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Preface
There is currently a recognition of the importance of the stories of
individual scientists (outside the pantheon of giants and leading discipline
figures) in building the history of science. Such individuals are unique
men and women of outstanding ability, drawn from different countries
and backgrounds, some of whose personal trajectories may move outside
the practices and paradigms of established disciplines, and who, as
researchers and experimenters, can prove to be significantly ahead of
their time.
This recognition has also derived from the fact that, in addition to the
traditional theme of the great men of science, another trend has developed
in the writing of the history of science in the last two decades — that of
a strong focus on science in its social context, on the constructed nature
of scientific knowledge and on a sociological emphasis that has tended
to edge out the creative, individual, self-determining life in science.
In recent years, however, Danish historian and science biographer,
Thomas Söderqvist, has offered a cogent and timely argument for
recovering the life story of `the freely acting, creating, self-motivating,
individual scientist’, who, he believes, has become `a much-neglected
figure’ in the social reconstruction of science. Their biographies, he
suggests, could provide an illuminating set of exemplars of `the existential
projects of individual scientists’, ‘the individual’s struggle for existential
authority’, and furnish a genre that would enrich our understanding
and interpretation of the diverse, complex, yet essentially personal
pathways in the life of science. In this way, he contends, science
biography ‘can provide us with stories through which we can identify
ourselves with other human beings who have chosen to spend their lives
in scientific work’.
Söderqvist also signals some refreshing new approaches in science
biography which are especially relevant for those who, increasingly in
our technological era, leave scant documentary evidence for the
biographer. `Multi-genre narratives, unexpected time-shifts,
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interventions’, he advises the prospective biographer, `poetical
reconstructions, polyvocal texts … Take risks!’1
José Enrique Moyal fits firmly into Söderqvist’s frame. Born in Jerusalem
in 1910, during the last decade of the Ottoman Empire’s rule in Palestine,
he belonged to no particular nation though with his soft, deep, and slow
diction, he deemed himself an Israeli. `Listen to any Israeli diplomat or
politician on the television’, he would say, ‘anyone who spent some time
in England and you will hear that Israeli voice, in my case, overlaid
slightly by French.’
Intrinsically and by fortune he was a maverick, an independent person,
an ‘individualist’ as the Oxford English Dictionary Supplement defines
it, `unorthodox’ or `an unbranded animal’ (the term drawn originally
from America’s cattle country). Through a long and complex life, he had
journeyed and worked across the world, always with an air of difference
and independence until, in May 1998, he died in Canberra a few months
short of his 88th birthday.
He has been celebrated as `one of Australia’s most remarkable thinkers’.
`Professor Moyal’s interests’, ran the Citation of Doctor of Science, honoris
causa, conferred by The Australian National University upon him in
1997, `are extremely broad: he is an engineer who made a fundamental
contribution to the understanding of rubber-like materials, a
mathematical physicist who originated the "Moyal bracket" in quantum
mechanics, and a mathematical statistician responsible for the early
development of stochastic processes … Finally, he is a versatile
mathematician who has researched the foundations of quantum field
theory. In each of these fields, he is a thinker of the first rank … He is
one of a diminishing breed of mathematical scientists working in a broad
range of fields in each of which he has made fundamental advances’.
In his lifetime and, most notably, since his death, his classic paper,
`Quantum Mechanics as a Statistical Theory’ (1949), has made a profound
contribution to an array of scientific fields and underpins a range of
contemporary technological developments. It was research that led him
into a long and illuminating correspondence with the celebrated British
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physicist, Professor P.A.M. Dirac, which is reproduced in full in an
Appendix.
Mathematician, physicist, and statistician, J.E. Moyal (Joe or Jo as he
became generally known) completed his career as Professor of
Mathematics at Macquarie University in Sydney where the J.E. Moyal
Medal and Lecture, established at the University in 2000 to confer an
award in consecutive years in statistics, physics, and mathematics,
commemorates the diversity of his work.

ENDNOTE
1 Thomas Söderqvist, ‘Existential projects and existential choices in science: science biography

as an edifying genre’, in Michael Shortland and Richard Yeo (eds), Telling Lives in Science.
Essays on Scientific Biography. Cambridge University Press, 1996, Chapter 1, pp. 45-84.
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Chapter 1. Boyhood
José Enriques Moyal was born in Jerusalem on 1 October, 1910, on the
eastern side of Jerusalem (a point of precision of some significance later)
to his mother, Claire Calmé, a French schoolteacher brought to Palestine
by her parent, an Inspector of Schools, and David Moyal, his lawyer
father. David Moyal belonged to an upper-middle class family of
Sephardic Jews (the prominent Sephardic Savon family) whose forebears,
following the Jewish expulsion from Spain in 1492, dispersed into parts
of the Ottoman Empire — in their case Palestine — and in ensuing years
came to fill professional places as lawyers, judges, doctors, civil servants
and prominent merchants in Turkish society.
The Moyals were secular Jews who, while well-assimilated, maintained
something of their Spanish heritage. Joe’s grandfather, the most
prominent merchant in Jaffa in his time, had as a Spanish speaker,
extended lavish hospitality to King Alfonso of Spain when he visited
the Holy Land during the 1870s and, in return, the King conferred
Spanish nationality upon him to serve as the Spanish Consul in Jaffa.
David Moyal and later his son, Joe, were resultingly born and registered
as Spanish, although the grandfather retained his Turkish title as a Bey.
This was a title which he also acquired by purchase for his eldest son
David, and, later, for David’s eldest son José Enrique. Joe would relate
happily the story of how he became a Bey while still in his cradle,
through his grandfather’s connections. His title, he discovered, was
awarded for `bravery in the field of battle’! Such titles were swiftly
abolished in the newly established Turkey by Kemal Attaturk.
At the time of Joe’s birth, there were probably no more than 40,000 Jews
living in the wide land of Palestine, with its golden deserts, roaming
hills and deep ravines. Tel Aviv, where David Moyal took up his legal
practice after 1909, was little more than a small ragged town on the
seaboard, while Jerusalem, the City of David and once one of the
illustrious cities of the world, had sunk into a decrepitude far removed
from its days of historical glory.

1

Figure 1.1. Palestine under the British Mandate 1922–1948
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Yet change was nibbling at the edges of this little developed country.
From the late 1870s, responding to Theodor Herzl’s enunciation of a
Zionist State, Jewish migrants from Russia and Eastern Europe were
entering Palestine in increasing numbers. Buoyed by their plans for a
Jewish Homeland, the new arrivals worked diligently in the citrus groves,
vineyards and almond plantations of Jewish settlers alongside the Arab
labourers, and through zeal, hard work and self-education, prepared for
the growth of their own collaborative agrarian settlements. David Moyal
was the owner of an abundant citrus estate south-east of Jerusalem near
Bethlehem and was likely to be classified by the politically up-and-coming
émigré, Ben-Gurion, as one of those ‘rich Jewish squatters’ who ‘were
too satisfied where they were’. But Moyal had the reputation of running
his growing Tel Aviv practice with a particular emphasis on serving his
Arab legal clients and both his, and Joe’s association as a child, with
their Arab workers were close and harmonious.
In 1916, however, war enveloped the land of Palestine. Britain, anxious
for strategic gain and a distraction from her terrible losses in the
battlefields of France, despatched the Egyptian Expeditionary Force to
Palestine and, in the latter half of that year, drove the Turks from the
Sinai Desert. In mid-1917, with the British line concentrated opposite
Gaza, General Allenby was put in charge, with the object of extending
the battle to Beersheba and on northwards to capture Jerusalem. And it
was here that the ANZAC Mounted Division of the Light Horse Brigades
under General Sir Henry Chauvel — some 40,000 troops together with
two British Corps — launched their swift assault across the wide,
trackless countryside to seize the town and vital wells of Beersheba in
the last days of that October.
There followed much bitter fighting in the rocky hills north of Beersheba
as the British force thrust northward. Jaffa and Tel Aviv were taken in
November — their residents moved further north by the Turkish military
authorities — while Allenby took his forces round the Judean hills to
approach Jerusalem through the rugged western passes. On 11 December,
1917, this quiet British General captured Jerusalem in an act that stirred
the imagination of the world.
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For the next months planning his forward campaign, Allenby would
make his headquarters in the sandy soil on a slight rise on the
Jaffa-Jerusalem road some twenty-five miles from Jerusalem. There he
looked west to the Mediterranean sea and south-east to the fertile citrus
groves where David Moyal had his orchard, in a landscape where the
British 53rd Division `had passed by’ in its fight towards Jerusalem.1
Final victory over the Turks was sealed a year later at Damascus and the
occupation of the remainder of Palestine completed in late October 1918.
Several years, however, would elapse before the intricate international
Peace negotiations carved an infinitely smaller Palestine from the Ottoman
Empire and assigned it as a Mandate to Britain where its citizens were
British. In 1921, the first British High Commissioner took up office in
Jerusalem.
In that year, then, the young Joe Moyal inhabited a country in the
process of major national transition. Formative personal influences,
however, had also already shaped his mind and conditioned a certain
solitariness in his character. His parents — the flamboyant, tempestuous
father, given to chasing an unruly Arab servant noisily around the house
with a whip, and the ‘tactful’, innately conservative French mother —
had proved an ill-assorted couple and, during 1915, Claire Moyal had
abandoned her unhappy marriage and her small son to move to Egypt
with the Greek Dr Apostoli whom she would later marry. Left to be
reared largely by Arab servants, Joe would carry the marks of a rejected
child throughout his life.
Nonetheless, it was then that he found companionship in the books that
lined his father’s library, ordered in grandiose quantities from abroad,
‘almost all uncut’, he remembered, and offering rich stimulus and
adventure to the lonely boy, far beyond his years. There he would devour
French novels, including The Three Musketeers, Balzac, and the magical
science fiction of Jules Verne, and delve deeply into the culture and
language introduced to him by his mother. Like other Jewish children,
he was also required to read the Old Testament. `We did it’, he said later,
‘for the same sort of reason that boys in England read English history
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and Shakespeare. For us it was the foundations of Hebrewism and there
was little else.’
Tel Aviv, a crucible of immigrant Jewish settlement, was now a little
city, its seams bursting with arrivals from many parts of Europe. Young
Joe, a thin boy with brown tousled hair and ready smile, joined the
bustling group of the ‘sons of run-of-the-mill immigrants’ at the public
High School. It was, he recalled, `a pretty poor school’. Nor, soi-disant,
was he one of the best students. He managed well in intelligence tests,
but was not, in his own assessment, a notably bright student, until `right
at the end’. History and geography were his best subjects; he was ‘always
interested in mathematics’ and ‘quite good’ at it, but his science was
indifferent. Like others at the school, he spoke Hebrew and French, some
Arabic and, more unusual, became proficient in English.2
His interests roamed with reading. He explored widely in history and
would, he said, have liked to become an historian. Indeed, his historical
interests, latched as they were in classical times and spanning medieval,
Renaissance, Enlightenment, and contemporary history, pulsed through
his life, where his encyclopaedic mind made him a ready source of
reference and knowledge. His curiosity about science was fanned by
science fiction. ‘Jules Verne and H.G. Wells made me interested’, he
recalled and, finding a growing fascination with mathematics, he turned
to the school library. At the age of 15, he absorbed Bertrand Russell’s
An Introduction to Mathematics.3
Omnivorous reader as he was, he was also keen on sport. Joe loved the
water and his happiest recollections of life in Tel Aviv were the times
he spent after school surfing under a hot sun in a landscape of blue sea
and a brilliant arching sky. There with his friends he would ride out
beyond the breakwater on their cumbersome home-made wooden
surfboards, cracking in on the high waves, tangling and colliding at
times with the hidden breakwater rock, bloodied but healthy, equal
companions — the self-styled `Three Musketeers’ — with Joe as their
bookish leader.
In the buoyant heat, their initiative glowed. ‘We formed a troupe of boy
scouts,’ he recounted, ‘and obtained a loan and acquired a sailing boat
Boyhood 5

from the Arab fishermen in Jaffa and we had it sailing up and down the
river which is near Tel Aviv. We also used to go out with it and sail
along the Mediterranean coast right up to Haifa and back.’ These intrepid
occupations fixed his love of surf and sea.
If Tel Aviv High School offered only mediocre training, it produced
some amazing boys. Joe, self-guided, would go on to an outstanding
scientific career. His close friend Arnold, whose family absorbed him
into their lively household and provided a taste of congenial family life,
became a key physicist at the French Atomic Energy Commission
(Commissariat à l’Energie Atomique). Well-educated in French, Arnold
had become a French citizen and was studying physics at the College de
France when war broke out in 1939. Having escaped to England and
joined the Free French, he returned to France at the war’s end to take
part in France’s nuclear development, contributing to the electronics
and instruments section of the Commission, and participating in the
building of its first reactor.
Another remarkable member, Alex Rabinovitch, ‘the fat boy’ of Joe’s
class and child of Jewish immigrants, would become a renowned hero
of the French Resistance. Code-named `Arnaud’, Lieutenant Rabinovitch,
a botanist and entomologist, fluent in French and trained as a
radio-operator, was recruited as a volunteer by the French Section of the
British Special Operations Executive and dropped by parachute into
occupied France in 1942. There he joined the famous British wartime
agent Odette and her fellow agent, Peter Churchill. Working together
first at Annecy and then above Faverges, this outstanding trio managed
for several years to carry out instructions from London to ferry other
volunteers into key positions, rescue and repatriate escaping British
soldiers, and hold the Resistance line firm.
Jerrard Tickell’s biography of Odette depicts Arnaud as ‘a loyal savage
with no sense of humour … his mouth full of strange oaths’. Yet he
became one of the best radio operators in France, highly skilled and
responsible for the coded messages exchanged between the French section
and the group. All three agents were taken prisoner, Odette and Churchill
to be returned after horrifying internment to England at war’s end, while
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Arnaud was executed by the Gestapo in 1944. Designated Captain in the
British Army, Alex Rabinovitch was awarded a posthumous Croix de
Guerre.4
In the new Palestine itself, the British administration was received by
both Jews and Arabs as an army of liberation. Each believed that they
would achieve independence under British sponsorship. High
Commissioner Herbert Samuel, a British Jew directly linked with the
Balfour Declaration of 1917 and its statement of support for a Jewish
national homeland, set out to encourage a larger settlement of Jewish
immigrants but, anxious that the Jewish state did not bring injustice to
the Arabs, he sought to foster equitable relations between the 600,000
Arabs and 60,000 Jewish residents. Even so, in his first year of office,
the sporadic attacks of Arabs on Jews that figured in earlier years
escalated into the first serious outbreak of violence. Through the mid to
late 1920s, as further Jewish immigrants streamed into the country,
tension mounted among radical Arabs.5
What views did Joe and his clever classmates ingest about their emergent
country during their years of senior schooling? For Joe, and many more
drawn from both old and new immigrant backgrounds, David
Ben-Gurion’s influence proved a touchstone. After his arrival in Palestine
in 1906, Ben-Gurion had grasped the challenge and taken off to
Constantinople to study Turkish law. From 1918, he became an emigrant
in and out of Palestine and began to shape his own political party with
a view to establishing a Jewish State. He had also become a scholar and
philosopher. His views broadened as his plans for a Homeland met
obstacles and delays, and his cry, `Follow me and make the desert bloom’,
became a clarion call. Ben-Gurion’s view of history, garnered from wide
reading, touched a responsive chord in Joe who, from his own readings
in the classical literature of his father’s library, was stirred by Thucydides
and the early Jewish historian, Josephus. ‘The past belongs to us, but
not we to the past’, was the Jewish leader’s message. Yet he also judged
that the development of the country which the Jewish settlers were
implementing with their growing industry and agriculture, would be of
benefit to all.
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Ben-Gurion, moreover, believed profoundly in the example of brilliant
Jewish minds — Einstein, Freud, Marx — and what the tradition of such
minds might accomplish in building a model society. It was a potent
theme for the emerging scholar. Hence, while Joe Moyal would spend
the major sweep of his career outside Israel, he remained an interested
and informed advocate of his country’s history, its struggle for
independence, and its place in the world.

ENDNOTES
1 Allenby: a study in greatness. The biography of Field-Marshal Viscount Allenby, by General
Sir Archibald Wavell. George G. Harrap, London, 1940, p. 234, and Moyal recollections. As
a later resident in Australia, Joe, remembering battles of his boyhood days, believed that
General Chauvel was inadequately honoured in Australia’s military remembrances.
2 Interview with Ann Moyal, 1988.
3 Ibid.
4 Jerrard Tickell, Odette. The Story of a British Agent. Chapman & Hall, London, 1953, pp.
158, 275-6.
5 Cf. Tom Segev, One Palestine, Complete. Jews and Arabs under the British Mandate (translated
by Haim Watzman). Metropolitan Books Henry Holt and Company, New York, 2000.
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Chapter 2. The Making of a
Scientific Maverick
From the British Protectorate of Palestine, Joe Moyal took the Higher
School Certificate examination, part of the British matriculation system,
and, gaining distinctions in his results, enrolled at Magdalene College,
Cambridge in 1927. Coming from a modest school in Tel Aviv, he had
little knowledge of the academic world and no mentors to guide him in
his search. Yet, by 1927, he had made the independent choice of a
scientific career. He would study mathematics. He was, however, soon
confronted by an unanticipated barrier — the cost, without a scholarship,
of education at Cambridge. Realizing that he must make his own way in
life and acquire a practical profession, he turned after several months to
what he heard to be a good school of electrical engineering at the Institut
D’Electrotechnique at Grenoble in the Massif Centrale of France and
moved there early in 1928. Here the boy from Palestine spent two lively
years, combining his studies with the pleasures of walking and winter
skiing in the mountains, ice hockey, and an active student life that made
him a ready Francophile. Although he took no degree, he gained the
solid grounding in electrical engineering that would become the base
for his later fruitful integration of engineering in his scientific career.
Joe returned to Tel Aviv in 1930 to work as an electrical engineer. But
he was soon back in France enrolled in an advanced course at the Ecole
Supérieure d’Electricité in Paris from which he gained his Diploma, an
equivalent of the British system’s first degree. Again his choices were
self-guided and their consequences key shapers of his professional
vocation. They were the expression of an enabling thrust for self-assertion
that would be a hallmark of his scientific career.
For an enquiring young man, living in Paris in the early 1930s was an
education and a delight. Here amid the art galleries and theatres, the
suave young women, the brasseries, and the vivid student life, Joe
underwent a metamorphosis from the intelligent, outdoor Israeli1 to an
enculturation as a sophisticated and cultivated European. ‘It was not my
9

studies that I remember’, he recalled gaily of this time,`they were
conducted somewhat negligently; but the social life I had, the circle of
friends who were all French and older than me’.2 A Russian student
first introduced him to an amusing group made up of a cluster of
graduates from the Ecole de Science Politique, future diplomats and civil
servants taking a higher degree of some kind, studying the history of
art or literature, delaying the day when they would have to earn a living.
‘We clicked for some reason or other although they were all graduate
students and I was just in my second year, still quite childish really’.
They would meet regularly at the small bistros or cheap brasseries where
students could eat their fill on a small purse, exploring ideas, and stocking
up on food and wine and the prevailing currents of philosophy, politics
and art. Occasionally he might lunch with these friends at `Les Deux
Magots’ around the corner from his lodgings, the meeting place of artists
and literati, and haunt of Simone de Beauvoir and Jean Paul Sartre —
heady stuff for the young man from Tel Aviv.
Joe also had access to the world of art through his uncle Paul Calmé, a
widely connected collector and dealer whose walls were cluttered with
the works of promising young artists, many later to make famous names.
He was, too, imbibing the gaiety and ambience of a Paris which Pierre
Bonnard was capturing at the time in his romantic paintings,
‘Conversation’ and ‘The Promenade’, and in his street scenes of young
women decked in chic pink caps and jaunty jackets and the dreamy
movement of the crowd. It was an ambience that lingered for Joe all his
life, relived in the lasting pleasure he found in the colours and scenes of
this artist’s work.
He was also captivated by the charms and elegance of French women.
Good looking himself, with a lithe figure, enquiring face and a clear
eagerness for new knowledge and experience, he found a welcoming
access into French society, became a fluent French speaker, and developed
a lifelong admiration for the feminine culture of France and the civilizing
role that women played in that society.
Experienced older women were not averse to his charms. But he found
a tender relationship with a French girl, a charming poule de luxe, well
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trained in the arts of pleasure by her experienced mother, whom her
rich, older absentee lover maintained in high and independent style.
Together they tasted the joys of the city, its restaurants, its racecourse,
its galleries and parks, and its youthful fun. It was a relationship, fresh
and enchanting, that remained warm in Joe’s memory for many years.
It was, perhaps, the more surprising then that, towards the end of his
stay, Joe met and married Suse, the daughter of a German Jewish refugee
family from Heidelberg who, educated in England and France, was
working in Paris as a translator. With his additional professional
qualification and a wife, he returned to Tel Aviv to resume his life as an
electrical engineer.
Little information survives concerning Joe’s life and occupation in this
period. He had returned to his homeland at a time of marked political
upheaval and social change. In 1935, with deteriorating conditions for
Jews in Europe, some 62,000 immigrants arrived in Palestine and an
Arab rebellion and a general strike were proclaimed the following year.
With this, Palestine remained in a condition of virtual insurrection until
the outbreak of World War II. Restrictions were placed by the British
High Commissioner on the numbers of Jewish immigrants allowed to
enter the country and Ben-Gurion emerged prominently to form his own
political party for the defence of the Jews and to adopt the role of
spokesman for World Zionism.
Joe, secular and a non-joiner of political parties across his career, was
nonetheless a keen observer of the chequered evolution of the new
Palestine. It was impossible not to be intrigued by a polyglot Jewish
immigrant population drawn from wide educational and national
backgrounds and refugees from Hitler’s Germany eagerly throwing their
labour into the construction of new infrastructures and developments
in his country. His recollection of a line of dignified, well-dressed men
passing bricks to each other on a building site, uttering the repetitive
refrain, `Danke shoen, Herr Doktor; Bitte, Herr Doktor’ at each transfer,
caught the changing tenor of the times. Yet he also entertained a strong
personal liking and sense of familiarity with the village Arabs and
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admired their dignity and stoicism and their sense of deep historical
connection with the land.
It was, however, during this uneasy national period of growing open
conflict between the two cultures, working as an electrical engineer,
that his interest in science sharpened. He began reading widely —
Einstein’s special theory of relativity, and Bernhard Riemann and Weber’s
The Partial Differential Equations of Mathematical Physics.
By the end of 1937, having, as he put it, ‘got fed up with engineering
… and becoming more and more interested in science, reading it up by
myself,’ he returned with his family, now extended by a daughter, to
Paris, and registered for a year’s course in mathematical statistics at the
Institut de Statistique.
He was now exposed to the major stepping stones of modern statistics,
Darmoi’s Statistique Mathématique (1928), the first important French
work on modern statistical theory; Borel’s many-volumed treatise on
probability, and that lightning rod for research statisticians — A.N.
Kolmogorov’s book of 1933, which established probability theory as a
branch of rigorous mathematics. Joe gathered a further Diploma and,
most crucially, acquired the foundations of his wide knowledge of
European studies of stochastic processes that would underlie his own
far-reaching research. A year later, extending across disciplines, he
followed this with an advanced course in theoretical physics at the
Institut Poincaré at the University of Paris.
His two years in Paris in the late 1930s would prove a scientific
turning-point for Joe. Well versed in mathematical statistics, it was
significant that he now opted for the new Institut named for Henri
Poincaré ‘the ruler of French mathematics’. For Joe, Poincaré’s career
had a special interest. Dubbed ‘the last universalist’, he was the last man
to bring all mathematics, pure and applied, within his province and
hence sat on the crest of a wave in mathematics that gave rise to a flood
of mathematical advance.3
Joe’s year at the Institut in 1939 held ingredients that were particularly
formative in his career. One of the pioneers of the wave-duality concept
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in quantum mechanics, the physicist Louis de Broglie, a lecturer at the
Sorbonne, had taken up a joint appointment at the Institut the previous
year and offered a close encounter with the foundations of quantum
theory. At the same time,he was introduced by a Palestinian doctoral
student in science at the Collége de France to a series of lectures given
by Frédéric Joliot-Curie, Professor of Nuclear Chemistry at the College,
on new research developments in nuclear physics. Joliot-Curie’s research
(independently of the work of Lise Meitner and Otto Hahn) proved the
reality of nuclear fission. Joliot-Curie was also experimenting at the time
with heavy water, estimating the amount to be used in building an atomic
reactor, subsequently used in the making of the atomic bomb. From such
outstanding lectures, Joe gained access to the most advanced knowledge
in nuclear research.
It was towards the end of his courses in mathematics and theoretical
physics at the Institut Poincaré that he became acquainted with the
Director of Research of the Meteorological Branch of the French Ministère
de l’Air, G. Debedant, and his assistant, P. Wehrlé, who were attending
some special seminars at the Institut. Their mutual discussions and shared
interests led Debendant to invite Joe to join his Research Division in a
temporary capacity and to take up his first research opportunity.
With the outbreak of war in September 1939, Joe was invited to stay on
at the Meteorological Research Branch and, as a British citizen, to set up
a formal liaison with the Air Ministry in Britain. Backed by Britain’s
Embassy in Paris, he returned briefly to London to formalize the
connection.
‘I was working on the theory of the diffusion of gases due to turbulence’,
he revealed in a private interview in 1988.4 ‘The French were interested
in the diffusion of poison gases and of smoke screens. Nobody knew
anything about it, but the director, and his assistant and I had heard
lectures from the British workers on turbulence and we became interested
and tried to apply it to their problems. But there was no other work
done; there was no expertise; the work on turbulence was still very
primitive, and there was very little of it. It was very highly classified.’
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Despite the plethora of public outpourings on secret scientific research,
wartime code breaking, strategic planning, and MI5 operations that
spilled into world print from the 1960s, Joe maintained a strict public
silence about his research on this weapon of mass destruction. In
collaboration with Debendant and Wehrlé, however, in 1940 he published
two papers outside the classified data in Comptes Rendus de l'Académie
de Sciences, `Sur les équations aux dérivées partielles que vérifient les
fonctions de distribution d’un champ aléatoire [random]’ and `Sur
l’équivalent hydrodynamique d’un corpuscule aléatoire. Applications à
l’éstablissement des équations aux valeurs probables d’un fluide
turbulent’, which were foundation works in the field.
Events, however, were moving swiftly in France in 1940, a country
divided amongst and against itself. Holland capitulated to the German
Army in May, Belgium followed quickly, while the British Expeditionary
Force fighting in Normandy staggered to Dunkirk. They reached the
beaches on the 29th of May and, by the night of the 4th of June, 300,000
men had been evacuated to England. At the same time, the German armies
were pouring into Brittany, some to clear the Loire, others to drive down
the Maginot Line to Lyons, while the French Government fled to Tours
and from Tours to Bordeaux. By early June, the Germans were on the
outskirts of Paris.
The Meteorological Branch of the Ministère de l’Air was a small
establishment located some 20–30 kilometres from Paris. When Paris
fell, the whole unit transferred to the south, just north of Bordeaux.
‘They all went,’ Joe recalled, ‘and I followed up with my car with one
or two of the workers.’ It was rough going. Hundreds of refugees choked
the dusty roads to the south, gunned by Third Reich airplanes. Their
own course was punctuated by enemy fire and intervals of seeking cover
in the roadside ditches. Their new premises and quickly assembled
laboratory were in some disarray. News flew that the German army was
driving south from Paris. One memorable morning Joe arrived at work
to discover that the director and his assistant were poised for flight. ‘I
went to look them up,’ he said, ‘and found that they were just evacuating
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themselves and leaving everything behind.’ The rest of the staff ‘appeared
to be just sitting there waiting to be captured’.5
Tough-minded, Joe chose action. Rounding up a non-commissioned
officer from the military personnel who had been attached to the section,
they drove by truck to the laboratory and applied themselves vigorously
to smashing and destroying all the research instruments. Joe also filled
his suitcase with papers and classified material relating to their research.
Packing the vital suitcase in his car, he drove to Bordeaux and to the
British Consulate where he showed them the rescued papers which he
hoped he might take back to England.
Certain chaos prevailed at Bordeaux. A British cruiser was standing by
at Point de Grave, a small port close to Bordeaux, ready to evacuate the
British Ambassador. Two tramp steamers, the last shipping available,
were also waiting there to embark a growing crowd including a British
parliamentary party who had been visiting the Paris parliament
immediately before the city’s collapse and members of the War Graves
Commission. Clutching his precious cargo, Joe was despatched by train
to Point de Grave and, at evening, arrived at a beach scattered with
refugees in hastily made shelters. As darkness fell German planes arrived
to target the cruiser. One dive-bomber dropped from the sky to the
cruiser’s fire, but one of the tramp steamers fell victim to the aerial
assault.
As morning dawned, attempts were made to put the British refugees on
the remaining Dutch steamer, despite numbers that far exceeded those
the captain was allowed to carry. At his refusal, the British Consul
displayed verve. He was rowed to the British cruiser, gained the requisite
order, and peremptorily commandeered the Dutch vessel. The refugees,
Joe among them, clambered aboard. But his trials were hardly over. After
a long traverse to avoid U-boats in the Atlantic Ocean, the crowded ship
disgorged her passengers at New Haven and he was sternly interrogated
by two bureaucrats who treated him with considerable suspicion.
Relieved of the secret papers, he was sent to authorities in London. There
too he was closely questioned. ‘These authorities,' he reported, ‘felt that
I had taken matters into my own hands; that my action was strictly
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illegal! They asked what permission did I have. What was my rank in
the organization? I had no rank, I was just an attaché, a liaison.’
This lean, bespectacled, now rather bedraggled young man was also
Jewish and from Palestine and, while he carried a British passport, he
was clearly suspect. ‘Would they have preferred you to have left the
classified material to the Germans?’ he was asked. ‘No’, Joe laughed,
‘but they didn’t congratulate me!’6
Expecting to go on with his crucial meteorological research, Joe was
instead asked during his debriefing to make a summary of the lectures
he had attended on nuclear physics, which he had mentioned in the
interview. This was clearly of singular interest and he was quickly
brought before a special scientific group. There he was quizzed in detail
on the French research and enjoined to silence. Hence, his second hope
of being drawn directly into the area of nuclear research was also
abruptly closed to him.
Joe Moyal, clearly, was an outsider and confronted challenges in
interesting the British authorities in his broad scientific knowledge. He
had the good fortune, however, to be sent to be interviewed by C.P.
Snow, head of the recently formed Scientific Manpower Section of the
Ministry of Labor. A large, shambling man, already a novelist, Snow
had conceived his passion for science in that great period in Cambridge
in the late 1920s when he studied for a Ph.D. in physical chemistry. Yet,
a man of foresight, he had also seen the need as war loomed to prevent
the waste of scientific manpower that had sent so many brilliant British
scientists to their deaths on the battlefields of World War I. He had
accordingly set up a `Scientific Manpower Register’, drawn from records
of the Royal Society of London to organize the relevant information.
Now in charge of this important Section, and focusing on Joe’s
engineering background and his research capacity demonstrated at the
French Ministère de l’Air, Snow despatched him to work at the De
Havilland Aircraft Company at Hatfield, Hampshire.
Joe’s career in Britain as a many-faceted researcher had begun.
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Chapter 3. Battle With a Legend
At the De Havilland Aircraft Company, Joe was placed in the Vibrations
Department under its Director, R.N. Hadwin, and for the following five
years his wartime research centred on electronic instrumentation and
different continuous systems and their electrical analogues. In this, his
investigation of the mathematical character of complex systems, including
air-screw engine combinations, vibration, propeller flutter, and
mechanical impedance functions in continuous systems, yielded apparatus
and methods of measurement which were then designed and developed
by Departmental staff. It was sustained and demanding research that
also involved lengthy experimentation and his presence on test flights
to check the delicate accuracy of his measurements. Happily, he survived
the single occasion when the plane plummeted suddenly to the ground
and Joe and his pilot emerged, a little shocked and battered, but with
the precious equipment intact.
He would publish his non-confidential statistical and mathematical
engineering research results as the work evolved in a range of scientific
journals: ‘Approximate probability distribution function for the sum of
two independent variates’, in Journal of the Royal Statistical Society in
1942; ‘Rubber as an engineering material’ in the Journal of the Institution
of Production Engineers, 1944; and his famous ‘Deformation of rubber-like
materials’ in Nature that year. His paper, ‘Some practical applications of
rubber dampers for the suppression of torsional vibrations in engine
systems’, produced in association with his colleague R. Zdanowich in
1945, was awarded the Hubert Ackroyd Prize of the Institute of
Mechanical Engineers and published in its Proceedings.
The range of his findings and their applications stretched broadly and,
with another departmental colleague, W.P. Fletcher, he published ‘Free
and forced vibrations in the measurement of dynamic properties of
rubber’ in the Journal of Scientific Instruments, 1945. In this succession
of papers, Joe made a crucial contribution to the understanding of
rubber-like materials and, active across the spectrum, rose to become
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Assistant Director of De Havilland’s wartime Vibrations Department.
With Hadwin, he also produced an overview paper, ‘The Measurement
of Mechanical Impedances’, which brought together their wartime
research on the vibration characteristics of complex systems of air-screw
engines, combinations where individual impedances were known in
advance. Presented at the Sixth International Congress of Applied
Mechanics in Paris, it was published in the Proceedings in 1946.
Involved as he was on immediate questions and wartime imperatives,
Joe’s reflective mind was also ruminating on larger questions of statistical
mathematics, probability, and applications of probability to quantum
theory, ideas that arose from his comprehensive pre-war Paris studies
and from his evolving work on the theory and practice of vibrations and
waves. The intellectual mode of a highly original research scientist struck
root. From well outside the ivory tower of physics research, self-impelled
and self-reliant, he turned his mind to research at the very forefront of
physics, the challenging arena of the subatomic quantum world.
In the last years of the 19th century, the physics of atoms and particles
had entered a radically new phase with the discovery of X-rays and
radioactivity, together with J.J. Thomson’s experimental proof that the
electron found in the outer part of atoms was a particle. These discoveries
had revealed that atoms were not the smallest particles in the universe,
and transformed the way scientists thought about the little known
micro-world. By the century’s end, Max Planck had made the
fundamental discovery that the energy of the atom could not be given
off continuously but was emitted in discrete packets he named ‘quanta’.
‘Planck’s constant’ became a parameter that signalled a constant quantum
that controlled the quantity of all energy exchanges of atomic systems.1
Such discoveries fostered a brilliant outburst of Nobel Laureates in the
20th century and led to the emergence of quantum mechanics.
In 1905, Albert Einstein, as well as releasing his special theory of
relativity, suggested that light should be regarded as a stream of particles.
Within seven years, Ernest Rutherford determined that atoms had a
nucleus with a positive charge, a hard kernel that was the ‘other partner’
of the negatively-charged electron. On the eve of World War I, Niels
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Bohr, working at both Manchester and Copenhagen, had fashioned the
Rutherford-Bohr model which gave the world the iconic image of the
atom with electrons in orbit around the tiny central nucleus.2
The Rutherford-Bohr model of the atom combined pieces of classical
theory (the idea of orbiting electrons) and pieces of quantum theory (the
idea that energy is emitted or absorbed only in discrete quanta) and
offered a new approach to probing the little known quantum world.
Vital new discoveries were embraced as they emerged — complementarity
in de Broglie’s wave-particle duality in the mid-1920s and, critically,
Werner Heisenberg’s uncertainty principle, which established that a
quantum entity could not have a precise momentum and a precise position
at the same time.
In that vibrant period of the mid-1920s, Erwin Schrödinger,3 addressing
aspects of mathematical and quantum statistics and statistical
thermodynamics at Zurich University, used the mathematics of waves
and wave states in wave mechanics to calculate the atomic energy levels
of electrons in orbit around the atomic nucleus and advanced the
importance of the mathematics of waves as a new ingredient of quantum
mechanics.
Into this scene came the remarkable young figure of Englishman, Paul
Adrien Maurice Dirac. Born in Bristol in 1902, the offspring of a
French-speaking Swiss father and an English mother, Dirac had trained
for his first degree in engineering and a second degree in mathematics
at Bristol University. In 1924, he moved to Cambridge to undertake a
doctoral degree, and, assigned to the supervision of lecturer in applied
mathematics, Ralph Fowler, entered the world of quantum physics. It
was less an entry than an assault. During a visit to Cambridge in 1925,
Heisenberg had presented Fowler with an advance copy of his first paper
on his matrix mechanics approach to quantum theory (his indeterminacy
or uncertainty principle), which Fowler passed to Dirac. Using his
exceptional mathematical aptitude, Dirac swiftly developed his own
version of quantum theory based on operator algebra. Extending boldly,
he visited the Institute for Theoretical Physics which Bohr had established
in Copenhagen and demonstrated that both Heisenberg’s matrix
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Figure 3.1. Paul Dirac, tenacious ‘high priest’ of theoretical physics

Reproduced with permission from The Emilio Segrè Visual Archives, Niels Bohr Library, American
Institute of Physics, New York.
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mechanics and Schrödinger’s wave mechanics were strictly equivalent
— and were special cases of his own operator theory.
By 1927, Dirac was a Fellow of St John’s College Cambridge and
university lecturer, offering the first university course in quantum
theory. The following year he found a celebrated equation that
incorporated quantum physics and the requirements of Einstein’s special
theory of relativity to give a complete description of the electron.4 This
eponymous equation, regarded as his greatest contribution, situated
Dirac as the most creative physicist of his time. His book The Principles
of Quantum Mechanics (1930) was set to become a bible of the field; he
was appointed to the famous Lucasian Chair at Cambridge in 1932 at the
age of 30 and, a year later, shared the Nobel Prize for Physics with
Schrödinger. In short, Dirac had independently developed his own
formulation of the standard theory of quantum mechanics, adopting a
‘quantization scheme’ as an independent way of relating classical to
quantum mechanics.
From the late 1920s, other key international mathematicians and
mathematical physicists emerged to define the fundamental symmetry
structures and principles of quantum mechanics and to make initial
contributions to the development of the formulation of quantum
mechanics in phase space. They were, notably, the German
mathematician, Hermann Weyl, with his correspondence of
`Weyl-ordered’ operators, Hungarian mathematician, John von Neumann
with his Fourier transform version of the *-product, and Eugene Wigner’s
introduction of the phase space distribution function controlling quantum
mechanical diffusion flow.5
It would fall, however, to Joe Moyal, the ‘outsider’ from the British
Mandate of Palestine (in conjunction or, as it would prove, in parallel
with Weyl, Wigner and H. J. Groenewold) to make the connection of
classical mechanics to quantum mechanics firm and transparent through
a reformulation of quantum mechanics in phase space. This he did over
several years and in the face of dogged resistance and criticism from Paul
Dirac, beginning his attempt in 1940 and publishing his seminal and
influential paper finally in 1949. The circumstances of this long odyssey
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are documented in his remarkable correspondence with Professor Dirac,
produced in full in Appendix II.
There is evidence that Joe began his first overture on the topic when,
in 1940, he initiated contact and a discussion of his concept of ‘the
possibilities of a statistical basis for quantum mechanics’ with the highly
revered Dirac, then widely judged to be the greatest theoretical British
physicist of the century.6
Writing to the eminent Lucasian Professor in 1944, Joe reminds him of
an early conversation the two had had late in 1940 on ‘a possible
statistical base for quantum mechanics’. It seems that, arriving in England
from France in June that year, he carried with him a draft of his earliest
ideas on the concept. Clearly, his thinking on the subject had expanded
during the ensuing wartime years in discussions with Maurice Bartlett
and Dr Harold Jeffreys,7 two scientists and probabilists he had gotten
to know in wartime, to the point where the idea had been aired with
Professor Fowler at Cambridge and, through him, conveyed to Dirac.
Sir Ralph Fowler FRS, was an important academic figure.8 He was a
prolific researcher in the domains of statistical mechanics and atomic
physics, the author of Statistical Mechanics and Statistical
Thermodynamics, and when the youthful Dirac joined him at Cambridge,
he was the only physicist there who grasped the recent development in
quantum theory coming out of Denmark and Germany. His role in
steering Dirac’s first revolutionary paper, `The Fundamental Equations
of Quantum Mechanics’, into rapid print in the Proceedings of the Royal
Society in 1925 sited him as a man keenly alert to the changing context
of discovery in theoretical physics.
Joe, in his first letter to Dirac of 18 February, 1944 from Wigston in
Leicester where he was stationed that year in connection with his work,
wrote accordingly:
Dear Professor Dirac,
Professor Fowler has sent me a copy of his letter to Dr Bartlett in
which he writes of his discussion with you and Dr Jeffreys
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regarding the possibilities of a statistical basis for quantum
mechanics.
He suggests I should discuss the matter with you sometime and
I should be glad to do so if you can spare the time. I can always
manage to come down to Cambridge over a weekend if you will
fix the date.
You will remember no doubt we talked about this in December
1940, when I was beginning to consider these ideas.
Yours sincerely
J.E. Moyal
‘Dear Moyal,’ Dirac wrote on February 21, ‘I should be glad to meet you
any weekend. So choose any weekend you like.’
Their meeting on 11 March, 1944, at Dirac’s house in Cavendish Avenue,
Cambridge, reopened their discussion. But Dirac’s response to the thrust
of Joe’s presentation and his draft paper was apparently not enthusiastic.
As his biographer, Helge Kragh, points out, Dirac ‘did not consider the
probabilistic interpretation as something inherent in the quantum
mechanical formalism’, a point he stressed in the conclusion to his 1927
paper on ‘The physical interpretation of the quantum dynamics’. There,
he enunciated, ‘The notion of probabilities does not enter into the
ultimate description of mechanical processes; only when one is given
some information that involves a probability … can one deduce results
that involve probabilities.’9
But, reflecting further, and alert to Dirac’s critique, Joe returned to the
task, communicating again with him on 26 June, 1944:
On thinking over the objections you raised when I last saw you
to my statistical treatment of quantum mechanics, it has occurred
to me that the difficulties are chiefly a question of interpretation
… One of the difficulties of the theory is that the probability
distributions obtained for p and q from single eigenfunctions,
can take negative values except perhaps for the ground state.
Only linear superpositions of eigenfunctions lead to defined
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positive probability distributions in phase-space. Now, as I
explained in my paper, I consider the form I obtained for the
phase-space distribution F (p,q) as in a way an extension, or
rather, an exact form of Heisenberg’s principle of uncertainty,
in the sense that it imposed not only the well known inequality
from the dispersions of p and q, but a special form for their whole
probability distribution. Perhaps, then, the fact that phase-space
distributors corresponding to single eigenstates can take negative
values may be interpreted as meaning that an isolated
conservative atomic or molecular system in a single eigenstate is
a thing that cannot be generally observed without contradicting
this generalised principle of uncertainty. If this can be conceded,
and no doubt physical arguments could be brought forward to
support such a view, only statistical assemblies and distributions
corresponding to linear superpositions of eigenfunctions such as
F(p,q,t) is always greater than zero would be observable, and
would have an objective reality.
In fact, I regard such dynamical problems as one case where the
methods I have outlined may have an advantage over the usual
methods. Furthermore, as the theory leads to the distribution of
phase-space, and also to correlations at two instants of time, there
is a possibility it may lead to experimental verification in the
field of electron and molecular beams. Another field where I
think the theory may be of some value is in the study of statistical
assemblies, since it leads to phase-space distributions for p and
q, (equivalent to the Maxwell-Boltzmann distribution) for
Fermi-Dirac and Bose-Einstein assemblies. This may be of value
in the kinetic theory of non-uniform fluid.
Dirac remained silent, and there is no reply from him in the Dirac-Moyal
Correspondence. At this point, evidently, neither of the two
correspondents was aware that this very distribution in phase-space,
F(p,q,t), had been independently invented by Wigner in a paper,
published in 1932, in which he comments on the negative values as a
genuine quantum mechanical peculiarity.10
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Nine months later, however, (for Dirac was also heavily engaged in war
work for the government on uranium separation relating to the
construction of atomic bombs) he re-opened communication.
‘Dear Moyal’, he wrote, on 19 March, 1945:
Some work I have been doing lately is connected with your work
on a joint probability distribution F (p q t) and has led me to
think that there may be a limited region of validity for the use
of a joint probability distribution. However, I have rather
forgotten the details of your work and would be glad if you could
let me see again the part of it dealing with F (p q t). I may get a
more favourable opinion of it this time. Have you done any more
work on it since our previous correspondence?
In his response of 22 March, Joe, noting that the paper on his work was
with Professor Chapman at Imperial College, referred Dirac meanwhile
to Maurice Bartlett, ‘back at Queen’s’ and ‘familiar with my work’, who,
having ‘worked out a new and improved method of obtaining a joint
distribution’, should be able, if desired, to furnish Dirac with any
explanations. For his part, though very busy with his engineering
research, Joe added, ‘In collaboration with M S Bartlett, I have also
carried further the treatment of the harmonic oscillator in phase space.’
‘I have also,’ he continued, ‘been considering applications to statistical
mechanics which, since they require distribution in phase-space, would
seem to offer an obvious field for the theory. But apart from equilibrium
distributions, I rather hope that the application of the theory of random
functions will also lead to methods generally suitable for non-uniform
states and fluctuation problems.’
Dirac’s reply a month later, on 20 April, 1945, was again far from
encouraging:
Dear Moyal,
Thanks for sending me your manuscript again. The situation
with regard to joint probability distributions is as follows, as I
understand it.
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A joint distribution function F(p,q) should enable one to calculate
the mean value of any function f(p,q) in accordance with the
formula
(1)
I think it is obvious that there cannot be any distribution function
F(p,q) which would give correctly the mean value of any f(p,q),
since formula (1) would always give the same mean value for pq
and for qp and we want their means to differ by iħ. However one
can set up a d.f. F(p,q) which gives the correct mean values for
a certain class of functions f(p,q). The d.f. that you propose gives
the correct mean value for
, for τ and θ any numbers, but
would not give the correct mean value for other quantities, e.g.
it would give the same mean value for
, whereas we want
times the first. In some work of
this second quantity to be
my own I was led to consider a d f [distribution function] which
gives correctly the mean value of any quantities of the form
, i.e. all the p’s to the left of all the q’s in every
product. My d.f. is not a real number in general, so it is worse
than yours, which is real but not always positive, but mine is
connected with a general theory of functions of non-commuting
observables.
Dirac’s position was firm. From contemporary analysis, however, his
reply indicated that he neither understood nor believed a phase space
approach to be a possibility. Dirac was confusing commuting p and q
variables with noncommuting operators, P and Q as Joe explains in his
subsequent rebuttal.11 Moreover, Dirac did not appreciate the
mathematical implications of Weyl’s correspondence, namely that it gave
a formula for any quantum mechanical observable (in more mathematical
terms) an expression for any hermitian operator.12
Satisfied with this dismissal, and committed to his own interpretation
of non-commuting observables in the paper he was preparing for Reviews
of Modern Physics, ’On the analogy between quantum and classical
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mechanics’,13 Dirac proposed that he refer to Joe’s work somewhat in
these terms:
The possibility of setting up a probability for non-commuting
observable in quantum mechanics to have specified values has
been previously considered by J.E. Moyal, who obtained a
probability for a coordinate q and a momentum p at any time to
have specified values, which probability gives correctly the
, where τ and θ are real
averages of any quantity of the form
numbers. Moyal’s probability is always real, though not always
positive, and in this respect is more physical than the probability
of the present paper, but its region of applicability is rather
restricted and it does not seem to be connected with a general
theory of functions like the present one.
‘Do you think', Dirac asked, ‘this reference would correctly describe
your work and do you object to such a reference?’
Joe’s reply of 29 April 1945,14 built on rising frustration, was robust:
If I understand correctly your remarks concerning joint
probability distributions, you consider them as functions of the
non-commuting variables P, Q which will give correct averages
for certain classes of functions of the latter … Such functions
may of course prove extremely useful mathematically, but they
can hardly be called probability distributions in the ordinary
sense.
My approach to this problem has been entirely different. I have
looked for a probability distributions in the ordinary sense, which
will be a function of the ordinary, commuting variables p, q. Its
connection with functions of the corresponding non-commuting
operators P, Q of quantum mechanics, is that it should give
correct means for such of these functions (i.e. Hermitian
operators) as are formed to represent physical quantities. If a
physical quantity is given in classical mechanics by a function
M (p,q), (i.e. a Hamiltonian, or an angular momentum) a Hermitian
operator M (P,Q) is formed to represent it according to certain
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rules. I have looked for an F (p,q) such that it will always give
…

It is obvious that such a function F (p,q) should be connected
with a unique method of forming the quantum mechanics
operators from the corresponding classical mechanics functions
of p and q (I am speaking of course, of the classical quantum
mechanics for particles without spin). A first test for the
correctness of such an F (p q), will therefore be that the
corresponding method of forming operators should give correctly
at least all the known Hermitian operators of the theory since a
general method for forming these operators is not generally
agreed upon in the standard theory.
The F (p, q) which I propose in my paper fulfils these conditions
… It is consequently incorrect in my view to say that the F (p,
q) in my paper will give correct averages only for functions of
. Actually, it will give the right averages for all the
the form
Hermitian operators considered in the classical quantum
mechanics of particles without spin, e.g. Hamiltonian, angular
momentum, total angular momentum, radial momentum, etc.
Believing that Dirac’s proposed reference limited the range of
applicability of his work, Joe protested:
I do not … think that your reference to my work gives a correct
description of it. It is certainly not correct in my view to say that
form (2) for F(p,q) is limited to giving correctly averages for
quantities of the form
; in fact, it will give averages for all
observables formed as in (3), and this includes as far as I know,
all the observables ordinarily considered in classical quantum
theory.15
‘This would perhaps not matter a great deal,’ he continued, in a manner
that pulled no punches: ‘if my work was already published, since readers
could then refer to the original. I have not however been able so far to
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arrange for its publication, due largely, as you will no doubt remember,
to your veto which made the late Professor Fowler hesitate about
presenting it to the Royal Society. Your criticism is thus left without an
answer. Your objection at the time, if I remember rightly, was chiefly
that joint distributions for p and q had no physical meaning and
consequently no validity or usefulness. I am glad to notice that you now
think they open up an interesting field of research.’
With spirit and courtesy, Joe had, he thought, settled this wave of
reservations satisfactorily. Yet, as an academic outsider pinning his hopes
of a research career on his research achievement, his frustration was real:
Regarding your query as to whether I shall be able to do further
work on this subject,’ he concluded, `my main difficulty is again
the fact that my existing work is not yet published … It is also
discouraging to accumulate for years unpublished results as I
have been doing … The papers you have seen represent my first
real effort at research in pure mathematics and theoretical physics;
I was hoping that their publication would eventually enable me
to transfer my activities entirely from the field of research in
engineering and applied physics to that of pure science, and do
some serious work on theoretical physics. Failure to obtain
publication has forced me to adjourn such plans sine die, and my
present work is leaving me less and less time for pure research.
Joe Moyal had run against a paradigm. Dirac, a man of pre-eminent
reputation, the most esteemed figure of quantum mechanics in Britain,
held an entrenched and dominant position within the discipline. He
himself had always conducted his research at Cambridge on his own —
in contrast to his European colleagues, who had the advantage of both
formal and informal collaboration — and was, from his earliest
endeavours, exacting, introspective and tenacious in his confidence of
his own views. With some 64 research papers behind him in 1945 and
his foundation book, he appeared, as one distinguished mathematician
has noted, `intellectually incapable of, and unwilling to give ground’.16
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In two subsequent letters, on 11 and 18 May, 1945, Dirac again resisted
Joe’s position, attempted to show that his argument was trivially wrong,
and appeared not to fully appreciate the underlying Weyl correspondence
principle and the relation of Joe’s theory to it.
‘In Bartlett’s paper which you just sent me,’ Dirac argued, on May 18,
‘the quantum values for the energy of the harmonic oscillator are assumed
and the correct value for was obtained because of this assumption.
You can always get the right answer by borrowing sufficient results
from the ordinary quantum theory. The true test of a theory is whether
it always gives consistent results whichever way it is applied, and my
way of evaluating , given above shows that your theory does not always
give consistent results.’ However, stirred in part, perhaps, by Joe’s
heartfelt charge over publication, Dirac suggested, ‘I would be willing
to help you publish if you would change it [your presentation] so that
it does not contain any general statements which I think to be wrong.’17
In this contest of opinion, the persistence of the two protagonists testifies
to the importance of the sustained debate. Fearless as an outsider, Joe
defended his position. In his letter of 25 April, 1945, he conveys the
essence of his theory and its equivalence to classical wave mechanics:
If, as I think, this equivalence is correct, then the theory should
lead to correct results for the various quantities obtained by wave
mechanics, such as frequencies and transition probabilities, even
when dealing with negative functions F(p, q). The appearance
of the latter should then be taken to mean that the situation is
such that simultaneous prediction of the value of p and q is
impossible, but would not impair the calculation of other
experimentally determinable quantities.
‘Summarizing,’ he concluded, on 15 May, 1945, ‘I think it would be fair
to say that my paper gives a derivation of classical quantum mechanics
on a purely statistical basis (plus Newtonian mechanics) which is
equivalent to the standard matrix theory with the addition of Weyl’s
postulate for a quantum kinematics [Moyal’s underlining] and
furthermore that it shows the consequences such a theory entails with
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regards to the problems of determinism, probability distributions,
fluctuations, quantum statistics etc. Would you agree to this position?’
Joe’s tenacity owed something to his `Israeli’ background: he was not
easily intimidated. He also had faith in the rigour of his mathematical
formulation. In a further letter to Dirac on 26 May, 1945, he asserted
vigorously:
I don’t think your remark on [my] getting the right answer 'by
borrowing sufficient results from the ordinary quantum theory'
quite fair. In so far as my theory is equivalent to the ordinary
theory, it leads to the same eigenvalues for the mean of the
energy, as I have shown in my paper. In order to prove an
inherent inconsistency in my theory one would have to show
that the method you use follows necessarily from my basic
postulates, but this is not the case. My method on the other hand
is based on a theory for statistical assemblies resulting from these
postulates. As such it is quite consistent with the rest of the
theory, and also appears to lead to correct results.
To no avail. In further communication, on 6 June, 1945, Dirac returned
to the problem of dispersion of energy in a stationary state which he saw
as ‘the simplest example which shows the limitation of your theory’.
It was a strenuous contest for an independent scientist on the edge of a
research career, fought out firmly, point by point. Yet the explicit
persistence of Joe’s challenge, no doubt rare in Dirac’s illustrious career,
had some effect. In June 1945, the high priest of physics, was offering
— with the limitations of his reservations clearly stated — to help Joe
to publish his work, divided into two parts.
‘The quantum theory part of your work,’ he advised, ‘could form a paper
which I could communicate to a scientific journal. With regard to the
remainder, I do not know how much of it represents new research and
how much is an exposition of known results. What did Fowler say?’18
Joe’s answer was precise. ‘My work on Random Functions is new,’ he
replied on 17 June, 1945. ‘The late Professor Fowler’s original intention
had been to present the whole work for publication in the Proceedings
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of the Royal Society as three separate papers which I then intended to
condense to three papers of 15 or 20 pages each.’ A week later, Dirac
renewed his offer. ‘If it does not divide naturally [into two parts],’ he
wrote, ‘probably the Proc. Roy. Soc. is the best journal for them.’19
Joe, however, was happy to agree to Dirac’s suggestion to arrange his
material in two parts. ‘I am now rewriting the part of my work on
quantum mechanics as a separate paper,’ he told Dirac in a letter from
London of 10 July. ‘As regards the rest, I am rewriting it as a paper in
two parts, which could then appear either separately or together,
whichever is more convenient.’20 His relief at the outcome of so stiff a
contest emerges in his conciliatory final paragraph:
I enclose some notes in which I have tried to develop a method
which could overcome the difficulty about non-zero dispersions
for eigenvalues in my theory and also extend in character, and
there are several things I still want to clear up, but I should be
glad in the meantime to have your opinion on this development.
I also enclose some notes comparing the results in your paper
with mine.
Dirac’s response was to invite Joe to attend the weekly Colloquium at
Cambridge. `We would be glad,’ wrote the `holy Dirac’ (as Schrödinger
dubbed him), ‘if you could come to any of them.’ In his last letter, six
months later, he pressed Joe to give a talk on his quantum theory work.
‘I think it would be a good idea to have it discussed,’ he wrote, ‘if you
do not mind possible heavy criticism.’21
Characteristically, Dirac showed no concession to Joe’s views in the
paper he published in the April-July issue of Reviews of Modern Physics
of 1945,22 ‘On the Analogy between Classical and Quantum Mechanics,’
much of which lay at the heart of their long discussion. Here, he opened
his argument working with noncommuting variables, which must have
underlain his resistance to the simpler Moyal approach in phase-space.
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Figure 3.2. Letter from P.A.M. Dirac

J.E. Moyal Papers, 45/3, Basser Library, Australian Academy of Science, Canberra.

‘In the case when the non-commuting quantities are observables,’ he
wrote, ‘one can set up a theory of functions of them of almost the same
generality as the usual functions of commuting variables and one can
use this theory to make the analogy between classical and quantum
mechanics.’ Here, too, in the body of the text, (despite their subsequent
detailed and contested correspondence), he referred to Joe’s work exactly
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as he had specified it in his letter to Joe of 20 April, 1945, a description
which Joe had strenuously rejected. In one of his rare references to a
contemporary researcher (outside the tried and true band of Heisenberg,
Jordan, Pauli and Born), he added: `This work is not yet published. I
am indebted to J.E. Moyal for letting me see the manuscript.’23
Paul Dirac had held on to Joe Moyal’s manuscript for many months. In
the event, however, Joe was right. Professor Alan McIntosh, former
Head of the Centre for Mathematics and its Applications at The Australian
National University, noted after reading the correspondence:
Joe had come up with a sound formulation of quantum mechanics,
the phase space approach … But Dirac didn’t take Joe’s theory
seriously; he didn’t understand it; he didn’t think it possible …
and he contradicts himself … Joe is putting forward an entirely
different formulation of quantum mechanics [from the
Schrödinger and Heisenberg formulations], a formulation which
he is claiming is equivalent to the others and more useful in
solving evolution equations, how the system evolves from time
to time — and this is precisely why his work and his statistical
method is being used so widely today.24
Similarly, Dr John Corbett, emeritus quantum physicist at Macquarie
University, notes succinctly that the Dirac/Moyal correspondence reveals
‘not only how new ideas and approaches are only accepted reluctantly;
but how even very good scientists can read their own problems into
another’s work’. For Corbett, Dirac was too concerned with the
quantization problem. He also judged, in respect of Dirac’s criticism of
Joe’s quantization method (deriving as it did from Weyl), that Dirac’s
own method did not give a one-to-one correspondence between a classical
quantity and its quantum counterpart. ‘Dirac,’ he concludes, ‘failed to
yield answers and throughout played his cards close to his chest.’25
Professor Curtright at the University of Miami suggests that it is
noteworthy that the 'Moyal bracket' is not discussed in the two men’s
correspondence.
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If it had been, one would have expected Dirac the formalist to
pick up the technical sweetness of the construction. But the
bracket is certainly there in the final published paper of Moyal,
so if Dirac did read the final version he must have seen it. Yet,
even if Dirac did not read the necessary part of the paper, it is a
key component of Moyal’s work which was later canonized, so
Dirac must have been aware of the bracket subsequent to the
publication of Moyal’s papers. Yet again, there appears to have
been no response on Dirac’s part.26
Importantly, during 1946, Joe had been alerted to Wigner’s paper of
1932, which was unknown to him (and clearly unknown to Dirac to
whose attention he had brought it) when he worked out his theory. At
the time he devised his theory, he sought the distribution that would
yield quantum expectation values most compactly. ‘I tried to look for a
more direct generalization, which was much nearer to the original form
of classical mechanics in Hamiltonian form,’ he said in interview in 1979.
‘I was not aware that Eugene Wigner had already done something on
that in a very brief paper on statistical mechanics in the early 1930s. It
was brought to my attention later. So I developed and worked out the
whole thing by myself. I worked out the whole formalism later with lots
of applications and developed it further and more rigorously.’ However,
given Wigner’s earlier part (which Joe included in his published paper’s
references), the theory became known as the ‘Wigner-Moyal formalism’.27
Equally significantly, during his revisions Joe also had occasion to
communicate with Hilbrand Groenewold28 in Holland (and with J. Bass)
who `had studied the same subject independently’, and profited from
correspondence with them. Groenewold’s paper, based on his Ph.D.
dissertation and published in 1946, came to the subject with a
foreknowledge of Wigner’s earlier work. It systematically developed the
Weyl correspondence and arrived at similar mathematical constructions
to Joe’s — from a different point of view. He also developed the
*-product, whose antisymmetization comprises the Moyal Brackets.
Joe Moyal’s separate paper ‘Quantum Mechanics as a Statistical Theory’
was submitted to the Cambridge Philosophical Society in November 1947
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from his post at the Department of Mathematics and Physics of The
Queen’s University, Belfast, and was presented for publication in the
Proceedings by M.S. Bartlett. In his acknowledgements, the author made
public his indebtedness to Professors Dirac, Harold Jeffreys and Ralph
Fowler for their criticisms, suggestions and arrangements and, most
warmly, to Maurice Bartlett for his many invaluable communications
and discussions and results incorporated in the text. He also
acknowledged correspondence with H.J. Groenewold29 and J. Bass in
1949.
Given the subsequent enormous influence of the paper, the terms that
flowed from it and the stimulus it gave to a spread of multi-disciplinary
research, it is worth citing its eloquent introduction:
Statistical concepts play an ambiguous role in quantum theory.
The critique of acts of observation, leading to Heisenberg’s
'principle of uncertainty' and to the necessity for considering
dynamical parameters as statistical variates, not only for large
aggregates, as in classical kinetic theory, but also of isolated
atomic systems, is quite fundamental in justifying the basic
principles of quantum theory; yet, paradoxically, the expression
of the latter in terms of operations in an abstract space of 'state'
vectors is essentially independent of any statistical ideas. These
are only introduced as a post hoc interpretation, the accepted
one being that the probability of a state is equal to the square of
the modulus of the vector representing it; other and less
satisfactory statistical interpretations have also been suggested.30
One is led to wonder whether this formalism does not disguise
what is an essentially statistical theory, and whether a
reformulation of the principles of quantum mechanics in purely
statistical terms would not be worth while in affording us a
deeper insight into the meaning of the theory. From this point
of view, the fundamental entities would be the statistical variates
representing the dynamical parameters of each system; the
operators, matrices and wave functions of quantum theory would
no longer be considered as having an intrinsic meaning, but
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would rather appear as aids to the calculation of statistical
averages and distributions. Yet there are serious difficulties in
effecting such a reformulation. Classical statistical mechanics is
a 'crypto-deterministic' theory, where each element of the
probability distribution of the dynamical variables specifying a
given system evolves with time according to deterministic laws
of motion; the whole uncertainty is contained in the form of
initial distributions. A theory based on such concepts could not
give a satisfactory account of such non-deterministic effects as
radioactive decay or spontaneous emission. Classical statistical
mechanics is, however, only a special case in the general theory
of dynamical statistical (stochastic) processes. In the general case,
there is the possibility of `diffusion’ of the probability 'fluid', so
that the transformation with time of the probability distribution
need not be deterministic in the classical sense. In this paper, we
shall attempt to interpret quantum mechanics as a form of such
a general statistical dynamics.
In concluding the paper, Joe took the opportunity to deal confidently
with Dirac’s obstinate resistance to the introduction of an additional
postulate on the form of the phase space distribution, ‘the equivalent to
a theory of functions of non-commuting observables’. ‘Dirac’, he writes
of the physicist’s Reviews of Modern Physics paper of 1945, ‘has given a
theory of functions of non-commuting observables which differs from
the one obtained in section 5 of this paper; it has the advantage of being
independent of the basic set of variables, but, as might be expected from
the foregoing discussion, it leads to complex quantities for the
phase-space distributions which can never be interpreted as
probabilities.’ (p. 119) With his paper in proof form, he also added to
his references Richard Feynman’s recently published paper in Reviews
of Modern Physics (1948), 20, 377–87.
The reconstitution of this historical controversy is illuminating for the
light it sheds on a hitherto unknown piece of the history of quantum
theory. J.E. Moyal first came to public attention in the brief allusion to
his unpublished research in Dirac’s paper of 1945. Yet the background
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to that allusion marks one of the most extensive correspondences Paul
Dirac engaged in relating to any one of his research contributions.31
Operating as he was in a very small, tight, highly competitive research
community in quantum mechanics, Dirac was not given to discursive
overtures. An inveterate self-referencer, he eschewed even the practice
of courtesy referencing and ignored the work of upcoming men. Yet on
this occasion he carried on a protracted correspondence — albeit at times
a stubbornly tendentious one — for some 18 months or more with a
researcher outside academia, from off-field. In it he stamped himself as
intellectually self-protective, reluctant to step outside the intellectual
framework he had devised, a man whom his biographer, Helge Kragh,
has characterized as one who, having developed the celebrated standard
theory of quantum mechanics, was satisfied that the theory was complete
and his methodology appropriate for further development.32
The opinion of two American physicists reputed in the field and who
have studied the correspondence, offers an informed scientific
judgment.33 As Professor Thomas Curtright of the Department of Physics
at the University of Miami sums up: ‘the letters definitely show Dirac to
be wrong about some really basic points in quantum mechanics. That
by itself is most remarkable. But then they also show that Dirac is
basically unfair and incredibly stubborn.’ Indeed, he adds, `it is stunning
to a reader well-versed in quantum mechanics that Dirac — the master
formalist — makes such silly mistakes and commits them in writing for
all posterity.’ Concomitantly, Dr Cosmas Zachos of the Division of High
Energy Physics at Argonne National Laboratory contends, ‘Moyal’s
innovations are now seen to be compatible with this methodology, and
it is puzzling why Dirac did not jump at the opportunity to embrace
them. Even after publication of Moyal’s and Groenewold’s papers which
established the Moyal Bracket as the proper generalization of the Poisson
bracket (an object which Dirac himself had analogized to Quantum
commutators) he still failed to acknowledge this essential completion of
his own proposal.’ For Curtright, the correspondence also exposed the
point that ‘Moyal deserves full credit for having the insight to look at
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quantum mechanics in terms of distributions on phase-space completely
independently of Wigner’.
Joe himself knew he had fought a singular fight and, while averse to
keeping personal correspondence, he preserved this correspondence for
posterity. He would absorb his substantial other material in his
`Stochastic Processes and Statistical Physics’, published in the Journal
of the Royal Statistical Society subsequently. In a later interview, however,
he declared, ‘my first paper really contained all the essentials of the
formalism, the version of quantum which is an equivalent of older
mechanics.’34
‘Quantum Mechanics as a Statistical Theory’ proved to be far ahead of
its time. Slow to move, received as it was initially by a small range of
researchers in quantum fields, it gathered expanding range and impact
from the 1960s as the international research community grew, until it
exploded into high prominence in an evolving series of mathematical
and practical applications nearly half a century after its publication.
The paper’s route to publication had proven long and challenging from
its embryonic beginnings in the early 1940s. But, as Henri Poincaré,
writing on mathematical creativity, once pertinently observed, `Ideas
lock into the brain and are stirred but not replaced by interruption’.
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Chapter 4. The Widening Circle
With the war’s end, Joe Moyal was poised to enter another life. His
reputation at De Havilland’s had continued to rise and he was offered
the job of developing a guidance system for the ‘Black Knight’ missile
which would combine a mixture of the electronic and electrical
engineering which, as he put it, he had ‘exploited during the war’. But
he had had enough of the technology of warfare. ‘I was sick of war and
research on war’, he reflected later, and he was anxious to make revisions
and headway on his quantum paper and extend his research in
mathematics, physics and statistics.
His intellectual circle, moreover, was widening and moving him into
congenial fields. His wartime contacts included his supportive Cambridge
contacts, Maurice Bartlett and Dr. Harold Jeffries and, via Professor
Fowler, other members of the Department of Mathematics.
Figure 4.1. Maurice Bartlett, statistician – a valuable ally and colleague
of Joe’s

J. Gani Private collection.

Maurice Bartlett was destined to become one of Britain’s major
statisticians. A scholarship boy at Queen’s College, Cambridge, he had
taken his first degree in mathematics, soaked up courses on statistical
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mechanics with Ralph Fowler and statistical sources with Colin Clark,
studied quantum mechanics with Paul Dirac, and launched into early
research in mathematical statistics in his fourth year, publishing his first
papers as a student. Graduating in 1933, he became an assistant lecturer
in the new Statistics Department at University College, London, where
he worked (among others) with the new Galton Professor, R.A. Fisher.
Eager, however, to come to grips with the practice and application of
statistics, he moved the following year to become a statistician at Imperial
Chemical Industries Agricultural Research Station at Jealotts Hill,
Berkshire. In 1938 he transferred to a lectureship at Cambridge and, as
the ‘phoney war’ ended in 1940, he was allocated to a Ministry of Supply
establishment devoted to rocket research first in Kent and later London.
Joe met him sometime during 1940-1. Born the same year in 1910, their
meeting struck sparks; Joe the lively, mathematically talented engineer
and Maurice, the shy, clever offspring of humble parents, whose interest
in probabilistic physics had taken early root. In his autobiographical
essay, ‘Chance and Change’, Bartlett recalls:
‘It was during the war years I first met J. E. Moyal, through our mutual
interests rather than by chance encounter. I had as part of my general
interest in the role of probabilistic ideas in statistical physics, always
been puzzled by the anomalous way in which probability had slipped
into the new wave mechanics, not fundamentally but as an interpretation
of the positive measure ψ ψ*, where ψ is the wave function. I heard, I
think through J. O. Irwin (who was in Cambridge at the time), that Moyal,
who had previously been in France, had been working on this problem;
and this was to be the start of a long association between us.’1
Bartlett was immediately struck by Joe’s knowledge of European work.
Progress with ‘the wave or quantum-mechanical problem’, he
acknowledged, was slow and limited in Britain where ‘English
statisticians for a long time had tended to believe that a traditional
empiricism exonerated them from overmuch study of abstract continental
mathematics’. He found Joe well acquainted with A.N. Kolmogorov’s
fundamental work published in German in 1933 and Khinchine’s writings,
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and, as he put it, ‘Moyal’s more general knowledge of European work
in the theory of stochastic processes was a considerable stimulus to me’.
During 1943-4 the two corresponded extensively and it was Bartlett’s
interest and advice, as noted in Chapter 3, that encouraged Joe to discuss
his evolving ideas on statistics and quantum mechanics with Fowler and
Jeffreys, and hence to renew his original overture to Dirac. Clearly,
Bartlett’s role proved highly sustaining to Joe in his prolonged struggle
with the high priest of physics and steered him to further contact with
Fowler as his paper grew.
‘I do not think I told you about my meeting with Fowler’, Joe wrote
Bartlett on 27 June 1944. ‘What he finally suggested was that the parts
of my paper not dealing with quantum theory should appear in the form
of a book. Professor Hardy2 and the Cambridge Press have now accepted
it for publication as a monograph of 200 pages.’3 Since Joe saw that this
required an additional overview of all the relevant work already done
on stochastic processes, he suggested a collaboration with Bartlett, a
project which they mutually agreed to in 1946. Significantly then, while
Dirac demurred over Joe’s originality in his statistical research, the
distinguished Professors Hardy and Fowler were urging it into major
print.
A second valuable contact Joe made from De Havilland was with Sidney
Goldstein who was destined to become an important academic colleague
and friend. During the thirties, Goldstein was a Fellow of St. John’s
College, Cambridge, and lecturer in Mathematics. A man of diverse parts,
he was also the acclaimed editor of the collective work, Modern
Developments in Fluid Dynamics (1938), and a brilliant researcher and
writer on aerodynamics, turbulence and the intricacies of the mechanics
of fluids. At war’s outbreak, he was seconded from Cambridge to build
up a key group concerned with advanced research in aerodynamics and
its applications, and it was in this role that he was in touch with Joe at
De Havilland to discuss questions of Joe’s work on turbulence.
Hence in the course of the war years, Joe Moyal had managed to penetrate
the academic community and he knew for certain what he wanted to do.
Yet his passage to an active participation in science-based research was
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irregular and followed an independent route. Coming as he did from a
secondary education in a country remote from science’s established
tracks, he had made his own way through advanced statistical,
mathematical and physics training, but he lacked the personal and
institutional mentoring that, traditionally, guides and supports the gifted
researcher in an academic career.
His chance, however, came late in 1946 with an opening in the
Department of Mathematical Physics at The Queen’s University, Belfast.
By then he had amassed a mixed but original collection of published
scientific papers and some distinguished referees, and was appointed as
Assistant Lecturer in Mathematics.
His departmental head was P.P. Ewald, the Professor of Physics. Ewald
himself was a man of considerable distinction. German-born, a pioneer
of the study of crystals by X-Ray diffraction, he had taught for sixteen
years at Stuttgart University where he was a colleague and friend of
Schrödinger. During 1937 - one of the many who fled the great centres
of German physics - he left Stuttgart with his Jewish wife, declining to
endorse ‘German physics’ and its rejection of ‘Jewish relativity’, and
accepted a lectureship in physics at The Queen’s University where he
was appointed Professor in 1945. Recognizing Joe’s ability, he promoted
him rapidly to a lectureship.
This period at Queen’s proved a vital academic launch-pad for Joe,
introducing him to undergraduate teaching and course development and
offering a congenial friendship with Ewald, whose interests embraced
the interplay between mathematical formalism and physical phenomena.
During his two years there he took the opportunity to visit the famous
Dublin Institute of Advanced Studies in Merriot Square, Dublin, which
Ireland’s Prime Minister, Eamon de Valera (himself a former Professor
of Mathematics) had established early in the war as a research centre for
Mathematical Physics and Celtic Studies and to provide a safe harbour
for Erwin Schrödinger and other eminent scientific refugees from Europe.
If Joe met the famous Schrödinger on this visit, he left no formal account
of it.
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The Queen’s University gave Joe a timely foot in the academic door and
it was from there that he completed and submitted his paper on ‘Quantum
Mechanics as a Statistical Theory’ for publication. Late in 1948, however,
his star ascending, he moved to a lectureship in Mathematical Statistics
in the Department of Mathematics at Manchester University where
Maurice Bartlett had been appointed to the founding Chair of
Mathematical Statistics and director of the new Statistical Laboratory
the previous year. For Joe this marked a move to the heart of leading
edge statistics and applied mathematics in Britain.
Manchester University enjoyed a particularly high reputation in science.
Its professoriate contained a remarkable coterie of men who had played
outstanding roles in national scientific projects in World War II. Its
senior Professor of Physics, P.M. Blackett FRS (later Lord Blackett),
belonged to the glittering cluster of young graduates at Cambridge in
the physical sciences in the early 1920s which brought together such
luminaries as Chadwick, Kapitza and Fowler, and rose to fame in 1933
when he confirmed the existence of the positron. He had filled the W.L.
Bragg Chair of Physics at Manchester from 1937 and throughout the war
had served on Britain’s Air Defence Committee where he was a key player
in developing the technique of operational research. In 1948 he won the
Nobel Prize for Physics for his work on particle disintegration and cosmic
rays. In Mathematics there was Max Newman and Sidney Goldstein,
both Fellows of the Royal Society, recruited from Cambridge at the war’s
end and appointed respectively as Professor of Mathematics and Head
of the Department of Mathematics, and Professor of Applied Mathematics.
Together these two colleagues were bent on building a new
internationally renowned and dynamic Department of Mathematics
which integrated pure and applied mathematics and extended their
applications.
Newman and Goldstein’s scientific wartime experience (like Blackett’s)
gave a particular width of vision to this generation of men. Newman, a
former university lecturer at Cambridge, teaching mathematics and
conducting pioneer work on modern topology, had worked at Britain’s
secret code-breaking centre, Bletchley Park. There he turned statistics

The Widening Circle 49

to practical use by means of specially designed high-speed machines
which both contributed to British success in deciphering German
messages and ushered in an early development in electronic computing.
At Manchester he fostered Britain’s first two computers and added the
famous wartime code-breaker, A.M. Turing (and his ‘Turing machines’)
to his staff. Newman was known as a shrewd judge of mathematicians
and his administrative style shaped a hard-working and harmonious
department.4
Sidney Goldstein, for his part, was a luminous scholar with the gift for
fostering talent and, in his aeronautical work at the Royal Aircraft
Establishment, he had gathered a notable group of brilliant young
researchers, one of whom, James Lighthill, he would bring to Manchester
to succeed him late in 1950. Installed in the Department of Mathematics,
Goldstein built a Fluid Motion Laboratory (the Barton Laboratory, later
renamed the Goldstein Aeronautical Engineering Research Laboratory
in his honour) on the outskirts of the city where experiments with
supersonic wind tunnels and other facilities brought great benefit to
theoretical discussion and developments at the university.5
Joe’s transfer to this stimulating environment brought him enormous
gain. Here his ‘Quantum mechanics as a statistical theory’ moved into
early circulation and the terms ‘Wigner-Moyal formalism’, ‘Moyal
bracket’ and the ‘Moyal product’ began to pass into the language of
quantum physics. The Bartlett/Moyal paper, ‘The exact transition
probability of quantum mechanical oscillators calculated by the
phase-space method’, was also published during 1949. In the same period
he worked up other substantial material from his original quantum
document to participate with Bartlett and David Kendall in a
ground-breaking Symposium of the Royal Statistical Society on Stochastic
Processes. His ‘Stochastic processes and statistical physics’ was published
in the Society’s Journal that year. As Joe Gani summed up the papers
from this pioneering Symposium, ‘To many students and researchers,
these three important symposium papers opened up new and important
vistas of research.’6

50 Maverick Mathematician

During this productive year, Joe also brought into print two other diverse
papers, a lucid, generalist paper, ‘Causality, Determinism, and
Probability’, and ‘The distribution of wars in time’ which commanded
some attention in the Journal of the Royal Statistical Society. The first
was ‘just a pot boiler’, he said. ‘The work I’d done on stochastic processes
got me interested in the general problem of the relation between causation
and probability theory and this was just a set of remarks on the subject
- a philosophical disquisition which I sent to the journal Philosophy. I
was amazed that it was promptly published!’7
In this lively interdisciplinary arena, he was promoted in 1950 to Senior
Lecturer. Goldstein sought him out to give a series of seminar lectures
on the statistical theory of turbulence then attracting attention from the
work of Russian mathematicians. For this Joe examined the new literature
including that of Batchelor and Taylor in England. ‘I tried’, he said,8
‘to generalize the existing theory because like the rest of hydrodynamics
or aerodynamics in those days the theory was developed on the
assumption that fluids were incompressible which was an unrealistic
assumption. So I introduced the turbulence terms, the pressure terms,
and worked out the consequences where it wasn’t difficult to see that
the terms involving pressure were comparatively small but they were
certainly not zero. I advanced a hypothesis that the noise which is
produced by turbulence flow of jet engines (then becoming important
as people wanted to abate noise produced by big jet engines) was due
to these neglected terms which coupled the shear waves of turbulence
to the compression waves in the fluid’. His paper, ‘The spectra of
turbulence in a compressible fluid: eddy turbulence and random noise’,
appeared in 1952.
In the vital field of stochastic processes, Bartlett and Moyal cherished
their larger collaborative plan. Despite advances in the study and use of
statistical methods and their application in biology and other sciences,
begun in the nineteenth century by Francis Galton and Karl Pearson and
culminating at Cambridge in the twentieth century in the work of R. A.
Fisher, theoretical work in stochastic processes was limited to a few
specialized monographs, and there was no general work on which
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students and researchers could build. From 1946, the two prepared to
produce a general book presenting the general theory of stochastic
processes with special reference to its uses and applications in physics
and statistics.
Their decision to split the work into two parts — Joe building on the
original manuscript Professor Hardy and the Cambridge University Press
had accepted for publication on the basic mathematical theory, while
Bartlett dealt with an introductory discussion of mathematical methods
and statistical techniques — held fire. While Joe achieved `near
completion’ of his part, Bartlett was eager for print and it was agreed
that he should publish his section based on some earlier lectures, as An
Introduction to Stochastic Processes With special reference to its Methods
and Applications, which appeared in 1955. Bartlett’s pioneering volume
made frequent reference to Joe’s work on mathematical theory as ‘M’.
But while Joe drew material from it for his ongoing papers (always keener
on new ideas than writing them up), he left his book on one side and
this early foundation composition remained in manuscript form.9 Hence
`M’ disappeared from the many subsequent editions of Bartlett’s
successful book and his hope that Joe would author a third volume on
a systematic discussion of stochastic processes in physics remained a
pipe dream.
Joe’s lapse over the collaborative project would earn him the reputation
of being a perfectionist, ‘one of those researchers who are very reluctant
to publish anything until they have done everything,’10 a view
confirmed by the fact that, while his output of published papers was by
no means huge, all were substantial and characteristically thorough and
complete.
With the book in abeyance, Joe’s research at Manchester turned to the
application of the theory of stochastic processes to physical problems
such as neutron diffusion and multiplication and cascades. During 1950
he published a lengthy study, ‘The momentum and sign of fast cosmic
ray particles’, and, among others, prepared ‘Statistical Problems in
Nuclear and Cosmic Ray Physics’ as an invited paper for the Proceedings
of the 29th Session of the International Statistical Institute, Rio de Janeiro,
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in 1955. His 'Theory of ionization fluctuations’ and ‘Theory of the
ionization cascade’ appeared within a further year.
Postgraduate students from overseas flocked to Manchester’s Department
of Mathematics. Alladi Ramakrishnan, having studied cosmic ray showers
with Professor Bhabha at the Tata Institute of Fundamental Research in
Bombay, came to work on the theory of point processes and was
supervised by Joe and Bartlett. Another Indian student, Uma Prabhu,
whom he was supervising, was passed on happily (as Joe departed on a
visit overseas) to a surprised newly-arrived `postdoc’, Dr. Joe Gani (whom
Joe had encouraged to come to Manchester from The Australian National
University), with the buoyant words, `You’ll be alright, Joe. You can do
it!’11 Prabhu flourished and later became Professor in Operations
Research and Industrial Engineering at Cornell University.
Among the undergraduate students drawn from Manchester and its
surrounding region, often from families with scant acquaintance with
university careers, Joe taught several young women who showed great
promise in mathematics only to find, to his chagrin, that they subjugated
their research promise to marry mathematicians of lesser skill.
Characteristically, throughout his career, he sought to help and encourage
women in his fields.
In addition to its scientific abundance, Manchester University offered a
rich social milieu. Many of the science professors were Jewish: Goldstein,
Newman, Bernhard Neumann, a refugee in the thirties from Germany
now engaged (after challenging times) on group theory at Manchester,12
and Harold Ruben, a fellow Senior Lecturer in mathematics and statistics.
In addition, crossing cultures, there was the renowned political,
diplomatic and parliamentary historian, Lewis Namier, who had held
the Chair of Modern History at Manchester since 1931.
Namier had been Political Secretary of the Jewish Agency for Palestine
for two years before his appointment to the University. Closely allied
with Chaim Weizmann and now within a few years of retirement, the
voluble historian enjoyed the company of the mathematical Israeli. He
also picked his brains. A one-time businessman in the twenties, Namier
frequently sought Joe’s advice, as a probabilist and rising expert in a
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discipline with its origins in games of chance, on a mathematical system
to ‘break the Bank at Monte Carlo!’
While the Jewish presence at the university was rich and energizing,
anti-Semitism was not unknown in the town. Joe and his family, now
added to in wartime by a son, David, made their home in a village outside
Manchester where Joe developed warm friendships with the Unitarian
clergyman and other neighbours. But hearing one day that his daughter,
Orah, had been publicly described in a school class - in those recent
post-holocaust days - as ‘a dirty Jew’, he arrived at the teacher’s door
with a whip.
His contact with Namier, and his close friendship with Goldstein, a
committed British-born Zionist, who had also imbibed his passion for
the Jewish State at the feet of Chaim Weizmann and who would take up
the joint posts of Professor of Applied Mathematics and Vice-President
of the Technion Institute of Technology in Haifa late in 1950, no doubt
stimulated Joe’s own thoughts about the possibility of returning as an
academic to his own country which had become the State of Israel in
1948.
Memories of the land of his youth ran deeply in his psyche. Could he
now contribute professionally to its development? He hoped he might
and during the university vacation of 1951, he paid a brief visit to Israel.
There he renewed links with old friends; but he also made contact with
the new Weizmann Institute of Science which, two years earlier, had
been founded at the gateway of the desert at Rehovoth for the purpose
of conducting fundamental research.
Weizmann, Israel’s first President and himself a distinguished scientist
with a world reputation in organic chemistry, had long conceived a
blueprint for the Institute as a national research centre that would
contribute to the building of a new nation. However, it quickly appeared
that, in an embattled country struggling to survive, pure research must
be viewed in future terms and the early recruitment of scientists turned,
not on well-established talent or highly original ‘home-grown’
researchers, but on practical scientists imported from abroad. The
Institute’s earliest appointments accordingly included an English infra-red
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spectroscopist, a Scottish and an American crystallographer, an Indian
dye chemist in protein chemistry, and a well-qualified applied
mathematician from the United States. This last recruit soon found that
his Department of Applied Mathematics was little more than an
‘accommodation address’ in which ‘muscular mathematicians’ were the
Institute’s choice in a land more needy of gravimetric surveys and seismic
cross-sections than the applications of fundamental mathematics.13
Joe was deeply disappointed by this outcome. Indeed, his failure to be
accepted in his own country as a `sabra’ now making fundamental
contributions to research in mathematics and physics abroad was a serious
personal blow. He would follow Israel’s varied fortunes throughout his
life; but he never visited his country again.
At Manchester, however, his contribution to physics and probability
were bringing him invitations to research centres around the world.
During 1954, he accepted one from Professor Harry Messel, Head of the
School of Physics at the University of Sydney, and took up a six months
Visiting Readership there in Theoretical Physics. Messel was a rising
phenomenon in Australian science. The child of immigrant Ukrainian
parents in Canada, he had roared through degrees and scholarships,
grasped a Fellowship at St Andrews University, Scotland, and moved
on to take his doctoral degree at the Dublin Institute of Advanced Studies
under Professor Janossy and Erwin Schrödinger, with the latter becoming
his close friend. Vivid and flamboyant, Messel had come to Australia to
a lectureship at the University of Adelaide, but, alerted to the opportunity
of developing a great physics school, had quickly accepted the
directorship of a major new School of Physics at the University of Sydney.
There in the early 1950s, catching big brains and bringing in highly
qualified Australians and distinguished scientists from Britain, the USA
and Europe, he had made fourteen new permanent academic
appointments and began to build a dynamic relationship between his
School, the community, and industry. Through personal contacts and
compelling entrepreneurship, he rolled in major funding for his Science
Foundation for Physics which he created to staunch the brain drain of
talented young Australian scientists overseas.
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Figure 4.2. Harry Messel, Sydney University’s dynamic director of the
School of Physics until 1987

Ann Moyal, Portraits in Science, National Library of Australia, 1994, p. 98.

Messel had first met Joe after leaving the Dublin Institute when he called
at Manchester University in 1951. Joe’s research was of interest to him
and they talked of collaborative work. Though some twelve years Joe’s
junior, Messel felt a deep rapport with him. ‘Joe and I were very close’,
he recalled in interview. `He had an enormously brilliant mind; an
absolute genius, magnificent to talk to, so knowledgeable. There was
also a softness about him. He was a very quiet, modest man, always
polite, and he had that little grin’. Distinctively different in style and
character, ‘we got on like a house on fire’, said Messel, ‘We had a great
regard for each other’.14
Joe arrived in Australia by ship in August 1954 and was at once struck
by the egalitarian ambience reminiscent of his own country. The Sydney
University janitor who appeared to help him with his trunk cheerfully
joined him for a drink, and putting up at Wesley College, the Methodist
college in the University grounds, he found to his amused surprise that
resident staff members viewed him ‘as a font of knowledge!’.
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A step away, the shabby old Physics School with its long dark corridors,
was alive with a brilliant group of researchers, ‘a new-for-Australia
theoretical group’ working on cosmic rays and cracking the code of the
unusual behaviour of many substances at very low temperature. These
included Dr Stuart Butler, Dr John Blatt and a Visiting Reader from
Zurich who announced at the time a major breakthrough in the theory
of superconductivity and superfluidity.15
Joe’s months in this circle sowed the seeds of a strong professional and
personal attachment to Australia and, in one of his subsequent papers,
he acknowledged Harry Messel’s contribution to his thinking, together
with Bartlett and David Kendall, all of whom ‘first interested me in point
processes’.
His second overseas visit took place in 1956 when he accepted a Visiting
Professorship in the Department of Mathematical Statistics at Columbia
University. On this occasion he joined Herbert Robbins, the Professor
of Mathematics, a major contributor in statistical research and probability
theory, and enjoyed his first taste of rigorous contact with American
colleagues and the excitement of New York. In the summer of 1957, he
was in the United States again, as Visiting Professor at the University of
California, Berkeley, in the Department of Mathematical Statistics presided
over by the legendary Professor Jerzy Neyman. There since 1949, this
much-loved Polish founding father had organized and published the
volumes of the Proceedings of the Berkeley Symposiums on Mathematical
Statistics and Probability as a disciplinary four-yearly event and had, in
the words of David Kendall, created a Statistical Laboratory in his
Department ‘to which all statistical magnets now point’. It was a centre
to which Joe, too, would often return.
Between such visits, at home in Manchester Joe’s ranging mind ruminated
on another fundamental paper, `Discontinuous Markoff processes,’
published in Acta Mathematica in 1957. Gani later wrote of this paper
that it was `concerned with discontinuous Markov processes where the
state of the system may change continuously or by sudden chance jumps.
Such processes are specified by two functions: the probability of a
transition without jumps, and the probability distribution of the first
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jump time and the consequent state of the process. The total transition
probability depends on both of these functions. Whereas previous work
had concentrated mainly on jump processes only, Moyal was able to
generalize existing results and derive new ones for the mixed case, which
he analysed with his usual thoroughness.’16
Joe’s capacity for significant overarching generalizations in probability
and physics stemmed from a strong mix of creative imagination and a
keenly analytical mathematical mind. `He represented to me’, Gani
asserted in his Inaugural Lecture as Professor of Statistics at Sheffield
University in 1966, `the pure mathematician’s approach to probability’.
In this, Joe differed from his close colleague, Bartlett, who, grounded in
classical statistics and deeply focussed in the discipline, was more
`intuitive’ in the approach he applied to a number.17
Certainly during his nine years at Manchester University, Joe grasped
the opportunity to reveal the unique range of his scientific ability,
gaining reputation as a mathematician in quantum mechanics and a
mathematical statistician and probabilist. In all three he had proved the
power of mathematics, in Moshe Flato’s phrase, to ‘be endlessly
interactive’.18 Essentially, he had demonstrated his capacity to innovate
and generalize and bring a statistical theory to bear in quantum mechanics
that would yield powerful and diverse ideas, while his work on random
functions and random processes in a number of physical fields would
provide the backdrop for his subsequent groundbreaking research on
stochastic population processes.
Together with his diverse research, both at Manchester and Queen’s
Universities and as a visitor in academia overseas, Joe developed and
presented a range of undergraduate courses in mathematical statistics
and mathematical physics including mechanics, hydrodynamics, and
electromagnetic theory, and offered advanced courses on quantum theory,
statistical mechanics, the theory of turbulence, the passage of atomic
particles through matter, and the theory of stochastic processes and its
applications. Always eager to incorporate new material, he performed
best with graduate students where his method of working things out on
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the board and basing his lectures on his own research became a
stimulating and challenging procedure.
Received widely as a Visiting Professor overseas, it seemed by 1957 that
he had begun to set his sights beyond Manchester. His near decade at
this premier University had proved invaluable. But now, his choice and
decision formed to resign from the Department of Mathematics and accept
a senior position in a country which was destined to become his major
home base across the next 40 years.

ENDNOTES
1 M.S. Bartlett ‘Chance and Change’ in J. Gani (ed.) The Making of a Statistician, Springer-

Verlag, New York, 1982, p. 47.
2 Professor G.H. Hardy, Sadlerian Professor of Mathematics at Cambridge.
3 Letter from collection of Joe Moyal Letters in the Bartlett Papers, ‘Chance and Change’, op.
cit., pp. 47-8.
4 Max Newman Obituary, Biographical Memoirs of Fellows of the Royal Society, 1985, vol. 31,
pp. 435-452.
5 Sidney Goldstein Obituary, ibid., 1990, vol. 35, pp. 175.
6 J. Gani, Obituary of Maurice Stevenson Bartlett, Journal of Applied Probability, 2002, vol.
39, p. 666.
7 Oral interview 1979 op. cit.
8 Ibid.
9 Preface to the first edition of M. S. Bartlett, Introduction to Stochastic Processes, Cambridge
University Press, 1955, p. xi.
10 Quoted Gani, Moyal Obituary, op. cit., p. 1013.
11 Oral interview with Joe Gani by Ann Moyal, 3 February 2003.
12 Emeritus Professor Bernhard Neumann, Oral History Interview by Ann Moyal, 2001. National Library of Australia TRC 2902.
13 Richie Calder, The Hand of Life. The Story of the Weizmann Institute, Weidenfeld and
Nicholson, London, 1959, p. 27.
14 Professor Messel Interview with Ann Moyal, 9 July 2003.
15 D.D. Millar (ed), The Messel Era, Pergamon, 1987, pp. 26-7.
16 Moyal Obituary, op. cit., p. 1014.
17 J. Gani, ‘Chance, Design and Statistical Prediction’, Inaugural Lecture, 26 January 1966.
University of Sheffield, p. 2.
18 The Power of Mathematics, English edition translated from the French by Maurice Robine,
1990, p. 7.

The Widening Circle 59

Chapter 5. Antipodean Winds
Figure 5.1. The young Australian National University in 1958 where
staff, recruited across many disciplines, mixed in the temporary
structure of the ‘Old Hospital Building’ seen here

University Archives, ANU.

What made Joe Moyal decide to move from such an illustrious
Department of Mathematics, brimming with intellectual challenge, at
Manchester University and move across the world to a young national
university rising slowly in Australia’s `bush capital’?
Personal choice lies at the heart of a life in science. Frequently, this is
dominated by the social context of science and its disciplines, the
imperative to choose a track and remain with it; to adhere to collaborative
team work; or to remain in a secure and congenial setting with the reward
system of promotion and scientific accolades in sight. Alternatively there
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may be an impetus to the ‘existential choice’ of Söderqvist’s vocabulary
and the ‘continuous renewal of oneself’.1 Joe’s choice, no doubt, owed
much to the latter and it marked a significant character trait of
individualism and independence, the maverick streak that had already
shaped his course in science.
Nonetheless, there were identifiable influences.
During his Readership at the University of Sydney, he had paid a visit
to The Australian National University (ANU), a unique institution
conceived in war as a potential powerhouse for national talent and
nation-building and set up in Canberra as the `national’ university by
the Commonwealth Government in 1946. Founded as an Institute of
Advanced Studies, it had academic research and the training of
postgraduates at its core.
Its planners, the eminent Australian expatriates, medical scientist Sir
Howard Florey, physicist Professor Mark Oliphant and historian Sir
Keith Hancock, together with the New Zealand anthropologist Raymond
Firth, had seen it as a venture that offered new opportunities to place
Australian research on the international map and to train gifted graduates
from Australia and overseas.2 It was a viewpoint regarded with unveiled
distaste and envy by the six poorly-funded universities in the Australian
States. Nevertheless, The Australian National University had assembled
its four Research Schools in Medical Research, the Social Sciences, Physics
and the Earth Sciences, and Pacific Studies and, by the mid-1950s,
interdisciplinary connections and a spirit of forward thinking had taken
root among its small staff and its sprinkling of postgraduate students.
During 1955, Joe spent a week with the Department of Statistics. It was
planned by the founding Director of the Research School of Social
Sciences, Sir Keith Hancock, within his School and outside the Science
departments and was headed by Professor P.A.P. Moran, who was
appointed there in 1952. A graduate of Sydney and Cambridge
Universities, Pat Moran’s professional career in the post-war had been
as Senior Research Officer at the Institute of Statistics at Oxford from
which he had moved briefly to a post as lecturer in statistics at Oxford
University when he received the call to Canberra. Moran was on a
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learning curve when Joe visited his Department in 1955, but he hoped
to stimulate fundamental work in the theory of statistics and already
had two excellent postgraduate researchers, Joe Gani and E.J. Hannan,
both of whom would go on to achieve high reputation. Although Moran
was at that time little known in the world of statistics, the challenge of
his appointment was broadening his thinking and opening up promising
directions in his research.
A new well-endowed research university with national purposes in a
young country which he had come to admire, clearly made a direct appeal
to Joe. It had some psychological resonance with the Weizmann Institute.
There was also a professional motivation. Although in demand as a
Visiting Professor in American universities, he was still a Senior Lecturer
in his home department at Manchester. His visits to Columbia and
Berkeley had prompted invitations from several American universities
to elevate him to high tenured posts abroad and a similar prospect awaited
him at Sydney University. Harry Messel was articulate on the subject.
‘We could,’ he said in interview, ‘have produced a lot of good work
together and numerous papers, if he had come back to work with me. I
was a good foil for Joe.’3
Joe’s impulse for leaving Manchester also had a personal root. He was
in an unhappy marriage. He had been married to Suse for some 22 years
but, as his long visits to other countries suggested, it was no longer a
close and rewarding union. His daughter was now a young woman in
her early 20s and his son was a teenager. Joe’s appointment to Australia
heralded divorce proceedings and the migration of Suse, Orah and David
Moyal to permanent residence in California.
In this sense, Joe’s choice of Canberra offered him distance and a new
piece in the mosaic of his life. It also offered him what he most desired
— a unique opportunity for research — and he sent off a notably brief
and unembroidered Curriculum Vitae (the days of the `big sell’ CV were
yet to come) in application for the Readership in the Statistics Department
at the ANU. The commentary of his distinguished referees was, however,
decidedly more telling.
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Sir Harold Jeffreys, FRS, at Cambridge, a Royal Society medallist and
author of numerous updated editions of his classic works and his ongoing
Methods of Mathematical Physics, set down:
I have known Mr. J. E. Moyal since he came to Cambridge from
France in 1941 or so. He was a member of the Borel-Fréchet school
of probability in Paris and arrived with a huge paper already
written on problems of serial correlation, with applications to
quantum theory and turbulence. He attended my lectures on
probability and impressed me greatly. I was concerned at the
time with the relation between probability and quantum theory,
which seemed to me to be treated most unsatisfactorily in the
standard works, and Moyal gave me some useful ideas towards
my own approach. I think he is one of the two most brilliant
statisticians in England (the other being H.E. Daniels).
He is good in discussions around a table and in a small group,
but as a lecturer and a colloquium speaker, he had some
shortcomings. For a position, however, where there was no great
emphasis on lecturing, I think that you could find no better
candidate.4
Herbert Robbins at Columbia University offered his strong personal
support.
J.E. Moyal is a distinguished scholar, actively engaged in the
theory of stochastic processes and their applications in physics.
He may confidently be expected to continue to do outstanding
work in this field for many years. Several universities of high
rank in this country have offered him permanent appointments.
He is a friendly and cooperative person, popular with his
associates and students, and would be a great asset to any
university community. Aside from his special field of research
in probability he is well versed in the fields of mathematical
analysis and mathematical statistics. I have known him well for
the last two years and have no hesitation in recommending him
in the highest terms for the position of reader in mathematics.5
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It remained for Maurice Bartlett to add his pertinent and straightforward
words:
I met Moyal for the first time when he came to England during
the war and was much impressed by his interest in, and
knowledge of, the theory of stochastic processes, a subject
comparatively unfamiliar in this country at the time, but which
has since developed into a most important research tool for
statistical research. Mr. Moyal has himself made leading research
contributions in this field, both in the mathematical theory and
in physical applications … Two of these that should be especially
mentioned in the field of physics are: Stochastic processes and
statistical physics (1949) and Quantum mechanics as a statistical
theory (1949). Among more recent work one mathematical paper
to appear in Acta Mathematica on discontinuous Markov
processes, might be especially noted.
There seems little doubt that he would be promoted to a
Readership if he stayed at Manchester; and a recommendation
to this effect has only been delayed because of Moyal’s recent
leaves of absence, in 1954–55 to the University of Sydney, and
last year to Columbia University, New York. Much as I shall miss
Moyal’s scholarship and research ability if he leaves here, I think
he is eminently qualified for your Readership.6
In Canberra, as Sir Keith Hancock and Pat Moran agreed with satisfaction,
Joe Moyal was `a good catch’.7
Joe arrived in Australia by sea in August 1958, and disembarked at
Fremantle to attend an ANZAAS (Australian and New Zealand Association
for the Advancement of Science) Conference at the University of Western
Australia. From there, he flew on to Adelaide to present a paper at a
conference of the Australian Mathematical Society. His advent in
Canberra with trunk-loads of books and a smart new Honda scooter was
preceded by an apologetic letter from the Vice-Chancellor of the
University of Western Australia. Addressed to the ANU’s Vice-Chancellor,
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Figure 5.2. JM — in Canberra, 1958. Appointed Reader in Statistics
at the ANU that year, he was an early founding scientist of the
University

Private collection.

Sir Leslie Melville, it deplored a physical assault made on Dr Moyal by
a member of his staff at the Conference.8
Joe Moyal was clearly different! For his part, he looked forward to his
new environment. ‘I have retained a very pleasant memory of my stay
at University House’, he wrote the Registrar before sailing, and he was
soon ensconced in one of its spacious apartments looking out upon the
University’s rural grounds where the pink-plumed galahs and white
sulphur-crested cockatoos gathered at twilight in colourful, chattering
groups.
Joe was rapidly drawn into the University’s life. It would prove a pivotal
experience. Multidisciplinary and purposeful in this early heyday, The
Australian National University presented a diverse range of academics
attracted to the university for its focus on research. Here in a rudimentary
wooden building, a mix of people jostled at morning and afternoon tea,
demographers talked with mathematicians, geographers with
anthropologists, political scientists with statisticians, historians and
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sociologists with economists and physical scientists, in a rare collegiate
life that centred for several years around the ‘Old Hospital Building’
with its open courts and verandas as plans for new university structures
took shape.
Joe was embarked on work on a general theory of point processes and
on what was to become one of his most significant papers, `A general
theory of population processes’. The Australian National University Report
for 1959 announced that he was completing `a long original monograph
on the stochastic theory of populations, point processes and counting
processes’, which was to be published by the University of California
Press. But, baulked, apparently, by its size, and what Harold Jeffreys
had also noted in his reference as Joe’s reluctance to publish before he
has `done everything’, he set this composite venture aside to work —
as the successive Report indicated — on ‘the asymptotic theory of
multiplicative processes, and on the completeness of axiomatic systems
in mathematical logic’.
It was illustrative of the gap in the diffusion of knowledge of statistics
and stochastic processes in Australian universities and of its pioneering
nature at the time that, over and above their research activities, both
Pat Moran and Joe were busy offering courses of lectures throughout
1959 for their Department and elsewhere, Joe specializing on point
processes and information theory while Pat Moran concentrated on
statistical methods in medical research. Joe was also invited to extend a
tradition inaugurated by Moran of visiting the Department of
Mathematics at the University of Western Australia to give sets of courses
on such subjects to postgraduate students and third year honours
students, and to lecture to students and staff members in Sydney at the
University of New South Wales.
He was also supervising two graduate students, Chip Heathcote and S.R.
Adke with a focus on random processes, with both of whom he published
papers. Professor Moran’s work was moving into an expanding area in
mathematical genetics, but it was soon apparent that Joe’s wider
knowledge and experience and a characteristic generosity with time and
ideas, had a strong pull on the graduate students enrolling in the
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Department. A number sought him as their supervisor, transferring at
times from a less accessible Department head, and his mentorship helped
a widening circle of younger academics into key and influential teaching
and research posts in statistics in Australian universities and overseas.
Chris Heathcote graduated with his doctoral thesis on the theory of
queues and moved to an appointment at Stanford University to return
across the years 1971–96 as Professor of Statistics in the Faculties at the
ANU. Christopher Heyde, whose work Joe fostered in the classical theory
of the determination of probability distributions by their moments,
would shape a distinguished career that brought him back as Professor
of Statistics to the ANU Research School of Mathematical Sciences. Peter
Brockwell, who joined the Department in 1964 to study for a Ph.D.,
followed closely in Joe’s footsteps, becoming something of a ‘scientific
son’ and collaborating on three papers as his career developed in 1964–67.
The presence of a man of Joe’s originality and stature in the ANU’s young
and evolving Department of Statistics, had, as his referees had predicted,
a defining effect. His influence spread. He was an open and readily
available source of knowledge to colleagues and students from other
parts. John Corbett recalls how, beginning his Ph.D. studies under H.S.
Green, Professor of Theoretical Physics at the University of Adelaide,
he thought that Joe’s phase space methods might help him confront a
particular problem in his research. As Green was to visit Joe in Canberra,
he invited Corbett to go with him. ‘We went into this building and
knocked on his door,’ Corbett remembers. `I was a little nervous because
I wasn’t sure that I knew what I was talking about, and I opened a door
and saw a roomful of smoke and there on the other side of the room as
the smoke began to clear a little, I saw this rather pleasant looking man
who invited us in and I asked a couple of questions. And I think I was
satisfied. Here I was a very young and naive student and Joe was ready
to share his knowledge with anyone who came along at any time.’9
Joe served as Acting Head of the Department of Statistics during Moran’s
12-month study leave at Oxford during 1960 and as a member of the
Academic Board. Sitting also on a number of Appointment Boards, he
seized the opportunity — important in the formative days of the
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University and no doubt coloured by his own experience with the
Weizmann Institute - to present a strong case for bringing back brilliant
young Australian scientists from abroad to fill the emerging Chairs of
Science at the ANU. In this his attitude was conspicuously at variance
with the university’s most dominant scientific figure, the Director of the
Research School of Physical Science, Sir Mark Oliphant, who considered
that the university was better served by importing older Fellows of the
Royal Society drawn from the ‘old boy’s network’ from Britain than
attracting home grown younger men from eminent positions overseas.
On this point, the maverick, Moyal, with his respect for originality and
Australian talent, and the elitist Oliphant, remained on an intellectual
collision course.
Herbert Robbins, refereeing, had sketched Joe Moyal as ‘a friendly and
co-operative person, popular with his associates and students’ and likely
to be ‘a great asset to any university community’. At University House,
he stood out — part European, part Israeli, a cultivated man deeply read
in philosophy and history who forged friendships with the younger
postgraduate and postdoctoral scientists and humanists and the university
staff members who resided in the House.
Joe lived at University House for several years. ‘He had the air’, one
resident observed, ‘of one who belonged to no particular nationality,
and his deep, faintly accented voice puzzled interlocutors.’ Deeply
engaged on what would become his foundation paper on stochastic
population processes and given to lengthy rumination in his evening
bath, he developed a habit (much admired) of arriving late for the rather
early House dinner hour and appearing, damp and hastily attired, to
open the locked Dining Hall door with a quick backward flip of his foot.
Scientific visitors came and went. The Hungarian mathematician and
relentless traveller, Paul Erdös, was a Visitor in the Statistics Department
during 1960, adding number theory to the well-attended lecture series
that drew both insiders and outsiders from the Research School of
Physical Sciences, Canberra University College and the CSIRO, to the
Department’s research talks. Joe himself in these years offered a
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twice-weekly three-term course on functional analysis, semi-groups and
spectral theory, and a first term course on random processes in physics.10
Joe had arrived at the ANU with a considerable body of original work
behind him, foundation papers that would endure. In 1961, he was in
the United States on study leave — a singular enfranchisement at the
ANU for senior scholars to compensate for the tyranny of distance —
developing his work on stochastic population processes and ‘trying it
out’ at Stanford and at the Rand Corporation in Los Angeles, where he
was a visitor for several months.
‘This last month,’ he wrote to Australia in August, ‘has been extremely
profitable and rewarding for me. Not only did I meet and talk with a
whole lot of people I wanted to see, and attend a conference here on
functional analysis which was of particular interest to me, but I have
several general offers of American posts … I feel all wound up again and
there’s a whole lot of things I want to do.’11
‘The general theory of stochastic population processes’, appeared in Acta
Mathematica in 1962, and was subsequently republished in an anthology
of mathematics. ‘Multiplicative population processes’ also emerged that
year.
Writing of Joe’s Acta Mathematica paper after his death, Gani
characterized its scope and girth. It provides, he noted, `the foundations
of a general theory of population processes in which both the number
of individuals in a population and the states characterizing each of them
are traced. Moyal considered point and counting processes, and develops
the concept of the probability generating functional in the population
context … [He] then offers as examples of his methods, cluster processes,
counting processes with independent elements, time-dependent Markov
population processes, and multiplicative population processes.’ It was,
he adds, a paper that promoted a wealth of citations and other papers.12
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Figure 5.3. Ann Mozley arrived at the ANU late in 1958 to help found
the Australian Dictionary of Biography

Private collection.

While professional plaudits mounted, Joe’s personal life also changed.
At 48, he was an attractive man, serious and active, and popular with
women. Among a stimulating array of colleagues at University House,
he met the historian, Ann Mozley, some 16 years his junior. Mozley, a
graduate of Sydney University, had been working in Britain for nine
years, latterly as personal research assistant to the powerful press baron,
Lord Beaverbrook, with whom she travelled the world and mingled with
some of the great political figures of Britain and the USA of the time
while assisting Beaverbrook to write his political history of World War
I, Men and Power. She arrived at the Research School of Social Sciences
at the ANU late in 1958 to work with Sir Keith Hancock in founding the
Australian Dictionary of Biography and, four years later, launched her
career in the history of Australian science and technology.
From this background it was not surprising that she found Joe Moyal
to be the most cosmopolitan member of University House. ‘For a long
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time after he was introduced,’ she wrote of her first encounter with him
in her autobiography, Breakfast with Beaverbrook, ‘he sat carefully away
from me protected by several chairs … He must have improved on this
exchange for I soon became an unconfident passenger on the back of his
Honda motorbike and was thrust through the fancy jitterbugging he
affected on a dance floor. There were, it seemed, two men inside the
scholarly Moyal.’ Yet, she added, `compelling qualities drew me in. In
that company Joe was a civilized man, deeply read in history and
philosophy as few scientists are, a true intellectual "betrothed to
thought".’13 They were married at a registry office in Sydney in
September 1963.
Figure 5.4. Statistician Joe Gani took up a position in the Department
of Statistics, ANU in 1961

He subsequently became Professor of Statistics at the University of Sheffield (1965–1974), and
Chief of the CSIRO Division of Mathematics and Statistics (1974–1981). He eventually retired
from the University of California, Santa Barbara in 1994 and is currently a Visiting Fellow in the
ANU Mathematical Sciences Institute.
Courtesy of the Mathematical Sciences Institute (http://www.maths.anu.edu.au/~gani/)

During 1963, Dr Joe Gani also joined the Department of Statistics as
Senior Fellow. Following his year as a postdoctoral fellow at Manchester
University in 1955, he had moved through appointments at the
Universities of Western Australia and Columbia before returning to the
Department in which Joe had first encountered him. In these fertile
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years, Gani had developed well-defined ideas of the balance required
for mathematical statisticians which, in his view, lay between a strong
mathematical background and a philosophical and empirical approach
to statistics and its varied applications. The spirited and lively Gani
brought a breath of fresh and, at times, controversial air to the
Department which Joe found most congenial. He gladly supported his
younger colleague in his founding of the international Journal of Applied
Probability in 1963-4 and joined its editorial board.
1963 also brought the eclectic philosopher of science, Karl Popper, to
the ANU as a distinguished visitor at the Unit of the History of Ideas.
Lodged at University House, Popper spent much time in Joe’s company.
Their interests linked. Popper had been a student of philosophy, training
to become a schoolteacher when the discoveries of Heisenberg and
Schrödinger leapt to view, and, while fired and excited by them, he
acknowledged that original research in physics and mathematics was
beyond his reach. Nonetheless, he had allied his theory of scientific
discovery with a critical interpretation of quantum mechanics in his
book The Logic of Scientific Discovery. Now a Professor at the London
School of Economics, he had made his first entry into academia in 1937
as a lecturer in philosophy at Canterbury College, New Zealand, where,
as a refugee from Nazism, he wrote his other landmark book, The Open
Society and its Enemies. There, he also met his lifetime friend,
neuroscientist and future medical Nobel Laureate, John Eccles, who had
moved subsequently to the John Curtin School of Medical Research at
the ANU. An intellectual elitist, openly intolerant of social concourse,
Popper confided privately that, while at the ANU, there `were only two
academics, Eccles and Moyal, with whom he could discuss and share
ideas’.14
For Joe, these years at The Australian National University set a seal on
his own sense of assured creativity and his role as a pioneering mentor
in the statistical field. During them he added to his publications on
stochastic population processes and multiple population chains with
`Multiple population processes’ in 1963 and completed work on his 1965
paper `Incomplete discontinuous Markov processes’.
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Yet the young Department itself was not without tensions. As Chris
Heyde summed up thoughtfully in his obituary of Pat Moran, ‘he rarely
sought to exercise power but he was reluctant to share it’.15 Inevitably,
this had negative repercussions for his high profile deputy, yet in this
period the solid foundations for Australia’s major school of statistics
were laid. Joe was also happy in his marriage and in the society of
congenial friends, as well as in the healthy open-air life spent among the
mountains and rivers of the Australian Capital Territory.
Figure 5.5. Joe Moyal after his marriage to Ann, 1963
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For someone long displaced from his native country, Australia provided
a `second soil’. A strong and venturesome swimmer, he took up
snorkelling and diving and, cajoling Ann into these vigorous sports, set
in train their long pattern of travelling to Queensland for holidays among
the brilliant corals and marine life of the Great Barrier Reef. They also
explored the Pacific to find the dazzling coral fringes of the islands where
(in less populous tourist times) Joe would descend alone into the depth
of the sea while Ann, no diver herself, hovered on the surface snorkelling
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and watching anxiously. So great was his pleasure in drifting absorbed
in the brilliant underwater world, that Joe asked for his ashes to be
scattered in the waters of the Great Barrier Reef.
Even so, by 1964, Joe had begun to harbour some broad misgivings
about the ANU. Despite pockets of marked intellectual vigour and an
attractive emphasis on research, there were, in his view, prevailing
tendencies of comfortable privilege at Australia’s national university.
Sir Keith Hancock had put a finger on it when he observed there was
`too much frittering, pottering and gadding’, and ‘privileged people
needed to watch their steps’.16
Aware of the stunted funds of the State universities and the need for
The Australian National University to show that it was producing great
quality research, Joe believed that the ANU was ‘less accountable’ than
it ought and he wondered in private if ‘it might be found out’. An
increasing critic, he articulated the view that the great international
research centres of the Institute for Advanced Study at Princeton and
the Rockefeller Institute in New York, with their few outstanding tenured
researchers and a flow of brilliant, short-term visitors, were better models
for scholarship than the hierarchical, departmental and School structures
and their maze of tenured appointments that had grown at the ANU.
Joe’s instinct proved correct and over the next 40 years the ANU has
moved in a direction more consistent with his vision than that of his
contemporaries.
It was, however, while in this frame of mind that Joe received an
invitation from the Director of the Applied Mathematics Division of
America's leading Atomic Energy Laboratory, Argonne National
Laboratory, in Illinois, to consider joining the Laboratory as a Senior
Scientist. This headhunting approach, with its offer of a significant salary
increase and participation at a major centre of international research,
was a response to Joe’s cumulative research as a mathematician that
spanned quantum physics, stochastic and population processes and their
wide applications in nuclear fields. For the Laboratory also, the
generalizations of his general theory of stochastic population processes
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had particular significance for populations of biological organisms and
subatomic particles.
With some demurring from Ann, then building a centre for the study
of the history of Australian science at the Australian Academy of Science
in Canberra, Joe accepted the position, comforted by the knowledge that
there were some excellent historians of science in the USA.
As a British citizen, he faced a lengthy waiting queue to enter the USA
or a special Act of Congress to secure his appointment. His entry, in the
event, proved well in character. As US immigration quotas were fixed
by birthplace, he was identified, conveniently, as having been born in
Old Jerusalem on the city’s eastern side, a geographical division agreed
upon by Israel and Jordan in 1968. Thus he was swiftly removed from
the bulging British lists and given permanent immigration status in the
United States as a Jordanian. He left The Australian National University
in September 1964 and went ahead to join Argonne in November that
year. Science and its beckoning international extension became the
trigger for change.
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Chapter 6. Argonne National
Laboratory
Figure 6.1. Argonne National Laboratory, America’s leading National
Atomic Energy Laboratory for peaceful purposes. Deer played in its
spacious parks

Courtesy of Argonne National Laboratory

Argonne National Laboratory, with its deceptive old-world name, had
grown out of the Metallurgical Laboratory of the Manhattan Engineering
Project, based at the University of Chicago in World War II. There, the
immigrant Italian physicist, Enrico Fermi, had directed the first
successful, controlled, self-sustaining nuclear chain reaction in 1942, a
scientific breakthrough that had led to the construction of nuclear
reactors producing plutonium and the whole new development of nuclear
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and atomic research. With the war’s end and the establishment of the
U.S. Atomic Energy Commission in 1946, the Government chose Argonne
to become its principal national laboratory for long-term research on
atomic power for peaceful purposes and for the design and development
of nuclear reactors. To this was tied fundamental research across the
board on low energy neutron physics; theoretical and high energy
physics; the chemical and physical properties of newly discovered and
newly available elements; the effects of radiation on liquids, solids and
gases; and the biological effects of radiation.
There was a curious symmetry in this particular trajectory in Joe Moyal’s
career. Foiled in his desire to join the British research effort in the wartime
nuclear field on his arrival in England in 1940, he was now selected for
his competence in advanced atomic theory and his original contributions
in quantum mechanics, mathematics and stochastic processes, to enter
the leading arena of nuclear research and ‘a centre of scientific
excellence’.1
Conditions at Argonne were highly conducive to research. The Division
of Applied Mathematics, then directed by Dr Wallace Givens, stood at
the hub of a range of multi-disciplinary and multi-program approaches
and activities which drew on and extended Joe’s research. Here he
applied his fundamental work on random processes and statistical physics
to analyse practical problems in high-energy physics, radiation biology
and the analysis of the scattering and multiplication of particles in nuclear
reactors.2 ‘My main interest’, he summed up later, ‘has been in the
theory of stochastic processes and its application to physics. Before and
after joining Argonne I had been working in the theory of stochastic
population processes (or point processes) and its application to physical
problems such as neutron diffusion and multiplication, cascades, etc.’
In his latter years at Argonne, his research interests ‘gradually switched
to problems connected with the foundations and mathematical methods
of quantum theory … and in particular to quantum field theory’.3
In addition to his work carried out in connection with multidisciplinary
Laboratory projects, consultancy, and in-house reports,4 Joe became
leader of a small probability and statistics group and published a series
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of innovative research papers including ‘A general theory of first-passage
distribution in transport and multiplicative processes’ and ‘Multiplicative
first-passage processes and transport theory’ in 1966 and 1967. His
postgraduate student from the ANU, Peter Brockwell, joined him at the
Laboratory and together they produced `A stochastic population process
and its application to bubble-chamber measurements’, and `The
characterization of criticality for one-dimensional transport processes’
in 1966 and 1968. At the same time, in the active tradition at Argonne
of extending knowledge to staff members across research fields and
offering cross-disciplinary contact, Joe launched a seminar lecture series
in the Applied Mathematics Division on Transport Theory and Stochastic
Processes and a working seminar series on Mathematical Methods of
Quantum Theory.5
At a personal and professional level, Joe formed a close connection across
Divisions with Dr Hans Ekstein. A refugee from Hitler’s Germany who
had worked in France and arrived in America in 1941, Ekstein had moved
to Argonne as senior physicist in the Physics Division in 1956. He was
the conceptual founder of the theory of rearrangement collisions and
scattering in quantum field theory but, by the mid ‘60s, had come to
focus predominantly on the borderline between physics, mathematics
and philosophy and the search for the foundations of quantum mechanics.
Through him, Joe was able to establish stimulating connections with
Professor Daniel Kastler at the Theoretical Physics Department of the
University of Aix-Marseille, France. Joe visited his Department in the
European summer of 1966 to discuss work on quantum mechanics and
participated in a Summer School on Theoretical Physics in Corsica. He
later brought Kastler as a visitor to Argonne.
Argonne offered its research staff singular opportunities for interaction
with the university world. It was associated integrally with the University
of Chicago, which had been appointed as the Laboratory’s original
‘operating contractor’ in 1946 and later became additionally linked with
a Council of participating universities and the Argonne Universities
Association. Joe made rapid contacts with Chicago University academics,
notably with William Kruskal, Professor of Statistics, an influential
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Figure 6.2. JM — with familiar cigar at the Moyal apartment, Lisle,
Illinois

Private collection.

presence on numerous professional and governmental advisory
committees and commissions, and members of his Department, and the
eminent Indian physicist-mathematican, Professor Subrahmanyan
Chandrasekhar.
Chandrasekhar had been a postgraduate student of Ralph Fowler’s at
Cambridge in the early 1930s and, in Fowler’s frequent absences, with
Dirac, and shortly afterwards had developed the celebrated theory in
astrophysics of white dwarfs. He went on to specialize in the physical
conditions in the interior of stars. Coincidentally, he had as a postgraduate
student (Dirac’s biographer tells the story) ventured into certain questions
of quantum statistics and submitted a paper to the Royal Society of
London, which Dirac saw as critical of his ideas. On this occasion,
confronted with Dirac’s objection, the young Indian physicist withdrew
his paper from publication on the grounds that his argumentation was
mistaken.6 He was a man much cherished by Chicago University and
one with whom Joe found much common ground.
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Through visitor contacts offered by Argonne, Joe spent two months as
a visitor with Professor Harvey Cohn in the Department of Mathematics
at the University of Arizona in 1966; he also renewed links with Herbert
Robbins in New York, and met a medley of mathematicians, frequently
Jewish, who were igniting Applied Mathematics Departments around
America. He enjoyed, too, the lively stimulus of renewed contact with
Professor Mark Kac at Rockefeller University, a pioneering probabilist
keenly interested in the applications of mathematical probability to
statistical physics and the role of dimensionality, whom he had first met
in Los Angeles in 1961. In addition, at the Laboratory itself he found a
congenial colleague in the hard-working Dr Joe Cook, and, with the
highly advanced Digital Computing Center installed within the Applied
Mathematics Division, he collaborated in computational mathematics
research with the talented Margaret Butler and J.W. Butler.
The Australian National University had provided Joe with research
opportunity and the rewarding supervision of postgraduates. America’s
leading national Laboratory now opened larger and more dynamic
frontiers. It was, as Peter Brockwell recorded, `an ideal environment for
Joe Moyal. Applications of stochastic processes in the analysis of the
scattering and multiplication of neutrons in a reactor, the behaviour of
high energy particles, and the multiplication of biological cells subject
to radiation, were all subjects of great interest to Argonne, as was
quantum mechanics in general, particularly quantum field theory and
the mathematical foundations of quantum mechanics.’ Joe `became deeply
involved in all these areas and contributed substantially to the
development of both the underlying theory of the stochastic processes
involved and the solution of specific problems raised by researchers in
the other divisions of the Laboratory.’7 Argonne, Ann wrote in her
autobiography, ‘was Joe’s scientific homecoming … and he went forth
gladly each morning’.8
For recreation, Joe headed for summer water-skiing on neighbouring
Klinger Lake and, when deep winter fell on the frozen lake beside the
Moyals’ apartment in Lisle, a small rural outpost near the Laboratory,
took up skating on the frozen lake and along the icy winding streams.
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In the arctic month of December, when mists and ice wrapped `the windy
city’, Joe and Ann would leave the blizzards to dive and snorkel about
the islands of the Caribbean, the British Virgin Islands, and St. Croix.
Chicago, with its splendid Art Museum and Symphony Orchestra, its
jazz and country music, offered a rich cultural life. Yet as the Vietnam
War dug deep into American life, as Bobby Kennedy fell to an assassin’s
bullet, and Richard Nixon entered the White House in November 1969,
for those like Joe interested in political democracy and openness in
government, and now a permanent resident of America, there was some
cause for disquiet.
Figure 6.3. Joe ready to dive in Caribbean waters, 1969
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U.S. policy for science itself underwent change over the seven years
from Joe’s arrival at Argonne late in 1964. The original missions of the
Laboratory — basic research involving fundamental studies and
theoretical and experimental investigations of interest to the atomic
energy program, and applied, programmatic and development work in
the nuclear energy field — shifted under external pressure. The creative
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research environment built since 1961 by the Director of the Laboratory,
Dr Albert Crewe, a former Physics Professor from the University of
Chicago, under which the original research of the senior scientists and
the Laboratory’s international standing flourished, altered with Crewe’s
return to his university post in 1967. His successor, Dr Robert Duffield,
a chemist drawn from industry, while proclaiming the Laboratory’s
commitment to basic research, gave increasing currency to a management
style of administration, common in industry, which was seen as
antipathetic to a climate of scientific research.
Hence, even before the Nixon Administration ushered in severe research
program cuts in science across the board in America, the US Atomic
Energy Commission — the Laboratory’s authorial supremo in Washington
— had begun introducing more directional approaches at Argonne with
changing missions and a heavy emphasis on the development of a fast
breeder reactor. The change had a significant impact upon senior research
staff who saw their creativity weakened and devalued. Amid tension
and misgivings, some scientists and engineers were given altered
priorities and positions, while a number of senior researchers began to
seek teaching positions in the universities.
For Joe, these developments signalled a serious departure from the
purposes that had motivated his move to Argonne. He had taken up his
post at a time soon after President Johnson’s public statement of the
importance of building the Laboratory into `the nucleus of one of the
finest research centers in the world’, and when the Argonne Universities
Association's authority to assist in developing the Laboratory’s long-range
objectives and policies and its co-operative research and educational
progams with the scientific community, had been placed firmly among
its goals.9 For Joe, like many of his colleagues, Duffield’s advent heralded
a series of negative trends, including a threat to the continuity of some
existing research programs and plans, and a distinct distancing of the
director from the opinion of creative senior scientific staff. By
temperament no leader of staff opinion, Joe nonetheless shared the general
consensus that a narrowing of Argonne’s research focus to more applied
tasks was destructive of the best interests of science.
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For his own part, he extended his central research themes, publishing
several papers in the international literature — `Mean ergodic theorems
in quantum mechanics’ in 1969 and (with Avishai and Ekstein)`Is the
Maxwell field local?’ — and researching a major paper, `one I have been
thinking about for the last 8 months’,10 on particle populations and
number operators in quantum theory.
Early in 1971, Ann Moyal, with some personal knowledge of the
Laboratory and its personnel, and writing under her then professional
name as a science historian, Ann Mozley, had responded to the
opportunity of conducting a historical and contemporary study of
Argonne National Laboratory as a case study in science policy which
examined a major scientific organization in the process of change. In
doing this she reaped benefit from having access to a wide range of key
administrators and scientists, including Argonne’s director, Dr Duffield,
central figures at the University of Chicago including former director
Albert Crewe, Division heads at Argonne, and a spread of scientists across
different fields. All gave their opinions in extensive oral interviews, and
her paper ‘Change at Argonne National Laboratory. A Case Study’ was
published in Science in October 1971.11 Its findings, critical and
independent, exposed a deep malaise among scientists at Argonne and
raised fundamental questions about the management, independence, and
future of the national laboratory.
Even before its official publication, news of the study circulated widely
in Washington and at the Laboratory. Ann was in Australia immediately
before the study came out when Joe wrote to her on 29 August.
Everybody here is thrilled about your Science article. The word
has got around and I get enquiries about it from all sorts of
unlikely people. There have been changes at the Atomic Energy
Commission; the old head Dr Seaborg has resigned and a new
one appointed by Nixon, a lawyer by the name of James
Schlesinger. Your article has been circulated and I have a shrewd
suspicion that Duffield has had his knuckles rapped. He has
circulated an extraordinary document amongst the Argonne staff
stating that he was sorry there was misunderstanding between
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him and the staff and that he was devoted to the best interests
of the Laboratory.
Amid avid Laboratory interest and a report on the study in The Chicago
News, the bails flew. Argonne and Washington bureaucrats reached for
their bats. But the new A.E.C. head, Dr.Schlesinger, telexed a rapid
message to the Argonne directorate: ‘there were to be no attacks ad
hominem [ad feminam in this case] as the historical study was [he said] a
valuable one’.12
‘My dear’, Joe wrote to Ann exuberantly on 18 October:
your article has literally created a SENSATION! You are the
heroine of Argonne! Practically everyone has read it; people are
carrying xerox copies around; perfect strangers accost me to
convey congratulations to the author. All staff at Argonne to
whom I have talked agree wholeheartedly and think you have
done a splendid job, including a number of division directors...
Bill Kruskal rang me up: article circulating at the U of C [Chicago]
too; many seriously upset, particularly in Administration … A
much chastened Duffield attended a lunchtime meeting of an
organization called 'Concerned Argonne Scientists' called specially
to discuss THE ARTICLE. Questioned, Duffield (very much on
the defensive and looking like death warmed-up) said he did not
agree. Asked why, he gave some rather lame explanations, which
were promptly contradicted by various members of the audience,
who said more or less bluntly that he was either misinformed or
mendacious while maintaining A.E.C. programme was in good
shape … There were about 50 people at the meeting, including
a number of Duffield supporters from administration (all of whom
remained silent except D.) All who took part in the discussion
(except D of course) expressed strong support and agreement
with your facts, comments and conclusions, not a single critical
word apart from Duffield.
The paper, relying as it did on carefully researched evidence and a wide
canvas of collected opinions, highlighted many of the troubling
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deficiencies and problems at Argonne and its effect was compounded
by the fact that Argonne’s contract to run the fast breeder reactor had,
concomitantly, not been renewed. Yet, inevitably, the study and its
reception would impact on Joe himself, wrongly judged by the Argonne
administration to have been the driving power behind it. ‘They cannot
conceive’, he commented drily, ‘of a weak woman delivering such a
vigorous critique without male encouragement!’
There were more departures of talented scientific staff; colleagues close
to Joe were put off, and he had little doubt, he noted as October moved
into November, ‘that I would have already been sacked if Administration
had not been in such a dicey position and I certainly will be if present
incumbents are confirmed in power.’13 For him it became a period of
considerable uncertainty and disappointment. Yet, at the same time, he
was buoyed by Einstein’s dictum — that the central being of a scientist
‘lies precisely in what he thinks and how he thinks, and not in what he
experiences or does’14 — for his mind was deeply engaged with his
paper on particle populations and number operators in quantum theory,
his `magnum opus’ or `monster’ paper, as he dubbed it. Extending as it
did from his original opus, ‘The general theory of stochastic population
processes’ of 1962, he admitted to drawing great heart from a conference
on related topics that he attended, in August 1971, when the opening
address was directed almost entirely to a review of that original paper.
‘As a result’, he wrote cheerfully, ‘I was treated as an elder statesman!’15
For the original scientist, such retrospective public plaudits are rare. His
own new paper, he reported, `went off quite well but is a rigorously
new departure and was on the whole above the heads of the audience
who appeared slightly dazed. Ah well, in another 10 years perhaps I will
be an elder statesman at another conference based on this new stuff!’
With some laborious revision, he would crystallize and extend it for
publication in Advances in Applied Probability in 1972. The rough and
tough of scholarly concentration offered a welcome diversion in the
upheaval and disquiet of Argonne.
The much discussed article on the Laboratory prompted a few measures
of reform, but it ushered in high administrative change. By late 1972,
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the journal Science and Government Reports was noting, ‘A high-level
management shake-up is underway at Argonne National Laboratory …
After cliff-hanging negotiations which left the Laboratory’s status in
doubt for many months, a new contract was signed which ties the
Laboratory more closely to the AEC’s developmental missions, and in a
related move … Robert B. Duffield, Director of the Laboratory for the
past five years, is being forced out because of disenchantment with his
management performance.’ In December 1972, Dr. Duffield resigned.
Joe had weathered the institutional turmoil, but at a cost. The altered
state of the Laboratory, the exodus of important colleagues, and the
uncertainties implicit in institutional change represented a professional
misfortune and he faced a period of black depression. Spurred then by
an offer to Ann of an academic position in Sydney, 16 Joe contemplated
ways of returning to a university appointment in Australia.
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Chapter 7. Macquarie University
Joe Moyal was 62 when he decided to throw his hat back into the
academic ring in Australia — not an ideal age for a new appointment.
Ironically, one or two of his former Ph.D. students now held
Professorships in the country and other Professorships coming on stream
at Sydney, Melbourne and Monash Universities went to younger men.
Yet, in a surprising stroke of coincidence and good fortune, he found
himself in contact with the renowned British theoretical and particle
physicist, John Clive Ward, who, four years earlier, had taken up his
post as the Foundation Professor of Theoretical Physics in the School of
Mathematics and Physics at the relatively new Macquarie University in
the north of Sydney.
John Ward had a formidable history. Described variously as ‘one of the
most brilliant British physicists of the post-war era’, and one whose
research ‘met Nobel Laureate standards’, Ward’s academic trajectory
had taken him from his first degrees in engineering and mathematics
and a Ph.D. in theoretical physics at Oxford University in 1949, to a
series of appointments from 1951 that embraced the Institute for
Advanced Studies in Princeton (1951–52), Bell Laboratories (1952–53),
and a succession of posts in American universities, including the
Universities of Maryland and Miami, Carnegie Institute of Technology
(1959–60), back to Princeton (1955–56 and 1960–61), and Johns Hopkins
University (1961–66). In 1966, he moved to the Antipodes (he had spent
a year at the University of Adelaide in 1953–54), and wended his
peripatetic way to New Zealand at Victoria University in Wellington.
The following year, he moved to Australia where he anchored and
completed his career at Macquarie University, until his retirement in
1984.
Ward’s brilliance blazed from the outset of his career. In 1950–52,
working from Freeman Dyson’s paper on the renormalization of quantum
mechanics and applying mathematical operations, he obtained an identity
for consistency which expressed the gauge invariance of electrodynamics,
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and, in his famous paper, ‘An identity in quantum electrodynamics’, he
stamped the name ‘Ward identity’ or ‘Ward identities’ upon field theory
and, subsequently, in systems of nucleons, mesons and photons.1
Spectacularly, during 1955, with the British Government’s decision to
build a thermonuclear bomb, ‘this titan of quantum electrodynamics’,
as the Russian physicist Andrei Sakharov dubbed him, was appointed
to Aldermaston Laboratory on the advice of Churchill’s scientific adviser,
Lord Cherwell, to head the ‘Green Granite’ project for the construction
of the bomb. Here, in short order, Ward conceived a ‘two-stage device’,
the radiation from the first fission stage being used to compress the light
elements of the second stage, leading to a thermonuclear explosion. On
this occasion, however, his design was not understood by his superiors,
who declined to accept the model. Nonetheless two-stage devices were
subsequently used for three British thermonuclear tests on Malden and
Christmas Islands in the late 1950s, after other theoretical physicists had
arrived to continue Ward’s work. Deeply disappointed, John Ward
returned to Princeton and to his subsequent academic peregrinations.2
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Figure 7.1. John Clive Ward, an eminent figure in physics at Macquarie

John Ward was a Fellow of the Royal Society of London and the recipient of several prestigious
medals and prizes across his career. His originality and ability to ‘find his way through
complicated systems with many degrees of freedom’, as his obituarists described it, ‘resulted in
fundamental contributions in quantum electrodynamics, elementary particle physics, quantum
solid-state physics, and quantum statistics.’

His presence at Macquarie University was itself something of a quiddity
and a phenomenon in Australia. Joe knew of Ward’s work and reputation,
and, communicating with him from Argonne in October 1971, discovered
that the new interdisciplinary Macquarie University was thinking of
setting up a new Chair of Mathematics for which John Ward would, he
reported, ‘strongly support my candidacy if I apply’.3
Joe’s appointment as the new Professor of Mathematics at Macquarie in
the School of Mathematics and Physics was finalized — as bureaucratic
wheels creaked — late in 1972. Significantly, it was to create a
juxtaposition of two men of remarkable research distinction and range
in the formative early years of one of Australia’s newer universities.
John Ward and Joe shared many affinities. Both were trained initially
in engineering and mathematics and were deeply involved in the particle
world, in quantum mechanics, quantum statistics, and nuclear and
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theoretical physics where their specializations overlapped. Born in 1924,
Ward was 14 years Joe’s junior, yet British by birth and personal
accommodation — for Joe chose to remain a British citizen all his life —
they had a close intellectual relationship.
To the observer, Ward was a high eccentric, ‘a bundle of neuroses’, as
one colleague put it; a very shy man with a strong sense of self-regard,
often distant and austere, yet cultivated, interested in wine and
wine-making, and intensely musical. He was also, to his cost, a man of
startling honesty with a naivety in human and administrative affairs that
had clearly complicated his relations with managers and colleagues in a
string of universities. At Macquarie, this brilliant individualist found
his natural habitat.
It was Professor Frederick Chong, the Foundation Professor of
Mathematics at Macquarie from 1965, and first Head of the School of
Mathematics and Physics, who had brought John Ward to the School of
Physics and Mathematics. Chong came from a well established Chinese
family in Australia. A medallist from the University of Sydney and a
Wrangler of St John’s College, Cambridge, with a Master’s degree in
Mathematics from Sydney University and a Ph.D. from Iowa State
University, he had a varied academic background. From 1940 to 1955,
he held teaching posts at the Universities of New England and Sydney,
and served for nine years as Professor of Mathematics at the University
of Auckland before he came to Macquarie University. Far-sighted and
benign, with a mathematical physics bias in his own research and
teaching, he strongly supported Joe’s candidacy. Freddie Chong, as one
senior student observed, was ‘a very talented picker of people, both
young and older’. He brought together ‘an incredible galaxy of stars in
science at Macquarie’.4 He was reputedly a dazzling lecturer, ‘a total
lecturer and total showman’, greatly enjoyed by students in his classes,
but also a presence with his professional feet firmly on the ground.
Another senior member of the School was the lively, ‘up-front’ Professor
of Physics, Peter Mason, a biophysicist and radical thinker on the role
of science in society. Born in England, he had a career in industry before
joining Macquarie in 1966. Mason set a standard of openness and an
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innovative lecturing style devising courses for his physics students very
different from the more rigidly structured instruction at Sydney
University. A highly articulate communicator, he became a prominent
science broadcaster and, in the period before he died of a brain tumor
in 1987 at the age of 65, he had kept up an enlightening public
commentary on the processes his brain endured.
Richard Makinson, Associate Professor of Physics, a Sydney graduate
with a Ph.D. from Cambridge, had taught physics at Sydney University
from 1939 until 1968, when, as an active member of the Australian
Association of Scientific Workers and perceived as a Communist
sympathizer in the Cold War, he had cast off the shackles of a
conservative ivory tower and moved to Macquarie University where he
was a distinctive intellectual figure in the team.
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Figure 7.2. Macquarie mathematician, Alan McIntosh, who would rise
to become head of the Centre for Mathematics and its Applications
at the ANU

Alan McIntosh Private collection

Importantly, scattered among the older galaxy of stars was a remarkable
cluster of young Australian researchers and lecturers who would go on
to forge outstanding reputations. In mathematics they included the
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brilliant, self-effacing Alan McIntosh who rose to hold a personal Chair
in Mathematics at Macquarie and, renowned for his fundamental work
in harmonic (wave) analysis and partial differential equations, moved
on to become Head of the Centre for Mathematics and its Applications
at The Australian National University. Category theorist Ross Street
mounted the ladder to a Professorship and remained at Macquarie
through a highly productive career, becoming Director of the Centre of
Australian Category Theory and, together with Alan McIntosh, a Fellow
of the Australian Academy of Science.
In physics there was Dr John Corbett, a mathematical physicist with
interests in scattering theory and general relativity, widely read in
philosophy, whom Joe had first met at the ANU as the enquiring young
postgraduate student from Adelaide with a question on phase space, and
J.A. Piper, a young physics lecturer trained in New Zealand, who had
an important future in quantum electronics and laser research and became
in time Professor of Physics and Head of the School of Mathematics and
Physics, Director of the Centre for Laser and Applications, and
subsequently, Deputy Vice-Chancellor of Macquarie University.
For Joe, such a group proved a rewarding and intellectually rich
fraternity. In turn, he went about advancing his talented younger
research colleagues to higher posts. It was, indeed, his singular good
fortune, after the twists and disappointments at Argonne, that he should
come to ground in the last years of his career in such a community, and
in an arena where he could have a vital influence.
Their voices shape the record. Corbett, strongly attuned to Joe’s interests
in quantum physics and philosophy, found Joe ‘always ready to stimulate
conversation and discuss ideas’:
He was available for people and he was always encouraging
which made a really big difference to the sort of research that
was done at Macquarie. You didn’t feel you were on your own;
that it was worth trying things even if you didn’t get results. In
sum, I felt that we had someone who was extremely intellectually
active and someone to whom you could turn as a source of
knowledge.5
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‘We found’, said Professor Chong, ‘we had a giant among us.’
But there was no particular ‘giantness’ in Joe’s style. David Forrester, a
mature-age student of 24, who had come to Macquarie from a year of
physics at Sydney University and revelled in the research atmosphere
of the School, recalled:
Joe always had the most wonderful jaunty spring in his step,
and a cheekiness, and was as friendly to me as a Professor and a
student could be. He was the most modest man, he never gave
any impression that he knew he was sitting on a remarkable
brilliance … His ideas from his 1949 paper were floating around
in those days; there was confusion about quantum mechanics,
the wave particle business, confusion about what is the wave,
what is the particle going on right into the ‘80s. In The Feynman
Lectures on Physics, which was eventually adopted for teaching
at Macquarie, Feynman finally gets it right, but that perfection
had to come from Joe’s contribution and others. Joe talked to me
and used to say remarkably clear things; he completely
understood that the wave aspect was in the probability function.
Go back to Joe’s 1949 paper and you will see how resoundingly
clear it is.6
In this early interacting environment, Joe set about changing and
extending the core of courses in the School, adding his own Probability
and Stochastic Processes for mathematics (and physics students if desired)
to his teaching in electromagnetism and quantum mechanics in 1973,
while an honours year program in applied mathematics was prepared
for 1975. Looking back from the vantage point of the diverse courses
provided in the School today, it is revealing to discern from Minutes of
School Committees and Subcommittees and the Mathematics Syllabus
Committee this early thrust to upgrade course offerings at Macquarie,
to support as many promising students as possible, to offer honours
courses as a starting point for promising candidates to undertake research,
and to widen the opportunities for graduate degrees.7
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In mathematics, Joe was the prime mover. In this he had the ready
support of Freddie Chong. During 1974, as Chairman of the Mathematics
Honours and Postgraduate Committee, he initiated a proposal, adopted
by the School of Mathematics and Physics and taken to the Senate, to
‘allow suitably qualified candidates from other tertiary institutions to
enrol in the honours degree at Macquarie University’. Simultaneously,
plans for an M.A. Programme in Applied Mathematics took shape. By
1976, Joe, an advocate for further research degrees, moved that the
Senate be asked to reconsider regulations that precluded part-time
students participating in postgraduate, and notably, Ph.D. degree courses
at Macquarie.8
At first, John Ward showed an entrenched resistance to this emphasis
on research and to the development of honours and master’s courses.
Intellectually elitist, he had from the outset of his appointment considered
it inappropriate to encourage a research direction in a university he
judged initially as having only a ‘secondary status’. `He thought of
everyone,’ said one disenchanted younger colleague, `as second-rate.’
He was, as John Corbett recalled frankly, ‘very covert about his own
research ideas, terrified that other people might take them and negative
with people who wanted to do research. He was not interested in
supporting the younger staff or students in this way.’ Joe was the reverse
and his example brought change. ‘Eventually,’ said Corbett, `when Joe
suggested an honours course, Ward was goaded into declaring that he
would put one on. It was a great victory for Joe. After that John Ward
started with some research students and there was a notable change in
his attitude.’9
While Professor Chong took a key lead in undergraduate matters in the
School, Joe Moyal provided leadership and stimulus across the areas of
honours, postgraduate and research developments. He readily joined
Chong’s scheme (fashioned as a long-time and prominent member of the
Board of Senior School Studies) to introduce a Master’s Degree in
Mathematics for Teachers. Initiated in the early 1970s and held every
Saturday morning, the course, designed to elevate the quality and status
of maths teaching in secondary schools, proved a marked success.
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For institutions of learning, and particularly the younger universities,
it is, as yet, unusual to turn back formally to the foundations of their
teaching or to a consideration of the influences and structures that shaped
their degrees. Yet archival evidence and oral recollections from
participants shed a particular light on the influence of research ideas and
distinguished research experience in the formative days of the School
of Mathematics and Physics at Macquarie and on the forces that have
provided a vital platform from which, over ensuing decades, the
Department of Mathematics and the Department of Physics have come
to hold a leadership position across a number of scientific fields.
For his honours students — for whom, with his later MA students, he
was especially valuable — Joe customarily lectured in research fashion
from the blackboard and sought to involve his students in this open,
exploratory approach. At the same time, both senior students and staff
members were exposed in seminars to his important quantum and
probabilistic work. `The lectures he gave in the honours year,’ David
Forrester recalled, `was almost his own deep algebraic distillation of
quantum mechanics. Joe would do his proofs in four lines while others
would be doing the proofs in four pages. The economy of it was perfect;
grace, elegance and perfect economy.’10
In addition, Joe’s friendship and methods stirred a slowly growing
readiness on John Ward’s part to link physics teaching more directly
with research. As Franke Duarte, a former physics graduate student
observed in his obituary of Ward some 30 years later: `Under his
influence, and with the assistance of several colleagues, the foundations
of Macquarie physics education became a combination of courses in
electromagnetism, quantum physics, solid state physics, advanced
electronics and experimental physics in addition to applied mathematics
… He played a major role in creating a high class physics program at
Macquarie University.’11
Other Moyal initiatives related to the introduction of Statistics at
Macquarie. Travelling overseas for the University early in 1976, he
recruited Professor Don McNeil, a former Ph.D. from Pat Moran’s
expanding stable at the ANU and at this time on the staff at Princeton
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University, to fill the new Chair. Clearly, in this appointment, Joe saw
the opportunity for his dream of integrating mathematics, physics and
statistics and the rapidly growing study of computing in an
interdisciplinary field. Attached to the University’s Department of
Economic and Financial Studies, McNeil succeeded in drawing students
to statistics. ‘The Statistics Department at Macquarie University,’ he
contended in interview, ‘has become, arguably, the strongest in Australia
in terms of undergraduate and postgraduate enrolments and in the
production of Ph.D.’s. Joe’s dream worked out in statistics here.’12 But
the forward-looking hope of a close institutional integration of these
disciplines with computing science failed to mature.
Joe would remain at Macquarie University until 1978, two years beyond
the normal retiring age. In February that year, a conference was held at
the university in his honour at which papers were presented by former
and contemporary colleagues, Professors Maurice Bartlett, H.S. Green,
Eugene Seneta, Chip Heathcote and C.C. Heyde, and Dr. John Corbett.13
At his death he was perceived as ‘one of the pioneers of Macquarie’s
multidisciplinary approach to learning’.14 In a university whose motto
drew on Chaucer’s words, `And Gladly Teche’, it was perhaps not
surprising that Joe should choose to focus his activities on teaching and
offering encouragement to younger colleagues to conduct research, rather
than increasing the output of his own papers. There he stimulated a
research enterprise in mathematics and physics that has grown
significantly in subsequent years. The J. E. Moyal Medal and Lecture,
established at Macquarie University in 2000, commemorates his diverse
contribution.
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Chapter 8. The Reflective Years
Figure 8.1. Joe Moyal in retirement, still thinking about quantum
theory

Private collection.

What is the measure of a scientist’s life? Some would say the accolades,
the recognition of scientific peers, and the adoption and use made of his
original work. Joe Moyal published only 36 papers, a small total in
relative terms, but most were fundamental works.
It is possible to follow their reception through the cited references of
the `Web of Science’. `The general theory of stochastic population
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processes’, of 1962, follows a high rising curve, as does `Theory of
ionization fluctuations’, of 1955, and his last major research paper,
`Particle populations and number operators in quantum theory’, of 1972.
But none pass unnoticed or unrecognized.
It is, however, Joe’s earliest paper, ‘Quantum mechanics as a statistical
theory’, that has reverberated with increasing force and relevance to the
present day. Its pattern of progress in the citation data of ‘Web of
Science’, provides an index both of the evident expansion of the physics
community and its significant diversification across these past 50 years.
At the same time, it offers significant testimony to the paper’s remarkable
contribution to a raft of ranging and important developments in physics
which Joe Moyal himself could never have anticipated.
Initially, in the small scientific community of 1949 and into the early
1950s, the paper’s adoption was slow: three citations in 1949, four to
five in the early 1950s, and on through fluctuating numbers to 10 in
1965 and 19 in 1969. The period through the 1970s to the 1980s saw
expanding use, 24 cited references in 1977, 28 in 1982, and rising through
further numbers into the 30s during the 1990s reaching 69 in 2001. By
2003, however, ‘Quantum mechanics as a statistical theory’ had built up
a total of 980 cited references. By 2005, a further citation explosion had
taken place and by mid-year the cumulative citation count for the paper
had soared to 1,220. In April 2006, it reached 1,245. At this point nearly
35% of all citations published of a 1949 paper came from the years
1999–2006 and the citations rise with every month.
In the now far-flung scientific community from Russia, Yugoslavia,
Slovenia, Hungary, Poland to Costa Rica and Brazil; with Europe, Britain,
India, Japan, North and South America and the Antipodes in between,
the ‘Moyal bracket', the ‘Moyal equation’, the ‘Moyal star product’, the
‘Moyal formula’, `Moyal quantum’, ‘Moyal planes’, the ‘Wigner-Moyal’
(stated at times as the `Weyl-Wigner-Moyal’) formalism, and ‘Moyal
algebra’ have found high resonance. In their mathematical and physics
applications and influence, they reach into a stream of research and
publications in quantum mechanics, quantum field theory, phase space,
solid state physics, string theory, cosmology, quantum chaos, probability
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distributions, optics, tomography, diagrammatic techniques, deformation
quantization, atomic systems, spectral line shape calculations,
teleportation technology, and even brain research.
Defining quantum physics as ‘a physics of information’ as Moyal
Medallist in 2001, Professor Gerard Milburn of the Centre for Quantum
Computer Technology at the University of Queensland, averred: `Moyal
quantum is also opening doors for the development of research in
computation and communication’.1
In the huge literature opened by the ‘Web of Science’, there are many
varied expressions of the impact of Joe’s work. Delivering a paper on
‘Wigner, Moyal, and Precursors to Canonical Coherent States’, at the
Wigner Centennial Conference in Hungary in 2002, Professor John
Klauder of the University of Florida’s Department of Physics and
Mathematics, recalled:
In 1957 while studying for my PhD at Princeton, I had run across
the paper of Moyal — and like many others before and since —
really appreciated what a fine paper it was … It is certainly the
case that some classic papers of the past contain far more than
was recognized at the time they were written. It is safe to say
that Moyal’s classic paper on the Wigner function and its
application to a completely phase space description of quantum
mechanics, is just such a paper! … Although it was not recognized
at the time, one may say that Moyal implicitly established the
essence of the resolution of unity appropriate to the family of
canonical coherent states for an arbitrary normalized fiducial
vector.2
In the same year, Robert Littlejohn of the Department of Physics and
Mathematics, University of California, Berkeley, addressing the theme
of ‘Quantum Normal Forms via Moyal Star Product and space distribution
function’, declared: ‘The concept of the Moyal bracket and the usual
product of classical mechanics have been precursors to the recent program
of deformation quantization [while], even more contemporary, is an effort
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to review and extend the Moyal program as a tool to analyze situations
involving noncommuting geometry.’3
From diverse backgrounds, José Gracia-Bondia from the Department of
Theoretical Physics at Universidad de Complutense de Madrid, and
Joseph Várilly at the Department of Mathematics Universidad de Costa
Rica, from their collaborative work, attest to the singular importance of
his paper and its stimulus to their work:
Without dispute 'Quantum Mechanics as a statistical theory' is
one of the great physical papers of the 20th century … There
have been two main influences in which Moyal’s work has
become intensely relevant to today’s mathematical and theoretical
physics and we have been fortunate to participate in both.
The first one is in connection with the Moyal formalism for
quantum mechanics. On our table rests a copy of the manuscript
by Dirac in the Review of Modern Physics, 1945, in which the
new viewpoint is mentioned probably for the first time. We
discovered its charms in the mid-eighties, and worked both on
its physical and its mathematical aspects between 1984 and 1991
… before turning to different matters. Some of our work in this
period, like the one on “Moyal representation for spin”, Annals
of Physics (1989)4 arguably broke new ground, and has received
a fair number of citations, particularly from people working on
quantum optics …
Now, in 1999, a second coming took place. There was an
extraordinary paper by Nathan Seiberg and Edward Witten,5
the latter known as father of string theory, in which they argued
that, in some natural and well-established limit, strings behave
like objects living in a 'noncommutative space'. This turns out
to possess the same mathematical structure as the space of
observables in Quantum Mechanics on phase space, as formulated
by Moyal. This opened a truly new fashion, in particular for the
tentative 'quantum field theory on Moyal space'. Since then, the
work by Moyal has received hundreds of further citations. Here
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we stress that, although the physical motivation and
interpretation of the related theories is completely different, 'the
underlying mathematics is the same'.6
From their interest in noncommutative spaces, Várilly and Gracia-Bondia,
accordingly, have returned to their original interest, joining with
Professors Bruno Iochum and Victor Gayral of the Centre de Physique
Théorique, and Université de Provence, Marseilles, to write their
collective paper, `Moyal Planes and Spectral Triples’, in which they coin
the term ‘Moyalology’.7
‘We are still working in related subjects/areas,’ Várilly and Gracia-Bondia
advise, `the mathematical beauty, richness and symmetry of the so-called
Moyal product or Moyal algebra ensured it a place in the foreseeable
future.’
Bruno Iochum’s early initiative in this fertile collaborative research
brought Joe Moyal around full circle to his early contact at the University
in Marseilles with Professor Daniel Kastler. As Iochum wrote to the author
in December 2005:
As a spiritual son of Daniel Kastler, I began work in research on
the interplay between physics and algebra and naturally later
… on geometry in its noncommutative sense … It is by a strange
path that I encountered the tracks of Joe Moyal. There is an old
tradition in Marseilles to work on quantization by deformation,
for instance, there Jean Marie Souriau was a master of this
approach. I realized quite recently that this Moyal original idea
could totally fit the noncommutive geometry setting (which has
of course a much larger purpose) and I decided to get in touch
with Joe Várilly and Jose Gracia-Bondia. In a way this pushes
the Seiberg-Witten main approach in the broad landscape of
quantum field theory on noncommutive spaces; a fact that
probably Joe Moyal had not imagined!
Serendipity, circularity, chance, and growth all play their strangely
meandering, yet purposive way in science. For ‘science goes like a child’,
Iochum reflects. ‘After its birth it grows and lives independently of its
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progenitors.’ Many other papers fertilized by Joe’s work proclaimed a
kindred parental guidance.8 Yet Várilly and Gracia-Bondia, go further:
In retrospect, Joe Moyal corrected an excessive bent of the stick
by the fathers of quantum theory. They were so much impressed
by Heisenberg’s uncertainty principle that they thought
classical-looking mathematical descriptions were ruled out
forever. In this regard they were wrong … The best, and only,
example we can find of a parallel achievement in the kindred
spirit in the whole story of Quantum Mechanics since the 1920s,
is the discovery by Hohenberg and Kohn9 that 'classical'
electronic density is enough to determine the atomic structure,
including exchange, which eventually gave rise to Density
Functional Theory, and won Kohn his Nobel Prize. Their insight
also runs against the 'intuition' bequeathed by Quantum
Mechanics formalism as found in textbooks. Indeed, density
functional theory is best and most naturally formulated in 'Moyal
language'. But this, it appears, for the time being, has been
rejected out of hand.10
Dr Cosmas Zachos, of Argonne’s High Energy Physics Division, has set
down a substantial overarching view of Joe Moyal’s work:11
Moyal’s most celebrated paper remains the pioneering 1949 paper,
well validated by posterity. In it, he established an independent
formulation of quantum mechanics in phase space. This is the
third, alternative, formulation of quantum mechanics,
independent of the conventional Hilbert space, or path-integral
formulations. It is logically complete and self-standing, and, by
dint of its expression in phase space, like classical mechanics, it
offers unique insights into the classical limit of quantum theory,
and conversely, in quantization — the transition from classical
to quantum mechanics. Because it enables useful retention of
standard variables while endowing them with novel properties
(such as noncommutativity, 'Moyal Brackets' and 'Moyal algebra'),
'Moyal' is nowadays freely used in physics as a loose adjective
indicating noncommutativity, in ways that evoke 'Moyal
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quantization', viz. 'Moyal plane', 'Moyal deformation', 'Moyal
string field theory', 'Moyal approach', etc.
While the phase-space formulation grew out of important work
by Hermann Weyl, Eugene Wigner, and especially Hilbrand
Groenewold, the decisive formulation was pulled together by
Moyal, in a grand synthesis of the scattered mathematical
machinery into a confident interpretation of quantum mechanics
as a statistical theory, with a systematic vision of its logical
autonomy. Thus, the implicit injunction to go forth and apply
this formulation to freely obtain results harder to reach in the
conventional quantum mechanics picture is largely Moyal’s.
Moyal systematically studied all expectation values of
Weyl-ordered operators, and identified the Fourier transform of
their moment-generating function (their characteristic function)
to the Wigner Function. He then interpreted the subtlety of the
'negative probability' formalism based on this function, and
reconciled it with the uncertainty principle and the diffusion of
the probability fluid. Not least, he then recast the time evolution
of the Wigner function through the deformation of the Poisson
Bracket into the celebrated Moyal Bracket, a powerful construct
of great impact in mathematical physics.
This formulation of quantum mechanics pioneered by Moyal
serves in describing quantum transport processes in phase space.
Such processes are of importance in quantum optics, nuclear and
particle physics, condensed matter, the study of semi-classical
limits of mesoscopic systems and phase transitions of classical
statistical mechanics. It is the natural language to the study of
quantum chaos and decoherence (of utility in, e.g. quantum
computing), and provides crucial intuition in quantum mechanical
interference problems, probability flows as negative probability
backflows and measurements of atomic systems. The mathematical
structure of the formulation is of relevance to Lie Algebras,
martingales in turbulence, and string field theory. It has recently
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been retrofitted into M-theory advances linked to the
noncommutative geometry hypothesized to underlie gravity at
extremely short distances, and matrix models. In addition, it is
significant outside physics, as for example in foundational work
on wavelet methods in signal processing.
For Tony Bracken, Professor of Physics at the University of Queensland,
`Moyal’s work and the central role of the “Moyal bracket” has provided
the basis for the mathematically profound notion of quantization as
deformation, now an established area for important mathematical
research.’12
Joe Moyal himself took a characteristically modest view of his own
accomplishment. He knew, by the mid-1990s, of the significant flow-on
of his work in quantum mechanics but, with his death in 1998, he was
unable to realize the paper’s rich cascade into burgeoning new
disciplinary fields. Yet his postulation and the mathematics of `Quantum
mechanics as a statistical theory’ held the seeds of unanticipated
applications and the fertilization of remarkable new approaches in
quantum theory. He himself was well aware that he had not derived his
original concept from Wigner’s 1932 paper, of which he learnt only after
his own formulation was made and, in this respect, he did not, in truth,
`expand the ideas of Wigner’, as current attributions traditionally declare,
but presented his own formulation — with courteous reference to Wigner
— when his paper came to print.
In a candid interview in 1979, however, he reflected, ‘I felt that I was
always on the edge. I always seemed to work on the fringes’.13 Yet, with
his alternative formulation of quantum mechanics, its reconciliation with
the uncertainty principle, and his eloquent generalizations, he was in
the direct line of descent from that cluster of highly creative scientists
who, earlier in the century and notably the 1920s and early 1930s, had
initiated a singular period of conceptual advance. The notion of the atom
as object had been discarded and new mental constructs of mathematical
expression had taken place. ‘The idea’, as one observer put it, ‘had an
austerity that went home to a certain type of mind … And it worked
like none other in the history of science.’14
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Joe’s philosophy about the conduct of scientific research was,
nonetheless, modest and straightforward:
There are two types of reward, quite apart from the material
rewards from doing work in science and technology, and one of
the rewards is that it’s just fun to be doing something new, to
discover new things: what could be more stimulating and
amusing! It’s a lot of hard work but it’s rewarding in itself. If
one thinks about what sort of material rewards one will get for
one’s work and will one be appreciated by all and sundry, what
prizes are you going to get from your work, who is going to read
it, will you be upgraded in your profession, will you be elected
to this or that body? If you think of this then you get nowhere,
you get discouraged. You get bored with the whole procedure.
But the other reward is that it’s something permanent if you do
good work. If you keep in mind that what you are doing may or
may not prove valuable and you are looking for new discoveries
or advancing the frontiers of knowledge in your area, you can
pass the time to distinguish what is good or bad in your work.
You never know how good it is going to be. Even one’s errors
are useful. One’s mistakes can be valuable to some later scholars
who, in discovering them, can lead to something new.15
His attitude to ‘elitist science’ and to election to professional bodies was
clearly coloured by this straightforward view. It derived, too, from his
quintessentially maverick style. He lacked any great respect for
hierarchies and disliked the `old boy clubiness’ and ‘cultivating’ often
associated with election to royal societies and academies. Resultingly,
he would never respond to overtures that sought to enrol him in the
scientific elite. This, the goal of many men, he eschewed. He remained
an occupant of the 41st chair,16 those who, while as distinguished as
many within the Academy, nevertheless remain outside.
Yet, as Henri Poincaré once pronounced on scientific thought ,‘its genesis
is an activity in which the human mind seems to borrow least from the
external world’, while the great G.H. Hardy judged the gift of
mathematics ‘one of the most specialized talents, and of all the arts and
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sciences, the most austere and remote’. Like Richard Feynman, whom
he much admired, Joe drew a distinction between science and art. ‘The
problem posed for the scientist, different from the artist,’ Feynman
explained succinctly, `is to imagine something that you have never seen
that is consistent in every detail from what has already been seen, and
that is different from what has been thought.’17 For men like Feynman
and Joe Moyal, both bilingual in physics and mathematics and furnishing
physicists with new conceptual tools, it was also essential that their work
have practical applications. Again, Joe expressed it in a simple
vocabulary: `Science and scholarship are really different from art and
literature in that they are a process, and the contributions that one makes
to this — the best of one’s work — flow into that process and remain
part of the “weave” in the development and beauty of science and
technology.’18
Intermittently, from 1978, Joe embraced the process, returning ‘to review’
the Wigner/Moyal formalism:
I worked out a new approach to the whole problem, which
resolved some of the difficulties. I wanted to look at the later
work, all I could lay my hand on, and when I started looking at
it I remembered all the unsolved questions which had occurred
to me at the time I wrote my two papers. Then I found, much to
my surprise, that of the people who had done the work, none
had addressed themselves to the difficulties and the things where
I would have wanted to extend the formalism to, and where I
hadn’t succeeded at the time. So I took a fresh look at it and
found that, by examining it from a somewhat different point of
view, you could develop the whole theory as I had developed it
and also extend it to include the theory of spin, because the
particular thing that wasn’t included in the original theory, is
spin which is thought of as a distinctly non-classical element in
quantum theory. But of course this is false. You could introduce
spin into classical or quasi-classical theory and the Wigner/Moyal
formalism lends itself rather well to the description of quantum
mechanical particles with spin. There is no difficulty. In this
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recent work I found a new way of getting at the basic elements
of the theorem and if you do that you painlessly get the
generalization of particles with spin.19
He had also attempted to carry his ideas further and get a generalization
to relativistic quantum theory or special relativistic quantum theory,
but admitted defeat. Only his new method of doing the work `by the
theory of group representations’, he added, was conceptually complete.
Now it was `only a matter of writing it out in detail’. But this was never
completed.20
Overall, the poet Rainer Maria Rilke, a favourite of Joe’s, catches the
spirit of his scientific work:
I live my life in growing orbits,
Which move out over the things of the world,
Perhaps I can never achieve the last,
But that will be my attempt.
And I still don’t know if I am a falcon,
Or a storm, or a great song.21
After his retirement from Macquarie University in 1978, Joe Moyal had
two more decades of richly reflective and contented life. E.J. Bell, in his
famous book Men and Mathematics, observes that highly creative
mathematicians have long been displayed as `slovenly, absent-minded
dreamers totally devoid of common sense’. Rather, he contends, that ‘as
a group the great mathematicians have been men of all-round ability,
vigorous, alert, keenly interested in many things outside mathematics.’
For his part, Joe remained a high activist well beyond his chronological
years, scuba diving and snorkelling around the Great Barrier Reef into
his late 70s, travelling and camping with Ann in a Toyota truck in
Queensland’s beautiful Daintree Forest, reading eclectically in science
and history — Nature and History Today always close at hand — a cinema
buff and wine connoisseur, a man keenly engaged in international politics
and literature who retained an extraordinary knowledge and interest
until the end of his days. Living for a time in retirement in Sydney, he
returned in 1981 to reside permanently in Canberra.
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Figure 8.2. Joe camping in Queensland, 1984

Private collection

Like many academic couples who had different schedules and, at times,
geographies, the Moyals had divided interludes and grew accustomed
to occupying different houses.22 Yet writing in her autobiography of
their marriage, Ann set down: `Across my life of scholarship and action,
I know one thing: the thread that has made it buoyant and persistent is
a complex and lasting love … We enjoyed a great affinity and, in our
different ways, nourished and stimulated each other. Loving, good talk,
a rich intellectual life, protection and support, journeyings and lovely
places, encouragement for me in all I did, yielded a fulfilling diet.’ 23
There had been a marked series of flights in Joe Moyal’s life — from his
own country, then Palestine; from France; from Northern Ireland; from
Britain to Australia; from Australia to the United States, and a final flight
from America back to Australia. In his manner and kind, he belonged
to several soils. But he found his anchor at last in Canberra. In his last
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years, his life came full circle. His son and daughter visited him from
America, and a distinguished cousin, Shmuel Moyal, offspring of the
long line of Moyal judges, lawyers, and diplomats in old Palestine and
Israel, was appointed to Canberra in 1995 as Israel’s Ambassador to
Australia.
Ben-Gurion had been right about Jewish talent. Jews of the diaspora had
excelled in mathematics and the growth of physics. José Enriques Moyal,
it could be claimed, had a unique distinction. He was, arguably, the first
`Israeli’ mathematician emerging from that country’s Turkish/Palestinian
background to attain international recognition; and, with an honorary
Doctorate of Science conferred on him in 1997 at The Australian National
University on the grounds ‘of his distinguished creative achievement as
a scholar in mathematical statistics and mathematical physics’, he had
the further distinction of being the first `Israeli’ to gain high scientific
prominence in Australia.
Joe Moyal died in Canberra on 22 May, 1998, a few months before his
88th birthday. Yet, as one saying declares, `he who leaves has never
truly left’. In his ends were his beginnings. His funeral service was
presided over with the traditional Hebrew words of passage by his cousin,
Ambassador Moyal.
With hindsight and in overview, then, it can be said that the lives of
unique individuals, drawn from every scientific arena who have made
original and enduring contributions in their work and who, through
their enterprise, research and interactions have influenced and intersected
with wide disciplinary communities, can make an edifying and important
contribution to the ever evolving story, and the history, of science.
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Figure 8.3. Portrait of Ann and Joe Moyal, Canberra, 1995

Photograph by Heide Smith

ENDNOTES
1 G. J. Milburn, ‘Communication and Computation in a Quantum World’. Second Annual

Moyal Lecture, Macquarie University, June 2001.
2 Professor John Klauder, Proceedings of Wigner Centennial Conference, Paper no 55.
Klauder also refers to Moyal’s ‘classic paper’ in his (with E.C.G. Sudarshan) Fundamentals of
Quantum Optics , W.A. Benjamin Inc., 1968.
3 Robert Littlejohn, ‘Quantum Normal Forms by Moyal Star Product’, Google source. `A sizable
impact in this context was made by two remarkable papers by F. Bayen et al., Annals of
Physics, (1978), vol. 111, pp. 61 and 111… They took Moyal’s ideas and refashioned them
into a new mathematical paradigm’. Information from Várilly and Gracia-Bondia, in communication to the author, 31 December 2005.
4 Annals of Physics (1989), vol. 109, pp. 107–48.
5 `String theory and noncommutative geometry,’ High Energy Physics (Electronic Journal),
9909 (1999) 032.
6 Communication to the author, ibid.
7 Victor Gayral, José M. Gracia-Bondia, Bruno Iochum, Thomas Schucker and Joseph Várilly,
`Moyal Planes and Spectral Triples’, delivered at the Abdus Salam International Centre for
Theoretical Physics, Miramare-Trieste, September 2003, Commun. Math. Phys. 2004, vol. 246,
pp. 569–623.
8 As one example, C. Tabisz, B.R. McQuarrie, and T.A. Osborn (Department of Physics, University of Manitoba), in their paper, ‘Moyal Semiclassical Quantum Dynamics for Atomic
Systems’, Physical Review A, 1998, vol. 58 (4), pp. 2944–61, claim that from their several years
research working on the Lennard-Jones potentials with model helium, neon and argon, their
results ‘provide a first demonstration of the practicality and usefulness of Moyal quantum

116 Maverick Mathematician

mechanics in the analysis of realistic atomic systems’. Importantly, Jans Peder Dahl, Professor
of Chemical Physics at Lyngby (Copenhagen), is one of the pioneers of the use of the Moyal
approach in atomic physics.
9 Physical Review B (1964), vol. 136, p. 864.
10 Communication to the author, 31 December, 2005.
11 Communication to the author 3 October, 2005. In addition to his part in Quantum Mechanics
in Phase Space, op. cit., Cosmas Zachos is author and co-author of a number of papers relating
to ‘Moyalology’, notably: ‘Deformation Quantization. Quantum Mechanics Lives and Works
in Phase Space’, International Journal of Modern Physics A, 2002, vol. 17(3), pp. 297–316; (with
T. Curtright and D. Fairlie), ‘Features of Time-Independent Wigner Functions’, Phys. Rev.
D58, 1998, 025002; (with T. Curtright), ‘Wigner Trajectory Characteristics in Phase Space and
Field Theory’, J. Phys. A32, 1999, pp. 771–9; (with T. Curtright and T. Uematsu) ‘Generating
All Wigner Functions’, Jour. Math. Phys., 2001, vol. 42, pp. 2396–415.; (with T. Curtright),
‘Negative Probability and Uncertainty Relations’, Mod. Phys. Letters, 2001, pp. 2381–5, and
(with T. Curtright), ‘Deformation Quantization of Superintegrable Systems and Nambu
Mechanics’, New Jour. Phys., 2002, vol. 4, 83, 182.16.
12 Communication from Professor Bracken to the author January 2006.
13 Interview with Ann Moyal, 1979 op. cit.
14 John de la Mothe, C.P. Snow and the Struggle for Modernity, University of Texas Press,
Austin, 1992, p. 121.
15 Interview 1979, op. cit.
16 The concept of the 41st chair arises from the French Academy of Belles Lettres who, from
their beginnings, decided that only a cohort of 40 could qualify as members and emerge as
'immortals'.
17 R Feynman, The Meaning of It All, Helix Books, Addison-Wesley, Reading Massachusetts,
p. 23.
18 Interview with Ann Moyal, 1988, op. cit.
19 Interview, 1979, op. cit.
20 Joe Moyal bequeathed his manuscript material to his former student and colleague, Professor Peter Brockwell, Department of Statistics, University of Colorado, USA.
21 ‘I Live My Life’ from The Rag and Bone Shop of the Hearth. Poems for Men, Robert Bly,
James Hillman and Michael Meade (eds), Harper, Perenial, 1993, p. 421.
22 Ann was Director of the Science Policy Research Centre, Griffith University, Queensland,
from 1977–80.
23 Breakfast with Beaverbrook, op. cit. p. 213.

The Reflective Years 117

Appendix I. Publications of J.E.
Moyal
1.

(With G. Debedant and P. Wehrlé) Sur les équations aux dérivées
partielles que vérifient les fonctions de distributions d’un champ
aléatoire (1940), Comptes Rendus Acad. Sci., 210, 243.
2. (With G. Debedant and P. Wehrlé) Sur l’équivalent hydrodynamique
d’un corpuscule aléatoire. Application à l’éstablissement des
équations aux valeurs probables d’un d’fluide turbulent (1940),
Comptes Rendus Acad. Sci.210, 332.
3. Approximate probability distribution function for the sum of two
independent variates (1942), J. R. Statist. Soc., 105, 42.
4. Deformation of rubber-like materials (1944), Nature, 153, 777.
5. Rubber as an engineering material (1944), J. Inst. Production
Engineering, May issue.
6. (With R. Zdanowich) Some practical applications of rubber dampers
for the suppression of torsional vibrations in engine systems (1945),
Proc. Inst. Mechanical Engineers, 153, 61.
7. (With W. P. Fletcher) Free and forced vibrations in the measurement
of dynamic properties of rubber (1945), J. Sci. Instruments, 22, 167.
8. (With R.N. Hadwin). The measurement of mechanical impedence
(1946), in Sixth International Congress of Applied Mechanics, Paris,
1946.
9. Quantum mechanics as a statistical theory (1949), Proc. Camb. Phil.
Soc., 45, 99–124.
10. (With M.S. Bartlett) The exact transition probability of quantummechanical oscillators calculated by the phase-space method (1949),
Proc.. Camb. Phil. Soc.,45, 545–53.
11. Stochastic processes and statistical physics (1949), J. R. Statist. Soc.B
11, 150–210. (Part of the Symposium on Stochastic Processes together
with M.S. Bartlett and D.G. Kendall, held on June 7, 1949).
12. Causality, determinism and probability (1949), Philosophy, 24,
310–17.

13. The distribution of wars in time (1949), J. R. Statist. Soc. A112,
446–9.
14. The momentum and sign of fast cosmic ray particles (1950), Phil.
Mag., 51, 1058–77.
15. The spectra of turbulence in a compressible fluid: eddy turbulence
and random noise (1952), Proc. Camb. Phil. Soc., 48, 329–44.
16. Theory of ionization fluctuations (1955), Phil. Mag., 1955, 46,
263–80.
17. (With D.A. Edwards) Stochastic differential equations (1955), Proc.
Camb. Phil. Soc., 51, 663–7.
18. Statistical problems in nuclear and cosmic ray physics (1955), Bull.
Statist. Soc. NSW, 14, 4–17.
19. Theory of the ionization cascade (1956), Nuclear Phys., 1, 180-195.
20. Statistical problems in nuclear and cosmic ray physics (1957), Bull.
Int. Statist. Inst., 35, 199–210.
21. (With D.G. Kendall) On the continuity properties of vector-valued
functions of bounded variation. (1957), Quart. J. Maths, 8, 54–7.
22. Discontinuous Markoff processes (1957), Acta Math., 98, 221–64.
23. (With C.R. Heathcote) The random walk in continuous time and its
applications to the theory of queues (1959), Biometrika, 46, 400–11.
24. The general theory of stochastic population processes (1962), Acta
Math., 108, 1–31.
25. Multiplicative population chains (1962), Proc. Roy. Soc.A 266,
518–26.
26. (With S.R. Adke) A birth, death and diffusion process (1963), J.
Math. Anal. Appl., 7, 209–24.
27. Multiplicative population processes (1964), J. Appl. Prob., 1, 267–83.
28. (With P.J. Brockwell) Exact solutions of one-dimensional scattering
problems (1964), Nuovo Cimento, Series X, 33, 776–96.
29. Incomplete discontinuous Markov processes (1965), J. Appl. Prob.,2,
69–78.
30. A general theory of first-passage distribution in transport and
multiplicative processes (1966), J. Math. Phys., 7, 464–73.

120 Maverick Mathematician
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Appendix II. P.A.M. Dirac – J. E.
Moyal: Correspondence,
1944-1946. Basser Library,
Australian Academy of Science,
Canberra, MS 45/3/1
Professor P.A.M. Dirac,
St. John’s College,
CAMBRIDGE
3, Sandy Rise,
Wigston,
Leics,
February 18, 1944.
Dear Professor Dirac,
Professor Fowler has sent me a copy of his letter to Dr. Bartlett, in which
he writes of his discussion with you and Dr. Jeffreys regarding the
possibilities of a statistical basis for quantum mechanics.
He suggests I should discuss the matter with you sometime, and I should
be glad to do so if you can spare the time.
You will remember no doubt we talked about this in December 1940,
when I was beginning to consider these ideas.
Yours sincerely,
[J.E. Moyal]

7 Cavendish Avenue,
CAMBRIDGE,
21.2.44
Dear Moyal,
I should be glad to meet you any week-end.
On Saturdays I have a lecture from 12–1 and a fire watching in the
evening, but apart from that I could meet you any time on Saturday or
Sunday. So choose any week-end you like. The most convenient time
for me would be Saturday morning at about 10.30 or 11, when I am in
the Arts School, but if this is too early for you, would you come round
to my house Saturday afternoon or Sunday?
Yours sincerely,
P.A.M. Dirac

124 Maverick Mathematician

7 Cavendish Avenue,
CAMBRIDGE,
6.3.44
Dear Moyal,
I should be glad to see you Saturday afternoon the 11tth. If you come
around 2.30 it would do very well.
I have enclosed a reprint I have just received from Whittaker, which
you may care to read as it deals with the point at issue.
Yours sincerely,
P.A.M. Dirac

125

3 Sandy Rise,
WIGSTON.
Leics.
June 26th, 1944.
Dear Professor Dirac,
On thinking over the objection you raised when I last saw you, to my
statistical treatment of quantum Mechanics, it has occurred to me that
the difficulties are chiefly a question of interpretation. I think the theory
can be rendered acceptable by abandoning the idea, taken over from the
original (Bohr) quantum mechanics, that eigenstates have an objective
reality.
One of the difficulties of the theory is that the probability distributions
obtained for p and q from single eigenfunctions, can take negative values
except perhaps for the ground state. Only linear superpositions of
eigenfunctions lead to defined positive probability distributions in
phase-space. Now, as I explained in my paper, I consider the form I
obtained for the phase-space distribution F(p,q) as in a way an extension,
or rather, an exact form of Heisenberg’s principle of uncertainty, in the
sense that it imposes not only the well-known inequality for the
dispersions of p and q, but a special form for their whole probability
distribution. Perhaps then, the fact that phase-space distributions
corresponding to single eigenstates can take negative values may be
interpreted as meaning that an isolated conservative atomic or molecular
system in a single eigenstate is a thing that cannot generally be observed
without contradicting this generalised principle of uncertainty. I think
this can be conceded, and no doubt physical arguments could be brought
forward to support such a view. Only statistical assemblies and
distributions corresponding to linear superpositions of eigenfunctions
such that F(p,q,t) is always greater than zero would be observable, and
would have an objective reality.
If this is accepted, it then ceases to have a meaning — to talk about a
system having exact values of energy, momentum etc. in a given
eigenstate, so that the second difficulty, i.e. the fact that the theory does
not necessarily lead to such values, also disappears. The only thing that
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has a physical meaning is the working out of the final statistical
distributions over a number of states, representing the results of
experiments. I think that in this way my theory may be reconciled with
the usual form of quantum mechanics, and may possibly lead to new
results capable of experimental verifications.
The interpretation of spectra, for example, would be obtained in the
usual manner from the mean values of electric dipole moments, leading
to the same results as the ordinary theory. The physical notation of
quantum jumps must be abandoned. The possible frequencies of the
spectral lines are exhibited in the expansion of phase-space distribution
at time t in terms of the phase-space eigenfunctions for fik(p,q)

The forbidden lines drop out, of course, on averaging of F(p,q,t). A more
refined interpretation would involve extending the theory to radiation
and its inter-action with matter.
With regard to the Stern-Gerlach experiments, I should like to quote
from C.G. Darwin’s paper 'Free Motions in Wave Mechanics', Proc. Roy.
Soc. A. 117 (1928) p. 260: 'in the Stern-Gerlach experiment, we do not
say that the field splits the atom into two groups and then separates
these. We say that a wave goes through the field, and when we calculate
its intensity at the terminal plate, we find that it has two maxima which
we then interpret as two patches of atoms.' This shows that the theory
of the Stern-Gerlach experiment may be tackled by ordinary wave
methods, without necessarily postulating exact eigenvalues for the
angular momenta, and in fact, Darwin gives this theory in the same
paper, on page 284. Actually, the treatment of such dynamical problems
involving the evolution with time of wave packets may be simplified by
the use of the methods developed in my paper, as I have shown for
Darwin’s treatment of the free and uniformly accelerated electron, where
in addition to his results, I also obtained the joint distribution for p and
q.
In fact, I regard such dynamical problems as one case where the methods
outlined may have an advantage over the usual methods. Furthermore,
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as the theory leads to the distributions at phase-space, and also to
correlations at two instants of time, there is a possibility it may lead to
experimental verifications in the field of electron and molecular beams.
Another field where I think the theory may be of some value is in the
study of statistical assemblies, since it leads to phase-space distributions
for p and q, (equivalent to the Maxwell-Boltzmann distribution) for
Fermi-Dirac and Bose-Einstein assemblies. This may be of value in the
kinetic theory of non-uniform fluids.
I should like now to submit to you a few ideas of a more speculative
nature. In the theory as I have developed it in my paper, a combination
of the transformation equations for ψ(p), φ(p) with Newtonian mechanics,
leads to Schrödinger’s equation and ordinary quantum mechanics. As I
mentioned in the course of our conversation, substantially the same
transformation equations combined with the mechanical equations of
special relativity lead to the Klein-Gordon equation. One would expect
new forms of quantum mechanics (such as your spinor equations for the
electron) to appear from the combination of new transformation equations
with the mechanical equations. As long, however, as these mechanical
equations, whether classical or relativistic, are deterministic, the form
of quantum mechanics obtained will be deterministic for isolated systems,
and therefore unsatisfactory for nuclear theory. This is, I think, a further
argument in favour of the idea that a satisfactory quantum theory of the
nucleus must be based on some form of unitary theory involving the
electro-magnetic field in a fundamental manner, since one would expect
then the mechanical equations for a particle to be non-deterministic
because it would never be isolated from the infinity of degrees of freedom
of the radiation field.
May I take this opportunity of thanking you and Mrs. Dirac for your
very kind hospitality on my last visit to Cambridge.
[J.E. Moyal]
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19.3.45.
Dear Moyal,
Some work I have been doing lately is connected with your work on a
joint probability distribution F (p q t) and has led me to think that there
may be a limited region of validity for the use of a joint probability
distribution. However, I have rather forgotten the details of your work
and would be glad if you could let me see again the part of it dealing
with F (p q t). I may get a more favourable opinion of it this time. Have
you done any more work on it since our previous correspondence?
Yours sincerely,
P.A.M. Dirac
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3, Sandy Rise,
WIGSTON.
Leics.
March 22nd, 1945.
Dear Professor Dirac,
Unfortunately, my paper is in the hands of Professor Chapman of the
Imperial College, and I only have the one typescript. However, I have
sent your letter to him with a request that he should forward you the
paper as soon as he has finished with it. On the other hand, I have just
heard from M.S. Bartlett, that he is back at Queen’s; he is pretty familiar
with my work, and I feel sure he will give you any explanation that you
may require, if you care to get in touch with him, especially as he has
worked out a new and improved method for obtaining the joint
distributions.
I notice you have used Fock’s operators in your paper on 'Quantum
Electrodynamics'. I have been wondering whether the work to which
you refer in your letter is connected with this, as these operators imply
in a way eigenfunctions in phase-space. I thought I could see a way of
tying it up with my work when I was reading your paper, but I did not
get very far with it.
I am afraid I have not done very much since I last wrote to you, as my
engineering work is keeping me pretty busy. However, I have worked
out the relativistic extension for scalar wave-functions, which leads to
the wave equation

where s is the local time of the particle. This is a 'time dependent'
extension of the Klein-Gordon equation; I do not know whether it has
been considered before. There is a difference in the interpretation,
however. I take s as the independent variable and the space time
co-ordinates, and the momentum energy vector as random functions
of s. The ordinary probability distribution which is then a scalar in
space-time, is given as in the non-relativistic theory by ρ(qi,s)=ψψ*. The
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joint-phase space distribution for co-ordinate-time and momentum-energy
is obtained in terms of ψ as in the non-relativistic theory, and gives in
the same way for the space-time conditional means of the
momentum-energy vector

This is normal for the current density, but connects the charge density
with the space-time conditional mean value of the energy, rather than
with probability, giving thus an immediate interpretation of the negative
values obtained when the energy eigenvalues are negative.
I think this interpretation of probability as a scalar in space-time is
perhaps more satisfactory than as the time-component of a ψ-vector,
though there is a conceptual difficulty, since ρ must then be considered
as variable with the local time of the particle. Another difficulty is
connected with the relation

which would restrict the phase-space probability distribution to a
7-dimensional hyper surface. One way of turning this difficulty would
be to consider m0 itself as a random variable, perhaps capable of taking
a number of eigenvalues — but all this is purely speculative. I am not
really clear about the last part.
In collaboration with M.S. Bartlett, I have also carried further the
treatment of the harmonic oscillator in phase-space. Some of the results
are rather reminiscent of those you obtain with the ξ-operator. This work
is fairly complete, and I should be able to let you have a typescript of it
shortly, if you are interested.
I have also been considering applications to statistical mechanics, which,
since they require distributions in phase-space, would seem to offer an
obvious field to the theory. But apart from equilibrium distributions, I
rather hope that the application of the theory of random functions, will
also lead to methods generally suitable for non-uniform states and
fluctuation problems.
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3, Sandy Rise,
WIGSTON,
Leics.
March 23rd, 1945
Dear Professor Dirac,2
My letter to Professor Chapman yesterday, crossed with his, returning
my typescript which I therefore enclose.
I also enclose the typescript of a note by M.S. Bartlett, which gives an
improved method of obtaining the joint distribution.
ATTACHMENT:
Comments on Your Letter to Professor Dirac, 26.6.44 by M.S.
Bartlett.
1. General Validity
The practical issue here seems to be simply this:Either
i.

ii.

Your theory is equivalent to the orthodox (non-relativistic) theory
as regards all possible physical experiments (cf. the earlier
equivalence of the Heisenberg and Schrödinger methods). The
method used is then simply a matter of convenience, though it
would be a great advantage to possess a firmer logical basis for the
methods in current use.
Or your theory is not so equivalent. In that case acceptance or
rejection is firstly a matter of experiment; but again since your
theory is more rigorous than the standard, there should be better
scope for modification of the particular physical postulates it
contains.

2. Eigenstates
It also seems clear now that the analysis into eigenstates is a matter of
mathematical technique. This is supported by:-

132 Maverick Mathematician

a.

b.
c.
d.

The appearance of negative probabilities in the phase-space
eigenfunctions. But apart from this appeal to your theory, we may
note
Equivalent expansions in different coordinates (e.g. the free electron
in polar coordinates by Rejansky).
The use of eigenfunctions as a general method of solving differential
equations, the use of Fourier series being the best known example.
The appearance of eigenfunctions in 'chain probability' problems.
Re this point, Jeffreys’ work is relevant, but I think the elementary
algebra of wave vectors (of the kind often used in introductory
textbooks on quantum theory) indicates rather more simply that in
some respects (analogously to (c)) the technique is quite general and
has nothing to do with quantum theory as such. The relevant algebra
is developed in the attached notes.*

3. Discrete energy levels
The remarks under 1. are in sympathy with your view that here it is
meaningless to ask whether the energy levels are really discrete, but to
ask whether the theoretical spectra are correct. Incidentally one might
note that while there is no objection to a conceptual discrete energy level
existing over infinite time (as I pointed out in my reply to a previous
comment of yours), it is true that in practice the observation of a spectra
over a finite time implies a blurring of the lines. This is recognized and
a theory has been worked out (see, for example the early chapters of
Rosseland’s Theoretical Astrophysics). This observational fact may tend
to obscure any finer points on the energy level distributions.
Similarly with the Stern-Gerlach effect — it is a matter for agreement
with experiment — though here I shall not try to comment since I believe
this effect involves electron spin, with which your theory does not deal.
4. Interference and diffraction
Similarly also with these phenomena. There is a word of caution here.
When I looked at this a little while ago in an attempt to determine as
precisely as possible from observe[d] results the form of the uncertainty
principle, I satisfied myself that the interference of protons and electrons
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after passing through two narrow slits will not arise if the latter are
merely passively filtering a statistical assembly of particles with an initial
distribution of position and momentum; it is essential to allow the
uncertainty principle to imply an actual change in the momentum
possibility distribution consequent on the positional probability
distribution at the slits.
Compare the discussion by Whittaker (Proc. Phys. Soc. 55, p. 464, 1933)
of polarisation of Nicol prisms. He asserted that this phenomenon was
impossible to explain by any what he called `crypto-deterministic’
mechanism, citing an alleged proof by von Neumann of this. But it was
clear that he was referring to a deterministic behaviour of the protons
without interaction with the prism; and this point has been taken up by
Pelzer (Proc. Phys. Soc. 56, p. 195, 1944), who shows that with such
interaction Whittaker’s assertion is not necessarily true.
This means, however, in connection with your suggestion of experimental
verification with electron beams, that in successive measurements taken
on a beam of photons or electrons, the effect of each measurement must
be allowed for, and this will presumably affect the observed correlations
at two instants of time.
5. Reversibility
The reference in the last paragraph of your letter to Dirac to nuclear
theory was extremely interesting, though I think that a completely
satisfactory extra-nuclear theory will not be possible either until radiation
is satisfactorily incorporated. It is pointed out in the attached Notes* that
irreversible changes appear excluded in the standard wave-vector
technique (this is surprising in view of the common claim that the
processes covered are non-deterministic). There is presumably the
possibility, however, as apparently envisaged in your treatment of the
electromagnetic field, of introducing irreversible changes in the
well-known statistical way from reversible ones by averaging over a
large number of irrelevant degrees of freedom after the complete
equations have been set up.
[J.E. Moyal]

134 Maverick Mathematician

20-4-45
Dear Moyal,
Thanks for sending me your manuscript again. The situation with regard
to join[t] probability distributions is as follows, as I understand it.
A joint distribution function F(p,q) should enable one to calculate the
mean value of any function f(p,q) in accordance with the formula
(1)
I think it is obvious that there cannot be any distribution function F(p,q)
which would give correctly the mean value of any f(p,q), since formula
(1) would always give the same mean value for pq and for qp and we
want their means to differ by iħ. However one can set up a d.f. F(p,q)
which gives the correct means values for a certain class of functions
f(p,q). The d.f. that you propose gives the correct mean value for
,
for τ and θ any numbers, but would not give the correct mean value for
other quantities, e.g. it would give the same mean value for
, whereas
times the first. In some work of
we want this second quantity to be
my own I was led to consider a d.f. which gives correctly the mean value
of any quantities of the form
, i.e. all the p’s to the left of all
the q’s in every product. My d.f. is not a real number in general, so it is
worse than yours, which is real but not always positive, but mine is
connected with a general theory of functions of non-commuting
observables.
I am writing up my work for publication and I propose to refer to your
work somewhat in these terms:'The possibility of setting up a probability for non-commuting
observables in quantum mechanics to have specified values has been
previously considered by J.E. Moyal, who obtained a probability for a
coordinate q and a momentum p at any time to have specified values,
which probability gives correctly the averages of any quantity of the
form
, where τ and θ are real numbers. Moyal’s probability is always
real, though not always positive, and in this respect is more physical
than the probability of the present paper, but its region of applicability
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is rather restricted and it does not seem to be connected with a general
theory of functions like the present one.'
Do you think this reference would correctly describe your work and do
you have any objection to such a reference?
There may be other d.f.’s which are worth considering and there is a
field of research open here. Will you be able to work on it?
Yours sincerely,
P.A.M. Dirac
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18 Ambrose Avenue
London N.W. 11.
April 29th, 1945.3
Dear Professor Dirac,
Many thanks for your letter. I was most interested by your remarks
concerning your work on a general theory of functions of non-commuting
observables, and should be very glad to see it. Are you acquainted with
the work of Whittaker, and Kermack and McCrea on this subject? The
references are: E.T. Whittaker, Proc. Ed. Math. Soc. Ser. 2, v. 2 (1931)
189–204; W.O. Kermack and W.H. McCrea, ibid. ser. 2, v. 2. (1931),
205–219 and 220–239.
If I understand correctly your remarks concerning joint probability
distributions, you consider them as functions of the non-commuting
variables P, Q, which will give correct averages for certain classes of
functions of the latter. (I shall use hereafter P, Q for the non-commuting
quantities, and p, q, for the corresponding commuting variables.) Such
functions may of course prove extremely useful mathematically, but
they can hardly be called probability distributions in any ordinary sense.
My approach to this problem has been entirely different. I have looked
for a probability distribution in the ordinary sense, which will be a
function of the ordinary, commuting variables p, q. Its connection with
functions of the corresponding non-commuting operators P, Q of
quantum mechanics, is that it should give correct means for such of these
functions (i.e. Hermitian operators) as are formed to represent physical
quantities. If a physical quantity is given in classical mechanics by a
function M(p,q), (i.e. a Hamiltonian, or an angular momentum) a
Hermitian operator M(P,Q) is formed to represent it according to certain
rules. I have looked for an F(p,q) such that it will always give
(1)
It is obvious that such a function F(p,q) should be connected with a
unique method of forming the quantum mechanics operators from the
corresponding classical mechanics functions if p and q (I am speaking of
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course, of the classical quantum mechanics for particles without spin).
A first test for the correctness of such an F(p,q), will therefore be that
the corresponding method for forming operators should give correctly
at least all the known Hermitian operators of the theory, (since a general
method for forming these operators is not generally agreed upon in the
standard theory).
The F(p,q) which I propose in my paper fulfils these conditions. It can
be expressed either as a series development in ψ(p) and φ(p) or as an
integral expression in terms of the ψ’s alone or φ’s alone (the latter is
due to M.S. Bartlett) as follows

(2)
I have shown that it corresponds univocally to the following method of
forming operators (already proposed by McCrea). Let M(p,q) be an
ordinary function of p and q (e.g. some constant of the motion in classical
mechanics). To form the corresponding operator M(P,Q) we write first
a function Mp(P,Q) of the non-commuting operators P, Q, which is
obtained from M(p,q) by placing all the P’s to the right of the Q’s, i.e.
by replacing all polynomial terms qmpk in M(p,q) by QmPk. The correct
operator M(P,Q)is then obtained as
(3)
Form (2) for F(p,q) will give correct averages for all operators formed as
in (3) by averaging in p-q space over the corresponding ordinary function
M(p,q), i.e.

It is consequently incorrect in my view to say that the F(p,q) in my paper
will give correct averages only for functions of the form
.
Actually, it will give the right averages for all operators formed as in (3),
and in particular, for all the Hermitian operators considered in the
classical quantum mechanics of particles without spin, e.g. Hamiltonian,
138 Maverick Mathematician

angular momentum, total angular momentum, radial momentum, etc. It
is easy to check that (3) does give the usual operator form for all these
quantities. In the case of the example quoted in your letter, it will give
. (I may mention here that this form
correct average for
of F(p,q) and method of forming operators is valid for rectilinear
coordinates only.)
Furthermore, the F(p,q) in my paper leads to certain forms for the
space-conditional averages of the powers of p (i.e., averages of pmfor a
given value of q), the first two being
(4)
(5)
(6)
Early in my work (Sect. II) I obtained a set of partial differential equations
for probability distributions, which have the form of the hydrodynamic
equations of continuity and motion and express conservation of
probability. These are of quite general validity, and are not connected
with any special form of F(p,q) or any physical assumption. Substitution
in these general equations of the expressions above for the
space-conditional means of p, p2, taken in conjunction with the equations
of classical mechanics, lead to the Schrödinger equation, as I have shown
in my paper. The Schrödinger equation is thus shown to result from this
special form for F(p,q), the laws of classical mechanics, and the general
properties of probability distributions for dynamical variables. I think
this is the other essential condition for a correct F(p,q): that it should be
consistent both with the Schrödinger equation and the equations for
conservation of probability.
Regarding the range of validity of form (2) for F(p,q), and the fact that
it leads to negative values for single eigenstates, I have already mentioned
in my last letter that this may possibly mean, reverting to your view,
that joint measurement of p and q is inconceivable in pure states, but
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only in a combination of states that leads to a defined positive F(p,q). I
think possibly this may be a general feature for any possible F(p,q) in
quantum mechanics, because of the necessary orthogonality properties
of the phase-space eigenfunctions corresponding to pure states. Such
(possibly) negative eigenfunctions, which must be compounded to give
a positive probability function, occur in the classical calculus of
probabilities in the theory of chain probabilities. However, as was pointed
out by M.S. Bartlett, even the possibly negative f(p,q) corresponding to
a pure state will still lead to correct averages for operators of form (3),
so that the theory retains its usefulness even in this connection. I pointed
out in my last letter for example, how it could be used to calculate
transition probabilities.
In conclusion, my view is that this form (2) of F(p,q) has quite general
validity, and that the theory it leads to, is entirely equivalent to the
classical quantum mechanics of particles without spin.
I have considered the connection of this theory with the general theory
of functions of non-commuting variables. From this point of view, the
, and leads to the general method (3) for
theory starts with
forming observables. One might conceivably take another starting point,
which would be connected with some other method for forming
observables. However, apart from other considerations (cf. Hermann
Weyl, “Theory of Groups and Quantum Mechanics” p. 275) all the other
forms of F(p,q) I tried, taken in conjunction with classical mechanics and
the equations of conservation of probability, did not lead to the
Schrödinger equation, but to some different wave equation. They
correspond thus to some scheme different from the classical quantum
mechanics. In particular I discarded for this reason the first F(p,q) I tried,
which was connected with the general operator form
(7)
which gave the exponential form
the form
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and consequently had

(8)
I believe I showed you these attempts in 1940.
One of the problems in the theory of non-commuting variables, which
I have not been able to solve is: what general transformation will leave
form (2) for F(p,q) and (3) for operators invariant? It is easy to see that
this is the case for linear transformations from Cartesian coordinates, and
also for the dynamical-contact transformation of classical mechanics; but
it is not maintained e.g. for a transformation to polar coordinates and
their conjugate momenta. An allied problem is to find a general form for
F(p,q) for any canonical coordinates corresponding to form (2) for
rectilinear coordinates. I am hoping your work will give me a lead in
this connection.
With regards to your query, I do not, for the reasons mentioned above,
think that your reference to my work gives a correct description of it.
It is certainly not correct in my view to say that form (2) for F(p,q) is
; in
limited to giving correctly averages for quantities of the form
fact, it will give averages for all observables formed as in (3), and this
includes as far as I know, all the observables ordinarily considered in
classical quantum theory. This would not perhaps matter a great deal,
if my work was already published, since readers could then refer to the
original. I have not however been able so far to arrange for its
publication, due largely, as you will no doubt remember, to your veto,
which made the late Professor Fowler hesitate about presenting it to the
Royal Society. Your criticism is thus left without an answer. Your
objection at the time, if I remember rightly, was chiefly that joint
distributions for p and q had no physical meaning and consequently no
validity or usefulness. I am glad to notice that you now think they open
an interesting field of research.
Regarding your query to whether I shall be able to do further work on
this subject, my main difficulty is again the fact that my existing work
is not yet published. For one thing, I shall want to base future work, at
least partly, on the papers now in your hands. It is also discouraging to
141

accumulate for years unpublished results, as I have been doing. Finally,
there are material difficulties: the papers you have seen, represent my
first real effort at research in pure mathematics and theoretical physics;
I was hoping that their publication would eventually enable me to
transfer my activities entirely from the field of research in engineering
and applied physics to that of pure science, and to do some serious work
on theoretical physics. Failure to obtain publication has forced me to
adjourn such plans sine die, and my present work is leaving me less and
less time for pure research.
Yours sincerely
[J.E. Moyal]
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c/o. Goscote Hotel,
Goscote Hall Road,
BIRSTALL.
Leics.
April 25th, 1945.
Dear Professor Dirac,
There are a few points in the paper I sent you which I should like to
amplify.
First, regarding the range of validity of the F(p,q) distributions, I have
been considering the possibility of a modified interpretation of the
mathematical formalism. You will have noticed that one of the difficulties
of the theory is that the method of forming F(p,q) does not lead to
functions that are defined positive for all p and q when applied to a
system in a single eigenstate. This might be interpreted, reverting partly
to the point of view expressed in your book, as indicating that
simultaneous probability distributions for p and q have no precise
meaning for a system in a single eigenstate, or again, that a classical
particle picture is not valid for a system in a pure state, and that the
hypothesis of pure state is incompatible with the simultaneous
measurement of p and q. The classical particle amongst a number of states
in such a manner is to make F(p,q) positive.
This would limit the possibility of giving the probabilities of simultaneous
values for p and q. However, as M.S. Bartlett points out in his paper, it
does not necessarily upset the mathematical structure of the theory or
its equivalence to classical wave mechanics. If, as I think, this equivalence
is correct, then the theory should lead to correct results for the various
quantities obtained by wave mechanics, such as frequencies and
transition probabilities, even when dealing with negative functions
F(p,q). The appearance of the latter should then be taken to mean that
the situation is such that simultaneous prediction of the values of p and
q is impossible, but would not impair the calculation of other
experimentally determinable quantities.
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It would be possible to use the formalism of this theory to supplement
in certain cases, the perturbation method in the calculation of transition
coefficients. This can be done as follows: if the system is originally in
the unperturbed eigenstate k, with the phase space eigenfunction
fkk(p0,q0)corresponding to the q-space eigenfunction uk(p0,q0)
(1)
the phase space distribution F(p,q,t) at time t would be obtained by
substituting in fkk(p0,q0) the classical solution p(t), q(t), in terms of the
initial values p0 , q0, for the system under the action of the perturbing
forces (when it is possible to find such solutions). In other words, one
would apply to fkk(p0,q0) the contact transformation in time of classical
mechanics to obtain F(p,q,t) at time t; one could then expand the latter
in terms of unperturbed phase space eigenfunction
(2)
and obtain thus directly the transition coefficients a*kn(t)akn(t)=Akn from
state k to state n.
Applied, for example, to the schematic case of an oscillator of change e,
following the application of a perturbing electric force of large
wavelength, this method leads for the transition coefficient from the
ground state to the k-th state to the exact expression
(3)
(calling ΔE the increase in mean energy). The first term of the expansion
of A0kin power of ΔE coincides then with the first approximation by the
perturbation method
(4)
I have been considering the application of this method to radiation
oscillators, in view of the possibility that some of the divergences may
be due to a mathematical breakdown of the perturbation method.
Best regards,
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[J.E. Moyal]
P.S. I have just received your letter but must defer answering for a few
days, as I am moving to London. My new address will be 18. Ambrose
Ave. N.W. 11.
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11-5-45
Dear Moyal,
Thanks for your letter and your references to Whittaker and others.
These papers are very interesting, though not directly connected with
the subject under discussion.
I still do not agree that your d.f. gives correctly the average values of
all Hermitian operators considered in classical mechanics. It is true that
, but it goes wrong as soon as one applies it
it works alright for
to more complicated examples. For example your d.f. would give the
same average for the two Hermitian operators QP2Qand PQ2P, whereas
they ought to differ by 2ħ2. You may answer that these two Hermitian
operators do not correspond to classical quantities. To anticipate this
answer I have worked out another example, which certainly is of practical
. Its average
importance. Take a harmonic oscillator of energy
energy when it is at a temperature T is the average value of the Hermitian
. I have checked that this average value is not given
operator
correctly by your d.f. Your d.f. gives the correct average for quantities
of the form
and for quantities expressible linearly in terms of such
quantities, e.g.
for any f(a,b) or
general than this. Do you not agree?

, but is not more

I have enclosed a copy of my paper. I should be glad if you would send
it back in two or three weeks time, as I do not have another copy.
Do you want me to send you back your work now? I would be willing
to help you publish it if you would change it so that it does not contain
any general statements which I think to be wrong. I would suggest it
would be better to publish the quantum theory part separately from the
rest, because it is on rather a different footing (according to my view).
Yours sincerely,
P.A.M. Dirac
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18-5-45
Dear Moyal,
Your theory gives correctly the average energy when the system is in a
given state, (i.e. represented by a given wave function) but not when
the system is at a given temperature. Take a harmonic oscillator with
. The probability of its being in the n-th state is
energy
proportional to the average value An of
. According to your
theory

with

When the An’s have been calculated, we can get the average energy by

It is not very easy to calculate An, but is quite easy to calculate
the known property of wave functions

from

Thus

and

We now get
which is the classical result and not the quantum one.
In Bartlett’s paper which you just sent me, the quantum values for the
energy of the harmonic oscillator are assumed and the correct value for
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was obtained because of this assumption. You can always get the right
answer by borrowing sufficient results from the ordinary quantum
theory. The true test of a theory is whether it always gives consistent
results whichever way it is applied, and my way of evaluating given
above shows that your theory does not always given consistent results.
The discrepancy in this case arises because I use your d.f. for calculating
, and this quantity is not expressible linearly in
the average of
terms of
.
You say your theory gives a different value for
, and this can only
mean that your theory is not consistent with the usual quantum values
for the energy, otherwise there is no room for any uncertainty in the
value of

. Your theory gives a value for

greater than the

usual one by an amount (with
). Thus for a harmonic
oscillator in its state of lowest energy your theory will give fluctuations
in energy corresponding to
, instead of a constant energy.
Surely you must agree that your theory is wrong in this case, and that
therefore it has limitations.
The general statement in your work that I disagree with is the one (given
in your last letter) that dynamical variables must be of the form
. The square of the energy of a harmonic oscillator,
namely
is not of this form, and if you replace it by
something that is of this form you get energy fluctuations in the state of
lowest energy, which I this is a self-contradiction.
Yours sincerely,
P.A.M. Dirac
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18 Ambrose Avenue
London N.W.11.
May 15th, 1945.
Dear Professor Dirac,
Many thanks for your letter and enclosed paper. I have not yet had time
to read the latter, but I shall do so as soon as possible.
I am not quite clear as to how you worked out the average energy for
an oscillator at temperature T. The theory in my paper gives correctly
the average energy for a Maxwell-Boltzmann assembly of N oscillators.
I enclose the draft of an unfinished paper by M.S. Bartlett and myself
which gives the relevant calculations in §4 (you may also find §2 & §3
of some interest). A difference with the orthodox method is found not
in the expression for the average energy , but in the standard deviation,
which comes out as
instead of
(not
neglecting the ground state energy). I have always found so far that my
treatment leads to the same average values as the usual methods, but
shows difference in the fluctuations: this may lead to an experimental
test of the theory.
I agree that my d.f. yields correct averages for quantities expressible
linearly in terms of expressions
such as
(1)
but this includes quite a wide class of functions. In fact, it can be shown
(c.f. McCoy, Proc. Mat. Acad. Sc., 18 (1932) 634) that (1) is equivalent to
the form for Hermitian operators mentioned in my last letter.
(2)
For a polynomial term p2q2 the corresponding operator (P2Qs)0 obtained
by (1) or (2) can be cast in a more symmetrical form
(3)
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In particular, for the term (P2Q2)0 mentioned in your letter, (2) and (3)
lead to
(4)
(by the way, surely QP2Q–PQ2P=0 !).
The hypothesis on which I base my derivation of the d.f. (and therefore
the rest of the theory) is equivalent to the assumption in the standard
(matrix) theory that dynamical observables must be of the form (1)
(non-dynamical operators might be construed in the statistical theory as
symmetry, etc. conditions on the d.f.). Relation (1) is obviously more
restrictive than Heisenberg’s exchange relations alone: it might be
considered as the basic postulate of a well-defined form of quantum
kinematics. In this form, it has been given by H. Weyl, who bases his
arguments in its favour on group-theoretical considerations: iP, iQ
generate a unitary Abelian group in 'ray'-space; the hypothesis is then
that dynamical observables are the matrices of the representation of this
group’s algebra, which are given by (1) if the group is supposed
irreducible. My argument is, that it leads to a theory that is consistent
both with the Schrödinger equation and the usual statistical
interpretation. I think it should be possible to prove that it is the only
form of quantum kinematics that does so, and that a different form would
necessitate revising either the statistical interpretation, or the
wave-equation — but this is only a conjecture so far.
Summarizing, I think it would be fair to say that my paper gives a
derivation of classical quantum mechanics on a purely statistical basis,
(plus Newtonian mechanics) which is equivalent to the standard matrix
theory with the addition of Weyl’s postulate for a quantum kinetics and
furthermore that it shows the consequences such a theory entails with
regards to the problems of determinism, probability distributions,
fluctuations, quantum statistics, etc. Would you agree to this character;
and the controversial issue it raises? I am not clear, however, as to exactly
what general statements you think are wrong.
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I shall not need my typescript until there is a need of revising it for
publication, so that you can return it whenever you have finished with
the problems of determinism, fluctuations, quantum statistics, etc. Would
you agree to this statement of the position?
I thank you for your (conditional) offer to help me publish my papers.
I have no objection to publishing the quantum theory part separately;
I agree, it is on a different footing from the rest, because of its more
tentative character; and the controversial issue it raises. I am not clear,
however, as to exactly what general statements you think are wrong.
I shall not need my typescript until there is a need of revising it for
publication, so that you can return it whenever you have finished with
it.
[J.E. Moyal]
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18 Ambrose Avenue
London N.W.11.
May 26th, 1945.
Dear Professor Dirac,
I thank you for your letter of the 18th. With regards to your derivation
of the average energy for an oscillator at fixed temperature, I don’t know
how this method works out in the standard theory, but the reason for
the result you obtained on the basis of my theory is fairly obvious. You
start with a Maxwell d.f. for p and q
(1)
You then work out the coefficient
(2)
Since the fnm(p,q)
(3)
form an orthogonal set in phase-space, the coefficient An is merely the
Fourier coefficient ann in the expansion
(4)
(It is possible to show that in (4) ann=0 for n m). You then proceed to
show through the An that for (1)
(5)
but this is of course obvious by a direct calculation
(6)
The correct method for evaluating for an assembly of oscillators in my
theory is the one given in my joint paper with Bartlett, and it leads to
the usual result
(7)
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I don’t think your remark on getting the right answer 'by borrowing
sufficient results from the ordinary quantum theory' quite fair: in so far
as my theory is equivalent to the ordinary theory, it leads to the same
eigenvalues for the mean of the energy, as I have shown in my paper.
In order to prove an inherent inconsistency in my theory one would
have to show that the method you use follows necessarily from my basic
postulates, but this is not the case. My method on the other hand is based
on a theory for statistical assemblies resulting from these postulates (c.f.
my paper, §10). As such, it is quite consistent with the rest of the theory,
and also appears to lead to correct results.
The difficulty regarding the dispersion for the energy of the oscillator
in a single eigenstate is more serious. I think it is connected with the fact
that f(p,q) can be negative: if the conclusion is (in accordance with your
views) that a joint d.f. for p and q is impossible in a single eigenstate,
, and consequently the
then the probability distribution for
dispersion, have no direct physical meaning. This could be interpreted
through the fact that it is impossible to measure the energy in a single
eigenstate in a finite time. Only a d.f. giving the band-width and intensity
distribution of the spectrum lines would have a physical meaning, and
could be compared with experiment. This would involve, however,
extending the theory to include radiation.
I am prepared to mention your objections concerning the operator forms
in the body of my paper (do you agree that with the
imposition of this restriction on operators for dynamical variables in the
usual matrix theory, the latter becomes equivalent with my theory?)
I do not think there are any inherent inconsistencies in my theory, but
I agree that this restriction leads to results that do not tally with certain
hitherto accepted features of the usual theory, and may possibly clash
with experimental results. Should the latter prove to be the case, then
in my view the conclusion to be drawn from my work would be, that
the usual statistical interpretation of classical quantum mechanics must
be revised. Comparison with the experiment of such differences with
the usual theory might perhaps be sought for in the fluctuations for

153

statistical assemblies, the intensity distributions of spectral lines, or the
calculation of transition probabilities.
If you agree to the above, then I should be glad to know if you are still
prepared to help me in publishing my work and what form of publication
you would suggest. I think I could condense the mathematical part into
a paper in two parts of 15–20 pages each, and the quantum mechanics
part into 20–25 pages.
I return your typescript, which I read with great interest, especially as
I have treated the same subjects in my paper and arrived at different
conclusions. For example, the operator form I use constitutes a general
method for forming functions of observables which (as compared with
yours) is unambiguous when the latter are non-commuting, and does
not depend on their order. We have already discussed the d.f. for p and
q at one instant of time, but I have also given an expression for their
distribution at two instants of time, in terms of the phase-space
eigenfunctions in my main paper (§14), and in terms of the transformation
function
in §2 of the paper on the oscillator I sent you, which it is
interesting to compare with your results on the same subject. My
conclusion regarding trajectories in my theory is that for a conservative
and unperturbed system they reduce to those of classical mechanics, I
discussed the resulting implications with regards to the principle of
uncertainty and the problem of determinism in §15, and showed in the
succeeding paragraphs, that it leads to correct results in examples on the
free and uniformly accelerated particle, and the oscillator. I have also
worked out in collaboration with Bartlett an alternative method of
from Hamilton’s principal function in classical
calculating
mechanics based on Whittaker’s work.
[J.E. Moyal]
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6-6-45
Dear Moyal,
I expect to be going abroad in a few days time and not to be back till
the end of July, so I am returning your papers herewith in case you
should need them in the meantime. Thanks for returning my paper.
It now appears that the dispersion of the energy in a stationary state is
the simplest example which shows the limitations of your theory. This
dispersion will be pretty general on your theory, and will probably occur
with all stationary states and all dynamical systems. This is not a
difficulty that can be got around in any way, because it contradicts the
whole idea of sharp energy levels — it would imply a lack of sharpness
in the energy levels much too great to be reconciled with experimental
evidence. It shows therefore that the joint d.f. does not work in the case
of E2. Also it does not work for higher powers of E.
If the limitations in the applicability of the joint d.f. are clear[ly] stated,
which would mean partly rewriting it, I would be glad to help you
publish your work. The quantum theory part of your work could form
a paper which I could communicate to a scientific journal. With regard
to the remainder, I do not know how much of it represents new research
work and how much is an exposition of known results. Do you have any
suggestion about where it should be published? What did Fowler say
about it?
Yours sincerely,
P.A.M. Dirac
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18 Ambrose Avenue,
LONDON N.W. 11,
17th June, 1945
Dear Professor Dirac,
I was sorry to see in the press that your visit to the U.S.S.R. was cancelled
at the last moment: I expect you must be very annoyed at the whole
incident.
Your letter and my papers reached me only on Tuesday: the delay was
apparently due to the fact that the envelope had broken open during
transit; fortunately nothing seems to be missing.
I agree that the occurrence of non-zero dispersions in eigenstates is the
main difficulty or limitation in my theory. I did point it out and discuss
it at some length in the paper I sent you, and will of course do so again
as clearly as I can when I redraft it for publication (which I intend to do
in any case in order to produce a condensed version.)
My work on Random Functions is new. Professor Fowler’s original
suggestion was to present the whole work for publication in the Proc.
Roy. Soc. (including the part on Quantum Mechanics) as three separate
papers. My intention was then to rewrite it in a more condensed form,
cutting out appendices, some of the examples, etc., so as to have three
papers of 15 to 20 pages each. Would you consider this now as a suitable
arrangement?
Bartlett has told me that you are holding colloquiums on Quantum
Mechanics in Cambridge. Would it be possible for me to attend some of
these? I shall be visiting Cambridge fairly regularly in connexion with
my present duties, and it may prove possible to arrange for these visits
to coincide with the date of your colloquium.
[J.E. Moyal]
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7 Cavendish Avenue,
CAMBRIDGE
26.6.45
Dear Moyal,
The quantum theory part of your work could be written up as one paper,
and the remainder as two more, provided it divides naturally into two
parts. If it does not divide it might be better to keep it as one long paper.
Probably the Proc. Roy. Soc. is the best journal for them.
We have been having Colloquiums, usually on Friday afternoons but
sometimes on Monday afternoons. They will probably be resumed in
October and we would be glad if you could come to any of them.
Yours sincerely,
P.A.M. Dirac
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18 Ambrose Avenue,
London N.W. 11
10th July, 1945.
Dear Professor Dirac,
Many thanks for your letter of the 26th. As you suggest, I am now
rewriting the part of my work on quantum mechanics as a separate paper.
As regards the rest, I am rewriting it as a paper in two parts, which could
then appear either separately or together, whichever is more convenient.
Thank you for your invitation to the colloquiums; I am looking forward
to attending them.
I enclose some notes in which I have tried to develop a method which
would overcome the difficulty about non-zero-dispersions for eigenvalues
in my theory and also extend it to generalized canonical coordinates.
This is still tentative in character, and there are several things I still want
to clear up, but I should be glad in the meantime to have your opinion
on this development. I also enclose some notes comparing the results in
your paper with mine.*
Yours sincerely
[J.E. Moyal]
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18 Ambrose Avenue,
London N.W. 11,
21st August [1945]
Dear Professor Dirac,
You may be interested in a paper by Wigner, Phys. Rev. 40 (1932), 749,
which anticipates my derivation of the p–q distribution. I believe Bartlett
has told you about this.
I understand from Bartlett, that you are leaving for the U.S. on the 30th.
Would it be possible for me to send you the m.s. of my papers to you
there, if and when I complete them?
With my best wishes for a pleasant journey.
Yours sincerely,
[J.E. Moyal]
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17 Cavendish Avenue,
CAMBRIDGE,
31-10-45
Dear Moyal,
Your new version is more in accordance with the standard quantum
mechanics, but it is considerably more complicated as you need a different
joint prob. distr. for each system of coordinates. You are definitely
departing from classical statistics when you make the joint prob. distr.
depend on the system of coordinates, and if you depart so much from
the usual classical ideas is there any point in trying to fit things into a
classical framework? What advantages does your system have over the
usual statistical interpretation of quantum mechanics? Any results that
you get from your system must either conform to the usual quantum
mechanics or else be incorrect. I think your kind of work would be
valuable only if you can put it in a very neat form.
I am returning your paper herewith,
Yours sincerely,
P.A.M. Dirac
P.S. The Colloquium time has been changed to Friday 3 pm.
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9-1-46
Dear Moyal,
I heard from Bartlett that you would be wiling to talk about your
quantum theory work at our colloquium, and I think it would be a good
idea to have it discussed if you don’t mind possible heavy criticism.
Would Friday the 25th Jan at 3 pm suit you? If this does not leave you
sufficient time we could make it a week later. If you cannot conveniently
deal with it in one afternoon there is no objection to your carrying on
the following week.
Yours sincerely,
P.A.M. Dirac
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12 Ambrose Avenue,
Golders Green,
LONDON, N.W. 11
17th January, 1946.
Professor P.A.M. Dirac,
7, Cavendish Avenue,
CAMBRIDGE.
Dear Professor Dirac,
Many thanks for your letter of the 9th and your invitation to speak at
your colloquium. I have now been able to arrange to be free on two
successive Fridays, i.e. the 25th January and the 1st of February. I shall
be able to take advantage of your offer to speak at two successive
colloquiums as I think this will be necessary if there is going to be a long
discussion of the paper.
Yours sincerely,
[J.E. Moyal]

ENDNOTES
1 Professor Dirac’s letters are written in hand. J.E. Moyal’s letters are in typescript copies

and are often without a final salutation. This correspondence was deposited in the Basser
Library in 1962.
2 No notes or signature accompany this manuscript.
3 The letter in the MS typescript of the Correspondence is dated April 9th, 1945. Internal
evidence suggests that it should be either April 29th or May 9th, 1945.
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Appendix III. Quantum Mechanics
as a Statistical Theory by J.E.
Moyal
Originally published in the Proceedings of the Cambridge Philosophical
Society, Vol. 45, 1949.
Reproduced with permission of Cambridge University Press.
NB: page numbers refer to original publication.
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