1

r

Node 0: 0 — 2rkr, + g g=0

Nodes 1, 2, 3, 4, and 5 can be determined as:

Li-% +n(r? —17)g=0

Ty — T,
0 1—2Tckr1

Node I: 27tkr,
r Ar

SN
\\ \ X /\
\ \ \ L/’\‘/S
//"\\ O\ \\/3\/* # A BT
= e
[ /\A*l/)r\ 2“ “‘ )‘\ \\ ‘\ \/“

Touter

FIGURE 5.11 Finite difference method to solve the 1-D cylindrical heat conduction problem.
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T, -T. T, - T
L2 2 oty 22—

Node 2: 2mtkn
Ar Ar

+71:(r22 —rlz)c']: 0

T, - T T,
Node 3: 2mkr, “>— — 2k = 4 (i =1 )G =0
Ar Ar

T — T, T, —T;
3 4—2T|:kr4 4 — 15

Node 4: 21tkr;
Ar Ar

T, - Ts
r

Node 5: 2nkr,

- 2nhrouler (TS - Toc)+ n(ro%ller - ”42)‘? =0

The above 6 equations (nodes 0—6) can be re-arranged to become:
Node 0: ay Ty + ap, T, +0+0+0+0=C,
Node I. a,\Ty + a1, + a1, +0+0+0=C,;
Node 2: 0+ ayT, + axT, + auT; +0+0=C,
Node 3: 0+ 0+ a3 T, + a3 Tz + assT, + 0= Cs
Node 4: 0+ 0+ 0+ auTs + assTy + asTs = Cs
Node 5:0+0+0+ 0+ as, T, + assTs = Cs

Therefore, the temperature matrix can be solved by

[T]=[AT"[C]

where temperature matrix [7], coefficient matrix [A], and column matrix [C] are as
follows:

ap  apm 0 0 0 0 T, Co

an  an  aps 0 0 0 L G

0 ax a3 (227 0 0 T, )

[A] - 0 0 ass Az ass 0 [T] - I [C] - Cs
0 0 0 Aaa  Qus  Qug n C,

0 0 0 0 ass ass Ts Cs

If the outer surface temperature is kept at a constant value, Ts, i.e., Ts = T, = given,
there is no need to perform the energy balance equation for node 5.
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Case 2: 1-D Steady Heat Conduction in a Hollow Cylinder with Internal Heat
Generation (T = T(r) only, T # T(¢,z)).

From Figure 5.12, for a hollow cylinder, there is no need to solve T; in this case.
If T =T, = given at r = inner radius = #iy,e, and T = T5 = given at r = outer radius
= fouer- Lherefore, 75, T3, and T, can be obtained by solving the energy balance at
nodes 2, 3, and 4, respectively, as indicated in Case 1. However, if the inner surface
and outer surface are exposed to working fluids at 7.,;, /;, and T..,, h,, as shown in
Figure 5.12, the energy balance needs to be applied to node 1 and node 5 (as shown
below) in order to solve for Ti, T, T3, T, and T5 simultaneously, using the matrix
method [A][T]=[C].

T,-T

Node I: 21th; e (Ti — Tp) — 27k 2+ Tt(rlz - i’iﬁner)q =0

r

T, - Ts
r

Node 5: 2nkr,

- 2Tthorouter (TS - Teeo)+ J-c(rozuller - Vf)q =0

Case 3: 2-D Steady Heat Conduction in Cylindrical Coordinates with Internal Heat
Generation, T = T (r, ¢), but T # T(z).

From Figure 5.13, Letm =1, 2, 3, 4, 5... inthe r-directionandn =1, 2, 3, 4, 5...
in the ¢-direction. Consider the energy balance for an interior node (m, n) per unit
depth.

krm,,Aq)M + kr,,,Aq) Tm+1,n - Tm,n + kAr le,n—l — Tm,n
& " —(Fpr + 1) A
2
- kArM + qArl(rmfl + ”m)A¢ =0
! 2
E(rm_l +7,,) AP

Tinner

FIGURE5.12  Finite difference method to solve the hollow cylinder heat conduction problem.
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Fouter =TI'm

FIGURE 5.13 Finite difference method to solve the 2-D steady cylindrical heat conduction
problem.

Consider a node on the outer surface (M,n) exposed to a convection boundary with
h, T.:

krM—1A¢M+hVM A¢-(T. —TM,n)+k£M
Ar E(rM,l +rM)A¢
+k£M+q£A¢%(rM4 +rM)=0

2 %(TM_I‘FTM)'AQ) 2

We can also consider an external node (M ,n) that is exposed to a constant heat flux
with ¢g/. In the above equation, the convection term, hrMA(b(Tw — Ty ) should be
replaced by heat flux term, g;ry, - A@.

For practice, determine T(r,q)) =T,, as shown in Figure 5.13, where
m=1,2,3,4,5 andn=1, 2, 3, 4, 5, respectively. Write down the linear equations
of the finite-difference, energy balance method for each node, and obtain a coefficient
matrix [A] and a column matrix [C]. Therefore, the temperature matrix [7'] can be

solved by [A][T]=[C] and [T]=[A]"[C].

5.4.2 TRANSIENT HEAT CoNDUCTION IN CYLINDRICAL COORDINATES

Case 1: 1-D Transient Heat Conduction in a Solid Rod, as shown in Figure 5.11.
Explicit Method—Interior Node per Unit Depth

P+l P
Tm - T;n

p _ TP P _ TP
Tm—l Tm _ 27'Ckrm Tm T;n+l
At

2nkrm,1
r Ar

= pCpTE(r,,% — r,ﬁ,l)
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Therefore,

k At/Ar

e oa kS ) o

. 1
where T, is the temperature at r = E(rm,, + 1)

Implicit Method—Interior Node per Unit Depth

Tp+1 _Tp+1 Tp+l _Tp+1 Tp+1 _Tp
mhr, I oy, STl pC,,n(r,,z, -2, )u
Ar Ar At
Therefore,
e [y Ry
Tp+1 _ pcl’ m — -1
"o k At/A
4ok Ar/Ar

e, (rriy) )

Case 2: 2-D Transient Heat Conduction in a Hollow Cylinder, as shown in Figure 5.13.
Explicit Method—Interior Node per Unit Depth

T;fz’—l n Tnfn Trrf—v—l n Tnfn TnI;n—l - Tn’ljn
kt AQ—————+ k1, AQ : — + kAr : ’
Ar Ar ~(huet + 10 )AG
2
Touii = T 1 T —1r
+ kArL — pC,;Ar*(}”m,l +r, )A¢ mn m,n
E(rm—l +rm)A¢ 2 At
Implicit Method—Interior Node per Unit Depth
Tp+1 _ Tﬂf;l Tp+1 _ Tr;;l Tp+1 _ Tr;;]
krm_lAq)m’l’"i’ + krmAq) m+ln 4 kAF m,n—-1 R
ar ar L(rs +1,)A0
2
T =T 1 T Ty
+ kArm”*l—’ — PCpAYE(VnH + rm)A(]) m,n o mn

1
—(Fpy + 10 )A
2(71 I )AQ

If the inner or outer surfaces are exposed to a convective fluid with 4 and T.., or
receive a heat flux with g, the energy balance needs to be applied to these surface
nodes in order to determine these temperatures.



174 Analytical Heat Transfer

Case 3: 1-D Transient Heat Conduction in a Hollow Cylinder.

Consider 1-D transient heat conduction in a hollow cylindrical tube, similar to
Figure 5.12, but without heat generation, 7 = T(r) only. Consider 3 nodes only,
i.e., node 1 for the inner surface, node 2 for the interior, and node 3 on the outer
surface. Assume the inner surface r = ry, is exposed to a convection fluid with 7.,
h;, and the outer surface r = r,,, receives a heat flux with ¢g;. Perform the finite dif-
ference energy balance for each node.

Explicit Method
_ T -1 _ 2 o (I T
Node 1: Znh,'rmncr (Tee[ - T]p ) + 271:](1"1 T = PCpTC(rl ~ Finner )T
TP —T¢ Y —T¢ T/ —Tf
Node 2: 2mkr 24 2mhr, =2 2 = pCpTI:(Vz2 - r12) 2 :
Ar Ar At
T3p+l _ T3p

TP _ Tp
Node 3: 27tkr, % + 2N ql = pC pn(rozute, - rzz)

r At

At a given node, heat transfer from the neighboring nodes is based on the previ-
ous time-step temperature ( p) in order to increase that node temperature during the
incremental time-step change. This method is limited by the instability problem;
therefore, it requires a larger Ar (less accurate) and smaller A7 (more time consum-
ing). However, the application of this method is straightforward. The time increment
is At with a time step, p; that is, t = pAt, with p=0, 1, 2, .... The temperature at
the p+1 step is determined by the temperature at the preceding time (at p step).
For example, p = 0, ¢ = 0, the initial condition, 7" = Ty’ = T’ = T, = given.

Implicit Method

Replace all “p” in the left-hand side of the above equations on each node 1, 2, and
3by p +1.

Tp+l _ Tp+l
Node 1: 277 funer (T = T )+ 2kny =2 = pC, (1 = Finer )
Ar

+1
17
At
p+l p+l p+l p+l p+l P
— — T — 7"2

T T,
Node 2: 2k, -2 + 2mkr, =2 — = pC,m(r? — 1) 22— 2
: Ar : Ar P (2 1) At

. TZIH—1 - 3[i+1 ” 2 2 T3p+1 B T3p
Node 3: 271:](7'2 T + anouterQS = pCpTl:(roum bl 1) )T

At a given node, the heat transfer from the neighboring nodes is based on the new
time-step temperature ( p+ 1) in order to increase that node temperature during the
incremental time-step change. This method has no instability problem. To achieve
the best accuracy, larger At and smaller Ar increments should be used. The drawback
of the implicit method is the need to develop a computer program to solve the inverse
matrix problem, i.e., [A][T]=[C]. and [T]=[A]"[C].
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REMARKS

The finite-difference method is a very powerful numerical technique to solve
many engineering application problems. As long as you know how to perform the
basic energy balance at the interior and boundary nodes, this method can solve
a variety of heat conduction problems with complex thermal BCs. In the under-
graduate-level heat transfer course, students are typically required to perform the
simple energy balance at any specified node inside a 2-D steady-state solid mate-
rial and on the boundary.

In the intermediate-level heat transfer, we are more focused on how to perform
the simple energy balance along with discretizing the heat conduction equation in
order to solve the 1-D and 2-D steady-state heat conduction problems with various
BCs using the inverse matrix method. We also solve the 1-D and 2-D transient heat
conduction problems with various BCs by using the finite-difference implicit method
and explicit method. In general, the same technique can be used to solve heat conduc-
tion problems with cylindrical and spherical coordinates.

PROBLEMS

5.1 Refer to Figure 5.4, show the matrices [A], [T], and [C], with the following
grid distributions:

M m=1,2,3,4,5 2) m=1,273,4 3 m=1,2,3
n=1,23,4,5 n=1,273,4 n=1273

5.2 Derive the finite-difference energy balance equations and show the matrices
[A], [T], and [C], for a 1-D hollow cylinder with the following BCs:

) r=r1.T=T, () aT
r=r,T=T, r=n, —k ;Jﬂll(Tml—Tl)

r=rn, —k(al]:hz (T, - T.n)
ar

G r=n, —k(@T/or)=h (T ~T)
r=rn, —k(z?T/z?r)=qj’

5.3 A semiinfinite stainless-steel block is initially at 7, = 20°C. The surface
has an emissivity € = 1.0 and is placed in a large enclosure of 7, of 20°C.
Suddenly, the surface is exposed to a hot-air flow of 7, = 600°C and 2 = 100
W/m2K. At a given time of ¢ (seconds), temperatures 7, and 7, have been
calculated as shown below. Predict the surface temperature after (r + 100) s.

Use the forward-difference energy balance method. Given
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a=4-10"°m?%s k=15.07 w/mK p =7900kg/m?
C,=477J/kg K 6 =5.67 - 10-*w/m> K* e=0.1

Attime 7 (seconds): 7; = 400°C and 7, = 380°C. Find: T, =? after (r = Af)
seconds where Ar = 100s.

5.4 Given a very long and wide fin with a height of 2L. The base of the fin is
maintained at a uniform temperature of 7;. The top and bottom surfaces of
the fin are exposed to a fluid whose temperature is 7,, (7., < T,). The convec-
tive heat transfer coefficient between the fin surfaces and the fluid is 4.

a. Sketch the steady 2-D temperature distribution in the fin.

b. If you were to determine the steady 2-D temperature distribution in the fin
using a finite-difference numerical method, you would solve a set of alge-
braic nodal equations simultaneously for the temperatures at a 2-D array of
nodes. Derive the equation for a typical node on one of the surfaces of the
fin. Please do not simplify the equation.

c. Using the method of separation of variables, derive an expression for the
steady local temperature in the fin, in terms of the thermal conductivity of
the fin, k, the convective heat transfer coefficient, %, the half-height of the
fin, L, and the base and fluid temperatures, 7, and T.,.

5.5 A 3-mm-diameter rod that is 120mm in length is supported by two elec-
trodes within a large vacuum enclosure. Initially, the rod is in equilibrium
with the electrodes and its surroundings. Suddenly, an electrical current is
passed through the rod.

a. Using a first law analysis, what is the energy balance on the rod?

b. Using (AC = (er2 /4),P = nD), derive the explicit finite-difference expres-
sion for node (n). Recall that heat generation follows the IR, law and that R,
is defined as R, = p,Ax/A.. Express your answer using the Fourier number
in the explicit finite-difference form.

c. What are the stability criteria at node ()?

5.6 Refer to Figure 5.4, use the explicit finite-difference method to derive the
energy balance equations during the transient process for the following grid

distributions:
(1) m=1,2,3,4,5 2) m=1,2,3,4 (3) m=1,2,3
n=1,2,3,4,5 n=1,2,3,4 n=1,2,3

5.7 Refer to Figure 5.4, use the implicit finite-difference method to derive the
energy balance equations during the transient process for the following grid
distributions:

[€)] m=1,2,3,4,5 (2) m=1,2,3,4 (3) m=1,2,3
n=1,273,4,5 n=12734 n=1273
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5.8  Use the explicit finite-difference method and derive finite-difference energy
balance equations for a 1-D hollow cylinder during a transient process with

the following BCs:
1) r=r,T=T, 2
r=r,T=T, r=n, _k(%)zhl(nl_n)

r=n, —k(a—T): h, (T2 —Tmz)
ar

3 r=n, —k(@T/9r)=h (T, - T,)
r=rn, —k(aT/z?r):qs”

5.9 Use the implicit finite-difference method and derive finite-difference energy
balance equations for a 1-D hollow cylinder during the transient with the

following BCs:
) r=r1,T=T, (2) oT
r=rlz,T=TI2 r=n, —k $)=hl(TM,—T,)
r=n, —k(a—T :hz(Tz—Twz)
ar

G r=n, —k(@T/Ir)=m (T -T)
r=rn, —k(dTIdr)=q’

5.10 Derive Equations (5.23) and (5.25) for 3-D transient heat conduction problems.
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Heat Convection
Equations

6.1 BOUNDARY LAYER CONCEPTS

For a fluid moving over a solid body, a hydrodynamic (or velocity) boundary layer
is formed near the solid surface. The hydrodynamic (or velocity) boundary layer
is the region where the fluid velocity changes from its free stream value to zero
at the surface. For example, considering the flow over a flat plate, as shown in
Figure 6.1, due to the viscosity of the fluid, the velocity gradually decreases from its
free stream, maximum value, to zero at the flat plate (assuming that the fluid particle
on the surface is not moving). The fluid particle wants to move at the same velocity as
the free stream, but the viscous force resists the motion as it moves over the surface.
Therefore, a hydrodynamic boundary layer develops over a solid surface due to fluid
viscosity. The thickness of this layer is defined based on where the velocity reaches
approximately 99% of the free stream value.

The velocity profile, and the associated hydrodynamic boundary layer thickness,
over a flat plate will be solved in the later sections. In general, the hydrodynamic
boundary layer thickness grows with the square root of distance from the leading
edge of the flat plate. Figure 6.1 shows a typical profile over a flat plate in laminar
(Re < 300x10% and turbulent (Re > 300 10°) boundary layer regions, respectively.
Once the velocity profile over a flat plate, u(y), at a given distance x is determined,
the hydrodynamic boundary layer thickness, the shear stress on the surface, and the
friction factor (or friction coefficient) can be obtained using the following equations.

For external flow:

Inertiaforce  pU.x U.x

e=—
Viscous force u v
A
u.,v. u u
— N
> g /\/\/V
—_— (87
— A u ( 4 y)
y 5 (x) TYTY
—
x Laminar Turbulent
flow flow

FIGURE 6.1 Hydrodynamic boundary layer over a flat plate.
DOI: 10.1201/9781003164487-6 179
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The flow is defined as laminar if Re < 300 x 10°, and turbulent if Re > 300 x 10°.
Flow boundary-layer thickness & (x) ~ vx
Dynamic viscosity u

Kinematic viscosity v = ulp

Shear stress Ty =,u—u =Cf-l(plxlf,—0)
dy =0 2
Friction coefficient
Ty Ty MOuldy oy (U.16) 1

C, = _ _
T (puE-0) (12)p2 - 2)pl p Ul s

Cfis a function of Reynolds number, that is:

1
C;=aRe’; C;=aRe’ ~—
Re

The Reynolds number is defined as the fluid inertia force against the viscous force
(i.e., the fluid particle tries to move but viscosity resists the movement) and is a com-
bination of velocity, viscosity, and length (distance measured from the leading edge
of the plate). When the Reynolds number is approximately less than 300 x 103, the
motion of the fluid particles is very predictable: layer-to-layer from the free stream
velocity to zero velocity on the solid surface. This velocity change creates shear
stress over the solid surface. When the Reynolds number is greater than 300 x 103,
the motion of the fluid particles tends to become unstable (random motion) and
gradually transitions into the turbulent flow boundary layer. In the laminar bound-
ary layer, the velocity profile gradually changes from the free stream value to zero
on the surface as a parabolic shape. However, in the turbulent boundary layer, the
velocity profile remains fairly uniform, approximately at the free stream value, until
very near the surface and then suddenly changes to zero at the surface. This is due
to turbulent mixing (the particle moves up and down, back and forth); therefore,
the free stream characteristics are transported closer to the surface. From the appli-
cation point of view, the shear stress (viscosity X velocity gradient at the surface,
ie, 7, = ,u(au/ay)ly=0) decreases with decreasing velocity gradient or viscosity.

Since the velocity gradient decreases (as the boundary layer grows thicker) with
increasing distance from the leading edge, the shear stress (related to pressure loss) and
friction factor decrease with increasing distance from the leading edge of the flat plate.
However, when the flow transitions into turbulence, the pressure loss is much greater
than that in the laminar flow portion. This is due to the increased pressure loss associ-
ated with overcoming the turbulent, random motion within the turbulent boundary layer.

It is noted that the boundary layer thickness decreases with increasing square
root of the free stream velocity, and the friction factor decreases with increasing free
stream velocity; however, the shear stress increases with increasing free stream veloc-
ity (a thinner boundary layer and larger velocity gradient), as sketched in Figure 6.2.
Similarly, the friction factor decreases with increasing Reynolds number, but the shear
stress increases with increasing Reynolds number.
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Tw 5 L[oe
uoe
- S
u > d
Laminar Turbulent
flow i flow
0 Transition X 0

FIGURE 6.2 Hydrodynamic boundary layer, friction factor, and shear stress profile.

For a hot fluid moving over a cold surface, a thermal (temperature) boundary
layer is formed around the solid surface. The thermal (or temperature) boundary
layer is the region where the fluid temperature changes from its free stream value
to that at the solid surface. Heat transfer can take place either from the hot fluid to
the cold surface or from the heated surface to cold fluid, as shown in Figure 6.3. For
example, considering the hot fluid over a cold flat plate, the temperature gradually
decreases from its free stream maximum value to that at the plate, due to the con-
ductivity of the fluid and its velocity distribution. The hot fluid particle conducts
heat from the free stream into the cold surface through the velocity boundary layer.
Therefore, a thermal boundary layer thickness is developed over a solid surface due
to the fluid motion.

The temperature profile and associated thermal boundary layer thickness over
a flat plate are solved in Chapter 7. In an ideal case (assume Pr = 1), the thermal
boundary layer is identical to the hydrodynamic boundary layer, as shown compar-
ing Figures 6.1 and 6.3. In this ideal case, the temperature profile is the same as
the velocity profile through the entire boundary layer over the flat plate. Once we
determine the temperature profile over a flat plate, 7(y) at a given distance x, the
thermal boundary layer thickness, the heat flux on the surface, and the heat transfer
coefficient (or Nusselt number) can be obtained as follows:

Thermal boundary-layer thickness:

87 (x) ~Jx

Tm

>

/\f\/\l

(67
— - o
A I:T(x’y)
dr(x) | UU‘
|

|
* Laminar T Turbulent

0 flow W flow

FIGURE 6.3 Thermal boundary layer over a heated flat plate.
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If Pr=1:
0(x)=0r(x)
At the surface, the heat flux is:
. oT oT
CZWZ—kB* _—kfa* =h(Ty - T.)
y y=0 y y=0

The heat transfer coefficient, &, with the unit of W/m?K can be expressed as

~k OT19Y) .k, (T.-Tw)/6:) Kk Kk
h = = -~~~ ~ kfl/{‘>q
Ty —T. Ty —T. 5 6

In the laminar boundary layer, the temperature profile gradually changes from the
free stream value to the surface with a parabolic shape. However, in the turbulent
boundary layer, the temperature profile remains relatively uniform from the free
stream to near the surface and then suddenly changes to the surface value. This is
due to turbulent mixing (particle moves up and down, back and forth); the hot (or
cold) free stream particle can move next to the cold (or heated) surface due to random
motion. From an application point of view, the heat flux (fluid conductivity - tempera-
ture gradient at the surface) and the heat transfer coefficient (heat flux/temperature
difference between the free stream and the surface) decrease with decreasing tem-
perature gradient and fluid conductivity. Because the temperature gradient decreases
(the thermal boundary layer thickness increases) with increasing distance due to fluid
thermal conductivity, the heat flux (related to heat transfer rate) and the heat transfer
coefficient decrease with increasing distance from the leading edge of the flat plate.
However, when the flow transitions into the turbulent boundary layer, the heat flux
(and heat transfer coefficient) is much greater than when the flow is laminar. This is
because a major portion of the heat transfer is due to turbulent, random motion in the
turbulent boundary layer.

It is noted that heat flux is proportional to the heat transfer coefficient and the
temperature difference between the free stream and the surface. The heat transfer
coefficient increases with increasing free stream velocity (thinner hydrodynamic and
thermal boundary layers) and the fluid thermal conductivity, as shown in Figure 6.4.
This implies that the heat transfer coefficient, heat flux, and Nusselt number (the
dimensionless heat transfer coefficient) increase with Reynolds number.

Another important parameter in heat transfer study is the role of the Prandtl
number (Pr). The Prandtl number is a ratio of kinematic viscosity to thermal dif-
fusivity, or a ratio of velocity to temperature boundary layer thickness, as sketched
in Figure 6.4. For example, the thermal boundary layer thickness is identical to the
hydrodynamic boundary layer thickness if Pr = 1, as discussed above. However, in
real life, different fluids have different Prandtl numbers. In Chapters 7, 8, and 10, we
will see that the Nusselt number is proportional to the Reynolds number and Prandtl
number for both laminar and turbulent flows (using a different power and constants).
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S h
r Ty
Pr>1 Uco
Sp
Laminar | Turbulent
S flow : flow
0 Transition x

Pr<1

FIGURE 6.4 Thermal boundary layer, heat transfer coefficient, and heat flux profile.
Nusselt number:
h
Nu = % = aRe” Pr"

Prandtl number:

v _ ulp _uC, 5

o kipC, k &

The Prandtl number is a property of fluid; it shows the ratio of momentum transfer
versus heat transfer.

Air or gas Pr=0.7

Water Pr=2~ 20

Oil Pr =100 ~ 1000

Liquid metal Pr=0.01 ~ 0.001

When the temperature increases, the viscosity and Prandtl number for oil decrease.

6.2 GENERAL HEAT CONVECTION EQUATIONS

For a fluid moving over a heated or cooled surface, the general 3-D pressure profile
P(x, y, z, 1), velocity profiles u(x, y, z, 1), v(x, y, z, 1), and w(x, y, z, 1), and temperature
profile T(x, y, z, ) can be obtained by solving the following continuity, momentum,
and energy equations inside the hydrodynamic and thermal boundary layers over the
heated or cooled solid surface [1-3].

Conservation of mass (continuity equation):

ap

5+V.(pv)= 0 6.1)
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where

V=iu+jv+kw

)

are the velocity vector and the del operator for the unit vectors, i, j, and k in the x-, y-,
and z-directions, respectively.
Conservation of momentum:

and

pﬂ =-VP+uV?V +pg 6.2)
Dt
Conservation of energy:
Dh  DP
—=—+V - kVT + ud +4 6.3
P = Do b +q 6.3)

where h = e + (1/2) V-V, and e is the specific internal energy. ® is often called the
dissipation function with the form

ouY (avY (owY du avY (du awY (v awY
o =2/ == b -— 4 — —+—| (64
l(&x) +(8y) +(8z) ]+(3y+8x) +((9z+8x) " 8z+(9y ©4)
And q is the heat generation per unit volume.

6.3 2-D HEAT CONVECTION EQUATIONS

Many real-life applications for a fluid moving over a solid body can be modeled
as 2-D boundary layer flow and heat transfer problems. We need to know the 2-D
velocity profiles, u(x, y, f) and v(x, y, ), to calculate the wall shear stress (related to
pressure loss) and the friction factor along the surface for a given fluid at given flow
conditions. In addition, we need the 2-D temperature profile, T(x, y, ), to calculate
the wall heat flux (related to heat transfer rate) and the heat transfer coefficient along
the surface for a given fluid at given thermal BCs. Since the fluid is moving due to
a pressure difference between the upstream and downstream fluid and the viscous
boundary layer effect over the solid surface, it is necessary to perform conserva-
tion of mass (continuity equation) and momentum (momentum equation) through
the boundary layer to solve for the velocity distributions over the surface. Similarly,
since the heat transfer is due to the temperature difference between the free stream
and the surface and the energy carried with the moving fluid, it is necessary to per-
form the conservation of energy (energy equation) through the thermal boundary
layer to solve for temperature distributions over the heated (or cooled) surface.
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Consider a small 2-D differential fluid element (dxdy) at any point within the
boundary layer, the following shows a step-by-step derivation of the 2-D conserva-
tion equations for mass, momentum, and energy through hydrodynamic and thermal
boundary layers over a solid surface [1-3].

Conservation of mass:

Perform a mass balance, as shown in Figure 6.5:

d d d
—E(pu dy)dx—x(pvdx)dy—g(pdxdy) 6.5)
If the flow is steady:
—;—x(pu dy)dx - jy(pvdx)dy =0
a(ai “), 8(;; o ©.6)

For incompressible flow, p = constant, the continuity equation can be simplified as

du Jdv
—+—=0 6.7
8x+8y ©7

Conservation of momentum:
From Newton’s Second Law, the net force exerted on a body equals the momen-

tum change.

Ipv dr+2 (v dx) dy
dy

u A
- u.,
X dy+2 (pu dy) d \ I
U <
pu dy A PUDT R P& —> e
y > Z
— — N NS
Ax
A7 > e

Tpvdx

FIGURE 6.5 Conservation of mass.
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where a, is the acceleration in the x-direction, and a, is the acceleration in the

y-direction.

The force exerted on a control volume and the momentum change are shown in

Figure 6.6.
0 J JP, 0 0 J
— O, +— Ty — =—(pu |+ —puv)+ —(pu
x " Tay™ T o 5 P) 5y (Pev)+ 5 (pu)
—— —_— —_——
normal shear pressure convective term unsteady
stress stress gradient term
From Navier—Stokes for a Newtonian, incompressible fluid:
du
o, =2U—
== dx
)
Txy"'g(ﬂryx) dy
—>
2]
O, «<— —>Gx+£(6x) dx
Py — «— P, 9 (P,) dx
o0x
h
Ty
)
T pvdxdzu+ a—(pv dx dz-u) dy
y
pu-udy dz+i(pu u dy dz) dx
pu-udydz ox ‘
_— —_
I pvdx dz.u
A
u, u.,
— E
— E
—> =
—> A =
y
—

FIGURE 6.6 Conservation of momentum.

6.8)

6.9



Heat Convection Equations 187

du dv
=T, =/ ar 1
Ty =T, (ay 8x] (6.10)

Substituting Equations (6.9) and (6.10) into Equation (6.8), we obtain

8(28u)+8 du &v _JdP, 8(u) 8(W)+£(u)
ax\Max ) oy Moy Tax )| ax Tax P )T o, P 5, \P
For a steady-state, constant-property flow, the left-hand side can be expressed as

82u+ 32u+ v 82u+ 82u+ 82u+ 3v
Wox2 “’ay “axay_“‘aaﬂ u(‘)yz W oxz pLBxay

3%u 9%u O~y ou Bv)

Moz TR TR Uinday
3%u £ 9%u < 3%u 0
" ay? Woxz SH ay?

The right-hand side can be expanded as

i( )+—(uv) 2ua—+ va—+ ua—v
ox PUD) = P ax T Py T Py

u8 +va + pu au+av
TP TPy TP ay

Introduce the mass conservation equation, and we will obtain the x-direction momen-
tum equation:

20 VOn | P P
dx 8y p dx dx* ay*
| —_—

convection pressure stress

6.11)

Similarly, we will obtain the y-direction momentum equation from Equation (6.11)
by changing u and v inside the derivatives, and considering the pressure gradient in
the y-direction:

dv . dv _ 1JP, a*v 9%y

Ma‘f‘ 8)} pgy‘f‘Vﬁ‘f‘VW

6.12)

Conservation of energy:
Beginning with the more general equation for unsteady flow:
Perform energy balance as shown in Figure 6.7,
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d . ) .
qy+ g (q,) dy pvidxdz + g(pw dx dz) dy
cond, y+dy E o, y+dy
5 gt (q,) dr
ox
Econd, x > d Econd,x +dx
Ay
Econv, x—> Ax —> Econv,x +dx

puidy dz K’ pui dy dz+ ai (pui dy dz) dx
X

Econd,y Econv,y
i=enthalpy
er? ot
P »

Internal energy

FIGURE 6.7 Conservation of energy.

dq aq, 0 d a(pdxdy'Cp-T)
- —Fdx—-—dy—-—(pudy-C, -T)dx——(pvdx-C, -T)dy=————7~
ox X dy y 8x(p“ Y-y )x (9y(pv XLy )y o1
(6.13)
LpCPT)+i( uC,T)+ J (pve,T) = J (kaT)+a T, 4
ot ox pUE dy PVEr Jdx\ dx) dy\ dy k
unsteady convection heat diffusion heat
generation
+ ud
heat c‘ﬁ_s\;i_p;alion (6 . 14)
source due tofriction
For steady-state and constant properties:
2 2
owr) , 90T) _ (9 €+af LM 615)
dx dy dx=  dy pC,

B ou v\ auY (ovY ouY
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6.4 BOUNDARY-LAYER APPROXIMATIONS

The above-derived boundary equations are not easily solved analytically. Therefore,
boundary layer approximations, as shown in Figure 6.8, can be employed to simplify
the boundary equations as follows: the velocity in the x-direction is greater than that
in the y-direction; the streamwise velocity change in the y-direction is greater than
that in the x-direction; the temperature change in the y-direction is greater than that
in the x-direction.

u > v
du du dv dv
JE— >> —, T, ——
dy dx dx dy
aT aT
dy dx

Therefore, the continuity equation remains the same. Assuming steady flow and
constant fluid properties, the momentum equations in the x- and y-directions can be
simplified as

du du 19P  d’u
eI e I Rl 6.17
u8x+v8y p8x+v8y2 @17

_Lop =0 (6.18)

pady
For an incompressible flow, that is, M < 0.2, @ ~ 0, the energy equation becomes

oT T 2°T
U—+v_——=

Jdx dy _a9y2

(6.19)

Outside of the boundary layer, we have potential flow (y effect = 0,v — 0, du/dy — 0);
Equation 6.17 reduces to

IU.. 1dP
- =——— 6.20
dx p dx 6.20)

— 74

FIGURE 6.8 Boundary-layer approximations.
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Note that Equation (6.18) implies that there is no pressure change in the y-direction
within the boundary layer. Equation (6.20) implies that the pressure change in
the x-direction within the boundary layer can be predetermined from the velocity
and its velocity change in the x-direction outside of the boundary layer. Therefore,
Equation (6.20) can be substituted into Equation (6.17) to solve for the velocity
profiles inside the boundary layer.

6.4.1 BOUNDARY-LAYER SIMILARITY/ DIMENSIONAL ANALYSIS

Here we want to generalize the application of the above-derived boundary layer
approximation equations. Most often, we want to apply the boundary layer equa-
tions from a small-scale test model to a large-scale application or from a large-scale
test model to a small-scale application. This is called boundary layer similarity or
dimensional analysis. The following is a common way of converting dimensional
parameters into nondimensional parameters [2].

Let
£ X £ Y
X =— = —
L Y L
u =— Vo=
U. U.
r=t=Tv  p_ P R 6.21)
T.—-Ty pU
Then, the conservation equations can be written as
du_ v _,
dx dy
u*au**_v*&u*_—&P*_’_ 14 .(921/[*
ox’ ay dx" U.L dy”
8P* ~0
dy
T .oT  a I°T
* +v PRl #)
dx dy U.L dy
The coefficient is
1 1
@ _ (6.22)

UL~ (ULWv)-(via) RePr
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The above similarity functional solutions can be written as

* % Px
u :ﬁ(-x ’y ’ReLvd*)

dx
v dy =0 L dy S0

where
S :.fQ(x ’ReL7*]
dy ¥=0 dx
Ty w(U../L) ( . dP)
C, = = Re,,— (6.23)
FE ) pve T () vz L Re

2 . dpP’
Cf = R fz(x ’ReL,F)

€L

Special case: when flow over a flat plate dP*/dx* = 0, the average friction factor can
be determined from the Reynolds number as:

2

E =
"~ Re,

f>(Re,) = aRe] 6.24)
Similarly, the temperature and heat transfer coefficient can be obtained as
* * * dP’<
T = f3(x .y ,ReL,Pr,*]
dx

5

= £f4 [x*,ReL,Pr,dP*) (6.25)
voo L dx

. ~k(9T19y) gk IT"
- Ty -T. Ldy

hL . dpP’
Nu; = 7 = ﬂ(x ,ReL,Pr,dx*)

For flow over a flat plate, dP*dx* = 0, the average Nusselt number can be deter-
mined from Reynolds number and Prandtl number as
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Nu, = %L = fs(Re,,Pr) = aRe}Pr" (6.26)

The above analysis concludes that for flow over a flat plate, the local friction factor
(at a given location x) is a function of only the Reynolds number, and the local heat
transfer coefficient, or Nusselt number (at a given location x), is a function of both the
Reynolds number and the Prandtl number.

6.4.2 REeYNOLDS ANALOGY

Assuming that Pr = 1 (approximation for air, Pr = 0.7), the above friction factor and
the Nusselt number can be reduced to the following:

2 .
Cp = x",Re 6.27
5= Re, f(x" Rey) (6.27)
Nu, = f;(x",Re,,Pr) (6.28)
Iff,=f,Pr=1,
Re
Cr= =f=fi=Nu
L
lo, o N g (RL/k) - (6.29)
2 Re- Pr (pVLI)-(uC,lk)  pC,V
Reynolds analogy:
1
—C; =St (6.30)
2
Experimentally, we obtained
%CfPr_m =St 6.31)

where 0.6 < Pr < 60.

The importance of the Reynolds analogy is that one can estimate the heat
transfer coefficient (or the Stanton number, St) from a given (or a predetermined)
friction factor, or one can calculate the friction factor from a given (or predeter-
mined) heat transfer coefficient (or St) for a typical 2-D boundary layer flow and
heat transfer problem. The original Reynolds analogy is shown in Equation (6.30).
However, Equation (6.31) is also referred to as the Reynold’s analogy, including
the Prandtl number effect.
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6.5 MASS TRANSFER

6.5.1 THe CONCENTRATION BOUNDARY

The velocity and temperature boundary layers determine surface friction and con-
vection heat transfer, respectively. In a similar way, the concentration boundary layer
determines convective mass transfer. Consider a mixture of chemical species A and B
flowing over a flat surface, the concertation of species A at the surface is C,,,, kmol/m>,
in the free stream the concentration is Cy .., kmol/m>. Between the surface and the free
stream, a concentration boundary layer is developed, as shown in Figure 6.9.

For steady, 2-D flow of an incompressible fluid with constant properties, the con-
servation of chemical species is:

ac, aCA_DAB(aQCA ach)

+ = +
“ox T dy ax? ay?
Based on the boundary layer approximation, aaCA > a&CA, the above equation is
y x
simplified:
2
uc?CA +VBCA =DA38 C;A
dx dy dy

Based on the heat and mass transfer analogy, the molar flux can be written as:

” _
A — _DAB

dy

where D, is the binary diffusion coefficient from A to B. The species molar flux and
mass transfer coefficient at the surface can be combined:

” ac
M7 =—Dyp TA
Yl
Mixture of A + B

\D

[ CA,oo Uoc
U |
CA,oo : 6a 80

u5X CA,W 0 L

FIGURE 6.9 Concentration boundary layer over a flat plate.
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Based on boundary layer similarity parameters, the above concentration equation
becomes:

CZ — CA - CA,w
CA,oo - CA,w

u*&cj;ﬂ*acj:_DAB °C, _ 1 9°C,
ox’ dy" U.L dy* Re-Sc dy*

where
DAB _ 1% . DAB _ DAB/V _ 1
u.L UL v Re Re-Sc
with
Re= U“’L; Sc= v
v D g

The boundary conditions are specified as:
Ci(x",0)=0

Ch (x*,oo) =1

The solution to this equation has the functional form of:
C,= f(x ,y ,Re,Sc,p*J
dx

From the above heat transfer analysis, we obtain the mass transfer coefficient:

_ DAB X CA,ee - CA,w . QCZ
L CA,oo - CA,W &y* ‘V*

Dy 9C,
L dy

m

=0 y'=0

The species density, pa, is the product of the species concentration, C4, and the
molecular weight, w,. Therefore, the species mass flux, mj, can be written as the
product of the species molar flux, M, and the molecular weight, w,.
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dpPa
my =-D
A AB ay
0
Dy 7P
(9}7 y=0
h, =
pA,w - pA oo

Define the dimensionless parameter, known as the Sherwood number.

_h,L _9C,

Sh= = -
Dy dy

y'=0

Therefore, the local Sherwood number and the average Sherwood number become:

Sh = f(x*,Re,SC, ZP J

-
X

=

Sh = nl

= f] Re,Sc, dp*
DAB dx

For flow over a flat plate:

F

dp _
dx”

From Figure 6.9, the Schmidt number is a measure of the ratio of the velocity to con-
centration boundary later thickness as:

0

The Lewis number relates Pr and Sc:

_ o _sc
DAB Pr

Le

6.5.2 Heat, Mass, AND MOMENTUM TRANSFER ANALOGY

Momentum Transfer—Velocity Boundary Layer:

* * * d *
u :fl(x .y ,ReL,p*)
dx
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1% o
dx
2 du 2 .
== 2 X' Re
! RCL 3y 0 ReL f‘z( L)
2 2 m
Cf f‘z(ReL):aRCL

- Re;

Heat Transfer—Thermal (Temperature) Boundary Layer:

£ * * d !
T =f3(x y ,ReL,Pr,p*)
dx

_hL _oT

Nu ;
k dy

= ﬂ(x*,ReL,Pr)
0

Nu = f;(Re,, Pr) = aRe} Pr"

Mass Transfer— Concentration (Density) Boundary Layer:

Ci= J%(x*,y*,ReL,Sc,@k)
dx

_h,L _9C,

Sh =—=
Dy dy

=f7(x*,ReL,Sc)

0

Sh = f; (ReL,SC) = aRe]'Sc"

Dimensionless Parameters:

nertia f
Re = L = vk Reynolds number ~ m
u v viscous force
locity boundary !
pr="= Hep Prandt]l number ~ veloelly botndary ‘ayer 9
o k thermal boundary layer \ &,

hL . . .
Nu = 7 Nusselt number ~ dimensionless heat transfer coefficient
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velocity boundary layer [ ) J"

Schmidt number ~ - —
concentration boundary layer

Sc =
0.

AB

h,L . . .
Sh = ™~ Sherwood number ~ dimensionless mass transfer coefficient

D AB
o S. ) thermal boundary layer 5\
Le= = — Lewis number ~ - ~| =
D,z Pr concentration boundary layer 0,
h Nu 1 o
St = = = —Cy - Pr~"" heat transfer Stanton number, for 0.6 < Pr < 60
pc,y Re-Pr 2 °
he  Sh 1 s
St, =—= = —Cy - §.7” mass transfer Stanton number, for 0.6 < Sc < 3000

v Re-Pr 2

h i . .
s pc,,(s) = pc,Le’” relationship between heat and mass transfer
m

coefficients

St = St,, special case if Pr = Sc =1
h = pc,h,, special case if Pr=Sc=1,orLe =1

6.5.3 EvaPORATIVE COOLING MAss TRANSFER

Air (species B) at 7., flows over the water surface (species A) at 7,,. For a steady-state
condition, the molar transfer rate of species A (M 4 ,kmol/s) can be expressed as:

My =h,A[Cay (T,) = Can(T) ]

where h,, (m/s) is the convection mass transfer coefficient, the molar concentrations
Ca,(T,,) and C,..(T.) have units of kmol/m’.
The species transfer rate may also be expressed as a mass transfer rate (m As kg/s)

by multiplying both sides of the equation by the molecular weight w (kg/kmol) of
species A, thus:

my = M AWy
= hmAs [pA,s (Tw ) - pA,°° (TN ) . ¢°° ]
= water evaporative mass transfer rate, kg/s
where
pA,s (Tw) = CA,s (Tw ) cWa
= saturated water vapor density at temperature 7,,, kg/m’

= i(based ontheideal gas law)

w
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Pac(Ta)=Caw(To) Wi
= saturated water vapor density at temperature 7., kg/m’

P .
= A5 (based ontheideal gas law)
RT.

@.. = humidity of air flow
= Ofor dry air flow condition

Therefore, the water evaporative heat rate (kW) can be expressed as:

Gevap = My - hfg

where

hy, = latentheat of water evaporation, kj/kg

Note that the required energy to provide water evaporation is from the air flow
(i.e., T.. > T,,). The energy balance on the water surface is:

Geony = hA (Tw - Tw) convection heat transfer

= Gevap = M4 - Iy, convection mass transfer

If we consider radiation from the sun, the energy balance on the water surface becomes

Ycony + Grad = Yevap

If a heater is immersed inside the water, the energy balance can be written as

qconv + Grad + Gheater = Gevap

6.5.4 NAPHTHALENE SUBLIMATION MASS TRANSFER

Sublimation is the phase change directly from the solid to the vapor phase. This
process can be observed from frozen carbon dioxide (dry ice) at room temperature.
The cloud surrounding the dry ice is a mixture of the carbon dioxide gas and the
surrounding humid air. Naphthalene is a substance, commonly available, which
undergoes this phase change from solid to vapor at atmospheric pressure. Moth
balls, which can be purchased at most grocery stores, are over 99% naphthalene.
Over time, the moth balls gradually go through the sublimation process, where the
naphthalene diffuses through a space as a vapor. This vapor prevents moths, or other
insects, from infesting the space.

When a surface coated with naphthalene is exposed to forced air convection, it
sublimates at room temperature. Consider air flowing over a naphthalene-coated flat
plate, the amount of mass that sublimates can be used to obtain the local or aver-
age mass transfer coefficient. By using the mass transfer analogy, the heat transfer
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coefficients can then be calculated. One of the primary advantages of using mass
transfer over traditional heat transfer methods for the measurement of the convec-
tive heat transfer coefficients is that no heating of the surface or the fluid is required.
Without direct heating, the challenge of accounting for heat conduction loss during
the thermal experiment is eliminated. Refer to Chapter 10 of Experimental Methods
in Heat Transfer and Fluid Mechanics by Han and Wright [4] for additional details.

The naphthalene sublimation rate (m A ,kg/s) can be determined as:

my = hmAs [PA (TW)_ pA (TD'a )]
where

pa(T,,) = local density of naphthalene vapor at the surface at 7,,

=P,/RT, (based ontheideal gas law)

where
R = naphthalene vapor gas constant

P, = the partial pressure of naphthalene vapor

= 47.8802 10[ ' 47727(!2)]

pa(T.) = local density of naphthalene vapor at the free stream 7., = 0 for air
flows over the naphthalene coated plate

For many practical applications, we would like to obtain the convection heat trans-
fer coefficient, A, from the mass transfer coefficient, 4,,, by using the heat and mass
transfer analogy. In this case, we need to determine the mass transfer rate, my,, first
in order to find the mass transfer coefficient, A,,.

Consider air flowing over the naphthalene coated plate, the naphthalene sublima-
tion rate (mA R kg/s) over a period of time, Az, can be expressed as:

Az
At

my = psolid naphthalene * As
where
Az = naphthalene sublimation thickness (m)
Psolidnaphthatene = the density of solid naphthalene at air temperature (kg/m3)

At = the duration of the sublimation (seconds)

After m, is measured, 5, can be determined from the above equation:

my = h, A, [PA (T,)— pa(T. )]
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and
Sh = th/DAB
with
1%
Dyp = §

Based on the heat and mass transfer analogy, the convection heat transfer coefficient
(and Nusselt number) can be calculated as:

1/3
Nu= L _ Sh - (Pr)
k Sc

where
Pr =0.71 for air
Sc = 2.5 naphthalene to air

On the other hand, if the heat transfer coefficient is given, we can predict the mass
transfer coefficient from the heat transfer coefficient by using heat and mass transfer
analogy, i.e.,

2/3
h,, = hpe,Le”® = hpe, (SC)
Pr

where
Pr =0.71 for air
Sc = 2.5 naphthalene to air

Then the naphthalene sublimation mass transfer rate m, can be predicted from the
above equation.

REMARKS

This chapter provides the basic concept of boundary-layer flow and heat transfer; it
focuses on how to derive 2-D boundary-layer conservations for mass, momentum,
and energy; boundary-layer approximations; nondimensional analysis; and Reynolds
analogy. Students have come across these equations in their undergraduate-level heat
transfer. However, in the intermediate-level heat transfer, students are expected to
fully understand how to obtain these equations. In addition, we have briefly touched
on the mass transfer and the heat—mass transfer analogy.
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PROBLEMS

6.1 For hot-gas flow (velocity V_, temperature 7..) over a cooled convex surface

(surface temperature 7,), answer the following questions:

a. Sketch the “thermal boundary-layer thickness” distribution on the entire
convex surface and explain the results.

b. Sketch the possible local heat transfer coefficient distribution on the con-
vex surface and explain the results.

c. Define the similarity parameters (dimensionless parameters) that are impor-
tant to determine the local heat transfer coefficient on the convex surface.

d. Write down the relationship among those similarity parameters and give
explanations.

e. Write down how to determine the local heat flux from the convex surface.

6.2 For cold-gas flow (velocity V_, temperature 7,) over a heated convex surface

(surface temperature 7,), answer the following questions:

a. Sketch the “thermal boundary-layer thickness” distribution on the entire
convex surface and explain the results.

b. Sketch the possible local heat transfer coefficient distribution on the con-
vex surface and explain the results.

c. Define the similarity parameters (dimensionless parameters) that are
important to determine the local heat transfer coefficient on the convex
surface.

d. Write down the relationship among those similarity parameters and give
explanations.

e. Write down how to determine the local heat flux from the convex surface.

6.3 Derive Equations (6.11), (6.12), (6.15), and (6.16).
6.4 Derive Equations (6.23) and (6.25).
6.5 Derive Equation (6.30).
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External Forced
Convection

7.1 LAMINAR FLOW AND HEAT TRANSFER OVER A
FLAT SURFACE: SIMILARITY SOLUTION

External forced convection involves a fluid moving over the external surface of a
solid body and forming hydrodynamic and thermal boundary layers around the
surface. There are two well-known methods to solve external boundary-layer flow
and heat transfer problems. One is the similarity method to obtain the exact solu-
tion. The other is the integral method to obtain the approximate solution. This sec-
tion begins with the similarity method [1-6]. Figure 7.1 shows stream lines for flow
over a flat plate. There is similarity of the velocity from stream ling to stream line.
From location to another, the velocity (temperature) profiles look “similar” at each
x-location. Like a rubber band being stretched, the master velocity profile can be
stretched appropriately at each x-location to fit the actual velocity profile along the
surface. Therefore, we define a stream function, y. The stream function is a function
of the similarity variable, and the introduction of the stream function allows us to
convert two nonlinear partial differential equations (PDEs) into a single, nonlinear
PDE. Making use of similarity, the nonlinear PDE becomes a higher order, nonlinear
ordinary differential equation (ODE). The final ODE can be solved using the Blasius
series or numerically with a Runge—Kutta (RK) method.
Define the stream function, y, to satisfy the continuity equation:

¥
= 7.1
“=0y (7.1)
¥
=—— 7.2
ox (72)
The continuity equation, as shown in Equation (6.7), is automatically satisfied.
% + Q =0
dx dy
2(2), 22, -
ox\ dy ) dy\ oJx

The x-momentum equation, as shown in Equation (6.17) with dP/dx = 0, becomes:
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Streamline

FIGURE 7.1 Stream lines for flow over a flat plate.

S 0,7
dx  Jdy 09y

2 2 3
a\P(a\P)_a\Pa\P_v(a WJ a4

Ty 0xdy Ix dy> | 9y’
Now, we introduce the similarity variable, 7, to combine x and y into a single variable:

¥(x,y)="¥(n)

The master profile (rubber band) can be stretched from location to location. In other
words, the velocity profile can be represented as:

ui=f(n)

The similarity variable, , is proportional to y, and the proportionality factor depends
on x. We can now apply the similarity concept from Figure 7.1,

- _%y
y \E:m—\/; (7.5)
Yoo f=a =f(n) (7.6)
Jx '

n is the similarity variable and fis the similarity function.

u(x.y)

Wy =Y¥(x,y)=¥(1n)=r(n)

In Equation (7.4), we need to replace y, x, and y with the new similarity definitions:

_Cy
=
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¥ fx
f—C[\/—:>lP o

Y _dvon_Jx o
or o Gy
dy z?n dy o’ Jx «a

N _(ofNx f1 L\ _(dfdnx f1 1
dx | dx G C12J_ an dx C clzf

. (_11) AR
- 2Jx G ) G 2x
1

=5 CI\/—(f m)
where
,_df dn_GC  dn 1 -(312) n
=—, - =, 7:——6‘ = ——
! an’ dy Jx odx 2 2 2x
Similarly,
Y J(I¥) d(c . df ¥ o f”
2 = —] — B f = B —
dy-  dy\ dy (9y e ¢ ¥ dy ¢ Jx

FY_J(IFPY)_9(C
ay’  dyl 9y ay C
GG G

G \/; \/; C x

Y 9 (I¥)_ aczf J fan
dxdy dx\ady ) ox on dx
_C o _1)
- C1 f ( 2x

The new definitions are now inserted into the stream function momentum Equation (7.4).
V(Y VIV _ (W
dy\ dxdy Ix 9y’ y ay’

o erta) Gesrm)[E5){E7)

L
C In\Nx ) dy

X
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After simplification, we obtain:
7 +2veef” =0 7
This is the similarity momentum equation. The momentum equation has changed

from a second-order, nonlinear PDE to a third-order, nonlinear ODE.
To solve the ODE, let us begin by assuming:

Vcicy = 1 (78)
Aty = oo:
¥ ,C
|y = U = vl [
Vi G
y=eo
Now, allow:
2y (7.9)
C

From Equation (7.9), f’(e) = 1. In addition, at the wall, u = 0; therefore, f”(0) =0
Now, with Equations (7.8) and (7.9), we obtain

Cy =

u
v

Therefore,

‘<

y [U.

=C,—==—"= = 7.10

n= NS (7.10)
v

=

(7.11)

f= Cl\/; \/vblmx

where f'and n are similarity function and similarity variable, respectively. Finally, we
obtain the following:

Y _G
Sy

__ L ey VU
v=-s o= 2C1\/§(f fm=o—, Un=1) (7.13)

f U.f’ (7.12)
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af u .
/= < = — = velocity profile 714
f TS yp (7.14)
2
7= LJ: _d(uid) _ velocity gradient (7.15)
an dan

The boundary conditions (BCs) need to be transformed from x, y, u, and v into the
similarity variable and function. Beginning at the surface (y = 0):

f(0)=0 (7.16)

Now at the edge of the boundary layer (y — oo):

f(e)=1

The momentum equation combines with the BCs to form a third-order, ODE:

" __ _l ”
7= 5 bid (7.17)

Equation (7.17) is the Blasius Equation for boundary layer flow over a flat plate. It
may be solved by expressing f(#) in a power series (1908 Blasius Series Expansion)
with the above-mentioned BCs as:

2 2,.,5 3,,8 4. .11
o la 11 375 o
f=f= n-_ltam L n_shan

+ ---forsmall 718
2! 2 5 4 8! g 11! n (718)

> 2
f-fo=n-B- VJ.{exp|:—(n ; ﬁ) :Idn}dn...forlargen (7.19)
1



208 Analytical Heat Transfer

where @ =0.332, =173, and y=0.231. Thus, f’ can be obtained. f’ = a,
f” =a=0.332. Then u and v can be determined.
Equation (7.17) can also be solved by numerical integration as

w_i”__l ”
1= =2
dar” 1
———fd
f” an

Now, integrate both sides:

2y

n

mf”:—J%fdn+C

0

n
—jl/z(fdn)
e 0

f” — . C]
n
n —jllz(fdn)
f’: df’:J eO dnC|+C2
0
where
C,=0atn=0

f'=0
0
A -Jvaran)
OZJEO dnC]+C2
0

C2=0

C, can be determined with the BC n — o
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A —}l/z(fdn)
1=J. e’ dnCl
0
n
- —Jllz(fdn)

C]Z 1/]e ® dn

0

After grouping like terms, f can be determined by integrating f* a third time:
.
f=qJF{WWWWMn+Q
00

The third constant of integration, C;, is C; = 0 from f=0atn =0.
Finally, we have:

[ e anan
f =

Jme_jzuz(fdn)dn

0

(7.20)

We can apply numerical integration (trapezoid rule) to solve for the similarity
function, f. With the trapezoid rule, we will need an initial guess, and the guess is
checked based on convergence of the solution. From the numerical solution, f* (u/U.,)
should converge to approximately 0.99 at the edge of boundary layer (n — 5). For
example, use of the trapezoidal rule for the numerical integration:

Choose 17,,,, = 5 = An- N, when N = 50 (the number of integration steps), Ay = 0.1

Let#n,,, =n+Anfori=0,1,2, ..., withy,=0

Initial guess f; = n;

Calculate

Ni

fdn
ni

~[ran
0

i
Ni —_[fdfl
e dn

(=1
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Next, calculate

Now, check the convergence. Is 1— f"" /£

ni
ni Ni _J‘fdn
e °

1=

00

dandn

1

J

the process with another initial guess.

From the tabulated data shown in Table 7.1 [2] or Figure 7.2, for a given
Re, = pU_ x/u, the velocity profile u (x, y) at any location (x, y) and the shear stress f”
at the wall (y = 0, # = 0) can be determined.

Tmax  _ mdeI
e 0

0

fi

ﬁl
ﬁl/

)

Analytical Heat Transfer

<g fori=0,1,2,..., N?If not, repeat

TABLE 7.1

Flat Plate Laminar Boundary Layer Functions [2]

U,
n=y,——
vx

0

0.4
0.8
12
1.6
2.0
2.4
2.8
32
3.6
4.0
4.4
4.8
5.0
52
5.6
6.0
6.4
6.8

f

0.027
0.106
0.238
0.420
0.650
0.922
1.231
1.569
1.930
2.306
2.692
3.085
3.284
3.482
3.880
4.280
4.679
5.079

0.332
0.331
0.327
0.317
0.297
0.267
0.228
0.184
0.139
0.098
0.064
0.039
0.022
0.017
0.011
0.005
0.002
0.001
0.000
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bl Universal
velocity profile

A

o Experimental data

n= ke

FIGURE 7.2 Graphical sketch of velocity profile from similarity.

T.

oo

FIGURE 7.3 The thermal boundary layer concept.

The similarity function for temperature is shown in Figure 7.3. Let

T_TW u=0
0= = =f’ 7.21
TM—TW( U.-0 f] (721

The energy equation becomes

VIO Y I  I’0

=
dy dx dx dy ay*

(7.22)

Performing

90 _00n_ %

dy ondy

ay> dy\dy) dy\Jx on\Jx " ) dy «x

90 _ 90 on_4 -1

8x_317'8x 2x
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Inserting this into the energy equation, we obtain

0" + %Pr f0'=0 (7.23)
BCs:
6(0)=0 (7.24)
0()=1

atn =0,00)=0,C,=0
atn = o0, B(o0) = 1,

Therefore:

n _("py
J‘ , jop/z(fdn)dn
g="°> _

J”"efj';’wz(fdn)dn

0

(7.25)

n n
0= 0'(O)Jexp[—jpzrfdn] dn (7.26)
0

0
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where

1
J:exp[—JZPr/ 2(fdn)] dn

If Pr = 1, f" = 6, the thermal boundary layer is the same as the hydrodynamic bound-
ary layer (the derivative of Equation 7.20 = Equation 7.25).

For a given Pr, 8 and 0’ can be determined if f” has been solved previously.

For example,

6’(0) = (7.27)

f/l/
1r2)r”

f:

n

den =2Inf”

0

—],1/2(fdn)

f”:e 0

[[yan

0 =",
” Pr
[ yan
0
From the tabulated data, or Figure 7.4, the temperature profile 7(x, y) at any location
(%, v) and the heat flux at the wall (y = 0, # = 0) can be determined. From 7, we obtain
6 and T(x, y) for the given Prandtl number.
Note: 6 can be defined as:

T-T,
6= i
T.—Ty
_T-T, 0= T-T.,
T T.-T, T T,-T.
1 1
Pr>1
Pr=
Pr<1 Pr<1
r=1
Pr>

5
u. 5
—y === u.,
n y\/vx n=y e

FIGURE 7.4 Graphical sketch of the temperature profile from similarity solutions.
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or

T-T.
Ty —T.

0=

as shown in Figure 7.4. The thermal boundary thickness (1) decreases as the Prandtl
number increases, also shown in Figure 7.4. The thinner thermal boundary layer
implies a larger 6.

7.1.1  SUMMARY OF THE SIMILARITY SOLUTION FOR LAMINAR BOUNDARY-
LAYER FLow AND HEAT TRANSFER OVER A FLAT SURFACE

The foundational momentum equation developed in the previous section can be used
to calculate boundary-layer thickness, shear stress, and the friction factor for a given
Reynolds number. In addition, with the energy equation from the previous section,
the heat flux, the heat transfer coefficient, and Nusselt number for a given Reynolds
number and Prandtl number can also be determined.

At a given location along the plate and off the surface, x and y, the similarity
variable, 7, can be calculated from the freestream velocity (7.10). From Table 7.1 or
Figure 7.2, the local velocity (f”) can be determined from the similarity variable (z).

The boundary layer thickness can be estimated where u/U, = 0.99. Table 7.1
shows f” reaches 0.99 at n = 5. Therefore, at a given x-location, the boundary layer
thickness can be defined as 1 = (y/x)\/ﬁ =5 where y = 6. Based on the definition

of the similarity variable, we see the boundary layer thickness is proportional to +/x .

0 5

x +/Re,
§~x

The wall shear stress can be determined from f*

Iy, ~Iy\dy ),
Pyl [sz }
_,u ayz y=0_u Cl\/;f yzo

= u[ng—f%f”(n = 0)}

—pth- | (0332)
XV
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From Table 7.1 (or Figure 7.2), f”(n = 0) = 0.332. Therefore:

7, =0332. 1. [P (7.28)
X

The shear stress decreases with increasing x because of the increasing thickness
of the boundary layer (the velocity gradient decreases with increasing x). From the
numerical integration and the wall shear stress, the local skin friction coefficient can
also be determined:

Ty
Cfx = 1 5
—pUz
2P
_0.664
JRe,
1
Cp ~——

N

Integrating from x = 0 — L, the average skin friction coefficient for the entire plate
can be determined:

1.328
Cy = 7.29
"= Re, (7.29)
where
RCL = pUML
u

From the solution of the energy similarity equation, the heat transfer coefficient and
Nusselt number can determined from the temperature gradient (6”) at any x-location
along the surface.

oT
vk
q Jy .
JdT| JT dn U.
2L =22 (T =-Ty) 0 (n=0) [

=t ()=o)

qi(x) = h(Ty = T.)
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_qi(x)
Y (Tw-T.)
—kf[(TN—TW)H'(n:O)-\/E}
h, =
—(T.-Tw)
h, =k, [9'(77 = 0)-\/1’)’7;] (7.30)
1
hx~ﬁ

From Table 7.1 (for Pr = 1) or Figure 7.4, 6’(n =0) = 0.332 Pr'”.
Now to provide the dimensionless Nusselt number:

Nuxzhx.x
ky
=;f~[kf-9'(n=0)- 7;’;}
=x-[9’(n=0)-\/%]
=6'(n=0)- uj)'xxz

Nu, =0’(n=0)-JRe, =0.332{/Re, Pr'”

We can obtain the average Nusselt number over the plate by integrating from
x=0-L.

Nu = hzx = 0.664/Re, Pr'3

This Nusselt number correlation is generally well accepted for flat surfaces main-
tained at a constant temperature and Prandtl numbers ranging between 0.5 and 15
(not applicable to oils or liquid metals). Also, as a note, the heat transfer coefficient,
and thus the Nusselt number, depends on both k,and 0’(11 = O). The similarity solu-
tion method has provided an approach to determine the velocity and temperature
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profiles within the boundary layer along the flat surface. The similarity variable and
functions are shown in Figures 7.2 and 7.4, with Table 7.1 providing the numerical
values.

REMARKS

There are many engineering applications involving external laminar flow heat trans-
fer such as electronic component cooling and plate-type heat exchanger design.
In the undergraduate-level heat transfer, there are many heat transfer correlations
for Nusselt numbers as a function of Reynolds and Prandtl numbers. Students are
expected to calculate heat transfer coefficients from these correlations for given
Reynolds and Prandtl numbers.

For the similarity method, students are expected to know how to derive the
similarity momentum and energy equations with proper velocity and thermal BCs.
Students are also expected to know how to sketch and predict velocity profiles inside
the boundary layer, for a given Reynolds number, from the velocity similarity solu-
tion using tables or figures; how to sketch and predict temperature profiles inside the
thermal boundary layer, for a given Reynolds number and Prandtl number, from the
temperature similarity solution using tables or figures. Here we focus on flow over a
flat plate (zero-pressure gradient flow) with constant surface temperature BC and do
not include the one at constant surface heat flux BC.

As an advanced topic, the similarity solution can be extended to include vari-
ous constant pressure gradient flows (such as flow acceleration or deceleration) with
variable surface temperature BCs. These can be solved using the fourth-order RK
method in order to obtain the velocity and temperature profiles with the forced con-
vection boundary-layer flow. These topics are discussed later in Section 7.3.

7.2 LAMINAR FLOW AND HEAT TRANSFER OVER
A FLAT SURFACE: INTEGRAL METHOD

The other powerful method to solve boundary-layer flow and heat transfer prob-
lems is the integral approximation solution technique [1-6]. Instead of performing
mass, momentum, and energy balances through a differential fluid element inside
the boundary layer, as with the similarity method, the integral method performs
conservation of mass, momentum, and energy across the boundary-layer thickness
with a given differential element in the x-direction. It should be reiterated for flu-
ids with a Prandtl number different from unity, such as gases, water, and oils, the
hydrodynamic boundary-layer thickness is different from the thermal boundary
layer.

7.2.1 MOMENTUM INTEGRAL EQUATION BY VON KARMAN

This solution method begins by employing a control volume that is infinitesimal in
the x-direction but finite in the y-direction across the boundary-layer thickness, as
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—
— pvdx Orifpudydx
— dx

I

Jpudy —>
|
Conservation of mass

1
d
:'—> [pudy+=-[(pudy)dx

—
— > pvl_dxor U, ijpudydx
—> dx

I
| puudy_N:

Momentum change

1
N jpuudy+£ [(puudy)dx
1

a0
JPdy —»I: < [Pdy + % | Pdydx

T, dx

Net force

FIGURE 7.5 Integral method.

shown in Figure 7.5. We can apply mass and momentum conservation to the control
volume.
From mass conservation,

s
dv _ du_ Bu du
— 6)=vl —dy=—|—d
dy  ox V(@) =vl - J o J ox Y
pvdx = iJ. (pudy)dx (7.31)
dx

From momentum conservation,

)
—rwdx+P—alx—i J'de dx——J.(puudy)dx Mmij(pudy)dx (7.32)
dx dx

0

momentum change
net force

where

- d J.de=—iPJ‘d =—Pﬁ—5d—P
dx dx dx dx

dPldx =—pU_(dU_/dx) (from the momentum differential equation, at outside of the
boundary layer, u = U_, v =0, 0°U_/0y> = 0).
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Therefore,

dé dé dau. d d
T, +P——-P—-0| -pU..— =—J. d —MN—J. d
dx dx ( p dx ) dx puudy dx pudy

du..
dx

—’L’w=iJ.puudy—pr jdy—umijpudy

dx dx
d dau d du. du.

=— dy——— | pU..d —L{,x,fJ‘ d +—°°I d ——“'J. d
dxjp””y de.p VT gy J P g YR T ) P

d dau d
= 9 puway+ ™= [ p(u-1.)d ——j U.d
0 IPW vt Jp(u Jdy=— | pull-dy

=iJ.pu(u—Um)dy+ dut- J.p(u—um)dy
dx dx
T, = iJ.pu(Z/{°° —u)dy + du- p(U. —u)dy (7.33)
dx dx
For flat plate flow, dU../dx = 0
u d
Ty = U— =— U, —u)d 7.34
Wy | putte ~way (7342)
du d
-V— = — -U.)d 7.34b
dy 0 dx u(u )y ( )

7.2.2  ENERGY INTEGRAL EQUATION BY POHLHAUSEN

The conversation of energy is applied to a similar element, as shown in Figure 7.6.

or
qidx = i[J‘pCI,,quy}dx
dx d

s
-C,T., d[-'.pudy]dx
dx i

(7.35)

. s
— Cpde—IO pudydx 5,
> X \
/:
o C.uTd d (5T )
[ pCuTdy — Ty PO T+ pCuTdy)dx
o PP 1
gid!

FIGURE 7.6 Conservation of energy in integral form.
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St
- ijpcpu(T— T )dydx
dx d

LA j pCou(T = T.)dy (7.362)
dy =0 dx d
oT a'f
—aZ =% Ju(r ~T.)dy (7.36b)
ady =0 dx d

Equation (7.36b) can be compared directly to (Equation 7.34b) from the conversation
of linear momentum over a flat plate (dP/dx = 0).

7.2.3  OUTLINE FOR THE APPLICATION OF THE INTEGRAL APPROXIMATION METHOD

This section outlines the process of using the integral momentum and energy equa-
tions to approximate the boundary layer thickness, shear stress, thermal boundary
layer thickness, and heat flux along the surface. This solution technique begins by
assuming a generic expression for the velocity (1) or temperature (7') profile. BCs are
applied to the general (assumed) function to obtain specific profiles. From the known,
approximate, velocity and temperature profiles, the integral equations are used to
estimate the wall shear stress and/or heat flux. As shown in Equation (7.36), in order
to solve the thermal problem, the velocity profile be known. However, this method
does not require the velocity and temperature profiles are assumed in the same form.
For the hydrodynamic boundary layer (fluid mechanics problem):

Step 1: Assume the velocity profile. Below are examples of commonly assumed
forms of the velocity distribution within the boundary layer.

u=a=U.,
u=a+by
u=a+by+cy’
u=a+by+cy* +dy’
u=a+by+cy* +dy’ +ey
u= a+by+cy2 +dy3 +ey4 +fy5

Step 2: Apply the velocity BCs to determine the coefficients a, b, ¢, d, e, and f.
The assumed form of the velocity profile must satisfy the BCs for the given

flow field.
Step 3: Insert the velocity profile into momentum integral to solve for 5(x).
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Step 4: Substitute 6(x) back into the velocity profile.

Step 5: Solve for the wall shear stress, or friction factor (Cy). The final solu-
tion should not be in terms of the boundary layer thickness, J, as this is an
unknown quantity.

T, ,uBu/By|0

Cp =
BT R)pul T (12)pU2

Similarly, for the thermal boundary layer:

Step 1: Assume a form for the temperature profile. Commonly used general
equations are shown below:

T=a+by
T=a+by+cy
T=a+by+cy’ +dy’
T=a+by+cy’ +dy’ +ey’
T=a+by+cy’ +dy’ +ey* + f°

Step 2: Apply the thermal BCs to determine the coefficients a, b, c, d, e, and f.
Step 3: Insert the temperature profile into the energy integral to solve for §,(x).
Step 4: Substitute d,(x) back into the temperature profile.
Step 5: Solve for the surface heat flux and convective heat transfer coefficient,

h. Again, the expression for the heat transfer coefficient should not be a

function of the unknown hydrodynamic and thermal boundary layer thick-

nesses, 6 and ;.

qn _ —k(&T/&y)O
Tw - Tw Tw - Tw

h=

Examples

7.1 Assume second-order velocity and temperature profiles for the boundary
layer flow to satisfy the following BCs. Determine the hydrodynamic and thermal
boundary layer thicknesses. Also, determine the Nusselt number distribution along
the surface.

y=0 u=0

y=90 u=U.
du

y= e —
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aT

y=0 ql=—k%
ayyzo

y:5T T=T.
y=s, I
ayv=5r

Solution

Analytical Heat Transfer

Based on the problem statement, according to “step 1,” the assumed velocity pro-

file is:

u=a+by+cy?

According to “step 2,” the BCs are used to determine the constants, a, b, and c. As
shown above, three BCs are required to solve for the three constants; assuming a
higher or lower order polynomial will require additional or fewer BCs, respectively.

From the velocity BCs:

y=0, u=0, a=0

y=08, wu=U., U.=bS+c5*
v=5, -0 0=b+2co
dy

Solving the system of three equations with three unknowns (a, b, and ¢) yields:

a=0 b=2u—°° c= e

5 s

Thus, velocity profile becomes (completing “step 2”):

"y WU U ,
S y 52 y
Moving to “step 3,” the velocity profile is inserted into the momentum integral
equation:
2 d
u
w— M= - Z/{m - d
s s J.PM( u)dy
. d | :
oo Yy Yy
=—|p|2U.| < |- U | = | || U —| 2U.
e e () e

d(2
o225
P dx(lS )
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Solve for & (x) as:

30
S(x)= [HX
pU..
Now we move to the temperature profile. From the problem statement, the assumed
temperature profile is a second-order polynomial. With “step 1,” we have:

T=a+by+cy’
According to “step 2,” the thermal BCs are used to determine the constants, a, b,

and c. With the second-order polynomial expression, three thermal BCs are used.
Using these BCs, “step 2" gives us:

y=0, q"[,:—ka—T qv =—kb
dy =0
y=6;, T=T., Tmza—qk5r+c5%
aT ”
y=6,, 24 =0, 0=-L 425,
ady| k
y=0r

Solving the system of equations, gives us the constants:

qn qn qn
a=T.+>6;, b=- c=
2% k 2k8;

Completing “step 2,” the temperature profile becomes:

qfé(s]‘_q_(é R

T=T.+
2% R YY R

With “step 3,” both the velocity and temperature profiles are inserted into the
energy integral equation:

or
gt =4 [peu(r-T.)as
dx
0
a'f VY (oY ar <1 (y) 1(y)
=D 2f Z)-(2) [ Lo | o[ 2|+ 2 2] | a
dx.(!.pclu [ (5) (6)] k T[z (6T)+2(6T)] Y

v ~5%(Lr—ir2)
k 12 60

d
= E[pcl,um

where
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For the cases where:

HES

The above integral equation becomes:

d o _ 12k
dx(ar r) pc,U..

From “step 4,” we can solve for &7 (x) as:

1 1

Y Pr3-07378-6-Pr 3

JRe,

From the thermal boundary layer thickness, the heat transfer coefficient and
Nusselt number can be determined (“step 5”):

6y =4.36

po_ v _ _dv 2k
T,-T. 4n 5. O
T
2k
1
Nu=%=§—x= 0.496,/Re, -Pr3
T

Keeping r?, the above energy integral equation can be written as:

k =i(L,_L,z)5;
pe,ih.  d, \12° 60

We can solve for 6, (x) as:

Finally, the heat transfer coefficient and Nusselt number become:

po_ v _ 2k
ﬂv_Tw 6T

1

Nuzh—xzz—x~ Re, -Pr3

k  6r



External Forced Convection 225

7.2 Building on Example 7.1, now assume third-order velocity and temperature
profiles for the boundary layer flow to satisfy the BCs.

u=a+by+cy* +dy’
T =a+by+cy’ +dy’

The BCs are given in the order they should be used to determine the respective
constants, first velocity followed by temperature:

1 y=0 u=0

2. y=6 u=U.

3. y=8 Jduldy=0
4. y=0 J*uldy*=0

Based on the velocity BCs, solve for a, b, ¢, and d. Therefore, the velocity profile
can be obtained as:

1. y=0 T=T,

2. y=6; T=T.

3. =06y JdT/dy=0
4. y=0 2*T1dy* =0

u=0 _éz_l(yf _u
U.-0 26 2\0 U.
Substitute the above velocity profile into the momentum integral to solve for 5(x):

)
31_df,3 1)_1(1)3 1_2(1) 1(1)3 J
M5 s dxopu“[z(a 25 2\s)"als) @

= i(ﬂ 5pUi )
dx \ 280

sd6 _140 v

dx 13 U.

atx=0,6=0,C=0
Therefore,

S(x)=4.64(vx/U..)
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or

Substitute 5(x) back into the assumed velocity profile to obtain the final expression
and the local friction factor.

oo T _ p(duldy),  u(312)(118)U.  0.646 7.37)
KT (2)pu2 T (172) pUd2 (1/2) pUi? Re, '

Based on the thermal BCs, we can solve for a, b, ¢, and d, and the temperature

profile is obtained as:
3
T=1. _3fy|_1f»
T.-T, 2\6r 2\ 6,

3
r-T. _, _3(> | 1>
T, -T. 2\ 6y 2\ 6r
Put the above temperature profile into the energy integral to solve for §;(x). If

Pr=1,6=6,u=T-T, this is a special case if Pr=1.

6r 6 4064
X X Re,

The coefficient 4.64 is from momentum integral. This constant is 5.0 from the
similarity solution. From the energy integral, we obtain

aT 31
k2 k(T -T.)>—
&’y}y_zo ( )257‘
d5T 3(y 1(y ’ 3( y 1( y ’
=N, | 2222 | (-1 1=2| 2 |+ = 2| |ay
dx.o[p "[2(6) 2(6)] ( ){ 2(6T)+2(5T”y
Then,

T

31
k=—= pC,U.436
25 P, {

6_@_(6_7)1 i(é_r)ﬂ (5_TJZL_(5_T)4L 8
6 10 6 ) 70 |dx\ & 6 ) 20 ) 280 | dx

Let
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We obtain
2r252£+r35@=10i
dx dx -
From above
52-280vx  ;d6_140 v
13 U., dx 13 U,
We obtain
Lo 0vidr S0 v _ o
13 U., dx 13 U, U..
Next
4r2x£+ P = 13
dx 14Pr
lets=1r3
2 dr _1d ) 1ds
dx 3dx 3dx
4 ds 13
st—x—=
3 dx 14Pr
Let
, 13
s'=5————
14 Pr
Then
s’+ixds =0
3 dx

Solve for the homogenous equation as:

-3
S/ZCIX /4

Thus

s=r’=Cx™ + 13
14 Pr
Atx = 0:

3 13
r =
14 Pr
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(7.38)

1/3
6T 13 —1/3 —1/3
=—= =0.975(Pr ~Pr
1) (14Pr) (Pr)
where
o _ 4.64
Re,
Therefore,
Sr=06Pr = 4.64x¢ Ppr
Re,
B —k(aT/ay)y:O 3k
T,-T. 2 0r
_3 k3 k
26Pr" 2 x(4.64/Re, )P "
For this typical case,
Nu, = h?x =0.323Re!* Pr'?

From Figure 7.7, at x=x,, 6T =0,r=0

113 13 4,
0=C—+———, =- "
" T 4pe’ T 14pr

Therefore,
31413
r:(ST:0.975Pr”3[1—(x") }
x
u.,rT.,
—> 3
—
— St
—
X A A A A A A A X T,
o= Apply heat
u.,T.
> o
> dp
—
—
7 A A A K KA K
w Apply heat
0

FIGURE 7.7 Unheated starting length.
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For a typical case, x, =0, §T =0,

%T =0.975Pr"? =Py

For the unheated, leading length problem, x, > 0,

0.323Re” Pr'”?
Nu, = ORI (7.39)

k 1= (x0 /)6)3/4

If x, = 0, we revert to the typical case.

7.2.4 OTHER BOUNDARY LAYER PROPERTIES

The velocity and temperature gradients that develop within the viscous and thermal
boundary layers are related to the shear stress and heat flux on the surface. While
this is useful information, the viscous boundary layer thickness is also commonly
represented in terms of other thickness definitions. These definitions are useful as the
actual velocity profile merges smoothly into the free stream; therefore, the boundary
layer thickness, o, is often difficult measure. Figure 7.8 shows the actual bound-
ary layer thickness relative to the “displacement thickness,” 6*, and the “momentum
thickness,” 6.

As discussed throughout this chapter, the boundary layer thickness is defined as
the distance from the surface where the local velocity reaches the free stream veloc-
ity. The local boundary layer thickness is a function of the Reynolds number at a
specific location on the surface.

The friction that develops along the surface creates a velocity deficit near the
surface. Hence, we have the velocity profile within the boundary layer. The displace-
ment thickness, 6% represents the velocity deficit created by friction within the flow.
In the absence of friction, the velocity is constant down to the surface. Therefore,
this thickness is the distance by which the surface would be “displaced” within a
frictionless flow to provide the same mass flow rate as flow rate as the actual profile.
The mass flow rate adjacent to the solid boundary is less than the mass flow rate that
would pass in the same region in the absence of a boundary layer. The reduced flow
rate (on a per length basis in the z-direction) can be represented as:

FIGURE 7.8 Conceptual representation of boundary layer, 8, displacement, 6*, and momen-
tum, 0, thickness.
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IM%—M@

Calculating the mass flow deficit and introducing the displacement thickness yields:

oo

Mﬁ*zﬁ@@—ﬁdy
0

0
Rearranging, the displacement thickness becomes:
$=J1pid

J ( U ) g

The momentum thickness is often used to represent drag over the surface. The veloc-
ity deficit near the surface also creates a reduction in the momentum flux near the
surface. The momentum deficiency, per unit length in the z-direction (compared to a
frictionless flow), is:

J-pu(l/{m —u)dy
0

This is the thickness of the fluid layer, L., for which the momentum flux is equal to
the momentum flux deficit. Similar to the displacement thickness, the momentum
thickness can be calculated by balancing the momentum flux between the actual and
ideal flows:

pU0 = J.pumudy - J.puzdy
0 0
Rearranging to solve for the momentum thickness:
u u
0= j— 1-—|d
0%( wjy

As a reference, for flow over a flat plate, the boundary layer, displacement, and
momentum thicknesses can be compared (based on the similarity solution):

é 50
X Re,
5 1.729
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x +/Re;

Finally, the displacement thickness and momentum thickness can be combined as the
“shear factor” or “boundary layer shape factor.” The shear factor, H, is the ratio of the
displacement to the momentum thickness:

0 0.664

H=%
0

REMARKS

For the integral method, students are expected to know how to sketch and derive
momentum and energy integral equations from mass, force, and heat balances across
the boundary layer. Students are also expected to know how to solve for the velocity
boundary-layer thickness and the friction factor from the derived momentum integral
equation by assuming any velocity profile to satisfy the hydrodynamic BCs across
the boundary layer. Also, you should have the tools to solve for the thermal bound-
ary layer thickness and the heat transfer coefficient from the derived energy integral
equation by assuming any temperature profile to satisfy the thermal BCs (given sur-
face temperature or surface heat flux) across the thermal boundary layer. Note that
one will get a slightly different velocity boundary-layer thickness (and friction factor)
by using different velocity profiles across the boundary layer, and a slightly different
thermal boundary-layer thickness (and a heat transfer coefficient) by using different
temperature profiles across the thermal boundary layer. This is the nature of the
integral, approximation method. Table 7.2 shows how the boundary layer thickness
and friction coefficient vary with different assumed velocity profiles. Another note

TABLE 7.2

Comparison of § and C, for Different Assumed Velocity Profiles

Assumed Profile A C;,

Linear 346~ 0.578
JRe, JRe,

Second Order 548~ 0.729
JRe, JRe,

Third Order 4.64—= 0.646
JRe, JRe,

Fourth Order 5.84 = 0.686
JRe, JRe,

Blasius (Similarity) Solution 50—~ 0.664

JRe, JRe,
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is that velocity and thermal boundary-layer thickness is the same if Prandtl number

of unity is assumed.

7.3 LAMINAR FLOW AND HEAT TRANSFER WITH
A CONSTANT PRESSURE GRADIENT

The similarity method can be used to determine velocity and temperature distribu-
tions inside the laminar boundary layer formed on a surface exposed to an acceler-
ating or decelerating mainstream flow. The acceleration or deceleration of the fluid
results from a pressure gradient along the surface. With a “constant” pressure gradi-
ent, the mainstream velocity can be represented as U = cx™. Similarly, with a con-
stant temperature gradient along the surface, the temperature difference is expressed
as T,, — T.. = cx". Figure 7.9 shows several flow configurations that can be consid-
ered as laminar boundary layer flow with a constant pressure gradient: flow over a
wedge with acceleration (m > 0), flow in a nozzle with acceleration (;m > 0), flow in
a diffuser with deceleration (m < 0), flow across a cylinder with a stagnation point
(m = 1), flow impingement on a wall with stagnation, etc. Note that flow over a flat
plate with a constant velocity is a special case of m = 0. The boundary layer will be
thinner with increased shear and heat transfer in the presence of flow acceleration
and thicker with reduced shear and heat transfer with a decelerating fluid.

The similarity method presented for the zero pressure gradient flow (flat plate)
can be adapted to include cases with a constant pressure gradient (m, n = constant).
Recall the continuity equation with the corresponding stream function:

\ U=c
U=cx™ U

u U=cx™ >
—
U
e
Wedge Nozzle Flat Plate
Acceleration Acceleration No Acceleration / Deceleration
m>0 m>0 m=0
U=cx
/ U=cx
u U=cx™ U u
—_— o
Diffuser Cylinder Leading Edge Flow Impingement on a Flat
Deceleration Stagnation Flow, m =1 Surface
m<0 Stagnation Flow, m =1

FIGURE 7.9 Sample laminar boundary flows with constant pressure gradients.
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The momentum equation, in the x-direction, can be re-written to include the effect
of the pressure gradient:

u Ju du d*u
v =US 4V
dx dy dx dy

The mainstream velocity, U, is changing in the x-direction. Therefore, U C;—U can be

. x
re-written:
auv _ _1adp
dx p dx
with
U=cx"
du o
U—=U"-|cmx"
o =U[om]
=Ucm—
X
cx" =U
Ly, U
dx X
dil] =U? m
dx X

Finally, we have the energy equation:

or  aT T
Uu—=+v—=

ax ady ay*
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7.3.1 THe RK CALCULATION TO SOLVE FOR THE SIMILARITY SOLUTION

Following the method presented in Section 7.1, the similarity variable and similarity
function should be defined and substituted into the mass, momentum, and energy
equations. In this case, the free stream velocity is a function of x, U = ¢x™. Likewise,
the wall to free stream temperature difference is also a function of x, T, — T., = cx”.
The similarity variable is:

U(x
0=y ) )=X\/@
vVx X

The similarity function for momentum becomes:

f= 4 4
- vxU (x) ~ vyRe,

The similarity function for energy:

T-T,
6= *
T.-T,
With
T, —T. =cx"

Including the effects of the free stream pressure and temperature gradients, m and n,
the momentum and energy equations can be derived as:

m+1

w+ ”+ 1— ’2 :O
[ m(1= 1)
0”+mT+1Prf9'+nPr(l—9)f'=O

In order to solve the higher order differential equations, it is necessary to employ
numerical techniques. RK methods are commonly used to approximate solutions to
ODEs. RK calculations are preferred as they provide highly accurate results without
requiring derivatives, and they only require one initial point to start the calculation
procedure (initial value problem). The primary disadvantage of RK calculations is
the requirement to evaluate the function several times at each step of the integration.
While several variations of RK methods are known, the fourth-order RK methods
are the most widely used. With the application of the fourth-order RK method to the
solution of boundary layer flows, one must remember, a well-defined function, f{x, y)
or f'(x, ), is not available. However, we have a starting point (x,, y,), and we know the
final point (x,, y,) at the edge of the boundary layer.

The fourth-order RK method is similar to Simpson’s one-third rule. It is used to
estimate multiple slopes in order to generate and improve average slope for a specific
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X X+ AX
FIGURE 7.10 Boundary Layer Growth Model.

interval. A segment within the boundary layer is shown in Figure 7.10. The element
shows the boundary layer growth over an element, x + Ax. Using this representation
of the boundary layer growth, the Euler method with an explicit forward—difference
can be coupled with the 4th order RK method to numerically approximate the veloc-
ity profile within the boundary layer.

The slope of the boundary layer growth can be written as:

= @ = k(x,6)
dx

From a first-order RK method, the boundary layer thickness at x + Ax can be esti-
mated as:

8(x+Ax)=6(x)+k(x,8) Ax

With this first-order method, the truncation error is on the order of Ax?, and the
method has been shown to “overshoot” the true point. The forth-order RK method
is preferred as the truncation error reduces to the order of Ax>. Similar to Simpson’s
one-third rule, the slope, k, is weighted to provide a better approximation of the slope
for the boundary layer growth.

S(x+Ax)=d(x)+k-Ax
where the weighted average slope, k, can be expressed as

1
k = g(kl + 2k2 + 2](3 + k4)

with

k] = kl (X,S)

k2=k2(x+1Ax,5+1Ax~k|)
2 2

k3 :k3(.x+1Ax,5+1Axk2)
2 2
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ky = ky(x+ Ax,8 + Ax - ks)
The fourth-order RK method can be used to solve the laminar boundary layer flow

and heat transfer problem. For example, let m = constant and n = 0, the similarity
momentum and energy equations become:

f’”+mT+1ﬁ‘”+m(1—f’2)=0

+1
9”+m

Prfo’=0

The momentum equation contains a third derivative, while the energy equation is a
second derivative.

To apply the fourth-order RK method to the boundary layer problem, the similar-
ity momentum and energy equations must be linearized to become the first derivative
equations. Therefore, let:

Zi=f

Z,=f'

Z = f”
and

Z,=0

Zs =06’

Now the RK type similarity momentum and energy equations become five linear
equations:

Z]’:ZQ

Z =—mTHZ. Zy-m(1-23)

Zi=Z5

+1
zi=-"

Per . Zs
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For the boundary layer thickness, we can apply our three BCs to the momentum
equation:

Z,(0)=0
Z,(0)=0
Z, (°°) =1

However, Z, at the wall, which represents the shear stress on the wall, is unknown
and must be determined.

Z3(0)= f”(0) = unknown
Applying our thermal BCs to the energy equation:
Zi(0)=1

In this case, the temperature gradient at the wall, Zs, is unknown and must be deter-
mined using this RK method.

Zs(0)=06’(0) = unknown
Recall, the similarity functions for momentum, f, and energy, 6, are only functions

of the similarity variable, 5. Likewise, the RK-type momentum and energy equations
are also only a function of 7.

f=rmn
6=06(n)
z=2(n)

This is a typical two-point boundary value problem where we know the velocity and
temperature behavior at the boundaries (y = 0 and y = 9). As stated earlier, we know
the final point (x,, y,) at the edge of the boundary layer, so we must make an initial
guess for the velocity and temperature gradients at the wall to begin the process. The
RK method can be applied working from point-to-point through the boundary layer.
As y — delta, the gradients must approach zero. If the initial guess leads to incorrect
estimations at the edge of the boundary layer, a new initial guess is required, and
the process is repeated. If the outer BC is correctly achieved, the initial guess is cor-
rect, and the similarity functions are known. The following steps should be followed
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to use the fourth RK method to approximate the velocity profile, wall shear stress,
temperature profile, and wall heat flux.

Step 1: Guess a value of the unknown velocity gradient at the wall, Z;(n=0)
or f(n=0).

Step 2: With the known BCs (Z,(#=0)=0 and Z,(n=0)=0) and the guessed
value of Z,;(n=0), use the RK calculation to calculate the 4 slopes for Z,, Z,,
and Z,. This is k,, k,, k4, and k, as separate values for Z,, Z,, and Z,.

Step 3: Use the RK method to calculate the weighted slope, &, for each variable
Z,,Z,,and Z,.

Step 4: Update the values of Z,, Z,, and Z,for n + Ay based on the weighted
slope and the RK calculation.

Step 5: As 7 — oo, check if the known BCs are satisfied: Z,(n=0)=f{n=0)= 0
and Z,(n=o0) = f(n=00) = 1. If the BCs are not satisfied, return to “step 1”
and begin the process with a new guess for the velocity gradient at the wall.

To solve for the temperature profile through the thermal boundary layer, steps 1-5
are repeated with Z, and Z;. In step 1, the unknown value of the temperature gradi-
ent, Z;(n=0) or 8’(n=0), is guessed to initiate the RK method. The four slopes (k,, k,,
ks, and k,) are then calculated for both Z, and Zs, and this is followed by the calcu-
lation of the weighed slopes, k, for both Z, and Z. The process is repeated in steps
1-5, from the surface to the edge of the thermal boundary layer. Upon reaching the
edge of the boundary layer, the guess is checked by ensuring the BCs are satisfied,
Z,(n=0)= 6(n=0)=0 and Z,(n=00) = B(n=c0) = 1. If the BCs are not satisfied, the
process is repeated with a new initial guess of the temperature gradient, Z;(y=0).

For example, consider flow over a flat plate, m = 0, Pr = 1, the table below shows
the guess procedure until the correct results are obtained.

n forZi florZ: f"orZ;s Oor Zs &' or Zs

0 0 0 0.5 - guess 0 0.5 - guess
0.2 l l

10 2 - wrong 2 - wrong

0 0 0 0.332 - guess 0 0.332 - guess
b l l

10 1-ok 1-ok

Figures 7.11-7.13 show the results of RK Fourth-Order Calculation for various
boundary layer flows with constant pressure gradients: ForU = ¢x™ and T, — T., = cx".
Figure 7.11 and the corresponding tabulated data, Table 7.3, are the velocity and tem-
perature profiles for m =1 to m = —0.0904 (flow separation) for n =0 and Pr= 1.
Recall the velocity profile is not a function of the Prandtl number, while the tempera-
ture profile will change if the Prandtl number deviates from one. Note that the velocity
gradient at the wall is 0.332 for flow over a flat plate m = 0. The velocity gradient at the
wall increases with m > 1 due to the thinner boundary layer with flow acceleration.
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N — e e =

FIGURE 7.11 Runge—Kutta calculation of the velocity and temperature profiles for posi-
tive (m = 1), zero (m = 0), and adverse pressure gradients (m = —0.904); in all cases Pr = 1
with n = 0.

TABLE 7.3
Effect of Free Stream Acceleration (m) on Boundary Layer Development
"' (0) Recall: H
2 (}c,fl( 0) &* Displacement 0 Momentum  Shear Factor or Boundary
m Cpn = T Thickness, 6* Thickness, 6 Layer Shape Factor
€
1 1.232 0.647 0.292 2.216
(stagnation)
0.333 0.757 0.985 0.429 2.297
0 0.332 1.72 0.664 2.59
(flat plate)
—-0.05 0.213 2.117 0.751 2.818
—0.0904 0. 3.427 0.868 3.949

(separation)

Figure 7.12 shows the effect of Prandtl number on temperature profiles for m = 0
(solid lines) and m =1 (broken lines) at n = 0. Note: The Reynolds analogy factor
does not hold for pressure gradient flow, as shown in Table 7.4.

Figure 7.13 shows the proper correlation of the Nusselt number with the Reynolds
number and Prandtl number [7]. The figure clearly shows increased heat transfer
with flow acceleration.

In summary, the RK method can be used to solve a variety of laminar flow and
heat transfer problems. You can apply numerical methods (using a programming lan-
guage such as MATLAB®) to obtain results listed below (and partially represented
in Figures 7.11 and 7.12).

a. Plot f” vs.nnand f” vs. 11 on the same figure for m = —0.05, 0, 0.333, and 1.
b. Plot @ vs. 7 and 6’ vs. 1 on the same figure for Pr = 0.72 with m = —0.05, 0,
0.333,and 1 and n = 0.
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FIGURE 7.12 Runge—Kutta calculation of the temperature profiles for positive (m = 1,
dashed lines) and zero (m = 0, solid lines) pressure gradients for various Prandtl numbers; in
all cases n = 0.

TABLE 7.4
Effects of Free Stream Acceleration (m) and Prandtl Number on the

Dimensionless Heat Transfer Coefficient, Nu, _ 6, (m,Pr), for n = 0.

JRe,

St Nu,

Lo, TR
m Pr = 0.1 Pr=0.72 Pr=1 Pr=10 (Pr = )
1 0.2191 0.5017 0.5708 1.3433 0.463
(stagnation)
0 0.1389 0.2957 0.3321 0.7289 1
(flat plate)
—0.0904 (separation) 0.1085 0.2031 0.2224 0.4071 0

c. Plot 6 vs.n and 8’ vs. 7 on the same figure for m = n =0 with Pr=0.1,
0.72, 10, and 50.

d. Plot @ vs.nand 8’ vs. 7 on the same figure for m =0, Pr=0.72 with
n=-1/2,0,1/2,and 1.

Nonsimilarity Condition: “Nonsimilarity” flow conditions exist in many engineer-
ing applications such as compressors and turbines in turbomachinery. Figure 7.14
shows local flow acceleration around a turbine blade, highlighting the pressure distri-
bution on both the suction and pressure surfaces. The pressure gradient is no longer
a constant value, i.e., m is not a constant value during acceleration. This type of non-
similarity flow can be solved using the local similarity concept using the Falkner—
Skan Transformation.
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Nu, =0.661Re)? Pr's

Nu, =0.798Re)* Pr'

1/
Nu_=0.57Re/> Pr**

u, =0.332Re.? Pr”*

Nu, =0.339Re,? Pr's
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FIGURE 7.13 Correlation of the surface Nusselt numbers for various fluid and with

flow acceleration.

U.(x)

Suction Side

Pressure Side

PSP S USSP U T
+

X

FIGURE 7.14 Nonsimilarity flow over the suction and pressure surfaces of a turbine blade

As shown previously, the free stream velocity and temperature gradients can be
represented as a function of the x-location:

U=cx"

T, -T.=cx"
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If m = constant and n = constant, the previous similarity solution can be applied.
However, if m, n # constant, the Falkner-Skan Transformation is needed for this non-
similarity condition.

From the boundary layer conservation equations, the continuity equation,
X-momentum equation, and energy equation are

Again, we define the similarity variable and similarity function. The free stream
velocity is a function of x, U = cx™, and the wall to free stream temperature differ-

ence is also a function of x, T,, — T.. = cx", where m and n are not constant values.
For example:

* ’i(Tw
T, —-T. dx

—TM)

From the same procedures outlined in Section 7.1, one obtains the following similar-
ity momentum and energy equations:

vU..x
U..
n=y,——
VX
T-T,
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with
x dU
m=—--——
U dx
n=—" L 1)
T;v_ w dx
Therefore,
u ’
y = ()

v= ;\/? [(va)f]

The momentum and energy equations can be re-written in terms of the similarity
variable and functions:

” +1 ” ’2 /af, ” af
pretytgremli-g) ol oL )

0" + Prf0’+nPr(l—9)f :xPr(f’ae—G'af)
2 ax dx

Non-Similarity

Note that the nonsimilarity terms are in the right-hand side of the equations (non-
zero). These RK type nonsimilarity momentum and energy equations can be consid-
ered as Local Similarity Equations for Local Segments Ax. For a small Ax distance,
m and n can be assumed constant.

At a given x:

((9}‘) fi—fi
Jx Xi — Xi_y
(36) 0, -0,

ax Xi — Xiq1

where f;, f!_,, fi-i, and 0,_; are pre-determined at x, ;. Then use RK Fourth-Order
Method marching from x = 0 to any x by the increment Ax = x; — x; ;.
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7.3.2  INTEGRAL APPROXIMATION METHODS FOR PRESSURE GRADIENT FLOWS

a. Integral Method from Pohlhausen

Recognizing the streamwise pressure gradient can be represented by the free
stream acceleration, Pohlhausen extended the integral approximation method
(Section 7.2) to approximate the boundary layer thickness in the presence of acceler-
ating flows. The new form of x-momentum equation 7.33 can be obtained by defining
the boundary layer displacement thickness, momentum thickness, and shape factor:

5 5
0= L fpw-was+ L [puw-uay
dx 4 dx d

1cfx - 1dUs +i2i(U 0)
2 Ude U dx
de 6 dU

d—+(2+H)—E f(8,0)

As defined previously, the displacement thickness is (now in terms of a variable free
stream velocity):

With the shape factor:

Recall the Wall shear stress:
T C pl) 2
w fx )

Following the procedure outlined in Section 7.2.3, we can assume a dimensionless
velocity profile across the boundary layer with appropriate BCs:
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;)

%:a+bn+cn2+dn3+en4 :f(n):f(

BCs:
n=0 u=0 n=1 u=U
Pu_ 1P du_
Ve— = — =
Ayt pox dy
*u
du 22_0
=U-= 2
dx dy

Solve for the coefficients a, b, ¢, d, and e, thus

2
=(2n-2n’ +n4)+é(5vdu](n— 3° +30° - n*)

=

2
. . u . . . .
In this equation, o varies with the local pressure gradient and is often referred
1%

to as the Pohlhausen parameter. Following “step 4” from the integral approximation
method, substitute the velocity profile in the momentum integral and obtain d(x) for
a given U(x). Next, with “step 5,” the shear stress can be determined:

_wf2 1 s
ST es v ax
b. Walz Approximation

The integral method developed by Pohlhausen is relatively simple to implement.
The process begins by assuming a velocity profile that is a function of the pressure gra-
dient. While the resulting differential equation can be easily solved, this method lacks
accuracy and is not commonly used today. While Pohlhausen assumed a fourth-order
polynomial for the velocity profile, Walz assumed a profile based on local similarity.
This family of profiles are solutions to the Falkner—Skan equation [7].

This integral method has been used to solve for the momentum thickness for
many pressure gradient flows such as flow over an airfoil, across a cylinder, across
an ellipse, in a nozzle, in a diffuser, etc., as shown in Figure 7.9. With this method, a
single variable was introduced that directly correlates with the shape factor, H.

The momentum integral has the following characteristics:

2
(%) o
v .F(dv)
v dx

dx

u

T, = ,ugy

Q=
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where a = 0.47 and b = 6.
After integrating the above equation, the momentum thickness can be obtained
as:

) X
LA 0'17 jUsdx
1% U 4

atx =0, either U=00r8 =0.

Depending on the specific geometry (for instance, flow around a cylinder), an
expression for the free stream velocity can be developed. For flow around a cylinder,
the velocity based on the distance (or angular location) from the stagnation point:

U =2l -sin@ = 2040 = 21 -

o

The acceleration within a nozzle can also be shown based on the linear profile of the
nozzle:

U=a+bx"
=U,—ax

=1+x

(5]
=asin| —
2L

-1
a=lg
For a given pressure gradient flow, U(x) = given, the following procedure can be

. . d
used to solve for the surface shear. At a given location x, calculate U(x), 8(x), d—U, A,
X

H= 5—, and 7.0
0 uu

For Howarth flow,

. Now 7,, can be calculated with:

2
L0 dU

Vv dx

ve
Reg =—
1%

From the above empirical momentum integral relationships, we have:

2 X
O 04T i,
v 0

U
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Ty
Cr=1

—pU

) p

For the cases of an accelerating flow without flow separation, 0 < A <0.1:

H5%=2.61—3.75-1+5.24-12

7,0
uu

=Ree-%z0.22+1.57-/1—1.8~A2

Conversely, for decelerating flows with an adverse pressure gradient, —-0.1< A <0,
note the lower limit of A, as separation occurs at A = —0.09:

g8 _ 00731
0

=—+2.088
0.14+ A

=R9-&=0.22+1.402-ﬂ,—M
uu 2 0.107+ A4

Finally, for heat transfer:

S
d
G = fJ.pcpu(T ~T..)dy
dx 4

with

c. Smith and Spalding’s Approximation for Pressure Gradient Flow (7,, = constant)
Heat transfer approximations have been completed using Smith and Spalding’s
integral approximation method. With this approximation, the free stream veloc-
ity is variable, but it is only applicable to flows exposed to a surface at a constant
temperature. This approximation of the thermal boundary layer follows a similar
process as that posed by Walz. First, analogous to the momentum thickness, the
conduction thickness can be expressed as:

s _KI-T)_~(1,-T.)
‘ 4w oT

ayl,
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Nondimensionalizing the conduction thickness:

2
d(a] 5
vzl.F(ch,Pr]
U

dx vV dx

Therefore,

2 X
o; _ 0.467 J‘U5 I
% U i

Now the heat transfer coefficient, expressed nondimensional in terms of the Stanton
number:

St = G _ k X Nu,
pc,U(T, -T.) pc,US. i/i Pr-Re,
u
where the Nusselt number is:
hx G X

| =

X _ k.
k T,-T. k 6.

c

Re-writing the Stanton number in terms of nondimensional lengths and velocities:

a(UT)?

where

* * ML — —_
X=U zi;ReL :U—;cl =Pr ' (0.47) ”
L U. %
The constants, ¢, ¢,, and ¢, in the above equation are a function of Prandtl number,

and the following table shows how these constant change [7].

Pr (o3 c, [oN
0.7 0.418 0.435 1.87
1.0 0.332 0.475 1.95

10 0.073 0.685 2.37
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7.3.3 INTEGRAL APPROXIMATION METHOD FOR BOUNDARY-LAYER
FLow witH A NONUNIFORM WALL TEMPERATURE

The Smith Spalding method was proposed to approximate convective heat transfer
when the free stream velocity is not constant. However, this method is only appli-
cable when the surface temperature is maintained constant. Therefore, other methods
have been developed to approximate the heat transfer to or from a surface that is not
held at a fixed temperature.
a. Unheated Leading Edge

Figure 7.15 shows flow over a flat plate with an unheated leading edge. The local
Nusselt number for flow over a flat plate using the integral method shown in Example
2 is quoted below:

Y pets
Nu, = h—x = 0'323R$Prvalid for x > x,

T
X
—0323Re2Pr5 ifx, =0

b. Nonuniform Wall Temperature—Integral Superposition

The concept with the step change of the wall temperature, shown above, can
be extended to solve problems with a nonuniform wall temperature. The process
involves superposition. Figure 7.16 shows the concept of N wall temperature step
changes along the flat plate. Based on the above-mentioned local Nusselt number
for a single step change in the wall temperature, the local Nusselt number for N
step changes in the wall temperature can be obtained by summation, or integration,
along the flat plate.

S

|_.. rerrrrrrrrrr
X X = Xo

Tw

Too

FIGURE 7.15 Flow over a flat plate with nonheated leading edge.
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| 7“‘

ATs

r=7(:)=7()

=a+bx

for example

i
dg X

X=Eq &2 &3 x

FIGURE 7.16 Nonuniform wall temperature model with superposition.

£0323-k-Re2Pr> dT

&0 x.|i1_(i)%j|% .dii.dg

v k-Rel2 P
_ 0.323-k Rex Pr AY;: én <X <§n+1

pr x'll—(i)%r

For example, as shown in Figure 7.16, let T = T(x) = a + bx, dT/dx = b. The local
Nusselt number becomes:

qt,:' th(Tw _TN)Z

%Pr%- a+1.612bx

Nu, = 0.323Re
a+ bx

= 0323Re2 Pt & <x <&

If =0, T, = a= constant.
c. Nonuniform Wall Heat Flux—Integral Superposition
The superposition concept can also be applied for flow over a flat plate with a

nonuniform heat flux, ¢” = ¢”(x). The wall temperature, 7(x), can be predicted as

X

” 'd
nw-1.- | MO .
£=0 oy I: £ %:l 3
0.323-k<4.83-Re;? Pr/3- 1—(—)
X

For example, g/ (&) = a + bx.
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If we consider b = 0, then ¢,, = a = constant (uniform heat flux condition), the local
Nusselt number is

Nu, = 0.453Re/2 Pr/?

Note that Nu(x) for the uniform wall heat flux is greater than that for the uniform wall
temperature at the same Reynolds number and Prandtl number, i.e., the coefficient
0.453 > 0.332.

d. Integral Method for Pressure Gradient Flow with Nonuniform Wall Temperature

by Lighthill (Handbook of Heat Transfer)

For a given pressure gradient flow U(x) with a nonuniform wall temperature 7, (x),
the local wall heat flux and shear stress can be obtained using the following integral
equations. In general, advanced numerical integrations are required to solve these
integral equations.

Y dT,
3 .
g (x)=0.52 ’Lf P 7. (x)]% Jeods 7

(J‘XTJV/de )%

After integration, the local heat transfer coefficient can be obtained:

_ aw(x)
YT, (x)-T.
where 7,, (x) could be obtained from Waltz Approximation as mentioned in the pre-
vious section as:

2047 |
iz 0 67JU5dx
1% U t

Given U(x) — 0(x) — 7,,(x)
Given T,(x) —» ¢,(x) > h

7.4 HEAT TRANSFER IN HIGH-VELOCITY FLOWS

7.4.1 ApbiaBATIC WALL TEMPERATURE AND RECOVERY FACTOR

a. Stagnation Temperature, 7, or Total Temperature, T
When a high-speed flow approaches a sphere or thermocouple bead, as shown
in Figure 7.17, dynamic energy of the flow is converted into thermal energy, which

increases the fluid temperature. This is referred to as the stagnation temperature or
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U

Vv
Too

\ 4

FIGURE 7.17 High-speed flow around a sphere.

the total temperature. If a gas flow is brought to rest adiabatically, the stagnation
temperature can be determined as shown below. The stagnation temperature is iden-
tical to the static temperature for low-speed flows and in liquids [4]. Therefore, the
total temperature, 77, (or stagnation temperature, 7,) = static temperature 7; (or 7..)

uZ
+ dynamic temperature (2‘”)
c

2 —_
T =T+ = Tm[1+(y1)M2]:Tm(l+O.2M2)
2 2

For air:

Also:

0

JYRT

JYRT = speed of sound (~1000 ft/s or 313 m/s at room temperature)

M = Mach number =

If M = 0.5, the stagnation temperature is approximately 5% greater than the static
temperature; however, if M = 1, the temperature deviates by 20%.
(b) Adiabatic Wall Temperature, 7,,, or Recovery Temperature, 7,

When a high-speed flow passes over an adiabatic surface, as shown in Figure 7.18,

2

. du . - .

frictional heat [~ v(a is generated inside the boundary layer due to the vis-
y

cosity and the velocity gradient. This heat increases the surface temperature, and

this elevated temperature is referred to as the adiabatic wall temperature, 7,,, or

recovery temperature, 7,. Note that the recovery temperature (7,) = the stagnation
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U

/

Insulated Wall

FIGURE 7.18 High-speed flow over an adiabatic surface.

temperature (7)), if the recovery factor, »r = 1 [4]. The adiabatic wall temperature, T,
(or recovery temperature, 7,) = static temperature 7, (or 7..) + dynamic temperature
U

2

If Pr=1:
2
T =T. + 4=
2c
If Pr # 1:
2
T, :Tm+n.%, if Pr#1
2c
where

r. = recovery factor

= Pr"? for laminar flow = 0.84 (air, Pr = 0.71)
= Pr'"” for turbulent flow = 0.89 (air, Pr = 0.71)
=1ifPr=1 (assumption, ideal)

Therefore,
Taw = T‘r = rc(]w() - Tm)+ I.
=T, ifr.=1

In general T, < T,, T, < Ty

7.4.2 HiGH-VELoCITY FLOW OVER A FLAT PLATE

The energy equation for a high-speed flow, with Pr = 1, can be written in terms
of the local stagnation temperature, 7*. In the ideal case with Pr = 1, the energy
equation is:
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T o a (o
p dx p dy dy\ dy

where ¢ = constant.

In the case of the high-speed flow, the fluid properties y, k are now a function of
temperature. The local stagnation temperate varies from the wall to the edge of the
boundary layer as:

y=0 T =T, =T,+0=T,
y=o T =T.

Based on the driving temperature difference, the local, wall heat flux can be determined:

T s s
;/=_k7 =hT0—Tw =th_T<><.
=k ()= )

Depending on the thermal BC and the level of viscous heating, the wall heat flux
could be positive, negative, or zero.
If Pr # 1, the energy equation is modified to include this fluid property [4]:

dy

u—+v_—=uo

T  IT 92T+aPr duY
dx ady vy’ ¢

The surface heat flux becomes:
q;,= h(n - le)

where

2
Tp =To+1. 2
2¢

Here, for laminar boundary layer heat transfer, 4 can be calculated from:

%x = Nu=0.332Re/2 P/

For high-speed flow over a flat plate, heat transfer can be negative, zero, or positive,
depending on if the wall temperature is less than, equal to, or greater than the adia-
batic wall temperature, as shown in Figure 7.19.
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FIGURE 7.19 Heat transfer model for high-speed flow over a flat plate.

PROBLEMS

7.1 Consider a steady, incompressible, low-speed 2-D laminar boundary-layer
flow (at U, T.) over a flat plate at a uniform wall temperature 7, Assume
that there exist no body force and constant thermal and fluid properties.
The similarity momentum and energy equations are listed here for reference:
"+ U2)ff"'=0and 0" + (1/2)Pf0' = 0.

a. From the Blasius solution of the above similarity equations, sketch the
relations between the similarity functions (f’8) and the similarity variable
(n) for both water and air (i.e., sketch f” versus # for both water and air
on the same plot; and € versus # for both water and air on the same plot).
Explain why they have differences, if any. You do not need to solve the
above equations.

b. For a given problem (ie., U, T., p, u, T, P, are given), explain briefly
how to determine the local velocity u(y) and temperature 7(y) at a speci-
fied location x, for both water and air, from the sketches in (a)?

7.2 Consider a steady, incompressible, low-speed 2-D laminar boundary-layer
flow (at U, T,) over a flat plate at a uniform wall temperature 7,, or at a uni-
form wall heat flux g, respectively. Assume that there exist no body force
and constant thermal and fluid properties.

a. Based on the approximate integral method, assuming a uniform velocity
profile inside the boundary layer, that is, u = U,,, and assuming a linear
temperature profile inside the thermal boundary layer as T=a + b Xy,
determine the local thermal boundary-layer growth along the flat plate
(i.e., 67 versus x) at a uniform wall temperature 7|, condition. (Note: a and
b are unknown constants that need to be determined.)

b. Based on (a), determine the local Nusselt number distribution along the
flat plate (i.e., Nu versus x) at a uniform wall temperature.

7.3 Consider a steady, incompressible, low-speed 2-D laminar boundary-layer
flow (at U, T.) over a flat plate at a uniform wall temperature 7, Assume
that there exist no body force and constant thermal and fluid properties.
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The similarity momentum and energy equations are listed here for reference:

S+ 12)ff'=0and 0" + (1/2)Pr fo' = 0.

a. Sketch both the velocity and the thermal boundary-layer thickness distri-
bution for both water and liquid metal, respectively, flowing over the flat
plate? (i.e., sketch & versus x and d; versus x on the same plot for water,
and 0 versus x and 6, versus x on the same plot for the liquid metal).
Explain why they have differences, if any.

b. Define the similarity variable (), the similarity function for temperature
(@), and the derivative of the similarity function for velocity (f")? Write
the BCs which can be used for this problem?

c. From the Blasius solution of the above similarity equations, sketch the
relations between the similarity functions (f’, #) and the similarity vari-
able (n) for both water and liquid metal (i.e., sketch f” versus 7 for both
water and liquid metal on the same plot; and 6 versus 7 for both water and
liquid metal on the same plot). Explain why they have differences, if any.
You do not need to solve the above equations.

d. For a given problem (i.e., U, T., p, u, T,, P, are given), explain
briefly how to determine the local velocity u(y) and temperature 7(y)
at a specified location x, for both water and liquid metal, from the
sketches in (c)?

e. Explain briefly how to determine the local heat transfer coefficient from
the sketches in (c)? Sketch the local heat transfer coefficient over the flat
plate for both water and liquid metal (i.e., sketch & versus x for both water
and liquid metal on the same plot), if both are at the same free-stream
velocity (U.,)? Explain why they have differences, if any.

74 Consider a steady, incompressible, low-speed 2-D laminar boundary-layer
flow (at U,, T.) over a flat plate at a uniform wall temperature 7,, or at a uni-
form wall heat flux g, respectively. Assume that there exist no body force
and constant thermal and fluid properties.

a. Based on the integral method, sketch and write down the momentum bal-
ance as well as the energy balance across the boundary layers? (If you
cannot remember, derive it).

b. Assuming a uniform velocity profile inside the boundary layer, that is,
u = U, and assuming a linear temperature profile inside the thermal
boundary layer as T = a + b X y, determine the local thermal boundary-
layer growth along the flat plate (i.e., ; versus x) at a uniform wall tem-
perature 7,, condition. (Note: a and b are unknown constants that need to
be determined.)

c. Based on (b), determine the local Nusselt number distribution along the
flat plate (i.e., Nu versus x) at a uniform wall temperature.

d. Assuming a uniform velocity profile inside the boundary layer, that is,
u = U, and assuming a linear temperature profile inside the thermal
boundary layer as 7' = ¢ + d X y, determine the local thermal boundary-
layer growth along the flat plate (i.e., 6, versus x) at a uniform wall heat
flux g;, condition. (Note: ¢ and d are unknown constants that need to be
determined.)
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e. Based on (d), determine the local Nusselt number distribution along the
flat plate (i.e., Nu versus x) at a uniform wall heat flux. Explain and com-
ment on whether the local Nusselt number distribution along the flat plate
will be higher, the same, or lower than that in (c)?

7.5 Consider a steady, incompressible, low-speed 2-D laminar boundary-layer
flow (at U, T.) over a flat plate at a uniform wall temperature Ty, Assume
that there exist no body force and constant thermal and fluid properties.
The similarity momentum and energy equations are listed here for reference:
[+ (1 12)ff'=0and 0" + (1/2)P f0’ = 0.

a. Sketch both the velocity and the thermal boundary-layer thickness dis-
tributions, respectively, for both water and air flowing over the flat plate?
(i.e., sketch 6 versus x and §, versus x on the same plot for water and for
air, respectively). Explain why they have differences, if any.

b. Define the similarity variable (), the similarity function for temperature
(@), and the derivative of the similarity function for velocity (f')? Write
the BCs that can be used for this problem?

c. From the Blasius solution of the above similarity equations, sketch the
relations between the similarity functions (f’, #) and the similarity vari-
able () for both water and air (i.e., sketch f” versus # for both water and
air on the same plot; and 6 versus 7 for both water and air on the same
plot). Explain why they have differences, if any. You do not have to solve
the above equations.

d. For a given problem (i.e., U., T., p, u, T,, P, are given), explain briefly
how to determine the local velocity u(y) and temperature 7(y) at a speci-
fied location x, for both water and air, from the sketches in (c)?

e. Explain briefly how to determine the local heat transfer coefficient from
the sketches in (c)? Answer whether water or air will provide a higher
convective heat transfer coefficient from the surface, if both are at the
same free-stream velocity (U,,)? Why?

7.6 Consider a steady, incompressible, low-speed 2-D laminar boundary-layer
flow (at U.,, T.) over a flat plate at a uniform wall heat flux ¢,,. Assume that
there exist no body force and constant thermal and fluid properties.

a. Based on the integral method, sketch and write down the momentum bal-
ance as well as the energy balance across the boundary layers? (If you
cannot remember, derive it.)

b. Assuming a uniform velocity profile inside the boundary layer, that is,
u=U,, and assuming a linear temperature profile inside the thermal
boundary layer as T = a + b X y, determine the local thermal boundary-
layer growth along the flat plate (i.e., §, versus x).

c. Based on (b), determine the local Nusselt number distribution along the
flat plat (i.e., Nu versus x).

d. Consider a parabolic velocity and temperature profile inside the thermal
boundary layer as u=a+bXy+cXy* T=a+bXy+cX y?, and
comment on whether the local Nusselt number distribution along the flat
plate will be higher, the same, or lower than those of a uniform velocity
profile and a linear temperature profile as indicated in (b)? Explain why.
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e. Consider a uniform suction through the wall (i.e., v = —v,), and comment
on whether the local Nusselt number distribution along the flat plate will
be higher, the same, or lower than that without boundary-layer suction?
Explain why.

7.7 Consider a steady, incompressible, low-speed 2-D laminar boundary-layer
flow (at U,, T.) over a flat plate at a uniform wall temperature 7, Assume
that there exist no body force and constant thermal and fluid properties.
The similarity momentum and energy equations are listed here for reference:
[+ AR2)ff" =0and 8" + (1/2) Prf 0’ = 0.

a. Define the similarity variable (n), the similarity function for temperature
(@), and the derivative of the similarity function for velocity (f")? Write
the BCs that can be used for this problem?

b. From the Blasius solution of the above similarity equations, sketch the
relations between the similarity functions (f’, #) and the similarity vari-
able (n) for water, air, and liquid metal (i.e., sketch f’ versus n for water,
air, and liquid metal on the same plot; and € versus 7 for water, air, and
liquid metal on the same plot). Explain why they have differences, if any.
Explain briefly how to determine the local velocity (1) and temperature
(T) from the sketches? You do not need to solve the above equations.

c. Explain briefly how to determine the local heat transfer coefficient from
the sketches in (b)? Answer whether water or liquid metal will provide a
higher convective heat transfer coefficient from the surface, if both are at
the same free-stream velocity (U,,)? Explain why?

7.8 Consider a steady, incompressible, low-speed 2-D laminar boundary-layer
flow (at U,, T.) over a flat plate at a uniform wall temperature 7, Assume
that there exist no body force and constant thermal and fluid properties.

a. Based on the integral method, sketch and write down the momentum bal-
ance as well as the energy balance across the boundary layers? (If you
cannot remember, derive it.)

b. Assuming a uniform velocity profile inside the boundary layer that is,
u=U,, and assuming a linear temperature profile inside the thermal
boundary layer as 7= a + b X y, determine the local thermal boundary-
layer growth and the local Nusselt number distribution along the flat plate
(i.e., 8, versus X and Nu versus X).

c. Consider a uniform blowing through the wall (i.e., v = v,), and comment
on whether the local Nusselt number distribution along the flat plate will
be higher, the same, or lower than that without boundary-layer blowing?
Explain why.

7.9 Consider a steady, incompressible, low-speed 2-D laminar boundary-layer
flow (at U,, T.) over a flat plate at a uniform wall temperature 7, Assume
that there exist no body force and constant thermal and fluid properties.

a. Based on the integral method, write down the final form of momentum
integral equation. (If you cannot remember, please derive it.)

b. Based on the integral method, can you remember to write down the final
form of the energy integral equation? (If you cannot remember, please
derive it.)
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c. Assuming a uniform velocity profile inside the boundary layer that is,
u=U,, and assuming a linear temperature profile inside the thermal
boundary layer as T = a + by, determine the local Nusselt number distri-
bution along the flat plate (i.e., Nu versus X).

d. Consider a uniform suction through the wall (i.e., v = —v;) and comment
on whether the local Nusselt number distribution along the flat plate will
be higher, the same, or lower than those without boundary-layer suction?
Explain why.

7.10 Consider a laminar air flow (at U, T.)) over a flat plate at a uniform wall heat
flux g,

a. Based on the integral method, can you remember to write down the
momentum and energy integral equations? (If you cannot remember,
please derive them).

b. Assuming a linear velocity profile inside the boundary layer as u = a + by,
derive the velocity boundary-layer thickness distribution along the flat
plate (i.e., & versus X).

c. Assuming a linear temperature profile inside the thermal boundary layer
as T = c¢ + dy, derive the thermal boundary-layer thickness distribution
along the flat plate (i.e., 5; versus X).

d. Based on (b) and (c), determine the local Nusselt number distribution
along the flat plate (i.e., Nu versus X).

e. Consider a uniform wall temperature (7,,) as a thermal BC at the wall and
comment on whether the local Nusselt number distribution along the flat
plate will be higher, the same, or lower than those of uniform wall heat
flux as a thermal BC? Explain why.

f. Consider a uniform suction through the wall (i.e., v = —v,) and comment
on whether the local Nusselt number distribution along the flat plate will
be higher, the same, or lower than those without boundary-layer suction?
Explain why.

7.11 The similarity method for laminar flow over a flat plate: U, is the free-
stream velocity, 7., is the free-stream temperature, and 7,, is the flat plate
wall temperature.

a. Write down the similarity variable, differential equations, and BCs for
velocity and temperature, respectively. Then, determine velocity (u) and
temperature (if Pr = 1) at

(x.y)=(2cm,1/35),

=(4cm,1/35),

=(6¢cm,1/35).
b. At any given x, if U increases, the friction factor will be increased or
decreased. Why? How about shear stress? At any given U, if x increases,

the heat transfer coefficient will be increased or decreased. Why? How
about heat transfer rate?
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7.12 The similarity method for laminar flow over a flat plate: U_—free-stream

velocity, 7, —free-stream temperature, and 7, —flat plate wall temperature.

a. Write down the similarity variable, differential equations, and BCs for

velocity and temperature, respectively. Then determine velocity (#) and
temperature (if Pr = 1) at

(x,y)z(lcm,1/25) and (x,y)z(lcm,1/45)
= (3em,1/26) = (3em,1/46)
= (9em,1/25) = (9em,1/45)

b. At any given x, if U_ increases, the friction factor will be increased or
decreased. Why? How about shear stress? At any given U, if x increases,
the heat transfer coefficient will be increased or decreased. Why? How
about the heat transfer rate?

7.13 Consider the development of velocity and thermal boundary layers on a

porous flat plate where air passes into the flat plate at a velocity V.

a. Assume that no pressure gradient exists in either the x- or the y-direction
and that all fluid properties are constant. Derive the differential equation
that relates boundary-layer thickness 6 to distance x. A linear profile may
be assumed.

b. The exact solution of the boundary-layer equations with the BCs of part
(a) shows that & approaches a constant value for large x, and that for large
x, V. and V, are given by

<r—ﬁ

Suppose now that at some large x = £ (i.e., where § has become constant
and where V, and V, are given above), a step change in wall temperature
occurs. Using the ihtegral technique, derive a differential equation relat-
ing the thermal boundary-layer thickness J, to x (x > £). Again, assume
that fluid properties are constant. A linear temperature profile may be
assumed. Integrals and derivatives need not be evaluated.

7.14 Air at 1 atm and at a temperature of 30°C flows over a 0.3-m-long flat plate at
100°C with a free-stream velocity of 3 m/s. At the position x = 0.05 m, deter-
mine the values of the boundary-layer thickness, displacement thickness,
moments thickness, wall stress, and heat transfer coefficient. Determine the
values of the velocity parallel and normal to the plate surface, the values of
the shear stress, and the values of temperature in the fluid at the positions
(x=0.05m, y=0.002 m) (x=0.05 m, y =0.004 m).

7.15 Using the integral method and assuming that velocity and temperature
vary as
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u=a+by+cy* +dy’
T=a+by+cy’ +dy’

9

determine the “x” variations of the heat transfer coefficient and the wall
temperature for the case of laminar flow over a flat plate with a uniform
wall heat flux (g/A),. Compare the result of the heat transfer coefficient
to the solution obtained in the textbook for the case of uniform wall
temperature.

7.16 Laminar air flow at 1 atm pressure over a flat plate at a uniform 7,,. Assume
that U, =3 m/s, T,, = 20°C, and T,, = 100°C, and determine local « and T at
x =3 cmand y = 0.2 cm by using the similarity solution. Also determine the
heat transfer coefficient at the same x = 3 cm location. Will the heat transfer
coefficient be increased or decreased with increasing x for the same U_?
Why? Will the Nusselt number be increased or decreased with increasing x
for the same U_? Why?

7.17 Use similarity solutions: air at 300 K and 1 atm flows along a flat plate at
5 m/s. At a location 0.2 m from the leading edge, plot the u and v velocity
profiles using the exact solution to the Blasius equation Also, determine the
boundary-layer thickness, if it is defined as the location where u = 0.99u_..
Plot the temperature profile and determine the thermal boundary thickness
if the plate temperature is 500 K.

7.18 Using integral method solutions: air at 300 K and 1 atm pressure flows along
a flat plate at 5 m/s. For x < 10 cm, 7, = 300 K, whereas for 10 cm < x < 20
cm, T, = 500 K. Calculate the heat loss from the plate and compare the result
with the heat loss if the plates were isothermal at 500 K. Assume that there
exists a laminar boundary layer. Compare and discuss the two cases.

7.19 Consider a boundary-layer flow over a flat plate.

a. Using the integral method, derive the continuity equation in the boundary
layer for flow over a flat plate.

b. Using the integral method derive the energy conservation equation in the
boundary layer for flow over a flat plate.

c. Using appropriate BCs and boundary-layer theory, show that for an invis-
cid fluid,

Nu = 0.564 Pe"?

where Nu is the Nusselt number and Pe is the Peclet number. (Hint: Use a
plug flow model for velocity.)
7.20 Consider a fluid approaching the leading edge of a flat plate with uniform
velocity and temperature profiles U_ and T... The flat plate is frictionless and
is held at a constant heat flux of g;’. The temperature profile at a distance x
from the leading edge is given by

T=ay +a,y+a2y2 -Htgy3
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a. Using appropriate BCs evaluate a, a,, a,, and a;.

b. Qualitatively sketch velocity and temperature profiles at a distance x, and
X,, respectively, from the leading edge.

c. Determine the local heat transfer coefficient (%,) and the Nusselt number
Nu,. Express the answer in terms of the thermal boundary-layer thickness J,.

7.21 Consider a 2-D laminar air flow over a friction less plate. The flow approaches

the leading edge of the plate with uniform velocity U, and temperature 7..

The plate is subjected to a constant wall temperature, 7,(> T.,).

a. Qualitatively sketch hydrodynamic (6) and thermal boundary layer (6,
growth as a function of distance x from the leading edge.

b. Qualitatively sketch velocity and temperature profiles at a distance x from
the leading edge.

c¢. A third-order polynomial of the form

T-Ts
T.-T,

=ay+a (y/6,)+a2(y/5,)2 +a; ())/(‘5,)3

is used to describe the temperature profile. Determine the constants a,, a,,
a,, and a; using appropriate BCs.

d. Express local Nusselt numbers (Nu,) in terms of local thermal boundary-
layer thickness &,

e. Set up an integral energy balance equation. Do not attempt to solve the
equation.

7.22 Consider a 2-D, steady, incompressible laminar flow over a flat plate. The
flow approaches the leading edge with free-stream velocity of U,, and tem-
perature 7. The flat plate is frictionless, and it is kept at a uniform tempera-
ture of 7, (>T..).

a. State clearly all the boundary-layer assumptions.

b. If the temperature distribution at any axial distance x is approximated by
a linear profile (T — T)/T,, — T,) = y/ét, derive an expression for the local
Nusselt number distribution.

7.23 Consider a steady laminar viscous fluid with a free-stream velocity V., and
temperature 7., flows over a flat plate at a uniform wall temperature T,.
Assume that the thermal fluids properties are constant.

a. If the fluid has a Prandtl number of one (i.e., Pr = 1.0), determine the
local heat transfer coefficient along the plate. You may use the method
of integral approximation with the assumptions of the linear velocity and
temperature profiles across the boundary layers, that is, u = a + by and
T = ¢ + dy, where a, b, ¢, and d are constants.

b. If the fluid’s Prandtl number is not equivalent to one (i.e., Pr > lor Pr < 1),
outline the methods (no need to solve) in order to determine the surface
heat transfer. You may use the same assumptions as in part (a). Does the
heat transfer coefficient increase or decrease with the fluid Prandtl num-
ber? Explain your answers.

7.24 A flat horizontal plate has a dimension of 10 cm X 10 cm. The plate is main-
tained at a constant surface temperature of 300°K with a water jacket.
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a. If the plate is placed in a hot air stream with a pressure of 1 atm, tem-
perature of 400°K, and velocity of 10 m/s, sketch the local heat transfer
coefficient, /1, along the plate.

b. Determine the surface heat flux at the trailing edge of the plate.

Given: air properties at 350°K, k = 30 x 102 W/mK, v = 20.92 x 10-°m?%/

s, Pr=0.7:
Nu, = aRe’ Pr"

where
a=0.332, m = 1/2, n = 1/3 for laminar flow
a = 0.0296, m = 4/5, n = 1/3 for turbulent flow

7.25 Constant properties laminar viscous fluids (p, Cp, K, u = constant) with a
free-stream velocity U, and temperature 7., move over a flat plate at a uni-
form wall heat flux (qfv' = constant).

a. Determine the local Nusselt number (Nu, = /,-x/k) along the plate by
using the integral approximation method with the velocity and tempera-
ture profiles across the boundary layers as u =a + by and T = ¢ + dy,
respectively. Assume Pr = 1 for this problem.

b. On the same plot, sketch 4,, Nu, versus x for the uniform wall heat flux
(qfv' = constant) and uniform wall temperature (7, = constant) BCs,
respectively. For the same flow velocity, which wall BC (g;, or 7,) will
provide a higher heat transfer coefficient or Nusselt number? Explain
why.

7.26 A viscous fluid (p, C,, k, and i are constant values) with a variable free stream
velocity U = Cx™ and temperature 7., flows over a surface at a variable wall
temperature 7,, — T,, = Cx". This is a basic constant pressure gradient flow,
2-D laminar boundary-layer convective heat transfer problem. We want to
solve the velocity and temperature profiles across the boundary layers from
the similarity momentum and energy equations as:

m+1 2
/II+ II+ 1_ ’ :0
[ m(1- )
9"+m?+lPrf9’+nPr(1—9)f'=O

a. Assume you have already solved the velocity and temperature profiles
(f’ vs. n, @ vs. n) from the similarity equations by the RK method, write
how to determine the local heat transfer coefficient 4, along the plate.

b. Sketch € vs. 5 on the same figure for n = 0, Pr = 0.72 with m = 0 and 0.5,
respectively. Discuss if m = 0 or m = 0.5 will provide a high heat transfer
coefficient and why?

c. Sketch @ vs.  on the same figure for m =0, n =0 with Pr=0.01
(liquid metal), 0.72 (air), and 5 (water), respectively. Discuss if Pr = 0.01
or Pr = 5 will provide a high heat transfer coefficient and why?
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7.27 A particular rocket ascends vertically with a velocity that increases approxi-
mately linearly with altitude. Consider a high velocity “air” flow with 7, and
V., approaching a location on the cylindrical shell of the rocket, x from the
nose, at 7,. Assume 7T, is greater than 7. This is a high-velocity boundary
layer problem (the cylindrical shell of the rocket can be modeled as high-
speed flow over a vertical flat plate).

a. Write down the formulas which can be used for calculating local heat
transfer coefficient 4, and local wall heat flux ¢, for a location on the
cylindrical shell of the rocket, x, from the nose if the viscous dissipa-
tion (aerodynamic heating) is not negligible. Discuss whether the local
heat flux at that location with viscous dissipation is a positive, zero, or
negative value. Also, discuss how to determine the local heat flux at that
location if the approaching flow (7., V,) reaches supersonic condition,
i.e., Mach number > 1.0.

7.28 Consider an aircraft flying at Mach 3 at an altitude of 17,500 m. Assume the
aircraft has a hemispherical nose with a radius of 30 cm. If it is desired to
maintain the nose at 80°C, what heat flux must be removed at the stagna-
tion point by internal cooling? Assume that the air passes through a normal
detached shock wave and then decelerates isentropically to zero at the stag-
nation point, then the flow near the stagnation point is approximated by low-
velocity flow about a sphere.

7.29 A viscous fluid (p, C,, k, andpare constant values) with a variable free

stream velocity U = U., (1 + %) and temperature 7., flows over a curved wall

(L = curved wall length) at a uniform wall heat flux, ¢;. This is a specific

pressure gradient flow, 2-D laminar boundary-layer convective heat transfer

problem.

a. Solve this problem using the Integral Approximation Method with
the velocity and temperature profiles across the boundary layers as
u=a+by+cy’ and T = a + by + ¢y?, where a, b, and ¢ are unknown
constants and need to be determined using appropriate BCs. Determine
the velocity and temperature profiles for a uniform wall heat flux, g;’, BC
(i.e., determine a, b, and c).

b. Determine the hydrodynamic and thermal boundary-layer thickness
along the wall by using the approximately boundary-layer momentum
and energy integral equations with the velocity and temperature pro-
files across the boundary layers as specified in (a). You do not need to
obtain the final solution, but a functional relationship such as d(x, Re,),
6,0, Pr) is acceptable where Re, = pU,, L/u. Discuss the importance of
the Prandtl number to affect the hydrodynamic and thermal boundary
layer thickness, as well as the local heat transfer coefficient along the wall.

c. If the curved wall heat flux is now increased sinusoidally with the wall

length, g;, = q;’|:1 +sin(§iﬂ, outline the solution procedure to deter-

mine local heat transfer coefficient /4, and surface temperature 7, along
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the curved wall. Will the 4, in case (c) be higher, the same, or lower than
that in case (a) and why?

d. If you consider the same viscous fluid flowing over the same curved wall
made of a porous material where a small amount of fluid blows into (or,
out of) the porous curved wall (boundary layer blowing or suction) at

a velocity V,, write the corresponding boundary-layer momentum and

energy integral equations. Will the &, and %, in case (d) be higher, the
same, or lower than that in case (a) and why?

7.30 A viscous fluid (p, C, k, andpare constant values) with a variable free

stream velocity U = U.. [1 + sin(Zﬂ and temperature 7, flows over a wall

(2L = wall length) at a uniform wall heat flux, ¢, . This is a variable pressure

gradient flow, 2-D laminar boundary-layer convective heat transfer problem.

a. Solve this problem using the Integral Approximation Method with the
assumed velocity and temperature profiles across the boundary layers as
u=UandT = a+ by, where a and b are unknown constants and need to
be determined by appropriate BCs. Determine the temperature profile for
a uniform wall heat flux, g, BC.

b. Determine the thermal boundary-layer thickness along the wall using the
approximate boundary-layer energy integral equation with the assumed
velocity and temperature profiles across the boundary layers as specified
in (a). You do not need to obtain the final solution if you do not know how
to perform the final integration.
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Internal Forced
Convection

8.1 VELOCITY AND TEMPERATURE PROFILES IN A
CIRCULAR TUBE OR BETWEEN PARALLEL PLATES

Internal forced convection is flow that moves along the internal surface of a pas-
sage and forms an internal boundary layer on the surface. For example, fluid flowing
through a circular tube or between two parallel plates is the most common application.
Figure 8.1 shows the hydrodynamic boundary-layer development (due to viscosity)
for flow entering a circular tube (or between two parallel plates). The boundary layer
starts from the tube (or plate) entrance and grows along the tube (or plates) length.
Unlike external flow, with internal flow, the boundary layer is not allowed to be free;
boundary layer development is now confined within the internal geometry. The veloc-
ity profile changes (develops) within the entrance region of the tube (or plates). The
flow becomes a “hydrodynamic, fully developed flow” when the boundary thickness
is the same as the tube radius (or half the spacing between the two plates). The veloc-
ity profile no longer changes after achieving the fully developed condition; this is
the primary difference between internal and external flow where the velocity profile
continues to change in the flow direction for fluids flowing externally over a surface.
For a laminar flow, the entrance length-to-tube diameter ratio is approximately 5%
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FIGURE 8.1 Velocity profile and shear stress distribution in a circular tube or between two
parallel plates.
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of the Reynolds number (based on the tube diameter). This implies that the entrance
length increases with increasing Reynolds number (because a thinner boundary layer
requires longer distance for the boundary layers to merge). Figure 8.1 also shows that
shear stress decreases from the entrance along the tube length and becomes a constant
value when the flow reaches the fully developed condition, and shear stress increases
with Reynolds number (because of a thinner boundary layer from the entrance and the
longer entrance length). For a turbulent flow, the entrance length is more difficult to
precisely identify; the entrance length is approximately 10—20 tube diameters. Due to
the constant mixing associated with turbulent flows, it is often difficult to distinguish
whether the turbulent flow is fully developed or not from 10 to 20 tube diameters
downstream of the tube entrance [1-4].

Figure 8.2 shows the thermal boundary-layer development (due to the thermal
conductivity and velocity of the fluid) for flow entering a circular tube (or between
two parallel plates). The thermal boundary layer starts from the tube (or plate)
entrance and grows along the tube (or plate) length. The temperature profile con-
tinues changing from the entrance due to the addition of heat along the tube (or
plate) wall. The flow becomes “thermally, fully developed flow” when the thermal
boundary thickness is the same as the tube radius (or half-spacing between the two
plates). The dimensionless temperature profile no longer changes after being ther-
mally fully developed (but the temperature continues increasing). For the laminar
flow, the thermal entrance length-to-tube diameter ratio is about 5% of the Reynolds
number (based on the tube diameter) times Prandtl number. This implies that the
thermal entrance length increases with increasing Reynolds number (because a

Hydraulic entrance length, X,

( D JTurb

Thermal entrance length, X;,

(&) =0.05Rep, Pr
La

D

m

FIGURE 8.2 Hydraulic entrance length and thermal entrance length in a circular tube or
between two parallel plates.
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thinner boundary layer requires longer distance for the boundary layer to merge)
and Prandtl number (because lower thermal conductivity requires longer distance to
merge) [1-4].

Figure 8.2 also shows that the heat transfer coefficient decreases from the
entrance along the tube length and becomes a constant value when the thermal
boundary layer reaches the fully developed condition, and the heat transfer coef-
ficient increases with Reynolds number (because of a thinner boundary layer from
the entrance and the longer entrance length). It is noted that the thermal entrance
length is identical to the hydrodynamic entrance length if Pr = 1. For turbulent flow,
the thermal entrance length can only be estimated; similar to the hydrodynamic
entrance length, the thermal entrance length is approximately 10-20 tube diam-
eters. It is difficult to distinguish whether the turbulent flow is thermally and fully
developed in the region from 10 to 20 tube diameters within the tube due to the
mixing associated with the turbulent flow.

8.2 FULLY DEVELOPED LAMINAR FLOW AND
HEAT TRANSFER IN A CIRCULAR TUBE

For fluid flow in a circular tube, the Reynolds number is defined as

ReD:@:Q:“_m 8.1
u v nDu

Laminar flow is observed if Re,, < 2300.

At a certain distance from the entrance, the velocity profile, u(r), no longer changes
along the tube length (if the fluid properties remain constant). Correspondingly, there
is no velocity component in the radial direction. Also, the axial pressure gradient
required to sustain the flow against the viscous forces will be constant along the tube
(no momentum change). These conditions are present when the flow is hydrodynami-
cally and fully developed. The differential governing equations for the flow inside a
circular tube are [1-4]

du 190vr) _ 8.2)
dx r Oor
du du 10P 10 du
e 8.3
u&’x+v8r p§x+vr&’r (rar) ®3)
JoT  JT 17 oT
LA VL 4
u8x+v8r ar&r (r8r) ®4)

If the flow is hydrodynamically fully developed, then

v=0 (8.5)
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Therefore, the continuity Equation (8.2) becomes:

du
—=0 8.6
P (8.6)
Likewise, the momentum equation simplifies to:

1 JdP 10 du
-———FVv—|r— 8.7
p dx ror ( Br) ®7)
Recall, for fully developed flow u = u(r) only. With the fluid velocity only changing
in the radial direction and the pressure gradient (JP/dx) is constant, the momentum

equation becomes an ordinary differential equation. The fully developed velocity
profile can be solved by integrating Equation (8.7), with respect to r, two times:

1 dP 1 d( du)

p dx ~rdrdr
J.dprdr=J‘,ud(rdP)
dx dx
d—Plr2=urﬂ+Cl

dx 2 dr

At r =0, du/dr = 0 (the velocity is at a maximum). Therefore, C, = 0

dx 2
d—Plrzz,uu-i-Cz
dx

At r = R, u = 0 (the no slip boundary condition). Therefore, C, = (1/4)R*(dP/dx)

lrzd—P=,uu+lR2d—P
4 dx 4  dx

Also, at r=0,u =U,,, = —(1/4u)R*(dP/dx). The velocity profile can be re-written in

max —

terms of the centerline (or maximum velocity) u = —U,,,, (r2 -R? )/Rz.

2
u r
U —1—(5) (8.8)
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The bulk mean velocity is defined as:

8.9)
o, 2
Zﬂl—(r) ]L{maXZErdr
TR R
0
_ zumax |:1 2 _ 1 4}R
R* [2 4R* |,
V= lu (8.10)
2 max .

Equation (8.10) is only valid for flow through a “round” tube. If the cross-section of
the tube deviates from a circular tube, the relationship between the maximum (cen-
terline) velocity and the average, bulk velocity also changes.

8.2.1 Furry Deverorep FLow IN A TuBe: FricTiOoN FACTOR

Knowing the fully developed velocity profile, it is possible to analytically deter-
mine the shear stress distribution through the fluid. Furthermore, based on the shear
stress, we can determine the friction factor within the tube. Beginning with the
shear stress definition:

7, = ug—;’yzo _“%,zR - uumax(%)rR 8.11)
where u/lhy,. =1 — (”/R)>, r = R—y, and dr = —dy
T, = ,uumax%
The friction factor can be expressed as:
e Ty MU (2/R) _ lou _ 16 8.12)

(112)pU* ~ (12)p(1/2) U}’ PUD ~ Rep  Rep



272 Analytical Heat Transfer

where Rep = ijlD//VL

Figure 8.3 shows the force balance in the fully developed flow region. This force
balance can be used to determine how the pressure changes along the length of the
tube (the pressure gradient, dP/dx, in the flow direction):

APA, +71,tDAx =0

_ T,TDAx

(1/4)rD?

AP 4T, 4 1 -
— = =——f_pU
Ax D Df2p
— 7 — 2 /
=_ilpu2£=_%=_?ﬁ7g£2£u:_327éu & (8.13)
D?2 Rep D D" pDu Dp u
32u°
=— D3p Rep ~Rep (8.14)

Also, the pumping power can be obtained as P = AP (volume flow). Figure 8.4 shows
the friction factor decreases and the pressure drop increases with Reynolds number.
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FIGURE 8.3 Force balance in the fully developed flow region.
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~
k&

0 Rep

FIGURE 8.4 Friction factor and pressure drop versus Reynolds number in the fully
developed flow region.

8.2.2 Case 1: UNIFORM WALL HeaT FLux

Laminar flow heat transfer is dependent upon the thermal boundary conditions.
However, turbulent flow heat transfer is fairly independent of the thermal BCs (par-
ticularly for Prandtl number around one, such as air). Typical thermal BCs are case 1,
uniform heat flux and case 2, uniform wall temperature.

Figure 8.5 shows the laminar flow in a circular tube with a uniform surface heat
flux condition along with the thermal boundary layer, temperature, and the heat
transfer coefficient (Nusselt number) distributions along the length of the tube. Below
are the step-by-step details to obtain the results shown in Figure 8.5.

Beginning with Newton’s Law of Cooling, and recognizing in this case, the sur-
face heat flux is constant.

ql == n(1, -T;) (8.15)
Ay
” o __ qW _
qn =""=nT,-T,) (8.16)
C:"I_SJL AX const.

From the First Law energy balance (Q = nth(AT)), the average, bulk mean, tem-
perature of the fluid can be determined by integrating over the cross-sectional area
of the tube (m = pAJt):

R
J. puT -2nrdr
T,="0r——— (8.17)

j pu-2nrdr
0

Also from the energy balance,

n_ Yw ”.lCP (Tb,ﬂ - Tb,i )
= = '1
O Ay Ay (8.18)
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q,, = constant

A
A4
A

|
|
|
—>x
>
g

Xt Thermally fully developed

FIGURE 8.5 Laminar flow in a circular tube with the uniform surface heat flux condi-
tion. (a) Thermal boundary layer; (b) temperature; and (c) heat transfer coefficient (Nusselt
number).

With ¢;; being a constant, the pipe having a fixed cross-section, and the mass flow
rate being constant, from Equation (8.19), the bulk mean temperature gradient must
also be constant:

v _ 1Cy dT; = a1, _ const (8.19)
nD dx dx

W

For thermally fully developed flow,
T-T,
A(T-T.)_,
ox\T,-T,

T-T,

=S ()% ()

=0 (8.20)
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o = T, = T, = constant (8.21)
dx dx  Odx

Now, Equation (8.4), the differential energy equation, can be used to determine an
expression for the fully developed, temperature profile within the tube. Note, energy
equation can only be solved after the velocity profile has been determined from the
momentum equation.

oT 1d( dT
Cu—-=k——|r— =T 1
pEpt dx r Qr(r c9r) (r)only

2 ”

jr—pcﬂ oW 1—(L) B dr=jd(rdT) 8.22)
k R) |mC,/nD dr
| —
u 87/)(

The thermal boundary conditions can be expressed in terms of the centerline tem-
perature, 7.. At the center of the tube, the temperature profile will be a minimum or
maximum (depending on whether the fluid is being heated or cooled), JT/dr = 0.
Therefore, the thermal boundary condition at the center of the tube is:

ar _
ar

3
J‘pCP 2V r—r—2 der:J.d(rdT)
k R” ) dx dr

pCP?/l ar lr2—L =rd—T+C
kO™ ax 2" 4R? ar

r=0, T=T, or 0

atr=0, d— =0, ..C;=0.Now divide r through the equation:

J

pCp dT(l.lz 1

3
pCPUmaxdl lr—r—2 dr=J.dT
k dc\2 4R

r 2
2 2 4 4R

Z/{max

=T+C2
k dx
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atr=0, T=T1,, ..C,=-T..Therefore,

2 4
T_E:Lleumax L_ . 2
k dx 4 16R

The wall temperature can be determined withr =R, T=T,:

4  16R?

g PCOT, (R R' ) _pCoT, 3.
Yk ox ™ k dx 16

where

R
uT - 2mr dr
_ J e 7pC,dT o
96 k dx

T, =T.+

- R
J pu-2nrdr
0

7. -1, = PC dTleax(3R2 —7R2) (8.23)
k dx 16 96

Therefore, i can be determined by combining Equations (8.19) and (8.23):

a (mC, D )(dT, /dx)
Ty =T, p(C,/k)(dT/dx)Unw [ (3/16)R* ~(7/96)R? ]

h:

(pnR*VC, /m2R)(dT /dx) (PComR? (1/2)Unnan IR2R)(dT /dx)

(PC, 1k )(dT 1dx ) Unax (11796)R*  (pC, /k)(dT Idx) Unnax (11/96) R

k. _9%k
(44/96)R 22D

Now the Nusselt number can be determined:

Nup=->=-—=4314 (8.24)
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As an example, if considering flow inside a circular tube with a uniform velocity
(i.e., slug flow) at a uniform wall heat flux, we can determine the temperature profile
and heat transfer coefficient. To start, there is no need to solve the momentum
equation, as the velocity is constant across the cross-section of the tube (given in the
problem statement). Therefore,

M:Z/lmalx:‘7

From the energy equation

—_oT 10( oT
gL _prof,20
pCrY dx r (9r(r )

For simplicity, let c represent all the constant values:

PCr Vv dar
k dx

Now integrate both sides of the energy equation:

o)

clr2 = rd—T+C1
dr

Although the velocity is constant across the tube cross-section, the temperature var-
ies with the radius, r. As with the previous derivation, the temperature of the fluid
along the centerline is a local maximum or minimum:

ar

r=0, —
dr

O, S C1 =0

Now divide by r and integrate a second time:

Jclr dr= JdT
2

lc-1;’2=T+C2
2 2
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In terms of the centerline temperature:
r=0, T=Tc, .'.Cz =_TC

Therefore,

T—Tc=fcr2=lpCPVd—T' :
4 4 k dx

In terms of the wall temperature (r=R, T=T,):

pCPVd_T.RZ

T,-T.= 1
4 k dx

Following the same procedure as outlined above, we can work our way to the heat
transfer coefficient (Nusselt number):

R —
J. pVT - 2nrdr
T,=>% = canbeobtained

="
J. pV - 2nrdr

0
T,, — T, = canbe obtained

h=—
Tw_Tb

= can beobtainted

hTD = Nu) = canbeobtained

8.2.3 CAast 2: UNIFORM WALL TEMPERATURE

The case of a uniform wall temperature is often encountered in heat exchangers
where steam might be condensing (or water evaporating) along the surface of the
tube. The phase change of the water occurs at the saturation temperature, and there-
fore, the wall of the tube is constant at the approximate saturation temperature. This
uniform wall temperature (7, = constant) condition requires an iterative approach to
determine the temperature profile and the Nusselt number within the tube. For fully
developed flow, we have:
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However, in order to attain the thermally developed condition:

Jd(T-T,
i L
Bx(Th—Tw]

Applying the chain rule to expand the derivative definition:

Jdx oJdx T,-T,\ dx ox

By definition (7,, = constant), the wall temperature does not change in the x-direction.
Therefore, the temperature gradient can be written as:

T T-T, dT,

9L _ 8.25
ox T,-T, dx (825
Combining with the temperature gradient with the energy equation, we have:
lal:l r-T, (E’:la(raT) (8.26)
adx aT,-T, dx rudr\ or

where we know:

Let

=9
I _AT=1)_ T,

or or or
=(T, - T.)- f'(r)
The energy equation now becomes:
éf%=i% T, -T,)f"]
or
17 1 T, 1

=y S
ror o ox (T, -T,)
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We also have the first law and the convective heat flux:

” _ mcpAn
" aDAx

dar, 1 _ hnD
dx \T,-T, me,

1d, ,_1 [-heD
ro—)r('f)—auf( )

me,

= ]’l(Tw - Tb)

Rearranging:

Iteration is required to solve for fand f”. With this process, we first assume a tempera-
ture profile to satisfy fully developed flow:

T-T,

T;; - Tw

fr)=

For example, from the temperature profile for the uniform wall heat flux result:

10T P R R
=T U | — - —— -+
T-T, «dx

Substituting f(r) into the above energy equation (i.e., substitute into the following
equation):

19, 1 (-hmD
rart?)= “f( m)

where

m=pAYV = p\7%D2

2
u= ZV(I—;Z)

Now, check to see if the left-hand side (LHS) equals the right-hand side (RHS).
If the equation is not balanced, continue guessing temperature profiles, f(r), until
LHS = RHS.

After the temperature profile is determined (from iteration), we can calculate the
heat transfer coefficient based on the profile:
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o T T
" dy ar |,
he—B__366%
T‘W_Tb
Nu = hTD —3.66 8.27)

For the case of the uniform wall temperature, the temperature distribution may also
be obtained by the infinite series method shown below. Again, begin with:

a(T—Tw]
877"_ ) Tb_Tw

or

and insert it into Equation (8.26). The solution is in the form of an infinite series:

T _ T , ol 2n
W zczn (L)
I.-T, n=0 R

where
A
ani Cnf _Cnf
2 (2}1)2 ( 2n—4 2 2)
CO =1
1.,
C, = —Zlo =—-1.828397
Ao =2.704364
and

T.-T,=1.803(T,-T,)

Nu= %/13 =3.657

This infinite series solution leads to the same result as shown above. Again, it must
be noted, the Nusselt number shown is limited only to round tubes with a uniform
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wall temperature. Changing the shape of the channel will result in a different Nusselt
number within the geometry.
Figure 8.6 shows the wall temperature, bulk mean fluid temperature, wall heat flux,
and Nusselt number behavior in a round tube exposed to a constant surface temperature.
Laminar flow is very sensitive to the thermal boundary condition imposed along the
tube wall. Figure 8.7 offers a simple comparison between the Nusselt numbers for round
tubes with either the uniform surface heat flux or uniform surface temperature condition.

(a)
Tw = constant (by condensing steam)

AR

—
|11111?11‘111
q"v

(b)
o 1 w” Tw
or f
Tb .é

'; To

(c)

Nu,

X

Entrance Fully Developed Flow

FIGURE 8.6 Laminar flow in a circular tube with the uniform surface temperature condi-
tion. (a) Thermal boundary layer; (b) temperature; and (c) wall heat flux and heat transfer
coefficient (Nusselt number).
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Nu

38%

q"w = constant / Nu = 4.36

Tw = constant Nu = 3.66

/

PR ST ST Y W VT ST S U WY S S S
T T

' Fully Developed Flow  *

Entrance

FIGURE 8.7 Round tube Nusselt number comparison between ¢, = constant and
T,, = constant thermal boundary conditions

As noted with the derivations above, the Nusselt number is sensitive to both the
thermal boundary condition and the geometry of the duct or channel. Thus far, we
have focused on flow through a round tube. However, if the cross-section of the
geometry changes, the process must be repeated to arrive at the Nusselt numbers for
various flow configurations. Table 8.1 provides a comparison of the Nusselt numbers
under various boundary conditions, velocity profiles, and flow geometries. When
considering geometries that deviate from a round tube, the characteristic length used
for reference changes from D (the tube diameter) to the channel “hydraulic diameter,”
D,. The hydraulic diameter provides an equivalent diameter accounting for boundary

TABLE 8.1
Fully Developed, Laminar Heat Transfer
. . . hD hD,
Geometry Velocity Profile ~ Thermal Boundary Condition Nu, = o or Nuy, = —
Circular tube Parabolic qw 4.36
Circular tube Parabolic T, 3.66
Circular tube Slug (liquid metal) qw 8.0
Circular tube Slug (liquid metal) T, 5.75
Parallel plates Parabolic qw 8.23
Parallel plates Parabolic T, 7.60
Square duct Parabolic T, 2.98

Triangular Parabolic T, 2.35
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layer growth within a specific cross section, A,, and wetted perimeter, P. Table 8.2
provides the equivalent, hydraulic diameter for a variety of common shapes.

_4A.
P

Regardless of the geometry, the general definition of laminar flow does not change:

D,

Re, = 2720 _ YPi < 5300

u v

TABLE 8.2
Hydraulic Diameters for Common Internal Flow Configurations

Geometry Hydraulic Diameter Definition

4. p?
D,=—4%—=p

"T2(a+b) a+b

2ab )
= =2b if a > > b, parallel plates

""(a+D)

| 4-a-b 2ab
a
b|
a
b
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8.3 FULLY DEVELOPED LAMINAR FLOW AND HEAT
TRANSFER BETWEEN PARALLEL PLATES

8.3.1 Two Prates witH SYMMETRIC, UNIFORM, HEAT FLUXES

Case 1: Fully developed, laminar flow between parallel plates

Consider a low-speed, constant-property, fully developed laminar flow between
two parallel plates at y = +H, as shown in Figure 8.8. Both plates are electrically
heated to give a uniform wall heat flux. Determine (a) the velocity profile, (b) the
friction factor, and (c) the Nusselt number.

Based on the problem statement, the following assumptions can be made:

Low speed: =0

Constant properties: P s k, ¢, = constant
Fully developed: du/dx =0
Thermally fully developed: d7/dx = constant

a. Velocity Profile
Beginning with the continuity equation:

v=0

du Jdv
+

A0
dx dy

Momentum equation:

8u+v3u= 13P+v 0727144_&
ax* 9y’

qs
VRV AR I A R AR /R !

L, =™ y

rrrrrr Y

”
qs

FIGURE 8.8 Two parallel plates at a uniform wall heat flux.
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v=0
du
2 -0

dx
2

AL,
dx

The momentum equation reduces to:
2
;‘;P = vg—”; (8.28)
X y

with the solution (after integrating twice):

P ,
u=——y +cy+c 8.29
2u &xy 1y TG ( )

where v = u/p with the boundary conditions:
Aty =0, du/dy = 0 (maximum velocity)
Aty=H,u=0

C]ZO

1 0P
e 1Py

20U dx

Substituting the constants back in Equation (8.29) and rearranging:

H? 9P y?
“owax| W (8.30)
with
Mmax at y= 0
Therefore:
2
U = _H oP
2u dx
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The bulk, mean velocity:

H yZ
Joutn 2] 1= o
u(n = =
PA

2H

H
(3 2
" Una[y=(v'31) || 14 (213)10)
H H
Uy = EZ/lmax (8313)
3
Thus,
3 y2
==u,|l-=— 8.31b
w=u [ HZ} ( )
b. Friction Factor
By definition:
_ Tw
f=q ;
Epum

From a force balance, we obtain:

APAc + Ty (2w)Ax = 0

AP 2tyW 2ty W Ty
AX Ac 2WH H

—ul 3 (2
>7=H_“(2)MM(H2)

du
Tw = ‘u?y

u
:3 -m
'uH

y=H

Therefore,

AP 3uu,
Ax H*
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From Table 8.2, for parallel plates:

Thus,

(3uu, /H? )(H)  6puu, H
pum /2 pug H?

_ 6u
f= u,, Hp

Redefining the Reynolds number based on the hydraulic diameter:

Rep, = pu,,D, _ 4u,,Hp
u

Finally,

24
= 8.32
! Rey, 8.32)

c. Nusselt Number
Beginning with the energy equation:

or =~ aT IT I'T), .
pC,,(uax+vay]:k(ax2+ay2J+q+CD

® =0 (low-speed flow) and ¢ = 0 (no internal heat generation)

The governing energy equation becomes

T _udl
dy* o dx

(8.33)
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Using the velocity profile from Equation (8.31b) and integrating Equation (8.3) twice,
the temperature profile becomes:

3u, | ¥ y* |dT
T="""]2 - T toy+
2a[2 12H? |dx * T

Applying the thermal boundary conditions to solve for the constants of integration:
Aty=0,dT/dy =0

Aty=H T=T,
CI—O
02=Ts—§ui Zdl
8 o dx
2 4
r=3tngp| Yy S 4dl (8.34)
2 a 2H 12H® 12 |dx
Solving for the bulk mean, fluid temperature:
JpcvquA
T,=4
pc,u, A
H 2 2 4
ZJ pc, éum l—y—2 éMmHz )’2_)’74_3 d—T+TS dy
T 0 2 H 2 a 2H 12H" 12 |dx
" pci, (2H)
9 u,H’ [1 1 5 1 1 S]dT 3{ 7;}
T,=—"——3|-—-—=—-—=- —t—t— [+ T, ——
4 o 6 60 12 10 84 36]dx| 2 3
2
T, =T dT o (8.35)
35 o dx

Now we can use the surface and bulk mean temperature to determine the convective
heat transfer coefficient:

q,:,: h(n - Tm)

T
Y|y
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_ k[(3/2)(unex)-(2/3)H |(dT Idx)
T, +(17/35)(u,, /ot H? (dT Jdx) - T,

Now the Nusselt number (with D, = 4H):

Nup, = h(4H) 35 k(4H)

k 17H k

140
NuDh = ? =8.235

Case 2: Thermally and fully developed flow between parallel plates with a uniform
velocity profile (slug flow).

Now consider flow between two parallel plates with a uniform velocity profile
(i.e., slug flow) with a uniform wall heat flux. Determine (a) the temperature distribu-
tion and (b) the heat transfer coefficient (Nusselt number).

Based on the problem statement, u = V. Therefore, there is no need to solve the
momentum equation.

a. Temperature Profile
From the energy equation:

oT_vor

dy* o dx
d—T—c +¢
dy yTa

1
T=Ecy2 +cay+c

The thermal boundary conditions are used to solve for the constants of integration:
Aty=0,dT/dy =0
Aty=H T=T,

Cl=0

CQZTS—(le{2
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Therefore,

1
T:TS+EC(y2—H2)

_p AVOT o
_];+2ocax(y H)

Following the same procedure shown for Case 1:
T,, = canbeobtained
h = canbeobtained

Nup, = canbeobtained

8.3.2 Two PLATES WiTH ASYMMETRIC HEAT FLUXES

Case 1: Fully developed laminar flow between parallel plates with one insulated surface.
Consider low speed, constant-property, fully developed laminar flow between two
parallel plates, with one plate insulated and the other uniformly heated. Determine
the Nusselt number (see Figure 8.8).
For this problem, the velocity profile is fully developed. From Equation (8.31b),
we have:

where u,, = mean velocity
Now, from the energy equation:

82T:£8_T:3 11 y* \oT
vy adx 2"

CH)ox

where

r_ constant
dx

After integration:

3u, o1 , 1 y*
=2t 0 L S Y yte
2 o ax[zy |t YTe
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Now the thermal boundary conditions are needed to solve for the constants:

Aty=-H, a—T = 0 (insulated)
dy

Aty=H, T =T, (unknown surface temperature)
Solve for ¢; and c¢,, the temperature profile becomes:

2 4 2
LT L R AL A T Y
24 o oJx| H* H* H
H
,[ Ty 52 u,H* aT
Tm= - - - TZV
u,2H 35 o Jdx
oT
. —kZH T
he_ 4 _ dy  _ a dx __T0k
T,-T, T,-T, 52u,H’dT  52H
35 o Jx

Nup <De _TO4HE _T0_ oo
k 52 Hk 13

where
Dh = 4H

Case 2: Fully developed laminar flow between parallel plates with the plates unevenly
heated.

The previous Case 1 is a special variation of this more general asymmetric heating.
In this case the heat flux from surface 1 is twice the heat flux from the surface 2, or
the heat flux from surface 1 is n times the heat flux from the surface 2. Using the
momentum and energy differential equations, derive the Nusselt numbers for each of
the two plates and show the Nusselt numbers can be written as:

Nu, = 140
26-9n
Nu, = 140n
26n-9
Ifn= 1, Nul = Nu2 = @ =8.235
17
140 280

Ifn=2,Nuy=—=175and Nu, =——=6.51
8 43



Internal Forced Convection 293

Case 3: Thermally and fully developed flow between parallel plates with a uni-
form velocity profile (slug flow).

Now we consider flow between two parallel plates with a uniform velocity pro-
file (i.e., slug flow) with asymmetric heating. The upper plate is well-insulated, and
the lower plate is kept at a uniform surface temperature. Using the momentum and
energy differential equations, show the Nusselt number for the lower plate is:

2
T 2
=—(2n-1
5 (2n=1)

8.4 FULLY DEVELOPED LAMINAR FLOW AND HEAT
TRANSFER IN A RECTANGULAR CHANNEL

Rectangular channels have been used for many heat transfer designs. We will assume
that flow is moving in the axial z-direction, both the velocity and temperature profiles
are two dimensional as a function of (x, y). The 2-D velocity and temperature distribu-
tions in the rectangular channels can be solved by the method of separation of vari-
ables, as discussed in Chapter 3. The following has been adapted from reference [5].

8.4.1 FuLLy DeveLoPED LAMINAR FLow

For steady, fully developed, laminar flow of a fluid through a long rectangular chan-
nel (0 <x < W, 0 <y< H), the momentum equation along the main flow direction
(along z) may be written in dimensionless form as

S R S
(oG5t -
2’0 . 9°Q

ax? " oY?

+1=0

where Q=Q(X, Y),Q

(dP) is a dimensionless velocity in the z-direction,
h

u\ dz
and X and Y are coordinates normalized with the hydraulic diameter of the channel,
D, (thatis, X =x/D, and Y = y/D,).
The above equation may be solved using the method of separation of variables
with appropriate boundary conditions (see Chapter 3, Section 3.4.2, Equation (3.19);
replace temperature by velocity), and the average velocity, Q, may be determined

. 2 .
from the velocity distribution. Thus, f-Rep, = 5 can be obtained as
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_ar 2(—1)(‘1—1))&3
fRep, = ( dx)Dh (PWDh]z B\ dx

u —

w

2
f'ReDh = =

e}

where fand Re, are the friction factor and the Reynolds number, respectively. Also:

_l (dP) D/%
u )\ dz
The velocity profiles can also be determined using the matrix method shown in
chapter 5.

é:

8.4.2 THErMALLY AND FuLLy DeveLOPED LAMINAR FLow

witH UNIFORM WALL HEAT FLux
After determining the velocity profile within the rectangular duct, we can now deter-
mine the Nusselt number within the duct. For steady, thermally fully developed,
laminar flow of a fluid through a long rectangular channel (0 <x < W, 0<y<H)

that is subjected to a uniform heat flux at the walls, the energy equation may be
written in dimensionless form as

d d oT T °T o )
pcP[u/ZxZ+V/ZyZ+W8_2J:k[&x2 + ayz +/g§]+g/+}lﬁ{

(L) wDi (ﬂ) ‘929+‘929 _Ldh
DEN o Nd: \ax? aor?) o dz

2’6 9’0
2T 52
0X* JY

+2 =0

w
where X and Y are coordinates normalized with the hydraulic diameter of the channel,
D, (that is, X = x/D,, and Y = y/D,), and 8 = (X, Y) is defined as
T,-T

L (41

o dz

Also, w and w are the local velocity and the average velocity along the main flow
direction (in the z-direction).

0=
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Following the same procedures as velocity, the temperature, and heat transfer
coefficient can be solved as:

hDh _ qx Dh

Nup, =——=
P e T =T, k

Nup, = [(ng)% (CZ;H D,,( D, Jlk/(pcp)]

(T,-T,)  k \4A/P, o

|5
_ T‘;’ -7,
("))

Nup, =—
P 40,

Since

6y

The temperature profiles can also be determined using the matrix method shown in
chapter 5.

8.4.3 THERMALLY AND FuLLy DeveLoPeD LAMINAR FLow
WITH UNIFORM WALL TEMPERATURE

For steady, thermally fully developed, laminar flow of a fluid through a long
rectangular channel (0 <x < W, 0 <y < H), the walls of which are maintained at
a uniform wall temperature, the energy equation may be written in dimensionless
form. To represent the energy equation in a dimensionless form, we must recall the
definition of thermally developed flow:

Tw -T .
———— | # function z
Tw - Tb

Now to develop the nondimensional energy equation:
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ar :(i)@
z 0, ) dz
c M%Z+va +w8—T =k 82T+&2T+82 + i + pds
Per x y oz | | ax* 9y’ 2
(Lm0, L,
D)\ a Ndz \ox* o9v*) «

329+929+E 0 o
ax? oy wle,

where X and Y are coordinates normalized with the hydraulic diameter of the channel,
D, (that is, X = x/D,, and Y = y/D,), and 6 = (X, Y) is defined as

T‘w -T
0= TR wa—
L1
o dz
and
0, = T,—-T,

Also, w and w are the local velocity and the average velocity along the main flow
direction (in the z-direction).

Following the same procedures described for the velocity profile, the temperature
and heat transfer coefficient can be solved as:

Nu =hDh= qv &
P e T =T, k

NuD,, =

{(pvﬁ)%(igﬂ Dh( D, ]lk/(pc,,)]

(T,-T,)  k \4A./P, o

e Gol
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Since

P e
)
o dz

Nup =—
P 40,

297

Again, the temperature profiles can be determined using the matrix method shown

in chapter 5.

8.5 THERMALLY DEVELOPING HEAT TRANSFER IN A CIRCULAR

TUBE—SEPARATION OF VARIABLES TECHNIQUE

8.5.1 ComsINED HYDRODYNAMIC AND THERMAL ENTRY FLOW

In many applications, the length of the tube can be relatively short, so the flow does
not reach the fully developed condition (hydrodynamically and/or thermally). Both
friction and heat transfer coefficients are elevated in the entry region of the tube;
therefore, to accurately predict the pressure drop and heat transfer, we need the
velocity and temperature profiles in the entry region. When previously considering
fully developed flow, the momentum and energy equations simplified to ordinary
differential equations; the velocity and temperature profiles were only changing in
the radial direction. In the entry region, these profiles are a function of both x and r,
as shown in Figure 8.9. To solve for velocity and temperature profiles, we must solve
the partial differential equations (PDEs). We will utilize the separation of variables

technique to obtain solutions to the PDEs.
Let us first consider fluids with a Prandtl number of one:

Pr=l="= 9
o Oor
The continuity equation is:
du N 1d(vr) -0
dx r or

In the flow direction, the x-momentum equation is simplified as:

u$+var __p dx +v;8r

du du l&i 18(r8uj
or
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la(x) or 81(x) v RT
%

T(x,7)

- X

™ Tw

AP

Entrance Fully Developed Flow

FIGURE 8.9 Developing flow in a round tube.

The momentum equation in the radial direction is:

,
Jar r

ua-’-‘}&r ~ pox V?&r

v dv 1(9P+ 18( du v)

Finally, the energy equation:

r&r

U——+v—_——

aT 8T_a1&( (9T)
dx  Jr  ror

For laminar flow, the hydrodynamic entry length is estimated as:

X
D =0.05Rep

Similarly, the thermal entry length is:

' ~0.05Re, -Pr
D
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Within the entrance region, a force balance yields:

(R=P)} D= erxdx ; j (pudA - p7*dA)

Total Pressure Drop Shear at Wall Momentum Change

The friction factor can be written as:

DAP| 1
4 Ax| 1 o2
—pV
5P

ﬁotal =

where

AP
—— =total

In the fully developed region, we have:

where
AP
—— = shearonly
Ax

We need to solve for the velocity and temperature profiles from both the momentum
and energy equations using the finite-difference method (numerical computation) by
Langhaar. Figure 8.10 shows how the Nusselt number varies along the length of the
tube for various thermal boundary conditions.

As shown in the figure, the nondimensional x-coordinate is:

%k 200

" RepPr Rep,Pr RepPr

_2
Gz

X

In this solution, additional unitless numbers are introduced. First, the Graetz number,
Gz, is defined as:

_ RepPr _ Pe

n b

Gz
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Nuy

Combined Entrance Flow (Pr = 0.7)
— — Thermal Entrance Flow (Pr >> 1)

N
LI I B A A A BN R )

4.36
~> 3.66
Tw=c _;
1
b 1
Entrance 1 Fully Developed Flow
1
+
2% 2x X
xt = /D = Gz—l = i
RepPr Peclet No.

FIGURE 8.10 Nusselt number distribution along the length of a circular tube.

where Pe is the Peclet number:
Pe =RepPr

The Peclet number is often used to indicate if axial conduction has a significant effect
on the solution. Generally, if Pe > 100, axial conduction is considered negligible. In
other words, conduction in the flow (axial) direction is significant for low Reynolds
and/or Prandt]l numbers.

8.5.2 THeERMAL BOUNDARY CONDITION: GIVEN WALL TEMPERATURE

Case 1: Slug flow (or sharp entrance) with a constant wall temperature

Figure 8.11 contrasts the velocity and thermal boundary layers for this case.
Assuming a uniform velocity profile across the tube implies a very thin hydro-
dynamic boundary layer, relative to the thickness of the thermal boundary layer.
Therefore, this type of behavior would also be seen for fluids with low Prandtl num-
bers (Pr << 1).

With the uniform velocity profile, the continuity equation simplifies to:

v=0
Similarly, the x-momentum equation becomes:

u =V, = constant

The general form of the energy equation is:
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slug flow
*a(x) u=y,

a ‘|

}r 8r>> 3§
S
|_,_X Tu=C

301

FIGURE 8.11 Thermal boundary layer development with a uniform (slug) velocity profile.

LoT T _ (2T 19 oT
ox oar  \ax> ror or

where

If the Peclet number is greater than 100, axial conduction is assumed negligible:

RepPr>100

or

Pe >100

Neglecting axial conduction manifests itself in the energy equation as:

’T
——0
dx*
The thermal boundary conditions are:
x=0 T=T,
I dT(x,0) _0
or

r=R T(x,R)=T,
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Now the separation of variables method can be applied. To being this process, let:
O(x,R)=T-T, =X (x) R(r)

The assumed form of the solution, 6, can be substituted back into the energy equation:

Yo XU _ 1li(rR’) = constant = —n?

a X rRor

The solution to the x-direction equation is an exponential decay function:

In the radial direction, the ODE is in the form of the Bessel equation:
r*R”+rR +r’'n R=0
With a Bessel function solution:
R=A-Jy(nr)+ B-Yy(nr)
Combining X(x) and R(r), we have the temperature profile within the entry region:

4
— =P

O(x,r)=ce * [A~J0(nr)+B-Y0(nr)]

o
——n’x

—e % er-Jo(nr)+er Yo (nr)]

Applying the thermal boundary conditions, we can solve for the constants:
At

r= O, ° Yo(O)—>‘>° S0 =O
and
r=R, 6(x,r)=0 Jo(mR)=0

Refer to Figure 2.10 and Appendix A.3. J,, the Bessel function of the first kind and
zeroth order has multiple roots; therefore, the final solution for the temperature pro-
file includes eigenvalues.

Entering the tube, x = 0, the temperature profile simplifies to:

6(0,r)=(T,-T,)= zcl. Jo(nir)

i
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with

R

(T, - TW)J. rJo (nr)dr

— 0 —
C; = R =...

J rJ§ (nr)dr

0

— #(To _ Tw)
n,'R.Il (nLR)

The general form of the temperature profile becomes:

O 2 Jo(mR
27 ZR)

a

where

mR =2.4048
nR =5.5207

Now, with an expression for the local temperature profile, the heat transfer coefficient
distribution (as a function of x) can be determined:

h= Gw
Tw - Tb
JT JT
N=—k— =+k—| =
|, or |,
R

J T-Vy-rdr

T, =2, =
j Vo - rdr
0
nta
e
R D
Nux = —= = U 3
k k 1 _niax
Vo
2,‘ RZnZ €
(2.4048)* o (55207«
e WE Tre WP 4
(2.4048) o (55207

e V,R? e V,R?

+
(24048 (5.5207)
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If x is large, (5.5207)? >> (2.4048)?, so:

Nu ~(2.4048)° =5.75=Nu, = hTD

which is the fully developed result shown in Table 8.1.

Figure 8.12 shows the Nusselt number distribution through the tube. As the result
converges to the fully developed value of Nu = 5.75, this magnitude is greater than
the value that would exist for a flow that is both thermally and hydrodynamically
developed (Nu = 3.66, T, = constant). The thin boundary layer associated with the
slug flow provides enhanced heat transfer compared to the fully developed profile.

Case 2: Parabolic flow (or a long, unheated tube upstream of the heated tube) with
a constant wall temperature

Now we will consider the case shown in Figure 8.13. This is often referred to the
as the Graetz problem and considers a fully developed (parabolic) velocity profile
with a developing thermal boundary layer. In addition to a long, unheated entrance,
this type of boundary layer development could be observed for high Prandtl number
fluids (Pr >> 1).

For hydrodynamically, fully developed flow, the continuity equation yields:

v=0

For fully developed flow through a circular tube, the velocity profile can be solved using
the x-momentum equation. From Equations (8.8) and (8.10), the velocity profile is:

2
u= 2\7(1—;2J

Nuy

575 ¢

Fully Developed Flow

FIGURE 8.12 Nusselt number distribution for thermally developing flow with a uniform
velocity profile.
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Vo

TB j Fully Developed Flow
( 1 & Developing

Tw>Ti

FIGURE 8.13 Thermal entry flow with a fully developed velocity profile.

The general form of the energy equation is:

oT  oT (18 8T]
u—+ = r

ror or
with

v=0

Again, we will utilize the separation of variables method. However, before solving
the PDE, we will nondimensionalize all variables:

x* 7%

" Re-Pr

The nondimensional values are substituted into the energy equation, and the new

equation is:
2190 1 Jd( ,d0
I:l—(r ) :|<9x+ ot ort (r z?r*)
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The thermal boundary conditions become:

9(0,r+) =1
9(x+, )= 0
(90(x+,0) ~
=

With the separation of variables method, we assume the final form of the solution:
6(x+,r+)= X(x*)-R(r*)

Substitute assumed solution back into the energy equation:

1ox 1 (1OR r"PR)__»
X8x+_r+[1—(r+)2] Ror"  Rar?)”

Again, the solution to the ODE in the x-direction is the exponential decay function:

dX

i +A°X =0
X

In the radial direction, the ODE is the Sturm-Liouville type equation:

d°R 1 dR ,, 2
ot R[l—(r ) ]=0

The solution is obtainable as an infinite series. The A values have been obtained by
both numerical and approximate methods. The solution becomes:

9(x+,r+) = Ecn ‘R, (rJr )exp(—/’sz+)

where
c,—constant
R, (r")—eigen function
A,—eigen values

From the developing temperature profile, the local Nusselt number is:

:@: h2R _ ZGn ~exp(—2,3x+)
k k 22 %-exp(—lﬁx*)

Nu,
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with
c
G,=—"-R,(1
=R

The eigen values are shown in Table 8.3, and these values are used to calculate the
temperature and Nusselt number distributions provided in Table 8.4. These tables
have been adapted from Kays and Crawford [3]. The Nusselt number distribution
is plotted in Figure 8.14. As shown in the figure, for large values of x*, the Nusselt
number converges to the fully developed value corresponding to the constant surface
temperature boundary condition.

Forn>2, A, =4n+§, G, =1.012761,""

TABLE 8.3
Infinite Series Solution Functions for Thermal Entry Flow in a Circular
Tube with a Constant Surface Temperature (Fully Developed Velocity)

N A2 G,

0 7313 0.749

1 44.61 0.544

2 113.9 0.463

3 2152 0.415

4 348.6 0.383
TABLE 8.4

Nusselt Number and Mean Temperature Distribution in the Entry Region of a
Circular Tube with a Constant Surface Temperature (Fully Developed Velocity)

x* Nu, Nu,, 0,

0 o ) 1.000
0.001 12.80 19.29 0.962
0.004 8.03 12.09 0.908
0.01 6.00 8.92 0.837
0.04 4.17 5.81 0.628
0.08 3.77 4.86 0.459
0.10 3.71 4.64 0.396
0.20 3.66 4.15 0.190

o 3.66 3.66 0.0
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Nuy
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Entrance Fully Developed Flow

0.1 x+

FIGURE 8.14 Nusselt number distribution for thermally developing flow with a parabolic
velocity profile.

Case 3: Parabolic flow with a variable wall temperature

Building on Case 2, we now introduce a variable wall temperature boundary con-
dition. Figure 8.15 shows the linear temperature distribution along the length of the
tube, T, (x). As we evaluate this case, we will generally consider fluids with Prandtl
numbers greater than unity (Pr > 1).

From Case 2:

9(x+,r+) = ch ‘R, (r*)exp(—/lzf)

To determine the heat flux and Nusselt number on the surface, we need to differenti-
ate the temperature profile:

Ti

T.=Ti+a+bx*

FIGURE 8.15 Variable wall temperature boundary condition.
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a0
ort
k T Koo dr,
1/v/=7 _ ofxt — +, + W JE
q R Ort| r=i RJ&F (x & )d€+ ¢

at wall 0

For example, for the linear temperature profile:

T,=T +a+bx*

dr,

=b
d&*

Therefore:

+

4R Vpe, |
qn = % qudf = TCRZVPCp (T, -T)
0

Now we can solve for the bulk mean fluid temperature:
Tb = ..

Along with the heat transfer coefficient and Nusselt number:

PR
Tw_T;)
NuX:h—D
k

For the given wall temperature distribution, we have:
2
ql(x")= k[—bz +aZG exp l,f )}

(~23x") =80y, Tr exp(-2ix")

Tb:7}+bx++a—8bz iz
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b sz
16b2
1

- G, ~16-0.01433
16, 1

For large values of x* ()cJr - oo), all the summations approach zero (2 - 0).

+8aZG exp 22 +)
x )+16a2 %exp(—lﬁf)

=4.364 (for g;, = constant)

4
/1,1

8.5.3 THerMAL BouNDARY ConDITION: GIVEN WALL HEAT FLux

Case 1: Parabolic flow with a constant wall heat flux

As we consider thermally developing flow with a specified wall heat flux, we
begin with a constant wall heat flux (g = constant). Again, we will consider fluids
with Pr > 1. With the fully developed (parabolic) velocity profile, the local Nusselt
number in the entrance region is:

exp ).2 +
Nu, = -—
Nu.. Z Ao

where
» =436

which is the Nusselt number corresponding to fully developed flow, both velocity
and temperature profiles being fully developed. Therefore, the second term in the
bracket represents the entrance effect on the local Nusselt numbers (elevated heat
transfer in the entrance region). Table 8.5 provides the eigen values and functions
needed to solve for the local Nusselt numbers, and Table 8.6 gives the local Nusselt

TABLE 8.5
Infinite Series Solution Functions for Thermal Entry Flow in a Circular Tube
with a Constant Surface Heat Flux (Fully Developed Velocity)

m /’L,%, An

1 25.68 7.630%x 1073
2 83.86 2.053%x 1073
3 147.2 0.903x 1073
4 196.5 0.491x 1073
5 450.9 0.307x 1073
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TABLE 8.6

Nusselt Number Distribution in the Entry
Region of a Circular Tube with a Constant
Heat Flux (Fully Developed Velocity)

+

x Nu,
0 0

0.002 12.00
0.004 9.93
0.010 7.49
0.020 6.14
0.040 5.19
0.100 4.51
0 4.36

number as a function of location into the tube. Both Tables 8.5 and 8.6 have been
adapted from Kays and Crawford [3]. Figure 8.16 shows the local Nusselt number
distribution for developing flow with both constant surface temperature and con-
stant heat flux boundary conditions. As with the fully developed values, the heat
transfer within the entrance region of the tube is sensitive to the thermal boundary
condition.

From the local Nusselt number, the wall temperature distribution can also be
calculated:

Nuy

4.36

3.66

0.1 0.2 x+

FIGURE 8.16 Nusselt number distributions for both constant surface temperature and constant
wall heat flux boundary conditions (fully developed, parabolic velocity profile).
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For larger m, A,, =4m + % A, =0.41651,"°

Case 2: Parabolic flow with a variable wall heat flux
The final case we will present is commonly encountered with the fuel rods of

nuclear reactors. For this Case 2, we will consider a variable wall heat flux, g, (x). As
with the previous cases, the solution shown below is not applicable to liquid metals

and is generally acceptable for Pr > 1.
For the nuclear fuel rods, the local wall heat flux often displays a sinusoidal behavior

r=qr sin(ﬂ) or COS(E)

QW Qmax L L
. T X
:a+bsm(—) or COS(—)
L L

By integrating the wall heat flux, the local wall temperature can be determined as

=Bt
0

where

SN

and

7 (v)-7 = Jar(e)ae

0

From the given heat flux and temperature distributions, the heat transfer coefficient

is calculated:

”

qw

h, =
TW_Y-;)

Given a wall heat flux similar to that shown in Figure 8.17, the local wall and bulk
mean temperature distributions can be determined. These distributions are also

shown in Figure 8.17.
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q"w(x)
m
—>
Tw 7 -~
" ~
qw 7
7
q"max \ yZ s
7
-
7~
-
-~
-
_ - - Ts
/ —
/n A A L L L Y A A L A

L

FIGURE 8.17 Heat flux, surface temperature, and bulk mean temperature distributions
through a circular tube with a variable surface heat flux boundary condition (fully developed,
parabolic velocity profile).

REMARKS

There are many engineering applications such as electronic equipment, small (milli-,
micro-, or nano-) scale channels, and compact heat exchangers that required laminar
flow heat transfer analysis and design. In the undergraduate-level heat transfer, stu-
dents are expected to know many heat transfer relationships between Nusselt numbers
and Reynolds and Prandtl numbers for developing and fully developed flows inside
circular tubes with various thermal BCs. Students are expected to calculate heat
transfer coefficients from these correlations at given Reynolds and Prandtl numbers.

In the intermediate-level heat transfer, this chapter focuses on how to solve fully
developed heat transfer problems for flow between two parallel plates or inside circular
tubes. Both uniform and asymmetric thermal boundary conditions have been consid-
ered. Students are expected to know how to analytically determine the velocity profile,
the friction factor, the temperature profile, and the Nusselt number for these cases.
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For advanced heat convection, students were shown how to analytically predict
heat transfer in both developing flow and thermal entrance regions, with various ther-
mal BCs such as variable surface heat flux as well as variable surface temperature
BCs. Flow in rectangular channels with various aspect ratios with various thermal
BCs was also presented. These scenarios require more complex mathematics; there-
fore, only a sample of these topics was provided.

PROBLEMS

8.1 Consider a steady, constant-property, laminar flow, between two parallel
plates at y = +¢. The plates are electrically heated to give a uniform wall heat
flux. The differential equations for momentum and energy are listed here for
reference:

Bu é‘u 1 0P *u  u
=tV o5+
8x z9y p dx Jx~  dy

LT or _ (9T T v(ou ’
ox dy 8x2 ay* ) ¢,\ dy
a. Assume a low-speed, slug flow velocity profile (i.e., a uniform velocity
profile) between two parallel plates, and also, assume a thermally, fully
developed condition. Write the simplified equations for momentum and
energy and the associated BCs that can be used for this problem.
b. Under the assumptions in (a), determine the Nusselt number on the plate.
c. Consider a fully developed velocity profile (i.e., a parabolic velocity pro-
file) between two parallel plates and a thermally, fully developed condi-
tion. Discuss whether the Nusselt number on the plate will be higher, the
same, or lower than those of the slug flow velocity profile (uniform veloc-
ity profile). Explain why?
8.2 Consider a steady, constant-property, laminar flow, between two parallel plates
aty = +/. The plates are electrically heated to give a uniform wall heat flux. The
differential equations for momentum and energy are listed here for reference:

07u 814 1 0dP u  Jdu
=tV St
8x <9y p dx ox~ dy

LT 9T _ (T 9T\, v(ou)
—+vy st |+ =
8x z9y dx~ dy c,\ dy
a. Assume a low-speed, symmetrical linear velocity profile (i.e., u = a + by
with a maximum velocity at y = 0 and zero velocity at y = +/) between
the two parallel plates. Also, assume a thermally, fully developed condi-

tion. Write the simplified equations for the momentum and energy equa-
tions and the associated BCs that can be used for this problem.
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b. Under the assumption in (a), determine the Nusselt number on the plate.

c. Consider a fully developed velocity profile (i.e., a parabolic velocity pro-
file) between two parallel plates and a thermally, fully developed condi-
tion, and comment on whether the Nusselt number on the plate will be
higher, the same, or lower than those of the symmetrical linear velocity
profile (u = a + by)? Explain why.

8.3 Internal flow, fully developed laminar forced convection: Consider a low-
speed, constant-property, fully developed, laminar flow between two parallel
plates, with one plate insulated and the other uniformly heated. Determine
the Nusselt number on the heated surface.

8.4 Consider a concentric, circular-tube annulus with a radius ratio of r/r, = 0.6.
Let the inner tube wall be heated at a constant rate and the outer tube wall
remains insulated. Let the fluid be a low-Prandtl number fluid and assume a
slug flow inside of the annulus. Develop an expression for the Nusselt number
at the inner surface by means of the following steps:

a. Discuss how the temperature and velocity profiles develop in the system
by considering Pr and the type of flow present. Indicate the system condi-
tions. (Is the flow and/or temperature developed?)

b. Let 7, be the mass averaged fluid temperature and 7, ,; be the surface
temperature at the inner surface with radius r,. Form the thermal BCs,
what can be said about (7, — T, ,,) and 07/0x?

c. Draw a diagram, indicating the BCs for both temperature and velocity
and indicate the assumptions used to simplify the energy equation.

d. Solve for T using the simplified velocity profile, BCs, and the energy
equation.

e. Find the heat transfer coefficient and the Nusselt number by calculating
T,, the mass averaged fluid temperature, and the heat flux at the inner
surface.

Remember that the energy equation in cylindrical coordinates is given by

0(0—7T+V 8l+vial+v aT)Zla(rk&T)_Fl(?(kaT)_l_a kal + A
p ot "odr r 96 " ox ror or) r*ae\" 90 ) ax\ dy i

where x represents the axial direction of the cylinder.

8.5 Consider a low-speed, constant-property fluid, fully developed, laminar flow
between two parallel plates located at y = +b. The plates are electrically
heated to give a uniform heat flux.

a. Determine the velocity profile and define the bulk velocity (x,) in terms of
the pressure gradient driving the flow.

b. Using the hydraulic diameter D, = 4A_ /P, show that the friction factor is
given by f = 24/Re,,.

c. Obtain an expression for the connective heat transfer coefficient and the
Nusselt number. (Hint: Consider the fully developec}) condition to approxi-

mate 07/0x and define 7(y) = T — T,, where T, = 2 |uTdy/2bu;,)

0
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8.6 Consider a steady constant-property, laminar flow, between two parallel
plates at y + £. The plates are electrically heated to give a uniform wall heat
flux. The differential equations for momentum and energy are listed here
for reference:

du _ Ju _19P v((92u Bzu)

“ox TV ay T pox o oy

WL 4,91 _ G PT T v fouY
dx dy \ax* 9y*) ¢, \dy

a. Assume a low-speed, linear velocity profile (i.e., u = u,,, (1 —y/) with
a maximum velocity at y = 0 and zero velocity at y + ) between the two
parallel plates, and also assume a thermally, fully developed condition.
Write the simplified equations for the momentum and energy equations
and the associated BCs that can be used for this problem.

b. Under the assumption in (a), determine the Nusselt number on the plate.

c. Consider a fully developed velocity profile (i.e., a parabolic velocity pro-
file) between two parallel plates and a thermally, fully developed condi-
tion, and comment on whether the Nusselt number on the plate will be
higher, the same, or lower than those of symmetry linear velocity profile
in (a)? Explain why.

8.7 Consider an incompressible, laminar, 2-D flow in a parallel plate channel.
The top plate is pulled at a constant velocity U;. The top and bottom plates
are maintained at a constant heat flux, g,,. Flow is both hydrodynamically
and thermally fully developed. Assume that the pressure gradient is zero in
the parallel plate channel.

a. Obtain the differential equations governing the velocity U(Y) and tem-
perature 7(Y) fields.

b. Use appropriate BCs to evaluate U(Y). Obtain 7(Y). Do not attempt to
evaluate the constants of integration for the temperature field.

8.8 Find the Nusselt number for the following problems.

a. Fully developed Couette flow (i.e., assume that velocity and temperature
profiles do not change along the channel) with the lower plane wall at a
uniform wall temperature, 7;,, and the upper plane wall at 7. If the veloc-
ity profile is a linear profile (U = 0 at the lower plane wall, U = V at the
upper plane wall), find the temperature profile from the energy equation.

b. Fully developed Poiseuille flow (i.e., assume that velocity and temperature
profiles do not change along the channel) with the lower plane wall at uni-
form temperature, 7;,, and the upper plane wall at 7;. If the velocity profile
is a parabolic profile, find the temperature profile from the energy equation.

8.9 A 2-D channel flow is subjected to a uniform heat flux on one wall and insu-
lated on the other wall. Assume that the viscous dissipation is negligible and
the properties are constant. Determine the following.
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a. The governing momentum and energy equations with the appropriate
BC:s for the developing region. Do not solve the equations; however, show
the details of the simplified governing equations. Sketch the temperature
and velocity profiles with respect to y at two x positions.

b. Repeat (a) for the fully developed region.

c. Sketch the temperature profile in the fully developed region if both walls
are insulated. Consider two cases: (1) viscous dissipation is negligible and
(2) viscous dissipation is not negligible.

8.10 Consider liquid metal flow in a parallel-plate channel at a uniform wall heat
flux condition.

a. Using the momentum and energy differential equations, and making the
appropriate assumptions, derive the surface Nusselt number if flow is
laminar and the temperature profile is in a fully developed condition.

b. Using the momentum and energy differential equations and making the
appropriate assumptions, outline the methods (no need to solve) to deter-
mine the surface Nusselt number if the flow is laminar and the tempera-
ture profile is in a developing condition. Describe if the surface Nusselt
numbers for (b) will be higher or lower than those for (a). Explain why.

c. PlotNu, 7,, and T, versus x from the entrance to the fully developed region.

8.11 Consider a steady, constant-property, laminar flow, between two parallel
plates at y = £¢. The plates are electrically heated to give a uniform wall
heat flux. The differential equations for momentum and energy are listed
here for reference:

Mg"r (97}; —;E‘f\/ axz +ay2

LT, T _ [PT T) v(du)
ox dy (9x2 ay* ) ¢, dy

a. What is the physical meaning of the last term shown in the above dif-
ferential energy equation? Explain under what conditions the last term
should be included in order to solve the temperature distribution between
the two parallel plates.

b. Assume a low-speed, slug-flow velocity profile (i.e., a uniform velocity
profile) between two parallel plates and also assume a thermally, fully
developed condition. Write the simplified equations for momentum and
energy and the associated BCs that can be used for this problem.

c. Under the assumption in (b), determine the Nusselt number on the plate.

8.12 Water at 43°C enters a 5-cm-ID pipe at a rate of 6 kg/s. If the pipe is 9 m long
and maintained at 71°C, calculate the exit water temperature and the total

heat transfer. Assume that the Nusselt number of the flow in the pipe is 3.657.

Also, the thermal properties of water are p = 1000kg/m?, ¢, = 4.18 klJ/(kg

K), and k£ = 0.6 W/(mK).

Jdu  Jdu_ 1P (07214 8214)
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8.13

8.14

8.15

where a and b are arbitrary constants. Derive the local Nusselt number as a

Analytical Heat Transfer

Consider a given fluid (p, cp, k, u) suddenly flowing into a channel formed
by two pieces of parallel plates at a uniform wall temperature, 7,,. The inlet
velocity and temperature are V, and 7, respectively. Due to a sudden con-
traction inlet condition, the velocity V, can be assumed as uniform through
the entire parallel-plate channel. This is a laminar internal flow heat transfer
problem with an abrupt contraction entry flow condition.

a. Outline the solution procedures to determine the local heat transfer coef-
ficient distribution along the channel. You need to provide a detailed,
step-by-step procedure, but you do not need to obtain the final solutions.

b. If the temperature is increasing linearly with the plate length, and if its
axially averaged value equals that in case (a), plot 7,,, T, and A, versus x,
and discuss the differences of T, T, and &, between cases (a) and (b) in
the same plot.

Fully developed laminar flow heat transfer in a tube with a nonuniform, wall

heat flux is commonly seen in nuclear fuel rod designs. Given a wall heat flux

similar to that shown in Figure 8.17, determine the local wall and bulk mean

temperature distributions. These distributions are shown in Figure 8.17.

Assume the tube wall heat flux varies axially as

" __n”n SIH(E)
qw Gmax L

We have fully developed laminar flow heat transfer in a tube with a nonuni-
form wall temperature. Assume the tube wall temperature varies axially as

T, =T, +(Z)[exp(bx+)— 1}

function of x™.
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9 Natural Convection

9.1 LAMINAR NATURAL CONVECTION ON
A VERTICAL WALL: SIMILARITY SOLUTION

Natural convection can occur when the solid surface temperature is different from the
surrounding fluid. For example, natural convection can take place between a heated
(or cooled) vertical (or horizontal) plate or tube and the surrounding fluid. Figure 9.1
shows the velocity profile, temperature profile, and heat transfer from a hot vertical
wall to a cold fluid due to natural convection. The hot vertical wall conducts heat to
the fluid particle (fluid layer) next to the wall and the heated fluid particle (fluid layer)
conducts heat to the next cooler fluid particle, and so on. Therefore, the fluid particle
near the hot wall is lighter than that is away from the hot wall and natural circula-
tion takes place (near the wall, the hot fluid moving up and away from the wall, cold
fluid moving down) due to gravity. This buoyancy-driven natural convection flow is
primarily due to density gradient (temperature gradient) from the hot vertical wall
and cold surrounding fluid. The key parameter/driving force to determine natural
convection is Grashof number, a ratio of buoyancy force to viscous force (buoyancy
force tries to move the fluid up but viscous force tries to resist it from moving).
Another parameter is Prandtl number, a fluid property showing the ratio of kine-
matic viscosity to thermal diffusivity. The product of Grashof number with Prandtl
number is called Rayleigh number, another way of measuring the natural convection.

FIGURE 9.1 Natural convection boundary layer from a heated vertical wall.

DOI: 10.1201/9781003164487-9 319


https://doi.org/10.1201/9781003164487-9

320 Analytical Heat Transfer

The following shows the definition of Grashof number, Rayleigh number, and
2-D laminar natural convection boundary-layer equations from a heated vertical
wall [1-4].

_ 3
Gr, = 8B —T)x" : L.)x ©.1)
v
Ra, = Gr, - Pr 9.2)
Continuity
du Jdv
—+——=0 9.3
ox dy ©3)
Momentum
du  dv *u
—+tv—= T-T.)+v— 9.4
L. Vay 8B( ) 9y 04
Energy

U—+v—=0— 9.5)

The following shows how to derive the above natural convection momentum equation
from the original x-momentum equation:

du du  19P *u

u$+vay— b ox g+v&y2

From outside of the boundary layer 0 = —(1/ p..)(dP/dx)— g

“ﬁz_l(&p) :_lM
' plor ), pT.-T

Spe—p=pB(T-T.)

'<9P__

Tox p-8
1 dP 1 g
e (—pg)—g=3(p.—p)=—gB(T. -T
pox 8 (—p-g)-¢ p(p p)=—gB( )



Natural Convection 321

From the above momentum equation, one can see that natural convection is due to
temperature difference between the surface and fluid and the gravity force. This
implies that there is no natural convection if there exists no temperature gradient or no
gravity force. The larger delta 7" and gravity (means larger Grashof number) will cause
larger natural circulation and results in thinner boundary-layer thickness and higher
friction (shear) and higher heat transfer coefficient. The Grashof number in natural
convection plays a similar role as Reynolds number does in forced convection; the
larger Grashof number causes higher heat transfer in natural convection as the greater
Reynolds number has higher heat transfer in forced convection. Prandtl number plays
the same role in both natural and forced convection, basically the fluid property.

Just like in forced convection, both similarity and integral methods can be used to
solve natural convection boundary-layer equations. The following only outlines the
similarity method from Ostrach in 1953 [5].

Similarity variable:

/4 1/4
n= y(M) _ X(GL) 9.6)

4v*x x\ 4

where

_ gﬁ(Tw - Tw)x3

v2

Gr,

Similarity functions for velocity and temperature:

‘{‘(x,n)
= 7
(n) (G, /4)" ©.7)
T-T.
e"n—n ©8)

Put them into the above momentum equation and energy equation, respectively:

A S
=3 "
_oY_
T ox

1%

ar _ .
ox

aiT_ .
dy
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The resultant similarity momentum and energy equations are

F7+3f7=-2f7+6=0 9.9)
0”+3Prf0’ =0 (9.10)
The related BCs are
f(0)=£7(0)=0, f()=0 ©.11)
0(0)=1, 6(x)=0 9.12)

These can be solved by the fourth-order Runge—Kutta method in order to obtain
the velocity and temperature profiles across the natural convection boundary layer.
Figure 9.2 shows typical dimensionless velocity and temperature profiles from the
heated vertical wall, for different Prandtl fluids.

= u T.
2Jex \' T, - T..
= X G2 ©.13)
2v
_ u

B (Gr,l’2 (2v/x))

From the dimensionless velocity and temperature profiles, the associated heat flux
and the heat transfer coefficient (or Nusselt number) can be determined.

1/4
qn= —ka—T lo= —E(Tw - Tm)( er) 40 9.14)
dy X 4 an| _,
where
do
| =0(0)=f(Pr)
an =0
h= q”, _ —k(&T/&y)
T, -T. T, -T.
174
Nu:h"——(Gr*) 49 9.15)
k 4 dn
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FIGURE 9.2 Dimensionless velocity and temperature profiles from heated vertical wall.

Numerical results: for laminar natural convection:

Pr 0.01 0.733 1 2 10 100 1000
46 0.081 0508 0.567 0716  1.169  2.191  3.966
dan =0

For air, Pr = 0.733,

Nu, = h?x =0.359Gr/"* 9.16)
Nu, = h’;{L = %NuL = 0.478Gr"* 9.17)
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where
0 4k(Gr a6l 4
= |hde= —() o=k
L 3L\ 4 ) dn_ 3
T,-T.)L
Gr, = M (9.18)
\%
1/4
3 2Pr 1/4
Nu, = — Gr, Pr 9.19
4[5(1+2Pr”2+ 2Pr)] ( ) O.19)
2\ l/4 .
Nu, =0.6(Gr,Pr’) ", ifPr—0 (9.20)
Nu, = 0.503(Gr, Pr)"*, ifPr — oo (9.21)
In general,

Nu, = a(erPr)b =aRa®

where Rayleigh number,

gﬁ(Tw - T‘x’)x3
vo

Gr,Pr=Ra, =
Compared to forced convection
Nu, = aRe7Pr"

Note: The following is a simple guideline whether the problem can be solved by
forced convection, natural convection, or mixed (combined forced and natural)
convection.

If Gr, /Re? < 1, the problem can be treated as forced convection.

If Gr, /Re2 = 1, the problem can be treated as mixed convection.

If Gr, /Re? > 1, the problem can be treated as natural convection.

9.2 SIMILARITY SOLUTION FOR VARIABLE WALL TEMPERATURE
Let

T, -T. = Ax"
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where

n = constant = C

Follow the same procedures as outlined in 9.1, the resulting similarity momentum
and energy equations are

f7+m+3)ff7—(2n+2)f?+6=0

0” +Pr[(n+3)f0’|-4nf9=0

Itn=0;T, =T. + A= C, aspecial case for constant wall temperature
Boundary Conditions:

f(0)=f(0)=0, f()=0
8(0)=1, 6()=0

These equations can be solved by the fourth-order Runge-Kutta method in order to
obtain the velocity and temperature profiles across the natural convection boundary
layer. From these dimensionless velocity and temperature profiles, the associated
heat flux and the heat transfer coefficient or Nusselt number can be obtained.

k 0'(0)1 v
N (Gr,)

1
If7, -T. = xé then g,, = constant, a special case for constant wall heat flux

Pr %
Nu, = (1) [Gr, -Nu, -Pr]”
4+9Pr2410Pr

Note: Nu, (for qn=C ) =1.15Nu, (for T,=C ) for laminar natural convection

But Nu, (for qn=C ) =1.36Nu, (for T,=C ) for laminar forced convection
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9.3 LAMINAR NATURAL CONVECTION ON A
VERTICAL WALL: INTEGRAL METHOD

Integral approximate solution by Pohlhausen 1921: We apply the momentum and
energy balance to the control volume across the boundary layer as shown in Figure 9.3.
Net force = Momentum change

JpP 0
Ty — Jpgdy— J a—xdy = a—xj.puua’y

where dP/dx = dP./dx = —p..g (outside of the boundary layer).
Also p—p.. =—p.B(T—T.)B from B =-1/p(dp/IT),. assume p = p..

T _ i— o= g ﬂj (T-T. )dy——J 2dy 9.22)
Do w Jy
or  d'f
ka— lo=— J.pcpu(T —T.)dy 9.23)
0

Boundary Conditions:

u(x,0)=0 T(x,0)=T,
u(x,5)=0 T(x,57):Tm
du(x,8) o oT (x,67) 3
dy dy
TW’ pW
T ”
qw
Tw’ poo
| puu dy+aijpuu dy dx
%
Voo
d
JPdy+—[Pdydx
d&_i_ ox
U.=0 dx Tw
T
[Pdy
Jpuu dy i
g
x
N
y

FIGURE 9.3 Integral method.
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Assuming velocity and temperature profiles to satisfy boundary-layer conditions,

u=u(x,y)=un(1-n)’ (9.24)
T-T. _ N2
T T = (1 n) = f(x,y) 9.25)

where 7 = y/8(x); uy = ¢, x™; 8(x) = cpx™;

Put this into momentum and energy integral equations:

172 172
u ()C) = (80) 7er !
‘ 3) | (2021)+Pr) x

5(x):[240(1+(20/21Pr)):|1/4_>6(x)~( x )”4
T,

X Pr- Gr, w— 1.
(9.26)
or . 2k(T, -T.)
o =—k——lg= "2 =) = p(T, - T..
q dy 0 5(x) ( )
1/4
Nux _ hxx _ 2x _ Pr 'Raiﬂl
ko 8(x) |15((20721)+Pr)
Nu, = 0.413RaY* for Pr=0.733 9.27)

Note: Nu, = 0.359Ra}* for Pr = 0.7333 by using the exact similarity solution.

T, -T.)x’ . .
Ra, = 8T, ~T.)x < 10® —10° — Laminar natural convection

vo

REMARKS

In the undergraduate-level heat transfer, we have heat transfer correlations of exter-
nal natural convection for a vertical plate, an inclined plate, a horizontal plate, a
vertical tube, and a horizontal tube as well as heat transfer correlations of internal
natural convection for a horizontal tube, between two parallel plates, and inside a
rectangular cavity with various aspect ratios. These correlations are important for
many real-life engineering applications such as electronic components.
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In the intermediate-level heat transfer, this chapter focuses on how to analytically
solve the external natural convection from a vertical plate at a uniform surface tem-
perature by using the similarity method as well as the integral method. In advanced
heat transfer, these methods can be modified and extended to solve mixed convec-
tion (combined natural and forced convection) problems for vertical, horizontal, and
inclined plates or tubes, respectively, for various Prandtl number fluids.

9.4 LAMINAR MIXED CONVECTION—
NONSIMILARITY TRANSFORMATION

Many engineering applications involve laminar mixed convection. Mixed convec-
tion happens when Grashof number (natural convection) divided by Reynolds num-
ber square (forced convection) is around one. The mixed convection can happen
along a vertical or horizontal flat plate. Both natural convection and forced convec-
tion make contributions to the surface heat transfer. The natural convection can
assist or oppose the forced convection depending on the thermal and flow bound-
ary conditions. Similarly, the forced convection can enhance or reduce the natural
convection depending upon the flow and thermal boundary conditions. As men-
tioned before, either forced convection or natural convection boundary layer can be
solved by the similarity method. But, the mixed convection boundary layer must be
solved by non-similarity method. Velocity and temperature profiles can be solved
by nonsimilarity transformation as outlined below. Refer to Chen et al. papers for
the details [6-9].

9.4.1 Mixep CONVECTION ALONG A VERTICAL FLAT PLATE

Case 1—Forced Convection Dominated Regime to Study Buoyancy Effect on Forced
Convection.
There are four possibilities, as shown in Figure 9.4.

1. Forced freestream flow moves along the vertical plate from bottom to top
with wall temperature hotter than the freestream flow. In this case, velocity
inside the boundary is assisted by the buoyancy force, both moving in the
upward direction, thus, shear stress and heat transfer increase due to greater
velocity and temperature gradients at surface.

2. Forced freestream flow moves along the vertical plate from bottom to top
with wall temperature colder than the freestream flow. In this case, veloc-
ity inside the boundary is opposed by the buoyancy force, both moving
in opposite direction, thus, shear stress and heat transfer decrease due to
smaller velocity and temperature gradients at surface.

3. Forced freestream flow moves along the vertical plate from top to bottom
with wall temperature hotter than the freestream flow. In this case, veloc-
ity inside the boundary is opposed by the buoyancy force, both moving
in opposite direction, thus, shear stress and heat transfer decrease due to
smaller velocity and temperature gradients at surface.
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4
Js o
Tu>Te lQ
F T>T
Us, Tor Tu
U, Teo
T
TW&T.
Tw<Ta
*t
-y
Upward Forced Flow Downward Forced Flow
T, > T, Buoyancy assists forced flow T, > T,, Buoyancy opposes forced flow
T, < T, Buoyancy opposes forced flow T, < T, Buoyancy assists forced flow

FIGURE 9.4 Forced convection along a vertical plate with buoyancy assists and buoyancy
opposes forced flow.

4. Forced freestream flow moves along the vertical plate from top to bottom
with wall temperature colder than the freestream flow. In this case, velocity
inside the boundary is assisted by the buoyancy force, both moving down-
ward direction, thus, shear stress and heat transfer increase due to greater
velocity and temperature gradients at surface.

Conservation Equations Boundary Conditions
du Jdv
—+—=0 =0:u=v=0,T=T,
ox dy Y
d d z
thwihwi%in—L) Yy eotu— U T—T.
dx dy dy
oT = JT  J°’T
U—+v—=

=x

ox dy ay*
+gB(T - T.) :upwardforcedflow(—pg)
—gB(T-T.) :downwardforcedflow(+pg)

Letn=y 2= =2 JRe,
X

& =£&(x), nonsimilarity parameter to be determined

w(xy) = Viox - f(En)=VvRe, - f(£1)
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T(x,y T.
o(6n)= T—)T
N

dy’ ox

Follow the same procedures as outlined in 9.1; the transformation of momentum and
energy equations leads to:

o Vo 8B, —T)x _ dEl ,df ., df
S = [ 0 f&f}
0" 1 o dE[ 00, 0f
2T [ & a&j]

F(E0)=0. f(E0)+2x 0 L (E0)=0. F(Ee)=1

0(£.0)=1 &(&)=0
where the primes stand for partial derivatives with respect to n

gB(T, —T.)x _ gB(T, —-T.)x> v’ Gr,
No = =
welx) = U2 V2 Ux*>  Re?

e e
E=ax, x2=E &)=

& = 0; pure forced convection

& = co; pure free convection

Case 2—Free Convection Dominated Regime to Study Forced Flow Effect on Free
Convection.

Consider the following two possibilities, as shown in Figure 9.5:

X

1. Free convection moves along the vertical plate from bottom to top with wall
temperature hotter than the freestream flow which moves upward. In this
case, velocity inside the boundary is assisted by the forced flow, both mov-
ing in the upward direction, thus, shear stress and heat transfer increase due
to greater velocity and temperature gradients at surface.

2. Free convection moves along the vertical plate from top to bottom with wall
temperature colder than the freestream flow which moves downward. In this
case, velocity inside the boundary is assisted by the forced flow, both mov-
ing in downward direction, thus, shear stress and heat transfer increase due
to greater velocity and temperature gradients at surface.
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Tw

Xf -

y

Upward Flow: T, > T Downward Flow: T, < Ty

FIGURE9.5 Free convection along a vertical plate with forced flow effect on free convection.

Conservation Equations

Boundary Conditions
du Jdv
—+—=0 =0:u=v=0,T=T,
dx dy Y
du  du *u

U—+v—=v—+ T-T. —ooiu—U,, T—T,
5xVay =V ay gB( )y

or  or _ o°T
ox dy ay*

4v?

1/4 1/4
T, —T.
Letn:)’(Gf) =cyx7”4, c=|:gﬁ( w )]
X

& =£&(x), nonsimilarity parameter to be determined

v (x,y)=4v (CZX) F(Em)=4dvex™ - f(Em)
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Follow the same procedures as outlined in 9.1, the transformation of momentum and
energy equations leads to:

” /_ dé /’a_f
I7+3fF =2(f) +60=4x [f 2% ~f 85}

O = an [ 90 0f
pr T dx[ 9 995}

’ d J , U.
5 4VC
8(£,0)=1, &(&)=0
U U 1 U.xlv 1 Re
Now ()= Ue = - IR _1 Re,
e TeB(r,-1)]" i 4[eB(T -5 |7 2Gr”
4v? 4v?
- dé 1
= b2, a _ 1
s=bx xdx 26
E(x)= % grj &5 forced flow parameter

& = 0; pure free convection

& = oo; pure forced convection

9.4.2 Mixep CoNVECTION OVER A HORIZONTAL FLAT PLATE

Free Convection Dominated Regime to Study Forced Flow Effect on Free Convection.
Consider the following two possibilities, as shown in Figure 9.6:

Us, To X
—~ To
19
N
%
— Tw Us, Ta
X
Flow above the plate: T, > T, Flow below the plate: T, < T,

FIGURE 9.6 Free convection on a horizontal plate with forced flow effect on free convection.
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1. Forced flow moves above the plate from left to right, the plate is hotter than
the freestream. Both forced and natural flows move in the same direction to
enhance heat transfer.

2. Forced flow moves below the plate from left to right, the plate is colder than
the freestream. Both forced and natural flows move in the same direction to
enhance heat transfer.

Conservation Equations Boundary Conditions

du 8v

—+—=0 =0:u=v=0,T=T,

Bx dy Y

u@+ %—vg-pgﬁj(T T)dy y—oooiu—->U,T—>T.
dx dy J

& = &(x), nonsimilarity parameter to be determined

v (x.y)=5v (Gsr )”5 (&)

T(x,y)-T.
e(é,n)=(T _)T
_dy oy

dy’ ox’

Follow the same procedures as outlined in 9.1; the transformation of momentum and
energy equations leads to:

f”’+3ﬁ’—(f’) +— ne — jedn+ 6 3§dn —Sx%[f’(;—];— ”g—g}

O s dE[ 0007
pr PO [fé aé]

(£,0)=0, 3f(¢, O)+5x ds &é(é 0)=0
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U

_ 5 _ Re,
= 275 =
5v|:8ﬂ(Tw - Tm):| s

Gr. 5
(%)

f(&)

| —

Sv
0(£.0)=1, &(&.=)=0

Re,

1
gGr 2/5°
&

Now &(x) = forced flow parameter

_ dé 1
zb 1/5’ k- R
E=bx xdx 55

& = 0; pure free convection

& = oo; pure forced convection

REMARKS

The above analysis shows an important nonsimilarity parameter & = £(x) that needs
to be determined for mixed convection cases. Heat transfer correlations for laminar,
mixed convection flows on vertical, inclined, and horizontal flat plates are available,
such as Nu, /Re” vs. Gr, /Re? for the entire mixed convection region, for both upward
and downward cases, for a given Prandtl number fluid. These extensive, mixed con-
vection, heat transfer correlations are completed with thermal-flow parameters. Refer
to Chen et al. [9] for the details.

PROBLEMS

9.1 Consider the system of boundary-layer equations

Jdu v
—+—=0
dx dy
du v d*u
M87x+ Vaiy = R(T— Tm)+v87)]2

-— p— 2 p—
OT=T) | AT-T) _ PT-T.)
dx dy dy
subject to the BCs

y=0 u=0 v=0 g, =constant
y=o u=0 T=T.
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where the quantities R, v, and o are constants. Determine the similarity
variables that will transform the equations to two ODEs. Derive the
resultant ODEs.
9.2 Consider a natural convection flow over a vertical heated plate at a uniform
wall temperature 7, Let 7., be the free-stream temperature. The following
correlation holds for the heat transfer coefficient %, at height x:

h.x
k

= 0.443(Gr,Pr

)1/4

The Grashof number is

Gr, = gfx’* (T (x)-T..) WV

where g is the acceleration due to gravity, f is the coefficient of thermal
expansion, and v is the kinematic viscosity.

a. Draw a diagram of the system.

b. Sketch a plot of &, along the plate length.

c. Find the average heat transfer coefficient.

d. Show that the average heat transfer coefficient between heights 0 and L is
given by Nu = 0.59(Gr_Pr)"".

9.3 Derive similarity momentum and energy equations shown in Equations (9.9)
and (9.10).

9.4 Derive Equations (9.16) and (9.17).

9.5 Derive Equations (9.20) and (9.21).

9.6 Derive Equations (9.22) and (9.23).

9.7 Derive Equations (9.26) and (9.27).

9.8 Consider natural convection along a vertical wall with uniform heat flux
boundary condition and determine local heat transfer coefficient distribution
on the wall.

9.9 Consider natural convection over the outer surface of a cooled inclined plate
at 7,,in a heating fluid at 7. The angle between the inclined plate and vertical
direction is a.

a. Describe and explain whether the boundary layer thickness and the heat
transfer coefficient will increase or decrease with an increase in (7, — 7,)
for a given Prandtl number fluid. Consider upward and downward, forced
flow in addition to the natural convection on the inclined plate, sketch
velocity, and temperature profiles, respectively, and explain whether the
heat transfer coefficient will increase or decrease compared with that the
natural convection only.

b. Sketch Nu, /Re!? vs. Gr, /Re; for the entire mixed convection region, for
both upward and downward cases, for a given Prandtl number fluid [9].

9.10 Consider natural convection over the outer surface of a heated inclined plate
at 7, in a cooling fluid at 7.,. The angle between the inclined plate and verti-
cal direction is a.
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a. Describe and explain whether the boundary layer thickness and the heat
transfer coefficient will increase or decrease with an increase in (7, — 7.))
for a given Prandtl number fluid. Consider upward and downward, forced
flow in addition to the natural convection on the inclined plate, sketch
the velocity and temperature profiles, respectively, and explain whether
the heat transfer coefficient will increase or decrease compared with
that the natural convection only.

b. Sketch Nu, /Re? vs. Gr, /Re? for the entire mixed convection region, for

both upward and downward cases, for a given Prandtl number fluid [9].
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’I O Turbulent Flow
Heat Transfer

10.1 REYNOLDS-AVERAGED NAVIER-STOKES (RANS) EQUATIONS

When flow transitions into turbulence, both shear stress and heat transfer from the
surface increase due to turbulent mixing. However, in a fully turbulent region, both
shear stress and heat transfer slightly decrease again due to the turbulent boundary-
layer thickness growing along the surface. In this section, we discuss external and
internal flow and heat transfer problems in a fully turbulent region. Refer to Chapter
15 for transitional flow heat transfer. Figure 10.1 shows a sketch of a typical 2-D tur-
bulent boundary layer for heated flow over a cooled flat surface and the fairly uniform
velocity and temperature profiles across the boundary layer due to turbulent mixing.
A laminar sublayer is developed at a very-near-wall region where turbulent mixing is
damped due to viscous effect. This laminar sublayer thickness is the major resistance
for velocity and temperature change from the free-stream value to the wall. In a fully
turbulent region, velocity and temperature change with time at a given location inside
the turbulent boundary layer, that is, u(x, Y, t) s v(x, v, t), T(x, v, t). These time-
and location-dependent behaviors make turbulent flow and heat transfer more difficult
to analyze as compared to laminar boundary-layer flow and heat transfer problems.
The following is to show how to obtain the Reynolds-averaged Navier—Stokes
(RANS) equations for a fully turbulent boundary-layer flow [1-6]. The idea is to treat
fully turbulent flow as purely random motion superimposed on a steady (time-aver-
aged) mean flow. In other words, the time-dependent value (such as instantaneous
velocity and temperature, etc.) equals the time-averaged value (Reynolds-averaged
value) plus the fluctuation value (due to random motion). For example, the steady
(time-averaged) x-direction velocity over a period of time can be shown as

t

_ 1
u =lim— |u(t)dt
1= f
0

ITransitionI
UoorToo : :
—> E : ——’8 v
—> v A
— ! G Y wesou
—> yA w W =X —y
TS ARV Oy < ST
I I A
x Ty _ Sy,
u>v
u'z=-v'

FIGURE 10.1 Typical turbulent boundary-layer flow velocity and temperature profile.
DOI: 10.1201/9781003164487-10 337
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and

t

?:nm% w'(1)dt =0
t—>00
0

where ¢ is a large enough time interval, so the time-averaged velocity, u is not
affected by time, and the time-averaged fluctuation, u, is approximately zero. This
can apply to the y-direction velocity as well as to temperature, pressure, and density.

Figure 10.2 shows the sketches for time-dependent (instantaneous) and time-aver-
aged velocity and temperature over a period of time at a given location (x, y) inside a
turbulent boundary layer. The positive and negative fluctuation values (up and down
values) generally cancel each other; the average u velocity is much greater than the
average v velocity; however, the fluctuating u value has approximately the same mag-
nitude as the fluctuating v value, but is out of phase (when fluctuating u is positive,
fluctuating v is negative); and the magnitude of the fluctuating 7 value is approxi-
mately the same as the fluctuating u value. This is under the condition or assumption
of an isotropic turbulence case. In general, turbulent fluctuating quantities may not
necessarily be the same value.

The following shows the step-by-step method to obtain the RANS equations.

Reynolds time-averaged method:

Timedependent(instantaneous) = timeaveraged(Reynoldsaveraged) + fluctuation.

u=u+u =u+u

v=v+v =v+y’
T=T+T =T+T’
P=P+P'=P+P
p=p+p'=p+p’

T A Turbulent (instantaneous) temperature

SN

P Dl e

Y

FIGURE 10.2 Instantaneous time-dependent velocity and temperature profiles inside a tur-
bulent boundary layer.
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Since
t+At
u'dt=0
'
+At
vidt=0
:
t+At
P'dt=0
'
t+At
Tdt=0
'
Therefore,

Substitute the above instantaneous quantities into the original conservation of mass,
momentum, and energy equations, respectively, and then perform the averaging over
a period of time.

10.1.1  ContiNuiTY EQUATION

lim -~ jat (p+p )(u+u’):|+;;|:(p+p’)(v+ v)]=0 a0

=00

t
1 3 3
lim;J e+ [(p+p)(u+u)] y[(p+p)C+v)] 0

t— 00
0
0 (steady)
S A d [~ AT
a(pu%—pu )+&—y(pv+pv )—O
Therefore,

d,._\ 0d, _
— — =0 10.2
52 P+ 5 (PY) (10.2)
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and

J pv)=0 (10.3)

() 5

(9x(

10.1.2 Momentum EqQuaTions: RANS

f o 5o o T+ S [ (p4 9+ )+

(10.4)
5’2(ﬁ +u') 82(ﬁ +u')
+
ox? ay*

- _%(13+ P')+([)+ p’)(fx+f;)+u|:

¢
1 3 3
hm n J;/%Pu + 8_[(5 + )@+ )1+ —[(p+ p)E+ 1)@+ )] (10.4)
0

0 (steady)

PFa+u) @+

=_;_X(F+P’)+(ﬁ+p’)(ﬁ+f§)+“[ T ]

Therefore,

J ’u'2+a 'u'v'+i2u u’
ox P TP ox 2P

+ 2 (ap v vpid) ==L v pr e g u| LE 4 OE
dy Ix ox*  dy*

d d d Jd _——
—pu’ +——puv + —pu'* +—— pu'v’ + —

dx dy dx dy

Rearranging,

_ ——\du . ——\Ju P _— —— u *u
7 WEE =2 - . o4 10.5
(pu+pu)3x+(pV+pV)ay ax+pf +pf +.u|:&xz+5yz:| 10.5)

)

d
—a—(pu +p'u +upu)
6Reynolds Stress

—;y(pu V 4+ p' UV +vp'u )
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For incompressible flow, p” = 0
X-Momentum:

2 2 2 ’..7
LI —ia—PH‘ g, ou _E Y e o)
ox  dy p dx ox*  dy dx dy
Y-Momentum:
dv v 19P u(dv v <9u'v' <9v'2
—+v -———+ +— |- + 10.7
u&x 8y pdy p(&x 2y’ ox 5 (107
viscous forces Reynoldsstress, Turbulent stress

From boundary-layer approximation, the Y-Momentum equation is not as important
. . du _Ju
compared to the X-Momentum equation. In the x-momentum equation, — <K —

ox’ 82’

ou®  ouv
< .
dx dy

10.1.3 ENTHALPY/ENERGY EQUATION

%w)}

. 1 — , a — 7 a T ’ — ’
lim- | (p+p )cp|:&lT+(u+u )a—(T+T)+(v+v )a

t—oo f X y
iki(T+T’)+iki(T+T')+a—P+(u+u)LISJF ,)(108)
ox Jx dy dy ot ox ’
+(V+v’)M+d>

dy

Therefore, for steady flow,

50T (. —pOT
cp[(pwpu)w(pwpv)ay]

ik&—T ika—T _£+_&P+®+ £
dx dx dy dy ox dy p

a — T 1 87 ’
—cpg(puT +p'u'T +upT) (QZ) (10.9)

(9 AT / ’ 4 87/
_Cp(9_y(pVT +pv'T +va) (a’;)

6Reynolds Flux

Qs dyp
ox dy
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where @ is the viscous dissipation and € is the turbulent dissipation.
For steady, incompressible flow,

p'=0

P'=0

d=0

e=0
oT  oT *T FT\ -9Tw TV
—_— —= — 10.10
u8x+v(9y a(8x2+9y2)+ Jx dy ( )

S S——
molecular conduction Reynolds flux, turbulent flux

. PT _PT ITW _ITV
From the boundary-layer approximation, < ; <

ax*  dy*’ Ix dy

10.1.4 ConNcept ofF EDDY OR TURBULENT DIFFUSIVITY

The following is a summary from the above RANS equations. The continuity
equation is not useful. The Y-momentum equation is small when compared to the
X-momentum equation. Therefore, only one of six Reynolds stresses and one of six
Reynolds fluxes remain in the RANS equations for a 2-D steady, incompressible,
and constant property fully turbulent boundary-layer flow. In addition to a laminar-
type shear stress due to the viscous effect, turbulent stress due to random velocity
fluctuation is the major contributor to the total pressure loss over a turbulent bound-
ary layer. Similarly, turbulent flux due to random velocity with temperature fluctua-
tions dominates the total heat transfer over the turbulent boundary layer. The real
challenge is how to quantify the time-averaged Reynolds stress and Reynolds flux
because they are varying with the location (x, y) inside the turbulent boundary. It
is assumed the Reynolds stress is proportional to the velocity gradient and the pro-
portionality constant (actually it is not a constant value) is called eddy or turbulent
diffusivity for momentum (turbulent viscosity divided by fluid density); similarly,
the Reynolds flux is proportional to the temperature gradient and the proportionality
constant (actually it is not a constant value) is called the eddy or turbulent diffusivity
for heat. Therefore, the real turbulent flow problem is how to determine, or how to
model, the turbulent diffusivity for momentum (turbulent viscosity) and turbulent
diffusivity for heat because they are dependent upon the location (x, y). It is impor-
tant to note that molecular Prandtl number is a ratio of fluid kinematic viscosity to
thermal diffusivity and is a fluid property depending on what type of fluid is being
considered (e.g., air or water has different molecular Prandtl numbers); however,
the turbulent Prandtl number is a ratio of turbulent diffusivity for momentum to
turbulent diffusivity for heat and is a flow structure behavior depending on how tur-
bulent the flow is (e.g., air and water have the same turbulent Prandtl number at the
same turbulent flow condition). For a simple turbulent flow problem, the turbulent
Prandtl number is approximately one (say 0.9 for most of the models), which implies
that one can solve for the turbulent diffusivity for heat if the turbulent diffusivity
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for momentum has been determined/modeled. Therefore, the first question is how to
determine or model turbulent diffusivity for momentum (turbulent viscosity divided
by fluid density). Once the turbulent viscosity is given, the turbulent flow and heat
transfer problems can be solved.

u@_ﬂ}au_li du o 10
dx dy pay

5. = — = (Tviscous + Trurb. 1011

or  dT 1a(ar ,,)13
+v = v'T

— — = k- == ]’,I,IOECU ar T ::r . 10.12
u&x dy  pC, ay\" ay PCp pC, dy (q lecular T Gt b) ( )
Tiotal =T,y + 7T, = .U@ + PEn @ (10.13)

dy dy

where —pu’v’ = pe, (Jdu/dy), with the eddy diffusivity for momentum
€n =V, =(W/p), and turbulent viscosity i, = pe,,

” ” ” &T aT
i = G + G = k——+ pc, &, — (10.14)
dy dy

where —pc,v'T’ = pc,&, (dT/dy), with the eddy diffusivity for heat &, = e,

T = P(V+En )% (10.15)
dy
" oT &n \OT
Grotal = PCp (OC T &, )aiy = pcy (I"/r + Pl})ay (10.16)

Combing the diffusivities for momentum and heat, we can define the turbulent
Prandtl number

pr=r =8 (10.17)
o, &,

So, the unknowns are
e Turbulent viscosity U,

e Turbulent diffusivity v, = ( Jia /p) =&,
e Turbulent diffusivity for heat &, = ¢,

The following shows how to determine the turbulent diffusivity for momentum using
the method from Von Karman.
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FIGURE 10.3 Force balance in a circular tube.

From the force balance in a circular tube as shown in Figure 10.3,

P19
dx ror
rd—P = J. i(M’)
dx dr
rd—Pdr = J. i(;"L’)dr
dx dr
Therefore,
1 dpP
=—r—~r
2 dx
Using the following BCs,
r=0, 7=0,
r=R, 71=1,
One obtains
’
T=—1, 10.18
R ( )
r R-y y )
T=—T7T, = T,=|1-=|t,=—p(v+v
R ( 2 p(v+v,)

where
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The above dimensionless parameters are derived from the Prandtl mixing length
theory with more details presented in Section 10.2.
Therefore,

1-(y"/R*
vi_en _1-0"R) )_1 (10.19)
vV (dutldy")
Similarly, the turbulent diffusivity for momentum for a boundary-layer flow can be
obtained by replacing R* by 8" (where § is turbulent boundary-layer thickness shown
in Figure 10.4) as

vi_en _1-07187) (10.20)
v v (du+/dy+) '

where

From above, the turbulent viscosity depends on the dimensionless velocity profile
across turbulent boundary layer. Thus, turbulent viscosity distributions can be
predicted using the Martinelli Three-Region Velocity Profile (refer to Section 10.2
later), as shown in Figure 10.5. The procedures of calculating the turbulent viscosity
for velocity and its gradient in regions 1, 2, and 3 are outlined below:

1. For the laminar sublayer region,

y <5 y' << R'

u =y, =1

y dy"
Yr _ % —1 =0 (viscous dominated)
v

2. For the buffer zone,
5<y" <30, y"<<R'

u..,

o3

)

Fully
turbulent

b

S

5 I A
Turbulent Sy,
flow Very small

FIGURE 10.4 Concept of 2-D turbulent boundary layer flow.
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FIGURE 10.5 Turbulent viscosity distributions across turbulent boundary layer.

.
u* =5Iny" —3.05, Z’ﬂ el
y
Vr 1-0 y+
o=
v 5 5
y+

3. For the turbulent region,

vyt =30
W =25yt 455 M-
dy
_Y
iR,
y 25
v

Note that Reichard proposed the below empirical correlation from near the wall to
the centerline:

Q-
%ngR n(2-n)(3-4n+2n?)

Yy
~ky* near wall, n = =
y n R

If % < 0.2 mixing length theory is okay (refer to Section 10.2)
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Y502 use experimental data

At A 0.2, Yr = 80, but @ is small, thus, v, ﬂ = reasonable value
R v dy dy

10.1.5 ReyNoLDS ANALOGY FOR TURBULENT FLow AND HEAT TRANSFER

The following outlines the simple Reynolds analogy between momentum and heat
transfer for a turbulent boundary-layer flow.

t p(v+e,)(duldy) (Jul dy)
T _ (10.21)
q"  pc,(a+¢€,)(dT/dy) C,(dT/dy)

Ifv=a=Pr=(via)=1,theng, =&, = Pr, =(g,/&,) =1

The turbulent Prandtl number is dependent on the flow structure. It can be
estimated as 0.9 for air flow.

Assuming a linear velocity and temperature profile, Equation 10.21 becomes

n_ 1 Au

gl C, AT
qv _Tw
C,(T,-T.) U

(10.22)

where

T, = % pUZ-C; (10.23)
c, PU-x Koy

Nu=l
2 u k

1 1
N_Lle Sle s
Re-Pr 2 2

%Cf =St-Pr*” (10.24)

Based on experimental data, the Prandtl number effect is included in Equation 10.24.
The equation is applicable for 0.7 < Pr < 60 (air, water, and oil).
where

_ Nu _ (hx 1 k) _ qn
Re-Pr  (pU.x/p)-(uC,/k) pClh. pC,U.(T,-T.)

St (10.25)
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There are two types of problems:

1. For given C; _determine St or A;
2. For given h or St, determine Cy

Apply Equation 10.24 for a turbulent pipe flow,

Cr= % (10.26)
D
10.046 __Nu pp2/3
2 Re%* Re-Pr
for cooling
hD 0.8 1/3
Nu, = o =0.023Rep" Pr (10.27)
hD 0.8 0.4 :
Nu, = o =0.023Re};" Pr for heating (10.28)
For a turbulent boundary-layer flow,
0.0592
Cr= Re) (10.29)
10.0592 _ Nu, pr23
2 Re!? Re, Pr
hx 0.8 p..1/3
Nu, = n = 0.0296Re;,° Pr (10.30)

From the above simplified Reynolds analogy, if friction factors are given, heat trans-
fer coefficients can be predicted, and vice versa.

Summary of Heat and Momentum Transfer Analogy: The following shows the
proposed heat and momentum transfer analogy for various Prandtl number fluids.

1874 Reynolds Analogy: only good for air, Prandtl number ~ 1.0

1910 Prandtl-Taylor (1919) Analogy: reasonable match to the experimental data
from Colburn

1939 Karman—Martinelli (1947) Analogy: excellent match to the experimental
data from Colburn

1933 Colburn Experimental Correlation for a wide range of Prandtl number fluids

Reynolds Analogy Method: Based on turbulent viscosity and shear stress of
momentum transfer—Assumed analogy between heat and momentum transfer as
shown in Figure 10.6.
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Wall Layer
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FIGURE 10.6 Concept of heat and momentum transfer analogy on turbulent boundary layer.

&, : eddy diffusivity of momentum

du v, : turbulent viscosity
7, =p(Vv+v,)—,
dy

qw =—pc, (o + o )C:;—T €, : eddy diffusivity of heat
Y

o, : turbulent diffusivity

J‘cprw_ v+v, fdu  v+v, U,-0
qm a+o,d dT a+oa, T,-T,

1, 1

Cpr ply v+v, U, -0 Cﬂfgpum V4V,
= . % =

Wt,-1,) o+a T,-T, h o+ao

Pr= A4 molecular Prandtl number
o
V; Em
Pr, = (= ] turbulent Prandtl number
al 811
St = h = Nu Stanton number
pc,U,  RePr
St = h =lf-m if:v<<v,,(x<<oc,,Pr,:£51
pc,Uw 27 v+, o
h Nu 1
St= = =— by Reynolds Analogy (original ) for Air (Pr = 1
pel, ~ Rebr 5/ byRey gy (original ) (Pr=1)
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FIGURE 10.7 Reynolds analogy for a wide range of Prandtl number fluids.

1 _
Also, St = 5 f-Pr % by Colburn for 0.7 < Pr £60 (for air, water, organic, oil).

Experimental data for a wide range of Prandtl number fluids, although still
referred to as the Reynolds analogy, is shown in Figure 10.7.
Reynolds Analogy Factor:

ls—t =1 for turbulent air flow

57

=Pr " for other fluid turbulent flow

10.2 PRANDTL MIXING LENGTH THEORY AND LAW OF
THE WALL FOR VELOCITY AND TEMPERATURE PROFILES

In a laminar boundary-layer flow, universal velocity and temperature profiles can
be obtained by solving conservation equations for mass, momentum, and energy
using the similarity method. In the turbulent flow boundary layer, we also hope to
obtain universal velocity and temperature profiles. The following outlines step
by step how the Prandtl mixing length theory can be applied to achieve the law of
the wall for velocity and temperature profiles (a type of universal velocity and tem-
perature profiles for turbulent boundary-layer flow). Unlike the laminar boundary,
however, there is no complete analytical solution for the turbulent boundary layer
due to turbulent random motion. The law of the wall for the velocity profile still
requires a predetermined shear stress (or the friction factor from the experimen-
tal data) for a given turbulent flow problem. Therefore, we can only obtain a semi-
theoretical (or semi-empirical) velocity profile for turbulent boundary-layer flow.
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FIGURE 10.8 Analytical universal velocity profile for laminar boundary layer and semiem-
pirical law of wall velocity profile for turbulent boundary layer.

Figure 10.8 shows the analytical universal velocity profile for a laminar boundary layer
and the semiempirical law of the wall velocity profile for the turbulent boundary layer.

The following is the detail of the Prandtl mixing length theory and the law of the
wall for velocity and temperature profiles [3—6]. First, we define the dimensionless
x-direction velocity and y-direction wall coordinate.

u =2 (10.31)
u

yr=2 (10.32)
v

2
R T (112)C;pUe U /lcf (10.33)
Ve N p 2

where u” is the friction velocity and C + is the experimentally, predetermined
friction factor.
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For example,

C; = 0.046 Re;?, for turbulent flow ina tube

C; = 0.0592Re;**,  for turbulent flow overa flat plate

and y" is the dimensionless wall coordinate or the roughness Reynolds number.
Consider the laminar sublayer region, very close to the wall region where viscosity
dominates and turbulence is damped at the wall.

T= pv@ (10.34)
dy
T, du u
—=v—,=v—
P dy y
Tw |Tw _ du
pP\p dy
+ 4 du
uu =v—
dy
Therefore,
oy
u v
and
ut =yt (10.35)

Now, consider the fully turbulent region, as sketched in Figure 10.9, away from the
wall where turbulence dominates. From the Prandtl mixing length theory, assuming
velocity fluctuation is proportional to the velocity gradient and the mixing length is
linearly increasing with distance from the wall,

"~ =1 10.36
u oy oy (10.36)

>
>

X

FIGURE 10.9 Concept of turbulence in 2-D turbulent boundary-layer flow.
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l=y=xKy (10.37)

where Kk = 0.4, a universal constant from the experimental data by Von Karman.
And

Vi=—u'=-«Ky— (10.38)

Since wall shear is dominated by turbulence, it can be approximated as

2
T, =—pu'v' = pszz(gz J (10.39)

Therefore, from the above Prandtl mixing length assumption,

u=x ou

y&y

1
d?=jfdy

u Ky

Jdbf = J édy= J‘ k)l)+ dy*

Therefore, the law of wall velocity profile can be obtained as
+ 1 +
u =—Iny" +C (10.40)
K

From experimental data curve fitting for y* > 30, k = 0.4 or 0.41

u"=25ny" +5.0 (10.41)
or

u" =244Iny*" +5.5 (10.42)

Then, consider the buffer zone between the laminar sublayer and the turbulence
region, 5 < y* < 30, the velocity profile can be obtained as

u" =5lny" —3.05 (10.43)

It is important to mention that the above three-region velocity profile has been
validated and can be applied for turbulent flow over a flat plate or in a tube with air,
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water, or oil as the working fluid. In addition, before showing the law of wall for
temperature, it is interesting to point out, as with the laminar boundary-layer case,
the law of wall temperature profile is identical to the law of wall velocity profile if the
Prandtl number is unity (Pr = 1). Therefore, the above dimensionless velocity can be
replaced with the appropriate dimensionless temperature with the same dimension-
less y-direction, wall coordinate. The effect of Prandtl number on the law of wall for
temperature will be discussed in Section 10.3.

The Law of the Wall Velocity Profile for tube or boundary layer flow was devel-
oped with the Prandtl Mixing Length Theory, discussed above. The Law of Wall
Temperature Profile for tube or boundary layer flow can also be developed with the
Heat and Momentum Transfer Analogy as follows:

1. Kdrman—Martinelli Analogy (between Heat and Momentum)
Assumed Three-Region Profile—1949
2. Kays Analogy (between Heat and Momentum)
Assumed Two-Region Profile—1966
3. Kader—Yaglom Analogy (between Heat and Momentum)
Assumed Three-Region Profile—1972
Verified Pr effect by experimental data
Method:
From Law of the Wall Velocity Profile u™ ~ y*
Use Heat and Momentum Analogy to obtain Law of the Wall Temperature Profile
T+ - y+
Use Heat and Momentum Analogy to obtain Heat Transfer Coefficients as
discussed in the following sections.

10.3 TURBULENT FLOW HEAT TRANSFER

10.3.1 TurBULENT INTERNAL FLow HEAT TRANSFER COEFFICIENT

Consider a fully turbulent flow in a circular tube with uniform wall heat flux (q;' =C )
as the thermal BC [4-6], as sketched in Figure 10.10, using the Karman—Martinelli
heat and momentum transfer analogy. From the energy equation,

2
ug—z vizi;[r(a+8h)gf]+(x§x€ (10.44)
y=R-r
r=R-r
dr =—dy

For a fully developed flow (v =0) and assuming (82 T/c?xz) < (U/r) (9/9r)
[r(oz +&,)(dT/ &r)], the energy equation becomes

WOro b 9
ox R-y(-9y)

d
(R—y)(a+ Eh)(—ay)
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FIGURE 10.10 Turbulent flow heat transfer in a circular tube.
Assume
u=V
T _JT,
dx  dx

From the energy balance,

q2mRdx = pC,VA.dT,

vl _ qw27tR2 T —e
dx pC,mR" pC,R

And applying the BCs,
y=0 T=T,
aT
= R _—=
y dy

The energy equation becomes

—dT, oT
V4P (R 3)a5) =d] (R=)a+a)
—dT, 1 dr
VEbE(R— y)2 = (R— y)(a+£,,)_7dy+c
1 b dr

355
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whereC=0atR -y =0, (dT/dy) =0.

Therefore,
2 dx o+E,
de_ I =R 4
2 dxJoa+eg,
M +
- _ " /R
T—Tw=1v‘ﬁjy Ry~ J ~( dy*
2 ox ) ot pC, T, /p J (1/Pr)+ eh/v)
Therefore,
7 1=(y' IR
= =T :J R s (10.45)
qaulpCouJ (1/Pr) +(&,/v)

The above equation can be integrated if one assumes

) £ 1
ShLmoor Pp="=1

1% &y

And from Equation (10.19), the turbulent viscosity can be determined as

e, _1—(y+/R+)_

v (dutldy")

From Martinelli Three Region Velocity Profile:
For the laminar sublayer region,

0<y" <5, y' <R, u" =y, =1,

For the buffer zone,

5<y" <30, u"=5Iny"-3.05,

For the turbulent region,

.
2.

¥y >30, u"=2.5Iny" +5.0, d”+ = 75
dy” y
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The above energy integral Equation (10.45) can be obtained in the following three
regions, and the Prandtl number effect is shown in Figure 10.11.

=R
J @
d 1/Pr)+(¢, /v)

For the region 0 < y* <5 with y* = 0 and (g, /v) = 0,

T = PrJ.dy+ =Pry"
u' =y, T =Pry" (10.46)

For the region 5 < y" < 30 withu" = 5Iny" — 3.05 and (yJr /R*) = 0,

Em _ 80 _ Y
v v 5
T — 5+=]‘ 1 dy+
. (1/Pr)+(y+/5)—

N
=5 ! al Ly
) (1/Pr)+(y*/5)-1 (Pr 5

Pr
u
w
20
(T, -T)
=T If Pr=1,
dw j ut=T*
pCou* 5
é 3'0 560 lOIOO
L
In y*= m

FIGURE 10.11 Law of wall temperature profile for turbulent boundary layer.
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Therefore,

N
VR b L A —51n(1+5—1)
Pr 5 Pr 5
(1/Pr)+(y*15)-1
(1/Pr)

=5In

Pry*
=Sin| 1+~ ~Pr (10.47)
For the region 30 < y* withu* =2.51n y" + 5.0, (du+ /dy*) = (2.5/y+) and

& En 1—(y+/R+)_
v v (2.5/y*)

1—(y+/R+) .
T _I 1-(y" /R*)]/(Z.S/y*)}—ldy

J‘édy =25Iny" I;O
y

30

Assume (1/Pr—1) << {[1 - (y+ /R* )] / (2.5/y+ )} for the above integration. Therefore,

T* =Ty =2.5Iny" —2.5In30 (10.48)

The next question is how to determine the heat transfer coefficient from the law of
wall temperature profile. This is shown below.

If one assumes the simple velocity and temperature profiles as 1/7 power law
profiles,
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Therefore,
_ J-u27crdr
u, or V= = 0.82Umax
jandr
R 17 177
j (T, = T.)(1=(r/R))" Unax (1= (r/R))"" - rar
Tw - Tb = 0 R
J Unax (1 - (;’/R))”7 rdr
0
15
= Tw - Tc
18( )
=0.833(7, - T:)
where
(T, —T.)= (T, = T5) +(Ts = T30 ) + (T30 = T..)
” +
= @ | 5pry Sin(5Pr+ 1)+ 2.5I| X
pV,u 30
Therefore,
h= @ qnm

T,-T, 0.833(¢"/pC,u" )| 5Pr+5In(5Pr+ 1)+ 2.5In(Ru” /v30) |

The final heat transfer coefficient and the Nusselt number are expressed as

Re-Pr./C,/2
Nu, =P _ ! (10.49)

k 0.833[5Pr+51n(5Pr+1)+2.51n((ReD cf/2)6o)]

where

0.046 0.079

C,= or = —
f Re%z f Re(l)).zs

For a given Rep and Pr, the above prediction is fairly close to the following experi-
mental correlation:

D
Nu, = h? =~ 0.023Re},*Pr’™®  or = 0.023Re%*Pr’*
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Turbulent Flow Between Two Parallel Plates:

We will now consider fully developed turbulent flow between two parallel plates
with a gap of b and a uniform wall heat flux (¢/A) . Using the Kdrmdn-Martinelli

w

Analogy, determine the turbulent heat transfer coefficient. The result should be in a
h2 .
format such as Nu = Tb = function of (Re, Pr,f )

Follow the same procedures as outlined above for the tube flow.
For flow between two parallel plates with a gap of b:

=T
pc,u
1/7 1/7
u |y T-T, _
=7 =l
u, 2 T.-T, p
2 2
Ly
Iz uTdy
T, ="
b
J. udy
0

o~ T, =T, =0.89(T, —T,)

Ly

= 0.897"| 5Pr+ 5In(5Pr+1)+2.5In 23—0

Thus

h2b RePr./f/2
Nu==r= I
ib+

0.89| 5Pr+ 5In(5Pr+ 1)+ 2.5In| 2
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where

, 0.079 V2b bu’
f f = 1/4 ’ Re = ! b+ =
v 1%

IfRe = V2b/v =2x10%,2x10*, 2x 10, Pr = 0.7, compare the result of Nu to those

2
of empirical correlations, such that Nu = % = 0.023Re%® Pr.

For example, if the Reynolds number, Prandtl number, viscosity, and b are given,
b* and f can be calculated. Next the Nu can be determined from above derived
equation: Re = 2x10%,2x10%,2x10°,Pr=0.7,b=",v=",b" =V, Nu= 1.

The calculated results can be compared with experimental correlation,
Nu = 0.023Re™ Pr* =

10.3.2 TurBULENT EXTERNAL FLow HEAT TRANSFER COEFFICIENT

Consider a fully turbulent boundary-layer flow over a flat plate with uniform wall
temperature as the thermal BC (7, = C) [4-6]. From the energy equation,

or | IT _ a[((“ aT] 10.50)

“ox TV dy  dy gh)a_y

For a fully turbulent boundary-layer flow (v = 0), and assuming

T IT, _
dx  Ox

One can obtain the law of wall for the temperature profile as

+
y

1 +
.(!.(I/Pr)+(£h /v)dy

+_

Following a similar procedure as in the previous case, one can obtain the three-
region temperature profile.

ug—i+ v% = ;y[(a + &, )(QT/ay)] =

const.=—gy/pCp

oT
(a+sh)ay c
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where ¢ = —(qZ/pCp)

Therefore,

T —q

(o +¢, a— 4w
dy pC,
T _—qu/pC,
8y o+ &g,

ot | % (10.51)
T-T,="1 dy"

pC,J v((1/Pr)+(&,v)) "~ u

y

d +
pCu .[ (1/Pr)+ eh/v)) Y

0

where €, = €,,.

And from Equation (10.20), the turbulent viscosity can be calculated,

gl_ 1—(y+/6+)_

v (du*/dy*)

Following the same procedure as outlined previously for three regions:

0<y" <5, u =y*
(10.52)
T =Pry*

5<y" <30, u" =5Iny" -3.05

b Pry’

T"—-T15 =5In| 1+ 5 —Pr (10.53)
30<y", u"=25lny" +5.0

T* —T5 = 2.5Iny" —2.5In30 (10.54)

Note that AT* = Au™* at y* =30

T =Ty =u"—up

+ + + +
1. — Ty = ue. —u3
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where

+ + fd
uzo =14, u.=—=

Therefore,
T, —T.=(T, - T5)+(T5 — Txo) + (T3 — T..)

= Lx*[SPH SIn(5Pr+1)+ (T = T3 ) |

pCu
PR qn
Tw — TN ”
[QW*J[SPr+51n(5Pr+1)+((1/ Cf/z)—14)]
pCpu :

The final heat transfer coefficient and the Stanton number can be obtained as

.0296Re;"*?
gro Nue _0.0296Re, ~ 0.0296Re-°*(10.55)
Re, Pr . ol =1
forPr=1

where Nu, = (hx/k) ,Re, =(pU.x/u), C; =(0.0592/Re)”).
For a given Re, and Pr, the above prediction of the Nu, value is very close to the
following experimental correlation:

Nu, = 0.0296Re%*Pr!”?

10.3.3 Law oOF THE WALL FOR VELOCITY AND TEMPERATURE
ProFiLEs: TWO-REGION ANALYSIS

From Figure 10.8, a two-region (or two-layer) universal velocity profile can be
assumed as

ut =y for 0y" <13.6

Ut =5.0+2441ny" forl3.6<y"

For fully developed turbulent pipe flow with a uniform g;,, derive the corresponding
two-layer university temperature profiles.

For0<y' <13.6 T =L u' = [Tt = 2y =20
p u
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oo
+ T,—T
T+_-[8h Rl dy+_Pr y+: T*
o Tt
v Pr

For13.6<y":

For example, predict the local # and T at y = 0.05 cm from the pipe wall under the
following conditions:

friction velocity u” =10 m/s = Lw
p
friction temperature T~ = 3°C = — 2% _
pCou

pipe wall temperature 7,, = 100°C
air flow Prandtl Pr = 0.7
aty=0.05cm,u =10m/s, T" =3°C, T, = 100°C,

Pr=0.7,v=20.92x10° m*/s

u" =18.36m/s, u=183.6m/s

7= D ‘T*Tm - 100;“6 =052, Tso=7144°C

and T* = T'“T_ T _ 71‘4: -7 _ 6.994, T =50.46 °C

Following the same procedures as outlined above, one can obtain the internal heat
transfer coefficient and Nusselt number by using these two-region temperature
profiles as shown below.
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L=Tv _ 433
T;' — 1y
R+
T.—T,=T. —Tse+Tz6— T, =| 2.5In +13.6Pr |T”
13.6
h=L, Nu,, =h£’ T = 9w _
Tw - Tb k pCpM
Rep Pr/f/2
s NuD = b f/R
0.833| 13.6Pr+ 2.51n( °p f/z)
27.2
where f = (1;2349
D

For example, Rep, = 10*, Pr=1, Nu, =35.5
Compared with Nu,, = 0.023Re%* Pr’* = 36.5, ~ 3% difference

Note: The calculation is dependent on how to interpolate the experimen-
tal data in the buffer zone, shown in Figure 10.8. This will not affect the heat
transfer coefficient prediction using the two-region analysis. As the experi-
mental data show in Figure 10.8, the dividing line of the two-regions can be
0<y <136, 0<y <108, 0<y' <10.

For external flow heat transfer, the above mentioned two-region velocity profiles
can also be used to obtain the corresponding two-region temperature profiles using
Equation (10.51). Finally, one can obtain the external heat transfer coefficient and
Nusselt number by using these two-region temperature profiles.

REMARKS

In undergraduate heat transfer, students are expected to know how to calculate heat
transfer coefficients (Nusselt numbers) for turbulent flows over a flat plate at uni-
form surface temperature and inside a circular tube at uniform surface heat flux, by
using heat transfer correlations from experiments, that is, Nusselt numbers related to
Reynolds numbers and Prandtl numbers. There are many engineering applications
involving turbulent flow conditions. These turbulent flow heat transfer correlations
are very useful for basic heat transfer calculations such as for heat exchangers design.

In intermediate-level heat transfer, this chapter focuses on how to derive the
RANS equations; introduces the concept of turbulent viscosity and turbulent Prandtl
number; Reynolds analogy; Prandtl mixing length theory; law of wall for velocity
and temperature profiles; and turbulent flow heat transfer coefficients derived from
the law of wall velocity and temperature profiles and their comparisons with the
heat transfer correlations from experiments. This classic turbulent flow theory is
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important to provide students with a fundamental background in order to handle
advanced turbulence models.

In advanced turbulent heat transfer, students will learn many more topics such as
flow transition and transitional flow heat transfer and unsteady high turbulence flow
and heat transfer (Chapter 15); surface roughness effect and heat transfer enhance-
ment and rotating flow heat transfer (Chapter 16); high-speed flow and heat transfer
(Chapter 7); and advanced turbulence models including the two-equation model and
the Reynolds stress model (Section 10.5).

10.4 TURBULENT FLOW—SHEAR STRESS AND PRESSURE DROP

Theoretical Models for Calculation of Turbulent Flow
Three Regions in the Turbulent Flow:

7,

1. Laminar sublayer—very thin, turbulence is suppressed: u=-—y,
u
T=1, = du
o = U dy

2. Buffer zone—appears to be region where turbulence is generated; viscous
and turbulence stresses are of same order of magnitude: T = ,u% + (— pW)
Y
d 2
3. Outer layer—turbulence dominates: 7 = 7, = —pu'v’ = p/* (d—u)
Y
Universal velocity profile for turbulent pipe or boundary layer flow.

_EZQ
dy

Vi

where ¢ = xky from Prandtl Mixing-Length Theory
Further improved from Van Driest: u” — 0, exponentially instead of linearly with

yas
u'y y'
/=xy|ll—exp| — =Kky[l—exp| ——

where A" =26 experimentally determined by Van Driest where y™ > A" is
the fully turbulent region, similar to /=Ky, but at outer region y/§>0.2,
¢ = constant = A6 = 0.075-0.096

10.4.1 TurBULENT INTERNAL FLow FricTiION FACTOR

Karman—Prandtl developed an equation to predict the friction factor for turbulent
flow in a tube at a given Reynolds number. The procedure is outlined below.
Velocity Defect Law from Von Kdrman:
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From the Law of the Wall Velocity Profile:

*o_os5m?™ 455
u 1%

At the pipe centerline, y = R, or the boundary layer edge, y =0, the maximum
velocity is

umfx =25 lnR—u + 5.5, subtract toabovelocal velocity,
u v

Unas =10 _ 5510 Ry (2.51115)
u y y

where y = R —r for pipe flow
The relationship between the maximum velocity and the mean velocity can be
obtained:

R
1= pVrR* = J.pu2nrdr
0
R
V= %Jurdr
R 0

From the above velocity defect law—for the majority of the flow domain, neglect the
buffer and laminar sublayer regions

Unx — 1 _ 2.51n(RJ - 2.51n( R J
u y R-r

o U —2.51n( R
R

u u —-r

R
vzizj(umax—z.su*dn( R ))rdr
R d R-r

V=Uu—375u"

) , insert toabove mean velocity,

Pipe Flow Friction Factor—-Karman—Prandtl Equation can be obtained as following
Since

Cf %pvz
P

— f cr . . .
=V 7f , insert to the above maximum velocity,
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RV Cr
Una _ 5 5.1, 2 455
V .
2

— V2 |55
Vv

£+375 251n&1,— +5.5
Cf 1% 2 2
2

— =25 ln(Re D % /%f ) +1.75 — Karman—Prandtl Equation

Cr

The Karman—Prandtl equation had been approximated by Blasius as:

Cp=1r—= = 9979 4 Re,y < 10°
~pV? Rep
2
= % if Re,, > 10° for smooth pipes
Re)’

The friction factor versus Reynolds number can be seen from Figure 10.12, the
Moody diagram for both smooth (from Blasius) and rough pipes (from Nikuradse
sand grain roughness data, refer to Chapter 16). If we know the friction factor Cy,
we can predict the pressure drop through the tube. From fully developed pipe flow,
the pressure-drop and shear force can be balanced as:

(P, — P,)nR* = 7,2WRAL

4AL 1 —, 4AL
AP=1,— =C; - —pV?> —
D 2 D

Shear Stress Prediction from Power Law Velocity Profile—An Alternative
Approach:

From the Power Law Velocity Profile, the wall shear stress can be in terms of Ui,y

1
[ (l) forRe <10% n=7
umax R
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Roughness

0.079
C - 0.046
Turbulent ! R_e%zo
n-.q 2 a2 8 ll.lq 2 n.nq
ReD

FIGURE 10.12 Moody diagram-friction factor versus Reynolds number.

Performing integration, V = 0.817U,,.., therefore

369

c _ 0079 t, _ 0.079
f Re%zs lpvz @ 0.25
2 1%
i %o = D 0.079 oas Where D =2R, the wall shear stress
5 )
5 P(0-817Una ) (-0.817Mmax)
v
becomes T"z = 0'0225025.
pumax (R'umax)-
v

Effect of Roughness on Velocity Profile and Friction Factor:

The turbulent friction factor increases with surface roughness. It depends on the
relative height of the roughness compared to the laminar sublayer thickness k/J,.
The laminar sublayer thickness decreases with increasing flow Reynolds number;
therefore, k/d, increases with increasing Reynolds number, i.e., the corresponding
friction factor increases. Figure 10.13 shows the concept of k/§, and the effect of
roughness height-to-tube diameter ratio k/D on the friction factor. The following
friction factor, with sand grain roughness data, was reported by Nikuradse, refer to

Chapter 16 for details.
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[Re——— T e R L]

Ry L

AN AN\ TN\

! !

FIGURE 10.13 Concept of roughness height and effect on friction factor.

i roughness height

If <1 —  noeffect
0, laminar sublayer
. ku'
k<d, <=, ie. Moo, —  no effect(sublayer)
u v
Sv . ku" v
k>146,214-— ie. —>70, — haseffect k 270 -—
v u

If kis very large, C; ~ constant, the shear stress is dominated by Form Drag, Fy, ~ V?
The Law of Wall Velocity Profile for Rough Tube can be written as:

M s 55 C(k”J
1% \%

u
Uns 1 RO o5 C( fu J
u v v
m =2, 51n— (same assmooth pipe)
u' y

The dimensionless velocity, u*, decreases with increasing the roughness function C,
as shown in Figure 10.14. This implies the friction factor increases with roughness
as expected. Similarly, the dimensionless temperature 7" decreases with C and the
heat transfer coefficient increases with roughness, as well. Based on the friction simi-
larity law and heat transfer similarity law, the roughness function and heat transfer
function have been developed to correlate the friction factor and heat transfer coef-
ficient for tube flows with various sand grain roughness sizes for given Reynolds and
Prandtl numbers. Refer to Chapter 16 for details.

10.4.2 TurBuLENT ExTERNAL FLow FricTION FACTOR

Integral Method—Momentum equation for pressure gradient flow can be written as
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u+

smooth

FIGURE 10.14 Law of wall for velocity profile for tube flows with roughness.

1,,2 :ﬁ+id—U(6*+20)
pU dx U dx
:ﬁ+2d—U(2+H)
dx U dx

where U = free stream velocity

In the laminar flow case (refer to Chapter 7 for the details):

Use a polynomial profile (4 terms) for the entire velocity profile by boundary
conditions for the 4 constants.

Then

In the turbulent flow case:
Cannot represent all of the turbulent boundary layer with a polynomial profile.
Options:

a. Divide the boundary layer into 3 regions
b. Use one expression for most of the flow plus an empirical relation for the
wall shear stress
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Using approach (b) for flat plate flow:

1/7
LA (y) for ve <10° okay(butnot goodat wall)
U \¢ v

The displacement thickness, momentum thickness, and shape factor can be
determined by their definitions as:

(-

5 =

O

0=—>5
72
a9 _14s
dx 72 dx
5 118 9 .
=—=——=—=1.3 — much smaller than for the laminar boundary layer
e 772 7

For flat plate flow:
To

pU*
0=R
From pipe flow as mentioned in the previous section, and apply to the external flow:

= i—e, assume flat plate flow following the method for pipe flow withu = Uy,
X

T, 00225

purflax - ( umaxR )025
14
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T, 00225 d6 7ds

pU? B (US)O'ZS Tdx 72 dx
1%

0.25
0.0225 dx = (g) la““ -dés
Vv 72

U7 4 s

0.0225dx + const = (—)
1% 725

at x =0, assumed =0, constant =0

O 03 s)=v &)= 8(x)=A

10.5 NUMERICAL MODELLING FOR TURBULENT
FLOW HEAT TRANSFER

10.5.1  Zrro EQUATION MODEL-PRANDTL MIXING LENGTH THEORY (1925)

77 &ll 8u
—pu'v’' = pv, — - 1,=p(v+v,)—
dy dy
— oT . oT
—pc,V'T' =—pc o, — = gl =-pc,(a+0o)
dy dy
2 au
v,=/0"— and «a, ~vV,, l~Ky

ay

Good for: Pipe and boundary layer flat plate flow; thin shear layer flow.

Fails for: Pressure gradient flow; acceleration flow; curvature effect; recirculation
flow; other complicated flows.

Prandtl Mixing Length Theory—assumes local equilibrium of turbulence; at
each point the flow turbulent energy is dissipated at the same rate as it is produced.
The theory cannot account for “Transport” and “History” effects of turbulence as
sketched in Figure 10.15.
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— e

FIGURE 10.15 Concept of turbulence transport and history.

For example:

1. Flow in the pipe centerline, the predicted turbulent viscosity is zero which

=/ du

dy

turbulence transport from the wall region to the centerline so that turbulent
viscosity is not actually zero.

2. Flow over a backward facing step, the predicted turbulent viscosity is very

is wrong, Vv, = (*-0=0. Because the theory did not account the

. . du . . .
small due to the small velocity gradient - in the recirculation zone, but

turbulence is transported to this region, so the turbulent viscosity is actually
very large.

10.5.2 StANDARD TwO-EQUATION MODELS (k-€)

Considering both turbulent kinetic energy and dissipation rate can be transported
and included in the momentum equation. Two-equation models have been developed.
Two equations: k equation for transport, k is turbulent kinetic energy
€ equation for transport, € is turbulent dissipation rate, also

k3/2
E~—0
L

where L is a length scale, can also transport and has a history in a similar way as the
k equation.

Use the same turbulent viscosity vy concept, turbulent viscosity is related to tur-
bulent kinetic energy and length scale as:

k3/2 k2
V,:C;\/E'L:C;\/E'CDTZC”?

Thus, the turbulent viscosity is related to the turbulent kinetic energy and dissipation
rate. Consider turbulence production, P, is related to turbulent viscosity and velocity

gradient as:
2
dy
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and dissipation rate transport, one can obtain the following k — € transport equations.
For High Reynolds Number Flow: Boundary Layer of k — € model:

du 8\/
1. —=0
&x dy
2 ua—u ou —l&—P+i(v+v)%
Cox 8y pdx dy oy
k2
3.v, = C'u?

ok ok _ 9 (v ok ouY
4. u +v,| — | —¢€
&x <9y 8y O 8y dy

ua—g+ Jde_ [ v oe tealy %z—c al
o0x 3y 8y o (9y T dy 2k

Five Equations: 1—continuity; 2—momentum; 3—turbulent viscosity, relate to
turbulent kinetic energy and dissipation rate; 4—XKinetic energy, can be transported,
including production and dissipation rate; 5S—dissipation rate, can be transport.

Five Unknowns: u, v, v,, k, €

Five Experimental Constants: C,,, O, O, Ce1, Ce2

Experimental data fit for five constants;

C,=009 o0,=10 o0,=13 ¢4=145 ¢,=20

Special treatment in the near wall region: In wall region (so called wall function),
k —& model cannot be applied because molecular viscous effect dominates.
At the edge of the laminar sublayer, ys, turbulence is at a local equilibrium,
i.e., production = dissipation, P = €.

Therefore, the law of the wall for velocity applied to the edge of the sublayer, ys,
so k — & model applied to the edge of sublayer ys to bridge the laminar sublayer
toward y = 0 at the wall. Using a wall function, the laminar sublayer thickness, yj3,
is around 50-100 depending upon the actual turbulent flow conditions.

1 #) #3
M§=uf=*lﬂ(E'y§) k5=L 85=L
u K \/a k-ys

k — € model for Low Reynolds Number Flow—Jones and Launder 1972

du Jv
A )
dx dy
2. ua—u ﬂ —la—P+i(v+v,)au

o0x 8y pdx dy 87))



376 Analytical Heat Transfer

2

3. v,—c,llL

ok k9 viYok] (ouY K" Y
4u—+rv—=—||(Vv+— | |[+V| | —€-2v

dx dy dy o )y | dy dy

2 2 2

58—8\}@i +L%+cgv@ cgf+2vvM

dx dy dy o, )dy Tt dy 2k "\ 9y?

where

cu = 0.09exp| — 2| 5= 0.09 If Ry is very high
u = PP R /50 w7 s very g
o,=10 o0.,=13 «¢;=155
cer = 2.0[1-03exp(-R? ) | 5= 2.0 If Ry is very high

k* vy, . .
Ry = — ~ — if very high — return to k — € model for high Ry

Ve Vv

Low Reynolds number k — & model is an improved version of high Reynolds number
k — € model. Equations 1-3 are the same. Equations 4 and 5 account for molecular
viscous diffusion, nonisotropic dissipation, and constants depending on Reynolds
number Ry as:

1. viscous diffusion of k, €, must be included in transport Equations 4 and 5
2. constants become dependent on turbulence, Ry
3. additional term to account for nonisotropic dissipation

Ry ~ Ve is the relative strength of the turbulent viscosity compared to the fluid vis-
cosity.v If Ry 1is very high, all constants come back to the standard k£ — & model for
high Reynolds number flow.

Results of k —¢& prediction: Low Reynolds number k —& model (Jones and
Launder, 1972) showed good prediction for boundary layer flow, even in the wake
region, good prediction for pipe flow. Figure 10.16 shows good agreement between
prediction and experimental data for velocity development in pipe flow with a sud-
den expansion. The low Reynolds number k — € model can catch the flow reversal
immediately downstream of the step, but the Prandtl mixing length theory cannot.

Similarly, Figure 10.17 shows good agreement between the prediction and experi-
mental data for velocity development in channel flow with an obstacle. The Low
Reynolds number k — £ model can catch the flow reversal downstream of the obstruc-
tion, but the Prandtl mixing length theory cannot.
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/Ry —>
4 57 86 114 172 centerline

S.P.

Velocity Development in a sudden pipe expansion

By Rodi (Germany) , O Pitot tube
A Hot wire
— k-& model

FIGURE 10.16 Velocity development in pipe flow with a sudden expansion.

Channel Flow with An obstacle — Recirculation Flow

FIGURE 10.17  Velocity development in channel flow with an obstacle.

10.5.3 Two EQUATION MODELS (k-¢) FOR THERMAL TRANSPORT

Use the same Equations 1, 2, 3, 4, and 5 for the k — £ model.
Add 6 and 7 for thermal transport equations:

ouPo ko _ 2 f( e Yok |, (OT)
Tox  dy  dy ow)ay | Loy ¢

7. €9 €quation is as

Assume: 8—9-£~1—>£9 Eigk~l
€ kg kg £

377
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|
- o =c —
"e Pr,

1%

Prt_if

(07

2
and Vv, =c¢c,—
“e

If using one-equation model:

KLk
Py Pr,

[0

where ¢, = constant.
Proposed k — € model for buoyancy-driven flow (natural convection):

2
4 ua—k+va—k— J |:(V+V’J8k:|+vt(&u) —e-gBv'o’

Cox oy ay|U e )ay] oy
2
(9k9 (9k9 J o, 8k9 oT
6.U—FV-—=— b 12 -
u8x+v8y 3y|:(a+0k9)a)’:|+a(aYJ e
where

Y qn aoT v, oT
0’ = — |= —o,— | = e
o= o Jeso(- 55 oo 5

v, and ¢, are the same as before. Equation 4 is for momentum and Equation 6 is for
thermal transport.

REMARKS

Most common models are based on a two-equation turbulence model, namely, the
k — € model, low Reynolds number k — & model, and low Reynolds number k —w
model. Advanced Reynolds stress models and the second-moment closure model are
also employed [7,8]. The advanced second-order Reynolds stress (second-moment)
turbulence models are capable of providing detailed three-dimensional velocity,
pressure, temperature, Reynolds stresses, and turbulent heat fluxes that were not
available in most of the experimental studies. Various turbulence models and CFD
simulations have been applied for numerous engineering designs. For example, to
improve gas turbine heat transfer and cooling systems, some of the above-men-
tioned turbulence models and CFD predictions are reviewed and documented in
Chapter 7 of reference [9].
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PROBLEMS

10.1 Considerasteadylow-speed,constant-property, fully turbulentboundary-layer
flow over a flat surface at constant wall temperature. Based on the Reynolds
time-averaged concept, the following momentum and energy equations are
listed for reference:

u@+v@=i (v+e )@
dx dy dy "oy

T T _ 9 [( V& )ar}
U—+v—=—| —+—|—
ox dy dy[\Pr Pr)dy

a. Define dimensionless parameters, u*, T*, and y*, respectively, for universal
velocity and temperature profiles for turbulent flow and heat transfer
problems.

b. Based on the Prandtl’s mixing length theory, derive and plot (u* versus y*)
the following universal velocity profile (make necessary assumptions):
ut = y* for a viscous sublayer region
u* = 1/xlny* + C for a turbulent layer (the law of the wall region)

c. Based on the heat and momentum transfer analogy, derive and plot
(T* versus y*) for various Pr numbers; the universal temperature profile
(i.e., temperature law of the wall, T* (y*, Pr)) for a turbulent boundary
layer on a flat plate. Make necessary assumptions.

10.2 Consider a fully developed turbulent pipe flow with a uniform g¢,. If a
two-layer universal velocity profiles can be assumed as

u" =yt for0<y" <13.6

u" =50+244Iny" for13.6<y*

Derive the corresponding two-layer university temperature profiles.

Also, predict the local # and T at y = 0.05 cm from the pipe wall under the
following conditions: friction velocity u* =10 m/s = \/t,,/p, friction tem-
perature T" =3°C = ¢/, /( pc,,u*), pipe wall temperature 7,=100°C, air flow
Prandt]l Pr = 0.7

10.3 Consider the Von Kérman-Martinelli heat-momentum analogy for a

turbulent pipe flow:
a. If a two-layer universal velocity profile will be employed, that is,
ut=y" for0<y* <10
ut =5.0+25¢ny" forl0 < y*
For a constant wall heat flux, determine the universal temperature profiles

at the corresponding two-layer region. Then determine the Nu, where
Nu,, = function (Re,, Pr, f).
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b. If Re, = 104, Pr =1, calculate Nu,, from (a) and then compare it with
correlation Nup = 0.023Re%- Pro. If velocity increases, the laminar
sublayer thickness will be increased or decreased? Why? How about Nu,?

10.4 Consider a fully developed turbulent flow between two parallel plates with a
gap of b and a uniform wall heat flux (q/A)w . Using the Karman—Martinelli
analogy, determine the turbulent heat transfer coefficient. The result should
be in a format such as

Nu = % = functionof(Re,Pr,f)

If Re= (\7217/\1) =2x10% 2x10*,2%x10°, and Pr=0.7, compare your
result of Nu to those of semiempirical correlations, such that Nu = (h2b/k)=
0.023Re™*Pr®*
10.5 Consider the turbulent flow heat transfer.
a. Derive the following momentum and energy equations for a turbulent
boundary-layer flow, a 2-D flat plate, incompressible, constant properties:

du du 0 [ Bu}
+ = (Vv+en)

Yox oy T ay ay

or JTr Jd|[(v ¢€,)\dT
U—+v—=—|[ —+ -2 |—
ox dy Jdy[\Pr Pr)dy

b. Derive the following momentum and energy equations for a fully developed
turbulent flow in a circular tube, incompressible, constant properties:

1 d[ du] 1 dP
— r(v+£m)f = —
dr

rdr p dx
uaT—la[r(a+8 )&T:|
ox ror " or

10.6 Consider a fully developed turbulent pipe flow in a circular tube with a 5.0cm
I-D, constant properties.

a. Draw the velocity distribution from Martinelli Universal Velocity Profile
(i.e., law of the wall) for air flow at 1 atm, 25°C, and Re,, = 30,000.
b. Calculate the laminar sublayer thickness.

10.7 Consider the turbulent boundary-layer flow heat transfer: air at 300 K, 1 atm,
flows at 12m/s along a flat plate maintained at 600 K. Plot the temperature
profile 7(y) across the boundary layer for the following two cases:

a. Atalocation x = 0.1 m for a laminar boundary layer.

b. Atalocation x = 1.0m if the transition Reynolds number is 10°. Plot both
profiles on the same graph to show significant differences.

c. Determine Cj,, s, u*, St,, Nu,, h,, and ¢{" for case (b).
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10.8 Consider a 2-D incompressible turbulent flow in a pipe.

a. Specialize (simplify) the given continuity and Navier—Stokes equations
for a fully developed turbulent flow in a pipe. Write appropriate BCs
to solve the flow equations for a fully developed turbulent flow. Do not
attempt to solve the problem.

b. The velocity profile (u(r)) for a fully developed turbulent flow in a pipe is

given by
u R—r\"
umax - ( R )

where R is the pipe radius, r is the radial distance measured from the pipe
axis, and U, is the maximum velocity. Calculate mean or the bulk veloc-
ity (U, ) for a fully developed flow in terms of Upy.

c. Obtain an expression for the skin friction coefficient (Fanning friction
factor) for a fully developed turbulent flow in terms of Rep, where Re, is
the Reynolds number based on the pipe hydraulic diameter.

10.9 Consider a steady low-speed, constant-property, fully turbulent boundary-
layer flow over a flat surface at constant wall temperature.

a. Based on the Reynolds time-averaged concept, derive the following
momentum and energy equations (make necessary assumptions):

u@+v%=i (v+e )@
ox dy dy "y

LOT, oT _ 0 v+8m)9T
ox dy Jdy[\Pr Pr)dy

b. Define dimensionless parameters, u*, T*, and y*, respectively, for universal
velocity and temperature profiles for turbulent flow and heat transfer
problems. Based on the Prandtl’s mixing length theory, the following
universal velocity profile has been derived:

u* = y* for the viscous sublayer region.
ut = (1/x) In y* + C for the turbulent layer (the law of the wall region).

Now, based on the heat and momentum transfer analogy, derive and plot (7*
versus y* for various Pr) the universal temperature profile (i.e., temperature
law of the wall, T*(y*, Pr)) for a turbulent boundary layer on a flat plate?
Make the necessary assumptions.

10.10 Consider a steady low-speed, constant-property, fully turbulent boundary-
layer flow over a flat surface at constant wall temperature. Based on the
Reynolds time-averaged concept, the following momentum and energy
equations can be derived:
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u@+v@=i (v+e )@
dx dy dy "oy

LOT T _ 9 (m%)ﬂ
o0x dy dy[\Pr Pr)dy
a. Explain why the turbulent viscosity and turbulent Prandtl number should
be included in the above equations. Explain the physical meaning and
the importance of the turbulent viscosity and turbulent Prandtl number,
respectively.

b. Based on the Prandtl’s mixing length theory, the following universal
velocity profile has been obtained:

u* = y* for the viscous sublayer region.

u" = (l)ln y" + C for the turbulent layer (the law of the wall region).
K

Based on the heat and momentum transfer analogy, derive and plot
(T* versus y* for various Pr) the universal temperature profile for a turbulent
boundary layer on a flat plate. Make necessary assumptions.

10.11 Consider a turbulent flow over a flat plate at a constant wall temperature.
From Prandt]l mixing length theory, the two-region velocity profiles have
been obtained as

ut=y* if 0<y" <6/
u"=l/kIny"+C if 67 <y"

where 8] =11.6, x =0.41,and C =5.0
a. Based on heat and momentum transfer analogy, derive the two-region
temperature profiles as

0<y <6y T =Pry"
P P
<yt T+=ilny+—iln5,§+T+(aty+= ,?)
K K

where ;) =13.2, x = 0.41, and Pr, = 0.9.

b. Consider airflow (100m/s, 25°C and 1 atmosphere) over a flat plate at a
constant wall temperature of 100°C. Assume that the turbulent boundary
layer starts from the leading edge of the plate. Using the above equations,
predict the laminar “sublayer” thickness (5 ; ) and the “thermal sublayer”
thickness (5,2) at x = 20cm from the leading edge of the plate.

c. At x=20cm and y = 0.2cm, predict the local velocity u, and the local
temperature 7, respectively using the above log-law velocity and tem-
perature profiles.
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10.12 Derive the law of the wall u* vs. y* by using Van Driest mixing length

10.13

10.14

10.15

equation.

Derive the turbulent pipe flow velocity profile and friction factor over a
rough wall [see Chapter 16].

Derive the turbulent pipe flow temperature profile and heat transfer
coefficient over a rough wall [see Chapter 16].

Derive the turbulent pipe flow heat transfer with a non-uniform wall heat
flux boundary conditions (such as parabolic heat flux distribution along
the pipe).
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’I'I Fundamental Radiation

11.1 THERMAL RADIATION INTENSITY AND EMISSIVE POWER

Any surface can emit energy as long as its surface temperature is greater than absolute
zero. Thermal radiation can refer to (1) surface radiation and (2) gas or volume radia-
tion. Surface radiation is the radiation which comes from an opaque surface (such as
a solid or liquid surface, penetrating approximately 1 pum thick into the surface). Gas
radiation is that radiation which comes from a volume of gas (such as CO,, H,O, CO, or
NHj;). However, gas radiation is not associated with a volume of air, as air cannot emit
or absorb radiation energy. Modern theory describes the nature of radiation in terms of
electromagnetic waves that travel at the speed of light. The various forms of radiation
differ only in terms of wavelength. In this chapter, the discussion will be confined to
thermal radiation [1-4], as shown in Figure 11.1. Thermal radiation primarily depends
on wavelength (spectral distribution, 0.1-100 pm, from visible light to infrared (IR)),
direction (directional distribution, 6, ¢), material temperature (absolute temperature, °K
or °R), and material radiation properties. Figure 11.2 shows the nature of spectral and
directional distributions.

The following sections establish the relationship between surface radiation flux
(i.e., radiation rate per unit surface area, also referred to as emissive power) and
radiation intensity. Here we assume that radiation intensity from a surface is given.
The later section will discuss how to obtain the radiation intensity from Planck.
Figure 11.3 shows the conceptual view of hemispheric radiation from a surface (con-
sider radiation from the upper surface only) [4]. Monochromatic directional radiation
intensity (a function of wavelength and temperature in all directions) is defined as the
differential radiation rate per unit surface area and unit solid angle,

L, (6.9.0.T) = dAlew (L1
< Visible »
5453
$2353
/)
\\L
47)( RayS—»% Infared

Fultravioletgb
' —Microwave »

Thermal Radiation———»

< Gamma
Rays

04| |o7
\ \ \ \ \ \ |

10° 10" 10° 10? 10" 1 10 10° 10° 10°
FIGURE 11.1  Spectrum of electromagnetic radiation.
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(@) Spectral (b) 1 \
distribution 0

Monochromatic
radiation emission

Wavelength

FIGURE 11.2 (a) Spectral radiation varies with wavelength. (b) Directional distribution.

@ 5 b) | r :I

dA, =r2sin 6 .d6 do dl

do = di/r

) Tas

FIGURE 11.3 (a) Conceptual view of hemispheric radiation from a differential element
area. (b) Definition of plane angle. (c) Definition of solid angle.

where dw is the unit solid angle,

dA, rd0-rsin-do

2 2
r r

do = =sin0d0dg

and
dA, = dAcos@

Therefore, the differential surface radiation flux (or differential emissive power)
becomes

;LZ =dE, =1, (0,(p,ﬂ,,T)sin00050d0d(p
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After integration in all directions, the monochromatic hemispherical emissive
power is

2nm/2

E; = jJ’Il(e,go,l,T)sinOcosedOdgo (11.2)

00

The total hemispherical emissive power (integration over wavelength) is
E(T)= J'El(z,,T)d,l (11.3)
0

For the isotropic surface (independent of circumferential direction angle), for most
of the surfaces,

/2
E, =2m J.Il (O,E,T)sinecosede

0
For the isotropic and black surface (independent of vertical direction angle),

/2
Ey; =21y (A.T) j sin@cosOd6 =, ; (11.4)

0

11.2  SURFACE RADIATION PROPERTIES FOR
BLACKBODY AND REAL-SURFACE RADIATION

Total emissive power for a black surface (ideal surface) is

E,=nl, =oT* (11.5)
Total emissive power for a real surface is

E=nl =¢eoT* (11.6)

Monochromatic emissivity, a surface radiation property, is defined as monochromatic
emissive power from a real surface to an ideal surface.

E(B,go,/’L,T)

€0 (9,(p,)~,T)= Eb (/LT)

11.7)

Therefore, the total hemispherical emissivity can be obtained as a ratio of total emissive
power from a real surface to an ideal surface. The total emissivity varies from O to 1.

E(T) _

E(T)=
@ Ey(T)

0~1 (11.8)
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Non conductor

Conductor
0.1 |remsbmmmmmmma oA €
! — } > 0
0 45 90°
Gray surface € = &, = const Diffuse surface €= €y = const

FIGURE 11.4 Definition of gray and diffuse surfaces.

A gray surface is defined as if the surface emissivity is independent of wavelength, as
shown in Figure 11.4. A diffuse surface is defined as if the surface emissivity is inde-
pendent of direction, as shown in Figure 11.4. In general, experimental data show
that the emissivity of nonconductive materials (¢ ~0.9 for nonmetals) is much higher
than conductive materials (e ~0.1 for metals). Emissivity is the most important radia-
tion property and has a slight dependence on temperature. Emissivity is a property
that can be experimentally measured and is available for various materials from any
heat transfer textbook.

In addition to emission, a surface can reflect, absorb, or transmit any oncoming
radiation energy (irradiation). Figure 11.5 sketches an energy balance between irra-
diation (radiation coming to the surface) and reflection, absorption, and transmission.
Absorptivity, reflectivity, and transmissivity are defined as the fractions of irradia-
tion that are absorbed, reflected, and transmitted, respectively. For many engineering
gray and diffuse surfaces, we can assume that surface absorptivity is the same as
surface emissivity (¢,, 0 = a,, 0, €, = a,, then € = a, but in general ¢#a), and the
transmissivity approaches zero (except window glass); therefore, the reflectivity can
also be determined from the emissivity.

Absorptivity a=GJ/G
Reflectivity p=G/G
Transmissivity 1=G/G
From radiation energy balance: a+p+r=1
If 7 =0, and assume a = &, then p=l—axl—-¢

G, irradiation pG irradiation

/\/\/\/\_, 0.G absorption
TG transmission

FIGURE 11.5 Radiation energy balance on a surface.
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Blackbody radiation is the maximum radiation from an ideal surface. A blackbody
is a diffuse surface and can emit the maximum radiation and can absorb the max-
imum radiation (i.e., @ = 1 and € = 1). Therefore, blackbody radiation intensity is
not a function of direction (# (6, ¢)), but a function of wavelength and temperature
(= (4, T)). Planck obtained blackbody radiation intensity from quantum theory as

2hC§
A’ [exp(hCo IAKT) - 1]

Ly (A.T)= (11.9)

where h is Planck’s constant = 6.626x 1034 s, C, is the speed of light in
vacuum = 2.998 x 108m/s, k is the Boltzmann’s constant = 1.381 X 10~2J/K, and T is
the absolute temperature, °K or °R. It can also be shown as:

CA™

Eyp=ml, = m

where
C, = 2nhC; = 3.742x 10° Wum* /m*

C, = hCy/k =1.4389 x10* um K

Therefore, Planck’s emissive power for the black surface can be shown as

. 2hC§ _ G
A[exp(hCo/AKT)=1]  A°[exp(Cy/At)—1]

Evy(AT)=ml,,(2.T)=

Performing integration over the entire wavelength, one obtains the Stefan—Boltzmann
law for blackbody radiation as

oo oo

E,(T)= J’EM (A.T)d2 = Jnll (A.T)dA=0T* Wm’ (11.10)

0 0
with the Stefan—Boltzmann constant

o = f(C1.C,) =5.67x10° W/m’K*
However, for a real surface, the emissive power is lower than Planck’s blackbody
radiation (because the emissivity for the real surface is less than unity). Therefore,

the emissive power for the real surface is

E=¢oT* (11.11)
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Figure 11.6 shows emissive power versus wavelength over a wide range of tempera-
tures [1-4]. In general, emissive power increases with absolute temperature; emissive
power for the black surface (solid lines) is greater than that for the real gray surface
(lower than the solid lines, depending on emissivity) for a given temperature.

From Figure 11.6 we see that the blackbody emissive power distribution has a
maximum and that the corresponding wavelength 4, depends on temperature.
Taking a derivative of Equation (11.9) with respect to A and setting the result as equal
to zero, we obtain Wien’s displacement law as

AT = C; = 2898 umK (11.12)

The focus of Wien’s displacement law is also shown in Figure 11.6. According to
this result, the maximum emissive power is displaced to shorter wavelengths with
increasing temperature. For example, the maximum emission is in the middle of the
visible spectrum (4,,,, & 0.5 um) for solar radiation at 5800 K; the peak emission
occurs at A,,,, = 1 pm for a tungsten filament lamp operating at 2900 K emitting
white light, although most of the emission remains in the IR region.

There are many engineering surfaces with diffuse, but not gray, behavior. In this
case, surface emissivity is a function of wavelength and is not the same as absorptiv-
ity. Figure 11.7 shows the radiation problem between a hot coal bed and a cold brick
wall with an emissivity as a function of wavelength [4]. To determine the emissive
power from the cold brick wall, one needs to determine the average emissivity from
the brick wall first. The following outlines a method to determine the average emis-

sivity and absorptivity.
_" "_ Visible spectrum region

108 5 [t L kmax|T=2|89|8 |um K |
a4 |
106 / o ™. —{ Solar radiation
5800 K /,»v-n\\:«
//zooo KN \\\
104 | /)_ :: \
I
/IOOO‘K N\ \:\\'\
102 / / AN \\\

N
ZEINR

S
—
\
[ ———
r— T
~
N
g g
\W =
N\
D
7
/ .
/4
Yy /v

100

Vs /94

Spectral emissive power, E) ;, (W/m? um)

10-4 .
10-1 100 10! 102

Wavelength, A (Lm)

FIGURE 11.6  Spectral blackbody emissive power.
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0.1 fe, .
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M Ay

Coal bed

FIGURE 11.7 Radiation between a hot coal bed and a cold brick wall with nongray behavior.

E (A,b) A
(1) J;EM) d

0 A A A A

FIGURE 11.8 Concept of fraction method from a blackbody.

The following shows how to determine &(7,), E(T,), and a(T,). The average
emissivity can be determined by combining the wavelengths of the three regions
shown in Figure 11.7. Then each region is treated as a product of constant emissivity
and the fraction of blackbody emissive power to the total blackbody emissive power,
as shown in Figure 11.8. The fraction value is a function of wavelength and tem-
perature and can be obtained from integration in each region (e.g., see Figure 11.9
or Table 11.1) [4].

E(T)=2"— (11.13)

=g +& te T (11.14)

=&k, t& [FO—)Q - Foa ] +& [1 - Fon ]
(11.15)
=0.1x0+0.5%0.634 + 0.8 x (1-0.634)
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1.0

F_y /
0.4

0.2 /
0

0 4 8 12 16 20

ATx 1073 (um K)

FIGURE 11.9 Fraction of the total blackbody emission in the spectral band from 0 to 4 as
a function of AT.

where

0

A A
j El’bd/l i J.OEL[, dl B )]ZElybd(lT)

Fyy =0 ; 22 = p(ar) (11.16)
J‘ E,,dA oT d oT
0
A A
j El,bd/l—‘[ E,,dA
Fll—lz ==0 0 = FO—lz - FO—M (1117)

oT*
From Table 11.1 or from Figure 11.9, F|,_, is a function of AT (pm K), with 7' = T, = 500

K, emission from the brick wall.
The radiation constants used to generate these blackbody functions are

C, =3.7420 x 10* um* /m?
C, =1.4388x10* um-K
0 =5.670x10"° W/m?-K*

Therefore, the average emissivity can be calculated as
e(T,)=0.61

and the total emissive power is

E(T,)=¢(T,)oT} =2161W/m®
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The brick wall is not a gray surface, and hence a(T,) is not equal to &(7,). However,
it is a diffuse surface, and hence a(4) = e(4). In a window 0 = 4,, 1, > 1,, 4, = o,
g, ~ constant (i.e., a gray surface), €, ~ a,. The irradiation from the black coal bed
(at temperature 7, = 2000 K) to the brick wall is G(1) < E,. The following shows a
similar way to determine the brick wall absorptivity.

oo

Jma(/l)G(l)d)L joe(l)Ebdl

a(T,)= (11.18)

0 —
rG(,l)d;L E,
0

=& F +&[Fon —Foy|+&[l-Fo]
(11.19)
= 0.1%0.275+ 0.5 % (0.986 — 0.273) + 0.8 x (1 — 0.986)

where the fractional values can be found in Table 11.1, or from Figure 11.9, with
T =T,=2000 K, irradiation from the black coal bed.
Therefore, average absorptivity can be calculated as

o(T,)=10.395<0.61 for &(T;)

TABLE 11.1

Blackbody Radiation Functions
AT (um-K) Foo
200 0.000000
400 0.000000
600 0.000000
800 0.000016
1000 0.000321
1200 0.002134
1400 0.007790
1600 0.019718
1800 0.039341
2000 0.066728
2200 0.100888
2400 0.140256
2600 0.183120
2800 0.227897
2898 0.250108
3000 0.273232
3200 0.318102
3400 0.361735
3600 0.403607

(Continued)
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TABLE 11.1 (Continued)
Blackbody Radiation Functions

AT (pm-K) Fo

3800 0.443382
4000 0.480877
4200 0.516014
4400 0.548796
4600 0.579280
4800 0.607559
5000 0.633747
5200 0.658970
5400 0.680360
5600 0.701046
5800 0.720158
6000 0.737818
6200 0.754140
6400 0.769234
6600 0.783199
6800 0.796129
7000 0.808109
7200 0.819217
7400 0.829527
7600 0.839102
7800 0.848005
8000 0.856288
8500 0.874608
9000 0.890029
9500 0.903085
10,000 0.914199
10,500 0.923710
11,000 0.931890
11,500 0.939959
12,000 0.945098
13,000 0.955139
14,000 0.962898
15,000 0.969981
16,000 0.973814
18,000 0.980860
20,000 0.985602
25,000 0.992215
30,000 0.995340
40,000 0.997967
50,000 0.998953
75,000 0.999713
100,000 0.999905

Source: Data from [4].
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11.3 SOLAR AND ATMOSPHERIC RADIATION

Solar radiation is essential to all life on earth. Through the thermal and photovoltaic
process, solar radiation is important for the design of solar collectors, air-conditioning
systems for buildings and vehicles, temperature control systems for spacecraft, and
photocells for electricity. The sun is approximated as a spherical radiation source
with a diameter of 1.39x 10°m and is located around 1.50% 10""m from the earth.
The average solar flux (solar constant) incident on the outer edge of the Earth’s atmo-
sphere is approximately 1353 W/m?. Assuming blackbody radiation, the sun’s tem-
perature can be estimated as 5800 K. Figure 11.10 shows the spectral distribution
of solar radiation [2]. The radiation is concentrated in the low-wavelength region
(0.2 <A <3 pm) with the peak value of 0.50 pm.

The magnitudes of the spectral and directional distributions of solar flux change
significantly as solar radiation passes through the Earth’s atmosphere. The change is
due to absorption and scattering of the radiation by atmospheric particles and gases.
The effect of absorption by the atmospheric gases O; (ozone), H,O vapor, O,, and
CO, is shown by the lower curve in Figure 11.10. Absorption by ozone is strong in
the UV region, providing considerable attenuation below 0.3—0.4 pm. In the visible
light region (0.4—0.7 pm), absorption is contributed by O; and O,; in the IR region
(0.7-3.0 pm), absorption is due to H,O vapor and CO,. The effect of scattering by
particles and gases is that about half of the solar radiation goes back to atmosphere
and approximately half reaches the earth surface. Therefore, the average solar flux
incident on the Earth’s surface is reduced to approximately 300—-800 W/m?, depend-
ing on the time of the day, the season, the latitude, and the weather conditions.

It is known that H,O vapor and CO, gas in the atmosphere not only absorb solar
radiation, but these gases also absorb radiation from the Earth’s surface. Radiation is

2000 |
Solar spectrum outside
o the Earth’s atmosphere
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NE |
g 1600 Solar spectrum on ground
< under a clear atmosphere
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FIGURE 11.10 Solar spectra outside the Earth’s atmosphere and on the ground.
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emitted from the Earth’s surface at approximately 300 K at wavelengths in the range
of 10-20 pm with an emissivity approaching 1.0. In addition, H,O vapor and CO, gas
in the atmosphere (sky) can emit energy at wavelengths of 5-10 pm at the effective sky
temperature around 250-270 K (with an assumed emissivity in the range of 0.8-1.0).

Figure 11.11 shows a typical setup for a solar collector. A special glass is used
as a cover for the collector and a specialized coating is used on the collector plate
and tubes where the solar energy is collected to maximize the performance of
the collector.

Figure 11.12 shows a typical design for a house with a skylight. The thin glass of
the skylight has a specific spectral emissivity or absorptivity distribution. For a given
solar flux, atmospheric emission flux, interior surface emission flux, and convection
inside and outside the house, the thin glass temperature or the inside house tempera-
ture can be predicted.

Examples
11.1 A simple solar collector plate without the cover glass has a selective absorber
surface of high absorptivity a, (for A<1pm) and low absorptivity a, (for 2> 1pm).

Assume the solar irradiation flux = G,, the effective sky temperature =T,
the absorber surface temperature = 7,, and the ambient air temperature = T_;

ENEEAREREE.

Q0O 0O O

\
\
Collector plate Tubes
FIGURE 11.11 A typical setup for a solar collector.
qradiation Gs

window-sky N
qconvection
outside air

qradiation X

window-walls "

q

convection
room air

FIGURE 11.12 A typical design for a house with the skylight.
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determine the useful heat removal flux (q,j’sefu,) from the collector under these con-
ditions. What is the correspondent efficiency () of the collector?

Solution
Performing an energy balance on the absorber plate per unit surface area, we obtain

ql’l’seful =0 Gs + askszky - q(’::mv -E

— ql’l’seful
G,
where
Otx = 061
Oy = O

4
Gsky = O-Tsky
_ 4
E=¢oT,
E=0)

q(’::)nv = h(Tv - Too)

11.2 A thin glass is used on the roof of a greenhouse. The glass is totally transpar-
ent for A< 1pm, and opaque with an absorptivity a = 1 for 2> 1pm. Assume that
solar flux = G,, atmospheric emission flux = G, thin glass temperature = 7,, and
interior surface emission flux = G, where G,,, and G, are concentrated in the far
IR region (4 > 10pm), and determine the temperature of the greenhouse ambient
air (i.e., inside room air temperature, T,, ).

Solution

Performing an energy balance on the thin glass plate per unit surface area, and
considering two convection processes (inside and outside greenhouse), two emis-
sions (inside and outside the glass plate), and three absorbed irradiations (from
solar, atmospheric, interior surface), we obtain T ; from

G, + O Gaam + iy (T = T, )+ Iy (T = T, ) + 04,y — 266T; = 0
where a, = solar absorptivity for absorption of G, ,~E, ,, (4, 5800 K)
as = aIF()—lum +a2 [1 - FO—lpm:I
=0x0.72+1.0[1-0.72]

=0.28

(Note: From Table 11.1, AT = 1 mmx5800K, F,_;,, = 0.72)
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Ay = absorptivity for A>10pm =1

a; = absorptivity for 1> 10pum =1

e=alfor 1> Tpm, =1

(emissivity of the glass for long wavelength emission)

h, = convection heat transfer coefficient of the outside roof
h; = convection heat transfer coefficient of the inside room

11.3 The glass of the skylight of a house, as shown in Figure 11.12, has a spectral
emissivity, ¢,(4) [or absorptivity, a,(4)] distribution as shown: ¢, =0.9 for 0 < 1 <
0.3pm, ¢, =0 for 0.3 <A <2.0um, ¢, =0.9 for 1 = 2.0pm. During an afternoon
when the solar flux is 900 W/m?, the temperature of the glass is 27°C. The interior
surfaces of the walls of the house and the air in the house are at 22°C, and the
heat transfer coefficient between the glass of the skylight and the air in the house
is 5 W/(m? x K).
a. What is the overall emissivity, ¢, of the skylight?
b. What is the overall absorptivity, a, of the skylight for solar irradiation?
You may assume the sun emits radiation as a blackbody at 6000 K.
c. What is the convective heat flux on the outer surface of the skylight,
in W/m?? Is the temperature of the outside air higher or lower than the
temperature of the skylight? Please assume that the sky is at 0°C.

Solution
a. £=0.9F_o3+0(Fy_, — Fo_o3)+0.9(1= Fy_,) ~ 0.9
b. o, =0.9F_o3 +0(Fy_r — Fo_o3)+0.9(1—- F,_,)
=0.9x0.0393+0.9(1-0.945) ~ 0.085

c. Refer to Example 11-2:

o, =0.085,G, = 900E2 Gum =0Ty, Oy = 0.9,
m

b}

W
m*K

>

h =5 ,T.; =22°C, T, =27°C,e=0.9

0;=0.9,G, =¢g0T", & =0.9,T, =22°C, Ty, =273K
by (Tg=T,)=N=+T.,>T,—, T., <T,

11.4 Consider an opaque, horizontal plate with an electrical heater on its back-
side. The front side is exposed to ambient air that is at 20°C and provides a
convection heat transfer coefficient of T0W/m?2 - K, solar irradiation (at 5800 K)
of 600W/m?, and an effective sky temperature of —40°C. What is the electrical
power (W/m?) required to maintain the plate surface temperature at T, = 60°C
(steady state) if the plate is diffuse and has designated spectral, hemispherical
reflectivity (reflectivity = 0.2 for a wavelength less than 2 pm, reflectivity = 0.7
for wavelength greater than 2 pm)?

Analytical Heat Transfer
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Solution

Olgorar = 0.8F)_» + 03(1 - E)_z)

=0.8 where F;_, =094 at AT =2 um Xx5800K

Ogy =0.3 where Fy_, =0 at AT =2pmx233K

Epe =0.3  where Fp_, =0 at AT =2umx333K

qﬁ,catcr = 8,30'71-4 +h (TA -T. ) — Olgolar X 600 — (XskyGI;ﬁy

597E2
m

11.5 A diffuse surface has the following spectral characteristics (¢, = 0.4 for
0<4<3pm, g, = 0.8 for 3um < 2) is maintained at 500 K when situated in a large
furnace enclosure whose walls are maintained at 1500 K.
a. Sketch the spectral distribution of the surface emissive power E; and the
emissive power £, , that the surface would have if it were a blackbody.
b. Neglecting convection effects, what is the net heat flux to the surface for
the prescribed conditions?
c. Plot the net heat flux as a function of the surface temperature for
500<T<1000 K. On the same coordinates, plot the heat flux for a dif-
fuse, gray surface with total emissivities of 0.4 and 0.8.
d. For the prescribed spectral distribution of ¢,, how do the total emissiv-
ity and absorptivity of the surface vary with temperature in the range
500<T7<1000 K?

Solution

a. From Figure 11.6, for a blackbody

2897.6

}Vmax =
500

5.8um

E,=04E;, forA<3um=0.8E;, forA>3um
b. £=0.4F 3+0.8(1—F_3)

=0.795 where F;_3 =0.01376 at AT, =1500 pm-K

a=04F_3+0.8(1- F_3)

=0.574 where Fy_; =0.564 at AT, =4500um-K

gr.=0G—-E=acTs —eoT!

=5.67x10"[0.574(1500)° - 0.795(500)" |

=161.946x10° Ez
m
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c. gil withT, T

” ”

G| €=0.4> gl |€=0.7952 g |e=0.8
d. el with?, T
o = constant for 7, = 500 ~ 1000 K

REMARKS

This chapter covers the same topics as in undergraduate-level heat transfer. These
include spectrum thermal radiation intensity and emissive power for a blackbody, as
well as a real surface at elevated temperatures; surface radiation properties such as
spectral emissivity and absorptivity for real-surface radiation; how to obtain the total
emissivity or absorptivity from the fraction method; how to perform energy balance
from a flat surface including radiation and convection; and solar and atmospheric
radiation problems. This chapter provides fundamental thermal radiation and surface
properties that are useful for many engineering applications such as surface radia-
tors, space vehicles, and solar collectors.

PROBLEMS

11.1 A diffuse surface having the following spectral distributions (¢, = 0.3 for
0<21<4pm, ¢, = 0.7 for 4 pm < 1) is maintained at 500 K when situated in a
large furnace enclosure whose walls are maintained at 1500 K. Neglecting
convection effects,

a. Determine the surface’s total hemispherical emissivity (¢) and absorp-
tivity (a).

b. What is the net heat flux to the surface for the prescribed conditions?
Given: 6 = 5.67 x 10-8 (W/m?K*)

11.2 An opaque, gray surface at 27°C is exposed to an irradiation of 1000 W/m?,
and 800 W/m? is reflected. Air at 17°C flows over the surface, and the heat
transfer convection coefficient is 15 W/m? K. Determine the net heat flux
from the surface.

11.3 A diffuse surface having the following spectral characteristics (¢, = 0.4 for
0<2<3pum, ¢, = 0.8 for 3pm < 1) is maintained at 500 K when situated in a
large furnace enclosure whose walls are maintained at 1500 K:

a. Sketch the spectral distribution of the surface emissive power E, and the
emissive power E, , that the surface would have if it were a blackbody.

b. Neglecting convection effects, what is the net heat flux to the surface for
the prescribed conditions?

c. Plot the net heat flux as a function of the surface temperature for
500<T7<1000 K. On the same coordinates, plot the heat flux for a dif-
fuse, gray surface with total emissivities of 0.4 and 0.8.

d. For the prescribed spectral distribution of &,, how do the total emissiv-
ity and absorptivity of the surface vary with temperature in the range
500<T<1000 K?
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11.4 The spectral, hemispherical emissivity distributions for two diffuse panels to
be used in a spacecraft are as shown.

For panel A: ¢, =0.5 for 0<A<3pm, ¢, = 0.2 for 3pm< 4.
For panel B: ¢, = 0.1 for 0<A<3pm, ¢, = 0.01 for 3pm<A.

Assuming that the backsides of the panels are insulated and that the panels are
oriented normal to the solar flux at 1300 W/m?, determine which panel has the
highest steady-state temperature.

11.5 From a heat transfer and engineering approach, explain how a glass green-
house, which is used in the winter to grow vegetables, works. Include sketches
of both the system showing energy flows and balances, and of radiation
property data (radioactive properties versus wavelengths) for greenhouse
components (glass and the contents inside the greenhouse). When applica-
ble, show the appropriate equations and properties to explain the greenhouse
phenomenon. When finished with the above for a glass greenhouse, extend
your explanation to global warming, introducing new radioactive properties
and characteristics if needed.

11.6 The glass of the skylight of a house as shown in Figure 11.12 has a spectral
emissivity, €,(1) [or absorptivity, a,(1)] distribution as shown: &, = 0.9 for
0<4<03pum, ¢, =0 for 0.3<A1<2.0um, ¢, = 0.9 for 1 >2.0pm. During an
afternoon when the solar flux is 900 W/m?, the temperature of the glass is
27°C. The interior surfaces of the walls of the house and the air in the house
are at 22°C, and the heat transfer coefficient between the glass of the skylight
and the air in the house is 5 W/(m?K).

a. What is the overall emissivity, ¢, of the skylight?

b. What is the overall absorptivity, a, of the skylight for solar irradiation?
You may assume that the sun emits radiation as a blackbody at 6000 K.

c. What is the convective heat flux on the outer surface of the skylight,
Geonvectionoussideairr 1N W/m?? Is the temperature of the outside air higher or
lower than the temperature of the skylight? Please assume that the sky is
at 0°C.

11.7 Consider a typical setup for a solar collector as shown in Figure 11.11.
A special glass is used as a cover for the collector and a specialized coating
is used on the collector plate and tubes, where the solar energy is collected,
to maximize the performance of the collector.

a. If you had to specify the value of the glass transmissivity, z;, as a func-
tion of A to maximize the performance of the collector, what would you
choose and why? Explain. Use illustrations or sketches if needed to help
explain your answer.

b. If you had to specify the value of the collector plate and tube absorptivity,
a,, as a function of A to maximize the performance of the collector, what
would you choose and why? Explain.

¢. A manufacturing process calls for heating a long aluminum rod that is
coated with a thin film with an emissivity of e. The rod is placed in a
large convection oven whose surface is maintained at 7,, (K). Air at 7, (K)
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circulates in the oven at a velocity of u (m/s) across the surface of the rod
and produces a convective heat transfer coefficient of 4 [W/(m? K)]. The
rod has a small diameter of d (m) and has an initial temperature of 7; (K).
Here, T, < T,, < T,. What is the rate of change of the rod temperature (K/s)
when the rod is first placed in the oven?

11.8 A solar collector consists of an insulating back layer, a fluid conduit through
which a water—glycol solution flows to remove heat, an absorber plate, and a
glass cover plate. The external temperatures T,;,, Tyyy, and T, g are known.
Solar radiation of intensity g7 (W/m?) is incident on the collector and col-
lected heat qL’.'(W/mz) is removed by the fluid. The absorber plate is painted
black with an average solar absorptivity of 0.8 and an average emissivity of
0.8. Assume that the collector plate is so large that you may treat the prob-
lems as 1-D heat flow with heat sources and/or sinks.

a. Identify and label all significant heat transfer resistances and flows and
draw the steady-state thermal network diagram for the collector.

b. Write the heat balance equations needed to solve for ¢.”. Do not solve.

c. If the absorber plate is replaced with a black chrome surface with an
average solar absorptivity of 0.95 and an average emissivity of 0.1, what
values will change in the thermal network diagram? How will g/ change
and why?

11.9 A solar collector consists of an insulating back layer, a fluid conduit through
which a water—glycol solution flows to remove heat, an absorber plate and a
glass cover plate. The external temperatures T, T, and T4 are known.
Solar radiation of intensity g7 (W/m?) is incident on the collector and col-
lected heat g/ (W/m?) is removed by the fluid. The absorber plate is painted
black with an average solar absorptivity of 0.95 and an average emissivity of
0.95. Assume that the collector is so large that you may treat the problems as
1-D heat flow with heat sources and/or sinks.

a. Identify and label all significant heat transfer resistances and flows and
draw the steady-state thermal network diagram for this collector.

b. Write the heat balance equations needed to solve for ¢.”. Do not solve.

c. If the absorber plate is replaced with a black chrome surface with an
average solar absorptivity of 0.95 and an average emissivity of 0.1, what
values will change in the thermal network diagram? How will g/ change
and why?

11.10 An opaque, gray surface at 27°C is exposed to an irradiation of 1000 W/m?2,
and 600 W/m? is reflected. Air at 20°C flows over the surface and the heat
transfer convection coefficient is 20W/m?K. Determine the net heat flux
from the surface.

11.11 Consider an opaque, horizontal plate with an electrical heater on its back-
side. The front side is exposed to ambient air that is at 20°C and provides
a convection heat transfer coefficient of 10 W/m? K, a solar irradiation (at
5800°K) of 600 W/m?, and an effective sky temperature of —40°C. What
is the electrical power (W/m?) required to maintain the plate surface
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temperature at 7, = 60°C (steady state) if the plate is diffuse and has desig-

nated spectral, hemispherical reflectivity (reflectivity = 0.2 for wavelength

less than 2 um, reflectivity = 0.7 for wavelength greater than 2 pm)?

11.12 Consider a typical setup for a solar collector: A special glass is used as a
cover for the collector and a specialized coating is used on the collector plate
and tubes, where the solar energy is collected, to maximize the performance
of the collector. The external temperatures 7., Ty, and T,,,,,q are known.
The solar radiation of intensity g, (W/m?) is incident on the collector and a
collected heat flux, ¢/ (W/m?), is removed by the fluid inside the tubes.

a. Write the energy balance equations that can be used to solve g.” for the
solar collector, and write the energy balance equations that can be used
to determine the glass cover temperature. You do not need to calculate
the numerical answer. Make any necessary assumptions.

b. If you had to specify the value of the glass transmissivity, z,, as a func-
tion of A to maximize performance of the collector, what would you
choose and why? Explain. Use illustrations or sketches if needed to help
explain your answer. If you had to specify the value of the collector plate
and tube absorptivity, a;,, as a function of A to maximize performance of
the collector, what would you choose and why?
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’IZ View Factors

12.1  VIEW FACTORS

In addition to surface radiation properties such as emissivity, reflectivity, and absorp-
tivity, the view factor is another important parameter for determining radiation heat
transfer between two surfaces. The view factor is defined as the fraction of radiation
energy (the so-called radiosity including emission and reflection) from a given sur-
face that can be seen (viewed) by the other surface. It is purely a geometric parameter
dependent upon the relative geometric configuration between two surfaces (how the
surfaces can “see” each other). A view factor is also called an angle factor or shape
factor. The following shows how to define the view factor between two surfaces [1-4].

Figure 12.1 shows radiation exchange between two diffuse isothermal surfaces
(i.e., each surface has uniform emission and reflection). The differential radiation
rate (including emission and reflection) from the unit surface i to j is proportional to
its intensity and the unit solid angle as discussed previously.

cosf;
dq,'_j = I,'dA,' COSQ,’ de_,’ = I,' COSG,’ > dAJ dA,
R
a2.1)
0, coso,
T

Performing integration over surface area i and surface area j, one obtains the radia-
tion rate from surface i to surface j as

cosB; cosO;
qi-j = J,JJ'T(ZAJ dA, (122)

A Aj

FIGURE 12.1 Radiation exchange between two diffuse isothermal surfaces.
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where n/; =J; = radiosity (emission plus reflection).
If the radiosity J, is uniform, that is, diffuse reflection and isothermal emission, then
Engery intercepted by A; ; 1 cos8; cosO;
- —TECy RIoepRe Y S _ 4 =—“72 L dA;dA (12.3)
Radiosity leaving A; AJi A TR
Similarly,

A Aj

0; cos0;
F; = LJ’J'LC;)SJCIA,- dA;
A; TR

Aj A

i

ij

(12.4)
Therefore, we obtain the Reciprocity Rule
AF; = AjF; 12.5)
For an enclosure with N surfaces, as shown in Figure 12.2,
YF =1 (12.6)
j=I1
That is,
Fi+Fy+Fhs+-=1
F21 +F22 +F23 +e= 1
FNl +FN2 +FN3 +e= 1

Figure 12.3 shows the differential view factor between two differential areas i and j.

Also, the view factor between area i and differential area j is shown. The differential
view factor between differential area i and differential area j can be obtained as

JF _dg;  cos6;cos0;dA;
AN T dA TR’
dq;; cos 6, cosB; dA;
dF i = Jji i J )
W) dA; R’
2 3
1 ‘E N surfaces

'
i

i
'
'

FIGURE 12.2 An N-surface enclosure.
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FIGURE 12.3 Concept of view factor between two differential areas.

Similarly, the differential view factor between area i and differential area j is

2
J.Ji(COSQiCOSGj/TCR )dAldAJ B dAJ COSO,'COSQJ' "
JiA; A R ’

Aj

dFAi—dAj =

The view factor between differential area j and area i is

,[Jj (cos 0; cos0; /mR? )dA,» dA;

Faaj-ai = =

J;dA;

cos0; cosO;
OO an,
TR
Aj
From the reciprocity rule for diffuse and isothermal surfaces:
AiFA,va‘,- = AjFA.,-—A,-
dAi dFdA,-—dA‘,' = dAJ dFdA,'—dA,-
A; dFAi—dAj = dAj dFdAj—Ai

dA,‘ dFdA,'*A‘,' = AI dFAj*dAi
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Example 12.1

Determine the view factor between two parallel discs as shown in Figure 12.4.
Assume that A;<A,, the distance between two surfaces is I, and the larger disc
has a diameter D.

From Equation (12.3),

1 cosB; cosO;
| e
A; TR

A Aj

cos6; cosO;

Aj T
where
A= J.dA,-
A
with
9,- = 91
RP=r’+D

FIGURE 12.4 View factor between two parallel discs.
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cos 0 =L/R

dA; = 2nrdr

cos’ 0
O !

Aj

=217

D/2
J‘ rdr D?
) (,2+L2)2 T D*+40

12.2 EVALUATION OF THE VIEW FACTOR

The view factor is only a function of geometry. The following shows several
well-known methods to obtain the view factors for common geometries seen in
radiation heat transfer applications [3].

Elongated surfaces — use Hottel’s string method for 2-D geometries.
Directintegration —need to perform double-area integration (higher level of difficulty).
Contour integration — use Stoke’s theorem to transform area-to-line integration.
Algebraic method — determine the unknown view factor from the known value.

12.2.1 MetHOD T—HoOTTELS CROSSED-STRING METHOD FOR 2-D GEOMETRIES

Hottel proposed the following process to determine the view factor between surface
i and surface j for a 2-D geometry (with surfaces elongated in the direction normal
to the paper, as shown in Figure 12.5). Although Figure 12.5 depicts flat surfaces,
Hottel’s crossed-strings method can also be used with curved or irregular surfaces.

The procedure begins by identifying the endpoints of each surface. Next the end-
points are connected using tightly stretched strings. After connecting the endpoints,
strings will either cross other strings, or they will be uncrossed. Hottel showed the
view factor between two surfaces can be determined in terms of the lengths of the
crossed and uncrossed strings:

2 (crossed strings) - 2 (uncrossed strings)

2 ( length of surface i)

Fi—j =

FIGURE 12.5 Concept of Hottel’s cross-string method for a 2-D geometry.
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To demonstrate the crossed-strings method, let us first consider how surface 1
separately views surfaces 2, 3, and 4. To find F,_,, the end points are (a), (b), and
(c). This is a unique application of Hottel’s method, as surfaces 1 and 2 share the
endpoint (b). With the shared endpoint, the method can still be used. To connect
the endpoints, strings are stretched from a—c, a—b, and c—b. With the common
edge, strings of b—a and b—c are duplicates of a—b and c-b, respectively, and are
considered “crossed.” Also, with the shared endpoint (b), the string connecting
b-b has a “zero” length. Using these strings, F,_, can be determined:

_(Lap + L) — (Lo +0)

F_, =
1-2 oL,
(12.7)
_ Ll + L2 - Lac
From Figure 12.5, the view factor between surfaces 1 and 4, F,_,, is similar:
. (Lap + Lug ) — (Lypa +0)
-4 =
2L,
(12.8)
L+ L Ly
2L,

The final view factor, F|_5, is also determined based on the endpoints (a), (b), (c), and (d):

— (Luc + Lhd)_ (Lah + Lcd)

F_
1-3 2L,

(12.9)
_ Lac +Lbd _(LZ +L4)

2L,

The summation and reciprocity rules can be used to verify Hottel’s cross-strings
method. First, consider a surface represented by the string connecting (a) to (c).
Now a three-surface enclosure has been created with surfaces (1), (2), and the new
surface from (a—c). With surface (1) being flat (F, ; = 0), the summation rule is:

E—Z + Irlfac = 1

Because the surfaces extend infinitely into the page, the area of each surface can
be represented by its length (as every surface shares the common length into the

page).
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Fi—Z =1_Fi—ac
_l_ﬁFac—l
L
L
=1- " (1-F,_
(1= )

L L., L
=1- “ +i 2 'F‘quc
Ll Ll Lac

Lac LZ
:1 —+ (I_Fz,l)
Ll 1

=1- 2R
L, L L L,
L L
S e e F,
L 1
PP = Li+L,—L,
2L,

Similarly:
Fy=((Li+ Ly — Ly)/2L,)
Finally:
Fo+hi+F,=1

Fs=1-F,-F_

_ Li+L,- L, _ Ly + Ly — Ly
2L, 2L,

=1

2L -Li-Ly+ L, —Li—Ly+ Ly,
2L,

L+ Ly —-L, - Ly
2L,

The concept of the following examples (2) through (4) comes from [3].
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Example 12.2
Determine the view factor between two parallel plates with partial blockages as

shown in Figure 12.6.
Length of each crossed string = v/I* +¢?

2
Length of each uncrossedstring = 2, |b” + (7)

From Hottel’s crossed-string method, the view factor can be determined as

AT )
l [ 1

21

1-2

Example 12.3
Determine the view factor between two opposite circular tubes as shown in Figure 12.7.

From Hottel’s cross-string method, the view factor is
po_2L-2L _L-L
24 R

where
L, = crossedstringabcde

L, = uncrossed string ef

L,=D+2R
Ay
b “:\‘\\ /,»";”,b c
’ ™ :,—\’/ \ c

Y

l¢ N|
[ I g

FIGURE 12.6 View factor between two parallel plates with partial blockages

b a

N
’| 2

FIGURE 12.7 View factor between two opposite circular tubes.
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LetX:1+2
2R

if A, = xR

20/, 2 ,1(1)
Fo,=—[(X"-1) +sin” | = |-X
=2 e

Fo,= 2[(X2 —1)1/2 + 5 _cos™! (1)—X:|
T 2 X

if A, = 22R
F,= l[(Xz - 1)1/2 + 2 cos™ (l)— X]
b 2 X

Example 12.4

Determine the view factor between two circular tubes with partial blockage as
shown in Figure 12.8.
From Hottel’s cross-string method, the view factor can be determined as follows:
The sum of the length of crossed strings: 2(L_s_p_c_1+ L1c_p_¢_p)
The sum of the length of uncrossed strings: 2(L,_r+ L;_c_p_c_)
Therefore:

> (LA—B—D—G—I +Ly_c_p-g-r ) - (LA—F +Ly_c-p-g-1 )
2La-p-c-n

F_, =

Table 12.1 shows many useful view factors for 2-D geometries that can be deter-
mined by using Hottel’s cross-string method [2,4].

O th~{7©
H d d !

FIGURE 12.8 View factor between two circular tubes with partial blockage.
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TABLE 12.1
View Factors for 2-D Geometries

Geometry Relation
1/2 1/2
[(W,- +w;) +4] —[(W, +w) +4]
2W;

Parallel Plates with Midlines
Connected by Perpendicular F.
W; =
le—>|
w~ | W =w,/L, W; =w,IL

Inclined Parallel Plates of Equal (a
F_;= l—sm(—)

Width and a Common Edge
” J
o g
i
k S|

w

Perpendicular Plates with a
Common Edge
J

1+(wj/w,»)—[1+(w,»/wi)2]l/
2

Fi—j =

Wi +w; —wg

2w;

IfA, = 2ar,

e =i{n+[c2 —(R+1)2]”2 -[c2-(r-1)*]

21

1/2

R=r/ln, S=sln, C=1+R+

%)

(Continued)
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TABLE 12.1 (Continued)

View Factors for 2-D Geometries

Geometry

Cylinder and Parallel Rectangle

,
J
L
)
'
i ]
---------- & —
———>
[ 5 I
l€ —>|

51

Infinite Plane and Row of Cylinders

OOEOOS

i

Concentric Cylinders
Az

Long Duct with Equilateral
Triangular Cross-Section

1 2
3

Long Parallel Plates of Equal Width

1

C

2
| |
I a I

Relation
If A, =,
1 ) 5T 5 52
. _;{m[c —(R+1)°] " -[c*=(r-1)"]
+(R-1)cos™ (L
C

i-j

()
e (£
e R R

22 2 22
F_;j=1- 1—(2) +(2)tan’l S ZD
s K D

F,=1
A
b= =L
Ay

ho=1-F,=1-—
2

1
F,=F; =2

o 40

(Continued)
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TABLE 12.1 (Continued)
View Factors for 2-D Geometries

Geometry Relation

Long Cylinder Parallel to a Large
Plane Area

O 1

1
ko =3

2

Long Adjacent Parallel Cylinders of If A, = nd

Equal Diameters
Fia=F, = l[(X2 -1)" +sin” (i)— x}
b X

1f A, = (44)

S
.

s
2 1/2 1
Fo,=F,=—|(X*-1)" +sin™ (—)—X
== 2 (x0-) !
X=1+—
Concentric Spheres F,=1
Ay
Fo= ﬁ
A,
A
E,=1-FH,=1-—
2-2 2-1 Az
Regular Tetrahedron

1
Fo=Fi3=Fy4= g

3
2
4
1

Sphere Near a Large Plane Area

1
O 1 FI—ZZE

2

Small Area Perpendicular to the F_, =sin*0
Axis of a Surface of Revolution

2
0
1

(Continued)
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TABLE 12.1 (Continued)
View Factors for 2-D Geometries

Geometry Relation

Area on the Inside of a Sphere A,
1-2

/ T R

=

Source: Data from A. Mills, Heat Transfer, Richard D. Irwin, Inc., Boston, MA, 1992;
F. Incropera and D. Dewitt, Fundamentals of Heat and Mass Transfer, John Wiley &
Sons, Fifth Edition, 2002.

12.2.2 METHOD 2—DOUBLE-AREA INTEGRATION

Use direct integration to determine the view factor between two adjacent surface
areas i and j, as shown in Figure 12.9.

1 cos 6; cos 0;
Fuw =y ”T”M" dA,

A A

where

FIGURE 12.9 View factor between two adjacent surfaces.
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1
cos6; = E[li (xj —x,«)+m,»(yj - y,-)+n,-(z,« —Z,')]

1
cos; = E[lj (x,- —xj)+mj(y,- —yj)+nj(z,- —zj)]

Therefore, the view factor can be determined by performing the following integration:

b b a c
1 idi
Fa =;dejjdxijz,dzjj ney . (12.10)
9 09 9 Onl:(xi_xj) +yi2+Z]2‘]

12.2.3 MEeTtHOD 3—CONTOUR INTEGRATION

Use Stokes’ theorem to transform area integration into line integration.
Again, determine the view factor between two adjacent surfaces as shown in
Figure 12.9.

Fpig = ﬁ ch"S(lanx,-dx, +InRdy, dy; +InRdz; dz; ) (12.11)
! Ci Cj

Apply Stokes’ theorem to reduce quadric to double integrations as

b b 0
1/2 172
Fai_aj =ﬁ ‘(!.dxj !ln[(xi —x,~)2 +a2] dx; +Jln[(xi —xj)2 +c2+a2] dx;

b

0 b 0
1/2 1/2
+J.dxj J.ln[(x,-—xj)2+02j| dx,-+J.ln|:(x,-—xj)2+c2+()2] dx;
b 0 b

(12.12)

The results can be obtained from integration tables or numerical integration.
The following shows how to use Stokes’ theorem to determine the view factor
between two opposite surfaces [3] as shown in Figure 12.10.

FAi—Aj = ﬁ é@(lanxl dxj +1any, dy] +lanZl dZ])

Ci Cj
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A 4 5
b ] - d
% | A%y, y20)
v
& A ¢ S,
— fa ) Z 3
y >y
/ ! Ay(%1, 1, 0)
el
X
FIGURE 12.10 View factor between two opposite surfaces.
12
Faicaj = Cﬁ J.ln X7+ ;) + az:l dy; ¢dy; )]

b
— 1/2
+ 2nlbc§ '!.ln _(xj —x,»)z +(c—w) +a2:| dx;j edx;  (2)

0
— 12
q.) J‘ln_(b—x,-)z +(Yj —Yi)2 +a2]l dy; vdy;  (3)

2nbc

Ci

Faicaj = (1) + (2) + (3) + (4)

0 c
1 J‘J‘{ |: 2 2:|1/2
Frhs=— In|(y;—y) +a
Ai—Aj 27'CbC ) (yj y)

tin[B2 4 (-  4a? ]
n +(y_,- )’i) +a dy; dy; +(2)+(4)

1/2
In (xj—xi)zx,-2+yi2+a2] dx; pdx; 4)

S e ©

22 | | (1+(b/a))(1+(cla)’) ”
wbe | 1+(bla)’ +(cla)’

_ bla
[1+(clay ]”2

c( (b)sz L cla b _l(b) c _l(c)
+—| 1+ — tan T o7 ——tan | — |——tan
a a [1+(blay ]| @ a) a a

Friip = + é[1+(c/a)2 ]”2 tan”'
a

(12.13)

Again, the results can be obtained from integration tables or numerical integration.
Table 12.2 shows several useful view factors for 3-D geometries [4] that can be
determined by using Stoke’s theorem to transform area-to-line integration.
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TABLE 12.2
View Factors for 3-D Geometries
Geometry Relation
Aligned Parallel 1
72 72\ 12
Rectangles £ = 17 n [ (1 + X,)z(l +7§ ) ]
E XY 1+X*+Y

+}?(1+172)1/2tan’1 (1+172)1/2
o7 (1+%°)" an” (1+§2)”2 ~Xtan" (X)~ 7 tan” (¥)
X=X/L, Y=Y/L
Coaxial Parallel 212

Discs

r
Foj=—5-|8° —4(’)
c 1+R;

Perpendicular 1 (1 (1
Rectangles with i-j = 11'W{W tan (W)+ H tan (E)

a Common Edge

.‘
DO | =

—(H2+W2)% tan™' !

Oz o

» ((1+W2)(1+H2)J[ W (1w + 1) )

4 1+ W2+ H? (1+W2)(W? + H?)

4

H? (1+H? +W?) "
o AT TR )
(1+87)(H? +W?)
H=ZIX, W=YIX

Source: F. Incropera and D. Dewitt, Fundamentals of Heat and Mass Transfer, John Wiley & Sons, Fifth
Edition, New York, NY, 2002.
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Example 12.5

Determine the view factors F,_, and F,_, for the geometries shown in Figure 12.11.
For geometries (a) and (b),

Foa+Fo,+h,;=1

F,=0
SRy =1-Fa
AF, = AR,

A
B =—F
2-1 A, 1-2

F,_; can be obtained for each geometry from Table 12.2.

12.2.4 MEeTHOD 4—ALGEBRAIC METHOD

Determine the unknown view factor between surface areas A, and A,, as shown in
Figure 12.12, from the known values of view factors.

AF, = AlFl—j - AR,

(12.14)
= Aj(Fj-i = Fi3) = Ay (Fii = Fis)
where F;, F, 5, F,_;, and F,_; are available from formulas or charts.
(@) P (b)

L 1 (top)
>yl “;ﬂ/ P

T M f 5

: L

L-D L 2 (side) '

PSS .. \ 2 (side)
S 2

\—)g 3 (bottom) 3 (bottom)

FIGURE 12.11 (a) A cylindrical furnace. (b) A cubic furnace.
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FIGURE 12.12  Algebraic method.

Example 12.6
Determine view factors F,_, and F,_; from Figures 12.13a and b.
AF_y=AF;

AiF_; = AR+ AF,
=AFRs+AF 4+ AR 3+ Ak

=AF;+2AF 4+ AR,
Hence,
1
AFiy = [AF - A R - 4] (12.15)

where F.;, F,_;, and F,_, are available from Table 12.2 formulas or charts. Also,
ARy = Ak,

Example 12.7

Using area integration, determine the view factor between the two surfaces shown
in Figure 12.14. This is a special case, similar to Figure 12.9.

A
As *

Ay A,y Ay A,y

FIGURE 12.13  Applications of shape factor algebra to opposing and adjacent rectangles.
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FIGURE 12.14 View factor between a small area and a larger area

cos 6, -cosf
Fac = [

A

where

RP=7+x*+¢*

cosf, = z
R

Example 12.8

Consider two plate fins on a tube with an angle a as shown in Figure 12.15 (a 2-D
configuration elongated into the page). Determine the view factor between fin ele-
ments i and j using the crossed strings method.
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FIGURE 12.15 View factor between two plate fins.

From the cross-string method:

_ Lad + Lbc - (La(' + Lbd)

o 2Lah

From the triangular geometry:

Ly=L2+1—-2L, L, coso

L.=01+12-2L, L. -cosa
[ =12+12-2L, L. -cosx

L,=01+1%-2L, L, -cosa

The view factor between fin element i and surrounding element k

Ly + Lye = (Lue + Liy )

F_, =
‘ 2Lab

From the triangular geometry:

L,=L+I12-2L,-L, -cosx

L2, =L +12-2L, L, cosx

Laf = Lf_La

th = Lf_Lb
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Example 12.9

Determine the view factor between coaxial parallel discs, as shown in Figure 12.16.
From Table 12.2, assume

i =r; = R, D = 2R = diameter

L = distance between two discs.

2
F,-,j=1+2£ L_ 1+(L)
D|d D

If an enclosure surface, s, is placed between the two discs, the view factor between
disk i and the enclosure surface s can be determined as

2
e 2 )

How to determine the view factor F,_?

Fv—s = 1_Fv—i - F

s—j

=1-2F;

nDLF,_ = "D -F,

FIGURE 12.16 View factor between coaxial parallel discs.
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Thus

2
Fo,=1- 1+(£) _L
p) D

Example 12.10

Now, consider the view factor between two elements within the wall of a tube, i,
j, as shown in Figure 12.17.

Tube diameter = D; tube length = L; two elements = si, s,

x = distance; s = surface

Element i:  has axial distance = x;z — x;;

. . b4
hasinlet cross-sectional area = s;, = Z D?

. i
hasoutlet cross-sectional area = s;z = 1 D?

hassurfacearea = 5; = D (x;z — X1

Element j  hasaxialdistance = x;z —x;.
. . b4
hasinlet cross-sectional area = s;;, = ZDZ
. T .2
hasoutlet cross-sectional area = s = ZD
hassurfacearea = 5; = nD(x,R - x,L)
1. How to determine the view factor between the tube inlet and surface
element, s;, Fuers; ¢
From previous Example 12.9, the view factor between disc i and

enclosure surface s, F_,, can be obtained as:
Since tube surface s; = tube surface s,,, — tube surface s,

Finle[—si = Llinlet-syze — Finle[—xx,-L
X; X; . X; X; Xi ’ X

=2 iR 1+( 1R) _ iR -2 il 1+( IL) _ ML

D D D D D D

2. How to determine the view factor between tube element surface s; and
element surface s, F,_,, =?

Ay Fyy = A, ~[F.W_x].,‘ —Fy s ] by reciprocity rule,

Si

=A, F, ., —A,F

5L SiL=Si SR SjR—Si
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From the previous discussion, as shown in Figure 12.16:

FSJL—SI' = FS/'L‘SXI'L - FSjL—SxiR
FS/R*S" = F;/R*fn‘l, - FSjR*Sx:R
where
- - .
2(ij — XL ) XjL = XiL, XjL = XiL
stLﬂu,L = D ) 1+ D - D
- . -
Z(XjL - XiR) XjL — Xig XjL — Xir
stLﬂ:\,-R = D : I+ D - D
- . -
Z(XjR - xiL) Xjr = XiL, Xjr = XiL,
B == W0 ) T b
- - -
Z(ij _xiR) Xjr = Xig Xjr — Xir
Fosan =5 W+ p D

Therefore, F,—s; can be obtained by substituting these view factors.
3. How to determine the view factor for an element surface of a circular

tube? F,_,, =?
Fy s +Fi g +Fi g =1
Si Sig S| PR
I 1
| s A / ]
Inlet i i SsiipE—] Outlet
! ZZ
o x
Xi
Xir
X
Xin
L

FIGURE 12.17 View factor between two element surfaces of a tube.

427
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where

TCD(X,'R — XiL )F:\',n\','L = %Dz R

:EDZ. 2xiR_xiL 1+(xiR_xiL)2_xiR_xiL
4 D D D

and
Fsp = Fy—s
Thus,

EYi*Si =1- ZEV,

—SiL

—1— 1+(-xiR_xiL)2_-xiR_-xiL
D D

Example 12.11

Determine the view factor between two elements on the inside of a sphere, as
shown in Figure 12.18

cos O, cosb
Fa-n, = JTZdAz

Ay

where

FIGURE 12.18 View factor between two elements on the inside of a sphere.
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Thus,

REMARKS

Fonn :J‘ cos6-cosO A,
) n(Rcos6 + Rcosb)

A

1 A A
FdAl*Az = 5 JdAz = 22 — 2
4mR ] 4mR Agphere

2

1 A A A
FA[—Az = X J.FdAl—Aszl ==L, 2 2
1
Al

Al Asphere Asphere

429

This chapter covers the same information as in undergraduate heat transfer. In the
undergraduate-level heat transfer, students are expected to know how to use those
view factors available from tables or charts in order to calculate radiation heat
transfer between two surfaces for many engineering applications. However, at the
intermediate-level heat transfer, students are expected to focus on how to derive
view factors instead of simply using them. In particular, students are expected to
know how to determine the view factors using Hottel’s string method for many 2-D
geometries. View factors for 3-D geometries require double-area integration and are
explored in more detail in advanced radiation texts.

PROBLEMS

12.1 Determine the view factors for Examples 1, 2, 3, and 4.
12.2 Determine the view factors shown in Table 12.1.
12.3 Determine the view factors shown in Table 12.2.
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13 Radiation Exchange
iIn a Nonparticipating
Medium

13.1 RADIATION EXCHANGE BETWEEN GRAY DIFFUSE
ISOTHERMAL SURFACES IN AN ENCLOSURE

Since we know how to determine surface radiation properties such as emissivity,
reflectivity, and absorptivity and how to calculate the view factor between
two surfaces, the following shows how to determine radiation heat transfer between
surfaces in an enclosure [1-4]. Assume that there are N gray, diffuse, and isothermal
surfaces. This implies that each surface at 7, has a uniform radiosity, J; (emission
plus reflection). Figure 13.1 shows an energy balance on each surface i and an energy
balance between surface i and the other of enclosure surfaces, j.

Based on the assumptions, radiation properties of each surface can be given as follows.

a; = ¢;, for gray and diffuse surfaces
7; = 0, for the opaque body
Pi =1—Oci :1_8,'

There are three types of radiation problems for electric furnace applications.

1. Given each surface temperature, 7}, determine each surface heat flux, (g/A),

2. Given each surface heat flux, (g/A),, determine each surface temperature, 7,

3. A combination of 1 and 2: some surfaces of the enclosure have a specified
temperature, but the heat flux is unknown, and other surfaces have a given
heat flux while the temperature is unknown.

FIGURE 13.1 Radiation heat transfer between N surfaces in an enclosure.

DOI: 10.1201/9781003164487-13 431
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Begin the analysis by performing an energy balance on the i surface:
net energy = energy out (radiosity) — energy in (irradiation)

also
J,' = giEbi +(1 - 8,‘)Gi (132)

Therefore,

J; _giEbi)z A.(Ji —-&J; —J; +giEbi)
' 1-¢

qi = Ai(Ji -

=Ai(8i(Ebi_Ji))
1-¢;

Now the energy from surface i

Ey—J;
= 13.3
T 06 (eA) (1.3

Next perform an energy exchange between surface i and all the other surfaces, j: net
energy = energy out (radiosity) — energy in (irradiation)

qi =Ai(-]i _Gi)

where

N N
AG = Y FuAd, = FyAd, (13.4)

J=1 J=1

Therefore,
N
g =A|Ji —ZE',']]
j=1

N
By using ZE-/- =1, and multiplying to J,,
j=1

N N
g = Ai zFiiJi - ZE:;JJ'
j=1 =1
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The energy transfer between surface i and the other enclosure surfaces, j, becomes

N N
qgi = ZAL'E] (Ji - Jj) = Zqij 13.5)
j=1 Jj=1

Combining Equations (13.3) and (13.5), we have

N N
_ Eu-di _
qi—O_&M—Z{AiEj(Ji_J_i)_ZIIqU
i= =

_ EB-d oy U)o N
qi_(l—si)/(e,-Ai)_Z 1/(AFy) _;‘ﬁf (13.6)

- 7 J=1
surface resistance geometrical resistance

due toemissivity due to view factor

In addition, combining Equations (13.2) and (13.4), we get

J, = &E, +(1—€i)ZE”Jj (13.7)

= emission from surface i + reflection from surface

13.1.1  MEetHOD 1: ELECTRIC NETWORK ANALOGY

The electric network analogy [3] can be used to solve the aforementioned radiation
heat transfer problem, as shown in Figure 13.2. The following shows a few special
cases for radiation heat transfer applications.

Node Correspondglg

to the surface i \
qi N

FIGURE 13.2 Network representation of the radiative exchange between one surface (i) and
the remaining surfaces of an enclosure.
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Special case 1: Radiation within a two-surface enclosure, as shown in Figure 13.3:
(@) hemi-cylinder, (b) parallel plates, (c) rectangular channel, (d) long concentric
cylinders, (e) concentric spheres, or (f) small convex object within a large enclosure:

o(F -1 (13.8)
DA =R G e (Ae) T V(AR )+ (1-&)/(Ase) '

If for a blackbody, €, = €, = 1, then
@ = AFo (T - T3 (13.9)

Special case 2: Radiation between two parallel surfaces with middle shields as
shown in Figure 13.4:

4 4
Ao (T -T3)
G =412 =
1-¢ 1 1-¢ 1-¢ 1 1-¢
(l-&) 1 (l-en) (I-&n) 1 (1-&)
& R €31 En F &
(13.10)
Ao(T'-T)
= =—q
1 l1-¢ 1-¢ 1
7+( 31)+( 32)+7
& €31 €z &
Gy Ay Th &, 42 Ay T ng 2
[
2 2
4 4
41A1T1€1‘ qlAlTlgl‘ 1
—q>
) Ay T, e,
)
=D ]
q
Ty
Ey =0T} Eyp=0T;
Ey i 2 Ep
q9, *—— AN AV - AV - —q>
1-¢; 1 1-¢,
A& AFpy Aggy

FIGURE 13.3 Radiation within a two-surface enclosure.
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| Radiation

/ shield

—> N —>
€31 :/ €3
|
1 3 2
A Aj Ay
€ &
oT} oT*!
Ep I Ja1 Ep3 I3 1 Epy
q, »—e—wwW—e—wWwW\—e— W —— MWW —g—MWW—g—MWW—g¢—> —(7,
1-¢; 1 1-g3; 1-g3 1 1-¢,

A8y AyFy3 Asey Asgyp  AsFyn A
FIGURE 13.4 Radiation between two parallel surfaces with a middle shield.

where F|; = F;, = 1.

To cut down radiation heat loss, €5, and &, should be small, that is, p, is large.

Special case 3: Reradiating surfaces (insulated surface, g, = 0): The following
electric furnaces, as shown in Figure 13.5, can be modeled as radiation heat transfer
between two opposite surfaces (hot and cold) with a third re-radiation side surface
(perfect reflection and perfect insulation).

Withgr =0, i =—¢»

4 =gy = oT!-oT)}
! T (l-g) 1 (1-&)

A " 1 1 " A
1€1 A1F12+1/|:AF +AF ] 262
1R 269R

where 7| and 7, are given

13.11)

APy = Ay Fop

The surface emissivity, area, and view factors are also given or predetermined.
If g, = —q, is determined as shown above, and if ¢, = 0, how do we determine the
re-radiation surface temperature 7 =?
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A, The, A, Tye, ArTrer Ay Tye,
L
§ , Ar /7 Ar
/ / Tp 7 T T
/| T / ep ; €r
/
/ AT
AT
oT: oT;
4, En Epy
. AWM ANV -
1-g 1-g, —4,
Ag, Aggy
FIGURE 13.5 Electric furnaces with a reradiating surface.
From energy balance on the re-radiation surface,
_h-dk o Ik
D=V aFe 17 UAgFe
and
E, —J 1-¢
="t -=J =0T —q——
(1-&)/Ag Ag
Ji—E 1-¢
= h=q——+0T
(1-&,)/AE, Ae,
from
Ji—Jg _Jr—, =7 _ AiFRpJi + AgFraJs
= R =
l/AlFiR l/ARFR2 AlFiR + ARFRZ
Therefore,
J 1/4
Jp=Eyz =0T =Tz = [—R] (13.12)
o

Special case 4: A radiant heater panel problem: A long radiant heater panel consists
of a row of cylindrical electrical heating elements, as shown in Figure 13.6.
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FIGURE 13.6 A radiant heater panel model.

The above Equations (13.11) and (13.12) can be used to determine the heat transfer
rate ¢, = —q,, and T,. However, we need to calculate the view factors F,,, F},, and
F (or F,5). In Table 12.1:

F, = l|:(X2 —1)1/2 +sin_1i—X]
b X

with X =14 (s/d). Assume F, = F; for symmetry and F+ F,+ Fj;=1.
Therefore, F, = 1/[2(1 — F}))].

13.1.2 MEeTHOD 2: MATRIX LINEAR EQUATIONS

Applying the energy balance to each surface, one can obtain N radiosity linear
equations for N surfaces in an enclosure. The matrix and its inverse matrix can be
used to solve these N radiosity linear algebraic equations. The following shows how
to solve this type of problem for either a given surface temperature or surface heat
flux in an enclosure with N surfaces [3,4].

Case A: Given each surface temperature to determine the corresponding heat flux
(T, given = ¢, =?).

Use the energy balance on surface i and the energy exchange between surface i
and the other surfaces j, from Equation (13.6):

N

Ebi —J,' ]i _Jj
= 13.13
J=1

Applying the above equation to each surface (1, 2, 3, ..., to N), one obtains the fol-
lowing N radiosity linear equations (after rearranging them).

6111J] +6112J2 +-~+a|NJN = (]
a21.11 +(122J2 +"'+a2NJN =C

aNlJl +aN2J2 + "‘+ClNNJN =CyN
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The coefficient matrix [A], column matrix [/], and column matrix [C] can be formed
to satisfy the N linear equations. Therefore, the unknown radiosity matrix [J/] can be
determined by solving the given inverse matrices [A] and [C].

[A][7]=[C]
[71=[A]" [c]=...

an app an Ji (&}
[a]=| R I V) B B e B
ani ays AnN Iy CN

Once the unknown radiosity, J, from each surface, i, has been determined from the
aforementioned matrix relation, the radiation heat transfer from each surface can be
shown from Equation (13.6) as

— . 44— .
g=tr=di ol = (13.14)
(1_8,‘)/8,'Ai (1_81)/81141

Special example of a three-surface enclosure problem: If the surface temperatures
shown in Figure 13.7 are given (7}, T,, T;), how do we determine the surface heat
transfer rates (q,, ¢,, ¢3)?

From Equation (13.13),

N

E, —J; _Zji—lj

Apply for surface 1:

En—-Ji  _ =i J1—Jz+11—13
(1-&)/Ae,  UAF, 1AF, 1/AF;

AE A€
1 1; E, —(1 1; )Jl :(AIFIZ)JI +(—A1F12)J2 +(A1F13)J1 +(_A1F13)J3
—& —&

2 2 9

1 1

FIGURE 13.7 Radiation heat transfer among a three-surface enclosure.
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4

AEe Ae Ae
#"’Alﬂz +AF; |J +(—A1E2)]2 +(—A1Fl3)-]3 == E, = =
1—81 1_81 1—81

ol
= an]l + alsz + 6113.]3 =
where a,; = (A, /(1 — &) + AF, + AFy), a, =—AFy, a3 =—-AF;;, ¢ = (Algl/

(1-&))oT.
Take a similar approach for surface 2:

EbZ_JZ :JZ_J1+J2_J2+J2_J3
(1 —82)/A2£2 1/A2F21 ]/A2F22 1/A2F23

Ase Ase
22 E —( 22 )-12 :(A2F21)J2 +(_A2F21)J1 +(A2F21)J2 +(—A2Fzs)-/3

1-¢, 1-¢,
A A A
S (_A2F21)J1 + 282 + AzE] + A2F23 J2 +(_A2F23)J3 = 282 Eh2 = 282 0-7‘24
1-¢, 1-¢, 1-¢,

= 6121.]1 +a22J2 +023J3 =C

where ay; = —A,Fy), ay = (A e,/1 — &) + Ay Fy + AyFys), ays = —AsFos, 00 = (Ases /
(1 — & ))O'Tz4
Now for surface 3:

EbS_J3 =J3_Jl JS_J2+J3_J3
(1—€3)/ Ases  UAsFy  1AF,  1/AsFy

Azgs E,s _( Azgs
1-&;

I—¢ e )-13 = (A3F31)-13 +(—A3Fsl)~]1 +(A3Fsz)-]3 +(—A3F32)Jz
—&

Azg;
1-&

Az€ Aze
+A3Fs1+A3F32)]3= =3 E,; = =3

= 0'T34
1-& 1-&

s (—AEy )y + (= AsFy ) J, +(
= ayJ) +ant, +ant; =c
where
a = —AsF;
ap =—AsFp
ay = (Ases/(1- &)+ A F + AFyy)

c3 = (A3£3/(1 — & ))O'T34
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From the above three linear equations, the following matrix can be formed:

ay  dp a3 Ji C
A= ayy an ays J= J2 C= Cz
az  azxp Az J3 C;
[All7]=[cC]
[7]=[A]"[c]

Alternatively, we can apply Equation (13.7) to each surface and get

Ji = &E, +(1—€1)[F11J1 + F,J, +Fls~73]

J =&E, +(1 - 62)[F21J1 + P, + F2313]

J3 = &E); +(1— 83)[F31J1 + FpJy + F33J3]

Similarly, the above three linear equations can be rearranged in order to obtain the
matrix relation as [A][J] = [C] and then solve for [J] = [A]"'[C]. The matrix can be
solved numerically using tools such as MATLAB®.

Once matrix [J] is determined, that is, J,, J,, and J; have been determined, then
use Equation (13.14) to find the surface heat transfer rates as

Ehl_Jl O-Tl4_Jl

1-£)/(Ag) (1-&)/(Aeg)

4]1=(

¢ = Ey—J, _ 0'T24—Jz
2T (1-8)/(Agr)  (1-8)/(Ase,)

Ey; —J; 0'T34—-13

BT e () (1-e)/(Ae)

Case B: Given each surface heat flux to determine the corresponding temperature
(g; given, = T, =7).

Use the energy exchange between surface i and the other surfaces j, from
Equation (13.6),

N
Ji—1
%=§5——4— (13.15)
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Apply the above equation to each surface (1, 2, 3, ..., and N) and obtain N radiosity
linear equations as

a11J1 +6112J2 +”'+alNJN =
6121.]1 +£122J2 +"‘+(l2NJN =C

aNlJl +aN2J2+~--+aNNJN =CyN

The following matrix can be used to solve for [/]:
[All7]=[C]
[7]=[A]"[c]

Once matrix [/] has been solved, use Equation (13.14) on each surface, i, to deter-
mine the temperature on each surface

L E,—-J; 0'Ti4—Ji
T eVeA  (1—&)aA
or
1-¢
Ei = 0-7:‘4 =(; ! +Jl
b q A
Therefore,
1/4
(1—€;)/A€ + J;
T :(‘1’( &)/ ) (13.16)
(o)

Case C: Combine Case A and Case B

* Some surfaces are given temperatures, but heat fluxes are unknown.

* Some surfaces are given heat fluxes, but temperatures are unknown.

e Use the same procedure shown for Case A and Case B in order to form the
matrix [A], column matrix [J], and column matrix [C].

e After determining matrix [/], either the heat fluxes or temperatures can be
determined.

Special case for the blackbody radiation problem: Use the aforementioned results
for any blackbody surface with unity emissivity (¢; = 1).
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13.2 RADIATION EXCHANGE BETWEEN GRAY
DIFFUSE NONISOTHERMAL SURFACES

The following section shows how to solve radiation heat transfer between noniso-
thermal surfaces [4-5]. In this case, one shall consider radiation exchange between
two differential surfaces (which can be assumed as a uniform temperature over each
differential element), as shown in Figure 13.8. Then the aforementioned analysis
method can be applied.

Consider radiosity from a differential element i:

5 (7)= 80T () +1-8)6:(7)
v (13.17)
= gl.()"ﬂ4 (F,) + (1 —&; )ZJ“Ij (Fj)dFdA"’dA"
J=1 A

Define the known quantity:

k()= "5

Therefore,

N
Ji(7) = 0T (1) +(1- e,«)ZJJj (7)K (7.7 )dA; (13.18)
J=1 Aj
For the Case A problem, obtain N equations, where 7; is known, solve the integral,

and J,(r)) can be obtained.
When J; () is determined using the matrix method for a given 7; (7 ), then

(‘1)1(71.) b {ott (7)- ()] (13.19)

A

can be solved.

>
S

Ng

[N ]
E
[T

[T T T

[N T 1
&

FIGURE 13.8 Radiation exchange between nonisothermal surfaces.
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Example

Apply the numerical method—Simpson’s rule (Trapezoidal rule)—for the noniso-
thermal surfaces shown in Figure 13.9.

Given: e, = 0.9, T, = 1000-1500°C

E,=0.2, T, =300°C

a. g, =¢

b. Compare q, = q,; + G, =?

Solution

For the case B problem, if (g/A), is given, then

N _
PAYE A RAG)
(A),-_; VdF s, s,
N

(4) =X (-2, 5) & (),

J=1

when J; (1;) is determined by the matrix method, and for given (¢/A) (%), then

i

o1 (1) =" 5( L) (7)+4.(7)

& \A)J;
Note: The view factor between any two elements in y, and y, can also be deter-
mined using the cross-string method discussed in Chapter 12.

13.2.1 RADIATION EXCHANGE BETWEEN NONGRAY DIFFUSE ISOTHERMAL SURFACES

The following (a) integral model or (b) band model can be used to determine radiation
exchange among isothermal diffuse nongray surfaces [4,5] as sketched in Figure 13.10.

a. The Integral Model

(1) - j( q) d (13.20)
AJ; AJ;
0
a b Ya b
AN T 1000C
lmi 2 300C
7‘% 1 1250C 3
lmi 1
v |1 L _
12500C T
1m

FIGURE 13.9 Radiation between nonisothermal surfaces.
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5% &,
Nonmetal

Metal

AL Ay AL
A A

FIGURE 13.10 Radiation exchange among diffuse, isothermal, nongray surfaces.
b. The Band Model
N
)= (L) 1321
(A),- kl(A),- ‘ (132D

13.2.2 RADIATION INTERCHANGE AMONG DIFFUSE AND
NONDIFFUSE (SPECULAR) SURFACES [4,5]

The exchange factor is obtained using the image method, as shown in Figure 13.11.

Epi-as = Faas + P3Fa)-a4 (13.22)
S~ —
diffuse specular reflection
Epr-ns = Faooas + P3Fax3)-a4 (13.23)
Exiiar = Facar + p3Faeyan (13.24)

Reciprocity Rules: A E,; 4; = AjE,; 4

13.2.3 ENERGY BALANCE IN AN ENCLOSURE WITH A
DIFFUSE AND SPECULAR SURFACE

N, is the diffuse reflection surface,

N — N, is the specular reflection surface.

Assume all the surfaces shown in Figure 13.12 are diffuse emitting, gray, and
isothermal; then

Ky 4
1) 1
EECHE

Specular surface

FIGURE 13.11 Radiation exchange among diffuse and specular surfaces.
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FIGURE 13.12 Radiation heat transfer between N surfaces (including diffuse and specular)

in an enclosure.
Ji = 8107;4 +(1_ 8,—)G,-
where
G =G/ +G?;.

From the diffuse surface,

Nd
Gid = zJjEAi—Aj
j=1

where
Epiiaj = Fa_pj + ZplscFAi(k)—Aj
k

From the specular surface,

N

Gi = z €07} Eni-s;

j=Nd+1

for a given T;, from the above equations, J; can be solved.

If T, is given, G, can be solved (G,- =G +G; )
For the N, diffuse surfaces,

(3)= a7

or for the N — N, specular surfaces,

(Z)l =& (ol -G)

(13.25)

(13.26)

(13.27)

(13.28)
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Examples

13.1 A rectangular oven is Tm wide, 0.5m tall, and very deep into the paper.
It is used to bake a carbon-fiber cloth with an electric heater at the top. All ver-
tical walls are reradiating (reflectory and insulated). Take &, = 0.7, ¢, = 0.9, and
ey =0.8. When 20kW of power are supplied, the heater temperature is 650°C.
Neglecting convection, what is the cloth temperature?

Solution
From Hottel’s crossed-string method,

F, (top to bottom wall) =0.618=F,,,

Fir (top to side wall) = 0.382 = Fy

From Equation (13.11), T} = 923K, ¢ = 20kW, T, = 560K

13.2 We have a cubic furnace (1 mx 1 mx1m). During steady-state operation,
the top surface (¢, = 0.9) is cooled at 250°C and the bottom floor (¢; = 0.7) is
heated at 1000°C. The side walls are insulated refractory surfaces. The view factor
between the top and bottom surfaces is 0.2.

a. Determine the net radiation transfer between the top and bottom
surfaces.
b. Determine the temperature of the insulated refractory surfaces.

c. Comment on what effect changing the values of emissivities of top, bot-
tom, and refractory surfaces would have on the results of parts (a) and (b).

Solution
a. Refer to Figure 13.5 and Equation (13.11):

G2 (bottom to top) =255kW

E, -y

b. qlz:ql:ﬁ tOgCtJl Z\/
Ag
J,—E
qi = > =7i—82h2 toget]2=\/
Are,
Thenuseq1R=JI_1JR=qu=¥ tOget]R=\/
AIER ARFR2

o Jr=E,p=0Tp togetTy=1225K
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C. Sl(bottom) \L, qi2 \L, TR \L
& (top) T, gl Tx7T

Er Torl, Noeffecton g or Ty

13.3 Consider two, aligned, parallel, square planes (O.SmXO.Sm) spaced
0.5m apart and maintained at 7, = 500 K and T, = 1000 K. Calculate the net
radiative heat transfer from surface 1 for the following special conditions:

a. Both planes are black, and the surroundings are at 0 K.

b. Both planes are black with connecting, reradiating walls.

c. Both planes are diffuse and gray with & =0.6, ¢,=0.8, and the
surroundings at 0 K.

d. Both planes are diffuse and gray (¢, = 0.6 and &, = 0.8) with connecting,
reradiating walls.

Solution
a. ¢ (bottom) = gy, (bottom to top) + qis (bottom to surroundings)
=AF; (Ebl -E, ) + A By (Ebl - Ebs)

=\/,whereF]2=\/,Fls=\/

c. Solve J, and J, from

E, —J
1= =Rl =)+ B (4 = 05)
=<
&
E,—J
lbz_igzzFZI(Jz _J])+E3(J2 —.]3)
e
&
Then
q =A1F12(Jl _J2)+A1Fi3(.]1 _13)
where

J3:0»F|2:\/,Fl3:\/

d. From Equation (13.11), ¢, =V, where Fi, =, Fiz =V
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13.3 COMBINED MODES OF HEAT TRANSFER

13.3.1 RabpiaTION witTH CONDUCTION

Case 1: A typical fin problem involving conduction, convection, and radiation (refer
to Chapter 2). Consider radial plate fins on a circular tube shown in Figure 13.13.

Begin by assuming the outer wall temperature of the tube at 7, is hotter than the
surrounding fluid temperature at 7.., ignoring the convection effect, only considering
conduction through the fin with radiation.

Determine the plate fin temperature distribution, 7{(x), using finite-difference
energy balance method (Chapter 5).

Given (while specific values are shown below, other numbers can be substituted
as needed):

plate fin length = L = 8cm

plate fin thickness == 1cm

angle between two plate fins = a = 45°

finite difference = Ax =2cm

number of elements = N =5

plate fin conductivity = k = 20 W/m-K or 200 W/m-K
plate fin emissivity = € = 1.0 or 0.5

tube wall temperature = 7, = 500 K

surrounding temperature = 7, = 300 K

convection coefficient = 2 = 0 or 20 W/m?2-K

Begin by determining the view factor between any two elements on the two radial
fins:

Referring to Hottel’s crossed-string method for a 2-D geometry (Chapter 12,
Example 12.8). For example, as shown in Figure 13.13, the view factor between
element #4 of the two fins, i, j, can be obtained as

Lis + 145 — (1474 + 1575)

F 4=

FIGURE 13.13 Radial plate fins on a circular tube and view factor determination.
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From geometrical relationships:

l4,5 = \/Li +L% _2L4 'L5 - COSO

liy =+ +1—2L,-L,-coso

Iss = \/L% +I%-2Ls-Ls-cosa

Similarly, the view factors between any two elements of fin i and j can be obtained,
such as Fy_s, Fy3, Fyo, Fio, Fi3, Fy, Fis, etc.

For view factor between an element and the surrounding such as from element #4
to the surrounding:

L+l —(lg+1..)
Fa— = 2Ax

where

li. =y/I>+I2=2L-Ls-cosa

l4,m =L- L4

lis =’ +I2—-2L-L, - cosc

lw—w = L— L5

Similarly, F;_.., F>_.., F_.., etc., can be determined.
Now, perform the energy balance on any element of a radial fin:

For example, element # 4 of an interior node:
Net conduction = Radiation

kt ”
BT 1)+ (5 - )] = 2- g8 Ax

Similarly, the energy balance can be obtained for any interior nodes such as 7, T,
T,, T,, Ts. The tip node depends on the boundary conditions such as insulated, con-
vection, radiation, etc., as indicated in Chapter 2. If N=1, 2, 3, 4, 5, five energy
balance equations can be derived, so that 7, 7,, T;, T,, T5 can be obtained. Here
T, = T, = given. However, we need to determine g7, radiation term, in the above
energy balance equation, and ¢{’, 47, 43, g5 -
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From the radiation energy exchange between element # 4 of fin i and elements #1,
#2, #3, #4, #5 of fin j, and the surrounding element:

qi = (-]4 _JI)F4—I +(J4 - Jz)F472 +(J4 —Ja)F473 +(J4 - J4)F474
+(J4 —J5)E;,5 +(Jy —J.)Fy e
Also,

”_ O—T44_J4
“="1"¢

£

Similarly, ¢i’, g5, g3, g5 of fin i can be obtained.

From these ¢i’...,q5 equations, J,, J,, ..., J5 can be determined. Substitute these
qiy---»q5 ,1.e., J, ..., Js into the above-mentioned five energy balance equations; thus,
T,, T,, Ty, T,, T; can be solved.

Note that J.,=surrounding radiosity = 6T = surrounding element and
T, =T, = given.

Case 2: A typical fin problem involving conduction, convection, and radiation
(refer to Chapter 2). With Case 1, we ignored convection. Now we will consider
convection loss, and the above-mentioned energy balance equation becomes:

k-t ”
N (L-T)+(Ts-T,)]=2-qf Ax+h Ax-2-(T, - T..)
Following the same procedure above, T, T, T}, T,, T; can be determined.

Note that the predicted fin temperature will be lower for the fin with € = 1 than
€ =0.5; also, the fin temperature will decrease with the inclusion of both radiation
and convective heat losses.

13.3.2 RaADIATION WITH CONVECTION

Case 1: Consider flow through a circular tube at constant heat flux g;, as shown in
Figure 13.14 [6].

&)

1 2 3 4 5

Ta)1 _»: . 3 ; ) ;Ill/’l'l’lll‘lllll 3 : L 3 ; _:[‘wz

rh ::: . : . : ql‘ . qC : . : . :::

T. . 1 tl 1 1 1 1 1 T

m,inletr 2 I £ 3 \VISRIIL IRARAAA L 2 I 3 ' |
- x I.T.I m,outlet
I 3 |

FIGURE 13.14 Flow through a tube with radiation and convection.



Radiation Exchange 451

Predict the tube wall temperature distribution, 7(x), using the finite difference
energy balance method. g7 = given = constant. The tube wall temperatures 7}, T, T,
T,, T; = unknown. The fluid bulk mean temperature 7,,,, 7,,,, 7,3, T,,,4» T,,5 = unknown.

Consider an energy balance on the tube wall element 7';:

” ” ” 6
qs=qr+qc=§(GT34—J3)+h(T3—Tm3) )

where

5
J3 = 8T34 +(1_€)' GT;}] '}'—'37{,01 +O-T:o‘2 'Fé,mz +ZJ,;3E;,,‘

i=1

Similarly, the energy balance on the tube wall elements T, 7,, T,, T can be derived.
The view factors, F;_;, can be obtained from Chapter 12, Example 12.10, such as F5_..;,
F., F, F; Fy, Fs, F., Similarly, the energy balance, view factors, and
radiosity at elements 1, 2, 3, 4, and 5 can be derived.

Since the problem involves convection, assume the heat transfer coefficient inside
the tube is & = constant = given. We need to determine 7,,; in the above energy
balance Equation 1.

Consider an energy balance in the fluid element 7,5

= mCP (71»13 - TmZ)
Thus

hntDAx
Tm3 = Tm2 + . (T% - Tm'ﬁ) (2)
me

Similarly, the fluid bulk mean temperatures, 7,,1, T,,2, T4, T.5 can be derived.

From (1) and (2), the unknown wall temperatures, T, T>, T;, T, Ts, and unknown
fluid temperatures, 7,1, T2, T3, T4, and 7,5, can be obtained through iteration.
Assume a set of tube wall temperature distributions, 7}, 7,..., Ts, to get a set of fluid
temperature distributions, 7,,1,T,,2,-.., 5. Then try a new set of 71,75,..., Ts to get a
new set of 7,,,1,T,,»,...,T,,5 until convergence.

Given values for the following quantities, the temperature distributions can be
calculated:

Number of tube elements, N = 1, 2, 3,4, 5, ..., etc.; tube diameter, D; tube length,
L; mass flow rate, riz; fluid specific heat, Cp; fluid inlet temperature, 7,, ;,.; surface
emissivity, €; surrounding fluid temperatures, 7., T..,; surface heat flux (constant),
g;’; element spacing, Ax; the outlet temperature, 7,, 4., is unknown and must be
determined.

Case 2: Now we will extend case 1 to also include axial conduction in the tube wall.
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The above energy balance equation on the tube wall element 7;; becomes:
4qs + qcond2-3 + {cond4-3 = 4qr + qc

Ml

£ 4
s = TDAX —— (015 — J3 )+ iDAxh(T; — T,3) — T, -T;)+ (T, — T 3
q 1—8( 3 3) (3 ) Ax 2 3) (4 3)] 3)

where k = tube wall conductivity = given; ¢, = g/ tDAx = given; A.= tube wall
. T . . .
cross-sectional area = Z(Df - D ); D, =tube inner diameter = given; D, = tube

outer diameter = given.
Following the above outlined procedures, Ti,...,7s, and T,,...,T,s can be
determined by solving (2) and (3).

REMARKS

In an undergraduate-level heat transfer course, students are expected to know how to
calculate radiation heat transfer between two surfaces or between two surfaces with
a third reradiating surface. Students are taught to use the electric network analogy for
many engineering applications such as electric heaters, radiation shields, and electric
furnaces with insulating side walls, and so on. At the intermediate-level, this chapter
focuses on how to analyze and solve radiation heat transfer problems in an N-surface
enclosure by using the matrix linear equations method for more complicated elec-
tric or combustion furnaces applications. Students are expected to know how to set
up a matrix from linear equations by applying the energy balance on each of the
N-surfaces with given surface temperature or surface heat flux BCs. Here we assume
that each N-surface has gray and diffuse properties and is kept at an isothermal con-
dition. For more details of N-surface enclosures with nongray, nondiffuse (specular),
or nonisothermal surfaces, readers are referred to more advanced radiation texts.

PROBLEMS

13.1 A rectangular oven 1 m wide, 0.5m tall, and 2m deep into the paper and is
used to bake a carbon-fiber cloth with an electric heater at the top. All verti-
cal walls are re-radiating (reflectory and insulated). Take &, = 0.7, ¢, = 0.9,
and &5 = 0.8. The heater temperature is 650°C when 20kW of power is sup-

plied. Convection is negligible. Given: & = 5.67 x 107 I

a. Based on the analogy of electric resistance network, draw radiation heat
transfer network from surface 1 to surface 2.
b. Determine the cloth (surface 2) temperature.

13.2 A rectangular oven 1 m wide, 0.5m tall, and very deep into the paper is used
to bake a carbon-fiber cloth with an electric heater at the top. All vertical
walls are reradiating (reflectory and insulated). Take ¢, = 0.7, ¢, = 0.9, and
&, =0.8. When 20kW of power is supplied, the heater temperature is 650°C.
Neglecting convection, what is the cloth temperature?



Radiation Exchange 453

13.3 A cubic furnace (1 mx1 mXx1m) is used at steady-state operation. The top
surface (e, = 0.9) is cooled at 250°C and the bottom floor (g, = 0.7) is heated
at 1000°C. The side walls are insulated, refractory surfaces. The view factor
between the top and bottom surfaces is 0.2.

a. Determine the net radiation transfer between the top and bottom
surfaces.

b. Determine the temperature of the insulated refractory surfaces.

c. Comment on what effect changing the values of emissivities of top, bot-
tom, and refractory surfaces would have on the results of (a) and (b).

13.4 Consider two aligned, parallel, square planes (0.5 mx0.5m) spaced 0.5m
apart and maintained at 7, = 500 K and 7, = 1000 K. Calculate the net radia-
tive heat transfer from surface 1 for the following special conditions:

a. Both planes are black, and the surroundings are at 0 K.

b. Both planes are black with connecting, reradiating walls.

c. Both planes are diffuse and gray with ¢, = 0.6, £, =0.8, and the sur-
roundings at 0 K.

d. Both planes are diffuse and gray (¢, = 0.6 and &, = 0.8) with connecting,
reradiating walls.

13.5 A room is 3m square and 3 m high. The walls can be taken as adiabatic and
isothermal. The ceiling is at 35°C and has an emittance of 0.8, while the floor
is at 20°C and has an emittance of 0.9. Denote the ceiling as surface 1, the
floor 2, and the walls 3.

a. Set up the radiosity equations. Determine and evaluate all the view fac-
tors and tabulate as a 3x3 array. Solve these equations to determine the
heat flow into the floor, g,.

b. Draw the radiation network. Use the network to obtain an expression for
q,, and solve for g, again.

13.6 A thin plate (surface area A,, emissivity g, absorptivity a,) is mounted hor-
izontally facing above a larger horizontal surface (area A,, emissivity &,,
absorptivity a,).

a. Give the corresponding thermal radiation network associated to the
problem.

b. Develop an expression without the radiosities for the radiation heat trans-
fer rate from 1 to 2.

c. What is the limit of this expression when the second surface is infinite?

d. Let surface 2 be the sky which is a blackbody at a temperature 15°C
cooler than ambient air, which is at 2°C. The plate is well insulated at the
bottom. Let & be the average convective heat transfer coefficient between
the surface and ambient air. Given h = 10W/m?K, ¢ =0.54 = «a,,
o = 5.67x10#W/m? K*. Determine the equilibrium plate temperature.

13.7 Consider two very large parallel plates with diffuse, gray surfaces.
Determine the irradiation and radiosity for the upper plate (at 7, = 1000°K,
&, = 1). What is the radiosity for the lower plate (at 7, = 500°K, &, = 0.8)?
What is the net radiation exchange between the plates per unit area of the
plates?
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13.8 A 0.25-m-diameter sphere (surface 1) is located inside of a 0.5-m-diameter
sphere (surface 2). Surface 1 is 200°C and surface 2 is 100°C. Determine
all the view factors and calculate the net heat transfer rate (W) between
the two spherical surfaces. Show all work and list all assumptions.
(Note: 6 = 5.67x10~8W/m? K*)

13.9  For a three-surface enclosure problem, as shown in Figure 13.7, determine
the following quantities using the matrix method.

Given Ty, T,, T, determine g, ¢,, 5.

Given q,, q,, g5, determine T}, T,, T;.

Given Ty, T,, T, determine g, ¢,, T5.

Given Ty, g,, g5, determine g, T,, T.

e. Given q,, q,, T3, determine T, T, g5.

13.10 A rectangular oven is 1 m wide, 0.5 m tall, and very deep into the paper, and
is used to bake a carbon-fiber cloth at the bottom with an electric heater at
the top. All vertical walls are at same temperature during operation. Take
the heater ¢, = 0.7, carbon-fiber cloth ¢, = 0.9, all vertical walls &5 =0.8.
The heater temperature is 650°C when 20kW per length of power are
supplied. Convection is negligible.

W

m?K*

o op

Given: 0 =5.67x107

a. If all vertical walls are reradiating surfaces (perfect reflection and
insulation), determine the cloth (surface 2) temperature.

b. If all vertical walls are gray and diffuse surfaces, to keep the same cloth
temperature, comment on whether the required heater power will be the
same, lower, or higher than that in part (a)? Why? Write down equations
that can be used to solve this problem, but you do not need to calculate
the numerical answer.
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14 Radiation Transfer
through Gases

14.1 GAS RADIATION PROPERTIES

A volume of gases, such as CO,, H,O (water vapor), CO, NO, NH;, SO,, HCI, the
hydrocarbons, and the alcohols, can emit and absorb energy at a given temperature
and pressure. It is important to determine gas radiation properties such as emissiv-
ity and absorptivity for combustion furnace designs [1-5]. The combustion products
(CO,, water vapor, CO, NO, and NH;) have radiation properties but air (oxygen and
nitrogen gases), helium, and hydrogen have no radiation properties (transparent to
radiation). We will assume that there is no scattering effect, in order to simplify
the analysis. In general, gas emissivity and absorptivity increase with pressure and
volume, but decrease with temperature; gas emissivity and absorptivity vary with
wavelength [1] as shown in Figure 14.1. Gases absorb and emit radiation in rather
narrow wavelength bands rather than in the continuous spectrum exhibited by solid
surfaces. For real gases, the gas absorptivity is not the same as emissivity. Under the
gray gas assumption, the absorptivity can be equivalent to emissivity.

100 LY
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FIGURE 14.1 Band emission of carbon dioxide and water vapor.
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FIGURE 14.2 Gas radiation properties for water vapor and carbon dioxide.

Figure 14.2 shows that gas radiation properties (carbon dioxide, water vapor)
increase with their partial pressure and geometric mean bean length (four times vol-
ume divided by surface area) and decrease with temperature [1]. The results were
obtained by applying hemispherical gas radiation to an element area at the center of
the base, as shown in Figure 14.3. Several other geometries that contain gases are
also sketched in the figure. In general, gas emissivity and absorptivity are relatively
low, approximately equivalent to an order of magnitude 0.1.

e =¢(PLT,)=0.1 (14.1)

e, =¢&,(P.LT,)=0.1 (14.2)

Y

FIGURE 14.3 Hemispherical gas radiation to an element area at the center of base.
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At 1 atm total pressure, CO, has partial pressure P. and water vapor has partial
pressure P - The geometric mean beam length, L, is defined as

i 0.94—‘/

L=—= 14.3
A (14.3)

s

where V is the volume and A; is the surface area.

The concept of geometric mean beam length for other gas geometries will be
discussed in a later section.

The total gas emissivity for combined CO, and H,O can be obtained as

& =& t§&,—Ase (14.4)

where Ae = 0.01 is a correction factor of emissivity for overlap of A for CO, and H,O.
For gray gas,

g =0, (14.5)

14.1.1 VOLUMETRIC ABSORPTION

Consider radiation heat transfer between two parallel plates at 7; and 7, filled with
an absorption gas at a uniform temperature 7. Spectral radiation absorption in a gas
is proportional to the absorption coefficient k,(1/m) and the thickness L of the gas.
The radiation intensity decreases with increasing distance due to absorption [3], as
shown in Figure 14.4.

dI,l (x):—k,ll,l(x)dx (146)
If k, is a constant value for a given gas, we obtain

dll (x)
I,l (x)
T, T,

= _kl dx

v
&

FIGURE 14.4 Absorption in a gas.
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Performing integration, we obtain

In/, (x) =—kx+C

Il ()C) — e(—k;1x+C1) — Ce—kpc

atx=0,C=1,,
I (x) =T,
atx=1L
L = Lige " (14.7)

This exponential decay is called Beer’s law. One can define the transmissivity as

= AL it (14.8)
I

The absorptivity is

o, =1-1, = 1 —e Tkt
For gases, a, = €, = emissivity.

If we consider both gas emission and the absorption effect, the intensity of the
beam is attenuated due to absorption and is augmented due to gas emission along the

distance [2]. Assume a local thermodynamic equilibrium, absorption coefficient will
equal the emission coefficient, and Equation (14.6) becomes

dl; (x)=[~kul; (x)+ kylpy dx (14.9)

where k,1,, is the intensity gained due to gas emission and —kI,(x) is the intensity
attenuated due to gas absorption.
Performing integration, we obtain:

d],l (X)= —k,l [1,1 (x)—IM]dx

d[l/l(x)_lb/’t] = —kdx
[ (x)—1,;]

ln[l,l(x)—lb,l] =—kx+C

I, (x) -1, = e(—qu+cl) — Ce—qu
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atx=0,C=1,-1,

L) =Ty + (1o = Ipp ) — e

Li(x) = Loe ™ +1, (1 - e_k”)
at x = L, and we obtain
I (L) = I/L()e_kﬂ‘ + 1y (1 - e"k“‘) = IA.,OT/l + 1€, (14.10)

In general, the absorption coefficient &, is strongly dependent on wavelength. If we
use the averaged overall wavelength of total properties, we obtain: k, =k, a =1 — 7,
a=¢l,=1,

Iy =1,=0T,

14.1.2 GreoMETRY OF GAS RADIATION: GEOMETRIC MEAN BEAM LENGTH

The typical gas emissivity data were obtained by applying radiation to the hemispher-
ical (of radius R) collection of gases radiating to an element of area at the center of
the base, as shown in Figure 14.3. For other furnace shapes, there exists an equivalent
mean beam length (L), defined as the radius of a gas hemisphere which radiates to
unit area at the center of its base the same as the average radiation over the area from
the actual gas volume shape [2]. Consider two surface elements dA; and dA; of an
enclosure containing an isothermal gray gas at temperature 7,, use total properties, as
shown in Figure 14.5. The irradiation dG; coming to surface dA; from surface dA; is

dG,' = I;COSG[ de (1411)

FIGURE 14.5 Elemental surface for radiation in an enclosure containing an isothermal gray gas.
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where I; is the intensity approaching surface dA,, using the concept developed in
Equation (14.10), replacing L by R=1Ije™™* +1,,, (1 e R ) I} the intensity leaving
surface dA; = J/r, J; the radiosity leavmg surface dA; = emission and reflection from
surface dA Ihg the intensity from blackbody gas emission = E,, /n = 6T} /r, E,, the
blackbody gas emission = 67}, dw; = dA; cos 0/R* R the distance (beam length)
between surface dA; and dA;, and k the gas absorption coefficient.

Therefore,

L dA,dA;

4G, = J’ +Ehg )] cosicose

G, = Ai j dG,dA. (14.12)

o R cosB; cosb;
- ” + Ey (1~ )] dA;dA;

nR*
A Aj

The distance (beam length) R varies over the surface. For convenience, we define a

mean surface (mean beam length) L;, such that

" AA; (14.13)
= I:Jje_kLlj + Ebg (1 - e_kLij ):IE]

Comparing Equations (14.12) and (14.13), we obtain

) 0,c0s0, _
M, = ijjwe % A, dA, (14.14)
A; TR

Ai Aj

If kL; is small, for optically thin gases at low pressure, e ~1- kL;, Equation
(14.14) becomes

L = J'J'COSOCOSGJ dA,dA (14.15)
AF;

If a furnace or combustion chamber can be modeled as a single-surface enclosure,
that is, with a uniform wall temperature and emission (uniform radiosity J), A; = A,,
F; =1, L;=L; =L Equations (14.13) and (14.14) become
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G =Je " +Ey(1-e") (14.17)
e*L=J;jﬁfM39@%§Q¢%¢x (14.18)
A, 1 nR

If kL is small, for optically thin gases at low pressure, e %~ 1 — kL, Equation (14.18)
becomes

L:LJ'J'cosOcosGdAsdAs
A, nR

Ay As

4v

Aq

(14.19)

where V is the volume of the gas in the enclosure and A, is the enclosure surface area.

In general, the geometric mean beam length (L;) between surfaces i and j of an
enclosure should be determined from Equation (14.4), and can be determined by
Equation (14.15) for the optically thin gas (i.e., small absorption coefficient k, low
pressure, and small enclosure Ly, kL,-j is small). In addition, it can be determined
from Equations (14.18) and (14.19), respectively, for a single-surface enclosure with
a uniform temperature and emissivity. However, in some problems, for the optically
thick gases (i.e., kL is not small, high pressure), the geometric mean beam length
(L) is less than the above-mentioned values. From experience, the geometric mean
beam length has proven to be a good approximation for the actual mean beam length.
For practice, Equation (14.3), L = 0.9(4V/A,), can be used.

14.2 RADIATION EXCHANGE BETWEEN AN
ISOTHERMAL GRAY GAS AND GRAY DIFFUSE
ISOTHERMAL SURFACES IN AN ENCLOSURE

Since we know how to obtain gas radiation properties such as emissivity and absorp-
tivity and how to determine the view factor between two surfaces, the following
shows how to determine radiation heat transfer between surfaces in an enclosure
with radiation gases. Assume that there are N gray diffuse and isothermal surfaces
[2,4,5]. This implies that each surface at 7; has uniform radiosity J; (emission plus
reflection). Also assume that radiation gases are gray gases at uniform pressure and
temperature (emissivity = absorptivity) and have no scattering effect. Figure 14.6
shows an energy balance on surface i and an energy balance between surface i and
the rest of enclosure surfaces j through gases.

If given surface i temperature (7)) and gas temperature (7,), the following
shows how to determine the heat transfer rate from surface i (¢, and from the
radiation gases (g,). Gas transmissivity is inversely proportional to the gas absorp-
tion coefficient as

T, =e" (14.20)
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Ti A g

FIGURE 14.6 Radiation heat transfer through gases in an enclosure.

where £ is the total absorption coefficient (predetermined), for example, k = 0.3 m!,
L is the mean beam length (predetermined from Equation 14.3).

Since gas absorptivity + gas transmissivity = 1, @, + 7, = 1.

Therefore,

l—a,=1,=¢" (14.21)

For given T, T, how to obtain g, qg
Perform an energy balance on surface 7, net heat transfer rate = radiosity (energy
out) — irradiation (energy in)

and
J,' = giEbi + (1 —&; )Gz (1423)
Therefore,
E, —J;
= 14.24
U= 1) (Ae) (1429

Performing an energy balance between surface i and the rest of surfaces j through
radiation gases,

g = Ai(Ji = G;)
[ 2 o, g — Epgé;, ]+ A€ Ji — A€ gJ; (14.25)

= At (Ji— By )+ ZA — o) (= ;)
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where

AG; = ZAJ-F,,-Jj (1- 0 )+ Aigi Ep

(14.26)
- ZA,-F,jji (1- )+ A By
And from the following relationships:
Ai (J, - gi,gJi) = Ai"i (1 - gi,g)
= Ai-]i (1 - Ot,»,g)
= ZAiF;jJi (1 - ai,g)
Therefore,
J—E N Ji—J
g=— " £y " 1 i (14.27)
Jj=1
(Aiei,g] [AiF,,(l—a,-j,g)J
— - 2

resistance due to resistance due to view factor

gasemissivity and gas absorptivity

If the gas has no radiation properties, that is, g, =, = 0, 7, = 1, then the above equa-
tion returns to the one we have seen before as

N
J-1,
“=2 1/AF,

J=1

14.2.1 MATRrIX LINEAR EQUATIONS

Method 2—The matrix method for an N surface enclosure with participating
gases. For case A, we are given temperatures to determine heat fluxes. Let the
right side of Equation (14.24) equals the right side of Equation (14.27) to form the
matrix as before:

apJi +apdy +-+andy =

andy+ant, +-+anIy =
anJi+and, ++ayy =
ayJi +anyJy +-+anyIy =cn
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Therefore,
[All7]=[C]
[/]=[AT"[c]

In addition, combining Equations (14.23) and (14.26), we obtain J; = emission from
surface i + reflection from surface ;.

N
Ji= By +(1-8) D Fid, (1= 0.+ &, (14.28)
j=1

Similarly, Equation (14.28) can be used to form the matrix [A][J] = [C] as follows:

J] = glEhl +(1—£1)[E1J1(l—ag)+£1,gEhg +Fi2.lz (l—ag)'i‘"']

Jz = £2Eb2 +(1—82)|:F21]1(1—06g)+ gz,gEbg +F22]2 (1—Olg)+"':|

JN = SNEbN +(1_8N )[FNIJI (1— ch)+8N!gEbg + FN2J2(1—ag)+“‘]

Once matrix [J] has been solved, then surface heat transfer rate can be determined
from Equation (14.24) as

o Euw-J
T 1) (eh)

If we consider an energy balance between gases and enclosure surfaces i, the heat
transfer rate (energy releases) from the gases to the enclosure is

N

N
G = D Ak (Eny—J,)= Z% (14.29)
i=1 b

i=1

However, we still need Equations (14.24) and (14.27) or Equation (14.28) to solve J;
using the matrix method. The aforementioned gas radiation problems can also be
solved by Method 1—The electric network analogy method.

14.2.2 ELecTRIC NETWORK ANALOGY

Special case 1: Figure 14.7a shows several combustion furnaces that can be mod-
eled as radiation between two surface enclosures containing hot radiation gases, if
T, > T, > T,: By using Equations (14.24), (14.27), and (14.29), Figure 14.7b shows
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the associated electric network from the hot gas to surfaces 1 and 2. Hot gases
release energy to surfaces 1 and 2 through their resistances (with gas emissivity
less than unity); each surface has its own resistance (with surface emissivity less
than unity). There is a reduced view factor between two surfaces because the gas
is not completely transparent between the two surfaces (due to the gas absorption
effect). If gas absorptivity is zero, the view factor is the same as the one with
nonparticipating gases (such as air). An energy balance on surfaces 1 and 2 must
be performed in order to solve for radiosities J, and J,, respectively. Then, energy
releases from hot gases, and heat transfer to surfaces 1 and 2 can be determined.

Special case 2: Figure 14.8 shows that several combustion furnaces can be mod-
eled as heat transfer between hot gases and a single gray surface enclosure (assume
an enclosure at a uniform temperature). The simple electric network can be used to
solve this type of problem.

From Equations (14.24) and (14.28), solve for ¢, as

Jy =&y +(1-&)[ i (1- ot ) + &, Ep | (14.30)
qi =(Ebl _]1)A181/(1_61) (1431)

@

1 %
or coal
(b)
Ebl —
o '\f\/\/V‘A
1-¢,
Agy AFpp(1 —0(1_2,g) Ase,

FIGURE 14.7 (a) Radiation between hot gases and two-surface enclosures; (b) electric
network for radiation from hot gas to two-surface enclosure.



466 Analytical Heat Transfer

1-gray or black surface

FIGURE 14.8 Radiation between hot gases and single-surface enclosure.

Substituting J, into g,, we obtain

0= A€ 0,0T,! ~ A€ g,0T,
C-(-e)(l-a,) 1-(1-&)(1-a,)
(14.32)
A&

_ 4 4
Ti-(1-&)(1- ag)(agGTS £ )

Special case 3: Now we have net radiation heat transfer between nongray gases and
a single black enclosure. To further simplify the problem, assume that the whole fur-
nace surface is a blackbody at a uniform temperature as shown in Figure 14.9. The
net heat transfer rate equals the hot gas emission and absorbed by the black surface
minus the black surface emission and absorbed by gases [1].

G = (£,ACT}) -0t~ (8,A0T) -0, = A (e,T} — 0, T})  (1433)

emission emission
from the gas from the surface

Black six-surface
TS AS
g=0,=1

Gray gases T,
CO,+H,0

FIGURE 14.9 Radiation between hot gases and single black enclosure.



Radiation Transfer through Gases 467
For gray gas,

£, =0 (Otherwise,eg # ozg)
and for nongray gas

g, =& +§&,—Asg

o, =0 +a, - Aa

Ao = Ag
For water vapor,
045
T, )
a,=C,| % - €, 7},PWL3 (14.34)
T T,
For carbon dioxide,
0.65
T, T,
o, =C.| =% & | T,,P.L— (14.35)
T T,

Note that the problem will be more complicated if we consider radiation exchange
between nongray gases and a single gray enclosure, or radiation exchange between
nongray gases and an N-surfaces enclosure, where N =1, 2, 3,..., N.

Special case 4: Now consider a gray enclosure filled with a gray gas. Figure 14.10
shows a furnace consisting of a hot or a cold gray surface (1), a refractory surface R,
and a gray gas, g, where each element is assumed to be at a uniform temperature: 7,
T,, and T,; determine the radiation heat transfer between the surface (1) and gas as

6(7]4 - Tg“)
G = (14.36)
(1-&)/A + 1/ Ae + 1 [ 1 (Aege) + 1/(AFiige) |}

Special case 5: Increasing the number of surfaces, we can consider two gray surfaces
with a gray gas. Figure 14.11 shows a furnace consisting of a hot gray surface (1),

R

1

FIGURE 14.10 A gray enclosure and a refractory surface filled with a gray gas.
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1 La g La
A, AFTe Ag

FIGURE 14.11 An enclosure of a gray hot surface, a gray cold surface, and a refractory
surface.

cold gray surface (2), a refactory surface R, and a gray gas g; determine the radiation
heat transfer [1].

Special case 6: Finally, we can include three gray surfaces with a gray gas.
Figure 14.12 shows a furnace consisting of three gray surfaces, 1, 2, and 3, and a
gray gas, g, determines the radiation heat transfer.

Real furnace applications—The zone method: Figure 14.13 shows the concept
of the zone method for real-furnace applications proposed by Hottel (MIT) [5]. In
a real furnace, combustion gases, as well as furnace surface temperatures, are non-
uniform. The problem can be solved by dividing gases and surfaces into a number of
gas zones and surface zones, respectively. An energy balance can be performed on
each subsurface (each zone) and between each subsurface and the rest of subsurfaces
(zones) through gas zones. View factors also need to be calculated between subsur-
faces. The solution procedures are quite complicated.

Zone for gases T, ; = number of gas zones, a uniform temperature in each zone

Zone for surfaces 7; = number of surface zones, a uniform temperature in each zone

The problem will be even more complicated if convection effects are consid-
ered, which is up to 20% of heat transfer rate for circulation in a well-mixed
furnace. In reality, soot formation and radiation can further make the problem
harder to model.

1
ArFi3(1 - ayz)

ArFip(1 - aizg)

FIGURE 14.12 An enclosure of three gray surfaces.
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Surface zones Surface zones

Alr fuel :" ,'" Air fuel

5. '-. . ........ I. ......
\ 7
Gas zones Gas zones

FIGURE 14.13 Concept of zone method for real furnace heat transfer problem.

14.3 RADIATION TRANSFER THROUGH GASES
WITH NONUNIFORM TEMPERATURE

14.3.1 CRrYOGENIC THERMAL INSULATION

In some applications, such as cryogenic thermal insulation, radiation heat is trans-
ferred from surface 1 to surface 2 through participating gases with varying tempera-
ture as shown in Figure 14.14. For a simple 1-D problem, the gray gas temperature
changes from gray diffuse surface 1 to surface 2 [4-7].

14.3.2 RADIATION TRANSPORT EQUATION IN THE PARTICIPATING MEDIUM

Figure 14.14 contains the isotropic medium between two parallel flat plates at tem-
perature 7, and 7,. How to determine net radiation heat flux g between two plates?
First, determine the radiation intensity in the positive y-direction (/*) and in the
negative y-direction (/). The intensity in either the positive or negative direction
will be attenuated due to gas absorption and scattering, and will be augmented due
to gas emission and scattering into the travelling path. Consider a radiation intensity
path as ds, gas particles (such as CO,) can absorb the photons emitting from the flat
plates into ds, can scatter the photons away from ds, meanwhile, can emit photons
from ds, and can absorb photons scattering from the surrounding particles into ds.
Absorption, emission, and scattering into ds or away from ds, depend on the gas
path location, and the gas path location is a function of (y, 8, A, T,). That means,
F=I(y 0,A,T,)and I =I(y, 0, A, T,). Once I* and I can be obtained, the net
radiation flux ¢ from T, to T, can be determined. The radiation transport equation in
the participating medium between two plates will be briefly outlined below, please
refer to references [4,6,7] for the details.

From Figure 14.14, consider radiation intensity travelling in the positive s-direction
as I*. Consider radiation intensity change through ds, due to photon absorption and
scattering away by the particles, and due to particles’ emission and photons scattering
into the ds, as mentioned above. From energy balance along the ds:

drl; (s,0)=—a,1; (5,0)-ds — 17 (s,0)-ds + € Eor s+ . % -ds (14.37)
T T
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T1>T2

FIGURE 14.14 Radiation heat transfer through gases with varying temperature.

dI; (s,0) = intensity change along s-direction
-1 (5,0) - ds = intensity absorbed by the particles within ds
—1,1; (5,0)- ds = intensity scattered away by the particles within ds

g, r ds = intensity gained by the particles emission within ds

T

I 4—1 -ds = intensity gained by the surrounding particles scattering into the ds
I

where

o), = absorption coefficient of the particles

r, = scattering coefficient of the particles

ey, = 0T, = emission energy of the black particles

G, = scattering energy from the surrounding particles into ds
Let k= a; + r, = extinction coefficient = k; (s)

a; = g, for the particles

To simplify the problem, assume
Eleﬂ‘i‘m& = kl 'IEA(S,G)
T T
The above energy equation along ds becomes
dr; (s,0)=—k; (s)I; (s,0)-ds + k; (s) I, (5,0) - ds (14.38)

intensity change = intensity attenuation + intensity augmentation
For convenience, define an optical depth k, along s-direction as k; (s)

S

o (s) = j o (s) ds

0
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where k; (s) = 0 at s = 0, no extinction effect

ky(s)=kj -S ats =S, maximum extinction effect

Thus dkj (s) = k;, (s) - ds. Insert into the above Equation (14.38):

dr; (s,0)=—1;(5,0)-dk; (s)+ I (s,0) - dk; (s) (14.39)

To solve the problem, multiply both sides by a factor €0 and move the right-side
first term to left-side, and then divide both sides by dk; (s), it becomes:

dr; (5’6) ka(s) | 7+ k
)+ 15 (5,0 AG) = 1 .0 ka(s)
ik, (5) e 7(s,0)e w(s5,0)e
d + ka(s) | _ 7+ ka(s)
dk,l(s)[ll (5.0)- ") | = Iy (s.0)e™ (14.40)

Integrate from k; (s) =0 to k; (s):

ka(s)
11 (k;.,8)- €9 — 1 (0) = J' 1y (K1,0) - ¢ Odk ()

0

ka(s)
15 (k;,0) =15 (0)- e + J I (K5.0) - €% . gks (s) (14.41)
0

where k; (s) is a dummy variable of integration.
Now, relate the optical depth in s-direction to optical depth in y-direction:
From Figure 14.14,

dy = ds - cos@ in the positive direction
dy = —ds - cos(m — ) = ds - cos 6 in the negative direction

The optical depth along y-direction:

o (s) = J.k,l (s)-ds,  diy(s)= ks (5)-ds

0

Then k; (y) = k (s)- cos6
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Thus, the above energy balance equation along y-direction is

k,

15 (ki0) = 15 (0)- e + 1 (k1,0)- 0 B 4
cos@
0
foro<g<™
2
Similarly, intensity change along the negative y-direction can be written as
0 ) k'
15 (ki 0)= 17 (ki) 1 (k7.0)-e 0™ a 20 (14a3)
cos
ka

fOl‘ESOSTC
2

The above I"(k;,0) and I (k;,0) can be solved because the boundary condi-
tions 7 (0) and I3 (k; ) are known quantities. Therefore, the net radiation heat flux in
y-direction can be determined.

q(y)= J-q,l(y)d;t = qu(kl)dl (14.44)
=0 =0
where
. (y)=a;(y)—az(»)
with
]
2
¢i (y)dA = dA J‘II{ (k2,0)-cosO-dw
6=0 (14.45)
/2
=2n dA jl{(kl,0)~cose -sin@ - do
0
and
7[—6':5
2
ai (v)dA=2m dA j 13 (k3.,8)- cos(1c - 6) - sin(1 - 8)- d (1. - 6)
=60 (14.46)

=21 dA J.I,{ (k1,0)-cosO-sinb - do

/2
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where dw = 21tsin0d8 for an isotropic gas

Since I3 (k;,0) and I7 (k;,0) can be solved from the above mentioned intensity
balance Equations (14.42) and (14.43). Thus, ¢ (y)dA and g3 (v)dA can be integrated
from (Equation 14.45) and (Equation 14.46); therefore, g(y) can be obtained from
(Equation 14.44).

14.3.3 RADIATION TRANSFER THROUGH GRAY GAS BETWEEN
Two GRrAY AND DirFruse PARALLEL PLATES

To further simplify the problem, assume two flat plates are gray, diffuse and isotropic
surfaces at temperatures 7, and T,, and the participating gases are gray and isotropic
at T(y). In this case, all radiation properties such as k;, I}, I; are independent of A.
The above intensity equations and heat flux equation can be re-written as

k
It (k’e) =" (0) . e—k/cose + JI; (k,) . e—(k'—k)/cosS . dki (1447)
cos6
0
0 k’
I (k0)=1 (ky)- e + II; (k7). Wheost g 2 (14.48)
/ cos@

where the boundary conditions:

Ji _ &0l +(1-g)-1(0)

I"(0)=
T T (14.49)
= 6:4 (if platelisablack surface)
(L) = o _ &0l +(1-&)-I"(L)
" 4§ (14.50)
oTy

= ( if plate 2isa black surface)
T

However, in order to solve the above I*(k,0) and I™ (k,0) from (Equation 14.47)
and (Equation 14.48), one needs to solve I and I, first, where I, = O'Tg4 (k) and
I, = 0T, (k). Under the condition of radiation equilibrium, the following equality at
any optical depth k can be applied:

oT,; (k)=mnl (k)

where I (k) is the mean radiation intensity
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where dw = 21tsin0d0

Thus,
oT* (k)= %J.I*(k,e)sinede+%J.I‘(k,6)sin9d9 (14.51)

Insert the intensity equations I (k,0) and I~ (k,0) from Equation (14.47) and
Equation (14.48) into the gas temperature Equation (14.51), and T, (k) can be solved;
thus insert 7, (k) back to Equation (14.47) and Equation (14.48), I (k,0) and I (k,0)
can be obtained. Once I* (k,0), I” (k,0), and T, (k) have been obtained, then the net
radiation heat flux from the plate 1 to plate 2 can finally be determined.

dq(y)
dy
tion, no convection in the participating medium:

Let g(y) = constant = ¢(0) at y = 0, at the plate 1. From Equations (14.44), (14.45),
and (14.46):

Since =0, that is, g(y) = constant, if only consider radiation, no conduc-

q(0)=¢"(0)-¢ (L) (14.52)
/2

g (0)=2mn Jl+(0,0)sin00050d9 (14.53)
0

qg (L)=-2=m jl‘ (L,8)sinOcosHdO (14.54)

/2

where I*(0,0) and I~ (L,6) can be obtained from Equations (14.47) and (14.48) at
k=0andk=Las

1(0,6) = 1" (0) (14.55)

k/

14.56
cos@ ( )

0
I (L,e) =I (L) . e—L/cosB + JII: (kl) . e—(k’—L)/cosO -d
L

Now, ¢*(0) and g~ (L) can be solved with the intensity Equations (14.49), (14.50) and
(14.55), (14.56) by the exponential integral functions or numerical method as detailed
in reference [4,6]. Finally, the gas temperature 7, can be solved from Equation (14.51),
and the heat flux ¢(0) solved with Equation (14.52).

Note: In open literature, the volumetric extinction coefficient is the same as the
optical depth; for example, k = 100m?/m? = 100 per m for an optically thick gas,
k=10"°m?/m3 = 10-% per m for an optically thin gas. L is the distance between
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two plates. k; = k - L, for example, k;, =100x 0.1 =10 if £k = 100 per m, L = 0.1 m;
k, =10°x0.1=10"if k= 10 per m, L = 0.1 m.

Results of simplified but important applications are outlined below.

For 1-D, gray gases, gray and diffuse surface, radiation only, the heat flux

0(T14 —T{‘)Q
q= 1+0((1/e)) +(1/e,) - 2) (14.57)
0=t =10 (14.58)
_oT'(k)=J»
#k)= Ji—1J, (14.59)

where Q is the nondimensional heat flux, @¢(k) is the nondimensional temperature
profile, as sketched in Figure 14.15.
Temperature profile:

1
o(k)= I—EQ—%Qk (14.60)

Physical significances:
Special case (a)—Optical thin medium: k, =k - L < 1 ~ 0, then, Q — 1 and the
physical heat flux is

__olm-1) 14.61
"7 e+ (1)1 e

This equals a surface radiation problem.
Special case (b)—Optical thick medium: k is large or k, — oo, then Q = (4/3)
(I/k;) is small,

41

g=o(T' - Tf)gg (14.62)
1.0 . Optically thin
KThin k=0 Exponential
d 05 \ \
Thick k;=eo Numeric;i\ \ Optically thick
0 = Y
‘ k/kp ! k. 10

FIGURE 14.15 Nondimensional temperature and heat flux profiles.
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k/k,

FIGURE 14.16 Temperature profile between two black surfaces through participating gas.
If considering black surfaces, ¢, = ¢, = 1, from Equations (14.58)—(14.60), the tem-
perature profile between two surfaces with participating medium can be obtained
and sketched in Figure 14.16,

a. ¢p=1/2= (T4 -7 )/(Tl4 - T24) for the optical thin medium.

b. ¢=1-(k/k,)=(T* - T3')/(T}* - T5') for the optical thick medium.

If considering conduction and radiation,

~ ~ T -T, o(r-13)0
1= 4c T = (k""“d L )+[1+ 0((1/e)+(1/e,) - 2) (14.63)

If considering convection and radiation,

(14.64)

Examples
14.1 A hemispherical furnace is shown in Figure 14.7.

a. If the furnace contains N, gas at 5 atm pressure, determine the net radia-
tion heat transfer from surface 1 to surface 2 (assume T, > T,).

b. If the furnace contains CO, + N, gases at 5 atm pressure and temperature
T,, determine total radiation heat transfer from gases to surfaces 1 and 2
(@assume T, > T, > T)).

c. Reconsider (b), if surface 1 now is a reradiating surface, determine the
total radiation heat transfer to the surface 2 of the furnace. In this new
condition, comment on whether the radiation transfer to surface 2 will be

higher, the same, or lower than that of (b).
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Solution

_ ol —oT
S L P R PP

Ag Ay A

where F,, = 1

b. From Equation (14.29)

Eb —J] Eb _Jz
qs =qg T4 = gl + gl

Ag, AE,

where /, and J; can be obtained from Equation (14.27),

_EbI_J]_]l_Ebg+ Ji—J,

D= T i
A Ag, AlFlz(l—ag)
_Ep-Jy _Nh—Ey Jo=Ji
2=, C 1 T 1
A&y A2£g A > (1 - Otg)

where A;F, = A,F,; and assuming a gray gas, &, = a,
c. From Figure 14.10 and Equation (14.36),

Ehg — O'T24
qq2 = -1

1 1-¢
+
1 + 1 A2€2
Ag, AR (l1-ay)

Arg, +

92l > el

14.2 A hemispherical furnace, with a re-radiating floor and a water-cooled ceil-
ing, contains CO, and N, gases at 1 atm pressure and 1000°C. Take &, = 0.8,
e,=0.7, D=1m, and T, = 500°C. Determine the radiant heat transfer to the ceil-
ing of the furnace. Assume gray gases. Given: ¢ = 5.67 x10-8 (W/m?K#). Volume of
a sphere = (4/3)x((1/2)D)?, surface area of a sphere = 4x((1/2)D)>.

Solution
From Figure 14.10 and Equation (14.36),

4 4
oT; -oT,

(]gz = -1
1-¢,

Arey

—1
+44€, + ! + L
Ag,  AF(1-0,)
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L=09-—=0.6

A,
P.=0.5 atm, from Figure 14.2: ¢, = @, ~ 0.18
Fi,=1,A,A,, T,and T, are given

G ~ 51.4KW

14.3 For a cylindrical furnace (top wall 1, bottom wall 2, side wall 3) with hot
gray gases, solve the following problems by using the matrix method.

a. Given T, T, T5, T, determine q,, g, g5, Qg
b. Given qy, q5, g3, q,, determine T;, T,, T, T,,.
c. Given T,, T, g, T,, determine q;, 5, T, q,.

Solution

a. Follow the procedure outlined in Section 14.2:
Set (Equation 14.24) = (Equation 14.27)
With i =1 for surface 1, and j =1, 2, 3 to get

apJ, +apd; +asds =c¢

With i = 2 for surface 2, and j = 1, 2, 3 to get
anJy tant, tant; =c;

With i = 3 for surface 2, and j = 1, 2, 3 to get
ayJy +and, +asts =c

From [A][J] = [C], solve for [/, i.e., J;, |, /5
From Equation (14.24), solve for g;, where i=1, 2, 3.
Use Equation (14.29) to solve for q,.
Note: You can provide numerical values for T, T,, T;, T, to calculate
9r 92 93 G
b. Similar to part (a). Apply Equation (14.27) from surface 1 (i= 1) andj =1,
2, 3, where £y can be obtained from Equation (14.29):

_Ebg_Jl Ebg_JZ Ebg_]S
e T
Ag, Arg, Asg,

Solve for £,, and insert E,, into Equation (14.27), then get
anJi +anty+at; =¢

Repeat for surface 2 (i=2) and j =1, 2, 3, and insert £,, into Equation (14.27) to
obtain

anJy +any +ant; =



Radiation Transfer through Gases 479
Again, repeat for surface 3 (i=3) and j = 1, 2, 3, and insert E,, into Equation
(14.27) to obtain
ayJi +and; +ant; =c

From [A]l[/] = [C], solve for [J], i.e., J,, )5, /5.
From Equation (14.24), solve for E,, where i = 1, 2, 3: E,; =T}, and

solve for T,.

From Equation (14.29), solve for £y, where i=1, 2, 3: E,, = oT,, and
solve for T,.

Note: You can provide numerical values for g, g,, g3, g, to calculate
T, T, T T,

c. Combine parts (a) and (b).
Note: You can provide numerical values for T, T,, q;, T, to calculate

Qv 92 T5 q
14.4 A gas turbine combustion chamber may be approximated as a long tube
of 0.4m diameter. The combustion gas is at a pressure and temperature of 1 atm
and 1000°C, respectively, while the chamber surface temperature is 500°C. If the
combustion gas contains CO, and water vapor, each with a mole fraction of 0.15,
what is the net radiative heat flux between the gas and the chamber surface, which
may be approximated as a blackbody?

Solution

From Equation (14.33)
e = A0 (£, -, T;')
where
g, =& +€,—Ae with Ae= 0.01
o, =a.+o, —Ace with Aa =0.01
Use Figure 14.2 to determine €. and ¢, at L = 0.9D = 0.36m = 1.15ft

P.L=P,L=1.150.15=0.1725 atm-ft
T, =1000+273=1273K
= E.=0.069, ¢, =0.085, £, = 0.069+0.085-0.01=0.144

Use Equations (14.34) and (14.35) to determine ¢, and o,

PCL% = PWL% =0.60.1725 = 0.105atm-ft (at 7, = 500+273 = 773K
8 8

- €.=0.08, ¢, =0.083

0.65
a.= 1(%) x0.08=0.111
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1273

0.45
a, = 1(—) % 0.083 = 0.104
773

0, =0.111+0.104-0.01 = 0.205

’ -8 4 4 w

g’ =m(0.4)(5.67x10%)[ 0.144(1273)" = 0.205(773)" | =21.9-
m

14.5 A cryogenic storage chamber has double walls for the purpose of insulation
against heat loss. The gap between the walls is filled with a gas whose properties are
Thermal conductivity: kcond(T) = 2 x 10-7 x T°K (KW/(m - °C))
Volumetric radiation extinction coefficient: k = 10-° (m?/m>)

a. Determine the rate of heat loss if one wall is at 500K and the other wall
is at 100K. Take ¢, =¢,=0.1, L =0.2m.

b. If k = 100 (m2?/m3), what would be the result in (a)?

Solution

T

L
Lg. = J.chx = j— keona (T)dT =2x107 x (T - 73
0

T

1077 w
.= 57 -1?)x10* =120—
=02 ( ) m

For an optically thin gas, from Equation (14.61),

o(1'-7') 5.67x10"(5' —1*)x10°

w
qr = 1 1 = 1 1 = 186272
— 1 — n
& & 0.1 .01
Sq=q.+tqr = 306.2K2
m
For an optically thick gas, from Equation (14.62)
41
=o(I'-T')-—
qr ( 1 2 )3 Lk
=567x107(5* =1*)x10° . T
3 0.2x100 m

w
q=q.+qr=198—
m

aly <)
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REMARKS

In the undergraduate-level heat transfer, from charts, students are expected to know
how to read the emissivity and absorptivity values of water vapor and carbon dioxide
in a furnace at given size, temperature, and pressure, and then apply these properties
to calculate radiation transfer between these gases and the furnace wall, assuming
the blackbody furnace wall at a uniform temperature.

In the intermediate-level heat transfer, this chapter focuses on how to derive volu-
metric absorption, geometric mean beam length, radiation transfer between gray gases
at a uniform temperature and an N-surfaces furnace with each surface at different gray
diffuse uniform temperature conditions. Students are expected to know how to analyti-
cally solve gas radiation problems by using the matrix linear equations method for an
N-surfaces furnace with various surface thermal boundary conditions. By using the
electric network analogy, this chapter has also provided several relevant engineering
applications such as radiation transfer between gas at a high uniform temperature and
one-surface furnace assuming the gray diffuse surface at a low uniform temperature;
or between gas at a high uniform temperature and two-surfaces furnace assuming gray
diffuse surfaces with each surface at different low uniform temperatures.

This chapter does not go into detail on real-furnace applications with varying gas
temperature and surface temperature using the zoning method. We only dealt with
the 1-D varying gas temperature, steady-state, and gray diffuse surface problem.
However, in real-life applications, there are many gas radiation problems involv-
ing flow convection; 2-D or 3-D varying gas temperature; cylindrical or spherical
furnace geometry; nongray gases; nongray nondiffuse surfaces; gases with scatter-
ing particulates and soot formation; and sphere fillet or fiber porous medium. These
topics belong to advanced radiation transfer.

PROBLEMS

14.1 A hemispherical furnace is shown in Figure 14.7. If the furnace contains
CO, + N, gases at 1 atm pressure and temperature 7, determine the total
radiation heat transfer from gases to surfaces 1 and 2 (assume 7, > T, > 15,
and make other necessary assumptions).

a. Based on the analogy of electric resistance network, draw a radiation heat
transfer network from gases to surfaces 1 and 2.

b. Determine the total radiation from gases to surfaces 1 and 2. The final
solutions should be the function of given temperatures, surface area, and
radiation properties.

14.2 A hemispherical furnace is shown in Figure 14.7.

a. If the furnace contains N, gas at 5 atm pressure, determine the net radia-
tion heat transfer from surface 1 to surface 2 (assume 7; > 7,, and make
other necessary assumptions).

b. If the furnace contains CO, + N, gases at 5 atm pressure and temperature
T,, determine total radiation heat transfer from gases to surfaces 1 and 2
(assume T, > T, > T,, and make other necessary assumptions).
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c. Reconsider (b), if surface 1 now is a reradiating surface, determine the
total radiation heat transfer to the surface 2 of the furnace. In this new
condition, comment on whether the radiation transfer to surface 2 will be
higher, the same, or lower than that of (b) (make necessary assumptions).

14.3 A long hemicylindrical furnace is shown.

a. Determine the net radiation heat transfer from surface 1 to surface 2, g,,.

b. If T, = T,(#), describe how to determine q,.

c. Consider combustion gray gas with a uniform temperature 7, and
emissivity, for example, inside the furnace, and determine the total
radiation heat transfer from gas to surfaces 1 and 2, g,. Assume T;, T,
constant.

14.4 A hemispherical furnace, with a reradiating floor and a water-cooled ceiling,

contains CO, and N, gases at 1 atm pressure and 1000°C. Take &, = 0.8,

&, =0.7,D = 1m, and T, = 500°C. Determine the radiant heat transfer to the

ceiling of the furnace. Assume gray gases.

Given: o= 5.67x10-8(W/m2K*).
Volume of a sphere = (4/3)x((1/2)D)?
Surface of a sphere = 4x((1/2)D)?

14.5 A hemispherical furnace, with a reradiating floor and a water-cooled ceiling,
contains 2CO, and 8N, gases at 1 atm pressure and 1000°C. Take &, = 0.8,
&, =0.7,D = 1m, and T, = 500°C. Determine the radiant heat transfer to the
ceiling of the furnace.

14.6 A cryogenic storage chamber has double walls for the purpose of insula-
tion against heat loss. The gap between the walls is filled with a gas whose
properties are thermal conductivity: k,...(T) = 2x 107 - T°K (KW/(im — °C));
volumetric radiation extinction coefficient: k = 10-% (m?/m?).

a. Determine the rate of heat loss if one wall is at 500°K and the other wall
is at 100°K. Take ¢, = ¢,=0.1,L=0.2m.
b. If K = 100 (m?*/m?3), what would be the result in (a)?

14.7 A cryogenic storage chamber has double walls for the purpose of insulation
against heat loss. The gap between the walls is filled with a gas whose prop-
erties are

Thermal conductivity: k., (T) = 1x 107X TK(KW/(m —°C))
Volumetric radiation extinction coefficient: k = 10-¢ (m*/m?3)

The walls are made of a polished metal, with an emissivity of 0.2. The gap
between the walls is 0.5 m.

a. Determine the rate of heat loss if one wall is at 300K and the other wall
is at 100K.

b. If K = 100 (m?*/m?3), what would be the result in (a)?

14.8 A cryogenic storage chamber has double walls for the purpose of insulation
against heat loss. The gap between the walls is filled with a gas whose prop-
erties are
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Thermal conductivity: k,,(T) =3 - 107X T°K(KW/(m — °C))
Volumetric radiation extinction coefficient: k = 10 (m?*/m?)

The walls are made of a polished metal, with an emissivity of 0.1.
The gap between the walls is 0.3 m.

a. Determine the rate of heat loss if one wall is at 400°K and the other wall
is at 100°K.
b. If kK = 100 (m?/m?), what would be the result in (a)?

149 A gas turbine combustion chamber may be approximated as a long tube
of 0.4m diameter. The combustion gas is at a pressure and temperature of
1 atm and 1000°C, respectively, while the chamber surface temperature is
500°C. If the combustion gas contains CO, and water vapor, each with a
mole fraction of 0.15, what is the net radiative heat flux between the gas and
the chamber surface, which may be approximated as a blackbody?

14.10 Consider a hemispherical furnace, with a reradiating floor and a water-
cooled ceiling, contains 2CO, + 8N, gases at 1 atm pressure and 1200°C.
Take ¢, =0.9, &, = 0.6, D = 1.5m, and 7, = 350°C. Determine the radiant
heat transfer to the ceiling of the furnace.

14.11 Consider a hemispherical furnace radiation heat transfer problem. The
furnace floor (surface 1) has area A, and emissivity e, at temperature 7;,
whereas the furnace enclosure (surface 2) has area A, and emissivity &, at
temperature 7,. If the furnace contains CO, + N, gases at | atm pressure and
temperature T,, determine the total radiation heat transfer from gases to sur-
faces 1 and 2 (assume 7, > T, > T,, and make other necessary assumptions).
a. Based on the analogy of electric resistance network, draw a radiation

heat transfer network from gases to surfaces 1 and 2.

b. Determine the total radiation from gases to surfaces 1 and 2. The final
solutions should be the function of given temperatures, surface area,
and radiation properties.

14.12 Consider a hemispherical furnace. The hemispherical furnace wall has sur-
face area A|, emissivity &, at temperature T,, whereas the furnace floor has
surface area A,, emissivity &,, at temperature 7,. If the furnace contains
CO, + N, gases at 10 atm pressure and temperature T,, determine the total
radiation heat transfer from gases to surfaces 1 and 2 (assume 7, > 7, > T,
and make other necessary assumptions). Assume that the gas emissivity is &,.
a. Based on the analogy of electric resistance network, draw a radiation

heat transfer network from gases to surfaces 1 and 2.

b. Determine the total radiation from gases to surfaces 1 and 2. The final
solutions should be the function of given temperatures, surface area,
and radiation properties.

14.13 For a cylindrical furnace (top wall 1, bottom wall 2, side wall 3) with hot
gray gases, solve the following problems by using the matrix method.

a. GivenT,, 15, T;, T,, determine q,, ¢, 4, q,-

b. Given g, ¢5, 43, q,, determine T}, T,, T;, T,
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c. GivenT,, T,, Ty, T,, determine g, g,, T, q,.

d. Given g, q,, Tz, T,, determine T}, T, g, q,.

e. GivenT,, T,, T;, q,, determine q,, q,, g3, T,

14.14 For a cubic furnace (top wall 1, bottom wall 2, four side wall 3) with hot
gray gases, solve the following problems by using the matrix method if the
side wall is a reradiating surface.

a. Given T, T,, Ty, T,, determine q,, ¢, g, 4,

b. Given gy, q,, g, q,, determine T, T,, T, T,

c. Given T, T,, Ty, T,, determine q,, q,, T, q,.

d. Given gq,, gy, Ty, T,, determine T, T, gy, q,.

e. Given T, T, Ty, q,, determine q,, ¢, qg, T,

14.15 Consider a cubic furnace: bottom wall (surface 1) at temperature 7, top
wall (surface 2) at temperature 7, and four side walls (surface 3) at tem-
perature 75. If the furnace contains 2CO, + 8N, gases at 1 atm pressure and
temperature 7,, determine the total radiation heat transfer from the gases
to surfaces 1, 2, and 3 (assume 7, > T} > T, > T;, and make other necessary
assumptions).

a. Based on the analogy of electric resistance network, draw a radiation
heat transfer network from the gases to surfaces 1, 2, and 3.

b. Write down the equations that can be used to solve the radiation heat
transfer from the gases to surfaces 1, 2, and 3, respectively, but you do not
need to calculate the numerical answer. Your final solutions should be the
function of given temperatures, surface area, and radiation properties.

c. Reconsider item (b) above, if surface 2 and surface 3 (top wall and
four side walls) now are reradiating surfaces, determine the total radia-
tion heat transfer from gases to surface 1. In this new condition, can
you comment if the radiation transfer from the gases to surface 1 will
be higher, the same, or lower than that of item (b) (make necessary
assumptions)? Why?
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’IS Laminar-Turbulent
Transitional Heat
Transfer

15.1 TRANSITION PHENOMENA

Turbulent flow heat transfer is very much different from laminar flow heat transfer.
There exists a transitional region between fully laminar flow and fully turbulent
flow as sketched in Figure 15.1. Based on the small perturbation theory, a Tollmien-
Schlichting wave instability was developed to predict the transition phenomena [1]. It
shows that laminar boundary layer becomes unstable at critical Reynolds number, and
it implies laminar flow transitioning to turbulent flow. Transition caused by classic
Tollmien—Schlichting wave instability theory is called Natural or Normal Transition
with shorter transition length from fully laminar to fully turbulent flow. The transi-
tion location or critical Reynolds number predicted by Tollmien—Schlichting wave
instability theory has been closely validated by many experimental results.

In addition to critical Reynolds number from instability theory, free-stream tur-
bulence, unsteadiness, pressure gradient, surface curvature, surface roughness, film
cooling, etc., affect the flow transition behaviors. In general, for a given Reynolds
number flow, results showed that elevated free-stream turbulence, unsteadiness,
concave surface, surface roughness, film cooling, and negative pressure gradient
(flow deceleration) would promote earlier boundary layer transition, however, posi-
tive pressure gradient (flow acceleration) and convex surface would delay boundary
layer transition. These additional free stream flow and surface parameters make the
prediction of transition phenomena beyond the scope of classic instability theory.
Therefore, prediction of transition location still relies mainly on the experimental
data for many real engineering applications.

Transition caused by high free stream turbulence (for turbulence intensity Tu greater
than 5%) and unsteadiness is called Bypass Transition with longer transition length from

Transition
Uy Too 1 i 5
= L y
— | Gﬁ '> _u€ t >u
2 L}(" ¥ 'y %
—> ¥4 NS X _y
STV
— I A
% Ty - S
u>v
u'=-v

FIGURE 15.1 Concept of laminar boundary layer transition to turbulent boundary layer flow.
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fully laminar to fully turbulent flow. Bypass means transition happened and bypassed
from Normal Tollmien-Schlichting wave instability, due to high turbulent spots (turbu-
lent vortices) production inside the boundary layer during the transition. For transition
at high free-stream turbulence levels, the natural transition by Tollmien-Schlichting
instability wave is completely bypassed such that turbulent spots are directly produced
within the boundary layer by the influence of the free-stream disturbances.

In this bypass transition condition, Emmons [2] provided a theory to address the
processes involved in the production, growth, and convection of turbulent spots which
can be correlated to the free stream turbulence level. Emmons presented a statistical
theory for transition and provided an expression for the fraction of time the flow is
turbulent at any location within the transition region. They introduced the concept
of intermittency, vy, the friction of time the flow is turbulent. The intermittency vy is 0
for fully laminar region, unity for fully turbulent region, between 0 and 1 for transi-
tion from fully laminar to fully turbulent flow. Therefore, transitional flow behaviors
can be quantified by determining the intermittency values which can be directly
correlated to turbulent spot production rate or free stream turbulence intensity level.

In general, it is still difficult to accurately predict the starting and ending points
of boundary layer transition under various free-stream flow and surface conditions.
However, based on fully laminar and fully turbulent results, several transitional flow
heat transfer correlations have been reported in open literature if the critical Reynolds
number (starting point of transition) and free stream flow and surface conditions are
given or predetermined.

This chapter begins with the classic Tollmien—Schlichting wave instability theory
in order to understand basic Normal Transition phenomena for low free stream tur-
bulence conditions. Then follow the bypass transition phenomena of turbulent spot
production and transport theory for high free stream turbulence or unsteadiness
conditions. And provide laminar—turbulent transitional heat transfer correlations for
various engineering applications.

15.2 NATURAL TRANSITION-TOLLMIEN SCHLICHTING
WAVE INSTABILITY THEORY

15.2.1 SMALL DISTURBANCE STABILITY THEORY

The following is a brief outline of small disturbance stability theory. Refer to
Boundary Layer Theory [1] for the complete presentation in more detail. Consider
2-D boundary layer flow over a flat surface as shown in Figure 15.1.

Let

u= ﬁ(x,y) + u'(x,y,t)
where
u <<u
Similarly

V= ﬁ(x,y) + v’(x,y,t)
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P= ﬁ(x,y) + P (x,y,1)

with
V<<V
and
P'<<P
Assume
w=1u(y)
v=0

From the Navier—Stokes x- and y-momentum equations:

ow . ,ou ,d, 19 /= _, >, o,
E +(u+u )gﬂ) a—y(u+u )=—;8—x(P+P )+v[8x2u +a—y2(u+u )}
v’ _ , v’ , d , 19,5 , 82 ’ : ’
From boundary layer analysis
O——l£+ J’u
© pox 2y’
also,
W << i, 0:(39:, v'-‘?;; ~ small

The above momentum equations become:

LoP'_ [P ) o _pow _ ou 151
pox aw "oy o oV oy |
1 9P’ v ) v _ov
107 _ LoV 152
p dy v( o 9y ) o " ox "
du + v -0 (15.3)

dx dy
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where

15.1 is the small disturbance form of the x-momentum equation
15.2 is the small disturbance form of the y-momentum equation
15.3 is the small disturbance form of the continuity equation

Define the stream function, y, for u” and v’ to satisfy Equation (15.3):

u’=a—w and v’=—a—v/

dy ox

Eliminate “pressure’ by differentiating Equation (15.1) with respect to y, Equation
(15.2) with respect to x, and subtract the equations. Replace #” and v’ in terms of y/,
and equation in ¥ as function of x, y, ¢, also involving u. Try solution of form for
stream function y :

Y =p(y)e @
where
B=pB +iB;
Therefore,
w =(y)e? [cos(ax — B,1)+isin(ax - Bt)] (15.4)

The real part of the solution is a cosine wave traveling with velocity B % and wave-
length A = 2%, either amplifying or decaying depending on whether f; is positive
(+) or negative (—) in the exponential term of Equation (15.4) as shown in Figure 15.2.

Try solution on stream function equation:

—i

- ” 2 T
wm—cllo”"—o"p)-ulp=———-5+ (15.5)
( 1 )( ) 1 OCRC((p”N)24
Differential equation for ¢, where
i = & = function of(y)
um
| - -
5 T=TT1 T ~—~—" " 6‘ =T g ="
k—-l- A
Unstable situation which Stable

leads to turbulence

FIGURE 15.2 Concept of wave instability.
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. d
o=
(3)
1)
”r d4
o 7;/) 7
d a
(5)
Re — U, 0
1%

Fourth-order equation with u, and uT” variable coefficients: Orr—Sommerfeld
Equation Solutions give ¢( y) when particular values of o and Re are chosen and

a specific shape for £ (function of Y 5) is chosen, also define a specific value of ¢
u

necessary for a solution.
+if;
c=P_Pribi_ (15.6)
a

a

Select a value of Re, try different values of ¢, find corresponding values of 3, and
B, as sketched in Figures 15.3 and 15.4. It implies that, for a given flow Reynolds
number, laminar boundary layer can maintain stable condition for short or long wave
length region but will become unstable for mediate wave length region. Therefore,
laminar boundary layer can potentially become unstable (i.e., unstable wave, wave
amplification, transition) at certain value of critical Reynolds number. It is important
to find out this critical Reynolds number.

i = negative

stable wave
276 )
ad=— Border Line of
A Bi=0  Instability
| i = positive
H unstable wave
1
I
1
1
1
1
1
1
1
i . )
L) | - T T
Critical value of Re that | R€ crit 6 5
could be unstable wave Re=—2

FIGURE 15.3 Unstable wave related to critical Reynolds number.
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FIGURE 15.4 Concept of stable and unstable related to wave length.
For Blasius flow, it is at:
1,8
Reuy = (”] = 1260 15.7)

v .
crit

v 8=358 (begin to amplify)

Regy = ( t 0 J — 420
1% .
crit

where § is boundary layer thickness and & is displacement thickness. Note that the
above value is based on the instability theoretical prediction. However, the observed
transition is at

Re = (“m‘sJ = 3000 (15.8)
\% .

instead of 1260. The maximum value of ¢ for unstable waves which correspond to
wave with shortest wave length gives A = 60.

Effect of Pressure Gradient on Transition

The critical Reynolds number decreases (i.e., earlier transition) for deceleration
flow (i.e., diffuser, positive or favorable pressure gradient) but increases (i.e., delay
transition) for acceleration flow (i.e., nozzle, negative or adverse pressure gradient) as
sketched in Figure 15.5.

15.2.2 CriticAL REyNoLDS NUMBER FOR NATURAL TRANSITION

For pipe flow by Reynolds Experiment (1883), critical Reynolds number is around
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FIGURE 15.5 Critical Reynolds related to pressure gradient.
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For flow over a flat plate, critical Reynolds number is around (depends on turbulence
intensity):

Re, = 7% =3.5x10° ~10° ~ 5% 10° (15.9)

From Blasius

Res = = = 3000 (15.10)

Vv

N
>
< |5
=
= |

Transition occurs in a short distance from fully laminar flow to fully turbulent flow,
so momentum thickness changes only a very little during transition, 8, = 6,, but dis-
placement thickness decreases greatly, "= &, < &y, refer to Figure 15.1. Therefore,

5

shape factor, H = R changes largely. Shape factor of laminar boundary layer is

around 2.6; however, it drops to about 1.4 in turbulent boundary layer as shown in
Figure 15.6. Note that critical Reynolds number can be based on distance x, bound-
ary layer thickness &, displacement thickness &, or momentum thickness 6. From

Equations (15.9) and (15.10), and H = 2.6, therefore, Rey = U6 =400.
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FIGURE 15.6 Shape factor variation from laminar to turbulent flow.

15.2.3  ErrecT OF FREE STREAM TURBULENCE LEVEL ON TRANSITION

Define Tu = turbulence intensity of free stream

Tu= _ 3 (RMS%)

As a frame of reference, Tu ~ 0.01 or 1% for typical wind tunnel. Transition is caused
by the Tollmien—Schlichting wave instability at certain critical Reynolds number if
free stream turbulence intensity is lower than 0.001 (0.1%).

The critical Reynolds number decreases (i.e., x decreases, earlier transition for a
given velocity) if free stream turbulence intensity Tu is greater than 0.1% (Tu = 0.001)
as shown in Figure 15.7. Note that free stream turbulence intensity Tu is greater than
1% (Tu = 0.01) for most of real engineering applications.

Example for Free Stream Turbulence-Induced Transition

In 1983 Blair [3] presented the heat-transfer distributions along the flat test wall
at five increasing free-stream turbulence levels from Tu = 0.25% up to Tu = 6%.
As indicated earlier, increase in free-stream turbulence induces earlier boundary
layer transition. Figure 15.8 presents the heat-transfer distributions for five different
turbulence levels. As seen clearly, transition location moves progressively upstream
with increasing turbulence level. For higher levels of turbulence, the boundary layer
is already fully turbulent. It showed that heat transfer in the fully turbulent region
increased up to 36%, for an increase of free-stream turbulence from 0.25% to 6%.

Blair [4] also presented the influence of free-stream turbulence on boundary layer
transition in favorable pressure gradients. He reported that transition location delayed
due to flow acceleration in positive pressure gradient conditions.

The above natural transition theory can be found in Schlichting [1]. At a critical
value of boundary layer thickness (or momentum thickness) Reynolds number, the
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FIGURE 15.7 Critical Reynolds number decreases with turbulence intensity.

laminar boundary layer becomes susceptible to small disturbances and develops an
instability in the form of a two-dimensional Tollmien—Schlichting wave. Then the
instability wave amplifies within the layer to a point where three-dimensional insta-
bilities grow and develop into random vortices or turbulent eddies (or turbulent spots)
with large fluctuations. Finally, the highly fluctuating turbulent spots merge into a
fully turbulent boundary layer with 3-D random fluctuations. This natural transition
model predicts fairly well for the boundary layer flow with lower free stream turbu-
lence intensity conditions as shown in Figure 15.8, for example, Re,; = 1,000,000 for
natural transition with very low free-stream turbulence Tu ~ 1/4%; Re,, = 350,000
for natural transition with low free-stream turbulence Tu ~ 1%. This confirms that the
Tollmien—Schlichting instability wave theory predicts the critical Reynolds number

4.0 T Tu 6%
Tu 4%
St increases
Tu 2% 36% at Tu 6%

o 207
X
3 104 Turbulent

0.8 T

0.671 Laminar

0.4 t i —t—t 1 . :

10° 2 4 6 810° 2 4 6 8

FIGURE 15.8 Heat transfer distributions along the flat surface for five freestream turbu-
lence levels.
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ranging from 1,000,000 to 350,000 for free stream turbulence intensity varying from
0.25% to 1%. For Tu~1%, Re,, = 350,000, the corresponding momentum thickness

Reynolds number Rey = U-0 _ 400.
v

15.3 BYPASS TRANSITION

For transition at high free-stream turbulence levels, the natural transition by Tollmien—
Schlichting instability wave is completely bypassed such that turbulent spots (turbu-
lent eddies, turbulent vortices) are directly produced within the boundary layer by the
influence of the freestream disturbances. In this bypass transition condition, Emmons
[2] provided a theory to address the processes involved in the production, growth,
and convection of turbulent spots. The following is a brief outline; refer to the role of
laminar-turbulent transition in gas turbine engines (Mayle [5]) for the details.

15.3.1 TurBULENT SPOT PrODUCTION, GROWTH, AND CONVECTION

From flow visualization in a simple water channel, Emmons [2] discovered that transition
occurs through a random production (in time and position) of “turbulent spots’ within
the laminar boundary layer which subsequently grow as they propagate downstream
until the flow becomes completely turbulent. Figure 15.9 shows the concept of turbu-
lent spot production in transitional boundary layer. Based on this observation, Emmons
presented a statistical theory for transition and provided an expression for the fraction
of time the flow is turbulent at any location within the transition region. The concept of
intermittency, v, is that the friction of time the flow is turbulent. The intermittency y is 0
for fully laminar region, unity for fully turbulent region, between 0 and 1 for transition
from fully laminar to fully turbulent flow. Transitional flow behaviors can be quantified
by determining the intermittency value. This implied that the time-averaged condition
of the boundary layer at any streamwise location may be obtained from superposition as

f=01-y) fi+v fr 15.11)

~

spots

Lamllnar Transitional Tul'blulent

FIGURE 15.9 Turbulent spot geometry and emergence of a turbulent boundary layer
through the growth and propagation of turbulent spots (plan view).



Laminar-Turbulent Transitional Heat Transfer 495

where fis a boundary layer flow-related quantity such as surface friction factor (f, Cf)
and heat transfer coefficient (h, Nu, St), f; is its laminar value, f; is its turbulent value,
and vy, the intermittency, is the fraction of time the flow is turbulent. The intermit-
tency value vy is zero at the beginning of transition location, i.e., fully laminar region,
and unity at the end of transition, i.e., fully turbulent region. It implies that transition
region heat transfer coefficients and friction factors can also be predicted from the
above-mentioned intermittency theory as

Cr=(1=7y)Cs +YCyr (15.12)
Nu = (1-y)Nu; +yNuy (15.13)
St=(1-7y)St, +¥St; (15.14)

where the intermittency 7y is directly correlated to free stream turbulence intensity
levels Tu% or unsteady wake passing period or frequency.

From many previous experimental studies, intermittency in the normal transi-
tional region is obtained as

7. =1-exp[~ic(Re, ~Re,,)’ | (15.15)

where 71 = nv? /U is the dimensionless turbulent spot production parameter, Re_ is
the local-flow Reynolds number, Re, = Ux/v, and Re,, is the Reynolds number at the
location for onset of normal transition, U is the free stream velocity and ¢ is Emmons’
dimensionless spot propagation parameter which depends on the shape and velocity
of the turbulent spot. Measurements of the spot and its propagation velocity indicate
that ¢ is constant and has a value of about 0.27. The intermittency increases with
increasing turbulent spot production parameter. It is seen that an increase in the spot
production rate decreases the transition length, (Re, — Re ). It is seen that the real
problem of transition is how to predict or determine the onset of transition, Re,, and
the spot production parameter. That is, what are the effects of various flow and ther-
mal parameters on both the onset of transition and spot production rate?

Therefore, the most important thing is to know where the laminar boundary layer
begins to transition Re,, for a given flow Reynolds number Re,. Several important
parameters affect the transition location and the transition distance such as free stream
turbulence intensity, length scale, pressure gradient, surface curvature, surface rough-
ness, film cooling, etc. From literature, high free stream turbulence, smaller length
scale, unsteadiness, flow deceleration, concave surface, roughness, and film cooling
promote earlier laminar boundary layer transition with longer transition distance.

15.3.2  TURBULENT SPOT INDUCED TRANSITION MODEL

Turbulent spot production rate is not easy to obtain, instead, turbulence intensity is
relatively simple to measure by using the hot wire anemometry. From many previous
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FIGURE 15.10 Turbulent spot production rate as a function of the free stream turbulence
level for zero pressure gradient flows.

experimental studies, turbulent sport production rate has been correlated to the free
stream turbulence intensity as shown in Figure 15.10

no=15x10"".Tu™ (15.16)

where Tu is in percent. It implies the turbulent spot production rate increases with
increasing free stream turbulence intensity, subsequently, increasing the normal
transition intermittency. From the above turbulent spot production theory, for the
flat-plate boundary layer flow with zero pressure gradient, the normal transition
intermittency value y can be predicted at a given free stream turbulence intensity Tu,
if we know the beginning of transition location Re,,

For example, assume transition at Re,, = 200,000, Tu = 2%, and transitional
boundary layer location at Re, = 400,000, the intermittency value y can be predicted
from above equations (15.15) and (15.16) as 0.67 at that location. It implies 67% time
the flow is turbulent (and 33% time laminar) at the transitional boundary layer loca-
tion at Re, = 400,000. Heat transfer coefficients (or friction factors) can be calculated
from the above equation (15.14) at this y = 0.67 if fully laminar and fully turbu-
lent heat transfer (or friction factor) values are given or predetermined, as shown in
Figure 15.8. Note that the intermittency y = 0 is at the beginning of transition (fully
laminar flow) and y = 1 is at the end of transition (fully turbulent flow).

The effect of free stream turbulence is to reduce the critical Reynolds number Re,,
at which transition begins as shown in Figure 15.8. The critical momentum thickness
Reynolds number has often been used for predicting flow transition. The effect of
free-stream turbulence level on the critical momentum thickness Reynolds number
at transition Reg,, as shown in Figure 15.11, has also been obtained as

Reg =400 - Tu™"® (15.17)

It shows the critical momentum thickness Reynolds number decreases with increas-
ing free stream turbulence intensity, implies high free stream turbulence promotes
earlier laminar boundary layer transition. Note that Rey =400, 146, and 95 if
Tu = 1%, 5%, and 10%, respectively. Equation (15.17) can be derived from Equations
(15.9) and (15.10) with the estimation of momentum thickness is around 1/2.6 of
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FIGURE 15.11 Momentum thickness Reynolds number at the onset of transition as a func-
tion of free-stream turbulence level for zero pressure gradient flows.

displacement thickness which is around 1/3 of boundary layer thickness. Therefore,
either Equations (15.9), (15.10), or (15.17) can be used to predict the onset of critical
Reynolds number for transition.

Intermittency and Turbulent Fluctuation Model:

The transitional flow at any time may be divided into two distinct domains within
the boundary layer. Figure 15.12 shows the domain contains fluid where the flow is
turbulent and the other outside this is nonturbulent, which changes with time and
location (Mayle [5]).

To characterize these domains, an intermittency function, I(x, y, z, f), may be
defined which has the value of unity when the flow is turbulent, and zero when it is
not. For a given location in transition boundary layer, the ensemble average of the
intermittency function yields the intermittency factor,

N
1
7(x.y.2) = N z 1(x,y,2,1)
1

For two-dimensional flows in the x-y plane, y is independent of z, the streamwise
velocity component at any time may be expressed as

interface

X

FIGURE 15.12 Supposed interface between the turbulent fluid within and nonturbulent
fluid outside a turbulent spot.
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U(x,y,t)=(1=1) Uy (x,y.t)+1 U, (x,,1) (15.18)

I(x,y,t)=1 turbulent

=0 non-turbulent

where U, and U,, are the velocities in the turbulent and nonturbulent domains, respec-
tively. Decomposing the velocity in each region into an ensemble-averaged mean
velocity, denoted by an overbar, and a fluctuating component denoted by a prime, the
instantaneous velocities in the two domains can be written as

U =Upy +uy,
U =U +u
Contrary to the usual averaging process, the ensemble-averaged mean velocities are
obtained by averaging only during the time spent in the particular regime. Thus, if N,

is the number of occurrences of turbulent flow in N data samples, the mean velocities
in each portion are

N
_ 1
On(r)= 3~y 2(1—1) Ul(x.y.t) (15.19)
and
_ | &
U, (x.y) = FZI U(x,y.1) (15.20)

o

With these definitions, the mean velocity at any position in the flow is given by
1 N
U X, y)=— Ulx,y,t
(xy)= zl Ul(x.y.1)

U(x,y)=(1-y) Uu(x,y)+7 Ui (x,) (15.21)

Similar expressions may be written for the lateral velocities, V(x, ).

The ensemble-averaged mean velocities can be predicted from intermittency
which correspond to turbulence and nonturbulence portion velocity, respectively.
Therefore, the transitional shear stress and heat flux that appear in the ensemble-
averaged equations are now given by

7, = ua;;—(l—y)(”'v')m —y (V) =y (=)0, = Uu)(Vi V) (1522
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4o =L (1=y)(vT")

Jy —y(vT') -r( -V -V (T -T.) (1523

nt

where V and T are the ensemble-averaged values of the lateral velocity and tem-
perature, and v" and ¢ are their corresponding fluctuations. The first term is the
molecular stress and heat flux component, while the second and third are the com-
ponents caused by fluctuations in the nonturbulent and turbulent portions of the flow,
respectively. The second term, (u'_v’)m ,or (W)m, is very small and negligible. The

third terms (u’v’) stress and (v’T’) flux components may be considered as the real
turbulent shear stress and heat flux. These components are produced by the motion
of eddies having various scales, but primarily at scale small compared to bound-
ary layer thickness & (the small-scale eddy components). The fourth term which is
zero for either a completely nonturbulent y = 0 or completely turbulent portion of the
flow y = 1 arises from the mean momentum and thermal exchange between the two
regions. These components, (17, — U,,,)(V, - \7,,,), (\7, - ﬂ,)(f} — ﬁ,), are produced by
motion of various eddy scales, but primary at scale roughly same order of boundary
layer thickness 8. These components may be called the large-scale eddy components
and have their greatest value when y = 0.5. It accounts for about 30% of the total
stress in the wake flow and 15% for the boundary layer flow. The above intermittency
analysis can be useful for developing computational models of transitional boundary
layer flow and heat transfer predictions [5].

15.3.3  UNsTEADY WAKE-INDUCED TRANSITION MODEL

One of the primary effects on vane heat transfer is the free-stream turbulence gener-
ated at the combustor exit. Combustor-generated turbulence contributes to significant
heat-transfer enhancement. Typically, combustor-generated, free-stream turbulence
levels are around 15%—20% at the first-stage vane leading edge, and due to accelera-
tion of flow in the vane passage, the turbulence intensity at the first-stage rotor blade
leading edge is typically around 5%—10%. The reduced free-stream turbulence effects
on the rotor blade heat transfer are not as significant as that of the high free-stream
turbulence effects on the vane heat transfer. However, the rotor blade heat transfer is
affected by another important parameter, the effect of unsteadiness in the flow.

The unsteadiness of flow arises from the relative motion of the rotor blade rows
with reference to alternate stationary vane rows. Figure 15.13 shows a conceptual
view of the unsteady wake propagation through a rotor blade row [6]. The shaded
regions indicate where unsteadiness is caused by the upstream airfoils. For a first-
stage blade, the principal component of unsteadiness is due to wake passing. These
wakes impose the free stream with a periodic unsteady velocity, temperature, and
turbulence intensity. The wakes cause an early unsteady laminar-to-turbulent bound-
ary layer transition to occur on the blade surface. The heat transfer associated with
the unsteady flow effects clearly indicates the early boundary layer transition.

There are three modes of transition: natural transition, bypass transition, and
separated-flow transition: Natural transition begins with a weak instability in the
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FIGURE 15.13 Unsteady wake propagation through a rotor blade row.

laminar boundary layer and proceeds through various stages of amplified instabil-
ity to fully turbulent flow. This was first described by Tollmien and Schlichting [1].
Bypass transition is caused by large disturbances in the external flow and completely
bypasses the Tollmien—Schlichting mode of instability. This is typical of gas tur-
bines. Separated-flow transition occurs in a separated laminar boundary layer and
may or may not involve the Tollmien—Schlichting mode. This occurs mostly in com-
pressors and low-pressure turbines.

The above-mentioned turbulent spot production theory was extended to include
two transition modes simultaneously on the same surface as shown in Figure 15.14
[6]. It shows that normal transition was caused by turbulent spot production, but the
production of turbulent spots due to wake passing impingement was so intense that
the spots immediately coalesced into turbulent strips that then propagated and grew
along the surface within the laminar boundary layer. In this case, transition is mainly
caused by unsteady passing wake impingement, named bypass transition.

Unsteady transition induced .
by moving wakes ¥, (¥, £) Normal transition

1-----_//__\. _____7/_ Fa(®)

l Transitional 1

FIGURE 15.14 Multiple modes of transition on a surface as the results of an unsteady peri-
odic passing of a wake.
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Assuming that the turbulent spots produced normally or wake-induced are inde-
pendent of each other, the time-averaged intermittency can be defined as

7(x)=1-[1-7,(x)][1-7.(x)] (15.24)

where y, and ¥,, are the normal and wake-induced intermittencies, respectively. The
tilde over the intermittency value indicates a time-averaged quantity over a wake-
passing period. The normal mode intermittency has been discussed previously as

Y, =1- exp[—ﬁG(Rex —Re,, )2] (15.15)

no=15x10"". 1" (15.16)

where 72 = nv*/U? is the dimensionless spot production parameter, ¢ is the turbu-
lent spot propagation parameter, Re, is the local-flow Reynolds number, Re,, is the
Reynolds number at the location for onset of normal transition, and Tu is free stream
turbulence intensity.

Assumed a square wave distribution for the turbulent strip production function and
evaluated a production rate from various experiments. A simple expression for the
time-averaged, wake-induced intermittency was obtained as shown in Figure 15.15.

Fu(x)=1- exp|:—1.9(xl_]:tw):| (15.25)

where U is the airfoil’s incident velocity, and 7 is the wake-passing period. It shows
that the time-averaged wake-induced intermittency increases with decreasing the
wake-passing period (i.e., increasing the wake-passing frequency). It also shows the
wake-induced transition length decreases with decreasing the wake-passing period
for a given airfoil incident velocity. The effect of unsteady wake on surface heat trans-
fer coefficients of a gas turbine blade was experimentally simulated using a spoked
wheel type wake generator [7]. The above calculated wake-induced intermittency

Fu = 1 - expl=1.9(x = Xu)/(U - 1))

0 1 2 3 4 5
Streamwise distance, (X — X¢w)/(U - T)

FIGURE 15.15 Time-averaged intermittency distribution as a function of the reduced
streamwise distance.
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values were employed to predict transitional region heat transfer coefficients and
compared well with experimental measured results [5].

Example of Unsteady Wake-Induced Transition:

Here is an example to validate the wake-induced intermittency theory. The effect
of unsteady wake on surface heat transfer coefficients of a gas turbine blade was
experimentally simulated using a spoked wheel type wake generator by Han et al. [8].
The experiments were performed with a five airfoil, linear cascade in a low-speed
wind tunnel facility. The cascade inlet Reynolds number based on the blade chord
varied from 100,000 to 300,000. The wake passing Strouhal number, S = 2nNdn /
(60V,), varied between 0 and 1.6 by changing the rotating wake passing frequency
(rod speed, N, and rod number, n), rod diameter d, and cascade inlet velocity V.
Figure 15.16 shows the conceptual view of the effect of the unsteady wake on the
blade mode. A hot wire anemometer system was located at the cascade inlet to detect
the instantaneous velocity induced by the passing wake, and a blade instrumented
with thin foil heaters and thermocouples was used to measure the surface heat trans-
fer coefficients on the blade surface.

Figure 15.17 shows typical, instantaneous velocity profiles for S = 0.1, 0.2, and
0.4, respectively. The Strouhal number (S) was varied by increasing the rotating rod
speed (N) for a given rod diameter (d = 0.63 cm), rod number (n = 16), and cascade
inlet velocity (V, =21 m/s or Re = 3x10%). The instantaneous velocity profile shows
the periodic unsteady fluctuations caused by the upstream passing wake, and the
periodic fluctuations increase with the Strouhal number. The phase-averaged pro-
file shows the time-dependent, mean velocity defect caused by the upstream passing
wake, whereas the wake width increases with the Strouhal number. The phase-
averaged turbulence intensity reaches 20% inside the wake. The time-averaged
turbulence intensity Tu is about 8%, 10%, and 15%, for S = 0.1, 0.2, and 0.4, respec-
tively. The background turbulence intensity is only about 0.75% for the case of no
rotating rods in the wind tunnel.

Wakes ~

Rotating rod

wake generator © Instrumented blade

Thin foil
Thermocouple

FIGURE 15.16 Conceptual view of the effect of the unsteady wake on the blade model.
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FIGURE 15.17 Typical instantaneous velocity profiles caused by the unsteady wake.

From the results of the instantaneous velocity, phase-averaged mean veloc-
ity, and turbulence intensity profiles, it is expected that the unsteady wake, with
higher Strouhal numbers, will produce a larger impact on the downstream blade.
Figure 15.18 shows the unsteady, passing wake promotes earlier and broader bound-
ary layer transition and causes much higher heat transfer coefficients on the suction
surface, whereas the passing wake also significantly enhances heat transfer coef-
ficients on the pressure surface and leading edge region (X/C = 0), where X/C is the
ratio of surface measured from airfoil leading edge to airfoil chord length. The above
calculated wake-induced intermittency values, Equation (15.25), were employed to
predict transitional region heat transfer coefficients and compared well with experi-
mental measured results. However, upstream of transition, the theory underpredicted
heat-transfer levels. It implies that laminar boundary has already been disturbed by
unsteady wake before transition. Note that Nusselt numbers at the begining of transi-
tion and at the end of transition were based on experimentally measured values as
shown in Figure 15.18.

Example of Turbulence Spot-Induced Transition:

The above-mentioned normal turbulent spot-induced intermittency values,
Equations (15.15) and (15.16), were employed to predict transitional region heat
transfer coefficients and compared well with measured results at high free stream
turbulence experiments [9]. They studied the influence of mainstream turbu-
lence on surface heat transfer coefficients of a gas turbine blade model (similar
to Figure 15.16). A five-blade linear cascade in a low-speed wind tunnel facility
was used in the experiments. The mainstream Reynolds numbers were 100,000,
200,000, and 300,000 based on the cascade inlet velocity and blade chord length.
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FIGURE 15.18 Unsteady wake effect on turbine blade surface heat transfer.

The grid-generated turbulence intensities at the cascade inlet were varied between
2.8% and 17%. A hot-wire anemometer system measured turbulence intensities,
mean- and time-dependent velocities at the cascade inlet, outlet, and several loca-
tions. A thin-foil thermocouple instrumented blade determined the surface heat
transfer coefficients. The results showed that the mainstream turbulence promoted
earlier and longer boundary layer transition, caused higher heat transfer coefficients
on the suction surface, the leading edge region (X/C = 0), and significantly enhances
the heat transfer coefficient on the pressure surface. The onset of transition on the
suction surface boundary layer moved forward with increased mainstream turbu-
lence intensity and Reynolds number (similar to Figure 15.18). However, upstream
of transition, the theory underpredicted heat-transfer levels. It implies that laminar
boundary has already been disturbed by high free stream turbulence before transi-
tion. The heat transfer coefficient augmentations and peak values on the suction and
pressure surfaces were affected by the mainstream turbulence and Reynolds number.

Example of Turbulence Spot and Unsteady Wake-Induced Transition:

Additionally, the above-mentioned normal turbulent spot-induced and wake-
induced intermittency values, Equation (15.24), were also employed to predict tran-
sitional region heat transfer coefficients and compared well with measured results of
combined unsteady wake and high free stream turbulence experiments [10]. They
defined a mean turbulence intensity (7Tu) for defining the turbulence generated by the
combination of both free-stream turbulence and unsteady wakes. With increasing
mean turbulence intensity (7u) through wake strengh or turbulence intensity level, the
transition location on the suction surface moved closer to the leading edge (X/C = 0).
The results show a good match in the region downstream of onset of transition (simi-
lar to Figure 15.18). However, upstream of transition, the theory underpredicted heat-
transfer levels. It implies that laminar boundary has already been disturbed by high
free strean turbulence and unsteady wake before transition.
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The above examples show the ability of Mayle’s transition theory to predict time-
averaged heat-transfer levels for turbine blades under free stream turbulence, unsteady
wake, or the combination effects. In addition, one of the most important things is to
know where the laminar boundary layer begins to transition Re, for a given flow
Reynolds number Re,. As mentioned above, either Equations (15.9), (15.10), or (15.17)
can be used for onset critical Reynolds number prediction for transition. Note that
several important parameters affect the transition location and the transition distance
such as free stream turbulence intensity, length scale, pressure gradient, surface curva-
ture, surface roughness, film cooling, etc. From literature, high free stream turbulence,
smaller length scale, unsteadiness, flow deceleration, concave surface, film cooling,
and surface roughness promote earlier laminar boundary layer transition with shorter
transition distance. Refer to Mayle [5] or Han et al. [11] Chapter 2 for the details.

15.3.4 SuURFACE ROUGHNESS-INDUCED TRANSITION MODEL

For gas turbines, surface roughness is of concern due to initial manufacturing finish
and high temperature combustion deposits after many hours of operation. Combustion
deposits may make the turbine airfoil surface rough after many hours of service, and
this roughness could be detrimental to the life of the turbine due to increased heat-
transfer levels that are much higher than smooth surface conditions. In real engines,
the roughness size varied over the surface from about 2—10 um depending upon the
location of airfoil suction or pressure surface. Figure 15.19 shows the momentum
thickness Reynolds number at the onset of transition as a function of the rough-
ness parameter and free-stream turbulence intensity. It implies the laminar boundary
layer is easier to transition to turbulent boundary layer with increasing roughness size
for a given flow condition. That means, transition momentum thickness Reynolds
number Reg, decreases with larger roiughness height K for a giving boundary layer
flow momentum thickness 6,. This can be correlated as shown in Equation (15.26).

Reg =100+ 0.43 exp|:7 - 0.77( I;’v H (15.26)

t

k
Reg; = 100 + 0.43exp [7 —0.77 <9—5>]
400 - t

5% < Tu <10%

FIGURE 15.19 The momentum thickness Reynolds number at the onset of transition as a
function of the roughness parameter and free-stream turbulence intensity.
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For example, % =2, Reg, = 400; i =1, Rey, = 300; % = 0.5, Reg, = 200.

It is important to note that Rey, is around 100-120 for high turbulence levels
between 5% and 10%. The surface rougness effect is diminished under high free-
stream turbulence condition. Refer to Mayle [5] for the details.

Example of Roughness and Turbulence-Induced Transition:

Figure 15.20 presents the heat-transfer coefficients for the combined effect of free-
stream turbulence and the surface roughness on an airfoil [12]. Three experimental
cases are shown: The first case is for a smooth surface with Tu = 5.5%; the second
case is for a smooth surface with Tu = 10%; the third case is for the rough surface
at Tu = 10%. Comparing the first two cases for the smooth surface, it is evident that
the heat-transfer coefficients are significantly enhanced on the pressure surface due
to increased turbulence. The suction surface results show that the transition loca-
tion has moved upstream due to increased free-stream turbulence from s/L = 1.0 to
s/L = 0.25, where s/L is the ratio of surface measured from airfoil leading edge to
airfoil chord length. This is the typical results as earlier discussed. For comparing the
smooth surface to the rough surface at Tu = 10%, the pressure surface is unaffected
by the surface roughness at this high turbulence. The already enhanced heat-transfer
coefficients due to high free-stream turbulence are unaffected by the surface rough-
ness. However, the effect on suction surface is significant. The transition location
does not seem to be affected by the rough surface. But the length of transition is
greatly reduced by addition of surface roughness. A combination of surface rough-
ness with high free-stream turbulence causes the boundary layer to undergo transi-
tion more rapidly than for the high free-stream turbulence case only, as clearly shown
in Figure 15.20.

1000
1 — Smooth Tu=5.5%
B 2 e Smooth Tu=10%
800 3 - Rough Tu=10%
600
h
400
200 .
Pressure Suction
surface | surface
0 1 1 1 1
-1.0 -0.5 0 0.5 1.0 1.2

FIGURE 15.20 Effect of surface roughness and free-stream turbulence on airfoil heat trans-
fer coefficient distributions.
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15.3.5 FitmM CooLING-INDUCED TRANSITION

For turbine blade film cooling, relatively cool air is injected from the inside of the
blade to the outside surface, which forms a protective layer between the blade surface
and hot mainstream. Film cooling can be modeled as coolant jet in crossflow at a
given inclined angle as sketched in Figure 15.21. Film cooling performance depends
primarily on the coolant-to-hot-mainstream pressure ratio (P/P,), temperature ratio
(T/T)), film cooling hole location (leading edge, trailing edge, pressure and suction
sides, end-wall, and blade tip), and geometry (hole size, spacing, shape, angle from
the surface, and number of rows) under representative engine flow conditions such
as Reynolds number, Mach number, combustion-generated high free-stream tur-
bulence, stator-rotor unsteady wake flow, etc. The coolant-to-mainstream pressure
ratio is related to the coolant-to-mainstream mass flux ratio (blowing ratio), while
the coolant-to-mainstream temperature ratio is related to the coolant-to-mainstream
density ratio. In a typical gas turbine airfoil, the P /P, ratios vary from 1.02 to 1.10
with the corresponding blowing ratios vary approximately from 0.5 to 2.0. Whereas
the 7./T, values vary from 0.5 to 0.85, the corresponding density ratios vary approxi-
mately from 2.0 to 1.5 [13].

In general, the higher the pressure ratio, the better the film-cooling protection
(i.e., reduced heat transfer rate to the airfoil) at a given temperature ratio, while the
lower the temperature ratio, the better the film-cooling protection at a given pressure
ratio. However, a too high-pressure ratio (i.e., blowing too much coolant) may reduce
the film-cooling protection because of jet penetration into the mainstream (jet lift
off from the surface). Data from numerous available studies in the open literature
suggest a blowing ratio near unity is optimum, with severe penalties at either side.
The best film cooling design is to reduce the heat transfer rate to the airfoils using a
minimum amount of cooling air from compressors.

It is well known that film cooling is to protect turbine airfoil from high-
temperature combustion gases; however, airfoil surface heat transfer coefficients can
be increased due to cooling jet interaction with mainstream flow. In addition, film
cooling may cause early boundary layer transition due to mixing between cooling jet
and mainstream. The following is an outline of the relationship between heat transfer

T, V.

FIGURE 15.21 Film cooling model.



508 Analytical Heat Transfer

coefficient enhancement and film coooling effectiveness protection under film injec-
tion condition. Refer to Han et al. [11] Chapter 3 for the details.

From Figure 15.21, heat flux without film injection ¢y, with film injection ¢”, and
heat flux ratio can be written as:

q(,)': hO(Tg - Tw)
q"=h(T; -T,) (15.27)

” T, —-T,
4o hO Tg_Tw

where
ﬁ >1
T, —-T,
L=T, <1
T,-T,
. . e =Ty
n = film cooling effectiveness = T =0~1
g~ Lc
Therefore
” T, — TL
L T =£[ —ﬂ} (15.28)
9o ho Tg -T, ho 0]
where
T,-T,
¢ =—-2—" = overall cooling effectiveness
T, -T,
In turbine application, ¢ = 1600°C = 1000°C _ 0.6

1600°C — 600°C
T, = combustion gas temperature

T. = coolant air temperature

T, = film temperature (mixing temperature of combustion gas and coolant air)
T,, = blade surface temperature

hy = heat transfer coefficient without film cooling

h = heat transfer coefficient with film cooling

M = blowing ratio, coolant-to-mainstream mass flux ratio, (pV)C / (pV)g
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From above equations, one would like to have a film cooling design with higher film

. . . . h
cooling effectiveness 17 and lower heat transfer coefficient augmentation — due to

”

jet interaction with mainstream. Therefore, heat flux ratio q—” with film cooling will
90

be reduced as shown in Equation (15.28). For example, if n = 0.3, hﬁ =1.2,¢0=0.6,
0

”

then q—” = 0.6. It means heat flux with film cooling will be reduced 40% as compared

90
to that without film cooling. This is why the turbine airfoils can be protected by
proper film cooling design. However, one of negative impacts of film cooling is to
promote early boundary layer transition which will potentially increase heat transfer
coefficient to the turbine airfoil.

Example of Film Cooling-Induced Transition:

The effect of unsteady wake on surface heat transfer coefficients of a gas tur-
bine blade was experimentally simulated using a spoked wheel type wake generator
[8]. The experiments were performed with a five airfoil, linear cascade in a low-
speed wind tunnel facility. The cascade inlet Reynolds number based on the blade
chord varied from 100,000 to 300,000. The same unsteady wake facility shown in
Figure 15.16 was employed for the film cooling study. Figure 15.22 presents a two-
dimensional view of the fillm-cooled turbine-blade model. There is one cavity used
to supply coolant to the row of film holes on the suction side of thurbine blade model.

Figure 15.23 presents the three types of hole geometries studied: cylindrical hole,
fan-shaped hole, and laidback fan-shaped hole.These three hole geometries are typi-
cal for turbine airfoil film cooling designs. It is expected that the expanded holes
would signifcantly improve thermal protection of the surface downstream of the
ejection location as compared to the cylindrical hole. One row of nine holes of each
shape located near the blade suction-side gill-hole region (X/SL = 0.12) has been
employed, where X/SL is the ratio of surface measured from airfoil leading edge
to airfoil chord length. The diameter of the cylindrical hole d and diameter of the
cylindrical inlet section of the expanded hole is also d. For all geometries the inclina-
tion angle is 40°, the pitch-to-diameter ratio is P/d = 5.3, and the length-to-diameter
ratio is 7.9. The lateral expansion angle of both expanded holes is 7.24°. The exit
forward expansion angle of the laidback fan-shaped hole is 25°. For the fan-shaped
and laidback fan-shaped hole, the calculation of the blowing ratio was based on the
inlet cross-sectional area of these holes, that is, the same as the cylindrical hole. That
means the same blowing ratio provides the same amount of coolant ejected under

Boundary layer
Film coolant jet

Turbine blade
Suction surface

Coolant channel

Mainstream

FIGURE 15.22 Cross-sectional view of film-cooled blade model.
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Cylindrical hole Fanshaped hole Laidback fanshaped hole

FIGURE 15.23 Film cooling hole geometries.

the same mainstream condition. Thus, the blowing ratio of the shaped holes can be
directly compared to those of the cylindrical hole, which makes it more convenient
to evaluate the effect of the hole exit shape on heat transfer coefficient augmentation
and boundary layer transition [14].

Figure 15.24 presents the effect of hole shape on spanwise-averaged Nusselt-
number distributions for cases with a high blowing ratio of M = 1.2. For the cases
under steady flow condition, the Strouhal number § =0, the spanwise averaged
Nusselt number is higher than that of no film-hole case for all three kinds of holes.
Film injection through cylindrical holes produces the highest spanwise-averaged
Nusselt numbers in the region immediately downstream of the film injection loca-
tion; this is due to the strongest jet interaction with mainstream for the cylindrical
hole film cooling as compared with the reduced interaction for both shaped hole
film cooling. Whereas fan-shaped and laidback fan-shaped hole injection have higher
spanwise-averaged Nusselt numbers at the downstream of the blade surface. The
correspoding boundary layer transition location is moved up from X/SL = 0.7 for
no film cooling case to X/SL = 0.5 for cylindrical hole injection and to X/SL = 0.3

1 — No film hole

1400 |- 2 Cylindrical

3 - Fanshaped

4 ---- Laidback fanshaped

1000

600

200 -

Film hole
? ! ! ! !

0.2 0.4 0.6 0.8 1

0
X/SL

FIGURE 15.24 Effect of hole shape on Nusselt number distributions for steady flow (S = 0)
at blowing ratio M = 1.2.
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1 — No film hole
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1000
600 |5\,
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FIGURE 15.25 Effect of hole shape on Nusselt number distributions for unsteady flow
(S =0.1) at blowing ratio M = 1.2.

for both shaped hole injection. It implies that, for steady flow, boundary transition is
promoted by the film coolant injection.

With the addition of unsteady wake, the Strouhal Number S = 0.1, as shown in
Figure 15.25, the hole effect is intensified at the film injection region of the blade. In
the region immediately downstream of film injection, X/SL > 0.1, the spanwise-aver-
aged Nusselt numbers for fan-shaped and laidback fan-shaped hole injection are much
lower than that of cylindrical hole injection. Note that Nusselt numbers for both shaped
hole film injection are lower than the no film injection case. From literature, it shows
that both shaped holes provide higher film cooling effectiveness than the cylindrical
hole. This is why both shaped holes have been used for turbine airfoil film cooling
designs. The differences of the spanwise-averaged Nusselt numbers for different hole
injection are reduced at the downstream of the blade surface. However, the boundary-
layer transition location is almost the same, at X/SL = 0.4, for the three types of film
hole and the no film-hole case when there is an unsteady wake effect. It implies that
boundary layer transition is dominated by the unsteady wake. This is because the film
hole injection is located at X/SL = 0.1, the jet-mainstream interaction effect is dimin-
ished at X/SL > 0.4 where transition is dominated by unsteady wake [14].

15.4 HEAT TRANSFER CORRELATION FOR LAMINAR,
TRANSITIONAL, AND TURBULENT FLOW

A correlation for laminar, transitional, and turbulent flow heat transfer in flat-plate
boundary layers was published by Lienhard [15]. He developed different approxi-
mations through a detailed consideration of multiple data sets for 0.7 < Pr < 2.57,
4,000 < Re, £4,300,000, and varying levels of freestream turbulence up to 5% for
smooth, sharp-edged plates at zero pressure gradient. The result was in good agree-
ment with the available measurements and applied over the full range of Reynolds
number for either a uniform wall temperature (UWT) or a uniform heat flux (UHF)
boundary condition. The correlation should be matched to the estimated transition
condition of any particular flow.
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The following is a brief outline of transition region correlation; refer to Lienhard
[15] for the details. Data supporting those equations span 0.7 <Pr <2.57 and
4,000 < Re, £4,300,000 with free stream turbulence levels up to 5%. Correlation
applies to smooth, sharp-edged, flat plates with zero streamwise pressure gradient at
either UWT or UHF.

Laminar region:

Nu; = 0.332Re’Pr'?  UWT
Nu; = 0.453Re’*Pr'® UHF (15.29)

With an unheated starting length of xo (UWT or UHF), use

—1/3

Nu, - [1 —(xo /x)m]
Transition region:

Nu, = Nu, -(Re,/Re,, ) (15.30)
where

¢ =0.99221og,y Re,, —3.013 for Re, <5x10° (15.31)

Turbulent region (for UWT and UHF):

N Re,Pr(C;/2) (1532
ur = :
" 1+129(P -1)JC 2
where
0455
" [In(0.06Re, )T
Nu; = 0.0296Re?® Pr’®  for gasesonly
Combining the equations:
12 1/5
Nu, = [Nui +(Nu" + Nuz") ] (15.33)

Therefore, transitional heat transfer coefficients can be predicted at a given Re,,
if Re,, value as well as fully laminar heat transfer coefficients Nu, are provided.
These Re,, and Nu; values are obtained from experiments and directly correlated to
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free stream turbulence intensity levels and surface roughness conditions. The impor-
tant thing is to obtain the critical Reynolds number Re,, and its fully laminar heat
transfer Nu;, and then transitional region heat transfer Nu, can be obtained.

Note that the ¢ values in transition region as shown in Equation (15.31) serve the
same purpose as the intermittency y values in transition region shown in Equations
(15.15) and (15.16). Both ¢ and ¥ values shown in these equations depend on free
stream turbulence intensity and onset of transition location Re,; which needed to be
pre-determined from experiments.

REMARKS

Based on Tollmien—Schlichting wave instability theory, laminar boundary can begin
transition into turbulent boundary layer at certain critical Reynolds number. This type
of gradual transition named normal or natural transition. The critical Reynolds num-
ber for normal transition decreases with increasing free stream turbulence level. The
normal transition theory can also be obtained by Emmons turbulent spot production
concept in which laminar boundary layer can quickly bypass Tollmien—Schlichting
wave and transition into turbulent boundary. This type of abrupt transition named
bypass transition. The intermittency can be used to correlate with turbulent spot
production rate and then with free stream turbulence intensity level. This intermit-
tency can also be extended to correlate with unsteady wake induced bypass transi-
tion. Transition region heat transfer can be predicted at a given intermittency value if
critical Reynolds number and fully laminar heat transfer are provided for the cases
of turbulent spot induced transition, unsteady wake induced transition, roughness,
film cooling, or a combination of them. However, one of the most important needed
information is the critical Reynolds number for transition initiation that must be pre-
determined for a given flow conditions. Note that critical Reynolds number for the
onset transition can be based on x-distance, boundary layer thickness, displacement
thickness, or momentum thickness, these laminar boundary layer parameters are
correlated to each other at a given flow conditions.
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’l 6 Turbulent Flow Heat
Transfer Enhancement

16.1 HEAT TRANSFER ENHANCEMENT METHODS

A well-known method to increase the heat transfer from a surface is to roughen the
surface either randomly with a sand grain or by use of regular geometric roughness
elements on the surface. For example, Figure 16.1a shows the cross-section of circular
tube with sand grain roughness. However, the increase in heat transfer is accompa-
nied by an increase in the resistance to fluid flow. Many investigators have studied
this problem in an attempt to develop accurate predictions of the behavior of a given
roughness geometry and to define a geometry which gives the best heat-transfer per-
formance for a given flow friction. Another well-known method to enhance the heat
transfer from a surface is to roughen the surface by the use of artificially repeated
ribs on the surface. For example, Figure 16.1b shows the cross-section of circular
tube with rib roughness. However, the increase in heat transfer is accompanied by an
increase in the pressure drop of the fluid flow. Many investigations have been directed
toward developing predictive correlations for a given rib geometry and establishing a
geometry which gives the best heat transfer performance for a given pumping power.

For the results of roughened surfaces to be most useful, general correlations are
necessary for both the friction factor and the heat-transfer coefficient which cover a
wide range of parameters. In fully developed turbulent flow, theoretical approaches
to the problem of momentum and heat transfer in smooth and rough tubes have been
available for many years. These approaches are based on similarity considerations.
Two surfaces are said to have geometrically similar roughness if the geometry of their
roughness is the same in all aspects except for a scale factor. For example, sand grain
roughness is a geometrically similar roughness, and repeated rib roughness can be
treated as the geometrically similar roughness. Friction similarity law and heat trans-
fer similarity law have been developed to correlate friction factor and heat transfer
coefficient data for sand grain roughness as well as for repeated rib roughness over a
wide range of geometric parameters and flow Reynolds numbers and Prandtl numbers.

€ e

\
Sand grain height Repeated rib height

FIGURE 16.1 (a) Circular tube with sand grain roughness, (b) with repeated rib roughness.
DOI: 10.1201/9781003164487-16 515
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16.1.1 SAND GRAIN ROUGHNESS

An early study of the effect of roughness on friction and the velocity distribution
was reported by Nikuradse in 1933. He conducted a series of experiments with pipes
roughened by sand grains. One of the first studies of heat transfer in rough tubes
was conducted by Cope in 1941 [1]. They derived semi-empirical correlations for the
friction factors and the heat transfer coefficients from the law of the wall similarity
for flow over rough surfaces. The similarity law concept was further developed by
Nikuradse in 1950 [2], who applied it successfully to correlate the friction data for
fully developed turbulent flow in tubes with sand grain roughness. Based on a heat-
momentum transfer analogy, Dipprey and Sabersky in 1963 [3] successfully devel-
oped the heat transfer similarity law for fully developed turbulent flow in tubes with
close-packed sand-grain roughness, which is complementary to Nikuradse’s friction
similarity law. Therefore, the friction factor can be predicted for flow in a tube with a
given sand-grain roughness height-to-diameter ratio (¢/D) and Reynolds number, and
the heat transfer coefficient can be predicted for flow in a tube with a given sand-grain
roughness height to diameter ratio (e/D), Reynolds number, and Prandtl number.

16.1.2 RepeaTED RiB ROUGHNESS

A number of friction and heat transfer measurements were reported for repeated-rib
roughness in tube flow such as Sams in 1952 [4]. In the nuclear reactor area, consid-
erable data were reported for repeated-rib roughness in an annular flow geometry
in which the inner annular surface is rough and the outer surface is smooth such as
Wilkie in 1966 [5]. To simulate the geometry of fuel bundles in advanced gas-cooled
nuclear reactors, White and Wilkie in 1970 [6] studied the heat transfer and pressure
loss characteristics of a rib roughened surface with different helix angles. They found
the ribs with helix angles performed better than the ribs with perpendicular angles.
Webb et al. in 1971 [7] performed experiments on a tube with repeated ribs as sketch
in Figure 16.2. They covered a wide range of rib height to hydraulic diameter ratio
(0.01 < e/D < 0.04) and pitch to height ratio (p/e = 10, 20, 40), and the repeated ribs
were aligned normal to the main stream direction (transverse or perpendicular ribs).

e/D Relative roughness
p/e Relative rib spacing

FIGURE 16.2 Characteristic dimensions of repeated-rib roughness.
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Han et al. in 1978 [8] investigated turbulent flow heat transfer in parallel-plate
channel with repeated ribs as sketch in Figure 16.3. They reported the effects of rib
height-to-hydraulic diameter ratio (0.05 < e/D < 0.10), pitch-to-height ratio (p/e =5,
10, 15), rib shape (¢ = 40° to 90°), and flow angle of attack (o = 90° to 20°) on fric-
tion factor and heat-transfer coefficients. They found the ribs with flow angle of attack
(angled ribs, a = 45°) performed better than the ribs normal to the flow (transverse
or perpendicular ribs, a = 90°). Gee and Webb in 1980 [9] confirmed the tube flow
with repeated ribs having helix angles performed better than that with normal angles.

Analytical methods for predicting the friction factors and the heat transfer coef-
ficients for turbulent flow over rib roughened surfaces are not available because of
the complex flow, such as separation, reattachment, and recirculation, created by
periodic rib roughness elements as shown in Figure 16.4. Therefore, heat transfer
designers still depend on the semi-empirical correlations over a wide range of rib
geometry for the friction and heat transfer calculations.

The above-mentioned law of the wall similarity for flow over sand grain rough-
ness surfaces could be applied to flow over repeated rib roughness surfaces. With
repeated-rib roughness, for a given flow attack angle, rib shape, and pitch-to-height
ratio, tests with a different height-to-hydraulic diameter ratio (e/D) represent geo-
metrically similar roughness. However, when the values of P/e, flow attack angle o or
rib shape are varied, the surfaces are not geometrically similar. Surfaces which are
not geometrically similar required modifications to the roughness and heat transfer
functions found by similarity considerations. The friction and heat transfer similarity
laws were extended to correlate the friction and heat transfer data for turbulent flow
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FIGURE 16.3 (a) Symmetric and staggered ribs; (b) model of rib shapes.
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FIGURE 16.4 Schematic of flow separation-reattachment and rib orientations in heat trans-
fer coefficient enhancement.

in tubes with repeated rib roughness by Webb et al. in 1971 [7], for flow between
parallel plates by Han et al. in 1978 [8], for flow in tubes by Gee and Webb in 1980
[9], and for flow in annuli by Dalle Donne and Meyer in 1977 [10].

16.1.3 REecTANGULAR CHANNELS WITH REPEATED RiB ROUGHNESS

In the gas turbine blade cooling area, Han et al. in 1985 [11] investigated turbulent flow
heat transfer in a square channel with repeated ribs cast only on two opposite walls.
They found the square duct with two opposite walls having angled ribs performed
better than that with normal ribs. To simulate the geometry of cooling passages in
advanced gas turbine engines, Han and Park in 1988 [12] investigated turbulent flow
heat transfer in the rectangular channels with five aspect ratios (AR = 4:1, 2:1, 1:1,
1:2, 1:4) having two opposite walls cast with repeated ribs, as sketch in Figure 16.5,
which are closely modeled the realistic turbine blade cooling designs. They further
confirmed the rectangular channel with two opposite walls having angled ribs per-
formed better than that with normal ribs.

Fully developed turbulent heat transfer and friction in tubes, annulus, between par-
allel plates, or in rectangular channels with repeated-rib roughness have been studied
extensively. Based on those previous studies, the effects of rib height-to-equivalent
diameter ratio e/D, rib pitch-to-height ratio P/e, rib shape (rib cross section), and
rib angle of attack o on the turbulent flow heat transfer coefficient and friction fac-
tor over a wide range of Reynolds number are well established. With repeated-rib
roughness, for a given flow attack angle, rib shape and pitch-to-height ratio, tests
with a different height-to-hydraulic diameter ratio e/D represent geometrically simi-
lar roughness. However, when the values of P/e, flow attack angle o or rib shape ¢
are varied, the surfaces are not geometrically similar. Surfaces which are not geo-
metrically similar required modifications to the roughness function and heat transfer
function found by similarity considerations. The friction and heat transfer similarity
laws were extended to correlate the friction and heat transfer data for turbulent flow
in square channels by Han et al. in 1985 [11], for flow in rectangular channels by Han
and Park in 1988 [12] and by Han in 1984 and 1988 [13,14].
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FIGURE 16.5 (a) Sketch of an internally cooled turbine airfoil; (b) rectangular channel with
a pair of opposite ribbed walls.

16.2 FRICTION AND HEAT TRANSFER SIMILARITY
LAWS FOR FLOW IN CIRCULAR TUBES

16.2.1 Frow IN CIRcULAR TuBes witH SAND GRAIN ROUGHNESS

For the results of roughened surfaces to be most useful, general correlations are nec-
essary for both the friction factor and the heat-transfer coefficient which cover a wide
range of parameters. In fully developed turbulent flow, theoretical approaches to the
problem of heat and momentum transfer in smooth and rough tubes have been avail-
able for many years. These approaches are based on similarity considerations. Two
surfaces are said to have geometrically similar roughness if the geometry of their
roughness is the same in all aspects except for a scale factor. For example, sand grain
roughness as shown in Figure 16.1a is a geometrically similar roughness.

16.2.1.1 Friction Similarity Law
Refer to Section 10.4.1, the friction factor for turbulent flow in a smooth tube can be
predicted at a given Reynolds number. Perform average velocity across the tube from
the law of wall for velocity profile (refer to Section 10.2), then the friction factor can
be obtained. The procedure is outlined below.

For tube flow with smooth surface, the law of wall for velocity profile is:

u"=25Iny" +5.5 (16.1)
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Mo 2.51n(&) +5.5
u 1%

_ R .
L= 12'[|:2.51n(y : “) + S.S]ZTcrdr
u TR 4 v

s

R
= 2.5 J.ln()wu)r dr+5.5
L v
0
2

Lety = R—r,dy=—dr, as defined in Figure 10.7, and RHS first integration becomes

u . .
Let 2% = x, perform integration by part:
v

J‘lnxdx =[xInx —x];
0

© ey

1 1
xInxdx = [x2 lnx—xz]
2 4
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The RHS terms become

R IRZ.d IR 700 N (570 D U700 IR Gl Y 700 IS T B
uw v v v u’

Therefore

4o Ly Rl S pelyss
u le _2 v 4
2
=25 R—”)—3.75+5.5
1%

=2.5In R”)+ 1.75
\%

where referring to the definition in Section 10.2,

(16.2)

Thus

\E - 2.51n(R§D \/ﬁ)+ 175

(16.3)

The above friction factor equation is the same as Karman-Prandtl friction equation
for smooth tube (see Section 10.4.1).

521
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For tube flow with sand grain roughness as defined in Figure 16.1a:

For sand grain roughness, the dimensionless velocity u" is expected to decrease
by the roughness function C, this is because the friction factor increases with rough-
ness as expected. The following similar law of wall for velocity profile can be
assumed (see Section 10.4.1):

u+=25my++55—c(”‘J (16.4)
1%

Follow the above-mentioned integration procedures, the friction factor can be
obtained

J?lzzsm(R;Dqu)+175—c(”f] (16.5)

1%

However, the term C(eu] still needs to be determined. Equation (16.4) can be
v

u+=25m(ﬂi)+55—c(ﬁl)
1% \%
:2.51H(YWJ+5.5_C(WJ
e Vv \%
)+25m(”‘)+55—c(”‘)
\% 1%

re-arranged as

= Z.SIn(

Q|

u+=25m(1)+R@+) (16.6)
e
where
R(e*)=2.5In(e")+55-C(e")
= Roughness function, dependingon e*
= Roughness Reynolds number, dependingon roughness heighte

1%

Follow the same above-mentioned integration procedure to obtain «# and f for sand
grain roughness. Start from Equation (16.6):
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u = 2.51n(y) +R(e")

e
= 2.51n(l5)+R(e+)
Re
. 2.51n(1)+ 2.51n(£)+ R(e")
u R e

R

u_ b [Z.SIn(y) 4 2.51n(R) +R(e’ ):|2nr dr
u TR R e

0
25 | R
= Iln(l)r dr+ 2.51n() + R(e*)
l R? R e
0
2
where RHS first term can be obtained as previous procedure with integration by part:

R
Jlln(l)r dr
R
0
R

= J(lny—lnR)r dr
0

R R

= J-r In ydr — J-r In Rdr

0 0

R

2 Sy ©

(R—y)Iny(-dy)- 1nRBr2]

0

0 0
= —R'[lnydy + Jylnydy - %Rz InR
R

R

0
:—R[ylny—y]?e +[%y21ny—iy2] —%RzlnR
R

=-R[0- RlnR+R]+[0—;R2 lnR+411R2:|—;R2 InR

=R?’InR - R? —%Rz lnR+iR2 —%Rz InR

:_ERz
4
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Insert back into the above integration, therefore,

u_ 23 [—2R2]+2.51n(R

)+ r(e)

u le e
2 (16.7)
R +
=-3.75+ 2.51n() +R(e")
e
As noted, l* = %
u f

Thus, Friction Similarity Law for sand grain roughness is

\F = —3.75+2.51n(R)+R(e+)
f e
2 e
R(e")= |5 +2.5In — |+3.75
{5 o1(3)
R(e+):\/§+2.51n(2;)+3.75 (16.8)

f

¥
eu e
€+ = —= 7R€D

16.9
v D 2 (169)

The above equation is the so-called friction similarity law. The roughness function
R(e*) is a general function determined empirically for each type of geometrically
similar roughness. The roughness function for Nikuradse’s [2] close-packed sand-
grain roughness has the constant value 8.48 when e* is greater than 70; i.e., in com-
pletely rough regime, R(e*) does not depend on e". However, it is expected to be
different for different geometrical roughness configurations.

R(e")=8.48 (16.10)
. e f .
fore” = BRe oyl > 70 = completely roughregion

Since R(e*) = 8.48, f can be predicted from the above friction similarity law equa-
tion (16.8) for a given e/D. For completely rough region, e* is independent of Rep.
For example, if e¢/D = 0.01, f can be calculated from Equations (16.8) and (16.10),
f=0.0095.
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16.2.1.2 Heat Transfer Similarity Law

Based on heat and momentum transfer analogy, refer to Section 10.3, the law of wall
for temperature profile in circular tube was obtained. The procedure is outlined below:

For smooth tube, referring to Chapter 10, the law of wall for velocity profile from
Prandtl mixing length theory is shown below

&(1 - l) =(v+ sm)@
P R dy

ut =25Iny" +5.5 (16.1)

Based on heat and momentum transfer analogy, the law of wall for temperature pro-
file can be shown as

dT

wll==|==(a+éex)—

q ( R) ( H)dy
En _ En
\% 1%

y /RJr -
J.i En
0 Pr v
T* =25Iny" +T*(aty" =30)-2.5In(30) (16.11)

For tube flow with sand grain roughness, the above analysis has shown the law of
wall similarity for velocity as

con{ o5

el
(2

The law of wall similarity for temperature can also be written as

Q<
| <‘\<

R <
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= 2.511{”‘) +T*(at y* =30)-2.5In(30)
1%

= 2.5111(
= 2.51n(

where

Q|

+251n( J+T+(aty =30)- 2.51n(30)—c(e“*)

) e Pr (16.12)

Q<

T+ (at y+ — 30) =T (at y+ — 5)+51ﬂ(1+ Pr'5y+ ~ PrJ

=5Pr+5In(1+ 6Pr — Pr)
=5Pr+5In(1+ 5Pr)

= functionof Pr

*

> )+T+(aty =30)- 2.51n(30)—C(8—u*)

G(e* . Pr)=2. 51n( >

= Heat transfer function, depending on e* and Pr

Follow the same procedures as outlined above for obtaining average velocity, the
average temperature across the tube can be determined by integrating Equation
(16.12) as following,

Il
—_
—
)
)
P
—
Q<
—
<
~
+
Q
—~~
Q
e
SN—

R
= jz.s ln(y)+ln(R) rdr +G(e* Pr)
1 2 R e
R™%
2
=25 Jln(y)rdr+2.51n(R)+G(e+,Pr)
1 R e
2
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Note that, from above-mentioned integration by part,

R
J.ln(l)rdr = —ER2
R 4
0
Thus, the dimensionless average temperature across the tube becomes

T+ = 12'5 (—3R2)+2.51n(R)+G(e+,Pr)
1 R2 4 e
2

= —3.75+2.51n(£)+G(e+,Pr) (16.13)
e

From Section10.3, the dimensionless temperature is defined as
_T,-T

S
pCu’

T+

Therefore, the average temperature across the tube can also be obtained from the
above dimensionless temperature by integration as follows:

R
T Z%J‘%Qnr dr
T w
S L

s

pCou

R R
1 1 1

= —2J‘Tw-2nr dV—jJ‘T'2TU’ dr
dw TR 4 TR 4

pCru

1
= T(Tw - Tb)

pCu
— pCp (Tw - Tb)u*
qr
where

T, = bulk mean average temperature

1 R
=— jT-ZTl:r dr
0

TR
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And from definition of Stanton number St,

St=7q7W
pcpu(Tw - Tb)

”
_ qr

1
" pC, (L, ~T)u

S\|>—A

Thus, the average dimensionless temperature across the tube can be related to Stanton
number and friction factor as

T = "é :2 (16.14)

Combing with ™ from Equation (16.7),

ut=-375+ 2.51n(5) +R(e") (16.7)
e

Equation (16.13) becomes

T =u*— R(e+) + G(e+,1>r)

Note u* = i* = /2/f and combine with Equation (16.14); therefore, Equation (16.13)
u
becomes
f12 N +
= _/2/f —=Rle" |+ G|e",Pr
T2 o~ w(e)w lem
or

(e pr)=r(e’)+ VI o

S
=R(e")+ 2L (16.15)

Ji
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The above equation is called the heat transfer similarity law. The G(e*,Pr) is

called heat transfer function; it depends on roughness Reynolds number ¢* and
Prandt]l number Pr.

Heat transfer function G(e*,Pr) is related to roughness function R(e*), Stanton
number St is related to friction factor f. From Dipprey and Sabersky [3] for

close-packed sand-grain roughness, experimentally determined G(e*,Pr) as
G(e*,Pr)=5.19(e")"” Pro# (16.16)

For 0.0024 < e/D < 0.049, 1.2 < Pr < 5.94
For example, if e = 100, ¢/D = 0.01, R = 8.48 from Equation (16.10), f = 0.0095
from Equation (16.8) and Equation (16.10), Pr=0.72, G = 11.14 from Equation
(16.16), Stanton number can be calculated from Equation (16.15) as St = 0.00401.
Summary for tube flow with close-packed sand grain roughness

R(e*)= \/%+2.51n(2—;)+3.75 (16.8)

et = %ReD JI72 (16.9)

R(e*) =8.48, for e’ >70 completely rough region (16.10)
Sy

G(e*.Pr)=R(e")+ 2\7;% (16.15)

G(e*,Pr)=5.19(e*)" PrO¥ (16.16)

For a given Rep and e/D, f can be obtained from Equations (16.10) and (16.8), then
e" can be calculated from Equation (16.9), then G(e*,Pr) can be obtained from
Equation (16.16) for a given Prandtl number, and finally St can be estimated from
Equation (16.15). For example, if Re, = 100,000, e/D = 0.02, you can calculate f and
e". If Pr = 0.72, you can calculate G(e*,Pr) and then calculate St.

16.2.2 Frow IN CirRcULAR TuBes WiTH REPEATED RiB ROUGHNESS

For tube flows with the repeated-rib roughness with a different height-to-hydraulic
diameter ratio represent geometrically similar roughness, as shown in Figure 16.2.
However, when the values of P/e are varied, the surfaces are not geometrically
similar. Surfaces which are not geometrically similar required modifications to the
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roughness and heat transfer functions found by similarity considerations. Based on
the friction similarity law, Webb et al. [7] found a successful friction correlation
for turbulent tube flow with repeated-rib roughness by accounting the geometrically
non-similar roughness parameter, the p/e ratio, as shown in Figure 16.6. That was

R(e")=0.95(Ple)*™, fore* >35 (16.17)

The friction factor can be found by combining Equations (16.8) and (16.17). Based on
the heat transfer similarity law, Webb et al. [7] found a successful heat transfer simi-
larity relationship for turbulent flow with repeated-rib roughness by accounting the
geometrically nonsimilar geometry, the p/e ratio, as shown in Figure 16.7. That was

0.28

G(e*.Pr)=45(e") " P (16.18)

For10 < P/le <40, 0.01<e/D<0.04, 0.72<Pr<37.6

Webb et al.’s experimental data indicated that the effect of pitch to height ratio on
G(e* ,Pr) is small for P/e ratios between 10 and 40, so P/e does not appear explicitly
inthe G(e* ,Pr) equation. The Stanton number can be found by combining Equations
(16.8). (16.9), (16.15), (16.17), and (16.18).

For a given Rep, p/e, and e/D, f can be obtained from Equations (16.8) and (16.17),
then e* can be calculated from Equation (16.9), then G(e* ,Pr) can be obtained from
Equation (16.18) for a given Prandtl number, and finally St can be estimated from
Equation (16.15). For example, if Re, = 100,000, ¢/D = 0.02, p/e = 10, you can cal-
culate f and e*. If Pr = 0.72, you can calculate G(e*,Pr) and then calculate St.

Gee and Webb [9] reported the heat transfer and friction characteristics for turbu-
lent air flow in circular tubes with three helix angles (@ = 30°, 49° and 70°) all hav-
ing a rib pitch-to-height ratio P/e = 15 and height-to-diameter ratio e/D = 0.01. Both
Stanton number and friction factor decrease with a decrease in the helix angle. But
the friction factor decreases faster than the Stanton number. The data are correlated
in a form to permit performance prediction with any relative roughness size (e/D).

2.0
18| -
1.6
14 -
1.2 095 7
1.0
08 F -
0.6
0.4 -
02 -

4 6 8 10 20 40 60 100 200 400 600 1000
et = (e/D)Re+f/2

[m + 2.5In(2e/D) + 3.75] (p/e)~0s3

FIGURE 16.6 Final friction correlation for repeated-rib tubes.



Turbulent Flow Heat Transfer Enhancement 531

& 200
1
100 B
& foret > 25
o 60 G(e*) = 4.50(e*)0%8 -
Q
g 40 -
+
Al 20 - —
I ||
o I~
Q E 10 i
~
= 6 F ]
] 4 .
o
\Q_J/ 2 1 1 1 1 1 1 1 1 1 1 1
© 1 2 4 6 810 20 40 60 100 200 400 1000

et = (e/D)Ref/2
FIGURE 16.7 Final beat transfer correlation including the Prandtl number dependency.

From the previous derived friction similarity law by considering the geometrically
nonsimilar roughness parameters of helix angle (¢), roughness function R(e*)
shown in Equation (16.8) is replaced by

R(e")[(e/50)*"° ] (16.19)

For e/D =0.01, Ple =15, Rep =6,000 to 65,000, ¢*= 6 to 50

Pr=0.72, oo = 30° to70°

From the previous derived heat transfer similarity law by accounting the geo-
metrically nonsimilar roughness parameters of helix angle (o), heat transfer function
G(e*,Pr) shown in Equation (16.15) is replaced by

G(e* . Pr)[a/50°F (16.20)

where j = 0.37 for o < 50°, j = —0.16 for ¢ > 50°

From thermal performance comparison, the preferred helix angle o is approx-
imately 49°, and the best roughness Reynolds number e* = 20. They expected
Equations (16.19) and (16.20) could be applied for other e/D ratios, based on the

similarity consideration as e* = %Re,) /f12 shown in Equation (16.9).

16.2.3 Frow BETWEEN PARALLEL PLATES WITH REPEATED RiB ROUGHNESS

With repeated-rib roughness, for a given flow attack angle, rib shape and pitch-
to-height ratio, tests with a different height-to-hydraulic diameter ratio represent geo-
metrically similar roughness. However, when the values of Ple, flow attack angle,
or rib cross-section are varied, the surfaces are not geometrically similar. Surfaces
which are not geometrically similar required modifications to the roughness and heat
transfer functions found by similarity considerations.

Han et al. [8] extended the similarity concept to correlate the friction data for tur-
bulent flow between parallel plates with repeated-rib roughness by considering the
geometrically nonsimilar roughness parameters of p/e, rib shape (¢), and flow attack



532 Analytical Heat Transfer

angle (), as sketched in Figure 16.3. From the previous derived friction similar-
ity law, the correlation of roughness function versus roughness Reynolds number is
shown in Figure 16.8 for flow between parallel plates with geometrically nonsimilar
repeated rib roughness parameters.

R(e")=49(e*135)" 1[ (9190°)"* (10/Pre) (er45)" | (16.21)

For5< Ple <20, 0.032<e/D <0.102, Re,, = 3,000 to 30,000,
Pr=0.72, ¢ =40° to 90°, ¢ = 20° to 90°

where
¢ =S Rep JFI2
D,
ReD _ MDh
1%

D, = hydraulic diameter
m=—-04ife" <35
m=0ife">35

n=-0.13 if Ple < 10

n = 0.53 (t/90)*"" if Ple > 10

The friction factor can be found by combining Equations (16.8) and (16.21). Equation
(16.21) is the general correlation for the friction factor measured for 11 different dis-
similar rib-type geometries and 16 different geometries in all. When the roughness
Reynolds number is 35 or larger the flow is in the completely rough regime. The form
of the equation changes at P/e of 10. This roughly corresponds to the rib spacing
necessary for the boundary layer to re-attach to the plate and regrow along the plate.

Based the heat transfer similarity law, Han et al. [8] extended to correlate the heat
transfer data for turbulent air flow between parallel plates with repeated-rib roughness

R(e*)= 4.9(e*/35)™/[(10/p/e)"(¢/90°)*%%(a/45%)°%"] ]

Experimental Data Includes
Following Range of Variables

w
I
o
o)
]

[ 40° 90°
| m=—-04 foret <35 a 20° to 90° 1
m=0 foret =35 ple 5 to 20

n=-0.13 forp/e <10 e/D 0.032 to 0.102
n = 0.53(a/90°)°7 forp/e =10 Re 3,000 to 30,000
Pr 0.72
| | I I | | | | I I |

20 30 50 100 200300 500
Roughness Reynolds Number, e* = (e/Dp)Rq+/f/2

[R(e*)I[(10/p/e)™ ($/90°)%3% (a/45°)°57]

FIGURE 16.8 Final friction correlation.
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by accounting the geometrically nonsimilar roughness parameters of P/e, rib shape,
and flow attack angle. The final heat-transfer correlation shown in Figure 16.9 is where

G(e*)=10(e /35 /[ar45Y (16.22)

where
i=0ife" <35
i=028ife" > 35
j=05ifa <45°
j=-045if o > 45°

For the correlation St is based on the total heat transfer area. Note that the experi-
ments have shown that G(e+) is not a function of ¢ or P/e. The Stanton number can
be found by combining Equations (16.8), (16.9), (16.15), (16.21), and (16.22).

The above correlation is applied for air flow only. To approximately account
the Prandtl number -effect, G(e+) in Equation (16.20) may be replaced by
G(e+) (0.72/Pr)*". This is taken from Webb’s experimental data where the Prandtl
number was varied from 0.72 to 37.6.

For a given Rep, ple, e/D, ¢, and o, f can be obtained from Equations (16.8)
and (16.21), then e* can be calculated from Equation (16.9), then G(e+,Pr) can be
obtained from Equation (16.22) for a given Prandtl number, and finally St can be
estimated from Equation (16.15). For example, if Re, = 50,000, ¢/D = 0.05, p/e = 10,
¢ =90°,and o = 45°, you can calculate f and e*. If Pr=0.72, you can calculate

G(e*,Pr) and then calculate St.

Most investigations based the heat-transfer coefficient on the projected surface
area rather than the total area. When St is based on the projected area, Equation
(16.22) becomes

i

G(e")=8(e"/35) /[a/45°] (16.23)

where i and j have the same values as in Equation (16.22).

20 -
0 ™S Ge*) = 10.0(e*/35)!/(a/45%)

Experimental Data Includes
Following Range of Variables
(1] 55°

to  90°
5 a 200 to 90° i=0 fore* <35
ple 5 to 20 i=028 fore*>35
eD, 0032 to 0102 j=-045 fora=45°
— Re 3,000 to 30,000 j=05  fora<45° -
Pr 072

L1 1 111111 1| L
20 30 50 100 200300 500

Roughness Reynolds Number, et = (e/Dy)Re./f /2

(Gle*))(a/45°) = [(f/25t = 1)/\F72 + Rie*)][(a/45°)]]

FIGURE 16.9 Final heat-transfer correlation with Stanton number based on total area.
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16.3 FRICTION AND HEAT TRANSFER SIMILARITY LAWS
FOR FLOW IN RECTANGULAR CHANNELS
16.3.1 FLow IN A RECTANGULAR CHANNEL WITH

Four-SiDeD, RiB-ROUGHENED WALLS

16.3.1.1 Friction Similarity Law
For rectangular channel flow with smooth surface, assume the law of the wall for
velocity profile in tube flows can also be applied to rectangular channel flows as

u"=25Iny* +5.5

Follow the same procedure outlined before for circular tube, the average velocity
across the rectangular channel as defined in Figure 16.10 can be determined by inte-
gration as follows:

u_ 1 A8
i A '[|:2.51n( . ]+5.5:|dAc
1 '
_ yu
2

Lopd
| 3 . .
=1J'251n(y“)-‘1~d(y”]+5.5
1 v Ju
ay
2
B F F ® %
_Lysv e l(y]w 55
1 u v v
a L 0
2
ap (ap) 9,
_ LY n| 2— |- +55
1 u v v v
a
2
a x
—Uu
=25In| 2 |-25+55
\%

Note i* = J2/f, thus
u
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T
o

)
f . ) L
e Sand grain height e Repeated rib height

FIGURE 16.10 Rectangular channel with (a) sand grain roughness; (b) repeated rib roughness.

L2If =250 2 |+3
1%

For the rectangular channel with channel height a (narrow side) and channel width
b (wider side), Reynolds number is defined based on channel hydraulic diameter as

ReDzuDh
D, = 4ab _ 2ab
2(a+b) a+b
a a+b D, a+b
~=D,- =~
2 4b 2 2b

Therefore, the above equation can be re-arranged as

3 =2.5In| 2t atb )4
2 v 2b

=2.5In

2 v 2b

—25In RCD\F +3+2.51n(“+b) (16.24)
2 \2 2b

For rectangular channel with sand grain roughness as defined in Figure 16.10a,
assume the law of wall for velocity profile is similar to tube flow and can be shown as

ufi12
Dy u f _a+bJ+3
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u" =25In

o)
s )
m( Jesse(7)

m|\<

5In

Q<
\_/

(
25|
2onf
o)

Q<
\_/

where

R(e*)= 2.51n["”*) +55- C(“‘*)
v 1%

Follow the same procedure as before, the average velocity across the rectangular
channel with sand grain roughness can be obtained as following:

S |
*
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The first RHS term:
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or
+ 2 e
R(e ): S +25In| o [+25
f —a
2
where
e _e 4
1 Dh (a+b)

—a

e e 4b e 4b
lnl— =In| — =In| — |[+1In
“a Dh (a+b) Dh (a+b)
Therefore, friction similarity law for rectangular channels with sand grain roughness is

R(e+):\/§+2.51n(;)+2.51n(( ‘:bb))u.s

or
R(f): 2 1 25m| 26 )+ 25m| 22 |i2s (16.25)
f Dh (a+b)
where
¢t = DiReD JF2 (16.26)
h
_ 2ab
" (a+Db)

a = narrow-side length of rectangular channel
b = wider-side length of rectangular channel

R(e+) = roughness function to be determined experimentally for rectangular

. . e
channels with sand grain roughness D
h
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538
The above-derived friction similarity law in rectangular channels with four-sided

sand grain roughness can be applied for rectangular channels with four-sided repeated
rib roughness, but the experimentally determined value of R(e+) with repeated rib
e )

) is different from that with sand grain roughness (
h

roughness [ p/e,DL
h

16.3.1.2 Heat Transfer Similarity Law
Based on the above-mentioned heat and momentum transfer analogy:

+ _ X +
u —2.51n(e)+R(e )
T = 2.51n(y)+G(e+,Pr)
e

From above integration of u*, similarly, the integration of average dimensionless

temperature across the rectangular channel 7+ can be obtained as

1
T 3
T =+ J 25In| -2 |+ G(e",Pr) |b dy
ab %, —a ¢
2
1
o —d
T*=-2.5+25In| 2 |+G(e",Pr)
e
Since
1
—a
2 +R(e+)

u"=-25+2.5In
e

Thus
T =u" - R(e")+G(e",Pr)
Since T+ =Y g‘t/2 ,andu™t = \/ﬁ , therefore,
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772 el
WP _ [ - r(e)+ ofe e

or

/2
(e )= r(e") ¥ o

From friction similarity law for sand grain roughness

h

2e 2b
Rle')=J2/f +2.5In|] =— [+2.51 +2.5 16.25
(e ) 4 n(D ) n(a+b) ( )

Therefore, heat transfer similarity law for sand grain roughness becomes

JF2
G(e+,Pr):f—+2.51n 2e +2.51n( 2b )+2.5 (16.27)
St D, b

h a+

where

G(e+ ,Pr) = heat transfer function, to be experimentally determined for rectangu-
lar channels with four-sided sand grain roughness.

The above-derived heat transfer similarity law can be applied to rectangular chan-

nels with four-sided repeated rib roughness ( p/e,l;), as sketched in Figure 16.10b,

but G(eJr ,Pr) value will be different. '

A family of repeated-rib roughness is defined as geometrically similar if the rib
pitch, rib shape, and rib angle of attack are not varied. In order to correlate the fric-
tion and heat transfer data for geometrically nonsimilar repeated-rib roughness, the
above-derived roughness and heat transfer functions may be expressed by

R=¢ (e*,P/e, o,shape,.. )

G=¢, (e*,Pr,P/e, (x,shape,...)

16.3.2 FLow IN RECTANGULAR CHANNELS WITH Two
OprpOSITE-SIDED, RiB-ROUGHENED WALLS

In some applications, such as gas turbine airfoil cooling design, periodic rib rough-
ness is cast onto two opposite walls of internal cooling passages to enhance the
heat transfer to the cooling air. The sketch of an internally cooled turbine airfoil is
shown in Figure 16.5. The internal-cooling passages can be approximately modeled
as rectangular channels with a pair of opposite rib-roughened walls, as shown in
Figure 16.5. The channel aspect ratio (W/H) was varied from 1 to 2 and to 4. In each
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channel, the rib turbulators were placed on the opposite walls with all parallel with
an angle-of-attack o of 90°, 60°, 45° or 30°. The rib height-to-hydraulic diameter
ratio (e/D) was varied from 0.047 to 0.078, and the rib pitch-to-height ratio (P/e) was
varied from 10 to 20 for Reynolds numbers from 10,000 to 60,000.

Based on the correlation for four-sided smooth channels and the similarity law for
four-sided ribbed channels, a general prediction model for the average friction factor
and average heat transfer coefficients was developed for flow in rectangular channels
with two smooth and two opposite rib-roughened walls. Refer to Han [13] for the details.

The friction factor for fully developed turbulent flow in a four-sided smooth chan-
nel, as shown in Figure 16.11, can be defined by

TS
> PVs

Similarly, the friction factor for fully developed turbulent flow in a four-sided ribbed
channel, as seen in Figure 16.11, may be defined as

T,

fr=l 7
2 PY

This analysis concerns fully developed turbulent flow in a rectangular channel with
two opposite ribbed walls, as shown in Figure 16.11. The average friction factor for
this case may be expressed by the following equation.

7= T
= -
2
2
e ¢
- - mallonl
\ % \ 1
1
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FIGURE 16.11 (a) Four-sided smooth channel; (b) four-sided ribbed channel; (c) two-
smooth and two opposite-ribbed channel.
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The average wall shear stress T can be related to the shear stresses produced by the
two smooth and the two ribbed walls by

T(2a+2b)L = (2a1,, +2b7,, )L

In this analysis, it is assumed that the total shear force in a channel with two smooth
and two ribbed walls can be approximated by combining the shear force from two
smooth walls in a four-sided smooth channel with the shear force from two ribbed
walls in a four-sided ribbed channel, i.e.,

(2ats, +2b7,, )L =(2a7, +2b7, )L

It is noted that 7,, is not necessarily equivalent to 7, and that 7, is not necessarily
equivalent to 7,. Most likely 7,, would be slightly higher than 7, due to the adja-
cent ribbed walls, while 7,, would be slightly lower than 7, because of its adjacent
smooth walls. However, since 7,; < < T,, and a < b for most of the two-opposite rib-
roughened channels, the above assumption should be reasonable. Combining above
friction factor and shear stress equations and assuming that the fluid dynamic energy
1

= Ep\zz, thus, the average friction

. . . 1 -
in each channel is about the same, i.e., Epr

factor f can be found from

~_af.+bf,

16.28
a+b ( )

Equation (16.26) gives the average friction factor as a weighted average of the
four-sided smooth channel friction factor f; and the four-sided ribbed channel
friction factor f,. These friction factors are weighted by the smooth wall width a
and the ribbed wall height b, respectively. The friction factor in a four-sided smooth
rectangular channel as well as in a four-sided rib-roughened rectangular channel can
be referred to the above-mentioned friction similarity law.

The prediction method for heat transfer will be very similar to that for friction
factor as described earlier if the heat and momentum transfer analogy is applied. For
fully developed turbulent flow in four-sided smooth channels and four-sided ribbed
channels, the corresponding Stanton numbers can be defined as

_ q5
D)

- qr
&”Xxxﬁ—nx

The average Stanton number for fully developed turbulent flow in a rectangular duct
with two smooth and two opposite ribbed walls may be expressed as

_
SL_GCAﬁM—E)
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where
q”(2a+2b)L = (2aqf, +2bq%,) L

If the analogous assumption for heat transfer follows the same form as was made for
friction factor, then

(2ag%, +2bg3.) L = (2aq! + 2bq!) L

By combining above equations and assuming that the temperature gradient in each

case is about the same, i.e., (Tw — T,,) = (Tw - T,,) = (Tw - T,,) , the average Stanton
. s r

number can be written as

< aSt, +bSt,

St (16.29)
a+b

Equation (16.29) gives the average Stanton number as a weighted average of the four-
sided smooth channel Stanton number St, and the four-sided ribbed channel Stanton
number St,. These Stanton numbers are weighted by the smooth wall width a and
the ribbed wall height b, respectively. The Stanton number in a four-sided smooth
rectangular channel as well as in a four-sided rib-roughened rectangular channel can
be referred to the above-mentioned heat transfer similarity law.

Summary: Friction and Heat Transfer Similarity Laws for Flow in a Rectangular
Duct with Two Opposite-sided, Rib-roughened Walls

Based on the above-mentioned analysis, there appear to have two approaches to
obtain the roughness functions R and G. The first approach is experimentally cor-
relating R and G from Equations (16.25) and (16.27) by measuring f and St for flow
in rectangular channels (given b/a) with four-sided ribbed walls (given e/D;,, Ple, ...).
The second approach is correlating R and G from Equations (16.28) and (16.29) by
measuring f and St, for flow in rectangular channels (given b/a) with a pair of oppo-
site ribbed walls (given e/D,, Ple, ...).

Most of available experimental data are based on the second approach to correlate
R and G by measuring f and St, for flow in rectangular channels (given b/a) with two
opposite rib-roughened walls (given e/D;,, Ple, ...). This is because the results can be
directly applied for the design of turbine airfoil cooling passages. From the above
analysis, the average friction factor for flow in rectangular channels, by letting a = H
and b = W, can be rewritten as

f=(H+Wf)I(H+W)
f=F+HW)f-1)

By inserting the above expression of finto Equation (16.25), the roughness function
R can be written as
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R(e*)= {2/[J7 w(HW)(f - 1, )]}m +2.5{(2e/D)[2W/(W + H)]} +2.5
(16.30)

where f; can be approximately calculated from the Blasius equation for smooth
circular tubes as

f, = f(FD) = 0.046Re™? (16.31)

Equation (16.30) implies that the friction roughness function R can be experimen-
tally determined (or correlated) by measuring the average friction factor (f) for fully
developed turbulent flow in rectangular channels (given W/H) with two opposite,
geometrically similar, ribbed walls (given e/D), and by combining with the f; calcu-
lated from Equation (16.31). Refer to Han [14] for the details.

The correlation of the friction roughness function R shown in Figure 16.12 can be
obtained as

R=32[(Ple)10]""

(16.32)

Fore® 250,10 < P/e <20, 0.021<e/D <0.078,

1<H<4, Rep=28,000 to80,000, Pr=0.72

Note that R in Equation (16.32) is independent of e*. This implies that the aver-
age friction factor is almost independent of Reynolds number (i.e., in the fully rough

40F .
C = 0.28
1] 30 : G= 4'.5(e+) i
5 20F / -
€]
B ~ G =3.7(e*)028 ]
=o./(e
0L (e™) -
St 1 1Ll [ | N
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FIGURE 16.12 Friction and heat transfer correlations.
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region with e* >50). After R is determined experimentally from Equation (16.32),
the average friction factor (f) can be predicted by combining Equations (16.30),
(16.31), and (16.32) for a given rib geometry (e¢/D, Ple), channel aspect ratio (W/H), and
Reynolds number Re. And then the friction factor with four-sided ribbed walls f can
also be calculated from f and f,.

It is assumed that the ribbed-side-wall Stanton number has a constant value for
either two opposite-sided or four-sided ribbed channels (i.e., St=St,). Similarly,
combining with Equation (16.25), the heat transfer function G shown in Equation
(16.27) can then be determined by

Gle* Pr) = R(e")+{[ F+(H+W)(F - £) ]/ (25) -1}/
{[7+@+w)r- fs)]/Z}l/2 (1633)

According to the heat transfer similarity law derived in Equation (16.33), the mea-
sured Stanton number on the ribbed-side-wall St, (assuming St, = St), the average
friction factor f, the channel aspect ratio W/H, and R could be experimentally corre-
lated with the heat transfer roughness function G(e+ ,Pr). The effect of the P/e ratio
on the G(e*,Pr) is negligible. A plot of G versus " is also shown in Figure 16.12 as

G=37(e)" for ¢ 250 (16.34)

After G is correlated experimentally from Equation (16.34), the ribbed-side-wall
Stanton number(St, ) can be predicted by combining Equations (16.30), (16.31),
(16.32), (16.33), and (16.34) for a given e/D, Ple, W/H, and Re.

Since both the smooth-side-wall Stanton number (St, ) and the ribbed-side-wall
Stanton number (St, ) were measured, the average Stanton number (§t) between the
smooth side and the ribbed side walls was obtained. Assuming that Equation (16.30)
can be used to correlate the average heat transfer data by replacing G and St, by G
and St, the correlation of the G shown in Figure 16.12 can be expressed by

= 0.28

G=45(") " for e 250 (16.35)

If G, 5, R, and ? are known for a given e/D, Ple, W/H, and Re, the ribbed-side-wall
Stanton number St, and the average Stanton number St can be predicted, respectively,
from Equation (16.33), and from the same Equation (16.33) by replacing G and St, by
G and St. After determining St, and St from above correlations, the smooth-side-wall
Stanton number St; can be found by

St, = St+(W/H)(St-St, ) (16.36)

The roughness functions, R(e*) in Equation (16.28) and heat transfer func-
tion G(e*,Pr) in Equation (16.33), can also be extended to correlate the effects of
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geometrically nonsimilar parameters such as ribspacing P/e, ribangle o, ribshape.
Refer to Han and Park [12] for the details. The correlation of the friction roughness
function R including the ribangle o effect shown in Figure 16.13 can be written as

R/[(Pler10)* (WIHY" | =1231-27.07(/90°) +17.86(ct/90°)  (1637)

Fore® 250,10 < Ple £20,0.047 < e/D < 0.078,30° < o £90°,

1< H <4,Rep =10,000 to 60,000, Pr =0.72
where

m=0, for o=90°

m=035, for o(90° if W/H)2, letW/H=2

Note that R in Equation (16.37) is independent of e*. This implies that the average
friction factor is almost independent of Reynolds number (i.e., in the fully rough
region with e” > 50). After R is determined experimentally from Equation (16.37),
the average friction factor (]7) can be predicted by combining Equations (16.30),
(16.31), and (16.37) for a given rib geometry (e/D, Ple), rib angle ¢, channel aspect
ratio (W/H), and Reynolds number.

The correlation of the heat transfer function G shown in Figure 16.14 can be writ-
ten as

G =2.24(W/H)" (") (@190°)" (Ple/10)" (16.38)

for a square channel (W/H =1): m = 0.35,n = 0.1
for rectangular channels (W/H =2,4):m=0,n=0.
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FIGURE 16.13 Final friction factor correlation.
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After G is correlated experimentally from Equation (16.38), the ribbed-side-wall
Stanton number (St, ) can be predicted by combining Equations (16.30), (16.31),
(16.33), (16.37), and (16.38) for a given e/D, Ple, W/H, and Re. Assuming that Equation
(16.33) can be used to correlate the average heat transfer data by replacing G and St,
by G and St, the correlation of the G shown in Figure 16.14 can be expressed by

G=12G (16.39)

After determining St, and St from above correlations, the smooth-side-wall Stanton
number St, can be found by

Sty =St+(W / H)(St-st, ) (16.40)

16.4 HEAT TRANSFER ENHANCEMENT FOR TURBINE
BLADE INTERNAL COOLING APPLICATIONS

Typical Rotor Blade Cooling System

One of important heat transfer enhancement applications is for advanced cooling
system designs of high temperature gas turbine blades. Gas turbine cooling technol-
ogy is complex and varies between engine manufacturers. The cross-section of the
cooling channels changes along the cord length of the blade due to the blade profile.
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FIGURE 16.14 Final heat transfer correlation.
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The internal cooling channels near the blade leading edge have been modeled as
narrow rectangular channels with aspect ratios of AR = 1:4 and 1:2. Toward the
trailing edge, the channels have wider aspect ratios of AR = 2:1 and 4:1. AR =
aspect ratio = W/H = (rib-side-wall width) divided by (smooth-side wall height).
Figure 16.15 shows the typical cooling technology with three major internal cool-
ing zones in a turbine rotor blade with strategic film cooling in the leading edge,
trailing edge, pressure and suction surfaces, and blade tip region. Jet impingement
cooling can be used mostly in the leading-edge region of the rotor blade, due to struc-
tural constraints on the rotor blade under high-speed rotation and high centrifugal
loads. Typically, a blade mid-chord region uses serpentine coolant passages with rib
turbulators on the inner walls of the rotor blades, while the blade trailing-edge region
uses short pins due to space limitation and structural integration. It is important to
determine the associated coolant passage pressure losses for a given internal cool-
ing design. This can help in designing an efficient cooling system and prevent local
overheating on the rotor blade. Refer to Han et al. [15] for the details.

16.4.1 HeATr TRANSFER ENHANCEMENT IN RECTANGULAR
CHANNELS WITH RiB TURBULATORS

In the early 1970s cooling designs of gas turbine blades, repeated transverse ribs
(orthogonal ribs or o = 90-degree ribs, oriented 90-degree to the coolant flow) are
cast on two opposite walls of internal cooling channels to enhance heat transfer.
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* o—{4—o
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cooling R .
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Cooling air

FIGURE 16.15 Schematic of a modern cooled turbine blade.
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Internal cooling channel heat transfer enhancement mechanism is due to the flow
separation-reattachment tripped by repeated transverse ribs (turbulence promot-
ers, rib turbulators, trip strips). These flow separations re-attach the boundary layer
to the heat transfer surface thus increasing the heat transfer coefficient. Repeated
transverse ribs mostly disturb only the near-wall flow for heat transfer enhancement
consequently the pressure drop penalty by repeated transverse ribs is affordable for
turbine blade internal cooling designs. In general, repeated transverse ribs (& = 90°)
used for early turbine cooling designs are nearly square in cross-section with a typi-
cal relative rib height of 5% of channel hydraulic diameter (¢/D = 0.05), and a rib
spacing-to-height ratio of 10 (p/e = 10).

16.4.1.1 Angled Ribs and Heat Transfer Correlation

In 1980s, Han and his co-workers [11-14] systematically investigated heat transfer
enhancement in rectangular channels with two opposite repeated-rib walls with a
typical relative rib height of 5%—-10% channel hydraulic diameter (e/D = 0.05-0.1),
and a rib spacing-to-height ratio (p/e) of 5-20. They proposed that the repeated angled
ribs (¢ oriented 30°, 45°, or 60° to the coolant flow), as sketched in Figures 16.5 and
16.15, performed better than the earlier repeated transverse ribs over a wide range of
rectangular channels (channel aspect ratio AR varied from 4/1, 2/1, 1/1, %2, and %)
applicable for gas turbine blade cooling designs. They found that the ribbed side heat
transfer enhancements are about three times and the pressure drop penalties are about
4-8 times the values for 45 and 60-degree ribs compared to a smooth channel for
Reynolds numbers between 15,000 and 60,000. The pressure drop penalties are only
2—-4 times for the 45- and 60-degree angled ribs with the same level of heat transfer
enhancement for the narrow aspect ratio channels (AR = Y2 and %). However, for the
same level of heat transfer enhancement in a broad aspect ratio channel (AR = 4/1),
the pressure drop penalties are as high as 8—16 times the friction factor in a smooth
channel for angled ribs. They concluded that the narrow aspect ratio channel per-
forms better than a broad aspect ratio channel with angled ribs. They developed heat
transfer and friction correlations for a wide range of rib turbulators geometry (such
as rib height, angle, shape, and spacing), rectangular cooling channel aspect ratio,
and Reynolds number. These correlations have been widely cited by turbine cool-
ing researchers as baseline data comparison and used by turbine cooling designers
for advanced heat transfer analysis and optimal cooling design prediction for newly
developed turbine blades. All major turbine manufacturers utilize this new angled-rib
cooling concept to replace earlier transverse-rib configurations for improving their
turbine blade internal cooling designs. Refer to Han et al. [15] Chapter 4 for the details.

16.4.1.2 High Performance V-Shaped and Delta-Shaped Ribs

In 1990s Han and his co-workers [15] further proposed the high-performance
3-dimensional turbulence promoters, such as V-shaped ribs, and delta-shaped vortex
generators for advanced turbine cooling system designs, as sketched in Figure 16.16.
They found that the ribbed side heat transfer augmentations for 45- and 60-degree.
V-shaped ribs are higher than the previous-mentioned 45- and 60-degree-angled
ribs for Reynolds numbers between 15,000 and 80,000. This is because the V-shaped
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ribs induce four-cell vortices as compared to the two-cell vortices induced by the
angled ribs as sketched in Figure 16.16. And the ribbed side heat transfer enhance-
ments for 45- and 60-degree broken angled ribs or broken V-shaped ribs are much
higher than the corresponding 45- and 60-degree nonbroken angled ribs or nonbroken
V-shaped ribs. However, the corresponding friction factor enhancements are compa-
rable with each other for broken and nonbroken rib configurations. These promising
V-shaped or delta-shaped ribs have been considered to be integrated into the new
generation turbine blade cooling designs.
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FIGURE 16.16 Upper: high-performance ribs for turbine blade internal cooling; lower: con-
cept of flow separation-reattachment from ribs and a pair of vortices induced by angled ribs.
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In 2000s Han and his co-workers [16] performed systematic experiments to mea-
sure heat transfer and pressure losses in a square channel with 45-degree round and
sharp-edged ribs (e/D = 0.1 to 0.18, p/e = 5 to 15) at a wide range of Reynolds num-
bers ranging from 30,000 to very high flows of Re = 400,000. These high Reynolds
are typical of land-based gas turbines. With round-edged ribs, the friction was lower,
resulting in a smaller pressure drop. The heat transfer coefficients for the round-
edged ribs, on the other hand, were similar to sharp-edged ribs. Figure 16.17 shows
heat transfer correlation for a square channel with 45° round-edged ribs at high
roughness Reynolds numbers.
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FIGURE 16.17 Heat transfer correlation for a square channel with 45° round edged ribs at
high roughness Reynolds numbers.
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16.4.2 HeAt TRANSFER ENHANCEMENT WITH RiB
TURBULATORS IN ROTATING CHANNELS

16.4.2.1 Rotor Blade Internal Cooling

Rotational effects on the coolant passage heat transfer were not fully recognized
until the late 1980s and early 1990s. Both Coriolis and rotating buoyancy forces
can alter the flow and temperature profiles in the serpentine coolant passages and
affect their surface heat transfer coefficient distributions. Since the direction of
the Coriolis force is dependent on the direction of rotation and cooling flow, the
Coriolis force has a different direction in the multipassage serpentine channels.
The rotation direction remains the same for the two-passage channels, for exam-
ple, but the direction of cooling flow gets reversed from the first channel to the
second after the 180-degree turn. Therefore, the direction of the Coriolis force is
opposite in these two channels, and the resultant rotation-induced secondary-flow
(a pair of vortices) is different. Figure 16.18 shows the conceptual view of com-
bined effects of Coriolis and rotational buoyancy on flow-temperature distribution
[15,16]. For radial outward flow in the first channel, the Coriolis force shifts the
core flow toward the trailing wall. If both trailing and leading walls are symmetri-
cally heated, then faster-moving coolant near the trailing wall would be cooler than
the slow-moving coolant near the leading wall. Rotational buoyancy is caused by
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FIGURE 16.18 Conceptual view of coolant flow distribution through a two-pass rotating
channel.
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a strong centrifugal force that pushes cooler heavier fluid away from the center
of rotation. In the first channel, rotational buoyancy affects the flow in a fashion
similar to the Coriolis force and causes a further increase in the flow near the trail-
ing wall of the first channel (to enhance heat transfer on the trailing wall), whereas
the Coriolis force favors the leading side of the second channel. The rotational
buoyancy in the second channel tries to make the flow distribution more uniform
in the channel. Figure 16.19 shows the predicted secondary-flow (rotation induced
vortices) and temperature distribution in a rotating two-pass rectangular channel by
Al-Qahtani et al. [17]. It clearly shows that cooler fluid is shifted toward the trailing
wall in the first channel radially outward flow and toward the leading wall in the
second channel radially inward flow.

16.4.2.2 Heat Transfer Correlation with Rotation
Number and Buoyancy Parameter

In addition to Reynolds number and Prandtl number, rotation number and buoyancy
number are important parameters in determining flow and heat transfer in rotating
channels. The rotation number (Ro) has been widely accepted to establish the strength
of rotation by considering the relative strength of the Coriolis force compared to the
bulk inertial force. The buoyancy number (Bo) is used to include the effects of den-
sity variation (centrifugal effects) and is defined as the ratio of the Grashof number to
the square of the Reynolds number; both of which are based on the channel hydraulic
diameter. Typical rotation numbers for aircraft engines are near 0.25 with Reynolds
numbers in the range of 30,000. Increasing the range of the rotation number and
buoyancy number is very important since gas turbine engineers can utilize these
parameters in their analysis of heat transfer under rotating conditions.

B
Rotation
Direction
C

FIGURE 16.19 Secondary flow vectors and dimensionless temperature contours in a rotat-
ing two-pass rectangular smooth channel.
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16.4.2.3 Summary of Rotation parameters

For turbulent air flow in rectangular channels, Nusselt number can be predicted by
a given Reynolds number. In addition to Reynolds number, Rotation number and
Buoyancy number are important parameters under rotation conditions. The follow-
ing is a brief summary of these parameters.

_ pVDh _ VDh
u 1%
=10,000 to 60,000 for aircraft turbines

RCD

D, .
Nu, = % =0.023 Re%*Pr® for smooth channel heat transfer correlation

Ro = Rotation number

Coriolis force

" Inertia force

_ 9D, =02~05

Q = RPMrotational speed
D,, = coolingchannel hydraulic diameter

If without rotation, Grashof number for natural convection is due to temperature
gradient and gravity:

b fi
Gy = Proyancy force

viscous force

(T, - T..) BgL’

v2

= Grash of number

where 8 = % forair.

For rotation, replace g by RQ? L by D,, T.. by T,, T by T,, thus, rotation buoyancy
number is

1

T,-T.)—-RQ*-D,}
Bo=g=( w c) TC h
Re> vz.(VD,,)2

\%

= Rotation Buoyancy number
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Re-arrange rotation buoyancy number as

Bo:%.@.l)hg
p VvV Vv
_Ap.(Dhﬂ)z.R
p v D,
—DR-Ro>- K
h
=0.1~3.0

where

p. = coolantdensity based on coolant temperature

P, = coolant density based on channel wall temperature

DR = coolantdensity ratio = 0.2 ~ 0.5

R = distance between center of rotation and cooling channel (rotationarm length)

D), = channel hydraulic diameter

R . . .
m = ratioof rotationarm lengthand channel hydraulic diameter
h

=30 ~ 70 forsmall tolarge turbines

Bo = 0.2 for aircraft turbine

=1~3 forlarge land-based turbines

In general, Nusselt number depends on Reynolds number, Rotation number, and
Buoyancy number:

Nu ~ Ro fora givenRep

Nu ~ Bo foragivenRe)

R .
Nu ~ DR -Ro’ "D foragivenRep
h
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16.4.2.4 Rotational Effect on Coolant Channel Heat Transfer

There are only limited papers available in the open literature that study the rotational
effect on rotor coolant passage heat transfer (for example, several pioneer papers
published by researchers reviewed and cited in Chapter 5 of Han et al. [15]). In 1990s
Wagner et al. [18] and Johnson et al. [19] from the United Technologies Research
Center studied heat transfer in rotating multipass coolant passages with square cross-
section and smooth walls as well as ribbed walls at uniform wall temperature condi-
tions. For the square channel with smooth wall, results show that the heat transfer can
enhance 2-3 times on the trailing surface (at Bo = 1) and reduce up to 50% on the
leading surface (at Bo = 0.2) for the first-pass radial outward flow passage as sketch
in Figures 16.20 and 16.21; however, the reverse is true for the second-pass radial
inward flow passage due to the flow direction change as sketch in Figures 16.22 and
16.23. Without considering the rotational effect, the coolant passage would be over-
cooled on one surface while over-heated on the opposite surface. Results also show
that the heat transfer difference between leading and trailing surfaces is greater in the
first-pass than that in the second-pass due to the centrifugal buoyancy opposite to the
flow direction, as sketched in Figure 16.18. They also studied heat transfer in rotating

5.0
4.0 |
45° ribs

Nu 5, \

Nu,
2.0 | < 90° ribs
Lok /Smooth
0.5 ¥_/

1 1 1 | |

0 0.2 0.4 0.6 0.8 1.0

Bo

FIGURE 16.20 Nusselt number ratio versus buoyancy number on the leading surface of
first-pass radially outward flow.

S0F 45° ribs
4.0 /
Nu
0 2.0 |
Smooth
1.0
0.5
1 1 1 1 1
0 0.2 0.4 0.6 0.8 1.0
Bo

FIGURE 16.21 Nusselt number ratio versus buoyancy number on the trailing surface of
first-pass radially outward flow.
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0 0.2 0.4 0.6 0.8 1.0
Bo

FIGURE 16.22 Nusselt number ratio versus buoyancy number on the trailing surface of
second-pass radially inward flow.

multipass coolant passages with a square cross-section with two-opposite 90-degree
and 45-degree rib roughened walls at uniform wall temperature conditions. Results
show that rotation and buoyancy, in general, have less effect on the rib roughened
coolant passage than on the smooth-wall coolant passage. This is because the heat
transfer enhancement in the ribbed passages is already up to 2.5 (for 90-degree ribs
at Bo = 0) ~ 3.0 (for 45-degree ribs at Bo = 0) times higher than in the smooth pas-
sages (at Bo = 0); therefore, the rotational effect is still important but with a reduced
percentage. Results also show that, like a nonrotating channel, the 45-degree skewed/
angled ribs perform better than 90-degree transverse ribs and subsequently better
than the smooth channel.

16.4.2.5 Channel Aspect Ratio and Orientation Effect

Most of the above-mentioned studies dealt with square channels. However, a rectan-
gular, triangular, or wedge passage is required in order to maintain the integrity of
the gas turbine blade internal cooling design. The rectangular channel changes the
effective rotation-induced secondary flow pattern (a pair of vortices) from that of a
square duct as sketched in Figure 16.24. For this reason, one cannot simply apply

4.0 45° ribs

V- / -
90° ribs
Nu 5, /

Mosop——
Nu,

2.0
T
1.0 Smooth

05|

1 l 1 | |
0 0.2 0.4 0.6 0.8 1.0
Bo

FIGURE 16.23 Nusselt number ratio versus buoyancy number on the leading surface of
second-pass radially inward flow.
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FIGURE 16.24 Typical turbine blade internal cooling channel with rotation-induced vortices.

the results in a square channel to that of a rectangular channel. In 2000s, Han and
his co-workers [15] studied heat transfer in a two-pass rectangular rotating channel
(AR =2:1) with 45-degree angled ribbed walls. They found that the effect of rotation
on the two-pass rectangular channel is very similar to that on the two-pass square
channel but the leading surface heat transfer coefficient does not vary much with
the rotation compared with the square channel case. The 4:1 ribbed channel was
employed to examine the overall thermal performance (not only the heat transfer
augmentation but also the pressure drop penalty). They found that the overall thermal
performance of the discrete V-shaped and discrete W-shaped ribs are better than the
V-shaped and W-shaped ribs and subsequently better than the standard angled ribs
for both stationary and rotation cases. They also reported the rotation effect increased
heat transfer on the trailing wall but decreased the heat transfer on the leading wall
in the first pass of both the 1:2 and 1:4 channels. In the second pass, however, the
difference of the heat transfer between the leading and trailing walls was dramati-
cally reduced under the rotation condition when compared to the first pass. It was
suggested that the 180-degree turn induced vortices dominate the rotation induced
vortices for the low aspect ratio channels. They also concluded that the orientation
of rectangular channel relative to direction of rotation would affect rotation-induced
vortices size/strength and hence change heat transfer results on leading and trailing
surfaces. Refer to Han and his co-workers [15,16] for the details.
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16.4.3 HeAt TRANSFER ENHANCEMENT WITH IMPINGEMENT
CooLING AND PIN-FIN CooLING

Leading-Edge Impingement Cooling: Jet impingement cooling is most suitable for
the leading edge of the blade where the thermal load is highest and a thicker cross-
section of this portion of the blade can suitably accommodate impingement cooling
as shown in Figures 16.15. There are many studies focused on the effects of jet-
hole size and distribution, jet-to-target surface distance, spent-air cross flow, cooling
channel cross-section, and the target surface shape on the heat transfer coefficient
distribution. Recent studies have considered the combined effects of leading-edge
inner surface with rib or pin roughness coupled with jet impingement for further heat
transfer enhancement. Many gas turbine blade impingement cooling papers reviewed
and documented in Chapter 4 of Han et al. [15] and [20].

Rotational Effect on Impingement Cooling: In general, it has been reported that
the rotation decreases the impingement heat transfer on both leading and trailing
surfaces with more effect on the trailing side (up to 20% heat transfer reduction).
Overall, the effectiveness of the jet impingement is reduced under rotating conditions
due to deflection from the target surface by centrifugal forces. Refer to Han et al. [15]
Chapter 5 for the details.

Trailing-Edge Pin Fins Cooling: Pin-fins are mostly used in the narrow trailing
edge of a turbine blade where impingement and ribbed channels cannot be accom-
modated due to manufacturing constraint as shown in Figures 16.15. Heat transfer
in turbine pin-fin cooling arrays combines the cylinder heat transfer and end-wall
heat transfer. Due to the turbulence enhancement caused by pins (wakes and horse-
shoe vortex), heat transfer from end-walls is higher than smooth wall cases. Long
pins can increase the effective heat transfer area and perform better than short
pins. There have been many investigations that studied the effects of pin array
(inline or staggered), pin size (length-to-diameter ratio = 0.5—4), pin distribution
(streamwise- and spanwise-to-diameter ratio = 2—4), pin shape (with and without
a fillet at the base of the cylindrical pin; oblong, cube, and diamond shaped pins
as well as the stepped diameter cylindrical pins), partial length pins, flow conver-
gence and turning, and with trailing edge coolant extraction on the heat transfer
coefficient and friction factor distributions in pin-fin cooling channels. Many gas
turbine blade pin-fins cooling papers reviewed and documented in Chapter 4 of
Han et al. [15] and [20].

Rotational Effect on Pin Fins Cooling: The effect of rotation on heat transfer in
narrow rectangular channels (AR = 4:1-8:1) with typical pin-fin array used in tur-
bine blade trailing edge design and oriented at 150-deg with respect to the plane of
rotation. Results show that turbulent heat transfer in a stationary pin-fin channel can
be enhanced up to 3.8 times that of a smooth channel; rotation enhances the heat
transferred from the pin-fin channels up to 1.5 times that of the stationary pin-fin
channels. Most importantly, for narrow rectangular or wedge-shaped pin-fin chan-
nels oriented at 135-deg with respect to the plane of rotation, heat transfer enhance-
ment on both the leading and trailing surfaces increases with rotation. This provides
positive information for the cooling designers. Refer to Han et al. [15] Chapter 5 for
the details.
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REMARKS

Based on law of wall for velocity and temperature profiles, roughness, and heat transfer
functions have been developed to correlate friction and heat transfer data for tube flows
with similar sand grain roughness geometry. The friction and heat transfer similar-
ity laws have been extended for tube flows with repeated-rib roughness over a wide
range of similar and nonsimilar geometric parameters. Turbulent flow heat transfer
and friction in tubes, annulus, between parallel plates, or in rectangular channels
with artificially repeated-rib roughness have been studied extensively. The effects of
rib height-to-equivalent diameter ratio e/D, rib pitch-to-height ratio P/e, rib shape (rib
cross section), and rib angle of attack o, on friction and heat transfer over a wide range
of Reynolds number have been correlated with the roughness and heat transfer func-
tions. These correlations can be applied for aerospace, solar collector, nuclear fuel ele-
ment, electronic cooling, and general heat exchanger applications. One of important
heat transfer enhancement applications is for advanced cooling system designs of high-
temperature gas turbine blades. Both friction similarity law and heat transfer similarity
law have been successfully applied to correlate friction factor and Stanton number for
turbulent air flow in rectangular channels with two opposite-sided rib-roughened walls.
The effects of Coriolis and rotation buoyancy forces on heat transfer enhancement in
rectangular channels with turbulence promoters have also been investigated. More
studies are needed for rotating blade-shaped coolant channels (realistic cooling passage
geometry, shape, and orientation) with high-performance rib-turbulators. To further
augment heat transfer, the compound cooling techniques, such as a combination of
impinging jets with ribs, pins, dimples, vortex generators, etc., have been explored for
advanced cooling systems. In general, the study of higher heat transfer enhancement
versus lower pressure drop penalty would continue to identify the best heat transfer
performance geometry for turbulent flow heat transfer enhancement.
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Mathematical Relations and Functions

A.1  USEFUL FORMULAS
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if

A.2  HYPERBOLIC FUNCTIONS [1]

. 1. 1
Js1nh2xdx = Esmhxcoshx— §x+c

1. 1
Jcoshzxdx = 5s1nhxcoshx+§x+c

Appendix

X sinh x cosh x tanh x
0.00 0.0000 1.0000 0.00000
0.10 0.1002 1.0050 0.09967
0.20 0.2013 1.0201 0.19738
0.30 0.3045 1.0453 0.29131
0.40 0.4108 1.0811 0.37995
0.50 0.5211 1.1276 0.46212
0.60 0.6367 1.1855 0.53705
0.70 0.7586 1.2552 0.60437
0.80 0.8881 1.3374 0.66404
0.90 1.0265 1.4331 0.71630
1.00 1.1752 1.5431 0.76159
1.10 1.3356 1.6685 0.80050
1.20 1.5095 1.8107 0.83365
1.30 1.6984 1.9709 0.86172
1.40 1.9043 2.1509 0.88535
1.50 2.1293 2.3524 0.90515
1.60 2.3756 2.5775 0.92167
1.70 2.6456 2.8283 0.93541
1.80 2.9422 3.1075 0.94681
1.90 3.2682 3.4177 0.95624
2.00 3.6269 3.7622 0.96403
2.10 4.0219 4.1443 0.97045
2.20 4.4571 4.5679 0.97574
2.30 4.9370 5.0372 0.98010
2.40 5.4662 5.5569 0.98367
2.50 6.0502 6.1323 0.98661
2.60 6.6947 6.7690 0.98903
2.70 7.4063 7.4735 0.99101
2.80 8.1919 8.2527 0.99263
2.90 9.0596 9.1146 0.99396
3.00 10.018 10.068 0.99505
3.50 16.543 16.573 0.99818
4.00 27.290 27.308 0.99933
4.50 45.003 45.014 0.99975
5.00 74.203 74.210 0.99991

(Continued)
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X sinh x cosh x tanh x
6.00 201.71 201.72 0.99999
7.00 548.32 548.32 1.00000
8.00 1490.5 1490.5 1.00000
9.00 4051.5 4051.5 1.00000
10.00 11013 11013 1.00000

A.3 BESSEL FUNCTIONS

A.3.1 BesseL FUNCTIONS AND PROPERTIES [2]

Behaviors of Bessel functions for small arguments:

(x/2)  (x12)*

Jo(x)=1- (1!)2 + (2!)2 -
x (x2)  (x12)
Jl(x)zE_%Jr(m? o

_(x2) (x/2) (x/2)*
]”(x)_r(v+1){l_ "

(x12)*  (x/2)* .

Ih(x)=1+ +

(1 @y
()= (x/2) . (x12)
2 1120 213!

Hv+1) 2v+D(v+2)

~(x2) (x/2) (x/2)*
I"(x)_l“(v+1){l+ +

Behaviors of Bessel functions for large arguments:

N+ D) 21 )(ve2)
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Properties of Bessel functions:

d

dx

d d
a[lo (mx)]=-ml, (mx),a[Ko (mx)|=—mY, (mx)

[Jo (mx)]=-mJ, (mx),%[Yo (mx)] = —mY, (mx)

A.3.2 BesseL FuncTioNs of THE FirsT KinD [1]

Appendix

X Jo(x) Jix)

0.0 1.0000 0.0000
0.1 0.9975 0.0499
0.2 0.9900 0.0995
0.3 0.9776 0.1483
0.4 0.9604 0.1960
0.5 0.9385 0.2423
0.6 0.9120 0.2867
0.7 0.8812 0.3290
0.8 0.8463 0.3688
0.9 0.8075 0.4059
1.0 0.7652 0.4400
1.1 0.7196 0.4709
1.2 0.6711 0.4983
1.3 0.6201 0.5220
1.4 0.5669 0.5419
1.5 0.5118 0.5579
1.6 0.4554 0.5699
1.7 0.3980 0.5778
1.8 0.3400 0.5815
1.9 0.2818 0.5812
2.0 0.2239 0.5767
2.1 0.1666 0.5683
2.2 0.1104 0.5560
2.3 0.0555 0.5399
2.4 0.0025 0.5202
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A.3.3 Mobiriep BesseL FUNCTIONS OF THE FIRsT AND SEcoND KINDs [1]

X e>,(x) eI, (x) e*Ky(x) e*K,(x)
0.0 1.0000 0.0000 00 0

0.2 0.8269 0.0823 2.1407 5.8334
04 0.6974 0.1368 1.6627 3.2587
0.6 0.5993 0.1722 1.4167 2.3739
0.8 0.5241 0.1945 1.2582 1.9179
1.0 0.4657 0.2079 1.1445 1.6361
1.2 0.4198 0.2152 1.0575 1.4429
14 0.3831 0.2185 0.9881 1.3010
1.6 0.3533 0.2190 0.9309 1.1919
1.8 0.3289 0.2177 0.8828 1.1048
2.0 0.3085 0.2153 0.8416 1.0335
2.2 0.2913 0.2121 0.8056 0.9738
24 0.2766 0.2085 0.7740 0.9229
2.6 0.2639 0.2046 0.7459 0.8790
2.8 0.2528 0.2007 0.7206 0.8405
3.0 0.2430 0.1968 0.6978 0.8066
32 0.2343 0.1930 0.6770 0.7763
34 0.2264 0.1892 0.6579 0.7491
3.6 0.2193 0.1856 0.6404 0.7245
3.8 0.2129 0.1821 0.6243 0.7021
4.0 0.2070 0.1787 0.6093 0.6816
4.2 0.2016 0.1755 0.5953 0.6627
4.4 0.1966 0.1724 0.5823 0.6453
4.6 0.1919 0.1695 0.5701 0.6292
4.8 0.1876 0.1667 0.5586 0.6142
5.0 0.1835 0.1640 0.5478 0.6003
5.2 0.1797 0.1614 0.5376 0.5872
54 0.1762 0.1589 0.5279 0.5749
5.6 0.1728 0.1565 0.5188 0.5633
5.8 0.1696 0.1542 0.5101 0.5525
6.0 0.1666 0.1520 0.5019 0.5422
6.4 0.1611 0.1479 0.4865 0.5232
6.8 0.1561 0.1441 0.4724 0.5060
7.2 0.1515 0.1405 0.4595 0.4905
7.6 0.1473 0.1372 0.4476 0.4762
8.0 0.1434 0.1341 0.4366 0.4631
8.4 0.1398 0.1312 0.4264 0.4511
8.8 0.1365 0.1285 0.4168 0.4399
9.2 0.1334 0.1260 0.4079 0.4295
9.6 0.1305 0.1235 0.3995 0.4198

10.0 0.1278 0.1213 0.3916 0.4108
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A.4 GAUSSIAN ERROR FUNCTION [1]

Appendix

n erfn n erfi n erfi

0.00 0.00000 0.36 0.38933 1.04 0.85865
0.02 0.02256 0.38 0.40901 1.08 0.87333
0.04 0.04511 0.40 0.42839 1.12 0.88679
0.06 0.06762 0.44 0.46622 1.16 0.89910
0.08 0.09008 0.48 0.50275 1.20 0.91031
0.10 0.11246 0.52 0.53790 1.30 0.93401
0.12 0.13476 0.56 0.57162 1.40 0.95228
0.14 0.15695 0.60 0.60386 1.50 0.96611
0.16 0.17901 0.64 0.63459 1.60 0.97635
0.18 0.20094 0.68 0.66378 1.70 0.98379
0.20 0.22270 0.72 0.69143 1.80 0.98909
0.22 0.24430 0.76 0.71754 1.90 0.99279
0.24 0.26570 0.80 0.74210 2.00 0.99532
0.26 0.28690 0.84 0.76514 2.20 0.99814
0.28 0.30788 0.88 0.78669 2.40 0.99931
0.30 0.32863 0.92 0.80677 2.60 0.99976
0.32 0.34913 0.96 0.82542 2.80 0.99992
0.34 0.36936 1.00 0.84270 3.00 0.99998

The Gaussian error function is defined as

2 n
erfn = ﬁj‘e_”zdu
0

The complementary error function is defined as
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problems 122
velocity 125, 126
absorption coefficient 457
gas transmissivity and 462
wavelength and 459
absorptivity 388, 455; see also emissivity
brick wall 393
gas 457, 465
accelerating flows see boundary layer, pressure
gradient flows
adiabatic surface 9, 11, 251
at midplane 27
adiabatic wall temperature 251, 252, 253
adverse pressure gradient see boundary layer,
pressure gradient flows
aerodynamic heating see viscous dissipation
algebraic method 409, 421
angle factor see view factor
atmosphere gases 395
atmospheric radiation 395

band emission 455
band model 444
BC see boundary condition (BC)
Beer’s law 458
Bessel function solutions 37
characteristics 43
heat generation problem 37
heat loss problem 37
Biot number 92, 163
blackbody 388
blackbody radiation 388, 441
fraction method 391
functions 393-394
gas emission 460
matrix linear equations 441
in spectral band 391
spectral blackbody emissive power 390
Stefan-Boltzmann law 389
surface radiation properties 387
Blasius
equation 207
solution 230
boundary condition (BC) 3,9
constant surface temperature 94
convective 10, 31, 93
flat plate heat conduction 27
heat conduction equation 6
surface temperature 9

thin rectangular plate 78

2-D heat conduction 11, 57, 58, 62, 63
boundary layer 179

approximations 189

concepts 179-183

conservation equations 190

functions 210

growth model 235

hydrodynamic 179, 180

integral approximate method 220

internal forced convection 267

laminar 182

natural convection 319

pressure gradient flows 232

Reynolds analogy 192

similarity 190-192

thermal 2, 181, 182, 183, 211, 274

turbulent 182, 337, 338

velocity 2

velocity profile 350, 351

wall temperature profile 357
buffer layer 356
buoyancy

natural convection 319

rotating flows 551-556

carbon dioxide
band emission 455
gas radiation properties 455
radiation between hot gases and 467
combined entry length 297
combustion
furnaces 465
products 455
concentration boundary layer 193
concentric cylinders
conduction 25
view factor 415
concentric spheres, view factor 416
conduction 1; see also heat conduction
Bessel function solutions 37
critical radius of insulation 26
cylindrical rod heat 28
finite difference method 166
flat plate heat 27
Fourier’s conduction law 1
with heat generation 27
heat rate 7
multidimensional heat 72
one-dimensional 2, 22, 30
radiation effect 35, 43
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conduction (cont.)

thermal resistance 21

through circular tube walls 23, 24

through plane walls 21, 22

through thermal—electrical network analogy 21

2-D conduction equation 57

with uniform cross-sectional area 29
conductivity see thermal conductivity
conservation of energy 183, 188, 219, 341

in differential control volume 6, 7

fully developed flow 209

general form 6

for incompressible flow 189

similarity 211, 322

steady-state constant properties 322

uniform wall temperature 278

unsteady state 186
conservation of mass 183, 184

boundary layer 217

integral method 218

Reynolds time-averaged method 339
conservation of momentum 184, 185, 186
continuity equation see conservation of mass
contour integration 418—421
convection 2

advanced heat 217, 315

boundary condition 31, 64

boundary on surface nodes 155

external forced 203

heat convection equations 183

heat transfer, combined modes of 4, 5

heat transfer coefficient 3

internal forced 267

natural 319

Newton’s cooling law 2

surface 9, 11

thermal resistance 21

type 3
Couette flow 316
crossed-string method 409-413
cryogenic thermal insulation 469
cylindrical coordinate system 8

heat conduction equation 8

2-D heat conduction 67-72
cylindrical medium 28

decelerating flows see boundary layer, pressure
gradient flows
density ratio 554
differential element
hemispheric radiation from 386
radiation exchange 442
diffuse surface 387
blackbody 388
brick wall 390
diffusion coefficient 193
dimensional analysis see boundary
layer—similarity

Index

displacement thickness 229
dissipation function 184
double-area integration 409, 417
Duhamel’s superposition 127
transient cylinder 135
transient 1D plane wall 127
transient semiinifinte solid 131

Earth’s atmosphere 395
Eddy diffusivity 342, 343
effectiveness
film cooling 508
fin 33, 34
efficiency, fin 34
electric network analogy 433—437
furnaces with reradiating surface 436
gas radiation problems 464—-468
radiant heater panel problem 436—437
radiation between two-surface 434, 435
radiation heat transfer applications 433
reradiating surfaces 435
electromagnetic spectrum 385
emissivity 387; see also surface
radiation—properties
average 391
gas 455, 457, 459
of metal 4
monochromatic 387
surface 4, 391
enclosure
elemental surface for radiation 459
energy balance 444
of gray hot surface 467
radiation exchange 431, 461
reciprocity rule 406
three-surface 414, 438
two-surface 434
view factor for N-surface 406
energy
integral equation 219, 357
storage 7, 164
energy balance 438
at boundary nodes 155
in enclosure 444
finite-difference 155, 161
at interior nodes 155, 164
radiation 388
radiation flux and 35, 92
of small control volume 30, 36
energy conservation 6, 219
in 3-D system 8
energy equation see conservation of energy
energy exchange 431
enthalpy/energy equation 341-342
entrance effects 297
constant heat flux 310
variable heat flux 313
entrance length
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hydraulic 268
thermal 268
exchange factor 444
external forced convection 203; see also internal
forced convection; natural convection
integral method 217
similarity solution 203-214

film cooling
transition 507
effectiveness 507
fin
conduction through 29
efficiency 34-35, 40
energy balance 31
heat transfer rate 29, 33
performance 33
temperature distribution 31
finite-difference energy balance method 153, 166
energy balance equation number 153
explicit method 161-164, 165
implicit method 164, 165
transient heat conduction 161, 165
2-D heat conduction 153-160
uniform heat flux 154
finite heat flux 9
flow conditions 3
Fourier’s conduction law 1
conduction heat rate evaluation 7
Fourier number 162
Fourier’s law 1
fraction method 391-392
Freezing—Neumann solution 120-122
friction factor
laminar flow 231
rough tube 369
tube, laminar 271
turbulent flow 366
friction velocity 351
fully developed, laminar flow between plates 285
fully developed, laminar flow in a tube 269
furnaces 431

gas
absorption in 457
absorptivity 455, 462, 466
combustion furnaces 465
elemental surface for radiation 459
emissivity 455, 457
geometric mean beam length 455, 459-461
hemispherical gas radiation 456
matrix linear equations 463—-464
net heat transfer rate 466
optically thick 461
optically thin 461
radiation between hot 465, 466
radiation heat transfer 462
radiation properties 455

569

radiation transfer through 455, 469-481
spectral radiation absorption 457
transmissivity 462
volumetric absorption 457
zone method 468
gas radiation 385
geometry of 459
hemispherical 456
properties 455-461
geometric mean beam length 455, 459, 461
Grashof number 319, 320, 321
gray diffuse
isothermal surface 431-433, 462-463
nonisothermal surfaces 442-443
gray gas
absorptivity and 455, 458
gray enclosure filled with 467
net heat transfer rate 466
surfaces with 466
total emissivity 457, 467
gray gas, isothermal
elemental surface for radiation 459
radiation exchange 462—-463
gray surface 388
diffuse surface 388
emissive power 390
with gray gas 467
radiation exchange 444
Green’s function 135
rectangular coordinates 136
cylindrical coordinates 138

heat conduction; see also heat conduction
equations
1-D 1,21
2-D 11,57
3-D72
ablation 124-127
cylindrical rod 28
finite-difference energy balance method 153
flat plate 26, 27
freezing and solidification problems 120-122
melting and ablation problems 124
with moving boundaries 119
nonhomogeneous 74
numerical analysis 153
through solid medium 6
transient 89, 165—-168
heat conduction equations 1, 10, 11
1-D 12, 26, 28, 160, 161
2-D 57, 155
3-D 72, 89
3-D coordinate systems 8
boundary conditions 9
conduction 1
convection 2
derivations of 6
Fourier’s conduction law 1
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heat conduction equations (cont.)
general heat conduction equations 6
heat transfer combined modes 4
initial conditions 10
Newton’s cooling law 2
radiation 3
simplified 10
Stefan-Boltzmann law 4
velocity and thermal boundary layer 2
volume element 7
heat convection equations 179, 183; see also
convection
2-D 184-185
advanced heat convection 217
boundary-layer approximations 189
boundary-layer concepts 179-183
energy conservation 184
general 183
mass conservation 183
momentum conservation 184
heat diffusion equation 116
heat flux 9, 22, 182, 475; see also heat transfer rate
2-D heat conduction with 62
boundary condition 117
to cooling fluid 27, 29
determination 437, 322
energy balance 155
finite 9, 10
finite difference method 154, 160
Fourier’s conduction law 1
nondimensional 475
as nonhomogeneous boundary condition 76
profiles 183, 475
Reynolds number 182
surface 11, 62, 117, 118, 164, 182, 273, 431, 441
total 4
transient temperature 125
uniform 273, 285
variable separation 62
wall 184
heat resistance see thermal—resistance
heat transfer
combined modes 4
between two surfaces 5
heat transfer coefficient 2, 3; see also Nusselt
number
heat transfer rate; see also heat flux; Newton’s
law of cooling
convection 22, 24, 290
determination 5, 24, 462, 463
gases to enclosure 465
increasing 30
net 461, 466
through fin 33, 35, 40
wall 21, 23
hemispherical furnace 465
hemispheric radiation 385, 386, 387
high velocity flow 253

Index

Hottel crossed string method 409—417
hydraulic diameter 283
hydrodynamic boundary layer 179, 180, 181; see
also thermal boundary layer
for flow entering circular tube 267
integral approximate method 220-229
Reynolds number 179, 180
shear stress 180
thickness 179, 183, 150
hydrodynamic entry length 268
hydrodynamic fully developed flow 267

infrared (IR) 385
initial conditions 9, 10
instability theory 486
pressure gradient flow 491
insulation
BCs in surface nodes 154
conductivity of 26
critical radius of 26
cryogenic thermal 469
perfect 435
integral method 217, 228, 326; see also similarity
solution
1-D transient problem 89
energy conservation 219
integral approximate solution 326
integral equation 217-219
laminar flow and heat transfer 217
laminar natural convection 326-328
mass conservation 218
melting and ablation problems 122
natural convection 326
nonuniform wall temperature 249
outline 220-229
pressure gradient flow 244, 249
integral model 443
interfacial resistance 44
internal heat generation see volumetric heat
generation
internal forced convection 267; see also
external forced convection; natural
convection
entrance length 268
flow in circular tube 273
force balance 272
friction factor 271-272
fully developed flow and heat transfer 269
uniform wall heat flux 273-278
velocity and temperature profiles 267-268
IR see infrared (IR)
irradiation 388
from black coal bed 393
energy balance 388, 431, 432, 462
in isothermal gray gas 459
isothermal surface 405; see also nonisothermal
surface radiation exchange
radiation exchange 405, 406, 431-441, 442
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jet impingement 558
k — & turbulence model 374

laminar flow and heat transfer
fully developed 269-285
integral method 217-229
similarity solution 203-214
laminar natural convection 326-327
Laplace transform method 116119
1-D transient problem 89
heat equation 161
for semiinfinite solid material 116-119
Laplace’s equation 63
latent heat 120, 123
law of the wall
rough tubes 371
temperature 357-358
velocity 353
Lewis number 195
low thermal conductivity material 125
lumped capacitance method 90
0-D transient problem 89
Biot number 91
energy balance equation 92
radiation effect 92-93

Mach number 252
mass conservation 183, 185, 218, 339
incompressible flow 185
mass diffusion coefficient 193
mass transfer 193
mass transfer analogy 195
mass transfer coefficient 194
matrix linear equations 437-441, 463-464
melting
ablation 124
heat conduction with moving boundaries 119
integral technique 126—127
latent heat of 120, 123
slow 124
mixed convection 324
mixing length 350
momentum conservation 184, 185, 186
momentum equation 285; see also conservation
of momentum; natural convection
2-D heat convection equations 185
integral equation 218-219
natural convection 319
RANS 340
similarity 206, 322
x-direction 187, 203
y-directions 189, 341
momentum thickness 229, 230, 239
monochromatic
directional radiation intensity 386
emissivity 387
hemispherical emissive power 386
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Moody diagram 369
moving boundary problems 119
ablation 124
freezing 120
melting 122
multidimensional transient heat conduction 100
with heat generation 102
in slab 99

naphthalene sublimation 198
natural convection 319; see also external forced
convection; internal forced convection
boundary layer 319
buoyancy-driven 320
vs. forced convection 3
heat transfer coefficient 3
horizontal plate 332
integral method 326328
laminar mixed convection 328
numerical results 323
similarity solution 319-325
vertical wall 319, 328
Navier-Stokes equations 187
Newton’s law of cooling 2, 29
nongray diffuse isothermal surfaces 443
nongray gas
net heat transfer 465-466
radiation exchange 467
nonisothermal surface radiation exchange
442-443
Nusselt number 183, 359; see also Prandtl
number; Reynolds analogy; Reynolds
number
calculation 192
determination 314, 315, 316, 317, 322
local Nusselt number distribution 255-264
surface 317
uniform wall heat flux 273
uniform wall temperature 278
1-D see one-dimension (1-D)

one-dimension (1-D) 1, 6
conservation in 7
heat conduction 2, 10, 21, 101, 103, 164-165,
119
heat flux 475
with heat sink 11
with heat source 10
hollow cylinder 171
transient conduction 90, 103
transient heat 115
transient heat equation 112
variable separation 93-94
one-dimension (1-D) steady-state heat conduction
1, 21, 44-50; see also one-dimension
(1-D) transient heat conduction
cylindrical medium 28
fin application 29
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one-dimension (cont.)
heater application 10
without heat generation 23
with heat generation 26
problem 1
radiation effect 43
through fins 29, 36
through plane walls 21
one-dimension (1-D) transient heat conduction
93, 112, 143, 144
characteristic length 89
convection BC 103
finite difference energy balance method 161, 164
heat diffusion equation 116
without heat generation 89
with heat generation 101-103, 161
Laplace transform method 116-118
semiinfinite solid material 112
similarity method 112—115
in slab 93
solution 115
surface heat flux boundary condition 118
surface temperature boundary condition 117
opaque 385
overall heat transfer coefficient 22

parallel plates
asymmetric heat flux 291
flow 267
uniform heat flux 285
uniform wall temperature 278
Peclet number 300
phase change 3, 198
pin fin 558
Planck emissive power 389
plane angle 389
Poiseuille flow 316
Prandtl mixing length theory 350
Prandt]l number 183, 320; see also Nusselt
number; Reynolds analogy; Reynolds
number
calculation 192
effect on law of wall 354
entrance length to tube diameter ratio 368
heat transfer coefficient determination 262
molecular 342
turbulent 342, 343, 347
unity 217, 354
pressure drop
rough tubes 515
smooth tubes 272
pressure gradient see boundary layer, pressure
gradient flows
pumping power 272

radiant heater panel model 437
radiation exchange, nonisothermal surface 442
radiation heat transfer 3, 385, 396, 461, 467

Index

absorptivity determination 393
blackbody 388
between coal bed and brick wall 391
effect 35, 43
electric furnace applications 431
electric network analogy 433-436, 465
emissive power 387
between enclosures 434, 465, 466
energy balance 388, 444-445
exchange factor 444
flux 35, 92
gas 385, 455-461, 469
between gas and enclosure 465-468
hemispheric 386
matrix linear equations 437-441
net 466
network representation 433
between nonisothermal surfaces 442
nonparticipating medium 431
solar and atmospheric 395
spectral 386
Stefan-Boltzmann law 4
surface 4, 385, 387-394, 406, 431-433, 437,
442-443,443
between surfaces 431, 435, 444, 445
three-surface enclosure 438-441
transport equation 469—473
radiation intensity, thermal 385
blackbody 389
distance 457
radiosity 405, 461; see also differential element
energy exchange 431
gray diffuse isothermal surface 431
linear equations 437, 437, 441
at surface 462
uniform 460, 461
unknown radiosity matrix 438
RANS equation see Reynolds-averaged Navier-
Stokes equation (RANS equation)
Rayleigh number 320; see also Prandtl number
reciprocity rule 406, 444
recovery factor 251
rectangular channel
flow 293
uniform heat flux 294
uniform wall temperature 295
reflectivity 388
from emissivity 388
hemispherical 398
reradiating surfaces 435
resistance
conduction 22
contact 23
convection 22
gas 463
geometrical 433
radiation 25
surface 433
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Reynolds analogy 192
for turbulent flow 347-350
Reynolds-averaged Navier-Stokes equation
(RANS equation) 337-341
2-D turbulent boundary layer flow 345
continuity equation 339-340
Eddy concept 342-347
enthalpy/energy equation 341-342
force balance in circular tube 344
momentum equation 340-341
Reynolds analogy 347-350
Reynolds flux 342
Reynolds flux 342
Reynolds number 179, 180; see also Grashof
number; Nusselt number; Prandtl
number
average friction factor determination 192
for fluid flow in circular tube 269
friction factor and pressure drop vs. 272
function of 180
pressure drop 272
thinner boundary layer 267
Reynolds time-averaged method 339
ribs 534, 543, 545, 546, 547
angled 548
v-shaped 548
rotating channels 551, 553, 555
rotation number 553
rough channels 534
Runge-Kutta method
similarity solution 232

sand grain roughness 368-370, 515
Schmidt number 195
separation of variables
conduction 57, 62, 72, 93, 101
convection 293, 297, 305
semiinfinite solid material 112
1-D transient heat conduction 112
Laplace transform method 116—118
similarity method 112-115
shape factor 231; see also view factor for
radiation
laminar boundary layer 239, 244
shear stress 180
distribution 267
laminar-type 342
profile 181
Reynolds number 214, 267
turbulence 337
wall 184, 210, 351
shear velocity see friction velocity
Sherwood number 195
similarity functions 206, 321
similarity method 112-115, 321
1-D transient problem 89
freezing and solidification problems
120-122
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heat conduction 120
laminar flow and heat transfer 203-217
for semiinfinite solid material 112-115
velocity and temperature profile
determination 351
similarity solution 203, 214-217
boundary conditions 206, 212
continuity equation 203
energy equation 211
flat plate laminar boundary layer
functions 210
laminar natural convection 319-324
momentum equation 320-321
numerical integration 208-210
similarity function 211
similarity momentum equation 206
stream lines 204
temperature profile 213
velocity and temperature profiles 323
velocity profile 211
similarity variable 113, 204, 206, 321
single black enclosure
net radiation heat transfer 466
radiation between hot gases and 466
single-surface enclosure 461
radiation between hot gases and 466
slug flow 277, 283, 290, 293, 300
solar collector 395, 396
solar radiation 395
solar flux 395
in Earth’s atmosphere 395
house with skylight 396
radiation gain 92
solar radiation 395-396
absorption 395
maximum emission 391
spectral blackbody emissive power 390
solar spectra 395
solid angle 386
unit 385, 405
specific heat 6
spectral blackbody emissive power 390
spectral radiation 386
absorption 458
spherical coordinate system 8
St. see Stanton number (St)
stability 486
Stanton number (St) 192, 363
steady-state 10-11
ablation velocity 126
constant properties 187
constant-property flow 186-187
cylindrical medium 28
heat conduction 1, 21, 23, 26, 36, 57, 153
solid material 175
Stefan-Boltzmann law 4, 389
stream function 203, 488
string rule see crossed string method
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superposition 58—62, 72
2-D heat conduction 72-73
3-D heat conduction 72, 72
multidimensional heat conduction 72, 99
for nonhomogeneous BCs 66

surface radiation 385; see also thermal radiation

blackbody radiation 389
diffuse surface 388
emissive power 387
flux 386, 387
gray surface 388
hemispherical emissivity 387
monochromatic emissivity 387
properties 387-394, 405, 431
radiation transport equation 469
spectral blackbody emissive power 390
Wien’s displacement law 390

surface temperature boundary condition 162

temperature, nondimensional 475
thermal
conductivity 1
energy generation 7
resistance 22
thermal boundary layer 181, 211, 268; see also
hydrodynamic boundary layer
for flow entering circular tube 267
heat flux 273
heat transfer coefficient 276
integral method 220
over flat plate 181, 181
over solid surface 184, 185
thickness 2, 268, 274, 301
uniform wall heat flux 273
thermal diffusivity 8
thermal entry length 268, 297
thermally fully developed flow 267, 276
thermal radiation 385
for blackbody 387, 390
in hemispheric radiation 386
intensity and emissive power 385
3-D see three-dimension (3-D)
three-dimension (3-D) 2
three-dimension (3-D) heat conduction 8
equation 8
finite difference method 160
multidimensional heat conduction 99
problem 72
spherical coordinate system 8
steady-state 72
transient heat conduction in cylindrical
coordinates 67-72
unsteady 89
three-surface enclosure 438-441
time constant 92
total hemispherical emissivity 387
transient heat conduction 89

Index

1-D 101-119, 125, 161-164
2-D 165-168
3-D 10, 101
engineering application problems 119
Fourier’s conduction law 1
lumped capacitance method 90-93
with moving boundaries 119-127
multidimensional 102-103
variable separation method 93-101
transition phenomena 485
transition to turbulence
bypass transition 494
film cooling induced 507
surface roughness induced model 505
turbulent spot induced model 495
unsteady wake induced model 499
transmissivity 388, 458; see also absorptivity;
Beer’s law; reflectivity
gas 461
transport equation 469-473
turbine blade cooling 546
turbulence models 373
k — e model 374, 375, 377
zero equation model 373
turbulent diffusivity see Eddy diffusivity
turbulent flow heat transfer 337, 354-361
in circular tube 355
energy equation 355
energy integral equation 356357
final heat transfer coefficient 361, 363
law of wall 350
method 337
Nusselt number 359
Prandtl mixing length theory 350
RANS equation 337-339
Stanton number 363
velocity and temperature profile 337
turbulent heat transfer enhancement 515
turbulent mixing 179, 337
turbulent Prandtl number 342, 343
turbulent spot 494
2-D see two-dimension (2-D)
two-dimension (2-D) 2
boundary-layer equations 2, 320
boundary-layer flow 2, 345, 352
conduction equation 57
energy conservation 187, 188
heat convection equations 184—188
mass conservation 185
momentum conservation 185
temperature distribution 80

two-dimension (2-D) steady-state heat conduction

45,57, 56-63
boundary conditions 46
equations 57

finite-difference energy balance method 155

finite-differential format 156
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with heat generation 156

nonhomogeneous BCs superposition 72, 74

problem 57

temperature distribution 58, 61, 63

variable separation 58, 62

two-dimension (2-D) transient heat conduction

165-169; see also finite-difference
energy balance method

finite difference 165, 166

multidimensional heat conduction 99

unheated starting length 228
uniform heat flux
boundary condition 155
internal flow 273, 285, 294
universal velocity profile 350, 353
unsteady wake 499

van Driest velocity profile 366
variable separation method 57, 62
1-D transient conduction problems
93-99
2-D temperature distribution 61
boundary conditions 57-58, 63
Laplace’s equation 64
multidimensional transient conduction
problems 99
solution 89
superposition 58—59
surface convection BC 64
surface heat flux BC 62
temperature BC 57
view factor 405-405
2-D geometries 414417
3-D geometries 420
algebraic method 421, 422
applications 422
between circular tubes 412
between differential areas 407
between disks 408

between plates 412
between surfaces 417, 419, 466, 467
calculation 437
contour integration 418—419
crossed-string method 409-411
double-area integration 417
evaluation 409
geometrical resistance 433
n-surface enclosure 406
radiation heat transfer determination 431
reciprocity rule 406
resistance due to 463

viscosity
dynamic 180
kinematic 180
turbulent 349

viscous dissipation 342

viscous sublayer 337, 345

volumetric heat generation 7

von Kdrmdn constant 353

wall, law of 350
temperature profile 357, 358
velocity profile 356
Walz approximation 245
water vapor
band emission 455
energy emission and absorption 455
gas radiation properties 455
heat transfer rate 466
radiation between hot gases and 466
wave instability 488
wavelength
radiation 455
turbulent wave instability 488
Wien’s displacement law 390

0-D see zero-dimension (0-D)
zero-dimension (0-D) 89
zone method 468



Taylor & Francis Group
an informa business

Taylor & Francis eBooks

www.taylorfrancis.com

A single destination for eBooks from Taylor & Francis
with increased functionality and an improved user
experience to meet the needs of our customers.

90,000+ eBooks of award-winning academic content in
Humanities, Social Science, Science, Technology, Engineering,
and Medical written by a global network of editors and authors.

TAYLOR & FRANCIS EBOOKS OFFERS:

Improved
A streamlined A single point search and

experience for of discovery discovery of

our library for all of our content at both
customers eBook content book and
chapter level

REQUEST A FREE TRIAL

support@taylorfrancis.com

£} Routledge

-1 Taylor & Francis Group



mailto:support@taylorfrancis.com
http://www.taylorfrancis.com

	Cover
	Half Title
	Title Page
	Copyright Page
	Table of Contents
	Preface to the Second Edition
	Preface to the First Edition
	Authors
	Chapter 1 Heat Conduction Equations
	1.1 Introduction: Conduction, Convection, and Radiation
	1.1.1 Conduction
	1.1.1.1 Fourier’s Conduction Law

	1.1.2 Convection
	1.1.2.1 Newton’s Cooling Law

	1.1.3 Radiation
	1.1.3.1 Stefan–Boltzmann Law

	1.1.4 Combined Modes of Heat Transfer

	1.2 General Heat Conduction Equations
	1.2.1 Derivations of General Heat Conduction Equations

	1.3 Boundary and Initial Conditions
	1.3.1 Boundary Conditions
	1.3.2 Initial Conditions

	1.4 Simplified Heat Conduction Equations
	Remarks
	Problems
	Reference

	Chapter 2 1-D Steady-State Heat Conduction
	2.1 Conduction through Plane Walls
	2.1.1 Conduction through Circular Tube Walls
	2.1.2 Critical Radius of Insulation

	2.2 Conduction with Heat Generation
	2.3 Conduction through Fins with Uniform Cross-Sectional Area
	2.3.1 Fin Performance
	2.3.1.1 Fin Effectiveness
	2.3.1.2 Fin Efficiency

	2.3.2 Radiation Effect

	2.4 Conduction through Fins with a Variable Cross-Sectional Area: Bessel Function Solutions
	2.4.1 Bessel Functions and Their Solutions
	2.4.2 Radiation Effect

	Remarks
	Problems
	References

	Chapter 3 2-D Steady-State Heat Conduction
	3.1 Method of Separation of Variables: Given Temperature BC
	3.2 Method of Separation of Variables: Given Heat Flux and Convection BCs
	3.2.1 Given Surface Heat Flux BC
	3.2.2 Given Surface Convection BC

	3.3 Principle of Superposition for Nonhomogeneous BCs
	3.3.1 2-D Heat Conduction in Cylindrical Coordinates*

	3.4 Principle of Superposition for Multidimensional Heat Conduction and for Nonhomogeneous Equations
	3.4.1 3-D Heat Conduction Problem*
	3.4.2 Nonhomogeneous Heat Conduction Problem*

	Remarks
	Problems
	References

	Chapter 4 Transient Heat Conduction
	4.1 Method of Lumped Capacitance for 0-D Problems
	4.1.1 Radiation Effect

	4.2 Method of Separation of Variables for 1-D and Multidimensional Transient Conduction Problems
	4.2.1 1-D Transient Heat Conduction in a Slab
	4.2.2 Multidimensional Transient Heat Conduction in a Slab (2-D or 3-D)*
	4.2.3 1-D Transient Heat Conduction in a Rectangle with Heat Generation*
	4.2.4 Transient Heat Conduction in the Cylindrical Coordinate System*

	4.3 1-D Transient Heat Conduction in a Semiinfinite Solid Material
	4.3.1 Similarity Method for Semiinfinite Solid Material
	4.3.2 Laplace Transform Method for Semiinfinite Solid Material*

	4.4 Heat Conduction with Moving Boundaries*
	4.4.1 Freezing and Solidification Problems Using the Similarity Method
	4.4.2 Melting and Liquification Problems Using the Similarity Method
	4.4.3 Ablation

	4.5 Duhamel’s Theorem for Time-Dependent Boundary Condition Problems*
	4.5.1 Duhamel’s Theorem for the 1-D Plane Wall Problem
	4.5.2 Duhamel’s Theorem for the 1-D Semiinfinite Solid Problem
	4.5.3 Duhamel’s Theorem for Cylindrical Coordinate Systems

	4.6 Green’s Function for Time-Dependent, Nonhomogeneous Problems*
	4.6.1 Green’s Function in a Rectangular Coordinate System
	4.6.2 Green’s Function in a Cylindrical Coordinate System

	Remarks
	Problems
	References

	Chapter 5 Numerical Analysis in Heat Conduction
	5.1 Finite-Difference Energy Balance Method for 2-D Steady-State Heat Conduction
	5.2 Finite-Difference Energy Balance Method for 1-D Transient Heat Conduction
	5.2.1 Explicit Finite-Difference Method
	5.2.2 Implicit Finite-Difference Method

	5.3 2 -D Transient Heat Conduction
	5.4 Finite-Difference Method for Cylindrical Coordinates
	5.4.1 Steady Heat Conduction in Cylindrical Coordinates
	5.4.2 Transient Heat Conduction in Cylindrical Coordinates

	Remarks
	Problems
	References

	Chapter 6 Heat Convection Equations
	6.1 Boundary Layer Concepts
	6.2 General Heat Convection Equations
	6.3 2-D Heat Convection Equations
	6.4 Boundary-Layer Approximations
	6.4.1 Boundary-Layer Similarity/Dimensional Analysis
	6.4.2 Reynolds Analogy

	6.5 Mass Transfer*
	6.5.1 The Concentration Boundary
	6.5.2 Heat, Mass, and Momentum Transfer Analogy
	6.5.3 Evaporative Cooling Mass Transfer
	6.5.4 Naphthalene Sublimation Mass Transfer

	Remarks
	Problems
	References

	Chapter 7 External Forced Convection
	7.1 Laminar Flow and Heat Transfer over a Flat Surface: Similarity Solution
	7.1.1 Summary of the Similarity Solution for Laminar Boundary- Layer Flow and Heat Transfer over a Flat Surface

	Remarks
	7.2 Laminar Flow and Heat Transfer over a Flat Surface: Integral Method
	7.2.1 Momentum Integral Equation by Von Karman
	7.2.2 Energy Integral Equation by Pohlhausen
	7.2.3 Outline for the Application of the Integral Approximation Method
	7.2.4 Other Boundary Layer Properties*

	Remarks
	7.3 Laminar Flow and Heat Transfer with a Constant Pressure Gradient*
	7.3.1 The RK Calculation to Solve for the Similarity Solution
	7.3.2 Integral Approximation Methods for Pressure Gradient Flows
	7.3.3 Integral Approximation Method for Boundary-Layer Flow with a Nonuniform Wall Temperature

	7.4 Heat Transfer in High-Velocity Flows*
	7.4.1 Adiabatic Wall Temperature and Recovery Factor
	7.4.2 High-Velocity Flow over a Flat Plate

	Problems
	References

	Chapter 8 Internal Forced Convection
	8.1 Velocity and Temperature Profiles in a Circular Tube or between Parallel Plates
	8.2 Fully Developed Laminar Flow and Heat Transfer in a Circular Tube
	8.2.1 Fully Developed Flow in a Tube: Friction Factor
	8.2.2 Case 1: Uniform Wall Heat Flux
	8.2.3 Case 2: Uniform Wall Temperature

	8.3 Fully Developed Laminar Flow and Heat Transfer between Parallel Plates
	8.3.1 Two Plates with Symmetric, Uniform, Heat Fluxes
	8.3.2 Two Plates with Asymmetric Heat Fluxes

	8.4 Fully Developed Laminar Flow and Heat Transfer in a Rectangular Channel*
	8.4.1 Fully Developed Laminar Flow
	8.4.2 Thermally and Fully Developed Laminar Flow with Uniform Wall Heat Flux
	8.4.3 Thermally and Fully Developed Laminar Flow with Uniform Wall Temperature

	8.5 Thermally Developing Heat Transfer in a Circular Tube—Separation of Variables Technique*
	8.5.1 Combined Hydrodynamic and Thermal Entry Flow
	8.5.2 Thermal Boundary Condition: Given Wall Temperature
	8.5.3 Thermal Boundary Condition: Given Wall Heat Flux

	Remarks
	Problems
	References

	Chapter 9 Natural Convection
	9.1 Laminar Natural Convection on a Vertical Wall: Similarity Solution
	9.2 Similarity Solution for Variable Wall Temperature
	9.3 Laminar Natural Convection on a Vertical Wall: Integral Method
	Remarks
	9.4 Laminar Mixed Convection—Nonsimilarity Transformation*
	9.4.1 Mixed Convection along a Vertical Flat Plate
	9.4.2 Mixed Convection over a Horizontal Flat Plate

	Remarks
	Problems
	References

	Chapter 10 Turbulent Flow Heat Transfer
	10.1 Reynolds-Averaged Navier–Stokes (RANS) Equations
	10.1.1 Continuity Equation
	10.1.2 Momentum Equations: RANS
	10.1.3 Enthalpy/Energy Equation
	10.1.4 Concept of Eddy or Turbulent Diffusivity
	10.1.5 Reynolds Analogy for Turbulent Flow and Heat Transfer

	10.2 Prandtl Mixing Length Theory and Law of the Wall for Velocity and Temperature Profiles
	10.3 Turbulent Flow Heat Transfer
	10.3.1 Turbulent Internal Flow Heat Transfer Coefficient
	10.3.2 Turbulent External Flow Heat Transfer Coefficient
	10.3.3 Law of the Wall for Velocity and Temperature Profiles: Two-Region Analysis

	Remarks
	10.4 Turbulent Flow—Shear Stress and Pressure Drop
	10.4.1 Turbulent Internal Flow Friction Factor
	10.4.2 Turbulent External Flow Friction Factor

	10.5 Numerical Modelling for Turbulent Flow Heat Transfer
	10.5.1 Zero Equation Model–Prandtl Mixing Length Theory (1925)
	10.5.2 Standard Two-Equation Models (k-???)
	10.5.3 Two Equation Models (k-???) for Thermal Transport

	Remarks
	Problems
	References

	Chapter 11 Fundamental Radiation
	11.1 Thermal Radiation Intensity and Emissive Power
	11.2 Surface Radiation Properties for Blackbody and Real-Surface Radiation
	11.3 Solar and Atmospheric Radiation
	Remarks
	Problems
	References

	Chapter 12 View Factors
	12.1 View Factors
	12.2 Evaluation of the View Factor
	12.2.1 Method 1—Hottel’s Crossed-String Method for 2-D Geometries
	12.2.2 Method 2—Double-Area Integration*
	12.2.3 Method 3—Contour Integration*
	12.2.4 Method 4—Algebraic Method

	Remarks
	Problems
	References

	Chapter 13 Radiation Exchange in a Nonparticipating Medium
	13.1 Radiation Exchange between Gray Diffuse Isothermal Surfaces in an Enclosure
	13.1.1 Method 1: Electric Network Analogy
	13.1.2 Method 2: Matrix Linear Equations

	13.2 Radiation Exchange between Gray Diffuse Nonisothermal Surfaces*
	13.2.1 Radiation Exchange between Nongray Diffuse Isothermal Surfaces
	13.2.2 Radiation Interchange among Diffuse and Nondiffuse (Specular) Surfaces [4,5]
	13.2.3 Energy Balance in an Enclosure with a Diffuse and Specular Surface

	13.3 Combined Modes of Heat Transfer*
	13.3.1 Radiation with Conduction
	13.3.2 Radiation with Convection

	Remarks
	Problems
	References

	Chapter 14 Radiation Transfer through Gases
	14.1 Gas Radiation Properties
	14.1.1 Volumetric Absorption
	14.1.2 Geometry of Gas Radiation: Geometric Mean Beam Length

	14.2 Radiation Exchange between an Isothermal Gray Gas and Gray Diffuse Isothermal Surfaces in an Enclosure
	14.2.1 Matrix Linear Equations
	14.2.2 Electric Network Analogy

	14.3 Radiation Transfer through Gases with Nonuniform Temperature*
	14.3.1 Cryogenic Thermal Insulation
	14.3.2 Radiation Transport Equation in the Participating Medium
	14.3.3 Radiation Transfer through Gray Gas between Two Gray and Diffuse Parallel Plates

	Remarks
	Problems
	References

	Chapter 15 Laminar–Turbulent Transitional Heat Transfer*
	15.1 Transition Phenomena
	15.2 Natural Transition–Tollmien Schlichting Wave Instability Theory
	15.2.1 Small Disturbance Stability Theory
	15.2.2 Critical Reynolds Number for Natural Transition
	15.2.3 Effect of Free Stream Turbulence Level on Transition

	15.3 Bypass Transition
	15.3.1 Turbulent Spot Production, Growth, and Convection
	15.3.2 Turbulent Spot Induced Transition Model
	15.3.3 Unsteady Wake-Induced Transition Model
	15.3.4 Surface Roughness-Induced Transition Model
	15.3.5 Film Cooling-Induced Transition

	15.4 Heat Transfer Correlation for Laminar, Transitional, and Turbulent Flow
	Remarks
	References

	Chapter 16 Turbulent Flow Heat Transfer Enhancement*
	16.1 Heat Transfer Enhancement Methods
	16.1.1 Sand Grain Roughness
	16.1.2 Repeated Rib Roughness
	16.1.3 Rectangular Channels with Repeated Rib Roughness

	16.2 Friction and Heat Transfer Similarity Laws for Flow in Circular Tubes
	16.2.1 Flow in Circular Tubes with Sand Grain Roughness
	16.2.1.1 Friction Similarity Law
	16.2.1.2 Heat Transfer Similarity Law

	16.2.2 Flow in Circular Tubes with Repeated Rib Roughness
	16.2.3 Flow between Parallel Plates with Repeated Rib Roughness

	16.3 Friction and Heat Transfer Similarity Laws for Flow in Rectangular Channels
	16.3.1 Flow in a Rectangular Channel with Four-Sided, Rib-Roughened Walls
	16.3.1.1 Friction Similarity Law
	16.3.1.2 Heat Transfer Similarity Law

	16.3.2 Flow in Rectangular Channels with Two Opposite-Sided, Rib-Roughened Walls

	16.4 Heat Transfer Enhancement for Turbine Blade Internal Cooling Applications
	16.4.1 Heat Transfer Enhancement in Rectangular Channels with Rib Turbulators
	16.4.1.1 Angled Ribs and Heat Transfer Correlation
	16.4.1.2 High Performance V-Shaped and Delta-Shaped Ribs

	16.4.2 Heat Transfer Enhancement with Rib Turbulators in Rotating Channels
	16.4.2.1 Rotor Blade Internal Cooling
	16.4.2.2 Heat Transfer Correlation with Rotation Number and Buoyancy Parameter
	16.4.2.3 Summary of Rotation parameters
	16.4.2.4 Rotational Effect on Coolant Channel Heat Transfer
	16.4.2.5 Channel Aspect Ratio and Orientation Effect

	16.4.3 Heat Transfer Enhancement with Impingement Cooling and Pin-Fin Cooling

	Remarks
	References

	Appendix
	Index



