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Preface

This is volume 2 of our trilogy on invariant differential operators. In volume 1 we
presented our canonical procedure for the construction of invariant differential oper-
ators and showed its application to the objects of the initial domain — noncompact
semisimple Lie algebras and groups.

In volume 2 we show the application of our procedure to quantum groups. Sim-
ilarly to the setting of volume 1 the main actors are in duality. Just as Lie algebras
and Lie groups are in duality here the dual objects are the main two manifestations of
quantum groups: quantum algebras and matrix quantum groups. Actually, quantum
algebras typically are deformations of the universal enveloping algebras of semisimple
Lie algebras. Analogously, matrix quantum groups typically are deformations of
spaces of functions over semisimple Lie groups.

Chapter 1 presents first the necessary general background material on quantum
algebras and some generalizations as Yangians. Then we present the necessary mater-
ial on g-deformations of noncompact semisimple Lie algebras. Chapter 2 is devoted to
highest weight modules over quantum algebras, mostly being considered Verma mod-
ules and singular vectors. The latter is given for the quantum algebras related to all
semisimple Lie algebras. Chapter 3 considers positive energy representations of non-
compact quantum algebras on the example of g-deformed anti de Sitter algebra and
g-deformed conformal algebra. In Chapter 4 we consider in detail the matrix quantum
groups. Many important examples are considered together with the quantum algeb-
ras which are constructed using the duality properties. In many cases we consider
the representations of quantum algebras that arise due to the duality. In Chapter 5 we
consider systematically and construct induced infinite-dimensional representations
of quantum algebras using as carrier spaces the corresponding dual matrix quantum
groups. These representations are related to the Verma modules over the com-
plexification of the quantum algebras, while the singular vectors produce invariant
g-difference operators between the reducible induced infinite-dimensional represent-
ations. This generalizes our considerations of volume 1 to the setting of quantum
groups. These considerations are carried out for several interesting examples. In
Chapter 6 we continue the same considerations for the invariant g-difference operat-
ors related to GL,(n). Finally, in Chapter 7 we consider representations the g-deformed
conformal algebra and the deformations of various representations and hierarchies of
g-difference equations related in some sense to the g-Maxwell equations. Each chapter
has a summary which explains briefly the contents and the most relevant literat-
ure. Besides, there are bibliography, author index, and subject index. Material from
volume 1, Chapter N, formula n is cited as (I.N.n).

Note that initially we planned our monograph as a dilogy; however, later it turned
out that the material on quantum groups deserves a whole volume, this volume.
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Volume 3 will cover applications to supersymmetry, the AdS/CFT correspondence,
infinite-dimensional (super-)algebras including (super-)Virasoro algebras, and (g-)
Schrédinger algebras.

Sofia, December 2016 Vladimir Dobrev
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1 Quantum Groups and Quantum Algebras

Summary

We start with the g-deformation U, () of the universal enveloping algebras U(¢) of simple Lie algeb-
ras ¢ called also quantum groups [251, 253] or quantum universal enveloping algebras [389, 521].
They arose in the study of quantum integrable systems, especially of the algebraic aspects of
quantum inverse scattering method in papers by Faddeev, Kulish, Reshetikhin, Sklyanin and Takhta-
jan [273, 274, 405, 408]. It was observed by Kulish—Reshetikhin [405] for & = sl(2, C) and by Drinfeld
[251, 253], Jimbo [360, 361] in general that the algebras Uq(%) have the structure of a Hopf algebra,
cf. Abe [11]. This new algebraic structure was further studied in [441, 532, 588, 598]. Later, inspired
by the Knizhnik-Zamolodchikov equations [395], Drinfeld has developed a theory of formal deforma-
tions and introduced a new notion of quasi-Hopf algebras [255]. The representations of Uq(%) were
considered first in [389, 405, 523, 532] for generic values of the deformation parameter. Actually all
results from the representation theory of ¢ carry over to the quantum group case. This is not so,
however, if the deformation parameter g is a root of unity. Thus this case is very interesting from the
mathematical point of view (see, e.g., [170-172, 175, 176, 442, 443]). Lately, quantum groups were
intensively applied (with special emphasis on the case when g is a root of unity) in rational conformal
field theories [30-32, 304, 309, 319, 320, 482, 483, 524, 596].

We start this chapter with the general notions of Hopf algebras and quantum groups. Then we
introduce quantum algebras first in Drinfeld’s definition and then in Jimbo’s definition. We present
also the universal R-matrix and the Casimirs. We also give Drinfeld’ second realization of quantum
affine algebras and Drinfeld’s realizations of Yangians. Then we discuss the g-deformations of non-
compact Lie algebras. We propose a procedure for g-deformations of the real forms ¢ of complex
Lie (super) algebras associated with (generalized) Cartan matrices. Our procedure gives different
g-deformations for the nonconjugate Cartan subalgebras of &. We give several illustrations, for
example, g-deformed Lorentz and conformal (super) algebras. The g-deformed conformal algebra
contains as a subalgebra a g-deformed Poincaré algebra and as Hopf subalgebras two conjugate 11-
generator g-deformed Weyl algebras. The g-deformed Lorentz algebra is Hopf subalgebra of both Weyl
algebras.

1.1 Hopf Algebras and Quantum Groups

Let F be a field of characteristic O; in fact, most of the time we shall work with F = C
orF=1R.

An associative algebra % over F with unity 1, is called a bialgebra [11] if there
exist two algebra homomorphisms called comultiplication (or coproduct) &:

6:U > UU,6(1y) =19 ®1y , (1.1)
and counit &:
£:% - F,e(1y9) =1 (1.2)
The comultiplication § fulfills the axiom of coassociativity:

(6oid)ob6=(id®6) -6, (1.3)
DOI 10.1515/9783110427707-001



2 = 1 Quantum Groups and Quantum Algebras

where both sides are maps % — % ® % ® % ; the two homomorphisms fulfil:
(deoeg)ob=1i, (e®id)obd=1,, (1.4)

asmaps % — % ®F ,% — Fe% ,wherei,, i, are the maps identifying % with Z ®F,
F® % , respectively.

Next a bialgebra % is called a Hopf algebra [11] if there exists an algebra
antihomomorphism y called antipode:

VU - U, y1y) =1y, (1.5)
such that the following axiom is fulfilled:
mo(idey)eb=ioe, (1.6)

asmaps % — % ,where mis the usual product in the algebra: m(Ye®Z) = YZ,Y,Z € %
and i is the natural embedding of F into % : i(c) = c14, ,c € F.

The antipode plays the role of an inverse although there is no requirement that
Y =id.

The operations of comultiplication, counit, and antipode are said to give the
coalgebra structure of a Hopf algebra.

Sometimes we shall use also the notation of Sweedler [570] for the coproduct of a:

6d(a) = a(l) ® a(z). (17)

One needs also the opposite comultiplication §' = i - 8, where 1 is the permutation in
U QU,thatis,TXeY)=YeX,X,Yec%.

The comultiplication is said to be cocommutative if §' = 6.

If the antipode has an inverse, then one uses also the notion of opposite antipode:
Y =v

A Hopf algebra % is called quasi-triangular Hopf algebra or quantum group [251,
253] if there exists an invertible element R € % ® % , called universal R-matrix [251,
253], which intertwines § and §':

R8(Y) =68'(Y)R,VY e % , (1.8)
and obeys also the relations:
(6®id)R = R3R,3,R =R, (1.9a)

where the indices indicate the embeddings of R into % ® % ® % . For future use we
write down:
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R=RieR'=) R ®R. (1.10)
j

TheninZ @ % ® % :
R, =R ®R'®ly,

and analogously for R,3, R;3. Further we shall denote 1,, ® 15, ® 15, just by 1.
From the above it follows that:

(e®id)R=(id®&e)R =14,. (1.11)
[Proof: Apply £ ® id ® id to both sides of (1.9b). On the LHS we have (using (1.4)):

(e®id®id)-(6®id)R= ((c®id) - 6)®id) R =

= (i, ®id) (R} ®R]f’) =
= 14 ®R{8R' =Ry (1.12)
On the RHS we have:
(e®id ®id) Ri3 Ry; = (e(R}) ® 15, ® R!') Rys. (1.13)

Comparing the first and third components of (1.12) and (1.13) we get (e®id)R = 1, from
(1.11). Analogously it is proved (id ® €)R = 14, from (1.11).]
Using also (1.11) one has:

(yoid)R=R',(idey)R"' =R. (1.14)
Proof. For the first equality in (1.14) we consider:

R(y®id)R = R y(R)) ® R/ R} =
= (meid) - (R @ y(R)) ® R/ Ry) =
=(meid). (ideyeid) (R; ®R,'<®R]{' R)) =
=(meid) o (id®y®id) Ri3 Ry =
=(moid)-(ideyeid)o (®id)R =
=((mo(id®y)o8)®id)R =
=(e®id)R=1y .= (1.15)

The term quantum group is used [253] also if R is not in % ® % but in some
completion of it (cf. next subsection).
From (1.8) and one of (1.9) follows the Yang—Baxter equation (YBE) for R:

RiyRi3Ry3 = Ry3Ri3Ry. (1.16)
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[Proof: Using (1.9b) we have:

RiRi3Ry3 = Ryp (6@id) R =
=R ®R' e1,) (6RY &R =
- ('R oR,) R o R ®1y) =
=Ry Ri3 Ry

where for the last equality one applies 7 to both sides of (1.9b).]
A quasi-triangular Hopf algebra is called triangular Hopf algebra if also the
following holds:
nR' =R. (1.17)
The axiom of coassociativity (1.3) may be relaxed being replaced by:

(6®id) o6 =D{(id®8) 6D}, (1.18)

where ® € % ® % ® % is invertible. The corresponding objects in which (1.18) holds
are called quasi-bialgebras and quasi-Hopf algebras, respectively (cf. [255]).

1.2 Quantum Algebras

1.2.1 Drinfeld’s Definition

From now on (unless specified otherwise) we set F = C. Let ¢4 be a complex simple
Lie algebra; then the g-deformation U,(%) of the universal enveloping algebras U(¥)
is defined [251, 253] as the associative algebra over C with generators X;—' JH; i =

1,...,¢ =rank ¢ and with commutation relations:
[Hi ’ I—I]] = 09 [H1 ’ X]i] = i’ainji ) (1.19)
qu/z q—Hi/2
- i di i,05)[2
O X1 = 8y L = 8ylHily 4= 4",

1 1

and g-Serre relations:
= k(n k n-k
k;)(—l) <k>q,» (X{) X (X{) =0, i+j, (1.20)

where (aij) = (Aa;, aj)/(al- , ;) is the Cartan matrix of 4 and (-, -) is the scalar product
of the roots normalized so that for the short roots a we have (0, ) =2, n=1- ai
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[n],!
(1), = wmiay - (mlg! = Imlgm =11, [1],, 1.2
_ qm/z—q’m/z _ sh(mh/2) _ sin(mmt) _ ph _ J2mit
[m]q T Qg2 T Tsh(hf2) T Csin(an) g=e =e"", hr1eC,
aj; . A aji
q;" = 4“9 =g .

Remark 1.1. Expressions like qH/2 = e are made mathematically rigorous in the

so-called h-adic topology used in [251, 253] (g = eM. [By standard notation F[[h]] is
the ring of formal power series in the indeterminate h over the field F. Every F[[h]]
module V (e. g., U,(¥)) has the h-adic topology, which is characterized by requiring
that {h"V|n > 0} is a base of neighbourhoods of 0 in V and that translations in V are
continuous.] Physicists work formally with such exponents which is also justified as
explained below. O

Further we shall omit the subscript g in the g-number [m], if no confusion can arise.

Note also that sometimes instead of g one uses ¢’ = ¢°, so that [m] g = q;n__j__ "~ m] ;.
In [558] for ¥ = sl(2) and in [251, 253, 360, 361] in general it was observed that
the algebra U,(#¢) is a Hopf algebra, the comultiplication, counit, and antipode being

defined on the generators of Uq(% ) as follows:

6(H1) = Hi ® 1 + 1 ®Hi > (1.22)
5(X5) =X @q " + ¢ M e X7,
e(H) = eX;) =0,

yH) = -H;, y(XP) =-¢?Xiq,”” = ¢ Xz,

where p € JZ corresponds to p = % Y qeat &, AT is the set of positive roots and p =
% theA“' Ha'

The above definition is valid also when ¥ is an affine Kac-Moody algebra [251];
however, another realization, called Drinfeld’s second realization, was given in [254]
and will be presented below. It was also generalized to the complex Lie superalgebras
with a symmetrizable Cartan matrix (cf., e. g., [385]).

The algebras U,(¥) were called quantum groups [251, 253] or quantum universal
enveloping algebras [389, 521]. For shortness we shall call them quantum algebras as it
is now commonly accepted in the literature.

Forgq — 1, (h — 0), we recover the standard commutation relations from (1.19)
and g-Serre relations from (1.20) in terms of the Chevalley generators H; , X; .

The elements H; span the Cartan subalgebra . of ¢, while the elements X; gen-
erate the subalgebras ¥*. We shall use the standard triangular decomposition into

direct sums of vector subspaces ¥ = 7 & ﬂeaA% =Y o009 ,9" = o 7
€ Ben*

where A = A* UA™ is the root system of 4, A*, A™, the sets of positive, negative, roots,
respectively; Ag will denote the set of simple roots of A. We recall that H; corresponds
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to the simple roots a; of &, and if 8 = ¥ nja’ and B = 28/(B, B), then to B corresponds
Hg = ¥; n;H;. The elements of ¢ which span % (dim G = 1) are denoted by Eg. These
Cartan—Weyl generators Hg, Eg [198, 360, 361, 575], may be normalized so that:

[Eﬁ s E—ﬂ] = [HB]qﬁ s qﬂ = q(ﬂ’ﬁ)/z (1.233)
[Hg,E,p]l = +(B",B)E,p, BB A" (1.23b)

To display more explicitly the Cartan—Weyl generators we need the notion of normal
ordering [385]:

Definition 1.1. We say that the root system A is in the normal ordering if in the situation
y=a+pelA,,wherea + AB, a, B € A,, the roots are ordered as a < y < 5. O

Then the Cartan—Weyl generators are constructed as follows: Lety = a + , a < y < 3,
and [a; B] is a minimal segment including y; that is, there do not exist roots a, B’,
such that ' > a, B’ < fand & + B’ = y. Then the root vectors E,, are given as
follows:

E, = (ad, E,) Eg = E, Eg — ¢“PPE, E, , (1.24)
E., = (Ad 1 Ep) E, = EgE, - ¢ “PPE, Ep. (1.25)

As an example we give the Cartan—Weyl generators for ¢ = sl(n). Let Jk, Xk] be
the Cartan-— Weyl generators corresponding to the roots a; ., —@;j .1, With j < k; in
particular, X H X* X = X, correspond to the simple roots a;.

Here the normal ordering coincides with the lexicographic ordering. In the case of

the root g; ;,; we have two minimal segments since:

Qi1 = A+ Qyq jy1 = A + Ao j<k,

a]"j_,,l = aj (1.26)
the orderings being:
& < Qo1 < Qe > Qg < A jeer < A s (1.27)
@; < Qg Qg i1 < Ak

Then instead of (I.2.46a,b) we have:

X]J;< = (ad )X+1 k=
_ X X+l B q(a]’a;+1,k+1)/2 X]:-l,kaJr —
= (adq Xj,k—l) X;(— =
= X1 Xp —q P XIX L <k, (1.28a)
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Xy =

;= (ad, 1Xk)Xk1]

= X Xy — 4 %92 XX =
= (Adq—l Xk,j+l))(]' =
= XX - q—(tlj’llj+1,k+1)/2 X Xijur» j<k. (1.28b)

In the affine case, the Cartan—Weyl formulae are as above, though it is useful to write
them down the analogues of (I.2.158a) and (I.2.161):

By E- (kd+tx)] (Hyaralg, = [Ha + kClg, » (1.29a)
; ) Kef2 _ gkel2
1
[Ekd’ ea] = Oj—e [Hka]q =i-¢ g2 —q 12" (1.29b)

The action of 6, €, y on the Cartan—Weyl generators is obtained easily from (1.22) since
Hp and Ej are given algebraically in terms of the Chevalley generators. (Of course, if
a ¢ Ag the coalgebra operations 8, y look more complicated than (1.22).) The axioms in
(1.1)-(1.6) are fulfilled by the explicit definition (1.22).

The opposite comultiplication and antipode [253, 361] introduced above define a
Hopf algebra U, (¢ )', which is related to U,(&) by:

U,(@) = Up(9). (1.30)

1.2.2 Universal R-Matrix and Casimirs

For ¢ = sl(2) the universal R-matrix is given explicitly by [253]:

R=- g™y (1—‘1 [rz]q L@ XY e X" (1.31)
n>0 :

where H = H;, X* = X{, r = 1. Note that this R-matrix is not in U,(sl(2)) ® U,(sl(2)),
since it contains power series involving the generators X*, but in some completion of it
(in the h-adic topology used in [251, 253]). This is valid for the R-matrices of all U,(%).
Hopf algebras with such an R-matrix are called pseudo quasi-triangular Hopf algebras
[253] or essentially quasi-triangular Hopf algebras [454].

Here we can point out the only serious inequivalence between the Drinfeld and
Jimbo definitions. Namely, there is no element in l~]q(€4 Yo U ¢(9) corresponding to the
factor qH®H/4. Nevertheless, the universal R-matrix can act on any tensor product of
finite-dimensional U, (#)-modules.

For ¢4 = sl(n) an explicit formula for R was given in [533]. Explicit multiplicat-
ive formulas for R were given in [389, 424] for all complex simple Lie algebras ¢ and
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in [385] for all finite-dimensional superalgebras with symmetrizable Cartan matrices.
Then the universal R-matrix for the untwisted affine Lie algebras was given in [578].
Then this was obtained using the quantum Weyl group for Agl) in [426] and for general
untwisted case in [167].

We recall results of [389, 447] where were given explicit multiplicative formulas
for R for any U,(#). For this they introduced g-version of the Weyl group for U,(¥). Let
us recall that for a € A,

24, a)
(a,@)

are the standard reflections in #*. The Weyl group W is generated by the reflections
S; = Sq;» Where a; is the simple root. Thus every element w € W can be written as the
product of simple reflections. It is said that w is written in a reduced form if it is written
with the minimal possible number of simple reflections; the number of reflections of
areduced form of w is called the length of w, denoted by £(w).

The elements of the g-Weyl group belong to the completion Uq(%) of U,(%)
[389]. They are defined by the action of the generating elements in the irreducible
representations of U,(9).

In the case of sl(2, C) the nontrivial element w of W is defined to act in the
representation defined (e. g., [389]):

Se(A) = A - a, Nest” (1.32)

wlj,n>,= (—l)j_"q("_j(i+1))/2|j, -n>,. (1.33)
It satisfies the relations [389]:
wxX*w™ = —-¢*"’x*,  wHw = -H. (1.34)
Since Uq(% ) is also a Hopf algebra we have [389]:
sw)=R'wew, ew)=1, ypw)=wg"? (1.35)
where R is given by (1.31). Further let us introduce the element

u= Z y(ai)bi, (1-36)

i
where a;, b; are the coordinates of the element R:

R= z a; ® bi' (1.37)
i

One may show that:

YY) = uvu, (1.38)
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and
V= uq_?/2 e centre of Uy (), (1.39)

7 is used in (1.10). Let € be the unipotent central element, that s, elj, n >,=
(-17)j,n >,, € = id. Then [389]

W = ve = ug e. (1.40)

For arbitrary U, (%) let L, be an irreducible representation of U,(¥). Let L, = eaj(Wf\ ®

Lj) be the decomposition of L, into irreducible (U,(sl(2, (C)))j submodules. Define the

actionof w;in L, asw; = eaj(IdW,- ® (w,-)j), where (w;); is the action of win L; as in (1.33).
A

Further one has [389]:

wiHw;" = Hy - ayH;, wXiw;' = -¢"X}. (1.41)
éw; = R() 'w; e w;, (1.42)

where R(i) = R(H;, X;1q;),

ww)* % =1, for i+j, W)=1, (1.43a)
W) % =1, for i+j, W)=1, (1.43b)
» H2/8

Wi=wg, . (1.43c)

Furtherlets, = s;, ...s; be the reduced form of the element of W with maximal length
£(sp). It can be shown that the element

Wo =W, ... W (1.44)

1 U3

is well defined and does not depend on the choice of decomposition of s,. Finally the
result of [389] for the universal R-matrix is:

-1
R = g% ® o i, 6 vig)6(io)

(By) = (> ), (1.45a)
or
R = ngj:l(B_l)ini®Hi/4R(l‘k|Si1 e sik—l) cee
... R(,ls; )R@y), (1.45h)

where

RGels;, .55, ) = (T @ To) ...(T7,! ® T;. L DRG,), (1.45¢)

T(Y) = w; ' Y. (1.45d)
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The same construction works for affine Lie algebras [389]. Earlier work in this case
includes the explicit construction for A?) in any representation [360, 405, 406, 558];
for AL, BY, ¢®, pY in the vector representation [82, 362]; for B, DY) in the spinor
representation [500]; and for Ggl) [415].

The centre of Uq(%), and for generic g the centre of I:Iq(%), is generated by
g-analogues of the Casimir operators [360, 361, 557]. For ¢ = sl(2) one has:

G =[H+DRP+X X" (1.46)

For & = sl(n + 1, C) we shall need more explicit expressions for the Cartan—Weyl gen-
erators as in (1.28). Let @; ;. € A*, 1 <j < k < nbe a positive root given explicitly in
terms of the simple roots a;, j = .,n (asin (1.26)) by:

Qijest = QG+ Qg + -+ Ay j <k (1.47)
Then the corresponding root vectors elements X, k> J < k are defined inductively:
Xii< = (q1/4 X 1+1k q_1/4 X+1k X ), Jj<k (1.48)

Note that there is some inessential ambiguity in the definition (1.48), namely, X ]k =
q*nXﬁ( for generic g is also a good choice. Particularly often are used the choices n = 1/4
or n = —1/4. Thus, (1.48) differs by such normalization from (1.28). One can check (1.23)
with

H =Hj+Hj +-+H, j<k. (1.49)

A ke+1

Now the Casimir operator is given by [478]:

C, = K°< Y KKK KX X TR

1<i<j<n

n
YK K Ky Kag TP - ‘1/2)‘2>, (1.50)
j=0

where

K =K. .K®, a;=(n+1-2i)/(n+1),

Ko = q;‘rHi/z.

1

For n = 1 this expression differs from (1.46) by an additive constant.
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1.2.3 Jimbo’s Definition

In some considerations it is useful to use a subalgebra f]q(% ) of Uy(¥) generated by
X;" and

K = gt (1.51)
and then (1.19) is replaced by:
KK'=K'K; =1, [K;,K]=0,
KXK' = qf“f"/ 4X].i , (1.52a)
(X, x1= 617%. (1.52b)

1 1

On the other hand one may forget (1.51) and define U, ¢(%) with the generators X; and
Kl?'l and relations (1.20) and (1.52). In terms of these generators the coalgebra relations
are:

8K) =K;®K;, 6X)=X oK +K ' ®XF (1.53a)
eK)=1, eX)=0, (1.53b)
Y &) =K, y(X) = —g X (1.53c)

This is actually how quantum groups are defined in [360, 361]. This definition has the
advantage that U ¢(¢) is an algebra in the strict sense of the notion. The algebra ﬁq(% )
is also called rational form of Uq(% ), or Jimbo quantum algebra.

Nevertheless, even if not used, relation (1.51) is present in a ‘hidden way’. That is
why quantum algebras are called quantum groups a la Drinfeld-Jimbo in spite of the
fact that the two definitions are not strictly equivalent. (In the mathematical literature
(cf., e. g., Chari—Pressley [147]) one starts also by treating qﬂ/ 2 as formal variables.)

We shall point out now one of the inequivalences, the so-called twisting.
Let (0y,...,0,) € {x1}". Then there exists an algebra homomorphism of f]q(g )
given by:

K- oK, X —oX , X —X

; P (1.54)
On the other hand, except from the identity automorphism o; = 1, Vi, there are no
analogous automorphisms for U,(¢). We note that this inequivalence is not very
important since these automorphisms (except for the identity one) do not respect the
coalgebra structure of qu(% ).
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For the Cartan—Weyl generators we need also the notation:
H
Ky =g, = ]—[ KY,  Hy=Y mH (1.55)

Then we have for the analogue of (1.23a):

Hp/2 -Hp /2
KiK' 4 -5’
[Eg, E_gl = 2 2 12 -2 (1.56)
dp ~ g dp ~ g

In the affine case, we use (1.55) for 8 = kd + a, Hp = H, + k¢, and Ky = qké/", and then
instead of (1.56) we have for the analogues of (1.29)

K2 -K? U2 _ o (k)2

kd+a kd+a _
[Ek?i+a’E—(k[1+a)] q1/2 q;1/2 - Q}X/Z q;1/2
I(Zk _ I(*Zk kC/2 _ *](6/2
(Bl Elgl = 8¢ 00— 2m =6y LT (1.57)

g2 — g1 k,—e g2 — g2

One may also use instead of X; the generators:

=X ¢ =X K, Fi=X ¢ = XK (1.58)

1

(A similar change was used in [533].) In terms of the generators Kiﬂ, E;, F; the coalgebra
relations are rewritten as follows:

8(K) = K;®K;, 6(E)=E oK +1oE,

8(F)=F;®1+K’aF, (1.59a)
eK) =1, eE)=¢eF)=0, (1.59b)
y&) =K', y(E) = -EK;?,

y(F) = -K;F;. (1.59¢)

We note for further use:

6’(Ki) =Ki®Ki’ 6’(E1) =Ei®1+Ki2®Ei’

§(F)=Fek’+1oF (1.60a)
V&) =K, Y (E)=-KE,
Y’(Fi) = _FiKiz- (1.60b)

One may also rewrite the g-Serre relation (1.20) as [533]:

(adE)"(E)) = 0 = (ad F)"(F)), i#j, where (1.61a)
ad, : Uy(¢") — End(U,(¢")),
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ad, =mo (LeR)(id®y)s, (1.61b)
ady : Uy(¢7) - End(U, (%)),
ad; =mo (LeR)(idey)s , (1.61c)

and L (respectively, R) is the left (respectively, right) representation. In particular,
ad, E; = (LeR)(id ® y")5'(E;) =
=(LeR)(idey)Eely, +K ®F) =
=LeR(Eely, +K ' (E)) =
= (L®R)(E; ®1,y - K} ®K;’E)) =
= L(E;) ® 14, - L(K}) ® R(K; °E))

ad, E; (E)) = (L(E) ® 14 — L(K}) ® RK;°Ey)) (E)) =
2 -2
:EiEi_I(i E]Kl Ei =
= Ei E] - qaij/z E] Ei =
-n)f2
= Ei E] - q(l )/ E] Ei’
where the action of mo on the RHS is understood where appropriately.

Furthermore adq(E,-) acts as a twisted derivation; that is, for X,Y ¢ Uq(%")
homogeneous of degree 8, y € 7#* we have:

ad,(E)(XY) = ad,(E)(X)Y + ¢ P2X ad, (E)(Y). (1.62)
Proof: the LHS and the RHS of the above equality are:

LHS:  ad,(E)(XY) = E; XY - K; XY K; * E; =
—E XY - q@ P2 Xy E
RHS:  ad (E)(X) Y + ¢ P2 X ad (E)(Y) =
=EXY-KXKE Y+
g PR (B Y -KYK2E;) = (1.63)
—EXY-q9PPX E v+
+ q(vt,-v,ﬁ)/2 X (Ei Y- q(vt,-v,y)/2 YEi) _

—EXY-q9PPXYE,

The action of ad;(Fi) onX,Y € Uy(%4") is defined analogously.
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1.3 Drinfeld Second Realization of Quantum Affine Algebras

In [254] Drinfeld introduced the so-called new realization of quantum affine algebras.
Our exposition will follow mostly [386].

Let ¢ be a untwisted affine Lie algebra, and IT = {ag, ;, ..., ®,} be a system of
simple roots for %. We assume as in Volume 1 that the roots I, = {a;,a,...,q,}
generate the root system of the corresponding finite-dimensional Lie algebra ¢.

In this second realization, the algebra Uq(i?) is generated by an infinite set of
generators:

Ko Xims &im» (for i=1,2,...,r; melZ), (1.64)

with the defining relations:

[K,, everything] = 0, Xio&im = gt X0 s (1.65)
sz _ K—2m
[Xi,m’Xj,n] = 6m,—naij(m) W s (166)
[Xi,mr f}i’l] = ial](rn) gj’im+nK((;_mi|m|) ’ (1.67)
+ + Fa;,0)2 g+ g+ Fap,0)2 gt g + +
‘fi,m*'l{f,“ —-4q g]"n{i,mﬂ =q é’i,m{j,nﬂ - gj,n+1€i,m s (1.68)

— ¢i,m+nK2m - lpi,mszm
(& s &l = 63 qf/z i c (1.69)

!
n..

ij
Sym Z(_l)scfﬂj (q(ai,aj)/Z)gi”ill é‘lilsgfm{lilsﬂ {fln =0 fori+j, (1.70)
$=0 L

/
ij

where
(a3,07)/2 -m(a;,0:)/2
et
aij(m) = mg? - q ) , (1.71)
the elements ¢; ,, ; , are defined from the relations:
Y diu” =xioexp(g "’ - ¢ Y xiu ), (172)
14 p<0
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Y ipu? =xioexp(@” -q ") Y xipu ™), (1.73)
p p>0

the g-binomial coefficients C;(q) are determined by the formula

[n],!

C;(Q) = m s

(1.74)

the symbol “Sym” in (1.70) denotes a symmetrization on , L,..., lnu’ and nlf]- =+ 1.
It should be noted that the matrix (a;(m)) with the elements (1.71) may be
considered as a g-analog of the “level m” for the matrix Cartan (af].y ™.
Drinfeld has shown how to express the Chevalley generators e,, h,, in terms of Xii:O
and &fk, k = 0, +1 (see [254]). He suggested also other formulas of the comultiplication
for U, (%), which originates in a quantization of the corresponding bialgebra structure

[254] (different from the usual one):

§Pk,) =K. @K, 8P (;.0) = Xi0 ®Xi00 (1.75)
6(D)(Xi,m) =Xim ® 1+ Kc_l ® Xi,m » 6(D)(Xi,—m) =Xi-m ® Kc +1 ® Xi,—m> (1'76)
form > 0, and
SO ) =& @1+ Y Kiin® & (1.77)
n=0
6V Em) = 186+ 3 Gnn © Yink 78
n=0

forany m € Z.

Next we show how the generators K, X; m» {fm can be expressed via the Cartan-
Weyl generators in Jimbo’s realization.

We fix some special normal ordering in A, (%) := A,, which satisfies the following
additional constraint:

ed+a; < (m+1)d < (n+1)d - a (1.79)

for any simple roots q;, @ € IIy, and ¢, m, n > 0. Here d is the minimal positive

imaginary root (cf. Section 1.2.6). Furthermore we put

ED = X7\ Eqo)g» (1.80)

Epavg, = (D", a)l) " (ad EY'X; (1.81)
Egona o = (@, a)l) "(@d EDY'Ey , (1.82)
Eéffil)a = Eduay» EqaJg » (1.83)



16 —— 1 Quantum Groups and Quantum Algebras

(for n > 0), where (ad x)y = [x, y] is the usual commutator. The imaginary root vectors
EL(Y’[)a do not satisfy the relation (1.57). We introduce new vectors ES,)qa by the following
(Schur) relations: h

12 ~1/22Pi7L
100 _ (@"-q") ONZIPON
Ea= > il gl () - (EY (1.84)
P1+202+...+kpi=n 1 k
In terms of the generating functions
! 12 -1/2 (i) _m
E@2)=(q"-q") ) E 2 (1.85)
m>1
and
_ (112 -1/2 i) m
Ei(z) - (q - q ) Z Emaz s (1-86)
m>1
the relation (1.84) may be rewritten in the form
E/(2) = -1+ exp E;(2) (1.87)
or
Ei(z) =In(1+ E{(z)) . (1.88)
From this we have the inverse formula to (1.84)
12 2Pl ok |
0 _ (@ -q") Qb - D! _ew 1()\Pk
= 2 E7) - (EL) - (1.89)

... |
D1+2p)+...+kpy=n Py Pie

We construct the rest of the real root vectors using the root vectors Enawi’ E(n+l)z_i—ai’
Egzﬂ)a (i=1,2,...,6;n € Z,). The root vectors of negative roots are obtained by the
Cartan involution (*):

E,=(E) (1.90)

fory e A@).
To proceed further, we introduce two types of root vectors Ey and Ey by the
following formulas [386]:

E :=E,, E,:=-K'E_,, VyeA, (1.91)

Y

and

E :=E E, :=-EK,, VyeA. (1.92)
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Using the explicit relations (1.80-1.83), (1.89), and (1.90), we can prove the fol-
lowing theorem which states the connection between the Cartan—-Weyl and Drinfeld’s
generators for the quantum untwisted affine algebra Uq(ﬁ?):

Theorem 1.1 ([386]). Let some function ii: {ay, &, ..., a,} — {0, 1} be chosen such that
m(a;) # n(a]-) if (a;, a]-) # 0 and let the root vectors Eiy and Eiy of therealrootsy € A, (@)

be the Cartan—Weyl generators (1.91), (1.92) and E% be imaginary root vectors of Uq(? ).
Then the elements

Ke:=Kg. Xio =Koy Xin = GO ED, (1.93)
En= D" E 5, £ = CO"WE (1.94)
forn e Z, and
b0 =Ky, » bin= @ - qllz)Kal.E’_(;)a ,
Yio = Ka_(,»l , Yin = Cha q_l/z)K;l.lE;%) , (1.95)

for n > 0 satisfies the relations (1.65-1.70); that is, the elements (1.93-1.95) are the
generators of the Drinfeld’s second realization of Uq(? ). ¢

1.4 Drinfeld’s Realizations of Yangians

This section follows mostly [577]. Let g be a finite-dimensional complex simple Lie
algebra. Fix a nonzero invariant bilinear form (, ) on g, and let {I,} be an orthonormal
basis of g with respect to (, ).

1.4.1 The First Drinfeld Realization of Yangians

Definition 1.2 ([251]). The Yangian Yn(g) is generated as an associative algebra over
C[[n]] by the Lie algebra g and elements J(x), x € g, with the defining relations:

Jx + py) =N G + W (),
Jx,yD=bJy)]  for x,yeg, ApecC,
if Z[xl-,y,-]=0 for x;,y;€g =

(1.96)

2 (1.97)
ZU(Xi)s ](Y1)] = ;1_2 z z ([[Xif Ia], [Yi’ Iﬁ]]a I ){Ia’lﬁ’ly} ’

i aB,y
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if Z[[xi,yi],z,-]=0 for x;,y;,zi€9g =
i

2
Y0 JO. @) =5 3 Y vin 7 Lo I ) (1.98)
i i apBy
X {Ia9 Iﬁ’](ly)} ’
where the notations are used {aj,a,,as} := (1/6) Za,-ajak and f(x,y,z,a,b,c) :=
i#j#k

Alt Sym ([x, [y, all, [[z, b], c]). A comultiplication map (5,1 : Yn(g) — Yn(g) ® Yn(g))’
XY Xz

an antipode (5,1 : er(g) — Yn(g)) and a counit (8,1 : Y,](g) — Q) are given by the
formulas (x € g)

6,](x)=x®1+1®x,

8,00 =Jx) @ 1+1&](x) + g xe1,Q,, (1.99)
Sp0=-x,  S,00) =6+ L Ax, (1.100)
e,l(x)=e,1(](x)) =0, 8,1(1) =1, (1.101)

where Q, is the Casimir two-tensor (Q, = Y I,®I,) and Ais the eigenvalue of the Casimir
a

operator C, = Y I I, in the adjoint representation of g in g.
a

We may specialize the formal parameter 1 to any complex number v € C; however,
the resulting Hopf algebra Y, (g) (over C) is essentially independent of v, provided that
v # 0. It means that any two Hopf algebras Y, (g) and Y, (g) with v # Vi v,V # 0are
isomorphic. Thus, we can as well take v = 1 and drop the parameter . However, for
the convenience of passage to the limit  — 0, we shall keep the formal parameter 7.

Remark 1.2. In the case g = sl,(C) there is a more complicated relation instead (1.97)
(see [251]). 0
1.4.2 The Second Drinfeld Realization of Yangians

LetA = (aij)f’]-zl be a standard Cartan matrix of g, IT := {a, ..., a;} be a system of simple
roots (I is rank of g), and B = %(ai, a;).

Theorem 1.2 ([254]). The Yangian Yn(g) is isomorphic to the associative algebra over
Cl[[n]] with the generators:

&, &, @, for i=12,...,; n=0,1,2,..., (1.102)



1.5 g-Deformations of Noncompact Lie Algebras = 19

and the following defining relations:

[(Pin’ (p]m]=0 s (1.103)
[Pio> &nl=+2By; &5y s

[{;1, fj;n]=6ij §0j n+m?

[¢in+l’ 'fj:_rn] - [¢in’ é}i;n+1]=in Bij ((pin'fj:? + é}'fn(pin) 4
(&1 &imd = i & 221 By (& + &iméin) »
Sym [fiinl, [{iﬁz L.. [fiink, &l .- J1=0 for i#j, k=1-A4; ¢

CROIEI

Explicit formulas for the action of the comultiplication 6, on the generates &, ¢;, are
rather cumbersome (see [386]), and they are not given here.

For the Yangian Y, (sl(n, €))) Drinfeld has also given a third realization. It is
presented in terms of RLL-relations (see details in [254, 272]).

All these realizations of Yangians are not minimal; that is, they are not given in
terms of a Chevalley basis. However, the minimal realization may be given using the
connection of Yangians with quantum untwisted affine algebras (cf. [577]).

More information on Yangians may be found in the book [479].

1.5 g-Deformations of Noncompact Lie Algebras

1.5.1 Preliminaries

Noncompact Lie groups and algebras play a very important role in physics — recall.
Thus ever since the introduction of quantum groups as deformations U,(¥) of the
universal enveloping algebras of complex simple Lie algebras or as matrix quantum
groups, one was always asking what would be the deformation of the real forms. Actu-
ally, the deformation of compact simple Lie algebras is used in the physics literature
without much explanation assuming the implementation of the Weyl unitary trick.
In [272] Faddeev-Reshetikhin-Takhtajan introduced the compact matrix quantum
groups SU,(n) (for n = 2 first in [599]), SO,(n), Sp,(n), and the maximally split real
noncompact forms SL,(n, R), SO,(n, n), SO,(n, n+1), Sp,(n, R). From our point of view
it is not accidental that these cases were obtained first since the root systems of these
real forms coincide (up to multiple of i in the compact case) with the root systems of
their complexifications (cf. the description of our approach below). Besides the above
among the first noncompact cases were considered: U,(su(1, 1)) in [140], U,(su(n, 1))
in [143], quantum Lorentz groups in [123, 250, 320, 511], quantum deformation of
Poincare algebra in [435, 437].
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Here we present a universal approach to the g-deformation of real simple algebras.
Let ¢ be a real simple Lie algebra (below we shall need to extend the construc-
tion to real reductive Lie algebras). We shall use the standard g-deformation for the
simple components of the complexification 4 of ¢ to obtain deformation Uy(9) as
a real form of U, (¥ ). Though the procedure is described mostly in terms which are
known from the undeformed case, we stress which steps are necessitated by the g-
deformation. The first basic ingredient of our approach relies on the fact that the real
forms & of a complex simple Lie algebra ¢ are in one-to-one correspondence with the
Cartan automorphisms 6 of €. This allows to study the structure of the real forms and
to find their explicit embeddings as real subalgebras of ¢ invariant under 6 and con-
sequently, using the same generators, to find U,(%). This ingredient is enough for the
compact case (up to the choice of the range of g). The second basic ingredient is related
to the fact that a real noncompact simple Lie algebra has in general (a finite number of)
nonconjugate Cartan subalgebras [10]. This is very important since we have to choose
which conjugacy class of Cartan subalgebras will correspond to the unique conjugacy
class of Cartan subalgebras of ¢ € and will be “freezed” under a g-deformation (cf. (4a)
below). For each such choice we shall get a different g-deformation. The third basic
ingredient are the Bruhat decompositions ¢ = of & .# & N @ ., (direct sum of vector
subspaces), where 7 is a noncompact abelian subalgebra, .# (a reductive Lie algebra)
is the centralizer of «7 in ¢ (mod «7), and ., ./ are nilpotent subalgebras forming
the positive, negative, respectively, root spaces of the root system (¢, ). Consistently,
the Cartan subalgebras of ¢ have the decomposition 7% = ./ ® 5#™, where s#™ is a
Cartan subalgebra of .. A general property of the deformations U, (¥ ) obtained by
our procedure is that U,(.#), Uy(#), U,(#) are Hopf subalgebras of U,(¥), where
P=de Mo N, P = &4 e N are parabolic subalgebras of 4. Our approach
is easily generalized for the real forms of the basic classical Lie superalgebras and of
the corresponding affine Kac-Moody (super) algebras.

These g-deformations are called canonical because they are obtained by a well-
defined procedure presented below. This does not exclude other deformations, for
example, multiparameter deformations, or deformation by contaction (cf. also com-
ments in the text). Also as in the undeformed case for each real form there exists an
antilinear (anti)involution o of U, (¢ €) which preserves U,(#). Unlike the undeformed
case it is necessary to consider both involutions and antiinvolutions, since there are
two possibilities for the deformation parameter g, that is, either |q| = 1 or g € RR. For
instance, Uq(su(z)) has |g| = 1 when ¢ is an involution and g € R when ¢ is an antiin-
volution. Further, o is a coalgebra (anti)homomorphism; that is, § - 0 = (0 x 0) © 6, or
§o0=(0x0)8;e0X) =&X)VX € U,(@ ). Then the relations for the antipode are
00y = yo0ifoisan algebra involution and a coalgebra homomorphism or if it is an
algebra antiinvolution and a coalgebra antihomomorphism and (ooy)2 = id otherwise.
One approach to the real forms would be to try to classify directly the possible conjug-
ation ¢g. Our approach is more constructive, and the conjugation o is obtained as a
by-product of the procedure proposed below (this is pointed out in some examples).
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1.5.2 g-Deformation of the Real Forms

Let ¢ be a real noncompact semisimple Lie algebra, 6 be the Cartan involution in ¢,
and ¥ = 7 ®2 be the Cartan decompositionof ¢,sothat0X =X, X ¢ #,0X = -X,X ¢
2; . is the maximal compact subalgebra of ¢. Let ., be the maximal subspace of
2, which is an abelian subalgebra of ¢; r, =dim <, is the real rank (or split rank) of
9,1<ry<f=rank¥.

Let Ag be the root system of the pair (¢, ), also called (<, -) restricted root
system:

A = A e g A+ 0,9 +0}, (1.104)
9 = (X 9|V, X] = A(Y)X, VY € ). (1.105)

The elements of A} = AY" U AY is called (<7, -) restricted roots; if A € A}, 4 is
called («,-) restricted root space, dimR%AO > 1. Now we can introduce the subalgebras
corresponding to the positive (A}%*) and negative (Ag_) restricted roots:

~ @ 0 ~ 1 ~ 2

Ny = AeAg*gA =Noo N, (1.106)

M= O G = A enE =0, (1107)
Aelhp

where AV 3), N f, is the direct sum of ¢, with dimp%, = 1, dimg¥%, > 1, respectively,
and analogously for 43" = 0.4 g. Then we have the Bruhat decompositions which we
shall use for our g-deformations:

G= V@ dg® My® Ny = N @ N @y ® My® N &N, (1.108)

where ., is the centralizer of <, in J¢; that is, #, = {X € Z|[X,Y] = 0, VY € o).
In general .#,, is a compact reductive Lie algebra, and we shall write .#, = ///g ® ,,@%m,
where /3 = [#,y, #;) is the semisimple part of .4, and 23" is the centre of ..
Note that @g = Ny ® oAy My, @8 = oy & My ® N are subalgebras of ¥, the so-
called minimal parabolic subalgebras of 4. Identifying @8 , 9”8 is the first step of our
procedure.

Further, let 7" be the Cartan subalgebra of .#,; that is, 7" = 73 & 23", where
"™ is the Cartan subalgebra of .#. Then %, = #)" & <, is a Cartan subalgebra of
¢, the most noncompact one; dimg /%) = dimp. 725"+ dimg 23" + ry. We choose 7 to
be also the Cartan subalgebra of Uq(%). Let 7€ be the complexification of M (€ =
rank ¥€ = dim..7®); then it is a Cartan subalgebra of the complexification ¥ of ¢.

The second step in our procedure is to choose consistently the basis of the rest
of 4 and ¥C, and thus of Uq(%). For this we use the classification of the roots from
A with respect to .%,. The set A? = {a € A|a|j%m = 0} is called the set of real roots,
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A} = {a € Alal,,, = O} - the set of compact roots, A} = A\(A} U A7) - the set of complex
roots (cf. Bourbaki [109]). Thus A = A? U A? U A?. Further, let a € A*; let Z¢ be the
complex linear span of Hy, X,, X_,; and let £, = 45 n Y. Then dimp.%, = 3 if the
a e AV UA) [10]. Ifa € AY then X, € 2 and %, is noncompact. Since the Cartan
subalgebra is .7, then X, ¢ #* and .%, is compact if a € A?. The algebras .7, are
given by:

Ly =1l {Hy X X}, @€ A, (1.109a)

Ly = rls{iHy, Xy — X g iX, + X)), ae A (1.109hb)

i s
where r.1.s. stands for real linear span.

Note that there is a one-to-one correspondence between the real roots a € A°
and the restricted roots A ¢ Ag with dimR%AO = 1 and naturally this correspond-
ence is realized by the restriction: A = al%. Thus the elements in (8a) X;—' for a €
A? we take also as elements of U,(%). Thus, following (1.19),(1.23) these generators
obey:

KXo X ol = [Hyly,,  [Hp Xigl = 2a(H)X.,, for aeA), (1.110)

and the Hopf algebra structure is given exactly as for a € A (cf. (1.22) and the text after
that).

Remark 1.3. Formulae (1.109a) and (1.110) determine completely a g-deformation of
any maximally split real form (or normal real form), when all roots are real, .#, = 0O,
and .74 = <. In this case the Bruhat decomposition is just

G =Ny dy® N, (1.111)

that is, this is the restriction to R of the standard triangular decomposition ¥€ =
9F @ #° & 9%, and hence Uy(¥) is just the restriction of U, (%) to R with g € R.
Thus we also inherit the property that U, (/' ® %), Uy(4; @ <) are Hopf sub-
algebra of U,(¥), since U (%] & ) is Hopf subalgebra of U,(¥°). Note that o
here is an antilinear involution and co-algebra homomorphism such that o(Y) = Y
VY ¢ Uq(%‘c). For the classical complex Lie algebras these forms are U,(sl(n, R)),
U,(so(n, n)), Uy(so(n+1, n)), U,(sp(n, R)), which are dual to the matrix quantum groups
SLq(n, R), SOq(n, n, SOq(n, n+1), Spq(n, R), introduced in [272] from another point of
view than ours. ¢

Further note that the set of the compact roots A? may be identified with the root system
of .#5®. Thus the elements in (1.109b) give the Hopf algebra U, (.#3) by the formulae:
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sinh(H h,/2)
sin(h,/2)

[ﬂa’ Cz] = iCi, qu = q(“’a)/z _ e*iha,
Co = WD XK+ X ), Co = (W/VDXy - Xy)
Ha = _iHa,

8(CY) = Ct g eflaltalt 4 g Hahalt o ¢ 5 ¢ A 1A

[Cy, C,l= (1.112)

Since ./, = /3 & 2" is a compact reductive Lie algebra we have to choose how to do
the deformation in such cases. Our choice is to preserve the reductive structure, that
is, writing in more detail .7, = @4 ® &, 2", where ./ is simple and ZJ™ is one-
dimensional; then we shall have the Hopf algebra Uq(//fo) = ®; Uq(///gj )® e Uq(%mk),
where we also have to specify that if ff})’”k is spanned by K, then Uq(%mk) is spanned
by K, g*<".

Remark 1.4. Formulae (1.109b) and (1.112) (with h, € R) determine completely a
Drinfeld-Jimbo g-deformation of any compact semisimple Lie algebra [251] (when all
roots of A are compact). Here one may take ¢ as an antilinear involution and coalgebra
homomorphism such that o(X}) = -X;, Va € A, 6(H) = -H, VH € J#. Note that in this
case the g-deformation inherited from Uq(% ) is often used in the physics literature
without the basis change (1.112). O

Returning to the general situation, so far we have chosen consistently the generat-
~ 1
ors of N o @& Ay & My ® %1 (cf. (1.106)) as linear combinations of the generators of

. . . ~ 2 2
T B, A% A?%. Now it remains to choose consistently the generators of .47, .4 as

linear combinations of the generators of the rest of ¢ C, that is, of Bpep0+ D> By A0 Yoo
respectively. If a € A(C), A= al%, then dimR%AO >1. LetA) ={a € Alo(lﬂ0 =ALIfae A(C),
then we have X, = Y, + Z,, where Y, € 2%, Z, ¢ #“. Now we can see that 4, =r.Ls.
{X, = Y, +iZ,, Ya € A}. The actual choice of basis in %AO is a matter of convenience
(cf. the examples below) and is related to the choice of ¢ and ¢, and to the general
property that Uq(f@g), Uq(ﬁzg ) are Hopf subalgebras of Uq(g).

1.5.2.1 g-Deformations with Other Cartan Subalgebras
For the purposes of g-deformations we need also to consider Cartan subalgebras
2 which are not conjugate to .7%;. Cartan subalgebras which represent different
conjugacy classes may be chosen as J# = J#; @ <7, where % is compact, < is non-
compact, dim«/ < dim.«7, if 5 is nonconjugate to .7%;. The Cartan subalgebras with
maximal dimension of <7 are conjugate to J#; also those with minimal dimension of
&/ are conjugate to each other.

All notions introduced until now are easily generalized for # = /4, & </ noncon-
jugate to .77;. We note the differences, and notationwise we drop all 0 subscripts and
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superscripts. One difference is that the algebra ./ is the centralizer of .« in ¢ (mod
/) and thus is in general a noncompact reductive Lie algebra which has the compact
;, as Cartan subalgebra (besides, in general, other noncompact Cartan subalgebras);
in particular, if ¢4 has a compact Cartan subalgebra then for the choice & = 0 one
has .# = 4. For the purposes of the g-deformation we shall use this compact Cartan
subalgebra, that is, we set /™ = #,. Further, the classification of the roots of A with
respect to JZ goes as before. The difference is that if a € A; then ., may also be non-
compact. Thus for a € A; the root a is called singular root, a € A,, if £, is noncompact,
and a is called as before compact root, a € A, if .7, is compact. Thus A; = Ay U Ay.
Formulae (1.109b) hold for Ay, while for a € A, we have:

Ly =r.Ls{iH,, i(X, - X_o), X, + X o}, acAl

R

_. sinh(Hyh,/2)
St §]= T arals
(5> Sal sin(h,/2)
r] +1 _ —_oF _ (a2 _ _-ih
[Hy, S;1 = 7S5, qu=q““" =™, (1.113)
Sy =VIX,+Xp), Sp=G/VDX,-Xp),
H, = -iH,,

8(S%) = St @ eflatalt 4 g Halelt g 5% g AT 1A,

Further as before the set of the compact roots in A may be identified with the root
system of .#°C. Thus formulae (1.109b),(1.112), and (1.113) give also the deformation
Uq(//l ®). Since the centre of ./ is compact (it is in the Cartan subalgebra #™ which is
compact), then the deformation U, (2 ™) is given as after (1.112). Thus the Hopf algebra
Uq(/// ) is given. Otherwise, the considerations for the factors .4, .4 go as for .4{, 4.

Thus our scheme provides a different q-deformation for each conjugacy class of
Cartan subalgebras.

1.5.2.2 g-Deformations for Arbitrary Parabolic Subalgebras and Reductive Lie
Algebras

Until now our data are the nonconjugate Cartan subalgebras 77 = 4 & </ and the
related with Bruhat decompositions (1.106). In these decompositions special role for
the g-deformations is played by the minimal parabolic subalgebras &2, Z,,. A stand-
ard parabolic subalgebra is any subalgebra &' of ¢ such that %, ¢ #'. The number
of standard parabolic subalgebras, including &, and ¢, is 2', r = dim.e. They are all
oftheform &' = #' o' @ N, #' > H, ' ¢ o, ¥ ¢ N;. #is the cent-
ralizer of <7 in 4 (mod «'); "' (resp. ¥ = 6.4") is comprised from the negative
(resp. positive) root spaces of the restricted root system Azle of (¢, &"). One also has the
corresponding Bruhat decompositions:

G-V eod ou e (1.114)
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Note that .#' is a noncompact reductive Lie algebra which has a noncompact Cartan
subalgebra .#'™ = ./, & /,, where ./, is noncompact and .« = .7, ® <7'. This Cartan
subalgebra .##”"™ of .#' will be chosen for the purposes of the g-deformation.

Thus we need to extend our scheme to noncompact reductive Lie algebras. Let
G =9 e % =X o2 beareal reductive Lie algebra, where ¢ is the semisimple part
of @ ) 2 is the centre of ¢; %, 2 are the +1, -1 eigenspaces of the Cartan involution
0,/ = 2, is the analogue of &/'; %, = 2 n 2. The root system of the pair
(@ o I) coincides with Ay, and the subalgebras ./ "and .#" are inherited from &. The
decomposition (1.114) then is:

G-V o o &N, (1.115)

~ Im ~ Im

where .7/ = 4" e ¥ , ¥ = ™M@ % n #. As in the compact reductive
case we choose a deformation which preserves the splitting of @, that is, Uq(é?) =
Uy(9) ® Uy (Z ), and even further into simple Lie subalgebras and one-dimensional
central subalgebras.

Remark 1.5. A general property of the deformations U,(¥¢) obtained by the above
procedure is that U, (.#), Uq(,@o), U,(#,) are Hopf subalgebras of U,(%). O

1.5.3 Example so(p,r)

Let 9 = so(p,r), withp > r > 2orp > r = 1 with generators: Myz = -Mp,, A,B =
1,...,p+1,np =diag (—--- — +--- +), (p times minus, r times plus) which obey:

[Myg, Mcpl = i(npcMap — NacMpp — NepMac + NapMpc)

Besides the “physical” generator M 5 we shall also use the “mathematical” generator
Y 5 = —iMyp. One has: # = so(p)@so(r) if r > 2and ¢ = so(p) if r = 1. The generators
of # are Mypwithl1<A<B<pandp+1< A <B<p+r. The split rank is equal to
r; Mo =5so(p-1),ifp-r=2and #, = 0ifp-r=0,1,dim .4 =dim .4 = r(p - 1).
Furthermore the dimensions of the roots in the root system A of so(p + r, C) and in Ay
depending on the parity of p + r are given by:

roots p + reven p +rodd
1A | rir-1) P
871 p-Np-1-2/4 (p-1-1V/4
A | rp-7) rp-r-1)

AR r r(r+1)
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Note that the algebra so(2n + 1, 1) has only one conjugacy class of Cartan subalgebras.
Thus in these cases our g-deformation is unique. The algebra so(2n, 1) has two con-
jugacy classes of Cartan subalgebras, and in these cases there are two g-deformations
which we ilustrate below for n = 1.

1.5.4 Example so(2,1)

Using notation from above A,B = 1,2,0, (- — +); Yy, is the generator of .7, and we
may choose Y, for the generator of «7; .#, = 0. Thus we can choose either Y,, or Y;,
as a generator of # and #C. Let A* = {+a} be the root system of %€ = sl2,0). If
#°C is generated by Y, (and # = %, = <), then a is a real root, and this deform-
ation, denoted by Ug (so(2,1)), is given by formulae (1.110) and (1.22) over R. If #€
is generated by Y;,, then a is a singular compact root, and the deformation, denoted,
U}I(so(z, 1)), is given by formula (1.113) with h, € R.

1.5.5 g-Deformed Lorentz Algebra Uq(so(3,1))

With A,B = 1,2,3,0, (- — —+), choose D = M5, for the generator of & and H = M,
for the generator of .#. From the above table we see that all roots are complex (as
is also verified by a simple calculation). It is convenient to use the generators M* =
~My; +iMy3 € #C, N* = -My, ¥ iMy, € 2. We recall that ¥€ = so(4, C) = s0(3,C) ®
s0(3, C). The generators of the two commuting so(3, C) algebras are X;, H; and X5, H,,
where

X; = (1/2)(M* -iN*), H,=H -iD,
X5 = (12)(M* +iN*), H,=H +iD. (1.116)

We use U (so(4, C)) = U,(so(3, C)) ® U,(so(3, C)) given by:
X, X,]1=[H,), [Hp,X:]l=+2X: a=1,2, (1.117)

and the Hopf algebra structure is given just by (1.22). Using this we obtain the
following U, (so(3, 1)) relations with g = el e R:

[H,M*] = +M*, [H,N*] = +N*,

[(D, M*] = +N*, [(D, N*] = sM*, (1.118)
[M*,M] =[N, N'] = 2[H]cos(Dh/2),
(M N7 = +2cosh(Hh/Z)sin(Dh/Z)

sinh(h/2)
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8(M*) = M* @ €™ cos(Dh/4) - N* @ e™“sin(Dh/4) +

+ e 4 cos(Dh/) © M* + e T sin(Dh/4) ® N* (1.119)
S(N*) = N* ® e™*cos(Dh/4) + M* ® ™ sin(Dh/4) +

+ e M cos(Dh/a) @ N* — e T sin(Dh/4) @ M*

y(H) = -H, y(M*) = —¢*'°M*, (1.120)
y(a) _ _a’ y(Ni) _ _qil/ZNi.

1.5.6 g-Deformed Real Forms of so(5)

The algebras so(4, 1) and so(3, 2) have the same complexification ¥ = so(5, C). The
root system of so(5,C) is given by A* = {+a;, +a, +a3, +a,}; the simple roots are
ay, &y, while a3 = a; + a,, a, = 2a; + a,; the products between the simple roots are
(g, 1) = 2 = —(ay, &), (2, @) = 4. The Cartan—Weyl basis for the nonsimple roots is
given by:

X3 =X X5 - qPXIX = XX - g XX =
= X7, X311, (1.121)
X5 =X, X -q “OPXX, = XX - gX X, =
= [XE’ X{]q’
X; =X/ X5 - q@rIRXIXT = X7 XS - X3 X],
X, = X;X; - X X5

All other commutation relations follow from these definitions. We shall mention only:

X:, X1 = +(@ - DX, (X5, X1 = +(1- ¢ O - ¢HXH g (1122)

1.5.7 g-Deformed de Sitter Algebra so(4,1)

Let¥ =so(4,1). With A,B=1,2,3,4,0, (- — — — +), choose Y3, for the generator of </;
A = so(3) with generators Y, a, b = 1,2, 4, and we choose Y, for the generator of its
Cartan subalgebra. The algebra ¢ = so(4, 1) has two nonconjugate Cartan subalgebras;
besides 7%, generated by Y5, Y;,, we have a compact Cartan subalgebra .7 generated,
say, by Yp,, Y3,.

In the case of J# = 7, the generators of & are expressed in terms of those of
so(5, C) by:
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Y3 =-H;, Yp=iH +H), Yy,=0/V2X;+X3),

Yo = (/X5 - X3), Y3 = (1/V(X; + X)),

Y0 = 1/V2X; - X7) (1.123)
Yi3= 12X, + X5 + X, +X,),

Yoy = (i2)X; - X; - X, +X,,)

Yy = 12X, - X; +X; - X}),

Yoo = (i2X;, + X5 - X, +X,)

Now we can give all commutation relations and Hopf algebra operations for Y,z
as generators of g-deformed so(4, 1) as inherited from Uq(so(S, C)). The deformation
obtained in this way is denoted by Ul?l.

In the case of the Cartan subalgebra .74 we have Y3, = iH;, Y}, = —i(H; + H,). To
save space we omit the other generators. We denote the deformation obtained in this
way by U},l.

1.5.8 g-Deformed Anti de Sitter Algebra so(3,2)

Let ¥ = s0(3,2). With A,B = 1,2,3,4,0, (- — — + +), choose Y,, and Y3, as generators
of 54 = </. The algebra 4 = so0(3,2) has three nonconjugate Cartan subalgebras;
besides 7%, we have .74 generated, say, by Y;,, Y5 and .74 generated, say, by Y;,, Y.
Thus .72, a = 0, 1, 2, is a Cartan subalgebra with a compact generators.

For the Cartan subalgebra /¢, we identify: Y5, = H;, Yo = H; + H,; for /¢ we have:
Y, = —iH,, Y3, = H, + H,; for /& one uses M;, = H;, M, = H; + H,. We shall denote
the deformation using the Cartan subalgebra ./, by U,.

1.5.9 g-Deformed Algebras U,(sl(4,C)) and U, (su(2,2))

The root system of the complexification sl(4, C) of su(2,2) is given by A* = {+a;,
+ay, +a3, T4y, *&y3, &33}; the simple roots are a;, a,, a;, while aj, = a; + @y, a3 =
a, + a3, a3 = 4; + A, + a3; all roots are of length 2 and the nonzero products between
the simple roots are (a;, a,) = (a,, a3) = —1. The Cartan—Weyl basis for the nonsimple
roots is given by:

>

=+ @K - XD, G = (12), (23),
= J—rqﬂm(qlmxf X5 - 471/4X53X;£ ) =
— g (g XEXE - g P XEXD). (1.124)

All other commutation relations follow from these definitions. Besides those in (1.23)
we have (X7, = X} ):
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X, Xop) = ~a"X 0., (1125)

Xy, Xap) = ;b—lqubD’

Xe Xap) = Xauapa ™%,

Xy, X3] = -a™PX3, 1, 1<a<bs3,

XXy =q"X5X;, 1<a<b<3,

[Xér’Xlia] =0, [XiXE] =0, [X1+2’X;3] = _qHﬁHZX;’

(X1, X151 = X;q_Hl_Hz’

(X35, X5l = X1a ™75, (X5, X5) = -¢"BX],

(X3 X5l = AX3 X35, (X3, X35] = _iquZ/leiX;’
Azq?- g2

1<a<b<3,

Further we consider the conformal algebra ¥4 = su(2,2) = so(4,2). It has three
nonconjugate classes of Cartan subalgebras represented, say, by 7%, a = 0,1,2
with a noncompact generators. Thus according to our procedure it has five different
deformations — three in the case of .7 (since there are three nontrivial parabolic
subalgebras) and one each for the other two choices of Cartan subalgebras. We
shall work with the most noncompact Cartan subalgebra .# = % = . and
with the maximal parabolic subalgebra. Using the notation from Section 1.5.3 with
A,B = 1,2,3,5,6,0, (- — — — ++), choose Y3, and Y, as generators of <7 and Y,
for the generator of .#. Since su(2, 2) is the conformal algebra of four-dimensional
Minkowski space — time we would like to deform it consistently with the subalgebra
structure relevant for the physical applications. These subalgebras are the Lorentz
subalgebra .# " = s0(3,1) generated by vi, u,v = 1,2,3,0; the subalgebra N '
of translations generated by P, = Y5 + Y,¢; the subalgebra .4 " of special con-
formal transformations generated by K, = Y,5 — Y,¢; the dilatations subalgebra o/ !
generated by D = Y. The commutation relations besides those for the Lorentz
subalgebra are:

[D: vi] = 0’ [D: Py] = P]p [D’ I(y] = _I<],u

[Yuv’ P/I] = rlwlp],l - rlyAPv’ [vi’ KA] = rlvAKy - rly/tKv’
[Py, K, = 2vi + ZI]PVD. (1.126)

The algebra 2,,,, = .#' ® o' ® 4" (or equivalently 2,,,, = .#' & o' ® ') is the
so-called maximal parabolic subalgebra of 4, where NV I, A", is the root vector space
of the restricted root system A;e = {+4;A(D) = 1} of (¢, &#"), corresponding to A, —A,
respectively.

For the Lorentz algebra generators we have the following expressions (which are
inverse to (1.116)):
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H = _Y3O = (1/2)(H1 +H3),
M* = —iY;3 iV = X + X5, (1.127)

D = —le = (i/Z)(Hl —Hg),
Ni = _iYZO + iY23 = i()(li _X—f).

For the dilatations, translations, and special conformal transformations we have:

D = (1/2)(H, + H;) + H,, (1.128)

Py =i(X5;+X;), Py=iX}+X5),
P, =X,-Xp5, Py=iX; -Xp3), (1.129)

Ky = -iX +X;), K, = i(X;, + X53),
K =Xy - X K3 =i(X; - X). (1.130)

Now we can derive the relations in U, (su(2, 2)):

1) According to our general scheme the deformed Lorentz subalgebra is a Hopf
subalgebra; its deformation is described by formulae (1.118) and (1.119).

2) Thecommutation relations of the generators H, D, D of the Cartan subalgebra /7 =
%, are not deformed.

3) The deformation of the translations and special conformal transformations subal-
gebras is given by:

P,(P, +iP,) = ¢"*(P, +iP,)P,, a=0,3; [Py, P;]=0,
[P, +iP,, P, — iP,] = A(P§ — P5). (1.131)

Ka(Kl + iI(Z) = qi1/2(1'<1 + iI(z)Ka, a= O, 3; [Ko, I<3] = 0,
(K, +iK,, K; —iK,] = A(Kg - K3). (1.132)

4) The commutation relations of M* with P, are given by:

M*(P, - iPy)) - q (P, - iP,)M* = P, - P,
M*(P, +iP,) - ¢2(P, + iP,)M" = ¢"(P, - P;)

2 il
M+(PO_P3)_ %(PO_P3)M+ = E(PO_P3)N+,
M*(Py + Py) - [iz](Po +POM" = %(PO SN +

+(P, +1P,) - (P, - iP,),
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M, P, - iP,] = -q"C*2(p 1 p)),
[M™, P, +iP,] = (P, + P3)qiC-HP2
[M, Py — P5] = (P, — iP,)q -2 _ fi0+02(p  ipy,

[M~, Py +P5] = 0. (1.133)

The commutation relations between M* and K, are obtained from the above by

the following changes: M* — M*,N* — -N",H +— -H,D ~ D, P, — n K,,

g"? — g . These follow from the automorphism of U,(¥“): X{ — X5, H; —
~Hy, X3 — X}, Hy = —H, ¢* — g2 (then X}, — X5, X — —X3,). The
commutation relations between N* and Py, K, are obtained from those between
M* and P, by the changes M* — iN*, P, — —P3, P, — —iP, and from those

between M* and K, by the changes M* — —iN*, K, — K5, K; — —iK,.
5) For [Pw K,] we have:

P, +iP,, K, +iK,] = +Ag™ @ D2 £ iNT )M FiND),
[P, +iP,, K; F iK,)] = 4[+i(D - D]
1 2 1 2
[Py + P5, K5 FKy] = +4[+H - D], [Py+P5;, K;+K,] =0,
0 3> A\3 0 0 3> A\3 0
[P, - iP,, K5 — Kol = 2M" —iN")g" ™2,
1 2> 1\3 0
[P, - Py, Ko + K3] = 2(M + iN")g+D2
1 2> 0 3
[P, +iP,, K; — K] = —2¢P (a1t + iNh),
[P, +iPy, Ky + K3] = —2qP PP — iN"). (1.134)

and four more relations which are obtained from (36¢,d) by the first set of changes
described after formula (1.133) and by D — -D.

The comultiplication for the Lorentz subalgebra is given by (1.119); for the dilatation
generator D € 7 c C it is trivial and for the translations and special conformal
transformations we have:
T* o q(Dii(ﬁ)/ll . q—(DJ_ri(D)/A oT + 61(Ti),

Ti=P1¢iP2, Kliil(z

+ —_—
8(T%) = T* @ g | g (DD o 7t | 5 (7%),
Ti:P0¢P3’ K; + K,
+(A2)(M* * iNi)q(H’D)/4 ® q(Hri(D)/z. 7,
8,(T%) = T"=pP,-iP,, T =K, -iK,

i(ﬁ/z)th(—Htl(D)ﬂl ® q(D—H)/4(Mi T l'Ni),
T* =P +iP,, T =K, +ik,,
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51(Ti) _ (;l/z)(T’iq(—Hii(D)/l; ®q(Dii(ﬁ)/4(Mi + l-Ni) +
H(ME 5 iNF)g DD g gD, (1.135)

oy =1

T" =P, Py, T =Ko+ K5, T = Py =Py T = K - i,
T =—(p,+iP,), T =K, +iK,

8,(T)=0,T =P, +P;, T =K; -K,.
The antipode for the Lorentz subalgebra is given by (1.120); for the translations,
special conformal transformations and dilataions we have:

q1/4il/4 (q _ 1)

y(Po £ P3) = g™ V2(Py £ Py) + >

(P, —iP,)(M* FiN™)

y(P, +iPy) = —q*(P, +iP,) + q(qz_ D (P + P)(M* +iN") +
12,
eruw0 ~P)(M" - iN*) -

432
@y ipn R+ D),

y(Py —iP,) = —ql/z(P1 —iPy); (1.136)
, ~1/4F1)l g -1
YKy £ Ky) = ~g (K, 1K) - L~

i)
2

(K +iK,)(M™ +iN")

YK, - iK,) = —q (K, - iK;) -

qg' -
2

D i)Y @,

(Ko - K3)(M™ +iN") -

(Ko +K3)(M™ —iN") -

Y&, + 1K) = —q V4K, +iK))
y(D) = -D. (1.137)

Consistently with the general scheme (cf. Remark 1.3.), formulae (1.135) and (1.136) tell
us that the deformed subalgebras of translations and special conformal transforma-
tions are not Hopf subalgebras of 4.

1.5.10 g-deformed Poincaré and Weyl Algebras

The Poincaré algebra is not a semisimple (or reductive) Lie algebra, and our procedure
is not directly applicable. One may try to use the fact that it is a subalgebra of the
conformal algebra. Indeed, there is a g-deformed Poincaré algebra with generators
M*, N*, H,D = iD, P, and with commutations relations given by (1.118), (1.131), and
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(1.133) and those obtained from the latter two by the changes M* — iN*, P, — —P;,
P, — —iP,. However, from formula (1.135) follows that the deformation of the Poincaré
subalgebra of su(2, 2) is not a Hopf subalgebra; rather the deformation Uq(f@max) of the
11 - generator Weyl subalgebra = Poincaré & dilatations = &2, — is a Hopf subalgebra
of Uy(¥). Another Weyl algebra conjugate to this is U;(Zpqy) with generators M *, N*,
H,D =iD, Ky, D, and with commutations relations given by (1.118), (1.132), and those
obtained from (1.133) as explained in the text thereafter.

Other deformed Poincaré algebras may be obtained from the contraction of Uy
and U%, discussed above. Only for Uy, and U3, one may expect to obtain a deformed
Lorentz subalgebra as a Hopf subalgebra after contracting Y,, — RP,, R — oo, since
Y4y are not Cartan generators. However, if g # 1, this limit is not consistent with the
commutation relations which are inherited from relation (1.122). The other possibility
is to make contractions which involve Cartan generators. This may be a noncompact
generator which is possible for Uf,’l and US,, a = 0, 1, or a compact generator which is
possible for Uy, a = 0,1, and U§2. (The last case was studied in [437].) The resulting
deformed Poincaré algebras will have a noncompact Hopf subalgebra in the case U;’Z

and in one of the Uf,’l cases and a compact Hopf subalgebra in the other four cases.



2 Highest-Weight Modules
over Quantum Algebras

Summary

In [198] we began the study of the representation theory of U,(%) when the deformation parameter
q is a root of unity. We consider the induced highest-weight modules (HWMs) over Uq(%), especially
Verma modules. In [198] we adapted to U,(¥) the previously developed approach of multiplet clas-
sification of Verma modules over (infinite-dimensional) (super-) Lie algebras [193, 194, 196, 197]. In
[199-201] we gave the character formulae for the irreducible HWM over Uq(%) when & =sl(3, C).

The above developments use results on the embeddings of the reducible Verma modules. These
embeddings are realized by the so-called singular vectors (or null or extremal vectors). In the clas-
sical case, that is, g = 1, the singular vectors were discussed in detail in Volume 1. In [198] we gave
the general formula for the singular vectors which however was not so explicit. Some explicit formu-
lae for singular vectors for 4 = A, and for some rank two subalgebras of ¢ + A, were presented
in [205]. In the present chapter following [206] we give explicit formulae for the singular vectors of
Verma modules over U, () for arbitrary & corresponding to a class of positive roots of ¢, which we
shall call straight roots. In some special cases we give singular vectors corresponding to arbitrary pos-
itive roots. We use a special basis of Uq(g'), where ¢~ is the negative roots subalgebra of ¢, whose
basis was introduced in our earlier work in the case g = 1[193, 194, 197]. This basis seems more eco-
nomical than the Poincaré-Birkhoff-Witt—type of basis used by Malikov, Feigin, and Fuchs [460] for
the construction of singular vectors of Verma modules in the case g = 1. Furthermore our basis turns
out to be part of a general basis introduced recently for other reasons by Lusztig [445] for Uy(%7),
where 8" is a Borel subalgebra of . On the other hand, there are examples [225, 244, 245], where
it is convenient to use singular vectors in the Poincaré-Birkhoff-Witt (PBW) basis. In principle, the
paper [459] generalizes the results of [460], to the quantum group case, and from there PBW singular
vectors may be extracted.

2.1 Verma Modules, Singular Vectors, and Irreducible
Subquotients

A HWM V over U,(¥¢) [360] is given (as for g = 1) by its highest weight A € J#* and
highest-weight vector v, € V so that:

X/vg=0,i=1,...,6, Hvy=AH, HeH (2.1)

We define a Verma module V" as the HWM over U,(¢) with highest weight A € 2" and
highest-weight vector v, € V", induced from the one-dimensional representation Vo =
Cv, of Uy(#) , where B = #*, Bt = A & Y* are Borel subalgebras of ¢, such that
U, vy = 0, Hvy = A(H)v,, H € 7. (Note that the algebras Uq(%i) with generators
H;,X; are Hopf subalgebras of U,(9) [521].) Thus one has VA = U,(9) 8y, (@) Vo =
Uq(% v

DOI 10.1515/9783110427707-002
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The representation theory of U, (%) parallels the theory over 4 when g is not a root
of unity.

We recall several facts from [198]. The Verma module V* is reducible if there exists
arootB € A" and m € N such that

[((A+p,B) - mlg, = (A +p)(Hp) -mlg, =0, B =28/(B,p) 2.2)

holds.

If g is not a root of unity then (2.2) is also a necessary condition for reducibility,
and then it may be rewritten as 2(A + p, 8) = m(B, B). (In that case it is the generaliz-
ation of the (necessary and sufficient) reducibility conditions for Verma modules over
finite-dimensional semisimple Lie algebras ¢ [96] and affine Lie algebras [373], cf.
also (1.2.205).) For uniformity we shall write the reducibility condition in the general
form (2.2).

Now follow several properties which are as in the case g = 1.

If (2.2) holds then there exists a vector v € VA , called a singular vector, such that
Vs # Vo, X{vs = 0,i = 1,...,¢, Hyg = (A(H) - mB(H))vs,VH € . (In the case of
affine Lie algebras when (8, B) = 0, there are p(n) independent singular vectors for
each n € N, p() being the partition function [460].) The space U,(¥")v is a proper
submodule of V* isomorphic to the Verma module V™™ = U,(%7) ® v, where v, is
the highest-weight vector of VA, the isomorphism being realized by v; — 1® v(').
This situation is again denoted by VA — yA-mB,

The singular vector is given by [198]:

ve=V"" = 2, 5X],....X,) @V, 2.3)

where &5 is a homogeneous polynomial in its variables of degrees mn;, where n; €
Z, comes from B = ) n;a;, and a; — the system of simple roots. The polynomial &, is
unique up to a nonzero multiplicative constant.

If (2.2) holds for several pairs (m, 8) = (m;, B;), 1 = 1,..., k, there are other Verma
modules VA#i all of which are isomorphic to submodules of V2.

The Verma module V* contains a unique proper maximal submodule I*.

Among the HWM with highest weight A there is a unique irreducible one, denoted
by L,, that is,

Ly = VMM .4)

If V2 is irreducible then L, = V2.

Suppose that g is not a root of 1. Then the representations of U (%) are deforma-
tions of the representations of U(¥), and the latter are obtained from the former for
q — 1[441, 532].

Consider V* reducible w.r.t. every simple root (and thus w.r.t. all positive roots):

[(A+p,a;/)—m,~]qi=[A(Hi)+l—mi]qi=0, miE]N,i=1,...,€, (2.5)
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where we used p(a;) = 1. Then L, is a finite-dimensional HWM over Uq(g), and all
such modules may be obtained in this way [389, 405, 441, 532]. If we restrict Uq(% ) to
its compact real form U,(%,) then the set of all L, coincides with the set of all finite-
dimensional unitary irreducible representations of U,(4).

Example 2.1 Let us consider the example of 4 = sl(2,C); r = 1, X; = X*, H; = H,
a=a=a’=2p:

[H,X*] = x2X*, (2.6)
2 _-Hf2
X", X] = % - [H],, 27)

In this case the Verma module is given explicitly by V2 = U,(97) ® v , with basis
x)rev,, k=0,1,.... (2.8)

Let us consider again the reducible case when (2.2) is holding. Note that the highest
weight is A = ((m — 1)/2)a, (a, a) = 2. The singular vector is given precisely by (2.3):

vs =X )" ®v,. 29
The submodule U, (% ")v, = VA" has the basis
)" ev,, k=0,1,.... (2.10)

The irreducible HWM L,, = L, is obtained by factorizing the submodule U (% ")v, , that
is, by the condition

Xx)™Mo>=0, (2.11)
where |0 > is the highest-weight vector of L,,,. Explicitly, all vectors of L,, are given by:
Vi = (X905, k=0,1,...,m-1, (2.12)

which transform as follows:

va’k=(m—k—1)vm,k, k=0,1,...,m_1, (2.13&)
XVpy = lKlIm=Klvp g, k=0,1,...,m-1, (2.13b)
X Vi =Vmis1» k=0,1,....m=2, X vy, ,=0. (2.13¢)

We note that as usual theirs is also a lowest-weight state which is annihilated by X,
namely, v,, ,,_;; thus, the lowest weight is A = 0. (One can also introduce normal-
ized vectors.) Thus we obtain the usual result for the finite-dimensional irreducible
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HWMs over sl(2, C), or equivalently for the finite-dimensional unitary irreducible
representations of su(2) , namely, that they are parametrized by the positive integers
m € NN, or equivalently, by the nonnegative half integers j = (m — 1)/2, and their
dimensions are:

dimL,=m=2+1, m=12,..., j=0,1/2,1,... 0 (2.14)

De Concini and Kac [175] have given a formula for the determinant of the contravariant
form on the Verma modules V2. For Y = Y(g) € C(g),let Y = Y(q‘l). A C-bilinear form
Z on a vector spave V over C(q) with values in C(q) is called Hermitian if:

F(Yu,v) = YZWw,v), Fu W) =YZFu,v)),
Fu,v) = Fv,u), YeClg, uvel. (2.15)

The Verma module V” carries a unique contravariant Hermitian form .% such that:
FWo,vg) =1, FYu,v)=Fu,wv), Ye Uq(g), u,ve VA, (2.16)

where w is the involutive antiautomorphism such that wX;" = X{" , wH; = H;.

Let T (respectively, I',) be the set of all integral elements (respectively, integral
dominant elements), of 2#*, that is, A € 3#* such that (A, a}/) € Z (respectively, Z,),
for all simple roots ;. For each invariant subspace V c U, (97) ® v, = VA, we have the
following decomposition

V=19 V,, V,={ueV|Hu= (A - W(Hu, VH}. (217)

uel,
(Note that V,, = Cv,.) We have .7 (Vu ,V,)=0if pu #v. Let 7, be the restriction of .# to
V,,ueT,, and let detfl denote the determinant of the matrix .%,,. Then we have [175]:

det) = T [ 0kl iy ~ p(By) ~ k(3. {21, )P0, (18)

Bent k=1

where g is defined as above in (1.23), P(p) is a generalized partition function, P(u)
= # of ways p can be presented as a sum of positive roots f;, each root taken with its
multiplicity m; = dim %j (here m; = 1), P(0) = 1.

This result implies in the usual way the description of irreducible subquotients of
V2. In particular, this confirms results on the embeddings of the reducible modules
V2 [198] summarized partially here.

2.2 g-Fock Type Representations

In the previous subsection we considered the irreducible HWM L, over U,(¥) as factor
modules V2/I*, where I" is the maximal submodule of V2. As in the undeformed case
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there is a dual way of directly describing at least the finite-dimensional irreducible
representations by the so-called Fock-type representations. One particular example is
the so-called bosonic realization in the Jordan—Schwinger approach [102].

Let us recall this approach on the example of sl(2, C), or, equivalently, su(2). One
takes a Heisenberg algebra of a pair of independent boson operators a;, a;, i = 1, 2 with
commutation relations

[&i’ aJ] = 611 (2.19)
and all other commutators vanishing. Then the approach is to map as follows:
X' aa, X e aa, Hwe- aqa - aa,. (2.20)

The analogue of this construction in the deformed case was given by [99] (see also
[139, 404, 448]). Relations (2.19) are replaced by

aldl - ¢'"alal - 6,4, (2.21)
where .4{ are number operators such that
5% §%

(A, a1 = 63al, [A, @] = -6;a] (2.22)

This algebra is the deformation of the Heisenberg algebra (2.19) which is obtained for
g = 1. The mapping (2.20) is replaced by [99]:

X' wadlal, x »alal, Heo 4 - (2.23)
One uses the vacuum vector |0 >, such that
=q - _
a;|0>,=0, .#4|0>,=0. (2.24)

Now one can introduce the eigenstates which are analogues of the undeformed
angular momentum states [99]:

lj,n >, = (G +nl, 1l - nl,) 2@y ™ @y ™0 >, (2.25)
j=0,1/2,1,..., n=-j,—j+1,...,j. (2.26)

One easily verifies that:

Hlj,n>,=2nlj,n >4, (2.27)

X*li,n>=Fnllitn+ MY, n+1 > -

Comparing with the states in (2.12) we see that |j, n Sp = -j,—j+1,...,j corresponds
to Vi k = 0,1,...,m — 1 = 2j. One should note that the mapping (2.23) satisfies
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the commutation relation (2.6) only on the vectors |j, n >4- For this one uses also the
formula [99]:

[Hllj,n>= i +nlli-n+1] = [-nllj+n+1]lj,n>, . (2.28)

The matrix elements of the these g-Fock-type representations can be expressed in
terms of little g-Jacobi polynomials [446, 584].

Other g-Fock-type representations were constructed in [569] for U,(su(n)), in [H]
for U,(sl(n, (C)(l)), and in [169, 379, 477]. In [169] the Gel’fand-Tsetlin bases become
monomes in the tensor algebra of the fundamental representation of U, (sl(n, C)) at
q = 0; that is, this strange choice of q provides the most simple basis. This was called
crystal base [379] and was generalized for the integrable representations of U,(¥) for
& = Ay, By, Cy, Dy, in [379] and for the basic representation of U,(sl(n, €)Y in [477].

2.3 Vertex Operators

Let us consider the affine quantum group U, (¥ ) where ¥ is the untwisted affiniza-
tion of 4, rank & = r. Let a; be the dual Kac labels; that is, Z;:O a}\-’a]-k = 0, normalized

so that min a]\-’ = 1. The element

K=T]K’ (2.29)

belongs to the centre of U, (¥ (l)).
Let us introduce bosonic variables ¥/, X' (n),j = 1,...r =rank ¢, n ¢ Z satisfying
the Heisenberg relations:

[ (m), X ()] = m838,.m, 0 (2.30a)
[¥(0),Y"] = 1. (2.30b)

Further let for g = e, h € C[299]
A(n) = (q" G2 — g BRI — T IR, 2.31)

Then the deformed Heisenberg algebra generators are defined by:

d(n) = i(A].k(n))l/zxk(n). 2.32)
j=1

Now for each simple root a;,j = 1, ..., r the g-deformed vertex operators are defined by
[299]:
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Vi(z) =:exp (iihQ];L(Z)) =

= exp (+ihQ2(2)) exp (+ihQZ (2)) e 75 ), (2.33)
where

Q, = (@, y - ix(0)logz) + QT (2) + QT (2), (2.34a)

+|n|/4
Q(z) = lz n/2 p= a’(n)z (2.34b)

+|n|/4
QY (z) = lz n/2 - a’(n)z (2.34¢)

q™"

This construction is valid for the simply laced algebras ¢, for which all roots have
equal length; that is, for 4 = A,, D,, E¢, E;, Eg. Later this construction was general-
ized for ¢ = B, [92]. Another construction in terms of screened vertex operators was
introduced in [319].

2.4 Singular Vectors in Chevalley Basis

Here we give explicit formulae for singular vectors of Verma modules over U, (%),
where ¢ is any complex simple Lie algebra. The vectors we present correspond
exhaustively to a class of positive roots of 4 which we call straight roots. In some spe-
cial cases we give singular vectors corresponding to arbitrary positive roots. For our
vectors we use a special basis of U, (¢ ~), where ¢~ is the negative roots subalgebra of
%, whose basis was introduced in our earlier work in the case g = 1. This basis seems
more economical than the Poincaré-Birkhoff-Witt-type of basis used by Malikov, Fei-
gin, and Fuchs for the construction of singular vectors of Verma modules in the case
q = 1. Furthermore this basis turns out to be part of a general basis introduced recently
for other reasons by Lusztig for U,(%"), where %" is a Borel subalgebra of &.

It is well known [109] that every root may be expressed as the result of the action
of an element of the Weyl group W on some simple root. More explicitly, for any g € A*
we have:

B=wla,) =s;s;, s, (@), (2.35)
and consequently

g = ws, wt =S; ...S; S5,S; .. (2.36)

1 mveLY -S

il ’
where a, is a simple root; the element w € W is written in a reduced form, that is, in
terms of the minimal possible number of the (generating W) simple reflections s; = So;3
and the action of s,, @ € A on ™ is given by s,(1) = A - (A, a)a. The positive root
is called a straight root if all numbers i, ...1,, v in (2.35) are different. Note that there
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may exist different forms of (2.35) involving other elements w' and a,; however, this
definition does not depend on the choice of these elements. Obviously, any simple
root is a straight root. Other easy examples of straight roots are those which are sums
of simple roots with coefficients not exceeding 1; that is, § = >} nia;, with n, = 1 or 0.
All straight roots of the simply laced algebras A,, D,, E, are of this form.

Note that for any ¥ it is enough to consider roots for which n; # O for1 < k < ¢.
Any other root 8/ may be considered as a root of a complex simple Lie algebra %’
isomorphic to a subalgebra of ¢ of rank ¢’ < ¢, so that B’ = ¥, mya; and n; # O for
1 < k < ¢ (&), being the simple roots of ¢'). Thus in the case of the straight roots we
shall consider always the case when u = £ -1, and {ij, . .. i, v} will be a permutation of
{1,...¢}.

In what follows we shall use also the following notion. A root y’ € A" is called a
subroot of y"" € A" if "' —y' # 0 may be expressed as a linear combination of simple
roots with nonnegative coefficients.

In this section we consider U,(¢) when the deformation parameter g is not a non-
trivial root of unity. This generic case is very important for two reasons. First, for g = 1
all formulae are valid also for the undeformed case, and most formulae first given in
[206] were new at the time also for g = 1 (especially in our basis). Second, the formulae
for the case when q is a root of unity use the formulae for generic g as important input
as will be explained in Section 2.7.

We prove a statement which presents results from [206] in one uniform formula.

Proposition 1. Let ¢4 be a complex simple Lie algebra and let ay, 1 < k < ¢, be the simple
roots of the root system A of 4. Let B = nja; + nya, + -+ + n,a, , where ny, € Z, be a
straight root (cf. (2.35)) of the positive root system A* of ¢, and m a positive integer. Let
A € " be such that (2.2) is fulfilled with this choice of B and m, but is not fulfilled for
any subroot of . Then the singular vector of the Verma module v corresponding to 8
and m is given by:

mnj, mn;,
vf’”’ - gf’m &V, = z Z Cklmku(Xi’l)m”h_kl ...(Xi;)mniu*ku %
=0 k=0
XX, X ) () @ v, (237)
Ckl,,_ku _ (_1)k1+---+ku c, < n;nil ) . < ”;niu > v
“ i u giy,
[A+p)H ,~1)]qi1 [(A+ p)(Hiu)]Qiu

. ) . ’ , (2.38)
[A+p)(H;,) - kl]qil [(A+p)(H; ) - ku]qiu

where the indices i, . . . 1,, v come from the presentation (2.35), and H Dy H i, are linear
combinations of the basis elements H; of the Cartan subalgebra ¢ of 4, which can be
computed explicitly in all cases. ¢
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The Proof of this statement takes the rest of this section. We first treat the case of the
simple roots. Then in the following subsections for all complex simple Lie algebras
we give their straight roots with explicit presentations of type (2.35), and then we give
explicitly the elements H; ... H; .

We start with the case of the simple roots. Let B = a;; then from the expression 2.3)
we have:

V= (X)) @ v, (2.39)

Using (1.19) we obtain:

m-1
X7, ()™ = &)™ kz [H; - 2K],, =
=0

= (X)) Il [H; —m + 1],

If V™ is a singular vector we should have Xj"vj’m= [X]f', (Xj‘)’"] ®Vy = (X]-‘)'"‘1 [m]qj (A(H;) -
m+ l]q]_ ®V, 0.1f gj = q("‘f’“f)/2 is not a root of unity then the last equality gives just

condition (2.2). (Note that X,jvj’m =0, fork +j.)
To check (2.37) we use also formulae involving the g-hypergeometric function ,F. f :

oy 5 [[’lz]l[z]]'l 7",
Ty(a+n)(b+n)T,(c) ,

ik, s;s+1-p;q k>0,p<k,s

Fl(a,b;c;2) = z", (2.40)

2 né T, (@r, ()T, (c+n)n]!

where for integer arguments the g-Gamma function T, is defined as:
I,m)=[m-1],!, meN (2.41)

Yry,m)=0, meZz_

Such g-special functions are in use from XIX century — for a review see [37].
We turn now to the nonsimple straight roots for the different simple Lie algebras.

2.41 U,(A)

Let¥ = A, (a;, a;) = -1for |i - j| = 1, (&, @) = 26;; otherwise. Then every root € A*
isgivenby =B, = a;+ ;1 + -+ &,p_;, Wherel < i< ¢,1<n<¢-i+1. Note
that every root is straight since ﬁi,n = Si(ﬁiﬂ,n) = Si Sin2(@isn-1) = Sivn1 - Sia(@) =
Sit o Sist-1Sin-1"""" " Si+t+1(ai+t) = Sitn-1""" Sitt+1Si 'Si+t—1(ai+t)’ 0 <t < n-1, where
we have demonstrated different forms of (2.35) in this case. For A, the highest root is
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given by & = a; + a, + --- + a,. Thus every root B € A" is the highest root of a sub-
algebra of A,; explicitly 8;, is the highest root of the subalgebra A,, with simple roots
Qj, Q15 - - - An_q- This means that it is enough to give the formula for the singular vec-
tor corresponding to the highest root. Thus in formula (2.37) with 8 = & we have nj, = 1,
1 <k < ¢, and for the sets iy, ... 1,, v we obtain from & = 5,5, - - - 5;5,Sp_1 * *  St2(A,1) the
following:

{il,...ig,l;v}={1,2,...,t,€,e_1,...,t+2;t+1},

. H, l<s<t
Hi = HOS  ti1<s<j=0-1 (242

H*=H, +H,+---+H,H"=H,+H, | +---+ H,.

Formula (2.37) for A, was given in [198] and for arbitrary A, in [201].

2.42 Uy (D)

Let9 = D,, € > 4, (a;, &) = -1 for |i - j| = 1,1,j # £ and for ij = €(¢ - 2), (a;, a;) = 26
otherwise. First we note that if n,_, + n,_; + n, < 2, then the root f§ is a positive root of
a subalgebra of D, of type A,, n < £. Thus it remains to consider straight roots ; € A*
given by f8; = a; +a;,1 +- - - +&,. Note that f; is a root of the subalgebra D,_;,; with simple
roots a;, @j,1, - - - » &. This means that in order to account for all roots f; it is enough to
consider the root B = B, =@ + @y + - + @y = 5;S;...5,_35015,(Qp_5) = S, ...5,(@)
= 5,5)...5p.35015¢_2(@) = 515 ...55_35,5p_5(p_y). Thus in formula (11) with = B we
haven, = 1,1 < k < ¢, and for the set iy, ...1,, v we give only the values corresponding
to the first presentation of B above, namely, we have:

{igy.dppvi=1{1,2,...,6-3,6-1,6;¢-2}, (2.43)
. H’, 1<s<¢-3
His=

Hg,y, s=¢-2,¢-1

2.43 Uy(E)

Let 9 = E,, ¢ = 6,78, (a,0;,1) = -1, i = 1,...,£ -2 (a3,a,) = -1, (a4, @) = 26
otherwise. First we note that if n, + n, + n, < 2 then the root 8 is a positive root
of a subalgebra of E, of type A,, n < ¢. Analogously, if n, + n, + n, = 3 and
n, + n; < 1, the root f is a positive root of a subalgebra of E, of type D,, n < ¢.
Thus it remains to consider the straight root B = @ + -+ + @, = $;5,5,5,_; - ..5,(a3)
= Sp...5(a1) = $15:5,-1---5453(@p) = 5155853 ..Sp_5(@p_1). Thus in formula (2.37)
with = B, wehave n, = 1,1 < k < ¢, and for the set i,,...i,,v we give
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only the values corresponding to the first presentation of B above, namely, we
have:

(i dp3vi=1{1,2,6,6-1,...,4;3}, (2.44)
Hy, s=1,2

H; = {H, s=3
H'"3S  s=4,...,0-1

H'™®=H, , +...+H,.

2.4.4 Uy(B,)

G =By, €22, (&) = -2if i - j| = 1, (&, @) = 2652 - 8;,) otherwise. The straight
roots are of two types: B, = &; + Q.+ + Qupp 1 <1< 8,1 <n<f€-i+1,and
Bi =+ +apq +2ap, 1 < i< L. Ifi+n-1< £ then B, is a positive root of a subalgebra
of B, of type A, n < ¢ (with the scalar products scaled by 2 and g replaced by q°). Thus
we are left with two types of straight roots ; = B o1 = @; + @ + -+ @y, 1 ST <8,
and B!. As above it is enough to account for the roots with i = 1. Thus we consider
B=PBi =+ +a,=5;...5,4(ap), andB’ =B =+t U +20, = Sy ... Sp_2Sp(@p1)
(= s,...5,(a;)). We note that (,) = 2, Bv =pB=2a] +- +2a), +ay, (B’,B’) = 4,
BN = (1/2)[3, =a +--+ay.
Thus in formula (2.37) with 8 = Bwe have n; = 1,1 < k < ¢, and

{iy.. dpsv={L,..., -3¢, H =H,q =¢, s=1..,0-% (2.45)
while for § = B, we haveny =1+ 8;,, 1<k < ¢,and
{iyy o ipysvh=1{1,..., 62,60 -1}, (2.46)
~ H s=1,...,£-2
His:
Hy, s=¢-1
2"558—1'

4, =9

The case ¢ = 2 was given first in [202].

245 U,(C)

Let% = Cp € 2 3,(C, = By, () = -1if|i—jl = 1and i,j < ¢, (@, @) = -2
if ij = (e - 1), (@, @) = 26;(1 + ;) otherwise. The straight roots are of two types:
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Bin=0+ @+ +aum,l<i<e,l<sn<e-i+land B =2+ +2a; +ay,
1<i<e. Ifi+n-1<¢£then B, is a positive root of a subalgebra of C, of type A, n < £.
Thus we are left with two types of straight roots f; = B; p11-; = &+ @+ -+, 1 <1 <8,
and B!'. As above it is enough to account for the roots with i = 1. Thus we consider
~ ~I
B=Bi=aj++a,=5,...5(a)) (= 8;...5,55,(a_1)and B =By =2a;+---+2a,_; +a,
- - ~V - 1 =1
= 5;...5p4(a,). We note that (B,8) = 2, B =B=af +---+a,_; +2a), (B ,B ) = 4,
B =app = af ++ay. )
Thus in formula (2.37) with 8 = Bwe haven, = 1,1 < k < ¢, and

{iyy.. iy 3V} =1{e,...,2;1}, H, =H®"S, (2.47)
1 -1 ig
qis=q1+551, s=1,...,6-1,

while for 8 = B” we haveny =2 - 6y,, 1<k < ¢, and

{iy, .. i3Vt = {1,...,6-1;¢}, H; =H’, (2.48)
gi, = 4, s=1,...,¢6-1.

2.4.6 U,(F,)

Let 9 = F,, (a, aq) = (o, ) = 2(a3,a35) = 2(ay, ) = 4, and (ay, @) = (ap, a3) =
2(a3, ;) = —2 are the nonzero products between the simple roots. We have straight
roots of type A,: a; + ay, a3 + a3 By: @y + a3, &y + 2033 B3t ay + ay + a3, &) + ay + 2a3;5 C:
a, + 03 + ay, o + 205 + 2a,. Thus we are left with the tworoots f = a; + a, + a3 + a,, =
~1 -~ ~ ~ ~
$1,8,(a3) and B = oy + @, + 205 + 2a, = 5;5,55(ay). We note that (8,8) = 2, ,BV =
~I ~ ~1 ~
—2a) + 20+ +a), B, B) = 4, ﬁjv — 2B =) +af +af +a.
Thus in formula (2.37) with 8 = 8, we have n; = 1,1 < k < 4, and

{i,...135v} =1{1,2,4; 3}, (2.49)
5 H°, s=1,2
Hi =
s H4, S = 3
4, =0, (2.50)

while for 8 = BI we haven, = 1,k = 1,2, n, = 2,k = 3,4, and

i i3Vt = {1,4,3,2), g =q"%,

. H, s=1
H; = {Hrs—s, 523, (2.51)
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2.4.7 U,(G,)

Let 9 = G,, (a1, ;) = 3(ay, ;) = —2(a;, a,) = 6. The nonsimple straight roots are the
two roots B = a; + @ = s,(a,) and B = a; + 3a, = s,(a;). We note that (3, B) = 2,

BV _ B _ 3a¥ + a;/’ (B”I,B”,) _ 6’ BIIIV _ (1/3)[3’” _ aY + a}/.
Thus in formula (2.37) with 8 = Bwe have ny =1,k = 1,2, and

fisv =152, Hy=H, ¢,=¢. (2.52)
while for g = B we haven, = 1, n, = 3, and
lipvi=21, Hy=H, g, =4 (253)

Note that for the nonstraight root 8 = a; + 2, = s,5,(@,), B B ) =2, B~ = =
3a + 2a; and with condition (2.2) fulfilled for m = 1:

[A+p,B)-1] 4= [BA(H,) + 2A(H,) + 4], = 0 (2.54)

the formula for the singular vector is given as for B, and m = 1.

2.5 Singular Vectors in Poincaré-Birkhoff-Witt Basis

In the present section we give explicit expressions for the singular vectors of Uq(%)
in terms of the PBW basis. We also relate these expressions to those in terms of the
simple root vectors. The first result may be compared for g = 1 with the formulae of
[460] (not without problems, cf. below), and here we should stress that our derivation
is independent from that of [459], [460]. The second result is not known also for g = 1,
except for ¢ = 2.

2.5.1 PBW Basis

Let ¢4 be a complex simple Lie algebra with Chevalley generators Xii' , Hy,i=1,...,¢=
rank ¢. Here we take the Jimbo version of the quantum algebra Uq(% ), though with

slightly different normalization than in Section 1.2.3, with generators Xl.i, K; = qf{" ,
K; 1= q;Hi , and with relations [360, 361]:

L ey tayos
(K, Kj]=0, KK ' =K 'K=1 KXK =g "X,

K1

Kl Kl,] (2.55)

[X"Jr’X]T] - 6ij qi-q;
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We use also the g-Serre relations (1.20); however, the g-numbers are taken as: [m], =
a-q"
g’
For the PBW basis of U,(¥) besides X}, K{£1 , we need also the Cartan—-Weyl (CW)
generators XE’ corresponding to the nonsimple roots 8 € A*. Naturally, we shall use
uniform notation, so that X; = X; . The CW generators X are normalized so that

[202, 360, 361]:

41 KK _ AP
[Xﬁ,X/;]—qﬁ_—q?, ag =4

Ks= Hj K]ﬁj(ﬁsﬁ)/(ﬂj,ﬂj)(z Hp

q5") (2.56)

The HWMs V over U,(¥) are given by their highest weight A € /7" and highest-weight
vector vy € V such that

Kivo=q'vo, Xivo=0, i=1...,¢, A=(\a) (2.57)

We know that the Verma module V2 is reducible if there exists aroot € A*and m € N
such that (2.2) holds. Then there exists a vector v, € V2, called a singular vector, such
thatv, ¢ Cv,, and which obeys in the present setting:

- v
Kivg=g "%y i1, e, (2.58a)

Xivg=0, i=1,...,¢ (2.58b)
We know that the singular vector is given by
v =v™P = mb gy,

and in the previous subsections we have given explicit expressions of the homogen-
eous polynomials 95, in the simple root basis.

The aim of the present section is to give expressions for the singular vectors in
terms of the PBW basis and to relate these expressions with those of [206].

2.5.2 Singular Vectors for Uq(Ae) in PBW Basis

Let¥ = A,. Leta;,i =1,..., ¢ be the simple roots, so that (a;, a]«) =-1for|i—j| =1and
(a;, &;) = 26;; for |i - j| # 1. Then every root a € A" is given by a = a;; = &; + &1 +--- +a;,
where 1 < i < j < ¢; in particular, the simple roots in this notation are ¢; = a;. We
recall that for 4, the highest root is given by @ = a; + @, + - - - + &, and that every root
a € A" is the highest root of a subalgebra of 4, ; explicitly a;; is the highest root of the
subalgebra 4;_;,; with simple roots a;, ;,5, . . ., &;. This means that it is enough to give
the formula for the singular vector corresponding to the highest root.
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Further we shall need the explicit expressions for the nonsimple root Cartan—-Weyl
generators of Uq(g). Let X§ be the Cartan—-Weyl generators corresponding to the roots
+a;; with i < j; in particular, Xj = X7, correspond to the simple roots ;. The CW
generators corresponding to the nonsimple roots with i < j are given as follows:

X; = +q7"2 (qP XX, - q P XE XE) =

i+1,j%

- +q"P (¢ X X - g P XX ). (2.59)

Now the PBW basis of U,(% ") is given by monomials of the following kind:

G )kee (X, ere L (Xpp)he (X, ket L x
S )L (X2 () (2.60)

This monomials are in the so-called normal order, cf. Definition 1.1 of the previous
chapter. Explicitly, here we put the simple root vectors X; in the order X, , X, 4, ...
X, . Then we put a root vector X, corresponding to the nonsimple root a between the
root vectors X[; and X; ifa =pB+1y,a B,y € A". This order is not complete, but this is
not a problem, since when two roots are not ordered this means that the corresponding
root vectors commute, for example, X; and X; ;. -

Let us have condition (2.2) fulfilled for &, but not for any other positive root. Stand-
ardly, we denote the corresponding singular vector by V;n,a_ We start with an arbitrary
linear combination of the PBW basis (2.60):

VIR =N G (XM (X et L () (X)L x

k}eZ+

1<igj<e

L) (X)L (X)) (X)) e, (2.61)

and impose the conditions (2.58) with 8 — &. Condition (2.58a) restricts the linear
combination to terms of weight ma. In our parametrization these are the following ¢
conditions between the powers k;; :

14 j
kyj = Z Kis1p = Z;kp" 1<j<e,
-

p=j+l

-1 e
kg =m—ky + Y kyp— Y kg
p=2 p=3

-1

kze = kll - z kzp . (2.62)
p=2

Imposing conditions (2.58b) result in ¢ recurrence relations between the different Cy ,
namely,
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~ j
C{kj+1} [k] + 1]q [A] - Z kp] + z kp,j—llq + (2.63)
p=1 p=1

. p
1 “Ai+14+ Y (i —kii_g)
~ gy 4 T
Z Clioyiey 111 lky +1,g = = -

-1
4 _ A+1— Y (al,a")k"
_ Z C{kjp*’l’kjﬂ,p*l} [k]p + 1] q i<r<p -0

where by C{kjﬂ} we denote a Cy in which the parameter k; is replaced by k; + 1, and
S0 on.

Solving the recurrence relation (2.63) fixes the coefficient Cy up to an overal mul-
tiplicative constant, for example, C. In order to streamline the final expression instead
of the £(¢ + 1)/2 parameters k;; we introduce £(¢ - 1)/2 independent parameters t;
1<i<j<¢,asfollows:

l]’

kpp=m Z ors 1<p<e¢
r=p+1
Kpr = tor = tyoirs 1<p<r<e,(ty, =0). (2.64)

We denote by Cy the coefficients Cy with the substitution (2.64). Finally, the expression
for the singular vector is:

)~ — 7[ _ _ t . 7[ g - t
it = ) ()T e (X)) (2.65)
]eZ+
1<i<j<e
X (X;_l)m—tefu—tefz,e—l (X;)m_tpf_tp,eﬂ—-.. tppri -ty o

Y- —\t (y—yM-tie—t g . —t
.(er) wlle (X)X )™ e e 2 gy,

where the summations in the variables ¢; are such that all powers are nonnegative,
and the coefficients Cy are given by:

> (@2m- 1)[11 ij - Yicigj<e- 1Zp =j+1 Gij(tip+tis1,p)
Cr = Cq"9 X
-1
-y t'(A+p,p) €-1
q ! [Tlm-¢1

r=1
X X

(H[m—ti— il,i]!> [T 1ty =ty lt

1<i<j<e

1 T,((A, p)+j-m+t)
s .66
A Fapm (266)

Brza1+...+a,, =3 t.

i+1<s<¢
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For ¢ = 2 and t = t;, this formula is given in [245], and for g = 1and ¢ = 2,3 in
[194]. For g = 1 our formula would coincide with the result of [460], if we correct one
of the definitions there, namely, if we use instead of By, = Ziskgj a; in fla (20) of [460]
the quantity B;”" = ¥, ; a;, where the reader should not confuse the parameters a;;
from [460] with our notation of the roots — in fact, their a;; correspond exactly to our
k;j; note also that B = ¢k,

Next we would like to present the relation between the expressions for the singular
vectors in the PBW basis given in (2.65) and the expression using simple root vectors
basis in (2.37) (the case t = ¢ — 1). We just introduce an alternative expression for the

coefficient ay_y, ,:
4 Kqteethoy (T m
Bkes = 4 0™ a <k1 >q N '<ke—l )q § (267
[A"+1], A +e-1], ¢
X s , a#0
A +1-Kl,  [A+e-1-k4l,

where A® = (A, B°).
To make the connection explicit we give the C-coefficients in terms of the a-
coefficients by the following formula [223]:

2 tj Z((2m_1)[1‘j_tizj)_zlskjg(e—l) Y G+n<pze tij(tiv,p+tip)

CT = (_1)i<j qi<j y
-1
q(lff)m2 H[m _ tr]'
X7 = x (2.68)
(H[m -t - s—l,s]!> [1 [tij - ti—l,j]!
s=1 1<i<j<t
1 Eil k(m-ti) -1 PRt
X Z aklykzw-,keflqz A [m+r]|
[ 1 [m—-t - k]!

where0 <k, <m-t.
To prove the above formula one can use the following lemmas:

Lemma 1.
& (-)g" (-1)mg™
: = (2.69)
];)[a—]][m—]]![]]! ﬁ[a_k]
k=0
Lemma 2.
X)"X)" Cop p-mnp)-p X) PP X))
i T 2 Y o — T (270)

0<p<min(m,n)
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Lemma 1 follows from formula (60) of [244], which is:

2Fl ( v, b c; q—(b c+1- V)) Z( )s (V) (b) +S(b—C+1—v) _

(C)S
(C b)v +bv

o (2.71)

in which here we set b = —a, c = 1 - a, v = m, and use sign minus. Lemma 2 follows
just from (1.20) and (2.59).

Next the a-coefficients are given in terms of the C-coefficients by the following
formula:

Gy,jor = (_1)i1+-~+jg,1+l(m—l) z Cr x 272

m—tlsjl
m—te_:lsjg,l

e-1 g )1

X X
D —tll'[m JUE +j; = m]!
(H[m_ti_ti—l,i]!> H [t — tig j! x
1<icj<e

x qZK]((l 2m)t+ U) + Yisici<e- 1Zp =j+1 Gij(tisg p+tip) + (€= l)m

To prove (2.72) one can use the relation:

+ + ] —
Z( i p( () (m t) B 2.73)
t=0 -t m-p
ok gk kD) [m— k]! 8K (~1)sg5P 0

=1 [m-pl! & [slp-k-s]! = pk

which also follows from (2.71) setting b = ¢, v = p — k, and using the fact that (0){ =
rq(v)/rq(o) = 61} (0]

2.5.3 Singular Vectors for U,(D,) in PBW Basis
Let¥ = D,, ¢ > 4. Leta;,i = 1,..., € be the simple roots, so that (a;, ;) = -1 if either
li-jl=1,1,j # €orij = €(¢ - 2) and (a;, &;) = 26;; in other cases.

Then the positive roots are given as follows:

Qj =0+ Qg+ + @, 1<i<j<e-2,

Bi=aj+aj +-ta,ta,, 1<j<e-2,
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bj=a;+ a1+ +taptapy, 1<j<e-2,

Bo =+ +ay, (2.74)
V=0t QG+t eyt Qg+, 1<j<e-3,

Vi = @+ Qg+ o+ 200+ @) + Ay + A,

1<i<j<e-2.

We recall that the roots a;;, B;, Bj, Bo are positive roots of various A,, subalgebras.
Thus, we have to consider only the roots y; and y;;. We recall from [206] that y; is
straight, while y; is not straight.

Further we shall need the explicit expressions for the nonsimple root Cartan—-Weyl
(CW) generators of U,(%). Let X{fj , Y;£ s Y]?', Yy, Z]?' and Z{fj be the Cartan—Weyl gener-
ators corresponding, respectively, to the roots *a;, i,Bj R ii)j s B0 s 1y, and +Y;. These
generators are given recursively as follows (with X].]i. = Xl.i):

X; = +q"? (¢ XXy - 7P X5 XT) = (2.75)
F12 [ 12 y+ + -1/2 ytpt
=xq (q X;:i—1X1'+ -4 XJTXI'TJ'—I) ’
1<i<j<e-2,
Y = g™ (ql/z X Xjea~ q" Xio2Xp ) =

+

+q" 1 (ql/2 XY, - g y:

; 1+1Xii) ,  1<j<e-2

¥ = +q™" (ql/z Xo1Xiea = g Xfe—zxzi—l) =

1
I+
Q

-2 (4 Xi Vi, g PTG,
Zji - q¢1/2 ( q1/2 X]i€—3 Y(;_r _ q—l/z Y(;r X]+€73) _
_ iq¢1/2 (ql/z X+ }*,;_r q_l/zl?jiX;‘r) ,
T ( q’ X} q—l/Zf/].tXil) ., 1<j<e-3
zi = +q" (4P 2%}y, -4 P X5 7).
1<i<j<e-2.

Now the PBW basis of U,(%") is given by the following monomials:

( X;_z)ﬂt—z ( X{j_ﬂ_z)te—a,e—z o ( Xl—’g_z)ll,e—z (f/e—_z)fe—z (Yg—_%)te—z ~

x( 25—3,8—2)58_3'8_2 ( Z;74’672)se-4,e—2 o ( Zl_,eiz)su_z (?6_—3 )te—3 (Ye_,3 )te—3 X
X(Zy_gp3)" 03 o 2y )0 L (VD) (V) (V) x

X(Zp3)2 o (2 (X)) (X ) T (X5) 2%
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X(XQ_Q,E_B)fe—z‘,e—s o (Xli,e—_ﬂ‘)')tl‘€73 (X;_q)a""‘ %
(X)X (). (2.76)

These monomials are in the so-called normal order, cf. Definition 1.1 of the previous
chapter. Explicitly, here we put the simple root vectors X; in the order X, ,, X, , X,;,
X, 3, ..., X5, X]. Then we put a root vector E, corresponding to the nonsimple root a
between the root vectors El} and E; ifa =B +y,a B,y € A*. This order is not complete
but this is not a problem, since when two roots are not ordered this means that the
corresponding root vectors commute, for example, [X;, X ;] =0, and [Y], ¥{] = 0
1<i<é-2.

2.5.3.1 Singular Vectors in PBW Basis for Straight Roots

In this subsection we deal with the straight roots y; . Now we recall that every root y; is

the highest straight root of a D,_j,, subalgebra of D, . This means that it is enough to

give the formula for the singular vector corresponding to the highest straight root y;.
Let us have condition (2.2) fulfilled for y;, but not for any of its subroots y; , i > 1:

[(A+p, ") - m],=0, meN, (2.77a)
[(A+p,y)-m, #0, vm' eN. (2.77b)

(The necessity of condition (2.77b) was explained in [206].) Let us denote the singular
vector corresponding to (2.77a) by:

V*Syl,m - z D)I’}’m (X;z)ae-z (Xe_f3,e72)te_3’e_2 . (Xl_,€72)t1‘e_2(ye_72)te_2><

T
X (Yei—z)fefz(zg 3,0- 2)5873’872(27 o) (Zy )2
X (T ) V) 2540 (252 (1)
x (Y;)" (Y, )R¥4 ) (Z (X, )ae(X— DX, 3)(1@ 3
X (Xpgp3) 03 (X ,H)t 43 (X, )
L)X ) e v, 2.78)

where T denotes the set of summation variables a;, t;;, s;;, £, t;, 5;, t, all of which are
nonnegative integers.

The derivation now proceeds as follows. We have to impose condition (2.58) with
B — y,vs — V'™, (Inequalities (2.77b) mean that no other conditions need to be
imposed.) First we impose condition (2.58a). This restricts the linear combination to

terms of weight my, . In our parametrization these are the following ¢ conditions:

||
5
M*c

<(t+t+s)+2tu+ z sj+2 ) s U)

j=p+1 1<i<j<p

-
LN

<p<ét-3;
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&3
ap,=m <t+Z(t+t)+Z(s +tipp) +2 Z sij>
1 1<i<j<e-2
&2 03
a€1=m—<t+ZZ,-+ i+ z s,-]->
1 1 I<ig<e-2
&2 03
a,=m- <t+ L+ ) s+ Z sl-l-). (2.79)

i=1 i=1 1<i<j<e-2

This eliminates the summation in g; in (2.78) and also restricts further the summation
ti» Sij» bi» ti, Sy, t 50 that the a; in (2.79) would be all nonnegative.

Next we impose condition (2.58b). These ¢ conditions produce ¢ recursive rela-
tions, which are too cumbersome and we omit them. Solving these relations fixes the

coefficient D?’m completely and we obtain:

Z -3 [ﬁp]l
Sij [apl!
,m 3 iz y - 9
D ? = D" (-1¥ -2 pe—z 3 X
[t T Isyltlsiqt TTIG1G T (et
=2 =1 1<igj<e-2

« qu(Aer,aerxeme 1’16 1)

=2 X
[m-2t- % (t+)-2 ¥ s;5-2 Z Si— Z tie-2l!
i=1 1<igj<e-2 i=1 i
-3 j J W S
% I1 qa]-(A+p)(H’) g +i-ajtti 1)
-1 Fq(A1+]+1)
Fq(Ag,l+1—ae,1)Fq(Ae+1—ag)
T, 12T, (hp+2)

(2.80)
D’ #0, N :=(,pB), with fi=a+ - +a,

where

M'c

Qi

=m- ((t+t+s)+ Z(t11+511)+2 Z U) l1<p<e-3

j=p+1 1<i<j<p

Il
—_

and the factor A is given by:

-4 -4 o3
A= ) {tl-thp”1+sistp”1} + Y sfj+25§+
p=0 p=0

1<i<j<e-2 1<i<j<e-2 i=1
+ Z tizj -
1<i<j<e-2
-3
- <(£—2) Yo+ @+ Y sy +€Zsi>m
1<i<j<€ -2 1<icj<e-2 i

=4 -3

+ oy UZ(t +d;) + Z(t +d)Z(t +d))

I<i<j<e-2 =1 i=1



2.5 Singular Vectors in Poincaré-Birkhoff-Witt Basis === 55

p -3
tp <Zt]+ Z Sij+zsi_(€_p)m>
j=1

1<i<j<b-2 i=1

p -3
+ZP<ZZI-+ sl-]-+Zs,-—(€—p)m>]>
j=1

1<i<j<e-2 i=1

-3
+t(t+to o+t + ) si+ ) s;-3m)
i1

1<i<j<e-3
-3
+ z SiSI' + (€ - 2) z Sij z Sk
1<i<j<e-3 1<i<j<e-2 k=1
-3
+ z ti' Z Sij + z S;
1<i<j<e-2 1<i<j<e-2 i=1
+ z (] - l)tll + z (€ —j + 3)Sij + 455_&[_2
1<i<j<e-2 I<i<e-4
i<j
-3 -2 .
+ Y (e—Ds;+ Y (e—i-1)(t; +E) (2.81)
i=1 i=1
b -3
where t° := Z tbk .
k=j+1

Finally, we explain how to obtain the singular vectors for the roots y;,i > 1 from
the above formulae. For this one has to replace ¢ — ¢ — i + 1, and then to shift the
enumeration of the roots, namely, to replace 1,...,£—-i+1byi,...,¢.

2.5.3.2 Relation between the Two Expressions for the Singular Vectors
Here we would like to present the relation between the expressions for the singular
vectors in the PBW basis given in (2.80) and in the simple root vectors basis given in
Section 2.4.2. Thus, we compare with formula (2.37).

The D-coefficients are given in term of the d-coefficients by the following formula:

 al
[ap]!
Yim _ p=2
DT - -2 -2 . %
(el TTIsy sl TTIGMED TT [t
j=2 j=1 1<i<j<e-2
>
@
— i= ! A
y D= g x
-2 j -3 -3
m-2t- Y (;+8)-2 Y s;-2Y 58— Y bl
i=1 1<i<j<e-2 i-1 i-1

-3 [m _ kp]!qkp(ap’tp—l,p)

X Z dkl,kzvn,keq H [a, -t -k x
kl’kZ"“’ke—l p:1 ¥4 pflyr b

(m—k, (]! [m—k,_,]! (ke-1ap-1+ke—2ae)

(a1 — kpq]! ap — kpo! (2.82)

where 0 <k, <a,, 0<p<¢-3,k,y<a, andk,,<a,.
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To prove the above one can use the formula (following from (1.20) and (2.59)):

VT T (ap g pep Ut wP vt

B [n - pl'[p]![m - p!

[mli[n]! ~ 8)

0<p<min(m,n)

where the triples U, V, W are given as follows: as W runs over the vectors defined in
(2.59), U, V run over the pairs which appear on the corresponding RHS; for example,

ifWw= X then either (U, V) = (X; ,X{HJ-) or (U, V) = ( L1 ,X]T).

2.6 Singular Vectors for Nonstraight Roots

2.6.1 Bernstein—-Gel’fand-Gel’fand Resolution

Let us say that condition (2.2) is almost fulfilled if it is satisfied for m = 0, that is, when
A+pis on the walls of the dominant Weyl chamber [109]. First we discuss the situation
when condition (2.2) is fulfilled for B and is fulfilled or almost fulfilled for any subroot
of B. Consider the explicit expansion of 8 € A* into simple roots § = Z£=1 .o, with
n €7Z,,and deﬁne]B = {k|n; + 0}.

In this situation we can give the formula for the singular vector for arbitrary
positive roots, that is, not only for straight roots. We have:

Proposition 2 ([208]). Let 4 be a complex simple Lie algebra. Let A € 27", B € A" and
m € N be such that (2.2) is fulfilled. Let also:

[A+p, &) -ml, =0, keJs, meZ,. (2.84)

Assume also the presentation (2.35) of B. Then the singular vector of the Verma module
VA over Uq(g ) corresponding to B, m is given by:

vﬁ,m — Cﬂym(Xi—l)mnil *fi’ll . (Xi;)mniu —ﬁ‘lu (X;)mnV(Xl;)ﬁlu ..

A
o (Xl_l)fnl ® Vg, (2.85a)
g = (sy_...5;,(A+p), a};() €Z,. (2.85b)
k-1

= (A+p - ) e, a ),
t=1

My = (5,8;,-..5,A+p), & ) =mn,

S v
My = (Siy,, -+ i, SuSiy - Sy A+ p), 5 ) =

u u
~ ~ ~ ! Vv
= (A+p - ) ey, — iy, — ) Ty, @) =
t=1 t=k+1
=mn, —my€Z,. ¢
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i,i, M, - Note also
that (2.85) follows from the explicit formulae in the previous subsection after suitably
renormalizing the coefficients in formula (2.37). Then because of (2.84) all terms but
one in (2.37) will vanish and we obtain the monomial expression in (2.85a).

We now state the main result of this subsection.

Note that Zke]ﬂ my € N, and, for example, i, = m;, m, = m;, —a

Proposition 3 ([208]). Let & be a complex simple Lie algebra. Let A € T,. Then all singu-
lar vectors of the Verma module VA over Uq(% ) when q is not a root of 1 are parametrized
by the Weyl group W; that is, their weights are given by w - A, e + w € W. Furthermore,
for afixedw = s; ...s; written in reduced form, the corresponding singular vector v (w)
is given explicitly by:

vsw) = )™ . (X)™ @ v, (2.86)
where 1y is defined for k = 1, ...r as in (2.85b). O

Proof. It is almost obvious that (2.86) is a singular vector. For fixed k = 1, ...r formula

(2.86) means that condition (2.2) is fulfilled with respect to the root a; in a Verma
module V* with highest weight shifted by the Weyl dot reflection e = Sip -8y A
For this we have to prove that riy, € IN. Actually from the previous proposition we
know that m;, € Z,. Suppose now that for some k we have m; = 0. This means that
SigSip_y -+ - Siy ‘A= Sy, - - Si, -A, which would contradict the fact [109] that the Weyl group
acts transitively on the Weyl chambers. Finally we have to prove that (2.86) provides
all singular vectors of V2. For this we use the fact that when g is not a root of 1 the
structure of the Verma module V* is the same as for q = 1[441,531]. Inthe case g = 1
and A € T, the submodule structure of V! is completely described by the Weyl group;
namely, there is a one-to-one correspondence between the submodules of V* and the

elementsw e W, w # e. n

Corollary: Let ¢ be a complex simple Lie algebra. Let A + p € T,. Then formula (2.86)
describes a singular vector of the Verma module v over Uq(% ) when g is not a root of
1. We also have my, € Z,. O

Remark 2.1. The above corollary follows from either of the propositions in this section.
Note thatifA+p € I, and A ¢ T, that is, when A+p is on the walls of the dominant Weyl
chamber, the submodule structure of V? is not completely described by the singular
vectors in (2.86), and furthermore singular vectors corresponding to different elements
of W may coincide (the action of W being not transitive). O

The results presented so far provide an explicit realization of the Bernstein—
Gel’fand—Gel’fand resolution [96]. In the multiplet classification approach [193,
194, 196-198], the submodule structure of V2 for A integral dominant was described
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by the maximal multiplet .# A, the elements of which are Verma modules V" which
are in one-to-one correspondence with the elements w € W, namely, AN =w-A Letus
define the following submodules of v

® A
¢ = A, 2.8
" weW,ew)=n (2.87)

Note that %‘ = VA, Recall [109] that the maximal length of an element of W is equal to
the number of positive roots, that is, £(w,) = |A*|, where w,, is the longest element of
W. By [28] there exists a resolution of L, for A € T, in terms of the above submodules,
that is, an exact sequence:

0LV @ ﬁwo)‘—O (2.88)

The map 7NN L, is the natural surjection, while for fixed n = 1,... &(w,)

the map d" : %,f — ‘K,f_l is a collection of the maps embedding the components
V", e(w) = n, of (Krf into the components V", e(w) = n - 1, of %,f_l. One has to check
d"ed" = 0. In [28] this was proved by using general properties of the Weyl group and
the uniqueness of the embedding between two Verma modules. (The BGG resolution
in a similar context was considered in [110] with explicit expressions in the A, case
using singular vectors in the Poincaré—Birkhoff—Witt basis.)

Here we would like to present an explicit realization of the above uniqueness
using our results on the singular vectors. The main ingredient is the commutativity
of certain embedding diagrams which involve only subalgebras of rank 2. The reason
is that any multiplet of Verma modules, in particular, the maximal one, may be viewed
as consisting of submultiplets containing four and six members (for the simply laced
algebras), also with eight members (for the nonsimply laced algebras) and with 12
members (for G,). More explicitly, let V = V"’, A = w- A; for some w € W be such
that condition (2.2) is fulfilled for A’ for at least two simple roots; say apand a,, p # 1.
Then V is contained in a submultiplet with four members if a,,a,, = 0 with weights

w-A'
Vo w = e, SpsSps SpSr = /S

!
weights V¥4, w € {e,s +SrsSpSys 515, 5pS,Sy = 5,5pS,} = W(Ay); with eight mem-

} = W(A; @ Ay); with six members if a,,a,, = 1 with

. . . A
bers if a,,a,, = 2 with weights V""", w € {e, s,,5,, 5,5/, 5,5,» SpS;Sps $5pSy> 5pS;SpS; =
!
5/5p8,S,} = W(B,); with twelve members if a,,a,, = 3 with weights v, WG,y =
{€,Sp5 S1s SpSys SySps SpSrSps SrSpSys SpSiSpSrs SrSpSrSps SrSpSrSpSrs SpSrSpSrSps SpSrSpSrSpSr =
S¢SpSySpS;Sp}-

Remark 2.2. Naturally, if (2.2) is fulfilled for n > 2 simple roots, then V will play the
same role in (g) submultiplets of the type just described. If (2.2) is fulfilled only with
respect to 0, 1, simple roots than V is a member of such a multiplet with weight A’ =
W, - A. respectively, AN=w-Aw+e, Wy, where w;, is the longest element of the rank
two subalgebras used above. Thus no new submultiplets of the type described above
arise. 0
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We have to establish commutativity of the embedding diagrams describing the
above submultiplets. In the four-member submultiplet this is trivial since [XIj X, 1=0.
For the six-member submultiplet we use the case A, for 8 = a; +a,, m; = A+p, a}’) ez,
m = my + m, € N. The singular vector is given by:

VI = o (X)) X)) ™M ® v, =
= 6X)"MEX))" X)) e vy = (2.89a)

nmy
= (X)™M Y a (X)) (X)) M o v =
k=0

my
= (X)™ Y ayX)" T XM X)) @ v, (2.89b)
k=0

where (2.89a) gives the two forms of (2.85a) in this case, and a}“ ag, respectively, is
given by (2.37) foru = 1, (i}, v) = (1, 2), (2, 1), also (2.42), with (,’(’; )q replaced by (";(1 )q,
i = 1,2, respectively, and by A replaced by A-ma; = s;-a;, A-ma, = s, - a,, respectively,
that is, with A(H;) + 1 replaced by -m;, i = 1, 2, respectively. The four expressions in
(2.89) are used to prove commutativity of certain embedding diagrams, in particular,
the hexagon diagram of U,(sl(3, C)) [198] (or, for g = 1, the hexagon diagram of si(3, C)
[195]).
For the eight- and twelve-member submultiplets we need the following:

Lemma: Assume the above setting and also that a, is shorter than a,, thus q,, = -1,
and seta,, = -1-¢,£=1,2,letmy = (A" + p, &) € N. Then we have:

& (X)) ™ (XY™ @ v, = @5’_’1’;} )" v, (2.90a)
& (G 1AM (X )™ gy = ﬂf;j;r," X)™ @ v, (2.90b)
R P @ vy = P ) 0vy, €1 (2.90¢)
Xy f/{i ™ Qv = ,@fr's’;'};,(x;)mf’”r ®v,, =1 (2.90d)
& C0)™ (XY™™ o v, = (X;)’"rgz(’i’:;fﬂ, ®V, (2.90¢)
&, (X )™ (X;)’"m(m)w ®Vy = (X;)mv ,@é'r’s':;w ®Vy (2.901)

where ¢; are nonzero constants, = a, + &, = s,(ay), B =+ g, +a, = sy(a,), ﬂf,’,m" ,

!
,@f,,’m’ is given by (11) for j = 1, and {i;;i} = {r; p}, {p; 1} , respectively, n, =11+g¢,
g, = q'*¢, q, respectively; the weight of the highest-weight vector v, is A’ in (2.90a,b),

s,-A"in (2.90c), s, - A" in (2.90d), (s,5,)* - A" in (2.90e), (s,,s,)° - A" in (2.90f).
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Proof. Direct calculation using Serre relations and formulae of the type of (2.40). [

The above lemma ensures the desired property d* ! - d* = 0 by just choosing prop-
erly the constants in (2.90). Only the case G, requires further work since we have to
establish the following relations:

x; )2y 3y gzﬁ P o, = 951' Sp/v (X;)mp+3m" ®Vy, (2.91a)
(X, )2 9”? v = 9” SR ET 9, (2.91b)
(X;)Zmp+3m, ‘@;/, My L, ®Vy = gzsy s";; v (X )2mp+3m' ®V, (2.91¢)
(Xr—)mp+2m, y% p, ®Vy = ‘@:sls) " X )Mt 2my ® Vo (2.91d)
x; o3y (@y My V0 PP ’"p)z N (X;)Zmp+3mr eV, (2.91e)
O vy = T G 6, @910

where y = 2a, +a, = 5,5,(a,), ' = 3a,+2a, = 5,5,(at,), the weight of the highest-weight
vector v, is s,-A’ in (2. 91a) s,-A'in (2 91b), 5,5, -A’ in (2.91¢), 5,5, -A" in (2.91d), 5,55, - A’
in (2.91e), SpSiSp A in (2.91f), and we have the following conjecture for the singular
vectors corresponding to the nonstraight roots v, y':

m m
V= P ovy = Y Y g, X)) (X)) %
k1=0 k2=0

x (X)) ® vg, (2.92a)

S, = (-11g < " ) ( m ) [([(’“"ﬂ X

ka A+p)(H;,) - kil
[(A+p)(HN] 5
[+ p)H,) - kz] (2.92b)
r m 3m
/\ — (@y m®V0 _ z Z gklkz(X )m kl(X )3m kZ(X )m
k=0 k=0
x (X)) ® v, (2.93a)
L ktkegr (M 3m [(A+p)(H;)]
8k, = (CD7g <kl> ( >q [A+p)(H;) - kil p
[(A+p)(H,)], 093

“a +p)H,) - kol
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For A obeying the assumptions of Proposition 2, the above polynomials should reduce
to monomials as in (2.85); this is one justification for the above conjecture.
Example A,

In the situation when (2.2) is almost fulfilled there are also available mixed forms
of the singular vectors. We considered the example A, above. Analogously let us have
for A3

[(/\+p,a]\-/)—mj]q=0, j=1,23, mieZ, m=m+my+mseN, (2.94)

Denoting m;; = m; + m; we write down the reduction of formula (2.37):

Vi = () ()™ ()06 ) ™2 ()™ @ v =
= C;(Xl_)mﬁ(X;)mlz(Xz_)m(X;)m(Xl_)ml ® v, =
= )™ ()™ (X)) () ()™ @ v, (2.95)

and several other expressions which analogously to (2.89b) use the polynomials cor-
responding to roots which are the sum of two simple roots (and some expressions
which use the trivial commutativity [X;, X;] = 0).

Remark 2.3. Most results above may be extended to affine Lie algebras. Consider, for
example, Uq(Agl)) and let a;, a, be the simple roots of Agl), so that (a;, a;) = (ay, @) =
2 = —(ay, a,). There are two nonsimple straight roots: Bij = a; + 205 = sj(ai) for (i,§) =
(1,2), (2,1). The singular vector for f;, is given by formula for B, and for 85, by the
interchange of indices 1 and 2. 0

2.6.2 Case of Uy(D,) in PBW Basis

The nonstraight roots of D, are given in (2.74). We shall also write them as:

Yp = 2 Na;, 1<r<p<e¢-2

1 for r<j<p
n =42 for p<j<e-2 (2.96)
1 for j=¢-1,¢

Like in the case of straight toots we could use the fact that every root y,, can be treated
as the root y;,, of a D,_,; subalgebra of D, . This means that it would be enough to give
the formula for the singular vector corresponding to the roots y;, . However, we shall
not do this for these roots, since anyway it is not reduced to one root.
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Let us have condition (2.2) fulfilled for ¥p » but not for any of its subroots. The
singular vectors corresponding to these roots are given by:

V;’rp’m - Z D?;m’m (X;,z)z’"‘b"*z(X;,lg,z)t’*”*z (Xr—,eiz)lr,efz %
T

X (Y;_z)tzfz(ye’_z)tefz (22—31—2)5[73'[72(Zéj—l;,e—z)se*["e*z x
% (thé’-Z)sr’efz (?«;—3)%3 (Yg-g)t€’3 X

X (Zy4,0)* 7 (2 )™ (1) () (o)

X (Zes) 2 . (@)™ ()P () e
X (ch he- 3)te—4,e-3 (X, 3)tr,e-3 ;. )mne_4—be_4 »

(X )mnr+1 _br+1( )tr r+1 (X )m b, ®Vy (297)

In (2.97) we have already imposed conditions (2.58a) and the summation is only over
those elements of the PBW basis which have the weight my,, . Further we impose
(2.58b) the procedure being as in the case of the straight roots. Thus, the coefficients
D’;”’ "™ are found to be:

-3 [mng—bg]!
D™ = p (—1)'%5"" serin B x
-2
] r+1 j=r r<i<j<é-2
qA"sq(A+p,beag+bg,1ag,1)
X X
=2 -3 -3
2m-2t- Y (t;+8) -2 Y s5;-2% 5= 2 £l
i=r r<i<j<e-2 i=r i=r
_ . 1j
y ﬁ - Tg(A7 —mn; + b; + .4,)
iy T,V +1)
F By +1-m+ b, )T (A, +1-m+b,)
T (Apy +2T,(A, +2) ’
. j
A=Y np;+1), D®+#0 (2.98)

i=r
where we have set forr < p < £-3:

p -2
= Z((ti+fi+5,~)+ z (i +si5) +2 Z Sij)’

j=p+1 r<i<j<p

-2
((t +t+s)+ZtU+ z Sij+2 Z u)

j=p+1 1<i<j<p

<

M’u

Il
<
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-3 -3
by =t+ Z(fi +6)+ Z(Si +tip o) +2 Z Sij »
i=r i=r r<i<j<e-2
€—2~ -3
byy=t+Y L+ s+ Y sy,
i=r i=r r<i<j<é-2
=2 -3
b, =t+ z t; + Z S; + Z Sij (2.99)
i=r i=r r<i<<j<e-2

2.6.3 Case of U,(D,) in the Simple Roots Basis

The singular vectors corresponding to the nonstraight roots, y,,, 1<r<p<¢-2,in
the simple root basis are given by:

m My

m
s —\m=k; (y— -
yYmm _ E E . E dkl---ke—l (Xr )m r(XHl)mnHl L
ky=0 ky1=0 ke-1=0

X(X;_3)2m—kg,3 (X;_l)m—kg,l (Xg)m—kg,z (X;_z)Zm(X;)kg,z x
x(X, Dkerx, ke (X @ v, (2.100)

The coefficients d were not given in [206], but now using the PBW expression (2.97) for
v'»™ we find that they are given by the following formula:

dkr,...,ke_l = (_1)kr+m+kef1 % Z Z D x
mny—by<ky m-bp_1<kp_q
: m-bpskp_p
mng_3-bp_3<kp_3
-3 q(mn)-—b)-)(l—k]-)—ki [mnj _ bj]!
X

X
i=r [mn] - k]]![mn] - Tb]]![k] - mnj + b]]!
q(m—be)(l—ke—z)—ke—z

X X
[m - be]![ke,z -m- bg]![m - kefz]!
(m-bp_1)(1-kp-1)-ke—1

X q X
[m— b, 'lkp.y —m = b,_11![m — k,_4]!
-2
><[2m—2t—Z(ti+i‘,-)—2 Z Sij_
i=r r<i<j<e-2
3 e3
—2) si= ) tipollx (2.101)
=r =r

-2

2 ns
<[ T Isyltlsialt [0 [T lela™

j=r+1 j=r r<i<j<e-2
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or more explicitly:

mn mn,._
dk1---ke—1 = dns(_l)err e < k ’> < k ‘ 1) X
4 q -1 q

L[ Bl [(A+p, B,
[(A+p, ) =K1y [(A+p, BrE3) — ko 5]y
[(A + p’ ae)]q [(A +P, aé—])]q

T+ pr )~ Ky oy [+ pr 1) — 1]

= d(—1)er ke <mnr> m(mne,l) y
o )y \ ke,

[Alr + nr]q [AIZ—B + n€—3]q
X .
[Alr + nr - kl]q [AI€_3 + ne_B - k€_3]q
y [A, +1], [Apy +14
[Ap + 1=k ylg [Mpy + 1Koyl ”

dns # 0
. J . . . j
,Br’] = z n;a;, A,] = (A, Br’]) s n] = Z n;. (2.102)
i=r i=r

In the derivation of these formulae one can use (2.70).

2.7 Representations at Roots of Unity

2.7.1 Generalities
If the deformation parameter g is a root of unity, the representation theory of U,(¥)
differs very much from the generic case (cf. e. g., [175, 198, 442]).
We start with the case of the simple roots. Let B = «; and we try the same
expression (2.9) for the singular vector as in the case g = 1 or generic g:
vs=X)"®vg. (2.103)
We obtain using (1.19):
= 1-k k e
(X5, X)™ = Y G HIE) = %)Y [Hy -2k =
k=0 k=0
= (X" [ml[H; - m+1]. (2104)

If v, is a singular vector we should have

0=Xv, =X, X)) " evy = X )" [ml[AH) - m + 1] @ v, (2105)
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(Note that X;v, = 0, fork # j.) If g; = q% %) is not a root of unity then (2.105) gives just
condition (2.2) rewritten as A(H;) = (A, a}’) =m- (p, a}’) =m -1, where 8V = 28/(8, B)
(o, af) = 1 for all ;).

N.
Ifq}- is a root of unity, q).’ =1,N;eN+1, then for k € Z:

SN
Ny, = 5 = ?”(’(’L’i[)) _
q] _q} s, i

0, g =e"M. (2.106)

In this case (2.105) gives that v, from (2.103) is a singular vector iff

either [m]q], =0, VAes#", (2.107a)
or [A(H}) + 1~ m]qj =0, m#¢N,. (2.107b)

Thus, we see that for q}l.vj = 1 the Verma module V* is always reducible.

Thus, if g is a root of unity, then all Verma modules V2 are reducible for any U, (@)
and for any A € #*. These generic singular vectors are given explicitly by [198]:

4 ¢
ok STl YN evy, kez,, Y ki>o, (2.108)
j=1 J=1

. N; .
where N; € N + 1 are the smallest integers such that qj’ =1,j=1,...¢.
There exist also other singular vectors if the highest-weight A obeys condition
(2.2). We have:

Proposition 4. (i) Let us have the assumptions of Proposition 1, and in addition let q be
aroot of 1. Let Ng € N + 1 be the smallest integer such that qgﬁ =1, with qg asin (1.23a)
and let k,n € Z,, n < Ng be such that m = kNg + n. Then the following expression is a
singular vector:

k
Yk ((@ﬁ,ne@ﬁ,NK") PP g Vo, (2.109)

where 2PU(X], ..., X;) is given by (2.37).

(i) Let us define the positive integer ng by ng = 1if N5 > N; Vj € Jp and ng =
N;,/Ng for j, € Jg such that N;; > Np. If we replace in formula (2.109) any of the
factors (2P 2PNs ) by [T, (X7)"" we obtain different in general singular vec-
tors although with the same weight.

(iii) Further let us suppose that condition (2.2) is not fulfilled for any positive root
except B. Then the general formula for the singular vectors of Vis:
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€ ¥
A T (PP PN e ve K, ke z,, (2.110)
j=1

plus many expressions in which a factor ]_[] 1(X ) N may be introduced before each
factor 2P, 0

The submodule structure of V* is much more complicated if condition (2.2) is fulfilled
for some other positive roots. In the other extreme situation when (2.2) is fulfilled for
all simple roots (which means that A is either dominant integral weight or may be rep-
resented by A = A +Zf 1 kiNja; with A’ dominant integral) then the set of submodules of
VA is in one-to-one correspondence with the elements of the Weyl group W of the affine
Lie algebra % [195, 198] As above the singular vectors are obtained by the combination
of the factors H 1(X Ni with the monomials from (2.85) with the degree restricted by
N, g

r
=[I&) s 2, .. x) e v, (2.111)
j=1

[(A +p)(Hp) ~nl,, =0,n € N,n<Ng, (2.112)

Let us say that two elements A, A" € ##* are equivalent, A = A’ ,if A~ A" = NB, where
B is any element of the dual integer root lattice, that is, § = nla}/ + ~--n,a,v, n ez,
and N is such that g; = e”N for the shortest simple roots a; whose duals enter the
decomposition of 3.

Itis clear thatif A = A’, then they obey or disobey (2.107b),(2.112) simultaneously.
Thus the Verma modules V" and V" have the same structure and the corresponding
irreducible factor modules will be equivalent as f]q(%) modules. So the irreducible
HWMs are described by their highest weights up to the above equivalence. Because of
(2.112) it is also clear that the irreducible HWMs of U, (%) are finite-dimensional.

Actually it was proved in [175] that the maximal dimension of an irreducible finite-
dimensional (not necessarily with highest weight) representation of U,(¢) is equal to:

NOmE i .113)

We consider the question of the irreducible representations as quotients of reducible
Verma modules in the framework of embeddings between such modules. It is clear
that the Verma module VA’ is isomorphic to a submodule of V* if A = A’ and
A=A = Np for B, an element of the dual nonnegative integer root lattice, that is,
B = maj +---na, n; € Z,. Thus to account for all other embeddings it is enough
to consider the singular vectors in (2.111) with k = 0,n € N,n < N. It is clear that
if (2.112) holds then VA is isomorphic to a submodule of V2. If (2.112) holds for
several pairs (n,8) = (m;,B8;), i = 1,...,k, there are other Verma modules yA-mibi | a1l
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of which are isomorphic to submodules of V2. Furthermore if (2.112) holds with Beéb*
and n € -N then V" is a submodule of VA*". Indeed, if [(A + p)(Hg) + n] = 0 then
[(A+nB+ p)(HB) - n] = 0 because B(Hﬁ) =2 for all 8.

What is more interesting and in contrast to the undeformed g = 1 case is that
if V? has a singular vector of type (2.111) with k = O,n = m € N, m < N, then the
embedded Verma module V2™ has a singular vector of type (2.111) with k = O,n =
N - m. The embedded Verma module in V2 is easily seen to be VA"NF_ The latter is
a submodule also of V*, however, with a singular vector from (2.111) with k = 1, n = 0.
The two embeddings coincide if § = @; is a simple root. Indeed, the first embedding
is a composition of two embeddings V* — V2™ — vANE; correspondingly if v},
vg are the highest-weight vectors of yA-mp AN respectively, we have Wf,_ m ﬁ,/,i ®
vy > Ph_ @V} 1®V)); the second embedding is V* — VA"V under this we have
]'[;:I(Xj‘ YN ev, — 1@ vy, wheref =Y n;a;. Thus if B is not a simple root we may have
embedding of one and the same module in two different ways. (This is similar to the
affine Kac-Moody case when f is an imaginary root (i. e., (8, 8) = 0).)

2.7.2 The Example of U,(sl(2)) at Roots of Unity

In this subsection we follow [198]. We consider U,(¢) for 4 = sl(2); r = 1, Xy = X*,
H, =H,a = a =a’ =2p. We take q as a primitive root of unity: g = 7N N e N +1.
We shall prove that all Verma modules V* belong to multiplets of one of the two types
described below.

The multiplets of the first type are in one-to-one correspondence with those
equivalent classes for which

AH)+n+0,YVneZ, (2.114)

for any representative. For a fixed class represented, say, by A € 2#*, the correspond-
ing multiplet consists of an infinite chain of embeddings

N A A N T (2.115)

where the Verma modules entering the multiplet are f/k = pA-KNa .k € Z; that is,
they are in one-to-one correspondence with the elements of the class in consideration.
Each embedding in (2.115) is realized by a singular vector v, = x)MNe vo(V) , where
vo(V) denotes the highest-weight vector of the Verma module V. The factor modules
Ly = V[V, are isomorphic L = Ly = L,Vk, k' € Z; moreover dim L = N and all
states of L are givenby (X )" ®v,,m=0,...,N-1.

Thus, the highest weight of an irreducible HWM is determined only up to the
equivalence defined above.

The multiplets of the second type are parametrized by a positive integer, say, m
such that m < N/2. Fix such an m and choose an element A € 2" such that
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[AH)+1-m]=0, meN, m<N/2, (2.116)

that is, A’ = mT’la is an element of the class of A. If m < N/2 then VA is part of an
infinite chain of embeddings

A A T A A (2.117)

where V}! = yAkNa e 7, v = yA-mea-kNa 3 7 (Thus, the classes which only
have element A for which (2.116) holds with N/2 < m < N are represented by the highest
weights of V;".) The embeddings V' — V,™ are realized by v, = (X7)" @ vy (V") , while
the embeddings V;"™ — VI, are realized by v, = (X )Y ™®v,(V;™). The factor modules
L} = VJ'/V™ are isomorphic: L} = Ly = L™,Vk, k' € 7z; also the factor modules
L™ = V™|V, are isomorphic: L;" = LI’(’,” = L' vk, k' € Z; moreover dim L™ = m,
dim L™ = N - m, and all states of L™ (respectively L'™ ) are given by (X )" ® v, ,n =
0,...,m-1(resp.n=0,...,N-m-1).
If N € 2N and m = N/2, then V" is part of an infinite chain of embeddings

YN Ny (2.118)

where V,I{V 2 _ yA-kNaf2 4o o 7 Everything we said above for L;!, L™ is valid here for
m= NJ2.

It is clear that all elements of A and thus all Verma modules V? over U,(9) are
accounted for. Thus we have proved:

Proposition 5. Let ¢" =1,N € N+1,% = sI(2). (a) All Verma modules V* over U,(sl(2))
belong to multiplets of one of the two types described above. (b) There are exactly N
inequivalent irreducible HWM of Uq(sl(z)) which have dimensions 1,2, ...,N. O

The last conclusion was obtained by other methods in [30, 506, 529]. Note that the
nonuniformity in N (denoted there by m) of the results of [529] is due to the fact that
their g is a square root of ours.

2.7.3 Classification in the U (sl(3, C)) Case

Our next detailed example is U, (sl(3, C)). Let & = sl(3, C). Let us denote:

XE = +(g"XEXE - ¢ XEXT), Hy=H,+H,,
[H;,X5] = +X5(= +a3(H)X3), i=1,2,
[X;)X‘;] = [H3]’ (2.119)
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where H; correspond to the roots a;; a3 = a; + a, = p; a; , a, are the simple roots with
(g, ) = -1; (g, ) =2,i=1,2,3.

First we consider the case when g is not a root of unity. Then the Verma modules
and the irreducible HWM over U, (sl(3, €)) are in one-to-one correspondence with their
counterparts over sl(3, C). We recall the classification of the Verma modules and of the
irreducible HWM over (affine-) sl(n, C) [40]. For n = 3 there are five types of multiplets
of Verma modules.

The multiplets of the first type include Verma modules V* for which

AH) ¢ Z,Vi=1,2,3. (2.120)
Each such multiplet is trivial containing only one irreducible Verma module 48

The multiplets of the second type are parametrized by a positive integer, say, m.
Fix such an m and choose an element A € #* such that

AH)+1=m, AH)¢Z, i=2,3. (2.121)
Then V' is part of the following multiplet:

AN A (2.122)
where the Verma module V"™ is irreducible. The embedding in (2.122) is realized by
the singular vector vy = (X;)™ ® v,. This multiplet is exactly like the only nontrivial
multiplet in the case si(2, C) and (for g not a root of unity) U,(sl(2, C)). Note that one
can exchange the roles of A(H;) and A(H,).

The multiplets of the third type are parametrized by a positive integer, say, m,
and are characterized by elements A € 7" such that

AMH;)+2=m, AH)e¢Z, i=12. (2.123)
Then V" is part of a multiplet as in (2.122):

AR A (2.124)
where VA" js jrreducible. The embedding in (2.124) is realized by the singular vector
in (2.37) for A,.

The multiplets of the fourth type are parametrized by two positive integers, say,

m, , m,, and are characterized by elements A € #* such that

AMH)+1=m;, i=1,2, = A(H;3)+2=my+m,. (2.125)
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The Verma module V* is part of the following multiplet (cf. [195] formula (38)):

v SN 1£4
7 T
7
/NN (2.126)
7
7 2
Vv - V!
where V = V2 ,
VievAimi%i 21,23, my=m +m,, (2.127a)
v =y (i) = (12), (1), (2127b)

and V2 is irreducible. The embeddings V — V!, V2 — V2, V2 - V3 are realized by
singular vectors (X; Yev, withp = m; , my, m,, respectively. The embeddings V — V2,
V! — v, v?' - V2 are realized by singular vectors (X; ¥ ® v, with p = m, ,m5, m;,
respectively. The embeddings V! — V2!, V2> — V' are realized by singular vectors
given by A, formula (2.37) with A replaced by A — mya;, A — mya, , respectively, and
m = m,, m = my, respectively. The sextet diagram (2.126) is commutative as in the
q = 1 case.

The multiplets of the fifth type are parametrized by a positive integer, say, m, and
are characterized by elements A € #* such that

AMH)+1=my=meN, AH,)+1=m,=0. (2.128)
Then V! is part of the following multiplet:
AR AL A (2.129)

where VA% js irreducible. The embeddings V! — vA™ma yrtma _, yA-mas gre
realized by singular vectors (X;)™ ® vy, (X;)™ ® v, , respectively. This case may be
viewed as a reduction of the previous one for m, = 0. One can exchange the roles of
A(H,), my and A(H,), m,.

Based on the above one can recover the classification of the irreducible HWM over
sl(n, C) [195] for n = 3 and consequently of the irreducible HWM over U,(sl(3, C)):

LY, A+p)H)¢N, i=1,23, (2.130a)
LY, MH)+1=m=meN, AH)+1=m,¢N, (2.130D)

my=m;+m, ¢ N exceptfor m,=0,
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L2, AMH))+2=meN, AH)¢Z,,i=1,2, (2.1300)
04 .
Lim,» AH)+1=m; e N,i=12. (2.130d)
L. (A+p)H)=m eNi=13
AMH,) +1=m3-m; <O0. (2.130e)

One should also take into account cases (2.130b,e) with the roles of A(H;), m; and
A(H,), m, exchanged. Note that L}(fl = Vis present in all multiplets above — these are
the Verma modules which are irreducible as noted; L?nz is present in multiplets of the
second type (this is the factor module of the reducible Verma module V! in (2.122)), of
the fourth type (these are the factor modules of V2 and V! in (2.126)), and of the fifth
type (these are the factor modules of V" (the only case when m, = 0) and of VA" in
(2129)); LY is present in multiplets of the third type (this is the factor module of the
reducible Verma module V* in (2.124)); L?n‘; m, and L?,fl s are present in multiplets of the
fourth type (L%m2 is the factor module of V in (2.126) while L?,fi my » 1 =1,2, is the factor
module of V' in (2.126)). Moreover, L?n‘; , is the finite-dimensional HWM over si(3, C)
or over U(sl(3, C)).

Consider now the case when q is a root of unity and let N be the smallest pos-
itive integer such that ¢" = 1. The classification of the Verma modules is as follows
[198]. There are five types of multiplets of such modules, the first four being direct
counterparts of those for g, not a root of unity.

The multiplets of the first type include Verma modules V* for which

m

AH) ¢z, Vi=1,23. (2.131)

For a fixed A € 2#* the corresponding multiplet consists of the following diagram of
embeddings:

e — ‘/0’1 — Vl,l — e
7 1 (2.132)

= Voo = Vi —

7 T
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where V; , = yA-kNei-eNaz “j o ¢ 7. Each embedding in (2.132) is realized by a
singular vector vy = (X; We Vo, fori = 1,1 = 2, when the arrow depicting the
embedding is horizontal and vertical, respectively. Because of the symmetry it is
clear that the factor modules L, , = Vj ,/I; ,, where I, , is the maximal submod-
ule of Vi ¢, have the same structure Vk, ¢, € Z. We shall denote by L any of these
representations.

In (2.132) and in all diagrams below we do not depict any embeddings outside the
quadrangle (Vo , V39, V11, Vo) except the adjacent ones shown in (2.132).

The multiplets of the second type are parametrized by a positive integer, say, m
such that m < N/2. Fix such an m and choose an element A € #* such that

AH,)+1-m]=0, AH)+n+#0, i=23,vYneZ. (2.133)

If m, < N/2, then V*is part of the following multiplet:
1

7 i 7 (2.134)

= Voo — V(1)0_>V1,0_’"'

T T

where V; , are as above and Vj , = VA"~ &N [} ¢ ¢ 7. The embeddings V; , —
Vi o are realized by vy = (X)) ® vo(Vy,), while Vi, — V,,, are realized by v, =
XN @ vo(Vy ) . The factor modules Ly, = Vi o/l , and Ly , = Vi ,/I; , have the
same structure Vk, £, € Z . The representations Ly , , L} , shall be denoted by L2, L% .,
respectively. Thus there are N — 1 essentially different irreducible HWMs with highest
weights satisfying (78), namely, Lfn form=1,...,N-1.

We do not consider separately the subcase obtained from this by exchanging the
indices 1 and 2. The corresponding representations which are conjugate to Lfn under

the exchange a; — a, will be denoted by i,znz .
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The multiplets of the third type are parametrized by a positive integer, say, m;
such that m; < N/2. Fix such an m; and choose an element A € 7#* such that

[A(H;)+2-m5] =0, AH)+n+0, i=12VneZ. (2.135)

The Verma module V* is part of the following multiplet:

7 7
- Vo1 — - Vi -
/
T Ve 1 (2.136)
/
- Voo — - Vi —
7 7

where V, , are as above and V; , = V"% Na~tN@2 ) ¢ ¢ 7. The embeddings V; , —
V,ie and V,ie — Vyu1,041 are realized by the singular vector in (2.37) for A,, m = m3,
m = N — ms, respectively. Formula (2.37) (for 4,) is valid here for any m € N, if (2.135)
holds (with m; replaced by m ); however, if m > N,andm = kN+t,k e N,t € Z, ,t <N,
it reduces to:
VI = (X)) (2.137)

Analogous to the previous case the representations Vj ,/I; , V,ig/l,ie, vk, ¢ € Z,
shall be denoted by Lf@ and L13V—m3’ respectively. Thus there are N — 1 essentially
different irreducible HWMs with highest weights satisfying (2.135), namely, Lfn for
m=1,...,N-1.

The multiplets of the fourth type are parametrized by two positive integers, say,
m, , m, such that m; + m, < N. Fix such m; , m, and choose an element A € 7#* such
that

AH)+1-mi]=0,i=1,2, = [AMH;)+2-m-my]=0. (2.138)
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The Verma module V* is part of the following multiplet:

T 7
co Vo — V(l),1 N Vi — -
T 7
1 Voo — Voo T
7 T
1 (2.139)
Vé,o - - Vé,lo - V12,0
T
T 7 7
> Voo — V(l),o - Vig— -
T 7

where V} , is as before and

V,’;’e = pAmiakNa=tNey 5 _q 5 3 m;=m; +m,,k,l€Z, (2.140a)
vl = yhmimseNa-ING. | Gh) 2 (1), (21), k, € € Z. (2.140D)

We summarize the structure of the above multiplets as follows.

The embeddings Vi, = Vi,, Vi, = Vires Vie = Vies Vie = Vier Vie —
V,il_,, V,f’e - V,fru, Vies — V,l’m, V,LM — Vjy1,041 are realized by singular vector
(Xl")p ® vy, withp = my,N -m;,m3, N-m3,m,,N - m,,my, N - my, respectively.
The embeddings Vi, — Vi, Vi, = Vipas Vie = Vi, Vie = Vigas Ve —
VI?,Z ) Vl?,e - Vl?,lfﬂ s Viee = V13+1,e ’ Vl%+1,e — Vii1,e41 are realized by singular vector
(Xz")p®v0,withp =my,N-m,,m3,N-m;,m;,N-m;,m,,N—m,, respectively. The
embeddings Vy , — Vi, Vi, = Vi, Vi, = Vi pe are realized by singular vectors
given by formula (45), with A replaced by A - mya; , A — mya, , A — mzaz and m = m,,
m=m;, m= N - mz, respectively.
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Note that the six HWMs V; ,, V,’;",, V,’(’ , for fixed k, ¢ form the basic sl(3, C) mul-
tiplet in the case g = 1[195] or U,(sl(3, C)) multiplet (2.126) when g is not a root of
unity. Let us say that the tip of this sextet is at V} ,. This sextet shares one side with
six sextets of the same type and orientation, and for the same k, ¢ their tips are at
Vit oot Vicees Vi s Vide s Vitt o » Vidy oy The role of (m, , my) in these sextets is played
by (m,, N - m3) for V;?, and by (N — m;, m,) for V2',. Moreover, this structure is peri-
odic, and if we consider only such sextets then this multiplet looks like a honeycomb
and resembles one of the multiplets of reducible Verma modules over the affine Lie
algebra si(3, oW, namely, the “maximal” multiplet in the sense that it represents the
affine Weyl group W (cf. [195], Proposition 2 and the figure). However, in the affine
case this honeycomb corresponding to the affine Weyl group has a distinguished point
(corresponding to the unit element of W), that is, a Verma module which contains as
submodules all other Verma modules in this multiplet (the irreducible subquotient of
this distinguished Verma module is an integrable HWM, and all integrable HWM over
si(3, (C)(l) can be obtained in this way).

Below we shall use also the fact that there are other sextets of HWMs, namely:
V,f_l’e_l , V,fH , V,fﬂ,e, Vist,e41 5 V,LM , V,ffu, for fixed k, ¢ and containing the sextet
Vier V,’;’ P V;{’ .- Certainly these bigger sextets are more complicated.

Thus the structure of the representations V; ,, V,lfe , V,ile is exactly the same;
moreover, the range of their parameters is the same. The same holds for the repres-
entations V,’;’ ¢» 1 =1,2,3. These are situated in the sextets at the site opposite to what
we is called the tip. The values (A(H;) , A(H,)), that is, the analogues of (m; ,m,), are
(N -my,ms), (n3,N -m,), (N -m,,N -my) fori = 1,2,3, respectively, and they
cover the same range. Moreover, this shows that the requirement m; + m, < N isnot a
restriction. Indeed, the HWMs V,’;, . for one value of i exhaust all such cases.

From the above it is easy to see that there are the following essentially different
irreducible HWMs with highest weights satisfying (2.138), namely, Lfnlmz and L;fl‘lmz
which will denote any of the factor modules V; ,/I; , and V,i p /I,i ¢ » respectively.

The multiplets of the fifth type can be viewed as “analytic” continuation of the
fourth type for m; + m, = N. Thus they are parametrized by a positive integer, say, m,
such that m; < N/2. Fix such m; and choose an element A € #* such that

[AH)+1-m]=0, my=N-m. (2.141)

The HWM V*is part of a multiplet containing the following HWM: V; , and V,"{’ 0 i=12
given by the same formulae as in the previous case with m, = N-m; and m3 = N. It can
be depicted using (2.139) and distorting it so that V,i ¢, will coincide with Vy, 4,1, V,l,ze
with V,l, 241> and V,ile with Vfﬂ’ ¢~ Thus the sextets with V,l,ze , V,ile at the tips deteriorate
into commutative triangles, and the latter representations do not have the structure
of V.. The singular vectors depicting the embeddings are, as in the previous case,
however, taking into account the coincidences. It is easy to see that there are the fol-
lowing inequivalent irreducible HWMs with highest weights satisfying (86), namely,
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Ly, > Ly » Loy, which will denote the factor modules Vi /I » Vi o/Ti ¢ » Vi o/ - Note

that Lf‘,}l , Lifz are conjugate to each other under the exchange a; — a,.

2.7.4 Cyclic Representations of Uy(%)

As we saw above when q is a root of unity the 2N-th powers of the Cartan—-Weyl
generators form singular vectors of Verma modules. These are set to zero when
we consider the irreducible factor modules. However, in a more general approach,
when we consider non-highest-weight representations one may give nonzero values
to these powers. These representations are called cyclic representations [170-172],
the term referring to the fact that each root vector generates a multiplicative cyclic
group.

2.7.41 U,(sl(2,C))

Let us start with the example of U,(sl(2, C)) considered in [529]. Let q = e”N Their
cyclic representation depends on three complex parameters a, b, 4 such that ([p][u +
1-pl+ab)+#O0forp=1,...,N-1. Ithasthebasisvp,p =0,1,...,N-1and transforms
under the generators of U,(sl(2, C)) as follows:

Hv, = (u-2p)v,, (2142)

X v, =(p+Uu-pl+ab)v,,,,p=0,1,...,N-2, (2.143a)
X vy =av, (2.143b)
X'v, =(pllu+1-pl+ ab)l/zvp_1 ,p=1,...,N-1, (2.144a)
X+VO = bVN71 > (2.144b)

If a # 0 # b this representation is not an HWM or lowest-weight module and is called
cyclic because of formulae (2.143b) and (2.144b). If a = 0,b + O, u-2m+2 ¢ Z,,
(@a+0,b=0,u¢ Z,), then it is a cyclic irreducible lowest (highest) weight module,
with lowest (highest) weight A = (u — 2(m - 1))a/2, (A = pa/2).

Ifa = bthen X' = (X")!.If a = b and p real then X* = (X7)". In this last case the
representations with three real parameters correspond to representations obtained in
[558].

Two such representations with parameters a, b, p and a,b, y' are isomorphic iff

W=pu+2r,rez,ab=ab,ab-a'b' = [2r][u+2r +1). (2.145)

2.7.4.2 Uq(sl(n +1,Q))
In this subsection we review the paper [171]. Let us consider U, =
= Uy(sl(n+1, C)), n > 2. In [171] is constructed (for generic ) an algebra map from U, a
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C(q) algebra 7/ determined as follows. It is generated by x;, zy, 1 <j < k < n, and the

inverses X]k R ]k , satisfying

[ k)X’k’] = [ ] [ kyz'k’] = ) if (j’ k) * (jl: k’)a (21463)
ZjiXjk = qXkZjk- (2.146Db)

A C(q) linear involution * is defined by

)" = X1 @) = Zeh i (2.147)
and C linear involution~by

a=q", Xje =X, Z= Zil, (2.148)

the analogous involutions for U,(sl(n + 1, C)) are defined by

(X ) _( n+l-i» (H) Hpq, (K) Kr;+1 i (2.149)

g=q', X=X, H=-H, K=K (2.150)

Forr = (ry,...,1,) € (C*)" one defines r* = (r,,...,1), ¥ = (1, ..., 7,;"). The authors of
[171] construct a family of C(gq) homomorphisms

Prs: Uyslin+1,C)) — 7, (2.151)

depending on r, s € (C*)" by the formulae:

n
Prs(X) = Y [Zaléi» (2.152)
prs(X’_) = Psx p (X ;ﬂ,i)* s

prs(K) = l 12n ,:.11,1,

where

ik = XikXiks1 "+ Xin s (2.153)

- 1 -1
Ziy = IiZiZik-12i_1k-1Z i1k (2.154)

Further let N > 3 be an odd positive integer and let g = N Let @y (x) denote the
N-th cyclotomic polynomial so that @y(g) = 0. One sets

o ={f e C(q)|f isregularat @y(q) = 0}. (2.155)
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Let U_, denote the .o/-subalgebra of Uq generated by Xli ,Ki,1=1,...,n. Let further
U=U, ®, C.Thealgebra #_, is defined analogously.
Consider an N-dimensional vector space with fixed basisu;,i=0,...,N-1:

V=l 'y, (2.156)
One defines a representation o of the Weyl algebra qu with generators x, z by:

o: ¥, - End(V,), (2.157a)

o0u; = ujy, (Uy=uy), o@Dy = qiui. (2.157b)

Furtherletm = nn+1)2 =dim %" and V = (V;)@’m. Thus one obtains a repres-
entation ¢®" : ¥ = (V/ql)m — End(V) by letting the generators x;, z act on the
(j, k)-component of V as d(x), 0(z) and as identity on the other components. Further
one defines automorphisms S, , T, of # for n = (ny) € (C*)™:

Sn(xjk) = l'l]'kX]'k N Sn(ij) = ij s (21583)
Tn(Xjk) = Xjk s Tn(Z]'k) = n]'kZ]'k. (2.158b)

Now the representation of U is defined by the following composition of maps:

®m
Pr,s Sg oTp o

n:U—- % — W — End(V) (2.159)
Besides r,s € (C*)", the representation  contains n(n + 1) arbitrary parameters g =
(8j), h = (hy) € (C*)™. Not all of these parameters are independent, and one can set
s;=Li=1,...,n
Further the authors of [171] show cyclicity of the representation and prove that it
is irreducible for generic parameters r;, gj, hy.. For special values of the parameters,
they obtain invariant subspaces.

2.7.43 Uy (sl(n, ©)®)

Let Uq = U,(sl(n, C)(D), n > 2. Further we consider the cyclic representations of Uq fol-
lowing [170]. Let g = etiN , N > 3. Let V be an N-dimensional vector space. Let Y, Z be
two linear operators on V satifying the relation ZY = qYZ. Denote by Y; (respectively,
Z;) the operator on % = V®" which acts on the i-th component as Y (repectively, Z)

and as identity on the other components. Set

A 1we7//|<ﬁ2i>w=w}. (2.160)

i=1
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Let ag,...,a,  and Xy, ..., X,_; be arbitrary nonzero numbers. An N""!-dimensional
cyclic representation 1, , of U, on #,% = #/©) is defined as follows:

M oX;) = Sp=T? (@2 - a;'Z)Y;Y; L, (2.161a)
_1 1 2 1

nx,a(Xi ) = m (aH_lZH_l aH_lZH_l)Y i+l (2.161b)

oK) = Z i (2.161¢)

l

whereay =a,, Yy =Y,,Z, = Z,. Choose abasisv; ,k=0,...,N-1;(vy =v,) of V on
which Y, Z act by

Y = v, Zvi=viy. (2.162)

Then the basis vectors of 7 © may be chosen as
o N-1
W = Z Vigp ® @ Vi p s (2.163)
wherek = (k, ..., k), so that “//(0)

2.8 Characters of Irreducible HWMs

2.8.1 Generalities

Let again ¢ be any simple Lie algebra. We recall the decomposition (2.17). Following
Dixmier [192] and Kac [372] let E(2#*) be the associative abelian algebra consisting of
the series Zue(#* cye(y) , Where ¢, €C and ¢, =0 for u outside the union of a finite
number of sets of the form D(A) = {u € " |u < A}, using any ordering of 5#"; the
formal exponents e(u) have the properties e(0) = 1, e(ue(v) = e(u + v).

The character of V is defined by:

chV = Z (dimVH)e()l +u) =e(d) Z (dimVH)e(y). (2.164)
pely pel,

We recall [192] that for a Verma module V = V* we have dim v, = P(u) , where P(u) is
defined after (2.18). Analogously we use [192] to obtain:

ch V2 = e(0) Z P(ue(u) = e(N) H (1-e() . (2.165)

perl, aeh*
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The Weyl character formula for the finite-dimensional irreducible lowest-weight
representations over ¢ has the form [192]:

chLy=chv® ¥ (-D™ew-A-nN) = Y (-D™ch V™™, (2.166)
weW weW

If g is not a root of unity, the above formula holds for the finite-dimensional irredu-
cible HWM over U,(%) (this can be deduced from the results of [441, 532]). For other
representations over Uq(% ) we have announced in [201] the results for ¢ = sl(3, C); see
next subsection.

2.8.2 U,(sl(3,0)

Consider Uq(sl(3, C)) and let us denote ¢; = e(-q;),i = 1,2, then e(-a3) = t;¢t,. Then
(2.165) can be rewritten as

ch VA = e(A)/(1 - £)(1 - t)(1 - tyty). (2.167)

In the case when q is not a root of unity the character formulae of the irreducible HWM
over U,(sl(3, C)) are:

chLy' = chv™, (2.168a)

L% — A m 03 _ A m

chL, = chV*(1-t{"), chL,’ = chV (1 - (;t;)") (2.168b)
chLpy . = chV* (=" = ()™ + 1653), (2.168¢)

and the character formula for L?n‘;mz is given by (2.166) which explicitly is (using the
notation in (2.126)):

chI® = chV® - chV' = chV? + chV? + chV?' - chV° =

mymy
m

chvh(1- &M - &)
+5° + 67 - (L)™) (2.169)

2 4

(The same formulae hold for the irreducible HWM over sli(3, C).)
The proof of (2.168) is given in [201]. Actually there is nothing to prove for (2.168a)
since V" is irreducible in this case. Formula (2.168Db) is just a rewriting of

chLy = ch (VMY = ch (VM VY)Y = ch VA — ch VY, (2.170)

with VA" = VA M@ ang vA' = A In the case of (2.168¢) we use the explicit
embedding structure of the Verma module V* whose irreducible quotient is L?nsl ms*
This Verma module can be represented by V2 on diagram (2.126), however, with A in

(2.130e) replaced by A’ = A — mya,. Thus we have:
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chI* =ch V2 + ch V' - ch V°. (2.171)

Then (2.168¢) follows from the combination of ch L = ch(V*/I*) and (2.171). (Note that
the Verma module V* whose irreducible quotient is L?nsl m, could also be represented
by V? on diagram (2.126), however, with A in (2.130e) replaced by A’ = A — mya,.)

2.8.3 U,(sl(3, €)) at Roots of Unity

Let us consider now the case when q is a root of unity. The results (announced in [201])
on the characters of the irreducible HWM over Uq(sl(3, Q)
for g, a root of unity, can be summarized by the following:

Proposition 6. Let N € IN + 2 be the smallest such number such that qN =1LetL', Lfn s
Lfn LA L4 Lfn s Lfnl R Lf,f be the representations of Uq(sl(3, Q)) defined as above.

mymy ’ “mym;

We have:
chL' = ch VA1 -1 - )1 - (1)), (2.172a)
ch Ly = ch VA1 -1 - )1 - (4t)"), (2.172b)
chL} = ch VA1 -8)(1- )1 - ()™, (2.172¢)
chLpy = Y () ™ch v, (2.173a)
weW
=chVy,-ch V,l,g —ch V,i€+
+ch V,l,zg +ch V,ilg -ch V,i 05 (2.173b)
chLy =chLlyy > (2.173¢)
Chlp ) = ZW(—l)"(W) (ch V'™ —chv"™), (2.174)
we

N =5s3-A+Nag = A—(m;5 - Nas,

ch Lf,} =ch L?V—m,N , (2.175a)
chL)? = chLy . (2.175b)
All states of L, Lfn s Lfn are given by:

)X X" vy, (2.176)
n=0,...,N-1, i=12,3, for L',
n=0,...,m-1, m;=0,...,N-1, i=23, for L2,
n;=0,....m-1, n;=0,...,N-1, i=12, for Lfn.
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Further we have:

dimL' = N°, (2.177a)
dim L}, = dim L], = mN?, (2.177b)
dim Lfnlmz = mym,(m; + m,)/2, (2.177¢)
dim L;, = m(N - m)N/2, (2.177d)
dim L;'::]mz = mymy(m, + m,)/2 -
—(N-my))(N-m,)2N - my —m,)[2 = (2.178)
= (my + my - N)2mym, + NN - m; - my))/2,
1<my,my < N <my +m, < 2N, (2.179)
dim Ly, = dim Ly_,, y = dim Ly, y =
=N(N-m)(2N -m)/2, m<N/2, (2.180)
dim L;? = dim Ly ,, = dim Ly, =
= Nm(N +m)/2, m<N/2. (2.181)

The Proof of this proposition was given in [199-201] except (2.174), which was given in
[36] (communicated to us by V.G. Kac). O

The most interesting case is (2.178) where we get representations which cannot occur
classically though being parametrized as the finite-dimensional representations of
sl(3, C). These are called irregular representations or modular representations. Clearly,
all representations for which either m; = 1 or m, = 1 remains classical. (This includes
the (three-dimensional) fundamental representations, characterized by (my, m,) =
(2,1), (1, 2), which are not deformed for any q.)

For U,(sl(3, C)) the simplest irregular case is the one which classically is the (eight-
dimensional) adjoint representation characterized by (m;, m,) = (2,2). Indeed, for
third root of unity, N = 3, the inequalities in (2.178) are satisfied and the dimension
of the irreducible HWM is seven. The reason is that for third root of unity there is
one additional singular vector which has to be taken into account besides (X; )Y ® Vo,
(X;)? ®v,. Explicitly, we have:

ve =Vl = (XX, - X, X]) @ vg,q = €7, my =m, = 2. (2182)
Thus in the irreducible HWM L, with vacuum state |) such that X;"|)= 0 we have:

X))= 0, (X;)*))= 0, (X; X, — X, X;)|)= 0. (2.183)
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Table 2.1: Modular representations of Uq(sl(3, Q)

(my, my) d(my, my) N ms dimL, degv,
(2,2) 8 3 4 7 1
(3,2 15 4 5 12 1
(3,3) 27 4 6 26 2
(3,3 27 5 6 19 1
(4,2) 24 5 6 18 1
(4,3) 42 5 7 39 2
(4,3) 42 6 7 27 1
(4,4) 64 5 8 63 3
(4,4) 64 6 8 56 2
(4,4) 64 7 8 37 1
Then the seven states in L, are:

DX D X0, X0, XX D, %X XD, XXX D). (2.184)

Note that the additional state in the eight-dimensional regular case (i. e., the adjoint
representation) is the state X, X;|). Here it is not an independent state since it coin-
cides with the state X; X, |) because of the last equality in (2.183) which is due to the
additional singular vector (2.182) not present in the regular case.

We present the low-dimensional irregular or modular representation L, of
U,(sl(3, €)) in table 2.1.

2.8.4 Conjectures

In this subsection we shall discuss several conjectures. Let ¢ be any simple Lie
algebra; leth =1,Ne N+1,A e #" ,my=AH)+1<N,i=1,..,rletabe
the highest root of A. Then we conjecture that (2.166) holds if

my = (A +p)(Hy) < N. (2.185)

The support for this conjecture is the following. If mz = kN +ngz > N, k,n; € N,nz <N,
then it is easy to see that there shall exist at least one g’ € A* such that mg = A+
p)(Hl';) =Kk'N+ ng with Kez,, ng € N, ng < N so that ng < ng. Then the singular
vector given by formula (2.111) with 8 = &, k = 0, and n = n, shall not factorize
including as a factor the singular vector given by (2.111) with = g’ , k = 0,and n = Ngr.
Thus the embedding pattern of the submodules of V2 is not the same as of Verma
modules V(A) with A integral dominant.
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In [36] it is conjectured by a different motivation that (2.166) holds when m; < N,
that is, for the so-called regular representations. The latter can be extended (for g = 1)
to the affine Lie algebra counterpart of ¢ if my + m;z = k+ g = N, where k is the affine
central charge, g is the dual Coxeter number, my € N. This is natural in view of the
connection (albeit in a partial case) with the affine Weyl group commented above (cf.
also [195]).

A more general conjecture again involving the affine Weyl group was given in
[442]. Let € N + 1. Let W be the affine Weyl group with simple reflections s, ..., s,.
Let E be an R-vector space with basis y;, ..., y,. A positive definite inner product in
E x E is defined by (y;,y)) = aj;, where (aj),; j., is the matrix inverse to (@) j<-
Further, denote:

.
Gy ==Y cyeElgeR, ¢=<-1 for i=1,..,r,
i21

r
Y mic;>1-N-g} (2.186)

j=1
This is a simplex in E with r+1walls given by ¢; = -1fori = 1,...,rand mjc; = 1-N-g.
Denote by S;,i=1,...,r, and Sg the orthogonal reflections in E with respect to these

walls. Thens; — S;,i=1,...,r,and sy — Sg defines an embedding jy : W — Aff(E).
Further Z' is identified with a lattice in E by (zy,...,2,) — Y._,zy;. If x € E, then
x € jy(w)(Ay); for some w € W; among such w there is a unique one, denoted by w, y
of maximal length. If w' is any element of W, one defines x,,, = w'w;’lN e E.

Further, let W, be the finite subgroup of W generated by s,, ..., s, and letj = jyly,-
Let 4 = {x =Y, ¢y; € Elc; € R,¢; < —1fori =1,...,r}. If x € E, then x € j(w)(¥); for
some w € W,; among such w there is a unique one, denoted by w, of maximal length.
If w' is any element of Wy, one defines x!, = w'w,' € E.

Now the conjecture of Lusztig [442] uses the Kazhdan-Lusztig polynomials P,
[381] and Bruhat order [192] for W and W,,. Let A € T, then:

!
chly= Y (DP, Mch V™ ,w=w,, (2187)
w’eWO
w<w

q =1orgnotarootofl,

chLy= Y (~DIp,, (ch VWA, w=wyy, (2.188)

wlew
w<w

g a primitive root of 1.

For g = 1(2.187) is the Kazhdan-Lusztig restatement of (2.166) [381]. For g which is not
a root of unity both follow from results of [441, 531]. In formula (2.188), besides the
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mysterious connection with affine Lie algebras, there is also a mysterious connection
with the representation theory of simple algebraic groups over an algebraically closed
field of characteristic N [381, 442], or with the representation theory of modular Lie
algebras in characteristic N (cf. [36]).

Let us consider the last formula in some detail. First let us note that the simplex
%y corresponds in our notation to the restrictions in (2.185), namely, m; = A(H;)+1< N,
i=1,...,r,myz = (A +p)(H) < N. Thus if these restrictions hold, then (2.188) coin-
cides with (2.166) and (2.185). Further we can convince ourselves that in the U, (sl(3, C))
case formulae (2.187) and (2.188) coincide with the corresponding results presented in
Sections 2.8.2 and 2.8.3.



3 Positive-Energy Representations of Noncompact
Quantum Algebras

Summary

We construct positive-energy representations of noncompact quantum algebras at roots of unity. We
give the general setting, and then we consider in detail the examples of the g-deformed anti de Sitter
algebra o7, = Uy(so(3,2)) and g-deformed conformal algebra 6, = U,(su(2,2)). For 27, we discuss
in detail the singleton representations, while for ¢, we discuss in detail the massless represent-
ations. When the deformation parameter g is N-th root of unity, all irreducible representations are
finite-dimensional. We give the dimensions of these representations and their character formulae.
Generically, these dimensions are not classical, except in some special cases, including the deforma-
tions of the fundamental irreps of so(3, 2) and su(2, 2). We follow the papers [165, 212, 225, 231].

3.1 Preliminaries

Let G be a simple connected noncompact Lie group with unitary highest-weight
representations [264], and let ¥, be its Lie algebra. Thus, ¥, is one of the follow-
ing Lie algebras: su(m,n), so(n,2), sp(2n,R), s0*(2n), E¢_14), E;_5. We consider
g-deformations U,(%,) constructed by the procedure proposed in [204] and reviewed
in Section 1.5. The positive-energy irreps of U, (%) are realized as lowest-weight mod-
ule M of U,(¥), where ¢ is the complexification of %, together with a hermiticity
condition necessary for the construction of a scalar product in M. We take lowest
instead of the more often used highest-weight modules since we want the energy to be
bounded from below. We use the standard deformation U, (%) [251, 360] given in terms
of the Chevalley generators X;" and H;,i = 1,...,r = rank ¢ by the relations (1.19).

A lowest-weight module M is given by the lowest-weight A € J#* (" is the
dual of 7#) and a lowest-weight vector v, so that Xv, = 0if X € ¥~ and Hvy = A(H)v,
if H € 2. In particular, we use the Verma modules V2 which are the lowest-weight
modules such that VA = U,(@ ")vo. Thus the Poincaré-Birkhof-Witt theorem (cf., e. g.,
Section 2.5.1) tells us that the basis of V" consists of monomial vectors

Wy = ()5 () v = Py, k€ Z, 3.1)

where Y € 47, i) <i, <... <1y, in some fixed ordering of the basis. A U,(%)-invariant
scalar product in V? is given by:

<\P{f(,}’ \P{l_(}> = (c@{l}l}VO, Q{R}VO) = <V0, w(@{kl})y{i{}VO), (3.2)

with (vy, Vo) = 1and w is the conjugation which singles out %, which has the property
that w(X*) € 7 if X* € ¥*.

DOI 10.1515/9783110427707-003



3.2 Quantum Anti de Sitter Algebra =—— 87

We use the information on Verma modules as given in Chapter 2. Specifically, we
recall that when the deformation parameter g is a root of unity, the picture of the
representations changes drastically. In this case all Verma modules V" are reducible
[198], and all irreducible representations are finite-dimensional [175]. Let g be a prim-
itive N-th root of unity; that is, g = /N where N ¢ N and N > 1+ n(%), where
n) =1for4 = A,,D,, E,, n(¥) = 2for ¢ = B,,C,,Fy, n(¥) = 3 for 9 = G, (n(¥)
is the ratio (a, a;)/(as, ag), where a; is a long root, and ag a short root). The max-
imal dimension of any irreducible representation is equal to dy for N odd [175]. There
are singular vectors for all positive roots a [198]. Condition (2.2) also has more con-
tent now because if (A — p)(H,) = -m € Z, then (2.2) will be fulfilled for all m + kN,,
k€ Z,Ny = N/n(¥) if N € n(%)N and a is a long root and N, = N in all other cases.
In particular, there is an infinite series of positive integers m such that (2.2) is true
[198]. For identical reasons, there is an infinite number of lowest weights A such that
(2.2) is satisfied for the same set of positive integers m = m,. The structure of the
corresponding finite-dimensional irreps is the same since it is fixed by these positive
integers.

Some of the finite-dimensional irreducible representations can be unitary as we
show in the examples in the next sections.

We also give an interpretation of the spectrum via character formulae.

3.2 Quantum Anti de Sitter Algebra

3.2.1 Representations

Here we follow mostly [212, 231]. The first example we consider is the quantum anti
de Sitter algebra; that is, we take ¢, = s0(3,2) and 4 = so(5, C). In this case r =
2 and the nonzero products between the simple roots are (a;, a;) = 2, (a5, @) = 4,
and (a;,a,) = —2; thus a;; = -2, ay; = -1. The non-simple positive roots are a; =
a, + a, and a, = 2a; + a,. The Cartan—Weyl basis for the nonsimple roots is given
by [198, 576]:

X: = +q" (@2 XX - PX5XT),  XE=+(XiX5 - X5XT) /12, (33)

All commutation relations now follow from the above relations. We mention, in
particular:

[X;,X;] = [H3]q, H3 = Hl + 2H2, [XZ, Xl:] = [H4]q2, H4 = Hl + Hz, (3-4)

where the Cartan generators H;, H, corresponding to the nonsimple roots as, a, are
chosen as in [242].

We choose the generators of U,(so(3, 2)) as a real form of U,(so(5, C)) as follows
[242]:
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M21 = Hl/z, M31 = (XI- +X;)/2’

Ms, = i(X] - X;)/2, (3.5a)
Mo, = (H; + )2, Mso = i(X; +X3)/2,

My, = (X5 - X3)/2, (3.5b)
My =iX, +X, +X; +X5)/2,

My, = (X - X, - X5 +X5)/2, (3.5¢)
My =06 -X, +X, - X,)/2,

My, =iX, +X; - X, - X,)/2. (3.5d)

Clearly, for g = 1 the ten generators M,z = -Mg,, A, B = 0,1, 2, 3, 4, satisfy the so(3, 2)
commutation relations (with n45 = diag(+ - - - +)):

[Myg, Mcpl = i(npcMap — NacMpp — NgpMac + NapMpc), g =1.

The commutation relations for U,(so(3,2)) follow from (3.5) and the commutation
relations of Uy(so(5, C)). The Cartan subalgebras of U,(so(3,2)) and U(so(5, C)) are
generated by the same generators M,;, My, or H;, H,. Note that the generators in (3.5a)
and M, are compact; the rest are noncompact. In particular, those in (3.5a) generate
a Uq(su(z)) subalgebra, those in (3.5b) a Uq(su(l, 1)) subalgebra.

For |g| = 1 the generators in (3.5) are preserved by the following antilinear anti-
involution w of U,(so(5, C)) [231]:

wH)=H, j=12 wX)=X, wX)=-X;, k=234 (3.6)

The restriction |g| = 1 follows from requiring consistency between (3.3) and (3.6),
which is necessary since the generators X3, X;; are given in terms of X;, X5. Thus in
what follows we work with |g| = 1.

For the four positive roots of the root system of so(5, C), one has from (2.2)
(cf. [242]):

my = -A(Hy) +1=2s5 +1, (3.7a)
my =-AH,) +1=1-E, - s, (3.7b)
ms = —-A(H;) + 3 =my +2m, =3 - 2E,, (3.7¢0)
m, =-AH,)+2=m; +m, =2-E; +5, (3.7d)

where the representations are labelled (as those of so(3, 2)) by the lowest value of the
energy E, and by the spin s, € Z, /2 of the state with this energy.

Let us recall the list of the positive-energy representations of so(3, 2) (cf. [191, 267,
289, 302)):
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Rac: D(E,, s,) = D(1/2,0), Di: D(Ey, s,) = D(1, 1/2),
D(EO > 1/2, SO = O), D(EO > l, SO = 1/2),
D(Ey = 5o+ 1,55 = 1). (3.8)

The first two are the singleton representations, which were first discovered by Dirac in
[191], and the last ones for E,, = s,+1 correspond to the spin-s, massless representations
of s0(3,2).

Let us consider (3.7) for this list. We note that in all cases m; € N (because s, €
Z./2) and m, ¢ IN (because m, < 1/2). Next, we note that m; is a positive integer only
for E, = 1/2,1, in which case m; = 2, 1, respectively. Similarly, m, is a positive integer
only for E; — s, = 1, and that integer is m, = 1. Accordingly, we find the following
singular vectors of the Verma module over U,(so(3, 2)) [231]:

V8= (X)) 50Ny, s € Z, /2, (3.9a)
V5 = ([Zso]qX; -1+ QXX vy, my=1, (3.9b)
v, = ((X3)* - ql/z[z]fIX; X Vo, m3=2, (3.90)
Vg = ([250]4[250 — 1],X; + q°°[1 - 250] X5 X{ + (3.9d)

X5 X v, my =1

Note that (3.9b) for s, = 0 and (3.9d) for s, = 0, 1/2 are composite singular vectors
being descendants of (3.9a). We take the basis of the Verma module (3.1) in terms of
the Cartan—Weyl generators as:

¥ = XA @e @) v, kez,. (3.10)
Further, we concentrate on the singleton representations. To obtain the irreducible

factor-representations L, with ground states denoted by |E,, s,), we have to impose
the following null-state vanishing conditions (following from (3.9)):

Rac: Xj[1/2,0)=0, ((X;)*-q"[22X;X;))11/2,0) = 0; (3.11)

Di: (X)’11,1/2)=0, Xj-Q1+qX;X))1,1/2) =0. (3.12)

(For g = 1 formulae (3.9), (3.11), and (3.12) were obtained in [242].)

Now we give explicitly the basis of L,. We consider the monomials as in (3.10),
but on the vacuum |E,, sy). Condition (3.11) means that in (3.10) we have k; = 0 and
k; < 1, since we replace (X3 )’ by X; X, (one may replace also X; X, by (X3 )? asin [242]).
Similarly, (3.12) means that in (3.10) we have k; < 1and k; = 0, since we replace X5 by
Xz+ X{' . Thus, we see that the basis of L, consists, as in the classical case [242], of the
following monomials [231]:
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Rac: (X;Y(XDE(X)1/2,0), jk=0,1,..., €=0,1, (3.13)

Di: (X;YX)X)FI,1/2), j,k=0,1,..., £=0,1. (3.14)
Note that each weight has multiplicity one, which was the reason these representa-
tions were called singletons [289].

Now we shall calculate the norms of these states. First we calculate some norms
valid for any A:

. j
1CGY M IMIZ = 1] 21K, ( [TiAG) -k -1+ elqz> x
=1

X

:I»

[1-A(H,) - s]g, (3.15a)

©»
[
—_

. j
I YDA = [71,1K,! (H[A(H3) 1+ e1q> x
=1

=

x [t - @) -, (3.15b)

©n
Il
—_

. j
ISV M = [7],!1K] ! <1‘[[A(H3) +2k -1+ elq> x
£=1

k
x H[A(Hz) ~1+s]p, (3.15¢)
NG Y ) X 1A 12 = [j1 2! K] 2 [-AHDI x

k
X <H[A(H4) -1+e+ €]q2> H[A(HZ) -1 —s+s]qz,

G Y (X3 X)) 1P = [j1 2!k 2" [A(H3) + 2K]; %
X (H[A(H4) —-1l+e+ E]qz> H[A(Hz) -1+5]2
e=1 s=1

In all cases we consider we have A(H;) = —2s,. Thus we get from (3.15a) withj = 0

k
I Eq, so)I? = [k, [ (250 +1 - €l (3.16)
=1

which vanishes if k > 25, + 1 = my; the latter statement is clear also from the null-state
condition. In the same way we see that (3.15a,b) vanish for k > 2s, + 1 and any j. To
calculate the other norms we also use A(H,) = E; + s, (then A(H;) = 2E,, A(H,) =
EO - SO)'
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Finally, the norms of the basis states (3.13) and (3.14) are:

. j
||(XZ)’(X§)S(X2*)"|1/2, 0)l° = (21571 21K 2! <]_[[€ -1/2+ e]qz> X
£=1
k
x H[s —12+¢l 2, (3.17)
s=1

. J
1CGY X X1, 12017 = [ 211 ! (H[e . 1/2+e]qz> x

=1

k
x u[s +12-¢€l 2, (3.18)

3.2.2 Roots of Unity Case

In this subsection we consider the case where the deformation parameter is a root of
unity, namely, g = eZIN N =3,4,...
Let us denote
. N for N odd N forj=1,3
N = N; =4 _ (3.19)
N/2 for N even N forj=24.

In this situation independently of the weight A there are singular vectors for all
positive roots a;, which are given by: (Xj* N Vo, J = 1,3, and (X]f' YN Vo, J = 2,4,
k = 1,2,... [198]. Thus we have to impose the following vanishing of null states in
our representation spaces:

X VEgmo) =0, j=1,3, (X)V|E,,mg) =0, j=2,4. (3.20)

Taking into account condition (2.2) we see that if m; = (o - A)(Hj) €Z,j=1234,
there would be singular vectors of weights (n]f + kNj)a]-, where n]f = {mj}Nj, x}p being
the smallest positive integer equal to x (mod p), and k = 0, 1, .... Analogously, if m; €
1/2+ Z,j = 2,4, and N is odd, there would be singular vectors of weights (n]f + kN)a;,

n]f = {mj +N/2}y, k = 0,1,.... In particular, we have to impose:

!
(X;)9|Eg,mp) =0, j=1,2. (3.21)

Further our representations will be characterized by the following positive integers:
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ny = {2sy + 1}y = {myly, (3.22)
1 —Ey - soly = imy}g if Ey+sg € Z,

{1-Ey—so+N/2}y ={my+ N2}y, if Ey+sy€l/2+2Z,

n2 = 9
N odd,

N, otherwise.

Note that n;, < N, k=1, 2.

Let us recall that the finite-dimensional irreducible representations of so(5, C) (or
of other real form of so(5, C) and of the corresponding quantum algebras when g is not
a root of unity) are parametrized by two arbitrary positive integers, say, p;, p,, and the
dimension of such a representation is given by:

& = <pp,psp (3.23)
pipy =~ gP1P2P3Pus
where p3 = p; +2py, py = p1 + Dy

Now for N odd we divide our representations in classes depending on the values

of n3 = ny +2n,, n, = n; + n, and ny, ny:

a)ns,n, <N, (3.24a)
b)n, <N <n3<2N, (3.24b)
b')n, =N <ny <2N, or n,<ny2=N,

c)ny <N <ns,n, <2N, (3.24¢)
c')ny =N <ng,n, < 2N, or ny<N<n,<n;=2N,

d)n, <N <n, <2N <nz <3N, (3.24d)

d)n,=N<n, <2N <n; <3N.

The same classification is valid for Uq(so(S, C)), where (3.24a) is the regular case.
This is a refinement of the classification of [231], the primed cases being separated
out since, together with the regular case, these have the classical dimensions of the
finite-dimensional irreps of so(5, C); that is, a representation characterized by ny, n,
has dimension dle,nz- In particular, in case d') with n; = n, = N, we achieve the max-
imal possible dimension N* of an irrep of U,(so(5, €)) (cf. [175]). On the other hand, in
the unprimed cases b) - d), the dimension of a representation characterized by n,, n,
is strictly smaller than dﬁl,nz' The representations U, (so(3, 2)) inherit all the structure
from their Uq(so(S, C)) counterparts. Thus, the classification of the positive-energy
representations of U,(so(3, 2)) proceeds as follows.
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Let us decompose: 2s, = 25, + 1oN, 25y, 1o € Z,, 25, < N. Then we have:

n; =25, + 1. (3.25)

Now the formulae for n, depend on the combination E; + s,.
Suppose first that E, + s, ¢ Z/2. Then we have:

n,=N, n;=2N+25,+1>2N, n,=N+25,+1>N, oddN, (3.26)

which is case (3.24d).

Next we consider the case E, + s, € Z. Taking into account the conditions of
positive energy (3.8), we see that we have E, > s, + 1. Thus we set Ey = sq + 1+ p + kN,
wherep = 0,1,...,N-1,k € Z,. Let us also set k = 25, + p. Note that 0 < xk < 2N - 2.
Then we have for N odd:

n,=N -k,

<N for x+p>N,
n3=2N-k-p+11>N&<2N for k+p<N,xk>0,

> 2N for x=0,
n4:N—p+l{SN for p>0,

>N for p=0;
K <N, (3.27a)

n, = 2N -k,

>N&<2N for k+p=2N+1,

ny=4N-x-p+1
> 2N for x+p < 2N,

n,=2N-p+1>N,
k>N. (3.27b)

Thus we have case (3.24a) in (3.27a) whenx + p > N + 1 & p > 0, case (3.24b) in (3.27a)
whenkx+p < N&p >0 (= k > 0), case (3.24c) in (3.27a) when p = 0 & x > O and in
(3.27b) when k +p > 2N +1, case (3.24d) in (3.27a) when k = 0 (= p = 0), and in (3.27b)
when x + p < 2N.

Then we consider the case E, + s, € 1/2 + Z for N odd. Taking into account the
conditions of positive energy (3.8), we see that we have E, > sy + 1/2. Thus we set
Ey =5sy+1/2+p+kN,wherep =0,1,...,N -1,k € Z,. As above we set k = 25, + p
(0 < k < 2N - 2). We also denote N = (N + 1)/2 € N + 1. Then we have:
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T’l2=N—K,

<N for x+p=>2,
n=N-x-p+2

>N&<2N for k+p<l,

n,=N-p+1<N,

K <N. (3.28a)
n2=N+N—K,
<N for x+p=2N+2,
ny=3N-x-p+21>N&<2N for N+2<k+p<2N+1,
> 2N for xk+p<N+1,
n4=N+N—p+l{SN for p>IS7,
>N for p<N,
N<kx<N+N (3.28b)
n2=2N+N—K,
ny=5N-x-p+2>2N,
n4=2N+N—p+1>N,
k>N +N. (3.28¢)

Thus we have case (3.24a) in (3.28a) when x+p > 2and in (3.28b) when k+p > 2N+2 (=
p > N), case (3.24b) in (3.28a) when k + p < 1and in (3.28b) whenp > N &k +p < 2N +1
(= k+p >N +2), case (3.24c) in (3.28b) whenp < N & k+p > N+2 (= k+p < 2N +1),
and case (3.24d) in (3.28b) when k + p < N + 1 (= p < N) and in (3.28c).

After the above analysis it remains to mention that the singleton irreps, (Ey, Sq) =
(1/2,0), (1,1/2), belong to case (3.24b) (cf. (3.28a) with k = 0,1, p = 0), while the
massless irreps, E, = s, + 1, belong to case (3.24c).

This completes the classification of the positive-energy representations of
U,(so(3, 2)) at odd roots of 1.

Further we treat in detail the singleton cases. In the case of the Rac besides (3.11)
a new vanishing condition is:

X3)™211/2,0) =0, n, = [(N +1)/2]iys (3.29)

where [x];, is the biggest integer smaller or equal to x; note that this condition is (3.20)
for N even and (3.21) for N odd. Further using (1.21) we find that the following states
from (3.13) have positive norms [231]:

e st . i,k <(N-1-2¢)/2 forNodd
1Y /2,002 > 0, iff { (330)
j, k< (N-2)/2 for N even
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Due to factors in (3.17): [j—1/2+¢] 2 [k-1/2+¢€] 2 for N odd, and [j] JeR [k] 2 for N even; all
other states from (3.13) have zero norm and decouple from the irrep. Thus we calculate
the dimension of the Rac irrep by counting the states in (3.30), which are (N +1-2¢)*/4
for e = 0,1and N odd, and N?/4 for € = 0,1, and N even. Thus we get [231]:

¥4 forNodd
dim Rac = 5 (3.31)
NT, for N even
In the case of the Di besides (3.12) the new vanishing condition is:
(X;)nz |1’ 1/2> = 0’ nz = [N/Z]int’ (3°32)

again this is (3.20) for N even and (3.21) for N odd. Then we find from (3.18) that the
following states have positive norms [231]:

' j<(N-1-2¢)/2 and
1Y EOREDEIL1YDI2 >0, iff {k<(N-3+26)/2 forNodd (3.33)
j,k<(N-2)2 for N even

and the counting of states gives [231]:

N1 for N odd
. . 2
dimDi=4{ (3.34)
for N even

NT

>
Thus the dimension of a singleton irrep for fixed N is strictly smaller than the minimal
dimension of a (semi-) periodic irrep of U,(so(5, C)), which is N? [177]. The interesting
thing is that the sum of the dimensions of the two singletons is exactly N°. Thus we are
led to the conjecture that passing from a minimal (semi-) periodic irrep of U,(so(5, C))
to a lowest-weight module of U,(so(5, C)) (by setting the corresponding Casimir values
to zero), we obtain a reducile representation which is the direct sum of two irreps. The
latter irreps when restricted to U,(so(3, 2)) are the two singleton representations.

3.2.3 Character Formulae

When g is not a nontrivial root of 1, the spectrum of the singletons can be represented
by the following character formulae (containing the same information as (3.13) and
(3.14)):

chLgae = e(M)(1+ ) Y £, Y 85, (3.35)
j=0 k=0
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chLpi=e(M)+t)Y £, 8, (3.36)
j=0 k=0

where t; = e(a; + a,) = tity, t;, = e2a; + a,) = tit,. (For q = 1 these formulae were given
in a slightly different, but equivalent, form in [242].) Now we note that the character
formula for the Verma module with the same lowest weight here is:

ch VA = e(0)/(1 - 1)1 - £,)(1 - &)1 - t,). (3.37)
Then we can rewrite the character formulae (3.35) and (3.36) as follows [242]:

chLgye =chVM1-t - 66 + 66), (3.38)

chlp =ch VA1 -6 —tit, + E1,). (3.39)

These formulae represent alternating sign summations over part of the Weyl group of
so(5, C), which was called reduced Weyl group in [196]).

Next we note that the spectrum given in (3.30) and (3.33) can be represented by
the following character formulae for N odd:

(N-1)/2  (N-1)/2 X (N-3)2  (N-3)/2 x

ChLgoe=eN)| Y 6, Y t+tz Y 6 Y 8], (3.40)
=0 k=0 =0 k=0
W2 N2 N2 NP2

chip=e®)| Y & Y 6+4 Y 6, Y 6 (3.41)
j=0 k=0 j=0 k=0

Let us denote by L;l’nz the finite-dimensional irreps of so(5, C). The corresponding
character formula, which is the classical Weyl character formula, is:

chLy , =chVA1- £ -2 - &7 -4 + 4 + (P82 + 7487),  (342)
where the eight terms represent (alternating sign) summation over the (eight element)
Weyl group of so(5, C).

As we mentioned, the dimension of a unitary irrep of Uq(so(B, 2)) characterized by
ny, n, is generically smaller than dfll’nz. In particular, for the Rac when N is odd we
have (n;, ny) = (1, (N + 1)/2). We have that di(Nu) = (N +1)(N +2)(N +3)/24 > dimg,, =
(N? + 1)/2. It is easy to notice that dimg,. may be represented as the difference of two
dimensions:

dimg, = di(N+l)/2 - dfl:,(N—3)/2 (3.43)

where the subtracted term corresponds to the weight A’ = A + 2a3 with characteriz-
ing integers given by: n; = (p - N)H)) = nj - 2a5(H)); that is, (nj,ny) = (n;,n, - 2).
Correspondingly, the character formula for odd N is given by (cf. (3.40)):
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chLgye = ch Li(N+l)/2 -ch Li(N—3)/2 =

A 2
= ch V2 (P = BPLov-e) (.44)
where we have introduced the notation: ch L , = ch VAP, , ,
1,712 1,72

Note that the subtraction term vanishes only for N = 3, which is the only case
when the quantum Rac dimension coincides with a classical dimension, here of one
of the fundamental irreps of so(3, 2) with d =

Analogously, for the Di when N is odd we have (n;,n,) = (2, (N - 1)/2). Here we
have that dj e = (N?> = 1)(N + 3)/12 > dimDi = (N? - 1)/2, and equality is possible
only for N = 3; then the dimension is of the other fundamental irrep, d° = 4. Here we
have to subtract the character ch Lf\, with A" = A + a3, and (nj,ny) = (ng, n, — 1). We
have for odd N:

ChLpi= chLjy 1y =chLyy 3=
= ch VY (P — 5P v-32) » (3.45)

dimDi = dg,(N—l)/Z - d;,(N—3)/2' (3.46)

3.3 Conformal Quantum Algebra

3.3.1 Generic Case

The other example that we consider is the conformal algebra; that is, we take ¢, =
su(2,2) and ¢4 = sl(4, C). In this case r = 3, and the nonzero products between the
simple roots are (aj,aj) =2,j =1,2,3and (a;,a,) = (ay,@3) = —1. The nonsimple
positive roots are a;, = a; + @y, 3 = A, + &3, A3 = A; + @, + a3. The Cartan—Weyl basis
for the nonsimple roots is given by [202, 360]:

X5 = +q"M (@M XX - g XEXD), () = (12), (23),
_ q+1/4( qw’X X2—3 _ q—1/4 X— X ) =
= +q" (g X5X5 - 4 VXX (347)

i
1

To single out U, (su(2, 2)) we use the following antilinear anti-involution [165]:

ok =011,063),
wH)=H,VHe 7, wX) =1 G) = (1), (33) (3.48)
-X;, otherwise.

For the six positive roots of the root system of sl(4, C) one has from (2.2) that the Verma
module V2 is reducible when:
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my = -A(H) +1=2j, +1, (3.49a)
my=-AH)+1=1-d-j, —j,, (3.49b)
ms = -AH;) +1=2j, +1, (3.49¢)
mpy=-ANHp)+2=m+my=2-d+j,—j,, (3.494)
My = -AHy)+2=my+my=2—-d—j, +j, (3.49¢)
My =-ANH;)+3=my+my+my=3-d+j;+J, (3.491)

where we use the classical labelling of the su(2, 2) representations: 2j;, 2j, are non-
negative integers fixing finite-dimensional irreducible representations of the Lorentz
subalgebra, and d > 0 is the energy (or conformal dimension). First we note that m,
and mj are positive, since 2j; and 2j, are non-negative integers. The corresponding
singular vectors are:

vi= (X g, vs = (32)7 N, (3.50)

and these are present for all representations we discuss. Next, it is clear that depend-
ing on the value of d there may be other singular vectors. Since we are interested in
the positive-energy irreps, we recall the list of these representations for su(2, 2) [449]:

Dd>ji+j,+2, Ju2 # 0,
2)d=ji+j,+2, Ju2 # 0,
3)d>ji+jp+1, Ju2=0,
B d=j+j+1, Ju2=0, (3.51)

(omitting the one-dimensional representation with d = j; = j, = 0). In case 1) there are
no additional singular vectors. If d = j; + j, + 2, which is case 2) and is also possible in
case 3), then my3 = 1, and there is an additional singular vector:

v - ([zjl][zjz]xfxgxg - 21,12, + XX XS - (3.52)
(2 + N2RIGXSX] + (2 + (2 + XXX v,

Further, we concentrate on case 4), that is, to the massless representations of so(4,2)
[165, 225, 449] for which d = j, +j, + 1 > 1, j;j, = 0. For definiteness we choose first
j» = 0. Then we see that in the case j; # 0, we have a singular vector corresponding to
my, = 1[165, 225]:

vy = ([2]'1])(1*2 - qflxz*x;)vo, d=j +1,j,=0, mp=1, (3.53)

and another one which corresponds to m;5 = 2 [165, 225], which, however, is a compos-
ite one and is not relevant. When j; = O there is still another composite singular vector
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corresponding to my; = 1[165, 225]. Furthermore, for j, = 0 the vector vy, = X; X[ v, is
also composite. Next we factor all invariant submodules built on these singular vec-
tors. However, this factor representation is still reducible since it has an additional
singular vector [225]:

ve = (X5%5 - a7 XK )T, (3.54)

where |} denotes the ground-state vector of this factor representation. [This is actually
a subsingular vector of the Verma module V" (cf. [215]).] Factoring out the submodule
built on v;, we obtain the irreducible lowest-weight representation L, whose vacuum
vector |) obeys [225]:

2+
(x5 =0, (3.552)
X)) =0, (3.55h)
([ZJ'JXL - ¢X;X] )I) =0, (3.55¢)
(XEX% - qfl/zszXz*g) ) = 0. (3.55d)

Now we can give explicitly the basis of L,. We consider the monomials as in (3.1), but
on the vacuum |). Taking into account all vanishing conditions we see that the basis
of L, consists of the following monomials [225]:

Do = KR EE'D, kenez,, (3.56)
Dhem = EDCG)'CE)"), knez,, eeN,
Do = KR EED" D, kenez, , 1<n<2j,

the third case being absent for j;, = 0. We note that the different vectors in (3.56) have
different weights. Thus each weight has multiplicity one and is represented by a single
vector just as the singletons of so(3, 2) (cf. the previous section).

The norms squared of the basis vectors [®f , I? = (D e.ny> P o.ny) are explicitly
given by [225]:

1Dl e I* = [Klg! T+ €Y [ + nlln + 25,/ 12]1],! (3.57)
||q)fk,e’n} ||2 = [k]q'[k + E]q' [f +n+ 2}1]ql[n]q|/[2]1]qu
17 ¢ lI” = [K1 K + € + nl ! [€],1(2,], /127 - nl,!

When q is not a root of unity these norms can have both signs. They are positive only
for g = 1, which is the well-known classical case of su(2, 2) [449]. Note, however, that
such a basis is new also for the algebra su(2, 2). Unitarity can be achieved also when g
is a nontrivial root of unity, which case we consider in the next subsection.
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3.3.2 Roots of 1 Case

Let us now turn to the case of the deformation parameter g being a nontrivial root of
unity, namely, ¢ = /N, N =2,3,....

Independently of the weight A there are singular vectors for all positive roots a,
which are given by: (X:;)kN Vo, k = 1,2,...[202]. Thus we have to impose the following
vanishing of null states in our representation spaces:

@Oy =o. (3.58)

Taking into account condition (2.2) we see that if m, = (p — A)(H,) € Z, there would be
singular vectors of weights ({m,}y + kN)a, where {x}, is the smallest positive integer
equal to x (mod p), and k = 0, 1, .... In particular, we have to impose:

&M =0, j=1,2,3. (3.59)
Further our representations will be characterized by the following positive integers:

ny = {2 + Uy = {myly

. {—d-ji—jh+ 1y ={mly, ifd+j+j,€2Z,

27w, ifd+j,+j, ¢ Z,

n3 = {2}2 + 1}N = {m3}N. (3.60)

Note thatn, <N, k=1,2,3.

Let us recall that the finite-dimensional irreducible representations of si(4, C) (or
of su(2, 2), or of su(4), or of any other real form of sl(4, C) and of the corresponding
quantum algebras when q is not a root of unity) are parametrized by three arbitrary
positive integers say, p;, p,, p3, and the dimension of such a representation is given by:

c

1
Bprprps = T3P1P2P3 P12 Ps Pi3s (3.61)

where py, = p + Py, P23 = P2+ P3, P13 = P1 + P2 + D3
Now the representations are divided into classes [165] depending on the values of
Ny = Ny + Ny, Ny3 = Ny + N3, Ny3 = Ny + N, + N3 and n:

a) ny < N, (3.62a)
b) ny, ny3; < N < ny3 < 2N, (3.62b)
b')n, <ny=N<nz <2N, or np — ny, (3.62b")
€ nyp < N < ny, n3 < 2N, n; <N, (3.62¢)

c)np < N<ny,nz; <2N, ny=N, (3.62c")
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d) ny; < N < np, ny3 < 2N, n <N, (3.62d)
d)ny < N < np, nj < 2N, n, =N, (3.62d")
e) N < nyy, ny, ny3 < 2N, n, + n3 < 3N, (3.62e)
e') N < np, ny3 < 2N, n, =n;32=N, (3.62¢")
f)N < nyp, ny; < 2N < ng5 < 3N, (3.62f)
fYn,=n,=N, or my=n;=N, or n,=n;=N. (3.62f")

The same classification is valid for Uq(sl(4, C)), where case (3.62a) is the so called reg-
ular case. This is a refinement of the classification of [165], the primed cases being
separated out since together with the regular case these have the classical dimensions
of the finite-dimensional irreps of sl(4, C); that is, a representation characterized by
ny, ny, n3 has dimension dfll,nz,ng' In particular, in case f') withn, = n, = n; = N
we achieve the maximal possible dimension N® of an irrep of U,(sl(4, €)) (cf. (2.113)
and [175]). On the other hand, in the unprimed cases b) - f), the dimension of a
representation characterized by ny, ny, n is strictly smaller thandy, , ...

The representations U,(su(2, 2)) inherit all the structure from their U,(sl(4, C))
counterparts. Thus, the classification of the positive-energy representations of
U,(su(2, 2)) proceeds as follows.

Let us decompose: 2j, = 2J; + 1N, 2], 1y € Z,, 2] < N, k = 1, 2. Then we have:
n =2, +1, ny =2, +1. (3.62)

Let us consider now the conditions of positive energy (3.51). We see that in cases 1)
and 3) we have to distinguish whether d + j; + j, is integer or not. If d + j; + j, ¢ N then
n,=N,n, =N+2J;+1>N,ny3=N+2J,+1>N,n;3 =N+2];+2],+2 > N. Thus,
depending on ny3, the possible cases are (3.62e,f).

Consider now the cases 1) and 3) of (3.51) with d + j; +j, €« N. Thend > j; +j, + 3
andwesetd =p+j; +j,+3+kN,wherep = 0,1,...,N—-1, k € Z,. Let us also set
K =2J; + 2], + 2+ p. Note that 2 < x < 3N — 1. Then we have:

n,=N-x,n,=N-2,-1-p<N,
N3=N-2J;-1-p<N,n3=N-p<N,

k<N (3.63a)
n2=2N_K’n12=2N_2]2_1_p’
Ny3=2N-2J;-1-p,N<n3=2N-p <2N,

N<k<2N (3.63b)
n,=3N-x,n,=3N-2/,-1-p>N,
rl23=3N—2]1—1—p>N,r113=3N—p>2N,

2N < k<3N (3.63c)
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Thus, all cases of (3.62) are possible: we have case (3.62a) in (3.63a) and (3.62f,f’) in
(3.63c), while (3.63b) contains all cases (3.62b,b’-e,e’), since both ny,, n,; can be bigger
or smaller than N.

We pass now to case 2) of (3.51), d = j, +j,+2, jij, # 0, setting x’ = 2J, + 2], + 1. Note
that 1 < ¥’ < 2N - 1. Then we have:

n,=N-«',n,=N-2, <N,
Ny3=N-2J;<N,n3=N+1>N,

K <N (3.64a)
n,=2N -«',n;, = 2N - 2J, > N,
Ny3=2N-2];>N,n;3=2N+1>2N,

N<x' <2N (3.64b)

Thus, we have cases (3.62b,b’) in (3.64a) and (3.62f,f’) in (3.64b).
Finally we consider the massless case 4) of (3.51) d = j; +j, + 1, jij, = 0 = JiJ,. We
have:

n,=N-2J;-2],,
<N for J,+0,(;=0)

n,=N+1-2J
2 2 {>N for J,=0

<N for J;#0,(J,=0)
>N for J;=0
N<n;=N+2<2N. (3.65)

n23:N+1_2]1 {

Thus, we have case (3.62c) if 0 < J, < (N - 1)/2, case (3.62¢) if ], = (N - 1)/2, case (3.62d)
if0 < J; < (N -1)/2, case 3.62d") if J; = (N - 1)/2, case (3.62e) if ], =], = Oand N > 2.
case (3.62¢")ifJ; =, =0and N = 2.

This completes the classification of the positive-energy representations of
Uq(su(z, 2)) at roots of 1.

3.3.3 Massless Case

Further we treat in detail the massless case at roots of 1. Since j;j, = 0, let us choose
for definiteness j, = 0. The additional vanishing conditions (3.59) besides (3.55) and
(3.58) are:

(X;)nl |> = 09 lf nl < 2]1 + 1’ N: (3.663)
&)V =0, if J>o. (3.66b)
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To obtain the dimension d(N, J;) of these representations we first note that the
norms given in (3.57) can be positive only in the following range of j; [165], [225]:

AN <2, <@ +1N-1, VreZ,; (3.67)
that is, in in terms of the decomposition 2j; = 2J; + r;N we consider only r; = 2r € 2Z.,.
For fixed j; in the above range, the basis of the massless unitary irreducible

representation is given by [225]:

(D%k,e,n}’ k,e,neZ,, k+¢é,+n<N-1,

n<N-2J;-1, (3.68a)
(D?k,e,n}’ kknezZ,, ¢eN, k+€<N-1,

£+n<N-2J,-1, (3.68b)
CD?k,&n}, k,¢,neZ,, k+e+n<N-1,

1<n<2j. (3.68¢)

The norms of these vectors are given by (3.57) with j; replaced by J; and are strictly
positive. Now we can find that the number of states in (3.68a), (3.68b) and (3.68c),
respectively, is [225]:

é(N 2N+ N4, +3) + 1 472), (3.69)
é(N _ )N =27, - )N + 2], - 1), (3.69b)
%]1 (BN? — 6N, - 1+ 472). (3.690)

The sum of these three numbers gives the dimension of the massless irreps (cf.
[165],[225]):

d(N,J)) = =|2N° - N(12]? - 1) + 3],(4]? - 1) | (3.70)

Wl

We recall that in the classical case the massless unitary representations are infinite-
dimensional. However, we may compare our representations with the undeformed
non-unitary finite-dimensional representations which have the same quantum num-
bers (ny,ny,n3) = (2J; + 1, N - 2J;,1). We note that the dimension of the former is
generically smaller than the dimension of the latter, which is given by:

Btz = 5@+ DOV =)W + DN +1-2)(N +2), (371
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except when N = 2, J; = 0, and then d(2,0) = d = 6, or N = 2J; + 1, J; > 0, and then:
dy=d@J,+1,];) =d° = -(]1 +1)Q2J; + DQJ; +3) = =N(N + D(N +2). (3.72)

The irreps for N = 2 with J; = 0, 1/2 are deformations of two of the three fundamental
representations of su(2, 2) with dimensions six and four, respectively, [165].

Finally, we note that one considers the remaining massless representations with
j1 = 0andj, # 0inthe same way. Thus, in the dimension formulae one has to exchange
all subscripts 1 — 3. Also one may introduce the helicity h = j; - j,, then all the
formulae above may be written in terms of |h|. Thus, for the exceptional case N =
2|h| + 1, h # 0, we have (cf. (3.72)) [165]:

do = %(Ihl + DA+ D@l +3) = %N(N F1(N +2). (3.73)

In particular, for N = 2, J, = 1/2 one obtains a deformation of the third fundamental
representation of su(2, 2) with dimension four [165].

Thus the maximal possible dimension of a massless irrep for fixed N is d,, for N >

2 and six for N = 2. Note that this maximal dimension is strictly smaller than the
minimal dimension of a (semi-) periodic irrep of U,(sl(4, C)), which is N 3 [177).

3.3.4 Character Formulae

It is easy to see that the spectrum given in (3.56) can be represented by the following
character formula [225]:

ttnt;

M8
D18

chL = e(A)(OzO:

k=0

T
o
=
Il

(=}

13t23t2 +

=
Il
O

+
HMS M8
uMg M8
”MN ||[\/]8

tBtfztI‘) (3.74)

where t;, = e(ayy) = tty, b3 = e(ay3) = b, t3 = elay3) = titt;. Next we note that the
character formula for the Verma module with the same lowest weight here is:

ch VY = e(N)/(1 - t))(1 - t,)( - t5)(1 - t)(1 = t3)(1 - t3). (3.75)
Now we can rewrite the character formula (3.74) as follows [225]:

chLy =ch VAQ(th t,t3) = (3.76)
=chVM1-6 + 'ty - 5 -
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—tit, + 61, — 66 + bt -
~t1 6t + 6t - G656 + 1168,
n=2;+1=1 d=j+1, j,=0.

This formula is valid for all j; € (1/2)Z,, j, = 0. Note, however, that for j; = 1/2 the
terms in the fourth row cancel each other, while for j; = O the terms in the third row
cancel each other. To show that (3.76) concides with (3.74) amounts to the explicit
straightforward division of the polynomials:

Q(tl’ t2! t3)

1- ) - 6)A- 60 -t - t) A - t5)” 3.77)

The formula (3.76) represents an alternating sign summation over part of the Weyl
group of sl(4, C) (called reduced Weyl group in [209]) and may be obtained using
[381, 382]. Note, however, that the ultimate formula is (3.74), which is obtained in a
straightforward manner.

Analogously, the spectrum given in (3.68) can be represented by the following
character formula:

N-1N-1-k min(N-1-¢,N-1-2J;) .
n
Z Z tsthty +
n=0
¢ n
Z t13t23t2 +

—1-k min(N-1-k-¢,2];) '
Z Z Z tstoty ) (3.78)
k=0 ¢=0 n=1

Finally, we can show that (3.78) may be represented as follows:

c C c
chLp = chLy . n o1~ Ch Ly noaop 0+ Ch Ly g noaop, 10

Ji#0, (3.79a)
= ch LiN,l —ch LT,N—Z,l’
J1=0, (3.79b)
where Ln1 nyng» s Mgy M3 € N, denote the finite-dimensional irreducible (non-unitary)

representation of su(2, 2) with character formula (cf. [195]):
ch Ly, yyny = Ch VA<1 — B P 2+

n3 nps3 nip N np3 n n N3 N3

PO + 262 4+ 302 — 1B

My 3 M3 M3, N3 Ny Nypp 3
tl tz t3 tl tz t3 tl tz t3

_(tltz)"u _ (tztB)nB + tihz t;z+"13 t;lz3 +
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+ (6t5)™ + (G8,) 2658 + B (6t)™ +

ny3 4113 Ny ([ +1N13 N3 N3 Jp+1M13 1)3
+(t1t2) 13t3 - t1 l’2 t3 - t1 t2 t3 -

(6" + (G)"E ) (3.80)

and dimension d;, .. . (cf. (3.61a)) and in (3.79) we use the convention chL;, , . =0
if any n;, = 0, which happens for J; = 1/2 or for N = 2J; + 1. A simple consequence of

(3.79) is:

ds - ds +dS , o,
AN, J) = { “PrN-2n T N1, T G N2 L+ (3.81)

C _ AC ]
1,N,1 1,N-2,1° 1~

As we noted the dimensions of the massless representations are generically smaller
than the corresponding classical dimensions (the first terms on the RHS of (3.81)).



4 Duality for Quantum Groups

Summary

We start this chapter by introducing matrix quantum groups. In the generic cases these are (one-
or multiparameter) deformations of the classical Lie groups. Most of the matrix quantum groups
are Hopf algebras though some are only bialgebras. They are in duality with the quantum algebras
which are the corresponding deformations of the Lie algebras of the Lie groups under considera-
tion. Actually, this duality is used to find unknown quantum algebras which are in duality with known
matrix quantum groups. This was applied first in order to find the quantum algebras dual of the two-
parameter matrix quantum group GL, ,(2) (deformation of the reductive Lie group GL(2)) [209]. The
dual quantum algebra Up’q(gl(z)) can be recast as a commutation algebra as the product two one-
parameter deformations Uy,(sl(2)) ® Uy;,(2)) where we use the decomposition gl(2) = sl(2) & 2
(where 2 is the centre of gl(2)). However, as a Hopf algebra U, ,(gl(2)) cannot be split in this manner
since the coalgebra action of Up/q(sl(z)) involves also the generator K of 2. Naturally, the splitting
is recovered in the one-parameter case p = q. Further, the same approach was applied to the dual-
ity for multiparameter quantum GL(n) for which the number of parameters is n(n — 1)/2 + 1 [233].
Again the dual algebra may be split as commutation subalgebra as deformation of si(n) times the
centre, but as Hopf algebra there is no splitting, unless there are n — 1 relations between the para-
meters. Thus, there exists a Hopf algebra deformation of U(sl(n)) depending only on (n* — 3n + 4)/2
parameters. We present the duality for a Lorentz quantum group [234] and for the Jordanian mat-
rix quantum group GL, 5(2) [39]. We present also the dualities for many exotic bialgebras following
[49-52].

4.1 Matrix Quantum Groups

In the beginning we follow Manin [462]. The quantum plane [462] R,(n|0) or, rather the
polynomial ring on it, is generated by coordinates x;, i = 1,...,n, with commutation
rules:

XX = ql/zxjxi, for i<j. (4.1)

The Grassmannian quantum plane [462] Rq(0|n) is generated by coordinates &;, i =
1,...,n, which satisfy:

&§=0, &=-q"¢&, for i<j. (4.2)

Consider next n x n matrices M with noncommuting matrix elements, or quantum
matrices, which perform linear transformations of Rq(nIO) and Rq(0|n):

X1, x5} €R,(N[0), x| = Myx;, (4.3a)

{&,....&} e ROIN), & = Mg, (4.3b)

DOI 10.1515/9783110427707-004
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where one assumes that the elements of M commute with all x;, ¢;. Implementation
of (4.3) gives the following restrictions upon the elements of M:

MMy, = MM, for j<e, (4.42)
MMy = MM, for i<k, (4.4b)
MipMy; = MM, ,  for i<k,j<¢, (4.4¢)
My, M) = (@ - g MMy, for i<k,j<e. (4.4d)

Let us denote by A,(n) the bialgebra generated by the matrix elements M;;,i,j =
1, ..., n, with the following comultiplication § and counit &:

n

S(My) = Y My ®M,;, or  8(M)=MéM, (4.5a)
k=1

£ MU) = 51] 5 or £(M) = In y (45b)

where ® denotes the tensor product of algebras and the usual product of matrices, I,
is the unit n x n matrix.

Note that the operations (4.5) do not depend on the deformation parameter; that
is, they are classical.

Further, a quantum determinant is defined in the following way:

7 =dety M=} eW) Myyq)-- Mapn) =

weS,

= z E(W) Mw(l),l . Mw(n),n (46)

weSy,

where summations are over all permutations w of {1, ..., n} and the quantum signa-
ture is:

ew) = [] 4" =" “.7)
j<k
w(j§>w(k)

where £(w) is the number of inversions in the permutation w. Note that

6(dety M) = det; M ® dety M, (4.8a)
edety M) = Y e(My;)...e(M,; )(-g"2) )
ifemmrin
= Y 8.8y, (gD ) < (4.8b)
ifemmrin

It is easy to check that detq M is central; that is, it commutes with the elements of M.
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Further, if det, M # O one extends the algebra by an element (det, M)~ which
obeys [462]:

det, M (det, M)~ = (det, M) det, M =1,, (4.9)

Thus one can obtain the quantum groups GL,(n), SL,(n), respectively, as the Hopf
algebras generated by the matrix elements Ml-]- ,i,j = 1,...,n, such that (detq M)"1
exists, deth = 1 holds, respectively, [275, 462, 599]. The antipode is given by the
formula:

y(M) =M, y(dety M) = (det, M) ™. (4.10)

(Woronowicz [599] calls these objects also quantum pseudogroups.)

The above notation is natural since for ¢ = 1, and assuming that My become
complex numbers one obtains the standard commutative Hopf algebras of polyno-
mial functions on the classical groups GL(n), SL(n) with comultiplication and counit
given by (4.5) and the antipode given by (4.10) with ¢ = 1. Of course in the g = 1
case one works usually with the groups GL(n), SL(n) themselves without reference
to this related Hopf algebra (even when one considers tensor products of groups
representations which are by default governed by the comultiplication structure).

The quantum group SL,(n) is in duality with the quantum algebra U,(sl(n)). This
duality is manifested in several forms. The first is through the R-matrices (cf. (1.31)).
The R-matrix of U,(sl(n)) in the fundamental representation has the form [272]:

n n n
Rn = q1/2 Z EiiéEii + z EII®E]] + (ql/z - q—1/2) Z El]®E11 , (4.11)
i=1 l,i]:]_l 1,i)>=jl
Now one may check that the following relation holds:

R, M, M, = M, M; R,, (4.12)

where M; = M&I,,, M, = I,&M.

Conversely, one may start with relation (4.12) imposing it on an arbitrary n x n
matrix M; then one would obtain relation (4.4). This characterizes the approach of
Faddeev—Reshetikhin—-Takhtajan (FRT) [272] for which the starting point is formula
(4.12) and the Yang—Baxter equation (1.58). Their motivation comes from the original
context of the quantum inverse scattering method [269, 273, 274], where the matrix M
played the role of quantum monodromy matrix (with operator-valued entries) of the
auxiliary linear problem and the Yang-Baxter equation was a compatibility equation
for equation (4.12). Following their approach Faddeev, Reshetikhin, and Takhtajan
[272] have defined in a similar way the quantum groups SO,(n), Sp,(n).

Another manifestation of this duality is considered in Section 4.5.
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Let us illustrate everything until now with the example of 4,(2). For n = 2 from
(4.1) we have:

X1Xp = q1/2X2X1 > (4.13a)
§=6=0, a&=-4"54. (4.13b)
Writing the matrix M as:
M= (a b> , (4.14)
cd

we have from (4.4) and (4.6):

ab=q"ba, ac=q"ca, bd=q"db, cd=q"dc,

4.15
bc = cb, ad - da = (¢"* - g )bc (415)
dety M = ad - ql/zbc =da- q_l/zbc. (4.16)
The left and right inverse matrix is given by
_ of d -g"p
1 1
M = (dety M) (—ql P g . (4.17)
Further from (4.5a) we have:
aga+beca’®b+bed
o6(M) = . 4.18
@ <c®a+d®cc®b+d®d> (4.18)
Next the R-matrix in this case is given by:
1/2
q 0 00
0 1 00
R, 0 g_gi?1 o (4.19)
0 0 0g"”

Using (4.19) it is easy to check (4.12) or to obtain (4.15) starting from (4.12).

There is a convenient enumeration of the matrix elements of R, given in [155].
Namely, it may be written as R,-jke ,1,j,k, € = 1,2, so that the rows of (4.19) are enumer-
ated from top to bottom by the pairs (i, ) = (1, 1), (1,2), 2,1), (2, 2), and the columns
of (4.19) are enumerated from left to right by the pairs (k, £) = (1, 1), (1,2), 2,1), (2,2).
Then relation (4.12) may be rewritten as [155]:

RijeMimMen = MieMiRiemn » (4.20)
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with summation over repeated indices. The above enumeration may be written
compactly also as [596]:

Rijee = 8ubip(1+ (@™ ~ 18;) + 8,,8,(a" — )8 - ), (4.21)
where
1 p>0,
o) - {0 ’ e 4.22)

Note that the example of n = 2 is actually representative of the general situation since
for fixed i, j, k, ¢ formulae (4.4) are nothing else but (4.15) if we write (4.14) as:

ab M. M
M= — (i Ve 2
<C d) <Mkj Mke) (4.2

((4.4a,b) should be used twice: (4.4a) also with i replaced by k, (4.4b) also with j
replaced by £.)

More general quantum groups, for example, multiparameter cases, are considered
in Section 4.5.

4.1.1 Differential Calculus on Quantum Planes

Here we briefly review the noncommutative differential geometry and calculus initi-
ated by Wess—Zumino (WZ) [596]. As noted by Manin [463] the WZ-calculus is different
in spirit from that of Connes [152] but is compatible with the differential calculus of
Woronowicz [599].

In the case of differential calculus on the quantum plane Rq(n|0) with coordinates
x; (cf. (4.1)) the differentials

& = dx;, (4.24)
obey the relation
£z - —q_l/zfj‘fi’ for i<j, (4.25)
while the derivatives
0
0= —, 4.26
toox; (4.26)

obey the relation

3.0, =q %90, for i<j. (4.27)



112 —— 4 Duality for Quantum Groups

Since the differential calculus should be GLq(n, C)-covariant all relations between
variables, differentials, and derivatives are expressed through the R-matrix (cf. (4.11)).
One may use for R, the form (4.21) with i,j,k,¢ = 1,...,n. In [596] an R-matrix
augmented by the permutation matrix is also used:

R=PR, Ry =R (4.28)
Thus in [596] were derived the following relations: between variables and differentials
Xi§j = ql/szike'feXk, (4.29)

between variables and derivatives, considered as operators,

_ 1/2
0;X; = 6j + q " RyjiXeOps (4.30)
between derivatives and differentials

& = 4 PR 0r- (4.31)

Further the exterior differential

d=Y &d (4.32)
satisfies the Leibniz rule
d(fg) = (df)g + f(dg). (4.33)
and has the usual properties
=0 (4.34)
dx;-xd=2§&, d&+¢&d=0. (4.35)

Only the commutation with derivatives is modified
dai = qal d (4.36)
but this modification is compatible with (4.34), namely:

d=dY &3 =-Y &do=-q) &dd = —qd’ (4.37)

from which follows d* = 0, except in the case g = -1.

An SOq(n)-invariant differential calculus was developed in [124]. Following the
approach of Woronowicz [599], a differential calculus on quantum spheres was
developed in [510], on SO,(n) and SU,(n) in [125], on classical simple quantum groups
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in [369] and on arbitrary quantum simple groups in [93]. We should mention also
that there is much literature on g-difference operators (Eulerian calculus) related to
quantum groups (cf., e. g., [283, 309, 466, 584]).

4.2 Duality between Hopf Algebras

Two bialgebras %, < are said to be in duality [11] if there exists a doubly nondegener-
ate bilinear form

G Uxd —-C, ():wa)- (u,a), ue¥,acdd, (4.38)
such thatforu,ve  ,a,b € <

(u,aby= (65w, avb), (uv, a)=(uev, § (a) (4.39a)
Ay, ay=e(@), (U, 1,)=¢4 ). (4.39b)

Two Hopf algebras %, <7 are said to be in duality [11] if they are in duality as bialgebras
and if

(Yo W), @)= (u, y,(@)). (4.39¢)

It is enough to define the pairing (4.38) between the generating elements of the two
algebras. The pairing between any other elements of 7/, <7 follows then from relations
(4.39) and the standard bilinear form inherited by the tensor product. For example,
suppose 8(u) = Y;u; ® u;', then one has:

(u,ab) = (65, ), aeb) =Y (uieu; ,aeb) =Y (uj,a)u; ,b). (4.40)

4.3 Matrix Quantum Group GL, ,(2)

In this subsection we review the two-parameter deformation of GL(2) following [183].
Let p,q € C\{0}. Consider next 2 x 2 matrices M with noncommuting matrix
elements which perform linear transformations of Rq(ZIO) and Rp(0|2); that is,

X1, x5} € R(210),  x{ = Myx;, (4.41a)

{51’, {2,} € Rp(0|2) s é}/ = Mllgl s (4.41[))



114 = 4 Duality for Quantum Groups

assuming that the elements of M commute with all x;,¢;, and summation over
repeated indices is understood. Let us write the matrix M as in (4.14):

ab
M=
(2)
Then implementation of (4.41) gives that the matrix elements of M obey [183]:

ab=p"ba, ac=q"ca, bd=q"db, cd=pVdc,
q1/2bc = pl/zcb . ad-da- (p—l/z _ qllz)bc 442)

Let us denote by Ap,q(z) the bialgebra generated by the matrix elements q, b, ¢, d with
the following comultiplication § and counit € (cf. also (4.5) for n = 2):

ab aga+beca’db+bed
5(<c d>)= <c®a+d®c c®b+d®d> ’ (4.43a)

ab 10
()= (20). a

Further, a quantum determinant detp,q M e Ap’q(2) here is defined as follows:
9 =dety, ;M = ad —p’l/zbc =ad - q’l/zcb =da —pl/zcb =da - ql/zbc. (4.44)
and then we have (cf. (4.8)):
§9)=202, &2)=1. (4.45)
The crucial difference with the one-parameter case which is obtained for p = g (cf.
Section 4.1) is that the quantum determinant is not central but satisfies the following
relations [183]:
[2,al = [2,d] =0, pl/z_@b = ql/zb_@, ql/z_@c = pl/zc% (4.46)
Further, if 2 # 0 one extends the algebra by an element 2! obeying
29 =9'9-1,, (4.47a)
from which follows [183]:
[77,a]=0, [77,d] =0

(4.47b)
ql/zl@*lb _ pl/zbgfl , pl/2 gflc _ ql/zcl@*l.
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Next one defines the left and right inverse matrix of M [183]:

_ _ d -¢"b d -pp\
Ml=91 = 97 448
(_q—l/z c a p g (4.48)

Suppose that the bialgebra operations are defined on 2. Then we have:
8o =22, &2h-=1 (4.49)

The quantum group GL, ,(2) is defined as the Hopf algebra obtained from the bial-
gebra A, /(2) extended by the element & ! and with antipode given by the formula:

y(M) =M. (4.50)
From the above definition we have:
Y@ =27, yo"=2. (4.51)

For p = q one obtains from GL, ,(2) the quantum groups GL,(2),, respectively, SL,(2),
if the condition Z # 0, respectively, 2 = 1_,, holds.

4.4 Duality for GL, ,(2)

In this section we review the paper [209] where we have introduced (and applied to
A, ,(2)) a generalization of the approach which Sudbery [564] applied for A,(2) =
A,,Q).

For A, ,(2) we use the basis given by all monomials f = fipm, = akd’p™c",
where k,¢,m,n € Z,, and fyo00 = 1.. We postulate the following pairings for
f=dd’bmc:

(A,f) = k5mo6no s (4.52a)
(B,f) = 8mbno > (4.52b)
(C.f) = 81001 » (4.52¢)
(D,f) = €6,,06,0 » (4.524d)

Let us denote by ?/p’q the bialgebra in duality with Ap’q(Z) and generated by A, B, C, D.
Later we shall see that %, , has the structure of a Hopf algebra in duality with

e
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The following relations hold as consequences from (4.52):

ab 10
o ()= (o0)
01
NS
ab 00
e (ea)-(20):
(Y,1,,)=0, Y=A,B,C,D,

(1 ,@d*b" Y= 8,06,0-

(4.53a)

(4.53b)

(4.53c)

(4.53d)

(4.54)

(4.55)

We would like to find the commutation relations between the generators of %, ,.
First we obtain that the action on f = a“d’b™c" of the monomials in Up,q Which are
quadratic in the generators is given by the following:

Then we have:

q"*(BC, d“d*p™c"y-p~2(CB, d*d*b" ") =

1
(BC,f) = 8mobno 2@0)(’75)/2 +q 6,16, 5
j=0

(CB,f) = 80610 L)Zl(pq)*”z + 08,16, ,
j=0

(AB,f) = (k+1)8,8,0 = (k + 1)(B,f),

(BA,f) = k6,160 = k(B,f),

(AC,f) = kbByoByy = K(C.f),

(CA,f) = (k+ D808, = (k+1)(C.f),

(DB, f) = €8,18,0 = €(B,f),

(BD,f) = (£+ 18,16, = (€ +1)(B.f),

(DC,f) = (€ + DB,obpy = (€ + 1)(C,f),

(CD,f) = €8,,06p1 = €(C,f),

(AD,f) = (DA, f)= k8,060 = k€{14, ,f).

(pq)(k_E)/z - 16 6

(A, B],f)=(B,f),
<[A7 C] ,f>: _<C,f> s

(4.56a)

(4.56b)

(4.56c)
(4.56d)
(4.56€)
(4.56f)
(4.562)
(4.56h)
(4.561)
(4.56j)
(4.56k)

(4.57)

(4.58a)
(4.58b)
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([D’B] 7f>: _<B’f>’ (4.58C)
(D, Cl,fY=(C,f), (4.58d)
(4,D],f)=0. (4.58¢)

We see that relations (4.56) depend on the element f; however, the commutation rela-
tions (4.58) do not. This is also true for (4.57); however, in order to see this we need
the following formulae:

(A, d"d* Py = K°6,06,0, SEN, (4.59a)
(DS, d*db "y = €56,08,0, SEN, (4.59b)
(*,dd’pmc"y = r*6,06,0, T=D.4, (4.59¢)
P, d"a’pm™c"y = 16,060, =D, 4, (4.59d)

where we use the formal power series:

(oe]
= 1y + Z Yk(ln r)k/k!.
k=1

Thus we obtain that the commutation relations in the algebra %, , are given by:

D2 _4
4'2BC - p2CB = g u

p1/2 _ q—1/2
[A,Bl=B, [A,Cl=-C,
[D,B]=-B, [D,Cl=C, [A,D]=0. (4.60)

Note that the generator K = A + D commutes with all other generators of %, ;. Let us
denote by # the algebra spanned by K.

Next we are looking for the analogue of the splitting U,(sl(2)) ® U,(2") which
Sudbery [564] obtained in the one-parameter case. We try a similar change of basis:

H=A-D, X+ _ q/—l/ABq/—Hm , X = qll/4CqI—H/4 , qr = (pq)l/z , (4.61)

and we get that the generators H,X ,X satisfy commutation relations (1.19) with
t=1,q-q—-q H=-HX =X

The factors g’ /4 in (4.61) seem redundant, since factors ¢'*" for arbitrary v € C
will play the same role for the previous statement. Their significance becomes clear if

we calculate the action of the new generators on a*d’b™c" , namely:

(H®, d*d*b™c™y = (k — €)*6,06,0 » (4.62a)
(@™, da’p™c"y = ¢*6,06,0 (4.62b)
(K, d"d*p™cy = (k + £)°8,,06,0 » (4.620)
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@, dd’pmcy = q"6,06,0 » (4.62d)
(X", ddpmcy = 'S, 6,0, (4.62e)
(X, dd’pmcy = ', 6. (4.62f)

Remark 4.1. Thus, the two parameters are glued together in the commutation relations
and the action of the new basis of the algebra %, ;. This is in agreement with the gen-
eral statement of Drinfeld [253] that the g-deformation of U(sl(2)) is unique. However,
we shall see below that in the Hopf algebra relations the two parameters are not glued
together, since in fact we are obtaining a deformation of U(gl(2)). O

We turn now to the bialgebra structure of %, ;. The comultiplication in the algebra
Uy, q is given by:

69 A)=A®1y +1yh A, (4.63a)
8, B)=Bep*qP?+1, 0B, (4.63b)
64(C)=C® qA/zp’D/2 +1gh ®C, (4.63¢)
6% (D) =De® 1@/ + 10& ®D, (4.63(:1)
or in the new basis by:
5@/ (H) = H ® 10& + 1% ®H, (4.643)
6% (K) =K® 1% + 1% ®K, (4.64]3)
ot ot p ks 1H/4 I-Hl4 _ 5+

06X )=X ®<a> g’ +q ®X , (4.64¢)

o (g o
6,X)=X® <5> g g i e X (4.64d)

For the Proof we use the duality property (4.39a), namely, we should have: (Y, f)=
(64 (V),fi®fy),Y = A, B, C, D, for every splitting f = fif,.
The counit relations in %, , are given by:

ot
ey (Y)=0,Y=A4,B,C,D,H,K,X (4.65)

which follows from (4.54) and (4.61) and (u, 1,)= &4, (1) (cf. (4.39Db)).

Let us assume now that %, , is a Hopf algebra in duality with GL,,(2). This
assumption would be correct if we can define consistently the action of the generators
of %, , on 27! and an antipode in Up,q - We are even in a better situation since the
action on 2! and the antipode map in U,,q are uniquely obtained as a consequence
of the assumed duality. Namely, we have that the action of %, ; on 271is given by:
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1y, =1, (4.663)
AB\ _ 4. (-10
<<CD>,9 )= <0—1>‘ (4.66b)

To prove (4.66a) we use (4.39b) and (4.49): (1, , 2 )= €,,(2"") = 1. For (4.66b) we
use a corollary of (4.52):

AB 10
(42).2- (%) e

and also (4.54) and (4.66a).
Next we obtain that the antipode map in %, , is given by:

AB A  -BpARgPr

Finally we can state the main result of [209]:

Theorem 4.1. The Hopf algebra Up,q In duality with Gprq(z) by relations (4.52) is iso-
morphic to U(pq)l/z (sl2)) ®U,,4(Z) as a commutation algebra, where 2 is spanned by

K, and U,(%) is spanned by K, r*K/4 The subalgebra Uy,;,(%) is a Hopf subalgebra of

. ]
Uy, q» the commutation subalgebra generated by H, X is not a Hopf subalgebra. O

For p = q the algebra in duality with GL,(2) is U,(sl(2)) ® U(Z) as a tensor product
of Hopf subalgebras. For ¢ = 1 the last statement reduces to the classical relation
U(gl(2)) = U(sl(2)) ® U(Z).

4.5 Duality for Multiparameter Quantum GL(n)

This section follows [233]. We show that the Hopf algebra %, dual to the multipara-
meter matrix quantum group GL,q(1) may be found applying the method of [209];
see also Section 4.4. Furthermore, we give the Cartan—Weyl basis of %uq and show
that this is consistent with the duality. We show that as a commutation algebra
Uuq = Uy(sl(n, C)) ® U,(Z), where Z is one-dimensional and U,(%) is a central
algebra in %,4. However, as a coalgebra %,4 cannot be split in this way and depends
on all parameters.
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4.5.1 Multiparameter Deformation of GL(n)

In [462] Manin has considered a family of quantum groups, deformations of the
algebra of polynomial functions on GL(n), depending on n(n — 1)/2 parameters. Later,
different multiparameter deformations were found in [183, 268, 277, 335, 403, 497, 500,
522, 542, 543, 565, 572]. The maximal number of parameters for GL(n) is N = n(n-1)/2+1
[565]. Following [565] we denote these N parameters by u and gij, 1 <1< j<n,andalso
for shortness by the pair u, g.

Let us consider an n x n quantum matrix M with noncommuting matrix elements
a;, 1 < i,j < n. The matrix quantum group GL,;(n) is generated by the matrix elements
a; with the following commutation relations [565]:

a;a; = pageaz, for j<e, (4.68)
azai; = qaya;, for i<k,
Da;ayj = qaga;, for i<k,j<¢e,
uqayea; = (up)"laijakg +Aaqy;, for i<k,j<¢,

b= Qje/u2’q= 1/qik,/l= u-1/u.

Considered as a bialgebra, it has the following comultiplication 6, and counit € ,:

n
5£¢(ai]-) = Z aik ® akj ) Sﬂ(ai]-) = 6ii' (4.69)
k=1

This algebra has determinant & given by [542, 565]:

7 = ZpESn €(P)¢11,p(1) <+ Anpn) =

= Zpes,, €’(p)ap(1)’1 e ap(n),n , (4.70)
where summations are over all permutations p of {1,..., n} and the quantum signa-
tures are:

€P) =TI ja (dpppq/ u?), (4.711)

P()>p(k)
€O =TT & CYpup0)-
p()>p(k)

The determinant obeys [542, 565]:

8§, (D =907, £,2) =1 “.72)
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The determinant is almost central; that is, it g-commutes with the elements a:

15 @3 T e/
- L J’il cln — 9a. 4.73)
Hs=1 qsi Ht=i+1 qit/u

Ak

Further, if 2 # 0 one extends the algebra by an element 2! which obeys:
29 =99 =1,. (4.74)
Note that for g; = u for all i,j then the element 7 is central and it is possible that

2=9"=1,.
Next one defines the left and right quantum cofactor matrices A; and Alfj:

o0;) ~

Aij = Zp(i)=]' eg()T[if)al,p(l) . aij e an’p(n) s (4.753)
' e(pe0)) ~

Aii = Zp(]')=i —S(Ul{; ap(l),l - ai]- e ap(n)’n y (475b)

where 0; and 0; denote the cyclic permutations:

o ={i,...1}, 0j=4,...,n}, (4.76)

and the notation X indicates that x is to be omitted. Now one can show that:
> @Ay = ) A ay =6y 7, (4.77)
j j

and obtain the left and right inverse:
M'=97'A"=a97". (4.78)
Thus, one can introduce the antipode in GL,;4(n) [542, 565]:
Yo lay) = 77 AL = 4377 (4.79)

We are looking for the dual algebra to GLw—I(n). As we have seen in Section 4.4 for this it
is enough to define the pairing between the generating elements of the two algebras.
However, we do not know the dual algebra completely. Then we need to know the
action of the algebra %,; dual to GL,4(n) on every element of GL,;(n). The basis of
GLW-](n) consists of monomials

f=(@) . (@) (@)™ .. (@)™ (@)™ ()™ (4.80)

where k;, my, n; € Z, and we have used the so-called normal ordering of the element
a;. Namely, we first put the elements a;; then we put the element a;; with i < j in
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lexicographic order; that is, if i < k then g;; (i < j) is before ay, (k < €) and ay; (t < i) is
before ay; finally we put the elements a;; with i > j in antilexicographic order; that is,
if i > k then aj; (i > j) is before ay, (k > €) and ay; (¢ > i) is before ay.

Similarly to the case GL, ;(2) we define the pairing only for the monomials in the
normal order (4.80) as follows:

Dif) = kidmodpo. 1=i<n, (4.81)
(Eyj.f) = 6mij162106n0 , 1<i<j<n,
(Fy,f) = 5,,1.j15m05zo, 1<j<i<n,
(g +f) = 6moBno »
Bmo = H 6mjk0 » 6o = H 6n,-k0 ,

1<j<k<n 1<k<j<n

jo_ j o

Omo = H 6mke0’ 8o = l_[ 5nkeo-
1<k<f<n 1<e<k<n
(k,0)#(i,f) (k,0)#(i,j)

If some monomial is not in normal order, then it should be brought to this order using
commutation relations (4.68) and then (4.81) can be applied. Thus following [565] we
can interpret formulae (4.81) as

Y,f) 58%<%>, (4.82)

where y is a generating element of GL,q(n) and differentiation is from the right. Actu-
ally, our interpretation is less restrictive than [565]: we differentiate as if y is an element
of the classical GL(n) and then postulate (4.81) for GL,q(n). Our point is that in all cases
this may bring only some differences in inessential numerical factors.

Note also that from (4.81) follows

<Y’1,Qf> = O’Y:Di’Eij’Fij' (4.83)

4.5.2 Commutation Relations of the Dual Algebra

To obtain the commutation relations between the generators D;, Ej;, Fy, we first need
to evaluate the action of their bilinear products on the elements of GLuq(n). We shall
show that it is enough to do this for the Chevalley-like generators D;, 1 <i < n, E; =
E;iq, F; = Fiy15, 1 < 1 < n—1. Then through them we shall express the rest of the
generators Ej;, Fj;.

Using the defining relations and the second of relations (4.39a), we obtain:

(DID],f> = (D}Dl,f> = kikj5m05n0 , 1< l,] <n, (4.84)
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DiE;,f) = (ki + 88, 150
<E]Dl,f> = (ki + 6i,j+l)5

5] o0no = (k; + 85)(E;, f) 5] 51n11(+)1,
&hnoBno = (ki + 8,;.1)(E;u f) 5

mj i1l

DiF;, f) = (ki + 6;,1)6, -+1,j16m05]1.10 = (k; + 8;;,1)(F;, f)
oo -

<F1D1af> = (ki + 61]) +l116m0 (k + 61])< f) ’

-1 i o
mo0no + qi,i+16mi,i+116n1~+1,116m06n0 )

2k qul _

(EiFyf) =u " ———6
ul —

u 2k1+1 -1

(FE.f) = ——

2 1 i
8mobno + U qi,i+15mi,i+115ni+1’il5m06n0

Ele’f> = eij 11+11 ”]+1; 51110 s 1#],

Gis1je1/dijn for i<j

ej = U/ g1 for i=j+1
qj+1,i/qj+1’i+1 for i> j+1
<F1El’f> = ﬁj6mi,i+ll6ni+1) 5]n0 ’ i # ] ’

Ginjlgy for i<j-1
fi=qVqi for i=j-1
il gji.1 for i>j

<EiEi+l’f> 4g; 1+16m, ,+115m,+1 H2151 Hl& no + 6 161 H26n0 ’
EIE],f> = eif6mi,i+116mi,j+115m05“0’ i 5& j - 1 >

i1,/ i for i<j-1
if (1 + uz)/qi,m for i =j

Gjs,in/gji for i>j

3]
I

1 2,
( 1+1Fl’f> =din 1+25n1+1115n1+2 1+116;11(;r 6m0 + 6n 42,0 161Jr l6m0 s
l ]:f) = fij6"i+1,i15n,-+1,]-16n05mo, 1 %] +1 R
4ij1/ g5 for i<j
(1+u gy for i=j

Qji1,in1/ Gy for i>j+1

oy
Il

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)
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Thus, we have the following commutation relations:

[D;, D;] = 0 (4.91a)
[D;, Ej] = (65 — 6;.0)E;,  [Dy, Fjl = (=6j + 6; j,1)F; (4.91b)
UEF; - u 'R = A7 (PP -1, (4.91c)
EF; = giFiE;, i+#j, (4.91d)

9ij9is1,j01/ i jrdin,; for i<j-1
GiinGini2/Gia for i=j-1

i = eolfy = Wiy pa/Qiidiin for i=j+1
4,i+19j+1,i/ GjiGj1,in Tor 1>j+1
EE; = g;'EE;,i<j-1 (4.91e)
FiF; = g;'FiF;,i>j+1, (4.91f)

It is convenient to use besides the generators D; also the generators:
K=D;+---+D,,, H;=D;-D;,;,1<i<n-1 (4.92)

and we shall give many results for both sets. Let us note that the generator K commutes
with all generators D, E;, F;:

[K,D;] =0, [K,E]=0, I[K,F]=0, (4.93)

while the generators H;, E;, F; also form a commutation subalgebra, namely, instead
of formulae (4.91a—c) we have:

[H, Hj] =0 (4.94a)

(H, Ej] = c;E;, [H;,F] = —c;F; (4.94b)
Cj = 265 = 6141 —Opyj, 1<i,j<n-1

uEF; - u'FE =17 (ui - 1) (4.94c¢)

where the numbers c;; form the Cartan matrix of the algebra A,,_; = sl(n, C).
Similarly to (4.91) we derive the analogue of the Serre relations:

PiEiEi — W+ u DEEmE; + (07) EmE; = 0, (4.95a)
PiFiFuy — W+ u DFF L F + (07) FuFf = 0, (4.95b)
Pl = GinGiin/UGii2s i = Ui/ dic1,iGiin

Now we shall express the rest of the generators Ej;, Fj; through the Chevalley-like ones.

First let us rewrite relations (4.95) for sign “+” in a more suggestive way:
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u'pE; (EiEin _pglEi+1Ei) - u(EE;, —P;lEmEi) E =0,
up;" (Fi1F; - piFiFiy) Fy — u”'F; (Fi F - piFiFi) = 0,
Di = G in1Gis1,i42/ Di 2 (4.96)

Thus, we are prompted to define generators inductively analogously to one-parameter
deformation (cf. (1.28)):
Ej = EiEyj - Dy EijEis 1<) (4.97)
Fj = FyjuF; - pgFiFij, 1>]
pj = qi,i+1qi+1,j/qij'

Thus we have two definitions for the generators Ej;, F;; when |i - j| # 1 and we should
check their consistency. The proof of this is inductive. We start with the case |[i —j| = 2

where we have the desired consistency just using (4.89) and (4.90):
(Eyiioo ) = (EiEii1 = P; 'EtaEip ) = 8y 16m0 Ono (4.98a)
(Fiy2,iof) = (FyaFi — piFiFi1, f) = 5n,~,,~+215£ii0+25m0 (4.98Db)

Then we suppose that we have proved consistency for Ej;, F;; when 1< |i —j| < s, and

ij
then we shall prove for Ej, Fj; for |i - j| = s. Namely, using this supposition and (4.89)

and (4.90) we find that:
(Ej, f) = (EiEj _pi_lei+1,jEi’f ) = 6mi,.16ii.o6no (4.99a)
(Fyj f) = (FyjuF — pyFiFija, ) = 6n,-j16?;06m0' (4.99b)

For (4.99) we have used analogues of (4.89) and (4.90) for E;E;,y;, Ej;E;, FijuFj
FiF; ;..
i+l

4.5.3 Hopf Algebra Structure of the Dual Algebra

In this section we shall use the duality to derive the Hopf algebra structure of %,;.
We start with the coproducts in %,;. Namely, we use repeatedly the first of relations
(4.39a)

(Y, f)=A(64,(V),fief,) (4.100)
for every splitting f = f,f,. Thus we derive:

6% (Dl) = Di ® 1% + 102/ ® Di s (4.1013)
6@/ (Hl) = Hi ® 1&[/ + 10& ® Hi > (4.101b)
6% (.K) =K® 1q/ + 1q/ ® K. (4.101C)
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Then we try the following Ansitze:

502/ (El) = Ei ® p}i + 102/ ® Ei > (4.102&)
5% (Fl) = Fi ® Qi + 142/ ®Fi‘ (4.102b)

We take in (4.100)f; = a; .1, f> = (a)" ... (@) and using

hHfs = ai,i+1(au)k1 -~-(ann)k" = (4.103)
= Aay) ---(ann)k"ai,i+1 = A

i— ks k; kiy
A.=<ﬁ< dsi ><>< v > ( 1 ) 1<ﬁ<q1'+1,t>kt>
: s=1 \ ds,i+1 qi,iv1 qi,i+1 =iro \ it

we obtain, on the one hand,

(Ep, fifa) = AKEL Sofy) = 4 (4.104)
while, on the other hand, using the Ansatz (4.102a), we have:
(Ei, fif5) = (Ei, i P o) = (P f)- (4.105)

Comparing (4.104) with (4.105) we try

i-1 \Ds 2 \Di Din / n . D;
*@i _ H ( dsi ) < u ) < 1 ) H (q1+1,t> , (4.106)
s=1 \ ds,i+1 diir1 qi,iv1 =ir2 \ it

then we check that (4.102a) with this choice is consistent for all choices of f, f, in
(4.100).
Analogously we proceed to obtain 2;: we take f; = a;,1,5» f> as above to find:

fifs = a1 @)l .. (ag) ™ = u?5iH i) g7 f] (4.107)
and thus we have:
i qs,ir1 Ds p; ( Dijr1 \Pi#t [ 2 it D
£1=<H<q—> )(Qi,m) '(7) <n <q—l> >=
s=1 si t=i+2 \ 1i+1t
=i, (4.108)

The coproducts of the rest of the generators we obtain using (4.97) and the coproducts
of the generators E;, F;, for example,

62 (Ei i) = Eji12® Pyina + 19 ® Ejjip + WWE ® E; 74y (4.109)
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. D 2 \Di 2 Din
_1 dsi s u u
Prir = PPy = (T4 (25) ( ) (—) «
L,i+2 1< i+l s=1 gs,i+2 qii+2 4i,i+19i+1,i+2

% ( ‘Zij»rz )DM (m=i+3 (qqft )Dt) , (4.110)

69 (Fispi) = Fi2i® Lisp + 19 ® Fiypj —UAF; © Fiyy 2; (4.111)

Dz = 223, = (2,2, )7 =i ]

1,i+2°

(4.112)

H;;, = H;+ Hy,y = D; — Dy, (4.113)

where we have used:

WE,2;, for i=j u’F2; for i=j
WIE] = 1 . ) gle] = . . (4.114)
g Ej#; for i#j gF;7; for i#j

QIE} =

{qui,@i for i=j {u—ZF,-,@,. for i=j
]

uigyE;2; for i#j 4= u’zciigi;IFje% for i+]j.
The counit relations in %,; are given by:
ey (Y)=0,Y =D, E;, F;, K, H;, (4.115)
which follows easily using (4.39b), (4.83), and (4.92):
gy (Y) =(Y,1,) =0. (4.116)
Finally, the antipode map in % = %, is given by:

Y (Dl) = _Di s Yoy (Hl) = _Hi Yo (K) = —I<, (4.1173)
Yoy (El) = —Elu@i_l N Yo (Fl) = —Fie@i_l. (4.117}3)

This follows from (4.101),(4.102), and (4.115) with elementary application of one of the
basic axioms of Hopf algebras [11]:

meo (ld% ® y%) o 6% =io Eqy (4.118)
where both sides are maps % — %, m is the usual product in the algebra: m(Y ® Z) =

YZ,Y,Z € % and i is the natural embedding of C into %: i(c) = ¢l ,c € C. To
obtain (4.117) we just apply both sides of (4.118) to D;, H;, K, E;, F;. For (4.117c), we also
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useyy, (2) = 271, y4(2;) = 27, which follow from (4.117a). The antipode map for

the rest of the generators Ej, Fj;, we obtain using (4.97) and (4.117).

4.5.4 Drinfeld-)Jimbo Form of the Dual Algebra

In this section we show how to transform the algebra %ui] to a Drinfeld-Jimbo form. (It
could be transformed also to the algebra given in [565] in terms only of the Chevalley
generators.) We first note that if we set all parameters equal gy = u for alli,j and make
the change

E; = X7ui?,  Fp = xpu?, (4.119)

then the generators H;,X;,1 < i < n — 1 obey the commutation rules and Serre
relations of the standard Drinfeld-Jimbo deformation U, (sl(n, C)).

Then we note that if gj =u for all i, j, then we have &; = ufli = 2;. Thus, we are
prompted to try for the analogue of the transformation (4.119) in the multiparametric
case the following:

E =X 2", F=x;2/" (4.120)
Indeed we have:
[H;, X1 = [H, ;2,7 = cX; (4.121a)
[H;, X1 = [H, F;2;"] = ~¢;X; (4.121b)
X7, X; 1 = [E;2, "7, F,.2,"7) = (uEF; - u'FE ) u ™ =
= A7 (W - u ) = (1), (4.121¢)

where we have used (4.120), (4.94b—c), (4.106), (4.108), and (4.114);

bed X1- [, yi—uz, F, Q]Tl/z] _ (4.122)

P \ 12 P\ 12
= EIF] ( J > u_Hj - F}El < J ) u_HjulSi’iil =
87 87

L@. 1/2
ji < i

where we have used (4.120), (4.106), (4.108), (4.114), and

w? for j=ixl (4123)
gg = .
e 1  otherwise.
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Next we have:

(X)X = 21X XX + X (X)) = (4.124)
=U'g; i E{Epyy — 21, EE By + u' g iEini B = 0,

where we have used (4.120) and (4.114), the facts that g; ;.1/u = p, g1/u = 57,
and (4.95a):

ot -1)2 12 _ 12 “12 512 _
XX = 2, PE2 " - gPEE 2P 2 - (4.125)
=Y 12 12 12 P2 12 12 oyt
=8 EjE,-Wi 3”]. =8 8 Ej-gz’j El-:@i = X}- X;,

wherei < j—1, and we have used (4.120), (4.114), (4.91e), and (4.123). Formulae (4.94a),
(4.121), (4.122), (4.124), and (4.125) and the analogues of (4.124) and (4.125) for sign “-”
are the defining relations of the one-parameter deformation U, (sl(n, C)) in terms of the
Chevalley generators H;, X;—' i=1,...,n-1.

Thus as a commutation algebra we have %,; = U,(sl(n, C)) ® U,(Z), where
U, (%) is spanned by K, wtkP2 This splitting is preserved also by the counit and the
antipode (cf. (4.115) and (4.117b)) for the generators H; and K, while for Xl-i we have:

£ (X7) = £4,(Eeq, (27 = 0, (4.126)
£ (X7) = £4,(Feq, (271 = 0
va &) = o (P Pyyy () = -2 PE 2]
~uE 2" = —ux}
v &) = va (27 Yy (F) = - 2R =
—u_lFiQi_l/z = —u"le-_,
where we have used (4.114). The splitting is also preserved by the coproducts of H;, K

(cf. (4.101b)).
However, for the coproducts of the Chevalley generators X;” we have:

6%(Xl+) = 507/(Ei)6?/('@i71/2) = (El ® L@i + 1% ®Ei) (W{l/z ® 3”1.71/2) =

=X o2+ 7o x!, (4.127a)
84 (X7) = 64,(F)6,(2,") = (Fre 2, + 15, & F) (2, ©.2,') -
=X 02”7+ 27X, . (4.127b)

Thus, as a coalgebra %,; cannot be split as above, and furthermore it depends on all
parameters. Only if we set g;; = u for all i, j then &; = ufi = 2, and (4.127) become the
standard coproducts of the Chevalley generators X;" of U, (sl(n, C)).
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4.5.5 Special Cases of Hopf Algebra Splitting

In this section we consider the special case when some of the parameters coincide, so
that the central generator K would decouple as in the one-parameter deformation. For
this we first need to express the operators #; (and through them .2,) in terms of the
generators H; and K. For this we first express the generators D; through H; and K:

A=)
I
S|

i-1 n-1
<K - Y JH; + Z(n—j)Hj> =K+ H; (4.128)

j=1 j=i

R 1 n-1 . n-1 .
K=- K—leHj . Hi=)H, (H,=0).
j=

Now we substitute (4.128) in (4.106) to obtain:

. [ i1 Hy 2 \Hi Hiy1 n1 H
~\K 1—[ i u 1 1—[ q; s t
s=1 \ s i+1 qii+1 4qii+1 =ir2 \ it

i . 2 n X
G = <H dsi ) qu 1—[ ql+1,t. (4.129)

. 2 .
s=1 Ds,i+1 / Dijq t=iv2 it

From the above expression it is clear that in order for K to decouple from the system
the n — 1 constants g; should become equal to unity. This brings n — 1 conditions on
the parameters gj;. It seems natural to use these conditions to fix the n — 1 next-to-
main-diagonal parameters g; ;,;, and indeed, a natural choice for this exists, namely,
we may set:

0 _ _i(n-i) -1
i1 = Ut l_[ s =

1ss<i, i+l<t<n
s<t-1

i n
=uHHqi, l<i<n-1, (4.130)
s=1 t=i+14st

where the tilde over the double product means that the case s = i = ¢t — 1 should be
omitted. Then we obtain:

(qi)Qi,i+1=qg,-+1 =1, l<i<n-1 (4.131)
and substituting this in the operators 2; we get in terms of H; and in terms of H;:

2 — -1
i-2 H i-1 n !
. qsi u u
P L (o ne)
’ L,i+] s=1 \ 4s,i+1 i-1,iv1 51 (= 9st

HiJrHHl

x yfti~Hin <H I1 %) x (4.132)

s=1 t=i+1
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o, \" p
% u H l 1—[ <Qi+l,t> t _
Qi,i+2 51 ¢=ir2 st t=iv3 » it

(( R (LESTTE

2
s=1 qs,i+1 s=1t=i+2 st

n q2 i-1 n q Hiyy n-1 n q H
it st it
(11 % )T 2 ) )
t=i+2 s=1 t=i+2 j=i+2 \t=j+1 1itLt

Thus, for the particular choice g; ;,; = qgm we have the splitting %,; = U, é(sl(n, Q) e
U,(2) as tensor product of two Hopf subalgebras. Here by U, ;I(sl(n, C)) we denote the
Hopf algebra which is a deformation of U(sl(n, C)) and is of Drinfeld-Jimbo form with
deformation parameter u as commutation algebra, while as a coalgebra it depends on

all remaining (n? - 3n + 4)/2parameters g = {gili-i>1} (cf. (4.127) and (4.132)).

4.6 Duality for a Lorentz Quantum Group

This section follows [234]. We find the dual algebra fq" to the matrix Lorentz quantum
group .Z, of Podles-Woronowicz [511] and Watamura et al. [123]. In fact, we start
with a larger matrix quantum group .#; and we find first its dual algebra fq". As in
the previous sections we start by postulating the pairings between the generating
elements of the two algebras. We find that the algebra fq* is split in two mutu-
ally commuting subalgebras as in the classical case; that is, we can write fq" =
U,(sl(2, ©)) ® U,(sl2, €)). We give also the coalgebra structure which, however, does
not preserve this splitting.

4.6.1 Matrix Lorentz Quantum Group

In this section we recall the matrix Lorentz quantum group introduced in [123, 511].
It is more convenient to start with a larger matrix quantum group denoted by jq and
generated by the elements a, 8, y, 6, &, B, Ps & with the following commutation relations

(@eRA=qg-q"):

ap =qfa, ay=qya, P&=qbp, y8=qby,
ab - ba = ABy, By =B, (4.133)
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pa=qaB, ja-qay, OB -qps, &7 = qyd,

b — ad = ARy, By =B, (4.134)
aa = aa - gAyy, ap = q 'Ba - A6y,
ay = gya, aé = ba,
Ba=q'ap-Ay8, BB = BB+ qgAaa - 65 - gAyy),
By = 1B, Bb = q6B + ¢*Aya,
ya = qay, vB = By,
Y9 =7 y6 =q7'6y,
8 = as, 8B = qBs + q*Aay,
8y = q '}6, 86 = 66 + gAyy. (4.135)

Note that relations (4.134) may be obtained from (4.134) by the anti-involution
a—a,f— By~ 9,6-08,q— q. (4.136)
We note that there are two central elements in the algebra :2]:
7 = ab - qPy = 6a—q By, (4.137)
9" = ab-q "By = 5a - gy,

which are conjugated under (4.136).
Considered as a bialgebra, :?q has the following comultiplication Af.s?q and counit
£§q given on its generating elements:
5y (((xﬁ>>= a®a+B®ya®B+ﬁ®6> (4138a)
a\\yé yea+60yyef+6®6

10
, .138b
59) (4.138b)

where for convenience we have used matrix notation.

Note that the bialgebra ZI contains two conjugated (by (4.136)) sub-bialgebras,
denoted as in [462] by Aq(2) and Aq—l (2), and generated by a,f,y,6 and a, 8, y, 6,
respectively (cf. (4.134),(4.134), and (4.138)).
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If we impose the restrictions 2 + qu # 2" then we may extend the algebra with

two new central elements 2! and 2*~! such that in the extended algebra, which we
denote by Eq’ we have 297! = lg, = 979 and 9*9*71 = Iz, = 2*719*. The

algebra gq is a Hopf algebra since we can define an antipode qu by:

aB\\_ (6 -a'B
s_@q((y&))—@l(_qy , ) (4.139)
aB _ o1 8 _qB
2 ((55))- 7 (o 7 )

Sz N=7", $5(7)=2, $5(2)=2"", $5(2")=2". (4140)

from which follows:

If we impose the restrictions ¥ = 2" = 1 , we obtain the matrix Lorentz quantum
q

group %, introduced in [123, 511]. It is a Hopf algebra with coalgebra relations given
by (4. 138) and (4.139) with 27! = 971 = 1~ Note that £, contains two conjugated

(by (4.78)) Hopf subalgebras SL (2) and SL = (2) which are obtained from A (2) and
1(2) mentioned above, respectlvely

4.6.2 Dual Algebras to the Algebras ., and jq

We are looking for the dual algebras to ., and EJ, Following our procedure we first
need to fix a basis in -Z,. We choose the following basis in -Z:

f = dkaksts BB, Kk, 0,8, m, i n, i € Z,. (4.141)

The basis of the matrix Lorentz quantum group given in [511] may be obtained from
the above after some rearrangement and by replacing:

k—¢ _ _k-¢ A,
a for k>¢ 2 o for k>¢
o8 — ok , & ik . (4.142)
6 for k<e

Let us denote by 4, B, C, D, A, B, C, D the generators of the dual algebra f.?q* of ?q. For
the action of ?q* on .7, we set (as in Section 4.4):

<A,f> = ](5m06n05m06,—10, (4.143a)
(B,f) = 61116,,06:0050> (4.143b)
<C,f> = 5m06n16m06ﬁ0’ (4.143C)
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(D, f) = €8,106,08510850» (4.143d)
(A, f) = k80808506705 (4.143e)
(B,f) = 6,106,00m1670> (4.143f)
(C,f) = 80000001 (4.143g)
(D, f) = €8,06,00:0050> (4.143h)

(7., F) = 6,106100700m0- (4.1431)

If some monomial is not in normal order (4.141), then it should be brought to this
order using commutation relations (4.134),(4.134), and (4.135), and then (4.143) can be
applied.

We note also corollaries of (4.143):

AB\ _. 10

~ ), 7%= , 4.144
(22).- (1) (st
(Y,1z)=0,Y = A,B,C, D,A,B,C,D. (4.145)

Next we would like to derive the commutation relations between the generators of :S?q*.
For the bilinear products we obtain using (4.39):

1
(BC,f) = 81060850650 ). 7“7 + 6,8160610-
j=0

-1

(CB, ) = 81108080650 ). 07 + 478,116,168,
j=0

(AB, f) = (k +1)8,116,,00m00m0 = (k + 1)(B, f),

(BA,f) = k6161060670 = k(B f),

(AC,f) = kbynobmbinobro = k(C,f),

(CA,f) = (k +1)8,300,,16:0070 = (k + D{C, f),

(DB, f) = €6,,16,00:50050 = (B, f),

(BD, f) = (£ + 1)6,;16,,00m0070 = (¢ + (B, f),

(DC,f) = (€ +1)8106p10moBr0 = (€ + D(C, f),
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(CD, f) = €6:06,1105005r0 = €(C,f),
(AD, f) = (DA, f) = k€8,,,06,0610070 =
= ké(1z., f), (4.146)
q

T
(BC,f) = 8061080050 ). 790 + 478,108,088,
j=0

-1
(CB, f) = 81081000070 Y. G 7 + 46,108,081
j=0

(AB,f) = (k +1)8,106,08;21670 = (k + 1)(B, f),
(BA,f) = k130608670 = k(B,f),
(AC,f) = k8n0808mo0n1 = k(C, f),
(CA,f) = (k + 180808061 = (k + (T, f),
(DB, f) = 26,30608m16n0 = €(B. ),
(BD,f) = (2 + 1)8yo80010m0 = (€ + 1)(B, ),
(DC,f) = (€ +1)8,106,,00m00m = (€ + 1)(C,f),
(CD, f) = 88,n08n08mobs = €(C, f),
(AD,f) = (DA, f) = k88,08,080670 =

= I'<Z’(1~q* ), (4.147)

(AA,f) = (AAf) = k’_<(1gq*,f),

(AB,f) = (BA,f) = k(B,f),
(AC,f) = (CA,f) = K(C,f),
(AD’f> = <DA’f> = kz<1§q*’f>’

(BA,f) = (AB,f) = k(B,f),
(BB,f) = (BB, f) = 8,116106106n0»
(BC,f) = (CB,f) = 8,16,06:n001>
(BD,f) = (DB, f) = &(B,f),
(CA,f) = (AC,f) = K(C,f),
(CB,f) = (BC,f) = 8,106,18,1650»
(CC,f) = (CC,f) = 8o B0 Bnt>
(CD,f) = (DC,f) = €(C.f),
(DA,f) = (AD,f) = €1—<(1§q*,f),

(DB,f) = (BD,f) = ¢(B,f),
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(DC,f) = (CD,f) = €C.f),

We note that the bilinear products involving the generators A, B, C, D may be obtained
on elements f = ak6"ﬁ’"y". Thus, these relations may be taken from Section 4.3 set-
ting p = q and replacing ¢ — ¢*. Analogously one may obtain the bilinear products

involving the generators 4, B, C, D on elements f = "_‘(_SeBm)‘/ﬁ, and these may also be
taken from Section 4.3.
Using (4.146), (4.147), and (4.148) we obtain for the commutation relations:

[A9 B] = By [As C] = _Cy [D, B] = _B’
[D’ C] = C: [Ay D] = 0’
g 'BC-qCB=1"! (19; - qZ(D‘A)) , (4.149)
[A’ B] = B’ [A’ C] = _C’ [D’ B] = _B’
[D’ C] = C) [Ay D] = Oa

gBC - g '\CB =" (qZ(A‘D) -1 ) , (4.150)
[Y,Z|=0, Y=A,B,C,D, Z=A,B,C,D. (4.151)

Thus, the algebra ?; is split in two mutually commuting algebras, which we denote
by yq*l and gq*z, generated by 4, B, C, Dand 4, B, C, D, respectively. Moreover, there are
two central elements K; = (A+D)/2and K, = (A+D)/2. Furthermore, these two algebras

may be brought to a Drinfeld-Jimbo [251, 360] form by the following substitutions:

b

-D=H,, B=X/q™? c=x;g"" (4.152a)
A-D=H, B=Xxi¢"? C=xq4"" (4.152b)

Indeed, it is easy to check that:

+ + - -1 -H .
[H}” X] ] = izX] s [X]+y)(] ] =A (q]H - q] ) = [H]]q’ ]= 1! 2’ (4-153)

which are the commutation rules of the standard Drinfeld—Jimbo deformation
U,(sl2, C)).

Thus, one result here is that the algebra £, which is dual to the algebra Zys has
the following form with respect to the commutation relations:

(4.154a)
Ly = U Sl2, €0 Ug(2), j=1.2, (4.154b)
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where U,(sl(2, C)); is generated by H;, X]-J—' and has commutation relations given in
(4.153), Zis generated by K;, Uq(ff;-) is central in ?q* and is generated by K;, qui/z,
j=1,2.

Further, we note that the above results also mean that the algebra gq*l, ?;2 is dual
in the sense (4.38) to the algebra A,(2), A - (2), respectively. It is easy also to see that
U,(sl(2, €)1, Uy(sl(2, €©)),, respectively, is dual in the sense (4.38) to the algebra SL,(2),
SL q71(2), respectively. Thus, we can state another result here, namely, that the algebra
.Zq*, which is dual to the matrix Lorentz quantum group ¢, has the following form:

£ = U (sI2, ©)); ® Uy(sl(2, ©)),. (4.155)
However, the splittings (4.154) and (4.155) are not preserved by the coalgebra opera-
tions as we shall see in the next subsection.
4.6.3 Coalgebra Structure of the Dual Algebras

Here we shall use the duality to derive the coalgebra structure of ,,i”q* and :S?q* . We start
with the coproducts in :?7;. Namely, we use repeatedly the first of relations (4.39a)

<Y1f> = <A§q* (Y)’fl ®f2> (4~156)

for every splitting f = f,f,. Thus, we derive:

Ao (Y)=Y®15. +15.®Y, Y=A,D,A,D, 4.157a

gq( ) gq gq ( )

Ay (V) =Yoqg" """ P 11,07, Y=CC (4.157b)
q q

Already here we see that because of (4.157b) the splitting mentioned in the previ-
ous section is not preserved. The coproducts of the generators B, B are even more
complicated. We try the following Ansatze:

A.(B)=Bog" 4P+ ¥ pB B, (4.158a)
a SEZ,

Ag.(B) = Bo g PP Y h B e B (4.158b)
a SEN

We have to find the coefficients by, bg. First, we consider the following pairing:

(B, B"B™. To evaluate this pairing we have to bring §" 8™ to normal form using the
formula for BB in (4.135). It is clear that this pairing will be nonzero iff m = m + ¢ since
only in this case there will be terms in normal order which are proportional to ' and
do not contain B. In this case we have:
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3

= Y Py(aa, 65, 9™ B, (4.159)
)

where P,(x,y, q) is a homogeneous polynomial of degree j in the first two variables;
that is, Py,;(ux, uy, q) = W Py(x, y, @). Clearly, Py (x, ¥, q) = 1. Then for the pairing in
question we have:

(B, B B™Y = Prom(1,1, @)(BL, B) = [A)1Pm(1, 1, @) (4.160)

Thus, for splittings of B B+ = B’ Bmiiﬁm“ for 0 < j < m we have:

(b BB o "B =
z b (B ®Bs+1 ﬁl®ﬁ ﬁm+1

S€Z,

Z bs<Bs’Bi><Bs+1 ﬁ Bm+l

SE€Z,

= (b8, B =
= [1'Blj + 1Py jir,m (1 1, @), (4.161)

(B, ™)

while, on the other hand, using (4.160) for ¢t = 1 we have
B, B"B™) = (1, 1,9). (4.162)

Thus, we find that

b] = Pmlm(l, 1’ CI)/[]]![I + 1] !Pm—j,j+1,m—j(1: 1’ CI) ]1](1 1 Q)/[I]'[I + 1]|’ (4-163)

where we have used the fact that b; does not depend on m.

Next we shall use also the pairing (Bt, Bmﬁm) which is nonzero iff m = m + t. Let
us write the analogue of (4.159):

—m-+t

B A"

et (4.164)

s

Quij(a, 65, 9" 7B

Il
(=}

J

where Q,,(x,, ) is a homogeneous polynomial of degree j in the first two variables.
Clearly, Q,,;0(x,y, q) = 1. Then for the analogue of (4.160) we have:

-t —m+t =t -t
<B 7ﬁm Bm> = thm(la 1: CI)<B sB ) = [t]| thm(la 1s CI)- (4'165)
Thus, for splittings of Bm+1ﬁ’" = Bm+1/3m‘f B for 1 < j < m we have:

BB B = 1By [+ 11! Qo et 1 @, (4.166)
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while, on the other hand, using (4.165) for t = 1 we have

—m+1

(B,B" B™ = Qum(L, 1, 9). (4.167)
Thus, we find as in (4.163):
Bj = Qy(1,1, @)/l [j + 1)L (4.168)

Thus, finding the coefficients b; and B]- is reduced to the knowledge of the functions
P;;;(1, 1, g) and Qy;(1, 1, g). The latter may be found from (4.159) and (4.164) after tedious
calculations for any fixed j.

The counit relations in gq* are given by:

£z (Y)=0, Y=A,B,CD,A,B,C,D, (4.169)
which follows easily using (4.39b) and (4.83):

The coproduct and counit operations in the algebra fq", which is dual to the matrix
Lorentz quantum group ., are given by the same formulae (4.157),(4.158), and (4.169)
as for ?q*_ For the antipode map in . we have:

Sg(¥)=-Y, Y- A,D,A,D, (4.171a)
=C,

S (¥) = YAy -, (4.171b)
This follows from (4.101) and (4.169) with elementary application of one of the basic
axioms of Hopf algebras (1.6). To obtain (4.171) we just apply both sides of (1.6) to
A,D,A,D,C,C. The antipode map for the generators B, B may be obtained in the same
way using (4.158).

4.7 Duality for the Jordanian Matrix Quantum Group GL, ,(2)

The group GL(2) admits two distinct quantum group deformations with central
quantum determinant: GL,(2) [251] and the Jordanian GL,(2) [183, 608]. These are
the only such possible deformations (up to isomorphism) [416]. Both may be viewed
as special cases of two-parameter deformations: GL),,(2) [183] and GL, j(2) [13]. In
the initial years of the development of quantum group theory, mostly GLq(2) and
GL, ,(2) were considered. Later started research on SL,(2) and its dual quantum
algebra U, (sl(2)) [499]. In particular, aspects of differential calculus [13], and differ-
ential geometry [376] were developed, the universal R-matrix for Uy, (sl(2)) was given in
[68, 384, 592], representations of Uj,(sl(2)) were constructed in [5, 16, 218, 587].



140 =— 4 Duality for Quantum Groups

In this section (following mostly [39]) we give the Hopf algebra %) dual to
the Jordanian matrix quantum group GL, ,(2). As an algebra it depends on the sum
g = (g + h)/2 of the two parameters and is split in two subalgebras: %g', p (with three
generators) and U(Z°) (with one generator). The subalgebra U(Z) is a central Hopf
subalgebra of %, j,. The subalgebra %g', n is not a Hopf subalgebra, and its coalgebra
structure depends on both parameters. We discuss also two interesting one-parameter
special cases: g = h and g = —h. The subalgebra %hl,h is a Hopf algebra and coincides
with the algebra introduced by Ohn as the dual of SL;,(2). The subalgebra % ,’h’h is iso-
morphic to U(sl(2)) as an algebra but has a nontrivial coalgebra structure and again is
not a Hopf subalgebra of %_, j,.

4.7.1 Jordanian Matrix Quantum Group GLg,,,(Z)

Here we recall the Jordanian two-parameter deformation GL, ,(2) of GL(2) introduced
in [13] (and denoted GL,, ;/). One starts with a unital associative algebra generated by

four elements a, b, ¢, d of a quantum matrix M = (? Z) with the following relations

(g,heC):

[a,c] = gc2 , [d,c] = he?, la,d] = gdc - hac
l[a,b] = h(Z2-a®), [d,b]l =g(Z-d>), [b,cl = gdc+hac-ghc’
9 = ad - bc + hac = ad - cb - gdc + ghc? (4.172)

where 2 is a multiplicative quantum determinant which is not central (unless g = h) :
[ayg] = [Qid] = (g_h)-@C, [b,@] = (g_h)(-@d_a@), [C)g] =0 (4173)

Relations (4.172) are obtained by applying either the Faddeev-Reshetikhin—Takhtajan
method [272], namely, by solving the monodromy equation:

RM,M, = M, MR
(Ml = M@Iz, M2 = IzéM), Wlth R-matrix:

1 -h h gh
R-[0108 (4.174)
001g

0001

or the method of Manin [461] using M as transformation matrix of the appropriate
quantum planes [13].
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The above algebra is turned into a bialgebra Ag,h(z) with the standard GL(2)
coproduct 6 and counit €:

ab a®a+becae®b+bad
6<<Cd>) _<C®a+d®c c®b+d®d> (4.175)

() (2)

From (4.175) and (4.176), respectively, it follows:
6(2) = 9202, £(9) = 1. (4.177)

Further, we shall suppose that & is invertible; that is, there is an element 27! which
obeys:

29 =99 =1,, @H=9"2", &2-=1 (4.178)

(Alternatively one may say that the algebra is extended with the element 27'.) In this
case one defines the left and right inverse matrix of M [13]:

M!=

~ B 2
o <d +gc-b+gd-a)+g C> _ (4.179)

- a-gc

<d+hc —b+h(d—a)+h2c> a1
= 788
-C a-hc

The quantum group GL,(2) is defined as the Hopf algebra obtained from the
bialgebra A, ,(2) when 27! exists and with antipode given by the formula:

yM) = M > y@=2", yo2h=2 (4.180)

For g = h one obtains from GLg;(2) the matrix quantum group GL,(2) = GLy;(2),
and, if the condition 2 = 1_, holds, the matrix quantum group SL;(2). Analogously,
for g = h = 0 one obtains from GLg,h(Z) the algebra of functions over the classical
groups GL(2) and SL(2), respectively.

4.7.2 The Dual of GLg,,,(z)

Following our general method we first need to fix a PBW basis of GLg’h(Z). We first
choose the following PBW basis:

d<dc'pm, k,e,mynez,, (4.181)
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the reasoning being that the elements a,d, c generate a subalgebra (though not a
Hopf subalgebra) of GLg,h(z) (cf. the first line of (4.172)). Further simplification results
if we make the following change of generating elements and parameters:

Qt
Il

%(a+d), Ei=%(a—d)
s@+h),  h=3i@-h. (4.182)

V)]
1

With these generating elements and parameters the algebra relations become:

ca = ac - gc, cd = dc - he?, da = ad - gdc + hac

ba = ab +gch - 2had + 284 + (& - W)ac + (7 — 82

bd = db - hcb + 25ad - 2hd” + (i’ - )dc + h(@ - B))c?

be = cb + 28ac - 2hdc + (A - 8

9 =@ - -ch+ @ - ) - gac + hdc. (4.183)
Note that these relations are written in anticipation of the PBW basis:

f=feemn = aatcpm, k,e,mnez,. (4.184)

Note also that the relations in the subalgebras generated by a,d,c and &,d,c are
isomorphic under the change: a — a, d — d, ¢ c, g— g h— h (cf. the first lines
in (4.172) and (4.183)).

The coalgebra relations become:

s((e))-

asa+ded+ibec+iceb aeb+deb+bea-bed

ced+ced+aec-dec aed+ded+ibec-1iceb

€<<i Z)) - <(1> g) (4185)

y((& b>>=@1<&—a+(g+f1)c —b—z(g+h)a+(g+h)2c)
c

d —C a+d-(E+hc
_(a-d+@E-hc -b+2h-gd+E-h)’c P
- —c a+d+h-g)c '

Let us denote by %, = Ug;(gl(2)) the unknown yet dual algebra of GL, ,(2) and by
A, B, C, D the four generators of %, ;. Following [209] and Section 4.4 we define the

pairing (Z,f), Z = A,B,C,D, f is from (4.184), as the classical tangent vector at the
identity:
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(Z,f) = g<%> Zy) = 4,&), (B,b), (C,c), (D,d). (4.186)

From this we get the explicit expressions:

)

A = e(L) = Kabnobio (4.1872)
9,

(B,f) = e(%) = 840000 (4.187b)
J,

(C,f) = 8(8—];) = 8u00m00n1 (4.187¢)

(D, f) = 8(%) = 8516m00n0 (4.187d)

4.7.3 Algebra Structure of the Dual

First we find the commutation relations between the generators of %, ,. Below we
shall need expressions like €2, which we define as formal power series e? = 1g +
YpeN ;—I:Bp. We have:

Proposition 1. The commutation relations of the generators A, B, C,D introduced by
(4.187) are:

[B,C] =D (4.188a)
[D, Bl = 1(*°-1,) (4.188b)
[D,C] = -2C+3D* - 3A (4.188c¢)
[A,B] = 0, [4,C] = 0, [A,D] = 0O (4.188d)

Proof. Using the assumed duality the above relations are shown by calculating their
pairings with the basis monomials f = Ezkiiec"b’" of the dual algebra. In particu-
lar, The pairing of any quadratic monomial of the unknown dual algebra with f =
aa‘cpm is given by the duality properties (4.39):

(WZ,f) =(W®Z,8,() =(WeZ, ) fief) =
j

=Y AW, (2, ") (4.189)
j

where f/, fj" are elements of the basis (4.184), and so further a direct application of
(4.187) is used. Thus, we have:

(BC,f) = 3606m080 + h8p18mBy0 +
- ~2  _m—
+ 6606n09m2%(g2 -h)g" 24 8006m16m
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(CB, f) = ~3606mobro +
+ fl‘sel‘sml‘sno + 5@06n06m2%(g2 - ﬁ2)§m72 +8000m0m
(DB, ) = 80808y + 02" '™ (& ~ 1)) (4.190)
(BD, f) = ~8p08,0m1 + Oa2™ 8™ (& + )
(DC, f) = =6408m00m + (1 + 88426080 + k&6 18060 + Be16mo0ns
(CD, f) = 840606 + (h— 88428080 + k&8 161080 + 8¢16mo0m

1 r>s
ersE{
0 r<s.

From these follow the pairing of f with the commutators:

< [B, C] 3 f> = 651611106?’[0’ (4.1913)
([D,BI, f) = 840Ombno2"8" ", (4.191b)
< [D, C] N f> = _26506m05n1 + 2g5ez6m05n0 (4.191C)

Note that quadratic relations (4.190) depend on both parameters, while the commuta-
tion relations (4.191), which follow from (4.190), depend only on the parameter g.
Now in order to establish (4.188a) it is enough to compare the RHS of (4.191a) and
(4.187d).
Further, for relation (4.188b) we use (4.191b) and

(B”, f) = D'8¢06mpbno (4.192)
(proved by induction) and its consequence:

8y gy

(€ =14, f) = p;q B - % i PBeompro =
= (28)"8400m6n0 (4.193)

To establish (4.188c) we compare the RHS of (4.191c) with the appropriate linear com-
bination of the right-hand sides of three equations, namely, (4.187a), and (4.187c)
and

<D2 Py f) = 26@25"106"0 + k5€05m06n0' (4.194)
Finally, to establish (4.188d) we use:

[A’B]’f>=<[A,C],f>=<[A’D]’f)=O (4.195)

which are straightforward. This finishes the proof. [
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Note that the commutation relations (4.188) depend only on the parameter g and that
the generator A is central. This is similar to the situation of the dual algebra %, , of
the standard matrix quantum group GL, , the commutation relations of which depend
only on the combination ¢ = +/pq and also one generator is central (Section 4.4).
Here the central generator appears as a central extension, but this is fictitious since
this may be corrected by a change of basis, namely, by replacing the generator C by a
generator C:

C=C-:54A (4.196)
With this only (4.188c) changes to:
[D,C] = -2C + gD? (4.197)

Besides this change we shall make a change of generating elements of %,  in order
to bring the commutation relations to a form closer to the algebra of [499]. Thus, we
make the following substitutions:

D = e®He” (4.198a)
¢ = ¢Pye"® - Esinh(gB)e P — 24, (4.198b)

Substituting (4.198) into (4.188a) we get the desired result [B,Y] = H if we choose:
' = u, V' = v. Substituting (4.198) into (4.188b) we get the desired result [H,B] =
% sinh(g B) if we choose: p + v = g. Thus with conditions:

H+V=g, H =K vV =V

we obtain the following commutation relations instead of (4.188) :

[B,Y] = H (4.199a)
[H,B] = gsinh@B) (4.199b)
[H,Y] = -Ycosh(gB) — cosh(gB)Y =
= —2Y cosh(gB) — gH sinh(gB) +
+ g sinh(gB) cosh(gB) (4.199¢)
[A,B] = 0, [4,Y] =0, [A,H] =0 (4.199d)

Note that relations (4.199a,b,c) coincide with those of the one-parameter algebra of
[499], though the coalgebra structure is different as we shall see below. We can use
this coincidence to derive the Casimir operator of %, :

@ = filA) 6, + f(A) (4.200)
%, = 3 (H’+sinh*EB)) + % (Y sinh(gB) + sinh(ZB)Y),
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where f;(4), f,(A) are arbitrary polynomials in the central generator A. To derive
(4.200), it is enough to check that [45,Z] = 0 for Z = B,Y, H. For the latter one
may also notice [74] that %, is the Casimir of the one-parameter algebra of [499].
Finally we also write a subalgebra @;,h of %g’h with the basis: A4, K = e8B = K*,
K'=e®8 =K, v, H, so thatin terms of 4, K, K™, Y, H no exponents of generators
appear in the algebra and coalgebra relations. Thus instead of (4.199) we have:

[K*,Y] = +gHK* + (1, - (K*))
[H,K*] = (K*)? -1,
[H,Y] = -Y(K+K") + SHEK " -K) +
+HEE - &)
KK'=K'K =1,
[A, K] =0, [A,Y]=0, [AH]=0.

.—

:.b

=
Il

4.7.4 Coalgebra Structure of the Dual
We turn now to the coalgebra structure of %, ,. We have:
Proposition 2.

(i)  The comultiplication in the algebra %y, is given by:

64 ) = A®1y + 15 0A
64 (B) = B®1ly + 149 ®B
8,) =Yee® + SBoy -
—%2 sinh(ZB) ® A’ %% + hH & Ae %8

8,H) =Hoe? + B0 H - % sinh(gB) ® Ae 58
(ii)  The counit relations in %, are given by:
e,(2) =0, Z=ABYH
(iii) The antipode in the algebra %, ), is given by:

ya]/(A) = —A
V&% (B) = -B

_ _ 52 . _
yor (Y) = —e 8Byes® & % sinh(gB)A? + he ®BHA®B
ya (H) = e **He®® - L sinh(zB)A,

We omit the easy proof given in [39].

(4.201)

(4.202a)
(4.202h)

(4.202c)

(4.202d)

(4.203)

(4.204)
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Corollary 1. For later reference we mention also the coproduct and antipode of the
intermediate generator C and the antipode of the initial generator D:

60]/(&) = C@lg/ + 62§B®Cg -

-2 N .
-5 @ -15)eA’ + DA (4.205a)

- SR~ 72 ~ - -
ya (€) = —e%5C + 5 (15 - e*)A% + he #°DA (4.205h)
Yoy (D) = - %Bp 4 g(e_ng —-1g)A (4.205¢)

Corollary 2. The coalgebra structure in the subalgebra .%’h is given as follows:

(i) comultiplication :

8,(4) = A®ly + 1, ®A (4.206)
84 (K*) = K*®K*
8,() = YoK' + KoY -
& -1 211 | 1 -1
- (K-KeA’K + hH® AK
8yH) =HeK' + KeH+ g(K‘1 -K)® AK™
(ii) counit:
eyZ) =0, Z=AY,H e,@) =1, Z=KK"' (4.207)
(iii) antipode:
Yo (A) = -A (4.208)
vo (K*) = KF
-1 W 142, fp-l
ya (Y) = =K 'YK + 5 (K — K")A® + hK"HAK

yaH) = -K'HK + (k7 - K)A
The result of this section can be summarized as follows:

Theorem 4.2. The Hopf algebra %) dual to GLg;(2) is generated by A,B,Y,H (or
A,K,K', Y, H) (cf  relations (4.187) and (4.198)). It is given by relations (4.199), (4.202),
(4.203), and (4.204) (respectively, (4.201), (4.206), (4.207), and (4.208)). As an algebra
it depends only on one parameter 3 = (g + h)/2 and is split in two subalgebras: ?/g"h
(respectively, % ah ) generated by B, Y, H (respectively, K,K™', Y, H) and U(%), where
the algebra % is spanned by A. The subalgebra U(%) is central in Ug p and is also
a Hopf subalgebra of %, ). The subalgebra %g', n (respectively, u g,h) is not a Hopf
subalgebra. O
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4.7.5 One-Parameter Cases

4.7.5.1 Caseg=h

The one-parameter matrix quantum group GLg(2) [183, 608] is obtained from GL, ,(2)
by setting g = h = g. Thus the dual algebra %; = % of GLg(2) is obtained by
setting h = %(g— h) = 0 in (4.199), (4.202), (4.203), and (4.204). Since the commuta-
tion relations (4.199) and the counit relations (4.203) do not depend on h, they remain
unchanged for %;. The coproduct and antipode relations of %; are:

64B) =Be®ly +1, ®B

6,0Y) = Yee® + By

8,H) = Hee®? + &80 H

644 = Agly + 1, A (4.209)
Yo (B) = -B

Yo, (V) = e 8Byes?

yo (H) = —e$BHeSP

Yo (A) = -A (4.210)

We see that the one-parameter Hopf algebra %; is split in two Hopf subalgebras %g’ =
%g"g and U(%), and we may write:

Uy = Uy ©U(Z) (4.212)

Now we compare the algebra %g' with the algebra of [499]. We see that after the iden-
tification B — X, § — —h, the algebra %g:’ coincides with the algebra of Ohn. We also
note that the algebra @/g’ in the basis B, C, D coincides for i = 0 with the version given
in [68] after the identification: (B, C,D;g) — (A,,A_, A;z), and by using the opposite
coalgebra structure.

4.75.2 Caseg=-h
Here we consider another one-parameter case: g = —h = h; thatis, g = 0. From (4.199),
(4.202), and (4.204), we obtain:

[B,Y] = H

[H,B] = 2B

[H,Y] = -2Y

[A,B] =0, [AY]=0, [AH =0 (4.212)

602/(14) = A®1OZ/ + 1&& ®A
6%(3) = B®1% + 1% ®B
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§,(Y) =Yel, +1,0Y - ' BoA> + hHeA

6yH) = H®ly + 15, ®H - 2hB®A (4.213)
v (A) = -A

Yo, (B) = -B

v (Y) = —Y + i°BA> + hHA

vq (H) = —H - 2hBA. (4.214)

Thus, for g = 0 the interesting feature is that the subalgebra %ﬂl,fﬂ is isomorphic
to the undeformed U(sl(2)) with sl(2) spanned by B, Y, H. However, as in the general
case, the coalgebra sector is not classical, and the generators B, Y, H do not close a
co-subalgebra.

4.7.6 Application of a Nonlinear Map

In [5] a nonlinear map was proposed under which the one-parameter Ohn’s algebra
was brought to undeformed sl(2) form, though, the coalgebra structure becomes even
more complicated (cf. [16, 587]). Since our two-parameter dual is like Ohn’s algebra in
the algebra sector, we can also apply the map of [5]. We give the map in our notation,
namely, following (28) and (33) of [5] we set:

()< (o2 S) (-3 (5532)
I+—gtanh<2>— <1%+2;(K)> ol K1,
I = cosh(g—B> Ycosh(g—B> =

2 2

(KPR Y (K2 +KP). (4.215)

Then we have, as in [5] for the case U, (sl(2)) (note though that we do not rescale H),
the classical gl(2) commutation relations and Casimir:

H,I]=+2I,, [I,I]1=H, [AL]l=[AH =0 (4.216)

@ = )G + HA), 6 =11 +I11 +3H. (4.217)

Of course, our aim is to write the coproducts. Actually, for I'* we use (4.5) of [587] (since
I'" is expressed through B which has the (parameter-independent) classical coproduct
(4.202b) as in the one-parameter case), which in our notation gives:

(o) =2\ "
8y L) =1, 1y +1y ®I1, + ) (-%) (Mer+Ilel™). (4218
n=1



150 =—— 4 Duality for Quantum Groups

For the coproduct of H we need the inverse of (4.215a) (cf. (3.1) of [16]):

; /s 0\ 1y + 81
K= -1, +2) (i%L) <— u>

= Z (4.219)
1% ¥ EIJr

Then we have using (4.202d):
6@1(H) = H®1@/ + 1@/ ®H +
o0 g n g. n
2 H -=1 =1 H) -
w23 (we(-5e) «(§1) o)
00 ~ 2k 00 ~ I3
z g g
- 2hlI, ;Zo <§1+> ®A <1% + 2; <—§1+> )

For the coproduct of I_ we use (4.202c) and

6y ) = b4 (COSh(%» 8 (Y) 6y <cosh<g—B>>,
by <cosh<g73)> = cosh(‘%)@cosh(‘?) +
+ sinh(%)@sinh(‘%)

(4.220)

(4.221)
to obtain:

€=0

~ ~ £
g S g
—5(I+I_+I+I_)®Z1€<—§I+> +
g3, (8, \

+E;E(EL> e (I +1.1)+

(o)

~2 = 14
+gZI+I,I+ ®) (-1 <—§1+> N
=2

6,00 =Lay @+ <-§1+>€ + 2(«,41) (%L)E ol -
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+h(1, ®A){(H ® 1y)

0o g_ 2k 00 g 4
X(Z<EI+> ®10]/+1021®Z(€+1) <—§I+> +
k=0

=1
23 () eSe(En))-

2
g 2k
(—§1+> ©1, + 4.222)

In the special case h = 0 the coproducts of H and I coincide with the one-parameter
formulae of [16] (cf. (3.2) and (5.3)), respectively (with § — —h). In the special case
g = 0 the nonlinear map becomes an identity and naturally the coproducts of I, I,
H, coincide with those of B, Y, H, respectively (cf. (4.213b,c,d)).

4.8 Duality for Exotic Bialgebras

4.8.1 Exotic Bialgebras: General Setting

This section follows [49, 50]. For some time it was not clear how many distinct
quantum group deformations are admissible for the group GL(2) and the supergroup
GL(1]1). For the group GL(2) there were the well-known standard GL,,(2) [183] and non-
standard (Jordanian) GLgh(Z) [13] two-parameter deformations. For the supergroup
GL(1]1) there were the standard GL,,(1/1) [119, 166, 341] and the hybrid (standard-
nonstandard) GL(1]1) [295] two-parameter deformations. Then, in [48] it was shown
that the list of these four deformations is exhaustive (refuting a long-standing
claim of [416]) for the existence of a hybrid (standard—nonstandard) two-parameter
deformation of GL(2)); see also [144]. In particular, it was shown that these four
deformations match the distinct triangular 4 x 4 R-matrices from the classification
of [339], which are deformations of the trivial R-matrix (corresponding to undeformed
GL(2)).

The matching mentioned above was done by applying the FRT formalism [272]
to these R-matrices. This analysis revealed altogether three triangular R-matrices and
two nontriangular R-matrices which are not deformations of the trivial R-matrix. These
new matrix bialgebras, which we called exotic, are very interesting and deserve further
study. One of the first problems when dealing with such matrix bialgebras is to find the
bialgebras with which they are in duality, since some of the structural characteristics
are more transparent for the duals. The bialgebras in duality are also the interesting
objects with respect to the development of the representation theory.
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This is the first problem we solve here. We then find also the quantum planes
corresponding to these bialgebras by the Wess—-Zumino R-matrix method [596].
For the latter we find the minimal polynomials pol(-) in one variable such that
pol(R) = O is the lowest-order polynomial identity satisfied by the singly permuted
R-matrix R = PR (P is the permutation matrix). These minimal polynomials indeed
separate the three cases of Ry, 3 [339]. (Recall that the corresponding minimal poly-
nomial in the Jordanian case is only quadratic.) We find also the quantum planes by
Manin’s method [461].

4.8.2 Exotic Bialgebras: Triangular Case 1

In this subsection we consider the matrix bialgebra, denoted here by 24, which is
obtained by applying the RTT relations of [272]:

RT,T, = T, T, R, (4.223)

whereT; = T®1,,T, = 1, ® T, for the case when R = R;:

1 h —h hy
10 -h
R, = L on . hy# - (4.224)
1

This R-matrix, together with the condition on the parameters, is one of the three spe-
cial cases of the R-matrix denoted by Ry, 3 in [339]. The algebraic relations of .7,
obtained in this way are given by formulae (5.11) of [48], namely:

¢ =0, ca = ac = 0, dc = cd = 0, (4.225)
da = ad, cb = bc, a = &
ab = ba +h(a* + bc - ad), db = bd - h(d® + bc - ad).

Note that the constant h; does not enter the above relations.
Note that this bialgebra is not a Hopf algebra. Indeed, suppose that it is and there
is an antipode y, then we use one of the Hopf algebra axioms:

mo(id®y)od = ioe (4.226)

as maps «/ — <, where m is the usual product in the algebra: m(Y ® Z) = YZ,Y,Z ¢
</ and i is the natural embedding of the number field F into «7: i(c) = ul_,,u € F.
Applying this to the element d we would have:

cyb)+dyld) =1,
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which leads to contradiction after multiplying from the left by ¢ (one would get
0=0c).
The algebra <7, has the following PBW basis:

pdd®, bc, nkez,, €£=0,1. (4.227)
The last line of (4.225) strongly suggests the substitution:

a=3a+d, d=3ia-d, (4.228)
so that the new algebraic relations and PBW basis are:

=0, ac=ca=dc=cd=ad=da=0, cb= hc,

ab = ba, db = bd+2hd* + hbc (4.229)

p'ak, p'da, bc¢, nkez,, eeN. (4.230)
The coalgebra relations become:

& aea+ded+ibec+iceb
deb+deb+boa-bed

6 = (4.231)
cod+ced+aec-dec

S

C
d agd+doa+ibec-3ceb
ab 10
~ = . 232
g(cd) (00) (4.232)

4.8.2.1 Duality

Let us denote by %;the unknown yet dual algebra of <4, and by A, B, C, Dthe four gen-
erators of %4. We would like as in Section 4.4 and [209] to define the pairing (Z, f),
Z = A, B, C,D, fis from (4.230), as the classical tangent vector at the identity (4.186)
(Z,fy=¢ (g—’;); however, here this would work only for the pairs: (Z,y) = (4, &), (B, b),
(D, d), but not for (C, c). The reason is that classically some of the relations in (4.229)
are constraints and we have to differentiate internally with respect to the manifold
described by these constraints. In particular, if a constraint is given by setting g = 0,
where g is some function of &, b, c, d, then any differentiation & should respect:

(28f)g=0 = 0, (4.233)
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where f is any polynomial function of &, b, c, d. Thus, we are lead to define;

C.f) = e(E a%f) (4.234)

where:

R B b} E ) Xk 5
E - EB(-a,52), Eky) = I;)T (4.235)

From the above definitions we get:

; [k for f=Db"d"
(A, f)y = s(%) =640 forf=b"£i€ (4.236a)
0 for f=b"c
5 1 for f = pak
(B, f) = e<£) =06n10 forf=b”£1£ (4.236b)
0 for f=b"c
; 0 for f=b"a"
.r)-e(EL) - 60 f0 forf-pa (4.2360)
1 for f=b"c
; 0 for f=b"a"
(D, f)y = e(é) = bpbyo {1 for f=b"d’ (4.236d)
0 for f=b"c
1 f -1
(E.f) = or f=1y (4.2360)
0 otherwise.

We have included above also the auxiliary generator E since it will appear in the cop-
roduct relations (cf. below). Note that if we have taken the definition (4.186) for (C, ¢),
the result in (4.236) would superficially be the same.

Now we can find the relations between the generators of %;. We have:

Proposition 3. The generators A,B,C,D,E introduced above obey the following
relations:

[D,c] = -2¢, [B,C]l = D, [B,C], = D?

[D,B] = 2BD°, [D,B], = 0,

DP=D =0

[A,B] = 0, [A,Cl=0, [AD] =0,

EZ = ZE = 0, Z=A,B,C,D. (4.237)

For the proof we refer to [49]. ¢
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We note that the algebraic relations (4.237) for %4 do not depend on the constant h
present in the relations (4.229) of the dual algebra ;. Later, we shall see that the
established duality reduces also the algebra .27, so that it also does not depend on h.

4.8.2.2 Coalgebra Structure of the Dual
We turn now to the coalgebra structure of %4. We have:

Proposition 4.

(i) The comultiplication in the algebra %, is given by:

8(4) = A®1y +1y ®A,
8(B)
6(C) = C®RE+E®C,
8(D) = DRE+E®D,
6(E) = E®E.

B®ly +14h ®B,

(ii)) The counit relations in 7/, are given by:

e,(2) =0, Z=A4BCD
E”ZZ(E) = 1,

where we have included also the auxiliary operator E.
For the proof we refer to [49].

(4.238a)
(4.238b)
(4.238¢)
(4.238d)
(4.238e)

(4.2393)
(4.239b)

There is no antipode for the bialgebra 74. Indeed, suppose that there was such. Then

by applying the Hopf algebra axiom (4.226) to the generator E, we would get:

E}/(E) = 107/,

which would lead to contradiction after multiplication from the left withZ = A, B, C,D

(we would get 0 = Z).

4.8.2.3 Reduction of the Bialgebra

We noticed that the algebraic relations (4.237) of %4 do not depend on the constant h
from relations (4.229) of <7, . The coproduct relations (4.238) also do not depend on h.
We now clarify the reason for this. First we note that .2#; has the following two-sided

ideals and coideals:

I= dlba@dlaz@ﬂlbc
12 = dlaze)dlbc
I, = </ bc

(4.240a)
(4.240Db)
(4.240c)
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so that
LchLclc o, (4.241)

Furthermore the pairing of all these ideals with the dual algebra %4 vanish; thus
we can set them consistently equal to zero. Thus, the basis of <7, is reduced to the
following monomials:

pa, nkez,, d c (4.242)

Actually, it were only these monomials that appeared in the proof of the dual relations
(4.237). The algebraic relations of the reduced algebra become rather trivial:

dc=ca=dc=cd=ad=da=ch=>bc=db=>bd-=0,
> =0, ab = ba, (4.243)

while the coalgebra relations remain unchanged and nontrivial. It is remarkable that
the dual algebra has much richer structure in both the algebraic and coalgebraic
sectors.

4.8.2.4 Consistency with the FRT Approach

For the application of the FRT approach to duality we need the 4 x 4 R-matrix, which
for the algebra «; is given by (4.224). In the duality relations enter actually the
matrices R} :

1-hh hy
1 0 h
R} = PR,P = R/(-h) = L n
1
1 -h h -h; - 2K’
_ _ 10 h
R =R = L . (4.244)
1
where P is the permutation matrix:
1000
0010
P = . 2
0100 (4.245)
0001

These R-matrices encode (part of) the duality between %4 and «7; by formula (2.1) of
[272] taken for k = 1 and written in our setting:
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(L*, T) = R}, (4.246)

where L* are 2 x 2 matrices whose elements are functions of the generators of %4, T
is the 2 x 2 matrix formed by the generators of <7 . In order to make formula (4.246)
explicit we have to adopt some convention on the indices. We choose to write it as:

( Lﬁ(! T€] ) = (R-lr)i]'kff i) jy k) = 1) 23 (4'247)

where the enumeration of the R-matrices is done as in [155], namely, the rows are
enumerated from top to bottom by the pairs (i,j) = (1,1),(1,2),(2,1), (2,2), and the
columns are enumerated from left to right by the pairs (k, £) = (1,1),(1, 2), (2, 1), (2,2).

Using all this and rewriting the result in terms of the new basis (4.229) of </; we

have:
(5 (- (5 (- (23) oo
4 ab _(hh,
(i () - (21

where h, = hyandh_ = —h;—2h’. Note that the elements L3, have zero products with
all generators so we can set them to zero. Next we calculate the pairings with arbitrary
elements of <7, for which we use the fact that the coproducts of the L}-ik generators are
canonically given by [272]:

2
§(Li) = 2 Lj ® L (4.250)
=1
Using this we obtain:
(L}, p"d*) = (L3, b"d") = (-n)" (4.251)
(Lip b"a") = (0" + h® - nlh + 1)) (4.25)

All other pairings are zero.

Computing the above pairings with the defining relations (4.236) we conclude that
these L operators are expressed in terms of the generators of the dual algebra 74 as
follows:

L = L5 = e™ (4.253a)
LY, = ((h, + KB+ hA)e ™ (4.253b)
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vB vB

where expressions like e’ are defined as formal power series e = 1y +
ZpeZ+ ;—I;Bp . Formulae (4.253) are compatible with the coproducts (4.238a,b) of the
generators A, B. However, as we see this approach does not say anything about the
generators C, D.

4.8.3 Exotic Bialgebras: Triangular Case 2

In this section we consider the bialgebra, denoted here by <%, which is obtained by
applying the basic relations (4.223) for the case when R = R,:

1 hy hy h
10 h
1h |
1

R, = hy+hy#0 (4.254)

This R-matrix together with the condition on the parameters is the second of the spe-
cial cases (mentioned in the Introduction) of the R-matrix denoted by Ry, 3 in [339].
Its algebraic relations thus obtained are given by formulae (5.9) of [48], namely:

? =0, ca = ac = 0, dc = cd = 0, (4.255)
ad, cb = bc, a* = & = ad+ bc,
bd = ba+(h, —h)bc,  db = bd + (h, - hy)bc.

QU
Q
1

ab

Note that the constant h; does not enter the above relations.
The coalgebra relations are the same as for <7 . Also the demonstration that this
bialgebra is not a Hopf algebra is done as for .« . The PBW basis in this case is:

pdc, dd, c, nkez,, €¢=0,1 (4.256)
Also in this case we make the change of basis (4.228) to obtain:

=0, ac=ca=dc=cd=ad=da=0,
ab=ba, bc=ch=28, d =0

db = -bd = (h, - h)d'. (4.257)
The PBW basis becomes:
~ ¢

pa, d, ¢, nkez,, ¢=1,2. (4.258)

Thus, this bialgebra looks “smaller” than «/; — compare with (4.258). It has also a
smaller structure of two-sided ideals and coideals:
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L = o,d® o,bc (4.259a)
Il = Jyz bC (4.259b)

so that
Lchc o, (4.260)

— compare with (4.240, 4.241).

4.8.3.1 Algebra and Coalgebra Structure of the Dual

In view of the similarities between the algebras .«#; and &7, it is natural do use the
same generators 4, B, C, D, E for the dual %4 . It is not surprising that we get the same
algebraic and coalgebraic relations. We have:

Proposition 5. The generators A,B,C,D,E of the bialgebra %, obey the same
algebraic and coalgebraic relations as for the algebra 7/ given in Propositions 3
and 4. ¢

Proof. The proof is based on the fact that the bialgebras «/; and ./, differ in
the relations involving the (co)ideals I, which have no bearing on the relations
of 74. Thus, we need only to show that all bilinears built from the generators
A, B, C, D, E have zero pairings with the ideals I, (cf. (4.259, 4.260)), which is easy to
demonstrate. ]

As a corollary also here the basis and algebraic relations of 7, reduce to (4.242) and
(4.243).
Thus, we have shown the following important conclusion:

Proposition 6. The bialgebras </, and <f, considered as bialgebras in duality with the
bialgebras %, %, , respectively, coincide. O

We recall that the notion of duality we use does not coincide with the FRT definition
of duality. The latter is more stringent as we shall see in the next subsection.

4.8.3.2 Consistency with the FRT Approach
The 4 x 4 R-matrix needed for the FRT approach is given in (4.254). The matrices R;
entering the duality relations are:
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1 0 h
R = PR,P = 1
2 2 1 hz
1
_ _ 1 0 -h
R, = R = 2
2 2 1 ~h,
1

Using the above and relations (4.247) (with R; — R,) we obtain:

Iterating this we obtain:

(L}, b"a)
(L}, b"a")
(Ly, b"a")
(L, b"a")
From the above follow:
Ly
L,
Ly
Ly,

~_—
|

((22) - (%)
_ <h1h3>

)= (2a)) - (o5')
)=

—h, —hs + 2h .y
0

(L3, b"d") =
R ((k + m)hyhy + n(hs — hyhy))
(Ly, b"d") = (-hy)"

= (~h)" ((k + m)hyhy + n(~hs + hyhy))

L;Z — eth
((h3 - hyhy)B + hyA)eE
L;Z — e*hlB

((=h3 + hyhy)B — hyA)e ™B

This is compatible with the coproducts for the operators A, B.

Thus, we see that the L operators in this case are different from those of %4 (cf.
(4.253)). Thus, the FRT approach is more stringent than the notion of duality we use
since it distinguishes the two pairs of bialgebras. However, this difference is not as
drastic as the difference between the algebraic relations (4.229) and (4.257) of <7, and
4 5 , respectively, since (4.253) is just a special case of (4.264) obtained for h; = —h, = h.

(4.261a)

(4.261b)

(4.262)

(4.263)

(4.264a)
(4.264D)
(4.264¢)
(4.264d)
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On the other hand the FRT approach is incomplete in the cases at hand since it gives
info only about part of the generators, namely, A and B, and says nothing about the
generators C, D.

4.8.4 Exotic Bialgebras: Triangular Case 3

In this section we consider the bialgebra which we denote here by 4. It is obtained
by applying the basic relations (4.223) for the case when R = Rj:

10 01
-10 0
R3 = _1 0 (4.265)

1

This R-matrix is denoted by Ry , in [339]. The algebraic relations of /5 are given by
formulae (5.13) of [48], namely:

da = ad, cb = bc, at = &
0

ab+ba = 0, db+bd = (4.266)
The coalgebra relations and the demonstration that this bialgebra is not a Hopf
algebra are as for 7, , <7, .

Also in this case we make the change of basis (4.228) to obtain:

Qo

=ad =da =0, cb = bc,

=0, ac=ca=dc=-c
b . (4.267)

@b + ba =0, db+ bd =

o

The algebra o7 has the same PBW bases (4.227) and (4.230) as the algebra <7 . It has
also the same (co)ideals as «7; (cf. (4.240, 4.241)).

4.8.4.1 Algebra and Coalgebra Structure of the Dual

In view of the similarities between the algebras </; and <75 it is natural do use
the same generators 4, B, C, D, E for the dual %. It is not surprising that we get the
same algebraic relations between generators A, B, C, D, E. However, unlike the bial-
gebras </, </, the coalgebraic relations and the relation with the FRT formalism
here are different, and it is even necessary to introduce two new auxilliary operators
F, defined as:

(Fuf) = e<E(¢1, %)f) - e<exp(i%)f>. (4.268)
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Explicitly we have:

(1 for f=d°
(Fo,f) =41 for f=1,
|0 otherwise
(-)¢ for f= a‘
11 for f=1,

0 otherwise.

(F_.f)

We have for the algebraic and coalgebraic structure of %4:

(4.269a)

(4.269h)

Proposition 7. The generators A,B,C,D,E, F, obey the following algebraic relations:

=]
)
|

[D,B] = 2BD°, [D,B], = 0

For the proof we refer to [49].

Proposition 8.
(i) The comultiplication in the algebra % is given by:

S(A) = A@la)/ + 1@/ ®A,

6(B) = B®1l,y +F.F_®B,
6(C) = C®RE+E®C,
8(D) = D®E+E®D,
6(F) = E®E

8(F,) = F, &F,.

(ii)  The counit relations in %; are given by:

ey(Z) =0, Z=ABCD
€4(Z) =1, Z=E,F,

For the proof we refer to [49].

- -2¢, [B,Cl=D [BCl, =D

(4.270)

(4.271)

(4.272)
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There is no antipode for the bialgebra %4 - this is proved exactly as for %;.

As in the case of 4, — &/, (and %, — /) duality, one may reduce the basis
of /5 from the % — 5 duality, but only with the ideal I; = </, b (since d is not
annihilated by F,). Thus, the basis of .7 is reduced to the following monomials:

ek, p'a’, ¢, nkez,, CeN. 4.273)

The algebraic relations of the reduced algebra become:

?=0, ac=ca=dc=cd=ad=da=ch=hbc=0,
0.

ab + ba =0, db+ bd = (4.274)

4.8.4.2 Consistency with the FRT Approach
The 4 x 4 R-matrix needed for the FRT approach is given in (4.265). The matrices R
entering the duality relations are:

R} = PRyP = Ry (4.275a)
10 0 -1
_ _ -10 O
R; =R' = . .275b
3 3 10 (4.275b)
1

Using the above and relations (4.247) (with R; — R;) we obtain:

(22 - (29
<L22<ccl3)> <8—01>
(t()) - (57)

Iterating these relations for arbitrary elements of the basis of <73 we can show that
the L generators are given in terms of some of the other generators in the following
way:

LY =F,, Lj=F, L =BF (4.277)

Formulae (4.277) are compatible with the coproducts in (4.271) of the generators B, F, .
However, as we see this approach does not say anything about the basic generators
A,C,D.
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4.8.5 Higher-Order R-matrix Relations and Quantum Planes

In order to address the question of the quantum planes corresponding to the exotic
bialgebras we have to know the relations which the R-matrices fulfil. As we know the R-
matrices producing deformations of the GL(2) and GL(1|1) fulfil second-order relations.
However, in the cases at hand we have higher-order relations.

We start with the R-matrix Ry, 5 of [339]:

R = 4.278
. (4.278)
1
We need actually the singly permuted R-matrix:
= 00 1h
R = PR = 4.2
010h, (4.279)
0001
Explicit calculation shows now that we have:
R-1)(R+1) =0, h =-h,=h, hy=-I, (4.280a)
(R-1)?(R+1) =0, hy=-h,=h, hy+-I,
R = PR, (4.280b)
(R-1°(R+1) =0, h +h,#0, R =PR, (4.280c)

where 1is the 4 x 4 unit matrix. Thus the minimal polynomials are:

R-1D®R+1) for hy=-hy=h, hy=-F,
polR) = {(R-1>(R+1) for hy=-hy=h, hy # - (4.281)
R-1’[R+1) for hy+h,#0

Remark 4.2. We recall that (4.280a) is the Jordanian subcase which produces the
GLj,(2) deformation of GL(2). Thus, the three subcases of Hietarinta’s R-matrix
Ry, 5 are distiguished not only and not so much by the algebras they produce but
intrinsically by their minimal polynomials. ¢

To derive the corresponding quantum planes we shall apply the Wess—Zumino formal-
ism [596]. The commutation relations between the coordinates z' and differentials Z',
i =1,2, are given as follows:
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77 = Py, (4.282)

{0 = -2y ¢ (4.283)
i v k_¢

Z{ = Qijkf( z (4.284)

where the operators &2, 2 are functions of R and must satisfy:
(Z-1D(2+1) =0. (4.285)

In the well-studied deformations of GL(2) there are quadratic minimal polynomi-
als, and there are only two choices for the operators &2, 2 (cf. e.g., (4.280a)).
Here we have more choices. In particular, for the case (4.280b) we have four
choices:

(R-1, R*-1)
D A_ 2

(P -1, 2+1) = (If; L R-17) (4.286)
®-1,R-1)

((jé - 1)2’ I’é + l)a
while in the case (4.280c) we have six choices:

(R-1, RZ-1D(R-1)

(R+1, (R-1°)

| ®-1, R-1))

(P -1, 2+1) = @12, B -1 (4.287)
(RR-1DR-1, R-1)

(R-13 R+1).

Our choice will be the last possibility of both (4.286) and (4.287); that is, we shall use
2 -1 = (R-1)%with a = 2,3, respectively, and 2 = R in all cases. With this choices
and denoting (x, y) = (2}, z°) we obtain from (4.282), respectively,

xy-yx=hy’, h=-hy=h, Z-1=R-1) (4.288)
Xy —yx = %(h1 - hz)yz, h#-hy, Z-1=R- 1)°. (4.289)

We note that the quantum planes corresponding to the bialgebras ./, and </, are
not essentially different. Furthermore, the quantum plane (4.288) is the same as for
the Jordanian subcase if we choose & -1 = R-1.
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Denoting (¢, 1) = (¢*, ¢%) we obtain from (4.283) with 2 = R:

&4 @ &, =0 (4.290a)
=0 (4.290D)
n = -né (4.290c)

Of course, for R = PR, (4.290a) simplifies to
&+hén =0, (4.291)

which is valid also for the Jordanian subcase.
Finally, for the coordinates—differentials relations we obtain from (4.284) with
2 = R again for all subcases:

X§ = §x+ gy + honx + hany (4.292a)
xn = nx+hny (4.292b)
y§ = §y+hyny (4.292¢)
yn = ny. (4.292d)

Finally we derive the quantum plane relations for the case of the R; matrix. It is easy
to see that (4.280b) holds also in this case; that is, for

1001
- 00-10
Ry=PR=| o 0o | (4.293)

0001

Using (4.282-4.284) with &2 —1 = (ﬁg -1%, 2= E, we obtain, respectively:

Xy = —yx (4.294)
& =0,1" =0, =n¢ (4.295)
x§ = §x+ny,xn = -nx,y§ = =§y,yn = ny. (4.296)

Finally, we note that a check of consistency of this formalism is to implement Manin’s
approach to quantum planes [461]. Namely, one takes quantum matrix T (cf. (4.14)) as
transformation matrix of the two-dimensional quantum planes. This means that if we
define:

PARE PP G WA (4.297)

then (x',y") = ", 2% and ¢, n) = (CII, ('2) should satisfy the same relations as
(x,y) and (&, 7). The latter statement may be used to recover the algebraic relations
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of the bialgebras. Namely, suppose, that relations (4.288), (4.290b,c), (4.291), (4.292),
or relations (4.289), (4.290), (4.292), or relations (4.294), (4.295), and (4.296), hold for
both (x, y) and (£, 1) and (x',y") and (¢, n'); then substitute the expressions for (x’,y")
and (¢ " n' ) in the these relations, under the assumption that a, b, ¢, d commute with
(x,y) and (¢, n7); then the coefficients of the independent bilinears that may be built
from (x, y) and (¢, n) will reproduce the algebraic relations of the bialgebras «;, &5,
o 3, respectively.

4.8.6 Exotic Bialgebras: Nontriangular Case S03

In this subsection and the next we find the exotic matrix bialgebras which corres-
pond to the two nontriangular nonsingular 4 x 4 R-matrices of [339], namely, Ry, ; and
Rg; 4, which are not deformations of the trivial R-matrix. We study three bialgebras
denoted by S03, S14, Sl4o, the latter two cases corresponding to Rg; 4 for deformation
parameter ¢> # 1 and ¢° = 1, respectively.

Again we consider matrix bialgebras which are unital associative algebras gener-
ated by four elements a, b, c, d. The coproduct and counit relations are the classical
ones (4.5).

Here it shall be convenient to make the following change of generators:

a=1ia+d, d=3ia-d, b=1ib+o, ¢=3ib-o. (4.298)

T2 T2 T2

For the new generators we have instead of (4.5):

ab aed+beb-ctet+ded
6<‘a>'_<&®é+&®a—5®&+&®5 (4.299)
aob+beoa-ted+dec
aed+dea-bec+ceb

ab 10
((95) - (10) (00
Here we consider the matrix bialgebra SO3, which we obtain by applying the RTT
relations of [272]:

RT,T, = T,T,R, (4.301)
whereT) = T® 1,, T, = 1, ® T, for the case when R = Rg 3, [339]:

1001
0110

Rgys = 4.302

50,3 01-10 (4302

-100 1
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The relations which follow from (4.301) and (4.302) are:

V' +t=0, d-d* =0, (4.303)
cd = ba, dc = -ab,
bd = ca, db = —-ac,
da = ad, cb = —bc.

In terms of the generators @, b, ¢, d we have:

B -2-0, ad=da-=0, (4.304)
ab =0, bd = 0,
de =0, ca=

In view of the above relations we conclude that this bialgebra has no PBW basis.
Indeed, the ordering following from (4.304) is cyclic:

a>c>d>h>a. (4.305)

Thus, the basis consists of building blocks like & % @ band cyclic. Explicitly the basis

can be described by the following monomials:

d1¢d b dned"ba, n, k.6 ez, (4.306a)
d'bavc...d"bak, n,k.,6 ez, (4.306b)
ded' b .. dvead™, n,k.6 ez, (4.306¢)
d'bave... d"bamed™, n,k.e ez, (4.306d)

We shall call the elements of the basis “words”. The one-letter words are the gen-
erators @, b, ¢, d; they are obtained from (4.306a), (4.306b), (4.306¢), and (4.306d),
respectively, forn = 0,k = L, n = Lk = ¢ = 0O, n = 1k = ¢ = 0,
n = 0,¢; = 1, respectively. The unit element 1, is obtained from (4.306b) or (4.306c¢)
forn = 0.

4.8.6.1 Dual Algebra
Let us denote by s03 the unknown yet dual algebra of 503, and by 4, B, C, D the four
generators of s03. Like in [209] we define the pairing (Z,f), Z = A, B, C, D, f is from

(4.306), as the classical tangent vector at the identity (4.186) (Z,f) = ¢ (%), where

oy
(Z,y) = (A,a), (B,b), (C,¢), (D,d).Explicitly, we get:
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k for f=a"
o f (4.307a)

otherwise
for f = ba*

)
)]
)]

ool
-
~

I
™

for f = akc

—~
O
\"i
~
I
M

1
) (4.307¢)
0 otherwise

1 for f=d

0 otherwise

(D, f) = ¢ (4.307d)

Using the above we obtain:

3
(=]
o
o
(7]
=
o
=
O
~
o
]
=
Q
i)
=S
=}
>
bx
Ugl
ﬁx
(Wl
Y
=~
=y
(=)
QU
<
()
o
QU
Q
S
Q
<
o
o
S
<
~
=
o
?
-
Q
s
=
Uq
g,
Q
=
=}
=
Cn

Zl=0, Z=B,C, (4.308)

8y (A)=A®1y +1y ®A (4.309)
6,B)=Bel, +(1, -B)eB

840 =Ce(y -B)+140C

8,D) =D, -B)+(1, -B)eD

ey(2)=0, Z=AB,CD.

A, B = - and D? are Casimir operators. The bialgebra s03 is not a Hopf algebra.
For the Proof we refer to [50]. O

Corollary: The algebra generated by the generator A is a sub-bialgebra of s03. The
algebra s03' generated by the generators B, C, D is a nine-dimensional subbialgebra
of s03 with PBW basis:

1,4, B, C, D, BC, BD, DC, B, (4.310)

Proof. The statement follows immediately from relations (4.308, 4.309). We comment
only the PBW basis of the subalgebra s03’. Indeed, a priori it has a PBW basis:
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B DfC", ke<2,m<1 (4.311)
the restrictions following from (4.308). Furthermore it is easy to see that there are no
cubic (and consequently higher order) elements of the basis. For some of the cubic

elements this is clear from (4.308). For the rest we have:

DB =D’ (4.312)

also using (4.308). Thus, the basis is given by (4.310) that the algebra is indeed nine-
dimensional. ¢

Remark 4.3. The algebra s03 is not the direct sum of the two subalgebras described in
the preceding corollary since both subalgebras have nontrivial action on each other;
for example, B’A = A, AD = D. The algebra s03’ is a nine-dimensional associative
algebra over the central algebra generated by A. O

4.8.6.2 Regular Representation
We start with the study of the left regular representation (LRR) of the subalgebra s03'.
For this we need the left multiplication table:

1 B c B BC
~ ~ ~2 ~ ~ ~
B B B BC B C
¢ ¢ BC+2D B ¢ _B+2DC
b b -BD be h) -p?

) p? BD bc

B BD pc D p?
¢ -b¢ _BD p? b
b p? p _be _BD

The LRR hence contains the subrepresentation generated as a vector space by
{D, D?, BD, DC}, which decomposes into two two-dimensional irreps:
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vo=D+D*, vi=BD+DC, (4.313)
S0\ _ (1Y A(Yo\_ (V1) a(Yo)_ (Yo
B 1) \,1) 1) 1) D 1) 1

Vi Yo 141 Yo Vi v
vo=BD-DC, vi=D-D?, (4.314)
B(1) () (%)= (). o(%)-("%)

V2 v3/) v vi /) v -2

These two irreps are isomorphic by the map (vé, V%) - (v(z), vf). On both of them the
Casimirs B?, D’ take the value 1. (Also the Casimir A of s03 has the value 1.)

The LRR contains also the trivial one-dimensional representation generated by
the vector v = B? - 1, . On this vector all Casimirs and moreover all generators of s03
take the value O.

The quotient of the LRR by the above three submodules has the following
multiplication table:

1 B c BC
B B B BC ¢
¢ ¢ Be -B -B
D 0 0 0

Thus the quotient decomposes into a direct sum of four one-dimensional representa-
tions, generated as vector spaces by

Voo = B+¢€l,, —ie€'C - ie'BC, €€ =+ (4.315)
On the latter vectors we have the following action:
'y Cveg=ievgy, Dy a=0. (4.316)

Obviously, on all of them the Casimirs B%,D? take the values 1,0, respectively.
However, these four representations are not isomorphic to each other.

To summarize, there are seven irreps of s03' which are obtained from the LRR:
- one-dimensional trivial (all generators act by zero)

- two-dimensional with both Casimirs B?, D* having value 1

— four one-dimensional with Casimir values 1, O for B, D?, respectively

Turning to the algebra s03 we note that it inherits the representation structure of its
subalgebra s03'. On the representations (4.313,4.314) the Casimir A has the value 1,
while on the trivial irrep generated by v = B? - 1,, the Casimir A has the value 0.
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However, on the one-dimensional irreps generated by (4.315) the Casimir A has no
fixed value. Thus, the list of the irreps of s03 arising from the LRR is:
— one-dimensional trivial

- two-dimensional with all Casimirs A, B?, D* having value 1

—  four one-dimensional with Casimir values y, 1, 0 for A, B, D?, respectively, u € C

Finally, we note that we could have studied also the right regular representation of
503. The list of irreps would be the same as the above one.

4.8.6.3 Weight Representations

Here we consider weight representations. These are representations which are built
from the action of the algebra on a weight vector with respect to one of the generators.
We start with a weight vector v, such that:

Dvy =2y, (4.317)

where A € C is the weight. As we shall see the cases A # 0 and A = O are very different.

We start with A # 0. In that case from from D> = D follows that A> = 1, while
from B’°D = D follows that B%, = v, . Further, from (4.308d) follows that Cv, =
-ABv,. Thus, acting with the elements of sO3 on v, we obtain a two-dimensional
representation, for example:

Vo,Bvy, (4.318)

(and we could have chosen v, , Cv, as its basis). This representation is irreducible.
The action is given as follows:

Vo Bv,
B Bv, Vo
C -ABv, Av,
D A Vo —AB Vo

Both Casimirs B, D? take the value 1.
Let now A = 0. In this case acting with the elements of s03 on v, we obtain a
five-dimensional representation:

Vo »BVvgy,Cvy,BCvy , B v, (4.319)

This representation is reducible. It has a one-dimensional subrepresentation spanned
by the vector w = vv, = (B? - 1,)v,. This is the trivial representation since all
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generators act by zero on it. After we factor out this representation the factor repres-
entation splits into four one-dimensional representations spanned by the following
vectors w, s = v, 1 Vo, where v, o is from (4.315) and the action of the generators is as
given in (4.316). Thus, these irreps are as those obtained from the LRR.

To summarize, there are six irreps of s03’ which are obtained as weight irreps of
the generator D:
- one-dimensional trivial

- one two-dimensional with both Casimirs B, D? having value 1

— four one-dimensional with Casimir values 1, O for Bz, Dz, respectively

Turning to the algebra s03, we note that it inherits the representation structure of its
subalgebra s03'; however, the value of the Casimir A is not fixed except on the trivial
irrep. Thus, the list of the irreps of s03 which are obtained as weight irreps of the
generator D is:

— one-dimensional trivial

—  one two-dimensional with Casimir values y, 1, 1 for A, B, D?, respectively, u € C

~  four one-dimensional with Casimir values y, 1, 0 for A, B, D?, respectively, y € C

Finally, we note that it is not possible to construct weight representations w.r.t.
generator B (or C).

4.8.6.4 Representations of s03 on S03
Here we shall study the representations of sO3 obtained by the use of its right regular
representation (RRR) on the dual bialgebra S03. The RRR is defined as follows:

mR(2)f = fy{Z,f)) » Zes03,Z+1y, feSO03,
mx(,)f =f,  feS03, (4.320)

where we use Sweedler’s notation for the coproduct: 8(f) = fi;) ® fi) . (Note that we
cannot use the left regular action since that would be given by the formula: 71; (2)f =
{y9, (2), fay) fp) and we do not have an antipode.) More explicitly, for the generators of
503 we have:

- fab ab
mr(A) (& a) = (z: a) (4.321)
_(ab ba
7 (B) <& a> - (a E:>
a d

x(C) <f: g
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- (ab d -t
w0(2a)-(54)

HR(Z)I.szlﬂf <Z’1.Qf =1‘Q{£%(Z)=O, Z=A,B,C,D.

Q

~

For the action on the elements (words) of SO3 we use a corollary of (4.320):

ng(Z)fg = np(64,(2)(f © 8), (4.322)

where f, g are arbitrary words from (4.306). Further we shall need the notion of the
“length” £(f) of the word f. It is defined naturally as the number of the letters of f; in
addition we set £(1,,) = 0. Now we obtain from (4.322):

A f = e(f) f (4.323a)
mgB)f - g = (mg(B)f) - g (4.323b)
() f-g =f - (mz(0)g) (4.323¢c)
nr(D)f =0, ife(f) > 1 (4.323d)

From (4.323b,c) it is obvious that the only nonzero action of B,C actually is:
”R(B) <
X b ¢ d
. S)=f. - .32
R (O)f (E d) f (a _b) (4324b)

From (4.323a) it is obvious that we can classify the irreps by the value u, of the Casimir
A which runs over the non-negative integers. For fixed u, the basis of the corres-
ponding representations is spanned by the words f such that &(f) = p, . Thus, we
have:
- =0
This is the one-dimensional trivial representation spanned by the unit element 1,
on which all generators of s03 have zero action.

- m=1
This representation is four-dimensional spanned by the four generators a, b, ¢, d

of S03. It is reducible and decomposes in two two-dimensional irreps with basis
vectors:

ba
p ) -f (4.324a)

b, (4.325a)
Vo=b-t=c, vi=a-d=d. (4.325b)



4.8 Duality for Exotic Bialgebras = 175

The RRR of B, C, D on these vectors is as (4.313,4.314):

md(3)-(1) mo(h)-()
(%) - (") @326)

These two irreps are isomorphic by the map (vg, v;) — (v3,Vv3). On both of them
the Casimirs B2, D? take the value 1.

Mg =2

This representation is eight-dimensional spanned by &2, ac,ba, bé,eb,
¢d,d’,db. It is reducible and decomposes in eight one-dimensional irreps
with basis vectors:

vl = (a+eb)a+ic'c) (4.327a)
vﬁ o = (d+et)(d+ie'b) (4.327b)
€€ =+

The RRR of B, C, D on these vectors is as (4.316):
nR(B)v’é,e, = ev’ée, , nR(C)v];’ o= ie'v’e" o nR(f))v’é’ o =0. (4.328)

The irrep with vector vl . is isomorphic to the irrep with vector vi o - Thus, there
are only four distinct irreps parametrized by €, €’. On all of them the Casimirs
B?, D? take the value 1,0, respectively.

Hg=N>2

These representations are reducible and decompose in one-dimensional irreps
with basis vectors:

Ve =(@+eb)-fi-(a+ie'c) (4.329a)
V2 =(d+et) -f,-(d+ie'b) (4.329b)
vg’e, =(a+eb)-f;-(d+ie'h) (4.329¢)
vz’e, =(d+ed)-f, (@+i€'c) (4.329d)
€=z, ef)=N-2

The RRR of B, C, D on these vectors is as exactly as (4.316). The irrep with vector
v’;’e, is isomorphic to the irrep with vector vz’e, . Thus, there are only four distinct
irreps as in the case above. On all of them the Casimirs B2, D? take the value 1,0,
respectively.
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To summarize the list of irreps of s03' is the same as given in Section 4.8.6.2. The
list of irreps of s03 here is smaller since the Casimir A can take only non-negative
integer values. Thus, the list of the irreps of s03 using the dual bialgebra SO3 as carrier
space is:

— one-dimensional trivial
- two-dimensional with all Casimirs A, B?, D* having value 1

— four one-dimensional with Casimir values y, 1,0 for A, B?, D?, respectively, u ¢
N+1

The difference in the two lists is natural since here more structure (the co-product) is
involved. Speaking more loosely the irreps here may be looked upon as “integrals” of
the irreps obtained in Section 4.8.6.2.

4.8.7 Exotic Bialgebras: Nontriangular Case S14

In this subsection we consider the matrix bialgebra S14. We obtain it by applying the
RTT relation (4.223) for the case R = Rg, ,, when g° # 1 where:

000¢
0010

R = 4.330

51,4 0100 (4.330)

qooo

This R-matrix is given in [339].
The relations which follow from (4.223) and (4.330) when ¢° # 1 are:

p’-c*=0, a-d*=0 (4.331)
ab=ba=0, ac=ca=0
bd=db=0, cd=dc=0.

In terms of the generators &, b, &, d

be+eh=0 ad+da=0 (4.332)
b = ba = ac=ca=
bd =db =0 ¢d =dc =

From the above relations it is clear that the PBW basis of S14 is:

ad, b (4.333)
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4.8.7.1 Dual Algebra

Let us denote by s14 the unknown yet dual algebra of S14, and by A, B,
generators of s14. We define the pairing as (4.186):(Z,f), Z = A,B,C,
(4.333). Explicitly, we obtain:

. D the four
D, fis from

. F) kby f=d"d
(A, f) = s(%) - {o 0 b (4.334a)
=b ¢
) 0 - ad
(B, f) = e(a—(> = ! ?k% (4.334b)
0 6abpo f=bc¢
. 0 -adad’
(€, f) - e(a—f) - fmac (4.3340)
ot 80 f=b¢
. of by f=dd
(D, f) = e(£> "o fopw (4.334d)
=b ¢
We shall need (as in Section 4.8.2) the auxiliary operator E:
1 fi =1
(E.f) = { or f e (4.335)
0 otherwise

Using the above we obtain:

Proposition 10. The generators A, B, C, D introduced above obey the following relations:

C=DB=-BD, [A,D]=0 (4.336)
AB=BA=D’B=B’=B,
EZ = ZE = 0, Z=A,B,D,

6,y(A) =A®1,; +1, ®A (4.337)

6,B)=BeE+E®B

6,0 =DeK+1,eD, K=(-1

6(F)=EQ®E
ey(Z)=0, Z=A,BD, eyE)=1 (4.338)

A, B2 and D? are Casimir operators. The bialgebra sl4 is not a Hopf algebra.
For the Proof we refer to [50]. O

Corollary 3. The algebra generated by the generator A is a sub-bialgebra of s14. The
algebra s14' generated by B, D is a subalgebra of s14, but is not a sub-bialgebra (cf.
(4.337b,¢)). It has the following PBW basis:
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B, B%, DB, DB?, D¢, ¢=0,1,2,... (4.339)

where we use the convention D° = 1,, . 0

4.8.7.2 Regular Representation
We start with the study of the right regular representation of the subalgebra s14'. For
this we use the right multiplication table:

B B bB i3 b P2+
B B? B pB? B B B
D _DB DBZ _ D BZ ﬁ2k+l D2k+2

From the above table follows that there is a four-dimensional subspace spanned by
B, B?, DB, DB?. 1t is reducible and decomposes into four one-dimensional representa-
tions spanned by:

V. =B+eB’ - €' DB+ ee' DB (4.340)

>

The action of B, D on these vectors is:

7 ~ !

Bvgg =€veo, Dv =€V o (4.341)
The value of the Casimirs B2, D? on these vectors is 1.

The quotient of the RRR by the above submodules has the following multiplication
table:

D2k p2k+
B 0 0
D D2k+1 D2k+2

This representation is reducible. It contains an infinite set of nested submodules V" >
V™ n=0,1,..., where V" is spanned by D™*¢, ¢ = 0, 1, .... Correspondingly there is an
infinite set of one-dimensional irreducible factor-modules F" = V"/V"™*! (generated by
D™), which are all isomorphic to the trivial representation since the generators B, D act
as zero on them. Thus there are five irreps arising from the RRR of s14':

— one-dimensional trivial

- four one-dimensional with both Casimirs B2, D* having value 1
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Turning to the algebra s14 we note that it inherits the representation structure of its
subalgebra s14’. On the representations (4.340) the Casimir A has the value 1. However,
on the one-dimensional irreps F" the Casimir A has no fixed value. Thus, the list of the
irreps arising from the RRR of s14 is:

- one-dimensional with Casimir values y, 0, 0 for A, B?, D?, respectively, u € C

- four one-dimensional with all Casimirs A, B2, D* having value 1

4.8.7.3 Weight Representations
Here we study weight representations, first w.r.t. D, as in (4.317). The resulting
representation of s14' is three-dimensional:

Vo »Bvgy , B2 vy, (4.342)

It is reducible and contains one one-dimensional and one two-dimensional irrep:
- one-dimensional A € C:

wo = (B =14 » (4.343)
Bw, =0, Dwg = Awg, (4.344)

— two-dimensional with A = +1:

Vo, v; = Bvy) (4.345)
5= () o(y)=iy) e

Vi V1

Turning to the algebra s14 we note that it inherits the representation structure of its
subalgebra s14’. On the one-dimensional irrep (4.343) the Casimir A has no fixed value
since B is trivial, and [A, D] = 0. On the two-dimensional irrep (4.345) the Casimir A
has the value 1 since AB = B.

Thus, there are the following irreps of s14 which are obtained as weight irreps of
the generator D:
— one-dimensional with Casimir values y, 0, A° for A, B2, D?, respectively, u,A € C

- two two-dimensional with all Casimirs A, B?, D? having the value 1

Next we consider weight representations w.r.t. B:
Bvy=vv,, (4.347)

with v € C. From B? = B follows that v = 0, +1. Acting with the generators we obtain
the following representation vectors: v, = D’ v, . We have that Dv, = v,,;.
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Further we consider first the case v* = 1. Then we apply the relation D’B = Bto v,
and we get:

D’Bv, = (-1)*w,,, = Bv, = (-1)*w,

from which follows that we have to identify v,,, with v,. Thus the representation is
given as follows:

Vo, vy = D} (4.348)
)-() - ()
Vi V1 Vi Vo
On this irrep both Casimirs B?, D? have value 1 (? = 1).

Further we consider the case v = 0. This representation is reducible. It contains
an infinite set of nested submodules V" > V™! n = 0,1, ..., where V" is spanned by
D™y, € = 0,1, .... Correspondingly there is an infinite set of one-dimensional irredu-
cible factor-modules F" = V"/V™! (generated by D"v,), which are all isomorphic to
the trivial representation since the generators B, D act as zero on them.

Turning to the algebra s14 we note that it inherits the representation structure of
its subalgebra s14', with the value of the Casimir A being not fixed if B acts trivially,
and being 1, if B acts non trivially.

Thus, there are the following irreps of s14 which are obtained as weight irreps of

the generator B:
- one-dimensional with Casimir values y, 0, 0 for A, B?, D?, respectively, u € C

- two two-dimensional with all Casimirs A, B?, D* having the value 1

4.8.7.4 Representations of s14 on S14

Here we shall study the representations of s14 obtained by the use of its right regular
representation (RRR) on the dual bialgebra S14. The RRR is defined as in (4.320). For
the generators of s14 we have:

() (& Z) _ <& z> (4.349)
R

woft8)-(4)

oltt)- (2

0, Z
1, Z

T[R(Z) 191 = 15{ (Z, 1£{> = 19{8%(2) = {
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For the action on the basis of S14 we use formula (4.322). We obtain:

MA@ =+ a@d,  mgA)b"e = (n+ kB (4.350)

MoB) @A = 8108,4b + 6,064,  MR(B)B"E = 8,08,4 + 6,060

mp(D)dd’ = (-1)"edd ™ + -0tk a

(D) B e = (~1)feb e + (1)t kB!

We see that similarly to Section 4.8.6.4 the Casimir A acts as the length of the elements
of S14, that is, (4.321) holds. Thus, also here we classify the irreps by the value p, of
the Casimir A which runs over the non-negative integers. For fixed u, the basis of the
corresponding representations is spanned by the elements f such that £(f) = p, . The
dimension of each such representation is:

2y +1) for puy >1
dim () = 4 2+ D for s (4.351)
1 for uyy =0
The classification goes as follows:
- M=0
This is the one-dimensional trivial representation spanned by 1, .
- =1

This representation is four-dimensional spanned by the four generators a, b,¢,d
of S14. It decomposes in two two-dimensional isomorphic to each other irreps with
basis vectors as in (4.325) - this is due to the fact that the action (4.349b,c) is the
same as the action (4.321). The value of the Casimirs B2, D? is 1.

— Each representation for fixed p, > 2 is reducible and decomposes in two iso-
morphic representations: one built on the basis a"a", and the other built on the
basis Bké", each of dimension u4 + 1. Thus, for pu, > 2 we shall consider only the
representations built on the basis @d’. These representations are also reducible
and they all decompose in one-dimensional irreps. Further, the action of B s zero,
thus, we speak only about the action of D.

- Up=2n,n=1,2,..

For fixed n the representation decomposes into 2n + 1 one-dimensional irreps. On
one of these, which is spanned by the element:

n
wo =y (7 )a e, (4.352)
k=0

the generator D acts by zero. The rest of the irreps are enumerated by the
parameters: +, 7, where 7 = 2,4, ..., 2n = luy, and are spanned by the vectors:
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U; = Uy + Tl , (4.353)
= -2k
Up = ) & axa, ay=1,
k=0
n-1
w= Y B A, -1,
k=0
on which D acts by:
mrD)u; = +Tu; (4.354)
which follows from:
- (U T u
rrR(D)( ) - ( ) (4.355)

Note that the value of the Casimir D? is equal to 7°. The coefficients a, , 8, depend
on 7 and are fixed from the two recursive equations which follow from (4.355):

B, = 2n - Kay - 2(k + Day,;, k=0,..,n-1
a=Qk+1)B-@2n-2k+ 1)y, k=0,..,n, (4.356)

where we set f_; = 0,8, = 0.

- MW=2n+l,n=12,..
For fixed n the representation is (2n + 2)-dimensional and decomposes into 2n + 2
irreps which are enumerated by two parameters: +, 7, wheret = 1, 3,5, ...,2n+1=
Ua, and are spanned by the vectors:

+
Wy = Wo . TWy, (4.357)
n
- n-2k+1 2k
wo =Y e @ a, ap=1,
k=0
1 n—2k ~2k+1
! ~2n-2k 5 !
W1:Zﬁka d , By=1,
k=0

on which D acts by (4.354). Note that the value of the Casimir D? is equal to 72. The
coefficients a; , B}, are fixed from the two recursive equations which follow from
(4.354):

12/3,'( =2n-2k+ 1)a;< - 2(k + 1)0z;(+1 , k=0,..,n;
a =k + DB, -2n—k+ 1B, k=0,..,n, (4.358)

! _ L
where we set a,,,; = 0,8, =0.
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To summarize the list of irreps of s14 on S14 is:
— one-dimensional trivial

- two two-dimensional with all Casimirs A, B2, D? having the value 1

— one-dimensional enumerated by n = 1, 2, ..., which for fixed n have Casimir values
2n,0, 0 for A, B?, D?, respectively

— pairs of one-dimensional irreps enumerated by n =1,2,... 7 = 2,4, ... ... ,2n, which
have Casimir values 2n, 0, 7° for A, B?, D?, respectively.

— pairs of one-dimensional irreps enumerated by n = 1,2,...; 7 = 1,3, ... ... ,2n+1),
which have Casimir values 2n + 1, 0, 72 for A, B?, D?, respectively

Finally, we note in the irreps of s14 on S14 all Casimirs can take only non-negative
integer values.

4.8.8 Exotic Bialgebras: Nontriangular Case S140

In this section we consider the matrix bialgebra S140. We obtain it by applying the RTT
relations (4.223) for the case R = Rg, , (cf. (4.330)), when ¢° = 1. We shall consider the
case g = 1 (the case g = —1is equivalent, cf. below). For g = 1 the relations following
from (4.223) and (4.330) are:

=d, b =c*=0, ab=ba=ac=ca=bd=db=cd=dc=0 (4.359)

or in terms of the generators a, b, ¢, d:

ba=ab, ¢a=-ac, da=-ad, ¢th=-b¢c, db=-bd, dc=cd (4.360)
(The case g = —11is obtained from the above through the exchange b < ¢.)

From the above relations it is clear that we can choose any ordering of the PBW
basis. For definiteness we choose for the PBW basis of S140:

ap'end (4.361)

4.8.8.1 Dual Algebra

Let us denote by sl4othe unknown yet dual algebra of S140, and by 4, B, C, D the four
generators of s140. We define the pairing (Z, f), Z = A, B, C, D, fis from (4.361), as in
(4.186). Explicitly, we obtain:

.k
(A, f) = e(af> - {k for f = (4.362a)

0 otherwise
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~ of ) 1 for f=a'b
B, = = | = 4.362b
(B.f)=¢ ( ob {O otherwise ( )
af> 1 for f=adke
C, =egl=) = 4.362
(C.f)=e ( oc {0 otherwise ( 2
_ of ) 1 for f=akd
D, fy=e(L) - 4.362d
(D.f)=e¢ < od {0 otherwise ( )

Using the above we obtain:

Proposition 11. The generators A, B, C, D introduced above obey the following relations:

[4,72]1=0, Z=B,C,D (4.363)
[B,Cl=-2D, |[B,D]=-2C, |[C,D]=-2B

8,yA)=A®1, +1, ®A (4.364)
5%(3) = B@la}l +1% ®B
§,@) =CeK+1,0C, K=(D*

6,4D)=DeK+1, ®D (4.365)

ey(Z)=0, Z=A,BCD (4.366)

ya(A) = -A, y,,(B)=-B, y4(C)=-CK, y4(D)=-DK. (4.367)

For the Proof we refer to [50]. O

Corollary: The auxiliary generator K = (—1)‘21 is central and K = K. Its coalgebra
relations are:

64K =KeK, e,K=1, y,K =K? (4.368)

Corollary: The algebra generated by the generator A is a Hopf subalgebra of s140. The
algebra s140’ generated by B, C, D is a subalgebra of sl4o, but is not a Hopf subal-
gebra because of the operator K in the coalgebra structure. The algebras sl4o, sl40’
are isomorphic to U(gl(2)), U(sl(2)), respectively. The latter is seen from the following:

v

X*=1D+0) (4.369)
B,X*]=+2X*, [X',X]=B.

—
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Indeed the last line presents the standard sl(2) commutation relations. However, the
generators X* inherit the K dependence in the coalgebra operations:

8,X)=X"®K+1y 0 X" (4.370)
842/(Xi) =0
v (X*) = -X*K

The algebra s14o is a graded algebra:
deg X* = +1, degA = degB = 0, (= degK = 0) ¢ (4.371)

Based on the above corollary we are able to make the following important obser-
vation. The algebra s140 may be identified with a special case of the Hopf algebra
Uy, Which was found in [209] as the dual of GL, ,(2) (see Section 4.4 here). To
make direct contact with [209], we need to replace there (p"2, ¢"?) — (p, g), then
to set ¢ = p}, and at the end to set p = -1. (The necessity to set values in
such order is clear from, e.g., the formula for the coproduct in (5.21) of [209].)
The generators from [209] K, pX, H, X* correspond to A, K, B, X* in the notation at
hand.

More than this. It turns out that the corresponding algebras in duality, namely,
Sl4o and GL, ;(2) may be identified setting g, p as above. To make this evident we
make the following change of generators:

a=a+bh, b=d-¢ ¢=¢+d, d=a-b. (4.372)

For these generators the commutation relations are:

ba=-ab, ¢a=-ac, da=ad, ¢b=he¢, bd=-db, &d=-de (4.373)
that is, exactly those of GL, ;(2) (cf. [183]) for p = g = -1. Furthermore the coproduct
and and counit are as for GL,, ,(2) or GL(2), that is, as in (4.393). For the antipode we
have to suppose that the determinant ad — p’lbc from [183], which here becomes (cf.
p=-1:

w = ad + be, (4.374)

is invertible, or, that w # 0 and we extend the algebra by an element w™! so that:

wol=wlw=1,  b6yw")=w"ew", (4.375)

e (wrl) =1, Yor (a}il) _ wil
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Then the antipode is given by:

ab\ i (db
o (8)-a (22) w70

or in a more compact notation:

Yo (M) =M (4.377)
This relation between sl4o, S140 and %, 4, GLM(Z) was not anticipated since the cor-
responding R-matrices Ry, , and Ry, ; are listed in [339] as different and furthermore

nonequivalent. It turns out that this is indeed the case, except in the case we have
stumbled upon. To show this we first recall:

10 0 O
Opl-pqO
Re1 = og qp 1 o (4.378)
00 0 1
which for g = p! = —1 becomes:
1000
0-100
Ro=Re1)ep1-1=| 90 _10 (4.379)
00 01
Further, we need:
000+1
0010
Ri=Raa)i=| o100 (4.380)
+100 O

Now we can show that R, can be transformed by “gauge transformations” to Ry,
namely, we have:

Ry=(U,®U)R, (U, ®U,)™" (4.381a)

1 (11 1 (1i
PN AR N ) ey
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In accord with this we have:

(1) e
cd c

QU -

), T=-UTWU)'>

&=%(a+b+c+d), A=%(a—b+c—d), (4.382)
¢=ia+b-c-d), d=3ia-b-c+ad),

which is equivalent to substituting (4.298) in (4.372).
The use of U_ would lead to different relations between hatted and unhatted
generators, which, however, would not affect the algebra relations. Indeed:

~1 7 ! !
I = (a, b> T = (“, b,>, i -u )
¢ d cd
a = %(a' —ib' +ic' + d), BI = %(—ia' +b +c +id),
N

¢ =3d +b' +c'-id), d=3d+ib-ic+d) (4.383)
But this becomes equivalent to (4.382) with the changes:
@,ib,-ic',d) - @b,e,d,  (d,-ib,ic',d) ~ (a,b,c,d) (4.384)
while the (inverse) changes (4.384) do not affect (4.373) and (4.359).

Representations of s140 on S140

The regular representation of s14o (s140') on itself and its weight representations are
the same as those of U(gl(2)) and (U(sl(2))) due to (4.369). The situation is different
for the representations of sl4o0 on S140 since these involve the coalgebra structure.
However, in treating the representations of sl4o on S140 we can use the the relation
between s140, S140 and %p,q, GLp’q(Z) that we established in the previous subsection.
Then we employ the construction for the induced representations of %, ; on GL,, ,(2)

from [229] and Section 5.1 below, to which we refer.

4.8.9 Exotic Bialgebras: Higher Dimensions

In the previous sections were exposed the studies [49-52] of our initial collaboration
on the algebraic structures coming from 4x4 R-matrices (solutions of the Yang—Baxter
equation) that are not deformations of classical ones (i. e., the identity up to signs).
More recently, our follow-up collaboration (with Boucif Abdesselam replacing our
deceased friend and coauthor Daniel Arnaudon) constructed N> x N? unitary braid
matrices R for N > 2 generalizing the class known for N = 2 [7, 8].
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Here we follow [9] to study of the bialgebras that arise from these higher dimen-
sional unitary braid matrices with the simplest possible case N = 3 in order to get the
necessary expertise. However, even this case is complicated enough.

4.8.9.1 Preliminaries
Our starting point is the following 9 x 9 braid matrix from [7]:

a, 0 0000 0 O
0Ob, 0000 O b_
00a 000a O
000c0c 00

RO®=/0 000100 0
000cOc, 0O
0 0a_ 000a+ O
0b_ 0000 O b,
a 000000 Oa,

a_
0
0
0
0 (4.385)
0
0
0

where
+ — + — + —
a, = 3" £ e™P), b, = 1% xe™?), c, = 120z ™), (4.386)
and mli; are parameters. The above braid matrix satisfies baxterized braid equation:

R5(0)Ry5(0 + )R 15(6) = Ry3(8))R15(6 + 6')R5(6). (4.387)

For the RTT relations of Faddeev-Reshetikhin—Takhtajan [272], we need the corres-
ponding baxterized R-matrix, R = PR (P is the permutation matrix):

a_

000c0c 000

00a000a 00

0b, 0000 0b_0
R(0) = 000010000 , (4.388)

0b_0000O0D O

0

0

a

0
000cOc 00
a. 0000000

+

which satisfies the baxterized Yang-Baxter equation:

R;,(O)R5(8 + 6")Ry5(6') = Ry5(8")R5(0 + 6")R,5(6). (4.389)
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In fact, we need the solutions of the constant YBE, which are as follows:
a,=b,=c,=1/2, a,=+a_, b, =+b_, c, =+c_. (4.390)

In view of (4.386) we see that for a, = a_ the proper limit is obtained, for example, by
taking the following limits: first m}; = —oo, and then 8 = 0, while for a, = —a_ the limit
may be obtained for mj; = —co first, and then 6 = 0. Similarly are obtained the limits
for b, and c,.

So we have eight R matrices satisfying the constant YBE:

(++,4), (=, +,+), (+,=,+), (+,+,-),

(+1 T _)’ (_1 +, _), (_’ B +)a (_’ T _) (4-391)

where the + signs denote, respectively, the signs of a, = +a_, b, = +b_and ¢, = +c_.
For the elements of the 3 x 3 T matrix we introduce the notation:

kpl
T=| qrs (4.392)
mtn

4.8.9.2 Solutions of the RTT Equations and Exotic Bialgebras

We consider matrix bialgebras which are unital associative algebras generated by the
nine elements from (4.392) k, I, m, n, p, q, 1, s, t. The coproduct and counit relations are
the classical ones:

6(T)=TeT, e(T)=1; (4.393)

We expect the bialgebras under consideration not to be Hopf algebras, which,
as in the SO03 case [50], would be easier to check after we find the dual
bialgebras.

In the next subsections we obtain the desired bialgebras by applying the RTT
relations of [272]:

whereT; = T®1,, T, = 1, ® T,for R = R(0) (4.388), and the parameters are the
constants in (4.390) following the eight cases of (4.391).

4.8.9.3 Algebraic Relations
I) Relations which do not depend on the parameters a,, b,,c,. We have the set of
relations
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(N)={,*>=n% kn=nk, P=m? Im=ml
km=nl, kl=nm, lk=mn, mk=1In
rtk-n)=(k-nr=0, rl-m)=1-m)r=0}

The last two relations suggest to introduce the generators:

k=k+n, n=k-n; l=1+m, m=1-nm,
+

=p+

=

In terms of these generators we have:
(N) = {ki = ik = 0; I = ml = 0;
km = il = 0; I = mk = 0;

rm=rhn=0, mr=nr=0}

(4.395)

(4.396)

(4.397)

II) Relations that do not depend on the relative signs of (a_, b_), (a_,c_), and (b_, c_).

In that case we have:
lla)a, = +a_:
If a, = a_ we have the set of relations
A=’ =0, pt=tp; ¢ =5, gs=sq}

or in terms of the alternative generators we have:

A, ={pt=tp=0; g3=5q=0}
If a+ = —a_ the set of relations is:

A ={p*=-0, pt=-tp; ¢ =-5’, gs = —sq}

or alternatively:
A ={p*=FP=0; #=5=0}.

Ib) b, = +b_:
If b, = b_ we have the set of relations:

B, ={rp=rt; rq=rs}

Alternatively

(4.398)

(4.399)

(4.400)

(4.401)

(4.402)

(4.403)
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If c, = c_ we have

Alternatively

If c, = —c_ we have

Alternatively

B_={rp=-rt; rq=-rs} (4.404)
B ={rp=0; rg=0}. (4.405)
C,={pr=tr; qr=sr} (4.406)

C, ={fr=0; 5r=0} (4.407)

C_={pr=—tr; qr=-sr} (4.408)

C_={pr=0; gqr=0}. (4.409)

III) Relations depending on the relative signs of (a_, b_), (a_, b_0), and (b_, c_).

Ila)a_ = +b_:

If a_ = b_ we have the set of relations

Alternatively

(AB), = {pk = tn, tk = pn; pl = tm, tl = pm;
gk = sn, gn = sk; ql = sm, sl = gm} (4.410)

(AB), = {pin = pi = tk = tl = 0; g = gi = §k = 31 = 0} (4.411)

—b_ we have

Alternatively

(AB)_ = {pk = —tn, tk = —pn; pl = -tm, tl = —-pm;
gk = —sn, gn = -sk; gl = —sm, sl = —qm} (4.412)

(AB)_ = {pk = pl =t = th = 0; Gk = gl = 5 = 7 = O}. (4.413)
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IIb) a_ = +c_:
Ifa_ = c_ wehave

(AC), = {kp = nt, kt = np; Ip = mt, It = mp;
kq = ns, nq = ks; lq = ms, Is = mq}

Alternatively
(AC), = {kt =1t = mp = fip = 0; kS =I5 = g = ng = 0}
Ifa_ = —c_ we have

(AC)_ = {kp = —nt, kt = —np; lp = —-mt, It = —mp;

kq = -ns, nq = —-ks; lg = -ms, Is = -mgq}
Alternatively
(AC)_ = {kp = Ip = mt = it = 0; kq = 1g = ™3 = 18 = O}.

Illc) b_ = +c_:
If b— = c_ we have

(BC), = {pq = ts, tq = ps; qp = st, qt = sp}

Alternatively
(BC), = {ps =1tq =0; 5p=qt=0}
If b_ = —c_ we have
(BC)- = {pq = ~ts, tq = -ps; qp = —st, qt = —sp}
Alternatively
(BO)- =1{pg=1t=0; gp =5t =0}

4.8.9.4 Classification of Bialgebras
Thus we have the following solutions:
— Fora, = a_ = b_ = c_we have the set of relations

(+,+,+)={NUA,uUB,uUC, U(AB), U(AC), U(BC),}

(4.414)

(4.415)

(4.416)

(4.417)

(4.418)

(4.419)

(4.420)

(4.421)

(4.422)
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Explicitly we have:

pm=mp=0; pii=np=0; pt=tp=0; p§=35p=0;
gm=mg=0; gi=ng=0; gt =tq=0; g5=35q=0;
rm=mr=0; ri=ar=0; rt=tr=0; r§=5r=0. (4.423)

From (4.423) we see that the algebra <7, ., is a direct sum of two subalgebras: <7, ,
with generators k1, p,q,r, and Mfﬁ with generators m, 71, §, . Both subalgebras are
free, with no relations, and thus, no PBW bases.

— Fora, = a_=-b_ = -c_we have the set of relations

(+,-,—)={NUA, UB_UC_U(AB)_U(AC)_U (BC),} (4.424)

We omit the relations of the resulting algebra denoted .o, __ since it is a conjugate of
the previous algebra 7, , ., obtained by the exchange of the pairs of generators (p, §)
and (3, ).

— Fora, = —-a_ = b_ = c_ we have the set of relations

(-,+,+)={NUA_UB,uUC, U(AB)_U(AC)_u (BC),} (4.425)
Explicitly we have:
ki = mk = 0; kn =nk =0; kp = pk=0; kg =gk = 0;
Im=ml=0; ln=nl=0; Ip=pl=0; lg=ql=0;
rmi=mr=0; ri=far=0; rt=tr=0; r5=35r=0;
tm=mt=0; th=nt=0; tq=qgt=0;
Sm=m§=0; sSn=n5=0; Sp=ps=0;
pPP=g=5=F=0. (4.426)

The structure of this algebra, denoted <, ,, is more complicated. There are two quasi-
free subalgebras: szfH with generators k113 and o fH with generators m, i1, p, q.
They are quasi-free due to the last line of (4.426). They do not form a direct sum
due to the existence of the following 12 two-letter building blocks of the basis &/, ,:
rk,rl,rp,rq, pt, G plus the reverse order.

— Fora, = —a_ = -b_ = —c_ we have the set of relations

(-,-,-)={NUA_UB_uUC_U(AB), U(AC), U (BC),} (4.427)
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We omit the relations of the resulting algebra denoted <7 __ since it is a conjugate
of the previous algebra «7_, ,, obtained by the exchanges of generators: p — § and
qg—t.

— Fora, =a_=-b_=c_wehave
(+,-,+)={NUA,UB_uUC,U(AB)_U(AC), u(BC)_} (4.428)

Explicitly we have:

fl=50=0; mp=np=0. (4.429)

The structure of this algebra, denoted <7, _,, is also complicated. There are four free
subalgebras: .| , with generators k, I, r, <72 , with generators i, fi, /> , with gener-
ators p, S, ,;z%i+ with generators g, f. Only the first two are in direct sum, otherwise all
are related by the following 20 two-letter building blocks: kp , kg, 5k, tk, Ip,1g, §l, I,
13,1, pr, gr, M3, mt, pm, gim, i, At, pa, gi.

There is no overall ordering. There is some partial order if we consider the subal-

we have:
p,g>mn>3s,t (4.430)

But for the natural subalgebra formed by generators k1, P, 3, q,t, we have cyclic
ordering:

pg>r>38,t>k1>p,q, (4.431)

that is, no ordering. We have seen this phenomenon in the simpler exotic bialgebra
S03 considered earlier.
— Fora, = a_ =b_ =-c_we have the set of relations:

(+,+,-)={NUA, UB, UC_U(AB), U (AC)_u (BC)_} (4.432)
We omit the relations of the resulting algebra denoted <7, . _ since it is a conjugate of

the previous algebra. It has the same four free algebras, and the only difference is that
the subalgebras are related by 20 two-letter building blocks which are in reverse order
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w.rt. the previous case: k3, kt, pk, gk, 15,1t, pl, gl, rp,rq,sr,8r, mp,mg,sm, tm,
7D, hg , 57, T,
— Fora, = —a_ = b_ = —c_ we have the set of relations

(-,+,-)={NUA_UB,uUC_U(AB)_U(AC), u(BC)_} (4.433)

Explicitly we have:

P=¢=5=F=o0. (4.434)

The structure of this algebra, denoted <, _, is very complicated. There are two free
subalgebras: «7! _ with generators k, Ir, <7 ,2+, with generators 1, i, and four quasi-free
subalgebras: ,;zfi, with generators p, 3, 7% _ with generators §,, />, with gener-
ators p, t, o/ 6+, with generators g, 3. The first four subalgebras have generators as
in the «7,_, case (but taking into account the last line of (4.434)). Only the first two
subalgebras are in direct sum, and there are intersections between the last four. Fur-
thermore, all are related by the following 20 two-letter building blocks: kp , kg, 3k, tk,
p,1g,8l, tl,rp,rq,5r, tr,ms, mt, pi, gin, 1§, it , pi, Gi, which are the same as in the
,_, case, except those involving r.

The last difference makes things better. Indeed, there is no overall ordering, more
precisely we have:

p.g>ma>38,t>kLr>p,q (4.435)

that is, we have some cyclic order.

Thus, the bialgebra 7_, . may turn out to be the easiest to handle, as the exotic
bialgebra S03 considered earlier.
— Fora, = —a_ = -b_ = c_ we have the set of relations

(-,-,+)={NUA_UB_uUC, U(AB), U(AC)_u(BC)_} (4.436)

We omit the relations of the resulting algebra denoted <7 _, since it is a conjugate of
the previous algebra obtained by the exchange of the pairs of generators (p, §) and
3,0.
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Summary. Thus, taking into account conjugation, we have found four different
bialgebras originating from the braid matrices (4.385):

JZf+++ = JZ{Jr——» A= JZ{—++’ JZ{+—+ = M+—a M—Jr— = d——+ (4-437)

The first two bialgebras have no ordering. The first one is simpler, since it is split in two
subalgebras with five and four generators. The third bialgebra has partial ordering in
one subalgebra. The last one, is the most promising since it has partial cyclic ordering.

The next task in our line of research is to find the dual bialgebras, analogously, as
done above for the four-element exotic bialgebras. We do this in the next subsection
for the most interesting of the above: & ,_ =& _, .

4.8.9.5 The Dual Bialgebraof A_, _

To start with we begin with the coproducts of the elements of the T-matrix. Until now
we used the changed basis of “tilde” generators. But here it would be better to make a
further change in new “hat” generators:

k=k+1,1=k-1, m=m-n, n=m+n. (4.438)
Thus we have:
8(k)=2kok-2men+peg, 60 =21el-2nem+ies,
8(m) =2kem-2mel-pes, 6f)=21en+2nek+ieq,
8(p) =2kop-2met+per, 8@ =240k+2800+r®q,

8(3)=280l-2gem+res, 6F)=2et+2acp+ier,
8)=rer+2gep+28ef, (4.439)

ki = mk = ki = ik = 0, kt = k& = pk = gk = 0, (4.440)
[ =1



4.8 Duality for Exotic Bialgebras =—— 197

The dual elements are defined by our standard procedure:

(Z,f) = e<%>, where z = (k, I, m, #,p, 4,8, £, 7).

The basis we are working is essentially the following

K*I°r", and all permutations of (kir),
KIr'p, and all permutations of (kir),
kir)g, and all permutations of (kir),
$k*I°r", and all permutations of (kir),
t*Ir" and all permutations of (klr),

m, .
Thus the following dual bialgebra is obtained:

[K*,L°] = 0,K*M = 2M, NK*=2N, MK =KN =0,
ML =2'M, I*N=2°N, NL=LM =0,

PP=@=8=T°-0, PT=TP=0Q5=5Q=0.
Finally we write down the coproducts of the dual bialgebra:

8K =Kely+1yeK, &8IL)=Lely+1yelL,
M) =Mel;+1y0M, 8N)=Nely+1yeN,
6(P)=Pely+1y®P, 6Q =Qely+1;9Q,
68 =Se1y+1y0S5, 6N =Tely+1yeT,
6(R)=Re1y+1y®R.

(4.441)

(4.442)

(4.443)

(4.444)



198 = 4 Duality for Quantum Groups

Conclusions and Outlook

In the present subsection we have found a multitude of exotic bialgebras and the dual
of one of them. More duals should be constructed. More importantly, may continue the
programme fulfilled successfully for the exotic bialgebra S03 (cf. above). In particular,
it is important to find the FRT duals [272] which are different from the standard duals
for the exotic bialgebras. Further one should find the baxterization of the dual algeb-
ras. Their finite-dimensional representations should be considered. Diagonalizations
of the braid matrices would be used to handle the representations of the correspond-
ing L-algebras (in the FRT formalism) and to formulate the fusion of finite-dimensional
representations. More general algebras should be considered, for example, using a
more general 9 x 9 R matrix with 16 parameters considered in [10]. Possible applica-
tions may be considered, in particular, exotic vertex models and integrable spin-chain
models.



5 Invariant g-Difference Operators

Summary

We construct induced infinite-dimensional representations of the two-parameter quantum algebras
Up,q(gl(z)) and Ug’h(gl(z)) which are in duality with the deformations GLp’q(Z) and GLg’h(Z), respect-
ively. The representations split into one-parameter representations of a one-generator central algebra
and a three-generator quantum algebra, the latter in each case being a deformation of U(sl(2)). In
both cases the representations can be mapped to representations in one complex variable, which
are deformations of the standard one-parameter vector-field realization of sl(2). The deformation in
the case of U, ,(gl(2)), actually of the Jordanian Us(sl(2)), § = g + h, is a new deformation. We also
obtain canonically finite-dimensional representations which can be restricted to the one-parameter
three-generator subalgebras in both cases. The deformations of the invariant differntial operators are
playing an important role. We do the same program for a Lorentz quantum algebra and for the gen-
eralized Lie algebra sl(z)q. Finally, we discuss representations of Uq(so(3)) of integer spin only. This
chapter is based mainly on [164, 218, 228, 241, 243].

5.1 The Case of GL, ,(2)

5.1.1 Left and Right Action of Up,q(ql(z)) onGL,,(2)

In this section following [228] we construct induced representations of the quantum
algebra %, ; = U, ,(gl(2)), which was found in [209] and reviewed in Section 4.4 as
the dual of the two-parameter matrix quantum group GL,, ,(2) introduced in [183]
and reviewed in Section 4.3. We follow (with some modifications) the similar con-
struction for U,(sl(2)) in [210] (see also [211]). The representation spaces are built on
formal power series in the generating elements a, b, ¢, d of <, , = GLM(Z), with
commutations relations shown in (4.42).
The following notations will be useful:

t=+pq, s=pq’, = gq-= ts2, p= ts'2. (5.1)
There exists a multiplicative quantum determinant 2 (cf. (4.44)). For our purposes we
shall suppose that Z is invertible. Then from (4.44) we have:

a=(z+p'bod . (5.2)
Thus, we shall take the following basis of %,q:

f=fmnkf=bmc"de@k, kmnez,, ¢cZ. (5.3)

DOI 10.1515/9783110427707-005
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For the dual algebra %, ; here, we shall use the following generating elements:
r,r 1, h, kY, X*, X~ with relations:

[rE’ hg] = 0! [re’ X+] = Oa [re’ Xﬁ] = O, €,&€==1
rr_l = 102/, hh_l = 1% (5.4)

h - h™?
t—t1’

KXt =¢X"h, KX =t%Xh, [X',X]-=

Note that in [209] instead of the parameters p and g pl/2 and ql/2 were used, and
instead of the generators r,r ! and h, k™' H, K were used so that: h = (e pe _ geKP2
Thus, strictly speaking, our algebra %, , is a subalgebra of the one in [209]. To
obtain from (5.4) the U(gl(2)) commutation relations one has to use the expansions:
K =~ 1+ ¢e(logt)H/2, r® =~ 1+ e(logs)K/2, and then to set: logt — 0,logs — 0. Thus,
one gets:

X', X1=H, [H,X*] = +2H, (5.5)

[K,X"]=0, [K,Y]=0, [K,H] = 0. (5.6)

The coalgebra relations are [209]:

84 () =K @ h®, 8,(°)=reor, (5.7)
8, X =X*erh+h ' 0 X%,

ey () =1, €5,(r°) =1, €,(X")=0, €,(X") =0,

Y (re) = T'fey Y (hg) = hfgy

Yoy (XF) = 51X 1L, (5.8)

Further we shall give the formulae only for the generators r, h, when the analogous
formulae for r1, h™! follow trivially from those for r, h.

Recall that the two sets of generators ¢, h®, X* and r°, h®, X~ generate conjugate
Borel Hopf subalgebras of %, ,, and that it is not possible to decouple the r¢ generators

P9’
[209].
The duality for the algebras %, , and 7, , is given standardly by the pairings:
ab s 0
(r) <C d>> - ( 0 51/2>) (5.93)
ab t2 0
(h) <C d>> - < 0 t_1/2> ’ (5'9b)
. fab (01
(2 -(20). 590
_f(ab 00
X, = , .9d
w2 ()

W1y =&q0). (5.9¢)
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Now we introduce the left regular representation of %, , which in the classical
case is the infinitesimal version of: m;(Y) M = Y'M, Y,M e GL(2). Namely,
we set:

T X)M = (y,,(X),M)M, Xeu (5.10)

Explicitly we get from (5.10) for the generators of Uy, g

1 1
m(r) ab)y_{s ia s zlb’ , (5.11a)
cd -5 -5
s 2c s 2d
b -3 7lb
t 2 t 2b,
iy (h) a = 1a 1 , (5.11b)
cd t2c  t2d
b 1 1
nL(X*)C d) - <‘t502C ‘tg 2d>, (5.11¢)
_fab 0 0
X )<C d) - <—tls%a —tls%b>. G1d)

In order to derive the action of 77 on arbitrary elements of the basis we use the following
twisted derivation rule consistent with the coproduct and the representation structure.
Namely, we use [210, 211]:

ey = i (1,65, )@ @ Y)) (5.12)

where i is the multiplication map: i : & ® o — o, m(fef') = ff'; 8., = 0084, is
the opposite coproduct (o is the permutation operator). Thus, in our concrete situation
we have:

() oy = 1 (N - 1, (NP, (513)

m(h) oy = (We - m (WY,

m XY =mh)e -1 X + (X - m (h ™y,

X))o =m0 e - m X + 1 (X ) - (h ),

r X+ 1£¢ 0
e W) (5 )

Thus we obtain first:

r X st'9 0
nL (X_ h) @_< o @> (5.14)
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and then we get:

w20 <k)

w(Z8)- (7 20

(XY (?nn ZZ) - s, (8 b n01d>, (5.15¢)

7, (X) (f Z:) _ D5, (ag_l \ d(i_l), (5.15)
= O e

Next we introduce the right regular representation 7z (X) [210, 211] (which is used also
in [465], though not given in this form, being called left action and denoted m;):

(XM = M(X,M),  X<€%, (5.16)
Of course, as in [210, 211] we shall use (5.16) as right action in order to reduce the left

regular representation (and we could have also reversed the role of left and right).
Explicitly we have:

ab s2a  s"p
ﬂR(r) (C d> = (Sl/ZC Sl/zd> ’ (5173)
ab t2a  t1p
ﬂR(h) (C d> = (tl/zC t_l/zd) ’ (5.17b)
~fab 0 a
mp(X )(C d) = (0 C>, (5.17¢)
fab b 0
mr(X )<c d> = (d 0). (5.17d)
The twisted (right) derivation rule ([210, 211]) is given by:
1R = i (MR(64, V)@ &) (5.18)
that is, in our concrete situation:
ig(r) o = mp(r)g - ()Y, (5.19)

mir(h) oy = (M) - mr(W)Y,
TR @Y = mp(h e - (X W + mr(XH) - mp(rh),
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X)) oy = nR(h’l)(p X + (X ) - nL(r’lh)lp,
ro Xt (1, ©
(e )5 0)

Thus we obtain first:

- <Xr ﬁ) 7 - (50@ ;) (5.20)
and then we get:
1R (r) < fn" Z:> _ (ss"jr zzg:) (5.21a)
) @ Z) - ( i ;2 : (5.21b)
mR(X") <?: Z:) = t%s%[n]t <g ?3::;), (5.21c)
AR(X) <f Z:) - 7 [n, <C,f_’1 ; 8). (5.21d)

5.1.2 Induced Representations of %, , and Intertwining Operators

Here we give the actual construction of the induced representations of %, ,. The
induction in the deformed setting is performed by the imposition of the right covari-
ance conditions (cf. [210, 211]). (For the equivalence of this method and the usual one
in the classical setting p = q = 1 we refer to [197].) Thus, we start with functions which
are formal power series:

9= > Mepmab"C" d* 7~ (5.22)

k,m,neZ,
(44

Then the right covariance conditions [197] with respect to X, h, r are:
(X ) =0, mp(g =@, mz(Np = "2p. (5.23)
Their implementation leads to the conditions:

n=0, ¢+m=v, 2k+€+m=p, (5.24)
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from which follows that v,p € Z and that i o mn ~ 6p08ermyGcresmp- Thus our
reduced functions now are:

ob,d,2)= Y ppb"d "R, (5.25)

meZ,

It is clear, also if we recall the following classical Gauss decomposition of GL(2), which

holds also here:
a b 1 bd'\[(d'2 o 1 0
(20 ") Dl ) 529

that the relevant variables are bd"}, d, 2, since the variable ¢ was already eliminated.
Thus we shall also introduce the variable = bd™'. Then our functions become:

¢, d, 2) = p(b,d, ) = Y tgn™d 202 = p(p) & 70", (5.27)

mezZ,

Now using formulae (5.15) we obtain:

(1) nmd"@(p_v)/ 2 - gPlymay PR (5.28a)
m () pdv PP = iz gm gy eIz (5.28b)
(XY prd PR = (BRI met gy ge)2 (5.28¢)
mX)prd P2 = (IR vl ™t d” gk (5.28d)

Then in terms of the functions §(1, d, Z) we have:
m (e, d, 2) = s @, d, 2), (5.29)
m (e, d, 7) = £ T, ¢(n, d, ),
m,(XHp, d, 7) = V22 Dl o(n, d, 2),
0 ()P, d, 2) = €2 L (Tl -0 TL,) pln.d, 9),

-1
T} () = fm),  Dif(n) = ”T (TR () = TLF (). (530)

It is immediate to check that 7; (r), 71y (h), m; (X™), m; (X7) satisfy (5.4). It is also clear
that if we redefine them by setting:

T[v,p(r) = T[L(r)9 nv,p(h) = nL(h)’ (5-31)
n_vyp(X+) _ t(V—3)/Zsl/2 ﬂL(X+), ﬂv,p(X_) _ t(3—v)/25—1/2 ﬂL(X_),

then 7, , shall also satisfy (5.4).
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Explicitly, the representation is given by:

m,,N) ¢ =s""p, (5.32a)
o) = 7 T @, (5.32b)
m,,(X") ¢ = =D} , (5.32¢)
) (X7) = % (T -1, 6. (5.32d)

We denote the representation space of functions @(n, §, Z) with covariance proper-
ties (5.23) and transformation laws (5.32) by ©,, - For p = q = 1 our representations
coincide with the holomorphic representations induced from the lower diagonal Borel
subgroup B of GL(2) and acting on the one-dimensional coset G/B. We notice that each
representation decouples into a representation of the central subalgebra with gener-
ator r, and a representation of the Jimbo quantum algebra U,(sl(2)) (cf. Section 1.2.3).
Further we discuss only generic t, that is, which are not at nontrivial roots of unity. For
generic t and v ¢ Z, the representations 7, , are irreducible. For generic tand v € Z,
the representations 7, , are reducible. Indeed, it is easily seen from formulae (5.28)
that the vectors nde@(”"")/z with m = 0,1,...,v span an invariant subspace of ¢, ,
(cf. (5.284d)). Let us denote these finite-dimensional invariant subspaces by &, , . Thus,
for fixed p and v € Z, there are two irreducible representations realized in the spaces
& pand G, ,/8, .

Furthermore, for v € Z, the representations r, , and _,_, , are partially equival-
ent. This partial equivalence should be realized by the operator:

1
(X)) %, — Cya s (5.33)

v+l . v+l

since the monomial (X*)"*" is giving the singular vector (X*)
Verma module [198, 210].

As in [197] one should be careful since z(X") is taking us out of the representa-
tion space, which is of course a prerequisite for (5.33), that is, that exactly the (v + 1)-st
power will have the required intertwining property. The latter we have to check inde-
pendently in our setting, since the nonreduced representation spaces depend on all
variables. Thus we calculate:

v, of the corresponding

S - - .
(T[R(XJr))Srlmdegk _ Z t—(2(s+])m+(5—21)8—5(25—2]+1))/2 % (5.34)
=0

% S(Zsk+2}m+s€—(s+2]s—])) 2 %

£ +j-s]! j . m-s 30-2s +s—j

j/e Im+j—sllle-s]!
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where, { = cbh. So indeed, there appears dependence on the c variable through {. Using
the covariance condition once more (no ¢ in the expansion) we see that that this is only
possible if £ — s = —1 In that case we have:

1 1
(HR(X+))€+1 rlm d€ @k _ t*§(€+l)(2m7873) S§(€+1)(2k+€—1) « (5.35)

x[ml [m-1],...[m - €, ™ 1 d 2 g+

Thus finally if we use the covariance with respect to r and h, namely, we should set
¢=vandk = (p - v)/2, we get:

1 1
( ﬂR(X+))V+1 nmd GOV _ =3 04D@m-v-3) (-1

x[mlm-1],...[m—v], "V a2 P2 (5.36)
Thus, finally, in terms of the functions ¢ we have:
1
(nR(X+))V+1¢ — (t(v+3)/2 S(p—l)/zD:l(T;l)—l)v+ (p (5.37)

Further as in [197] we introduce the restricted functions (1) by the formula which is
prompted in (5.27):

) = (A, @) () = 91,17, 1) (5.38)

We denote the representation space of ¢(n) by %V,p and the representation acting in
‘?v’p by 7, ,. Thus the operator Av,p acts from ¢, , to ‘?V’p. We shall use also the inverse
operator A;’; which is defined by:

o0, d, 7) = (4.}, 9) (0, d, 2) = p(p &’ 77 (539)
The properties of (?V,p follow from the intertwining requirements [197]:

N - - A A N
ftyp o Ayp=4A,, 0 m, Ty o Ayp=A4,, T, (5.40)

In particular, the representation 7, ,, is given by:

71,5, @) = s (), (5.41a)
op(B) @) = €2 T, (), (541b)
71,,(X") @(n) = =Dl ¢(n), (5.41c)

71,p(X7) @) = % (TP -£'T) @), (5.41d)
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or, using the decomposition @() = Yz, fim 1" inherited from (5.27), we get the
analogue of (5.28):

1" = s ", (5.42a)
fr, (™ = €™y, (5.42b)
1, , X )" = ~[ml ™, (5.42¢)
71, ,X) 0™ = [m—v], ™. (5.42d)

At this moment we notice that we can consider (5.41),(5.42) for arbitrary complex v, p.
Actually the representation has decoupled into a representation of the central gen-
erator r (cf. (542a)) and the well-known representation of U(sl(2)) (cf. (5.42b,c,d))
[210, 211]. We know that for generic t,v € C the representations ﬁv,p are irreducible.
For generic ¢t € C and v € Z, the representations 7, , are reducible. Moreover, for
v € Z, the representations 7, , and 77_,_, , are partially equivalent. The intertwining
operators between these pairs is naturally obtained from the ones relating the pairs
m,p,and ., ,, namely:

Iy ?V,p — Eg—v—z,p , (5.43)

_ _ v+l . “
= (VRSP A o (g (XN e AL,

N

A = (DI )" ¢

where we have also made use of the fact that the intertwining operators are defined up
to multiplicative factors. Formulae (5.43) (for s = 1) were obtained first in [210] (see also
[211]). The kernel &, of the operator (5.43) is an invariant subspace of ‘?V,p. It consists of
polynomials of degree < v, dim &, = v+1. The basis of &, may be takenas1,,n,...,1",
on which 7, , acts as in (5.42). Thus &, v € Z,, is a finite-dimensional representa-
tion space with highest-weight vector 1, (ﬁv,p (X")1,, = 0) and lowest-weight vector n*
(ﬁv,p(X‘)nV =0).

Finally, we should note that since we have functions of one variable n we can
treat it as complex variable z. In these terms we can also recover from (5.41) the
classical vector-field representation of gl(2) by setting (as noted above) h® = 112,
e = sK2, expanding h® = 1+ g(logt)H/2, r* = 1+ e(logs) K/2, and taking the limit
logt — 0,logs — 0. Thus, we get:

d

K=-p, H=v-229, X'=-3,, X =2%0,-vz, 0,= - (5.44)

which fulfills (5.5).
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5.1.3 The Case Uy(sl(2))

Here in the context of the preceding subsections we consider the one-parameter case
P = q. As we have seen in this case the quantum algebra U, ,(gl(2)) completely splits
in two subalgebras Uq(sl(z)) (generated by h, X*) and U(Z) (generated by K); cf.
Theorem 4.1 in Section 4.1. We restrict to the subalgebra Uq(sl(z)) and use the results
from the previous subsection. We set s = p/q = 1, and we ignore the representa-
tion parameter p which is not relevant in this situation. Thus, for the representation
functions we have:

o.d, 2)=ob,d, 2)= Y t,n"d 77" =pm)d’ 77" (5.45)

mezZ,

Then, the representation is given by:

m(h @ =71, ¢, (5.46a)
m,(X") @ = -D} p, (5.46b)
X =3 T -t L) ¢ (5.46¢)

where Tf s D'Z are defined in (5.30). The above representation was obtained first in [309]
by another method and then in [210, 211] by the method we follow here.

Further we introduce the restricted functions (1) as in (5.38). We denote the
representation space of ¢(n) by €, and the representation acting in v by #,. In par-
ticular, the representation 77, acting on ¢ looks exactly as the representation 77, acting
on ¢. Next. using the decomposition ¢(17) = ¥ ez, fim N inherited from (5.45), we get
the analogue of (5.28):

(W™ = P n’”, (5.47a)
X n™ = ~[m];n™", (5.47b)
a,X )™ = [m-v], p™". (5.47¢)

Now we notice that we can consider (5.47) for arbitrary complex v. Further we discuss
only generic g, that is, which are not at nontrivial roots of unity. For generic g and v ¢
7. the representations 7, are irreducible. For generic gand v € Z, the representations
7t, are reducible. Moreover, for v € Z, the representations 7, and 7i_,_, are partially
equivalent. The intertwining operators between these pairs is naturally obtained from
the ones relating the pairs 7, and 77_,_, , namely:

i€ —C, (5.48a)
I, = ( ~-(v+3)/2 ) ;1 . (ﬂR(X+))V+1 °A—v—2 ’ (5.48b)
A% = (DN )" ¢ (5.48¢)
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where we have also made use of the fact that the intertwining operators are defined up
to multiplicative factors. Formulae (5.48) were obtained first in [210, 211]. The kernel
&, of the operator (5.43) is an invariant subspace of C,. It consists of polynomials of
degree < v, dim Ev = v + 1. The basis of % may be taken as 1.,1,...,1", on which
ﬁv,p acts as in (5.47). Thus ZDV, v € Z.,,is a finite-dimensional representation space with
highest-weight vector 1, (frv’p(X")l o« = 0) and lowest-weight vector " (ﬁv,p(X")n" =
0). Thus, for fixed v € Z, there are two irreducible representations realized in the
spaces &, and C,/&,.

5.2 The Case of GL, ,(2)

5.2.1 Left and Right Action of U, ,(gl(2)) on GL, 4(2)

In this section following [228] we construct induced representations of the quantum
algebra % j = Uy , (gl(2)), which was found in [39] and reviewed in Section 4.7.2 as the
dual of the Jordanian two-parameter matrix quantum group GLg, n(2) introduced in [13]
(denoted there GLh,h/) and reviewed in Section 4.7.1. We follow (with some modifica-
tions) the similar construction of the previous section. The representation spaces are
built on formal power series in the generating elements a, b, ¢, d, of o), = GLg, n(2),
with commutations relations shown in (4.172).
We start with the following basis of <7, ,

f=feemn=b" at " d, ke,mneZz,. (5.49)

As in [39] we use also the following change of generating elements and parameters of

%,h:

a= %(a +d), d= %(a -d), (5.50)
g=1g+h, h=1i@g-n

with PBW basis:
f=flomn=da b, kemnez, (5.51)

The generating elements A, B, C, D, of %, , are given as in [39], see also (4.187). Fur-
ther, in (4.198) was made a one-parameter change of basis from A, B, C,Dto A, B, Y, H.
Finally, was introduced a subalgebra @Zg,h of %g,h with the basis: A, K = K =
e®B, K' = K = e B, v, H, with relations in (4.201) and coalgebra structure in
(4.206),(4.207),(4.208).
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For further use we recall that to obtain from the above formulae the classical
U(gl(2)), one has to reintroduce the generator B by setting K* = e**5, then to expand
K* = 14, + gB and to take the limit § — 0. Thus, we obtain from (4.201):

[B,Y]=H, [H,Bl=2B, [H,Y]=-2Y, (5.52a)
[A,B]=0, [A,Y]=0, [AH]=0, (5.52b)

The duality for the algebras 7%, , and 7, is given by the pairings:

a b 1 0
(A, (C d)) = (0 1>, (5.53)
+f(fa b 1 g
<K’<c d>> (0 1)’

a b
)
G -u w \_(38-p wE-p
\c d 1 %g—v 1 y—%g )

For the left regular representation we need the following formulae [228]:

Il
/-~
O -

=
Lo
—

<
N——

Il
/
O =

N
It
-
(V}-}}
‘:\_/

(yq,(4), (? Z)) = <_Ol _01> =-I, (5.54a)
(yg (KF), (z Z)) = (é ¢1g>, (5.54b)
(yp (D, (‘C’ Z>> - (;1 _fﬂ>, (5.540)
i=p+h+3g,
vz (Y), (Z Z)) = (fl _(; , (5.54d)
G=p* -8

The left regular representation of %, , is again given by (5.10). Explicitly we get here:

ab -10\/ab —a-b

) <c d) i} < 0 —1) <c d) - <_C _d> (5.55)
o(ab\_(178)(ab)_(avgcbzgd
iTL(K)(Cd)_(O 1><Cd>_< c d )
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ab\ (-1-2u\(ab\ (-a-2jic-b-2ud
men(gg)= (o 7)(ea)- (70"

ab it G\(ab jla + Ge ib + Gd
o (zo)- (4 5)(Ea)- (et i)

In order to derive the action of 77; on arbitrary elements of the basis we use the twisted
derivation rule (5.12). In the situation here this gives:

mA) e =mA)p -Y+e-m AN, (5.56a)
m (K*) o = m (K - m (KN (5.56b)
m(H) oy = nL(K_1)<p - (Y + mp(H) - mp (K +

+Em(AK e m K - K, (5.56¢)

(V) o =1, (K e -1, (V) + m (Ve - 1 (K +
+g m(A’K g -m (K - K +

+hm (AK Yo - m (HY (5.56d)
AH 00
1, = . .56

w(iv) (1) o) 5369

Thus, we have also:

AH 2920

W (41) 2-(229), 5
Next we introduce the right regular representation 7z(X) as in (5.16). Explicitly we get

here:

) (20)-
nR(I<)< )
@ (2g)-

) (24) -

)(

10 ab

1) (a2), 5550

)(1 ) <abiga), (5.58b)
cd+gc

(

(

(£)(6™7)-

(a (n - 8)a~ b) (5.58¢)
(

4

ab
d
ab
d

cQu-8c-d

)(zg puE - g)) (5.584)

b+(2g u)au(g wa+ (- g)b>
d+(58 - e uE - e+ u-58)d
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The twisted derivation rule is given again by (5.18). Here, this gives:

R(A) ey = mp(A)p - Y + @ - (AN, (5.59a)
R(K*) @ = mg(K )@ - (KO (5.59b)
R(H) oy = mp(K)g - mg(H)Y + mp(H)e - ﬂR(K’l)lp +

+E K - K)g - m(AK (5.59¢)

MR(Y) oy = mRr(K)g - (V)Y + p(V)ep - g (K™ )p +
+% (K = K)o - mp(A*K Y +

+hp(H)p - mg(AK Dy, (5.59d)
AH 00
(A1) - (20). 599
Thus, we have also:
AH 29 0
() - (29), 550

5.2.2 Induced Representations of 7%, , and Intertwining Operators

Asin the p, g case the construction of the induced representations of %,  is performed
in the deformed setting by the imposition of the right covariance conditions (cf. [210,
211]). We start with functions which are formal power series of the kind:

o= Y Mgemab"d " d* (5.61)

k,6,m,neZ,

Above we have defined left and right action of %, , on ¢ and as before we shall use the
right action to reduce the left regular representation. Note that unlike the %, , case,
where we could have used either of the two conjugate Borel subalgebras for the reduc-
tion, here we have only the “upper diagonal” Borel subalgebra generated by A, K*, H.
(Note that this feature is true also in the one-parameter Jordanian deformation as
used for its representation theory [218] and next subsection.) Thus right covariance
conditions will look as follows:

R(A) ¢ =p o, (5.62a)
mpK)p=¢ o mp(B)e=0, (5.62b)
mrR(H) @ = v g, (5.62¢)

Let us apply first (5.62b). From (5.58b) it is clear that only those functions which do not
depend on b and d will satisfy (5.62b). However, our functions may depend on b and
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d through the determinant & since the latter is preserved by the action of mz(K) (cf.
(5.60)).
Thus, instead of (5.61) we take for our functions:

p= Y ena " 75, (5.63)
k,t,nezZ,

with the same conditions (5.62) (with ¢ — @). By construction (5.62b) is fulfilled for
all . To apply (5.62a) we first obtain using (5.58a) and (5.59a):

mRr(A) af " 2% = 2k + ¢+ n) a° " P~ (5.64)

Combining (5.64) with (5.62a) we obtain that: 2k + £ + n = p. Analogously, we obtain
using (5.58¢) and (5.59c¢):

nR(H) a* " 7% = (e +n) a® " 7. (5.65)

Combining (5.65) with (5.62c) we obtain that: £+n = v. Thus, we conclude that p, v, %(p—
v) € Z,, and that the functions in (5.63) reduce to:

o= Z uat " PR, (5.66)

nez,

Thus, our functions are given in the bases:
u, =a*c’™" PR nez, (5.67)

Now if neither a or ¢ has an inverse, these bases will be finite-dimensional, in contrast
to the undeformed case. However, these finite-dimensional representations we shall
obtain also if we suppose that either a or ¢ has an inverse (see below). Thus, further we
shall suppose that ¢ has an inverse. (The choice of a having an inverse would make the
further formulae much more complicated, as can be anticipated from the comparison
of the action of the algebra on a or c.)

The transformation rules for the bases (5.67) are (with ji = 0):

mAu, = -pu,, (5.68)

n
(a- ggc)n o @(va)ﬂ _ Z (_g)s (:) Ag Uy o
s=0

m (K%) u,

s-1
K =]@+e9), @5=1, e==,
j=0
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m(H)u, = v-n)(a+gc)" ™92 4
i B n-§ V-nts @(p V)2 _
= Z( )((V—n)A; + & 1) A /Sns> Uy s,
$=0
ﬁno = -n, .Bnl=2(n_1)§,
Bns = Z(H—S)E +
Z( l)eN {(n—s)(é+2f1) - e(n+1)(g—h)}

+1
m(Vu, = M-V)up,, +

5w )

Z ‘[( DY + (Z)A,: [(V;n>g+(n—v)(nf1+kg)] +

(s

_ n-2 1 ((n+k-Dn-2)! 5  n \:2
i = B {(k )“g+g< An-k-Dik ° <k+2>h
k

“(rro)e) « Yo [ ) ()] R
s T () G 27 ) (45 e

€+1

_nl¢+1)(€+ne+2n-k) Ez]
k+2)!(n-k-1)!

Thus, we have obtained infinite-dimensional representations of %, parametrized
by two integers. We shall denote by %, , the representation spaces of the functions
¢ in (5.63). For g = h = 0 our representations coincide with the holomorphic rep-
resentations induced from the upper diagonal Borel subgroup B of GL(2) and acting
on the one-dimensional coset G/B. Let us comment that the two subalgebras 2 and
%' are represented separately with parameters p and v, respectively. First we notice
from (5.68) that if v € Z, the representation space Egv’p is reducible since the vectors
u,,n =0,1,...,v span a finite-dimensional invariant subspace (see (5.68d)). For fur-
ther use we shall denote these representation spaces by Ev,p ,veZ,Thus,ifveZzZ,
we have two irreducible representations with representation spaces isomorphic to &, ,
and to 6, ,/&,, -
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We would like further to reduce the representation spaces. From the above we are
prompted to use the variable y = ac™!. This is also related to the following classical
Gauss decomposition of GL(2):

a b 1 0\(a 0 1 a'b
(c d>=<ca1 1)(0 a19><0 1) (569)

though instead of ¢ = ca™! we shall use y as defined above. We note also the following
connection between the two variable y = ¢! - g.
The action on the new variable is:

A B, [ O© (o +8) WD
ke v)X T B (2 4+ gy - &) W) 5.70)
x+8) X" +8x - 7) %

Thus, our bases and functions shall be:

w,=x"c" P12 nez, (5.71)
p=.c.2) = Y ux'c’ 7 = o) ¢’ 20 (5.72)
nezZ,

We shall denote these representation spaces by ¢, , , and the representation acting in
these spaces by m, ,. Explicitly the action is:

-pwy, (5.73a)

- n
M, KWy = (7' 2T = Y (
k=0

7,5 (A) wy,

n
k

)& e (573b)
_ o
m, ,(H)w, = (v—éx—%) x+8)"'c’27 +
(D u-gress -

= (v— é)(— %) 7,,(K ) wy, +

+ (éx + %) m, (K )w, = (5.73c)
n-1

= (v-2nw, + Z w(n, k,v, 3wy (5.73¢))
k=0

m,,(V)w, = {%XZ + (% -V)x-
~ v lﬂ
S+ D+ 2 T -

: _ v
(X -Hu-9 o7 -
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= {2+ G-vx - §0P+3v+ D} m (K w, -
~ (% + 3 - §) m, K w, - (5.73d)
n
=M-V)wy, + z o' (n, kv, 8) Wy (5.73d")

k=0

Also in these bases for v € Z, there exists a (v + 1)-dimensional invariant subspace
spanned here by the vectors wy, k < v (cf. (5.73d")). Also, from the results of [218]
follows that for v € Z, the representations 7, , and 7_,_, , are partially equivalent.
This partial equivalence should be realized by the operator:

Q(mr(Y) : 6,, — €0 (5.74)

where Q, is the polynomial in Y given in formula (37) of [218] (denoted there as Q,(p -
1), p = A(H,) + 1 = v + 1), which polynomial gives the singular vector of the reducible
Verma module V2. The general expression for the singular vectors is given in the next
subsection following [218].

Further we introduce the restricted functions @(y) by the formula which is promp-
ted in (5.72):

P00 = (A D)X = P 1,75 1,)- (5.75)

We denote the representation space of ¢(x) by ‘?V,p and the representation acting in
%Zv,p by 7, ,. Thus the operator Av,p acts from ¢, , to %Zv’p. We shall use also the inverse
operator A, which is defined by:

o0 ¢, 2) = (A,1,0) (¢, 2) = pix) ¥ 20 (5.76)

The properties of ‘?V’p follow from the intertwining requirements [197]:

yphyp = Aypltyp T, 0 A=AV o, (.77)
In particular, the representation 7, , is given by:

,,(A)x" = -px", (5.78a)
1, ,(K)X" = (x 78)", (5.78b)
X" = (v=3x-3) W@ + (jx+3) -8 =
( —l - %) H(K7) Xt +

+(gx+3) MOy = (5.78¢)

n-1

=v-2n)x" + Z wln, k,v, g))(k (5.78¢")
k=0
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Ay NX" = {212 + G-y - §02+3v+ 1)} +9" -
(3w
= {ig)( +G-vx -0 +3v+l )} ft, (K X" -
(Lg iy~ g) 71, (KX = (5.78d)
= (n-v)Y"" + kz o', kv, 8)x" (5.79)
-0

or in terms of the functions ¢:

7, ,(A) 900 = —p HX), (5.80a)
1,, K pl) = P F2), (5.80b)
)P0 = (v=1x-13) o+ + (3x+3) o -8 -
= (v=1x-1) &) 00 +
+(2x+ 1) ) 9k, (5.80c)
+G-vx - 502+ Dl o+ -

(
MK = {21
(
1

80+ 3v+ D A, () @) -

(307 + 5x - §) 1, &) o). (5.80d)

Now we notice that we can consider (5.78) and (5.80) for arbitrary complex v, p. Actu-
ally, the representation has decoupled into a representation of the central algebra with
generator A (cf. (5.78a) and (5.80a)), and a new representation of the Jordanian

Us(sl(2)) (cf. (5.78b,c,d) and (5.80b,c,d)). Analogously to before for generic v € C the
representations 7, , are irreducible. For v € Z, the representations 7, , are reducible,
since there is a (v+1)-dimensional invariant subspace of the polynomials in y of degree
up to v (cf. (5.79)). Also, from the results of [218], follows that for v € Z, the represent-
ations 7, , and 7_,_, , are partially equivalent. The intertwining operators between
these pairs is naturally obtained from the ones relating the pairs 7, , and 7_,_,,,
namely:

Tyt Cp — Cyyy (5.81a)
Iy = Ao Qmr(Y) oA, 5, (5.81b)
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Finally, we should note that since we have functions of one variable y we can
replace it with an ordinary complex variable z, and then the transformation properties
(5.80) can be rewritten as follows:

7,,(8) §(z) = —p P(2), (5.82a)
71,5 (K*) p(2) = €% §(2), (5.82b)
) @) = (-2z-1+v) & o) +
+(1z+3) e 02 (5.82¢)
= —(22+1) sinh(82,) 9(2) + ve™* (2) (5.82¢")
1N 9@) = {522+ G-z - 02 +3v+ D] & o) -

- (ézz * 3z - %) e ¥ ¢(z) = (5.82d)

- (éz2 vz - %) sinh(go,) ¢(z) -

—viz + £ +3)} &% 9(2) (5.82d")

In these terms we can also recover from (5.82) the classical vector-field representation
of gl(2) by setting (as noted above) K* = e*$8, expanding K* ~ 1,, +§B and taking the
limit & — 0. Thus, we obtain:

A=-p, H=v-229,, B=-0,, Y=20,-vz, (5.83)

which fulfills (5.52).
Thus, the representation (5.82), more precisely, formulae (5.82b,c,d), give a new
deformation of the classical vector-field realization of sl(2).

5.2.3 Representations of the Jordanian Algebra U, (sl(2))

Here we construct highest-weight modules (HWMs) of the Jordanian algebra Uy, (sl(2))
following [218]. This algebra was obtained first in [499]. Here we recovered it in Section
4.75.1 from the one-parameter case of the Jordanian algebra U, ,(gl(2)) for g = h.

This one-parameter subalgebra is a subalgebra of Uy ,(gl(2)) with generators
H,Y,B and commutation relations (4.199a,b,c). For our purposes here we exchange
the generator B by the two related generators:

C = cosh(hB), S = sinh(hB) (5.84)
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and thus the commutation relations of U, (sl(2)) become:

[H,C]=28%  [H,S]=2S, (5.85a)
[C,Y] = hHS - hCS, [S, Y] = hHC - hS?, (5.85h)
[H, Y] = —2YC - hHS + hCS, (5.85¢)
[c,s]=0, (C*-§=1. (5.85d)

In [499] instead of C, S were used the generators K* = C + S = e*"B,
The Casimir of Uy (sl(2)) (and of the extension) is given by:

@, = %(H2 f )+ %(YS +SY) (5.86)
Let us introduce the following grading:
degY =degh =1, degH =degC=degS=degly =0 (5.87)

Then we can show that the algebra U,(sl(2)) is a graded Hopf algebra (cf. [218]").
In particular, the algebra relations (5.85) are graded w.r.t. deg. The Casimir %, is
homogeneous w.r.t. deg with deg %, = 0.

5.2.4 Highest-Weight Modules over U, (sl(2))

Note that the generators H, C, S generate a Hopf subalgebra % of U, (sl(2)). This Hopf
subalgebra is the analogue of the (universal envelope of the) Borel subalgebra, gen-
erated by H, X, of sl(2). Note that there is no Borel-like conjugate of %, which in
the classical case would be generated by H, Y, since here H,Y do not generate a
subalgebra of % = Uy (sl(2)).

Consider the one-dimensional representation of .2 generated by a basis vector v,
so that the generators act on it as:

HVO = A(H)Vo, SVO = 0, CVO =V (5.88)

where A(H) € C is called the highest weight. Then the Verma module V* over % is
defined as the HWM induced from the module (5.88), and it is given by:

VA = cls{Y" &, voln € Z,} (5.89)
Further we shall omit the sign ® 4 since no confusion may arise. We note now some

properties of the basis Yk Vo, which are the same as in the sl(2) case and which we shall
use for a direct construction of the finite-dimensional HWM.
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The value of the Casimir is the classical one (cf. (5.86)):

GV = %(A(H) +1)%, weVt (5.90)

Further we can show [218]':

T(AH) +1)

Sy, = Wl — DY
Vo= s @ +1-mn)"°

nez,, (5.91)
and $*Y", = 0, ifk > n.
LetX = %S. Then we have:

SNon T'(AH) +1)
XYvo=nl————v,, nez,. 5.92
O TWAH) +1-n) ° * 62
If we use the presentation S = sinhhX, then for ¢ — 1 we get X — X, and (5.92)
becomes a sl(2) result.
As in the undeformed case we expect finite-dimensional HWM whenever the
highest weight is integral dominant; that is,

AH)=p-1; peN (5.93)

then the dimension of the representation is expected to be p. This is so for the trivial
one-dimensional irrep given by (5.88) with A(H) = 0, and also Yv, = 0. The two-
dimensional irrep (denoting the two vectors by u, u;) is given by:

H(ug, uy) = (ug, —uy), Y(ug, uy) = (uy, 0), (5.94)
S(ug, uy) = h(0, uy), Clug, uy) = (ug, uy) (5.95)

This irrep looks deformed, however, the h dependence may be absorbed if we replace S
by X. Thus, the fundamental irrep is undeformed as in the case of the Drinfel’d-Jimbo
deformation Uy(sl(2)).

For the consideration of the general case we introduce (as in the classical case)
the following basis:

o p-1-n)!

p e T Yy, peN,neZ,,n<p (5.96)

On this basis the generators Y act as in the classical case (up to multiple of Vh):

Yub = \h(n+)(p-1-npd (5.97)

Thus, we have [218]':
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Proposition 1. For fixed p € N the vectors ub, n = 0, ..., p — 1 provide a p-dimensional
irreducible representation of Uy (sl(2)). O

Remark 5.1. Another realization of the above finite-dimensional representation was
given in Section 5.2.2 by the vectors wy, k = 0,1,...,v = p — 1 (cf. (5.74b,c,d)). There
U, (sl(2)) is generated by H, Y, K* = C + S. 0

Note that these representations are deformed for p > 2. We give the example of p = 3.

We can show [218]’ that the three-dimensional irreducible representation of U, (sl(2))

is given by (5.97) for p = 3 and the following formulae with u; = u£=3 :

H(uo, ul, uz) = (2“0, O, _zuz - huo), (5-983)
S(ug, uy, ty) = V2h(0, ug, uy), (5.98b)
Clug, uy, uy) = (Ug, Uy, Uy + hug). (5.98¢)

5.2.5 Singular Vectors of U, (sl(2)) Verma Modules

In this section we try to use the Verma modules as in the classical case. We are first
interested in their reducibility. In the classical case an important tool for this are the
so called singular vectors.

Let us recall that for sl(2) with generators X, Y, H, a singular vector v, of a Verma
module V" is defined as follows: v, € V%, v, # v, and it satisfies the following
properties:

Xovs = 0, (5.99a)
Hyvg = N (Hy)vs. (5.99b)

Moreovet, v, exists iff A(H,) = p—1 € Z, ; furthermore A’ = A-pa, where a the positive
root of the sl(2) root system so that a(H,) = 2.

To implement (5.99) here we have first to construct a basis homogeneous with
respect to H. We note that the vectors Y"vo are not homogeneous with respect to H,
except for k = 0,1 (cf. also (5.98a)). The necessary basis is provided by the following
[218]":

Proposition 2. A basis homogeneous with respect to the generator H is:
[n/2] " .
Vo= Y agh® Yy, (5.100)
k=0

Hv, = (A(H) - 2n)v,,, (5.101)
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and the coefficients a,; may depend on A(H) but not on h. In particular, &, = 1,

QA = %n(n - 1)<6n3 - 3n*(5A(H) + 8) + n(10A(H)* +

+35A(H) + 36) — 5A(H)? — 25A(H) - 24) 0 (5.102)

Note that a,; does not vanish except for special values of A(H). Besides the trivial
vanishing for n = 0,1 we have: a,,(0) = a,,(1) = a3(1) = 0, where the argument of
a, ;. denotes the value of A(H). Other explicit expressions for a, are given in [218]'.
Analogously, one may prove the following (cf. [218]'):

[n/2]
CY"o = Y Buch™Y" v, (5.103a)
k=0
(G2 I )
SY'o = Y YTy, (5.103b)
k=0

and the coefficients B, y may depend on A(H) but not on h. In particular, B, = 1,
1
B = Snn = D(AE) —n+ 2)(AH) - n +1) (5.104a)
Yo = n(AH) - n+1) (5.104b)
Let us denote by Q,,(A) the polynomial in Y so that in (5.100):
Vn = Qu(A(H)) v (5.105)

In our situation it would be natural to define the singular vector for fixed p € IN as the
H-homogeneous element from (5.100) for the corresponding value of A(H):

V= Q,(p- v, (5.106)
Thus, property (5.99b) is achieved. The analogue of (5.99a) is played by the condition:
S =0 (5.107)

The basis for the submodule I shall be played by:
F=0p-D¥ =Qq(r-DQ,p-Dv, kez, (5.108)

For the implementation of the above one has to prove that each vector Q,,(p - 1)vo,
k € 7., can be expressed in terms of f/]p , j < k. Moreover, in the lower degree cases one
needs to take onlyj = k:

Qinp - 1) = Qu(-p - 1DQpp - 1) (5.109)
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5.3 g-Difference Intertwining Operators for a Lorentz

Quantum Algebra

5.3.1 A Matrix Lorentz Quantum Group

In this section following [164] we present g-difference intertwining operators for the
matrix Lorentz quantum group .Z introduced by Woronowicz—Zakrzewski [601]. Note
that in Section 4.6 we studied the duality question for another Lorentz quantum group.

The matrix Lorentz quantum group . introduced in [601] is generated by the ele-
ments a, 8, y, 8, &, B, 7, 6 with the following commutation relations (g € R,A = g - qh:

aB = gpa, ay = qya, 6 = q6p, y6 = qéy,
By =yB.ab—qPy =1g,6a—q 'y =1,

aB=q 'Ba,ay = q ya, B = q 6B, y6 = q 'y,

B)_/ = T’B,as—q_lﬁ? = 13,5&—qﬁ)7 = 13,
aa = aa, BB = BB, yy = 7y, 66 = 86,

ap = gPa, ay = q 'ya, ab = ba,

By = 78,8 = q'6B, v5 = qby,

Ba = qap, y& = q ‘ay, 5i = &b,

¥B = By, 6B = q 'B8, 67 = q76.

(5.110a)

(5.110b)
(5.110c)

(5.110d)

(5.110e)

Considered as a Hopf algebra, . has the following comultiplication A o, counit € o,

and antipode S » given on its generating elements by:

A af\ [(ava+feya®f+pes
< \y®a+60yyep+606

A aB\ [(aea+Beyacf+pesd
Z<?8>_<?®a+8®w®ﬁ+5®8
aB)_(10 ap) (10
S‘L”(M)_(Ol)’ 65"(?5‘>_<01)’
S, <"‘/3>=< 5 —q‘ll?)
“\yé -qy a )’
33(5‘/?>=< 5 ‘4[3)_
y6) \-a'y a

With the conjugation

a-afopy-y,6008

(5.111a)

(5.111b)

(5.111¢)

(5.112)



224 = 5 Invariant g-Difference Operators

and g — q, which acts as algebra anti-involution and coalgebra involution, .Z is
a Hopf =-algebra. The Hopf algebra .# contains two conjugate Hopf subalgebras,
SL,1(2) and SL,(2), generated by a, B, y, 6 and &, B, 7, 6, respectively. Note that using
(5.112) relations (5.110b) and (5.110e) may be obtained from (5.110a) and (5.110d),
respectively, while relations (5.110c) are self-conjugate.

Notice that we can consider .# also for g complex, such that |g| = 1; in this case
(5.112) with ¢ — g ! acts as algebra and coalgebra involution. We shall come back to
this case in the last subsection, where we consider the important case of q being a root
of unity.

For our purposes, we assume that the elements & and 6 are invertible. In this case,
one can express @ and & in terms of the remaining generators:

a=(y+afp)s, a=(y+q Bps . (5.113)
Then, as a basis of .Z we take the following ordered monomials:

gymsnp s, emiemez,, nieZ. (5.114)

5.3.2 The Lorentz Quantum Algebra
The Lorentz quantum algebra % is the Hopf algebra which is in duality to .Z. It is
generated by six elements, which we denote by k, e, f, k, &, f. The pairing of these gen-

erators with those of . is defined through the fundamental representation M of 7.
The abstract matrix elements of M generate the matrix quantum group .Z,

() ©
2
m=| \r? (5.115)

and the duality relations are:

1/2
q 0
< 0 q‘1/2> 02
(k, M) = , (5.116a)
0, 1,
(00)°
(e, M) = , (5.116b)

0, 0,
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f, M) = (5.116¢)

2

12 02
(k, M) = <O q1/2 0 s (5.116d)
2 0 gq -1/2

0, 0
_7 M - ) 5.116e
(&, M) = L (01 ( )
2\oo
0, 0
f,M) = 11
f, M) < o o) (5.116f)
0,
10
Notice that since M is a representation, we have:
XY, M) = (X,M){Y,M), X,Ye, (5.117)

where in the r.h.s. matrix multiplication is understood. Using these relations, from
(5.111a) one derives the algebra relations obeyed by k, e, f, k, &, f:

kek' =ge, kk'=q"'f, lefl=(K®-k?)/A
kek ' =ge, Kk =q'F, [&fl=(K-k)A
X,Y]=0, X=e¢(f,k, Y=¢fk (5.118)

Note that the first two lines of (5.118) are two copies of % (sl(2, C)).
The coalgebra structure of % is instead fixed by (5.110), (5.110b), and (5.110c).
Explicitly, we have:

A, (k) = kek, (5.119)
Ay (e) =eok'k+kk ®e,

Ay () =Fok 'k +kkef,

A, @) =Kok,

A, @) =eok k+kk ®e,

A, () =Fekk+kk ' oF,

ey () =5 (k) =1, &) =ey(f)=£4@) =4 =0,
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Sy =k, Syle)=-q"e, Sy (f)=-qf,
_ —-1 _ _ - 1=
Suk)=k , Sy@)=-qe, Sy(f)=-q f.
The conjugation of % is given by:
kk e—e fof, (5.120)
which acts as an algebra involution for real g and as an algebra anti-involution for g
complex, such that |g| = 1, and as coalgebra anti-involution in both cases.

Below we shall supplement the pairing (5.116) with

<X, 13) = 8&2/ (X). (5.121)

5.3.3 Representations of the Lorentz Quantum Algebra

We shall now define two actions of the dual algebra % on the basis (5.114) of .# (see
also [465]). As above we introduce the left regular representation of % :

A )M=Y'M, Y,Me%. (5.122)

Explicitly we set for the generators of % :

(M = (k', M)M =
12 9 a
<q0 ql”) O (Y g) 02_
apB
0, L 02 (? 5)
<q1/2a ql/2B> o
_ ql/Zy q1/26 2_
ap ’
02 (? 5)
me)M = (-e, M)M =
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()M = (- f,M)M =

<_018)02 <3§> %
)

ap
0, 0, O ()78
00
(—a —ﬁ) O
0, 0,
(M = k', MyM =
1, 0, ap
(y 5) %2 )
_ RPN Nk
AL 0, 75
(55)
[ \r?d ] (5.123)
o, <q—1/za q—1/2_ﬁ> s .
ql/Z,}—/ q1/26

|
(=]
N
/N
[l o]
SR
N——
(=]
N
/~
=<
™!
——

T[(f)M = <_f’M>M =

|
o
N
/N
L o
o O
N——
o
N
/N
=<
O ™!
——

0 0
0 _
(%9)
In order to derive the action of 7 on arbitrary elements of the basis, as above we use
the twisted derivation rule 7(X)py = n(A'% X)) (@ ® Y) (cf. (5.12)). Thus, we have:
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n(key = nk)p - n(k)y, (5.124)
n(e)py = n(e)p - rr(kl_{l)l/) + (k' k) - (e ,

1)y = n(F)g - n(klp + nlk'k D - n(Fp

n(k)pyp = n(k)e - n(kP

n@pp = 1@ - nlkk W + 1k R - @),

af)oyp = a(f)e - n(k’ll_{l)l/; +m(kk) e - (.

(Note that, though the generators a, & are redundant, we shall write them sometimes.)
Applying these rules one obtains:
<an ﬁ)’l) 02 <qn/2an q—n/Zﬁn > o
yn u ) B qnlzyn qn/2 "
5 = -n
a'p a'p
02 n (—sn 02 n (—Sn
n-1 n-1
(a yB 5) 0,

0 o
= —a, (5.125)

N

0, 0,

0 0 0
(Xyn_l ,B(Sn_l 2

= -a,

0, 0,

" ﬁn a" Bn
0 0
_ <yn 6n> 2 <yn 5") 2
(k) o a" Bn o q—n/zan q—n/ZB"
2 )_)n 8" 2 qn/Z)_/n qn/28"

0, 0,

ap=q""Pl,,  a,=q" ", [nl,=("-qa"A (5.126)
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Analogously, we introduce the right action mz(X) (cf. (5.16)). Explicitly we have:

(k)M = M(k, M)

<q1/2a q1/2ﬁ> 02
_ q1/2y q—1/25

(03)
0,
nmr(e)M = M(e, M) = s

mr(FIM = M(f, M) = < ,

(KM = M(k, M)

(@M = Mg, M)

()M = M(f, M)

|
|
|
|

The twisted derivation rule is (X)) = mx(A4, (X))(@ ® P); that is,

(k)Y = mp(k)ep -
(e} = mg(e)g -
Ry = (e -
mr(k)py = mp(k)p -
(@) = mg(e)e -
r(Flep = mx(Fep -

Ry,
(kTP + (kK )ep - ()
(kK + (kR R (P
(Y,
Rk R + mp(kk ep - (@)
R ()Y + T (KK ) - (P

(5.127)

(5.128)

(5.129a)

(5.129b)
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Using this, we find:

at ﬁn
0
<yn 6") 2
ﬂR(k) _n Nl =
02 (C_Kn €n>
V)

<qn/2an q—n/ZBrl )
0,

n2_n —n/25n
- M n n> (5.130a)

ﬂR(’_() _n p =
0, (?‘n l—gn>
y" 6

an Bn
(V’ 5") 02
- Rrp—— (5.130b)
0 P
2 <q"’2?" q‘"’25n>

at ﬁn
yn 5n> O2

ﬂR(é) _n pl =
0, (‘f,, /_3")
"o



5.3 g-Difference Intertwining Operators for a Lorentz Quantum Algebra = 231

n an—l‘ 0
O (?"‘lg 0)

Now we introduce the elements ¢ as formal power series:

_ ¢ mennpt_m
¢ = Z Ve,m,n,é,m,ﬁﬁ y 6By
e,m,e,meZ,
n,nez

5. (5.131)

By (5.125) and (5.130) we have defined left and right action of % on ¢. As above we use
the right action to reduce the left regular representation. First we calculate:

nR(f) Bf ﬁ (n £+8— m+n)/2a ﬁf m- 16n+1Be}_/rh5ﬁ
n_R(f) ﬁfymts B (n+€ m+8— n)/2— ﬁfy"‘l&ﬂﬁ —m- 16n+1

from which imposing right covariance with respect to f, f; that is:
g =0,mH@ =0, = Kemupzmn~ Omodio (5.132)

we obtain that there is no y and y dependence in ¢. Next, we impose right covariance
with respect to k, k:

e = g e, e =g, (5.133)

where r, F are parameters to be specified below. On the other hand, using (5.129a,b)
and (5.130a,b) one has:

(k) B8 B8 = g et B'E (5.134)
ﬂRU_{) ﬁf(snﬁesﬁ _ q7(2+fl)/2ﬁ€5n Besﬁ.
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;;;;;

Spin ,6€+ﬁ - Our reduced ¢ can now be written as:

0B.558 - Y uaBs B8 . (5.135)

2,8eZ,

From (5.135) we are prompted to introduce the variables n = BS"l, n= Bt_Sfl, which are
noncommuting: nij = ¢°jn . Then we can rewrite (5.135) as:

o01,7,8,8) = p(B,8,B.8) = Y fipn'n’6'8 =
0,0€Z.,
=, 1,1y, 13)5’5- (5.136)

Note that ¢ obey the same covariance properties (5.132) and (5.133).
Now we can derive the %/ -action 77 on ¢. First, we find using (5.125) and (5.124):

(on neara _ q—€+r/2rl€fl(?6r87 (5.137)
ﬂ(e)r] néar (2€+r - l)/2[€] rle 1n€6r6
ﬂ(f)rlé’near —(2€+r r—l)/Z[e r]qu€+1rl€5r6

ﬂ(’_()rlfflfévr _ q—€+r/2rl€fl€6r6
ﬂ(e)nen€5r (2€+r F+1)/2 2] ’12 - 16r87

ﬂ(f)rl rlf(sr —(2€+r r+1)/2[ r] ’l rl€+16r6

As a consequence, recalling (5.136), we find:

()@, 7, 8,8) = 4T, (1, 7, 6, 5), (5.138)
(&)@, 7, 8,8) = -¢" "D, T,p(n, 7, 6,6),
n(F)pn.7.6.8) =g "L (q 7T, - g T, )T ol 7.6, ).

(), 7,6, 8) = T p(n. 7, 6, 6),
n@anm6&=—“mmnr%mﬁﬁsx

(e, 7,6,8) =q ’“)/zg(q T, -4 T;") T, (0, 7, 6,8),
where on any function g of n and 7
T,8(n,n) =ggn,n), Dygn,n) = /\in(T” - T, g1, ), (5.139)
T,g01,7) = gtn, ), Dy, 7) = Aiﬁ(T,7 ~T;Yg01, ).

Notice that the operators T, and T; commute.
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It is immediate to check that r(k), r(e), ni(f), n(k), n(e), n(f) satisfy (5.118). It is also
clear that we can remove the inessential phases by setting:

00 =nk), ) =g ale), () =q " a(f), (5.140)

and the same settings for k — k, e — &, f - f. Then 7, ; also satisfy (5.118).

We denote by %, ; the representation space of functions ¢(n, i, 6, 6) with covari-
ance properties (5.132) and (5.133) and transformation laws (5.138). Further, as in [198]
we introduce the restricted functions (1, 77) by the formula which is prompted in
(5.136):

o0, 1) = (Ap)n, 1) = p(n, 1, 12, 1) (5.141)

We denote the representation space of ¢(n, 77) by 55,,; and the representation acting in
€7 by i, ;. Thus, the operator A acts from %, ; to ¢, ;. The properties of ¢, ; follow
from the intertwining requirement for A [198]:

1,34 = At ;. (5.142)

In particular, the representation 7, ; is given by:

7,000, 1) = 47T, p(n, 7), (5.143a)
7, (e)p(n, 1) = D, Tz 9(n, 1), (5.143b)
1, (F)p(n, ) = %(q T, -d'T,")T; 91, 1), (5.143¢)
7, 0P, 1) = 4790, ), (5.143d)
7t,:(@)p(n, 1) = -Dy T, (1, 1), (5.143€)
(PP, ) = %(q’fol -4 T;")T, (0, . (5.143f)

or, using the decomposition:

P = Y Ryp ‘i, (5.144)
2,be7.,
inherited from (5.136):

7, (k)n a ", (5.145a)
7o'’ = ~q'leln" ', (5.145b)
‘r,;(f)n i =g le-rn'i’, (5.145¢)
(o't = g "’ (5.145d)
. @n'n’ = ¢l (5.145¢)

'’ = g e - At (5.145f)
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Note that if we restrict to one %,(sl(2, C)) subalgebra and to functions of one vari-
able, for example, by setting 7} = 1, T =id, in formulae (5.143a,b,c), we obtain the
g-difference realization of [309].

5.3.4 g-Difference Intertwining Operators

We have defined the representations 7, ; for r,7 € Z. However, we notice that we can
consider (5.143) and (5.145) for arbitrary complex r, 7. Now we make some statements
which will be proved in the next section. For generic r,7 € C the representations
7, ; are irreducible. For r € Z, or 7 € Z, the representations 7, ;, 7, ; are reducible.
Moreover, for r € Z, the representations m, ; and 71_,_, ; are partially equivalent, while
for 7 € Z, the representations 7, ; and 71, _;_, are partially equivalent. The same state-
ments hold for the restricted counterparts 7, ;. These partial equivalences are realized
by operators:

S i Gy — Can I Cgr P C (5.146a)
Iy Gy — (gr,—f—zy Ir %r? - %r,—f—p (5.146b)
wherer, 7 € Z, , that is, one has:
FpoMp =My 50F Lef;=7, 51, (5.147a)
j,—, o nr,? = r,—?—Z o j,—,, I;- o f[r’? = ﬁr’7772 o j,—,_ (5.147b)

We present now the explicit formulae for these intertwining operators. By the clas-
sical procedure of [198] one should take as intertwiners (up to nonzero multiplicative
constants):

7, = (mp@)", I =(p@))", rez., (5.148a)

= (m@)", L= (@), fez,. (5.148b)

QQI

The above is verified by straightforward calculation given in [164]. Furthermore, there
it is found that in terms of the restricted functions ¢ holds:

L= (01,17, rez, (5.149)
L= (D, 1;'12) ", Fez,. (5.149b)

Finally we note that for ¢ = 1 we recover the classical intertwining operators of
Gelfand-Graev-Vilenkin [314] (see also [227] Appendix B):

o \'*1 _ o\ 1 ~
Ir:(%) s rEZ+’ 17:(ﬁ> ’ TEZ+. (5150)
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5.3.5 Classification of Reducible Representations

Now we shall make complete the statements made at the beginning of last sec-
tion about the representations m,;, f,;. It is enough to work with the restricted
representation 7, ;.

For r € Z, the operator I, has a kernel &, ; which is a subspace of %,j. This sub-
space consists of elements which are polynomials of degree < r with respect to n. The
basis of &, ; may be taken as n°q’, £ < 1,2 € Z,. Note that from (5.145c) follows that
ﬁr,i(f)nrfle =0.

Analogously, for 7 € Z, the operator I; has a kernel &, ; which is a subspace of
‘;W,’;. This subspace consists of elements which are polynomials of degree < r with
respect to 7. The basis of z?,,? may be taken as rleﬁ‘?, ¢ eZ,,°¢t <. Also from (5.145f)
follows that 71, ;(F)n‘n’ = 0.

Finally, for r,¥ € Z, the intersection E’;, = &; N &,; is a finite-dimensional
subspace consisting of polynomials of degrees < r with respect to n and < 7 with
respect to 7). The basis of 8";,; may be taken as n‘7°, ¢ < r,2 < 7. Clearly, we have
dim &,; = (r + D(F +1).

Let us denote by L, ; the irreducible subrepresentation of 77, ;. Clearly we have that
L,; =, ;iffr,7 ¢ Z,. Otherwise, L, ; is a nontrivial subrepresentation of 7, ; realized
in &,; whenr € Z,,7 ¢ Z,,in&,; whenr ¢ Z,,F € Z,, in 3‘7,’; when r,7 € Z,.
The last finite-dimensional irreducible representation has highest-weight vector 1,
(71, ;(X)1y = 0,X = e, &) and lowest-weight vector 1’77’ (2, ;(X)n'" = 0,X = f,f). Note
that all finite-dimensional irreducible representations of % are obtained in this way.

Finally, we may present all reducible representation spaces (together with some
irreducible ones) in the following diagrams:

l l nrez, (5.151)

Gy — C v rez,, F¢z\{-1}, (5.152a)
Cgr,i
| re Z\(-1, trez,, (5.152b)
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where the horizontal arrows represent the operators I,, the vertical arrows represent
the operators I;. Note that (5.151) is a commutative diagram.

These diagrams also represent graphically a multiplet classification [193] of all
representations which are either reducible or partially equivalent to reducible ones.
Explicitly, this classification is as follows. All representation spaces %r,jr whenr', 7 €
Z\{-1}, are present in (5.151); all representation spaces 9;”,,’7 when r' € Z\{-1}, 7 ¢
Z\{-1} are present in (5.152a); all representation spaces %r’f; whenr ¢ Z\{-1}, ¥ «
Z\{-1} are present in (5.152b).

Finally, we would make some comparison with the case ¢ = 1, that is, when
U =sl(2, C) [227, 314]. First, only representations with r—7 € Z are integrable to repres-
entations of the group SL(2, C) considered in [314] (or SO, (3, 1) in [227]). Second, these
representations are topological and though diagram (5.151) exists with the same oper-
ators, it has a little different content in [314]. In particular, the representation space
%_,_2’_;_2 is also reducible due to the existence of an integral intertwining operator
acting from %_,_2,4_2 to ¢ .7 and having a nontrivial (infinite-dimensional) kernel.

5.3.6 The Roots of Unity Case

In the present section we treat the case when (5.112) is an involution and q € C,
lg] = 1. Nothing is changed in all considerations for generic q. However, things change
drastically when g is a root of unity, g = N N =2,3,...

First, all elements o, ¥, y", 6", a", BN, v, SN, belong to the centre of .&. It is
convenient to set:

N =5 =1, =N =f =N 0,5 d" =" = 1,. (5.153)

Then the basis of .# instead of (5.114) is:
By st 8, eom e, mez,,e,mem<N, (5.154)

n,neZ,\n|,|nl <N.

Note that (5.153) is consistent with the actions of % on .Z, since, in particular, ay =
ay = 0 (cf. (5.126)).
Instead of (5.131) we have

0 _man
9= Y MpmnpmaBV"8"BY"S . (5.155)
i
nl,|fl<

From the restrictions (5.133) of right covariance with respect to k, k we get that |r|, |F| <

2N. Then, after the change of variables in (5.136) we have to restrict |r|, |7| < N.
However, as at the beginning of Subsection 5.3.4, we shall consider (5.143) and

(5.145) for arbitrary complex r, 7. Now all representations 7, ; are finite-dimensional
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for any values of r, 7. This is clear from the analogue of (5.144):

URIEEY ﬂe,znefz?- (5.156)
£,6<N

Thus, the dimension of 7, ; is at most N?. This dimension is achieved when r, 7 ¢ Z or
whenr + 1,7 + 1 € NZ. Indeed, in these cases all elements in (5.156) are present in the
representation space (cf. (5.145)). Further, for x € Z let xy be the smallest non-negative
integer equal to x (mod N); thus, 0 < xy < N. In the case r + 1 € Z\NZ, from (5.145c)
it follows that 7, ;(f)n'~ ii* = 0. Thus, the basis of the representation space is given by
the monomials neﬁé such that ¢ < ry . Analogously, for 7 + 1 € Z\NZ, from (5.145f) it
follows that fr,’;(f)neffl\’ = 0. Thus, the basis of the representation space is given by
the monomials 7’7’ such that < Fy.
Therefore, for the irreducible subrepresentation L, ; of 7, ; we have shown that:

N?, for r+1,t+1¢ Z\NZ,
dim L. (ry + DN, for r+1€Z\N7Z,t+1¢ Z\NZ, (5.157)
" Gy + DN, for r+1¢ Z\NZ,T+1¢ Z\NZ,

(ry+D@Fy+1), for r+1,7+1e Z\NZ.

From the point of view of the intertwiners, first one can check that if r,7 ¢ Z there
are no intertwining operators. Then we notice that the operator I_, acts from % r7 to
€,_on,; for any r, such that r + 1 € NZ, while the operator Iy_; acts from &, ; to ©,.;_,y
for any r, such that r+1 € NZ. However, these operators are zero since their kernels are
the whole spaces on which they act (cf. (5.64) and (5.37)). Thus whenr+1,7+1 ¢ Z\NZ
there are no nontrivial intertwining operators, the representations are irreducible with
dimension N?; that is, this is the first case in (5.157).

When r + 1 € Z\NZ, each sequence ¢,; — ¢, ,y, is replaced by ¢,; —
%Hw o %r—zN #» 50 that the operator acting in %, > ‘5,_2,1\, 27 1s I, , while the
operators acting in %,_ ry-2F G, oN,7 18 Iy_y > These operators have nontrivial
kernels and all these representations spaces are reducible. Note, however, that these
operators have zero composition: Iy_,, , ° I, = Iy; = 0. Analogous statements hold
when7+1e Z\NZ.

Therefore, we have three cases in which there are nontrivial intertwining operators
and which correspond to the last three cases in (5.157). In the second and third case in
(5.157), the representation spaces are grouped in one-dimensional lattices. (Such one-
dimensional lattices were written for the % (sl(2, C)) case in [30, 209, 309, 506].) First
we give explicitly the lattice corresponding to the second case in (5.157):

= Gy — Crayay — Crang — (5.158)
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The irreducible subrepresentations in (5.158) have the following dimensions:

dimL,,,ov; = (y + DN, s € Z, (5.159)

dlm LI’*Z)’N*2+ZSN,? = (N - rN - l)N, S € Z.

In exactly the same way one considers the third case in (5.157).
Finally, in the last case in (5.157) the representations are grouped in two-
dimensional lattices as follows:

= Gy ™ Crayar ™ Gy

l l l
B <gr,?—zn\,—z - %r—er—z,f—sz—z - %r—m,i—zm—z — (5.160)
l l !

= Crpon — CgerrNQ,FZN — Crowgow —

1 1 1

The irreducible subrepresentations in (5.158) have the following dimensions:

dim L, 56y 5125v = (ry + D(Fy + 1), (5.161)
dim L, 5 2i2sn,5428n = (N =1y = DTy + 1),
dim L, o5y 7 ory-2e2sn = (v + DIV =7y = 1),

dim L, 5 505N, 7-2ry-20sn = N =1y = DN =7y = 1),

where in all four cases s, 5 € Z.
5.4 Representations of the Generalized Lie Algebra si(2),

5.4.1 Preliminaries

A number of authors [180, 182, 447, 455] have suggested definitions of “quantum Lie
algebras™, the aim being to obtain structures which bear the same relation to quant-
ized enveloping algebras as Lie algebras do to their enveloping algebras. It is of interest
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to determine the representations of such quantum Lie algebras, in those cases where
a notion of “representation” is defined, and compare them to the classical represent-
ation theory. For generic values of the deformation parameter q it is to be expected
that the representations will resemble those of the classical Lie algebras which are
deformed into the quantum versions, since the representation theory of a quantized
enveloping algebra is essentially the same as that of the classical Lie algebra, but the
details of this resemblance will help to illuminate the nature of a quantum Lie algebra.
This relationship breaks down if g is a root of unity, which is of much interest in phys-
ics, and it is therefore particularly significant to determine the representations of a
quantum Lie algebra in this case.

Here we construct finite-dimensional representations of the simplest example
of the generalized Lie algebras introduced in [447]. A representation of this algebra, in
the sense defined in [447], is nothing but a representation of an associative algebra,
the enveloping algebra of the quantum Lie algebra. This is obtained from a larger
algebra with a central element by imposing a relation giving the central element as
a function of Casimir-like elements. We investigate the representations also of this lar-
ger algebra, which is possibly more natural in the context of generalized Lie algebras,
and find that it has additional one-dimensional representations.

5.4.2 The Quantum Lie Algebra s((2),

The generalized Lie algebra s((2), was introduced in [447](cf. also [566-568]). Its envel-
oping algebra &/ = U(s[(2)q) is defined by Eq. (3.5) of [447]. For the purposes of
developing the representation theory it is enough to work with the algebras %, ¢
(cf. [447]). The algebra % is generated by four generators: X,, X, , C with relations
A=g-q":

XX, - X, X, = qCX, (5.162)

q X, X_-X Xy =-q 'CX_

XX -XX,=(q+q")(C-X)X,

CX,p = X,C, m=0,+1
The algebra 4 is related to the locally finite part .# of the simply-connected quantized
enveloping algebra f]q(sl(z)). The algebra % was obtained in [447] from 2 by putting
C equal to a function of the second-order Casimir:

C=(q+q )Xo +qX X, +q X, X_ (5.163)

namely,

C =1+ W C2 (5.164)
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For shortness we shall call ¢ the restricted algebra. The enveloping algebra .«#, on the
other hand, is obtained by putting C = 1 [447].
We shall need a triangular decomposition of %:

B =B, ® By RB_ (5.165)

where 4, is generated by X, , while %, is generated by X,), C. We shall call the abelian
Lie algebra /7 generated by X,, C the Cartan subalgebra of .. Note that %, is the
enveloping algebra of /7. The same decomposition is used for the algebra ¢ with the
relation (5.164) enforced.

Further we shall analyse the algebras % and ¢ separately.

5.4.3 Highest-Weight Representations

HWMs of £ are standardly determined by a highest-weight vector v, which is anni-
hilated by the raising generator X, and on which the Cartan generators act by the
corresponding value of the highest weight A € J7*:

X, V=0 (5.166)
u=AX,), c=A0)

In particular, we shall be interested in Verma modules over %. As in the classical case
a Verma module V" is an HWM of weight A induced from one-dimensional representa-
tion of a Borel subalgebra 2, for example, B = A, 8%, ,on the highest-weight vector,
for example, v,. As vector spaces we have:

vh = B®ypVy=RB_®Vy=Ls{v = xk ®volk e Z,} (5.167)

where we have identified 14 ® v, with v .
The action of the generators of % on the basis of V” is given as follows:

X, v = @7 (c— ) ([2Kgu - qlkd,lk - 11,¢) vy (5.168a)
X Vi = Vka (5.168b)
Xovi = (@ u-q" k0 v (5.168¢)

Cvg = cvy (5.168d)

[k, = (@ - q)/A

To obtain (5.168a,c) we have used the following calculations which follow
from (5.162):
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XoX* = x* (¢*X, - 4" K1, C) (5.169a)
[X,. X = X' 7 (C- AXo) x (5.169b)
x ([2K]4Xo ~ qlk]ylk - 11,C)

As usually we start in the analysis of reducibility of Verma modules with the search
for singular vectors v, € V2 which are standardly defined as:

X,vs=0 (5.170a)
Hvi=ANHv,, Hes,Nex” (5.170D)

First we note that since C is central its value is the same as on vy: ¢’ = A'(C) = c.
Further, we proceed to find the possible singular vectors using that they are eigen-
vectors of X, . But the eigenvectors of X, are X" ® v, all with different eigenvalues.
Thus, a singular vector will be given by the classical expression (omitting the overall
normalization): v, = X" ® v,y; for some fixed n € N, and we have:

Xovs = v, u=N(Xy) = ¢"u- q"[nl,c (5.171)
Finally, we have to impose (5.170a) for which we calculate (using (5.169b)):
X, ve=X"1 "2 (c- ) ([2n]qy - g[nly[n - l]qc) ®Vy (5.172)

For the further analysis we suppose that the deformation parameter g is not a non-
trivial root of unity. Then there are two possibilities for (5.172) to be zero, and, thus, we
have two possibilities to fulfil (5.170a):

U = qlnly[n - 1], c/[2n], (5.173a)
or c=Au (5.173b)

We shall analyse the two possibilities in (5.173) separately since they have very differ-
ent implications; moreover, they are incompatible unless ¢ = y = 0 when they coincide
and which we shall treat as partial case of (5.173b).

5.4.3.1 Casec%0

The first possibility (5.173a) (with ¢ # 0) corresponds to the classical relation between n
and the highest weight A (obtained for ¢, ¢ — 1): u = (n-1)/2. Thus, if we fix n € N then
vs = X" ® v, is a singular vector when u has the value (5.173a). The shifted weight A’
corresponds to another Verma module VA" which is the naximal invariant submodule
of VA, The corresponding eigenvalue of X, is (cf. (5.171)):

!

u = —qlnlyln+1],c/[2n], (5.174)

Note that the Verma module VA' does not have a singular vector.
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The factor-module L, . = vA/ V' is irreducible and finite-dimensional of dimen-

sion n. It has a highest-weight vector |n, ¢) such that:

X, In,c) =0, X" |n,c)=0, (5.175)
H|n,c) = A(H) |n,c), Heuw

Let us denote by wy, = X’_‘In, ¢),k=0,1,...,n-1, the states of L, . . The transformation
rules for wy, are:

_ cl2, [, \’

X, we = @ [k [n - K], <#) Wiy (5.176)

q
X_ W = Wiyqs k<n-1
X, anl = O
k
c4q [l’l]q 1-n

Xowe=——— (In-kl, —q "[k+1],) wy

[Zn]q ( q fI)
Cwp=cwy

Thus, the vector w,,_; is the lowest-weight vector of L,, . .
Next we introduce a bilinear form in L, . by the formula:

(w;, wy) = (n, clX, X |n, c) (5177)

where (n, c| is such that {(n, c| |n, c)= 1 and:

(n,c|X_=0 (5.178)
(n,c|H = A(H) {n, c|, Hes#
(n,cl Xt =0

Then we obtain:

(5.179)

(Wi, wy) = By ger1m [klg! [n—1],! (c 2], [n], >2k
e J

[n—1-klg! [2n],

where [k],! = [k] [k - 1],...[1];, [0];! = 1. Clearly (5.179) is real-valued for real g, c.
Thus, for g, ¢ € R we can turn (5.177) into a scalar product and define the norm of the
basis vectors:

op Kt In=11 /cl2], [nl, \*
_ __k(k+1-n)/2 q q q "q
Wil = \/(wy, wp) = ¢ m-1-1, < 2, ) (5.180)

where have chosen the root that is positive for positive c, g. We can also introduce
orthonormal basis:
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1
U = w Wi, (U', uk) = 8}]( (5.181)

The transformation rules for the basis vectors u,, are:

n 2], [n]
X, = g Ikl [n - K], ﬁ Uy (5.182)
X uy =gkt \/[n -1-k, [k+1], % Uy
q
qu [n]q 1-n
Xouy = 2nl, ([n —klg—q "lk+ l]q) Uy
Cu, =cuy

The above scalar product is invariant under the real form %, of % defined by the
antilinear antiinvolution:

wX) =X, wX)=X, w@=C (5.183)

Indeed, the algebraic relations (5.162) are preserved by w for real g. The %, invariance
of the scalar product means that:

(w;, Xwy) = (w(X)wj, wy), X € B, (5.184)

which is automatically satisfied with the definition (5.177). (Note that (5.184) defines
(,) as the Shapovalov bilinear form [550].)

Thus, for every n € IN we have constructed n-dimensional irreducible representa-
tions (irreps) of % parametrized by ¢ € C, ¢ # 0, with basis w; oryy (k=0,...,n-1).
For g, c € R these are irreps of the real form %, , which are unitary when g, ¢ > 0.

5.4.3.2 Casec=Au

The second possibility (5.173b) has no classical analogue. It tells us that if c and u are
related as in (5.173b) then each vector of the basis of Vlisa singular vector. Moreover,
all of them have the same weight since u’ = u (cf. (5.171)). This is clear also from the
transformation rules (5.168) when ¢ = Au:

X, v,= 0 (5.185)
X Vi = Vin
Xo Vi = MV

Cvi=Auvy

Clearly, we have an infinite sequence of embedded reducible Verma modules
Vy=ls{wlkeZ,, k=n}forneZ, asfollows: V, > V,,,, thelatter being the max-
imal invariant submodule of the former. Note that V,, is isomorphic to a submodule
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of all V,, with n > m. Furthermore, because of the coincidence of the weights these
modules are also all isomorphic to each other: V,, = V,, for all m, n. It is also clear that
for every p there is only one irreducible module, namely, the one-dimensional L, =
Vy/ Vi , for any n. Denoting by |u) the only state in L, we have for the action on it:

X, ) =0 (5.186)
X lwy=0
Xo W) = p 1w

Clp) = Aulp)

Note that the above one-dimensional irrep is different from the one-dimensional L;
from the previous subsection. Indeed, though the action of X, is the same, the ratio
of eigenvalues of C to X, here is A, while there it is —[2] q /q.

5.4.4 Highest-Weight Representations of the Restricted Algebra

The highest-weight representations of the restricted algebra ¥ are obtained from
those of % imposing the relation (5.164). In particular, there is the following relation
between the values of the Cartan generators:

2
A=1+2 (H—z + CE) (5.187)
q q

This relation has to be imposed on all formulae of the previous section. There are no
essential consequences of this for the generic Verma modules. For the reducible Verma
modules there are more interesting consequences. First we notice that the reducibility
condition (5.173b) is incompatible with (5.187), and thus there would be no special
one-dimensional irreps like L,, , (cf. (5.186)). So it remains to consider the combination
of the reducibility condition (5.173a) with (5.187) from which we obtain that:

~ € [2n], ~ glnlyln-1],c ~ eqln-1], ~
c= [Z]q [n]q, U= [Zn]q = [Z]q s €=+1 (5.188)
In this case the analogue of (5.174) is:
p'=—-eqln+1],/[2],. (5.189)

Let us denote the finite-dimensional representations of ¢ by L, . and the basis by W,
k=0,...,n- 1. The transformation rules are:

X, Wy = ¢ [Kln - K, Wy (5.190)

X_Vvk=\7vk+1, k<n-1
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X_ Wn_l = O
k
. € - 3
Xo Wy = % ([n—k]q -4 "[k+l]q) Wy
q
ci eln], _

W= ——— W
T,
Further, the analogues of (5.179) and (5.180) are:

k(k+1-n) M

(W;, W) = 8 q m-1-1, (5.191)
} — - (k]! [n-1],!
|Wk| = (Wk, Wk) _ qk(k+1 n)/2 [k]q! [an—k]qq' (5.192)
We can also introduce orthonormal basis:
- 1 . .
U = |W] | Wi, (u~, uk) = 6]’( (5.193)
K

for which the transformation rules are:

X, i = g \[[kly[n - Kl iy (5.194)

X_ iy = ¢ In-1- K T+ 1], gy

Xo Uy = oL (In-Kl,-q" "k+1l,) i

0 € [2n], i
k= R,

eqk
q

Thus, for every n € IN we have constructed n-dimensional irreducible representations
of ¢ parametrized by € = +1, with bases w;, or ity (k=0,...,n—-1).

5.4.5 Highest-Weight Representations at Roots of Unity

Here we consider representations of the algebra % in the case when the deformation
parameter is at roots of unity. More precisely, first we consider the cases when ¢ is a
primitive N-th root of unity: g = €™V, N € N + 1. Then we have:

_ sinnix/N
[X]q = m (5.195)
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In such cases there are additional reducibility conditions coming from (5.172) besides
(5.173a,b). For this we rewrite (5.173a) in a more general fashion:

ul2nl, = glnl,ln -1],c (5.173a")

Then we note that from (5.195) follows that [N], = [2N], = 0, so (5.173?’) is satisfied for
n — N. Thus, vév =xVe v, is a singular vector independently of the highest weight A.
Similarly to the analysis done in [198] and Section 2.7.2 for the quantized enveloping
algebra U,(sl(2)) all vﬁ’N =XNg v, for p € N are singular vectors. The Verma modules
they realize we denote by Vp ,DEZ,,Vy= V2. These are embedded reducible Verma
modules V,, > V,,; with the same highest weight A. Indeed, for any V), using (5.171)
with n — pN we have: p' = ¢y - g"[pN],c = p.

The further analysis depends on whether there are additional singular vectors
besides those just displayed. There are four cases.

5.4.5.1 Case when (5.173a,b) do not hold

We start with the case when y, ¢ do not satisfy either of (5.173a,b). We also suppose
that ¢ # 0 when N is even. Then there are no additional singular vectors and there is
only one irreducible N-dimensional HWM L y = f/p/ Vpﬂ (for any p), parametrized by
all pairs y, ¢ not satisfying (5.173a,b). The action of the generators of % on the basis of
Ly n , which we denote by ¢, (k=0,...,N - 1), is given as follows:

X, @ = 7 (c— ) ([2K] 0 - gl Tk - 11,¢) @iy

X ¢ =Py k<N-1 (5.196)
X Qy-1=0
Xo @r = (@ - 4"1k140) @1
CPy =cy

However, unlike the Drinfeld-Jimbo case, these finite-dimensional representations are
not unitarizable, which is easily seen if one considers the analogue of the bilinear form
(5.177).

5.4.5.2 Case when (5.173a) holds

Next we consider the case when p, ¢ satisfy (5.173a); for some n € IN, n < N. We also
suppose that ¢ # 0 (for any N). First we note that n < N is not a restriction, since then
(5.173a) holds also for all n + pN, p € Z. Indeed, we have:

gln + pN]yln + pN - 1],c/[2(n + pN)], = (5.197)
= q[n]q[n - l]q cosz(np) c/ [2n]q cos(2mp) =
= glnly[n - 14c/[2n], = p
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Thus, we have another infinite series of singular vectors v;pN = X"PN g v, for

p € Z,. They realize reducible Verma modules which we denote by V,, p € Z,;
(f/(’) is the analogue of VA’ introduced in the non-root-of-unity case, but here it
is reducible). They all have the same highest weight A" determined by ', c with
u' given by (5.171). Indeed, substituting n with n + pN does not change the value

!

ofu':

2(n+pN) n+pN

q u—q “[n+pNlc= (5.198)
= ¢""u- ¢ & [nl, cos(ap) ¢ =

=q"u-q"Inlc=y

Of course, after substituting p with its value from (5.173a) we obtain the expression for
' in (5.174). We have the following infinite embedding chain:

VAR SR R AR A (5.199)

where all embeddings are noncomposite: the embeddings f/p b} f/l', are realized by sin-
gular vectors: X" ® v, » Vp being the highest-weight vector of Vp , While the embeddings
V, > V,,,, are realized by singular vectors: xN-n ®v,, , v, being the highest-weight vector
of V.

Now, factorizing each reducible Verma module by its maximal invariant submod-
ule we obtain that for each n € IN, n < N there are two finite dimensional irreps
parametrized by ¢ € C, ¢ # 0: L,y = V,,/ VI; (for any p) which is n-dimensional, and
L;,N = f/I', / f/p+1 (for any p) which is (N - n)-dimensional. However, it turns out that the
irreps from one series are isomorphic to those of the other: L;’ n = Ly_, v - Indeed, note
that the value of y' for the Verma modules ‘71’7 given by (5.174) should be obtained (for
consistency) also from the formula for u with n substituted by N — n (since this is the
reducibility condition w.r.t. the noncomposite singular vector X' " v;, ) and indeed
this is the case:

gIN - n] [N - n-1],¢/[2(N - n)], =

= —q[n - N]y[n+1-N],c/[2(n-N)], =

= —q[nlyln +1],c cosz(nN)/[Zn]q cos(2nN) =
—g[nl,[n+1],c/[2nl, = ¥

Furthermore, the transformation rules for L, y are the same as for L, . (cf. (5.176)),
while the transformation rules for L,  are obtained from (5.176) by substituting n —
N-n.

Thus, we are left with one series of finite-dimensional irreps L, .
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5.4.5.3 Case when (5.173b) holds

Next, we consider the case when y, ¢ satisfy (5.173b) for arbitrary c. Actually, nothing is
changed from the non-root-of-unity case since the relevant formulae (5.185) and (5.186)
are not changed.

5.4.5.4 CaseNevenandc=0

Finally, we consider the case when N is even and ¢ = 0. Let N = N/2 ¢ N. In these cases
there are additional reducibility conditions coming from (5.173a’). Indeed, from (5.195)
follows that [ZN]EI = 0and [N]q # 0. But if ¢ = 0 then (5.173a’) is again satisfied. Thus,
the vector ¢>§’ = XY ®v,, is a singular vector independently of the value of y. Similarly to
the analysis of the first subsection also all ¢§N = xPN ®V, for p € N are singular vectors.
Note that for p even these are the singular vectors that we already have: @?¥ = vZV,
P = p/2. The Verma modules they realize we denote by f/p ,peZ,, VO = V2. These are
embedded reducible Verma modules f/'p > f/pﬂ with the same value of y up to sign.
Indeed, for any f/p using (5.171) with n — pN we have: i’ = ¢?Npu— g~ [pN]qc = (-1 u.
Certainly, for even p these are Verma modules from the first subsection: f/'p =Vj.

As above the further analysis depends on whether y, ¢ satisfy some of (5.173a,b).
However, since ¢ = O then the only additional possibility is that also u = 0, which
is a partial case of (5.173b), which was considered in the previous subsection. Thus,
further, we suppose that y, ¢ do not satisfy either of (5.173a,b) and that u # 0.

Then there are no additional singular vectors besides @*~. Then for each y # 0
there is only one irreducible HWM L= f/p / f/p+1 (for any p) which is N-dimensional.
The action of the generators of 4 on the basis of Ly,N , which we denote by @, (k =
0,...,N 1), is given as follows:

X, ¢ = - A2k oy (5.200)
X_ P = Prars k<N-1
X ¢5,=0
“ 2k -
Xo Pk =4 M Py
CPp=0

Note that if N is odd it seems that formulae (5.200) may be obtained from (5.196) for
N odd and ¢ = 0 by the substitution N — N. However, this is not the same irrep since
with the same replacement the parameter g there becomes &N, "N while the
parameter g here is emIN

5.4.6 Highest-Weight Representations at Roots of Unity of the Restricted Algebra

Here we consider representations of the restricted algebra % in the case when the
deformation parameter is at roots of unity. We start with the case: g = N NeN+1,
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and so (5.1732’) holds. The analysis is as for the algebra % but imposing the relation
(5.187), that is, combining the considerations of the previous two subsections.

5.4.6.1 Case when (5.173a) does not hold

We start with the case when y, ¢ do not satisfy (5.173a), that is, (5.188) does not hold.
We also suppose that ¢ # 0 when N is even. Then there is only one irreducible
N-dimensional HWM parametrized by y, c related by (5.187), which irrep we denote by
L AN - For the transformation rules we can use formulae (5.196) with (5.187) imposed.

5.4.6.2 Case when (5.173a) holdsand c # 0

Next we consider the case when y, ¢ satisfy (5.173a) and ¢ # 0. Here we should be nore
careful so we replace n by n + pN with n < N. Combining the reducibility condition
(5.173b) with (5.187) we first obtain that:

2n+pN); [l
2 _ q a
= [212 [n+pNI2 ~ [212 [n]2 (5.201)

Then we recover (5.188) and (5.189) for n < N which means that we have the same
situation as for the unrestricted algebra at roots of unity. Thus, for each n € N,
n < N and € = +1 there is a finite-dimensional irrep: Z‘n,e,N which is n-dimensional.
The transformation rules for in’e,N are the same as in the non-root-of-unity case
(cf. (5.190)).

5.4.6.3 CaseNevenandc=0

Finally, we consider the case when N is even and ¢ = 0. Let N = N/2 € N. As for
the unrestricted algebra there are additional reducibility conditions; that is, again the
vector vé‘] =xVe V, is a singular vector. However, because of (5.187) the value of ],12 is
fixed:

wW=-/P%,  u=c€ig/h, €=zl (5.202)
Otherwise, the analysis goes through and there is only two irreducible N-dimensional

HWMs L «.v parametrized by €. The action of the generators of 2 on the basis of L N
which we denote by @; (k = 0,..., N - 1), is given as follows:

~2k
(2K
X, == P (5.203)
X @)= Py k<N-1
X ¢5,=0
¢~ 2k+1
- €1 N
Xo p) = “— @i
CP,=0
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The crucial feature of these two irreps is that they do not have a classical limit for
g — 1 (obtained for N — 00).

5.5 Representations of U (so(3)) of Integer Spin Only

We construct induced representations of % = U,(so(3)) = U,(sl(2)) on suitable
g-cosets of the matrix quantum group SO,(3). From these we obtain canonically finite-
dimensional representations of % only of odd dimension, that is, of integer spin.
The matrix elements of these finite-dimensional representations are different from the
standard % ones, which will be essential at least for the roots of unity case.

5.5.1 Preliminaries

Already from the papers of Drinfeld [251] and Jimbo [360] was clear that the quantum
algebras U,(sl(2)) and U,(so(3)) are isomorphic since the above constructions use only
the info about the root systems of sl(2, C) = so(3, C).

On the other hand, the corresponding matrix quantum groups SL,(2) and SO,(3)
are not isomorphic. More precisely, as in the classical case, the matrix quantum group
SL,(2) is a double cover of SO,(3) (cf. e. g., [258, 510]). Thus, one may expect that the
induced holomorphic representations of % = U,(sl(2)) realized on suitable g-cosets of
50,(3) will have the feature of usual SO(3, C) holomorphic irreps to be of integer spin
only.

This is exactly what is shown in this section following [241]. For the applications it
is also important that the matrix elements of these finite-dimensional representations
are different from the standard % ones, which will be essential at least for the roots of
unity case.

5.5.2 Matrix Quantum Group SO,(3) and the Dual U (%)
The matrix quantum group /' = SO,(n) is the g-deformed analog of the complex Lie
group SO(n, C) [272]. It is generated by n® elements which may be collected in a n x n
matrix:

T = (tij) (5.204)

and are subject to the following relations [272]:

R,T\T, = T,T\R, (5.205)

TCT'c! = CT'C'T = 1, (5.206)
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where R, is a certain n’xn® matrix, T, = Tel,, T, = 1,®T, I, is the identity nxn matrix, C
is a certain nxn matrix. The coalgebra structure is given by [272] the following formulae
for the coproduct 6, , counit €, , and antipode y,, ,:

n
Sﬂ(tik) = Z tii ® tjk’ (52073)
=1
€47 (ti) = Bigs (5.207h)
Y (T) =CT C7, (5.207¢)

the antipode given in matrix form for compactness. Using these relations (5.206) are
rewritten in the general form:

Ty, (T) =y, (1T =1, (5.208)

In the case n = 3 the R-matrix R, has the form [272]:

q
1
q—l
E
R, = al 1 (5.209)
1
B| a |q!
Al 1
i q |

where
A= q—q_l, a = —q_l/z/l, B = (1—q_1)/1
and the matrix C is:

0 0g 12
c=l o010 |, (=L (5.210)
4?0 o

With these choices from (5.205) and (5.206) we can derive the explicit relations which
the the nine elements ¢;; obey.

tutie = 4" “tigtino i=1,3 k<e (5.211)
-k .

ity = 4 " tytyss j=1,3, k<e

titee = 4 Ttety, i<k, j>e

tielisnes1 = e enatie + Ali paatier,er k,¢=1,2
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tiaties = Aliinsticr + AMliiaitess k=1,2
bt = A pntie * Aygnbse k=1,2
tipts = qltnpty + o3 13ty)
tatys = qltyty + o313t3)
tutys = @ txty + GAltyst — 1)
toty = totn + F3nt, oty =tyty + 313t
taty = tpty + F3pt31,  pts =ty + 33113
th=-q ' Rltuts, ;= -q" 2lests,
try = ~q ' Rltuts;, 6= a2t

totsy = thlys, Iyt = sty

The quantum algebra in duality with SO,(n) is U,(so(n)). For n = 3 one has % =
Uy(s0(3)) = Uy(sl(2)) (cf. [272]). We use a rational basis of % extracted from the L-
operators of [272]. It differs from the basis of [360] by an algebraic transformation. In
terms of this basis of %, which we denote by X*, k*, the algebraic relations are:

XX -X X' =(-Kk)/A, kTk =k k' =1y,
KX =g X K, KX =¢" X &F, (5.212)

the coalgebra relations are:

5,05 =k ok™, e,k =1, y,Kk)=k,

8, X)) =Xk +1,0X",

06X )=k X +X ®1y,

Yo X)) ==Xk, y,X)=-k'X",

£ (X*) = 0. (5.213)

The duality between the algebras % and ./ is given by the pairings between the
generators which follows from [272] (formula (2.1) for k = 1, up to renormalization);
explicitly, we have:

0-10
X", Ty={ 0 0 g
00 O
0 0 0
x,y=[1 0o o
O—q’l/ZO
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g 00
(k,Ty=( 010 (5.214)
00qg*
These pairings are supplemented with the axiomatic pairing:
<X > 1% > = 8”2/ (X), VX € % (5.215)
The pairing between arbitrary elements of % and <7 follows then from the properties

of the duality pairing.

5.5.3 Representations of U,(so(3))

Next we introduce the left regular representation of %7 which in the g = 1 case is the
infinitesimal version of:

aMYM=M"M, M ,MeS0G,C), (5.216)
namely, we set:
3
ﬂL(X) tl] = Z <’}/% (X), tik> tk]" XeY (5.217)
k=1

Explicitly we get from (5.217) for the generators of % :

() =g g, (5.218)
t21 t22 t23
. _ _ _
X T = —q "ty g t5 -t |,
0 0 0
0 0 0
mX)T= “ty -t —t3

a2ty 4"°t; 4"t

In order to derive the action of 1; on arbitrary elements of the basis we use the fol-
lowing twisted derivation rule consistent with the coproduct and the representation
structure. Namely, we use [210, 211]:

m(y)ab = (nL(é'% Mae b)) (5.219)
where 71 is the multiplication map: i : @/ ®% — o, m(fof’) = f-f'; 62;/ =006y is

the opposite coproduct (o is the permutation operator). Thus, in our concrete situation
we have:
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m (k) ab = (k) a-m (k)b (5.220)
m(XNab=m (k) a -m;X)b+m(XDa-b
mX)ab=mX )a -m(k)b+a-m (X )b

Further we shall use that 717 is a representation; that is:

(22" = m,(2) - m(Z)), (5.221)
m(aZ +BZ") = an;(Z) + Py (Z)), a,peC.

Next we introduce the right regular representation 5 (X) [210, 211]:

3
ﬂR(X) tU = Z tik <X, tkj>’ Xew (5.222)
k=1

Of course, as in all other cases we shall use (5.222) in order to reduce the left regular
representation.
Explicitly we have:

T[R(ki) tl] = qt(i—Z) tl] (5.223)
0 -ty q1/2t12
7TR(X+) T = 0 _t21 ql/ztzz
0 ~t3 4"ty
ty -q P13 0
X )T = t,, g Pty 0
tn -q P30

The twisted derivation rule (cf. [211, 465]) is now given by:

mr(y) ab = m (mz(64, (y))(a ® b)) (5.224)
that is, in our concrete situation:

np(k*) ab = mp(k)a - mg(k*)b (5.225)
(X" ab = mg(X)a - mg(k )b + a - mg(X*)b
mrX )ab = np(k )a-mg(X )b+ nmg(X )a-b

Further we note that since 7y is a representation we have, that is, (5.221) holds.
Further we need a PBW basis for .. Due to the fact that there are many relations
between the nine generators ¢; there are several ways to introduce such a basis. In
particular, one may use the 2 - to — 1 covering of SOq(3) by the matrix quantum group
SLq(Z) [258]. However, there is a more economic and simpler way to introduce such
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a basis via the use of a Gauss decomposition. Moreover, the approach of [198] would
require the use of a Gauss decomposition anyway. To obtain this decomposition we
suppose now that there exists an element t§31. Explicitly, we have:

tll t12 t13
T=|tytyty |= (5.226)

f31 t3; £33
1 ql/zf [2] 182\ /300 1 00
0no gz 10 |=

< 0 0ty 2z

s +&nz+q 22" 25222%3 q"&n - g 217 %2ty (207182,
~-q "z -q 2[2] 2ty n+q &ty §ty
—q*[2] 2’55 q 'zt t33

where

a1 1
§=typly, (=tgtp, (=13
1
n=1tysdy, dy=tyts—gtsty (5.227)
[n] = [n], = @ -qg"N, N =gP-qg"

and the following formulae are used to check (5.226):

t3dy = dytss, 55 = diy, = m =1y,

&= -2tz 53, tpdy = ¢ dyyty, tydy = qdyty

Z = -2t ty, tydyy = ¢ dytss tpdy = g dyty

tpdytn=q " tyts - 1y - ¢ tizty}

taduts = 4 tsts - q Pty

tadnts = 4 Puty - 4P tsty (5.228)
The above relations in turn are verified by use of the explicit form of the algebraic
relations of SO,(3) (5.211).

Thus, we see that the relevant variables are &,1,¢t,{ and so a possible PBW
basis is:

f=fm€p€=§mnetp(€, meéez,, €=01 peZ. (5.229)
The commutation relations in this basis are:

t&=q'ét, tm=nt, t{=q't,
né =4én, ¢ =4, g =ng. (5.230)

We see that this basis is very convenient since it is almost commutative.
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Following our procedure the representation spaces will have elements which are
formal power series in the basis (5.229) obeying right covariance conditions. By abuse
of the notion we shall call these elements functions; explicitly, we write:

¢ = Z Hmepe 'fm rle & Ce (5.231)

m,leZ,
€=0,1,peZ

The right covariance conditions for the holomorphic representations are with respect
to X, k*:

mRX) P =0, (5.232a)
k)@ =q ¢ (5.232b)

where r is a parameter to be specified later. Note that from (5.232b) follows: mz(k™) ¢ =

q" @. First we calculate:
(€N 0 0
mr(X) <( )= g0 (5.233)

which means that in order to fulfil (5.232a) our functions should not depend on the
variable {; that is, the functions become:

9= Unpénf (5.234)

meZy
€=0,1,peZ

Note that the algebra %, with PBW basis §"'1°t” may be viewed as the g-deformation of
(the local coordinates submanifold of) the g-coset % = SO(3, C)/G, where G~ is the
subgroup of lower diagonal matrices with main diagonal entries equal to 1. Further
note the decompostion % = ?,?/qo ® @ql, where @qo, Q/ql are isomorphic subalgebras
with bases £™t?, £Mnt?, respectively.

Next we obtain by direct calculation:

(k) EM P = P EM e P (5.235)

From the latter and (5.232b) follows that in (5.234) there is no summation in p since
p = r; consequently the parameter r should be integer and our functions become:

p=) &M, rez (5.236)
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Further we suppose that g is not a root of unity. We calculate the transformation
action:

ﬂL(ki) ‘Sm ’76 ¢ = qi(m—r) fm rle ¢ (5.237a)
XD E R = — g m e (5.237b)
(X)) EM L = q(l—m)/z M €m+l . (5.237¢)

(2]

It is easy to check that 1 (k*), 71, (X*), satisfy (5.212). Note that these transformations
are not changing the parameters r, €; that is, we have obtained representations para-
metrized by r € Z, € = 0, 1. However, we see that the parameter € is fictitious since the
transformation rules do not depend on it. Furthermore, the variable 1 is passive also
w.r.t. the right action: mx(X*) n = 0, mx(k*) n = n. Thus, for fixed € the representation
acts in the g-coset JJ?qe ; that is, our functions become:

p=0E 0= w,&"n°t,  rez, e=0,1 (5.238)

mezZ,

For simplicity, we shall further set € = 0 and denote our functions as ¢(¢, t). Further,
we denote the representation action by 77, which in terms of the functions ¢(¢&, t) may
be written as:

(k") 9§, 0) = 47 T, 9(&,0), (5.239)
”r(X+) (P('f’ t) == q_l T{1 2 Dg 4)(‘{’ t)’
1/
RO 960 = L2 (a7, - 07T, 060,
RO -fa, D - (T -T L) e G0

We denote with %, the representation space of functions ¢(¢, t) with covariance prop-
erties (5.232) and transformation laws (5.237) (with € = 0) and (5.239). For genericq € C
and r € Z, the representation 7, is reducible. Indeed, for r € Z, the representation
space %, has an invariant subspace &, of dimension 2r + 1 consisting of the vectors
&Mt form=0,1,...,2r (& 040 = 1,,). The latter statement is obvious, as from (5.237c)
follows: mr; (X7) ¥ " = 0. Thus &7 ¢ (¢° t° = 1,,), is the lowest-weight vector, while ¢’
is the highest-weight vector: 71; (X*) t" = 0

Thus the set of finite-dimensional representations of the % obtained as subrepres-
entations of the elementary representations realized on the coset %0 (or %1) of SO,(3)
is parametrized by the non-negative integers and for fixed r € Z, the corresponding
finite-dimensional representation is of dimension 2r + 1; that is, all dimensions are
odd.
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The latter result should be put in contrast with the fact that the set of finite-
dimensional representations of the % obtained as subrepresentations of the element-
ary representations realized on cosets of SL,(2) is parametrized by the non-negative
integers and for fixed r € Z, the corresponding finite-dimensional representation is of
dimension r + 1; that is, all integer dimensions are possible.

Thus, we recover the classical result that the finite-dimensional irreps of SO(3, C)
are only of integer spin j € Z, (j = r), and hence of odd dimension 2j + 1,
while the finite-dimensional irreps of SL(2) (which is a double covering group
of SO(3,C)) are of (half-)integer spin j € Z,/2 (j = r/2), and hence of any
integer dimension 2j + 1. (Of course, physicists consider finite-dimensional irreps
of SO(3,C) also of half-integer spin, calling them two-valued irreps; moreover,
infinitesimally such considerations are also mathematically correct since so(3) =
sl(2).)

Otherwise, other results are in parallel with the SLq(Z) case. In particular, the
finite-dimensional invariant subspace &, discussed above is the kernel of an operator
%, intertwining the representations r, and r7,s; that is,

S, m,(Y) = . (Y) S, , Yeu (5.241)

where r’ is expected to be —r — 1. According to the general prescription [198] this oper-
ator should be given by (r[R(XJ'))S where the parameter s is expected to be 2r + 1 (=
dim &,). This can be checked directly. Indeed, let s € N and let us suppose that
o = (&)’ @ € %,. The latter means first (by right covariance (5.232a)) that
mr(X7) @' = 0. We calculate:

(X)) @' = mp(X) (mp(X")” ¢ =
= (X)), (mr(X )’ =
=g (IX°, X))
= mR (X, (X)°])
= nR(s] ! (q(s DR g g2 e )//1) ®=

Q=
Q=

- Bl () e (602K - 07K ) -
[s] - ((X e 1) (q(s D-r q (5-1)/z> 0=
A
_Islls—1-2r] 1 () @ (5.242)

[2]

For g not a root of unity the last quantity may be zero only fors = 2r + 1, as expegted.
Further we use the other condition of right covariance (5.232b): mg(k*) ¢’ = q" ¢';
that is:
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(k) @' = mp(k') (mp(XH)’ @ =
=g (kK" (X*)°) @ =
=mr (¢ XV K") ¢ =
=q " mp (X)) g (K7) ¢ =
=g R (X)) o=d" ¢,

!

= r=r-s=-r-1 (5.243)
Thus, indeed the intertwining operator ., is (up to multiplicative nonzero constant):

I, = mp(X). (5.244)
Finally, as in [198] we introduce the restricted functions ¢(¢) by the formula:

@) = (AP = 9@, 1,)= Y py&™ (5.245)

meZ,

Note that the basis £™ may be viewed as (the local coordinates submanifold of) the
coset & = SO(3,C)/B™ , where B~ = HG is the subgroup of lower diagonal matrices,
H being the subgroup of diagonal matrices.

We denote the representation space of ¢(¢) by 4 . and the representation acting in
%, by 7. Thus the operator A acts from %, to %,. The properties of %, follow from the
intertwining requirement for A [198]:

t,A = An,. (5.246)

In particular, the representation action 77, on the basis ™ is given by:

7% &M = gt gm, )
(X E" = - g [m] &,
m(X7)Em = g2 [2r - m] g,

2]
In terms of the functions { the representation 7z, acts as:

7, 9&) = 47" T, 9(9), (5.248)
(X" p@&) =~ '), D} 9L,

P i ' ok )
") =21, (4T, -a7T,) 966).

These functions have the property that we can extend (5.247) and (5.248) for arbit-
rary complex r. For generic g, r € C the representations 7z, are irreducible. For generic
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q € Cand r € Z_/2 the representations 7, are reducible. In the latter case all proper-
ties parallel the infinitesimal version of the classical case; that is, on the coset Z the
restricted representations of the algebra %/ may have subrepresentations also of half-
integer spin. Otherwise, the description is as for %;: the representation space ¢ .hasan
invariant subspace &, of dimension 2r+1 consisting of the vectors ™ form = 0, 1,...,2r
(¢° =1,,), &' being the lowest-weight vector, 1,, being the highest-weight vector.



6 Invariant g-Difference Operators Related
to GL,(n)

Summary

This chapter is devoted to the detailed consideration of the g-difference operators related to GL,(n).
We consider in detail several special cases, in particular, the case of U,(sl(3)) and the polynomial
solutions of g-difference equations. The relation of these solutions with the Gelfand—(Weyl)-Zetlin
basis is studied in detail, also in the case of roots of unity, where new features are discovered. The
case of U,(sl(4)) is developed also in preparation for the subsequent chapter. This chapter is based
mainly on [211, 220, 230, 244-246].

6.1 Representations Related to GL,(n)

In this section we follow mainly [211, 220]. We consider again the matrix quantum

group 7, = GL4(n), q € C, introduced in Section 4.1 though replacing ¢ by q. Thus,
we set instead of (4.4) A =q—-qV):
MieMij = injMif > fOl‘ f > j, (6.1a)
MM;; = gMyM,;,  for k>, (6.1b)
Mijif = Mikaj ) f01’ k > i, f > j, (6.1C)
MMy, = MMy — AMiMy;,  for k>i,¢>]. (6.1d)
This algebra has determinant 2 given by (4.6) but with
ew) = [] ah=(gH™. (6.2)
j<k
w(1)>w(k)
Next one defines the left and right quantum cofactor matrix A;; [462]:
e(weo;)
ZW(I) =j “eloy) M) - M My =
€(W°O’ ) —
ZW(]) i 6(0' ) MW(l),l .. Ml] . .Mw(n)’n ) (6.3)
where 0; and o]f denote the cyclic permutations:
0 ={i,...,1},0] = {j,...,n}, (6.4)

DOI 10.1515/9783110427707-006
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and the notation X indicates that x is to be omitted. Now one can show that [462]:

Y MyAy =Y AiMy, = 6,7, (6.5)
j )

and obtain the left and right inverse [462]:
M'=9A=49" (6.6)
Thus, the antipode in GL,(n) is [462] (cf. also (4.10)):
Yor M) = 27 Ay = Az 97 (6.7)
Next we introduce a basis of GLq(n) which consists of monomials

f= Myl (M PP (M) (M)
X(Mn_l’n)nnil’n . (Mlz)nlz =
= fopns (6.8)

where ¢, p, it denote the sets {¢;}, {p;;}, {n;}, respectively, ¢, p;, n; € Z, and we have
used the so-called normal ordering of all elements M; (1 < i,j < n). Namely, we first
put the elements M; with i > j in lexicographic order; that is, if i < k then Mj; @i>)is
before My, (k > ¢) and My; (t > i) is before My (t > k); then we put the elements M;;
finally we put the elements M;; withi <jin antilexicographic order; that is, ifi > k then
Mj; (i < j) is before My, (k < €) and My; (t < i) is before My (¢t < k). Note that the basis
(6.8) includes also the unit element 1 " of 7, when all {¢;}, {p;}, {n;;} are equal to zero;
that is:

f6,6,0 = Lagg- (6.9)

We need the algebra in duality with GL,(n). This is the algebra %, = U,(sl(n)) ® U,(2),
where U,(Z) is central in %, [209, 233]. Let us denote the Chevalley generators of
sl(n) by H;, X, i =1,...,n— 1. Then we take (as in (1.52)) for the rational “Chevalley”
generators of % = U,(sl(n)) : k; = gl 1t = g2 xE i = 1,...,n - 1, with the
following algebra relations:

kiki = kik;, kit = ki = lyy KX =g Xk; (6.10a)
(X', X1 =6 (k] - k;*) /A, (6.10b)
(X5)* X3 - 21, XEXEX: + X (XE)' = 0,1i-jl =1 (6.10¢)
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where a; is the Cartan matrix of sl(n), and coalgebra relations:

65,0 =k ok, (6.11a)
8, X5 =X ok +k'oX’, (6.11b)
eq () =1, &5(X)=0, (6.11¢)

v k) =k yy (XF) = -¢"' X7, (6.11d)

where k! = k;, k; = k;'. Further, we denote the generator of 2 by H and the
generators of U,(2) by k = ¢"7, k' = g2 k" = k'k = ly,- The generat-
ors k, k™' commute with the generators of %, and their coalgebra relations are as
those of any k;. From now on we shall give most formulae only for the generators
k;, Xii, k, since the analogous formulae for k; 1 k71 follow trivially from those for k;, k,
respectively.

The bilinear form giving the duality pairing between 7%, and 7 is given
by [233]:

(ki Myp) = 802, (612a)
(X, M) = 65,1065, (6.12b)
(X7 s Mg) = 81,66, (6.12c)

(k, Mj,) = 6j€q1/2- (6.12d)

The pairing between arbitrary elements of %, and f follows then from the properties
of the duality pairing. The pairing (6.12) is standardly supplemented with

<y ’ 1dg> = S%g (y)' (613)
It is well known that the pairing provides the fundamental representation of %,:
F(y)]f = <yyM]€> ’ y = ki’ Xliy k' (6'14)

Of course, F(k) = I, , where I, is the unit n x n matrix.

6.1.1 Actions of Uq(ql(n)) and Uq(sl(n))

We begin by defining two actions of the quantum algebra in duality %, on the basis
(6.8) of o7,.

First we introduce the left regular representation of 7%, which in the g = 1 case is
the infinitesimal version of:

aAY)M=Y'M, Y,MeGLn). (6.15)
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Explicitly, we define the action of %g as follows:

O = (13, 0) ), = S (15,00, M -
]

= z <y§§/g(y), M) M, (6.16)
]

where y denotes the generators of %, and yﬁ}/g is the antipode Yo, for g = 1, the possible
pairs being given explicitly by:

02 v, ) = (ki K ), (65, =X, (e k). (617)

From (6.16) we find the explicit action of the generators of Uy:

(k)M = g0, (6.18a)
n(X; WM, = =6;M;,10, (6.18b)
n(X; Mjp = =611 ;M 1, , (6.18¢)

()M, = g "> Mj,. (6.18d)

The above is supplemented with the following action on the unit element of .«7:
k)l = 1o, TX1y =0, 71y, =1, (6.19)

In order to derive the action of 71(y) on arbitrary elements of the basis (6.8), we use the
twisted derivation rule consistent with the coproduct and the representation structure,
namely, we take: rz(y)py = 7'[(5'%g ) (@ ® ), where 6’% =0o 5% is the opposite
coproduct (o is the permutation operator). Thus, we have:

alk)ey = nlk)e - nlk)y , (6.20a)
n(X))pyp = a(X)g - n(k; W + nlk)g - n(X; P, (6.20b)
n(k)pw = (k) - wk)yp . (6.20¢)

From now on we suppose that g is not a nontrivial root of unity.
Applying the above rules one obtains:

ﬂ(ki)(Mje)n - qn(5i+l,j*5ij)/2(1wjf)n , (6.213)
(X M;)" = =83ic, (M) M, (6.21b)
XD M;)" = ~81,1¢aMj 1o (M), (6.21¢)

a(lM;)" = ¢ (M), (6.21d)
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where

o =q""Pnl, [, =" -g"/A.

(6.22)

Note that (6.19) and (6.18) are partial cases of (6.21) for n = 0 and n = 1 respectively (cf.

(6.9)).

Analogously, we introduce the right action (see also [465]) which in the classical

case is the infinitesimal counterpart of:
mr(Y)YM = MY, Y,M € GL(n).
Thus, we define the right action of %g as follows:

mR(Y)M;, = (MF(Y))ie = zMijF(y)if = ZMif<y’ Mi€> ’
j j

where y denotes the generators of 7.

From (6.24) we find the explicit right action of the generators of %,:

()M, = P9,

”R(Xi+ )Mje = 5i+1,eMj,e—1 >

TR(X; Mg = 6;,Mj .4,
nip(k)M;, = ql/zMje,

supplemented by the right action on the unit element:

MRy = 1ogy s TRy =0, R(L,y, = 1.

(6.23)

(6.24)

(6.25a)
(6.25b)
(6.25¢)
(6.25d)

(6.26)

The twisted derivation rule is now given by mz(y)@y = rrR((S% (e ® P); that is,

mr(k) o = (k) - (k)
XY = mp(X) - p(k) + mp(k; e - (X,
ey = mp(k) - mp(l)Y .
Using this, we find:

ﬂR(kl)(M]g)n — qn(5ie—6i+1,e)/2(Mj€)n ,
TR M) = 81 pCay o1 (M),
TR(X))(Mj)" = BipCy (M) M; 4.1,

TRIOM)" = ¢ (M)

(6.27a)
(6.27b)
(6.27¢)

(6.28a)
(6.28b)
(6.28¢)

(6.28d)
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6.1.2 Representation Spaces
Let us now introduce the elements ¢ as formal power series of the basis (6.8):

Q= ZZ,rﬁ,ﬁeZ+ y’,m,ﬁ(Mn)le -~-(IVIn,n—l)m"’"_1 (Mll)e1 ~--(Mnn)6n X

X(Myy_y )b (Mpp)™2. (6.29)

By (6.21) and (6.28) we have defined left and right action of %, on ¢. As in the classical
case the left and right actions commute, and as in [197] we shall use the right covari-
ance to reduce the left regular representation. In particular, we would like the right
action to mimic some properties of a highest-weight module, that is, annihilation by
the raising generators X;” and scalar action by the (exponents of the) Cartan operat-
ors k;, k. However, first we have to make a change of basis using the g-analogue of the
classical Gauss decomposition. For this we have to suppose that the principal minor
determinants of M:

@m = Z €(W)M1,W(1) .. 'Mm,w(m) =
weSy
= Z €(W)MW(1)’1 .. 'Mw(m),m , m<n, (630)
weSy

are invertible; note that 2, = 2, 2,1 = Au-
Further, for the ordered sets I = {i; < --- < i,}andJ = {j; < --- < j,}, let & be the
r-minor determinant with respect to rows I and columns J such that

1
'{] = Z e(W)Miw(l)jl “.M’.W(r)jr' 63D

weS,

Note that {111’ = %;. Then one has [63] (i,j,£ = 1,...,n):

1o b-11 -1 “1pli
My =Y BiZi, Byp=870" P, Zy=% & e (632)
)
B;, =0fori<¢,Z, = 0fori> ¢, (which follows from the obvious extension of (6.31) to
the case when I, resp. J, is not ordered). Then Zij, i < j, may be regarded as a g-analogue

of local coordinates of the coset B\GL(n).
For our purposes we need a refinement of this decomposition:

B, = Yie@ee s 1?ie = ‘511.'.'-'267“ @gl s Do = 96@2—11 » (Do = 1%) H (633)

where Yﬂ,, j > ¢, may be regarded as a g-analogue of local coordinates of the coset
GL(n)/DZ.
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Clearly, we can replace the basis (6.8) of /g with a basis in terms of Yi,i> ¢, 92,
Zyp, i< €. (Note that we set Y;; = Z; = 1 dg.) Thus, we consider formal power series:

Q= zm,ﬁﬁl+ y%’m’,—l(?ﬂ)mzl e (Yn,nfl)mn’m1 (91)61 cee (@n)en X
teZ

X(Zn_l’n)nn_l’n e (le)nlz.

(6.34)

Now, let us impose right covariance (cf. [197]) with respect to Xi+ , that is, we require:

(X)) = 0.
First we notice by a direct calculation that:
mpX)E =0, for J={1,...,j},VI,
from which follow:
(X% =0, mpX;))¥j, =0.
On the other hand mz(X;") acts nontrivially on Zjp:

512
MR(X{)Zp = 611,69 il Zi o1

Thus, (6.35) simply means that our functions ¢ do not depend on Zj,.

functions obeying (6.35) are:

o= Y  pa(T)™ (V)™)Y L (Z)

teZ ,meZ.,

Next, we impose right covariance with respect to k;, k:

mr(k)p = ¢ ",
(e = g0,

(6.35)

(6.36)

(6.37)

(6.38)

Thus, the

(6.39)

(6.40a)
(6.40D)

where r;, 7 are parameters to be specified below. On the other hand using (6.27a,c),

((6.28)a,c) we have:

mr(k)e = @7, g = g%, for J={1,...,j,VI,

from which follows:

nx (k)7 = "7 75, 1075 = 9”7,
nR(ki)?jg = ?]g N "R(k)?je = ?]Z s

(6.41)

(6.42a)
(6.42b)
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and thus we have:

til 20, (6.43a)

2l (6.43b)

k) = q
() = q

Remark 6.1. For g = 1 the elementary representations (in particular, the right covari-
ance conditions) for a complex semisimple Lie group G, are given by (cf. Volume 1):

Cyn =17 € COGCIF(gm) = MNPz, AR -NX) ez,  (6.44)

where x = expX), X € ., n € Gz = exp(%;), using the Gauss decomposition
9. = 97 o H. &9, of the Lie algebra ¢, of G, and the last condition in (6.44) is
necessary to ensure uniqueness on the Cartan subgroup H, = exp(J%) of G.. In the
quantum group setting above, for simplicity, we are using infinitesimal holomorphic
representations for which A’ = 0. For U, (sl(2)) with A" # 0 we refer to Section 5.3 where
this construction was carried out for a g-deformed Lorentz algebra. O

Comparing right covariance conditions (6.40) with the direct calculations (6.43) we
obtain ¢ = r;, fori < n, ¥,j¢; = 7. This means that r;,7 € Z and that there is no
summation in ¢;, also ¢, = (F - Y1 ir;)/n.

Thus, the reduced functions obeying (6.35) and (6.40) are:

0= MaTo)™ .. Ty )™ (D) (D)2 (6.45)

MeZ,

where ¢ = (7 - Y11 ir,)/n.
Next we would like to derive the %g — action m on ¢. First, we notice that % acts
triviallyon 2, = 2:

n1XH2 =0, nk)?=2. (6.46)
Then we note:
n(k)7; = q_j/z_@]-, (k)Y = Y, (6.47)
from which follows:
a(k)e = g . (6.48)

Thus, the action of % involves only the parameters r;, i < n, while the action of Uq(ﬁp )
involves only the parameter 7. Thus we can consistently also from the representation
theory point of view restrict to the matrix quantum group SLq(n) ; that is, we set:
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D =T =1y, (6.49)

Then the quantum algebra in duality is % = Ug(sl(n)). This is justified as in the
q = 1 case [197] since for our considerations only the semisimple part of the algebra is
important.

Thus, the reduced functions for the % action are:

oY, 2) = Y pa(V)™ .. (V)™ x

mezZ,
x(D)" .. (D) = (6.50a)
= NP .. (T ) (6.50b)

where Y, 2 denote the variables Yy, i > ¢, 2, i< n.
Further we note the commutation relations of the ?ij and Z; variables:

ViV = q¥y¥y,i> €5, (6.51a)
YV = qVYy;, k> i> 5, (6.51b)
ViV = V¥ k> i> 055, (6.51c)
YYo= V¥, k>i>e>j, (6.51d)
YieVy = V¥, + AV, Yy k> i> 0>, (6.51e)
IME q_ll?ijf/ki + q_l/\f/kj Jk>i>j, (6.51f)
Yo% = DY, j > €> 1, (6.51g)
YieT: = q%Yy,j>i2 €, (6.51h)
Yo% = DYyy,iz]> e, (6.51i)

where in (6.51d) we use 171-5 = 0 when i < ¢. Note that (6.51a-d) may be obtained by
replacing M;, with Y;, in (6.1a-d). Note that the structure of the g-coset for general n
is exhibited already for n = 4, while for n = 3 relations (6.51c,d) are not present. The
commutation relations between the Z and 2 variables are obtained from (6.51) by just
replacing Y; by Z, in all formulae.

Note that for real g the g-coset is invariant under the antilinear anti-involution @
acting as:

(o) = V- narj- (6.52)
Thus it can be considered as a g-coset of the quantum group SU,([(n + 1)/2];ns, [n/2]in),

where [x/2];, is the biggest integer number not greater than x. The same invariance
holds for the Z coordinate g-coset.
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Next we calculate:

()% = ¢ "%, 6.53)
n(X;)7; = =851
n(X;)% =0,
~ 1 ~
ﬂ(kl) Y]g = qj(6i+1,j_5ij_5i+1,€+6i€) ng (6.54)

. . S e .

n(X{)Yjp = =651, + 8ipq" Ot/ Yo eYje +

15 B B
+6i1,0 (q Yioq- Y€,€—1Yj€> )
.2 _6. g

(X;)Y;e = 61,159 iel2 Yiqe
These results have the important consequence that the degrees of the variables 7; are
not changed by the action of % ; that is, the parameters r; characterize this action.
Furthermore it is easy to check that 7(y) satisfy (6.10). Thus, we have obtained repres-
entations of % . These are analogues of the elementary representations of the classical
caseq =1.

To obtain these representations more explicitly one just applies (6.53), (6.54) to
the basis in (6.50) using (6.20). In particular, we have:

k) 2)" = ¢ 2)", nez, (6.55)
aX ) (Z)" = -6¢,V1.15(2)", nez,
1X;)(2)" =0, nez,
()T )" = g2 G S Py 1 nez,, (6.56)
n(X; )(i’je)n = _5ijcn(Yj€)n_1?j+1,€ +
+84.1,Cn (q_lyj,e—l(?je)n_l - 1?e,m(l?je)n) +
+5ie¢117"5"’m/25n?e+1,e(17je)n , heZzZ,,
X)) (Yj)" = =619 i’“ln/zcnyj—l,e(yje)n_l , heZzZ,,
& = q"""[nl,. (6.57)
We shall denote by %; the representation space of functions in (6.50) which have cov-

ariance properties (6.35), (6.40a). The representation acting in %; we denote by 7;
doing also a renormalization to simplify things later, namely, we set:

k) = k),  m(XE) = ¢ a(xE). (6.58)

Then 7z; also satisfy (6.10).
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Further, since the action of % is not affecting the degrees of Z;, we intro-
duce (as in [197]) the restricted functions @(Y) by the formula which is prompted in
(6.50b):

o) = (P =@V, 2y == D1 = 1), (6.59a)
(V) = Yinez, Hn(Yo)™ ... (Vy )™ 1 (6.59b)

We denote the representation space of @(Y) by %i and the representation acting in % 7
by ;. Thus, the operator <7 acts from %, to ;. The properties of ¢; follow from the
intertwining requirement for .« [197]:

f[; ° d = JZ{ ° f[;. (6-60)

For the more compact exposition of the representation formulae we shall need below
also the following operators (corresponding to each of the variables Yje):

Myp(V) = Y paMip(V)™ (V)™ (6.61)
mezZ,
M (V)™ (V)™ t = (F) ™ (7)™ x
X... (Yn,n_l)mn’rkl N

Ti@(1) = > ppTip(Vy)™ . (V)™ (6.62)

meZ,

T]'E(Yzl)m21 . (?n’n_l)m"v"*1 = qmie(?m)mn . (?n’n_l)mn,n—l
Next we introduce also the homogeneity (number) operators N, for the variable Y]-E:

Nep(V) = Y pNip(¥ )™ (V)" (6.63)

mez,

Nif(Yﬂ)mZI e (?n,n—l)mn’ml = mjg(?m)mﬂ . (Yn’n_l)m")”*l
Clearly, we have the relation:
Te=q". (6.64)

Using the above we define the g-difference operators which admit a general defini-
tion on a larger domain than polynomials, but on polynomials are well defined as
follows:

U P e
2;p(Y) = AMie (Tie - T2 ) (V) =

- i, N 1p(¥) (6:65)
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from which follows:

.@je(Y21)m2l ce (i’n’n,l)mn’n_l = [mje]q (?21))7121 e (?je)mie_l .

e (Vg nt (6.66)

Note that although Mj_el is not defined on (¥,))™ ... (¥, ;)™ for mj, = 0, the oper-
ator @je is well defined on such terms, and the result is zero (given by the action of
(Tj, - 7}}1)). Of course, for ¢ — 1 we have 7, — dy, = 0/0Y,. Note that the above
operators for different variables commute; that is, with these we have actually passed
to commuting variables.

For the intertwining operators between partially equivalent representations we
need the action of 713(X;) on f’je and Z,. Using (6.28) and (6.27) we obtain:

ﬂR(Xl_)(gg)n = 6iecn(9€)nZ€’g+1 > (6.673)
mR(X; )(Yje)n = 51’6‘1"_3/2["](1(?;@)"_1l?j,m9e+194_ 2%71 (6.67b)

where, as usual, we use 171-1- =1, = 9,. We shall use also the repeated action of mz(X;)
so in addition we need:

MR Zje = 862001~ 630 9251250 + 60778 L, (6.68)

g(k)Zyy = qOini~iPie iz, (6.69)

6.1.3 Reducibility and Partial Equivalence

We have defined the representations 7; for r; € Z. However, notice that we can
consider the restricted functions gb(l?) for arbitrary complex r;. We shall make this
extension from now on, since this gives the same set of (holomorphic) representations
for U,(sl(n)) as in the case g = 1.

Now we make some statements which are true in the classical case [197], and will
be illustrated below. For any i, j, such that 1 <i <j < n -1, define:
my=ri+-+rn+j-ivl, (6.70)
note m; = my = r; + 1, my = m; +--- + m;. Note that the possible choices of i,j are in
one-to-one correspondence with the positive roots a = a;; = a; + -+ + a; of the root
system of sl(n), the casesi = j = 1...,n — 1 enumerating the simple roots a; = a;. In
general, m;; € C for the representations 7z;, while m;; € Z for the representations ;.
If m; ¢ N, for all possible i, j the representations 7i;, 7; are irreducible. If m; € N,
for some i,j the representations 7i;, 1; are reducible. The corresponding irreducible
subrepresentations are still infinite-dimensional unless m; ¢ Nforalli=1,...,n—-1.
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The representation spaces of the irreducible subrepresentations are invariant irredu-
cible subspaces of our representation spaces. These invariant subspaces are spanned
by functions depending on all variables Y}, , except when for somes € N,1<s<n-1,
we have mg = mg,; = --- = m,_; = 1. In the latter case these functions depend only on
the (s-1)(2n-s)/2 variables Yj, with £ < s, (the unrestricted subrepresentation functions
depend still on 2, with ¢ < s). In particular, for s = 2 the restricted subrepresentation
functions depend only on the n—1variables Y};. The latter situation is relatively simple
also in the g case since these variables are g-commuting: Y;; Y}y = qYqY};,j > k. (For
s = 1 the irreducible subrepresentation is one-dimensional, hence no dependence on
any variables.)

Furthermore, for m;; € N the representation 7;, 71; respectively is partially equival-
ent to the representation s, 77, respectively with m; = r; + 1 being explicitly given as
follows [197]:

m, , fore+i-1,i,j,j+1,
myg; , fore=i-1,
ml _ _m€+1,f ’ fore =i <j ’ (6 71)
¢ -Mipq fore=j>i, )
-my , fore=i=j,
mi, , fore=j+1.

These partial equivalences are realized by intertwining operators:

fﬂu : % — %! , m,-j €N, (6.723)
Iij H (g,—, e Cgfl , ml')' eN , (6.72b)
that is, one has:
L]U ° ﬂ; = ﬂ,—,l ° %1 ’ ml']' eN ’ (6733)
Iii o 7:[; = 7:[,-,1 o IU s mij € N. (6.73b)

The invariant irreducible subspace of 7; (respectively, ;) discussed above is the
intersection of the kernels of all intertwining operators acting from 7; (respectively,
;). When all m; € N the invariant subspace is finite-dimensional with dimension
[Ticigjcn-1 M/ H:’;ll t!, and all finite-dimensional (holomorphic) irreps of U,(sl(n)) can
be obtained in this way.

We restate now the canonical procedure for the derivation of these intertwining
operators (cf. [197, 211]) in the current setting. By the procedure one should take as
intertwiners (up to nonzero multiplicative constants):

S = 91']" (nR(XI-"), .. .,nR(X]._)) ,m=my €N, (6.74a)

I = 25 (p(X7), ..., ig(X;)) ,m = my € N, (6.74b)
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where L@g’ is a homogeneous polynomial in each of its (j — i + 1) variables of degree
m, while the operators Ii’j" are defined through Ji]’." and the operator <. The polyno-
mial ﬁ”&" gives a singular vector v;; in the Verma module VA with highest weight A(P)
determined by 7, (¥ plays the role of y), that is,

Vi = 5 (X, X Vo, (6.75)
where v, is the highest-weight vector of VA The explicit expression for v; with j =

i+ p - 1is given in (2.95). In particular, in the case of the simple roots, that is, when
m; =m; =r;+1 € N, we have:

I = (mp(X7)™ ,m; € N. (6.76)

Implementing the above one should be careful since 7z(X;) is not preserving the
reduced spaces %;, %;, which is of course a prerequisite for (6.73), (6.74), (6.76).

6.2 The Case of U (sl(3))

In this section we also follow [211]. In this section we consider in more detail the case
n = 3. (The case n = 2 was discussed in Section 5.1.3. It can also be obtained by restrict-
ing the construction for the complexification of the Lorentz quantum algebra to one of
its U,(sl(2)) subalgebras, see Section 5.3.)

Let us now for n = 3 denote the coordinates on the g-flag manifold by: & = Y,
n = Y3, { = Y3;. We note for future use the commutation relations between these
coordinates:

=qné-A, n{=qqm, {&=q&. (6.77)

The reduced functions for the U,(sl(3)) action are (cf. (6.50)):

TP = Y et () (2))? = (6.782)
jn,leZ,

= ) HinePines (6.78b)
JnCeZ,

Pine = EC (D) (D). (6.78¢)

Now the action of U,(sl(3)) on (6.78) is given explicitly by:

1) Pjne = @ PPy (6.79a)
T (kz)(i’jne = q€+(n—j—r2)/2¢jn€’ (6.79Db)
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A Pe = 44"+ = €=l Bne +
+qﬁ(n_€_3rl_1)/2[g]q(pj,rul,éfl’ (6.79C)
(X)) Pje = gt IR 2qPjne1 =
—q_e+(j_n+r2_1)/2[j]q(i)j—l,n+l,€’ (6.79d)
AP, (e nry - 1)/2[]-] 5. (6.79¢)
ine = q(p]—l,nE’ ’
X Pjne = =477 R[] Py er -
—q_€+(n_j+r2_l)/2[n]q¢j+1,n—1,€' (6.79f)

It is easy to check that 71(k;), (X;") satisfy (6.10). It is also clear that we can remove the
inessential phases by setting:

k) = k), 7, , (XE) = ¢V Pr(x). (6.80)

71 n »,n

Then 7, ,, also satisfy (6.10).
Then we consider the restricted functions (cf. (6.59)):

P(¥) = Z I‘j,n,e‘fj(nne = (6.81a)
j.nlez,

Z “j,n,e(i’jnt’! (6.81b)
j,n,eez,

Pjne = E"0" (6.810)

As a consequence of the intertwining property (5.40) we obtain that ®jne Obey the same
transformation rules (6.79) as @jne- that is, we have:

q)+(n £— Tl)/z(p} o (6.823)

g IRy, (6.82b)

ﬁrl,rz(kl)q)jne
ﬁfl n (]<2)¢jn€ =
rl rz(X )%ne (n €)/2[n +] t- rl]qq’]ﬂ ne t

+q] r—1+(n- E)/Z[e]q(pj,n-ﬁ—l,efl’ (682C)
Ty, 1, (X;)ijne = q(n—;)/z[e = 12lq@jnes1 =

_qr2—1—€+(i—n)/2 4@ 1ne1,e0 (6.82d)
f[rl’rz(Xl_)@jne _ q(f—n)/ZU]q¢j71’n€, (6829)

. —\ A -)/2 .
ﬂrl,rz(XZ )¢jn€ = _q(n 2 [e]q(pjn,f—l -
_qiﬁ(nij)/z[n]q¢j+1,n—1,€' (6.82f)
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Let us introduce the following operators acting on our functions:

MK@ ? Z }l] n EMK(Pmé’
j,n,eeZ,
Tx(p(l?) = z Hjn,e Tx(pjnf’
j,n,lez,

where k = &, 17, {, and the explicit action on ¢;,, is defined by:

;fl’;ne = Qji1,nes
M;‘i’;ne Djn,ex1
M((pjne = Qj ns1,05

TeQjne = q Djne>
Tn(pjne = qe(pjnb
T Pjne = 4" Pjne-

Now we define the g-difference operators by:

Thus, we have:

@{(pjnf = [j](pj—l,né”
@rl(pjne = [€]¢jn,€—1!
—@(‘i’jne = [”](Z’j,n—l,e-

Of course, for ¢ — 1 we have 7, — 0, = 0/0k.

(6.83a)

(6.83b)

(6.84a)
(6.84b)
(6.84¢)
(6.844)

(6.84¢€)
(6.84f)

(6.85)

(6.86a)
(6.86b)
(6.86¢)

In terms of the above operators the transformation rules (6.82) are written as

follows:

1, ()P(T) = ¢ " PTTPT (D),
HUP(T) = 7T Tl/ZT‘l/Zq;(Y),
&Dep(¥) = (1/A)M5T1/2T_1/2
x (¢TI T, - 4T T T,) (1) +
+q M2, T TP T P (),
ﬁrl,rZ(X;)gb(Y) = (I/A)MHT}/ZTgl/Z( - T?] _ qrz T,;l) @(Y) _
¢ M 2T T (),

Y1 n

(6.87a)
(6.87h)

(6.87¢)

(6.87d)
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1y XD = T, TP (D), (6.87¢)
0, X)) = -2 TPT (V) -
‘Ms%T;l/zT}/ T, (), (6.87f)

where M, = M;

Notice that it is possible to obtain a realization of the representation 7, ,, on
monomials in three commuting variables x, y, z. Indeed, one can relate the noncom-
muting algebra C[¢&, 7, {] with the commuting one C[x,y,z] by fixing an ordering
prescription. However, such realization in commuting variables may be obtained
much more directly as is done by other methods (cf. Section 6.3.1 below). Here
we are interested in the noncommutative case and we continue to work with the
noncommuting variables ¢, n, (.

Now we can illustrate some of the general statements of the previous section. Let
m, =1, +1 € N. Then it is clear that functions ¢ from (6.81) with y; , , = 0if ¢ > m,
form an invariant subspace since:

Arl,rz ; A]'nrz = —q U th—l,n+1,r2’ .
A1, B, = =20 (6.88)

and all other operators in (6.82) either preserve or lower the index ¢. The same is true
for the functions ¢. In particular, for m, = 1 the functions in the invariant subspace
do not depend on the variable 5. In this case we have functions of two g-commuting
variables (¢ = gé¢ which are much easier to handle that the general noncommutative
case (6.77).

The intertwining operator (6.76) for m, € N is given as follows. First we calculate:

(Mr(X5))° Pjne = (Mp(X5))° & 21 757 = (6.89)

s

j O—t 1+t 51 —S—t p12\s—t

=8¢y a7
t=0

Ast

_ qt€+r25/2—(s+t)(s+t+l)/4(5> M
t/qlry - sl 'le - tl,!

where (Q)q = [n],!/[Kl,[n - k]!, [ml,! = [m]y[m - 1], ... [1];. Thus, indeed mg(X;) is not
preserving the reduced space %, ,,, and furthermore there is the additional variable

1132 Since we would like z(X;) to some power to map to another reduced space this
is only possible if the coefficients a,; vanish for s # ¢. This happens iffs = r, + 1 = m,.

Thus we have (in terms of the representation parameters m; = r; + 1):

(MR ()™ E¢ ot g gt =

_ mz(f—l—mz/z)& jon, e-my ;mpp-1 ,-my-1 0
q [e—mz]qlg( n o9, . (6.90)
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Comparing the powers of Z; we recover at once (2.77) for our situation, namely, m{ =
my,, m5 = —m,. Thus, we have shown (6.72a) and (6.73a). Then (6.72b) and (6.73b)
follow using (5.40). This intertwining operator has a kernel which is just the invariant
subspace discussed above — from the factor 1/[¢ — m,],! in (6.90) it is obvious that all
monomials with ¢ < m, are mapped to zero.

For the restricted functions we have:

mo(e-1-my) g}

(e ))"™ e = 4 [e—my],!

(pjn,e—mz =
my .

=g (2,1,)" Pjne- (6.91)

-3m, /2

Thus, renormalizing (6.76b) by g we finally have:

L2 =(2,T,)". (6.92)

For g = 1 this operator reduces to the known result: I, = (an)’"z [202].
Let now m; € N. In a similar way, though the calculations are more complicated,
we find:

()™ €4 7 7 = (653
_ qml(j+n—f—l—m1/2) % q—t(t+3+2j)/2 %
t=0
m; U]q![n]q! j+t—-my pn—t O+t o—mi-1 mp-1
(" )q[],_ml e A

Comparing the powers of %; we recover (2.77) for our situation, namely, m{ = -my,
mé = my,. Thus, we have shown (6.72) and (6.73).
For the restricted functions we have:

. m .
(ﬂR(Xl_))ml (pjne _ qml()+n—€—1—m1/2) Z qt(t+3+2})/2 % (6.94)
t=0
X(m1> []]q'[n]q' N

t Jqli-my+ t]q![n - t]q!(/’j+t—ml,n—t,€+t -

_ < -t ey
= g mORmITI D My @)™ T, B
t=
Then, renormalizing (5.43b) we finally have:
m —_— t my—t -—m
M= qug)Mn@((q.@{Tx) T, (6.95)

For g = 1 this operator reduces to the known result: Iin 1= (85 + qa()ml [202].
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Finally, let us consider the case m = my, = m; + m, € N, first withm;,m, ¢ Z,. In
this case the intertwining operator is given by (6.74), (6.75) using singular vector from
Section 2.4 and [198]:

Ph (X1, X)) = Y agX)" ()X, (6.96)
s=0

_ s [ml]q m _
as—(—l)aq< )q,s—O,...,m,a#O.

Let us illustrate the resulting intertwining operator in the case m = 1. Then, we have,
setting in (6.96) a = [1 - my]:

Jllz = [1 - my] mp(X))mp(X5) + [my] g (X5 )ip(X7). (6.97)
Then we can see at once the intertwining properties of fllz by calculating:

%12514«11 ngl @mz -1 _
q]+n 2- ml[]] [f] {1 1(an€ 19’"1 @mz 2+
+q"2[n] [e + m), &¢I g gyl (6.98)

Comparing the powers of Z; we recover (2.77) for our situation, namely, m; = -m, =
m-1,mh=-m =m, -1
For the restricted functions we have:

(11 - myly mp(X)) mr(X5) + [my)y mr(X5) MR(X7)) @ = (6.99)
= g g (€ly @janes + 4" )y L6+ my), @) g =
a7 (4™ P T Ty + N D@ Ty =g " TD) T e

Rescaling (6.74b) we finally have:
I, = (g™ ZeTe Dy + N Z (@™ T, - g ™T,H)) Ty (6.100)

For g = 1 this operator is: I, = 9;0, + (m; +19,)9; [202].

Above we have supposed that m;, m, ¢ Z,. However, after the proper choice of a
in (6.96), (e. g., as made above in (6.97) we can consider the singular vector (6.96) and
the resulting intertwining operator also when m;, m, € Z,. In these cases the singu-
lar vector is reduced in four different ways (cf. (2.89)). Accordingly, the intertwining
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operator becomes composite, that is, it can be expressed as the composition of the
intertwiners introduced so far as follows:

I = o”L" = (6.101a)
= L' =
= L LM = (6.101b)
= ¢, I[P I5 L.

The four expressions were used to prove commutativity of the hexagon diagram of
U,(sl(3, €))) [198]. This diagram involves six representations which are denoted by
Voos Voos Vios Vops Vb, V3o, in (29) of [198] and which in our notation are connected

by the intertwiners in (6.101) as follows:
e

n e

1 7 7 1
mmy 0, Comn 2 Cmpem L Comyemy (6.102a)
5 L2 o e
my,m, 2_, Cg’"»—mz i, %_m’ml 2_, Cg—mz,—ml (6.102b)
R I{"l R Iigz R I;nl R
Comy L Comm 2 Commy 2 Comymy (6.102¢)
. I;"z . 11"211 . I;nz .
mpm; (gmﬁmz N (gmzrm N (g*mz,*ml (6'102d)

Of these six representations only %, ,,m, has a finite-dimensional irreducible subspace
iff mym, > 0, the dimension being m;m,m/2 [198]. If m; = 0O the intertwining operators
with superscript m; become the identity (since in these cases the intertwined spaces
coincide) and the compositions in (6.101) and (6.102) are shortened to two arrows in
cases (a,b,d) and one arrow in case (c) (respectively, for m, = 0, two arrows in cases
(a,b,c), one arrow in (d)). (Such considerations are part of the multiplet classification
given in [198].)

6.3 Polynomial Solutions of g-Difference Equations
in Commuting Variables

In this section we follow mainly [246]. A new approach to the theory of polynomial
solutions of g-difference equations is proposed. The approach is based on the repres-
entation theory of simple Lie algebras ¢ and their g-deformations and is presented
here for U,(sl(n)). First a g-difference realization of U(sl(n)) in terms of n(n - 1)/2 com-
muting variables and depending on n — 1 complex representation parameters r;, is
constructed. From this realization lowest-weight modules (LWMs) are obtained which
are studied in detail for the case n = 3 (the well-known n = 2 case is also recovered).
All reducible LWM are found and the polynomial bases of their invariant irreducible
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subrepresentations are explicitly given. This also gives a classification of the quasi-
exactly solvable operators in the present setting. The invariant subspaces are obtained
as solutions of certain invariant g-difference equations, that is, these are kernels of
invariant g-difference operators, which are also explicitly given. Such operators were
not used until now in the theory of polynomial solutions. Finally the states in all
subrepresentations are depicted graphically via the so called Newton diagrams.

6.3.1 Procedure for the Construction of the Representations

The procedure is iterative. In fact, we have to use also U,(gl(n)). Let us introduce

first some notation. The basic g-number notation [a] = % will be used also for
diagonal operators H replacing a. Following Biedenharn and Lohe [101] our represent-
ations will be given in terms of n(n — 1)/2 variables. For our purposes we denote these
variables by zf‘, 2<k<n,1<i<k-1.Next we introduce the number operator N{‘ for
the coordinate zll‘ , that is, Nl-kz}" = 6mk5,~]-z]-’" and the g-difference operators Df.‘ , which
admit a general definition on a larger domain than polynomials, but on polynomials
are well defined as follows:

1
Df = = INf. (6.103)
Z;
Further we note that the representations of Uq(sl(n)) will be characterized by n - 1
complex parametersr, € C,1<k<n-1.
We rewrite formulae (5.3), (6.10), and (6.22) from [101] in the following way :

Lnn_ 1 o Es
[ (Ey) = T (Eyg NN g1 EEid D} (6.104a)
i<j<n
1 1
T, (E;) = T (E)g AN q ZF"’1(E"’_E"j)z,-" D} (6.104b)
n>i>j,
[o(Ey) =Ty q(Ey) + Nin, i<n, (6.104c¢)
n-1
Ty(Ep) = Tt () = Y NT (6.104d)
i=1
1 i-1 n-1
T, (E,) = qz(ijl Tna(Bp-Yisin rn_l(Ej,-)) D,i<n (6.104e)
n n-1
I‘n(Ein) = qaﬁzin [Fn—l(Enn) - I‘n—l(Eii) - z NI?] -
k=1

n-1 o n )

- Z gz Ty, Ey),i<n, (6.104f)
=1
JH



282 — 6 Invariant g-Difference Operators Related to GL,(n)

where
=g (T2 Pt B T () q( $) (A0 a3 ND+3)
)y,
e eI +Nf’)q(°)2(zz'5ﬁ’ii33 N'r‘l), (6.105)
+ fori<j,
<%>= - fori>j,
0 fori=j,

I,_1(Ej;) are defined at the previous step, except I',_;(E,,,) which adds the representa-
tion parameter r,_; and is given by:

n-1
TpaEn) = Y ne=1" 41, (6.106)
k=0

The parameter r, represents the center of U,(gl(n)) and is decoupled later. The addi-
tional input with respect to [101] is : 1) notation — we put indices on I corresponding
to the case we consider — thus, this is made an iterative procedure; 2) we give values to
the Cartan generators which values are consistent with previous knowledge from rep-
resentation theory; 3) we introduce g-difference operators D} to replace z!'; 4) we have
done also something artificial by using I',_;(E,,,) - this is given by the “total number”
! (which for finite-dimensional representations is the number of boxes of the Young
tableaux minus n - 1) plus the number r, representing the center of U,(gl(n)).
Denoting 2™ = Y1, E; we have:

n
T (27) = Y D) =" 41+ Ty (277 =
i=1

n-1 n-1
= Z r+nrg = Z(n - r;. (6.107)
i1 i=0

Thus, as expected, I',(2") is central. Then the generators H' = T,,(E;; — Ej,q 4,1), 1 < i <
n, [',(Ey), i # j, form a g-difference operator realization of U,(sl(n)).

It is straightforward to obtain the explicit expressions for Fn(El-j). In particular, we
have

n-i-1 S S |
T(E)= ) N7 -YN+)r, (6.108)
j=0 J=1 j=0

with the usual convention that a sum is zero if the upper limit is smaller than the lower
limit. From this we obtain the expressions for the Cartan generators H;' (as defined
above):
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n—i-2 .
H =2N["—r;+ Y (N7 - N Z(N”l N) i<n. (6.109)
j=0

Let us illustrate things forn = 2, 3.
For n = 2 we have (we use only (6.104e,f) and (6.109)):

rz(Elz) = Zf[rl - NIZ] = X[I’ - NX]’
Iy(Ey) = Dj = D,
H}=2N, -, (6.110)

where we have denoted zZ = x, N7 = N,. This reproduces the known realization [309] of
the U, (sl(2)) representations with X" =Ty (Ep), X =T,(Ey),H = le, depending on the
representation parameter r; (r, being cancelled as expected). For g = 1 this coincides
with the classical sl(2) vector-filed realization.

Next we take n = 3 settingz; = z,z3 = y,N; = N,,N; = N,, D} = D,, D; = D,
r = r* = 1, + r,. Due to our recursive procedure we inherit form the case n = 2 the
variable zf = x, and the operators N,, D, . Besides this we renormalize the generators
I'5(E33) and T5(E5;) so that they obey the standard U, (sl(3)) relations (these are different

in [101], cf. (6.17) and (6.20)):

r3(E13) = r3(E12)r3(E23) - q1/21“3(E23)1"3(E12), (6.111)
T5(Esy) = T3(E)3(Ex) - § VT5(Ex)T5(Esy).

Thus, we have:

H13=2N12_r1+N13_N23=2Nx_r1+NZ_Ny’ (6.112)
H; =21\73—”2+1\’13—1\72=2N -r,+N,-N,,
133
T3(Ep) = Fz(Elz)qZ(Nl -N3) + q4r2(E22 -Eq1) 3D3

(Nz Ny) (rl ZNx)

= x[r; — NIq*% +zD,q%
3
I3(Ey) = 1"2(521)512(1\,1 )y quz(Ezz—En)ngf =
- qu%(Nz’Ny) +yD q%(rlszx)

I3(Ex) =g ~aTa(En) B[FZ(EBB) [y (Ex) - ZNk]
k=1

- qazlz?rz(Ezl) =
_1
= Y[T’z + Nx - NZ - Ny]q 4(NX+r0) -
—zD q—%(Zr—rl+r0+Nx—Nz—Ny+l)

T5(Es) = q4r2(E11)D3 D q4(ro+Nx)
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2
1
I5(Ep3) = qz(rz(Ezz)_ZFB(Ezz))Z?[rz(Eas) - Ty(Epy) - Z Nl?] -
k=1

e -
=z[r-N,-N, - Ny]q%(Nx—rl—ZNy—ro) B
—xylr, - Nx]q%(2r2*fo+Nfoz—3Ny+1)
T5(Ey) = q%(zrg(Ezz)—rz(Ezz)) D} - qu%(r1+ro—Nx+2Ny)'

We now rescale the generators Ej3;, Ej3 (i = 1, 2) so as to absorb the parameter r,. (Such
arescaling should be done also for the general U,(gl(n)) case.) Thus the realization of
U,(sl(3)) depends only on the parameters ry, 15, as in the classical case which may be
obtained from (6.112) by setting g = 1.

6.3.2 Reducibility of the Representations and Invariant Subspaces

6.3.2.1 Lowest-Weight Representations
Let us apply the realization (6.104) to the function 1. Using the fact that Nfl =0= D?l
we have:

i-1

T, (Ex)l = )1 = Y, H'1=-r, i<n, (6.113a)
j=0

T(E)l=0, i<n, (6.113b)

Fn(El]) 1= Fn,l(Eii) 1=-...= rl(El]) 1=0 5 ] < l <n (6.113C)

Fn(Eu) 1 = Fn—l(Eij) 1 = = F](EU) 1 Iy l <j <n (6.113(1)

1(gn-1 k-1_si-1 k-1
Tn(Ein) 1 = qz(z"zi*lr it )Zln [ri+ 4 1] -
n-1 n
- Y ¢z T4(Eg)1, i<n, (6.113€)
s=i+1
where
A e NS YRR IS TS Fal WE

ny 1 yk=s-1,m
+N5) 73 Zkint Ni |

1/\m
x qaMiNs) g2 i<s. (6.114)

It is straightforward to obtain the explicit expressions for I',, (Eij)l, i <j < n, applying
recursively (6.113d,e). In particular, we have:

1gid k1
[p(E; 1)1 =Ty (B p)l=q 4 Zi” [ri]Z;H- (6.115)

Thus, we have obtained an LWM with lowest-weight vector 1 (it is annihilated by the
lowering generators Fn(Eij), j < i < n), and lowest-weight A such that A(H;) = -7; (cf.
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(6.113a)). Generically this LWM is irreducible and then it is isomorphic to the Verma
module with this lowest weight. The states in it correspond to the monomials of the
Poincaré-Birkhoff-Witt basis of U,(¢4"), where ¢ is the subalgebra of the raising
generators. This is isomorphic to the monomials in the variables z{‘ . When the repres-
entation parameters r; or certain combinations thereof are non-negative integers our
representations are reducible. Below we consider in detail the casesn = 2and n = 3.

6.3.2.2 Case U,(sl(2))
We start with n = 2 (though this example is well known). Using (6.110) we apply H, X",
X~ to the function 1. We use the fact that N,1= 0 = D, 1. Thus:

Hl=-rX"1=x[r],X 1=0. (6.116)

Thus, we obtain an LWM with lowest-weight vector 1 and lowest-weight A such that
A(H) = —r. All states are given by powers of x, that is, the basis is x* with k ¢ 7., and
the representation is infinite dimensional. The action of U,(sl(2)) is given by:

XX = [r =k, Xk = kXK, HYE = k- XK. (6.117)

Clearly, if r ¢ Z, this representation is irreducible. Furthermore all states may be
obtained by the application of X* to the LWV; that is :

X1 =xXr-1...Ir-k+1,k e Z,. (6.118)

Letr € Z,, then (X*)™'1 = X*X'[r]! = 0. Thus, the states x with k = 0,1,...r form a
finite-dimensional subrepresentation with dim = r + 1. Note that the complement of
this subrepresentation; that is, the states x* with k > r, is not an invariant subspace.
Clearly, any polynomial in H, X*, will preserve this invariant subspace and thus
would be a quasi-exactly solvable operator.
The invariant subspace may be obtained as the solution of either one of the
following equations:

XH™fx) = o, (6.119a)
X)"*f() =0, (6.119b)

in the space of formal power series f(x) = Y7, x*. Note, however, that only (6.119b)
(which is enough) was expected — this is an artefact of n = 2 simplifications. Indeed,
only the operator in (6.119b) has the intertwining property (as in the classical case
[202]):

X)0LX), = LX), @), M =r-2, (6.120)

where X = H, X*, and I,(X), is from (6.110) with explicit notation for the representation
parameter of the two representations which are intertwined.
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6.3.2.3 Case U,(sl(3))
Let us apply (6.112) to the function 1:

Hil=-r, H)l=-n, (6.121)
FB(Elz)l = X[rl], r3(E21)1 = 0,
_ —%rl %(2r2+1) _
[5(Ep)l=gq z[rl-q yx[nl, [3(E5)1=0

Thus, we obtain a lowest-weight module with lowest-weight vector 1 and lowest-weight
A such that A(Hy) = -r;. All states are given by powers of x, y, z; that is, the basis is
generated by x’zkye with j, k, € € Z,. The action of U,(sl(3)) is given by:

Hlszkye = (-1 +2j - £+ k)XZNYE, (6.122a)
H, XZK = (- —ry—j+20+ X2y, (6.122b)
Ty EDVZY = [y - flgt CO 2y
+[€]q4(r1 Wy ey el (6.122c)
T3(Ey)X25yf = [j]qz(k_f)x’"lz v+
+[k]q%(r1_2j)x] k=1 641 (6.122d)
T3(Ex)Xz"y’ = g Z) [r2 +j— k- eyt -
Il o -k-ean) j1 g (6.122¢)
I‘3(E32)x’z Yy = [€]q4]x]zkye 1 (6.122f)
F3(E13)x’z Y= qz(’_”_m r-j-k- e]x’zk”y"
B q%(2r2+j—k—3€+l)[ ry - ity (6.122¢)
Ty (ExW2hy* = (kg 17720041y (6.122h)

Further, in this section we show the following results which parallel the classical

situation (cf. [202]):

1. Ifr,orr,orr+1 ¢ Z, this representation is reducible. It contains an irreducible
subrepresentation which is infinite-dimensional, except when both r,,r, € Z,;

2. Ifr,r,r+1¢ Z, this representation is irreducible and infinite-dimensional.

Clearly, if r, € Z, the representation (6.122) becomes reducible since the monomials
2K e with j < r; form an invariant subspace since from (6.122c,g) we have:

1
T3(Ep)xX12Yy" = [elg e x4y, (6.123)
1“3(E13)Xr12'kl’€ =[r,-k- f]qﬁ Xrlzkﬂ)’e,
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and all other operators are either lowering or preserving the powers of x. This invariant
subspace may be described as the solution of the following g-difference equation:

(DY)"f(x,y,2) = 0. (6.124)

Note that the operator in (6.124) has the intertwining property (as in the classical case
[202)):

!

DY"'T5(X),,,,, = F3(X)r{’r£(Dx)’1+1, H=-r-2r=r+1, (6.125)

where X = Ej; - Ej,q i1, Eyj, 1 # J, T3(X),, ,, is taken from (6.112) with explicit dependence
of the representation parameters of the two representations which are intertwined.
The subrepresentation obtained is infinite-dimensional if r, ¢ Z, since the powers
of y, z are still unrestricted by (6.122e,g).
If r, € Z, the representation in (6.122) becomes reducible. In the classical case
(g = 1) the equation which singles out the invariant subspace is [202]:

(x0,+3,)* flx,y,2) = 0,g = 1. (6.126)

For the quantum case we have the following expression:

22y, 2) = 0, (6.127)
k . k k—S 1k—s S ls(N —r1)+l(s—k)N ~Ln
qu:Zo(s)qX D, "Dyq#™= s S
S=

which coincides with (6.126) for g = 1. The invariant subspace is infinite-dimensional
ifr, ¢ Z,.

As in the classical case [202] the explicit form (6.127) of this operator may be
checked by the intertwining property:

(D T5(X),,,, = r3(X),{,,£q92’2“, n=r+lL,r,=-1-2, (6.128)

where X = Ej;, i # J, Ejj — Ejyq 3,1, [3(X);, 1, is from (6.112) as in (6.125).
Further in this subsection we consider the case when both r;, € Z, . Then there is
a finite-dimensional irreducible subspace of dimension:

Y+ D+ D0+ 2. (6.129)

1,12 = 2

d

Thus, we recover the complete list of the finite-dimensional irreps of Uq(sl(B)) and
SL(3), nd by default, also the complete list of the finite-dimensional unitary irreps of
U,(su(3)) and SU(3) (we have assumed that g is not a nontrivial root of 1).
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Next we use the following general formula valid for arbitrary r,:

Veij = T5(Eys) T5(Eps) T5(Epp)'1 =

k 4 k e 1., i
_ z Z(_l)s—n ( > ( ) qz{(J—rl)k—€]+(s—n)(r1+Zrz—k—€+2)} %
S q n/q

0
Lyl + Dl (r—j-s+1)
Lo(ry—j—s+1ly(r—j- k+1)

F(r2+]+s k-n+1) [j+s]!
l"(r2+]+s k-¢+1)[j+s- n]'

€+s—nzk—s+nX)+s—n ,

xy
C+k+j<r, 0<j<rn, 0<f<r,. (6.130)

One of the main results of [246] is that the basis of the finite-dimensional irrep with
dimension d, ,, forr,r, € Z+ (cf. (6.129)) is given by vy iff e + k+j <1r,0 <j <1,
0 < ¢ < r,. In the next section we relate this basis to the standard Gel’fand-Zetlin
basis.

For later reference we note the special polynomial v, which corresponds to the
highest-weight vector (as we shall see later):

n
Voro = r3(E13) 1= q——rrl z 1)s< )q —s(r—r1+2)xs ISy (6.131)

Note also that when r; = 0 there is no dependence on x in (6.130), all states being the
monomials vy ~ yezk,

Also for later reference we note the explicit value of v, for z = 0 (given by the
terms = kand n = 0):

1/s .
kaj|z=0 _ (_1)qu{(]—rl)k—€)+k(r1+2r2—k—€+2)} % (6.132)

y Ty(ry +1) Loy +j+1) ik evk
Loy —j-k+1D) T, +j-€+1)

Note that the RHS of (6.132) is equal to zero when j + k > r; + 1 (because of the [';(r; -
j -k +1) in the denominator). In this case one applies (Dz)j”(_'1 to both sides of (6.130)
and then sets z = 0.

Next, we discuss the case whenr +1 € Z,, butr, ¢ Z,. Following our procedure
for invariant differential operators, we use the U,(sl(3)) singular vector in Chevalley
basis (cf. f-la (27) from [198] or Section 2.4):
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r+2 v - 1)5 T+ 2\ onrad-s 5riyr2 50
Z . T ( )q(Xl) X)™(xy) (6.133)

In the latter we substitute the corresponding action of the simple root generators
Xf ,Xz* by the operators ;%; = D, and by ;,%, from (6.127) to obtain the invariant
g-difference operator:

r+2 S
r+2 (-1 ( r+ 2) r+2-s 121
D D 6.1
47> Z s +1-1], q " 72D, (6134)

Thus, our subspace is singled out by the following explicit equation [246]:

0757 f0y,2) = 0, (6.135)
9r+2 Z Z q4(r+2 - 25)r1+ (HZ)H (re1)(s— 4)r ( 1- rl)
P45 [S't]'[r+2 s—tlIT,(r—r+2-5)
r+2-s— o -
r+2 tDtDt N —t+1- u]q(ZsAr Z)NX+£NY+(t ZZ)NZ
u=1

As in the classical case [202] the explicit form of this operator may be checked by the
intertwining property:

q@3'+2F3(X) I5(X), ,,q B, r=-1-2, Th=-1-2, (6.136)

i T
where X = Ej; — Ej,q 1.1, Ejj 1 # J, 1"3(X),l r, is from (6.112) as in (6.125) and (6.128).
The states in the subrepresentation are given by v, with £, k,j € Z,, k <r +1.
Let us illustrate the above by the simplest limiting case of r = -1. Then the
states are:

¢
4 Lo pi
Veojlr=—1 = Z(—l)e (n) ga g o
n=

T,(r+1) T,(+r-j+€) [

1"(r1 ]+1)1"q(1+r1 j+n)[j-n]

1y T,r+1)  T,G-r) y
L =j+ DTG -1-0

jn_n_ f-n

zy =

. 1
IYSF(—f, —5 1y~ + 15 qﬂ(””)xiy). (6.137)

Alternatively one may check that this is the general solution of (6.135) for r = -1.
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6.3.3 Newton Diagrams

It this section we give a visualization of the representation spaces. Each state is repres-
ented by a point on an integer lattice in n(n—1)/2 dimensions, that is, on "9 For a
finite-dimensional subrepresentation the number of these points is finite and the hull
of these points is a convex polyhedron in IRZ(""D/ 2, Such a polyhedron (not necessar-
ily convex) was called a Newton diagram [43]. In the present context this notion was
introduced in [580], where also some examples in the case of functions in one and two
variables were given (for g = 1), when the figures are planar (polygons). Below, we give
explicitly the Newton diagrams for n = 3. Moreover, we introduce also infinite Newton
diagrams to depict the infinite-dimensional nontrivial subrepresentations.

6.3.3.1 Finite Newton Diagrams for n=3
Fixr, € Z,. Then the Newton diagram is given by the points with integer coordinates
j, ¢, kin 72 such that:

O<j+k+e<r, (6.138a)
0<j<n, (6.138b)
0<e<r, (6.138¢)

(cf. below Figure 6.1 taken from [246]). The polyhedron formed by these points is
planar only for r; = 0 or r, = 0 in which case it is a triangle (only (6.138a) is relevant
sincer =r, orr = r;). (The case r; = 0 was given in [580].)

Fix a pointj, ¢, k. This is represented by the state v,;. Then, the number of states is:

ry  r—j min(r-k—j,rp) n r-j  r-k-j

j=0 k=0 =0 j=0 k=r;—j+1 €=0

D+ +1)  (+ Dl +1)
- 2 i 2 -

(6.139)

as expected (cf. (6.129)).

Note that such diagrams have an advantage over the usual weight diagrams for
sl(3) and su(3) which are degenerate. For instance, consider the adjoint representation
obtained for r; = r, = 1. The weight diagram consists of two orbits of the Weyl group,
one with six points with multiplicity one, and the other with one point with multipli-
city two. To the latter point in our diagram correspond the two linearly independent
states:

_1 _

vior =q 4 ([2,xy - q7'2), (6.140a)
_1

Voo =4 “(z-qxy), (6.140Db)
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r=r+r,

r

r

r ¢

n

j
Figure 6.1: Newton diagram for the finite-dimensional representations of U,(sl(3))
6.3.3.2 Infinite Newton diagrams for n=3
Here either r; ¢ Z, orr, ¢ Z, and the considerations run in parallel with
considerations of the polynomial basis. Below j, ¢,k € Z,.

1. Forr, € Z, and r,,r +1 ¢ Z, the Newton diagram is given by the points with
coordinates:

0<k, 0<j<r, 0<e. (6.141)

2. Forr, € Z, andrn,r+1 ¢ Z, the Newton diagram is given by the points with
coordinates:

0<k, 0<j, 0<t<r,. (6.142)

3. Forr+1e Z, andn,r, ¢ Z, the Newton diagram is given by the points with
coordinates:

O<k<r+1, 0<j, 0<¢. (6.143)
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4. Forr,r+1eZ,andr,+1 e —IN the Newton diagram is given by two sets of points
with coordinates:

0<k, -r,-1<j<r, 0<e. (6.144)

O0<k<r+1, 0<j<-1,-2, 0<e. (6.145)

5. Forr, =r+1c¢ Z, and r, = -1 the Newton diagram is given by (6.141). It can be
obtained formally from the previous case by setting r, = -1, then (6.144) coincides
with (6.141), while (6.145) is empty.

6. Forry,r+1eZ,andr;+1 ¢ -N the Newton diagram is given by two sets of points
with coordinates:

0<k, 0<j -rn-1<j<r,,. (6.146)

O<k<r+1, 0<e, 0<j<-1-2 (6.147)

7. Forr,=r+1¢€ Z, and r; = -1 the Newton diagram is given by (6.142). It can be
obtained formally from the previous case by setting r; = -1, then (6.146) coincides
with (6.142), while (6.147) is empty.

6.4 Application of the Gelfand—(Weyl)-Zetlin Basis

6.4.1 Correspondence with the GWZ Basis

In this section we follow [230, 244, 245]. We would like to establish the correspondence
between our basis for the finite-dimensional irreducible representations given by the
states v, (cf. (6.130)) and the SU(3) Gel’fand-Weyl-Zetlin basis:

(m) = m,  my (6.148)

(Note that in the literature this basis is most often called Gel’fand-Zetlin basis, here
we keep the usage from [230, 244, 245].) In fact, the above is for U(3), and we shall set
ms; = 0 to restrict to SU(3). Further we need the operators corresponding to isospin I,
third component of isospin fz, and hypercharge Y:

I,=3H,, Y=3(H +2H) (6.149)

I = EyE,+[3H),[3H, +1],
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Note that I is the Casimir of the U,(sl(2)) quantum subgroup generated by E,; , Ey , H .
It is easy to see that, like the GWZ states, also the v,; states are eigenvectors of I, and
Y, but they are not eigenvectors of I. In fact we have:

F3(%H1) V@kj = (] +k- %(rl +€+ k))ngi (6.150)

1 2
l"—j»(g(H1 +2H,)) vy = (r1 +k+¢- §(r + rl)) Veig

[5(Ey)T5(Ep)vey ((j + 1) —j) + el + 1)) Vg +

+kV€+1,k—1,j+l +(rp—j+ 1)€jve—l,k+1,i—l

The last formula is given for g = 1 since it is only to illustrate our point. We shall
diagonalize I';(Ey)T5(E;,) in the next subsection and find explicit polynomial eigen-
vectors. Here we find alternatively an explicit correspondence between (m) and the
appropriate linear combination of v,;’s. But first we place the labels ¢, k, j in a GWZ
pattern.

First, we fix the correspondence between the two representations, namely,
between the labels {m,3, my} and {r, r;}, by considering the lowest-weight vector. This
is the GWZ vector [65]:

My 0O (6.151)

whichhas] = -I, = my/2and Y = —%(Zm13 —my3). In our realization the lowest-weight
vector is vy, = 1 and thus from (6.150) we get that I, = -r;/2and Y = —%(Zr - 1)
Therefore we find my3 = rand my3 = r,.

For further use we record explicitly the patterns corresponding to the highest-
weight state (h.w.s.) and to the lowest-weight state (1.w.s.):

r rn O
(hw.s.) = ron (6.152a)
r
r rp O
(Lw.s.) = n O (6.152b)
0

Remark 6.2. Notice that the well-known conjugation of representation ([m3,
My3, 0] — [my3, my3—my3, 0]) [65] corresponds to the exchange of r; with r, and that the
dimension of the representation [m;3, m,3, 0], namely, %(m13 +2)(my3 +1)(my3 —my3 +1),
matches (6.129). O



294 —— 6 Invariant g-Difference Operators Related to GL,(n)

To place the v, ; states in a GWZ pattern we split them as in [246] (cf. (66)) in two
subsets depending whether j + k < r; orj + k > r;. In the first case the correspondence
is given by:

r rn O
Verj=| n+e k , jtk<r. (6.153)
j+k

In the second case the correspondence is given by:

r r 0
Verj=| Jtk+¢ n-j |, j+tk>r, (6.154)

which is valid also for the boundary case j + k = r; , when it coincides with (6.153). The
betweenness constraint

mij > mi,j_l > mi+1’1-, (6.155)

typical of the GWZ pattern then gives the constraints 0 < j < r,0 < ¢ < r, and
0 <j+k+ ¢ < rfound above for the finite-dimensional representations.

The actual correspondence is proved using well-known techniques of raising and
lowering operators developed for classical groups and adapted to quantum groups (cf.
[65, 100, 101, 516, 582]). Identifying the lowest-weight states one can find explicitly a
polynomial p(y, in Uy(¢") which corresponds to (m).

Let us denote by 1 the lowest-weight state of any realization of the U,(sl(3)) finite-
dimensional representation with parameters r, r, . Then we have (up to multiplicative
normalization constant) [516, 582]:

Py 1= (Exy)™ ™ ™2 (Ex)" ™2 (E3) 1= (6.156a)
iy my, — My +t
= [mp+my-nlt Y Y (1) ( L= ) X
t=0 uez, u a

1
q2

u
(mop—t-r1)(myp+may—r1)+ > (u-2mp—myp+myy +r1+t)
X

[t]g! [my — tlg! [myy —my + 1+ t],)!

[myy —my, + l]q! [t+7r - m22]q!

[mll - m12 - mzz + rl + u]q!

[myy +my, —my; —uly!

6.156b
[myy + my =1y —ul,! (6156b)

x (EB)u (E13)m12+m22—r1—u (Elz)mlrmlrmzﬁrﬁu i ,
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Hy+l

C=E; [H +1+EyE5pq 2 = (6.156¢)
= E3, Ey [Hy + 1] - Ey E3, [Hy]

Remark 6.3. We would like to stress the peculiarity of (6.156a). One gets (in (6.156b))
a correspondence of the GWZ states with polynomials in U(¢") but formula (6.156a)
first gives us a one-to-one correspondence of the GWZ states with monomials in the
g-deformed enveloping algebra U, (¥ ") of the lowering generators. Note that the latter
monomials are not in the standard Poincaré-Birkhoff-Witt basis of Uq(g 7), namely,
instead of the generator E3; one has the generator of the same weight ¢ (cf. formula
(6.3) of [516]). These monomials produce the polynomials of U(%4") since they act on
(EB)" which is in U@*) and (E*®)" 1 is the highest-weight vector. Finally, we note
that there exists a similar description of this correspondence only in terms of raising
generators, in particular, involving an analogue of % in U(¢"). However, the present
description is simpler for our purposes here, while the other is used in Section 6.4.7,
where it is more useful. O

Finally, we get the correspondence we need using (6.156):

Theorem 6.1. A realization of the GWZ basis as polynomials in three variables (real or
complex) is given by the formula:

Dm) = [3(0m))1 = [myp + my, - rl]q! x

T2 My —my +t
X E E 12T X
u
t=0 ueZ, q

1
)t q2

u
(mpp—t=r1)(myp+myy—r1)+ 5 (U-2mp-myp+myy +11+t)

8 (_1 [t]q' [mZZ - t]q' [m12 —Mmy+ 1+ t]q'

[myp = myy + 1! [t + 1y = Myl ! [myy +myy —myy —ul!

[myy —myy —my + 1y +ulg! [myy + my, — 1y —ul!
X Vu,m12+m22—r1—u,m11—mlz—m22+rl+u (6'157)
Proof. Straightforward using (6.156) and our formula for v;; (6.130). O

For later reference we note the explicit value of ¢y for z = 0 (using (6.132)):

.
G lz=0 = ) iyt (6.158a)
Ty(n

-my +1)
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r-mip

J‘fr;) = [nlg! Imyy + my, — 11! Z Z (cpyem
t=0 uezZ,
mp—my +t
« ( 12 ! 1 )q(r + My = My, — My, + 17 (6.158b)

q% {(u=myp—mpp+r1)(mpp—r=1+t)+(myp+mp—rq)(myq /2-11)}
X

[t]q! [mzz - t]q! [mlz —my, + 1+ t]q'

[mlz — My, + 1]q' [t +r - mzz]q! [m12 + My — My — u]q!

[myy — myy —my + 1y +ulg! [myy + my, — 1y —uly!

which is useful for r; — my; + 1 > 0. Otherwise it is zero (due to the singled out factor
['4(r;—my; +1)), and to obtain a nonzero value one first has to differentiate m;; —r times
(6.157) w.r.t. z.

We note also the expression for the lowest-weight state obtained from (6.156) and
(6.157) for my, = r;, my; = my, = 0:

plws i = (EZI)r1 CFH (E32)r1 (E13)r i =
= N 1= (], 1 (6.159a)
¢1ws = r3(plws)1 = ([rl]q!)3 (6.159b)

which of course differ from 1, 1, respectively, by a constant — the corresponding value

N
of (Y

6.4.2 g-Hypergeometric Realization of the GWZ Basis

In the previous section we exhibited the relation of the GWZ basis and the polynomial
basis v,;. By formula (6.157) this provides also a polynomial realization of the GWZ
basis in the same variables x, y, z. However, (6.157) is not very explicit, since it con-
tains a quadruple sum (a double sum in (6.157) and a double sum in (6.130)). Instead
of partially summing (6.157), in this section we shall find a polynomial realization dir-
ectly (not relying on the correspondence with v,;) using the fact that the GWZ states
are eigenvectors of the operators I s f/, I.

We shall proceed as follows. Let us denote (as in (6.157)) the unknown polynomial
function corresponding to (m) by:

Y =YPm(x,y,2) (6.160)

Naturally, ¥y can differ from ¢, in (6.157) only by a multiplicative constant which
we shall fix later.
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In order to use effectively the fact that i is an eigenfunction of I s 1?, I we use their
explicit g-difference realization (6.112). We write:

1

z = %r3(H1) = % (ZNX -n+N,- Ny) (6.161a)
%1} (H, +2H;) =N, + N, - %(rl +2r,) (6.161b)
? = T3(Ey)T5(Ep) + [L1,IL, +1], =

1 1
= [Ny + 14l - NX]qqZ(NZ*Ny) + [N, + l]q[Ny]qqz('lszx) +

~ i-<z
1l 1l

4 l(r —2Ny+N,-N,+2)
+X—y[Nx]q[Ny]qq4 ! Y (6.161c)

1

$ LN Jglry Nyl g e

+ L[, +1],

The eigenfunction conditions satisfied by i are:

Ly =Ly = (m11 - 2(my, + mzz)) ) (6.162a)
Y =YY = (my+my-20+n)) 9 (6.162b)
Py =M 1+1l,9 =

- [ ’"22]q [Ty 1]q ¥ (61620)

Next we consider the operators I, + %Y, Y, from which we obtain the following
homogeneity conditions:

N+ N) = (L+3YV+3G+m) Y = myy (6.163a)
(Ny+NZ) P = (Y+ %(r—rl)) =Ky, (6.163b)
K=Mmp+my-1

From these homogeneity conditions and the explicit form of (6.162c) we are prompted
to make the following change of variables:

x' =x, y =y, (= Z (6.164)

from which follows:

Ny=Ng-N;,  N,=N,-N;, N,=N; (6.165)

X

Thus, the homogeneity conditions (6.163) simplify to:

N =myp, Ny =xp, (6.166)
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that is, our polynomials actually have the form:

¥ =P = XMy P(Q) (6.167)

Actually from this expression we can deduce that 1]) is a polynomial in { of degree
at most n, = min (my,, x). Indeed, if ¥ is a polynomial in { of higher degree, then
1) would not be a polynomial in x or y or both, contradicting our starting assumption.

Substituting now (6.167) in (6.162c) and taking into account (6.166) we obtain the
following equation for :

1
([m11 +1-Nelglry —my; + N(]qui_ZK +

1
+[1+ N(]q[;( - N(]qqirl’mlﬁN( .
1 1
+¢ [my; —N(]q[x _N(]qqz(rl_x)+§(1‘m11)+N( N

1

1
(! [Nlglry = my + N{]qql'(rrk)*i(l*muﬁN( +

+myy — myplglmy —my, + 1]q>'1’(() =0 (6.168)

The unique (up to nonzero multiple) polynomial solution of (6.168) is given by
g-Jacobi or, equivalently, by g-hypergeometric polynomials. In particular, if § = r; -
my; +1 ¢ Z_ then such a solution is:

; 1,
i) = (F(-myy; CI‘*(m22 2 2)() X (6.169)
1
o Ff (my, — myy, 1y = myp; 1y —myy + 15 q4(rl+x)()

where 2Ff is a g-hypergeometric polynomial:

(@i ()¢

Fl(a, b;c;{) = , c¢ Z (6.170)
28 SEZ% [s],! (c)?
ng is a degenerate g-hypergeometric polynomial:
q @! s 4
Fla =) {* =, Fl(a, b; b;{) (6.171)

seZ, [S]q!
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and (v)? is the g-Pochhammer symbol:

~ Ty(v+s)

Wezlv+s-1,lv+s-2],...Iv
Note that (6.172) ensures that (6.170) and (6.171) are polynomials of degree
min (-a, -b), —a, respectively, when a, b € Z_, as is in our case. Note that for g = 1
(6.170) goes into the standard hypergeometric polynomial, while (6.171) becomes just
the binomial (1 - {)™2.
If B = r; —my; + 1 € Z_ then the polynomial solution of (6.168) is given by:

- L
D) = G IE s g ™) ¢ (6173)

1
q . AR
x oF{(my =1y, My —myys myy — 1 +1; g4 ¢

In order to relate (6.169) and (6.173) it is enough to replace in (6.169)

1
FUmay —myg, 1y = myps 1y —myy + 15 g5 ) o (6.174)
1

1
7 (r1+x)
> ———————— Fl(my, —my;, 1y —myp; 1y —my; +1; g4 {)
T (ry—my +1), ! ’ ’ ’

Then this expression is valid for arbitrary r; — my; + 1, and up to some multiplicative
constant is equal to (6.173) when r; - my; + 1 € Z_. Thus, finally we shall write the
polynomial solution of (6.168) as:

7 1 l(m -mpp-2)
P() = ——————— Fl(-my; g5 "2 ™M) x (6.175)
T —my+1), 7%
1
X FH(myy — myy, 1y — My 1y —myy + 15 ql‘(rlﬂ()()

For the lowest-weight state (m;, = r;, my; = my, = 0) we get:

1

Prws = AN (6.176)
1lg-
For the highest-weight state (m,, = my; = r, m,, = r;) we get:
7 171 -1 g 3(1-1-2)
l/)hws(() =qg* Ulr- rl]q! (1 Fo(_rﬁ q4 ()
12 2
Yrws 6, 7,2) = g5V [r—n] 11y 2T x
1
xRy a2 ) (6177)

. q . T-1r1 _ T
since from ,F] survives only the term {" 't = "2,
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We shall write down the relation between the expressions (6.157) and (6.167) (with
(6.175)) as:

D) = M) Yiem) (6.178)
Forry —my; +1¢ Z_we have A(y) = Ay, which we find by comparing

1 myy

e — Mmip+my =1y
Ly(rp —my +1)

l/)(m)|z:0 y
with (6.158). Note that (6.159) is a partial case of (6.178). Whenr, —-m;; +1 € Z_ (i. e.,
my; —1; € N), one has first to differentiate my; —r, times w.r.t. z both ¢yy,) and ) and
then to set z = 0. In particular, for the highest-weight state we compare (6.131) and
(6.177), since then ¢ys = Voo = I'3(E;3) 1. Rewriting (6.131) as:

1 o _ 1o 0z
s = (I 8" 1,000y 25 F (s g2 2 )

we get:

rz) [rl]q!

Dws = (D" Q‘l‘(zrl_
ws [r—rlyg!

Yhws (6.179)

6.4.3 Explicit Orthogonality of the GWZ Basis

For the orthogonality of the GWZ basis we shall use an adaptation of the so called
Shapovalov form [550]. This is a bilinear C-valued form on Verma modules. The Verma
module V" of lowest-weight A € #* is the lowest-weight module such that V* =
Uq(% ") ® vy, where ¢ is the subalgebra of the raising generators Ejk, j<k,and v, is
the lowest vector such that:

Exvo=0, j>k  Hevo=AH) v, (6.180)

The states in a Verma module correspond to the monomials of the Poincaré-Birkhoff-
Witt basis of U,(¢"), namely:

Upkj = Pekj @ Vo,
Peij = (E23)€(E13)k(E12)J, L, kjeZ, (6.181)

that is, this basis is one-to-one with the basis v; for general r;.. Further, for simplicity
se shall omit the sign ®; that is, we shall write: ug; = py; vy or u = p v, for short. We
need the involutive antiautomorphism of U,(%) such that:

wH)=H, oE)=E; w@=q" (6.182)
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Using the above conjugation the Shapovalov form can be defined as follows:

(u, u')=(pv0,p'v0)s (VO’ fU(P)P’Vo):
= (0@ vy, vo), (6.183)
u=pvo,u' =p'vy, pp €U @) uu eV

supplemented by the normalization condition (v,, v,) = 1. More explicitly from (6.183)
we have:

(uekj s uerk/j/) = (p,_;kj Vo s perkr]-/ VO) = (6.184)
= (Vo , w(pekj)Pe’k'j’ Vo) = (‘U(pz’k'j')Peijo ) Vo) =

= <Vo s (E21)j (E31)k (E32)€ (E23)el (E13)kl (Elz)j, Vo)

! ! ! .
= <(E21)] (E31)k (E32)€ (Eza)e (E13)k (En) vo, Vo)
Note that subspaces with different weights are orthogonal w.r.t. to this form:

(uekj, ugrk/}-/) ~ 5k+€,k’+€'6k+j,k’+j’ (6.185)

To show (6.185) one uses (6.184b) when k+¢ > k' +¢' and/or k+j > k' +j', while (6.184c)
isused whenk + ¢ <k’ + ¢ and/ork +j <k’ +j'.

We shall give a realization of the Shapovalov form in our setting in the following
way. Using the one-to-one correspondence we replace ug; by vy, and the lowest-
weight vector v, by the lowest-weight vector 1 of the abstract finite-dimensional irrep
and by the function 1 in the polynomial realization. Namely, we shall use instead of
(6.183) the following bilinear form:

(u, )f -(pi, p'1 )f = (T3®) T30 1) leayezmo (6.186)

More explicitly, we have:

(u[k]- s ue/k/]-/)f = (p[k]- i s pgrkrj/ i)f =
= (FB(w(pekj)) r3(pe’k’j’) 1) |x=y=z=0 = (i’é’kj Ve’k’j’) |x=y=z=0’
Deg = T3(@®e)) = [T3(Ep)Y [T3(E3)* (T5(Esp)) (6.187)

Clearly, when k + ¢ > k' + ¢/ and/or k +j > k' +j' we have py; v,y = 0. When
k+e <k +¢ andk+j<k'+j the expression py; v, is not zero but a homogeneous
polynomial of x, y, z which vanishes after the substitution x = y = z = 0. Finally, when
k+&=k +¢ andk+j=k'+j' the expression py; v, yy is a numerical one coinciding
with (uekj » Upt k’i’) because of the automorphism.
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We can further simplify (6.187) if we set x = y = z = 0 in py; from the very

beginning, namely, we replace p; by:

Paig = [5(Ex)Y (F5(E)* (F5(Es))”
T3(Ey) = qu%(Nz_Ny )

- 1

I3(Es) =Dygq M = T3(E3)

[5(Ey) = D.gq ANy I3(E3)

Note that this operation affects only I';(E,;) and it is easy to check that

(ufkj 5 ug’k’]" )f = (ﬁekj V(?’k’j’) |x=y=z=0
Further we note that:

e = q%((e—k)Nx+(2k7j)Ny+sz+j€+k(r1—j)) (Dx)j (Dz)k (Dy)e

We shall use the above to prove the main result in this section:

Theorem 6.2. Let (m) and (m') be two GWZ patterns. Then we have:

(¢(m)’ ¢(m’)))p = (p(m) i,p((m,)) i)f -
L omyyx-2r)
B 6’"11"”{1 6’"12Jﬂ{2 6m22,m£2 (-7 & eI
[Pt [r = mpl ! [r = my, + 1],

[my; —my, + 1],

(m)

(6.188)

(6.189)

(6.190)

(6.191)

The proof is given in [244]. The appearance of the constant Nz, in (6.191) is due to the

fact that in the derivation ¢(ﬁ[;) was substituted with JV(,—,[) l,b(r.n:) .

0

We can use the form (6.184) and (6.187) to define a scalar product if we consider our
conjugation w as antilinear. Then we actually restrict to the real form U,(su(3)) and g
is restricted to be a phase |g| = 1 (cf. (6.182)). Then we define the scalar product of the

functions @) = I3(P(m)) 1 0F Yy

(B> b)), = (Pany T Py 1),

1 N “
(Ym)» Yim)) = el (P 1. Py 1),

(6.192a)

(6.192b)
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We note two partial cases:

(Prws> ¢lws)p = ([rI]q!)4
1

(Viwss Yrws) = W (6.193a)
(¢hws’ ¢hws)p = [)’]q! [rl]q!
_ 2
(l/)hws’ l/)hws) = M (6'193]3)

[ril4!

Using this scalar product we can introduce orthonormal GWZ polynomials by:

R Y(m)
Pm=E—"""""75 (6.194)
om) | (Wiamy» Ymy) 2
so that
(Pam)» Pan'y) = m.m) (6.195)
In particular, we have:
Prs(,y,2) =[], (6.196a)
]! \2
~ _ 1 rl q! 2 _
(phWS(X’y’Z) - [r_ T1]q! ( [r]q! > lphWS(X’y’Z) -
1! )2
rl,! \2 1,2 >
i ([rir) gAY T
1ig-°
1
x g <—r1; qz(rl—r—z);y ) (6.196b)

6.4.4 Normalized GWZ basis

6.4.4.1 Action on the Unnormalized GWZ Bases and Relations between Them
Our aim now is to obtain normalized GWZ basis. To achieve this first we consider the
action of the Chevalley generators X]-i, j = 1,2, of U,(sl(3)) on the two realizations of
the unnormalized GWZ basis introduced in above . After deriving the action we shall
use it in order to find the proportionality constant between the two realizations.

First we consider the “operatorial” GWZ basis. We recall formulae (6.156). We
rewrite (6.156b) differing by by an overall multiplicative constant:
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. 1
¢’(m) = ()12 qi(m22*r1)(m22*1) [r]q![r —my, + l]q![r _ mu]q! %
r-mpp

« z z 1)t (m12—12n11+t> y

t=0 ueZz, q

t

2

X q X
[t]q! [mzz - t]q! [mlz — My, + 1+ t]q!

u
(r1—myp—mpy)+ 5 (U=-2mp—myp+myy +11+t)

[¢+ 1 = myly! Mgy + My, — myy - ul!

X x
[myy = myy —my + 1y +ulg! [myy + my, — 1y —uly!

X (E23)u (E13)m12+m227r17u (Elz)mll’m127m22+rl+u i (6.197)

The first result here is the explicit calculation of the action of the Chevalley generators
on ¢y, which we denote also by the variable numbers of the GWZ pattern:

d)(mlz,mn,mzz) = d)(m) . (6.198)

We have:
XlJr d’(m) = [my; - mll]q[mll — My + 1]q (i)(mlz,mlﬁl,mzz) (6.199a)
X1_¢(m) = ¢(m12,m11—1,m22) (6.199D)

[r = my,][myy — 1y + 1] [my, + 2], -

X+ 7 — +
2 ¢(m) [my, - my, + 1]q (myp+1,my3,mp;)
[r—-my + 1]q[r1 - mzz]q[m22 + 1]q . (61990)
[my, — my, + 1]q (my2,mq1,mpp+1) .
- [my, -myly -
X2 Pem) = Ty — my, + 11, ¢ tma-tmmz) *
[my; - my, + l]q -
(My2o11, M -1) (6.199d)

[my, — my, + l]q

In these calculations we use only (6.156a) and abstract algebra: the commutation rela-
tions between the Chevalley generators Hj s X]-i, j = 1,2, the definitions of C and E;,
and the fact that 1 is the lowest-weight vector.

Further, we shall use also the realization of U,(sl(3)) given in (6.112) to obtain a
polynomial in the variables x, y, z corresponding to the GWZ pattern (m). For this we
define:

¢(m)(xy Y, z) = (F3(E21))mlrm11 (H(@)qu (F3(E32))r17m22 (F3(E13))r 1 (6.200)
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For this quantity will hold the same formulae (6.199) we derived above - this follows
just because I'; is a representation. On the other hand we should stress that this quant-
ity is a polynomial in the variables x, y, z. We give two examples which we shall use
below - of h.w.s. (using (6.175)) and Lw.s.:

1
Dhws) = (T3(E3)) 1= ()" 614r1(2_r1) [r]qlxrl y1z x
1
x 1Fol (=15 g1 Xiy) (6.201a)

Plaws) = T3(Ex)™ ([5(€) ™ (T3(Ep)™ (T3(E3))1=

1 [rlg!lr + 1gHr = rilgtlrlg!

b+ 1, (6.201b)

= (-D"gq

Next we find the action on the realization of the unnormalized GWZ states via
hypergeometric functions (cf. (6.167) and (6.175)):

Wiam) % Y5 2) = Wngymyy ) = X VW) (6.202)

K=Mp+My—r (= z
RntMy T, Xy
The second result here is the following action of the generators:

_1
I}(X;) l/)(m) =q ar l/)(mlz,mnﬂ,mzz) (6.203)
_ 1
I3X) Ym) = q+" [myy —my; + 1]q [my; - mZZ]q Yy, my-1,m)
F3(X;) PYim) = bI ¢(m12+1,m11,m22) + b; lp(mlz’mllmeZ‘*'l)
I5(x3) l/)(m) = by l/)(mu—l’mu’mzz) + b, l/)(mu»mu,mzz—l)

where:

b - q*%mn [r = mpl, [myy —myy +1],
[my, —my, + 1],
- [r — my, + 1], [my; —my)l,
[my, —my, + 1],
Ly [myy = rilg [my; + 1]
[my; —my, + 1],
[r; = my, + 1], [my,],
[my; —my, +1]4

(6.204)

by = q

1
~ - gz
b, = g*

We derive this action using only the explicit realization of I';(-) given in (6.112)
and using some relations between g-hypergeometric functions which are given in
Appendix B of [230].
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Now we use the action on the two unnormalized polynomial realizations of the
GWZ states ¢z and ¥y, in order to derive the proportionality constant between them.
We set:

) = Nim) Pam) (6.205)
Before proceeding we note the two cases in which we already know this constant:

Lon-ry [}

Nnws) = (D q L (6.206a)
1lg-
_ 2
Mgy = (D" 2 [r],! [r + 1]{Ei [r+ 1]rllq! ([rilgh (6.206b)
17 g

where (6.206a) is obtained by using (6.177), while (6.206b) is obtained by using (6.176).
The idea is as follows (on the example of X; ): On one hand we have:

LX) = Pompamyy-1.mp) = Himgzamyg -1m) Wimpzmyy-1.ma0) (6.207)
On the other hand (using (6.203b)):
I5(X)) Py = Aomy X1 Yim) = (6.208)
1
= My 44" [myy = myg + 10 [myg = Ml Yy, myg-1,m)

If my; > m,, comparing (6.207) and (6.208) we get a relation expressing . 4(z) in terms
Of Amyy,my-1,my,)- Besides the above there are five more relations, expressing Az
through A with my; — my; + 1, my, — my; £1, my; — my, + 1. It is enough to
use the three relations which decrease m;;, each relation affecting only a single my;:

1 1
Ny = g 5% N _ 6.209a
m) = 4 [my, — my; +1],[my; — my,], iz my1,mz2) ( )
_1 [my; - mll]q
Ny = g &M _ 6.209b
m = 4q [my, - T1]q[m12 T 1]q (m12-1,my1,mp) ( )
1 [myy —my, +1]
N = 4 4 . (myp,myq,mp-1) (6.209¢)

[r; —my + l]q[mzz]q

(For the three relations which increase m;; we refer to [230].)

Now, we use relation (6.209¢) until on the RHS we get A, m,,,0)> then we use
(6.209a) until on the RHS we get 4(y,, 0,0), finally we use (6.209b) until on the RHS we
get 0,00 = Hiw.s)s thatis, we get:

[ry + gl = mylgtmy, — myyl !
[r1lg [myy = il g myy — mypltimy, + 1] my, 1!

_1
‘/1/(1’?1) =q 4k J%l.w.s.) (6'210)
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and using (6.206b) we finally obtain:

1oy -
Ny = (1) qaCrTmnOmam ) [ [ 1]t - gt ! x

[r - m22]q![m12 - mll]q!

X (6.211)
[my; — rlgtimyy — my,l gt my, + 1] 1 imy, ]!
From (6.211) follows also:
12 [r, +1]
Maws) = 5 — Aiaws) (6212)

(Irl !l - lgt)” [+ 11!

which is consistent with (6.206).

6.4.5 Scalar Product and Normalized GWZ States

By (6.192) we have defined a scalar product in terms of the constant . #(;;). Now that we
know this constant we can fix the scalar product completely, that is, we have:

(¢(m)’ ¢(m,))p = 6m11’m{1 5m12’m{2 6m223m£2 ([r]q!)z [r + 1]q! [r - rl]q! [rl]q!

y [r = myp !t [r — my, + 1]

x
[my; = rilg! [myy — mylgt Imyy + 11!
[my, — mylg! [ — myly!

X (6.213)
[mZZ]q! [my, - my + l]q

or in terms of Yy,

(l/’(m)’ll’(m’)) = M/ (‘»b(m) ¢(m))
=6 5 1 6 1 X (6.214)

mn)mu myp,my, “My,Mmy,
[r = my, ! [r = my + 1!
X
[r+ 1]q! [r- rl]q! [rl]q! [my; —my + 1]q
[my; = rilg! [myy = myylg! Imyy + 104! Imy,] !
[r - m22]q! [m;, - mu]q!

Further, we complete our program of finding explicit polynomial realizations of the
normalized GWZ states. We set:

&)(m) = A = (6.215)

(Pam)> Pamy),,

=Nm“ﬂmmmx

X (F3(C))r—m12 (F3(E32))r1—m22 (r3(E13))r 1
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Ny(m)

(Dam)> Pam), =

oy \j[ [r+ 10t Ir =l [l I — my),!

myy = rlg! Imyy = myyl ! Imy, + 11!

[r = my, + 1! [my; — my ]! [y — mp),!
[my,] 4! [my; —my, +1],

Analogously, we set:

lzJ(m) = —l/)(m) =
(Yam)> Pom)

m Mmip+Myy—T
1 Xlly 12 2271

= ) 1Fol (-my; q

%(mzz—mlz—z) i)
Ny () Tolry —my +1

X

1 q%(mlﬁmzz) i)

q .
x oF1 T (myy —myy, 1y —myp; 1y —my Xy

Ny(m) = \[(Ym)> W) = N/ | Al =

_ [r = mypl ! [r = my, + 1]t myp = 1]!
[r+ 1 ! [r = rlgt !

y [mll - mzz]q! [m12 + 1]q! [mzz]q!
[my; = my + 1 [y = mply! [my; — myyl !

(6.216)

(6.217)

(6.218)

Finally, we calculate the action of the Chevalley generators on our normalized GWZ

states. We get:

Xy bm) = \/[mu = myly [my —my + 1], Dy, myy+1,my0)

X Om) = \/[mu —my + 1]q [my; - mzz]q DOy myy-1,mp0)
+ 7 + 7 + 7
X ¢(m) =q ¢(m12+1,m11,m22) t a4 ¢(m12,m11,m22+1)

X; ¢(m) = ¢(m12—1,m11,m22) t @ ¢(m12,m11,m22—1)

Hy Pgmy = (2myy = myy = M) i)
H, ¢(m) = (2(my +my) —myy —1-17) ¢(m)

£ = [r = my,lg [myp — 1y + 1] Imyy + 2], [myy —myy + 1]
1 [mlz - m22 + 1]q [m12 - m22 + Z]q

(6.219)

(6.220)
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(6.221)

N [r — my, + 1], [ry = my,l, [my + 1], [myy — My,
[my; — myl, [my; —my, +1],

0 - [r = my, + 1]y [my; — 1yl Imyy + 1], [y - myglg
! [my; - m22]q [myy —my, + 1]q

- - [r = my, + 2], [r; — my, + 1] [mylg [myy = my +1]

2 [myy = my, + 1] [my, —my, +2],
Of course, the action of the Cartan generators (6.220) is the same for normalized and
for unnormalized GWZ states. We note now that in (6.219) we have recovered the
standard transformation rules which until now were written without derivation —
for g = 1in [65, 315], and for g # 1in [143]. In fact, since the only restriction on the
transformation rules were the commutation relations of U,(sl(3)) later it was shown
[47], that this restriction was very weak and one can generalize the above formulae by
replacing the square roots, that is, the powers 1/2, in the matrix elements in (6.219) by
the powers 0 and 1. There is no such freedom in our case. The only freedom we have
is in phase factors, like the one relating <i)(m) and l])(m). Indeed, the transformation
rules for l]J(m) are the same as (6.219) except for the g factors which are the same as
in (6.203) and (6.204).

6.4.6 Summation Formulae

In this section we derive summation formulae using formula (6.211) for the constant
w and another independent expression for . 4. To find the latter we use formulae
(6.130),(6.132), then we recall the polynomial ¢ atz = 0 using (6.158) Next we note
the value of ) at z = 0 (using (6.170)):

m Mmqo+MmMyy—r:
X 11y 1272271

T F i o N 222
(ltb(m))|z:0 rq(rl —my +1) (6.222)

Now we compare (6.205), (6.158a), and (6.222), and conclude that:
Mm) = ‘/V(r;l)’ I zmy (6.223)

From the latter using (6.158b) and (6.211) we get the following summation formula:

rflz z (—1)tH (mu —Mmy + t) y
t=0 uez, u q

t u
5(r—-mp—-my)+5 (t+myp-r-1)
q2 1R [r] = my, + ]!

[t]q' [m22 - t]q' [m12 — My + 1+ t]q'
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y [r+my —my—my, + u]q! [my, + my, —my; — u]q! ~

[ry +myy —myp — My, +ul! [myy + my, — 1y —ul,!

[r+my —my; - m22]q! [r - m22]q! [my; + my, - mll]q! y
[myy +1 - mylgtImyy + my, —1ilg! Imy,] !

r-myp

L (r—mpp—-my;)
g2
X

(-my)f (r, — my + DI
& Tyn+my-my-my+1) [t (my; - my, +2)f

X 3F2q (r+my —my —my +1, 1 —Myy — Myy, My —Myp = £
1
= (t+mpp-r-1
Iy + My — My — My + 1, My — Myy — Myy; qz( T )) =
myp+ry %(rl+(m11+f—m12)(r1—mlz—m22)+m12(m22—1))
= (-1) q x
[r+ 1, [r = rlt Ir + myy = myy — my,] !
[r+1-myl ! [r = mpl,! myy — 1!
y [r; - mZZ]q! [my; - mll]q! (6.224)
[my, + 1]q! [my; — m22]q! [mzz]q!

In order to show better the properties of the above formula, we will rewrite it in
representation independent parameters:

by = r-mp+my-my+1, b, = my —my; —my,

m = mpy-r, m, = my, N=r-mp (6.225)

Now we rewrite (6.224) in the new variables using also the g-Pochhammer symbol:

1 i q_%(mﬁmz) (—mz)? (by — b, - mz)?
r,(b) & (by - by +my —my + DT (V)Y

1
% 3B 0(=(my + my), by +my + N, by + my — t; by, by; g2V =
_ (_1)m1+m2 q—%( my(my+by+N)+my(my+by+N)+mymy) %
y (by - by + my + DI (my + DY, Wi sm,

(6.226)
(by = by +my —my + 1)?] (1)1% [by +my —1],! (bz)?nz

For the better comparison with the literature on g-summation formulae we rewrite our

formula using notation from Gasper—-Rahman [311]. We shall use the definition (1.2.15)
for the g-shifted factorial:
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n=0
@q)y, = §, (6.227)
" 1-a)1-aq)...1-ag™™), n=1,2,...
and (1.2.22) for the basic hypergeometric series:
bs(ay, ..., a5 by,.... b q,2) = (6.228)

Zn

_ ((11;61),1 (a,;q)n () 1+s-1
n=0 (@ Dy b3y, ... (bs; @y -1"q ]

For completeness we mention also the relation between our g-Pochhammer symbol
and the notation of [311]:

(a);ll _ (_A)—nq—(n—l)n/qu—na/Z(qa; q)n . A= q1/2 _ q—l/z (6.229)
Now our summation formula (6.224) or (6.226) can be rewritten as (when b, > 0):

N / (@ ™5 ) (¢7777™; ),
57 (ghbrrmmatl gy (g; g),
« 3¢2(q—(m1+m2)’qb1+m1+N’qb2+m2—t;qb1’qb2;q; qt—N) _

= (_1)m1+mz q—%(m1+mz)(m1+m2+1+2N) %

bi—-by+my+1, my+1

(q sy @Sy (@ D
(ghrbrrmimmads )y (g Py (@2 Dy (725 Do,

(6.230)

This new summation formula seems unknown also for the classical case g = 1. Partial
cases can be found in the literature. For instance, the case N = 0; that is, my, = r,
reduces to a g-Karlsson—Minton formula (cf. (1.9.8) of [311]):

sy (q M) ghrm gbrme, gby b2 goqy - (6.231)

_ (_1)m1+m2 q—%( my+my)(my+my+1) (q; q)m1+m2

(@%%; Dy (@25 D,

It corresponds to a 0-balanced 3¢, [311].

6.4.7 Weight Pyramid of the SU(3) UIRs

6.4.7.1 Geometrical Construction of the Weight Pyramid

First let us recall some well-known facts about the UIRs of SU(3) which hold also
for the (anti)holomorphic representations of SL(3), also for the Lie algebras and
quantum groups. Fix such a representation, that is, the non-negative integers ry, r,,
so that we have a representation of dimension d, . ,.;- It is customary to depict
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the weight lattice of every such irrep in the (I,, Y) plane. We recall that the nota-
tion comes from the popular application in which I, is the third component of
isospin, and Y is the hypercharge. The points of the weight diagram form a hexagon,
the sides of the hexagon containing alternatively r; + 1, r, + 1 points. (Thus, the
hexagon degenerates into a triangle if r;r, = 0.) Each point of the weight dia-
gram represents all states with the same weight and differing only by the values
of isospin I, for which the corresponding I, is admissible. It is also customary to
connect all points with the same multiplicity. Then the resulting figure consists of
nested hexagons if r;r, # 0, the most outward one containing the states with mul-
tiplicity one, the next inwards — the states with multiplicity two, and so on. When
rr, = O the resulting figure consists of nested triangles; moreover, each weight
has multiplicity one and that is why such representations are called flat representa-
tions.

Now for our purposes we shall replace this customary weight diagram with a
hexagonal pyramid (when r;r, # 0) in the following way. We consider now a three-
dimensional picture adding also the direction perpendicular to the (I, , Y) plane. The
points in that plane have coordinates, say (i,, y, 0). Next we replace each point of the
weight lattice of multiplicity m and coordinate (i,, y, 0) by m equally spaced points in
direction perpendicular to the (I,, Y) plane which points have coordinates: (i,,y, k),
k=0,1,...,m—-1. We consider now each point of the so formed pyramid as one state;
that is, each point has also fixed value of isospin I and there is no multiplicity. From
the algebraic formulae given in next section we shall see that for fixed (I,, Y) the value
of isospin I diminishes as k increases.

Thus, we obtain a pyramid of height r, =min(r,, r,).

Consider now the states with coordinates (i,,y, k) for a fixed k. We shall say
that these states form a layer. We note now that by construction each such layer
is actually a weight diagram in the I, and Y axis and has the form of a hexagon.
Moreover, this hexagon has exactly the form of a standard SU(3) weight diagram —
the difference is that we put only one GWZ state at each site. Of course, it is import-
ant how we distribute the states with the same weight and this is what we explain
next.

Let us agree, in order to save space, to omit the first row of the standard SU(3) GWZ
pattern (m) since we shall work with fixed representation parameters r;, r, . Namely,
we set:

[mlz m22] = mp, my (6.232)

We place the GWZ states on our pyramid in the following manner. The bottom, or
zeroth, layer contains both the lowest-weight state and the highest-weight state of our
representation. Overall it contains the following states:
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L IS E
[0 [0 (6.233)

The lowest-weight state [’1 o 0] is in the bottom-left corner, the highest-weight state
[’ . n ] is in the top-right corner, of this hexagon. (Of course, these states and the oth-
ers on the edges of this initial hexagon are with no multiplicity, so their placement
is more or less standard.) Analogously, we put the following states on the k-th layer,
k<r,r:

r-k n||rk n [ r-k n ]
n ri+l e r-k

[r—kk+1k+1] [ r—kk+2k+1] h o [ r—kr_kk+1]
L | K W ("
[r1+1 k][rﬁl k] [r1+1 k]
k k+1 e i+l
P [ T L (6.234)

(Note that k = O represents the bottom layer.) Clearly, there are r; — k + 1 states on the
bottom row of the above hexagon, r; — k + 2 states on the next row, and so on, and
r — 2k + 1 states on the middle (longest) row, then the number of states decreases by
one, the top row having r — k —r; + 1=r, — k + 1 states. If we sum these we obtain that
the number of states in the k-th layer presented in (6.234) is:

Nk -

1
.1 2

r+D)r+2)+nr+ 3K% - 3k(r + 1) (6.235)

From this it is easy to see that the number of states on the first k layers is:

k-1
Y N, =K (Paereann, v 28 -3k +2) (6.236)
s=0 e 2
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We make now the observation that the latter number is equal to the difference of two
SU(3) dimensions:

k

|
—_

N, = dr1+1,r2+l - dr1+l—k,r2+1—k (6.237)

1,12
0

©n
Il

that is, the dimension of the irrep we are considering minus the dimension of an irrep
with each representation parameter r; decreased by k. This seems natural since the
latter representation has a weight pyramid with bottom layer the (k + 1)-th layer of our
pyramid.

6.4.7.2 Algebraic Description of the Weight Pyramid
Now we explain the placement of the GWZ states on our pyramid. This is related to
a procedure to obtain all GWZ states starting from the lowest weight state. (A similar
procedure starting from the highest-weight state was used in the previous section.) To
derive the necessary for the procedure relations between the GWZ states, up to normal-
ization constants, it is enough to use only the fact that the GWZ states are eigenvectors
of the operators fz, Y, I?. Note that fz is the Casimir of the U,(sl(2)) quantum subgroup
generated by X; , H; . We recall the relation of these eigenvalues to the parameters of
the GWZ pattern:
[mlz mzz]_[1+%Y+%(r+rl) ~I+1Y+3(r+n) 6.238)
my L+3Y+3(r+n) '

with I, Y, I denoting the eigenvalues of the corresponding operators.

Before giving the explicit formulae we mention some general facts: The states on
a fixed row of a fixed layer (6.234) are states with the same value of Y and I, while I,
varies between —I and I. On a fixed layer the value of Y increases by 1 from the bottom
to the top row. The states which have the same weight and differ only by the value of I
are one above the other in the pyramid, the value I decreasing from the bottom up.

First, we describe the states on a fixed layer (hexagon), say, the k-th one.

Starting from the state in low-left corner of the hexagon, that is, ['1 X k ], we first
obtain the states on the south-west edge of the hexagon:

n+s k
k

[slg! [ry + 1+ 8] ]! [y + 1= K] ! 12
[r + l]q! [ry - s]q! [r+1-k+ s]q! >

(X;)s[rlkk]=%(s,k)[ ],s=0,1,...r2—k,

(6.239)

'/’/Z(S’ k) = <

Now we prove the following lemma which is our main technical tool for the procedure.
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2 -
Lemma: Let i be an eigenstate of I, I, and n with eigenvalues u(u + 1), - and x,
respectively, and let

Y =Cy
where C is the following operator:
- H
C EX;r [Hl]q + X;X;r q? =
- X} X} [H),+ X} X} [1- Hy], (6.240)

2 .
Then either )" = 0 or i is an eigenstate of I, I, and n with eigenvalues (u— %)(y + %),
—u + 3 and x + 1, respectively. In terms of GWZ pattern: if  « [™2_¥] then y*
[™2,, "] unless k = r,.

The proof is given in [245]. ¢
Using the above lemma we obtain the states on the north-west edge of the hexagon:

oy [“ ) "] Yo [r ‘i "] - (6.241)

r-k k+t

= M5(r, — k, k)%(t)[ k+t

], t=0,1,...1 -k,

o [r—k+ 10,0 r =2k + 10,0 [~ Kl Tk + 6,0\
PNk 1=t r =2k + 1 -t [ - k-t K

Now all other states of the k-th layer are obtained by the action of the operator X; to

the states on the edges (6.239),(6.241):

Pepio ooy [’1 . « ] — 55, X ) [’1 i "] _

(6.242a)

=m(u,s,l<w(s,k)[’”s "],

k+u
s=0,1,...n-k, u=0,1,...ry—k+s
[ry +s—k]q![u]q!>l/2

A, k) = < [ry +s—k—ul,!

b epRaiveslca [ " . k] - (6.242b)

1ty — ko k) O [" ko k+ f] _

k+t
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=</1/1'(u)</1/2(r2—k,k)</1/3(t)[r_k k”],

k+t+u
t=0,1,...n-k, u=0,1,...r-2k-t,
[r — 2k — t],[ul,! )1/2

M) = ( [r—2k-t-u],

Finally we explain how to obtain the lower-left-corner states [’ L k] starting from the
lowest-weight state [’1 o 0] . This is achieved by using again the lemma above:

(A,‘k[rloo} =J1/3'(k,r)[r1kk], k=0,1,...,1y = min(r;, r,)

(6.243)

[r + 11,0 ry + 10! [ry], ! [K],! )1/2

[r+1-klg! [ry +1- K] ! [r; - K],!

PAHE (
!

For further use we note that relation (6.243) may be rewritten in two alternative ways:
rn k k _rr 0

JV,l,r[l ]= c[l ]= 6.244a

5 (k1) X g sl o ( )

k e ky [ =jlg!
_ (_1)k-l 50-r1-1) ‘ a’
]ZO 1 <]>q [ - A,

x gy Iey [ O] (6.244b)

~ Lo -
C;=X; [s—l—rl]q+X;'X1+q2(S o) _
=X{ X5 ls-1-nl, +X;X] [r,-s+2],

The proof of (6.244) is given in [245]. O
We should mention that similar formulae to (6.239) and (6.242a) for the relation
between GWZ states may be found the literature (cf., e. g., [47, 65, 143]). However, at
the time we could not find in the literature formulae involving the operator C.

In this subsection we have not specified any realization of U,(sl(3)). If we want to
have the GWZ states realized as polynomials then we first identify the lowest-weight
state [ n o 0] with the function 1 and then use the representation (6.112).

Finally we note the similarity of formula (6.244b) with the formula giving the sin-
gular vector in (2.37) for A,. It is this similarity that will be exploited in the next section
in order to prove the explicit realization of the irregular irreps in terms of GWZ states.

6.4.8 The Irregular Irreps in Terms of GWZ States

In the present section we combine the results of the previous sections to derive our
main result. We set g = e¥N 5o that [x]q = sin(rrx/N)/ sin(7r/N). We consider the
irregular representations characterized by (2.179), and we restrict the representation
parameters r; = m; — 1 as needed in the current situation:
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1<r+1Lr,+1 <N<rj+r+2=r+2<2N (6.245)
With this the relevant singular vectors are (cf. (2.39) and (2.61) for 4,):

Vl = (X;)ri+1V0, i = 1, 2, (6'246)

VIt = 2™ X5 XV

o= 3 e ghin () Lol
=0 j/q Im+1-jl!
(XY X)XV
m=r+2-N.

As we know to obtain an irreducible representations we have to factor out the Verma
submodule built on these singular vectors, or, in a function space realization of the
lowest-weight representations, impose corresponding vanishing conditions using the
corresponding invariant differential operators. In the GWZ basis the lowest-weight
vector is [’ % 0 ], while the vanishing conditions following from above are:

;)i [rl o 0] -0 (6.247)

7 rp O
,@’"(Xl*,xg,xg)[ 10 ]:0 (6.248)

Actually, the restrictions from (6.247) are valid in the GWZ basis by construction, e. g.,
from (6.239) one would obtain:

rn O r+1 O
oy | ' | = A, Olscry | . |- (6.249)
r rn O
= A58, 0)ls=ryi1 r+1 0 =0
0

since the latter is an impossible GWZ state 1(the betweenness constraint (6.155) is viol-
ated), and .A5(s, 0)ls_r,+1 ~ (l"q(r2 +1- s)) ls=r,+1 = 0. Analogously from (6.242a) one
would obtain:

rp O rr O
(X;r)rﬁ-l [ 10 ] = e/1/1(1,1, 0, O)|u:,1+1 [ rl 1 ] - (6.250)
1

r " 0
= </V1(us O) 0)|u:rl+1 rl O =0
rn+1
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again the latter is an impossible GWZ state, and .#;(u, O, O)|u=,1+1 ~ ~ (I“q(r1+
1- u))_1|u=r1+1 =0.

Thus the only new condition is (6.248). Indeed, it means that the lower-left-corner
state [’1 . ﬁ'] on the m-th layer of our pyramid decouples from the irrep. This is clear
from (6.244b) since the expression giving ['1 . ﬁ’] is just 2™(X}, X5, X3). The decoup-
ling of this state follows also from the explicit normalization factor in (6.243) with
k=mandr =N +m - 2since:

N (m,N+m-2)=0 (6.251)
which follows from:
[r+1],! e =[N+ﬁz—1]q!=
r+ 1=k, "k~ T IN-1]!

=[N+m-1],[N+m-2];...[Nl; =0

since [N], = sin(7N/N)/ sin(m/N) = 0 when q = e¥TiIN

The decoupling of the state [ n . m ] implies the decoupling of the lower-left-corner
states on the higher layers, that is, the states [ n X k ] with k > m. This follows by noting
that because of the factorization formula (6.244b) can be written also as:

Jg”(k,m)[rlkk]= ﬁ Es[”_ﬁ’] (6.252)

s=m+1

5" (e, ) (Kl [r + 1= 1nl,! [ry + 1= 1! [ry — ]! >1/2

T\ Tl I+ 1=K T + 1= K [y - !
k=m+1,...,ry =min(ry, 15)

that is, these states are descendants of [’1 . m ] For consistency we note also that:

0 fork<m
MU N+m-2) {70 oreem (6.253)
0 fork >m

Clearly, together with the lower-left-corner states decouple also the states on their lay-
ers; that is, all states on layers k = m,m + 1,....,ry. Thus, we are left with the states on
the first m layers. Their number is given by (6.236) and (6.237), with k = 1.

Thus, we have obtained the explicit description of the irregular representa-
tions of U,(sl(3)) in terms of the GWZ basis. These are the states displayed in (6.234)
fork=0,1,...,m-1=r+1-N.

We note that in the case when m = 1; that is, N = r + 1, the irregular irrep is flat.
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Finally, we discuss the representation action of U,(sl(3)) in our irregular irreps.
First we stress that when we consider unnormalized GWZ states the U,(sl(3)) action is
given straightforwardly as action on a truncated Verma module basis and there is no
need even to display it explicitly. A little more care is needed when we consider the nor-
malized GWZ basis. First we recall the standard action of U(sl(3)) on the normalized
GWZ basis [47, 65], when q is not a nontrivial root of 1:

H, [mu mZZ] = (2my —my - my,) [mlz mzz] (6254
my, my
m, m d d
Xy [ 12m 22] = (Imz=muly)” (Imy —my +11)" %
11
y [mu mzz] (6.254b)
my +1
_[my m - e
X [ 12mn 22] - ([mlz—m11+1]q) ’ ([mll_mzz]‘I) f
y [mlz mzz] (6.254C)
my -1
H, [mu My ] = (20myy + my) —my -1 1) %
my
y [mu mzz] (6.254d)
mn
X [mu mzz] _a [m12+1 mzz} .
my mn
+a, [mlz My, + 1] (6.254€)
my
X; [mu mzz] _ q [le_l M2 |
my my
B -1
v my my ] (6.254f)
my

(Ir- mlz]q)"1 (Imyy —ry + 1](1)'12

R
a; =
[my, —my, + 1],1]/2
([m +2] )'B ([m —my, +1] )1_5
| \lmiz + 2], p-my+lj,
[my, — my, + 2]}/2
¢ $;

o (r=my +10)" (I - my),)”

a = x

12
[my, - mzz]q/

_ !
y ([my, + 114)(3 ([myy - mzz]q)l '
1/2 ’
q

[my; —my, +1]
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B ([r -my, + 1]q)Hl1 ([mlz - rl]q)l_’72 y

12
[my; - mzz]q/

y ([my, + 1]q)HB (L mll]q)"(
12
q

[my, — my, +1]
1-¢;
~ ([r -my, + Z]q) ! ([r1 -my, + l]q)
[my; —my, + 1](11/2

(Imonlg) ™ (Imyy —myy +11,)°
X ]}]/2

1-6

(6.255)
[m12 - m22 + 2

where the parameters &, &', 1y, 15, 13, {1, (5 5 (introduced in [47]) take independently
the values O, %, 1, the value % for all of them being the classical choice. Note, however,
that some of the nonclassical choices have to be excluded if we want that the coef-
ficients would automatically become zero for impossible GWZ states. Thus, there are
the following exclusions: ¢ + 0, .{' #1,n#0,m,#1,§ + 0, G # 1. Note that partial
cases of (6.254) were actually used in the algebraic description of the pyramid above
(with all extra parameters equal to %). Note also that for the unnormalized GWZ basis
(6.254) would also hold, however, the coefficients aii would be different; in particular,
they will not contain any denominators.

For our purposes below we comment the action of the generators in relation to
our pyramid structure (still in the generic g case). The action of the generators X; is
confined on fixed rows, which is expected since these rows form irreps of the U,(sl(2))
quantum subgroup generated by X; , H; . The action of the generators X; is more inter-
esting. Consider the k-th layer. Then under the action the operator X; the states on the
middle row (starting on the left with ["kk "] ) and the rows above it are mapped into
a state on the same layer (cf. the second term in (6.254¢)) and a state on the layer k — 1
(cf. the first term in (6.254€)), while the states below the middle row are mapped into
a state on the same layer (cf. the first term in (6.254€)) and a state on the layer k + 1
(cf. the second term in (6.254e)). Analogously, under the action the operator X, the
states on the middle row and the rows below it are mapped into a state on the same
layer (cf. the first term in (6.254f)) and a state on the layer k — 1 (cf. the second term in
(6.254f)), while the states above the middle row are mapped into a state on the same
layer (cf. the second term in (6.254f)) and a state on the layer k + 1 (cf. the first term in
(6.254f)). Certainly, in all cases the two resulting states are one above the other since
they have the same weights (eigenvalues of H;). Note also that in some cases one of the
two resulting states may miss when the initial state is on some of the sides or edges of
the pyramid.

When g is a root of unity, as specified in the beginning of this section, there are two
possible problems when using formulae (6.254). The first problem is that the action of
the generators X, is mixing in general neighbouring layers and thus we have to ensure
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that formulae (6.254) will respect our factorization of the upper layers of the pyramid
(which is so by construction if we use unnormalized GWZ states). This problem was
cleared in [245].

The second possible problem, which is not specific for our approach and which
was discussed in [4], is that there may arise zeros in the denominators of the coeffi-
cients (6.255). This necessitates modifications of (6.254) which were partially given in
[4], and then in [245] where we also have checked that these modified formulae do
not contradict our factorization. The modifications in (6.254) are as follows. First, we
make the choice:

&=1, &=0, n=1 =0 (6.256)

and then we set all remaining parameters equal to their classical value % Thus we
have instead of (6.254b,c) and (6.255):

m m m m
Dol 22] =[m,-m [ v 22] 6.254b'
e ] - m, [T (6.254b
_|m m m m
%[ 2]y [ o] -
L |yl [ 2 (6.254¢)

aj = [r-my, < (6.255)

[myy — 1y + 1], [my, + 2], 12
[my; —my, + 1]q [my; —my, + 2]q >
[r—my +1], [, - myl, 12
[my, - mzz]q [myy —my, + 1]q >
[my, — g [my + 14 >1/2

[my, - m22]q [my —my, + 1]q

.
a, = [my; —my,], (

a; =[my —myl, (

[r—my + 2]q [r; —my, + 1]q )1/2
myy — My + 1], [myy, —my +2],

a, = [mzz]q <[

6.5 The Case of Uq(sl(4))

6.5.1 Elementary Representations

In this section following [216, 217] we consider in more detail the case n = 4. It is
convenient (also for the comparison with the g = 1 case) to make the following change
of variables:

Y31 = ?31 - q?211732 s Y41 = 1?41 - 0?21 1?42 s
Yy=-9Yy, Y;=4qY,;,

Yl“ = YU . for (l]) = (32), (42) . (6.257)
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Using (6.51) we have:
Y,Y; = ¢~ %2Y,Y i j
Y=g iYie, 4zi>€>j=1,
Yi¥; = a700YY, 42k>ivjx1,

VY3 = Y5V +AY5,Y,,,
Ylginl = le Yl”' ’ (l]) = (23)9 (32) ’
YV = ¢ 7BYY - (DAY, 4k>i>jx1

(6.258a)
(6.258b)
(6.258c)
(6.258d)

(6.258e)

(each of (6.258a,b,e) has four cases). Note that (6.51g,h,i) holds also for Y,

replacing ¥,.

Note that for g a phase (|g| = 1) the g-coset in the Y coordinates is invariant under

the anti-linear anti-involution w acting as @ (cf. (6.52)) with n = 4:

w(Yjé’) =Y5 5

(6.259)

Thus it can be considered as a g-coset of the conformal quantum group SU,(2, 2).

The reduced functions for the % action are (cf. (6.50)):

oY, ) = > Wikemn@ikemn
i,j,k,6,m,nezZ,
ijkemn = (Yzl)i(Y31)j(Y32)k(Y41)£(Y42)m(Y43)n x
X(-@1)rl(92)r2(93)r3

Now the action of U,(sl(4)) on (6.260) is given explicitly by:

~ ~ i+(j—k+€-m-r)/2 -
ﬂi(kl)(pijkfmn = qH(] +emn)f. Pijkemn »

A ~ k+(=i+j+m-n-r;)/2 ~
"f(k2)<Pijkemn q " Pijkemn »

~ ~ _n+(-j-k+e+m-r3)/2 -
71 (K3) @ijicemn = 4 Pijkemn »

~ +y _ o —le(—j+k—€+m)[2 a1
(X)) Pijemn = 4 [r, - l]q‘Pi+1,jkemn +

+qi_rl_1+(j—k—e+m)/2 [k]q¢i,j+1,k—1, emn t
+qi,r171+(j—k+€fm)/2 Ml Pijic e+1,m-1,n »
f[;(X;)(P,-jkemn _ qrz_k+(i—j—m+n)/2[i]
+q
+q
+q

q‘pi—l,jJrl,kémn +
(i-j+m-n)/2
—ry+(—i+j+k+3m-3n)/2 P

[e]q(pi,j+1,k,£—1,m+1,n +

I<—r2+(—1+]+m—n)/2[n]q(pijke’rwrl’n_1 ,

[] —i+k+m-n- rZ]q(pij,kJrl,emn +

(6.260a)

(6.260Db)

(6.261)

(6.262)
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ﬁ?(X;)(pijkL’mn _ _qr3—1—n+(j+k—€—m)/2[j]
-q
+q
N — = —jtk— 21 ~
ﬂi(Xl )(pijkemn = ql+( Jretam)f [l]q(pi—l,jkemn +
+qi+2+(—j+k—€+m)/2 [j]q(Pi,j—l,kH,emn +
+qi+2+(i—k—€+m)/2 [e]
(X))@ - _ (—i+j—m+n)/2[k] .
F\A2 (puk.?mn q q(pu,k—l,fmn’
ﬁi(X;)(pijkemn _ _q—n+(—j—3k+€+3m)/2[€]
_qim(ijikw*—m)/z[m]q(pij,kﬂ,e,m—l,n _

_q1+(—j—k+€+m)/2 [n]q{bi]'kgm’n,l- (6.264)

q(pi,j—l,k,€+1,mn -

r3—1-n+(3j+k-3¢-m)/2 ~
3 G ) [k]q(pij,k—l,é,mﬂ,n +

_1+(—j—k+€+m)/2[n _ r3]q¢ijkem,n+1 , (6.263)

qPijk,e-1,m+1,n >

q(pi,j+l,k,£—1,mn -

It is easy to check that 77;(k;), 77;(X;") satisfy (6.10).
From (6.263) and (6.264) one can easily write down the explicit action of the non-
simple root generators. These are defined as follows [198, 360]:
X3, = +¢"2 (¢ X;X; - 4 PX; X}, (ab) = (12), (23),
Xj5 = J—"qillz(ql/leixza - qil/ZX%Xli) =
= +q"(q°X5X5 - VP X5X). (6.265)

We give only the negative roots action, since these formulae will be used below:

N N - i—k— .
(X ) Pijemn = —q(l €+n+3)/2[1]

+ qj+(i_k_€+n+5)/2A [k]q[e]q(pij,k—l,f—l,mﬂ,n
RPN —i+k+e-n+3)[2 -
n?(X23)(pijk€mn = —q( kst [m]q‘Pijke,m—1,n ’

71 (X13)@ijicemn = _q%(iﬂ;min)/z[E]q(pijk,e—l,mn' (6.266)

q(Pi,j—l,kfmn +

Further we consider the restricted functions (cf. (6.59)):

@07) = z yijkEmn(pijkemn ’ (6-267)

i,j,k,6,m,nezZ,
‘i’ijkemn = (Y21)i(Y31)j(Y32)k(Y41)e(Y42)m (Y43)n-

As a consequence of the intertwining property (6.60), we obtain that @;j,,, obey the
same transformation rules (6.261), (6.263), (6.264), and (6.266), as Pijkemn-

Recall that we consider the representations 7i; for arbitrary complex r; and we
expect as in the g = 1 case (cf. Section L.4.) that whenever some m; = r; + 1 or
my = m; +---+m; (i < j)is a positive integer the representations are reducible and
there exist invariant subspaces. We give now two simple examples.
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Letm; = r; +1 € N. Then it is clear that functions ¢ with pyep, = 0if i > m; form
an invariant subspace since:

~ ~ j+m—£-2-k)/2 ~
ni(X;)(prl,jkfmn = q(1+m % [k]q(prl,jﬂ,k—l,emn +

+q(i+€—k—2—m)/2 [m]

q¢r1,jk,€+1,m—1,n (6'268)
and all other operators in (6.261), (6.263) and (6.264) either preserve or lower the
index i. The same is true for the functions ¢. In particular, for r; = O the functions
in the invariant subspace do not depend on the variable Y»,.

Analogously if m; = r; + 1 € N the functions ¢ with pjpp, = 0 if n > m; form an
invariant subspace since:

N +\ ~ _ (k+j+m—€-2)[21r:1 ~
X)) Pijkemr, = —4 Ulg®ij-1,k,e61,myr; —

43iem—30— -
_q( +3j+m-3¢ 2)/2[m]qgoij,k—l,f,mﬁ-l,rg , (6.269)

and all other operators in (6.261), (6.263) and (6.264) either preserve or lower the index
n, the same holding for the functions ¢. In particular, for r; = 0 the functions in the
invariant subspace do not depend on the variable Y.

It is an useful exercise to rewrite the transformation rules (6.261), (6.263), (6.264),
and (6.266) for the functions { using the operators (6.61), (6.62), and (6.85).

6.5.2 Intertwining Operators

The general prescription for finding the intertwining operators was already discussed
in detail. In order to apply this procedure here we need the explicit action of mz(X;)
on our functions. First we have to calculate the action on the new basis Y;,. We have
instead of (6.67b):

mR(X;)(Y,)" = (_1)6il6i€5i+l,jqn71/2[n]q(Yi+1,i)n71@i+1‘@i72-@i—1’ i=13

ﬂR(Xz_)(ng)n _ q_6€1_5j4 q(n—Z)(€—1)+1/2 [n]q Yze(Yje)n_l Y]'3 @3 92—2 @1
(6.270)

where we againuse 7, = %, = Y;; = 1., Yj, = Oforj < ¢.
Using (6.270) and (6.67a) we obtain:

N\ lT2r3 _ iHj-k+b-m+(r-1)/2 [ 2112124113
TRXDPigomn = —4d (0@ ixemn

+q(rl—1)/2 [rl]q‘i’;’llég;ﬁZlZ , (6.271a)
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-\ =T112,13 _ 2k+m-n+(rp-1)/2 151 ~r1tLr-2,r3+1
nR(XZ )(pijkfmn =4 []]qq)iﬂ,j—l,k{’mn

k+m-n+(r,-3)/2 [k] ~ 11 +1,rp-2,r3+1
q

+q (pij,k—l,fmn

k—j+2m-n+(r,-3)/2 le], @ r+1,r,-2,r3+1
q

tq (pi+l,jk,€—1,m,n+1

m-n+(r,—5)/2 [m] - r1+1,r5-2,r3+1

tq a®Pijke,m-1,n+1

_qu—n+(r2—3)/2A[k]q[€] - r1+1,r,-2,r3+1

q(pi,j+1,k—1,€—1,m,n+1 +

+ q(rz—l)/Z [rZ]q(p:jlk’Zr’zrnsZB , (6.271b)

VG 172:73 _ nt(r3-1)/2 ~T,r2+1,r3-2
TRX3)Piitpmn = 4 My @iomna  +

s

[r5] q¢;.1,;;§,;;3234 , (6.271¢)
where we have labelled the functions also with the representation parameters r,. As in
the classical case [197] the right action is taking out from the representation space ¢,
and while some of the terms are functions from other representation spaces (depend-
ing on which X is acting), there are terms involving the Z;, variables which do not
belong to any of our representation spaces. These terms vanish only when the respect-
ive r, is equal to zero, and in these cases (6.271) describe three different intertwining
operators corresponding to the simple roots of the root system of sl(4). If r, € IN then
the terms with Z;, vanish exactly when we take (77g(X;))™s [197], [211], mg = 1y + 1.

Indeed, we know from the general prescription that if mg; € IN then there exist an
intertwining operator Iy = (11g (X;))™s. We have the following intertwining properties
(cf. (6.73)):

m m
L o Ty mymy = Moy mypms © 15 M € N, (6.272a)
m m

L te Tty ma,ms = Tlmgg,-ma,my3 © L *, meN, (6.272b)
m m

13 P Ty my,ms = Ty, moz,-m3 013 i m; €N, (6.272c)

where we label the representations with the numbers m; instead of r;, = mg — 1 to
simplify the notation. The expressions for two of these operators (up to g factors)
are:

s ! -
RO O™ = (" 6279

[n],! _
—))\"3 HM1,M2,M3 q ~My,My3,—m3
(ﬂR(X3 ) (Pijkmn [n — m}]q! (pijkgm,n_m3 (6.274)
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It will be convenient to use also the following notation for the coordinates of the coset:
{ = Y21 , X = Y31 3 u= Y32 3 w = Y41 3 y = Y42 3 rl = Y43. (6.275)

Having in mind the preceding discussion let us introduce the following g-difference
operators (using notation (6.61), (6.62), (6.85), and (6.275)):
L =-q"""9T, T, T, (T,T,)" (6.276a)
b= " (M9 Te+ 2T+
S 1 s
+MM, 2, T, T, Ty +q M2, -
L »
AL, B, 5,9, Ty)TyT” (6.276b)
L =q""g,T, (6.276¢)
It is not difficult to see that if m; € IN we have (cf. (6.76)):

IS = I = (mp(X;)™s (6.277)

We go back to the general situation. There are altogether six different operators cor-
responding to the positive roots of A which exist when the respective number from the
set my, my, ms, my,, My3, My3 is a positive integer. We have considered the three simple
roots. To obtain the remaining three operators it is enough to substitute in (6.74) the
expressions in the sl(4) case given in (2.37) for the singular vectors corresponding to
the three nonsimple roots a;,, a3, a;3, realized when m;, € N, my; € N, mj3 € N,
respectively. We shall give explicitly the cases we need in the next chapter.



7 g-Maxwell Equations Hierarchies

Summary

In this chapter we start by using g-conformal invariance to propose a new g-Minkowski space-time
and g-Maxwell equations. We are using an indexless formulation in which the spin properties are
expressed not through Lorentz indices but through polynomial dependence on two conjugate vari-
ables, z,z. The proposed new g-Minkowski coordinates together with z,z can be interpreted as the
six local coordinates of a SUq(Z, 2) flag manifold. The new g-Maxwell equations are g-conformal invari-
ant and are the first members of an infinite new hierarchy of g-difference equations parametrized by
an integer n € Z,. We also present a generalized g-Maxwell equations hierarchy indexed by two
integers which includes the initial g-Maxwell equations hierarchy as a subfamily. Another subfamily
of the generalized g-Maxwell equations hierarchy is the potential g-Maxwell equations hierarchy. Yet
another subfamily of the generalized g-Maxwell equations hierarchy is the g-d’Alembert equations
hierarchy with first member the g-d’Alembert equation. The latter hierarchy intersects the initial g-
Maxwell equations hierarchy exactly with the g-Maxwell equations. Further, we present polynomial
solutions and g-plane-wave solutions of the g-d’Alembert equation. Next, we present g-plane-wave
solutions of the potential g-Maxwell hierarchy. Then we present g-plane-wave solutions of the full g-
Maxwell equations. We also consider the g-Weyl gravity equations hierarchy and present g-plane-wave
solutions of the lowest member which is g-deformation of linear conformal gravity. As a small detour
we present a multiparameter deformation of quantum Minkowski space—time. This chapter is based
mainly on [214, 215, 221, 226, 229, 237-240, 247].

7.1 Maxwell Equations Hierarchy

The present section follows mostly [214]. It is well known that Maxwell equations

'F w = Ty (7.1a)

o "F, =0, (7.1b)

(where "F,, = €,,0F"’, €.y, being totally antisymmetric with €y; = 1), or,
equivalently

OEy =Jo(=4mp),  OoEx — ExomOpHy = Ji(= —4mjy),
OHi =0, OoHy + &emOeEy =0, (7.2)

where E; = Fy, Hy = (1/2)&ypmFem» can be rewritten in the following manner:
WFic =Jo,  OoFy * ieem0Fy = Ji» (73)
where

F; = Ex +iH,. (7.4)

DOI 10.1515/9783110427707-007
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Not so well known is the fact that the eight equations in (7.3) can be rewritten as two
conjugate scalar equations in the following way:

I'F'(2) = J(z,2), (7.5a)
I'F©=]z2, (7.5b)
where
I'=%3,+0,- %(ZZEL +20, 450, + a,)az , (762)
I =20, +3, - §<2za+ + 20, + 70, + a_)az , (76b)
Xy =EXgtX3, V=X -, V=x+ix, (7.7a)
0, =0/ox,, d,=0/ov, d,=0/ov, (7.7b)
F'(2) = 2°(F] +iF;) - 22F; — (F} —iF;), (7.82)
F (2) = 22(F; —iFy) - 22F; - (F +iF;), (7.8b)
J(z,2) = ZZUO +]3) +Z(Jl + i]z) +2(]1 - i]z) + (]o —]3) = (7.8¢)

=zz] +2],+Z], +]_

where we continue to suppress the x,, respectively, x,, v, ¥, dependence in F and J.
(The conjugation mentioned above is standard and in our terms it is: I «— I,
F'(z) «— F (2).)

It is easy to recover (7.3) from (7.5) — just note that both sides of each equation
are first-order polynomials in each of the two variables z and z; then comparing the
independent terms in (7.5) one gets at once (7.3).

Writing the Maxwell equations in the simple form (7.5) has also important con-
ceptual meaning. The point is that each of the two scalar operators I, I” is indeed a
single object, namely, it is an intertwiner of the conformal group, while the individual
components in (71)—(7.3) do not have this interpretation. This is also the simplest way
to see that the Maxwell equations are conformally invariant, since this is equivalent to
the intertwining property.

Let us be more explicit. The physically relevant representations TX of the four-
dimensional conformal algebra su(2, 2) may be labelled by y = [n;, n,; d], where ny, n,
are non-negative integers fixing finite-dimensional irreducible representations of the
Lorentz subalgebra, (the dimension being (n; + 1)(n, + 1)), and d is the conformal
dimension (or energy). (In the literature these Lorentz representations are labelled
also by (j, j,) = (n/2, n,/2).) Then the intertwining properties of the operators in (7.6)
are given by:
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I':ct—c®, 1.1 =11, (792)
r:cC —cC°, IoT =1°%TI, (79b)

where T = Txa, a=0,+,—,C% = ¢ are the representation spaces, and the signatures
are given explicitly by:

X =202, x =0022, x°=L13], (710)
as anticipated. Indeed, (n;,n,) = (1,1) is the four-dimensional Lorentz repres-
entation (carried by T above), and (n;,n,) = (2,0),(0,2) are the two conjugate

three-dimensional Lorentz representations (carried by F; above), while the conformal
dimensions are the canonical dimensions of a current (d = 3), and of the Maxwell field
(d = 2). We see that the variables z, Z are related to the spin properties, and we shall
call them “spin variables”. More explicitly, a Lorentz spin-tensor G(z, z) with signature
(ny, n,) is a polynomial in z, Z of order n;, n,, respectively.

Formulae (7.9) and (7.10) are part of an infinite hierarchy of couples of first-order
intertwiners given already in [235] for the Euclidean conformal group SU*(4), and then
for the conformal group SU(2,2) in [194, 503]. (Note that [235, 503] use a different
approach, while [194] already uses the essential features of [197] in the context of the
conformal group; see also Volume 1.)

Explicitly, instead of (7.9) and (7.10) we have [194]:

I:C—C, IoT =TI, (711a)
I:C,—C), I,oT,=T0cI,, (7.11b)

where Tj; = Txﬁ’ c; = ng, and the signatures are:
Xn=[+2,m52], x,=[nn+22], )(2=[n+l,n+l;3], nez,, (712)

while instead of (7.5) we have:

I'F(2,2) = ],(z,2), (713a)
LF,(z,2) = J,(z, ), (713b)
where
r=" ;' 2 (za+ " av) - §<2za+ 20, + 70, + a,)az , (714a)
=" ;“ 2 (za+ 4 av) - %<2za+ +20, + 73, + a_)az , (7.14b)

(n € Z,), while F,(z,2), F,(z,2), ],(z,2), are polynomials in z, z of degrees (n + 2, n),
(n,n+2), (n+1,n+1), respectively, as explained above. If we want to use the notation
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with indices as in (71), then F,(z,2) and F,(z,Z) correspond to Fuva,,..a,» Which is
antisymmetric in the indices y, v, symmetric in ay, ..., a,, and traceless in every pair
of indices, while J,(z, z) corresponds to J,, 4, 4, Which is symmetric and traceless in
every pair of indices. Note, however, that the analogues of (7.1) would be much more
complicated if one wants to write explicitly all components. The crucial advantage of
(7.13) is that the operators I, are given just by a slight generalization of I = I;.

We shall call the hierarchy of equations (7.13) the Maxwell hierarchy. The
Maxwell equations are the zero member of this hierarchy.

To proceed further we rewrite (7.14) in the following form:

I - %((n +LL - (n+ 3)1211) : (715a)
I - %((n +2LL - (n+ 3)1213) , (715b)

where
L=0,, I,=220,+20,+20,+0_, I3=0;. (7.16)

We note in passing that group-theoretically the operators I, correspond to the three
simple roots of the root system of sl(4), while the operators I,f correspond to the two
nonsimple nonhighest roots [194, 197].

Remark 7.1. If we use induction from the ten-dimensional parabolic P; = M;A;N; (cf.
[232]), the variables there are x,, v, v, z, Z (from N;), y (from M;). The relation between
the variables of the P (or P,) induction and P; induction is:

0

1 142 0 0 1 1 0 1
C=x,+y(z), X =y, vV =v+yz, z =z

X

0 0

1 0_.00 1_.0
X, =x, —x_(z

02 y=x2, V' =v0-x%0, =20

From this change of variables follow:

3’ =0,,0) =09,,0°=0,-2z'0, -2'9; - 220}

+2 Y%
3 =0, -y2'0, - y9,, 3 = & ~yz'0, ~yd,.
Correspondingly, the operators I; from (7.16) in the P, variables are:

I, =0,-yzo0, -yo,,I, =ay I3 =0; —yzo, —yo;

where we have omitted the supscript 1. 0
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This is the form - (7.15) that we generalize for the g-deformed case. In fact, we can write
at once the general form, which follows from the expressions for the singular vectors
corresponding to those nonsimple nonhighest roots given by (2.37) withu = 1, m = 1,
n,=1,q; =1:

o =3I+ 211018 - [+ 31,0817 ), (717a)
o = 3(In+ 21,1818 = [+ 31,1915, (717b)

It is our task (using the previous sections) to make this form explicit by first generaliz-
ing the variables and then the functions and the operators.

7.2 Quantum Minkowski Space-Time

7.2.1 g-Minkowski Space-Time

The variables x,, v, V, z, z have definite group-theoretical meaning, namely, they are
six local coordinates on the coset # = SL(4)/B, where B is the Borel subgroup
of SL(4) consisting of all upper diagonal matrices. (Equally well one may take the
coset SL(4)/B”, where B is the Borel subgroup of lower diagonal matrices.) Under
the natural conjugation (cf. also below), this is also a coset of the conformal group
SU(2,2).

We know from Section 4.5 what are the properties of the noncommutative coordin-
ates on the SL,(4) coset. We make the following identification (compare with (6.275)):

X+=W:Y4l, X_:u:Y32 (7.18)
v=x=Yy, V=y=Y,
z=8=Yy, Z=n=Yg

for the g-Minkowski space—time coordinates and for the spin coordinates, which we

denote as their classical counterparts. Thus, we obtain for the commutation rules of
the g-Minkowski space—time coordinates (cf. (6.258)):

+1 s
X,V=q VXy, X V=q VX4,

X, X_ —X_X, =AvW, Vv=vv. (7.19)
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It is easy to notice that these relations are as the GL,(2) commutation relations [462], if
we identify our coordinates with the standard a, b, c, d generators of GLq (2) as follows:

M=<a b>=<x_+ V>. (7.20)
cd vV x_
The g-Minkowski length is defined as the GL,(2) g-determinant:

¢, = det,;M = ad - gbc = x,x_ - qvv, (7.21)

and hence it commutes with the g-Minkowski coordinates. It has the correct classical
limit £,_; = x3 - X’.

We know from (5.183) that for g phase (|g| = 1) the commutation relations (7.19) are
preserved by an antilinear anti-involution w acting as (cf. (5.183)):

wkx)=x,, wy)=7, (7.22)
from which follows also that w(eq) =,

Remark 7.2. Note that relations (7.19) are different from the commutation relations
of g-Minkowski space-time (with g real) in [123, 455, 544], (cf. also [173, 174], and
references therein). Later, Majid [456] has shown that the latter g-Minkowski space
of [123, 455, 544] can be obtained by a quantum Wick rotation (twisting) from a
g-Euclidean space. The latter is also related to GLq(Z), as our g-Minkowski space;
however, for g real and under a different anti-linear anti-involution: wg(a) = d,
@g(b) = —q 'c; that is, for the matrix M (cf. (7.20)) this is the unitary * while with
our conjugation (7.22) M is hermitian. O

The commutation rules of the spin variables z,z between themselves, with the
g-Minkowski coordinates and with the g-Minkowski length are (cf. (6.258)):

zz =22,

X,z=q 'zx,, xz=qzx_-Av,

vz=qlzv, Vz=qzv- Ax,,

ZX, = qX,Z, ZX_=q 'X_Z+Av,

zZv=qlvz+Ax,, zv-=gqiz,

20, = bz, 20, =07 (7.23)
Certainly, the commutation relations (7.23) are also preserved (for g phase) by the con-

jugation w — supplementing (7.22) by w(z) = Zz (all follow from (5.183)). Thus, with this
conjugation %, becomes a coset of SU,(2, 2).
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From (6.260) we know the normally ordered basis of the g-coset % considered as
an associative algebra:

Pijkemn = VXK T Y, Lk e,mneZ,. (7.24)

Let us denote by 2, %, and 4 the associative algebras with unity generated by
z,zand x,, v, v, respectively. These three algebras are subalgebras of %, and we notice
the following structure of %:

Y= ZaMy> 2, (7.25)

where A & B denotes the tensor product of A and B with A acting on B.

7.2.2 Multiparameter Quantum Minkowski Space-Time

In this subsection following [221], we shall present the multiparameter version of our
quantum Minkowski space-time. We start from the case n = 4 of the multiparameter
deformation GL, (n) of GL(n), which we discussed in Section 4.5. The flag manifold
@q,q = GLq,q(n)/Bq,q(n) depends on the same number of parameters (n> — n + 2)/2. For
n = 4 we pass from the variables Yj; to the variables on the above coset in the manner
of (7.18), keeping the same notation as in the one-parameter case of Section 6.5 and
the previous subsection. Thus, we obtain the explicit multiparameter commutation
relations (instead of (719) and (7.23), A= g - g 1):

42393, - q1 -
x,v="""2yx,, VX, = X, v, (7.26)
* b1 * ’ q124924 ’
X V= ﬂvx_ s VX_ = Mx_f/,
q12923 qy
v = 413934 v,
q12924

qq—zl‘xg(_ q12q24x X, + Avv,

423934 441y
7z = I89% 55 (7.27)

d14923
2x, = 1884y 5 Zx_ = %xi + AV
14 q°qy,
57 = 43434 vz 5y = d13934 KIELET R o
qo4 q° qi4
2
X,z = i zZX, , xX_z = 1495 —=2zx_-Av,
q12924 91293
2

vz = EiE zv %4 T 94 zv - Ax,
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Thus, in (7.26) we have the expected seven-parameter quantum Minkowski space—
time.

We note that when all deformation parameter are phases; that is, |g| = 1, |q,-]~| =1,
and in addition hold the following relations:

_ 91294 _ %2‘1%4
qi3 = 8 =—

q14 ’ (7.28)
934 423434

then the commutation relations (7.26) and (7.27) are preserved by the antilinear anti-
involution w acting as in the previous subsection.

Further, we recall from Section 4.5.5 that the dual quantum algebra U, 4(gl(n))
has the quantum algebra U, 4(sl(n)) as a commutation subalgebra but not as a co-
subalgebra. In order to achieve the complete splitting of U, 4(sl(n)) we have to impose
some relations between the parameters; thus, the genuine multiparameter deforma-
tion Uq,q(sl(n)) depends on ("> -3n+4)2 parameters. Using the same conditions we
also ensure that we can restrict from GL, 4(n) to SL; 4(n).

Thus, in the case of n = 4 for the genuine U, 4(sl(4)) we have four parameters.
Explicitly, we achieve this by imposing that the parameters g; ;,; are expressed through
the rest as:

3 4 3
(7.29)

q
qp = s = ———, ({3 = .
! d13914 913914924 G149,
Thus, the four-parameter quantum Minkowski space-time and the embedding
quantum flag manifold %, , are given by (7.26) and (7.27) with (7.29) enforced.
If we would like to enforce also the conjugation w, then there are more relations
between the deformation parameters, namely, we get:

2
a1 =43 =434 = Z s q3=qx =4, (7.30)
914
and all deformation parameter are phases.
Thus, in this case we have a two-parameter deformation and using the above
relations (7.26) and (7.27) simplify as follows:

X,V=pvx,, VX, =p_1x+17, (7.31)
X_V= ;fl vX_, VX_=px_v,
w=vv,
4 X, X_==X_X, +Avv,
p
zz =2z, (7.32)

ZX, =DpX,Z, Zx_=%x_2+)h7,
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p

Zv=pvz, 2v=—2v2+)lx+,
q
2
X,z = ;f1 2X, X_z= q—zx_ -Av,
p
2
) _ q
vz=p zv, Vz="—2zVv-A,,
p

where p = ¢°/¢%,.

7.3 g-Maxwell Equations Hierarchy

We return to the one-parameter setting of Section 7.2.1. We introduce now the repres-
entation spaces (X, y = [ny, ny; d]. The elements of (X, which we shall call (abusing
the notion) functions, are polynomials in z, z of degrees n;, n,, respectively, and formal
power series in the g-Minkowski variables. (In the general U,(sl(n)) situation the sig-
natures ny, n, are complex numbers and the functions are formal power series in z, z
too, cf. (5.38b).) Namely, these functions are given by:

7 V) — nyp,ny =
(pnl,nz(y) - z ]"ijkgmn(pijkémn ’ (7-33)
ij,k,6,mneZ,
isny, nsny

where Y denotes the set of the six coordinates on %. Thus the analogues of F ;;’, Jns cf.
(7.13), are:

qF:l— = ¢n+2,n(Y) ) qF; = (pn’n-f-z(y) ’ q]n = ¢n+1,n+1(Y)' (7'34)

Using the above we now present explicitly a q version of the Maxwell hierarchy of
equations. We recall that the explicit form of the operators I, in (7.16) is obtained by
the infinitesimal right action of the three simple root generators of sl(4) on the coset
% (cf. (5.150)). Adapting this to our notation we have for the g-analogues of I, (cf.
(6.276)):

I =9,T,T,T,(T.T,)" (7.35a)

AL 2‘@,@@)1 T;1 (7.35h)
3 = 2,T;. (7.35c)
With this we have now the g-Maxwell hierarchy of equations — it remains just to sub-

stitute the operators of (7.35) in (7.17). In fact, we can also rewrite these in the g-analog
of (7.13). We have:
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qI; = % ((q v +MZ @+ (T— Tv)ilTl_/> [n+2_Nz]q -

AM,M; 9_ 9, T, z> T,T.T,T,T;' (7.36a)

Ji=1 (@l—,+q1f/12 9. T,T T, -
-gAM, 9_ 9, T,—,) T, [n+2-N,], -

-1 q"+3(@_ +ql, @VT_) 9,T_T,. (736b)
Clearly, for ¢ = 1 the operators in (7.35) and (7.36) coincide with (7.15) and (7.16),

respectively.
With this the final result for the g-Maxwell hierarchy of equations is (cf. (7.34)):

dnaFn = dns (7.37a)
dngFn = dn- (7.37b)

Remark 7.3. Note that our free g-Maxwell equations, obtained from (7.37) for n = 0,
and o =0, are different from the free g-Maxwell equations of [472, 508]. The advant-
ages of our equations are (1) they have simple indexless form; (2) we have a whole
hierarchy of equations; (3) we have the full equations, and not only their free coun-
terparts; (4) our equations are g-conformal invariant, not only g-Lorentz [472], or
g-Poincaré [508], invariant. O

Formulae (7.13), (711), and (7.12) are part of a much more general classification scheme
(mentioned above, cf. [194, 198]) involving also other intertwining operators, and of
arbitrary order. A subset of this scheme are two infinite two-parameter families of rep-
resentations which are intertwined by the same operators (7.14) (cf. [213]). The latter
set was called generalized g-Maxwell hierarchy, the g-Maxwell hierarchy being just a
one-parameter subhierarchy. Explicitly, instead of (7.11), (7.12) we have:

Lot e 2 Cop e — Cﬁf,,g,
I;T’HZ ° T;I,n; - Tr?f,n; °I;;,n;’ (7.38a)
Ir:{,ng : C;{,ni - Cgl—',ni,
L * T = T © I s (7:38b)
a a
where Tr‘zlli,ng - T)(nfnzi, Cgli,nf _ Cf‘nli,ng, 4=+ ora=-0t and
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+ +

ni-n
Xz = [0 135 =2 1] (7.39a)
nt—nt
)(gli"n; =[nf -1, +1; 2 > 2 +2], n; eN,n, € Z,,
- _ _ n,-n{
Koy = 13 o= 4 1] (7.39b)

n,-mn

Xnony = [ +1,m; =15 +2l,  n{eZ,n €N,

while instead of (7.13) in the g = 1 case and (7.37) in the g-deformed case, we have:

qI;;IrF;I’";(Z’ 2) = ]:'T"E (Z, z), (7-403)

qI;EF;I’ni (Z, 2) = ];I’ng (Z; 2)’ (7-4Ob)

where I, ,I- are given by (7.36) (or (714) for g = 1), while F;—; =2, 2), ]}fi +(2,2) are
1 2 1772 1°°72
polynomials in z, z of degrees (n, ny), (n; ¥ 1, n; + 1), respectively.

The crucial feature which unifies these representations is the form of the operators
qI,f, which is not generalized anymore in equations (7.40).

We call the hierarchy of equations (740) the generalized g-Maxwell hierarchy.
The g-Maxwell hierarchy is obtained in the partial case when )(2;+ g = Xn-nz = Xn Which
fixes three of the four parameters: nj —2=n; =n; =n, -2=n.

Another one-parameter subhierarchy of the generalized g-Maxwell hierarchy
involves the two signatures of x;, = [n+2,n;2], x, = [n, n +2; 2], and in addition

Xo =n+Ln+1={n+2,-1-n,n+2}, nez, (741)

The intertwining relations are:

[:C0 —C,, I oTO =T, ol ,, (742a)
L, :CP —Ch, I,oT®=T oI, (7.42b)

where T,,OO = TXSO, C,?O = CXSO: Thus, instead of (7.13) in the g = 1 case and (7.37) in the
g-deformed case, we have:

dln1q8n = ¢Fy > (743a)
aln1gAn = oFr s (743b)

where, I are given by (7.36) (or (7.14) for g = 1), ,A,, has the signature ° .
This hierarchy will be called the potential g-Maxwell hierarchy. The reason is
that the lowest member obtained for n = 0 and q = 1is just:

a[}lAV] =F uv* (744)



338 — 7 g-Maxwell Equations Hierarchies

Of course, as in the classical case these equations have auxiliary character w.r.t. (7.1).
One of the reasons for their introduction is to make transparent the gauge invariance
of the Maxwell equations. We recall that substituting (7.44) in (7.1b) gives an identity,
while from (7.1a) one gets:

0A, - 0,0°A, =], (7.45a)
0=0%0, (7.45b)

Thus the eight equations (7.1) are reduced to the four equations (7.45). The lost
equations are actually traded for gauge symmetry:

Ay A=A, 40,0 (7.46)

since the last substitution leave F,, and (745) unchanged. One uses (7.46) to simplify
(7.45) by setting:

°A,; =0 (7.47)

This is called the Lorentz gauge condition, and it is equivalent to find suitable ¢.
Indeed, if °A, # 0, take ¢ so that o¢ = —37A,; then it follows that a"A; = 0. Thus,
one may assume that (7.47) holds, and then from (7.45) follows:

DA, =], . (748)
Further we note a special gauge symmetry now also of (7.47):

Ay - AL = A, + 0,
O¢y = 0 (7.49)

This may be used to get rid of one component of 4, if the same component of J, is
zero; for example, if J, = 0, take ¢, so that dyy = —Ag, Aj, = 0. Thus in this case we
have:

|:|Ak=]k, k=1,2,3,A0=]0=0 (7.503)
Ay = 0. (7.50b)

The last condition (7.50)b is called Coulomb gauge condition. This gauge also used
when dy4, = 0.

Let us see how these things are related to representation theory. The fact that using
(7.44) Maxwell equations reduces to four equations is expressed group-theoretically
for the whole hierarchy by the fact that the two possible composition maps intertwin-
ing the “potential” representations x2° and “current” representations x° (via ;. or x;,)
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coincide; that is,

aln © 1= dln © dln1 = @ (751a)
R o I M I = (751b)

and the equation is:

dOnghn=dn © dn1An= dn Fn =

=dhn © dn1gAn =y oFn =
= q]n' (7-52)
Further, as an example we consider the Maxwell case; that is, n = 0, setting also [jq =,
Do, A = 4A, . After a short calculation we find first for g = 1:
0A=0A-L0-A)=] (753a)
0-A)=10.A, +3,A_-03,A;, - 0;A,) = A, (7.53b)

Thus, also in this language the suitable gauge condition is the Lorentz one (7.47), while
for the elimination of one further degree of freedom here it is more convenient to set
A, =0orA_ = 0. This is called a light-front gauge condition.

In the g-deformed case we have instead of (7.53):

O,A=0,A-1(0-A), =] (7.54a)
O, = (% 2,-q9_9,T, TV> T, T, T, T (7.54b)
@-4), = %(q2 9 T, T.A +q9, T, T, A -

-9, T_T,T,A, -9, T T, T, A, +
YA, 99, T'T, T, T, A, ) (7.54¢)

Further we consider the free equations, that is, J = 0, in the g-Lorentz gauge:

0,A=0, (7.55a)
@-4),=0. (7.55b)

Since the first equation is valid component-wise, we can use its A, component to
simplify the gauge condition. Thus, finally we have:

o A = (%%—q@,% TVT,-,> T,T,T,T_A=0
2004),=¢9_ T, T, A, +q9, T, T, A -
- NI T, T, A -2, T T,' T, A, = 0. (7.56)

N
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7.4 g-d’Alembert Equations Hierarchy

Here we consider another one-parameter subhierarchy of the generalized g-Maxwell
hierarchy which is obtained from (7.39) for n; =n; =r € N, n; = n; = 0; that s,

x& =10 g +1],
Xfo+ =[r-11 g +2], reN (757a)

X$17 = [09 r; g + 1]’

Xfo_ =[1L,r-1 g +2], reN, (7.57b)
where the two conjugated equations follow from (7.40):

ALF =T (7.58)
ey (7.58b)

where /I is given by (7.36).

For the minimal possible value of the parameter r = 1, we obtain the two conjugate
q-Weyl equations.

The case r = 2 gives the g-Maxwell equations (note that ]§’+ = ]f“). This is the only
intersection of the present hierarchy with the g-Maxwell hierarchy.

We call this hierarchy g-d’Alembert hierarchy following the classical case (cf. [215]
and Volume 1), due to the following. We consider the representations y** for the
excluded above value r = 0, when they coincide. Thus, we set: y¢ = Xgi = [0,0;1],

Fd= ng . Furthermore, the relevant equation is the g-d’Alembert equation [215]:
o, F*=J* (7.59)
where the signature of J4is )(do = [0, 0; 3], and 0, isasin (7.56).

Finally, we recall [215] that the solutions of the free equations (7.58) satisfy also
the g-d’Alembert equation.

7.4.1 Solutions of the g-d’Alembert Equation

Here and in the next Subsection we follow [226] to find solutions of the g-d’Alembert
equation (7.59) with trivial RHS:

o, F'=0. (760)

We recall that the elements of our representation spaces are formal power series in
the variables x,, v, v, z, Z of the coset %/. But here there is no dependence on the spin
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variables z,z and our solutions will be power series in the g-Minkowski variables
PORAH

¢ = z Hjnem (panm’ gbjné’m =V X! Xi v (7.61)

jsn,&,meZ.,

We substitute the above in 0, ¢ = 0 to obtain:

Og o= z HinemBq ¢f"€m =0, (7623)
j,n,e,meZ,
0, (i)jnem _ q1+n+2m+2}+€[n]q[€]q (pj,n—l,e—l,m —
_qn+]+€+m []]q[m]q (pj—l,n,e,m—l' (7.62b)

We first show two polynomial solutions (witha, b, ¢, d € Z,):

x>y

Ng,b q q

- n(c+d+n) (_a)n (_b)n n+d _a-n _b-n _c+n

@ = q —— n Tn g md,a (7.63)
n;) (c+DE@+1i *

where(@)! = [y(a +n)/Ty(a) is the g-Pochhammer symbol,

Ng,b q q
N (c+n) (_a)n (_b)n n _a-n _b-n -_c+n
(p b, = n —_—FV X_ X 14 ) (7'64)
@b n;) (c+ 1 [n],! ’

where n, , = min(a, b).

7.4.2 g-Plane-Wave Solutions

Next we look for solutions of the g-d’Alembert equation in terms of a g-deformation of
the classical plane wave exp (k - x), where

(k- x) = k'x, = 3(k_x, + k,x_ = k,v - kyv), (7.65)

and (k,, k_, k., k;) are related to the components k,, of the four-momentum as the vari-
ables (v, x_, x,, V) are related to x, . Clearly, the natural g-deformation of the plane
wave is:

(9]

(exp(k-x), = ) #fs(v, XX, V), (7.66)
s=0 q:

where f; is a homogeneous polynomial of degrees in both sets of variables
(k,,k_, k,,k;) and (v,x_,x,,V), such that (fs)|q=1=(k - x)°. Thus, we set fy=1.
One may expect that f; for s>1 would be equal or at least proportional
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to (f;)°, but it turns out that this is not the case. In order to proceed systematically, we

have to impose the conditions of g-Lorentz covariance and the g-d’Alembert equation.
The complexification of the g-Lorentz subalgebra of the g-conformal algebra is

generated by kji, in, j =1,3. Using (6.263a,c) and (6.264a,c) it is easy to check that:

n(X]-i)fq =0 = n(X].i) (gq)s = 0, j=13. (7.67)

Since (k - x)° is a scalar as (‘Xq)S , then also the g-deformations f; should be scalars,
and thus also should obey (7.67). In order to implement this we suppose that the
momentum components are also noncommutative obeying the same rules (7.19) as
the g-Minkowski coordinates, and that they commute with the coordinates. Also the
ordering of the momentum basis will be the same for the coordinates. Taking all this
into account we can see that a natural expression for f; is:

f ) i (_1)s—a—b
s = Z Ba,b,n rq(a -n+1) rq(b -n+1) [n]q! X

a,b,n €7,
k.ls/—a—b+n k?_n kf_n k‘{/z Vn Xf_n le—n Vs—a—bm

Fq(s—a—b+n+1)

, (7.68)

where we have introduced some factors that are obvious from the correspondence
with the case g = 1. (The expression in (7.68) does not involve terms that would
vanish for g = 1. Actually, we shall see that such expressions would lead to nonco-
variant momenta light cone.) In order to implement g-Lorentz covariance we impose
the conditions:

X)) f; = 0, j=13. (7.69)

For this calculation we suppose that the g-Lorentz action on the noncommutative
momenta is given by (6.79a,c), (6.263a,c), and (6.264a,c). We also have to use the
twisted derivation rule which here is:

ﬂ(X]i) Y- lp’ _ n(X].i) Y- n(k]jl) l/)’ + ﬂ(kj) P - n(Xii) l/l’, (770)

—a— — — 12 — -n -S—a—
l/)=kls/ab+nk£)nkfnkg,lj} =vnxanxbnvsab+n-

- +

The four conditions (7.69) bring eight relations between the coefficientsf ; however,
only three are independent, namely, the relations:

Bapn = R Bap-1,n0 (771a)
ﬁ(sz,b,n = qs—Zn—2a+b a-1,b,n (7.71b)
stz,b,n _ qs+lm—2a—2b—2 ﬁfl,b,n—l’ (7.71C)
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solving which we find the following solution:

BZ b = qn(s—Za—2b+2n) + a(s—a-1) + b(-s+a+b+1) .Bf),o,o’ (7.72)

that is, for each s > 1 only one constant remains to be fixed.
Next we impose the g-d’Alembert equation on f;:

0 f; = 0, (7.73)

which holds trivially for s = 0, 1. For s > 2 we substitute (7.68) to obtain (for details see
[226]):

qus = (q k_ k+ - kv kf/) x
(_1)s—a—b BS . q25+2n—a—b

Tla-nTy(b-n)Tys-a-b+n+1)[n],! X
% ksab+nkbn11an1kn

X
a,b,n €7,

7Pn,a-n-1,b-n-1,5-a-b+n =

= (k_k, - gk, k IV) 7 s — 00 . (7.74)

OOO

If (773) holds then for every s > 2 we obtain (as for g=1) the condition that the
momentum operators are on the g-Lorentz covariant g-light cone (cf. (7.21)):

Zf =k k. -q " kg =0. (7.75)
Now it remains only to fix the coefficient f, , . We note that for g=1 it holds:
k-l y=-x) =2, (7.76)
and thus we shall impose the conditions:
Flk = x = (L) (7.77)

Next we note that:
s
LY = z (-1)" (:) qn(n—s—l) VT Xi—n o (778)
n=0 q

A tedious calculation shows that:

s (s—p)(p D+p

i - x = Boo,0 (£5)° Z bl s-plY

(7.79)
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and comparing (7.79) with (7.77) we finally obtain:

s (s-p)p-1+p

s -1 q
(BO,O,O) - pZ(:) [p]q' [S _p]q! . (780)

Note that (/33’0’0)_1 lg=1 = 2°/s!, as expected.

Finally, we note that our f; for s > 1 is not equal, and not even proportional, to
(f,)°. Actually, imposing the g-d’Alembert equation on (f;)* will bring a s-dependent
relation between the momenta, which is not g-Lorentz covariant. For instance, for s =
2 imposing: O, (f,)? = O results in the following condition on the momenta: [2] gk k=
G-¢) k, k; instead of (7.75) (cf. more details in [226]).

Thus, though our g-plane wave has some properties analogous to the classical
one, it is not an exponent or g-exponent. Thus, it differs conceptually from the
classical plane wave and may serve as a regularization of the latter.

7.4.3 g-Plane-Wave Solutions for Non-Zero Spin

Here we follow [239] looking for solutions of the free equations (7.58).
I'p =0, (7.81a)
I'p=0. (7.81b)

We start with (7.81b). As we know from [215] since it depends only on one spin-variable
z that equation becomes a couple of equations:

(Ir-N1, 2. 5,1, -4 2,2,T) T.T, § = 0, (7.82a)
(Ir-N1, %, -4"'9_2,T,T.) T, ¢ = 0. (7.82b)

The spin dependence is encoded in the spin variable Z in which the solutions depend
polynomially of degree r € IN. As it was shown in [215], if a function satisfies (7.82)
then it satisfies also the g-d’Alambert equation (7.60). Thus, it is justified to look for
solutions in terms of g-deformation of the plane wave:

1

6(T:)q(k'x) = [S] !
q

h, (7.83)

18

%)
Il
o

(_1)s—a—b qn(s—Za—2b+2n) + a(s—a-1) + b(-s+a+b+1) qu(a,b)

Tgla-n+1l(b-n+1ly(s—a-b+n+1)n],!

)

a,b,nez,
% k,lsl—a—bmk?—nkf—nknvnxa nxb ngs-a- b+n , (7.84)
i (s -p)(p-D+p

5 [l s -pl,!



7.4 g-d’Alembert Equations Hierarchy = 345

This deformation of the plane wave generalizes the one from the previous subsection.
To obtain the latter one has to replace P,(a, b) by 0. Each h; satisfies the g-d’Alembert
equation (7.60) on the momentum g-cone (7.75).

We look for the solutions of (7.82) in a form analogous to (7.83):

R - T
P = 520 [s]q! Ps - (7-85)

The solutions are constructed component-wise; that is, we solve (7.82) separately for
each ¢, and we find that

r -m )
o5 = Z ?:rf ( 1_[ (k+_ql_ASkv2)> X
m=0

i=—r+1

0
< J] G-q™ k_Z)) h , (7.86a)
j=—m+1
P.(a, b) = A;a + P,(b), (7.86b)

where j,; are r + 1 independent constants, Ay is an arbitrary constant, and Py(b) is an
arbitrary polynomial in b.

In order to be able to write the general solution of the system (7.82) in terms of the

deformed plane wave we have to suppose that the j,; and A; for different s coincide:

~rs ~r

Ym = Vm » As = A. Then we have:

o= i ( I1 (k;q""*k@) ‘

m=0 i=—-r+1

0
x < [T t-d "k 2)) e&Xpy(k - x) . (7.87)

j=—m+1
We pass now to equation (7.81a). As in the first case it produces a couple of equations:

([r-N,1,D,-q¢'D,D.T_) T,p = 0, (7.88a)
(Ir-N,1,D.T;' - ¢'D,D;T.T,) T_¢ = 0. (7.88b)

As found in [247] for these equations we need to use a basis conjugate to the basis in
(7.61); that is,

¢ = Z Hinem q)jnfm ’ (7.89)

jsn,e,mez,

~ -m € n_j ~
Pinem =V X, XV o= w((pjnfm)'
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We also recall that here the g-d’Alembert equation is slightly different [239]:

(2-2, -42,2,T,T,) T_.T, ¢ = 0 (7.90)

though it coincides with (7.56) when g = 1.
Analogously to the first case we use the expansion

1
¢= —

. ], [ Ps s (7.91)

nMg

and we solve it again component-wise. Here we shall use another deformation of the
plane wave:

1

TSl h, (7.92)

&P,k x) =

HMS

(_1)s—a—b qn(2a+2b—2n—s) + a(a—s-1) + b(s—a—b+1) qQS(a,b)

o f dn Tgla—n+ )T (b-n+1)Ty(s-a-b+n+1)[nl! 8
« KERE-s-a-ben gs-a-ben bonya-nyn 793)
- S (p-s)p-D+p
( ) g [pl,!Is-plg!”’

where Q(a, b) are arbitrary polynomials. The h, has the same propetties as the h,
but the conjugated basis is used; in particular, they satisfy the g-d’Alembert equation
(790) on the momentum g-cone (7.75). The solutions of (7.88) are polynomials of degree
r in the spin variable z. Explicitly they are given by:

-m+l
Z ~1S < 1_[ (k+—qi+Bskvz)> x

i=—r+2

x ( [T & —q"*Bskz)) h, (794a)
j=—m+2
Qs(a, b) = Q (a) + B;b, (7.94h)

where ), are r +1independent constants, Q,(a) is an arbitrary polynomial in a, and B
is an arbitrary constant. In order to be able to write the general solution of the system
(7.88) in terms of the deformed plane wave, we have to suppose that the j,> and A; for
different s coincide: ), = j;, and Bs = B. Then we have:
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r -m+1
p =2 ¥n < [ (k+—q"+Bsz)> x

m=0 i=—r+2

1
x < H (k,,—qj+Bk_z)> exp,(k - x) . (7.95)

j=—m+2

7.5 g-Plane-Wave Solutions of the Potential g-Maxwell Hierarchy

Here we use results of [240]. We mentioned that the g-d’Alembert hierarchy for r = 2
intersects with the g-Maxwell hierarchy for n = 0. Thus, we shall identify ¢, p atr =2
from the previous subsection with ,Fg

¢r=2 = qF(; ’ ¢r=2 = ng (796)
Accordingly, we would like to use the solutions for @, ¢ in equations (7.43):

a1 qAo = =P, (797a)
a1 Ao = ¢Fo = P2 (7.97h)

We start with solving (7.97a) for qAO, with F; = @ given by (7.87). We write:

(e8]
1 .
A =ZZA, +ZA, + ZA; + A = ) B As s, (7.98)
Ss=0 q*
A = Al x) = Z s ] | AU)hy,,, x==xv,7. (7.99)
S=i

Substituting, we take into account that the action of - * 1 converts h,_, into hg, but this
requires Py, (a, b) = P,(a,b) = P (a,b) = Ca + Q(b) = Ca + Bb (in the last step we use
the fact that Q(b) has to be linear in b and any constant term would be absorbed in the
constant ). Then comparing the coefficients of 1, z, 7 we obtain, respectively:

(§*A° ()k, + q_l_BAs(k)k )k, =

= =2d, (GSIE + 95 ko ky + 95K
( S+2+BA_(k)k_ _ s+1+B+CA_k_ _ C 2As (k)k + q_lAi(k)kV) h; _

= -2d, [21,47 G Kok, + 3] kb + 75 k_k;) by
(@ PAS Ok + q A (k) b =
2d, g G+ 75k + 75K h (7100)
ds = ﬁs/ﬁSﬂ-

Note, however, that only two of these three equations are independent when they are

compatible (see below). Furthermore, we see that A; (k) should be linear in k and in
fact should be given as follows:
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A(k) = Kk, +Vik_, Ak = Bl +Vk,, (7.101)
Ak = Kk, +vik,,  AS(k) = k- +vik,

where for the constants we have:

K =-2d,q"95, X =-2d,4%5, (7102)
__ qs+4+B i ) ds q2+B’7i9—
K= 2dg 75, A= 2dig N
Vi = =P, + 2d,q7
C=-B,

where the last condition arises from compatibility between the equations (7.100).
Now we substitute this result for qu in (7.97b). It turns out that we obtain a result

compatible with the general solution above only when B = C = 0. Thus, in fact qAO is

given in terms of the original components f;,; (cf. (7.84)). Furthermore, the action of

41 converts fg,; into hy, with P{(a, b) = —2b, B = 2+ s. The result is:
s = (Fo)s = o1 Ay = (7103)
vy + V0
_ qS+1 ( 2d ) (] qs+22k1‘/)(kv _ qs+BZk,) h;— ,
which is a special case of the general solution (794), with 72° = §2° = 0, j7° =

-¢*" (v; +Vv%)/2d,. Thus, the resulting qF is not given in terms of the g-plane wave
(only componentwise).

Let us now repeat the calculations in the other order, namely, we solve (7.97b) for
qAO with qF{; given by (7.94), but since we want this to be compatible with what we
obtained above we take: P;(a,b) = -2b. We use again the decomposition (7.98) but
with f,,, instead of hg,,. Substituting and comparing the coefficients of 1, z, z*, we
obtain, respectively:

(@A Ok, + ¢°PAS Ok, b =
= 2SI + 35k k, + 75T BE
(@A (Ok_ + ¢ AS(k; — gAS (Ok, — g ' AS(k,) b =
= ~2d,[2], G5 kK + 5 KoKy + 95K o) B
(q A3 (0k; + g Ak ) by =
= 2, ST + 75k kg + 35T e (7104)

Now instead of (7101) we have:

AS(k) = ik +Vik_, AS(k) = ok, +Vk,, (7.105)
A(k) = pwk_+viky, A(k) = Wk, +vik,,
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where from the constants u°, v* only six can be determined (due to the gauge freedom).
Making some choice we find:

"ls— = _stq—s—lf)(s)ﬁ- ’ H; = _stq_s 2 S+

=V -2d,q " (7.106)
Wo=2d 95, W =2diq’ 5"
Vvi= V% +2d. g 95 (7107)

Now we can substitute this result for qu in (7.97a). The action of qIfl converts f;,; into
fs» and we obtain for the components:

-2 S+2
o —w k, - q %2k ~ kD) f,, (7108)
S
which is consistent with the solution (7.86), with 7° = 72° = 0, 37° = (Vg2 +
vV ¢°*)/2d, . Thus, the resulting 4Fo is not given in terms of the g-plane wave (only
componentwise).
Finally, we impose that we use the same qAO for ng = @, and Fy = .. Then
instead of (7.101) and (7.105) we have:

Alk) = Vik., A'(k) =Vk,, A =V, Ak = Vi, (7.109)

where from the four constants in (7.109) only three can be determined since their sum
is zero:

ViV 4Vl 4y, = 0 (7.110)

and using (7.102) and (7.106) we have:

S+4 s

Vi= gV 24,79, VE=—V -2dq
Vi = qs+4 S +2dq” (B + 970 (7.112)

sZs+

The disappearance of the constants A%, ° is consistent with §5° = 5" = 0. Substituting

(7.106) in (7.103) and (7.108) we obtain, respectively:
Ef =3 g K, - 4Pk k, - ¢k ) B (7112)

S

E, =97 (k- q k2D -k 2) f,. (7113)
We stress that for each s there are only three independent constants: f/f*, v, the latter
entering only the expressions for the g-potentials (7109) and being a manifestation of
the gauge freedom. We can eliminate the A_ components by setting v° = 0 and/or the
A, components by setting 5% = -5~ - ¢*"%* /2d.
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Finally we note that we can write ,F; in terms of éxp,(k, x) but not ,F because of
the s dependence in the prefactors. If we use the basis (7.89) the roles of ;F;, and ,Fg
would be exchanged.

If we want ,F5 on an equal footing then one should consider ,F; on the basis
(7.61) and ng on the basis (7.89). However, then one should use two different
g-potentials and furthermore should ensure that the two are not mixing because of
the equations (740); that is, the g-potential obtained from solving from one of the
equations (7.40) should give zero contribution after substitution in the other. This is
easy to ensure through the gauge-freedom constants in the g-potentials, for example,
setting v +v° = 0 we obtain that 1:";' = 0in (7103). Thus, the fields ,F3 and ,F, may
be seen as living on different copies of g-Minkowski space—time, similarly to the two
four-dimensional sheets in the Connes—Lott model [153].

7.6 g-Plane-Wave Solutions of the Full g-Maxwell Equations

Here we use results from [237, 238]. First we shall use the basis (7.61). The general
solutions of (7.37) for n = 0 in the homogeneous case (J = 0) are:

& 1 .ht

~ht ~
F= (qFS)H, = > WFms(k)fs, (7.114)
m,s=0 q*
F}H (k) = i rnii sl ki’m_i_jkj (k _ S+6 k )(k _ . St3 k )
ms - pij - y v q zKk_ )k, —q "zK_) +
i=0 * j=0
+ DK (K, - g7 2k )k, - 672k + (7115)

m-i i ..

+ Y IS KK (K, - g2k K, - 67 2k) ) ,

j=

- h- C (O omsl i meijy -1 -

Frs® = Y (X 7 kKK, G - g2 - 2K) +
=0 \ j

3

Il
o

+ I Ih T (K, - g2k, ) (kg — 2K ) + (7116)
m-i . .
£ Y HS R (K, - g2k, )k, - 2K,) ) ,
}':
where pj, 73" are independent constants. The check that these are solutions is done
as in the previous sections. Actually, the solution for ¢,_, given in (7.86) is obtained
here for m = 0. As for (7.86) going to (7.87) the solution (7117) can be written in

terms of the deformed plane wave if we suppose that the ?;’éﬁa for different s coincide:

?;'(Sa = 7}(jy - Then we have:
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o S Hrmexn, 0, Bl =Fa®. (7117)
m=0

Also as before the solution (7.115) cannot be written in terms of the same deformed
plane wave.
In the inhomogeneous case the solutions of (7.37) for n = O are:

JO =2 v, 2 ], (7.118)

Je= ) L0, k=T, (7119)
m,s=o0 [S]q!

e = -0k, (7120)

~ms

W) = -0k,
i) = K00k ,

7o) = ¢ K, 00k, ,

Koyl = SR+ 95K SR 4 3K
" ~F ~h+
G0 =F +F (7.121)
t S 1 .z
F=5 WFms(k) fis (7122)
m,s=0 q:

Fro0 = 2d,q((@ 59K + 25K, - 022k ) +
@R + 2D - 67 P2))

F ;ns(k) = stq_zs_z((?fkT + q_zé)‘/gkgl )k —zk.) +
+ (K + g 2Pk (K, - 2K,))

where d, = ° /ﬁS”. As in the homogeneous case we can make F ,_ns (k) independent of s
by choosing ; ~ s d;l , but we cannot make F :ns(k) or f?s(k) independent of s.
Since we work with the full Maxwell equations, we have also to check the
g-deformation of the current conservation 8"J, = 0:
I3]=0, (7123)
Iy = IN, -1,T,d;d,T,T_T, +qd,T,d;d_T, T, +
+q[N, -1, T, [N; - 1],d, T, T; +
+q '[N, -1],d,T,dy T, T_' T, -
-AM, [N, -1,d,T,d d, T, T_' T, T,. (7124)
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Substituting (7.118 and 7.119) in the above we get:
a0k, + )k, + a7 Lk + ¢ )k = 0. (7.125)

The latter is fulfilled by the explicit expressions in (7.120), but we should note that
these expressions fulfil also the following splittings of (7.125):

alik, + 15k, =0, qlik +I2()k_ =0, (7.126)
Fk +¢ Bk, =0, Ik +q" )k =0.

Furthermore the expressions from (7.120) fulfil also:

ali0k, + I,k =0, ql;(k)k, +J°(k)k, =0, (7.127)
Ek +a" EWk =0, Bk, +¢" )k =0.

Now we shall use the basis (7.89). Then solutions of (7.37) for n = 0 in the homogeneous
case (J = 0) are:

pht + W 1 -he |2
F = (qFa)]:() = Z [S] 1 Fms(k) hs ’ (7128)
m,s=0 q°

m , m-i . L
Frs® = Y (Y By kK™K, G, - 2k )k, - azk0) +
i=0 " j=0

+ P2 KK (k, - zk,) (K, — gzk_) + (7.129)

m-i

+

B KK (K, - 2k,)(k, - gzk;) ) ,

m—

( Y K (- ¢ 2O - g2k ) +

]
Fpgl) = Y

i=0

-,

+ tr "2 kikg"i (ky — ¢°'zk )k, - ¢°zk,) + (7130)
m-i . .
+ tr 1(;153 k:/k:n_l_]k{_/ (k+ _ qs+12kv)(k+ _ qs+22kv) >’

iz
where fa;’(’]ﬁ“, tr 1’2’5“ are independent constants, Q,(a, b) = 0 in h; . (The solution for @,_,
given in (7.94) is obtained here for m = 0.) The solution (7.129) can be written in terms
of the deformed plane wave if we suppose that the pj;* for different s coincide: p;j” =

Pigjy - Then we have:
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" FIN 00 &%p,(, %), F () = Foei). (7131)

e STl
I
M8

3
I
o

In the inhomogeneous case the solutions of (7.37) for n = O are:

qJO = zz], +zjv vz, + ], (7132)
T = z TP |] "Whsy, xk=+v,7, (7133)
TEW = -¢'K, 00k, (7134)

I = -q 'K, 0k,
7,0 = K0k,

70 = ¢k, 0k, ,

Ko = ik + PR+ I+ g

+ h+

+ F (7135)

PN L
mZ

55!
I
eyl

(7136)

-
:'1
1]

Fr (k) = Zasqs_z(()?fk’f +q 2z kM (k, - gzk_) +
+ Pk +q zy+km)(k qzkl-,)) ,
Fpe(l) = 2d5((q> KM + gz - 472k +

+ (@K + gzr kK, - ¢°2k,))

where d; = B/, Q(a,b) = 0 in hy. We can make F, (k) independent of s by
choosing 7 ~ g *d;_ , but we cannot make F, (k) or ji" (k) independent of s.

Also here we shall check whether the g-deformation of the current conservation
(7.123) is fulfilled. The analog of (7.124) in the basis (7.89) is:

Ly=IN,-1,2, T, 2, T, T. T +q 2,1, 2, 7_T, T, +
+q[N; -1, T, [N, -1, 2, T, T, +
+q° [N, - U, 2.7, 2 T, T_T, -
-AgM,[N;-1,2,T,2_9.T_T,. (7137)
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Then the analog of (7.125) is:
Lk, +@ 0k, + ok +q () k_ = 0. (7138)

The latter is fulfilled by the explicit expressions in (7.134), but we should note that
these expressions fulfil also the following splittings of (7.138):

]i(k)k+ +qs]5(k)kv = 03 ]?/(k)kf/"'qs]f(k)k— =O’
LRk, +0 k=0, Lk +I (kk =0. (7.139)

Furthermore the expressions from (7.134) fulfil also:

LWk +@ L,k =0, Lk +q J(K)k, =0,
LWk, +I50k. =0, Lk +] Kk =0. (7140)

Summarizing, we have given solutions of the full g-Maxwell equations in two conjug-
ated bases (7.61) and (7.89). The solutions of the homogeneous equations are also more
general than the solutions for ¢ and ¢ for general r. As before we see that the roles of
the solutions F* and F~ are exchanged in the two conjugated bases. We note also that
the current components are different: ],TS + ],r(ns (for g + 1, x # v), and in both cases
they cannot be made independent of s. Thus, there is no advantage of choosing either
of the bases (7.61) or (7.89). It may be also possible to use both in a Connes-Lott type
model [153].

7.7 g-Weyl Gravity Equations Hierarchy

In this section we follow [229, 238]. Here we study another hierarchy which is given as
follows:

C
7 N
h T
Cn, C, (7.141)
N s
Cn
where m € N, and the corresponding signatures are:
Xm = [2m,0;2],  x,, =[0,2m;2], (7.142)

)(},:1 =[m,m;2-m], )(,Tn =[m, m;2+m].
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For future reference we also give the Dynkin labels y = {m;, m,, m3} of these represent-
ations:

Xm=12m+1,-m-1,1}, x, =1{1,-m-1,2m+1}, (7143)

)(t'n={m+1,—1,m+1}, X;={m+1,—2m—1,m+l}.

The arrows on (7.141) represent invariant differential operators of order m. It is a partial
case of the general conformal scheme parametrized by three natural numbers p, v, n
(cf. formula (6.170) and figure (6.171) of Volume 1), setting here: v =1, p = n = m. This
hierarchy intersects with the Maxwell hierarchy for the lowest value m = 1. Here we
consider the linear Weyl gravity which is obtained for m = 2.

7.7.1 Linear Conformal Gravity

We start with the g = 1 situation, and we first write the linear conformal gravity equa-
tions, or Weyl gravity equations in our indexless formulation, trading the indices for
two conjugate variables z, z.

Weyl gravity is governed by the Weyl tensor C,,,,, which is given in terms of the
Riemann curvature tensor R4, , Ricci curvature tensor R, , scalar curvature R:
Cyva'r = Ryvar - %(g;var + gvTRya - gyTRva - ngRyr) + é(g)wgvr - gyrgva)R ’ (7'144)

where g, is the metric tensor. Linear conformal gravity is obtained when the metric
tensor is written as: g, = 1, + h,,, where n,,, is the flat Minkowski metric, h,, are
small so that all quadratic and higher-order terms are neglected. In particular: R, =
%(a}, d:hyg + 0,05, — 9,05h,; — 0,0:h,,,). The equations of linear conformal gravity are:

2"9°C,

UVOT

=T,

uo > (7.145)

where T, is the energy-momentum tensor. From the symmetry properties of the Weyl
tensor it follows that it has ten independent components. These may be chosen as
follows (introducing notation for future use):

Co = C0123 s CG=Cun, C=Cpn, C3 = C3012 ’
C4 = C2021 ’ Cs = C1012 ’ C6 = C2023 s
C7 = C3132 s C8 = C2123 s C9 = C1213 . (7.146)

Furthermore, the Weyl tensor transforms as the direct sum of two conjugate Lorentz
irreps, which we shall denote as C* (cf. (7.142) for m = 2). The tensors T,, and hy,, are
symmetric and traceless with nine independent components.

Further, we shall use again the fact that a Lorentz irrep (spin-tensor) with sig-
nature (n;,n,) may be represented by a polynomial G(z,Zz) in z,z of order ny,n,,
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respectively. More explicitly, for the Weyl gravity representations mentioned above
we use:

C'(z) = Z4CZ + z3C§' +2°Cy +2C} + C}, (7147)
C (@) =2'C,+2C; +2°C; +2C; + C; ,
T(z,2) = 2°2°T), + 22T + 2’ Tho+
+22°T}, + 22T}, + 2T} +
+22 Ty + 2Th; + Tpy s (7.148)
h(z,2) = 222%h), + 2°2h), + 22 R +
+22° ), + zzh), + zh +
+2%hy, + zh}, + h}, (7.149)

where the indices on the RHS are not Lorentz-covariance indices, they just indicate the
powers of z, z. The components C,f are given in terms of the Weyl tensor components
as follows:

Co=Cr—3C —Co+i(Co+1C5+C))
C; =2(C, - Cg +1i(Cy - C5))

Cy =3(C; -iC5)

C; = 8(C, + Cg +(Cy + C5))
Cr=Cy—3C +Co+i(Co + 3C5 - C7)

Co=Cy—3C,—Cs—i(Co+ 5C3+ Cy)

C; = 2(C, - Cg —i(Cy — C5))

C, =3(C; +iC5)

C; =2(C, +Cg - i(Cy + C5))

€, =Cy— 3Cy+Co—i(Co + 3C5 - Cy). (7150)

while the components Ti']. are given in terms of T, as follows:

Téz = Too +2T¢3 + T33

T{1 =Too —T33

Too = Too = 2To3 + T3

Ty = Toy + 1Ty + Tz + T3

Tiz =Ty — Ty + T13 — iT3

Tllo =Ty +iToy — Ty3 — 173

Tél =Ty — Ty — T3 +1T)3

Too = Ty + 2iTy, - Ty

Ty = Ty = 21Ty, — Ty (7151)

and similarly for hlfj in terms of hy,, .
In these terms all linear conformal Weyl gravity equations (7.145) (cf. also (7.141))
may be written in compact form as the following pair of equations:
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I'C'(2) =T(z,2), TIC (2 =T(2), (7.152)
where the operators I* are given as follows:

I' = (zzzzaf + 2202+ 2+ 00+
+22°20,0, + 222°0,0, + 222(0_0, + 0,0;)+
12200, + 220,0. )aﬁ-
6 =22 2 = =2
- (zz 0y +20, +2220,0, +2°0,0;+
1209, +3,3,) + ava_)az+
+12(zza§ v 2+ 2zava+) , (7153)
I = (zzzzaf + 2265 + 2265 +0%+
+22°20,0, + 222°0,0, + 222(0_0, + 0,0,)+
12500, + 220,0. )ag—
—6<z22a§ + 202 +2220,0, + 20,0, +
+2(0.9, +3,3;) + a_av)az+
+12(zzaf + a§ + Zza+a,-,>

using the Minkowski conformal variables. We recall that in terms of these variables
the d’Alembert equation is:

Op=(.0, -9,0,)¢p =0. (7154)

To make more transparent the origin of (7.152) and in the same time to derive the
quantum group deformation of (7.152) and (7.153) we first introduce the following
parameter-dependent operators:

I = %(n(n “DEE - 20 - DLEL + n(n + 1)15112), (7155)

I, = %(n(n ~DEL - 2(n* - DL + n(n + 1)1§1§),
where I; = 0,, I, = 220, + 20, + 20, + 0_, and I; = 0; are from (7.16). We recall that
group-theoretically the operators I, correspond to the three simple roots of the root
system of sl(4), while the operators I, correspond to the singular vectors for the two
nonsimple nonhighest roots. More precisely, the operator I, is obtained from the sl(4)
formula for the singular vector given by (2.37) of weight m;,a;, = 2a;,. Analogously, the
operator I, is obtained from the same formula for weight m,3a,; = 2a,3. The parameter
n = max(2jy, 2j,).
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It is easy to check that we have the following relation:
r=i, (7.156)
that is, (7.152) are written as:
[,C(2)=T(2, I,C7=Tz2). (7.157)

This is the form that is immediately generalizable to the g-deformed case in next
subsection.

Using the same operators we can write down the pair of equations which give the
Weyl tensor components in terms of the metric tensor:

Lh(z,2)=C (), Lh(z2) =C(2). (7.158)

We stress again the advantage of the indexless formalism due to which two different
pairs of equations — (7.157) and (7.158) — may be written using the same parameter-
dependent operator expressions by just specializing the values of the parameter.

7.7.2 g-Plane-Wave Solutions of g-Weyl Gravity

We consider now the g-deformed setting supposing that g is not a nontrivial root of
unity.

Using the U, (sl(4)) formula for the singular vector given in (2.37), we obtain for the
g-analogue of (7.15):

ol = 3([nlg In = 11g oI 13 = 21y [n = 1lg [n+ 1) oy 1 11+
g [+ 1412 017 (7159)
o = (Il I =11y B 13 = 21y [n = 1]y [+ 1l 3 o3 T+

+MLM+HMEH)

where the g-deformed versions .1, of (7.16) are given in (7.35).
Then the g-Weyl gravity equations are (cf. (7.157)):

AiC@=T2, J,C0E-=Tz2), (7.160)
while g-analogues of (7.158) are:

JLhz,2)=C @), Lh(z2)=C(2). (7.161)
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For the solutions we shall use the basis (7.61). The solutions of the first equation in
(7.160) in the homogeneous case (T = 0) are:

X1
+ P
qCo = Z Bl & (7162)
. 4 -m+3 X
C;' _ Z Arsn+< H (k+ _qz+BS+s+4kvz)> %
m=0 i=0
3 ] A
x| [T &, -d"%"*"k2) |k, (7163)
j=—m+4
where h{ is h with:
Py(a,b) = P;(a, b) = Ry(a) + Bsb, (7.164)

957, B are arbitrary constants and Ry(a) is an arbitrary polynomial in a. In order to

be able to write the above solution in terms of the deformed plane wave, we have to
suppose that the j;", B + s for different s coincide: §;; = y,,, for example, we can

make the choice B; = B' — s - 4. Then we have:

-m+3
o = Z (H(k ”Bkvz)>

m=0

3 !
x < [] & -4"° kz)> &xp, (k,x) , (7.165)

j=—m+4

where e/xT);'(k, x) is exp, (k, x) with the choice (7.164).
The solutions of the second equation in (7.160) are:

1

. s, C, (7.166)

ch_> =

||M8

. 4 -m+2 .
-=Z¢(nmﬁ%mgx
m=0

=1

2
[T k- >k 2)) h; (7.167)

j=—m+3
where hg is hg with:

P,(a,b) = P;(a, b) = D a + Qy(b), (7168)
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)"/,sn_ , D, are arbitrary constants and Q,(b) is an arbitrary polynomial. In order to be able
to write this solution in terms of the deformed plane wave, we have to suppose that the
957, D, for different s coincide: 95, = 9,,, Ds = D. Then we have:

4 -m+2 D
Co =Y im (1‘[ (k, - q" kv2)> x
m=0 i=-1

2
x ( [T (kv—d‘Dk_2)> &P, (k, ), (7169)
j=

-m+3

where (S(T);(k, x) is exp, (k, x) with the choice (7.168).
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