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1. Introduction

Progress in the technology of optical pulse amplification (Herrmann et al., 2009; Ross et al.,
2000; Spence et al., 1991; Strickland & Mourou, 1985) has made sub-50 fs pulse length, 0.1–10
Hz repetition rate, multi-terawatt (TW) lasers available to university-scale laboratories. These
new instruments, accessible to a large community of researchers, revolutionized experiments
in relativistic nonlinear optics (Mourou et al., 2006), and enabled the compact design of
plasma-based particle accelerators (Esarey et al., 2009; Tajima & Dawson, 1979). Owing to
continuous improvements in laser systems and gas target technology (Semushin & Malka,
2001; Spence & Hooker, 2001), stable generation of well-collimated, quasi-monoenergetic,
hundred-megaelectronvolt (MeV)-scale electron beams from millimeter to centimeter-length
plasmas has become experimentally routine (Brunetti et al., 2010; Faure et al., 2006; Hafz et al.,
2008; Leemans et al., 2006; Maksimchuk et al., 2007; Malka et al., 2009; Mangles et al., 2007;
Osterhoff et al., 2008). These beams have been used for a broad range of technical
and medical physics applications – γ-ray radiography for material science (Glinec et al.,
2005; Ramanathan et al., 2010), testing of radiation resistivity of electronic components
used in harsh radiation environments (Hidding et al., 2011), efficient on-site production
of radioisotopes (Leemans et al., 2001; Reed et al., 2007), and radiotherapy with tunable,
high-energy electrons (DesRosiers et al., 2000; Glinec et al., 2006; Kainz et al., 2004). Their
unique properties – femtosecond (fs)-scale duration and multi-kiloampere current (Buck et al.,
2011; Lundh et al., 2011) – are clearly favorable for ultrafast science applications, such as
high-energy radiation femtochemistry (Brozek-Pluska et al., 2005), spatio-temporal radiation
biology and radiotherapy (Malka et al., 2010), and compact x-ray sources (Fuchs et al., 2009;
Grüner et al., 2007; Hartemann et al., 2007; Kneip et al., 2010; Pukhov et al., 2010; Rousse et al.,
2007; Schlenvoigt et al., 2008). The current record of accelerated electron energy is close
to one gigaelectronvolt (GeV) (Clayton et al., 2010; Froula et al., 2009; Kneip et al., 2009;
Leemans et al., 2006; Liu et al., 2011). Furthermore, ongoing introduction of sub-150 fs,
compact, high repetition rate petawatt (PW) lasers (Aoyama et al., 2003; Gaul et al., 2010;
Hein et al., 2006; Korzhimanov et al., 2011; Sung et al., 2010) opens possibilities beyond
the GeV energy frontier (Gorbunov et al., 2005; Kalmykov et al., 2010a; Lu et al., 2007;
Martins et al., 2010), enabling further steps towards practical designs of high-brightness x-
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(a) Normalized electron density (b) Accelerating gradient, −Ez (in GV/cm)

Fig. 1. Electron density bubble driven by the 70 TW laser pulse in a plasma of density
n0 = 6.5 × 1018 cm−3 (cf. Fig. 3(d.1)). The laser pulse (not shown) is centered at z ≈ ct and
propagates in the direction indicated by the arrow. The wake bucket (plot (a)) is devoid of
electrons; the peak of electron density at its rear is well above the cutoff value 10n0. The
accelerating gradient (plot (b)) reaches 11.5 GV/cm at the rear of the bucket.

and γ-ray sources and compact high energy physics particle colliders (Schroeder et al., 2010).
Success of these applications critically depends on high collimation and low energy spread
of the multi-GeV beams. Presently, however, laser-plasma accelerators (LPAs) produce
GeV-scale electrons with polychromatic energy distributions spanning from a few MeV to the
maximum energy observed; sometimes with a quasi-monoenergetic feature at the high-energy
end (Clayton et al., 2010; Froula et al., 2009; Kneip et al., 2009; Liu et al., 2011). In this Chapter,
we explore the relationship between the electron beam quality and the nonlinear evolution
of the accelerating structure – a three-dimensional (3-D) bucket of a strongly nonlinear, fully
electromagnetic (EM) plasma wake – and propose dynamical scenarios to help reduce electron
energy spread and suppress the poorly collimated polychromatic background.
In a modern LPA experiment, the ponderomotive force of a focused pulse produces a full
cavitation of the surrounding electron fluid. All plasma electrons facing the pulse are expelled
by the radiation pressure (whereas fully stripped ions remain immobile). Fields due to this
charge separation attract bulk electrons to the axis, and their trajectories overshoot. The
resulting closed cavity of electron density (the “bubble” (Pukhov & Meyer-ter-Vehn, 2002))
surrounded by a dense shell (sheath) of relativistic electrons encompasses the pulse and
guides it over many Rayleigh lengths until depletion (Lu et al., 2007; Mora & Antonsen, 1996).
Figure 1 presents one example of such fully cavitated bucket.
The bubble is a high-quality 3-D EM accelerating structure. Its longitudinally uniform
but radially linear focusing gradient implies strict conservation of normalized transverse
emittance. In addition, the accelerating field is radially uniform, which helps mitigate
longitudinal emittance dilution (Lu et al., 2006; Rosenzweig et al., 1991). The bubble
propagates with the group velocity of laser pulse in the plasma, which in a linear

approximation can be expressed as vg = c(1 − γ−2
g )1/2, where c is a speed of light in vacuum,

and γg = ω0/ωpe ≫ 1 (here, ω0 is the laser frequency, ωpe = (4πe2n0/me)1/2 is the Langmuir
electron frequency, me is the electron rest mass, n0 is the background electron density, and e is
the electron charge). Therefore, even with the Lorentz factor γg approaching 100, the bubble
remains a “slow” accelerating structure capable of trapping initially quiescent electrons from
the ambient plasma (Kalmykov et al., 2010a; Lu et al., 2007; Martins et al., 2010). Single-shot
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optical diagnostics, such as second harmonic generation from the sheath (Gordon et al., 2010;
Helle et al., 2010) and frequency-domain holography/shadowgraphy (Dong et al., 2010a;b),
show a direct correlation between the generation of collimated electron beams and bubble
formation. Also, the moment of injection can be precisely identified (Thomas et al., 2007a).
Electron self-injection greatly simplifies the experimental design enabling a single-stage
acceleration with considerable flexibility in beam parameters.
The bubble shape and potentials are determined by the electron flow surrounding the
cavitated area. The majority of electrons slip behind the bubble within a time interval close
to the period of plasma oscillations, τp = 2π/ωpe. This means that the bubble, on the
whole, is a quasistatic structure (Lu et al., 2006; Mora & Antonsen, 1996). At the same time,
the sheath electrons, exposed to the highest fields and preaccelerated to relativistic energies,
stay with the bubble much longer (Kalmykov et al., 2011b). If the quasistatic bubble expands
during their slippage time (satisfying semi-empirical condition discussed in section 2.1), the
sheath electrons can penetrate into the bubble near its rear, synchronize with it (i.e. obtain the
longitudinal momentum p‖ ≈ γgmec), and then travel inside the cavity, continuously gaining
energy (Kalmykov et al., 2011b). Diffraction of the driving laser pulse is usually sufficient to
cause this kind of dynamic behavior (Kalmykov et al., 2009; Xu et al., 2005). Therefore, the
quality of accelerated beam, sensitive to the details of self-injection process, appears to be tied
to the self-consistent optical evolution of the driver.
Accelerated electrons eventually outrun the slow bubble. They exit the accelerating phase
within a time interval τd = Ld/c, where Ld = (2/3)γ2

gRb is the dephasing length, and Rb is
the bubble radius. Acceleration until dephasing maximizes the energy gain, yielding Emax ≈
0.085γ2

g(kpRb)
2 MeV, where kp = ωpe/c (Lu et al., 2007). Numerical simulations presented

in this Chapter correspond to γg ≈ 16, kpRb ≈ 5, yielding Ld ≈ 1.7 mm and Emax ≈ 550
MeV. In strongly rarefied plasmas, such as γg ≫ 3kpRb/4, dephasing takes many Rayleigh
lengths (this estimate implies that the laser pulse spot size approximately equals to the bubble
radius). To propagate the pulse over this distance in a uniform background plasma, majority
of modern experiments rely on a combination of relativistic and ponderomotive self-guiding
(Hafizi et al., 2000; Ralph et al., 2009). The following dynamical scenario is usually the case.
Upon entering the plasma, the pulse with P/Pcr ≫ 1 and τL < τp self-focuses until full
electron cavitation is achieved, and the charge-separation force of an electron density channel
(bubble) balances the radial ponderomotive force; the pulse is then guided until depletion
(here, Pcr = 16.2γ2

g GW is the critical power for relativistic self-focusing (Sun et al., 1987)).
The condition of the force balance matches the peak vector potential of the pulse (normalized
to mec2/|e|) to the bubble radius as asg ≈ (kpRb/2)2 ≫ 1 (Lu et al., 2007). Even though the
bubble is a natural attractor for the relativistic laser-plasma dynamics (Gordienko & Pukhov,
2005), both transient dynamics before the onset of self-guiding (Kalmykov et al., 2010a) and
the laser evolution during the self-guiding (Froula et al., 2009; Kalmykov et al., 2010a; 2011b;
Kneip et al., 2009; Oguchi et al., 2008) may cause unwanted additional electron injection
(dark current), degrading the beam quality. The lack of balance between the light pressure
and charge-separation force makes the pulse spot size oscillate (Kalmykov et al., 2010a;
Oguchi et al., 2008); self-steepening (Vieira et al., 2010) and depletion (Decker et al., 1996)
gradually turn the pulse into a relativistically intense piston (Kalmykov et al., 2011b); and
relativistic filamentation (Andreev et al., 2007; Kalmykov et al., 2010a; Thomas et al., 2007b;
2009) distorts the transverse profile of the pulse. Resulting deformations of the bubble,
to which self-injection is extremely sensitive (Kalmykov et al., 2010b; 2011b), lead to the
rapid degradation of electron beam quality (Froula et al., 2009; Kalmykov et al., 2010a; 2011b;
Kneip et al., 2009; Martins et al., 2010). Novel optical diagnostics, such as frequency-domain
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streak cameras (Dong et al., 2010b; Li et al., 2010; 2011), allow capturing the details of bubble
evolution and associating them with the final quality of electron beam in a given experimental
shot, providing necessary feedback for the real-time optimization. The combined effort of
theory and experiment should thus be aimed at suppressing dark current through a proper
optimization and control of laser pulse evolution without complicating the experimental
design (ideally, involving a single laser pulse and a single gas target).
It has been understood that to reduce the nonlinear effects and stabilize the bubble during
the pulse self-guiding, it is necessary to work with matched PW-class pulses in low-density
plasmas, γg > 35 (Lu et al., 2007). At even lower densities, γg > 100, initial mismatching of
the pulse (e.g. over-focusing) helps enforce and control the injection (Kalmykov et al., 2010b;
2011a). With P ∼ 10Pcr, and τL < τp/2, the initially over-focused laser diffracts, the bubble
expands, and electrons are injected continuously. When self-guiding sets in, the bubble
stabilizes, and self-injection terminates. Secondary injection into the same bucket remains
suppressed, and low-energy tails do not develop in the electron spectra. Electrons injected
during the period of expansion travel deep inside the bucket and are continuously accelerated.
At the same time, electrons injected late are located in the region of the highest accelerating
gradient. They rapidly equalize in energy with earlier injected particles. Thus, a nanocoulomb
(nC), quasi-monoenergetic bunch forms long before dephasing (Kalmykov et al., 2009; 2010b;
2011a). It can be further accelerated without emittance dilution, reaching multi-GeV energy
near dephasing, keeping a few percent energy spread and a few mrad divergence. By varying
plasma density and/or laser focusing geometry, one can control initial mismatching, changing
the system behavior during the brief initial transient stage, thus precisely controlling the
charge and emittance (Kalmykov et al., 2011a). High optical quality of the PW pulse is
critically important for the realization of this scheme (Kalmykov et al., 2010a; Wang et al.,
2011).
With a higher power ratio, P/Pcr > 10, and/or longer pulse, τL > τp/2, the described
above scheme becomes compromised (Kalmykov et al., 2010a). The length of the transient
stage increases, giving rise to multiple oscillations of the laser spot size and periodic
injection (Kalmykov et al., 2010a), resulting in polychromatic electron energy distributions
(Martins et al., 2010). At higher plasma densities, γg < 20, longitudinal deformation of the
pulse becomes another source of the dark current (Kalmykov et al., 2011b). The leading edge
of the pulse that pushes away plasma electrons rapidly accumulates frequency red-shift, and
group velocity dispersion concurrently compresses the pulse (Fang et al., 2009; Faure et al.,
2005; 2006; Pai et al., 2010; Vieira et al., 2010). Concomitant depletion of the leading edge
further enhances the self-steepening effect (Decker et al., 1996; Lu et al., 2007). Initially smooth
driver thus turns into a relativistically intense “piston”, or a “snow-plow” that pre-accelerates
and compresses the initially quiescent electron fluid. A large charge separation immediately
behind the piston results in sheath electrons receiving strong longitudinal kick, increasing
their inertia, and delaying their return to the axis. As a result, the bubble elongates,
and massive, uninterrupted self-injection follows (Froula et al., 2009; Kalmykov et al., 2011b;
Kneip et al., 2009). In spite of high injected charge, this scenario remains the same in both
quasistatic and fully explicit, 3-D EM particle-in-cell (PIC) simulations (Kalmykov et al.,
2011b). Beam loading (Rechatin et al., 2010; Tzoufras et al., 2009) becomes important only
in the final stage of this process. Notably, in this situation, transverse matching of
the pulse precludes neither periodic nor continuous injection (Martins et al., 2010), and
thus does not help improve the beam characteristics. However, the dark current-free
acceleration can be achieved even in these unfavorable regimes. Giving up acceleration until
dephasing, and limiting the plasma length to one cycle of laser waist oscillation results in a
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quasi-monoenergetic beam formation (Hafz et al., 2011; Kalmykov et al., 2009). This approach
does not maximize electron energy and thus does not optimize the accelerator performance.
However, high-quality, a few-hundred MeV electron beams with tunable parameters can be
produced, which is valuable for applications. In addition, as we show in section 3, using a
broad bandwidth, negatively chirped pulse may help compensate for the nonlinear red-shift
and delay formation of the relativistic piston, thus reducing the amount of dark current.
In this Chapter, we elucidate the intrinsic connection of electron injection with the laser pulse
optical evolution and demonstrate the mechanism of monoenergetic electron beam formation.
We also discuss adverse scenarios of the pulse evolution leading to the continuous injection,
and propose ways to mitigate them. To examine electron injection during various stages of
laser pulse evolution in a single numerical experiment, we use two complementary simulation
approaches. In section 2, we explain the physics, and develop the conceptual framework of
the problem using the quasistatic, cylindrically symmetric, fully relativistic PIC code WAKE
(Mora & Antonsen, 1997). A fully 3-D, non-averaged, dynamic test electron tracking module
incorporated in WAKE (Kalmykov et al., 2009; Malka et al., 2001) emulates the non-quasistatic
response of initially quiescent electrons to a high-frequency quasi-paraxial laser field and
slowly varying EM plasma wakes. In section 2.5 we validate the test-particle results in a
full 3-D PIC simulation using the code CALDER-Circ (Lifschitz et al., 2009).
The formation of a quasi-monoenergetic electron bunch during one period of laser spot
oscillation is the subject of sections 2.1, 2.2, and 2.3. By analyzing quasistatic trajectories
and using the results of test electron tracking in section 2.1, we identify precisely the
injection candidates, collection volume, and evaluate the minimal bubble expansion rate
for the initiation of self-injection. Formation of the quasi-monoenergetic beam during one
period of the bubble size oscillation is described in section 2.2. Results of section 2.3 show
that self-injection and subsequent acceleration of an electron require initial reduction of its
moving-frame Hamiltonian. Laser pulse self-compression and resulting continuous injection
are considered in section 2.4. In section 2.5, we validate the self-injection scenarios discussed
in sections 2.1 – 2.4 in a CALDER-Circ simulation. We find that the test-particle modeling
correctly identifies physical processes responsible for the initiation and termination of
self-injection. Using our fast simulation toolkit (WAKE with test particles) and CALDER-Circ
code, we explain in section 3 that laser self-compression and concomitant continuous injection
can be suppressed by using a negatively chirped, broad bandwidth driver pulse. In section 4
we summarize the results and point out directions of future work.

2. Self-injection scenarios in the blowout regime

We study self-injection and acceleration of electrons until dephasing in a standard regime
of LPA experiments at the University of Nebraska (Ramanathan et al., 2010). We examine
various scenarios of injection and relate them to nonlinear dynamical processes involving
the laser pulse. The quasistatic behavior of the bulk plasma makes it possible to
elucidate the physics of self-injection using a conceptually simple and computationally
efficient toolkit: a fully relativistic 3-D particle tracking module built into the cylindrically

symmetric time-averaged (over ω−1
0 ) quasistatic PIC code WAKE (Mora & Antonsen, 1997).

WAKE uses an extended paraxial solver for the slowly varying laser pulse envelope,
which preserves the group velocity dispersion in the vicinity of the carrier frequency and
calculates precisely radiation absorption due to the wake excitation. Electron response to
the time-averaged ponderomotive force is calculated assuming that all plasma electrons
(macroparticles) eventually fall behind the bubble. This approach, termed the quasistatic
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approximation (QSA), tremendously speeds-up the simulation, enabling serial runs and
extensive parameter scans using small workstations. On the other hand, neglecting the
long-term contribution of near-luminous-speed macroparticles traveling with the bubble
prohibits self-consistent modeling of electron self-injection and trapping. To simulate
self-injecton without compromising computational efficiency, we use test particles. The
test-particle module is fully dynamic, making no assumption of cylindrical symmetry, and is
not time-averaged. In particular, it takes into account the interaction of test electrons with the
non-averaged, linearly polarized laser field with non-paraxial corrections (Quesnel & Mora,
1998). To capture the laser pulse interaction with non-quasistatic background electrons (and
thus to model self-injection into non-stationary quasistatic wakefields), a group of quiescent
test electrons is placed before the laser pulse at each time step. In this way, electron
self-injection associated with bubble and driver evolution is separated from the effects brought
about by the collective fields of the trapped electron bunch, i.e. from effects due to beam
loading. This simulation approach allows us to fully characterize the details of self-injection
process and relate them to the evolution of the laser and the bubble using a non-stationary
Hamiltonian formalism (Kalmykov et al., 2010b; 2011b).
In the simulation, a transform-limited, linearly polarized Gaussian laser pulse with a full
width at half-maximum in intensity τL = 30 fs and central wavelength λ0 = 0.805 µm is
focused at the plasma border (z = 0) to a spot size r0 = 13.6 µm, and propagates towards
positive z. The plasma has a 0.5 mm linear entrance ramp followed by a 1.7 mm plateau. The
length of the plateau is equal to the dephasing length. Plasma density, n0 = 6.5 × 1018 cm−3,
corresponds to γg = ω0/ωpe ≈ 16.3. The laser power is 70 TW, which yields P/Pcr = 16.25, a

peak intensity at the focus 2.3 × 1019 W/cm2, and normalized vector potential a0 = 3.27. The
WAKE simulation uses a grid dr ≈ 0.1k−1

p ≈ 0.21 µm, with 30 macroparticles per radial cell,

dξ = dr/3 (where ξ = z − ct), and time step dt = dz/c ≈ 1.325ω−1
0 .

2.1 Injection candidates, collection volume, and minimal expansion rate to initiate injection

Upon entering the plasma, the laser pulse self-focuses and reaches the highest intensity at
z ≈ 0.8 mm. Full blowout is maintained over the entire propagation distance. Bubble
expansion and electron injection begin soon after the laser pulse enters the density plateau.

The wakefield potential, time-averaged (over ω−1
0 ) Lorentz forces, electron density, and

sample trajectories of macroparticles ri(ξ) are shown in Fig. 2 for the fully expanded bubble
after 1 mm of propagation (cf. position (2) of Fig. 3).
The quasistatic electron density and number density of non-quasistatic test particles in (r, ξ)
space are strikingly similar in Fig. 2(c). Thus, even though the macroparticles cannot be
trapped, analysis of their trajectories helps identify the injection candidates, and specify
the scenario of bubble evolution favorable for injection. This analysis also provides precise
estimates of the collection volume and the bubble expansion rate necessary to initiate the
injection. Each macroparticle can be put into one of three clearly defined groups [color coded
in Figs. 2(d) – 2(f)]. The majority of electrons, viz. those expelled by the radiation pressure
(black) and those attracted from periphery to the axis (green), are passing. They fall behind
the bubble roughly within a time interval τb = Lb/c (where Lb ≈ 2Rb is the bubble length).
The bulk plasma electrons thus obey the QSA restrictions exceptionally well, which enables
precise WAKE modeling. Sheath electrons (red) are different; they may travel with the bubble
over a long distance. Figure 2(e) shows that their slippage time,

Tslip =
∫ Lb

0

dζ

c − vz
, (1)
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Fig. 2. Fully expanded bubble from the WAKE simulation (cf. position (2) of Fig. 3). Solid
white and dashed red contours in panels (a–d) are the iso-contours of laser intensity at
exp(−2) of the peak (the pulse propagates to the right). (a) Wake potential Φ = φ − Az in
units mec2/|e|. (b) Focusing (−Er + Bθ , top) and accelerating (−Ez, bottom) Lorentz forces (in
GV/cm). (c) Top: the quasistatic electron density (in cm−3). Bottom: radial positions of
non-quasistatic test electrons. Red markers are the test particles with γ > γg = 16.3. (d)
Trajectories r(ξ) of the quasistatic macroparticles. Green and black trajectories correspond to
passing electrons. Red trajectories correspond to sheath electrons – injection candidates. (e)
Normalized slippage time as a function of the impact parameter, Rimp = r(ξ ≫ cτL). (f)
Longitudinal (pz, solid line) and transverse (pr, dashed line) momenta of macroparticles at
the rear of the bubble (the point of trajectory crossing). Sheath electrons have the largest
slippage time, and become relativistic before crossing the axis. The yellow dashed curve in
panels (a–c) is a trajectory of the macroparticle with the greatest slippage time (“the
innermost electron”). (g) Impact parameters of test electrons from panel (c) vs energy.

significantly exceeds τb (here, ζ = −ξ, and ζ = Lb ≈ 18 µm is the coordinate of the rear of the
bubble). A yellow broken line in Figs. 2(a) – 2(c) shows the trajectory of the macroparticle with
the largest slippage time, Tslip ≈ 4.2τb. Figure 2(d) indicates that the sheath electrons originate
from a hollow cylinder with a radius close to the laser pulse spot size. While slipping through
the structure, they are exposed to the highest wakefields. At the rear of the bubble, they are
strongly pre-accelerated in both longitudinal and transverse directions: Fig. 2(f) gives pz max ≈
21mec > γgmec, and |pr max| ≈ 4mec. The large longitudinal momentum of these electrons
makes them the best injection candidates; their promotion to fully dynamic macroparticles
may result in their self-injection and acceleration (Morshed et al., 2010).
Longitudinal synchronization of sheath electrons, pz ≥ γgmec, is necessary and, in high-
density plasmas (such as γg ≈ kpRb), also sufficient for their injection (Kostyukov et al., 2009).
In the opposite limit of strongly rarefied plasmas, γg > 10kpRb, the sheath electrons do not
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Fig. 3. Electron injection into the oscillating bubble. (a) Peak laser intensity (red) and length
of the accelerating phase Lacc.ph. (black) vs propagation distance; Lacc.ph. is the distance
between the positions of zero and peak accelerating gradient on axis – see Fig. 4(b). Panels
(b) and (c): energy of test electrons vs their initial longitudinal (b) and radial (c) positions
after one period of bubble size oscillation (cf. position (3) of panel (a)). (d.1) – (d.3)
Quasistatic electron density in cm−3 (color map) and number density of non-quasistatic test
particles (dots) corresponding to the positions (1) – (3) of the plot (a) (labeled accordingly).
Red contour is an iso-contour of laser intensity at exp(−2) of the peak. Data from positions
(1) – (3) are used to describe the process of monoenergetic electron bunch formation in Fig. 4.

synchronize with (and thus cannot be injected into) a non-evolving bubble (i.e. depending
on variables r and ξ only); in this case, evolution of the bucket is vital for self-injection
(Kalmykov et al., 2009; 2010a;b; 2011a). In the intermediate regime with γg ≈ 3.5kpRb

(which is the focus of this Chapter), longitudinal synchronization appears to be insufficient
for injection. The sheath electrons crossing the axis have relativistic transverse momenta, and
thus tend to exit the cavity in the radial direction. Such electrons have been earlier observed in
the laboratory in the absence of any noticeable trapping (Helle et al., 2010; Kaganovich et al.,
2008). To be injected (i.e. return to axis), the injection candidates must be confined into a
focusing cavity after crossing the axis. To this effect, the bubble must continuously expand,
changing its size by an appreciable fraction during the electron transit time Tslip. Energetic
sheath electrons can then outrun the boundary of the bubble and stay inside long enough
to both synchronize longitudinally and make a U-turn transversely. To separate the most
energetic electrons from the sheath, elongation of the bubble over the slippage time has to
exceed the sheath thickness ∆sh at the rear of the bucket (Kalmykov et al., 2010b; 2011b),

∆Lb = Lb(t + Tslip)− Lb(t) ≥ ∆sh, (2)
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Physics of Quasi-Monoenergetic Laser-Plasma Acceleration of Electrons in the Blowout Regime 9

Fig. 4. Phase space rotation and formation of a quasi-monoenergetic bunch (Kalmykov et al.,
2011b). (a) Phase space rotation of injected test electrons. Longitudinal phase space is shown
at the positions (1)–(3) of Fig. 3(a). (1) Injection begins. (2) The bubble is fully expanded,
injection stops, and phase space rotation begins. (3) The bucket slightly contracts. Electrons
injected lately equalize in energy with those injected earlier. Quasi-monoenergetic bunch
forms. Test electrons are color coded according to HMF < 0 (red), 0 < HMF < 1 (green),
HMF > 1 (black). (b) Axial line-outs of the accelerating gradient (in GV/cm). (c) HMF vs
energy gain for the fully expanded (2) and contracted (3) bubble.

where the parameter ∆sh has to be found empirically from simulations. For the fully expanded
bubble of Fig. 2, ∆Lb ≈ 3∆sh ≈ 0.5 µm (the estimate obtained using Fig. 3(a)), which is
sufficient to maintain the injection. Indeed, a group of test particles accelerated to γ > γg

(red markers) can be seen at the base of the bubble in Fig. 2(c). Figure 2(g) indicates that,
in agreement with earlier studies (Pukhov et al., 2010; Tsung et al., 2006; Wu et al., 2009), only
electrons with impact parameters such that they enter the sheath are collected and accelerated.
And, the condition (2) always holds, sometimes rather closely, when self-injection occurs in
low-density plasmas, γg > 65 (Kalmykov et al., 2009; 2010a;b; 2011a).
All accelerated electrons in Figs. 2(c,g) are collected from a cylindrical shell with thickness
∆Rcoll ≈ 2 µm and radius close to the laser spot size, Rcoll ≈ 8 µm. The length of this
hollow cylinder equals to the interval of bubble expansion from Fig. 3(a), ∆zexp ≈ 400 µm.

This collection volume contains 2.6 × 1011 electrons – injection candidates (42 nC charge). To
calculate the injected charge correctly, one has to take into account the self-fields of both sheath
and recently trapped electrons near the base of the bubble, making resort to the fully kinetic
simulations (Kalmykov et al., 2011b; Morshed et al., 2010). 3-D PIC simulation of section 2.5
shows that only 0.5% of particles from the collection volume are actually injected. Injection
from a very narrow range of impact parameters, together with low collection efficiency in
realistic PIC modeling, makes massive self-injection during the slippage time very unlikely.
Injected particles thus remain the minority, and their contribution to the bubble evolution is
insignificant. This justifies the quasistatic treatment of the plasma electrons making up the
accelerating structure, and validates the test-particle model of self-injection process.
The background plasma is never perfectly uniform in the laboratory experiment. Localized
density depressions, which may naturally occur in gas jet targets, can also cause electron
self-injection (Hemker et al., 2002; Suk et al., 2001). Even if the driver evolution is negligible
(as in the beam-driven case (Lu et al., 2006; Rosenzweig et al., 1991)), the bubble crossing
a density down-ramp necessarily expands; if the ramp is longer than a slippage distance,
Lramp ≫ cTslip, then the bubble evolution is slow, and Eq. (2) applies. The bubble length

in the non-uniform plasma is Lb(z) = κ(2π/kp0)/
√

ñe(z), where the parameter κ ∼ 1 is
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determined empirically from simulations. Assuming a power-law density profile, ñe(z) ≡
ne(z)/n0 = 1 − A[(z − zin)/Lramp]α, where ñe(z < zin) = 1, and ñe(z > zin + Lramp) =
1 − A < 1, and substituting z − zin = cTslip into Eq. (2), we find the relation between the
length of the ramp Lramp and density depression A necessary to incur injection: Lramp <

cTslip[Aκπ/(kp0∆sh)]
1/α. Using parameters of the bubble from Fig. 2, we find that a linear

down-ramp with a 10% density depression may produce self-injection if Lramp < 0.47 mm. If
the plasma density is more homogeneous than that, the self-injection into the bubble can be
enforced by the pulse evolution only.

2.2 Self-injection into an oscillating bubble: formation of quasi-monoenergetic collimated

electron beam

The first period of bubble size oscillations is displayed in Fig. 3. Figure 3(d.1) shows the bubble
and the laser pulse at the beginning of bubble expansion (cf. position (1) of Fig. 3(a)); Fig. 3(d.2)
at the end of expansion (cf. position (2) of Fig. 3(a)); and Fig. 3(d.3) at the end of oscillation
period (cf. position (3) of Fig. 3(a)). The laser pulse entering the density plateau at z = 0.5
mm is longer than one-half of the electron plasma period, τL ≈ 0.7τp. Its head, residing in
an incompletely evacuated nonlinear channel, remains guided with an almost invariant spot
size, r(ξ ≈ 0) ≈ 6.5 µm, whereas the tail, confined within an evacuated bubble, is strongly
mismatched. Beating of the mismatched tail, causing alternating expansion and contraction
of the bubble, are clearly seen in progression from Fig. 3(d.1) to 3(d.3).
Figure 3(a) shows that bubble expansion starts near the edge of the density plateau and
continues until z ≈ 1 mm. The bubble expands by 14% of its size over a 400 µm distance
(∼ 20 bubble lengths). Injection of non-quasistatic test electrons continues uninterrupted
during this stage, and, as is clear from Fig. 4(a), their momentum distribution is continuous.
Contraction of the bubble between z = 1 and 1.25 mm extinguishes injection and truncates
the bunch: electrons injected at the very end of expansion are expelled. Particles remaining in
the bucket are further accelerated. At this stage, the bunch becomes quasi-monoenergetic.
According to Fig. 4(b), the longitudinally nonuniform, co-moving accelerating gradient
changes insignificantly during the contraction. The tail of the bunch, constantly exposed
to the highest gradient, equalizes in energy with earlier injected electrons (cf. position (3)
of Fig. 4(a)). This rotation of longitudinal phase space, responsible for the formation of a
quasi-monoenergetic bunch long before dephasing, is clearly different from that discussed
in literature (Tsung et al., 2006). According to Figs. 3(b) and (c), electrons remaining in the
bucket at the end of bubble contraction are collected during the interval of bubble expansion
from a cylindrical shell with the radius close to the laser spot size. They form the bunch with

the energy E = 360+40
−20 MeV and 4.3 mrad divergence. Therefore, limiting the plasma length to

a single period of the bubble size oscillations gives a quasi-monoenergetic, collimated electron beam
(Hafz et al., 2011; Kalmykov et al., 2009).

2.3 Evolution of test electron Hamiltonian during injection

WAKE calculates all potentials directly, which makes the Hamiltonian analysis of test particle
tracking straightforward. Using the definitions of normalized momentum p ≡ p/(mec), wake
potential Φ = |e|(ϕ − Az)/(mec2) (where φ is a scalar potential, and Az is the longitudinal
component of vector potential), envelope of the laser vector potential a ≡ |e|a/(mec2), and

γe = (1 + p2 + a2/2)1/2, we introduce the normalized time-averaged moving-frame (MF)
Hamiltonian HMF(r, z, ξ) = γe + Φ − pz. For the quasistatic macroparticles, HMF ≡ 1
(Mora & Antonsen, 1997). Test electrons (which are not assumed to be quasistatic) move
in explicitly time-dependent potentials; hence, HMF changes in the course of propagation
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according to dHMF/dt = ∂HMF/∂t. For a test electron moving away from the bubble,

HMF = γe + Φ − pz →
√

1 + p2 − pz > 0. Hence, the electron is confined inside the bucket
at all times (trapped) if the HMF remains negative in the course of interaction. As soon as the
bubble stabilizes, HMF is conserved. All test electrons can be then divided into 3 groups: (1)
HMF < 0 — trapped; (2) 0 < HMF < 1 — injected (accelerated); and (3) HMF > 1. All the
three groups are represented in Fig. 4(a), where the phase space of test electrons is shown at
the stationary points of full expansion (labeled (2)) and full contraction of the bubble (labeled
(3)). Electron phase space for the fully expanded bubble shows that the bubble expansion
causes a reduction in HMF (Kalmykov et al., 2009; 2010b). The condition HMF < 1 is thus
necessary for injection and initial acceleration. For instance, it can be used for promotion
of test electrons into the non-quasistatic electron beam particles in order to self-consistently
incorporate beam loading into the model. Conversely, even minimal bubble contraction may
raise HMF significantly. Figure 4(c) shows that electrons with 0 < HMF < 2 are accelerated as
effectively as those which are formally trapped. Hence, the natural evolution of the structure
may result in violation of the sufficient trapping condition; this, however, does not disrupt
acceleration with good collimation and low energy spread (Kalmykov et al., 2011b).

2.4 Continuous self-injection caused by self-compression of the driving pulse

Although a monoenergetic electron bunch forms early, the general experimental trend is to
push the accelerator efficiency to the limit and use the entire dephasing length. Electron beam
quality, however, can be compromised in this pursuit. The driver pulse evolves continuously,
which may cause uninterrupted electron injection and emittance growth. Understanding the
physical mechanism of continuous injection will help control the beam quality by limiting
injection via a judicious choice of laser-plasma interaction geometry and target design
(Kalmykov et al., 2011a) or by manipulating the phase and envelope of the incident pulse.
Running the simulation until the nonlinear dephasing limit, we find two distinct stages of
the system evolution. Stage I, discussed above, corresponds to a single oscillation of the
laser spot size and produces a monoenergetic electron bunch. Stage II is characterized by
a gradual increase of laser intensity (up to 2 × 1020 W/cm2) and a steady elongation of
the bubble. Figure 5 shows that bubble elongation is accompanied by continuous injection
and growth of the energy spread. At the end of the run, the number of continuously
injected test electrons (γ > γg) is factor of 7.5 larger than the number of electrons in the
leading quasi-monoenergetic bunch. Similar development of self-injection process has been
reported elsewhere (Froula et al., 2009; Kneip et al., 2009). Figures 5(c.1) – 5(d.3) show that
the asymmetric growth (elongation) of the bubble is accompanied by self-compression of the
driver pulse from 25 to roughly 5.5 fs, and simultaneous 5-fold increase in intensity. The
compressed pulse (relativistic piston) acts as a snow-plow. The ponderomotive push of its
front pre-accelerates plasma electrons to γ > γg and, as is seen in Figs. 5(c.2) and 5(c.3),
creates a strongly compressed electron slab an order of magnitude denser than the ambient
plasma. As a result of this strong charge separation, plasma electrons entering the sheath
(as can be seen in Figs. 6(b) and 6(d)) are exposed to the positive electric field a factor 2.25
higher than in the case of smooth driver (Figs. 6(a) and 6(c)). Hence, upon passing the piston,
sheath electrons receive a large kick in the backward direction, and quickly become relativistic,
pz ≈ −1.65mec (in contrast to −0.55mec in the smooth driver case). Therefore, in the piston
case, it takes nearly twice as long for the sheath electron to reach the point of return, pz = 0,
and to start getting accelerated; reaching the axis also takes longer time, which explains the
bubble elongation.
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Fig. 5. Pulse self-compression and continuous injection (Kalmykov et al., 2011b). (a) Peak
laser intensity (red) and the length of the accelerating phase vs propagation length (black).
(b) Energy of test electrons vs their initial positions at z = 2.2 mm. The leading quasi-
monoenergetic bunch forms during Stage I (one period of bubble size oscillation). Bubble
expansion during Stage II causes continuous injection with broad energy spectrum. The
bubble and injected test electrons at the positions (1) – (3) of panel (a) are shown in panels
(c.1) – (c.3). Grayscale: electron density (in cm−3); red dots: test electrons with γ > γg. (d.1) –

(d.3) Normalized laser intensity, |a|2, at the positions (1) – (3) of panel (a); red contour:
iso-contour of an incident pulse intensity at exp(−2) of the peak. Self-steepening of the pulse
(formation of a relativistic piston) causes elongation of the bubble and continuous injection.

This physical interpretation, deduced from the analysis of quasistatic electron trajectories,
is validated in section 2.5 in fully explicit 3-D PIC simulations. It suggests that the root
cause of continuous injection is the pulse self-steepening. The steepening is partly caused
by depletion due to the wake excitation (∼ 33% at z = 2.2 mm) (Decker et al., 1996;
Fang et al., 2009; Lu et al., 2007), and is partly a nonlinear optical effect (Faure et al., 2005;
Pai et al., 2010; Vieira et al., 2010). Figures 7(a) and 7(b) show axial lineouts of normalized
intensity and of the nonlinear index of refraction. The pulse leading edge witnesses the
index down-ramp at all times. Hence, the laser frequency red-shifts in the region of index
gradient. At the same time, the tail traveling inside the bubble remains unshifted. With
lower frequencies temporally leading higher frequencies, the pulse acquires a positive chirp.
The anomalous group velocity dispersion of plasma compresses the positively chirped pulse:
the red-shifted leading edge slows down with respect to the non-shifted tail, building up the
field amplitude first in the pulse head (Fig. 7(a)), and later near the pulse center (Fig. 7(b)).
The chirp, as shown in Fig. 7(c), broadens the laser spectrum towards ω = ωpe; envelope
oscillations in Fig. 7(b) result from the strong reduction of the pulse central frequency. The

124 Femtosecond-Scale Optics

www.intechopen.com



Physics of Quasi-Monoenergetic Laser-Plasma Acceleration of Electrons in the Blowout Regime 13

Fig. 6. Bubble elongation due to formation of a relativistic piston: quasistatic analysis.
Physical quantities are shown before (left column) and after (right column) the piston
formation. The left column corresponds to position (1), and the right column – to the position
(3) of Fig. 5(a). (a), (b) Longitudinal electric field Ez (in GV/cm). Black lines are the
innermost electron trajectories, rin(ξ), plotted until the point of return, pz = 0. Blue contours
are iso-contours of laser intensity at 5 × 1018 W/cm−2. (c), (d) Longitudinal electric field in
the points of the innermost electron trajectory, Ez(rin(ξ)), from plots (a) and (b), respectively.
(e), (f) Longitudinal momentum of the innermost electron along its trajectory, pz(rin(ξ)).

large bandwidth explains pulse compression to roughly two cycles. The red shift of central
frequency together with the continuous front etching additionally slows down the pulse and
the bubble and provides another reason for the occurrence of continuous injection (Fang et al.,
2009). We show in section 3 that negative chirp of the incident pulse may compensate for the
gradually accumulating red-shift, thus delaying the pulse contraction and partly suppressing
continuous injection.

2.5 Validation of self-injection scenarios in full 3-D PIC simulation: role of beam loading

Collective fields of the electron beam, neglected in the test-particle treatment, are known to
change the shape of the sheath and thus reduce accelerating gradient, eventually terminating
self-injection (Tzoufras et al., 2009). In this section, we verify the test-particle results by
running a fully explicit 3-D PIC simulation with the identical set of initial conditions. We
use the quasi-cylindrical code CALDER-Circ (Lifschitz et al., 2009), which preserves realistic
geometry of interaction, and accounts for the axial asymmetry by decomposing EM fields
(laser and wake) into a set of poloidal modes (whereas the particles remain in full 3-D).
Well preserved cylindrical symmetry during the interaction enables us to use just the two
lowest order modes and thus reduce a 3-D problem to an essentially 2-D one. We suppress
sampling noise by using a large number of macroparticles (45 per cell) and high resolution in
the direction of propagation, dz = 0.125c/ω0. The aspect ratio dr/dz = 15.6, and the time

step dt = 0.1244ω−1
0 . Figure 8 shows that despite a much coarser grid, larger time step and

underlying approximations, the WAKE simulation correctly captures all relevant physics of
plasma wake evolution and dynamics of electron self-injection. In addition, CALDER-Circ
having fully self-consistent macroparticle dynamics yields the complete electron phase space,
and thus calculates precisely injected charge and beam emittance.

125Physics of Quasi-Monoenergetic Laser-Plasma Acceleration of Electrons in the Blowout Regime

www.intechopen.com



14 Will-be-set-by-IN-TECH

−10 0 10
0

20

40

z − ct (µm)

|a
( 

r 
=

 0
 )

|2

−10 0 10
0

80

160

240

z − ct (µm)

0.998

1.0

0.998

1.0

n
n
l

0.5 1 1.5
−3

0

3

ω (ω
0
)

lo
g

1
0  S

(ω
) (a

.u
.)

(a) (b) (c) 

Fig. 7. Pulse red-shifting and formation of the relativistic piston (Kalmykov et al., 2011b).
(a) Axial lineouts of normalized intensity (red) and nonlinear refractive index (black) at the
position (1) of Fig. 5(a). (b) Same for the position (3) of Fig. 5(a). (c) Laser frequency spectra
(radially integrated). Blue corresponds to panel (a), red – to panel (b), black – to the incident
pulse. The co-moving index gradient causes frequency red shifting and spectral broadening.
The spectrally broadened pulse in panel (b) is compressed to approximately two cycles.

In spite of the great difference in the algorithms and physics content, both codes demonstrate
the same correlation between the laser and bubble evolution. Self-injection begins, terminates,
and resumes at exactly the same positions along the propagation axis in both runs.
Figures 8(a), 8(d), and 8(g) show the result of Stage I — formation of quasi-monoenergetic
electron bunch before dephasing. Self-fields of the bunch are unable to prevent the bucket
contraction and partial de-trapping of electrons. The bunch phase space has a characteristic
“U”-shape produced by the phase space rotation. The bunch has 8% energy spread around
245 MeV and a charge Qmono ≈ 230 pC (in addition, electrons from the second bucket
produce a separate, rather diffuse peak around 150 MeV in Fig. 8(d)). The bunch duration,
tb = 10 fs, is the same as in the test-particle simulation; whereas divergence, 13 mrad,
is three times higher. The normalized transverse emittance in the plane of polarization is

εN,x = (mec)−1
(

〈∆x2〉〈∆p2
x〉 − 〈∆x∆px〉2

)1/2
≈ 8.74π mm mrad. It was understood that

the absence of beam self-fields in the test particle model leads to strong underestimation of
emittance, which validates the importance of 3-D PIC simulations for precise calculation of
the phase space volume of self-injected electrons (Kalmykov et al., 2011b).
The difference between the phase spaces of WAKE test electrons and CALDER-Circ macro-
particles, clearly seen in Fig. 8(g), can be attributed to the effect of beam loading which reduces
the accelerating gradient along the bunch and slows down phase space rotation, ultimately
reducing the bunch energy by 30%. Using the formalism of (Tzoufras et al., 2009), we find
that the repulsive EM fields of electron bunch are not high enough to prevent sheath electrons
crossing the axis and are thus unable to prevent further injection (Kalmykov et al., 2011b).
Figures 8(a)–8(c) show that continuous injection develops in both CALDER-Circ and WAKE
runs in exactly the same fashion, which validates the physical origin and continuous injection
scenario inferred from the analysis of quasi-static electron trajectories in section 2.4. Near
dephasing, continuously injected charge in CALDER-Circ simulation reaches Qcont ≈ 1.06
nC; the beam divergence is 36 mrad. The ratio Qcont/Qmono ≈ 4.6 is lower than the test
particle result of section 2.4 on account of beam loading. Figure 8(c) shows that, in spite
of the high injected charge, the bubble shape at the dephasing point is almost unaffected
by the presence of the electron beam; this observation rules out beam loading as a cause of
continuous injection. The bubble is still not fully loaded and injection in the CALDER-Circ
simulation continues beyond the dephasing point. Therefore, apart from slight reduction of
the accelerating gradient, beam loading brings no new physical features into the scenario of
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Fig. 8. Continuous injection in quasistatic (WAKE with test particles) and full 3-D PIC
(CALDER-Circ) simulations (Kalmykov et al., 2011b). (a)–(c) Electron density from
CALDER-Circ (top half) and WAKE (bottom) runs. Yellow dots are the test electrons with
γ > γg. (d)–(f) Electron energy spectrum (CALDER-Circ). (g)–(i) Longitudinal phase space
(colormap – CALDER-Circ; test electrons – yellow dots). Panels (a), (b), (c) are counterparts
of Figs. 5(c.1), 5(c.2) and 5(c.3).

continuous injection discussed in section 2.4. Continuous injection can be thus associated
solely with frequency red-shift and self-compression of the driver pulse, causing the growth
of the quasistatic bubble.

3. Suppression of continuous injection using negatively chirped driving pulse

We have learned in the last section that ploughing through the electron fluid significantly
reduces the frequency of the pulse leading edge. Subsequent self-steepening and compression
of the driver to a few cycles causes gradual expansion of the bubble, bringing about massive
continuous injection, degrading the beam quality. This physical scenario prevents effective
use of the entire dephasing length for high-energy quasi-monoenergetic electron acceleration.
Using a negatively chirped pulse may naturally alleviate this issue. If the pulse has a sufficiently
large frequency bandwidth (corresponding to a few-cycle transform-limited duration), the
blue shift of the leading edge would largely compensate for a gradually accumulating
nonlinear red-shift. This flattening of the phase would then reduce the pulse self-steepening
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Fig. 9. Effect of the negative chirp on the evolution of driver pulse and plasma bubble. Red
lines in panels (a) – (c) correspond to the chirped pulse; black lines to the non-chirped pulse.
(a) Peak intensity, (b) length of the accelerating phase, and (c) pulse energy vs propagation
distance. Positions (1) – (3) are the same as in Fig. 5(a). Panels (d.1) – (d.3) show electron
density and test electrons (red and blue dots) with γ > γg at the positions (1) – (3) (labeled

accordingly). Grayscale is linear with a cutoff at ne = 3.25 × 1019 cm−3. (e.1) – (e.3)
Normalized laser intensity, |a|2, at the positions (1) – (3). Negative chirp prevents rapid
self-compression of the pulse, slowing down bubble expansion and reducing the number of
injected test electrons.

and delay the relativistic piston formation. Elongation of the bubble, vividly demonstrated in
Fig. 8, would be thus reduced, and concomitant continuous injection partly suppressed.
We first verify this scenario in a WAKE simulation with test particles. We take the 30 fs, 70
TW Gaussian pulse with the parameters specified at the beginning of section 2 and introduce
a linear chirp, temporally advancing higher frequencies. The center of this negatively
chirped pulse corresponds to the carrier frequency, and the bandwidth corresponds to a
transform-limited 5 fs duration (viz. the relativistic piston of the last section). Multi-Joule
amplification systems delivering such broad-bandwidth pulses are not available yet; their
development, however, is being actively pursued (Herrmann et al., 2009). As in section 2.4,
we run the WAKE simulation until z = 2.2 mm. Figures 9 and 10 show that the negative chirp
profoundly changes the pulse evolution, and, hence, the dynamics of self-injection.
Figure 9(a) indicates that the initial stage of laser evolution, corresponding to the Stage I of
Fig. 5(a), remains almost unaltered. Relativistic self-focusing appears to be quite insensitive
to the frequency chirp. Figure 9(b) shows that the bubble experiences one pulsation between
z = 0.6 and 1.3 mm. The maximal bubble expansion around z = 1 mm appears to be 25%
smaller than in the non-chirped driver case, with a proportionally smaller number of injected
test particles.
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Fig. 10. Reduction of dark current using the negatively chirped driver pulse. Panels on the
left correspond to the non-chirped driver, and on the right to the chirped pulse. (a,b) Phase
space of test electrons showing signatures of continuous injection. (c,d) Accelerating
gradient. Shaded area covers the accelerating phase (Ez < 0). (e,f) Energy spectrum of test
electrons (number of test particles per spectrometer energy bin). The data are extracted from
WAKE simulations at z = 2.2 mm (cf. position (3) of Fig. 9(b)). Chirp of the driver reduces
expansion of the bubble (cf. panel (d) vs (c)); early dephasing is thus prevented (cf. (b) vs (a)).
Injected electrons, exposed to higher accelerating gradient (cf. (d) vs (c)), gain higher energy.
The amount of continuously injected charge is significantly reduced (cf. (f) vs (e)).

It is during the Stage II (z > 1.2 mm) that the chirp changes the pulse behavior most drastically.
From Fig. 9(a), the chirped pulse stabilizes after one spot size oscillation and propagates until
z = 2.1 mm with almost invariable intensity. As expected, the front steepening remains almost
unnoticeable till the end of the run: the chirped pulse envelopes in Figs. 9(e.1) and 9(e.2) show
just minimal longitudinal compression. As a result, according to Fig. 9(b), the bubble driven
by the chirped pulse expands by roughly 12% between positions (1) and (3), in contrast to 35%
in the non-chirped driver case. This stabilizing effect of the pulse chirp is the most vividly seen
in progression from Fig. 9(d.1) to 9(d.3).
Figure 9(c) shows 22% depletion of the chirped pulse, in contrast to 33% in the non-chirped
driver case. Therefore, the chirped pulse energy is transferred to the plasma wake less
effectively. The chirp not only compensates for the nonlinear frequency shift and concomitant
pulse self-compression (nonlinear optical effects unrelated to the pump depletion), but also
reduces the pulse front etching due to the local pump depletion (Decker et al., 1996). As
a result, the chirped pulse propagates with a higher group velocity. The peak of the
chirped pulse in Figs. 9(e.1) – 9(e.3) is temporally advanced with respect to its non-chirped
counterpart. Larger velocity of the structure extends the dephasing length and, as we shall
see below, results in higher final electron energy.
Despite all promising tendencies, continuous injection is not fully shut down. As shown in
Figs. 10(a) and 10(b), longitudinal phase space at the end of simulation (z = 2.2 mm) consists
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Qmono Emono ∆Emono ∆E/Emono εN,x εN,y 〈∆α〉mono

Chirp 0.181 637 30 0.047 8.1π 7.4π 10.6
No chirp 0.230 515 44 0.085 8.74π 8.5π 12.9

Table 1. Parameters of the quasi-monoenergetic electron bunch (CALDER-Circ simulation,
z = 2.2 mm). Qmono is the charge in nC; Emono is the central energy in MeV; ∆Emono is the
absolute energy spread (FWHM) in MeV; ∆E/Emono is the normalized energy spread; εN,x

and εN,y are the root-mean-square (RMS) normalized transverse emittances (in mm mrad) in
and out of the laser polarization plane; 〈∆α〉mono is the RMS divergence in mrad.

Qcont Emax 〈∆α〉cont

Chirp 0.46 500 33
No chirp 1.06 400 36

Table 2. Parameters of the low-energy background with continuous spectrum, 50 MeV < E <

Emax (CALDER-Circ simulation, z = 2.2 mm). Qcont is the charge in nC; Emax is the high-
energy cutoff (in MeV); 〈∆α〉cont is the RMS divergence in mrad.

of two distinct components: the leading (quasi-monoenergetic) bunch and long continuous
tail. In the non-chirped driver case (cf. Fig. 10(a)), the leading bunch has reached dephasing. In
the chirped driver case, however, the electrons are still located deeply inside the accelerating
phase and continue gaining energy (cf. Fig. 10(b)). Owing to very slow expansion of the
bubble, these particles have been exposed to a higher gradient, gaining additional 150 MeV
energy over the same acceleration distance. Comparison of Figs. 10(e) and 10(f) also shows
that the dark current is much lower in the chirped driver case, on account of much slower
bubble expansion during the second half of the simulation.
We quantify the effect of dark current suppression running a CALDER-Circ simulation
with the same initial conditions. We find that the electron beam components – leading
quasi-monoenegretic bunch and a polychromatic background – are affected by the pulse chirp
differently. Data presented in Tables 1 and 2 show that negative chirp reduces the charge of the
background more than twice, and noticeably improves the leading bunch quality, increasing
its energy by 20% and reducing the energy spread from 8.5% to 4.7%.
Poor collimation of the continuously injected electrons, 〈∆α〉cont ≈ 3〈∆α〉mono, together
with their distribution over the energy range 10-15 times broader than the absolute energy
spread of the leading bunch, reduce dramatically the brightness of the energy tail. These
poorly collimated beam components can be dispersed in vacuum using miniature magnetic
quadrupole lenses, further improving the beam collimation and reducing the energy spread
(Weingartner et al., 2011).
More details on electron acceleration in the wake of negatively chirped pulse are shown in
Fig. 11. First, comparison of Figs. 11(a.1) and 11(a.2) indicates that the chirped driver can
accelerate the leading bunch to a given energy (515 MeV in our case) in a shorter plasma,
and with much weaker background. Figures 11(b) also demonstrate that using the negatively
chirped driver improves the LPA efficiency, increasing the dephasing length and final electron
energy without compromising beam quality. Indeed, Figs. 11(b.2) and 11(b.3) show that, in the
chirped driver case, the leading bunch with 181 pC charge, energy 660 MeV and 5.8% relative
energy spread remains the dominating spectral feature in the energy range E > 100 MeV. In
contrast, according to Fig. 11(b.1), electrons accelerated in the wake of non-chirped driver are
completely dominated by the dark current by this point.
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Fig. 11. Acceleration of electrons in the wake of negatively chirped pulse: suppression of
dark current (CALDER-Circ simulation). (a.1), (a.2), (b.1), (b.2) Longitudinal phase space;
(a.3), (b.3) electron energy spectra. Panel (a.1) – dephasing point of electrons accelerated with
the non-chirped driver – is the same as Fig. 8(i). The leading bunch with the energy 515 MeV
and relative spread 8.5% is followed by a continuous component carrying 4.6 times higher
charge. (a.2), (a.3) Electrons accelerated with the chirped driver achieve 515 MeV energy
earlier, and with much weaker energy tail. (b.2) Dephasing point of electrons accelerated
with the chirped driver. Leading bunch with the energy 660 MeV and 5.8% relative spread is
the dominating spectral feature in the energy range E > 100 MeV (cf. panels (b.2) and (b.3)).
At this point, electrons accelerated with the non-chirped pulse are completely dominated by
the dark current (cf. panels (b.1) and (b.3)).

In conclusion, 3-D PIC simulations successfully support the idea of suppressing the dark
current using negative chirp of the driving pulse. Even though complete elimination of
dark current is hard to achieve in high-density plasmas (γg = 10 – 15), strong reduction
of the charge in the poorly collimated, continuous low-energy tail is useful for applications.
Subsequent manipulations with the beam using permanent magnets may further improve its
quality (Weingartner et al., 2011).

4. Conclusion

A time-varying electron density bubble created by the radiation pressure of a tightly focused
laser pulse guides the pulse through a uniform, rarefied plasma, traps ambient plasma
electrons and accelerates them to GeV-level energy. Natural pulse evolution (nonlinear
focusing and self-compression) is in most cases sufficient to initiate and terminate self-injection.
Bubble dynamics and the self-injection process are governed primarily by the driver
evolution. Expansion of the bubble facilitates injection, whereas stabilization and contraction
extinguishes injection and suppresses the low-energy background. Simultaneously,
longitudinal non-uniformity of the accelerating gradient causes rapid phase space rotation.
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Although beam loading reduces the accelerating gradient and slows down phase space
rotation, a quasi-monoenergetic, well collimated electron bunch forms long before dephasing.
At the same time, extending the acceleration length to the dephasing limit without
compromising electron beam quality is not straightforward. In modern experiments,
phase self-modulation and frequency red-shift due to the wake excitation cause gradual
compression of the driver pulse, turning it into a relativistic piston. This process causes
bubble elongation and massive continuous secondary injection (dark current). Compensation
of the nonlinear frequency shift by negatively chirping the pulse is one way to delay the
piston formation. As a result, nearly 60% reduction of the dark current is observed in our
3-D PIC simulations. The same set of simulations also shows that higher stability of the
broad bandwidth negatively chirped pulse in plasma leads to a 20% increase in the central
energy, a 50% reduction of relative energy spread, and a 20% emittance reduction of the
quasi-monoenergetic, high-energy component of electron beam.
The reported results highlight the importance of reduced physics models. Reduced models
not only lower the the computational cost of simulations (sometimes by many orders
of magnitude), but also allow for the identification of the underlying physical processes
responsible for the observed phenomena. The self-injection dynamics and its relation to the
nonlinear optical evolution of the driver was understood using especially simple simulation
tools (cylindrical quasistatic PIC code with fully 3-D dynamic test particle module). In
practical terms, this means that the system performance (electron beam duration, mean
energy, energy spread, and, very roughly, divergence) can be approximately assessed without
recourse to computationally intensive 3-D PIC simulations. It appears, however, that
calculation of the beam charge and transverse emittance still needs a 3-D fully kinetic
simulation. Clarifying the nature of self-consistent effects affecting the phase space volume of
self-injected electrons in various numerical models, and establishing the true physical origin
of these effects is the subject of ongoing work.
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