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Foreword
 

Poznan University of Technology involvement in the organisation of the 14th International 
Conference of Metal Structures is perceived by me as a distinction, but also as a proof of trust 
in the University. This activity fits perfectly the University mission to educate at all levels of 
higher education and in lifelong learning programs in close connection with scientific and 
research development. Nowadays, Poznan University of Technology offers education at 9 fac
ulties, covering a total of 33 fields of study. Nearly 16,000 students study here and over 1,300 
academic teachers cater to their education. The didactic offer of Poznan University of Tech
nology covers the most important fields related to modern technology with a recently 
launched program in Artificial Intelligence; it is also well adapted to the requirements of both 
domestic and foreign employers. High-quality scientific research is an integral element of 
Poznan University of Technology strategy, characterized by scientific achievements of its 
employees who published more than 2,000 scientific contributions: highly ranked articles, 
monographs, textbooks and other publications. The total number of PUT Library collections 
is over 450,000 volumes. Among numerous achievements, the University is proud of the 
H2020 Marie Sklodowska-Curie Global Fellowships and ERC grants. Furthermore, our sci
entists are among the authorities of the Polish Academy of Sciences (9 representatives) and 
are also members of numerous international scientific societies. According to Shanghai Rank
ing 2020 edition in disciplines, PUT was classified among the best 400 universities in the world 
in Mechanical Engineering. Also, we are ranked by students as the most popular university in 
Poland according to the Ministry of Science and Higher Education in the 2020/2021 academic 
year. 

Owing to EU funding, recent years have introduced the development of research infrastruc
ture at the Warta university campus. In 2020 our University also became a leader of European 
University EUNICE – a project funded by the European Commission with a budget of more 
than 6 million EUR. Our university consortium partners originate from Belgium, Germany, 
France, Finland, Italy and Spain. EUNICE’s main goal is to build a common European Uni
versity of the future, and prepare its structure and management design within 3 years. 
EUNICE is aspiring to provide a high-quality digital learning, offering flexible and multidis
ciplinary studies, as well as opportunities for students and staff for international exchange and 
networking. EUNICE will develop modern and innovative pedagogical methods and provide 
enhanced student services, in terms of enrolment, recognition, student counselling and guid
ance aimed at boosting the employability of all students. Just recently, PUT was also granted 
by the European Commission a follow-up scientific project REUNICE. This H2020 strategic 
project for the European University Alliance EUNICE aims at aligning its education, research 
and innovation strategies through an ambitious and transformative agenda. 

Therefore, I am convinced that Poznan University of Technology is an excellent environment 
for the organisation of the 14th International Conference of Metal Structures. It should be 
emphasized that this conference is a broad forum for discussion and exchange of experiences 
on the latest achievements in the broadly understood area of metal structures. The main 
topics refer to issues closely related to the interest of many research groups especially in civil 
and mechanical engineering such as: advanced analysis and direct methods of design, safety 
and reliability assessment, structural stability and integrity, plated, cable, membrane, shell and 

xi 



composite structures, robustness and resistance to progressive collapse as well as structural 
health monitoring, refurbishment and repair. 

Finally, I would like to express my gratitude for assigning me, the Rector of Poznan Univer
sity of Technology, as the honorary patron of the Conference, and I accept it as a token of 
appreciation for the University, but above all as a commitment. I am sure that the meeting 
will take place in a friendly atmosphere, rich in fruitful discussion and in the most comfortable 
conditions possible. 

Professor Teofil Jesionowski, Ph.D., D.Sc. 
Rector of Poznan University of Technology 
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Preface 

The 14th International Conference on Metal Structures 2021 (ICMS 2021) continued the series 
of conferences initiated in 1958. The previous three conferences were organised in Rzeszów 
(2006), Wrocław (2011) and Zielona Góra (2016) and they provided an ideal opportunity for 
the exchange of professional experience between researchers, designers and engineers. In 2021, 
the Conference was hosted by the Poznan University of Technology. Due to the global pan
demic, it was delivered online from June 16 to June 18, 2021. As in previous years, the aim of 
the 14th ICMS was to provide a forum for the presentation and discussion of new ideas related 
to the behaviour, design, fabrication, and execution of steel, aluminium and composite struc
tures. The 14th ICMS summarised a few years’ theoretical, numerical and experimental 
research on these structures, and presented new concepts. 

Seven plenary lectures were prepared for presentation at the Conference plenary sessions, 
including “Research developments on glass structures under extreme loads”, Parhp3D – The 
parallel MPI/openMPI implementation of the 3D hp-adaptive FE code”, “Design of beam-to
column steel-concrete composite joints: from Eurocodes and beyond”, “Stainless steel struc
tures – research, codification and practice”, “Testing, modelling and design of bolted joints – 
effect of size, structural properties, integrity and robustness”, “Design of hybrid beam-to
column joints between RHS tubular columns and I-section beams” and “Selected aspects of 
designing the cold-formed steel structures”. 

This book contains six plenary lectures and all the individual papers presented during the 
Conference, sorted according to seven theme sessions: 

1. Advanced analysis and direct methods of design, 
2. Cold-formed elements and structures, 
3. Composite structures, 
4. Engineering structures, 
5. Joints and connections, 
6. Structural stability and integrity, 
7. Structural steel, metallurgy, durability and behaviour in fire. 

The editors wish to thank the authors of the plenary lectures and individual papers for the 
effort related to preparing their contributions. They also extend their thanks to the Scientific 
Committee for reviewing the submissions. Moreover, the editors’ gratitude goes to the spon
sors for their support. Last but not least, the editors would like to thank the members of the 
Organising Committee for preparing the Conference. 

M.A. Giżejowski, A. Kozłowski, M. Chybiński, 
K. Rzeszut, R. Studziński, & M. Szumigała 

Editors 
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Research developments on glass structures under extreme loads 

C. Bedon 
University of Trieste, Trieste, Italy 

ABSTRACT: The increasingly use of glass in buildings certainly represents a new challenge 
for designers and researchers. On one side, the continuous development and innovation sup
ports the development of novel solutions. At the same time, research studies and efforts are 
still required to optimize the safety levels and structural performances of this unconventional 
constructional material. Finally, a special care must be necessarily spent for the protection of 
glass structural elements and systems from the effects of potentially extreme design loads that 
may occur during their life-time (such as impact or explosive events, but also earthquakes, fire 
accidents and even excessive vibrations). In most of the cases, the major challenge comes from 
the mechanical (and even thermal) interaction of primary glass components with other con
structional materials, like metal fasteners, and others. This paper gives evidence of some 
research developments and ongoing challenges. 

1 INTRODUCTION 

1.1 Glass structures 

The industrialized use of glass in buildings as an effective load-bearing material for construc
tions is a relatively recent solution, compared to traditional and consolidated alternatives such 
as timber, steel, concrete and composites or masonry. On one hand, positive arguments in sup
port of the large use in claddings and envelopes is related to the thermal, energy, light and 
aesthetic performance of glass. The same architectural trend that evolves towards the design 
and construction of geometrically complex solutions is another intrinsic support to further 
glass developments. Finally, the technological innovation in the building sector is also favor
able to the use of transparent load-bearing components (Figure 1). 
Besides, major challenges that are related to the use of glass in buildings are still associated 

to its basic mechanical properties, that make the design approach more challenging than other 
constructional materials. The relatively low tensile strength and tensile brittle behavior of 
glass as a material in load-bearing applications requires dedicated resistance verifications 
(especially in presence of holes or a long series of affecting parameters (Haldimann et al., 
2008; CNR-DT 210/2013)). At the same time, the use of relatively small glass thicknesses to 
cover large surfaces in windows and facades make severe the need of serviceability deflection 
verifications, so as to ensure appropriate operational performances for glass members and 
structures. 
The combination of the above aspects makes thus glass material itself the first potential 

responsible of high vulnerability for the occupants (Figure 2), given that both in the form of 
partition member or load-bearing component it is required to sustain loads, satisfy rigid per
formance metrics and optimally behave under mechanical or even climatic and thermo-
mechanical loads. The designer is thus demanded to account for unfavorable basic material 
features and maximize the ensured safety levels. Even in presence of refined calculation 
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Figure 1. Structural glass applications in buildings: a) - b) roofs, c) stairs or d) facades. 

Figure 2. Selected examples of fractured glass: a) float glass; b) tempered glass and c) glass shatters due 
to explosion (figures reproduced from (Bedon et al., 2018)). 

approaches and methods that can be based on the use of Finite Element (FE) or Computa
tional Fluid Dynamics (CFD) numerical simulations, glass structures are often representative 
of a critical component in buildings and constructed facilities. This is true especially when 
extreme loading conditions are expected at the design stage, or could even occur over the life
time of a given structural system. Glass windows and envelopes, in this regard, are required to 
act as the physical line of separation of indoor and outdoor spaces. Horizontal systems like 
roofs, floors, stairs are further required to offer even larger safety levels to the occupants. This 
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is also the case of glass balustrades, when a potential risk of failure may occur. As a general 
rule, multidisciplinary approaches and specific fail-safe design criteria are necessarily required 
both under operational design loads and even more under critical conditions that may occur 
in a given life-time. 
In this regard, design standards and technical documents are in continuous evolution and 

refinement (see for example the prCEN/TS xxxx-1 and prCEN/TS xxxx-2 documents) to sup
port all the fundamental design and maintenance stages. 
Besides, further research efforts are still required to optimize the existing design procedures, 

extend the available methods to general loading and boundary conditions of technical interest, 
or even adapt the existing methods to ongoing progress and innovation in the building sector. 

1.2 Extreme design loads for glass in buildings 

Even more than other constructional materials, glass members and systems should be properly 
designed with the maximization goal of safety, robustness, redundancy (CNR-DT 210/2013; 
prCEN/TS xxxx-1; prCEN/TS xxxx-2). The satisfaction of this requirements is a strategic task 
for the design and construction of attractive glass structures that can take advantage of human 
perceptions and emotions based on the material transparency (Figure 3a-b). Besides, major 
challenges are represented by extreme accidental events that can take the form of impacts (Kala
mar et al., 2016; Zhang et al., 2020); explosive events (Figure 3c and (Bedon et al., 2018)); fire 
accidents (Figure 3d and (Bedon, 2017)) or vibrations (Section 2) and earthquakes (Section 3). 
The two main requirements associated to structural safety of individual elements composed 

of glass include the Ultimate Limit State (ULS) and the Serviceability Limit State (SLS). The 

Figure 3. Structural glass applications in buildings: a) bridge; b) balcony; c) envelope collapse due to 
blast and d) laminated glass beam in fire testing (reproduced from (Bedon, 2017) under the terms and 
conditions of the Creative Commons Attribution (CC BY) license). 
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first one ensures that structural elements have adequate strength to withstand the anticipated 
actions without fracture or stability loss, whereas the SLS requirements usually focus on 
deflections and vibrations, which might affect aesthetics, comfort of users or cause damage to 
other structural elements. The so-called Collapse Limit State (CLS) adopted by the Italian 
technical document CNR-DT 210/2013 represents a third level of analysis. 
According to the fail-safe approach, it follows the need to account that an imponderable 

event can cause some glass components to fragment partially or completely. As such, it is 
required to ensure that even in this limit condition the glass element to verify can maintain 
enough load bearing capacity to carry permanent loads, and also a part of the variable loads 
that is consistent with the working conditions, thus preventing dangerous falls of material. 
Accidental or man-made explosions are a critical condition for glass, given that they are 

typically characterized by a rapid and sudden release of energy in the form of shock wave, 
light, heat and sound. These shock waves consist of highly compressed air traveling at super
sonic velocity. 
When the shock waves hit the front surface of a structure or building, they are then reflected 

and amplified. Given an explosive event, the magnitude of the overall incident blast pressure 
is usually defined as a function of the equivalent charge weight of TNT, the geometry and 
stand-off distance from the centre of the charge to the wave front. The peak pressure of the 
compressed wave decays very rapidly, typically in times of the order of milliseconds. The ini
tial compressive shock wave is followed by a vacuum as a result of gas and material being 
expelled rapidly from the point of detonation. For buildings and structural systems which are 
not designed to resist against blast, explosive events waves generally impinge on the external 
envelope, leading to the failure of glass windows and facades with the propagation of danger
ous shards (Figures 2 and 3c). The use of laminated glass resisting sections can ensure a major 
absorption of input energy and protect people from severe shatters. The use of triple insulated 
glass units can be efficient (Sielicki et al., 2020). However, special benefit can be taken from 
the blast-resistant design of glass as well as by some available techniques for the mitigation of 
glass components (Zhang & Bedon, 2017; Förch, 2020). Support can be taken from FE 
numerical analysis, once the design load features and the mechanical components are properly 
characterized (Larcher et al., 2016). 
Fire accidents, as well as explosions, can severely affect the mechanical performance of 

a given glass member to verify (Figure 3d). The first issue, in this regard, arises from the pro
gressive modification of glass state and material properties with the increase of imposed tem
peratures (Bedon, 2017). This result in a complex thermo-mechanical response in which first 
the stress peaks in glass migrate towards the cold regions, and the load-bearing members is 
still able for a while to sustain the imposed mechanical loads. Suddenly, as far as the tempera
ture further increases, the glass member itself is not able to offer any kind of residual stiffness, 
thus leading to the final collapse/melting. Premature thermal shock can also occur in glass, 
thus experimental support should be preferred for the development of general numerical stud
ies (Kozlowski et al., 2018; Sjöström et al., 2020). While special fire-resistant glass solutions 
are already distributed and used in practical design, these applications are limited to selected 
configurations (partition walls, barriers, doors) and the use of ordinary, soda-lime silica glass 
still prevails in constructed facilities. 
As a general rule, special methods of analysis are required when for highly dynamic 

loads and/or temperature/humidity scenarios that may result in variations in the mechan
ical properties of materials in use. This is the case of glass but also of the viscoelastic 
bonding layers that are used for laminates, as well as secondary components in joints, 
etc. Selected examples reported in Figure 4 give evidence of current effects due to strain 
rate on the tensile and compressive strength of glass (Figures 4a-b), as well as of the 
vibration frequency effect on the shear rigidity of common interlayers (Figure 4c). Finally 
(Figure 4d). it is also important to analyze the local effect and the global performances 
due to soft layers that are typically interposed to glass and the restraining systems (espe
cially metal frame members or point-fixings). 
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Figure 4. Examples of modification of material properties: a) tensile and b) compressive glass strength 
(dynamic increase) as a function of the imposed strain rate (figures reproduced from Bedon et al., 2018); 
c) shear stiffness modification in viscoelastic interlayers, as a function of the imposed vibration frequency 
(reproduced from (Bedon & Fasan, 2019) under the terms and conditions of the Creative Commons 
Attribution (CC BY) license); d) local analysis of soft layer effects on the restraint and vibration response 
of glass members (reproduced from (Bedon et al., 2019) under the terms and conditions of the Creative 
Commons Attribution (CC BY) license). 

1.3 Fasteners for glass structures 

Under the effects of extreme design loads, the role of fasteners and restraints is even more stra
tegic than under ordinary operational conditions. Any kind of energy dissipation, mitigation 
and protection of glass edges from premature stress peaks can take large benefit (or even severe 
magnification) from the connection detailing. This is especially the case of glass members and 
systems that are required to suffer for large/repeated displacements, as it is under seismic events. 
Most of the existing studies and research projects of literature are in fact focused on the seis

mic assessment of specific constructional systems. This is the case of ordinary glass curtain 
walls, where glass panels are fully braced by continuous framing members, and merely intended 
as infill components. Several efforts have been also spent in the past for the design and analysis 
of glass structures with bolted connections, but only few research investigations are available for 
point-supported facades in earthquake-prone regions, with a focus on the intrinsic flexibility 
under in-plane seismic loads. The dissipation capacity of ordinary curtain walls under seismic 
events was partly assessed also in with the support of experiments, while an efficient, dissipative 
timber-glass composite shear wall was proposed in for earthquake resistant buildings. 
In (Bedon & Amadio, 2018), for example, it was demonstrated that even ordinary glass 

curtain walls can be efficiently involved in the dynamic response of multi-storey buildings under 
seismic events, as well as multi-hazards in general. Based on special dissipative connectors, the 
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feasibility of a “distributed-Tuned Mass Damper (TMD)” concept was numerically explored, 
giving evidence of certain potential benefits for both the primary building and also for the glass 
facade components. The same research study highlighted, however, the need of a detailed 
design of the involved connectors, to avoid inconsistent stress/displacement demands under seis
mic loads. 
Certainly, the design of fasteners and anchoring systems represent a key challenge for glass 

structures in seismic regions. The primary goal of design is in fact to prevent stress peaks in 
glass, due to the seismic deformations of the main structure they belong to, and large deform
ation capacity. 

SEISMIC EVENTS 

Among others, seismic events still represent for glass structures a critical operational condition 
that should be properly addressed at the design stage. Induced accelerations and vibrations 
can in fact be responsible of severe stress peaks that the glass components should be able to 
withstand. At the same time, both for stand-alone glass assemblies or for interventions in 
existing primary buildings that are made of other constructional typologies/materials, the 
glass members should be able to accommodate the required displacement demand. Such 
a request must be fulfilled for glass components but also for the restraints in use. This is 
highly demanding for a material that is characterized by a well-known tensile brittle behav
iour, as well as by a high sensitivity to local effects that progressively reduce the expected 
design tensile strength (Section 1). 
Some criticalities may further derive from the presence of point-fixings and holes in glass 

that require the local analysis of stress concentrations, or to the design of (even secondary) 
glass systems that are expected to take place in strategic buildings. The study reported in 
(Bedon et al., 2019), in this regard, points out such a condition. 
The case study example is also summarized in Figure 5, and consists of a glass partition 

assembly composed of double laminated glass (LG) walls with metal point-fixings. The parti
tion assembly was designed in the early 2018, to take place in an historical building in Trieste 
(Italy), and to protect one of its entrances from wind and rain exposure (Figure 5). The build
ing, known as “Ferdinandeo Palace” is one of the most prestigious monuments of the city 
(erected in 1858 in honor of the Emperor Ferdinand I of Habsburg), and since 1999 hosts the 
MIB School of Management. 
The 3D glazed assembly in Figure 5 covers up to ≈50 square meters. The resisting section of 

each LG panel is composed of two, 6 mm thick fully tempered layers and a 1.52 mm thick, Poly
vinyl Butyral (PVB®) foil. In simple words, the constructed system is composed of five main glass 
walls, with a nominal span in the range from 1.68 m to 2.65 m. For these walls, the top height (in 
the range 4.3–4.65 m) is obtained by means of two glass panels in the elevation of the structure. 
The main feature of the design concept is represented by the minimization of metal fasteners 

and restraints to brace the system. A set of metal connectors was in fact chosen to erect the 
partition walls and provide an appropriate restraint in the elevation of the system. Several 
types of point-fixings were used, all of them composed of AISI 304 (EN 1.4301) and AISI 316 
(EN 1.4436) steel types (Figures 5c and 5d). 
Some of the steel point-fixings in use were realized in the form of bespoke joints able to fix 

the LG panels to the columns of the Palace. These bespoke joints—agreeing with and adapted 
from DP-44-100 devices from Metalglas®—consisted of a central M12 bolt and a steel solid 
section (with 42 mm the nominal diameter) for the main body and head. The total length of 
these devices (up to 180 mm) was properly defined for each one of them, in order to accommo
date the actual distance between the partition walls and the columns of the building. 
Most importantly, a series of holes (with a diameter of 22 mm) was also realized in the 

resisting section of the LG panels, to facilitate the installation of the partition system but also 
to ensure the presence of an appropriate gap with the M12 bolts. Under in-plane lateral forces 
due to seismic actions (or even wind), the case-study structural concept takes advantage of the 
“box-behaviour” and mechanical interaction of adjacent/orthogonal walls. As such, the 
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Figure 5. Seismic design of a secondary frameless glass system: a) local seismic force calculation; b) 
case-study intervention; c) examples of metal restraints in use and d) schematic representation of the final 
setup with evidence of the fastener type/position (figures reproduced from (Bedon et al., 2019) under the 
terms and conditions of the Creative Commons Attribution (CC BY) license). 

analysis and verification of single glass walls (i.e., Figure 6a) requires appropriate consider
ations for the calculation of reaction forces transferred from one wall to the other. Lastly, the 
presence of glass holes needs the analysis of local stress peaks that are magnified due both to 
primary bending effects (Figure 6b) but also in-plane design loads/reaction forces. 

VIBRATIONS 

The vibration serviceability assessment of a given load-bearing system is known to represent 
a strategic step of design (EN 1990; ISO 10137). Besides the positive resistance and deflection 
verifications, a given system could be still weak in terms of comfort for the occupants, or even 
damage issues due to induced vibrations. 
In the specific case of pedestrian systems composed of glass, the design challenge is even 

more complex rather than for slabs that are composed of traditional constructional materials. 
The structural mass, damping and stiffness are in fact key input parameters of the structure 
that are required to interact with a given moving load due to pedestrians (Figure 7). 
While validated calculation methods are available since long in several technical documents 

and standards for the vibration serviceability analysis and assessment of concrete, steel, com
posite or timber slabs, this is not the case of structural glass solutions (Bedon & Fasan, 2019). 
Literature approaches are in fact intrinsically verified and calibrated for the analysis of hori
zontal load-bearing members in which the mass is expected to be typically higher than the 
occupants (depending on the final destination of the system). Further, the typical range of 
vibrations for concrete, steel or timber slabs is also well defined and can be predicted with the 
support of simple mechanical models. 
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Figure 6. Seismic analysis of stress peaks in the region of holes: a) typical redistribution of seismic 
forces in the glass walls and b) stress correction factor for bending (figures reproduced from (Bedon 
et al., 2019) under the terms and conditions of the Creative Commons Attribution (CC BY) license). 

Figure 7. Vibration analysis of an existing in-service glass walkway: a) visual inspection and b) - c) 
details of the structural system. Figures reproduced from (Bedon & Fasan, 2019) under the terms and 
conditions of the Creative Commons Attribution (CC BY) license). 
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The vibration analysis in structural glass slabs and roofs includes on the other side some add
itional uncertainties and difficulties for reliable calculations. First, the structural mass is often 
lower than the mass of the occupants. Such a primary effect involves a severe modification of 
the overall structural dynamic response of the system, with consequent variations in the conven
tional human-structure interaction phenomena. The fundamental vibrations of glass structures 
are consequently even more sensitive to the presence of standing or moving occupants. Finally, 
the vibration response of these systems is also affected by time and ambient conditions, given 
that the interlayers in use to bond the glass panels are subjected to a progressive degradation of 
stiffness that combines with a further stiffness modification in the same layers (as a direct effect 
of their viscoelastic nature and response to external induced vibration frequencies). 
Recent studies can be found in (Bedon, 2019a; Bedon, 2020), where a case-study system has 

been investigated with the support of Operational Modal Analysis techniques, Finite Element 
numerical models, and analytical models of literature that have been properly adapted to the 
examined boundaries. 
The same case-study system was successively explored with a focus on point-fixed glass 

handrails that are shown in Figure 8 and investigated in (Bedon, 2019b). The vibration ana
lysis of in-service load-bearing members can find further uncertainties and complexities when 
the actual mechanical properties (i.e., shear rigidity of interlayers) is difficult to quantify due 
to long-term and high-humidity phenomena (see for example the details in Figure 8a), but 
also the real restraint effect of fasteners cannot be easily characterized (Figures 8b-8c). In this 
sense, the use of experimental on-site techniques that are typical of the Operational Modal 
Analysis approaches can offer further support for diagnostics and assessment purposes. 

Figure 8. Vibration analysis of point-fixed glass handrails for an existing in-service glass walkway: 
a) restraint detail, with evidence of delamination and b) - c) selected detail views for the FE 
numerical analysis (ABAQUS). Figures reproduced from (Bedon, 2019b) under the terms and con
ditions of the Creative Commons Attribution (CC BY) license). 
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4 CONCLUSIONS 

The use of structural glass member and components in buildings showed a fast increase in the 
last decades. To this aim, harmonized technical documents and guidelines have been devel
oped (and are still in progress) to support designers and provide fail-safe recommendations of 
practical use. Besides, the verification and design under extreme design loads and accidental 
events like impacts and explosions, earthquakes, fire accidents, or even extreme vibrations, 
still represent an open issue that requires specific calculation and analysis methods. In most of 
the cases, major challenges are represented by the intrinsic properties of glass and related 
materials, first of all the viscoelastic interlayers that are used to bond multiple panels together, 
but also all the secondary components that take place in the region of joints and connections. 
Furthermore, a glass member itself is required to interact (even with interposed soft layers) 
with metal frame members of point-fixings and fasteners that could represent a critical region 
for the prevention of premature stress peaks. As a further important aspect that needs to be 
properly addressed, is the progressive modification of material properties with variations in 
the imposed strain rate, vibration frequency, but also time loading, temperature, humidity. 
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Design of beam-to-column steel-concrete composite joints: From 
Eurocodes and beyond 

J-F. Demonceau 
University of Liège, Liège, Belgium 

ABSTRACT: The design of beam-to-column structural joints and, in particular, of steel-
concrete composite joints is covered in the Eurocodes through the application of the well-
known component method which is nowadays recognized as one of the most appropriate ana
lytical method for the characterization of joints. However, even if the concept behind the com
ponent method allows the covering of a wide range of joint configurations and of loading 
situations, the detailed application rules as presently provided in the Eurocodes allow to only 
cover specific loading situations. It is particularly the case for composite joints for which their 
characterization is only possible for hogging moments. In the present paper, it is proposed to 
provide a global overview of recent researches which aimed at overcoming this limitation and 
at proposing new application rules for new loading conditions met in actual design projects. 

INTRODUCTION 

Nowadays, the component method is recognized as a reference analytical approach able to 
predict accurately the main mechanical characteristics of structural joints. In particular, this 
method is behind the design recommendations reported in the Eurocodes and, in particular, in 
Eurocode 3, Part 1-8 (EN 1993-1-8 2010) dedicated to steel joints and in Eurocode 4, Part 1-1 
(EN 1994-1-1 2004) which provides additional rules to allow the characterization of steel-
concrete composite joints. 
The application of the component method requires three main steps (J.-P. Jaspart and Wey

nand 2016): 

1. the	 identification of the joint components activated under the considered loading 
condition; 

2. the characterization of the so-identified individual basic components in terms of stiffness 
and/or resistance and; 

3. the assembly of all the individual basic components to determine the stiffness and/or the 
resistance of the whole joint. 

The component method can be seen as an application of the finite element approach at 
a macro scale in which the activated basic components are represented by springs as illustrated in 
Figure 1 and through which the mechanical properties of the whole joint are obtained by 

applying the principles of the static and cinematic theorems. 
As mentioned above, the application of the component method requires rules for the char

acterization of the basic components; the ones covered in Eurocode 3, Part 1-8 and in Euro-
code 4, Part 1-1 are listed in Table 1. In addition, Eurocode 4, Part 1-1 also provides rules for 
components for which their mechanical properties are affected by the possible presence of 
concrete, i.e. the column web panel in shear and the column web in compression. 
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Figure 1. Example of a spring model for a composite flush end-plate connection subjected to hogging 
moments (Anderson 1999). 

Table 1. Joint components covered by Eurocode 3, Part 1-8 (components 1 to 12) and Eurocode 4, Part 
1-1 (components 13 and 14). 

N° Joint components N° Joint components 

1 Column web panel in shear 8 Flange cleat in bending 
2 Column web in compression 9 Bolts in tension 
3 Beam flange and web in compression 10 Bolts in shear 
4 Column flange in bending 11 Bolts in bearing 
5 Column web in tension 12 Plate in tension or compression 
6 End-plate in bending 13 Longitudinal steel rebars in tension 
7 Beam web in tension 14 Steel contact plate in compression 

With the so-available joint components, it is possible to characterize a wide range of struc
tural joint configurations and to predict their main mechanical properties, i.e. their stiffness, 
their resistance in bending and their resistance in shear. Also, the Eurocodes allows estimating 
their ability to exhibit a sufficient ductility for the realization of a plastic analysis (with plastic 
hinges forming at the level of the joints) even if an explicit computation of the joint ductility 
or rotation capacity is not possible. 
But, looking closer to the rules provided in the Eurocodes regarding composite joints, it can 

be observed that rules are only provided to predict the resistance of composite joints under 
shear forces and hogging moments. 
However, the design of composite structures considering actions such as earthquake, fire. . .  

or the request for robustness in case of exceptional event requires to be able to characterize 
composite joints under other loading conditions, i.e. under sagging bending, under cyclic load
ing, under combined moment and axial force (M-N), under elevated temperature or under 
dynamic loading. 
Within the present paper, it is proposed to give a global overview of some recent researches 

conducted in the field of composite joints; in particular, it will be demonstrated how the com
ponent method can be easily adapted to cover new loading conditions. 
Section 2 first addresses the behavior of composite joints under sagging moment. Then, Sec

tion 3 deals with the behavior of composite joints under M-N and Section 4 with the behavior 
of composite joints at elevated temperature. Section 6 presents recent investigations on the 
behavior of joints subjected to dynamic loading and finally, Section 7 reports on a method 
allowing predicting the ductility of joints and, in particular, of composite joints. 

2 COMPOSITE JOINTS UNDER SAGGING MOMENT 

Under usual loading conditions, composite beam-to-column joints are mainly subjected to 
shear forces and hogging moments. However, for some specific loading conditions such as 
moment resisting frames subjected to significant horizontal forces (for instance associated to 
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an earthquake) or composite frames subjected to a column loss scenario, sagging moments 
may occur at the level of the joints. 
Looking to the global concept behind the component method as presented in the previous 

section, the latter is applicable whatever are the loading conditions if the designer is able (i) to 
characterize the activated basic components and (ii) to proceed with the assembly of the basic 
components. For composite joints under sagging moment, the assembly procedure as pro
posed in the Eurocodes can be extended in a straightforward way to cover this specific loading 
condition. But the characterization of composite joints under sagging moments requires the 
characterization of a new component which is not reported in Table 1 and so not yet covered 
in the Eurocodes: the concrete slab in compression. Indeed, when a sagging moment is applied 
at the level of a composite joint, the bottom part of the connection is subjected to tension 
while the upper part which is mainly composed of the slab connected to the beam is subjected 
to compression (Figure 2). 
In the last decades, the behavior of composite joints under sagging moments have been 

studied through different researches ((Liew, Teo, and Shanmugam 2004; Ferrario 2004; J.-F. 
Demonceau 2008; J.-F. Demonceau et al. 2008; Braconi, Elamary, and Salvatore 2010; Piluso, 
Rizzano, and Tolone 2012) amongst other). In particular, in (J.-F. Demonceau 2008), it is pro
posed to characterize the “concrete slab in compression” through the definition of an equiva
lent cross-section with an effective width as proposed in (Ferrario 2004) and with a height 
defined as proposed in (Liew, Teo, and Shanmugam 2004): 

–	 The effective width is taken as equal to beff,conn = bc + 0.7hc ≤ beff where bc is the width of the 
column profile flange, hc the height of the  column  profile cross section and beff, the  effective  
width of the concrete/composite slab to be considered for the beam in the vicinity of the joint; 
bc represents the contribution of the concrete in contact with the column flange while 0.7hc is 
the contribution of the developed concrete rods in the “strut-and-tie” behavior (Figure 3); 

–	 The height of the equivalent cross-section is computed expressing the equilibrium 
between the compression developing in the concrete slab and the components acti
vated in tension assuming a rectangular stress distribution in the concrete (equal to fcd 

= 0.85  fck/γc in a design as recommended in Eurocode 4, Part 1-1 – see Figure 2): 

where hconcrete is the total height of the concrete slab (in case of a composite slab, hconcrete is 
equal to the concrete above the ribs), fck is the characteristic strength of the concrete, γc is the 
safety coefficient for the concrete material and FRd,i is the tensile resistance of bolt row i. 

The resistance of the “concrete slab in compression” can be obtained using the following 
formula, assuming that the latter is located at mid-height of the contributing part of the 
slab (z): 

Figure 2. Composite joint subjected to sagging moment (J.-P. Jaspart and Weynand 2016). 
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Figure 3. Development of a strut-and-tie behavior in the vicinity of the joint – Definition of an equiva
lent effective width (J.-F. Demonceau et al. 2008). 

In (J.-F. Demonceau et al. 2008), a proposal for the characterization of this component in 
terms of stiffness is also made and is funded on an approach which is proposed in (Weynand 
1999) for the characterization of a concrete block against a rigid plate, configuration which 
can be met in column bases: 

where Ecm is the secant Young modulus for the concrete, Ea, the elastic Young modulus for 
the steel and kcsc, the stiffness of the component “concrete slab in compression” to be used in 
the component method. 
The so-proposed model for the characterization of the new component “concrete slab in 

compression” has been validated in (J.-F. Demonceau 2008) though comparisons to experi
mental tests results performed in the framework of RFCS European projects (Bitar et al. 
2006; Bursi et al. 2008). Such an example of validation is presented in Figure 4 where the pre
diction obtained through the proposed analytical model is compared to experimental tests per
formed in Trento (Bursi et al. 2008) on single sided composite joints in isolation. It can be 
observed on this figure that two experimental curves are reported; the two reported tests differ 
from the configuration of the slab: TEST 2 joint is made of a composite slab while TEST 3 
joint is made of a concrete slab. From the comparison, it can be seen that a very good agree
ment is reached between the analytically predicted curve and the experimental ones, at least 

Figure 4. Composite joint under sagging moment – comparison of the analytical prediction to experi
mental results (J. Demonceau and Ciutina 2019). 

17 



3 

up to point A, i.e. up to the plastic resistance of the studied joint which corresponds to the 
targeted value with the component method as presently proposed in the Eurocodes. How to 
obtain analytically the rest of the curve, i.e. the part of the curve after point A, will be dis
cussed in Section 6. This demonstrate how the component method can be easily adapted to 
new loading conditions. 

COMPOSITE JOINTS UNDER M-N INTERACTION 

When a structure is subjected to a column loss scenario, the joints which are initially subjected 
to shear forces and bending moments are progressively subjected to axial forces while the 
membrane forces are developing in the structure (J.-F. Demonceau and Jaspart 2010). In par
ticular, if partial strength joints are met at the extremities of the beams, this transition from 
a pure bending mode to a bending plus axial force mode takes place when the joints are 
already yielded in bending; accordingly, this transition can only occur if a sufficient ductility 
is available at the level of the yielded joints. The mastering of this process requires to be able 
to accurately predict the response of joints under M-N interaction. 
If reference is made to the Eurocodes, the characterization of joints under M-N is covered 

through a simplified approach proposed in Eurocode 3, Part 1-8, for steel joints. In this 
approach, it is assumed that the influence of M-N interaction can be disregarded as long as 
the axial force NEd applied to the joint is smaller than 5% of the axial design plastic resistance 
of the connected beam cross-section Npl,Rd Above this limitation, a linear interaction between 
M and N is assumed. The so-defined criterion is illustrated in Figure 5. 
However, it has been demonstrated in (Cerfontaine 2003) that this criterion does not allow 

to accurately predict the actual resistant curve of steel joints under M-N and can even provide 
an unsafe prediction of the joint resistance. Also, this procedure is proposed for steel joints 
but nothing is proposed for composite ones; this mainly comes from the “5 %” criterion for 
which no scientific background is provided and which is quite questionable. 
For all these reasons, the behavior of joint under M-N has been the topic of different 

researches in the past decades ((Simões Da Silva and Girão Coelho 2001; Kuhlmann et al. 
2008; Rodrigues et al. 2010; Gao et al. 2019) amongst other). 
In particular, a new analytical model has been recently developed at the University of Liège 

and is presented in (Jean-François Demonceau, Cerfontaine, and Jaspart 2019). The proposed 
model is in full agreement with the component method philosophy (and so with the Eurocode 
philosophy) and is funded on a new assembly approach to account for the combined 

Figure 5. M-N resistant interaction curve proposed in Eurocode 3, Part 1-8 (Jean-François Demonceau, 
Cerfontaine, and Jaspart 2019). 
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application of axial forces and moments on the joints. The applicability of the proposed 
model to steel and steel-concrete composite joints has been checked comparing the analytical 
predictions obtained with the model to experimental test results. 
The validation of the model through comparisons to experimental test results obtained at 

the University of Stuttgart in the framework of a RFCS project (Kuhlmann et al. 2008) is 
illustrated in 
Figure 6. The five reported tests relate to a single joint configuration but have been realized 

so as to cover the “M-N” interaction domain, including sagging and hogging moments, but 
also axial tension forces. 
On Figure 6, two analytically predicted curves are given: 

– one named “plastic resistance curve” obtained using the actual elastic strengths of the 
materials and; 

– one named “ultimate resistance curve” computed using the actual ultimate strengths of the 
materials. 

Through this comparison, it can be seen that the analytical curves are in very good agree
ment with the experimental ones. Indeed, it appears that the experimental curves are between 
the plastic analytical resistance curves and the ultimate analytical resistance curves; this cor
responds to the loading sequence followed during the tests. 
On Figure 6, the curves which would have been obtained using the Eurocode 3 criterion 

reported in Figure 5 are also provided. It can be observed that the latter does not allow to 
accurately predict the experimental results; this confirms the inadequacy of the criterion pres
ently proposed in the Eurocodes. 

Figure 6. Comparison between the predicted analytical curves and the experimental ones (J. F. Demonceau, 
Cerfontaine, and Jaspart 2019). 
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4 COMPOSITE JOINTS AT ELEVATED TEMPERATURES 

In case of fire, joints can also be subjected to M-N interactions: 

–	 bending and compression due to the dilatation of the members at the beginning of the 
fire and; 

–	 bending and tension due to the development of membrane forces at the end of the fire when 
significant deformations and displacements are appearing. 

But, in addition to these combined loadings, the joints are also subjected to elevated temper
atures which affect their properties. 
The characterization of composite joints under M-N and at elevated temperature has been 

investigated in the framework of a European RFCS project called ROBUSTFIRE (J. Demon
ceau et al. 2012) dedicated to the investigation of the response of car parks subjected to 
a localized fire leading to a column loss. In particular, experimental tests on joints subjected 
to M-N combinations and to elevated temperatures were conducted at the University of 
Coimbra. With the so-obtained test results, it was then possible to validate the adaptation of 
the model mentioned in the previous section to accurately predict the response of joints at ele
vated temperature (Haremza et al. 2016). This adaptation requires to predict first the temper
atures of the different activated components and then to account for the effects of these 
temperatures on the component properties. 
An example of comparisons between the analytical prediction and experimental results 

obtained for a composite joint subjected to a temperature of 700°C is provided in Figure 7. 
The accuracy of the proposed model prediction can be observed. 

5 BEHAVIOUR OF COMPOSITE JOINTS UNDER CYCLIC LOADING 

According to Eurocode 8, Part 1 (EN 1998-1 2004), the seismic design of composite structures 
is based on the concept of dissipative structures, in which specific zones of the structures are 
identified and designed to develop plastic deformations in order to dissipate the seismic 
energy. In moment resisting frames, the beam extremities are generally used as dissipative 
zones, and the beam-to-column joints are designed in order to resist to the internal forces 
associated to the development of plastic hinges at the beam extremities. However, such an 
approach may lead to quite expensive joint solutions, mainly due to the fact that the possible 
overstrength and strain hardening effects developing in the dissipative zones have to be taken 

Figure 7. Double-sided composite joint at 700°C - Analytical prediction vs. experimental results (Har
emza et al. 2016). 
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into account when designing the non-dissipative zones. EN 1998-1 allows the use of partial-
strength joints as dissipative zones but, in this case, the ductility and the dissipation capacity 
of the joints should be demonstrated by means of experimental tests, which is not realistic for 
practical projects. 
Through different recent researches, the ability of composite joints in dissipating the seismic 

energy through an appropriate level of ductility has been investigated, mainly through experi
mental investigations ((Braconi, Elamary, and Salvatore 2010; Ciutina, Aribert, and Lachal 
2004; Lee and Lu 1989; Dubina, Ciutina, and Stratan 2002; Ferrario 2004) amongst other). 
Through these investigations, it has been demonstrated that it is possible to reach the level of 
rotation capacity under cyclic loading as required in Eurocode 8, Part 1, to dissipate sufficient 
energy at the joint level, i.e. 35mRad for high seismic zone. This requires to ensure the activa
tion of ductile joint components at yielding such as the end-plate in bending or the column 
flange in bending but also the rebars in tension using Class C rebars. 
For steel joints, a step further has already been achieved through the outcome of the 

EQUALJOINTS RFCS project which aimed at prequalifying steel joints for seismic actions 
(Landolfo et al. 2018a, 2018b). Through this project, different beam-to-column steel joint con
figurations have been prequalified and sophisticated and simplified design procedures have been 
provided and will be proposed for codification in the European standards. Such a procedure 
could also be contemplated for the prequalification of composite joints in the future. 

6 BEHAVIOUR OF COMPOSITE JOINTS UNDER DYNAMIC LOADING 

The design for robustness of a structure may also include the consideration of dynamic actions 
such as impact or explosion. These dynamic actions can induce dynamic effects within the 
structure and, in particular, at the level of the joints. The behavior of joints under impact has 
been the topic of recent researches ((Barata et al. 2016; D’Antimo et al. 2018; Santos et al. 
2020; Ribeiro et al. 2015; Keller 2019; Jean-François Demonceau et al. 2017) amongst other). 
In particular, the dynamic response of composite joints subjected to dynamically applied com
bined axial forces and bending moments was experimentally investigated in (Keller 2019). 
Through these researches, it has been demonstrated that significant strain rate effects can 

develop at the level of some joint components and can significantly influence the joint proper
ties in terms of resistance and ductility. In particular, the resistance exhibited by the joint 
appears to be improved under dynamic loading when compared to its static response while the 
ductility appears to be more limited. 
The component method could be adapted to predict the joint properties under dynamic 

loading if the strain rates is appropriately accounted for as demonstrated in (Santos et al. 
2020). But the main encountered difficulty is the prediction of the strain rates developing in 
the different basic components, strain rates which is different for each of them. The prediction 
of the strain rates can be performed through the development of sophisticated FEM models as 
illustrated, for instance, in (Santos et al. 2020; D’Antimo 2020) but the use of such tools is of 
course not appropriate for the daily practice of design engineers. So, there is still a need for 
developing simplified approaches allowing predicting with a sufficient accuracy the strain 
rates developing within a joint subjected to a dynamic loading. This is a topic of investigation 
which is still ongoing in different institutions. 

7 DUCTILITY OF COMPOSITE JOINTS 

For steel and composite joints, very few information is provided in the Eurocodes which 
would enable the designer to check whether enough plastic rotational capacity is locally avail
able. However, the estimation of this property is crucial when partial strength joints are used, 
in particular when it is intended to activate the yielding of the joints to allow plastic redistribu
tions within the structure or to dissipate energy in case of seismic actions. 
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In (J. P. Jaspart, Corman, and Demonceau 2019), a procedure to estimate the rotation 
capacity of joints is presented using the component method approach. The application of this 
procedure requires, first, the estimation of the ultimate resistance of the joint MRu 

and, second, the estimation of the post-yielding stiffness Sj,st. With these two properties, it is 
possible to predict the post-yielding behaviour of the joint and so to predict the rotation cap
acity defined here as the rotation corresponding to the ultimate resistance MRu. The applica
tion of this procedure is illustrated in Figure 4 to predict the part of the analytical curve after 
point A. In this figure, it can be observed that a good prediction of the ultimate resistance and 
of the post-yielding stiffness of the joint is obtained for TEST 3 while it is not the case for 
TEST 2. The difference observed for TEST 2 is due to a premature failure of the component 
“concrete slab in compression” due to a lack of ductility occurring for a joint rotation of 
29mRad. This highlight the fact that the application of the proposed procedure required the 
mastering of the ductility of the basic component which is not yet the case for the newly iden
tified “concrete slab in compression” component. 

An alternative to the accurate prediction of the rotation capacity is the proposal of design 
criteria to ensure a sufficient joint ductility for specific requirements. As previously mentioned, 
it is the strategy which is adopted in the Eurocodes which are proposing such criteria to allow 
for plastic analyses with plastic hinges forming at the level of partial strength joints. Such cri
teria have also been derived in (Rölle and Kuhlmann 2014) to ensure a sufficient ductility at 
the level of partial strength joint in case of column loss scenario. However, such criteria are 
not yet available to cover the different joint configurations and loading conditions that 
a designer could met in practice. 
The ductility of joints and, in particular, of composite joints is still a topic of investigations 

and studies are still progressing with the objective (i) to provide a good prediction of the duc
tility of at a local level, i.e. at the level of the component and (ii) to provide an appropriate 
assembly procedure to predict the global joint ductility and that for different loading condi
tions (quasi-static, cyclic, dynamic. . .). 

CONCLUSIONS 

Even if the scope of the present draft of the Eurocodes and, in particular, of Eurocode 4, Part 
1-1, is limited to beam-to-column composite joints subjected to hogging moments, it has been 
demonstrated through the global overview proposed in this paper that recent research out
comes allow to go far beyond this limitation and to cover a lot of other loading conditions that 
the practitioners have to account for in their design approach, considering the request in terms 
of seismic performance, of fire design or of design for robustness. This offers very interesting 
perspectives for possible improvement and development of the future draft of the Eurocodes! 
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Stainless steel structures – research, codification and practice
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ABSTRACT: This paper provides a summary of recent developments in research, codifica
tion and design practice surrounding the structural use of stainless steel, with an emphasis on 
structural stability. Stainless steel has a nonlinear material response and this directly influ
ences the structural behaviour. Guidance on material nonlinearities in international design 
standards largely relates to the occurrence of traditional idealised plastic hinges, as seen in 
carbon steel structures. However, such hinges do not form in stainless steel structures. Design 
codes provide the design framework that structural engineers use to demonstrate structural 
safety. With stainless steel being a high value material, its efficient use is paramount, and this 
is a particular incentive to embrace the opportunities offered by advanced system-level ana
lysis and design. The most accurate representation of the behaviour of a structure is achieved 
by directly allowing for instability, plasticity, residual stresses and initial geometric imperfec
tions in a second order inelastic analysis. This paper presents an overview of recent develop
ments in the stability design of stainless steel structures, due to be included in upcoming 
revisions of prEN 1993-1-4, AISC 370 and ASCE-8; inclusion of these new provisions for 
advanced analysis in these codes represents a huge opportunity for enabling more widespread 
application of stainless steel in structural applications. Recent applications of stainless steel in 
practice are also presented herein and, with a view to the future, opportunities for the applica
tion of advanced design and construction methods to stainless steel structures are explored. 

INTRODUCTION 

Stainless steel is a high-performance construction material that is synonymous with modern, 
resilient and sustainable construction. There is a wide variety of grades to suit a range of 
applications and demands. The initial cost of stainless steel is relatively high compared to 
carbon steel (typically 3-5 times); it is therefore particularly important that design codes make 
efficient use of the material properties based on a comprehensive understanding of the struc
tural response and embrace advanced design methods that may deviate from traditional 
approaches. Increased availability and sophistication of advanced computational tools is 
transforming the landscape of structural design. Advanced analysis allows for more efficient, 
more accurate and safer design as well as the potential for more optimised design solutions. 
Stainless steel has a nonlinear material response and this directly influences the structural 

behaviour. It is important that this is reflected in design methodologies to enable the safe and 
efficient assessment and design of stainless steel structures. Design codes provide the design 
framework that structural engineers use to demonstrate structural safety. As structural sys
tems become more complex, the shortcomings of the current design standards become more 
marked, requiring an increased level of idealisation and design assumptions. Eurocode 3 is 
currently under revision and a new version of each part, including EN 1993-1-4 (prEN 1993
1-4, 2020) for the design of stainless steel structures, is due for publication in about 2023. 
Work is also currently ongoing on the preparation of the first American design standard for 
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hot-rolled and welded stainless steel construction, AISC 370 (AISC, 2020). These codes closely 
mirror their carbon steel counterparts (AISC, 2016; prEN 1993-1-1, 2020), but deviate where 
necessary to account for the differences in material behaviour between stainless steel and 
carbon steel and the resulting influence on structural behaviour (SCI, 2020; Baddoo & Fran
cis, 2014; SCI, 2017). Additionally, new codified provisions for the design of steel and stainless 
steel structures by finite element (FE) analysis are in preparation for the upcoming prEN 
1993-1-14 (prEN 1993-1-14, 2019); this will include detailed rules for FE analysis, material 
models, including a two-stage Ramberg-Osgood material model (Arrayago, Real & Gardner, 
2015) for stainless steel and cold-formed steel (Gardner & Yun, 2018), equivalent bow imper
fections for inelastic analysis (Walport, Gardner & Nethercot, 2020b) and CSM strain limits, 
enabling design by second order inelastic analysis to be carried out. The current absence of 
appropriate guidance on system-based design is a barrier to the optimal use of stainless steel 
in construction. These new international design provisions will enable the more accurate and 
sophisticated design of stainless steel structures, promoting their wider use in practice. 
In this paper, the material stress-strain response of stainless steel is first discussed as this is 

fundamental to developing an understanding of the structural response at the cross-section, 
member and frame levels. With an emphasis on frame level design, Sections 3 and 4 provide 
an overview of the key developments introduced above for the stability design of stainless 
steel structures in prEN 1993-1-4 and AISC 370, respectively. In Section 5, recent applications 
of stainless steel in practice are presented and, with a view to the future, opportunities for the 
application of advanced design and construction methods to stainless steel structures are 
explored. Finally conclusions are drawn in Section 6. 

MATERIAL NONLINEARITY 

An accurate description of the material behaviour is crucial for the reliable assessment of 
a structural system. If material nonlinearity is considered in the global analysis of a frame, 
greater deflections ensue due to the loss of material stiffness (Walport et al., 2019; Walport, 
Gardner & Nethercot, 2019; Gardner, 2019) and, neglecting the effects of material nonlinear
ity can result in over-predictions of system strength (Walport, Gardner & Nethercot, 2020b). 
Stainless steel differs significantly from carbon steel in that its stress-strain curve is charac

terised by a rounded response with no sharply defined yield point. A number of material 
models have been developed to describe this nonlinear stress-strain behaviour, with the most 
widely used based on the basic Ramberg-Osgood formulation, as modified by Hill (Ramberg 
& Osgood, 1943; Hill, 1944). While this formulation provides an accurate representation for 
the degree of nonlinearity in certain regions of the stress–strain curve, depending on the 
choice of the strain hardening exponent, it does not, in general, provide an accurate represen
tation of the full curve. This has led to the development of some two-stage Ramberg–Osgood 
models, notably by (Mirambell & Real, 2000; Rasmussen, 2003; Gardner & Nethercot, 2004; 
Gardner & Ashraf, 2006; Arrayago, Real & Gardner, 2015). 
The modified Ramberg–Osgood model, given in Equations (1) and (2), where ε and σ are 

the strain and stress respectively, fy is the yield (0.2% proof) stress, E is the Young’s modulus, 
fu is the ultimate stress, Ey is the tangent modulus at the yield (0.2% proof) stress, defined by 
Equation (3), εu is the ultimate strain, and n and m are the strain hardening exponents, is cur
rently provided in EN 1993-1-4 (EN 1993-1-4:2006 + A1:, 2015) and the Fourth Edition of the 
Design Manual for Structural Stainless Steel (SCI, 2017). 
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An alternative form of the second stage is given by Equation (4), where ε0.2 is the total 
strain at the 0.2% proof stress, equal to 0.002 + fy/E, which provides increased accuracy in the 
region of the ultimate stress, particularly for less ductile materials e.g. ferritic stainless steels; 
this is the model due to be included in the upcoming prEN 1993-1-14 (prEN 1993-1-14, 2019). 

The two-stage Ramberg-Osgood expression has also been applied to the modelling of stain
less steel material behaviour at elevated temperature (Gardner et al., 2010), where the second 
strain hardening exponent m (denoted my at elevated temperature) can be defined explicitly 
with reference to the strength at 2% strain σ2;y, the value of which is provided in structural fire 
design standards including EN 1993-1-2 (EN 1993-1-2, 2005). The elevated temperature stress-
strain curve is forced to pass through σ2;y at 2% strain by defining m in the following manner 
(Liang et al., 2019), where symbols are as previously defined with y denoting elevated 
temperature: 

3 STABILITY DESIGN OF STAINLESS STEEL STRUCTURES IN EUROCODE 3 

EN 1993-1-4 gives supplementary guidance for the design of stainless steel structures that 
complements the design rules given for carbon steel in EN 1993-1-1. The supplementary rules 
for stainless steel currently give no additional information for the global analysis of stainless 
steel structures. The guidance on material nonlinearities in EN 1993-1-1 largely relates to the 
occurrence of traditional idealised plastic hinges, as seen in carbon steel structures. However, 
such hinges do not form in stainless steel structures; instead zones of plasticity with gradually 
reducing stiffness, but often with peak capacities well in excess of the traditional plastic 
moment are exhibited (Theofanous et al., 2014). Eurocode 3 is currently under revision; this 
section summarises the key changes to the codified provisions for the stability design of stain
less steel structures due to be included in prEN 1993-1-4 (prEN 1993-1-4, 2020). 

3.1 Material nonlinearity at frame level 

Degradation of stiffness significantly affects the behaviour of a structural system and conse
quently, the distribution of internal forces and moments (Walport, Gardner & Nethercot, 
2019). Figure 1 shows the ratio of moments from first order and second order plastic zone 
analyses using the two-stage Ramberg Osgood material model of an austenitic stainless steel 
portal frame plotted against the ratio of the secant modulus Es to elastic modulus E of the 
most heavily stressed point of the frame for increasing load levels (Walport et al., 2021). 
Depending on the location in the frame, ignoring material nonlinearity can result in both 
over-estimations and under-estimations of internal forces and moments. When the ratio of 
Es/E is less than 0.2, these errors approach 10%; therefore, Equation 6, where Es is the 
secant modulus as calculated using Equation 7, is proposed to define the limit beyond which 
members in the frame are deemed to remain predominantly elastic. 
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Figure 1. Ratio of internal moments from a plastic (SMMNA) and elastic (SMLA) analysis around the 
frame for an example 5�10 m austenitic stainless steel portal frame plotted against the ratio of secant 
modulus Es to elastic modulus E at the most heavily stressed point in the frame. 

Considering geometric nonlinearities at the frame level, EN 1993-1-1 (prEN 1993-1-1, 2020) 
and other international steel design standards state that second order effects may be neglected 
provided αcr,sw is greater than or equal to 10 when an elastic analysis is employed, with αcr,sw 

being the factor by which the design loading on a frame has to be increased to cause overall 
buckling in a global sway mode. The nonlinear stress-strain behaviour of stainless steel results 
in greater deformations as the material loses its stiffness and, therefore, a greater susceptibility 
to second order effects (Walport et al., 2019); a stricter requirement is therefore needed for 
plastic analysis. The influence of material nonlinearity on the sway stiffness of frames may be 
considered through the modified elastic buckling load factor αcr,sw,mod, as derived in (Walport 
et al., 2019; Walport, Gardner & Nethercot, 2019; Walport et al., 2021), and given by Equa
tion 8, where Ks/K is the ratio of the secant lateral stiffness of the frame Ks at the design value 
of the load to the initial lateral stiffness K due to the influence of plasticity (i.e. as obtained 
from a first order plastic zone analysis) and Y is a factor that approximates the further loss of 
stiffness due to second order effects, taken from Table 1 (Walport et al., 2021). 

The method provides a consistent treatment of second order effects between elastic and 
plastic global analysis i.e. a limit of 10 on both αcr and αcr,mod, deeming second order effects 
sufficiently small to be ignored if the amplification of the internal forces is no more than 10% 
of the original internal forces determined according to first order theory. 
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Table 1. Y factors. 

For single storey 
portal frames 

For all 
other frames 

Austenitic stainless steel 
Duplex stainless steel 
Ferritic stainless steel 

0.80 
0.85 
0.90 

0.55 
0.60 
0.65 

3.2 Design by inelastic analysis 

The most accurate representation of the behaviour of a structure is achieved through directly 
allowing for instability, plasticity, residual stresses and initial geometric imperfections through 
the use of second order (advanced) inelastic analysis with imperfections (i.e. GMNIA). The 
combined influence of residual stresses and geometric imperfections can be accounted for 
through the use of equivalent bow imperfections, as discussed in Section 3.2.1. Advanced ana
lysis is commonly carried out using beam finite elements for ease of use and computational 
efficiency but these elements cannot capture local cross-section deformations. While shell 
finite elements are able to capture cross-section local buckling behaviour, they are computa
tionally expensive. A practical solution is to use beam elements, with strain limits applied to 
simulate local buckling and control the level of plastic deformation and hence the capacity of 
the cross-section and ultimately the structure. In this approach (Fieber, Gardner & Macorini, 
2020, 2019; Walport, Gardner & Nethercot, 2020a), the influence of material nonlinearity on 
the structural response is directly modelled through the definition of the full stress-strain 
curve of the material, while the strain limits, as defined by Equations (9) and (10), are taken 
from the continuous strength method (CSM), as further detailed in Section 3.2.2. Failure of 
the member/system is defined as the point at which either (1) the CSM strain limit is reached 
at any point in the system or (2) the peak load is attained during the analysis, whichever 
occurs first (Walport et al., 2019). 

where is the local slenderness of the full cross-section, where fy is the yield 
(or 0.2% proof) stress and σcr,cs is the elastic local buckling stress of the full cross-section 
(Gardner, Fieber & Macorini, 2019), εy is the yield strain, εu is the ultimate strain, σ is the 
maximum compressive stress at the considered cross-section, n is the strain hardening expo
nent and Ω is a project specific design parameter defining the permissible level of plastic 
deformation, with a recommended value of 15 to prevent excessive deformation (Fieber, 
Gardner & Macorini, 2019). 
The design approach enables consistent and accurate exploitation of cross-section slender

ness dependent levels of spread of plasticity, moment redistribution and strain hardening. 
Additionally, the continuous nature of the approach allows all cross-sections (i.e. those of all 
cross-section classes) to be designed in the same way. Design by inelastic analysis with strain 
limits allows for safe and reliable assessment of structures while maintaining computational 
efficiency and practicality for widespread use in industry. 
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3.2.1 Equivalent bow imperfections 
Direct modelling of residual stresses in an analysis can present challenges to the designer and 
is not possible in many software packages; EN 1993-1-1 therefore provides ‘equivalent’ bow 
imperfections that implicitly account for the combined effects of geometric and material (i.e. 
residual stresses) imperfections. The equivalent bow imperfections given in prEN 1993-1-1 are 
for use with second order elastic analysis. These tabulated equivalent imperfections apply 
equally to second order elastic analysis of stainless steel members, provided the appropriate 
value of α is employed, though, due to the limiting slenderness in the stainless steel buckling 
curves not being a constant value, a revised equation, replacing the constant 0.2 with λ0, for 
back calculating the equivalent bow imperfection is needed, as given by Equation 11 (Walport, 
Gardner & Nethercot, 2020b), where α is the imperfection factor, λ is the relative slenderness 
of the member, λ0 is the limiting relative slenderness and MRk and NRk are the characteristic 
value of the moment and axial resistance, respectively. 

It is generally not appropriate to use equivalent bow imperfections developed for elastic 
analysis in inelastic analyses, because the effects of plasticity can be double-counted and over-
predictions (i.e. unconservative results) or under-predictions (i.e. conservative results) of buck
ling resistances can arise, depending on the form of the adopted material stress-strain curve 
(Walport, Gardner & Nethercot, 2020b). For design by second order inelastic analysis, 
equivalent bow imperfection magnitudes may be calculated using Equation 12, where L is the 
member length. 

3.2.2 The continuous strength method 
An elastic perfectly-plastic material model and the associated concept of cross-section 
classification underpin current metallic structural design codes. To overcome the short
comings for application to materials that exhibit a high degree of nonlinearity and strain 
hardening, the continuous strength method was developed as a more rational alternative 
to cross-section classification (Gardner, 2008). The implications of the rounded stress-
strain curve of stainless steel are that Class 4 cross-sections experience inelastic local 
buckling below the 0.2% proof stress while Class 1-3 cross-sections can benefit from the 
substantial strain hardening exhibited by stainless steel beyond the 0.2% proof stress. 
Depending on the type and proportions of the structural element or system, the nonlinear 
material response can lead to either a reduced or enhanced capacity relative to an equiva
lent component featuring an elastic, perfectly plastic material response (Gardner, 2019; 
Walport, Gardner & Nethercot, 2020b). In general, in strength governed scenarios, such 
as the in-plane bending resistance of stocky beams, the substantial strain hardening of 
stainless steel gives rise to capacity benefits, while in stability governed scenarios, the 
early onset of stiffness degradation results in reduced capacity. 
The continuous strength method (CSM) is a deformation based design approach (Gardner, 

2008; Gardner, Wang & Liew, 2011; Afshan & Gardner, 2013; Liew & Gardner, 2015; 
Buchanan, Real & Gardner, 2018; Zhao, Afshan & Gardner, 2017) that enables a rational 
exploitation of the spread of plasticity, strain hardening and element interaction in the design 
of stainless steel cross-sections. The benefit of considering element interaction is greatest for 
cross-sections where the slenderness of the flange and web differ most, while the capacity 
increase from strain hardening is of most benefit for more compact cross-sections and for the 
materials exhibiting the highest level of hardening i.e. the austenitic grades. The strain limits 
also control the level of moment redistribution, the benefit of which depends on the 
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proportions, loading and degree of indeterminacy in the structure. The magnitude of all these 
benefits will vary between structures but can be very significant and often up to 30%. 

4 STABILITY DESIGN OF STAINLESS STEEL STRUCTURES IN AISC 370 

The new AISC 370 Specification (AISC, 2020) will encompass the design, fabrication and 
erection of hot-rolled and welded austenitic and duplex stainless steel structures. The provi
sions closely mirror AISC 360 (AISC, 2016), but deviate where necessary to account for the 
differences in material behaviour between stainless steel and carbon steel and the resulting 
influence on structural behaviour (Baddoo & Francis, 2014; SCI, 2013). In AISC 370 (AISC, 
2020), the influence of material nonlinearity and residual stresses can be accounted for in sta
bility design by either (1) performing an elastic analysis but with reduced stiffness in the mem
bers or (2) performing an inelastic analysis. In the former case, the relative simplicity of elastic 
analysis is retained, while in the latter case, more accurate results are achieved. 

4.1 Second order elastic analysis with stiffness reduction 

Design by elastic analysis with stiffness reduction has been developed and widely used for 
carbon steel structures (Deierlein, 2003; Surovek-Maleck & White, 2004a, 2004b). More 
recently, this method of design has been extended to the design of stainless steel structures 
(Walport, Kucukler & Gardner, 2021) and is due to be incorporated into the upcoming AISC 
370 (AISC, 2020) and ASCE-8 (ASCE, 2020) Specifications. 
For design by second order elastic analysis, two stiffness reduction factors are defined: (1) 

τb, to account for the reduction in stiffness of members in compression due to the effects of 
yielding and residual stresses, and (2) τg, to account for the additional reduction in member 
stiffness due to combined compression plus bending. Additionally, for slender members, the τg 

factor results in a system design strength equal to τg times the elastic stability limit, which is 
equivalent to the margin of safety provided by the column buckling curves (Deierlein, 2003). 
The proposed stiffness reduction factor τb for stainless steel, accounting for the combined 

effects of material nonlinearity and residual stresses, was derived directly from the Ramberg-
Osgood expression, given by Equation 1. The stiffness reduction factor τb was taken as the 
ratio of the tangent modulus Et to the elastic modulus E, where Et = dσ/dε and σ = Pr/A, 
where Pr is the axial compression and A is the cross-sectional area. To allow for the influence 
of residual stresses, the strain hardening exponent n was modified to an effective strain hard
ening exponent neff through calibration against FE results for the tangent flexural stiffness 
obtained from a W8×31 cross-section divided into 1440 monitoring areas, subjected to pure 
axial compression. The resulting stiffness reduction factor to account for the reduction in stiff
ness of stainless steel members in compression due to the effects of yielding and residual stres
ses is given by Equation 13, where Pr is the applied axial load, Pns is the yield load and fy is 
the yield stress, while the values of the effective strain hardening exponents neff are presented 
in Table 2. 

Since neff is a function of n, the varying degrees of roundedness of the stress-strain behav
iour, as shown in Figure 2 for the typical grades of stainless steel (austenitic grade 301, duplex 
grade S32101 and ferritic grade 410S) is reflected in τb. The greatest reduction at low to mod
erate axial load levels occurs for austenitic stainless steel, mirroring the low limit of propor
tionality and the low value of the strain hardening exponent n. 
Walport, Kucukler & Gardner (2021), calibrated τg against benchmark results from non

linear finite element analysis of pin-ended stainless steel columns, beams and beam-columns, 

31 



Table 2 . Stiffness reduction factors τ for second order elastic analysis of stainless steel structures. 

Code Member type neff (≥ 2.5) τg τb 

Rolled or welded I-shaped sections buckling 
about the minor axis, and other sections not 
specified in this table 

0.45n 

AISC 370 Rolled or welded I-shaped sections buckling 0.55n 0.7 
τb ¼ 1

about the major axis, welded box sections, and E Pr neff  11þ0:002neff ð Þfy Pnsround HSS 
Rectangular HSS n 

ASCE-8 All sections 0.45n 0.9 

Figure 2. Stiffness reduction factor τb for typical austenitic, duplex and ferritic grades of stainless steel 
for I-shaped sections buckling about the minor axis in AISC 370 and for all sections in ASCE-8. 

as well as sample frames. For AISC 370 and ASCE-8, values of 0.7 and 0.9 are required to 
sufficiently account for the influence of plasticity, respectively. The difference between the 
proposed value of τg for AISC 370 and ASCE-8 reflects the different cross-section force-
moment interaction equation, the different column buckling curves and the different moment 
capacities between the two codes. 

4.2 Second order inelastic analysis 

As in prEN 1993-1-4, the most accurate representation of the behaviour of a structure is 
achieved through directly allowing for instability, plasticity, residual stresses and initial geo
metric imperfections through the use of second order (advanced) inelastic analysis with imper
fections – see Section 3.2. 

5 PRACTICE 

With the growing need for sustainable and resilient structures, the use of high performance 
materials such as stainless steel, with its excellent durability characteristics, could help meet 
these future demands. Stainless steel has been used in construction since the 1920s; the earlier 
applications were predominantly chosen based on architectural appeal, for example in the 
cladding of the Chrysler Building in New York, while more contemporary applications take 
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Figure 3. Recent examples of the use of structural stainless steel in practice. a) Sanomatalo Building, 
Helsinki; b) MX3D bridge at Dutch Design Week. 2018. 

advantage of the desirable durability and structural properties, two examples of which are 
shown in Figure 3, including the Sanomatalo Building in Helsinki, in which stainless steel was 
used to form an exterior bracing system (Figure 3a).With a drive for more sustainable con
struction, the opportunities for the increased use of stainless steel is clear and this is reflected 
in the annual consumption of stainless steel increasing at a compound growth rate far in 
excess of other materials (Baddoo, 2008). Further information of the use of stainless steel in 
construction and more examples of practical structural applications may be found in 
(Baddoo, 2008; Gardner, 2005; SCI, 2020). 
Another emerging innovation in construction is metal 3D printing, also known as additive 

manufacturing (Gardner, 2019; Buchanan & Gardner, 2019). Additive manufacturing allows 
for highly optimised structures and engineered materials unlike those that can be achieved 
using traditional fabrication methods. Early research into the behaviour of metal 3D printed 
structural elements has been reported in (Kyvelou et al., 2020) (Buchanan et al., 2017), while 
a review of the methods, research, applications, opportunities and challenges for this technol
ogy has been presented in (Buchanan & Gardner, 2019). Wire and arc additive manufacturing 
(WAAM) has been used to create the world’s first metal 3D printed bridge constructed by the 
Dutch company MX3D, as shown in Figure 3b (Gardner et al., 2020). Additive manufactur
ing offers many opportunities for the construction sector, but there will also be fresh chal
lenges and demands. The verification of the MX3D bridge has involved a significant amount 
of material, cross-section and structural testing, alongside advanced finite element simula
tions. This is a pioneering example of the potential of additive manufacturing and a offers 
a new way of thinking for the design and verification of such structures. 
Embracing the digital age will be fundamental for increased sustainability within the struc

tural engineering industry and this will rely on greater emphasis on the use of advanced ana
lysis, as well as inspection and load testing. Structural design is significantly dictated by the 
current state of design guidance; the current sparsity of appropriate guidance on system-based 
design and advanced analysis is a barrier to its use in achieving optimal design. It is essential 
to ensure that working in the digital world is comparable to the traditional well-established 
and widely accepted approaches in terms of accessibility, flexibility, complexity and productiv
ity. This requires the novel system-level advanced analysis approaches to be embedded in the 
design environment through clear guidance. International codes of practice and design guides 
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form the core of that design guidance; inclusion of these new methods in the upcoming design 
codes presents a step-change for the future direction of structural design. 

CONCLUSIONS 

The nonlinear material stress-strain curve of stainless steel has a direct bearing on the struc
tural response of stainless steel cross-sections, members and frames. With stainless steel being 
a high value material, its efficient use is paramount, and this is a particular incentive to 
embrace the opportunities offered by advanced system-level analysis and design. The most 
accurate representation of the behaviour of a structure is achieved by directly allowing for 
instability, plasticity, residual stresses and initial geometric imperfections in a second order 
inelastic analysis, but there is limited guidance to enable design on this basis in practice. As 
described in the present paper, the new provisions for design by advanced analysis in the 
upcoming second generation of the Eurocodes and the new American design standards will 
address this shortcoming, representing a huge opportunity for enabling more efficient and 
more widespread application of stainless steel in structural applications. 
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ABSTRACT: Research activities aiming at understanding selected items of steel joints 
behavior in the persistent and accidental situation has been conducted at Rzeszow University 
of Technology. The following subjects were considered: the behavior of beam splices of beams 
in large size steel industrial structures and especially the assessment of safety to use the com
ponent method of EN 1993-1-8 to design such joints; the role of joints in assurance survival of 
steel-framed structures subjected to accidental loading, especially influence of joints geomet
rical and material properties on their behavior in column loss scenario; estimation of actual 
values of available rotation capacity of selected steel joints, to be used in robustness analysis 
of steel frames. An investigation was provided by experimental tests of bolted end-plate joints, 
advanced FEA with the use of validated models, and wide parametric studies. Results of the 
above-mentioned researches can find application in design practice. 

INTRODUCTION 

Joints, in the same range as members, have a decisive influence on steel structures’ safety and 
economy. Proper shaping, design calculation, and appropriate details arrangement in tech
nical drawings play an essential role in providing competitiveness, long-time exploitation, fail
ure-free solution. During the last decade’s very large experimental, theoretical, and fine 
element modeling researches were conducted to provide modern design tools to practitioners. 
Many of these findings were incorporated to design codes, as (EN 1993-1-8 2005). Despite 
this, still exist few gaps in regulation provisions. A few of them, which are the subject of 
research projects and doctoral dissertation conducted at Rzeszow University of Technology, 
are presented below. The following subjects will be described: 

–	 behavior of joints in large-scale steel structures, i.e. influence of the size of the joints 
designed according to (EN 1993-1-8 2005) on the structure safety, 

–	 behavior of steel-framed structures under exceptional loading condition (robustness) and 
the role of joint in counteraction against the progressive collapse of the structure, 

–	 quantitative assessment of rotation capacity of joints, while in (EN 1993-1-8 2005) only 
qualitative rules are available. 
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2 BEHAVIOUR OF JOINTS IN LARGE-SCALE STEEL STRUCTURES 

The component method used in the standard (EN 1993-1-8 2005) has been developed for 
joints in framed building structures, where usually bolted end-plate connections are used, with 
two-three rows of bolts located in the vicinity of the tensioned flange of the beam (Figure 1a). 
The members of such frames were made of IPE sections with a height of not more than 400
450 mm, very often of class 1 or 2. Numerous experimental tests of such joints confirm the 
adequacy of the component method for such frame joints. In the case of higher beams, espe
cially those with a plate welded girder cross-section (hb = 1000 – 2000 mm), connected by end-
plate splices with many bolt rows (Figure 1b), the standard (EN 1993-1-8 2005) methods fail, 
especially with regard to the distribution of internal forces in individual bolt rows, when 
assessing the resistance (see 6.2.7.2 (EN 1993-1-8 2005)). 
Calculations of the design moment resistance of joints with several bolt rows are performed 

according to the component method using the formula: 

where: Ftr,Rd – the effective design tension resistance of bolt row r, hr – the distance from 
bolt row r to the center of compression, r – the bolt row number. 

Only limitation to including in formula (1) all bolt rows with their full resistance, is: 

–	 T < C and/or S; the resistance of the tension zone must be smaller than the resistance of 
compression and/or shear zone, and 

–	 linear reduction of bolt row resistance acc. to (2) when the effective design tension resistance 
Ftx,Rd of one of the previous bolt rows x is greater than 1.9 Ft,Rd: 

where hx – the distance from bolt row x to the center of compression, xi – the bolt row far
thest from the center of compression that has a design tension resistance greater than 1.9 Ft,Rd. 

This calculation method has not been changed in the current update of the standard (EN 
1993-1-8 2005). 
Comparison of sizes of bolted end-plate joints used for hot-rolled member section, typical 

for building structures and, welded I girders used in industrial structures is shown in Figure 1. 
Many doubts and questions, coming from designers, were raised, if component method as 

in code (EN 1993-1-8 2005) is appropriate (safe) for large-size structure joints? In the opinion 
of professional engineers and few researchers, the answer for this question is not, because: 

–	 the component method presented in (EN 1993-1-8 2005) in relation to joints of high beams 
is not confirmed by an experimental test of such joints - only a few tests of large size joints 
(hb > 1000 mm) were conducted (Morrison et al. 1985), (Borgsmiller et al.1995), (Ryan 
1999), (Sumner 2003), (Katula 2009), (Jain 2015) but most of them with only 2 – 3 bolt 
rows below tension flange, 

–	 steel beams of large height are designed as composed welded girders, very often of class 4 
section for web, where the transmission of forces down from tensioned beam flange 
through the very thin web is very doubtful, 

–	 distribution of forces in particular bolt rows along beam height is not in conformity with 
stress distribution in the beam section. 

Research project (Kawecki 2021) has been conducted in Rzeszow University of Technology, 
as follows: 

–	 experimental tests of four beam splices of beam 1000 mm and 1500 mm high (Kawecki & 
Kozlowski 2020), 

–	 creation of fine element method joint models, hierarchically validated, 
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Figure 1. Comparison of size of end-plate bolted joints, for a) rolled sections, b) welded section. 

–	 parametric study to investigate the influence of other factors, e.g. end-plate thickness, steel 
grade, stiffening of the joints, 

–	 verification of component method (EN 1993-1-8 2005) by comparison its results to experi
mental tests and parametric study results, 

–	 proposal to improve component method procedures to be safe for large size beam joints. 

Experimental tests were conducted for the following joints, shown in Figure 2. 
Tests were performed in the Laboratory of Building Structures at Rzeszow University of 

Technology. View and picture of test stand were presented in Figure 3. 
The following quantities were measured during tests: the strains along the bolt axis, the 

strains in the tension flange of the beam and in the web near the bolts, the strain in the com
pression flange, the separation of the end plates, the mid-span deflection of the beam and 
under the jacks. More details of test results can be found in (Kawecki & Kozlowski 2020). 
Only selected of them are presented below. The distribution of forces in each bolt, obtained 
during experiments on the basis of measurement of bolt strains by strain gauges are shown in 
Figure 4. From Figure 4 it is seen that the distribution of forces in the particular bolt rows is 
not equal on the beam height. Also the moment resistance of the joint Mj,Rk determined by 
the component method is much bigger than reached during experimental tests. 
Table 1 presents the values of actual forces in each bolt row, obtained on the basis of measure

ments of strains in bolts during tests, obtained from FEA analysis with the use of validated FEM 
models and values calculated using the component method from code (EN 1993-1-8 2005). 
Figure 5 shows the distribution of forces in individual bolt rows Ft,Rk,i, calculated according 

to the component method (EN 1993-1-8 2005), experimental tests Ft,i, FEM calculation Ft,i,mes 

for connection W2-1, and for comparison FEM results taking into account end-plate of 
14 mm thickness. 
Results presented in Figure 5 and Table 1 for joint W2-1 (end-plate thickness 16 mm) con

firm the conclusion that the distribution of bolt forces calculated acc. to code (EN 1993-1-8 
2005) is very far away from obtaining in experiment and FEA, especially in lower bolt rows. 
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Figure 2. Experimentally tested joints. 

Table 1. Comparison of actual bolt forces distribution obtained in tests and from FEA with values 
calculated acc. to the component method (EN 1993-1-8 2005). 

W2-1 

EXP FEA EC3 

Bolt row number hi [m] FT,i FT,i,mes FT,Rk,i 

1 1.537 362.8 417.2 380.1 
2 1.431 499.6 499.4 470.5 
3 1.331 281.2 246.6 344.4 
4 1.231 199.3 211.6 344.4 
5 1.131 174.1 176.8 344.4 
6 1.031 148.8 145.6 344.4 
7 0.931 104.6 117.2 344.4 
8 0.831 73.6 91.6 344.4 
9 0.731 67.1 68.6 344.4 
10 0.631 49.3 50 82.4 
11 0.531 35.9 42.8 0 

Moment resistance [kNm] MB,k =2090 MB,k,mes =2124.5 Mj,Rk =3795 

Mj,Rk/MB,k 1.82 

Mj,Rk/MB,k,mes 1.79 

The same joint with the end-plate thickness 14 mm shows behavior much closer to test and 
FEA results. This is because T-stubs in joint with end-plate 14 mm show failure mode 1 while 
joints with end-plate 16 mm failure mode 2. That means that the component method as in 
code (EN 1993-1-8 2005) can be used for high beam splice only when T-stubs in all bolt rows 
show failure mode 1. 
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Figure 3. The test stand, a) scheme, b) general view, c) investigated specimen. 
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Figure 4. Moment vs. bolt-force distribution of specimen W2-1; Fi forces in bolt row i, obtained from 
tests; notation of moments: MB,d when the design resistance of the bolt was reached; MB,k when the char
acteristic ultimate resistance of the bolt was reached; MB,u when the ultimate resistance of the bolt was 
reached; Mj,Rk characteristic moment resistance obtained by component method (EN 1993-1-8 2005). 

Figure 5. Distribution of forces in individual bolt rows according to component method (EN 1993-1-8 
2005) (Ft,Rk,i), experimental tests (Ft,i), FEM calculation (Ft,i,mes) for connection W2-1 and for compari
son FEM results for end-plate of 14 mm thickness. 

In Figure 6 results of FEM analysis with the use of validated joint model conducted for 
connection W2-1 (11 bolt rows) and in series, with 10, 9, 8, 7, 6, 5, 4, and 3 bolt rows were 
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Figure 6. Characteristic moment capacity Mj,Rk according to EN 1993-1-8 (EN 1993-1-8 2005) and MB, 

k,mes of the W2-1 connection depending on the number of bolt rows. 

presented. For each of these cases, moment resistance was calculated also using the compo
nent method (EN 1993-1-8 2005). 
It is seen that only connections with one or two bolt rows below beam tensioned flange can 

be calculated by code (EN 1993-1-8 2005) without essential errors. It has been shown that the 
component method according to code (EN 1993-1-8 2005) does not provide a safe assessment 
of the load capacity of joints with a failure mode of 2 or 3, with the number of internal bolt 
rows greater than 2. 
Two methods are proposed to improve the component method. 
Modified Component Method (MCM) introduces a numerical correction of the design 

resistance of the T-stubs in bolt rows 1 and 3, determined according to (EN 1993-1-8 2005) by 
formula (3), and a linear reduction of forces in further rows. 

where: FT,i,Rd – design resistance of T-stub in bolt row i, according to EN 1993-1-8/8.3.4, ωi – 
coefficient reducing the bearing capacity of the T-stub in bolt row i, depending on the failure 
model 2 or 3, according to Table 2. 
The load capacity of bolt rows i > 3, is linearly reduced, in relation to the reduced load 

capacity of bolt row 3, according to the formula (4): 

where β = 0,5 – for failure mode 3, when max hi > 0.5h0, β = ⅓ – in other cases, h0 – the 
height of the beam. 
The second proposal is the Stiffness and Rotation Method (SRM), which assumes the dis

tribution of internal forces in the bolts depending on the stiffness of the seating and the dis
tance from the axis of the compression chord, in relation to the design resistance of the most 
loaded bolt rows determined according to (EN 1993-1-8). The capacities of individual bolt 
rows at the level of a given row are determined depending on the position in relation to the 
tension flange and the direction of force distribution. 
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Table 2. Reduction coefficient ωi. 

T-stub along beam web T-stub by beam flange 

Mode 2 Mode 3 Mode 3 
Number of bolts in row Number of bolts in row 

ω3 ω3 ω1A ωr 

nbr = 2 0.51) 0.51) 0.91) nbr = 4 0.9 
nbr > 2 0.7/0.6 2) 0.6 0.9/1.0 2) nbr = 6 0.8/0.6 2) 

1) not applied when number of internal bolt rows < 3 
2) extended/flush end-plate 

3 ROBUSTNESS OF STEEL FRAMED STRUCTURES BY JOINTS DUCTILITY 

Each framed structures should be designed in two design situation: persistent, typical for the 
exploitation phase of structure life, and accidental, when the structure is subjected to unex
pected loading, not included in everyday design. In a persistent situation (Figure 7a) loading 
acting on the frame is transferred through the entire system of appropriately connected col
umns and beam, while in accidental situations (Figure 7b), the column removal scenario may 
take place as a result of an explosion in the building, fire or impact of the vehicle. The acciden
tal actions that should be taken into account are collected in (EN 1991-1-7 2006). Redistribu
tion of forces in the internal connection took place: in the persistent situation (Figure 8a), the 
column is mainly subjected to the axial compression force; beams and joints are subjected to 
bending moment and shear forces. In an accidental situation (Figure 8b), when the column 
ceases to be support for the beams, large axial forces appear in the beams, and a sign of 
moment acting on joints change. The ability of a structure to withstand these events without 
being damaged to an extent disproportionate to the original cause is called robustness. 
One of the strategies proposed by codes and regulations e.g. (DSA 2003), (DoD 2005), (EN 

1991-1-7 2006), research projects (Robust structures by joint ductility 2009) is incorporating 
sufficient redundancy in the structure to facilitate the transfer of actions to alternative load 
paths following an accidental event. The main goal in the robustness design is shaping struc
tures in such a way as to be able to create a secondary mechanism, i.e. catenary action in the 
scenario of column loss. The essential role of joints in providing catenary action and structural 
robustness is undisputed. Joints should possess not only essential load capacity to moments 
having a changeable sign but also very large rotation capacity to enable load redistribution. 

Figure 7. Design situations of frame structures: a) persistent situation, b) accidental situacion. 
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The aim of the research project conducted in Rzeszow University of Technology was to: 

–	 check the ability of very often used bolted end-plate joints for development of the catenary 
action, Flush and expended joints were considered, 

–	 estimation of available rotation capacity of investigated joints, by experimental tests 
(Kukla & Kozlowski 2019), and advanced FEA conducted on validated models of joints, 

–	 recognizing failure modes of joints and find the way to change them to ductile mode, by the 
proposal of modification of joints, 

–	 finding values of tie forces that appear in the structure during an accidental situation. 

The project was conducted in the following stages:
 
a) Experimental tests of selected flush and extended bolted end-plate joints, conducted for
 

isolated joints. Tests were conducted in cruciform set-up, for joints collected in Table 3. 
Test stand of P-6 specimen and column web deflection are shown in Figure 9. 
The set of obtained M-Ø curves is presented in Figure 10. 
Based on the conducted tests, it can be concluded that: 

–	 amongst the end-plate bolted connections with flush end-plate and extended end-plate, the 
highest bending resistance was obtained in connection with plate 15 mm (specimen P-5), 

Figure 8. Configuration of force in connection: a) at the persistent situation, b) at the accidental situ
ation of column loss. 

Figure 9. Sample P-6: a) view of test set-up, b) deflection of column web. 

Table 3. Geometric parameters of tested specimens. 

Specimen Beam section Column section End plate Platethickness [mm] Bolt size Bolt rows 

P-1 
P-2 
P-3 
P-4 
P-5 
P-6 

IPE 300 
IPE 300 
IPE 300 
IPE 300 
IPE 300 
IPE 300 

HEB 200 
HEB 200 
HEB 200 
HEB 200 
HEB 200 
HEB 200 

Flush 
Flush 
Flush 
Extended 
Extended 
Extended 

10 
15 
20 
10 
15 
20 

M20 
M20 
M20 
M20 
M20 
M20 

2 
2 
2 
4 
4 
4 
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–	 end-plate joints with an extended plate (EP) show a greater capacity to develop catenary 
action than connections with flush plate - stronger tensile zone (4 tension bolts) was the 
main reason, 

–	 the use of thicker endplates increases the bending capacity and the development of catenary 
action for unstiffened columns, 

–	 the lack of stiffeners of the column web allows large deformations of the flanges and the 
web of the column, contributing to the increase in the rotation of connections significantly, 

–	 results of connection tests were also used to validate numerical models of connections 
(Figure 11). 

b) Recognizing behavior of joints tested in substructure, by advanced FEA of previously 
tested subframe (Kozlowski et al. 2011).Subframe analysis results are presented in details in 
(Kukla & Kozlowski 2021). 
c) Numerical parametric study of flush and extended end-plate steel joints in the case of 

column loss were conducted using validated FEM models. The effects of geometrical and 
mechanical features such as bolt size and grade, number of bolt rows, and end-plate thickness 
on joint behavior were examined. 
The following conclusions can be drawn from the parametric study: 

–	 the application of thin end plates (i.e., 6 mm and 8 mm) decreases the deformability of the 
joint, and as a result, the rotational capacity, 

–	 thick end plates are recommended in the case of an unstiffened column. A higher ultimate 
rotation and a developed catenary action are observed, 

Figure 10. Comparison of the behavior of tested joints. 

Figure 11. Comparison of experimental and numerical test of joint: a) 10 mm flush end plate, b) 10 mm 
extended end plate. 
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–	 the higher bolt grade, i.e., class 12.9, and application of a larger bolt diameter has 
a positive influence on the ultimate joint behavior - leads to a significant increase in ultim
ate capacity and leads to avoiding the brittle failure mode of the joint. Therefore, the use of 
the M24 (or M27) bolt size is recommended. 

a) Proposals of end-plate joint modifications. 

Three innovative modifications of extended end-plate joints: additional channels, additional 
saddles, and additional rings were suggested to reach a significant raise in load and rotational 
capacities (Figure 12). Results of their numerical analysis and comparison of behavior are pre
sented in Figure 13. 
It is seen that proposed innovative modifications of extended end-plate joints lead to achiev

ing a significant increase in stiffness, as well as load and rotational capacities. Additional 
elements used to improve the joints allow avoiding brittle damage to the bolts and create 
a ductile mechanism with significant development of catenary action. 
a) Frame dynamic analysis in a sudden column loss scenario. 
These analyses were conducted to estimate: 
– required rotation capacity of joints to be able to achieve catenary action, 
– behavior and failure modes of joint in destroyed frames. 

Figure 12. Proposal of joint modification by additional a) channel (AC), b) saddle (AS), c) ring (AR). 

Figure 13. Effect of the modifications of joint with extended end plate. 

46 



Few plane frames configuration were analyzed. Selected results for one of the analyzed 
frames (Figure 14) were presented below. 
The full advanced MES models with solid elements for joints parts and shell elements for 

beams and columns were created and dynamically analyzed. End-plate joints as a connection 
of beam-to-column were applied to the whole frame. Two different cases of column loss in the 
analysis were adopted i.e. sudden, as for impact and/or blast, and gradual as in case of fire. 
Removal of a column was simulated as the loss of restraint in the support, for the central 
column at the “0” level (Figure 14). 
The behavior of the frame under the sudden column loss scenario was presented in Figure 15. 

Bolted end-plate joints with 10 mm flush end-plate (Figure 15a) and 10 mm extended end-plate 
were used (Figure 15b). The extended end-plate joints allow for higher redistribution of load on 
beam length, which is visible by bent beams near the central column. 
In Figure 16a the external W7 joint is shown at the end of the structure loading stage. 

A significant deflection of the column and endplate, as well as significant strains at column 
web at joint zone, can be observed. The W8 joint (Figure 16b) was destroyed by the fracture 
of all bolts of the lower rows. 
Based on the obtained first results, the following remarks can be drawn: 

–	 the application of end-plate bolted joint in frame structure leads to obtain a significant load 
capacity, rotational capacity, and large deformation of the joint and whole structure, 

Figure 14. Static diagram of the analyzed frame. 

Figure 15. Map of vertical displacement of the frame under sudden column loss with a) 10 mm flush 
end plate joints, b) 10 mm extended end-plate joints. 
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Figure 16. The failure mode of joint with 10 mm extended end-plate: a) external W7, b) internal W8. 

–	 extended end plate joints has a higher load and rotational capacity, which is necessary for 
the development of catenary action in frame, 

–	 the advanced model allows to observe all joint components behavior under time analysis, 
point out the weakest components and failure modes of joint and structure. 

ROTATION CAPACITY OF JOINTS 

Rotation capacity plays a very important role in an advanced analysis of steel frames, espe
cially in the plastic design of structures and also in robustness analysis of steel frames. The 
previous analysis of rotation capacity was carried out with the use of the component method 
(Kuhlmann & Fürch 1997), (da Silva & Girao 2001), (Beg et al. 2004) probabilistic analysis 
(Beg & Zupancic 2004), (da Silva 2004) and finite element method (Ostrowski 2014) but with
out practical guidelines how to use them in the design. The design procedures given in (EN 
1993-1-8 2005) allow to estimate the main flexibility characteristics, as moment resistance 
Mj,Rd and initial stiffness Sj,ini of the bolted and welded joints (Figure 17). As for rotation cap
acity, there is not enough information on how to calculate Øcu. There are only qualitative 
descriptions of the rotation capacity of selected connection types. 
Rotation capacity is influenced by many variables, as the grade of steel, type and geometry 

of the joints(configuration, bolts arrangement, methods of joint stiffening), the section of 
beams and columns, joint placement (external or internal joint). 
A large number of factors influencing rotation capacity forced researchers to find a simple, 

alternative to the component method, design procedure. One of them is based on the theory 
of experimental design and fine element analysis. 

Figure 17. Graphical representation of rotation capacity. 
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Figure 18. View of investigated join and designation of variable factors: „tp” , „cg1”  and „w”. 

Theory of experimental design (Polanski 1984), (Kozlowski & Ostrowski 2019) gives 
researchers a very effective and efficient tool to analyses multi-factors processes in technology 
and science. It allows to a remarkable reduction of needed experiments and/or numerical simu
lations, which must be conducted to obtain an analytical model of the investigated object. 
Theory of experimental design was adopted to the numerical simulation by FEM and used 

to obtain rotation capacity of selected, e.g. stiffened flush end-plate steel joint shown in 
Figure 18. 
The following procedure was used to obtain the rotation capacity: 
- hierarchical validation of FEM models (Figure 19) was performed by comparing the 

results obtained from the experimental tests with the results of FEM models (Ostrowski & 
Kozlowski 2015), 
– after parametric study the factor showing the strongest influence on the rotation of the 

joint were selected, i.e. thickness of the end-plate tp, horizontal bolt spacing w, distance from 
the bolt axis to the upper edge cg1 (Figure 18), 

– on the basis of the substantive analysis of the most frequently used in practice solutions, 
the range of variability of the tested factors was determined as: 
tp = 10 ÷ 20 mm, w = 120 ÷ 180 mm, cg1 = 50 ÷ 90 mm, 
- constant factors have been established as beam section HEA 360, column section HEB 

300, S235 steel grade, M20 bolts, class 10.9, 
- in order to determine the function of the maximum rotation angle of the joint, the theory 

of experimental design [9] adapted to numerical simulations was used. Hartley’s PS/S, PS/DS
P: Ha3 (Table 4), based on the hyper sphere (hK) with 11 variable factor systems was chosen, 
– using a validated FEM model, calculations of joints with dimensions resulting from the 

experiment plan were made, in order to obtain a rotation angle Øcu (Figure 17). 
Solving all configurations of the experiment’s plan allowed elaborating the response surface 

of the rotation angle. Results of this analysis are presented in Figure 20. 
The function of rotation capacity angle was assumed as a polynomial function as below: 

where: a, b, g – are the coefficients of polynomial, A – is the constant of the polynomial. 
The coefficients of polynomial described by the equation (5) were calculated by the program 

Statistica 12, with the use of the nonlinear regression analysis. The following function of avail
able rotation capacity of joint was obtained: 
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Figure 19. Stages of hierarchical validation: a) Stage I – tension test of a steel sample, b) Stage II - ten
sion of a bolt in a bolt-washer-nut set, c) Stage III - tension of T-stubs, d) Stage IV - bending of the 
beam-to-column joint in the subframe. 

Figure 20. Moment-rotation of joints analyzed in experiment plan. 

Such procedures can be used to analyze other joint configurations. Finally, a catalog of 
joints with values of available rotation capacity will be created and can be used in the design. 

CONCLUSIONS 

Unique experimental tests of four beam splices of beam 1000 mm and 1500 mm high were 
performed. Results of tests, especially values of forces in particular bolt rows and also results 
of the parametric study conducted by FEA using validated models of high beam splices lead 
to conclusions that: 
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Table 4. Experimental plan Hartley’s PS/S. 

xk xk Rotation [mrad] 

x1 x1 x2 tp cg1 w Øcu 

1 -1 -1 1 12.11 58.45 167.32 83.07 
2 1 -1 -1 17.89 58.45 132.68 13.98 
3 -1 1 -1 12.11 81.55 132.68 106.69 
4 1 1 1 17.89 81.55 167.32 43.75 
5 -1.732 0 0 10.00 70.00 150.00 106.84 
6 1.732 0 0 20.00 70.00 150.00 15.85 
7 0 -1.732 0 15.00 50.00 150.00 29.38 
8 0 1.732 0 15.00 90.00 150.00 86.58 
9 0 0 -1.732 15.00 70.00 120.00 45.37 
10 0 0 1.732 15.00 70.00 180.00 72.59 
11 0 0 0 15.00 70.00 150.00 59.81 

- distribution of forces in the particular bolt rows is not equal on the beam height. Also the 
moment resistance of the joint Mj,Rk determined by component method acc. to code (EN 
1993-1-8 2005) is much bigger than reached during experimental tests, 
- only connections with one or two bolt rows below tension beam flange can be calculated 

by code (EN 1993-1-8 2005) without essential errors, 
- the component method does not provide a safe assessment of the load capacity of joints 

with a failure mode 2 or 3, with the number of internal bolt rows greater than 2. 
Two methods are proposed to improve the component method to be safe also for joints 

applied in very high beams with multi bolt rows. 
Experimental tests of joints advanced FEA of isolated joints, the subframe and whole steel 

frames, as well as wide parametric study, lead to the conclusion that: 
- application of end-plate bolted joint in frame structure leads to obtain a significant load 

capacity, stiffness, and large deformation of the joint and whole structure, 
- use of thin end plates (i.e., 6 mm and 8 mm) decreases the deformability of the joint, and 

as a result, the rotational capacity, 
- extended end plate joints, compared to flush, has a higher load and rotational capacity, 

which is necessary for the development of catenary action in frame, 
- application of a larger bolt diameter has a positive influence on the ultimate joint behavior 

- leads to a significant increase in ultimate capacity and leads to avoiding the brittle failure 
mode of the joint. Therefore, the use of the M24 or M27 bolt size is recommended. 
Three innovative modifications of extended end-plate joints: additional channels, additional 

saddles, and additional rings were suggested to reach a significant raise in load and rotational 
capacities. 
The theory of experimental design was adopted for numerical simulation by FEM and used 

to obtain the available rotation capacity of the exemplary joint. i.e. stiffened flush end-plate. 
By application of the proposed procedure, a catalogue of most often used in practice joints, 
with values of available rotation capacity can be created and be used as a design tool in steel 
frame design. 
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ABSTRACT: This paper presents the proposal of a framework and operational proposal 
for the inclusion of hybrid joints between tubular columns and open section beams in EC3
1-8, providing a design specification for the most common types of joint typologies and allow
ing for the evaluation of their stiffness and resistance. The code conform specification further 
characterizes the equivalent cross-section component model for the tube zone that contributes 
to the joint behaviour, including the out-of-plane deformation of the column faces. 

INTRODUCTION 

Tubular steel columns provide efficient structural solutions because they combine several 
advantages when compared to open cross-section alternatives: 

–	 Appealing aesthetics 
The use of tubes usually leads to pleasant visual results, being the undisputed option when
ever the structure is exposed as it is the case of stadia, airports, large halls and sports arenas. 

–	 Balanced mechanical performance 
Structures with tubular profiles present a very high strength-to-weight ratio because the 
various failure modes are well balanced with respect to tension, major and minor axis bend
ing, compression and torsion, minimizing the needs for bracing and also providing easy 
ways of obtaining increased resistance by composite action with e.g. concrete filling. 

–	 Better fire performance 
Structures with tubular profiles present a better fire performance because of the reduced 
exposed area. 

–	 Easier fabrication and erection 
The production process of tubes leads to smooth surfaces and no sharp corners, therefore 
improving corrosion resistance. Additionally, because of the balanced resistance of the 
tubes, erection is simpler, with less temporary bracing and supports. 

–	 More economic life-cycle costs 
Tubular structures present life-cycle cost savings due to smaller fire protection and painting 
costs (smaller surface area), facilitating maintenance operations and leading to a longer service 
life. 

Additionally, on a more global note, steel structures are more environmentally friendly 
because steel is infinitely recyclable without loss of characteristics and steel solutions are easily 
reusable (Simões da Silva et al, 2021a). Furthermore, recent advances in steel production with 

DOI: 10.1201/9781003132134-5 

53 

https://doi.org/10.1201/9781003132134-5


coal-free Hydrogen-based reduction - HYBRIT (LKAB, 2021) will further reduce the carbon 
footprint of steel production. 
However, concerning connections, tubular profiles present the disadvantage of not allowing 

easy access to the inside of the tube. This leads to difficulties in using traditional bolted solu
tions. These difficulties are further amplified by the usual small thickness of the tubes that 
leads to the possibility of additional critical and complex failure modes. 
Hybrid bolted beam-to-column joints connecting tubular columns to open I-section beams 

are still nowadays not specified in Eurocode 3, part 1-8 (2005) or the revised version that is 
currently in its final stages of approval (2021), henceforth denoted prEC3-1-8, despite their 
widespread use. Invariably, such joints are semi-rigid and partial strength and highly suscep
tible to the deformability of the column faces, which is still the missing component in the 
prEC3-1-8 specification. It is the objective of this paper to present efficient solutions for the 
connection of tubular columns to open I-section profiles, to discuss the specific aspects of the 
behavior of these joints and to provide a design proposal in code format that complies with 
the EC3-1-8 methodology for the design of joints. 

2 CONNECTION SYSTEMS FOR HOLLOW SECTION TUBES 

2.1 Conceptualization 

There are four groups of solution strategies to connect open sections to tubes given the diffi
culties described above: 

–	 Welded joints: welded beam-to-column joints require in-situ welding; hence, they are not 
interesting solutions, both from an economic point of view as well as from safety and tech
nical criteria and will not be further addressed in this paper. 

–	 Bolted joints using special fasteners: solutions whereby the beam is directly attached to the 
column face using end plates and special fasteners that can be installed and tightened from the 
outside. 

–	 Bolted joints whereby the beam is bolted to plates or channels welded to the column face: 
these solutions allow the use of standard bolts with access to tighten them from both sides. 

–	 “Through-diaphragm” joints: joints whereby continuity plates (diaphragms) are inserted 
into the column tube; however, although providing rigid connections, these joints are very 
expensive to manufacture. 

2.2 Special fasteners 

In order to overcome the difficulty of accessing the inside of a tube, several types of solutions 
were developed, including special fasteners in order to allow positioning and tightening only 
from one side. The following three types of solutions are described in the following paragraphs: 

–	 Welded studs (Figure 1): this type of solution presents the drawback that the bolts may be 
damaged during transport and erection; furthermore, it is very difficult to position the 
beams and to achieve continuous contact between the endplate and the column face 
because of the welds around the bolts. The performance of this type of solution is reason
able assuming that welding is performed adequately. 

–	 Threaded holes (Figure 2): This type of solution consists of the execution of threaded holes 
that can be used with standard bolts (e.g. Flowdrill system). The system is adequate for 
thicknesses varying from 5 mm to 12.5 mm and bolts M-16 to M-20 but the main disadvan
tage of the system relates to the fact that it does not allow for tolerances. 

–	 Special fasteners (Figure 3): they allow the use of standard holes with normal or oversize 
tolerances and they rely on the expansion of the blind end of the bolt that is mechanically 
connected to the parts that will be joined. These systems are normally proprietary systems 
from various manufacturers such as Huck International Inc, Lindapter International, 
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Figure 1. Welded studs. 

Figure 2. Threaded holes: Flowdrill system. 

Figure 3. Special fasteners. 

AJAX Pty, BlindBolt Ltd and TCB Ltd. The various systems have been extensively studied 
by several authors (Yeomans, 1998; France et al, 1999; Tizani and Ridley-Ellis, 2003; 
Tizani et al, 2013; Oktavianus, 2018). 

2.3 Joint typologies 

Depending on the desired performance of the joint, several joint typologies are usually 
adopted to connect tubular columns to open section beams. Whenever only shear force trans
fer is desired, a fin plate connection, illustrated in Figure 4, is the usually preferred solution 
because of its ease of fabrication, easy erection due to the straightforward positioning of the 
beam and good tolerances. 
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From a design point of view, some degree of fixity at the beam ends has a very favorable 
impact on the design of the beam and the control of deflections. In this case, solutions that 
provide partial moment resistance are preferred. The first group consists of full or partial 
depth end-plate joints directly attached to the column face using special fasteners (Figure 5a), 
while the second group corresponds to bolted reverse channel joints (Figure 5b). 
Finally, if rigid joints that satisfy the overstrength criteria are required, then complex and 

expensive through-diaphragm joints are necessary. 

3 BEHAVIOUR OF THE RHS CONNECTION ZONE 

3.1 Introduction 

The behavior of the joint typologies listed in sub-section 2.3 may be established by combining 
the behavior of two distinct zones, illustrated in Figure 6: (i) ZONE A: the section of the tube 
that is mobilized by the connection; and (ii) ZONE B: the connection zone. 
The behavior of the connection zone is independent from the type of column cross-section: 

it follows the specifications of clause 8 of prEC3-1-8 (2021). The exception relates to the 
reverse channel joint, whereby the above statement is only applicable for the sub-zone B.2, 
because the components that are active in zone B.1 are currently not specified in prEC3-1-8. 
This specific case will be addressed later in this paper. 
The behavior of the tube zone is complex because of the couplings between the column 

faces. To simplify the problem, firstly, it is necessary to understand the nonlinear out-of-plane 
behavior of the isolated column face (Harada and da Silva, 2019a). Secondly, the interactive 

Figure 4. Fin plate joint. 

Figure 5. Partial strength semi-rigid bolted joints. a) end-plate joints with blind bolts b) reverse channel 
joints. 
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Figure 6. Definition of the zones of each joint typology. 

behavior of the multiple column faces is treated in the form of a novel joint component, the 
“equivalent cross-section” component model (Harada and da Silva, 2019b). Both aspects are 
addressed in detail in the next sub-sections. 

3.2 Out-of-plane behavior of an isolated column face 

The out-of-plane behavior of a loaded isolated column face depends on various factors: 

–	 Shape and orientation of the connecting element (annular, corresponding to a bolt head, 
rectangular or built-up shape, longitudinal or transverse with respect to the column axis). 

–	 Type of action transferred by the connecting element (inwards or outwards force, bending 
moment or shear force), evaluated at the mid-plane of the column face. 

–	 Position of the connecting element with respect to the column face centerline (centric or 
eccentric). 

The multiple failure modes associated to yielding of the column face may be a consequence 
of a pure bending mechanism, a punching shear mechanism or a mixed mechanism, involving 
both shear and bending. For high width-to-thickness ratios of the column face, the membrane 
forces will decisively contribute to the ultimate resistance and second-order effects play 
a major role. The deformability of the column face is also significant and needs to be assessed 
to establish the stiffness of the joint. 

3.2.1 Plastic resistance 
Several authors have addressed the evaluation of the plastic resistance of a column face 
loaded out-of-plane. Yield-line theory is invariably used to derive design expressions. For lon
gitudinal rectangular plates welded to the column face, Kosteski et al (2003) have proposed 
a design expression that is adopted in EC3-1-8. This equation was recently adopted (Simões 
da Silva et al, 2021) for a reverse channel welded to the column face, symmetrically placed 
with respect to the centerline of the column. For transverse rectangular plates welded to the 
column face or bolts attached to the column face through an endplate, several models are 
available: Wardenier et al (2007) that is adopted in EC3-1-8, the improved and more accurate 
proposal by Gomes et al (1996), the simplified expressions by Yeomans (1998) and SCI (2005) 
that is adjusted to deal with special fasteners such as Hollobolts and the recent proposal by 
Wang and Wang (2016) that was experimentally calibrated to a set of 14 test results. 

3.2.2 Stiffness 
Concerning stiffness, for end-plate joints directly attached to the column face, Simões da Silva 
et al (2003) have proposed an equivalent strip model that allows the calculation of the initial 
stiffness and the membrane stiffness of the column face. This model was recently extended to 
cyclic out-of-plane behavior by Harada and Simões da Silva (2019a). For single or double lon
gitudinal rectangular plates welded to the column face, Simões da Silva et al (2021b) proposed 
design expressions for this component that allow the calculation of the initial stiffness of fin 
plate or reverse channel configurations. 

57 



3.3 Equivalent cross-section tube model 

The “equivalent cross-section” component model allows to consider the local deformation of 
the cross-section of the RHS column tube. In relation to this approach, the “ring” model is 
well established in the field of tubular structures: to estimate the local behavior of a circular 
tube (CHS), its cross-section is modeled as a planar framework with the cross-section’s shape 
(Togo, 1967). For RHS tubes, the deformable tubular column section can be modeled as 
a planar framework with four equal beam members with the same length L, which corres
ponds to the plate width of the column plate, and the flexural rigidity EI. This cross-section 
component is supported by four pin supports at their four corners, as shown in Figure 7. 
According to Harada & Simões da Silva (2019b), the relation between the force and the 

deformation vectors (eq. (6)), which have four elements corresponding to the four column 
plates in the cross-section component is the stiffness equation of the cross-section component. 
Eq. (6) can be regarded as a description of the interaction between the behaviors of the four 
column plates. The flexural rigidity is determined so that the deflection of the side beam coin
cides with the out-of-plane deformation of the column plate, obtained as described in sub
section 3.2.2. The nonlinear behavior of the single column plate is assumed to be decomposed 
into two contributions, i.e., elastic-plastic and membrane contributions: the elastic-plastic con
tribution is modeled by plastic hinges on the side beams, and the membrane contribution by 
uniaxial membrane springs at the middle of the side beams. This modeling approach assumes 
that the elastic-plastic behaviors of the four column plates can interact while the membrane 
behaviors of the four plates are independent. 

4 COMPONENT MODEL 

The design of the 3 joint typologies between I-section beams and RHS tubular columns is 
based on the component method. It requires the calculation of the applied internal forces 
acting on the joint and the identification of the active components. Following prEC3-1-8, the 
safety of each joint is established, as appropriate, by satisfying equations (1) to (3): 

where Ni,Ed is the applied axial force, Vi,Ed is the applied shear force, Mip,i,Ed is the applied 
bending moment in the plane of the joint, Mop,i,Ed is the applied out-of-plane bending 
moment, Ni,Rd is the axial force resistance, Vi,Rd is the shear force resistance, Mip,i,Rd is the 
bending moment resistance in the plane of the joint and Mop,i,Rd is the out-of-plane bending 
moment resistance. 

Figure 7. Outline of the equivalent cross-section component model (reproduced from Harada & Simões 
da Silva, 2019b). 
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Figure 8. Active components. 

Figure 8 identifies the active components for each of the 3 joint typologies. The fin plate 
joint follows most of Annex C of prEC3-1-8 (Jones and Wang, 2011) except for Zone A, 
related to the local deformation of the cross-section of the RHS tube. For the endplate joints, 
Zone B also follows the specifications in Annex B of prEC3-1-8, but it must be combined with 
the equivalent cross-section component model to tackle the behavior of the tube zone. Several 
subtypes exist that have been widely studied, namely the connection to concrete filled tubes 
(Wang et al, 2009; Wang & Zhang, 2017; Li et al, 2019; Fan et al, 2021) or solutions with 
through-thickness long bolts (Van Long et al, 2015; Zhou et al, 2019). Finally, the reverse 
channel joint (Lopes et al, 2013) combines the standard behavior of end-plate joints (Zone 
B.2) with the equivalent cross-section component model (Zone A) and the specific behavior of 
the reverse channel (Zone B.1) that shares several features with the column face (Heistemann 
et al, 2015; Lopes et al, 2015). 

5 CODE SPECIFICATION 

5.1 Framework and proposed implementation 

prEC3-1-8 follows a component methodology for the evaluation of the structural properties 
(resistance, stiffness and deformation capacity) of the various joint typologies. Clause 9, 
Hollow section joints, constitutes the exception, although a Technical Specification (CEN, 
2021) is currently being prepared based on Weynand et al (2015) that specifies the design of 
hollow section joints in a component method format. 
Clause 8 of prEC3-1-8 deals with joints between open section members while clause 9 deals 

with hollow section joints, following Wardenier et al (2010). Hence, a new clause 10 is pro
posed that addresses hybrid joints, meaning joints between hollow sections and open sections. 
Also, according to the new structure of prEC3-1-8, the new components that are currently not 
specified in prEC3-1-8 are added to Annex A and a new annex corresponding to the specific 
joint typologies addressed in this paper is specified: Annex E - I or H-section beam-to-tubular 
column joint configurations. 
The following sub-sections briefly summarize the proposed implementation, in code format. 

5.2 Clause 10 

5.2.1 10.1 - General 
(1)	 The design methods in Clause 10 should be used to determine the structural properties of 

joints connecting hollow section members and open cross-section members in framed 
structures. To apply these methods, joints should be modelled as an assembly of basic 
components. 
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(2) The basic components identified in Table 10.1 (Table 1) should be used. Their properties 
should be determined in accordance with the provisions given in Annex A. Other basic 
components may be used provided their properties are based on tests, or analytical and 
numerical methods supported by tests, see Annex D of EN 1990 (2003). 

(3)	 The design methods for basic joint components given in this Standard are of general 
application and may also be applied to similar components in other type of joint configur
ations. However, the specific design methods for determining the design moment resist
ance, rotational stiffness and rotation capacity of a joint are based on an assumed 
distribution of internal forces for the joint configurations indicated in Annex E. For other 
joint configurations, design methods for determining these properties should be based on 
appropriate assumptions for the distribution of internal forces. 

5.2.2 10.2 - Structural properties 
(1)	 The structural properties of joints should be based on the properties of its relevant com

ponents, which should be chosen among those in Table 10.1 (Table 1). 
(2)	 The relationships between the properties of the basic components of a joint obtained 

from Annex A and the structural properties of the joint should be in accordance with 
Annex E for I or H-section beam-to-tubular column joint configurations. 

5.2.3 10.3 - Equivalent cross-section component model for RHS tubular members 
10.3.1 - Application 
(1) The equivalent cross section component model, see Figure 10.1 (Figure 9), may be used to 

model the design resistance and the stiffness of the following basic components in joints 
connecting beams or trusses to a tubular RHS or SHS columns: 
– RHS column face in out-of-plane bending. 
– RHS column face in punching shear. 

(2)	 The equivalent cross-section component model is applicable to the joint typologies illus
trated in Figures 3 to 5. 

10.3.2 – Modes of failure 
(1)	 The possible modes of failure of the faces of the equivalent cross-section component 

model may be assumed to be similar to those expected to occur in the basic component 
that it represents. 

10.3.3 – Total effective length 
(1)	 The total effective length ∑leff of each face of the equivalent cross-section component 

model should be such that the design resistance of each face is equivalent to that of the 
basic joint component that it represents. 
NOTE The effective length of the equivalent cross section is a notional length and does 
not necessarily correspond to the physical length of the basic joint component that it 
represents. 

10.3.4 – Design out-of-plane bending resistance 
(1)	 The design out-of-plane bending resistance of a face should be determined from: 

Table 1. Table 10.1 - Basic joint components. 

Component name Designation Ref. to appl. rules 

RHS side wall in tension t,tcsw A.24 
RHS side wall in compression c,tcsw A.25 
RHS face in out-of-plane bending f,tcf A.26 
RHS face in punching shear ps,tcf A.27 
RHS side wall in shear tcsw A.28 
RHS side wall in punching shear tcps A.29 
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Figure 9. Figure 10.1 - Equivalent cross-section component model. 

Figure 10. Figure A.16 - Types of loading on the face of the tube (reproduced from Simões da Silva 
et al, 2021b). 

where Q is a factor and ∑leff is the total effective length, both given in Annex A, with 

where t is the thickness, fy is the yield stress and γM0 is the partial factor. 

10.3.5 – Design out-of-plane bending stiffness 
(1)	 The 3D interaction between the flexibility of the column faces of RHS tubular members 

must be accounted for in the determination of its initial stiffness. 
(2)	 The 3D interaction between the flexibility of the column faces of different plug-and-play 

connections may be accounted for using the equivalent cross-section component model 
defined in Figure 10.1 with 

61 



where kbi, khi are the initial stiffness coefficients to be determined according to A.26, Pi is 
the load at cross section face i and δi is the deformation of the section face i. 

5.3 Structural properties of basic components 

5.3.1 A.26 – RHS face in out-of-plane bending 
A.26.1 – Field of application 
(1)	 This clause applies to the two cases defined in Figure A.16 (Figure 10): the face may be 

loaded by: 
–	 Face loaded by two transverse strips: two transverse rectangular loaded areas, 

approximately corresponding the flanges of an open section or a row of bolts of an 
end plate 

–	 Face loaded by two longitudinal symmetrical strips: two vertical rectangular loaded 
areas, corresponding to a socket or a reverse channel welded to the column face. 

(2) For both cases, a single plate is a valid limiting case, corresponding to a vertical or 
a horizontal fin plate. 

(3) The two strips may be loaded with same sign forces (both tension or both compression), 
corresponding to a tensile or compressive joint or forces with a different sign (one tension 
and the other compression), corresponding to a bending moment. 

A.26.2 – Design resistance 
(1)	 The design resistance of a RHS wall face in out-of-plane bending is given by an appropri

ate yield line model and should be determined as follows: 

with: 
–	 Qf chord stress factor. 
–	 Qu;i mechanism factor, that depends on the appropriate yield line model and the follow

ing geometrical parameters: 
–	 β ratio of the plate width bs to the column width b0; 
–	 η ratio of the plate depth hs to the column width b0. 

A.26.3 – Stiffness coefficient 
(1)	 The stiffness coefficients, kbi; khi, of the face in out-of-plane bending are obtained from 

Harada & Simões da Silva (2019a,b) for a face loaded by two transverse strips or Simões 
da Silva et al (2021b) for a face loaded by two longitudinal symmetrical strips. 

5.3.2 A.27 – RHS face in punching shear 
A.27.1 – Field of application 
(1)	 This clause applies to the two cases defined in Figure A.16 (Figure 10): the face may be 

loaded by: 
–	 Face loaded by two transverse strips: two transverse rectangular loaded areas, approxi

mately corresponding the flanges of an open section or a row of bolts of an end plate 
–	 Face loaded by two longitudinal symmetrical strips: two vertical rectangular loaded 

areas, corresponding to a socket or a reverse channel welded to the column face. 
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A.27.2 – Design resistance 
(1)	 The design resistance of a RHS wall face in punching shear is given by an appropriate 

yield line model and should be determined as follows: 

where lp;eff is the effective length of the face in punching shear that depends on the appropri
ate yield line model. 

A.27.2 – Stiffness coefficient 
(1)	 The stiffness coefficient of the face in punching shear is taken as infinity. 

5.4 Annex E – I or H-section beam-to-tubular column joint configurations 

5.4.1 E.1 - Scope 
(1)	 This Annex applies to bolted joints between RHS tubular columns and I-section beams 

according to Figures 3 to 5. 

5.4.2 E.2 – Design resistance 
(1)	 Joints should be designed to resist the bending moments, axial forces, and shear forces 

applied to the joints by the connected members. 
(2)	 The stresses due to internal forces and moments in a member may be assumed not to affect 

the design resistances of the basic components of a joint. 

5.4.3 E.3 – Rotational stiffness 
(1) The rotational stiffness of a joint should be determined from the flexibilities of its basic 

components, each represented by an elastic stiffness coefficient ki obtained from Annex A. 
(2) For bolted end plate joints with more than one row of bolts in tension, the stiffness 

coefficients ki for the related basic components should be combined. 

6 CONCLUDING REMARKS 

This paper presented the proposal of a framework and operational proposal for the inclusion 
of hybrid joints between tubular columns and open section beams in EC3-1-8, providing 
a design specification for the most common types of joint typologies and allowing for the 
evaluation of their stiffness and resistance. The equivalent cross-section component model for 
the tube zone is able to capture the 3D interactions between the column faces of RHS tubes 
and thus allow to efficiently assess the contribution of the column faces towards the moment-
rotation response of these joints. 
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ABSTRACT: This paper addresses the selected issues of designing the cold-formed steel 
structures in the form of shells and bars such as facades, purlins, wall rails and main bearing 
capacity members. In first part of the study particular consideration is paid on stability of 
steel structures with a reference to the theoretical background of global, local and distortional 
buckling. To study the most typical stability response of structures with imperfections using 
nonlinear algebraic equilibrium equations which strictly describe pre- and post-buckling 
behaviour of structures a basic bar model is analysed. The second part of the article presents 
the transition from the von Kàrmàn scientific theory to the first semi-empirical approach 
known as “Winter formulas” and the formulas adopted in EN 1993-1-3 and EN 1993-1-5, to 
be currently used in structural engineer practice. Then, the particularities in the verification of 
the resistance and different modes of buckling of the cold formed profiles with stiffened or 
unstiffened walls are discussed, through theoretical calculations and test-assisted calculations. 
Finally, the typical applications of cold formed products are presented. 

INTRODUCTION 

Research on the development of theories and methods of designing thin-walled cold-formed 
steel structures is currently carried out in many centres and covers a very wide range of prob
lems. The use of cold formed steel sections is very advantageous from an economic point of 
view, however, the design of this type of structure presents many difficulties due to their high 
sensitivity to initial geometric imperfections and their tendency to local instability. The com
monly used beam theory proposed by Timoshenko (1961) and developed by Vlasov (1963) 
does not allow taking into account local effects. In turn, it is possible using the shell theory in 
FEM and the interactive buckling analysis, which may take the form of local buckling, 
distortional, flexural, torsional or flexural-torsional. Although FEM analysis allows for 
a comprehensive analysis of the entire structural system, it is still a very time-consuming pro
cess. In Chou & Rhodes (1997) reviewed the work on plate buckling with particular emphasis 
on experimental work on thin-walled plates and beams. Some of the experimental results were 
selected comprehensively and exhaustively, and then developed to form a database for use by 
future researchers. The current state of knowledge on the rational design of steel structures 
made of cold-formed sections, both in relation to calculation models and to construction 
issues, is presented in Bródka et all. (2006). It includes the latest results of experimental tests 
of bent sheet structures and discusses a number of complex calculation models for thin-walled 
structures proposed in European standards. A thorough analysis of the works carried out in 
the last few years in the field of designing thin-walled steel structures was also carried out by 
Schafer (2011). He put particular emphasis on the review of currently used calculation 
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methods together with the analysis of their effectiveness. In addition, he presented the pro
gress in the application of individual analysis and design methods and indicated future direc
tions for the development of cold-formed steel structures, at the forefront of which are issues 
related to geometric imperfections. In the case of cold formed steel members, the initial geo
metric imperfections have a significant influence on the stability response of the structure. 
There are many works that present the different types of geometric imperfections characteris
tic of cold-formed structures and the ways of introducing them into the numerical model. One 
of the most common methods of accounting for initial geometric imperfections, dominant in 
design standards, is the use of an appropriate equivalent load or initial deflection Kozłowski 
(2008), Murzewski (1996) This approach is based on a second-order analysis in which the 
effects of residual stresses and initial geometric imperfections in individual elements are taken 
into account in the global analysis. In Barszcz & Gizejowski (2007) the authors proposed an 
alternative method of imperfection modelling, based on the concept of equivalent bar stiffness. 
In this method, the bar is treated as a hypothetically simple element, and its stiffness is deter
mined at each load level. This approach does not require explicit modelling of equivalent geo
metric imperfections or equivalent forces. The methods presented above work only in the case 
of global imperfections, while in the case of local imperfections it is necessary to use the shell 
models. Then it is possible to introduce to the initial configuration of the bar deformed geom
etry obtained on the basis of measurements of actual imperfections or standard tolerances. 
However, this method is very laborious, especially when the bar is FEM-modelled with shell 
elements. Moreover, due to the large randomness of imperfections, the obtained results are 
not always reliable. The problem of the plausibility of the results of numerical analyses con
cerning the stability of the structure was undertaken in Schafer & Peköz (1998) examining the 
accuracy of the computational models taking into account the initial geometric imperfections 
and residual stresses and comparing the obtained results with the results of experimental tests. 
In the works Dubina & Ungureanu (2001) the influence of local geometric imperfections of 
thin-walled sections on the stability of columns and short beams was analysed. Particular 
attention was paid to the characterization and classification of imperfections in order to 
develop convenient methods of their introduction into nonlinear FEM models. Since the most 
dangerous imperfections are those whose shape corresponds to the buckling modes, a very 
effective method of considering them can be the method of generating the shape of the 
deformed geometry of the initial nonlinear analysis tasks as a linear superposition of the buck
ling modes obtained from solving the linear eigenvalue problem Rzeszut et all. (2004). In this 
method, the amplitudes of the buckling modes are scaled with proportionality coefficients 
determined from actual imperfections measurements using the Galerkin-based error minimiza
tion. The studies by Garstecki & Rzeszut (2009) describe the effectiveness of the above 
method in terms of the number of measurement points and the manner of their distribution 
along the bar length, minimizing the approximation error. It is worth noting that the ampli
tude and shape of the imperfections strongly affect the stability of the structure. Therefore, 
the correct modelling of the imperfection corresponding to the actual measured geometrical 
imperfections plays a key role in the stability analysis and design of thin-walled members. 
This problem is related to another dangerous phenomenon, interactive buckling. The inter
action of the global ultimate load capacity and the local critical load capacity was investigated 
by (Kowal 2001). He pointed out that in the case of an ideal column, the loss of local and 
global stability may occur separately, which corresponds to the assumption of uncoupled 
equations. However, in real structures, burdened with imperfections, there is a mutual influ
ence of local and global stability. The author criticized the commonly applicable criterion of 
the initial column bending as a condition for technical acceptance of the structure and pro
posed the introduction of a new constraint, which is taking into account the influence of inter
active buckling. The interaction of global and local stability loss occurs when the critical loads 
corresponding to local and global buckling are equal or slightly different. This phenomenon 
may lead to a reduction in the value of the critical load and to the unstable post-critical behav
iour of the structure. Due to the high sensitivity of the structure to initial imperfections, the 
stability analysis should be carried out with appropriate consideration of the initial geometric 
imperfections, both local and global. 
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2 MECHANICS OF THIN-WALLED, COLD-FORMED MEMBERS IN STABILITY 
PROBLEMS 

The main mechanism causing the failure of thin-walled steel structures is the loss of stability. 
The broadly understood stability of a structure is defined as a phenomenon in which a slight 
disturbance causes a very large change. Depending on the effect of the disturbance, the condi
tion of the structure can be defined as stable or unstable. Lapunov, who investigated the sta
bility of differential equations using two separate methods, direct and indirect, is considered 
to be the creator of this definition. The indirect method is based on the assumption that the 
explicit form of the solution of the differential equation is known. On the other hand, the 
more general direct method does not require knowledge of an explicit solution. The works of 
Lapunov were developed by Bogusz (1972), who formulated the concept of technical stability. 
Another approach to the analysis of the equilibrium states of the structure is the energy 

approach, consisting in the analysis of the potential energy, which is the basis for determining 
the equilibrium state of the structure. The structure is in equilibrium when the potential 
energy reaches a minimum. The necessary condition for the occurrence of the minimum poten
tial energy is the disappearance of its first variation. This condition can be written as: 

where Π is the potential energy of the system. 
The nature of the equilibrium path is determined by the higher order variations of potential 

energy. The type of bifurcation point can be determined based on the analysis of the second 
variation of the potential energy according to: 

In the classical theory of stability, the type of equilibrium path can be illustrated by a ball 
moving on a differently shaped surface. Figure 1a shows the stable equilibrium. After any pos
ition disturbance, the ball always returns to its initial position, which corresponds to the min
imum of potential energy. Unstable state of equilibrium is illustrated in Figure 1b: the initial 
position of the ball corresponds to the maximum of potential energy, and a small impulse 
changing the position of the ball causes an imbalance until the minimum potential energy is 
reached. Figure 1c shows the state of neutral equilibrium in which the ball changes its position 
by rolling on a horizontal plane without changing the potential energy. In the problems with 
many degrees of freedom, there are also other cases, e.g. the metastable point (Figure 1d, e). It 
is a point on a curve or surface characterized by local minimum of potential energy, that in 
any of its surroundings, the ball may follow the stable or unstable path of equilibrium. This 
surface is generally referred to as a hypersurface. 
In stability studies, the primary task is to identify bifurcation points or limit points, since it 

is at these points that the structure is lost. The bifurcation point can be determined on the 
basis of solving the eigenvalue problem, as a result of the critical load value and a normalized 

Figure 1. States of equilibrium: a) stable, b) unstable, c) neutral, d), e) metastable. 
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eigenvector are obtained. Based on the critical load value, only multidirectional equilibrium 
path is determined, but no information is obtained about the post-critical behaviour of the 
structure. Therefore, it is extremely important to define the nature of the bifurcation point. 
For this purpose, an analysis of post buckling should be performed by determining the higher-
order variation of potential energy. Hence, a stable and symmetrical bifurcation point can be 
distinguished when the following conditions are met: 

and an unstable bifurcation point when: 

Moreover, when: 

the bifurcation point is asymmetric. It is worth noting that reaching the bifurcation point 
should not always be associated with the failure mechanism of structure. Equilibrium paths 
can take a more complex form when there is more than one minimum of potential energy. 
Usually it is associated with so called snap-through phenomenon based on transition from the 
local to the global minimum of potential energy. Commonly it is associated with the release of 
internal energy due to a sufficiently large impulse and the transition of the structure to a lower 
energy level. In thin-walled steel structures, this phenomenon is accompanied by a loud sound 
effect. The impulse to snap-through phenomenon is usually caused by the specific configur
ation of initial geometric imperfections, difficult to predict and define. Therefore, snap-
through analysis presents a challenging engineering issue and creates a lot of design problems 
(Zhao et. all 2008). In the case of variable loads, a multiple snap-through may cause material 
fatigue and, consequently, its brittle failure. An excellent illustration of this behaviour can be 
found in the example of the Mises truss of small height (Figures 2a), in which the bars are 
elastic, and the deformations are symmetrical. When imposing ever-greater deflections u, the 
value of the force P can be calculated using the equilibrium equation. Hence P is a function of 
u. Note that the part of the curve (1-2) represents the unstable equilibrium path. In the case of 
the gravitational action of force P, the snap-through takes place from point 1 to point 1 
‘located on the stable equilibrium path 1ʹ-4. In the unloading process, the structure follows the 
equilibrium path from point 4 through point 1 ‘to point 3, for which the force P = 0 is related 
to the displacement u = 2f. This is an example of an irreversible process. Full non-linear equi
librium paths for Mises’s truss were presented by Kwaśniewski (2009). As a result of experi
mental studies on slender steel girders Rzeszut et al. (2009) it was shown that the snap 
through can be a fully reversible process (Figure 2c). 
The above considerations concern the global stability of bars. Thin-walled bars, depending 

on the ratio of their width to thickness, may additionally lose their local stability under the 
influence of compressive or shear stresses. When considering the general stability, the Vlasov 
theory is used, in which a model of a bar with an open cross-section is assumed, which meets 
the conditions of the rigid contour hypothesis taking into account warping. When considering 
local stability, it is assumed that the member axis remains undeformed, while the contour is 
distorted. Thus, the rigid contour hypothesis is rejected here. In addition to the local loss of 
stability, distortion instability is observed. The analysis of the local loss of stability is carried 
out on the basis of the theory of plates and shells, the foundations of which were formulated 
by, inter alia, Timoshenko, Bleich and Brzoska. Numerical analysis of thin-walled bars is car
ried out using the shell model in Finite Element Method (FEM) or in the Finite Strip Method 
(MPS). Figure 3 illustrates the phenomena related to the stability of thin-walled elements. It 
presents the critical stresses of an axially compressed thin-walled bar determined with the use 
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Figure 2. Snap through phenomenon; a) model of a structure and equilibrium paths for Mises truss 
Rzeszut (2015), b) results of experimental tests Rzeszut et al. (2009). 

of FEM beam and shell elements and the Vlasov theory. In the case of very slender bars, char
acterized by the global loss of stability, all results obtained by FEM are in great agreement 
with the Vlasov beam theory. 
However, in the case of bars, where first buckling mode is local, the application of Vlasov 

theory leads to very large errors. Therefore, in the case of thin-walled steel members, an indi
vidual numerical analysis based on the shell models is necessary. However, despite the ever-
faster developing numerical technologies and despite the increase in computing power of com
puters, the analysis of the entire real structure using the shell models is still too time-
consuming and impractical. In engineering applications, torsion and plate stability are ana
lysed separately. This approach can be dangerous when assessing the bearing capacity of real 
thin-walled, cold-formed steel structures. Therefore, when assessing the load bearing capacity 
of elements according to Vlasov theory, the influence of loss of cross-sectional walls stability 
should be additionally investigated in accordance with the plate theory. The local loss of 

Figure 3. Critical stresses of an axially compressed thin-walled bar determined with the use of FEM 
beam and shell elements and the Vlasov theory, Rzeszut (2015). 
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stability is also related to the post-critical load bearing capacity, which is the ability of the 
cross-sectional walls to continue load bearing capacity in the safe range after reaching 
a critical state. The condition for such behaviour of the wall is that at least one longitudinal 
edge is stable. It needs to be highlighted that multimodal post-critical analysis of thin-walled 
bars allows for the determination of interactive buckling, which may lead to a reduction in the 
critical load value, to unstable post-critical behaviour and to a high sensitivity to 
imperfections. 

3 NUMERICAL EXAMPELS 

3.1 Model structures 

In order to analyse the complex cases of initial imperfection interactions, a model structure 
was developed consisting of four perfectly rigid bars connected by linear elastic hinges with 
the rotational stiffness kn where n=1,2,3 (Figure 4). 
It allows for derivation of close form formulas accounting for large displacements in a form 

of a set of three nonlinear equations of equilibrium: 

The above equations represent a non-linear eigenvalue problem in which the displacement 
of nodes un is unknown. The initial geometrical imperfections are introduced into the model in 
the form of initial displacement vn

i and do not induce any stress. Thus the total displacements 
take the form: 

The terms with superscript e represent elastic part of displacements and with superscript 
i initial geometrical imperfections. Numerical examples are solved for various amplitudes 
of initial imperfections (Eq. 8) introduced as a linear combination of eigenvectors um 

cr 

obtained from the linear eigenvalue problem scaled by mode participation factor am: 

From among many special cases studied by the authors, let us consider the example shown 
in Figure 5. 

Figure 4. Geometry of model structure, Rzeszut (2015). 
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Figure 5. Equilibrium paths obtained for initial geometric imperfections developed as superposition of: 
low amplitude of the first and medium amplitude of the second or third buckling mode (m1s2 or m1s3); 
displacement of the node: a) No. 1, b) No. 2, c) No. 3, Rzeszut (2015). 

This example shows the equilibrium paths λ ui, where ui is normalized displacement of ith 

node with respect to bar length and λ is buckling load multiplier obtained for small amplitudes 
of geometric imperfections developed according the shape of the first buckling mode (m1) and 
medium amplitude of second buckling mode (s2) or third one (s3). The presented paths 
describe the equilibrium paths in node 1, 2 and 3 respectively. It is worth to notice that in all 
three cases stable, unstable and metastable equilibrium states are observed. Moreover two 
snap-through and thus two bifurcation points are observed: the first is related to the first and 
the second is related to the second or third buckling mode. 
The analysis of displacements before and after the snap-through shows that the initial 

imperfection, being a superposition of two different buckling modes, strongly influences the 
shape of the displacement vector. In Figure 6 pre- and post- snap-through displacement con
figuration for case m1s2 is presented. It can be seen that at the first bifurcation point (snap
through from point 1 to point 1ʹ) the decisive factor is the first buckling mode, and at 
the second bifurcation point (snap-through from point 2 to point 2ʹ) shape of displacement 
corresponds to the second buckling mode. 
On the other hand in Figure 7 pre- and post- snap-through displacement configuration for 

case m1s3 is presented. As it was shown in the previous case the first bifurcation point (snap
through from point 1 to point 1ʹ) the decisive factor is the first buckling mode, but at 
the second bifurcation point (snap-through from point 3 to point 3ʹ) shape of displacement 

Figure 6. Pre- and post- snap-through displacement configuration for case m1s2, Rzeszut (2015). a) 
snap-through from point 1 to point 1ʹ, b) snap-through from point 2 to point 2ʹ. 
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Figure 7. Pre- and post- snap-through displacement configuration for case m1s3, Rzeszut (2015). a) 
snap-through from point 1 to point 1ʹ, b) snap-through from point 3 to point 3ʹ. 

corresponds to the third buckling mode. Thus, the type of initial geometric imperfection 
strongly influences the nature of the equilibrium path. 

4 BASIS OF EFFECTIVE WITDH OF COMPRESSED PLATE CALCULATION 

4.1 Theoretical basis
 

The following differential equation for buckling of a plate was introduced by von Kàrmàn:
 

where: , Nx, Ny and Nxy are forces applied uniformly to the edges of the plate. In 
the case where the plate is subjected to a load Nx uniformly distributed on edge a, the deflected 
shape is shown in the Figure 8. 
The minimum potential energy method, with the series: 

gives the following solution: 

Figure 8. Rectangular plate subjected to compression stress. 
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When the b dimension is relatively large, the minimum value of the critical force Nx is 
obtained with n = 1 and b = a, which leads to the formula: 

where: 

The distribution of the stresses over the width of the plate is not uniform, because the inter
ior part undergoes a local buckling. The more the pressure applied to the plate increases, the 
more the stress in the middle of the wall decreases: 

Figure 9. Local buckling in a compressed wall. 

This observation led von Kàrmàn in 1932 to the concept of “effective width”, where: 

– the central part of the wall under buckling is neglected, 
– the total load is carried by the external parties. 

In this approach, it is assumed that on the edges the yield stress fy is reached and that it is 
constant over the fictitious effective width derived from (12) by replacing σcr by fy and b by be: 

From equations (12) and (14) the following relation can be obtained: 

74 



4.2 Particularities to consider in order to adapt von Kàrmàn theory to cold formed sections 

Von Kàrmàn theory is based, in particular, on the following explicit or implicit assumptions: 

(1) The section is composed of flat walls with sharp corners, 
(2) The thickness of each wall is constant over whole its width, 
(3) The yield stress is constant over whole section, 
(4) There are no residual stresses in the section, 
(5) The edge stress of all walls of the section is constant and equal to the yield stress, 
(6) There are no geometric imperfections in the section. 

In the case of cold formed sections, the above assumptions are not satisfied, namely: 

–	 the corners are rounded and (2) the thickness is reduced in rounded corners (Figure 10); 
–	 (3) the yield stress is higher and (4) the residual stress exists in the rounded corners 

(Figure 11); 
–	 (5) the edge stress is not constant in the webs (Figure 12); 
–	 (6) in real structures, imperfections always exist. 

4.3 Empirical improvement of von Kàrmàn theory 

Typical example of testing of trapezoidal sheeting behaviour, in order to investigate on the 
behaviour of sheeting where the upper flanges work in uniform compression and the webs 
work under stress gradient, is shown in the Figure 12. A typical example of experimental 
investigation on trapezoidal sheets, in order to verify their behaviour under a bending 
moment, where the upper flanges work in uniform compression and the webs work under 
stress gradient, is illustrated in Figure 13. 
Based on large experimental and theoretical investigation, Winter (1947) found that Eq. 

(16) is applicable when the edge stress of the wall is σ < fy: 

Subsequently, he demonstrated that there is a linear relation between C and and 
consequently he proposed the following value for the term C: 

where bf is explained in the Figure 10. 

Figure 10. Rounded corner between two adjacent walls. 
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Figure 11. Effect of strain hardening in the cold worked corner. 

Figure 12. Distribution of stresses in asymmetric sheets. 

Figure 13. Example of testing of trapezoidal sheeting under bending moment. 

Therefore, the equation (16) takes the form: 

so, the equation (16) may be written as a function of ratio σcr/σ = ρ as follows: 
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After a long-accumulated experience, the equation (19) was refined as follows: 

The equation (18) can also be presented as: 

where: 

The formulae (21) to (23) are used in AISI Specification and in North American Specifica
tion. A similar formulation, although more universal, is adopted in EN 1993-1-5: 

where: bp is explained in the Figure 10, kσ is the buckling factor corresponding to the stress 

ratio ψ = σ2/σ1, σ1 and σ2 are the edge stress of the wall, σ2 ≤ σ1, . 
When σcom,Ed < fyb/γM0 the coefficient ρ is defined as follows: 

4.4 Taking into account of distortional buckling 

4.4.1 Distortional buckling of plane walls with stiffeners 
The examples of distortional buckling and the calculation model for elements with intermedi
ate and edge stiffeners are shown in the Figure 14. 
According to this model the elastic critical buckling stress in the stiffener is defined as for 

an infinite long beam on elastic foundation under constant compression: 
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where: As and Is are respectively area and second moment of area of the stiffener. 
The buckling coefficient is determined in function of the relative slenderness lλd 

4.4.2 Distortional buckling of section
 
The examples of distortional buckling of sections are shown in the Figure 15.
 
A particular case of distortional buckling and the calculation model for beams under bend

ing, with one flange held as shown in the Figure 16, was studied by Sokol (1979, 1988, 1995, 
2000) and the results obtained have been incorporated into EN 1993-1-3. 
Unlike the case of buckling of the stiffener, in this case is taken into account the variation 

of the compression in the member, depending on the bending moment distribution, as shown 
in the Figure 17. 
The solution is found by expressing the total potential energy: 

00½ ] ¼  F ξ; u; u0in form of functional J u ð ; u Þdξ that reaches the minimum when its first variation 
is zero, expressed by the so-called Euler-Poisson relation: 

resulting in the following differential equation of equilibrium: 

Figure 14. Examples of distortional buckling modes and determination of spring stiffness for edge and 
intermediate stiffeners of the plate wall. a) Actual system, b) Equivalent system. 

78 



Figure 15. Examples of distortional buckling shapes. 

Figure 16. Calculation model for the distortion buckling of the beam with one flange fully supported 
laterally and partially maintained in rotation. a) Actual system, b) Equivalent system. 

Figure 17. Variation of compression in the free flange depending on bending moment. a) Under down 
load, b) Under up-lift load. 

Using the direct Galerkin method, with the functional basis �i ¼ sin πiξ, the following 
system of n equations is obtained: 

where: i=1, n; j=1, n. 
The maximum eigenvalue αcr of the matrix corresponding to the equation system (32) 

defines the critical buckling length Lf: 

Finally, several numerical calculations with a series of different parameters led to the fol
lowing empirical formula: 

where: La is the distance between anti-sag bars, or if none are present, the span L of the beam 
η1 to η1 are the coefficients depending on the number of anti-sag bars, the situation of the 
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5 

span (simple, end or intermediate) and direction of the load (down or uplift), given in 
Table 10.2 of EN 1993-1-3. 
The buckling coefficient χ is defined using the buckling length Lf from formula (34). 

CONCLUDING REMARKS 

In the paper selected aspects of designing of the cold-rolled steel structures were discussed. In 
the first part of the study special attention was paid on pre- and post-buckling behaviour of 
structures with various combinations of geometrical imperfections developed in accordance 
with three consecutive buckling nodes. It was found that small amplitudes of geometrical 
imperfections developed in form of first, second or third buckling mode are accompanied by 
bifurcation points corresponding to the stable, unstable or metastable equilibrium paths. 
Moreover at the bifurcation point it is possible snap through related to the transition of the 
structure from a higher to a lower level of potential energy. Introduction of the imperfections, 
developed as a linear superposition of two buckling modes, results in the appearance of two 
bifurcation points corresponding to the solution obtained for the perfect structure. 
In the second part of the paper, first the transition from the von Kàrmàn scientific theory 

to the first semi-empirical approach known as “Winter formulas” and ending with the formu
las adopted in EN 1993-1-3 and EN 1993-1-5 were presented. Then, the particularities to be 
considered in the verification of the resistance and different modes of buckling of the cold 
formed profiles with stiffened or unstiffened walls are discussed, through theoretical calcula
tions and test-assisted calculations. 
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ABSTRACT: In the present paper, the results of experimental tests of angle specimens sub
jected to tension and connected by one leg are presented. Structural members of such a form 
are commonly applied to the steel lattice supports of overhead electrical lines. The bolted con
nections of angles connected by one leg to gusset plates are under tension and additional bend
ing moment that results from the eccentricity of the bolt group. Majority of available existing 
experimental and numerical investigations regarding the bolted connections of steel angles in 
tension have been conducted using mostly short specimens. Within this paper, the influence of 
the specimen length on the behaviour of angles connected by one leg in tension is shown on 
the basis of the comparison of the results from the experimental tests of shorter and loger spe
cimens of the same size of angle section. 

1 INTRODUCTION 

1.1 General information 

Investigations presented in this paper are the part of the research works conducted by 
ENPROM Ltd. within the framework of the project No. POIR.01.01.01-00-0789/17 entitled 
„Elaboration of the new series of types of 400 kV transmission towers and foundations suit
able for them, including foundations to the use on grounds about particularly disadvanta
geous geotechnical parameters”, co-financed by The National Centre for Research and 
Development in Poland. 
Within the framework of the project, new types of transmission towers and innovative shal

low foundations (prefabricated with special overlay plates, hybrid monolithic-prefabricated 
and special strengthened footings with anchoring micropiles) with the increased pull-off cap
acity have been elaborated. Besides of the unique full scale (1:1) experimental tests of the steel 
lattice transmission towers and different types of footing foundations, the essential part of the 
research work within the ENPROM project are complementary laboratory tests of tension 
connections of hot-rolled steel angles connected by one leg, typically used in the transmission 
towers of overhead high voltage electric lines. 
The project was led in cooperation with the Faculty of Civil Engineering, Warsaw Univer

sity of Technology. Research works in the field of steel structures are foreseen to the direct 
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application at the construction of the latest overhead high voltage transmission lines in 
Poland and Europe. 

1.2 Aim and scope of the presented research 

The purpose of this paper is to present the experimental destructive tests of eighteen angle spe
cimens connected by one leg to the gusset plates on both ends by means of bolted connections 
and subjected to tension, as well as to discuss the influence of the specimen length on their 
behaviour. 
Motivation to study such an effect was the observations of the authors of this paper 

from the earlier tests of total ninety specimens consisted of different angle sections but 
of the same length, conducted in the laboratory of the Faculty of Civil Engineering, 
WUT within the ENPROM project introduced above. The bolted connections of angles 
connected by one leg, theoretically under axial tension, are in fact also subjected to 
bending moment that results from the eccentricities of the bolt group. It was observed 
that the smaller specimen length to its leg width ratio, the deformation of the angle spe
cimen due to bending stresses was more and more visible. The majority of available 
existing experimental and numerical investigations regarding the bolted connections of 
steel angles in tension have been conducted using mostly short specimens, generally in 
the range of around 500 to 600 mm (e.g. Agrawal & Gupta 2018, Bernatowska & 
Ślęczka 2018, 2019, Geethu et al. 2014, Gupta & Gupta 2004). Within this paper, the 
influence of the specimen length on the behaviour of angles connected by one leg in ten
sion is shown on the basis of the comparison of the results from the experimental tests 
of shorter and longer specimens of the same size of angle section. 

2 EXPERIMENTAL TESTS 

2.1 Description of the specimens and the test rig 

Specimens considered in the experimental tests described herein consist of angle section con
nected by one leg to the gusset plates on both ends. For the purpose of this publication two 
series of equal-leg angles are taken into account, namely L120×120×8 and L90×90×6. The 
experimental tests of the selected specimens were performed in two stages. Firstly, the set of 
short specimens of the length equal to 600 mm were tested. In the second stage, the tests of the 
longer specimens of 1500 mm long were performed. The summary of the specimens considered 
in the present paper is given in Table 1. Exemplary specimens from two length groups are pre
sented in Figures 1 and 2. 
All angle members are connected to steel gusset plates by means of lap bolted connections, 

using 3 bolts M20 cl. 8.8 at each end. The bolts were fastened with the controlled tightening 

Table 1. Summary of the tested specimens. 

Type of specimens Short specimens (L = 600 mm) Long specimens (L = 1500 mm) 

Hot-rolled sections L90×90×6 L120×120×8 L90×90×6 L120×120×8 

Specimen names L90/6/3M20-1 
L90/6/3M20-2 
L90/6/3M20-3 
L90/6/3M20-4 
L90/6/3M20-5 

L120/8/3M20-1 
L120/8/3M20-2 
L120/8/3M20-3 
L120/8/3M20-4 
L120/8/3M20-5 

L90/6/3M20-6 
L90/6/3M20-7 
L90/6/3M20-8 
L90/6/3M20-9 
L90/6/3M20-10 

L120/8/3M20-6 
L120/8/3M20-7 
L120/8/3M20-8 
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Figure 1. Exemplary short specimen. 

Figure 2. Exemplary long specimen. 

moment equal to 246 Nm. End and edge distances (e1 = 40mm, e2 = 60 mm for L120×120×8 
and 45 mm for L90×90×6), as well as the spacing between bolts (p1 = 65 mm for L120×120×8 
and 60 mm for L90×90×6), met the requirements of EN 1993-1-8 (CEN 2005). Dimensions of 
the gusset plates were properly fitted to the angle sections in order to avoid undesirable failure 
modes in the gusset plates and were equal to 28×120×360 mm and 15×120×350 mm, respect
ively for L120×120×8 and L90×90×6. Both the hot-rolled sections as well as the gusset plates 
are made of steel grade S355J2. 
The experimental tests were conducted using 1000 kN universal testing machine, in which 

the specimens were placed horizontally. The gusset plates at both ends of the specimens were 
connected by pins to the grips of the testing machine. 

2.2 Description of the testing procedure 

The specimens were subjected to a monotonic tensile force, which was applied to horizontal 
steel grips that were fixed to the testing machine, as shown in Figures 1 and 2. The tests were 
carried out under displacement control at a possibly slowest steady speed up to a failure of the 
specimens. 
Two linear variable displacement transducers (LVDTs) were attached to the gusset plates 

on the top and the bottom side of the plates. Their function was a measurement of specimen 

87 



elongations. Moreover, two additional LVDTs were applied in order to measure out-of
plane displacement, one in the vertical direction and the other in the horizontal direction 
perpendicular to the longitudinal axis of a specimen. Selected specimens (two representa
tives from each series with L90×90×6) were also equipped in the set of strain gauges located 
close to one bolted connection at one end of the specimen and also in the middle of the 
specimen length. 
Load and displacement data were collected by a data acquisition system and exported to 

Excel. 

2.3 Material properties of structural steel 

Additionally to the experimental tests of the specimens with bolted connections, tests of 
material properties were also conducted. From each angle type considered herein, three 
coupons were cut off and tested according to the requirements of EN ISO 6892-1 (CEN 
2016). 
Summary of the mechanical properties of the steel used for fabrication of the specimens is 

shown in Table 2, distinguishing sizes of an angle section as the original material for cutting 
the tensile coupons as well as the average values of the yield strength fy, the ultimate strength 
fu and their standard deviations (sfy and sfu, respectively). 

2.4 Failure modes of the specimens 

The failure mode for the whole series of the short L120×120×8 angle specimens is presented 
in Figure 3a. It was the same for each specimen from this series and based on the angle net 
cross-section rupture with accompanying significant plastic deformations due to bending of 
the angle sections. The place of the net cross-section failure every time passes by the exter
nal bolt hole located closer to the midspan of the specimen. The series of short L90×90×6 
angle specimen was destroyed in a similar manner as the described above (see Figure 3b), 
except specimen L90/6/3M20-4, in which the acting force immediately dropped down due to 
bending, before reaching damage of the net cross-section of the angle. The deformations 
due to bending were also observed but their range was smaller than in the group of short 
L120×120×8 angles. 

In the case of both groups of the longer specimens, the deformations due to bending 
are not so visible, what is shown in Figure 3c, d. The tests of the long L90×90×6 angle 
specimens were terminated due to net cross-section rupture (Figure 3d). While failure 
modes of the long L120×120×8 angles were more varied (Figure 3c). It can be distin
guished three types: bolts shear with visible deformations of one angle end and ovalisa
tion of bolt holes due to bearing of bolts (in L120/8/3M20-6), rupture of angle net 
cross-section (in L120/8/3M20-8) and simultaneous interaction of the bolts shear (two 
bolts were sheared) and tearing of the edge of angle section in the vicinity of the outer 
bolt (in L120/8/3M20-7). 

Table 2. Summary of steel mechanical properties. 

Angle section- length fy sfy fu sfu 

(series type) MPa MPa MPa MPa 

L120×120×8 – 600 mm 427 4.9 521 5.3 
L120×120×8 – 1500 mm 427 4.1 524 4.8 

L90×90×6 – 600 mm 409 5.6 597 5.3 
L90×90×6 – 1500 mm 428 1.8 579 8.9 
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Figure 3. Overview of the specimen failure modes. a) Short L120×120×8 specimens after tests, b) Short 
L90×90×6 specimens after tests, c) Long L120×120×8 specimens after tests, d) Long L90×90×6 speci
mens after tests. 

3 COMPARISON OF THE EXPERIMENTAL RESULTS 

The summary of the test results for all specimens considered herein is shown in Table 3. The 
values of maximum forces are presented as well as accompanying deformations in the form of 
elongations of the angles, measured at the top and the bottom of the specimens and deflections in 
the midsection of the angles. In Table 3, their average values are also calculated. Moreover, graph
ical representation of the test results is shown, in the form of force–displacement curves for the 
selected specimens (continuous lines for short specimens, dashed lines for long specimens). 

4 CONCLUSIONS 

Within this paper, the influence of the specimen length on the behaviour of angles connected 
by one leg in tension is shown on the basis of the comparison of the results from the experi
mental tests of shorter and longer specimens of the sections L120×120×8 and L90×90×6. The 
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Table 3. Summary of test results. 

Displacement at Fmax Deflection at Fmax 

Fmax 

Top 
LVDT 

Bottom 
LVDT 

Horizontal 
LVDT 

Vertical 
LVDT 

Series Specimen kN mm mm mm mm 

Short 
L120×120×8 

L120/8/3M20-1 
L120/8/3M20-2 
L120/8/3M20-3 
L120/8/3M20-4 
L120/8/3M20-5 

540.62 
529.91 
541.50 
533.73 
549.36 

38.85 
41.35 
42.77 
35.56 
45.28 

27.88 
31.56 
31.93 
26.37 
40.61 

14.36 
18.88 
15.19 
12.95 
13.11 

9.66 
12.90 
10.54 
17.35 
15.69 

Average values 539.02 40.76 31.67 14.90 13.23 

Long 
L120×120×8 

L120/8/3M20-6 
L120/8/3M20-7 
L120/8/3M20-8 

574.80 
566.20 
567.65 

44.39 
55.37 
42.30 

32.51 
30.48 
27.66 

20.79 
19.20 
19.94 

18.12 
19.25 
19.75 

Average values 569.55 47.35 30.22 19.98 19.04 

Short L90×90×6 L90/6/3M20-1 
L90/6/3M20-2 
L90/6/3M20-3 
L90/6/3M20-4 
L90/6/3M20-5 

328.52 
346.78 
325.48 
362.12 
364.64 

23.92 
23.07 
22.98 
23.35 
26.14 

12.67 
12.74 
14.65 
11.29 
12.10 

12.27 
9.99 
11.91 
11.88 
10.93 

10.32 
14.19 
6.24 
13.59 
17.30 

Average values 345.50 23.89 12.69 11.40 12.33 

Long L90×90×6 L90/6/3M20-6 
L90/6/3M20-7 
L90/6/3M20-8 
L90/6/3M20-9 
L90/6/3M20-10 

351.05 
357.29 
350.50 
354.82 
350.40 

28.62 
33.87 
28.99 
65.77 
30.34 

19.68 
20.26 
16.75 
34.23 
29.70 

17.72 
18.90 
19.53 
18.65 
17.30 

12.50 
15.04 
13.12 
10.52 
11.27 

Average values 352.81 37.52 24.12 18.42 12.49 

Figure 4. Load - displacement relationships for the selected specimens made of section L120×120×8. 

90 



Figure 5. Load - displacement relationships for the selected specimens made of section L90×90×6. 

higher influence of the specimen length is more visible in the series made of L120×120×8. On 
this stage of research, it was clearly visible that the longer specimens reached a higher ultimate 
force of more than 5% in comparison to the shorter counterparts. The ultimate forces of 
shorter angle specimens, commonly tested by researchers, might be slightly underestimated 
due to a length effect with extra bending along the specimen length, not present in the real 
behaviour of slender tensile members. 
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ABSTRACT: The classical energy formulation dedicated to the lateral-torsional buckling of 
I-section steel members is based on the so-called linear buckling approach (LBA) and inclusion 
the prebuckling stress resultants in the energy equation. As a result, the buckling analysis may be 
converted to the linear eigenproblem analysis (LEA). The “exact” closed-form solution of the 
differential equilibrium equation is obtained only for uniform bending. Moment gradient cases 
need approximate analytical or numerical methods to be used. Investigations presented in this 
paper deal with the energy formulation in which the classical energy equation is modified in the 
way proposed by Timoshenko, so that such an energy approach is named the Timoshenko’s 
energy method. It leads to the nonlinear eigenproblem analysis (NEA). Using this method, prac
tical approximate solutions may be obtained for any asymmetric transverse loading conditions 
that produce a moment gradient. The stability criterion in this paper is formulated for a general 
case of transverse loading, the solution of which is obtained by treating the general loading pat
terns and corresponding moment diagrams as a superposition of symmetric and antisymmetric 
components. The results are presented in a table format for considered simple loading cases. For 
combined loading cases, results are presented in the form of nomograms. Solutions obtained for 
selected combined loading cases are verified with use of LTBeam software. 

1 INTRODUCTION 

1.1 Overview 

The Classical Energy Method (CEM) for the evaluation of elastic beam lateral-torsional buck
ling problems belongs to the stability theory of thin-walled members. The general formulation 
of torsion and bending of thin-walled members was developed by Vlasov and summarized in 
Vlasov (1961). Many monograph publications have then been devoted to stability problems 
related to torsional or flexural-torsional modes of buckling governed by Vlasov theory, e.g. 
Březina (1966), Roik et al. (1972), Chen & Atsuta (1976), Roik (1978), Weiss & Giżejowski 
(1991), Trahair (1993), Rykaluk (2012). Energy based methods and differential equilibrium 
equations were used in the formulation of stability criteria. The energy formulation of the lat
eral-torsional buckling of beams was studied by many authors, the summary of which has 
been given by Pi et al. (1992). A way for the improvement of CEM was firstly shown in the 
monograph of Timoshenko and Gere (1961). In case of LTB problems, energy based solutions 
may be improved by making use of the minor axis bending differential equilibrium equation. 
Trahair (1993) refers this method to TEM (Timoshenko’s Energy Method) and this termin
ology is used hereafter. This method was used by many authors to solve different lateral-
torsional buckling (LTB) problems of I-shape section beams, e.g. Mohri et al. (2003), Bijak 
(2015). This study discusses different issues related to the formulation of TEM for the elastic 
LTB problem of beams in simple and combined loading cases. 
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1.2 Statement 

Giżejowski et al. (2021) used the classical energy approach to solve the elastic flexural-
torsional buckling problems of beam-columns subjected to a general loading pattern depend
ent upon a single load parameter ψi (where i=M,q,Q), enabling to represent the case of 
unequal end moments and span loads being different on both half-lengths of the member. 
When the axial compressive force is equated to zero, the presented there solutions are 
valid for the lateral-torsional buckling of beams. This paper constitutes research being 
a continuation of that previously conducted. LTB problems are dealt with showing an 
improvement of TEM results over those obtained from CEM. In the improved energy method 
presented in this paper for solving the critical load multiplier of beams, the minor axis second-
order equilibrium equation is used for the evaluation of the second derivative of the minor 
axis field displacements in order to replacing the classical energy term dependent upon the 
product of multiplication of ¢ (the angle of mean twist rotation that for the present study is 
equal to the twist rotation θx) and v00 (second derivative of the minor axis displacement) of the 
out-of-plane deformation state by the term dependent upon the field twist rotation ¢. 

2 LTB OF I-SECTION BEAMS SUBJECTED TO NON-UNIFORM BENDING 

2.1 Formulation of basic TEM energy equation 

Let us consider a case of the elastic lateral-torsional buckling of simply supported bisym
metric I-section beam of length L subjected to the linear moment gradient being the action 
effect of unequal end moments and the nonlinear moment gradient being the action effect 
of span loads Qz,j and qz,i (Figure 1). The classical energy equation is adopted for the linear 
buckling analysis (LBA) in order to solve the bifurcation load on the elastic primary equilib
rium path by using eigenproblem analysis. The Cartesian coordinate system, general loading 
arrangement and deformation states considered hereafter are shown in Figure 1. 
The classical energy equation used in LEA takes the well-known form, e.g. Roik (1978), 

Trahair (1993): 

where v = x-coordinate dependent minor axis displacement; ¢ = x-coordinate dependent 
angle of twist rotation; and Iz = minor axis moment of inertia; IT = torsion constant; Iw = 

Figure 1. I-section beam: a) considered actions and coordinate system, b) deformation states. 
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warping constant; My = x-coordinate dependent major axis moment equation; E = Young’s 
modulus; G = Kirchhoff’s modulus; qz,i = component ‘i’ of uniformly distributed loads 
(UDLs); Qz,j = component ‘j’ of concentrated loads (CLs), zq,i, zQ,j = section coordinate z of 
applied UDL and CL. 
The minor axis beam differential equilibrium equation corresponding to the minor axis 

bending and torsion is of the well-known form: 

where the section warping free and bending rotation allowed boundary conditions at the 
member end sections are applied. 
Solving Equation (2) for v00 and substituting to the first and fourth terms of the first integral 

in Equation (1), a refined form of the energy equation is obtained in which all the terms are 
dependent upon the angle of twist rotation of the buckling mode and its derivatives. The sum 
of the first integral terms of Equation (1) involving v00 and the product of ¢ and v00 becomes: 

As a result, the accuracy of the energy solution is uplifted since the approximation of twist 
rotation is more accurate than that of the product of twist rotation and a guessed curvature of 
the minor axis deflected shape. Finally, the energy Equation (1) becomes: 

where My,max = maximum moment. 
For any loading case, the general solution of Equation (4) may be converted to a typical 

ultimate state criterion used for the codification purposes in the elastic design: 

where Mcr ¼ Mcr;0Cbc is the critical moment for any major axis moment gradient; 
is the critical moment in the case of uniform major axis bending; i0 = 

polar radius of gyration; Cbc = equivalent moment conversion factor for representing the 
critical moment of any moment gradient case by its uniform moment counterpart. 
The following approximations of buckling shape functions were usually adopted for solving 

CEM buckling problems based on Equation (1): 

where ξ = dimensionless coordinate equal to x/L; a1, a2 and a3 = unknown buckled shape 
constants. 
Hereafter, Eq. (7) is used and substituted to Eq. (4) in which the terms associated with qz,i 

and Qz,j are omitted (span loads at the shear centre line). As a result, the stability criterion 
becomes: 
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in which: 

where My,s,max = maximum moment for the BMD symmetric component; My,a,max = max
imum moment for the BMD antisymmetric component; Cbs, Cba = elemental conversion fac
tors squared for the symmetric and antisymmetric BMDs, the inversions of which are the 
doubled integrals of the respective products of dimensionless field moment squared and twist 
rotation shape function squared: 

Using Equations (8) – (10), the moment conversion factor Cbc, being denoted by Cbc,TEM in 
the TEM solution, takes the form: 

2.2 Solutions for simple cases of unequal end moments or unequal half-span loads 

The loading cases considered hereafter are given in Figure 2, namely: unequal end moments 
(EMs), uniformly distributed loads being unequal in half-lengths (UDLs) and concentrated 
loads being unequal in half-lengths (CLs). 
End moments of different values generate asymmetric non-uniform bending. Let us introduce 

the moment gradient ratio ψM = MyM,min/MyM,max being a ratio of the minimum end moment 
divided by the maximum moment (including the sign, cf. Figure 2a). For the case of unequal 
end moments Cbs=1.00 and Cba=7.65, Equation (11) leads to the following conversion factor: 

Figure 2. Considered simple loading cases: a) EMs, b) UDLs, c) CLs. 
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The solution based on the classical energy method, cf. Equation (1), has been presented first 
by Trahair (1993) and confirmed by Giżejowski et al. (2021). Recalling Cbs=1.00 and Cba=7.71 
from Giżejowski et al (2021), Equation (11) becomes: 

Comparing both solutions one can notice that TEM and CEM lead to the same structure of 
Cbc factor but with different values of Cba. The first square root term in the dominator of 
Equations (12) & (13) refers to uniform bending while the second one – to antisymmetric 
bending. It is obvious that the solutions are the same for uniform bending (ψM =1) while there 
is a slight difference for moment gradient cases (–1≤ ψM <1). The TEM solution gives the 
lesser value of the critical moment. In the case of antisymmetric bending (ψM = –1) the differ
ence reaches its maximum value of less than 0.35% in the critical moment prediction. 
The TEM solutions for Cbc,TEM concerned with other simple load cases of span uni

formly distributed loads in the half-lengths qz,1 and qz,2 ≤ qz,1 or concentrated loads Qz,1 

and Qz,2 ≤ Qz,1 may also be obtained using Equation (11). Factors Cbc,TEM for symmetric 
BMD (ψi = 1) and antisymmetric BMD (ψi = –1) are summarized in Table 1. The results 
from present study are compared with Cbc,CEM obtained by Giżejowski et al. (2021). 
ψi = – 1 means an antisymmetric bending moment diagram (i=q,Q). 
Load cases presented in Table 1 generate non-uniform bending. To the best authors’ 

knowledge, the results referred to Cbc,TEM for ψi = –1 have not been reported in earlier 
studies. TEM and CEM solutions for the symmetric load cases coincide with those 
reported earlier in the literature, cf. references cited at the end of this paper. 

2.3 Solutions for span loads in combination with unequal end moments 

A more important difference between the elastic LTB solutions using classical and refined energy 
equations may arise for beams under combined loading. The case of combined unequal end 
moments and UDL is considered hereafter (superposition of loads given in Figure 2a and 2b with 
ψq=1). The maximum moment My,max within the beam length under unequal end moments and 
UDL depends upon the moment MyM,max – greater of end moments, and Myq,max =0.125qzL

2 – 
mid-span moment when the distributed load is acting alone, and upon the moment gradient ratio 
ψM. Therefore, an additional load effect parameter is introduced μ= Myq,max/MyM,max in order to 
cover all the load combination cases of unequal end moments and UDL. 
Establishing dimensionless moment in Equations (10) and carried out the integration, the 

coefficients 1/Cbs and 1/Cba are obtained, and then by substituting to Equation (11) it allows 
for the evaluation of the Cbc conversion factor related to the combined case of unequal end 
moments and UDL. The results obtained for different μ are graphically presented in Figure 3 

Table 1. Comparison of TEM and CEM coefficients: Cbc,TEM and Cbc,CEM. 

CEM TEM 

Load type 

qz 

Qz (xQ =L/2) 
Qz (xQ =L/3) 
Qz (xQ =L/4) 

Cbc,CEM * 

1.15 
1.38 
1.12 
1.05 

ψi = 1  

1.43 
0.00 
1.74 
1.81 

Cbc,TEM * 

ψi = -1  

1.13 
1.37 
1.10 
1.04 

ψi = 1  

1.37 
0.00 
1.56 
1.73 

ψi = -1  

* ψi = 1 means a symmetric bending moment diagram (i=q,Q), 
... ψi = 1 means a antisymmetric bending moment diagram (i=q,Q), 
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3 

Figure 3. Cbc conversion factor for different μ and ψM parameters; a) μ > 0, b)  μ < 0.  

as a function of ψM. The Cbc conversion factor is presented in Figure 3a for μ>0 and in 
Figure 3b for μ<0 in the form of multiple curves dependent upon μ. Nomograms similar to 
those presented in Figure 3 are included in Annex B of the ECCS Eurocode Design Manual 
authored by Simoes da Silva et al. (2016). 
For positive values of μ, the Cbc curves are not continuous since the maximum moment 

upon the combined loading cases changes its location along the member length as well as 
because there is a continuous change of the moment diagram shape. For a narrow range of 
small positive values of μ, the curves go up when ψM travels from negative towards positive 
values, reaching the maximum value greater than those for ψM = –1, then they decrease. For 
larger positive values of μ, the curves decrease from the maximum value reached for ψM = –1. 

For negative values of μ, the Cbc curves are also not continuous. The curves go up when ψM 

travels from negative towards positive values, reaching the maximum value being greater and 
above those for ψM = –1. The maximum value is slightly above 6 for μ between –0.6 and –0.8. 

VERIFICATION OF DEVELOPED SOLUTIONS FOR COMBINED LOADING 
CASES 

Comparing the TEM curves obtained in this study with those of Giżejowski et al. (2021), 
one may conclude that in some regions of μ and ψM the curves presented in Figures 3a,b of 
this paper are importantly different from those yielding from CEM investigations. 
Generally, the curves from TEM presented in this study are placed lower than those from 
CEM, especially for high values of Cbc appearing in the range of negative µ. 

Differences in Cbc values for combined loading cases, referred mainly to the range of nega
tive µ values, need to be verified by finite element numerical simulations and other analytical 
solutions, especially dedicated for practical applications. In the comparison presented here
after, the CEM results of Giżejowski et al. (2021) and TEM of present study are verified with 
use of the finite element simulations made by the LTBeam software available in the public 
domain. For calculations, IPE300 section is considered for the beam of 6 m in length, simply 
supported with regard to bending about both axes and free to warp. The following combined 
loading cases with unequal end moments are dealt with using μ = –1.2 and shear centre span 
loads: case 1 of UDL - ψq=1; case 2 of CL at the beam mid-length - ψQ=0. The results of veri
fication are presented in Table 2. Results under a) are from CEM, under b) from TEM and 
under c) from LTBeam. 
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Table 2. Verification of Cbc. 

For ψM * -1.0 -0.7 -0.4 0 0.4 0.7 1.0 

Case 1 

Case 2 

a) 
b) 
c) 
a) 
b) 
c) 

1.276 
1.258 
1.236 
1.309 
1.263 
1.244 

1.271 
1.247 
1.228 
1.386 
1.317 
1.300 

1.277 
1.242 
1.225 
1.670 
1.543 
1.528 

1.747 
1.661 
1.644 
2.580 
2.175 
2.165 

2.779 
2.468 
2.454 
5.575 
3.277 
3.250 

4.985 
3.655 
3.644 
18.36 
3.957 
3.834 

23.16 
5.238 
5.140 
6.376 
3.421 
3.309 

* Same ψM values for both combined loading cases considered. 

CONCLUSIONS 

The modified energy approach, referred herein to TEM, is discussed in this paper in relation 
to elastic LTB problems. It is shown that for beam simple load cases CEM and TEM solutions 
are close to each other while for combined loading cases there might be a noticeable differ
ence. NEA conversion factors Cbc,TEM are of smaller values than their LEA counterparts 
Cbc,CEM. 

Verification of TEM results presented in Table 2 for selected combined loading cases 
showed that the results obtained i n this study are closer to the results from the computer code 
LTBeam than those yielding from CEM, especially in the range of ψM between 0.5 and 1.0 
(see values being bolded in Table 2). 
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Numerical evaluation of dynamic response of an experimentally 
tested base-isolated and fixed-base steel structure model 
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Faculty of Civil and Environmental Engineering, Gdańsk University of Technology, Gdańsk, Poland 

ABSTRACT: Seismic isolation is recognized as one of the most popular and effective 
methods of protecting structures during earthquake. The present paper is focused on the com
parison between the dynamic responses of buildings with fixed and isolated bases exposed to 
seismic excitations. The aim of the study is to investigate the effectiveness of a simplified base 
isolation numerical modelling technique using the linear springs. One-storey steel structure 
model has been considered using ETABS software, which was previously tested during the 
shaking table tests. The comparison of the structural response has been performed between 
the numerical and experimental results. High compatibility of the results for the fixed-base 
steel model between the numerical and experimental analyses has been obtained which proves 
the effectiveness of the modelling techniques used in the ETABS software. It has also been 
found that the isolation system is effective in improving the response of the steel structure 
during earthquake. However, modelling the isolation system using the linear springs is not an 
accurate technique due to the large differences in the structural responses obtained between 
the numerical and experimental analyses. 

INTRODUCTION 

Earthquake is considered as one of the most dangerous phenomenon caused by nature as it 
led to catastrophic damages in many previous seismic events. Scientists have worked exten
sively to develop new techniques to decrease the level of damages of buildings exposed to 
earthquakes or eliminate the damages at all (see, for example, Sołtysik, Falborski & Jan
kowski, 2016; Sołtysik, Falborski & Jankowski, 2017; Miari, Choong & Jankowski, 2019; 
Naderpour, Naji, Burkacki & Jankowski, 2019; Miari, Choong & Jankowski, 2020). One of 
the modern techniques to resist the effects of earthquakes is the use of isolation systems (see, 
for example, Robinson & Greenbank, 1976; Robinson, 1982; Buckle & Mayes, 1990; Kelly, 
1990; Kelly, 1993; Skinner, Robinson & McVerry, 1993; Robinson, 1998; Buckle, 2000). Base 
isolators, such as Lead Rubber Bearings, High Damping Rubber Bearings, and Friction Pen
dulum Bearings, are widely used in practice in many earthquake-prone regions to mitigate 
structural vibrations, and consequently minimize the loss of life and property damage during 
seismic events (see, for example, Nagarajaiah & Xiaohong, 1996; Nagarajaiah & Xiaohong, 
2000). These systems decrease the damages in buildings during earthquakes by controlling the 
accelerations and displacements of the vibrating structures through inducing flexibility to 
their bases. The use of this technique prevents the resonance between the structure and the 
dominant frequency of the ground motion (see, for example, Booth & Key, 2006; Chopra, 
2012). 
In order to get an insight into the mechanical behaviour of base isolation devices, quasi-

static or dynamic tests are usually performed. One of the most common procedures for experi
mentally testing buildings subjected to earthquakes is to test them on a seismic shaking table 
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(see, for example, Falborski & Jankowski, 2017a). Also, the dynamic behaviour of a structure 
is often modelled numerically using commercial software (see, for example, Falborski & Jan
kowski, 2017b; Falborski, Sołtysik & Jankowski, 2018; Lasowicz, Falborski & Jankowski, 
2018; Falborski & Lasowicz, 2019). This facilities the consideration of highly complex prob
lems with less difficulties and budget. In the numerical analysis of buildings, several factors 
are important, such as the modelling approach and the ground conditions. The ground condi
tions have a large impact on the response of the structure under a seismic load (see, for 
example, Lasowicz & Falborski, 2018; Falborski, 2020, Falborski, 2020, Elwardany, Selee
mah, Jankowski & El-khoriby, 2019). 
The aim of this study is to investigate the effectiveness of a simplified base isolation model-

ling technique using the linear springs since the advanced mathematical models are often diffi
cult to be applied in commercial programs. One-storey steel structure model has been 
considered using ETABS software, which was previously tested during a seismic table test 
(see, for example, Falborski & Jankowski, 2018). The response of the numerical model of the 
one-storey building has been compared with that of the experimental model intending to val
idate the numerical model. The steel structure model has been studied with two types of bases, 
i.e. fixed and isolated bases. Comparison has been performed between these models (with dif
ferent types of bases) to investigate the effect of the use of isolation system on the response of 
buildings exposed to earthquake excitations. 

EXPERIMENTAL MODEL AND SHAKING TABLE INVESTIGATION 

The experimental study has been conducted for a single-storey steel structure model. This 
model, consisting of a steel frame and two concrete slabs, is of 1.20 m height and weights 
95.12 kg (see Figure 1). Rectangular elements made of hollow section elements (RHS 
15×15×1.5 mm) form a welded steel frame, and the columns have been set on a rectangular 
plan with a spacing of 0.556 m in the transverse direction (x-direction) and 0.465 m in the 
longitudinal direction (y-direction). Diagonal bracings have also been used in the planes of the 
sidewalls, which are responsible for counteracting transverse and torsional vibrations. The 
simulation of the weight of the floor and foundation slabs is presented through two concrete 
plates (50×50×7 cm). 

Figure 1. Single-storey steel structure model mounted on the shaking table. 
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The dynamic characteristics of the experimental model were previously determined by con
ducting free vibration tests (see Falborski & Jankowski, 2017a). The fundamental frequency 
of the experimental model was calculated to be 3.31 Hz, whereas the damping ratio 0.53%. 
A middle-sized shaking table located at Gdańsk University of Technology, Poland, was used 
to investigate the seismic response of the experimental model to a series of earthquake ground 
motions. All the experimental tests for steel structure models were carried out for a time step 
size of 0.002 s. 

3 NUMERICAL MODEL 

In this study, single-storey building has been modelled in ETABS software using the Finite 
Element (FE) method. The slabs have been modelled using shell elements and the beams and 
columns applying frame elements. The numerical model has been studied first with fixed 
bases. Then, the same model has been studied with the isolated bases. A simple mathematical 
model in the form of springs has been introduced in ETABS software. The FE models of both 
building (with fixed and isolated bases) are shown in Figure 2. 
To determine the lateral stiffness K of the springs used, the hysteresis loop at excitation of 2 

Hz has been utilized (see Figure 3). By using this method, the value of the lateral stiffness has 
been found to be 45 kN/m. 

Figure 2. Numerical models of fixed-base building a) and base-isolated building b). 

Figure 3. Schematic diagram of a hysteresis loop. 
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Table 1. Ground motions used in this study. 

Earthquake PGA [m/s2] Station Year 

El Centro 3.070 Array 9 1940 
San Fernando 5.688 Paicoma Dam 1971 

The detailed numerical analyses have been performed for the described model under two 
ground motions with different Peak Ground Accelerations (PGA) (see Table 1 for details). 
The response has been obtained using the linear direct integration method which is based on 
the Hilbert-Hughes-Taylor method, where the leading parameters are γ = 0.5, β = 0.25 and 
α = 0. The time step size used for the El Centro and San Fernando ground motions has been 
set at 0.01 s. All the mentioned earthquakes have been properly scaled in the ETABS software 
to obtain comprehensive comparative analysis. 

VALIDATION OF THE NUMERICAL MODEL 

The acceleration time histories computed for the fixed-base model and base-isolated model 
under various seismic excitations are presented in Figures 4-5. The comparison of the results 
obtained from the numerical analysis and the shaking table investigation are briefly reported 
in Table 2 and Table 3. The comparison between the numerical and experimental models for 
the fixed-base buildings reveals that there is a good agreement between the responses. The dif
ference of the peak acceleration between the numerical and experimental models of the fixed-
base building ranges between 4% and 11% (see Figure 4 and Table 2). This means that the 
numerical model is capable of representing the response of the fixed-base building quite accur
ately. However, the comparison between the acceleration time histories of the numerical and 
experimental models for the base-isolated buildings reveals that the response is not close and 
there is no good agreement between them. The difference of the peak acceleration between the 

Figure 4. Numerically obtained (left) and experimentally determined (right) time-acceleration history 
plots for the fixed-base one-storey model during different ground motions: a, b) the 1940 El Centro earth
quake and c, d) the 1971 San Fernando earthquake. 
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Figure 5. Numerically obtained (left) and experimentally determined (right) time-acceleration history 
plots for the base-isolated one-storey model during different ground motions: a, b) the 1940 El Centro 
earthquake and c, d) the 1971 San Fernando earthquake. 

Table 2. Results obtained from numerical and experimental investigation for fixed-base model. 

Peak acceleration at the top of the 
single-storey steel structure model [m/s2] 

Dynamic excitation 
Numerical analysis 
using ETABS 

Shaking table 
investigation 

Percentage 
difference [%] 

El Centro earthquake 
San Fernando earthquake 

10.21 
14.96 

11.39 
15.59 

10.36 
4.04 

Table 3. Results obtained from numerical and experimental investigation for base-isolated model. 

Peak acceleration at the top of the 
single-storey steel structure model [m/s2] 

Dynamic excitation 
Numerical analysis 
using ETABS 

Shaking table 
investigation 

Percentage 
difference [%] 

El Centro earthquake 
San Fernando earthquake 

9.06 
12.89 

6.98 
10.47 

22.96 
18.77 

numerical and experimental models of the base-isolated building ranges between 19% and 
23% (see Figure 5 and Table 3). This means that the numerical model is not capable of repre
senting the response of the base-isolated building. This is referred to the mathematical simpli
fication of the spring model. For more accurate results, more advanced bearing model should 
be used. 
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5 CONLUSIONS 

This paper has been focused on comparison between the dynamic responses of buildings with 
fixed and isolated bases exposed to earthquake excitations. One-storey steel structure model 
has been considered using ETABS software, which was previously tested during the shaking 
table tests. The main conclusions of this study are: 

–	 High compatibility of the results for the fixed-base steel structure model between the 
numerical and experimental analyses has been obtained which proves the effectiveness of 
the modelling techniques used in the ETABS software. 

–	 The use of isolated system is an effective method in improving the response of building 
exposed to earthquake excitations, as concluded from the results of both experimental and 
numerical analyses. 

–	 Modelling the isolated system by using the simplified method with linear springs is not 
an accurate technique due to the large differences in the structural responses found 
between the numerical and experimental analyses. Therefore, more advanced mathem
atical models should be used to simulate the behaviour of isolation systems during 
earthquakes. 
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ABSTRACT: One of the characteristic features of steel-soil structures in comparison to clas
sical bridges is the impact of the surrounding soil and the road superstructure for its bearing 
capacity. In this paper based on the in-situ test it is proved that the results of analysis are sen
sitive of the direction of live load vehicle. For this purpose, the methodology, where the 
vehicles change their positions was used. Both in the test and the analysis, the full load cycle 
was carried out, including the drive of the vehicle in two directions, i.e. from the starting pos
ition to the turning point and back. A special feature is structure tendency to reaching the 
primary readings after full cycle of loading. This proves an elastic behavior of soil-steel struc
ture, which is especially important where the one of the basic structural material is the soil (in 
the classical arch bridges treated as a non-structural). 

1 SOIL-STEEL STRUCTURE TESTING 

As one of the examples of performance of tests involving strain gauge measurements, the paper 
presents those performed on the test structure built in Rydzyna (Poland), shown in (Figure 1). 
The geometrical parameters of the perimeter zone of the shell are as follows: span L = 
17.594 m rise H = 5.459  and top  radius  R = 13.735 m. The geometry of the corrugated steel 
plate is described by its technical designations SC 380×140×7 – SuperCor type with the dimen
sions: a = 380  mm  – corrugation pitch, f = 140 mm – its depth, g = 7 mm plate thickness. 

The test results presented in this paper apply to a structure in 8 years after completion of the 
construction but without its service. Therefore, this is an example of the structure behavior 
taking into account the occurring processes of soil backfill consolidation. Our load consists of 
a loader as shown in (Figure 1), without diggings in the bucket. Axle-loads of the loader on 
both axles were similar: P1 = 114.3 kN (reference axle) and P2 = 104.7 kN. Axle base (measured 
along the structure) was 3.4 m. Location of the vehicle is determined on the figures with regard 
to the crown point of the soil-steel structure using the xp coordinate. The loader travelled along 
the longitudinal axis of the bridge in a steeping way with Δxp = 1.5 m. The vehicle wheels were 
located symmetrically along the structure axis. 

2 HYBRID MODEL OF THE STRUCTURE 

In the case of a hybrid model, as shown in (Figure 2), the structure is divided into two sub
systems: the upper part comprising the soil backfill and road surface, and the lower one made 
of corrugated steel plate. A specifically modelled interface elements are used in the soil-steel 
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Figure 1. View of the loaded structure. 

Figure 2. Example of a soil-steel composite bridge. 

structures between mentioned above sub-systems. Steel structure was modelled as 
a orthogonal isotropic grillage as shown in (Figure 2c). In comparison to the conventional 
bridges, a characteristic feature consists in taking the backfill, the basic material of the struc
ture, as a structural element. For this model, mapping of the interface layer between the soil 
backfill and the steel structure is of particular importance. Mutual interactions in the layer in 
question are the basis for the analysis presented in this paper. 

INTERNAL FORCES 

In this paper the internal forces are taken directly from the strain gauge measurements. 
Electrical resistance strain gauges were fixed to the surface of the corrugated steel plates 
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(accessible from the inside) within the structure periphery. In every measurement section, the 
gauges were applied in pairs, in the crest and valley of the corrugation, around the structure 
periphery as shown in (Figure 3b). This layout of gauges and assumption of flat cross-sections 
makes it possible to determine the normal force according to the following formula: 

The formula (1) includes the geometry of the corrugated steel plate as shown in (Figure 3b). 
In order to determine the curvature change κ and the structure radius ρ, geometrical relations 
of the steel plate can be used with εD and εg, and then the bending moment can be calculated 
according to the formula: 

Both formulas include the stiffness of the cross-section EA and EI. 
Figure 3a presents the distribution of interactions p(s) and t(s) along the length of the ana

lysed structure periphery. The pressure p(s) is applied radially, i.e. in accordance with the 
radius R. The functions of internal forces N(s) and M(s) directly give the normal interactions: 

and the tangential interactions, distributed along the structure periphery: 

When using a differential approach to determine the normal interaction forces p(s), the fol
lowing formula (3) can be used: 

Figure 3. Distribution of contact forces between two adjacent subsystems (steel structure and surround
ing soil). 
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Figure 4. Layout of measurement points of the shell’s periphery. Individual stages of loading. 

Tangential interactions calculated according to the formula (4) are included in the equation: 

Due to the calculation method, this is a mean value between the measurement points 
around the periphery. In both formulas, c is the distance between the measurement points. 

MEASURING BASE 

The strain gauge layout along the periphery of the shell is presented in (Figure 4). Therefore, 
the measuring system is not regular but symmetrical in relation to the crown point. The dis
tances between the points located near-crown are c = 1.202 m. When the point layout is 
irregular and the length of the preceding section is c∙Δ = 1.202 ∙ 2.88 = 3.462 m, then the 
derivative of the bending moment is calculated according to the formula (5) in the differential 
approach is included in the following equation: 

where Δ = 3.462/1.202 = 2.88. The section with the length c∙Δ is located from the i+1 point, 
where length of the opposite section (i-1) is c. 

CONTACT INTERACTIONS 

Figures 5 and 6 present the changes in contact interaction components: normal p and tangen
tial t. The horizontal axis of the diagrams specifies the value of xp as the distance of loader 
axle as the force P1 from the structure crown point. The legend to the diagrams marks the 
curves plotted from the loader back (W) and forth pass (P). In both passes, the location of the 
vehicle is exactly the same in each position marked with xp. The measurements started and 
had been finished at xp = 21 m. At  xp = -9 m the passing direction was changed. Characteristic 
vehicle locations are: 

109 

5 



Figure 5. Normal interactions in the structure crown point area. a) intermediate point 4, b) structure 
crown, point 5. 

–	 xp < L/4 = 4.4 m, where contact interactions increase; 
–	 xp = 0, where the loader axle P1 is above the structure crown point; 
–	 xp = - 1.7 m, where the vehicle axles P1 and P2 are equally distanced from the structure 

crown point; 
–	 xp = - 3.4, where the loader axle P2 is above the structure crown point. 

In order to determine the analysed shell measurement points in Figures 5 and 6, we used the 
marking of the location of the measurement points x4 = 1.2  m  x5 = 0 (crown point) x6 = -1.2  m.  

The curves in Figure 5 are very similar in terms of their shape but show significant differ
ences between the values during the back (W) and forth (P) passes. The similar maximum 
values p in the points 4, 5 mean that there is similar pressure from the loader wheels load in 
the crown point area. During the forth pass (P), there is no second wave with the peak value, 
where the second axle P2 of the loader is just above the analysed point. Such peaks can be 
seen for the back pass (W). From the results of the analysis, we draw a conclusion of 
a significant reduction of the interaction p when the vehicle returns to its starting point. There
fore, there is a hysteresis loop for the earth pressure. 
The sense of the tangential forces t45 is matching the direction specified in (Figure 3). The 

main feature of the functions p(xp) and t(xp) is that they are similar during the back and forth 
drive of the loader. High values of the force t, created when the vehicle returns to the starting 
point, are very significant. The same curves were obtained also for points located further from 
the crown point but on the opposite side of the symmetry axis of the shell. Therefore, there is 
no hysteresis loop for tangential forces. 
Very high values of t(s) in comparison with p(s) are not here an error of the calculation 

algorithm (and of measurements). The relation t/p – assumed not to exceed the friction coeffi
cient values specified in the paper – does not include the effects of interactions from the self 
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Figure 6. Tangential interactions in the structure crown point area. a) from the ramp side, b) in the 
crown point. 

weight of the soil (occurring during the backfilling). In the analysed example of a structure, 
the maximum strain in the corrugated steel plate reached the value of: 

CONCLUSIONS 

For a hybrid structure model, it is important to determine the principle of contact interactions 
between the adjacent subsystems. The paper presents the results of the algorithm for determin
ing the soil interactions onto the shell as the normal p and tangential t components based on 
the strain gauge measurements. The hybrid model uses the condition of consistence of contact 
interactions between the soil and the shell. The principle of displacement conformity is not 
included, i.e. slip at the interface of the two adjacent materials is allowed. This is an important 
advantage of the algorithm. 
A characteristic feature of the soil-steel composite bridges is a significant difference of dis

placement, internal forces and contact interactions (as in work) between the back and forth 
passes of the live load vehicle. When the analysed values, after the vehicle full passage (back 
and forth), return to the initial, a characteristic hysteresis loop is achieved. This phenomenon 
in bridge structures is poorly known and concerns moving loads, i.e. ones which change their 
position. The outcomes of the test data evaluation presented in this study are to be used in the 
ongoing research for a validation of the numerical finite element hybrid model proposed by 
Authors in section 2. 
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ABSTRACT: In this paper, a reliability analysis of tensegrity towers is presented. The 
towers built with Simplex modules are considered. The analysis of tensegrity structures con
sists of three stages. The first stage leads to the identification of the existing mechanisms and 
self-stress states in the structure. The second stage focuses on the determination of reliability 
models, whereas third – contains determination the influence of the level of self-stress state on 
static parameters and consequently on the reliability index. 

1 INTRODUCTION 

Tensegrities are the structures composed of only compressed (struts) and tensioned elements 
(cables). A characteristic feature of tensegrity structures is system of internal forces holds the 
structural components in stable equilibrium. This is called the self-stress state. The changes of 
the level of self-stress state influences on behaviour of structures, whereas the absence causes 
that structures are geometrically variable (infinitesimal mechanism occurs). Initially, the idea 
of tensegrity construction was associated primarily art. Currently, the use of such structures is 
increasing in civil engineering and tensegrity concept is used among others in towers (Schlaich 
2004, Snelson 2013, Obara 2019). 
The paper develops the considerations of tensegrity towers presented in (Obara 2019). A new 

problem concerning on reliability analysis of such structures has been studied. The towers built 
with Simplex modules (Fuller 1962, Emmerich 1964, Snelson 1965) are considered. The reliabil
ity assessment consists in comparing the reliability index of the structure with the required value 
of the reliability index. The required value of the reliability index was chosen for the RC2 reli
ability class (50 years reference period). In accordance with the standard (PN-EN 1990:2004), 
“Three reliability classes (RC1, RC2, and RC3) may be associated with the three consequence 
classes CC1, CC2, and CC3”. The tower’s construction was classified as a structure with the 
consequence class CC2. This means that “Medium consequence for loss of human life and eco
nomic, social, or environmental consequences are considerable”. The required value for the reli
ability class RC2 is β ¼ 3:8. In this paper the towers built with Simplex modules are considered. 
The influence of the level of self-stress state on static parameters and the reliability index is ana
lysed. The static analysis is carried assuming the hypothesis of large displacements. In turn to 
assessing the reliability of a structure the system approach is used wherein the reliability index is 
calculated according to the assumption of serial connections. 

2 MATHEMATICAL DESCRIPTION 

Reliability analysis of tensegrity structures is a three-stage process. The first stage (the qualita
tive analysis) includes the identification of self-stress states and infinitesimal mechanisms. 
The second stage focuses on the determination of reliability models, whereas third – contains 
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determination the reliability index in order to the self-stress state. The last two stages are the 
quantitative analysis. 
The first stage is carried out based using singular value decomposition of the compatibility 

matrix (Pellegrino 1993, Gilewski et al. 2015, 2019, Obara 2019, Obara & Tomasik 2020). The 
compatibility matrix for structures is determined using the finite element formalism (Zienkiewicz 
2000, Obara & Tomasik 2020). Tensegrity towers aren-element space trusses (e ¼ 1; 2; . . . ; n)u  

R
n�n 

R
m�1described by the elasticity matrix Eð2 Þ with m-degrees of freedom q 2 . The singu

lar value decomposition of matrix Bð2 R
nÞ is a factorization in the form: 

n mwhere Yð2 R
n� Þ ¼ ½ y1 y2 . . .  y ] and Xð2 R

m� Þ ¼ ½ x1 x2 . . .  xm ] are orthogn 
R

n�monal matrices and Nð2 Þ is a rectangular diagonal matrix. The orthogonal matrices Y 
and X as well as matrix N are related to eigenvectors and eigenvalues of the following 
problems: 

where μ and λ are eigenvalues of the respective matrix. If any μ value is equal to zero, a self-
stress state exists. If any λ value is equal to zero, a mechanism exists. In order to identify
whether the mechanism is infinitesimal or finite, nonlinear analysis of the stiffness matrix with
the use of geometric stiffness matrix KGð ÞS , which� �takes into account the self-stress state S,
should be applied. If all eigenvalues of the matrix BTEBþ KGð ÞS are positive, the identified
mechanism is infinitesimal and the structure is stable.
In the second stage a reliability model must be defined. Due to all analysed towers are ten-

segrities, which are characterized by mechanisms occurs, a reliability model is a serial system.
Reliability of the system R is calculated from the formula:

It must be added, in the case of tensegrity structures the static parameters depend on the 
level of self-stress state. It means, the self-stress state consequently influences on the reliability 
index (4). 
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where Ri is reliability of a single element. The procedure that leads to the determin-
ation of the reliability of element Ri was presented, among others, in papers (Mochocki
et al. 2018, 2019, 2020). To do this, the static analysis must be performed. It is necessary
to determine random variables of the effect of action Ei, and of capacity Ni. Random
variables are described by means of the normal distribution with the parameters expected
valueμ and standard deviation σ. With respect to standard deviation for effect of actions
Ei, the variation coefficient is assumed at the level of 6%, whereas with standard devi-
ation for capacity Ni, it is at the level of 10%. A subsequent step is determining the
safety margin Zi, which is also a random variable described by means of the normal dis-
tribution. The parameters of this system are the expected value� �of the safety margin

0 5
μZi ¼ μNi � μEi and standard deviation of the safety margin σZi σ2 σ2

:
Ei Ni . Next, the

reliability index for a single element is computed
¼ þ

βi μZi=σZi: On its basis, the probabil-
ity of the element failure can be estimated

¼
Pfi ¼ �ð Þ�βi , where � is the Laplace function.

The final step involves the computation of the reliability of a single element Ri 1 Pfi
and at the end – the reliability of the system

¼ �
R (3).

In the last, third stage, the reliability index is calculated:



  

 
 

In order to fully understand the behaviour of such structures, in the first the static analysis 
was carried out. The influence of the level of self-stress state on the normal forces N, the load-
bearing capacity ratio Wmax ¼ N=NRd and the stiffness were calculated. The static analysis 
was carried out assuming the hypothesis of large displacements: 

where P is the load vector, KGðN þ SÞ is the geometric stiffness matrix, which takes into 
account the self-stress state S and the normal force N and KN;NL q is the initial strain matrix. ð Þ
The change in rigidity was measured using the so-called global stiffness parameter (GPS) 
(Obara 2019). The GPS parameter expresses the ratio of two strain energies, measured at the 
minimum and at the i-th level of self-stress: 

where KSðSminÞ and qðSminÞ are a secant stiffness matrix and a design displacement vector 
with a minimum level of self-stress state, and KS Si and q Si – at i–th level of self-stress ð Þ ð Þ
state. 

3 EXAMPLES 

In this paper, the reliability analysis of tensegrity towers is performed. As the first, qualitative 
analysis leads to classification towers to tensegrity groups are carried out. Next, the calcula
tions of the influence of self-stress state on the normal forces, the load-bearing capacity ratio, 
the stiffness and, at the end, on the reliability index are performed. The structures built with 
Simplex modules are taken into account. The single module is considered as the first and then 
towers build with two and six modules are analysed. The design solution of the Halfen 
DETAN Rod System is adopted and the following characteristics are assumed: 

̶ Young modulus: E ¼ 210 GPa and density: ρ ¼ 7860kg=m3
 

̶ cables: made of rods, steel S460N, diameter ¢ ¼ 20 mm, moment of inertia:
 
9 4 4 2I ¼ 7:85 � 10 m , cross-sectional area: A ¼ 3:14 � 10 m , load-bearing capacity: 

NRd ¼ 110:2 kN, 
̶ struts: made of hot-finished circular hollow section, steel: S355J2, diameter: ¢ ¼ 76:1 mm, 

thickness: t ¼ 2:9 mm, moment of inertia: I ¼ 4:47 � 10 7 m4, cross-sectional area: 
4A ¼ 6:88 � 10 m2, load-bearing capacity: NRd ¼ 203:5 kN. 

Normalized self-stress state forces were multiplied by the level of self-stress state S and 
applied to the structure. The minimum applied level of the self-stress state Smin provides proper 
identification of the elements (i.e. struts are compressed and cables are tensed). The maximum 
level of the self-stress state Smax does not cause the exceedance of the load-bearing capacity of 
the elements. These levels are equal respectively: Smin ¼ 1 kN  and  Smax ¼ 110 kN. The 
models was loaded with a vertical force P ¼ 10 kN and P ¼ 20 kN applied to one top 
node. For calculation, a procedure in the “Mathematica” environment was created. 

3.1 Qualitative analysis 

The first considered structure is the single Simplex module (model S1) (Figure 1a), which con
sists of twenty elements (n = 12), i.e. three struts and nine cables, and six nodes. The coordin
ates of the nodes are shown in Table 1. The analysis was performed for the module with 
twelve degrees of freedom (m=12) (the blocked displacements are q1; q3; q5; q6; q7; q9) thus the 
number of elements and the number of degrees of freedom are equal (n = m = 12). The 
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Figure 1. Simplex module: a) geometry, b) normalised self-stress state, c) infinitesimal mechanism. 

Table 1. Coordinates of the nodes [m] of the single Simplex module. 

No. of node (i) 1 2 3 4 5 6 

x -0.500 0.000 0.289 -0.577 0.289 0.289 
y 0.289 -0.577 0.289 0.000 -0.500 0.500 
z 0.000 0.000 0.000 1.000 1.000 1.000 u 

12�12compatibility matrix B 2 R is square, therefore the matrices BBT and BT B are equal 
too. There is one zero eigenvalue in both matrices, thus one self-stress state (Figure 1b) and 
one mechanism is identified (Figure 1c) – summarised results of performed qualitative ana
lyses are shown in Table 2. All eigenvalues of the matrix ½BT EB þ KGð Þ] are positive thus S
the identified mechanism is infinitesimal and the stability of the structure is ensured. The 
model S1 meets all tensegrity features, it means that it can be classified as the ideal tensegrity. 
Next, tensegrity towers built with Simplex module are analysed. Modules are linear connected 

in a strut-strut system. The models consisting with two modules – model S2 and six modules – 
model S6 are considered (Kłosowska et al. 2018). The structures are supported as a model S1. 
For both models self-stress states (S) and mechanisms (M) are identified. The number of them is 
equal number of modules (Table 2). None of the self-stress states identifies correctly struts and 
cables so for the quantitative analysis superposed and normalized self-stress state for the single 
modified Simplex module is taken into account. All eigenvalues of the stiffness matrix 
½BT EB þ KGð ÞS ] are positive so towers are stable. Other than mentioned above characteristic 
features S and M, the structure satisfies requirements of characteristics T (it is a truss) and 
C (tensile elements are cables and have no rigidity in compression). The analysed tensegrity 
towers can be classified as the structures with tensegrity features of class 1 (Obara 2019). 

3.2 Quantitative analysis 

The influence of the level of self-stress state on the normal forces (Figure 2) are analysed as 
the first. Next, changes in the load-bearing capacity ratio Wmax for cables (Figure 3a) and 
for struts (Figure 3b), the stiffness parameter GPS (Figure 4a) and the reliability index β 
(Figure 4b) are presented. The external load P prestresses the structure – additional tensile 
and compressive forces are generated respectively in the cables and struts. After introducing 
the self-stress state, normal forces from the external load successively decrease. For example, 

Table 2. Results of the qualitative analysis of the towers built with the Simplex modules. 

No. of single 
modules 

No. 
of 
nodes 

No. 
of elements 

Degrees of 
freedom 

No. 
of mechan
isms 

No. of 
self-stress 
states Classification 

1 6 12 12 1 1 ideal tensegrity 

2 
6 

9 
21 

21 
56 

21 
56 

2 
6 

2 
6 

structures with tensegrity 
features of class 1 
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in Figure 2 presented a change in the value of normal forces arising from loads N Pð Þ and 
normal forces generated in total by the load and prestress forces N P  þ S . The analyses perð Þ
formed showed that the effect of the self-stress state is greater at lower load and that the 
impact of the load is most significant at low values of initial prestress forces. 
The initial prestress forces affect normal forces N, hence on effort of structure. In Figure 3 

the load-bearing capacity ratio Wmax are presented. For the minimum level of self-stress state 

Figure 2. Influence of the self-stress state on the normal forces: a) P ¼ 10 kN for model S1, b) 
P ¼ 20 kN for model S1, c) P ¼ 10 kN for model S2, d) P ¼ 20 kN for model S2, e) P ¼ 10 kN 
for model S6, f) P ¼ 20 kN for model S6. 

Figure 3. Influence of the self-stress state on load-bearing capacity ratio Wmax: a) for cables, b) for 
struts. 
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Figure 4. Influence of the self-stress state on: a) global parameter of stiffness GPS, b) reliability index β. 

the increase of the applied force by 10 kN causes the reduce of the maximum load-bearing 
capacity ratio by the over 60 percentage points. The impact of the load, like previous, decreas
ing with increasing the level of self-stress state – the same change in the level of the applied 
force causes the reduce of the maximum load-bearing capacity ratio by the 7-9 percentage 
points. In addition the effort of structure, the stiffness was monitored too. The global stiffness 
parameter GPS is calculated. The nature of changes in theGPS parameter is presented in 
Figure 4a. At maximum of the self-stress state in case P ¼ 10 kN GPS is 1:5 1:6 times as 
high as that for P ¼ 20 kN. This confirms the earlier conclusions that the influence of self-
stress state decreases with increasing load. The initial prestress forces causes increasing 
the stiffness of structures, but significantly influence on decreasing the reliability index 
(Figure 4b) Despite to the maximum level of self-stress state does not cause the exceedance of 
the load-bearing capacity of the elements, the required standard level of reliability β ¼ 3:8 is  
exceeded. 

CONCLUSIONS 

In this paper, the qualitative and quantitative analyses of the towers built with the Simplex 
modules were performed. Analysed structures were classified as an ideal tensegrity or as 
a structure with tensegrity features of class 1. In both cases, the self-stress states and infinitesi
mal mechanisms were identified. The stiffness of these structures depends not only on the 
geometry and material properties, but also on the prestress level (which stabilizes the infinitesi
mal mechanisms that occur) and the level of external load. External load induces additional 
stress in the system, and the impact of the load is most significant for the low values of the 
initial prestress forces. As the level of prestress increases, the effect of the external load 
decreases. Moreover, the initial prestress forces have a greater influence on the total stiffness 
of the structure with smaller external loads. Similarly, like for stiffness of tensegrity structures, 
in the case of effort, the influence of self-stress state decreases with increasing loads. The 
effort of cables is higher than that of struts and the difference between them increases with the 
increment of the prestress level. 
Generally, with increasing the initial prestress forces the stiffness of structures increase. 

Unfortunately, the self-stress state significantly influence on decreasing the reliability 
index. Despite to the maximum level of self-stress state does not cause the exceedance of 
the load-bearing capacity of the elements, the required standard level of is exceeded. There
fore, in the case of tensegrity structures checking only the load-bearing capacity ratio is 
insufficient. 
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ABSTRACT: The article presents a modified finite element (FE) based algorithm for non
linear analysis of 2D beam structures, which takes into account the influence of the shear 
forces. The method proposed enables using complex materials with nonlinearities without the 
need of implementing advanced constitutive models in FE routines. It can be directly inte
grated with commonly available FE software for linear analysis of beam structures, so its 
functionality can be easily extended also with material nonlinearities. The presented approach 
adopts the generalized constitutive law algorithm to iteratively modify the stiffness of beam 
element. To address an influence of a shear stiffness, a Timoshenko beam element was used. 
The methodology was implemented and its performance was verified on several numerical 
examples. For validation, the displacements and the ultimate loads were compared with the 
values from a commercial FE software. The results shown a good correlation between the ref
erence model and the method proposed. 

INTRODUCTION 

For decades an advanced engineering problems are effectively modelled by finite element (FE) 
method, which is very popular due to its versatility and accuracy. The FE models are often 
implemented in various modern engineering tools, in comparison to the analytical ones they 
have wider applicability and universality. Most civil structures can be analysed using simple 
2D beam or frame structures without sacrificing the accuracy of the results obtained with sim
plified models. Thus, majority of commercial software for FE analyses of civil structures use 
the beam, truss or frame finite elements only. Nowadays, the developers of engineering soft
ware often provide their users a functions extending its capabilities with new features. For 
instance, the users may include new material or element subroutines, which are tailored for 
their particular needs; this trend may be observed in many top engineering softwares. In such 
cases, a numerical and material mechanics expertise is required, in order to extend the mech
anical models with nonlinear (material or geometric) features through user subroutines. An 
attractive alternative may be the use of classic beams and frames finite element method 
(FEM) with linear solver extended with a generalized nonlinear constitutive law (GNCL) 
algorithm, which is simple and easy to implement. 
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This idea appeared in the 70s of the 20th century. One of the first papers which introduced 
the idea of dividing a cross-section into layers was the analysis of the behaviour of bending 
composite beams by Rotter & Ansourian presented in 1978. The theoretical values were com
pared with the experimental results, a good correlation was obtained. In 1982, Łodygowski 
applied the method of the generalized nonlinear constitutive law (GNCL) to the geometric 
and physical nonlinear analysis of beams and plane frames. Later, Łodygowski & Szumigała 
applied the division into layers in a two-stage bending analysis of composite beams. In the 
first stage of the method, the cross-section is discretized, and the constitutive law is formulated 
as the bending moment-curvature relationship. In the second stage, the constitutive law is 
adopted in the nonlinear finite element code. The two-stage approach was also used by Szumi
gała in 2007 to analyse composite steel-concrete frame structures. The constitutive law was 
formulated in the form of the bending stiffness-curvature relationship. In 2019, Grzeszy
kowski & Szmigiera used the GNCL method to compute the nonlinear longitudinal shear dis
tribution in composite steel-concrete beams. The GNCL algorithm was described in more 
detail by Mrówczyński et al. in 2021, where its performance in steel and composite beam struc
tures was presented. 
From a practical point of view, the method is a promising alternative to be used by the 

structural engineers. The method proposed here extends its original version by including 
a shear effect. It is easy to use, if one would like to consider in modelling not only complex 
material/geometrical nonlinearities, but also the shear effect, thus, it may be utilized, instead 
of building a complex FEM models. 

2 METHODS AND MATERIALS 

2.1 Normal and shear strains 

The classical framework of FE analysis was used to embed the method proposed. In the small 
strains and deformations framework, the beam and frame FE was implemented; it may be 
loaded with an external forces and/or displacements. The nodal displacements are computed 
in iterations, since the method presented iteratively changes the flexural and shear element 
stiffness. 
The global stiffness matrix is assembled in the classical way by including the stiffness mat

rices of all elements. In the method proposed, due to deformations the element stiffness is 
iteratively decreased in the loop. Deformations, namely, ε0 – normal strains, γ – shear strains 
and κ – curvature, are computed from the nodal displacements d. Normal strain, ε0 is taken in 
the following form: 

where l is the beam length, Δl is its elongation and u1, u2 are the nodal displacements along 
the beam axis. 
Shear strains, γ, are taken as the difference between the nodal rotation ’ and the first 

derivative of vertical deflection, v, according to Timoshenko theory: 

Bernoulli theory is also considered in the paper, in order to compare its results with 
the one including Timoshenko theory. According to Bernoulli’s hypothesis the cross-
section is perpendicular to the axis of the deformed beam. As the consequence, the shear 
strains, γ, equals zero. 
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The curvature, κ, in small displacements, is calculated as the second derivative of 
a deflection in a vertical direction: 

2.2 Stiffness reduction 

Element deformations, namely ε0, γ, and κ – shown in the previous subsection, serves to calcu
late the element stiffness reduction. For each layer, a location, height, width and cross-
sectional area of individual material are determined. The procedure is repeated for materials 
and layers obtained from a cross-section division. 
Further, the reduced (effective) strains, εred , are calculated by utilizing the normal and shear 

strains. Next, in each layer the reduced stress, σred , is derived from the reduced strain by using 
σred vs. εred plot, which is determined for each material used, if multi-material cross-section is 
analysed. 
Later, from the stresses and strains the Young’s modulus, E, is calculated. The shear modu

lus for isotropic materials, G, may be classically taken as: 

where v is Poisson’s ratio. Young’s and shear modulus allows to compute the tensile and 
shear stiffnesses, BN and BV , respectively: 

where i and j are the layers in the cross section and materials, respectively; n and m are the 
total number of layers and number of materials, respectively. Ai

j is area of a cross-section of 
i-th layer and j-th material, and kj is a shear correction factor for j-th material. 

A position of neutral axis yg is computed from: 

From the position of the neutral axis, a moment of inertia of i-th layer, Iij, may be deter
mined; then a bending stiffness, BM , may be computed according to the formula: 

In the original method, the computations for cross-section are performed before the main 
algorithm. The law BM κ is only computed for the normal forces assumed. The element stiff
ness values is determined by interpolation of in-between values, thus, the accuracy depends on 
a prior mesh density assumed. Due to this feature of the original method, an additional 
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Table 1. Material parameters of steel used in the study. 

E G v fy 

Material [GPa] [GPa] [–] [MPa] 

steel 210.0 81.0 0.3 235.0 

modification was proposed in this paper. In the method proposed, the cross-section was ana
lysed during computations (within each iteration loop). This allowed to eliminate the interpol
ation error due to the usage of exact values for the cross-section analysed. The updated 
GNCL method was implemented in the MATLAB in-house code. 

2.3 Materials 

The proposed method allows to use a nonlinear constitutive law of any material. In the 
examples, the nonlinear law of steel were used. In Table 1, the engineering parameters of steel 
used in the study are presented, where E is a Young’s modulus, G is a shear modulus, v is 
a Poisson’s ratio and fy is a yield strength of steel. 

In the examples analysed here, the steel was described by an elastic perfectly-plastic model: 

3 EXAMPLES 

3.1 Example 1 

In order to verify the proposed method, the simply supported beams of IPE300 steel member 
and lengths of 1.5 m and 2.4 m (beams of two lengths to obtain two different values of slen
derness ratio) were modelled. The beams with a vertical displacement in the center of the span 
were loaded. The displacement control was used. The obtained forces from the GNCL 
method were compared with the reference model results. The beams in FE commercial soft
ware were divided into 5 mm long elements, thus 300 and 480 2-node linear beam elements 
were obtained for 1.5 m and 2.4 m, respectively. In Figure 1, the static equilibrium paths for 
two beam lengths were shown. 
In the beginning, the force increases linearly – the material is in the elastic phase. Later, the 

cross-section begins to plasticize as shown by the nonlinear shape of the plot. For beam of 
length of 1.5 m, the difference between the proposed model and the reference model is 6.2%, 
and for a length of 2.4 m it is 2.1%. 
The influence of the shear force on the load capacity of the cross-section was also analysed. 

For this purpose, the Bernoulli and Timoshenko theory were applied, and the proposed 
method was used. In Figure 2, the obtained static equilibrium paths are presented. 
In Figure 2, the force obtained for the Bernoulli theory is greater than the force obtained 

for the Timoshenko theory. This is due to the fact that taking into account the shear strains 
causes a greater stiffness reduction, and thus the possibility of transferring a smaller force. 
The shorter the beam, the greater the influence of the shear force on the behaviour of the 
structure. In the analysed case, for the slenderness ratio of 5 (beam length 1.5 m) the differ
ence in load capacity is 6.5%, and for the slenderness ratio of 8 (beam length 2.4 m) it is 
only 2.2%. 
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Figure 1. Force vs. displacement plots due to enforcing displacements in the middle of the IPE300 
beams for their lengths of a) 1.5 m and b) 2.4 m. 

Figure 2. Force vs. displacement plots obtained for the Bernoulli and Timoshenko theories of the 
IPE300 beams for their lengths of a) 1.5 m and b) 2.4 m. 

3.2 Example 2 

The influence of the material plasticization and shear force was also shown on the example of 
a single-nave frame with overhangs (cantilevers) loaded with a uniformly distributed load 
Q ¼ 70:0 kN=m on the beam and concentrated forces P ¼ 70 kN on the ends of the canti
levers. The static scheme of the frame is shown in Figure 3. The stiffness reduction of the 
beam and cantilevers caused by plasticization of the material was computed according to 
GNCL method for Bernoulli theory and Timoshenko theory and was shown in Figure 4a and 
Figure 4b, respectively. 
Comparing Figure 4a and Figure 4b shows that taking into account the effect of the shear 

force causes a greater stiffness decrease. This is associated with an displacement increase. The 
maximum deflections in the middle of the horizontal element (point C) and cantilever end 
(point A) for the Bernoulli theory are 4.29 cm and 1.07 cm, respectively, and for the 
Timoshenko theory 9.75 cm and 1.23 cm. Taking into account the influence of the shear force, 
the deflections in the middle of the horizontal element and at the cantilever end increased by 
127.3% and 15.0%, respectively. 
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Figure 3. Static scheme of the Example 2. 

Figure 4. Reduction of bending stiffness BM of beam and cantilevers according to a) Bernoulli theory 
and b) Timoshenko theory. 

CONCLUSIONS 

The method of generalized nonlinear constitutive law presented in the paper extends the 
classical finite element method approach and seems to be promising tool for fast and accur
ate simulations of complex structures. Especially in cases, in which the cross-section is 
multi-material, compound of many subsections and the nonlinear properties of material 
should be included. Here, the classical GNCL method was extended with Timoshenko 
theory in order to apply the method in a less slender structures. This utility is not available 
in the classical finite element method softwares for structure engineers. In this paper, the 
method was described and shown on numerical examples. The results were compared with 
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the commercial software for simply supported beam, with a good agreement of the dis
placements. Also, the Bernoulli vs. Timoshenko theory was confronted in the example of 
single-nave frame with overhangs, in which including a shear effect had a big influence on 
the displacement obtained. 
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ABSTRACT: In this paper, a static parametric analysis of double-layered tensegrity grids is 
presented. The grids built with modified Simplex modules are considered. Starting from 
a single-module structure, more complex cases were sequentially analysed. The analysis of ten
segrity structures consists of two steps. The first step (qualitative analysis) leads to the identifi
cation of the existing mechanisms and self-stress states in the structure. The second step 
(quantitative analysis) focuses on the behaviour of tensegrities under external loads. To carry 
out the qualitative assessment, the spectral analysis of the truss matrices and the singular 
value decomposition of the compatibility matrix are used. The qualitative analysis is per
formed using the second and third order theories. The influence of the level of self-stress state 
on the static parameters like displacements and the maximum load-bearing capacity ratio is 
considered. 

INTRODUCTION 

Tensegrity is a term derived from English language as a contraction of two words: “tension” –  
stretching and “integrity” – stability. It relates to the structures composed only of compressed 
(struts) and tensed elements (cables). Tensegrity systems are featured by the presence of self-
stress states and mechanisms what distinguishes them from conventional structures. The self-
stress state can be defined as a system of self-equilibrated normal forces that satisfy homoge
neous equations of equilibrium. The absence of those forces makes tensegrity structures 
unstable, i.e. geometrically variable. To ensure the stabilisation, initial stresses must be intro
duced to the structure. Modifying the level of self-stress state, it is possible to the control the 
static parameters of the structure. 
In this paper, the influence of the level of self-stress state on the static behaviour of double-

layered tensegrity grids is considered. The analysis contains in two steps. Firstly, self-stress 
states and infinitesimal mechanisms are identified (qualitative analysis). At the second step, 
the impact of the level of self-stress state on displacements and the load-bearing capacity ratio 
is investigated (quantitative analysis). Due to their unique features, tensegrity structures stiffen 
under external load, and that stage of the analysis can require the assumption of the hypoth
esis of large displacements (third order theory). On the other hand, for some cases of tenseg
rity structures, the effect of stiffening is less relevant, the influence of the geometrical 
nonlinearity is insignificant and a quasi-linear setting (second order theory) is sufficient for 
the quantitative analysis. This work develops the considerations of double-layered tensegrity 
grids presented in (Obara 2019a, b, c, Obara & Tomasik 2020), where structures built with 
modified Quartex module was taken into account, and shows results of the analysis of the 
structures built with modified Simplex module. 
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MATHEMATICAL DESCRIPTION 

As stated above, the complete analysis of tensegrity structures consists of two stages: the 
qualitative analysis and the quantitative analysis. 
The qualitative analysis is provided for n-element space truss (e ¼ 1; 2; . . . ; n) described by 

the elasticity matrix Eð2ℝn�nÞ with m-degrees of freedom qð2ℝm�1Þ. This analysis can be done 
through the singular value decomposition of the compatibility matrix B (Pellegrino 1993, 
Rahami et al. 2013, Gilewski et al. 2015, 2016, 2017, Obara 2019a, b, c, Obara & Tomasik 
2020). The compatibility matrix Bð2ℝn�mÞ for tensegrity structures is determined using the 
finite element formalism (Bathe 1996, Zienkiewicz 2000, Gilewski & Kasprzak 2012, Obara & 
Tomasik 2020). The singular value decomposition of matrix B is a factorization in the form: 

where Yð2ℝn�nÞ ¼ ½ y1 . . .  y ] and Xð2ℝm�mÞ ¼ ½ x1 . . .  ] are orthogonal y2 n x2 xm 

matrices and Nð2ℝn�mÞ is a rectangular diagonal matrix. The orthogonal matrices Y and X as 
well as matrix N are related to eigenvectors and eigenvalues of the following problems: 

where μ and λ are eigenvalues of the respective matrix. If any μ value is equal to zero, 
a self-stress state exists. If any λ value is equal to zero, a mechanism exists. In order to 
identify whether the mechanism is infinitesimal or finite, nonlinear analysis of the stiff
ness matrix with the use S , which takes into account of geometric stiffness matrix KGð Þ
the self-stress state S, should be applied. If all eigenvalues of the matrix ð S ÞKL þ KGð Þ
are positive, the identified mechanism is infinitesimal and the structure is stable. Zero 
eigenvalues are related to finite mechanisms, whereas a negative eigenvalue represents 
instability of the structure. 
The quantitative analysis of the effect of self-stress state on the static behaviour of struc

tures is performed using the quasi-linear theory (second order theory): 

and the third order theory: 

where P is the load vector and KN;NL qð Þ is the initial strain matrix. 

EXAMPLES 

In this paper, the parametric qualitative and quantitative analyses of tensegrity plate-like 
structures are performed. The structures built with modified Simplex modules are taken into 
account. The single module is considered as the first one and then four more complex cases 
are analysed. The models consisting of six, ten, fourteen and eighteen modules are taken into 
consideration. 
The qualitative analyses lead to the classification of the structures to the one of two classes: 

ideal tensegrity or structures with tensegrity features of class 1 (Obara, 2019c, Obara & Toma
sik, 2020). Ideal tensegrities are featured by all tensegrity characteristics, i.e. they are trusses 
(T) with at least one existing self-stress state (S) and infinitesimal mechanism (M), their elem
ents form a discontinuous set of compressed elements (D) which is contained within 
a continuous net of tensile elements (I), tensile elements are cables with zero compression 
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rigidity (C). Structures with tensegrity features of class 1 are featured by characteristics T, S, 
C and M. 
The quantitative analyses contain calculations of the influence of the self-stress state on dis

placements and the load-bearing capacity ratio. The quasi-linear (II) and non-linear analyses 
(III) are carried out. For calculation, a procedure in the “Mathematica” environment was 
created. 
The design solution of the Halfen DETAN Rod System is adopted and the following char

acteristics are assumed: 

–	 Young modulus: E ¼ 210 GPa and density: ρ ¼ 7860kg=m3, 
–	 cables: made of rods, steel S460N, diameter ¢ ¼ 20 mm, load-bearing cap

acity: NRd ¼ 110:2 kN, 
–	 struts: made of hot-finished circular hollow section, steel: S355J2, diameter: ¢ ¼ 76:1 mm, 

thickness: t ¼ 2:9 mm, moment of inertia: I ¼ 4:47 � 10 7 m4, cross-sectional area: 
4A ¼ 6:88 � 10 m2, load-bearing capacity: NRd ¼ 203:5 kN. 

3.1 Single modified Simplex module 

The first considered structure is the single modified Simplex module (Figure 1a). The module 
consists of twenty elements (n = 12), i.e, three struts and nine cables, and six nodes (w=6). Its 
shape is based on a regular prism. The coordinates of the nodes are shown in Table 1. The 
projection of the top surface of the modified Simplex module is inscribed into the bottom one, 
allowing easily connect single units into multi-module structures (Emmerich 1964, Kono & 
Kunieda 1966, Kasprzak 2014, Al Sabouni-Zawadzka & Gilewski 2018, Kłosowska et al. 
2018, Gilewski 2019). 

Figure 1. The single modified Simplex module: a) geometry, b) normalised self-stress state, c) infinitesi
mal mechanism. 

Table 1. Coordinates of the nodes of the single modified Simplex module. 

No. of node (i) 1 2 3 4 5 6 

x -0.500 0.500 0.000 -0.333 0.167 0.167 
y 0.866 0.866 0.577 0.000 0.866 -0.866 
z 0.000 0.000 0.000 1.000 1.000 1.000 
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The qualitative analysis was performed for the module with twelve degrees of freedom (m = 12) 
(the blocked displacements are q1; q3; q5; q6; q7; q9) thus the number of elements and the number 

ð ℝ12�of degrees of freedom are equal (n = m = 12). The compatibility matrix B 2 12Þ is square, 
therefore the matrices BBT and BT B are equal. There is one zero eigenvalue in both matrices, 
thus one self-stress state (Figure 1b) and one mechanism is identified (Figure 1c) – summarised 
results of performed qualitative analyses are shown in Table 2. All eigenvalues of the matrix 
½KL þ KGð Þ] are positive thus the identified mechanism is infinitesimal and the stability of the S
structure is ensured. The single modified Simplex module meets all tensegrity features; it means 
that it can be classified as the ideal tensegrity. 
Next, the quantitative analysis was carried out. The module was loaded with a vertical force 

P18 ¼ 10 kN; 20 kN and 30 kN applied to 6th node. The influence of the level of self-
stress state S on displacement q18 (Figure 2a) and the maximum load-bearing capacity ratio 
Wmax (Figure 2b) was considered: 

where Nmax is the maximum normal force and NRd is the load-bearing capacity. 
Normalized self-stress state forces were multiplied by the level of self-stress state S and 

applied to the structure. The minimum applied level of self-stress state Smin provides proper 
identification of the elements (i.e. struts are compressed and cables are tensed). The maximum 
level of self-stress state Smax does not cause the exceedance of the load-bearing capacity of the 
elements. For the single modified Simplex module these levels are equal respectively: Smin = 1  
kN and Smax =110 kN. There can be observed significant differences between the displacement 
q18 calculated using second (II) and third (III) order theory for the lower level of self-stress 
state. The differences between the results obtained from both theories also increase with the 

Table 2. Results of the qualitative analysis of the structures built with the modified Simplex modules. 

No. of single 
modules 

No. of 
nodes 

No. of 
elements 

Degrees of 
freedom 

No. of self-
stress states 

No. of 
mechanisms Classification 

1 6 12 12 1 1 ideal tensegrity 

6 
10 
14 
18 

19 
29 
39 
49 

60 
98 
136 
174 

45 
75 
105 
135 

16 
24 
32 
40 

1 
1 
1 
1 

structures with tensegrity 
features of class 1 

Figure 2. Influence of the level of the self-stress state S on the: a) displacement q18, d) maximum 
load-bearing capacity ratio. 
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increment of the external load. For Smin, the relative error between displacements is equal to 
1967%, 3102%, 4025% respectively for P ¼ 10 kN; 20 kN and 30 kN. In the case of the 
maximum load-bearing capacity ratio, differences obtained for the different levels of the load 
decreases with the rise of the level of self-stress state. For the minimum level of self-stress 
state, the increase of the applied force by 10 kN causes the increase of the maximum load-
bearing capacity ratio by 11 percentage points in cables and by 7.6 percentage points in struts. 
The same change in the level of the applied force but for the maximum level of self-stress state 
causes the increase of the maximum load-bearing capacity ratio by 5 percentage points in 
cables and by 3.2 percentage points in struts. 

3.2 Multi-module modified Simplex tensegrity plate-like structure 

Next, tensegrity plate-like structures built with modified Simplex module are analysed. The 
models consisting with six – the model P6 (Figure 3a), ten – the model P10 (Figure 3b), four
teen – the model P14 (Figure 3c) (Kasprzak 2014, Al Sabouni-Zawadzka & Gilewski 2018), or 
eighteen – the model P18 (Figure 3d) are considered. The structures are supported on the four 
nodes of the bottom surface. 
For each model one mechanism (M) and a number of self-stress states (S) exist (summarized 

results are shown in Table 2). None of the self-stress states identifies correctly the type of elem
ents (that is, what is a strut and what is a cable) so for last part of the analysis superposed and 
normalized self-stress state for the single modified Simplex module is taken into account. 
Beside the above mentioned characteristic features M and S, the structures satisfy require
ments of the characteristics T and C. The feature D cannot be met because of the assumed 
way of connecting modules. All analysed tensegrity plates can be classified as the structures 
with tensegrity features of class 1. 
Then, all structures were loaded with the concentrated vertical forces P ¼ 1kN applied to 

all top nodes. For double-layered grids the minimum level of self-stress state increases with 
the number of modules used in given model and Smin is equal to 6 kN for the model P6, 18 kN 
for the model P10 and 40 kN for the model P18. The maximum applied level of self-stress 
state Smax is equal to 60 kN so the maximum load-bearing capacity ratio differentiate between 
87% (P6) and 95% (P18). 
The maximum displacements of top nodes are shown in Figures 4a, 4b, 4c, and the max

imum load-bearing ratio is shown in Figure 4d. The most significant difference between the 
displacements calculated using second (II) and third (III) order theory can be observed for the 
structure built with six modified Simplex modules. However, the difference decreases with the 
increase of the level of self-stress state – for the six-module structure the highest relative error 
between displacements is 28% (for Smin ¼ 6 kN) and the lowest error is 2.2% (for 
Smax ¼ 60kN). The largest displacements are calculated for the structure built with 18 mod
ules. Comparing the maximum load-bearing capacity ratios, there is no significance difference 

Figure 3. Top view of tensegrity plate-like structure models a) P6, b) P10, c) P14, d) P18. 

131 



4 

Figure 4. Influence of the self-stress state on: a) the maximum x displacements, b) the maximum 
y displacements, c) the maximum z displacements, d) the maximum load-bearing capacity ratio. 

for the models P6 and P10. For P14 and P18 this ratio slightly rises. Additionally, with the 
increase of the level of self-stress, the differences between the maximum ratios of struts and 
cables decrease. 

CONCLUSIONS 

In this paper, the qualitative and quantitative analyses of the structures built with modi
fied Simplex modules were performed. The analysed structures were classified as ideal 
tensegrities or as structures with tensegrity features of class 1. In both cases, the presence 
of self-stress states and infinitesimal mechanisms lets to control its static parameters. The 
rise of the level of self-stress provides the decline of the nodal displacements and the 
decrease of the impact of the geometrical nonlinearity. The influence of the nonlinearity 
is also affected by the minimal possible level of self-stress state. If it is almost equal to 
zero, the influence of the nonlinearity is significant and the third order theory needs to 
be applied. It can be observed in case of the single modified Simplex. If the minimum 
level of self-stress is higher, the influence of the nonlinearity decreases and the quasi
linear approach (second order theory) is sufficient. It should be noted that the minimal 
level of self-stress state is higher for structures consisting of higher number of modules. 
It means that for the structures built with a large number of modified Simplex modules 
the second order theory analysis is sufficient. 
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ABSTRACT: As the interlock of U type ArcelorMittal steel sheet pile wall is located on the 
neutral axis, where the shear stress is maximum, it is very important that the connection is 
solid and strong enough to transfer the shear stress from one pile to the other. A solution is to 
crimp the interlock to guarantee the shear force transmission. Nowadays the shear resistance 
of the crimped sheet piles is limited by the power of the crimping press and the occurrence of 
cracks in the crimped areas. Furthermore, the value can only be obtained by mechanical test
ing, which should be performed for each sheet pile profile. ArcelorMittal R&D developed 
a numerical model that simulates the crimping mechanism, as well as the shear (compression) 
test used to determine the shear resistance and stiffness. This Abaqus® model was calibrated 
and validated using a wide range of experimental data of crimping tests and compression tests 
performed at the mills in Belval (LU) and Dabrowa (PL). Based on numerous numerical 
results, correlations were developed and verified between the different influencing parameters 
and the effectiveness of the tool (crimping force, tool displacement, final depth of the crimped 
point, shear force, tool massiveness. . .…). These formulas present a simplified method to cal
culate the shear resistance of each performed crimping point along the sheet pile length. 

INTRODUCTION 

U-type ArcelorMittal steel sheet piles are usually driven as double or triple piles (Figure 1). As 
the common Larssen interlock is on the neutral axis, it is important to ensure the shear stress 
transfer through the connection. The common interlock should then be solidarized, otherwise 
reduction factors according to the EN 1993-5 will be applied, implying a bending resistance 
reduction up to 50%. The wall would also allow unwanted oblique bending. 
The standard solution is to crimp the common interlock in such a way that it guarantees the 

transmission of the shear force through the interlock. In this way two single U piles act as one 
double pile. Thus, the mechanical properties of a sheet pile wall, built-up of double U piles, 
generally come very close to the properties of the continuous wall. The crimping point should 
satisfy the stiffness and shear resistance level as defined in the German design recommenda
tions EAU, determined by mechanical tests until now. The shear resistance at 5 mm of dis
placement should be at least 75 kN/point, which implies a minimum required stiffness of 15 
kN/mm/pt. EN 1993-5 and prEN 10248 (Annex E) will allow a 10 mm displacement for the 
ultimate resistance of the crimps. 
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Figure 1. Examples of U sheet pile wall. 

The following article details the development of an Abaqus® numerical model to simulate 
both the crimping mechanism and the compression test used for determination of shear resist
ance and stiffness. The numerical models were calibrated based on previous mechanical tests 
performed in ArcelorMittal Belval (LU) and Dabrowa (PL) mills. This will allow a theoretical 
definition of the crimping points characterization and of the role of the different parameters 
(including but not limited to the crimping force, the sheet pile material, the interlock geometry 
and the tool geometry). 
Defining the crimping resistance theoretically avoids large tests campaign and provide sav

ings in terms of cost and time. Having such correlations will allow to calculate a lot of crimp
ing configurations considering a large amount of parameters. It becomes thus possible to 
optimise the crimping process knowing the limitations of the available crimping machine and 
tool geometry. 

2 ABAQUS® FINITE ELEMENT MODELING DEVELOPMENT 

2.1 Outlook 

The crimping is performed at ArcelorMittal production site with a press capable of driving 
a 3-headed tool into the interlocking part of two sheet piles with a force of up to 280 Tonnes. 
The result is a triple clinch-like forged deformation holding both sheet piles together. The con
nection has to withstand the shear forces occurring when the sheet piles are driven into pos
ition. A compression test is prescribed to test this shear resistance. The crimped interlock 
section is subjected to (shear) compression while the displacement and the compression force 
are logged (Figure 2). The by standard prescribed minimum strength is 75 kN at 5 mm dis
placement per crimped point. 

2.2 Experimental data 

The logged data of crimping campaigns performed from 2008 until 2016 on a PU32 profile, 
was provided by ArcelorMittal Global R&D. The data includes the position of the crimping 
cylinders and the forces they exercise as a function of time, as well as the final depth of the 
crimped points. The data covered additionally geometric measurements and material 
properties. 
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Figure 2. Shear compression test set-up with data log and minimum requirement (scheme of crimping 
point from prEN 10248). 

2.3 Numerical simulation 

In this section the methodology to perform simulations of the crimping process and the shear 
compression test is detailed. The output of the crimping simulation is used as input for the 
shear compression test to account for deformation and strengthening of the material. There
fore, this simulation is treated first. 
The crimping is done by pressing a triple tool into the sheet pile interlocks. The sheet pile is 

supported by an anvil. Its position relative to the zero plane is named dYS. The displacement 
of the tools during the contact is called dYC. The final crimping depth after retreat of the 
tools (and spring back) is called FD and the maximum crimping force FC. 
The area around the crimping points, is meshed with 3D elements. The rest of the sheet pile 

is meshed with shell elements which are connected to the local area model using shell-to-solid 
coupling. The material behavior is elasto-plastic with a steel grade S 430 GP, while the tools 
are modelled purely elastic. Boundary conditions are applied to the ends of the sheets: sym
metry on one end and pinned on the other (Figure 3). 
The normal contact definition is “hard” (meaning any overlap is countered by a penalty 

force) and a tangential friction coefficient is prescribed. The friction coefficient of 0.2 was 
used in the simulations. To ensure that this choice won’t have influence on the model calibra
tion, simulations with coefficients from 0.1 to 0.3 showed that this coefficient has a negligible 
effect on the result. 
The full sheet pile model allows including the influence of gravity and the twisting of the 

sheet piles during the crimping process. 

Figure 3. Full sheet pile model mesh with boundary conditions. 
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Figure 4. Initial conditions for the shear test simulation. 

The shear compression test is modelled by taking the deformed local crimping area from 
the crimping simulation, including the residual stresses and the work hardening of the mater
ial, and subjecting it to a prescribed displacement of 10 mm, as defined by the standard and 
illustrated in Figure 2 in section 2.1. The deformation, hardening and residual stresses of the 
crimping operation are included at the start of the simulation (Figure 4). The front of the 
bottom sheet is pinned, while a translation of 10 mm is prescribed at the end of the top sheet. 

3 RESULTS AND MODEL CALIBRATION 

In this section the simulation methodology is validated against experimental data from 2016 test
ing campaign, by referring to an average chosen point. The true interlock geometry as well as the 
material data derived from the tensile test was used to numerically reproduce the test result. 
The simulation crimping curve is compared to the experimental value (Figure 5). The calculated 

final depth of 13.67 mm is almost identical to the experimental value of 13.37 mm. In addition, 
the sheet pile behaviour is similar in terms of stiffness to the test result. This model can therefore 
be considered fully, qualitatively and quantitively, validated for the crimping simulation. 
In Figure 6 below, a few simulation results are compared to the experimental data in the 

form of compression curves (only one full compression curve was provided). It is clear that 
the shearphnomenon is captured well, both qualitatively and quantitatively. 

4 CORRELATIONS WITH CRIMPING PARAMETERS 

Results of the crimping operation and compression shear test depend on several input param
eters (for instance adherence to geometric tolerances). In this section, the simulations results 
are used to correlate the maximum crimping force FC, the final crimping depth FD and the 
shear force at 5 mm compression F_5mm or F5 to various parameters. These correlations can 
then be used for fine-tuning of the real process. 

4.1 Design of experiments 

The effect of the following parameters will be studied: 

a) Crimping tool displacement dYC: Depth of the crimping, ranged from 13 to 18 mm 
b) Position of the support anvil dYS: Amount of the lifting, ranged from -4 to 4 mm 
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Figure 5. Crimping curves: comparison of full sheet model results to experimental data. 

Figure 6. Comparison of simulated shear force curves to experimental data (heavy line). 

c) Material properties: yield point Re and strengthening capacity n: Definition of a straight 
tensile curve by defining stress at yield (Re) and at 100% strain (Re+n), ranged from 400 to 
600 MPa for Re and from 500 to 2500 MPA for n. 

d) Geometry of the sheet pile interlocks: SheetFullness, ranged from 0.9 to 1.0 of the nominal 
dimensions. 

e) Massiveness of the tool: scale. This parameter depends on the tool shape. Ranged from 0.5 
(slender) to 2.0 (massive). A value of 1.0 corresponds to the current tool. 
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4.2 Correlations 

In the following section, only the most important conclusions are treated. 
The final depth FD is correlated very strongly to the tool displacement dYC (Figure 7). The 

position of the support anvil dYS and the material are the only other parameters who have 
a minor influence on the final depth. For the maximum crimping force FC and the shear force 
F_5mm such strong singly determined correlations don’t exist. The strongest correlations are 
FC(FD) and F5(FC). Both parameters are linearly correlated with both the final depth FD 
and the sheetFullness. 
The position of the support anvil has a complicated, but significant influence on FC 

and F_5mm and even on FD (as a rare parameter apart from dYC). The results relate 
linearly to dYS for negative values, but strongly non-linearly for positive values. 
Understandably the strength of the material has an influence on the crimping force FC and 

the shear force F_5mm. Due to springback it also a non-linear has an influence on the final 
depth FD. 

Figure 7. Correlation of finalDepth with dYC. 

The derived correlations are summarized in the Table 1 below. 

Table 1. Summary of the derived correlations. 

Parameter Correlation 

FD = –0.1085 + 0.93 × dYC (1) 

FD 

FD = 1.332 + 0.758 × dYC -0.223 × dYS - 0.022 × dYC × 
dYS + 0.0056 × dYC2+0.0086 × dYC2 +0.0097 × dYS 2 × 
dYC + 0.00056 × dYC2 × dYC - 0.00035× dYC2 × dYS2 

FD = 0.314 + 0.961 × dYC - 3.4 × 10-4 × Re-2.648 × 10-4 × 
n + 5.426 × 10-8 × n2 -4.103 × 10-6 × dYC × Re - 2.068 × 
10-5× dYC × n + 1.297×10-7 × Re × n 

(2) 

(3) 

(Continued ) 
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Table 1. (Continued ) 

Parameter Correlation 

FC 

FC = -9.552 × FD + 31.641 × FD × sheetFullness + 31.778 
× sheetFullness - 88.086 

FC = 10.55 + 11.69 × dYC + 16.23 × dYS - 2.63 × dYC × 
   dYS + 0.291 × dYC2 + 0.203 × dYS2 + 0.199 × dYS2 × 
   dYC + 0.0688× dYC2 × dYS - 0.0137 × dYC2 × dYS2

 FC = - 9.58 + 1.434 × dYC + 1.38 × 10-2 × Re - 2.889 × 10
2 2  × n + 3.991 × 10-2× n + 1.837 × 10-2 × dYC × Re + 6.239 
× 10-2  × dYC × n + 8.431 × 10-2 × Re × n 

(4) 

(5) 

(6) 

FC 

F_5mm = 22.046 × FD - 8.942 × FD × sheetFullness + 
384.518 × sheetFullness - 460.676 

F5 = - 56.14 + 9.35 × dYC + 4.25 × dYS - 0.346 × dYC × 
   dYS + 0.0401 × dYC2 + 7.7 × dYS2 - 1.06 × dYS2 × dYC + 

   0.00152 × dYC2 × dYS + 0.0358 × dYC2 × dYS2

F_5mm = - 22.3 + 3.5 × dYC - 0.0913 × Re + 0.00264 × n 
  3.63 × 10-6 × n2 + 0.0125 × dYC × Re + 0.00144 × dYC × 

 n - 3.12 × 10^-7 × Re × n 

(7) 

(8) 

(9) 

Where: 
FD: Final crimping depth 
FC: Crimping force 
F_5mm: Compression shear force @ 5 mm displacement 
dYC: Crimping displacement 
dYS: Position of the lower anvil vs zero plane 
Re: Yield point of the sheet pile material 
N: Strengthening of the material 
sheetFullness: Factor describing the sheet pile interlock thickness 

CONCLUSIONS 

In this paper, a sheet pile crimping simulation methodology, as performed in ArcelorMittal Belval 
plant, and the subsequent compression shear test is presented. The model was validated against 
experimental data provided by AM Global R&D. This model was used to set up correlations 
between the crimping performance (such as the required crimping force and the shear resistance in 
the compression force) and various parameters of the crimping process. These correlations can 
now be used in the factory line to perform the current crimping under optimum circumstances, as 
well as to calculate numerically the crimping point characteristics, that is nowadays only possible 
with mechanical tests. Moreover, the study highlighted the most influencing parameters of the 
crimping process on the crimping resistance, allowing to target precisely the optimization. 
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ABSTRACT: The study presents the results of steel I-beams’ numerical analysis performed 
using Finite Element Method implemented in ABAQUS software. An influence of bimoments 
restraints on critical moment of bending and load-bearing capacity of steel I-beams were 
investigated. Studied beams were bisymmetric I-section, single span and fork-supported at 
both ends. An external load was applied as a concentrated force in the middle of the span. 
Geometrically and materially nonlinear analysis with imperfections (GMNIA) was applied. 
The initial curvature was obtained from the first mode of Lateral-Torsional Buckling in LBA 
in ABAQUS software. The amplitude of initial imperfection was calculated accordingly to 
new LTB design rules and their derivation (the Snijder’s approach). Results were compared to 
Eurocode’s “General Formula” and LTBeamN software. Bimoment restraints were defined as 
steel plates connected to both flanges in a plane parallel to the element’s web. The side plates 
working as a bimoment restraints were added to the computational model for different values 
of initial external load, which allowed to estimate its strengthening effect in existing I-beams. 

INTRODUCTION 

The steel I-beams are widely applied as bending members in building structures. In case of 
lack of additional lateral support the load-bearing capacity is often determined by lateral-
torsional buckling of the element. The phenomenon is related i.e. with the buckling of the 
compressed flange of an I-beam and causes rotation along the longitudinal axis of the element. 
This initiates the warping effect which imposes rotation between two flanges caused by 
bimoments. 
There are many parameters and physical characteristics that affect the lateral-torsional 

buckling. The most important are geometrical properties of beam’s cross section (visible in the 
moments of the area) and its length. What is more, it is crucial to properly represent existing 
support in calculations. This requires to include warping degree of freedom and possibility of 
lateral bending at supports. Calculating load-bearing capacity of hot-rolled elements is similar 
to thin-walled members, where for a beam structure scheme 3 translational and 3 rotational 
degrees of freedom (DOF) are not sufficient to evaluate load-bearing capacity. 
The slenderness is a parameter correlated to the length and cross-section of an element as 

well as type of its supports. The bigger the slenderness the more vulnerable the element is to 
lateral-torsional buckling. 
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The next group of factors that influences the loss of stability are the parameters correlated 
to the type of load and its location in respect to the shear centre of the an I-beam. 
The value of the maximum bending moment for an ideally-shaped element (without any imper

fections) is called the critical moment (Mcr). The new edition of the Eurocode 3 (CEN, 2006) does 
not provide any method of calculating it. However, a method can be found in the older versions 
of European Standard 3 (CEN, 1992) or other codes under the name of “General Formula”. 
Additional non-dimensional factors such as C1, C2, C3 or kz and kw, are introduced as there 

is no simple calculation of critical moment for simply supported beam with non-fork support 
or non-centre alignment of the load. The general differential equation can be solved using trial 
and error method (Galambos, Surovek, 2008) or be approximated using e.g. Laplace trans
formation (Bosowski, 2015). 
Factor kz and kw take values from 0.5 to 1.0 (where 0.5 means full fixity on both support 

and 1.0 means full pinned support). 
In the research (Wierzbicki, 2018), the influence of endplates on the increase of the load-

bearing capacity of an I-beam was examined. To achieve a significant impact it was necessary 
to strengthen the I-beam (type IS-300/150/S355JR L=5.0 m) with 40 mm thick endplates. For 
thickness of 80 mm the increase in the load-bearing capacity was almost unnoticeable. It is 
highly unusual to apply plates thicker than 40 mm in elements such as IPE160 – IPE400 or 
HEA equivalents, which are the most popular hot-rolled I-beams. It is hard to fix those plates 
using welding, because due to a big difference in thickness the thicker element requires pre
heating as to not influence the temperature of the welded joint. 
To achieve significant increase of the load-bearing capacity of an I-beam under bending 

with lateral-torsional buckling it is possible to strengthen the cross-section with additional 
elements. Use of elements that connect top and bottom flanges in a plane of bending, allows 
to increase the value of Saint Venant’s stiffness needed to reduce the warping effect. The 
examples of this solution are transverse ribs along the length of the beam, the X-shaped 
spacer, diagonal or orthogonal ribs (Chybiński, Garstecki, 2016 & Chybiński, 2008) closed 
steel diaphragms or bimoment restraints (Kurzawa, 2006). This study focuses on the latter 
solution. The reduction of the χLT coefficient required in some cases is sometimes impossible 
to achieve due to already existing loads or limited space for enlarging the compressed flange 
(generally the top one) which can be fixed with other elements such as concrete slabs, trapez
oidal sheet or sandwich panels. Increasing the load-bearing capacity of an I-beam using bimo
ments restraints requires only a small amount of additional steel and simple welding in 
comparison to other methods of strengthening which require extensive works. 
This paper is an extension of previous studies (Wierzbicki, 2020) which investigated the 

effect of restraint on load-bearing capacity of an I-beam. 

2 MATERIALS AND METHODS 

2.1 Geometrical and material properties of the beam 

A hot-rolled, steel I-beams IPE200 with three lengths of 2.5 m, 5.0 m and 7.5 m were taken 
into consideration. They are simply and fork supported at the ends. The load is applied as 
a concentrated force in the middle of the span, located at the top flange in the plane of the 
web. The I-beams were modelled using bilinear stress-strain model of S355JR steel. To 
enhance the load-bearing capacity of bending, four longitudinal stiffeners were rigidly con
nected to inner sides of the flanges. Dimensions of each plate are 183 mm x 183 mm with 
20 mm thickness. Due to fork and pinned support at both ends the maximum warping occurs 
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there. Due to this additional plates were fixes at supports. That location proved to be the 
most efficient (Piotrowski, Szychowski, 2015 & Iwicki, 2010). 

2.2 Methods 

Calculations were conducted in ABAQUS CAE environment. The beams were modelled using 
25 mm S4R shell elements. First of all, for each beam the shape was determined for a normal 
mode and the geometry was assumed based on this result. Similar approach can be seen e.g. in 
(Giżejowski, 2016 & 2017). The next step of the analysis was to apply a load and in some 
cases additional longitudinal stiffeners for different load values. Then, non-linear analysis 
(using the Riks method) was carried out to calculate the maximum value of load that can be 
applied to model. To simplify the calculations and due to the fact, that at supports the value 
of bending stress in I-beam is rather insignificant, the influence of welding was omitted. 
Authors will consider this phenomenon in further studies. 

Figure 1. Geometrical characteristics of I-beams with bimoment restraints, similar to (Wierzbicki, 2020). 

Figure 2. Stress-strain relation included in the calculations, as in (Wierzbicki, 2020). 

To show the influence of added restraints at certain load levels the outcomes were presented 
as a relation of the load and lateral displacement of a node in the middle of the span. 
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This analysis includes non-linear geometrical and material imperfections (GMNIA). The 
value of geometrical imperfection’s amplitude was calculated based on (Rykaluk, 2012 & Snij
der, 2018): 

where αLT – imperfection factor, for h/b > 1.2: 

3 RESULTS AND DISCUSSION 

3.1 Results for a beam with L=2.5 m 

Figure 3. Correlation between load and lateral displacement for 2.5 m I-beam. 

3.2 Results for a beam with L=5.0 m 

Figure 4. Load versus lateral displacement of node from the top flange in the middle span for 5.0 m 
I-beam. 
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3.3 Results for a beam with L=7.5 m 

Figure 5. Load versus lateral displacement of node from the top flange in the middle span for 7.5 m 
I-beam. 

3.4 Comparison and discussion 

The shorter the beam, the bigger differences between load bearing capacity after strengthen
ing. It can be seen that addition of restraint at the location of rapidly growing lateral displace
ment can strengthen the beam significantly. Nevertheless, adding the restraints to the beam 
which is almost at its load bearing capacity limit should be done using special safety measures, 
because during welding of the restraints there is always a danger of weakening the construc
tion due to post welding stress and reduction of yield strength due to growth of temperature. 
The less loaded the construction is during strengthening with bimoment restraints the bigger 
load bearing capacity will be reached in the end. 
The values of elastic critical moment of bending without any stiffeners were calculated in 

three ways (Table 1). First of all, the same model as described in paragraph 2.1 was taken into 
consideration. Secondly, the same geometrical parameters of beams, supports and load were 
modelled in LTBeam software. Then, calculation were conducted according to the General 
Formula. The biggest differences can be spotted for the shortest beam. The 2.5 m IPE200 is 
too short to be analyzed properly (without significant differences to more complex models) 
using beam object (as in LTBeam) or without taking into consideration shell structure in 
a membrane state (L/h = 12.5 < 20). 
Table 2 shows a comparison between elastic critical moment values for models with longitu

dinal restraints 183x183x20 mm (as described in paragraph 2.1) and model with rigid, non-
deformable plates. It can be seen that the solution gives similar results as a full rigid support 
for warping. Results from LTBeam and ABQAUS model are almost the same (with the big
gest deviation between them for the shortest beam). 

Table 1. Values of the elastic critical moment for beams without imperfections and longitudinal stiff
eners – buckle modes. 

ABAQUS General
 
Length [m] shell S4R LTBeam Formula eq. (1)
 

2.5 60.61 63.54 64.19 
5.0 29.39 29.90 30.33 
7.5 20.03 20.32 20.65 
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Table 2. Values of the elastic critical moment for beams without imperfections and with longitudinal 
stiffeners – buckle modes. 

ABAQUS shell S4R ABAQUS shell LTBeam rigid 
Length [m] stiffeners 183x183x20 mm S4R rigid stiffeners stiffeners 

2.5 109.20 113.28 115.49 
5.0 39.74 39.85 40.22 
7.5 24.02 24.09 24.29 

CONCLUSIONS 

Strengthening the steel I-beam by adding bimoment restraints at the ends of a simply and fork 
supported beam causes a significant increase in the critical moment of bending and – as 
a consequence – the load bearing capacity of an element. The use of typical 10-20 mm plates is 
sufficient to limit the warping of the element. There is no need to increase the thickness of the 
plates. 
The increase of load-bearing capacity after strengthening a loaded beam is correlated to its 

slenderness. The more slender the beam the lower the strengthening effect will occur when the 
load is applied (except for stocky beams, where load-bearing capacity of element is defined by 
plastic resistance in major axis bending). The more load is applied to the beam during 
strengthening the lower influence on stability can be obtained. The bigger the load before 
adding restraints the smaller the increase of load bearing capacity at bending. It is important 
to strengthen the beam before reaching the plastic operation, because then the strengthening 
effect is the most significant. For the purpose of this study an assumption was made, that 
welding the bimoment restraints at the ends of a beams can be omitted in modelling due to 
negligible values of stresses there. However, it will be taken into consideration during further 
studies. That problem require more complex analysis. 
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Simplified approach to assess the dynamic response of a container 
ship subjected to bow slamming load 

K. Wołoszyk & M. Bogdaniuk 
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Faculty of Ocean Engineering and Ship Technology, Gdansk University of Technology, Gdańsk, Poland 

ABSTRACT: Simplified approach to assess the dynamic response of a container ship sub
jected to the bow slamming load, resulting in a transient vibratory response, typically called 
a ‘whipping’, is presented. The accurate numerical modelling is very complex and involves coup
ling of the hydrodynamic and structural solution at every time step, leading to huge computa
tional and workload cost. Thus, the one-way coupling methodology is adopted, and 
hydrodynamic loads are derived using linear strip theory in the first step and applied to the FE 
beam model. Structural response is obtained in the time domain using an explicit dynamic 
solver. Extreme bending moment is derived and compared with the normative values of the 
wave-induced bending moment. Comparing to more accurate methods, the presented approach 
seems to overestimate the bending moment and leads to a conservative design. Thus, it may be 
used in the early stages of the design, where fast and reliable methods are essential. 

INTRODUCTION 

During heavy sea conditions, the ship’s bow oscillates vertically, resulting in impulsive high-
pressure values, called slamming. This results in transient vibrations of the ship. The occur
rence of whipping could be visible in Figure 1, where stress measurements at the weather deck 
during a full-scale sea trial of the frigate are presented (Tuitman 2010). The response seems to 
be non-impulsive in general; however, after around 1355 seconds, the ship starts to whip. The 
stresses are notably increased concerning quasi-static response. The slamming loading 
increases not only global response, but local pressure loads are increased as well. The transient 
vibratory response could be critical not only for ships but for inland structures too, e.g. 
bridges (Wang et al. 1992) or railway tracks (Costa et al. 2010). 
The whipping response is well known for many ship types (Aalberts and Nieuwenhuijs 

2006). Due to the rapid growth of container ships size, whipping becomes a more important 
effect influencing ship structural response. Container ships have relatively low stiffness in 
comparison to their length. In recent years, the problem was analysed in the experimental and 
numerical domain. In the experiments, both model tests (Storhaug et al. 2010) and full-scale 
measurements (Gaidai et al. 2016, Mao et al. 2015) were carried out. In model testing, the 
tests are usually quite expensive, and only a limited number of cases could be investigated. It 
is very hard to simulate the flexibility of the real ship. The results of such experiments are also 
subjected to high uncertainties. In numerical calculations, many authors explored different 
modelling techniques (Barhoumi and Storhaug 2014, Malenica and Derbanne 2014). 
The numerical modelling of whipping is very complex and involves coupling of the hydro

dynamic and structural solution at every time step. The whipping simulation tool must consist 
of hydrodynamic (seakeeping and slamming), structural and coupling part. In each of these 
parts, different modelling method could be adopted. Even separate modelling of nonlinear 
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Figure 1. Measured stress during full-scale trials of the frigate (Tuitman 2010). 

hydrodynamic part is very challenging. The procedure used for hydroelastic analysis utilises 
the potential flow theory for the hydrodynamic part, and 3D FE or beam model for the struc
tural part. Nowadays, seakeeping models based on complex CFD calculations were devel
oped. However, there are very sensitive to different numerical parameters and require huge 
CPU requirements. 
Although the two-way coupled approach gives the most accurate results regarding whipping 

contribution, the one-way coupled approach could be adopted for the first estimation. This 
type of approach could be adopted in the initial design stage to avoid very complicated calcu
lations. In the presented analysis, the hydrodynamic loading and structural response are 
assumed to be independent. 

SHIP MOTIONS ANALYSIS 

In the final strength assessment case, the three-dimensional seakeeping calculations are to be 
performed to obtain the ship motions. However, for the first estimation, the simplified ship 
motion closed-form expressions presented by Jensen et al. 2004 could be utilised, where the 
ship hull is considered non-deformable. 
The frequency response functions for a box-shaped vessel can be derived analytically by the 

linear strip theory (Gerritsma and Beukelman 1964). The equations of motions (heave and 
pitch) for a given wave amplitude a are equal to (Jensen 2001): 

where k is the wave number, ! is the wave frequency, B and T are the breadth and draft of 
the box. The encounter frequency !e is equal to , where V is the ships 
forward speed, f is the heading angle (180 degrees for head sea), . 

The sectional hydrodynamic damping is modelled as a ratio between incoming and dif
fracted wave amplitude: , the forcing functions F and G are 
then equal to: 

where is the effective wave number and . The Smith 
correction factor r is taken approximately as .
 
Solutions of Equations 1 result in frequency response functions:
 , 

where 
The resulting frequency response functions for the vertical motion u ¼ w xB and the 

velocity in a longitudinal position, x from the centre of gravity are equal to: 
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However, to evaluate the slamming load, one needs the relative vertical motion r x; tÞ conð 
cerning the wave ð Þ: ð ð Þ  ð Þ ð .elevation h x; t r x; tÞ ¼ w t xB t h x; tÞ The relative motion in 
a position x is equal to: 

where ( x " r þ kex, and " e need to satisfy the following terms: ð Þ ¼ " e þ and " r 

The presented equations are derived for the box-shaped floating object. To evaluate the 
ship motions, the breadth B is replaced by the BCb. 

BOW FLARE SLAMMING LOAD 

To estimate the slamming load acting on a bow of a containership, the simplified equations 
shown by Zhao and Faltinsen 1993 could be used. The bow hull geometry is treated as 
a wedge (see Figure 2a). 
The impact force per unit length due to slamming in a particular moment can be approxi

mated as: 

where , is the dynamic pressure coefficient, p is the water density, a is the dead-
rise angle of wedge section and ts is the time accounting for the water rise-up at maximum 
immersion, equal to: 

where is the local breadth, which could be calculated equal to Bl ¼ !H andBl tana, 
!H ¼ 0:75ðDepth DraftÞ in m. 
The section which represents the slamming section could be taken at the location 

x ¼ 0:95L. The deadrise angle a is a mean from the four points as presented in Figure 2b. 

4 NUMERICAL EXAMPLE 

4.1 Analysed ship 

As a reference model for the whipping analysis, the 14500 TEU container ship has 
been chosen. The ship dimensions are: length between perpendiculars of 347 m, breadth of 
48.2 m, depth of 29.85 m and the general arrangement of the ship is presented in Figure 3. 

Figure 2. Deadrise angle and local breadth of wedge section a) and calculation procedure b) (American 
Bureau of Shipping 2014). 
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Figure 3. The general arrangement of the container ship. 

4.2 Slamming force 

The 25-year significant wave height is considered as presented in IACS Recommendation 34 
(International Association of Classification Societies 2001), considering regular wave. The 
slamming force is calculated for all wave periods, and the wave height, which maximises the 
slamming force, is chosen. Figure 4 presents the dependency between the wave period and the 
slamming force. 
The maximum slamming force is for a wave height of 15.3 m and a period of 11.5 seconds. 

For that wave height, one can consider the 0:25V as a ship speed. The service speed for the 
considered ship is equal to 22 knots, so 5.5 knots is the velocity for a particular wave height. 
The wave length can be estimated equal to: 

The encounter frequency for a considered case is equal to 0.5236 rad/sec. The coefficient of 
sectional hydrodynamic damping A is calculated equal to 0.3541. The forcing functions F and 
G are equal to 0.38592 and 0.005624, respectively. The resulting ship motions are as follows: 
bow motion – 10.355 m, bow velocity – 5.973 m/s, relative bow motion – 17.638 m, relative 
bow velocity – 10.175 m/s. The latter value is used to calculate the slamming load. 

The slamming section’s local breadth is equal to 11.3 m, and the deadrise angle is equal to 
45.6 degrees. The maximum slamming force is equal to: 

4.3 FE model 

Based on the information about weight distribution and the longitudinal variation of the 
cross-sectional moment of inertia, the beam model employing CBEAM elements and 

Figure 4. Slamming force in the function of wave period. 
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Figure 5. FE model of the container ship with the applied load. 

commercial software FEMAP has been prepared. The assessment of dynamic transient 
response is done with the assumption that the bending moments generated by the slamming 
load could be superimposed with the still water and wave-induced bending moments. Never
theless, one needs to consider missing boundary conditions. It is well known that the ship hull 
can be considered as a beam with spring supports. Each node is supported by the spring elem
ent having two characteristics: stiffness and damping. The sectional stiffness can be calculated 
from the buoyancy force: 

where Bi is the ship breadth on the waterline in the longitudinal position of the considered 
node and li is the mean length of the adjacent elements. 

Furtherly, the sectional hydrodynamic damping can be calculated as follows: 

where A is the hydrodynamic sectional damping, ki is the hydrodynamic sectional stiffness 
calculated from Eq. 10 and mi is the total mass of the considered section. 

Lastly, it needs to be pointed that during ship vibrations, not only the hull mass is oscillat
ing, but hull induces the acceleration of some amount of fluid mass. This effect is needed to be 
included as additional inertia to the system, and it is well-known as a so-called ‘added mass’. 
The added mass of the section is assumed as a mass of displaced water. The added mass is 
incorporated in the FE model by adding non-structural mass to the beam elements. 
The slamming time-history is modelled as a linear function starting from a zero value at the 

moment that bow is hitting the wave up to the maximum value within the time ts as calculated 
by Eq. 7, and then drops to 0 value again. The total duration of the simulation is taken 5 
seconds, as a multiplication of a couple of vibration periods of the lowest natural mode, 
which was obtained by solving an eigenvalue problem. Furtherly, the time step has been 
derived as a fraction of one of the highest natural modes. The beam FE model with the 
applied slamming load as a nodal force is presented in Figure 5. 

RESULTS AND DISCUSSION 

The bending moment time-histories for each section are derived. In Figure 6, the bending 
moment charts for sections in 1/4, half and 3/4 of the ship length are presented. Notable, in the 
midship section, the bending moment is dominated by 2-node vibrations. In the case of sections 
in 0.25 L and 0.75 L, the bending moment results from the superposition of 2-node and 3-node 
vibrations. Apart from these major contributors, the influence of other vibration modes is vis
ible too. The bending moment is in the range between -2000 MNm up to 2000 MNm. 
Nevertheless, the maximum bending moment is obtained for the section located in 0.4 L. The 

value of the maximum bending moment is equal to 2509 MNm in hogging condition. In the 
case of the sagging condition, the maximum bending moment is equal to 2304 MNm. 
To see the influence of whipping-induced bending moment, the maximum value from Sec

tion 6 is compared with the wave-induced bending moments calculated in accordance with 
IACS UR S11A (International Association of Classification Societies 2015). 
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Figure 6. The bending moment [Nm] time-history for cross-sections x = 0.25 L, x = 0.5 L and x = 0.75 L. 

Table 1. Influence of whipping moment in the total dynamic bending moment. 

Wave-induced 
moment Mw 

Whipping bending 
moment Mwhip Mwhip/Mw 

Total bending 
moment 

[MNm] (UR S11A) [MNm] [%] [MNm] 

Hogging 
Sagging 

8462 
9233 

2509 
2304 

29.7 
25.0 

10971 
11537 

The comparison of whipping contribution for both sagging and hogging condition is pre
sented in Table 1. 
It could be concluded that whipping phenomena significantly impact the total dynamic 

bending moment and need to be considered from the beginning of the analysis of the 
strength of container ships. Nevertheless, when compared with the fully coupled analysis 
(Tuitman 2010, Malenica and Derbanne 2014), the whipping influence could be possibly 
overestimated. 

6 CONCLUSIONS 

The presented work investigated the whipping influence on the container ship’s longitudinal 
strength, using a simplified approach. Compared to the more advanced techniques, the pro
posed method was swift and practical, especially when considering initial design stages. The 
calculated influence of whipping bending moment into the wave-induced bending moment 
reached the level of 30%, which seems to be overestimated value when compared to the fully 
coupled analysis, which could lead to the conservative design. The maximum bending 
moment  has been achieved in the  section lying  on the 0.4  lengths  of the  ship and not  in the  
middle. The 2-node vibrations were the main component influencing the bending moment 
in the midship cross-section, whereas, in the case of sections located in the ¼ and ¾ of the 
ship’s length, both 2-node, as well as 3-node vibration modes, contributed to the bending 
moment value. 
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Cold-formed perforated uprights: Experimental evaluation of 
M-N domains 

N. Baldassino, M. Bernardi & R. Zandonini 
Università di Trento, Trento, Italy 

ABSTRACT: Adjustable pallet rack systems are framed structures made of cold-formed 
steel profiles. The columns of these systems usually are open mono-symmetric perforated pro
files. Their design ask for a mixed approach, which combines experimental and analytical 
evaluations. In service conditions, uprights are mainly subjected to a combination of axial 
force and bending moments. The main features of these profiles and their variability in terms 
of sections geometry and layout of perforations stress the need of ad hoc investigations. The 
study presented in this paper focuses on a typical commercial rack upright, which was experi
mentally investigated under ‘pure compression’ and under a combination of axial load and 
bending moment, assigned by applying eccentric compression loads. Specimens with a length 
of 1 meter were studied and a total of 9 eccentricities were considered. Results allowed draw
ing the normalized M-N domains, pointing out the remarkable interaction between axial load 
and bending moment. 

INTRODUCTION 

The research presented in this paper focuses on the cold-formed steel profiles commonly 
adopted as columns in steel storage pallet rack systems. These profiles (commonly known as 
uprights) are characterized by a ‘C’-like stiffened open section and, to allow the connection of 
the beams, are provided by a regular pattern of perforations along their length (Moen 2008). 
The cold-forming process locally modifies the steel mechanical properties (Dubina et al. 2013) 
and results in geometrical imperfections that affect the performance of the profiles. The slen
derness of the uprights make them highly sensitive to different types of buckling, i.e. local, 
distortional, and global buckling singularly or in combination (Dinis et al. 2014). The open 
sections, generally characterized by a single axis of symmetry and by a shear centre not coinci
dent with the centroid, make these profiles sensitive as well to torsional instability phenomena. 
The main Standards for the design of cold-formed profiles provide rules for the uprights’ 
safety checks, but their accuracy is limited to unperforated elements with non-complex sec
tions that respect fixed limits in terms of width-to-thickness ratios (EN 1993-1-3:2005). When 
these requirements are not met, the ‘design by testing’ approach is suggested by the Standards 
(Baldassino & Zandonini 2011). Following this procedure, tests allow calculating members 
and sub-assemblies performances to be adopted in design. As to the rack uprights, being the 
profiles perforated, the reference standard EN 15512:2009 suggests a mixed analytical-
experimental approach. Bending and compression tests are required to evaluate the effective 
sections properties, i.e. effective section moduli and effective area. In case of compression 
tests, a key issue is the identification of the centroidal axis of the member. In fact, the presence 
of complex patterns of perforations along the length of the elements results in different resist
ance sections with different geometrical properties. Therefore, it is not possible to define 
a unique centroid for the profile (Baldassino & Zandonini 2011). Buckling phenomena add 
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complexity to the problem, since inducing additional changes of the effective resistance of the 
cross-section. To solve this problem, EN 15512:2009 suggests to select the load application 
point as the one associated to the maximum collapse axial force. Furthermore, to evaluate the 
sensitivity of the members to the different buckling modes compression tests on specimens of 
different lengths are also required to define the buckling curves. 
The experimental evaluation of the profile’s performance under pure compression or pure 

bending does not allow taking into account the combination between them. Nevertheless, it 
should be stressed that uprights are usually subjected to combined axial and bending 
moments. The limited number of studies performed on this topic, although clearly pointed out 
the importance of the bending-compression interaction, are related to a narrow range of 
uprights sections (Bonada et al. 2016, Bertocci et al. 2017, Baldassino et al. 2020). As 
a consequence, the outcomes of these studies cannot be generalized to all the typical available 
sections and, at this purpose, further analyses are required. 
This paper presents the main features and results of an experimental study performed on 

a typical cold-formed perforated open upright section. Specimens with a length of 1 meter 
were tested under ‘pure compression’ and under a combination of compression and bending, 
assigned by applying eccentric compression loads. At this aim, nine load eccentricities were 
considered. The tests outcomes allowed defining the M-N resisting domains. 

2 THE EXPERIMENTAL PROGRAMME 

2.1 The specimens 

The specimens were a typical cold-formed rack upright profile with a mono-symmetric perfor
ated open section. Figure 1 shows a simplified drawing of the section (Figure 1a) and of the 
perforation system of the profile (Figure 1b). The nominal steel grade was S350GD (EN 1993
1-3:2005) and the thickness was of 1.45 mm. For sake of confidentiality, the geometrical and 
mechanical properties of the specimens are not explicitly reported in this paper. 
Specimens had a length of 1 meter, selected according to the typical height of the bracing 

panels in the cross-aisle direction, i.e. the transversal direction, of racks. Both ends of the spe
cimens were welded to a square steel plate with a side of 220 mm and a thickness of 5 mm, to 
allow connection with the testing set-up and the application of the load. To consider the inter
action between axial force and bending moment, tests were carried out under eccentric loading 
conditions. At this aim, different relative positions between the centroid of the plates and the 
centroid of the upright gross section were selected in the y-y and z-z directions (Figure 1). In 
the z-z direction, due to the symmetry of the section, only positive eccentricities with nominal 
values (en,z-z) of +15 mm, +30 mm and +42 mm were assigned (Figure 2). Nominal eccentrici
ties (en,y-y) of -10 mm, -20 mm, -30 mm, -40 mm, +10 mm and +20 mm were adopted in 
y-y direction (Figure 2).The values of the eccentricities were selected to apply the axial load 
within the sectional perimeter and taking into account the dimensional limits of the steel 

Figure 1. Uprights section and perforation system. 
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Figure 2. Eccentricities considered in the tests (dots represent the load application points). 

Figure 3. Convention adopted for positive and negative eccentricities. 

plates welded at the ends of the specimens. For comparison purposes, the case of zero nominal 
eccentricity was also considered. Zero eccentricity means that the centroid of the plates was 
coincident with the centroid of the gross section of the column to allow the application of 
‘pure compression’. Figure 3 shows the convention adopted for the definition of positive and 
negative eccentricities. 

2.2 The experimental set-up and the testing procedure 

Figure 4 presents the experimental set-up adopted in the tests. The specimen was hinged and 
warping prevented at both the ends. During the test the applied load was measured by using 
a loading cell with a maximum capacity of 600 kN in class 0.5 according to EN ISO 376. In 
addition, the vertical displacement of the top end of the specimen was measured by means of 
two 50 mm displacement transducers with a linearity of 0.1% (Figure 4). Before the test, all 
the specimens were measured to evaluate the assigned eccentricity, which had a mean devi
ation respect to its nominal value was less than 1.50%. 
The testing procedure consisted of two phases: an initial loading and unloading cycle up to 

10% of the expected failure load and a subsequent load increasing up to the collapse of the 
specimen. The expected failure load was evaluated by a preliminary test. A total number of 50 
tests were performed: five for each load case. 

2.3 Main results 

Independently on the load eccentricity, distortional instability activated the collapse of the 
specimens, as shown in Figure 5, which presents a collapsed specimen for the case of load 
eccentricity of -40 mm in y-y direction. Tests results are presented in Figures 6 and 7, which 
refer to z-z and y-y direction of eccentricity, respectively. In the figures, for each eccentricity, 
the mean value of the adimensionalised collapse loads (n) is reported. 
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Figure 4. Experimental set-up. 

Figure 5. Distortional collapse of a specimen. 

The collapse loads were normalised with respect to the nominal sectional load carrying 
capacity, i.e. Agfy, where  Ag is the gross area of the upright section and fy is the nominal 
yielding steel strength. Independently on the eccentricity direction, a quite limited scatter of 
the experimental results was observed, with a maximum value of standard deviation equal 
to 0.013. To underline the influence of the eccentricity on the collapse loads for each eccen
tricity, the percentage variation respect to the ‘pure compression’ case is reported in the fig
ures, pointing out the significant influence of the eccentricity, i.e. of the bending moment. 
By increasing the eccentricity, an approximately linear decrease of the collapse loads can be 
observed. In z-z direction, negative eccentricities, moving the load application point 
towards the rear flanges, affect to a greater extent the bearing capacity than positive 
eccentricities. 
Results allowed evaluating the bending moment – axial force adimensionalised domains 

(m-n) that are presented in Figures 8 and 9. 

160 



Figure 6. Collapse load vs. z-z eccentricity. 

Figure 7. Collapse load vs. y-y eccentricity. 

Figure 8 refers to the z-z eccentricities while Figure 9 to the y-y direction. As previously 
reported, the axial load is normalized with respect to the nominal load carrying capacity of 
the gross cross-section. In a similar manner, the bending moment is normalized with respect 
to the relevant bending capacity of the cross-section, i.e. Wgfy, where Wg is the section modu
lus of the gross section and fy is the nominal yielding steel strength. For the y-y direction, the 
minimum section modulus was considered. In the case of z-z direction (Figure 8), due to the 
symmetry of the section, to obtain the domain for the negative eccentricities, the domain for 
positive eccentricities was mirrored with respect to the n axis. The figures clearly point out the 
non-negligible interaction between axial force and bending moment, which appears more 
evident for the y-y direction. In this case, negative eccentricities (i.e. the load application point 
moves away from the web of the section) are more penalizing than positive ones. In particular, 
the eccentricity of -30 mm identifies a sort of ‘limit’, beyond which an increase of resisting 
bending moment is not possible. Eccentricities greater than -30 mm correspond in fact to 
load application points in the area of the rear flanges, outside the ‘C’-section perimeter 
(Figure 2). 
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Figure 8. Adimensionalised M-N domain (m-n) for z-z direction. 

Figure 9. Adimensionalised M-N domain (m-n) for y-y direction. 

CONCLUDING REMARKS 

This paper presents an experimental study of the response of a commercial rack perforated 
upright under compression forces. The purpose of the study was the evaluation of the inter
action between axial force and bending moment. At this aim, the experimental programme 
comprised tests on specimens with a length of 1 meter subjected to ‘pure compression’ and 
eccentric compression. The ‘pure compression’ cases had the load application point coincident 
with the centroid of the gross cross-section. Eccentric tests were obtained by moving the load 
application point along the principal axes of the section. A total of 9 eccentricities were con
sidered. In all cases, distortional buckling triggered the collapse of the specimens. Experimental 
results pointed out a non-negligible influence of the eccentricities on the collapse load. By 
assuming the ‘pure compression’ case as a reference, a maximum reduction of the collapse load 
equal to 42.0% and 57.8% were observed for eccentricities along the non-symmetry and sym
metry section axes, respectively. Results allowed drawing the adimensionalised M-N domains, 
pointing out the significant interaction between axial load and bending moment. 
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Design of semi-compact Z-shaped steel sheet pile walls 

A. Enders & U. Kuhlmann 
Institute of Structural Design, University of Stuttgart, Stuttgart, Germany 

ABSTRACT: To benefit from the potentials in the bending moment capacity of semi-
compact Z-shaped steel sheet piles forming the infills of combined walls, four-point bending 
tests were carried out by the Institute of Structural Design at the Materials Testing Institute in 
Stuttgart in 2019. A FE-model was validated by back-calculating the tests followed by an 
extensive parametric study with different Z-piles. Among others the different geometries, 
which lead to different b/t-ratios and the steel grade were varied leading to a different com
pression flange slenderness. In addition, the lock state was varied to investigate the impact on 
the bending moment capacity as: Free lock rotation, crimped interlocks with different crimp
ing densities and fully welded over the entire length. Three resistance models were investigated 
and evaluated for further development of Eurocode 3 Part 5. 

1 MOTIVATION 

Steel sheet piles are often used as infill of combined walls with H-piles as primary elements for 
quay walls in harbour constructions or as excavation support in civil engineering. The piles 
are connected with interlocks and are driven besides each other into the soil, so that they are 
forming a continuous wall. Among U-steel sheet piles also Z-shaped piles with free interlocks 
or crimped interlocks are widely used for these constructions. The sections of steel Z/U-piles 
and interlocks are schematically shown in Table 1. 
The pressure of costs and efficiency and the competition with concrete solutions lead to 

necessary developments in the design of steel sheet pile walls for further economic steel solu
tions. New developments due to the bending moment resistance of semi-compact cross-section 
are included in the draft of EC-3 Part 1-1 (2020), considering elastic-plastic section modulus 
for the resistance of steel cross-section in buildings which are classified between cross-section 
class 2 and 3. To ensure consistency between the new drafts of Eurocode 3 Part 1-1 and Part 5 
and to provide economical elastic-plastic resistance for Z-piles, experimental and numerical 
investigations were executed within the FOSTA project P1327. 

2 FOUR-POINT BENDING TESTS (4-PBT) AT THE UNIVERSITY OF STUTTGART 

The 4-PBT aimed to investigate the bending moment capacity of Z-shaped piles and the 
influence of crimped interlocks. In addition, a FE-Model should be validated for further 
numerical investigations. The test specimens were planned approximately between the 
b/(t∙ε)-ratios 45 and 66, which are the current limits for class 2 & 3 and class 3 & 4 Z-shaped 
cross-sections according to Eurocode 3 part 5 (2007). In sum, six 4-PBT were executed, 
where four double piles were with free interlocks and two were crimped. At least the double 
Z-piles of Test No.  (3) to (6)  can be defined  as  ‘compact’ and the piles of Test No. (1) and 
(2) are ‘semi-compact’. Table 2 shows the actual elastic and plastic bending moments, which 
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Table 1. U- and Z-shaped steel sheet pile sections as a single- and double-pile with inter
lock detail, cf. Eurocode 3 Part 5 (2007) and EN 10248 (2006). 

Table 2 . Tensile test results, actual resistance values in bending and cross-section classification. 

actual plastic and elastic 
yield strength bending moment in kNm class according 

Test No. (mean) fy in N/mm² Mact,pl | Mact,el b/(t∙ε) ratio EC 3-5 

(1) 514.8 1092 | 895 56 3 
(2) 522.4 1247 | 1038 49 3 
(3) 472.7 2830 | 2409 40 2 
(4) 473.5 2830 | 2409 40 2 
(5) 455.4 3510 | 2984 33 2 
(6) 455.4 3450 | 2910 33 2 

were determined with the actual geometry and yield strength, the corresponding b/(t∙ε)-ratio 
and the material properties. The material properties were determined with small-sample ten
sile tests according to ISO 6892-1 (2017). The geometry of the small tensile samples corres
ponded with DIN 50125-1 (2016), where the location within the section was in accordance 
with EN 10248 (2006). 
Similar 4-PBT with industry partners were executed by Kuhlmann & Just (2017a) with slen

der sheet profiles. The test setup proved to be reliable and positive experience was available, 
thus the general test setup was not changed. An overview of the test setup and the static 
system is shown in Figure 1. The test setup consisted of a frame construction made of steel ①, 
which was anchored in the strong floor. Two hydraulic cylinders ② were suspended in vertical 
direction and attached on the horizontal beam of the frame ①. The load was introduced cen
tered in vertical direction by the hydraulic cylinders ② and was transferred over the distribut
ing steel plates ④ and the H-beams ⑤ into the supports ⑥. A spherical bearing ③ was 
located between the hydraulic cylinder and the distributing steel plate ④ to allow rotation and 
avoid restraints. 
The support units ⑨ were anchored in the strong floor. Between the support units and the 

test specimen ⑦ a sliding bearing was placed, which consisted of two Teflon layers ⑧ and 
a roller bearing. This setup allowed an almost friction-free support and a free rotation of the 
end plates. The distance of the supports ⑥ was chosen with 1.0 m in longitudinal direction 
and the distance between the support units ⑨ was 8.0 m. Inclinometers Ⓝ and displacement 
transducers Ⓦ were used for the measurements between axis Ⓑ and Ⓒ. While loading linear 
strain gauges recorded the strains in longitudinal direction and provided data of the stress dis
tribution in the section. In total, 16 strain gauges per test were used, where 4 gauges were 
glued on the top and bottom flange and the rest of the gauges were equally distributed over 
the web. Rotations were measured at the endplates of the test specimen in axis Ⓐ and Ⓓ as 
well as in the middle of the double Z-pile in axis Ⓑ and Ⓒ. The results of the experiments are 
shown in M-φ-diagrams, see Figure 2. 
The semi-compact Z-piles from the tests (1) and (2) - which are classified as class 3 sections 

reached bending moments, which are higher than the actual elastic bending moments. The dif
ference between the crimped and free interlock profiles in the bending moment capacity was 
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Figure 1. Test setup of the 4-PBT at the University of Stuttgart. 

low, because the distance of the three crimping point repetition, which was chosen with 
700 mm, was large, cf. Figure 2 tests (3) with (4) and (5) with (6). The bending moment cap
acity of the tests (3) and (4) was lower than the actual plastic bending moment, though the b/ 
(t∙ε)-ratio was lower than 45. Similar observations were made by Kuhlmann et al. (2017a) who 
also confirmed that due to a movement of the locks at the compression flange downwards 
their contribution to the plastic moment resistance was reduced. 

Figure 2. Results of 4-PBT: M-φ-diagram and maximum bending moment. 
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3 BACK-CALCULATION OF THE EXPERIMENTS 

A validated FE-model was developed by Kuhlmann et al. (2017b) for an industry project. The 
model represents half of the test setup, as the tests were quasi-symmetric. However, this model 
is too time consuming for an extensive parametrical study. Thus, the existing model was 
improved by reducing the whole test setup to a 1.0 m short beam and modelling the crimping 
points according to Kuhlmann et al. (2021) and ArcelorMittal (2019). The FE-geometry cor
responds with the measured actual geometry of the test specimen. The real stress-strain curves 
for the flange and web were derived from the actual stress-strain curves, which were recorded 
during the small sample tensile tests. The FE-model, which was built up in ANSYS is shown 
in Figure 3a. On the front surface, a symmetry plane in X-direction was defined. The bending 
moment was applied by a rotation of the stiff endplate. Solid elements were used for the 
Z-piles and shell elements for the stiff endplate. The contact formulation was adopted from 
Kuhlmann et al. (2017c) and Kuhlmann & Enders (2019) at the interlocks. They were defined 
with the pure penalty method. However, a small penetration was necessary to avoid conver
gence issues. The calculations and experiments showed that class 2 sections in the transition 
zone between class 2 and 3 do not reach the plastic moment. The section is not fully plastified 
when the moment capacity is reached. This is a result of a shape rotation, because the locks 
are still not fully in contact and allow a rotation of the flange downwards. This phenomenon 
was also observed by Kuhlmann et al. (2017b), Just (2020) (see Figure 3b). The failure is char
acterised by a plastic indentation in the middle of the beam, which also happened at the 
experiments. The FE-results are shown in Table 3. 
The mean ratio between the FE-results and the experiments is 0.99, where minimum ratio 

occurred for (1) 0.97 and the maximum for (3) with a value of 1.03. The coefficient of vari
ation (COV) of the ratio was 2.6%. In addition, the tests were also back-calculated with the 
model according to Kuhlmann et al. (2017b). This led to similar results, being only slightly 
better: The mean ratio was 1.0 and the COV was 2.4%. The reliability of the new simplified 
FE-model regarding the bending moment capacity is good, thus the simplified model was used 
for the parametric study. 

Figure 3. FE-Model exemplarily shown for test (1): a) FE-Mesh, b) strains in % at the maximum value 
for the bending moment, c) strains in % at the post buckling-mode. 
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Table 3 . Results of the test back-calculations, FE Results and Ratio between FE and Experiment. 

Test No. MExp,max MFE,max Ratio Test No. MExp,max MFE,max Ratio 

(1) 971 kNm 997 kNm 0.97 (4) 2759 kNm 2769 kNm 1.00 
(2) 1099 kNm 1150 kNm 0.96 (5) 3516 kNm 3590 kNm 0.98 
(3) 2760 kNm 2689 kNm 1.03 (6) 3555 kNm 3552 kNm 1.01 



Figure 4. A) Results of the parametric study regarding the moment capacity of: Free interlocks, 
crimped (0.5 m), crimped (1.0 m) and welded interlocks dependent on the b/(t∙ε)-ratio including the trend 
lines (A), (B), (C), (D) for the different lock states; b) Increase S of bending moment capacity in compari
son to the bending moment for free interlocks dependent on the lock state and profile height H. 

4 PARAMETRIC STUDY 

A parametric study was carried out with the improved model to investigate the influence 
of the b/(t∙ε)-ratios and different lock states on the bending moment capacity. The lock 
states resulted in a different lock stiffness and were as follows: Free interlock rotation, 
crimped with a distance of 0.5 m, crimped with a distance of 1.0 m and fully welded 
over the entire length. The welding seam was considered as a geometrical 6 mm thick 
one-sided fillet weld between the Z-piles. In total, 42 different profiles with nominal 
geometry and the steel grades S240GP, S355GP, S430GP and S460 were considered in 
the study. Considering all parameters 672 FE calculations were executed (Figure 4a). The 
experiments and the parametric study shows that Z-piles are not capable to reach the 
plastic moment in the transition zone at b/(t∙ε)-ratios from 30 to 45. The crimping points 
with a distance of 1.0 m have no significant influence on the bending moment capacity, 
cf. Figure 4a trend curves (A) and (B). This corresponds with the tests where the distance 
was 0.7 m. A crimping point distance of 0.5 m and the fully welded interlocks showed 
higher moment capacities compared to the free interlocks (Figure 4a (C) and (D)). The 
increase of the bending moment for crimped piles is overall low. However, for Z-piles 
with a height lower than 350 mm and a web angle lower than 43°, the moment increase 
may be of some relevance (Figure 4b). 

5 EVALUATION OF THE RESISTANCE MODELS (RM) 

The current resistance model for the bending moment capacity of Z-piles is given in Eurocode 
3 Part 5 (2007). The cross-sections of Z-piles may be classified in class 1, 2 and 3. For b/(t∙ε)
ratios up to 45 the full plastic moment may be used as the decisive value. Between the defined 
limits of 45 and 66, the elastic moment may be used. Following the planned procedure in the 
draft EC-3 Part 1-1 (2020), Annex B in sum 3 resistance models were investigated for the fur
ther development of the draft of EC-3 Part 5 (2020). It is rational to assume a linear interpol
ation between the defined limits, which lead to the first modified RM ‘EC 3-5 (mod.)’. 
Hartmann-Linden (1997) suggested to use a b/(t∙ε)-ratio limit value of 40 between class 2 and 
3 sections, which is here defined as RM ‘H.-L’. Just (2020) also adopted a value 40 and modi
fied the resistance function with a reduction factor c of 0.965 for the plastic moment to con
sider that the plastic moment cannot be reached in the transition zone. All presented RM can 
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Figure 5. MFE/MR-ratios depending on the RM and the b/(t∙ε)-ratio (Kuhlmann et al (2021)). 

be described with the following resistance function, shown in Eq. (1). The Factor c in Eq. (1) 
is a constant factor, which reduces the plastic bending moment; λ1 is the limit between class 2 
and 3 sections; λ2 is the limit between class 3 and 4 and λ is defined as the b/(t∙ε)-ratio, where ε 
is a material-dependent value and is defined by (235/fy)°

.5 (see Eurocode 3 Part 5 (2007)). The 
bending moment capacity of the parametric study with the validated model was compared 
with the resistance models (see Figure 5). MFE/MR-ratios above 1.0 indicate a ‘conservative’ 
and ratios below a ‘not conservative’ resistance model. In addition, the resistance models were 
evaluated within the FOSTA Project P1327 following the standardized procedure in Eurocode 
0 (2010) Annex D to derive partial factors. 

6 CONCLUSION 

Four-point bending tests were carried out with Z-shaped steel sheet piles to investigate the 
bending moment capacity. A FE-model was developed to execute an extensive parametric 
study with different nominal geometries, steel grades and interlock states. The crimping of 
Z-piles may be considered for profiles with a height lower than 350 mm and a web angle lower 
than 43°. Then, three resistance models for semi-compact sections following the draft of EC-3 
Part 1-1 (2020) and in respect of Just (2020) and Hartmann-Linden (1997) were tested and 
evaluated according to Eurocode 0 (2010) Annex D. The results serve for a further discussion 
in the working group TC250/SC3/WG 18 and a further development of the draft of EC-3 Part 
5 (2020) regarding the consideration of semi-compact cross-section in bending of Z-shaped 
steel sheet piles. 
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Elastic buckling of thin-walled beam-columns based on a refined 
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ABSTRACT: The paper discusses the effects of both in-plane displacements and second order 
P–δ bending on the elastic flexural-torsional buckling of beam-columns. An energy based solution 
of the elastic flexural-torsional buckling limit curves under arbitrary proportion between the major 
axis bending moment and the axial force is presented. The novelty of the approach is related to the 
development of an improved closed-form solution, in which the equivalent uniform moment modi
fication factor should vary not only with the minor axis buckling force utilization ratio N/Nz but 
also with that of major axis buckling N/Ny represented by the factored ratio N/Nz(1-k1). Investiga
tions include the effect of in-plane displacements resulting from an arbitrary moment gradient on 
the elastic flexural–torsional buckling of thin-walled narrow flange and wide flange double-tee sec
tion members. The obtained solution is illustrated by elastic flexural-torsional buckling curves for 
different values of the factor k1 of a beam-column subjected to unequal end moments. 

INTRODUCTION 

The elastic flexural-torsional instability of bisymmetric open section members belongs to the clas
sical buckling problem investigated with the use of the Vlasov theory of thin-walled members. 
Many analytical closed-form and approximate solutions have been obtained for unrestrained 
beam-columns under major axis bending and presented in scientific papers published worldwide 
and summarized in the textbooks, e.g. Trahair (1993). The investigations expose a strong inter
action between the column buckling and the beam lateral buckling, in which the buckling mode 
is the combination of flexural or torsional ones in relation to compression and lateral-torsional 
mode with respect to the major axis bending. The classical stability theory of thin-walled mem
bers based on the Vlasov theory uses the assumption of small, in-plane, bending displacements 
allowing to ignore the effect of prebuckling deflections on the flexural-torsional critical state. 
It has to be noted that the Linear Eigenvalue Analysis (LEA) equations are quite conserva

tive for wide flange sections, leading to uneconomical design of beams and beam-columns 
made of wide flange rolled steel or equivalent welded H-sections. Conservatism is more pro
nounced for double-tee sections, in which case the minor axis moment of inertia is closer to 
that of the major axis. For rather imaginary situation, when the moments of inertia are equal, 
the flexural-torsional mode of buckling is proved to not affect the ultimate state of beam and 
beam-column members. This fact has been well accepted in the literature for a couple of dec
ades, when the closed-form solution, for the case of double-tee bisymmetric beams under uni
form moment of My, by including the second order prebuckling effects on the lateral-torsional 
buckling was presented. The buckling state of fork-supported beam-columns of such 
a section, for uniform bending, was presented by Trahair et al. (2008): 
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where, the correction factors to be applied for the classical LEA solution are as follows: 

– correction factor representing the second order effect of minor axis flexure: 

– correction factor representing the second order effect of torsion: 

where, Mcr,0 = critical moment in uniform bending My,max; Ny, Nya = major axis flexural buckling 
lowest and the second lowest bifurcation forces; Nz, Nza = minor axis flexural buckling lowest 
and the second lowest bifurcation forces; NT = torsional buckling lowest bifurcation force; E = 
Young modulus; G = Kirchhoff modulus; Iy = major axis moment of inertia; Iz = minor axis 
moment of inertia; Iw = section warping constant; IT = section torsion constant; i0 = polar radius 
of gyration. 
Investigations for more accurate solutions have been carried out in the last decades for the 

critical state predictions of wide flange double-tee section thin-walled members. The mode of 
flexural-torsional buckling was extensively studied by Mohri et al. (2008) in relation to the 
bisymmetric double-tee sections. Because of existing coupling between the minor axis displace
ment and twist rotation, as well as their derivatives, the derivation of strain components for 
stability analysis needs to be thoroughly investigated in order to account for all the important 
factors affecting the buckling state formulation based on the thin-walled member theory. The 
classical energy equation is no longer valid when the effect of prebuckling displacements has 
an important effect on the buckling state. 
To facilitate the formulation presented in this paper, a certain level of approximation, aligned 

with the development of energy equation, is maintained, so that the refined classical energy for
mulation from this study yields a required level of accuracy in combination with the simplicity 
of energy equation. This means that in the proposed refined energy equation only the effect 
described by k1 factor in Eq. (1) is maintained while that concerned with k2 factor is neglected. 

In this paper, a derivation of the non-classical energy equation in relation to bisymmetric 
I-sections is discussed first, then its application for the development of a general closed-form 
solution for the flexural-torsional buckling of fork supported beam-columns under an arbi
trary loading condition is presented. The formulation developed proved that the energy based 
solution of present study allows for sufficiently accurate predictions of the critical state of 
wide flange double-tee section beam-columns. It is shown that the moment modification 
factor is a function of not only N/Nz, like in LEA formulation, but also of N/Ny. To the 
authors’ best knowledge, this is the first study that shows, in a general form, the effect of com
bined flexural in-plane and out-of-plane critical force utilization ratios on the equivalent uni
form moment modification factor of the flexural-torsional buckling state. 

FIELD DISPLACEMENTS 

The accurate rotation matrix R was studied by Pi & Trahair (1994) and then by Pi & Bradford 
2001). Two parallel Cartesian coordinate systems (x, y, z) are chosen, one fixed in space and 
the other attached to the deformed elemental length Δx of the member. The basis vectors in 

172 

2 



the initial state of the axis system are (px, py, pz) while these vectors become (qx, qy, qz) in the 
deformed state. The rotation θ is a compound rotation from the basis vectors (px, py, pz) to  
the basis vectors (qx, qy, qz), and represented by a rotation matrix R. 

In Pi & Bradford investigations, the vector algebra was used to obtain the rotation matrix 
R. The expressions for the components of the rotation matrix R are related to the choice of 
the technique for representing the sequence of rotations, so that the resultant rotation matrix 
components may not be easy interpreted in view of the explicit form of the displacement field 
components in the deformed state in reference to the initial state. 
In the present study, the starting point is to formulate the rotation matrix for the deflected 

configuration, assuming small rotations in that configuration. This allows to write a general 
matrix relationship for the displacement field in the deflected configuration as: 

where, ω = x = twist along the axis indicated by the sub-sectional warping coordinate; κxð Þ
script symbol; u; v; w = displacements along the axes x, y, z; f ð Þ. . . = variable f being 
a function of selected arguments listed in the round bracket that indicate the coordinates of 
adopted Cartesian system (in the following, the arguments are dropped for the convenience of 
notation), and: 

dfwhere, the symbol f 0 ¼ and the coordinate system is the same as used in Barszcz et al. (2021). dx 
The rotation matrix R defined in the member deflected configuration with regard to the 

fixed Cartesian coordinate system of the initial configuration takes the form: 

where, ¢i (i=x, y, z) = angles of rotation in the deflected configuration with reference to the 
initial configuration; is the fiber length measured along the x-axis in the 
deflected configuration; is the normal strain measure of the section fiber including 

the bowing effect of ; u0 = displacement along the member axis. 
The vector of rotation angles in the deflected configuration may be related to those in the 

initial configuration through the cosines direction matrix TRθ as follows: 

where, the direction cosines matrix: 

The angle θx is the twist rotation and the flexural rotations θy, θz, are given by: 
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where, v0; w0 = displacements of the member axis along y and z coordinates, respectively. 
After decomposing the square rotation matrix in Eq. (6) into two components, namely 

into the vector corresponding to dx and the rectangular rotation matrix component Ryz cor
responding to the section coordinates (y, z), the displacement field may be expressed as 
follows: 

in which, the framed variables are the terms of direction cosines matrix. 
The rotation submatrix R takes the form: 

yz 

VARIATION OF THE TOTAL POTENTIAL ENERGY AT THE BUCKLING STATE 

The strain components depend upon the gradient of the displacement field vector given by: 

in which: 

and the curvatures in the deflected configuration: 

y y 

Let us acknowledge that the second order in-plane moment My is the sum of the following 
symmetric and antisymmetric components of the transverse loading system: 
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By defining the nonzero linear normal strain component εxx ¼ ∂u and shear strain compo∂x 
nents εxy ¼ ∂u þ ∂v and εxz ¼ ∂u þ ∂w in the deflected configuration, the strain energy may be ∂y ∂x ∂z ∂x 
evaluated. Considering the strain energy terms belonging to the out-of-plane bifurcation prob
lem, neglecting the terms of higher order than two and including the potential energy of the 
loading system measured from the untwist and laterally unbent configuration, the variation of 
the total potential energy at the buckling state becomes: 

where, k1 = according to Eq. (2); ¢ = angle of twist rotation ¢x (subscript x is dropped here
after for notation convenience); MII is the x-coordinate dependent prebuckling major 
axis second order moment; is the x-coordinate dependent buckling 
minor axis second order moment; qzi = uniformly distributed load component (UDL); Qzj = 
point load component (PL), zq = section coordinate of applied UDL; zQ = section coordinate 
of applied PL. 

BUCKLING SOLUTION 

In the following, beam-columns being simply supported and free warped at the end sections 
00 00 isare taken into consideration. Refining the linear initial stress term Myδðv ¢Þ in Eq. (16), v

calculated from the following second order differential equilibrium equation: 

and the minor axis displacements are approximated by: 

where, vs; va – minor axis displacements corresponding to symmetric and antisymmetric com
ponents; MI ; MI – first order moment equations corresponding to symmetric and antisymys ya 
metric components. 
Substituting the results to Eq. (16), the energy equation may be approximated by: 
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1Figure 1. Comparison of the moment conversion factor Cbc 
for unequal end moments. 

The last integral in Eq. (19) is concerned with bifurcation modes under the axial force with
out any bending action effect about the major axis. By equating the relationship given by Eq. 
(19) to zero, then approximating the buckling modes by conventional trigonometric functions 
(combination of sinus half wave and wave functions for the minor axis displacement and sinus 
half wave for the angle of twist rotation), the following solution governs: 

where, Cbc = equivalent uniform moment factor (Mcr =Cbc Mcr,0 where Mcr,0 is the critical 
moment in uniform bending): 

The moment distribution dependent parameters are given by: 

where, mI ; mI = dimensionless bending moment functions corresponding to symmetric and ys ya 
antisymmetric load effect components, obtained by dividing the moment functions by Mys;max 

and Mya;max, respectively. 
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One has to notice that for the narrow flange I-section beam-columns that are laterally and 
torsionally unrestrained between supports, both in-plane effects may be ignored, i.e. assuming 

Nin Eqs. (20) and (21) the following: k1 ¼ 1, N
N
z 
ð1 k1Þ ¼  0 and ð1 k1Þ ¼  0.Nza 

In Figure 1, the inversion of the equivalent uniform moment conversion factor Cbc of pre
sent study is compared for beam-columns subjected to unequal end moments. This asymmet
ric loading system is described by the moment gradient parameter ψM ¼ My;min=My;max so 
that the following relationships hold: 

and the factors given by Eqs. (22) are the same as those obtained for bending without com
pression, cf. Barszcz et al. (2021). 

CONCLUDING REMARKS 

The paper discusses issues related to the consistent formulation of the energy equation for 
beam-column flexural-torsional buckling. Equation (19) obtained in the paper differs from the 
classical one for which the nonlinear moment term in square bracket under the second integral 

of Eq. (16) must be replaced by its linear counterpart 
It has been shown that the equivalent uniform moment modification factor should vary not 

only with the minor axis buckling force utilization ratio N/Nz but also with that of major axis 
buckling N/Ny represented by the factored ratio N/Nz(1-k1). The obtained solution, for the uni
form bending, appears to be the same as that of the closed form solution, cf. Eq. (1) for k2=1 and 
Mohri et al. (2008). When k1=1, the obtained solution appears to be that obtained with the 
assumption of disregarding the effect of prebuckling displacements on the critical state. Contrary, 
when k1=0, the LHS of Eq. (20) becomes zero (the critical moment becomes infinity) and the 
buckling state is entirely controlled by the compressive axial force, with no effect of the bending 
moment on the buckling state. Moreover, when either N/Nz=1 or N/NT=1, the RHS of Eq. (20) 
becomes zero (the critical moment becomes zero). 
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ABSTRACT: The main aim of the study is buckling analysis of steel beams made of thin-
walled cold-formed sigma profile with respect different numerical descriptions. The analyses 
are carried out on sigma profile with a height of 140 mm and a span of 2.20 m. The numerical 
models of the Finite Element Method (FEM), developed in the Abaqus program, include 
modelling of the so-called boundary conditions of the forks with use of displacement limita
tions. The beams are modelled using S4R shell finite element with linear or square shape func
tion. Local and global instability behaviour is investigated using linear buckling analysis and 
are verified by the comparisons with theoretical critical bending moment obtained from ana
lytical close form formulas based on so called Vlasow beam theory dedicated to the thin-
walled elements. In addition, the engineering analysis of buckling is carried out for a simple 
shell (plate) model of the separated cross-section part in form of flange wall using Boundary 
Element Method (BEM). The discussion concerning geometric simplification in sigma cross-
section according theoretical assumptions is performed too. It is worth noting that the value 
of the critical bending moment calculated on the basis of the Vlasov beam theory does not 
take into account the loss of local stability or contour deformation. On the other numerical 
shell FEM models enable multimodal buckling analysis taking into account interactive buck
ling. In the paper eigenvalue and shape of buckling modes for selected numerical models are 
calculated for three first buckling modes but the values of critical bending moments are identi
fied basing on the eigenvalue obtained for the first buckling mode. 

INTRODUCTION 

The history of research on the stability of structures is almost 250 years old and it was started in 
1759 by Euler, who published a work on buckling in compression columns. Euler’s work was  
continued by, inter alia, Timoshenko and Vlasov, who formulated a general theory of calculat
ing thin-walled bars in a complex state of stress and elastic loss of stability. The theoretical and 
experimental studies on the stability of thin-walled elements have shown the shortcomings of 
classical linear theories and revealed the need for more advanced analyses. It became possible 
thanks to the development of computer methods and the formulation of a geometric matrix and 

DOI: 10.1201/9781003132134-20 

178 

1 

https://doi.org/10.1201/9781003132134-20


incremental equations, and later the use of the Finite Element method has been comprehensively 
described by Zienkiewicz (1977). Loss of stability is the most important phenomenon that 
causes the load capacity of thin-walled metal structures to be exceeded. For this reason, stability 
conditions are the subject of a large part of design standards and have been introduced into the 
curriculum in engineering, master’s and doctoral programs. In engineering practice two classes 
of stability problems of cold-formed members, have been distinguished. The first of them, the 
global stability is analysed according to Vlasov’s theory, which takes into account torsion of the 
bar, assuming a non-deformable contour. The second class concerns the theory of post-critical 
load capacity taking into account the local stability of walls. When assessing the bearing cap
acity of building structures, it may be dangerous to consider these two classes of problems sep
arately. Therefore, when assessing the load-bearing capacity of the elements according to 
Vlasov’s theory, the influence of wall stability should be additionally investigated in accordance 
with the plate theory so called effective length concept proposed by Karman (1932). Many soft
ware for computer aided design of metal structures contain ready-made procedures for taking 
into account the influence of instability problems on the structure capacity. However, the phe
nomenon of stability is so complex that a routine approach to the design of thin-walled struc
tures, as proposed by professional computer programs, can be dangerous or can lead to 
uneconomical projects. More over the problem becomes more complicated when there is a need 
to define the critical moment for symmetrical sections, where the axis of symmetry is the weaker 
one, e.g. channels or sigma sections Rzeszut (2018). The Polish standard PN-90/B-03200 pro
vides a simplified method of checking the bearing capacity and torsion of beams made of C-sec
tion. In the case of no interaction of the bending moment and the sheer force, it allowed to 
determine the approximate share of torsion in the stress state of the channel section at approx. 
15%. On the other hand, the PN-EN 1993-1-1 Standard does not provide any method of deter
mining the critical moment for symmetrical sections, where the axis of symmetry is the weaker 
axis, and refers the designer to basic knowledge on the strength of materials. This work involved 
the reliability assessment of the results of calculations of critical moments of cold-rolled sigma 
cross-section using analytical formulas based on the Vlasov beam theory, contained in AISI 
(1996), Bródka (2006) and Szczerba (2013) and Finite Element Method (FEM) using the 
Abaqus program and solid or shell finite elements. In addition, the paper attempts to analyse 
stability using Boundary Element Method (BEM) for the separate wall of profile. 

2 NUMERICAL ANALYSIS 

2.1 Analytical formulas 

The critical bending moment can be determined based on the analytical procedures contained 
in standards such as PN-90/B-03200 or PN-EN 1993-1-1 but as it was mentioned above, in 
case of sections with only one weaker axis of symmetry the critical moment can be calculated 
using formula contained in AISI (1996): 

where: le – o lateral-torsional buckling length, Iy – second moment of area with respect to the 
main axis of the section, perpendicular to the bending direction, Iω – warping constant, Cb – 
coefficient corresponding to bending moment variation along the bar length. 

2.2 Finite element method 

The problem of finding a solution to the eigenvalue equation, i.e. Eigenvalue problem often 
appears in linear buckling issue (also called as Eigenvalue buckling). This analysis predicts the 
theoretical buckling strength of an ideal elastic structure in form of critical load. In FEM 
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analysis the eigenvectors U have been computed by solving the linear eigenvalue problem 
which can be described as follow: 

ðKoþλKGÞU¼0 ð2Þ 

where λ is the load multiplier and eigenvector U represents the buckling mode shapes, KO is 
the linear stiffness matrix, KG is the initial geometric matrix. In Eq. (2) the proportional load
ing and linearization of the pre-buckling state was assumed. The critical buckling loads are 
λcr iP, where P is the reference load (the base state). 

2.3 Boundary element method 

The initial stability problem of the plate structures can also be solved in an engineering 
manner using the Boundary Element Method (BEM). The complex steel profile can be divided 
into simple elements – plates, fixed at the edges. It is also assumed, that the considered plate is 
subjected to in-plane loading, which can have the constant or linear character along single 
plate edge. 
The thin plate bending is described by the differential equation: 

Dr 4w ¼ lp ð3Þ 

where D = Eh3/(12(1 – v2)) is the plate stiffness and 

∂2 ∂2 ∂2w w w 
lp ¼ Nx þ 2Nxy þ Ny ð4Þ

∂x2 ∂x∂y ∂y2 

is the substitute loading. 
The solution of the equation (3) can be expressed as the integral representation in which the 

appropriate boundary values take place: the shear force, the bending moment, deflection, the 
angle of rotation in normal direction and the angle of rotation in tangent direction which is 
not independent and is calculated using a plate boundary deflection. Presented approach pro
posed by Guminiak (e.g. 2014, 2016) avoids Kirchhoff forces at the plate corner and equiva
lent shear forces at a plate boundary wherein two unknown variables are still considered at 
the boundary element node. The set of internal collocation points is introduced to establish 
a plate curvatures (Guminiak 2014, 2016). Alternatively the governing integral equations are 
derived using Betti’s theorem. The solution of differential equation (4) in form of integral rep
resentation has the form of boundary-domain integral equations. Finally, after elimination of 
boundary variables the standard eigenvalue problem can be obtained (Guminiak 2014, 2016). 
The number of boundary elements is 160 and the number of internal collocation points is 320. 

3 NUMERICAL EXCAMPLES 

The numerical analysis were carried out on sigma thin-walled beam made by “Blachy Prus
zyński”. The dimensions of cross-section of sigma profile was as follow: height – 140 mm, the 
flange width – 70 mm and a wall thickness – 2.5 mm. All tested beams were simply supported 
elements with the span of 2.20 m and loaded by uniformly distributed actions. A detailed descrip
tion of laboratory tests and laboratory stand scheme are described in the paper (Rzeszut 2017, 
2018). Beams were made of S350 GD steel grade, characterized by Young modulus E=201.8 
GPa, Poisson ratio ν=0.282 and Yield stresses fy=418.5 MPa determined on the basis of own 
material coupon test. The developed numerical models were different in terms of boundary con
ditions and, the type of finite element (FE). Two different types of finite elements were used, 
namely S4R type with a linear shape function (four-node type with reduced integration) (FEM
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shell-l), and a shell element of S8R type with a square shape function was used (FEM-shell-s). 
The size of finite elements is 7.5  mm.  The  supports were modelled  in order  to reflect  so-called  
fork support. The supports were modelled using the displacement constraints imposed on parti
tion plane of the beam in supports zone in distance of 0.4 m from the beam end in form of con
strained horizontal displacements Ux at the web and edge stiffener, and in form of constrained 
vertical displacements Uy on the bottom flange. At all points located on this partition plane rota
tion was free (Figure 1). In order to meet Vlasov theory assumptions, among the others, that the 
resultant load should pass through the shear centre of the cross-section several numerical models 
were developed (see Figure 2). Various methods of external load modelling are marked with sym
bols V1, V2, V3. In the case of the V1 and V2, the uniformly distributed load was applied to the 
theoretical line located at the level of the upper flange of the cross-section and located directly 
above the shear centre of the cross-section. In the case V1, a reference point has been assigned to 
a non-deformable “WIRE line” (as part of 3D/Discrete Rigid modelling), which in turn deter
mines the boundary conditions with the load as the unit force. Throughout the analysis, the line 
was a non-deformable part and was directly coupled to the entire cross-section of the Sigma type 
member. In the case V2, a non-deformable line of the WIRE type was assigned a reference point, 
in which the boundary conditions with the load being the unit force were determined. Through
out the analysis, the line was a non-deformable part and was directly coupled to the separated 
area (a line of a length adequate to the distance between the supports) located in the middle of 
the cross-section height of the Sigma type structure. In the case V3, uniformly distributed unit 
load was applied over the entire width of the upper flange and along the length equal to the spa
cing of supports. The methods of applying the external load in each case are shown in Figure 2. 

Figure 1. Numerical model. a) cross-section geometry Σ140x70x2.5, b) support - displacement 
constraints. 

Figure 2. Load application in numerical model. a) WIRE line location, case: b) V1, c) V2, d) V3. 
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4 RESULTS OF NUMERICAL EXAMPLE 

Using Eq. 1 for simply supported, subjected to uniformly distributed load beam with the span of 
2.20 m and made of Σ140x2.5 profile the critical moment was determined and it was at a value of 
3272 kN cm. The calculations were carried out for simplification of the sigma cross-section geom
etry in terms of omitting rounding. It is worth noting that the value of the critical bending 
moment calculated on the basis of the Vlasov beam theory does not take into account the loss of 
local stability or contour deformation. While, these phenomena can be analysed in the FEM shell 
model. For all developed FEM numerical models, a multimodal buckling analysis in Abaqus pro
gram was carried out. Eigenvalues and shape of three buckling modes are presented in Table 1. 

Table 1. Shape of buckling mode and eigenvalue for three buckling mode. 

109285 162429 162481 

] 

112604 167270 167341 

61044 203780 203781 

62502 201560 201561 

42273 194713 208018 

59275 204333 217015 

Eigenvalue 

FEM-shell-s-V1 Shape of buckling mode 

Eigenvalue 

FEM-shell-l-V2 Shape of buckling mode 

Eigenvalue 

FEM-shell-s-V2 Shape of buckling mode 

Buckling Mode 

Acronym of numerical model 1 2 3 

FEM-shell-l-V1 Shape of buckling mode 

Eigenvalue 

FEM-shell-l-V3 Shape of buckling mode 

Eigenvalue 

FEM-shell-s-V3 Shape of buckling mode 

Eigenvalue 



Table 2. Critical moment and critical stress for different numerical descriptions. 

Critical Moment Mcr Critical stress σcr 

Acronym of numerical model kNcm kN/cm2 

FEM-shell-l-V1 3005 87.57 
FEM-shell-s-V1 3097 90.25 
FEM-shell-l-V2 1679 48.93 
FEM-shell-s-V2 1719 50.09 
FEM-shell-l-V3 1162 33.86 
FEM-shell-s-V3 1630 47.50 
Vlasov theory 3272 95.35 
BEM-out - 28.92 
BEM-int - 97.62 

It can be clearly stated that the type of FE strongly influences on critical bending moment. 
The analysis of the buckling mode shape leads also to the conclusion that in all the analysed 
cases and for all buckling modes, the decisive instability type is local buckling of compressed 
flange. Therefore, it was considered justified to determine the critical stresses for the separated 
plate corresponding to the compressed flange using the Boundary Element Method (Eq. 4). 
Due to a number of simplifications related to BEM, the stability of the upper flange was ana
lysed assuming two types of boundary condition, specifically cantilever, thus the flange was 
analysed as outstand compression walls (BEM-out) and simply supported where the flange 
was consider as internal compression (BEM-int). In order to performed comparison between 
analytical and FEM or BEM solution critical stresses were calculated for all considered 
numerical descriptions (Table 2). One can notice that the lowest values of the critical stresses 
are obtained for the BEM-out model, which gives the most restrictive values and, according to 
it, the loss of stability occurred the fastest. At the same time, the highest values of critical 
stresses are obtained for the BEM-int model, which means that designing the structure using 
this model may be dangerous. The same is the case of the critical stresses calculated on the 
basis of the Vlasov theory and in the case of FEM-shell-l-V1 and FEM-shell-s-V1 models. 
Therefore, these models should be regarded as overestimate and unreliable. 

5 CONCLUDING REMARKS 

On the basis of the conducted analyses, it is possible to formulate a number of interesting con
clusions concerning the stability analysis of cold-formed steel elements. 
First of all, it is clear that the type of application of the description of the calculation model 

strongly influences the value of critical stresses. Buckling analysis in FEM showed that the 
analysed element undergoes both local and global instability, and in many cases the decisive 
form of buckling is the local stability loss of compression flange. Unfortunately, as is known, 
theoretical critical bending moment obtained from analytical close form formulas based on so 
called Vlasov beam theory dedicated to the thin-walled elements does not take local buckling 
into account. Therefore, it can be seen that the load value obtained from Vlasow theory is 
much higher than that obtained from the FEM shell model. This means that Vlasow theory 
should not be directly applied in the analyzed case. It was also demonstrated that for local 
buckling, it is sufficient to analyse the single wall of the cross-section with the greatest plate 
slenderness. In this work, due to some BEM method simplification the compressed flange was 
consider only as outstand or internal wall, while in reality in fact there are semi-rigid support 
condition. That’s why only the upper and lower estimates of the critical stresses were obtained. 
two such an analysis was performed for a compressed flange treated as a cantilever wall using 
BEM. On the other hand it should be emphasized that numerical FEM-shell-l-V3 and 
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FEM-shell-s-V3 models which reflect the real engineering conditions of external load applica
tion simultaneously enable multimodal buckling analysis taking into account local and global 
buckling as well and provide reasonable values of critical stresses and thus should be regarded 
as the most suitable. 
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ABSTRACT: In the paper, a modified nonlinear finite element method for analysis of trap
ezoidal plates geometrically reduced to shallow-shell Reissner-Mindlin formulation is pre
sented. Due to the method proposed the complex plate cross-section and nonlinear materials 
may be modelled and no implementation of advanced constitutive law via user subroutines is 
needed. The generalized nonlinear constitutive law is used to update the stiffness of the plate 
element. The method enables modeling of complicated cross-sections, such as steel trapezoidal 
sheets, metal facing sandwich panels or reinforced concrete. Additionally, for those geometric
ally complex sections an advanced nonlinear material may be adopted. To verify the proposed 
method, a selected trapezoidal sheets were modeled in a commercial software as full 3D shell 
structures. By comparing displacements and forces, it was shown that both models behave 
almost identically, however, the simplified model has about 300-400 times less degrees of free
dom, thus it is much more efficient. 

INTRODUCTION 

Steel trapezoidal plates are common structures used in civil engineering to cover roofs of indus
trial buildings. Such structures are easy to produce, transport and install at the building site. Due 
to its specific structure, they are light and have a very high ratio of load capacity to its mass. 
They are cheap, both as the material itself and in installation, and especially profitable, if there is 
a large plain roof area to cover. Its main disadvantage is low acoustic insulation, however, this is 
usually not the problem for industrial buildings such as warehouses or production halls. 
Typical designing of such structures is easy due to detailed technical catalogues with load 

capacity tables included and released by its producers. However, for deeper strength analysis 
of the whole system of roofing, namely, steel trapezoidal sheets, bearing beams, roof windows, 
inspection holes, etc., such a simplified approach seems to be useless. Also, the formulas 
according to international standards, such as PN-EN 1993-1-3: 2008 - Eurocode 3 are point
less to apply. Moreover, if one would like to take into account a nonlinear aspect of steel or 
any other material in the system, only the detailed numerical model, for example utilizing 
a finite element method may give the reliable answer. 
On the other hand, simulating the full geometry of the trapezoidal sheets may lead to 

a computationally very expensive models. In the recent 2020 paper of Zakhimi et al., one may 
find differentiation on three generations of sheeting, namely, unstiffened (see Figure 1a), 
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Figure 1. Examples of cross-sections of steel trapezoidal sheets used in civil engineering: a) T45 (h = 
45 mm), b) T60 (h = 60 mm) and c) T150 (h = 150 mm). 

longitudinally stiffened (see Figure 1b-c), and longitudinally and transversely stiffened. Stiff
ening is obtained by embossing the sheets. Steel sheets have not only simple idealized trapez
oidal shapes, like in Figure 1a, but also more challenging shapes with embossing in two 
directions to model, see Figure 1b-c. Those profiling sheets due to its additional longitudinal 
and transverse stiffness are also in common use. The examples of detailed modelling of trapez
oidal sheets are for instance available in the papers of Franco & Batista (2017) or Flodr et al. 
(2014). Franco & Batista analyzed what should be the outlines for longitudinal stiffeners 
called also intermediate stiffeners, in order to maximize the strength and economical object
ives. Flodr et al. (2014) considered several numerical models with progressive complexity of 
modeling. In the paper, in each case the full geometry of trapezoidal sheets was used. As 
shown, this leads to computationally expensive models. The analytic approach, like the one 
shown by Mohammadi et al. (2015), is an alternative way to model steel trapezoidal sheets; 
this approach is not as versatile as the computational approach. 
The objective of this paper is to introduce the computational approach to simplify the mod

elling of the full geometry of trapezoidal sheets in order to obtain a faster and comparably 
accurate model of finite element method. Finite element method is currently the leading 
method used for strength analysis of structures. Thus, the proposed modification may be 
easily implemented in common engineering softwares, without the need of advanced know
ledge of finite element special techniques or nonlinear material modelling. The approach util
ized in this paper is called the generalized nonlinear constitutive law (GNCL). In the 
literature, for instance, it was applied to model beams and frame structures as an attractive 
alternative of modelling full 3D geometries and nonlinear complex constitutive laws of steel or 
concrete in composite structures, see Łodygowski (1982), Łodygowski & Szumigała (1992) 
and Szumigała (2007). In the paper of Mrówczyński et al. (2021), among others, the method 
was updated with the possibility of including shear effects (Timoshenko theory). The aim of 
this paper is to apply the GNCL method to model plate structures, in particular to effectively 
model steel trapezoidal sheets. The concept is original and was not applied before for plate 
structures. Otherwise the method is easy to use, if one would like to take into consideration in 
a simple plate modelling not only a complex geometry, but also material nonlinearities of steel 
instead of building an advanced and computationally expensive FEM model. 
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u x; y; zð  Þ  ¼  zθx x; yð Þ; ð1Þ 
v x; y; zð  Þ  ¼  zθy x; yð Þ; ð2Þ 
w x; y; zð  Þ  ¼  w0 x; yð Þ; ð3Þ 

2 METHODS AND MATERIALS 

In Figure 2a, the overall algorithm of the proposed method is presented. After defining the 
input data (i.e. node coordinates, boundary conditions and cross-sections), the node displace
ments and internal forces are computed by using the finite element method. Based on the 
nodal displacements, the strains (normal strains ε0, shear strains γ and curvature κ) are com
puted, which makes it possible to determine the reduced stiffness of each element. For new 
stiffnesses, the displacements are computed and subsequent iterations are carried out until the 
increment of structure displacements is smaller than the assumed tolerance. 
In Figure 2b, the stiffness reduction function begins with the division of the cross-section 

into smaller layers for which the areas and position are determined. Based on the strains deter
mined in the main part of the algorithm, the reduced strains in each layer are determined, and 
then the reduced stresses, element stiffnesses and the position of the neutral axis are computed. 
Successive iterations are performed until the change of the position of the neutral axis is smal
ler than the assumed tolerance. The mathematical formulation of the method proposed may 
be found in Mrówczyński et al. (2021). 
Reissner–Mindlin plate is considered in this paper. Assuming the xyz coordinate system, 

the displacement field for plates reads: 

Figure 2. The GNCL algorithm: a) the overall scheme and b) the stiffness reduction function (where 
BM is bending stiffness. BN is tensile stiffness and BV is shear stiffness). 
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where u, v are two in-plane mid-surface displacements, while w is out of plane mid-surface 
displacement of the plate; θx and θy are two rotations of the normal on the plane xz and yz: 

noting that γ ¼ ¢x and γ ¼ ¢y.x y 
In both the xz and yz vertical planes, the normal rotation was obtained as the sum of two 

rotations: (i) the corresponding slope of the middle plane of the plate and (ii) the additional 
rotation ¢; which results from the lack of orthogonality of the normal to the middle plane 
after deformation. Therefore, the rotations θx and θy cannot be calculated from the deflection 
only and become independent variables. This is the fundamental difference between Reissner– 
Mindlin and Kirchhoff–Love plate theories. Relationships between strains (membrane – ε, 
bending – κ and shear – γ) and displacements are: 

The stress–strain relations in local coordinates are given by: 

where k is a shear correction factor, or in the compact form 

The strain energy, U, reads 

where 

and A; B; D and Ds are stiffnesses of the plates given by: 
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Table 1. Cross-section characteristics of trapezoidal sheets in x-z plane. 

Area        

Cross-section [cm2] [cm4] [mm] [cm] 

T45 1.214 3.365 0.50 2.798 
T60 1.516 8.285 0.50 3.029 
T150 4.884 144.397 1.00 7.927 

Inertia moment Sheet thickness Neutral axis position

1
Ds ¼ Csdxdz; ð15Þ 

P 

ðð
where P is a wavelength period. For the sake of simplicity, the same stiffness in the y direc

tion was used, which is obviously a false assumption, but does not disturb the solution of the 
considered here a problem of a unidirectional bending of the plate. 
If the matrix B becomes 0 then the membrane and bending effects are uncoupled and the 

neutral plane coincided with the plane xy. This means that the bending moments did not 
cause any membrane strains and the normal forces did not cause any curvature. 

3 COMPUTATIONAL EXAMPLES 

Here, three examples of a trapezoidal sheet with the cross-sections presented in Figure 1 are 
considered. The material parameters used in the reference model were selected in accordance 
with the specifications provided by the manufacturer. The initial sheet stiffnesses were calcu
lated on the basis of equations (14) and (15), the characteristics used to compute A; B; D 
and Ds matrices are presented in Table 1. 

The reference models were built and calculated in Abaqus using S4 shell elements with 4 
nodes and 6 degrees of freedom at each node. The number of finite elements used in each 
model was selected to accurately reproduce the cross-sectional geometry of the trapezoidal 
sheet and was equal to 15,678, 23,450, 22,244 for T45, T60 and T150, respectively. A static 
nonlinear displacement control analysis was used to generate force-displacement curves for 
later comparison with the curves obtained from the proposed algorithm described in Section 
2, using simple shallow plate elements and GNCL. 

4 COMPUTATIONAL RESULTS 

In Figure 3, the deformed geometry of three trapezoidal sheets are presented, which were 
obtained from the full geometry reference models. The GNCL algorithm ensures the correct 
mapping of displacements, the stresses are calculated separately to reduce the equivalent stiff
ness. Later, only the section forces and moments are available. 
Figure 4 shows a comparison of the force-displacement curves obtained from the reference 

models and from the simplified approach based on a simple shallow plate finite element (50 
elements) and the GNCL algorithm described in Section 2. It should be noted that the 
number of elements used in the simplified (GNCL) models was about 300-400 times smaller 
than the number of elements used in the reference models. 
Figures 3 and 4 show that the simplified methods presented here give results that both 

qualitatively and quantitatively do not differ from the results obtained from the reference 
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5 

Figure 3. Displacement fields of finite element reference models for a) T45 (15678 elements), b) T60 
(23450 elements) and c) T150 (22244 elements). 

Figure 4. Force vs. displacement plots for trapezoidal sheet of a) T45, b) T60 and c) T150. 

models. The difference between the maximal values of force is not greater than 10 %, what is 
acceptable in civil structures, in which the safety factors are much greater. This shows that the 
approach proposed here can be successfully applied to such calculations. 

CONCLUSIONS 

In the paper, the generalized nonlinear constitutive law was applied to steel trapezoidal sheet 
plates. The comparison between the modelling of full geometry of trapezoidal sheets and sim
plified approach of GNCL algorithm was presented for three trapezoidal sheets commonly 
used by designers of such structures. As shown, using the full geometry leads to computation
ally expensive models. On the contrary, the GNCL method not only, enables faster and simi
lar accurate computations, but also enables, utilizing the material nonlinearities. 
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ABSTRACT: This paper presents results of experimental tests of second generation trapez
oidal sheets of various heights and thicknesses. The presented research program and test stand 
were prepared in order to meet the assumptions of the calculation model and to eliminate add
itional unfavourable factors influencing the ultimate bearing capacity. A series of tests of trapez
oidal sheets of various heights (135 and 153 mm) and of various thicknesses - 3 thicknesses for 
each type of sheet, was carried out. In total, 12 sheets were tested - 2 samples of each thickness. 
The results of the experimental tests were used to verify the numerical FEM model, which in 
turn will be used to carry out a dozen of parametric analyses necessary for the process of opti
mizing the geometry of the troughed sheet as the final task. The conclusions turned out to be 
promising and therefore the created model can be used in planned parametric analyses. 

INTRODUCTION 

Advanced manufacturing technologies and anti-corrosion protections made cold-formed, thin-
walled steel profiles widely used in modern building structures. Use of thin sheets brings consid
erable benefits, such as lower material consumption, although it also can cause some difficulties. 
This type of structure is sensitive to initial geometrical imperfections and has tendency to local 
instability, especially in conjunction with global loss of stability. Therefore, the issue of local 
stability of cold-formed, thin-walled profiles has become the subject of scientific and technical 
research. Trapezoidal sheets are currently the most popular material used for light cladding of 
walls and roofs of halls and are used in many applications in general and industrial construc
tion, as well as road and bridge construction. They are widely used as permanent formwork in 
the composite steel-concrete ceilings (GRISPE PLUS, 2018) and as a part of steel-soil composite 
structures in road culverts. Troughed sheets can function as self-supporting hall structures (Pie
karczuk 2013). They can also stabilize structural elements (Rzeszut & Chwiałkowska 2014), 
(Sokół 1996). The demand for this type of product in industry is therefore considerable. On the 
other hand, the manufacturers try to optimize production costs and cross-section geometry 
(steel consumption) in fierce competition. Various shapes and sizes of trapezoidal steel sheeting 
are available, their thickness usually varies from 0.5 mm to 1.5 mm. However, the producers are 
still searching for new solutions in order to improve their products. Hence, the optimization 
problem is still valid and that is the reason for interest in that issue. The authors of this paper 
already made some initial analyses to determine the optimal cross-section of the above discussed 
element. Those works brought some conclusions which will be useful in more complex analyses 
and gave some general idea how modification of the particular walls of the cross-section affects 
its efficiency (Rzeszut & Szumigała 2019). The research has been continued by preparing 
advanced numerical model and conducting physical experiment. The results of the test were 
used to verify both Eurocode methods (Pięciorak & Piekarczyk 2012) and numerical analyses. 
Subsequently, the FEM model will be used for parametric analyses, essential for geometry opti
misation of the trapezoidal sheet, which is the main objective. 
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2 DESCRIPTION OF TEST STAND AND PROGRAM 

Carrying out physical experiments for each of the postulated trapezoidal sheet geometry is too 
expensive and practically difficult to implement. The optimization of the cross-section is often 
associated with the minimization of the thickness of the sheet what causes that the load cap
acity is usually determined by the local loss of stability. Local buckling is a random phenom
enon and strongly depends on initial geometrical imperfections. In order to obtain the real 
load-bearing capacity of such sheets by means of a physical experiment, many tests must be 
carried out and the results statistically analysed. It is not possible. The solution of this prob
lem is to conduct a series of numerical and parametric analyses instead of laboratory tests. 
However, the numerical model used for these analyses should be experimentally verified. The 
presented experimental studies serve this purpose. It was decided to verify the numerical 
model only for the simple case of pure bending, neglecting the transverse forces that may 
affect the bearing capacity of the compressed (crippled) webs on the supports and at the point 
of the load application. The examination of the conventional case of “pure bending” was diffi
cult to implement in practice, therefore the classic case of four-point bending, i.e. two concen
trated forces in the span, spaced at 1/3 of the span length, was used. The stand available in the 
laboratory allowed to test elements with typical spans and such a length of sheets was 
assumed, namely 6 m. The width of the element was equal to the standard width of the given 
type of sheet, e.g. 882 mm. The scheme of the stand is shown in Figure 1. 
The introduction of the external load in the form of two concentrated forces required the use 

of an additional intermediate structure to convert one force from the piston actuator into two 
forces transferred to the tested trapezoidal sheet. Initially, it was a wide-flange beam (H-section), 
which failed the first test. After the pilot tests of the first sheet, it was found that the existing test 
stand is unsuitable due to the highly dynamic nature of the failure mode. The testing process 
could turn out to be dangerous both for the valuable measuring apparatus and for the labora
tory staff. Also, the uniformity of the linear load distribution was questionable due to the high 
flexibility of the plates and the low stiffness of the linear element transferring the load. 
The stiffness of this element together with the timber blocks was insufficient and it was diffi

cult to regard the load as linear and uniformly distributed. Therefore, another method of 
imposing almost uniform load was searched for. It was decided to replace single H-section 
with a special horizontal frame made of rectangular hollow sections. This element should be 
quite light and simultaneously rigid so that the initial loading of the sheet with auxiliary elem
ents is not too significant in relation to the load capacity. A solution was chosen as it is shown 
in Figure 2 and after carrying out computational analyses taking into account the compliance 
of the sheet, it turned out that the load distribution is linear and uniform. 
Linear loads should be applied to the tested sheet in such a way as not to cause local crip

pling of the webs and thus distorting the bending resistance. Similar situation occurred at the 
supports zone. It was decided to suspend the sheet at the supports, which means, support it 
only in the upper flanges in each fold and the load apply only in the lower flange (GRISPE 
2015). For this purpose, special timber blocks adapted to the dimensions of the sheets were 
prepared. Those elements located on the supports are based on a special movable, hinge 

Figure 1. The experimental stand and scheme. 
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Figure 2. Modified laboratory stand. 

support structure. On the elements located in the place of the applied load, special flat bars 
with welded round bars are placed in order to precisely locate the load. On the flat bars the 
above-mentioned frame transferring the load from the actuator is set. Due to the dynamic 
nature of the experiment, all elements were connected, as shown in Figure 3. A single trapez
oidal sheet has a tendency to deformation of the cross-section (distortional deformation), 
which does not occur in real constructions, as the adjacent plates block this possibility. Hence, 
there was a need to ensure similar conditions and fasten the plates from below both at the 
supports and at the place of load application, as shown in Figure 4. 
The performed numerical analyses showed that the experiment should introduce displacement 

control in order to observe the maximum value on the static equilibrium path, i.e. the load cap
acity of the element. Therefore, in the physical experiment, the force was introduced by creating 
a displacement. The view of the research stand with the tested element is shown in Figure 4. The 
tests were carried out until the slab was destroyed. The mode of failure is presented Figure 5. 
During the test cycle, an automatic and continuous reading of the force and displacement 

was performed (“Catman” system) at selected points (Figure 2). The displacements were meas
ured with inductive sensors (Figures 3, 5) positioned in the centre of the span and at the point 
of direct application of the forces. A professional dynamometer was used to measure the force 
exerted by the hydraulic cylinder. 

Figure 3. The supporting elements. 
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Figure 4. View of the test stand and transverse ties (stabilizing the sheet). 

Figure 5. Failure modes. 

3	 RESULTS OF THE PHYSICAL EXPERIMENT 

Information concerning the parameters of the material of the sheet was necessary to enable 
verification of the numerical model by the results of the physical experiment. For this purpose, 
material coupon tests were also carried out. Samples for the standard steel tensile test were 
prepared (cut using a stream of water) - Figure 6. 
The samples were cut from different places of the cross-section of the sheet (flanges and 

webs). In order to avoid distortions of the results caused by the mechanical cutting process 
(overheating), it was decided to cut samples from the metal sheets with a water stream under 
high pressure. Before the test, the samples were carefully inventoried in terms of dimensions 
and it turned out that the declared thicknesses of the sheets are only a standard designation, 
and the actual thickness of the sheets is smaller according to the acceptable deviation. It was 
a very important observation from the point of view of the accuracy of geometrical data 
entered into numerical analyses. The samples were placed in the jaws of an “Instron” testing 
machine (Figure 6), an extensometer was mounted and the tests were carried out in accord
ance with the procedures, and the results obtained during the examination with the “Catman” 
software are presented in Figure 7. 

4	 COMPARISON OF THE RESULTS OF THE PHYSICAL AND NUMERICAL 
EXPERIMENT 

A numerical model was prepared in the Abaqus system. The trapezoidal sheet was modelled 
with shell elements. The load was assumed in accordance with the experimental model, i.e. it 
was located in the lower part of the fold as a vertical extortion. The model includes also trans
verse ties (bracing elements). The support conditions were applied to the top of the folds as it 
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Figure 6. Standard tensile test of steel and samples. 

Figure 7. Stress-strain graph for steel sheets based on the experiment. 

was in the tested model. The calculations were initially carried out in the Standard procedure 
using the Newton-Raphson incremental method. In the calculations using this method, it was 
not possible to unequivocally observe the maximum for the load-displacement static equilib
rium path, despite the use of nonlinear procedures. Therefore, it was decided to use a different 
computational approach consisting of explicit integration method to solve equations of 
motion and the Explicit procedure to model the dynamic phenomenon (such was the nature of 
the failure of the sheet). The advantage of this method is that there is no need to look for 
convergence what is important for large deformations. 
After numerous attempts, a numerical model was built. The actual sheet geometry and the 

measured mechanical properties of the steel were introduced, the parameters of the procedure 
were selected so that finally the results obtained were sufficiently consistent in terms of stiff
ness with the results of the experiment (Figure 8). 
The Abaqus\Explicit procedure for explicit integration of the kinematic equations of 

motion does not require the search for convergence in each iteration step and allows to better 
describe the behaviour of the plates (cross-sectional walls) in the experiment, and even to 
obtain similar forms of deformation at failure (Figure 9). 
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Figure 8. Comparison of results of experiment and numerical analyses. 

Figure 9. Similar failure modes in numerical analysis and physical experiment. 

CONCLUSIONS 

Based on the physical experiment of trapezoidal sheets, it can be concluded that the prepared 
numerical FEM model using the Explicit procedure is effective and it can be considered that it 
has been sufficiently verified in order to conduct further parametric analyses, which are neces
sary in the next part of the work consisting of conducting optimization analyses of the geom
etry of trapezoidal sheets (Rzeszut & Szumigała 2019). Due to appropriately selected 
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boundary conditions, both in the physical and numerical model, it was possible to eliminate 
additional effects consisting of the crippling of the webs, which could have had an impact on 
the results. Another problem to solve is establishing a parameter that measures the quality of 
optimization. 
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ABSTRACT: The current practice to assure composite action foresees the usage of headed 
studs. This type of mechanical shear connectors was developed for composite beams and only 
adopted for the column’s usage. Application in composite columns could lead to a reduced 
economy, especially for heavy composite columns used in high-rise buildings. A new type of 
flat shear connectors was developed and characterized that allows for fully automatic applica
tion process. This secures an increased safety of the whole structure, improved performance, 
optimized cross-section, reduced manufacturing time and costs. The presented paper gives 
a short description about the development process and focuses on the proposed analytical 
model describing the resistance of flat shear connectors. The developed analytical model com
prises the complex stress state, which is present in the highly confined concrete directly under 
the connectors. The assumptions and theoretical models were confirmed in complex non
linear FE simulations performed in the Abaqus software. 

1 INTRODUCTION AND MOTIVATION 

Heavy composite columns with multiple encased steel profiles can be found in the structural 
systems of high-rise buildings, like for example IFC Tower 2 in Hong Kong. A clear trend 
that cities are build more vertical can be observed in the work of Al-Kodmany (2012). 
Modern high-rise buildings moved beyond the scopes of applicability of current design codes, 
like EN1994-1-1 (2004). Typical structural solutions became no more attractive. In the case of 
composite columns, normally shear connection at the steel-concrete interface is secured by the 
application of shear studs. There exist other types of connectors, like for example welded stiff
eners SmartCoCo (2016), bar connectors Roik (1984), channel sections Johnson (2004), T-sec
tions Roik (1980), burls Roik (1984), perfobond solution Vianna (2009) or bearing plates 
Roik (1988) & Hanswille (2004). In some cases, this solutions bring a problematic application 
process, where the construction safety, economy and erection are hardly meet. An example of 
shear studs and their application is shown in Figure 1. A replacement of the commonly used 
shear connectors with a new and more efficient solution dedicated to columns would be highly 
beneficial. 
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2 

Figure 1. Shear studs: a) scheme, b) welding and c) detail (Source: DISCCO (2016)). 

Figure 2. Layout of flat shear connectors: a) reference, b) transversal, c) V-shaped and d) longitudinal. 

The developed new flat shear connectors dedicated to composite columns are made from 
regular reinforcement bars welded to the flanges of embedded steel profiles in a specific 
arrangement, as shown in Figure 2. Analysis of all variants, including distinction on mechan
ical bearing and bond phenomena, gave full understanding of the behaviour of flat shear con
nectors. Moreover, each variant can be subjected to the fully automatized application process. 
This directly improves the economy of the composite solution and help the entire construction 
process. 

TEST CAMPAIGN ON NOVEL SHEAR CONNECTORS 

To characterise the developed novel flat shear connectors, 11 column push-out tests were per
formed, where three variants of connectors – transversal, longitudinal and angled were tested, 
see Table 1. Two reference tests without mechanical shear connectors were included. All speci
mens had nominally identical geometry as shown in Figure 3. Detailed information about the 
test campaign can be found in Chrzanowski (2019). 
The performed tests revealed the load-slip behaviour of flat shear connectors (Figure 4), 

where not only the load capacity was of importance, but also the stiffness and ductility. Fail
ure patterns of tested connectors were studied in detail after opening of the specimens. Based 
on the taken observations and measurements, it can be observed that the best performance is 
indicated by the connector type Bv2, where all force transferring phenomena are combined. 
The occurred failure planes were noticed and respective strut-and-tie models were built. In 
order to investigate the load flux and precisely identify the failure sequence, numerical simula
tions in the 3D Finite Element (FE) software were crucial and supported the test campaign. 
The entire procedure, as well as the developed theoretical and numerical models are described 
in Chrzanowski (2019). 
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Figure 3. Geometry of push-out test specimens: a) scheme and b) view on welded flat shear connectors. 

Figure 4. Load-slip behaviour of representative specimens for each type of flat shear connectors. 

Table 1. Overview of the push-out test specimens. 

No of 
Series specimens Shear connection Surface treatment 

0v2 2 Reference tests: no connectors (Figure 2a) Cleaning: No 
Av2 3 Flat shear connector, transversal Coating: Release agent – demould

(Figure 2b) ing oil 
Bv2 3 Flat shear connector, angled, V-shaped 

(Figure 2c) 
Cv2 3 Flat shear connector, longitudinal (Figure 

2d) 
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3	 NUMERICAL SIMULATIONS OF THE PERFORMED PUSH-OUT TESTS 

Numerical simulations were performed in the FE code Abaqus (2017). Created models 
reflected the experimental campaign. In the developed models (i) the concrete confinement 
according to fib ModelCode 2010 (2000), (ii) the steel profile-concrete bond and (iii) con
nector-concrete bond were represented. All details about modelling are described in Chrza
nowski (2019). Performed numerical study consisted of 267 simulations. A good coherence 
between the test and numerical results was obtained, as it can be observed in Figure 5. 

4	 ANALYTICAL MODEL FOR THE RESISTANCE OF FLAT SHEAR 
CONNECTORS 

Based on the obtained load-slip curves (Figure 4), developed failure and strut-and-time 
models and insight to the load flux and failure sequences from FE simulations 
(Figure 5), the development of an analytical model describing the resistance of discussed 
novel flat connectors was possible. It is strictly referring to the test campaign and the 
following fundamental assumptions were used: (i) materials are homogenous, (ii) theory 
of elasticity covers the behaviour, (iii) stirrups are not undergoing deformation, (iv) 
long-term effects were disregarded and (v) no safety concept was used. The detailed der
ivation process can be found in Chrzanowski (2019). 
The contribution of steel-concrete bond was assessed based on the reference specimens by 

employing an equation for the definition of stresses and removing the Coulomb frictional 
forces. 
From the specimens with the longitudinal connector, the connector-concrete bond strength 

can be assessed. Considering only the contribution of the connector, all other contributing 
resistances should be removed, see Equation 1. Combining the relation for the definition of 
stresses and model from the fib ModelCode 2010 (2000) for the reinforcement bar-concrete 
anchorage strength , where fcm is the mean concrete compression strength, the 
resistance of longitudinally oriented flat shear connector can be described by Equation 2. 

where 2 = number of applied connectors, λu = connector perimeter utilization factor, d = 
connector diameter, Lemb = embedded length of the connector. 

The transversal and longitudinal variants of flat shear connectors are specific cases of the 
angled variant, when the connector arm inclination angle is set to 90° and 0° respectively. In 
the angled variant, the vertical shearing of concrete should be considered in addition, as 

Figure 5. Results from the simulation of push-out specimen Bv2: a) load-slip and b) concrete damage. 
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shown in Figure 6. The connector-concrete bond strength denoted as PR;b, can be calculated 
according to Equation 2. The reaction forces can be split on each arm and projected into the 
pair of forces acting perpendicularly (Eq. 3) and tangentially (Eq. 4) on the connector 
surfaces. 

where FR = force acting on one connector, na = number of connector arms, αc = connector 
arm inclination angle, θ = angle of the concrete compression strut and β = angle between the 
connector contact surface and the resultant acting force. 
To evaluate resultant stresses in concrete, differential equations were needed to be solved 

and an assumption of full confinement was implemented. It was taken that in plane strain 
state, stresses in one direction are equal to stresses in another direction multiplied by the Pois
son’s ratio. The material law of concrete was based on the modified Mohr-Coulomb material 
law proposed by Nielsen & Hoang (2011). Finally, the resistance of flat connectors, related to 
the concrete strength, can be described by three conditions: (i) maximum compression (Eqs. 
5-6), (ii) maximum shear (Eqs. 7-8) and (iii) between-arm shearing (Eqs. 9-10). In addition, in 
Equation 11, a condition was given that checks if in principal direction tensile stresses can 
occur. When this condition is met, the confinement effect is vanished, and factors are set to 
ωcc=1 and ks=0. 

Figure 6. Failure modes of flat shear connectors, where λf = force orientation factor, PR;c = resistance 
due to the maximum compression strength of concrete, PR;s1 = resistance due to the maximum shear 
strength of concrete, PR;s2 = resistance due to the between-arm shear strength of concrete, PR;w = resist
ance of weld and PR;m = resistance of connector material. 
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where all used parameters are explained in Chrzanowski (2019), fcm;c;cube = confined strength 
of concrete, λd = effective contact area factor, Larm = length of the arm of connector, ωcc = 
transformation factor between confined Coulomb’s material to the unconfined concrete 
strength, fcm;cube = mean compression strength of concrete, ks = inclination parameter for the 
Coulomb material, ψB = simplification factor, κ1 = load transformation factor, v = Poisson’s 
ratio of concrete, σs = stress state in the normal direction corresponding to the maximum 
shear stress state, ’ = internal friction angle of concrete, c = cohesion of concrete material, 
λp = projection factor, vs = concrete cohesion reduction factor due to microcracking, μ = tan
gent of internal friction angle of concrete, αs1 = angle between the resulting shear plane and 
direction of flange of steel profile, τx1y1 = shear stresses in the between-arm shearing direction, 
σx1 = normal stresses corresponding to the between-arm shearing stress state, λA = shearing 
area correction factor, ψB;s2;1 and ψB;s2;2 = simplification factors. 

The strengths of steel parts complete the resistance model. The weld resistance was evalu
ated based on the directional method of EN 1993-1-8 (2005), see Equation 12. The resistance 
of connector material is related to the plastic shear resistance and is given in Equation 14. 

tensile strength of welded material, βw = weld parameter from EN1993-1-8, ew =where fu = 
force eccentricity acting on welded connection, z = distance between weld centre of gravity 
and most external fibre in tension, Iw = moment of inertia of welded connection, Aw = area of 
welded connection, Aw;t = area of weld subjected to tension, fy = yielding strength of con
nector. Areas of welds are according to the vertical weld centroid plane indicated in Figure 6. 

SUMMARY AND CONCLUSIONS 

In the presented paper, a comprehensive summary on the characterisation process of the 
developed flat shear connectors dedicated to composite columns and following innovative 
analytical model describing their resistance was given. Based on the conducted research, it can 
be observed that the angled, V-shaped variant of flat shear connector shows the best perform
ance from the tested flat connectors. Moreover, the developed analytical model for this vari
ant of connector creates one coherent model, which comprises all force transferring 
phenomena and failure modes of tested connectors. All details can be found in Chrzanowski 
(2019). 
The presented analytical model was derived to strictly describe the load bearing 

resistance of the tested shear connectors and also to reflect the observed and possible 
failure modes. To increase the accuracy with test results, calibration factors were 
needed to artificially increase the strength of concrete – the compression strength 
(Equation 5) and shear strength (Equation 9) in the confined concrete state. Unfac
tored ratio of analytically calculated resistance to the experimentally obtained resist
ance for V-shaped variant of connector varied from 0.65 for concrete crushing to 0.84 
for concrete shearing. An exact match with the test results was achieved after putting 
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in front of the resistance part in Equations 5 & 9 a factor 2.2 and 1.3 for the concrete 
compression and shear strengths, respectively. A conclusion can be drafted is that the 
currently available concrete confinement models, Nielsen (2011) & fib ModelCode2010 
(2000), are not precisely dealing with the heavy local 3D confinement of the concrete, 
which occurred in the zone beneath the flat shear connectors. The developed model 
consists of limitations due to the scope of performed test campaign and taken assump
tions. Further studies are needed to investigate the calibration aspect and to extrapo
late the proposed model. 
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Influence of type and orientation of thin-walled beams on the 
interaction effectiveness with sandwich panels 

K. Ciesielczyk & R. Studziński 
Institute of Building Engineering, Poznan University of Technology, Poznań, Poland 

ABSTRACT: In the paper, the problem of the interaction between thin-walled beams with 
sandwich panels has been presented. The sandwich panels consist of steel external facings and 
the polyurethane foam core. The Z and C cross-section shapes and their various mutual orien
tations have been considered. The stabilization effect provided by the sandwich panels was 
investigated in a full-scale laboratory experiment and then compared with the numerical 
model. The full-scale test allowed for validation of the numerical model created in the 
Abaqus/CEA environment. The Newton-Raphson procedure with geometrical and material 
nonlinearity was implemented in order to perform the numerical computations. 

MOTIVATION 

In recent times, thin-walled beams are more and more frequently used as elements of a steel 
hall system (purlins, wall beams, construction of casings and eaves beams). The main advan
tage of designing structures with thin-walled elements is a favorable mass to bearing capacity 
ratio and mass to stiffness ratio. On the other hand, structures with thin-walled elements also 
have a negative effect due to the large slenderness of its walls – thin-walled cross sections are 
susceptible to the local loss of stability. Both local loss of stability (local buckling) as well as 
distortional buckling and global buckling (flexural, torsional, lateral-torsional and flexural-
lateral) are the most common forms of the thin-walled beams instabilities. 
The interaction between structural elements is an important topic. In this case, structural 

elements which are understood as a roof or a wall sheathing are interacting with a steel sup
porting framework. Trapezoidal sheets and sandwich panels are commonly used as a roof or 
wall sheathing in steel structures. These types of sheathings are characterized by a high bend
ing stiffness (plate behavior) and a high shear stiffness (diaphragm behavior). Therefore they 
can provide lateral and torsional buckling restraint of steel elements. Taking into account the 
mechanical interaction between a steel supporting framework and an external sheathing pro
vide possibility for computing the construction as three-dimensional plate-diaphragm-rod 
load-bearing structures. For example Lucas et al. 1997a, b introduced simplified model and 
a full model which defines the interaction between thin walled beams and the sandwich 
panels. The procedure which is capable of determination the value of critical buckling 
moment of the thin-walled beam restrained by trapezoidal sheeting was proposed by Ye et al. 
2002, Li 2004 & Chu et al. 2004. It is worth to mention that taking into the consideration the 
described influence may result in the global weight of a structure reduction and consequently, 
lowering the total cost. 
The subject matter of steel elements interacting with trapezoidal sheets is widely discussed 

in the literature and has been reflected in EN 1993-1-3 code guidelines. In recent years, sand
wich panels are more often used as elements of hall casing because of their good mechanical 
and thermal properties. The increasing popularity in using this type of sheathing has 
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prompted researchers to also analyze the interaction of steel construction and sandwich 
panels, which recently were not used in common for the stiffening the structural elements. 
Over the last decade, there have been carried out some laboratory and numerical researches 
by Dürr 2008, Dürr & Misiek 2011 which confirm that not only the trapezoidal sheets but 
also sandwich panels can provide the lateral restrain of the thin-walled elements. This topic 
was also discussed in research projects, which resulted in developing methods defining the 
interaction between sandwich panels and thin-walled beams. Furthermore, these methods 
have been also included in the European recommendations. 

PROBLEM FORMULATION 

The analysis was carried out on cold-formed sections which were made of 1.5 mm thick and 
220 mm width sheet metal with the total length equal to 3300 mm. Two shapes of cross-
sections were formed from steel sheets: “Z” and “C” with dimensions given in Figure 1. 

So far, the analyses of the interaction between thin-walled beams and sandwich panels have 
been conducted for classical orientation of the thin-walled elements, see ZZ-1 and CC-1 
models depicted in Figure 2. In this paper, authors had decided to analyze different orienta
tions of thin-walled beams. The aim of this research was the analysis of the influence of thin-
walled beams orientation stabilized by the sandwich panels on the thin-walled element buck
ling form. Nine different beam orientations have been analyzed: three of the Z-beams (Figure 
2a), three of the C-beams (Figure 2b) and three with mixed composition of C- and Z- beams 
(Figure 2c). 

Figure 1. The dimensions of analyzed cross-sections, where S and G is location of the shear center and 
center of gravity, respectively. 

Figure 2. The relative orientation of the thin-walled elements – description in main text. 
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Figure 3. Scheme of the laboratory test-bed (Ciesielczyk & Studziński, 2017). 

LABORATORY BACKGROUND 

Laboratory experiments cover full-scale experiments and material tests. Two thin-walled 
beams with the length equal to 3300 mm were stiffened by two sandwich panels with the width 
equal to 1100 mm. The sandwich panel core of a thickness 100 mm was made of polyurethane 
foam. The scheme of the laboratory test-bed is presented in Figure 3. Two beam cross-
sections were taken under consideration: Z-beam and C-beam with dimensions given in 
Figure 1. Four angle cleats of a length 0.1 m were used in order to avoid the local compression 
of the thin-walled beam at the supports. During experimental tests two beam arrangements 
were investigated: ZZ-1 model (Ciesielczyk & Studziński, 2017) and CC-1 model (Studziński & 
Ciesielczyk, 2016). The sandwich panels which were used in the experiment consisted of two 
zinc-coated steel facings and thick and soft polyurethane core. The following geometrical 
dimensions of sandwich panel layers were measured: thickness of the core dc=80 mm, thick
ness of the external tFe=0.594 mm and internal facings tFi=0.490 mm. The aspect of the con
nection stiffness was considered in other paper (Studziński & Ciesielczyk, 2019). 
In order to determine the material properties, such as: Young’s modulus, yield strength, 

ultimate tensile strength and stress-strain characteristic, the tensile tests have been carried out 
for the material samples of sandwich panel facings (12 samples) and thin-walled beams (6 sam
ples). A tensile specimens had a shape of standardized cross-section sample and consisted of 
two shoulders and a gage between them. The dimensions of the prepared samples are pre
sented in Figure 4a. Conducted tensile tests indicated that Young’s modulus for the steel 
facing material and for the steel thin-walled beam material is equal to 190 GPa and 198 GPa 

Figure 4. Tensile test: a) the steel sample dimensions, b) the stress-strain curve for steel from beam. 
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respectively. The value of the Poisson’s ratio  for steel  is  equal to  0.3.  On the  basis  of the  
performed tests, the steel which was considered as element’s materials was defined as mild 
steel with a plasticity effect (significant increase of strain without stress increase). The 
stress-strain curves obtained from the experiment for thin-walled beam steel (6 samples) are 
presented in Figure 4b. The average value of the upper yield strength determined by the  
experiment is equal to 348.87 MPa while the value of ultimate tensile strength equals 
402.72 MPa. 

LABORATORY BACKGROUND 

The numerical output model had been defined within the Abaqus/CEA environment (the 
model was also presented in Ciesielczyk & Studziński, 2017). The numerical model had been 
verified and validated by the laboratory experiments described in the above subsection. The 
created numerical model reflected the laboratory experiment thus it consists of angle cleats, 
thin-walled beams with various shapes and orientations, sandwich panels, and an I-beam. 

Figure 5. Scheme of the numerical model. 

All steel properties used in the numerical model were determined by the laboratory experi
ments. The true stress-strain curve implemented into the numerical model has been presented 
in Figure 4b by the continuous line. The true stress and strain were determined by the follow
ing formulas: 

where: σtrue represents true stress, σnom represents nominal stress (engineering), ɛnom repre
sents nominal strain (engineering), ɛtrue represents true strain, and ɛtrue

pl represents plastic true 
strain (required by Abaqus). 
The properties of the sandwich panel core material such as: the shear modulus (GC=3.2 

MPa) and the Poisson ratio (νC=0.05) have been adopted from the previous work (Studziński, 
2019). The non-linear stress-strain characteristic was used in the numerical model. The load in 
the numerical model consisted of: component’s own weight and the concentrated force tra
versed into an uniformly distributed load by the I-beam. The boundary conditions have been 
applied to angle cleats in order to reflect the real connection with the support structure. Fur
thermore, in order to reduce the computation time the symmetry boundary conditions have 
been applied (the numerical model has been twice reduced). In order to obtain the nonlinear 
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Table 1. Dimensions and type of the finite elements. 

Model component FE type FE size in [mm] number of FE 

IPE C3D8R 10x10x10 5 940 
External facing S4R 40x40 1 998 
Core C3D8R 40x40x40 4 050 
Internal facing S4R 5x5 33 110 
Thin-walled beam S4R 5x5 14 190 
Angle cleat S4R 5x5 680 

static response, the Newton-Raphson procedure with Full Newton solution technique was 
adopted. All components of the model have been modeled by shell and solid finite elements. 
Their dimensions and types are presented in the Table 1, where according to the Abaqus docu
mentation C3D8R is a 8-node linear brick finite element with reduced integration and hour
glass control while S4R is a 4-node doubly curved thin or thick shell finite element with 
reduced integration, hourglass control, and finite membrane strains. 

DISCUSSION OF THE RESULTS 

From the assumed nine different beam orientations the following groups can be distin
guished: the thin-walled beams with the upper flange directed in the same direction (ZZ-1, 
CC-1, CZ-2), the thin-walled beams with the upper flange directed “outside” (ZZ-2, CC-2, 
CZ-3), and the thin-walled beams with the upper flange directed “inside” (ZZ-3, CC-3, ZC
1). The C and Z cross-sections have the same surface area and therefore the same self-weight 
per unit length, nevertheless the important differences between considered cross-sections 
refer to the geometrical characteristics influencing the size of the elastic critical bending 
moment, see Table 2. 
According to data presented in Table 2, it can be noticed that the Z cross-section is charac

terized by higher warping properties than the C cross-section. The higher warping properties 
(It, Iz, Iω), the higher magnitude of the elastic critical moment for lateral torsional buckling 
can be provided by the cross-section. Additionally, the position of the applied transverse load 
with regard to the shear center is significantly closer for Z than C cross-section. Therefore this 
parameter – which represent the point at the cross-section where the application of load does 
not cause its twisting – is favorable for Z cross-section. In other words, the torsional stresses, 
from the load of the same magnitude and way of application, are smaller for Z than C cross-
section. On the other hand, principal central axes of both considered cross-sections do not 
coincide with the loading plane. This leads to biaxial bending nevertheless, in the case of 
C cross-section, the inclination angle of the principal central axes (from the loading plane) is 
20 times smaller compared with Z cross-section. It means that the biaxial bending moment 
decomposition produces a larger bending moment against the weaker axis in the case of 
Z cross-section than in the case of C cross-section. 
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Table 2. Selected geometrical characteristic. 

No. Geometrical characteristic Z-section C-section Difference 

1. It – torsion constant 0.02 cm4 0.02 cm4 0.0 % 
2. Iz – second moment of area about the weak axis 14.89 cm4 8.61 cm4 42.2 % 
3. Iω – warping constant 259.00 cm6 209.00 cm6 19.3 % 
4. α0 – inclination angle of the principal axes 24.90° 2.50° 90.0 % 
5. ys – distance of the shear center from the web 2.41 mm –21.39 mm 987.6 % 



Figure 6. Load-displacement paths of the middle point of a bottom flange of the thin-walled beam. 

Figure 7. Maps of displacements for selected models – the cross section in the middle of the sandwich 
panel. 

The resultant load-displacement paths of the middle point of the bottom flange of the left 
thin-walled beams is presented in Figure 6. The results of the ZZ-2 and ZZ-3 are not included 
due to the lack of convergence of the nonlinear FEA analysis. The deformation maps of three 
selected models are presented in Figure 7. 

6 CONCLUSIONS 

The following conclusion can be formulated. Firstly it was observed that the Z cross-sections 
are sensitive to the biaxial bending while the C cross-sections to twisting which leads to an 
initial greater stiffness of the system with C-beams than in the case of the system with 
Z-beams. This is due to: 

–	 the initial in-plane bending of the C-beams because of small inclination angle of the princi
pal axes with respect to the load plane, and 

–	 the initial biaxial bending of the Z-beams because of large inclination angle of the principal 
axes with respect to the load plane. 

Secondly the further increase of the loading (above “initial” i.e. in our cases above 1 kN) 
leads to: 

–	 significant stiffness reduction of C-beams due to twisting (large distance between loading 
plane and the shear center), and 

–	 gradual decrease of flexural stiffness of Z-beams (small distance between loading plane and 
the shear center). 
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Experimental tests of sheeting made of sandwich panels acting as 
a diaphragm 

M. Górski 
Rzeszów University of Technology, Rzeszów, Poland 

ABSTRACT: Results of experimental tests of a part of sheeting made of sandwich panels 
are shown in this paper. In-plane stiffness and resistance of the sheeting have been determined 
and compared with the values achieved from formulas available in literature. The results 
show, that sheeting made of sandwich panels has noticeable in-plane parameters and is worth 
to be included in designing as an improvement of elements stability. 

1 INTRODUCTION 

The Eurocode EN 1993-1-3 specifies 3 structural classes differing from each other in the way 
of including the cooperation between structure and sheeting in design: 

–	 Structural Class 1: Sheeting is included in the calculations of the overall strength and stabil
ity of a structure; 

–	 Structural Class 2: Sheeting is included in the calculations of strength and stability of indi
vidual structural members; 

–	 Structural Class 3: Sheeting is considered as an element that only transfers loads to the 
structure. 

In the conventional designing of steel roofs, sandwich panels are considered as non-
cooperating sheeting due to rather thin steel plates used (ca. 0.5 mm) and lack of seam fasten
ers between internal faces of each sandwich panels, which induces a low-effective way of trans
ferring load in the sheeting plane, because each panel must act independently, as shown in 
Figure 1. 
Nevertheless, some research is currently available, e.g. (Baehre & Ladwein 1994, Dürr 

et al. 2007, Misiek et al. 2010, Dürr et al. 2011, Käpplein & Misiek 2011, Georgescu & 
Ungureanu 2012) showing noticeable stiffness of sheeting made of sandwich panels and 
the possibility of including them in the designing in Structural Class 2. Moreover even if 
the stiffness of sheeting is relatively small, it results in evident increasing of the purlin 
stability (Górski & Kozłowski 2021). 
This paper presents the results of own experimental tests of the part of sheeting made by 

sandwich panels in the context of cooperation with steel structure including designing in 
Structural Class 2. 

2 TEST STANDING 

The tested structure consist of a pair of girders with distance 5.4 m made of horizontal-
situated hot-rolled channel UPN160, 3 purlins arranged at a distance of 2.9 m, made of 
hot-rolled I-beam IPE160 and five sandwich panels Balextherm PU-PIR-W-ST 80.1100 
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Figure 1. Assumption of transferring load F acting in sheeting plane by sandwich panels. 

Figure 2. The schema of test standing. 

with face sheets made of steel S320GD and thickness 0.5 mm. The schema of test stand
ing is shown in Figure 2. 
The connections between purlin and girder were made of bended plates with thickness 

6 mm, additionally stiffened by welded diagonal ribs and bolted with structure by 2 
pairs of bolts M12 (Figure 3). Each sandwich panel was connected with each purlin 
using 2 self-drilling screws 5.5/6.3 mm arranged in distance 50 mm from the panels 
edges (1000 mm from each other). 
One of the girder was fully fixed. The second one has been placed on round rods to ensure 

free movement in the axis of girder. To prevent lateral movement of this girder, four vertical 
CHS profiles were used (Figure 4). 
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Figure 3. The view on connection between purlin and girder. 

Figure 4. The schema of test standing. 

Figure 5. The arrangement of sensors and strain gauges during tests. 
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The load was applied using horizontal-situated actuator Instron Schenck 630 kN dir
ectly to the movable girder in 3 applications: 0 – 2.0 kN, 0 – 4.0 kN and 0 – value of 
in-plane resistance. 
The displacement of 18 selected points has been measured using inductive displacement 

sensors: movable girder relative to the floor (I1), fixed girder relative to the floor (I2), pur
lins in the place of connections with girders relative to the girders (I3 – I8) and each of sand
wich panels in two points arranged at a distance 5 cm from their side edges relative to the 
purlin 1 (I9 – I18). In addition 10 foil strain gauges were used to measure the strains: on 
bottom face of sandwich panel number 1 and 4 in the distance 150 mm from the axis of the 
purlin 1 (T1 – T4), on the bottom face of sandwich panel number 5 along its edge in contact 
with panel number 4 (T5 – T7), on the top flanges of side purlins in the middle of their spans 
(T8 and T9) and on the top flange of the purlin 1 in the distance 100 mm from the axis of 
the fixed girder (T10). The arrangement of the displacement sensors and strain gauges is 
shown in Figure 5. 

3 RESULTS 

The results of the test have been presented in two forms: of force – displacement relationship 
for data obtained from displacement sensors and of stress – force relationship for data 
obtained from strain gauges. Stress has been calculated by multiplying the values of strain and 
the Young modulus, which has been assumed as 210 GPa. Figure 6 shows the results from 
sensor I1 which are crucial to determine the global parameters of the sheeting. Figures 7 – 8 
shows the results from displacement sensors and Figures 9 – 10 the results from strain gauges. 
The view of the deformed shape of sheeting is shown in Figure 11a and the hole elongation is 
presented in Figure 11b. 
The results have proven the correctness of theoretical model shown in Figure 1. The 

forces in the connections located on the one side of the panels had opposite directions 
to the forces on the second side. The transverse edge of the sheeting, straight before 
test, became visibly serrated. The in-plane behavior of sheeting is nonlinear due to 
hole elongation in the connections. The sheeting resistance according to the shape of 
approximation curve equals 6.2 kN. The in-plane stiffness of sheeting can be calculated 
using formula (1). Table 1 shows the values of in-plane stiffness of tested sheeting 
obtained for various range of data. 

Figure 6. Dependence force – displacement for sensor I1. 
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Figure 7. Dependence force – displacement for sensors I3 – I8. 

Figure 8. Dependence force – displacement for sensors I9 – I18. 

Figure 9. Dependence stress – force for strain gauges T1 – T4. 
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Figure 10. Dependence stress – force for strain gauges T5 – T7. 

Figure 11. View of the structure after test: a) the transverse edge of the sheeting, b) the hole elongation 
after removing fastener. 

Table 1. Values of in-plane stiffness of tested sheeting for various range of data. 

Stiffness per one purlin 

Considered range of data kN/m/m 

Beginning of the first force application (0 – 0.8 kN) 2052 
Beginning of the second force application (0 – 2.0 kN) 1494 
Beginning of the third force application (0 – 4.5 kN) 1368 
Approximation curve (0 – 6.2 kN) 587 

where F = applied force; a = width of sheeting; Δ = displacement according to Figure 12 and 
n = number of purlins. 

According to formulas given in ECCS (2013), the in-plane stiffness of such sheeting made 
by sandwich panels equals 1200 kN/m/m. Although the initial stiffness of tested sheeting 
exceed this value, nonetheless the mean stiffness is noticeably smaller. 
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Figure 12. The model to calculation the in-plane stiffness of sheeting. 

CONCLUSIONS 

Performed tests proved that the sheeting made of sandwich panels has noticeable in-plane 
stiffness, despite a low-effective way of transferring loads. The sheeting may be included in 
designing of structure in Structural Class 2, results in improvement of elements stability. How
ever, the carefulness must be made because of low values of the sheeting in-plane resistance, 
which can lead to holes elongation and decreasing the overall sheeting parameters. 
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Testing the core of sandwich panels with square shear specimen 

S. Grimm & J. Lange 
Institute for Steel Construction and Materials Mechanics, Technical University of Darmstadt, Darmstadt, 
Germany 

ABSTRACT: This paper presents the results of research on the determination of shear stiff
ness and strength of curved sandwich panel’s core material. A new test setup was developed to 
determine the material parameters of the core. Furthermore, the material properties orthog
onal to the longitudinal axis of linearly manufactured sandwich panels were examined. The 
findings are relevant for the three-dimensional modelling of shell structures made of curved 
sandwich panels. The new test setup can be used for the assessment of the global load-bearing 
behaviour of plane panels, which are loaded by torsion or shear stresses resulting from sus
pended facades, as well as the local load-bearing behaviour of sandwich panels with openings 
or point loads. 

INTRODUCTION 

Today lightweight sandwich panels are a common solution for roof and wall claddings. Due 
to their excellent weight to load ratio, their good heat insulation, their high load-bearing cap
acity as well as the economical manufacturing and erection process, sandwich panels are used 
frequently. Their load-bearing behaviour is usually analysed with beam models following their 
longitudinal axis, which also is the direction of production (x-axis) of linearly manufactured 
sandwich panels. Therefore, shear-test were developed for sandwich panels to determine the 
stiffness and strength of the core in the y-z-plane. 
The linear manufacturing process of sandwich panels usually limits the possible building 

cubature to rectangular shapes. In an interdisciplinary project, architectural, civil engineering 
and mechanical engineering institutes of Technical University of Darmstadt developed 
a concept to build shell structures out of linearly manufactured uniaxial curved sandwich 
panels. The project shows that arched sandwich panels have a high potential regarding the 
load-bearing capacity. 
This paper presents the results of a research project on the shear stiffness and strength of 

the core material of curved sandwich panels. A new test setup was developed to determine the 
material parameters of curved panels. Furthermore, it can be used to assess these properties in 
directions differing from the longitudinal axis of the panels. In this context, these material 
properties are needed to model the three-dimensional behaviour of sandwich shell structures. 
In a further study, the material properties differing from the longitudinal axis of linearly 
manufactured sandwich panels were examined. The material properties of the core deviating 
from the longitudinal axis are for instance relevant for the assessment of the global load-
bearing behaviour of plane panels, which are loaded by torsion or shear stresses resulting 
from suspended facades, as well as the local load-bearing behaviour of sandwich panels with 
openings or point loads. 
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2 SQUARE SHEAR TESTS 

Square shear tests are for instance described by Jungbluth and Berner (1986) as well as 
Davies (2001). They were used as an alternative setup to the established four-point
bending shear test, which is described in EN 14509 annex A.3. Jungbluth and Berner 
(1986, Bild 7.23) compared the results of these different shear test, also taking into 
account three rail shear tests as well as dynamic three-point bending tests. Their results 
show that the shear stiffness and strength evaluated with the square shear tests most rea
sonably correspond to the values determined with the four-point-bending tests. Further
more, square shear tests avoid an influence of indentations resulting from the support 
and loading of the specimen in the four-point-bending test. They have increasing import
ance since the depth of today’s sandwich panels can easily reach up to 300 mm. Never
theless, studies during the development of the new test setup showed an important 
weakness of the existing square test setups. 

2.1 Assumptions of shear tests on square-shaped specimen 

A small specimen is cut from the panel, which has to be square-shaped in the plane of interest. 
On the four sides of the square stiff plates, either from steel (Jungbluth & Berner 1986) or 
wood (Davies 2001) are attached. The specimen is loaded diagonally by tensile or compression 
forces. Shear stresses and strengths can be determined based on the measured load and dis
placement as well as the geometry of the specimen, pure shear stresses assumed. 
The shear strain can be calculated as: 

where u = is the displacement; l = length of the square sides. 
The shear stress can be calculated as: 

where P = is the load; A = area resulting from the length of the square sides and the depth 
of the specimen. 

2.2 Assessment on the square shear test setup 

Due to the deviations of the shear strengths determined by using the square tests or the four-
point bending tests, the load-bearing of the square test setup used by Jungbluth and Berner 
was studied in two-dimensional finite element models. 

Figure 1. Square tests by Jungbluth & Berner (1986, Bild 7.21) and Davies (2001, Fig. 13.4). 
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Figure 2. Results of the numerical models – plate thickness of 0 mm (left) and 20 mm (right). 

The specimen with a length, height and thickness of 100 mm was modelled using shell elem
ents. Only the core itself was modelled using an ideal-elastically orthotropic material law. 
Since the shear modulus was 3.0 N/mm² for all directions, the Poisson’s ratio was set to 0.25 
according to Kurpiela (2013). The Young’s modulus for all directions was set to 3.0 N/mm² as 
well. The steel plates where modelled with a framework of rigid beams, which have a hinged 
connections in their edges (see Figure 2). In order to avoid numerical problems the edges of 
the specimen where rounded by a radius of 2 mm. 
The models were loaded by a diagonal tensile force of 1000 N and evaluated according to 

Equation (1) and (2). Figure 2 shows the resulting von-Mises stresses. On the left, the results 
of a dimensionless hinged bordering frame are shown. The specimen on the right is restrained 
by plates with a thickness of 20 mm. The von-Mises stresses are given in Figure 2 since they 
take into account the shear stresses as well as the normal stresses. The results show that a pure 
shear stress state can only be assumed for a test setup with a frame without thickness but with 
infinite bending stiffness, like the rigid beams in the finite element model on the left. The 
eccentricity of the hinges causes additional normal stresses in the edges of the specimen that 
affect the results of the evaluation. 
The evaluation of models with growing thickness or eccentricities of the hinges showed 

unrealistic high values for the shear modulus of the core material. Figure 3 shows the ratio of 
the evaluated and modelled shear modulus for different thicknesses of frame plates. The 
hinges were modelled in the centroid of the plates. 
It can be seen that the dimensions of the restraining plates affect the validity of the assump

tions on which the evaluation in Equation (1) and (2) are based. Technically, it is not possible 
to design a frame without any eccentricity of the hinges, which equally meets the requirement 
of a high bending stiffness compared to the core material. Therefore, a hinged frame, which is 
able to carry the expected loads, will lead to a shear modulus that is approximately 15 to 
20 percent higher than the actual material parameter, based on the theoretical results. This 
also matches to results of the comparison of Jungbluth and Berner (1986, Bild 7.23). 

2.3 Development of the new shear test setup 

Based on the results of the numerical study a revised test setup was developed. The setup is 
intended to comply with the formulated restrictions of minimum thickness and high bending 
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Figure 3. Error of the square tests. 

Figure 4. Plastic hinge square shear test – Shear fracture. 

stiffness compared to the core material, as well as the face sheets of the specimen. The solution 
was found in the plastic hinge square shear test. 
Instead of thick plates, metal sheets with a thickness of 0.5 mm are glued on the sides of the 

square shaped specimen. The frame is split into two cold formed steel sheets on the left and 
the right side of the specimen. The ends of these sheets are clamped by steel plates in the upper 
and lower edge of the specimen (Figure 4). To provide a high bending stiffness thick wooden 
plates are glued on the steel sheets afterwards. The different stiffness resulting from the 
Young’s modulus of steel sheets and the wooden plates provide that the axial forces in the 
frame are acting in the plane of the steel sheets. So the setup provides that they are acting very 
close to the surface of the specimen, while the wooden plates prevent the sheets from bending. 
After the bending-load capacity is reached plastic hinges develop in the edges of the frame. 

They prevent that the frame is carrying further loads and following only the specimen is 
stressed. Because of the thin sheets, the load-bearing capacity of the frame is small, but can 
still be calculated and taken into account in the test evaluation (Grimm et al. 2020). 
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Since the testing principle is similar to the tests with a picture frame fixing according to 
ASTM D8067/D8067M, the plastic hinge square shear test provides the basis for further 
detailed research on sandwich-panels core material using digital image correlation measure
ment systems (DIC). Further studies will be carried out to validate the results of the new test 
setup. In a first step four-point-bending shear tests where modelled using the shear modulus 
determined by the plastic hinge square shear test. Deflections in the model show good accord
ance with the values measured during the associated tests. 

3 STUDIES WITH THE NEW PLASTIC HINGE SQUARE SHEAR TESTS 

The new plastic hinge square shear test was used for different studies. In a project on shell 
structures made of curved sandwich panels, their shear modulus was determined, as the 
panel’s curvature has little effect on the results because of the small dimensions of the speci
men. Furthermore, it was used to assess the shear stiffness and strength of the core of sand
wich panels differing from their longitudinal axis. 

3.1 Shear testing of curved sandwich panels 

In the project on curved sandwich panels, a test-procedure for the determination of the mater
ial properties of the panel’s core was needed. Since an effect of the panel’s curvature on the 
results of the four-point-bending or two- or three-rail shear tests must be assumed, the square 
shear test seemed to be the most promising setup. 
Because of the relatively small dimensions of the square-shaped specimen, its curvature can 

be neglected. Furthermore, the setup of the square shear test avoids the influence of normal 
stresses. These result from supporting or loading situations of a bending test or the free edges 
of two- and three-rail tests. Moreover, DIC measurement systems offer the ability of detailed 
investigation of the inhomogeneity of the core material. These might be affected by a new pro
duction process for curved sandwich panels. 

3.2 Shear testing of sandwich panels differing from the longitudinal axis 

Since the direction of the profiling of the panels face sheets does not affect the results of 
a square shear test, a preliminary study with tests deviating from the longitudinal axis was 
conducted. The specimens for this study were cut from sandwich panels with a PIR-core in 
five different angles including the longitudinal (x-axis or 0°) and transverse direction (y-axis or 
90°). The vertical direction of all specimen was the z-axis. The loading rate was set according 
to EN 14509 annex A.3.4. Five or three specimen were tested for each direction at room tem
perature. The shear stresses and deformations were calculated according to Equation (1) 
und (2). 
The shear modulus was determined as: 

with τ according to Equation (1) and γ according to Equation (2). 
The results in Figure 5 show that the shear modulus decreases with growing angle referred 

to the longitudinal axis of the panel. Only the result for the angle of 22.5° does not fit into this 
trend. Deviating from the other orientations the specimen with the 22.5° direction had 
a higher initial stiffness, which decreases beyond the distortion of 0.01 rad, which was the 
upper value of the evaluation field that was set the same for all directions. Furthermore, the 
divergence in the results for the 0° direction is significantly higher than for the 22.5° direction. 
The results for the ultimate shear strength show a similar trend like the shear modulus. Dif

ferent from the above, the result for the 22.5° direction matches the trend. Summarizing, it 
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Figure 5. Shear modulus of the PIR-core in different directions. 

can be assumed, that the shear stiffness and strength of the core of sandwich panels is opti
mized for their common use as a beam following their longitudinal axis. These findings might 
be due to their linear manufacturing process. Further research is planned to examine if these 
findings can be confirmed for a larger number of specimen and be transmitted to the core 
materials of other manufacturers as well. 

CONCLUSIONS AND OUTLOOK 

A new test setup was developed to investigate the shear stiffness and strength of the core of 
sandwich panels in all possible planes of interest, regardless from the panel’s curvature, dimen
sions or the profiling of its face sheets. Furthermore, the new test setup offers the opportunity 
to investigate the inhomogeneity of the core material using digital image correlation measure
ment systems (DIC). The tests on the PIR sandwich core differing from the longitudinal axis 
suggests that sandwich panels are optimised for their usual application as a beam structure. In 
a preliminary study the shear stiffness and strength are reduced with a growing angle towards 
the longitudinal axis, in exception of the 22.5° direction. 
At the moment the four-point bending shear tests according to EN 14509 annex A.3 is 

examined similar to the numerical studies on the square shear tests, to validate the results of 
these tests on theoretical basis. Also further experimental studies are planned to investigate, 
whether there is a relation between the shear stiffness and strength of the core materials of 
different manufacturers and the tested angle of direction to reduce the number of tests for 
future test programs. 
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Numerical study on the revised rules for minimum degree of shear 
connection in propped and unpropped steel-concrete composite 
beams 

C. Odenbreit & V. Vigneri 
University of Luxembourg, Luxembourg-Kirchberg, Luxembourg 

ABSTRACT: The work presents a numerical study that focuses on steel-concrete composite 
beams using ductile headed stud shear connectors. The objective is to check the suitability of 
the proposed revised EN 1994-1-1 rules for the minimum degree of shear connection. There
fore, a non-linear 3D finite element model of simply supported composite beams was devel
oped and validated against the analytical values of the plastic bending design resistance. The 
parametric study consists of 10 configurations where the relative slip at slab-beam interface 
was carefully investigated at different degrees of shear connection and propping conditions. 
Specifically, the slip at the minimum degree of shear connection shall not exceed the limit of 
6 mm defined as the characteristic slip of ductile connector according to EN 1994-1-1. The 
results showed that the revised rules for unpropped beams delivers conservative results 
whereas one case with propped conditions exhibit a maximum slip significantly higher than 
6 mm. 

1 INTRODUCTION 

According to current design rules of EN 1994-1-1 (British Standards Institution, 2004), ductile 
shear connectors (e.g. headed studs) in composite beams allow the use of partial shear connec
tion in plastic design as confirmed by past experimental and numerical studies (Johnson & 
Molenstra, 1991). However, to limit the occurring slip between the steel beam and the concrete 
slab within the characteristic slip capacity of the connector (at least 6 mm) at ultimate and 
serviceability limit state (SLS and ULS), a minimum degree of shear connection shall be guar
anteed. CEN/TC250/SC4.PT3 proposed a revised version of the design rules relative to the 
minimum degree of shear connection ηmin accounting for the partial utilization of the beam 
and propping construction procedure. However, there are only few studies focused on the 
occurring slip in unpropped composite beams with symmetrical sections. Therefore, the 
authors performed a numerical study aiming to fill this gap and to justify the reduction factors 
proposed in the new design proposal for minimum degree of shear connection. 

2 PROPOSED EQUATION FOR MINIMUM DEGREE OF SHEAR CONNECTION 

Based on the design proposal of CEN/TC250/SC4.PT3 and further investigations, the follow
ing equations have been recently proposed for beams subjected to sagging bending moment, 
taking into account their partial utilization with the factor δ1. 

For steel sections having equal flanges, propped construction and ductile shear connectors: 
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With: 

Where Le is the distance in sagging bending between points of zero bending, MEd is the 
acting design bending moment and Mpl,Rd,η indicates the bending moment resistance depend
ing on the degree of shear connection η. 
In addition to the positive influence of the utilization of the beam, the required degree of 

shear connection for unpropped beams can be further reduced based on the self-weight to 
resistance ratio with the factor kunpr, as follows: 

With: 

Where Msw,Ed is the bending moment due to the self-weight of the composite beam and 
Mpl,Rd is the bending moment resistance for full shear connection (i.e. η=1.0). For the investi
gation of the slip displacement, a finite element (FE) model was developed and it is presented 
in section 3. 

3 DESCRIPTION OF THE FINITE ELEMENT MODEL 

3.1 General 

The FE model presented in this chapter bases on the experience gained over the past research 
studies where the behaviour of composite beams with partial shear connection was investigated. 
Among these, the recent RFCS research projects DISCCO (Lawson, et al., 2017) and 
REDUCE (European Commission: Directorate-General for Research and Innovation, 2020) as 
well as the work made by CEN/TC250/SC4.PT3 are mentioned. The software ABAQUS 2017 
(Dassault Systèmes Simulia, 2014) was used to develop a finite element (FE) model able to 
simulate the mechanical behaviour of a composite beam. The structural system reproduced in 
the study was a simply supported beam under uniformly distributed load as shown in Figure 1. 
The FE model, consist of 3 main parts: (i) concrete slab, (ii) steel beam and (iii) a set of shear 
connectors that transfer the longitudinal shear force between them, as detailed in Table 1. 

3.2 Material properties 

In the FE modelling of composite beams using composite slabs with profiled steel sheeting, 
only the effective height of the concrete above the rib of the steel sheeting was considered. 
Notwithstanding that the material damage was not considered in this model, the “Concrete 
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Figure 1. Structural system considered in the study. 

Table 1. Instances and material of the FE model. 

Instance Element type Material 

(i) Concrete slab Solid (C3D8R) Concrete Damaged Plasticity 
(ii) Steel beam Solid (C3D8R) 3D von Mises plasticity model 
(iii) Shear connectors Fastener Uniaxial non-linear law 

Damaged Plasticity” (CDP) model available in ABAQUS was applied to the concrete. The 
main material parameter are given in Table 2. They include: modulus of elasticity Ecm, Pois
son’s ratio ν, dilation angle ψ, flow potential eccentricity e, ratio of compressive strength 
under biaxial loading to uniaxial compressive strength fb0/fc and the ratio of the second stress 
invariant on the tensile meridian to that on the compressive meridian Kc. The values assigned 
to the CDP plasticity parameters are also given in Table 2. The concrete behaviour under 
compression was modelled according to the design parabola-rectangle uniaxial law of EN 
1992-1-1. As already done in a similar study (Aggelopoulos, et al., 2018), the tensile strength 
was taken as approximately 10% of the corresponding compressive strength of the concrete. 
Beyond this point, a full plastic plateau was assumed in the uniaxial stress-strain law. The 
steel beam was reproduced through solid continuum elements (C3D8R). To ease the mesh 
modelling procedure, the web-flange junctions were neglected. The beam material follows the 
Von Mises plasticity criterion with a bilinear stress-strain law with a very small hardening 
slope of less than Es/200. The modulus of elasticity was taken as 210000 MPa while the Pois
son’s ratio was 0.3. 
Finally, the shear connectors were modelled through the ABAQUS feature *FASTENER 

which allows to connect two points with a directional spring law and to attach these points to 
the selected surfaces. First, the attachment points were created on the top flange of the steel 
beam along the longitudinal direction with a constant spacing of 250 mm. Then, the corres
ponding attached points were created on the bottom surface of the “effective” concrete slab 
(projection along normal direction) and coupled with the respective attachment points on the 
top flange, see Figure 2. 
To reproduce the behaviour of actual shear connectors in composite beams, only the rela

tive displacement in the longitudinal direction of the coupled points was released using the 
type of mechanical constraint “Slot” and “Align” in *CONNECTOR SECTION. 

The uniaxial load-slip curve along the longitudinal direction of each connector was defined 
through a bi-linear uniaxial load-slip curve. It was assumed that the ultimate design resistance 

Table 2. Plasticity parameters of the CDP model (Dassault Systèmes Simulia, 2014). 

Property 
Dilation 
angle ψ [°] 

Eccentricity 
e [-] 

Biaxial to axial 
strength ratio 
fb0/fc [-] Coefficient KC [-] 

Viscosity parameter 
µ [-] 

Value 38 0.1 1.16 0.667 1x10-5 
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Figure 2. Attachment points of the FE model corresponding to the location of the shear connectors. 

of the shear connectors PRd is achieved at a slip displacement of 1 mm. Beyond this value, the 
connector has a full plastic behaviour. The resistance PRd was modified in each configuration 
to fit the needed degree of shear connection, as explained in Chapter 4. 

3.3 Mesh modelling, boundary conditions and load application 

The concrete slab and the steel beam were modelled with continuum solid elements with 
reduced integration (C3D8R). A sensitivity analysis was performed to check the most efficient 
mesh size. The average mesh size of the concrete slab was defined as 150mm with 4 layers 
along the vertical direction. The mesh of the steel beam was approximately 50 mm. It was also 
checked that a denser mesh does not improve the accuracy of the FE model. To reproduce the 
simply supported conditions given in Figure 1, one of the supports was restricted to translate 
in the three principal directions (X, Y and Z) whereas only the longitudinal displacement 
along X was allowed in the other support. In both cases, the rotation around the axis Z was 
released. These boundary conditions were implemented in ABAQUS by coupling reference 
points to the ends of the steel beam. Furthermore, to account for the effect of the contiguous 
slabs in the transversal direction, symmetric boundary conditions in the transversal direction 
were included along the lateral edges of the slab. In this way, any lateral displacement was 
prevented. Finally, the load was applied on a partitioned strip located on the surface of the 
top flange through the ABAQUS feature *SURFACE TRACTION. The load direction was 
defined through a vector to ensure that the load applies along the vertical direction through
out the whole simulation. 

3.4 Unpropped conditions 

To reproduce the loading stages of unpropped composite beams, two different sub-models 
were initially created: the first considers only the steel beam (before concreting) while the 
other includes the concrete slab as well as the shear connectors (after concreting). The former 
model was needed to compute the stress field of the steel beam after applying the load due to 
the self-weight of the beam and the slab. After that, this stress field was imported in 
the second model via the feature *PREDEFINED FIELD-STRESS available in Abaqus, in 
Step 1. During the step 2, the additional “imposed” load was increasingly applied on the com
posite system until failure. Such procedure for modelling numerically the unpropped condi
tions were also used in several previous studies (Aggelopoulos, et al., 2018). 

4 PARAMETRIC STUDY 

Once the FE model was successfully validated for propped and unpropped beams against the 
analytically obtained values of the bending design resistance, several configurations were ana
lysed within their typical range of application. The span length ranges between 10 and 
21 m while the depth-to-span ratio of the steel profile vary around 25, typically considered for 
the design of composite beams. All the cases refer to composite slabs with 80 mm deep 
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Table 3. Data of the configurations analysed. 

Slab Eff. slab Rib 
Span width depth height Msw/Mpl,Rd 

Steel Steel Concrete 
N. Case m grade section class mm  mm  mm  -

1 10-300-A 10 S355 IPE 300 C30/37 2500 70 80 0.16 
2 10-400-A 10 S355 IPE 400 C30/37 2500 70 80 0.10 
3 12-400-A 12 S355 IPE 400 C30/37 3000 70 80 0.16 
4 12-500-A 12 S355 IPE 500 C30/37 3000 70 80 0.11 
5 16-450-A-27 16 S355 IPE 450 C30/37 2700 70 80 0.29 
6 16-600-A 16 S355 IPE 600 C30/37 4000 70 80 0.17 
7 18-500-A 18 S355 IPE 500 C30/37 4500 70 80 0.33 
8 18-600-A 18 S355 IPE 600 C30/37 4500 70 80 0.23 
9 21-600-A 21 S355 IPE 600 C30/37 5250 70 80 0.35 
10 21-750-A 21 S355 IPE 750 C30/37 5250 70 80 0.27 

profiled sheeting (transverse to the beam) and a total slab depth of 150 mm. Only the effective 
portion of the slab (i.e. 70 mm deep) was considered in the FE model. For all configurations 
listed in Table 3, the resistance of shear connectors was adjusted to achieve different degree of 
shear connection ranging from 0.2 to 1.0 according to: 

Where Nc is the total compression force in the concrete slab and n is the number of studs in 
the shear length of the beam. For each case, both propped and unpropped conditions were 
simulated. 

5 EVALUATION OF THE RESULTS FOR DUCTILE CONNECTORS 

5.1 General 

To check the suitability of the design proposal for the minimum degree of shear connection, 
the values of the slip of the shear connections obtained in the parametric study was deter
mined at an applied load level leading to a mid-span acting bending moment equal to 95% of 
the plastic bending design resistance (Mpl,Rd,η) of the beam. This value was analytically calcu
lated in accordance with the plastic rigid theory of EN 1994-1-1 for partial shear connection 
using the design properties of the steel and concrete. Such procedure is consistent with the 
assumptions made in the original calibration of the shear connection rules of current EN 
1994-1-1 (Aribert, 1997). Due to the different application of the load on unpropped beams, 
the cases with propped conditions exhibited higher slip values. Specifically, the slip reduction 
due to the unpropped construction is significant and it typically ranges between 15% and 50% 
depending on the load level. 

5.2 Evaluation of the slip values 

In order to check that the slip limit is not exceeded according to the proposed design equations in 
section 2, (a) each system was analysed (b) for different degrees of shear connection and (c) the 
output of the simulation were extracted at different utilization factor UF. Finally, (d) all the 
simulations were run for propped and unpropped conditions. The value of the end-slip s was 
plotted at different levels of UF=MEd /Mpl,Rd,η from each run. This procedure was repeated for 
different degree of shear connection η until the η-s curves were complete, see Figure 3. 
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Figure 3. Example of slip – degree of shear connection curves showing the occurring slip at the design 
minimum degree of shear connection for ductile connectors at UF=0.95. 

(1) Once the curves are generated, the minimum degree of shear connection ηmin was firstly 
calculated for a given value of UF according to the proposed design rules for ductile 
studs. In case of propped beams, Eq. (1) shall be used while Eq. (3) apply to unpropped 
beams. 

(2) The intersection with the corresponding curve gives the value of the occurring slip at ηmin. 
(3) After repeating the procedure for different load levels (UF=0.95, 0.9, 0.8. . .) the values of 

the occurring slip are displayed as red triangles in Figure 3. 

If these values are lower than 6 mm, the design rules can be safely applied to the con
figuration considered. The values of the slip at the minimum degree of shear connection 
were plotted for all cases considered in Figure 4a and Figure 4b, for propped and 
unpropped conditions at UF= 0.9 and UF=0.95 respectively. According to these results, 
the revised rules for minimum degree of shear connection for unpropped beams can be 
safely applied whereas only one case of the propped configurations shows a maximum 
slip of ca. 8.6 mm. 

Figure 4. Occurring slip at the design minimum degree of shear connection for ductile connectors at: a) 
UF=0.95 and b) UF=0.9. 
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6 CONCLUSIONS AND OUTLOOK 

A finite element model of propped and unpropped composite beam with symmetrical beams 
was presented and validated against analytical results. Then, a parametric study was per
formed to assess the maximum occurring slip at the minimum degree of shear connection 
according to the proposed revised rules that accounts for the positive effect of the unpropped 
conditions. 
Based on the study presented, the slip at the minimum degree of shear connection 

according to revised rules for unpropped beams with ductile connectors is lower than 
6 mm. Therefore, this design solution can be safely applied to unpropped composite 
beams. On the other side, only one of the propped configurations shows a maximum slip 
noticeably higher than 6 mm. 
However, to provide a more reliable evidence of the suitability of the design rules, further 

simulations of composite beams using solid slabs are foreseen. Furthermore, the approach 
presented to assess the design rules for the minimum degree of shear connection may be 
extended to propped and unpropped composite beams with asymmetrical and/or cellular steel 
beam. 
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ABSTRACT: The most common means for connection between steel and concrete is mech
anical, usually through shear connectors. Currently, numerous shear connectors are available 
to designers which have been subject of study in the past decades. Eurocode 4 prescribes 
a minimum characteristic slip capacity for the connector to be considered as ductile. Thus, 
this paper proposes an alternative tubular perfobond shear connector encompassing the resist
ance of the conventional Perfobond and providing the required ductility prescribed by the 
code. The study has been conducted using the finite element method through push-out tests to 
determine the connector resistance and slip capacity. The influences of the most relevant 
parameters and properties were determined. Due to the lack of results on the tubular perfo
bond connectors, the experimental results on Perfobond connectors available in the literature 
were previously used to validate the numerical model. The proposed connector has presented 
a satisfactory performance and could be considered viable. 

INTRODUCTION 

The composite structure is an innovative, efficient and economical structural solution that 
reveals the human capacity for technological innovation through the use of new materials and 
the conception of optimized structural systems. The connection between the materials, trans
fer of efforts and the shear strength along the steel-concrete contact surfaces can be achieved 
by mechanical means such as shear connectors. The shear connector confers the interaction 
between steel and concrete, transmitting forces from one material to the other, enabling them 
to work in a solid and monolithic way to resist the solicitations. Gu et al. (2019) consider 
shear connectors as the key element of the composite structure, where they make the compos
ite behaviour happen, minimizing the slip between the materials. 
Many shear connectors have been developed in the last decades, such as stud bolt, C-profiles, 

U-profiles, Crestbond, Perfobond, among others. The stud is standardized by Eurocode 4 (2005), 
and it is the most commonly used due to the practicality and quickness of its installation process. 
Its disadvantage is related to low resistance to fatigue and the need for electricity to installation. 
These disadvantages led to the necessity of developing alternative connectors, which can be pro
duced at the construction site. According to Bezerra et al. (2018), these new connectors can 
encourage the popularization of composite construction. The U-profile connector was one of 
those that became widely used due to stud limitation. This connector is easy to manufacture and 
weld, but its web has a relatively small stiffness, allowing it to suffer great deformations. 

Due to the limitations, new alternative connectors were created. In this process, the Perfo
bond connector was conceived. It has stood out from the others, and it is known to have 
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greater rigidity and resistance than studs. However, it has low slip capacity, which often char
acterizes it as a non-ductile connector. 
Therefore, there is a need for an alternative connector to Perfobond that can present excel

lent resistance, as well as Perfobond, and to achieve adequate slip capacity, as recommended 
by Eurocode 4 (2005). Thus, from this need, a tubular shear connector is proposed. It is 
expected that a tubular cross-section can optimize the connector performance, leading to satis
factory resistance and ductility. Therefore, to evaluate the proposed connector, some param
eters are studied, and a brief numerical study is performed and presented. 

2	 VALIDATION OF THE NUMERICAL SIMULATION OF PERFOBOND 
CONNECTORS 

2.1 Reference push-out tests on Perfobond connectors 

There is no result of a connector similar to the tubular; thus, a validation of the numerical 
modelling will be carried out from the results of the Perfobond connectors of Vianna et al. 
(2009). Their research covered Perfobond and T-Perfobond connectors. For this validation, 
the Perfobond connector with two holes (EX-P-2H-120) was chosen. The dimensions and 
geometries of the specimen in question can be found in Vianna et al. (2009). 

2.2 Development of the numerical model 

The study was performed in Abaqus 6.14 (2010). The explicit solver was used in the nonlinear 
numerical analysis conducted, which encompasses complex contact interactions, the nonli
nearity of materials and large deformations. Other authors such as Gu et al. (2019) have used 
this solver previously for similar numerical simulations. The loading process was quasi-static, 
and its ratio was monitored to avoid dynamic effects. During the analysis, the kinetic energy 
was kept between 5% and 10% of the internal energy to guarantee a quasi-static analysis. 

2.2.1 Geometry, loading and boundary conditions 
All components were modelled with solid elements and are shown in Figure 1. As in the 
experimental test, a loading was applied from the introduction of an axial displacement on the 
“I” profile section upper face. About the boundary conditions, displacement restrictions have 
been applied in the three directions of the global axes at the slabs bases. Both have been 
applied to the reference points belonging to the multi-point constraints (MPCs) (Figure 1c). 

2.2.2 Material modelling 
The modelling of the materials considered the properties used by Vianna et al. (2009). The 
steel employed were S355, S275 and S500 for the connector, the beam and the reinforcement, 

Figure 1. Geometry, load, boundary conditions, tie constraints and mesh of Perfobond numerical 
model. a) Push-out test model layout, b) Tie constraint, c) Mesh and details of load and boundary condi
tions at MPCs. 
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respectively. For the modelling of the beam and reinforcement, an elastic perfectly plastic 
stress-strain model was chosen. Regarding the shear connector, it was modelled following the 
quadrilinear stress-strain law proposed by Yun and Gardner (2017). 
The concrete has fcm equal to 28 MPa and 52 MPa. A concrete damaged plasticity model 

(CDP) was chosen to characterize the concrete behaviour. To use this package, it is necessary to 
inform five plastic parameters and the behaviour under compression and tension. The param
eters, dilation angle (ψ), eccentricity (ε), the ratio of biaxial to uniaxial compressive strength 
(fb0/fc0), the ratio of the second stress invariant on the tension meridian to that on the compres
sive (K) and a viscosity parameter (μ) are taken as 38, 0.1, 1.16, 0.667 e 0, respectively. 
The constitutive law proposed by Pavlovic (2013) was adopted to characterize the behav

iour of concrete under compression in terms of a stress-strain ratio. About the damage model, 
Genikomsou and Polak (2015) consider that concrete under compression only loses stiffness 
after reaching its resistance, fcm. All parameters necessary can be found in Pavlovic (2013) and 
Genikomsou and Polak (2015). The bilinear tensile behaviour recommended by CEB (2010) 
was used through the stress-crack opening relation. Similar to the compression behaviour, the 
authors also consider that concrete only cracks after reaching its resistance, fctm. More details 
about these formulations can be found in CEB (2010) and Genikomsou and Polak (2015). 

2.2.3 Constraints and contact interactions 
The interaction between the reinforcement bars and the concrete was applied through the 
embedded constraint. To simulate the weld between the shear connector and the steel beam, the 
tie constraint was applied in a manner that keeps the faces together during the entire numerical 
simulation (Figure 1b). Regarding the contact properties, the normal hard contact behaviour 
was applied to avoid overlapping between the parts during the simulation. A tangential behav
iour was also assumed during the analysis with a coefficient of friction equal to 0.15. 

2.2.4 Meshes 
A mesh (Figure 1c) was adopted with an overall size of 5 mm e 24 mm for the shear connector 
and reinforcement bars, respectively. The slab and the steel beam mesh adopted an 8 mm elem
ent size. All the components of the model were discretized with 3D elements of type C3D8R. 

2.3 Validation of the numerical model 

The shear connection capacity obtained from the experimental tests (EX-P-2H-120-28MPa and 
EX-P-2H-120-52MPa) and finite element analysis (NM-P-2H-120-28MPa and NM-P-2H-120
52MPa), as well as the load-slip ratio of the specimens, are exhibited in Table 1 and Figure 2. 
Analyzing the results, it can be seen that a satisfactory agreement was reached between the two 

results, mainly to the model with 28 MPa. It could be observed that the connector numerical 
model with 28 MPa presented resistance 4% higher when compared to the experimental one. The 
52 MPa model was 10% more resistant than the experimental connector model. However, when 
comparing the slip capacity of the connector, the 52 MPa numerical model was the most similar 
to the experimental one. This fact can also be proved when observing the post-peak behaviour of 
the load-slip ratio. NM-P-2H-120-28MPa presented initial stiffness similar to the experimental 
one. After reaching its resistance, the numerical model lost stiffness faster, which justifies the 
lower slip capacity. NM-P-2H-120-52MPa lost stiffness slower in the post-peak segment, 

Table 1. Comparison from experimental and FEA results. 

PEXP PNUM PNUM δuEXP δuNUM δNUM 

Connector kN kN PEXP mm mm δEXP 

P – 2H-120-28MPa 329.75 342.94 1.04 7.77 4.35 0.56 
P – 2H-120-52MPa 394.20 434.47 1.10 7.80 8.92 1.14 
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Figure 2. Comparison of experimental and FEA results. a) NM-P-2H-120-28MPa and EX-P-2H-120
28MPa, b) NM-P-2H-120-52MPa and EX-P-2H-120-52MPa. 

resembling the experimental despite the resistance difference. Therefore, the 28 MPa model was 
validated in terms of peak load and the 52 MPa in terms of post-peak behaviour. 

3	 NUMERICAL ASSESSMENT OF THE POTENTIAL OF THE NEW TUBULAR 
PERFOBOND SHEAR CONNECTOR 

3.1 Numerical modelling 

The numerical modelling previously presented was applied in the tubular connector study, 
including material properties, constraints, contacts, interfaces, boundary conditions, mesh, 
among others. The tubular connector has been studied as without holes, with two holes and 
with two holes and rebar (Figure 3a-c). To minimize computational cost, only a quarter model 
was modelled, using double symmetry restrictions. It is possible to observe in Figure 3d, the sur
face 1 (X-Z plan) was set as symmetrical in the Y-axis with all nodes on this surface restricted 
from moving in the Y direction. Surface 2 (X-Y) has been imposed as symmetrical in the direc
tion in the Y-axis, restricting its nodes to the movement in this direction. The width of Perfo
bond was maintained to a tubular connector to allow comparisons. Figure 3e presents the tie 
constraint that links the surfaces between the tubular connector and the steel beam. 
Concerning the nomenclature of the models, the TP index indicates tubular perfobond. The 

S indicates square section 70x70x3.6 mm while the R indicates rectangular section 
70x50x3.6 mm. NH denotes that the connector has no holes, 2H denotes that it has two holes 
and 2H-R denotes that it has two holes and rebar. 28 MPa and 52 MPa indicate concrete resist
ance. For example, TP-S-2H-R-28MPa refers to a square section tubular connector model with 
two holes, rebar and concrete with fcm 28 MPa. 

Figure 3. Tubular perfobond connector model. a) Without holes, b) With two holes, c) With two holes 
and rebar, d) Symmetric surfaces, multi-point constraints and mesh, e) Tie constraint. 
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3.2 Parametric study 

As presented, two concrete compressive strength (fcm) were studied to evaluate their influence 
on the connector performance. The influence of the hole and the rebar, as well as the con
nector cross-section, was also evaluated. Figure 4 and Figure 5 present the results in regards 
to the load-slip ratio and the parameters influence, respectively. Table 2 presents the results 
obtained in terms of maximum (P) and characteristic resistance (Prk), shear rigidity (Ks), slip 
capacity (δu and δuk), ductility rating and failure mode. Except for the shear rigidity and fail
ure mode, all results were taken according to Eurocode 4 (2005). The rigidity was defined 
according to Chen et al (2011) and the failure mode was determined according to the evolu
tion of the degradation. 
Analyzing the models with both concrete strengths, it can be seen that the connector with 

the largest transversal area presents the greatest resistance for all the conditions studied. How
ever, the increase in the cross-sectional area provided only slight increases in resistance, ran
ging from 3% to 5%. The use of the hole and rebar conferred a resistance increase for the 
models with 28 MPa. For 52 MPa, it did not influence the resistance due to the excessive con
nector yield. For all models, it led to the connector peak load occur to higher slip values, con
tributing to ductility. 
The increase in the concrete strength resulted in a significant improvement in the shear con

nector resistance for the different cases studied, ranging from 16% to 29%. There was an 
expressive increase in the slip capacity of the tubular shear connector due to the rise in the fcm, 
ranging from 18% to 137%. Briefly, the concrete strength influenced in a more significant way 
the square section connector concerning the shear strength and the rectangular section con
nector ductility. About ductility, Eurocode 4 (2005) defines the shear connector as ductile if its 
characteristic slip capacity is at least 6 mm. Thus, only the TP-S-NH-28MPa and TP-R-NH
28MPa connectors were not ductile. 

Figure 4. Load-slip curve for 28 and 52 MPa models. a) TP-NH, TP-2H and TP-2H-R for 28 MPa, b) 
TP-NH, TP-2H and TP-2H-R for 52 MPa. 

Figure 5. Influence of parameters and von mises stress distribution for TP-R-2H models. a) Influence of 
holes and rebar, b) Influence of concrete fcm, c) TP-R-2H-28MPa, d) TP-R-2H-52MPa. 
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Table 2. Push-out analyzes results. 

P Prk Ks δu δuk 

Model kN kN kN/mm mm mm Ductile? Failure mode* 

TP-S-NH-28MPa 353.03 317.72 572.20 4.55 4.10 No 3 
TP-S-NH-52MPa 446.61 401.95 653,87 9.18 8.26 Yes 3 
TP-R-NH-28MPa 336.07 302.46 534.15 5.88 5.29 No 3 
TP-R-NH-52MPa 433.00 389.70 591.70 13.91 12.52 Yes 3 
TP-S-2H-28MPa 368.79 331.91 646.23 12.35 11.12 Yes 1 
TP-S-2H-52MPa 446.93 402.24 671.25 14.62 13.15 Yes 1 
TP-R-2H-28MPa 360.11 324.10 595.81 11.03 9.93 Yes 3 
TP-R-2H-52MPa 417.01 375.31 650.00 > 20 > 20 Yes 1 
TP-S-2H-R-28MPa 376.36 338.73 616.24 17.83 16.05 Yes 1 
TP-S-2H-R-52MPa 454.87 409.38 705.93 19.75 17.78 Yes 1 
TP-R-2H-R-28MPa 364.35 327.92 604.10 9.64 8.68 Yes 3 
TP-R-2H-R-52MPa 425.47 382.92 654.45 19.41 17.47 Yes 1 

*	 1 – Failure of the connector. 2 – Local concrete crushing. 3 – Failure of the connectors associated with 
local concrete crushing. 

All models with no holes (NH) had failure of the connectors associated with concrete crush
ing. All models with two holes (2H) and two holes and rebar (2H-R) had failure of the shear 
connector with the exception of TP-R-2H-28MPa and TP-R-2H-R-28MPa which had similar 
failure mode to those with no holes. Figure 5c-d shows the excessive yield of the TP-R-2H
28MPa and TP-R-2H-52MPa connectors. 

3.3 Tubular perfobond connector vs Perfobond connector 

The 70x70x3.6 mm square section was chosen for comparison with Perfobond connector due 
to its similar area. Comparing the tubular connector with the perfobond numeric connector 
model, it is evaluated that the tubular connector presents shear resistance 7.5% higher for the 
model with fcm 28 MPa, and 2.9% for 52 MPa. However, when compared to the experimental, 
the difference increases to 12% and 13% for fcm 28 MPa and 52 MPa, respectively. Regarding 
slip capacity, the proposed connector presented 184% more than Perfobond when analyzed 
the numerical models of the Perfobond connector with 28 MPa and 64% for 52 MPa model. 
The section chosen does not present such a superior resistant capacity when compared to Per

fobond; however, it is important to mention that the peak load occurs for a higher level of slip 
and deformation, which is positive, considering that this is the proposal of this connector, being 
able to maintain the resistance while increasing its slip capacity, characterizing it as ductile. 

4 CONCLUSIONS 

The modelling validation indicated that numerical choices led to an adequate calibration in 
terms of ultimate load. The connector area variation led to a discrete increase in resistance. 
The presence of holes and rebar delayed the peak load, granting greater slip capacity to the 
connector. The increase of the concrete strength influenced the square section connector sig
nificantly in terms of increased shear resistance and the rectangular section connector ductil
ity. Finally, the increase of the connector area, the use of the hole and the rebar and the 
increase of the concrete strength directly influenced the shear rigidity. When compared to Per
fobond, the proposed connector presented a discretely superior resistance; however, it reached 
the desired ductility, presenting excellent post-peak slip capacity. Except for the two no holes 
connectors, all the proposed connectors could be considered ductile by Eurocode 4 (2005). 
Thus, it is important to enlarge the study considering other parameters and conditions, 
though this tubular connector proposal can be considered feasible. 
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ABSTRACT: The paper presents selected results of experimental research performed on 
steel - concrete composite beams. The study aimed at determining efficiency and technical 
feasibility of strengthening such structures. The main assumption was that strengthening was 
conducted under load, which is consistent with the factual state of the modernized structure. 
Beams were strengthened by welding sheet metal to increase the area of the steel section. The 
safe level of stress during welding and the appropriate order of joints were determined. The 
study focused on distortion caused by welding, cooling and shrinkage. Following the strength
ening, the beams were overloaded, underwent plastic distortion and were ultimately damaged. 
The beams’ increased stiffness and capacity due to strengthening was monitored. 

INTRODUCTION 

Structures must be strengthened for a variety of reasons; due to design errors, workmanship 
defects, wrong exploitation, vibration or lack of proper maintenance. On the other hand, the 
need to strengthen can be triggered by changes in the way a structure is used, by changes in 
technology or by a different purpose the structure is supposed to serve. In each of the above 
situations, attention should be paid that modernization is conducted on an already existing 
construction, i.e. one that carries at least its own constant weight and possibly service and 
technological load. It would be ideal to completely relieve a structure of any load to design the 
strengthening as one designs brand new objects. However, that would require to remove any 
elements that load the object. It would be expensive and time-consuming. Putting up shoring 
posts would be another way to deal with the problem. That would, however, take up space 
below. Sometimes, it is not possible to remove the service load. Compare an interesting object, 
discussed in the following papers (Paczkowski, Wróblewski & Skibicki, 2020), (Wierzbicki 
et al., 2020). Therefore, in most cases it is fair to assume that a strengthened structure has 
a certain actual stress ratio, which sometimes can be significantly high. 
Steel structures are suitable to be strengthened (Liu and Gannon, 2009), (Wang et al., 

2015), (Ali, Kvočák & Platko, 2017). Elements that are strengthened and strengthening parts 
can be welded and stress can be plastically redistributed. However, welding operations involve 
additional distortion and weld shrinkage. The magnitude of these effects depends on the sign 
and level of stress in the welded place, 
The present study tried to take into account all the above factors. A steel-concrete compos

ite beam was taken as the research model. Owing to the composite character of the beam’s 
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cross-section which involves both plastic, ductile steel and brittle concrete, its analysis poses 
significant challenges. 

2 EXPERIMENTAL RESEARCH 

2.1 Research model 

A steel-concrete composite beam with a cross-section presented in Figure 1 was adopted as 
the research model. The beam’s dimensions were chosen so that its neutral axis was close to 
the joint’s area. The beam was analyzed in a simply supported system, with the spacing 
between supports of 5 m. This static scheme provided a classic division between a compressed 
concrete and a stretched steel part. The flexible reinforced concrete (C25/30 concrete, Bst500 
reinforcement) was connected to the steel (S235JR) with SD stud connectors. In all the tests, 
a 10x120 mm flat bar was welded to the bottom flange of IPE200 beam. Because the width of 
the flat bar was greater than the width of the flange by 20 mm, the elements were welded in 
a preferable PB horizontal vertical position. The length of the sheet metal stiffener was smaller 
than the distance between the supports and it was 3,200 mm. A comprehensive analysis of the 
optimal choice of strengthening plate can be found in (Szewczyk and Szumigała, 2016). 

2.2 Strengthening under load 

The first step was the introduction of preload to simulate the tension before reinforcement. 
The load was supposed to be reduced so that at each stage of reinforcement the ultimate limit 
state would be met. When a structure is welded, its cross-section is locally weakened. This 
weakening can be taken into account by the reduced cross-sectional area. The reduction of the 
area occurs in the place where the structure gets hot. Its range depends on the linear energy of 
electric arc ql. The welding was done using 111 method: 140A current, 28V voltage, 3 mm/s 
welding velocity. Owing to the type of steel used (S235JR), the area reduction was assumed to 
be ΔA=220 mm2 (Augustyn & Skotny, 1991). It was assumed that the effect of welding heat 
coming from two joints can occur simultaneously. That is why the reduction was applied on 
both sides of the flange, which is shown in Figure 2. 
The beam was tested in a four-point bending scheme. The force spacing was 2000 mm, 

which is presented in Figure 3a. The force of 60 kN was adopted as preload. Together with its 
own weight, it caused 163 MPa stress in the bottom flange. When stiffness reduction is taken 
into account, stress at this point increases to 228 MPa, which is 97% of allowable stress. This 
means that the assumed stress is at a high but safe level during welding. The introduced force 
was supposed to simulate the load on the structure. It was essential to maintain a constant 
level of the force through the total time of the test (several hours), also during welding. 

Figure 1. Cross-section of composite beam. 
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Figure 2. Localization of the cross-sectional area reduction ΔA. 

Figure 3. Welding plan, a) beam view, b) the order of making the welds. 

Welding through heating up the bottom flange increased its bending. The weld shrinkage 
caused a reversed direction of deflection. At the same time, the piston had to change its pos
ition according to the deflection of the beam, while maintaining a constant, predefined load. 
The task was completed using a PID precisely preset hydraulic servomotor. Owing to that, 
force deviation during welding was only 10 N. 
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Figure 4. Welding of a strengthening plate. 

2.3 Welding under load 

After the beam completely cooled down and when displacements stabilized, the strengthening 
sheet metal was put in place. To make sure the sheet metal was close to the beam given its 
curvature under load, the sheet metal was connected to the bottom flange with steel ties. The 
welding order is presented in Figure 3b. In line with the guidelines (Augustyn & Skotny, 
1991), (Bródka, 1995), sheet metal ends were welded first. The next welds were done in the 
order from the middle of the beam towards its ends. Owing to high level of stress where weld
ing was conducted, transverse welds were not done at the end of strengthening sheet metal. As 
shown, 300 mm in each direction, i.e. in the vicinity of the beam’s middle section, no welds 
were done to protect strain gauges. The length of individual welds was equivalent to the 
length of electrodes and equaled approximately 120 mm. Welds were not laid simultaneously 
but alternately, keeping the symmetry of laid lines. Since welds were done on both sides of the 
beam, two specialists separately equipped were conducting their welding operations. However, 
welds were never laid at the same time. Figure 4 shows the model during welding. 

3 RESEARCH RESULTS 

3.1 Measurements during strengthening 

Vertical displacement in the middle cross-section of the beam was measured during all the 
test. Displacement values during strengthening are shown in Figure 5. Displacement observed 
prior to welding process was the effect of preload, defined in Section 2.2. The heating up of 
the bottom flange during welding increased its deflection. The highest displacement was 
observed in the first phases of welding when the beam was heated starting from the initial tem
perature. In the subsequent stages of welding the sheet metal was being connected to the beam 
and therefore its stiffness was increasing. Also, the first welds started to cool and contract 
which caused opposite displacement. Therefore, approximately in the middle of strengthening 
process the measured displacement did not increase so sharply and at the end of it deflection 
tended to decrease. The latter occurred despite subsequent welds being laid. 
All the three graphs of welding show clearly the cycles of displacement increase and 

decrease caused by heating up and cooling during breaks in the welding process. The strength
ening of the first model of the beam took 1.5 h. Following the positive results of the first test, 
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Figure 5. Beam displacement while welding. 

the time between laying subsequent welds was shortened, which reduced the total welding 
time down to 1 h. The Figure 5 shows that welding time, i.e. intensity of heating has clear 
effect on displacement during strengthening. After cooling, regardless of displacement during 
welding, deflection of all three beams stabilized at the same level, which is a very important 
conclusion from the test. 
The above process is also presented in Figure 6. It shows displacement recorded for other 

cross -sections along the beam’s axis. The colored dots represent measured values. The solid 
lines are averaged displacement values. Please note that measurements before and after the 
welding process are very consistent. Only displacement during welding have greater spread, 
which is due to different intensity of heating the beams during welding. 

Figure 6. Beam deflection line before, during and after welding. 
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Figure 7. Static equilibrium paths of the strengthened beams. 

3.2 Load increase 

After complete cooling, the next phase of the test was to increase load up to the yield moment 
and damage of the element. Static equilibrium pathways are a very good tool to present how 
a structure behaves in all its stages of operation (Szewczyk & Szumigała, 2019). Accordingly, 
Figure 7 shows static equilibrium pathways obtained for the analyzed beams. Those are load-
displacement curves in the middle of the beam’s span. For the load of 60 kN (i.e. the load at 
which strengthening was completed), there are displacement changes at the constant force due 
to welding and cooling. Those are shown in more detail in Figures 5 and 6. 
From then on, there is clear increase of capacity and stiffness, due to the increasing 

strengthening effect of sheet metal. The graph also shows a dotted line which is a continuation 
of the initial direction of static equilibrium pathway (without strengthening). Stiffness increase 
is seen as a change of the inclination angle before and after strengthening. 
When the element left the elastic regime of its operation, further load increase led to yield 

moment, first observed in the outer, stretched steel fibers. It resulted in redistribution of stress 
in the strengthened and strengthening parts. The further operation in the plastic regime 
resulted in greater compressive strain in the reinforced concrete slab. Consequently, compres
sive strength was exceeded and concrete was crushed. It can be seen in the static equilibrium 
pathway curve as a sudden drop of the force. Shortly before the beam was damaged, high dis
placement was observed. It was over 140 mm, i.e. 1/35 of the beam’s length. Damage was pre
dictable, occurred in a place of the constant bending moment. 

4 CONCLUSIONS 

The paper presents experimental research on a composite beam strengthened by extending the 
stretched steel part. In operations of this type attention should be paid that the strengthened 
structure is under load. The consequence of that is e.g. the effect of weld shrinkage which 
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occurs during welding operations. In the analyzed case, owing to the location of welds well 
below the neutral axis, weld shrinkage decreased the beam’s deflection, which was a positive 
effect. 
The final displacement of all the welded beams were very similar. However, instantaneous 

dis-placement due to sudden heating of the structure during welding correlated very strongly 
with the ratio of welding time and breaks between laying subsequent welds. This is 
a significant conclusion as for operational or technological reasons the serviceability limit 
state can be exceeded even for a short time with negative or dangerous consequences. 
The presented research is part of a larger project aiming at developing a numerical model of 

a composite beam strengthened under load. 
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ABSTRACT: This paper summarises a few years’ research on the structural behaviour of 
composite beams with aluminium girders, i.e., aluminium-concrete composite beams and alu
minium-timber composite beams. In the discussed systems, aluminium girders are connected 
to concrete or LVL slabs using demountable shear connectors. In this paper, the authors pre
sent a review of their theoretical, experimental and numerical analyses of the composite beams 
with aluminium girders. They also summarise the current state of knowledge on this topic. 

1 INTRODUCTION 

Nowadays, aluminium alloy structural members are widely used in civil engineering (Mazzo
lani 2006). Thanks to their lightness and durability, they can be used in domes, roofing, silos, 
tanks, bridges, towers, off-shore structures, pipelines and elevations (Siwowski 2006a, 2009) 
(Gwóźdź 2007) (Szumigała & Polus 2015) (Kossakowski et al. 2017) (Lacki & Derlatka 2017) 
(Chybiński et al. 2019a). Aluminium alloys have been used in composite structures since 1958, 
when the Clive Road Bridge – the first aluminium-concrete composite bridge – was erected. 
However, the use of aluminium alloys in composite structures is not popular due to the lack 
of applicable design rules. For this reason, composite structures with aluminium alloys are 
still being investigated. 

2 ALUMINIUM-CONCRETE COMPOSITE BEAMS 

Aluminium members and concrete members can be used within one structure. For example, 
bars and sheets made of aluminium have recently been used to strengthen reinforced concrete 
beams (Yu et al. 2020) (Xu et al. 2020). A truss made of 7005 T53 aluminium alloy has been 
used with a concrete slab in a military bridge (Szelka & Kamyk 2013) (Hanus et al. 2008). 
Furthermore, a column can be made by filling an aluminium tube with concrete (Zhou & 
Young 2009). The concrete core improves both the member capacity and the fire resistance of 
the column, and the aluminium tube acts as a stay-in-place formwork (Chen et al. 2017). 
An aluminium girder can be combined with a concrete slab to create an aluminium

concrete composite (ACC) beam. ACC beams have been the subject of several studies. Bond 
tests on aluminium rods embedded in concrete, push-out tests of aluminium shear connectors 
and static bending tests of ACC beams with channel shear connectors were conducted by 
(Stonehewer 1962). The failure mode of the composite beams was associated with the yielding 
of the aluminium beam and the cracking and crushing of the concrete slab. Stonehewer 
showed that for beams with complete interaction between the concrete slab and the aluminium 
beam, the transformed section theory may be used to determine the strains. Two ACC beams 
with solid slabs were tested by (Bruzzese et al. 1989). The beams had identical geometric con
figurations, except for the stirrup spacing (6.5 cm or 13.0 cm). The stirrup spacing had an 
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impact of the failure modes of the beams. The failure mode of the beam with the higher 
number of stirrups was associated with the damage of the compressed and tensioned edges of 
the concrete slab in the mid-span. The failure mode of the beam with the lower number of 
stirrups was associated with longitudinal and transverse fractures. A continuous span alumin
ium girder concrete deck bridge was tested by the researchers from Iowa State University 
(Abendroth et al. 1996). The results of the experimental study revealed that the strength prop
erties of aluminium were sufficient for bridge girders. The deflections and strains measured in 
the 1993 field tests were in close agreement with the results of the pre-calculated values. Flex
ural behaviour of aluminium-lightweight concrete composite beams was investigated by 
Siwowski (2006b). Most of the studies performed on ACC structures to date have focused on 
systems in which solid slabs and non-demountable shear connectors were used. 
A novel ACC beam, in which a concrete slab is poured into steel sheeting and connected 

with an aluminium beam using demountable shear connectors was presented by Polus & Szu
migała (2019a) (see Figure 1a). The profiled sheeting resists tension and acts as a stay-in-place 
formwork. A notable benefit of using demountable shear connectors is that they make it pos
sible to separate aluminium girders from a concrete slab once the design life of the structure is 
over. Aluminium girders may later be reused or recycled. Headed studs and composite dowels 
are commonly used connectors but they are not demountable or they require labour-intensive 
processes to separate the components of the composite beam (Lee & Bradford 2013) (Nijgh 
et al. 2018) (Szewczyk & Szumigała 2018) (Kożuch & Lorenc 2019). Furthermore, when 
demountable shear connectors are used, composite action is achieved without welding, which 
reduces the strength parameters of aluminium alloys in heat-affected zones. However, the 
bending resistance of unprotected ACC beams decreases very fast in a fire, e.g., the bending 
resistance of the ACC beam studied by Chybiński & Polus (2018) decreased by 99.4% after 
a 15-minute car fire. Fire resistance may be increased by concreting aluminium girders in 
a similar way to concreting steel elements (Szmigiera 2007). 
The load-slip behaviour of the demountable shear connectors was characterised in labora

tory push-out tests. The slip modulus of the connection was low (k0.4 = 5.9 kN/mm) because 
of the clearance between the bolt and the hole (Polus & Szumigała 2016). However, the clear
ance made it easier to install demountable shear connectors through the holes in the alumin
ium beam flange. The behaviour of the ACC beams with profiled sheeting and of said shear 
connectors was investigated in the bending tests by Polus & Szumigała (2019a). The tested 
ACC beams showed signs of rib-shearing failure. For this reason, the use of profiled sheeting 
with a greater rib width, and the use of the waveform reinforcement showed by Patrick (2000) 
is recommended to prevent such failure in the future. Furthermore, the calculation procedure 
for steel-concrete composite elements was used to calculate the load-carrying capacity of the 
ACC beams. The bending resistance of the ACC beam from the analytical estimations was 
1.05 times higher than the bending resistance from the tests (Polus & Szumigała 2019a).  What  
is more, non-linear 3D finite element models of the ACC elements used in the bending test and 

Figure 1. The aluminium-concrete composite beam tested by (Polus & Szumigała 2019a): a) beam 
parts, b) a quarter of the beam with zero-length springs. 
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in the push-out test were developed and verified against the experimental results. The shear 
connectors were modelled using zero-length springs (see Figure 1b). As a result, the slip 
between the aluminium beam and the concrete slab was taken into account (Polus & Szumi
gała 2019a). Discrete springs were used to model connections by Hassanieh et al. (2016), Kyve
lou et al. (2018), Studziński & Ciesielczyk (2019), Polus & Szumigała (2019b), Chybiński et al. 
(2019b) and by Abramowicz et al. (2020). They provided reasonable accuracy. The comparison 
of the numerical and experimental analyses demonstrated that the adopted numerical models 
captured the responses of the beams and their joints relatively well (Polus & Szumigała 2019a).  

ALUMINIUM-TIMBER COMPOSITE BEAMS 

An aluminium girder can be combined with a timber slab to create an aluminium-timber com
posite (ATC) beam. ATC beams have been the subject of several studies. Bending tests on 
ATC beams with screws and plywood slabs were conducted by (Saleh & Jasim 2014). 
Recently, the flexural behaviour of ATC beams with laminated veneer lumber (LVL) slabs 
has been investigated by (Szumigała et al. 2017, 2019) (Chybiński & Polus 2019) (see 
Figure 2). 
The advantages of using ATC beams instead of steel-concrete composite beams include 

reduced construction time, small self-weight and high durability of aluminium girders. Fur
thermore, LVL has fewer defects than solid wood (Komorowski 2017). However, the problem 
of stresses evoked by temperature change in ATC beams calls for more investigations (Marci
nowski 2018). Aluminium beams may be combined with LVL slabs using screws or bolts. 
The load-slip behaviour of the screw connections in ATC beams was characterised in 

laboratory push-out tests (Chybiński & Polus 2019). The failure mode of the screw connection 
was associated with the crushing of the timber, the formation of one plastic hinge within the 
connector at the aluminium-timber interface and the hole ovalisation in the flange of the alu
minium beam (see Figure 3). The behaviour of the ATC beams was studied in bending tests 
by Chybiński and Polus (2019) (see Figure 4). The failure mode of the ATC beams was associ
ated with LVL damage. The veneers separated from each other in the tensioned parts of the 
LVL slabs and cambered in the compressed parts. 
Furthermore, the calculation procedure for steel-concrete composite elements was used to 

calculate the load-carrying capacity of the ATC beams. The bending resistance of the ATC 
composite beam from the analytical estimations was 1.08 times lower than the bending resist
ance from the tests (Chybiński & Polus 2019). What is more, the non-linear three-dimensional 

Figure 2. The aluminium-timber composite beam tested by (Chybiński & Polus 2019). 
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Figure 3. The push-out test specimen after the test (Chybiński & Polus 2019). 

Figure 4. The aluminium-timber composite beam in the bending test (Chybiński & Polus 2019). 

finite element models of the ATC elements used in the bending test and in the push-out test 
were developed and verified against the experimental results. The shear connections were 
modelled using zero-length springs. The comparison of the experimental and numerical results 
demonstrated that the adopted numerical models were able to adequately capture the response 
of the ATC elements (Chybiński & Polus 2019). 

CONCLUSIONS 

The ACC beams analysed by Polus and Szumigała (2019a) were beams with partial inter
action, i.e., the degree of the shear connection was 0.79, because the connectors could 
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only be placed in the ribs of the profiled sheeting. The clearance between the bolt and 
the hole made it easier to install the shear connectors in the aluminium beam flange. 
However, it had a negative impact on the connection stiffness (k0.4 = 5.9 kN/mm). The 
stiffness of the connection can be increased by tightening the connectors with a higher 
torque (pre-tensioning) (Rehman et al. 2018) (Kozma et al. 2019) and/or by reducing the 
clearance (Suwaed 2017). The connections presented by Polus and Szumigała (2016, 
2019a) showed brittle behaviour, which was caused by the rib-shear failure resulting from 
the small width of the profiled sheeting ribs. Furthermore, the analysed connections 
showed a lower level of slip capacity (4.2 mm). For this reason, the use of profiled sheet
ing with wider ribs and of the waveform reinforcement presented by Patrick (2000) to 
prevent the rib-shearing failure is recommended. The load bearing capacity of the alu
minium beams analysed by Polus and Szumigała (2019a) (22.3 kNm) increased 3.2 times 
(to 72.2 kNm) after they were joined with concrete slabs. 
The ATC beams analysed by Chybiński and Polus (2019) were almost full-composite 

beams, i.e., the degree of the shear connection was 0.97. Their flexible connections (k0.4 = 5.5 
kN/mm) had an impact on the stiffness of the ATC beams. However, the connections were 
ductile, and the failure mode appeared in the middle of the ATC beam, where a sudden tensile 
fracture was observed. The load bearing capacity of the aluminium beams analysed by Chy
biński and Polus (2019) (18.3 kNm) increased 3.4 times (to 62.8 kNm) after they were joined 
with LVL slabs. 
The bending resistance of the novel structural solutions presented in this paper was 

calculated using the method for steel-concrete composite elements with partial shear con
nection and compared with the experimental results. The proposed method of calculating 
the bending resistance of the composite beams with aluminium girders produced similar 
results to the bending tests. However, only four ACC beams and two ATC beams were 
tested. Therefore, it is advisable to perform complementary tests on ACC and ATC 
beams of different geometries and to verify the method against a greater number of 
experimental results. 
When it comes to numerical modelling, the behaviour of shear connections can be modelled 

using zero-length springs, the load-slip behaviour of which is obtained in laboratory push-out 
tests. 
It should be noted that the serviceability limit state criterion may be more difficult to satisfy 

than the ultimate limit state criterion when designing composite beams with aluminium girders 
because of the low value of the Young’s modulus of aluminium. 
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Analysis of puzzle shaped continuous shear connector 

P. Vaňová, R. Kanishchev & V. Kvočák 
Technical University of Košice, Košice, Slovakia 

ABSTRACT: Continuous shear connectors are a recent invention, from a bridge science 
point of view as the first one was patented in 1985 by W. Andrä after spare of general interest 
in this area after the end of World War II. Therefore their development is now still hugely 
a focus of many researchers. At Technical University of Košice, Faculty of Civil Engineering, 
new geometrical characteristics of puzzle shaped steel perforated strip were designed. The 
strip underwent several tests, in which it was closely observed and measured, specifically the 
push-out tests as well as the bending tests. Both materials, steel and concrete, also underwent 
testing to find out their exact material characteristics for precise analysis input data along 
with FEM analysis later in the research. The results were analysed and are presented in this 
paper together with the geometrical, material and testing process description. 

1 INTRODUCTION 

Several authors contributed to this area of study. Firstly, Oguejiofor and Hosain were amongst 
the first researchers to publish a study of FEM analysis of continuous shear connectors at the 
end of last century (Oguejiofor & Hosain, 1993). From nowadays researches, Lorenc et al. did 
a comprehensive study of dowel shape (Lorenc, 2009, 2016); Classen and Hegger researched the 
pry-out failure of concrete in specimens with dowel connectors (Classen & Hegger, 2017). 

2 SHAPE 

As the title suggests, the proposed perforated strip is of a puzzle shape. In the Figure 1, the 
dimensions of one tooth are shown. Its shape was carefully design to spread the stress with the 
geometrical advantage being a possibility to produce two identical shapes out of one I-beam 
by cutting it into two equal longitudinal halves. 
Firstly, the cross-section of the composite beam was being considered and tested as 

a rectangle - the shear connectors being simply poured into a concrete block. However, this 
design consisted unnecessary parts, where tension in concrete was present. For this very 
reason, those parts were missed out of the following testing, to make even more effective 
design, which is still easy to prefabricate. The new design of the cross-section is shown in the 
Figure 2. 

3 MATERIALS 

The tested specimens were manufactured from two basic materials: steel and concrete. Mater
ial characteristics were established from series of testing the materials underwent. 
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Figure 1. The exact shape of one puzzle tooth. 

Figure 2. Dimensions of lightened beam in cross-section. 

3.1 Concrete 

European quality concrete C30/37 was used. The necessary tests performed on one year old 
specimens at Laboratory of Excellent Research: 

–	 The compressive tests of cubes, beams and cylinders of standardized dimensions; measured 
with calliper beforehand; 

–	 The four-point flexural tests onto beams; 
–	 The Young’s Modulus tests; 
–	 The tensile tests. 

Material characteristics included in FEM analysis are summarized in the following Table 1. 

Table 1. Properties of concrete. 

Characteristic Measured value Unit 

Mass density 
Young’s Modulus 
Poisson’s ratio 

2.274E-09 
33 423.8 
0.2 

tonne/mm3 

MPa 
-

Tensile Strenght 
Compressive Strenght 

6.89 
66.31 

MPa 
MPa 
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3.2 Steel 

Steel used for the connector was tested by Faculty of Metallurgy. They performed tensile tests 
to determine Yield point of the material, results are visible in Figure 3. Other values were 
taken from normative characteristics, summarized in the Table 2. 

3.3 Reinforcement 

Reinforcement used in the experiments were not tested, therefore in any further numerical 
study the norm characteristics were considered. The bars were of 12 mm diameter, with euro
pean label B500. 

Figure 3. Diagrams of three steel samples tested. 

Table 2. Properties of steel. 

Characteristic Measured value Unit 

Mass density 
Young’s Modulus 
Poisson’s ratio 
Yield point 

8.654E-09 
210 000 
0.3 
315.3 

tonne/mm3 

MPa 
-
MPa 

Table 3. Properties of reinforcement. 

Characteristic Measured value Unit 

Mass density 8.65E-09 tonne/mm3 

Young’s Modulus 210 000 MPa 
Poisson’s ratio 0.3 
Yield point 490 MPa 
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4 EXPERIMENTAL PROGRAMME 

Two experiments were performed onto three specimens each, to determine the shear and bend
ing resistance of the composite connection. They are described in the following sub-chapters. 

4.1 Push-out test 

Four specimens were made in order to find out the shear resistance of the puzzle shaped continu
ous shear connector via push-out tests. Two connectors connected with steel plate were poured 
into two 200 x 600 x 600 mm concrete blocks and put into hydraulic press, which loaded the 
specimens during 99 loading conditions. Slip was measured by inductive displacement sensors 
placed on both sides of the middle steel plate. The results recorded are presented in Fihure 4. 

Figure 4. Diagram of the push-out tests results. 

Figure 5. Four-point flexural test: a) the overall layout of the test; b) strain gauges application on the 
tooth of the strip. 
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Figure 6. Diagram of the four-point flexural tests results. 

The first part of the diagram shows linear behaviour of the specimens, at the end of which 
the shear resistance was determined. The loading condition was at the value of 700 kN at that 
point. Afterwards, the specimens started to develop bigger slip, which is visible in the second, 
horizontal part of the graph. In the third part, the slip started growing uncontrollably, and the 
tests were stopped. 

4.2 Four-point flexural test 

Four-point flexural tests were performed on three 6 m long lightened beams that included two 
rows of connectors. Two support were located 100 mm from the beams ends and two loads 
forces were applicated approximately 900 mm from the center of the beam. 
During the loading process, two loading cycles were done to prove the linear behaviour of 

the specimens. 
In the Figure 6, the results are shown. The end of the linear part was determined to be at 

the point of 350 kN, which equals the bending resistance of the specimens. 

5 NUMERICAL PROGRAMME 

Finite element model was created to simulate the four-point flexural test. The analysis was 
developed in Abaqus/CAE software. 
Dynamic, Implicit step was chosen for the analysis. General contact was included, with 0.93 

coefficient of friction in-between the surfaces of steel dowel and concrete. Both loading cycles 
were also included. The loading conditions were the exact copy of the loading conditions set 
in experiments. The specimen was meshed by C3D4 element for concrete and steel, described 
as 4-node linear tetrahedrons (see Figure 7). 
As visible in Figure 8, the first loading cycle acted as expected. The second one, on the 

other hand, presented with slightly bigger displacement changes, which might by caused by 
insufficiently accurate material properties of concrete. 
The bending resistance from software was a little higher with ratio of 1.06 at 370 kN. How

ever, the deviation was lower during every loading condition, except first and last, and the 
average deviation was 20.49%. 
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Figure 7. Mesh of the four-point flexural test modeled in Abaqus/CAE. 

Figure 8. Results from Abaqus software compared with experimental results. 

CONCLUSION 

In conclusion, the experiments proved the eligibility of the puzzle shaped continuous shear 
connectors as well as of the lightened beams cross-section for the usage for short-span bridges 
in practice. 
The FEM analysis was also successfully with deviation mentioned above, it is suitable for 

the further parametric study. 
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Buckling of externally pressured cylinders with different degrees of 
ring-stiffening 

E. Azizi & N. Stranghöner 
Institute for Metal and Lightweight Structures, University of Duisburg-Essen, Essen, Germany 

ABSTRACT: Ring-stiffened cylindrical shells are extensively used in engineering applica
tions such as tanks, silos, pressure vessels, submarine hulls, aircraft fuselages, and pipelines 
for conveying fluids or gases. The attachment of ring stiffeners on the shell wall allows increas
ing the buckling resistance or distributing the local loads in the circumferential direction. 
However, the generation of efficient and user-friendly design rules is not an easy task because 
of various possible failure modes of these shell structures: (i) local buckling in the shell wall 
between ring stiffeners, (ii) overall buckling of the whole shell structure, including ring stiff
eners, and (iii) local failure of ring stiffeners. In the presented paper, theoretical and experi
mental results from literature are discussed, and new results from computational analyses are 
presented regarding the imperfection sensitivity of ring-stiffened cylindrical shells under uni
form external pressure. Based on the results, the most detrimental imperfection pattern is 
identified for future numerical investigations. 

INTRODUCTION 

Ring stiffeners are widely attached to the shell wall of cylindrical shells to increase their buck
ling strength in the circumferential direction with a relatively low increase in construction 
weight. While material nonlinearity, boundary conditions, and both material and geometric 
imperfections play an important role on the buckling strength of unstiffened cylindrical shells, 
many further phenomena such as local buckling of the shell wall and instability of ring stiff
eners must be taken into account for ring-stiffened cylindrical shells, see Azizi/Stranghöner 
(2020). These shell structures display a rather more complex buckling behaviour than those 
without stiffeners. 
In the relevant design standard EN 1993-1-6 (2007) and the European Recommendation 

ECCS EDR5 (2013), only simple and partial efficient design rules are given for unstiffened 
shells for such cases where the buckling resistance is relatively independent on the shell length 
and where local stresses associated with the detailed geometry or loading condition do not 
exist. In the case that a direct dependence on the shell length exists or the stress distribution is 
locally constituted (e.g. due to the attachment of stiffeners), the buckling strength assessment 
gets much more complicated and EN 1993-1-6 as well as the design recommendations are 
either silent or they are providing ineffective rules. Therefore, several significant improvements 
to hand calculation rules have been established in the draft revision of pr EN 1993-1-6:2020. 
Depending on the size of a stiffened shell structure, three different types of failures can 

occur: (i) local buckling in the shell wall between ring stiffeners, (ii) overall buckling of the 
whole shell structure, including ring stiffeners, and (iii) local failure of ring stiffeners. Shell 
structures used in tanks and the aerospace industry are usually thin-walled and closely spaced 
ring-stiffened cylindrical shells, which fail mainly due to overall buckling under elastic 
conditions, see Figure 1b. In contrast to this, cylindrical shells applied in vessels, offshore 
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Figure 1. Types of instability or failure in ring-stiffened cylindrical shells subjected to external pressure. 
a) Ring-stiffened shell under uniform external pressure, b) Overall buckling of the whole shell system, c) 
Local buckling in the shell wall between stiffeners. 

constructions, and the marine industry are always thick-walled shells with wide distanced 
ring-stiffeners, so that their failure is local buckling in the shell wall between the ring stiffeners 
under elastic-plastic or plastic conditions, see Figure 1c. 
The buckling behaviour of unstiffened cylindrical shells under elastic conditions and uniform 

external pressure has been the subject of many previous research studies, and it is well estab
lished that their buckling resistance is dependent on their length (l), radius-to-thickness ratio 
(r/t), material properties (Young’s modulus  E, Poisson’s ratio ν), and end boundary conditions. 
These investigations were summarised by the authors in Azizi/Stranghöner (2021) as they are 
important for understanding of the buckling behaviour of ring-stiffened shells when the failure 
mode is local buckling of the shell wall between the stiffeners. In such a case, every single panel 
between two ring stiffeners can be considered as an unstiffened shell with their corresponding 
boundary conditions, as defined in the last draft version of prEN 1993-1-6:2020. 
For ring-stiffened cylindrical shells subjected to uniform external pressure, Wunderlich 

et al. (1991) focused on the relationship between the elastic critical buckling pressure and the 
number of ring stiffeners using numerical analyses. As a result, they pointed out that the elas
tic buckling capacity increases with increasing the number of ring stiffeners until a particular 
level of bending stiffness is reached at which the elastic buckling strength cannot be affected 
anymore by the variation of the number of stiffeners. The importance of the end boundary 
conditions for the elastic critical buckling pressure was studied by Kaminsky (1954) and Ross 
(1965). The outcomes of these research studies have indicated that the critical buckling resist
ance of ring-stiffened shells with clamped end boundary conditions is significantly higher than 
those shells with simply supported boundaries at their ends. 
Kendrick (1953) attempted to investigate the effect of the local panel length by varying the 

distance of ring stiffeners on the elastic critical buckling pressure. As expected, he found that 
the elastic buckling strength is reduced by increasing the distance between ring stiffeners. 
Singer and Haftka (1967) continued this work by exploring the relationship between the 
strength and the position of ring stiffeners by a linear discrete stiffener theory. They concluded 
that externally attached ring stiffeners have generally higher elastic buckling capacity com
pared to those attached internally. However, this conclusion was not confirmed by Düsing/ 
Schmidt (1996) as their investigations indicated that a general statement could not be made, 
and many different parameters (e.g. stiffness and shell geometry) have to be taken into 
account to answer the question whether internal or external stiffeners are more efficient. 
Many other theoretical (Kendrick (1972; 1984)), numerical (Wunderlich et al. (1991)), and 

experimental (Düsing/Schmidt (1996)) investigations have been carried out to provide design 
recommendations, including the influence of imperfections, nonlinearity, and plasticity on the 
buckling strength of ring-stiffened cylindrical shells so that they can be applied to real shell 
constructions. One of these key works was carried out by Kendrick (1984), whose recom
mendations were adopted in the British Standard BS 5500 (1976) and the ECCS EDR4 
(1998). These design rules were later modified and enhanced by Greiner (1987) so that they 
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were incorporated into the German DASt-Guideline No. 17 (1992). To take into account the 
methodology and terminology of EN 1993-1-6 (2007), the design rules were again amended in 
a collaboration between Schmidt and Greiner, who prepared the improved design rules given 
in Chapter 17 of ECCS EDR5 (2013). 

2 IMPERFECTION SENSITIVITY OF RING-STIFFENED CYLINDRICAL SHELLS 

For unstiffened shell structures made of steel, initial imperfections cause mainly a mismatch 
between experimentally determined buckling strengths and those predicted by theoretical 
approaches (Yamaki (1984); Rotter/Schmidt (2013); Stranghöner/Azizi (2019)). However, it was 
found (Hutchinson/Amazigo (1967)) that the sensitivity of the buckling strength to the geometric 
imperfections is generally reduced by stiffening the shell. Furthermore, the impact of prominent 
imperfections on the buckling capacity of externally loaded cylinders is less than other loading 
cases (e.g. meridional compression). Despite the above aspects, it is vital to include the effects of 
geometric imperfections in the design process of ring-stiffened cylindrical shells. The reason is 
that geometric imperfections, e.g. deviations of the shell geometry from its perfect geometric 
shape, irregularities at and near welds, deviations from nominal wall thickness, and lack of even
ness of supports, are unavoidable introduced during the fabrication and manufacturing process. 

2.1	 Details of the computational model used in nonlinear bucking analyses 

The finite element program ANSYS APDL v20.1 has also been applied for the nonlinear 
buckling analyses. All computational simulations were performed using the arc-length 
method, which is a popular method in the stability analysis, and was already identified to be 
suitable for predicting the buckling resistance of shells (e.g. by Sadowski et al. (2017), Strangh
öner et al. (2019)). Since a bifurcation point in the pre-buckling state can stay undetected in 
case of application of the arc-length method (Riks (1979)), the nonlinear equilibriums path 
near the failure load was automatically followed to ensure that no bifurcation point with 
a negative stiffness matrix remains undetected, see Azizi/Stranghöner (2021). 
At the bottom and top edges of the investigated cylindrical shells, the boundary conditions 

were assumed to be radially restrained but free to rotate about the circumferential edge and to 
display in the meridional direction (BC2f acc. to EN 1993-1-6, corresponding to Yamaki’s S3). 
All numerical models have meshed with four-node Shell-181 elements, which has six degrees 

of freedom at each node, and its suitability has been checked by authors (e.g. Azizi/Strangh
öner (2021)). For an optimal mesh resolution, a series of preliminary investigations were con
ducted on perfect cylindrical shells using a LBA and a geometrically nonlinear elastic analysis 
(GNA). Afterwards, the mesh refinement has been progressively applied to each geometry of 
perfect assumed cylinders until the computational results of each modelled geometry obtained 
convergence, and the size of the circumferential mesh allowed an accurate representation of 
the critical number of half-waves. 
Four different types of analysis, known as GN(I)A and GMN(I)A acc. to EN 1993-1-6, 

were used for nonlinear FE analyses of this study. For the geometrically nonlinear elastic ana
lyses on perfect and imperfect cylindrical shells (GNA or GNIA), an elastic material law was 
chosen. By contrast, a perfectly elastic-plastic material law without strain hardening was 
employed for all other nonlinear analyses, in which the impact of material nonlinearity 
(GMNA or GMNIA) was taken into account. For all nonlinear FE analyses, it was assumed 
that the applied material for the shell wall and the ring stiffeners is identical and exhibits E = 
200 GPa, ν = 0.3, and σy = 235 MPa. 

2.2	 Relationship between the degree of ring stiffening and load-bearing behaviour of imperfect 
cylinders 

For understanding the load-bearing behaviour of shell structures, it is necessary to take into 
account the effect of geometric nonlinearities and imperfections on the buckling strength. 
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These physical phenomena cause the main deviation between the classical linear eigenvalue 
buckling load and the buckling strength of real shells (experimental tests). To consider the 
impact of these both phenomena into the design process, EN 1993-1-6 (2017) provides an ana
lytical formulation for the elastic buckling reduction factor (α = αI αG#x03B1; based on 
a proposal of Rotter (2011)#x03B1; which allows considering the influence of imperfections 
by αI and geometric nonlinearity by αG. 

Exemplary, Figure 2 illustrates the relationship between the degree of ring stiffening and 
the load-bearing capacity of a short cylinder (l/r ≈ 1) with a constant r/t-ratio of 1000. The 
geometric nonlinear buckling analyses on imperfect cylinders were performed adopting an 
eigenmode-affine imperfection pattern with an initial amplitude to shell wall-thickness equal 
to δ0/t = 1. One of the challenges after conducting such analyses for cylindrical shells under 
external pressure is the interpretation of the outcomes because the transition from pre- to 
post-buckling path occurs in many cases without bifurcation. Therefore, it is difficult to 
detect the failure load. To this end, the inflection point as an alternative criterion for evalu
ating the results of nonlinear buckling analyses was proposed by Yamaki (1984), included in 
EN 1993-1-6, and used by the previous numerical study of the authors (Azizi/Stranghöner 
(2021)). 
Based on the results obtained from computational analyses, as shown in Figure 2, it can be 

summarised that the buckling resistance increases with increasing the degree of stiffening until 
a particular level of stiffening is reached. After this specific level, here at βθ,st = 0.23 (βθ,st = Est 

Ist/(0.092 Esht3 
shlst) as defined in Azizi/Stranghöner (2020)), the buckling strength is not signifi

cantly affected by further increasing the degree of stiffening. 

Figure 2. Effect of the degree of stiffening βθ,ston the load-carrying behaviour of ring-stiffened shells 
under uniform external pressure. 
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2.3 Impact of imperfections on the buckling capacity of ring-stiffened cylindrical shells 

In some loading conditions (e.g. meridian compression), the buckling behaviour can be signifi
cantly affected when a relatively small geometric imperfection is present (Stranghöner/Azizi 
(2019)). For thin-walled cylinders under uniform external pressure, however, initial imperfec
tions may have less impact on the buckling resistance (Yamaki (1984); Azizi/Stranghöner 
(2021)). To obtain an overview on the effect of the amplitude of imperfections on the buckling 
behaviour of ring-stiffened shells under uniform external pressure, in the first step, nonlinear 
buckling analyses were conducted using eigenmode-affine imperfections obtained from LBAs. 
Figure 3 shows the relative load-deformation curves derived from numerical investigations 

for a relatively short cylinder (l/r ≈ 1) with a constant degree of stiffening (βθst =) and 
a fixed r/t-ratio (r/t = 1000), where various imperfection amplitudes were adopted in the 
numerical models aiming to investigate the reduction of the buckling resistance due to geomet
ric nonlinearity and imperfections. While the shape of the relative load-deflection cures 
changes with variation of the imperfection amplitudes, the inflection points of each curve 
remain quite in the same place. This implies that the buckling capacity of ring-stiffened cylin
drical shells is not highly sensitive to geometric imperfections. After assuming large values for 
the imperfection amplitude (e.g. δ0/t = 5), a smooth transition from the pre- to the post-
buckling path can be observed without any inflection point. Therefore, it makes no sense to 
increase the amplitude of the imperfections because the deeper imperfection will not lead to an 
increase of the buckling strength, see Sadowski/Rotter (2011) and Rotter (2011). 
In the second step, nonlinear buckling analyses were performed on imperfect ring-

stiffened cylindrical shells to investigate the relationship between the imperfection sensi
tivity and the degree of stiffening. For this purpose, the amplitude of imperfections was 
kept constant, and only the stiffing degree was assumed to be variable. As can be seen in 

Figure 3. Relationship between the buckling capacity and the amplitude of imperfections for 
ring-stiffened shells under uniform external pressure. 
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Figure 4. Relationship between the strength loss due to geometric nonlinearity and imperfections of 
ring-stiffened cylindrical shells subjected to uniform external pressure and degree of stiffening. a) Relative 
load-displacement curves, b) Elastic imperfection reduction factors. 

Figure 4a, higher resistances can be gained by increasing the degree of stiffening. By con
trast, as shown in Figure 4b, the loss of buckling strength due to geometric nonlinearity 
and imperfections is relatively unaffected by the variation of the stiffening degree when 
all other geometric parameters are kept constant. However, a minor reduction in the 
imperfection sensitivity of light ring-stiffened shells can be estimated by increasing the 
degree of stiffening. 
This paper deals only with a part of the problem in determining the imperfection sensitivity 

of light ring-stiffened shells with an overall buckling failure mode that occurs for thin-walled 
and in closely spaced stiffened shells. Further computational analyses are required regarding 
all potential failure modes. 

CONCLUSIONS 

The buckling behaviour of ring-stiffened cylindrical shells under uniform external pressure 
has been investigated in the presented study. To investigate the relationship between the buck
ling strength and the degree of stiffening, nonlinear buckling analyses (G(M)NIAs) were car
ried out on imperfect shells using an eigenmode-affine imperfection pattern. It has been 
shown that the buckling capacity increases with increasing the degree of stiffening until 
a particular level of stiffening is achieved in which the buckling strength is not sensitive any
more to changes of the stiffener geometry and distance. Finally, it has been pointed out that 
the imperfection sensitivity of ring-stiffened shells is slightly dependent on the degree of stiff
ening when light ring stiffeners are closely attached to the shell wall, and the failure mode is 
overall buckling. 
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On steel mast dynamic analysis including some environmental 
uncertainties 

R. Bredow & M. Kamiński 
Department of Structural Mechanics, Lodz University of Technology, Łódź, Poland 

ABSTRACT: The aim of this work is numerical study of stochastic time-invariant reliability 
of some steel mast subjected to dynamic fluctuations of the wind. This structure undoubtedly 
belongs to the highest reliability class RC3, so that its precise stochastic analysis should be 
available. Further motivation is stochastic analysis of skeletal steel structures subjected to 
large deformations, which may be problematic especially for the masts. This study has been 
performed using civil engineering oriented Finite Element Method package ROBOT, while 
stochastic calculus have been programmed in symbolic algebra system MAPLE, where 
dynamic responses of this structure have been visualized and processed also. Two different 
resulting dynamic spectra have been contrasted here – the one resulting from Newmark 
method and the second, resulting from application of the Hilber-Hughes-Taylor approach. 
Probabilistic analysis has been entirely carried out using higher order iterative generalized sto
chastic perturbation technique compared with the Monte-Carlo simulation and also with the 
semi-analytical method. 

1 AIM OF WORK 

The aim of this work is to analyse nonlinear structural response of some steel mast under 
dynamic fluctuations of the wind pressure assuming additional uncertainty in its guys temper
atures. Two different methods of the equations of motion integration have been contrasted in 
this context and three various probabilistic approaches have been compared while determining 
stochastic response of this mast. 

2 OBJECT OF RESEARCH 

This case study concerns a steel mast having the height equal to 198.0 m. Its shaft has been 
designed using S235J2 steel in form of three-walled lattice with side width 130.0 cm. The leg 
members have been designed as round pipes of diameter equal to 168.3 mm and varying thick
nesses; the mast face lacing has been designed using round pipes of diameter 63.5 mm. Its guys 
have been attached to the shaft at following levels: 60.0 m, 120.0 m, 180.0 m; they have been 
designed as spiral strand steel rope 1 x 37 with diameter of 26 mm having the strength of 1960 
MPa. Initial tension of the guys has been set by pre-shortening equal to 11.0 cm, 22.0 cm and 
31.0 cm, correspondingly. The environmental uncertainty (Eurocode 1 2010) has been repre
sented by varying mast guys temperature. The temperature load taken into account has been 
described by a range varying from -10°C up to +40°C for the heated guys and also from -50° 
up to + 0°C - for the cooled guys. This temperature has been applied by equally subdivided 
steps (±5°C) resulting in 11 computational cases for both ranges. It has been assumed that all 
9 guys have been virtually heated and cooled by equally distributed temperature along their 
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length. Principal state variables have been established as normal stress in the main legs and 
also extreme horizontal displacements and rotations of this mast. 

3 NUMERICAL RESULTS IN THE ARSA SIMULATION 

3.1 General procedure 

It is well known that Autodesk Robot Structural Analysis system does not calculate efficiently 
the stress tensor components in the thin-walled beam elements. Normal stresses have been 
investigated in order to check if it is necessary to calculate the reduced Huber-Mises stress in 
each time step manually in the main legs and in the face lacing elements. In order to pursue 
such an investigation, the reduced stresses have been calculated in structural elements exhibit
ing extreme normal or shear stresses calculated by the system ROBOT during the vibrations 
period. Computer FEM model has been completed with 894 2-noded linear beam finite elem
ents and 9 cable finite elements; simple supports have been modelled at the ground level and 
the subsoil has been assumed as perfectly rigid. Numerical results show that the mast elements 
are dominantly subjected to the axial forces and to some bending moments, so that shear 
forces and torsional moments are accidental and are of about three orders of magnitude smal
ler than the normal forces. Normal stress has been calculated as a product of axial force and 
bending moments acting on a cross section of element. Total shear stress has been calculated 
as a product of vector aggregation performed on shear stress generated by shear forces and 
also by a torsional moment. Taking into account the aforementioned procedure, the reduced 
stress has been calculated for the main leg and for the face lacing truss. The extreme internal 
forces in the principal leg of the mast (RHS 168.3x12 mm) have been determined numerically 
as NEd ¼ 1089:19kN, TEd ¼ 0:05kNm, My:Ed ¼ 4:84kNm, Mz:Ed ¼ 3:88kNm, 
Vy:Ed ¼ 0:97kNm, Vz:Ed ¼ 6:47kN and the resulting normal stress has been calculated 
respectively as: 

The shear stress has been calculated in a point corresponding to the largest normal stress 
and considering relatively small shear stress contribution, this selected point describes the 
greatest reduced stress as well. 

A comparison of a normal stress to effective stress shows that the influence of shear stress 
might be neglected. As a result, calculating effective stress every time step of calculations can 
be neglected and normal stress can be taken as a representative instead. 

From a perspective of the conducted research it may be underlined that stress analysis of 
this mast would be analysed on the basis of normal stress and it will be free from any major 
computational error in further probabilistic analysis. 

3.2 Newmark and Hilber-Hughes-Taylor algorithms implemented into ARSA 

The governing equation of motion implemented in the Finite Element Method system 
ROBOT has been described as 
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in which damping matrix is calculated as 

where M denotes the mass matrix, C - damping matrix, K - stiffness matrix, a is acceleration 
vector, v - velocity vector, d - displacement vector; F is the vector of external forces, while α, β 
are the coefficients of Rayleigh damping. The Newmark method is uniquely determined by 
two parameters, namely β and γ, and two most frequent combinations recommended in the 
literature are f ¼ 14, � ¼ 1 and f ¼ 16, � ¼ 1 (Newmark 1959). These specific combinations of 2 2 
input parameters correspond to the Average Acceleration Method and Linear Acceleration 
Method accordingly; the ARSA implementation of the Newmark method is the Average 
Acceleration Method. Let us recall that the Newmark algorithm of solving the governing 
equation of motion may be represented in the following way, where lower index represents the 
given time moment: 

Newmark solver implemented into the system ARSA can be modified by a substitution of 
the coefficients adequate to the Average Acceleration Method; there holds: 

The second technique of solving equation of motion available in ARSA for non-linear sys
tems is Hilber-Hughes-Taylor algorithm called also α-method, where the parameter α 
describes higher-order vibrations damping without any accuracy loss. This parameter α can be 
taken from the interval [-0.3;0.0] and the values closer to 0 represent smaller mechanical 
damping (Hilber, Hughes & Taylor 1977). The remaining parameters β and γ can be described 
in terms of α in the following way: 

A substitution of the value a ¼ 0 leads to the values of β and γ exactly the same as in the 
Average Acceleration Method in the Newmark scheme. The HHT method is based upon the 
following approximation of displacements and velocities: 

As it is seen from a comparison of the additional equations, the Newmark scheme uses for 
these predictions x€iþ1, which is not the case of the HHT algorithm. Another factor that affects 
the results obtained by these two methods in ARSA is that the Newmark algorithm in non
linear cases uses the following proportionality for the damping matrix: C ¼ a � M, which is def
initely not the case of the HHT method. Four different values of the input parameter α have 
been inserted in the HHT solver: -0.30, -0.20, -0.10 and 0.00. Numerical results of these compu
tations have been compared with each other and additionally with the Newmark solver results, 
where α always equals zero. The fact that damping matrix in the Newmark method is simplified 
may also cause some differences in comparison to the HHT scheme even with its input a ¼ 0. 
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4 PROBABILISTIC ANALYSIS OF STATE VARIABLES 

The discrete values of the mast stresses and displacements have been saved for each second of 
the vibrations, and each step has been additionally subdivided into 10 time steps, so that 
Δt=0.10 s. This calculation procedure has been repeated for 11 series of temperature loads in 
the range from -50 °C up to +40 °C applied to all the guys. 600 discrete values of extreme 
stresses and displacements for 11 series of tests was the input for further Structural Response 
Function polynomial recovery. These polynomials have been fitted by the Least Squares 
Method and their accuracy has been adjusted by the mean square root error minimization cri
terion as well as maximization of the correlation factor. The SRFs have been created for each 
extreme state variable independently (leg stress, facing stress, horizontal displacement and 
rotation) at any time step for both solvers (HHT and Newmark) giving as a result 2.400 ana
lytical SRFs, similarly to the research presented in (Bredow & Kamiński 2020). These SRFs 
are the functions of the guys temperature and the polynomial order was the same for all series 
of the SRFs for the same state variable, i.e. horizontal displacements. This means that all 600 
SRFs associated with horizontal displacement in subsequent save steps of the mast vibrations 
are described by polynomials of the same order. All these approximations have been provided 
using the computer algebra system MAPLE 2019. The differences in-between the results for 
the Newmark and for the Hilber-Hughes-Taylor solvers have been investigated first. Figure 1 
presents time fluctuations of the extreme mast horizontal displacements and it contains two 
different values of the parameter α in the HHT method. General observation here is that neg
lecting of this parameter (α=0.00) results in larger deformations of the mast. 
Two different numerical methods have been compared in Figure 2. It is seen that the New-

mark method results form a similar pattern to the displacement history resulting from the 
HHT solver, when its parameter α vanishes. Generally, the results computed using these two 
methods return slightly different time fluctuations in the structural response. Deterministic 
dynamic responses of the mast have been recalculated for several realizations of the input 
random variable. In each time step these functions have been recovered as the polynomial of 
the given random variable and unknown coefficients using the Least Squares Method 
(Kamiński 2013). It has been assumed that supporting guys temperature is the input random 
variable having Gaussian distribution of constant expected value (+30 °C) and standard 
deviation equal to 10% of this expectation. Final estimation of the probabilistic characteris
tics of the mast response has been achieved with the aid of the iterative generalized stochas
tic perturbation technique abbreviated as SPT (Kamiński 2015) and also with the Monte 
Carlo simulations (MCS) and the semi-analytical method (SAM). Time fluctuations of the 
expected values (Figure 3), coefficients of variation (Figure 4), skewness (Figure 5) and kur
tosis (Figure 6)have been numerically determined in each second of the mast vibrations. The 
expected values have been presented in [MPa], whereas all remaining parameters are non-
dimensional. 

Figure 1. Extreme horizontal displacement spectrum of mast in the HHT method. 
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Figure 2. Extreme horizontal displacement spectrum of the steel mast in HHT and Newmark methods. 

Figure 3. Expected value of normal stress in the main leg for Newmark & HHT methods. 

Figure 4. Coefficient of variation of normal stress in the main leg for Newmark & HHT methods. 

Figure 5. Skewness of normal stress in the main leg for Newmark & HHT methods. 
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Figure 6. Kurtosis of normal stress in the main leg for Newmark & HHT methods. 

It is remarkable that the vertical ranges of all probabilistic moments and coefficients of 
extreme normal stresses for both numerical methods are almost the same. The only exception 
is in the coefficients of variation, where the Newmark method returns numerical values with 
ten times larger than the concurrent technique and it concerns the discrete values obtained 
with the SPT. Further, one can notice that all probabilistic characteristics computed on the 
basis of the Newmark structural responses exhibit larger scattering that these computed with 
the HHT approach. However, a coincidence of all three probabilistic computer methods is sat
isfactory in both cases, which essentially confirms applicability of the stochastic perturbation 
technique, and particularly SFEM analysis based on the HHT method, for analysis of sto
chastic vibrations of steel guyed structures. Higher order statistics definitely differ from 0, so 
that the resulting stresses cannot have Gaussian distribution for sure. The incidentally larger 
CoV for the Newmark solution disables this approach in further reliability assessment (Euro
code 0 2005), so that the HHT approach is recommended for this analysis in conjunction with 
the perturbation-based SFEM analysis of the mast. 

5 FINAL REMARKS 

It has been demonstrated that probabilistic characteristics of time fluctuations of extreme 
normal stresses in the mast obtained using the Newmark method are more scattered in reference 
to the results computed with the Hilber-Hughes-Taylor approach. Proposed iterative general
ized stochastic perturbation technique and its Stochastic Finite Element Method implementa
tion present satisfactory coincidence with the Monte-Carlo simulation and semi-analytical 
probabilistic method. Therefore, this methodology can be further recommended in reliability 
index estimation for the steel masts and other cable structures under dynamic wind excitations. 
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ABSTRACT: One of the main issues in the design of cable-stayed steel bridges is the way of 
stabilization of its initial form under symmetrical and asymmetrical loads. The main mass of 
the load-bearing structures is concentrated in the stiffening girder. The article presents 
a hybrid pre-stressed cable-stayed steel bridge structural system. The behavior of this new 
system of the intersecting stay cables and the flexible string under the effect of the permanent 
and the temporary loads are the issues under analysis. The efficiency of this proposed cable-
stayed steel bridge structure system was determined based of the performed numeric 
experiment. 

INTRODUCTION 

Due to efficiency and excellent architectural appearance cable-stayed bridges have a special 
place among other structural bridge systems (Gimsing and Georgakis, 2012; Walther, 1999). 
The bridges of this type of structure are covered with record-setting spans (Svensson, H., 
2012; Reis and Oliveira Pedro, 2019). Moreover, cable-stayed systems are successfully used on 
smaller span steel pedestrian bridges (Schlaich, et al. 2005; Strasky, 2005). Nevertheless, these 
bridges also have several disadvantages: i.e. their deformability under asymmetrical or local 
loads and the relatively big mass of stiffening girder and the pylons (Evans, 2009; Malinowski 
et al., 2018). A successful way of stabilizing the initial form of the bridge could be the use of 
intersecting stay cables and additional pylons. They can assist in reducing the pylon height 
and at the same time they can successfully control the bridge displacements. Such cable-stayed 
pedestrian bridges were built in the United Kingdom: Royal Victoria Dock Bridge (Wells, 
2002), in Dunkirk - Passerelle du Grand Large bridge (Robin, et. al. 2014) and the Forthside 
Footbridge (Brownlie et al., 2008). It is noteworthy that the cross-sections of the stiffening 
girders of these bridges are still relatively massive, as they take up not only the bending 
moments from the applied loads, but also the high compressive forces from the stressed inter
secting stay cables. 
The well-known stress ribbon bridges are extremely lightweight and graceful (Schlaich and 

Bleicher, 2007; Strasky, 2005). These types of load-bearing steel structures are characterized 
with some of the lowest cross-sectional heights and at the same time have the lowest mass. 
However, such bridges are also distinguished by not only high deformability (Juozapaitis and 
Norkus, 2007), but also by the necessary initial sag of a certain size (Schlaich, et al. 2005; 
Strasky, 2005). Different additional design measures have also been developed to reduce the 
kinematic-type displacements of such bridges (Juozapaitis et al. 2006; Bleicher et al. 2011; San
dovic et al. 2017). However, some of them are quite complicated. In addition, the curved ini
tial shape of these bridges causes some operation problems (Goldack et al. 2016). 
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To keep the straight structure (span) shape suitable for the bridge the suspended string 
structures are designed. A pre-stressed string functions as the main supporting element (Uni
tsky, 2019). This supporting element has no kinematic displacements, i.e. it is not sensitive to 
the effects of asymmetrical loads. Despite the high stresses in the string, their cross-sections 
are relatively small, especially with the use of the high strength materials (Beivydas, 2019; Uni
tsky, 2019). One of the disadvantages of these structures could be noted as well. They can 
cover only small-size spans. 
This article deals with the hybrid cable-stayed string steel bridge system consisting of inter

secting stay cables and additional intermediate pylons and a pre-stressed string that replaces 
a relatively massive common-type stiffness girder. A numeric experiment is used to analyze 
the behavior of this proposed structural system under symmetrical and asymmetrical loads. 
This article contains the evaluation of the efficiency of such cable-stayed steel bridge load-
bearing structural system according to the mass criteria. 

2	 THE BEHAVIOR ANALYSIS OF THE PRE-STRESSED HYBRID CABLE-STAYED 
STRING BRIDGE SYSTEM 

With the aim to improve the classical cable-stayed bridge with non-movable bearings, its mas
sive stiffening girder is replaced with a tension element - a pre-tensioned flexible string. This 
method represents a new structural solution for this type of cable-stayed bridge. A pre
stressed string is selected in order to reduce not only the effect of kinematic displacements, but 
also to reduce the consumption of steel. The behavior integrates the different load-bearing 
elements of this system (the string, the stay cables and the pylons). It is necessary to acknow
ledge that the use of this proposed bridge structural system will significantly increase the hori
zontal bridge support reactions, which will likewise increase the mass of the anchored 
foundations for the stress ribbon bridges. 
Regarding the static? behavior of this proposed structural system – it must be highlighted 

that this complicated pre-stressed system is clearly geometrically nonlinear behavior. The dis
placements of the direct load-bearing element (the string) have a significant impact not only on 
its own strains, but also on the stress strain behavior of the other elements. Consequently, the 
pre-stressing of the stay cables significantly changes the strains and displacements of the string. 
Therefore, to research the behavior of the new hybrid structural system and to compare it 

with the classical bridge systems, a numerical modelling related to the system was performed 
under analogous initial conditions: the main span length was 100 m and 20 m for the side 
spans (see Figure 1). Selected loads are applied in the model: the temporary (traffic) load 
12.5 kN/m, the permanent load - 12.5 kN/m. (see Figure 3). Possible solution for bridge deck 
cross-section is provided in Figure 2. 
The main structures of this bridge (string and stay cables) are cable elements, while the 

pylons are beam elements. The cross sections of this hybrid cable-stayed string system are 
given in Table 1. The selected string cross-section is the same as the cross-section of the 

Figure 1. The hybrid cable-stayed string bridge scheme. 
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Figure 2. Fiber concrete slab supported by steel strings. 

Figure 3. Hybrid cable-stayed string bridge‘s loading cases: a) symmetrical loading case, b) asymmet
rical loding case. 

Table 1. Cross sections of cable-stayed bridge structural elements. 

Steel Cross-section Cross-section parameters 
Element class form (dimensions) 

The string and the stay cables of the side pylons S960 d = 0.07m 
Side pylons S355 RO457x30 
Intermediate pylon S355 RO406x12.5 
Middle pylon S355 RO244.5x20 
Intermediate intersecting stay cables S960 d = 0.06m 

backstay cables (d = 0.07 m). Both the string and the stay cables are designed from high-
strength steel (S960) due to the resulting high stress values. The results of numerical modelling 
are in Figures 4 and 5 and Table 2. 
This structural system is marked with an interaction between the cross-arranged cable stays 

and the string. In this case the horizontal components of the intersecting cable stays form 
strains opposite in sign compared with the tensile strain acting in the string. This force seems 
to apply pressure to the string and thus reduce the tensions in it. However, to reduce the 
bridge displacement values it is necessary to increase the pre-stress value of the string. Chan
ging the string pre-stress values helps adjust not only the string stress-strain state, but also the 
stress-strain state of the entire bridge. 
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Figure 4. Axial forces of a hybrid cable-stayed string bridge [kN]: a) under symmetrical load, b) under 
asymmetrical load. Positive values – tension, negative – compression. 

Figure 5. Displacements of a hybrid cable-stayed string bridge: a) under symmetrical load, b) under 
asymmetrical load. 

Table 2. The hybrid cable-stayed string bridge strains and displacements. 

Axial force in 
the string 

Stresses in the 
string 

Axial force in 
the pylon 

Stresses in the 
pylon 

Displacements 

[kN] [MPa] [kN] [MPa] [mm] 

Symmetrical load 
Asymmetrical load 

3435.0 
3076.0 

897.1 
803.4 

4038.0 
3591.2 

129.3 
140.5 

743.0 
701.0 
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It is crucial to note that the axial forces in the string under the asymmetrical load reach the 
maximum value not in the middle of the span, but also in the side nodes (see Figure 2). The 
difference between the values of these forces makes about 15 percent. The lowest tensile strain 
of the string is characteristic of the first node from the supporting pylon due to the effect of 
“unloading” (compressing) of the cable stays. For this very reason under the effect of the 
asymmetrical load large displacements of string occur in this node (see Figure 3). 
The identified advantage of this structure system is that under symmetrical and asymmet

rical loads the string strains are distributed almost evenly over the entire length of the bridge. 
The bridge displacements are larger in the case of symmetrical loads, but they can also appear 
not in the middle of the span. It is essential to note that the values of displacements caused by 
symmetrical and asymmetrical loads are only slightly different (approximately 5 percent). The 
analysis results are presented in Table 2. 
In summary, it could be pointed out that to stabilize the initial form of the new structure, it 

is necessary to make a proper selection of the string and cable pre-stress values. Meanwhile, 
the latter depend not only on the intensity of the acting loads, but also on the ratio of tempor
ary (traffic) to permanent loads. The maximum stresses in a balanced bridge structure system 
in both the string and the cable stays are quite high (approximately 700-800 MPa). The pylons 
of this hybrid bridge are distinguished by a significantly smaller change in stresses under dif
ferent loads. The largest axial (compressive) forces can be noticed in the side pylons. The 
strains of the intermediate pylons decrease uniformly towards the middle of the span. Interest
ingly enough, in the case of asymmetrical loads, the strains of the intermediate pylons of the 
part non-loaded with the temporary load are higher than those of the pylons in the loaded 
part (see Figure 2). 
The analysis of the behavior of the cable-stayed system with a stiffening girder and the 

cable-stayed string bridge system led to the preliminary comparative technical-economic effi
ciency evaluation of these versions. Three cable-stayed bridge systems were compared: (a) 
a classical system with two pylons and radially distributed cable stays; (b) the cable-stay 
system with intersecting cable stays and the stiffening girder; (c) the cable-stayed string system 
with intersecting cable stays. Two lengths of the analyzed bridges were selected: 140 m (main 
span of 100 m) and 84 m (main span of 60 m). 
According to preliminary results, in case of the 140 m length structure cable-stayed bridge 

system (c) steel consumption is lower than in the case of the classical bridge (a), and it is lower 
than that of the intersecting cable-stayed bridge system (b). The analysis of the 84 m length 
bridge versions led to the following result: the steel mass of the (c) bridge version is smaller 
than that of the (a) type bridge and smaller than the mass of the (b) type bridge system. It is to 
be noted, that in this stage of research of the cost foundation is not taken into consideration 
The dynamic behavior of a cable-string bridge is significantly different from the usual 

behavior of cable-stayed bridges. Preliminary dynamic calculations of such bridge’s natural 
oscillation frequency showed a much lower frequency than a standard cable-stayed bridge. 
Future research is planned for a detailed dynamic analysis of this proposed bridge structure. 

CONCLUSIONS 

The developed of suggested cable-stayed steel bridge structure system, which mainly consists 
of tensioned flexible elements, helps reduce the steel consumption. 
It is important to note that the structural solution of a cable-stayed steel bridge with inter

secting cable stays and the conventional stiffening girder is also quite effective. 
This hybrid cable-stayed bridge is deformable; however, under proper pre-stress conditions 

of its components (strings and intersecting cable stays) it is actually possible to effectively sta
bilize the initial form of this structural system under both symmetrical and asymmetrical 
loads. 
It is recommended to use high-strength steel HSS (S690, S960) in case of relatively high/ 

large-scale levels of the load-bearing string and cable stay stresses. This allows to have 
a substantial reduction in the mass of these elements. 
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The proposed hybrid cable-stayed steel bridge structure system can be used not only for 
pedestrian and bicycle bridges, but it can also be implemented as a part of a road system for 
lightweight new generation urban transport. 
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Fatigue design of tubular bracings in steel and composite bridges 

L. Gölz & U. Kuhlmann 
Institute of Structural Design, University of Stuttgart, Stuttgart, Germany 

ABSTRACT: For sustainable and economical infrastructures such as steel and composite 
bridges a practice-oriented and fatigue-suitable design is crucial. Cross girder bracings or box 
girder diaphragms are often realised with tubular elements especially with circular hollow sec
tions (CHS) including a welded connection between the slitted tubular element and the gusset 
plate. The gusset plate welding at the end of the slit of the tube is the critical fatigue spot. For 
the currently different design variants used in bridge construction with basically different 
notches there is no clear rule given regarding the detail category by the standards EN 1993-2 
or EN 1993-1-9. This paper summarises the results of the AiF-DASt research project on three 
different fatigue design solutions for tubular bracings in steel and composite bridges. An 
insight on the practice-oriented design, the benefits for the execution and manufacturing as 
well as the results of the experimental fatigue tests are given. 

MOTIVATION 

In steel and composite bridge construction, for medium spans the superstructure is often 
designed as a box girder section due to the high torsional stiffness. In order to retain the shape 
constancy of the cross-section inside the box girder, a truss-framed solution is regularly real
ised, see Figure 1. For wider bridge cross-sections, the cantilevered slabs are typically sup
ported by diagonal bracings outside of the box girder. For these two functions, tubular cross-
sections are mostly used since circular hollow sections are preferred for trussed beams due to 
the reduced risk of buckling in combination with isotropic stiffness. 
This type of joint with slitted tubes at the gusset plates that is usually used in bridge cross-

sections inside or outside of box girders is under discussion due to critically assessed fatigue 
behaviour in some cases. In bridge construction, various design variants are currently used 
resulting from the unspecific requirements and rules in the standards EN 1993-2 (2005) or EN 
1993-1-9 (2005). Those variants have fundamentally different notches and therefore project-
specific individual case studies are necessary to prove the fatigue strength for the current case. 
Mostly the fatigue behaviour has just been proven by numerical investigations, but not by 
fatigue experiments - except for the Rinsdorf Bridge in Germany. In those investigations some 
cases showed significantly worse fatigue strengths compared with the detail category 71 given 
in EN 1993-1-9 (2005) for the connection with holes at the end of the slit, see Figure 2. This 
detail category 71 has not been validated by fatigue experiments and the description in the 
standard is incomplete. Reducing however as a consequence the detail category in general on 
the safe side to 36 would lead to extremely unfavourable dimensioning and almost no longer 
feasible design thickness ratios. When looking at steel and composite bridges with box girder 
constructions that are currently under construction or have recently been completed, this 
topic proves to be of high importance. There is a fundamental need for research regarding the 
fatigue resistance of the different design variants of joints between circular hollow sections 
and plates. 
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Figure 1. Design variants of tubular bracings inside of box girders of the German bridges Heidingsfeld 
(left) and Schierstein (right) (Kuhlmann & Gölz 2021). 

Figure 2. Extract from EN 1993-1-9 (2005) - Table 8.6 Hollow sections (t ≤ 12.5 mm). 

2 STATE OF THE ART 

2.1 Normative rules 

The current fatigue design of tubular bracings provided by EN 1993-2 (2005) and EN 1993
1-9 (2005) follows the nominal stress concept. For diagonals in bridges, the detail category 71 
is given in EN 1993-1-9 (2005) with a restriction of the tube wall thickness (t ≤ 12.5 mm), see 
Figure 2. A case differentiation is made depending on the angle of the chamfered hollow sec
tion, but no information is given on the effect of other geometric dimensions, such as the 
geometry of the cut-out, the shape of the gusset plate and the type of welding. Also, the loca
tion of the sealing plate (exterior or interior), that is usually required for corrosion protection 
inside or outside box girders, is not further specified. The location of the crack initiation also 
is questionable, since it is shown in Figure 2 in the gusset plate, but the stress range Δσ has to 
be calculated for the hollow section. 
A first basis for EN 1993-1-9 (2005) has been developed within the revision of the German 

steel design standard for the unpublished DIN 18800 - Part 6 (unpubl.) in connection with the 
S-N curves catalogue for hollow sections (Mang et al. 1987), which also contains international 
fatigue test results. In this context design recommendations for various notch details made of 
hollow sections have been prepared. Based on the design recommendations acc. to Mang et al. 
(1987), the detail categories were further classified in the Steel Construction Handbook (1993) 
by the type of welding. 
Comparing the current valid standards and rules such as Eurocode (EN 1993-1-9 2005), 

IIW (Hobbacher 2014), British Standard (BS 7608 2014) and DNV (DNV GL-RP-C203 
2016), obviously different requirements and approaches are used to determine the detail cat
egory. This underlines that there is a need for further research to identify the relevant param
eters for the fatigue strength of joints between hollow sections and plates. 

2.2 Previous investigations on tubular bracings 

Due to the different approaches for the evaluation of detail categories in the standards (EN 
1993-1-9 2005, Hobbacher 2014, British Standard 7608 2014, DNV GL-RP-C203 2016), the 
existing database of the fatigue tests of Zirn (1975), Baptista et al. (2017) and Hanswille & 
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Figure 3. Recommendations from Baptista et al. (2017) for hollow-section-to-plate joints with detail 
category 56. 

Schubart (2017) was statistically re-evaluated in the AiF-DASt-Project “Practice-oriented 
design of tubular bracings in steel and composite bridges” (Kuhlmann & Gölz 2021). The aim 
is to evaluate the influences on the fatigue strength, e.g. chamfering of the hollow section, 
shape of gusset plate, type of welding, gusset plate thickness, material and the influence of 
cut-outs at the end of the slit in the hollow section. 
Since extensive investigations on statistical evaluation methods were carried out in another 

AiF-DASt-FOSTA research project (Feldmann et al. 2020), the existing database was re
evaluated in Kuhlmann & Gölz (2021) acc. to Drebenstedt & Euler (2018). This uniform stat
istical evaluation method according to EN 1990 (2002) and Background Document 9.01 
(ECCS TC6 No.140 2018) by using the prediction interval (Holický 2005) allows the individ
ual design details to be compared to each other. 
The following results regarding the fatigue strength of tubular bracings have been derived 

from Zirn (1975): improvement by chamfering of the hollow section, improvement by semi
circular shaped gusset plate, no influence of the material, full penetration welds have a higher 
fatigue strength than fillet welds - except for details with holes at the end of the slit. 
As already mentioned in Baptista et al. (2017), the re-evaluation of the fatigue test results 

shows that only the type of welding has a large influence on the fatigue strength and all the 
other parameters have in fact a positive influence on the fatigue strength, but the effects are 
relatively small and may be even neglected. In Baptista et al. (2017) fatigue experiments and 
numerical investigations have been carried out. Based on this, recommendations are given for 
the investigated design details: a) single slit with elongated hole and fillet welds, b) single slit 
with full penetration welds and c) double slit with fillet welds, shown in Figure 3 with detail 
category 56. 
In Kuhlmann & Gölz (2021) design variants of Zirn (1975), Baptista et al. (2017) and Hans

wille & Schubart (2017) with slitted, chamfered hollow sections and full penetration welds 
were statistically re-evaluated and the fatigue strengths were compared. Although the test spe
cimens differed in their geometric conditions like tube diameter, wall thickness, pool backing, 
gusset plate thickness and sealing plates and in their type of loading, the deviation in the 
evaluated characteristic fatigue strengths was not remarkable. As this design variant is similar 
to those in bridge practice, the classification of diagonal bracings in detail category 50 is much 
more realistic than the current detail category 71 acc. to EN 1993-1-9 (2005), which seems to 
be not conservative. 

3 EXPERIMENTAL INVESTIGATIONS ON TUBULAR BRACINGS 

3.1 Introduction 

In the AiF-DASt research project (Kuhlmann & Gölz 2021), for three design variants experi
mental and numerical investigations are carried out and notch effects are derived. The aim of 
the project is to achieve economically and technically improved constructional details, a wider 
range of application by normatively secured design solutions, practical dimensioning and 
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design recommendations with optimised production as well as durable bridge construction to 
minimise cost-intensive maintenance and to avoid traffic closures. The analysis of existing test 
results, see section 2.2, showed that the weld around the gusset plate tip is the critical notch 
for details without cut-out at the end of the slit. The overall geometry of the three designed 
test specimens was adapted to real examples from bridge construction practice. 

3.2 Fatigue experiments 

The fatigue tests for the specimens shown in Figure 4 were carried out at the Material Testing 
Institute of the University of Stuttgart. Twenty-four specimens were tested with a specimen 
length of about 2 m, eight tests per connection type at different stress levels from 50 – 225 
MPa with stress ratio R = 0.1 and frequencies of 1.2 – 9.5 Hz. The diameter of the circular 
hollow section (CHS) tube was 168.3x8 mm, the thickness of the semi-circular shaped gusset 
plate was tp= 20 mm, the thickness of the sealing plates ts= 10 mm and the thickness of the 
welds aw= 8 mm with weld lengths lw= 265 mm. The materials of the tube, gusset plate and 
sealing plate were S355J2H and S355J2+N. 
Series 1 is adapted to the Schierstein Bridge, Germany regarding its dimensioning and 

choice of geometry. The geometry of the hole at the end of the slit is based on the numerical 
investigations of Baptista et al. (2017). The advantage of this design variant is that there is the 
possibility to compensate tolerances in the longitudinal direction of the tube without increas
ing the root gap. Also better conditions for welding and post-weld treatment are guaranteed 
compared to Series 2 and 3. When the crack is initiated at the edge of the hole, it is visible and 
can easily be detected. A disadvantage of this design variant is that it can only be used inside 
of the box girders or just for the lower joint of the diagonal outside box girders, as water can 
accumulate on the upper interior sealing plate. In this series, the type of welding is not the 
decisive parameter for the fatigue strength because the fatigue crack is not initiated from the 
weld, rather the geometry and surface quality of the cut-out is decisive. 
For Series 2, a production-optimised and practical design was chosen with a straight sealing 

plate and a HY-weld with fillet weld. The exterior sealing plate ensures that the connection 
may also be used outside of the box girder. A disadvantage is that tolerance compensation in 
the longitudinal direction is not possible and that fatigue cracks at the gusset plate tip weld 
are difficult to detect. Compared to the HV-weld with pool backing in Series 3, the HY-weld 
provides a more practical design, as no ultrasonic testing is required, and the inside of the 
tube does not have to be accessible. This is also an alternative solution for tubes with small 
diameters, where pool backing is not possible. The tubes can already be delivered with sealing 
plates to the site, which is a great advantage for prefabrication. In Series 2, the tube and the 
gusset plate were formed with 45° chamfers in the area of the critical weld at the gusset plate 
tip in order to produce a shape that is similar to the rounding in Series 3. The 45° chamfers 
are an economical alternative for production purposes to complete rounding. 
The third connection variant with an inclined sealing plate and a full penetration weld with 

pool backing, Series 3, is a notch-optimised, fatigue-resistant solution that involves higher 
production costs compared to Series 2. It was designed on the basis of the German RiZ-ING 
guideline drawings (BASt 2018) and the investigations carried out for the Rinsdorf Bridge 

Figure 4. Overview of test specimens of the AiF-DASt research project (Kuhlmann & Gölz 2021) acc. 
to prEN 1993-1-9 (2020). 
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(Hanswille & Schubart 2017). The disadvantages are analogous to Series 2. The advantage of 
the inclined sealing plate is that the inside of the tube is accessible. Due to this, the possibility 
is given to provide the necessary pool backing and to check the weld. The exterior sealing 
plate could only be welded to the tube after the joint between the hollow section and the plate 
due to inside quality assurance of the full penetration weld, which has a disadvantageous 
effect on prefabrication compared with Series 2. In the curved area of the gusset plate tip, no 
pool backing can be executed due to production possibilities. To achieve a notch-less and 
fatigue-resistant design, the gusset plate tip and the end of the slit in the tube have been 
rounded. 
Based on the fatigue tests in Kuhlmann & Gölz (2021), a comparison between the practical 

(Series 2) and the notch-optimised (Series 3) design is carried out. 

3.3 Results 

As already explained in section 2.2, the fatigue tests are evaluated with the prediction interval 
and a fixed slope of m = 3. The failure criterion was defined as the complete fracture of the 
specimen. The nominal stresses are calculated in the tube gross section for Series 2 and 3, for 
Series 1 the net hollow section is used with Anet = A  – 2·dH where dH is the hole diameter at 
the end of the slit. 
According to Figure 5, the characteristic fatigue resistances for fixed slopes with m = 3 are 

for Series 1: ΔσC= 43.5 N/mm², for Series 2: ΔσC= 50.8 N/mm² and for Series 3: ΔσC= 56.9 
N/mm². 
See Table 1 for typical crack patterns of the three different design variants. As expected, in 

Series 1 the crack was initiated at the cut-out. The interior sealing plate was not the decisive 
notch in this design variant and furthermore there were no other cracks located in the gusset 
plate near the longitudinal fillet weld. For Series 2 and 3, the welding at the gusset plate tip was 
the critical fatigue spot and the crack initiation was from the inside of the tube. There were also 
no other cracks visible in the gusset plate near the sealing plates or the longitudinal welds. 

Figure 5. Characteristic fatigue resistance curves of test results subject to nominal stress range evaluated 
with fixed slope m = 3 (Kuhlmann & Gölz, 2021). 
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Table 1. Typical crack patterns for the tested Series 1, 2 and 3 (Kuhlmann & Gölz, 2021). 

Series 1 Series 2 Series 3 

CONCLUSIONS 

Based on the fatigue test results from Kuhlmann & Gölz (2021) and the research about previ
ous fatigue tests from Zirn (1975), Baptista et al. (2017) and Hanswille & Schubart (2017) pro
posals and recommendations for the next generation of the Eurocode prEN1993-1-9 (2020) 
can be given. For design variants without cut-outs at the end of the slit, the type of welding is 
the decisive parameter for the fatigue resistance. For details with full penetration welds and 
pool backing, that therefore require a chamfered hollow section for quality assurance of the 
weld root, detail category 56 is recommended. For HY-welds with fillet welds and chamfered 
or straight hollow sections detail category 50 is recommended. For a design variant with 
a cut-out at the end of the slit and with a chamfered hollow section having the same length as 
the longitudinal double fillet weld, detail category 45 is recommended. For a similar design 
variant with cut-outs, Baptista et al. (2017) recommended detail category 56. The remarkable 
difference between these two variants from Kuhlmann & Gölz (2021) and Baptista et al. 
(2017) is the ratio between the length of the chamfered hollow section and the longitudinal 
fillet weld. This and other geometric parameters need to be investigated in further research. 
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Masonry infilled frames – contemporary structural concepts
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Croatia 

ABSTRACT: Infilled frames were the focus of numerous experimental tests which have 
been executed to investigate the seismic behaviour of these systems, but the task remains chal
lenging due to significantly pronounced nonlinear structural behaviour. The infill inevitably 
changes the “common” and well-known structural behaviour of bare steel and RC frames into 
a more complex interactive behaviour, strongly influenced by randomness introduced by het
erogeneity of infill. While positive effects such as improved strength can be treated as redun
dant and consequently neglected in design to vertical forces, negative effects cannot be 
ignored in seismic areas. In the last decade, a few comprehensive research studies on RC and 
steel masonry infilled frames were carried out at the Faculty of Civil Engineering and Archi
tecture Osijek. In this paper, the main conclusions from these studies are provided together 
with a review of contemporary structural solutions for steel and RC masonry infilled frames. 

INTRODUCTION 

Masonry products made of clay or lightweight concrete are commonly used as infill panels for 
reinforced concrete (RC) and steel frames, primarily due to their favourable characteristics 
availability, acceptable cost, good physical properties, easy production and erection. The pres
ence of such infill strongly affects the behaviour of the frame, but there are still no specific 
methods nor detailed design rules for the analysis of these structures. The structural behaviour 
of masonry-infilled frames is strongly nonlinear due to the influence of parameters such as 
material characteristics of its constituent parts, applied construction procedure, structural 
configuration, geometric properties, load characteristics etc. (Markulak et al., 2013). The 
main difficulty from a structural point of view is that the effects of masonry infill can be bene
ficial (increased stiffness and loading capacity) and detrimental (prying actions in connections 
caused by diagonal compression forces, limited displacement capacity, short column effect), 
depending on listed parameters. 
The specific interest of past and ongoing research studies is the structural behaviour of 

masonry-infilled frames subjected to earthquake loading. Namely, while positive effects can 
be treated as redundant and consequently neglected, negative effects cannot be ignored in 
active seismic areas. The main reasons are higher seismic demand due to increased stiffness 
and possibly limited ductility due to earlier onset of plastic deformations. This type of struc
tural behaviour of masonry-infilled RC and steel frames was investigated experimentally and 
numerically at the Faculty of Civil Engineering and Architecture Osijek (FCEA), within sev
eral research studies (Grubišić and Sigmund, 2014b, Grubišić and Sigmund, 2014a, Markulak 
et al., 2020, Markulak et al., 2013, Sigmund et al., 2014, Zovkic et al., 2013). These studies 
can be furthered by additional experimental and numerical studies, as well as evaluated from 
additional points of view. Therefore, the main objective of this paper is to offer a selection of 
comparisons between experimental data which will give insight into the behaviour of such 
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systems. By outlaying obtained conclusions along with a discussion of typical contemporary 
structural solutions and design methods for steel and RC masonry infilled frames, it is possible 
to identify future research studies. 

2	 CONTEMPORARY STRUCTURAL SOLUTIONS – STEEL VS. RC MASONRY 
INFILLED FRAMES 

Given the differences in structural properties of steel and RC frames, whether considered as 
standalone or in combination with masonry infill, there are generally different approaches to 
their design in regards to earthquake loading. The boundaries between these approaches have 
recently been less clear, but two distinct approaches can be identified. Namely, the typical 
design approach to RC frames is to incorporate the contribution of masonry infill into the 
overall response of the structure, which often results in proposals of various methods of add
itional infill strengthening. On the other hand, although there are examples of investigation of 
retrofitting and strengthening of steel infilled frames, inventing and establishing various forms 
of isolation of the masonry panel from the surrounding frame may be considered as a typical 
approach applied for steel frames. The differences in stiffness, strength and ductility of RC 
and steel frames combined with appropriate characteristics of masonry infill are key reasons 
for such opposite approaches. 
The typical methods for infill strengthening in case of RC frames are the use of wire mesh 

reinforcement with cover mortar (Grubišić and Sigmund, 2014a), the connection of unre
inforced infill wall to the surrounding frame by steel dowels (Grubišić and Sigmund, 2014a), 
use of more advanced materials for the cover of the infill wall like a designed high-
performance fibre reinforced cementitious composite called ECC (Dehghani et al., 2015), 
glass fibre reinforced polymer (GFRP) (Abdel-Hafez et al., 2015), carbon fibre reinforced 
polymers (CFRP) (Altin et al., 2008), textile-reinforced mortar (TRM) with strengthening 
meshes based on BCRs (composite rod composed of external polyester protection of 
a reinforcing core composed of distinct types of fibres) (Martins et al., 2015), etc. In case of 
steel frames, there are typical approaches with forms of isolation of the masonry panel from 
the frame (mitigation of infill-frame interaction) or with the implementation of structural 
measures to modify the “natural” behaviour of an infill panel. Some of proposed solutions are 
partition of the infill panel into two or more zones in order to allow sliding (Preti et al., 2016), 
introducing so-called friction sliding fuses (Mohammadi and Akrami, 2010) or other types of 
seismic isolators (Tsantilis and Triantafillou, 2018) between the infill and frame, combining of 
various compression grades od masonry infill to achieve controlled cracking and separation 
(Markulak et al., 2020, Markulak et al., 2013), the invention of various interlock mechanisms 
for infill blocks instead of using mortar (Palios et al., 2017), etc. 
Although the scientific community made a considerable effort to fully understand and 

improve the structural behaviour of masonry infilled frames, there is still no uniform and gen
erally accepted methodology. This conclusion is substantiated by various solutions which are 
seemingly opposite to each other – e.g. in (Markulak et al., 2013) the main intention is to use 
masonry infill within steel frames up to a certain level of load and ensure the separation of 
infill for higher loads, whereas in (Tsantilis and Triantafillou, 2018) application of thin layers 
of cellular materials at the frame-infill contact area delays infill exploitation to higher load 
levels. There are examples of seemingly opposite solutions in infilled RC frames also. 

3	 EXPERIMENTAL RESEARCH STUDIES AT FCEA OSIJEK 

This chapter presents the results of selected experimental work on frames with masonry infill 
loaded cyclicly, conducted at FCEA Osijek. These experimental investigations can be divided 
into three groups according to the frame material and objectives: testing of the steel frames 
with masonry infill (Markulak et al., 2020, Markulak et al., 2013, Radić, 2012), testing of 
reinforced concrete frames with masonry infill (Sigmund et al., 2014, Zovkić, 2013, Zovkic 
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et al., 2013) which, after testing, were repaired and strengthened using various techniques and 
retested ((Grubišić, 2016, Grubišić and Sigmund, 2014b, Grubišić and Sigmund, 2014a). To 
be able to assess the impact of infill on the behaviour of the system, in addition to testing the 
frame with masonry infill, the behaviour of bare steel and RC frames was also experimentally 
determined. 

3.1 Test setup and procedure 

Analyzed frame configurations were tested in the steel reaction frame, shown in Figure 1, in 
a series of quasi-static gradually increasing load cycles until the failure of masonry infill or the 
frame. Hydraulic actuators, with the capacity of 335 kN and a stroke of 150 mm, were situ
ated to the left and right of the specimen with 500 kN capacity load cells monitoring the force. 
The displacement of frame beams, infill panels at bottom and top, and along the diagonals 
was monitored with LVDTs (range of ± 50 mm). In case of significant damage of the masonry 
infill, the cyclic load pattern was interrupted and loading continued in a pushover manner (i.e. 
on one side). 

3.2 Steel frames with masonry infill 

The investigation of the behaviour of masonry infilled steel frames was executed in two 
phases. In the first phase commercially available masonry units were used for infill construc
tion, while in the second phase the masonry infill consisted of specially developed masonry 
units made of recycled brick aggregate and ground expanded polystyrene (Markulak et al., 
2018). 
In the first phase of the research, rigid steel frames with three different types of masonry 

infill were built: “strong” infill made of hollow clay masonry units (SF-R-C), “weak” infill 
built of light autoclaved aerated concrete (AAC) units (SF-R-AAC) and combined infill made 
with a “weaker” AAC units (with drilled vertical holes) located beside the columns, while the 
“stronger” clay units occupied the rest of the infill (SF-R-CA). The combined masonry infill 
enabled a partial separation from the frame at by crushing the weaker AAC masonry units, 
thus minimizing negative effects of the infill at higher loads. The main goal was to take advan
tage of the beneficial effects of infill (increased stiffness and strength) up to a certain load level 
and to preserve ductile behaviour of the bare steel frame at higher load levels. 
Compressive strength of hollow clay wall units and cement-lime mortar were 11.8 MPa and 

5.0 MPa, respectively, while the compressive strengths of AAC elements and thin-layered 
adhesive mortar (glue) were 2.0 MPa and 9.1 MPa, respectively. Steel frames consisted of 
HEA 120 members with a nominal steel grade of S275. 
The test results, shown in Table 1 and Figure 2, demonstrated that the highest load-bearing 

capacity was achieved on frames with AAC infill. The high strength of the mortar/glue 

Figure 1. Steel reaction frame and tested steel/RC frame configurations. 
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Figure 2. Hysteresis envelope curves of tested specimens. a) Infilled steel frames, b) Infilled RC frames. 

enabled a more compact behaviour of the infill panel with a large number of minor cracks 
without extensive crushing and separation from the frame. Steel frames with clay units had 
the highest initial stiffness, followed by frames with combined masonry infill and frames with 
AAC infill. Experimental results proved the possibility of using a relatively simple solution to 
control the damage of masonry infill in laterally loaded steel frames - by partially separating 
the infill from the steel frame at certain levels of drift, it was possible to eliminate the main 
detrimental effects of the infill. 
As a continuation of the previously described research, a special type of masonry units was 

developed at FCEA Osijek. The main idea was to create a masonry infill that has minimal 
detrimental effects on the steel frame while retaining positive characteristics of the masonry 
infill such as increased initial stiffness of the system. This achievement of this goal was 
attempted by developed masonry units with lower stiffness and strength, made of self-
compacting concrete with embedded crushed brick and ground polystyrene which makes them 
environmentally favourable compared to standard masonry units. In addition to a standard 
block shape (Type A), a special weakened unit was developed with one vertical wall removed 
along the sidewall (Type B). The tests included investigation of the behaviour of a rigid steel 
frame infilled with masonry units of Type A (SF-R-A), a rigid steel frame infilled with 
a combination of masonry units type A and type B which masonry units were located along
side the column-masonry contact patch (SF-R-AB), and a pinned steel frame infilled with 
type A masonry units (SF-P-A). In addition to testing the behaviour of frames with masonry 
infill, a rigid steel frame was tested (SF-R). 
Normalized compressive strength of new masonry units was determined as 2.97 MPa, and 

mean compressive strength of mortar was 5.96 MPa. Pinned steel frames consisted of HEA 
280 members and rigid frames of HEA 120 members, with the nominal steel grade being S235. 
Experimental results show that infilled rigid steel frames (SF-R-A and SF-R-AB) have 

higher initial stiffness and ultimate load capacity compared to rigid steel frame without infill 
(SF-R) and pinned infill frames (SF-P-A). A comparison of the results between rigid steel 
frames with infill shows that the planned separation of the frame and the masonry infill was 
not achieved. The SF-R-A and SF-R-AB configurations show very similar fracture mechan
isms dominated by a clear diagonal formation of concentrated strain, with minimal detrimen
tal effects to the steel frame. 

3.3 Reinforced concrete frames with masonry infill 

The investigation of the influence of masonry infill on the behaviour of reinforced concrete (RC) 
frames included the construction and testing of a bare RC frame (RCF) and frames with three 
different types of masonry units: high strength perforated clay brick blocks (RCF-CH), medium 
strength perforated clay brick blocks (RCF-CM) and low strength lightweight aerated autoclaved 
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concrete blocks (RCF-ACC). The dimensions of the RC frame, built of concrete C30/37 and 
reinforcement grade B500B, were 2.2 m x 1.5 m with columns and beam cross-section 20x20 cm 
and 12x20 cm. The experimentally determined mean compressive strengths of masonry units for 
the RCF-CH, RCF-CM, and RCF-ACC configurations were 13.21 MPa, 3.87 MPa, and 13.89 
MPa, respectively. RCF-CH and RCF-CM configurations were built with cement-lime mortar 
whose compressive strengths were 5.11 MPa and 5.01 MPa, while for the RC-ACC configuration 
an adhesive mortar (glue) with a compressive strength of 13.89 MPa was used. 

Experimental results show an evident and expected contribution of the masonry infill to ini
tial stiffness and an increase of ultimate load capacity of frames depending on the infill strength. 
The fracture mechanisms in RC frames with clay masonry units were similar - cracks spread 
horizontally along the masonry bed joints and create a sliding mechanism. A combined fracture 
mechanism was observed for the frame infilled with AAC masonry units - diagonal cracks at 
lower load levels followed by a small number of horizontal cracks formed at higher load levels. 
RC frames damaged in previously described tests were repaired by replacing the spalled 

concrete with fast setting concrete mortar and infilled with two types of masonry units 
hollow and solid clay masonry units with a compressive strength of 4.01 MPa and 8.30 MPa, 
respectively. The masonry infill was made by using cement-lime mortar with a nominal 
strength of 5 MPa. The masonry infill was added within the frame by three different tech
niques: unreinforced infill made of hollow and solid clay masonry units connected to RC 
frame by dowels (RRCF-H-U and RRCF-S-U), reinforced infill made of hollow and solid 
clay masonry units connected to RC frame by dowels (RRCF-H-R and RRCF-S-R) and unre
inforced infill of hollow and solid clay masonry units strengthened with an additional vertical 
confining element (tie‒column) and connected to RC frame by dowels (RRCF-H-T and 
RRCF-S-T). Two additional samples of an undamaged reinforced concrete frame with an 
infill of hollow (RCF-H) and solid clay (RCF-S) masonry units were built, to get an insight 
into the efficiency of each strengthening technique. 
The test results showed that the addition of masonry infill directly affected the strength, 

stiffness and displacements of the structure under cyclic excitation and that the increase in the 
ultimate load capacity depended on the type of strengthening. All specimens had relatively 
small cracks in RC columns and beams as well as vertical and horizontal cracks in the joint 
mortar between clay solid/hollow units. In solid clay masonry infill cracks performed substan
tially later than then the hollow clay masonry infill, due to lower lateral stiffness. In almost all 
models, the first cracks appear due to slip of mortar, especially with solid clay infill. 

COMPARISON OF OBTAINED RESULTS AND DISCUSSION 

A summary of gathered experimental data from a wide range of test series on both steel and 
RC frames with various infill materials is given in Table 1. The hysteresis envelope curves are 
shown in Figure 2, where test configuration designations correspond to previously used in 
headings 3.2 and 3.3. 
It is clear that structural differences between bare steel and RC frames also partially reflect 

on the behaviour of the corresponding infilled systems. Namely, initial stiffness of steel frame 
systems is generally lower, but drift capacity (ductility) is higher. The increase in initial stiff
ness and a decrease in ductility with the addition of infill can be applied for both RC and steel 
systems. A general rule of thumb is that use of infill has the effect of increased initial stiffness 
with lower ductility. AAC units stand out as being able to ensure a high level of ultimate load 
capacity, with lower initial stiffness and moderate levels of ductility, and this type of behav
iour is additionally amplified when newly designed units in steel frames are used. The lateral 
system capacity is highly dependent on the frame strength (i.e. material), but relative compari
sons between same frame types with different masonry units are possible. Consistency in 
behaviour can be achieved using solid units as they are compact and there is no side-wall 
delamination (the weakest link affects the behaviour of the panel). Figure 2 demonstrates that 
steel frames exhibit three-linear like behaviour whereas a bi-linear relation is more suitable for 
RC infilled frames. 
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Based on presented research data and results, it can be concluded that the structural behaviour 
of infilled RC and steel frames do have some common ground. Namely, it seems that it is possible 
to predict to some extent the influence of the particular infill type on the behaviour of infilled 
steel and RC frames. Based on these findings certain patterns in behaviour observed in infilled 
steel frames can be extrapolated to be valid for RC infilled frames, and vice versa. Further work 
can be done in terms of reliability assessment and design models based on available results. 
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ABSTRACT: The paper deals with three independent cases of lattice telecommunication 
towers subjected to elevated temperatures caused by fire. Each fire incident had a different 
background: a fire in a hall adjacent to the tower structure (case no. 1), a fire started deliber
ately (case no. 2), and a fire in a neighboring site (case no. 3). This comparison is relevant in 
that it involves towers of the same series of types (their structural components were made of 
the same type of steel sections), the only difference being height or the distance between their 
legs. The paper addresses the causes of each fire, degradation of the towers’ structural mem
bers due to high temperature, estimated fire temperatures, and, most importantly, actions that 
should follow to continue safe operation of the structures. The results and descriptions of the 
activities carried out as well as conclusions drawn can be useful when analyzing similar cases 
of actual damage in such structures. 

1 INTRODUCTION 

One of the issues which can occur during steel telecommunication tower usage is fire in the 
neighborhood or fire of the tower itself. Structure is subjected to elevated temperatures which 
can cause damages or changes in the internal structure of steel. The aim of this paper is to 
analyze structural members of towers subjected to elevated temperatures and proposing oper
ations to be taken to enable further safe usage of these structures. 

2 STEEL TOWER STRUCTURES ADDRESSED IN THE PAPER 

The structures that are discussed in this paper and were subjected to high fire temperatures are of 
the same series of types. All the towers are lattice structures with a cross-section being an equilat
eral triangle, legs made of round solid bars, and diagonal braces made of hot-rolled equal- and 
unequal-leg angles. Tower no. 1 is 26.5 m in height, while the other two towers (no. 2 and no. 3) 
are 50.5 m high. Figure 1 shows diagrams of the structures including their basic dimensions. 

3 CAUSES OF FIRE 

3.1 Tower no. 1 

Tower structure no. 1 was exposed to elevated temperature due to a fire in a neighboring 
warehouse (Figure 2). Photographic documents, videos available online, and descriptions of 

DOI: 10.1201/9781003132134-37 
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Figure 1. Diagrams of the telecommunication towers considered in the paper. 

Figure 2. Fire in the warehouse adjacent to the tower (source: left – Gazeta Wrocławska; right – Radio 
Wrocław). 
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Figure 3. A) The area adjacent to the tower structure with visible distance between the area and the 
tower; b) Burnt polyethylene outer jacket of feeder cables. 

the course of the incident indicate that the tower was subjected not directly to fire but to hot 
air (smoke) flowing in the tower’s direction. 

3.2 Tower no. 2 

Tower structure no. 2 was exposed to high temperature when a neighboring warehouse 
and other facilities located in the adjacent industrial area were on fire (Figure 3) and 
also because cables started burning within a cable run between the tower structure and 
a telecom shelter. 
Antenna cables seem to have been set on fire intentionally and independently of the fire in the 

nearby building. This opinion can be based on the following arguments: – the distance between 
the adjacent area where the fire occurred (Figure 3a) and the central part of the cable run is about 
6.5 m; – there is non-flammable breakstone on the ground of the base station area; – there are no 
other materials, including flammable ones, between the adjacent area and the tower structure, the 
cable run, and the cables; – the point where the antenna cables might have started burning is 
located directly under the crossing of bracing sections (Figure 3b); – damages and deformations 
of the cables were found from this point up to the right-hand side and then upwards. 

3.3 Tower no. 3 

Tower structure no. 3 was exposed to high temperature due to fire in a neighboring waste 
dump site (with household appliances and similar materials) and in a warehouse located in the 
same plot of land (Figure 4). As a consequence, a telecom shelter situated by the tower base 
was damaged (Figure 5). The fire might have been caused by spontaneous ignition of materials 
stored in the yard next to the base station area. Given the resulting damage and impact of the 
fire, this case was the most extreme one out of the three cases reported in the paper. 

4 ESTIMATED TEMPERATURES ACTING ON THE STRUCTURES 

When steel is exposed to elevated temperatures with access to fresh air, a colored layer forms 
on its surface. This layer contains iron oxides, and its color depends mainly on the tempera
ture to which the steel component was exposed. The color of the layer is also affected by other 
factors, such as heating time, chemical composition of the steel, and thickness of the compo
nent, which is why assessment of temperature on the basis of the layer’s color is approximate. 
At temperatures above 350 °C (the point when blue temper is formed), a characteristic, per
manent blue color of steel is produced, but already at about 230–250 °C the layer turns 
yellowish. 
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Figure 4. The adjacent area subjected to fire – the warehouse (top view). 

Figure 5. The telecom shelter destroyed during the incident. 

The inference and arguments to estimate fire temperatures to which the structural members 
were exposed are provided below. 

4.1 Tower no. 1 

Since no plastic deformations of steel components of the structure and equipment were found, 
it can be concluded that the maximum temperature of the part of the tower that was exposed 
to the largest extent to this impact was 450 °C. Considering that the layer was not found on 
the components of the structure, the temperature of air (smoke) can be assessed to have been 
lower. The outer jacket of the cable partly melted; the jacket was made of polyethylene whose 
melting point, depending on density of the material, is in the range between about 105 and 
135 °C. Given the condition of cables (the outer jacket did not entirely melt; the corrugated 
copper layer underneath was not exposed), the temperature within S-3 segment was very likely 
within this range, while in other parts of the tower it was lower. 

4.2 Tower no. 2 

A yellow layer can be seen in Figure 6, which shows that the components were heated to less 
than 250 °C. This makes it possible to state that the fire temperature was relatively low (in the 
context of fire conditions). Ladder components deformed as a result of the combination of 
factors: elevated temperature, small thickness of the components’ walls (4 mm), and strong 
constrainment both in the longitudinal axis (the lower part is fixed to the ladder foundation, 
while the upper one is rigidly connected to the next segment of the ladder) and perpendicularly 
through rungs and pieces designed to fasten cables). 
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Figure 6. The effect of elevated temperature on components of the ladder rails (D-8 element). 

The outer jacket of the cable melted; the jacket was made of polyethylene whose melting 
point, depending on density of the material, is in the range between about 105 and 135 °C. 
Given the condition of cables (most of the outer jacket melted; the corrugated copper layer 
underneath was exposed – Figure 3b), the temperature within D-9 segment of the ladder was 
very likely between 105 °C and 250 °C; this description only relates to components used in 
lower segments of the access and cable ladder. 

4.3 Tower no. 3 

Since no plastic deformations of steel components of the structure and equipment were found, 
it can be concluded that the maximum temperature of the part of the tower that was exposed 
to the largest extent to this impact was 450 °C. The blue temper was found on bracing sections 
of the bottom segment of the tower (Figure 7). Some deformation of the zinc coating on these 
sections can also be seen (zinc melting point is about 450 °C). Diagonal braces depicted in 
Figure 7 were the closest to where waste was stored and then burnt in the waste dump site. 
Thus, a conclusion may be drawn that the components that were exposed to the fire tempera
ture to the largest extent lost their formability and at the same time the brittleness of the 
material increased (particularly if during firefighting operations water was directly poured on 
the components and they quickly cooled down). 

5	 STRENGTH PROPERTIES AND USABILITY OF STRUCTURES AFTER 
EXPOSURE TO FIRE 

Elevated temperatures decrease strength properties of steel and change its physical and mech
anical properties. The relation shown in Figure 8 is recommended by Eurocode 3 to determine 
reduced values of quantities such as Young’s modulus and the yield point. 

According to (Tide, 1998), if hot-rolled steel is soaked for 3 hours at temperatures as high as 
600 °C and then cooled down to the room temperature, its original mechanical properties are 
generally the same. The results of tests on samples taken from steel components that had been 
exposed to fire, provided in (Zhong, 2015), also show only a minor permanent reduction in the 
yield point. It should be noted, however, that the properties of structural steel after exposure to 
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Figure 7. The blue temper on bracing sections in the bottom segment of the tower. 

Figure 8. Reduction factors in the stress – strain relationship for carbon steel at elevated temperatures. 

fire are also affected by structural changes which can occur in this material even when the thresh
old temperature related to recrystallization was not reached. Such changes generally lead to 
a significant increase in the material’s susceptibility to brittle cracking (Maślak, 2012). Another 
type of impact caused by fire that should be taken into account is the potential of rheological 
effects, mainly the impact of steel creeping which intensifies at high temperatures, and stress 
decay that often accompanies the creeping behavior. What is also essential is how many times 
the components heated and partly cooled down during the fire incident, and how fast these pro
cesses occurred. When assessing the usability of components of a structure, one should consider 
the distribution of internal stresses that was generated thermally in these components and has an 
adverse effect in terms of future static operation, even if the components show no sign of major 
deformation or straining. What need to be emphasized is that various types of structural changes 
that are disadvantageous mainly due to reducing formability of materials freely occur in the 
material at temperatures much lower than 350 °C. These changes are permanent and must not 
be ignored when the material, once cooled down, is assessed (Outinen & Mäkeläinen, 2002). 

303 



6 CONCLUSIONS 

Based on the above information on the estimation of the temperature to which the structure is 
exposed during a fire, as well as visual inspection and analysis of structural elements, several 
conclusions can be drawn. The temperature to which the elements of tower no. 1 were exposed 
was in the range of 135 – 230°C. In future analyses of the load-carrying capacity of the tower 
structure under variable load conditions (different number of antennas and cables mounted), 
Young modulus of steel within lower segments should be reduced by 10% (Maślak, 2020). In 
the case of tower no. 2 one can conclude that the temperature acting on ladder segments did 
not exceed 250°C. The fire was local and the bearing elements were not exposed to elevated 
temperature. Young modulus of ladder members in lower sections should be reduced (by 15% – 
safe value), but taking into account their deformations during fire, the bottom segment of the 
ladder should be replaced. Tower no. 3 was subjected probably to the highest temperature – in 
the range of 350 – 450°C. In this case not only Young modulus of steel should be reduced in 
future analyses of load-carrying capacity (by about 35%), but also yield strength (reduction by 
10%). The safe solution that was used in this case is replacing bracing sections of the bottom 
segment (due to increased brittleness of steel) and adding crosswise supports of the legs. 

REFERENCES 

Maślak, M. 2012. Badania stali konstrukcyjnej po pożarze w kontekście oceny możliwości jej dalszego 
użytkowania w ustrojach nośnych elementów budowlanych. Przegląd Budowlany 6/2012, 48–51 (in 
Polish). 

Maślak, M. 2020. Zachowanie się stali konstrukcyjnej w warunkach pożaru. Materiały, nowoczesne tech
nologie, realizacje konstrukcji stalowych,173–230 (in Polish). 

Outinen, J. & Mäkeläinen, P. 2002. Mechanical properties of structural steel at elevated temperatures 
and after cooling down. Proceedings of the Second International Workshop “Structures in Fire”, 
March 18 – 19, 2002, Christchurch, New Zealand, 273–289. 

Tide, R.H.R. 1998. Integrity of Structural Steel After Exposure to Fire. Engineering Journal, first 
quarter. 

Zhong, T. 2015. Mechanical properties of prestressing steel after fire exposure. Materials and Structures 
48, 3037–3047. 

304 



Joints and connections 





1 

Modern Trends in Research on Steel, Aluminium and Composite Structures – Gi ▪zejowski et al (Eds) 
© 2021 Copyright the Author(s), ISBN 978-0-367-67637-7 

Failure modes of steel angles connected by one leg 

E. Bernatowska & L. Ślęczka 
Rzeszów University of Technology, Rzeszów, Poland 

ABSTRACT: Paper presents a numerical model, developed to capture ultimate tensile resist
ance of steel angles connected by one leg using single row of bolts, based on plastic initiation 
and progression of fracture. The porous metal plasticity was implemented using Gurson-
Tvergaard-Needelman material model. Due to such approach, damage of the material micro-
structure was taken into account. Hierarchical validation of computational model was carried 
out on the base of own experimental tests. The paper describes the impact of individual geo
metrical parameters on the global behavior of the steel angle joints and their resistance. 
Eighty-eight numerical models and experimentally tested specimens gave insight into stress 
distribution, mechanism of failure and ultimate resistance. Based on these results three differ
ent failure modes were distinguished: block tearing, net section tearing and mixed mode. 

INTRODUCTION 

Steel angle members are very often used in engineering structures. Due to the easiness of 
manufacture and assembly, the most common form of their joining with construction is con
necting only one leg, by single row of bolts. In the case of tension lap joints, category A, their 
tensile resistance is reached by one of the four forms of failure (EN 1993-1-8 2005): shear of 
bolts, bearing of bolts, block tearing of angle or failure of angle cross-section (reaching yield 
strength in gross cross-section, which is called plastic resistance or rupture of net cross-
section, called ultimate resistance). The first two resistances are related to the fasteners; the 
others are related to the load capacity of the angle member. 
If the elements in tension are connected only with a certain part of their cross-section, like 

angle members connected by only one leg, the possible eccentricities can influence the stress distri
bution in the vicinity of the connection and thus the resistance of the cross-section. The uneven 
distribution of stresses in the connection area (in the element that is nominally axially tensioned) 
is called shear lag effect. This phenomenon significantly reduces angle load capacity, Chesson & 
Munse (1963), Kulak & Wu (1997), and should be taken into account when determining the 
ultimate tensile resistance of sections fastened in this way. In most guidelines such influence is 
taken into account by means of certain reduction factor by which the net cross-sectional area is 
multiplied to form the effective cross-section. In this way, the time-consuming determination of 
additional bending effects is omitted and the entire section is treated as axially loaded. 
The necessity to check the block tearing in the section was introduced at the end of the 20th 

century, Birkemoe & Gilmor (1978). This form of failure occurs by simultaneous failure in 
shear at the row of bolts along the shear face of the holes group accompanied by tensile rup
ture along the line of bolt holes on the tension face of the bolt group. 
Paper presents results of parametric analyzes conducted on the base of numerical simula

tions, carried out on tensile lap bolted connections with angles members. The aim of analyses 
was to obtain tensile resistances of connections and forms of angles failure. The study was 
aimed at observing block tearing and rupture of net cross-section of angles. 
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2 DESCRIPTION OF FINITE ELEMENT MODEL 

2.1 Material model 

The material characteristics used in simulations were obtained from tensile tests of standard 
coupons cut from angles legs made of steel with nominal grade S275. Medium values of yield 
stress fy was 288 MPa, and medium value of ultimate stress fu was 425 MPa. 
Block tearing and ultimate resistance of angle net cross-section are based on rupture of the 

material. To capture initiation, progression and final fracture of steel angles, it was decided to 
use Gurson-Tvergaard-Needleman (GTN) porous material model. 
The GTN material model takes into account the influence of microstructural damage on 

the load capacity and material strength. Damage of the microstructure occurs in the form of 
voids, which are initiated on the inclusions present in the material. The destruction process 
takes place through the growth and merging of voids through localized plastic deformation, 
which is conducted in Kossakowski (2010), Kossakowski & Wciślik (2018). Full description of 
conducted material model and its validation is described in Bernatowska & Ślęczka (2019), 
Bernatowska (2020). 

2.2 Geometry and model assumptions 

All employed FE models were developed using the package ABAQUS. Finite element 
model of angle connection included four components: angle, gusset plate, bolt with nut 
and washers. Only half of the angle specimens were modelled (Figure 1). To model real 
boundary conditions some part of the gusset plate had blocked displacement in x and 
y direction. In z-direction the load in the form of displacement was applied to the gusset 
plate. Because of the connection symmetry the end of angle could not move in z-direc
tion. Initially both washers and bolt were located concentrically with holes in angle and 
gusset plate. 
Multilinear elastic-plastic material model based on coupon-test results was imple

mented for gusset plate and bolts (class 10.9). Because all analyzed connections were 
designed to cause angle failure, porous material characteristics (GTN) were applied only 
to angle member. Implementation of GTN material model required carrying Dynamic 
Explicit analysis. Finite elements mesh of angle, gusset plates and washers consisted of 
three-dimensional, hexahedral 8-node linear bricks with reduced integration (C3D8R). 
Bolts were built by using C3D8T and C3D6T elements, which are respectively 8-node 
thermally, coupled bricks with trilinear displacement and temperature and 6-node ther
mally coupled triangular prism used to complete the mesh. The type of finite elements 
on the bolt resulted from the temperature load on the bolt shank. The vertical thermal 
deformation method was utilized, Kim et al. (2007), to apply small clamping force start
ing from snug-tightened bolts. Shank was modelled as smooth cylinder without thread. 
Contact between surfaces was defined using general contact option. The frictional effects 
between surfaces were also included by incorporating the classical isotropic Coulomb 
friction model in the contact definition, with a friction coefficient μ equal to 0.1. 

Figure 1. Example of angle member connected by one leg: a) FE model, b) geometry and boundary 
conditions. 
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Figure 2. Comparison of force-displacement curves from FE analyses and from experimental research. 

The pictures below (Figure 1) present the view on complete model with finite elements mesh 
and applied boundary conditions, which were used in parametric analyzes. 
FE model was validated by comparing the computational results to own experimental data. 

More information about conducted model validation and verification process is described in 
publication Bernatowska (2020). Comparison of the computed F-Δ curves with these from 
experimental research is depicted in Figure 2 for few of the specimens. Very good accuracy of 
the failure load prediction was observed. Mean value of Nult,FEA/Nult,Ex ratio is equal to 1.02. 

3 PARAMETRIC ANALYSES 

3.1 Scope of analyses 

To check the influence of individual geometrical parameters on the global behavior of the 
joints their tensile resistance and forms of failure, parametric analyzes were carried out. 
Eighty-eight numerical models were built. They were divided into 8 groups, where following 
parameters were examined: 

–	 the ratio of the width of the leg to its thickness b/t (slenderness of the angle walls), in equal 
leg angles (A1), 

–	 the spacing between centres of fasteners in a line in the direction of load transfer p1 and the 
total length of the connection lp (A2), 

–	 the edge distance from the centre of a fastener hole to the adjacent edge of angle, measured 
at right angles to the direction of load transfer e2 (A3), 

–	 the end distance from the centre of a fastener hole to the adjacent end of angle, measured 
in the direction of load transfer e1 (A4), 

–	 profile arrangement in connection: joining with a wider or narrower leg in the case of 
unequal angles (A5), 

–	 angle length (A6), 
–	 profile doubling: single angles vs double angles (A7), 
–	 differentiation of mechanical parameters of steel: elongation and proportion of fu/fy (A8). 

Marked points P1 and P2 were used to obtain longitudinal displacement of connection. 
Number of bolts vary from 1 to 5. Diameter of used bolts was M18 or M20 respectively for 
connection with one and more than one bolt. The sizes of angles used in simulations are pro
duced in the steel mills, but several cross-sections were created only for the purpose of ana
lysis, to obtain extreme geometrical proportions of both the cross-section and the connection. 
Thanks to this “model similarity” was achieved to the entire population of angle profiles of 
various sizes, connected with bolts with different diameters. 
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3.2 Failure modes obtained from analyses 

The results obtained from the analyzes include: 

–	 force-displacement curves F-Δ (Figure 2), where F is transmitted force, and Δ is difference 
in longitudinal displacements of points P1 and P2 (Figure 1), 

–	 tensile resistance Nult,FEA, which is maximum force reached during loading history, from 
force-displacement F-Δ curve (Figure 2), 

–	 distribution of effective stresses σeff (according to Huber-Mises-Hencky hypothesis) for the 
failure load Nult,FEA in the sections under block tearing along two paths. Their definitions 
are presented in Figure 3. 

During analyses three failure modes were distinguish (Figure 4): block tearing (marked by 
symbol BT), net section tearing (symbol NT) and mixed failure mode (symbol M). The main 
premise for determining the failure mode was the effective stress distribution (for the failure 
load level Nult,FEA) along the section subjected to block tearing (Figure 3). Elements where 
effective stresses σeff along F-M or F’-J’ achieved or exceeded value fy were classified as block 
tearing failure mode (Figure 5a). If stresses along this path (between bolts holes) did not reach 
yield point, failure mode was net section tearing (Figure 5b). If none of these criteria was met 
(especially when effective stresses σeff did not reach fy in the region of end distance e1), the elem
ent was classified into a mixed failure mode, Figure 5c. Force-displacement curves also confirm 
these types of failure. For angles, where net-section tearing appeared all F-Δ curves have des
cending character, after reaching maximum load Nult,FEA. Angles connected by only one bolt 
were treated as a separate case and the forms of failure were not distinguished as above. 
The length of the connection turned out to have a substantial influence on the tension resist

ance of the angle. It also influenced the form of failure, i.e. in shorter joints or with a small 
spacing of bolts p1, block tearing or a mixed form was observed, in longer joints (where the 
bolt spacing was significant) – net section tearing appeared. 

Figure 3. Paths definition for which stresses distribution were obtained: a) in net area subjected to 
shear, b) in gross area subjected to shear. 

Figure 4. Effective stress distribution and fracture shape in angle members after reaching failure load 
Nult,FEA for three failure modes: block tearing (BT), net section tearing (NT) and mixed mode (M). 
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Figure 5. Distribution of effective stresses σeff for the failure load Nult,FEA (left diagram shows distribu
tion along net tension and net shear area; right one shows distribution along net tension and gross shear 
area); a) – c) description in the text. 

The distance of the hole axis from the edge of the angle section in the direction perpendicu
lar to the acting force e2 (which also determine the eccentricity of the acting load Δe) also 
turned out to be important. The smaller the value of the eccentricity was, the higher load cap
acity angle achieved. Mixed failure mode appeared in specimens where e2 < b/2 (except long 
connections with significant bolt spacing). 
The analyzes indicated that the influence of unequal angles arrangement was more import

ant for elements where block tearing appeared. For these cases greater tensile resistance can 
be achieved by connecting angle with a wider leg (a greater area of the tension face Ant can be 
obtained). For the net section failure, the width of the connected leg has no influence, but the 
connection length and the load eccentricity Δe. 
Elements with longer connections are sensitive to changes in the mechanical parameters of 

steel, which may cause a change in the form of failure: from block tearing (at S235) to net 
cross-section tearing (at S450). 
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Figure 6. Relative tensile resistance of angles as a function of length of the joints and position of bolt 
hole measured at right angles to the direction of load transfer. 

Comparison of obtained relative tensile resistance Ueff = Nult,FEA/(Anet�fu) for all speci
mens are shown in Figure 6 (Nult,FEA is maximum force reached during loading history, Anet 

is  the net  area  of  the angle,  and  fu is ultimate strength of the steel). Variable factors in 
Figure 6 are relative length of the joints (lp/d0) and relative position of the bolt hole meas
ured at right angles to the direction of load transfer (e2-0,5d0)/(b1+b2- d0), where lp is the 
distance between the centres of the end fasteners in a joint, d0 is diameter of bolt hole, e2 is 
the edge distance from the centre of a fastener hole to the adjacent edge, measured at right 
angles to the direction of load transfer and b1 and b2 are widths of angle legs (see also 
Figure 1). 
Slight differences in the obtained resistances in each groups (BT, NT and M) are visible. 

Specimens in which net section tearing (NT) was observed have net cross-sectional efficiency 
factor Ueff in the range of 0.68-0.86. In case of specimens with block tearing failure mode 
(BT) factor Ueff is in the range 0.60-0.83, and for mixed form of failure Ueff =0.30-0.70. 
Angles with only one bolt, which are not included on diagram below, achieved Ueff from 
0.29 to 0.43. 

SUMMARY AND CONCLUSIONS 

During the experimental research it is difficult to distinguish between the block tearing and 
net cross-section tearing in single angle in tension connected by one leg. In both cases initial 
form of failure is appearing as a crack forming in tension net cross-section area. 
Validated and verified computational FE models based on microstructural damage material 

modelling give possibility to follow the failure process. Obtained results will be used to cali
brate theoretical models for both forms of failure and to find borders between them. 
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Effective resistance of demountable shear connectors 
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ABSTRACT: Steel-concrete composite construction is structurally efficient but is impossible 
to dismount where the floor slab is permanently connected to the steel beams through trad
itional welded studs. This contradicts the reuse and reduce aspects of the circular economy 
concept which has recently been introduced to the construction industry. Within the RFCS 
REDUCE project, several solutions have been proposed. Demountability of the composite 
beams using the proposed new shear connectors has been successfully demonstrated by push-
out tests and full-scale beam tests. Both experiments and numerical simulations showed that 
the composite beams can develop plasticity even the demountable shear connectors in solid 
concrete slabs failed in a brittle way. To extend the scope of Eurocode 4 and avoid uneco
nomic elastic design, effective shear resistance of the demountable shear connectors was 
defined by using a newly developed algorithm, for the calculation of the plastic moment cap
acity of composite sections with partial shear connection. 

1 INTRODUCTION 

1.1 Motivation and background 

The concept of circular economy is based on three terms: reuse, reduce and recycle. Recently 
this concept is becoming increasingly important in the construction industry driven by the EU 
target of climate neutrality by 2050. 
Steel-concrete composite construction is structurally efficient and widely adopted. However, 

in current design it is not dismountable and the separation of materials is labor- and cost-
intensive. This makes the recycling process complicated and decreases the reuse efficiency of 
materials. The EU RFCS funded project - REDUCE targeted this issue and explored design 
for deconstruction and reuse in commercial and residential buildings using steel-based hybrid 
structural systems. Specifically, novel types of demountable shear connectors used in compos
ite beams have been developed and tested in the form of push tests, (long-span) beam tests. 
The use of normal bolts as shear connectors have been considered a few decades ago but only 
for retrofitting purposes. More recently, attention has been paid into deconstruction aspects 
and replacing welded studs by bolted connectors. Pavlović M. et al. (2013) provided respective 
analysis on bolted connectors against welded studs through push tests. Ataei A. et al. (2016) 
and Liu et al. (2017) investigated the high-strength friction-grip bolts used as shear connectors 
in beams with precast concrete slabs. 
The scope of this paper is to present the development of effective shear resistance of the 

demountable shear connectors developed at the University of Luxembourg (UL) within 
REDUCE for the calculation of the plastic moment capacity of composite sections with par
tial shear connection. The push tests showed that the developed shear connection systems 
have six-millimeter deformation capacity, which is required by Eurocode 4 for a headed stud 
to be considered as ductile. However, the tests at UL showed that the general behavior of the 
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demountable shear connections used in solid slabs is significantly different from the trad
itional solutions with welded studs. They did not show a ductile behavior at failure but failed 
in a brittle way. Consequently, Eurocode 4 does not enable the use of equidistant shear con
nector spacing and the design needs to be performed using fully elastic analysis which is 
uneconomic and hinders the practical application of demountable and reusable composite 
structures. As a result, an effective shear resistance was defined with the help of a newly devel
oped algorithm, considering that composite beams can develop plasticity even if non-ductile 
shear connection is applied. It was shown that with the usage of the effective shear resistance, 
the Eurocode 4 rules for the calculation of the plastic moment capacity of composite sections 
with partial shear connection remain applicable; and therefore, the developed algorithm 
enables the extension of the code for demountable shear connections. In this way, the benefits 
of composite construction can be maintained while providing the possibility of reuse. 

1.2 Demountable shear connections 

In the frame of the conducted research, two types of shear connections (Figure 1) have been 
investigated at UL. They offer good level of reusability of the concrete slabs as the bolts con
necting the slab and the steel beam are easily replaceable if thread damage occurs during ser
vice or dismantling/reassembling of the flooring system. Both types used prefabricated 
concrete deck elements, which were connected to a steel beam with the help of bolted shear 
connectors. The first type used two M20, Gr. 8.8 bolts coupled with the help of a mechanical 
coupler device of grade 10.9. One bolt and the coupler device were fully embedded in the deck 
element and the second bolt were placed through a predrilled hole in the flange of the steel 
beam. The second type was a through bolt connection that used pretensioned M20, Gr. 8.8 
bolts placed inside an encased steel cylinder. The figure below shows the schematic drawing of 
the two types of connections. The detailed description of the connections can be found in the 
PhD thesis of Kozma, A. (2020). 

2 EXPERIMENTAL CAPAIGN AND NUMERICAL SIMULATIONS 

2.1 Push-out tests 

Five series of push-out tests were carried out on different variants of the connectors based on 
Eurocode 4, Annex B. The deck elements were completely solid slabs in three series, while two 
series used profiled steel sheeting with a solid strip around the connectors (see Figure 1). No 
difference in the results could be observed between these two different types of deck. This 
way, it was possible to reduce the weight of the slab elements without compromising the load 

Figure 1. Left: coupled bolts (P15.1); right: friction bolt in a cast-in cylinder (P3.3). 

315 



bearing capacity. Bolt shear failure occurred in each test after reaching the maximum shear 
capacity of the bolts. No plastic plateau, nor any significant descending branch was observed, 
all specimens failed in a brittle way. Nonetheless, all of the tested connections had a slip cap
acity that is greater than six millimeters, which is the slip capacity requirement for ductile 
shear studs given by EN 1994-1-1 (CEN 2004), Clause 6.6.1.1 (5). Figure 2 shows the load-slip 
measurements and the average load-slip curves of the two types of connections. As is shown, 
these load-slip curves differ from the load-slip curves of traditional headed studs that generally 
reach their ultimate capacity around 1 mm slip and can maintain that load until at least 6 mm 
(Kozma, A. et al. 2019). 

2.2 Beam tests 

Each type of shear connection was also investigated by full-scale beam tests. Two 6-meter-span 
demountable composite beams were fabricated. Each specimen comprised of an IPE 360 steel 
beam and two prefabricated concrete deck elements. The demountable shear connectors were 
placed in pairs equidistantly along the length with a longitudinal spacing of 600 mm and 
a transversal spacing of 100 mm. The beams were subjected to 2-point loading. The loading 
regime included an incremental cyclic loading followed by loading up to failure. During the tests, 
the force and the displacement values were continuously recorded. Both beams behaved elastically 
before reaching a deflection level of L/300, which is a generally accepted criterion in the service
ability limit state. The beams reached their ultimate capacity at deflection levels greater than L/50. 
A certain plastic plateau could also be observed on the load-deflection curves. In other words, the 
beams behaved in a ductile way despite of the non-ductile nature of the applied shear connections. 

2.3 Modelling, validation and parametric studies 

The beam tests were reproduced numerically by 3D nonlinear simulations using 
ABAQUS 2017. The shear connectors (considering nonlinear load-slip behavior) were 
modelled as fasteners, which are point-based, mesh-independent connector elements. The 
shell element (S4R) was adopted and the global mesh density was 50 mm. The concrete 
ribs and the profiled sheeting were neglected due to their insignificant contribution to the 
beam capacity. Tested material properties were used with concrete damaged plasticity 
model for concrete and a tri-linear model for steel considering a descending branch. 
Boundary and loading conditions of the experimental tests were replicated in the FE 
model. The numerical models were capable of capturing the load-deflection response, 
occurring slips and observed damages. A total of 112 simulations were performed for the 
parametric studies, considering the beam length, shear connection type, material grades, 
steel profiles and the distributions of connectors. The results were used for the evaluation 
of the developed calculation method, which will be presented in Section 3. Figure 3 

Figure 2. Load-slip relationships and the average load-slip curves of two types of connections. 
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Figure 3. Slip distributions in comparison with a cosine function. 

shows an extract of the results. It shows the slip distributions for twelve 6-meter-span 
beams using different amounts and types of shear connectors. The presented slip values 
correspond to the load level at which the plastic moment capacity is reached, and are 
shown relative to the end slip. 

EFFECTIVE SHEAR RESISTANCE 

From the previous section, it is obvious that the load-slip behavior of the demountable shear 
connectors is fundamentally different from the one of welded shear connectors. The slips 
could result in possible redistribution of the longitudinal shear depending on the flexibility 
and the deformation capacity of the connection. Therefore, the shear force that the flexible 
connectors can transfer needs to be evaluated for the moment capacity of a composite beam. 
It is known that the occurring slip at each shear connector along the beam length should 

varies so as the shear force. Some researchers (Lawson R.M. et al. 2017, Hanswille, G. & Schä
fer, M. 2007) assume a cosine shaped slip distribution along the length for a simply supported 
beam with linear load-slip curve of the shear connectors. Theoretically, this would correspond 
to a sinusoidal moment diagram but it is also a reasonable approximation for uniformly loaded 
beams with a second order moment diagram. Beyond the elastic limit, further elastic deform
ations occur and plastic strains start to develop in the ‘plastic zone’. The slip due to plastic 
deformation is constant in the elastic part of the beam (Bärtchi, R. 2005). The total slip can 
then be determined as the sum of the slips due to elastic and plastic deformations. 
Nonetheless, the slip due to plastic deformation is difficult to quantify without the 

help of numerical simulations. Figure 3 demonstrated that the assumption of a cosine 
slip distribution is reasonable for the demountable shear connectors. And thus, the cosine 
function is adopted in this paper. It is important to point out that the more the bending 
moment diagram differs from a sinusoidal shape, the less accurate the procedures devel
oped in this paper will become. 
When the end slip ls at the maximum load level of the composite beam (i.e. the beam reaches 

its plastic moment capacity) is set, the occurring slip at each shear connector along the beam 
span and then the corresponding shear force could be worked out based on the cosine function 
and the load-slip relationship of the shear connector. In EN 1994-1-1, Clause 6.6.1.1(5), 
a minimum 6 mm slip capacity is required for ductile shear connection. In consistent with this 
requirement, the end slip ls is taken as 6 mm in this paper. 

For a composite beam with concrete deck placed on the top flange of the beam, the com
pression force in concrete can be expressed as: 
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where nr is the number of shear connectors in a row, np is the number of shear connector 
rows placed within the critical length, Psc,i is the shear connector force at each shear con
nector. The determination of Psc,i relies on the assumed slip distribution function and the 
respective load-slip relationship of the chosen shear connector. 
Noted that some conditions and assumptions applies as follows: 1) the beam is simply sup

ported and subjected to a positive bending moment, 2) the steel beam section is Class 1 or 2 
according to EN1993-1-1, 3) the section is symmetric to the vertical axis, 4) the shear connec
tion is distributed equidistantly along the length, 5) the curvature of the composite beam 
under failure conditions is large enough to enable the assumption of a plastic stress distribu
tion in the cross-section. 
To simplify the calculations for Nc, the average shear connector force, i.e. the effective 

shear resistance, PR,eff, was proposed: 

The compression force, Nc, in the concrete can then be calculated by multiplying the 
number of shear connectors, n, between the support and the position of the maximum bending 
moment (critical length) by the effective shear resistance, PR,eff, of the connector: 

where Nc,f is the maximum possible compression force in the concrete slab. 
For easy calculation of the effective shear resistance, PR,eff, a parameter kflex that represents 

the ratio of PR,eff to the shear force in the last shear connector Pl was introduced: 

The factor kflex depends on: 1) the load-slip curve of the shear connection, 2) the number of 
shear connector rows np on the critical length. The value of kflex can be calculated using the 
load-slip curves of the tested demountable shear connectors presented in Figure 2, with the 
following assumptions: i) the end slip is set as 6 mm when the plastic moment resistance is 
reached, ii) the slip distribution can be described by a cosine function, iii) the shear connectors 
are placed equidistantly. From Figure 4, it is shown that the more shear connector rows (np), 
the lower the value of kflex. However, the difference in the values of kflex between 4 rows and 
30 rows is relatively small. For the tested shear connections, its value varies between 0.69 to 
0.81. As a simplification, it is proposed to use the number that corresponds to np = 6. This 
means, that when determining the average shear connector force PReff, we assume that only 
six pairs of shear connectors are placed on the critical length. The advantage of this simplifica
tion is that kflex now only depends on the load-slip curve, i.e. it became a shear connection 
specific parameter. For shear connection type P3.3 and P15.1, the value of kflex is 0.756 and 
0.762, respectively. The effective shear connector resistance can be determined as: 

where PR,6 is the shear connector resistance at 6 mm slip. 
After this point, the calculation procedure is analogous to the Eurocode 4 method for the 

determination of the plastic moment resistance of composite beam with partial shear connec
tion. The plastic stress distribution and the location of the neutral axes can be determined 
from the equilibrium equations of compressive and tensile forces from the concrete and steel 
beam elements; and the moment resistance Mpl,η from the moment equation. The flowchart of 
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Figure 4. Reduction factor kflex depending on the number of shear connector rows. 

Figure 5. Simplified algorithm for the determination of the plastic moment resistance of composite 
beams with non-ductile shear connection. 

Figure 6. Comparison of the analytically and numerically obtained resistance values. 
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the simplified calculation method is presented in Figure 5. The accuracy of the algorithm 
depends on the initially assumed end slip (6 mm in this paper) and slip distribution function 
(cosine function for simply supported beam with uniformly distributed load). The approxima
tion of the occurring end slip is complicated at the ultimate limit state. However, conducted 
experimental and numerical investigations show that the aforementioned assumptions are rea
sonable. The calculated moment resistance values using the simplified algorithm were com
pared to the numerical simulation results. The mean value of the uncertainties, the standard 
deviation and the coefficient of variation is μθ=1.049, σθ=0.061 and Vθ=0.058, respectively. 
The comparison of the experimentally and numerically obtained resistance values is presented 
in Figure 6. Based on the comparison, it was concluded that the simplified algorithm is applic
able for the determination of the plastic moment resistance of composite beams with the pre
sented demountable shear connection. 

CONCLUSIONS 

The general behavior of the demountable shear connectors presented in this paper is funda
mentally different than that of a welded stud. The shear connectors failed in a brittle way 
(classified as non-ductile shear connectors which does not exhibit an ideal plastic plateau) 
while allowed the development of plasticity of a composite beam. As a result, the basic 
assumptions for ductile studs in Eurocode 4 is not applicable. A simplified algorithm was 
therefore developed for the calculation of plastic bending resistance of a composite beam with 
the demountable shear connectors, which is analogous to the current Eurocode 4 design pro
cedures. This algorithm adopted the proposed effective shear resistance and reduction factor 
for non-ductile shear connectors, with assumed end slip of 6 mm and a cosine function of the 
slip distribution of shear connectors along the beam span. From the comparison of analytical 
and numerically obtained results, it was shown that the simplified algorithm is able to produce 
plastic moment resistance Mpl,η values with acceptable accuracy. 
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Analysis of steel bolted end-plate joints under accidental situation 

D. Kukla & A. Kozłowski 
Rzeszow University of Technology, Rzeszów, Poland 

ABSTRACT: Shaping and performing building structures analysis based on avoiding 
the disproportionate damage to the initial cause during accidental situation is nowadays 
essential concern of designers. A several ways to protect the structures against progres
sive collapse are presented in current design standards. As a main strategy to mitigate 
a progressive collapse an alternative load path method is recommended. The ability of 
structure to overcome collapse is defining as structural robustness. The paper presents 
results of the part of research project aiming robustness behavior analysis of steel frames 
with bolted end-plate joints. First step was experimental test of selected, isolated flush 
and extended end plate joints, to obtain available rotation capacity of the joints tested 
in column loss scenario. Next, advanced FEM models were created, which after hier
archic validation, were used to simulate experimentally tested joints to compare results. 
FEM was also used to modeling behavior of subframe tested early experimentally. Last 
part will be FEM analysis of few plane frames configuration to obtain required rotation 
capacity of the joints. 

INTRODUCTION 

The subject of numerical simulation of the behavior and evaluation of the resistance of steel 
frame structures under accidental situation e.g. column loss scenario is a new and intensively 
developed issue. 
The following methodology was applied in PhD dissertation of the first author, to analyze 

robustness behavior of steel frames subjected to accidental loading: 

–	 Experimental tests of selected bolted joints, i.e. flush and extended end-plate joints. Joints 
were tested as isolated, in cruciform stand-up. 

–	 Creation and hierarchical validation of FEM model of bolted connections. 
–	 FEM modeling of experimentally tested joints, 
–	 Parametric study on influence of another factors, not including in experimental tests, 
–	 FEM analysis of substructure experimentally tested earlier, 
–	 Analysis of few plane steel frames under column loss scenario. 
–	 Comparison of available rotation capacity from own experimental tests with required rota

tion capacity obtained from frame analysis, 
–	 Final conclusions about usefulness of bolted end-plate joint in frame structures to fulfill 

code requirements about structural integrity. 

In this paper results of the part of research project described above has been presented. 
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2 ANALYSIS OF STEEL JOINTS 

As a first step to analysis the robustness of frame structures the experimental tests on steel 
joints were conducted. The six bolted end-plate joints with flush and extended end-plate were 
tested. The details of experimental test of double side end plate joints were presented in 
(Kozlowski & Kukla 2019). Based on these tests the numerical analysis and validation of 
finite element models of this joints were done, which were presented in (Kukla & Kozlowski & 
Siwowski 2021). A close agreement of both technique at level of results and graphic compari
son (Figure 1) were obtained. The experimental tests and numerical analysis gave a lot of 
information about behavior of steel end plate joints under accidental situation as column loss 
scenario. 
The validated models of end plate joints were used to conduct the parametric numerical 

analysis under different factor influencing rotational and ultimate capacity. The three innova
tive conceptions of bolted end-plate joints to increase load and rotational capacity were also 
proposed. The results of this analysis were presented in (Kukla& Kozlowski 2021). 

3 ANALYSIS OF FRAME SUBSTRUCTURE 

The next step to modeling steel frames was numerical analyzes of the frame subsystem (Figure 2) 
investigated as part of the research work (Kozlowski &et al. 2011). The analysis was performed 
on two models. The first one concerned a substructure with flush end-plate joints with a 10 mm 
plate thickness. The second case involved the same subsystem but with extended end-plate 
10 mm thick. Both systems were modeled in the same way. 

For this purpose, the analysis of this system (Figure 2) was started in the Abaqus software 
(Abaqus). Explicit dynamic integration method to overcome convergence difficulties in static 
solver was used. To produce quasi-static response a time step control was applied. Mass scal
ing as a factor to reduce computational time of analysis was also used. The frame substructure 

Figure 1. Comparison views of experimental and numerical test of joint with 10 mm flush end plate. 

Figure 2. Planar view of frame substructure tested in (Kozlowski & Gizejowski & Sleczka &. . ., 2011). 
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Figure 3. 3D view of substructure with extended end-plate joint: a) model, b) specimen under test. 

(Figure 3a) composed of two elements types was modeled. A parts with the highest values of 
strains as end-plates, end parts of beams, columns, bolts connectors and pin connections at 
the end of system were modeled by solid elements C3D8R. The parts of beams between exter
nal and internal column (at part about 5 m) were modeled by shell elements S4R. Application 
of shell element at long beam elements allows to significant reduction of element numbers and 
computational time of analysis. Both shell and solid elements allows to large displacements 
and strains at analysis time. To reproduce contact between elements a general contact inter
action was developed. A hard contact to simulate the unilateral contact in normal direction of 
the interface between connected elements was used. An isotropic friction coefficient at value 
equal 0.3 to represent tangential behavior was applied. 
Appropriate boundary conditions representing those in the experimental studies (Figure 3b) 

were applied. The “coupling” option has been used to connect a solid element to a shell elem
ent using a reference point. 
Three steps of loading procedure were used to analysis. In the first step the axial compres

sion force 10 kN was applied into bolts to simulate initial contact between column flanges and 
end- plates. The gravity load of whole model as second step was applied to reduce dynamic 
effects and archiving model stability. In third step the vertical load on top of internal column 
was applied by carrying out a displacement controlled dynamic pushdown analysis. Smooth 
step option was applied to reduce dynamic effects. 
As a columns cross-section HEB 200 was assumed. IPE 300 was used to modeling beams. 

The flush and extended end-plate with 10 mm thickness was applied as two types of end-plate. 
The welds at whole model were neglected. M20 bolts were used to connect the elements of the 
joints. A bolt, washer and nut were modeled as parts of connector. The detail of simulation of 
bolt connector was presented in (Kukla & Kozlowski & Siwowski 2021). 
Corresponding material models were used for each of the model elements. The material 

properties of HEB200 and IPE 300 were taken from (Kozlowski & et al. 2011). Due to lack of 
material models of end-plate and bolts, values obtained from own tests (Kozlowski & Kukla 
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2019) were assumed. The true stress-strain relationship was defined to simulate realistic behav
ior on material models. The material model used to analysis subframe as in (Kukla & 
Kozlowski & Siwowski 2021) were adopted. 
For solid elements the hexagonal element shape in the mesh control was used. To obtain 

regular shapes of mesh in all solid elements of model the sweep technique with medial axis 
algorithm was applied. To fracture simulations the element deletion were employed. The col
umns, ends of beams and end-plate by 10 mm and 5 mm mesh size were meshed (Figure 4), 
respectively. The bolt connector was meshed singly. As a main density equal 3,5 mm for bolts 
and nut were assumed. Quad-dominated element shape with free technique in medial axis 
algorithm was developed for shell elements. As a size (Figure 4) of mesh 50 mm density was 
assumed. 
Relevant results of the experimental tests of the frame subsystem with bolted joints with 

a 10 mm thick flush and extended end-plate with numerical analysis results based on the finite 
element method were compared. The basic behavior curve of the subsystem vertical load - ver
tical displacement was assessed for compliance of both methods. The force-displacement 
curve obtained from the experimental and numerical tests is shown in Figure 5a. It can be 
noticed that up to a specimen deflection of about 200 mm the compliance was almost perfect. 
After exceeding the displacement of 200 mm, there was a slight increase in the difference of 
both results. Final displacement upon failure achieved good agreement in both cases. The pre
sented results of the FEM analysis can therefore be considered as a good agreement with the 
results of experimental studies. 
The response curves of the steel subsystem with extended end-plate joints are shown in 

Figure 5b. A very good convergence was obtained until the vertical displacement of the 
column was about 100 mm. After exceeding the deflection of 100 mm, the values began to 

Figure 4. Detailed view of flush and extended end-plate joint with mesh. 

Figure 5. Curve load-vertical dispatement of specimen with: a) flush end-plate, b) extended end-plate. 
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differ slightly. The difference in the final displacement on failure was about 150 mm. The 
obtained values of the test results and the analysis can be considered acceptable. 
Presented analysis confirms that created FEM model can be used in frame structures ana

lysis mentioned in point 4. 
The largest deformations of the system were located at the joints (Figure 6). The inner joint 

of the outermost column was significantly deformed. Large deformations (Figure 6a) can be 
seen especially in the end-plate. The bend of the column flange was also visible. The compara
tive image of the deformation of the extreme column shows their good agreement. 
The deformation of the middle column joint is presented in the Figure 6b. The significant 

deformation of the joint (Figure 6b) was obtained in the numerical analysis. The comparison 
(Figure 6b) of the joint views after the tests confirms the good agreement. Both joints were 
destroyed by breaking the end plate at the level of the beam bottom flange. The comparison 
of whole view specimen and model after test was presented in Figure 7. 

Figure 6. Failure mode of 10 mm exteneded end plate: a) external column joint, b) internal column 
joint. 

Figure 7. Failure mode of subframe: a) model, b) specimen. 
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Figure 8. Static diagrams of analyzed frames: a) two span, b) three span, c) four span. 

4 FRAME STRUCTURE ANALYSIS 

The numerical dynamic study on progressive collapse of planar steel frames under sudden 
column loss were presented in (Znang & Jiang & Xu & Wang 2018). Finite element models 
with refined shell elements were developed. The welded beam-to-column joints were analyzed. 
It was summarized that ascrucial load and robustness of frame structure in a strong beam-
weak column is larger than in a strong column-weak beam ones. 
A joint model for assessing the rotational stiffness of semi-rigid connection were adopted in 

(Li & Li & Jiang & Lu 2018) in the form of multi-spring component model (MSC). The effect 
of semi-rigid connection as crucial for the deformation and load-distribution were noticed. 
The results show that the side column loss leads to the largest maximum displacement at the 
top of the removed column. 
The analysis of steel moment frame robustness under vehicle impact was presented in 

(Kang & Kim 2014). A various speed of vehicle was adapted to assessing structural response. 
It was found out that effect of collision to the corner column was much greater than collision 
to the exterior column. 
The study of progressive collapse of planar steel frames under column loss were presented 

in (Klakojour & Sheidaii 2018). The influence of finite element modeling and analysis tech
nique were analyzed. As a major influence on structural response a mesh size and removal 
time of column were obtained. 
The next step of conducted research was to analyze behavior of steel frames presented in 

Figure 8 in column loss scenario. The models of frames were created at the same way as for 
subframe. The solid and shell elements were used. The sudden and gradual remove of column 
support were applied. The results of this analysis will be presented in the next papers. 

5 CONCLUSIONS 

Whole research project include multi steps process of experimental tests and numerical ana
lyzes to assess the structural robustness under accidental situations of steel planar frame struc
tures with bolted end-plate joints. In detail the project contain experimental tests of isolated 
bolted end-plate joints, numerical and parametrical analysis of joints, analysis of subframes 
structures and finally analysis of whole frame planar structures. In this paper results of the 
part of research project concerning finite element analysis used for a comparative analysis of 
the results of frame substructure has been presented. Based on obtained first results, the fol
lowing remarks can be drawn: 

–	 FEM models of experimentally tested bolted end-plate joints, tested in isolation and in sub-
frame configuration, were positively checked by the presented comparative analysis of 
selected results. Presented modeling technique will be usedfor further numerical analysis of 
the whole frames, 
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–	 the application of end plate joint in frame structure leads to obtain a significant load cap
acity, rotational capacity and large deformation of joint and whole models, 

–	 the advanced FEM modeling with solid and shell elements allows to observe the behavior 
of all joint components under time analysis, state the weakest components and failure 
mode of joint and structure. 
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University of Coimbra, Coimbra, Portugal 

ABSTRACT: The present paper focuses on the structural behaviour of beam-to-column 
connections between I and SHS sections using hollo-bolts on both external and corner joints. 
Several 3D numerical models were developed to compare numerical results with the experi
mental ones, previously obtained using full-scale prototypes under monotonic load. 
A numerical calibration was carried out with the real geometrical and mechanical properties 
of the different profiles. Both flush and extended endplates were used so that M16 and M20 
hollo-bolts could be used to assemble the half T-stub to the tubular columns. All structures 
were modelled using 3D solid elements and static non-linear numerical analysis were per
formed. The principal conclusions concerning the moment-rotation curve and the main phe
nomena influencing the behaviour of the joints are discussed, regarding both plastic resistant 
moment and initial stiffness rotation. A comparative ratio between numerical and experimen
tal results is presented for those structural properties. 

INTRODUCTION 

Steel frames with hollow section elements have been an attractive choice for several design 
solutions given their structural, technological, and constructive advantages that lead to aes
thetic and optimized structures. The main drawback to its use is related with the joints, specif
ically in the case of bolted connections since there is no access to the inside of the section to 
tight the bolt´s head. Lindapter´s hollo-bolt is one of the fastening technologies included in 
the blind bolts systems and tries to minimize or even overcome that problem. However, these 
bolts are mainly indicated for design nominally pinned connections that only involve transfer 
of vertical shear, disregarding their use under tension originated by a bending moment. 
Previous research carried out by several authors focused on evaluating the behaviour of 

blind bolts in either pure tension or shear loading (Yeomans (1998) and Wang et al. (2018)), 
on pull-out tests of EHB and standard hollo-bolts in concrete filled sections (Pitrakkos & 
Tizani (2015)) and, for instance, on investigating the effect of bolt gauge on the face bending 
behaviour of concrete-filled SHS in connections using the hollo-bolt, Elamin et al. (2015). 
This study introduces some new results about the hollo-bolts’ resistant capacity under both 

tension and shear but also explores the behaviour of the SHS face when subjected to moments 
from a connection fastened using that blind bolt. For that purpose, an experimental campaign 
was carried out at the Department of Civil Engineering of the University of Coimbra, where 
14 full scale prototypes were tested using IPE beams, SHS columns and HBM16/HBM20, con
sidering both flush and extended endplates under monotonic loads. Results of this set of tests 
were presented and discussed in Mesquita et al. (2010) and Mesquita (2019), which are the 
basis for the geometrical and mechanical properties of the FEM models presented in this 
paper. 
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Following the experimental work, this study presents a set of numerical models developed 
using the Ansys® software, which results are important to validate the behaviour of the struc
tural response of the tested joints. In order to evaluate the accuracy of the finite element simu
lations, a comparison between the numerical results and the experimental ones is presented. 

2 FINITE ELEMENT MODELS 

2.1 Node’s configurations and joints’ typologies 

The joints’ typologies previously selected for the full-scale prototypes and used for the numer
ical models are presented in Figure 1a) (tests T01_1, T01_3, T02 and T04) and b) (test T03_2). 
Figure 1c) shows the hollo-bolts used in the correspondent tests. The nodes’ configurations 
used on the FE models are indicated in Figure 1d). The nominal dimensions of the endplates 
are 370x170x20 mm for the flush’s case (FEP) and 425x170x20 mm for the extended one 
(EEP), whereas the columns’ dimensions are indicated in Figure 1e). Figure 1 also shows the 
models created on Autodesk Inventor® that were later exported to Ansys®. 

2.2 Materials and mechanical properties 

The selected nominal steel grade for all profiles was S355, whereas the hollo-bolts are pro
duced in class equivalent to ISO 8.8 (Lindapter®). Table 1 shows the average values for the 
yield stress (fy), the ultimate stress (fu), the ultimate strain (eu) and the Young’s modulus (E) 
for the tested tubular profiles, beams, endplates (flush and extended) and bolts, obtained from 
uniaxial tensile tests according to Mesquita (2019). Table 1 also includes the values of the true 
stress (fu*) used in both multilinear and bilinear isotropic hardening definition and the tangent 
modulus (ET) for the bilinear one. These mechanical properties are essential to fully obtain 
the behaviour of each steel element, envisioning the plasticity of the joints’ components. 

2.3 Numerical models 

Taking into account the ratio between the column’s width and its thickness (21.5 and 13.17, 
respectively, for a width equal to 200 mm and a tc of either 8 or 12 mm), the selected type of 
mesh for all components was the 3D solid hexahedric element (SOLID186) with uniform 
reduced integration and large deflection options applied. These options allow transversal 
deformation for each element, whereas also contemplating the propagation of stresses between 
the elements in contact. Additionally, that type of finite element suits well in irregular meshes, 
as in the bolts’ case. An element size of 10 mm was selected for the central part of the column 

Figure 1. Caption of the joints’ typologies and general dimensions of the external/corner nodes. a) Typology 
A, b) Typology B, c) Hollo-bolts, d) Nodes’ configurations: external and corner, e) SHS dimensions: 200x8; 
200x12. 
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Table 1. Synthesis of the geometrical dimensions and element’s mechanical properties. 

fy fu εu E v fu * ET
 

Element(s) [MPa] [MPa] [%] [GPa] [MPa] [MPa] Plastic/Strain*
 

SHS 200x8 475.3 541.7 27.9 203.6 0.3 649.4 - M.I.H. 
SHS 200x12 503.3 568.3 25.1 205.5 0.3 610.3 - M.I.H. 
IPE 330 421.6 510.4 31.2 205.0 0.3 631.5 - M.I.H. 
FEP 315.0 462.7 31.7 196.8 0.3 577.8 1151.4 B.I.H. 
EEP 315.0 462.7 31.7 196.8 0.3 577.8 1151.4 B.I.H. 
Shank HBM16/20 640.0 800.0 - 190.0 0.3 880.0 - M.I.H. 
Sleeves HBM16 427.6 527.0 

190.0 0.3 - 860.0 B.I.H.
HBM20 389.2 510.0 12.0 

* Plastic/Strain relation introduced in Ansys: M.I.H. – Multilinear isotropic hardening; B.I.H. – Bilinear 
isotropic hardening; 

Figure 2. Caption of the models’ mesh and contact elements’ view. a) T01_1 mesh, b) T04 mesh (J1 and 
J2), c) Bolt pretension, d) Contact – target elements (sleeves-shank-collar-head-endplate-column-beam). 

with 2 elements through its thickness, 25 mm for beams, 15 mm for endplates, 4 mm for bolts’ 
shanks and 2 mm for sleeves. 
The finite element model used for the analysis of the tests T01_1, T01_3 and T02 (external 

nodes using flush endplates) is shown in Figure 2a). Figure 2b) illustrates the model developed 
for the T04 joint (corner node). Also, the extended endplate joint (T03_2 test) used a mesh 
similar to T01_3 but with 3 bolts rows, as illustrated in Figure 9. 
The contact elements have a critical influence on the success of the solution. These were defined 

as frictional (using Penalty formulation with a friction coefficient between 0.3 and 0.5 depending 
on the location), frictionless and bonded considering the location of the several components of the 
model. They were established to respect the contacts and targets with a symmetrical behaviour 
and an advanced specific formulation adapted to each case, Figure 2d). Following Mesquita et al. 
(2010) and Mesquita (2019), a bolt pretension was applied on both HBM16 and HBM20 using 
a tightening torque of 190 Nm (first case) and 500 Nm (second one), according to Figure 2c). In 
addition, symmetrical boundary conditions were taken in consideration where applicable. 

3 MAIN RESULTS OF THE NUMERICAL SIMULATIONS 

3.1 General considerations 

Based on the information provided in Table 1, several static non-linear analyses were per
formed. A vertical displacement was imposed for each test (the final deformation obtained 
experimentally on each beam’s free end), with the ultimate goal of obtaining the reaction 
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forces for that test. The numerical results are presented and compared using force-
displacement and moment-rotation diagrams, included in the next points. In order to obtain 
the rotation, it was followed the methodo-logy referred in Mesquita et al. (2010) and Mesquita 
(2019). The structural properties of the joints, such as the plastic moment (Mpl,num) and the 
initial stiffness rotation (Sj,ini,num), were calculated through graphical considerations based on 
Jaspart’s method. 

3.2 T01_1 results: Column SHS 200x8, beam IPE 330 and 4 hollo-bolts HBM16 

Figure 3 shows the deformation obtained on the first test considered. The load-horizontal dis
placement (on the upper’s bolts row) as well as the load-vertical displacement (on the beam’s 
end) relations are shown in Figure 4, where is also included the moment-rotation diagram. 
For all cases, it is possible to observe a superposition between the numerical and experimental 
results on several parts of these diagrams, especially a well agreement (M-Φ) on the elastic 
range (with the slope of the experimental reload), but also on the plastic one. 

3.3 T01_3 results: Column SHS 200x8, Beam IPE 330 and 4 hollo-bolts HBM20 

Concerning the T01_3 test, the HBM20’s deformation at the final stage of the plastic domain 
is illustrated in Figure 5, where is possible to see the sleeves plasticity responsible for the 
respective collapse of these bolts. This conclusion was observed on all tested joints, as referred 
in Mesquita et al. (2010) and Mesquita (2019), which indicates that this element is responsible 
for the integrity of the joint. Figure 5 presents also the evolution of the M-Φ numerical curve 

Figure 3. Caption of node and bolts’ deformation – EN: T01_1 (FEP: typology A). 

Figure 4. Caption of T01_1 F-d and M-Φ diagrams: experimental (Mesquita (2019)) versus numerical. 

Figure 5. Caption of node and bolts’ deformation – EN: T01_3 (FEP: typology A) and M-Φ diagrams: 
experimental (Mesquita (2019)) versus numerical. 
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compared to the correspondent experimental one. The biggest values of displacements and 
rotations in this test, when compared to the previous ones indicated on test T01_1, are due to 
the largest diameter of the hollo-bolts used in this last case, which demonstrate superior resist
ance capacity. 

3.4 T02 results: Column SHS 200x12, Beam IPE 330 and 4 hollo-bolts HBM20 

This test introduces the column’s thickness as a new variable in the study. The deformation of 
the column in T02 test (Figure 6) was smaller compared with the one of the test T01_3, once 
the respective column’s thickness was equal to 12 mm, which is 50% larger than the one from 
the SHS profile used in the previous tests (8 mm). Also, Figure 6 presents the evolution of the 
moment-rotation curves (experimental and numerical), showing a good agreement between 
these. The difference on the initial stiffness rotation is due to some contact penetration origin
ated by a low normal stiffness value (0.1) introduced in the contact definitions between the 
bolt’s legs and the SHS. This value had to be lowered because convergence problems were 
detected on that contact area, as stated in Lee (2017). 

3.5 T04 results: Column SHS 200x12, 2 Beams IPE 330 and 4x2 hollo-bolts HBM20 

In addition, a corner node including two orthogonal joints using flush endplates was also 
simulated. Its results represent a typical situation of joints’ asymmetry, Figure 7. The differ
ences between the experimental and numerical curves (Figure 8) are due not only to some 
experimental uncertainties caused by distinct load actuators (although they had the same 
increments) but also due to the column’s bottom hinged support that allowed rotation in the 
plane of the left beam of Figure 7, restraining it in the perpendicular one, as illustrated in 
Mesquita et al. (2010). Moreover, the experimental values of load and displacement were only 
registered after the first 10 kN, which caused some differences concerning the graphical evolu
tion (origin’s ordinate) of the diagrams. 

Figure 6. Caption of node and bolts’ deformation for T02 (FEP: typology A) and M-Φ diagram: experi
mental (Mesquita (2019)) versus numerical. 

Figure 7. Caption of node, column and bolts’ deformation – CN: T04 (FEP: typology A). 
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Figure 8. Caption of T04 F-d and M-Φ diagrams: experimental (Mesquita (2019)) versus numerical. 

Figure 9. Caption of node and bolts’ deformation – EN: T03_2 (EEP: typology B) and M-Φ diagrams: 
experimental (Mesquita (2019)) versus numerical. 

3.6 T03_2 results: Column SHS 200x8, 1 Beam IPE 330 and 6 hollo-bolts HBM20 

Figure 9 presents the results regarding T03_2 test that included an extended endplate where is 
possible to see the 3 bolts rows. The preliminary results regarding this analysis also show 
a relatively good approximation between both curves, in which the final numerical load was 
found to be 119 kN against the experimental one (120 kN). Anyway, the resistant capacity to 
bending evidenced by this joint was analogous to the results of the test T04. 

4 PLASTIC RESISTANT MOMENT AND INITIAL STIFFNESS ROTATION 

Table 2 presents the set of results obtained from the experimental analyses as well as from the 
numerical simulations concerning the plastic moment (Mpl) and the initial stiffness rotation 
(Sini). It is also presented a rattio between the numerical result over the experimental one in 
order to evaluate the relative proportion concerning those structural properties obtained for 
the simulated joints. In addition, it is crucial to mention that to calculate the Sj,ini,exp the 
reload part of the elastic region in the experimental M-Φ diagrams was used, which didn’t 
happen in the numerical ones so, some differences in this parameter might be due to this 
reason. 

Table 2. Experimental and numerical results of Mpl, Sini and its ratios. 

Mpl,exp Sj,ini,exp Mpl,num Sj,ini,num Mpl,num/Mpl,exp Sj,ini,num/Sj,ini,exp 

Test [kNm] [kNm/rad] [kNm] [kNm/rad] [-] [-] 

T01_1 
T01_3 
T02 
T04_J1 

T04_J2 

T03_2 

36.1 
50.6 
70.7 
79.5 
81.0 
83.0 

3207.0 
7380.7 
21468.0 
26307.0 
26210.0 
13534.0 

35.0 
40.3 
68.8 
76.5 
77.0 
76.4 

3010.2 
5369.1 
18435.0 
18024.0 
17670.0 
13880.0 

0.97 
0.80 
0.97 
0.96 
0.95 
0.92 

0.94 
0.73 
0.86 
0.69 
0.67 
1.03 

Average = 0.93 0.82 

333 



5 CONCLUSIONS 

The present work allows the evaluation of the level of confidence of the several finite element 
models developed in order to reproduce the full-scale joints previously tested between IPE and 
SHS sections using hollo-bolts subjected to both tension and shear. The average of the pre
sented ratios concerning numerical and experimental results is about 0.93 for Mpl and 0.82 for 
Sj,ini. Even though there is some lack of stiffness in the models T01_3 and T04, the presented 
set of results constitute a good basis for the analysis of all joints and nodes tested. Besides, the 
hollo-bolt’s sleeves were the first component to enter in failure in all tests, which allows to con
clude that they were responsible for the integrity of the joint. In future work, it will be possible 
to implement a parametric study in which the value of the bolt’s tightening torque, the width 
and the thickness of the tubular profiles can be variable in the context of the design’s process.  
To do that, it will be taken into account the collapse of the hollo-bolts’ sleeves as well  as  the  
plasticity of the column´s wall with a thickness of 8 mm around the bolts’ holes. The plastic 
deformation of the column’s loaded face in the SHS profiles 12 mm thick is not significant. 
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ABSTRACT: European recommendations for rectangular hollow section (RHS) connection 
design requires that welds between truss bracing members and chords should have the same 
resistance as the yield capacity of the member. In the case of weld design based on the actual 
forces acting in the elements, the designer can use a smaller size of welds, meeting the require
ments of the connection deformation and rotation capacity. For overlapped K and 
N connections, limited experimental research (Davies & Packer (1982)), on 50% overlaps con
nections have shown that entire overlapping bracing member contact perimeter can be con
sidered as effective. However, no studies of overlapped joints have been carried out so far, 
with values of overlap from 25% to 50% and from 50% to 100% being used for overlapped 
K connections with transverse gusset plates. The finite element analysis (FEM) results pre
sented in the article show that the stress distribution in the welds connecting the braces with 
the chord in K overlapped joints with the transverse gusset plate is varied and depends both 
on the value of the angle of the brace concerning the chord, the overlap ratio and the brace to 
chord width ratio. For inclination angles of braces to the chord of 54° and 60°, the outer 
transverse welds are considered to be only partially effective, with the degree of effectiveness 
depending on the overlap ratio and the wall slenderness values. 

1 INTRODUCTION 

Hollow sections have strength, stability, operational and aesthetic advantages, and with 
a large gradation of the dimensions of sections and their thicknesses, they are suitable for eco
nomical design. The traditional shaping of joints, especially of circular hollow sections, leads 
to low-tech solutions requiring a lot of shop labour, making components too expensive to 
compete economically with hot-rolled, open sections. Construction difficulties and the rela
tively high price of hollow sections (particularly rectangular ones) made it necessary to 
develop modern design solutions. 
Hollow sections can be reduced to a few basic shapes, suitable for both round and rectangu

lar (or square) sections, convenient for semi-automatic control of production processes in 
a steel structure factory. These solutions are, typically, devoid of additional gusset plates or 
ribs and are cost-effective, in terms of labour consumption, but they require designers to con
sider the flexural stiffness of the connections between hollow sections. Due to the similarity of 
hollow section joints to letters, they are designated as K, N, KT, T, Y and X joints. 

2 DESIGN OF WELDS IN K-TYPE JOINTS 

The design procedure for K-type joints with mutually overlapping braces made of closed rect
angular sections is included in EN 1993-1-8 (2006) and discussed in the publications Brodka & 
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Broniewicz (2001), Brodka & Broniewicz (2004), Brodka & Broniewicz (2016), Dutta (1999), 
and Packer et al. (2009). However, the accepted standards, such as those developed by the 
IIW (1999) or the ISO standard (prepared on their basis) BS ISO 14346 (2011), do not include 
recommendations regarding issues related to the design of welds between the joined elements. 
Also, the European standard (EN 1993-1-8 2006) for the design and calculation of structural 
steel joints, sets out very general recommendations for the assessment of the resistance of 
members’ joints made of hollow sections. Design guidelines IIW (1999), also included in the 
ISO standard BS ISO 14346 (2011), present a method of checking the shear strength of fillet 
welds in the plane of contact of braces with the chord in K-type joints with partial or full over
laps using the formulas: 
– when λov;lim5λov5100% then: 

– when λov;lim ¼ 100% then: 

where Ni = design axial load in the overlapping brace; Nj = design axial load in the over
lapped brace; θi, θj = respectively angles of overlapping and overlapped braces in relation to 
the chord; fui, fuj = tensile strength of overlapping and overlapped braces, respectively, pro
vided that fui ≤ fu0 and fuj ≤ fu0 (fu0 is the yield strength of the steel used in the chord); hi,red = 
(100 – λov)hi/100; bi, hi = the width and the height of a cross section of the overlapping brace, 
respectively; ti = wall thickness of the overlapping brace; tj = wall thickness of the overlapped 
brace; t0 = wall thickness of the chord; b0 = width of the chord section and fy0, fyi, fyj = yield 
strength of the chord, overlapping and overlapped braces, respectively; 

The hidden seam of the brace with the chord can be welded or left without welding. This is 
expressed by the value λov;lim and coefficient cs. It is assumed that: 

• cs = 1 and λov;lim ¼ 60% if the hidden seam of overlapped brace is not welded, 
• cs = 2 and λov;lim ¼ 80% if the hidden seam of overlapped brace is welded. 

In the case of RHS joints, due to the variable stiffness of the thin-walled chord face, which 
de-creases from the wall edges towards the centre, the force transmitted by the transverse 
welds is not evenly distributed. The greatest load is transferred through the weld areas closest 
to the side walls, while the central region may not contribute to the load transmission at all. 
This can be taken into account in the design of welds using the method of determining their 
effective lengths. The effective length is the reduced length of the weld, reflecting the way it is 
strained. Failure to take into account the uneven distribution of stresses in the weld in the 
design may cause the weld in the area of the side walls to crack, starting at the ends. 
Longitudinal welds parallel to the axis of a square or rectangular HSS can be assumed to be 

fully effective. 
This effective length of transverse welds and transverse elements was introduced based on 

ex-perimental studies conducted by Rolloos (1969), Wardenier et al. (1981) and Davies & 
Packer (1982). 
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Figure 1. RHS Y-connection under branch axial tension. 

From these tests, it was found that the outer transverse weld in a K gap connection (weld 
“b” in Figure 1) could only be considered effective in carrying the load when the angle 
between the brace and the chord θi � 50o. It follows that the effective lengths for RHS bracing 
member welds in gap K connections can be written using the equations: 

For 50o5θi560o a linear interpolation is recommended. 

CALCULATION PROCEDURE OF EFFECTIVE WELD LENGTHS IN K-TYPE 
JOINTS WITH TRANSVERSE GUSSET PLATE 

A procedure for the approximate evaluation of resistance of welded T, Y, X, K and N gap 
joints was developed in Brodka & Broniewicz (2003) and in Brodka & Broniewicz (2004). The 
procedure was extended to joints made of circular hollow sections. 
In subsequent publications (Brodka & Broniewicz 2013) these authors suggest an approxi

mate assessment of the resistance of the welded connection in the overlapped K type joints, 
made of rectangular hollow sections (square). 
The principles for designing truss joints made of rectangular hollow sections with 

a transverse gusset plate between the braces are not included in the provisions of ISO (2011) 
or IIW (1999). This is the result of an increase in required performance due to cutting and 
welding processes. Therefore, there is a lack of basic information about the resistance and the 
shaping of such joints in IIW (1999), AISC (2016) and AWS (2010) These joints are simple 
and necessary in some designs. Joints with a transverse gusset plate are useful when: 

a) support joints are specifically designed to slightly overlap,
 
b) groove welds between brace members are omitted,
 
c) there is a small overlap of the brace members which is not recommended by EN 1993-1-8
 

(2006) and, despite their occurrence, requires strength assessment. 

The basic shapes of the joints with the reinforcing gusset plates between the braces are 
shown in Figure 2, in the case of trusses made of square hollow sections. In relatively rare 
cases, rectangular hollow sections are also used, but the geometry of the joints remains the 
same. Mostly, the braces have the same width and height. Depending on the kind of truss 
used, the angles of inclination of the braces are different. Similarly, the joints made of circular 
hollow sections are shaped sometimes with minor changes. 
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Figure 2. Intermediate joint made of rectangular hollow sections with a reinforcing plate: a) -e < 0,5 h0, 
b) e = 0, c)  e ≤ 0.25 h0. 

Figure 3. Weld layout in SHS overlap joint with transverse gusset plate. 

The method of evaluation of the resistance of the welds in overlap joints with transverse 
gusset plates, using the formulas given in EN 1993-1-8, was presented by Brodka and Bronie
wicz (2015). To determine the resistance of the joints, the layout of the welds presented in 
Figure 3 are considered. In this figure, the dimensions of all of the welds in the spliced braces, 
with the chord and gusset plate, are indicated. 
The lengths of these welds are determined as follows (Figure 4): 

4	 EVALUATION OF ANALYTICAL PROCEDURE AND FEM ANALYSIS ON RHS 
OVERLAP K JOINT WELDS WITH TRANSVERSE GUSSET PLATE 

4.1 Stress distribution in welds based on the numerical FEM analysis 

FEM numerical tests were carried out for K-type joints with transverse plates made of SHS, at 
different angles of brace inclination θi and different degrees of overlap ratio λov. To obtain dif
ferent angles of brace inclination, a lattice girder with a span of 12.0 m was varied, in terms of 
height, i.e. 1.70 m, 1.40 m and 1.10 m. Corresponding angles of brace inclination to the bottom 
chord were 60°, 54°, and 48°. The truss was loaded with concentrated forces from the standard 
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Figure 4. Height of the vertical weld of the plate. 

loads (dead, snow, wind loads) in the joints of the top chord. Square hollow sections of SHS
(120 x 4 mm) were assumed for the sections of the top and bottom chord, while the braces
were SHS of 60 x 3 mm. The ratio of overall brace width to chord width for SHS was constant
and equal, β ¼ 0; 5. The thickness of the transverse gusset plate was taken to be 5 mm.
The values of stress in the welds decrease with increasing distance�from the centre of the

joint. This is due to greater stiffness of the joint between the braces (bi bj ¼1; 0) than between
the brace and the chord (β ¼ bi=b0 ¼0; 5) (Figure 5). As the overlap parameter increases, the
stress reduction becomes less pronounced and is usually accompanied by an increase in the
average stress in the welds.
The stresses in the internal transverse welds connecting the braces with the plate show

a high value along the entire length of the weld. This is due to the high flexural stiffness of the
joint area, re-sulting from the high value of the coefficient β. The stresses in the external trans-
verse welds connecting the braces with the chord, decreased almost to zero, which is related to
the high value of the chord wall flexibility (β = 0,5, λ
the

¼ b0=t0 ¼ 30). In the longitudinal welds,
stresses were relatively evenly distributed, with a slight decrease in the value away from

the centre of the joint. of the joint λov ¼ 30% .
The high value of stresses in the transverse weld between the braces and the gusset plate is

mainly due to the stiffening of this joint zone by the transverse plate, which increases the stiff-
ness connections and also the effective length of the weld.

Figure 5. Distribution of stresses around braces. 
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Figure 6. Correlation of FEM analysis with the analytical results for θ1 ¼ 60o . 

The stress distribution in the welds around the joined elements shows that the longitudinal 
welds can be considered to be fully effective, with overlap coefficients λov ¼ 60% and 90%. In  
the case of λov ¼ 30% , the stress distribution in longitudinal welds is more non-uniform. 

The outer transverse welds are only partially effective and become less effective as λov and β 
decreases. 

4.2 Correlation of analytical results with the numerical FEM analysis 

The analytical procedure proposed by Brodka and Broniewicz (2015) was used to calculate 
the nominal strengths of the welded connections analysed. The calculated strength of each 
welded connection was determined by the summation of the individual weld element strengths 
along the four walls around the braces. The values were calculated analytically and compared 
with the values obtained from the FEM numerical analysis. 
The correlation of FEM analysis with the analytical results is presented in Figure 6. 

5 CONCLUSIONS 

As part of this research, nine different RHS overlap K connections with transverse gusset plate 
joints were analysed, using the FEM computerised analysis method. Stress distribution, accord
ing to the finite element analysis for defined λov and θ parameters, is presented in Figure 5. 

The analysis shows that all longitudinal welds are effective in stress transfer, with their dis
tribution depending on the distance from the centre of the joint. The outer transverse welds, 
on the other hand, are not always effective in stress transmission. Their effectiveness depends 
on the degree of member overlap λov and the angle of the diagonals θ. In the case of large 
angles of the braces to the chord (60°), their effectiveness in stress transfer increases. Also, 
their effec-tiveness decreases as the overlap parameter of lambda λov decreases. This is due to 
the greater rigidity of the central part of the joint. 
The analytical method of calculating the weld resistance in RHS K-type joints with 

a transverse gusset plate, taking into account the effective weld lengths, allows for the rational 
design of welded joints made of hollow sections. It takes into account the actual forces that 
occur, which results in welds of smaller thicknesses, and this ensures the aesthetics and cost-
effectiveness of the structural solution. Comparison of the stress values occurring in individual 
welds obtained in an analytical way, with those using the FEM numerical method, indicates 
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that the analytical method developed by Brodka and Broniewicz (2007) determines the actual 
weld stress level very well. 
A further experimental study to determine the effective weld length in RHS K-type joints 

with a transverse gusset plate, is being carried out at the Bialystok University of Technology. 
Key pa-rameters, such as branch-to-chord angles θ = 48°, 54°, 60° and member overlap λov = 
30%, 60% and 90%, are being investigated. During the tests, the uneven stress distribution in 
the welds will be measured with the use of strain gauges, which will allow the determination of 
the actual stress distribution in the welds for different configurations of elements in the joints 
and will allow for safe design of K-type RHS joints with transverse gusset plates. 
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The bearing capacity of hybrid bolted and riveted joints in steel 
bridge structures 

K. Pawłowski 
Wrocław University of Environmental and Life Sciences, Wrocław, Poland 

ABSTRACT: The aim of the research presented in this paper is to determine the influence 
of the way of conducting repair works of riveted joints in steel structures, where damaged or 
corroded rivets have to be replaced by bolts. The main research objective is to determine the 
bearing capacity of structures before and after reinforcement in order to create a basis for for
mulating the relevant conclusions concerning the safety of the structure in question. 

The presented results define the influence of construction solutions that may be or are cur
rently applied in practice, which, however, have not been confirmed yet by any model studies 
and computational analyses of the bearing capacity of hybrid, bolted and riveted joints. The 
tested elements were collected from railway bridge structures that were designated for demoli
tion. The analysis of various arrangements of connectors in a joint was an important element 
of the conducted tests. According to current state of knowledge, the bearing capacity of 
a connector in an overlap joint, as far as bearing resistance is concerned, depends on its pos
ition in the joint. Due to that, the authors decided to test those joints, where marginal or inter
mediate rivets were replaced with bolts. The analysed topic is a valid issue and its scope is very 
wide, due to the fact that riveted steel structures that were manufactured on a mass scale more 
than a hundred years ago often require repairs in form of ongoing maintenance or modernisa
tion of the structures. As riveted structures are common throughout the world, the problem 
applies to a multitude of objects. The conducted tests lead conclusions that partial replace
ment of the existing rivets with bolts has a real influence on the bearing capacity of joints in 
riveted structures. The degree of this influence depends on the position of the replaced connec
tions with respect to the edge of the connected element. Nonprofessional repair works consist
ing in the replacement of existing, corroded rivets with new, unfitted bolts, may lead to 
excessive deflection of the structure. The aim of the conclusions of the paper is to provide 
guidelines concerning the possibility to apply hybrid, riveted and bolted joints in existing, 
often historic structures, where maintaining further safe operation often means preserving 
their cultural values, as these objects are an inseparable part of our cultural heritage. 

INTRODUCTION 

Steel structures have been designed and used for more than a century. As a result, many of 
them are approaching the end of their technical lifespan. However, due to their historic 
values, it is worth to maintain these structures in a proper technical condition, because they 
are part of our cultural heritage and proof of the technological development of our ancestors. 
As a result, it is necessary to renovate them. In most cases, even if a large element of the struc
ture has to be replaced, due to various reasons, it will finally be necessary to connect the new 
element with existing ones. In our research we focused on the replacement of several connect
ors in a joint with new ones, different from those used in the original structure. This situation 
is even more complex, because in such event, the joint contains elements of varied bearing 
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capacity and material characteristics. Such connection, that consists of the pre-existing rivets 
and newly installed bolts, may be considered a hybrid joint. The bearing capacity of a joint is 
a function of several factors, which makes the issue even more complex. One of these factors 
is the position of the connector in the joint. As the damaging mechanisms vary, for bearing 
resistance the position of the connector in relation to the edge of the element and to other 
connectors will influence the bearing capacity of the whole joint. Thus, it is important to 
determine the bearing capacity of the joint if a new bolt connector is added between already 
working connectors in form of rivets. In order to determine the influence of such works, 
laboratory tests were conducted on elements collected from railroad bridge structures. 

CHARACTERISTICS OF THE ANALYSED OBJECT 

As it has already been mentioned, the connections in historical steel structures were riveted. 
This resulted from technologies that were available at that time. As this was the era of 
dynamic development of railways, many riveted structures are the spans of railroad bridges. 
Obviously, other structures were also constructed in a similar way, including, e.g. steel tanks 
or lattice towers (including the Eiffel Tower). Tests were conducted on elements that had been 
cut out from the structure of the bridge span disassembled from the railway line No. 7 Wars
zawa Wschodnia – Dorohusk. When it was built, this line was called the Vistula Railroad. It 
was opened on the 19th of August 1877 and led from Mlawa to Kowel. The bridge span from 
which the analysed elements were cut out was built in 1956, during the first renovation of the 
bridge. It was a double-girder plate girder span with the tracks down on the bridge plates. 
Open lattice, with crossbeams placed 2.57 m from each other and continuous longitudinal 
beams at 1.8m distance. The main girders with a double-T cross-section had a total height of 
2.0 m. The structural height of the object was 1.16 m and the theoretical span – 18 m. The 
view of the bridge is presented in Figure 1. 
The tested elements were collected from bracings of longitudinal beams and main girders. 

These elements were selected due to the possibility to adapt them for bearing capacity tests in 
the universal testing machine. Additionally, the condition of riveted joints at this location was 
considered to be very good. Figure 2 shows the joint between the bracing and the longitudinal 
beams and cross-beams of the bridge span. The joint consisted of 3 rivets attached to the 
angle bracket being the bracing and to the node sheet metal. As the bridge span structure was 
relatively new (it was 63 years old at the moment of disassembly), it was in a good condition, 
which had a positive influence on the obtained results. No effects of corrosion or mechanical 

Figure 1. View of the span of the railroad bridge on km 207.887 of the railway line No. 7 Warszawa 
Wschodnia – Dorohusk. 
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Figure 2. View of the bottom of the structure – elements, from which samples were collected. 

Figure 3. Element during bearing capacity tests of the riveted joint. 

damages of the connecting elements were found. The replacement of the structure resulted 
from the modernisation of railway line No. 7 in order to adapt it to higher performance 
parameters. 
Additionally, apart from the elements for joint testing, samples were also taken to conduct 

the resistance of steel. The samples were prepared in compliance with the guidelines provided 
in the PN-EN ISO 6892-1:2009 standard. Samples were collected from bracings of the main 
girders of the bridge span. Resistance tests were carried out in the Instron/SATEC KN 600 
universal testing machine. Figure 3 shows the element tested for the bearing capacity of the 
joint, installed in the universal testing machine. 

3 RESULTS OF THE TESTS 

3.1 Results of tensile strength tests 

The results of strength tests of steel samples are presented in Table 1. The characteristics of 
steel vary for different samples. The characteristics of steel from samples S.1 and S.4 are simi
lar to those of high carbon steel, while the properties of other samples resembled those of low 
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Table 1. Basic mechanical properties of steel determined in the tests of samples collected from the 
bridge. 

Rm ReL ReH Rz εmax 

Sample No. MPa MPa MPa MPa mm/mm 

S.1 471 - - 373 0.197 
S.2 446 286 301 361 0.288 
S.3 446 282 292 340 0.300 
S.4 477 - - 370 0.220 
S.5 448 287 300 420 0.230 
S.6 446 270 287 333 0.300 
MIN 446 270 287 333 0.197 
MAX 477 287 301 420 0.300 
Average 456 281 295 366 0.256 
Standard deviation 15 8 7 31 0.045 
Coefficient of variation 0.033 0.029 0.023 0.093 0.231 
Specific value 428 266 282 302 0.144 

carbon steel. Thus, one may conclude that the steel used in historical structures was highly 
heterogeneous. 
The characteristics used for the purposes of initial bearing capacity estimation were similar 

to those of S235 steel, although the average yield strength obtained in the tests was higher. 
However, as its mechanical properties were so heterogeneous, it was reasonable to maintain 
a safety margin when determining the bearing capacity of historical structures. Figure 4 shows 
that one of samples underwent lamellar tearing as a result of strength tests. This is additional 
proof of the above conclusion that the properties of construction steel used in structures from 
the beginning of the 20th century are varied. 

3.2 Tests of joints 

Samples for the tests of hybrid, bolted and riveted joints were prepared in a way that ensured 
that they would work as lap joints. To this end, pieces of sheet metal were welded to the elem
ents cut from the bridge structure to enable fixing them in the universal testing machine. 
Figure 4 shows a sample used in tests of bolted and riveted joints. Tests were conducted on 9 
elements altogether. Three only riveted joints were tested as the reference group for the deter
mination of the influence of replacing an existing rivet with a bolt. Three joints where the bolt 
was placed as a side connection and three joints with the bolt as an intermediate connection 
were tested. The hybrid joint used M16 bolts of the 5.8 class. The bolts were not fitted. The 
holes where rivets had been removed to be replaced by bolts had the diameter of approx. 
17 mm. The connection was not a prestressed joint. 

Figure 4. Steel sample that underwent lamellar tearing as a result of strength tests. 
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Figure 5. Drawing of the element used for bearing capacity tests of the hybrid joint. 

Figure 6. Diagram of the force-deformation relation for elements with 3 rivets. 

Figure 7. Diagram of the force-deformation relation for elements with 2 rivets and outside bolt. 

The diagrams below show the relation between force and deformation for selected joints. 
The diagram in Figure 6 shows the curves for joints with 3 rivets. The subsequent two dia
grams (Figures 7 and 8) show joints where, respectively, side and intermediate rivets were 
replaced. 
The comparison of these diagrams reveals that the replacement of a rivet with a bolt in an 

existing structure leads to a lowered bearing capacity of the joint. However, there is 
a noticeable difference between joints where the outside and middle rivets were replaced. The 
bearing capacity of joints where outside rivets were replaced was significantly lower than that 
of the joints where middle rivets were replaced with bolts. The bearing capacity of the joint 
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Figure 8. Diagram of the force-deformation relation for elements with 2 rivets and middle bolt. 

where the middle rivet had been replaced with a bolt was 2.5% lower than that of the joint 
with 3 rivets. The comparison of the hybrid joint where the outside rivet had been replaced 
with the joint with 3 rivets revealed that the bearing capacity of the hybrid joint was 8.1% 
lower. Additionally, the course of the force-deformation relation was different. This results, to 
a great extent, from the fact that the applied bolts were not fitted. The connections were not 
prestressed, either. This is a result of the assumptions that were adopted for the joints dis
cussed here. Tests on a wider group of joints are currently in progress. Further research will 
include joints with fitted bolts and bolts of different strength. The next stage will consist in 
introducing prestressed bolts, which, in the opinion of the author, should modify the charac
teristics of bearing capacity. 

CONCLUSIONS 

The conducted tests of hybrid bolt and riveted joints and the properties of the construction 
steel from which they were constructed lead to the following conclusions: 
The tests of the construction steel of the bridge, built in 1956, demonstrated that the mater

ial was highly heterogeneous. This is important for the point of view of potential further oper
ation of the structure. Such phenomena as lamellar tearing may be particularly dangerous 
when, due to the need to change the functions of the object or to reinforce it, elements are 
added that exert load perpendicularly to the rolling direction of sheet metal. 
Partial replacement of the existing rivets with bolts has a real influence on the bearing cap

acity of joints in riveted structures. The degree of this influence depends on the position of the 
replaced connections with respect to the edge of the connected element. The presented tests 
revealed that the bearing capacity of a three-connection joint was approx. 2.5% lower when 
the middle connection was replaced. However, the bearing capacity of joints with replaced 
outside connection fell by over 8%. 
Performing repair works consisting in the replacement of existing, corroded rivets with new, 

unfitted bolts, may lead to excessive deflection of the structure when the nominal diameter of 
the selected hole ease is larger than the diameter of the bolt. In extreme cases, the rivets may 
be overloaded before the bolts start working, which may eventually lead to damage or failure 
of the whole structure. 
The correlation between the bearing capacity of riveted and hybrid bolt and riveted joints 

taking into account the use of fitted connections, high strength connections, and prestressing 
of bolts is the subject of further research conducted by the author. 
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ABSTRACT: This paper presents the calibration of a numerical model to simulate bolted 
connections using a damage criterion for ductile materials. The motivation for this investiga
tion is related to the difficulties in obtaining the ultimate load in connections with large 
deformations using a simple static analysis. The analyzed models consist of bolted connections 
made of the stainless steel grade 430 with a single bolt under double shear, where the weak 
part is located in the internal plate. A comparison of the results with the performed experi
mental tests made possible to check the efficiency of the developed model. The obtained 
results indicated a good correlation, both in terms of maximum load and associated failure 
modes, between the simulated and tested bolted connections. 

INTRODUCTION 

In recent years, a significant increase in the use of stainless steel in structures has been 
observed. This is directly related to the increase in research regarding its structural perform
ance, including at the microstructural level. The analysis of the material’s behavior by means 
of computational tools is one of the field of interests, as it makes possible to evaluate and 
exploit the material until its rupture, for example, the realization of collision simulations 
(Levanger, 2012). In certain situations, stainless steel was already widely used, since this 
material contains several properties that can provide advantages when compared to carbon 
steel. Some of these advantages may be pointed out such as: corrosion, high temperatures and 
impact resistances, recycled capacity and ductility (Baddoo, 2008). However, when a cost ana
lysis is carried out without considering the life-cycle, due to the high initial cost of stainless 
steel, the material becomes uneconomical. For a correct comparison, it is necessary to con
sider the properties of the material and their impact in overall cost of construction beyond the 
intial cost (Gedge, 2008). Another important factor contributing to the cost reduction in the 
application is related to the structural design recommendations. The current codes and stand
ards for design of stainless steel structures have equations analogous to carbon steel which are 
often conservative, as these do not consider the actual capacity of the material. 
The modelling of structural members and connections with the finite element method is 

essential for research and requires a proper correlation of the numerical model with experi
ments. However, when the analyses involve mechanical problems with contact and subject to 
large deformations, as in stainless steel bolted connections, it is often not possible to calibrate 
the numerical model up to the ultimate load and associated deformation using traditional 
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Figure 1. Ductile fracture of metals. a) void nucleation, coalescence and growth; b) shear band 
localization. 

nonlinear analyses. The simulation of bolted connections subjected to large deformations 
often leads to convergence difficulties. 
This paper is devoted to the modelling of stainless steel bolted connections, in the large 

deformation field, using a damage criteria. Experimental results of ferritic stainless steel 430 
bolted connections subject to double shear were used to verify the assumptions adopted in the 
numerical modelling. This type of connection is of particular interest as it combines material, 
with high deformation capacity, with the complexity of bolted connections using thin-plate 
under high-stress concentrations near the bolt hole. A rupture criterion was required to be 
implemented in the finite element model despite the limitations on the available material 
mechanical properties, as it is often the case of material characterization consisting of only 
tensile tests (Dzugan, 2012). The use of a ductile material damage criterion allows the simula
tion of the behaviour of bolted connections and includes the determination of its structural 
capacity after the peak load (Lyu et al., 2019). 
The Abaqus Finite Element Analysis (FEA) software has been used to simulate the material 

rupture. This granular material failure can be modelled by the ductile fracture of materials or 
by necking instability (Abaqus, 2005). The first strategy, used in this article, can occur through 
the nucleation of voids, where they coalesce and grow until they form the localized tightening 
(necking), or through the location of a cut band, as shown in Figure 1. 
The numerical modelling will be presented, focusing on the implementation of the damage 

criterion for ductile materials applied to two stainless steel bolted connections. First, 
a simulation of the material characterization test is accompleshid to calibrate and validate the 
use of the referred criterion. Then, the results of the simulated connections are compared with 
experiments to further validate the developed numerical models. The performed experimental 
program used to calibrate the numerical simulations will be presented in the next section. 

2 EXPERIMENTAL PROGRAM 

2.1 Coupon test 

The experimental study was made at the Civil Engineering Laboratory of the State University 
of Rio de Janeiro - Brazil. Two coupons were tested for characterizing the adopted ferritic 
steel grade 430, with a measured density of 7.67 mg/m³. These tests were performed on an 
Instron 3382, which uses an embedded data acquisition system, Bluehill 3. As for redundancy, 
a clip gauge was used to measure the deformation up to 5%. This test layout is shown in 
Figure 2 as well as the obtained stress-strain curves. The characterization tests followed the 
recommendations prescribed by Huang & Young (2014). 

2.2 Bolted connection tests 

The bolted connection tests were performed on a 600 kN Losenhausen testing system 
while the data was acquired with the HBM Quantum X-MX1615B system, Figure 3 (a). 
Two bolted connections tests were carried out made of three ferritic steel plates of the 
same thickness connected by a high strength carbon steel bolt to induce the failure of the 
inner plate. This configuration does not allow the curling effect to occur, a phenomenon 
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Figure 2. Coupon testing. a) Instron 3382 universal testing test machine. b) true and nominal 
stress-strain curves. 

Figure 3. Experimental test setup a) universal tensile testing system. b) Specimens Geometry. 

capable of influencing the behaviour of bolted connections, that could even reduce its 
ultimate capacity (Kim, 2011). Figure 3(b) shows a schematic configuration of the plate 
as well as the used geometric parameters. The nominal dimension was: 400 mm x 50 mm 
x 3 mm while the adopted e1 values were 22 mm and 32 mm, with the objective of indu
cing the bearing failure mode. 

3 NUMERICAL MODEL 

3.1 Damage criteria 

The model analysis with damage criterion is characterized as an extremely nonlinear problem 
since the damage evolution is directly associated with large plastic deformations. Additionally, 
it is necessary to use advanced tools to enable the simulation of the material internal 
degradation. 
The Finite Element Method (FEM) is an important mathematical tool for solving solid 

deformation problems. The great effectiveness of this method is related to the ability to satisfy 
equations that characterises the problem through interpolation functions from finite elements 
which in turn come from the discretization of a more complex integration space. Therefore, 
the FEM is characterised, basically, in three stages: i) integral formulation of the problem; ii) 
discretization of the problem and iii) solving the system of equations that result from the pre
vious two steps (Reis, 2009). 
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The Abaqus FEA software is a powerful finite element analysis tool where version 6.14 was 
used in this study. To simulate the behaviour of the analyzed connections, the dynamic explicit 
solver was used. In order to eliminate dynamics effects, an quasi-static analysis was per
formed. Since the modelling of a quasi-static problem in its natural time would require a long 
time to complete the analysis,it is essential to reduce the processing time of the analysis with
out compromising the accuracy of the solution.The model calibration in the explicit analysis 
was through Mass Scaling, which artificially increases the density of the material. This guaran
tees the use of an artificial time increase of the model, which results in a drastic reduction in 
processing time without compromising its accuracy. 
The ductile damage with damage evolution criterion was used to assess the model rupture. 

This criterion requires the use of a curve that relates the deformation at the beginning of the 
fracture with the triaxial stress. The modelling of the material to the damage requires the def
inition of four parameters, which are presented below, whose points are outlined in Figure 4. 

1. Material behaviour without the damage defined by points ABCD’; 
2. The damage initialization criterion, point C; 
3. The damage evolution curve defined by points C and D’; 
4. The element removal when its stiffness is compromised. 

The variable D corresponds to the general damage value, 0≤D≤1, with the value zero being 
the virgin material, free from damage, and the value one when the volume element splits into 
two parts. Therefore, variable D characterises the level of material damage. After the damage 
starts, the tension tensor in the material is given by Equation 1: 

where σl is the theoretical stress of the material in the absence of damage. 
Point c, depicted in Figure 4, is obtained through the fracture strain versus stress triaxiality 

curve. These values were defined based on the studies carried out by Wierzbicki and Werner 
[1998], Bao [2004] and validated by Wang [2006]. 
The c-d curve shown in Figure 4, on the other hand, defines the damage evolution, which 

can be defined by a tabular softenig, damage variable versus displacement. When the damage 
variable is set to 1, the corresponding element is removed. The values entered in the Abaqus 
program (2014), where the model calibration for a 3 mm finite element mesh are shown in 
Table 1. Further details regarding the model validation are presented in the next section. 

Figure 4. Schematic representation of elastic-plastic material with progressive damage. 
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Table 1. Damage evolution. 

Damage variable Displacement 

0.0 0.0 
0.8 0.5 
1.0 0.8 

Figure 5. Material characterization parameters: a) stress versus strain curve, b) deformation, c) true 
stress – true strain. 

3.2 Validation 

Initially, the model was calibrated for the tensile coupon tests where it was possible to define 
all parameters for configuring the adopted damage model. Figure 5 presents a comparison 
between the characterization curve obtained in the experiments with the numerical response. 
Therefore, the deformed specimen and the true stress versus true strain points used in the 
finite element model are also presented. 
The coupon tension test model presented a good correlation with the experimental character

ization tests. This allows proceeding to the next step to verify the calibration of the numerical 
model with the implementation of damage in the ferritic stainless steel bolted connections tests. 
Figure 6 presents a comparison between the load versus displacement curves for connec

tions with e1 values of 22mm and 32mm, respectively. The deformed numerical models and 
experimental tests are illustrated in Figure 7. With these results, it can be concluded that the 

Figure 6. Load versus axial displacement curves. a) e1 = 22 mm; b) e1 = 32 mm. 
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Figure 7. Deformed tested connections. a) e1=22 mm; b) e1=32 mm; c) e1=22 mm; d) e1=32 mm. 

numerical modelling with the implementation of damage can be used to model the behaviour 
of bolted connections until their fracture. The model is also able to determine the connection 
failure mode. By simulating the failure of its connections, it is even possible to assess the over
all behaviour of the structure (Gomes, 2017). 

CONCLUSIONS 

The work presented in this paper is part of an ongoing research on bolted connections using 
stainless steel conducted by the authors. It is recognized the high deformation of these connec
tions due to material behavior, and depending of the stainless steel type (e.g. Austenitic), coupled 
with significant strain hardening. In order to improve current design methods for such connec
tions, which are based on analogies with those for carbon steel, it is important the use of numer
ical models to complement the limitations of the experimental campaigns by means of parametric 
studies. Thus, this paper presents part of the validation process of a numerical model implement
ing the material damage able to reproduce the behavior of bolted connections using stainless-
steel and entering in the large deformation field. These are there-fore complex numerical simula
tions but necessary to adequately reproduce the mechanics of the referred connections. 
Specifically, the objective of this paper was to characterise the bearing failure mode using 

a numerical model implementing the damage criterion for ductile materials. The behaviour of 
bolted connections of ferritic stainless steel 430 was evaluated for plates in double shear and 
e1 values of 22mm and 32mm. The calibration of numerical models was performed by com
parison with experiments. Initially, the material characterization model was performed, where 
it was possible to define all the damage parameters. This was followed by the connection 
evaluation through the load versus axial displacement curves, as well as their failure modes. 
Based on the results presented, it was possible to conclude that the numerical models were 
able to represent the bearing failure mode, a ratio between the ultimate numerical and experi
mental test load of 1.02 and 1.01 for connections with e1 values of 22 mm and 32 mm, respect
ively, was obtained. On the other hand, the quality of the simulations to capture the ultimate 
deformation of the tested specimens decreases. Though, some improvement of the numerical 
model can still be envisaged, the simulation in the large deformation field is complex and 
highly dependent of the microscopic structure of the material. 
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ABSTRACT: This paper presents N type RHS plug & play truss non-welded connections, 
made using AM technology. The Abaqus finite element three-dimensional models were cre
ated where the three-dimensional C3D8R, 8-node linear brick element with reduced integra
tion were used. The mesh was densified in the area of maximum deformation and the 
boundary conditions correspond to realistic data from experiment set-up. A contact inter
action between elements was assumed. Material properties were taken as the average values of 
the coupon tests. True stress-strain relationship were defined. Nine numerical models were 
created and validated by the experimental tests. Due to use of hierarchical validation in the 
performed simulations an appropriate level of accuracy was obtained. Failure mechanisms in 
FEM models and experimental tests seems to be similar. The criteria of joints load resistance 
are proposed such as permissible displacement of chord flange and Mann-Kendal (M-K) cri
terion. Finally, some conclusions are given. 

INTRODUCTION 

Fabrication and assembly of the typical steel connections requires considerable time and gener
ation high costs. The use of modern techniques which belongs to AM as: 3D and CNC laser 
cutters or 3D printers made possibility to develop a new type of joints. These joints which are 
easy to make and install are the one of the possible answer for the strong need of manufactures 
to reduce the overall costs of steel structures. This knowledge related to demountable connec
tions of steel trusses requires more extensive research. Such studies on plug & play connections 
are shown, among others, in the works [Brekelmans, Bijlaard (2000), Bijlaard, Breckelmans 
(2007), Szlendak, Oponowicz (2011, 2013), Szlendak, Szpyrka (2018), Szlendak (2019)]. 
In Figure 1 the new concept of steel truss N type connection, which is studied herein, is pre

sented. The socket in the flanges of RHS chord was made using Advanced Manufacturing (AM) 
technology (3D industrial laser cutting). In the slots of this socket the compressed RHS branch 
was inserted. The tension bracing contains of two elements. First of it contains two anchor 
blocks produced with the 3D printer and second is the round steel bar. Twisting nuts on the 
treaded ends eliminate clearances between the round bar of tension bracing and anchor blocks. 
This allows transmit stress to the top parts of anchor blocks and through they to the down parts 
up to the truss chord member. Concept of non-welded N RHS joints was presented in works of 
[Szlendak (2019) & Szlendak, Szpyrka (2020)]. The joint eliminates welding as the typical technol
ogy [EN 1993-1-8 CEN (2005)] to connect the compressed and tension bracing with the RHS 
chord. Procedure for resistance verification of the N RHS joints was presented in [Szlendak, 
Szpyrka (2020)]. There the failure phenomena, the joint components and theoretical resistance of 
tested joints (WN3-WN9) were described. The test results show that the anchor blocks have 
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Figure 1. View of non-welded N type RHS truss joint using AM technology. 

much higher resistance than other components. For the studied N type RHS connections it is 
possible to eliminate the welding and reach the resistance of joint not less than the welded ones. 

2 NUMERICAL MODEL 

2.1 Material properties 

Material properties were taken as averaged values from the material coupon tests and defined 
on the basis of the actual stress-strain relationship. For the finite element analysis to simulate 
realistic behaviour, the material model has to be defined by true stress–strain relationship. 
The engineering data of material properties were converted to real values by applying equa
tion (1) as follows: 

where σeng - engineering stress; εeng - engineering strain. 
Ductile failure of an elastic-plastic material was defined. Beginning of destruction is 

assumed after achieving an equivalent plastic deformation. A technique with a centre axis 
algorithm was used to create a finite element mesh with regular shapes. In the area of max
imum deformation, the mesh was compacted. 

2.2 Assumptions 

For estimation load resistance and deformation of the tested joints have been developed the 
numerical models. These models were created using Abaqus software [Abaqus CAE]. FEM 
analysis was also applied to the first generation of N type RHS non-welded joints [Szlendak, 
Oponowicz (2013)]. 
The FEM model of joint was built of solid elements and the finite element mesh was made 

using three-dimensional C3D8R eight-node elements with reduced integration, see Figure 2. 
The element type used in the model represents geometric and material nonlinearities, large 
deformations and crack simulations. Boundary conditions correspond to the real conditions 
carried out in experimental studies. In the numerical model, the ‘general’ contact was assumed 
between the surfaces, and the contact character was additionally defined as ‘normal behaviour’, 
see [Abaqus CAE]. Friction contact was assumed for the contact surface of the RHS chord 
face and the lower part of the anchor blocks and moreover for the lower part of the anchor 
block and the upper part of the anchor block. The friction coefficient was assumed to be equal 
to 0.15. Nine numerical models of joints have been validated according to experimental tests. 
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Figure 2. Numerical mesh used in FEM analysis for the N RHS truss joint. 

3	 COMPARISON OF THE TEST RESULTS WITH FEA AND THEORETICAL 
ESTIMATIONS 

FEM models and results of natural scale experiments show the similar behaviour of joints. 
One of it could be seen in Figure 3. Concentrations of stresses in the ‘teeth’s’ of anchor block 
in the place of ‘teeth’s’ contact with the slots of chord are obtained, Figure 4. However, experi
ments confirmed the lack of failure of anchor blocks ‘teeth’s’ and if it will be needed these 
anchor blocks can be used again. 

4	 CRITERIA OF THE CONNECTION RESISTANCE 

The resistance of a connection for which FEM models exist can be estimated using different 
criteria. One of them is the permissible displacement of chord flange of studied joint. 
The second is the Mann-Kendall (M-K) criterion which detects the mutation of the character
istic parameter with load increase. 

4.1 Criterion of permissible displacement 

From numerical analyzes displacement maps for the joint chord was presented. Criterion of 
permissible displacement to be equal to the RHS chord flange thickness was proposed for 
RHS truss welded joints by Wardenier [Wardenier (1982)]. The similar assumption is sug
gested by the Authors for the non-welded N RHS truss joints. So, for specimens WN4, WN6 

Figure 3. Destruction of the RHS webs for the joint WN8: during experiment (left), simulation by FEA 
(right). 
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Figure 4. Stress concentration in anchor block - simulation by FEA. 

and WN8 the permissible displacement is equal to 3 mm; for WN5, WN7 and WN9 4 mm; for 
WN1, WN2 and WN3 5 mm. The deformation of the chord flange 3 mm thick (specimen 
WN4) is shown in Figure 5. For above limited deformations of joints the associated with them 
loads were registered and shown in Table 1. 
Results of performed FEA show close agreement with the experimental data. The permis

sible displacement criterion can be also successfully applied, see Figure 6. 

4.2 The Mann-Kendal (M-K) criterion 

This criterion was described in detail in the doctoral dissertation [Szpyrka, 2020]. The non
parametric Mann-Kendall test is commonly employed to detect monotonic trends in series of 
data. The null hypothesis, H0, is that the data come from a population with independent real
izations and are identically distributed. The alternative hypothesis, HA, is that the data follow 
a monotonic trend. 
A few years ago, the M-K criterion was used to evaluate HBBC connections [Chen, Zhao, 

Shao, Zhou (2020)]. Studied FEM connection model contain box-column, H-beam, seat 
angle, top angle and high strength bolts. The state-of-stress of the HBBC connection allows 
calculating the strain energy values which were received from the connection’s FEA simula
tion. The Mann-Kendall criterion was used to detect the mutation point on the characteristic 
curves where statistic of test M-K is a function of connection load. The connection failure cri
terion is defined by the mutation point R on the characteristic curves shown in Figure 7. 
The vector or matrix Sj can be used to form the structural stress Sj composed of the strain 

energy density values of some or all elements to the j-th load value. The criterion is commonly 
used to detect trend analysis without a requirement for samples form a few abnormal number 
or to obey some certain distributions. Structural elements are far apart have little spatial rele
vance or mutual effect, according to Saint-Venant’s. Also, the model and material properties 
have a significant independent content. In order to determine the UFk -Fj and UBk -Fj, curves 

Figure 5. View of the displacement for the bottom chord of the joint WN4. 
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Table 1. Resistance of connections - the criterion of permissible displacement and elastic resistance 
from experimental tests. 

of permissible displacement Nel,pd experimental test Nel,exp 

Specimen – criterion C1 [kN] – criterion C2 [kN] Nel,pd/Nel,exp 

WN1 * ** 
WN2 * 129.99 
WN3 * ** 
WN4 31.20 33.40 0.93 
WN5 49.17 47.60 1.03 
WN6 51.90 55.80 0.93 
WN7 104.60 93.00 1.12 
WN8 100.00 110.00 0.91 
WN9 * 130.00 

Resistance according to the criterion Elastic resistance from 

* No results, the end of analysis before reaching resistance. 
** No results, experiment interrupted before obtaining elastic resistance. 

Figure 6. Load-defection diagram for joint WN4 (β= 0.4, λ0 = 33.3). 

shown in Figure 7, intersection of which marks the mutation point R, a statistical analysis 
should be performed, see [Chen, Zhao, Shao, Zhou (2020)]. The energy data (E) obtained 
from the numerical analysis for the given time should be listed, that Ei is greater than Ej (1≤ 
j ≤ i) from the sequence (E1, E2, . . ., En). Determine the sign of all data, possible differences 
Ei - Ej, where i > j. These differences are E2 -E1, E3 -E1, . . ., En -E1, E3 -E2, E4 -E2, . . .,En -En-2, En 

-En-1. Determine the sign of all differences mi. 

Then define statistical quantity qk and mean value E(qk) and variance v(qk), calculated by 
the following equations: 
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Figure 7. The E-F curve example [Chen, Zhao, Shao, Zhou (2020)]. 

Obtain the gradient: 

Then UFk - Fj curve can be obtained, where Fj is the load value for which the energy is cal
culated. In order to obtain the gradient: 

Repeat previous steps for the sequence inverse (En, . . ., E2, E1). Normalize the new qk ’ and 
then obtain UBk -Fj curve. The intersecting point R of the UFk and UBk curves is the state-of
stress mutation point of the Ej – Fj curve. It presents the starting of the failure process of con
nection or the ending point of the connection’s normal working state. Using the described cri
terion, the resistance of the connections could be determined. 
Criterion M-K can be also applied to the plug & play connections studied herein. The 

results will be presented in subsequent publications. 

CONCLUSION 

The failure models obtained in simulations using FEM and from experimental tests are very 
similar. 
Resistances obtained from the criterion of the permissible displacements were compared 

with the resistances from the experimental tests. Results vary by a maximum of 12%, so the 
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consistency of the results looks satisfactory. The permissible displacement criterion can be suc
cessfully applied for FEA of such connections to obtain their resistance. 
The criterion M-K seems to be valuable to estimate of the resistance of studied connections 

modelled by FEM, where the mutation point is revealed as the beginning of the failure process. 
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ABSTRACT: This paper presents the estimation of the load capacity of steel bonded 
anchors in concrete and multi-layer elements, in various arrangements and configurations, 
starting from single anchors perpendicular to the surface of the concrete element and ending 
with diagonal anchors bonded at 30, 45 and 60 degrees. The estimates of load capacity used 
analytical models regarding, among others: individual anchors for pulling out taking into 
account the shear force of the texture layer and the anchor fixing factor (with or without lever 
arm); single concrete anchors for pulling out in full concrete elements and three-layer concrete 
elements as well as single diagonal anchors (without taking into account shear force). The first 
stage of experimental research included steel anchors bonded at an angle of 90 degrees in 22 
three-layer samples and 10 samples with concreted anchors (7 solid samples and 3 three-layer 
samples) at different anchorage depths.at various anchoring depths. In the second stage, steel 
anchors concreted in concrete samples were tested. The third stage consisted of double-bolt 
anchor systems bonded at 30 and 45 degrees angles. The last, fourth stage was experimental 
study of three-bolt anchors. Experimental research was used to verify the theoretical load cap
acity of this type of connections in the external walls of large slab panel buildings. The results 
of experimental studies were compared with 56 numerical calculations made in ANSYS soft
ware and theoretical estimates according to the proposed analytical models. 

1	 INTRODUCTION 

The theoretical estimation of the resistance of anchors has been the subject of many publica
tions (Eligehausen et al. 2006, Ballarini et al. 1986). Usually, such estimates are preceded by 
experimental studies (Eligehausen et al. 2006, Eligehausen & Appl J. 2006, Červenka et al. 
1991), as well as numerical analysis using MES programs and environments (Eligehausen & 
Appl J. 2006). In the work so far, only the anchors perpendicular to the surfaces of the con
crete solid elements have been tested. This article also analyzes the anchors fixed at an angle 
(30, 45 and 60 degrees), extended with groups of anchors in two- and three-anchor systems, 
the load capacity of which was checked simultaneously. 

2	 THEORETICAL ESTIMATION OF THE ANCHORS RESISTANCE- PROPOSED 
MODELS 

Load capacity of a single steel anchorglued in the concrete block has been developed by 
(Słowik & Błazik-Borowa 2001) and their formula can be written as: 
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hefð
P ¼ π � d τpdx ! P ¼ π � d � τp � hef ½kN] ð1Þ 

0 

where d – anchor diameter, [mm]; τp – adhesion stress, depending on the type of epoxy resin, 
[N/mm2]; hef – lengths of effective anchors of individual anchors in samples, [mm]. 
In the experimental research, there were established the ultimate failureload of the joints 

anchored in the concrete blocks. Due to the nature of the impact of these loads in three-layer 
models, see Figure 1, the Authors extend formula (1) with the algebraic sum of the shear force 
of the top textured layer, the displacement of which is the resistance to the force pull-out the 
anchors.This model is described by the formula (2): 

hefð
V

Pgr ¼ π � d τp dx ¼ π � d � τp � hef þ ½kN] ð2Þ 
αM 

0 

where V – shear force of the top textured layer, [kN]; αM – anchor fastening factor 
(shear loads with lever arm αM = 1.0 or shear loads without lever arm αM = 2.0)  
(ETAG 001 Annex C), [–]. 
When dealing with single anchors, the authors used the formula (1) and (2). However, in 

the case of anchors concreted in solid concrete elements, it was not necessary to take into 
account the effect of the shear force. For the group of anchors as it is shown in Figure 2. the 
theoretical resistance estimation is given using the formula (3): 

hefð
Pgr ¼ π � d fck:cube dx ¼ π � d � fck:cube � hef ½kN] ð3Þ

0 

 

where fck.cube – strength characteristic cube compressive, [N/mm2]. 

Figure 1. Scheme of three-layer sample load with anchor bonded perpendicularly. 

Figure 2. Scheme of single-layer sample load with anchor concreted perpendicularly. 
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The value of the αM coefficient, depending on the method of fastening and the nature of 
failure of the anchor, may be taken in accordance with the recommendations (ETAG 001). 
Another theoretical model were discovered to describes the failure of diagonal bonded 

anchors at angles of 60°, 45° and 30° (Figure 3). It does not take into account the effect of the 
shear force of the textured layer due to the lack of experimental verification. The failure load 
is estimated as: 

where α – angle of inclination of diagonal anchors, [°].
 
Moreover, for two-anchor systems (Figure 4), the failure load was proposed equal to:
 

where hef1, hef2 – effective anchor lengths of individual anchors, [mm]; s – distance between the 
anchors in the axes, [mm]; c – thickness of the epoxy resin covers between the anchor and the 
concrete substrate, [mm]; lef1.2 – the length of total anchorage in the samples, [mm]. 
In the case of three-anchor systems, a theoretical resistance is equal to: 

Figure 3. Sample load diagram with single diagonal anchors at 60°, 45° and 30° respectively. 

Figure 4. Diagram of a three-layer sample load in: a) a two-anchor system at an angle of 30°; b) a two-
anchor system at an angle of 45°; c) a three-anchor system at an angle of 60°. 
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and can be written as bellow: 

where hef2 = hef3 – effective lengths of diagonal anchorages, [mm]; hef1 – effective length of the 
anchorage at an angle of 90 degrees, [mm]; lef2.3 – the length of the total anchoring of diagonal 
anchors in the sample, [mm]; lef1 – the length of the total anchoring of the anchor perpendicu
lar to the sample surface, [mm]. 
Due to taking into account the parameters of the resin cover c and the total anchorage 

length lef, presented estimations achieve similar results with the numerical FEM simulation 
and experimental tests. A different approach to analytical calculations was proposed in (Szlen
dak et al., 2018). 

EXPERIMENTAL TESTS AND MES MODELS 

Experimental tests of steel anchor resistance were carried out in four stages. In the first 
stage, 32 specimens with 90-degree anchors were tested, in the second – 12 with single 
diagonal anchors, in the third – 8 with two-anchor 30 and  45  degrees systems  and in the  
fourth stage – 4in three-anchor systems with the two 60-degree anchors and one-90 
degree. The increase the pull-out force in the anchors in the experimental tests and FEM 
analysis was 0,5 kN/s. In addition (apart from individual diagonal anchors), a shear 
force was applied to the top texture layer equal to 1,4 kN. Tests of natural scale speci
mens were carried out at the Bialystok University of Technology, Department of Build
ing Structures. 
In the 90 degree bonded anchorages test, 22 tests of the interaction load capacity of bonded 

anchors were carried out, i.e. to obtain a relation of the bonding force of the bonded anchor 
and the shear force (Figure 5) of the upper concrete layer (textured layer). 
The next stage of the tests is to check the resistance to stress of diagonal anchorages. 
The tests of bonded diagonal anchorages at angles of 60 degrees, 45 degrees and 30 degrees 

were carried out in 4 tests for each anchorage angle. Figure 6 shows one of the failure models 
of the bonded anchorage at 60 degrees. 

Figure 5. Failure models of 90 degree bonded anchorage: experimental test and FEM model. 
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Figure 6. Failure models of three-anchor anchorages bonded at an angle of 60 degrees: experimental 
test and FEM model. 

The model for anchoring made at an angle of 30 degrees was designed as a single-layer with 
a construction layer thickness of 6 cm due to the large inclination angle. 

–	 Anchorages concreted at an angle of 90 degrees 
In the solid concrete samples, depth of anchorages were used of 8.5 cm; 11.5 cm; 14.5 cm; 
15 cm; 15.5 cm; 16 cm and finally through the full cross-section, i.e. 17 cm. 
As for the three-layer models, the anchors were concreted at the depths of 2 cm, 4 cm and 
6 cm of the cross-section of the construction layer. 

–	 Two-anchor anchorages bonded under angle at 30 and 45 degrees 
This stage of the tests consists of complex two-anchor systems at an angle of 30 degrees and 
45 degrees. 

–	 Three-anchor anchorages have been bonded under angle at 60 degrees. This is the last stage 
of the test in which the three-anchor systems consisted of two anchors at an angle of 60 
degrees and anchors at an angle of 90 degrees between them (Figure 6). 

4	 COMPARISON OF THEORETICAL ESTIMATIONS AND FEM MODELS WITH 
EXPERIMENTAL RESULTS 

4.1 Comparison of the results for bonded anchors at an angle of 90, 60, 45 and 30 degrees 

Table 1 summarize the results for the anchor bonded. The results correspond to the most 
unfavourable anchorage (hef = 2 cm). 

Table 1 . Comparison of the results - steel anchors bonded at an angle of 90 degrees. 

Theoretical estimate FEM calculations - ANSYS 

Force displacement Force displacement 

Description kN mm kN mm 

The result of the experiment 
Calculation result 
Difference 

8.40 
8.43 
0.03 

0.10 
0.14 
0.04 

8.40 
10.00 
1.60 

0.10 
0.14 
0.04 
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Figure 7. Comparison of theoretical estimation, experimental tests and numerical simulation for an 
anchor bonded at 90 degrees to the surface of the block model. 

4.2 Comparison of the results for anchors concreted at an angle of 90 degrees 

The anchorages in solid concrete and three-layer samples at a depth of only 2 cm were com
pared (Table 2). 

4.3 Comparison of the results of bonded two-anchors at an angle of 30 and 45 degrees 

In the case of the most unfavourable of the anchorages at an angle of 30 degrees, the differ
ence between the experimental result and the FEM model was 1.20 kN but in case of the the
oretical estimatethis difference was 9.99 kN. 

4.4 Comparison of the results of bonded three-anchors at an angle of 60 degrees 

The three-anchors were two steel anchors bonded in at an angle of 60 degrees and one the 
anchors bonded in at an angle of 90 degrees. The results of a single model are presented in 
Table 3. The forces in individual anchors obtained in experiment are added, see Figure 8. 

Table 2 . Comparison of the results of models with steel anchors concreted at an angle of 90 degrees. 

Theoretical estimate FEM calculations - ANSYS 

Force displacement Force displacement 

Description kN mm kN mm 

The result of the experiment 
Calculation result 
Difference 

15.00 
12.70 
2.30 

0.17 
0.12 
0.05 

15.00 
16.00 
1.00 

0.17 
0.09 
0.08 

Table 3 . Comparison of the results of models with steel anchors bonded at an angle of 60 degrees. 

Theoretical estimate FEM calculations - ANSYS 

Force displacement Force displacement 

Description kN mm kN mm 

0.17 
0.12 
0.05 

26.30 
30.48 
4.18 

0.30 
0.42 
0.12 

26.30 
25.00 
1.30 

0.30 
0.42 
0.12 
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Figure 8. Comparison of theoretical estimate results, experimental tests and numerical simulation of 
athree-anchor bonded at 60 degrees to the surface of the block model. 

A direct comparison of all group of anchors i.e. 90 degree bonded and also two and three 
anchors diagonal anchorages have been described in (Szlendak et al. 2018a and 2018b). 

5 CONCLUSIONS 

The experimental tests of anchors were carried out on two types of elements, made of C12/15 
and C30/37 concrete with the use of epoxy resins: R-KER Bonded Anchors and Sika Anchor
Fix-1. At all stages of the tests, efforts were made to obtain the failure force which damage the 
anchorage. Theoretical estimations of these failure loads are given. 
Most of the results showed high convergence. Larger discrepancies in the results occurred in 

the models with concrete anchors. This may be because the calculation models do not take 
into account the phenomenon of sample destruction caused to concrete fracture mechanics. 
This issue will be investigated in the future. 
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ABSTRACT: Solid end-plate connections are commonly used in bolted joint of solid 
I-beam elements. But effective use is made only of the plate fragments lying adjacent to the 
webs and flanges of the I-beams. The paper presents the potential of using innovative bolted 
end-plate connections comprising independent T-stubs instead of traditional solid end-plates 
in relation to the example of steel I-beams with high webs. It has been shown that such 
innovative end-plate connections are justified economically, can be easily manufactured, and 
provide comparable load-bearing capacity and stiffness to traditional solid end-plate connec
tions. The influence of T-stubs plate thickness on the load-bearing capacity and stiffness of 
these innovative connections has been demonstrated. Attention is drawn also to easier compli
ance with flatness standards of the independent T-stubs plates when compared to large solid 
end-plates. 

INTRODUCTION 

Bolted end-plate connections of I-beams with high webs requiring many rows of bolts pose 
considerable problems to designers and contractors. The calculation methods contained in 
(EN 1993-1-8) are insufficient for determining the load-bearing capacity of such connections, 
as the calculated standard load-bearing capacity is significantly overestimated, as has been 
demonstrated in several publications (Kawecki et al. 2016, Żółtowski et al. 2016). An accept
able differential in load-bearing capacity standards obtained from the calculations and from 
FEM analysis can be achieved by determining load-bearing capacity on the basis of 
a consideration of only two rows of bolts located directly adjacent to the tension zone and in 
the zone of the next row away from the tension zone, if there is one. Large end-plates in the 
connections are subject to large deformation during welding, which means that it is difficult to 
meet the flatness requirement of the EN-1090-2 standard. 
Paper (Hotała et al. 2020) present end-plate connections as an innovative solution as they 

are not focused on a single end-plate on the front edge of the I-beam element, but on several 
independent small end-plates with the bolt holes, which are referred to as independent 
T-stubs. These T-stubs are not connected to one another. The small plates are welded onto the 
flanges, whereas others are welded on the I-beam web, which means that they constitute inde
pendent T-stubs. The individual end-plates in these independent T-stubs include bolt-holes 
and are welded onto the flanges of the I-beam or its web, with the proviso that each one of 
these end-plates is welded onto only one of the two flanges of the I-beam or to the web of the 
I-beam or else to one of the flanges and web. In this study, the results of a numerical analysis 
of T-stubs end-plate connection of an HEB400 beam are presented, showing that this kind of 
innovative connection can achieve comparable load-bearing capacity and stiffness to that of 
a single solid end-plate connection. Elimination of the cross T-stubs (consisting of solid end-
plates connected to flange and web) should ensure a high capability for rotating the joint, 
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while bringing into play the bolts adjacent to web. In the paper was shown next analysis phase 
of an end-plate connection with T-stubs. 
The authors of this paper are convinced that with a moment end-plate connection, the rows 

of bolts located away from the tension flange, adjacent to the web can contribute effectively to 
increasing the load-bearing capacity of the end-plate connection if that connection has a high 
rotational capability, as only then high tensile forces can occur in these bolt rows. 
Designing moment end-plate connection of high beams with solid end-plates leads the prob

lem of ensuring a sufficient rotational capability, while ensuring at the same time high load-
bearing capacity of the connection. A problem arises from the limited capability of the bolts 
under tension to elongate, especially those which are high strength. When using thick end-
plates, the rotational capability depends on the ability of the bolts under tension to elongate. 
The rotational capability of the connection can be very beneficial for the design of systems, 
which require flexible joints, which provide for a planned distribution of bending moments. 
This paper presents the results of comparative analysis of a traditional end-plate connection 

with solid end-plates and an innovative end-plate connection comprised of independent 
T-stubs used in a beam with high web hw = 900 mm. The influence of connection flexibility 
was analysed on the distribution of bending moments in the middle of the bending beam span. 

2 FEM ANALYSIS 

The end-plate connections of the I-beam shown in (Figure 1) provided the focus for 
a comparative numerical analysis. Connections with solid end-plates and independent T-stubs 
of a thickness of t = 20, 24, 28 mm (solid and independent T-stubs) were analysed compara
tively. The bolt arrangement in each case was identical. A numerical FEM model of the 
I-beams analysed was constructed, based on a simple-supported beam static schema of a 
2 m span, and with boundary conditions imposed on the lower edge of the beam profile. 
A bending moment was applied using the pressure at the ends of the profiles. In all models 
longitudinal symmetry was used, which was ensured through using appropriate boundary 
conditions. 
The modelling method for contact and the finite elements used are the same as those in 

(Hotała et al. 2020). The elastic-plastic model for S355 steel was used. Class 10.9 bolt material 
was also modelled as ideally elastic-plastic as fub=720 MPa, a fyb=900 MPa. The boundary 
limit for deformation of bolt material under tension was adopted in accordance with EN ISO 
898-1:2013), i.e. εlim ¼ 9%. The load-bearing capacity of the I-beam profile analysed was 
Mc,Rd=2750 kNm. The authors are familiar with the models of materials used for FEM calcu
lations of bolted connections, e.g. (Sumner 2003), but these were not used as the calculation 
parameters for the materials as these were taken from the EN 1993-1-8 standard. 
As a result of the numerical analyses, determination was made of the static equilibrium 

paths and force distribution of the connections analysed at the ultimate limit state of their 
load-bearing for different thicknesses of end-plates. The static equilibrium paths are presented 
in (Figure 2). 
The distribution of forces Ft in bolts and the distribution of effective forces Ft,eff in bolts 

are presented in (Figure 3), but only for plate thicknesses t = 28 mm. The lower flanges of the 
beam are tensioned at the joint. In each case, the new connection type made with independent 
T-stubs had a rotation capability of 22% to 42% higher than in the solid plate connection. The 
greatest increase in rotational capability combined with only a small loss in load-bearing cap
acity was achieved for a 28 mm thick connection when compared to the solid end-plate. The 
values of bolt forces in both types of connection (solid end-plate, independent T-stubs) are 
presented in (Figure 3). The indication is that in connection with independent T-stubs, there 
are slightly higher effective forces in the bolts in the rows above the tension flange at the beam 
web than in the case of the solid plate. The exception is bolt 3A in connection with solid end-
plate, as in this case the prying forces are concentrated on the level of bolt 4A, which means 
that the effective force in bolt 3A cannot be unambiguously determined. The distribution of 
the prying effect of reactive forces is shown in (Figure 4). It should be noted that in both 
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Figure 1. Geometry of the connection analysed with independent T-stubs and with a solid end-plate. 
The contour of the solid plate is indicated with a dashed line. Bolt row numbers: 1 – 9. 

Figure 2. Static equilibrium paths for non prestressed connections. The thick lines mark the paths of 
connections with independent T-stubs. The thin lines indicate the paths of connections with a solid 
end-plate. 
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Figure 3. Values of bolt forces in combination with end plate t = 28 mm. The bolts in vertical row 
A presented in (Figure 1), are marked in black and bolts in the vertical row B are marked in grey. Con
tinuous lines refer to the independent T-stubs and dashed lines are for the solid end-plates. 

Figure 4. Distribution of pressure stress (light colouring) on end-plates resulting from the prying effect 
for: a) independent T-stubs, b) solid end-plates. 

models the effective forces in bolts (Figure 3) in the row 1 and 2 are to high. It can be result 
from the coarse mesh hence bolts fail according to model 3 in (EN 1993-1-8). Despite that 
connections with T-stubs have better rotational capacity. An analysis with thicker mesh 
should be performed. 
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Figure 5. Symbols explanation used in in equation (3) and (Tabs 1,2). 

ANALYSIS OF A FLEXIBLY CONNECTED CONTINUOUS BEAM 

When designing bending beams with flexible support, the aim is to ensure bending moments 
above the supports and in the beam span are of comparable value. If a flexible joint is applied 
at the end of a beam, the desired bending moment distribution can be achieved. 
Based on the graphs presented in (Figure 2), it can be concluded that the innovative type of 

connection made with independent T-stubs can achieve a substantially greater rotational cap
ability than the traditional type of connection with a solid end-plate, and is therefore much 
better suited to the type of situation described above. It was decided to investigate the influ
ence of better rotational capability of a high end-plate connection on the ultimate load cap
acity of a 2L span I-beam, taking into account the node flexibility (Figure 5a). The static 
scheme, which was taken into account in the calculations was shown in (Figure 5b). Using 
symmetry, scheme 5a can be transformed into scheme 5b. Thanks to this procedure, it is pos
sible to take into account the connection flexibility in the middle of the beam span without 
dividing the beam into two for calculation purposes. 
Applying the differential equation of the beam deflection line (1), formulas were introduced 

for deriving all variable values in relation to boundary conditions assumed (2). Solving the 
equation (1) provided the following function (3). 

In (Tab. 1) the results of the calculation are provided for a beam with a length of 2L = 
20 m flexibly connected on both sides (L = 10 m had to be entered into equation (3)). The 
secant stiffness Sj,sec of the connection was applied, and (Tab. 1) presents the relative stiffness 
of the connection in relation to the stiffness of the cross-section. The designation qΔΜ indi
cates the value of the load to be applied to the beam to bring about in the support a moment 
of value Μmax.. The results of the calculation analyses carried out are presented in (Tab. 2). 
These are equivalent to those presented in (Tab. 1), with the difference that in the middle of 
the beam of 2L = 20 m span (Figure 5a) the connection was the same as that of the support. It 
was sufficient to use the initial stiffness of the connection at the middle of the beam span in 
both cases, as the span moments attained a value close to that, at which the joint starts to 
become plastic. 
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Table 1. Flexibility connections in the ends of the beam, tp=28 mm (Sj,sec= Μj,Rd/ΦCd). 

Type 
[-] 

EI 
MNm2 

Sj,ini/EI 
1/(m·rad) 

Μj,Rd 

kNm 
ΦCd 

10-3 rad 
Sj,sec/EI 
1/(m·rad) 

q ΔΜ 
kN/m 

Msupport 
kNm 

Mspan 

kNm 

New 773 0.86 1838 5.98 0.39 68.4 1838 1590 
Old 773 0.94 1861 4.22 0.54 65.2 1861 1404 

Table 2. Flexibility connections in the ends and in the middle of the beam, tp=28 mm (Sj,sec= Μj,Rd/ΦCd) 
. 

Type 
[-] 

EI 
MNm2 

Sj,ini/EI 
1/(m·rad) 

Μj,Rd 

kNm 
ΦCd 

10-3 rad 
Sj,sec/EI 
1/(m·rad) 

q ΔΜ 
kN/m 

Msupport 
kNm 

Mspan 

kNm 

New 773 0.86 1838 5.98 0.39 64.3 1838 1365 
Old 773 0.94 1861 4.22 0.54 61.7 1861 1220 

The results of the analyses presented in (Tabs 1,2) indicate that for a beam that has a very 
rigid connection in the middle of its span or is continuous, the ultimate loading capacity is 
4.9% (68.4/65.2=1.049) higher for the innovative connection as compared to the solid end-plate 
connection. If there is a joint in the middle of the span of the same characteristics as that of 
the support, the load-bearing capacity is 4.2% (64.3/61.7=1.042) higher for the innovative con
nection At the same time, taking into account the flexibility of the connection in the middle of 
the span reduces the ultimate load-bearing capacity by about 5% in both connection types. 

4 DISCUSSION 

When making a non-prestressed connection according to the EN 1090-2 standard, a separation 
up to 4 mm is allowed on the end-plate edges. The value of stiffness coefficients of the basic parts 
of the connection in line with the EN 1993-1-8 standard were introduced as a perfectly flat surface 
of the end-plate. As a thought experiment, consideration was given to a tensile connection which 
fails according to model no. 2 of this standard. Analysing behavior of a tensile connection with 
edge imperfections, indicates that, first of all, the end-plate starts to work as a cantilever and at 
a certain point it starts to become plastic, significantly impacting the stiffness of the connection. 
Only as a result of further plasticization will the end-plates come into contact with one another, 
and at this point the connection will have reached its ultimate loading capacity. 
It is worth noting that the more flexible the connection in the middle of the beam span, the 

lower the load-bearing capacity of the whole system. (Basiński 2006) examined similar connec
tions (hw=500 mm, tp=30 mm, d=20 mm), and found that a four-fold difference in connection 
initial stiffness resulted from random prying effects. 
Due to random prying effects appearing, an analysis was carried out to determine how 

much the support moment increases, if the connection stiffness in the middle of the beam span 
has decreased in an unpredictable way, e.g. due to imperfections introduced during construc
tion and random prying effects. Based on (Tabs 1,2), the support stiffness is taken to be the 
secant stiffness of the connection, which is about 0.5 times the initial stiffness. In the denomin
ator of expression k (Figure 6), the connection stiffness in the middle of the beam span is the 
same as the initial stiffness, because the moment in the beam span is not large and 
a connection of ideal geometry in most cases will not yet be turning plastic. Variable param
eters were values of the connection initial stiffness in the middle of the beam span Sj2,ini and 
value x, which indicates what part of the stiffness remains in the connection as a result of 
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Figure 6. Increase of the beam support moment (Figure 5) as a result of a decrease of the joint stiffness 
in the middle of the beam span, caused by random effects of separation of end-plates. 

random separation of the end-plates and their earlier plasticization, which due to separation 
acts as a cantilever in the initial work phase of the connection. 
Based on the graphs presented in (Figure 6), it can be concluded that for beams with flexible 

connections, which have the same type of connection in the middle of their span as in the support, 
the decrease in stiffness is significant for the ultimate load bearing capacity of the whole beam. 

CONCLUSIONS 

In spite of up to 42% greater rotational capability (Figure 2) of the innovative type of connec
tion using independent T-stubs as compared to connections with solid end-plates, it has not 
proven possible to make effective use of a much larger number of bolts arranged in tension 
series that are located adjacent to the web (Figure 3). Although the load-bearing capacity of 
the innovative connection is slightly lower than that of an equivalent connection comprising 
a solid end-plate, the analysis indicates that for certain thickness of end-plates, the ultimate 
load-bearing capacity of the beams with flexible end-plates (Figure 6) will be higher than for 
a traditional type of connection. 
Given that bolted connections are not always compressed, it makes sense to determine the 

static equilibrium paths of imperfections of high connections, and then to check on the impact 
on ultimate load-bearing capacity of beams with flexible end connections in the middle of the 
beam span. This is an important issue as high web beam connections can be designed for high 
load-bearing capacity, even Mj,Rd=0.7 Mc,Rd, and for relatively low stiffness. 

Only preliminary results were shown and an experimental verification is needed. 
Calculations were carried thanks to resources provided by the Wroclaw Centre for Net

working and Supercomputing (http://wcss.pl) under grant No. 81. 

REFERENCES 

Basiński W. 2006. Determination flexible end-plate connections rotational stiffness in metal structures on 
the basis of vibrations, Doctoral dissertation, Silesian University of Technology. (in polish) 

EN 1090-2 - Execution of steel structures and aluminium structures - Part 2: Technical requirements for 
steel structures. 

376 

http://wcss.pl


EN 1993-1-8 Eurocode 3 - Design of Steel Structures Part 1-8 Design of Joints. 
Hotała E. & Tucki P. 2020. Innovative bolted end-plate connections for steel I-beams, Builder; 273 (4): 

100–103. DOI: 10.5604/01.3001.0013.8798 
ISO 898-1:2013 - Mechanical properties of fasteners made of carbon steel and alloy steel – Part 1: Bolts, 

screws and studs with specified property classes – Coarse thread and fine pitch thread. 
P. Kawecki & J. Łaguna & A. Kozłowski. 2016. FEM analysis of the extended end-plate splice of welded 

I-girders with multiple bolt rows and bolts per row, Proceedings of the XIII International Conference 
on Metal Structures (ICMS2016), Zielona Góra, Poland, 15-17 June 2016, Taylor & Francis Group. 

Sumner E. 2003. Unified Design of Extended End-Plate Moment Connections Subject to Cyclic loading. 
Dissertation submitted to the Faculty of the Virginia Polytechnic Institute. 

Żółtowski K. & Kalitowski P. 2016. Moment resistance of I-section end-plate roof girder splices; a case 
study, Archives of Civil Engineering, Vol. LXII, ISSUE 4, Part 1, s.187–200. 

377 



1 

Modern Trends in Research on Steel, Aluminium and Composite Structures – Gi ▪zejowski et al (Eds) 
© 2021 Copyright the Author(s), ISBN 978-0-367-67637-7 

Advanced analysis of members with gusset plate joints 

M. Vild 
Faculty of Civil Engineering, Brno University of Technology, Brno, Czech Republic 

V. Chalupa & L. Šabatka 
IDEA StatiCa, Brno, Czech Republic 

F. Wald 
Faculty of Civil Engineering, Czech Technical University in Prague, Prague, Czech Republic 

ABSTRACT: The compressive resistance of truss members connected by gusset plates is 
estimated by taking the buckling length of the member equal to the member length. Usually, 
no check is provided for the gusset plate, although several design methods were proposed in 
the past. The paper presents an advanced member analysis, a design-oriented finite element 
method of a member including its joints. Geometrically and materially nonlinear analysis with 
imperfections is used to determine the load resistance of the joint-member-joint subsystem. 
Component-based Finite Element Method is used for joints; i.e. bolts and welds are modeled 
by nonlinear springs with properties based on design codes. 

The advanced analysis is demonstrated on two cases. The buckling length of angles, vastly 
used for masts, may be assumed smaller than the theoretical length if the boundary conditions 
determined by bolted gusset plates provide sufficient stiffness. The experiments and detailed 
numerical analysis performed at the Graz University of Technology are used for validation of 
the advanced analysis. 

The buckling resistance of gusset plates may govern the compressive resistance of the bra
cing. The experiments performed at the Czech Technical University in Prague (Vesecký), 
together with analytical design methods, are used for validation of buckling resistance of 
bolted eccentric gusset plate joints of circular hollow section braces. 

The results depend on the chosen shape and amplitude of initial imperfections. Using 
recommended procedures, the proposed method provides results very close to the 
experiments. 

INTRODUCTION 

A novel design method using a model of a member together with its joints is presented. The 
advantage of this method is shown on two sets of examples – angles with gusset plate joints 
and eccentric gusset plate joints of braces. In both cases, the boundary conditions are unclear 
and traditional analytical models use significant simplifications. The experiments and research 
finite element models from literature are compared to the new method. 
The design method uses component-based finite element method (CBFEM) where plates 

are modeled by shell finite elements and bolts and welds as special nonlinear elements based 
on design codes (Wald et al. 2020). The analysis model is generated automatically. The ana
lysis has three stages: (i) materially nonlinear analysis, (ii) linear buckling analysis, (iii) geo
metrically and materially nonlinear analysis with imperfections. 
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1.1 Angles 

Steel angles are very commonly used in industrial structures or masts where they are typically 
eccentrically connected by gusset plates. The buckling length is simply assumed equal to system 
length and any eccentricity is neglected. The boundary conditions are in fact difficult to 

determine. They depend on the thickness and length of the gusset plate, as well as the number 
of bolts or length of welds. Furthermore, the principal axes of angles do not coincide with 
axes of gusset plates. Utilizing the stiffness of joints may bring a lot of value to structures 
composed of steel angles. 

1.2 Eccentric joints of braces 

Flaws in design of eccentric gusset plate joints are responsible for several building collapses 
each year. No design guidelines are given in Eurocodes; just EN 1993-1-5 provides buckling 
curves for general plates. Several analytical design methods exist, e.g. Whitmore, Thornton, 
Modified Thornton, and Khoo, Perrera, Albermani, but none provides accurate results for all 
joint types. Whitmore (1952) proposed to use a dispersion angle to determine an effective sec
tion, for which steel yield resistance is calculated. Thornton (1984) modified Whitmore’s 
method by widening the dispersion angle and to take into account buckling. Yam & Cheng 
(2001) further modified the method to take into account plasticity. Khoo et al. (2009) pro
posed another method based on observed collapse mechanism of an experimental series. The 
first three methods give unconservative results for eccentric gusset plate joints by hundreds of 
percents. Only the method by Khoo et al. is close to reality (Vesecký, 2019a). 
Component-based finite element method allows to assess the brace including its joints. 

Although the method is much more sophisticated, current computational power allows very 
fast calculation – in seconds, which is comparable with other analytical methods. The method 
removes most of the simplifications of analytical methods and leaves only the unknown of 
initial imperfections. 
The experiments performed at Czech Technical University in Prague (Vesecký et al. 2019a) 

were used for CBFEM validation. 

2 METHODS 

2.1 CBFEM 

CBFEM for steel members allows to analyze buckling of a substructure system – member 
including its joints. The analyzed member as well as its joints are composed of shell finite 
elements. The components – welds and bolts – consist of multipoint constraints and nonlinear 
springs with properties (stiffness, resistance, deformation capacity) based on design codes, 
such as EN 1993-1-8. The related members starting at the joints are modeled by simple bar 
elements and ended by a support or loaded by a force or moment. The forces can be also dir
ectly applied to the plates of analyzed member. For an example of a CBFEM model; see 
Figure 1. IDEA StatiCa Member (IDEA StatiCa, 2020) application was used in this study. 
Three types of analysis may be performed: 

1. Materially nonlinear analysis (MNA), 
2. Linear buckling analysis (LBA), 
3. Geometrically and materially nonlinear analysis with imperfections (GMNIA). 

GMNIA is the most sophisticated numerical analysis for static loading. Validated models are 
deemed trustworthy and are often used even for formulation of analytical formulas in codes. 
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Figure 1. Model of specimen C1 – eccentric joint of a brace. 

2.2 Angles 

Experiments by Kettler et al. (2019) are used for validation of the model, and the recom
mendations given in Kettler et al. (2017) are used for modeling. A total of 9 selected cases are 
analyzed. The designation of individual specimens is maintained (A1–A3), (A4–A6), and (E1– 
E3). Bolts M20 10.9 were used for specimens A1–A6 and bolts M27 10.9 for specimens E1– 
E3. All bolts were preloaded. Their real cross-section dimensions are considered, as well as 
their real material properties. Two different sets of boundary conditions are investigated 
(BC1 – rigid, BC2 – uniaxially hinged; see Figure 2); there is also a variance in the column’s 
relative slenderness. 
The inputs of the calculation are summarized in Table 1. The cross-section dimensions and 

material properties are presented, as well as the value of initial imperfection e0 assumed as L/ 
300 (Kettler et al. 2017) in the shape of the first buckling mode shape, which is decisive for the 
angle. 

2.3 Eccentric joints of braces 

The series comprises six specimens; three are connected perpendicularly (labeled C) and three 
at 45° (labeled D). The connecting plate is welded into CHS of the brace, and two or four 
bolts are used to fasten the connecting plate to the gusset plate. The model of specimen C1 is 
shown in Figure 1. 

Figure 2. Boundary conditions of steel angles: a) A1–A3: rigid, b) A4–A6: uniaxially hinged, c) E1–E3: 
rigid. 
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Table 1. Geometry, material properties, and used amplitude of equivalent imperfection. 

Index L [mm] Cross-section Supports E [GPa] fy[MPa] e0 [mm] 

A1 1140 L 80.4×8.2 BC1 212 289.9 3.8 
A2 1820 L 80.3×8.1 BC1 212 289.9 6.1 
A3 2630 L 80.4×8.3 BC1 212 289.9 8.8 
A4 870 L 80.3×8.2 BC2 212 289.9 2.9 
A5 1550 L 80.3×8.2 BC2 212 289.9 5.2 
A6 2360 L 80.3×8.2 BC2 212 289.9 7.9 
E1 1850 L 120.3×12.0 BC1 192 299.3 6.2 
E2 3170 L 120.1×12.0 BC1 192 299.3 10.6 
E3 4200 L 120.3×12.0 BC1 192 299.3 14.0 

The imperfections have a significant impact on the results of GMNIA. The guidelines for 
imperfections specifically for gusset plates are not codified. The aim of this paper is not to 
select the most suitable amplitude and buckling mode shape for the buckling analysis of 
gusset plate joints. Unterweger & Taras (2013) suggest that that the second buckling mode 
shape may be more dangerous for the gusset plate. Therefore, the first and second buckling 
mode shapes are investigated. The amplitude of initial imperfection is chosen as (1) L/200, 
where L is the system length of the CHS brace, and (2) Lgusset/50 + Lmember/1250, where Lgusset 

is the length of the gusset plate and Lmember is the length of the CHS brace. 

3 RESULTS AND DISCUSSION 

3.1 Angles 

Kettler et al. (2019) complemented the experimental study with the research-oriented finite 
element models (ROFEM). Their results were added to the comparison of CBFEM model 
and experiments. The comparison of LBA results of numerical models and GMNIA results to 
experiment is in Figure 3. The results of LBA verification are satisfactory, critical loads from 
both software solutions are very similar in all but one case (A4), where the difference in results 

Figure 3. Comparison of CBFEM to experiments and research-oriented finite element models (Kettler 
et al. 2019). 
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is 13%. In all the other cases, the difference is under 5%. The results of GMNIA validation 
show a good agreement with the experimental data. In fact, the CBFEM results are slightly 
closer to the experimental ones than the research-oriented finite element model created specif
ically for this experiment. There is also a good agreement when verifying the results of 
CBFEM to ROFEM, with the largest deviation under 5%. 

3.2 Eccentric joints of braces 

The CBFEM results of author’s models are compared to experimental results, analytical 
methods and research-oriented finite element models using imperfections measured by digital 
image correlation (ROFEM - DIC) and by EN 1993-1-5 (ROFEM - EN) (Vesecký, 2019b). It 
can be seen that analytical methods by Whitmore, Thornton, and Yam & Cheng extremely 
overestimate the resistance of eccentric gusset plate joints. Method by Khoo et al. is closer to 
experimental resistances, but it underestimates the resistance of diagonal braces, predicting in 
average only half of their experimental resistances; see Figure 4. 
In CBFEM, the first two buckling mode shapes from LBA were investigated; see Figure 5. 

Both critical buckling load factors are very close to each other. 
In Figure 6, the effect of imperfections on the resulting load resistance determined by 

GMNIA in CBFEM is shown. The imperfections using the first buckling mode (1st - L/ 
200) provide significantly higher resistance than the imperfections using the second buck
ling mode (2nd - L/200), confirming the theory of Unterweger & Taras (2013). 
The second buckling mode is critical for the eccentric gusset plate joint. In both cases, 

Figure 4. Comparison of CBFEM to experiments and analytical methods (Vesecký, 2019a). 

Figure 5. First two buckling mode shapes of braces with eccentric gusset plate joints. 
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Figure 6. CBFEM GMNIA with different imperfections a) and comparison to experiments and 
ROFEMs b). 

the amplitude of initial imperfections is taken as L/200 where L is the system length of 
the angle. The chosen amplitude of imperfections is too high for this set of experiments; 
the resistances are in all cases lower (in average at 83%). Therefore, also the amplitudes 
of imperfection suggested by Vesecký are used with the second buckling mode shape: 
Lgusset/50 + Lmember/1250 where Lgusset is the length of the gusset plate and Lmember is the 
length of the CHS brace (labeled 2nd - Lgp/50 in Figure 6). The average is very close, at 
102%; however, the specimen D1 is quite unsafe at 118% of experimental resistance. It 
seems that the most suitable amplitude of imperfections should be higher. Nevertheless, 
these imperfections were chosen for further comparison with research-oriented numerical 
models published in Vesecký et al. (2019b). 
Research-oriented numerical models with the same amplitude of initial imperfections 

according to EN 1993-1-5 made in ABAQUS (ROFEM - EN) provide slighly more accurate 
results. The research-oriented finite element models using DIC (ROFEM - DIC) should theor
etically provide the most accurate prediction. However, it slightly overestimates the resistance 
in all cases, in average by 14%. That can be explained by absence of residual stresses in the 
model. The equivalent imperfections should be used. 

CONCLUSION 

The CBFEM model in application IDEA StatiCa Member automatically creates an advanced 
numerical model. The model can be created and solved in minutes and allows design of mem
bers with their joints even if buckling is a governing failure mode. This is possible by geomet
rically and materially nonlinear analysis with imperfections. 
The results show that CBFEM model can accurately predict the resistance of members with 

gusset plate joints. Two sets of experiments are presented; in both cases, the determination of 
boundary conditions as an input to codified procedures for buckling of members is question
able. The resistance of steel angles may be assumed much higher in the design process by 
taking real boundary conditions into account. The eccentric gusset plate joints simplify the 
assembly process, but are often a source of failure. The CBFEM model can reveal this failure 
mode and predict the load resistance of the joint much more accurately than any analytical 
methods. 
The load resistance of models affected by buckling are susceptible to the selected buckling 

mode shapes and amplitudes of initial imperfections. The imperfections are codified for stand
ard cases but care must be taken for novel cases. Higher amplitudes provide safer results but 
the first buckling mode shape may not include the governing failure mode. 
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Effectiveness of butterfly-shaped links on structural behavior of 
slotted steel shear panels 

H.M. Ahmadi & G. De Matteis 
Department of Architecture and Industrial Design, University of Campania Luigi Vanviteli, Aversa, Italy 

ABSTRACT: Steel Plate shear walls (SPSWs) utilize inelasticity properties of the web plate 
to reinforce and protect the main members of the structures from fatal fracture phenomena 
against lateral forces. In this study, slotted shear panels with various layouts of butterfly-
shaped links, which able to control out-of-plane deformations, by concentrating the majority 
of structural dam-age into the specific internal link elements, are investigated. To evaluate 
the structural behavior of proposed slotted shear panel, 54 computational models have been 
considered and analyzed according to previous calibration of the numerical model. The 
results prove that critical factors of butterfly-shaped links such as slenderness and number of 
links can improve the seismic performance of the proposed slotted shear panel subjected to 
shear loads. 

INTRODUCTION 

Steel Plate Shear Walls (SPSWs) are an efficient dissipative system to be used according to 
special features to protect high rise buildings against seismic forces (Brando and De Matteis, 
2014). The SPSWs are composed by shear panels, boundary elements, plate-frame interactions 
and beam-to-column connections (Monsef Ahmad et al., 2020). Shear panels often absorb the 
seismic energy through the tension field mechanism (Monsef Ahmadi et al., 2020). The tension 
field mechanism is directly dependent on plate-frame interactions and column stiffness (For
misano et al., 2010). Therefore, the connections in the plate-frame interactions are intensively 
subjected to stress and fracture phenomena (De Matteis et al., 2005). To overcome these dis
advantages several methods have been proposed (Formisano et al., 2016). The slotted shear 
panels represent one of the promising systems. They dissipate lateral forces through yielding 
mechanism of links between slits. Therefore, the geometry of links has a vital role for ensuring 
good seismic behavior of such shear panels (Ahmadi and De Matteis, 2020). 
Recently, various slotted shear panels have been considered by researchers experimentally 

and numerically. Ma et al., 2010, investigated slotted shear plates with rectangular and butter
fly-shaped links experimentally. The results proved that the number and the slenderness ratios 
of the links effect the hysteretic response of slotted shear plates. On the other hand, the butter
fly-shaped links experienced much more fracture storage than the rectangular shaped links. 
Along the same line, the taper ratio (i.e., the ratio of end width over the middle width) equal 
to three had considerable influence on the structural behavior of slotted shear panels. Like
wise, Farzampour and Eatherton, 2019, proposed equations to interpret the yielding mechan
ism of individual butterfly-shaped links through regression analysis. According to the study, 
the yielding mechanisms of butterfly-shaped links with web plate thickness equal to (t) were 
highly dependent to taper ratio (a/b), slenderness ratio (h/t) and width ratio (b/h). A geometry 
of butterfly-shaped link together with the meaning of the above symbols is shown in Figure 1. 
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Figure 1. Butterfly-shaped link geometry with thickness (t). 

Monsef Ahmadi and De Matteis, 2020, evaluated two different categories of slotted shear 
panels with butterfly-shaped links by means of numerical analyzes. Each category of specimen 
was mainly different in relation to the number of butterfly-shaped links. Also, the first and 
the second categories had various the taper ratios namely three and two, respectively. There
fore, shear strength and initial stiffness of 30 specimens of each category which were different 
on the web plate and links slenderness ratio were assessed according to nonlinear static ana
lyses (pushover). Furthermore, the hysteretic response of each specimen was estimated. The 
results illustrated that the shear strength and initial stiffness was decreased by increasing the 
number of links. On the other hand, the hysteretic response of the first category of specimens 
was stable especially when the link slenderness ratio was lower than 65. 
In this study, six different categories of slotted shear panels including butterfly-shaped links 

have been evaluated. Specimens were different in the web slenderness, number, and layout of 
slits. To gain the main goal of this investigation, a tested specimen was firstly modeled and the 
corresponding results validated through finite element method by ABAQUS software. Then, 
the shear strength, initial stiffness, and the effects of the slit pattern of slotted specimens on 
plate-frame interaction were calculated through nonlinear static analyses. 

THE PROPOSED FEM MODEL 

A solid tested specimen, approximately 1×1 m2, with web plate thickness equal to 1.9 mm, was  
tested under cyclic shear load according to the ATC-24 loading protocol by Egorova et al., 2014. 
To validate the test results, a finite element model was developed. It consists of shell and beam 
elements for web plate and boundary members, respectively. The yield strength and the modulus 
of elasticity of the web plate according to the material properties were 300 MPa and 210 GPa, 
respectively. The narrow mesh size, approximately equal to 15 mm, was calibrated over the web 
plate. As shown in Figure 2a, there is a good agreement between FE and experimental results in 
terms of cyclic and pushover analyses. In addition, the FE model has captured correctly the 
yielding of the web plate in the plate-frame interaction, as shown in Figure 2b by gray color. 

388 



3 

Figure 2. Verification of experimental specimen: a) hysteretic curve and b) von Mises stress (MPa) 
distribution. 

THE ANALYZED SPECIMENS 

To assess the influence of the layout of slits and the web plate slenderness on structural behavior 
of slotted shear panels, six categories of specimens have been designed as shown in Figure 3. It 
is worth noticing that the specimens were identical in the taper ratio of links, namely a = 
20 mm and b = 60 mm. In fact, the considered specimens, as well as the butterfly-shaped 
links, which varied in their number, (i.e., 18, 10 and 6), had various web plate thickness (i.e., 
14, 7 and 3.5 mm). Also, different values of ω (i.e., 80, 60 and 40 mm), α (i.e., 80 and 
140 mm) and  β (i.e., 120 and180 mm) have been considered. Therefore, the considered specimens 
are named as SP-CA−n−t-ω−α−β, in  which,  CA is category types of slotted layout, n the 
number of butterfly-shaped links, t is the web plate thickness. The other symbols are considered 
as shown in Figure 3. For instance, a specimen with name of SP-D−10−14-60−80−120 refers to 
a specimen of D type category, with ten butterfly-shaped links, web plate thickness equal to 
14 mm, having  ω, α and β equal to 60, 80 and 120 mm, respectively.  

Figure 3. Geometry of considered specimens: a) A, b) B, c) C, d) D, e) E and f) F categories. 
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4 THE OBTAINED NUMERICAL RESULTS 

4.1 General 

The selected specimens were analyzed according to nonlinear static analyses (pushover) up to 6% 
of drift. The bilinear curves were calibrated base on the ECCS method on pushover curves to 
calculate the yielding point. To this purpose, the shear strength and initial stiffness have been 
obtained from the numerical results. In addition, the von Misses stress currency of computational 
specimens at plate-frame interactions to obtain optimum slits layouts have been compared. 

4.2 Shear strength 

The maximum shear strength of computational specimens has been calculated. As shown in 
Figure 4a, the shear strength of specimens increases when the number of butterfly-shaped 
links and the web plate slenderness (λ) (i.e., 62, 123 and 247) decrease. However, the ω value 
has minor effect on the maximum shear strength. The shear strength of B and D categories 
are significantly different from each other. As a result, the layout of slits in the specimens 
D produces two butterfly-shaped link with middle and end length of α and β, respectively. 
Therefore, the high ratio of the web plate remains in the elastic range in this category of shear 
panels. Subsequently, this phenomenon occurs also for C, E and F categories. In fact, the spe
cimens type E category experienced a lower shear strength than F and C types. 

4.3 Initial stiffness 

The initial stiffness of investigated slotted shear panels is compared in Figure 4b. It is evi
denced that the initial stiffness increases when the number of butterfly-shaped links decreases. 
On the other hand, the ω has a slight effect on the initial stiffness. Likewise, the initial stiffness 
of specimens is not significantly affected by altering the slit layouts. 

4.4 Stress distribution 

To compare the effect of the number and layout of the butterfly-shaped links on distribution 
of stress at the plate-frame interactions, the von Mises stress related to specimens with web 
plate slenderness equal to 62 and 247 are shown in Figure 5. It appears that the slotted shear 
panel by web plate slenderness equal to 247 is prone to develop tension field mechanism due 
to small web plate thickness. Therefore, the degradation strength happened after 2% of drift 
in the specimens. 

Figure 4. Structural behavior of slotted shear panels versus web plate slenderness in terms of: a) max
imum shear strength, and b) initial stiffness. 
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Figure 5. Von Mises stress (MPa) distribution for investigated slotted shear panels. 

On the other hand, the stress accuracy of the specimens with web plate slenderness equal to 
247 is lower than that of the web plate slenderness equal to 62 in the plate-frame interaction. 
In the shear panel with web plate slenderness equal to 62, increasing the number of the butter
fly-shaped links, and also the values of theαandβ, has a significant effect to decrease the stress 
in the plate-frame interaction. This was expected because the shear strength of these types of 
slotted shear panels is significantly lower when compared to the other ones. Therefore, it is 
concluded that full slotted shear panels and also high values ofαandβimprove the stress values 
in plate-frame interaction. 
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5 CONCLUSION 

In this study, the structural behavior of several slotted shear panels including butterfly-shaped 
links has been investigated numerically. To this purpose, a finite element model which has 
been calibrated against previous experimental results, has been obtained. Then, various slotted 
shear panels with different web plate slenderness, slits layout and number of slits have been 
investigated according to nonlinear static analyses. The results indicated that the maximum 
shear strength and initial stiffness of slotted shear panels are not dependent on horizontal 
gaps between links. In addition, it has been ascertained that the maximum shear strength and 
initial stiffness of slotted shear panels decay when increasing the number of butterfly-shaped 
links. On the other hand, when decreasing the web plate slenderness, the shear strength and 
initial stiffness of all types of slotted shear panels increases. The layout of slits has an effect on 
the distribution of stress in plate-frame interactions. Likewise, such stress decreases when the 
vertical gaps added between butterfly-shaped links increases. The cyclic behavior of these 
types of slotted shear panels will be evaluated in terms of maximum equivalent strain and 
energy-dissipating capacity by further investigations. 
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Full scale field testing of trapezoidal core sandwich panels 
subjected to adjacent and contact detonations 
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P.W. Sielicki 
Faculty of Civil Engineering and Transport, Poznań University of Technology, Poznań, Poland 

ABSTRACT: Corrugated-core sandwich panels are efficient protective structures that can 
absorb blast/impact energy through plastic deformation. A relatively non-expensive folding 
technique is used to manufacture the core to different topologies. Literature survey revealed 
that the dynamic response of metallic trapezoidal corrugated-core sandwich panels subjected 
to near-field/contact detonations has not yet been thoroughly investigated. Hence, the aim of 
this study is to examine, with field tests, if trapezoidal core sandwich panels can protect a pre
cast concrete target from adjacent/contact detonations. The performance and damage behav
ior of two pre-cast RC slabs were assessed with and without aluminum sandwich panels. The 
two slabs were subjected to 4 detonations ranging from close to contact explosions. The study 
concludes that the implemented sandwich panel is not suitable for near-field or contact deton
ations and might be a protective solution for far-field explosion scenarios. 

INTRODUCTION 

The need for more robust systems of protection is of vital importance due to this increasing 
risk of explosive attacks (Al-Rifaie and Sumelka, 2017). Exposure of civilian facilities to 
explosion scenarios cannot be entirely avoided, but the effects of such accidents can be greatly 
mitigated by the use of protective systems, such as sandwich panels. To absorb the energy 
from blast/shock/impact, sandwich panels are used as sacrificial structures. They are usually 
made up of an inner-core sandwiched between two plates. The inner-core can be classified as 
either cellular or corrugated. The blast energy dissipation of such panels is based on the plastic 
deformation of the core. 
Cellular cores can be metallic foams (Nowak et al., 2017), honeycomb structures (Li et al., 

2014) or auxetic topologies (Al-Rifaie and Sumelka, 2019, Al-Rifaie and Sumelka, 2020) that 
are efficient but relatively expensive to produce (3D-printing). This may restrict their uses to 
particular fields, such as the aerospace field, biomedical engineering and military equipment. 
Corrugated core sandwich panels have been suggested as an alternative due to their high lon
gitudinal stretching, shear strength and energy absorption properties (Zhang et al., 2015, 
Wiernicki et al., 1991). To manufacture the corrugated layers, a relatively non-expensive fold
ing technique is used. The geometric topologies can be triangular, sinusoidal, rectangular or 
trapezoidal-shaped (Al-Rifaie et al., 2021). The later proved its performance compared to 
other topologies (Rong et al., 2018). 
The performance of sandwich panels (with trapezoidal core) subjected to far-field explo

sions was generally perceived by researchers, either numerically or through real field testing. 
However, according to the authors’ survey, the dynamic response of metallic trapezoidal cor
rugated-core sandwich panels subjected to near-field/contact detonations has not yet been 
thoroughly investigated. Hence, the aim of this study is to investigate, with field tests, if 

DOI: 10.1201/9781003132134-50 

393 

https://doi.org/10.1201/9781003132134-50


trapezoidal-core sandwich panels can protect a pre-cast concrete target from adjacent/contact 
detonations. 

2 CASE STUDY 

2.1 Sandwich panel properties 

The panel used in this research is composed of 8 trapezoidal corrugated layers manufactured 
using cold-form press technique. The directions of the corrugated layers is cross-arranged 
(0°/90°), as better energy absorption can be achieved compared to the regular-arranged (Al-
Rifaie et al., 2021). The 8 aluminum layers are neither welded, nor bolted together. They are 
hold by a C-shaped aluminum frame. The layer itself has a thickness of 1.5 mm while the 
frame has 2 mm. Figure 1 shows the geometrical properties of the aluminum sandwich panel 
and its trapezoidal corrugated core. The sandwich panel has exterior dimensions of 
1000x1000x163 mm. Two sandwich panels of this type were used in this research. The alumi
num material properties are listed in Table 1. 

2.2 The RC slab 

As mentioned earlier, the sandwich panels are supposed to protect a concrete target from con
tact or adjacent detonations. Two 3000x1500x145 mm pre-cast RC slabs were used. Each slab is 
simply supported on 2 concrete supports. The slab is reinforced with upper and lower layers of 
similar reinforcement. Each layer has longitudinal main reinforcement of ;10mm@150mmc=c 

Figure 1. Geometrical properties of the aluminum sandwich panel and its trapezoidal corrugated core 
where: a) Top view, b) Section A-A, c) One layer and d) Produced panel. 

Table 1. Material properties of the aluminum, reinforcing steel and concrete used in this study. 

Young’s Modulus Poisson’s Ratio Strength Density ρ 

Material Grade GPa - MPa kg/m3 

Aluminum 6063-T5 70 0.3 Fy =130 Fu =175 2700 
Steel reinforcement B500A 200 0.3 Fy =500 Fu =650 7850 
Concrete C35/45 34 0.17 Fcu =35 Ft =3.2 2430 
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Figure 2. The reinforced concrete slab with its reinforcement details. 

and transverse reinforcement of ;10mm@200mmc=c, as shown in Figure 2. The material prop
erties for the concrete and the reinforcements are listed in Table 1. The test scheme and loadings 
are discussed in details in the flowing sections. 

2.3 Experimental setup 

The sandwich panels are supposed to protect the concrete slab from contact or adjacent det
onations. To see the difference, two detonations (1st and 2nd) were performed on a bare slab 
(Figures 3a and 3b). Then, two other similar detonations (3rd and 4th) were conducted with 
the addition of the proposed sandwich panels (Figures 3c and 3d). The two pre-cast RC slabs 
were put on four concrete blocks/supports with 800x800x1600 mm each. The bearing area of 
the slab is 100x1500 mm on each end, giving a clear slab span of 2800 mm. The four deton
ations were done in sequence, one after the other with about an hour gap in between to ana
lyze the performance and record the results. Each of the 4 detonations had mass of 1 kg of 
TNT and was positioned 750 mm far from adjacent slab edges. The stand-off distance for 1st 

and 2nd detonations (the distance between upper slab surface to the centroid of the explosive 
device) were 200 mm and 160 mm, respectively (Figure 3b). The stand-off distance for the 3rd 

and 4th detonations were less, as sandwich panels were glued to the slab, leaving only 40 mm 
and 0 mm, respectively. The 4th detonation can be considered as a contact detonation attached 
directly to the sandwich panel’s front layer. 

The incident and peak reflected over-pressure generated from those 4 explosions, cannot be 
estimated using the well-known Kingery–Bulmash graphs/empirical equations. The reason is 
that they are close-range or contact blasts, where at this zone, more complex phenomena take 

Figure 3. Field testing scheme with and without proposed sandwich panels. a) Top view-without 
panels, b) Side view-without panels, c) Top view-with panels and d) Side view-with panels. 
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place due to afterburning and the violent outflow of the detonation gases (Novak et al., 2016).
In other words, the pressure-time curve is not a single peak followed by exponential decay of
Friedlander equation. There are limited test data available that might be used to validate the
parameters for near regions (Baranowski et al., 2016, Bogosian and Heidenreich, 2012). Based
on the masspffiffiffiffiffiffiffiffiof ffithe TNT (W in kg) and stand-off distance (R in meters), the scaled distance
Z 3 1=3 st th

respectively.
¼ ð ÞR = ð ÞW can be calculated as 0.2, 0.16, 0.04 and 0 m=kg for 1 -4 detonations,

Those Z values are less than the minimum scaled distance 0.4 m=kg1=3 required
to avoid close-range detonations (Rigby et al., 2015). Based on literature, the peak reflected
over-pressure can roughly be estimated as 200, 500, 700 and 900 MPa for the 1st-4th deton-
ation, respectively.
The 1 kg of TNT, refers to the situation when industrial infrastructural elements, such as

gas cylinders, are located at a close distance from the structural elements. For example, in case
of accidental explosion of 20L of propane cylinder or 20L of acetylene cylinder, they release
blast energy equivalent to that of 0.82 kg and 0.86 kg of TNT, respectively (Studziński et al.,
2021, Sielicki et al., 2017).

3 RESULTS AND DISCUSSION 

3.1 Behavior of RC slab without aluminum panels 

In general, the RC slab was able to resist the 1st and 2nd detonations without excessive damage. 
Figure 4 shows the behavior of the slab to the 1st (Figures 4a and 4b) and 2nd (Figures 4c and 
4d) detonations. The upper surface, maintained its integrity, with minor erosion to its surface 
directly under the centroids of the explosive devices (Figures 4a and 4c). The sides of the slab 
showed no visible cracks, although micro-cracks may exist. The bottom surface revealed concrete 

Figure 4. The failure mechanisms of the RC slab (without aluminum panels) subjected to 2 field deton
ations of 1 kg of TNT each, 1st and 2nd, a) 1st detonation, top concrete surface behavior, b) 1st deton
ation, bottom concrete surface behavior, c) 2nd detonation, top concrete surface behavior, d) 2nd 

detonation, bottom concrete surface behavior. 
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spalling and part of the reinforcement is visible (Figures 4b and 4d). The mid-span deflection 
was recorded as 3 mm. The aim of the addition of the sandwich panels in the next section is to 
see if the tension damage at the bottom surface of the slab would be reduced/prevented. 

3.2 Behavior of RC slab with the sacrificial aluminum panels 

Based on the testing scheme presented in Figures 3c and 3d, the two panels were glued to the 
top surface of the concrete (Figure 5a). When the 3rd detonation was first performed, the panel 
(with mass of 45.2 kg) was lifted and shifted 17.6 m away from the explosion location. The 
panel frame and the layers were also separated (Figure 5b). A circular local punching shear fail
ure is the dominant behavior of the panel through all its 8 layers (Figures 5c-e). The adjacent 
panel, at this stage showed minor deformations due to the 3rd detonation (Figure 5b). When the 
4th detonation was then performed, a similar panel behavior was observed, although the IED 
was in a complete contact with the frontal layer of the panel. These results agreed with (Kevin 
et al. (2013)) that contact detonations have extremely high pressures for just microseconds lead
ing to local shear and punching failure. 
The behavior of the concrete slab (with aluminum panels) is shown in Figure 6. The upper 

surface, under compression, was more deteriorated (Figures 6a and 6c). The bottom surface 
(under tension) showed bigger areas of spalling with long visible longitudinal and transverse 
cracks (Figures 6b and 6d). The sides of the RC slab were also cracked with visible damage 
(Figure 6e). The mid-span deflection was 73 mm. It can be noticed that the addition of sand
wich panels worsen the situation rather than protecting the slab. The cracks, damage and 
deflection were all more. The weight of the two panels (~90 kg) and hence the kinetic energy 
from those panels might be the reason. Therefore, this study concludes that this type of sand
wich panels may be protective in far-field explosion scenarios, but not for close or contact 
detonations. 

Figure 5. The failure modes of the aluminum panel after 3rd detonation. 
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Figure 6. The failure mechanisms of the RC slab (with aluminum panel) subjected to 2 field detonations 
of 1 kg of TNT each. a) 3rd detonation, top concrete surface behavior, b) 3rd detonation, bottom concrete 
surface behavior, c) 4th detonation, top concrete surface behavior, d) 4th detonation, bottom concrete sur
face behavior, e) Side view of the concrete slab showing cracks and damage. 

CONCLUSIONS 

In this study, the performance and damage behavior of two pre-cast RC slabs were experimen
tally assesses with and without aluminum trapezoidal-core sandwich panels. The two slabs 
were subjected to 4 detonations ranging from close to contact explosions. Results showed that 
the behavior of the slabs was worse with the addition of those panels. More tension damage/ 
cracks were observed. The study concludes that this type of sandwich panels cannot resist close 
or contact detonations and might be a protective solution for far-field explosion incidents. 
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ABSTRACT: In the framework of the ongoing revision of EN 1993-3-1, the RCFS funded 
research project ANGELHY is currently performing experimental, numerical and theoretical 
studies on angle sections and lattice towers. This paper presents a particular aspect of the 
ANGELHY project and focusses on a theoretical study concerning the behaviour of angle 
section members. First, the elastic second order equation of such members subjected to axial 
compression is established. Then, this differential equation is solved based on different 
assumptions concerning geometric imperfections to determine second order displacements, 
rotations and internal forces and moments. The analytical second order solution is validated 
through comparisons to a numerical elastic second order analysis. Based on the validated ana
lytical solution, it is then shown, that even if torsional/torsional-flexural buckling of angle sec
tion members was relevant according to the elastic critical loads, the member rather fails by 
flexural buckling only. The reason for this unexpected conclusion may be directly derived 
from the second order internal forces and moments as shown in the last part of this paper. 

INTRODUCTION 

Owing to the need to optimise steel lattice towers, the research on angle section members has 
been very active in the last fifteen years. Interesting contributions on different questions are 
provided for example in references (Vayas et al. 2009), (Spiliopoulos et al. 2017), (Moze et al. 
2014) and (Kettler & Unterweger 2017). Nonetheless, there exists still a lack concerning the 
theoretical background on member buckling and more specifically concerning the torsional-
flexural buckling mode. In fact, generally, it is considered that angle section members sub
jected to a compression force may fail due to instability by flexural buckling about their weak 
axis v (see Figure 1) or by torsional-flexural buckling combining displacements and torsional 
twist. Usually, the sensitivity to one or the other failure mode is evaluated based on the critical 
axial forces Ncr,v (minor axis flexural buckling) and Ncr,TF (torsional-flexural buckling). The 
expressions for Ncr,v and Ncr,TF are given in Equations (1) and (2). 
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Figure 1. Definition of axes. 

With: 

where: E = Young’s modulus; Iv = second moment of area about the minor axis; L = member 
length; ip = polar radius of inertia; ys = distance between the shear centre and the centroid; 
G = shear modulus, IT = torsion constant. 

Figure 1 shows the definition of axes. It should be noted that an axial compression force is 
considered as positive. Also, the major axis bending moment Mu is considered positive if it 
leads to compression of fibres with positive coordinate v and the minor axis bending moment 
Mv is considered positive if it leads to compression of fibres with positive coordinate u. 

In order to evaluate in which range torsional-flexural buckling may potentially be more crit
ical than minor axis flexural buckling, it is interesting to compare the differences between 
Ncr,TF and Ncr,v for a given example. Figure 2 shows a comparison of the critical axial forces 
depending on the minor axis relative slenderness of a 150.150.10 angle section member made 
of steel S355. This comparison suggests that torsional-flexural buckling may be a relevant fail
ure mode up to a relative minor axis buckling slenderness of 1.0 (L = 2250 mm). In particular, 
for legs of lattice towers, this value of the slenderness is in the practical range. Consequently, 
it is of importance to fill the lack of background on the torsional-flexural buckling of angle 
sections. Therefore, the following paragraphs will highlight, on a theoretical basis and 
analytical second order analyses, the behaviour of angle section members under compression. 

Figure 2. Critical axial forces for a given minor axis relative slenderness. 
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2 SECOND ORDER INTERNAL FORCES AND MOMENTS 

2.1 Flexural buckling about the minor axis – Second order internal forces and moments 

First, it is recalled that the second order displacement v and the second order bending moment 
Mv may be determined with equations (4) and (5). Both equations indicate that the second order 
quantities depend on the applied axial force N and the amplitude of the chose imperfection v0. In  
the framework of this study, an imperfection affine to a half sine wave has been chosen. 

; 

Based on a realistic assumption of the amplitude of the equivalent imperfection v0 (derived from 
physical tests and numerical simulations), the second order bending moment can be calculated 
and finally it is possible to apply a first yield criterion in order to obtain the member resistance: 

where: σmax = maximum stress in the cross-section; Wel,v = elastic section modulus; fy = yield 
stress. 
Equation (6) can be used to derive the European buckling curves as has been done by 

(Rondal et al. 1979). This derivation is omitted here. 

2.2 Torsional-flexural buckling 

In this section, the second order internal forces and moments are derived for the case of tor
sional-flexural buckling. For this buckling mode, major axis flexural buckling is coupled with 
the torsional buckling. Consequently, the two coupled differential equations (7) and (8) have 
to be used to determine the second order quantities. 

where: ’ = torsional twist, w0 = the displacement component of the imperfection, ’ 0= the tor
sional twist component of the imperfection. 
At this point, it should be highlighted that the equivalent imperfection is composed of two 

components here: φ0 and w0. It may be possible to choose values for both components inde
pendently. Nonetheless, if the imperfection is chosen affine to the eigen mode, a fixed ratio 
exists between the values of w0 and φ0: 

; 

Based on Equation (9), one may express the second order displacement components w and 
φ by: 
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The second order internal forces and moments result from Equations (12) and (13): 

It is important to note that the maximum second order major axis bending moment is 
located at mid span. Inversely, the Saint Venant’s torsional moment is distributed according 
to a cosine half wave. Consequently, its maximum value, given in Equation (13), is located at 
the supports. Additionally, it should be recalled that the Saint Venant’s torsional moment 
only generates shear stresses over the cross-section. Therefore, it is not possible to use a simple 
linear stress interaction as in Equation (6). Rather the maximum von Mises stress σvMises 

resulting from a combination of N, Mu and Mx,St.V should be checked along the member. The 
elastic resistance criterion consequently reads: 

where: σxðN;MuÞ = axial stress due to axial force and major axis bending; τðMx; ;St:VÞ = 
shear stress due to Saint Venant’s torsional moment. 
In principle, it would be possible to derive a buckling curve for torsional-flexural buckling. 

However, even if this is not done here, it is clear from Equation (14) that this buckling curve 
cannot have the same format as the flexural buckling curves derived by (Rondal & Maquoi 1979). 
In the following section, the resistance criteria of Equations (6) and (14) will be applied to 

selected examples and compared to numerical simulations. 

3 COMPARISON TO NUMERICAL SIMULATIONS 

First, the second order results obtained in the previous paragraph will be validated by com
paring the analytical solutions to elastic second order calculations. These elastic second order 
calculations are performed with the free software FE-STAB (Kindmann et al. 2013). This soft
ware allows the user to perform elastic 1st and 2nd order analyses including a geometric 
imperfection. 
The second order results are compared based on an equivalent imperfection equal to L/250 

corresponding to buckling curve b according to EN 1993-1-1 (CEN 2005). The following cal
culations are performed for an angle section L150.150.10 and values of the relative slenderness 
λv in the range of 0.5 to 1.25. Table 1 presents the results. It should be noted that the geometric 
imperfection has been determined so that, for the torsional-flexural buckling mode, the com
bination of w0 and φ0 leads to a geometric imperfection of L/250 for one tip of the legs. 
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Table 1. Second order displacements for the torsional-flexural buckling mode. 

Member 
length L 

Geometric imperfection 

w0 ’ 0 

Analytical solutions 

wII ’II 

Numerical solutions 

wII ’II 

(mm) λv Ncr;TF=N (mm) (rad) (mm) (rad) (mm) (rad) 

570 
1150 
1700 
2250 
2850* 

0.25 
0.50 
0.75 
1.00 
1.25 

3 
3 
3 
3 
3 

1.55×10-3 

0.0133 
0.0451 
0.1120 
0.2460 

1.52×10-3 

0.0306 
0.0451 
0.0591 
0.0730 

≈0 
0.0066 
0.0225 
0.0560 
0.1230 

0.00076 
0.0153 
0.0225 
0.0295 
0.0365 

≈0 
0.0066 
0.0225 
0.0560 
0.1230 

0.00076 
0.01531 
0.0225 
0.0295 
0.0365 

* For L = 2850 mm: Ncr,u < Ncr,TF 

Figure 3. Analytical reduction curves for flexural and torsional-flexural buckling. 

Table 1 provides the results for different member lengths. In order to obtain a 
significant second order amplification, the results are determined for a ratio Ncr,TF/N equal to 
3.0. Table 1 clearly indicates that the analytical solutions fit perfectly the numerically calcu
lated displacement and torsional rotation. 
Next, Figure 3 shows the obtained results for equal leg angle sections 150.16, 150.14, 

150.12, 150.10 and 150.8 (b.t). The last angle section does not exist in classical cross-section 
catalogues but it is included here in order to enlarge the parameter field in terms of ratio b/t. 
It should be noted that the amplitude of the geometric imperfection applied in the analytical 
approach has been back calculated from buckling curve b, applicable for the buckling design 
of angle section members according to EN 1993-1-1 (CEN 2005). It is also recalled that the 
amplitude applied for the torsional-flexural buckling mode refers to the pre-deformation of 
the tip of one leg. 
As the imperfection amplitude has been back calculated from the buckling curve, the ana

lytically determined solution for minor axis flexural buckling (noted L150.16 – B-V) perfectly 
overlaps European buckling curve b. As the minor axis buckling solutions are identical for all 
cross-sections, only the result for section L150.16 is represented. The analytical reduction 
curves determined for torsional-flexural buckling (based on Equation (14)), are divided into 
two parts: 

– the continuous line indicates the slenderness range for which torsional-flexural buckling is 
relevant according to the critical axial forces (Ncr,TF < Ncr,v); 

– the dotted part of the curve indicates that minor axis flexural buckling is relevant (Ncr,v < 
Ncr,TF. 
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Figure 4. Evolution of shear stresses and von Mises stresses: a) section L150.10 with L = 750 mm; b) 
section L150.8 with L = 750 mm. 

One may observe that, according to the analytical approach, only for section L150.8, the 
torsional-flexural buckling mode leads to a lower resistance than the minor axis flexural buck
ling mode. In fact, for the shortest members, the most loaded cross-section in case of tor
sional-flexural buckling is not the section at mid-span, but the section at the member ends. 
This section is subject to an interaction between shear stresses, resulting from Saint Venant’s 
torsion, and axial stresses, resulting from the axial force. The major axis bending moment 
obviously vanishes at the member ends. When the member becomes longer, the section rele
vant for design in case of torsional-flexural buckling shifts from the member ends to mid
span. For the longest members, the interaction between the axial force and the major axis 
bending moment becomes therefore relevant. Yet for these member lengths, minor axis flex
ural buckling is always much more critical. Observing Figure 3 again, one may remark the 
huge difference between section L150.8 and all other studied angle sections. The important 
strength reduction for this cross-section results from its low torsional constant It. Two effects 
explain this observation: 1) the critical axial force for torsional-flexural buckling reduces 
highly and 2) the (elastic) resistance to Saint Venant’s torsion also reduces highly. In order to 
represent this explanation, Figures 4 shows the evolution of the shear stresses and the von 
Mises stresses over the length of two members: 

– Section L150.10 with a relative slenderness of 0.34 (L = 750 mm); 
– Section L150.8 with a relative slenderness of 0.34 (L = 750 mm). 

The stresses are represented as ratios with respect to the yield stress fy. 
For section L150.10, Figure 4 a) shows that the shear stresses only represent approxima

tively 22% of the von Mises stresses. The main contribution to the von Mises stresses is result
ing from the axial force. One may note that the maximum stress resulting from the second 
order major axis bending moment is only equal to 10 MPa at mid-span. 
In contrast, the shear stresses resulting from the Saint Venant’s torsional moment highly 

contribute to the von Mises stresses in case of section L150.8. Owing to the high value of these 
shear stresses, the resistance, in terms of maximum axial force, of the section L150.8 with 
a length of 750 mm is much less than for section L150.10 with the same length. 

CONCLUSIONS 

This paper has presented an analytical approach to assess the torsional-flexural buckling 
behaviour of angle section members. It has been recalled that, based on the critical axial force, 
torsional-flexural buckling may be a relevant failure mode in the practical slenderness range 
of such members. However, the analytical derivation of a design criterion, conducted through 
rigorous second order theory has highlighted that the Eurocode 3 Part 1-1 design approach 
for torsional-flexural buckling is not suited for this failure mode. In fact, the Eurocode 3 buck
ling reduction curves have been determined based on the assumption that only axial stresses 
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interact and lead to failure at mid height of a column. Yet, as angle sections possess only 
a negligible warping stiffness the second order torsional twist, developing in case of torsional-
flexural buckling, does not lead to axial stresses but to shear stresses resulting from the Saint 
Venant’s torsional moment. The maximum second order elastic stresses consequently result 
from an interaction between shear stresses and axial stresses near the member ends. This inter
action appears to be much more favourable than the interaction between axial force 
and second order bending in case of flexural buckling. The Eurocode 3 provisions should 
therefore be amended. Nonetheless, it is recalled that the presented results possess certain limi
tations as they have been obtained following elastic second order theory based on certain 
assumptions. In particular: 

– The amplitude of the equivalent geometric imperfection has been chosen equal for flexural 
buckling and torsional-flexural buckling. 

– The resistance criterion for torsional-flexural buckling used here is purely elastic. A more 
refined plastic interaction could potentially lead to even higher resistance for torsional-
flexural buckling. 

– The effect of local buckling is not accounted for. 

Finally, it is recalled that this research is part of the RFCS project ANGELHY. In the 
framework of this project, the mentioned limitations of this analytical approach are currently 
eliminated owing to an extensive laboratory testing campaign and numerical studies consider
ing imperfections and material non linearity (GMNIA). 
The present work has been realised in the framework of the research project ANGLEHY 

partially funded by the Research Fund for Coal and Steel (RFCS) under the grant agreement 
number 753993. 
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ABSTRACT: Steel columns of hollow cross-sections and simply supported at their ends are 
considered in the paper. Columns of such shapes are recently frequently proposed by archi
tects in public utility buildings of various types. In this work authors present the compara
tively simple procedure which can be used by designers of steel columns of such shapes. The 
value of critical force required in the procedure was derived for columns of variable cross sec
tion by means of Mathematica™ system. The closed formulae were obtained for a rod with 
a certain, predefined geometry being the surface of revolution. Critical forces obtained by 
means of derived formulae were compared with numerical solutions. To assess the compres
sion resistance of considered rods the general Ayrton-Perry approach was applied and bow 
imperfection with assumed amplitude was used in the analysis. Examples inserted in the paper 
confirm the correctness and the effectiveness of the proposed procedure. 

1 INTRODUCTION 

Tapered columns resembling a spindle shape and fabricated as a steel, hollow sections are 
more and more often encountered in engineering practice (Figure 1). Some of the main 
reasons for their increasing use are the material savings, a greater load capacity and aesthetic 
requirements (Thompson et al. 2007, Marcinowski 2015, Marcinowski & Sadowski 2020). 
Provisions of EN 1993 (2005) do not deliver direct procedures which can be used in designing 
of such kind of columns. Existing design procedures based on general Ayrton & Perry (1886) 
approach refers only to columns of constant sections. This general approach requires know
ledge of the critical force value and it is the principal problem which should be solved. 
There are a large number of papers in which the buckling problem of non-prismatic col

umns is considered (Li et al. 1995, Le 2001, Elishakoff & Rollot 1999). Value of the critical 
forces is absolutely necessary to the assessment of load bearing capacity. 
In the present paper the effective method of determination of the critical force has been pre

sented. To this end the energetic criterion of stability proposed in Timoshenko & Gere (1961) 
was used. The obtained analytical expression on the critical force has been verified positively 
by means of numerical solutions using commercial softwares based on finite element method. 
To assess the compression resistance of the considered kind of columns the general Ayrton-

Perry approach is adopted. This approach dating from XIX century (Ayrton & Perry 1886), 
after many modifications, was inserted into contemporary design provisions (EN 1993
1-1:2005) and used by many authors (Szalaj & Papp 2010; Szalaj 2017; Giżejowski et al. 2019). 

The stress criterion, in which the maximum stress was equated to the yield stress fy in the 
most stressed section, was the condition from which the allowable compressive force was 
obtained. Similarly as in the Ayrton-Perry approach, the initial bow imperfection has been 
taken into account with the amplitude corresponding to the fabrication quality class. The 
effect of the eccentricity amplification, typical for slender compressed members, was taken 
into account as well. The stress condition has been checked in every section x along the 
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2 

Figure 1. Santiago Calatrava’s „Turning Torso” in Malmö. 

column axis because, due to the column cross-section variability, it was not possible to predict 
in advance in which cross-section the stress condition will be decisive. 
Only specific class of geometries of bulged column was considered in the paper. The effect

iveness of the proposed designing procedure was illustrated on examples. They confirm the 
effectiveness of the proposed approach. 
In authors’ opinion the presented procedure can be used by engineers designing steel, 

bulged columns of the shape considered in the paper. 

DERIVATION OF FORMULAE FOR THE CRITICAL FORCE 

Due to the fact that columns of variable cross-sections are subject of interest in this work, the 
critical force can be established only in an approximate way using the energetic criterion of 
stability (Timoshenko & Gere 1961). According to this criterion the critical force for pin 
ended column can be obtained from the formula: 

in which w(x) is expected buckling form adopting here the shape of ½ wave of sine function 
with the amplitude A0 (Figure 2). In the equation (1) J(x) is the moment of inertia of the cross 
section and E is the Young’s modulus. The moment of inertia J(x) is defined in the following 
way (Figure 3): 

in which r(x) is the external radius of variable cross section defined as follows: 

Figure 2. Buckling mode of the pin ended compressed bar. 
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Figure 3. Sections of the rod a) (scale not preserved) and static scheme of the compressed bar b). 

Table 1. Derived formulae on critical forces . 

D2/L t/L=1/1000 t/L=2/1000 t/L=3/1000 

4/200 
5/200 
6/200 
7/200 
8/200 

5.20843∙10-7 

2.85456∙10-7 

1.75025∙10-7 

1.15857∙10-7 

8.10812∙10-6 

3.10434∙10-7 

1.65675∙10-7 

9.97776∙10-6 

6.51976∙10-6 

4.51815∙10-6 

2.46778∙10-7 

1.28347∙10-7 

7.59508∙10-6 

4.89997∙10-6 

3.36286∙10-6 

Further considerations presented in this work were limited to some specific geometry 
defined uniquely by the column’s length L. It was assumed that the external diameter of 
the terminal cross section is constant and equal D1=1/100 L. External diameters of  the  
middle cross sections of considered bars adopt the following values D2/L= 4/200, 5/200, 
6/200, 7/200, 8/200. The wall thickness t is constant and adopts the following values: 
t/L=1/1000, 2/1000, 3/1000. These particular geometrical parameters were used in further 
considerations. 
Formulae expressing the critical forces for particular geometries of columns are presented 

in Table 1. They were obtained from eqn. (1) by means of derivations carried out in Mathema
tica™ system (Wolfram 1988). 

NUMERICAL VERIFICATION OF DERIVED FORMULAE ON CRITICAL 
FORCES 

The correctness of derived formulae were verified numerically by means of commercial soft
ware based on finite element method. Three different programs were used and two different 
models were created. The beam model was prepared in Autodesk® Robot™ Structural Ana
lysis Professional system (RSA 2016), the shell model was created in COSMOS/M system 
(COSMOS/M 2002) while the 3D model was prepared in Simulia Abaqus system (Abaqus 
2020). 
In the performed comparative analysis the following data were adopted: L=1000 mm, D1=L/ 

100=10 mm, E=210000 MPa. Results are presented in Table 2. 
Results presented in Table 2 confirm quite good correspondence between results 

obtained by means of derived formulae (labelled as Analytical) and results obtained 
numerically for the beam model (ROBOT), for the shell model (COSMOS/M) and for 
the 3D model (ABAQUS). 
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Table 2. Critical forces in [kN] obtained for the column of length L=1000 mm. 

t [mm] Calculation D2=20 mm D2=25 mm D2=30 mm D2=35 mm D2=40 mm 

1 
1 
1 
1 

Analytical 
ROBOT 
COSMOS 
ABAQUS 

4.032 
4.139 
4.096 
4.158 

7.357 
7.564 
7.561 
7.561 

11.998 
12.301 
12.300 
12.373 

18.126 
18.470 
18.469 
18.584 

25.900 
26.418 
26.162 
26.364 

2 
2 
2 
2 

Analytical 
ROBOT 
COSMOS 
ABAQUS 

6.765 
6.896 
6.822 
6.946 

12.675 
12.955 
12.946 
13.032 

21.047 
21.441 
21.438 
21.678 

32.210 
32.581 
32.581 
32.931 

46.479 
47.155 
46.549 
47.095 

3 
3 
3 
3 

Analytical 
ROBOT 
COSMOS 
ABAQUS 

8.510 
8.538 
8.438 
8.748 

16.362 
16.506 
16.488 
16.819 

27.649 
27.816 
27.808 
28.424 

42.857 
42.780 
42.780 
43.647 

62.447 
62.936 
61.639 
62.897 

RESISTANCE OF THE COMPRESSED COLUMN 

The resistance of the considered rod will be assessed on the basis of classical Ayrton-Perry’s 
approach. Let us assume that the rod has an initial bow imperfection with amplitude e0 

(Figure 4) in a form of the one half-wave sine function defined as follows: 

The total deflection uc(x) can be obtained from the formula (cf. Timoshenko & Gere 1961): 

where fc – total eccentricity at middle section of the rod, Pkr – critical buckling force. 
The maximum longitudinal stresses at arbitrary cross section defined by x can be calculated 

from the formula: 

in which: 

are the cross sectional area and the elastic section modulus respectively, the fy is the yield 
stress. 

Figure. 4. Deflections of the initially curved rod. 
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Using (5) and taking the equality in (6) we obtain: 

To convert the equation (8) to the form known from EN1993-1-1 (2005) let us introduce the 
notations: 

where: χ(x) is the buckling reduction factor, λ̂ xð Þ is the dimensionless measure of the slen
derness, both dependent on x in this particular case. 
Substituting (9) to eqn. (8) and introducing the quantity Φ (x) defined as follows: 

one obtains the following equation: 

from which the searched reduction factor χ (x) is obtained in the form: 

which is consistent with the formula (6.49) from EN 1993-1-1 (2005) valid for columns of 
constant cross-section. 
The column’s resistance Pult is determined by the smallest value of the expression: 

The value of ultimate force defined by formulae (13) could be too high in some circum
stances. For save design procedures the additional partial coefficient γ =1.2 is proposed and 
the final formula for design value of column’s resistance is as follows: 

The whole procedure can be easily inserted in spreadsheet for the every x from the interval 
0 <  x < L/2, and in this way the smallest value of PRd can be found. 

The initial bow amplitude e0 required in this procedure can be adopted according to the 
code recommendations. Following provisions inserted in eurocodes specifying tolerances, 
dimensions and sectional properties of steel structural elements the e0 can be adopted as L/750 
and this value guaranteeing the conservative assessment of columns resistance was adopted in 
examples presented in the next section. 
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5 EXAMPLES 

As the first example of the application of presented procedure let us consider the bulged, steel 
bar of length L=1000 mm, D1 = L/100 = 10 mm, D2 = 2L/100 = 20 mm, t =L/1000=1 mm and 
e0 = L/750 = 1.333 mm. Material parameters: E=210 GPa, the yield stress fy = 355 MPa. 

The critical force is calculated by means of the formula (Table 1) is Pkr ¼ 4:032kN: Using 
the spreadsheet the sequence of Pult were calculated from the formula (13) for x = 0 to 500 
(L/2) with step 5 mm. The smallest value of the compression force Pult,min =3.766 kN and 
this value was obtained for x=220 mm. The column’s design resistance calculated from the 
formula (14) is equal PRd =3.138 kN and it is the searched measure of the bar’s compression 
resistance. 
The same example was solved numerically by means of Abaqus system. Two kind of model-

ling were adopted in numerical simulations which were carried out and namely the shell model 
(63126 DOF) and the 3D (solid) model (94695 DOF). Using these models for ¼ of the column 
(the column had two planes of symmetry) the geometrically and materially nonlinear analysis 
with imperfections (GMNIA) was performed. The uniformly distributed load was applied at 
the columns end. The bilinear material model for steel was adopted. Equilibrium paths 
obtained by two models were nearly identical (less than 2%) which confirms the correctness of 
the simulation performed. 
The σx =355 MPa appeared at section x=237.5 mm (comp. Figure 5) when the load attained 

value P = 3.874 kN. It is the value 2.5 % higher than the result obtained with the analytical 
method. The maximum load on the equilibrium path was equal Pmax = 3.883 kN. The design 
value of column’s resistance was equal 3.874/1.2=3.23 kN and this level was shown in 
Figure 5. 
As the other example let us consider the column of following parameters: D2 = 4L/ 

100=40 mm, t =3L/1000=3 mm. Other geometrical and material parameters were the 
same. 
The critical force is calculated by means of the formula (Table 1) is Pkr ¼ 62:447kN. 

In this case the Pult,min =23.421 kN and this value was obtained for x=0 mm (column’s 
end). The column’s design resistance calculated from the formula (14) is equal PRd 

=19.52 kN. The counterpart of this value obtained numerically was equal 18.51 kN. 
In both examples the column’s design resistances obtained analytically were conservative. 

Figure 5. Nonlinear equilibrium path obtained in numerical simulation. 
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6 RECAPITULATION AND CONCLUSIONS 

Existing design regulations do not contain provisions for design of steel, compressed members 
of structures when they are non-prismatic. Authors have presented the procedure which allows 
determining the critical force for non-prismatic rods of specific geometry. Knowing the critical 
force one can assess the compression resistance of the rod under consideration using the other, 
based on Ayrton-Perry approach, procedure details of which were presented in the paper. Due 
to the fact that the cross section is variable, the stress criterion which follows from Ayrton-
Perry condition should be checked not only in middle section of the bar but also in all remain
ing cross-sections. This stage of the procedure can be accomplished easily by means of the 
spreadsheet in which formulae presented in this paper should be inserted for arbitrary value of 
the axial coordinate x of the rod. The smallest value of compression force obtained as the result 
of the presented procedure is the measure of compression resistance of the considered rod. 

Examples presented in the paper confirm that the proposed procedure is relatively easy, 
effective and correct what was proved in geometrically and materially nonlinear numerical 
simulations presented in the paper. This design procedure can be recommended for civil engin
eers designing steel, structural members of the particular shape considered by authors. The 
design value of compressive force obtained as a final result of the procedure can be treated as 
a compressive resistance of analysed columns. The presented proposal effectively fills the gap 
existing in the design recommendations. 
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The elastic local buckling behaviour and strength of the simply 
supported I-beam utilising the energy equilibrium method 
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ABSTRACT: One of the phenomena influencing the capacity of the structure, or the ultimate 
state, is local buckling of the frame’s members. This article presents the analyses of the most 
common setup, the simply supported beam with an I-section, and proposes the equations to 
estimate the local buckling strength of such beam. The derivation of the solution is based upon 
the principles of the theory of elastic stability, the shell stability, and the equilibrium of the 
work done by external forces and the plate’s strain energy. Solutions are proposed for the seg
ments of the beam, depending on the geometrical properties of those, and are later connected 
into equations considering the coupled interactions between the web and flanges. Finally, the 
equation allowing for the precise estimation of the strength of the whole beam is proposed. 

1 INTRODUCTION 

1.1 Previous research 

Local buckling is one of the common forms of the stability loss occurring within the section, 
without the lateral displacement or twist of the whole beam. Local buckling has a significant 
influence on the behaviour of the whole structure, drastically reducing the frame’s capacity or 
leading to global loss of stability i.e. the collapse of the structure (Fujak & Kimura 2019). 
Full understanding of the local buckling phenomenon allows the engineer to correctly 

approximate the ultimate state of the structure, securing the linear behaviour in the elastic 
stage and nonlinear behaviour influenced only by the material properties in the plastic stage. 
Moreover, it allows for the correct classification of the section and determination if the mem
bers can stand the yielding load (sections class 1-3, see Eurocode 1993-1-1 (2005)), or are 
endangered by the local stability loss in the elastic work range (class 4). Additionally, the cor
rect method of the analyses may be determined by the members elastic buckling strength. αcr 
is the value of the elastic critical buckling load for the global instability mode based on initial 
elastic stiffness, Fcr, divided by the design loading on the structure, FEd . Eurocode 1993-1-1 
(2005) allows for the use of the first-order analysis only when αcr is higher than 10 for the 
elastic analyses and 15 for plastic analyses. Therefore, understanding of the elastic buckling 
strength of the members is crucial to correctly calculate the capacities of the structure. 
Previous research on local bucking capacity is based upon the Euler-Bernoulli beam theory 

and Kirchhoff–Love plate theory. Timoshenko & Gere (1961) proposed the solutions for plates 
with simple boundary conditions and certain aspect ratios. With limited access to solving tools 
however, not all the solutions were given, and the effects of the flange-web interactions were not 
analysed. Roberts & Jhita (1983) analysed the problem of the elastic buckling of the I-beam 
focusing mostly on the strength of the flange. Bradford & Hancock (1984) described the method 
to consider the uneven stress distribution in wide-flange sections in the post-buckling stage. 
Most of the recent research work is related to the problem of elastoplastic bucking. Ikarashi 

(2003) proposed the method of estimating the elastic buckling capacity of the whole beam 
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based on the buckling capacity of the web. However, this research was conducted to explain 
the plastic behaviour of the beam, so the precision of results in the elastic stage is moderate. 
Later works (Ikarashi et al. 2011, Kimura et al. 2019) proposed the indexes for the beam clas
sification with respect to both length of the beam and loading applied to the element. These 
researches, however, focus on the capacity of the elements in the plastic stage. 
To overcome the previously mentioned limitations research on the elastic buckling capacity 

of the simply supported beams is necessary. The aim of this study is: 

–	 To investigate the strength of the plates (web, flanges) – segments building up the simply 
supported beam depending on their aspect ratios, with the effects of interaction between 
the segments considered. 

–	 To propose simplified equations allowing for the estimation of local buckling capacity of 
the simply-supported beam. 

1.2 Research proposal 

The research presented analyses the elastic buckling strength of simply supported I-beams. 
Two types of commonly used loading are used – point load (hereinafter PL) and uniformly 
distributed load (UDL). The beam is as presented in Figure 1. Figure 1a presents the beam 
loaded with PL and the resultant stresses in the segments of the beam – the web and the 
flange. In the same manner, Figure 1b presents the loading and stress distribution in the beam 
loaded with UDL. Segments presented have simplified boundary conditions (BC) – either 
pinned or fixed. In reality, BC of the separate segments are semi-stiff, as the stiffness of the 
web influences the rotation of the flange and vice-versa. Note that the beams are ended with 
stiff diaphragm, which control node has certain degrees of freedom blocked (δx, δy, δz, ’ x, ’ z 

in case of the left-hand side end and δy, δz, ’ x, ’ z in case of the right-hand side end). The 
stresses and deformations of the beam/plates are symmetric about the vertical axis of the 
beam. x, y, z are axes, L stands for the half of the length of the beam/plate, Pi for the PL in 
the i direction, qi for the UDL in the i direction, Mi for the bending moment around the i axis 
δi for the deflection in the i direction, ’ i for the rotation around the i axis, σiðj; kÞ for the axial 

Figure 1. Simply supported beam – analysed BCs, loads and stresses. a) Simply supported beam loaded 
with PL, b) Simply supported beam loaded with UDL. 
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Figure 2. Beam’s section and segments’ BC. 

stress in the i direction as a function of j and k coordinates and τi;jðk; lÞ for the shear stress in 
the i; j plane). 
In order to analyse the section, it is crucial to understand the local behaviour of its segments. 

Therefore, the beam is first separated into segments, web and flanges, with simplified BC 
(Figure 2). The analyses of the detailed BC of web/flange influence is addressed in section 4. 
As the flange is symmetrical about the vertical axis, it can be assumed to be built of two 

identical half-flanges. Note that B stands for the beam width, H for the height, bf for the half-
flange width, hw for the web height, tf for the flange thickness and tw for the web thickness. 

The proposed research is based on the energy equilibrium between the work done by exter
nal forces and the strain energy of the plate, see (1-4) (Timoshenko & Gere 1961). 

where DT stands for the work done by external forces, DU for the plate’s strain energy, Nx 

for the plate force in x direction, Ny for the plate force in y direction, Nxy for the shear force, 
w xð ; yÞ for the deformation of the plate in local z direction, v for the Poisson’s ratio of the 
material, E for the Young modulus of the material and t for the thickness of the analysed plate. 

THE ELASTIC LOCAL BUCKLING OF SIMPLY SUPPORTED BEAM’S FLANGE 

The models of flange used were of the following parameters: L of 600, 1000, 1500 and 
2000 mm, bf of 25, 50 and 100 mm, tf of 2 and 7 mm for bf of 25 and 100 mm, tf of 2, 2.5, 3, 
3.5, 4, 5, 6, 7, 8 and 10 mm for bf of 50 mm. 
The solution for the fixed flange is based on the shape of buckling mode as given in (5), 

δz ¼ ’ x ¼ 0 along the long edge (Figure 1). The solution depends on values of the m and n 
parameters, related to the plate’s aspect ratio L=bf and loading conditions – either PL or 
UDL. The shape of the eigenform is checked against the finite element analyses (hereinafter: 
FEA) output. 
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For all the solutions, despite of the plate’s aspect ratio, the final solution takes form 
of (6), where σcr;f ;fix stands for the elastic buckling stress of the plate. The value of 
parameters α1, α2 and α3 depends on the parameters described above. The values 
received from closed form (CF) solutions of (6) are presented in Figure 3 with markers. 
Plots of proposed (7-9) are given as well using dotted and dashed lines. 

2In (6), parameters α1 and α2 are used as the multipliers of the L4 and L2bf , respect
ively. As the length of the plate is used, parameters are convergent to the certain value. 
In case of α1, the parameter can be treated as constant when L=bf is over 30, in case of 
α2 (less dependent on L), the parameter stabilises with L=bf over 50. This is not the case 
for α3, which is a multiplier for the bf 

4. For the estimation of the equation the least 
squares method was used, with the additional restriction that α1, α2 and α3 must always 
be positive. 
The identical procedure is implemented for the pinned flange model. Varying assump

tions and results are given below in (10-13). Note that σcr;f ;pin stands for the elastic buck
ling stress of the plate. Results from FEA models of plates can be replicate by proposed 
(12 and 13). 

Figure 3. Equation parameters α1, α2, and α3 against L=bf ratio. a) α1 parameter, b) α2 parameter, c) α3 

parameter. 
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3 THE ELASTIC LOCAL BUCKLING OF SIMPLY SUPPORTED BEAM’S WEB 

The models of web used were of the following parameters: L of 600, 1000, 1500 and 2000 mm, 
hw of 100, 200 and 400 mm, tw of 2.2 and 5.2 mm for hw of 100 and 400 mm, tw of 2.2, 2.7, 3.2, 
3.7, 4.2, 4.7 and 5.2 mm for hw of 50 mm. For all the models the Af was varying between 0, 
50, 100, 200, 250, 300, 400, 500, 1 000, 2 000, 4 000, 5 000, 7 500 and 10 000 mm2. 

The influence of the flange onto the behaviour of the web is not limited to BC only. For the 
significant flange area Af the additional shear stress caused by tension/compression pair of 
forces in flanges influences the critical buckling strength of the web. 
The method proposed is similar to the one presented in preceding section. The following 

solution does not consider the influence of additional stress caused by tension/compression in 
flanges. σcr;w;fix;ns stands for the elastic strength of the fixed web with shear flow disregarded. 

The solution for the pinned web takes a similar form to the solution for the fixed web. Ana
lyses of the elastic buckling strength of models with various BC and loading conditions lead to 
proposal of the reduction factor, χ, which can be applied to the Equation (15) in order to 
obtain the elastic buckling strength of the pinned web. Equations (19-21) propose the χ factor 
and the resultant σcr;w;pin;ns, critical elastic strength of the pinned web with shear flow 
disregarded. 

The consideration of the shear flow is based upon the assumption that the buckling mode 
can be either a bending buckling, coupled buckling or a shear buckling. In case of web with 
no shear flow the bending buckling takes place, changing to different forms as the Af rises. 
(22) shows the relation between the maximal bending and shear stress in the web with no 
shear flow, #ns. Similarly, # is a bending stress to shear stress relation with shear flow con
sidered (23). The shear flow reduction factor ψ is proposed based upon the limitation of bend
ing stress (in the form of upper limitation of 1) and balance between shear stress and shear 
flow dictated by aspect ratio dependent parameters αψ and βψ, see (24-26). (27) shall be used 
for determination of the buckling strength of the web for both PL and UDL loading 
scenarios. 
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Results from FEA (markers) and proposed equations (lines) are shown in Figure 4 for the 
1000/200/2.2 PL series. 

4 THE ELASTIC LOCAL BUCKLING CAPACITY OF SIMPLY SUPPORTED BEAM 

The procedure of strength approximation of semi-fixed plate (see Figure 2) is as given. The 
plate is assumed to be restrained along long edges with a rotational spring. Flange models are 
restrained with a spring of Kw – stiffness corresponding to web stiffness per unit length – 
whilst web models are restrained with Kf (28). Based on the relation between the stiffnesses of 
plate and the restraint, the fixity factors for flange and web (γf and γ ) are proposed (29 and w
30). As γ varies between 0.0 and 1.0, the buckling mode of the segment varies between the 
pinned and fixed eigenform. The segment’s capacity is as in (31). 

Final equation (32) estimates the buckling capacity of the whole beam. The results of (31) 
are compared and the lower-bound value is assumed as the buckling strength of the whole 
beam. Figure 5 presents the comparison of (31 and 32) against results of FEA. Models of the 

Figure 4. The strength reduction due to the shear flow effects. a) pinned web, b) fixed web. 

Figure 5. Comparison of results from proposed equations (EQU) and numerical analyses (FEA). a) PL: 
σcr of the flange, web and beam (EQU) against σcr of the beam (FEA), b) UDL: σcr of the flange, web 
and beam (EQU) against σcr of the beam (FEA). 
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beams were built of segments having the same dimensions as in sections 2 and 3. All models 
were consisting of S4R5 elements (12 for each flange, 22 for web, 180 length-wise) of certain 
thickness representing beam segments made of elastic material, with the BC and loads as 
shown in Figure 1. The FEA software used for the analyses was SOFiSTiK, with a cross
check using Abaqus. 

SUMMARY 

This research is aimed to explain the elastic buckling behaviour of simply supported beam by 
fulfilling 2 targets: investigate the strength of the segments of the beam considering in-between 
interactions and to propose equation estimating the local buckling capacity of the whole beam. 
It can be stated, that equations based upon the energy equilibrium are feasible for the estima

tion of the elastic bucking capacity of the simple plates building up the beam. It was proven 
that, by utilising equations for the estimation of the effects of the web-flange interactions, it is 
possible to approximate the elastic local buckling capacity of the beam with satisfying precision. 
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joints 
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ABSTRACT: The paper presents the stability issue of unbraced steel frames with special 
attention paid to the problem of determining the value of critical load in these frames. 

The paper discusses ways of critical load determination in frames with the use of selected 
methods of stability analysis. The presented analysis procedures were used in calculations of 
certain steel frames. 

The issue presented in the paper is important from the practical point of view, and there
fore, it should be taken into account in the design process of such frames. 

INTRODUCTION 

Stability is one of the fundamental issues, which has to be taken into account in design of steel 
frames (Bródka et al. 2004, Chan et al. 1999, Chen et al. 1996, Pałkowski 2016). This issue is 
particularly important in the case of unbraced (sway) frames, especially in instance of 
unbraced frames with semi-rigid joints, which are known to be highly susceptible to stability 
loss. 
During analyzing of unbraced frames stability, it is easy to see that the first (basic) buckling 

mode of the frame stands out first of all by horizontal displacements of the frame nodes. The 
sway-buckling mode is characteristic not only for the unbraced portal frames, but also in the 
case of multi-storey and multi-aisle frames, regardless of the location of the load acting on the 
individual frame nodes. 
On the basis of performed analysis, the author of the work stated that the typical 

unbraced frame loses its stability under the influence of a certain, total load (a sum of loads 
acting on individual frame nodes), the value of which, approximately, is independent from 
the load distribution in nodes. This issue can be presented on a simple example of certain 
unbraced frame, which is loaded by the forces Pi applied to the nodes (Figure 1). 
The presented frame was subjected to the stability analysis (using the eigenvalues 

method of stiffness matrix), with taking into account 9 different load cases, which are 
listed in Table 1. Based on this analysis, the critical load multipliers  λcr and the total 
values of the critical nodal forces PCR were obtained for all cases (Table 1). 

As it is easy to see, despite of the significant differences in the number and location of the 
forces Pi, the similar value of the total critical load PCR of the frame was obtained for each 
considered case. The largest disagreement appears between the case VII and IX and amounts 
to less than 10%, while the differences in the results between other cases does not exceed 5%. 
The slight variations in the results between the presented load cases show that the resistance 

to the loss of stability of the frame largely depends on its lateral stiffness. This is evidenced by 
the way the analyzed frame loses its stability – for the all 9 cases, the bucking modes are char
acterized by horizontal displacements of the frame nodes. 

DOI: 10.1201/9781003132134-54 

421 

https://doi.org/10.1201/9781003132134-54


2 

Figure 1. Analyzed frame. 

Table 1. The list of load cases accepted for the analysis and the calculation results. 

P1 P2 P3 P4 λcr PCR = λcrΣPi 

Load case [kN] [kN] [kN] [kN] [kN] 

II 100 100 100 0 16.86 5058 
III 100 100 0 100 17.16 5147 
IV 100 100 0 0 25.25 5050 
V 0 100 100 0 24.59 4917 
VI 100 0 100 0 25.19 5037 
VII 100 0 0 100 25.92 5183 
VIII 100 0 0 0 49.36 4936 
IX 0 100 0 0 46.89 4689 

THE APPROXIMATE METHOD OF DETERMINING THE CRITICAL LOAD OF 
UNBRACED FRAMES 

The frames property presented in the previous section, manifested by slight differences in the 
total PCR value of the frame for different load cases can be used in practical calculations of 
steel frames stability. For this purpose, the stability analysis, e.g., with the use of numerical 
methods, can be performed for the first (basic) load case, while calculations of the critical load 
multiplayer for the rest of load cases (or the load combinations) can be obtained according to 
the relation: 

where: PCR is the total value of the critical load determined for the first load case (basic 
combination), while ΣPi is a sum of the loads assigned to the next considered load 
combination. 
In the case, where the considered static scheme includes different types of loads (e.g., linear 

loads, surface loads, concentrated moments, etc.) the above condition can be replaced with 
the use of the equation: 

where ΣNcr.i = NCR refers to the combined value of the critical forces, which was determined 
for the basic load combination, whereas ΣNi determines the sum of the normal forces in col
umns, in currently considered combination. 
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The critical load multiplier λcr calculated in this way can be used for the approximate deter
mination of a state of critical forces in loading cases or combinations, for which the results of 
static analysis are known. 

PARAMETRIC ANALYSIS 

In order to check the accuracy of the critical load determination with the use of the presented 
in section 2 the way, the parametric analysis of a four-aisle, four-storey frame presented in 
Figure 2 was performed, with taking into account 10 different load cases. 
Data: EIc = 15000 kNm2, EIb = 30000 kNm2, l = 6 m,  h = 4 m,  Pi = 100 kN 
First, the numerical analysis was performed in the SOFISTIK program (Sofistik, 2018) 

according to the eigenvalue method for all the load cases. Then, the critical load multipliers 
were determined according to the proposed in section 2 algorithm for 9 load cases (from II to 
X), assuming the result of numerical calculations for the first case as the base value, with the 
use of which calculations according to formula (1) were performed. The results of the calcula
tions are presented in Table 2. 
On the basis of buckling analysis of the presented frame, it can be seen that the largest dif

ferences between the PCR values of the considered load cases do not exceed 10%. These differ
ences are not significant, if one takes into account the load distribution of the static scheme in 
the individual cases, both in terms of the forces number and the locations of their application. 
Moreover, presented in Table 2 the results indicate that the simplified calculating method of 

the critical load multiplier proposed in the paper allows to estimate its value with accuracy 
of 10%. 
It is worth noting that the analyzed example does not present the load model with the per

manent load occurring in the real structure (in the analyzed example of the frame, such load 
would occur in each node). Adoption of the permanent load in the analysis causes that the 
differences in the values of the total critical load PCR between the individual cases are much 
smaller. The results of such calculations of the frame for the two selected load cases are pre
sented in Table 3. 

Figure 2. Analyzed four-aisle, four-storey frame. 
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Table 2. The list of load cases accepted for the analysis and the calculation results. 

Scheme of nodal forces λcr / PCR λcr Difference 

node number), P = 100 kN / P 

Load case axis A axis B axis C axis D axis E num. calc. eq. (1) % 

I (basic) 4) P 
3) P 

8) P 
7) P 

12) P 
11) P 

16) P 
15) P 

20) P 
19) P 

10.34/206.86 - -

2) P 6) P 10) P 14) P 18) P 
1) P 5) P 9) P 13) P 17) P 

II 
III 
IV 
V 

4) P 
2) P 
1) P 
4) P 
3) P 

8) P 
6) P 
5) P 
8) -
7) -

12) P 
10) P 
9) P 
12) P 
11) P 

16) P 
14) P 
13) P 
16) -
15) -

20) P 
18) P 
17) P 
20) P 
19) P 

41.22/206.10 
41.23/206.15 
41.71/208.57 
17.26/207.14 

41.37 
41.37 
41.37 
17.24 

0.4 
0.3 
-0.8 
0.1 

2) P 6) - 10) P 14) - 18) P 
1) P 5) - 9) P 13) - 17) P 

VI 4) -
3) -

8) P 
7) P 

12) -
11) -

16) P 
15) P 

20) -
19) -

25.00/200.00 25.86 3.4 

2) - 6) P 10) - 14) P 18) -
1) - 5) P 9) - 13) P 17) -

VII 4) P 
3) P 

8) -
7) -

12) -
11) -

16) -
15) -

20) -
19) -

47.84/191.36 51.72 8.1 

2) P 6) - 10) - 14) - 18) -
1) P 5) - 9) - 13) - 17) – 

VIII 4) -
3) -

8) P 
7) P 

12) -
11) -

16) -
15) -

20) -
19) -

47.17/188.66 51.72 9.6 

2) - 6) P 10) - 14) - 18) -
1) - 5) P 9) - 13) - 17) -

IX 
X 

4) P 
1) -

8) -
5) -

12) -
9) -

16) -
13) -

20) -
17) P 

191.42/191.42 
191.35/191.35 

206.86 
206.86 

8.1 
8.1 

Table 3. The list of load cases accepted for the analysis and the calculation results. 

Load case Scheme of nodal forces 

node number), P = 100 kN 

λcr / PCR 

/ P 

λcr Difference 

XI 

XII 

axis A 
4) G 
3) G 
2) G 
1) G 
4) G 
3) G 
2) G 
1) G 

axis B 
8) G+P 
7) G+P 
6) G+P 
5) G+P 
8) G 
7) G 
6) G 
5) G 

axis C 
12) G 
11) G 
10) G 
9) G 
12) G 
11) G 
10) G 
9) G 

axis D 
16) G 
15) G 
14) G 
13) G 
16) G 
15) G 
14) G 
13) G 

axis E 
20) G 
19) G 
18) G 
17) G 
20) G 
19) G 
18) G 
17) G+P 

num. calc. 

8.58/205.92

9.86/207.14 

eq. (1) 

8.61 

9.85 

% 

0.3 

0.1 

Comparing the load case I (Table 2) and the cases XI and XII (Table 3), it can be clearly 
seen that the differences in the PCR values are very small. Also, the estimation of the param
eter λcr using formula (1) is very accurate. 

On the basis of the performed analysis, it can be assumed that for the sway frames, even 
with significantly different load cases, the total value of the critical load will be approximately 
constant in value, but characteristic for a given frame. 
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Figure 3. Analyzed frame with semi-rigid joints. 

NUMERICAL EXAMPLE OF A FRAME WITH SEMI-RIGID JOINTS 

The validity of the presented regularity in frames with semi-rigid joints was checked on an 
example of three-aisle, three-storey steel frame, shown in Figure 3. 
The calculations were performed in the Sofistik program, according to the eigenvalues 

method for 10 load cases. Determination of the critical load multipliers was also performed 
according to the proposed in section 2 algorithm for 8 load cases (from II to IX), accepting 
the result of the numerical calculations for the I case as a basic value. The results of the pre
formed calculation were listed in Table 4. 
Data: steel grade S355, steel modulus of elasticity E = 210 GPa. 
It was assumed that two types of loads act on the load-bearing structure: g – permanent 

load with the value of 25 kN/m and 35 kN/m, and q – variable load with the value of 35kN/m 
(Figure 3). 
On the basis of the static analysis and strength calculations of that frame, the elements 

cross-sections were selected. Then, based on recommendations of the standard (EN 1993
1-8, 2005), the frame joints were designed in the form of single- and double-side end-plate 
bolted joints. The column bases in the form of anchored horizontal plates were also 
calculated. 
Finally, in order to carry out the buckling analysis, the average stiffnesses of the internal 

joints (beam-to-column joints) equal Sj.A = 60×103 kNm/rad, as well as the stiffnesses of the 
external joints (column bases) equal Sj.B = 15×103 kNm/rad was adopted in the model. Appro
priate stability calculations were performed, as of the parametric analysis, in the SOFISTIK 
program (Sofistik, 2018), and also according to the algorithm presented in section 2. The cal
culation results are presented in Table 4. 
The obtained results clearly demonstrate that the total values of the critical loads PCR, 

which were determined for the presented load cases reach very similar values. The largest dif
ferences between obtained values do not exceed 2%. 
Furthermore, the presented calculation results show very good agreement of the parameters 

λcr, which were calculated on the basis of numerical method and according to proposed in sec
tion 2, simplified way of determining the critical load. 
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Table 4. The list of load cases accepted for the analysis and the calculation results. 

Load case Load g = 35, g = 25, q = 35  λcr PCR = λcr Σ (gi+qi) li λcr Difference 

kN/m kN 

storey aisle I aisle II aisle III numerical analysis eq. (1) % 

I (basic) 3 g g g 14.56 24.9×103 kN - -
2 g g g 

II 
1 
3 

g 
g 

g 
g 

g 
g 10.82 25.3×103 kN 10.64 -1.7 

2 g g g 

III 
1 
3 

g+q 
g 

g+q 
g 

g+q 
g 10.52 24.6×103 kN 10.64 1.1 

2 g+q g+q g+q 

IV 
1 
3 

g 
g 

g 
g 

g 
g 8.44 25.1×103 kN 8.38 -0.7 

2 g+q g+q g+q 

V 
1 
3 

g+q 
g 

g+q 
g 

g+q 
g 11.70 24.9×103 kN 11.69 -0.1 

2 g g+q g 

VI 
1 
3 

g 
g 

g+q 
g 

g 
g 11.73 25.0×103 kN 11.69 -0.3 

2 g+q g g 

VII 
1 
3 

g+q 
g 

g 
g 

g 
g 9.80 25.0×103 kN 9.77 -0.3 

2 g+q g+q g 
1 g+q g+q g 

SUMMARY AND FINAL REMARKS 

The paper presents the issue of critical load determination of the unbraced steel frames. On 
the basis of the stability analysis, it was noticed that structures of this type generally loses 
their stability under the influence of certain, total value of load, which essentially is independ
ent from the assumed load scheme. The occurrence of this regularity was confirmed on the 
example of the single-storey, multi-aisle frame. 
On the basis of the noticed property of unbraced frames, in the section 2 of the work, the 

algorithm of approximate determination of the critical load value was proposed. The practical 
way of calculating and the accuracy of the results obtained according to this algorithm is 
shown on the example of the four-aisle, four-storey frame. 
A detailed stability analysis on the example of the real steel frame with the internal and 

external semi-rigid joints was also performed. 
The results comparisons of the presented in the paper examples, which were obtained 

with the use of the software and the equation (1) prove, that the proposed in the paper 
algorithm of the critical load determination is very useful in practical calculations of 
unbraced frames. 
Although the above-presented conclusions refer directly to the examples presented in the 

paper, it should be assumed that they are more of general nature and relate mostly to the 
unbraced frames used in practice. 
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Lateral torsional buckling of tapered steel I-beams with stiffener 
ribs 

J. Kuś & T. Maleska 
Faculty of Construction and Architecture, Opole University of Technology, Opole, Poland 

ABSTRACT: A procedure for calculating the critical buckling moment of a web-tapered 
I-beam with stiffener ribs is proposed, using potential energy calculations using the Rayleigh– 
Ritz method. The solution identifies the critical moments where lateral buckling begins in 
simply supported, web-tapered steel I-beams with ribs. In particular, lateral-torsional buckling 
is considered in beams with tapered web, and with various numbers of stiffener ribs. Detailed, 
numerical, parametric analyses are carried out. Uniformly distributed design loads are con
sidered across three cases: applied to the top flange, to the shear center, and to the bottom 
flange. A parametric analysis, of a tapered beam with ribs, demonstrates that tapering of both 
the web and stiffener ribs influences the critical moments more than tapering only the web. 

INTRODUCTION 

Tapered steel beams, with varying web heights or flange widths, are widely used in the con
struction of industrial halls. Varying the cross-section can gives significant economic benefits 
by optimizing materials use to match the uneven distribution of internal forces. Most often, 
the bending moments reach their maxima only locally along the length of the element; there
fore, the cross-section can be reduced in places with lower bending moments. Such optimiza
tion reduces steel consumption, and hence reduces the overall costs. 
Protection against the torsional buckling of elements with changing cross-sections has 

a significant impact on their load-bearing capacity. If a bar is insufficiently protected against 
lateral–torsional buckling, the general instability may reduce its load capacity. 

Determining the critical load that initiates overall stability loss in beams with linearly vary
ing web or flange sections is a current concern, due to the increasing use of these elements. 
Analytical solutions for the critical moments of tapered beams can be found in Andrade et al. 
(2007), Asgarian et al. (2012), Benyamina et al. (2013), (Kuś 2015), Hakan Ozbasaran, Tolga 
Yilmaz (2018). Recently, experimental results for lateral-torsional buckling of steel members 
were presented by Tankova et al. (2018). 
The above-cited work is limited to the analysis of unbraced beams. Adding vertical stiffen

ing ribs to beams with slender webs, however, greatly influences both the ultimate load-
bearing capacity and the resistance to torsional buckling. This issue for prismatic beams was 
presented in Lindener (1996), where the influence of endplates at beam ends was analyzed for 
several load cases. The effect of box-type ribs on the critical LTB load when a single-beam is 
loaded by the end moments are presented in Chambers et al. (1977). Gosowski (2003, 2007) 
made a broad assessment of how both the ribs and box ribs affect on the critical loading of 
free-supported beams with bi and monosymmetric cross-sections, loaded with pure bending 
and concentrated forces. 
This article provides a solution for the elastic critical torsional buckling of an unbraced 

beam with a tapered web, supported by a fork, with a continuous, evenly distributed load 
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Figure 1. Tapered cross-section. 

applied to the upper or lower flange, as well as to the shear center. Additionally, critical forces 
were calculated for a beam with the same geometric parameters, but with vertical ribs added 
for stiffening. The stiffening ribs were located along the length of the beam in different config
urations. The Rayleigh–Ritz method was used to determine critical loads. In addition, 
a numerical example is given to illustrate the method, characterizing how the beam’s cross-
sectional tapering affects the critical moments, as well as how the vertical stiffening ribs affect 
the critical load. 

1.1 Geometric characteristics of the cross-section of the beam with tapered cross-section 

The geometrical features of a beam with a linearly varying cross-section depend on the toe 
parameters determining their shape along the beam length. The taper parameter αTP, defined 
in equation (1) below, describes the change in web height, and also the change in the height of 
ribs along the beam length. For the tapered beam shown in Figure 1, the key geometrical char
acteristics can all be expressed as functions of the taper parameter: 

Where x and z are beam coordinates, h0 is height at the beginning of the beam, hm is height 
at the end of the beam, ts is the width of stiffening rib, hsv is the height of stiffening rib. 
Detailed geometrical features of the tapered cross-section can be found in paper (Kuś 2013). 

POTENTIAL ENERGY OF THE TAPERED CROSS-SECTION BEAM 

The potential energy for an I-beam with linearly variable cross-section (Figure 2), loaded with 
transverse forces on its length, is presented (Kuś 2013, 2015): 
In Figure 2 and in the discussion below, u, v, w are the displacement components of the 

shear center in the x, y and z directions, and θ is the twist angle. 

Figure 2. I-Section under lateral–torsional buckling. 
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Where: 

– EIz(x), GIT(x), EIω(x) are stiffnesses—respectively bent, torsional, and warped, 
– v and θx are the lateral displacement and torsion angle, 
– My is the moment of external forces, 
– qz is the lateral load from distributed forces 
– ez(x) is the distance from the shear center to the load application point, and 
– h(x) is the height of the cross-section. 

The effectiveness of the ribs restraining the section depends on the constant Rωv (see below), 
and also on the ITS torsional moment. The influence of ribs, located along the beam’s length, 
on critical load values can be determined using the Rayleigh–Ritz method. The potential 
energy function (2) should be extended with an additional element (3), which takes into 
account the geometric and strength parameters of stiffening ribs. Due to the linearly changing 
web height along the beam length, the height of the stiffening ribs will also vary. Therefore, 
the elastic resistance coefficient depends on αTP. 

where: 

– Rωv is the coefficient of elastic resistance: 

– Gs is the lateral modulus of elasticity, 
– ITS is the moment of inertia for twisting the stiffening rib, 
– hsv is the rib height, 
– xn is the location of rib n along the beam, and 
– nv is the number of stiffening ribs. 

SOLUTION FOR CRITICAL BUCKLING LOADS OF TAPERED I–BEAMS WITH 
STIFFENER RIBS 

The Rayleigh–Ritz method was used to determine the critical load which initiates torsional 
buckling of a beam with a coinciding web, and with vertical stiffening ribs. The discussion 
here provides only basic information on the application of the Rayleigh–Ritz method, insofar 
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as is needed to obtain a solution for a bisymmetrical beam loaded with a uniformly distrib
uted, continuous load. To obtain an approximate solution, the Ritz functions, describing dis
placements arising from bending and fulfilling boundary conditions, were expressed as sums 
of trigonometric functions: 

Using a finite number of terms (6, 7) replaces the continuous model with a discrete one. For 
practical engineering calculations for single-span, free-supported steel beams, the first-order 
approximation (n = 1) suffices. 
To determine the critical moments of lateral–torsional buckling, we introduce a bending 

moment gradient function to describe how bending moments vary along the bar: 

Substituting the resistance coefficient (3) and boundary conditions into (2) yields the poten
tial energy in a beam of the convergent cross-section. In matrix form, this is: 

where: 

The elements of the coefficient matrix (13) were obtained by determining the expressions, 
taking into account the taper parameter of the beam (1) and the geometric characteristics 
(Kuś, 2013). Finally, an approximate solution for critical moments initiating loss of ribbed, 
simply supported beam, loaded with uniformly distributed continuous load was obtained by 
setting the determinant to zero: 
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Solving the matrix (13) due to M, gave critical moments that initiate loss of the sta
bility of beam with linearly varying web height and vertical stiffening ribs distributed 
along the beam length. The presented solution was used in numerical examples. 

4 APPLICATION 

4.1 Solution and checking calculations for prismatic beams with ribs 

In order to verify the correctness of the analysis above, critical load values were calculated as 
described, for a beam with taper parameter αtp = 0, and compared with solutions available in 
the literature. Three cases were considered: a prismatic beam without ribs (nv = 0), one with 
stiffening ribs on supports (nv = 2), and one with support ribs plus either two or four inter
mediate ribs (nv = 4, 6). 

The beam was bisymmetric, with a span L=6 m, and initial cross-sectional parameters h0 = 
400 mm, bf0 = 155 mm, tf = 22 mm, tw = 14.4 mm (I400). A continuous load was distributed 
evenly across the beam, applied to the upper flange (g = –0.25m). 
The calculations confirm the derived calculation formulae for critical buckling moments of 

torsional buckling for beams with web convergence parameter αTP = 0 (prismatic beam). The 
results do not differ by more than 1%. 

4.2 Application to web-tapered I-beam with ribs 

The following example determines the critical buckling moments for a simply supported 
steel I-beam with a tapered web. The beam span is set variously to 6 m, 9 m and 
12 m. Its cross-sectional parameters are h0 = 300  mm,  bf0 = 150 mm, tf = 10.7 mm, 
tw = 7.1 mm. 
Next, the ribbed beams with various numbers of ribs and linearly varying web height 

are analyzed. The load was applied to each of the upper flange, shear center, and lower 
flange. The web toe parameter was changed from αTP = 0 (prismatic beam) to αTP = 1  
(web height at the right-hand end is twice as high as at the left-hand end). The same 
height change was used for the vertical stiffening ribs. The rib distributions for each 
case are shown in Figure 3. 
The critical moment values are shown in Tables 2–4. From the results of this paramet

ric analysis, it can be concluded that the web tapering significantly increases the critical 
lateral–torsional buckling moments. Also, stiffening ribs elevate the critical buckling 
moments. 

Table 1. Critical buckling load for prismatic I400 beam with and without ribs. 

Critical point load [kN] nv = 0  nv = 2  nv = 4  nv = 6  

Critical load by (Gosowski 2003) 66.367 67.924 68.421 69.284 
Critical load by (Żmuda 2004) 66.000 67.700 68.100 68.900 
Critical load by (Author) 66.422 68.467 68.970 69.971 
Difference (Gosowski 2003  0.08% 0.79% 0.81% 0.99% 
Author) 
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Figure 3. Tapered I-beam with stiffener ribs. 

Table 2. Critical buckling moments for tapered I-beam with and without ribs; load on shear center. 

Load         

αTP = 0  αTP = 0.4 αTP = 0.6 αTP = 0.8 αTP = 1.0 

nv =0 86.630 94.320 98.781 103.583 108.681 
nv =2 99.866 108.897 113.872 119.102 124.439 
nv =4 102.91 112.245 117.341 122.676 128.219 
nv =6 108.74 118.659 123.990 129.527 135.246 

scheme Number of ribs Critical buckling moment [kNm]

Table 3. Critical buckling moments for tapered I-beam with and without ribs; load on top flange. 

Load scheme Number of ribs Critical buckling moment [kNm] 

αTP = 0  αTP = 0.4 αTP = 0.6 αTP = 0.8 αTP = 1.0 

nv =0 64.374 68.299 70.825 73.760 76.940 
nv =2 77.119 82.242 85.261 88.532 92.023 
nv =4 80.067 85.466 88.594 91.958 95.528 
nv =6 85.728 91.662 95.002 98.549 102.277 

Consider, for example, the results for the beam with its bottom flange loaded (Table 4). For 
the tapering parameters αTP = 1 and number of ribs nv = 6, the critical moments, with respect 
to the beam without ribs, increase by approximately 14%. 
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Table 4. Critical buckling moments for tapered I-beam with and without ribs; load on bottom flange. 

Load scheme Number of ribs Critical buckling moment [kNm] 

nv =0 

αTP = 0  αTP = 0.4 αTP = 0.6 αTP = 0.8 αTP = 1.0 

116.474 130.176 137.55 145.308 153.349 
nv =2 129.219 144.065 151.946 160.080 168.433 
nv =4 132.166 147.290 155.280 163.506 171.938 
nv =6 137.828 153.485 161.688 170.097 178.686 

CONCLUSIONS 

The solution proposed here provides a way to determine the critical moments that initiate tor
sional buckling of ribbed beams with tapered cross-sections, for different taper angles. Calcu
lations show that changing the taper parameters significantly affects the critical moments. The 
increase in the critical moments of a beam with a tapered web (αTP =1) compared to 
a prismatic beam (αTP = 0) was about 20%. As expected, beams with slender webs are more 
sensitive to loss of stability. However, the use of stiffening ribs increased the critical moments 
compared to beams without it. 
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Experimental testing of the critical loading for flexural-torsional 
buckling of steel two-chord columns laced in a single plane 

P. Lorkowski & B. Gosowski 
Wrocław University of Science and Technology, Wrocław, Poland 

ABSTRACT: This paper presents the results of experimental research on the critical loading of 
two-chord steel columns laced in a single plane. Eight semi-technical scale physical models were 
constructed for the purposes of experimental testing, modelled on railway traction columns. 
Loading was focused at the level of the head and applied to an eccentric in the lacing plane. The 
goal of experimental testing was to determine the pathways to static equilibrium between the lon
gitudinal force on the eccentric, and the bending angle of the cross-section at half the column 
height and its head displacement. The models were tested to structural failure. The forms of struc
tural failure were observed in relation to flexural-torsional buckling of the column, as well as 
local buckling of the lacings. Critical forces of flexural-torsional buckling were determined using 
the Southwell method. The physical models were also analyzed numerically with the ABAQUS 
program using solid finite elements. Practice-oriented conclusions are presented. 

1 INTRODUCTION 

Steel columns with two-chord shafts and laced in a single plane are widely used as railway trac
tion gate columns (Gosowski 2001). Such columns usually have branches consisting of struc
tural channels, which are connected to form a single plane by means of flat or angled bars. 
A similar construction has been proposed for columns in industrial halls (Biegus 2009, Kucharc
zuk & Labocha 2012, Guide of Design. . .  2003). In the case of halls with moving overhead 
cranes, the moving overhead part is usually constructed as an I-beam, whereas the bottom part 
is constructed from structural channels, I-beams or hollow profiles, laced at a 45° angle. 
Previous studies (Hasheela 2013, Lorkowski & Gosowski 2018, Lorkowski & Gosowski 

2020) have shown the sensitivity of this type of structure to torsion, as well as spatial forms of 
stability loss. An additional contribution to the research on physical models referred to above 
and discussed in (Lorkowski & Gosowski 2018) is the experimental testing presented in what 
follows, which is concerned with determining the critical loading for flexural-torsional buck
ling of steel columns laced in a single plane under eccentric compression conditions. 

2 DESCRIPTION OF ELEMENTS TESTED 

Two types of rods were tested for flexural-torsional buckling. They differed in terms of assem
bly method of the lacing. All the element types had branches (chords) made of rolled C 80 
channels with axial spacing of 221 mm (see Figures 1, 2). 
The lacing was made of square tubes RQ 40×3 mm or FB 40×5 mm flat bars and laid at an 

angle of 45° in relation to the chords. The length of the chords was 4800 mm, whereas with 
the nodal plates, the design height was 4937 mm. The chords were made of S355 steel, whereas 
the plates and the lacing were made from S235 steel. 
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Figure 1. S-1 model with dimensions. 

Figure 2. Schematic of column subjected to eccentric compression. 

Figure 1 presents the S-1 physical model with a lacing structure made from square tubes, 
whereas in the S-2 physical model, the lacing was made with flat bars. 

3 PHYSICAL MODEL TESTING STATION 

The model of the column (cf. Figure 2) in the testing station was set up vertically. The base of 
the column provided a means for translational holding in all directions, as well as twisting 
around the longitudinal axis and rotation in the lacing plane. The rotation from the lacing 
plane was released. Displacement of the head of the column was blocked in both lateral direc
tions, as well as the rotation around the longitudinal axis. The head allowed for displacement 
along the axis of the bar, as well as rotation in and out of the lacing plane. Deplaning at both 
ends of the column was blocked by nodal plates, diaphragm and lacings. 
Loading was applied by means of a manual hydraulic cylinder with a load capacity of 200 

kN. The N force was transferred to the model by means of a lever screwed to the model with 6 
pre-stressing screws. The lever was used to apply the longitudinal force N on the eccentric. 
The eccentric force N was ey = 470 mm. The main parameter measured during the testing was 
the section torsion angle at half the column height. The measurement was carried out using 
four inductive displacement sensors with a range of 100 mm located in pairs in two perpen
dicular directions. Additionally, in order to control for stiffness of the support, the side dis
placements of the chords were measured in the head with two inductive sensors with a 10 mm 
range. They were negligibly small. The values of displacement and N force were recorded by 
computer every 0.25 seconds. More detail concerning the testing station will be presented 
during the conference. 

4 EXPERIMENTAL TESTING OF THE PHYSICAL MODELS 

All models were inventoried prior to experimental testing. The dimensions of the rolled sec
tions and dimensions (transverse and longitudinal) of the composite bar were checked, also 
for geometrical imperfections. As the deviations in the dimensions of rolled sections were 
found to be within acceptable tolerance limits, and the deviations of dimensions and 

436 



imperfections were also within deviations specified in standards (PN-EN 1090-1, PN-EN 
1090-2), the design dimensions of elements and nominal sections were adopted for further 
experimental testing (ArcelorMittal 2008, Bogucki & Żyburtowicz 2006). 
The models were subjected to eccentric compression in two or one loading cycles. The first 

of the models tested, i.e. S-1.1, S-2.1 and S-2.2 was subjected to a two-loading cycle, whereas 
the next one was subjected to a single loading cycle. The model S-2.1 was tested first, serving 
as a benchmark for subsequent experimental testing. This test had to be terminated and the 
results were rejected as unreliable due to an insufficient torsional hold on the head. Another 
model, S-1.1, was loaded with a preload of 20.02 kN and then relieved. The permanent 
deformation was recorded in the form of a twisted shank amounting to 2×10-4 rad. In 
the second cycle, the model was loaded with a force of 60.16 kN, which represented about 
50% of the theoretical critical loading force. Further increase of the loading was interrupted 
due to the risk of the actuator slipping off the lever. Following modification of the actuator 
attachment, tests were carried out on the S-2.2 model. The loading regime was applied in two 
cycles, first the load was loaded to a value of about 20 kN, then relieved and reloaded until 
structural failure occurred. In the remaining models, loading was applied in a single cycle until 
structural failure occurred. 
In models S-2.2 and S-2.3, the load capacity was exceeded with the loss of stability of the 

cross-braces. In the last model of the S-2 series, the cross-braces on the flat bar were reinforced 
by welding overlaps onto the cross-braces in order to determine when loading capacity was 
exceeded due to loss of overall stability of the column. The overlays were the same thickness 
as the flat bars of the lacing (5 mm) and 230 mm long. The caps were fixed with point-back 
welds. The testing of the pipe models was carried out yielding no surprises. 
Measurements were obtained from the displacement sensors, which had been set in pairs 

1-2 and 3-4, and placed in the middle of column height. Static equilibrium paths φ-N were 
prepared for each post where φ is the angle of twisting of the section. Critical forces of flex
ural-torsional buckling were determined using the Southwell method, with simple regression 
relationships (1) determined using the smallest squares method. 

Figure 3 shows examples of the static equilibrium pathways of the S-1.2 column and the 
corresponding Southwell correlation graphs are shown in Figure 4. 
Table 1 summarises the results of the model testing. Southwell relationships were used to cal

culate the value of the critical force for flexural-torsional buckling Ncr,TF, which was determined 
separately from the torsion angle on the basis of measurements from a pair of sensors 1-2 and 
3-4, which were used to calculate the arithmetic mean value Ncr,TF. The table also presents the 
load capacity limits Ngr for the individual models. 

Comparing the values obtained for the critical force of flexural-torsional buckling, it can be 
stated that displacement is greater in the case of elements with a piping lacing, than in the case of 

Figure 3. Static equilibrium paths φ-N obtained during eccentric compression tests of model S-1.2. 
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Figure 4. Graphs showing Southwell relationships determined for model S-1.2. 

Table 1. Models S-1 and S-2 – presentation of results. 

Model Sensor identification Average Ngr Model 

1-2 3-4 Ncr,TF Failure 

R2 R2Ncr,TF Ncr,TF 

kN - kN - kN kN 

S-1.1 150.17 0.9732 147.76 0.9558 148.97 - (1)
 
S-1.2 137.79 0.9955 139.99 0.9989 138.89 135.59 (2)
 
S-1.3 134.03 0.9985 133.70 0.9996 133.87 129.67 (2)
 
S-1.4 150.84 0.9997 145.67 0.9997 148.26 141.19 (2)
 
S-2.1 no results
 
S-2.2 139.14 0.9722 134.79 0.9657 136.97 133.23 (3)
 
S-2.3 148.33 0.9962 145.01 0.9958 146.67 124.61 (3)
 
S-2.4 133.62 0.9987 128.68 0.9950 131.15 124.46 (2)
 

(1) – did not result in structural failure, (2) – flexural-torsional buckling of column, (3) – flexural buckling 
of lacings. 

columns with a flat bar lacing. It is important to note also that exceeding load-bearing capacity 
of the columns with flat bars led to a sudden structural failure with no prior indications evident. 

ANALYSIS OF RESULTS OF PHYSICAL MODEL TESTING 

The system of differential equations of flexural-torsional buckling of a bi-symmetric bar com
pressed by longitudinal force N and bent in a plane of higher stiffness at a constant moment 
Mz can be expressed in the following form (Gosowski 1999), (Weiss & Giżejowski 1991): 

Assuming that the bending moment results from the longitudinal force applied on the 
eccentric , the critical force of flexural-torsional buckling can be determined 
from the following formula (Gosowski 1999): 
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Table 2. Values of coefficients μy, μT and c (Gosowski 1999). 

Support in the plane Length coefficient buckling Coefficient c 

xz yz μy μT 

f-f f-h 0.5 0.7 0.78 
f-h f-f 0.7 0.5 0.78 
h-h f-f 1 0.5 0.77 
h-h f-h 1 0.7 0.83 
f-r f-e 1 0.2 0.83 
f-e f-r 2 1 0.79 

h – hinged, f – fixed, e – free end, r – restrained against rotation or warping but free translation or twist, 
respectively. 

Table 3. Values ITl for models S-1 i S-2 and from earlier research. 

Model Eccentric compression 
Torsion 
(L&G 2018) 

Bending 
(L&G 2020) 

Ncr,TF IT Ncr,TF,śr IT;s0r IT;s0 r IT;s0r 

kN cm3 kN cm3 cm3 cm3 

S-1.1 
S-1.2 
S-1.3 
S-1.4 

148.97 
138.89 
133.87 
148.26 

32.811 
22.299 
17.902 
31.985 

142.50 26.25 19.04 20.80 

S-2.1 
S-2.2 
S-2.3 
S-2.4 

-
136.97 
146.67 
131.15 

-
20.555 
30.191 
15.724 

138.26 22.16 16.60 17.26 

where: Ny, NT – critical buckling force: flexural and torsional respectively, io - polar radius 
of inertia with respect to the centre of gravity, ey – eccentricity of the force; c – coefficient 
depending on support conditions, which is equal to 1 at μy ¼ μT , and at μy≠μT takes on the 
values presented in Table 2. 
On the basis of the critical force of flexural-torsional buckling determined in the experimen

tal tests, transforming the formula (4) accordingly, makes it possible to determine the equiva
lent pure torsional moment of inertia ITl . Material constants E = 205 GPa, υ = 0.3 and 
relevant coefficients with the following values were adopted: c = 0.77, μy = 1,  μT = 0.5. The 
notional sectorial moment of inertia was determined from the relationships presented by Lor
kowski & Gosowski (2018) 

where: Iyp, Iωp – the moment of inertia about y-axis and the sectorial moment of inertia of 
a single chord respectively, a – the distance from the shearing source of the chords (cf. Figure 1). 
The values obtained for ITl . are presented in Table 3, in which the  two final columns provide  

for comparative purposes, the results from testing of the similar models for torsion and bending. 
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Table 4. Summary of results for eccentric compression, torsional and bending models. 

Model Eccentric compression Torsion (L&G 2018) Bending (L&G 2020) 

Ncr,TF IlT; IlT; IlT; 

kN cm3 cm3 cm3 

S-1 
S-2 

138.14 
135.55 

21.61 
19.32 

16.69 
14.09 

15.67 
13.31 

6 TESTING WITH NUMERICAL MODELS 

Numerical model testing was carried out using the ABAQUS program for calculations 
(ABAQUS 2012). The program is based on the Finite Element Method (FEA). 
Calculations using the ABAQUS program were performed with resources made available by 

the Wrocław Supercomputer Network (http://wcss.pl), under the calculation grant No. 306. 
The models were generated in the CAE module, whereas calculations were made using the 

STANDARD module. The models were divided into solid, 8-node finite elements, with 
reduced integration (C3D8R), and in places where the geometry of the model did not allow 
for it - 6-node solid elements (C3D6). Solid elements, in contrast to coated elements, take into 
account the deformation of the cross-section throughout its thickness, so they are better 
suited for testing the types of structures with which we are concerned here (Gosowski & Niż
niowski 2008). The size of finite elements was selected so as to ensure the maximum length did 
not exceed 8 mm. The number of finite elements, depending on the model type was in the 
range of 65÷98 thousand. 
Material constants were adopted as for the physical models. As the focus of concern was 

not the analysis in the extra-elastic range, a linear-elastic material model was assumed. 
The calculation procedure assumed three steps. The initiating step, in which the support 

conditions were defined, the first step - overall static analysis and the second step - stability 
analysis. The stability analysis was carried out using the buckle procedure, which belongs to 
the group of linear instabilities 
In the case of the S-1 model, the programme generated 15 eigenvalues, which fell within the 

force range defined (between 130 and 160 kN), with only one of them taking on a form of 
overall stability loss, which was interpreted as the critical force for flexural-torsional buckling. 
In the case of the S-2 model, 24 eigenvalues were found to lie in the force range between 110 

and 150 kN. The value that had the lowest positive value and a generalisable form was inter
preted as the critical force for flexural-torsional buckling. 
Table 4 shows the calculation results for the eccentric compressive models S-1 and S-2. The 

first column presents the first eigenvalue relating to the loss of overall stability, which is also 
the critical force of flexural-torsional buckling. On the basis of this value, ITl .was calculated. 
The formula (4) was used for this purpose, and the solution was obtained using an iterative 
method. In the last two columns the values Il are presented for purposes of comparison. T; 
These value were obtained from torsional and bending numerical analysis. 
The comparison of the two models from the point of view of the critical force for flexural-

torsional buckling leads to the conclusion that there is little benefit from using pipes over flat 
bars for the lacing. However, a comparison of results of loading capacity limit results indicates 
a clear advantage of using piping for the lacing. 

7 SUMMARY AND CONCLUSIONS 

The tests carried out on the elements of concern for eccentric compression confirm their sensi
tivity to spatial loss of stability, when compared to quasi-closed lacing elements. In addition, 
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both FEM testing and physical model testing confirm that bars with pipe lacing exhibit more 
favourable behaviour in relation to localized stability. In the case of elements subjected to 
compression, this is important as the stability loss pathway of cross-braces with flat bars takes 
place suddenly without prior indication. 
When the load-bearing capacity is exceeded, more than half of the compressed bars with 

flat bars buckled. In contrast to elements subjected to bending, a different failure mechanism 
appears. In elements subjected to bending, the cause of stability loss is related to localised 
loading of cross-braces in response to changes in the support structure. In the case of eccentric 
compression, the loading on the cross-braces comes mainly from the transverse force of the 
column body. Stability loss of one of the cross-braces results in it being excluded from loading 
transfer and, in consequence, demands that forces are transferred through the remaining 
cross-braces. It is this that results in a rapid, cascading loss of stability of the remaining cross-
braces. This phenomenon is especially dangerous in relation to important load-bearing struc
tures. Incorrect diagnosis of this phenomenon may result in structural failure. 
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ABSTRACT: This paper deals with the numerical investigation aimed to study the axial capacity 
of pin-ended steel built-up columns. Three methods of calculating forces in chords and batten, 
taking into account the material and geometric imperfections specified in the Eurocode 3 are con
sidered. The aim of this study was to compare different methods allowing the calculation of the 
column load capacity and determine a simpler and faster method than the present Eurocode 3 pro
cedure related to design of built up members. In the paper, the method according to Eurocode 3 
for uniform built-up compression member and the method according to PN-B-03200:1990 are 
compared with the code method for the structure modeled as separate members for column chords 
and battens. Calculations were carried out for the column modeled by 1D-beam elements and for 
a whole shell model of the column. Finite element (FE) models were established and verified 
against the built-up columns with similar configurations that were tested experimentally in the stud
ies presented in the literature, and then compared with the calculations specified in Eurocode 3. 

1 INTRODUCTION 

Thanks to the spacing of the chords, built-up columns make it possible to obtain high 
moments of inertia at low cross-sectional area, and thus low steel expenditure. This is espe
cially important for columns with long buckling length. The chords can be made of hot-rolled 
or cold-formed sections, connections between them can be made with lacings or battens. 
The most common in engineering practice method of calculation of built-up columns with 

battens is the procedure according to Eurocode 3 (2005) (EC3) where the model of a uniform 
built-up compression member is applied. The assumption described in EC3 allows to calculate 
regular structures with battens smeared along the column. The problem is that this method is 
precisely defined only for columns with parallel chords of constant cross-section, modular bat
tens distribution and pinned supports. 

2 STATIC ANALYSIS 

The load capacity of the entire built-up member can be calculated knowing the values of 
internal forces in its individual elements, and then checking the code limit load for each elem
ent separately. The EC3 standard recommends assuming an initial bow imperfection e0 = L/ 
500, where L is the column length. The calculation of internal forces with initial imperfection 
can be performed in several ways, three of them are presented below. 
For the calculation of internal forces, the data of an example column were adopted. Steel 

S235 (yield stress fy = 235 MPa, elastic modulus E = 210 GPa) was used, and the column was 
loaded with a concentrated force of 1500 kN. Figure 1 shows the diagram and dimensions of 
the built-up member. 

DOI: 10.1201/9781003132134-57 
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Figure 1. Diagram and dimensions of the built-up member of the example. 

2.1 Procedure according to Eurocode 3 (EC3) 

PN-EN 1993-1-1, point 6.4 describes the method of calculating internal forces in the chords 
and battens of built-up members with parallel and constant chords along the entire length of 
the column, and the battens fixed in the modular arrangement (not less than 4 battens). The 
supports of the column must be pinned. For columns with a different boundary condition or 
variable cross-section, EC3 recommends performing appropriate modifications, but it has not 
been specified how to implement them. 
The distribution of internal forces in the end panel proposed in EC3 is shown in Figure 2. 

Simultaneity occurrence of the maximum chord forces Nch;Ed and the maximum shear force 
VEd is assumed. 

2.2 Numerical model with equivalent horizontal load 

In the literature, it was proposed to implement imperfections to the beam model using the 
horizontal equivalent force, as for example by Falborski et al. (2019). The uniform linear load 
to one chord along its entire length is applied. The force is calculated so that the bending 
moment in the center of the column is equal to the moment that would occur in the column 
with the initial imperfection e0 = L/500. 

The value of the equivalent horizontal forces can be obtained from the condition of the 
equilibrium moments: 

The beam model with an additional element redistributing the force from the support to the 
column was made in the ARSA program. Each pair of battens was modeled as a single beam 
with a thickness equal to twice the thickness of the batten. All member connections are fixed. 
The calculations as a nonlinear static analysis were performed. 

2.3 Numerical model with geometric imperfection directly implemented in form of initial bow 

The ARSA program enables implementing the initial imperfection to the model by importing 
the buckling mode with a specified maximum displacement. A linear buckling analysis was car
ried out with the beam model from the previous point, and then, using the buckling 
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Figure 2. Moments and forces in an end panel of a battened built-up member (EN 1993-1-1 1992). 

Figure 3. Replacement of initial imperfections by equivalent horizontal forces (EN 1993-1-1 1992). 

deformation option, the initial deformation from the first buckling mode was assigned to the 
model (global buckling of the entire column with a buckling length equal to the column 
length). 

2.4 Comparison of internal forces 

The comparison of internal forces obtained by different methods is shown in Table 1. Com
paring the obtained forces, it can be seen that the normal force in the chord Nch;Ed is almost 
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Table 1. Comparison of internal forces obtained by different methods. 

Nch,ED Mch,ED Vb,Ed Mb,ED 

Internal force [kN] [kNm] [kN] [kNm] 

EC3 procedure 834.1 3.50 56.0 7.00 
Horizontal equivalent load 832.2 3.61 38.8 4.85 
Imperfection in form of initial bow 831.2 3.16 39.1 4.89 

identical regardless of the calculation method used. The results obtained from both numerical 
methods are very similar. The greater bending moment in the chord Mch;Ed, occurring in the 
method using the equivalent load, is due to the way the load is applied, which directly 
increases the bending moment in the chord. 
Code calculations assume that the moments on both sides of the chord connected to the 

batten are equal, therefore the moment in the batten is twice the maximum moment in the 
chord. However, the maximum moment in the chord occurs only at its end, where it is trans
ferred to the last batten without doubling. The moment on both sides of the chord is summed 
up on the penultimate batten, at this point the moment in the chord is less than the maximum. 

3 CALCULATION OF THE LOAD CAPACITY 

By knowing the internal forces in the individual elements, it is possible to calculate the load 
bearing capacity of the entire column using the procedure according to EC3. The PN
B-03200:1990 (PN) standard also presents a method of calculating the buckling resistance of 
built-up columns. The calculation procedure is based on reduction factors. 

3.1 Method of calculating the bearing capacity based on the linear buckling analysis (LBA) 

Method of calculating the bearing capacity based on the buckling resistance procedure of 
a homogeneous member according to EC3 is proposed. The elastic critical force of the entire 
column was calculated by the linear buckling analysis in the ARSA program. The buckling curve 
c was assumed. Similar considerations are described in the article Uziak & Gizejowski (2010). 

3.2 Comparison with experimental results known from the literature 

For the purpose of comparison of the above-mentioned methods of calculating the resistance 
of built-up pin-ended columns with battens, the experimental studies carried out by Mitsui & 
Sato (2017) were used. The article describes the experimental research, numerical calculations 
and code calculations according to Design Standard for Steel Structure (AIJ 2005). 

In the article the calculations were carried out for columns composed of two cold-formed 
chords and battens made of flat bars. The connection between them was made by pretension 
bolts, for the purposes of subsequent calculations, it was assumed that these connections are 
fixed. Parameters selected to determine the configuration of the specimens were the separation 
between connectors a, the distance between the centroids of chords h, and the length of the 
member L. An example of the column cross-section used in the article is shown in Figure 4. In 
this article, six types of columns each with a height of L = 3700 mm were used for 
calculations. 
The comparison of load capacities obtained by different methods is shown in Table 2. In 

most cases, the calculated load capacity is less than that known from the experiments. For 
built-up members with a small number of battens (a1200h50, a1200h70) the load capacity is 
significantly underestimated by EC3 and PN code procedures. The load capacities obtained 
using the LBA method are in most cases more similar to the experimental ones than those 
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Figure 4. The cross-section of the exemplary column based on Mitsui & Sato (2017). 

Table 2. Load capacities of the tested columns obtained by various methods. 

a400h60 a720h50 a720h60 a1200h50 a1200h60 a1200h70 

Method [kN] [kN] [kN] [kN] [kN] [kN] 

Strength tests (average) 99.5 66.1 77.7 53.7 71.2 88.3 
EC3 procedure 92.2 60.3 79.2 46.9 57.7 65.8 
PN procedure 81.5 59.6 73.4 49.0 58.2 66.8 
LBA method 83.8 64.4 77.7 56.9 66.5 74.7 

calculated using the EC3 and PN code procedures. This may indicate that the LBA method 
describes the resistance of built-up members with battens whose failure model is global buck
ling, sufficiently well. 

4 CALCULATIONS ON THE SHELL MODEL 

4.1 Numerical analysis model 

In order to verify the correctness of the critical force calculation on the beam model in ARSA 
program and to perform geometrically and materially non-linear static analysis, a shell model of 
the entire column was created in the ABAQUS program. The model was made of a720h60 
column, for which the load capacity tested experimentally was 77.7 kN. Chords and battens were 
modeled as shells, the connections between them are fixed. The steel properties were assumed as 
elasto-plastic according to the data given in the article: yield stress fy = 306 MPa, ultimate tensile 
strength fu = 450 MPa, elastic modulus E = 205 GPa and Poisson’s ratio  v = 0.3. The column was 
loaded with a concentrated force at one end. 

4.2 Linear buckling analysis 

In order to obtain critical loads and buckling modes, the linear buckling analysis of the 
column was performed. The obtained critical force was similar to that obtained from calcula
tions on the beam model. This confirms the validity of using the beam model for the calcula
tions presented earlier. 
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Figure 5. The shell model in the ABAQUS program. 

4.3 Geometrically and materially non-linear static analysis 

Geometrically and materially non-linear static analyses were performed on the presented shell 
model. The initial imperfection in form of the first buckling mode (similar to bow) of the entire 
column was assigned to the model, according to the EC3: e0 = L/500. Imperfections were 
assigned by importing nodal displacements from the linear buckling analysis with a set maximum 
displacement. In the case of the global imperfection assigned only (recommended for built-up 
members), the obtained load capacity is significantly overestimated and amounts to 86.8 kN. 
To obtain a result more similar to the strength tests, an additional imperfection related to 

the buckling of the chord in its central part (buckling between battens) should be added. The 
bow imperfection (with distortion of the cross-section) with a value of a/200 was introduced. 
The load capacity obtained in this case was 78.6 kN. 

Figure 6. Load capacities of the a720h60 column obtained by various methods. 

CONCLUSIONS 

–	 The code procedure for single homogeneous axially compressed members (LBA) can be 
used to calculate the global buckling resistance of a built-up column. The buckling curve 
that best describes the buckling resistance of a built-up member: c. 
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–	 Currently, computer programs allow to perform non-linear static analyses of the entire 
column model (beam or shell), and the code regulations should specify exactly the imperfec
tions that should be assumed in the model. 
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ABSTRACT: The inelastic second-order resistance of I-section beam-columns under arbi
trary loading cases of one-directional bending is mainly dependent upon two factors, namely 
the direction of bending and the contribution of the web and flanges to the section moment of 
inertia in the plane of bending. Based on the concept of an approximate method of the evalu
ation of inelastic second-order resistance of beam-columns presented by the authors else
where, the objective of the present study is to develop the model parameters representing 
functions for accounting an approximate inclusion of distributed plasticity effects of plastic 
zones (stress redistribution along the member length) and within the member most stressed 
section (stress redistribution across the most stressed section depth). The model parameters 
for major axis bending are assessed for narrow flange I-section beam-columns (symbol I is 
used for the narrow flange section identification) on the basis of results obtained from 
a number of FEM simulations based on an accurate shell modelling technique and using 
Abaqus software. The concept of equivalent geometric imperfections is applied in compliance 
with the so-called Eurocode’s general method in order to include globally the effect of geomet
ric and material imperfections. The resulting model parameters evaluated for I-section steel
work elements being laterally and torsionally restrained are compared with those developed 
elsewhere for hot-rolled wide flange HEB section members subjected to both compression and 
bending about the major principal axis. Additionally, results are compared with those 
obtained in previous studies and those of Eurocodes interaction criteria based on Methods 1 
and 2. Concluding remarks with regard to the in-plane buckling resistance of double-tee sec
tion beam-columns are presented. 

INTRODUCTION 

When the laterally and torsionally restrained I-section beam-column, simply supported in the 
plane of bending is uniformly compressed and arbitrary bent about the major principal axis, its 
in-plane dimensionless buckling resistance curve evaluated in the plane nEd-my,Ed is strongly 
dependent upon the moment gradient (where nEd = NEd /Npl,Rk and my,Ed = MEd /My,pl.Rk and 
the other symbols sre used according to the Eurocode 3 notations, see Simoes da Silva et al. 
2016). Since the axial force produces an additional moment component resulting from the P-δz 

effect, the member buckling resistance prediction requires a less or more precise evaluation of 
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the most stressed section location along the member length. This in turn is an easy task only for 
the uniform bending for which the most stressed section is that at mid-length of the member. 
All other cases of the moment gradient need to either an estimation of the location of the most 
stressed section along the member length or making a rough assumption for engineering prac
tice that the nonuniform moment case is replaced by the case of a substitute uniform moment 
in which the equivalent moment takes the form My,eq = CmyMy,max where Cmy is the conversion 
factor (lower index Ed is dropped off in the following for the convenience of presentation). 
For the reference perfect member of a linear first-order moment gradient produced by 

unequal support moments, the value of My,max has widely been approximated by the following 
relationship (see Trahair et al. 2008): 

 
My;max Cmy¼ > 1 ð1ÞNMy 1 Ny 

where Ny = lowest bifurcation (critical) force for buckling about y-y axis; ψmy = Myd,min 

/Myd,max is the ratio of applied support moments; Cmy = 0.6 + 0.4ψmy is the moment conver
sion factor. 
Gizejowski & Stachura (2020) postulate that for any moment gradient the maximum 

moment coincides with the member end section of the maximum moment, and it can be trea
ted as a combination of symmetric and antisymmetric components, so that Equation (1) 
might be replaced by the following: 

  

where Nya = second-lowest bifurcation force for buckling about y-y axis, so that the conver
sion factor in Equation (1) may be approximated by: 

In reality, the location of the maximum moment is not at the support for any moment gra
dient situations but changes from the mid-section in case of the equal support moments in 
opposite directions to the end-section in case of the equal support moments in the same direc
tion. For more accurate predictions, Gizejowski & Stachura (2020) propose the deflected pro
file to be represented by a combination of two eigenmodes corresponding to two lowest 
eigenvalues detected from the bifurcation LEA analysis of a perfect column. Then, the max
imum moment closed-form relationship for the section most stressed in bending is developed, 
more accurate than those given by Equations (1) and (2). The buckling resistance utilization 
ratio BRUR of a straight and residual free beam-column may therefore be represented as 
a sum of the section resistance utilization ratio in the axial compression and the most stressed 
section resistance ratio in the second-order bending: 

�N My My;maxBRUR ¼ þ 1 ð4Þ
Nc;R Mcy;R My 

where Nc,R = class dependent section axial resistance; Mcy,R = class dependent section bend
ing resistance about y-y axis. 
Current design codes are based on the buckling resistance models of imperfect members. 

Eurocode 3 (2005) introduces the Ayrton-Perry first yield column buckling model so that 
Equation (4) is no longer valid. It has been proposed that the resultant beam-column 
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resistance utilization ratio RUR can be approximated by using the maximum value of those 
corresponding to the class-dependent section resistance under compression and bending 
CRUR and the class-dependent buckling resistance under compression and bending BRUR 
that is a simple extension of Equation (4) with Cmy according to Equation (1) being not less 
than 0.4 (see Trahair et al. 2008): 

where Nby,R = class-dependent buckling resistance of an imperfect column, replacing that of 
a perfect member min(Ny; Nc,R); Cmy ≥ 0.4 = moment conversion factor according to Equation (1). 

Trahair et al. (2008) suggest that the in-plane buckling resistance of beam-columns bent about 
y-y axis may be suitably interpolated between the linear and parabolic approximations valid 
accordingly for single curvature bending (ψmy = 1) and double curvature bending (ψmy = –1): 

where 

Eurocode 3 (2005) introduces the interpolation equations being distinctively different from 
those of Equations (5) and (6). Moreover, they include the fact that different double-tee sec
tions have different technological imperfections affecting the buckling response. The buckling 
resistance of rolled double-tee section columns is dependent upon the ratio of the section 
depth and flange width as well as upon the flange thickness while the buckling resistance of 
their welded counterparts is dependent mainly upon the flange thickness. 
Many recent investigations refer to interpolation equations adopted in current design codes 

in order to propose alternative analytical-numerical formulations that allow for even more 
reliable reproduction of in-plane and out-of-plane buckling resistances of real (imperfect) 
beam-columns. Kucukler et al. (2015) developed a direct design method, the so-called stiffness 
reduction method, that takes into account the detrimental influence of imperfections and 
effect of distributed plasticity on the buckling resistance of beam-columns. Authors of this 
paper refined the so-called General Method of Eurocode 3 (2005) in their study of Gizejowski 
et al. (2019b). The study was referred to wide flange double-tee beam-columns of the size ratio 
h/b ≤ 1.2 (symbol H was used for such section identification). For the buckling resistance of 
H-section beam-columns, the degrading effect of imperfections, as well as the effect of inelastic 
stress redistributions across the sections and the member length were suitably included in the 
proposed formulation. For evaluating the in-plane buckling resistance of H-section beam-
columns, the amplified second-order formulation developed introduced the model parameters 
which were calibrated (Gizejowski et al. 2019a). Since the developed approach would rather 
be considered as general but model parameters were calibrated for H-section beam-columns, 
it needs to be verified when postulated to be used in the buckling resistance prediction of I-sec
tion beam-columns for which h/b > 1.2. This study is entirely devoted to this issue. 
Firstly, a brief description of the proposed model is presented. Next, the model parameters are 

calibrated for I-section beam-columns subjected to unequal end moments. The verification exercise 
is carried out by using FEM results from a numerical shell model built up within the framework 
of ABAQUS software. Resultant calibrated model parameters for I-section beam-columns are 
compared with those developed earlier for H-section beam-columns. Finally, the results from the 
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proposed model and calibrated model parameters were compared with those obtained with the 
use of interpolation formulas adopted in Eurocode 3 (2005) in which the interaction factors were 
evaluated according to Methods 1 and 2 according to respectively Annexes A and B of that code. 
Conclusions with regard to engineering practice are formulated. 

2 ANALYTICAL MODEL FOR IN-PLANE BUCKLING RESISTANCE 

2.1 Brief description of proposed model 

The base model was studied and its details were presented and discussed in the authors ori
ginal paper of Gizejowski et al. (2019a). In the following, the proposed model based on 
a linear combination of elementary resistance utilisation ratios is called the refined analytical 
formulation (RAF). 

2.2 Finite element simulations and calibration of I-section beam-column model parameters 

A representative narrow flange section of IPE 180 made of steel grade S235 is used. Beam-
columns of the comparative slenderness ratio being the same as those used for H-section mem
bers of HEB 300 in Gizejowski et al. (2019a) are used, namely 0.5, 1.0, 1.5. The method of 
equivalent geometric imperfection is used for numerical simulations. The imperfection ampli
tude was calculated according to Eurocode 3 (2005) using the plastic properties of the section. 
For the I-section used in simulations, the Eurocode’s buckling curve “a” is relevant, therefore 
the imperfection factor of αy = 0.21 has to be used. The results of the finite element method 
simulations (FEM) were obtained using ABAQUS software with shell modelling techniques. 
The constitutive steel model was piece-wise-linear elastic-plastic with isotropic hardening. 
More details can be found in Gizejowski et al. (2019a). 

2.3 Comparison of model parameters for I- and H-section beam-column 

In Table 1, the values of calibrated model parameters are summarized for I- and H-section 
beam-columns (for H-section members, see Gizejowski et al. 2019a). 
Figure 1 shows the comparison, in dimensionless coordinates, of the in-plane resistance 

curves of I-section and H-section beam-columns under unequal end moments and two extreme 
cases of moment gradient ratios, namely ψmy = 1 and –1 and three slenderness ratios. 

From the comparison of results presented in Figure 1 one can observe that zones of 
the stable behaviour of I- and H-section beam-columns are not identical. The zone 
bounded by the ultimate strength curves for I-section beam-columns is greater than that 
for H-section of corresponding slenderness ratios. It is visible good consistency between 
RAF and FEM results for members of IPE 180 cross-section, as well. Comparison of 
the in-plane resistance results of RAF and FEM for members of HEB 300 were pre
sented in Gizejowski et al. (2019a). 

Table 1. Comparison of model parameters for I- and H-section beam-columns. 

Section depth Member length 

Redistribution γ γccy cby 

H-section 3.75 2.0 3.75 2.0
 
I-section 3.75 3.0 11.25 3.0
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Figure 1. Comparison of ultimate strength curves for I- and H-section beam-columns: a) ψmy = 1; 
b) ψmy = –1. 

3 COMPARISON USING EUROCODE’S INTERPOLATION RELATIONSHIP 

3.1 Brief description of Eurocode 3 interpolation relationship approach 

Eurocode 3 (2005) provides a set of resistance interpolation functions for the section resistance 
and the member buckling resistance as well as the interaction factors of the latter are obtained 
with the use of Method 1 (Annex A, background given by Boissonnade et al. 2004) or Method 
2 (Annex B, background given by Greiner & Lindner 2006). 

3.2 Presentation of results 

Figure 2 shows the comparison, in dimensionless coordinates, of the in-plane resistance curves 
of I-section beam-columns under unequal end moments and two moment gradient ratios, 
namely ψmy = 1 (symmetrical bending) and –1 (antisymmetrical bending) and three slenderness 
ratios. Results from the authors’ analytical model with the model parameters of the present 
study (marked as RAF) are compared with those from the Eurocode’s interpolation relation
ships and interaction factors according to Method 1 (marked as EN-M1). 
From the comparison of results presented in Figure 2 one can observe that curves of present 

study, verified positively with the use of FEM simulations (see Figure 1), are generally placed 
above those based on the Eurocode 3 (2005) and member interpolation equations with the use 
of interaction factors according to Method 1. In case of the uniform bending moment (ψmy = 1)  

Figure 2. Comparison of ultimate strength curves of present study and Method 1 Eurocode’s interpol
ation relationships: a) ψmy = 1; b) ψmy = –1. 
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Figure 3. Comparison of ultimate strength curves of present study and Method 2 Eurocode’s interpol
ation relationships: a) ψmy = 1; b) ψmy = –1. 

and the member slenderness ratio equals to 1.0 and 1.5 both analytical formulations are close to 
each other. Good consistency between considered methods is for the antisymmetric moment 
diagram (ψmy = –1) and the member slenderness ratio 0.5, as well. The difference is increasing 
with decreasing value of the moment gradient ratio ψmy where an antisymmetric loading com
ponent is more important. 
Figure 3 shows the comparison of the RAF developed herein for I-section beam-columns 

and the results of the Eurocode’s interpolation relationships and interaction factors accord
ing to Method 2 (marked as EN-M2). Results are presented for the same moment gradient 
ratios ψmy and slenderness ratios as in Figure 2. Observing the results of the conducted com
parison, one can conclude that curves of the present study are practically above those calcu
lated from Eurocode’s interaction equations and interaction factors according to Method 2, 
especially for antisymmetrical bending moment. In case of the uniform bending moment 
(ψmy = 1) and the member slenderness ratio equals to 1.0 and 1.5 both analytical formula
tions are close to each other. The same observation is for the antisymmetric moment dia
gram (ψmy = –1) and the member slenderness ratio 0.5. The highest differences between all 
methods presented in Figures 2 and 3 are for ψmy = –1 and the member slenderness ratio 1.0 
and 1.5. 

CONCLUDING REMARKS 

In this paper, based on the concept of an approximate method of the evaluation of 
inelastic second-order resistance of beam-columns presented by Gizejowski et al. (2019a), the 
model parameters for narrow flange I-section beam-columns were developed. Investigations 
concerned the functions for accounting an approximate inclusion of distributed plasticity 
effects of plastic zones (stress redistribution along the member length) and within the member 
most stressed section (stress redistribution across the most stressed section depth). 
The results presented in Figures 2 and 3 indicate that the analytical model developed in 

Gizejowski et al. (2019a) for the in-plane buckling resistance is considerably less conserva
tive than that of Eurocode’s Method 1 and Method 2. The comparison of results in Figures 
2 and 3 clearly supports the conclusion that the concept of the so-called equivalent uniform 
moment factor used in Eurocode 3 (2005) results in significantly more conservative results, 
specifically for the antisymmetrical loading component (ψmy = –1) and when Eurocode’s 
Method 2 is used. The advantage of the proposed formulation is that there is no need for the 
introduction of any equivalent moment factor. The developed model has a simple physical 
interpretation and is based on a linear combination of elementary resistance utilisation 
ratios. In addition, the proposed analytical model has only one design condition instead of 
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two required by Eurocode 3 (2005), where the cross-section capacity and the overall stability 
must be checked separately. 
The verification of the results presented in subsection 2.3 and Gizejowski et al. (2019a) indi

cates that the proposed analytical model of the in-plane buckling resistance represents the 
behaviour of imperfect I- and H-section beam-columns with sufficient accuracy for practical 
applications for any value of the moment gradient ratio or member slenderness ratio. 
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ABSTRACT: The formulation of deterministic optimization in no way takes into account 
the randomness of the design variables [Chybiński, M., Garstecki, A. (2017), Czubacki, R., 
Lewiński T. (2020)]. Optimum structures are particularly sensitive to parameter imperfections. 
Optimal solutions located on the border of the acceptable area may relatively easily turn out 
to be completely useless if the parameter values differ from the assumed nominal values. It 
seems natural to extend the formulation of deterministic optimization, which takes into 
account the uncertainty of parameter values. Robust optimization proposed in the paper 
offers such possibilities. In the paper, robust optimisation is discussed on the example of 
a single-layer lattice covering. After dimensioning the individual groups of bars, the safety 
level of the structure was assessed by determining the reliability index and failure probability. 
The structure under analysis is susceptible to stability failure resulting from the condition of 
the node snap-through. On this basis, a displacement limit function was adopted, which refers 
to the maximum displacement value at the instant of the node snap-through. Next, two 
methods of structure optimisation (deterministic and robust), based on analogous constraints 
and objective function, were compared. The comparison of both methods ends with 
a reassessment of the safety level of the structure. As a result of robust optimization, 
a structure with a slightly larger mass was obtained. The difference in the weight of the struc
ture in the case of deterministic and immunity optimization did not exceed 2%. However, the 
reliability index, which measures the safety of the structure, has increased significantly. At the 
expense of a slight increase in weight, we obtained a structure that is more reliable and resist
ant to the dispersion of parameters characterizing the structure’s operation. 

INTRODUCTION 

The notion ‘robust design’ covers broadly understood methodology of designing structures, 
devices and also manufacturing processes, which aims to find a solution showing the highest 
resistance to changes in parameters. At the same time, high functionality of the systems 
designed is to be maintained. Reduction in the variance of quantities that characterize the 
structure performance can be achieved by either limiting, or eliminating the scatter of the 
values of input parameters. In practice, such an approach generates too high costs, making it 
unviable. A far better method involves a choice of selected design variables made in such 
a way that a design resistant to parameter variances is obtained, but variances in the structure 
random parameters do not change. Robust optimisation falls into the methodology category 
specified above. 
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Figure 1. The concept of robust optimisation for a single design variable. 

The concept of robust optimisation, shown in Figure 1, is explained on the example of 
a problem with one design variable X. When a constant variance of the X random variable is 
assumed, it can be observed that for the solution μX

(2), the objective function variance is 
decidedly lower than for solution μX

(1). In the latter case, the reduction in the average value of 
the objective function is accompanied by a significant increase in variance. 
Robust optimisation represents non-deterministic optimisation formulations. That is due to 

the fact this approach takes into account the impact of the random nature of the structure 
parameters on the scatter of the structure response, which usually leads to an increase in the 
structure reliability. A typical objective function in robust optimisation problem usually 
includes terms of the mean value, and of variance of the structure response function. Con
straints can be deterministic, or can be expressed by the first two statistical moments of 
response. Contrary to other optimisation types (e.g. reliability optimisation), imprecise deter
mination of types of probability distributions is not of primary importance. The values of the 
first statistical moments of the structure responses depend primarily on the first moments of 
random variables. When relevant data are not available, a uniform or normal distribution of 
variables is often assumed [Błachowski et al. (2020), Tauzowski et al. (2019)]. Interesting 
modern optimization methods using e.g. genetic algorithms are presented in the paper [Miller, 
Ziemiański (2020)]. The paper [Rozvany et al (2014)] deals with so-called “optimal plastic 
design” of trusses with multiple loads, which is based on ultimate load limit principles and 
requires only statical admissibility of the solution. 

PROBLEM FORMULATION 

The aim of robust optimisation is a simultaneous minimization of both the average value and 
random variation of the objective function. The standard deviation is most often used to 
describe the scatter. In the formulation below, a two-element vector of the optimisation cri
teria is found, namely: mean value E[f (d, X, P)], and standard deviation σ[f(d, X, P)], which 
accounts for multi-criteria optimisation problem formulation. The task of robust optimisation 
can be formulated as follows: 
Find values of variables: 

that minimize: 

with the constraints: 
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where: d – deterministic design variables, X, P – vectors of random variables with expected 
values of µx, µp, f  – objective function, gi – functions of constraints, ck – functions, the stand-eard deviations of which must not exceed the allowable values σu 

k, βi40 – coefficients corres
ponding to the constraints gi ≥ 0 which represent the safety margin with which these 
constraints must be met. 
The concept of constraints is shown in Figure 2. While solving the problem of robust opti

misation, it is sought that, at the optimum point, the mean values of the constraint functions gi, 
i=1,. . .,kg, should be shifted away from zero by at least βei standard deviations. A very popular 
way to solve multi-criteria optimisation tasks is to employ the problem scalarization method. In 
the method, a linear combination of criteria is used as an objective function. Consequently, the 
problem (7) – (12) can be modified to obtain the following scalar optimisation problem: 
Find values of variables: 

that minimize: 

with the constraints: 

The weight coefficient α ∈ [0, 1], found in formula (8), specifies the relevance of each of the 
criteria, whereas μ* and σ* are normalizing constants. Assuming α = 0, the optimisation prob
lem is converted into a typical task of minimising the mean value. For α = 1, however, 

Figure 2. The concept of constraints in the robust optimisation. 
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optimisation becomes the problem of minimising the objective function variance. A key elem
ent of the algorithm employed to perform the robust optimisation task involves an effective 
method of estimating mean values and standard deviations of the objective function and the 
constraint function [Stocki et al. (2012)]. 

EXAMPLE 

In the study, a steel single-layer lattice dome loaded with force P = 3.665 kN at each node was 
analysed. The members of the dome were designed to be made of S235 steel, with yield 
strength fy = 235 MPa, Young’s modulus E = 210 GPa and Poisson index v = 0.3. The geom
etry of the dome of concern is shown in Figure 3 and Table 1. The weight of the structure 
modelled is Mass = 813.5139 kg. 
In the structure, three groups of bars were specified as shown in Table 2. 

Figure 3. The lattice dome geometry.
 

Table 1. The lattice dome geometry.
 

X Y Z X Y Z 
Node Node 
number [cm] [cm] [cm] number [cm] [cm] [cm] 

1 646.716 646.716 46.000 10 378.837 1293.431 0.0 
2 646.716 996.716 34.000 11 914.594 1293.431 0.0 
3 894.203 894.203 34.000 12 1293.431 914.594 0.0 
4 996.716 646.716 34.000 13 1293.431 378.837 0.0 
5 894.203 399.228 34.000 14 914.594 0.0 0.0 
6 646.716 296.716 34.000 15 378.837 0.0 0.0 
7 399.228 399.228 34.000 16 0.0 378.837 0.0 
8 296.716 646.716 34.000 17 0.0 914.594 0.0 
9 399.228 894.203 34.000 

Table 2. Cross-sections adopted for individual groups of bars. 

Group name Bar numbers Profile 

Meridian_1 (Blue) 
Meridian_2 (Orange) 
Ring (Green) 

1 to 8 
17 to 32 
9 to 16 

RO54 x3.6 
RO60.3x6.3 
RO51x6.3 
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Table 3. Values of axial forces and load capacity for the most stressed members of the structure and 
values of the maximum vertical and horizontal displacements for nodes 2-9. 

Internal force/Load capacity 
Meridian_1 
Bar no. 7 

Meridian _2 
Bar no. 30 

Ring Bar 
no. 15 

Ned [kN] – axial force 
Strength utilisation [%] 
Maximum vertical displacement [mm] 
Allowable vertical displacement [mm] – D/300 
Maximum horizontal displacement [mm] 
Allowable horizontal displacement [mm] – H/150 

12.664 
46 
1.071 
4.667 
0.06 
0.307 

25.093 
55 

31.976 
56 

Table 3 collates the values of internal forces and load capacity for the most stressed elem
ents of individual bar groups and limit values of displacements of nodes 2 to 9. 

3.1 Reliability analysis 

The first stage involved structure reliability analysis in which the Monte Carlo method was 
used. Geometric characteristics of cross-sections (Ai - area of successive bar groups) and 
heights of individual structure nodes (Zi) were assumed as random variables. The description 
of random variables is shown in Table 4. The variables are not correlated. 
The structure under analysis is susceptible to stability failure resulting from the condition of 

the node snap-through. On this basis, a displacement limit function was adopted, which refers 
to the maximum displacement value at the instant of the node snap-through: 

where: w(x) – node 2 displacement, wmax – node 2 displacement at the instant of the snap-
through. 
The value of the reliability index, at the instant the structure was loaded with force P = 

3.665 kN, was β = 2.138, whereas the failure probability was pf = 0.016. 

3.2 Deterministic optimisation 

The second stage involved the deterministic optimisation. The design variables were cross-
sectional areas of the individual bar groups. The following notation was adopted for the vari
ables: Meridian_1: A1, Meridian_2: A2, and Ring: A3. The objective function was the struc
ture weight: 

Table 4. Description of random variables. 

Mean Standard Variation Mean Standard Variation 
values deviation coefficient values deviation coefficient 

Random Random 
variables Xi [cm] [cm] [%] variables Xi [cm] [cm] [%] 

A1 5.7 0.285 5 Z4 34 0.34 1 
A2 10.7 0.535 5 Z5 34 0.34 1 
A3 8.85 0.443 5 Z6 34 0.34 1 
Z1 46 0.46 1 Z7 34 0.34 1 
Z2 34 0.34 1 Z8 34 0.34 1 
Z3 34 0.34 1 Z9 34 0.34 1 
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Simple constraints are shown in Table 5. They constitute the upper and lower boundary of 
the design variables being sought. 
The inequality constraint was formulated as a condition of non-exceedance of the allowable 

node vertical displacement: 

The deterministic optimisation was carried out using the Nelder Mead simplex method at 
the maximum number of iterations N = 1000, and the convergence parameter ϵ = 1.0E-08. 

The dimensions of cross-sections obtained for individual bar groups are summarised in 
Table 6. The value of the objective function was fC = 772.924 kg. The failure probability and 
the reliability index, which in this case amounted to: pf = 0.034, β = 1.824, respectively, were 
also verified. 

3.3 Robust optimisation 

As regards robust optimisation, random variables, design variables, the objective function and 
constraints were defined. The value of the variation coefficient was set at 5%. For the case of 
concern, the robust optimisation task takes on the following form: 

1. Find the values of variables: A1, A2, A3 
2. That minimise: 
3. With the constraints: 

where: α ∈ [0, 1] – specifies the relevance of each of the criteria, η�; σ� - normalizing con
stants, w-1.841 – constraint on the allowable vertical displacement. 

The dual response area method and the strategy of statistical approximation were 
employed. The parameters adopted were: α = 0.5, β = 2.0. Dual response areas were 

Table 5. Description of simple constraints. 

Design variable Lower boundary [cm] Upper boundary [cm] 

A1 
A2 
A3 

5.415 
10.165 
8.408 

5.985 
11.235 
9.293 

Table 6. Values of the design variables produced 
with deterministic optimization. 

Random variable Optimum value [cm] 

A1 5.415
 
A2 10.167
 
A3 8.408
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Table 7. Values of design variables obtained in the robust 
optimisation. 

Random design variable Optimum mean value [cm] 

A1 5.426 
A2 10.216 
A3 8.793 

constructed using the the Kriging method, while the experiments were designed in accordance 
with optimum Latin hyper-cube sampling. To solve the optimisation problem of concern, i.e. 
to minimise the fC function, the Nelder Mead simplex algorithm was applied. 

The robust optimisation yielded the following values of the design variables shown in Table 
7. In this case, the structure weight was fC = 782.076 kg. The robust optimisation type produced 
the structure weight that was slightly higher compared with that obtained with the deterministic 
optimisation. The reliability index increased and the failure probability decreased compared 
with the deterministic optimisation, for which the values were β = 1.951  and pf = 0.026. 

SUMMARY 

In the example above, two methods of structure optimisation, based on analogous constraints 
and objective function, were compared. At the initial stage of the design, the cross-section 
dimensions adopted were A1 = 5.7 cm2, A2 = 10.7 cm2, A3 = 8.85 cm2. The reliability index 
for this design situation was β = 2.138. In the deterministic optimisation carried out with the 
Nelder-Mead simplex method, new dimensions of cross-sections were determined. A decrease 
in the structure weight by approx. 5% was observed. Modification of the areas led to 
a decrease in the reliability index to the value of β = 1.824. 

As a result of robust optimization, a structure with a slightly larger mass was obtained. The 
difference in the weight of the structure in the case of deterministic and immunity optimization 
did not exceed 2%. However, the reliability index, which measures the safety of the structure, 
has increased significantly. At the expense of a slight increase in weight, we obtained 
a structure that is more reliable and resistant to the dispersion of parameters characterizing 
the structure’s operation. 
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Numerical investigation on cyclic behavior of steel shear panels 
endowed with innovative perforation patterns 

H.M. Ahmadi & G. De Matteis 
Department of Architecture and Industrial Design, University of Campania Luigi Vanviteli, Aversa, Italy 

ABSTRACT: Steel Plate Shear walls (SPSWs) due to their high seismic performance such as 
ductility and valuable energy dissipation capacity, have been deemed as an effective seismic 
device in buildings for protecting constructions from fatal fractures. The present study investi
gates the structural behavior of SPSWs with an innovative elliptical perforation pattern. The 
elliptical perforation pattern is consisted of ellipse-shaped holes which are located in the per
imeter of the web plate same as a peripheral perforation layout. Therefore, the effectiveness of 
geometric properties of links between both ellipse-shaped holes and opening array on hystere
tic behavior are studied numerically. To this aim, two experimental laboratory cyclic tests 
were initially verified through finite element models and the corresponding deformation 
shapes according to the Von-Mises stresses were perfectly captured. Subsequently, sixteen per
forated specimens with various geometric properties of links which are different in the length 
and the slenderness ratios are investigated. The results show that the specimens with narrow 
links improve the pinching force significantly allowing for large energy dissipation capacity. 

INTRODUCTION 

Since 1970, Steel Plate Shear Walls (SPSWs) are deemed as one of the most effective dissipat
ing seismic energy system, which are commonly used in high raise buildings against lateral 
loads (Formisano et al., 2018a). Shear panels, boundary elements, plate-frame interactions 
and beam-to-column connections are the main components of the SPSWs. To eliminate the 
fatal fracture phenomenon of the main members of SPSWs, shear panels should be designed 
to satisfy the inelasticity demands of structures (Formisano, et al., 2018b). Therefore, the 
weak shear panels and strong frame is a design approach of SPSWs to provide the inelasticity 
capacity of shear panels (De Matteis et al., 2009). Based on this design approach, the bound
ary elements of SPSWs should remain in the elastic range up to the shear panel is completely 
yielded before destabilizing of frame members (Monsef Ahmadi and De Matteis, 2020). 
Recently, several types of shear panels have been proposed i.e., with and without perfor

ation, with and without stiffeners, slender and compact (De Matteis et al., 2007). The perfor
ated SPSWs, based on the opening area that are the main subject of this study, intend to 
decrease the shear strength and initial stiffness of shear panels to reach in earlier the plastic 
capacity. For this reason, these types of shear panels are an alternative of shear panels with 
low yield stress material which are difficult to be found in the market (De Matteis et al., 
2003). However, the hysteresis response of perforated shear panels suffers pinching effect 
owing to the buckling phenomenon at early stage of drift (De Matteis et al., 2008). Decreasing 
the web plate slenderness ratio, which is the ratio of length of sheet over the thickness of web 
plate, is an effective option to improve the pinching behavior in the hysteresis curves of perfor
ated shear panels (Monsef Ahmadi et al., 2020). 
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Formisano et al. (2016) investigated several geometries of perforated shear panels under cyclic 
shear load. The numerical results illustrated that increasing the opening area greatly reduces the 
structural behavior such as shear strength, initial stiffness and energy-dissipation capacity, and 
also increases the ductility ratio. Similarly, a study by De Matteis et al. (2016) evaluated the 
effect of hourglass-shaped links that gap between circular holes, experimentally and numerically. 
The shear strength and initial stiffness of perforated shear panel with narrow links were 
decreased and reduction of the shear yielding of links by bending mode was found. Subsequently, 
the structural behavior of perforated shear panels in terms of pinching load was improved when 
the web plate slenderness decreased. For this reason, the hysteretic response of these types of 
perforated shear panels was plumper and the energy-dissipating capacity was increased. 

Monsef Ahmadi et al. (2020) tested two perforated shear panels under cyclic shear load 
according to the SAC loading protocol. The perforated shear panels were constant in the 
opening area and web plate slenderness. The perforated specimens were cut-outed according 
to the code requirements and author’s suggestion. The perforation pattern of author’s sugges
tion was consisted of hourglass-shaped links that were located in the perimeter of shear panel. 
The experimental results proved that the second type of perforated shear panel had good 
structural behavior in terms of energy-dissipation capacity up to 3% of drift. Subsequently, 
the shear strength and initial stiffness of this type of shear panels were able to control by 
geometry properties of hourglass-shaped links. Likewise, the web plate slenderness had signifi
cantly influence on the hysteresis behavior according to the numerical analyses. 
In this paper, the structural behavior of sixteen perforated shear panels including elliptical 

holes are numerically investigated. To reach the main objectives of this study, two experi
mented perforated shear panels are simulated and validated by finite element (FE) models 
through ABAQUS software. Likewise, the considered specimens which are various in length 
of links and area of perforation are numerically evaluated. The obtained results shown that 
the specimens with narrow links are able to achieve dissipative mechanisms based on bending 
deformation of links. 

2 CALIBRATION OF THE FEM MODEL 

2.1 Reference tested specimens 

Two different, approximately 1×1 m2, perforated shear panels with web plate thickness equal 
to 0.7 mm, as shown in Figure 1 have been investigated. They were tested under cyclic shear 
load according to the SAC loading protocol by Monsef Ahmadi et al. (2020). The diameter of 
circular holes was constant and equal to 92 mm. To obtain the pure shear behavior of perfor
ated shear panels the beam-to-column connections were designed as a hinged connection. The 
hinged frame was connected to the reaction frame from right side, and also, to the hydraulic 

Figure 1. Tested specimens details: a) SP1 and b) SP2. 
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Figure 2. Failure modes: a) SP1 and b) SP2. 

jack from left side. The beam element was used to transfer the cyclic load from actuator to the 
hinged frame. More details can be found in the reference study. 
The failure modes of both tested specimens are shown in Figure 2. As experimental results, the 

fracture phenomenon of the SP1 and SP2 occurred around the corner holes and plate-frame 
interactions, respectively. Different failure modes of specimens were found. The SP1, owing to 
the perforation pattern, did not allow the tension field mechanism transfers into the center of the 
web plate. Therefore, the stress was concentrated between the holes and fracture was developed. 
For this reason, the shear strength of this type of perforated shear panel and ductility ratio was 
lower than the SP2. On the other hand, due to the shear behavior of links between circular holes 
in the SP1 specimen the energy dissipation capacity was larger than the SP2 up to 3% of drift. 

2.2 Finite element (FE) models and comparison of results 

To validate the experimental results, a FE model has been developed by ABAQUS software. 
The boundary elements and web plate were modeled by beam and shell elements, respectively. 
The TIE and HING connector types were considered in the plate-to-frame interaction and 
beam-to-column connections. The yield stress, modulus of elasticity and the Poisson ratio of 
the web plate were calibrated 180 MPa, 176 GPa and 0.3, respectively. As the boundary elem
ents essentially remained in the elastic range during the cyclic load condition, only the elastic 
properties of steel were considered. The cyclic load was attached to the beam element. The 
hysteretic curves are compared in Figure 3, where it is evidenced that there is a good agree
ment between experimental and numerical analyses. 

3 INVESTIGATED SPECIMENS 

According to the features of the SP1 type perforated shear panel, sixteen of perforated numer
ical models 1×1 m2 including elliptical holes (SP-E), as shown in Figure 4, have been considered 
and analyzed. Except of length of links (L) and web plate thickness (t), the SP-E specimens are 
constant in the middle-length (a=30 mm) and end-length (b=90 mm) of links. It is worth  
noticing that the material properties and the load condition are like as the one considered in the 
reference study. Additional details of the investigated specimens are shown in Table 1. 

4 THE OBTAINED RESULTS 

The structural behavior of numerical specimens is examined in terms of maximum shear 
strength, initial stiffness and cumulative energy dissipation capacity up to 6% of drift. The max
imum shear strength and initial stiffness are evaluated according to ECCS bilinear method. 
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Figure 3. Comparison between experimental and numerical results: a) SP1 and b) SP2. 

Figure 4. Schematic shapes of SP-E models. 

The cumulative energy dissipation capacity was obtained by summing of the area of cyclic 
loops. The results of hysteresis responses of SP-E-:100-3, 150-3, 200-3, 250-3 and SP-E-:100-12, 
150-12, 200-12,250-12, as an example among the tested specimens, are shown in Figure 5. As 
shown in Figure 5, the hysteretic responses are stable and affected by pinching phenomenon. 
According to the results, the shear strength, initial stiffness and energy dissipation capacity of 
specimens increase when the web plate slenderness decreases. On the other hand, this process 
repeats by increasing the slenderness of links. However, the pinching effect of specimens has 
been significantly improved by decreasing the web plate slenderness, and also increasing slen
derness ratio of links. This is a worth achievement of this study. This is because narrow links 
allow concentrating the stress along the links instead of the plate-frame interaction, thus dissi
pating the seismic energy through a bending deformation of links. Therefore, the links under 
shear deformation activate a tension field mechanism over the panel surface. Likewise, the 
boundary elements and plate-frame interactions are prone to fracture phenomenon. The shear 
strength, initial stiffness, cumulative energy dissipation capacity and ratio of maximum shear 
strength over yield strength are compared in Figure 6. It is apparent that the structural behav
ior of the considered specimens improves as the web plate slenderness decreases. 
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Table 1. Main parameters of the considered specimens. 

Dimensions Slenderness 

Specimens t (mm) L (mm) Plate Link 

SP-E-100-3 3 100 322 33 
SP-E-100-6 6 100 161 17 
SP-E-100-9 9 100 107 11 
SP-E-100-12 12 100 80 8 
SP-E-150-3 3 150 322 50 
SP-E-150-6 6 150 161 25 
SP-E-150-9 9 150 107 17 
SP-E-150-12 12 150 80 12.5 
SP-E-200-3 3 200 322 67 
SP-E-200-6 6 200 161 33 
SP-E-200-9 9 200 107 22 
SP-E-200-12 12 200 80 17 
SP-E-250-3 3 250 322 83 
SP-E-250-6 6 250 161 42 
SP-E-250-9 9 250 107 28 
SP-E-250-12 12 250 80 21 

Figure 5. Hysteretic curves for considered specimens: a) SP-E-100-3, b) SP-E-150-3, c) SP-E-200-3, 
d) SP-E-250-12, e) SP-E-100-12, f) SP-E-150-12, g) SP-E-200-12, and h) SP-E-250-12. 

CONCLUSION 

In this paper, sixteen specimens of perforated shear panels have been modeled and ana
lyzed through finite element (FE) method by ABAQUS software. The computational 
models considered elliptical holes which were constant in the middle-length and end-
length of the links between two elliptical-shaped holes. The effectiveness of slenderness 
ratios of the web plate and links on structural behavior of FE models have been deeply 
evaluated. 
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Figure 6. Structural behavior of elliptical perforated shear panels. 

The results indicated that the structural behavior of elliptical perforated shear panels could 
be controlled by geometric properties of the links. As a result, the shear panels with higher 
slenderness ratios of the links and lower ratios of the web plate slenderness significantly 
improve the pinching effects on the cyclic response due to the high ratios of the maximum 
shear strength over the yield strength. 

ACKNOWLEDGEMENTS 

This research work has been developed as part of a PhD project, within the framework of the 
VALERE program (Vanvitelli per la Ricerca) of the University of Campania” Luigi 
Vanvitelli”. 

REFERENCES 

Ahmadi HM and De Matteis G (2020) Seismic performance of steel shear panels with butterfly-shaped 
links. International Journal of Earthquake engineering 37 (1)85-101. 

De Matteis G, Landolfo R and Mazzolani FM (2003) Seismic response of MR steel frames with 
low-yield steel shear panels. Engineering Structures 25 (2).Elsevier: 155–168. 

De Matteis G, Mazzolani FM and Panico S (2007) Pure aluminium shear panels as dissipative devices in 
moment-resisting steel frames. Earthquake engineering & structural dynamics 36 (7). Wiley Online 
Library: 841–859. 

De Matteis G, Mazzolani FM and Panico S (2008) Experimental tests on pure aluminium shear panels 
with welded stiffeners. Engineering Structures 30 (6).Elsevier: 1734–1744. 

De Matteis G, Brando G, Panico S, et al. (2009) Bracing type pure aluminium stiffened shear panels: an 
experimental study. Adv Steel Constr 5(2): 106–119. 

De Matteis G, Sarracco G and Brando G (2016) Experimental tests and optimization rules for steel per
forated shear panels. Journal of Constructional Steel Research 123. Elsevier: 41–52. 

470 



ECCS (1985) Recommended Testing Procedures for Assessing the Behaviour of Structural Elements 
under Cyclic Loads. 

Formisano A, Lombardi L and Mazzolani FM (2016) Perforated metal shear panels as bracing devices 
of seismic-resistant structures. Journal of Constructional Steel Research 126. Elsevier: 37–49. 

Formisano A, Ahmadi HM and Mazzolani FM (2018a) Ductility and Behaviour Factor of RC Frame-
Perforated SPSW Dual Systems. In: Key Engineering Materials, 2018, pp. 835–845. Trans Tech Publ. 

Formisano A, Sheidaii MR, Ahmadi HM, et al. (2018b) Numerical calibration of experimental tests on 
perforated Steel Plate Shear Walls: influence of the tightening torque in the plate-frame members 
bolted connections. In: AIP Conference Proceedings, 2018, p. 450005. AIP Publishing LLC. 

Monsef Ahmad H, Sheidaii MR, Tariverdilo S, et al. (2020) Experimental and Numerical Study of Per
forated Steel Plate Shear Panels. International Journal of Engineering 33 (4). Materials and Energy 
Research Center: 520–529. 

Monsef Ahmadi H, Sheidaii MR, Boudaghi H, et al. (2020) Experimental and numerical study on largely 
perforated steel shear plates with rectangular tube–shaped links. Advances in Structural Engineering. 
SAGE Publications Sage UK: London, England: 1369433220937147. 

Simulia DS, Fallis A and Techniques D (2018) Abaqus 6.14 Online Documentation.Abaqus Web. 

471 



1 

Modern Trends in Research on Steel, Aluminium and Composite Structures – Gi ▪zejowski et al (Eds) 
© 2021 Copyright the Author(s), ISBN 978-0-367-67637-7 

Fatigue life estimation of treated welded attachments via High 
Frequency Mechanical Impact treatment (HFMI-treatment) 

H. Al-Karawi, M. Al-Emrani & R. Haghani 
Chalmers University of Technology, Gothenburg, Sweden 

ABSTRACT: High Frequency Mechanical Impact (HFMI) is one of the newest post weld 
treatment methods that can be used to repair cracks in welded structures. The main effect of 
this method is to extend the fatigue life by putting the cracks under compression. Linear Elas
tic Fracture Mechanics (LEFM) is to be used as an analysis tool accompanied by Paris law. 
Crack growth curves are presented in this work. The effects of the induced residual stress, the 
initial crack size, the clamping stress, and the stress range are all incorporated in the analysis. 
Subsequently, the analysis results are compared to experimental results obtained from fatigue 
testing on transverse non load-carrying welded attachment. The scatter in fatigue test results 
is found to be mainly attributed to the scatter in both the induced residual stresses and the 
variation in the existing crack sizes before treatment. Moreover, the analysis could successfully 
expect at what conditions the crack would not propagate through incorporating the concept 
of threshold stress intensity factor. 

INTRODUCTION 

Fatigue of welds gains increasing attention in the last decades. Therefore, several post weld 
treatment methods have been developed to increase the fatigue strength of welded structures. 
High Frequency Mechanical Impact (HFMI-treatment) is one of these methods which aims at 
inducing compressive residual stress at the weld toe vicinity. This method can be used for 
treating either new manufactured or cracked structures. In the latter case, HFMI-treatment 
puts the existing cracks under compression and reduces the crack propagation rate. In add
ition to this effect, it also removes the singularity existing at the weld toe. Moreover, it causes 
material hardening because of the cold working effect. 
Linear elastic fracture mechanics (LEFM) is used as a practical tool for fatigue life assess

ments of metallic structures. Branco et al. investigated the life extension of T-joints by HFMI-
treatment using Paris law. The results were not satisfactory because the residual stress effect 
was not incorporated (Branco, Infante, & Baptista 2004). Fracture mechanics led Fueki et al. 
to evaluate the crack size rendered harmlessly by HFMI indentor. Herein, the stress intensity 
factor of the applied stress range was compared to the threshold stress intensity factor Kth 

(Fueki, Takahashi, & Houjou 2015). Besides, Leitner et al. incorporated both residual stress 
effect and threshold stress intensity factor concept, and satisfactory results were obtained 
(Leitner, Barsoum, & Schäfers 2016). 
The effects of both the induced residual stress (σRS) and the existing crack sizes (ai) on  

fatigue life extension of repaired welded structures is rarely studied in the literature and 
requires further elaboration. This paper contributes to the crack propagation calculations 
using fracture mechanics. Fracture mechanics calculations are used to explore the effect of 
various aspects induced by HMFI-treatment, including the residual stress on fatigue life 
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extension of welds. Moreover, the effects of existing crack size and the applied load level are 
also studied to figure out the “safe crack” which can be tolerated before HFMI-treatment. 

2 EXPERIMENTAL INVESTIGATIONS 

2.1 Fatigue testing 

Axial fatigue testing is conducted on transverse welded attachments made of S355 structural 
steel under a stress ratio R = 0.29. An axial testing rig is used to generate the loading. In add
ition to the membrane stresses due to axial load, unintentional bending stresses are generated 
at the weld toe because of the specimen’s straightening to get rid of the angular distortions. 
The specimens are divided into two groups. In group A, the specimens are tested in as-welded 
conditions (denoted by AW), while seven specimens are fatigue tested until a crack of specific 
size appeared and detected at the weld toe in group B. Afterwards, their toes are treated by 
single HFMI-indentor (denoted by HFMI). Finally, they are tested to failure. The dimensions 
of the specimens and the fatigue testing rig are shown in Figure 1, and the fatigue test results 
are shown in Figure 2. The treated specimens exhibited significant fatigue strength, and six of 
them did not fail when tested under stress range Δσ = 150 MPa after 10 million cycles as indi
cated in Figure 2. 

2.2 Crack detection and repair 

The specimens in group B are instrumented with five strain gauges at each side of the attach
ment to determine the crack size as shown in Figure 1. A previous study showed that a 25% 

Figure 1. a) Specimen’s geometry with attached strain gauges (dimensions in mm); b) Fatigue testing 
rig. 

Figure 2. Fatigue test results of the tested specimens. 
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drop in strain in any of the attached gauges corresponded to 0.6-1.2 mm crack (Al-Karawi, 
von Bock und Polach, & Al-Emrani 2020). Afterwards, a HiFIT indentor with a 3 mm diam
eter is used for treatment. The treatment is performed in accordance with the International 
Institute of Welding IIW recommendations (Gary Marquis 2016). Moreover, beach marks are 
created on one the surface by reducing the stress range to its half without changing the max
imum stress for 5000cycles. 

2.3 Stress concentration evaluation 

Stress concentration factor gives the ratio between the local stress to the nominal stress. In 
order to find out the local stresses at the weld toe, the toe radii of the specimens in as-welded 
state and after HFMI-treatment are investigated using a 3D laser scanner. The geometry scan
ning shows a remarkable increase in the weld toe radii after HFMI-treatment (The average 
value increases from 0.67 mm to 2.1 mm). Therefore, the obtained average radii are used as 
inputs for 2D elastic finite element analysis conducted using ABAQUS/CAE to evaluate the 
stress concertation factors due to membrane loading. Local mesh size is selected in accordance 
with the effective notch approach, which is followed to get around the singularity at the weld 
toe (Hobbacher et al. 2009). The model for evaluating the stress concentration factors is 
shown in Figure 3. More information about the model can be found in (Al-Karawi, von Bock 
und Polach, & Al-Emrani 2020). 

2.4 Residual stress and distortions 

The residual stresses at the weld toe are investigated by means of the hole drilling method. 
Several holes are created at the weld toes of some specimens from both groups (i.e. AW & 
HFMI). Compressive residual stress is found in as-welded conditions, while higher compres
sion is induced after HFMI-treatment. The depth of compression is obtained from a previous 
paper based on literature reviews (Al-Karawi, von Bock und Polach, & Al-Emrani 2020). The 
distributions are plotted in Figure 4. Four curves are plotted for the HFMI induced residual 
stresses containing the maximum and the minimum surface residual stresses with two depth of 
compression (z = 1.5 or 2 mm). 
In order to quantify the tensile bending stresses generated by straightening the distorted spe

cimens, the angular distortions are measured, and the clamping stresses are investigated using 
elastic finite element analysis to simulate the clamping process. The mesh size and the toe radii 

Figure 3. The model used for evaluating the stress concentration factors. 
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Figure 4. The proposed residual stress distributions according to (Al-Karawi, von Bock und Polach, & 
Al-Emrani 2020). 

Figure 5. The clamping stress distributions. 

are selected according to IIW recommendations for effective notch approach (Hobbacher 
et al. 2009). The clamping jaws are modelled as undeformed bodies, and hard contact is 
defined between them and the specimen’s surfaces. The local stresses below the weld toe are 
extracted when the specimens get fully straightened. The results are validated against the 
clamping stresses obtained from the attached strain gauges. The results of the obtained max
imum and minimum clamping stresses are shown in Figure 5. 

FRACTURE MECHANICS MODEL 

Linear elastic fracture mechanics analysis is carried out to estimate the specimen’s fatigue lives 
in both as-welded state and after HFMI-treatment. Weight function approach is employed to 
quantify the stress intensity factors. The stress intensity factors are calculated by integrating 
the product of the weight function m(x, a) obtained from (Al-Mukhtar 2013) times the stress 
profile along the prospective crack path for the un-cracked specimens σ(x) as indicated in 
equation 1. 
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The local stresses (obtained from the nominal stresses multiplied by the stress concentration 
factors shown in Figure 3) are used to compute σ(x). Moreover, the distributions of the residual 
stresses (RS) and the clamping stresses (CS) shown in Figures 4 and 5 are used to incorporate 
the effect of mean stresses in the analysis, as given in the definition of the effective stress ratio 
(Reff) in equation 2. Then, Paris law is used to calculate the extension in crack size after dN load 
cycles, see equation 3. Paris law parameters C, m are selected to be 1.65.10−13 and 3 respectively. 
The threshold stress intensity factor is incorporated to explain the obtained 6 runouts obtained 
in fatigue testing as shown in Figure 2. The value of C, m and Kth are selected in accordance 
with the IIW recommendations (Hobbacher et al. 2009). 

The initial crack size used to commence the crack propagation in the as-welded condition is 
selected to be 0.5 or 0.15 mm. The former is the maximum allowable undercut height accord
ing to the British standard (BS7910 2005), while the latter is the recommended initial crack 
size according to the IIW recommendations. On the other hand, the existing crack sizes in the 
specimens in group B of 0.6-1.2 mm are used in the crack propagation analysis of the HFMI-
treated specimens. The results of the fracture mechanics analysis for as-welded and HFMI-
treated specimens tested under different stress ranges are shown in Figure 6. Different combin
ations of residual and clamping stresses are presented. Furthermore, fatigue lives, prefatigue 
lives and beach mark results are marked by black crosses in the figures. 

Figure 6. Crack propagation curves for: a) As-welded specimens tested under nominal stress range Δσ = 
150 MPa; a), c), d) HFMI-treated specimens tested under nominal stress of 150, 180 and 210 MPa 
respectively. 
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Figure 7. The effect of different parameters on fatigue lives of HFMI-treated specimens tested under 
applied stress range Δσ = 150, 180 and 210 MPa respectively. 

Most of the experimental results are found in the band of the generated curves in as-welded 
conditions. Moreover, the analysis could predict the 6 run-outs when the HFMI-treated speci
mens are tested under a stress range Δσ = 150 MPa as the obtained ΔK is less than Kth (see 
Figure 6b). Remarkably, the specimens become significantly stronger after HFMI-treatment 
although they contain cracks of 0.6 - 1.2 mm. Moreover, the analysis results are in line with 
the beach marking results, as shown in the same figure. In addition, the fatigue lives of 4 out 
of 5 specimens tested under stress range Δσ = 180 or 210 MPa are also well predicted by the 
analysis as shown in Figure 6c, d. 
Fatigue test results are highly scattered in both as-welded and HFMI-treated conditions. 

The analysis gives an insight into the reason behind the scatter, which is traced back to the 
differences in four parameters: residual stress (RS), depth of compression (z), clamping stress 
(CS), and existing crack size (ai). The effect of these parameters on fatigue life extension are 
studied under different stress levels (see Figure 7). In the analysis, when one parameter is 
under study, the other parameters are fixed to the average values (RS = -380 MPa, CS = 83  
MPa, ai = 0.9 mm and z = 1.75 mm). The effects of residual stress and initial crack size is 
found to be the most influential on fatigue life extension. On the other hand, the clamping 
stress effect is found to be less significant. Moreover, the analysis shows that eight out of the 
ten studied cases ’run-out’ after 10 million cycles when the stress range is 150 MPa which is in 
line with the test results where six out of total seven specimens run-out. 

4 SUMMARY AND CONCLUSIONS 

Within the current study, linear elastic fracture mechanics analysis is conducted to predict the 
fatigue lives of transverse attachment specimens made of S355 structural steel. Moreover, sev
eral experimental and numerical investigations are conducted to evaluate the stress concentra
tion factors, the residual stresses and the clamping stresses. Relatively long fatigue lives are 
obtained even in as-welded conditions which is caused by the presence of compressive residual 
stress at the weld toe. HFMI-treatment causes reduction in the angular distortion which reduces 
the clamping stress. The average weld toe radius is doubled after HFMI-treatment, which 
causes a significant reduction in the stress concentration factor. The performed fracture mechan
ics analysis incorporates the effects of stress range, residual stress, clamping stress, initial crack 
size and threshold stress intensity factor. The analysis results match the experiments in most of 
the cases. Moreover, the variability of residual stress and the initial crack size are found to be 
the most influential factors behind fatigue life scattering of the HFMI-treated specimens. 
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Fire design proposal for cold-formed steel lipped channel 
beam-columns 

F. Arrais, N. Lopes & P. Vila Real 
RISCO, Department of Civil Engineering, University of Aveiro, Aveiro, Portugal 

ABSTRACT: Steel structural elements composed of cold-formed thin-walled sections are 
commonly applied in buildings due to their efficiency in terms of stiffness and strength. How
ever, under fire conditions the thin walls of these profiles, along with the steel high thermal 
conductivity, induce fast increase on the steel temperature and corresponded significant loss 
of those referred stiffness and strength. This paper presents a numerical study on the members 
behaviour with cold-formed lipped channel sections at high temperatures, when subjected to 
bending plus compression. Comparisons between the finite element results and the analytical 
methodologies from EN1993-1-2 are presented, using its Annex E as well as its French 
National Annex, where different reduction factors for the steel constitutive law and different 
design formulae are recommended for cold-formed profiles. Both methodologies revealed to 
be safe but sometimes too conservative, which motivated the development of a new design 
proposal. 

INTRODUCTION 

Cold-formed steel profiles application on structures has been gaining popularity in construc
tion industry due to their lightness, high strength-weight ratio, faster manufacturing process, 
easy prefabrication and mass production, contributing positively to the sustainability of build
ings. These elements are typically used in steel structures as joists, tracks, studs or girts, sub
jected to different loading conditions (Schafer, 2011, Dubina et al., 2012). 
Open cold-formed steel members have high susceptibility to the occurrence of different 

instability phenomena, such as local, global and also distortional buckling. The influence of 
these instability phenomena on the ultimate bearing capacity of beam-columns, composed of 
those cold-formed sections, at normal temperature have been widely studied (Torabian et al., 
2015, Li et al., 2016). However, and although it is known that elevated temperatures impose 
significant loss of strength and stiffness on cold formed members (Kankanamge & Mahen
dran, 2011, Ranawaka & Mahendran, 2009), the behaviour under fire situation of these struc
tural elements, subjected to bending plus compression, is still less known. 
Hence, this paper presents a numerical parametric study on the behaviour of laterally 

restrained double hinged members with cold-formed lipped channel sections in case of fire, 
subjected to bending plus compression, considering different member and section slender
nesses, bending moment diagrams, steel grades and elevated temperatures. 
The members ultimate bearing capacity is obtained through numerical modelling, consider

ing geometrically and materially nonlinear analyses including imperfections (GMNIA), using 
the Finite Element software SAFIR (Gernay & Franssen, 2017). The different instability 
modes (local, distortional and global buckling), needed for the definition of initial geometric 
imperfections, are obtained using the software CAST3M (CAST3M, 2012) and applying 
RUBY interface (Couto et al., 2013). 
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Comparisons between the finite element results and the analytical methodologies from 
EN1993-1-2 (CEN, 2005) rules are here presented, using its Annex E for Class 4 cross-
sections and its French National Annex (CEN, 2007), where different reduction factors 
for the steel constitutive law and different design formulae are recommended for cold-
formed profiles. Following the obtained observations, a new proposal for the safety 
evaluation of these cold-formed beam-columns at elevated temperatures is presented and 
analysed here. 

2 FIRE DESIGN RULES 

The EN1993-1-2 recommends the use of the 0,2% proof strength at temperature θ instead 
of the strength at 2% total strain at temperature θ, applied to non-slender sections (Class 
1, 2 or 3), for members with Class 4 cross-sections (common on cold-formed steel 
profiles). 
The expression for laterally restrained steel beam-columns subjected to bending about the 

major axis in fire situation considered here is: 

; ; ; 

with Aeff (effective area) and Weff ;y (effective section modulus) the cross-section effective 
properties, ΔMz;fi;Ed the additional bending moment due to the shift of the centroidal axis, and 
where the reduction factor χfi value is obtained according to equation (2): 

with: 

and α an imperfection factor determined by: 

The recommended interaction factor, for Class 4 cross-sections, is obtained from: 

; : ; ; 

being μ (for the strong axis) given by: 

and βM;i, which is in function of the bending diagram shape, equal to: 
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where ψ is the ratio between the end moments ( 1 ψ 1). 
The French National Annex (FN Annex) of EN1993-1-2 proposes a similar calculation 

methodology, considering for cold-formed steel profiles ki ¼ 1 and lower reduction factors for 
steel yield strength and young modulus at high temperatures, when compared to Annex E of 
EN1993-1-2 (Zhao et al., 2005). Moreover, for flexural buckling the following equation 
should be used: 

considering the imperfection factor α obtained from EN1993-1-3 (CEN, 2006a), where curve 
b (α ¼ 0:34) is proposed for lipped channel sections, and lλθ the relative slenderness for flexural 
buckling at the steel temperature θ. A new proposal is presented here based in an adaptation 
methodology for flexural buckling on cold-formed steel lipped channel cross-section elements, 
proposed in previous studies (Arrais, 2018), where the equations considered in this new pro
posal remain the same from EN1993-1-2 considering the use of interaction equation (1) with 
the flexural buckling curve of FN Annex (equation 9) and a new limit for equation (6) 
of μ 1:1.y 

CASE STUDY AND NUMERICAL MODELS 

The cold-formed lipped channel sections (C) presented on Table 1 were chosen from different 
references for the numerical analysis of beam-columns without lateral torsional buckling 
(LTB). Parameters such as the steel grade (S280, S320, S355 and S460), member slenderness 
(0.5 m, 1.5 m, 3.0 m, 4.0 m, 5.0 m and 10.0 m) and bending diagrams (uniform bending, ψ = 1,  
and non-uniform bending ψ = 0 and ψ = –1) are studied here. The temperatures of 350 °C, 
500 °C and 600 °C were applied and considered uniform throughout the cross section. 
In the finite element model (Figure 1), rectangular shell finite elements with four nodes, 

with six degrees of freedom (three translations and three rotations), of 10 mm length over the 
member cross-section at flat plates, are used. The mesh was refined at the corners in order to 
better reproduce the rounded shape. In the longitudinal direction, the mesh size varies between 
10 mm (for small lengths) and 25 mm (for the longest member). For imposing end moments, 
loads in the parallel direction to the beam-column axis were applied on the nodes at the elem
ent ends, according to the linear stresses distribution resulting from simple bending around 
the strong axis. Restrictions are applied to reproduce simple supports on beam-column ends. 
This study did not take into account the corner enhancement, resulting from the manufac

turing process, since this increase is not considered in EC3 (CEN, 2006a) in the occurrence of 
instability phenomena and because its influence is reduced at high temperatures (Arrais et al. 
2019). Residual stresses were considered according to Schafer & Peköz (1998). 

Table 1. Lipped channel sections analysed and respective dimensions. 

Web Flange Lip Thickness 

Designation mm mm mm mm 

C_229x64x20x(1.5)* 229 64 20 1.5 
C_154x35x11x(1.5)** 154 35 11 1.5 
C_150x43x20x(2.0)*** 150 43 20 2.0 

* (Schafer & Peköz, 1998), **(Torabian et al. 2015), ***(PERFISA, 2014) 
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Figure 1. Numerical model adopted for analysed beam-columns. 

Table 2. Geometric imperfections’ magnitudes 
considered. 

Local Distortional Global 

0:80 b 0:80 b 0:80 L 
100 100 750 

The shapes obtained from local, distortion and global buckling modes, applying CAST3M 
program together with the RUBY interface, were used to define the initial geometric imperfec
tions. According to Annex C of EN 1993-1-5 (CEN, 2006b), the geometric imperfections’ 
magnitudes were obtained from 80% of the geometric manufacturing tolerances prescribed in 
EN 1090–4 (CEN, 2018). Table 2 shows the maximum amplitude of these imperfections where 
b is the length of the web or flange, depending on the highest deformation value, and L is the 
member length. 
A geometric imperfection’s combination is introduced in the numerical model. EN 1993

1-5 states that a leading imperfection should be chosen, and the accompanying imperfections 
may have their value reduced to 70%. In this work, the leading imperfection was chosen 
according to the achieved lower resistances from each individual imperfection obtained 
resistance. 
The applied steel material laws follow EN 1993-1-2 steel constitutive law model. However, 

and as aforementioned, FN Annex proposes for cold-formed profiles the use of lower values 
for the reduction factors of the yield strength and elasticity modulus at elevated temperatures. 
The comparison between the EN 1993-1-2 and FN Annex constitutive laws is presented in 
Figure 2. 

Figure 2. Constitutive law for elevated temperatures according to EN1993-1-2 and respective FN 
Annex. 
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4 COMPARISON BETWEEN NUMERICAL RESULTS AND FIRE DESIGN RULES 

The numerically obtained ultimate bearing load capacities are here compared with the calculation 
rules of EN 1993-1-2. Since the analysed profile is composed of a monosymmetric section, the 
change of the centre of gravity, due to the consideration of the effective area Aeff , results  in an  
eccentricity of the applied axial force, which induces an additional, DMz;fi;Ed, acting bending 
moment about the weak axis. For illustrating the referred comparisons for a C229x64x20 with 
1.5 m length at 500 ºC with different load levels, this additional moment was added to the axial 
force buckling resistant capacity on the vertical axis of the charts in Figures 3 (uniform bending) 
and 4 (triangular bending diagram). Figure 5 illustrates the failure mode of tested beam-columns. 

Figure 3. Comparison between the numerical results and the design rules of the EN1993-1-2 Annex E, 
the French National Annex (FNA) and the New Proposal, for uniform bending (ψ = 1), at 500 º C. 

Figure 4. Comparison between the numerical results and the design rules of the EN1993-1-2 Annex E, 
the French National Annex (FNA) and the New Proposal, for non-uniform bending (ψ = 0), at 500 ºC. 

Figure 5. Collapse mode of a C_229x64x20 section beam-column model. 
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Design    μ         

EN1993-1-2 0.93 0.10 - 0.00
 
(EN1993-1-2 Constitutive Law)
 

rule Average value ( ) Standard deviation (s) Máx. unsafe % unsafe

EN1993-1-2 FNA 1.09 0.16 1.05 18.23
 
(FN Annex Constitutive Law)
 
New Proposal 0.97 0.03 1.02 6.74
 
(FN Annex Constitutive Law)
 

5 

Table 3. Statistical evaluation considering uniform bending diagram on a total of 1176 results. 

Table 4. Statistical evaluation considering non-uniform bending diagram results on a total of 1512 
results. 

Design rule Average value (μ) Standard deviation (s) Máx. unsafe % unsafe 

EN1993-1-2 0.67 0.30 - 0.00
 
(EN1993-1-2 Constitutive Law)
 
EN1993-1-2 FNA 1.31 0.33 1.07 12.37
 
(FN Annex Constitutive Law)
 
New Proposal 0.81 0.28 1.01 6.51
 
(FN Annex Constitutive Law)
 

Following the criteria of the validation proposed by Kruppa (1999), Table 3 presents the 
statistical evaluation for uniform bending moments based on a total of 1176 results (consider
ing both constitutive laws) and Table 4 for non-uniform bending moments based on a total of 
1512 results. 
From the presented comparisons, it can be concluded that both approaches are mostly on 

the safety side, being however too conservative. Considering FN Annex, the values are closer 
to the EC3 curve for ψ = –1, whereas in the case of non-uniform moments, the curve remains 
very conservative, as in this methodology the interaction factor ky and kz are always one. The 
proposed adjustments are more accurate and safe when compared to the numerical results. 

CONCLUSIONS 

In the present work, a parametric study of the fire behaviour of cold-formed beam-columns 
with lipped channel (C) sections, without lateral torsional buckling, was presented, consider
ing the EN1993-1-2 as well as its French National Annex constitutive laws. 
A comparison was made between the ultimate load capacities obtained numerically and the 

requirements of EC3, concluding that these last calculation rules are on the safety side in most 
cases, being too conservative. The comparison with the FN Annex demonstrated that the 
values are closer to the FNA curve, whereas in the case of non-uniform moments, the curve 
remains very conservative. The results were obtained considering the variation of several 
parameters such as different steel grades, bending moment diagrams and slendernesses. 
Thus, a new design proposal was developed with some adjustments in relation to the current 

calculation rules. It was possible to observe that the new proposal presents a better approxi
mation to the numerical results when compared to EC3. 
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Fire resistance of stainless steel slender cross-sections under 
bending and axial compression 

F. Arrais, N. Lopes & P. Vila Real 
RISCO, Department of Civil Engineering, University of Aveiro, Aveiro, Portugal 

ABSTRACT: Stainless steel has different advantages when compared to conventional 
carbon steel. The corrosion resistance and aesthetic appearance are the most known, but its 
higher fire resistance can also be decisive. With its increased use, the validation of existing 
design rules, for structural elements made of this material, becomes urgent. In order to have 
a comprehensive understanding of the overall thin-walled members’ fire resistance, it is import
ant to first analyse the cross-section resistance at elevated temperatures, which is directly 
affected by local instabilities occurrence on the composed thin plates. This work presents 
a numerical study on the behaviour of stainless steel slender cross-sections under bending and 
under axial compression at elevated temperatures, with the purpose of evaluating the accuracy 
of Eurocode 3 design formulations for the effective section calculation. The obtained numerical 
results are compared with the Eurocode prescriptions and with a recently proposed method, 
concluding that the design methodologies should be improved for rectangular hollow profiles. 

INTRODUCTION 

The application of stainless steel as a structural material has been increasing, due to a number 
of desirable qualities such as its durability, resistance to corrosion and aesthetic appearance 
(Gardner, L., 2005 & Euro Inox, 2006). Despite having a high initial cost, stainless steel can 
be a competitive material if life cycle cost analysis is considered, due to its low maintenance 
needs. Moreover, it has a higher fire resistance when compared to carbon steel (CEN, 2005b) 
allowing in some cases the absence of thermal protection. 
The austenitic stainless steels are generally the most used groups for structural applications 

but some interest has been recently shown for increasing the use of ferritic and austenitic
ferritic (Duplex) steels for structural purposes due to specific advantages. Some of those 
advantages are the very good resistance to wear and stress corrosion cracking of the duplex 
grade and the lower percentage of Nickel of the ferritic grade, which reduces its price. 
Regarding structural design, Eurocode 3 (EC3) (CEN, 2006a) considers that the walls slender

ness determine the cross-section classification (Class 1 - stocky sections to Class 4 - slender 
sections). 
Although the subject of local buckling at elevated temperatures has been studied by differ

ent authors (Couto et al., 2014, Couto et al., 2015, FIDESC4, 2014, Knobloch & Fontana, 
2006, Maraveas et at., 2017, Quiel & Garlock, 2010), they have only addressed elements in 
carbon steel, and research of the local buckling effect on stainless steel sections at elevated 
temperatures has just started to be developed (Xing et al., 2020), focused on I-sections. 
According to EN 1993-1-2 (CEN, 2005b), stainless steel stress-strain relationships at high tem

peratures are characterized by having a non-linear behaviour with an extensive hardening phase, 
when compared with carbon steel constitutive law. As existing fire design rules for stainless steel, 
such as in EN 1993-1-2 (CEN, 2005b), are based on the formulations developed for carbon steel 
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members (CEN, 2005a, CEN, 2006b) in spite of the different material behaviour, it is still neces
sary to develop knowledge on stainless steel structural behaviour at high temperatures. 
This work presents a numerical study on the behaviour of stainless steel slender cross-

sections under bending and under axial compression at elevated temperatures. I-sections and 
Rectangular Hollow Sections (RHS) are analysed with the purpose of evaluating the accuracy 
of EC3 design formulations (CEN, 2005b) for the reduction of the widths of each cross-
section element (internal elements in hollow sections, or internal and outstand elements in 
I-sections), according to the effective width method. Although EC3 uses the concept of simply 
supported plates for the effective width method, not differentiating between I-sections and 
RHS. The disposition of the different elements on these two cross-section types provides dif
ferent restriction degrees (restrictions to rotation) to the corresponded plates, which might 
influence the cross-section resistance. 
A parametric study considering different stainless steel grades (such as Austenitic, Ferritic 

and Duplex, which have different constitutive laws), cross-section slenderness, uniform ele
vated temperatures (from 350 ºC to 700 ºC) and loading conditions (compression and bend
ing) is presented. The study was conducted applying geometrically and materially nonlinear 
analyses including imperfections (GMNIA), using the SAFIR® finite element program 
(Gernay & Franssen, 2017). 
Comparisons between the numerically obtained ultimate bearing capacities of the tested 

cross-sections, the EC3 design methods and the application of a recent proposal for slender 
stainless steel plates (Xing et al., 2020), are made. 

2 FIRE DESIGN RULES 

According to EN 1993-1-2 (CEN, 2005), the section resistance of a stainless steel member in 
case of fire is calculated in the same way as for carbon steel, changing only the mechanical 
properties of the material. Regarding the cross-section classification, equation (1) is used to 
determine εfi, a parameter necessary for the determination of the EC3 classification limits 
(Franssen & Vila Real, 2015): 

The cross-section resistance value of axially compressed members of Class 1, 2 or 3 cross-
sections with a uniform temperature, should be determined from equation (2): 

For Class 4 cross-sections, according to Annex E of EN 1993-1-2, the effective area (Aeff ) 
should be considered instead of the gross cross-section area, determined with the effective sec
tion properties obtained from EN 1993-1-5 at normal temperature. In fire situation, higher 
strains are acceptable when compared to normal temperature design. Therefore, instead of 
0.2% proof strength usually considered at normal temperature, for cross-sections of Class 1, 2 
and 3 at elevated temperatures the stress corresponding to 2% total strain should be adopted 
as the yield strength, equation (3): 

Being the 0.2% proof strength used for Class 4 cross-sections: 
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Table 1. Reduction factor for stainless steel sections 
elements. 

 �
 �

Cross-section elements Reduction factor 

0:242Welded outstand elements ρ ¼ 1 12λp λp 

ρ ¼ 0:772 0:125Welded internal elements 12λp λp 

The respective yield strength reduction factors are presented in Annex C of EN 1993-1-2. 
In beams, the design value of the bending moment resistance of a cross-section with 

a uniform temperature shall be determined from: 

Being Wy for Classes 1 and 2 the plastic section modulus, Wpl;y, for Class 3 the elastic sec
tion modulus, Wel;y, and for Class 4 sections the effective section modulus, Weff ;y, at normal 
temperature, determined with the effective section properties obtained from EN 1993-1-5. The 
effective area and effective section modulus are determined through the application of the 
effective width method, considering the reduction of resistance due to local buckling effects 
(CEN, 2006b). In this regard, EN 1993-1-4 (CEN, 2006a) provides specific equations for the 
determination of the plate reduction factors to the width of elements composing the stainless 
steel sections (Table 1). 
The plate slenderness – λp – value is determined with equation (6): 

Xing et al. (2020) considers the use of the stress corresponding to 2% of total strain for the 
stainless steel yield strength of Class 4 cross-sections at elevated temperatures, as it is done for the 
remaining sections, providing the plate reduction factors to be calculated as presented in Table 2. 

Table 2. Reduction factor for stainless steel slender sections elements proposed by Xing et al. (2020). 

Cross-section elements Stainless steel grade Reduction factor 

Outstand elements Austenitic 

Ferritic and Duplex 

Internal elements Austenitic 

; 

Ferritic and Duplex 

; 
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The relative elevated temperature slenderness λp;θ is determined as λp;θ ¼ ξθλp with the elevatedffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
temperature factor with ψ the ratio between the end moments (−1≤ψ≤1). 

3 CASE STUDY AND NUMERICAL MODELLING 

A parametric study was developed based on finite element analysis to determine and compare 
the ultimate bearing capacity of I-section and RHS subjected to compression or bending. The 
results determined with EC3 formulae and with the new proposal for stainless steel sections in 
fire (Xing et al., 2020) are compared to the numerical ultimate cross-sectional bearing 
capacity. 
The I-sections and RHS considered in this study have equivalent webs that are always 

Class 4 (slender), being the flanges of Class 1. The I-sections had 150 mm height and 
140 mm width, varying the thicknesses for both cross-section types and the RHS were ana
lysed as welded box sections with 150 mm height and 100 mm width. These restrained mem
bers had 1 m length. The stainless steel grades austenitic (1.4301), ferritic (1.4003) and 
duplex (1.4462) were considered in the study at the temperatures of 350 °C, 500 °C, 600 °C 
and 700 º C. 

In the finite element models (Figure 1), rectangular shell finite elements with four nodes, 
with six degrees of freedom (three translations and three rotations), of 10 mm length over 
the member cross-section at flat plates, are used. During all the analysis the end-plates were 
at normal temperature and had 10 times the thickness of the thickest element’s wall. In the 
longitudinal direction, the mesh size is 10 mm. Loads in the parallel direction to the mem
bers axis were applied on the nodes of the members ends, according to the linear stresses 
distribution resulting from simple bending around the strong axis or axial compression. 
Restrictions are applied to reproduce hinged supports and to restrain the out-of-plane buck
ling. This study did not consider the residual stresses as they exhibit low influence at ele
vated temperatures. 
The shapes obtained from local buckling modes, applying CAST3M program (CEA, 2012) 

together with the RUBY interface (Couto et al., 2013), were used to define the initial geomet
ric imperfections. According to Annex C of EN 1993-1-5 (CEN, 2006b), the geometric imper
fections’ magnitudes were obtained from 80% of the prescribed geometric manufacturing 
tolerances: 0.8b/200 (for ь/t≤80) or 0.8b2/(16000t) (for 80<b/t≤200) or 0.8b/80 (for b/t>200) 
(being always higher than the thickness) as local imperfection for I-sections, according to EN 
1090-2 (CEN, 2018); and 0.8b/100 as local imperfection for RHS obtained from EN 10219-2 
(CEN, 2019), where b is the length of the web or flange, depending on the highest deformation 
value. 

Figure 1. Numerical models adopted and respective loads and restrictions. a) I-section model, b) RHS 
model. 
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4 COMPARISON BETWEEN NUMERICAL RESULTS AND FIRE DESIGN RULES 

This section presents the parametric study results. The numerically obtained ultimate bearing 
load capacities were compared with the calculation rules of EN 1993-1-2 (Figure 2) and Xing 
et al. (2020) proposal (Figure 3). Figure 4 presents collapse modes examples obtained from the 
numerical analysis for I-section and RHS members under axial compression. 
With the validation criteria proposed by Kruppa (1999), Table 3 presents the statistical evalu

ation for bending based on a total of 240 numerical results and Table 4 for axial compression 
based on a total of 336 numerical results, both tables considering all stainless steel grades results. 

Figure 2. Comparison between the EN1993-1-2 and the numerical results, at elevated temperatures, for 
austenitic stainless steel cross-sections under a) bending and b) axial compression. 

Figure 3. Comparison between the new proposal of Xing et al. (2020) and the numerical results, at ele
vated temperatures, for austenitic stainless steel cross-sections under a) bending and b) axial 
compression. 

Figure 4. Example of numerical collapse mode obtained for a) I-section and for b) RHS under axial 
compression at elevated temperatures. 
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Table 3. Statistical evaluation with bending results considering the different stainless steel grades. 

Austenitic Ferritic Duplex 

% % % 
Bending μ s Max. Uns. μ s Max. Uns. μ s Max. Uns. 

EN1993-1-2 (I) 0.876 0.060 0.970 0.0 0.702 0.022 0.723 0.0 0.850 0.046 0.901 0.0 
Xing et al. (I) 0.951 0.044 1.009 7.7 0.759 0.029 0.813 0.0 0.859 0.034 0.927 0.0 
EN1993-1-2 0.602 0.026 0.656 0.0 0.543 0.048 0.644 0.0 0.564 0.050 0.630 0.0 
(RHS) 
Xing et al. 0.701 0.039 0.781 0.0 0.674 0.064 0.788 0.0 0.694 0.054 0.796 0.0 
(RHS) 

Table 4. Statistical evaluation with axial compression results considering the different stainless steel 
grades. 

Austenitic Ferritic Duplex 

% % % 
Compression μ s Max. Uns. μ s Max. Uns. μ s Max. Uns. 

EN1993-1-2 (I) 0.880 0.037 0.960 0.0 0.780 0.040 0.859 0.0 0.845 0.039 0.965 0.0 
Xing et al. (I) 0.944 0.028 1.003 7.5 0.820 0.044 0.916 0.0 0.889 0.959 1.000 2.3 
EN1993-1-2 0.534 0.029 0.593 0.0 0.616 0.030 0.658 0.0 0.604 0.031 0.657 0.0 
(RHS) 
Xing et al. 0.595 0.045 0.674 0.0 0.729 0.038 0.768 0.0 0.695 0.044 0.757 0.0 
(RHS) 

From these comparisons, it can be concluded that both approaches are mostly on the safety 
side for I-sections and the results are relatively well adapted for Xing et al., 2020 proposal high
lighting the results of the austenitic stainless steel (as also demonstrated in Figures 3 and 4). For 
RHS the methodologies are also safe, however over conservative specially compared to EN 
1993-1-2 design rules, due to the stiffness provided by the flanges, that are in RHS internal elem
ents, to the slender webs. 

5 CONCLUSIONS 

This research presented a parametric study on the cross-sectional resistance of stainless steel 
slender I-sections and Rectangular Hollow Sections (RHS) at elevated temperatures of mem
bers under bending and under axial. 
A comparison was made between the ultimate load bearing capacities obtained numerically 

and the requirements of EC3 and Xing et al. (2020) proposal, leading to the conclusion that 
both design methodologies are too conservative for RHS. It was also possible to observe that 
Xing et al. (2020) proposal presents a better approximation to the I-section numerical results 
when compared to EC3. Further studies will help to develop more precise design formulae for 
RHS, following the format of the proposed approaches. 
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Lifetime estimation for hollow-section joints under variable 
amplitude loading 

A. Dürr & J. Roth 
University of Applied Sciences Munich, Munich, Germany 

ABSTRACT: Bridges, crane constructions and automotive vehicles are subjected to 
variable loads and are often realised as truss constructions made of hollow sections. For 
Designing against fatigue failure normally entails the use of damage accumulation pro
cedures according to the Palmgren-Miner-Rule, which is the industry-standard stipulated 
proceeding given in various design guides and recommendations. In these guidelines, 
damage sums between D = 0.5  and  D = 1.0 are given. Different test results reveal that 
these damage sums partly are too conservative and can lead to uneconomic structures. 
To investigate the influence of variable amplitude loadings according to the damage 
sums and overload effects, a large number of tests was performed at the University of 
Applied Sciences Munich. For the tests, specimens were loaded with different load spec
tra with blocked and random load sequences. Within this paper the test series and the 
test results are presented. 

1 INTRODUCTION 

Truss structures made of hollow sections are commonly used for bridge and crane con
structions as well as in the energy sector and commercial vehicle constructions industry 
due to their slender appearance and the high loading capacity. Common to all of these 
hollow section types of construction is the fact that they are subjected to variable ampli
tude loadings and they have to be designed against fatigue failure. For this design pur
pose, there are many of different design guidelines and recommendations for hollow 
sections, such as those from the International Institute of Welding (IIW) (Hobbacher, 
2008), the CIDECT design guide (Zhao et al., 2001) and the Eurocode 3 (DIN EN 
1993-1-9, 2010). In terms of variable amplitude loadings, these guidelines use the 
approach of linear damage accumulation by Palmgren-Miner, albeit each demonstrating 
different damage sum thresholds. Research results have shown that a damage sum of 
D = 0.5  or  D = 1.0 can, in some cases, lead to very conservative results and thus to 
uneconomic constructions which are economically unviable, especially for constructions 
made of hollow sections (Bucak, 1990). To receive detailed knowledge about the influ
ence of the load sequence and the impact of single overloads for the lifetime estimation 
of constructions made of hollow sections, a large number of tests was performed at the 
University of Applied Sciences Munich in the research project FOSTA P1195 (Dürr 
et al., 2021). Therefore, X-joints made of square hollow sections (SHS) and circular 
hollow sections (CHS) were tested with different load spectra. Within this paper the test 
results are compared with test results from literature and a conclusion of the test results 
is drawn. 
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Table 1. Differences between guidelines and recommendations according to damage accumulation for 
hollow section joints. 

Guideline slope m1 slope m2 Knee point Cut-off point D 

EC3 
prEN1993-1-9 
IIW 
CIDECT 

5 
5 
5 
5 

5 
9 
2m1 – 1 
5 

5 · 106 

5 · 106 

107 

5 · 106 

107 

108 

109 

108 

1.0 
1.0 
0.5···1.0 
1.0 

2 STATE OF THE ART 

2.1 Damage accumulation in design rules and recommendations 

The damage accumulation based on the Palgrem-Miner-Rule is the standard approach for 
fatigue design under variable amplitude loadings (VAL). Therefore, the applied load cycles ni 
on a certain stress range are compared with the allowed load cycles Ni based on the 
S-N-curve. The damage sum D summarises all incurred stress ranges, see equation (1). 

This approach can be found in all common design recommendations for fatigue design 
under VAL. The main difference between the recommendations and design guidelines using 
the nominal stress approach are the used knee point and the cut-off point of the S-N-curve as 
well as the slope of the S-N-curve (m2) below the knee-point and the allowed damage sum. 
These values are shown in Table 1. For stress ranges, which account for only a small impact 
on the damage sum, the most guidelines recommend to view these small stress ranges as negli
gible (DIN EN 1993-1-9, 2010). 

3 EXPERIMENTAL TEST SERIES 

3.1 Specimens 

In accordance with the aforementioned regarding hollow sections the τ, β and γ values, see 
Table 2, as well as the kind of hollow sections used (SHS or CHS) play a decisive role in the 
fatigue behaviour. Two different test series with circular and rectangular hollow sections of 
different dimension ratios were used in order to counter the influence of the profile type used 
in the research project P1195 (Dürr et al., 2021), see Table 2. The tested joints were X-joints 
under tension loads and the stress ratio was R = 0.1. 

3.2 Used load spectra and test series 

Tests with VAL are generally conducted with load spectra based on measurements at a certain 
construction detail in service or with standardised load spectra. In the research project P1195 
(Dürr et al., 2021), one load spectrum was chosen, which is taken from the long established, 
but not valid anymore, German guideline DIN EN 15018 (DIN EN 15018, 1984) pertaining 
to cranes. This load spectrum according the long established German crane guideline is called 
p(1/3)-load spectrum. This spectrum has a convex distribution with a small number of high 
stress ranges, which is typical for crane and bridge constructions. The second load spectrum, 
which was chosen in the research project P1195 (Dürr et al., 2021), is based on measurements 
at different tower cranes on various sites over one year in the framework of the research pro
ject FOSTA P778 (Ummenhofer et al., 2012). This loading spectrum is called q-loading spec
trum because of the relatively long number of loading cycles with a high stress range. The 
exact distribution and the sequence length for both load spectra can be taken from Figure 1. 
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Figure 1. Load spectra used for the experimental tests. a) p(1/3) load spectrum according (DIN EN 
15018, 1984), b) Tower crane load spectrum according (Ummenhofer et al., 2012). 

In a preliminary step for each specimen type constant amplitude loading (CAL) tests were 
performed in order to attain a reference S-N-curve. The CAL test results were used for the fur
ther assessment of the VAL tests. In a second step, the block and random load test series were 
been carried out for the p-load sequence and the q-load sequence. The blocked load spectra 
were conducted with the up and down test sequence according to Gassner and with Markov 
transition (Haibach, 2006). Each test started with a middle block of each load spectra. For the 
random load sequence the standardised load spectra with an irregularity factor of I=0.99 (Hai
bach, 2006) were generated. For the assessment of the test results the rainflow counting method 
was applied. To compare the VAL-test results directly with the CAL-test results, a conversion 
to an equivalent number of load cycles Neq,i based on the maximum stress range Δσmax of the 
load sequence according to the equation (2) was applied. The exact number of tests of each 
series can be taken from Table 2. 

3.3 Test rigs 

To reduce the runtime of the tests, different test rigs were used for the blocked loadings and 
for the random loadings. For the tests with blocked load sequences an universal spindle 
machine was used for the higher stress ranges with a smaller number of load cycles and in this 
testing machine the tests were conducted at a frequency of 0.5 Hz. For the load blocks with 
a large number of load cycles a resonance pulsator was used with a frequency of around 38 
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Figure 2. Test rigs for blocked load tests and random load tests. a) Universal spindle machine, 
b) Resonance pulsator, c) Servohydraulic cylinder. 

Hz. Tests were deemed completed upon cracks appearing that penetrated the wall. For the 
test series with a random load sequence a servohydraulic cylinder was used. This kind of test 
rigs have the advantage that the exact peak value in an arbitrary order can be reached by the 
cylinder. The tests were conducted by a force controlled actuator and the tests were concluded 
upon an increase in deformation of 1 mm. In order for results to be comparable, the abort 
criterion for all tests was uniform i.e. the occurrence of a crack that penetrated the wall. 

4 RESULTS 

4.1 Square hollow section 

The results of the tests with the specimen type SHS-50 can be seen in Figure 3. In the left dia
gram the results of the different test series in comparison to the CAL-results are shown, as 
well as the existing test results from the literature (Bucak, 1990). In the right diagram the 
results are shown where the transmission to the equivalent number of cycles according to the 
highest stress range of the test was applied. It can be observed that the blocked test procedure 
for both loading sequences led to better results than the test results with a random test proced
ure. It appears that the blocked test results may lead to the lifetime of constructions being 
overestimated where VAL occurs. For nearly all test results the damage sums lie between 1.0 ≤ 
D ≤ 3.0 for the tower crane load spectrum and 1.0 ≤ D ≤ 9.0 for the p(1/3) load spectrum. 

Figure 3. Test results of square hollow sections. a) Test results for SHS-50 series, b) Comparison of test 
results with equivalent stress ranges. 

497 



Figure 4. Test results of circular hollow sections. a) Test results for CHS-51.0 series, b) Comparison of 
test results with equivalent stress ranges. 

However, after transmission to the equivalent number of cycles according to equation (2), it 
can be seen in Figure 3b) that almost all test results are within the scatter band of the CAL 
test results. The damage sum of D = 1.0 according to EN 1993-1-9 (DIN EN 1993-1-9, 2010) 
and CIDECT (Zhao et al., 2001) appears to be on the conservative side when considering 
application for these hollow section joints. 

4.2 Circular hollow section 

The results of testing with the specimen type CHS-51.0 can be taken from Figure 4. In the left 
diagram it can be observed that the p(1/3)-loading test results lead to better results than the test 
results conducted with the q-loading spectrum. This effect can be explained by the shape of the 
load spectrum, which is described in (Haibach, 2006). For the tests with p(1/3)-loading, the 
blocked test results are slightly more favourable than the test results with a random load 
sequence. 
For the test results conducted with the q-loading sequence no difference between blocked 

and random loading sequence can be observed. However, after transmission to the equivalent 
number of cycles according to equation (2), it can be seen in Figure 4b that almost all test 
results are within the scatter band of the CAL test results, with the same range of damage 
sums D as like the SHS results. 

5 CONCLUSIONS 

To concluded, the following effects became evident from the test results: 

–	 It appears that blocked test results lead to an overestimation in the lifetime of construction 
details compared to random tests. 

–	 The tests with q-loading sequences lead to a shorter lifetime in comparison to the p-loading 
sequence. This fact concerns the shape of the loading sequence. 

–	 The test results with damage equal stress ranges fit within the scatterband of the constant 
amplitude test results. 

–	 The damage sum D for all tests carried out so far were predominantly above D = 1.0. On 
the basis of these test results, a reduction of the damage sum for hollow section joints seems 
not recommendable according to the current state of the research project P1195 (Dürr 
et al., 2021). 
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Further tests on and investigations into the effect of loading sequences will be performed 
within the framework of the research project FOSTA P1195 (Dürr et al., 2021). This shall 
have as its aim the validation of current tests and the development of a correction factor 
based on the loading sequence shape for calculating the damage sum. 
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A new approach for the design of plates with trapezoidal 
longitudinal stiffeners 
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ABSTRACT: The design approach for longitudinally stiffened plates in the relevant Euro-
code interprets the stiffener buckling as a combination of so-called plate-like behavior and 
column-like behavior. In this paper an alternative design approach is presented for the prob
lem of compressed plates with longitudinal trapezoidal stiffeners. One single Winter-type 
buckling curve is proposed for the calculation of the reduction factor for stiffener buckling. 
The proposed buckling curve is described by one single formula, but with some geometry-
dependent parameters. The parameters are determined and the results are evaluated by large 
number of advanced finite element analyses. 

INTRODUCTION 

The current European design approach for the resistance calculation of longitudinally stiffened 
plates can be found in CEN (2006). It assumes that, depending on the geometry, the behavior can 
be column-like, plate-like, or in between the plate-like and column-like behavior modes, i.e. inter
active. To calculate the resistance, a reduction factor is to be determined, separately for the 
column-like and plate-like behaviors. For the reduction factor for the column-like behavior an 
Ayrton-Perry formula is used, as usual in the European practice for column design. For the reduc
tion factor for the plate-like behavior a Winter formula is used, as usual in the European practice 
for plate design. In a general case the final reduction factor is interpolated from the two separate 
reduction factors. Once the final ρc reduction factor is known, the compression resistance of the 
stiffened plate is calculated by Equation (1). 

where Ac,eff,loc is the effective area of the entire internal part of the stiffened plate, Aedge,eff is 
the total effective area of the edge plate elements, see Figure 1, while γM0 is a partial factor 
and fy is the yield strength. 

The precision of the above design approach has recently been questioned, and proposals for 
various improvements in the design process have also been published, see e.g. Sinur (2011), 
Martin et al. (2017), or Kövesdi (2019). In this paper we propose a new approach, which is 
based on slightly different principles compared to the earlier proposals. 
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2 

Figure 1. Separation of the compressed plate into middle and edge parts. 

PROPOSED NEW DESIGN METHOD 

The new design approach is originated from the observation that in cold-formed steel struc
tural members the buckling of longitudinal stiffeners is usually described as distortional buck
ling, and in the various relevant cold-formed steel design codes the distortional buckling is 
covered by one single reduction factor, calculated by one single formula. The goal here, there
fore, is to find a single formula for the reduction factor (instead of calculating it by interpolat
ing from the reduction factors to plate-like and column-like behavior). 
The proposed new design approach adopts Equation (1), as well as utilizes some formulae 

from the current design process. The main novelty is in the calculation of the reduction factor. 
The proposed design process can be completed through the following steps: 

1.	 σcr,p is the critical buckling stress must be calculated; it is recommended to perform shell 
finite element calculation (linear buckling analysis). 

2. The non-dimensional slenderness lp is given by: 

3. The σcr,c critical stress for a single stiffener is calculated as follows: 

where Isl is the second moment of area of the gross cross section of the stiffener and the 
adjacent parts of the plate, relative to the out-of-plane bending of the plate; Asl is the gross 
cross-sectional area of the stiffener and the adjacent parts of the plate, and a is the buckling 
length (i.e. distance between the cross girders). 

4. The ξ stress ratio parameter, similarly as in CEN (2006), is given by: 

5. The ρc reduction factor is calculated by a new formula, as presented in Section 4. 
6. The NRd compression resistance of the stiffened plate is calculated by Equation (1). 

It is to observe that the above procedure requires the calculation of the critical stress to the 
buckling where the whole stiffened panel buckles. Though this critical stress could be esti
mated by some analytical formula, but the numerical experience is that the available analytical 
formulae are not precise enough, see e.g. Haffar et al. (2019). That is why we propose to use 
shell finite element linear buckling analysis. 
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3 ADVANCED NUMERICAL ANALYSIS 

In order to find the new formula for the reduction factor (as in Step #4 above), we would need 
to know the real resistance of various stiffened plates. The real resistance could ideally be 
obtained from real experiments, however, can be predicted by carefully completed advanced 
numerical analysis with considering geometric and material nonlinearity and imperfections (i.e. 
GMNI analyses). This latter approach is followed here. For the GMNIA the ANSYS 17.2 gen
eral purpose finite element software has been used, which has been used to calculate both the 
buckling resistance and the critical stress of the investigated panels. The model is described in 
detail and the results are reported in Haffar et al. (2019). Here only a brief summary is given. 
The numerical model is a full shell model using four node thin shell elements (Shell 181 in 

Ansys terminology). All the sub-plates are divided into 6-10 elements in the transverse direc
tion; the longitudinal discretization is adjusted to the transverse one in order to have nearly 
square elements. The model includes three panels, see Figure 2. The ends are supported by 
applying rigid constraints (see the left part of the figure). The longitudinal edges and the lines 
of the cross-girders are simply supported (see the right part of the figure). This model is 
a realistic representation of a typical application of stiffened plates such as flange element of 
a box-girder bridge. 
The considered material is steel. A multi-linear elastic-plastic material model is applied. 

Global and local equivalent geometric imperfections have been used in the GMNI analyses with 
an amplitudes of min(a/400, b/400) for the global and bi/200 for the local imperfections accord
ing to the recommendations of CEN (2006), where a is the length, b is the width of the stiffened 
plate, while bi is the width of the plate part between two adjacent stiffeners, see Figure 2. 
The variable parameters are as follows: the length of the panel (a), the number of longitu

dinal stiffeners (n), the distance between the longitudinal stiffeners (w), the width and thick
ness of the analysed plate (b, tp) and the cross-section of the longitudinal stiffeners (hsl, tsl, 
bsl,1, bsl,2), as shown in Figure 3. Altogether 394 different configurations are considered. In 
each case the ultimate resistance was aimed to calculate. Due to the applied model, the failure 
always occurred in the middle panel. 

Figure 2. Applied shell model with the imperfections, and with the end supports highlighted. 

Figure 3. Geometric parameters in the parametric studies. 
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Once the Nult compression resistance of the stiffened plate is determined from the GMNIA, the 
reduction factor ρc,GMNI can be back-calculated by rearranging Equation (1) to Equation (5). 

It is to note that the geometric parameters were selected so that all the cross-sections would 
(at least approximately) be fully effective, thus, in the calculation of the relative slenderness 
parameter no adjustment for the effective cross-section is necessary in Step #2 in Section 2. In 
case of not fully effective cross-sections Equation (2) could be modified. 

4 AUXILIARY MODIFIED WINTER CURVES 

The new design approach is based on the idea that the buckling of the stiffeners can be 
described as distortional buckling, and in the case of distortional buckling the reduction 
factor is calculated by Winter-type buckling curves in several design codes. Accordingly, some 
Winter-type buckling curves have been considered in our investigations, and finally a simple 
formula was found to be the most promising, as follows: 

where lp0 and e are two parameters that need to be determined. (It is to notice that lp0 has 
a physical meaning: it is the length of the plateau of the buckling curve.) The observation was 
that these two parameters are dependent on the ξ stress ratio value. Therefore, the results 
from the 394 GMNI analyses were ordered into groups based on the stress ratio, and then the 
parameter values have been determined to each group. This was done by an optimization pro
cedure, in which the difference between the ρc;GMNI reduction factor from GMNI analysis and 
the ρ reduction factor from Equation (6) was minimized. This minimization is completed c 
range by range, leading to quasi-optimal lp0 and e values for each ξ range. The calculated 
parameters values are summarized in Table 1. In Figure 4 the found new curves are plotted 
for some selected ranges, together with the back-calculated reduction factors. 

5 THE FINAL REDUCTION FACTOR 

As it is clear from Table 1, lp0 and e are dependent on the ξ value, which is visible also from 
Figure 5, where the quasi-optimal parameters are plotted in the function of the stress ratio. 
Figure 5 suggests that the parameters are continuous functions of the logarithm of is ξ. This 
means that instead of taking the lp0 and e from Table 1 for the various ranges, it is simpler 

Table 1. Parameters lp0 and e for various ξ ranges. 

ξ from ξ to lp0 e ξ from ξ to lp0 e 

0 0.2 0.509 2.994 1.6 2.0 0.597 2.138 
0.2 0.4 0.526 2.824 2.0 2.5 0.550 2.099 
0.4 0.6 0.512 2.604 2.5 3.0 0.562 2.052 
0.6 0.8 0.514 2.537 3.0 4.0 0.591 2.116 
0.8 1.0 0.505 2.421 4.0 5.0 0.667 2.229 
1.0 1.2 0.495 2.355 5.0 10 0.728 2.385 
1.2 1.4 0.531 2.272 10 25 0.937 2.664 
1.4 1.6 0.521 2.144 
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Figure 4. Auxiliary modified Winter curves and GMNIA reduction factors for 4 ranges of ξ. 

Figure 5. lp0 and e values in the function of the ξ stress ratio. 

and potentially more precise to express them by analytical functions. Based on Figure 5, we 
assume here that both parameters can be approximated by two straight lines (in the semi
logarithmic diagram), hence, we use the following formulae: 

The altogether 7 pieces of A, B, C or D constants have been determined by optimization in 
which the sum of the absolute differences between the ρc,GMNI reduction factors from GMNI 
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Figure 6. Comparison of the reduction factor values: GMNIA vs. Equations (6-8). 

analysis and the ρc reduction factors from Equations (6-8) is minimized. The final equations 
are as follows: 

6 EVALUATION OF THE RESULTS 

All the cases (considered in the GMNI analyses) were re-calculated by using Equations (6-8), 
and the reduction factor values are compared to the GMNIA predictions. Figure 6 shows the 
comparison of the reduction factor values, while Figure 7 shows the (ρc,GMNI - ρc)/ρc,GMNI rela
tive differences in the function of the slenderness parameter. The most important statistical 
characteristics of the results are as follows: 

– The average of the absolute values of the (ρc,GMNI - ρc) differences is 0.030. 
– The mean value of the (ρc,GMNI - ρc)/ρc,GMNI relative differences is -0.2 %. 
– The standard deviation of the (ρc,GMNI - ρc)/ρc,GMNI relative differences is 6.8 %. 

7 CONCLUSION 

In this paper a new approach was proposed for the calculation of the resistance of longitudin
ally stiffened plates with trapezoidal stiffeners. The proposed approach adopts certain formu
lae from the current Eurocode procedure, still, it is theoretically different from the current 

Figure 7. (ρc,GMNI - ρc)/ρc,GMNI relative differences in the function of the slenderness parameter. 
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Eurocode approach, since this latter one interprets the stiffener buckling as a combination of 
plate-like and column-like behavior, while in the new proposal no such interpretation is 
included. Accordingly, in the new design approach one single formula is applied to calculate 
one single reduction factor (which should be applied to reduce the cross-section resistance). 
The proposed formula is a modified Winter-formula. 
The parameters of the proposed new formulae were determined by using the results of large 

number of resistance predictions by advanced finite element analyses. The results of the newly 
proposed design process were compared to those from the advanced numerical analyses, and 
they were evaluated statistically. Based on the statistical evaluation the new proposal was 
found to be reasonably precise. 
It is to note that the reported research is still in progress. Other possible curves (including 

Ayrton-Perry type curves) are under consideration. Moreover, further geometries (including dif
ferent types of longitudinal stiffeners) are intended to study in order to further enlarge the resist
ance database. The further results of the research are expected to be reported in the near future. 
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Fire resistance evaluation of simple steel hall carried out by using 
various computational models 

M. Maślak, M. Pazdanowski, M. Suchodoła & P. Woźniczka 
Cracow University of Technology, Cracow, Poland 

ABSTRACT: It has been shown, how the selection of static scheme for a single transverse 
frame in a typical steel hall determines the sought fire resistance of that hall. For comparative 
purposes several computational models differing in complexity have been considered for the 
same fire development scenario and the same frame. Loss of the capacity to safely resist the 
applied static loads, identified on the equilibrium path, has been considered as the representa
tive measure of resistance against increasing in fire temperature of structural steel compo
nents. Juxtaposition and comparison of the obtained results leads to the unequivocal 
conclusion, that the higher the level of simplification in the applied computational model, the 
more overestimated the resultant fire resistance determined based on that model. 

1	 INTRODUCTION 

In order to obtain a reliable fire resistance estimate for a steel hall, one should perform the 
analysis referring to the 3D bearing structure treated as a whole, or, if the available computer 
resources exclude this option, determine this resistance approximately, after detailed analysis 
of a single transverse frame formally isolated from structural system. The time during which 
such a frame will be able to safely resist the loads applied to it under the same fire develop
ment scenario accompanied by progressing material weakening will differ depending on the 
model selected to represent the considered structure. In general the fire resistance forecast for 
a steel frame is determined numerically, based on a bar model of all structural components, 
subject to the assumption that the temperature of these components is evened out not only in 
the respective cross sections but also along their whole lengths. In this analysis we intend to 
show how the selection of a particular static scheme affects the sought fire resistance. In order 
to do that a selected typical one-aisle and one-storey high steel hall is subjected to a simulated 
fire action by using various computational models. The calculations have been executed using 
SAFIR computer code (Franssen & Gernay, 2017). In each considered case the final fire 
resistance, specified for the same frame, but modelled in a different way, has been identified 
on the static equilibrium path corresponding to that model. 

2	 DESCRIPTION OF THE ANALYZED FRAME AND CHARACTERISTICS OF THE 
CONSIDERED COMPUTATIONAL MODELS 

A single transverse frame of a typical steel hall having the geometry, dimensions, rafter and 
column cross sections depicted in Figure 1a has been selected as the basis for comparative 
analysis. All the structural components of the frame have been made of S235 steel. It is 
assumed, that fully developed fire has been initiated inside the hall, such that during every 
moment of the fire action the temperature of combustion plume has been evened out in the 
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Figure 1. The reference frame: a) geometry and a static scheme, b) steel temperature distribution in the 
rafter identified after 660 seconds of fire exposure. 

whole fire compartment and increased in time following the classical scenario of the standard 
fire. Due to the different ratios of heated periphery to the surface area of a cross-section, spe
cified for the thermally uninsulated frame components, those components have been heated 
with different speeds. The scheme of uniform fire exposure of such the components along the 
entire perimeter of their cross-section has been selected for the analysis (i.e. their heating from 
four sides). In the authors’ opinion, considering the case of heating these elements from only 
three sides, which could be selected as an alternative analysis, in the case of a hall with a light 
housing would not lead to a more precise and more accurate description of the reality. As 
a result of such the findings the uneven distribution of steel temperature field in the cross sec
tion of columns and rafter in each moment of fire has been accounted for, though under 
assumption, that this distribution does not change along their lengths. The characteristics of 
particular thermal actions related to selected moments of fire are shown in the Table 1. This 
table is accompanied by a sample map of temperature distribution in a rafter, obtained after 
660 seconds of fire exposure (Figure 1b). It is assumed, that both left and right end plate beam 
to column joints remain fully rigid during the whole time of fire. 
The transverse frame described above subjected to numerically simulated fire exposure of 

intensity increasing in time in the following analysis is modelled with application of several 
computational models differing in complexity. These models are listed in turn below: 

–	 models A1 and A2 – understood as fully 2D models. Only deformations occurring in the 
frame plane are accounted for in these models. Flexural in plane buckling of rafter or 
column, i.e. the global instability of an element about the “stronger” axis of its cross sec
tion, usually determines the bearing capacity here. Model A1 pertains to the frame with 
fully rigid supports, while model A2 pertains to the analogous frame with pinned supports. 

–	 Model B1 – frame with rigid supports. An out of frame plane deformation, including clas
sical flexural out of plane buckling as well as lateral torsional buckling of column or rafter, 
is accounted for. Thus the bearing capacity may be determined by the global instability of 
an element about the “weaker” axis of its cross section. Such a scheme of transverse braces 
in the hall roof has been assumed, as to assure that every other purlin would constitute 
a support stabilizing the rafter in the frame plane at its point of support (Figure 2). 

Table 1. Steel temperature in the rafter and columns of the considered frame after various fire exposure 
times (its minimum and maximum values identified at the cross-section heights). 

Temperature min/max 0C½ ]  

Fire duration ½ ]s Fire plume eg Rafter (IPE700) ebeam Columns (HEB450) ecolumn 
a	 a 

180 502 104/135 77/128 
360 603 240/300 179/286 
540 663 380/452 292/434 
720 705 499/567 402/516 
900 738 591/647 498/633 
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Figure 2. Computational models considered in this paper. 

–	 Model B2 – analogous to the model B1, but in this case, due to the different distribution of 
braces in the roof plane only every third purlin stabilizes the rafter (Figure 2). Frame with 
rigid supports. 

–	 Model C1 – analogous to the model B1, but prepared for the frame with pinned supports. 
–	 Model C2 – analogous to the model B2, but prepared for the frame with pinned supports. 
–	 Model C3 – analogous to the model C1, but prepared for the frame with columns and 

rafter made of S355 steel. 
–	 Model D1 – analogous to the model C1, but additionally taking into account the offset of 

the axis of purlins bracing the rafter, identified in relation to the axis of such a rafter 
(Figure 2). The magnitude of this offset has been approximately assumed at 35 cm, i.e. half 
of the rafter height. 

–	 Models D2, D3 and D4 – analogous to the model D1, but taking into account an additional 
offset introduced by application of additional anti-twist braces in the selected cross sections 
of the frame. The magnitude of this offset is assumed to be equal to 35 cm at both sides. 

In each of the considered models a nonlinear relationship between stresses and strains of 
the structural steel exposed to the fire action is taken into account, as well as an appropriate 
reduction of the steel yield limit induced by the ambient temperature increasing during fire. 

3 COMPARATIVE ANALYSIS OF THE OBTAINED RESULTS 

In each of the considered cases during the initial phase of fire exposure, due to the thermal 
expansion of steel, the expanding columns raised the roof ridge, and at the same time the 
expanding rafter pushed the columns outwards. With the progress of time the rafter, increas
ingly weakened by the increasing ambient temperature, exhibited increasing deflection. This 
deflection effectively negated the initial push up of the roof ridge. As a result the columns ini
tially pushed in the outwards direction now became pulled inwards due to the ever increasing 
rafter sagging induced by the increasing fire intensity. This change in the sense of displace
ments in general occurs abruptly. This allows for unequivocal indication of fire exposure 
related to the fire resistance of the considered frame. 
Detailed analysis of the equilibrium paths depicted in Figures 3a and 3b leads to the follow

ing estimates of the fire resistance τfi;R½ ]s sought: for model A1 – τfi;R ¼ 1088 s, for model B1 – 
τfi;R ¼ 997 s, for model B2 – τfi;R ¼ 899 s. However small in absolute terms, the quantitative 
differences identified in this juxtaposition seem to be significant when expressed in relative 
terms. It has to be emphasized, that in the model A1 the frame is destroyed by the flexural in 
plane buckling of column or rafter, while in the models B1 and B2 the destruction occurs usu
ally due to flexural out of plane or more probably by lateral torsional buckling. The much 
lower fire resistance of the frame B2 with respect to the analogous result obtained for the 
same frame modeled as B1 may be attributed to the larger distance between supports stabiliz
ing the rafter in frame plane. 
In Figure 4a the results analogous to those shown in Figure 3a are depicted, but obtained 

for the frame with pinned supports (models C1 and C2). This figure is juxtaposed with Figure 
4b, to show the differences in the estimated fire resistance in the case of the same frame, but 
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Figure 3. Static equilibrium paths obtained for the frame with fully rigid supports, for: a) roof ridge 
(vertical displacements, b) eaves (horizontal displacements). 

Figure 4. Static equilibrium paths related to vertical displacements for the roof ridge of a frame with 
pinned supports, rafter and columns made of: a) S235 steel, b) S355 steel. 

this time with rafter and columns made of S355 steel, exhibiting much higher strength. The 
fire resistance obtained for this frame is obviously much higher. 
The subsequent group of analyzed frames relates to the structure having pinned supports and 

modelled offsets of various origins (models D1, D2, D3 and D4). The model D1 accounts for 
the offset of purlin with respect to the rafter, while models D2, D3 and D4 additionally account 
for application of anti-twist braces in the several cross sections of the frame (Figure 2). The 
static equilibrium paths obtained numerically under such boundary conditions are juxtaposed in 
Figure 5. The fire resistance obtained after application of the D1 model proved to be much 
lower than the one obtained previously after application of the model C1. This is an adverse 
result of the additional moment twisting the rafter. Application of appropriate anti-twist braces 
efficiently eliminates this influence. In the model D1 this occurs to the relatively low degree, as 
the braces have been applied only in the line of columns. The stiffening effect, observed on the 
models D3 and D4 with much higher number of braces, is much more pronounced and there
fore in those cases the fire resistance substantially exceeds the one determined previously on the 
model C1. 

CREDIBILITY OF THE MODEL WITH SINGLE TRANSVERSE FRAME 

The analysis presented above seems to indicate unequivocally, that appropriate modelling of 
the boundary conditions has, in the case of application of simple computational model with 
single transverse frame, a direct and significant influence on the obtained value of fire resist
ance sought. The general rule seems to be, that the higher the degree of model simplification 
the more overestimated the final fire resistance is with respect to the real value. Thus the 
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Figure 5. Static equilibrium paths related to vertical displacements obtained for the roof ridge of 
a frame with pinned supports, when taking into account offsets of various types (models D1, D2, D3 and 
D4 of Figure 2). 

desire to simplify the calculations in this situation seems to be burdened by high risk, as the 
result obtained by the simulation may impart a completely unjustified sense of false security 
upon the hall user. However, the basic question remains, how credible the result of even the 
most accurate estimate may be to the user, if this result is supported only by a simple model-
ling with application of a single transverse frame. The response, to be authoritative, requires 
at least a comparison of static equilibrium paths obtained for the same hall and determined 
with application of a full 3D model taking into account the spatial interactions between struc
tural components and a reduced 2D model consisting of a single transverse frame formally 
isolated from the whole structure and with relatively carefully applied boundary conditions. 
The results of such comparison are depicted in Figures 6a, 6b and 6c (Wozniczka, 2020). 
A single frame with truss rafter depicted in Figure 6a is in this case denoted as model E. The 
action of purlins and wall girts is in this model accounted for by application of appropriate 
supports. This simple model has been subsequently correlated with a full 3D model depicted 
in Figure 6b and denoted as model F. The static equilibrium paths obtained for both models 
are juxtaposed in Figure 6c. It is clearly visible, that the equilibrium path obtained in this 
juxtaposition for a complex model F is in general identical to the path obtained independently 
after analysis of a simple model E. There is a catch, however. The fire resistance obtained 
after application of the model E proved to be significantly higher, than the one obtained after 
application of the model F, this in turn means that such result should be treated as an 
undoubtedly overestimated value with respect to the real value of fire resistance, overestimat
ing the safety level actually warranted to the user. 

CONCLUDING REMARKS 

The considerations presented here fit within the wider scope of research conducted by the 
authors and pertaining to the credibility of various computational models, differing in com
plexity, applied to estimate the fire resistance of steel hall bearing structures (Maslak et al, 
2017, Wozniczka, 2019). In the juxtapositions presented here we intend to show, that applica
tion to that purpose of simple models based on the single transverse frame with appropriately 
modelled boundary conditions usually leads to overly optimistic estimates, more or less over
estmating the level of safety warranted to the user. Of course, sufficiently careful modelling of 
support conditions and taking into account spatial nature of the potential deformations occur
ring in a frame exposed to fire action results in the fire resistance estimated on a model conver
ging to the real value. The final result of the analysis is highly affected by the formal inclusion 
in the model of offsets induced by the way the purlins are supported on the rafter – this fact in 
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Figure 6. Verification of the credibility of results obtained after application of simple computational 
models, including: a) model of a single transverse frame (model E), b) 3D model taking into account the 
spatial interactions between structural components of the hall (model F), c) juxtaposition of the corres
ponding static equilibrium paths related to vertical displacements. 

general is neglected in the analyses. The purlins induce an additional torsion in the rafter, and 
this in turn in the case of rafter rigidity decreased by the thermal action of fire may substan
tially accelerate its loss of stability. 
In the computational models analyzed above the influence of potential substitute geomet

rical imperfections has been disregarded. The authors’ research seems to indicate, that formal 
inclusion of these imperfections does not significantly affect the final estimate of fire resist
ance. Additional inclusion of wall girts in the analysis proved to be similarly insignificant. The 
destruction mode is the determining factor, and this is obviously determined by the support 
conditions defined in the model. 
The question of selecting the optimum computational model for the analysis of fire resist

ance of a bar bearing structure in a steel hall, and especially sufficiently precise modelling of 
support conditions seems to be especially important if the complex 3D models, taking into 
account the 3D interactions between structural components, are selected for analysis (Jiang 
et al, 2018). One has to remember, that the rigidity of the structural components decreases 
with the increasing ambient temperature. This is accompanied by the increasing pliability of 
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the joints, even those between columns and rafters. The joints, modelled as nominally rigid, 
under fire conditions with passing time become partially flexible, and this should be accounted 
for in the developed model. Research conducted so far seems to indicate as well, that the final 
fire resistance of a steel frame is highly affected by the behaviour of purlins stiffening the 
rafter (Obiala et al, 2010; Vassart et al. 2007). Those purlins, due to smaller cross section get 
heated much faster, than the rafter or columns of the transverse frame. Thus relatively early, 
at monotonous increase of temperature stop supporting the rafter and thus its increasing 
deflections, often determining the bearing capacity of the analyzed frame is no longer 
restrained in any way. Sufficiently precise modelling of the whole bracing system in the hall 
seems to be similarly important, as its influence changes during fire action. 
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Investigations of the relationship between the Brinell hardness and 
strength parameters of structural steels S235 and S355 
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Wrocław University of Science and Technology, Wrocław, Poland 

ABSTRACT: The paper discusses the results of experimental studies that determine the rela
tionships between the Brinell hardness and strength parameters (yield point and tensile 
strength) of the currently produced S235 and S355 unalloyed structural steels. The conducted 
research allowed the relationship between the Brinell hardness and strength of modern struc
tural steels to be determined, as well as empirical equations that enable the estimation of the 
strength parameters of the analysed steels to be derived. 

INTRODUCTION 

Determining strength indirectly on the basis of hardness (Gosowski et al. 2014) may sometimes 
be the only way to estimate the yield point and tensile strength of the steel elements of 
a building structure, for which it is not possible to take a sufficient number of samples for static 
tensile testing. Many standards, such as DIN EN ISO 18265:2004-02, PN-H-04357:1993, ISO/ 
TR 10108: 1989, ASTM E140-86, and ISO 4964: 1984, allow strength to be estimated on the 
basis of Brinell hardness. 
However, in the current European standards concerning the measurement of steel hardness, 

there is the following notification, which generally applies to structural steels manufactured 
according to European standards: “It is not possible to accurately convert hardness into other 
hardness or tensile strength. It is therefore advisable to avoid such recalculations, unless they are 
based on conducted comparative measurements.” Relevant studies on this issue were carried 
out, among others, within a doctoral dissertation (Organek 2018). A fragment of this research 
is discussed in this paper. 
The results of tests of the selected grades of structural steels, which are currently used in the 

construction industry and produced (since about 2005 (Ślęczka 2010)) using modern technolo
gies according to European metallurgical standards, are presented below. Direct transition 
from the steel grades that were previously produced according to national metallurgical stand
ards (Dudkiewicz & Gosowski 2004, 2006) into modern steel grades is not possible. This is 
due to the fact that currently produced steel grades are qualitatively better, which is achieved 
mainly thanks to such technological procedures as secondary metallurgy (argon blowing, 
greater chemical purity - especially with regards to sulphur and phosphorus, and better forms 
of plasticity of a given grade), continuous casting (greater homogeneity in terms of structure 
and chemical composition), and controlled rolling with optional controlled cooling (a finer 
crystalline grain and greater strength and ductility) (Rykaluk 2007). In addition, due to the 
changes in metallurgical standards, rimming steels are now completely out of use. 
The classification of steel grades is based on their chemical composition and mechanical 

properties. The most important, with regards to designing steel structures, are mechanical 
properties (yield point, tensile strength, impact strength). In turn, the chemical composition is 
taken into account during the production of welded structures. This is due to the fact that it 
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determines one of the main parameters of metallurgical weldability - the CEV carbon 
equivalent. 
Currently, the steel elements of building structures are made of structural steel grades, 

which are described in the relevant PN-EN 10025 standards. The basic properties of these 
steels are described in more detail in technical literature, e.g. in (Blicharski 2014), (Ślęczka 
2010). 

2 EXPERIMENTAL STUDIES 

2.1 Research program 

The above-mentioned relationships were verified on three sets of samples of steels that are cur
rently produced. The prepared samples were subjected to tests, which included: measurements 
of Brinell hardness HBW, and the static tensile test. 
On their basis, the relationship between Brinell hardness HBW and the strength parameters Re 

and Rm was determined, as well as the conversion factors ae and am. 

2.2 Samples for testing 

The material for testing was taken from fragments of steel sections that are currently used in 
building structures. 
The first set consisted of 10 flat samples (marked as S2.1 ÷ S2.10), which were made 

of S235JR+AR steel. Specimens S2.1 and S2.2, with dimensions of ~ 4.5 × 60 × 
490 mm, were made of the web of a U-channel 100 with parallel flanges (UPE100). In 
turn, S2.3 and S2.4, with dimensions of ~ 8 × 65 × 500 mm, were made from the web of 
a C-channel 180 (C180). Samples S2.5 ÷ S2.10 were made of an I-beam 220 with parallel 
flanges (IPE220), of which samples S2.5 and S2.6, with dimensions of ~ 6 × 60 × 
500 mm, were taken from the web, and samples S2.7 ÷ S2.10, with dimensions of ~ 11 × 
60 × 500 mm, were taken from the flanges. 
The second set consisted of 6 flat samples (marked as S2.11 ÷ S2.16) made of S235JR+M 

steel. Samples S2.11 and S2.12, with dimensions of ~ 7 × 65 × 500 mm, were made from the 
web of a C-channel 120 (C120). In turn, samples S2.13 ÷ S2.16 were made of a U-channel 200 
with parallel flanges (UPE200), of which samples S2.13 and S2.14, with the dimensions of ~ 6 
× 65 × 500 mm, were taken from the web, and samples S2.15 and S2.16 were taken from the 
flanges. 
The third set consisted of 8 flat samples (marked as S3.1 ÷ S3.8) made of S355J2+N steel. 

Samples with dimensions of ~ 10.5 × 60 × 450 mm were taken from the flanges of various 
I-beams 300 with parallel flanges (IPE300). 
After carrying out Brinell hardness measurements, all the samples were prepared for 

destructive tensile tests in accordance with PN-EN ISO 6892-1:2016. 

2.3 Test stand 

The test stand for the stationary Brinell hardness measurements consisted of a B3Cs type sta
tionary Brinell hardness tester from KABiD-PRESS Company, and an Edge AM7515MZTL 
type electronic measuring microscope from Dino-Lite Company with a computer that records 
images and enables the diameter of the imprint obtained during the hardness test on the sur
face of the sample to read. 
In order to measure Brinell hardness, while taking into account the different levels of longi

tudinal load of the samples, a test stand was prepared, which consisted of: a UFP400 testing 
machine with a digital control system from Zwick Company, and also a table on which the 
Zwick portable Brinell PZ3 hardness tester and an Edge AM7515MZTL type electronic 
microscope from Dino-Lite Company with an image recording computer were placed. The 
table was able to move vertically on a trapezoidal screw and rotate around its axis. This 
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solution made it possible to efficiently place the hardness tester and measure hardness in the 
right places on the sample. 
The static tensile test was carried out on a test stand consisting of a UFP400 testing machine 

with a digital control system from Zwick Company, and also a macroXtens II extensometer 
from Zwick Company. 

2.4 The course of research 

Brinell hardness measurements were carried out in accordance with PN-EN ISO 6506-1:2014. 
Cemented carbide balls with a diameter of 5 and 10 mm, and a load factor of K = 30 (the load 
was respectively: F = 7355 N and F = 29430 N) were used. 

During the tests of the influence of normal stresses, the load levels of the samples were 
selected so that the elastic limit of the steel, which is defined as the tensile stress value and 
which causes a permanent elongation equal to 0.05% of the original measured length of the 
sample, was not exceeded. Additionally, during compression, the values of stresses that did 
not exceed 70% of the Eulerian value of the critical stresses of the samples were allowed. 

3 RESULTS OF EXPERIMENTAL TESTS 

3.1 Brinell hardness measurements 

The results of stationary measurements of Brinell hardness, as well as those that took into 
account longitudinal loading, constitute the basis of statistical analyses. Table 1 shows the aver
age values of the results of Brinell hardness measurements HBW 5/750 and HBW 10/3000 
(marked as HBW5 and HBW10) for the individual sets, as well as the basic descriptive statistics. 

By analyzing the results, it is possible to observe the relationship between the hardness and 
the steel grade, i.e. the higher the strength parameters required by a given steel grade, the 
higher the Brinell hardness. The results of the sets are characterized by low coefficients of vari
ation that do not exceed 5%. 

3.2 Static tensile test 

The average results of the static tensile test for individual sets, and also the basic descriptive 
statistics, are presented in Table 2. The strength parameters of the individual samples (i.e. 
yield strength Re and tensile strength Rm) were correlated with the results of hardness meas
urements, and then the relationships between them were determined. 
The tested steels meet the requirements regarding the mechanical properties specified in the 

relevant standards of products. 

4 STATISTICAL EVALUATION OF TEST RESULTS 

The results of Brinell hardness measurements and the static tensile test of all the samples were 
used as a database for statistical studies. 

Table 1. Average HBW 5/750 and HBW 10/3000 hardness for individual sets of steel. 

HBW 5/750 

HBW5 sHBW vHBW 

HBW 10/3000 

HBW10 sHBW vHBW ! ¼ HBW5 HBW10 

HBW5 

Samples [–] [–] [%] [–] [–] [%] [%] 

1. S235JR+AR 
2. S235JR+M 
3. S355J2+N 

146 
142 
171 

5.9 
6.0 
3.3 

4.0 
4.2 
1.9 

140 
137 
166 

3.5 
6.9 
1.7 

2.5 
5.0 
1.0 

3.7 
3.4 
2.9 

516 



Table 2. Average values of mechanical properties for individual sets of steel. 

ReH sReH vR eH Rm sRm vRm ReH/Rm A sA E sE 

Set [MPa] [MPa] [%] [MPa] [MPa] [%] [–] [%] [%] [GPa] [GPa] 

1 321 10.8 3.4 486 7.5 1.5 0.66 28.4 3.1 208 11.1 
2 303 8.3 2.7 467 26.6 5.7 0.65 29.5 2.1 204 13.5 
3 383 10.4 2.7 565 8.9 1.6 0.68 28.9 1.3 209 11.7 

Designations:
 
ReH – average value of the upper yield point,
 
Rm – average value of tensile strength,
 
A – percentage elongation after rupture,
 
E – modulus of longitudinal elasticity,
 
si, vi – standard deviation and the coefficient of variation of the average value for i =  ReH, Rm, A  and E.
 

The analyses aimed to quantitatively determine the relationship between Brinell hardness 
and steel strength parameters, as well as between Brinell hardness and the effort of the samples 
due to longitudinal load (normal stresses) during the measurements. 
The above-mentioned relationships were sought using simple linear regression models (one 

explanatory variable – hardness, and one explained variable – strength parameter Re or Rm), 
with the assumed significance level of α = 0.05. This level corresponds to the confidence level 
of 0.95. 

4.1 Brinell hardness and steel strength 

The results of the analyses are presented in Table 3. The values of the t statistics for the 
coefficients ae and am are located in the critical area (tkr(0,05;22) = ±2.07), and therefore 
there are statistical grounds for assuming a hypothesis that there is a linear relationship 
between variables Ri and HBW5 (this is also confirmed by p = 0). In turn, for coefficients be 

and bm, the value of the statistics t is outside the critical area, which proves that the abso
lute term is statistically irrelevant (this is also confirmed by the value p > 0.05). 
The conducted analysis of simple linear regression (with the absolute term) allows for the 

statement that the simple linear regression model, which takes into account explanatory vari
able HBW5, enables approx. 90% of the variance of the dependent variable Re (R

2 = 0.88) and 
Rm (R

2 = 0.92) to be explained. Moreover, relatively small standard errors in the estimation of 

Table 3. Results of simple linear regression analysis Re = f (HBW5) and Rm = f (HBW5). 

Sets of steels 1÷3 Re = ae ∙ HBW5 + be 

Variable Coefficient s t p 

Absolute term be –15.5485 28.5221 –0.5451 0.5911 
HBW5 ae 2.3080 0.1858 12.422 0.0000 
SSR SSE sE R R2 

24966 3559 12.71 0.936 0.875 

Rm = am ∙ HBW5 + bm 

Variable Coefficient s t p 

Absolute term bm 47.098 27.9796 1.6833 0.1064 
HBW5 am 3.012 0.18226 16.525 0.0000 
SSR SSE sE R R2 

42515 3425 12.48 0.962 0.925 
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the mean values of the dependent variables sE, which amounted to approx. 12.5 MPa (which 
constitutes approx. 4% of the mean value of Re and approx. 3% of the mean value of Rm), 
were obtained. 
Moreover, the results of the simple linear regression of the dependent variables Re and Rm 

without the absolute term were analyzed. The values of the calculated statistics t are in the 
critical region (tkr(0,05;23) = ±2.07) in the case of coefficients ae and am. What is more, the 
value of the p-factor is close to 0, which confirms the statistical significance of the adopted 
linear model without the absolute term. The appropriate coefficients then take the following 
values: ae = 2.21, am = 3.32. 
In the case of the regression for variables Re and Rm, the sum of squared residuals SSE 

slightly increased. The standard deviation of the estimation of the mean yield point sE 

remained practically unchanged, as did the correlation coefficient R and the coefficient of 
determination R2 . 

A graphic illustration of statistical models with and without the absolute term is presented 
in Figure 1. It can be seen that for Re and Rm, the regression lines of both models (with and 
without the absolute term) practically coincide with each other and almost give the same 
results. 
The conducted analyses allow for the statement that for modern steels there is a linear rela

tionship between their strength parameters and their Brinell hardness. However, the derived 
equations of simple linear regressions have their limitations. They are appropriate for 
unalloyed structural steels that have Brinell hardness within the range of 110 ÷ 180. 

4.2 Brinell hardness of steels tested under the influence of load 

Figure 2 Shows the selected results of the tests of hardness of elements that were loaded 
axially. There is a tendency that with an increase in compressive stresses, Brinell hardness 
increases in relation to HBW0, and with an increase in tensile stresses, a decrease in hardness 
occurs. The change in hardness is approximately 1% for every 100 MPa in relation to HBW0, 
HBW5, and HBW10. 

Figure 1. Diagrams of the dispersion for a set of 1 ÷ 3 modern steels: a) Re with regards to HBW5, b)  
Rm with regards to HBW5 with linear adjustment (simple regression). Diagram: red dashed – model with 
the absolute term, blue continues – model without the absolute term. 
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Figure 2. Diagrams of the dispersion for HBW/HBW0 in relation to σ, and also the average values 
(solid line) and linear adjustment (dashed line) of steel set 1. a) S235JR+AR (D=5 mm), b) S235JR+AR 
(D=10 mm). 

It is noticeable (especially in the case of HBW10) that there is a greater influence of tensile 
stresses than compressive stresses on hardness. As a result, a better approximation of the studied 
relationship than the applied linear function could be e.g. a parabolic function. However, due to 
the small changes in Brinell hardness (i.e. of about 1% of HBW0 for every 100 MPa of compres
sive or tensile stresses), it was considered unreasonable to use more complex functions. 

GENERAL REMARKS AND CONCLUSIONS 

Modern steels are characterized by a greater homogeneity and a much greater range of strength, 
and thus also a greater range of Brinell hardness. There is a linear relationship between the 
strength and the Brinell hardness of the tested structural steels. Due to this, it is possible to esti
mate the strength within the range of Brinell hardness from 110 to 180 using the determined 
dependence and the simple linear regression method (the classic least squares method). The real 
strength parameters may be 9% lower and 4% higher than the estimated average yield point 
value, and 3% lower and 7% higher than the estimated average tensile strength. 
It can also be concluded that the effort of the material has an influence on the Brinell hard

ness measurements. The obtained results are qualitatively consistent with the results of studies 
available in literature (Dudkiewicz & Gosowski 2004, 2006), but this influence was signifi
cantly reduced. Moreover, it should be noted that the observed changes in hardness, due to 
changes in normal stresses, are smaller than the uncertainty of the hardness measurement 
results. Therefore, the obtained quantitative results are not reliable. From a practical point of 
view, a slight change in hardness due to the influence of normal stresses seems to be negligible. 
When estimating the strength of steel on the basis of hardness and with the use of the for

mulas given in Figure 1, it is advisable to also conduct tests of the chemical composition of 
the steel and its microstructure. 
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ABSTRACT: Material properties are important in calibration of new generation design 
codes. The statistical parameters of strength of material often govern in establishing the accept
able safety margin. This paper provides a summary of the available statistical parameters for 
structural steel produced in the United States including ASTM A709 and ASTM A992, with 
nominal yield strength 50 ksi (345 MPa) and 70 ksi (483 MPa). The review of cumulative distri
bution functions (CDF) confirms that the bias factor (ration of mean to nominal) is larger than 
1.10 and coefficient of variation for the lower tail of the CDF is less than 0.05. 

INTRODUCTION 

In the new generation of design codes, safety margin is provided by load and resistance factors. 
Factored loads are conservatively specified as exceeding the maximum expected value and fac
tored resistance is specified below the low expected value. Values of load and resistance are 
determined in the reliability-based calibration procedure and acceptability criterion is closeness 
to the target reliability index (Nowak and Collins 2013). Load and resistance are treated as 
random variables that are defined by non-dimensional statistical parameters such as bias factor, 
λ, and coefficient of variation, V. Bias factor is the ratio of mean-to-nominal, and coefficient of 
variation is the ratio of standard deviation-to-mean value. Structural resistance or load carrying 
capacity can be considered as a product of three factors that represent the uncertainty in: (1) 
material properties, (2) dimensions and (3) analytical model. Objective of this paper is to present 
a summary of statistical analysis of the major property of structural steel, i.e. yield strength. 
Material test data was provided by several mills in the United States. The statistical param

eters including bias factor and coefficient of variation were determined for two most common 
steel grades: ASTM A709 steel with nominal yield strength of 50 ksi (345 MPa) and 70 ksi 
(483 MPa), ASTM A992 with the nominal strength and 50 ksi (345 MPa). ASTM A992 is the 
most common steel used construction of building frames and bridges. At present, 93% of steel 
includes recycled material (AISC 2021). The need for steel with resistance to environmental 
corrosion drove the development of weathering steel in 1940s such as ASTM A242, A588, and 
A709. ASTM A709 is the Standard Specification for Structural Steel for Bridges and encom
passes carbon, high-strength low-alloy, and quenched and tempered alloy steels used as struc
tural plates in the construction of bridges. 
For an easier interpretation of the results, cumulative distribution functions (CDF) of yield 

strength are plotted on the normal probability paper. Horizontal axis represents the yield 
strength and vertical axis is the probability of being below the corresponding value of yield. 
Important characteristic of the normal probability paper is that CDF of any normal random 
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variable is a straight line. The construction and use of the probability paper is presented in 
textbook (e.g. Nowak and Collins 2013). 

2 STEEL TEST DATA 

2.1 A992 steel 

The A992 steel test data comes from Bartlett et al. (2001), with a total of 207 flange and web 
steel coupon specimens. They were obtained from different rolled I-shaped beams provided by 
three producers, and tested at the University of Western Ontario (UWO) and the University 
of Minnesota (UM). The resulting CDF’s are plotted in Figure 1. In practice, only the lower 
tail of CDF determines the reliability. For flanges, λ = 1.10 and V = 0.035 and for webs, λ = 
1.15 and V = 0.05. 

2.2 A709-50 steel 

Results of tensile strength tests for A709-50 steel plates were provided by two steel producers. 
The tests were carried out between 2011 and 2017, about 19,000 samples came from producer 
A and 2800 from B. The datasets contain yield strength, tensile strength, and elongation but 
only yield strength data was considered. The test results in the database are for various plates 
with thicknesses increments of 1/16 inch (1.6 mm) up to 1 inch (25 mm), and ¼ inch (6 mm) 
increments above. The resulting CDF’s are shown in Figure 2 (Wolert, 2019). 

Figure 1. CDFs for the data and fitted polynomials of A992-50 yield strength (345 MPa). 
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Figure 2. CDFs for the data and fitted polynomials of A709-50 steel from source A (345 MPa). Gauges 
0.5 - 2.0 inch. 

2.3 A709-50W steel 

Results of tensile strength tests for A709-50W steel plates were provided by two steel produ
cers. The tests were carried out between 2011 and 2017, about 520 samples came from produ
cer A and 3200 from B. The datasets contain yield strength, tensile strength, and elongation 
but only yield strength data was considered. The test results in the database are for various 
plates with thicknesses increments of 1/16 inch (1.6 mm) up to 1 inch (25 mm), and ¼ inch 
(6 mm) increments above. The resulting CDF’s are shown in Figure 3 (Wolert, 2019). 

2.4 A709-HPS50W steel 

Results of tensile strength tests for A709-HPS50W steel plates were provided by two steel pro
ducers. The tests were carried out between 2011 and 2017, about 230 samples came from pro
ducer A and 160 from B. The datasets contain yield strength, tensile strength, and elongation 
but only yield strength data was considered. The test results in the database are for various 
plates with thicknesses increments of 1/16 inch (1.6 mm) up to 1 inch (25 mm), and ¼ inch 
(6 mm) increments above. The resulting CDF’s are shown in Figure 4 (Wolert, 2019). 
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Figure 3. CDFs for the data and fitted polynomials of A709-50W steel from source B (345 MPa). All 
gauges. 

2.5 A709-HPS70W steel 

Results of tensile strength tests for A709-HPS70W steel plates were provided by two steel 
producers. The tests were carried out between 2011 and 2017, about 2600 samples came 
from producer A and 980 from B. The datasets contain yield strength, tensile strength, and 
elongation but only yield strength data was considered. The test results in the database are 
for various plates with thicknesses increments of 1/16 inch (1.6 mm) up to 1 inch (25 mm), 
and ¼ inch (6 mm) increments above. The resulting CDF’s are shown in Figure 5 (Wolert, 
2019). 

3 SUMMARY OF STATISTICAL PARAMETERS 

The statistical parameters of yield strength for grade 50 are λ = 1.06-1.10 and V = 0.02-0.03, 
grade 50W λ = 1.04-1.19 and V = 0.01-0.03, grade HPS 50W λ = 1.06-1.11 and V = 0.01-0.03, 
grade HPS 70W λ = 1.54-1.76 and V = 0.02-0.06. The coefficients of variation are for the 
lower tail of the CDF. 
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Figure 4. CDFs for the data and fitted polynomials of A709-HPS50W steel from source B (345 MPa). 
All gauges. 

Figure 5. CDFs for the data and fitted polynomials of A709-HPS70W steel from source A (483 MPa). 
Gauges 0.5 - 2.0 inch. 
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ABSTRACT: The impact of corrosion degradation on the ultimate strength of stiffened plates 
subjected to compressive loading is investigated. The DoE technique is used considering differ
ent plate and column slenderness ratios and corrosion severity. The FE method, considering 
geometrical and material nonlinearities, is employed. A two-stage corrosion degradation model 
is adopted. Firstly, a uniform thickness loss is adopted to reflect the mean loss of the volume of 
material. Secondly, mechanical properties are reduced, to reflect the local non-uniformity of the 
corroded surface, leading to a local strain reduction when compared to a smooth surface plate. 
As an analysis outcome, the most important governing factors and interactions between them 
are obtained. The post-collapse shapes are presented and discussed. The resulting structural 
response surface allows for fast estimation of the ultimate strength of corroded stiffened plate, 
revealing to be a swift and practical tool to be adopted in the engineering practice. 

INTRODUCTION 

Ships and offshore structures are operating in the marine environment, which is known as 
highly corrosive. Corrosion degradation can significantly affect structural members’ strength, 
mainly due to reducing the initial cross-sectional area. One can identify to most common 
types of corrosion, pitting, and general one (Wang et al. 2014). These two types of corrosion 
need to be treated separately in terms of modelling and analysis. The focus of the current 
work is to investigate the impact of general corrosion. 
General corrosion (Panayotova et al. 2010) causes metal degradation in two levels. In the 

first one, a uniform loss of the thickness can be considered. In the second level, the local 
irregularities of the corroded surface are observed. The uniform degradation model considers 
only the first level; thus, it is easily applied to different numerical methods and closed-form 
formulations. The non-uniform corrosion model is suitable only for sophisticated FE ana
lyses. However, it was found that the non-uniformity of the corroded surface can be recorded 
when evaluating the mechanical properties of small-scale coupons subjected to tensile loading. 
Intensive studies related to the mechanical properties of steel elements subjected to cor

rosion have been performed recently. (Garbatov et al. 2014) tested corroded specimens 
with different severity of corrosion degradation. The observed reduction of mechanical 
properties was significant, including yield stress, Young modulus, and total elongation. 
Other studies related to the mechanical properties of corroded flat specimens can be 
found in (Wang et al. 2017, Nie et al. 2019), and the conclusions were similar. The mech
anical properties reduction was observed in severely corroded specimens and the initially 
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corroded ones. However, it needs to be pointed out that if the corrosion degradation is 
perfectly uniform, its effect on the mean stress-strain response of the specimen will be 
due to the general corrosion degradation of the thickness. In this respect, (Wang et al. 
2017) concluded that the reduction of mechanical properties originates from the non-
uniformity of the corroded surface. 
Studies related to other structural elements were also carried out. The effects of random 

non-linear and non-uniform time-dependent corrosion on the ultimate compressive strength 
of unstiffened rectangular steel plates have been analyzed by (Silva et al. 2013), where a series 
of 3575 corroded plate surfaces or different degree of corrosion and ages were generated, and 
non-linear finite element analyses were carried out. Based on a regression analysis, empirical 
formulae to predict strength reduction because of corrosion degradation have been derived, 
demonstrating good accuracy. 
The ultimate strength of corroded stiffened plates was investigated experimentally by (Gar

batov et al. 2017), taking into account different corrosion levels. The observed capacity reduc
tion was significant. These experimental results have been used to validate the numerical 
model developed by (Woloszyk et al. 2018), where the effect of the thickness loss and subse
quent mechanical properties reduction has been incorporated in the FE model. The agreement 
between experimental and numerical results was very good. 
Series of experiments considering corroded box girders subjected to the vertical bending 

moment can be found in (Saad-Eldeen et al. 2011, 2014). The non-uniform corrosion loss 
caused significant strength reduction, but the asymmetrical structural behaviour has been 
observed too. The analyzed box girders aimed to model the behaviour of ship hull girders sub
jected to vertical bending. 
In the present study, corrosion degradation on the ultimate strength of flat-bar stiffened 

plates is studied. Different plate and column slenderness ratios are investigated, taking into 
account different levels of corrosion severity. A two-stage corrosion model is adopted, includ
ing uniform thickness loss and change of mechanical properties of steel. As a function of the 
degree of degradation, the constitutive model of the mechanical properties is based on small-
scale coupon specimens’ experimental testing. As a result, the governing factors that influence 
the ultimate capacity of stiffened plates are identified. A polynomial formulation for assessing 
the residual capacity of corroded stiffened plates is established. 

CORROSION MODELLING 

The corrosion model used in the current study is used as presented in (Woloszyk et al. 2018), 
where the uniform thickness loss and mechanical properties reduction are considered coupled. 
The mechanical properties of mild steel change with the corrosion development in terms of the 
mean stress-strain response. Herein, the experimental results, as presented in (Garbatov et al. 
2014), are used here. Nevertheless, only changes in yield stress and Young modulus are con
sidered. A study presented in (Woloszyk and Garbatov 2019) showed that the total elongation 
and ultimate tensile stress have a marginal influence on ultimate strength and for the present 
study are taken equal to 400 MPa and 0.28, respectively. The properties are presented as 
a function of the Degree of Degradation (DoD), which is the percentage loss of the initial spe
cimen volume. 
However, the referred corrosion model was non-precise in the region of degradation level 

between 0% up to 25%, which is not in line with similar studies (Wang et al. 2017, Nie et al. 
2019). In the initial study presented in (Garbatov et al. 2014), the yield stress of non-corroded 
steel has been assumed, due to lack of intact specimens, whereas typically, this value is higher 
than the normative one. The model has been adjusted in (Woloszyk and Garbatov 2020a), 
where the initial yield stress value was based on the extrapolation from the corroded speci
mens. In case of Young modulus, adjustment was not needed. The relationships for Young 
modulus and yield stress are as follows: 

528 



3 

4 

FE MODEL 

The analyzed flat-bar stiffened plates consist of a 1.06 m length and 0.4 m wide plate and stiff
eners of different heights. The structural behaviour is analyzed using the FE method employing 
commercial software (ANSYS 2019). SHELL181 finite elements are used, and the nonlinearities 
related to geometry and material are considered. The material model is defined as bilinear with 
hardening, as indicated in Section 2. The tangent modulus of linear hardening was considered 
as E=500. The Newton – Raphson iterative procedure is employed to reflect the non-linear 
behaviour of the compressed stiffened plate. The mesh convergence studies were performed to 
find the optimum element size, leading to a 0.02 m element size (Woloszyk et al. 2018). The 
assumed boundary conditions are presented in Figure 1a, where the loaded edges are clamped, 
and unloaded edges are left free. The loading was generated as an incremental compressive 
load, leading to shortening of the edges, where coupled uy displacement was subjected. 

The welding-induced initial imperfections are modelled as described in (Garbatov et al. 
2016). The superposition of the global column imperfection, c0, and local plate imperfection, 
δ0 is incorporated in the model, as presented in Figure 1b. The local plate distortion is 
a function of plate slenderness ratio β, defined as: 

where w is the plate width, and t is the plate thickness. 
The average level of the local plate imperfections is considered as 0:1βt2. In the case, the global 

imperfections are taken as 0.0015 l, where  l is the length of the stiffened plate. The initial imper
fections level is assumed to be constant for specific plate slenderness apart from the corrosion 
degradation level since it is strictly related to welding-induced distortion. The welding-induced dis
tortions are applied by changing the z-coordinate on each node location of the finite element. 

DESIGN OF EXPERIMENT PLAN 

The ultimate strength of stiffened plates is mainly governed by two factors, i.e., the plate slen
derness ratio and column slenderness ratio (Zhang and Khan 2009). The plate slenderness 
ratio has already been introduced in Equation 3. The column slenderness ratio is defined as: 

Figure 1. A) Boundary conditions and b) initial imperfections. 
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where I is the moment of inertia of the stiffened plate cross-section, A is the cross-section 
area, and l is the stiffened plate length. Based on the analysis presented in (Zhang 2015), the 
typical plate and column slenderness ratios are between 1.4 and 2.5 and between 0.15 and 0.8, 
respectively. 
Due to the non-linear relationship between ultimate strength and plate thickness, the Cen

tral Composite Design (CCD) experimental plan (Montgomery 2006) is used to investigate the 
dependency between the ultimate strength of corroded stiffened plates and governing factors. 
In that plan, the selected factors are considered taking into account their maximum (+1), 
mean (0), and minimum (-1) values. Apart from both plate (factor A) and column (factor B) 
slenderness ratio, the level of corrosion degradation (factor C) is considered as a third factor. 
The total number of 15 cases has been analyzed, considering factors values, as presented in 
Table 1. It needs to be noted that based on the plate and column slenderness ratios, the plate 
thickness (tp) together with stiffener dimension (height hs and thickness ts) has been obtained. 
The estimated normalized ultimate strength (the ultimate force divided by the initial cross-
section of the stiffener plate and yield stress value) are presented in Table 1. It could be 
noticed that for all studied cases, the plate thickness is equal or lower than the stiffener one. 
The plate dimensions and stiffener height are assumed, thus, for particular slenderness ratios, 
the thicknesses are resulting values. 

RESULTS AND DISCUSSION 

Analyzing the results presented in Table 1, one can first obtain the model’s response factors’ 
influence. More detailed information about the factorial analysis can be found in (Woloszyk 
and Garbatov 2020b). One of the most efficient methods is to use the half-normal probability 
plots (Daniel 1959). If the factor is lying on the left-hand side of the dashed line, it is non-
relevant. The three primary factors (A, B, C) and interactions between them are considered 
(A:B, A:C, B:C, A:B:C). Additionally, the primary factors’ squares are considered too (A2, 
B2, C2) to investigate the response surface’s possible nonlinearity. The half-normal probability 
plot of the considered study is presented in Figure 2. 

Table 1. Ultimate strength of stiffened plates for the DoE cases. 

Factor tp hs ts β λ DoD Normalized ultimate strength 

Case A  B  C  mm  m  mm  - - %  -

1 -1 -1 -1 11 0.25 13 1.39 0.15 0 0.915 
2 -1 -1 1 11 0.25 13 1.39 0.15 25 0.449 
3 -1 1 -1 11 0.07 10 1.39 0.8 0 0.846 
4 -1 1 1 11 0.07 10 1.39 0.8 25 0.481 
5 1 -1 -1 6 0.25 8 2.54 0.15 0 0.602 
6 1 -1 1 6 0.25 8 2.54 0.15 25 0.335 
7 1 1 -1 6 0.07 6 2.54 0.8 0 0.64 
8 1 1 1 6 0.07 6 2.54 0.8 25 0.366 
9 0 0 0 8 0.1 9 1.91 0.47 12.5 0.566 
10 -1 0 0 11 0.1 11.5 1.39 0.47 12.5 0.744 
11 1 0 0 6 0.1 7 2.54 0.47 12.5 0.507 
12 0 -1 0 8 0.25 10 1.91 0.15 12.5 0.519 
13 0 1 0 8 0.07 7.5 1.91 0.8 12.5 0.55 
14 0 0 -1 8 0.1 9 1.91 0.47 0 0.766 
15 0 0 1 8 0.1 9 1.91 0.47 25 0.421 
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Figure 2. Half-normal probability plot. 

As can be noticed, the factors that can be taken as important ones are (in the order of 
importance): C, A, B2, A2, A:C. The most important factor revealed to be the corrosion deg
radation level. Further, the plate slenderness and square of this variable significantly impact 
the resulting stiffened plate capacity. This indicates that the relation between that factor and 
the ultimate strength is non-linear. An interesting observation can be made about the column 
slenderness, which does not impact ultimate strength when considering only the maximum 
and minimum value. However, the square of this factor was revealed to be an influential one. 
The only interaction factor captured as necessary is between the corrosion level and plate slen
derness ratio. When plate slenderness ratio is low, the decrease of the ultimate strength with 
corrosion development is less significant than the slenderer plates. 
The different cases presented in Table 1 have different normalized ultimate strength, and 

the post-collapse shapes vary. In most cases, the plate induced failure lead to the collapse 
(e.g., case 9 – see Figure 3a). However, when the plate slenderness is significantly higher than 
the column one, the overall column buckling caused stiffened plate collapse (e.g., case 3 – see 
Figure 3b). 
Based on the factors obtained from the DoE analysis, the response surface to estimate the 

ultimate strength of corroded stiffened plates can be established. Considering only the most 
essential factors, a polynomial equation may be defined as: 

where: 

Figure 3. Post-collapse shape: a) case 9 and b) case 3. 
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Figure 4. Response surface as a function of DoD and plate slenderness. 

The response surface considering the mean value of the column slenderness ratio is pre
sented in Figure 4. It can be noticed that the ultimate strength decreases with the increase of 
both plate slenderness ratio as well as corrosion degradation level. 

CONCLUSIONS 

The presented work investigated the influence of different governing factors on corroded stiff
ened plates’ ultimate strength employing the DoE technique. The corrosion degradation level 
and plate slenderness ratio are the primary factors that govern the load-carrying capacity. The 
observed reduction of the ultimate strength in a severely corroded stiffened plate (DoD = 25%)  
reaches the level of 50% from the initial value, and it was slightly higher for slender plates. How
ever, the column slenderness ratio was also an essential factor, considering this parameter’s 
square. It was found that apart ultimate strength, the post-collapse shape will also vary depend
ing on the governing factors. In the majority of the studied cases, the plate-induced failure was 
identified as a collapse mode. However, for the high plate slenderness ratio and low column one, 
the global column buckling occurred. As an analysis outcome, the response surface for fast esti
mation of the ultimate strength of corroded stiffened plates has been established, which may be 
used in the engineering practice, especially in the initial stages of the structural design process. 
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ABSTRACT: High-strength steel steels (for instance S700MC) are relatively not very well 
weldable due to the dominant martensitic microstructure. The utmost difficulty in welding 
these steels is their tendency to crack after welding. Joint strength tensile and NDT (non
destructive tests) tests were mainly carried out as the main investigation. Also bending tests 
and metallographic microstructure analyses were carried out. The welds were created using 
MAG welding with various parameters. Paper aims to verify tensile strength of the thin-
walled S700MC steel microstructure after welding with base material. 

INTRODUCTION 

Definition of Smart City was first used by prof. Boyd Cohen from University Del Desarrollo 
in Santiago de Chile. A smart city is an urban area that uses different types of electronic 
methods and sensors to collect data (Lai et al. 2020). This includes also data about transporta
tion systems and communication technology, new materials and innovate technology (interes
tingengineering.com 2018, McLaren & Agyeman 2015). Prof. Cohen puts especial attention to 
necessity of using various modern technologies (including welding) to create a Smart City 
model. In This research area (also called PBO4), high-strength martensitic steels become 
increasingly used. The weld metal of S700MC (representative of that grade of steels) deposit 
contains mainly martensite and coarse ferrite while the base material contains mainly martens
ite, bainite and much more fragmented ferrite. The differences in microstructure affect the 
mechanical properties of the base material and the joint (Celin & Burja 2018, Hobbacher 
2016, Muszyński & Mikielewicz, 2017, Hadryś et al. 2016). In the paper it was decided to 
make joints with different parameters and compare their properties with base material. From 
an engineering point of view application of various types of steel depends on their mechanical 
parameters, which follows material behavior in elastic and elastic-plastic states. It is very well 
known that the proportional limit is related to Hooke’s law and is very requested parameter 
by a lot of engineering groups on designing and modelling different types of components of 
various branches of industry (Hadryś 2015, Węgrzyn et al. 2019, www.worldautosteel.org, 
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Szymczak et al. 2019). Therefore, this parameter has to obviously be determined by material 
manufacturers. Nevertheless, a lot of material certificates usually report yield point, ultimate 
tensile strength as well as elongation, indicating a lack of value considered. This parameter is 
especially important for high-strength steels because of stress range between proportional 
limit and yield stress is wider than in the case of typical steels, creating a region for initiation 
of the first permanent deformation. It can be also connected with cracks occurring earlier 
than the calculations and manufactures indicates (Szymczak et al, 2019). It also plays an 
important role in the case of welded joints at which weld and HAZ (Heat Affected Zone) are 
the potential regions for crack occurring. With respect to fatigue durability and engineering 
efforts determination of a relationship between stress corresponding with mechanical param
eters and number of cycles to fracture plays an important role. Therefore, capturing all mech
anical parameters associated with tensile characteristic and fatigue test at the values taken is 
still important and should not be ignored. 

MATERIALS AND METHODS 

A butt-welded joints of S700MC (Table 1) steel with a thickness of 3 mm was made. 
The high content of titanium and niobium translates into high strength of the joint. In low-

alloy steels, titanium is at the maximum level of 0.003%. Mechanical properties of S700MC 
steel are presented in Table 2. 
The MAG (Metal Active Gas) welding process in the low position (PA) was applied accord

ing to the requirements of EN 15614-1 standards. It was decided to produce welds with the 
use of MAG process testing two various gas mixtures: Ar + 2% O2 and Ar + 18% CO2. All of 
the samples were welded with electrode wire UNION X96 (EN ISO 16834-A G 89 5 M21 
Mn4Ni2,5CrMo). Chemical composition of the wire is presented in Table 3. 
The input energy during the welding of thicker sheets (3 mm) was below recommended value 

4 kJ/cm. All welding tests were carried out without preheating. Tables 1 and 2 show the chem
ical composition and respectively mechanical properties used in the S700MC steel tests. The 
gap between sheets was varied in range 0-3 mm. The correct results were obtained for gap = 
1.5 mm mainly. That case was taken to further tests (Table 4). 
A butt-welded joint made of S700MC steel with a thickness of 3 mm was made. The MAG 

welding method (135) was used in the flat position (PA) in accordance with the requirements 

Table 1. Chemical composition of S700MC steel (SSAB, 2017). 

C [%] Si [%] Mn [%] P [%] S [%] Al [%] Nb [%] V [%] Ti [%] 

0.12 0.10 2.10 0.025 0.010 0.015 0.09 0.20* 0.15 

Table 2. Mechanical properties of S700MC steel, yield stress, ultimate tensile strength (SSAB, 2017). 

Yield stress [MPa] Ultimate tensile strength [MPa] < 3 [mm] A80% ≥ 3 [mm] A5% 

min min÷max min min 

500-700 750-950 10 12 

Table 3. Wire UNION X96 – chemical composition (Böhler Welding, 2004). 

C [%] Si [%] Mn [%] P [%] Cr [%] Mo [%] Ni [%] Ti [%] 

0.1 0.8 1.8 0.010 0.45 0.65 2.45 0.007 
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Table 4. Welding parameters of S700MC steel. 

Layers 
order 

Welding 
method 

Diameter of the 
electrode [mm] 

Current 
intensity 
[A] 

Voltage 
[V] Polarization 

Welding 
speed [mm/ 
min] 

Input 
energy [kJ/ 
cm] 

1 135 1.0 105 19 DC „+” 300-400 below 4 

of EN 15614-1. The preparation of material for a single-bead welding. The detailed data of 
the welding process parameters is given in Table 4. 
Once all of the test were performed the following quality control checks were applied: non

destructive and destructive tests. Non-destructive tests included (NDT): Visual testing (VT) 
and Magnetic-particle testing (MT). The destructive tests included: bending, examination of 
microstructure digested with Adler reagent using light microscopy (LM) and tensile and 
fatigue tests. 
Determination of mechanical properties of the parent material, as well as its weld, was car

ried out using 8874 INSTRON servo-hydraulic testing machine, 2620-602 INSTRON extens
ometer with measuring range of 12.5 mm and flat mini-specimens having the nominal 
dimensions in the measuring region as of: 3×4 mm. All specimens were mounted directly in 
the gripping systems employing upper and lower grips. The quality of the S700MC was deter
mined based on three tensile tests conducted at three different velocity of control signals i.e. 
displacement, strain and force (stress), using the following values: 1 mm/min, 0.08 mm/mm, 
1400 N/min (178 MPa/min). It was performed taking the fundamental mechanical parameters 
such as proportional limit, elastic limit, yield stress and ultimate tensile strength. In the gen
eral analysis of the weld behaviour the data from the test under the stress signal was taken 
into account. It was used with respect to determining the mechanical behavior and the weld 
under signal directly related to the specimen stiffness, which corresponds to its geometry and 
material type examined. 
Assessment of the weld quality was also examined in fatigue tests taking stress values close 

to ultimate tensile strength (UTS), yield point (YP), elastic limits (EL) and proportional limit 
(PL). The experiments under cyclic loading were performed at stress ratio R = σmin/σmax = 0.1 
up to material fracture at a frequency of 10 Hz using sinusoidal function, where σmin and σmax 

mean minimum and maximum stress, respectively. This kind of experiment aimed to assess 
the value of stress at the number of cycles, which connects fatigue limit and comparing the 
fatigue data with mechanical parameters of the weld from tensile test. 
The specimens were selected by means of laser technique using the commercial device 

named MAZAK STX mark III having the power of 2.5 kW. 

3 RESULTS 

3.1 The results of non-destructive tests 

Visual inspection of welds was made using standard auxiliary measures, i.e. ×3 loupe, luxmeter 
with white light 520 Lx. It was found that only some of tested joints were made correctly and 
met the quality requirements, they were characterized by the limit of acceptability “B” accord
ing to PN-EN ISO 5817. Magnetic-particle test of welds was made using the wet method with 
the following conditions: field strength 3 kA/m, white light 515 Lx, temperature 20 °C, MR-76 
detection means, MR-72 contrast. Non-destructive test results are presented in Table 5. 

3.2 The data from bending tests 

Then, a bending test was performed only for those samples that passed the NDT test (W3 and 
W4). Thus, the experiment was carried out only for samples without cracks (with 
B acceptability). 
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Table 5. Assessment of non-destructive testing of the movable platform joint. 

Welding 
Sample Gap Gas mixture of speed 
designation [mm] argon [mm/min] Observation Acceptability 

W1 2 18% CO2 300 Cracks in the weld -
W2 2 2% O2 300 Cracks in the weld -
W3 1.5 18% CO2 350 No cracks B 
W4 1.5 2% O2 350 No cracks B 
W5 1.5 18% CO2 400 Cracks in the weld -
W6 1.5 2% O2 400 Cracks in the weld -
W7 2 18% CO2 300 Cracks in the weld -
W8 2 2% O2 300 Cracks in the weld -

Table 6. Bending tests results. 

Sample designation Deformed side ao × bo [mm] Bending angle [°] Notes 

W3 root of weld 3.0 × 20.0 180 no cracks 
W3 face of weld 3.0 × 20.0 180 no cracks 
W4 root of weld 3.0 × 20.0 180 cracks in the weld 
W4 face of weld 3.0 × 20.0 180 cracks in the weld 

The tests used: sample with a thickness of a = 3 mm, width of the sample b = 20 mm, man
drel d = 22 mm, spacing of supports d + 3a = 31 mm and the required angle of bending 180. 
Five bending test measurements were carried out for each tested joint thickness on the root 
side and on the face side. The test results are summarized in Table 6. From the analysis of the 
results presented in Table 6, it follows that gas mixture Ar-18% CO2 is it is more suitable for 
this welding process. 

3.3 The results from microscopic observation 

Observations of the samples digested in Adler’s reagent were carried out on the Reichert Light 
Microscope (RLM). The examined joints are dominated by a martensitic and ferritic micro-
structure – Figure 1a shows the microstructure of W3 sample. 

3.4 Responses in tensile test 

Differences between the strength parameters were followed as a key stage for determining 
variations in the steel behaviour with respect to the material quality, Table 7. As it can be 
noticed the value of 30 MPa expressed the maximum difference between the values collected 
at the type of the mechanical parameter. This confirmed the high quality of the material tested 
as well as its insensitivity to the control signal types. 
Beneficial mechanical parameters of the S700MC welded using the Union X96 wire have 

been confirmed in the tensile test (Figure 2). This was visible by the values of proportional 
limit (PL), elastic limit (EL), yield stress (YS) and ultimate tensile strength (UTS). They were 
very close to the same type points of the tensile curve for the parent material. the significant 
difference was noticed for elongation, which has obtained close to 86% lower value than in the 
case of the parent material, Table 8. It can be explained based on the microstructure ingredi
ent i.e. martensite as the dominant element of the welded joint. In addition to martensite with 
small amount of coarse-grained ferrite was observed. Only in the base metal more fragmented 
ferrite apart from martensite microstructure is visible (shown in Figure 1b). 
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Figure 1. a) Microstructure of the joint (W90). Visible martensite and course ferrite (LM – Light 
Microscopy), b) Microstructure of the base material. Visible martensite, bainite and fine-grained ferrite 
(LM). 

Figure 2. Tensile characteristic of the S700MC as parent material and its welded joint manufactured 
using the welding wire of Union X96: a) general view with mechanical parameters, b) at magnification on 
elastic and elastic-plastic sections with selected mechanical parameters. 

Table 7. Mechanical parameters of S700MC steel at different control signals: displacement, strain and 
stress. 

Velocity 
Proportional 
limit[MPa] 

Elastic limit 
[MPa] 

Yield stress 
[MPa] 

Ultimate tensile strength 
[MPa] 

1 mm/min 
0.08 mm/mm 
178 MPa/min 
Maximal 

463 
462 
456 
7 

648 
634 
628 
20  

735 
765 
757 
30  

850 
820 
836 
30  

difference 
Average value 460 635 755 831 

The weld behavior under fatigue at the value of maximum stress close to selected strength 
parameters enabled to indicate the number of cycles, showing stress value connected directly 
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Table 8. Comparison of mechanical parameters of the S700MC and its weld using percentage values. 

Percentage differences between mechanical parameters of the parent material and its weld collected in the 
tensile test 

Proportional limit Elastic limit Yield stress Ultimate tensile strength Elongation 
[%] [%] [%] [%] [%] 

20.3 14.9 8.1 1.0 85.6 

Table 9. Results from fatigue tests conducted at maximum stress close to UTS (828 MPa), 
YS (694 MPa), EL (525 MPa) and PL (353 MPa). 

σmax = 800 MPa σmax = 700 MPa σmax = 500 MPa σmax = 400 MPa 

23 090 32 163 349 177 2×106 

Figure 3. The fatigue test results at the background of the mechanical parameters of the weld. 

with fatigue limit, Table 9, Figure 3. Taking these data prediction of fatigue durability of the 
component made of the S700MC steel welded at the Union X96 wire, especially at stress close 
to the values of the mechanical parameters selected, is possible to be followed. Nevertheless, 
for better understanding, the welded joint behavior under fatigue more experiments are 
needed, capturing Wöhler curve at a greater number of stress level. 

SUMMARY 

The weldability of S700MC steel was tested with a large number of different parameters. The 
result of non-destructive testing limited the possibility of correct welding with all the parameters 
initially proposed. The bending test result also allowed to reject incorrect welding parameters of 
S700MC steel. The most appropriate welding parameters depend on a properly selected shield
ing mixture, the gap between the sheets to be welded and the welding speed. The most 
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appropriate parameters (sample W3) correspond to an argon gas mixture containing 18% CO2 

and a welding speed of 350 mm/min. Strength parameters of the S700MC were almost insensi
tive on the welding process at the Union X96 wire. This sentence, confirmed by the obtained 
results, has enabled to indicate this method as an effective joining technique for welding of the 
S700MC sheet at a thickness up to 5 mm. Fatigue tests have enabled to present the wide range 
of stress values, which can be directly used in designing and predicting the durability of 
S700MC welded components, i.e. between proportional limit 353 MPa and ultimate tensile 
strength 828 MPa. The significant feature of the weld of S700MC was also represented by the 
fatigue limit 400 MPa, which supports the engineering point of view because it informs no dam
ages in the weld up to stress value at the mechanical parameter mentioned. Comparing the 
value of fatigue limit and ultimate tensile strength the following proportion of 0.48 can be pro
posed for engineers who predict the fatigue limit of welds made of the Strenx MC steel grade 
capturing results in a form of a tensile curve as well as microstructure similar to data presented. 
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