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Preface

This book aims to formulate the history-matching problem consistently and present
state-of-the-art ensemble solution methods. By writing this monograph, we hope to
contribute with a text that will help the practitioner in the field to understand the
properties of ensemble methods better when used to history-match reservoir models.
We also aim to provide a text that can serve an educational purpose for graduate
students and researchers in petroleum, geothermal, and hydrological engineering
and sciences. We will introduce and explain various algorithms used in data assim-
ilation and parameter estimation, focusing on ensemble methods, particularly the
most popular ones in the petroleum community. We will also discuss the challenges
associated with these techniques, such as dealing with high-dimensional models,
finite number of realizations, parameterization, and handling uncertainties in the
observations and model parameters.

We have divided the book into three parts. Part I presents the mathematical formu-
lation of the history-matching problem starting from Bayes’ theorem. We derive
three popular solution methods: the non-iterative Ensemble Smoother, the itera-
tive ensemble-subspace version of the Ensemble Randomized Maximum Likelihood
method, and the Ensemble Smoother with Multiple Data Assimilation. We also show
how using the same numerical implementation for all these methods is possible.
Additionally, we discuss an adaptive correlation-based localization method useful
for petroleum applications with typically non-local measurements, and we present a
version of the truncated pluri-Gaussian method that allows for updating categorical
variables.

Part IT introduces robust optimization and closed-loop reservoir management. We
start by discussing the popular ensemble optimization method and continue with a
presentation and discussion of a recent development, the mean-model bias correction
method, which may be more efficient for some problems. The final chapter of Part II
discusses closed-loop reservoir management, where we integrate history matching
of past measurements with optimization for future production.



vi Preface

Part III discusses the practical use of ensemble methods for history-matching
reservoir models. The purpose is to give an in-depth analysis of the methods’
properties in practical use. We examine the importance of specifying the correct
measurement error statistics, accounting for model errors, and how to select the
observations on which we condition the model. A particular issue discussed in
Sect. 13.6 considers the impact of redundancy in historical rate data, which is
typically ignored in ensemble history matching and, in practice, leads to ensemble
collapse and underestimation of the ensemble variance. In this discussion, we also
consider the importance of using localization. We start by presenting a simple ideal-
ized case for illustrational purposes before we show some results from an extensive
field application where Equinor uses ensemble history matching on the Troll field.

Finally, in the summary chapter, we briefly discuss implementing a history-
matching application using open-source state-of-the-art ensemble tools, namely the
Ensemble Reservoir Tool (ERT) provided by Equinor and the Python Ensemble
Toolbox (PET) from NORCE Research. Furthermore, we reflect on the future
development of ensemble methods for reservoir management within the petroleum
industry.

We have based much of the data-assimilation theory and notation on the recent
textbook on data assimilation by Evensen et al. (2022) but with a sole focus on history
matching. Thus, we ignore the recursive nature of the sequential data-assimilation
problem and focus only on the parameter estimation problem solved for petroleum
applications.

Athttps://github.com/geirev/Ensemble-History-Matching,
we will place history-matching examples and slides suitable for teaching. The repos-
itory also allows commenting and raising issues regarding the book’s content. Thus,
we encourage readers to report grammar, equations, or general discussion errors by
submitting an issue to this repository. It is also possible to discuss the book’s topics
here.

During the work with this text, Geir Evensen received support from the Research
Council of Norway and the companies Equinor, AkerBP, Wintershall-DEA through
the Petromaks—2 research project REMEDY Grant 336240 and the Petro Center
NCS2030 funded by the Research Council of Norway and several industry partners,
Grant 331644. Dean Oliver was supported by REMEDY Grant 336240 while devel-
oping the mean model optimization method. The authors are grateful to Equinor and
the Troll asset for allowing us to present the results in Chap. 14.

Bergen, Norway Geir Evensen
Dean S. Oliver
Remus G. Hanea
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Symbols

This list describes mathematical symbols used in the book.

Greek Symbols

o Bias correction of in ensemble optimization Eq. (11.4)

o Cummulative distribution in APS Eq. (8.1)

o(u;) Partial correction factor for u; Eq. (11.10)

oP Noninformative prior for bjl.)rl Eq. (11.12)

o; MDA weights Eq. (3.18)

Bij Partial correction factor for u; and 6; Eq. (11.8)

y Steplength in Gauss-Newton iterations Eq. (3.8)

] Innovation in iterative methods Eq. (3.13)

n Steplength parameter in EnOpt Eq. (10.2)

0 Vector of uncertain model parameters Eq. (2.2)

0 Mean vector of uncertain model parameters Eqs. (10.3) and (11.3)
0 Surrogate mean vector of uncertain model parameters Eq. (11.1)
6 Box-Cox transformation Eq. (11.31)

A Levenberg-Marquart parameter Eq. (6.4)

A Power in Box-Cox transformation Eq. (11.31)

A Eigen values Eq. (6.21)

v The number of control variables in the optimization Eq. (11.8)

é State-vector increment in iterative methods Eq. (3.14)

11| Projection subtracting the mean and scaling by «/N — 1 Eq. (5.2)
Ptrunc Truncation correlation for correlation based localization Eq. (7.4)
p(i, m) Correlation been variable i and measurement m Eq. (7.5)

og Standard deviation of Cp, Eq. (11.30)

op Standard deviation for the prior b} Eq. (11.12)

o; Standard deviation of measurement number i Eq. (2.1)



Symbols

Xz Singular values of SVD Eq. (6.23)
Y Ensemble of model-predicted measurements Eq. (5.8)
Q Relation between initial and the ith iteration ensemble anomalies Eq. (6.11)

Q(u, ) Objective function of its arguments Eq. (10.1)

Math Symbols

A Ensemble of state-vector anomalies Eq. (5.3)

b; Vector of partial correction factors Eq. (11.8)

b Prior for partial correction factor for b; Eq. (11.11)

b Variable computed in Eq. (7.8)

b; Partial correction factor for realization j given u Eq. (11.7)

B Matrix of partial correction factors Eq. (11.9)

C Matrix inverted in Eq. (5.16) defined in Eq. (5.17)

Cyp Covariance matrix of b; Eq. (11.12)

Cu Measurement error covariance matrix Eq. (2.4)

Cua Ensemble measurement error covariance matrix Eq. (5.7)

Cuo Covariance matrix of controls u with the resulting objective functions
Eq. (10.3)

C. Covariance matrix of controls u Eq. (10.2)

C,, Ensemble covariance matrix of predicted measurements y Eq. (5.10)

C,. Covariance matrix of y and z Eq. (4.1)

Cyz Ensemble covariance matrix of y and z Eq. (5.11)

C, Covariance matrix of z and y Eq. (4.2)

Cvz Ensemble covariance matrix of z and y Eq. (5.11)

C, State covariance matrix Eq. (2.3)

C.. Ensemble state covariance matrix Eq. (5.4)

d; Measurement number i Eq. (2.1)

d Measurements Sect. (1.4)

d; Measurements realization number j Sect. (1.4)

deore(i, m) Correlation distance used in correlation based localization Eq. (7.5)

trunc Truncation distance for correlation based localization Eq. (7.6)

D Ensemble of perturbed measurements Eq. (5.5)

E nax Maximum measurement error inflation used in correlation based
localization Eq. (7.8)

E(i, m) Measurement error inflation used in correlation based localization
Eq. (7.7)

E Ensemble of measurement perturbations Eq. (5.5)

JAO) The argument’s probability density function (pdf) Sect. (2.2)

Vi Predicted measurement number i Eq. (2.1)

e() Vector function to map model inputs to predicted measurements

Eq. (1.2)
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Tangent linear operator of g, Eq. (2.10)
Tangent linear operator of g for realization j, Eq. (3.4)
Best-fit ensemble averaged model sensitivity Eq. (4.1)

xi

Ensemble representation of best-fit ensemble averaged model sensitivity

Eq. (6.6)

Truncation in APS Eq. (8.3)
Measurement matrix Eq. (11.14)

Identity matrix Eq. (11.20)

Identity matrix of dimension m Eq. (6.25)
Identity matrix of dimension N Eq. (5.2)
Cost function of its argument Eq. (2.1)
Number of measurements

Number of ESMDA steps Eq. (3.18)
Dimension of the state vector

Dimension of control vectors Eq. (11.8)
Normal distribution Sect. (3.1)

Number of ensemble members or particles
Probability in APS Eq. (8.2)

Probability in APS Eq. (8.3)

Eigen vectors (6.21)

Ensemble of possibly scaled predicted measurement anomalies

Eq. (6.8)

Cost function for bias correction estimation Eq. (11.16)
Transition matrix for the ensemble update Eq. (7.1)

Vector of model controls Egs. (2.2), (10.1), and (11.1)

Mean vector of model controls Eq. (10.3)

Left singular vectors of SVD Eq. (6.23)

Right singular vectors of SVD Eq. (6.23)

Transform weights for realization j Eq. (5.18)

Ensemble of transform weights Eq. (6.12)

Truncation in APS Eq. (8.2)

Predicted measurement number i Eq. (2.1)

Gaussian random field Eq. (8.1)

Ensemble of model-predicted measurement anomalies Eq. (5.9)
Model-predicted measurements Eq. (1.2)

Model-predicted measurements realization number j Sect. (1.4)
State vector Eq. (1.1)

State vector realization number j Sect. (1.4)

State vector increment Eq. (3.11)

Ensemble of state vectors Eq. (5.1)
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Other Symbols

R The space of real numbers, often raised to a dimension like R”*" to denote a
matrix

1 Vector of length N with all elements equal to one Eq. (5.2)

1;  Vector of length j with all elements equal to one Eq. (11.24)

1y, Vector of length N, with all elements equal to one Eq. (11.11)
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Part I
Solving the HM Problem

The book’s Part I formulates the history-matching problem and its solution methods
starting from Bayes’ theorem.



Chapter 1 ®)
Introduction Check for

Abstract This chapter introduces the book and cites other relevant monographs and
review papers. It briefly discusses the formation of and some properties of petroleum
reservoirs and provides some background on the reservoir-characterization problem.
After that, it presents a review and timeline for using ensemble methods to history-
match petroleum reservoirs. It also briefly introduces localization methods as such
methods have become essential in ensemble-based history matching before outlining
the book’s content.

1.1 Reservoir Characterization

Oil reservoirs form through a geological process that spans millions of years. It
begins in a depositional environment where organic matter, like microscopic algae
and plankton, accumulates on the sea floor. The organic material becomes buried
and subjected to heat and pressure; over time, it transforms into hydrocarbons like
oil and gas. Subsequent tectonic and deformational processes, such as folding and
faulting, can lead to oil migration from the source rock to a reservoir, enclosed by
impermeable rocks trapping the hydrocarbons in a reservoir structure. This entire
geological evolution takes millions of years. Oil reservoirs result from this lengthy
and dynamic geological process, and their exploration and extraction require sophis-
ticated methods to tap into these ancient accumulations of hydrocarbons.

Reservoir models are essential in petroleum engineering, as they allow us to
simulate and understand the behavior of the subsurface reservoirs containing oil
and gas. The building of reservoir models involves several critical steps. We gather
geological data from well logs, seismic surveys, and core samples. These data provide
information about the rock properties, such as porosity and permeability, and the
geometry of the reservoir. Then, using these data and information from field analogs,
we can build a three-dimensional geological reservoir model. Figure 1.1 shows a
simplified cartoon illustrating a typical reservoir structure with traps formed by an
anticline and an impermeable fault.

After the basic structure is in place, we need to analyze petrophysical properties
and assign porosity, permeability, and rock types to the different reservoir layers, as

© The Author(s) 2026 3
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Fig. 1.1 Simplified cartoon showing a faulted sub-sea reservoir with hydrocarbon traps

these define how fluids are stored and flow in the reservoir. With this basic reservoir
description, we continue by creating a suitable grid or mesh of the subsurface. During
the property modeling, we assign properties such as porosity, permeability, and fluid
saturations to each grid cell based on the geological model and petrophysical analysis.

After a fluid characterization, we can use reservoir simulators to solve mathemat-
ical equations that describe fluid flow in the reservoir. These simulations consider
pressure, temperature, and fluid movement over time. It is then possible to run sensi-
tivity analyses of the model to examine its response to changes in the input parameters,
and we can assess the impact on the prediction uncertainties. We consider the range
of possible outcomes in uncertainty quantification by considering uncertainties in
geological and fluid parameters.

Significant uncertainties will be present in the reservoir description provided by
the reservoir model. We build the structural framework from seismic data calibrated
by a few well picks obtained from test wells. The wavelengths of the seismic signal
limit the vertical resolution in the seismic data, and the uncertainty can be 10-30
meters at the typical reservoir depths. The horizontal resolution is typically much
poorer than the vertical resolution. On the other hand, the reservoir’s horizontal
scales are often longer than the vertical scale, resulting from the initial smooth depo-
sitional environment. The structural uncertainties lead to uncertainties in the reservoir
model’s boundaries and grid definitions. Hence, we have an extremely challenging
parameter estimation problem where we attempt to estimate the model grid, not only
the model parameters.
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In addition to the structural uncertainties, the rock properties, such as porosity
and permeability in each reservoir layer, have significant uncertainties. These petro-
physical properties are essential as they determine the volume of fluids the reservoir
sands can accommodate and how efficiently the fluids can flow toward the produc-
tion wells. The uncertainties in structural surfaces and petrophysical properties lead
to massive two or three-dimensional parameter sets, and the inverse or parameter
estimation problem becomes challenging. Additional uncertain parameters relate
to fault, rock, and fluid properties, including transmissibilities, relative permeability,
etc. History-matching methods improve the reservoir model’s consistency and ensure
higher accuracy of the predicted production. We will see below that it is possible to
design history-matching workflows to update the sizeable uncertain parameter sets
used to characterize the reservoir.

The most important application of the calibrated reservoir model is to predict
future reservoir behavior under different scenarios, helping in reservoir management
and decision-making. Accurate reservoir characterization is essential for making
informed decisions about drilling locations, production and injection well designs,
and production strategies. Thus, models must have predictive capabilities in the
sense that they can accurately simulate the behavior of newly planned yet undrilled
wells. Finally, building reservoir models is an iterative process involving continuous
refinement as more data become available and the reservoir undergoes production.
Advanced reservoir modeling techniques contribute significantly to optimizing oil
and gas recovery strategies.

The reservoir dynamics can be complicated and involve numerous interactions
that, as a whole, may be difficult to comprehend. Consequently, there has been con-
siderable early research on “automated” or “assisted” history-matching techniques
(see, e.g., Mattax and Dalton 1990; Cosentino 2001), which has now evolved into
the ensemble-based history-matching methods considered in this book.

1.2 Data Assimilation and History Matching

Data assimilation denotes methods for incorporating observed data into a model
to improve the model’s accuracy and make predictions more reliable. The model
generally represents an approximate mathematical formulation of nature’s physical
processes. It is, in practice, a set of partial differential equations discretized on a
numerical grid that contains dynamic variables, such as pressure and velocities, and
static parameters describing certain physical phenomena or properties of the model.
The observed data are measurement values obtained from different sensors, and they
contain actual information about the state and the parameters of the modeled system.

The assimilation procedure aims to estimate the model state and parameters, such
that a model forecast that uses the updated parameter values as input will get closer to
the actual measurements while simultaneously satisfying the model equations within
their uncertainty. In other words, we update the model variables and parameters to
minimize the distance between a model prediction and the observations of reality.
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Therefore, data assimilation is also called combined model state and parameter esti-
mation.

Within the petroleum community, we focus mainly on the parameter estimation
problem, i.e., we try to find a set of model parameters that leads to a model prediction
close to the data. This approach differs from the sequential-in-time model updating in
meteorological data assimilation for weather prediction. In the petroleum community,
we commonly denote the parameter estimation problem history matching, aiming to
fit a model prediction to a time series of past or historical measurements.

Historically, one has formulated the history-matching problem as minimizing a
quadratic penalty function that measures the distance between an updated model’s
predicted measurements and the actual observations. The measurements typically
included the produced and injected fluid rates from the reservoir’s production and
injection wells. The measure (or distance) could be as simple as a weighted sum of
squares of the residuals between the predicted and observed measurements. Thus,
the aim is to find a set of model parameters that leads to a model-predicted pro-
duction in agreement with the historical rate observations. In the early days, a man-
ual approach, e.g., where the reservoir engineer would increase or decrease model
parameters such as porosity and permeability in a region surrounding a well, could
lead to a better match. However, a traditional manual history-matching procedure
is virtually impossible to use in practice because it is a time-consuming, expensive,
and often frustrating trial-and-error procedure. Furthermore, manual changes to the
model might improve the fit to a set of observations but lead to a simulation model
inconsistent with geology and without any predictive skills for future wells.

It is a well-known fact that a cost function like the one introduced in the following
chapter in Eq. (2.4) defines a minimizing solution representing the maximum a
posteriori (MAP) estimate of Bayes’ formula with a Gaussian prior and likelihood.
This realization leads to an alternative approach for history matching where one
attempts to sample the posterior Bayes’ formula instead of searching for the MAP
estimate. For this approach, the ensemble methods discussed in the remainder of
this book are very efficient. The motivation for sampling the posterior instead of
searching for the MAP estimate is to obtain a good representation of the reservoir
parameters’ uncertainty using many sampled realizations. Furthermore, we can make
ensemble predictions from an ensemble of model realizations, allowing us to quantify
the prediction uncertainty.

1.3 Using Ensemble Methods for History Matching

The ensemble methods have been widely used in other scientific fields, such as atmo-
spheric science and oceanography, and are now considered state-of-the-art in reser-
voir characterization. These methods evolved from the first publication by Evensen
(1994), who introduced the Ensemble Kalman Filter (EnKF). Shortly after the intro-
duction of the EnKF, Van Leeuwen and Evensen (1996) introduced the Ensemble
Smoother (ES), which later became a stepping stone for further developments of
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today’s commonly used iterative ensemble smoothers. Burgers et al. (1998) clarified
the EnKF algorithm, explaining the need for perturbing measurements to ensure a
consistent posterior variance.

To our knowledge, Lorentzen et al. (2001) presented the first application of the
EnKF within the petroleum industry. They tuned model parameters for a dynamic
two-phase fluid flow model in a well and applied the EnKF to a set of full-scale
experimental data. They were able to improve predictions of the pressure behavior
of the well. The number of state variables in this study was a few hundred, meaning
we can consider this model small to medium-sized. Motivated by the results obtained
by Lorentzen etal. (2001), Nevdal et al. (2002) used the EnKF to update permeability
fields for near-well reservoir models and showed that obtaining improved predictions
by assimilating data was possible. Lorentzen et al. (2003) followed up the original
application from Lorentzen et al. (2001).

After these initial works, the complexity of the studies increased rapidly. Nevdal
et al. (2005) estimated the permeability fields in a 2D field-like synthetic example.
A series of studies using the PUNQ-S3 model followed, including Gu and Oliver
(2005), which estimated permeability and porosity. Skjervheim et al. (2007) obtained
results using the EnKF on 4D seismic data from a North Sea field, the first published
demonstration of using the EnKF on a field case. Evensen et al. (2007) and Haugen
et al. (2008) soon after published real-field applications, and afterward, there was a
“booming” in research and publications about assisted history matching using EnKF
type of algorithms (see Fig. 1.2).

The EnKF algorithm updates the dynamical model variables and the time-invariant
model parameters whenever observations occur. Thus, the EnKF gradually introduces
the information from measurements with time, as is common in weather prediction
systems. The multivariate update of parameters and the associated dynamic vari-
ables is somewhat tricky as it is necessary to ensure dynamic consistency between
the updated variables and parameters. The problem is that the EnKF applies a lin-
ear update formula. At the same time, the relation between the parameters and
the model solution is nonlinear. Another issue with the EnKF relates to the time-
consuming stopping and restarting of the reservoir simulation model every time new
measurements become available, adding to the total computational load. Finally,
many reservoir engineers needed help understanding and accepting the recursive
updating scheme.

Skjervheim et al. (2011) introduced the Ensemble Smoother (ES) proposed by
Van Leeuwen and Evensen (1996) for history-matching reservoir models. This paper
represented a significant breakthrough within reservoir history matching. The ES
method only updates the model parameters (and possibly initial conditions) and then
reruns the ensemble of reservoir models from the initial time to obtain the solution
over the historical period. Thus, there are no model stops, restarts, or inconsistent
updates of dynamic variables, and the algorithm becomes very similar to traditional
methods used in history matching as long as we ignore the fact that we work with
an ensemble of models. Thus, it is much simpler to understand the methodological
concept using the ES instead of the EnKF.



8 1 Introduction

Expectation _

5.5 e Evensen (1994)
o 2 e Van Leeuwen and Evensen (1996)
S S ¢ Burgersetal (1998)

g' o Houtekamer and Mitchell (1998)

e Evensen and Van Leeuwen (2000)
e Lorentzen et al. (2001)
e Nzavdal et al. (2002)
o Evensen (2003)

g o._ Naevdal et al. (2005)
e g o—_Gu and Oliver (2005)
e - o-_Skjervheim et al. (2007)
£= o-_Evensen et al. (2007)
2 E e, Evensen (2007)

5 o~ Bianco et al. (2007)

2 o~ Jafarpour and McLaughlin (2007)

o~ Haugen et al. (2008)

o o~ Aanonsen et al. (2009)
B « Li and Reynolds (2009)
Eu% ¢ Cominelli et al. (2009)
g. = e Peters et al. (2010)
5 e Seiler et al. (2010)
g ¢ Skjervheim et al. (2011)
- & Chen and Oliver (2012)

owry,

¢ Emerick and Reynolds (2013)
o Chen and Oliver (2013)
e Skjervheim et al. (2015)
e Hanea et al. (2015)
¢ Emerick (2016)
e Sebacher et al. (2017)
e Perrone et al. (2017)
e Abadpour et al. (2018)
¢ Evensen and Eikrem (2018)
Evensen (2018)

dogs

JUIWUIYSIU
Jo d

Neto et al. (2021)
Evensen et al. (2022)
Emerick and Neto (2023)

[ ]

T ¢ Evensen (2019)
g =3 e Evensen et al. (2019)
g § ¢ Raanes et al. (2019)
3. - e Evensen (2021)
5 = o Oliver et al. (2021)

[ )

[ )

[ )

Fig. 1.2 The figure shows a timeline of a non-exhaustive selection of publications from the ensem-
ble method’s publication history
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After introducing the ES, different flavors of iterative ensemble smoother algo-
rithms followed in the coming years. From 2011 to the present, the petroleum industry
and academia have focused on three smoother algorithms, which we will consider
in this book. In addition to ES, they are the Ensemble Smoother with Multiple Data
Assimilation (ESMDA) proposed by Emerick and Reynolds (2012) and the ensem-
ble randomized maximum likelihood method (EnRML) by Chen and Oliver (2012),
Chen and Oliver (2013). We will use the recent ensemble subspace implementation
of Evensen et al. (2019), Raanes et al. (2019) for the EnRML. The term “random-
ized maximum likelihood” is misleading. We solve for a randomized ensemble of
maximum a posteriori solutions, as shown below.

1.4 The Ensemble History-Matching Approach

Based on the discussion in the previous section, we will now provide a descriptive and
practical presentation of the ensemble history matching problem. We start by defining
a “state vector,” z € ", containing all the uncertain parameters we wish to improve
the estimates of, see, e.g., Eq. (1.1) displayed in Fig. 1.3. The state vector contains
parameters we assume to have significant uncertainty. In addition to purely static
parameters, we have included the initial conditions for the oil-water and gas-oil
contacts and the historical rate controls used to drive the model. This state vector
serves as an input to a reservoir modeling workflow that we denote

y = g(2). (1.2)

Fig. 1.3 The state vector Initial oil saturation
will typically include some

or all of variables listed in Ir.".t‘lal gds :S"‘l'turafl(.m
Eq. (1.1) Initial water saturation

Reservoir pressure
Historical oil production
Historical gas production

Historical water production
z= Porosity

Permeability
Structural surfaces

Fault multipliers
Facies description
Relative permeabilty
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Here, the model operator g(z) is a composite function that can include, e.g., a geologi-
cal model that creates a structural framework and populate it with reservoir properties
to develop a reservoir-simulation model, followed by an execution of the reservoir
model to simulate the predicted measurements y € ). We can then compare the
predicted measurements to the observed measurements d € i, and the goal of the
history matching method is to compute a new state vector that leads to a better fit to
the observed measurements while preserving the geological consistency.

Given that we assign an uncertainty to the parameters in z, we can represent this
uncertainty by sampling an ensemble of model realizations z; where the ensemble
mean is the “best-guess” model, and the ensemble variance represents its uncertainty.
Given an ensemble of model state vectors, we can simulate an ensemble of predicted
measurements y; using the model in Eq. (1.2). We then estimate the prediction
uncertainty by propagating the initial and parameter uncertainty through the model
system.

Ensemble methods work with such an ensemble of model states and use a form
of regression to update the ensemble of model parameters such that the ensemble
of model predictions becomes closer to the observed data, see Fig. 1.4. In this illus-
tration, we have a monotonic response in the prediction from a change in the input
parameter. We obtain an increase in the predicted value by increasing the parameter
value. This monotonicity ensures a significant positive correlation between the sim-
ulated measurement and the input parameters, and it is this correlation that allows
us to use ensemble methods for history-matching reservoir models. For example,
increased permeability should enhance fluid flow and production, positively corre-
lating permeability and production rates. In a realistic case, the situation becomes
much more complicated as we can have thousands to millions of uncertain param-
eters and many measurements, including oil, gas, and water production and bottom
hole pressures, from many wells. We often also have 4D-seismic data sets on which
we wish to condition the reservoir description. A strength of the ensemble methods
is their design, which allows them to handle this multi-variable and data situation
and compute a consistent variance-minimizing estimate, considering all the prior
information.

The relation between input parameters and predicted measurements is nonlinear,
reducing their correlations. The nonlinear relationship is particular for the reservoir
history-matching problem, where, e.g., the relation between porosity and a predicted
oil rate comes from the simulation of the nonlinear reservoir model followed by a
nonlinear well modeling. This situation is entirely different from many other data-
assimilation applications where one directly observes a model’s state variable and
the correlation is identical to one at the measurement location. By examining the
resulting correlation functions using increasingly larger ensemble sizes, we get an
indication of how many realizations we need for computing consistent global updates.

In the case of a highly nonlinear model workflow, the correlations between the
input parameters and the predicted measurements will weaken. Fortunately, experi-
ence has shown that, in most cases, we can use ensemble methods to improve the
model parameterization in a history-matching workflow. Notably, introducing itera-
tive ensemble smoothers has contributed to the success of ensemble history matching
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Predicted measurement

Prior parameter ensemble
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Posterior parameter ensemble
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Fig. 1.4 The figure illustrates the linear regression update used to solve the parameter estimation
problem. The upper frame displays the ensemble prediction of five realizations of a scalar param-
eter, which misses the measurement in blue. The lower frame shows how the updated parameter
realizations lead to predictions better agreeing with the measurement (from Evensen et al. (2022))

since they allow for handling certain levels of nonlinearity much better than the orig-
inal linear Ensemble Smoother (ES).

Before proceeding with the mathematical formulation and additional examples in
the following chapters, we note that the ensemble methods can successfully estimate
huge three-dimensional parameter fields because of the inherent correlation among
the parameters. All the reservoir parameter fields are spatially correlated, significantly
reducing the state vector’s effective dimension. Additionally, we prescribe a prior
model, ensuring we obtain a solution even when no data exists. Thus, the ensemble
methods compute an estimate as an increment added to the prior model.

The ensemble method’s central approximations are related to a model linearity
assumption, which impacts several aspects of the technique and limits its use to
weakly nonlinear problems and the use of a limited ensemble size due to compu-
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tational constraints. We will discuss these assumptions in detail during the book’s
Part I.

One way to mitigate the impact of sampling errors, if one cannot just increase the
ensemble size, is to apply a localization method. Localization methods reduce the
effects of sampling errors and have enabled ensemble methods with small sample
sizes of order (O(10) realizations in several large-scale realistic systems. The fol-
lowing section will briefly explain these methods as they are essential in most real
applications, and in the remainder of the book, the introduction of practical adaptive
correlation-based localization methods is central.

1.5 The Need for Localization in Ensemble Methods

Ensemble methods suffer from a limited ensemble size, which introduces sampling
errors in the correlations used to update the model parameters. Increasing the ensem-
ble size reduces the impact of sampling errors. But, how large must the ensemble
size, N, be to ensure that the signal (physical correlation) to (sampling) noise ratio is
sufficiently large to provide a consistent solution? As illustrated in Fig. 1.4, we use
the correlations between uncertain parameters (like porosity and permeability fields)
and the predicted measurements to compute linear updates to the input parameters.

In practical applications, computational resources and simulation time constraints
will restrict the ensemble size we can afford to use. Thus, frequently, we need to
reduce the ensemble size to well below the required number for computing con-
sistent global updates. With smaller ensemble sizes, we introduce spurious updates
in the posterior ensemble of model parameters when computing the global analy-
sis. Interestingly, even with extensive spurious updates resulting from using a small
ensemble size, we will often still obtain an excellent fit to the rate data on which we
condition the model. It is, therefore, necessary to define what we mean by an excellent
history-matching result. Many works measure the quality of the posterior parameter
updates by the fit to the data conditioned on, without considering the updates to the
uncertain model parameters. A better strategy is to find the prior model parameters’
minimal update that matches the data well. This strategy requires eliminating signif-
icant spurious updates, and if we cannot run a sufficiently large ensemble, we must
use localization.

When we update a parameter in a particular gridpoint, the localization methods
ensure we only use information from “nearby”” measurements. Hence, if no “nearby”
measurements exist, we do not compute any update to the parameter. On the other
hand, we have a certain flexibility in defining what we mean by “nearby.” It can
mean a physical or spatial distance in the numerical grid, leading to distance-based
localization. We then introduce a physical truncation distance and ignore all measure-
ments from wells located further away from the gridpoint we are updating. However,
using a physical distance is only sometimes convenient in reservoir history matching.
Estimating the correct truncation distance for different measurements is difficult, as
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long-range physical transients and the petrophysical fields introduce different scales
in the model.

An alternative approach is to define the “nearby” measurements to include in a
local update based on how strongly they correlate to the parameter we update. The
measurement will not impact the update if the physical correlation is zero. Thus, we
could use a strategy to truncate all measurements with a physical correlation less
than a specific value. An issue with this strategy is that we need a large ensemble
to determine the physical correlation, meaning we must resort to an approximate
truncation scheme. We will introduce and demonstrate a correlation-based truncation
in Chap. 7 and its use in the applications in Part III.

1.6 Outline of Book

The book’s outline is as follows: In Part I, we will provide the detailed deriva-
tion of ensemble methods for history matching with emphasis on the Ensem-
ble Smoother (ES), Ensemble Randomized Maximum Likelihood (EnRML), and
Ensemble Smoother with Multiple Data Assimilation (ESMDA). Chapter 2 starts
by reviewing and defining the history matching problem. The derivation starts from
Bayes’ theorem and introduces the assumption of Gaussian priors. This assump-
tion leads to a quadratic cost function where the minimum defines the maximum
a-posteriori solution of Bayes’ theorem. We discuss how the cost function’s gradient
becomes central in the minimization methods.

Chapter 3 introduces the randomized maximum likelihood (RML) sampling, an
approximate method for sampling the posterior Bayes’. In RML sampling, we solve
many independent minimization problems like the one defined in Chap. 2. We show
how the ensemble of cost functions leads to an ensemble of gradients, which results in
an ensemble of minimizing solutions when set equal to zero. We can solve the gradient
equation by introducing a linearization, which results in an ensemble of Kalman
filter-type updates, or we can use Gauss-Newton iterations to solve the ensemble
of minimization problems exactly. Finally, we explain the ESMDA approach as a
tempering of the likelihood function, where one gradually introduces the data through
a sequence of linear updates.

Chapter 4 explains how to replace the tangent linear and adjoint models with
a linear regression expression based on covariance matrices, while in Chap. 5, we
approximate all covariance matrices by an ensemble of realizations leading to a
problem formulation in the ensemble subspace. In Chap. 6, we present the final
subspace implementation of the EnRML algorithm from Evensen et al. (2019) and
Raanes et al. (2019), and we explain how to use it to the solution for all of the
ensemble methods.

The three last chapters of Part I cover some essential topics in reservoir his-
tory matching. In Chap. 7, we introduce and discuss the correlation-based adaptive
localization method. After that, in Chap. 8, we present a truncated pluri-Gaussian
method for history matching categorical variables, i.e., non-Gaussian facies vari-
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ables. Finally, in Chap. 9, we discuss in more detail the impact of model nonlinearity
on the ensemble methods and indicate which nonlinearity regimes we can expect the
methods to work for.

In Part IT, we will present so-called robust ensemble optimization methods, which
have recently become popular in the petroleum community for optimizing, e.g.,
drainage strategies and field development planning. These methods benefit from
the availability of a history-matched ensemble of reservoir models representing the
reservoir uncertainty. By optimizing over an ensemble of reservoir models, it is
possible to obtain a robust estimate for the future production accounting for the
reservoir uncertainty. We will, in particular, consider the EnOpt method in Chap. 10,
which uses a stochastic gradient to optimize the controls of an ensemble of reservoir
models. However, we will also discuss some more recent and promising approaches
in Chap. 11 that optimize using the mean model but introduce a bias correction.

Chapter 12 discusses a closed-loop-reservoir management workflow in a system
that includes ensemble history matching and optimization. At a specific time, we use
the history-matched ensemble of reservoir models as input to the ensemble optimiza-
tion method to determine next year’s drilling of wells and drainage strategy. Then,
the following year, we will use newly acquired production data in another history-
matching update before we repeat the optimization step. Thus, we have closed the
loop. Finally, the ensemble of model predictions is input to a decision process. We
will finalize Chap. 12 discussing how to use the ensemble predictions in a robust
decision process where we account for the reservoir and prediction uncertainties.

In Part III, we will first discuss a simple reservoir case in Chap. 13, where we
illustrate how to deal with measurement dependency and the redundancy of the
information content in production data (Evensen 2021). We focus on the properties
of the ensemble methods and the importance of ensemble size and localization.
After this introductory example, we will move on to a large real case for the Troll
reservoir on the Norwegian Continental Shelf in Chap. 14. This example includes a
complete geological-to-simulation workflow and conditions the workflow on various
data types, including 4D seismic data. We consider this Troll example as state-of-
the-art for ensemble-based reservoir history matching. Finally, in the summary in
Chap. 15, we will discuss some aspects of the ensemble history matching problem
and challenges for the future.
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Chapter 2 )
Formulating the History-Matching st
Problem

Abstract In this chapter, we will introduce and discuss the basic formulation of
the history-matching problem. We start by presenting a brief historical summary
of the development of the formulation of the history matching problem. Then, we
introduce the fundamental assumption of a Gaussian prior and likelihood and connect
the standard formulation of a quadratic cost function to Bayes’ theorem. Finally, we
discuss some possible methods for solving this problem.

2.1 Defining the History-Matching Problem

Historically, reservoir engineers have formulated the history-matching problem as
finding a set of model parameters in a simulation model leading to a simulation result
that agrees with the observations. The observations typically include oil, gas, and
water production rates from several production wells. In addition, one commonly
uses time series of measured bottom-hole pressures, water and gas injection rates
from injection wells, and even 4D-seismic data.

In the first attempts of using manual history matching to fit a model to observed
data, one would typically tune model parameters to adjust the simulated oil, gas,
and water rates. The updated model parameters could include. e.g., multipliers that
increase or decrease porosity and permeability in an area around a production well,
fault transmissibilities, and relative permeability parameters. After a sequence of
parameter adjustments, one would end up with a simulation model that fitted the
observed rates better, but where the artificial updates of the petrophysical fields often
resulted in a model inconsistent with the prescribed reservoir geology and likely with
no predictability capabilities for new wells.

One could quantify the success of the manual history matching by defining a cost
function for measuring the distance between a model prediction and a number, m,
of observations, e.g.,
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Here, the state vector, z, contains the uncertain parameters to be adjusted, and we
have defined the nonlinear reservoir model

y =2g(2) =g(0,u), (2.2)

which predicts the measured rates in y. Thus, the nonlinear vector function, g(z),
describes the forward simulation of the reservoir flow given the model parameters 6
and model controls u in z and then followed by the observation operator to obtain the
predicted rates in y. The model controls u typically represent model forcing, which
in areservoir simulation model comprises the imposed production and injection rates
for the wells.

In the early history matching studies, the model parameters in z would include a
few scalar parameters, e.g., permeability, porosity, and fault transmissibility multipli-
ers. However, in modern history-matching applications, z can consist of the entire 3D
fields of petrophysical variables, structural surfaces, and several scalar parameters
related to, e.g., relative permeability, fault characteristics, and possibly parameters
describing facies distributions. There is no limit to the uncertain parameters one may
try to estimate. We will see below in Chap. 13 that we should also consider time-
dependent model controls representing the historical production as uncertain model
parameters. Thus, the history-matching problem is a high-dimensional nonlinear
parameter estimation problem.

The choice of a quadratic cost function is natural for many reasons, but other
alternatives exist. Here, o; is the standard deviation of the ith measurement. Note
that this cost function only measures the total distance between all the included
measurements and their model-predicted equivalents. As such, the cost function
calculates a misfit between the observations and a prediction. However, the cost
function has no statistical meaning in its current definition and form.

Following the initial attempts of manual history matching, there was a significant
effort in formulating so-called assisted history-matching methods that would min-
imize the cost function in Eq. (2.1) using, e.g., gradient methods. However, some
critical problems are associated with using the cost function in Eq. (2.1). The first and
most fundamental one is that the formulation in Eq. (2.1) does not ensure a unique
solution, even in the case of a linear reservoir model. Many parameter estimates may
result in an exact fit to the observations and a value equal to zero for the cost function.
To ensure a unique global minimum of 7 (z) from Eq. (2.1) in the linear case, we
must have more independent information in the measurements than we have degrees
of freedom in the parameters.

We will see later that a time series of production rates often contains highly
redundant information. Thus, it is hard to know how many parameters we can estimate
given a set of observations. We also risk finding noisy parameter estimates with large
unphysical amplitudes. The data-assimilation community realized this issue early
(e.g., Bennett 1992), and the apparent way to resolve it is to define a constraint for
the prior parameter estimate. Thus, it is necessary to include another term in the
cost function that penalizes the deviation from a first-guess or prior parameter value
z'. We use the superscript f for the first guess to be consistent with the notation in
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Evensen et al. (2022). Hence, we add a prior penalty term to the cost function and

write
m
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The first term in Eq. (2.3) is quadratic and scaled by the error covariance of the
parameters. The non-diagonal error covariance matrix C,, ensures smooth updates
of, e.g., the petrophysical field variables. The “prior” term aims to provide a unique
minimizing solution for the linear case and to penalize large deviations from the first-
guess values. In the nonlinear case, it is possible to have situations where different
parameter values result in multiple global minima with the same cost-function value.
Even without any observations, the cost function in Eq. (2.3) has a global minimum
defined by the prior parameters. It also resolves the issue of excessive unphysical
parameter updates as it penalizes deviations from the first-guess parameter values.
In the cost function from Eq. (2.3), it is also necessary to determine the relative
weight between the prior and observation terms. Increasing the number of measure-
ments will increase the contribution from the observation term in the cost function.
In addition, with dependent information in the observations, they will impact the
estimate too much. Some works have used a scaling factor for the measurement term
to adjust the observations’ impact relative to the prior term. However, it is possible
to do better. We can define a more consistent cost function by accounting for mea-
surement error correlations defined by a measurement error-covariance matrix, Cy,
and write a more generic cost function as

Cost function

1 1
T = 3(—7) €z —2) + S(g@ —4) €y (g@) —d). 4

Here, z € %" denotes the state vector of dimension n containing all the uncertain
model parameters, and C,, € W"*" is its covariance matrix. The reservoir model
g(z) maps the state vector to a set of predicted measurements y € QW™ that we can
compare with the actual measurements in the vector d € )" with error covariance
Cyq € RN,

The covariances C,; and C,; determine the relative weights between the prior
parameters and the measurements. The covariance matrix, C,;, penalizes large devi-
ations from the prior parameter values, and the role of the off-diagonal terms is to
regularize and ensure smooth parameter updates respecting the parameters’ physical
scales. The measurement error covariance matrix, C,y, accounts for measurement
dependency (measurements with correlated errors). Hence, dependent measurements
will have less impact on the update than independent measurements.

The cost function in Eq. (2.4) is quadratic in both the prior and observation terms.
We could define more elaborate cost functions, but the quadratic one has many
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valuable properties related to its interpretation and solution methods, as discussed
below. Furthermore, the definition in Eq. (2.4) ensures a well-posed inverse problem.
The minimizing solution is a parameter estimate close to the first guess values,
resulting in predictions close to the observations. We can even find a minimizing
solution without any available observations, in which case the result is just the prior
estimate. Thus, the prior term is essential for making the inverse formulation well-
posed.

2.2 Relation to Bayes’ Theorem

Under the assumptions of Gaussian priors, minimizing the cost function in Eq. (2.4)
is equivalent to maximizing Bayes’ formula and thus solving for the maximum a
posteriori (MAP) estimate. Hence, the formulation of the history-matching problem
in terms of a cost function links directly to Bayes’ theorem (or formula)

f(d|z) f(z)
d)=—7—"—— 25
f(z|d) @) (2.5)

where f (-) is the probability-density function of its argument.
Thus, we will now introduce the assumption of a Gaussian prior and likelihood
function.!

Approximation 4 (Gaussian prior and likelihood.) We assume that the prior
distributions of the state vector’s components and observation errors are Gaus-
sian distributed.

When assuming Gaussian distributions for the prior and likelihood we can write
Bayes’ theorem as

f(zld) x exp{—T (@)}, (2.6)

where the cost function, [J(z), is the one in Eq. (2.4).

This direct link between Bayes’ formula and the quadratic cost function is very
fortunate as it allows us to define the history-matching problem in terms of basic
principles. However, the minimizing solution’s consistency depends on the proper
specification of the prior and measurement error covariances. We also note that the
Gaussian-priors assumption can lead to problems when dealing with model parame-
ters with non-Gaussian distributions, such as facies parameters. We will discuss this
issue in Chap. 8.

1'We start the approximation numbering at four to ensure a one-to-one consistency with Evensen
etal. (2022), where the three first approximations relate to the recursive data-assimilation problem’s
sequentiality and are irrelevant to the history-matching problem.
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We will also point out that most state-of-the-art solution methods and software
ignore the measurement error correlations and use a diagonal C,; with the specified
error variances on the diagonal. The apparent reason for neglecting the measurement
error correlations is that they are often poorly known, and using a diagonal Cy
simplifies the update computation. However, as we will demonstrate in Chap. 13,
this “simplification” may lead to severe problems with the measurement’s impact
becoming too excessive.

Another exciting aspect of the previous discussion is that we have used a “bottom-
up” approach where we start with simple formulations and converge to a cost function
in Eq. (2.4) that we can relate to Bayes’ formula. The “bottom-up” development of the
history-matching research has resulted in some peculiar issues. First, it is still usual
to consider the measurement errors uncorrelated and use a diagonal measurement
error covariance matrix. Second, we ignore essential model uncertainties related to
uncertain model controls or forcings.

A top-down derivation of the history-matching problem starting from Bayes’
theorem would inform us to include distributions for all uncertain parameters and
their error statistics and then derive the corresponding cost function. This “top-
down” approach immediately tells us to include a complete and representative error-
covariance matrix for the measurements. In addition, we need to account for addi-
tional uncertain parameters not included in the standard formulation. We will revert
to these points in Chap. 13.

Following the procedure outlined in this book will allow for consistent history
matching with realistic error statistics for model parameters, controls, and predic-
tions. An essential contribution of the current book demonstrates the importance of
accounting for the uncertainty of the historical rates (or, in some cases, the historical
bottom-hole pressures) when integrating the ensemble of model realizations. Also,
we demonstrate the necessity of accounting for correlated measurement errors (or
dependent data) in ensemble simulations and conditioning.

In Fig. 2.1, we illustrate how we solve the history matching problem by estimating
new parameters and initial conditions that lead to a better data fit. The spread of the
prior (blue) and posterior (green) bands indicate the prior and posterior uncertainty,
while the thin lines could represent ensemble realizations.

2.3 Solution Methods

Traditional and straightforward assisted history-matching methods often used a gra-
dient descent algorithm to minimize a version of the cost function in Eq. (2.4). A
problem with gradient-based methods is that they search for the solution in the state
space. For the reservoir models, the dimension of the space of uncertain parameters
is vast, and the nonlinearity of the parameter estimation problem leads to a slow con-
vergence. Thus, in practical applications, efficiency and convergence requirements
often limit the number of parameters to order ten.

The gradient of the cost function in Eq. (2.4) is
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History period Predicted production

M

Fig. 2.1 The figure illustrates the smoother formulation assuming a perfect model solved using an
ensemble approach. We define a time window in which we have observations and update the initial
conditions and parameters of the ensemble realizations before rerunning the ensemble of updated
models. We based this graphic on an illustration from the ECMWF Forecast User Guide https://
confluence.ecmwf.int/display/FUG/Forecast+User+Guide

V,J (@) = C.'(z —2') + V,g(z)Cy, (g(2) — d). (2.7)

For large dimensions of the parameter space, the inverse of C,, becomes challeng-
ing to compute, and similarly, for a large number of dependent measurements, the
inverse of C 4, poses a computational problem. However, for the early cost-function
formulations Egs. (2.1) or (2.3), with a diagonal C4; and a low dimensional O(10)
parameter space, the adjoint method allowed for efficient evaluation of the gradient,
using one backward integration of the adjoint tangent-linear model and one forward
integration of the tangent-linear model. Alternatively, it was possible to evaluate the
gradient by one forward model simulation per measurement as was done in Bissell
etal. (1994). The problem is that these methods require knowledge of the model equa-
tions and their numerical implementation to develop the tangent-linear and adjoint
models.

The use of gradient methods uncovers another issue with the cost function in
Eq. (2.4), i.e., due to its nonlinearity, it may have multiple local and global minima,
and in such cases, there is no guarantee of converging to a global minimum. Con-
sequently, we must determine whether the converged solution is a global minimum
or a local one. In an attempt to reduce the risk of converging to local minima, the
focus shifted to Monte-Carlo sampling and evolutionary methods that, in the limit of
infinite sample size, theoretically converge to the global minimum (Schulze-Riegert
et al. 2002). Such evolutionary algorithms explore the solution space by random
search and require numerous simulations to avoid getting trapped in local minima.
However, their computational cost prevents them from finding the global minimum
in practical applications, and the likelihood of convergence to a local minimum is
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significant. Contrary to the gradient methods, the sampling methods allow for the
generation of uncertainty estimates.

Typical for these minimization methods is that they do not scale with the number
of uncertain parameters defining the dimension of the problem. Although gradient
methods can work well for many high-dimensional problems, the parameter estima-
tion problem’s nonlinearity renders both gradient methods and Monte Carlo sampling
inefficient in high dimensions.

If we set the gradient in Eq. (2.7) equal to zero, we obtain an equation defining
the cost function’s minima:

Cost-function gradient set to zero

C.'(z—2') + Vug(2)Cy) (g(2) — d) = 0. 2.8)

This gradient equation does not have a closed-form solution due to the nonlinearity
of the model g(z) and the evaluation of the model sensitivity V,g at z. However, a
linearization approximation allows us to solve for z:

Approximation 5 (Linearization) Linearize g(z) around the prior estimate z',
g(z) ~ g(z") + G(z — z'), (2.9)
and approximate the model gradient by evaluating it at the prior estimate

G" = V,g(z)] (2.10)

z=2""

G is the tangent-linear operator of g(z) and G is its adjoint. 0

By applying the linearization in Approx. 5 Eq. (2.8), we can solve the linearized
gradient equation for z to obtain

7' =2 + C.GT(GC.GT + Cu)  (d—g()). @2.11)

See the discussion in Sect. 3.2 for the derivation. For linear models, Eq. (2.11)
provides the optimal or “best linear unbiased estimate” and forms the basis for the
standard extended Kalman filter update. The equation requires the storage of the
complete error covariance matrix C,;, which becomes prohibitive for large state
vectors. Furthermore, we need to evaluate the tangent-linear model G. In this book,
we will not continue discussing the gradient or evolutionary algorithms for history
matching. Instead, we will focus on ensemble methods for solving the gradient
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equation Eq. (2.8). We refer to the review by Oliver and Chen (2011), which provides
a good account of many early works within manual and assisted history matching.

Rather than solving for the MAP estimate, ensemble methods attempt to sam-
ple approximately the Bayesian posterior and provide an estimate with associated
uncertainty quantification. It is well-known that state-of-the-art ensemble methods
would sample the Bayesian posterior precisely in the case of a linear model. In the
case of modest nonlinearity, ensemble methods provide an approximate sampling as
is demonstrated in Chap. 9.

Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the Creative Commons license and
indicate if changes were made.

The images or other third party material in this chapter are included in the chapter’s Creative
Commons license, unless indicated otherwise in a credit line to the material. If material is not
included in the chapter’s Creative Commons license and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder.


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Chapter 3 ®)
Randomized Maximum-Likelihood ek
Sampling

Abstract We will now introduce the so-called randomized-maximum-likelihood
sampling (RML), which provides a mean for sampling the posterior distribution in
cases with modest nonlinearity. The method is a randomized a posteriori sampling,
but we will use the standard notation common in the literature. The RML method
assumes that we obtain approximate samples from the posterior distribution by min-
imizing an ensemble of specific cost functions. As this sampling is exact in the linear
case, it is reasonable to assume that it provides approximate samples in the weakly
nonlinear case. The RML sampling provides a fundamental basis for ensemble meth-
ods and allows us to connect these methods directly to Bayes’ theorem.

3.1 Randomized Maximum-Likelihood Sampling

We start by introducing the following approximation:

Approximation 6 (Randomized Maximum-Likelihood sampling) approxi-
mately sample the posterior pdf with Gaussian priors by minimizing the ensem-
ble of cost functions defined by Eq. (3.1) given below. 0

RML is a method that approximately samples the Bayesian posterior. However,
the name is inaccurate since the technique attempts to sample the posterior pdf, not
the likelihood. Kitanidis (1995) and Oliver et al. (1996) appear to be the first papers
introducing the method. In RML, we start by sampling an ensemble of prior state
or parameter vectors z§ ~ N (@', C.,) and an ensemble of measurement realizations
d; ~ N(d, C4), and then we minimize an ensemble of cost functions
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Ensemble of RML cost functions

1
(2 = 2) €' (2 — 7) + 5 (8(2) — 4,)" €3/ (8(@) — d)).
3.1)

| =

J(z;) =

So, instead of minimizing one cost function in Eq. (2.4) to solve for the maximum
a posteriori (MAP) estimate, we are minimizing an ensemble of independent cost
functions in Eq. (3.1) to sample the Bayesian posterior. When the model g(z) is linear,
RML samples exactly the posterior Bayesian pdf. In cases with modest nonlinearity,
RML provides an approximate sampling of the Bayesian posterior. We have increased
the problem of minimizing one cost function in Eq. (2.4) to minimize an ensemble
of cost functions. We also note that the different cost function realizations and their
associated gradient realizations are not connected, so we will sample independent
realizations by minimizing the ensemble of cost functions.

For the minimization of Eq. (3.1), we set the ensemble of the cost function’s
gradients equal to zero

Ensemble of cost-function gradients set to zero

C.'(z; — zﬂ) + V,g(z;)Cy, (g(z;) —d;) = 0. (3.2)

Thus, we must now solve an ensemble of independent gradient equations similar
to Eq. (2.8).

3.2 Explicit Linear Solution

As discussed in the previous chapter, Eq. (3.2) has no explicit solution. However, by
using the Approximation 3, it is possible to linearize the model operator around the
prior state zi. and write an approximate closed-form solution valid for small updates

Ensemble of Kalman-filter updates

7 =2 + C.GT(G,C.GT + Cu)  (d; — (). (3.3)

We have defined the model’s tangent linear operator as

G| = vzg(zj). (3.4)
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For a detailed derivation of Eq. (3.3) using the Woodbury corollaries

Woodbury corollaries

(C'+6™'G) ' = € - CGT(GCGT + D) GC. 3.5)
(G 'G+C ') 'G"™D! = CGT(GCGT +D) ', (3.6)

see the open-access book by Evensen et al. (2022, Sect.6.5).

3.3 Solution by Gauss-Newton Iterations

However, we can avoid the linearization in Approximation 5 used to obtain the
ensemble of updates in Eq. (3.3). By using iterative Gauss-Newton methods, we can
minimize the ensemble of cost functions in Eq. (3.1) exactly. We then need the cost
function’s Hessian

V.V T (2)) ~ C' + V,82))C;) (Vag(z)) 3.7)

where we have neglected the terms involving second-order derivatives. The Gauss-
Newton iteration becomes

Ensemble of Gauss-Newton iterations

z;H = zi- — y(C;l + G;TC;d' G&)il (CZ’Zl <z’J — zt/) + G?TC;d' (g(z’l) — dj>>,
(3.8)

where y is a step length, and we have defined the model’s tangent-linear operator at
iteration i and for ensemble member j as

G = V,g(z). (3.9)

We note that both Egs. (3.3) and (3.8) require the evaluation of the model’s tangent
linear operator at the prior or current model state. If the tangent-linear model is
available, we can solve these equations directly using an ensemble of “adjoint” or
“4DVar” methods. This approach is popular within the numerical weather prediction
community, with a long tradition of developing and using the adjoint models in
the data assimilation method. However, the model’s tangent-linear operator is often
unavailable, e.g., in commercial reservoir simulators where we only have access to
an executable.
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3.4 Incremental Form of Gauss-Newton Iterations

An alternative approach for minimizing the ensemble of cost functions in Eq. (3.1)
is the incremental “ensemble 4DVar” formulation. The incremental 4DVar method
is the standard approach in numerical weather prediction, but we have yet to see it
used in petroleum applications. The idea is to solve recursively for a sequence of
linear increments to the prior that leads to the posterior solution. For each increment,
we must minimize a linear quadratic cost function, which is usually simpler than
iterating directly on the nonlinear cost function.
Let’s write Eq. (3.8) with ' = 1 as

- iT~—1g~i\ (i i —1,0 iT~— i
(CZ'+ G €6l (1" — 7)) = —(C2' (@ — 7)) + G} g (g@)) — d))).
(3.10)
If we define ' '
oy =2t — 1, G.11)
Equation (3.10) also arises as the minimum of the following quadratic cost function
for &z

1 i i i
J8zj) = 5(8zj —|—z“i —z;)TCZ—Zl(SZj +Z’j — zf)

; (3.12)
i i T~ i i
+ 5 (G2; + () — d;) Cyy (Gjbz; + g(2)) — d).

This cost function linearizes the model and observation operators around the model
trajectory for each Gauss-Newton iteration. Because 6z is small, we can approximate
g(z, + 8z;) ~ g(2,) 4+ G':8z; in which G/, is the transpose of the gradient of g(z}).
For convenience, we define the innovation vector

0, =d; —g(z)), (3.13)

and the residual
i of i
§j=12, -1 (.14

With 5; and & ;, we can now write the cost function in Eq. (3.12) for the increments
0z; as
J

Quadratic cost function for the increments

) ) 1. . . .
(Szj — Elj)T Cz_z1 ((Szj — E’j) + E(Glf&j — n’j)T ngl (G}sz — 17’]) (3.15)

1
T aj) = 5

The solution for the increments becomes, from Eq. (3.10),
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Solution for the increments

(€2 + G Cll Gl Yoz = CZlg% + G Cy (3.16)

We can solve this linear set of equations for the increments iteratively, and we
usually implement the approximate Hessian as a set of operations working on the
vector 8z;. Quasi-Newton and conjugate gradient methods are highly efficient for
solving Eq. (3.16).

Thus, the incremental form of the Gauss-Newton method corresponds to an itera-
tive scheme where we find the minimum of a quadratic cost function for 6z; in each
iteration. After that, we update zj.“ = zj. + 8z, from (3.11), integrate the nonlinear
model with the updated state vector, and recompute the variables ' and &' from
Egs. (3.13) and (3.14) before we solve Eq. (3.16) again. So, we have converted the
non-quadratic and nonlinear minimization problem into a sequence of quadratic lin-
ear minimization problems. The only concern is whether the outer iteration in éz;
will converge.

3.5 Some Reflections

In the previous three sections, we have presented three approaches for minimizing
the ensemble of RML cost functions. The first is an approximate method based on
linearizations, while the latter are iterative methods that precisely solve for the ensem-
ble of cost functions’ minima. Notably, the iterative methods we’ve introduced are
more than just theoretical constructs. They are practical tools that allow us to sample
the Bayesian posterior with high accuracy, thanks to the Gaussian prior assumption
and the RML sampling approximation. Note also that the solution for each ensemble
member j is independent of the other ensemble members. It is, therefore, possible to
solve for as many samples as we like, either sequentially on a uniprocessor computer
or in parallel on a multiprocessor system.

The problem with the above solution methods is the adjoint model’s numerical
implementation requirement. The incremental approach is popular within the weather
prediction community, where one has traditionally developed the adjoint model in
conjunction with the nonlinear prediction model. As they previously solved for a sin-
gle realization using the incremental 4DVar method, extending the system to solve
multiple samples is straightforward and allows for better characterization of uncer-
tainty. In this case, the meteorological community has named the method En4DVar
(ensemble 4DVar).

Within the petroleum community, we typically run commercial reservoir simula-
tors that do not provide the associated adjoint model. Thus, we must introduce further
approximations to use the methods discussed in this chapter for these problems. We
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will discuss these approximations and the resulting methods in the following chap-
ters. But first, in the following section, we will discuss an alternative and beneficial
formulation for Bayes’ theorem.

3.6 Multiple Data Assimilation

Multiple data assimilation (MDA) is an approach that reformulates Bayes’ theorem
to gradually introduce the information from measurements through an alternative
representation of the likelihood function. Tempering of the likelihood function (Neal
1996) allows for rewriting it as a product of n, inflated likelihoods.

Start by defining weights «;, fori =1, ..., n,, and the constraint
Ny 1
Y —=1 (3.17)
; o;
i=1
It is then possible to rewrite Bayes’ formula as
f(zld) o f(dg(@) f(z)
= f(d|g(z))(zfil %) f(z) (3.18)

= f(dlg@)™ - f(dg@)= f(d|g@)™ f(z).

leading to a procedure where we recursively introduce the measurement information
by multiplying the prior with the inflated likelihood functions one by one. The first
update step becomes

fi(zid) = £(d|g@)" £(). (3.19)

followed by the second update step where f) (z|d) becomes the prior,

fr(zld) = f(d| g(Z))é fi(zld), (3.20)

and so on for a total of n, update steps. The MDA procedure solves the original
Bayes’ formula exactly and does not introduce any new approximations. We also
note that the recursive update steps are independent of each other, a property that
will become important in Sect. 6.4 when we derive the ESMDA method.

The choice of weights in the MDA factorization is irrelevant until we start com-
puting approximate update steps, and we will revert to this issue in Sect. 6.4, where
we introduce the Ensemble Smoother (ES) for the update steps.

With Gaussian priors, the likelihood function becomes
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1 T\
f(d|g(z)) X exp — {E(g(zj) — dj) Cddl (g(zj) — dj)} . 3.21)

Thus, we have the inflated likelihood with the measurement error covariance multi-
plied by «,

1

1
f(dg(@)* ocexp— {5(g<z,») ~4))" @Ca)'(g(@)) —d,)}. (3.22)

It is, in principle, now possible to compute recursively n, update steps that grad-
ually introduce the observations using inflated observation errors. We could use the
Gauss-Newton approach for each update step. However, since we now compute many
minuscule updates, we can likely use the linear update Eq. (3.3) without introducing
significant errors. This gradual introduction of the update reduces the impact of the
linearization in Approximation 5 applied to obtain the update Eq. (3.3). However,
since we need to compute the posterior distribution for each incremental update, as we
need it for the next update step, we are not yet in a position to use the MDA approach.
We will see in Chap. 6, how the ensemble formulation resolves this issue and renders
the MDA approach beneficial for practical history-matching applications.
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Chapter 4 ®)
Averaged Model Sensitivity e

Abstract In this chapter, we will use the RML sampling strategy introduced in
the previous chapter to introduce another simplification that eliminates the need for
adjoint models. We will show that we can approximate the model sensitivity by a
linear regression expressed by covariance matrices. Thus, we replace the adjoint and
tangent linear models with a least squares best-fit linear regression approximation.

4.1 Linear Regression Approximation of the Model
Sensitivity

Evensen (2018) used linearizations to show approximate connections C,, ~ G;C,,
and C,, ~ G;C.G;" that we can use to represent all appearances of the tangent-
linear model, G, in the update Eqs. (3.3) and (3.8), by covariance matrices. However,
combining these two approximations introduces an inconsistency in the update equa-
tion (see Sect. 4.4, Evensen 2019).

Fortunately, we can take a slightly different approach in the derivation where we
replace the tangent-linear operators defined in Egs. (3.4) and (3.9) by a common
averaged model sensitivity by applying the following approximation

Approximation 7 (Best-fit averaged model sensitivity) Interpret G; in
Eq. (3.3) and G; in Eq. (3.8) as the sensitivity matrix in linear regression
and represent them using the definition

~Q 2L -1
G, ~G=C,C_. 4.1)
We then approximate the individual model sensitivities with a common aver-

aged sensitivity for all realizations. O

Here, we have ignored the iteration index in Eq. (4.1), and C,; is the covariance
matrix between the predicted measurements y and the state vector z. Note that we are
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now approximating the individual model sensitivities for each realization’s gradient
with an average best-fit one. Hence, we have changed the gradients to solve a different
problem than we initially posed. So, the severity of the Approximation 7 depends on
the ensemble spread and dissimilarities between the different model realizations. The
benefit of introducing the approximation is that we replace the model tangent-linear
and adjoint operators with covariance matrices.

4.2 Updated Solution Methods

Using Approximation 7, we can write the linear update Eq. (3.3) entirely in terms of
the covariance matrices as

2; =2 + C,(C.C2'C,y + Cur) (4 — (2)))- 4.2)

It is common to replace the term GC..GT = =C,.C; C with C,,. However, most
data-assimilation practitioners are unaware that thls replacement introduces another
approximation if g(z) is nonlinear as pointed out by Evensen (2019).

For the Gauss-Newton iteration in Eq. (3.8), the further derivation becomes
slightly more intricate. We write the equation as

4 =

. =1 T N\ —1 (43)
y((CL) " + 6 Cl6N) T (CLM (2 - 2) + G ¢l (@) — b)),

where we, in the Hessian, for convenience, have evaluated the state covariance matrix

at the current iterate (Chen and Oliver 2013) to ensure products G"C;Z with both the

tangent-linear operator and the error covariances being at the ith iterate. Using the

Woodbury corollaries, we can write Eq. (4.3) as

sz+1 =1z yC' C, (z] — zg)

+7CL6T (G'CLG + Cur) (G’ CLC (2 —2t) — (2@) - 4j)).

4.4

Now, using the averaged model sensitivity from the linear regression approximation

in Eq. (4.1), we obtain the Gauss-Newton iteration on the form (Evensen 2019)

Z;+l = z - VszCz (zj - zi)

+CL(€L(CL) '€+ Cur) (c' (2 —#) - (22 — ;).

4.5)

Chen and Oliver (2013) discuss how to solve this equation, and they resolve the expen-

sive matrix inversions by using a low-rank ensemble approximation and singular-
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value decompositions. They also introduce various approximate methods where, e.g.,
the product C!,C_! ~ I and C;ZC;ZI (z‘j — zi) ~ 0. However, in Chap. 6, we will re-
derive the ensemble RML from a cost function formulated in the ensemble subspace
and show how we effectively eliminate the costly inversions and end up with an
efficient and correct algorithm.
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Chapter 5 ®)
Ensemble Formulation G

Abstract We will now introduce an ensemble representation or approximation for
all the covariances appearing in Eqs. (4.2) and (4.5). This approximation leads to
ensemble methods like EnKF and EnRML, which compute the updates using low-
rank representations of the covariance matrices. We will see that the space spanned
by the prior ensemble also contains the updated ensemble solution. Accordingly, we
can simplify the derivation and formulation of the assimilation update equations by
searching for the solution in the ensemble subspace defined by the prior ensemble.

5.1 Low-Rank Ensemble Representation

We now introduce the ensemble approximation of representing all covariance matri-
ces by a finite number of realizations. For example, we will approximate the state
covariance matrix C,; using a finite number of state vector realizations. As the num-
ber of realizations is typically less than the dimension of the covariance matrix, this
implies a low-rank approximation.

Approximation 8 (Ensemble approximation) A low-rank ensemble of
model states with fewer realizations than the state dimension can approxi-
mately represent a covariance matrix. O

The RML formulation above has already introduced ensembles of realizations
of the prior state vectors, z;, the predicted measurements, y;, and the perturbed
measurements, d ;. We can define low-rank approximations of the covariance matrices
in Egs. (4.2) and (4.5) from these ensembles.

We start by defining the prior ensemble of N model realizations, z; € R", stored

in the ensemble matrix Z € RN,

Z:(zl, 7, ..., zN). (5.1)
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Furthermore, we define the operator I € RV*V as
1
m= (IN — NIIT)/\/N 1, (5.2)

where 1 € R is a vector with all elements equal to one and Iy is the N-dimensional
identity matrix. Multiplying an ensemble matrix with II subtracts the mean from
the ensemble and scales the result by dividing it by /N — 1. Note that, without the
scaling, IT would define an orthogonal projection.

We can then define the zero-mean and scaled ensemble anomaly matrix as

A =7II. (5.3)
Thus, we approximate the state-covariance matrix by the ensemble covariance as
C.~ 6zz = AAT, 5.4)

where the “overbar” denotes that we have a, possibly low-rank, ensemble-covariance
matrix.

Correspondingly, we can define an ensemble of perturbed measurements, D €
RN when given the real measurement vector, d € i, as

D=d1T + /N — 1E, (5.5)

where E € WV is the centered measurement-perturbation matrix with columns
sampled from A (0, Cyy) and divided by /N — 1. This definition also implies that,
similarly to Eq. (5.3), we have

E = DII. (5.6)

Hence, we represent the measurement error-covariance matrix by the ensemble-
covariance matrix for the measurement perturbations as

Cu ~ Cyy = EET. (5.7)

From an ensemble of model integrations we compute the ensemble of predicted
measurements
Y =g@). (5.8)

with scaled anomalies
Y=T"IH, 5.9)

where we have multiplied the model prediction by II to subtract the ensemble mean
and divide the resulting anomalies by «/N — 1.
Thus, we can also approximate C,, and C,, as
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C, ~C, =YY", (5.10)

and
C,,~C,, =YA". (5.11)

5.2 Solutions Using Ensemble Covariances

A standard approach to derive the ensemble methods is to insert the ensemble covari-
ance matrices into the “extended Kalman filter update” in Eq. (4.2) to obtain the EnKF
or into the Gauss-Newton update Eq. (4.5) to get the EnRML method.

For EnKF or ES, we compute the minimizing solution of the ensemble of cost
functions in Eq. (3.1) from Eq. (4.2), but using the ensemble of realizations to rep-
resent the error covariance matrices. Thus, we can write Eq. (4.2) as

2 =7+ C,(C.CLC, + Cu) (4, — g(z})). (5.12)
where the “dagger” symbol, {, denotes pseudo inverse. Equation (5.12) represents the
EnKF update equation of Evensen (1994) with the perturbed observations proposed
by Burgers et al. (1998) and is identical to the ES update in the parameter estimation
problem discussed here.

Starting with Eq. (5.12), we insert the ensemble covariances using the represen-
tations in Egs. (5.4), (5.7), and (5.11), and we obtain for the ensemble update,

7' =7' + AY" (YAT(AADH'AY" + EE") (D — g(Z")

; . \ 5.13
=7'+AY"(YA'AY' + EE")"'(D — g(Z")), 19

where we have used the identity AT = AT(AAT)T.

Corollary: It is straightforward to show that
C,.C.C, = YAT(AA")'AY"
T
=Y(a'A)(Y(a"A)) (5.14)
=YY'=C,, forn>N-1,

by using the following result from Sakov et al. (2012),

1
NA:IN—NHT forn > N — 1. (5.15)
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However, only in the low-rank case, whenn > N — 1, is AfA a projection that
removes the ensemble mean as defined in Eq. (5.15). Since in Eq. (5.14), the mean
of Y is already zero by definition in Eq. (5.9), the additional multiplication with ATA
has no effect whenn > N — 1.

Evensen (2003) introduced the formulation of the update Eq.(5.13) in terms of
the ensemble-anomaly matrices. He further showed that this formulation leads to an
update written as a linear combination of the prior ensemble, i.e., we can write

7' =7'+AY'C'(D - g(Z"))

(5.16)
=7'(ly + MY"C'(D - g(Z')),
where we have defined the matrix C € R"™*™ as
C = YATAY" + EE". (5.17)

We will discuss the inversion of C in Sect. 6.5 below while noting that a stable
inversion is critical for the ensemble methods. From Eq. (5.16), it is clear that the
ensemble subspace defined by the prior realizations also contains the updated ensem-
ble’s realizations.

Similarly, we can follow the procedure used by Chen and Oliver (2013) and intro-
duce the ensemble matrices to the GN-update in Eq. (4.5). However, this procedure
leads to a rather elaborate equation as we evaluate the covariance matrices at iteration
zero and 7, and we need to compute the inverse or pseudo-inverse of C,,. For now,
we note that Eq. (4.5), when we insert the ensemble covariances from Eq. (5.4),
implies that also the GN-iterations will lead to a posterior ensemble retained in the
prior ensemble subspace. In the following section, we will use this finding and refor-
mulate the cost function to search for the solution in the ensemble subspace. This
procedure allows us to solve for the update in a low-dimensional ensemble subspace
of dimension equal to the ensemble size.

5.3 Cost Function in the Ensemble Subspace

From the discussion in the previous section, we see that the leftmost matrix in the
gradient is the ensemble anomaly matrix. Thus, we will search for the solution in
the ensemble subspace spanned by the prior ensemble by assuming that an updated
ensemble realization, Z%, is equal to the prior realization, z§ , plus a linear combination
of the ensemble anomalies,

zf} =z§+ij. (5.18)

Following Hunt et al. (2007), we write the cost function (3.1) in terms of w; as
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Cost function in ensemble subspace

1 1 . __ A
j(W]) = EWFJFWJ + E(g(z; +AWJ) — dj)TCddl(g(Z;- +AWJ) — dj),
(5.19)

where we have used that

wiATC'Aw; ~ WJTATG;Iij
= wIAT(AAT) Aw;
— wI(ATA)w, (5.20)
=w; (ATA)(A"A)w,

I~y
=W;W,.

in which we defined W; = (ATA)w;. The expression A'A is the orthogonal projec-
tion onto the range of AT. Also, we have the projection property (ATA) (ATA) =
ATA. Thus, W; is just the projection of w onto ensemble perturbation space, and
from

Aw; = A(ATA)w; = AW, (5.21)

we see that it does not matter whether we solve for w; or W;.

Note that we have used an ensemble representation for the measurement-error-
covariance matrix. We could have retained the complete C,,, but this matrix is too
large for practical computations in many cases, and a diagonal matrix commonly
approximates it. Thus, one typically neglects all measurement error correlations,
which can have dire consequences. Evensen (2021) proposed using the ensemble
representation in Eq. (5.7) but with an increased ensemble size to mitigate additional
sampling errors (see Sect. 6.5).

Minimizing the cost functions in Eq. (5.19) implies solving for the minima of
the original cost functions in Eq. (3.1), but restricted to the ensemble subspace and
with C in place of C,,, as explained by Bocquet et al. (2015). The ensemble of
cost functions in Eq. (5.19) does not refer to the high-dimensional state-covariance
matrix, C,,. We searched for the solution in the state space in the original formu-
lation in Chap. 3. We now have a more straightforward problem searching for the
ensemble subspace solution. Thus, we solve for the N vectors w; € RN one for each
realization.
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Chapter 6 ®)
Subspace EnRML oy

Abstract This chapter derives Gauss-Newton and Levenberg-Marquardt methods
for RML sampling that searches for the solution in the ensemble subspace. The
approach does not introduce any further assumptions since ensemble methods implic-
itly confine the solution to the space spanned by the prior ensemble. The advantage
of the ensemble subspace formulation is that it avoids the inversion of huge low-rank
covariance matrices and solves the EnRML formulation precisely without introduc-
ing any further approximations. The subspace EnRML algorithm can also compute
the posterior ensemble subspace solution for the ES and ESMDA methods.

6.1 Levenberg-Marquardt in the Ensemble Subspace

Evensen et al. (2019) formulated the Gauss-Newton method for minimizing the cost
function in Eq. (5.19). Here, we will take a slightly different approach and derive
the Levenberg-Marquart method instead. Levenberg-Marquardt modifies the Hessian
somewhat by adding a term Aly and can stabilize the iteration in some cases.

The Jacobian (gradient) of the cost function Vi 7 (w;) € RV*! is

VuT (W) =w; + (G;A)' Cyy (8(2! + Aw;) — d)), (6.1

and an approximate Hessian (gradient of the Jacobian) Vi,V J (W) € RV*N
becomes

VoV J (W;) ~ Iy + (G;A) Cy (GA). 6.2)

We have defined the tangent-linear model

T X
Gj = (ng|zr/+Aw,-) e R", (6.3)

and in the Hessian, we have neglected the second-order derivatives.
The iterative Levenberg-Marquart scheme for minimizing the cost function in
Eq. (5.19) becomes
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-1

witl = wi — <(1 +DIy + (G;A)T C. (G;A)>
x (W’, + (GéA)T E,;dl (g(z§ + ij-) — dj)),

where we have now introduced A’ as an additional parameter. Thus, it is clear that
when A is large, the Hessian approaches A'I, and we obtain the gradient descent
method with a small step length of y' /)i, On the other hand, when A = 0, we revert
to the Gauss-Newton method. Levenberg-Marquart will usually converge slower
than the standard Gauss-Newton method, but in some cases, if Gauss-Newton has
convergence issues, using Levenberg-Marquart may aid the convergence. Practically,
Leveberg-Marquart combines Gauss-Newton and gradient descent.

Now using the corollaries from Egs. (3.5) and (3.6), we can write the iteration in
Eq. (6.4) in the standard form

(6.4)

W= w2 (G (e AT + )

-1

(6.5)
< ((GA)W, + (1 +27)(a —fe! + Aw;)))}.

Next, we will replace the tangent-linear model with ensemble covariances.

6.2 Subspace EnRML Algorithm

By introducing the ensemble representation for the covariances in the linear regres-
sion Eq. (4.1), we obtain

aw o oo yiait
G =G =C,_C,_ =YA", (6.6)
where Y’ is defined from Eq. (5.9) and evaluated at iteration i, i.e.,
Y = g(zf)r[. (6.7)

The tricky term in Eq. (6.5), which corresponds to the one mentioned in relation
to Eq. (4.5), is the product G’jA. Evensen et al. (2019) showed that we can write

S =GA=YA'A (6.8)
—YiATAQ™ (6.9)

—Y'Q " ifn> N — lorifgis linear. (6.10)
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Algorithm 1 Subspace EnRML algorithm

1: Input: Z € R"™N > Prior state-vector ensemble
2: Input: D € RN > Perturbed measurements
3: W(O) =0 >W e RNXN
4 M= (Iy - 41T) /YN =1 b T e RV
5: E=DII > E e RmxN
6:i=0

7: repeat

8 Y =gZHl . >Y e RN
9: ifm<N—-1) Y =YA'A

10: Q@ =Iy+WT > Qe RVN
1: S =Y@"' > 8 e RN
12 Wi =Wi—y (W - s (38T BET) T (S'W 4+ D - g(2)))

13 T o= (Iy + WH [N =) >T e RVN
14 ZH' =771

15: i=1i+1

16: until convergence

In this expression, we have defined the quadratic matrix
Q =1Iy+WII, (6.11)

which 1relates the ensemble anomalies at iteration i to the initial anomalies A =
A'Q' | and where we have defined the ensemble of weights

W= (wl, W, .. Wy). (6.12)

Note that we cannot use Eq. (6.10) whenn < N — 1,1i.e., when the state dimension
is less than the ensemble size minus one. We, then, need to retain the projection A’ Al
and use Eq. (6.9) rather than Eq. (6.10). Evensen et al. (2019) derived the proofs of
this result, and we refer to this paper for the details. This result is also complementary
to the use of the expression YATAYT to represent C,, in Eq. (5.13) whenn < N — 1,
as was derived by Evensen (2019).

We can now write the iteration of Eq. (6.5) in matrix form as
v
1+ A

x (Siwi +(1+2) (D= g(zi))) }

-1

Wit — Wi — {Wi _ SiT(SiSiT n (1 n Ai)é[ﬁ)

(6.13)

The update for iteration i is



46 6 Subspace EnRML

7' =7 + AW’
= Z(IN + HW’) (6.14)
=7(Iy + W/VN 1),

where we have used W' //N = IIW!, which we get from Eq. (6.13) using
ST / N = MST. Thus, we can compute the final update in Eq. (6.14) to a cost of
operatlons. The updated ensemble is a linear combination of the prior ensemble
members, and the prior ensemble space contains the updated ensemble of solutions.
Algorithm 1 details the Gauss-Newton implementation of the subspace EnRML
algorithm. We excluded the Levenberg-Marquart parameter A as we have never
needed to use it in the ensemble subspace implementation. The algorithm takes
as inputs the prior ensemble and the perturbed measurements and runs an ensemble
of model simulations to evaluate g(Zi ) Thus, the algorithm is generic, and we can
use it for any model or problem configuration. In Sect. 6.5, we discuss a practical

and efficient implementation for inverting the expression (SiSi T4 Edd)il, where
we replace the full measurement error covariance matrix with the ensemble repre-
sentation, Cyy ~ C,y = EET.

Choosing an optimal value for the step length ' is generally not straightforward.
Evensen et al. (2019) proposed a scheme with y’ decreasing from 0.6 to 0.1. For
linear problems, an optimal step length of '’ = 1.0 gives us the solution in one step.
However, for nonlinear problems where we apply an averaged model sensitivity,
we must use a conservative value of y that leads to stable solutions for all the
realizations. We typically start with a value ¥ = 0.5, and if the sum of the cost
functions in Eq. (5.19) increases from one iteration to the next, we divide the step
length by two and rerun that iteration. Note that we only need to store the W and
the predicted measurements Y from the previous iteration and then recompute the
updated W' from Eq. (6.13). A critical learning is that one should rerun an iteration
with a smaller value of y/ if the mean cost function value increases over an iteration.

6.3 Ensemble Smoother

Interestingly, it is possible to compute the EnKF or ES solution from the first subspace
EnRML iteration. Using the ensemble matrices from the previous chapter, we can
rewrite the ES update Eq. (5.13), as

Z' = 7' + AS"(SS™ + EE") " (D - g(2'))

(6.15)
=7 + AW,

with |
W =s8"(ss" + EET)_ (D - g(zf)). (6.16)
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Note that we have redefined S as

Y forn > N — 1
S — orn = (6.17)
YATA forn < N — 1.

If we set the step length y = 1.0 and the relaxation parameter A = 0 in the Levenberg-
Marquart iteration of (6.13), the first step becomes just the update Eq. (6.15), as the
prior value W = 0. Hence, we can use Algorithm 1 to compute both the EnRML
and the ES solutions.

6.4 Ensemble Smoother with Multiple Data Assimilation

The Ensemble Smoother with Multiple Data Assimilation (ESMDA) method pro-
posed by Emerick and Reynolds (2013) uses ES updates for each recursive update
step in the MDA algorithm from Sect. 3.6. Since the ES update is an ensemble that
approximately samples the posterior distribution, we can use the ES-updated ensem-
ble as the prior for the next update step. Furthermore, since we can use Algorithm 1
to compute the ES solution, we can also recursively compute the solution for the
ESMDA method.

We use the algorithm as we do for the ES solution, but we repeat the procedure 7,
times. As the steps are independent, we must resample the perturbed measurements
from N (d, a;Cyy) for each recursive call to the algorithm. Thus, each recursive
step uses an effective measurement error variance increased by a factor «;, and we
compute a sequence of small update steps that gradually introduce the information
from the measurements. Hence, ESMDA computes many short linear steps instead
of one long one, reducing the impact of nonlinearity when using the linear ES update
equation. Note that ESMDA with one step corresponds to the ES estimate.

There is a need for a better theoretical understanding and basis for choosing the
optimal sequence of weights. Using uniform weights, i.e., setting all o; = n, which
satisfy Eq. (3.17) is standard. However, some works have provided evidence that a
geometrically decreasing set of weights gives superior results (Rafiee and Reynolds
2017; Evensen 2018; Emerick 2019).

ESMDA has gained popularity due to its ease of implementation and successful
use in many applications. When considering the convergence of ESMDA, we mean
the number of update steps needed before a further decrease in step length does not
change the final solution. The required number of steps depends on the nonlinearity
of the model. The typical number of steps in practical applications ranges from 4 to
16, depending on the model’s nonlinearity. We note that in ESMDA, as the number of
steps increases, the magnitude of the measurement perturbations also increases. Thus,
one can imagine cases where the perturbed measurements take unphysical values,
causing the algorithm to break down. Emerick (2018) resolved this issue using a
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square-root formulation for the update calculation, although the paper’s objective
was to reduce sampling errors.

Chapter 9 will provide simple scalar examples illustrating some properties of the
ESMDA method, and ESMDA is also the method used in the reservoir cases in
Chap. 13.

6.5 Ensemble Subspace Inversion

In Algorithm 1, we have represented the measurement error covariance matrix by
an ensemble of measurement perturbations, E. In this case, we compute the inver-
sion using an ensemble subspace scheme proposed by Evensen (2004). See also the
more recent discussions by Evensen (2009, 2021) and Evensen et al. (2019). The
scheme projects the measurement error perturbations onto the ensemble subspace
and computes the pseudo inverse using the following factorization

(SS" + EE") (6.18)
~ SST + (SSHEET(SSH)T (6.19)
=Ux(Iy + T'U"EETUE"H ") zTUT (6.20)
=UZ(Iy + QAQ")x™U" (6.21)
=UZQ(Iy + A)Q"Z"U", (6.22)

where we define the singular-value decomposition
S=UxV', (6.23)

and the identity matrix Iy € RV*N. We must specify a truncation value in the
singular-value decomposition in Eq. (6.23) to avoid dividing by zero when computing
the pseudo inverse X'. The truncation value is not critical, and a typical truncation
accounts for around 99% of the variance represented by the largest singular values.

The eigenvalue decomposition in Eq. (6.21) is of the matrix product in (6.20). Note
that this eigenvalue decomposition is most efficiently computed by a singular-value
decomposition of the product X TUTE. The left singular vectors will then equal the
eigenvectors in Q, and the squares of the singular values will equal the eigenvalues
in A. Thus, the inversion becomes

(SS" +EE")”'
~ (UENHTQ) (Iy + A) ™ (UEHTQ)". (6.24)
—UEHQ(Iv+A) Q'EU"
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The main advantage of this algorithm is that it allows for computing the inverse to
a linear cost in the number of measurements, O(mN?). The algorithm represents
the measurement error covariances using the measurement perturbation matrix E.
Simulating measurement perturbations with given statistics is usually easier than
constructing a complete error covariance matrix. The disadvantage is that using a
finite ensemble to represent the measurement error covariance matrix introduces
additional sampling errors. However, (Evensen, 2021) demonstrated that, by using a
larger ensemble to represent E in Eq. (6.18), one could reduce the associated sampling
errors to a negligible magnitude and with little additional computational cost since
E only occur in the matrix multiplication UTE in Eq. (6.20).

6.6 EnKF Analysis with Independent Measurements

Independent measurements are measurements with uncorrelated measurement errors.
Most operational ensemble-based assimilation schemes apply an assumption of
uncorrelated measurement errors and use a diagonal Cy; = L,;; see, e.g., the reviews
on data assimilation in the geosciences (Carrassi et al. 2018), weather prediction
(Houtekamer and Zhang 2016), and petroleum applications (Aanonsen et al. 2009).
Data assimilation practitioners employ this assumption for two reasons. First, the
measurement error covariances are often unknown, so one avoids modeling them
by setting them to zero. Additionally, the assumption of a diagonal C,; somewhat
simplifies the update scheme in Eq. (5.12). With Cy; = I,,,, Eq. (6.15) becomes

7' =7 +AS"(SS"+1,) ' (D —g@)), (6.25)

which makes it possible to use an efficient algorithm proposed by Hunt et al. (2007)
where, by using a Woodbury identity, the EnKF-update becomes

7' =7+ A(S"S+1y) 'ST(D — g(Z)). (6.26)

This modification reduces the size of the matrix inversion from m x m in Eq. (6.25)
to N x N in Eq. (6.26). See also the discussion on this implementation in Evensen
et al. (2019, Sect.3.2).

Finally, the subspace inversion from the previous section is equally fast as the
“exact” inversion in Eq. (6.26), even for a diagonal measurement error covariance
matrix. The authors’ experience is that the exact inversion in Eq. (6.26) is less sta-
ble than the subspace inversion from the previous section. Evensen et al. (2024),
therefore, used the subspace inversion for all experiments.
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6.7 Impact of Measurement Error Correlations

Evensen (2021) discussed the impact of conditioning on measurements with cor-
related errors, and we will now revisit and extend an example from this paper.
Figure 6.1 shows the updates from three EnKF experiments, all using 2000 model
realizations to minimize sampling errors. The upper plots represent a case where we
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Fig. 6.1 Impact of measurement dependency on analysis update. The upper row presents the results
for a case with uncorrelated measurement errors, while the second row gives the results when using
measurements with correlated errors. The third row is similar to the second but uses four times as
many observations. The left plots show the results for the posterior ensemble means, while the panels
to the right provide the associated error variance estimates. The line labels EnKF and ICA denote
the standard EnKF update and an inconsistent update, as is explained in the text. The measurement
error bars indicate the plus-minus two standard deviations of the measurement errors
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condition the prior ensemble on 50 independent measurements with error standard
deviations of 0.5. We have plotted the measurements with error bars indicating plus
and minus two standard deviations. We obtained an excellent EnKF result that agreed
with the measurements given their errors and recovered the reference solution well.
The posterior variance varies around 0.125, a significant reduction compared to the
prior variance of one.

The experiment shown in the second row is similar to the one in the first row.
However, we assume correlated measurement errors with a decorrelation length of
40 (grid indexes). From the EnKF posterior variance shown in the right plot, we notice
that introducing measurement error correlations reduces the EnKF-update’s strength,
and the posterior variance now varies around 0.2. The importance of specifying
and accounting for any measurement error correlations becomes evident from the
experiment displayed in the third row of Fig.6.1. This experiment differs from the
second row by conditioning on 200 dependent measurements instead of 50. In the
EnKF-analysis update, we avoid any overfitting of the observations, and the posterior
variance is nearly identical to the experiment with 50 dependent measurements.
Thus, because of the dependencies between neighboring observations, increasing
the measurement density does not lead to the assimilation of more information or a
more substantial update.

An interesting result is the ICA case (ICA denotes inconsistent analysis), where
we have conditioned on measurements with correlated errors but neglected these
correlations when computing the update, i.e., we are using a diagonal measurement
error covariance matrix. In this case, we obtain an underestimated posterior vari-
ance similar to the example with uncorrelated measurement errors. In the example
with 200 correlated measurements, the variance underestimation is even more pro-
nounced, and we see the potential for ensemble collapse when increasing the number
of measurements.

The ICA cases represent the typical approach currently used in most ensemble
methods applied by history-matching practitioners. Neglecting the measurements’
error correlations leads to overfitting and, eventually, so-called ensemble collapse.
For example, when conditioning the model on a time series of rate data, one needs to
select the sampling frequency of data in time. For example, should we use weekly,
monthly, or another data sampling frequency? And does an increased sampling fre-
quency introduce additional information to the conditioning process? From the exam-
ple above, it is clear that increasing the sampling frequency of dependent data without
representing the measurement error correlations is inconsistent. It leads to underesti-
mating the posterior ensemble variance. We will revert to this discussion in Sect. 13.6.

For the practical computation and representation of measurement error correla-
tions, it is simpler to simulate a time series of correlated errors and store these in the
measurement error perturbation matrix E used to define the ensemble measurement
error covariance in Eq. (5.7). Also, in these examples, we used 10N realizations of
the measurement perturbations to reduce the sampling errors.
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Chapter 7 ®)
Correlation-Based Localization Check for

Abstract This chapter will introduce an adaptive correlation-based localization
method used in the experiments in Part III. The technique is a straightforward imple-
mentation of a local analysis scheme where we update the parameters, or rows in
the ensemble state-matrix, sequentially one by one using only the significantly cor-
related measurements in the update. Such adaptive localization has advantages over
distance-based localization, particularly when conditioning the model on non-local
measurements and when the localization distance is unknown. Another benefit is that
an adaptive correlation-based localization does not refer to the spatial location of the
updated variables or measurements. Thus, we only need the ensemble matrices of the
state and the predicted measurements to determine the localization. We will present a
theoretical foundation for selecting the truncation value as a function of the ensemble
size and discuss some possible remedies for further incremental improvement of the
method.

7.1 Introduction

Localization is a standard technique for reducing the degradation of the quality of
updates caused by sampling errors in ensemble-based data assimilation methods.
When optimally applied to large-scale problems with small ensemble sizes, localiza-
tion increases the solution space’s degrees of freedom, allowing for a better match
to the data used in the conditioning. Furthermore, localization reduces the spurious
model updates caused by sampling errors and, thereby, the tendency for the ensemble
to “collapse” when we condition on a large number of independent measurements.
We refer to Evensen et al. (2022, Chap. 10) for an overview of localization meth-
ods and Chen and Oliver (2017) for localization when history-matching reservoir
models.

So-called distance-based localization is the most commonly used localization
method in meteorology and oceanography. The dynamical system’s physical scales
determine the truncation distance in distance-based localization. The dominant scale
in the ocean and atmosphere is the mesoscale, which is associated with the Rossby
radius of deformation. The procedure for selecting a localization radius, typically a
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few Rossby radii, must ensure that measurements of, e.g., temperature, sea-surface
height, and pressure only influence the model’s state variables in a region close
to the measurements. For these problems, distance-based localization gives results
almost equivalent to the infinite ensemble size limit for as long as the measurements
are local and we have a well-defined decorrelation length. The first publications on
distance-based localization seem to Hamill (2001), Houtekamer and Mitchell (2001),
Bishop et al. (2001), Whitaker and Hamill (2002), Anderson (2003), who introduced
covariance localization, where a tapering function damps long-range spurious corre-
lations. Related to covariance localization, we have Kalman gain localization where
we apply the tapering directly to the Kalman gain (Chen and Oliver 2017).

The truncation distance must be clarified, especially when the observations are
non-local or we use elaborate prior reservoir models. In reservoir engineering, we
update the reservoir’s porosity and permeability fields. Here, the depositional envi-
ronment that created the geological parameters also determines their decorrelation
scales. These correlations persist even when the subsurface undergoes processes like
faulting and bending. Thus, a fault separating two reservoir segments does not pre-
vent a well-measurement from one side of the faultline to update the porosity on the
other side.

Additionally, while the measurements of atmospheric and oceanic variables are
predominantly “local,” the production rates from wells are generally “non-local,”
since the production from one well depends on the reservoir properties within an
extended area, e.g., between an injector and the producer. The pressure transients
driving the reservoir flow can have a very long range. Thus, the distance-based
localization procedure is challenging when history-matching petroleum reservoir
models. This conclusion also applies to segment-based localization, where we only
use wells within a reservoir segment to update parameters within this segment.

In such complex cases, adaptive correlation-based localization methods can help
prevent ensemble collapse and reduce data mismatch. Because the adaptive tech-
niques rely on the ability to separate spurious correlations from actual (large ensemble
size) correlations, their performance is generally poorer than distance-based local-
ization when distance-based is appropriate.

We will use a version of the so-called local analysis introduced by Haugen et al.
(2002), Evensen (2003). While Haugen et al. (2002) updated all variables on a small
cube of grid points using only nearby located measurements, we will in the following
section introduce an adaptive correlation-based localization in combination with
a local analysis scheme. From the previous chapters, we also note that we never
compute the state covariance matrix or the Kalman gain. Instead, we calculate the
analysis as a linear combination of the ensemble realizations.
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7.2 Adaptive Correlation-Based Localization

Adaptive correlation-based localization is a newer, less researched alternative to
distance-based localization. It uses the estimated correlations between “predicted
measurements” and the state variables to determine if a measurement shall influence a
state variable’s update. In an update, we only retain the observations with a correlation
above a certain threshold.

The adaptive approach removes the dependence on the physical coordinates and
locations for state variables and wells. Several recent publications have discussed
applications of adaptive correlation-based localization (Evensen 2009, Chap. 15.5)
and Neto et al. (2021), Luo and Xia (2022), Luo and Bhakta (2020), Bishop and
Hodyss (2007), Bishop and Hodyss (2009a), Bishop and Hodyss (2009b), Anderson
(2007), Anderson (2009), Anderson (2012), Anderson (2016), Zhang and Oliver
(2010), Vossepoel et al. (2025).

Anissue with adaptive localization is that removing all measurements with an esti-
mated correlation less than the truncation value will also ignore information from
measurements with natural but low correlations. However, we would have similar
problems when using a distance-based truncation. With correlation-based localiza-
tion, we will include some measurements with spurious high correlation values.
Similarly, with distance-based localization, we will retain some measurements with
insignificant information located within the truncation distance.

In the work by Neto et al. (2021), the authors updated all parameters in a block
of grid points. They took this approach for computational reasons, as there will
be less number of local updates. On the other hand, this algorithm also introduces
discontinuities between the local grid blocks since the observations used to update
the different grid blocs may vary significantly. The authors resolved this problem by
adding tapering, or equivalently measurement-variance inflation, of measurements
with correlations near the truncation cut-off value. In this book’s examples, we have
not divided the model grid into local grid blocks but instead updated each parameter
individually. The problem with discontinuities in the updated fields then becomes
much smaller.

The primary benefit of adaptive localization is its ease of use. We can choose
to apply it or not, without any user configuration, just by switching it on or off.
Also, adaptive correlation-based localization was demonstrated for sequential data
assimilation in a nonlinear coupled multiscale system by Vossepoel et al. (2025).
They found that selecting measurements based on the correlation value gave equally
good results as the best distance-based localization.

7.3 Implementation Strategy

We can write the global update using methods like ES, ESMDA, and EnRML, as

72 =7'T, (7.1)
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where the posterior ensemble in Z* € R"*Y is a linear combination of the prior
ensemble in Z'. The transition matrix T € RV >V determines the linear combination.
Here n is the state dimension, N is the number of realizations, and typically n > N.
The matrix multiplication in Eq. (7.1) is the most expensive computation in the global
analysis update, requiring n N2 floating point operations. However, Eq. (7.1) is highly
parallelizable as we can compute each row in Z* independently of the others.

The local analysis exploits the parallelism of the computation in Eq. (7.1) and we
can write it as the n local updates for/ = 1...n computed from

Z: =71, (7.2)

where the subscript / denotes row [ of Z. In the local analysis, we update each row Z;
using an individual transition matrix T;, which for each / may differ in the selection
of measurements used in its calculation.

The distance and correlation-based localization implementations become very
similar when writing the update as Eq. (7.2). The methods only differ in the selection
procedure used to compute which observations to use in each local update. We
can interpret correlation-based localization as applying another distance measure to
define nearby and distant measurements.

The increased computational cost is an issue common for adaptive and distance-
based localization. We must compute many inversions in both approaches to obtain
the n local T;s. Still, for each T;, we will likely use far less number of measurements
in the inversions, which comes at the cost of O (m;N?) operations, where m; is the
number of observations used in each local analysis update. Note also that there may
be no measurements for many model parameters, and the transition matrix is just the
identity matrix.

Indistance-based localization, we need to compute the Euclidian distance between
each state variable and each measurement to a cost of order O (nm). Itis often possible
to significantly reduce this cost by using clever storage schemes for the measurements
and combining clusters of nearby grid points into one distance calculation. A signif-
icant additional computation in the correlation-based localization is evaluating the
correlation function between the state variables and the measurements, which fills a
matrix C,, € ®"*™ Its computation requires nm N floating point operations to obtain
the covariance C,, = AY". To get the correlation matrix, we must also normalize
by the standard deviations of A and Y. This computation significantly increases the
cost of calculating which measurements to use for each parameter update. On the
other hand, each of the local updates will be less costly than the global one as they
use fewer measurements in the inversion, and the final update equation is still nN?2
number of operations. Another primary concern is the storage of C,, € %"*™, which
becomes challenging for large models with many measurements. However, we can
compute C, recursively row by row while computing the local updates.

Another simplification is possible since we expect many adjacent variables to
use the same observations in the local update. Thus, a better strategy is to compute
the correlations for reasonably sized blocks of rows of Z, corresponding to adjacent
variables and grid points, one at a time, and then identify which observations are
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active when updating each block of variables. In this approach, we would select a
dominant variable in the grid-bloock’s center to evaluate the correlations with the
measurements. By dividing the state ensemble matrix Z into subblocks, we may
reduce the computational cost by orders of magnitude.

We can significantly reduce the number of inversions by reusing the transition
matrices T; for all state variables updated with the same set of measurements. We also
note that while ES and ESMDA initialize W = 0 in each update, EnRML requires
the storage of n matrices W; of size N x N. Thus, using ES and ESMDA with
correlation-based localization is significantly simpler than using EnRML. In EnRML,
we also advise using the initially selected active measurements for all the subsequent
iterations. Note again that Neto et al. (2021) used correlation-based localization with
EnRML and updated blocks of neighboring state variables to reduce the number of
local updates.

7.4 Selecting a Correlation Truncation Value

Itis possible to derive a theoretical value for the sample-correlation standard deviation
using the Fisher transform (see Eq.9, Flowerdew 2015). It says that the variable r;;
from

= arctanh(p;;), (7.3)

evaluated from the correlation p;; between the measurement number j and the state
variable number /, will be approximately normally distributed with a standard devi-
ation of 1/4/N — 3. We need the sample standard deviation of the correlation p for
adaptive correlation-based localization. However, from Fig. 7.2, we see that the stan-
dard deviation estimates of p and r are nearly identical for the low correlations we
wish to truncate. The Fisher transformation corrects for the skewness in the sample
standard deviation’s distribution close to a correlation of one.

In the case of physically uncorrelated measurements and state variables, the
finite ensemble size will lead to spurious correlations with a normal distribution
N(0,1/(N — 3)), i.e., with zero mean and a standard deviation of 1/+/N — 3. To
remove 99.7% of these spurious correlations, we can truncate all measurements
with predicted correlations to a state variable of less than three standard devia-
tions (see Fig.7.1). The choice of three standard deviations makes sense since we
wish to remove “all” spuriously correlated measurements, so, for now, we set the
truncation to

Figure 7.3 illustrates the truncation of measurements with different levels of true
physical correlation. We use an ensemble size of N = 100 and a truncation defined
by Eq. (7.4) and assume its distribution is approximately Gaussian, which is a
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Fig. 7.2 Fisher transformation from Eq. (7.3). Note that the transformation is negligible for cor-
relations in the interval [—0.6 : 0.6] where we apply the correlation-based localization. Thus, the
Gaussian assumption on the distributions of sample correlations in Fig.7.3 is valid

valid approximation in the range of correlation values we consider, see Fig. 7.2 and
(Flowerdew 2015, Fig.7.1).

In the upper plot of Fig. 7.3, we assume zero physical correlation between a mea-
surement and the state variable, as would be true for many of the model’s variables.
When using a truncation value defined by Eq. (7.4), we will remove an uncorrelated
measurement in 99.7% of the cases when truncating based on the sample correlation.
The third plot of Fig.7.3 illustrates that when the measurement has a low physical
correlation of 0.2, we remove the measurement in 84.1% of the cases. An alternative
interpretation is that with many measurements with a correlation value of 0.2, we
will retain 15.9% of them. When the correlation value is 0.3, we will keep half the
measurements.

By applying this truncation scheme, we will remove some measurements with a
higher physical correlation value located in the range (Ogunc : 20trunc)> S We truncate
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Fig. 7.3 The plots show the impact of truncation for measurements with a physical correlation,
as denoted by the white vertical line in the case with sampling errors corresponding to using 100
realizations. The distribution’s red part corresponds to the truncated measurements, while the blue
part indicates the retained measurements. The symmetry in the plots accounts for both positive and
negative correlations. The vertical blue lines indicate the theoretical truncation value from Eq. (7.4)
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these measurements if the sampling correlations are below the truncation value pgync.
We will truncate 15.9 % of the measurements having a correlation value equal to
0.4 and 2.27% of those with a truncation value equal to 0.5. There is barely any
truncation for measurements with a correlation value above 0.6.

Hence, we remove a significant fraction of measurements with physical finite
correlation in adaptive localization. Still, we only removed those with a low sample
correlation, and they would have had less impact on the update anyway. Thus, we
will lose some information by truncating measurements with a significant physical
correlation, and we include some measurements we could have excluded using a
correctly specified distance-based correlation. However, distance-based localization
might also include measurements with negligible physical correlation, negatively
impacting the results through their spurious correlations.

7.5 Additional Tapering of Distant Measurements

In standard covariance localization methods (Evensen et al. 2022, Chap. 10) one
uses a tapering of the covariance functions damping long-range spurious correla-
tions. In local analysis, we update grid point by grid point and risk using slightly
different observations when computing the updates at two adjacent grid points. This
approach will introduce small discontinuities in the updated realizations. Thus, to
ensure smooth updates, we introduce tapering by inflating the errors of the most
distant or least correlated of the included observations. This error inflation reduces
these observations’ impact on the analysis and effectively works as a tapering of the
covariance functions.

The tapering algorithm assumes we retain the original observation errors for obser-
vations with a small correlation distance. In contrast, for the more distant ones of
the included observations, we inflate the observation errors by a factor that increases
exponentially from one to a defined maximum value at the truncation distance.

We can define a correlation distance similar to the Euclidean distance used in
distance-based localization, as

deore(l, j) =1 —|p(, I € [0, 1], (7.5)

where p(/, j) is the ensemble correlation between state variable number / and mea-
surement number ;. If the correlation equals one we have a minimum distance of
zero, while if the correlation is zero, we obtain the maximum distance of one. The
truncation distance is then

dtrunc =1- Ptrunc - (76)

We use observation error inflation to reduce the impact of the most remotely
located measurements within the truncation distance. We prescribe the error inflation
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Fig. 7.4 The plot shows Eipflate (dcorr) for an example where we set pyunc = 0.3, which gives
dirunc = 0.7, and the maximum inflation at dipync 1S Emax = 4.0. We plot the inflation curves for
several values of 8, which defines at what correlation distance, Bdirync, We start inflating

1 deorr (I, J) < Bdirunc

Eunc(, j) = o 2 , , (7.7)
" exp(%) deor (1, J) > Belixune

where 8 € (0, 1) defines at which distance the measurement error inflation becomes
active. If we require that Ejpf = Epnax when deor (1, j) = dyrunc, we obtain the follow-
ing value for the parameter b in Eq. (7.7),

b= (1 - ﬂ)dtrunc
VIn(Enay)

So, we retain the original observation errors for measurements at a distance deor (/, )
closer to the grid point than Bdiy.. For observations located further away, we delib-
erately inflate the errors by the factor Ej,¢(/, j) to reduce their impact on the update,
se Fig.7.4. This procedure ensures that when we introduce a new measurement to the
local analysis, when moving from one grid point to the next, the measurement will
have less impact until we arrive at a grid point where its correlation with the variable
becomes more significant. It is straightforward to use the same tapering strategy
in standard distance-based localization. Vossepoel et al. (2025) have demonstrated
the positive impact of this tapering strategy when using adaptive correlation-based
localization.

A final point is that the Fisher transform shows that the sampling error for high
correlations (i.e., close to one) is much lower than for low correlations. Thus, updates
with measurements highly correlated to the state variables will have a lower sampling
error than those with lower correlations.

(7.8)
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7.6 Pragmatic Implementation

The transition matrix is obtained following (Eqgs. 8.32-8.34, Evensen et al. 2022)
T=Iy+W/VN -1, (7.9)

where .
W =S8"(ss" + EE") (D —g(z")), (7.10)

and
Y f >N-1
S— orn = (7.11)
YATA forn < N — 1.

In the equations above, the measurement matrix D € %"V contains all measure-
ments at an update step, and we represent the measurement errors by the measure-
ment perturbation matrix E € R™*"_ Similarly, we have the predicted measurement
anomalies in Y € {"*N,

For each local update we extract the rows corresponding to the measurements
located within the truncation distance from D, Y, and E and store theminD; € ®%" <V,
Y; € N and E; € >N, We implement the tapering according to Eq. (7.7) by
multiplying each row of E; by the corresponding inflation factor Ei¢(l, j).

We can significantly reduce the computational cost by including subgroups of
neighboring variables in each local update. For example, in a 3D model, we could
select a subgroup of all variables in a vertical grid point column. Hence, if we have 25
vertical model layers and two variables per grid point, e.g., porosity and permeability,
we reduce the number of inversions by a factor of 50. Furthermore, if we include the
neighboring grid points in the subgroup, we will have nine vertical columns of 25
layers and two variables per grid point, and we will reduce the number of inversions
by a factor of 450. We can also similarly reduce the number of correlations we must
compute by selecting one or a few variables in the subgroup that we expect to have
the highest correlation. To conclude, there are possibilities for significantly reducing
the cost of the local correlation-based analysis.
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Chapter 8
Non-gaussian and Categorical Variables e

Abstract Ensemble methods work with continuous Gaussian distributed parameters
and cannot directly handle non-Gaussian or discrete ones. However, it is straightfor-
ward to represent non-Gaussian parameters with an underlying Gaussian representa-
tion followed by a transformation into the non-Gaussian parameters. We can then use
the ensemble methods without violating the Gaussian assumption, but at the disad-
vantage of introducing additional nonlinearity through the nonlinear transformation.
This chapter will discuss the formulation of the Truncated Pluri-Gaussian Simula-
tion (TPS) and Adaptive Pluri-Gaussian Simulation (APS) methods for modeling
categorical facies variables.

8.1 Introduction

A fundamental assumption in the derivation of the ensemble methods is the Gaussian
Approximation 4 in Chap. 2. This approximation assumes that all state variables are
the Gaussian distributed, which allows us to go from Bayes’ theorem to a quadratic
cost function formulation. However, several critical parameters are not well-modeled
as Gaussian in reservoir history matching. Examples include log-normal distributed
permeability fields and fault transmissibility distributed uniformly or log-uniformly
over the interval from zero to one. The standard approach for handling these non-
Gaussian variables in the ensemble history matching is to represent them using under-
lying Gaussian distributions as the estimated state variables. We then derive the model
parameters using different transformations from the Gaussian to their actual distribu-
tion. This approach ensures that we do not violate the Gaussian Approximation 4 but
with the cost of adding a nonlinear function to the chain of model steps from the Gaus-
sian parameter representation to the predicted measurements. Still, suppose the total
nonlinearity is weak, and a “moderate” change of the input Gaussian field leads to a
monotonic response in the predicted measurements. In that case, using the iterative
ensemble assimilation methods leads to consistent and improved Gaussian parameter
representation updates. This approach for handling non-Gaussian parameters in the
history matching has been typical since the first ensemble history-matching papers
for reservoir simulation models (Evensen et al. 2007; Haugen et al. 2008 e.g.,).

© The Author(s) 2026 65
G. Evensen et al., Ensemble History Matching,
https://doi.org/10.1007/978-3-031-99155-4_8


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-99155-4_8&domain=pdf
https://doi.org/10.1007/978-3-031-99155-4_8
https://doi.org/10.1007/978-3-031-99155-4_8
https://doi.org/10.1007/978-3-031-99155-4_8
https://doi.org/10.1007/978-3-031-99155-4_8
https://doi.org/10.1007/978-3-031-99155-4_8
https://doi.org/10.1007/978-3-031-99155-4_8
https://doi.org/10.1007/978-3-031-99155-4_8
https://doi.org/10.1007/978-3-031-99155-4_8
https://doi.org/10.1007/978-3-031-99155-4_8
https://doi.org/10.1007/978-3-031-99155-4_8
https://doi.org/10.1007/978-3-031-99155-4_8

66 8 Non-gaussian and Categorical Variables

On the other hand, the facies estimation adds another level of complexity to the
history-matching problem. Not only are the facies fields non-Gaussian distributed,
but they are also discrete or categorical variables that change abruptly, e.g., from sand
to shale, from one grid point to the next. Fortunately, there is a well-developed frame-
work, i.e., the Truncated Pluri-Gaussian Simulation (TPS) method, for representing
different facies configurations using underlying Gaussian fields in combination with
atruncation scheme. The following section discusses the standard truncated Gaussian
and pluri-Gaussian simulation methods in some detail. After that, Sect. 8.3 introduces
probability fields in the TPS method, leading to an even more valuable and flexi-
ble facies representation suitable for history matching: the Adaptive Pluri-Gaussian
Simulation (APS) method used on the Troll field in Chap. 14.

8.2 Truncated Pluri-Gaussian Simulation

The Truncated Pluri-Gaussian Simulation (TPS) method generates facies realizations
using a truncation map to project Gaussian random fields into discrete fields. The
truncation map can be user-defined, based on prior geological knowledge (Liu and
Oliver 2005), or inferred from the geological model (Sebacher et al. 2013). TPS is
a generalization of the Gaussian truncation method (Matheron et al. 1987), where
one truncates a single Gaussian field using predefined thresholds on the real axis.
Figure 8.1 illustrates the Gaussian truncation method where one simulates a Gaussian
field, then applies a simple truncation rule and obtains a facies realization. In Fig. 8.1,
the grid cells with Gaussian random field (GRF) value above zero get assigned the
sand facies type, and correspondingly, the grid cells with Gaussian value below zero
will have a shale facies type. We can shift the zero truncation value to any other
number to change the fractions of shale and sand in the reservoir. However, the
current scheme is unable to represent more complex facies models.

TPS applies truncation rules that combine several Gaussian random fields into one
facies realization, i.e., using more than one Gaussian field and a higher dimensional
truncation method. First introduced by Galli et al. (1994) and further developed by
Le Loc’h et al. (1994) and Le Loc’h and Galli (1997), the TPS method initially
truncated two Gaussian random fields using a map defined in two-dimensional real
space. The vertical and horizontal lines intersect to divide the space into rectangular
subdomains, with each subdomain assigned a specific facies type. The approach leads
to different facies distribution realizations by varying the geostatistical properties of
the Gaussian fields, reflecting the distinct characteristics of each facies type.

In Fig. 8.2, we have shown how to transform two different Gaussian random fields
into facies realizations. To the left, we display the two Gaussian GRF1 and GRF2
fields with different variograms. In the center, we show two different truncation maps
and truncation rules; to the right, we plot the corresponding facies realizations.
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Fig. 8.1 The figure demonstrates how to transform the continuous Gaussian random field (GRF)
to the left into the discrete facies map to the right using the truncation rule in the center. Values
larger than zero indicate sand, and values below zero indicate shale. We generated the contour plots
presented in this chapter using the RMS software from Emerson and AspenTech
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Fig. 8.2 The lower plot illustrates a pluri-Gaussian case where we use two GRFs and a two-
dimensional truncation map to create realizations. The example shows how a change in the truncation
map will impact the facies realizations and, in this case, the crevasse splay and floodplain distribution

For the upper truncation maps, as long as the GRF1 field has a value above zero,
we put channel belt facies in those cells. If the GRF1 is below zero, we apply a similar
check of the GRF2. If the value is above zero, we put the crevasse splay facies in the
grid cell; if it is below zero, we put the floodplain facies in the grid cell.
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We have slightly changed the truncation rule for crevasse splay versus floodplain
in the lower truncation map. If GRF1 is above zero, we still put channel belts in
the facies realization. However, if it is below zero, we check GRF2; this time, the
value must be above 0.3 to have crevasse splay. Compare the two realizations (top
and bottom right) to see that the fraction of crevasse splay within the floodplain has
decreased.

This method fits the ensemble framework nicely since the facies realizations
depend on continuous and Gaussian fields that we can update using the correlations
between the fields and the simulated data. Truncated Gaussian methods lead to facies
realizations that honor the geological concept as long as a combination of Gaussian
fields and truncation rules represents the facies concept. The flexibility of the method
is restricted only by the shapes and patterns we can represent in the Gaussian fields.
Moreover, the method fits a multiple realization framework because we simulate the
Gaussian fields according to a statistical prior.

One of the critical challenges in the TPS method is conditioning facies fields to
“hard” data, such as facies observations collected at exploration wells (e.g., Lantuéjoul
2002; Armstrong et al. 2011). Emery (2007, 2008) studied practical considerations
for implementing TPS with hard and soft data and developed computer programs for
conditioning facies simulations and validating algorithms. Due to its straightforward
implementation within the inverse modeling processes, TPS was applied in synthetic
fields by Le Ravalec-Dupin et al. (2004) and in real fields by Deraisme and Farrow
(2005). Itis possible to enforce well-log observations in the prior ensemble iteratively,
but the constraints may fail to be honored during production data assimilation. One
approach to honoring log data of the facies types is to use the Ensemble Smoother
to update the ensemble of Gaussian fields using pseudo-observations corresponding
to the facies type, i.e., define (GRF1, GRF2) observations with uncertainty located
at appropriate locations in the truncation map. The updated ensemble of Gaussian
fields will then change to honor the assimilated data and reduce uncertainty at the
data locations, preventing further significant updates at these locations. Thus, the
ensemble framework provides a consistent but ad-hoc method for conditioning on
direct facies measurements observed from log data.

It is not straightforward to see how we can make the TPS method honor the
facies fractions, which must be global or semi-global. An essential aspect of prior
information in facies fields involves the potential contacts between different facies
types. Xu et al. (2006) tackled this issue using a binary dynamic contact relation
matrix within the pluri-Gaussian simulation framework.

Finally, explaining the relation between the variograms in the Gaussian fields and
the ad-hoc truncation map is complicated. Le Loc’h and Galli (1997) explored the
relationship between the variogram of Gaussian fields and the indicator variogram
of facies for the case of stationary proportions. They also introduced a conditional
simulation technique for handling non-stationary facies proportions.

Liu and Oliver (2005) introduced the first integration of the TPS method within
ensemble-based history matching. Their approach automatically adjusted the facies
boundaries when they updated the Gaussian random fields with new measurements.
They used the ensemble Kalman filter (EnKF) and randomized maximum likeli-
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hood as the history-matching methods, comparing their performances with EnKF,
which gave the best results. The facies simulation model employed a truncation map
with three lines intersecting in two-dimensional space to create seven regions, each
assigned a facies type.

This same truncation map, alongside EnKF, was later used by Agbalaka and
Oliver (2008) in a three-dimensional model with three facies types, where any two
facies types could be in contact. They also incorporated a distance-based localization
scheme. After assimilating production data, they modified the Gaussian field values,
resulting in facies fields that sometimes did not match the observed facies types.
They applied an additional iterative procedure to correct this mismatch. The facies
observation operator used a proxy function that returned zero if the facies matched
the observation and one if not.

Zhao et al. (2008) expanded the truncated pluri-Gaussian model introduced by
Liu and Oliver (2005) into an iterative EnKF process, integrating both production
and seismic data for a three-dimensional reservoir model with three uncorrelated
vertical layers. Agbalaka and Oliver (2009) applied EnKF to facies fields exhibiting
non-stationary facies proportions while simultaneously updating the petrophysical
properties of the facies.

Astrakova and Oliver (2014) applied TPS coupled with an iterative ensemble
smoother, incorporating an interior-point method for handling inequality constraints.
The interior-point formulation ensured they maintained the correct facies types at
well locations.

8.3 Adaptive Pluri-Gaussian Simulation

So far, we have presented the truncated pluri-Gaussian simulation method and learned
that the technique simulates realistic facies realizations. This section will introduce
the Adaptive Pluri-Gaussian Simulation (APS) method, a facies modeling algorithm
based on the TPS method. However, APS introduces an adaptive truncation map that
varies at each grid cell according to the prior information about the geology.

Sebacher et al. (2013) introduced a probabilistic operator for facies observations
and derived the TPS truncation map based on a maximization criterion. They also
developed the concept of using probability fields to estimate each facies type and
with truncation map parameters incorporated into the state vector for improved
uncertainty quantification. This approach led to the APS method, which represents
the categorical nature of facies fields by using underlying Gaussian random fields,
like in TPS, together with a spatially varying truncation map to define a facies type
at each grid cell. Only the underlying Gaussian random fields are random, while we
define possibly different truncation maps for each grid cell, which we use for all
realizations. We obtain the spatially varying truncation map from facies probability
fields, which we define on the reservoir grid.

A facies probability field contains spatial information about the probability of
having a specific facies at a particular grid point. We can gather this type of infor-
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Fig. 8.3 The left panel shows an example of probability cubes for facies distributions conditioned
on well-log data. Note how three wells have probability one for channel belts and zero for crevasse
splay and floodplain. The right panel is a probability truncation map for a model gridpoint where x
and & comes from Egs. (8.2) and (8.3)

mation from different sources. Well-log data will give us a highly accurate facies
log on a fine scale. Inverted seismic can provide a good indication over a large area,
although the uncertainty is significantly higher than the well-log data. Outcrops give
information on the geological concept. Thus, we start by constructing normalized
facies probability fields for all facies on the reservoir grid that include all prior geo-
logical knowledge of the reservoir, see Fig. 8.3. We assume that the facies probability
fields are normalized such that the probability of having a facies in a cell sums to
one.

Next, we simulate the ensemble of pairs, y;, y2, of Gaussian random fields with
variogram ranges reflecting the geological concept, similar to the approach used in
the TPS method. An essential difference from TPS is that the unit square truncation
map lives in the closed [0, 1] x [0, 1]-space (see Fig. 8.3 for an example truncation
map), while the Gaussian fields live on the infinite axes. The unit square is similar
to the truncation maps used in TPS, but we need to relate the Gaussian random
fields to the truncation map, defined with values between zero and one. Thus, we
transform each Gaussian random field to a [0, 1]-space, using the normal cumulative
distribution function for the probability integral transform (Casella and Berger 2024):

aly) = \/% f_;o e 24y, 8.1)

see Fig.8.4. We now have the Gaussian fields and a truncation map in the same
space, see Fig.8.5. By labeling the first and second axes as the «;-axis and the a,-
axis, respectively, there is a direct link between the GRF fields, y; and y,, and the
truncation map. Thus, it is possible to use the TPS strategy, and we have a method
from the TPS family using an adaptive truncation map.

Figure 8.3 shows an example of three probability fields conditioned on well-log
data that indicate a high probability for channel belts and a low probability for
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Fig. 8.4 Transform the
Gaussian field to a closed
[0,1]-domain

=2 2 0 1

crevasse splay and floodplain for three wells. There has to be only one facies type
per cell. The unit square’s area property and the unit cube’s volume property share
this property of summing to one. So, for a given cell, it is possible to represent the
facies probability fractions as different regions in, say, the unit square, see Fig. 8.3.
As long as we place the lines according to the formulas for x and 4 respectively, i.e.,

x=1-"P1, (8.2)
P2

h=1- ,
1-P1

(8.3)

where P1 and P2 are the probabilities of having channel belts and crevasse splay,
respectively, see Fig. 8.3, The area associated with the facies type equals the proba-
bility of having that facies in the grid cell. This template truncation map will change
for different grid cells according to the facies probability values in each cell, which
defines the adaptiveness of the APS method. If a well has a probability of one for
one of the facies, the entire truncation map will consist of only one region, the facies
observed in the facies log. Thus, while the TGS method honors hard data by updat-
ing the Gaussian random fields and their uncertainty, the APS method updates the
facies probabilities and uses these to change the truncation map. Still, the outcome is
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Fig. 8.5 Labeling the truncation map creates a direct link to the “o”-fields

similar, although APS possibly provides greater flexibility and ease in representing
more general prior facies models.

Thus, in the example above with three facies types and the truncation map in
Fig. 8.5, the procedure for using APS is as follows. For each grid cell (i, j, k), evaluate
the probabilities P; and P; to create the truncation map from Egs. (8.2) and (8.3).
Then, compute «; and «, from the GRF fields y; and y,, and determine the facies
type from the truncation map.

Sebacher et al. (2015), Sebacher et al. (2016) applied the APS method in the
context of multi-point geostatistical simulation (MPS) (Caers and Zhang 2004) where
random fields, only marginally Gaussian, were truncated using different truncation
maps. These random fields were employed to parameterize complex channelized
reservoirs generated with MPS and a training image. Unlike standard TPS, these
fields were marginally defined by sampling from a standard Gaussian distribution,
with truncation maps derived from the probability fields of facies calculated from an
ensemble of MPS realizations.
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Chapter 9 ®)
Nonlinearity Effects e

Abstract Nonlinearity is ubiquitous in the relationship between production data and
reservoir properties. In most cases, it makes the posterior pdf for inverse problems
non-Gaussian, so data assimilation methods that work for linear problems may not
be suitable. As discussed in the previous chapters, we can classify the ensemble-
based data assimilation methods into two distinct families: the MDA family that
repeatedly assimilates the same data many times but with inflated observation error,
and the iterative ensembles smoother based on minimization of stochastic objective
functions. Both methods provide approximate sampling when the data assimilation
problem is nonlinear, but the approximation type differs. In this chapter, we examine
the sampling properties for a range of degrees of nonlinearity to better understand
the methods’ limitations.

9.1 Introduction

Before one can claim to understand a method, it is necessary to understand its lim-
itations. In Chap. 6, we discussed two ensemble-based approaches to assimilating
data when the relationships between the model’s state vector and the data are nonlin-
ear. The first method is an ensemble-based approximation of the randomized maxi-
mum likelihood method (EnRML) that uses optimization for sampling. For nonlinear
inverse problems, the distribution of samples obtained using EnRML is only approx-
imate. In the nonlinear case, EnRML violates the Gaussian Approximate 4, and the
RML Approximate 6 would require a weighting of the realizations to obtain the cor-
rect result (Ba et al. 2022). Since it is rarely feasible to compute the weights in real
problems, the distribution of samples from standard, unweighted EnRML is only
approximately correct for nonlinear inverse problems. In addition, EnRML applies
the linear regression Approximate 7 to represent the individual model sensitivities
for each realization with a common averaged one, which may cause problems for
the iterative EnRML method with nonlinear models. Consequently, the gradient esti-
mate for an individual model realization can be very poor, and all realizations may
converge to a single mode of the posterior distribution.
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The second method is the ensemble form of multiple data assimilation (ESMDA,
see Sect. 6.4). In Sect. 3.6, we showed that the factorization of the likelihood is exact
as long as the sum of the inflation factors, 1/«; equals one. For linear data assimilation
problems, the ESMDA updates do not change the Monte Carlo approximation of the
posterior pdf when using multiple updates with the actual observation set and properly
inflated observation errors. However, the ESMDA method becomes an approximation
for nonlinear models since it uses the linear ES update equation to compute the
distribution of updated state variables from the previous update step. Each ES step
will suffer from the approximations applied to derive the EnRML method and the
linearization from Approximate 5 used to derive the ES update equation. The method
may stall for nonlinear models even when the actual posterior distribution appears
to have a single mode.

9.2 A Simple Nonlinear Model

The following single-variable examples illustrate some limitations imposed by the
use of ensemble methods for nonlinear data assimilation problems by comparing the
evolution and final distribution of samples for three different data assimilation meth-
ods: the non-iterative Ensemble Smoother (ES), the iterative Ensemble Randomized
Maximum Likelihood (EnRML), and the Ensemble Smoother with Multiple Data
Assimilation (ESMDA). We use three nonlinear observation operators, introduced
by Chen and Oliver (2013), with varying degrees of nonlinearity, to illustrate the
effects of nonlinearity and multi-modality on performance.

gr(x) = 8x Linear (monotonic) 9.1)
2 2

go(x) = Ex3 — Exz + 8x Slightly nonlinear (monotonic) 9.2)

g1(x) = §x3 — Exz + 8x Moderately nonlinear (monotonic) (9.3)
20 , 20 , . . .

ox) = Ex‘ — 7)6 + 8x Highly nonlinear (non-monotonic)  (9.4)

Figure 9.1 illustrates the properties of the three nonlinear measurement functionals
and their implications for the data assimilation problem. From the upper plot, g (x),
go(x), and g(x) are monotonic functions of x, while the highly nonlinear func-
tion g»(x) is non-monotonic. All three functions also pass through the points (0, 0)
and (6, 48). Non-monotonic measurement functionals pose problems for uncertainty
quantification, in general, and for ensemble-based data assimilation methods, in par-
ticular, as discussed by Chen and Oliver (2013), Evensen (2018), and (Evensen et al.
2022 Chap. 18).



9.2 A Simple Nonlinear Model

100

50

-50

3000 |

2500

2000 F
1500

1000 |

1000

500 |

500 f

10001
2

500 |

Observation functions g(x)

PN [T T S [T T S T [T T S S [T T S T [T S T YT S ST Y SO S B

gL(x)
g0(x)
g1(x)
g2(x)

-1 0 1 2 3 4 5 6 7
X

Cost functions 7 (x)

iL(x)
i0(x)
1(x)
i2(x)

Cost function gradients V.7 (x)

djL(x)
djo(x)
dj1(x)
dj2(x)

7

Fig. 9.1 The upper panel displays the observation operators from Eqgs. (9.1)—(9.4) used in the
numerical examples. The middle panel shows the resulting cost functions from Eq. (9.5), and the
bottom panel plots the cost function gradients
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For the assimilation experiments below, we assume a prior distribution for the
model variable x to be the Gaussian A/(—2, 1) with the mean at —2 and a variance
equal to 1. The unknown true value of x equals 6, which is far outside the plausible
region based on the prior distribution. We observe a nonlinear function of the true
variable for each experiment with an unbiased Gaussian measurement error, d ~
N(g(6), 4), where the observation functionals evaluated at x = 6 equals 48 in all
three cases and the measurement errors’ standard deviation equals 2.

For the data assimilation experiments, the cost function (see Fig. 9.1, middle panel)
is

(x +2)° n (g(x) —48)°

J(x) = B B ,

9.5)
where the function g(x) is one of g; (x), go(x), g1(x), and g>(x), from Egs. (9.1-
9.4). All cost functions have minima in the range x € (5.5, 6.0), although J>(x) has a
second local minimum near x = 0. Greedy optimization algorithms use the gradient
or an approximation of the gradient to locate the minimizers. We note in Fig.9.1
(bottom) that the magnitude of the gradient of the objective function for g, (x) varies
greatly in the interval between the prior mean and the maximum a posteriori (MAP)
point, with regions of near-zero gradient and regions in which the gradient will drive
a descent-based algorithm away from the MAP location. The situation for g;(x),
while not as bad, has regions of nearly zero gradient far from the MAP.

As g1(x) is monotonic, there are no local minima in the cost function Jj(x).
However, as the cost function becomes relatively flat close to x = 2, its gradient
is close to zero, and hence, the cost function’s gradient also becomes close to zero
around this location. This behavior implies that the gradient methods may converge
slowly for particles in the neighborhood of x = 2. Note also that with the prior
centered around x = —2, all the particles must propagate through this area with a
low gradient value.

For the highly nonlinear observation function, g,(x), we obtain a cost function
having a local minimum located just above x = 0 and the global minimum at x =
5.99. We now have a situation where particles must propagate through this local
minimum toward the global minimum, which becomes an impossible task for any
gradient method. We also note that the high relative value of the cost function at the
local minimum compared with the global one yields a posterior probability density
function with no visible or significant value around the local minimum.

Finally, we also note that the width of the cost function’s “well” around the
global minimum determines the posterior uncertainty, and in our case, the posterior
uncertainty is the smallest for g, (x) and then gradually increases for g; (x) and then
go(x).

In the following experiments, we evaluate the consequences of applying ES,
EnRML, and ESMDA. For ESMDA, we indicate the number of MDA steps used
as part of the method name, e.g., ESMDA with four assimilation steps becomes
ESMDA_4. For this low-dimensional problem, we can compare results with the
actual posterior distribution, which we denote as Bayes in the figure legends. Also,
to reduce the effects of Monte Carlo sampling errors, we use a large ensemble size.
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Fig. 9.2 Posterior estimate using the linear function g7 (x)

All methods start by drawing samples from the prior and measurement distri-
butions except for the ESMDA method, which samples the observations at each
assimilation step from A (g(6), 4a). Although, for practical purposes, the prior pdf
for x is inconsistent with the data in the numerical examples, the two ensemble-based
data assimilation methods can generally approximate the posterior distribution for
some of the test functions.

9.3 Assimilation of a Linear Observation

For the linear observation operator, g, (x), all methods, including ES, give results
that are indistinguishable from the true Bayes distribution (Fig.9.2). The EnRML
method was relatively inefficient for this problem because it started with a large value
A = 1000 of the Levenberg-Marquardt damping parameter, which was only allowed
to decrease by a factor of 4 at each iteration. The efficiency of the ESMDA method
is given by the number of data assimilation steps we specify before initiating the
algorithm. The results with any number of steps are identical.

9.4 Assimilation of a Weakly Nonlinear Measurement

For the function go, which is only slightly nonlinear in the domain of interest, EnRML
converges after about 10 iterations to an excellent approximation of the true posterior
pdf (compare the green and black pdfs in Fig. 9.3). The slight variations in the gradient
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Fig. 9.3 Posterior estimate using the weakly nonlinear function go(x)

do not appear to cause difficulty in the convergence as shown in the left panels of
Fig.9.4.

The ESMDA algorithm does not perform as well as the EnRML algorithm for this
test problem. The distribution of samples from ESMDA with 32 equal assimilation
steps was somewhat biased, although probably acceptable in most practical appli-
cations with small ensemble sizes. For 64 steps and more, the results from ESMDA
change very little (Fig. 9.3). Although the nonlinearity is relatively small in this exam-
ple, the cost function deviates significantly from quadratic when the measurement
error variance is large. This deviation has a noticeable effect on the cost function at
intermediate data assimilation steps for ESMDA, causing the particles to advance
towards the posterior distribution more slowly than they should (Fig. 9.4, right pan-
els). Because the posterior distribution after an update step in ESMDA becomes the
prior for the next update step, update problems at early steps will propagate from
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Fig. 9.4 Ensemble-based data assimilation for a slightly nonlinear observation function go(x).
The dashed line is the true pdf for partially assimilated data. It is the distribution that the histogram
should match. At assimilation step 32, it is identical to the target posterior pdf
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Fig. 9.5 Posterior estimate using the nonlinear function g (x). In this case, the EnRML solution
(green curve) falls on top of the true posterior pdf

step to step, and the method will not be able to recover at later steps. For this slightly
nonlinear example, however, the results are relatively good when using 32 or more

data assimilation steps.

9.5 Assimilation of a Moderately Nonlinear Measurement

Like the previous example, the observation function g; is monotonic, but in this
case, the observation function has a relatively small derivative at x = 2, resulting in
slower convergence. The nonlinearity is higher than for gy due to the more substantial
influence of the cubic and quadratic terms in the polynomial. In Fig. 9.6, the EnRML
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Fig.9.6 Ensemble-based data assimilation for a moderately nonlinear monotonic observation func-
tion g (x)

algorithm samples the posterior distribution nearly perfectly after 8 to 10 iterations. In
contrast, the ESMDA algorithm with 32 assimilation steps converges to a distribution
quite far from the correct posterior distribution. The final distribution for ESMDA is
improved when using 128 equally spaced data assimilation steps and further enhanced

with 256 data assimilation steps. Increasing the number of assimilation steps beyond

256 results in minimal change to the final distribution (Fig.9.5).
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Fig. 9.7 Development of multi-modality at intermediate data assimilation steps for the moderately
nonlinear observation function (g;)

Ensemble data assimilation methods often work well for sampling from noisy
distributions with a global maximum and many minor maxima. However, the methods
usually perform poorly when multiple global modes of similar depth or height exist.
For the observation function g, the failure of ESMDA to sample correctly results
from the development of bimodal distributions with approximately equal mass in both
modes at intermediate data assimilation steps. We can more easily see the growth
and decline of the bimodal distributions for MDA in Fig.9.6. For ESMDA_32, the
bimodality between data assimilation steps 2 and 4 is apparent. In the earliest steps,
the ensemble tracks the leftmost mode well, but with subsequent assimilation, the
rightmost mode near x = 5.5 becomes predominant, but this mode has no samples.
As the assimilation proceeds, the ensemble remains close to the first mode, which no
longer has significant probability mass, and fails to sample the second mode despite
the increasing importance of the second mode.

We see the behavior more clearly when using ESMDA with 512 data assimilation
steps (Fig.9.7). At MDA step 50, almost all probability mass should be located near
x = 1, while we find that the ensemble of particles is slightly displaced to the right.
At assimilation step 53, a small second mode at x ~ 5.5 appears. At steps 56 and 59,
the mass in the second mode has increased, but the ensemble of particles remains
at the leftmost mode. By step 65, almost all of the mass should be located at the
rightmost mode as the leftmost mode is essentially gone. However, the ensemble of
realizations has still not moved.

In the case with moderate nonlinearity, the prior probability density is unimodal,
and the posterior probability density appears unimodal. Bimodality only appears at
intermediate data assimilation steps. From Eqgs. (2.4) and (3.18), it is straightforward
to show that the target probability density at the kth data assimilation step in ESMDA
is
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Fig. 9.8 The ESMDA inflation of measurement errors may lead to multimodal distributions even in
the case with a monotonic measurement functional g1 (x). Here, the cost functions with measurement
standard deviation between four and seven show multimodal behavior
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Thus, at the kth assimilation step in ESMDA with equal steps, we should gener-
ate samples from a distribution with measurement error variance inflated by o/ k.
Figure 9.8 shows the cost functions for the data assimilation problem using the moder-
ately nonlinear observation function g (x) at various levels of observation error stan-
dard deviation. Although several curves show bimodality in the objective function,
affecting the ensemble evolution, only the green curve corresponding to a standard
deviation of the measurement error of 6 (variance of 36) would be visibly bimodal
in probability density. If we use ESMDA with 512 data assimilation steps, then the
bimodality should be visible at step 62 (e.g., when 512/k = 36/4). This result is
verified in Fig.9.7.

9.6 Assimilation of a Highly Nonlinear Measurement

For the highly nonlinear, non-monotonic observation operator, the posterior prob-
ability density is bimodal—although only noticeable in the cost function—and we
do not expect ESMDA or EnRML to sample correctly or even provide a realistic
uncertainty quantification. Results in Fig. 9.9 confirm the expectation of poor perfor-
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Fig. 9.9 Posterior estimate using the highly nonlinear function g (x). In this case, both the EnRML
and ESMDA solutions get trapped in the local minima around x = 0. Interestingly, the rightmost
ESMDA solution is the ESMDA with two steps, and with an increasing number of steps the method
converges to the local minimum

mance. The final distributions of particles for both methods center near the location
of a local minimum in the cost function.

Both the ESMDA and the EnRML methods use ensemble-based gradients to
compute the direction for model improvement in an iterative data assimilation step.
In both cases, we base the estimates of data sensitivity to model parameters on the
current ensemble of predicted data residuals. The two approaches differ, however,
in their use of the ensemble of model mismatch realizations. The EnRML method
estimates the prior covariance based on the initial ensemble of model parameters.
In contrast, the ESMDA method uses the current ensemble of model parameters
(the posterior from the previous assimilation step). If the observation operator is
monotonic as it was for operators g; and g,, the EnRML method generally converges
to a good approximation of the posterior pdf. When the observation operator is non-
monotonic, as it is for g, the updating direction for the ensemble members may
be incorrect, as illustrated in Fig.9.10. In this case, the mode at x = 1.5 is so tiny
that we cannot see it in the figures, yet it affects the sampling. The sensitivity of
the observation to the model variable is negative for g, in the approximate interval
0.5 < x < 3.5, so the EnRML cannot advance the ensemble of realizations to the
primary mode near x = 6. Both assimilation methods fail for this level of nonlinearity
(Fig.9.7).
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Fig. 9.10 Ensemble-based data assimilation for the highly nonlinear observation function (g2)

9.7 Summary

One challenge with using ESMDA for history matching is that, as it is a recursive
algorithm, the current assimilation update’s quality depends on the previous update’s
quality. If an update is poor at some step, it may be difficult for the method to recover.
Even for moderate nonlinearity (a monotonic observation function), intermediate
probability densities can be bimodal, even though both the posterior and the prior
pdfs appear unimodal. On the other hand, ESMDA is easy to apply; we can start with
a single ES step for early testing of the parameterization of the prior and likelihood
functions and later increase n, to an affordable number of steps dependent on the
size of the model and the available computer resources. Typically, when we history-
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Fig. 9.11 RML for sampling with all three observation operators using both local and global
optimization for minimization of the objective function

match reservoir models, we see a significant improvement in the results when using
up to four or eight steps. Still, such a few steps may not suffice in highly nonlinear
reservoir models.

Figure9.11 illustrates the challenges introduced when using EnRML in the pres-
ence of minor local minima. Suppose we initiate the minimization with the sample
from the prior as the initial guess, and we use a greedy minimization algorithm. In
that case, the distribution of samples can be poor, and we may miss some modes
entirely. Conversely, when using a global minimization, the sampling will generally
not be correct, but there is a lesser tendency to get trapped in local minima. Contrary
to ESMDA, EnRML is an iterative method, and the number of required iterations for
convergence will depend on the degree of model nonlinearity.

There are only a few comparisons of ESMDA with EnRML on reservoir history-
matching problems. Chen and Oliver (2013) compared ESMDA and EnRML on the
Brugge benchmark history-matching problem. For this problem, the differences in
results for the two data assimilation methods were relatively small. Still, as they did
not use facies models for updating the permeability or porosity fields, the nonlinear-
ity may not have been significant. Chen and Oliver (2013) compared ESMDA and
EnRML on the small porous flow problem of Emerick and Reynolds (2013), and
again, the differences were not significant.

The examples illustrate the importance of analyzing and understanding the prop-
erties of the minimization problem. It is possible to define poorly posed history-
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matching problems unless we are careful with the definitions of the prior statistics.
For example, we would do much better for the examples discussed here with a prior
distribution located closer to the global minimum to the right of x = 3.5. Thus, we
have designed the current example to illustrate how badly things can go rather than
provide a general comparison of the data assimilation methods used.
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Part 11
Robust Optimization and Closed-Loop
Reservoir Management

Closed loop reservoir management and robust optimization build on and extend
the reservoir-HM methods from Part I to also include the optimization of future
controls with uncertainty and provide the reservoir engineer with tools that support
the decision-making.
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Ensemble Optimization Method e

Abstract The output of ensemble history-matching methods is an ensemble of
model realizations approximating the posterior distribution conditioned on histor-
ical data. The goal is to use this ensemble representation of the reservoir uncertainty
when planning future production and drainage strategies. In closed-loop reservoir
management workflows, robust optimization methods are now a key component.
These methods involve optimizing the expected value of future controls and pro-
duction strategies over the ensemble of history-matched models. The “robustness”
results from the explicit accounting for the reservoir uncertainty in the optimization.
In this chapter, we will discuss a robust optimization method, EnOpt, where we define
the optimum as the controls and strategies that result in the highest net present value
when averaged over the ensemble of reservoir models.

10.1 Overview

The goal of a history-matching workflow is normally to create a reliable reservoir
management model that we can use to perform"what-if" experiments, e.g., how much
additional oil can we produce if we drill a new injector or an infill well in a given
location?

Models calibrated to reproduce historical production data are generally more reli-
able at making predictions of quantities of interest than those that cannot reproduce
past observations. Unfortunately, the available data is insufficient to specify a real-
istic model’s properties uniquely or to provide unique predictions of the outcomes
of contemplated actions. Instead, one potentially has many model parameter realiza-
tions that are equally good at matching the production data. When using an ensemble
method for history matching, one typically obtains O(100) history-matched mod-
els available for reservoir production optimization. In this case, instead of making
decisions based on a single best model or on low, median, and high models, the
model ensemble offers the possibility of computing an expected outcome, which
we can optimize. We use 6 € )" to represent the uncertain variables characterizing
the geological model and a set of control variables u € 9" defining the reservoir’s
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development and operation. We represent the reservoir uncertainty by an ensemble
of model states 6;, where j is a counter over j =1, ..., N realizations.

Suppose we wish to find an optimal control vector u that leads to the highest
expected value of an objective function 2 (u, 6;) (e.g., profitability). We approximate
the expected value by averaging over an ensemble of reservoir model realizations,
each of which is an independent draw from the posterior distribution, conditioned

on production data,
N

— 1
Q(u, ;) = NZQ(u, 9)). (10.1)

j=1

In Eq. (10.1), the average objective function over the ensemble of geological models
0; is computed for a given set of controls u. In the ensemble-average operator, we
always add a subscript j to the random variables used to approximate the expected
value of the objective. A common goal of reservoir optimization is to find the controls
u that maximize €2 (u, 6;) (Chen et al. 2009; Chang et al. 2020 see, e.g.,). Common
specific objectives are to maximize the economic value of a reservoir (or, more
precisely, the net present value) by modifying the location of wells or the rates at
which fluids are produced or injected.

The problem of maximizing the expected value of a reservoir management or
field development objective is complex. Evaluating the objective for even a single
control-variable setting on a single reservoir model parameter is computationally
expensive as it requires running the reservoir simulator over the optimization period.
Another challenge is that the sample average representation of the expected value
may need too many model realizations for reasonable accuracy, in which case the
number of function evaluations increases substantially. Finally, the derivatives of the
objective with respect to the control variables may not be available, so convergence
to the optimum may be slow.

When the objective function for reservoir optimization is differentiable with
respect to the control variables, the most efficient optimization methods are gen-
erally gradient-based, even when the objective function’s landscape has multiple
minima. For most reservoir management or field development problems, the objec-
tive function is the output of a numerical reservoir flow simulator. Derivatives of the
objective function are sometimes, but not always, available. When derivatives are
unavailable, developing code for the computation of derivatives is occasionally fea-
sible. Oliver et al. (2008, Sect. 9.7) provide a relatively straightforward and thorough
description of the adjoint method for computing gradients for multi-phase flow but
see also the more general overview, not specific to reservoir simulation, by Griewank
(2003). The adjoint approach to the computation of derivatives for reservoir man-
agement has been utilized successfully (N@vdal et al. 2006; Wang et al. 2009 e.g.,),
although generally not for optimization under uncertainty, as in that case evaluation
of the gradient of Eq. (10.1) would require N solutions of the adjoint system at each
iteration of the minimization.

An alternative, which does not require the solution of the adjoint system, is to
use derivative-free optimization (DFO) methods. A DFO method uses only function
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evaluations for the optimization. Although methods such as particle swarm and evo-
lutionary algorithms are also “derivative-free,” the term DFO refers only to methods
for local optimization of continuous-valued, single-objective problems (Larson et al.
2019; Moré and Wild 2009).

The EnOpt method provides a means to simplify the gradient computation in
robust optimization. We can then compute one common stochastic gradient over
the ensemble of geological realizations instead of treating each model realization
independently. In the following section, we will introduce the EnOpt method for the
case with a single model realization.

10.2 EnOpt Without Geological Uncertainty

We will first illustrate the EnOpt method for maximizing the objective function in
the case without geological uncertainty, i.e., N = 1 in Eq. (10.1), and we only have
one geological realization 6.

The starting point is the pre-conditioned steepest-ascent method,

vt =u + 9 CuV, Q(u',9), (10.2)

where the superscript i is the iteration index, n’ is the step size, C,, € WV is a
pre-determined symmetric and positive-definite matrix, and V, Q(u, #) € W' is
the gradient of the objective function to the control variables evaluated at the current
values (u', 6).

The EnOpt algorithm (Lorentzen et al. 2006; Chen et al. 2009; Chang et al. 2020)
introduces an approximate stochastic representation of the gradient. The method
computes the gradient from an ensemble of controls, u; ~ A (u, C,), as a linear
regression between the controls and the resulting NPVs. We use the subscript j as an
index for a realization from the ensemble of control values. From here onwards, we
only discuss the gradient approximation at the current iteration i. For the simplicity
of notation, we skip the iteration superscript on “3‘ and note that the geological model
is independent of i. For a given geological model #, we then get an approximation
of the gradient as

VaQ(u,8) £ C,lCy

1
~ 1
~ Cuu N

(10.3)

M=

(uj —ﬁ) (SZ(uj, 0) — Q(uy, 0))

j=1
Here, u is the arithmetic ensemble average of the controls at iteration i, and

Qu;,0) = > 2(u;,6), (10.4)

j=1
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is the arithmetic average of the ensemble of NPVs obtained by evaluating the cost
function for all control realizations. Thus, we only need to compute the sample covari-
ance, C,, € W*!, between the ensemble of controls u ; and the resulting ensemble of
NPVs, 2(u;, 8), where we have retained the j subscript to indicate that the averaging
is over the ensemble of controls. The EnOpt iteration then becomes

Standard EnOpt without geological uncertainty

. . 1
uH—l:ut i
+n N

M=

(w; — 1) (2(u;, 0) - 2(u;,0)). (10.5)

j=1

This formulation defines the original EnOpt algorithm as proposed by Lorentzen
et al. (2006) and Chen et al. (2009). Note that we define the solution as the optimal
control vector defined by the ensemble average of the updated control vectors.

10.3 EnOpt with Geological Uncertainty

When the reservoir properties are uncertain, it is reasonable to seek the optimal
control vector that maximizes the expected value of the objective function. We have
taken this approach when defining our objective function in Eq. (10.1).

A directapplication of an ensemble of controls, as in the original EnOpt (Lorentzen
etal. 2000), to a problem with geological uncertainty requires N simulations for each
of the N geological realizations, and the method would become overwhelmingly
computationally expensive. Chen et al. (2009) developed a version of EnOpt for
cases where the reservoir properties and the optimal controls were uncertain.

Since we wish to compute a single control vector rather than an ensemble of
control vectors, we only need one common gradient for all the geological realizations.
Thus, it makes sense to use a Monte Carlo approach where we sample pairs of
realizations (u;, 6;) from their representative distributions, as this simplifies the
formulation, and we avoid running N2 simulations. Stordal et al. (2016) showed that
this approximation does not introduce any bias in the gradient approximation for a
sufficiently large ensemble size. Thus, in the case of geological uncertainty, we can
use the following definition for the gradient

VaQu,0) 2C.lc,

=€l Xl ) (2fw.0) - 2(u,0).

Jj=1

(10.6)
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Here we have extended the ensemble-average definition from Eq. (10.4) to also
include the ensemble of geological realizations as

Qu;,0) = — ZQ u;,6;). (10.7)

The standard EnOpt algorithm for an ensemble of reservoir models then becomes

Standard EnOpt with geological uncertainty

N

ity %Z(u,. —u) (2w, 0) - 2. 8)).  (108)
j=1

u1+l

A further modification of the EnOpt algorithm with geological uncertainty, intro-
duced by Fonseca (2016), modifies the averaging of the NPVs in Eq. (10.7) by using
the following definition for the gradient

Ve 2(u,0) ~ C. ~ Y (1) (2(w;,0) — (W 6;)). (109

In cases where the geological uncertainty is high, Eq. (10.9) gives a lower variance for
the gradient estimate than Eq. (10.6), see Stordal et al. (2016). Therefore, this work
will use the EnOpt method with Eq. (10.9). In this version of EnOpt, it is necessary
to compute the NPV using u for all geological realizations in each iteration. Thus,
each optimization iteration requires 2N simulations.

StoSAG EnOpt with geological uncertainty

N

't =ul 4y % Y (u; = 1) (2(v;, ) — (W, 6;)). (10.10)
j=1

10.4 Optimization Using the Mean Model

A substantial geological uncertainty will lead to a more noisy gradient and reduce
the covariance between the controls and the resulting NPVs. The recent mean-model
bias correction (MMBC) method by Wang and Oliver (2021) tries to resolve this
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issue by optimizing the controls on the mean model (defined as the ensemble mean
of the geological realizations). It is then possible to use the EnOpt method (formu-
lated without geological uncertainty above) on the mean model and find the optimal
solution more efficiently.

Let us start by writing the objective function in Eq. (10.1) as

1 L Q(u,6)) _
Qu,0)=—Y — 2 Q(u, 0
(u.6;) N; Q(u, 6) (u.6) (10.11)
= a(u) Q(u, 0),
where the precise value of « is
1 N Q(u,0~,~)
o) = - 12:: W. (10.12)

Hence, to compute «(u) for a particular value of u, we need to run N + 1 model
simulations, and if we have an ensemble of N control vectors u; the costis N(N + 1)
model simulations.

For a given control, u, we have from Eq. (10.11) that generally Q(u, ) #
Q(u, ;). If we set @ = 1, we will minimize a different objective function than the
original EnOpt one. To reduce this bias, we will estimate a value of « that improves
the objective function approximation.

The simplest approximation for « is to just set it to one. This choice leads to the
most efficient method as we have no geological uncertainty impacting the gradient
computations, and we need only to compute N simulations per iteration. However,
we are solving a problem different from the original one, but with low geological
uncertainty, this approach will still often provide an excellent optimal control vector.
In the next chapter we will elaborate on the optimization using the mean model and
introduce an additive bias correction method that makes the mean-model approach
more efficient.
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Chapter 11 ®)
Mean-Model Bias Correction Method Gedar

Abstract Optimization using the EnOpt method discussed in the previous chapter
can be expensive for realistic field models. We are therefore encouraged to look for
less computationally costly alternatives that reduce the number of required reservoir
simulations. One such approach is to optimize the controls using the mean reser-
voir model, as was discussed in Sect. 10.4, rather than optimizing over the whole
ensemble of geological models. When the geologic uncertainty is small, or the mod-
eled response to changes in the controls is weakly nonlinear, this approach may give
reasonable results. However, in many realistic cases, optimizing the objective func-
tion over the whole model ensemble will provide a different result than the solution
obtained when we optimize using the mean model. This chapter will delve into an
approach designed to reduce the bias in the approximate objective function, which
is a crucial step in ensuring the accuracy of our optimization process.

11.1 Introduction

Wang and Oliver (2021) introduced the Mean-Model Bias Correction (MMBC)
method as a more efficient alternative to EnOpt. Evensen and Chang (2022) explained
the method further using a unified formulation for EnOpt and MMBC with a mul-
tiplicative bias correction term. In this section, we will revise the MMBC method
using an additive representation for the bias correction described by Oliver (2024)
rather than the multiplicative one from Sect. 10.4.

The computational cost of minimizing the expected value of the objective function
in Eq. (10.1) can be infeasibly high for reservoir production optimization problems
when the cost of evaluating the individual objective functions is high. In standard
approaches to robust optimization, one either needs to evaluate all individual objec-
tive functions at each iteration, i.e., (u, 8;) for all j € [1,..., N], or one uses a
noisy estimate of the gradient which reduces the improvement that can be achieved
in an iteration. In the first case, each iteration is expensive, in the second case more
iterations are required for convergence.

It would be ideal if, instead of evaluating the ensemble of objective functions at
each of the model realizations 6;, a single surrogate reservoir model, 8, could be used
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for decision making, specifically one that resulted in the same optimal decisions as
would be made using the entire ensemble of model realizations. In that case, we
could replace the ensemble of models with the model @ such that the objective in
Eqg. (10.1) becomes
JE— 1 N
Q(u, 6;) = NZQ(u, 0;) ~ Q(u,9), (11.1)

Jj=1

where u is the vector of controls (e.g., well location, injection rate, or drilling order)
and 2 is the objective to be optimized, e.g., net present value (NPV) or greenhouse
gas (GHG) emissions. If the approximation is good, then one might be able to perform
the optimization using only the surrogate model, i.e.,

u®?" = argmin Q(ua) (11.2)

The “mean model” has sometimes been used as a surrogate for the ensemble in
reservoir production optimization (Brouwer et al. 2004; Naevdal et al. 2006; Wang
etal. 2009; Chen et al. 2010), although the justification has generally been simply that
the sample average approximation of the expectation in Eq. (10.4) is too expensive
to use for optimization. In certain situations, however, the mean model is a rigor-
ous replacement for the sample average approximation, and the “approximation” in
Eq. (11.1) is exact. If, for example, the objective function is linear in the uncertain
parameters of the model, such that

E[Q"™(u,0)] = @™ (u, ), (11.3)

then the correct choice is to use the mean model @ for 6. As an example, if the only
uncertain “model parameter” is the oil price, then, as the NPV is a linear function
of oil price, it is valid to use the mean oil price schedule instead of an ensemble of
realizations of oil price schedules for optimization (Siraj et al. 2015).

In general, however, the relationship between quantities like NPV and reservoir
permeability is nonlinear, so using the mean model for optimization does not result
in accurate optimal controls. In that case, we can add a bias correction term that is
a function of the control variables to the objective function evaluated at the mean

model, i.e.,
N

Q(u, 6)) = %Zﬂ(u, 9;) = 2(u. ) +a(u), (11.4)

j=1

where the correct value for a(u) is

a(u) = Q(u, §;) — 2(u, 9). (11.5)
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Although Wang and Oliver (2021) and Evensen and Chang (2022) used a multiplica-
tive bias correction as discussed in Sect. 10.4, we present an additive bias correction
here because it is more robust in the case of small values of the objective function
(Oliver 2024).

11.2 Bias Correction

From this point on, we will refer to the surrogate model 9 as the mean model 6
and will defer until later the specifics of the definition of the mean model. The bias
correction at control setting u is defined to be the difference between the objective
function obtained from the evaluation using the mean model and the sample average
approximation of the objective function obtained from evaluation using an ensemble
of model realizations

am) = Q(u, ;) — 2(u, 9)

1N
"N
Jj=

N
j=

=4

(11.6)

—_

1

[2(u.6)) - 2(u.9)]
0;)

b(u,

=4

and we refer to the difference between the value of the objective function when
applied to a single model realization and to the mean model,

bi(u,8;) = Q(u, ;) — Q(u,6), (11.7)

as the partial additive bias correction at control setting u for model realization ;.

In most cases of interest, it is neither necessary nor possible to fully characterize
the function b;(u). Instead, we are limited to evaluating and estimating the partial
correction factor at a finite number of control realizations, u € (uy, ...uy,). In some
production optimization problems, we only define u at a discrete set of values. For
example, in a well-location problem, we may attempt to locate wells in an optimal grid
cell. In other cases, such as rate optimization, the setu € (uy, ...uy,) includes only
evaluated control-variable settings. Note that Table 11.1 summarizes the dimensions
used for easy reference.

We define the vector of all partial correction factors b; for model realization 6;
and the control variables vectors u; € (uy, ...uy,), as
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Table 11.1 The table shows the notation used for model state and control vectors, with their
dimensions and ensemble sizes

v Dimension of the control vector u
N, Ensemble size of control vectors u;
n State dimension of model state vector 6
N Ensemble size of model state vectors 6;
Bi1j(ay, 6;)
Brj(uz, 0;)
b, = , , (11.8)

By, j(ay,, 0;)
and similarly define the matrix B € %V«*" of all partial correction factors g;; for
model realization @; for each possible control variables vector u;,

Bii Pz ... Bin

B B ... Bon

B=[b;b,...by] = (11.9)

By, BNz -+ BN

The bias correction function, o (u;) for control setting u;, is the ensemble average of
all partial bias corrections,

Estimation of the additive bias corrections o (u;)

1 N
au) = sz,-(u,-,oj) (11.10)
j=1

With this definition, we have a bias correction «(u;) for each realization of the
control vector u;. In the following section, we will derive an approximate o (u)
estimator given the computed bias corrections for the finite number of control settings
realizations u;.
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11.3 Bias Estimation

To estimate the bias correction at one control setting, from the “observation” of the
bias correction at other control settings, we assume that the partial bias for model
realization @; is a continuous function of the “distance” between control variable
settings and that we can model it as a Gaussian random field with stationary mean
and covariance that depends only on the distance between the control variables. Thus,
we assume '

by ~ N (b1, , Cps). (11.11)

with some prior estimate bj[.m. Here, 1y, is a column vector of length N,,, all of whose
elements are equal to one, and Cp,, is the assumed covariance matrix for the random
variable b; € %"+, Experience indicates that this assumption is reasonable for many
types of controls, such as well-location or production rate.
We also assume that for each model realization, €;, we can model the mean over
u of partial bias corrections (the elements b}m) as Gaussian, but with uncertain mean
and uncertain variance. A
b~ N(al’“, abz). (11.12)

We will examine the reasonableness of this type of modeling in a simple well-
location problem described in Sect. 11.7. As we seldom have insight into the mean
value of the bias correction o before we “observe” its values, we provide aP with
an uninformative (uniform) prior probability density. A

We can now write the joint prior probability density for B, bJP" and o™ as

N
£(B. 5", o) O(exp(——z (b — 6M"1y,) ;' (b; — 67" 1y, ))

N (11.13)
1
Prl r1
xexp(—iz b aP /o )
j=1
and the likelihood function for measurements d of B as
1Y T
f(dB) x exp(—i Z(Hfbf — dj) C;dl (Hjbj — dj)>, (11.14)

Jj=1

where d; is a vector of samples of b; evaluated at several control variables and
H; is a matrix whose rows are all zeros except for a value of one at the columns
corresponding to observations of b;.

The posterior probability distribution function for B, b} and o™ conditional to
the observations of elements of B is
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N
£(B, 6", ™| d) o exp(—% > (b —bP“1N) Cyy) (b — "1y, ))

X exp(
X exp(

For some optimization problems, identifying a helpful measure of distance between
control variables may not be straightforward. For the optimal scheduling of drilling,
Wang and Oliver (2021) found that the bias correction was quite sensitive to the
metric used to measure the distance between two sequences of drilling order.
Letting S(B, b, aP") denote the logarithm of the posterior probability density

.
—_

l\JI'—‘

N
Z(bpn prl) 2) (11.15)

i( ,-) C, (Hb; - d,-)).

j=1

~.
—_

—_—

~.

in Eq. (11.15), we obtain the maximum a posteriori estimates of B, b}m, and o™ by
solving for the location at which the gradient of the log-objective function vanishes.
Thus, we have

Vi, S = —Cy) (b — b1y, ) — H[CZ) (H;b; —d;) =0, (11.16)
VS = 13,Cy (b - b;”il,vy) - (b;?ri — o) /o =0, (11.17)
forj=1,..., N and
R LA
Vi § = o — b =0. (11.18)
j=1

Solving Eq. (11.16) for b;, we obtain

-1 ri
by = (Cp +HJC,/H;) Cpl1y,bF Lo
-1 .
+(Cy +HICy/H;) HIC,ld;.

Then, using the Woodbury-Sherman-Morrison identity, we obtain a smaller matrix
inversion,

Estimation of the partial corrections b;
-1
by = (1— CoH” (H;CpH] + Caa) H; )1y bY"
. (11.20)
+ CpH] (H;CpHT + Caa)  d;.
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From Eq. (11.17), we obtain a second equation for b;,
15, €y — (15, Gy, + 0, 2)bF" + 0, 20" = 0, (11.21)

which, together with Eq. (11.20), can be used to eliminate b;, resulting in an equation
involving only the unknown hyperparameters " and o™,

-1 Ti
15,C3p' [ (1= CopH] (H;CouHT + Ca) Hjly )
-1
+ CpHJ (H;CpHY + Cut) d] (11.22)
— (13, C' Ly, + 0, )" + 0,70 = 0,
or . '
I:—IIQH]T (HjC;,},H]T + Cdd) H;1y, — O’b_z]bjr»m
‘ . (11.23)
+0, 2P + 15 HY (H JCoHT + Cdd) d, =0.
Note that 1}, is a vector whose length is the number of control variables in the

observed set and each of whose entries is 1. H; is a matrix whose rows are all zeros
except for one at the ith column for an observatlon of b;(x;) so

Hjly, =1;, (11.24)

where the length of 1; is the number of observations of partial bias correction factors
using model realization m ;. Similarly, we denote the product

H;CpH! = CJ). (11.25)
We can then rewrite Eq. (11.23) in a simplified form as

. —1 i i j !
(17 (Gl €a) 1 =03 B 0y 0 17 (Gl + €)'y =0,

. (11.26)
and solve for b to get
Estimation of the partial correction mean b}"i
ooy £ 17(Cl + Cal)
bj‘.’ = - — . (11.27)
IJT(C}j,jb + Cdd) 1; + O'b_2
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Then, by summing Eq. (11.27) over all j and applying the definition of o™ in
Eq. (11.18), we obtain

. - -1
O_I;Zapn + IJT (Cﬁ) + Cdd) d;

N
o1
o= - - (11.28)
N j=1 le(C,% + Cdd) 1(,‘ + Ub_z

Finally, we obtain an expression that can be solved for the mean bias, o,

Estimation of the mean bias o""

N
P <N— Z(IJT (Ci{, + Cdd)illj‘O'bz + 1)1>

j=1
} 4 (11.29)
17(C} + Cad) 4

.. 1 .
j=1 IJT(C{,Q + Cdd) lj + O'b_z

To estimate the bias correction, one needs to first “observe” several values of
the partial bias correction. These are the differences between the objective function
values obtained using model realizations and those obtained using the mean model.

We can summarize the additive bias correction estimation as a sequence of rela-
tively simple steps:

1. Estimate the hyperparameters og, o3, and A;, of the hierarchical distribution for
the bias correction as described in Sect. 11.4.

2. Estimate the mean bias oP from the observations of partial corrections using
Eq. (11.29).

3. Estjmate the mean of the partial corrections for each of the model realizations,
b;m, using Eq. (11.27).

4. Estimate the partial corrections b; for each of the model realizations #; using
Eq. (11.20).

5. Finally, estimate the additive bias correction «(u) from Eq. (11.10).

11.4 Hyperparameter Estimation

The prior distribution for B, b;.m, and o” in Eq. (11.15) requires the specification of
several hyperparameters, which will, in practice, be unknown. The covariance, Cp,
specifies the degree to which a value of b; (u) is related to a value of b; (u’) and the
variance o} specifies the variability in the mean bias for individual model realizations.
If the bias corrections at the two different control values are uncorrelated, then an
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observation of bias correction at u will not influence the estimate at w’. Similarly, if
the variance in the values is large, the estimates will have significant uncertainty. For
bias correction estimation, we assume that C,, is of the form

3(u—u/)T(u—u’)> (11.30)

Cbb = CI; exXp <— )\2
b

In this case, it is only necessary to estimate the two hyperparameters o and A,
to define the covariance. Additionally, the prior distribution for the bf"’s requires
specification of the variance, 0,72.

We estimate o by averaging the variance estimates of the b;(u;, ;) from the
initial evaluation points for fixed i. Furthermore, we estimate the variance, 05, of
the partial bias correction factors as the mean-variance of function evaluations for
the same model realization but different control variables. If we use the same model
realizations at each initial control-variable evaluation location, then we can use mul-
tiple realizations of (u, 6;) — Q(u’, 8;) to estimate the magnitude of the correlation
for u — u'. Fitting the theoretical model (11.30) to the experimental values gives an
estimate of the practical range of the covariance.

11.5 Mean-Model Definition

In the previous section, we described a methodology for computing the bias cor-
rection that could be used with the “mean model” for robust optimization. We did
not, however, discuss how to define and calculate the mean model. In numerical
subsurface models, properties such as permeability appear as spatially varying coef-
ficients in the partial differential equations describing fluid flow and are inputs to the
numerical reservoir flow simulator. It might then seem sensible to define the mean
model as the arithmetic mean of the ensemble of permeability fields. In ensemble-
based data assimilation, however, updating the log-permeability fields and using the
mean logarithm of permeability to estimate the gradient is standard. In this case, it
might seem that the sensible decision is to use the geometric mean of the ensemble
of permeability fields or, equivalently, the arithmetic mean of the log-permeability
fields. Additionally, we note that the harmonic mean is useful when computing the
effective permeability of beds in series.

The Box-Cox transformations (Box and Cox 1964) provide a continuum of trans-
formations applicable to a property field before computing the mean. We define a
variable with power A as

et = ita 0
B0 =1 oe) i3 =0, (1131)

and the mean of the transformed variables are computed in the normal way,
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1 N
6. (x) = 5 jz:;ek,j(x). (11.32)

The A-mean of the original variable is then

AGx)+ DV ifa#£0

5.0 = exp(6.(x) ) ifA=0.

(11.33)

The arithmetic mean of the property field corresponds to using A = 1, while A =0
and & = —1 results in the geometric and harmonic mean definitions. In Sect. 11.7, we
will discuss the consequences of applying various transformations before computing
the mean model on the bias magnitude in a porous media flow problem. Note that
while there may be an “optimal” definition of the mean model for most problems,
using the optimally selected mean model is not necessary for the success of the mini-
mization when using bias correction. A good choice of mean model (or, equivalently,
a good choice for the parameter transformation) can make the bias correction easier
to estimate with a small number of function evaluations or even make bias correction
unnecessary.

11.6 Derivative-Free Optimization with Bias Correction

Suppose the objective function evaluated at the mean model with or without bias
correction provides a suitable approximation of the robust objective function. In
that case, we can minimize that single objective function. The options available for
minimization are broad, and one is not necessarily limited to EnOpt-type algorithms,
as described in Chap. 10.

Larson et al. (2019) provide a recent survey of derivative-free optimization algo-
rithms, including a thorough review of model-based methods whose updates are
based primarily on the predictions of a model that approximates the objective func-
tion. No one algorithm is best for all types of optimization problems. Still, Moré and
Wild (2009) ranked model-based trust-region methods highest overall when inves-
tigating the performance of various derivative-free algorithms on a series of bench-
mark optimization problems with varying smoothness characteristics and dimen-
sions. They evaluated the algorithms, not simply on the accuracy of the solutions,
but on the fraction of the optimization problems they could solve to specified accuracy
within a given computational budget. The highest ranking method was a function-
interpolating trust-region method, NEWUOA, by Powell (20006), that fits a quadratic
model of the objective function to 2N,, 4+ 1 evaluation points (N, is the number of
control variables). Note that a full quadratic model requires (N, + 1)(N, +2)/2
coefficients, so the quadratic model in NEWUOA is highly under-determined for
large N,. Each successful iteration adds a better solution to the interpolation set
based on the minimization of the quadratic model and drops the “worst” solution.
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Algorithm 1 Model-based derivative-free optimization of mean model
1: Setk =0

2: Initialize best-guess uy and 2N, evaluation points in Uy € RNux2Nut]

3: Evaluate Q(u, ) foru € Uy > (2N, + 1) function evaluations
4: repeat

5:  Build a quadratic model g, (u) that interpolates Q(u, 5) for u € Uy.

6: S = argmings<s, gk (W + S) > Minimize quadratic model
7o Uy = U + S > New best point
8: Q(uH. , 5) > One function evaluation
9:  pp <« % > Function/model ratio improvement
10:  if [p acceptable] then

11: Augment U with uy, + s;.

12: Remove the point of U, furthest from w4 ;.

13:  end if

14: k< k+1
15: until converged

One of the primary benefits of the function-interpolating trust-region methods is
the efficiency gained by reusing sample points from previous iterations (Berahas et al.
2022). Finally, function-interpolating trust-region methods tend to be more robust in
the presence of noise in the objective function than other techniques for derivative-
free optimization and much more robust than gradient-based methods (Berahas et al.
2019). Although the number of function evaluations (reservoir simulator runs) scales
linearly with the number of variables optimized in NEWUOA, the complexity of the
quadratic model fitting may be the limiting factor in its applications to large problems
as the number of operations required for fitting the quadratic model in even an efficient
implementation scales as O(n*) (Conn et al. 2009).

Applying a function-interpolating trust-region method to the problem of mini-
mization of the mean model is straightforward. Freely available software codes are
available for solving both the unconstrained optimization problem (Powell 2006;
Ragonneau and Zhang 2024) and the bound constraint optimization (BOBYQA)
problem (Powell 2009; Cartis et al. 2019).

Algorithm 1 provides a simplified summary of a function-interpolating trust-
region derivative-free optimization algorithm to minimize the objective function
evaluated on a single model. Note that although the algorithm requires 2N, + 1
function evaluations in the initialization step, subsequent iterations require a single
function evaluation. '

! Bangerth et al. (2006) dismissed the NEWUOA algorithm as being too costly, stating that it
requires five function evaluations at each iteration for the one-well 2D location problem. Correctly,
it requires five function evaluations at the initialization step, then one function evaluation at all
subsequent iterations.
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If optimization using the mean model without bias correction is insufficiently
accurate, Algorithm 1 needs to be modified so that the optimized function is the sum
of the objective evaluated at the mean model and the bias correction. A continuous
updating of the bias correction at each iteration is feasible but leads to relatively
extensive modifications of the minimization algorithm. A more efficient approach is
to perform first the minimization using the mean model without bias correction. Then,
estimate the bias correction in the neighborhood of the mean-model optimization
point and re-initialize the optimization using the bias correction.

We will present two applications using the mean model with bias correction to
illustrate the benefits and limitations of the approach. In the first example, we inves-
tigate the reasonableness of the bias correction model and the impact of the choice of
the mean model. The second case uses derivative-free optimization methods to com-
pute the minimizer of the sample average approximation of the objective function’s
expectation.

11.7 1D Single-Phase Porous Flow Example

In this example, the problem is to optimize the location of a producing well in a
one-dimensional reservoir, see Fig. 11.1, such that the magnitudes of the expected
flow from each direction are equal. This objective is equivalent to minimizing the
total flow into the producing well. We apply a constant pressure boundary condition
at x = 0 and x = 150 and fix the pressure at the producer. The single-phase flow
follows Darcy’s law. Fluid viscosity and reservoir cross-sectional area are uniform
and assumed to be known.

The permeabilities in this toy problem are uncertain, with a prior distribution for
permeability log-normal with an exponential covariance, a practical range of 40,
and a standard deviation of 2. We observe the log-permeability at the four locations
shown in the left panel of Fig.11.2, and the posterior uncertainty, conditioned on
the observations, is characterized by an ensemble of draws from the posterior dis-
tribution, right panel of Fig. 11.2. The mean log permeability on the left side of the
domain is larger than the mean log permeability on the right side because of the
conditioning to observations.

pressure = 1 pressure = 0 pressure = 1

Fig. 11.1 One-dimensional model domain with 150 grid cells and pressure boundary conditions
used to optimize the location of the producing well such that the expected production rate is maxi-
mized. Permeabilities in the grid cells are uncertain. (Reproduced from Fig. 1 in Oliver 2024)
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Fig. 11.2 The left plot shows the truth reference solution (blue line) and four log-permeability
measurements used in an objective analysis to compute the posterior mean permeability estimate
(orange line). The right plot shows an ensemble of simulated permeability curves that illustrate the
prior permeability uncertainty, which we will use in the well-location optimization. (Reproduced
from Fig.2 in Oliver 2024)

The objective function for the 1D well location problem is inexpensive enough
that we can use it to investigate the effect of the choice of property transformation
on the magnitude of the bias when using the mean model for optimization. As dis-
cussed in Sect. 11.5, permeability and log-permeability are reasonable choices for
the computation of a mean model to optimize the well location. Figure 11.3 (left plot)
compares the objective function for the arithmetic mean of permeability (blue) to the
sample average approximation of the expectation of the objective function (black).
Two aspects of the comparison are fundamental. The first is that the difference in the
two curves is quite significant—the sample average approximation of the expectation
is around 2 for most of the reasonable range of well locations. At the same time, the
objective function for the arithmetic mean of permeability is in the range 15-18.
More importantly, the optimum well-location computed using the arithmetic perme-
ability mean as the mean model is close to u = 38 (blue dashed line). In contrast,
the correct optimum location is close to u = 85 (black dashed line).

The curves in Fig. 11.3 (right plot) show the objective function evaluated at the
mean of a range of Box-Cox transformed permeability fields. A “mean model” with
A = —0.5 results in a tiny bias correction factor over a moderately extensive range
of well locations. On the other hand, using the mean of log-permeability (A = 0.0)
results in a more extensive bias correction than obtained with A = —0.5, but a better
approximation of the shape of the objective function and a better estimate of the
minimizer, even if we do not use bias correction. Optimization using the mean model
defined with & = 0.2 provides an excellent approximation of the “true” optimizer for
the robust problem, even without bias correction. Note that while there may be an
“optimal” definition of the mean model for most problems, using the optimal mean
model is not necessary for the success of the optimization in those cases for which
we are willing to apply the bias correction.
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Fig. 11.3 Effect of type of averaging on the objective function for the “mean model.” The left
plot compares the objective function for the arithmetic permeability mean (blue) to the sample
average approximation of the expectation of the objective function (black). The right plot shows
the objective function evaluated at the mean of a range of Box-Cox transformed permeability fields
together with the optimized solution for each case. (Reproduced from Fig.5 in Oliver 2024)
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Before leaving the 1D well-location optimization problem, it is valuable to
briefly evaluate the appropriateness of the hierarchical model for bias correction.
Figure 11.4 shows the bias correction function a(x?) and 40 realizations of the b;
evaluated at all x. Note that the bias correction « (black dots) is smoother than most
realizations of the partial bias correction, so it is potentially easier to estimate. We
also note that we could perhaps model the mean partial correction (for fixed model
0;) as Gaussian as in Eq. (11.11), i.e., each of the curves in Fig.11.4 appears to
have a characteristic “level” and fluctuations about that level, at least in the region
of plausible solutions.
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11.8 2D Two-Phase Porous Flow Example with Facies
Model

The second numerical example also presents a problem of optimal well placement.
Now, the domain is two-dimensional, the flow is two-phase, and the uncertain perme-
ability field is piecewise constant—a simplified model of geologic facies. The upper
plot of Fig. 11.5 shows the location of three producers near the model’s southwest,
northwest, and northeast corners. We wish to determine the location of an injection
well that maximizes the reservoir production’s expected net present value (NPV).
‘We approximate the expected value by the sample average of 100 objective functions
evaluated on realizations of the permeability field. The middle plot of Fig. 11.5 shows
the first 12 permeability realizations.

The mean model in this example shown in the bottom plot of Fig.11.5 is not
perfectly uniform because we have approximated it from a finite 100 realizations
ensemble of the log-permeability field. Despite the small variability, the mean model
is much more uniform than any of the realizations, making optimizing the well
location in the mean model easier than in the individual realizations. Unlike in the
1D well-location problem, the optimal well location in the 2D problem is sometimes
on the boundary of the feasible domain; hence, for this problem, we use a bound
optimization version (Powell 2009) of the minimization algorithm in the previous
section.

Similar to the derivative-free optimization approach described in Algorithm 1,
we initialize the minimization algorithm applied to the mean model without bias
correction with the injector location at (1.25, 0.5) (Fig. 11.6). Because the number
of control variables is 2 for the 2D well location problem, four additional locations
spaced around the initial guess are included in the first evaluation set (Fig. 11.6). We
needed nine function evaluations for convergence with the mean model when using
“bound optimization by quadratic approximation” (BOBYQA) from Powell (2009).

The optimal injection well location depends strongly on the permeability field in
this problem. Figure 11.7 shows the optimal well locations for each of the perme-
ability realizations individually (blue dots) and the well position that optimizes the
expected value of the objective function (red cross). The variability in the placement
of nominal optimizers is large, but the optimizer of the mean log-permeability model
(orange square) is relatively close to the robust optimizer. More importantly, the
value of the expected objective function evaluated at the mean model, approximately
equal to 78.7, is relatively close to the value obtained by robust optimization, close
to 79.1.

As the estimate of the optimal location from the mean model is not identical to
the robust optimal location, bias correction might be appropriate for this problem.
Bias correction can, however, be expensive depending on how we compute it. In the
1D numerical flow example, we used a bias correction approach where we improved
the bias correction at each iteration and each evaluation location. The benefit of the
bias correction updates at later iterations was small in that approach because the
magnitude of the bias correction was already well estimated in the neighborhood of
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the first 12 facies realizations of the prior ensemble, while the bottom plot illustrates the permeability
realizations’ arithmetic mean model. (Reproduced from Figs.7 and 8 in Oliver 2024)
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the optimizer. Here, we take an alternative approach where we first estimate the mean
model’s optimizer without bias correction. Minimization without bias correction is
generally an inexpensive operation, requiring only nine function evaluations for this
problem. We then re-initialize the minimization by evaluating p,, model realizations
at each mean-model evaluation location. To accurately estimate the hyperparameters
of the hierarchical model for bias correction, we use the same model realizations at
each evaluation location. We do not perform any further sampling after the initial
estimation of bias correction.

Figure 11.8 shows the estimates of the bias correction for the situation where we
perform the sampling of realizations at the initial evaluation locations only (blue
dots). We have varied the number of function evaluations at each mean-model eval-
uation location using 10, 40, and 100 model realizations simulated at the locations
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Fig. 11.8 Estimates of the bias correction obtained from multiple function evaluations at re-
initialization locations. We use the same model realizations at each evaluation point. The numbers
in each plot refer to the total number of function evaluations used for bias correction. If there are
five locations and we use ten model realizations, there are 50 function evaluations. (Reproduced
from Fig. 11 in Oliver 2024)

shown by the blue dots. The shapes of the three bias correction surfaces are generally
similar. However, the magnitude of the estimated correction is significantly smaller
for p,, = 10 than for p,, = 40 or p,, = 100. For comparison, we also computed the
actual bias correction surface shown in Fig. 11.8 using 40,400 flow simulations.

In general terms, we identified three approaches to maximizing the expectation
of the objective function in Eq. (11.4): one can seek to maximize the expectation
directly, one can obtain an approximate solution using only the mean model in the
optimization, or one can use the mean model with bias correction. When the objective
function is nearly linear in the model parameters, optimizing the objective applied
to the mean model should provide a good solution.

The dependence of the objective function (NPV) on the permeability field is, how-
ever, highly nonlinear in this 2D flow example, as evidenced by the large variability
in the optimal location of injectors for individual realizations of the permeability field
illustrated by Fig. 11.7. Somewhat surprisingly, perhaps, the estimations of an opti-
mal well location for the expected value of the objective function using three different
approaches give remarkably similar results, as seen in Fig. 11.9, even when the aver-
aging method used for computing the mean model is not optimized. Figure 11.9 shows
contours of the expectation of the objective function (unlike Fig. 11.7, which showed
contours of the objective function evaluated on the mean model). Global optimization
of Eq. (11.4) using exhaustive search required 40,000 function evaluations, obtaining
the location indicated by the blue cross in Fig. 11.9. Using a mean model, computed
using the ensemble of the log-permeability fields and the BOBYQA algorithm, gives
a solution (orange square) with an objective that is quite close to the global optimum,
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Fig. 11.9 Optimal well locations for nominal optimization, mean-model optimization, and opti-
mization of the sample average of the objective functions for all realizations. (Reproduced from
Fig. 12 in Oliver 2024)

but at the cost of only 10 function evaluations. Finally, restarting the minimization
algorithm at the solution obtained using the mean model but adding bias correc-
tion results in a solution almost identical to the true solution (see the upper right
plot in Fig. 11.8). The bias correction approach costs 10 function evaluations for the
mean-model minimization without bias correction plus 200 function evaluations to
compute the bias correction surface, plus six final function evaluations to minimize
the bias-corrected mean-model objective function.

11.9 Summary

Optimization on the mean reservoir model has sometimes been used as an approx-
imate method for reservoir management optimization under uncertainty because of
its relatively low cost relative to the optimization of an expected value. However, we
cannot generally know the appropriateness of that approximation without extensive
computation. In this paper, we have suggested an additive bias correction method that
allows for using a mean model with confidence for robust optimization. The cost of
estimating the bias correction in our examples is considerably less than the cost of a
sample average approach to evaluating the expectation of the objective function. The
efficiency of the bias correction approach is enhanced when using a derivative-free
optimization method that accounts for the sequential updating of the bias correction
estimate.

We have demonstrated the method for two optimal well location problems. In the
first problem, we investigated applying sequential bias correction in a derivative-
free optimization method and examined the appropriateness of a hierarchical bias
correction model. The first test problem was also to explore the effect of the choice
of definition of the mean model on the need for bias correction. For some choices
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of the “mean,” the bias in the estimated optimal control would be huge, and bias
correction would be necessary. For other mean-model choices, the bias was so tiny
that the solution obtained using the mean model without bias correction was the same
as obtained from sample averaging of the objective function.

The second numerical example also examined the problem of estimating opti-
mal well location when permeability is uncertain. This example, however, was more
complex than the 1D well location problem; the objective function was the expected
net present value of the reservoir, the flow was two-phase oil and water, the perme-
ability field was piecewise continuous, and the reservoir was two-dimensional. We
showed that we could implement a very efficient optimization method in which the
mean model was first used without bias correction, followed by bias estimation in the
neighborhood of the estimated mean-model optimizer, and a restart of the derivative-
free optimization. Optimization using the mean model gave a well location whose
expected NPV was only 0.2% lower than the optimal value at the cost of only six
function evaluations. Adding even a tiny amount of bias correction gave the correct
solution at the cost of 62 function evaluations.

Indeed, there will be many problems for which the mean of an uncertain quantity
might not be meaningful, or the choice of a mean model might be difficult. If a “mean
model” is chosen poorly in those cases, the bias correction will still provide a valid
method for robust optimization but may not be as efficient.
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Chapter 12 ®)
Closed Loop Reservoir Management e

Abstract This chapter discusses closed-loop reservoir management (CLRM) work-
flows, which recursively and repeatedly combine ensemble history matching with
robust optimization of decision alternatives, generating inputs to a decision process to
determine the subsequent actions for the reservoir production or development strate-
gies. Asset teams usually work in an annual maturation process (AMAP), using
updated models to determine next year’s strategies. The AMAP process fits well
with the CLRM workflows discussed here.

12.1 Introduction

The ensemble-based closed-loop reservoir management (CLRM, see Jansen 2011)
workflows, or more generally, closed-loop reservoir management and development
(Mirzaei-Paiaman et al. 2021), connect ensemble history matching with robust opti-
mization. After producing the reservoir through the current year, the history-matching
method updates the reservoir description using the newly acquired production data.
The data almost always contain new information about the reservoir that benefits the
history matching and leads to reservoir models with better predictability. After that,
based on the ensemble of updated model realizations, a robust optimization algorithm
determines the “best” production and development strategies for the following year.
The optimal strategy is input to a decision workflow that helps decide on the fol-
lowing year’s operational plan. This repetitive annual maturation process (AMAP) is
standard in many energy companies, and its connection to an ensemble-based CLRM
workflow is state-of-the-art in operational reservoir management.

Chang and Evensen (2022) presented a CLRM example combining ensemble
history matching and robust optimization to decide the optimal drilling order. The
closed-loop decision workflow in Fig.12.1 comprises various decision steps dur-
ing field development with annual decision points regarding the drilling order of a
sequence of production and injection wells. Chang and Evensen (2022) applied an
iterative ensemble smoother together with ensemble optimization used recursively in
time, although the workflow is independent of the methods used for history matching
and optimization.
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Fig. 12.1 Decision workflow for field development. Drilling two wells per year, we use the work-
flow to decide on the optimal drilling schedule and how many wells to drill (from Chang and
Evensen 2022)

The workflow starts with the initial optimization OPT1, which leads to the decision
DECI, on which two wells out of eight planned ones provide the highest NPV when
drilled first. After drilling the two wells, follow a year’s reservoir production from the
new wells while collecting the production rates. Then, the HM1 step conditions the
reservoir model to all new and past observations to create the best possible ensemble
of geologically consistent models fitting the measurements within their estimated
uncertainty. The optimization step OPT2 finds the best alternatives, leading to the
decision DEC2 for the subsequent two wells to drill. Chang and Evensen (2022)
applied a simple static decision algorithm. They selected the two wells that gave the
highest mean NPV averaged over the ensemble for the simulation over the next year.
The decision to drill depends on obtaining a positive NPV. In Sect. 12.5, we will
touch on more advanced dynamic decision methods that account for the impact on
future decisions.

Because closed-loop reservoir management has two fundamental components,
history matching and production optimization, and the history-matching task is more
mature than the production optimization task, most research papers on closed-loop
reservoir management have focused on the problem of production optimization under
uncertainty.

Decision-making for optimal production or drilling schedule is straightforward, as
we would choose the optimal controls or drill the optimized wells. However, making
decisions based on an ensemble of predictions is more tricky. Assume we use our
history-matched ensemble and simulate the future production from an optimized infill
well over the whole ensemble. If the predicted ensemble of NPVs has a Gaussian
distribution, we usually select to drill the well if the ensemble mean NPV is positive.
However, we could introduce a human bias, being risk-taking or risk-averse, possibly
dependent on the investment cost or the potential upside or benefit. It is also possible
to simultaneously minimize the risk of poor outcomes during the optimization.

Unlike the situation for history matching, where we can demonstrate the useful-
ness in real-field cases, it is hard to verify the effectiveness of closed-loop reservoir
management in an actual field because we can only perform the process once. It is not
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possible to compare results for one set of decisions with an alternative set of decisions.
Consequently, we base all good examples of the value of closed-loop optimization
on synthetic test cases. Using synthetic test cases, we can evaluate different strate-
gies multiple times and demonstrate the value of closed-loop optimization. In this
chapter, we describe lessons learned from the Brugge benchmark case described by
Peters et al. (2010) (but see also the example from Chang and Evensen 2022) before
we give an account of methods for robust decision-making, where we account for
the reservoir uncertainty.

12.2 Lessons from Brugge

TNO in Holland designed the Brugge benchmark case (Peters et al. 2010) to eval-
uate methods for solving closed-loop optimization problems. The objective of the
optimization was to maximize the net present value of the fictitious Brugge reservoir
by controlling rates or pressures on 36 injectors and producers, given well logs, 10
years of production history, and an interpreted 4D seismic data set. The organizers
provided the participants with 104 plausible realizations of the geology based on the
well logs and three geologic scenarios to represent the uncertainty before assimilating
production data.

At the end of the 10-year history-matching period, all wells became converted
to smart wells, and each well then had three independently controllable completion
intervals. The participants in the benchmark exercise sent their recommended con-
trols for the next 20 years to TNO, who then applied the controls to the reference
reservoir model, which was never released or shown to the participants. The partici-
pants presented their history matching and production optimization results at an SPE
Applied Technology Workshop in Brugge, Belgium, in June 2008. Each participating
group described the methodology that they used to solve the problem. TNO revealed
the resulting NPV for each of the teams at the workshop.

First, we remind the reader that closed-loop optimization consists of two parts: his-
tory matching with uncertainty quantification and production optimization. Achiev-
ing good results requires that both parts perform well. Evidence for the importance
of both aspects can be seen in the strong correlation between the quality of the his-
tory match to data and the value of the expected NPV achieved in the optimization
illustrated by Fig. 12.2. Better history matching led to better reservoir management.
The relationship was likely causative (i.e., the high NPV values resulted from the
improved reservoir models). However, it is also possible that teams that were better
at history matching were also better at optimization.

Groups that used many parameters to describe uncertainty achieved better history
matches and NPV than those that only used permeability or porosity multipliers for
reservoir model layers. Most teams applying ensemble Kalman filter-like methodolo-
gies used the ensemble of geological realizations that TNO had provided. However,
one team regenerated the ensemble with all realizations generated from a single sce-
nario. Additionally, one team added uncertainty in the relative permeability curves,
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Fig. 12.2 In the Brugge study, results from the second round showed that better history matching
resulted in better reservoir management

the vertical transmissibility, and the original oil-water contact to account for model
error introduced by coarsening from the data-generating model.

Unsurprisingly, one could generate superior matches to data by updating a
high-dimensional parameter state vector. Still, the fact that the models with high-
dimensional parameter state vectors gave improved predictability might be unex-
pected. While the danger of overfitting is always present, the Bayesian approach
with realistic priors on variables limited the risk of overfitting. Additionally, a parsi-
monious model designed only to match data in the first 10-year history period would
not have provided sufficient degrees of freedom for the characterization of uncertainty
in reservoir behavior after the introduction of smart completions. When expanding
the control options at year 10 to allow controls of individual well completions, the
uncertainty in forecasts increased substantially (see Fig. 12.3). This behavior would
not have been possible with a parsimonious parameterization.
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Fig. 12.3 The left plot shows the history match to the end of year 10 and predictions into the future,
while the right plot shows the history match to the end of year 11. The introduction of independent
completion controls after 10 years resulted in a much larger prediction spread. Red dots show water
production rates from the true data-generating model and ensemble of forecasts (black)
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Chen and Oliver (2010a) obtained the best results using an iterative ensemble-
based history-matching approach (Gu and Oliver 2007) with localization of param-
eter updates and an ensemble-based optimization method (EnOpt) described in
Chap. 10. The second-best results (Chen et al. 2010) were again obtained using
ensemble-based history matching but applying the mean of the history-matched mod-
els with an adjoint-based minimization method for optimization. While this approach
did not rigorously capture the effect of the uncertainty in the model because there
was no correction for the bias (see Chap. 11), it appears to have provided a reason-
able approximation of the objective function’s expectation, and the adjoint system
provided accurate gradients for minimization.

Although the Brugge benchmark case served as an example of closed-loop opti-
mization, the participants had limited opportunities to revise their controls based on
new data. In round two of the exercise, production data was provided for each group
for years 10-20 based on their estimated controls from round one. The teams then
re-history-matched the reservoir models and updated the controls. The only excep-
tion was the team of Chen and Oliver, who were allowed to update controls yearly
after year 10 for the lifespan of the reservoir (Chen and Oliver 2010a). This approach
was closer to the process typically followed in applying closed-loop optimization.
The NPV achieved through this closed-loop process was nearly identical to the NPV
achieved by the workshop organizers when the production optimization was per-
formed on the reference reservoir model, indicating that a closed-loop process of
repeated history matching and production optimization can potentially give nearly
optimal results.

Since the participants at the workshop were only allowed to submit two sets
of controls, there was minimal opportunity to apply controls whose purpose was
explicitly to learn about reservoir behavior and then apply the new knowledge to
improve the objective function. The only team allowed the opportunity to repeatedly
history match and update controls (Peters et al. 2010; Chen and Oliver 2010a) did
not explicitly pursue that option. Instead, Chen and Oliver (2010a) pursued a “naive
optimization,” focusing only on the contribution of the controls to the direct increase
of the objective. Despite that limitation, the results of Chen and Oliver (2010a)
were nearly optimal, indicating that serendipitous learning may be sufficient in some
cases. This learning is fortuitous, as the additional complication of including the
value of information in the optimization would make most real reservoir management
problems infeasible unless it were possible to identify a few key reservoir features
that needed estimation (Wang and Oliver 2021).

Using a minimization method instead of manual optimization always led to the
best results for the Brugge benchmark. An adjoint-based gradient descent method
applied to the mean model was almost as good as the EnOpt approach applied to the
ensemble of model realizations. The uncertainty was computed for highly parameter-
ized models using ensemble-based history-matching methods in all top approaches.
Methods that used small numbers of parameters for history matching were generally
poor at history matching and reservoir management optimization.
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The benefits of repeated history matching and production optimization were con-
siderable, especially when there were significant control changes. For the Brugge
case, the results obtained using closed-loop optimization were as good as those
obtained with perfect knowledge of the reservoir.

12.3 Robust Decision-Making

The complexity of decision-making (Howard and Abbas 2015) and optimization in
field development planning and reservoir management has increased significantly
during the last few years (Bratvold et al. 2009). The transition from large, individ-
ual exploration projects to near-field exploration represents an essential shift. As a
result, the decision-making problem, which previously focussed on isolated assets,
now considers area development strategies. In these cases, fields and assets are often
at different stages of their life cycles. Some are in the early phases of development,
while others may be in mature production or nearing abandonment. The static geolog-
ical and dynamic reservoir simulation models can vary widely regarding modeling
complexity, data quality, and information availability. In addition, production and
development strategies vary between assets, influenced by their specific challenges,
goals, and constraints.

The demand to reduce oil and gas operations’ environmental and climate impact
has required minimizing greenhouse gas emissions and optimizing energy usage.
This demand has significantly complicated the optimization process, and there is now
aneed to balance the maximization of economic performance with the minimization
of the environmental impacts from CO2 emissions, flaring, and water management.
At the same time, these decisions must ensure operational feasibility and safety
(Aghajani et al. 2025; Zou et al. 2016).

Effective decision-making in reservoir management requires a systematic
approach to handle the inherent uncertainties represented by the ensemble of reservoir
models, i.e., what we denote robust decision-making. We will next explore decision-
making frameworks suitable for reservoir engineering, emphasizing the transition
from traditional static methodologies to more dynamic, adaptive strategies.

12.4 Static Decision-Making and Its Limitations

The history-matching output is an updated posterior ensemble of models consistent
with the prior geological concept. It has a reduced spread and, most importantly,
a higher predictive power than our initial prior ensemble. The updated ensemble
becomes an input to the decision-making process for reservoir management. In
CLRM, this approach translates into a robust optimization problem where we must
choose the objective function, the control or decision variables, and the constraints.
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The robustness comes from introducing the uncertainty using an ensemble of geo-
logical models when evaluating a decision’s impact.

For example, we have an ensemble of geological models at a particular time,
possibly conditioned on the previous production history and geophysical data. Based
on this ensemble, we can simulate different decision alternatives, e.g., regarding well
placements or drilling orders, and evaluate each decision’s ensemble mean NPV.
Typically, we would choose the alternative with the highest mean NPV if it is greater
than zero. We can also obtain decision alternatives from a robust optimization method.
When we recompute the optimization recursively in time, it constitutes a closed-loop
reservoir management workflow (Chang and Evensen 2022).

The robust optimization process should not be understood as a method to find the
optimal strategy or the best control values but as a framework for decision maturation.
The “optimal” strategies or control values the algorithm identifies often differ from
their initial guesses. These differences come from utilizing an ensemble of models,
which provides deeper insights into the reservoir’s subsurface characterization and
dynamic behavior. When the effects and implications of optimal strategies are well
understood, we can either confirm hypotheses and solutions previously proposed by
the engineers or obtain new insights and solutions.

The optimization step in the classical CLRM approach assumes that the data and
level of uncertainty available at the current time remain static over the forecast hori-
zon. While straightforward to implement, this approach often results in suboptimal
long-term decisions. Although classical CLRM can incorporate new data into the
repeated history-matching steps to update models and improve control optimization,
it leads to a myopic strategy that fails to account for the possibility of intentionally
increasing information by considering the value of information. Consequently, clas-
sical CLRM is increasingly unsuitable for addressing the complexities of modern
reservoir management, especially early in a reservoir’s life when the potential for
reducing uncertainty through data is high.

The static optimization methods, also known as greedy or myopic optimization,
focus on immediate rewards without considering the impact of future data gath-
ering, learning, and decisions. These methods evaluate the immediate benefit of
each decision at a given stage, selecting actions with the highest local payoff. The
methods assume the decision-maker’s understanding of underlying conditions, such
as geological models, uncertainties, and market prices, remains time-invariant, and
the decision-maker makes the decisions based on current knowledge without incor-
porating the potential for learning or adaptation. Static optimization methods are
computationally efficient and easy to implement but only provide approximate solu-
tions for time-dependent reservoir development scenarios, as they implicitly assume
that current decisions will only weakly influence future reservoir development. The
static methods’ myopic nature ignores the decisions’ long-term impacts. Addition-
ally, they do not provide dynamic feedback since they do not adapt to updated data
or uncertainties. Hence, the static methods are less suitable for decision-making in
complex, time-dependent reservoir development projects.
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12.5 Dynamic Optimization Methods

Dynamic optimization methods, particularly stochastic dynamic programming (SDP)
(Howard 1960) and approximate stochastic dynamic programming (ASDP) (Powell
2011), improve decision quality by explicitly considering the evolution of uncer-
tainties and decisions over time. Each decision is evaluated based on immediate
rewards and its influence on future outcomes. Dynamic optimization offers several
advantages, including generating optimal short- and long-term strategies, balancing
multi-objective trade-offs, and robustly handling uncertainty through probabilistic
models. However, SDP is computationally intensive and is often impractical for
real-world applications due to the high dimensionality of state and action spaces, a
problem known as the curse of dimensionality (Sutton and Barto 2018).

The development of ASDP techniques has addressed the challenges of imple-
menting SDP models. These methods reduce the need for a complete model and
lower computational costs by approximating value functions and policies. One of
the most frequently used ASDP methods is the least squares Monte Carlo (LSM)
approach (Longstaff and Schwartz 2015; Gamba 2003; Stentoft 2004). LSM sim-
plifies dynamic optimization by approximating the value function, which represents
the expected payoff of future decisions, using regression techniques applied to sim-
ulated data. Monte Carlo simulations generate an ensemble of possible future real-
izations, capturing uncertainties relevant to the decision. Using backward induction,
LSM estimates the conditional expected value of future rewards, applying regression
techniques—typically polynomial approximations—to map the value function as a
function of state variables. This approach efficiently evaluates conditional expec-
tations without explicitly enumerating all state-action pairs (Ahmadi and Bratvold
2023). The curse of dimensionality in SDP arises because computational and memory
requirements grow exponentially with the number of state variables, action choices,
and uncertainty dimensions. While LSM also grows exponentially with the number
of state variables and action choices, it scales approximately linearly with the number
of uncertainty dimensions (Powell 2011). This efficiency makes LSM highly applica-
ble to real-world problems such as reservoir management, financial options pricing,
and energy production planning, where decision spaces are large and uncertainties
are significant. By balancing computational efficiency with accuracy, LSM deliv-
ers near-optimal policies for complex, high-dimensional decision-making contexts
(Aghajani et al. 2025; Willigers et al. 2011; Thomas and Bratvold 2015).

12.6 Summary

In conclusion, static optimization methods, such as greedy or myopic approaches, are
helpful for not very complex, time-sensitive problems with minimal future impacts
of current decisions. However, they cannot incorporate future learning, which is
essential in complex, uncertain, multi-stage decision-making contexts. Dynamic opti-
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mization methods, such as stochastic dynamic programming (SDP) and approximate
stochastic dynamic programming (ASDP), address this limitation by accounting for
evolving uncertainties and the value of future learning in current and future decisions.
The least squares Monte Carlo (LSM) method is a robust and widely used ASDP
technique that enhances computational efficiency. Using Monte Carlo simulations
and regression, LSM efficiently evaluates decisions across multiple scenarios, mak-
ing it a practical alternative to traditional SDP for high-dimensional problems. While
ASDP methods, including LSM, are still computationally demanding, they mitigate
the curse of dimensionality more effectively than SDP, making them feasible for
real-world decision contexts such as reservoir management and renewable energy
investments.

Ensemble decision methods are suitable for solving reservoir engineering prob-
lems since they allow for the simulation of multiple scenarios. These methods enable
reservoir engineers to choose between complex trade-offs, optimize multi-objective
goals, and respond to evolving conditions. Although the closed-loop approach
remains valuable for straightforward reservoir management tasks, the demands of
contemporary reservoir engineering—such as area development strategies and envi-
ronmental considerations—necessitate more advanced methodologies. By adopting
adaptive decision-making frameworks, reservoir engineers can improve decision out-
comes, reduce risks, and achieve enhanced long-term reservoir performance.

Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the Creative Commons license and
indicate if changes were made.

The images or other third party material in this chapter are included in the chapter’s Creative
Commons license, unless indicated otherwise in a credit line to the material. If material is not
included in the chapter’s Creative Commons license and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder.


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Part 111
History-Matching Examples and Analysis

In this part we discuss the properties of the history-matching problem by studying in
detail a simple example. Thereafter we apply the approach to a large reservoir model
and we demonstrate the use of ensemble methods in decision processes.



Chapter 13 ®)
History Matching the REEK Model e

Abstract This chapter presents a simple but realistic history-matching case for a
model of reservoir named REEK that we use to illustrate the crucial properties of
the history-matching problem when conditioning on production rates. We start with
a standard HM procedure computing global updates and demonstrating how we
improve the results when properly accounting for uncertainties in model controls,
dependency of measurement errors, and introducing localization schemes to reduce
the impact of the spurious correlations appearing when using a limited sample size.
We run multiple experiments and demonstrate correlation-based adaptive localization
for the history-matching update. The history-matching problem is inherently under-
determined because many different parameter updates give an equally good fit to the
data. The final algorithm solves for the minimum geologically consistent update of
the uncertain model parameters, providing a good fit to the data.

13.1 Introduction

The following examples are presented to provide an in-depth understanding of the
properties of the ensemble history-matching problem in a practical setting. Several
previous studies have pointed out issues with too low posterior uncertainty and even
characterized the low uncertainty as an “ensemble collapse.” The following dis-
cussion will demystify these issues and provide a basis for setting up a consistent
history-matching experiment. We start in the following section by introducing the
reservoir simulation model used in the experiments. After that, Sect. 13.3 discusses
the formulation of the history-matching problem and the inclusion of uncertain con-
trols in the state vector. In Sect. 13.4, we will see that the standard history-matching
formulation with global analysis leads to excessive and violent model parameter
updates and a near ensemble collapse. The remainder of the chapter will present
several modifications to the history-matching workflow that will improve the results
and consistency.

Section 13.5 examines the impact of ensemble size on the global update. An
important conclusion is that when using up to one hundred realizations, the spurious
correlations may reach similar amplitudes as the physical correlations. The predicted
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well rates relate nonlinearly to the reservoir parameters, and for this example, we
found a maximum correlation of around 0.45 between rates and petrophysical fields.
Thus, one conclusion is that we must use a larger ensemble size to have a significant
sample-noise to physical correlation ratio.

Evensen and Eikrem (2018) showed that the assumption of independent errors
in the time series of observed production rates is often inappropriate due to the
negligence of time-correlated allocation errors and redundancy in the rate data. Thus,
rather than conditioning on a high-resolution time series of redundant rate data,
we can subsample the data significantly without deteriorating the results. Below,
in Sect. 13.6, we demonstrate how a case where we condition only on the total
accumulated oil, gas, and water production results in a weaker update and retains a
good match with a more significant and consistent uncertainty.

Next, in Sect. 13.7, we will evaluate the use of correlation-based localization,
which reduces the impact of spurious correlations and allows us to use a smaller
ensemble size. We still need a large ensemble to differentiate between physical and
spurious correlations.

In Sect. 13.8 we combine the use of localization when conditioning only on the
total accumulated production rates. This case results in a minimal update of the
porosity field localized around the production-well locations and an excellent match
to the observed rates. We hypothesize that the results obtained by conditioning on the
total accumulated production will be similar to those obtained by conditioning on
the full-time series of observed rates while accounting for measurement dependency
by specifying a full measurement error covariance matrix.

13.2 The REEK Reservoir Model

All experiments in this chapter will use a simplified model derived from a realis-
tic Equinor reservoir case. Equinor’s researchers have used versions of this model
during the previous 10 years as a benchmark case for testing new technologies and
algorithms for HM and optimization. The model has 27,755 active grid cells on a
40-times-64 grid with 14 layers. Simulating a single realization over the historical
three-year period takes about four minutes of CPU time on a single core. Hence, the
model is sufficiently small and, thereby, fast enough to run multiple ensemble simu-
lations, and it is convenient for testing new methods and algorithms. We provide the
model with monthly historical production and injection data. The simulator computes
the corresponding reservoir volume from the production data and uses it to force the
simulation. The model is the same as was used by Evensen et al. (2019), Leeuwen-
burgh et al. (2016), Hanea et al. (2017), and Wang and Oliver (2019), although
with different configurations for the uncertain parameters. These papers considered
problems ranging from examining history-matching methods to testing ensemble
optimization and closed-loop reservoir management systems.

However, the current model configuration differs from the original model received
from Equinor. In the following experiments, the only uncertain parameter is the
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Fig. 13.1 Overview of the REEK model with well locations. This plot was generated using the
Tecplot RS from Tecplot Inc

three-dimensional porosity field. Previous publications also considered uncertainty
in the permeability field and uncertain fault multipliers. We set the model’s fault
multipliers to zero, so all faults are closed, and the permeability field is the reference
permeability defined for the model. Thus, the history-matching problem is relatively
simple, with only the porosity as an uncertain field variable, but this suffices for the
discussion in this chapter.

There are five producing wells, OP1 to OP5, and three injectors, 11 to I3. See
Fig. 13.1 for a three-dimensional representation of the model. We notice the strong
faulting and how different producers drain different model compartments, partly sep-
arated by the faults. Injector 12 mainly supports OP1, injector I3 supports OP2, and
injector I1 provides support for OP3, OP4, and OPS5. The historical production data
conditioned on are the ones provided in the original reference model. However, the
porosity field ensemble consists of pseudo-random porosity realizations simulated
using variograms computed from the reference model. Thus, the ensemble of real-
izations does not contain the model used to generate the historical rates. The REEK
reservoir model is a synthetic case, and there could be no model error. However,
we almost certainly have model errors in this case study because we only allow the
porosity field to be uncertain and adjusted during history matching.
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13.3 Defining the History Matching Problem

When integrating a reservoir simulation model over a past “historical period,” we
will generally force it by specifying a time series of the reservoir volume produced
for each well. The model computes the reservoir volume rates from the historical
time series of observed oil, gas, and water rates for each well. As far as possible,
the simulation model will respect the imposed reservoir volume rate for each well
while determining the individual production rates of oil, gas, and water production.
Therefore, the historically produced reservoir volume or the rate observations act as
control variables driving the simulation model. In contrast, the model parametrization
and initialization will determine the relative proportions of produced oil, gas, and
water volumes.

Evensen (2021) pointed out an inconsistency in the standard formulation of the
HM problem. He suggested that we commonly include a measurement uncertainty
on the historical rate data when we use these data in the conditioning. Still, we ignore
the rate uncertainty when we use the historical rates to compute the reservoir volumes
used to force the ensemble of reservoir simulations. By neglecting the uncertainty in
these controls, we are not honoring all uncertainties, and we will underestimate the
prediction uncertainty. As pointed out by Evensen (2021), including uncertainties in
the historical rates leads to a significantly higher prediction uncertainty, particularly
with rate uncertainties correlated in time.

‘We can write the reservoir model as

y =g(z) = g(0, xo, u), (13.1)

where 0 includes all the uncertain static model parameters, X, holds the model’s initial
conditions, and u contains the time-dependent uncertain controls. When we have
uncertain controls, they also become part of the state vector 2l = (0T, xg ,ul) e ®{,
and consequently, we will also update the control ensemble together with the static
model parameters in the analysis step. So, u is a vector containing the time series
of historical rates for each production well from which we compute the produced
reservoir volumes. We include the impact of the historical rate uncertainties by using
an ensemble of control vectors. Introducing uncertainty to the historical rates leads
to a more extensive spread in the ensemble predictions, which are otherwise only
impacted by the geological uncertainty. This additional spread is most apparent in
the ensemble of simulated rates early in the integration.

In the history matching, we condition the model on historical oil, gas, and water
rates and update model parameters such that the relative fractions of produced oil,
gas, and water are similar to the observed historical rates.
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13.4 Introducing Control Uncertainty in the Standard HM
Update

In this section, we will discuss what we denote “the standard reservoir case,” char-
acterized by using 100 realizations in the ensemble, ignoring control uncertainties,
assuming uncorrelated measurement errors while conditioning on a time series of rate
data, and finally computing a global update. In this case, we use the original histori-
cal rate observations to generate a single time series of produced reservoir volumes,
which we use to force all model realizations. In addition to this standard case, we
will present another case where we introduce the control uncertainty to establish a
consistent formulation of the history-matching problem. See Table 13.1 for the case
specifics.

In Fig. 13.2, we present in the left column the prior ensemble mean and standard
deviations for the porosity field for this ESMDA100 case. The estimated ensem-
ble mean and standard deviation from this “standard reservoir case” are plotted in
the center plots. In contrast, the rightmost plots show the results from experiment

Table 13.1 The table shows a summary of experiment names and corresponding parameters. Here,
“N” denotes the ensemble size, “Controls” indicate if the historical rates are uncertain and have
been added to the state vector, the “Rates/Total” tells us if we are conditioning on the rate time
series or the total accumulated production, “Global/Local” defines the assimilation scheme as using
either global or local analysis, and in all cases, we use a diagonal measurement error covariance
matrix. The local analysis is, in all cases, the adaptive one with default correlation truncation at
3/+/N (see Chap. 7). In these experiments, we didn’t use the measurement error inflation for the
measurements with correlations close to the truncation value, as discussed in Sect. 7.5, even though
we have indications that this procedure can significantly improve the results

Case name N Controls Rates/Total | Global/local |Cgy

ESMDA100 100 No Rates Global Diagonal
ESMDA100C 100 Yes Rates Global Diagonal
ESMDA200C 200 Yes Rates Global Diagonal
ESMDA400C 400 Yes Rates Global Diagonal
ESMDA1000C 1000 Yes Rates Global Diagonal
ESMDA100CT 100 Yes Total Global Diagonal
ESMDA200CT 200 Yes Total Global Diagonal
ESMDA400CT 400 Yes Total Global Diagonal
ESMDA1000CT 1000 Yes Total Global Diagonal
ESMDA100CL30 | 100 Yes Rates Local Diagonal
ESMDA200CL21 | 200 Yes Rates Local Diagonal
ESMDA400CL15 | 400 Yes Rates Local Diagonal
ESMDA100CTL30 | 100 Yes Total Local Diagonal
ESMDA200CTL21 |200 Yes Total Local Diagonal
ESMDA400CTL15 | 400 Yes Total Local Diagonal
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Fig. 13.2 The left column shows the prior porosity in layer four in the upper plot and its standard
deviation in the lower plot. These plots represent the prior mean and uncertainty for all the experi-
ments in this chapter. The second column presents the result of the standard reservoir case without
any control uncertainty, and the third column gives the corresponding results from the case when
we introduce uncertainty in the controls as discussed in Sect. 13.4. All contour plots in this chapter
were generated using Tecplot 360 from Tecplot Inc
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ESMDA100C where we have included the control uncertainty. The porosity updates
from these two cases are relatively similar, and the impact of introducing the con-
trol uncertainty is not apparent here. The main things to notice from these plots are
the excessive and violent porosity updates, which reach unphysical values at some
locations and dominate throughout the model domain, also far from the well loca-
tions. Furthermore, the uncertainty is unrealistically small, almost zero, everywhere
in the model domain. We have experienced something that we denote as “ensemble
collapse.”

In Fig.13.3, we show the simulation results for one well from experiment
ESMDA100. The left plots show the prior (green) and posterior (red) oil, gas, and
water rates from top to bottom. In the right column of plots, we show the prior and
posterior historic rates used to force the ensemble of model simulations. The color-
shaded areas denote the ensemble mean plus and minus three standard deviations of
the ensemble spread. In this case (ESMDA100), we note that the posterior ensemble
prediction has an almost negligible uncertainty and does not sufficiently cover the
historical rates. However, we can conclude that we match the data reasonably well.
Note also that the ensemble spread at the initial time is zero since all wells will
attempt to produce the same volume, and we have not perturbed the initial oil, gas,
and water saturations. The uncertainty in the produced rates develops over time, given
that the geological uncertainty impacts the simulations. Again, this case resembles
the standard history-matching setup solved in most published works.

In Fig. 13.4, we show the corresponding plots for case ESMDA100C, where we
have included uncertainty in the controls. We note that the prior initial uncertainty
is now significant and more realistic as we force all model realizations by individual
control realizations. Furthermore, we compute updated controls with reduced uncer-
tainty, which we use to force the simulation of the posterior realizations. Including
the uncertain controls has a minuscule impact on the update in this case. The posterior
variance is still too low.

To conclude from these two cases, we are computing excessive and unphysical
porosity updates throughout the model domain, and the posterior ensemble has col-
lapsed to nearly zero variance, although the match to the historical data is acceptable.
It is clear that the posterior porosity fields are unphysical, and the model will not
have predictive capabilities, e.g., if we wish to simulate a new infill well. In all the
following experiments, we will include the uncertain controls in the state vector and
update them during the data assimilation.

13.5 Impact of Ensemble Size on the Global Update

One reason for underestimating posterior ensemble variance is related to sampling
errors resulting from using a finite ensemble size. In many ensemble-HM applications
for reservoir models, it is common to use an ensemble size of N = 100, a “magic”
number typically inherited from ensemble data assimilation experiments in other



138 13 History Matching the REEK Model

ESMDA100-OP2-WOPR ESMDA100-OP2-WOPRH
9000 - 9000
Prior Prior
L Posterior L Posterior
8000 History —e— 8000 History —e—
7000 7000
6000 6000
E £
S 5000 S 5000
£ £
E 4000 ‘g 4000
& &
3000 3000
2000 2000 |-
1000 |- 1000 |
0 . . . . . ° . . . . .
01/00  07/00  01/01  07/01  01/02  07/02 01/00  07/00  01/01  07/01  01/02  07/02
Time (month/year) Time (month/year)
ESMDA100-OP2-WGPR ESMDA100-OP2-WGPRH
1.8x108 - 1.8x108
Prior Prior
6 | Posterior 6 | Posterior
1.6x10 History —e— 1.6x10 History —e—
1.4x106 |- 1.4x106 -
1.2x106 1.2x106 -
s 1
5 1x108 | s 1x106 |-
£ £
T 800000 [ 800000 |-
& &
600000 600000 |-
400000 400000
200000 200000 |-
0 . . . . . 0 . . . . .
01/00  07/00  01/01  07/01  01/02  07/02 01/00  07/00  01/01  07/01  01/02  07/02
Time (month/year) Time (month/year)
ESMDA100-OP2-WWPR ESMDA100-OP2-WWPRH
8000 - 8000 -
Prior Prior
Posterior Posterior
7000 History —e— 7000 History —e—
6000 6000 -
< 5000 < 5000
z 2
s 5
£ 4000 [ £ 4000 |
E E
93000 93000
2000 2000
1000 |- 1000 |
0 . . . o . ° . n .
01/00  07/00  01/01  07/01  01/02  07/02 01/00  07/00  01/01  07/01  01/02  07/02
Time (month/year) Time (month/year)

Fig. 13.3 ESMDAI100 N = 100, global analysis conditioning on time series of rates using a diag-
onal C 4, without control uncertainty. In the left plots, we show the prior (green) and posterior
(red) oil, gas, and water rates for OP2 from top to bottom. In the right plots, we show the prior and
posterior historic rates used to force the ensemble of model simulations, which, in this case, without
control uncertainty, become just the historical rates. All production profile plots in this chapter were
generated using Gnuplot

fields such as oceanography and meteorology. Sampling errors decline proportionally
to 1/+/N, and we will now examine the impact of increasing the ensemble size.
Figure 13.5 shows the updated ensemble mean and standard deviation for the
global analysis with different ensemble sizes. It is clear that the larger the ensem-
ble size, the more confined the updates are to the well locations and the lower the
amplitudes of the updates. In the N = 100 case, we have implausibly large poros-
ity updates with large amplitudes throughout the model domain. The strength of
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Fig. 13.4 ESMDAI100C: N = 100, global analysis conditioning on time series of rates using a
diagonal C4y and including control uncertainty. Note the higher uncertainty at the initial time
compared to case ESMDA100 and the finite uncertainty and updates for the controls in the right
plots

the updates reduces significantly with increasing ensemble size. We also note that
with growing ensemble size, we will have more significant variance in the posterior
ensemble, and we will avoid the near “ensemble collapse” seen in the case of only
100 ensemble members. We also note that in the case of 1000 ensemble members,
we have the most significant error reductions at the well locations, and we retain
more of the variance further away from the wells.

The cause of the extensive updates and the substantial ensemble variance reduction
far from the wells is connected to sampling errors often denoted as spurious correla-
tions. We saw in Chap. 7 that the sample correlation between a measurement and any
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Fig. 13.5 The plots show the global layer four updates of the porosity mean (top) and standard
deviation (bottom) using different ensemble sizes

state variable when the correct physical correlation is zero is a sample of a Gaussian
distribution with a standard deviation equal to 1/4/N — 3. We will ignore the sub-
traction of 3 in the following discussion, as we are concerned with relatively large
ensemble sizes N. This theoretical result means that each observation will impact
the update by its spurious sample correlation, and even if the spurious correlations
from many observations tend to cancel each other out when updating the ensemble
mean, they will all be interpreted as significant information and lead to a reduction
of the ensemble variance. From Fig. 7.3, we find that, for a given ensemble size N, in
99.7% of the cases, the sample correlation will be in the range (—3/+/N : 3/+/N),
and this result fits well with the plots in Figs. 13.6 and 13.7, when we compute the
values of 3/ /N for N = 100, N = 200, N = 400, and N = 1000, respectively as
0.3, 0.21, 0.15 and 0.095 (Figs. 13.8, 13.9 and 13.10).

We will next plot some correlation functions and see how they depend on the
ensemble size. Figures 13.6 and 13.7 show, from left to right, the correlation functions
between the oil, gas, and water production rates of well OP_1 at month 25 and the
porosity field in the model’s layer four. We chose layer four as this is the layer with
the strongest correlations. From top to bottom, we plot the correlations using an
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Fig. 13.6 The panels show from left to right the ensemble oil-, gas-, and water-production rate
correlations with porosity for rate measurements taken in month 25 of the simulation. The upper
panels used an ensemble size of N = 100, and the lower panels used N = 200

ensemble of N = 100, N =200, N =400, and N = 1000 realizations and show
how they become less contaminated by sampling errors the larger the ensemble size.
The magnitude of the spurious correlations fits well with the theoretical values for the
various ensemble sizes. In the 100 realizations case, we have spurious correlations
exceeding 0.3, and with 1000 realizations, there are no spurious correlations larger
than the contour interval of 0.1.

We note that the maximum physical correlation is around 0.45 in this case. If we
directly observed the porosity variable, we would have had a maximum correlation
equal to one. However, we obtain a lower maximum physical correlation in the reser-
voir case where the rate data connects to a nonlinear spatial average of petrophysical
fields (Li et al. 2003). This fact has a significant impact on our ensemble HM system.
In the N = 100 case, we have spurious correlations more prominent than 0.3, i.e.,
of similar order as the maximum physical correlations. Doubling the ensemble size
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Fig. 13.7 The panels show from left to right the ensemble oil-, gas-, and water-production rate
correlations with porosity for rate measurements taken in month 25 of the simulation. The upper
panels used an ensemble size of N = 400, and the lower panels used N = 1000

to N = 200 significantly reduces the spurious correlations. They are now mostly
less than 0.21, and with N = 400 realizations, we lessen the spurious correlations
even further to be below 0.15. Thus, with smaller ensemble sizes, we can expect sig-
nificant updates in the porosity field throughout the model domain due to spurious
correlations. These plots clearly illustrate that it is vital to use an ensemble size large
enough to distinguish between physical correlations and spurious correlations, and
it seems that this issue is more critical in petroleum applications than what one has
seen in other geoscience applications, where one assimilates direct observations of
the state variables.

An interesting phenomenon is that correlations extend across closed faults. Thus,
the flow regime alone does not determine the shape of the correlation functions.
Remember that the original depositional environment was smooth and correlated
before being faulted, and these correlations will persist even after the faulting.
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conditioning on time series of rates using a

Note also that the correlation function corresponding to well P1 is not centered
at the well location but is shifted towards the injector 12 and covers most of the area
between the injector and the producer. We expect a significant flow from the injector
to the producer that determines the production in P1. Thus, the reservoir properties
between P1 and I2 are the main constraints for the oil productionin P1. Any change to
the reservoir properties on the opposite side of P1 will not affect the production rates,
and the data collected at P1 does not provide any information about the reservoir there.
The region of significant cross-correlation between the observation and the reservoir
property is determined jointly by the correlation length of the prior model covariance
matrix and the area of data sensitivity to model parameters (Chen and Oliver 2010b;
Emerick and Reynolds 2011). This example shows that the ensemble correlation
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conditioning on time series of rates using a

function is not centered on the observation location when the measurements (injection
and production rates) are primarily sensitive to the properties between an injector and
a producer. For this reason, one sometimes shifts localization regions in distance-
based localization from the measurement location (Chen and Oliver 2010a).

We also show the production rates from the cases ESMDA200C, ESMDA400C,

and ESMDA1000C in Figs. 13.8-13.10.

Another vital contribution to the violent porosity updates is the negligence of
dependencies in the historical rate data time series, which we will discuss next.
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Fig. 13.10 ESMDA1000C: N = 1000, global analysis conditioning on time series of rates using
a diagonal Cyy and including control uncertainty

13.6 Redundancy of Historical Rate Data

In an example with the Norne reservoir model, Evensen and Eikrem (2018) showed
that it is possible to obtain an equally good match to the historical rate data when
conditioning the model only on the total accumulated production at the end of the
historical period for each well as when including the whole time series of rate data
in the conditioning. In this case, we will only have three measurements per well,
i.e., the total accumulated oil, gas, and water production. The rationale behind this
result is that a given pressure difference between an injector and producer will drive
a diffusive flow toward the producer, resulting in a particular production rate that
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depends on the reservoir properties. We can assume that the flow is proportional to
the pressure difference. Therefore, a single rate measurement explains the relation
between production rate and pressure difference. Adding a time series of such rate
data will likely contribute redundant information since the reservoir properties do not
vary with time. In some cases, a time series will include information regarding the
timing of a water breakthrough or other events that the total accumulated production
cannot identify. Evensen and Eikrem (2018) also pointed out that the typical erratic
behavior seen in time series of rate data is often a result of how the production
engineers control the wells. It is not a result of model nonlinearities or turbulent or
chaotic flow in the reservoir, as the reservoir flow is typically slow and “boring.”

But why would it be beneficial to subsample the rates, even to the extreme extent
of representing the whole time series by only three total accumulated production
values per well?

Given that a time series of rate data contains primarily redundant information,
we do not gain much by adding another rate measurement to the time series. For
example, will we provide more information about the reservoir flow if we switch
from monthly to weekly historical rate data in the conditioning? The consequence
of the measurement redundancy is that the product SST in Algorithm 1 will be
singular and of low rank. Suppose we assume uncorrelated measurement errors by
setting C,; = L. In that case, it means we are adding the same information repeatedly
with each rate measurement, which leads to a collapse of the ensemble variance. This
situation resembles a case where we observe the temperature at a location many times
using independent thermometers, and by averaging all the measured temperatures, we
will obtain a very accurate estimate of the actual temperature. So, we should be aware
that we will get a very low variance in the posterior ensemble from conditioning on
a time series of redundant rate information. As the examples below show, increasing
the ensemble size or using localization will not resolve this problem.

Note also that the problem with redundancy and dependency occurs even in syn-
thetic cases where a reference solution provides a “true” prediction. The rate data
provide redundant information, and if we assume uncorrelated errors, this corre-
sponds precisely to the case with many independent temperature measurements. The
result is a very low posterior ensemble variance, which is correct given the specified
prior information.

On the other hand, in real reservoir problems, the time series of rate data are
strongly dependent, i.e., they have correlated errors. This fact becomes apparent
when considering how the data are “generated.” We use the word generated, even
though measurements usually are measured. Typically, the rate data are not measured
directly but instead read out of an allocation table, e.g., given input parameters such
as valve settings and strength of the gas lift. Hence, any error in the allocation table
will contaminate the rate data in a time series the same way, leading to highly corre-
lated errors in time or, equivalently, a bias. The allocation tables are typically only
updated every few years, depending on the reservoir. Thus, we must account for the
error correlations within each “allocation window” when computing the assimilation
update. Suppose we wrongly assume that measurement errors are uncorrelated. In
that case, the measurements will have a too-large impact on the update, leading to
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excessive updates and underestimated posterior ensemble variance, as was shown
in Sect. 6.7. We have seen this effect in the previous sections when computing the
global updates based on the time series of presumed independent rate data. Note the
work by Evensen (2021), who used proper error statistics for the rate data, leading
to consistent results.

‘We obtain the correct result for synthetic cases with a very low posterior variance
when conditioning on a time series of independent rate data. On the other hand, a
more plausible case setup would be using a single or very few independent rate data.
Fortunately, in realistic reservoir cases, we know that the rate data are dependent, and
we should include this knowledge in the prior by specifying the correct measurement
error correlations. Alternatively, we can subsample the rate data or condition only
on the total accumulated production for each fluid.

A significant problem in most operational data assimilation implementations is
that they, for simplicity, employ the “exact-inversion” algorithm from Sect. 6.6 that
implicitly assumes measurement errors are uncorrelated. Thus, a subsampling of the
rates becomes vital to avoid ensemble collapse and to obtain a correct result. However,
we point to the subspace inversion by Evensen (2003), see Sect. 6.5, which computes
the inversion in the ensemble subspace to a cost equivalent to the “exact inversion,”
and allows for specifying a full C4,. Thus, the “exact-inversion simplification” is
unnecessary, and we could employ the subspace inversion algorithm from Sect. 6.5
with a time series of rate data and an appropriately prescribed C ;. Evensen et al.
(2024) also found that the subspace inversion from Sect. 6.5 may be more numerically
stable than the commonly used exact inversion from Sect. 6.6.

In the following experiments, we condition the model on only 15 observations,
i.e., the total accumulated oil, gas, and water production at the end of the historical
simulation for each of the five wells. This approach is a “poor man’s” remedy for
dealing with the error correlations in the time series of rate data. There are only three
measurements per well, and we do not need to concern ourselves with the highly
correlated errors in the time series of rate data.

In Fig. 13.11, we show the results from a global analysis using 100, 200, 400, and
1000 realizations and conditioning the total accumulated production. It is clear that
the reduction in the ensemble’s standard deviation is now much smaller when we
condition only on the total accumulated production, and the reason is that we are not
adding multiple “copies” of the same information again and again from a long time
series of rates. The updates of the porosity field become much weaker and probably
more realistic when we condition the model on the accumulated rates. When we
increase the ensemble size to 1000 realizations, the updates become slightly smaller
and more localized around the production-well locations as we have reduced the
impact of spurious correlations.

Thus, we conclude that the conditioning on time series of dependent data while
ignoring their error correlations, and with spurious correlations resulting in sampling
errors, leads to excessive updates and “ensemble variance collapse.” A large ensemble
will reduce the impact of spurious correlations and improve the results, but it will
not fix the problem with neglected measurement error correlations.
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Fig.13.11 Conditioning on accumulated production: Global updates using different ensemble sizes
as in Fig. 13.5, but conditioning on the total accumulated production

In addition to the much weaker updates, we note that from Figs. 13.12-13.15,
we now retain a much more significant uncertainty in the predicted rates similar to
the magnitude of the observed rate errors. Still, we note that we underestimated the
ensemble spread in the case of 100 realizations. Since we will always be limited
in the number of model realizations, we must deal with spurious correlations in
some other manner. The standard approach uses a localization method, and we will
continue the discussion using a correlation-based adaptive localization in the next
section (Figs. 13.13 and 13.14).
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Fig. 13.12 ESMDA100CT: N = 100, global analysis conditioning on total accumulated rates and
including control uncertainty

13.7 Localization When Conditioning on Time Series
of Rate Data

We will now examine the impact of correlation-based localization when conditioning
the model on the historical rate data. We have run three cases using N = 100, N =
200, and N = 400 realizations with the corresponding truncation values determined
by the theoretical truncation values 0.30, 0.21, and 0.15 from Chap. 7. In Fig. 13.16,
we show the resulting porosity fields for the three cases.

With localization, we retain more of the variance in the posterior ensemble, as
we remove a large part of the spurious correlations. However, we still see too strong
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Fig. 13.13 ESMDA200CT: N = 200, global analysis conditioning on total accumulated rates and
including control uncertainty

updates at the production well locations. The excessive updates are due to the condi-
tioning on the time series of dependent rate data, where we have ignored the depen-
dence by using a diagonal measurement error covariance matrix. We also need 200 or
400 realizations to obtain acceptable results because of the low signal-to-noise ratio
with small ensemble sizes (the spurious correlations are of the order of the physical
correlations). However, with 200 and 400 realizations, the correlation-based local-
ization does an excellent job of eliminating the impact of spurious correlations.
The match to the historical rates is also excellent for all the localization cases, as
seeninFigs. 13.17, 13.18 and 13.19, but we still underestimate the posterior variance.
The cause for the underestimation is that even with the localization, we still retain
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Fig. 13.14 ESMDA400CT: N = 400, global analysis conditioning on total accumulated rates and
including control uncertainty

the whole time series of rate data in the analysis update. The localization can only
filter on the spatial location of the variables we update. Near a well, we will condition
the model on the whole time series of rate data. Since we have neglected the error
correlations in the time series of rate data, we impose too much information on the
update and underestimate the variance.
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Fig. 13.15 ESMDA1000CT: N = 1000, global analysis conditioning on total accumulated rates

and including control uncertainty

13.8 Localization When Conditioning on Accumulated

Production

We now repeat the experiments from the previous section but combine adaptive
localization and conditioning on the total accumulated rates. Figure 13.20 shows the
standard deviation and mean for three experiments using different ensemble sizes.
Both localization and the conditioning on total accumulated production reduce the
strength of the update. From Figs. 13.21, 13.22 and 13.23, the corresponding match to
the historical rates is excellent in these cases, and we retain a significant and realistic
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Fig. 13.16 Local update: The plots show the porosity ensemble average (top) and the porosity
ensemble standard deviation (bottom) for layer four

uncertainty in the ensemble predictions. Thus, we have computed a minimum update
to the prior that provides an acceptable match to the rate data.



154

9000
8000
7000
6000
5000

4000

Sm3/month

3000

2000

1000

0
01/00

1.8x10°
1.6x10°
1.4x108
1.2x108

1x106

800000

Sm3/month

600000

400000

200000

0
01/00

8000

7000

6000

5000

4000

Sm3/month

3000

2000

1000

0
01/00

ESMDA100CL30-OP2-WOPR

Prior
Posterior
History —e—

i

Tt IM

i

“Wl““

ps

07/00 01/01 07/01 01/02 07/02
Time (month/year)

ESMDA100CL30-OP2-WGPR

Prior
Posterior
History —e—

A

"

L L i L
01/01 07/01 01/02 07/02

Time (month/year)

L
07/00

ESMDA100CL30-OP2-WWPR

Prior
Posterior
History —e—

1

o
R il

07/00  01/01  07/01  01/02
Time (month/year)

07/02

Sm3/month

13 History Matching the REEK Model

9000

ESMDA100CL30-OP2-WOPRH

8000 -

7000

6000

5000 -

4000

Sm3/month

3000 [~

2000

1000 |

Prior
Posterior
History —e—

i

;;LllrtHM Tty

0
01/00

1.8x10°

07/00 01/01 07/01 01/02 07/02
Time (month/year)

ESMDA100CL30-OP2-WGPRH

1.6x10°

1.4x106 |-

Prior
Posterior
History —e—

1.2x108

1x10°

[

800000 [~

600000 [~

400000 |~

200000

0
01/0

8000

L L L L
01/01 07/01 01/02 07/02

Time (month/year)

L
0 07/00

ESMDA100CL30-OP2-WWPRH

7000

6000

5000

4000

Sm3/month

3000

2000

1000

Prior
Posterior
History —e—

. . . L

0
01/00

07/00  01/01  07/01  01/02  07/02
Time (month/year)

Fig. 13.17 ESMDA100CL30: N = 100, local analysis conditioning on full-time series of rate data

13.9 Summary and Recommendations

In this chapter, we have comprehensively illustrated how to formulate and solve
the reservoir history-matching problem. We started with the standard case, where
we updated only the static model parameters and neglected error correlations in the
time series of rate data on which we conditioned the model. This configuration leads
to a strong underestimate of the posterior ensemble variance (almost an ensemble
collapse).
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Fig. 13.18 ESMDA200CL21: N = 200, local analysis conditioning on full time series of rate data
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Fig. 13.19 ESMDA400CL15: N = 400, local analysis conditioning on full time series of rate data
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Fig. 13.20 Using localization when conditioning on accumulated production: The plots show the
porosity ensemble average (top) and the porosity ensemble standard deviation (bottom) for layer
four
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Fig. 13.21 ESMDAI100CTL30: N = 100, local analysis conditioning on total accumulated rates
and including control uncertainty
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Fig. 13.22 ESMDA200CTL21: N = 200, local analysis conditioning on total accumulated rates
and including control uncertainty

Next, we demonstrated the importance of including the uncertainty of historical
rates when we use them to force the ensemble integration. By including these uncer-
tain controls in the state vector and updating them like we update uncertain model
parameters, we ensure a more realistic prior and posterior ensemble prediction for
the production-well rates with higher variance.

We have also illustrated that the spurious correlations with small ensemble sizes,
e.g., N = 100, have almost the same magnitude as the physical correlations between
historical rates and petrophysical variables. In the current example, the maximum
physical correlation between the porosity field and the production rates is between
0.4 and 0.5. It is lower than one because of the nonlinear relationship between the



160 13 History Matching the REEK Model

ESMDA400CTL15-OP2-WOPR ESMDA400CTL15-OP2-WOPRH
9000 9000
Prior Prior
Posterior Posterior
8000 |- History —e— 8000 |- History —e—
ry ry
7000 |- 7000
6000 |- = LHITR I ] ““1,}* 6000
£ £
S 5000 [ LTIT \ S 5000
£ £
"t 4000 [ NN T 4000
& &
3000 |- T 3000
2000 2000 [
1000 |- 1000 |-
° . L . I . o . L . . .
01/00  07/00  01/01  07/01  01/02  07/02 01/00  07/00  01/01  07/01  01/02  07/02
Time (month/year) Time (month/year)
ESMDA400CTL15-OP2-WGPR ESMDA400CTL15-OP2-WGPRH
1.8x10° 1.8x10°
Prior Prior
6 |- Posterior 6 |- Posterior
1.6x10 History —e 1.6x10 History —e—
1.4x10° |- 1.4x106 |-
1.2x10° 1.2x106 -
£ N4t ] N1 £ aa SEPG N4--441
S 1x10° |- S 1x10 |- T
2 1 € fibdh
"t 800000 "t 800000 TAT
H I & 1
600000 600000 -
400000 400000
200000 200000
° . L I I . ° . L . . .
01/00  07/00  01/01  07/01  01/02  07/02 01/00  07/00  01/01  07/01  01/02  07/02
Time (month/year) Time (month/year)
ESMDA400CTL15-OP2-WWPR ESMDA400CTL15-0P2-WWPRH
8000 8000
Prior Prior
Posterior Posterior
7000 | History —e— 7000 I History —e—
6000 |- 6000 |-
£ 5000 £ 5000
€ €
s s
E 4000 E 4000 |
£ £
3000 3000
2000 *{# 2000 |
1000 | 1 /yﬂﬂ 1000 |
o . . ae? . o . . . .
01/00  07/00  01/01  07/01  01/02  07/02 01/00  07/00  01/01  07/01  01/02  07/02
Time (month/year) Time (month/year)

Fig. 13.23 ESMDA400CTL15: N = 400, local analysis conditioning on total accumulated rates
and including control uncertainty

porosity and the production rates. Thus, it is necessary to use an ensemble size of
order N = 200 to ensure a significant separation between physical and spurious
correlations. These numbers can be case-dependent, and we should verify them from
case to case.

We have also shown that correlation-based localization works well if the ensem-
ble size is large enough. In particular, with N =200, we have a good separa-
tion between physical and spurious correlations, and a correlation truncation at
3/+/N = 0.21 works well. The localization significantly reduces the updates far
from the production-well locations. However, suppose we include the whole time
series of rate data from a well when updating variables. In that case, it becomes essen-
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tial to correctly specify the measurement error statistics to avoid underestimating the
posterior ensemble variance.

As an “alternative” to specifying a total measurement error covariance matrix,
we ran examples in which we conditioned only on each well’s accumulated total oil,
gas, and water production. This approach resembles an effective subsampling of the
rate data. Since the information provided by a time series of rate data contains much
redundant information, we still obtain an excellent match to the historical rates. Still,
when using global analysis, we have a significant impact of spurious correlations,
which deteriorate the results far from the production-well locations.

The combination of correlation-based localization and conditioning on the total
accumulated production resulted in the “best” results. By best, we define the minimal
update to the prior ensemble of parameters that results in an acceptable match to the
historical rate data and with a realistic uncertainty.

Evensen (2021) obtained similar results when he conditioned the model on the
entire time sequence of historical rates but with full specification of the error corre-
lations in the measurement error covariance matrix.

A final comment is that all the cases discussed above match the historical rates,
where the results differ mainly in the posterior variance. Thus, while it is common
to validate the history-matching experiments concerning the match to the historical
rates, it is also crucial to validate the realism of the updates to the prior parameters.
An example is the violent updates we obtain for the porosity field when computing
the global update with N = 100 realizations.
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Chapter 14 )
History Matching the Troll Reservoir e

Abstract This chapter presents a vast and complex reservoir history-matching case
for the Troll field on the Norwegian Continental Shelf. It follows the same history-
matching procedure as in the previous chapter. The Troll examples serve as a fur-
ther confirmation of the learnings and recommendations coming out of the REEK
experiments, and the examples illustrate the properties of the history-matching prob-
lem when conditioning on production rates. In addition, it uses the adaptive pluri-
Gaussian method for parameterizing facies uncertainties and updating these in the
history matching. The examples start with a standard history-matching procedure,
computing global updates. After that, examples illustrate how the results improve
when one properly accounts for uncertainties in the model controls and the facies
parameterization. Finally, an adaptive localization scheme reduces the impact of
spurious correlations and significantly improves the history-matching results.

14.1 Introduction

Reservoir! characterization? is an approach for modeling and representing a reser-

voir to understand its geological structure, petrophysical properties, and fluid flow
regimes. It combines static and dynamic subsurface data as input for subsurface
modeling tools and numerical flow simulators. This process integrates numerical
simulations with production data information to model subsurface fluid saturations,
flows, and pressure distributions. The resulting subsurface model forms the basis
for reservoir management and aids the decision-making process when developing
production strategies, including field development and well-planning. Additionally,
the asset team uses the reservoir model to estimate reserves and generate production

! The simulation and history-matching work presented in this chapter was performed in Equinor
by Kjetil Bjgrke and Torbjgrn Ek from the Troll asset team in collaboration with the developers’
support team for FMU and ERT, represented by Feda Curic. The book’s authors wrote the text, which
presents the experimental setup, the methodological approach, and the analysis of the results.

2 We must point out that the conditioning on total accumulated production is not yet recommended
practice in Equinor, and the Troll experiments were conducted purely for research purposes.
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forecasts. Some more applications involve developing improved oil recovery (IOR)
plans, greenhouse gas emissions control, and carbon capture and storage (CCS) plan-
ning.

For the Troll Field, reservoir characterization has been integral from the begin-
ning. Simulation studies have played a key role in evaluating and developing the plan
for development and operations (PDO) and making decisions regarding well place-
ment, drainage strategy, and more. The complexity of the geological and associated
reservoir simulation models has grown in tandem with advancements in software,
hardware, data acquisition, drilling technology, and the accumulation of production
data. Ensuring consistency between the reservoir simulation model and the static
subsurface model has been challenging due to the intricate geology of Troll and the
numerically complex, time-consuming nature of the reservoir simulations.

The following section gives a brief overview of the Troll field with its history
and geological concept. After that, Sect. 14.3 briefly discusses the fast model update
workflow that allows for efficient history matching and updating of geological input
parameters. Section 14.4 presents the history-matching experiments and discusses
the results. In addition, it discusses the current state of full-field ensemble simulation
models, the alignment between the geological and the reservoir simulation models,
and, ultimately, the alignment between the reservoir simulation model and the data
observed in the field. The latter represents the conditioning of the geological models
on dynamic data in the assisted history-matching process.

14.2 The Troll Field

The Troll field is a vast gas and oil field, covering more than 700 square km in
the North Sea, off the western coast of Norway, that started production in 1995.
The reservoir comprises Upper Jurassic shallow marine sandstone with excellent
reservoir quality (Dreyer et al. 2005). Structurally, three fault blocks dominate the
reservoir, which contains a large gas cap, an extensive active aquifer, and a thin oil
zone initially 4-27 meters thick. The faults are non-sealing, so local pressure and
saturation changes have global effects.

The reservoir’s oil is mainly produced through sub-sea horizontal and multilateral
wells. The initial plan included 20 horizontal wells in 1995 and 96 horizontal wells
in 1996. The complexity and density of wells have significantly increased since then,
thanks to advances in drilling and completions technology. Since 2022, the field has
been produced by multilateral horizontal wells, mostly with 3—4 branches and some
with up to 5-7 branches. A network of wells, manifolds, flowlines, and risers enable
the transport of produced oil, water, and gas to the Troll B and Troll C platforms. A
cluster of deviated wells below the Troll A platform facilitates gas production.

From the early PDO preparations, reservoir simulations have been essential for
understanding the fluid flow in the Troll reservoir. The reservoir model construc-
tion now incorporates geological understanding and data, geophysical 3D and 4D-
seismic data sets, gravimetric data, and production data. Developing and maintaining
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the Troll oil-reservoir simulation models is a multi-disciplinary task involving geo-
physics, geology, reservoir engineering, and production technology. The fast model
update (FMU) workflow discussed in the next section facilitates straightforward data
integration and model updating. FMU is essential for keeping the model updated with
the latest information obtained from production data, 4D-seismic surveys, and the
gathering of gravimetric data.

The asset team established three plans for development and operations (PDOs) for
the Troll field. Phase 1 focused on gas production from Troll East (TE), Phase 2 on
oil production from Troll West, and Phase 3 on gas production from Troll West. Gas
production from Troll East began in October 1996. Oil production from Troll West
Oil Province (TWOP) commenced in September 1995, followed by gas production
from Troll West Gas Province (TWGP) in November 1999 (Madsen and Abtahi
2005). Gas production from Troll West started in 2021. This chapter will focus on
the reservoir simulation flow modeling for Troll oil production. The simulation model
for oil production must account for pressure changes and fluid flow throughout the
Troll region, making the model size a continuous challenge.

Figure 14.1 displays a map highlighting the three main fault blocks in the Troll field
consisting of Troll West oil province (TWOP), the Troll West gas province (TWGP),
and Troll East (TE). The red dashed line indicates the vertical cross section shown
in Fig. 14.2 that passes through the three main fault blocks.

The large extent and thickness of the Troll reservoir and the high number of
wells represent a challenge for the geological reservoir modeling. The Troll reservoir
contains two very different sand types (Denney 2008): clean coarse sandstone (C
sand) with permeability in the range of 1-10 darcys and the finer grain size (M sand)
with permeabilities of 1-100 millidarcys. Since the start, the geological modeling
approach has been close to a “map-based” (i.e., 2.5D) method with many correlated
zones for each C and M sand unit, with interpolated reservoir properties. However,
increasing computer capacity makes it now possible to build more detailed geological
grids, and the latest geological model comprises around 160 million cells.

Since 2016, the Troll asset team has taken a facies-based approach and almost
halved the number of correlated zones in the model. Each zone can have both a C,
M, and calcite facies. This facies-based approach leads to greater flexibility in the
history-matching loop. It allows the usage of, e.g., adaptive pluri-Gaussian facies
methods (APS) by Sebacher et al. (2017), which fits well with the assisted history-
matching methods, e.g., the ones used in the Fast Model Update (FMU) workflow,
(Hanea et al. 2015).

14.3 Fast Model Update

Fast Model Update (FMU) is an integrated and automated workflow for reservoir
modeling and characterization, and it is the recommended practice for the model-
ing and simulation work in Equinor. Considering all relevant uncertainties, FMU
connects all steps and disciplines, from seismic depth conversion to prediction and
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Fig. 14.1 The panel is a
map of the three main fault
blocks in the Troll field. The
red dashed line indicates the
cross section in Fig. 14.2.
This plot was generated
using the RMS software
from Emerson and
AspenTech

Troll Main Regions
1 [] Troll West Oil Province

2 [l Troll West Gas Province
3 [l Troll East

reservoir management. FMU delivers an ensemble of geologically consistent and
history-matched model realizations that characterize the reservoir uncertainty. The
ensemble history-matching methods represented by Algorithm 1 are the engine of the
assisted history-matching process. Hence, the uncertain parameters should be con-
tinuous random Gaussian variables. FMU allows updating of the structural model,
fault parameters, and petrophysical properties such as 3D fields of permeability and
porosity.

Building a reservoir model is a complex task. It involves several disciplines, from
seismic processing, interpretation, and time-to-depth conversion to the flow simula-
tion of a coarse simulation model. Geophysicists, geologists, geological modelers,
rock physicists, and reservoir engineers contribute to different aspects of the model
building. Traditionally, the model-building workflow has been a one-way process,
where each step is handled by staff from the corresponding discipline before they
hand it over to the following discipline. Some multi-disciplinary collaboration has
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Fig. 14.2 This cross section of the Troll reservoir (reproduced from Fig. 1 in Eiken et al. 2008)
passes through the Troll West oil province to the left, the Troll West gas province in the middle,
and Troll East to the right (see red dashed line in Fig. 14.1. The depth axes annotate meters below
sea level. TVD MSL is the actual vertical depth below mean sea level. The red color indicates gas,
and the green denotes oil. The cross section is along the red line shown in the upper panel. Note the
location of the Troll A platform for gas production in Troll East

existed, but after the reservoir engineer converges to a history-matched model, trans-
ferring the new knowledge to the other disciplines has traditionally been challenging.

With its clever design, the Fast-model-update workflow has transformed the
model-building workflow from a stepwise process into an integrated modeling chain.
This design ensures the modeling process’s consistency, repeatability, and automatic-
ity, showcasing our field’s ingenuity and efficiency.

A primary criterion of FMU is the possibility of running the modeling software
in batch mode, which allows us to set up many realizations to run in parallel. Such
a multi-realization framework is well suited to represent the uncertainty in our input
parameters to the model workflow. The uncertainty is represented and propagated
through the model-building workflow and flow simulation.

In FMU, changing and adding input parameters is straightforward before run-
ning the automated modeling workflow. Another significant upside is that FMU
establishes a direct (but nonlinear) link between input parameters and simulated
dynamic responses, €.g., oil rates and 4D seismic. Using ensemble methods (EnKF,
ES, EnRML), it is possible to analyze the difference between observations and sim-
ulated output data and the correlations in the input-output from the model-building
workflow. The ensemble methods may use this analysis to decrease the uncertainty
span in your prior input parameters significantly.
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The facies modeling is an essential step in the model-building workflow. It links
the structural framework with the petrophysical properties and distributes the porosity
and permeability in the model grid, controlling both the volumes and flow patterns.
Several methods exist to simulate the facies realizations, including in an FMU setting.
Process-based, object-based, and multi-point statistics can all work. However, until
now, there has yet to be a consistent way to use the simulated output and the observed
data to condition the facies realizations while honoring the static well-log and seismic
data.

14.4 Adaptive Pluri-Gaussian Simulation on Troll

Facies modeling is an essential step in the modeling workflow of the Troll reservoir.
The facies are categorical variables, e.g., type C and M sands, and there is a need for
a parameterization that projects the discrete variables into continuous ones. Inverted
seismic data provides probability cubes for facies distribution in each grid cell of
the reservoir model and is the most informative data about the reservoir’s facies
distribution. Hence, the connection with the probability parameterization of the facies
used in adaptive pluri-Gaussian simulations (APS).

Knowledge of the depositional geological environment is key to a successful
history-matching process. APS is the method that links the input seismic data cubes,
the geological concept, and the truncated pluri-Gaussian method to obtain an ensem-
ble representation of the facies in the reservoir that obeys the well-log data, follows
the geology and can be consistently updated. It uses three essential ingredients:
the probability cubes, the truncation map, and the Gaussian random fields (GRFs).
Recognizing the complexity and required zonation in the Troll model, the APS imple-
mentation includes a geological proxy that gives probabilities for the vertical facies
distribution at each map location. This proxy is input to a simple APS algorithm that
creates “variability” and imposes well-conditioning.

The upper plot in Fig. 14.3 shows the 3D probability proxy model for the clean C
sand. Similar proxies represent the M sands and calcites. The lower plot in Fig. 14.3
presents the resulting probability cube, conditioned to the well logs .

The GREF, as shown in Fig. 14.4, represents the geological concept with its trends
and statistical properties. The truncation map in Fig. 14.5 describes the location and
the interaction between the facies in the reservoir. Following up on the APS workflow
presented in the section above, one can simulate a facies type for each model grid cell
and in each realization. The lower plot in Fig. 14.4 shows the resulting APS facies
model.
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Fig. 14.3 The upper plot shows the 3D probability proxy model for clean C sand. Similar proxies
represent M sands and calcites. The lower plot shows the 3D probability proxy model conditioned
to wells using petrophysical modeling. These plots were generated using the RMS software from
Emerson and AspenTech

14.5 Facies History Matching on Troll

Applying assisted history matching to real-field cases, as opposed to synthetic cases,
presents significant challenges due to the complexity of the subsurface model and
the considerable uncertainty in the initial reservoir characterization. The primary
source of this uncertainty lies in the geological model. Capturing this uncertainty
requires simulating a comprehensive set of geological models conditioned on all
available subsurface data. Ideally, this set of geological models would encompass
all scenarios that fit the subsurface data, incorporating geological concepts such as
depositional environment uncertainty and the lateral and vertical extent of deposits,
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Fig. 14.4 The upper plot shows a Gaussian random field for sands that APS combines with condi-
tioned proxy models to compute the facies distribution. The lower plot is the resulting APS facies
model showing the distribution of all facies. These plots were generated using the RMS software
from Emerson and AspenTech

structural frameworks with fault networks, facies types, and varying rock and fluid
properties.

In Chap. 13, we presented an example of the history-matching setup for a synthetic
case, where we tested several aspects of the history-matching formulation. This study
provided invaluable findings and conclusions related to the use of a localization
method, the type of observations we condition the model on, the specification of
model and observation errors, and the choice of ensemble size. These findings are
of immense value when working with a large field case where one often has limited
computational resources and time. Thus, from the insights gained in Chap. 13, we
selected the most successful approach for the Troll history-matching exercise.
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Truncation map for main facies Truncation map for calcites (overprint facies)

GRF1 GRF2

Fig. 14.5 The panels display the truncation map used for the Troll model. It distinguishes between
the clean C sand, two types of M sand, and the calcites

This study concentrates on the uncertainties inherent in the facies modeling for the
Troll field. The focus is on generating an ensemble of facies realizations conditioned
on the production data. We address the challenges of creating multiple geological
facies realizations that satisfy all available subsurface data and then the condition-
ing of these realizations to the dynamical observations, resulting in consistent and
realistically updated geological models.

The APS initially produced 200 facies realizations. We recommended using
ESMDA for the conditioning process. However, due to the computational cost, where
each realization requires approximately 40 h of CPU time, the conditioning used only
one iteration of the ESMDA, effectively running the Ensemble Smoother (ES). Our
synthetic case study illustrated that applying the adaptive correlation-based local-
ization method with the ES while conditioning the model on the total accumulated
production for each well is the most effective method to prevent ensemble collapse
and retain significant uncertainty.

In Fig. 14.6, the upper plots display the prior ensemble mean to the left, the poste-
rior ensemble mean from the global update in the center, and the posterior ensemble
mean from the local update to the right. The lower plots show the corresponding
ensemble standard deviations. It is evident that without localization, the variance of
the updated ensemble collapses to zero, indicating that all realizations are nearly
identical. In contrast, applying correlation-based localization preserves a reasonable
uncertainty in the update.

Thus, as we saw in the REEK case from the previous chapter, when we do not use
localization, significant updates occur throughout the model grid, including areas dis-
tant from the wells, suggesting the influence of spurious correlations. These intense
updates are not consistent with the geological understanding of the reservoir. How-
ever, when using adaptive correlation-based localization, the right plots demonstrate
how the updates are confined to locations around the wells. This approach maintains
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Fig. 14.6 The upper plots show the ensemble mean for the facies: the prior (left), the posterior
global update (center), and the local analysis update (right). The lower plots show the corresponding
ensemble standard deviations. These plots were generated using the RMS software from Emerson
and AspenTech

alignment with the original geological concept, ensuring that updates are consistent
with the data without altering the facies distribution in areas not sensitive to the data.

14.6 Conditioning on Production Data

After confirming that the updates align with the initial geological concept and its
variability, the next step in assessing the quality of the history-matching results is
to examine whether they match the observed production data. We will present the
history-matching results focusing on production data matching within the three main
sectors of the reservoir, i.e., Troll A, Troll B, and Troll West. Another key aspect is
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Fig. 14.7 The left and right plots show, respectively, the oil and water production rates for Troll W
for the global analysis (top), using adaptive localization but certain rates (second row), and using
adaptive localization with uncertain rates (bottom)

comparing simulations, where the focus is on the outcomes of simulations performed
with and without incorporating rate-control uncertainties into our model.

In Fig. 14.7, we show the results of the data match before and after conditioning
for the oil and water production rates. The first plot shows the results without the rate
uncertainty and no localization in the assimilation. The middle plot shows the results
that do not account for rate uncertainty but use adaptive localization, and the last one
shows the results of the combined rate uncertainty and adaptive localization. The
spread of the ensemble in the first plot is minimal, hinting at an ensemble collapse.
Also, the updated forecasts are not able to cover the measurements. When using
adaptive localization, the ensemble variance becomes more realistic, and the match
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Fig. 14.8 The left and right plots show, respectively, the oil and gas production rates for Troll B
for the global analysis (top), using adaptive localization but certain rates (second row), and using
adaptive localization with uncertain rates (bottom)

improves. We obtain the best results when including rate-control uncertainties using
the adaptive localization in the ES.

We observe the same behavior for the Troll B and Troll C platforms. Fig-
ures 14.8 and 14.9 present the results for the gas and oil production rates for Troll
B and Troll C. An essential quality check involves assessing the misfits between the
predicted and measured observations calculated for the prior and posterior ensembles
og geological realizations.

In Figs. 14.10, 14.11 and 14.12, we show the mismatch between the forecasted
production rates for oil, water, and gas and the observed data for the prior and
posterior ensembles. We have computed the ensemble predictions with and without
rate-control uncertainties, and with and without adaptive localization in the history
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Fig. 14.9 The left and right plots show, respectively, the oil and gas production rates for Troll C
for the global analysis (top), using adaptive localization but certain rates (second row), and using
adaptive localization with uncertain rates (bottom)

matching. We observe that the results, when including the rate-control uncertainties
and using adaptive localization, obtained the closest fit to the measured data, and the
spread of the prediction forecasts is much higher than all the other cases.

14.7 Summary

This chapter discussed ensemble history matching with the reservoir model of the vast
Troll field on the Norwegian continental shelf. The results demonstrate that ensem-
ble methods are now generally feasible for use in reservoir management workflows.
However, we must take care to ensure consistent use of the methods regarding the
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ensemble size, data preprocessing, and the specification of error statistics. An inter-
esting aspect of the Troll example is the definition of a complete fast model update
(FMU) model workflow involving the geological model, allowing us to history match
geological parameters rather than update the simulation model parameters. The FMU
approach is possible because the ensemble methods consider the model operator a
“black box” and only use the ensemble correlations between the uncertain input
parameters and the predicted measurements. Thus, FMU ensures consistency in the
model chain and even allows updating structural parameters, leading to simulation
models with different grids. In the final summary chapter, we will provide some
thoughts about the future of reservoir history matching and closed-loop reservoir
management.
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Chapter 15 ®)
Summary and Future Perspectives e

Abstract This final summary chapter discusses today’s state of the art in ensemble
history matching and robust optimization and gives a perspective on the future devel-
opment of these methods and their potential for use in an operational closed-loop
reservoir management systems.

15.1 State of the Art

The use of iterative ensemble smoothers is now well-established for history matching
in the reservoir community, and the methods have proven their capabilities in several
petroleum applications (Emerick and Reynolds 2012; Chen and Oliver 2014; Emer-
ick 2016; Lorentzen et al. 2019; Evensen 2021; Oliver et al. 2021). The advantages of
ensemble methods for history matching include the built-in uncertainty quantifica-
tion, the possibility of defining high dimensional state vectors, and ease of implemen-
tation without the need for adjoints. The ensemble method’s direct derivation from
Bayes’ theorem with clearly defined assumptions and approximations ensures math-
ematical rigor and consistency, which are essential to any operational method. The
ensemble approach’s drawbacks include the appearance of sampling errors caused
by using a finite ensemble size, which introduces the need for localization and pos-
sibly inflation methods. Furthermore, the Gaussianity and linearity assumptions in
an update step limit the level of nonlinearity in the reservoir model that the ensemble
methods can handle, and much of the ensemble history-matching research focuses
on resolving these three issues.

In this book, Chap. 7 discusses adaptive correlation-based localization methods
as a remedy for sampling errors. Chapter 8§ introduces the truncated and adaptive
pluri-Gaussian methods to better handle categorical facies variables. An extensive
discussion considers the extension from the linear ES update to the iterative EnRML
or multi-step ESMDA methods to resolve the history-matching problem’s general
nonlinearity properties. On the application side, Chap. 13 discusses how to consis-
tently configure and solve the ensemble history-matching problem and avoid com-
mon traps often seen in previous applications. Section 13.6 particularly emphasizes
the value of understanding the impacts of conditioning models on redundant and
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dependent observations, a topic of utmost importance when consistently setting up
a history-matching experiment and interpreting its results.

Robust optimization is a rapidly developing and recent research area partly moti-
vated by the results from Van Essen et al. (2009), which demonstrated the value of
optimizing controls over an ensemble of realizations representing the reservoir uncer-
tainty. Ensemble Optimization (EnOpt), discussed in Chap. 10, is a popular robust
optimization method that uses a stochastic gradient (Lorentzen et al. 2006; Chen et al.
2009), perfectly fitting the ensemble framework. Still, there is a need to make EnOpt
more efficient as the stochastic gradient computed using models from an ensemble
of geological models becomes noisy, and the convergence is slow, mainly when the
ensemble spread is large (Chang and Evensen 2022). Chapter 11 discusses alternative
methods that optimize using the mean model instead of the entire model ensemble.
We have shown that such approximate methods may provide a near-optimal solution
at a much lower cost. We expect significant further development of optimization
methods suitable for robust reservoir optimization problems over the next few years.

Chapter 12 demonstrates how it is convenient to couple ensemble history match-
ing with robust optimization methods to form closed-loop reservoir management
(CLRM) systems. When using ensemble methods, the output of the history matching
is a posterior ensemble of geological models conditioned on all historical dynamic
data. This ensemble of conditioned models is input to the robust optimization, which
leads to a vector of optimized controls for the future reservoir production or drilling
schedule. These optimal controls result in the highest expected net present value
(NPV) and sometimes the lowest expected emissions, depending on how we define
our objective function. In the following sections, we will briefly discuss how it is
possible to develop CLRMs with extensive automated reservoir modeling and simu-
lation workflows, and we refer to some open-source workflow managers that should
be useful for CLRM research and applications.

15.2 Automated Modeling Workflows

Traditionally, reservoir engineers have used history-matching methods to update a
reservoir simulation model, which soon becomes incompatible with the underly-
ing geological reservoir description represented by the geological model. However,
when using ensemble methods, it is possible to do better. As illustrated by Fig. 1.4,
when ensemble methods compute an update, they use the correlations between the
input parameters and the predicted measurements to determine the magnitude of the
update, and there is no need to know anything about the functional form of the model
that maps the input parameters to the predicted measurements. The application with
the Troll field in Chap. 14 takes advantage of this property of the ensemble methods.
It defines a more advanced model workflow that includes the geological model in the
forward operator. Thus, the workflow defines state variables that include Gaussian
random fields as input parameters to the facies modeling, followed by running the
simulation model with the updated facies realizations. In this case, it is straightfor-
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ward to introduce a change of geological parameterization and automatically run
the workflow through the geological modeling followed by running the simulation
model.

The workflow can be even more general in other applications than in the Troll case.
For example, one can simulate random structural surfaces and define the uncertain top
and bottom reservoir surfaces. The challenge is to automate the structural modeling
workflow to generate a new geological model grid from the input structural surfaces,
populate the new grid with petrophysical properties, correctly introduce the wells in
the new model grid, and then generate the new simulation model. Fortunately, some
commercial modeling software makes it possible to automate or script this geological
modeling process, leading to the Fast Model Update™ (FMU) workflow developed
by Equinor (Hanea et al. 2015; Skjervheim et al. 2015) and described in Sect. 14.3.

The automated modeling workflows allow updating of geological parameters
where they should be updated, i.e., in the geological model, in contrast to updat-
ing them in the simulation model. This strategy ensures consistency between the
geological and simulation models and allows for a fast and straightforward updating
of the geological model when new information becomes available. There is now a
need for further research and development of automated modeling workflows and
their use in ensemble history-matching.

15.3 Ensemble Workflow Manager

Although there are commercial software packages supporting ensemble workflows
with history-matching and optimization functionalities, we will mention some alter-
natives that are publicly available for download. First, we will mention the Open
Porous Media https://opm-project.org/ initiative that develops the Flow reservoir
simulator for three-phase black-oil simulations. Flow includes support for CO; stor-
age and thermal simulation and provides extensions to the black-oil model, such
as polymer, solvent, or gas/water mixing. It can read and write standard industry
formats. Being a high-quality open reservoir simulator, OPM Flow is well suited for
ensemble integrations since there are no license requirements potentially limiting the
number of concurrent parallel simulations. We used OPM Flow to run all simulations
in Chap. 13.

The Python-Ensemble-Toolbox (PET) available from https://github.com/Python-
Ensemble-Toolbox/PET is a toolbox for ensemble-based history matching and opti-
mization, developed and maintained by the NORCE Research data assimilation and
optimization group. The software is ready for download and is suitable for students
and practitioners working with ensemble history matching and robust optimization.

The Ensemble Reservoir Tool (ERT) available from https://github.com/equinor/
ert constitutes Equinor’s operational in-house workflow manager for ensemble inte-
grations, ensemble history matching, and optimization. It is software designed to
run ensembles of dynamical models, such as reservoir models, for sensitivity anal-


https://opm-project.org/
https://opm-project.org/
https://opm-project.org/
https://opm-project.org/
https://github.com/Python-Ensemble-Toolbox/PET
https://github.com/Python-Ensemble-Toolbox/PET
https://github.com/Python-Ensemble-Toolbox/PET
https://github.com/Python-Ensemble-Toolbox/PET
https://github.com/Python-Ensemble-Toolbox/PET
https://github.com/Python-Ensemble-Toolbox/PET
https://github.com/Python-Ensemble-Toolbox/PET
https://github.com/equinor/ert
https://github.com/equinor/ert
https://github.com/equinor/ert
https://github.com/equinor/ert
https://github.com/equinor/ert

182 15 Summary and Future Perspectives

ysis and data assimilation. ERT is also the software used for all Chaps. 13 and 14
experiments.

ERT and PET supports data assimilation using the Ensemble Smoother (ES),
Ensemble Smoother with Multiple Data Assimilation (ESMDA), and the subspace
Ensemble Randomized Likelihood (EnRML), implemented according to the algo-
rithms developed in Chaps. 6 and with localization from Chap. 7. Thus, downloading
a workflow manager and the OPM Flow reservoir simulator gives one all the essential
tools to use ensemble methods.

15.4 Artificial Intelligence and Machine Learning

The petroleum industry is paying significant attention to incorporating methods for
artificial intelligence (AI) and machine learning (ML) in reservoir management.
Traditional reservoir simulation and optimization methods face increasing challenges
due to computational limitations and the size of the involved data sets. Thus, Al and
ML are promising approaches for more efficient reservoir modeling and streamlined
decision-making processes.

While we do not explicitly discuss the adaptation of ML methods in this mono-
graph, we recognize their potential within the petroleum industry. One of the most
immediate applications of machine learning is in developing proxy models that mimic
the behavior of more complex, computationally expensive reservoir simulations.
These proxy models act as simplified versions of full-scale ensemble simulations,
offering the ability to predict outcomes in a fraction of the time while maintaining
high accuracy. We can then apply the ML methods to make faster, informed deci-
sions about reservoir management and optimization strategies . Proxy models are
beneficial in robust optimization scenarios, where multiple simulations account for
uncertainty, improve the reliability of forecasts, and reduce the time and resources
required for ensemble simulations.

Moreover, machine learning algorithms and reservoir history-matching methods
share mathematical similarities. Both estimate models based on observed data to
improve predictive accuracy. By combining the strengths of ensemble methods with
the data-driven capabilities of machine learning, it seems likely that we will soon
see a seamless integration of these methodologies.

Developing new hybrid approaches integrating machine learning and ensemble
history matching will likely lead to faster reservoir optimization methods with higher
accuracy. The petroleum industry expects a surge in the adoption of Al and ML-
based solutions in the coming years, with these technologies playing a crucial role
in addressing the industry’s evolving challenges. In summary, integrating Al and
ML methods with ensemble history matching and robust optimization has significant
potential benefits. Thus, we expect the further development of these hybrid methods to
redefine reservoir management, making processes more efficient and cost-effective.
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15.5 Industry Adaptation Challenges

The introduction of ensemble modeling for uncertainty quantification and history
matching in operational use in petroleum companies has been a long and tedious
process. There are several reasons for the slow technology uptake.

Traditionally, reservoir engineers have not received training in using ensemble
methods, and they usually work with a single model realization that they manually
fine-tune to fit the dynamic data. When working with an ensemble of models, it
is impossible to quality-check individual realizations, and one must work with the
algorithms generating the model realizations instead. Thus, there is a significant
change in the work processes and new competencies and mathematical understanding
are required. As human beings, we are also often restrictive about change and prefer
to continue as we are used to.

Clear leadership and management decisions are strongly needed to implement
significant changes in a company, and first, the management needs to be convinced.

Another significant issue is the availability of software suitable for working with
ensembles of reservoir models. Companies typically lock into specific vendors deliv-
ering software not originally designed to work with ensemble methods. Thus, there
has been a long maturation and transition period where the vendors have started to
support ensemble methods and have made new tools available to the industry.

Over the previous twenty years, methods and their applications have matured
continuously, driven by the research community and the industry. Many presentations
at petroleum conferences have demonstrated the benefits of using ensemble methods,
which are generally accepted as state-of-the-art today.

Regarding the use of interdisciplinary modeling workflows like FMU, the techni-
cal staff in the companies are often working “almost independently” within different
disciplines. For example, a geophysicist may deliver a seismic interpretation to the
geologist who builds a detailed geological model. The geologist hands the model
over to the reservoir engineer, who implements the reservoir simulation model. When
introducing an FMU workflow in a company, the geological modeler must change
their way of working to develop the workflow or scripts that generate the geological
model, rather than manually building and maintaining a geological model. Further-
more, a reservoir engineer will update the input parameters to the geological model,
and this cross-disciplinary work requires direct hands-on collaboration between the
different disciplines.
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Adaptive  localization, see localiza-
tion!correlation based

Adaptive Pluri-Gaussian Simulation (APS),
65

Adaptive pluri-Gaussian simulation, see
pluri-Gaussian!adaptive

Adaptive truncation map, 70

Adjoint-based minimization, 123

Adjoint method, 22, 94

Adjoint model, 27

Allocation table, 146

Area development, 124

Artificial Intelligence (AI), 182

Artificial intelligence, see Al

Assisted history matching, 18, 164-166

Automated modeling workflows, 180, 181

Average sensitivity, 75

B
Bayes’ formula, 6, 20
Bayes’ theorem, 13, 20
Best Linear Unbiased Estimate (BLUE), 21
Bias correction
additive, 99, 101
function, 102
multiplicative, 99
Bimodal distributions, 84
Bound constraint optimization, see opti-
mization!bound constraint
Box-Cox transformations, 107
Brugge benchmark, 88, 121

C
Calcite facies, 165
Categorical variables, 13, 66, 168
Closed form solution, 26
Closed-Loop  Reservoir =~ Management
(CLRM), 93, 120, 125, 179, 180
Closed-loop reservoir management, see
CLRM
Conjugate gradient, 29
Control
uncertainty, 135
variable, 93, 100, 102, 124
Core samples, 3
Correlation
functions, 140
physical, 141
truncation value, 57
Correlation based localization, see localiza-
tion!correlation based
Cost function, 17, 19, 40
gradient, 21
Hessian, 43
Jacobian, 43
CO; storage, 181
Covariance localization, see localiza-
tion!covariance
Crevasse splay, see facies!crevasse splay

D

Data assimilation, 5, 27, 47, 53, 55, 68, 75,
76,78,79, 107, 147

Data preprocessing, 177

Decision
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alternatives, 125
analysis, 119
Decision-making, 100, 120, 124, 163
dynamic, 126
myopic, 125
process, 124
robust, 124
static, 124
Deformational processes, 3
Dependent data, 147
Depositional environment, 3, 142, 168, 169
Derivative-free optimization, 95, 108
Diagonal measurement error covariance
matrix, 150
Drainage strategy, 14, 164
Drilling locations, 5
Drilling schedule, 180
4D seismic, 165
4DVar, 27
ensemble, 28, 29
incremental, 28
Dynamical observations, 171

E
Ensemble
anomaly matrix, 38
approximation, 11, 37
collapse, 54, 131, 137, 171, 173
covariance, 37
covariance matrix, 37, 38
history matching, 13, 119, 179, 181
history matching problem, 9
initial, 173
low rank, 37
matrix, 37
mean, 137
methods, 6
optimization method, 93
predictions, 6, 175
representation, 37, 41
size, 132, 137, 177
spread, 148
subspace, 40, 43, 147
subspace solution, 41
update, 39
variance collapse, 147
workflow, 120
workflow manager, 181
Ensemble-based gradients, 86
Ensemble Kalman Filter (EnKF), 6, 7, 39,
122
Ensemble Kalman filter, see EnKF

Index

Ensemble of Kalman-filter updates, 26

Ensemble of RML cost functions, 25

Ensemble Optimization (EnOpt), 14, 95

Ensemble Randomized Maximum Likeli-
hood (EnRML), 9, 39, 75, 182

Ensemble randomized maximum likelihood,
see EnRML

Ensemble Reservoir Tool (ERT), 181

Ensemble Reservoir Tool, see ERT

Ensemble Smoother (ES), 6, 13, 39, 46, 171,
174, 182

Ensemble smoother, see ES

Ensemble Smoother with Multiple Data
Assimilation (ESMDA), 9, 13, 47, 182

Ensemble smoother multiple data assimila-
tion, see ESMDA

Environmental impact, 124

Error correlations, 147

Error statistics, 177

Evolutionary algorithms, 95

Excessive updates, 147, 150

Explicit linear solution, 26

Extended Kalman filter (EKF), 23

F
Facies
channel belts, 68
crevasse splay, 68
distribution, 172
estimation, 66
floodplain, 68
modeling, 168, 171, 180
probability fields, 69
realizations, 66, 168, 171, 180
Facies-based approach, 165
Fast model update, 165, 177, 181
Fault networks, 170
Fault transmissibility, 65
Field development, 14, 119, 124
Fisher transformation, 57
Floodplain facies, see facies!floodplain

G
Gas production, 165
Gas recovery, 5
Gaussian
approximation, 65
likelihood, 6
prior, 20
random fields, 66, 70, 103, 168, 180
Gauss-Newton
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incremental, 28, 29

iterations, 13, 27

method, 43
Geological

concept, 68, 164, 168-172

model, 10, 94, 169, 181

model grid, 181

modeling, 165

proxy, 168

realizations, 174

reservoir description, 180

uncertainty, 95, 134, 137
Global analysis, 12, 131, 138, 147
Global minimum, 78
Global update, see global analysis
Gradient descent, 21, 44
Gravimetric data, 165
Greedy optimization, 78
Greenhouse gas emissions, 100, 124

H
Hessian, 27, 43
Historical rate data, 134
History matching, 5, 131, 172, 174, 175
assisted, 7, 18, 169
manual, 6, 17
methods, 181
problem, 17
reservoir, 163
results, 172
Hydrocarbons, 3
Hyperparameter estimation, 106

I

Infill well, 120

Inflated observation errors, 76

Inflation, 179

Injector, 144

Integrated modeling chain, 167
Interdisciplinary modeling workflows, 183
Iterative ensemble smoother, see IES

L
Least squares best fit, 33
Levenberg-Marquardt, 43, 79
Likelihood function, 20
Linearity assumption, 11, 179
Linear regression, 33, 95
Local analysis, 53, 135
Localization, 12, 53, 150, 179
adaptive, 53
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correlation based, 12, 13, 53, 55, 131, 132,
148, 160, 171
covariance, 54
distance based, 12, 53, 144
Kalman gain, 54
measurement variance inflation, 55
non-local observations, 54
transition matrix, 56
truncation distance, 54
Local update, see local analysis
Log-normal permeability, 65
Log-permeability, 107

M
Machine Learning (ML), 182
Machine learning, see ML
Manual history matching, 17
MAP estimate, 6, 20, 26
Maximum a posteriori estimate, see MAP
Mean model, 100, 101, 107
arithmetic mean, 107
bias correction, 97, 99-107
geometric mean, 107
harmonic mean, 107
Mean-Model Bias Correction (MMBC), 97
Measurements
dependency, 19
error covariance matrix, 19, 38
perturbation matrix, 38
perturbed, 38
predicted, 37
uncertainty, 134
Minimum update, 153
Model
control variables, 18
error, 122
grid, 181
parameterization, 10
parameters, 18
sensitivity, 33
Model-building workflow, 167
Monotonic response, 65
Multimodality, 76
Multiple Data Assimilation (MDA), 30
Multi-point statistics, 168
Multi-realization framework, 167

N

Net present value, 93, 100, 121, 180
Non-Gaussian pdf, 75

Nonlinear inverse problems, 75
Nonlinearity, 11, 75
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high, 85
weak, 79
Nonlinear measurement functionals, 76

0
Objective function, 94, 101, 180
Observation operator
highly nonlinear, 85
linear, 79
monotonic, 86
non-monotonic, 85
weakly nonlinear, 79
Oil migration, 3
Oil production, 165
Oil recovery, 5
Oil-water contact, 122
Open Porous Media, see OPM
OPM, 181
Optimization
bound constraint, 109
controls, 180
drilling order, 100
injection rate, 100
robust, 14, 93, 95, 99, 119, 179, 180
strategies, 182
well location, 100
Optimization under uncertainty, see opti-
mization!robust
Orthogonal projection, 38

P
Parameter estimation problem, 4, 6
Partial correction factor, 101, 102
Partial correction mean, 105
Particle swarm, 95
Permeability, 3
Perturbed observations, 39
Petroleum applications, 179
Petroleum reservoirs, 3
Petrophysical properties, 3, 168, 181
Pluri-Gaussian
adaptive, 65, 69, 165, 171
method, 65
simulation, 65, 66, 171
truncated, 65
truncation map, 66, 168
truncation values, 149
Porosity, 3
field, 140
updates, 137
Posterior
Bayesian, 26

Index

ensemble, 124

MAP estimate, 26, 78

pdf, 25

sampling, 25, 76

uncertainty, 78

variance, 150
Pre-conditioned steepest-ascent, 95
Prediction uncertainty, 4, 6, 134
Predictive skill, 6, 137
Prior

Gaussian, 6

penalty term, 19

uninformative, 103
Probability

cube, 168

density function, 20

fields, 69

proxy model, 168
Producer, 144
Production optimization, 121
Production strategy, 5, 119
Proxy models, 182
Pseudo inverse, 39
Python-Ensemble-Toolbox (PET), 181

Q

Quadratic minimization problems, 29
Quasi-Newton, 29

R
Randomized Maximum Likelihood (RML),
25
Randomized maximum likelihood sampling,
see RML
Rank deficiency, 146
Rate
control uncertainties, 136, 174, 175
observations, 134
Recovery factor, 125
Redundant information, 146
Regression update, 10
Relative permeability, 121
Reservoir
characterization, 3, 169
flow, 146
management, 119, 121, 182
management workflows, 175
model, 3, 166
modeling, 164
modeling workflow, 9
production, 180
production optimization, 93, 100



Index

properties, 165
simulation, 164, 165
simulation model, 10, 180, 181
simulator, 4
traps, 3
uncertainty, 94, 121, 166
volume rate, 134
Reservoir simulator
OPM Flow, 181
Risk-averse, 120
Risk-taking, 120
Robust decision-making, 14, 121
Robust optimization, 181
Robust  optimization, see  optimiza-
tion!robust

S
Sample average approximation, 100
Sample correlation, 140
Sampling errors, 12, 137, 147, 179
Seismic
data, 4, 168
data cubes, 168
surveys, 3
Sensitivity analysis, 4
Smart wells, 121
Source rock, 3
Spurious
correlations, 54, 131, 140, 142, 147, 171
updates, 12, 53
Standard deviation, 135
State vector, 9, 134
Static model parameters, 134
Stochastic gradient, 95, 180
StoSAG EnOpt, 97
Structural
framework, 4, 168, 170
model, 166
modeling workflow, 181
surfaces, 181
uncertainty, 4
Subspace inversion, 147

199

Subspace iterative ensemble smoother, see
1IES

Subsurface model, 164, 169

Surrogate model, 100, 101

Synthetic test cases, 121

T

Tangent-linear operator, 22, 26, 27, 43

Tectonic processes, 3

Thermal simulation, 181

Time-to-depth conversion, 166

Total accumulated production, 132, 147

Troll reservoir, 164, 180

Truncated Pluri-Gaussian Simulation (TPS),
65

Truncation map, 66, 168

Trust-region methods, 108

U
Uncertain controls, 134, 137
Uncertainty quantification, 4, 121, 165, 183

A\
Value of information, 123
Variance minimizing update, 10

W
Well-conditioning, 168
Well logs, 3, 68, 168
Well placement, 164
Well-posed formulation, 20
Wells

horizontal, 164

multilateral, 164
Woodbury corollaries, 27
Workflow manager

ERT, 181

PET, 181
Work processes, 183
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