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Figure .: Thermalization simulation results for MBP. Rc 3.0Å, and Rc 7.5Å,
T 0.75. The molecule with the lowerRc unfolds, the other one remains compact. The
material element volume is the same for the two cases, equal to a sphere of radius 20Å.
Panels a, b and c: Comparison between the bounding box side lengths (solid dark line)
and the reciprocals of the eigenvalues of the 3.0Å Rc molecule (dotted line). Also the
reciprocals of the eigenvalues of the 7.5Å Rc protein are showed for a quantitative com-
parison (dashed line). The agreement between the 3.0Å case and relevant bounding box
sides is appropriate in all panels. Also, the current approach is able to distinguish between
a molecule that undergoes thermal unfolding and one that does not, accordingly to the
difference in λ

1 2

i magnitude. Panels d, e and f: Comparison of ν diagonal elements and
limiting parallelepiped edges in the PDB frame of reference for the Rc 3.0Å simula-
tion. The agreement is appropriate in all cases and even fast spikes are closely followed.

by zs3, reads

zs3
1

e i j e

kzs3ij fij lij ι ∂t rj . (.)

Here lij is a dimensionless vector defined as

lij rij
rij

rij

rij

rij
, (.)

where rij is the position vector of material point j with respect to i (note that
rij rji); k

zs3
ij is a dimensionless quantity defined by

kzs3ij

rij r0ij

rij r0ij

rj

r0gir
, (.)
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Figure .: Comparison of the ellipsoids (and associated proteins) for the two cases al-
ready compared in panels a, b and c of Figure .. It is apparent which is the molecule
unfolding just from the difference in the shape of the ellipsoids, which refer to the square
root of the reciprocals of the eigenvalues of U . Snapshots are taken when the difference
between the first eigenvalues is close to the maximum one, according to Figure .a.
The palette indicates the z-axis values of the upper half portion of the ellipsoids. Protein
dimensions are normalized by r0gir .

where, r0ij is the placement vector of residue j referred to residue i in the refer-
ence configuration of themolecule and other symbols have been already defined.
Finally ι is a vector the entries of which are all unity.

In this approach the first quantity involved in the tensor product is an effec-
tive measure of the local action between amino acids i and j, while the second
quantity, once summed upon all points and integrated in time, is a grossmeasure
of the evolution of the distances within the molecule thought as a whole. Since
the actions practically result from the projection of the forces exchanged between
amino acids i and j onto the vector joining them, only peptide interactions and
native contacts (Lennard-Jones potentials) are considered in the computation of
zs3. The essential idea behind this approach is that∂t rj governs the evolution of
zs3. Therefore the whole left side term of the tensorial product, i.e. kzs3ij fij lij ι

is tailored in a way that it has a constant sign when the forces are generated by
harmonic or harmonic-like potentials, as peptide bonds or Lennard-Jones in-
teractions, respectively. Here ‘harmonic-like potentials’ means potentials that
are attractive in a region of the phase space and repulsive in the complementary
one. For amatter of clarity we shall refer to this approach as SAM in the present
section.

An alternative formulation that stems from this model and actually reduces
the whole evolution of ν to the evolution of its first diagonal entry, is subse-
quently described and will be addressed to as SAM*. This approach allows one
to drop the absolute value of the quantity rj in the time partial derivative of (.),
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without losing the ability to discerning between detachment or approach of an
amino-acidwith respect to the center ofmass. The aim is accomplished by simply
evaluating the vector rj in a local frame of reference that has itsx-axis coincident
with the vector itself, namely each residue has a local proper frame of reference
where its placement vector (with respect to the center of mass) is evaluated. In
the specific case, the placement vector itself fixes the x-axis of such a coordinate
system. Thence only the first entry of rj is different from zero and so only the
first diagonal component of zs3 evolves. In practice, the order parameter is re-
duced from a second-rank tensor to a scalar. However, tensor rank can be easily
restored claiming a volume-preserving deformation: in this way the other two
diagonal entries of ν can be deduced by requiring that the ellipsoid associated
with them would have a constant volume, equal to the initial one (the volume
of the material element). Since there is no preferred assumption, in the volume-
preserving enforcement the two indeterminate axes (i.e. the ones that are not
governed by the self-action) are set equal to each other. Similarly to the second
approach introduced in section ., both the square root of the reciprocals of the
eigenvalues and ν diagonal entries are considered for SAM, while for SAM*
only the latter ones are evaluated.

Main results. In this section all results for SAM and SAM* are briefly out-
lined. Generally speaking, the formulations analyzed here require the compu-
tation of several additional quantities or extra frames for every time-step dur-
ing a simulation, resulting more time-consuming than the two previous ones.
For this reason, no translocation simulations have been performed. Moreover,
the already presented outcomes are deemed appropriate for the purpose of the
present investigation. However, a few results are pointed out as the quality of the
description for both SAM and SAM* is adequate. As far as (.) is concerned,
the diagonal components of ν provide a clear description of the MBP shape in
all the runs performed, as it was expected. In this case, the value of e can be very
small and so ν entries very large. As it results from Figure. ., ν 1,1 leads the
dynamics and closely follows the trend of the associated bounding box edge in
the central principal frame for anAFM-like stretching simulation. The evolution
of the remaining two entries is negligible, although panel b and c highlight the
fact that their trends are not so close to the edges of the limiting parallelepiped.
Usually the appropriateness of the picture improves in the PDB system of coor-
dinates.

We find that only two of the eigenvalues of U evolve, as one of them is con-
stantly equal to 1 regardless the involved dynamics. Hence the picture associated

with the λ 1 2

i is just two-dimensional, as show in Figure .d and relative in-
set. This D description is in a sense in accord with the evolution of the gross
shape of the molecule (as basically one eigenvalue forms a peak and the other
one a minimum), but was not expected.
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As already stated, it is in the PDB frame of reference that SAMworks better.
As it is depicted in Figure ., ν diagonal entries closely follow the evolution of
the bounding box edges during a thermalization simulation. The agreement is
considerable and the curves reported in both panels a and b are hardly distin-
guishable (this holds true also for the diagonal component not depicted). Quan-
titative agreement is just a matter of fine tuning the material element volume.

SAM* approach generates a D evolution of the self-action and therefore
also of the associated ν. However, the D evolution can be recovered artificially
claiming a volume-preserving transformation for the ellipsoid, as already men-
tioned. In such a way it is probably obtained the most appropriate description
of all the ones presented in the thesis, as the constant-volume assumption allows
both λ

1 2

2
and λ

1 2

3
to considerably decrease from the initial value. The el-

lipsoid picture is drafted in Figure . for a stretching simulation, considering
both the trends of the square root of the reciprocals of the eigenvalues (upper
picture) and a snapshot of the system close to the maximum elongation of the
molecule (panel b). From the latter panel it is immediately appreciable the qual-
ity of the description as the almost single file conformation of theMBP gives rise
to an ellipsoid that is an extremely thin and long spindle.

..Remarks

Three additional formulation of zs have been considered to overcome the
limitations of the basic approach. Among them, the first one (sec. .) shows
the best premises, as it is computationally inexpensive and allows a proper de-
scription of the molecule shape in all the simulations performed. SAM and
SAM* approaches require the computation of several additional quantities at
every time step, considerably slowing down the efficiency of the numerical code.
Also, the symmetric matrix for SAM results two-dimensional, regardless the
simulated dynamics. SAM*, when associated to a volume-preserving defor-
mation requirement, generates an evolution of the ellipsoid in close agreement
with the real deformation of MBP. However, no translocation simulations have
been performed for SAM and SAM*. Also, systems smaller than the MBP
have not been studied in this frameworks. However, there are no doubts that
the appropriateness of the approaches here analyzed will not be compromised
by the dimensionality of the system, since the associated zs formulations arise
from considerations on deformation mechanisms between two single material
points.

What is necessary to further develop are the physical consequences of se-
lecting empirical formulations for zs, as the description of the material element
shape is only the first step to be undertaken in the building up of a continuum
model for a complex body.
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Figure .: Mechanical stretching simulation for MBP. Panel a: Comparison between
ν 1,1 and the bounding box x-axis edge in the central principal frame, bb1 . ν entry
ends up leading the whole dynamics of the ellipsoid and it shows a trend totally in com-
pliance with the gross shape evolution of the MBP. Panel b and c: ν 2,2 and ν 3,3

components compared with the associated edges. The trends are not so in agreement as
in panel a, but it is appropriate to point out that amplitudes are both negligible if com-
pared with ν 1,1 . Panel d: This panel and the relative inset shows the trends of the
two evolving symmetric matrix eigenvalues. The third eigenvalue (not shown) is always
constant, independently from the performed simulation. Hence the ellipsoid evolution
associated toU is only D for SAM. However λ 1 2

1
correctly reproduces the elongation

while λ 1 2

3
depicts the shrinking of the shape. We note that symmetric matrix eigen-

values undergo oscillations that are considerably smaller than the ones of the diagonal
entries of ν.
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Figure .: Panel a: Here the trends of ν 1,1 and the x-axis edge of the bounding box
in the PDB frame are compared. Trends are so close to each other that a visual distinction
is tough. It is in the PDB frame of reference that SAM achieves the best description of
the MBP shape as showed in this case for the challenging thermalization case. Panel b:
Similarly to panel a, ν 3,3 and bbz are compared, pointing out again the close similarity.
ν 2,2 and bby trends are not shown but their agreement is comparable with the ones
reported in this figure.
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Figure .: Panel a: Trends of the square root of the reciprocals of the eigenvalues as-
sociated to SAM* for a mechanical stretching simulation of MBP. λ 1 2

2
and λ

1 2

3
are

obtained claiming a constant volume deformation for the ellipsoid and are set equal to
each other. The trends result in close agreement with the overall shape deformation of
the protein in a AFM-like stretching simulation. Panel b: Visual comparison between
the almost linear shape of the MBP at maximum elongation and the associated ellipsoid,
which has been obtained from the data of panel a at maximum stretching multiplied by
the radius of gyration of the nativeMBP (also, amagnification coefficient of 2 for the semi
axes has been necessary, although a fine tuning of e would have worked the same). The
affinity of the two shapes is here substantial as the constant volume assumption allows to
achieve an adequate shrinking of both the transverse axes of the ellipsoid.
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