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1 Introduction

The present work provides the scientific community with a unified collection of de-
velopments in applied mathematical problems and as mathematical theory. First, we
wish to acknowledge that this book is the result of the work of two doctoral students,
Sabrine Arfaoui and Imen Rezgui, who were supervised by the third author until Oc-
tober 2014. These studies took place at the Computational Mathematics Laboratory
UR11ES51 headed by Professor Samir Ben Ammou, a recent student of Ecole Nationale
des Ponts et Chaussées de Paris. The work focused on a special class of wavelets and
their applications. It is proposed to develop special wavelet bases that are related to
special functions in one part and adapted to spherical geometry in another.

Since their appearance, and especially over the last decades, wavelets have
proved to be powerful bases for many domains, such as numerical analysis, sig-
nal/image processing, physics, biomaths, medicine, and data analysis. Their power
stems from the fact that they do not require a large number of coefficients to accurately
represent general functions and large data sets. This allows compression and efficient
computations. Wavelets also offer both theoretical characterization of smoothness, in-
sights into the structure of functions and operators, and practical numerical tools that
lead to faster computational algorithms. Classical constructions have been limited to
simple domains, such as intervals, cubes, Cartesian representations, tensor products,
etc. So, one main challenge may be the construction of wavelets on general domains
as they appear in graphics applications. In the present context, we aim to present
wavelet constructions for functions defined on the sphere. We aim to show that using
special functions, such as orthogonal polynomials, homogenous polynomials, and
Bessel functions and their relatives, can be sources for well-adapted wavelets. Readers
will notice that the constructed schemes lead to extremely easily implemented bases
and allow fully adaptive algorithms.

In [14], a polynomial wavelet-type system adapted to the sphere is presented in
order to expand continuous functions into wavelet series on the sphere. The method
is characterized by an optimum order of growth of the degrees of polynomials. How-
ever, and as the authors themselves have already noticed and declared, the wavelet-
type system presented is not suitable for implementations as no explicit formulas for
coefficient functionals have been provided and the fact remains that the growth of the
degrees of polynomials is too rapid.

In [142], a simple technique for constructing biorthogonal wavelets on the sphere
with customized properties is developed. The construction is an incidence of a fairly
general scheme compared to [152] and [153]. The authors mentioned an important task
about wavelets on the sphere showing that efficient wavelet algorithms have practical
applications since many computational problems are naturally stated on the sphere.

The first notion developed in this book is orthogonal polynomials. These are well-
known because of their link to many mathematical, physical, engineering and com-
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2 —— 1 Introduction

puter sciences topics, such as scattering theory, automatic control, signal analysis, po-
tential theory, approximation theory, and numerical analysis. Orthogonal polynomials
are special as they are orthogonal with respect to some special weights allowing them
to satisfy some properties that are not fulfilled with other polynomials. Such properties
have made them useful candidates to resolve enormous problems in physics, probabil-
ity, statistics, and other fields. In the present work, we aim to review orthogonal poly-
nomials by recalling the original definitions, reproduce their properties, and develop
some cases related to the most well-known method to reproduce some classes of them.

Next, as a natural extension of orthogonal polynomials, we present a review of
homogenous polynomials and their interactions with harmonic analysis on the sphere.
Specifically, we study the constructions of the spherical harmonics and develop the
main results of the theory of harmonic analysis on the sphere, such as the addition
theorem and the Fourier transformation. The link with some special features, such as
ultra-spherical polynomials and Bessel functions are also reviewed.

As in all research studies where the track is unpredictable, this work uses many
notions. As mentioned, we are exploring special wavelets. These are naturally related
to special functions. That is why we immediately plunged into the context of spe-
cial functions, that is, some particular mathematical functions that have more or less
established names and notations due to their importance in mathematical analysis,
functional analysis, physics, or other applications. A detailed study of the most well-
known types of these functions has been conducted. We detail the definitions, prop-
erties, and characterizations of Bessel, Hankel, and zonal functions. Proofs have been
developed, sometimes in detail, relative to the base references and sometimes orig-
inally developed in the case of a lack of references. Graphic illustrations and some
examples of applications are sometimes mentioned, such as differential equations,
integro-differential equations, and time series.

Special functions are indispensable in many topics ranging from pure mathemat-
ics to applied fields. Thus, it is important to study their properties. Although many
properties and characteristics of such functions appear in many mathematical doc-
uments, there is no unified treatment of the topic. With this book, we are filling this
hole in the literature.

The last topic is spherical wavelets, which may be considered as a class of spe-
cial functions. We made use of zonal, spherical harmonics, homogenous, as well as
orthogonal polynomials. Recall that the spherical harmonics form the basis of the
Hilbert space L?(S™), where S" is the unit sphere of R", n € N. Harmonic analysis on
the sphere is the natural extension of Fourier series, which studies the expressibility
of functions and generalized functions as sums of the fundamental exponential func-
tions. The exponential functions are simpler functions, and are both eigenfunctions of
the translation-invariant differential operator and group homomorphisms. Here also,
spherical harmonics are simple and eigenfunctions of some differential operators.



2 Review of orthogonal polynomials

2.1 Introduction

Developments and interests in orthogonal polynomials have seen continuous and
great progress since their appearance. Orthogonal polynomials are connected with
many mathematical, physical, engineering, and computer sciences topics, such as
trigonometry, hypergeometric series, special and elliptic functions, continued frac-
tions, interpolation, quantum mechanics, partial differential equations. They are also
be found in scattering theory, automatic control, signal analysis, potential theory,
approximation theory, and numerical analysis.

Orthogonal polynomials are special polynomials that are orthogonal with respect
to some special weights allowing them to satisfy some properties that are not generally
fulfilled with other polynomials or functions. Such properties have made them well-
known candidates to resolve enormous problems in physics, probability, statistics and
other fields.

Since their origin in the early 19th century, orthogonal polynomials have formed
a somehow classical topic related to Legendre polynomials, Stieltjes’ continued frac-
tions, and the work of Gauss, Jacobi, and Christoffel, which has been generalized by
Chebyshev, Heine, Szegd, Markov, and others. The most popular orthogonal polyno-
mials are Jacobi, Laguerre, Hermite polynomials, and their special relatives, such as
Gegenbauer, Chebyshev, and Legendre polynomials. An extending family has been
developed from the work of Wilson, inducing a special set of orthogonal polynomi-
als known by his name, which generalizes the Jacobi class. This new family has given
rise to other previously unknown sets of orthogonal polynomials, including Meixner
Pollaczek, Hahn, and Askey polynomials.

Orthogonal polynomials may also be classified according to the measure applied
to define the orthogonality. In this context, we cite the class of discrete orthogonal
polynomials that form a special case based on some discrete measure. The most com-
mon are Racah polynomials, Hahn polynomials, and their dual class, which in turn
include Meixner, Krawtchouk, and Charlier polynomials.

Already with the classification of orthogonal polynomials, one can distinguish cir-
cular and generally spherical orthogonal polynomials, which consists of some special
sets related to measures supported by the circle or the sphere. One well-known class
is composed of Rogers—Szegd polynomials on the unit circle and Zernike polynomials,
which are related to the unit disk.

Orthogonal polynomials, and especially classical ones, can generally be intro-
duced by three principal methods. A first method is based on the Rodrigues formula
which consists of introducing orthogonal polynomials as outputs of a derivation.
The second method consists of introducing orthogonal polynomials as eigenvectors
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4 —— 2 Review of orthogonal polynomials

of Sturm-Liouville operators, or equivalently, solutions of second-order differential
equations. The last method is based on a three-level recurrence formula.

In this chapter, we aim to review orthogonal polynomials by recalling the original
definitions, reproduce their properties, and develop some cases related to the most
known method to reproduce some classes of them.

2.2 Generalities

This section reviews basic definitions as well as properties of orthogonal polynomials.
To do this, we first restrict ourselves to the field R, and when it is necessary we recall
that the development remains valid on the complex field C.

Definition 1. A Hilbert space is a vector space equipped with a scalar product,
which makes it a complete space relative to the scalar product induced norm.

Definition 2. A polynomial P of degree n on R is formally defined by the expression
n
PX) =Y arX¥,
k=0

where X is the variable and as, O < k < n, are elements of R called scalars and
known as the polynomial coefficient such that a, + 0.

Remark 3. The polynomial function associated with the polynomial P, which will
also be denoted by P, is the function defined on the whole space R by P(x) =
Yrod xxX. We denote by R[X] the set of all polynomials on R. Of course, it is well
known that R[X] is a vector space on R with infinite dimension and that for any
n € N, the set R, [X] of polynomials on R with degree at most n is a vector space
with dimension n + 1 on R.

Definition 4. A set of polynomials B = (Pg, P1,..., Py, ...) in R[X] is said to be
staggered with the degrees iff deg(P;) = i, Vi.
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The following result shows one important property of staggered degrees polynomi-
als confirming the ability of such polynomials to be good candidates for polynomial
spaces bases.

Proposition 5. Any finite set B = (Py, P1, . .., Py) of staggered degrees polynomials
in R, [X] is linearly independent.

Proof. Let (ag, aq, ..., a,) be scalars in R such that Z{‘:O a;P; = 0. This means that
forall x € R, Z?:o a;P;(x) = 0. By considering the nth-order derivative on x, we obtain
an ddf,{‘ = 0. Consequently, a, = 0. Next, proceeding by induction on n, we prove
that all the coefficients a; are null. Hence, B is a free set in E. Observe next that the
dimension of E (dim E = n + 1) coincides with the cardinality of B. Therefore, B is a

basis of E. O

Theorem 6 (GRAM-SCHMIDT). Let {fy,}ns0 be a countable system of linearly indepen-
dent elements in a prehilbertian space. Then, there exists an orthonormal system
{gn}nZO such thatfor any n, VeCt{gO, 815+ ,gn} = VeCt{fO’fl, o e ,fn}-

Proof. We proceed by induction to construct the system {g,}n>0. Let g0 = fo. Then
element g; will be defined by

g1=fi-ago.

As we want go and g; to be orthogonal, we obtain

(80, 81) = (8o, f1) — a{go, 80) = O

So that, a = fgggjgcz Otherwise, we subtract from f; its orthogonal projection on gy,
ie.,

(f1, 80)
(8o, 80)
Hence, clearly we have Vect{y, g1} = Vect{fo, f1}.
Next, g, is defined analogously by subtracting from f, its orthogonal projections on
(g0, &1)- In other words,

g1=f1- go -

(fz,g1>g _ (2, 80)
€1.80°" (80,80°°

g2=fr-

It is straightforward that g, is orthogonal to gy and g;. Assume next that g, is well
known. g,.1 will be obtained as follows:

(fr+1s gl

8n+1 = fne1 - Z (&0, &)
1’ 51
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We check easily that for all k < n,

_ _ - (s, i) )
(8n+1> 8k) = {fas1s 8K) lzzl Ea) (8i, 8k
(frn+1s 8k)
= Un+1, - 5 =0.
(frns1> 8K @ 20 (8k» 8k)

Obviously, the elements g, are not normalized. To do this, we divide each one by its
norm. The equality Vect{go, g1, . . ., gn} = Vect{fo, f1, . . . , fn} is straightforward. [

Definition 7. Let I be an interval in R nonreduced to a point and let w be a positive
continuous function on I. w is said to be a weight function iff

J ledw(x) dx < oo, Vd e N .
I

We denote by the next G, (I) the vector space of continuous functions on the interval I,
satisfying
j IfOOlPw(x) dx < 0o . (2.1
I
It results from hypothesis 7 that the polynomials are elements of C,,(I). On this space
of functions, a scalar product can be defined by

f.g) = j F0gw () dx . 2.2)

I

The integration interval I will be called the orthogonality interval.

Definition 8. A set of polynomials (P;);> is said to be orthogonal iff it satisfies
(1) Degree(P;) = i; Vi € N.
(2 (P;, Pj) =0;V(i,j) € N3 i#]j.

The following result shows some generic properties of orthogonal polynomials, as
they are special cases of staggered degree polynomials and consequently they also
form good candidates for polynomial spaces orthogonal bases.

Proposition 9. Let (P;)i>o be a set of orthogonal polynomials. Then
(1) Vn e N; (Pg, P, ...,Py,)is an orthogonal basis of R, [X].
(2 V(n,p) e N, n>p+1= P, e (Rp[X])*.
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Proof. The first assertion is a consequence of Proposition 5 and the orthogonality of
the set (Pg, Py, ..., Py). (We can also use the second point in Definition 8 to prove
the independence of the Pjs, j = 0, ..., n). Next, as Rp[X] is generated by the set
(Po, P1,...,Pp)and n = p + 1, which means that P, L Pj,forallj=0,...,p,soitis
orthogonal to Ry [X]. O

Remark 10. Sometimes we need to use unitary orthogonal polynomials P,. Thus,
we need to multiply them by constants so that A, P, becomes unitary or not. So, in
the following, we will not differentiate between the two notions and will use the
notation (Py), and A,P,, depending on the context.

Properties 11. The unitary orthogonal polynomials satisfy the following asser-
tions:

(1) Po(X) =1.

(2) Degree(Py) = n, ¥n € N.

3) L P,(x)Q(x)w(x) dx = 0, YQ € R[X] such that Degree(Q) < n.

(4) Ry(X) = Vect(Pg,...,Py),Vn € N.

Proof. (1) Py is a unitary constant polynomial. So, it is equal to 1.

(2) It follows from the first assertion in Definition 8.

(3) AsDegree(Q) > nso Q € R,[X]*. Thus, assertion (3).

(4) Holds from Proposition 9. O

Lemma 12. Let (Py, ..., Py) be a unitary orthogonal polynomial set. Hence,
1) (Po,...,Py)isabasis of Ry[X].
(2) P, is orthogonal to R,,_1[X].

Indeed, Firstly, we know that dimR,[X] = n + 1 = card(Py, ..., Py). On the other

hand, (Po, ..., P,) is orthogonal; hence, it is linearly independent. Thus, it consists
of a basis in R, [X].
The second point follows from the fact that P,, is orthogonal to (P, ..., Py,_1), which

means that it is orthogonal to R,,_1(X) = Vect(Po, ..., Pp-1).
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2.3 Orthogonal polynomials via a three-level recurrence

Theorem 13 (Recurrence rule). Let (P;);>o be a set of orthogonal polynomials. There
exist scalars (an)n, (bn)n, and (cy)n Such that

Pui1 = (anX + bp)Pp + cynPp1; VYneIN*.

More precisely,
G = kn+1 P (XPy, Pp) e an (Pn, Pn)
S S | M E "7 an1 (Pno1,Pn1)’

where k, is the coefficient of X" in Py (X).

Proof. Without loss of generality, we can assume that (P;);>o is orthonormal. Let B =
(XPy, Pp, Pp1, ..., Po) be a set of staggered degree polynomials in Ry1[X]. So, it is
linearly independent in R,1[X]. Consequently, it forms a basis of R,.1[X]. Conse-
quently, there exist then scalars a,, by, ¢, and a;, 0 <i < n — 2 such that
n-2
Ppi1 = GnXPy + bpPn + CnPpo1 + ) iP;.
i=0

Next, using the orthogonality property of (P;)i>0, we obtain
(Pns1, Pi) = an(XPp, Py) + ail|PiI> =0, VO<i<n-2.

On the other hand,
(XPn, Pi) = (Pn, XP;) .

Since XP; € R,_1[X], we obtain
(XPy, P;) =0.

Consequently,
a;j=0, VO<i<n-2.

Hence,
Pni1 = (anX + bp)Pp + cnPy1 . 2.3

We now evaluate the coefficients ay, b,, and c,. Recall that P, can be written as
Pp(X) = knX" + ky 1 X" 144 ko
By identification of the higher degree monomials in (2.3), we obtain

an = kn+1
n=
kn
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Next, the inner product of (2.3) with P, gives
(Pns1, Pn) = an{XPn, Pp) + bu(Pn, Pn) + cn{Pn-1, Pn) .
Using the orthogonality of the set, we get
an{XPp, Py) + bp(Pn, Pn) =0.
Hence,
—a (XPy, Py)
" (Pn, Pp)

Next, using the inner product with P,,_; and using again the orthogonality of the set,
we obtain

bnz

an{XPy, Py_1) + cn{Py_1,Pn_1) = 0.

Hence,
(XPp, Pp-1) _ (Pn, XPn-1)
—an =-ay .
<Pn—1: Pn—l) (Pn—l,Pn—l)
Next, denote XP,_1 = Z{‘:O a;P; as the decomposition of XP,_; in the basis of polyno-
mials (P;)o<i<n. By observing the higher degree monomials in the decomposition, we

get

Cp =

kn- 1
Xk X1 = @k, X" = ay = =2
kn Aan-1
On the other hand,
<XPn, Pn—l) = (Pn: XPn—l)
n-1
= 0n(Pn, Pp) + ). ai(Pn, Pi)
i=0
n-1
= an(Pn, Pn) + z a;0
i=0
= an{(Pn, Pn).
Consequently,
co = —a (Pn, XPp-1) __ an{Pn, Pn) __ Aan (Pn, Pn)
" n<Pn—1,Pn—1> n<Pn—1,Pn—1> an-1 {Pn-1, Pn-1) ~
Hence,
Ppi1 = anXPy + bpPy + CnPn-1,
where
kn+1 (XPy, Ppn) Aan (Pn, Pn)
an = , bp=—-ap————= and c¢p,=- —_—
. kn . : (Pn, Pn) : an-1 {Pn-1, Pn-1)
In the case where (P, ..., P,) is orthonormal, we obtain

k
n= n+1, bn = -ay(XPy,Py) and c,=- n .
kn an-1
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Favard presented the converse of Theorem 13, which states that under suitable condi-
tions, a sequence of polynomials satisfying the three-level equation stated there can
be orthogonal relative to a suitable weight function.

Theorem 14 (Favard’s theorem). Let {c,}5>, and {An}2, be sequences in R, and
{Pr}2,, a set of polynomials satisfying

Pu(x) = (X = cp)Pp-1(X) = ApPp2(x), VneN*,

where Po(x) = 1 and P1(x) = x — c1. Then, there exists a unique linear form ¢ on
R, (X) for which @(PxPn) = 0 whenever k + m.

Proof. We proceed by steps.
Step 1. We claim that Degree(P,) = n, Vn € N. Indeed, for n = 0, Po(x) = 1. Hence,

Degree(Pg) = 0. Forn = 1, P1(x) = x — ¢, so it is of degree 1. Assume next that
Degree(P,) = n and prove the same for P,,;. The three-level relation above yields
that

Degree(Pp.1) = Degree((x — cps1)Pn(x)) =1+n.
Hence, we proved by recurrence on n that Degree(P,) = n, Vn € N.
Step 2. Consider the space Ry,[X] of polynomials on R with degrees at most n. It re-
sults from Step 1 that the set B, = (Po, ..., Py), satisfying that the three-level rela-
tion is a degree-straggled set of polynomials. Henceforth, it is a basis of R,[X]. Let
¢ : Ry[X] — R be the continuous linear form defined on such a basis by

@(Po)=1, @(P1)=---=¢@(Py)=0.
It holds from the Riez—Fréchet theorem that there exists a function w such that

o(P) = (P, w) = JP(x)w(x)dx .
R

We now prove that
@([PxPpr)=0, VO<k+m<n.

For k < m, denote Py(x) = le(:o as(k)xS. We get

k
@(PkPp) = ) as(k)@(x*Pp) .
s=0

On the other hand, x5P,, can be written as
m+s
x5Py, = Z d;P; .
i=m-s

Hence,
m+sS

p(X°Pp)= ) dip(P)=0. O

i=m-s
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2.4 Darboux-Christoffel rule

Recall that an element P in a vector space equipped with an orthonormal basis
(Po ..., P,) can be written as

n
P =Y (P, P)Px.
k=0

In the case of €, (I), this means that

mm—Z(ﬁmewww)ﬂm

( Y Pr(y) Pk(X)> P(y)w(y)dy

k=0

- |
I
jnuwmwm
I
~ (K

n(%, ¥), P),
where we denoted

i Pi(y)Pr(x) .

Ka(x,y) = Y. Pr(y)Pr(x) = T

k=0 k=0

Definition 15. K,(x, y) is called the Darboux—Christoffel kernel.

We now state the famous Darboux—Christoffel theorem, which characterizes orthogo-
nal polynomial sequences [98].

Theorem 16. Let {Py},>0 be a set of orthogonal polynomials. Then the following as-
sertions hold:

Pny Pn Pn(X)Pny
(1) Kn(x, y) = - : - 1(%) (Y; = (O)Pns1(y) . PX £V

(2 Kn(x,x) = ¢ h (P11 ()Pr(x) = Ppy(X)Ppi1(X)).
where hy, = ||Py ||

Proof. Without loss of generality, we can assume that the system {P,},>0 is orthonor-
mal. So that h, = 1 for all n. For the first point, we proceed by induction on n. Let
x #y. When n = 0, the left-hand side term becomes

Ko(x,y) = Po(x)Po(y) = 1.
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The right-hand side term becomes

ko P1(X)Po(y) = Po(X)P1(y) _ ko P1(x) - P1(y) ko kix-kiy ko= 1
Xo - o -0 —ko=1.
ky xX-y k4 xX-y ki x-y

Hence for n = 0, assume next that the property is true for n — 1. This means that

kn-1 Pn(xX)Pn_1(y) = Pn_1(X)Pn(y)

© =y , Q.4)

I(rl—l(xa )/) =

and we check the validity for n. To do this, recall that the three-level induction rule in
Theorem 13 implies that

Pyt = (@nX + by)Py + CcpPp_y .
Thus,

Pni1(0)Pn(y) = Pn(X)Pni1(y) = [(anX + bp)Pn(x) + cnPn-1(x)] Pn(y)
= Pn(x) [(@ny + bn)Pn(y) + cnPn-1(y)]
= an(X = Y)Pn(X)Pn(y)
+Cn [Pn-100)Pn(y) = Pn(X)Pn-1(y)] .

Using the induction hypothesis (2.4), we obtain

ky
Cn [Pno1(X)Pp(y) = Pn(X)Py_1(y)] = —cCn k_(X -YVKn-1(x,y)

n-1
an ky
= — KX -y Kn-1(x,
i kn—l( V)Kn-1(x,y)

= an(x —y)Kn-1(x,y)
Consequently,

kn Pni1(X)Pn(y) = Pn(X)Pns1(y)  kn an(x = y)Pn(x)Pn(y)
kn+1 (x-y)  knet (x-y)
kn an(x = y)Kn-1(x, y)
kn+1 (x-y)
= Pr(X)Pn(y) + Kn-1(x, )

= Kn(x,y) .

The next assertion is obtained from 1 by letting y — x. O
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Example 2.1. We set here some examples of induction relations for the most
known orthogonal polynomials.

(1) Legendre polynomials

2n+1 n
o x

Pn+1= n—n+1

P, 1, VYneN*.
n+1

(2) Chebyshev polynomials
Pn+1=2XPn—Pn_1, Vn e N*.
(3) Hermite polynomials

Pni1 = 2XP, —2nP,_1, VYneIN*.

Proposition 17 (Existence of real zeros). Let (Py)ns0 be a set of orthogonal polyno-
mials. Then, for all n > 0, Py, has n distinct real zeros in the integration interval.

Proof. Let ay, ..., an be the real zeros of P, in the orthogonality interval, each one
used just one time. It is straightforward that P, is sign changing on the orthogonality
interval. P,,(X) can be written in the form

PyX) = [] X-anQX),

1<i<n

where Q is a nonsign changing polynomial on the orthogonality interval. We shall
prove that m = n. For this, let S(X) = [];;cn(X — a;). It consists of an m" degree
polynomial that is sign changing at each point a;, 1 < i < m. S(X)P,(X) is then not
sign changing on the orthogonality interval and hence for S(X)P,,(X)w(X), where w is
a weight. Thus, (P, S) # 0. On the other hand, Lemma 12 yields that P,, is orthogonal
to all polynomials with lower degrees. Hence (P,, S) = 0 which is a contradiction. So,
it results that m = n, and thus, P,, has n zeros in the orthogonality interval which are
simple. O

2.5 Continued fractions

In this section, we emphasize the relation between continued fractions and orthogo-
nal polynomials.
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Definition 18. A continued fraction is a formal expression

a
F = b0+
a
b1+

Qn
Byt

with either finite or infinite stages.

Remark 19.

(a) When Vx € R, there exists a continued fraction representing it, with ap € Z
and g; € N, Vj 2 0,and b; = 1, Vj > 0.

(b) Some functions can also be presented with continued fractions.

Notations. Let {a,};>; and {b,};2, be in R. We will apply the following notation for
the continued fraction F:

ail a| an|

F=bo+—+—+-++—+---.
*" by by 2

(2.5)
We also denote F,, = l;—:, n € N, to designate the fraction obtained by the truncation

of F of the order n:
Ry

Fn=g=b

O+a_1|+a_2|+...+a_r[|
b1 |b2 |bn

The following results have been proved in [98].

Proposition 20. Let (R,), and (S,), be defined by
Ro=bo, So=1,

Ri =boby +a;, S1=by,

R, =byRy 1 +anRp_2, Sp=bpSp-1+aySp—> forn>2.

Then,
Rn
Fp=—.
n Sn
Proof. Define the function
ai|  asl an|

X)=bo+——+—"—+--+ ,
Tl =bo iy, T By
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and remark firstly that
a
fn(X) = fn1 (r:x) .
We claim that R R
_ Rp1X+ Ry
fa(x) = —Sn-1X +s,

The proposition is obtained by setting x = 0. We now proceed by recurrence. Forn = 1,
we have
ay b0X+(b0b1 +a1) ROX+R1
fi(x) = bo + = = .
b1 +x 1.x+ b Sox + S
So, the proposition is valid for n = 1. Assume next that it remains valid for n < k. We
checkit forn = k + 1.

fk+1(X)=fk< et )

bis1 +x
Ri-1(32+L) + Ry

Dir1+X

Sk-1(5295) + Sk

_ Ags1Ry-1 + bre1 Ry + Ryx

" Aks1Sk-1 + bra1 Sk + Skx
aps1Rk-1 + Ri(bpy1 +X)
Aks1Sk-1 + Sk(bie1 +%)

Setting x = 0, we get

_ Riy1 axe1Ri-1 + Ribit
fk+1(0) = = .
Ske1 Ak+1Sk-1 + Skbis1

Definition 21. R,, and S, are called, respectively, the partial nth numerator and the
partial nth denominator of F,,.

Corollary 22. It holds that

RpSn-1—Rno1Sn = (-1)™aq,...,an, Yn=1.

Proof. By induction on n. For n = 1, we have

R1So — S1Ro = (boby + a1)1 - bi(bo) = a;y .

So, assume that the result is valid for n, i.e.,

RiSi-1 — Rx-1Sk = (—1)k+1a1, ...,ag, Vli<sks<n.
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Then,

Rns1Sn — Snv1Rn = Su(bns1Rn + ant1Rn-1) — Ru(bp41Sn + an+1Sn-1)

= —dp+1(-Rn-1Sn + RnSp-1).
The induction hypothesis yields that
Rns1Sn — Sn+1Rn = —ans1 [(—1)n+1al, cees an] = (1)"2as, ..., an1 - O
Recall that in Proposition 20, we have
Ry, =byRn_1+anRn_, and S, =b,Sn_1+anSn_s

By setting

bo=0, bp=x-cp, a1=A1#0, ap1=-Ap1#0 Vn=2,

we obtain R, = (x—c¢n)Rn-1 —AnRn—2. And thus, we obtain the orthogonal polynomials
recurrence formula

Ppi1(x) = (X = cne1)Pn(X) = A1 Ppoa () .

2.6 Orthogonal polynomials via Rodrigues rule

A literature review of orthogonal polynomials reveals that there are many methods
to obtain such polynomials. One is explicit and based on the Rodrigues rule, which
applies derivation. Let

1 ar

Pn(0) = knw(x) dxn [

w(x)S"] ,
where S is a polynomial in x, w is a weight function, and kj is a constant. We have
precisely the following result.

Theorem 23 ([98]). LetI = [a, b[c R and w is a weight function on I and (¢pn)nen be
a set of real functions on I satisfying

(1) ¢nisC"onla, b| forall n.

@ ¢ =pPb)y=0forallk,0<k<n-1.

B) T,= k’%w(w¢n)(“) is a polynomial of degree n, (ky, is a normalization constant).
Then, (Ty)nen is orthogonal. The converse is true iff w is C*°.
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Proof. It suffices to prove the orthogonality. For n < m, we have

(Tn, Tiy) = | Tn(X) T () w(x)dx

Ty (X)m(wd)m)("”w()c)dx

Il
N N VN

o) 2 (@)™ dx

b (m)
=<—1)’"j(Tn(x)) % X

=0.

The fourth equality is a consequence of Hypothesis (2) and the integration by the parts
rule. The last equality is a consequence of Hypothesis (3). O

2.7 Orthogonal polynomials via differential equations

A large class of orthogonal polynomials is obtained from first-order linear differential
equations of the type
ax)y" +bx)y -Ay =0, (2.6)

where a is a polynomial of degree 2, and b is a polynomial of degree 1, where both are
independent of the integer parameter n, and finally, A, are scalars. y is the unknown
function. By introducing the operator T: R[X] — R[X] such that T(y) = ay" + by',
the solution y appears as an eigenvector of T associated with the eigenvalue A,. We
introduce next a resolvent function w > 0, which permits us to express the operator T
on the form T(y) = L (awy’)’. The equality T(y) = ay” +a'y’ + HTWY' shows that w is a
solution of the differential equation aw’ + (a’ - b)w = 0. So, it is of the form w = e4,
where A is a primitive of b‘T“'. Recall now that

(T, 8) = [(@wf) cgewe0dx = [awf'e], - [ abor (g Cowads .
I

I

Iff the weight w vanishes on the frontier of the integration interval I, we obtain

(T, g) = - j af' (0g' wx)dx = (f, T(g)) -
I

This means that the operator T is symmetric.
Denote for the next T,: R,[X] — IR,[X] the restriction of T on R,[X]. It is
straightforward that R,,[X] is invariant under the action of T, since the degrees of a
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and b are less than 2 and 1, respectively. So, we can arrange the pairs (A, y) into a se-
quence (A, yx), where we re-obtain the eigenpairs of the operator T, fork =0, ..., n.
Next, observing that a(x) = a»X% + a1X + ap and b(x) = b1 X + by, it results that
T, is an endomorphism on R,[X]. Thus, there exists a T-eigenvector’s orthonormal
basis of such a space. In particular, there exists at least an eigenvector P, of degree n,
which may be assumed to be unitary and satisfying

aP) + bP), = APy, .

This means that for n + m, we obtain A,, # A;; and thus the polynomials P,, are orthog-
onal.

2.8 Some classical orthogonal polynomials

In the previous sections, we reviewed the three most well-known schemes to obtain
orthogonal polynomials. The first one is based on the explicit Rodrigues derivation
rule, which states that the nth element of the set of orthogonal polynomials, which is
also of degree n, is obtained by

n

Pn(x) = kpw(x) dx"

[w(x)S"] ,
where S is a suitable polynomial in x.

The next method is based on an induction rule as in (2.3) and eventually necessi-
tates that the first and the second elements of the desired set of orthogonal polynomi-
als be known. It states that

Ppi1 = (anX + By)Pn + cpPp_1, 2.7

where ay, by, and ¢, are known scalars.
Finally, the last scheme consists of introducing orthogonal polynomials as the so-
lutions of ordinary differential equations (ODEs) of the form

a()y" +b(x)y -Ay =0,

where a is a 2-degree polynomial and b is a polynomial with degree 1 and A,, are
scalars. The idea consists of developing polynomial solutions of the ODEs. Accord-
ing to the coefficients of each equation, we obtain the desired class of polynomials,
such as Legendre and Laguerre.

In this section, we propose to revisit some classical classes of orthogonal polyno-
mials and show their construction with the three schemes.
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2.8.1 Legendre polynomials

From Rodrigues rule
Legendre polynomials consist of polynomials defined on the orthogonality interval
= ]-1, 1] relative to the weight function w = 1, the polynomial S(x) = (x> — 1),
and the constant k, = 2"n!. The nth Legendre polynomial, usually denoted in the
literature by Ly, is obtained by
ar [ (x*-1)n
i | |

Using the Leibniz rule of derivation, L,(x) can be explicitly computed. We have

Ln(x) =

1§ W oo _ LS (chy? .
Z"n!];) n (0= (Gc+ 1)) _2_1;)( )(X—l) k(x + 1)k,

Ly(x) =

For example,
Lo(x) =1, Li(x) =x,
1 1
Ly(x) = 5(3"2 - 1), L3(x) = §(5X3 -3x),

1 1
La(x) = g(35x‘* -30x% +3), Ls(x) = §(63x5 - 70X + 15x%) .

From the induction rule
Legendre polynomials can also be introduced via the induction rule

2n+1 n
Ly =—XL,— ——L,_1, VYneN*
n+1 n+1

with initial data Lo(x) = 1 and L1 (x) = x. It yields, for n = 1, that
3
Ly(x) = —xLl(x) LO(x) X" - =.

For n = 2, it yields that

L300 = —xLz(x)——Ll(x) 2 (zxz-%)-ghi;ﬁ-ix.

Applying the same procedure, we obtain

Ly(x) = (35x -30x% + 3) and Ls(x) = (63)(5 -70x3 + 15)() .

1
8

From ODEs
Legendre polynomials are obtained as the polynomial solutions of the following ODE:

A-x3)y" -2xy' +nn+1)y=0,x e I =1-1,1] . (2.8)
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Using the notations of Section 2.7, this means that a(x) = 1 - x2, b(x) = —2x and A, =
—n(n + 1). In the sense of the linear operator T, the polynomials L, can be introduced
via the operator

T(y) = (1 -x)y" - 2xy" = (1 - )",

which corresponds to the weight function w(x) = 1 and a(x)w(x) = 1 - x2. Note that
aw vanishes at the frontiers +1 of the orthogonality interval I. Furthermore, in terms
of eigenvalues as in equation (2.7), if we suppose that the same eigenvalue A, is asso-
ciated with at least two eigenvectors P, and P,,, we obtain (n - m)(n + m - 1) = 0O,
which has no integer solutions except n = m. This confirms that the eigenvalues and
eigenvectors are one to one, which means that the eigenvectors (polynomials) are or-
thogonal. Figure 2.1 illustrates the graphs of the first Legendre polynomials.

For clarity and convenience, we will develop the polynomial solutions. So, denote
P(x) = apx? +ap-1xP~1+---+ a1 x+ag as a polynomial solution of degree p of equation
(2.8). We obtain the following system:

2a; +n(n+ 1)ag =0,
6asz + (n* +n-2)a; =0,
[(n(n+1)-(p-1)(p + D]ay-1 =0,
[(n(n+1)-p(+ Dlap =0,
(k+ 1)k +2)ag2[(n(n+1) —k(k+1)]ax =0, 2<k<p-2.

Hence, p = nand

2a; +n(n+ 1)ag =0,
6as + (%2 +n-2)a; =0,
[(n(n+1) - n(n - 1)]ap-1 =0,
(k+1)(k +2)ag2[(n(n +1) —k(k+1)]ax =0, 2<k<p-2.

For example, for n = 0, we obtain
P(X) =4dp .

Forn =1, we get
P(x) =a1x.

For n = 2, we obtain
P(x) = —ap(3x* - 1).

Forn =3,

P(x) = -a; <§x3 - x) .

For n = 4, we have
35
P(x) = —-ao (?x4 -10x% + 1) )
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T T T
-1 -0.5 0 0.5 1

Fig. 2.1: Legendre polynomials.

Next, for n = 5, we obtain

21 14
P(x) = a; (?x5 - ?x3 +x> )

Now, using the orthogonality of these polynomials on [-1, 1], we obtain the same
polynomials.

2.8.1.1 Commentaries
One important question is how to choose the polynomial S in Rodrigues rule to be
equivalent with the same outputs of the recurrence rule and the ODE scheme.

Firstly, the degree of S is fixed in an obvious way as deg P, = n, Vn.

Hence, for example, in the Legendre case, S should be of degree 2, that is,

SX)=a+bx+cx?, c#0.

Thus,
1

T2l
Consequently, from the induction rule of Legendre polynomials we obtain, for n = 2,

La(x) = eni(S"(X)), €n
dxn

3 1
L, ==xL1-=L
22X120

1
ex(S2(0)" = 2e1x(5'(0) - 3eo.
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As aresult,
bZ+2ac+2=0

6bc-3b=0
6c2-6c=0.

Hence, we obtain

Or equivalently,

2.8.2 Laguerre polynomials

From the Rodrigues rule
These polynomials are obtained via the Rodrigues rule with w(x) = e™, S(x) = x and
the constant k,, = n! by

eX d" & Ch ok
— =X,y _
Lnl0) = — = (€7 )_kzzoﬁ(_x) :
The first polynomials are then
Lo(x) =1, Li(x)=1-x,
Lo(x) = %(x2—4x+2), L3(x) = %(—x3 +9x% - 18x +6),

1
L4(x) = ﬂ(x4 —16X> + 72x% — 96X + 24) ,

1
Ls(x) = m(—x5 +25x* = 200x3 + 600x%2-600x + 120) .

It holds clearly from simple calculus that these polynomials are orthogonal in the in-
terval [0, ool relative to the weight function w(x) = e™*.

From the induction rule
Laguerre polynomials are solutions of the following recurrent relation:

M+1D)Lp1(X)+(x-2n-1)L,(x)+nLly_1(x) =0
with the first and second elements L(x) = 1 and £1(x) = 1 — x. For n = 1, we get
2L,(x) + (x = 3)L1(x) + Lo(x) =0,

which implies that

1,
- Z(x2 — .
(x* —4x+2)

N|

Lo(x) = %(3 -x)(1-x)+
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Next, for n = 2, we obtain
3L3(x)+(x—=5)L(x) +2L1(x) =0,

which means that 1
L3(x) = g(—x3 +9x2 - 18x+6).

Similarly, we can obtain
1
L4(x) = z(—x“ —16X> + 72x% — 96X + 24)

and

1
Ls(x) = m(-ﬁ + 25x% = 200x% + 600x% — 600x + 120) .

From ODEs

To apply the ODE procedure, we set I =]0, oo[ as the orthogonality interval, a(x) = x,
b(x) = 1 - x, w(x) = e™* and consequently, the operator T will be T(y) = xy" - (1 -
x)y'. We observe immediately that a(x)w(x) = xe ¥ is null at 0 and has the limit O
at +oo. Furthermore, P(x)w(x) is integrable on I for all polynomial P. In the present
case, equation (2.7) becomes (n + m)(n — m) = 0 and the eigenvalues are A, = —n. The
associated ODE is

xy'-1-x)y +ny=0.

It is straightforward that for all n, the polynomial £, is a solution of this differential
equation. Figure 2.2 illustrates the graphs of some examples of Laguerre polynomials.

2.8.3 Hermite polynomials

From Rodrigues rule

Hermite polynomials are related to the orthogonality interval I = R with the weight
function w(x) = e~**. Denote H, as the nth element, i.e., a Hermite polynomial of
degree n. Hy is explicitly expressed via Rodrigues rule as follows:

Ha(x) = (—1)“ex2:—;1 () .

As examples, we get
Ho(x) =1, Hi(x)=2x, Hy(x)=4x*-2,
H3(x) =8x%> - 12x, and Hu(x)=16x"-48x? +12.

From the induction rule
Hermite polynomials H, can be obtained by means of the induction rule

Hyp. =2XH, -2nH,_1, VYneN"*,
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20

15+

Fig. 2.2: Laguerre polynomials.

with the initial data Hyo(X) = 1 and H,(X) = 2X. So, forn = 1, 2, 3, 4, 5 we obtain as
examples

H>(X) = 4X?> -2, H3(X)=8X>-12X, H4(X)=16X"*-48X>+12,
Hs(X) = X° —10X> + 15X, He(X) = X® - 15X* + 45X% - 15 .

From ODEs

Hermite polynomials are also solutions of a second-order ODE in the interval I = R. Us-
ing the notations of Section 2.7 this means that a(x) = 1, b(x) = -2x, and w(x) = e
as a weight function. It is immediate that a(x)w(x) = e"‘z, which has 0 limits at the
boundaries of the interval I. Furthermore, P(x)w(x) is integrable on I for all polyno-
mials P. By means of the eigenvalues of the linear operator T, Hermite polynomials
are eigenvectors of T(y) = y"' — 2xy’ associated with eigenvalues A, = —2n. The corre-
sponding ODE is

y'-2xy' +2ny=0.

Some examples of Hermite polynomials are illustrated in figure 2.3.
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Fig. 2.3: Hermite polynomials.

2.8.4 Chebyshev polynomials

From Rodrigues rule

Chebyshev polynomials are related to the orthogonality interval I = ]-1, 1[ and the
weight function w(x) = (1 - x2)~1/2, Denoted usually by T, for the Chebyshev polyno-
mial of degree n, these are explicitly expressed via the Rodrigues rule as

D"A-x)iva d" (-,

Th(x) =
n() 2M(n+ 1)  dx

where I'(x) = J © -le~tdt is Euler’s well-known function. It is immediately seen (by
recurrence for example) that

|
r(ne3)=- S
and hence, the first Chebyshev polynomials can be obtained as
Tox)=1, Ti(0)=x, Tr(x)=2x*>-1
Ts(x) = 4x3 = 3x, Tu(x)=8x*-8x2+1, Ts(x)=16x"—-20x>+5x.

, VneNlN,

From the induction rule
Chebyshev polynomials are solutions of the induction formula

Tn+1 = ZXTn - Tn—l, vn € N* ,
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with initial data, To(x) = 1 and T (x) = x. Let, T(x) = Zk 0 a x¥, then

n+1
zanﬂk ZXZ(,I zanlk
ri:l 1,k 1 1 Z k+1 _
an+ X +an+ n+ Zan +
n+1
= Z Zaﬁflx
k=1

z ( aptt -2a} |+ aZ‘l)xk +aptt +alt

n+1

n-1
z an 1 k

+(ag+1_zag_1)xn+( @t - 2a7) X" =0,

We obtain the following system:

aft'+al™t =0
att =2al .
azl - 2a

aptt=2a}  -al', 1<ks<n-1.

We have
To() =1 ad=1
and
Ti(x)=x & a;=0,a} =1.

Hence,

T(x) = a3x* + a’x + aj

From the above system, we obtain

2 _ 0
ag=-ay=-1.
ai =2aj =0.

2 1
as=2a;-a)=2,

which means that
To(x) = 2x* - 1

Now, replacing n by 2 in the system we obtain

ag=-ay=0.

a3 =2a2=0.

a; =2a}-aj=-3.
a3 =2a>-a}=4
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Therefore,
T53(x) = 4x> - 3x.

Next, for n = 3, the system becomes

= ‘

g=-at=1
a%=2a3=0.
1ati=2a3-a?=0.
ai=2aj-a3=-8
\ay =243 -aZ =8.

Thus,
To(x)=8x*-8x2+1.

Now, by replacing n with 4, the system yields

(a5 =-a2 =0
a; =2a3=0.
<a§=2aé a =5
ay=2a%-a3=0
a3 =2a3 - a3 =-20
| a3 = 24 - a3 = 16.

Hence,
Ts(x) = 16x° — 20x> + 5x .

So, we obtain the same Techebythev polynomials as for the Rodrigues and ODE rules.

From ODEs
Weset] = ]-1,1[, a(x) = 1 - x2, b(x) = —x and w(x) = (1 = x2)"Y2, The linear
operator T is then given by

T(y) =(1-x*)y" -xy'.

It is straightforward that a(x)w(x) = V1 - x? vanishes at +1 and the eigenvalues
An = —n? give rise to eigenvectors (polynomials), Tys. This yields that the Tys are
the corresponding solutions of the ODE

A-x2)y" -xy'+n’y=0.

Remark 24. Chebyshev polynomials T, can be explicitly defined on [-1,1] by

T (x) = cos(nArc cos(x)) .
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Indeed, by considering Moivre’s rule (cos 6+i sin 8)" = cos nf+i sin nf, and by setting
for 6 € [0, m], x = cos B, we obtain sin 6 V1 — x2. This implies that

2]
cos(nf) = cos(narccos(x)) = Y CF™(-1)"x"2"(1-x*)", neN.
m=0

Next, we observe that
cos((n + 1)0) + cos((n — 1)8) = 2 cos B cos(nb) .

Henceforth, we obtain explicit T,s as above. Figure 2.4 illustrates the graphs of the
first Chebyshev polynomials.

Remark 25. It holds that a second kind of Chebyshev polynomial already exists. It
is defined by means of the Rodrigues rule as

U0 = —CEDVT_ 4% (4 syt xeo,a

2mif(n+ 3)(1 - x2)t dX”

or by means of trigonometric functions as

sin(n + 1)0

Uy, (cos 0) = Sin 0

, VYneN*.

These polynomials satisfy the same induction rule as the previous but with different
initial data Up(x) = 1 and U; (x) = 2x. Finally, similar to other classes of orthogonal
polynomials, they satisfy the ODE

Vx e R, (1-x2)UJx) -3xUL(x)+nn+2)Un(x)=0.

2.8.5 Gegenbauer polynomials

From Rodrigues rule

Gegenbauer polynomials, also called ultraspherical polynomials, are defined relative
to the weight function w(x) = (1 — x2)P~1/2, where p is a real parameter, and to the
orthogonality interval I = ]-1, 1[. From the Rodrigues rule, these are defined as

_ (1™ (p + 3)I(n + 2p) 1) dm

= 2P ((1- 2\p+m-3 ) 9.
mreplp rme HC ) a (@-xpmi). @9

Gh(x)

Hence, by applying the Leibniz derivation rule, we obtain

Gh(x) = CP, [x’" — A X" A X ]
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T3

T

Fig. 2.4: Chebyshev polynomials.

where
p _2"[(p+m)
" miI(p)
m(m-1) m(m - 1)(m - 2)(m - 3)

2= PRprm-1 T Ppam-Dprm-2)

From the induction rule
Gegenbauer polynomials G4, can also be introduced via the induction rule stated for
p=3by

MG (x) = 2x(m+p - 1)Gh_ (x) - (m+2p - 2)Gh _, (%), (2.10)

already with
Ghx=1 and Gi(x)=2p(1-x).

This gives, for example,

Py 2 1
G,(x) =2p(p +1) [x 2p+2]

and 4
p 3
G3(X) = gp(p + 1)(p + 2) [X - zp—+4x] .
Furthermore, we notice that G5, is composed of monomials having the same parity of
the index m.
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Remark 26. The following assertions hold:
—  Gh(-x) = (1) Ghx).
Ggm+1(0) =0.

P _ )" I(p+m)
GZm(O) ~ TI'(p)I(m+1) *

From ODEs
Gegenbauer polynomials G, are solutions of the ODE

A-x3)y"-@p+1xy' +m(m+2p)y=0,

in the interval I = ]-1, 1[ with coefficients a(x) = 1 — x?, b(x) = —-(2p + 1)x and
c(x) = m(m + 2p). These polynomials can be introduced as the eigenvectors of the
linear Sturm-Liouville-type operator T defined by

Ty)=1-x)y" -Q2p+1)xy' .

By choosing w(x) = (1 - xz)p‘% , we observe that a(x)w(x) = (1 — x? )p’f% vanishes at
the boundary points +1. The eigenvalues are A,,, = -m(m + 2p).

2.9 Conclusion

In this chapter, we outlined the concepts and the main properties and characteris-
tics of orthogonal polynomials. Some basic notions concerning orthogonal polynomi-
als are recalled that are related to weight functions, integration theory, linear algebra
theory of vector spaces, their basis, and orthogonal systems and their relation to or-
thogonal polynomials. Next, the three main methods for introducing orthogonal poly-
nomials were reviewed. The first method uses Rodrigues formula and it yields orthog-
onal polynomials as outputs of a higher order derivatives of some special functions.
The second is based on recurrence relations, which yield orthogonal polynomials as
sequences of functions defined by a three-level induction rule. We recalled and re-
developed Favard’s results on orthogonal polynomials as well as its reciprocals. The
last method consists of orthogonal polynomials as solutions to ordinary differential
equations or equivalently as eigenfunctions of Sturm-Liouville operators. Some con-
cluding and illustrating examples are provided to enlighten theoretical developments.



3 Homogenous polynomials
and spherical harmonics

3.1 Introduction

In this chapter, we present a review of homogenous polynomials and their interac-
tions with harmonic analysis on the sphere. Specifically, we will study constructions
of spherical harmonics and develop the main results of the theory of harmonic anal-
ysis on the sphere, such as the addition theorem and the Fourier transformation. We
will prove the link with some special features, such as ultraspherical polynomials and
Bessel functions.

Spherical harmonics are initially derived from the Laplace equation on the sphere.
They are found in many scientific fields, starting with pure mathematics, where they
appear as an extension of Fourier analysis of spherical domains. In physics, spheri-
cal harmonics have been used as basic solutions or modes of well-known equations,
such as the Laplace, Poisson, Schrodinger, diffusion, and wave equations. Spherical
harmonics also appear in acoustics, geophysics, computer graphics, crystallography,
and recently in 3D image processing, where they are used to model complex phenom-
ena and therefore provide models or approximations of the solutions to the equations
governing them.

Because of their relationships and interactions with all these areas, spherical har-
monics have been the subject of numerous classical and modern mathematical works.
A first theory related to the basic constructions of spherical harmonics is the concept
of homogenous polynomials. These polynomials are the combinations of monomials
x% = x‘flxgz .- xy", where |a| = ¥ a; is a fixed integer that acts as a degree as for single-
variable polynomials. This will partly be relevant to the development of homogenous
polynomial theory.

As a first step, we will recall the exact solution of the Laplace equation in spher-
ical coordinates in the three-dimensional Euclidean space as a concrete example of
construction and proof of the existence of spherical harmonics. Next, homogenous
polynomial theory will be developed. We will show especially that the homogenous
and harmonic polynomials may serve as generator systems and bases in the Hilbert
space of square integrable functions on the sphere. This marks the starting point for
the basic construction of spherical harmonics. Such bases, when projected orthogo-
nally with respect to some elements of the sphere, reproduces some kernels known as
zonal harmonics, which will be revisited and explained. Recall that zonal functions
are widely applied in harmonic analysis and approximation theory, where they have
a central role.

The first section of this chapter will be devoted to the development of some differ-
ential operators on the sphere, mainly the Laplace operator. A spherical coordinates

DOI110.1515/9783110481884-003
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solution will be provided in Section 3 in order to show examples of spherical harmon-
ics. Section 4 will cover homogenous polynomials. Basic properties will be revisited
and applied next for harmonic polynomials in Section 5. Later in this section, har-
monic homogenous polynomials will be proved to have a central role for providing
orthonormal bases in L2(S"1). Fourier transforms, and thus convolution operators,
will be presented in Section 6. Hecke and Bochner—Hecke theorems will be proved to
show the strong relation with special functions, especially Bessel functions. Finally,
the theory of zonal functions will be developed in Section 7, where we revisit the fa-
mous addition theorem.

3.2 Spherical Laplace operator

In this section, we review some basic concepts of spherical analysis, such as differen-
tial operators and especially the Laplacian. Recall that the n-sphere is

STl = {x = (X1, X2, ey Xp) €RY X3 4 X5 4+ 4 X5 = 1.

Recall also that the polar representation on R" is defined by

X1 rsin0,_,sin6,_3...sin 6, sin 6, cos @
X rsin 0,_,sinf,_3...sin 0, sin 67 sin ¢
X3 rsin 6,_, sinf,_3...sin 6, cos O,
X(r, 9,01, ...,600)= X4 - rsinfp_»sinf, 3 ...cos 6,
Xn-1 rsin 6,_, cos 0,,_3
Xn rcos 0,_>

The parameter r = |x? +x3 +---+x3 is the Euclidian distance to the origin 0,
0; € [0, [ and ¢ € [0, 27].
For example, on the real space R3, we obtain the spherical coordinates’ system

X1 rsin 6 cos ¢
X(ry (Py 9) = X2 = rsin Hsin gD
X3 rcos 0

where r > 0 is always the Euclidian distance to O, 8 € [0, n] is the polar distance, and
¢ € [0, 27| is the longitude. The orthonormal vector system is locally composed of

sin 6 cos ¢ —-sing
e =| sinfsing |, e?=| cosp
cos 6 0
and
—cos fcos ¢
e =e"ne? = —cosBsing

sin @
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By setting t = cos 6, we obtain the explicit gradient on IR? in spherical coordinates

o 1 1 0 0

V:e’—+—<e‘/’,——+etsin9—):e’—+—v*. (3.1)
or r 0] r

V* is said to be the surface gradient. We can also define the rotational operator, also

called the curl, for all G!-functions F as

L;F() = £ AVEF(). (3.2)

Already on R3, the curl is expressed by means of spherical coordinates as

0 1 o
L* = -e?sinf— +e'

ot sinfog G3)

Definition 27 (Laplace operator [162]). The Laplace operator, also called the Lapla-
cian and denoted by V2 or 4, is the second-order differential operator defined ex-
plicitly on second-order differentiable functions by means of Cartesian coordinates

as follows: 5

n
d
A_k;g.

=N

It is related to many problems in both mathematics and physics and it appears in
quasi-differential equations found in natural phenomena. We recall as an example
the famous Dirichlet problem.

Definition 28 (Spherical Laplacian [162]). Let u be a C? function on R" and denote
fx) = f(ﬁ). The spherical Laplacian known also as Laplace—Beltrami operator of
u is defined by

Agnf = (Af ) sn-1

where A is the Laplace operator on R™.

Remark 29. Agn-1 can be defined equivalently by means of the following relation:

- L[ () ap]
u—rn_l[ar<r or +A5n—1u 5 (34)
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Lemma 30. For all f, that is C? on the sphere and all p € SO(n), it holds that

Agn-i(f o p) = (Asn-1f) o p .

Let M € M,(R) and f : R — R and denote f)s the function defined on R" by fi(x) =
f(Mx). Then, for all x € R", we have

Afm(x) = i(Li,Lw of (Mx) ,
i1 aXian

where L; are the rows of M and (L;, L) is their natural inner product R". Conse-
quently, for M = p, this leads to (L;, Lx) = 6;x the Kronecker product. Hence,

A(f o p)(x) = (4f) o p(x) .
For x € S™1, this yields that
Agn-1(f op) = (Agn1f) o p .

The following lemma shows that Ag--1 is also symmetric.

Lemma 31. Let f and g be C? on the sphere S"~'. Then,

(Asn-1f, 8) = (f, Asn-18) .
The proof is a simple application of the Green—Ostrogradsky formula.

3.3 Some direct computations on S?

The purpose of this section is to provide some examples of spherical harmonics by
means of the resolution of the Laplace equation AP = 0 on the sphere S? and an in-
troduction to spherical harmonics. The general definition and general properties will
be introduced later. In the spherical coordinate system, the Laplace equation is

10 (,0P 1 o (. ,0P 1 9%P
r—2$<r E)+—rZSineﬁ<Slneﬁ>+—r251nzea—(p2 =0. (3.5)

For a solution P with separated variables, P(r, 8, @) = R(r)©(0)D(¢p), this yields that

l_<rza_R>+ 1 li(s]nea_@>+—1 laz_Q—
Ror\' or/ r2sinfo 90 00)  r2sin2 @ 02
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Multiplying with r?, this becomes

li(r aR)+_1 li(suflea_@) 1 laz_Q_
R or or in6 © 006 00 s]nzefpb(pz -

Or equivalently,
1a<zaR> 116(. a@) 1 10d°®
——|r—|=-——=—(sin— |- ———=——==0
Ror or sinf 6 060 00 sinZ 0 @ d¢?

The left-hand side part is independent of (6, ¢); however, the right-hand side part is
independent of the variable r. Hence, these are constant, which means that

19 (,0R
Ea(f E)—K (3.6)

and

2
1 16( 66) 1 1aq>:_K (37)

56006 \""%38 ) snzg D og?

for some constant K. The elementary solutions of (3.6) are of the form
R(r) = K(r! + D)y
Equation (3.7) yields that

sinf o 00 1 0%
T%(l 969>+KSI 9——Ea—(p2. (3.8)

Using analogous arguments and by seeking Fourier modes solutions, we obtain
D(p) = Kel™?,

where m is an appropriate constant. Now, the first part of (3.8) becomes

1 0 00 m?
m%(1n969>+<l(l+1)_Sin29>@_0. (3.9)
Denoting x = cos 6, we obtain

00 000x 00
00 oxo0  ox

Consequently, (3.9) becomes

00 m?
1 )__bex (l(l+1)—1_xz>6=0.

The polynomial solutions of such equation are the well-known Legendre polynomi-
als. Such polynomials are defined for I € N and m € [-1, l] n Z. Explicitly, these are
expressed as

=nm /2(l—m)! oMM (cos?  — 1)}
le(COSG) 20 m(l— COs 9) W

sinf .
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Hence, the Laplace equation solutions are finally the so-called spherical harmonics
defined by
Yl,m(r, 0, (P) (Cmrl + Dm l+1))Lm(C0S e)ezmga

On the sphere (r=constant), these functions become
Yi,m(6, @) = C['L]"(cos 6)e™? ,

where C}" is a normalization constant given by

om - 21+ 1 (1-m)!
DN an (+m)!”

The system (Y7, ;n)_i1<m<i is orthonormal in the vector space L?(S * n — 1). Here, we list
some explicit expressions of these spherical harmonics.

- L=0
Y0,0(0, ) = %\/g
- 1=1:
Yi,-1=(0,9) = %\/gsin e~i®
Yio=00,9) = %\/gcose
Yi1=(6,0)= _2_1\/%3111 9el?
- 1=2:
Y2 =(8,9) = %\/g sin? ge~2i¢
Y21=(0,9) = %\/ﬁsmecos fe ¢
Ys0=(0,9) = \/7(3 cos?6-1)
Y21=(0,9) = —\/751n9cos fel®
Y2,2=(6,9) = %\/Zsm fe2i®
- 1=3:

Y30=1(0,¢) = %\/;(5 cos®> 6 -3cosh).
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3.4 Homogenous polynomials

Definition 32. Let E and F be the R-vector spaces and f: E — F be a function. f is
said to be homogenous with degree k iff

VAeR, VxeE,  f(Ax)=2A"x).
We say that f is positively homogenous with degree k iff
Vt>0, VxeeE, ftx) = t*f(x) .

Definition 33. A polynomial P on R", n € NN, is said to be homogenous with degree
k € N*, if it is of the form

P(x) = Z Cax%, VxeR",
lal=k

where a = (a1,...,a,) € N7, |a| = ¥, a;, x* =[], x?", x € R"and C, are real

numbers called the coefficients of P.

Corollary 34. The polynomial function associated with a homogenous polynomial P
is homogenous with the same degree.

The following result shows the first characterizations of the space of homogenous
polynomials [162].

Theorem 35. For all k, denote Py (R") the vector space of all homogenous polynomi-
als with degree k on R™ and d its dimension. It holds that

1) dp =dimP(RY) =Ck, ..
(2) Pr(RM) is invariant by means of O(n).

To prove this theorem, we need the following preliminary result.

Lemma 36. Let I’ ﬁ be the number of possible choices of n elements (not necessarily
different) from {0, 1, . . ., k} with their sum equal to k. Then,

(1) ri=n.

() kIk=(n+k-1)rkt.

(3) FIYE = C’r(l+k—1'
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Proof. (1) The set of choices is composed of an n-tuple where all the components are
zero except one of them, which should be equal to 1. Thus, a total number of n combi-
nations.

(2) Consider the alphabet A, = {x1, X2, ..., x}. It consists of combining words with
k letters from A,. A word is a series of characters a = x;, x, . . . x;,. Two situations are
possible. The word a is of the form a = x1x, . .. x;,, or it did not start with the letter
x1. In the first case, the total number is the same as the words composed of k-1 letters
from the alphabet A,, and since the choice of the x;s is the same for all of them, we
obtain a total number nI" ’,§‘1. In the second case, where the word a did not start with
X, we obtain k — 1 possibilities to fix its first letter. Next, complete the word a with
k — 1 letters from A,. Thus, a total number of (k — 1)F’,§‘1. Finally, since the order of
the letters in a is the same for all the alphabets A,,, we obtain

krk = nrk=t 4 (k- 1)rk1.

Hence,
k (n + k- 1)
="
(3) It reposes an iteration procedure of the previous relation. We get

rkt,

rk- —("Jr”i_l)r’,f—l
_ (n+k—1)(n+k—2)rk_2
k k-1 n
k
=Cn+k—1' [

Proof of Theorem 35. The first assertion is a consequence of Lemma 36. We proceed to
proving the second. Let p € O(n) and P € Px(R"). It is straightforward that Po p(Ax) =
P(Ap(x)) = /\kP(p(x)), hence, a homogenous polynomial with degree k. O

Example 3.1.

_ (k+1)(k+2)

dimPr(R?) =k+1 and dimPi(R>) >

This may be checked directly. Indeed, a basis of Px(IR?) is formed with all products
Xiyk-ij=0,..., k+1.Similarly, a natural basis of Px(RR3) is formed with all products
Xiyizk=i5 i, j = 0,..., k + 1. For example, for i = 0, we get k + 1 couples (j, k — j),
j=0,...,k.Fori= 1, wegetkcouples (j,k—-1-j),j=0,...,k—-1. And so on. We
getasumk+1+k+k—-1+---1= (k”)zﬂ
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Definition 37. A polynomial P is said to be harmonic iff its Laplacian is zero, i.e.,
AP = 0. The space of all harmonic homogenous polynomials of degree k on R" will
be denoted PJ(x(R") and sy its dimension.

Theorem 38. For all k, it holds that
Pr(R") = PHE(R™) @ |x|*Pr-2(R") .

For k = 2p even,
p

Pop(R™) = @D IXIP T PH(R™) .
j=0
Fork =2p + 1 odd,
p .
Pap1(R") = @B X1~ PHoj1 (RT) .

j=0

Furthermore, for all k, s;; = dim PI(x(R") = d}; - d};_,.

Proof. Consider the inner product (., .), which corresponds to (x%, x#) the quantity
(x®, xPy = alf! if a=B and O else,
and also consider the mapping

D: Prr(R") — Pr(R™Y)
P +—s @(P) = |x|?P.

It is straightforward that @ is injective. Consequently, Py_>(IR") is isomorphic to
D(Pr—2(RM)) = |x|?Pi—2(R™). Now, consider similarly the mapping

@: Pr(R") — Pra(R")
P+— @(P) = AP,

which is surjective with kernel
ker(p) = PHr(R") .

Hence,
dim Pi(R") = dim Py_>(R") + dim PH(R") .

Furthermore,
Pe(R") = [X|*Pr_2 (R") & PH(R™) . O
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Proposition 39. Let P € Px(R"). There exists Q € PH(R") such that

P/sn—l = Q/sn—l '

Proof. We divide the proof into two cases.
— k = 2p. Theorem 38 implies that

p )
P(x) = Y GiIXIP"7Pyjy1(x), or Pajir € PHyjir
j=0

So, consider the polynomial Q(x) = Zf:o CjP2j.1(x). It is obvious that Q is harmonic,
not necessarily homogenous, and it satisfies

)4
P(u) = Y CjPyj(u) = Qu); VueS™?.
j=0

-k =2p + 1. Again, Theorem 38 implies that

p .
P(x) = ) Gjlx|*P"Py(x), or Py e PHy;.
j=0

Consider analogously Q(x) = f:o CjP,j(x), which is also harmonic, not necessarily
homogenous, and also satisfies

14
P(u) = ) CiPyjs1(u) = Qu); YueS"™'. O
j=0

3.5 Spherical harmonics

Definition 40. A function f defined on the sphere S"1 is said to be a spherical har-
monic iff it is the restriction of a harmonic homogenous polynomial P on S™*°1, that
is, AP € PH(R™) such that

fu) = P(u), VYueS*'.

The degree of f is that of P. The space of all spherical harmonics on R" with degree
k will be denoted by F(8x(S"™1).

The following proposition is proved in [162].
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Proposition 41.

(1) dim HSx(S™ 1) = dim PFHx(R™).
(2 HEM(ST™HLHS,(S™ ), Vm#n.
B) L2(S™1) = @S H8k(S™ ).

(4) Yf € H8k, Asf = —k(k + n - 2)f.

Proof. (1) Consider the linear mapping

L: PHE(R™) — HSk(S™ 1)
P L(P) = Pjgni.

Observing the definition of HS,(S""1), we deduce that L is surjective. Next, let P be
such that L(P) = 0, then, for all x € R" \ {0}, we obtain

X
P00 =P (1x1 ) = () = LI -
So, L is also injective. Consequently, 38, (S"1) and P, (R") are isomorphic, thus,
with the same dimension.

(2) Let P € HSk(S™ 1) and Q € H8;(S™ 1), n + m in N. We claim that

(P, Q)r2(s-1y = 0.

Indeed, P and Q are restrictions of harmonic homogenous polynomials P € HS,(R")
and Q € HS,(R™) on S™1. So, it results from Green’s formula that

P(x) AP(x) ~0(x) AD(x) = jP(&) - Q({) (é)do(é) 0,
0

B(0,1) =0 = sn-1

where v is the outward normal vector of S™1. Observing next that for a homogenous

polynomial P of degree s that
oP

— =sP,
ov S

we obtain
| P&2@do@m -m =0

Sn-1

which yields the orthogonality of (8,,(S™ 1) and F8,(S™1).
(3) Observe firstly that on the S"-1, the quadratic elementary polynomial

2 2 _
Q) =x3+x5+-+x3=1.
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Otherwise, from Theorem 38, the sum of the spaces J(8x(S""!) gives the space of re-
strictions on S™! of all homogenous polynomials. So, it results from the compactness
of $"™ 1 and the well-known Stone-Weierstrass theorem that such a sum is dense in
the space of continuous functions on S"! relative to the uniform topology and hence
relative to that of L2. Thus,

+00
L (s, do) = P HS(S" ).
k=0
(4) Let f € HSk(S"™ 1), restriction of P € PH(R"), and denote
oo = = P(o)
lx*

Obviously, for x € S™1, we have f(x) = f(x) = P(x). By applying the Leibniz law, we

obtain
Af:A<—1k>P+2 <v—1k,vp> + —lkAP
[l [bY] [l

1 1
=k(k-n+2)——P-2k>——AP.
Ix)*+2 ]2
Observing that on the sphere ||x|| = 1, we obtain
Asf = —k(k + n - 2)f. O

Lemma 42. There exists an orthonormal basis {Ynj}1gjesn of HSx(S™ 1) composed
of spherical harmonics of degree k so that any spherical harmonics Y in H8;(S"1)
is written in a unique way as
Sk
Y = Z Cn,jYn,j .
j=1

Proof. H8;(S"1) is a finite-dimensional vector space with the canonic basis formed
by the restriction of (x*)|q=k on the sphere S"1, So, the Gram-Schmidt procedure
yields an orthonormal basis.

The following result is known as the addition theorem of spherical harmonics. It is
abasic result in harmonic analysis of homogenous polynomials that relates the theory
of spherical harmonics to the theory of orthogonal polynomials. For more details on
such relationships and a proof in a special case, refer to [162]. O
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Theorem 43. Consider an orthonormal basis {Yn,j}1sjgs; of Px(S™1). The following
assertion holds:

S; Sn
Y Vi j@Yij) = ——Prn(&n), V& nest?,
]’=1 wn—l

where Py n is the Legendre polynomial defined by

n-1 [k/2] X (1 _ tZ)]'tk—Zj
-1y
) 2

S wilk- )G+ Y

Pin(t) = k!r(

Proof. Denote F(¢&, ) the left-hand term in the addition rule above, i.e.,

F&n) =) Yij®Yem), &nesStt. (3.10)
=1

We claim that F is invariant under the action of O(n). Indeed, let A € O(n) and Hyj €
Pr(R™) be such that
Hyjlsn1 = Yrj, Vj.

It is straightforward that the function x — Hjy j(Ax) is also a harmonic homogenous
polynomial on R" of degree k. Consequently, & — Y j(A¢),j=1,..., sﬁ is a spheri-
cal harmonic of degree k. Hence, it can be written as

Sk
YnjA9) = Y afYim(@) VEeS L.
m=1
Next, observing that A is orthogonal, we get

j Yiem(AD Y (ADdw(E) = j Yiem(©Yi (Ddw(E) = S -

Sn- 1 Sn- 1
Hence,

sy .
| Yen@adY@9do@ = Y P50

gn-1 i,m=1

Or equivalently,

s
Bt = j Vim(AD Y (Addw(@ = Y bIBY, wm,le(1,...,sl}.
Sgn-1 m=1
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This means that the matrix B = (b%))m,]-zly___,sz is orthogonal. Consequently, V¢,
’1 € Sn—l
Sk
F(A§, An) = ) Y j(ADYy j(An)
j=1
Sk
j:
S

= Yk,m({)Yk,m(rl)

m=1
=F(,n) .

Hence, F is invariant under the action of orthogonal transformations. It follows
(see [16, 54, 59, 143, 162]) that

F(& 1) = F(& OPyn(én) and F(&n) = Fop, MPia(én), V& ne S

Sk
b%)bﬁ” Yiem(8)Yi,1(n)
11

m

RSN

and that Py , is the Legendre polynomial of degree k defined precisely in Theorem 43.
This means in particular that F(¢, &) = F(, ) and thus constant on S"~1. Otherwise,
observing that

FE& =) 1Yi;dF,
j=1

we obtain by means of the integration on the whole sphere S"~! that

F(é‘s ‘f)wn—l = SZ . O

Remark 44. Let f: S™! — R. Then, it can be written as a linear combination of
spherical harmonics

n
[C

fa) =Y Y KmnYin),

k=0 m=1
where Ky, are called the spherical harmonic coefficients or spherical harmonic
transforms of f at the order (m, n), and are obtained from the inner products

(fx Yk,n)-

3.6 Fourier transform of spherical harmonics

Let P be a homogenous polynomial on R". Denote

LA(R™) = {f € L*(R"); 3fo: R, — R such that f(x) = fo(IxP(x)}
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and for A € R, we denote

F(RY) = {f: R, — R such that j fo0Rx dx < +oo
R,

It holds that for A = n+ 2k — 1, H(R") is the adherence of £ = (E™"; a > 0). We can
consider 2+ in H;(R") and prove that 2+ = {0}.

Definition 45. Let f: R" — R. The profile of f is defined by f : R, — R such that
) = f(x0).

Definition 46. Let f : R" — R. The radial transform of f is f : R" — R defined

by
1

Wn-1

Foo) = j fixlwydow) ,

Sn-1

where w,_; is the volume of the sphere S"~! and do is the Lebesgue measure on
sn-1,

Lemma 47. Let do be the Lebesgue measure on S™~1. We have
a(t) = 27lt|* 22y 2mltl) ,

where for A € R, ], is the Bessel function

T
Jax) = % j e iAt=xsind g¢
n

Proof. Recall that the Fourier transform of ¢ is defined by
o(t) = I e 2o (8) .
Sn—l
As the measure do is invariant under rotations, we can assume without loss of the

generality that t = (|¢[, 0, ..., 0). We obtain

o(t) = I e—2iﬂ|tlcosed0_(€) ,

Sn-1
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where 6 is the angle (t, e1), with e, = (1,0, ..., 0). In spherical coordinates, this
means that

n
(t) = Wns j e~20ltlc0s0 inn-2 g g
0
Denote next r = cos 8. We obtain
1
5(6) = Wys J e2imltlr ) _ 2yn=3)12 gy
i}

Observe next that

n

-3

m2
-1

ri'ss)

Wnp-2 =
and on the other hand,

|7t

1
=2in|t|r 2\A-1/2
——— | e 1- dr,
al2F(A +1/2) J’ (1-r) '

-1

Ja@2n|t]) =

so we obtain the desired result. O

Lemma 48. Letf: R" — R be a radial function with profile f Then,
_ +00 +00
f(r) = 2art~"2 J f(s)]%_l(ZTrrs)s"/zds = J f(s)a(rs)s" 'ds .
0 0

Indeed, for x = r§ € R", (£ € S*1), we have

foo = [ Age2mag
]Rn
j sn1f(s)e 2SN dsdo(n)

0
+00

j F(s)5(rs)s"\ds .

0

Hence, Lemma 48.

Theorem 49. Let f be a function of the form f(x) = e~™’P(x), where P € P(R").
Then,
fo =i¥x) .
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Proof. It suffices to show that f(x) = e*"x%, with |a| = k. For this choice, we have

f(X) _ I e—nlylzyae—Zinxydy
IRH
n ) .
— Am ,— mym
— 1_[ Je nymym e 2inxy,y d)’m
m=1 R
n 2
=[] e ™ (~ixm)™
m=1
— i—ke—nlxlzxa )
The following theorem is known as the Bochner—Hecke theorem. O

Theorem 50. Letn > 2, k > 0, P € Px(R™) and fo be measurable on [0, +co[ such
that

J fo(Pr+2k1dr < +00 .
0
Then,
F(x) = fo(Ix)P(x) € L*(R") and F(x) = go(Ix|)P(x)

where go is measurable on [0, +co[ such that IJOO lgo(N2r"*2k-1dr < +c0. More
precisely,

+00
) = j foOQrrtyid, with A= "r2k=2
ikrh 2
0
Proof. The first part is trivial as we have
+00

[ 1Forax = [ fomrrtar [ paprdoo.

Rn? 0 Snfl
The second part follows from Lemma 48 and Theorem 49. |

3.7 Zonal functions

In this section, we review the basic concepts of zonal functions. We revisit their Fourier
transforms and reproduce the proof of the well-known Bochner-Hecke theorem. We
first recall a result on the existence of zonal function sites (see [48, 65, 162]).
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Theorem 51. For all u € 8" 1, there exists ZX € HSy(S™1) such that

Y(u) = J Y)ZKwv)do(v) .
57171

Furthermore, ZX satisfies the following assertions:

(1) Zkw) = ¥, Y1(u)Yy(v); for all orthonormal basis (Y;); of HSy and Vu, v € $"1.
Q) Zk,(pv) = Zk(v), Vp € SO(n) and Yu, v € 8",

B) Zkw) = 2, vu e ™1,

Proof. LetY € HS8,(S™ 1) and V(Y;); be an orthonormal basis of HSy. Then, Y is of the
form

Y=ZamYm, where a,, = j YWY (v)do(v) .
m Snfl

Consequently, for u € S""1, we obtain
Yw =Y | Y Ta®ldow)Ynw

m Sgn-1

- J YW) Y Yu(V) Yo (w) dO(v)

Sn-1

Zv)
= J Y ZK(v)do(v).
Snfl
Hence, Y(u) and (1) hold.
(2) Forp € SO(n) and u, v € 81, we have
Zy,(pv) = ; Ym(pw) Y (pv).

Recall that the right-hand side part is invariant under the action of O(n). Thus,

Zh(pv) = Y YWY (v) = ZK(v).

(3) For u € S™1, we have

n

25 = Y Vu @Y = ¥ [Vm()P? = —E. o

m m (Un—l

Definition 52. ZX defined in Theorem 51 is called the zonal function of degree k and
the pole u.
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Proposition 53. Let v € S""1. Then there exists X such that

okuv) = Zk(v) vu e 8™

Indeed, it follows from Theorem 51 that Z: ’Lj is invariant under orthogonal transforma-
tions. Thus, it depends only on the angle (u, v). Consequently, there exists (p{j defined
on [-1, 1] such that

ZKw) = oX(uv) vu e 8"

This result allows us to link with the definition of the zonal function based on
L2[-1,1].

Definition 54. Let& € S"!and G : [-1, 1] — R be a function. The function
Ge: Q0 — R
n+— Ge(n) = G(&.n)

is called the é-zonal function on Q.

These definitions confirm that it suffices to define zonal functions relative to one of
the vectors in a coordinate system to cover the entire sphere.

Proposition 55. Let e, = (0, ..., 0, 1) be one pole of the sphere S™1. The following
assertions hold.

(1) Forall u € S™1, there exists p € SO(n) such that pe, = u.

@ zZkw)=Zzk "'v); vu,vesti

B) @kuv) =@k (uv); vu,vesnl.

Proof. If u = ey, it suffices to take p — Id. If not, we consider the rotation p centered
at O and transforming e, to u. Hence, (1).
(2) We have

Zhv) = Zk, (pp™v) = ZE (p7'v).

(3) We have

Piuv) = ZEv) = Z (07'v) = 9 (enp™'v) = @k (penpp™v) = 9k wv). O
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This means that to compute the zonal function Z¥, it suffices to evaluate ¥ (¢) for
te[-1,1].So,letv e R",v=rnpwithr >0andn ¢ S"-1 Let rcos @ = e,v. Hence,
@& (env) = r*Pi(cos 0)
where Py is a polynomial of degree k. Since ZX is harmonic, it holds that
(1 - 2)PY(t) - (n = DEP(b) + k(n + k - 2)Pi(t) = 0.

This leads to the following characterization of zonal functions.

Theorem 56. Letn > 3,k > 0, and u € S* 1. Then,

k

n=2
Zkw) = WS" P (),
n_

where Pi is the unique polynomial of degree k associated with A, i.e., a polynomial
solution of
(1-t3)P" — 22+ 1tP' + k(2A + k)P = 0,
P(1) =1.

3.8 Conclusion

In this chapter, the basic concepts and properties of the spherical Laplace operator
and homogenous harmonic polynomials were reviewed. In addition, spherical har-
monics as well as their Fourier transforms were studied. Finally, zonal functions as
special cases of spherical harmonics have been revisited. Basic theorems, such as the
addition theorem, Hecke theorem, and Bochner—Hecke theorem have been presented
with more detail. As we have seen in this chapter, spherical harmonics are strongly re-
lated to orthogonal polynomials, such as Gegenbauer polynomials, which are linked
to the well-known Bessel function, which is a particular case of a wider class of func-
tion known as special functions. These will be the subject of a forthcoming work.



4 Review of special functions

4.1 Introduction

The main motivation behind this chapter about special functions is that these func-
tions are applied in the quasi-field of mathematical physics and that there is no liter-
ature dedicated on them and their basic properties with efficient proofs and original
references.

Special functions are, as their name indicates, special in their definitions, appli-
cations, proofs as well as their interactions with other fields. It is thus important to
understand their basic properties.

They appear in the treatment of differential equations, such as heat and Schro-
dinger equations, quantum mechanics, approximation theory, communication sys-
tems, wave propagation, probability theory, and number theory.

Special functions are also related to orthogonal polynomials, as both of them are
generated by second-order ordinary differential equations. We cite mainly Legendre,
Gegenbauer, and Jacobi polynomials. They are also associated with infinite series, im-
proper integrals, and Fourier transforms, yielding special transforms, such as Bessel,
Jakobi, Hankel, and Dunkl transforms of functions.

Historically, special functions differ from elementary ones, such as powers, roots,
trigonometric, and their inverses, mainly with the limitations that these latter classes
have known. Many fundamental problems such as orbital motion, simultaneous os-
cillatory chains, and spherical body gravitational potential were not best described
using elementary functions. This makes it necessary to extend elementary function
classes to more general ones that may describe unresolved problems.

In the present chapter, we aim to recall special functions most frequently applied
in scientific fields, such as Bessel functions, Mathieu functions, the Gamma function,
the Beta function, and Jacobi functions.

4.2 Classical special functions
4.2.1 Euler’s I function

Euler’s Gamma function was introduced by Bernoulli and Christian Goldbach in the
17th century by extending the factorial to nonintegers. But the problem remained un-
solved until the work of Leonhard Euler, who was the first to point out a rigorous for-
mulation based on infinite products. Next, Euler’s Gamma function has been applied
in numerous contexts in both mathematics and physics, such as integration theory,
number theory, probability, group theory, and partial differential equations (PDEs),
and has also been extended to the meromorphic function on the whole complex plane.

DOI110.1515/9783110481884-004
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Definition 57. Euler’s I" function is defined by the following integral expression
known sometimes as the second-kind Euler integral, defined for x € R} by

I'(x) = jt""le‘tdt.
0

Proposition 58.
(1) Euler’s I integral converges for all x > 0.
(2) The function I is C* on ]0, +oco[ and we have

+00

') = J e t(nke-1dt, Vx>0,VkeN.
0

(3) Euler’s I function can be extended on the half-plane Re(z) > 0.

Proof. (1) For x > 0, denote f(t,x) = t*Le~!. First note that f(t,x) > Oforall t €
(0, +0c0). When t — 0, f(t, x) ~ t*"! and

‘ 1
th‘ldt ==

X
0

is convergent. So

1
j ft, x)dt
0

is also convergent. Now, note that there exist A, M > 0 constants such that t2f(t, x) <
M whenever t > A and thus

+00 +00

Jf(t,x)dts j tizdt.

A A
The last integral is convergent. So

+00

j fit, x)dt

A

is also convergent. Finally, the integral I'(x) is convergent for all x > 0.
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(2) Leta,b € Rwith 0 < a < b and ¢: [a, b]x]0, +co[— R such that ¢(x, t) =
t*~1e~t It consists of a C* function that satisfies
0 g
oxk
which is also continuous on [a, b]x]0, +oo[. In addition, for k € IN*, we have
— Vx € [a, b], the function t — ‘?:Tgf(x, t) is continuous on ]0, +oo].

(x, t) = In )kt Let,

— VYVt €]0, +oo[, the function x — ‘?:Tgf(x, t) is continuous on [a, b].
- V(x,t) € [a, b]x]0, +oo[, we have
akd)

60| < (In )% max(t271, tP~1)e"

Hence, the function I' is €* on ]0, +co[ and Vk € IN*, Vx > 0,

+00
) (x) = j (In ketetdt |
0

Hence (3.3).
(3) We will prove by recurrence the proposal

P,,: T can be extended on -m + 1 > Re(z) > -m, Vm € N.

Indeed, Py holds because I' is analytic on {Re(z) > 0}. Therefore, it is analytic on
{1 > Re(z) > 0}. Next, for 0 > Re(z) > -1, we have 1 > Re(z + 1) > 0. Hence, I'(z + 1)
is analytic. In addition, I'(z) = @ Thus, I' is holomorphic on {0 > Re(z) > -1}
with 0 being a simple pole corresponding to the residues 1. So, I' can be extended to
a meromorphic function {Re(z) > —1} with a simple pole at 0. Hence, the property P;.
Next, applying the recurrence rule, we obtain

F(z):ﬂ. O

TTizo(

Properties 59. The following assertions are satisfied.
(1) I(x+1)=xI(x); Vx>0.

(2 I'n+1)=n!,VneN.

B I(3) = Vn.

(4) T(n+3) = QUINT v e N,

22npl

Proof. (1) An integration by parts gives
+00 +00
Ix+1)= J e tdt = x j e tdt = xI'(x) .
0 0
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(2) Putting x = n € IN* in assertion (1), we get
I'm+1)=nlI'(n) =n(n-1)I'(n-1)=n!I'(1) =n!.

Hence the appointment of generalized factorial function for I'.
(3) We have

171
F(z)_(!\/?e dt.

1 (o)
F(§> =2 J e dx.
0

A
() -]
00

Now, using the polar coordinates system, x = rcos 8 and y = rsin 0, with r € (0, co)
and 6 € (0, Z) we get

Putting x = Vt, we get

Hence,

(F(%))z = 4J% Te"zrdrdG =7.
00

Therefore, I'(3) = V7.
(4) By recurrence on n. For n = 0, we have I'(0 + %) = F(%) on the left and /7 on the
right. So, the assertion is true for n = 0. Assume next that it is true for n. We shall then

checkit forn + 1.
1 1 1
F(n+1+§>—<n+§)l"<n+§)

1\ @n)!va
(n " 5) 22np]
_ @n+2)Wm
T 221%2(n 4 1)!

_ @+ 1))V -
T 22 (g 1)

The next result shows some asymptotic behaviors of Euler’s I" function.

Theorem 60. Euler’s I function satisfies the so-called Stirling formula,

X
F(x+1)~\/2ﬂx(§) as X — +00.
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Proof. Recall that

+00
Ix+1)= j e ldt.
0

By setting t = x + v/xu, we obtain

+00
Tx+1)= J e X~ VxugxInGeixu) /gy
B
+00
_ (g)x Np j —vxu+x1n( 1+—)du
R

Now, it suffices to prove that the last integral tends to v2 as x — +oo. Denote I'1 (x)
as this integral and let

e—ﬁu+xln(1+%) ifus—vx
fx,u) = o

ifnot .
We get
+00
Iy (x) = j foe, udu .

For fixed u € R, we have

, u
Xlriloof(x,u) hm exp( \/_u+xln<1+ﬁ>>

= hm exp < \/_u+x(%—%i—2+9(i>>>

On the other hand, if u €] — v/x, 0], as LIPS 1, we obtain

VX

2
flx,u) < exp <_u?) .

Finally, for u €]0, +oo[, f(x, u) is a decreasing function of x on ]0, +oo[. We deduce for
u>0andx € [1, +oo] that

fx,u) <f(,u) =1 +ue™.

So, forallu € R and all x € [1, +oo[, we have 0 < f(x,u) < g(u), where g is the
integrable function defined by

u2

e 7, ifu<o
g(u)=<l

(1+u)e™™, ifnotu=0.
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By the dominated convergence theorem, we obtain

+00
_2
Ii(x) - J e2du=vV2m, asx— +00.
—00

RV

X we get f(x, u) = eh&¥), where

h(t, u) = u*t? (—% +1n(1 + %)) ,

which is decreasing in ¢. O

Now, by setting t =

Proposition 61. Euler’s I function satisfies the so-called Gauss formula for all x > 0,

1 x(x+1)---(x +n)
m_n—»wo nlnx :

Proof. Applying the recurrence relation n times, we obtain
I'Xx(x+1)---(x+n)=I'lx+n+1).

Therefore,
x(x+1)---(x+n) Tx+n+1)
ninx ~ TI'(x)n!nx
\/E(X N+ 1)x+n+%e—(x+n+1)
T()V27r(n + 1) 2 e-n-1nx
1 /x+n+1\"/x+n+1\"1 xX\"
o (Ta) ) e (1+3)
3 1
=T -

Proposition 62.

(1) The infinite product [T, (1 + %)e__kz is normally convergent on every compact of
C and therefore defines an analytic function of z.

(2) Euler’s T function satisfies the so-called Gauss—Weierstrass formula for z ¢ —IN,

1 . zz+1)(z+2)---(z+n)
%_nl—{rpoo n'n#

n

. z -z
=ze'? lim H<1+—)ek,
n—>+ook:1 k
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where y is the Euler—Mascheroni constant given by

Proof. (1) Put ux(z) = (1 + %)e% — 1. A simple Taylor development gives

2

z
(@)l < 2
n

1zl

whenever = is bounded independent of n and z. Hence, the infinite product converges

uniformly on every compact set in C to an analytic function.
(2) Observe that

+00 n
n
I(z) = j e tdt = lim jtz-l(1-f) dt.
n—-+oo n
0 0

This is a consequence of the application of the dominated convergence theorem. So,
next, integrating by parts, we obtain

. nln?
Iz = ,,HIPOO zZ(z+1)(z+2)---(z+n)

whenever z ¢ —IN. So the first part is proved. Next, observe that

1 2 R n k z
z(z + )(z+' Z) (z+n) :Z”_anz zzez(y"—logn)ne—;l_[<1+%>
nn k=1 k=1 k=l

where y, = Y} 1. Next, we obtain

22+D)@E+2) 410 gy, togm) [[e# (1 + E) )
n!n? K1 k

which implies by the limit on n that

n

1 HEDEDE ) ey (1 E)eF .

I'(z) n—+oo n'n? n—+oo

Proposition 63. Forz € C\ Z,

I'z)I(1-z2) =

sin(niz)
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The proof is based on the following lemma, which canbe obtained by simple appli-
cation of Fourier series theory on the function f(t) = cos(st), where s € C. The re-
sult may also be established by direct methods based on the simple relation e =
limy_100(1 + %)" . Thus, the proof of this lemma is left to the reader.

Lemma 64. Vz € C, we have

sin(niz) = nz 1_[ (1 = i) . (4.1)

nx>1

Proof of Proposition 63. Let

z(z+1)(z+2)---(z+n)
n!n? )

Proceeding as in the proof of Proposition 62, we obtain

- n 2
an(2)an(1 - 2) =z(1+ %)H(l- i_z) .

k=1

an(z) =

The limit on n gives

1 B B _ sin(nz)
m Em an(2)an(1 - 2) E(l )- "
Consequently,
I'z)I[(1 -2) = prmp— O

Remark 65. The meromorphic function I" has no roots on C.

Proposition 66.

—  Convexity of I': T is strictly convex on 0, +ool.

—  Asymptotic behavior of I at co: limy_, o, I'(X) = +0o0.
—  Asymptotic behavior of I' at co: limy_, , oo ﬁ = +00.

— Asymptotic behavior of I' at 0% : limy__,o+ F(x) = +00.

Proof. (1) Recall that the function I' is twice differentiable on ]0, +oco[ and ¥x > 0, so

we have
+00

I'"x) = J (nt)’t*tetdt>o0.
0
Hence, it is convex.
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(2) Since the function I' is increasing on )0, +oo[, for x big enough, we have
Ix)=(x-DI'x-1)>x-1DI'AQ)=x-

We deduce that limy__, o, I'(x) = +00.
(3) For x > 1, we have
0 _ -1
=

I'lx-1) — +00 asx — +00.

We deduce that the graph of the function I'" has at +co a vertical asymptotic direction.
(4) Forx > 0, I'(x) = @ - % = +0o when x — 0™,
So limy_,o+ I'(x) = +00. In addition, we have precisely, I'(x) ~ % asx — 0%, O

4.2.2 Euler’s beta function

The origin of Euler’s beta function goes back to differential calculus and integrals. It
was introduced in the Arithmetica Infinitorum published by Wallis. Newton next dis-
covered the binomial formula and introduced Euler’s beta function, which was then
developed for other versions, such as the incomplete and the corrected versions. The
beta function is given by Euler in the following form:

1
B, q) = jtp(l ~9dt
0

and is known as the first-kind Euler integral. But since Legendre’s work, it appears in
a slightly modified form

1
B, q) = pr_l(l -x)%tdx, p>0,g>0.
0

It is apparent that such a function is symmetrical in (p, q), i.e.,

B(p’ q) = :B(q9 P) .

The beta function also has another integral representation. Indeed, by setting t =
a > 0, it becomes

Q<

B

a

1 _ _

B @) = Jy” Ya-ytdy.
0

Again, setting t = sin® 6, we get a trigonometric form

B, q) Zj(sme )P 1(cos 6)%971d80 .
0
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Finally, with the variable change t = (li/-y)’ we get
+00 yp—l d
B, q) = J’ Axypa y.
0

In the following, we will apply one of these representations without mentioning it each
time. The form applied will be understood from the development.

Proposition 67.

(1) The beta integral converges whenever x, y > O.

(2) The beta integral is continuous on 10, +co[x]0, +ool.

(3) The beta integral remains valid on the quarter complex plane Re(x), Re(y) > 0.

Proof. (1) Whenever p, g > 0 we have
PA-1~tP, t—>0" and PA-0DI~1-0)9, t—>1".

Hence, the integral is convergent.

(2) On ]0, +00[x]0, +0oo], the function (p, q) — fi(p, q) = tP(1-1t)? is continuous for all
t € (0, 1). Furthermore, (1 - )7 < 1, Vt, p, q. Thus, the integral is uniformly conver-
gent to a continuous function on ]0, +0o[x]0, +0co[. Next, by recurrence on k € IN, we
can prove that beta is k-times differentiable according to p and g. We can also prove
that

1
k
%(p, q) = J(log HkeP(1 - t)4dt,
0

okB

1
5t = j(log(l —O)ke(1 - tydt
0

andforn+m=k,

okp _ [ n mp q
Sy @0 —J(logt) (log(1 - )™ tP(1 - )%dt .

(3) For p, g € C, we have

[P(1 =) = Re@ (1 - pRe@ vyt e (0,1). O
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Properties 68.

(1) pBp,g+1)=gB(p+1,9),Yp,q=>0.

@ B, 1)=

B BG5.D)

(4) Yne ]Nande >0, B(p,n) = %ﬁ(p+ 1,n-1).
(5) vn e NandVp > 0, B(p, n) = %

(6) Vm,n € N, B(m, n) = w.

m+n 1)1
= q-
@) Vp.q>0,(.q) = |, y1+y+¥+q dy.
i
(8) Yp,0<p<1,B(p,1-p)= Io yp(1+yyd
(9) Vp,0<p<1,pp, 1 p):
)
(10)Vp,q >0, B(p, q) = F(M

sm p°

Proof. (1) Integrating by parts, we get

1

q -1 q
s D=| XA -x)T'dx=2 1, .
B g +1) JPX( 0 ldx=1pp+1,9)

(2) We have
1

B, q) = pr‘l(l -x)%tdx.
0

So,
1

1
, D)= | P ldx ==
Bp, 1) jx x=o

0

(3) Taking g + 1 = n € N, we get
B(p,n) = —,B(p+1 n-1).

(4) Observing that B(p, 1) = -, we get by iteration

2---(n-1)
pp+1)---(p+n-1)"

(5) If we take p = m € N in the previous equation, we obtain

B(ps n) =

(m-1Dl(n-1)!
(m+n-1)!

B(m, n) =
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(6)
11 ;
8(5.3)=[rta-ntax w=w
0
1
_ ZJ' du
1-u?
0
=7.
(7) We have
+00 yp_l
B, q) = J Ty
0
1 yp—l +00 yp_l 1
= J Wdy+ J Wdy (y with y 1nI>
1
I
1
B yp_l +yq_1
- | Tryypra ¥

0

(8) For0 < p < 1, we get

ﬁ(p’l_p) =

Il
Ot —— 1 O —— . O—3
S
kN
Q
<
+
—_—
3
AN
<

(9) Recall that 1—1y = Y% ,(=1)"y" whenever 0 < y < 1. Hence,

Similarly, we have

Therefore,
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(10) By setting t = y? in the I' integral, we obtain

+00
I(p)=2 j yPle dy.
0
Thus,
+00 +00
I'(p)I(q) = 4 J J X24-1y20-16=0C+y") gy

0 0
Next, applying polar coordinates x = r cos 6 and y = r sin 0, this yields that

+00

I(p)I(q) = 4 j
0

(rcos 0)29 1 (rsin 9)PLe " drdd

S Y

+00

%
=4 j r2p+a-e J (cos 0)291(sin 6)2P~1d0
0 0

1
= 4§T(p + Q)Eﬁ(p, q)
=I'lp+ B, q) - O

The following result relates the differentiability of beta to Euler’s I' function. The proof
is an immediate consequence of the last property above.

Proposition 69. The function beta is differentiable and we have

r'p) I'p+q)
) Tw+q)

%ﬂ(p, 9 = B, q)( ) - B, 9) (Y@ - Y@ + 0)) .

where ) is the so-called di-Gamma function defined by (p) = F (”

In the following, we introduce the complete and incomplete beta functions.
Definition 70. The complete Beta function is defined for a, b > 0 by
p
B(p;a, b) = j 1 - P ade. (4.2)
0

The incomplete (regularized) beta function is

B;a,b)

Ip(a, b) = B@b)

a,b>0. (4.3)
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Fig. 4.1: Representations of the beta function.

Figure 4.1illustrates the graph of the beta function.

4.2.3 Theta function

The theta function appears in many areas, such as manifolds, quadratic forms, soliton
theory, and quantum theory.

Definition 71. The function 6 is defined for (z, T) € €? such that Im(t) > 0, by

0(z,T) = Z eirmzrezinnz . (4.4)
nez

Proposition 72. We have

(1) V7 such that Im(t) > 0, (., T) is a holomorphic function on C.
2 6(z+1,71)=06(z, 1), VT such that Im(t) > 0.

(3) 0(z+1, 1) = e i 2iM2Q(z, 7).

N 3 2 3 . .
Proof. (1) For all 7, the function z — e Te2i™Z js holomorphic on C. Moreover, for
all compact K c C, we have
sup |einn2‘rezinnzl < e—rm2 Im(r)letRn
- b
zeK
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with R such that K ¢ D(0, R). Hence, the series ¥, e Im(D R i5 convergent, which
yields that ¥, e!™7 271z js holomorphic.
(2) Vz, T, we have

0(z+1,1) = z einnz‘rezinn(zﬂ)
nez
.y . .
— z elmn ‘reZlnn2(e21n)n
nez
.y .
— z elmn ‘reZlnnz
nez

=0(z,1).
(3) Vz, T, we have

.5 .
9(2 +T, T) — Z elmn Te217m(z+r)
nez
_ z einnzrezinnZ(eZin)n
nez

P .
z eln(n +2n)Te21nnz

nez
. 2 .
_ z em((n+1) 1)Te217mz
nez
s . 2 .
= e inT z em((n+1) )reZIrmz
nez
s i s
—e int z emn Te2m(n 1)z
nez
— e—m‘re—Zmze(Z, T) . n

Proposition 73.
(1) For all T such that Im(t) > 0, we have

(2) Fort > 0,let O(t) = 6(0, it). Then,

\/E@(t)=@(%) .

Proof. Denote for x € R, f(x) = e™7e2i™Z_From the well-known Poisson summation
formula, we obtain

0z, )= Y fim) =) f(n).

nez nez
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On the other hand, note that

—inz? at?
£ = Ga (x + %) e™™ witha = —2inr and Gg(f) = e~ .

Therefore,
—~ — z —inz?
Fw) =Ga .+ Z) @e™
T
_ ezinéwe—br:wz z_ﬂe—izzz
\ a
_ rimtwgnt | Lt
—-iT
_ plinfwp Azt |1
T
Hence,
- 1 —in? Pz —imn? 1 -in? z -1
Y fn)=q=eTr ) Xt = \/—e g 9(—,—) .
nez T nez T T T
Consequently,
i —inz? z —1
9(Z9T): —-e r 9(_9_> ]
T T T
or equivalently,
inz z -1
-0(z,T) =€~ 6(—,—) O
T T

4.2.4 Riemann zeta function

The Riemann zeta function is often known in number theory and in particular in the
study of the distribution of prime numbers.

Definition 74. The Riemann zeta function is defined for x > 1 by

+00

=Y = 46)
n=1

Remark 75. The definition may be extended to complex numbers x = a + ib with
a>1.
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Proposition 76. The { Riemann’s function satisfies the so-called Euler’s multiplica-
tion 1
=] ——, vx>1,
¢ [ 1-p™)

peP

where P is the set of prime numbers.

Proof. For x > 1, we have

((x):1+i+i+i+i+
2X 3X 4X SX

Thus,
LV IR SR R S TN
2T X g T oex T g T 0x
Or equivalently,
1 1 1 1 1
(1_?>((X)=1+3_X+§+§+§+
Multiplying again by 4, we get

1(1 1)((X)_1+1+1+1+1+
3x 2x T 3x T 9x ' 15X 21X Q27X

(- 2) (- Fo-e oo

Next, by following the same process we get for p € P,

(1-2) (1) - 21 2) - B - a1 T 2

n>p

Hence,

Next, note that the last summation goes to 0 as p — co. Therefore,
oo [Ja-pH=1.
pe?P
Hence,

1
= ap .

pe?P

Proposition 77.
(1) (is continuous, nonincreasing, and convex on 11, +ool.
(2) ¢ise>on]1, +oo[ and

0 k
(W) = (-1)* Z %; VkeNandx>1.

n=2
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Proof. (1) Let a > 1. For n € N*, the function x nl is continuous on [a, +oo[.
Moreover, Vx € [a, +oo[,

1 1
! = 7 < -

Thus, the series ) , ,,—la is normally convergent. Hence, the sum ({ is continuous on
[a, +oo[. This being true for all real a €]1, +oo[. Henceforth, { is continuous on
11, +oo[.

Next, the monotony of { follows from the fact that for all n € N, the functions
X - is nonincreasing on |1, +ool.

Finally, to prove the convexity of the function {, recall that for all n € IN, the func-
tions x — % is convex on |1, +oo[. So, { is convex on ]1, +oo[ as a sum of convex
functions |1, +ool.

(2) Leta > 1. Forall n € N, the function f,: x — -, is @ on [a, +oo[ and for x > a

nX ’
and k > 1, we have
(In n)k
< .
na

(In n)k

fa 0] = ‘(—1%—

n4

Note that },, (lﬁf)k converges by the Bertrand rule of numerical series. So, we deduce

that for k > 1, the series ), f,(,k) is normally convergent on [a, +col. As a result, { is €
on [a, +oo[ for all k. Hence, it is €* on [a, +oo[ for all a > 1. So, itis C® on ]1, +oo[
and the derivatives are obtained as stated above. O

Proposition 78. The { function satisfies
= limy— 00 §(x) = 1.
- limx_>1+ ((X) = +00.

Proof. (1) Note first that the series Y1 n% converges. Henceforth, the series {(x) is
uniformly convergent on the interval [2, +oo[. Furthermore,

lim — =
x—+o00 nX

1 1, forn=1,
0, forn>1.

So, by applying the limit on {(x) at infinity we get

Xlriloo((x)=1+20=l.

n>=2

(2) holds from the fact that ¢ is nonincreasing on ]1, +co[ and that Y ., % =+o00. O
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Proposition 79. The { function can be extended on the band Q = {z € C; Re(s) > 1}
in a holomorphic function. With higher derivative {©, k € N is given by

+00 k 1.k
((k)(z) — Z M . (4.7)

z
n=1 1

Proof. (1) The function f,,(z) = n—lz, n > 1 is holomorphic, and the series Y, f, is uni-
formly convergent on all sets of the form Q, = {z € C; Re(z) > a} for all a > 1. So the
sum { is holomorphic on Re(z) > 1.

(2) For k € N, we have f (k) (2) = (_1);# On any set Qg, the series ), f,(,k) is uniformly
convergent. Hence, { is C¥ and its derivative of order k is given by (4.7). O

Proposition 80. The function { has a meromorphic extension on C, with a single pole
in 1 which is simple.

To prove this result, we need to recall that the well-known Bernoulli numbers, de-
noted by B,,, form a sequence of rational numbers. These numbers were first studied
by Jacques Bernoulli in the context of computing summations of the form Sy (n) =
ZZ;}) k™ for different integer values m. It holds that these quantities are polynomials
of the variable n with degree m + 1. Hence, we can write them in the form

Sm(n) = —— Z ck  Bgn™ik, (4.8)

The numbers By are called the Bernoulli numbers. These numbers may also be defined
by means of a generator function as

Z Bk— . (4.9)

Generally, these numbers may be extended to polynomials. The well-known Bernoulli
polynomials are obtained from the following relation:

zeX? > Bir(x) i
e =kZO X (4.10)

It yields a sequence of polynomials of degree k in x. For more details, refer to [67].
These are applied in numerous fields. We recall here one application that will be used
later. It consists of the well-known Euler—-Maclaurin summation rule for functions.
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Proposition 81. Let f be G2 function on [p, ql, p, q € Z and k € N. It holds that

—p+1 j=1

q
Jf(x)dx + Rp ’r
p
k .
where R}, . is the rest

q
1
RS0 =~ jf“k (0Bak(x - [x])dx

where B,y(.) is the Bernoulli polynomial of degree 2k.

Proof ofProposition 80. By applying Euler—Maclaurin summation to the function
f) =7 +x)z on the interval [0, n], we get

1+(1+n)*?

_ Z £ = jf(x)dx + Z o (P - D) 4 By

Letting n tend to +co, we will have

+00
1 ) by Bop(t)

— 1+ 8)7%dt- @ J o/

2+J(+) Zzllf © (2)'f ot
where

. —2(~z=1)-+(~z-k+1) (-1 W2z 1) (z+k-1)
000 T N
So for Re(z) > 1,
b2
@=5+77 Z(zl e 2=
meromorphlc holomorphic function
with
+00
z--(z+2p-1)
() = - J’ WBZp(t)dt.
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Now, the function z %sz(t) is holomorphic and we have for all § > 0 and

allz;Re(z) >1-2p+ 4,

z--(z+2p-1) |boplz---(z+2p-1)
————————By,(t)| <
(1 + t)7+2p Zp( ) 1+ t)1+6
So, I, is holomorphic on Re(z) > 1 - 2p. O

Proposition 82. The function { can be expressed in the integral form as follows.

((Z)=Lj1

Chw=t 1 TO =1
@

1-u = % mdt, Re(Z) >1,
0 0

where T is the Euler function.

Proof. We have

CICED) 2. > foe (B
nz nz 0

By setting u = nt, we obtain

+00 1 +00

J e (£>Z_ du _ J’ e gt
n n

0 0

Hence, using the monotone convergence theorem, we obtain

+00 +00

(@I =) j e M lde = j el :

+00
-t de = J
_e_
nzl 5 0 0

Proposition 83. The function ( satisfies the following quasi-induction rule:

¢ = 271 sin (%)m “x0){(1-x); V¥xeC\0,1}.

Proof. Let € be such that O < € < mand n € IN. Consider the path C} represented in
Figure 4.2 and the function
(_Z)s—l

fs(2) = ez _1
with s being fixed. So, applying the residue theorem and letting R — +00, € — 0, and
next n — +oo, we get

2in(2m)* 11 - 5)2 sin (%) = I'(s){(s)2isin(s7) .
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Next, using Proposition 63, we get

Qmsta - s)231n( ) ((s)l_(1 5

Or equivalently
Us) = 257 1sm( )((1-5 r1-s). 0

T 2inm

—+2imn

—+ inm

—+ =2im

-R Fig. 4.2: The path C7.

Finally, Figure 4.3 graphically illustrates the { function.

4.2.5 Hypergeometric function

The origin of hypergeometric functions goes back to the early 19th century, when
Gauss studied the second-order ordinary differential equation

x(1-x)y" +[c-(a+b+1)x]y' —aby =0 (4.11)

with some constants a, b, and c in R. Next, by developing a solution of (4.11) on a
series of form ) , a,x*, we obtain for ¢, a — b, and ¢ — a — b not integers, a general
solution given by

y=F(a,b,c,x)+Bx*“Fla-c+1,b-c+1,2-¢,x) (4.12)

where F is the series

I'(c) ZF(a+n)F(b+n)x“

Fa, b, ¢,) = 5orm Tc+n)  nl

>
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-10 -5 5 10

_1_

-2 -

Fig. 4.3: General shape of the zeta function for (—10) to +10.

which is often denoted by , F1 (a, b, c, x), converges uniformly inside the unit disk and
is known as the hypergeometric function.

When a, b, and c are integers, the hypergeometric function can be reduced to a
transcendental function such as

2F1(1,1;2;%) = —x ' In(1 - x) .

Theorem 84. F is differentiable with respect to x and

oF

—(a,b,c,x):QF(a+1,b+1,c+1,x).
0x c

Proof. Write
F(a9 by Cy X) = z an(a, by C)Xn ’
n=0

where
_ I(c) Ila+n)I(b+n)

"T I(a)I(b) [(c+n)I(n+1) "
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Inside its convergence domain, we have

oF &
P Z(n + Dt x™ .
X n=0

Observe next that

a(@+1)---(a+n)bb+1)---(b +n)
(n+ Dapsa(a, b, c) = nlc(c+1)---(c+n)

= %an(a+1,b+1,c+1).
Hence,
OF ab & ab
—=—) ap(a+1,b+1,c+1)x"= —F(a+1,b+1,c+1,%).
ox ¢ & c
Theorem 85. For O < Reb < Rec, Rea < Rec — Re b, and |x| < 1, it holds that

I'(b)I'(c - b)

1
. _ b-1¢1 _ pCc-b-17q _ -a
T F(a, b; c; x) = E!t 1-1 (1-tx)"“dt.

Proof. Let, for |x| < 1,
1
I= J th 11 - b1 - )%t .
0

It is straightforward that I is a convergent integral. Next, we have

v QEa(-a-1)--(-a-n+1) "
1-tx) 4= n;) — (-tx)
_ i": (a)(a +1) n' (a+n- D(tx)”

: 1

I'a+n) , ,
T@Mn+1)

n
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Hence,
_ \ F(a+n) b+n-1 c-b-1
I= Z < [(a@)['(n + 1) Jt (1-1) dt
S I(a+n) F(b+n)F(c—b)
F(a)F(n+1) I'(c +n)
Z
_ I(c-b)I'(b) & Z I'(b+n)I(c-b) o
- I'(a) ~ I'(c + n)[(n + 1)I'(b)
_I'(c-b)I'(b) .
= —T@ F(a, b; c; x) . O
Theorem 86.
F(a,b,c,1) = I'(c)I'(c-—a-Db)

I'(c-a)(c-b) "

Proof. Taking x = 1 in the integral expression of the hypergeometric function in The-
orem 85, one obtains

1
F(a,b;c;1) = j th=1(1 - e b-1ge =
0

I'(b)I'(c-b)
I'(c)

I'(b)I[(c-a-b)
I'(c-a)

Therefore,
I'(c)I'(c-a-Db)

F(a,b,c,1) = Tc-a)(c-b)"

Proposition 87. We have

(1) F(n) 1) 1)X) = (1 _X)_n'

2) xF(1,1,2,x) =-log(1 - x).

() limgeoo F(1, 5,1, %) = e*.

(4) limg_o xF(a, B, 3, %) = sinx.
(5) limp_m xF(a, B, 3, %) = COS X.
(6) XF(Z, 1,3,x%) = arcsinx.

@ xF(z, , 2,—x2) = arccos X.

Proof. (1) Denote y(x) = (1 — x)™". It is straightforward that y is a solution of (4.11) for
a=n,and b = c = 1, and with y(0) = 1. So, (4.12) says that

y(x)=F(n,1,1,x) + Bx* 'Fn-1+1,1-1+1,2-1,x) = CF(n, 1, 1, x)
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with B and thus C being constants. Observing next that F(n, 1,1,0) = 1,wegetC =1
or equivalently B = 0.

(2) Again the function y(x) = -x~1log(1 - x) is a solution of (4.11) fora = b = 1, and
¢ = 2. Hence, it is of the form

y(x) = F(1,1, 2,x) + Bx'"2F(0, 0,0, x) ,

or equivalently,
—log(1 - x) = xF(1,1, 2, x) + Be*,

which by setting x = 0 gives B = 0.
(3) Recall firstly that

{) rl) J{ra+nrB+n) x"

F 1, ,1, = ’
( g B) TWIP & T(1+n)  pnl

which means that
v (B +n)xt

X
F (1, 1, _) _ .
BL5)= 2 B
So, let K € N be fixed such that 2|x| < K and denote

_I(B+n)x"

un(f) = BT(B) nl .

It is straightforward that for § > K, we have
I'(K + n) |x|"
[un(B) < v = lun(K)| = T
Next, observe that
: Vsl [x]
nglzloo Vn - f <1.

Hence, the D’Alembert rule affirms that the series F(1, 8, 1, %) converges uniformly in
B in the interval [K, +oo[. Observing now that

lim un(B) =1,
B—+00

we get
X D xn
lim F<1, ,1,_>= Lo X
—+00 B B an 1
(4) Recall that
3 —x? I3) & I(a+n)I(p+n) (-1)"x"
Fla.p. 2, 2= i .
2" 4ap I(aIrp) = I +n) 4ngnprn]
Denote

I'(a + n) x"

on(®) = 25T m



4.2 Classical special functions = 77

We get
(_ 1)nX2n

- @on(f)—2
ﬁz 4ap za"ag”ﬁr@ n) 4mn!

Using similar arguments as for (3) above and the properties of Euler’s I function, we

get
(=1)"x2n sinx
li F .
afoico <“ﬁ2 4aﬁ> Z(2n+1 X
(5) Follows by quite the same techniques as the previous assertion.
(6) Observe that

F(l 13 XZ)_ 1 EF(%M);{Z"
27272 ard)y s i+n o0t

Next, using the well-known relation I'(x + 1) = xI'(x), for x > 0, we obtain

11 S 2n)! i
(—,—,2,x2>= z (2n) Xz,,:arcsmx.
2°2°2 = 2n+1(2n + 1)(n!)2 X
(7) Follows by the same arguments as assertion (6). O

Definition 88. The hypergeometric function may be generalized for a =
(ai,...,ap)and b = (by,...,by), p,q € Nby

qu(al,...,ap;bl,...,bq,x):Zanx",
where (n+a)(n+a) - (n+ay) 1
B Ay (M+a))(n+ax)---(n+ap
= e & B & B s
or differently by

. _ (ay)n(ax)n - (ap)n X_n
qu(ala-.-,ap,bls-- bq, ) Z (bl)k(bz)n“.(bq)n n! s

where (a), is the increasing factorial or the Pochhammer symbol given by

_(a+n-1!' T(a+n) 5
(@)n = @D - @ =ala+1)a+2)---(a+n-1).

4.2.6 Legendre function

Legendre functions are fundamental solutions of the Laplace equation on the sphere.
There are two classes of solutions that are related to the parameters A and u, which will
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be explained later. In the following, we denote the first kind by P, and the second kind
by Qj. The associated Legendre functions corresponding to P, and Q; are denoted by
PK and Q, respectively. These are respective generalizations of Legendre polynomials
Pe(x) and associated Legendre polynomials P} (x), to noninteger values of £ and m.

Definition 89. The Legendre functions are solutions of the general Legendre equa-

tion
2

1-x2)y" —2xy’' + [AA +1) -
(1-x%y xy+[(+) T2

Js-o

where A and y are generally complex numbers called, respectively, the degree and
the order of the associated Legendre function.

The case of Legendre functions corresponding to 4 = 0 and A € IN reduces to orthogo-
nal Legendre polynomials.

Proposition 90.
(1) For pu = 0, the following integral form is a Legendre function:

1 I 2 -1)*

Fi(z) = — W s
C

for |z — 1| < 2 where C is a circle surrounding the points 1 and z and not —1.
(2) ForA e Cand |x| > 1, x € R, we get

n
1 A
Falx) = 5 J (x+ Vx2 - 1c059) do

1
1 S A dt
:;6"()(-'- X2—1(2t—1)) m.

Proof. (1) Applying the derivatives of F;, we get

(1-z%)F}(2) - 2zF)(2) + AA + 1)FA(2)

_/1+1J (> - 1!

2
i | oo At" =2A+ 1)zt + A + 2)dt

A+l d (-1t

= - t=
2mi Jdt 2A(t — 7)M+2
C
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So, F, satisfies the Legendre equation.
(2) Consider for the integral form the circle C centered at x with radius r = Vx2 - 1.
We first obtain

t2-1=Vx2-1e%2(x + Vx2 - 1cos®), 0 ¢ [-m, 7] .

Hence,
(2 - 1) VIZT e”wZA(x +Vx2 - 1cos 6)" " 0
22t — 21 dt = . oAt VX2~ 1edo .
2 «/ A+1)6
As a result,

n
A
Fa(x) = % j (x+ Vx2 - 1c036) deé.
-

Next, setting ¢ = 1+<56 we obtain
1] rdt
FA(x)z—j(x+ V12t -1)) e O
7t t(1-t)
0

Proposition 91. The following are Legendre functions:
—  The first-kind function Pﬁ defined for |1 — z| < 2 by

1 1+2z742 1-z

P = 2 (L2 p (e v 1)
A(Z) F(l—}l) 1-2z 201 + 2 2

where I is Euler’s Gamma function.
—  The second-kind function Qf{ (2) defined for |z| > 1 by

. (22 = 1)H2 A+p+1 A+p+2 31
QA (Z) C A+)'H'1 2F1 2 ) 2 A z _2 )
where C" %el’“, and ,F is the hypergeometric function.

Proof. It suffices to show that the functions

F(z) =

1 [1+z]"/2

1-z
F()l)l+11 ; ), 1-2z|<2
a-p 2Fy 5 11—z

and for |z| > 1,

Fiz) = e} &L

1)H/2 A+pu+1 A+p+2 3.1
ZA+p+l 241 2

, sA+
2 2 2 z2
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are solutions of the general Legendre Definition 89. We will develop the first part. The
second follows by similar techniques. So, for simplicity denote

1 1-z
H(z) = 1"(1——;1)21:1 <—A,A+1,1—H,T> ,

1+zH/?
1- 1- ]

and Z = % Standard calculus yields that

Az) = ;zz B(z) = [

(1-2>)H"(2) + 2(u)H' () + AA + 1)H(z) = 0, (4.13)

F'(z) = pA(2)B(2)H(z) + B(2)H'(2)
and
F"(z) = u(u + 22)A%(2)B(2)H(2) + 2uA(z)B(z)H' (2) + B(z)H" (z) . O
Now, recall the Legendre equation
2

U
)

(1—zz)y"—22y'+[/\(/\+1)—1 ]y:O.

Replacing y by F and taking into account equation (4.13), we show that F is a Legendre
function.

Proposition 92. The Legendre function F, satisfies the following three-level induc-
tion rule:
A+ 1)Fp1(2) = QA+ 1)zF)(2) + AFj_1(2) = 0.

Proof. Let C be the contour as above. We have

1 j (2 -1

Fi(z) = .
1(2) 2M+1 7 (t—Z)Ml

c
Classical arguments show that F, is holomorphic and

(A+1)J (t2 - 1) dt

Fi(z) = .
/1( ) 2A+1 i J (t — z)M2

On the other hand,
d@-D" 20+ DK - DY A+ (2 - D!

dt (t _ Z)A+1 (t _ Z)A+1 (t _ Z)A+2

~ 2[-([-2 _ 1)/\ (t2 _ 1)A+1
0_£< (t — 21 - (t — z)A+2 )dt

Hence,
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Consequently,

1 J’(tz—l)}l_ 1 J’t(tz—l)"

A ) (e - 2 - At ) (£ -2t

1 J z(t2 - 1)

T Mg ) (t — M1
=Fi1 -2zF(2) . (4.14)
Differentiating with respect to z, we obtain
Fi,,(2) - zF}(2) = A+ DF(2) .

Thus,
2 _
d [t(t 1) ] dt

d
[ 1)’l 2AE2(t2 - DM A - 1)"]
= - dt
(t- Z)’l (-2 (t - z)M1

(t-2)A (t -zt

l
l
_ J (2 = D+ 2202 - 1) + 1](¢2 - DM B Al(t - 2) + 2](£2 - 1)
C
K

_1\A 2 _ 1\A-1 2 1\
[(A 1 1) (t?-1) (t2-1) ] ]

s A T TR T

Finally using (4.14), we deduce that

= (A + D[Fr1(2) — 2zFp(2)] + 2AF)_1(2) — AzF)(2)
= A+ 1)Fp1(2) — QA + 1)zFp(2) + 2AF_1(2) . O

4.2.7 Bessel function

Bessel functions form an important class of special functions and are applied almost
everywhere in mathematical physics. They are also known as cylindrical functions, or
cylindrical harmonics, because they are part of the solutions of the Laplace equation
in cylindrical coordinates met in heat propagation along a cylinder. In pure mathe-
matics, Bessel functions can be introduced in three ways: as solutions of second-order
differential equations, through a recurrent procedure as solutions of a three-level re-
current functional equation, and via the Rodrigues derivation formula.
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Definition 93. The Bessel equation is a linear differential equation of second order
written in the form
n, 1, VZ
y o+ ;y +|1-—=]y=0,

where v is a positive constant.

Remark 94.

(1) Any solution of Bessel’s equation is called the Bessel function.

(2) Given two linearly independent solutions y; and y, of Bessel’s differential
equation, the general solution is expressed as a linear combination

y=Ciy1+Caya,

where C; and C, are two constants.

Theorem and Definition 95. Bessel’s differential equation has a solution of the form

(-1)k 2k
1w =(5) Zk|r(v+k+1)( ). (4.15)

The function J, is called the Bessel function of the first kind of the order v.

Proof of the Theorem. We will search a nontrivial solution of the form
y=xY aix'=Y ax'*?
i=0 i=0
where p is a real parameter. By replacing y and its derivatives in Definition 93, we get
Z ai(i +p)(i+p - 1)x"*P + z ai(i + p)x™*P + (x? =v?) z aix'*? =0.
i>0 i>0 i>0
Or equivalently,
z [(i +p)i+p-1)+(i+p)- vz] aix'*P + z aix*P2 =0,
i>0 i>0
which means that
Y [+p)? -v?]ax™? + ) aj X =0.
i=0 j=2
Therefore,
ao(p® -v?) = ai((p + 1)* -v*) = 0
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and
ai(i+v)? —=v¥) +a;_>=0, Vi=2.

Forp =v,wegeta; =0and

i(i +2v)a; = -aj—, Vix=2.

Thus, a
i-2 .
i=- , Vix2.

vy

Hence, the coefficients a,y,1, and
Ao
aze = (-1)k , Vk=0.
2= (=1) 22kl v+ k(v +k-1)---(v+ 1)
Taking ag = m, and observing that
I'v+k+1)=Ww+k(v+k-1)---(v+1)I(v+1),
we get
ax = (-1)k 1 , k=>0.

22kVEIT(v + k+ 1)
As a result, the solution of the equation will be

( ) Zk‘l"(v+k+1)(x)2k' -

Remark 96.
(1) For p = —v, the solution of Bessel’s equation in Definition 93 is called Bessel’s
function of the first kind with the order —v and is denoted by J_, (x) with

(DK 2%
)= (5)" D 1v+1)() :

(2) For v, noninteger J, and J_, are linearly independent and therefore the general
solution of the Bessel equation is of the form

y(x) = C1Jy(x¥) + C2J (%) .

(3) The same solution can be obtained by choosing p + 1 = v in the proof of Theo-
rem 95.

Proposition 97. Forv = n € N, we have

]n = (_1)n]—n .
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Proof. We have

2k-n
J-n0 = ) Fra—nsD k'T(k—n+ 1 (X)

k=0
( 1)m+n X \2m+n
= Y G miren s D (2)

B n (_1) X \2m+n
=0 Y e (2)

m>0

= (-1D)"a(x) . O

Example 4.1. Forv =0,
CDFxy2k g (CDF xy 2k
Jox) = Z k'F(k+1)( ) -kZO (kN2 (2) ’
which is an even function. Else, J(0) = 1. For v = 1, we obtain

(- 1) 2k+1 (- 1)k 2k+1
J100 = Zkur(k+z)( ) _zk'(k+1)'( )

which is an odd function and satisfies J; (0) =

Definition 98. The Bessel function of the second kind of the order a denoted usu-
ally by Y, and is given by

Ya(x) = sin(7a) ) fora ¢z
lim,_, 4 % o 512 7.

Proposition 99. Fora € Z, Y, is a solution of Bessel’s differential equation, singular
at 0 and satisfying precisely limy_,o Yo(x) =

Proof. Fora ¢ Z, Y, is alinear combination of J, and J_,. Hence it is a solution of the
Bessel’s differential equation. We now prove this for @ € Z. It holds for all v ¢ Z and
all x that

X2YV () + XY, (%) + (x* = v2) Y, (x) =
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Letting v — a € Z, we obtain
X2V (%) + xYh(X) + (X2 — a?) Ya(x) =

Next, we show that lim,__,q Y,(x) = +c0. Indeed, for a ¢ Z, Y, is alinear combination
of Jo and J_,. So it is a solution of Bessel’s differential equation. Next, substituting Y,
for v ¢ Z in the differential equation and letting v tend to a we get a solution Y, for
a € Z. Y, is singular at 0 because of the powers (5)* and (5)~%. We now prove the
remaining part. Recall that

cos(mv)]y(x) = J_v(x)
sin(rmtv)

Yq(x) = lim

We have for v = a, sin(rv) = 0, cos(nv) = (-1)%, (-1)*4(x) = J_a(x). By applying
L’Hopital’s rule, we obtain

2 [cos(mv)]y(x) = J—y(x)]

Y (x) = lim

v—a %sin(rrv)

2 x 1% Ia-k) /x\2k«

= e[y ec]-23 T (3)
()2"“ atk 4 koq

__Zk‘l"(a+k+1) ZE-FMZZIE ’

where C is Euler’s constant. For a = 0, we obtain

Yo(x) = %]O(X) [lnz + C] - Z (k‘)2 Z ( )( )Zk ' ’

Thus limy_,¢ Yo(x) = +0o0. O

Definition 100. The Bessel generating function of the first kind is given by

uGo )= Y Jalot".

Lemma 101. For all x € R and t € R*, we have

u(x, t) = ex(t-1) |
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Proof. We have

| |
k>0 k m=0 m:
mtk—m k+m
= (-1) (5)
1!
k>0 m>0 m!k!

Setting k = m + n, we get

Yl

x(r 1 m X \2m+n
et - 2 z 1) m'(n+m)'( )

5 e @

- Zoomz>0(_ )’"%t"

= _Z Jn(x)t"

a1, .

Theorem 102. The Bessel function ], satisfies

2
Jne1 (%) = 7”1n(x) ~Jna(X), VneN.

Proof. Differentiating the generating function u with respect to the variable ¢t we ob-

tain N
at ( Z Jn(0t ) Y ot = Z (n+ D (O™

n=-o0o
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On the other hand, we have

a a x(¢_1 X X

a_l; = E(ez(t z)) = %e t_ zx?ezz
_ ge%(r—%)(l_tiz)
Suco(1- 1)

X +00 n 1
-3 X It (1-5)
~ { +00 n_{ +00 o2
=3 n;m]n(x)l‘ > H:Zm]n(x)t

X +00 X +00
=5 2 a0t =2 Y Jan(ot".
n=-0o n=-0o
By identification, we obtain

nJp(x) = %]n—l(x) + glnﬂ(x), Yn=0.

Therefore on
Jne1(x) = 7]n(x) —Jn-1(x), Vn=z=0. (|

Theorem 103. The Bessel function ], is differentiable and its derivative satisfies

1400 = 3 Una(6) = Jasa 0] -

Proof. Differentiating the generating function u with respect to x, we obtain

g—z = %(l’— %)e%(t—%) = % [ Z ]n(X)tn+1 _ Z ]n(x)tn—l .

On the other hand,
— = J oot", vn>1.
ox ="

Consequently

1
Jn(0 = 5 Un-100 = Jnsa (0] 0

Remark 104. In the particular case n = 0, we obtain

Jo(x) = ~J1(x) .
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Theorem 105. The first-kind Bessel function can be expressed by the integral form

2n
Ja(x) = % j cos(xsin @ — np)de . (4.16)
0
In particular, for n = 0, we have
5 5
Jo(x) = p j cos(x sin @)de .
0

Proof. Recall that
+00
es(t-1) = Y Ttk .
k=—00

Setting t = el?, we get

+00
e™sin? = N (e, (4.17)
k=—00

which is the Fourier series of the 277-periodic function f(¢) = eixsin¢ Therefore,

2n 2n
_ i ixsing ,-ing _ i j : _
Jn(x) = 5 J e e "dep = 5 J cos (xsin@ —np)de .

In particular, for n = 0, we have

2 3
Jo(x) = L J cos (xsin @) do = 2 Jcos (xsingp)de . O
2n 4
0 0

Proposition 106. Let A and u be two different roots of the Bessel function J,(x). The
Bessel functions ], (x) satisfy the following orthogonality property:

1

IXIV(/\X)IV(MX)dx =0.
0

Proof. Denote
ya)=Jy(Ax)  and  yyu(x) = Jy(px) .
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Then, y,, and y,,, are solutions of the following Bessel-type differential equations:

2
(x)’,',,;l)'(x) + (/12)( - V;) yya(x) =0 (4.18)
2
Oy, () + (HZX - V;) Yru(x)=0. (4.19)

Multiplying the first one by y,,,, and the second by y, 1 and integrating on (0, 1), we
get

1
(0 =) [ X1, Guidx 0.
0

Therefore, since A + u, we get
1
jvamx)fv (u0dx =0. 0
0

Figures 4.4 and 4.5 illustrate the graphs of the first and second kind Bessel functions.

4.2.8 Hankel function

Hankel functions are applied as physical solutions for incoming or outgoing waves in
cylindrical geometry. These are linearly independent solutions of the complex-param-
eter Bessel equation
,d%y dy 22
XS x (¢ —a’)y =0, (4.20)

where a is an arbitrary complex number.

J 0 (x)

B - - -~

0.8

0.6

0.4+ /

Jp ()

Fig. 4.4: Graphs of the first three first-kind Bessel functions.
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0.25

0.00

-0.25

-0.50

Y,

-0.75

-1.00

-1.25

-1.50

0 5 10 15 20
X

Fig. 4.5: Graphs of the first three second-kind Bessel functions.

Definition 107. Hankel functions of the first and second kind are defined, respec-
tively, by
Hy(X) = Jo(X) +iY(0) and  Hg(x) = Ja(x) = iYa(x) ,

where J, and Y, are the Bessel functions of the first and second kind, respectively.

Proposition 108. The following assertions are true.
(1) Hix) = Joa(0)—e" o (x)

isin(am)

24y _ Jeal0—€ ()
(@ Hz(0) = =Z g

(3) Hl(x) = e™H}(x).
(4) H?,(x) = e H2(x).

Proof. (1) Recall that the second-kind Bessel function is

cos(mtv)], (x) = J_,(x)
sin(rmrv)

Ya(x) =



Therefore,

HY(x) = Ja(x) +1

(2) Similarly to (1), we have

H2(x) = Jo(x) — 1

(3) It follows from (1) that
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.cos(rtv)]y(x) = J_y(x)

sin(rmtv)

_ Ja()[sin(mv) + i cos(nv)] - iJ_y(x)
- sin(mrv)
_ Ja()lisin(mv) - cos(nv)] + ] (x)
B i sin(rv)
_Jv(X) = Ja(x)[cos(mv) — isin(mv)]
- isin(mv)
_J-al0) - e a(x)

isin(arm)

cos(rmv)]y (x) = ]y (x)

sin(rmv)
_ JaX)[sin(7tv) - icos(nv)] +iJ_y(x)
- sin(rtv)
_JaX)[=isin(nv) - cos(rv)] + ]y (x)
- isin(mv)
_Jv(x) = Ja(X)[cos(mtv) + isin(nv)]
- —isin(mv)
J_a(x) — €M7 4(x)

—isin(am)

H}a(X) _ Ja(X) _ .ezan]_a(x)

—isin(am)
i@ (%) = J_a(x)
=-e —

isin(arm)
e —a(X) — €79 (x)
=e !

isin(am)

= e *"HL(x).

(4) Similarly to (3), we have

Ja(X) — €797 _4(x)
isin(arm)
—ian €T a(X) = J_a(%)
isin(arm)
e —a(0) — €94 (%)
=e - . ./~
—isin(am)
= e 1TH2(x) , O

H?,(x) =

=e
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Proposition 109. The first-kind Hankel function H}, n € Z can be expressed in the
integral form as

1 e%(t_%)
0

Proof. It follows from Proposition 97 and Definition 93 that
HY2) = =40
n u_[ n M

On the other hand, from Theorem 105, equation (4.16), we have that

2

]{l(x) = —% J sin(x sin ¢ — ng) sin pdep .
0

Now, standard computations as in Theorem 105 yield that

tn+1

z(t_T
j & -1,
0

Hence,
1
e3(t=1)

1
1 —
Hn(Z)—EJ’tant. O

Theorem 110. Hankel functions Hi, are differentiable and we have

d . 1., . . .
SH@ =5 (Hp 1 () -Hpy @), i=1,2,

and 20
—H’(z) H _(2)+H, (2, i=1,2.

Proof. We have
1 1
Hiz) = —J\(t) = —[Lum——hmm
in 2

Hence,

L Hyr (@) - Hon2)]

d . 1
Em®=§[11U 544=2
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We now prove the next part. To do this, we recall the explicit form of Bessel function J,
from (4.15), which states that

(- 1)k 2k
],,(x):( ) Zk'l"(v+k+1)(x) )

Now, fori = 1, we get

U-as1 —J-a-1) + €7 zan(]a 1 +]tx+1)
—isinam

;—1(2) + H;+1(Z) =

Next, it suffices to evaluate the quantities in the numerator. We evaluate one quantity
and leave The others for readers. Using the above expression, we get

( 1)k 2k-1
]a—1+]a+1:( ) Zklr(a+k)( )

(-1)k 2k-1
( ) Zk'F(a+k+2)( )

a-1
={;(—-:1)1<5) —?]a(x)-

Using the same techniques and next substituting into the equality above, we get the
desired result. O

2.0

1.5 [{

Fig. 4.6: Hankel function.
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4.2.9 Mathieu function

Mathieu functions were originally introduced as solutions of the Mathieu differential

equation
2

Ccil_t;( +@(Ox=0; or W) = wg[1 - §ocos(t)] . 4.22)

It is a special case of the general Hill equation given by

Ly

Tz Wy =0,

where f is a periodic function.

The Mathieu differential equation has in fact many variants. One variant may be
obtained by a scaling modification by setting y(t) = x(2t), which therefore satisfies
the equation

d%y
¥ +[a-2qcos(2t)]y =0, (4.23)
where a and g are constant coefficients. By setting u = it in (4.23), we get the Mathieu

modified differential equation
4y
du?

By setting x = cos(t), we obtain a second Mathieu modified differential equation

—[a-2qcoshQQu)]y =0. (4.24)

2 4%

1-0 an

d
2 L@+291 -2y =0.
dt
As in the theory of the Schrédinger equation, we can guess stationary solutions of the
form
F(a, q, x) = e*P(a, q, x) , (4.25)

where u is a complex number called the Mathieu exponent and P is a periodic complex
valued function. The following graph is illustrated with a = 1, g = %, anduy =1+
0.0995i.

Definition 111. For fixed a, g we define
— The Mathieu cosine C(a, g, x) by

F(a, q, X) + F(a, q, _X)

C(a’ q, X) = 2F(a, q, O)

— The Mathieu sine S(a, g, x) by

F(a’ q, X) - F(a’ q, _X)
S(a, q, X) = 2F’(a,q, 0) .
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0.5+

F(a, q,x)
o
1

-0.5 1

-1.0

-1.5 1

Fig. 4.7: Mathieu function: Real part and imaginary part,a =y =1and g =0.2.

Properties 112. The following assertions hold:

(1) C(a,q,0) =1and S(a, g, 0) = 0.

@ C'(a,q,0)=0andS'(a, g,0) = 1.

(3) C(a, q,-x) = C(a, q, x): The Mathieu cosine is an even function.
(4) S(a, q,-x) =-S(a, q, x): The Mathieu sine is an odd function.
(5) C(a, 0, x) = cos(+/ax) and S(a, 0, x) = %\/;")

Proof. (1) We have
_ F(a, q,0) + F(a, g,0)
C(a,q,0) = 2F(a, 2,0)

_ 2F(a, q,0)

~ 2F(a, q,0)

=1.

Similarly, for the sine function, we have

F(a, q’ 0) - F(a’ q; 0)
2F'(a, q,0)

~ 0

~ 2F'(a, q, 0)

=0.

S(a’ q, O) =
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(2) We have

F,(a, CI’ 0) - F,(a, CI’ 0)
2F(a, g, 0)

_ 0

- 2F(a, q,0)

= 0’

C’(a’ q, O) =

and similarly,

F'(a,q,0) + F'(a, q,0
§'(a,4,0) = : gF’()a,q,(O) =
2F'(a, q,0)

" 2F'(a, 4,0)

1.

(3) We have

_ F(a9 q, _X) + F(a’ q, X)
Cla, g, -x) = 2F(a,4,0)

_ F(a9 q, X) +F(a7 q, _X)
- 2F(a, q,0)

= C(a’ q, X) .

Then, the Mathieu cosine is an even function.
(4) Similarly,

F(a, q,-x) - F(a, q, x)
2F'(a, q, 0)

_ F(a,q,x)-F(a, g, —x)

T 2F'(a, g, 0)

=-S(a,q,x).

S(a, q,—x) =

Then, the Mathieu sine is an odd function.
(5) Follows from the fact that S(a, 0, .) and C(a, 0, .) are solutions of the Mathieu equa-
tion 5

dvy

m +ay = 0

and the assertions (1) and (2). O
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Remark 113.

The

4.2.1

The general solution of the Mathieu equation (for fixed a and g) is a linear com-
bination of the Mathieu cosine and sine.

In general, the Mathieu cosine and sine are not periodic. However, for small
values of g we have

sin(~v/ax)

C(a, q,x) ~cos(+/ax) and S(a,q,x) ~ NG

Mathieu cosine is illustrated graphically in Figure 4.8.

0 Airy function

The Airy function was introduced by the astronomer George Biddell Airy in optical

calcu
the A

lations. These are solutions of the second-order differential equation known as

iry differential equation
"

y'—-xy=0. (4.26)

One idea to resolve such an equation is to use the well-known Fourier Transform,
which leads formally to a set of solutions called Airy functions based on the following

0.5 +

-0.5

Fig. 4.

8: Mathieu cosine: C(0.3;0.1;x) (Grey).
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integral representation:

+00 3
Ax) = % j cos<§x+ ?>d¢’,

0

which is in fact a divergent integral. In fact, the integral is a semi-convergent integral.
Indeed, for 0 < a < L < +00, an integration by parts yields that

L o3 L ) 3 £ sin(§x+ 53—3) t
Jros (o0 5 a5 =2 (50 5 s+ | = |

As the integral j;o sin(éx + i—s)ﬁdé’ is absolutely convergent, the desired result
follows.

Definition 114. For n > 0, we define the Airy function Ai by means of the following
integral:
1 ity 18
Ai(x) = — ixels g |
i(x) o J e'“*e'3d¢

R+in

Furthermore, applying classical techniques of parameter-depending integrals, we can
prove that

(1) Aiis continuous on R.

(2) limy_ .o Ai(x) = 0.

Indeed, note that Ai(x) may be written in the form
A = = J eix(Erin i €51
2
R

Next, as for n > 0, we get

. ,
Re(ix(§+in)+i(€+Tm)> = —xn-&n+ %

the last integral is then absolutely convergent. Furthermore, it is uniformly convergent
. . L (£+in)3

on any compact set in R. So, since the function x - eX(¢*inel 5% is continuous for

all n and ¢, the function Ai is then continuous on R. In fact, we may prove that Ai is

©* and that for all k € N,

@i’
d

AP (x) = % j(i({ + in))k e+l =5
R
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We prove further that Ai is independent of the parameter 7. Indeed,

dAi d 1 (£+"1) d (£+1r1)
- x(§+in) ol 25— ) _ j { X(E+in) pi } _
dn dn2n J’ ( d§ = dé e d¢=0,
R

as the function
é, — e f*’”l) 1(5*‘"1)

is in the Schwartz class.

Properties 115. The following properties of the Airy function Ai hold:

(1) The function Ai satisfies the Airy differential equation (4.26).

(2) Ai(j.) is a solution of the Airy differential equation (4.26), whenever j3 = 1.
(3) The function Ai is an entire function of x.

(4) Forallx e ]R Ai(x) € R.
(5) A;i(0) = Tr2 5 and A/ :(0) =

% (%)'

Proof. (1) As noted above, the Airy function Ai is twice differentiable and

. . 3
Ai"(x) = % j (i{)ze”“‘{el%d{

R+in
_ 4 ixsi( i£>
> J e az e's ) dé
R+in
_ 1 J .{e’xfe’Td{ xAi(x) .
21
R+in

(2) Let Ai(x) = Ai(jx). We have

A () = 2Ai" (jx) = j2(jxAi(x)) = P xAi(x) = xAi(x) .

. . . (&+in)3
(3) The function f; defined by f, (x, &) = e*¢*Mei“S™= is analytic as a function of x
for all . Furthermore, for all R > 0 and |x| < R, we have

fy(x, O < e Rne=Reens

The last function is integrable according to &. So, Ai is analytic.
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(4) For x € R we have

Ai(x)

Sl-

J’ omix(in) i 4 £
R

L[ ix(-gin i &
=— e Ve =5 d
od| ¢
R
_1 J'eix(min)ei% w.
2
R

Ai(x) .
(5) As Ai is independent of n > 0, and Ai(0) is real, we can write

. B i l-(:+3i)3
A1(O)—2ﬂRe<Je dé’) .

R

Denote I as the last integral and J = %I . Simple computations yield that

+00 .
I=2 j oS az,
0

which means that

Ai(0) = %Re( j e"@df) = %Re(l) .

0

Next, for R > 0 large enough consider the points O(zo = 0), A(z4 = R), B = (zg =
Rei%), C(z¢ =i+ 2zg),and D = (zp = i) and the contours yr composed of the juxtapo-
sition of the segment [0, A], the arc (AB) and the segment BO in the positive sense,

and 6 the parallelogram contour OBCDO countered also in the positive sense. So,
 (z+i)3

applying the residues theory on the function f(z) = ¢' 5 ~ and the contour yg, we get

7Ai(0) =Re< fim KR) ,

R—+00

where Ky is the integral given by

.3
Ky = J’ fz)dz = J e'sdz.
(B,0] (C,D]

.3
Now, applying again the residues theory with the function g(z) = e'5 on the parallel-
ogram contour OBCDO, we obtain

+00 +00

;I ;T ST 3
lim Kg = jg(te’E)elﬁdt=e13 j e 3dt.

R—+00
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Hence,
. V3T e NERE i -2/3 ,—x I(3)
ﬂAl(O):TJ’e3dt273 JX e dX=2.3—1/6,

0 0

which means that
Ai(0) = L%)
- 27316 "
Analogous techniques may be applied to obtain Ai’ (0). O
Now, we introduce the second-kind Airy function ([18]).
Definition 116. The second-kind Airy function is defined by
Bi(x) = e™/°Ai(jx) + e /0 Ai(j?x) , (4.27)

where j = ei27/3,

Proposition 117. The second-kind Airy function Biis a solution of the Airy differential
equation (4.26) and satisfies

o=

3

r(s)

Bi(0) = ——

(D)

Furthermore, Bi is real on the real axis R.

and B}(0) =

Proof. We have
Bi”(X) — jZeiﬂ/GAiH(jX) + j4e—iﬂ/6AiII(jZX)
= j2el™6jxAi(jx) + j* e~ /62X Ai(j2x)
= x(e™° Ai(jx) + e /0 Ai(j%x))
= xBi(x) .
Hence, Bi satisfies (4.26). Next,

F(%)
2m31/6 °

Bi(0) = e™°Ai(0) + e~ /¢ Ai(0) = V3Ai(0) = V3

Now, observing that
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Airy functions

1.2+ | Aix)
Bi(x)
1__
0.8+

Fig. 4.9: Airy function Ai and Bi.

3.0

254 |~ Bi
approximation

2.0

1.5+

1.0+

0.5+

0.0

Fig. 4.10: The Airy function Bi and its approximation.

we get

_r
T (3)

Bi(0) =

The same techniques yield Bi’(0). Finally, for x € R, we have

Bi(0) = e 0 Ai(ix) + O A x) = e /O Ai(j2x) + e™/SAi(jx) = Bi(x) . O
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Airy functions Ai and Bi are illustrated in Figure 4.9. Furthermore, Figure 4.10 illus-
trates the Airy function Bi and its approximation.

4.3 Hankel-Bessel transform

In this section, we focus on the most known transform associated with the special
functions developed previously. We will review the Hankel-Bessel transform of func-
tions. Readers are referred to [53] for more details. We denote the inner product in
L%(R*, dx) by

fig) = jf(x)§<x>dx
0

and the associated norm by ||.||,. Similarly, we denote the inner productin L2(R*, £d¢)
by

(o]

.8 = jﬂag(aeds

0
and the associated norm by |.[¢,>.

Definition 118. Let f € L>(R*, dx). The Bessel transform of f is defined by

BEE) = j FOOVRT, (x®)dx, VE> O,
(0]

where J, is the Bessel function of first kind and index v.

We immediately have the following characteristics:

Proposition 119.
(1) Forallf € L2(R*, dx), B(f) € L2(R*, &d¥).
(2) The Bessel transform B is invertible and its inverse is

+00

B1(g)(x) = Jg(Q\/YIV(Xf)fdi, Vg € LA(R*, £d9) .

0
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Proof. (1) Let f and g be in L2(R*, dx). We have
+00

(B, B(g))e = j B OB(g)(O)EdE

0

. j VRNTFOOSOTy (T (O Edxdyds

]R3
- [ vxvarosm) 2 809 gy
]RZ
= [ VR vRRog00 L dx
R,
=g .

So, taking g = f, we get
IBHle,2 = 1A

which means that B is an isometry.
(2) Denote B(f) the right-hand quantity. We will prove that B(B(f)) = f. Indeed,
+00
BER)E = | OOV )dx

0
+

j jﬂn)ﬁh(xn)nﬁh(xadndx
0 O

j fon™ n

0

=f(¢) . O

ad
n

Definition 120. The Hankel transform, also called Fourier—Bessel transform of the
order v, is defined by

TP = jf(x)fv(xaxdx; vf . (4.28)
0

Remark 121. Hankel transform H and Bessel one B are related via the equality

HAE) =B(NE) -



5 Spheroidal-type wavelets

5.1 Introduction

Wavelet analysis was introduced in the early 1980s in the context of signal analysis
and exploration for petroleum to give a representation of signals and detect their char-
acteristics. Several methods have been applied for the task; the most known is the
Fourier transform. A major drawback of this method is its limitation to stationary and
periodic signals. Furthermore, the description of signals is limited to the global be-
havior and cannot provide any detailed information. Also, in its numerical computer
processing, Fourier analysis often yields nonfast algorithms.

Progress has been made by introducing the windowed Fourier transform (WFT)
to address the problems of time-frequency localization. The WFT acts on signals by
computing the classical Fourier transform of the signal multiplied by a time-localized
function known as the window. However, the situation was not resolved, especially
with the emergence of new problems, such as irregular signals or high-frequency vari-
ations.

The major drawback with the WFT is the fact that the shape of the window is fixed
and may not be adapted to the fluctuations of nonstationary signals. Thus, the need
for an analysis taking into account nonlinear algorithms, nonstationary signals, as
well as nonperiodical and volatile ones has become a necessity for both theory and
application. Wavelet analysis was introduced, developed, and has proved its power
despite these obstacles. In this chapter, we review a special case of wavelet analy-
sis adapted especially to spheroidal wavelets. We recall the strong relationship with
orthogonal polynomials, homogenous polynomials, spherical harmonics, as well as
special functions, and develop some details and examples.

5.2 Wavelets on the real line

Wavelet analysis is primarily based on an effective representation for standard func-
tions on the real line and a robustness to the specification models. It also permits a
reduction in time computation algorithms compared to other methods. This is essen-
tially due to the simplicity of the analysis and the ease of generalization and efficiency
according to the dimension. It permits one to analyze functions from different horizons
starting from one horizon, which is not possible with Fourier analysis, for example.
There, the number of coefficients to be computed is the standard point behind any
approximation. Finally, wavelet analysis permits one to relate time localization to fre-
quency.

Mathematically speaking, a wavelet or an analyzing wavelet on the real line is a
function i € L?(RR), which satisfies some conditions, such as the admissibility condi-

DOI110.1515/9783110481884-005
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tion, which somehow describes Fourier—Plancherel identity and which says that

? dw
|w

j @R

R+

=Cy <o00. (5.1)

The function ¥ has to also satisfy a number of vanishing moments, which is related
in wavelet theory to its regularity order. It states that

p=0,...,m-1, jl/)(t)tpdtzo. (5.2)
R

Sometimes, we say that 1 is ™ on R. The time-localization chart is a normalization
form that is resumed in the identity

+00

J W)Pdu =1. 5.3)

-0

To analyze a signal by wavelets, one passes via the so-called wavelet transforms. A
wavelet transform is a representation of the signal by means of an integral form similar
to Fourier in which the Fourier sine and/or cosine is replaced by the analyzing wavelet
1. In Fourier transform, the complex exponential source function yields the copies e’
index by the indices s € R, which somehow represent frequencies. This transform is
continuous in the sense that it is indexed by the whole line of indices s € R.

In wavelet theory, the situation is more unified. A continuous wavelet transform
(CWT) is also well known. First, a frequency, scale, or a dilation/compression param-
eter s > 0 and a second one related to time or position u € R have to be fixed. The
source function 1), known as the analyzing wavelet, is next transformed to yield some
copies (replacing the e’*")

1 X-u
Vsut = 2= (57 (54)
The CWT of a real valued function f defined on the real line at the position u and the
scale s is defined by

(o)
dsulh = | FOWsultidt, vus. (5.5)
—00
By varying the parameters s and u, we can completely cover the time-frequency plane.
This gives a full and redundant representation of the whole signal to be analyzed
(see [99]). This transform is called continuous because of the nature of the parame-
ters s and u that can operate at all levels and positions.

So, wavelets operate according to two parameters: the parameter u which permits
one to translate the graph of the source wavelet mother 1) and the parameter s which
permits one to compress or to dilate the graph of . Computing or evaluating the co-
efficients d, s means analyzing the function f with wavelets.
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Properties 122. The wavelet transform ds ,(f) possesses some properties, such as
(1) the linearity, in the sense that

ds,u(af +ﬂg) = ads,u(f) +Bds,u(g)a vf, g,
(2) the translation-invariance, in the sense that
ds u(tef) = ds,u—t(f): Vf; and Vu, s, t,
and where
(TeH(X) = fx-0),
(3) the dilation-invariance, in the sense that

1

ds,u(fa) = \/E

das,au(f), Vf; andVu,s,a,

and where for a > 0,

(fa)) = flax) .

The proof of these properties is easy and readers can refer to [8] for a review.
It holds in wavelet theory, as in Fourier analysis theory, that the original function
f can be reproduced via its CWT by an L?-identity.

Theorem 123. For all f € L*(RR), we have the L*-equality

x—u)dsdu
s s2

0= & | [ dsatw

The proof of this result is based on the following lemma.

Lemma 124. Under the hypothesis of Theorem 123, we have

dsdu
S

j j ds (D@ 2 _ ¢, jf(x)%dx, Vf g e LX(R).

Proof. We have

X—-Uu

doaf) = 2f = st = £ [ foow (52 ) dx = 5 (Fbesyre ™) .
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Consequently,
[ dsuthEa@du = 5 [Fgmibisyitay.
u y

By application of Fubini’s rule, we get

———dsd 1 Pt dsd
| [dsur@a@= - o | [Fogombenr =2

s>0 u s>0)

1 s T

=54y Jf(y)g(y)dy

y

- ¢y [ An)gEdy

Y

Proof of Theorem 123. By applying the Riesz rule, we get

F(x)—é | jca,bmw(

X - b) dadb
1/A<a<A |b|<B

a a?

L2

1 x-b\ dadb \——
= sup jF(x)—C— J j Ca,b(F)l,b< 7 ) G(x)dx .

2
IGll=1 a
1/A<a<A|b|<B

Next, using Fubini’s rule, we observe that the last line is equal to

—_— 1 —— dadb
= sup jF(x)G(x)dx— - j j Cab(F)Can(0)
IGI=1 Cy a
1/A<a<A |b|<B

1 — dadb
- sup — j Can(F)Can(©) 242 |
161=1 Cy a

(a,b)¢[1/A,A]x[-B,B]

which by Cauchy-Schwartz inequality is bounded by

12
1 dadb
<o j |Cap(F)2
4 (a,b)¢[1/A,A]x[-B,B]
1/2
dadb
sup j ICas(G)P
IGI=1 a

(a,b)¢[1/A,A]x[-B,B]

Now, Lemma 124 shows that the last quantity goes to 0 as R tends to +co.

O

On thereal line, the most well-known examples are Haar and Schauder wavelet, where
explicit computations are always possible. The Haar example is the simplest example

in the theory of wavelets. It is based on the wavelet mother expressed by

Y) = x10,1/21(%) = X11/2,11(0) -
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The Schauder wavelet is based on the explicit wavelet mother

1
Yx) = 5(1 = 12xDx1-1/2,1/2) (%)
- (1 - 12x = 1)x0,11(%)
1
+ 5(1 —12x = 2Dx11/2,3/21(%) -

Readers can refer to [8, 75, 95, 99] for more details and examples of original wavelet
analysis on the real line and Euclidian spaces in general.

5.3 Chebyshev wavelets

Chebyshev wavelets stem from one mother wavelet ™ depending on a parameter m,
which represents the degree of Chebyshev polynomial of first kind associated with the
wavelet. The source Chebyshev wavelet mother ™ is defined by

Y™(t) = Tm(t), 0<t<1 and O, else
where
T(t) = \/%Tm(t), m=0,1,2,...,M-1. (5.6)

Here Ty, (t) are the Chebyshev polynomials of the first kind of degree m, given by
T (t) = cos(marccost) .

Next, we perform the usual translation—dilation actions using parameters j € IN for
the level and a parameter n = 1,2,...,2/-! for the position. Thus, we obtain the
dilation—translation copies of ™ explicitly expressed by

27 =0 (5.7)

n 2i Tt -2n+1), Zl<t<s
]’n(t) =
o, else .

The Chebyshev wavelets are orthonormal with respect to the weight function

n—1<t< n
P

wj(t) = wnit) =w@ t-n+1), n=1,2,...,2"" and
Denote next

1
L2([0,1]) = {f, jlf(x)lz wx)dx < oo} ,
0
1

2/x(1—x) "

where w(x) = A function f € Lﬁ,([O, 1]) can be approximated in a series form

as

f=

Mg
Mg

Cnm l/)]rfln )
0

3
I
-
3
I
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where
m _ m
o= e

in which (., Dw; is the inner product in Lﬁ,},([O, 1]).

5.4 Gegenbauer wavelets

Gegenbauer wavelets (GIW) depend on four parameters: j, n, m, p. The parameter
j € N represents the level of resolution, n € {1, 2, 3, ..., 2J-11, is related to the trans-
lation parameter, m = 0,1,2,...,M - 1, M > O is the degree of the Gegenbauer
polynomial, and finally a real parameter p > —%. The mother Gegenbauer wavelet
is defined on [0, 1) by Yp™P(x) = G, (x), where G, is the well-known Gegenbauer
polynomial defined in Chapter 1. Next, the translation—dilation copies of ™ are
defined by

L 23iGh(2Ix-2n+1), 2L2<tp<n

Y00 = { Vi
o, elsewhere .

Note here that the translation parameter takes only odd values.

Remark 125. For p = %, we get Legendre wavelets. For p = 0 and p = 1, we obtain
the Chebyshev wavelet of first and second kind, respectively.

To obtain the mutual orthogonality of Gegenbauer wavelets l,bZ],;p , the weight function
associated with the Gegenbauer polynomials has to be dilated and translated as for
the Gegenbauer wavelets. Thus, we obtain a translation—dilation copy of the weight
w as

Win() = w@x-2n+1)=(1-@2x-2n+1)2)P1 .

At a fixed level of resolution, we get

wj1(x), 0<Xx< gy,
1 2
wj2(X), 5 S X< 57,
2
wjn(x) = {@j;300, ST S X< 2,3—_1 ,

j1_
| w),21(x), il <x<1.
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According to such wavelets, a function f € L2[0, 1) can be expressed in terms of the
GW as

f= 2 d v (5.8)

j=1nez

where the coefficient d;""* are the so-called wavelet coefficients given by

1

ap = (Fylh) = jw,-,n(x)rpff(x)f(x)dx .

0

For more details, refer to [124, 126, 135, 139].

5.5 Hermite wavelets

Hermite wavelets are based on the well-known Hermite polynomials. Recall that such
polynomials consist of a sequence of orthogonal polynomials with respect to the spe-
cial weight function w(x) = e and are explicitly given by

m  x? an —x?
Hp(0) = (-1)"e dx_m(e ) -

The Hermite mother wavelet is given by

— {HM(Zt), 0<t<1, 69
o, else,

where 1
Hn=———H,.
" oompyg ™

The translation—dilation copies of Y™ are next defined by

2 Hn(2M e -21+1), Ll<t<t

o, else.

N

lp?’n(t) — { (5.10)

Note that such wavelets depend essentially on the parameter m, which is the degree
of the m-Hermite polynomial H,,. Hermite wavelets are orthonormal with respect to
the weight function

_ -1 n
wi k) = w2t -1+1), 1=0,1,...,x,2k, 7§t<§.

Some propeties of Hermite wavelets are given in [1].
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5.6 Laguerre wavelets

Laguerre wavelets are orthogonal wavelets defined in the interval (0, 1) and stem from

one source mother function

— 1
Y™ () = Ln()x10,1((t) = ﬁLm(t)X[O,l[(t) ,

(5.11)

where L, is the Laguerre polynomial of degree m. A wavelet basis is next expressed

by
25T, t—2n+1), 1L <f< I
VNGRS Lo st
n o, else .

For more details on these wavelets, see [79].

5.7 Bessel wavelets

There are several approaches to introduce Bessel wavelets [126, 127].

(5.12)

In the present section, we will present the most known approach. For 1 < p < co

and yu > 0, denote

LG(R,) := {f such that |fl,c = <J If(X)I”do(X)> <oof ,
0

x2#

where do(x) = )dx. Denote also

—x*
23 M(p+d

. _1 1\ 1
u00 = 22741 (e 5 ), 00,

where J u-1 is the Bessel function of first kind and of order y - % Denote next,
D(x.y.2) = [ ju(x05, 03, (200
0
and the translation
(o)
Tafn) = Fxy) = [ Doey Do), ¥0 <x.y < co.
0
Next, for a two-variable function f, we define the dilation operator

Daf(x,y) = a-zﬂ-lf(g, %) .
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Definition 126. Let ¥ € L2(RR,). The Bessel wavelet copy W¥,,p is defined by

W, p(X) = DaTp¥(x) = a 21 J (g 2 z) ¥(2)do(z); Va,b>0.

The Bessel wavelet transform (BWT) of a function f € LL(RR,), at the scale a and the
position b is defined by

(Byf)(a,b) =a 2"

o——3

jf(t)W(z)D ( ; ,z> do(z)do(t) .
0

The following result shows one of the BWT of functions.

Theorem 127. Let f € LE(R,), ¥ € LL(R,) with 1 < p, q < oo such that % +1=1,
Then (By/) is continuous on R?.

[~}

Proof. Let (ag, bo) be an arbitrary fixed point of lRf. We have

|(Bef)(a, b) — (Byf)(ao, bo)|
JJf(t)W[D(E,E,z>—D<@,£,z>
a’ a ap’ a
00
T bo t \|7
<a| [ [iror|p —,—,z D(—O,—)’ da(t)do(z)}
Il )-

ap do,Z
I b t bo t \|7
— b t B byt |1
x[ le(z) D(a,a,z) D(ao’ao,z>l da(t)do(z)}.
Now, observe that
(5 o) -2 (3as)
D|{—,—,z])-
a a do do,Z
t

Moreover, using the dominated convergence theorem and the continuity of D(g b = 2)
with respect to (a, b), we get

< q 21

do(z)do(t)

ow—3

<2.

lim  |(Byf)(a, b) - (Byf)(ao, bo)| =0

(a,b)—(ao,bo)

which proves the continuity of the BWT on R2. O
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Definition 128. Let f,g € LP(R,). We define the convolution product (usually
known as the Hankel convolution) by

(o]

(F18)(0) = j T f())gy)da(y) .

0

The following result is a variant of Parseval/Plancherel rules for the case of BWT.

Theorem 129. Let ¥ € L2(R,) and f, g € L2(R,). Then

8

(Buf)(a, b)Brg)a, b 29D dotb) = Cy 1 9)

o—-3
Y

where

Cy = J 2P (H)2de > 0.
0

The proof follows similar techniques as for the case of real-line wavelets. Because of
its importance, we reproduce it in detail.

Proof. Recall that
(Byf)(a, b) = j FOWap(O)do(t)
R,

= # Jf(t)‘f’(Z)D ( g, é,z) do(z)da(t) .

R}

Now observe that

D<§, é,z) = jj(%u)j(éu)j(zu)da(u) .
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Hence,
(Buf(@, b) =~ jf(t)av(z)}( ) (2u) jawdowdo@)do(o
]R3
- [F(%) v (2u ) izwdotdota
R
- [F(%) Pwi(gu) dow
Ry
- [ FopP(amyicemdotn)
R,
- (FPam) ) .
As a result
- do(a)
| Bupia nYEvera b 5 do)
R
. — d
= [ FonPamgmPandom S5
R
= [Fovgen | [ #@nr S5 ) dow
R, R,
- v [ Fapgendot)
R,
=Cy (f, 8
- Cv (f,8) - O

5.8 Cauchy wavelets

Cauchy wavelets are one step in the direction of introducing spherical wavelets as
they aim to take into account the angular behavior of the analyzed signals. In the
one-dimensional case, Cauchy wavelets are defined via their Fourier transform

i/;m(w) _ {O, for w<O0

wme ?, for w=>0,

with m > 0.1In 1D, the positive half-line is a convex cone. Thus a natural generalization
to 2D will be a wavelet whose support in spatial frequency space is contained in a
convex cone with an apex at the origin. Let C = C(a, ) be the convex cone determined



116 —— 5 Spheroidal-type wavelets

by the unit vectors eq, eg, where a < 8,  — a < mand for all 8, eg = (cos 8, sin 6). The
axis of the cone is {43 = €4+ . In other words,
2

C(a,p) = (ke R?, a<arg(k<p)}
= {k € ]Rz, k.{aﬁ > ea.gaﬁ = el}.> 0} .

The dual cone to C(a, ) is
Cla,B)={keR?, kk'>0, VK eCap)}.
Note that C(a, B) may also be seen as
Ca,p)=C@p),

where & = 8 - g,B = a+ 7 and eq.€3 = eg.ep = 0. Thus the axis of C is &up.
The two-dimensional Cauchy wavelet is defined via its Fourier transform

Im ~ (5.13)

—cn | (ked)(kep)me ™, ke Cla,p),
o, otherwise ,

wheren € Cand I, m € N*. Note that such a wavelet is also supported by C. It satisfies
the admissibility condition
d*k

o P < 0. (5.14)

Cyin = (2m)? J
The following result obtained by Antoine et al. is proved in [12] and yields an explicit
form for the two-dimensional Cauchy wavelet.

Proposition 130. Forevenn € C andl, m € N*. The 2D Cauchy wavelet l[)lcr;" (x) with
support in C belongs to L?(R?, dx) and is given by

lpc”l(x) ~ il+m+2 Tl [Sil’l(,B _ a)]l+m+1
Im - :

2 [(x +in).eq] 1 [(x + in).ep]mtl (5.15)

We can, with analogous techniques, define multidimensional Cauchy wavelets. See [12]
and the references therein for more details.

5.9 Spherical wavelets
Spherical wavelets are adopted for understanding complicated functions defined or

supported by the sphere. The classical spherical wavelets are essentially done by con-
volving the function against rotated and dilated versions of one fixed function . To
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introduce a special wavelet analysis on the sphere related to zonals we first recall some
useful topics. Let F € L?[-1, 1] and L, be the Legendre polynomial of degree n. The
coefficients

1
F(n) = 2n(F,L,) = 2 J F()L,(x)dx, neN
-1
are called the Legendre coefficients or the Legendre transforms of F. It is proved in har-
monic Fourier analysis that F can be expressed in a series form

2n+1
+Ln

an (5.16)

) -~
F=) F(n)
n=0
called the Legendre series of F.

Definition 131. A family {¢;}jen < L?[-1, 1] is called a spherical scaling function

system if the following assertions hold.

(1) For all n,j € IN, we have $,~(n) < $j+1(n). In other words, for all n € N the
sequence (Z;Bj(n));em is increasing

(2 limj_—,eo $,~(n) =1foralln e N

3) Zﬁj(n) >O0foralln,j e N,

where Ej(n) is the Legendre transform of @.

We will now investigate a way of constructing a scaling function [54].

Definition 132. A continuous function y: R* +— R is said to be admissible if it
satisfies the admissibility condition

S 2n+1 2
an o ( sup Iy(x)I) < 400. (5.17)

x€[n,n+1]

In this case, y is called an admissible generator of the function : [-1,1] —» R
given by

J2n+1
P = HZO V(L - (5.18)

We immediately obtain the following characteristics [162].
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Proposition 133. The following assertions are true:
(1) Ify is an admissible generator, then the generated function ) € L*[-1, 1].
(2) Foralln € N, ¥(n) = y(n).

Proof. (1) Since the Legendre polynomials form an orthogonal basis for L2[-1, 1] with
(Ln, Ln)12(-1,1) = zﬁ%, the admissibility condition imposed on y yields that

@ on+1 ® on41 2
(- ——(yo(n)?* < < sup | o(X)I> < +00
l/)Lz[ 1,1] n;) 4 14 nZE) un xe[n,n+1]y
(2) is an immediate result from (5.16). O

We now investigate the idea to construct a whole family of admissible functions start-
ing from one source admissible function.
Definition 134. The dilation operator is defined for y: [0, c0) — Rand a > 0 by
Day(x) = y(ax) Vx € [0, 00).

Fora = 27, j € Z we denote y; = Djy = D,-jy.

Definition 135. An admissible function ¢: [0, co) — R is said to be a generator of
a scaling function if it is monotonously decreasing, continuous at 0 and satisfies
9(0) = 1.

The system {¢;}jen € L?[-1, 1], defined by

L 2n+1
>

i = 47T

@;j(n)Ly
n=0

is said to be the corresponding spherical scaling function associated with ¢.

It holds sometimes that for all j, the sequence (a);(n)),, is stationary with zero sta-
tionary value. In this case, the system {¢;}jen C L2[-1, 1] is called bandlimited. It
holds that for bandlimited scaling functions, each ¢; is a 1D polynomial, and for all
F € L%(S?), ¢j * F is a polynomial on S2. The following theorem affirms that scal-
ing functions permit one to approximate L? functions with polynomial approximates
(see [162]).

Now, we show that such scaling functions are suitable candidates to approximate
functions in L? as it is needed in wavelet theory in general. Thus, they are suitable
sources to define multiresolution analysis and/or a wavelet analysis on the sphere.
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Theorem 136. Let {¢j};en be a scaling function and F € L?(S?). Then

. k
meF—@)*ﬂqu=o
]—)OO

for all levels of iterations k € IN.

Here, for a function @ € L2, we designate by @) the k-times self-convolution of @
with itself. The last approximation is called spherical approximate identity. The next
theorem shows the role of spherical scaling functions in the construction of multires-
olution analysis on the sphere.

Proof. First observe that

@ +00 2n+1 . .
¢j « F= Z z Dy(n)F(n, j)Yy; .
n=0 j=1
Thus,
@ +00 2n+1 . =
F-¢ «F= Z z (1-@p(n))F(n,j)Ynj,
n=0 j=1

which by applying the Parseval identity yields that

+00 2n+1
IF$ « FIZ =Y Y (1 - B;(n)*(F(n, j))> .
n=0 j=1
Now, observing that the last series is J-uniformly convergent and the fact that

lim (1 - @y(n)) =0
J—+00

for all n, it results that
lim |F - ¢+ Flli2s2 = 0. O
j—oo

Theorem 137. Let forj € Z,
Vj = {$;” « FIF e L*(S))},

where {@j}jen C L?[-1, 1] is a scaling function. Then, the sequence (V}); defines a
multiresolution analysis on the sphere. That is,

(1) VjcVjq cL?(S?), VjeN.

@ U vy = LS.
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For j € Z, the spaces V; represents the so-called scale or approximation space at the
level j.

Proof. (1) As @ € L? and also F, the convolution @ = F is also L?.
Consider next, for J € Z, the function

~ 2

@;(n ~ ..

yy(n) = (ﬁ) F(n,j) if @py1(n) £0
CD]+1(n)

and O else, and define the function G by

+00 2n+1

G= z Z yim)Yy ;.

n=0 j=1

It is straightforward that G € L? and that E(n, Jj) = yj(n). Furthermore,

¢]+1 *G = D1 (MG, )Y,

n

®;(M)F(n, j)Yn,j

nMg i
= =

2n+1
2
]*1

+1
Z

N

)*F.

I
S
—_—

Hence, qb; * F = ¢>] 21 * G € Vy,1. Consequently, V; ¢ Vj,;.
(2) The density property is an immediate consequence of the spherical approximate
identity proved in Theorem 136. O

Based on this multiresolution analysis of L?(S?), we can introduce spherical wavelets.

Definition 138. Let @ = {¢j}jen C L%[-1, 1] be a scaling function and let ¥ =
{Yj}jenu-1; and ¥ = {Pj}jenui-1; bein L?[-1, 1] satisfying the so-called refinement
equation

P (MY;(n) = (P11 ()2 - (P;(M)*> ¥, j € [0, +00) .

Then,

(a) ¥and ¥ are called, respectively, (spherical) primal wavelet and (spherical) dual
wavelet relative to @.

(b) The functions Yo and lZ)() are called the primal mother wavelet and the dual
mother wavelets, respectively.

Here, we set )_1 = P_; = ¢ho.

The following result obtained by Volker in [162] shows the existence of primal and dual
wavelets.



5.9 Spherical wavelets =— 121

Theorem 139. Let ¢ be a generator of a scaling function and v, l])o be admissible
function such that

WoPo(x) = (<Po (;))2 - (po(x))? VxeR*.

Then, o and fbo are generators of primal and dual mother wavelets, respectively.

Proof. We will prove precisely that the dilated copies {i;}jenu(- 1) {l[)]}]E]NU{ 13 C
L?[-1, 1] defined via their Legendre coefficients by dilating ¢ and l/)o(x) as

Bin) = i) = po@n), i(m) = i) = ho(@Tm); ¥m,j e N.
and _
Y1) =P_1(n) = po(n); VneN

are a primal and dual wavelets, respectively. Indeed, considering these dilated copies
we obtain for all n, j € N,

BiP;(n) = Yo IMo(2 )
= (po(2771n))? — (po(27n))?
= (Pjr1(M)? — (¢j(n))? O

A fundamental property of spherical wavelets is the scale-step property proved below,
which prepares us to introduce detail spaces.

Theorem 140. Let ¥ = {{j}jenui-1y and ¥ = {j}jenui-1} be a primal and a dual
wavelet corresponding to the scaling function {¢;}jen C L?[-1, 1]. The following as-
sertions hold for all F € LZ(Sz)

@) ¢ *F=¢\P « F+ Y2 by« F, V1 <Jo €N

(ii) F—(;b] *F+Z]:]l/11 l/)] * F,V] € N.

Proof. (i) We will evaluate the last right-hand series term in the assertion. Using the
definition of primal and dual wavelets, we obtain

+00 2n+1

B s F=Y Y BimpmFn, 9,

n=0 s=1
+00 2n+1

=3 Y (@) - ($(n)? | F(n, 5)Yn s

n=0 j=1

(2) (2)
=¢j+1*F_¢j * F .
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As aresult,
S @ @
z l[lj*l[lj*F=¢]Z *F_¢]1 # F.
j=h
(ii) is an immediate consequence of assertion (i). O

Theorem 141. Denote forj € Z,
W; = {; * P; « F/F € L*(S?)} .

Then, forall ] € Z,
V]+1 = V] + W] .

Proof. The inclusion V; ¢ Vj_1 + Wj_1 is somehow easy and it is a consequence of
Theorem 140. We will prove the opposite inclusion. So, let F; € Vyand F, € W;. We
seek a function F € L? for which we have

®? «F=F +F;.
Since F; € Vyand F, € W, there exist G; and G in L? such that
F1=(P§2)*Gl and F2=¢]*W]*Gz.

Now, consider the function y defined by

~ — . ~ ~ — 2
yn, j) = <(<P1(n))2G1(n,J) + (D1 (n)? - ((D](n))z)Gz(n,))>
(P]+1(n)
whenever @y,1(n) #+ 0 and O else, and define the function F by
+00 2n+1
F=3) Y y(jYn;.
n=0 j=1

It is straightforward that F € L2 and that F(n, j) = y(n, j). Furthermore,

@) +00,* 2n+1
()

o *F= ) Y (@)’ F(n, j)Yn,
n=0 j=1

+00 2n+1

=Y ) (@(n)?Gi(n, j)Yn,

n=0 j=1

+00 2n+1

+ )Y (Bra()® — (Dy()*)Ga(n, j)Yn,
n=0 j=1
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+00 2n+1

=Y ) (@;(n)*G1(n, j)Yn,;

n=0 j=1

+00 2n+1 ~

+ ZO Zl ¥ (n) ¥ (n)Ga(n, j)Yn,j
n=0 j=

:¢52)*Gl+¢]*'{’]*62
=F1+F2.

Consequently, Fq1 + F; € Vjyq. O
Definition 142. For j € Z, the space Wj is called the detail space at the level j and
the mapping

(SWT);: L*(S%) — L*(S?)
F+— l/J]' * F

is called the spherical wavelet transform at the scale j.

Based on this definition and the results above, any function F € L?(S?) will be repre-
sented by means of an L2-convergent series

F= ) yj«(SWT)(F). (5.19)
j=—1






6 Some applications

6.1 Introduction

This chapter presents some applications related to the previous theories developed.
The results presented are not new but consist of some developments in the direct ap-
plication of some types of wavelets related to orthogonal polynomials and spherical
calculus. We aimed to present especially some applications on differential equations
and their numerical treatment with wavelets, some integrodifferential equations, and
image processing and time-series processing related to spherical domains.

The developments stem from lectures and papers that are listed here and can be
consulted by readers for more details and for complete study of the problems pre-
sented [3, 4, 9, 24, 50, 87, 90-92, 94, 110, 137, 139, 158, 160, 167, 169].

Of course, these applications may not be the best ones for the topic but we tried
to reproduce the simplest ones so that they can be easily understood and redeveloped
by the interested reader and make him/her familiar with wavelet theory and its inter-
action with other fields. More complicated applications can be found in the literature
on wavelet theory, which is growing every day.

6.2 Wavelets for numerical solutions of PDEs

In this section, we propose to redevelop numerical solutions of the well-known Cheby-
shev and Hermite differential equations by applying the simplest Haar wavelets. The
aim is to show explicit calculus based on wavelets and their interaction with the first
chapter dealing with orthogonal polynomials. The Chebyshev differential equation is

a-x2)y"-xy' +?y=0. (6.1
The Hermite differential equation is
y' -2xy' +2Ay =0. 6.2)

A € R is a fixed parameter.

Recall that these equations already have exact polynomial solutions composed
of the known classes of Chebyshev and Hermite polynomials. We propose in this sec-
tion to reproduce some numerical studies based on Haar wavelets to compare wavelet
results with the exact ones.

In this section, we reproduce the method developed in [136]. The crucial idea to
develop here differs from classical ones in that instead of considering the development
of the unknown solution y into a wavelet series

y =) yiti,
i

DOI10.1515/9783110481884-006
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where 1); is a suitable wavelet basis, we consider the development of the higher order
derivative of y in the equation. So consider the Haar wavelet mother

Y(X) = x10,1/21(%) = X[172,11(%)

and its copies

Wi %) = 272 (X (ka1 e 172027100 = X1k 172029, (ke 1251 (X)) -

Consider a level J of resolution and denote M = 2/. For j=0,1,...,] denote m; = 2
andfork=0,1,...,m;j—1, we consider the lexicographical index i = mj+k+1. Thus
the index i lies in the grid 2, 3, ..., 2M = 2/*1, With this notation, the orthogonal set
(¥j,10j,k will be denoted by (¥;);, 1 = 2,3,...,2M. Fori = 1, we set as a convention
Y1 = X[0,1[, Wwhich means the Haar scaling function. So, the above series development
is the approximation of y (or its derivatives) at the level J.

Now, denote

t t
P; (t) = J',[)i(s)ds and P;(t) = JPi,l_l(S)dS; 1=2,3,...
0 0

We get, for example,

k k  k+0.5
t- H]., te [_’ -:n [
) - - ] ksl k+0.5 k+1
Pi1(t) = \/m; mL} -t, te [J;,,—]., %}.[
o, elsewhere .
and
0, telo, L]
3=, m[ﬁk”ﬂ
Pip()=ymj{ 1 1 fokily2p o rks05 kel
an? 5( m}.), € [F2 n ,m]]
1 k+1
Now, write
M
Y'(t) =Y aipi(t) .
i=1
Hence,
M
Y'(t) =) aiPi1(t) + Cy
i=1
and

M
y(t) = Y aiPiy(t) + C1t + C ,

i=1
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where C; and C, are constants related to the boundary (and/or initial) conditions.
Next, it remains to compute on the grid t; = l‘m%, 1=1,2,...,2m;,j=0,1,...,] to
obtain a matrix system with unknown a;s.

In [136], the numerical solution of (6.1) with A = 5 and J = 3 has been provided
and compared with the exact solution

y(t) =t-4t + 15—6t5
and the initial conditions
y(0)=0 and y'(0)=1.
Table 6.1 is obtained.

Table 6.1: Exact and Haar wavelet numerical solutions of (6.1).

t/32 Numerical solution Exact solution

1 0.0309 0.0311
3 0.0898 0.0905
5 0.1375 0.1413
7 0.1750 0.1758
9 0.1749 0.1979
11 0.1782 0.1966
13 0.1628 0.1735
15 0.1306 0.1292
17 0.0381 0.0669
19 -0.0110 -0.0074
21 -0.0518 —-0.0848
23 -0.0837 -0.1527
25 -0.0577 -0.1948
27 -0.0471 -0.1905
29 -0.0083 -0.1148
31 -0.0472 0.0624

In terms of error estimates, this gives an L2-error

Yexact = Yapproxll = 6.63 x 1072.

In terms of graphic illustration, we obtained Figure 6.1.
Now, the same techniques are applied to the Hermite equation (6.2) with A = 3,
] = 3, to obtain the exact solution

2 3
X)=X—- =X
y(x) 3
and the initial conditions

y(0)=0 and y'(0)=1



128 —— 6 Some applications
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Numerical solution
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Time, t

Fig. 6.1: Exact and Haar wavelet numerical solutions of (6.1).

Table 6.2: Exact and Haar wavelet numerical solutions of (6.2).

t/32 Numerical solution Exact solution
1 0.0312 0.0312
3 0.0931 0.0932
5 0.1530 0.1537
7 0.2111 0.2118
9 0.2618 0.2664

11 0.3127 0.3167

13 0.3585 0.3616

15 0.3993 0.4001

17 0.4068 0.4313

19 0.4362 0.4542

21 0.4594 0.4678

23 0.4768 0.4712

25 0.4875 0.4634

27 0.4928 0.4433

29 0.4925 0.4101

31 0.4867 0.3627

yielded Table 6.2.

In terms of error estimates, this gives an L2-error

Vexact = Yapprox |l = 4.05 x 1072,

In terms of graphic illustration, we obtained Figure 6.2.

16
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Numerical solution
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Time, t

Fig. 6.2: Exact and Haar wavelet numerical solutions of (6.2).

6.3 Wavelets for integrodifferential equations

In this section, we present some methods based on wavelets to solve integrodifferen-
tial equations. We review one famous work developed in [87] where the authors ap-
plied some spherical types of wavelets to develop numerical solutions of the n-order
integrodifferential problem

n 2n
AyD ) - | k(x, Hy(t)dt = ,
ZO yD(x) J (x, Oy(B)dt = g(x) ©3)

yd0)=y;, i=1,2,...,n

where k is an L? smooth function and 27-periodic according to the first variable, and y
and g are also L2 27r-periodic. y is of course the unknown function to be approximated.

The basic idea is to apply trigonometric Hermite interpolation to obtain a peri-
odic wavelet analysis. The authors in [87] noticed that one main difficulty in applying
wavelets for the representation of integral operators is that the quadrature leads to
potentially high cost with a sparse matrix. This was the starting point behind the ap-
plication of a special type of wavelet bases to simplify the computation expense.

Next, trigonometric or circular wavelets were introduced based on Dirichlet ker-
nels. Form € N, let

Dp(x) = % + Y cos(kx) and Dpy(x) = Z sin(kx) .
k=1

k=1
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Denote

mmn 1
Xj,m=7, j=20,m=0,1,...,27" -1

for the subdivision of the interval [0, 2771) with a dyadic grid. The scaling functions are

defined as follows:
2+

0
Do) = Z557 ];) Di(x) ,

1 = 1 . ;
o0 = ST (Dz,-+1_1(x) *3 51n(2’+1x)> ,
andfors=0;1landm=0,1,...;2t1 —1,
(D]?,m(x) = (Dio(x - Xjm) .
The approximation spaces V; are defined as
V= span((ng, Gb].l’m; m=0,1,...,2%1 - 1),

The associated wavelet functions are defined as follows:

A 1 e
y%m:wﬁwyM+ﬁﬁfz (321 — k) cos(kx) ,
k=2/+1+1
1 ) 2]'+2_1
lﬁdn=2ﬁ8gm2”m+gpﬂ”127smmn
=2+141

andfors=0;1andm=0,1,...;2*1 -1,
lI’js,m(x) = lI’js,o(x - Xjm)
The approximation spaces V; are defined as

w; =span(‘i”fm,‘i”.1 im=0,1,...,2"1 1),

j,m’

Next, the idea proceeds as usual to project the differential equation on an approxima-
tion space V; in a given level j. So, the functions y(x), k(x, t), and g(x) are approxi-
mated using trigonometric scaling functions as

y() = d(x)a

k(x, t) ~ DX)KD(t) , 64)
and

gx) = d(x)B,

where @(x) and @(t) are matrices depending on the scaling functions and the param-
eters of the integrodifferential equation (6.3), K and B are vectors obtained from the
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functions k(x, t) and g(x). Precisely, Bis 2/*2 x 1 and K is 2/+? x 2/*2. Finally, a is com-
posed of the coordinates of the projection vector of y(x) on the space V;. Substituting
these approximations into the system (6.3) leads to a linear system of equations with
2J+2 ynknowns and equations, which can be solved to find @ and thus the unknown
function y(x).

The following result is proved in [87] and shows the convergence and its rate of
the approximation solution to the exact one. Under the hypothesis of problem (6.3),
we have

n
w—whsch“(Eﬂm+z>.

i=0

6.4 Wavelets in image and signal processing

In this section, we explain some methods to construct wavelets adapted to image pro-
cessing on the sphere. We aim to review the methods developed in [3] of constructing
wavelets on the sphere. A first example is related to Haar wavelets. We introduce the
so-called spherical Haar wavelets (SHW). For a resolution j and a pixel k on the sphere,
we have one scaling function ¢; ; and three wavelet functions Y j; m = 1,2, 3.
Next, the sphere is subdivided according to the number Nijqe of pixels, Ngge = 271,
which yields a number nj = 12 x4/~1 of pixels for each surface y;. The scaling function
and the three wavelets are defined by

1, if xeSjk
@ﬂm={ !

0, otherwise

_ ¢j+1,k0 + ¢j+1,k2 - ¢j+1,k1 - ¢j+1,k3

lpl,j,k 4]“]‘+1

lpz,j,k _ ¢j+1,k0 + ¢j+1,k1 - ¢j+1,kz - ¢j+1,k3
Al

W Pji1,ko + Distks — Pir1ky — Pist,ky
Al

Thek;jsj = 0, 1, 2, 3 represent the four pixels at the resolution or thelevel j+1 obtained
from the pixel k of the resolution level j. The scaling (approximation) coefficients at
the level j and the position k are then evaluated using those of the j + 1 level by means
of a filter relation as

1 3
Gk =7 Y i1k, - (6.5)
m=0
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The wavelet (detail) coefficients are also related by means of a similar filter,

di,jk = Hjr1(Ajs1,k + Tjr1,k, — Ajs1,ky — Ajr1,k;)
da,jk = Hjr1(Ajs1, ko + Ajr1,ky — jr1,k, — Ajs1,k;)

ds,jk = Ujs1(Ajs1,ko + Ajs1k; = Ajsl ky — jslky)

It holds that such a transformation is orthogonal and leads to an exact reconstruction
of the function f analyzed. Let
nj,—1 j-1 3 m-1
fO) =Y Aga®jo i)+ D) Y Y Ymjm (%) - (6.6)
1=0 j=jo m=0 1=0
The main disadvantage of this type of transform is the fact that it depends on the image
to be analyzed and thus is affected by rotations, for example.

To overcome this ambiguity, a transformation is introduced in [3] and dealt with
using axisymmetric stereographic wavelets obtained from the previous transform. To
guarantee a best transposition of plane functions on the sphere, it is possible to ap-
ply stereographic projection of radial wavelets. Indeed, consider the transformation
i x - w = mx = (6(r), p), where O(r) = 2arctan(}). A radial wavelet can be
transformed into a spherical wavelet via one rotation wo = (89, ¢o) according to the
axis Oy and Oz, respectively.

Such transforms yield with a natural way a convolution product on the sphere. Let
f(w) be defined on the plane and ) (6) a radial wavelet. We can define the convolution
as

$(0) 6. ) = | d2y" (R;' W)F(@). ©67)
S2
The constructed wavelets are next decomposed by means of spherical harmonics Y.
Thus the convolution of a function f decomposed as

L

flwy="Y  @nYim

1=0,m<|l|

with an axisymmetric filter is evaluated as

oo 1
PO «f(6,9) =) Y @mPr,0Y1,m(0, ). (6.8)
=0 m=-1
Consider next the dilation operator
[D(a)G(w)] = A%(a, )G(D;'w), (6.9)

where A> (a, 0) is a normalization factor defined by
a'[1+tan?($)]

Ai(a, 6) =
(a,6) 1+a2tan?(%)

(6.10)
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The dilation operator satisfies

Dq(0, p¢) = (64(0), P) , (6.11)
where 6,(0) is defined on 8 € [0, [— 6, € [0, n[ by
04(0)\ _ 0

tan( 5 ) = atan <§> . (6.12)

The south pole of the sphere is invariant. Note that the dilation operator is somehow
an extension of the classical dilation on the plane to the case of the sphere and it
associates with a similar sphere.

In [3], some examples are developed to illustrate the efficiency of the method. A
first example was based on the well-known Mexican hat wavelet. On the plane, the
radial version of the Mexican hat is defined by

P(r) = 1)2) e (6.13)

1 (z ~(
27 R
where R is a scaling factor and r is the distance to the center of the wavelet.

Such a function is applied next to introduce a continuous transform adapted to
spherical images. Applying the inverse stereographic projection, an extension to a
spherical Mexican hat has been developed. Consider

1 512\’ 5\ o
(8) = _<1+<_> ) (z-—) e 3w (6.14)
Vs V27Ng 2 R
where R is always a scaling factor and Ny is a normalization one,
1
R2 R4 2
Np=(14+—+— 1
R < + > + 4) (6.15)

and § is the distance to the tangent point associated with the polar angle 8 of the
inverse stereographic projection,

5= zm(%) . 6.16)

The resulting wavelet is a zonal function, which permits one to evaluate spherical har-
monics coefficients. It holds in fact that the radial Mexican hat may induce a privileged
direction to yield a directional spherical wavelet. Let

2 6 4tan? & [ g2
P () = \/jN(aX, ay) <1 + tan? <—>> 1- —— ﬂ cos? ¢
T 2 Ox +0y UX
2 ~2tan’ tan(§)(cos? rsin® )
s o 2y cos? ¢)] an? tan(£)(cos? o7 tsin 617)
Ox

Here, N(oy, 0y) is a normalization constant,

N(oy, 0y) = (07 + 0))[0x0y(30% + 30, + Zaxay)]_z_1 (6.18)
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6.5 Wavelets for time-series processing

In [92], a well-adapted method to represent scattered spherical data by multiscale
spherical wavelets has been developed yielding efficient algorithms for decomposi-
tion and reconstruction. The proposed method is illustrated by numerical examples
employed to analyze and compress the surface air temperatures observed at a global
network of weather stations.

The method has been applied on scattered data obtained from climatology. The
earth is considered a sphere so that a meteorological variable T(n), representing
the surface air temperature, can be treated as a spherical function. The variable
n = (cos ¢ cos 8, cos ¢ sin O, sin @) denotes the unit vector that points to a location on
the earth from the center of the sphere, with ¢ and 8 being the latitude and longitude
of the location. In practice, the function T(r) is of course observed at a finite number
of observing sites, denoted by T; = T(n;) on some grid j = 1, 2, ..., ], which enables
one to see it as a time series. We explain briefly the idea developed in [92] yielding
a multiresolution analysis on the sphere. Let N1 = {n;; j = 1,...,J} be the source
spacial grid to represent T(n), and N, = {n;; j = 1, ..., K} with some K < J being a
smaller network obtained by removing the last ] — K instants from N;. Consider next
a representation of the function T by means of a spherical harmonics basis

]
T1(n) = ) Brj(n.n))

j=1

and similarly a representation

K
To(n) = ) Bajtb(n.mj) .

j=1
This leads to approximation spaces
Vi =span{i(., n;); nj € N1} and V, =span{y(., n;); nj € Na}.

As itis seen, T, can be understood as the projection of T, on V,. By denoting D1 (1) =
T1(n) - T2(n) and the collection of D1 (1) by W1, we observe that V; = V, @ W;. The
space W; represents the details lost by using the smaller grid N, instead of N; for
the description of the time series T (17;). This means in other words that any function
T1(n) in V; can be decomposed as

Ti(n) = T2(n) + D1(n) , (6.19)

where T,(n) € V, and D;(n) € W1, which explains the multiresolution analysis.
The decomposition (6.19) above can be naturally generalized to a nested sequence
N; > N, > --- > N and the corresponding spaces of spherical functions V; > V5, >
--- > Vp satisfying
Viii =V, @ W
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for all [, and consequently, T1(n) will be decomposed as

Ti(m) = Ty(n) + Di_1(q) +--- + D1(n) (6.20)

fort=2,...,L.

This decomposition leads to an efficient recursive algorithm. Indeed, let g;(n) be
the vector formed by the spherical wavelets associated with N; and let 8 = vec{f;, ,-}}N:ll
be the vector or spherical wavelets coefficients of T;(17). Then we have the following
relations, which explain a decomposition/reconstruction algorithm concept:

T () = BL1811(),  Di(n) = Ti(n) - Trea(n) = y{ wi(m) ,
where
Bi=veclaw1, i}, B+1 =1 +Eyi,  wi(n) = () - Ef g1 (n) -

Here, the sequence h;(n) is defined by the relation g;(n) = {g1+1(1), hi(1)}.

In [92], an application of such theory was developed based on a real data set of
the average surface air temperatures observed during the period of December 1967 to
February 1968. A multiscale spherical wavelets decomposition transformed the time
series into multiscale components to discover local anomalies at different scales and
a compression of the data was applied based on a subset of wavelet coefficients.
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