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■♥tr♦❞✉❝t✐♦♥

❚❤❡ ✐❞❡❛ ✉♥❞❡r❧②✐♥❣ t❤✐s t❤❡s✐s ✐s ❜❛s❡❞ ♦♥ ❛ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s✱ ❢♦r ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥

s♣❛❝❡s✱ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ ❛♥❞ ♠❛② ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❜❡ ❝❛❧❧❡❞ t❤❡ ✏♦♣t✐♠❛❧ ❞♦♠❛✐♥

♣r♦❜❧❡♠✑✳ ❚♦ ❞❡s❝r✐❜❡ t❤✐s t❡r♠ ♠♦r❡ ♣r❡❝✐s❡❧② ❧❡t ✉s st❛rt ✇✐t❤ ❛ s✐♠♣❧❡r ✈❡rs✐♦♥ ♦❢

t❤✐s ♣r♦❜❧❡♠✳ ❙✉♣♣♦s❡ t❤❛t X(µ) ✐s ❛ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ ♦✈❡r ❛ ♣♦s✐t✐✈❡✱ ✜♥✐t❡

♠❡❛s✉r❡ s♣❛❝❡ (Ω,Σ, µ)✱ X ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ T ✐s ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r

❞❡✜♥❡❞ ♦♥ X(µ) ❛♥❞ ❛ss✉♠✐♥❣ ✐ts ✈❛❧✉❡s ✐♥ X✳ ■s ✐t t❤❡♥ ♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛ ❧❛r❣❡r

❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ Y (µ) ♦✈❡r (Ω,Σ, µ) ✐♥❝❧✉❞✐♥❣ X(µ) ❝♦♥t✐♥✉♦✉s❧② ❛♥❞ s✉❝❤

t❤❛t T ❡①t❡♥❞❡❞ t♦ Y (µ) ✐s st✐❧❧ ❝♦♥t✐♥✉♦✉s❄

❚❤❡ ❛♥s✇❡r ✐s ✏②❡s✑ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❤♦✇s✳ ❈♦♥s✐❞❡r t❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r

V1 : L
1([0, 1]) → L1([0, 1]) ♠❛♣♣✐♥❣ f 7→ V1(f) ✇❤❡r❡

V1(f)(w) :=

∫ w

0

f(t) dλ(t), ❢♦r w ∈ [0, 1]✳

❍❡♥❝❡✱ V1 ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ L1([0, 1]) ♦✈❡r t❤❡ ♣♦s✐t✐✈❡✱ ✜♥✐t❡

♠❡❛s✉r❡ s♣❛❝❡
(
[0, 1],B([0, 1]), λ

)
✇❤❡r❡ λ ❞❡♥♦t❡s ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❛♥❞ B([0, 1])

t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ s✉❜s❡ts ♦❢ [0, 1]✳ ❖❜✈✐♦✉s❧② ✇❡ ❝❛♥ ❝❤♦♦s❡

f(t) := (1− t)−1, ❢♦r t ∈ [0, 1)✱

t♦ ♦❜t❛✐♥ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ❝❡rt❛✐♥❧② ♥♦t ✐♥ L1([0, 1]) ❜✉t ♥❡✈❡rt❤❡❧❡ss s✉❣❣❡sts ❛

❝❛♥❞✐❞❛t❡ ❢♦r ❛♥ ❡❧❡♠❡♥t ♦❢ ❛♥ ❡①t❡♥❞❡❞ ❞♦♠❛✐♥ ♦❢ V1 s✐♥❝❡

∫ w

0

(1− t)−1 dλ(t) = −
(
ln(1− w)

)
, ❢♦r ❛❧❧ w ∈ [0, 1)✱

❛♥❞✱ ♠♦r❡♦✈❡r✱ − ln(1 − ·) ∈ L1([0, 1]) ❛s ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s✳ ■♥❞❡❡❞✱ t❤❡

✐♥✈❡st✐❣❛t✐♦♥s ✐♥ ❬✷✽❪ r❡✈❡❛❧❡❞ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ❞♦♠❛✐♥ ♦❢ V1 ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡

❧❛r❣❡r s♣❛❝❡ L1
(
(1− t) dλ(t)

)
✳

✺



❚❤✐s r❡s✉❧t ✐♥❡✈✐t❛❜❧② ❧❡❛❞s t♦ t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛ s♦rt ♦❢ ✏❧❛r❣❡st

❞♦♠❛✐♥✑ ♦❢ T ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿ ▲❡t X(µ) ❜❡ ❛ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ ♦✈❡r ❛ ♣♦s✐t✐✈❡✱

✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡ (Ω,Σ, µ)✱ X ❜❡ ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ T : X(µ) → X ❜❡ ❛

❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r ❛❣❛✐♥✳ ❉♦❡s t❤❡r❡ ❡①✐st ❛ ❧❛r❣❡st ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡

Z(µ) ♦✈❡r (Ω,Σ, µ) s❛t✐s❢②✐♥❣ X(µ) ⊆ Z(µ) ❝♦♥t✐♥✉♦✉s❧② ✭✐♥ t❤❡ s❡♥s❡ t❤❛t Y (µ) ⊆

Z(µ) ❢♦r ❛❧❧ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s Y (µ) ✐♥t♦ ✇❤✐❝❤ X(µ) ✐s ✐♥❝❧✉❞❡❞ ❝♦♥t✐♥✉♦✉s❧②✮

❛♥❞ s✉❝❤ t❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r T̃ : Z(µ) → X ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ T

♦♥ X(µ)❄ ❚❤✐s q✉❡st✐♦♥ ✇❛s ✜rst s✉❝❝❡ss❢✉❧❧② ❛♥❞ s②st❡♠❛t✐❝❛❧❧② tr❡❛t❡❞ ❢♦r ✈❛r✐♦✉s

❦❡r♥❡❧ ♦♣❡r❛t♦rs T ❜② ❈✉r❜❡r❛ ❛♥❞ ❘✐❝❦❡r❀ s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ♣❛♣❡rs ❬✸❪✱ ❬✹❪✳

❖♥❡ ❝❛♥ s❤♦✇ t❤❛t ✉♥❞❡r ❝❡rt❛✐♥ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ s♣❛❝❡ X(µ) t❤❡ ❡①✐st❡♥❝❡ ♦❢

s✉❝❤ ❛ ✏❧❛r❣❡st✑ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②✳ ❇✉t t❤❡ ❛♠❛③✐♥❣ ♣♦✐♥t

✐s t❤❛t ✉♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s ♦♥ X(µ) t❤❡r❡ ✐s ❛ r❡♠❛r❦❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥

t❤❡ s❡❛r❝❤ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢ T ❛♥❞ t❤❡ t❤❡♦r② ♦❢ ✈❡❝t♦r ♠❡❛s✉r❡s✳ ❙♦✱ ❧❡t

X(µ) ❜❡ ❛ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ ♦✈❡r ❛ ♣♦s✐t✐✈❡✱ ✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡ (Ω,Σ, µ)

❛❣❛✐♥✱ t❤✐s t✐♠❡✱ ❤♦✇❡✈❡r✱ ❝♦♥t❛✐♥✐♥❣ t❤❡ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s s✐♠(Σ) ❛♥❞ s✉❝❤ t❤❛t

✐ts ♥♦r♠ ‖ · ‖X(µ) ✐s σ✲♦r❞❡r ❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥✱ s✐♠(Σ) ✐s ♥❡❝❡ss❛r✐❧② ❞❡♥s❡ ✐♥ X(µ)✳

▼♦r❡♦✈❡r✱ ❧❡t X ❜❡ ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ T : X(µ) → X ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r

♦♣❡r❛t♦r✳ ❚❤❡ ✜♥✐t❡❧② ❛❞❞✐t✐✈❡ s❡t ❢✉♥❝t✐♦♥ mT : Σ → X ❞❡✜♥❡❞ ❜②

mT (A) := T (χA), ❢♦r A ∈ Σ✱

✐s t❤❡♥ ❛ ❇❛♥❛❝❤✲s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡ ❛♥❞✱ ❢♦r ❡❛❝❤ s ∈ s✐♠(Σ)✱ t❤❡ ❡q✉❛t✐♦♥

∫

Ω

s dmT = T (s)

❤♦❧❞s✳ ❲❤❡♥❡✈❡r ❛❞❞✐t✐♦♥❛❧❧② t❤❡ mT ✲♥✉❧❧ s❡ts ❛♥❞ t❤❡ µ✲♥✉❧❧ s❡ts ❝♦✐♥❝✐❞❡✱ ♦♥❡

♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿ ❚❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ s♣❛❝❡ ♦❢ T ❡①✐sts ❛♥❞ ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ s♣❛❝❡ L1(mT ) ♦❢ ❛❧❧ mT ✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♦♣t✐♠❛❧

❡①t❡♥s✐♦♥ ♦❢ T ✐s t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImT
: L1(mT ) → X ❣✐✈❡♥ ❜②

ImT
(f) :=

∫

Ω

f dmT , ❢♦r f ∈ L1(mT )✳

❚❤❡ s♦✲❝❛❧❧❡❞ ✏♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥ ♣r♦❝❡ss✑ ♦❢ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ♦♥

❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s ❛s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤ ❤❛s ❜❡❡♥ st✉❞✐❡❞

t❤♦r♦✉❣❤❧② ❜② ✈❛r✐♦✉s ♠❛t❤❡♠❛t✐❝✐❛♥s✳ ▼♦r❡♦✈❡r✱ t❤❡ s❡❛r❝❤ ❢♦r ❛♥❞ ❝❤❛r❛❝t❡r✐③❛✲

t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ r❡s♣✳ t❤❡ ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥ ♦❢ T ❤❛s ❢♦✉♥❞ ❛ ✈❛r✐❡t②

♦❢ ❛♣♣❧✐❝❛t✐♦♥s✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ st✉❞② ♦❢ ❦❡r♥❡❧ ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs✱ t♦ ♥❛♠❡

❜✉t ❛ ❢❡✇✳ ❆ ❧❛r❣❡ ♣❛rt ♦❢ t❤❡ ❝✉rr❡♥t r❡s❡❛r❝❤ ♦♥ t❤✐s t♦♣✐❝ ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❬✷✻❪❀

✻



t❤❡ r❡s✉❧ts ❡st❛❜❧✐s❤❡❞ t❤❡r❡✐♥ ✇✐❧❧ ❢♦r♠ t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ t❤✐s t❤❡s✐s✳

❙✐♥❝❡ ♥♦t ❛❧❧ ♦❢ t❤❡ ✐♠♣♦rt❛♥t s♣❛❝❡s ✐♥ ❛♥❛❧②s✐s ❛r❡ ♥♦r♠❛❜❧❡ ✐t ✐s ♦♥❧② ♥❛t✉r❛❧ t♦

❛s❦ ✇❤❡t❤❡r t❤✐s ✏♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥ ♣r♦❝❡ss✑ ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦t❤❡r s♣❛❝❡s

t❤❛♥ ♦♥❧② ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s✳ ❙♦✱ t❤❡ ❛✐♠ ♦❢ t❤✐s t❤❡s✐s ✇✐❧❧ ❜❡ t♦ tr❛♥s❧❛t❡

t❤❡ t❤❡♦r② t♦ ❛ s♣❡❝✐❛❧ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥ s♣❛❝❡s✱ ♥❛♠❡❧② t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s✱

✇❤♦s❡ t♦♣♦❧♦❣② ✐s ♥♦t ❣❡♥❡r❛t❡❞ ❜② ❛ s✐♥❣❧❡ ❢✉♥❝t✐♦♥ ♥♦r♠ ❜✉t ❜② ❛ s❡q✉❡♥❝❡ ♦❢

❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s✳ ❙t❛rt✐♥❣✲♣♦✐♥t ✇✐❧❧ t❤❡♥ ❜❡ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ X(µ)

♦✈❡r ❛ ♣♦s✐t✐✈❡✱ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡ (Ω,Σ, µ) ❛♥❞ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r

T : X(µ) → X ✇✐t❤ ✈❛❧✉❡s ✐♥ ❛ ❋ré❝❤❡t s♣❛❝❡ X✳ ❍❡♥❝❡✱ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛

✏❧❛r❣❡st✑ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ Z(µ) ✐♥❝❧✉❞✐♥❣ X(µ) ❝♦♥t✐♥✉♦✉s❧② ✭✐♥ t❤❡ s❡♥s❡ ❛s

st❛t❡❞ ❛❜♦✈❡✮ ❛♥❞ s✉❝❤ t❤❛t t❤❡ ❡①t❡♥s✐♦♥ T̃ : Z(µ) → X ✐s st✐❧❧ ❝♦♥t✐♥✉♦✉s ❛♥❞

❝♦✐♥❝✐❞❡s ✇✐t❤ T ♦♥ X(µ)✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ✇✐❧❧ ❜❡ t♦ s❡❡ ✇❤❡t❤❡r t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡

❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ X(µ) ❛❧❧♦✇s s✐♠✐❧❛r ♣r♦♣❡rt✐❡s ❛♥❞ ❝♦♥❝❡♣ts ❛s ✐♥ t❤❡ ❝❛s❡

♦❢ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s ❛♥❞ t❤✉s✱ ❣✐✈❡s ✇❛② t♦ ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡❛r❝❤

♦❢ t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ❛♥❞ ❡①t❡♥s✐♦♥ ♦❢ T ❛♥❞ t❤❡ t❤❡♦r② ♦❢ ❋ré❝❤❡t✲s♣❛❝❡✲✈❛❧✉❡❞

✈❡❝t♦r ♠❡❛s✉r❡s✳ ❖❢ ❝♦✉rs❡✱ t❤❡ ❝❡♥tr❛❧ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r ✐♥ t❤❡ ❝❛s❡ ♦❢ ❋ré❝❤❡t

❢✉♥❝t✐♦♥ s♣❛❝❡s t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢ T ✐s st✐❧❧ L1(mT ) ❛♥❞ ✐ts ♦♣t✐♠❛❧ ❞♦♠❛✐♥ t❤❡

✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImT
✳

❚❤❡ t❤❡s✐s ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳

❈❤❛♣t❡r ✷ ♣r♦✈✐❞❡s ❛❧❧ t❤❡ ♥❡❝❡ss❛r② ♠❛t❤❡♠❛t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s ♦❢ t❤✐s ✇♦r❦✳ ◆♦t

♦♥❧② ♥♦t❛t✐♦♥s ✇✐❧❧ ❜❡ ✜①❡❞✱ ❜✉t ❛❧s♦ ❛❧❧ t❤❡ ❧❡♠♠❛s ❛♥❞ ♣r♦♣♦s✐t✐♦♥s t❤❛t t✉r♥ ♦✉t

t♦ ❜❡ r❡❧❡✈❛♥t ❢♦r t❤❡ t❤❡♦r② ✇✐❧❧ ❜❡ ❢♦r♠✉❧❛t❡❞ ♦r✱ ✐❢ ♥❡❝❡ss❛r②✱ ❜❡ ❞❡r✐✈❡❞ ✐♥ t❤✐s

❝❤❛♣t❡r✳

❈❤❛♣t❡r ✸ ❢♦r♠s t❤❡ t❤❡♦r❡t✐❝❛❧ ♣❛rt ♦❢ t❤✐s t❤❡s✐s✳ ❆t ✜rst ✇❡ ✇✐❧❧ t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦

❛t t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ X(µ) ❛♥❞ ✐ts ♣r♦♣❡rt✐❡s✳ ❙♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ ✇✐❧❧ ❜❡ ♣❛✐❞

t♦ t❤❡ ✐♥❝❧✉s✐♦♥ X(µ) ⊆ Y (µ) ❢♦r ❛♥② ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ Y (µ) ❝♦♥t❛✐♥✐♥❣ X(µ)✳

■♥ ❛ s❡❝♦♥❞ st❡♣ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❋ré❝❤❡t✲s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡ mT

❛ss♦❝✐❛t❡❞ ✇✐t❤ T ❛♥❞ t❤❡ s♣❛❝❡ ♦❢ mT ✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s L
1(mT )✳ ❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧

❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢ T ❡①✐sts ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ L1(mT )✳

❈❤❛♣t❡r ✹ ✐♥t❡♥❞s t♦ ❛♣♣❧② t❤❡ t❤❡♦r② ♦❜t❛✐♥❡❞ ✐♥ ❈❤❛♣t❡r ✸ t♦ s♦♠❡ ✇❡❧❧✲❦♥♦✇♥

♦♣❡r❛t♦rs T : X(µ) → X ❞❡✜♥❡❞ ♦♥ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s X(µ)✱ ♥❛♠❡❧② t❤❡

♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦rs Mp−
g : Lp−([0, 1]) → Lp−([0, 1]) ❛♥❞ Mp

g,❧♦❝ : Lp
❧♦❝
(R) →

Lp
❧♦❝
(R)✱ t❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r Vp− : Lp−([0, 1]) → Lp−([0, 1]) ❛♥❞ t❤❡ ❝♦♥✈♦❧✉t✐♦♥

♦♣❡r❛t♦r Cp−
g : Lp−(G) → Lp−(G) ✭✇❤❡r❡ G ✐s ❛ ❝♦♠♣❛❝t ❆❜❡❧✐❛♥ ❣r♦✉♣✮✳

✼



❈❤❛♣t❡r ✺ s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ❈❤❛♣t❡r ✸ ❛♥❞ ❈❤❛♣t❡r ✹ ❛♥❞ ✇✐❧❧ ❣✐✈❡

❛ ♣r❡✈✐❡✇ ♦❢ ♣♦ss✐❜❧❡ ❢✉rt❤❡r r❡s❡❛r❝❤✳

✽



❈❤❛♣t❡r ✷

Pr❡❧✐♠✐♥❛r✐❡s

❈❤❛♣t❡r ✷ ♣r❡s❡♥ts ❛♥ ♦✈❡r✈✐❡✇ ♦✈❡r ❛❧❧ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ✜❡❧❞s t❤❛t ❛r❡ r❡❧❡✈❛♥t

❢♦r t❤✐s t❤❡s✐s✳ ❚❤❡ ❛✐♠ ✐s t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s t❤❛t ✇✐❧❧ ❜❡

✉s❡❞ ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ ❝❤❛♣t❡rs ❛♥❞ t♦ ❤✐❣❤❧✐❣❤t s♦♠❡ ✇❡❧❧✲❦♥♦✇♥ ✭❛♥❞ s♦♠❡ ♥♦t

s♦ ✇❡❧❧✲❦♥♦✇♥✮ r❡s✉❧ts t❤❛t ✇✐❧❧ ❜❡ r❡❧❡✈❛♥t ❡s♣❡❝✐❛❧❧② ❢♦r t❤❡ t❤❡♦r❡t✐❝❛❧ ♣❛rt ♦❢ t❤✐s

✇♦r❦✳ ❙❡❝t✐♦♥ ✷✳✶ tr❡❛ts t❤❡ t❤❡♦r② ♦❢ ❧♦❝❛❧❧② ❝♦♥✈❡① t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡s ❛♥❞

t❤❡ ❞✐✛❡r❡♥t t♦♣♦❧♦❣✐❡s ❞❡✜♥❡❞ ♦♥ s✉❝❤ ❛ s♣❛❝❡✳ ❙♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ ✇✐❧❧ ❜❡ ♣❛✐❞ t♦

t❤❡ ❝❧❛ss ♦❢ ❋ré❝❤❡t s♣❛❝❡s ❛♥❞ t❤❡✐r ♣r♦♣❡rt✐❡s s✐♥❝❡ t❤❡② ✇✐❧❧ ♣❧❛② ❛ ♠❛❥♦r r♦❧❡ ✐♥

t❤❡ s❡q✉❡❧✳ ❙❡❝t✐♦♥ ✷✳✷ s✉♠♠❛r✐③❡s ❝❧❛ss✐❝❛❧ ♠❡❛s✉r❡ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ t❤❡♦r② ✇✐t❤

r❡❣❛r❞ t♦ ❛ ✜♥✐t❡✱ σ✲✜♥✐t❡ ♦r ❝♦♠♣❧❡① ♠❡❛s✉r❡ µ✳ ❍❡r❡ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♠❛✐♥❧②

♦♥ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❝♦♥✈❡r❣❡♥❝❡ µ✲❛✳❡✳ ❛♥❞ ❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♠❡❛s✉r❡ ❛s

✇❡❧❧ ❛s ♦♥ t❤❡ t♦♣♦❧♦❣② ♦❢ ❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♠❡❛s✉r❡✳ ❙❡❝t✐♦♥ ✷✳✸ ❞❡❛❧s ✇✐t❤ ❛

s♣❡❝✐❛❧ ❝❧❛ss ♦❢ ❘✐❡s③ s♣❛❝❡s✱ t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s✳ ❚❤❡ ❢♦❝✉s ✇✐❧❧ ❜❡ ♦♥ t❤❡

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s ❛♥❞ t❤❡✐r r❡❧❡✈❛♥❝❡ ❢♦r t❤❡ ❢♦rt❤❝♦♠✐♥❣

st✉❞✐❡s✳ ❚❤❡ s❡❝t✐♦♥ ❝❧♦s❡s ✇✐t❤ t✇♦ ❡①❛♠♣❧❡s ♦❢ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s t❤❛t ✇✐❧❧

♣❧❛② ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ ❈❤❛♣t❡r ✹✿ t❤❡ s♣❛❝❡s Lp−([0, 1]) ❛♥❞ Lp
❧♦❝
(R)✳ ❙❡❝t✐♦♥

✷✳✹ ✐♥tr♦❞✉❝❡s t❤❡ t❡r♠✐♥♦❧♦❣② ❝♦♥❝❡r♥✐♥❣ ✈❡❝t♦r ♠❡❛s✉r❡s ❤❛✈✐♥❣ ✈❛❧✉❡s ✐♥ ❋ré❝❤❡t

s♣❛❝❡s✳ ❙✐♥❝❡ ✐t ✇✐❧❧ t✉r♥ ♦✉t t♦ ❜❡ ❛ ✉s❡❢✉❧ t♦♦❧ ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❈❤❛♣t❡r ✹

✇❡ t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡ ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜✐❧✐t② ❛♥❞ t❤❡ P❡tt✐s µ✲✐♥t❡❣r❛❜✐❧✐t② ❛s ✇❡❧❧✳

❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✷✳✺ ♦✉t❧✐♥❡s t❤❡ t❤❡♦r② ♦❢ ✐♥t❡❣r❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣s✳ ■t ✇✐❧❧

❜❡❝♦♠❡ ✐♠♣♦rt❛♥t ✇❤❡♥ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳

✷✳✶ ❋ré❝❤❡t s♣❛❝❡s

▲❡t X ❜❡ ❛ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r ❛ s❝❛❧❛r ✜❡❧❞ K ✭✇❤❡r❡ K = R ♦r K = C✮ ❛♥❞ ❞❡♥♦t❡

❜② P(X) t❤❡ s❡t ♦❢ ❛❧❧ s✉❜s❡ts ♦❢ X✳ ▲❡t τ ⊆ P(X) ❜❡ ❛ s②st❡♠ ♦❢ s✉❜s❡ts ♦❢ X✳

❘❡❝❛❧❧ t❤❛t τ ✐s ❝❛❧❧❡❞ ❛ t♦♣♦❧♦❣② ♦♥ X ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✾



✭✐✮ X ∈ τ ✱ ∅ ∈ τ ✳

✭✐✐✮ ■❢ V,W ∈ τ ✱ t❤❡♥ ❛❧s♦ V ∩W ∈ τ ✳

✭✐✐✐✮ ■❢ {Vj}j∈J ⊆ τ ✱ t❤❡♥ ❛❧s♦
⋃

j∈J Vj ∈ τ ✳

❚❤❡ ❡❧❡♠❡♥ts ♦❢ τ ❛r❡ ❝❛❧❧❡❞ t❤❡ ♦♣❡♥ s❡ts ♦❢ X ✇❤❡r❡❛s t❤❡✐r ❝♦♠♣❧❡♠❡♥ts ❛r❡ t❤❡

❝❧♦s❡❞ s❡ts ♦❢ X✳ ◆♦t❡✱ ❣✐✈❡♥ t✇♦ ✈❡❝t♦r s♣❛❝❡s X1✱ X2 ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ t♦♣♦❧♦❣②

τ1 r❡s♣✳ τ2✱ t❤❛t ❛♥ ♦♣❡r❛t♦r T : X1 → X2 ✐s ❝❛❧❧❡❞ ❝♦♥t✐♥✉♦✉s ✐❢ T−1(V ) := {x ∈

X1 : T (x) ∈ V } ∈ τ1✱ ❢♦r ❛❧❧ V ∈ τ2✳ ❆ ✈❡❝t♦r s♣❛❝❡ X ❡♥❞♦✇❡❞ ✇✐t❤ ❛ t♦♣♦❧♦❣②

τ s✉❝❤ t❤❛t t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦♣❡r❛t✐♦♥s ❛r❡ ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ τ ✐s ❝❛❧❧❡❞ ❛

t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡✳ ■t ✐s ❞❡♥♦t❡❞ ❜② t❤❡ ♣❛✐r (X, τ)✳

▲❡t V ∈ P(X) ❜❡ ❛ s✉❜s❡t ♦❢ ❛ t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ (X, τ)✳ V ✐s ❝❛❧❧❡❞ ❜❛❧❛♥❝❡❞

✐❢✱ ❢♦r ❡✈❡r② x ∈ V ❛♥❞ ❢♦r ❡✈❡r② λ ∈ K s❛t✐s❢②✐♥❣ |λ| 6 1✱ t❤❡ ❡❧❡♠❡♥t λx ✐s ✐♥ V

❛❣❛✐♥✳ V ✐s s❛✐❞ t♦ ❜❡ ❛❜s♦r❜✐♥❣ ✐❢ X =
⋃

n∈N nV ✱ ✇❤❡r❡ nV = {nx : x ∈ V }✳ ■t ✐s

❝❛❧❧❡❞ ❝♦♥✈❡① ✐❢✱ ❢♦r ❛♥② x, y ∈ V ✱ t❤❡ ❧✐♥❡ s❡❣♠❡♥t λx+ (1− λ)y✱ ✇❤❡r❡ 0 6 λ 6 1✱

✐s ❝♦♥t❛✐♥❡❞ ✐♥ V ✳ ❚❤❡ s❡t V ✐s s❛✐❞ t♦ ❜❡ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡① ✐❢ ✐t ✐s ❜❛❧❛♥❝❡❞ ❛♥❞

❝♦♥✈❡①✳ ❋✐♥❛❧❧②✱ V ✐s ❝❛❧❧❡❞ ❝♦♠♣❛❝t ✐❢✱ ❢♦r ❡✈❡r② ❝♦❧❧❡❝t✐♦♥ {Vj}j∈J ⊆ τ ✭J ❜❡✐♥❣ ❛♥

❛r❜✐tr❛r② ✐♥❞❡① s❡t✮ s❛t✐s❢②✐♥❣ V ⊆
⋃

j∈J Vj✱ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ s✉❜s❡t F ⊆ J s✉❝❤

t❤❛t V ⊆
⋃

j∈F Vj✳

▲❡t (X, τ) ❜❡ ❛ t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ ❛♥❞ ❧❡t x ∈ X✳ ❆ s✉❜s❡t U ∈ P(X) ✐s

❝❛❧❧❡❞ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ x ✐❢ t❤❡r❡ ✐s ❛ s❡t V ∈ τ s❛t✐s❢②✐♥❣ x ∈ V ❛♥❞ V ⊆ U ✳ ❚❤❡

t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ X ✐s ❝❛❧❧❡❞ ❍❛✉s❞♦r✛ ✐❢✱ ❢♦r ❡❛❝❤ ♣❛✐r x, y ∈ X ♦❢ ❞✐st✐♥❝t

♣♦✐♥ts✱ t❤❡r❡ ❛r❡ r❡s♣❡❝t✐✈❡ ♥❡✐❣❤❜♦✉r❤♦♦❞s Ux, Uy ♦❢ x, y s✉❝❤ t❤❛t Ux ∩ Uy = ∅✳

❚❤❡ s❡t ♦❢ ❛❧❧ ♥❡✐❣❤❜♦✉r❤♦♦❞s ♦❢ x ✐s ❞❡♥♦t❡❞ ❜② U(x)✳ ❆ s✉❜s❡t B ⊆ U(x) ✐s ❝❛❧❧❡❞

❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ❜❛s❡ ✐❢✱ ❢♦r ❡❛❝❤ U ∈ U(x)✱ t❤❡r❡ ✐s ❛ s❡t B ∈ B s✉❝❤ t❤❛t B ⊆ U ✳

❚❤❡ t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ X ✐s ❝❛❧❧❡❞ ❛ ❧♦❝❛❧❧② ❝♦♥✈❡① t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ ✐❢

❡❛❝❤ ❡❧❡♠❡♥t ♦❢ X ❤❛s ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ❜❛s❡ ♦❢ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡① s❡ts✳ ❆ s②st❡♠ V

♦❢ ♥❡✐❣❤❜♦✉r❤♦♦❞s ♦❢ 0 ✐s ❝❛❧❧❡❞ ❢✉♥❞❛♠❡♥t❛❧ ✐❢✱ ❢♦r ❡❛❝❤ ♥❡✐❣❤❜♦✉r❤♦♦❞ U ∈ U(0)✱

t❤❡r❡ ❡①✐sts Ũ ∈ V s✉❝❤ t❤❛t Ũ ⊆ U ✳

❘❡❝❛❧❧ t❤❛t ❛ ♠❛♣♣✐♥❣ p : X → [0,∞) ♦♥ ❛ ✈❡❝t♦r s♣❛❝❡ X ✐s ❝❛❧❧❡❞ ❛ s❡♠✐✲♥♦r♠ ✐❢

✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✭✐✮ ■❢ x = 0✱ t❤❡♥ p(x) = 0✳

✭✐✐✮ p(λx) = |λ| p(x)✱ ❢♦r ❛❧❧ λ ∈ K✱ ❢♦r ❛❧❧ x ∈ X✳

✭✐✐✐✮ p(x+ y) 6 p(x) + p(y)✱ ❢♦r ❛❧❧ x, y ∈ X✳

❆ s❡♠✐✲♥♦r♠ p ✐s ❝❛❧❧❡❞ ❛ ♥♦r♠ ✐❢ ❝♦♥❞✐t✐♦♥ ✭✐✮ ✐s ✈❛❧✐❞ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✿

✭✐✬✮ x = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ p(x) = 0✳

▲❡t X ❜❡ ❛ ❧♦❝❛❧❧② ❝♦♥✈❡① t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ ❛♥❞ ❧❡t U ⊆ X ❜❡ ❛♥ ❛❜s♦❧✉t❡❧②

✶✵



❝♦♥✈❡①✱ ❛❜s♦r❜✐♥❣ s❡t✳ ❚❤❡ ▼✐♥❦♦✇s❦✐ ❢✉♥❝t✐♦♥❛❧ φU : X → [0,∞) ✐s ❞❡✜♥❡❞ ❜②

φU(x) := inf{λ > 0 : x ∈ λU}, ❢♦r x ∈ X✳ ✭✷✳✶✮

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ❢❛♠✐❧② {pi}i∈I ✭✇✐t❤ I ❛♥ ❛r❜✐tr❛r② ✐♥❞❡① s❡t✮ ♦❢

❝♦♥t✐♥✉♦✉s s❡♠✐✲♥♦r♠s ♦♥ ❛ t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ X✳ {pi}i∈I ✐s s❛✐❞ t♦ ❜❡ ❛ ❢✉♥✲

❞❛♠❡♥t❛❧ s②st❡♠ ♦❢ s❡♠✐✲♥♦r♠s ✐❢ t❤❡ s❡ts Ui := {x ∈ X : pi(x) < 1}✱ ✇❤❡r❡ i ∈ I✱

❢♦r♠ ❛ ❢✉♥❞❛♠❡♥t❛❧ s②st❡♠ ♦❢ ♥❡✐❣❤❜♦✉r❤♦♦❞s ♦❢ 0✳ ◆♦t❡ t❤❛t ❡✈❡r② ❧♦❝❛❧❧② ❝♦♥✈❡①

t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ s②st❡♠ ♦❢ s❡♠✐✲♥♦r♠s {pi}i∈I ♠❡❛♥✐♥❣

t❤❛t {pi}i∈I s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ❬✷✷✱ ♣✳ ✷✸✷❪✿

✭✐✮ ❋♦r ❡❛❝❤ x 6= 0✱ t❤❡r❡ ✐s ❛♥ i ∈ I s✉❝❤ t❤❛t pi(x) > 0✳

✭✐✐✮ ❋♦r ❛♥② i, j ∈ I✱ t❤❡r❡ ❡①✐st a ∈ I ❛♥❞ M > 0 s✉❝❤ t❤❛t max{pi, pj} 6 M pa✳

❆ ❢❛♠✐❧② ♦❢ s❡♠✐✲♥♦r♠s ✇❤✐❝❤ s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭✐✮ ✐s ❝❛❧❧❡❞ s❡♣❛r❛t❡❞✳ ❆ ❧♦❝❛❧❧②

❝♦♥✈❡① t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ ✐s ❍❛✉s❞♦r✛ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s ❛ s❡♣❛r❛t❡❞ ❢❛♠✐❧② ♦❢

❝♦♥t✐♥✉♦✉s s❡♠✐✲♥♦r♠s✳ ❈♦♥✈❡rs❡❧②✱ ❧❡t X ❜❡ ❛ ✈❡❝t♦r s♣❛❝❡ ❛♥❞ ❧❡t {pi}i∈I ❜❡ ❛♥②

❢❛♠✐❧② ♦❢ s❡♠✐✲♥♦r♠s s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ❛s st❛t❡❞ ❜❡❢♦r❡✳ ❚❤❡♥ t❤❡r❡

✐s ❛ ✉♥✐q✉❡ ❧♦❝❛❧❧② ❝♦♥✈❡① t♦♣♦❧♦❣② ♦♥ X s✉❝❤ t❤❛t t❤❡ {pi}i∈I ❢♦r♠ ❛ ❢✉♥❞❛♠❡♥t❛❧

s②st❡♠ ♦❢ s❡♠✐✲♥♦r♠s ❬✷✷✱ ♣✳ ✷✸✸❪✳ ❆ ❧♦❝❛❧❧② ❝♦♥✈❡① t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ X

✇❤♦s❡ t♦♣♦❧♦❣② ✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ❢✉♥❞❛♠❡♥t❛❧ s②st❡♠ ♦❢ s❡♠✐✲♥♦r♠s {pi}i∈I ✇✐❧❧ ❜❡

❞❡♥♦t❡❞ ❜② t❤❡ ♣❛✐r (X, {pi}i∈I)✳

▲❡t (X, {pi}i∈I) ❜❡ ❛ ❧♦❝❛❧❧② ❝♦♥✈❡① ❍❛✉s❞♦r✛ s♣❛❝❡ ❛♥❞ ❧❡t {xδ}δ∈D ⊆ X ❜❡ ❛ ♥❡t

✐♥ X ✭❤❡r❡✱ (D,>) ❞❡♥♦t❡s ❛ ❞✐r❡❝t❡❞ s❡t✮✳ {xδ}δ∈D ✐s s❛✐❞ t♦ ❝♦♥✈❡r❣❡ t♦ ❛♥ ❡❧❡♠❡♥t

x ∈ X ✐❢

lim
δ

pi(x− xδ) = 0, ❢♦r ❛❧❧ i ∈ I✳

{xδ}δ∈D ✐s ❝❛❧❧❡❞ ❈❛✉❝❤② ✐❢✱ ❢♦r ❡✈❡r② s❡♠✐✲♥♦r♠ pi ❛♥❞ ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ❡①✐sts

❛♥ ✐♥❞❡① ϑi,ε s✉❝❤ t❤❛t

pi(xδ − xδ̃) < ε, ❢♦r ❛❧❧ δ, δ̃ > ϑi,ε✳

❆❝❝♦r❞✐♥❣❧②✱ ❛ s❡q✉❡♥❝❡ {xn}n∈N ⊆ X ✐s ❝❛❧❧❡❞ ❈❛✉❝❤② ✐❢✱ ❢♦r ❡✈❡r② s❡♠✐✲♥♦r♠ pi

❛♥❞ ❢♦r ❡✈❡r② ε > 0✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡① Ni,ε ∈ N s✉❝❤ t❤❛t

pi(xn − xm) < ε, ❢♦r ❛❧❧ n,m > Ni,ε✳

■♥ ❛ ❧♦❝❛❧❧② ❝♦♥✈❡① ❍❛✉s❞♦r✛ s♣❛❝❡ X ✇❡ t❤❡r❡❢♦r❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿ X

✐s s❛✐❞ t♦ ❜❡ ❝♦♠♣❧❡t❡ ✐❢ ❡✈❡r② ❈❛✉❝❤② ♥❡t ✐♥ X ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ❡❧❡♠❡♥t ✐♥ X✱ ❛♥❞

X ✐s ❝❛❧❧❡❞ s❡q✉❡♥t✐❛❧❧② ❝♦♠♣❧❡t❡ ✐❢ ❡✈❡r② ❈❛✉❝❤② s❡q✉❡♥❝❡ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ❡❧❡♠❡♥t
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✐♥ X✳ ❆ ❧♦❝❛❧❧② ❝♦♥✈❡① ❍❛✉s❞♦r✛ s♣❛❝❡ ✐s ❝❛❧❧❡❞ ❛ ❋ré❝❤❡t s♣❛❝❡ ✐❢ t❤❡ t♦♣♦❧♦❣② ♦❢

X ✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ❢✉♥❞❛♠❡♥t❛❧ s❡q✉❡♥❝❡ ♦❢ s❡♠✐✲♥♦r♠s {pk}k∈N s✉❝❤ t❤❛t X ✐s

❝♦♠♣❧❡t❡✳ ◆♦t❡ t❤❛t ✐♥ ❛ ❋ré❝❤❡t s♣❛❝❡ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ s❡q✉❡♥t✐❛❧ ❝♦♠♣❧❡t❡♥❡ss

❝♦✐♥❝✐❞❡✱ ❬✷✷✱ ♣✳ ✷✸✾❪✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❛ss✉♠❡ ❛ ❋ré❝❤❡t s♣❛❝❡ ✐s ❛❧✇❛②s ❣❡♥❡r❛t❡❞

❜② ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ s②st❡♠ ♦❢ s❡♠✐✲♥♦r♠s {pk}k∈N✱ t❤❛t ✐s✱ pk 6 pk+1✱ ❢♦r

❛❧❧ k ∈ N✳

❘❡❝❛❧❧ t❤❛t ❛ ♠❛♣♣✐♥❣ d : X ×X → [0,∞) ♦♥ ❛ t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ X ✐s ❝❛❧❧❡❞

❛ ♣s❡✉❞♦✲♠❡tr✐❝ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✭✐✮ d(x, x) = 0✳

✭✐✐✮ d(x, y) = d(y, x)✱ ❢♦r ❛❧❧ x, y ∈ X✳

✭✐✐✐✮ d(x, z) 6 d(x, y) + d(y, z)✱ ❢♦r ❛❧❧ x, y, z ∈ X✳

◆♦t❡ t❤❛t ♣♦✐♥ts ✐♥ ❛ ♣s❡✉❞♦✲♠❡tr✐❝ s♣❛❝❡ ♥❡❡❞ ♥♦t ❜❡ ❞✐st✐♥❣✉✐s❤❛❜❧❡✱ t❤❛t ✐s✱ ♦♥❡

♠❛② ❤❛✈❡ d(x, y) = 0 ❢♦r ❞✐st✐♥❝t ✈❛❧✉❡s x 6= y✳ ❲❤❡♥❡✈❡r ❝♦♥❞✐t✐♦♥ ✭✐✮ ❝❛♥ ❜❡

r❡♣❧❛❝❡❞ ❜②

✭✐✬✮ d(x, y) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ x = y✱

t❤❡ ♠❛♣♣✐♥❣ d ✐s ❝❛❧❧❡❞ ❛ ♠❡tr✐❝✳ ❙✐♥❝❡ ❛ ❋ré❝❤❡t s♣❛❝❡ (X, {pk}k∈N) ❤❛s ❛ ❝♦✉♥t❛❜❧❡

❢✉♥❞❛♠❡♥t❛❧ s②st❡♠ ♦❢ s❡♠✐✲♥♦r♠s✱ X ✐s ♠❡tr✐③❛❜❧❡ ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ ♠❡tr✐❝

d ♦♥ X s✉❝❤ t❤❛t (X, d) ✐s ❛ ♠❡tr✐❝ s♣❛❝❡ ✇❤♦s❡ ♠❡tr✐❝ ✐♥❞✉❝❡s t❤❡ t♦♣♦❧♦❣② ♦♥ X

❛♥❞ s✉❝❤ t❤❛t (X, {pk}k∈N) ❛♥❞ (X, d) ❤❛✈❡ t❤❡ s❛♠❡ ❈❛✉❝❤② s❡q✉❡♥❝❡s✱ ❬✷✷✱ ♣♣✳

✷✼✻✕✷✼✼❪✳ ❆ ♠❡tr✐❝ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥s ✐s ❞❡✜♥❡❞ ❜② ♠❡❛♥s ♦❢

t❤❡ s❡♠✐✲♥♦r♠s pk ❛s ❢♦❧❧♦✇s✿

d(x, y) :=
∞∑

k=1

pk(x− y)

2k
(
1 + pk(x− y)

) , ❢♦r x, y ∈ X✳

▲❡t (X, {pk}k∈N), (Y, {p̃k}k∈N) ❜❡ t✇♦ ❋ré❝❤❡t s♣❛❝❡s ❛♥❞ ❧❡t T : X → Y ❜❡ ❛ ❧✐♥❡❛r

♦♣❡r❛t♦r✳ ❚❤❡♥ T ✐s ❝♦♥t✐♥✉♦✉s ✐❢✱ ❢♦r ❡✈❡r② k ∈ N✱ t❤❡r❡ ❡①✐st lk ∈ N ❛♥❞ Mk > 0✱

s✉❝❤ t❤❛t

p̃k
(
T (x)

)
6 Mk plk(x), ❢♦r ❛❧❧ x ∈ X. ✭✷✳✷✮

❆ ❝r✐t❡r✐♦♥ ❢♦r ❝♦♥t✐♥✉✐t② ❜② ♠❡❛♥s ♦❢ s❡q✉❡♥❝❡s ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t

t❤❡♦r❡♠❀ s❡❡ ❬✶✽✱ ♣✳ ✶✻✽❪ ✇❤❡r❡ ✐t ✐s st❛t❡❞ ❢♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ t❤❛t X, Y ❛r❡

❝♦♠♣❧❡t❡ ♠❡tr✐③❛❜❧❡ t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶ ✭❈❧♦s❡❞ ●r❛♣❤ ❚❤❡♦r❡♠✮

▲❡t X, Y ❜❡ t✇♦ ❋ré❝❤❡t s♣❛❝❡s ❛♥❞ ❧❡t T : X → Y ❜❡ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r✳ ❚❤❡♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡ ❤♦❧❞s✿ T ✐s ❝♦♥t✐♥✉♦✉s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✇❤❡♥❡✈❡r limn→∞ xn = x ✐♥
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X ❛♥❞ limn→∞ T (xn) = y ✐♥ Y ✱ t❤❡♥ T (x) = y✳ �

◆♦t❡ t❤❛t ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r T ❢r♦♠ ❛ ❋ré❝❤❡t s♣❛❝❡ X t♦ ❛ ❋ré❝❤❡t s♣❛❝❡ Y ✐s

❝♦♥t✐♥✉♦✉s ✐❢ ❛♥❞ ♦♥❧② ✐❢ T ✐s ❝♦♥t✐♥✉♦✉s ✐♥ 0✱ ❬✷✷✱ ♣♣✳ ✷✸✸✕✷✸✹❪✳ ❍❡♥❝❡✱ t❤❡ ❈❧♦s❡❞

●r❛♣❤ ❚❤❡♦r❡♠ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥✳

❈♦r♦❧❧❛r② ✷✳✶✳✶

▲❡t X, Y ❜❡ t✇♦ ❋ré❝❤❡t s♣❛❝❡s ❛♥❞ ❧❡t T : X → Y ❜❡ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r✳ ❚❤❡♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡ ❤♦❧❞s✿ T ✐s ❝♦♥t✐♥✉♦✉s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✇❤❡♥❡✈❡r limn→∞ xn = 0 ✐♥

X ❛♥❞ limn→∞ T (xn) = y ✐♥ Y ✱ t❤❡♥ y = 0✳ �

■♥ ❛ ❋ré❝❤❡t s♣❛❝❡ (X, {pk}k∈N) ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ x∗ : X → C ✐s ❝♦♥t✐♥✉♦✉s ✐❢ ❛♥❞

♦♥❧② ✐❢ t❤❡r❡ ❡①✐st ❛♥ ✐♥❞❡① k ∈ N ❛♥❞ ❛ ❝♦♥st❛♥t M > 0 s✉❝❤ t❤❛t

|〈x, x∗〉| 6 M pk(x), ❢♦r ❛❧❧ x ∈ X✳

❍❡r❡✱ 〈·, ·〉 ❞❡♥♦t❡s t❤❡ ❝❛♥♦♥✐❝❛❧ ❜✐❧✐♥❡❛r ❢♦r♠ ♦❢ t❤❡ ❞✉❛❧✐t②✳ ❚❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥

✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❛ss❡rt✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ U ∈ U(0) ✐♥ X s✉❝❤

t❤❛t sup
{
|〈x, x∗〉| : x ∈ U

}
< ∞✱ ❬✷✷✱ ♣✳ ✷✸✹❪✳ ❉❡♥♦t❡ ❜② X∗ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❛❧❧

s✉❝❤ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s✳ X∗ ✐s ❝❛❧❧❡❞ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ X✳

❋♦r ❡❛❝❤ x∗ ∈ X∗ ❞❡✜♥❡ ❛ s❡♠✐✲♥♦r♠ px∗ : X → [0,∞) ❜②

px∗(x) := |〈x, x∗〉|.

❚❤❡ ❢❛♠✐❧② ♦❢ s❡♠✐✲♥♦r♠s {px∗}x∗∈X∗ ✐♥❞✉❝❡s t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ♦♥ X✳ ■t ✐s t❤❡

t♦♣♦❧♦❣② ♦♥ X ✇✐t❤ t❤❡ ❢❡✇❡st ♦♣❡♥ s❡ts s✉❝❤ t❤❛t ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ X∗ r❡♠❛✐♥s ❛

❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r✐❣✐♥❛❧ t♦♣♦❧♦❣② ♦♥ X✳ ■t ✐s ❞❡♥♦t❡❞ ❜②

σ(X,X∗)✳ ▼♦r❡♦✈❡r✱ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ✐s ❧♦❝❛❧❧② ❝♦♥✈❡①✱ ❬✷✷✱ ♣✳ ✷✹✺❪✳ ❆ s❡q✉❡♥❝❡

{xn}n∈N ⊆ X ✐s s❛✐❞ t♦ ❝♦♥✈❡r❣❡ ❢♦r t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ♦r ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ x ∈ X

✐❢ ❛♥❞ ♦♥❧② ✐❢

lim
n→∞

〈xn, x
∗〉 = 〈x, x∗〉, ❢♦r ❛❧❧ x∗ ∈ X∗.

❆ s✉❜s❡t C ⊆ X ✐s ❝❛❧❧❡❞ ❜♦✉♥❞❡❞ ✐❢

sup
{
pk(x) : x ∈ C

}
< ∞, ❢♦r ❛❧❧ k ∈ N.

❆ s❡t C ⊆ X ✐s ❜♦✉♥❞❡❞ ✐♥ σ(X,X∗) ✐❢

sup
{
|〈x, x∗〉| : x ∈ C

}
< ∞, ❢♦r ❛❧❧ x∗ ∈ X∗.

✶✸



❆ s❡t C ⊆ X ✐s ❜♦✉♥❞❡❞ ❢♦r t❤❡ ❣✐✈❡♥ ❧♦❝❛❧❧② ❝♦♥✈❡① ❍❛✉s❞♦r✛ t♦♣♦❧♦❣② ✐♥ (X,

{pk}k∈N) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❜♦✉♥❞❡❞ ❢♦r t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② σ(X,X∗)✱ ❬✷✷✱ ♣✳ ✷✹✾❪✳

❋♦r V ⊆ X ❜❡✐♥❣ ❛♥② ❝♦♥✈❡① s❡t t❤❡ ❝❧♦s✉r❡ ♦❢ V ❢♦r♠❡❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ t♦♣♦❧♦❣② ♦❢

X ❝♦✐♥❝✐❞❡s ✇✐t❤ ✐ts ❝❧♦s✉r❡ t❛❦❡♥ ✐♥ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② σ(X,X∗)✱ ❬✸✷✱ ♣✳ ✻✺❪✳

▲❡t (X, τ) ❜❡ ❛ ❧♦❝❛❧❧② ❝♦♥✈❡① ❍❛✉s❞♦r✛ s♣❛❝❡✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛ t♦♣♦❧♦❣②

♦♥ X∗ ❜② ♠❡❛♥s ♦❢ ❛ ❢❛♠✐❧② ♦❢ s✉❜s❡ts ♦❢ X✳ ▲❡t C ❞❡♥♦t❡ t❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧ ❜♦✉♥❞❡❞

s❡ts ✐♥ X✳ ❆ t♦♣♦❧♦❣② ♦♥ X∗ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ s❡♠✐✲♥♦r♠s ♦❢ t❤❡ ❢♦r♠

|x∗|C := sup
{
|〈x, x∗〉| : x ∈ C

}

❛s C ✈❛r✐❡s ♦✈❡r C✳ ❚❤✐s t♦♣♦❧♦❣② ✐s ❝❛❧❧❡❞ t❤❡ str♦♥❣ t♦♣♦❧♦❣② ♦❢ X∗ ❛♥❞ ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ t♦♣♦❧♦❣② ♦❢ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ t❤❡ ❜♦✉♥❞❡❞ s❡ts ✐♥ X✳ ❚❤❡ ❞✉❛❧

s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ str♦♥❣ t♦♣♦❧♦❣② ✐s ❞❡♥♦t❡❞ ❜② X∗
β✳ ◆♦t❡ t❤❛t X∗

β ✐s ❧♦❝❛❧❧②

❝♦♥✈❡① ❛❣❛✐♥✳ ❚❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ♦♥ X∗
β ✐s ❞❡♥♦t❡❞ ❜②

X∗∗✳ ❊q✉✐♣♣❡❞ ✇✐t❤ t❤❡ str♦♥❣ t♦♣♦❧♦❣②✱ ✐✳❡✳✱ X∗∗ = (X∗
β)

∗
β✱ ✐t ✐s ❝❛❧❧❡❞ t❤❡ ❜✐❞✉❛❧ ♦❢

X✳ ❚❤❡ ♦r✐❣✐♥❛❧ s♣❛❝❡ (X, τ) ✐s ❝❛❧❧❡❞ r❡✢❡①✐✈❡ ✐❢ t❤❡ ❜✐❞✉❛❧ X∗∗ ✐s ❡q✉❛❧ t♦ X ❛♥❞

✐❢ t❤❡ t♦♣♦❧♦❣② ♦❢ (X∗
β)

∗
β ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ t♦♣♦❧♦❣② τ ✳

❋♦r t❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❧❡t (X, {pk}k∈N) ❜❡ ❛ ❋ré❝❤❡t s♣❛❝❡✳ ❉❡♥♦t❡✱ ❢♦r ❡❛❝❤

k ∈ N✱ ❜② Xk t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ q✉♦t✐❡♥t ♥♦r♠❡❞ s♣❛❝❡ X/p−1
k ({0})✳ ❚❤❡♥ ❡❛❝❤

Xk ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ q✉♦t✐❡♥t ♥♦r♠ p̃k ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ ❛ s♦✲❝❛❧❧❡❞ ❧♦❝❛❧ ❇❛♥❛❝❤

s♣❛❝❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ❬✷✷✱ ♣♣✳ ✷✽✷✕✷✽✸❪✱ st❛t❡s ❛ ✉s❡❢✉❧ ❝r✐t❡r✐♦♥ ❝♦♥❝❡r♥✐♥❣

t❤❡ r❡✢❡①✐✈✐t② ♦❢ ❛ ❋ré❝❤❡t s♣❛❝❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷

■❢ t❤❡ ❋ré❝❤❡t s♣❛❝❡ X ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ s②st❡♠ ♦❢ s❡♠✐✲♥♦r♠s {pk}k∈N s✉❝❤ t❤❛t ❛❧❧

❧♦❝❛❧ ❇❛♥❛❝❤ s♣❛❝❡s Xk✱ ❢♦r k ∈ N✱ ❛r❡ r❡✢❡①✐✈❡✱ t❤❡♥ X ✐s r❡✢❡①✐✈❡✳ �

❈♦♥❝❡r♥✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ s❡r✐❡s ♦❢ ❡❧❡♠❡♥ts ♦❢ ❛ ❋ré❝❤❡t s♣❛❝❡ (X, {pk}k∈N)

✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✳ ▲❡t
∑∞

n=1 xn ❜❡ ❛ ❢♦r♠❛❧ s❡r✐❡s ✐♥ X✳ ❚❤❡ s❡r✐❡s

✐s s❛✐❞ t♦ ❝♦♥✈❡r❣❡ ✐♥ X✱ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t x ∈ X s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢

♣❛rt✐❛❧ s✉♠s
{∑n

j=1 xj

}

n∈N
❝♦♥✈❡r❣❡s t♦ x ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X✳ ❚❤❡ s❡r✐❡s ✐s s❛✐❞ t♦

❜❡ ✉♥❝♦♥❞✐t✐♦♥❛❧❧② ❝♦♥✈❡r❣❡♥t ✐❢✱ ❢♦r ❡✈❡r② ❜✐❥❡❝t✐♦♥ π : N → N✱ t❤❡ s❡r✐❡s
∑∞

n=1 xπ(n)

❝♦♥✈❡r❣❡s ✐♥ X✳ ❚❤❡ s❡r✐❡s ✐s ❝❛❧❧❡❞ s✉❜s❡r✐❡s ❝♦♥✈❡r❣❡♥t ✐❢✱ ❢♦r ❡✈❡r② ✐♥❝r❡❛s✐♥❣

s❡q✉❡♥❝❡ ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs {nj}j∈N ⊆ N✱ t❤❡ s❡r✐❡s
∑∞

j=1 xnj
✐s ❝♦♥✈❡r❣❡♥t ✐♥ X✳

❆♥❞ ✜♥❛❧❧②✱ t❤❡ s❡r✐❡s ✐s ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t ✐❢
∑∞

n=1 pk(xn) < ∞✱ ❢♦r ❡✈❡r② k ∈ N✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✇❡r❢✉❧ t❤❡♦r❡♠ ✇✐❧❧ ❜❡ ✐♠♣♦rt❛♥t ❢♦r t❤❡ st✉❞② ♦❢ ✈❡❝t♦r ♠❡❛s✉r❡s

✭s❡❡ ❬✷✶❪✱ ❢♦r ✐♥st❛♥❝❡✮✳

✶✹



Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸ ✭❖r❧✐❝③✲P❡tt✐s ❚❤❡♦r❡♠✮

▲❡tX ❜❡ ❛ ❋ré❝❤❡t s♣❛❝❡ ❛♥❞ ❧❡t
∑∞

n=1 xn ❜❡ ❛ s❡r✐❡s ✐♥X✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s

❤♦❧❞✿

✭✐✮
∑∞

n=1 xn ✐s ✉♥❝♦♥❞✐t✐♦♥❛❧❧② ❝♦♥✈❡r❣❡♥t ✐♥ X ✐❢ ❛♥❞ ♦♥❧② ✐❢
∑∞

n=1 xn ✐s s✉❜s❡r✐❡s

❝♦♥✈❡r❣❡♥t ✐♥ X✳

✭✐✐✮ ❲❤❡♥❡✈❡r ❡❛❝❤ s✉❜s❡r✐❡s
∑∞

j=1 xnj
♦❢ t❤❡ ♦r✐❣✐♥❛❧ s❡r✐❡s ❝♦♥✈❡r❣❡s ✐♥ X ❢♦r t❤❡

✇❡❛❦ t♦♣♦❧♦❣② σ(X,X∗)✱ t❤❡♥
∑∞

n=1 xn ✐s s✉❜s❡r✐❡s ❝♦♥✈❡r❣❡♥t ✐♥ t❤❡ t♦♣♦❧♦❣②

♦❢ X✳ �

■♥ ❛ t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ X ❛♥ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡① s✉❜s❡t V ⊆ X ✐s ❝❛❧❧❡❞ ❛

❇❛♥❛❝❤ ❞✐s❝ ✐❢ ✐ts ❧✐♥❡❛r ❤✉❧❧

XV :=
⋃

λ>0

λV,

❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ▼✐♥❦♦✇s❦✐ ❢✉♥❝t✐♦♥❛❧ φV ❛s ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✮✱ ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✳

▼♦r❡♦✈❡r✱ t❤❡ ♥❛t✉r❛❧ ✐♥❥❡❝t✐♦♥ XV ⊆ X ✐s t❤❡♥ ❝♦♥t✐♥✉♦✉s✱ ❬✸✷✱ ♣✳ ✾✼❪✳ ❊❛❝❤

❛❜s♦❧✉t❡❧② ❝♦♥✈❡①✱ ❜♦✉♥❞❡❞ ❛♥❞ ❝❧♦s❡❞ s✉❜s❡t V ♦❢ ❛ ❧♦❝❛❧❧② ❝♦♥✈❡① s♣❛❝❡ X ✐s ❛

❇❛♥❛❝❤ ❞✐s❝✱ ❬✷✷✱ ♣✳ ✷✹✾❪✳

❋✐♥❛❧❧②✱ ❛ ❍❛✉s❞♦r✛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ X ✐s ❝❛❧❧❡❞ ❧♦❝❛❧❧② ❝♦♠♣❛❝t ✐❢ ❡❛❝❤ ❡❧❡♠❡♥t

x ∈ X ♣♦ss❡ss❡s ❛ ❝♦♠♣❛❝t ♥❡✐❣❤❜♦✉r❤♦♦❞✳ ▲❡t X ❜❡ ❛ ❧♦❝❛❧❧② ❝♦♥✈❡① s♣❛❝❡✱ Y ❜❡

❛ ❋ré❝❤❡t s♣❛❝❡ ❛♥❞ T : X → Y ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♠❛♣✳ ❚❤❡♥ T ✐s ❝❛❧❧❡❞ ❝♦♠♣❛❝t

✐❢ t❤❡r❡ ✐s ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ U ∈ U(0) s✉❝❤ t❤❛t t❤❡ ❝❧♦s✉r❡ ♦❢ ✐ts r❛♥❣❡ T (U) ✐s

❝♦♠♣❛❝t ✐♥ Y ✳

✷✳✷ ▼❡❛s✉r❡ ❛♥❞ ♠❡❛s✉r❡ s♣❛❝❡

▲❡t Ω ❜❡ ❛ ♥♦♥✲❡♠♣t② s❡t ❛♥❞ ❧❡t P(Ω) ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ s✉❜s❡ts ♦❢ Ω✳ ❆ ❢❛♠✐❧② ♦❢

s✉❜s❡ts Σ ⊆ P(Ω) ✐s ❝❛❧❧❡❞ ❛ σ✲❛❧❣❡❜r❛ ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✭✐✮ Ω ∈ Σ✳

✭✐✐✮ ■❢ A ∈ Σ✱ t❤❡♥ ❛❧s♦ ✐ts ❝♦♠♣❧❡♠❡♥t Ac ∈ Σ✳

✭✐✐✐✮ ■❢ {Aj}j∈N ⊆ Σ✱ t❤❡♥ ❛❧s♦
⋃

j∈N Aj ∈ Σ✳

Pr♦♣❡rt② ✭✐✐✐✮ ❝❛♥ ❜❡ s✉❜st✐t✉t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥✿

✭✐✐✐✬✮ ■❢ {Aj}j∈N ⊆ Σ✱ t❤❡♥ ❛❧s♦
⋂

j∈N Aj ∈ Σ✳

■♥ t❤❡ ❝❛s❡ ♦❢ Ω = X ❜❡✐♥❣ ❛ t♦♣♦❧♦❣✐❝❛❧ ♦r ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ O ❜❡✐♥❣ t❤❡ s②st❡♠ ♦❢

♦♣❡♥ s✉❜s❡ts ♦❢ X✱ t❤❡ σ✲❛❧❣❡❜r❛ ♦❢ ❇♦r❡❧ s❡ts✱ ♦r ❇♦r❡❧ σ✲❛❧❣❡❜r❛✱ ✐s ❞❡✜♥❡❞ ❛s t❤❡

s♠❛❧❧❡st σ✲❛❧❣❡❜r❛ ♦✈❡r X ❝♦♥t❛✐♥✐♥❣ O✳ ■t ✐s ❞❡♥♦t❡❞ ❜② B(X)✳ ❚❤❡ ♣❛✐r (Ω,Σ) ✐s

❝❛❧❧❡❞ ❛ ♠❡❛s✉r❛❜❧❡ s♣❛❝❡✳

✶✺



❆ s❡t ❢✉♥❝t✐♦♥ µ : Σ → [0,∞] ❞❡✜♥❡❞ ♦♥ ❛ σ✲❛❧❣❡❜r❛ Σ ✐s ❝❛❧❧❡❞ ❛ ♠❡❛s✉r❡ ✐❢ ✐t

s❛t✐s✜❡s µ(∅) = 0 ❛♥❞

µ

(
∞⋃

j=1

Aj

)

=
∞∑

j=1

µ(Aj), ✭✷✳✸✮

❢♦r ❛♥② s❡q✉❡♥❝❡ {Aj}j∈N ⊆ Σ ♦❢ ❞✐s❥♦✐♥t s❡ts✳ ❈♦♥❞✐t✐♦♥ ✭✷✳✸✮ ✐s ❝❛❧❧❡❞ σ✲❛❞❞✐t✐✈✐t②

♦r ❝♦✉♥t❛❜❧❡ ❛❞❞✐t✐✈✐t②✳ ■t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ▲❡t µ : Σ → [0,∞]

❜❡ ❛ ✜♥✐t❡❧② ❛❞❞✐t✐✈❡ s❡t ❢✉♥❝t✐♦♥ ❛♥❞ ❧❡t {Aj}j∈N ⊆ Σ ❜❡ ❛♥② s❡q✉❡♥❝❡ ♦❢ s❡ts s✉❝❤

t❤❛t µ(A1) < ∞ ❛♥❞ Aj ↓j ∅✳ ❚❤❡♥ µ ✐s ❛ ♠❡❛s✉r❡✱ ✐✳❡✳✱ σ✲❛❞❞✐t✐✈❡✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢

µ(Aj) ↓j 0✱ ❬✶✶✱ ♣✳ ✸✷❪✳ ❍❡r❡✱ ↓ ❛♥❞ ↑ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ s❡ts ❛r❡ ♠♦♥♦t♦♥❡ ❞❡❝r❡❛s✐♥❣

r❡s♣✳ ✐♥❝r❡❛s✐♥❣ ✐♥ Ω✳ ❆ ♠❡❛s✉r❡ µ ✐s ❝❛❧❧❡❞ ✜♥✐t❡ ✐❢ µ(Ω) < ∞✳ ■t ✐s ❝❛❧❧❡❞ σ✲✜♥✐t❡

✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {Aj}j∈N ⊆ Σ s✉❝❤ t❤❛t µ(Aj) < ∞✱ ❢♦r ❡❛❝❤

j ∈ N✱ ❛♥❞
⋃

j∈N Aj = Ω✳ ❚❤❡ tr✐♣❧❡ (Ω,Σ, µ) ✐s ❝❛❧❧❡❞ ❛ ♠❡❛s✉r❡ s♣❛❝❡✳

●✐✈❡♥ ❛ ♠❡❛s✉r❡ µ : Σ → [0,∞]✱ ❛ s❡t A ⊆ Ω ✐s ❝❛❧❧❡❞ ❛ µ✲♥✉❧❧ s❡t ✐❢ A ∈ Σ ❛♥❞

µ(A) = 0✳ ❚❤❡ ❢❛♠✐❧② ♦❢ µ✲♥✉❧❧ s❡ts ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② N0(µ)✳ ❆ ♠❡❛s✉r❡ s♣❛❝❡

(Ω,Σ, µ) ✐s ❝❛❧❧❡❞ ❝♦♠♣❧❡t❡ ✐❢ ❡❛❝❤ s✉❜s❡t ♦❢ ❛ µ✲♥✉❧❧ s❡t A ∈ Σ ❜❡❧♦♥❣s t♦ Σ ❛♥❞✱

❤❡♥❝❡✱ ✐s ❛ µ✲♥✉❧❧ s❡t ❛s ✇❡❧❧✳ ❆s ✉s✉❛❧✱ ♣r♦♣❡rt✐❡s t❤❛t ❛r❡ ✈❛❧✐❞ ❡✈❡r②✇❤❡r❡ ♦♥ Ω

❡①❝❡♣t ♦♥ ❛ µ✲♥✉❧❧ s❡t ❛r❡ s❛✐❞ t♦ ❜❡ ✈❛❧✐❞ µ✲❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✭❜r✐❡✢②✿ µ✲❛✳❡✳✮✳

▲❡t (Ω,Σ, µ) ❜❡ ❛ ♠❡❛s✉r❡ s♣❛❝❡✳ ❆ ❢✉♥❝t✐♦♥ f : Ω → C ✐s s❛✐❞ t♦ ❜❡ µ✲♠❡❛s✉r❛❜❧❡

✐❢ f−1(A) := {w ∈ Ω : f(w) ∈ A} ∈ Σ✱ ❢♦r ❡✈❡r② A ∈ B(C)✳ ▼❡❛s✉r❛❜✐❧✐t② ♦❢

❛ ❢✉♥❝t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♠❡❛♥s ♦❢ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s✳ ❆ ❢✉♥❝t✐♦♥

s : Ω → C ✐s ❝❛❧❧❡❞ ❛ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥ ✐❢ ✐ts r❛♥❣❡ ❝♦♥s✐sts ♦❢ ✜♥✐t❡❧② ♠❛♥② ♣♦✐♥ts

α1, . . . , αl ∈ C ❛♥❞ ✐❢

Aj := s−1({αj}) = {w ∈ Ω : s(w) = αj} ∈ Σ,

❢♦r ❡❛❝❤ j = 1, . . . , l✳ ❍❡♥❝❡✱ ❛ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥ s ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

s =
l∑

j=1

αj χAj
, ✇❤❡r❡

l⋃

j=1

Aj = Ω. ✭✷✳✹✮

■❢ t❤❡ ♣♦✐♥ts α1, . . . , αl ❛r❡ ❞✐st✐♥❝t✱ t❤❡♥ t❤❡ s❡ts s−1({αj})✱ ❢♦r j = 1, . . . , l✱ ❛r❡

♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t✳ ■t ✐s ❝❧❡❛r t❤❛t ❡❛❝❤ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥ ✐s ♠❡❛s✉r❛❜❧❡✳ ❚❤❡ s♣❛❝❡

♦❢ ❛❧❧ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② s✐♠(Σ)✳ ❆ ❢✉♥❝t✐♦♥ f : Ω → [0,∞)

✐s µ✲♠❡❛s✉r❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {sn}n∈N ♦❢ Σ✲s✐♠♣❧❡ ❢✉♥❝✲

t✐♦♥s s❛t✐s❢②✐♥❣ 0 6 sn ↑n f ✳ ❆♣♣❧②✐♥❣ t❤✐s t♦ f+ := max{f, 0} ❛♥❞ f− :=

max{−f, 0} ♦♥❡ ♦❜t❛✐♥s t❤❛t✱ ❢♦r ❡❛❝❤ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : Ω → R✱ t❤❡r❡

❡①✐sts ❛ s❡q✉❡♥❝❡ {sn}n∈N ♦❢ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ✇✐t❤ |sn| 6 |f |✱ ❢♦r n ∈ N✱ ❝♦♥✲

✶✻



✈❡r❣✐♥❣ t♦ f ♣♦✐♥t✇✐s❡ ♦♥ Ω✳ ❚❤✉s✱ ❛ C✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ f ✐s µ✲♠❡❛s✉r❛❜❧❡ ✐❢

(❘❡(f))+, (❘❡(f))−, (■♠(f))+, (■♠(f))− ❛r❡ µ✲♠❡❛s✉r❛❜❧❡✳ ❍❡r❡✱ ❘❡(f) ❞❡♥♦t❡s t❤❡

r❡❛❧ ♣❛rt ❛♥❞ ■♠(f) t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ✳ ❚❤❡ s♣❛❝❡ ♦❢ ❛❧❧ C✲✈❛❧✉❡❞
µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ Ω ✐s ❞❡♥♦t❡❞ ❜② M(µ)✳ ◆♦t❡ t❤❛t ❢✉♥❝t✐♦♥s ✐♥ M(µ)

❞✐✛❡r✐♥❣ ♦♥❧② ♦♥ ❛ µ✲♥✉❧❧ s❡t ❛r❡ ✐❞❡♥t✐✜❡❞✳ ❲❤❡♥❡✈❡r ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡t ♦❢ ❛❧❧

✐♥❞✐✈✐❞✉❛❧ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f : Ω → C ✇❡ ✇✐❧❧ ✇r✐t❡ M(µ)✳ ❇② M(µ)+ ✇❡

❞❡♥♦t❡ t❤❡ s✉❜s❡t ♦❢ ❛❧❧ ❢✉♥❝t✐♦♥s f ∈ M(µ) t❤❛t ❛r❡ R✲✈❛❧✉❡❞ ❛♥❞ ♥♦♥✲♥❡❣❛t✐✈❡

µ✲❛✳❡✳✱ ✐✳❡✳✱ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ f > 0 µ✲❛✳❡✳ ♦♥ Ω✳

▲❡t (Ω,Σ, µ) ❜❡ ❛ ♠❡❛s✉r❡ s♣❛❝❡✳ ❋♦r ❛♥② Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥ s : Ω → [0,∞) ❣✐✈❡♥

❜② ✭✷✳✹✮ ✐ts µ✲✐♥t❡❣r❛❧ ✐s ❞❡✜♥❡❞ ❜②

∫

Ω

s dµ :=
l∑

j=1

αj µ(Aj). ✭✷✳✺✮

◆♦t❡ t❤❛t
∫

Ω
s dµ = ∞ ✇❤❡♥❡✈❡r µ(Aj) = ∞ ❛♥❞ αj 6= 0 ❢♦r s♦♠❡ j✳ ❆❝❝♦r❞✐♥❣❧②✱

t❤❡ µ✲✐♥t❡❣r❛❧ ♦❢ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : Ω → [0,∞)✱ ✇❤✐❝❤ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛

s❡q✉❡♥❝❡ ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s {sn}n∈N✱ t❤❛t ✐s✱ 0 6 sn ↑n f ✱ ✐s ❞❡✜♥❡❞

❜② ∫

Ω

f dµ := lim
n→∞

∫

Ω

sn dµ.

◆♦t❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ {sn}n∈N ⊆

s✐♠(Σ)✱ ❬✶✶✱ ♣✳ ✶✷✷❪✳ ❆ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : Ω → [0,∞) ✐s ❝❛❧❧❡❞ µ✲✐♥t❡❣r❛❜❧❡

✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts µ✲✐♥t❡❣r❛❧ ♦✈❡r Ω t❛❦❡s ❛ ✜♥✐t❡ ✈❛❧✉❡✳ ❆❝❝♦r❞✐♥❣❧②✱ ❛ µ✲♠❡❛s✉r❛❜❧❡

❢✉♥❝t✐♦♥ f : Ω → R ✐s ❞❡✜♥❡❞ t♦ ❜❡ µ✲✐♥t❡❣r❛❜❧❡✱ ✐❢ t❤❡ µ✲✐♥t❡❣r❛❧s ♦❢ ❜♦t❤ f+ ❛♥❞

f− t❛❦❡ ✜♥✐t❡ ✈❛❧✉❡s✳ ❚❤❡ µ✲✐♥t❡❣r❛❧ ♦❢ f ♦✈❡r Ω ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②

∫

Ω

f dµ =

∫

Ω

f+ dµ−

∫

Ω

f− dµ.

❆ µ✲♠❡❛s✉r❛❜❧❡ C✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ f : Ω → C ✐s ❝❛❧❧❡❞ µ✲✐♥t❡❣r❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

t❤❡ µ✲✐♥t❡❣r❛❧s ♦❢ ❜♦t❤ ❘❡(f) ❛♥❞ ■♠(f) t❛❦❡ ✜♥✐t❡ ✈❛❧✉❡s✳ ❚❤❡ ✐♥t❡❣r❛❧ ♦❢ f ✐s t❤❡♥

❞❡✜♥❡❞ ❜② ∫

Ω

f dµ =

∫

Ω

❘❡(f) dµ+ i

∫

Ω

■♠(f) dµ.

◆♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ C✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ✇❡ ❤❛✈❡✱ ❬✶✶✱ ♣✳ ✶✷✾❪✱

❘❡

(∫

Ω

f dµ

)

=

∫

Ω

❘❡(f) dµ, ■♠

(∫

Ω

f dµ

)

=

∫

Ω

■♠(f) dµ. ✭✷✳✻✮

✶✼



❉❡♥♦t❡ ❜② L1(µ) t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f : Ω → C s❛t✐s❢②✐♥❣

‖f‖1 :=

∫

Ω

|f | dµ < ∞.

❙✐♥❝❡ L1(µ) ✐s ♥♦t ❍❛✉s❞♦r✛ ❛s s♦♦♥ ❛s t❤❡r❡ ✐s ❛ ♥♦♥✲❡♠♣t② µ✲♥✉❧❧ s❡t✱ ❞❡✜♥❡ ❜②

N (µ) t❤❡ s❡t ♦❢ ❛❧❧ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ µ✲♥✉❧❧✱ t❤❛t ✐s✱ f = 0 µ✲❛✳❡✳ ♦♥

Ω✳ ❚❤❡ q✉♦t✐❡♥t L1(µ) := L1(µ)/N (µ) ❜❡❝♦♠❡s ❛ ❍❛✉s❞♦r✛ s♣❛❝❡ ❛♥❞ ‖ · ‖1 ✐s ❛

♥♦r♠ ♦♥ L1(µ)✳ ❙✐♠✐❧❛r❧②✱ ❞❡✜♥❡ ❢♦r ❛ ✜①❡❞ p ∈ (1,∞) t❤❡ s♣❛❝❡ Lp(µ) ❝♦♥s✐st✐♥❣

♦❢ ❛❧❧ p✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ✐✳❡✳✱ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f : Ω → C t❤❛t s❛t✐s❢②

‖f‖p :=

(∫

Ω

|f |p dµ

)1/p

< ∞.

❋♦r♠✐♥❣ t❤❡ q✉♦t✐❡♥t Lp(µ) := Lp(µ)/N (µ) ✇❡ ❛❣❛✐♥ ♦❜t❛✐♥ ❛ ❍❛✉s❞♦r✛ s♣❛❝❡

❛♥❞ ‖ · ‖p ❜❡❝♦♠❡s ❛ ♥♦r♠ ♦♥ Lp(µ)✳ ❋✐♥❛❧❧②✱ ❞❡♥♦t❡ ❜② L∞(µ) t❤❡ s♣❛❝❡ ♦❢ ❛❧❧

µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f : Ω → C s❛t✐s❢②✐♥❣

‖f‖∞ := ❡ss sup
{
|f(w)| : w ∈ Ω

}
< ∞,

t❤❡ s♦✲❝❛❧❧❡❞ s♣❛❝❡ ♦❢ ❛❧❧ µ✲❡ss❡♥t✐❛❧❧② ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ✐♥M(µ)✱ ✐✳❡✳✱ ❢✉♥❝t✐♦♥s t❤❛t

❛r❡ ❜♦✉♥❞❡❞ ❡①❝❡♣t ♦♥ ❛ µ✲♥✉❧❧ s❡t✳ ❆❣❛✐♥✱ L∞(µ) := L∞(µ)/N (µ) ✐s ❍❛✉s❞♦r✛ ❛♥❞

‖ · ‖∞ ❛ ♥♦r♠ ♦♥ L∞(µ)✳ ❋♦r 1 6 p 6 ∞✱ ❡❛❝❤ s♣❛❝❡ Lp(µ) ✐s ❛ ❝♦♠♣❧❡t❡ ♥♦r♠❡❞

s♣❛❝❡✱ ✐✳❡✳✱ ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ ❬✶✶✱ ♣✳ ✷✸✷❪✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡s t❤❡

✐♥❝❧✉s✐♦♥s

L∞(µ) ⊆ Lp′(µ) ⊆ Lp(µ) ⊆ L1(µ) ✭✷✳✼✮

❤♦❧❞✱ ❢♦r 1 < p < p′ < ∞✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ♥♦r♠s ✇❡ ❤❛✈❡

‖f‖p 6 µ(Ω)(1/p)−(1/p′)‖f‖p′ , ✭✷✳✽✮

❢♦r ❛❧❧ f ∈ Lp′(µ)✱ ❬✶✶✱ ♣✳ ✷✸✸❪✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✽✮ r❡s✉❧ts ❢r♦♠ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱

✐✳❡✳✱
∫

Ω

|fg| dµ 6

(∫

Ω

|f |p dµ

)1/p(∫

Ω

|g|q dµ

)1/q

✭✷✳✾✮

✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f, g : Ω → C ❛♥❞ 1 6 p, q 6 ∞

s❛t✐s❢②✐♥❣ 1
p
+ 1

q
= 1 ✇❤❡r❡ 1

∞
:= 0✱ ❬✶✶✱ ♣✳ ✷✷✸❪✳ ❋♦r p ∈ (1,∞) ✜①❡❞✱ ❧❡t q ❜❡

t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ p ♠❡❛♥✐♥❣ t❤❛t 1
p
+ 1

q
= 1✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ g ∈ Lq(µ)✱ t❤❡

♠❛♣♣✐♥❣ ϕg : L
p(µ) → C ❞❡✜♥❡❞ ❜②

ϕg(f) :=

∫

Ω

fg dµ, ❢♦r f ∈ Lp(µ), ✭✷✳✶✵✮

✶✽



✐s ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥ Lp(µ)✳ ❆♥❞✱ s✐♥❝❡ t❤❡ ♠❛♣♣✐♥❣ ϕ : Lq(µ) →
(
Lp(µ)

)∗
❞❡✜♥❡❞ ❜② ϕ(g) := ϕg✱ ✇✐t❤ ϕg(f) ❣✐✈❡♥ ❜② ✭✷✳✶✵✮ ❢♦r ❡❛❝❤ f ∈ Lp(µ)✱

t✉r♥s ♦✉t t♦ ❜❡ ❛ ♥♦r♠ ✐s♦♠♦r♣❤✐s♠✱ ❬✶✶✱ ♣♣✳ ✷✾✵✕✷✾✷❪✱ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ Lp(µ) ❝❛♥

❜❡ ✇r✐tt❡♥ ❡①♣❧✐❝✐t❧②✿
(
Lp(µ)

)∗
= Lq(µ).

◆♦t❡✱ ❢♦r µ ❜❡✐♥❣ ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡✱ t❤❛t t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ L1(µ) ❝❛♥ ❜❡ s♣❡❝✐✜❡❞

❛s ✇❡❧❧✳ ◆❛♠❡❧②✱
(
L1(µ)

)∗
= L∞(µ),

✇✐t❤ ❡❛❝❤ g ∈ L∞(µ) ❛❝t✐♥❣ ✐♥ L1(µ) ✈✐❛ f 7→
∫

Ω
fg dµ✱ ❢♦r f ∈ L1(µ)✳ ▼♦r❡♦✈❡r✱

Lp(µ) ✐s r❡✢❡①✐✈❡ ❢♦r 1 < p < ∞✱ ❬✸✺✱ ♣✳ ✶✵✺❪✳

▲❡t ✉s r❡t✉r♥ t♦ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s M(µ) ♦✈❡r ❛♥ ❛r❜✐tr❛r②

♠❡❛s✉r❡ s♣❛❝❡ (Ω,Σ, µ)✳ ❈♦♥❝❡r♥✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ M(µ) t❤❡r❡ ❛r❡ t✇♦ ♠❛❥♦r

❝♦♥❝❡♣ts✳ ❆ s❡q✉❡♥❝❡ {fn}n∈N ⊆ M(µ) ✐s s❛✐❞ t♦ ❝♦♥✈❡r❣❡ µ✲❛✳❡✳ t♦ f ∈ M(µ)

✐❢ t❤❡r❡ ❡①✐sts ❛ µ✲♥✉❧❧ s❡t A s✉❝❤ t❤❛t {fn}n∈N ❝♦♥✈❡r❣❡s ♣♦✐♥t✇✐s❡ t♦ f ♦♥ ✐ts

❝♦♠♣❧❡♠❡♥t Ac✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ❧❡❛❞s t♦ ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡

µ✲❛✳❡✳✱ ❬✶✶✱ ♣✳ ✷✺✵❪✿ ❆s t❤❡ ✏❞✐✈❡r❣✐♥❣ s❡t✑ A ✐s ❛ µ✲♥✉❧❧ s❡t ✐t ✐s ❝❧❡❛r t❤❛t✱ ❢♦r ❡✈❡r②

ε > 0✱ t❤❡ s❡t

{
w ∈ Ω : ∀ n ∈ N ∃ k ∈ N : |fn+k(w)− f(w)| > ε

}
✭✷✳✶✶✮

✐s µ✲♥✉❧❧✱ ♠❡❛♥✐♥❣ t❤❛t

µ

(
∞⋂

n=1

∞⋃

k=1

{
w ∈ Ω : |fn+k(w)− f(w)| > ε

}

)

= 0, ❢♦r ❛❧❧ ε > 0. ✭✷✳✶✷✮

❚❤❡ s❡❝♦♥❞ ✐♠♣♦rt❛♥t t②♣❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ s❡q✉❡♥❝❡s {fn}n∈N ⊆ M(µ) ✇❤✐❝❤ ✇✐❧❧

♣❧❛② ❛ ♠❛❥♦r r♦❧❡ ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ t❤❡♦r② ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✐♥

♠❡❛s✉r❡✳ ❆ s❡q✉❡♥❝❡ {fn}n∈N ⊆ M(µ) ✐s s❛✐❞ t♦ ❧♦❝❛❧❧② ❝♦♥✈❡r❣❡ ✐♥ ♠❡❛s✉r❡ t♦ ❛

❢✉♥❝t✐♦♥ f ∈ M(µ) ✐❢✱ ❢♦r ❡✈❡r② ε > 0 ❛♥❞ ❢♦r ❛❧❧ A ∈ Σ s❛t✐s❢②✐♥❣ µ(A) < ∞✱ ✇❡

❤❛✈❡

lim
n→∞

µ
({

w ∈ Ω : |fn(w)− f(w)| > ε
}
∩ A

)
= 0. ✭✷✳✶✸✮

❚❤❡ ✐♥t❡r❡st✐♥❣ ❛s♣❡❝t ✐s t❤❛t t❤❡r❡ ❡①✐sts ❛ ✏t♦♣♦❧♦❣② ♦❢ ❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡✑ ♦♥ M(µ)

❣❡♥❡r❛t❡❞ ❜② ❛ ❢❛♠✐❧② ♦❢ ♣s❡✉❞♦✲♠❡tr✐❝s✳ ❋♦r ❡❛❝❤A ∈ Σ s❛t✐s❢②✐♥❣ µ(A) < ∞✱ ❞❡✜♥❡

❛ ♠❛♣♣✐♥❣ ρA : M(µ)×M(µ) → [0,∞) ❜②

ρA(f, g) :=

∫

A

|f − g|

1 + |f − g|
dµ.

✶✾



❚❤❡ ✐♥t❡❣r❛❧ ❡①✐sts s✐♥❝❡ µ(A) < ∞ ❛♥❞ |f−g|
1+|f−g|

✐s ♠❛❥♦r✐③❡❞ ❜② χΩ✳ ❊❛❝❤ ♦❢ t❤❡ ρA

✐s ❛ ♣s❡✉❞♦✲♠❡tr✐❝ ✭❛♥❞ ♥♦t ❛ ♠❡tr✐❝ ❛s ρA(f, g) = 0 ♠❛② ❜❡ tr✉❡ ❢♦r f 6= g✮ ❛♥❞ t❤❡

❢❛♠✐❧②
{
ρA : A ∈ Σ, µ(A) < ∞

}

❞❡✜♥❡s ❛ t♦♣♦❧♦❣② ♦♥ M(µ)✱ t❤❡ s♦✲❝❛❧❧❡❞ t♦♣♦❧♦❣② ♦❢ ❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡✳ ◆♦t❡ t❤❛t

t❤❡ t♦♣♦❧♦❣② ❝❛♥ ❛❧s♦ ❜❡ ❣❡♥❡r❛t❡❞ ❜② ❛♥ ❡q✉✐✈❛❧❡♥t ❢❛♠✐❧② ♦❢ ♣s❡✉❞♦✲♠❡tr✐❝s✱ ❬✶✷✱

♣♣✳ ✶✼✽✕✶✼✾❪✳ ❲❤❡♥❡✈❡r µ ✐s ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ t❤❡ t♦♣♦❧♦❣② ♦♥ M(µ) ✐s ♠❡tr✐③❛❜❧❡✳

❚❤✐s ♠❛② ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛ ♠❛♣♣✐♥❣ d : M(µ)×M(µ) → [0,∞) ❞❡✜♥❡❞ ❜②

d(f, g) :=
∞∑

j=1

ρAj
(f, g)

2j(1 + µ(Aj))
=

∞∑

j=1

1

2j(1 + µ(Aj))

∫

Aj

|f − g|

1 + |f − g|
dµ, ✭✷✳✶✹✮

✇❤❡r❡ {Aj}j∈N ⊆ Σ ✐s ❛♥② s❡q✉❡♥❝❡ ♦❢ ♥♦♥✲♥✉❧❧ ♠❡❛s✉r❛❜❧❡ s❡ts s❛t✐s❢②✐♥❣
⋃

j∈N Aj =

Ω ❛♥❞ µ(Aj) < ∞✱ ❢♦r ❛❧❧ j ∈ N✳ ❚❤❡♥ d ✐s ❛ ♣s❡✉❞♦✲♠❡tr✐❝✱ ❛s ❡❛❝❤ ♦❢ t❤❡ ρAj
✐s ❛

♣s❡✉❞♦✲♠❡tr✐❝✳ ❋✉rt❤❡r♠♦r❡✱ d(f, g) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρAj
(f, g) = 0✱ ❢♦r ❛❧❧ j ∈ N✱ ✐❢

❛♥❞ ♦♥❧② ✐❢ f = g µ✲❛✳❡✳ ♦♥ Aj✱ ❢♦r ❛❧❧ j ∈ N✳ ❇✉t✱ ❛s
⋃

j∈N Aj = Ω✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t

t♦ t❤❡ ❛ss❡rt✐♦♥ t❤❛t f = g µ✲❛✳❡✳ ♦♥ Ω✱ ✐✳❡✳✱ f = g ✐♥ M(µ)✳ ❚❤✉s✱ d ✐s ❛ ♠❡tr✐❝

♦♥ M(µ) ❛♥❞ ✐t ❞❡✜♥❡s t❤❡ s❛♠❡ t♦♣♦❧♦❣② ♦♥ M(µ) ❛s t❤❡ ❢❛♠✐❧② ♦❢ ♣s❡✉❞♦✲♠❡tr✐❝s

{ρA : A ∈ Σ, µ(A) < ∞}✳

❚❤❡ ♥❡①t r❡♠❛r❦ ❣✐✈❡s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ M(µ)✳

❘❡♠❛r❦ ✷✳✷✳✶

▲❡t (Ω,Σ, µ) ❜❡ ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡ ❛♥❞ {fn}n∈N ⊆ M(µ) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢

♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥ ❤♦❧❞s✿ {fn}n∈N ❧♦❝❛❧❧② ❝♦♥✈❡r❣❡s

✐♥ ♠❡❛s✉r❡ t♦ ❛ ❢✉♥❝t✐♦♥ f ∈ M(µ) ✐❢ ❛♥❞ ♦♥❧② ✐❢ lim
n→∞

d(fn, f) = 0✱ ✇✐t❤ d ❣✐✈❡♥ ❜②

✭✷✳✶✹✮✳

Pr♦♦❢ ♦❢ ❘❡♠❛r❦ ✷✳✷✳✶✿

❋✐rst ♦❢ ❛❧❧✱ ❧❡t ✉s ❞❡r✐✈❡ s♦♠❡ ✉s❡❢✉❧ ✐♥❡q✉❛❧✐t✐❡s ❝♦♥❝❡r♥✐♥❣ t❤❡ ♣s❡✉❞♦✲♠❡tr✐❝s

ρA✳ ❋✐① ε > 0 ❛♥❞ ❞❡✜♥❡✱ ❢♦r ❡❛❝❤ n ∈ N✱ t❤❡ s❡t

Bε,n :=
{
w ∈ Ω : |fn(w)− f(w)| > ε

}
. ✭✷✳✶✺✮

❍❡r❡✱ {fn}n∈N ⊆ M(µ) ❛♥❞ f ∈ M(µ) ❛r❡ ❛r❜✐tr❛r②✳ ❚❤❡♥ Bε,n ∈ Σ ❛♥❞✱ ❢♦r ❡❛❝❤

A ∈ Σ s❛t✐s❢②✐♥❣ µ(A) < ∞✱ ✇❡ ♦❜t❛✐♥ Bε,n ∩ A ∈ Σ ✇✐t❤ µ(Bε,n ∩ A) < ∞✳ ◆♦t❡

t❤❛t ♦♥ Bε,n ✇❡ ❤❛✈❡

1 >
|fn − f |

1 + |fn − f |
>

ε

1 + ε
, ✭✷✳✶✻✮

✷✵



✇❤❡r❡❛s ♦♥ Bc
ε,n t❤❡ ✐♥❡q✉❛❧✐t② ❜❡❝♦♠❡s

|fn − f |

1 + |fn − f |
<

ε

1 + ε
. ✭✷✳✶✼✮

❍❡♥❝❡✱ ❢♦r ❡❛❝❤ n ∈ N✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞✱ ❢♦r ❡✈❡r② A ∈ Σ✿

µ(Bε,n ∩ A) =

∫

Bε,n∩A

χΩ dµ

(2.16)

>

∫

Bε,n∩A

|fn − f |

1 + |fn − f |
dµ

(2.16)

>

∫

Bε,n∩A

ε

1 + ε
dµ

=
ε

1 + ε
µ(Bε,n ∩ A). ✭✷✳✶✽✮

◆♦✇✱ ❛ss✉♠❡ t❤❛t {fn}n∈N ⊆ M(µ) ✐s ❛ s❡q✉❡♥❝❡ ❧♦❝❛❧❧② ❝♦♥✈❡r❣✐♥❣ ✐♥ ♠❡❛s✉r❡

t♦ ❛ ❢✉♥❝t✐♦♥ f ∈ M(µ)✱ ♠❡❛♥✐♥❣ t❤❛t✱ ❢♦r ❡❛❝❤ ε > 0 ❛♥❞ ❢♦r ❡❛❝❤ A ∈ Σ s❛t✐s❢②✐♥❣

µ(A) < ∞✱ ✇❡ ❤❛✈❡

lim
n→∞

µ
({

w ∈ Ω : |fn(w)− f(w)| > ε
}
∩ A

)
= 0.

❋✐① ❛♥② s❡q✉❡♥❝❡ {Aj}j∈N ⊆ Σ ♦❢ ♠❡❛s✉r❛❜❧❡ s❡ts s❛t✐s❢②✐♥❣
⋃

j∈N Aj = Ω ❛♥❞

0 < µ(Aj) < ∞✱ ❢♦r ❛❧❧ j ∈ N✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❡❛❝❤ ε > 0 ❛♥❞ ❡❛❝❤ j ∈ N✱ t❤❛t

lim
n→∞

µ
({

w ∈ Ω : |fn(w)− f(w)| > ε
}
∩ Aj

)
= 0.

❋✐① ε > 0✳ ❋♦r ❡❛❝❤ j ∈ N t❤✐s ♠❡❛♥s ✭s❡❡ ✭✷✳✶✺✮✮ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡①

n0(ε, j) ∈ N s✉❝❤ t❤❛t

µ(Bε,n ∩ Aj) < ε, ❢♦r ❛❧❧ n > n0(ε, j)✳ ✭✷✳✶✾✮

❚❤❡♥✱ ❢♦r ❛❧❧ n > n0(ε, j)✱ ✇❡ ❤❛✈❡

∫

Aj

|fn − f |

1 + |fn − f |
dµ =

∫

Bε,n∩Aj

|fn − f |

1 + |fn − f |
dµ+

∫

Bc
ε,n∩Aj

|fn − f |

1 + |fn − f |
dµ

(2.18)

6 µ(Bε,n ∩ Aj) +

∫

Bc
ε,n∩Aj

|fn − f |

1 + |fn − f |
dµ

(2.17)

< µ(Bε,n ∩ Aj) +

∫

Bc
ε,n∩Aj

ε

1 + ε
dµ

= µ(Bε,n ∩ Aj) +
ε

1 + ε
µ(Bc

ε,n ∩ Aj)

6 µ(Bε,n ∩ Aj) +
ε

1 + ε
µ(Aj)

✷✶



(2.19)

< ε+ ε µ(Aj) = ε (1 + µ(Aj)).

❆❝❝♦r❞✐♥❣❧②✱

1

1 + µ(Aj)

∫

Aj

|fn − f |

1 + |fn − f |
dµ 6 ε, ❢♦r ❛❧❧ n > n0(ε, j)✳

❆s ε > 0 ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱ ✇❡ ♦❜t❛✐♥ t❤❛t

lim
n→∞

1

1 + µ(Aj)

∫

Aj

|fn − f |

1 + |fn − f |
dµ = 0, ❢♦r ❛❧❧ j ∈ N✳ ✭✷✳✷✵✮

❚♦ s❤♦✇ t❤❛t limn→∞ d(fn, f) = 0 ✜① ❛♥ ❛r❜✐tr❛r② ε > 0✳ ❙✐♥❝❡
∑∞

j=1
1
2j

✐s ❛♥

❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t s❡r✐❡s✱ ✇❡ ❝❛♥ ✜♥❞ ❛♥ ✐♥❞❡① j0 ∈ N s✉❝❤ t❤❛t

∞∑

j=j0+1

1

2j
<

ε

2
.

❉✉❡ t♦ t❤❡ ✐♥❡q✉❛❧✐t②

1

2j(1 + µ(Aj))

∫

Aj

|fn − f |

1 + |fn − f |
dµ 6

1

2j(1 + µ(Aj))

∫

Aj

χΩ dµ

=
1

2j
·

µ(Aj)

1 + µ(Aj)
︸ ︷︷ ︸
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6
1

2j
, ❢♦r ❛❧❧ n ∈ N✱

❛❧s♦
∞∑

j=j0+1

1

2j(1 + µ(Aj))

∫

Aj

|fn − f |

1 + |fn − f |
dµ <

ε

2
✭✷✳✷✶✮

✐s tr✉❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✭✷✳✷✵✮ ✐♠♣❧✐❡s t❤❛t ❢♦r t❤❡ ❣✐✈❡♥ ε > 0 t❤❡r❡ ❡①✐sts ❛♥

✐♥❞❡① nε ∈ N s✉❝❤ t❤❛t

j0∑

j=1

1

2j(1 + µ(Aj))

∫

Aj

|fn − f |

1 + |fn − f |
dµ <

ε

2
, ✭✷✳✷✷✮

❢♦r ❛❧❧ n > nε✳ ❚❛❦✐♥❣ t❤❡ ❡st✐♠❛t❡s ✭✷✳✷✶✮ ❛♥❞ ✭✷✳✷✷✮ t♦❣❡t❤❡r ✇❡ ♦❜t❛✐♥ t❤❛t

∞∑

j=1

1

2j(1 + µ(Aj))

∫

Aj

|fn − f |

1 + |fn − f |
dµ

=

j0∑

j=1

1

2j(1 + µ(Aj))

∫

Aj

|fn − f |

1 + |fn − f |
dµ+

∞∑

j=j0+1

1

2j(1 + µ(Aj))

∫

Aj

|fn − f |

1 + |fn − f |
dµ

<
ε

2
+

ε

2
= ε, ❢♦r ❛❧❧ n > nε✳

✷✷



❆s ε > 0 ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

lim
n→∞

d(fn, f) = lim
n→∞

∞∑

j=1

1

2j(1 + µ(Aj))

∫

Aj

|fn − f |

1 + |fn − f |
dµ = 0.

❈♦♥✈❡rs❡❧②✱ ❧❡t {fn}n∈N ⊆ M(µ) ❜❡ ❛♥② s❡q✉❡♥❝❡ ♦❢ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s

s❛t✐s❢②✐♥❣ lim
n→∞

d(fn, f) = 0 ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ f ∈ M(µ)✳ ❚❤❡♥✱ ❜② ✭✷✳✶✹✮✱ ✇❡ ❤❛✈❡

lim
n→∞

1

1 + µ(Aj)

∫

Aj

|fn − f |

1 + |fn − f |
dµ = 0,

❛♥❞ ❤❡♥❝❡✱

lim
n→∞

∫

Aj

|fn − f |

1 + |fn − f |
dµ = 0,

❢♦r ❛❧❧ j ∈ N✳ ❍❡r❡✱ {Aj}j∈N ⊆ Σ ✐s ❛♥② s❡q✉❡♥❝❡ ♦❢ ♠❡❛s✉r❛❜❧❡ s❡ts s✉❝❤ t❤❛t
⋃

j∈N Aj = Ω ❛♥❞ µ(Aj) < ∞✱ ❢♦r ❛❧❧ j ∈ N✳ ◆♦✇✱ ❧❡t A ∈ Σ ❜❡ ❛♥② s❡t s❛t✐s❢②✐♥❣

µ(A) < ∞✳ ❈❤♦♦s❡ {Aj}j∈N s✉❝❤ t❤❛t A = Aj0 ❢♦r s♦♠❡ j0 ∈ N✳ ❉❡✜♥❡✱ ❢♦r ε > 0

✜①❡❞✱ t❤❡ s❡ts Bε,n ❛s ❞♦♥❡ ✐♥ ✭✷✳✶✺✮✳ ❍❡♥❝❡✱ Bε,n ∩ A ∈ Σ ❛♥❞ µ(Bε,n ∩ A) < ∞✳

❈♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✭✷✳✶✻✮ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥ ✭❢♦r A = Aj0✮ t❤❛t

0 = lim
n→∞

∫

Bε,n∩A

|fn − f |

1 + |fn − f |
dµ > lim

n→∞

ε

1 + ε
µ(Bε,n ∩ A) > 0,

♠❡❛♥✐♥❣ t❤❛t {fn}n∈N ❧♦❝❛❧❧② ❝♦♥✈❡r❣❡s ✐♥ ♠❡❛s✉r❡ t♦ f ✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦ st❛t❡s ❤♦✇ ❝♦♥✈❡r❣❡♥❝❡ µ✲❛✳❡✳ ❛♥❞ ❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♠❡❛✲

s✉r❡ ❛r❡ ❧✐♥❦❡❞ t♦❣❡t❤❡r ❛s s♦♦♥ ❛s (Ω,Σ, µ) ✐s ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡✳

❘❡♠❛r❦ ✷✳✷✳✷

▲❡t (Ω,Σ, µ) ❜❡ ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✿

✭✐✮ ▲❡t {fn}n∈N ⊆ M(µ) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ❧♦❝❛❧❧② ❝♦♥✈❡r❣✲

✐♥❣ ✐♥ ♠❡❛s✉r❡ t♦ f ∈ M(µ) ❛s ✇❡❧❧ ❛s t♦ g ∈ M(µ)✳ ❚❤❡♥ f = g ❧♦❝❛❧❧② µ✲❛✳❡✳✱

♠❡❛♥✐♥❣ t❤❛t✱ ❢♦r ❡❛❝❤ A ∈ Σ s❛t✐s❢②✐♥❣ µ(A) < ∞✱ t❤❡ ❡q✉❛❧✐t② fχA = gχA

❤♦❧❞s µ✲❛✳❡✳✱ ❬✶✶✱ ♣✳ ✷✺✹❪✳ ❙✐♥❝❡ t❤❡ ♠❡❛s✉r❡ s♣❛❝❡ ✐s σ✲✜♥✐t❡ ✐t ❢♦❧❧♦✇s t❤❛t

f = g µ✲❛✳❡✳✳

✭✐✐✮ ▲❡t {fn}n∈N ⊆ M(µ) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ❝♦♥✈❡r❣✐♥❣ µ✲

❛✳❡✳ t♦ f ∈ M(µ)✳ ❚❤❡♥ {fn}n∈N ❧♦❝❛❧❧② ❝♦♥✈❡r❣❡s ✐♥ ♠❡❛s✉r❡ t♦ f ✱ ❬✶✷✱ ♣✳

✶✼✹❪✳

✭✐✐✐✮ ❆ s❡q✉❡♥❝❡ {fn}n∈N ⊆ M(µ) ♦❢ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ❧♦❝❛❧❧② ❝♦♥✈❡r❣❡s ✐♥

✷✸



♠❡❛s✉r❡ t♦ f ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡❛❝❤ s✉❜s❡q✉❡♥❝❡ ♦❢ {fn}n∈N ❛❞♠✐ts ❛ s✉❜s❡q✉❡♥❝❡

✇❤✐❝❤ ❝♦♥✈❡r❣❡s µ✲❛✳❡✳ t♦ f ✱ ❬✶✶✱ ♣✳ ✷✺✽❪✳

✭✐✈✮ M(µ) ✐s ❝♦♠♣❧❡t❡ ❢♦r t❤❡ t♦♣♦❧♦❣② ♦❢ ❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡✱ ❬✸✸✱ ♣✳ ✷✻✽✕✷✻✾❪✳ �

◆♦t❡ t❤❛t t❤❡ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s s✐♠(Σ) ❛r❡ ❞❡♥s❡ ✐♥ M(µ)✱ ❬✶✶✱ ♣✳ ✷✹✷❪✳

❋✉rt❤❡r ✐♠♣♦rt❛♥t t❤❡♦r❡♠s ❝♦♥❝❡r♥✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ µ✲♠❡❛s✉r❛❜❧❡

❢✉♥❝t✐♦♥s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❬✶✶✱ ♣✳ ✶✷✺ ✫ ♣✳ ✶✹✺❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ✭▼♦♥♦t♦♥❡ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✮

▲❡t {fn}n∈N ⊆ M(µ)+ ❜❡ ❛♥② ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥✱

∫

Ω

(

lim
n→∞

fn

)

dµ = lim
n→∞

∫

Ω

fn dµ. �

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✷ ✭▲❡❜❡s❣✉❡✬s ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✮

▲❡t {fn}n∈N ⊆ M(µ) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ❝♦♥✈❡r❣✐♥❣ µ✲❛✳❡✳ t♦ ❛ ❢✉♥❝t✐♦♥

f ∈ M(µ)✳ ❲❤❡♥❡✈❡r t❤❡r❡ ❡①✐sts ❛ µ✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ g ∈ M(µ)+ s❛t✐s❢②✐♥❣ |fn| 6 g

µ✲❛✳❡✳ ♦♥ Ω✱ ❢♦r ❛❧❧ n ∈ N✱ t❤❡♥ ❛❧s♦ t❤❡ ❢✉♥❝t✐♦♥s f ✱ fn ❛r❡ µ✲✐♥t❡❣r❛❜❧❡✱ ❢♦r ❛❧❧ n ∈ N✱

❛♥❞

lim
n→∞

∫

Ω

fn dµ =

∫

Ω

f dµ. �

❆♥♦t❤❡r ✐♠♣♦rt❛♥t t❤❡♦r❡♠ ✐♥ ♠❡❛s✉r❡ t❤❡♦r② ✐s ❋✉❜✐♥✐✬s ❚❤❡♦r❡♠✳ ❋♦r t❤❡ t❤❡♦r②

♦❢ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ♣r♦❞✉❝t ♠❡❛s✉r❡s s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❬✶✶✱ ♣♣✳ ✶✻✹✕✶✾✶❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸ ✭❋✉❜✐♥✐✬s ❚❤❡♦r❡♠✮

▲❡t (X,ΣX , µ)✱ (Y,ΣY , ν) ❜❡ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡s ❛♥❞ ❞❡♥♦t❡ ❜② X×Y t❤❡ ♣r♦❞✉❝t

s♣❛❝❡ ♦❢ t❤❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s X ❛♥❞ Y ✱ ❜② ΣX ⊗ ΣY t❤❡ ♣r♦❞✉❝t σ✲❛❧❣❡❜r❛ ❛♥❞ ❜②

µ⊗ ν t❤❡ ♣r♦❞✉❝t ♠❡❛s✉r❡ ♦❢ µ ❛♥❞ ν✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✳

✭✐✮ ❋♦r ❡❛❝❤ ♥♦♥✲♥❡❣❛t✐✈❡ ΣX ⊗ ΣY ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : X × Y → [0,∞) t❤❡

❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ X r❡s♣✳ Y ❜②

x 7→

∫

Y

f(x, y) dν(y) ❛♥❞ y 7→

∫

X

f(x, y) dµ(x)

❛r❡ ΣX✲♠❡❛s✉r❛❜❧❡ r❡s♣✳ ΣY ✲♠❡❛s✉r❛❜❧❡ ❛♥❞

∫

X×Y

f dµ⊗ ν =

∫

X

(∫

Y

f(x, y) dν(y)

)

dµ(x)

✷✹



=

∫

Y

(∫

X

f(x, y) dµ(x)

)

dν(y).

✭✐✐✮ ▲❡t f : X×Y → C ❜❡ µ⊗ ν✲✐♥t❡❣r❛❜❧❡✳ ❚❤❡♥ f(x, ·) ✐s ν✲✐♥t❡❣r❛❜❧❡ ❢♦r µ✲❛❧♠♦st

❡✈❡r② x ∈ X ❛♥❞

A :=
{
x ∈ X : f(x, ·) ✐s ♥♦t ν✲✐♥t❡❣r❛❜❧❡

}
∈ ΣX ;

r❡s♣❡❝t✐✈❡❧②✱ f(·, y) ✐s µ✲✐♥t❡❣r❛❜❧❡ ❢♦r ν✲❛❧♠♦st ❡✈❡r② y ∈ Y ❛♥❞

B :=
{
y ∈ Y : f(·, y) ✐s ♥♦t µ✲✐♥t❡❣r❛❜❧❡

}
∈ ΣY .

▼♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥s

x 7→

∫

Y

f(x, y) dν(y) ❛♥❞ y 7→

∫

X

f(x, y) dµ(x)

❛r❡ µ✲✐♥t❡❣r❛❜❧❡ ♦✈❡r Ac r❡s♣✳ ν✲✐♥t❡❣r❛❜❧❡ ♦✈❡r Bc✱ ❛♥❞

∫

X×Y

f dµ⊗ ν =

∫

Ac

(∫

Y

f(x, y) dν(y)

)

dµ(x)

=

∫

Bc

(∫

X

f(x, y) dµ(x)

)

dν(y). �

❆ s❡t ❢✉♥❝t✐♦♥ µ : Σ → C ✐s ❝❛❧❧❡❞ ❛ ❝♦♠♣❧❡① ♠❡❛s✉r❡ ✐❢ µ(∅) = 0 ❛♥❞ ✐❢ ✐t ✐s

σ✲❛❞❞✐t✐✈❡✱ t❤❛t ✐s✱

µ

(
∞⋃

j=1

Aj

)

=
∞∑

j=1

µ(Aj),

❢♦r ❛♥② s❡q✉❡♥❝❡ {Aj}j∈N ⊆ Σ ♦❢ ❞✐s❥♦✐♥t s❡ts✳ ❆ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡① ♠❡❛s✉r❡

µ ❞❡✜♥❡ ❛ s❡t ❢✉♥❝t✐♦♥ |µ| : Σ → [0,∞) ❜②

|µ|(A) := sup
π

l∑

j=1

|µ(Aj)|

✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ✜♥✐t❡ ♣❛rt✐t✐♦♥s π = {Aj}
l
j=1 ♦❢ A ∈ Σ✳

❚❤❡♥ |µ| ✐s ❝❛❧❧❡❞ t❤❡ ✈❛r✐❛t✐♦♥ ♠❡❛s✉r❡ ♦❢ µ ❛♥❞ t❤❡ ✜♥✐t❡ ♥✉♠❜❡r ‖µ‖ := |µ|(Ω) ✐s

❝❛❧❧❡❞ t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♦❢ µ✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❛ ♠❡❛s✉r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣♦s✐t✐♦♥ t✉r♥s ♦✉t t♦ ❜❡ ❛ ✉s❡❢✉❧ t♦♦❧✱ ❬✸✶✱ ♣✳ ✶✺✷❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✹

▲❡t µ ❜❡ ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ Σ✱ g ∈ L1(µ) ❛♥❞ ❞❡✜♥❡ λ(A) =
∫

A
g dµ✱ ❢♦r ❛❧❧ A ∈ Σ✳

✷✺



❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s✿

|λ|(A) =

∫

A

|g| dµ, ❢♦r A ∈ Σ. �

▼♦r❡♦✈❡r✱ s♦♠❡ ❢✉rt❤❡r ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❛ ❝♦♠♣❧❡① ♠❡❛s✉r❡ ❛r❡ ❜r♦✉❣❤t

t♦❣❡t❤❡r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛❀ s❡❡ ❬✸✶✱ ❈❤❛♣t❡r ✻❪ ♦r ❬✶✵✱ ❈❤❛♣t❡r ■■■❪✱ ❢♦r ✐♥st❛♥❝❡✳

▲❡♠♠❛ ✷✳✷✳✶

▲❡t µ : Σ → C ❜❡ ❛ ❝♦♠♣❧❡① ♠❡❛s✉r❡✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❤♦❧❞✿

✭✐✮ |µ(A)| 6 |µ|(A)✱ ❢♦r ❛❧❧ A ∈ Σ✳

✭✐✐✮ |µ|(B) 6 |µ|(A)✱ ❢♦r ❛❧❧ A,B ∈ Σ ✇✐t❤ B ⊆ A✳

✭✐✐✐✮ sup{|µ(B)| : B ∈ Σ, B ⊆ A} 6 |µ|(A) 6 4 sup{|µ(B)| : B ∈ Σ, B ⊆ A}✱

❢♦r ❛❧❧ A ∈ Σ✳ �

❋✐♥❛❧❧②✱ ❛ ♠❡❛s✉r❡ µ : Σ → [0,∞] ✐s s❛✐❞ t♦ ❜❡ ♥♦♥✲❛t♦♠✐❝ ✐❢✱ ❢♦r ❡❛❝❤ A ∈ Σ

s❛t✐s❢②✐♥❣ µ(A) > 0✱ t❤❡r❡ ❡①✐sts ❛ s❡t B ∈ A ∩ Σ := {A ∩ S : S ∈ Σ} s✉❝❤ t❤❛t

µ(B) 6= 0 ❛♥❞ µ(A\B) 6= 0✳ ❚❤❡ r❛♥❣❡ ♦❢ ❛ ✜♥✐t❡✱ ♣♦s✐t✐✈❡ ♥♦♥✲❛t♦♠✐❝ ♠❡❛s✉r❡

µ : Σ → [0,∞) ✐s t❤❡ ❝❧♦s❡❞ ✐♥t❡r✈❛❧ [0, µ(Ω)]❀ s❡❡ ❬✶✻❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳

▼♦r❡♦✈❡r✱ ✇❡ s❛② t❤❛t µ ❤❛s t❤❡ ❉❛r❜♦✉① ♣r♦♣❡rt② ♦♥ Σ ✐❢✱ ❢♦r ❡❛❝❤ A ∈ Σ ❛♥❞

0 < t < µ(A)✱ t❤❡r❡ ❡①✐sts ❛ s❡t B ∈ A ∩ Σ s✉❝❤ t❤❛t µ(B) = t✳ ◆♦t❡ t❤❛t ❛

♥♦♥✲❛t♦♠✐❝ ♠❡❛s✉r❡ ❛❧✇❛②s ❤❛s t❤❡ ❉❛r❜♦✉① ♣r♦♣❡rt②✱ ❬✶✻❪✳ ◆♦♥✲❛t♦♠✐❝ ♠❡❛s✉r❡s

❛r❡ ✐♥ s♦♠❡ ✇❛②s ❛❞✈❛♥t❛❣❡♦✉s ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s✳

▲❡♠♠❛ ✷✳✷✳✷

▲❡t µ : Σ → [0,∞) ❜❡ ❛ ✜♥✐t❡✱ ♣♦s✐t✐✈❡ ♥♦♥✲❛t♦♠✐❝ ♠❡❛s✉r❡✳ ▲❡t A ∈ Σ ❜❡ s✉❝❤ t❤❛t

µ(A) > 0 ❛♥❞ ❧❡t l ∈ N ❜❡ ✜①❡❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣❛rt✐t✐♦♥ {Aj}
l
j=1 ⊆ Σ ♦❢ A s✉❝❤

t❤❛t

µ(Aj) =
µ(A)

l
, ❢♦r ❛❧❧ j = 1, . . . , l✳

Pr♦♦❢✿

❈❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② A ∈ Σ s❛t✐s❢②✐♥❣ µ(A) > 0 ❛♥❞ ✜① l ∈ N✳ ▲❡t µ(A) =: α✳

❙✐♥❝❡ µ ✐s ❛ ✜♥✐t❡✱ ♣♦s✐t✐✈❡ ♥♦♥✲❛t♦♠✐❝ ♠❡❛s✉r❡✱ µ ❤❛s t❤❡ ❉❛r❜♦✉① ♣r♦♣❡rt② ♦♥ Σ✳

❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛ s❡t A1 ∈ A ∩ Σ ⊆ Σ s✉❝❤ t❤❛t µ(A1) =
α
l
✳ ❚❤❡ ❛❞❞✐t✐✈✐t② ♦❢ µ

❣✐✈❡s

α = µ(A) = µ
(
A1 ∪ (A\A1

︸ ︷︷ ︸

=:B1

)
)
= µ(A1) + µ(B1) =

α
l
+ µ(B1)

✷✻



♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱

µ(B1) = α− α
l
= (l − 1) · α

l
.

❙✐♥❝❡ B1 ∈ A ∩ Σ ❛♥❞ µ r❡str✐❝t❡❞ t♦ A ∩ Σ st✐❧❧ ❤❛s t❤❡ ❉❛r❜♦✉① ♣r♦♣❡rt② ✇❡ ❝❛♥

✜♥❞ ❛ s❡t A2 ∈ B1 ∩ Σ ⊆ Σ s✉❝❤ t❤❛t µ(A2) =
α
l
✳ ❚❤❡r❡❜② ✇❡ ♦❜t❛✐♥ t❤❛t

α = µ(A) = µ
(
A1 ∪ A2 ∪ (B1\A2

︸ ︷︷ ︸

=:B2

)
)
= µ(A1) + µ(A2) + µ(B2) = 2 · α

l
+ µ(B2)

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱

µ(B2) = α− 2 · α
l
= (l − 2) · α

l
.

❈♦♥t✐♥✉❡ ✐♥❞✉❝t✐✈❡❧② ❛♥❞ s✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ❢♦✉♥❞ s❡ts A1, . . . , Al−1 ∈ Σ

s❛t✐s❢②✐♥❣ Aj ∈ Bj−1 ∩ Σ ⊆ Σ ✇❤❡r❡ B0 := A ❛♥❞ Bj := Bj−1\Aj✱ ❢♦r ❛❧❧ j =

1, ..., l − 1✱ ❛♥❞ µ(Aj) =
α
l
✱ ❢♦r ❛❧❧ j = 1, . . . , l − 1✳ ❚❤❡♥✱

α = µ(A) = µ
(l−1⋃

j=1

Aj ∪
(
Bl−2\Al−1
︸ ︷︷ ︸

=:Bl−1

))

=
l−1∑

j=1

µ(Aj) + µ(Bl−1) = (l− 1) · α
l
+ µ(Bl−1)

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱

µ(Bl−1) = α− (l − 1) · α
l
= α

l
.

▲❡t Al := Bl−1✳ ❚❤❡♥ Al ∈ Bl−1 ∩ Σ ⊆ Σ ❛♥❞ µ(Al) = α
l
❛♥❞ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❛

♣❛rt✐t✐♦♥ {Aj}
l
j=1 ⊆ Σ ♦❢ A s❛t✐s❢②✐♥❣ µ(Aj) =

α
l
✱ ❢♦r ❛❧❧ j = 1, . . . , l✳ �

✷✳✸ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s

❆ ✈❡❝t♦r s♣❛❝❡ X ♦✈❡r t❤❡ s❝❛❧❛r ✜❡❧❞ R ✐s ❝❛❧❧❡❞ ❛ ❘✐❡s③ s♣❛❝❡ ♦r ✈❡❝t♦r ❧❛tt✐❝❡ ✐❢

✐t ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ♣❛rt✐❛❧ ♦r❞❡r 6 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② x, y ∈ X ❛♥❞ λ ∈ R✱ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✭✐✮ ■❢ x 6 y✱ t❤❡♥ x+ z 6 y + z✱ ❢♦r ❛❧❧ z ∈ X✳

✭✐✐✮ ■❢ 0 6 λ ❛♥❞ x 6 y✱ t❤❡♥ λx 6 λy✳

✭✐✐✐✮ ❋♦r ❛♥② ♣❛✐r ♦❢ ✈❡❝t♦rs x, y ∈ X t❤❡r❡ ❡①✐sts ❛ s✉♣r❡♠✉♠ ✭❞❡♥♦t❡❞ ❜② x ∨ y✮

✐♥ X ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛rt✐❛❧ ♦r❞❡r ♦❢ t❤❡ ❧❛tt✐❝❡ str✉❝t✉r❡ 6✳

❚❤❡ ❡❧❡♠❡♥t |x| := x ∨ (−x) ✐s ❝❛❧❧❡❞ t❤❡ ♠♦❞✉❧✉s ♦❢ x✳ ❚❤❡ s❡t X+ := {x ∈ X :

0 6 x} ✐s ❝❛❧❧❡❞ t❤❡ ♣♦s✐t✐✈❡ ❝♦♥❡ ♦❢ X✳ ❙✐♥❝❡ x 6 x ∨ (−x) ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✐✮ t❤❛t

0 = −x+x 6 −x+ |x|✳ ❙✐♠✐❧❛r❧②✱ −x 6 x∨(−x) ✐♠♣❧✐❡s 0 6 x+ |x|✳ ❇✉t✱ ❢r♦♠ ✭✐✮ ✐❢

w 6 y ❛♥❞ u 6 v✱ t❤❡♥ w+u 6 y+v✳ ■t ❢♦❧❧♦✇s t❤❛t 0+0 6 (−x+ |x|)+(x+ |x|) =

2|x|✳ ❚❤❡♥ ✭✐✐✮ ②✐❡❧❞s 0 6 |x|✱ ✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r ❡✈❡r② x ∈ X✳

❆ ✈❡❝t♦r ❧❛tt✐❝❡ ✐s s❛✐❞ t♦ ❜❡ ❆r❝❤✐♠❡❞❡❛♥ ✐❢ x, y ∈ X ❛♥❞ nx 6 y✱ ❢♦r ❛❧❧ n ∈ N✱

✷✼



✐♠♣❧② t❤❛t x 6 0✳ ❆ ✈❡❝t♦r s✉❜s♣❛❝❡ I ♦❢ ❛ ❘✐❡s③ s♣❛❝❡ X ✐s ❝❛❧❧❡❞ ❛♥ ✐❞❡❛❧ ✐❢ ✐t ✐s

s♦❧✐❞✱ ♠❡❛♥✐♥❣ t❤❛t ✐❢ x ∈ I ❛♥❞ y ∈ X s❛t✐s❢② |y| 6 |x|✱ t❤❡♥ y ∈ I✳ ❆ ❧♦❝❛❧❧② s♦❧✐❞

❘✐❡s③ s♣❛❝❡ ✐s ❛ ❘✐❡s③ s♣❛❝❡ X ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❧♦❝❛❧❧② s♦❧✐❞ t♦♣♦❧♦❣② τ ✱ ♠❡❛♥✐♥❣

t❤❛t τ ❤❛s ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ❜❛s❡ ❛t ③❡r♦ ❝♦♥s✐st✐♥❣ ♦❢ s♦❧✐❞ s❡ts✳

▲❡t (Ω,Σ, µ) ❜❡ ❛ ♠❡❛s✉r❡ s♣❛❝❡✳ ❆ ♠❛♣♣✐♥❣ q ❞❡✜♥❡❞ ♦♥ M(µ)+ ✐s ❝❛❧❧❡❞ ❛ ❢✉♥❝t✐♦♥

s❡♠✐✲♥♦r♠ ✇❤❡♥❡✈❡r ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✭✐✮ 0 6 q 6 ∞✳

✭✐✐✮ ■❢ u = 0 µ✲❛✳❡✳✱ t❤❡♥ q(u) = 0✳

✭✐✐✐✮ q(λu) = λ q(u)✱ ❢♦r ❡✈❡r② ❝♦♥st❛♥t 0 6 λ < ∞✳

✭✐✈✮ q(u+ v) 6 q(u) + q(v)✱ ❢♦r ❛❧❧ u, v ∈ M(µ)+✳

✭✈✮ ■❢ u, v ∈ M(µ)+ ❛♥❞ u 6 v✱ t❤❡♥ q(u) 6 q(v)✳

❇② s❡tt✐♥❣ q(f) := q(|f |)✱ ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ ✇❤♦❧❡ ♦❢

M(µ)✳ ❘❡❝❛❧❧ t❤❛t M(µ) ❝♦♥s✐sts ♦❢ C✲✈❛❧✉❡❞ µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱

✭✐✐✐✮ t❤❡♥ ✐♠♣❧✐❡s t❤❛t

q(λf) = q(|λf |) = q(|λ||f |) = |λ| q(|f |) = |λ| q(f),

❢♦r ❡✈❡r② λ ∈ C ❛♥❞ f ∈ M(µ)✳

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ {qk}k∈N ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s ✐♥st❡❛❞

♦❢ ❛ s✐♥❣❧❡ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ q✳ ❆ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s {qk}k∈N ✐s

❝❛❧❧❡❞ ❢✉♥❞❛♠❡♥t❛❧ ✐❢✱ ✇❤❡♥❡✈❡r f ∈ M(µ)\{0}✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡① m ∈ N s✉❝❤

t❤❛t qm(f) 6= 0✱ ✐✳❡✳✱ qm(f) ∈ (0,∞]✳ ❲❡ ❛ss✉♠❡ {qk}k∈N t♦ ❜❡ ✐♥❝r❡❛s✐♥❣ ❛♥❞

❢✉♥❞❛♠❡♥t❛❧✳ ❉❡✜♥❡

L{qk} :=
{
f ∈ M(µ) : qk(f) < ∞, ❢♦r ❛❧❧ k ∈ N

}
=
⋂

k∈N

Lqk ,

✇❤❡r❡ Lqk := {f ∈ M(µ) : qk(f) < ∞}✱ ❢♦r k ∈ N✳ ❚❤❡♥ L{qk} ✐s ❛ ❧♦❝❛❧❧② s♦❧✐❞✱

♠❡tr✐③❛❜❧❡✱ ❧♦❝❛❧❧② ❝♦♥✈❡① ❍❛✉s❞♦r✛ s♣❛❝❡ ❢♦r t❤❡ t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❜② {qk}k∈N✳

❍❡♥❝❡✱ ✇❤❡♥❡✈❡r f ∈ M(µ) ❛♥❞ g ∈ L{qk} s❛t✐s❢② |f | 6 |g|✱ t❤❡♥ f ∈ L{qk} ❛♥❞

qk(f) 6 qk(g)✱ ❢♦r ❛❧❧ k ∈ N✳ ❚❤❡ s♣❛❝❡ L{qk} ✐s ❝❛❧❧❡❞ ❛ ✭❧♦❝❛❧❧② s♦❧✐❞✮ ♠❡tr✐③❛❜❧❡

❢✉♥❝t✐♦♥ s♣❛❝❡ ❛♥❞✱ ✐❢ ✐t ✐s ❝♦♠♣❧❡t❡✱ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡✳ ❚❤❡ ♣♦s✐t✐✈❡ ❝♦♥❡ ♦❢ ❛

❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ L{qk} ✐s ❞❡✜♥❡❞ ❜②

L+
{qk}

:=
{
f ∈ L{qk} : f > 0

}

❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ t❤♦s❡ ❢✉♥❝t✐♦♥s ✐♥ L{qk} t❤❛t ❛r❡ [0,∞)✲✈❛❧✉❡❞ µ✲❛✳❡✳ ♦♥ Ω✳

✷✽



▲❡t {qk}k∈N ❜❡ ❛♥ ✐♥❝r❡❛s✐♥❣✱ ❢✉♥❞❛♠❡♥t❛❧ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s ❛♥❞ ❧❡t

L{qk} ❜❡ ❞❡✜♥❡❞ ❛s ❛❜♦✈❡✳ ❚❤❡ ♠❡tr✐③❛❜❧❡ ❢✉♥❝t✐♦♥ s♣❛❝❡ L{qk} ✐s s❛✐❞ t♦ ❤❛✈❡

t❤❡ ❥♦✐♥t ❘✐❡s③✲❋✐s❝❤❡r ♣r♦♣❡rt② ✭❜r✐❡✢②✿ ✭❏❘❋✮✲♣r♦♣❡rt②✮ ✐❢✱ ❣✐✈❡♥ ❛♥② s❡q✉❡♥❝❡

{fn}n∈N ⊆ L{qk} s❛t✐s❢②✐♥❣

∞∑

n=1

qk(fn) < ∞, ❢♦r ❛❧❧ k ∈ N, ✐t ❢♦❧❧♦✇s t❤❛t qk

(
∞∑

n=1

|fn|

)

< ∞, ❢♦r ❛❧❧ k ∈ N,

✭✷✳✷✸✮

❬✻✱ ❉❡✜♥✐t✐♦♥ ✸✳✺❪✳ ■♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✭❏❘❋✮✲♣r♦♣❡rt② ✐t ✐s ♥♦t ❛ss✉♠❡❞ t❤❛t

L{qk} ✐s ❝♦♠♣❧❡t❡✳

❘❡♠❛r❦ ✷✳✸✳✶

❚❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✭❏❘❋✮✲♣r♦♣❡rt② ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r✲

♠✉❧❛t✐♦♥✿ L{qk} ❤❛s t❤❡ ✭❏❘❋✮✲♣r♦♣❡rt② ✐❢✱ ❣✐✈❡♥ ❛♥② s❡q✉❡♥❝❡ {un}n∈N ⊆ L+
{qk}

s❛t✐s❢②✐♥❣

∞∑

n=1

qk(un) < ∞, ❢♦r ❛❧❧ k ∈ N✱ ✐t ❢♦❧❧♦✇s t❤❛t qk

(
∞∑

n=1

un

)

< ∞, ❢♦r ❛❧❧ k ∈ N✳

✭✷✳✷✹✮

❚♦ ♣r♦✈❡ ❘❡♠❛r❦ ✷✳✸✳✶ ✇❡ ✜rst ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ❝♦❧❧❡❝t✐♦♥ ♦❢ µ✲♠❡❛s✉r❛❜❧❡

❢✉♥❝t✐♦♥s✳ ❉❡♥♦t❡ ❜② M̃(µ) t❤❡ s❡t ♦❢ ❛❧❧ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f : Ω → R ∪

{−∞,+∞}✳ ✭❋♦r t❤❡ ♣r♦♣❡rt✐❡s ♦❢ M̃(µ) s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✶✶✱ ♣♣✳ ✶✵✹✕✶✵✽❪✳✮

❆s ✉s✉❛❧ M̃(µ)+ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s ✐♥ M̃(µ)✱ ✇✐t❤ ∞ ❛❧❧♦✇❡❞ ❛s

❛ ♣♦ss✐❜❧❡ ✈❛❧✉❡✳ ◆♦✇ ✇❡ ❝❛♥ ❞r❛✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥✳

▲❡♠♠❛ ✷✳✸✳✶

▲❡t {qk}k∈N ❜❡ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s ✐♥ M̃(µ) ✭✇❤✐❝❤ ✐s ❢✉♥✲

❞❛♠❡♥t❛❧ ✐♥ M(µ)✮ ❛♥❞ ❧❡t f ∈ M̃(µ)+ s❛t✐s❢② qk(f) < ∞✱ ❢♦r ❛❧❧ k ∈ N✳ ❚❤❡♥ f ✐s

[0,∞)✲✈❛❧✉❡❞ µ✲❛✳❡✳✳

Pr♦♦❢✿

▲❡t f ∈ M̃(µ)+ s❛t✐s❢② qk(f) < ∞✱ ❢♦r ❛❧❧ k ∈ N✱ ❛♥❞ ❞❡✜♥❡ Af := {w ∈ Ω :

f(w) = ∞}✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ w ∈ Ω✱ t❤❡ ✐♥❡q✉❛❧✐t② f(w) > nχAf
(w) ❤♦❧❞s✱ ❢♦r ❛❧❧

n ∈ N✳ ❊❛❝❤ qk ❜❡✐♥❣ ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ✇❡ ♦❜t❛✐♥

0 6 qk(nχAf
) = n qk(χAf

) 6 qk(f) < ∞, ❢♦r ❛❧❧ k ∈ N, ❢♦r ❛❧❧ n ∈ N✳

❇✉t✱ s✐♥❝❡ R ✐s ❆r❝❤✐♠❡❞❡❛♥✱ t❤✐s s❤♦✇s t❤❛t qk(χAf
) = 0✱ ❢♦r ❛❧❧ k ∈ N✳ ❍❡♥❝❡✱ ✇❡

❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t χAf
= 0 µ✲❛✳❡✳✳ ❚❤❡r❡❢♦r❡✱ Af ✐s ❛ µ✲♥✉❧❧ s❡t ❛♥❞ f(w) < ∞✱ ❢♦r

✷✾



µ✲❛❧♠♦st ❡✈❡r② w ∈ Ω✳ �

Pr♦♦❢ ♦❢ ❘❡♠❛r❦ ✷✳✸✳✶✿

■t ✐s ❝❧❡❛r t❤❛t ✭✷✳✷✸✮ ✐♠♣❧✐❡s ✭✷✳✷✹✮✳

▲❡t ♥♦✇ ✭✷✳✷✹✮ ❜❡ ✈❛❧✐❞ ❛♥❞ ❧❡t {fn}n∈N ⊆ L{qk} ❜❡ ❛♥② s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣
∑∞

n=1 qk(fn) < ∞✱ ❢♦r ❛❧❧ k ∈ N✳ ❋✐① ❛♥ ❛r❜✐tr❛r② n ∈ N✳ ❙✐♥❝❡ fn ✐s C✲✈❛❧✉❡❞✱ ✇❡
❝❛♥ ✇r✐t❡ fn = gn + i hn✱ ✇❤❡r❡ gn ✐s t❤❡ r❡❛❧ ♣❛rt ❛♥❞ hn t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ fn✳

❙✐♥❝❡ |gn| 6 |fn| ❤♦❧❞s ❛♥❞ ❡❛❝❤ qk ✐s ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠✱ ✇❡ ♦❜t❛✐♥

qk(gn) 6 qk(fn), ❢♦r ❛❧❧ k ∈ N✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ gn ✐s ❛♥ R✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✱ ❛♥❞ s♦ ✇❡ ❝❛♥ ✇r✐t❡ gn = g+n − g−n ✳

❍❡♥❝❡✱ ✇❡ ❤❛✈❡ |g+n | 6 |gn| ❛♥❞ t❤❡r❡❢♦r❡

qk(g
+
n ) 6 qk(gn) 6 qk(fn), ❢♦r ❛❧❧ k ∈ N✳

❆s n ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱ t❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ n ∈ N✱ ♠❡❛♥✐♥❣ t❤❛t qk(fn) ✐s ❛

♠❛❥♦r❛♥t ♦❢ qk(g
+
n )✳ ❚❤✉s✱

∞∑

n=1

qk(g
+
n ) 6

∞∑

n=1

qk(fn) < ∞, ❢♦r ❛❧❧ k ∈ N.

❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✷✹✮ ✐♠♣❧✐❡s t❤❛t

qk

(
∞∑

n=1

g+n

)

< ∞, ❢♦r ❛❧❧ k ∈ N,

❛♥❞ ▲❡♠♠❛ ✷✳✸✳✶ ②✐❡❧❞s t❤❛t
∑∞

n=1 g
+
n < ∞ µ✲❛✳❡✳ ♦♥ Ω✳ ❇② r❡♣❡❛t✐♥❣ t❤❡ ❛r❣✉♠❡♥ts

✇❡ ♦❜t❛✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧ts ❢♦r g−n ✱ h
+
n ❛♥❞ h−

n ✳ ❇✉t✱ ❛s

|fn| = |gn + i hn| 6 |gn|+ |hn| = g+n + g−n + h+
n + h−

n ,

❢♦r ❛❧❧ n ∈ N✱ ✐t ❢♦❧❧♦✇s t❤❛t

∞∑

n=1

|fn| 6
∞∑

n=1

g+n +
∞∑

n=1

g−n +
∞∑

n=1

h+
n +

∞∑

n=1

h−
n ,

❜② ✇❤✐❝❤ ✇❡ ❝❛♥ ✜♥❛❧❧② ❝♦♥❝❧✉❞❡✱ ❜② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❢♦r ❡❛❝❤ qk✱ t❤❛t

qk

(
∞∑

n=1

|fn|

)

6 qk

(
∞∑

n=1

g+n

)

+ qk

(
∞∑

n=1

g−n

)

+ qk

(
∞∑

n=1

h+
n

)

+ qk

(
∞∑

n=1

h−
n

)

< ∞,

✸✵



❢♦r ❛❧❧ k ∈ N✳ ❍❡♥❝❡✱ ❛❧s♦ ✭✷✳✷✸✮ ❤♦❧❞s✱ t❤❛t ✐s✱ L{qk} ❤❛s t❤❡ ✭❏❘❋✮✲♣r♦♣❡rt②✳ �

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦ ❛♥❞ ❧❡♠♠❛✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s L{qk} ♦✈❡r

❛ ♠❡❛s✉r❡ s♣❛❝❡ (Ω,Σ, µ) ❜② X(µ) ❛♥❞ t❤❡✐r ♣♦s✐t✐✈❡ ❝♦♥❡ ❜② X(µ)+✳ ❆♥ ❡❧❡♠❡♥t

f ∈ X(µ) ✐s s❛✐❞ t♦ ❜❡ σ✲♦r❞❡r ❝♦♥t✐♥✉♦✉s ✭❜r✐❡✢②✱ σ✲♦✳❝✳✮ ✐❢ ✐t ❤❛s t❤❡ ♣r♦♣❡rt② t❤❛t

❛ s❡q✉❡♥❝❡ {un}n∈N ⊆ X(µ)+ ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ) ✇❤❡♥❡✈❡r ✐t

s❛t✐s✜❡s |f | > un ↓n 0 ♣♦✐♥t✇✐s❡ µ✲❛✳❡✳ ♦♥ Ω✳ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ σ✲♦✳❝✳ ❡❧❡♠❡♥ts ♦❢

X(µ) ✐s ❝❛❧❧❡❞ t❤❡ σ✲♦r❞❡r ❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ X(µ) ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② X(µ)a✳

❚❤❡ ♥❡①t r❡♠❛r❦ ♦❝❝✉rs ✐♥ ❬✻✱ ▲❡♠♠❛ ✸✳✶✶❪✳ ❙✐♥❝❡ t❤❡ ♠❛♥✉s❝r✐♣t ✐s ✉♥♣✉❜❧✐s❤❡❞

✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ st❛t❡♠❡♥t ❤❡r❡ ❛❣❛✐♥✳

❘❡♠❛r❦ ✷✳✸✳✷

▲❡t f ∈ X(µ)✳ ❚❤❡♥ f ∈ X(µ)a ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡✈❡r② s❡q✉❡♥❝❡ {fn}n∈N ⊆ X(µ)

✇✐t❤ |fn| 6 |f | ❛♥❞ ❢♦r ✇❤✐❝❤ limn→∞ fn = f0 ❡①✐sts ♣♦✐♥t✇✐s❡ µ✲❛✳❡✳✱ ✐t ❢♦❧❧♦✇s t❤❛t

{fn}n∈N ❝♦♥✈❡r❣❡s t♦ f0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✳

Pr♦♦❢ ♦❢ ❘❡♠❛r❦ ✷✳✸✳✷✿

▲❡t f ∈ X(µ)a✳ ❈❤♦♦s❡ ❛♥② s❡q✉❡♥❝❡ {fn}n∈N ✐♥ X(µ) ✇✐t❤ |fn| 6 |f | ❢♦r ✇❤✐❝❤

limn→∞ fn = f0 ♣♦✐♥t✇✐s❡✳ ❙✐♥❝❡ |f0| 6 |f |✱ ✇❡ ❤❛✈❡ f0 ✐♥ X(µ)✳ ❚❤❡♥ t❤❡ s❡q✉❡♥❝❡

{un}n∈N ❞❡✜♥❡❞ ❜② un := sup{|fj − f0| : j > n}✱ ❢♦r ❛❧❧ n ∈ N✱ s❛t✐s✜❡s ❜♦t❤

un 6 2|f |✱ ❢♦r ❛❧❧ n ∈ N ✭✐♥ ♣❛rt✐❝✉❧❛r✱ {un}n∈N ⊆ X(µ)+✮✱ ❛♥❞ un ↓n 0✳ ❍❡♥❝❡✱

{un}n∈N ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✳ ❙✐♥❝❡ |fn − f0| 6 un✱ ❢♦r ❛❧❧ n ∈ N✱
❛♥❞ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ) ✐s ❧♦❝❛❧❧② s♦❧✐❞✱ ✐t ❢♦❧❧♦✇s t❤❛t {fn}n∈N ❝♦♥✈❡r❣❡s t♦ f0 ✐♥

t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✳

❚❤❡ ❝♦♥✈❡rs❡ st❛t❡♠❡♥t ✐s ♦❜✈✐♦✉s✳ �

❆ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ X(µ) ✐s s❛✐❞ t♦ ❤❛✈❡ ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ✐❢ ✐t ❤❛s t❤❡

♣r♦♣❡rt② t❤❛t ❛ s❡q✉❡♥❝❡ {un}n∈N ⊆ X(µ)+ ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)

✇❤❡♥❡✈❡r ✐t s❛t✐s✜❡s un ↓n 0 ♣♦✐♥t✇✐s❡ µ✲❛✳❡✳ ♦♥ Ω✳ ■t ✐s ❝❧❡❛r t❤❛t✱ ❢♦r ❡✈❡r② ❋ré❝❤❡t

❢✉♥❝t✐♦♥ s♣❛❝❡ ❤❛✈✐♥❣ ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②✱ t❤❡ σ✲♦r❞❡r ❝♦♥t✐♥✉♦✉s ♣❛rt ❛♥❞ t❤❡

s♣❛❝❡ ✐ts❡❧❢ ❝♦✐♥❝✐❞❡✱ ✐✳❡✳✱ X(µ) = X(µ)a✳

❚❤❡ ♥❡①t r❡s✉❧t ❡♠♣❤❛s✐③❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ❢♦r t❤❡ t❤❡♦r②

✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ ❝❤❛♣t❡rs✳

▲❡♠♠❛ ✷✳✸✳✷

▲❡t X(µ) ❜❡ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s s✐♠(Σ) ❛♥❞

❤❛✈✐♥❣ ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②✳ ●✐✈❡♥ f ∈ X(µ)✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {rn}n∈N ⊆

✸✶



s✐♠(Σ) s✉❝❤ t❤❛t |rn| 6 |f |✱ ❢♦r n ∈ N✱ ✇✐t❤ {rn}n∈N ❝♦♥✈❡r❣✐♥❣ t♦ f ❜♦t❤ ♣♦✐♥t✇✐s❡

♦♥ Ω ❛♥❞ ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s✐♠(Σ) ✐s ❞❡♥s❡ ✐♥ X(µ)✳

Pr♦♦❢✿

▲❡t u ∈ X(µ)+✳ ❈❤♦♦s❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s {sn}n∈N ⊆ s✐♠(Σ) s❛t✐s❢②✐♥❣

0 6 sn ↑n u ♣♦✐♥t✇✐s❡ ♦♥ Ω✳ ❚❤❡♥ (u − sn) ↓n 0✳ ❆s X(µ) ❤❛s ❛ σ✲▲❡❜❡s❣✉❡

t♦♣♦❧♦❣②✱ ✐t ❢♦❧❧♦✇s t❤❛t

lim
n→∞

qk(u− sn) = 0, ❢♦r ❛❧❧ k ∈ N✱

♠❡❛♥✐♥❣ t❤❛t {sn}n∈N ❝♦♥✈❡r❣❡s t♦ u ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✳ ❋♦r ❛♥ ❛r❜✐tr❛r②

f ∈ X(µ)✱ ♥♦t❡ t❤❛t f = (g+ − g−) + i (h+ − h−) ✇❤❡r❡ g = g+ − g− ❞❡♥♦t❡s t❤❡

r❡❛❧ ♣❛rt ❛♥❞ h = h+ − h− t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ f ✳ ❆s g+, g−, h+, h− ∈ X(µ)+✱

t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s {sn}n∈N✱ {tn}n∈N ♦❢ R✲✈❛❧✉❡❞ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t

0 6 s+n ↑ g+✱ 0 6 s−n ↑ g− ❛♥❞ 0 6 t+n ↑ h+✱ 0 6 t−n ↑ h− ♣♦✐♥t✇✐s❡ ♦♥ Ω ❛s ✇❡❧❧ ❛s ✐♥

t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✳ ❉❡✜♥❡

rn := (s+n − s−n ) + i (t+n − t−n ), ❢♦r n ∈ N,

t❤❡♥ {rn}n∈N ⊆ s✐♠(Σ) ✇✐t❤ |rn| 6 |f |✱ ❢♦r n ∈ N✱ ❛♥❞✱ ❜② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱

✇❡ ❤❛✈❡

|f − rn| 6 |g+ − s+n |+ |g− − s−n |+ |h+ − t+n |+ |h− − t−n |,

❢♦r ❛❧❧ n ∈ N✳ ❊❛❝❤ qk ❜❡✐♥❣ ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥✱ ❜② t❤❡ tr✐❛♥❣❧❡

✐♥❡q✉❛❧✐t② ❢♦r ❡❛❝❤ qk✱ t❤❛t

qk(f − rn) 6 qk(g
+ − s+n ) + qk(g

− − s−n ) + qk(h
+ − t+n ) + qk(h

− − t−n ),

❢♦r ❛❧❧ k ∈ N✳ ❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ♦♥ ❜♦t❤ s✐❞❡s ✇❡ ❞❡r✐✈❡

lim
n→∞

qk(f − rn) = 0, ❢♦r ❛❧❧ k ∈ N✳

❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s {rn}n∈N ⊆ s✐♠(Σ) ✇✐t❤ |rn| 6

|f |✱ ❢♦r n ∈ N✱ ❝♦♥✈❡r❣✐♥❣ ♣♦✐♥t✇✐s❡ t♦ f ❛♥❞ ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✳ �

▲❡t ✉s ❣✐✈❡ t✇♦ ❡①❛♠♣❧❡s ♦❢ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s t❤❛t ✇❡ ✇✐❧❧ ❡①t❡♥s✐✈❡❧② ♠❛❦❡

✉s❡ ♦❢ ✐♥ ❈❤❛♣t❡r ✹✳

❊①❛♠♣❧❡ ✷✳✸✳✶

❚❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ Lp−([0, 1])

▲❡t Ω := [0, 1] ❛♥❞ ❧❡t λ ❜❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ■♥ t❤❛t ❝❛s❡
(
[0, 1],B([0, 1]), λ

)
✐s

✸✷



❛ ✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡✳ ❉❡♥♦t❡ ❜② L0([0, 1]) t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f :

[0, 1] → C✳ ❋✐① p ∈ (1,∞) ❛♥❞ ❧❡t {rk}k∈N ❜❡ ❛♥② s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs ✐♥ [1, p)

s❛t✐s❢②✐♥❣ 1 6 rk ↑k p✳ ❉❡✜♥❡✱ ❢♦r ❡❛❝❤ k ∈ N✱ ❛ ♠❛♣♣✐♥❣ qk : L
0([0, 1]) → [0,∞] ❜②

qk(f) :=

(∫ 1

0

|f |rk dλ

)1/rk

.

❚❤❡♥ ❡❛❝❤ qk ✐s ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠✱ ❡✈❡♥ ❛ ❢✉♥❝t✐♦♥ ♥♦r♠ ♦♥ L0([0, 1])✳ ✭❖❜s❡r✈❡

t❤❛t Lqk ✐s t❤❡ ✉s✉❛❧ ❇❛♥❛❝❤ s♣❛❝❡ Lrk([0, 1])✱ ❢♦r k ∈ N✳✮ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❬✶✶✱ ♣✳

✷✷✹❪ ❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ▲❡❜❡s❣✉❡ ✐♥t❡❣r❛❧✱ ❬✶✶✱ ♣✳ ✶✸✷❪✿ ▲❡t f, g ∈ L0([0, 1])

s❛t✐s❢② |f | 6 |g|✱ t❤❡♥ |f |rk 6 |g|rk ❛♥❞ ❝♦♥s❡q✉❡♥t❧②

qk(f) =

(∫ 1

0

|f |rk dλ

)1/rk

6

(∫ 1

0

|g|rk dλ

)1/rk

= qk(g),

❢♦r ❛❧❧ k ∈ N✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✭✷✳✾✮ ✐♠♣❧✐❡s t❤❛t t❤❡ s❡q✉❡♥❝❡

♦❢ ❢✉♥❝t✐♦♥ ♥♦r♠s {qk}k∈N ✐s ✐♥❝r❡❛s✐♥❣✳ ❚♦ s❡❡ t❤✐s✱ ✜① k ∈ N ❛♥❞ ❧❡t f ∈ L0([0, 1])✳

❚❤❡♥ |f |rk ∈ L0([0, 1]) ❛♥❞ ❜② s❡tt✐♥❣ r := rk+1

rk
❛♥❞ s :=

(
1 − 1

r

)−1
✇❡ ♦❜t❛✐♥

1
r
+ 1

s
= 1✳ ❆♣♣❧②✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❣✐✈❡s

∫ 1

0

|f |rk dλ
(2.9)

6

(∫ 1

0

|f |rkr dλ

)1/r (∫ 1

0

|χ[0,1]|
sdλ

)1/s

=

(∫ 1

0

|f |rk+1dλ

)rk/rk+1

λ([0, 1])1/s

♠❡❛♥✐♥❣ t❤❛t qk(f) 6 qk+1(f)❀ s❡❡ ❛❧s♦ ✭✷✳✽✮✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❝❧❡❛r t❤❛t ❢♦r ❡❛❝❤

0 6= f ∈ L0([0, 1]) t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡① m ∈ N s✉❝❤ t❤❛t qm(f) ∈ (0,∞]✳ ❚❤✉s✱

✇❡ ♦❜t❛✐♥ ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ ♥♦r♠s ✐♥ t❤❡ ♠❡tr✐③❛❜❧❡

❢✉♥❝t✐♦♥ s♣❛❝❡ Lp−([0, 1]) ❞❡✜♥❡❞ ❜②

Lp−([0, 1]) =
⋂

k∈N

{
f ∈ L0([0, 1]) : qk(f) < ∞

}
=
⋂

k∈N

Lrk([0, 1]).

◆♦t❡ t❤❛t Lp−([0, 1]) ✐s ❛❧s♦ ❝♦♠♣❧❡t❡✳ ■♥❞❡❡❞✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❡ s♣❛❝❡ Lqk ✐s t❤❡

✉s✉❛❧ ❇❛♥❛❝❤ s♣❛❝❡ Lrk([0, 1])✱ ❛♥❞ s♦ ✇❡ ❤❛✈❡ ❛ s②st❡♠ ♦❢ ❇❛♥❛❝❤ s♣❛❝❡s s❛t✐s❢②✐♥❣

Lr1([0, 1]) ⊇ Lr2([0, 1]) ⊇ . . . ⊇ Lp−([0, 1]).

❇❡❝❛✉s❡ Lp−([0, 1]) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝♦✉♥t❛❜❧❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡s

Lrk([0, 1])✱ ✇❤❡r❡ k ∈ N✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❜② ❬✶✸✱ ♣♣✳ ✶✼✕✶✽❪ t❤❛t Lp−([0, 1]) ✐s

❝♦♠♣❧❡t❡✳ ❍❡♥❝❡✱ Lp−([0, 1]) ❜❡❝♦♠❡s ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❤♦s❡ t♦♣♦❧♦❣② ✐s

❣❡♥❡r❛t❡❞ ❜② {qk}k∈N✳ ▲❡t ✉s st❛t❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♣❛❝❡ Lp−([0, 1])✿

✸✸



✭✐✮
(
Lp−([0, 1])

)∗
=
⋃

k∈N
Lsk([0, 1])✱ ✇❤❡r❡ 1

rk
+ 1

sk
= 1✱ ❢♦r k ∈ N✳

Pr♦♦❢✿

❙✐♥❝❡ ❡❛❝❤ Lrk([0, 1]) ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ Lp−([0, 1]) ✐s ❜② ❞❡✜♥✐t✐♦♥ ❛ s♦✲❝❛❧❧❡❞

❝♦✉♥t❛❜❧② ♥♦r♠❡❞ s♣❛❝❡✳ ❆❝❝♦r❞✐♥❣ t♦ ❬✶✸✱ ♣✳ ✸✻❪ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ Lp−([0, 1])

❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ❛s

(
Lp−([0, 1])

)∗
=

(
⋂

k∈N

Lrk([0, 1])

)∗

=
⋃

k∈N

(
Lrk([0, 1])

)∗
=
⋃

k∈N

Lsk([0, 1]). �

◆♦t❡ t❤❛t t❤❡ ❞✉❛❧✐t② ♦❢ Lp−([0, 1]) ❛♥❞ ✐ts ❞✉❛❧ s♣❛❝❡ ✐s ❡①♣r❡ss❡❞ ❜② t❤❡

❜✐❧✐♥❡❛r ❢♦r♠

〈f, g〉 :=

∫ 1

0

fg dλ,

❢♦r f ∈ Lp−([0, 1])✱ g ∈
(
Lp−([0, 1])

)∗
✳

✭✐✐✮ Lp−([0, 1]) ✐s r❡✢❡①✐✈❡✳

Pr♦♦❢✿

❙✐♥❝❡ ❡❛❝❤ ♦❢ t❤❡ ❧♦❝❛❧ ❇❛♥❛❝❤ s♣❛❝❡s Lrk([0, 1]) = Lp−([0, 1])/q−1
k ({0})✱ ❢♦r

1 < rk < p✱ ✐s r❡✢❡①✐✈❡✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷ ✐♠♣❧✐❡s t❤❛t ❛❧s♦ Lp−([0, 1]) ✐s

r❡✢❡①✐✈❡✳ �

✭✐✐✐✮ L∞([0, 1]) ⊆ Lp−([0, 1])✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s✐♠
(
B([0, 1])

)
⊆ Lp−([0, 1])✳

Pr♦♦❢✿

▲❡t f ∈ L∞([0, 1])✳ ❚❤❡♥ |f(w)| < M ✱ ❢♦r λ✲❛❧♠♦st ❡✈❡r② w ∈ [0, 1]✱ ❢♦r s♦♠❡

r❡❛❧ ♥✉♠❜❡r M > 0✳ ❚❤❡r❡❜②✱ ❢♦r ❡❛❝❤ k ∈ N✱ ✇❡ ♦❜t❛✐♥

qk(f) =

(∫ 1

0

|f(w)|rk dλ(w)

)1/rk

6

(∫ 1

0

M rkdλ(w)

)1/rk

= M λ([0, 1])1/rk < ∞.

❍❡♥❝❡✱ L∞([0, 1]) ⊆ Lp−([0, 1])✳ ❙✐♥❝❡ ❡❛❝❤ B([0, 1])✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥ ✐s ❜♦✉♥❞❡❞

♦♥ [0, 1]✱ ✐t ❢♦❧❧♦✇s t❤❛t s✐♠
(
B([0, 1])

)
⊆ L∞([0, 1]) ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ ❛❧s♦

s✐♠
(
B([0, 1])

)
⊆ Lp−([0, 1])✳ �

✭✐✈✮ Lp−([0, 1]) ❤❛s ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②✳

Pr♦♦❢✿

❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ▲❡❜❡s❣✉❡✬s ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ ✷✳✷✳✷✳ ▲❡t

{un}n∈N ⊆ Lp−([0, 1])+ ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ un ↓n 0 ♣♦✐♥t✇✐s❡

♦♥ [0, 1]✳ ❚❤❡♥ ✇❡ ❤❛✈❡ 0 6 un 6 u1✱ ❢♦r ❛❧❧ n ∈ N✳ ❋✐① k ∈ N✳ ❚❤❡♥ ❛❧s♦

✸✹



0 6 urk
n 6 urk

1 ✇✐t❤ urk
n ↓n 0 ♣♦✐♥t✇✐s❡✳ ❙✐♥❝❡ u1 ∈ Lrk([0, 1])✱ ✇❡ ❤❛✈❡ t❤❛t

urk
1 ∈ L1([0, 1])✳ ❚❤✉s✱

lim
n→∞

qrkk (un) = lim
n→∞

∫ 1

0

|un|
rk dλ =

∫ 1

0

(

lim
n→∞

|un|
rk
)

dλ = 0,

❛♥❞ ❤❡♥❝❡✱ ❛❧s♦ limn→∞ qk(un) = 0✳ ❙✐♥❝❡ k ∈ N ✐s ❛r❜✐tr❛r②✱ t❤❡ s❡q✉❡♥❝❡

{un}n∈N ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp−([0, 1]) ✳ �

✭✈✮ s✐♠
(
B([0, 1])

)
✐s ❞❡♥s❡ ✐♥ Lp−([0, 1])✳

Pr♦♦❢✿

❚❤✐s ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ✭✐✐✐✮ ❛♥❞ ✭✐✈✮ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ▲❡♠♠❛ ✷✳✸✳✷✳

�

❋✉rt❤❡r ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♣❛❝❡ Lp−([0, 1]) ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❬✷❪✳ ◭

❊①❛♠♣❧❡ ✷✳✸✳✷

❚❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ Lp
❧♦❝
(R)

▲❡t Ω := R ❛♥❞ ❧❡t λ ❜❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡
(
R,B(R), λ

)
✐s

❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡✳ ❇② L0(R) ✇❡ ❞❡♥♦t❡ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s

f : R → C✳ ❋✐① p ∈ [1,∞)✳ ❉❡✜♥❡✱ ❢♦r ❡❛❝❤ k ∈ N✱ ❛ ♠❛♣♣✐♥❣ qk : L0(R) → [0,∞]

❜②

qk(f) :=

(∫ k

−k

|f |p dλ

)1/p

.

❚❤❡♥ ❡❛❝❤ qk ✐s ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ❛s ❢♦r f, g ∈ L0(R) s❛t✐s❢②✐♥❣ |f | 6 |g| ✇❡ ❤❛✈❡

|f |p 6 |g|p ❛♥❞✱ ❤❡♥❝❡✱

qk(f) =

(∫ k

−k

|f |p dλ

)1/p

6

(∫ k

−k

|g|p dλ

)1/p

= qk(g),

❢♦r k ∈ N✳ ❆s [−k, k] ⊆ [−(k + 1), k + 1]✱ ❢♦r ❛❧❧ k ∈ N✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ s❡q✉❡♥❝❡

♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s {qk}k∈N ✐s ✐♥❝r❡❛s✐♥❣✱ ✐✳❡✳✱ qk(f) 6 qk+1(f)✱ ❢♦r ❛❧❧ f ∈ L0(R)✳
❆❣❛✐♥✱ t❤❡ s❡q✉❡♥❝❡ ✐s ❢✉♥❞❛♠❡♥t❛❧ s✐♥❝❡ ❢♦r ❡❛❝❤ 0 6= f ∈ L0(R) t❤❡r❡ ❡①✐sts ❛t

❧❡❛st ♦♥❡ m ∈ N s✉❝❤ t❤❛t qm(f) ∈ (0,∞]✳ ❚❤✉s✱

Lp
❧♦❝
(R) :=

⋂

k∈N

{
f ∈ L0(R) : qk(f) < ∞

}

✐s ❛ ♠❡tr✐③❛❜❧❡ ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❤♦s❡ t♦♣♦❧♦❣② ✐s ❣❡♥❡r❛t❡❞ ❜② {qk}k∈N✳ ❙✐♥❝❡ L
p
❧♦❝
(R)

✐s ❝♦♠♣❧❡t❡✱ ❬✷✸✱ ♣✳ ✹✵❪✱ ✐t ✐s ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡✳ ❙♦♠❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s

♦❢ t❤❡ s♣❛❝❡ Lp
❧♦❝
(R) ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✳

✸✺



✭✐✮
(
Lp

❧♦❝
(R)
)∗

=
{
f ∈ Lq

❧♦❝
(R) : f ✐s ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞

}

Pr♦♦❢✿

▲❡t ϕ : Lp
❧♦❝
(R) → C ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧✳ ❚❤❡♥ t❤❡r❡ ❡①✐st k ∈ N

❛♥❞ M > 0 s✉❝❤ t❤❛t

|〈f, ϕ〉| 6 M qk(f) = M

(∫ k

−k

|f |p dλ

)1/p

, ✭✷✳✷✺✮

❢♦r ❛❧❧ f ∈ Lp
❧♦❝
(R)✳ ■♥ ♣❛rt✐❝✉❧❛r✱

|〈f, ϕ〉| 6 M

(∫ k

−k

|f |p dλ

)1/p

,

❢♦r ❛❧❧ f ∈ Lp([−k, k]) ⊆ Lp
❧♦❝
(R)|[−k,k] ✇❤❡r❡✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❡ s♣❛❝❡

Lp([−k, k]) ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡r❡ t❤❡♥ ❡①✐sts g ∈ Lq([−k, k])

✭✇❤❡r❡ q ✐s t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ p✮ s✉❝❤ t❤❛t

〈f, ϕ〉 =

∫ k

−k

fg dλ, ❢♦r ❛❧❧ f ∈ Lp([−k, k]). ✭✷✳✷✻✮

❉❡✜♥❡ g̃ : R → C ❜②

g̃(w) :=







g(w), w ∈ [−k, k],

0, w ∈ R\[−k, k],

✐♥ ✇❤✐❝❤ ❝❛s❡ g̃ ∈ Lq
❧♦❝
(R)✳ ❚❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✷✻✮ t❤❛t✱ ❢♦r ❡❛❝❤ f ∈

Lp
❧♦❝
(R)✱

〈f, ϕ〉 =
〈
fχ[−k,k] + fχR\[−k,k], ϕ

〉

=
〈
fχ[−k,k], ϕ

〉
+
〈
fχR\[−k,k], ϕ

〉

=

∫ k

−k

fg dλ+
〈
fχR\[−k,k], ϕ

〉

❜❡❝❛✉s❡ fχ[−k,k] ∈ Lp([−k, k])✳ ❇✉t✱ ❜② ✭✷✳✷✺✮ ✇❡ ❤❛✈❡

∣
∣
〈
fχR\[−k,k], ϕ

〉∣
∣ 6 M

(∫ k

−k

∣
∣fχR\[−k,k]

∣
∣
p
dλ

)1/p

= 0.

❆❝❝♦r❞✐♥❣❧②✱

〈f, ϕ〉 =

∫

R
fg̃ dλ, ❢♦r ❛❧❧ f ∈ Lp

❧♦❝
(R)✱

✇❤❡r❡ g̃ ∈ Lq
❧♦❝
(R) ✐s ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞✳

✸✻



❈♦♥✈❡rs❡❧②✱ ✐❢ h ∈ Lq
❧♦❝
(R) s❛t✐s✜❡s h(w) = 0 ❢♦r ❛❧❧ w /∈ K ✇✐t❤ K ⊆ R

❜❡✐♥❣ ❝♦♠♣❛❝t✱ t❤❡♥ ❢♦r ❡✈❡r② f ∈ Lp
❧♦❝
(R) ✇❡ ❤❛✈❡ ✭✈✐❛ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✮

∫

R
fh dλ =

∫

K

fh dλ
(2.9)

6 ‖f‖Lp(K) ‖h‖Lq(K) 6 ‖h‖Lq(K) qk(f),

✇❤❡r❡ k ∈ N ✐s ❝❤♦s❡♥ t♦ s❛t✐s❢② K ⊆ [−k, k]✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❧✐♥❡❛r

❢✉♥❝t✐♦♥❛❧

f 7→

∫

R
fh dλ, ❢♦r f ∈ Lp

❧♦❝
(R)✱

✐s ❝♦♥t✐♥✉♦✉s ♦♥ Lp
❧♦❝
(R)✳ �

✭✐✐✮ Lp
❧♦❝
(R) ✐s r❡✢❡①✐✈❡ ❢♦r 1 < p < ∞✳

Pr♦♦❢✿

❋♦r 1 < p < ∞✱ ❡❛❝❤ ❧♦❝❛❧ ❇❛♥❛❝❤ s♣❛❝❡ Lp([−k, k]) = Lp
❧♦❝
(R)/q−1

k ({0}) ✐s

r❡✢❡①✐✈❡✳ ❍❡♥❝❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✱ Lp
❧♦❝
(R) ✐s r❡✢❡①✐✈❡ ❛s ✇❡❧❧✳ �

✭✐✐✐✮ L∞(R) ⊆ Lp
❧♦❝
(R)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s✐♠

(
B(R)

)
⊆ Lp

❧♦❝
(R)✳

Pr♦♦❢✿

▲❡t f ∈ L∞(R)✳ ❚❤❡♥ |f(w)| < M ✱ ❢♦r λ✲❛❧♠♦st ❡✈❡r② w ∈ R✱ ❢♦r s♦♠❡ r❡❛❧

♥✉♠❜❡r M > 0✳ ❚❤❡r❡❜②✱ ❢♦r ❡❛❝❤ k ∈ N✱ ✇❡ ♦❜t❛✐♥

qk(f) =

(∫ k

−k

|f(w)|p dλ(w)

)1/p

6

(∫ k

−k

Mpdλ(w)

)1/p

= M λ([−k, k])1/p < ∞.

❍❡♥❝❡✱ L∞(R) ⊆ Lp
❧♦❝
(R)✳ ❙✐♥❝❡ ❡❛❝❤ B(R)✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥ ✐s ❜♦✉♥❞❡❞ ♦♥ R✱ ✐t

❢♦❧❧♦✇s t❤❛t s✐♠
(
B(R)

)
⊆ L∞(R) ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ ❛❧s♦ s✐♠

(
B(R)

)
⊆ Lp

❧♦❝
(R)✳

�

✭✐✈✮ Lp
❧♦❝
(R) ❤❛s ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②✳

Pr♦♦❢✿

▲❡t {un}n∈N ⊆ Lp
❧♦❝
(R)+ ❜❡ ❛♥② s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ un ↓n 0 ♣♦✐♥t✲

✇✐s❡ ♦♥ R✳ ❚❤❡♥ 0 6 un 6 u1✱ ❢♦r ❛❧❧ n ∈ N✳ ❋✐① k ∈ N✳ ❚❤❡♥ ❛❧s♦ 0 6 up
n 6 up

1

✇✐t❤ up
n ↓n 0 ♣♦✐♥t✇✐s❡✳ ❙✐♥❝❡ u1 ∈ Lp([−k, k]) ✇❡ ❤❛✈❡ up

1 ∈ L1([−k, k])✳ ■t

❢♦❧❧♦✇s ❢r♦♠ ▲❡❜❡s❣✉❡✬s ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ ✷✳✷✳✷ t❤❛t

lim
n→∞

qpk(un) = lim
n→∞

∫ k

−k

|un|
p dλ =

∫ k

−k

(

lim
n→∞

|un|
p
)

dλ = 0,

✸✼



❛♥❞ ❤❡♥❝❡✱ ❛❧s♦ limn→∞ qk(un) = 0✳ ❙✐♥❝❡ k ∈ N ✐s ❛r❜✐tr❛r②✱ t❤❡ s❡q✉❡♥❝❡

{un}n∈N ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp
❧♦❝
(R)✳ �

✭✈✮ s✐♠
(
B(R)

)
✐s ❞❡♥s❡ ✐♥ Lp

❧♦❝
(R)✳

Pr♦♦❢✿

❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ✭✐✐✐✮✱ ✭✐✈✮ ❛♥❞ ▲❡♠♠❛ ✷✳✸✳✷✳ � ◭

✷✳✹ ❱❡❝t♦r ♠❡❛s✉r❡s

▲❡t (Ω,Σ) ❜❡ ❛ ♠❡❛s✉r❛❜❧❡ s♣❛❝❡ ❛♥❞ ❧❡t (X, {pk}k∈N) ❜❡ ❛ ❋ré❝❤❡t s♣❛❝❡ ✇✐t❤ ❞✉❛❧

s♣❛❝❡ X∗✳ ❆ ♠❛♣♣✐♥❣ m : Σ → X ✐s ❝❛❧❧❡❞ ❛ ✈❡❝t♦r ♠❡❛s✉r❡ ✐❢ ✐t ✐s σ✲❛❞❞✐t✐✈❡✱ ✐✳❡✳✱ ✐❢

m

(
∞⋃

j=1

Aj

)

=
∞∑

j=1

m(Aj),

❢♦r ❛♥② s❡q✉❡♥❝❡ {Aj}j∈N ⊆ Σ ♦❢ ❞✐s❥♦✐♥t s❡ts✳ ❊q✉✐✈❛❧❡♥t❧②✱ ✐❢ m ✐s ✜♥✐t❡❧② ❛❞❞✐t✐✈❡✱

t❤❡♥ m ✐s σ✲❛❞❞✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ s❡q✉❡♥❝❡ {m(Aj)}j∈N ⊆ X ❝♦♥✈❡r❣❡s t♦ 0 ✐♥

t❤❡ t♦♣♦❧♦❣② ♦❢ X ✇❤❡♥❡✈❡r {Aj}j∈N ⊆ Σ s❛t✐s✜❡s Aj ↓j ∅ ♣♦✐♥t✇✐s❡ ♦♥ Ω✳

❋♦r ❡❛❝❤ x∗ ∈ X∗✱ ❞❡✜♥❡ ❛ C✲✈❛❧✉❡❞ ♠❡❛s✉r❡ 〈m, x∗〉 : Σ → C ❜②

〈m, x∗〉(A) := 〈m(A), x∗〉, ❢♦r A ∈ Σ✳

■t ✇❛s ❛❧r❡❛❞② ♥♦t❡❞ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♠❡❛s✉r❡ |〈m, x∗〉| ♦❢ ❡❛❝❤ ❝♦♠♣❧❡① ♠❡❛s✉r❡

〈m, x∗〉✱ ❢♦r x∗ ∈ X∗✱ ✐s ✜♥✐t❡✱ ❬✸✶✱ ♣✳ ✶✹✹❪✳

❘❡♠❛r❦ ✷✳✹✳✶

❆ ✜♥✐t❡❧② ❛❞❞✐t✐✈❡ ♠❛♣ m : Σ → X ✐s σ✲❛❞❞✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ C✲✈❛❧✉❡❞ ♠❛♣

〈m, x∗〉 : A 7→ 〈m(A), x∗〉✱ ❢♦r A ∈ Σ✱ ✐s σ✲❛❞❞✐t✐✈❡ ❢♦r ❡✈❡r② x∗ ∈ X∗✳

Pr♦♦❢ ♦❢ ❘❡♠❛r❦ ✷✳✹✳✶✿

❙✉♣♣♦s❡ t❤❛t m : Σ → X ✐s σ✲❛❞❞✐t✐✈❡✳ ▲❡t {Aj}j∈N ⊆ Σ ❜❡ ❛♥② s❡q✉❡♥❝❡ ♦❢

♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t s❡ts✳ ❙✐♥❝❡ ❡❛❝❤ x∗ ∈ X∗ ✐s ❝♦♥t✐♥✉♦✉s ✐t ❢♦❧❧♦✇s t❤❛t

〈m, x∗〉

(
∞⋃

j=1

Aj

)

=

〈

m

(
∞⋃

j=1

Aj

)

, x∗

〉

=

〈
∞∑

j=1

m(Aj), x
∗

〉

=
∞∑

j=1

〈
m(Aj), x

∗
〉

✸✽



=
∞∑

j=1

〈m, x∗〉(Aj),

❢♦r ❛❧❧ x∗ ∈ X∗✳ ❍❡♥❝❡✱ 〈m, x∗〉 ✐s σ✲❛❞❞✐t✐✈❡✳

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ ♥♦✇ t❤❛t 〈m, x∗〉 ✐s σ✲❛❞❞✐t✐✈❡✱ ❢♦r ❡❛❝❤ x∗ ∈ X∗✳ ❆❣❛✐♥✱

❧❡t {Aj}j∈N ⊆ Σ ❜❡ ❛♥② s❡q✉❡♥❝❡ ♦❢ ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t s❡ts✳ ❈♦♥s✐❞❡r ❛♥② ✐♥❝r❡❛s✐♥❣

s❡q✉❡♥❝❡ ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs {jk}k∈N ⊆ N✳ ❋✐① x∗ ∈ X∗✳ ❉✉❡ t♦ t❤❡ σ✲❛❞❞✐t✐✈✐t② ♦❢

〈m, x∗〉 ✇❡ ❤❛✈❡

〈m, x∗〉

(
∞⋃

j=1

Aj

)

=
∞∑

j=1

〈m, x∗〉(Aj)

❛♥❞ t❤❡r❡❢♦r❡ ♦❜t❛✐♥ t❤❛t

〈

m

(
∞⋃

k=1

Ajk

)

, x∗

〉

= 〈m, x∗〉

(
∞⋃

k=1

Ajk

)

=
∞∑

k=1

〈m, x∗〉(Ajk)

=
∞∑

k=1

〈
m
(
Ajk

)
, x∗
〉

=

〈
∞∑

k=1

m
(
Ajk

)
, x∗

〉

.

❙✐♥❝❡ x∗ ∈ X∗ ✐s ❛r❜✐tr❛r②✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ s✉❜s❡r✐❡s
∑∞

k=1 m
(
Ajk

)
♦❢
∑∞

j=1 m(Aj)

✐s ✇❡❛❦❧② ❝♦♥✈❡r❣❡♥t t♦ m
(⋃∞

k=1 Ajk

)
✳ ❚❤❡ ❖r❧✐❝③✲P❡tt✐s ❚❤❡♦r❡♠ ✷✳✶✳✸ ✐♠♣❧✐❡s t❤❡♥

t❤❛t t❤❡ s❡r✐❡s
∑∞

j=1 m(Aj) ❝♦♥✈❡r❣❡s ✉♥❝♦♥❞✐t✐♦♥❛❧❧② t♦m
(⋃∞

j=1 Aj

)
✐♥ t❤❡ t♦♣♦❧♦❣②

♦❢ X✳ ❚❤✉s✱ m ✐s σ✲❛❞❞✐t✐✈❡ ✐♥ X✳ �

▲❡t m : Σ → X ❜❡ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✳ ❆ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : Ω → C ✐s ❝❛❧❧❡❞

s❝❛❧❛r❧② m✲✐♥t❡❣r❛❜❧❡ ✐❢ ✐t ✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ s❝❛❧❛r ♠❡❛s✉r❡ 〈m, x∗〉✱

❢♦r x∗ ∈ X∗✱ t❤❛t ✐s✱ ∫

Ω

|f | d|〈m, x∗〉| < ∞.

❆ ❢✉♥❝t✐♦♥ f : Ω → C ✐s s❛✐❞ t♦ ❜❡ m✲✐♥t❡❣r❛❜❧❡ ✐❢ ✐t ✐s s❝❛❧❛r❧② m✲✐♥t❡❣r❛❜❧❡ ❛♥❞ ✐❢✱

❢♦r ❡❛❝❤ A ∈ Σ✱ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t
∫

A
f dm ∈ X s✉❝❤ t❤❛t

〈∫

A

f dm, x∗

〉

=

∫

A

f d〈m, x∗〉, ❢♦r ❛❧❧ x∗ ∈ X∗✳

✸✾



❚❤❡ s❡t ❢✉♥❝t✐♦♥ mf : Σ → X ❞❡✜♥❡❞ ❜②

mf (A) :=

∫

A

f dm, ❢♦r A ∈ Σ✱

✐s ❝❛❧❧❡❞ t❤❡ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧ ♦❢ f ✇✐t❤ r❡s♣❡❝t t♦ m✳ ❇② t❤❡ ❖r❧✐❝③✲P❡tt✐s ❚❤❡♦r❡♠

✷✳✶✳✸ ✐t ✐s ❛❧s♦ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✱ ❬✶✾✱ ♣✳ ✶✻✵❪✳ ◆♦t❡ t❤❛t ❡❛❝❤ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥

s : Ω → C ♦❢ t❤❡ ❢♦r♠ ✭✷✳✹✮ ✐s m✲✐♥t❡❣r❛❜❧❡❀ ✐ts m✲✐♥t❡❣r❛❧ ✐s ❞❡✜♥❡❞ ❜②

∫

A

s dm :=
l∑

j=1

αj m(A ∩ Aj). ✭✷✳✷✼✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛t✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ m✲✐♥t❡❣r❛❜✐❧✐t② ♦❢ ❛ ❢✉♥❝t✐♦♥ f : Ω → C ✐s

❣✐✈❡♥ ✐♥ ❬✶✾✱ ♣♣✳ ✶✻✶✕✶✻✷❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶

▲❡t X ❜❡ ❛ ❋ré❝❤❡t s♣❛❝❡✱ m : Σ → X ❜❡ ❛ ✈❡❝t♦r ♠❡❛s✉r❡ ❛♥❞ f : Ω → C ❜❡ ❛

❢✉♥❝t✐♦♥✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ f ✐s m✲✐♥t❡❣r❛❜❧❡✳

✭✐✐✮ ❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {sn}n∈N ⊆ s✐♠(Σ) ♦❢ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❝♦♥✲

✈❡r❣❡s ♣♦✐♥t✇✐s❡ t♦ f ♦♥ Ω ❛♥❞ s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ A ∈ Σ✱ t❤❡ s❡q✉❡♥❝❡
{∫

A
sn dm

}

n∈N
⊆ X ❝♦♥✈❡r❣❡s ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X✳

■♥ t❤✐s ❝❛s❡✱
∫

A
f dm = lim

n→∞

∫

A
sn dm✱ ❢♦r ❡❛❝❤ A ∈ Σ✳ �

▲❡t✱ ❢♦r ❡❛❝❤ k ∈ N✱ X/p−1
k ({0}) ❜❡ t❤❡ q✉♦t✐❡♥t s♣❛❝❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s❡♠✐✲♥♦r♠

pk ❛♥❞ ❞❡♥♦t❡ ❜② Xk ✐ts ❧♦❝❛❧ ❇❛♥❛❝❤ s♣❛❝❡ ✇✐t❤ ‖·‖k ❜❡✐♥❣ t❤❡ ♥♦r♠ ✐♥ Xk✳ ❉❡♥♦t❡

❜② Πk t❤❡ ❝❛♥♦♥✐❝❛❧ q✉♦t✐❡♥t ♠❛♣

Πk : X → X/p−1
k ({0});

t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ✐s ✉s❡❞ ✇❤❡♥ Πk ✐s ✐♥t❡r♣r❡t❡❞ ❛s ❜❡✐♥❣ Xk✲✈❛❧✉❡❞✳ ■t ✐s ❝❧❡❛r

t❤❛t Πk ✐s ❝♦♥t✐♥✉♦✉s✳ ❉❡✜♥❡✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❡ s❡t ❢✉♥❝t✐♦♥

mk := Πk ◦m : Σ → X/p−1
k ({0}). ✭✷✳✷✽✮

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Πk ❡♥s✉r❡s t❤❛t mk ✐s ❛ ✈❡❝t♦r ♠❡❛s✉r❡ ♦♥ Σ ❛❣❛✐♥✱ ✇✐t❤ ✈❛❧✉❡s

✐♥ X/p−1
k ({0}) →֒ Xk✳ ❚❤❡ ✈❛r✐❛t✐♦♥ ♠❡❛s✉r❡ |mk| : Σ → [0,∞] ♦❢ t❤❡ ❇❛♥❛❝❤

✹✵



s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡ mk ✐s t❤❡♥ ❞❡✜♥❡❞ ✐♥ t❤❡ ✉s✉❛❧ ✇❛②✿

|mk|(A) := sup
π

l∑

j=1

‖mk(Aj)‖k , ❢♦r A ∈ Σ,

✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ✜♥✐t❡ ♣❛rt✐t✐♦♥s π = {Aj}
l
j=1 ♦❢ A✳ ❚❤❡

✈❛r✐❛t✐♦♥ ♠❡❛s✉r❡ |mk|✱ ✇❤✐❝❤ ✐s ❛❧✇❛②s σ✲❛❞❞✐t✐✈❡ ✇✐t❤ ✈❛❧✉❡s ✐♥ [0,∞]✱ ✐s ❝❛❧❧❡❞

✜♥✐t❡ ✐❢ |mk|(Ω) < ∞✳ ▼♦r❡♦✈❡r✱ m : Σ → X ✐s s❛✐❞ t♦ ❤❛✈❡ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ✐❢ |mk| ✐s

✜♥✐t❡✱ ❢♦r ❡❛❝❤ k ∈ N✳

❚❤❡ s♣❛❝❡ ♦❢ ❛❧❧ m✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ✐s ❞❡♥♦t❡❞ ❜② L1(m)✳ ◆♦t❡ t❤❛t✱ ✇❤❡♥❡✈❡r

(X, {pk}k∈N) ✐s ❛ ❋ré❝❤❡t s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② ❛ ❢✉♥❞❛♠❡♥t❛❧ s❡q✉❡♥❝❡ ♦❢ ✐♥❝r❡❛s✐♥❣

s❡♠✐✲♥♦r♠s {pk}k∈N✱ t❤❡ s❡ts

Bk :=
{
x ∈ X : pk(x) 6 1

}
, ❢♦r k ∈ N,

❢♦r♠ ❛ ❢✉♥❞❛♠❡♥t❛❧ s❡q✉❡♥❝❡ ♦❢ ③❡r♦ ♥❡✐❣❤❜♦✉r❤♦♦❞s ❢♦r X ❛♥❞ t❤❡✐r ♣♦❧❛rs

B◦
k :=

{
x∗ ∈ X∗ : |〈x, x∗〉| 6 1, ❢♦r ❛❧❧ x ∈ Bk

}
, ❢♦r k ∈ N,

❛r❡ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡①✱ ❬✷✷✱ ♣✳ ✷✹✺❪✳ ▼♦r❡♦✈❡r✱ {B◦
k}k∈N ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ s❡q✉❡♥❝❡

♦❢ ❜♦✉♥❞❡❞ s❡ts ✐♥ t❤❡ str♦♥❣ ❞✉❛❧ X∗
β✱ ✐✳❡✳✱ ❡❛❝❤ ❜♦✉♥❞❡❞ s❡t ✐♥ X∗

β ✐s ❝♦♥t❛✐♥❡❞ ✐♥

❛ ♠✉❧t✐♣❧❡ ♦❢ B◦
k ❢♦r s♦♠❡ k ∈ N✳ ■♥ ❛❞❞✐t✐♦♥✱ ❡❛❝❤ s❡t B◦

k✱ ❢♦r k ∈ N✱ ✐s ❛ ❇❛♥❛❝❤

❞✐s❝✱ t❤❛t ✐s✱ t❤❡ ❧✐♥❡❛r ❤✉❧❧

XB◦

k
:=
⋃

λ>0

λB◦
k

❣❡♥❡r❛t❡❞ ❜② B◦
k ✐♥ X∗ ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ✇❤❡♥ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ▼✐♥❦♦✇s❦✐ ❢✉♥❝✲

t✐♦♥❛❧

φB◦

k
(x∗) := inf

{
λ > 0 : x∗ ∈ λB◦

k

}
, ❢♦r x∗ ∈ XB◦

k
✱

❬✷✷✱ ♣✳ ✷✼✽❪✳ ❋♦r k ∈ N ✜①❡❞✱ t❤❡ pk✲s❡♠✐✲✈❛r✐❛t✐♦♥ ♦❢ m ✐s t❤❡ s❡t ❢✉♥❝t✐♦♥ p̃k(m) :

Σ → [0,∞) ❣✐✈❡♥ ❜②

p̃k(m)(A) := sup
{
|〈m, x∗〉|(A) : x∗ ∈ B◦

k

}
, ❢♦r A ∈ Σ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❝♦♥❝❡r♥✐♥❣ t❤❡ pk✲s❡♠✐✲✈❛r✐❛t✐♦♥ ♦❢ m ❛r❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♥

t❤❡ t❤❡♦r② ♦❢ ✈❡❝t♦r ♠❡❛s✉r❡s✳ ❘❡s♣❡❝t✐✈❡ r❡s✉❧ts ❛r❡ ❢♦✉♥❞ ✐♥ ❬✶✼✱ ▲❡♠♠❛ ■■✳✶✳✷❪✱

✇❤❡r❡ t❤❡r❡ ✐s ✷ ✐♥ ♣❧❛❝❡ ♦❢ ✹ ❜❡❝❛✉s❡ X ✐s ❝♦♥s✐❞❡r❡❞ ♦✈❡r R r❛t❤❡r t❤❛♥ C ❛♥❞ ✐♥

❬✷✾✱ Pr♦♣♦s✐t✐♦♥ ■✳✷❪ ❢♦r t❤❡ ❝❛s❡ t❤❛t X ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✳

✹✶



Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✷

▲❡t X ❜❡ ❛ ❋ré❝❤❡t s♣❛❝❡ ❛♥❞ m : Σ → X ❜❡ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ A ∈ Σ✱

t❤❡ ✐♥❡q✉❛❧✐t✐❡s

sup
{
pk(m(B)) : B ∈ Σ, B ⊆ A

}
6 p̃k(m)(A) 6 4 sup

{
pk(m(B)) : B ∈ Σ, B ⊆ A

}

✭✷✳✷✾✮

❤♦❧❞✱ ❢♦r ❛❧❧ k ∈ N✳

Pr♦♦❢✿

◆♦t❡ t❤❛t X∗ ❞❡t❡r♠✐♥❡s t❤❡ t♦♣♦❧♦❣② ♦❢ X ✐♥ t❤❛t

pk(x) = sup
{
|〈x, x∗〉| : x∗ ∈ B◦

k

}
, ❢♦r x ∈ X✱ ✭✷✳✸✵✮

❢♦r k ∈ N✱ ❬✷✷✱ ➓✷✷❪✳ ❋✐① k ∈ N ❛♥❞ ❝❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② A ∈ Σ✳ ▲❡t B ∈ Σ s✉❝❤

t❤❛t B ⊆ A✳ ❚❤❡♥ ✭✷✳✸✵✮ ❛♥❞ ▲❡♠♠❛ ✷✳✷✳✶ ✭✐✮ ❛♥❞ ✭✐✐✮ ✐♠♣❧② t❤❛t

pk(m(B))
(2.30)
= sup

{
|〈m(B), x∗〉| : x∗ ∈ B◦

k

}

6 sup
{
|〈m, x∗〉|(B) : x∗ ∈ B◦

k

}

6 sup
{
|〈m, x∗〉|(A) : x∗ ∈ B◦

k

}

= p̃k(m)(A).

❚❤✉s✱ ❛❧s♦ sup
{
pk(m(B)) : B ∈ Σ, B ⊆ A

}
6 p̃k(m)(A) ❤♦❧❞s✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❛♥② x∗ ∈ B◦
k✱ ✇❡ ❤❛✈❡

|〈m(B), x∗〉| 6 sup
{
|〈m(B), z∗〉| : z∗ ∈ B◦

k

} (2.30)
= pk(m(B)). ✭✷✳✸✶✮

❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✷✳✷✳✶ ✭✐✐✐✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t

p̃k(m)(A) = sup
{
|〈m, x∗〉|(A) : x∗ ∈ B◦

k

}

6 4 sup
{
|〈m(B), x∗〉| : B ∈ Σ, B ⊆ A

}

(2.31)

6 4 sup
{
pk(m(B)) : B ∈ Σ, B ⊆ A

}
.

A ∈ Σ ❛♥❞ k ∈ N ✇❡r❡ ❛r❜✐tr❛r②✳ ❚❤✉s✱ ❜♦t❤ ✐♥❡q✉❛❧✐t✐❡s ❛s st❛t❡❞ ✐♥ t❤❡ ❛ss❡rt✐♦♥

♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✷ ❤♦❧❞✱ ❢♦r ❛❧❧ A ∈ Σ✱ ❢♦r ❛❧❧ k ∈ N✳ �

❉❡✜♥❡ t❤❡♥✱ ❢♦r f ∈ L1(m)✱ ✐ts pk✲✉♣♣❡r ✐♥t❡❣r❛❧ ❜②

p̃k(m)(f) := p̃k(mf )(Ω) = sup
{
|〈mf , x

∗〉|(Ω) : x∗ ∈ B◦
k

}
.

❚❤❡ s❡q✉❡♥❝❡ ♦❢ s❡♠✐✲♥♦r♠s {p̃k(m)}k∈N ❞❡✜♥❡s ❛ t♦♣♦❧♦❣② ♦♥ L1(m) ✭s❡❡ ❛❧s♦ ♣✳

✹✷



✹✺✮✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✷✾✮ ✐♠♣❧✐❡s t❤❛t ❛♥ ❡q✉✐✈❛❧❡♥t t♦♣♦❧♦❣② ♦♥ L1(m) ✐s ❣❡♥❡r❛t❡❞

❜② t❤❡ s❡♠✐✲♥♦r♠s pk(m) : L1(m) → [0,∞) ❞❡✜♥❡❞ ❜②

pk(m)(f) := sup
{
pk(mf (A)) : A ∈ Σ

}
, ❢♦r f ∈ L1(m)✱

❢♦r k ∈ N✳

❆♥ m✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ f ∈ L1(m) ✐s ❝❛❧❧❡❞ m✲♥✉❧❧ ✐❢ ✐ts ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧ mf

✐s t❤❡ ③❡r♦ ✈❡❝t♦r ♠❡❛s✉r❡✱ ✐✳❡✳✱ ✐❢ mf (A) = 0✱ ❢♦r ❛❧❧ A ∈ Σ✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡

s❡♠✐✲♥♦r♠s pk(m) t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ pk(m)(f) = 0✱ ❢♦r ❛❧❧ k ∈ N✳ ❊q✉✐✈❛❧❡♥t❧②✱

❛ ❢✉♥❝t✐♦♥ f ∈ L1(m) ✐s m✲♥✉❧❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ f ✐s |mk|✲♥✉❧❧✱ ❢♦r ❛❧❧ k ∈ N✱ ❬✷✹✱ ♣♣✳

✷✶✷✕✷✶✹❪✳ ❚✇♦ m✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s f, g ∈ L1(m) ❛r❡ ❡q✉❛❧ m✲❛❧♠♦st ❡✈❡r②✇❤❡r❡

✭❜r✐❡✢②✿ m✲❛✳❡✳✮ ✐❢ |f − g| ✐s m✲♥✉❧❧✳ ❉❡♥♦t❡ ❜② N (m) t❤❡ s✉❜s♣❛❝❡ ♦❢ ❛❧❧ m✲♥✉❧❧

❢✉♥❝t✐♦♥s ❛♥❞ ❜② L1(m) t❤❡ q✉♦t✐❡♥t s♣❛❝❡ L1(m)/N (m)✳ ❋✐♥❛❧❧②✱ ❛ s❡t A ∈ Σ ✐s

s❛✐❞ t♦ ❜❡ m✲♥✉❧❧ ✐❢ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ χA ✐s m✲♥✉❧❧✳ ❊q✉✐✈❛❧❡♥t❧②✱ A ∈ Σ

✐s m✲♥✉❧❧ ✐❢ p̃k(m)(A) = 0✱ ❢♦r ❛❧❧ k ∈ N✳ ■♥ ✈✐❡✇ ♦❢ ✭✷✳✷✾✮ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

m(B ∩A) = 0✱ ❢♦r ❡✈❡r② B ∈ Σ✳ ❚❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧ m✲♥✉❧❧ s❡ts ✐s ❞❡♥♦t❡❞ ❜② N0(m)✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦✱ ♠❡♠❜❡rs ♦❢ Σ ❛r❡ ❢r❡❡❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡✐r ❝❤❛r❛❝t❡r✐st✐❝

❢✉♥❝t✐♦♥s✳

❘❡♠❛r❦ ✷✳✹✳✷

❆ ❢✉♥❝t✐♦♥ f ∈ L1(m) ✐s m✲♥✉❧❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ f−1
(
C\{0}

)
✐s ❛♥ m✲♥✉❧❧ s❡t✳

Pr♦♦❢ ♦❢ ❘❡♠❛r❦ ✷✳✹✳✷✿

▲❡t f ∈ L1(m) ❛♥❞ ❞❡✜♥❡ B := f−1(C\{0}) = {w ∈ C : f(w) 6= 0}✳ ❚❤❡♥ f = 0

♦♥ Bc ❛♥❞ ❝♦♥s❡q✉❡♥t❧②

∫

A∩Bc

f dm =

∫

A∩Bc

0 dm = 0, ✭✷✳✸✷✮

❢♦r ❛❧❧ A ∈ Σ✳ ❇② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ✐♥t❡❣r❛❧✱ ❬✶✾✱ ♣✳ ✶✻✵❪✱ ✇❡ ♦❜t❛✐♥✱

❢♦r ❛❧❧ A ∈ Σ✱ t❤❛t

∫

A

f dm =

∫

A

fχΩ dm =

∫

A

fχB∪Bc dm =

∫

A

fχB dm+

∫

A

fχBc dm
(2.32)
=

∫

A∩B

f dm.

✭✷✳✸✸✮

▲❡t ♥♦✇ f ❜❡ ❛♥ m✲♥✉❧❧ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ f ✐s ❛❧s♦ ❛♥ |mk|✲♥✉❧❧ ❢✉♥❝t✐♦♥✱ ❢♦r ❛❧❧

k ∈ N✳ ❋♦r k ∈ N ✜①❡❞✱ t❤✐s ♠❡❛♥s t❤❛t

∫

Ω

|f | d|mk| = 0,

❬✷✹✱ ♣✳ ✷✶✸❪✳ ❆❝❝♦r❞✐♥❣❧②✱ B := {w ∈ Ω : |f(w)| > 0} = {w ∈ Ω : |f(w)| 6= 0} =

✹✸



f−1(C\{0}) ✐s ❛♥ |mk|✲♥✉❧❧ s❡t✳ ❉✉❡ t♦ t❤❡ ♦❜✈✐♦✉s ✐♥❡q✉❛❧✐t②

0 6 ‖mk(A)‖k 6 |mk|(A), ❢♦r ❛❧❧ A ∈ Σ✱

✭✇❤❡r❡ ‖ · ‖k ✐s t❤❡ ♥♦r♠ ✐♥ Xk✮ t❤❡ s❡t B ✐s ❛❧s♦ ❛♥ mk✲♥✉❧❧ s❡t✳ ❇✉t✱ mk = Πk ◦m✱

❛♥❞ ✐t ❢♦❧❧♦✇s✱ ❢♦r ❣✐✈❡♥ A ∈ Σ✱ t❤❛t ✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉❛❧✐t②

mk(A ∩B) = Πk

(
m(A ∩ B)

)
= 0.

❈♦♥s❡q✉❡♥t❧②✱ m(A ∩B) ∈ p−1
k ({0})✱ ♠❡❛♥✐♥❣ t❤❛t

‖m(A ∩ B)‖k = pk
(
m(A ∩ B)

)
= 0.

❆s A ∈ Σ ❛♥❞ k ∈ N ✇❡r❡ ❛r❜✐tr❛r②✱ ✇❡ ♦❜t❛✐♥ t❤❛t m(A ∩ B) = 0 ∈ X✱ ❢♦r ❛❧❧

A ∈ Σ✳ ❚❤✉s✱ B = f−1(C\{0}) ✐s ✐♥❞❡❡❞ ❛♥ m✲♥✉❧❧ s❡t✳

❈♦♥✈❡rs❡❧②✱ ❧❡t B ❜❡ ❛♥ m✲♥✉❧❧ s❡t✳ ❚❤❡♥ m(A∩B) = 0✱ ❢♦r ❛❧❧ A ∈ Σ✳ ❚❤✉s✱ ✇❡

❤❛✈❡ ∫

A

f dm
(2.33)
=

∫

A∩B

f dm = 0,

❢♦r ❛❧❧ A ∈ Σ✱ ✐♠♣❧②✐♥❣ t❤❛t mf (A) = 0✱ ❢♦r ❛❧❧ A ∈ Σ✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❛t f ✐s

❛♥ m✲♥✉❧❧ ❢✉♥❝t✐♦♥✳ �

▲❡t X ❜❡ ❛ ❋ré❝❤❡t s♣❛❝❡ ❛♥❞ m : Σ → X ❜❡ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✳ ❆ ✜♥✐t❡✱ ♣♦s✐t✐✈❡

♠❡❛s✉r❡ ν : Σ → [0,∞) ✐s ❝❛❧❧❡❞ ❛ ❝♦♥tr♦❧ ♠❡❛s✉r❡ ❢♦r m ✐❢ t❤❡ ν✲♥✉❧❧ s❡ts ❛♥❞ t❤❡

m✲♥✉❧❧ s❡ts ❝♦✐♥❝✐❞❡✱ ✐✳❡✳✱ ✐❢ N0(ν) = N0(m)✳

❘❡♠❛r❦ ✷✳✹✳✸

◆♦t❡ t❤❛t ❛❧s♦ ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ ν : Σ → [0,∞] s❛t✐s❢②✐♥❣ N0(ν) = N0(m) ♠❛② ❜❡

❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦♥tr♦❧ ♠❡❛s✉r❡ ❢♦r m s✐♥❝❡ ✐t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❛ ✜♥✐t❡

♠❡❛s✉r❡ ν̃ ♦✉t ♦❢ ν ✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ ♥✉❧❧ s❡ts✳

Pr♦♦❢ ♦❢ ❘❡♠❛r❦ ✷✳✹✳✸✿

▲❡t m : Σ → X ❜❡ ❛ ❋ré❝❤❡t✲s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡ ✉♥❞ ❧❡t ν : Σ → [0,∞]

❜❡ ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s❛t✐s❢②✐♥❣ N0(ν) = N0(m)✳ ❈❤♦♦s❡ ❛♥② ❞✐s❥♦✐♥t s❡q✉❡♥❝❡

{Aj}j∈N ⊆ Σ s❛t✐s❢②✐♥❣
⋃

j∈N Aj = Ω ❛♥❞ ν(Aj) < ∞✱ ❢♦r ❛❧❧ j ∈ N✱ ❛♥❞ ❞❡✜♥❡

ν̃ : Σ → [0,∞) ❜②

ν̃(A) =
∞∑

j=1

ν(A ∩ Aj)

2j(1 + ν(A ∩ Aj))
, ❢♦r A ∈ Σ✳

✹✹



❙✐♥❝❡ ❢♦r ❛❧❧ j ∈ N ✇❡ ❤❛✈❡ ν(Ω ∩ Aj) < ∞ ❛♥❞

ν(Ω ∩ Aj)

2j(1 + ν(Ω ∩ Aj))
<

1

2j
,

✐t ✐s ❝❧❡❛r t❤❛t ν̃(Ω) < ∞✳

❋✉rt❤❡r♠♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ν̃ ✐t ✐s ♦❜✈✐♦✉s t❤❛t ❛♥② ν✲♥✉❧❧ s❡t A ∈ Σ ❜❡❝♦♠❡s

❛ ν̃✲♥✉❧❧ s❡t✱ ✐✳❡✳✱ N0(ν) ⊆ N0(ν̃)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❧❡t A ∈ Σ ❜❡ ❛ ν̃✲♥✉❧❧ s❡t ♠❡❛♥✐♥❣ t❤❛t ν̃(A) = 0✳ ❚❤❡♥ ✇❡

❤❛✈❡

ν̃(A) =
∞∑

j=1

ν(A ∩ Aj)

2j(1 + ν(A ∩ Aj))
= 0.

❇✉t t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ν(A ∩ Aj) = 0✱ ❢♦r ❛❧❧ j ∈ N✳ ❚❤❡ σ✲❛❞❞✐t✐✈✐t② ♦❢ ν ②✐❡❧❞s

t❤❡♥ t❤❛t

ν(A) = ν(A ∩ Ω) = ν

(

A ∩
∞⋃

j=1

Aj

)

=
∞∑

j=1

ν(A ∩ Aj) =
∞∑

j=1

0 = 0.

❙♦✱ A ✐s ❛❧s♦ ❛ ν✲♥✉❧❧ s❡t✳ ■t ❢♦❧❧♦✇s t❤❛t N0(ν̃) ⊆ N0(ν) ❛♥❞ t❤✉s✱ t❤❡ ❛ss❡rt✐♦♥s ♦❢

❘❡♠❛r❦ ✷✳✹✳✸ ❤♦❧❞✳ �

▲❡t (X, {pk}k∈N) ❜❡ ❛ ❋ré❝❤❡t s♣❛❝❡ ❛♥❞ m : Σ → X ❜❡ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✳ ❚❤❡♥ t❤❡

s♣❛❝❡ L1(m) ❜❡❝♦♠❡s ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❤❡♥ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ s❡♠✐✲♥♦r♠s

{p̃k(m)}k∈N✳ ❚♦ s❡❡ t❤✐s✱ ✜① k ∈ N ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❇❛♥❛❝❤✲s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r

♠❡❛s✉r❡ mk : Σ → Xk ❣✐✈❡♥ ❜② ✭✷✳✷✽✮✳ ❉❡♥♦t❡ ❜② Π∗
k : X∗

k → ▲✐♥(B◦
k) :=

⋃

λ>0 λB
◦
k

t❤❡ ❞✉❛❧ ♠❛♣ ♦❢ Πk : X → Xk✳ ❍❡r❡✱ X∗
k ❞❡♥♦t❡s t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ Xk✳ ◆♦t❡ t❤❛t

Π∗
k ✐s ❛♥ ✐s♦♠❡tr✐❝ ❜✐❥❡❝t✐♦♥✱ ❬✷✸✱ ❘❡♠❛r❦ ✷✹✳✺✭❜✮❪✳ ❘②❜❛❦♦✈✬s ❚❤❡♦r❡♠✱ ❬✽✱ ♣✳ ✷✻✽❪✱

❡♥s✉r❡s t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t ζ∗k ∈ X∗
k s✉❝❤ t❤❛t |〈mk, ζ

∗
k〉| ✐s ❛ ❝♦♥tr♦❧ ♠❡❛s✉r❡

❢♦r mk✳ ▲❡t x
∗
k := Π∗

k(ζ
∗
k) ❛♥❞ ❞❡✜♥❡ ❛ ✜♥✐t❡✱ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ν : Σ → [0,∞) ❜②

ν(A) :=
∞∑

k=1

|〈m, x∗
k〉|(A)

2k
(
1 + |〈m, x∗

k〉|(Ω)
) , ❢♦r A ∈ Σ✳

❚❤❡♥ ν ✐s ❛ ❝♦♥tr♦❧ ♠❡❛s✉r❡ ❢♦r m ❛♥❞ M(ν) = M(m)✱ ❬✺✱ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺❪✳

❉❡✜♥❡✱ ❢♦r ❡❛❝❤ k ∈ N✱ ❛ ♠❛♣♣✐♥❣ ρ̃k : M(ν) → [0,∞] ❜②

ρ̃k(f) := sup

{∫

Ω

|f | d|〈m, x∗〉| : x∗ ∈ B◦
k

}

, ❢♦r f ∈ M(ν)✳

❚❤❡♥ {ρ̃k}k∈N ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s ♦♥M(ν) ❛♥❞ L{ρ̃k} =

L1(m)✱ ❬✺✱ ♣♣✳ ✻✹✸✕✻✹✹❪✳ ❋✉rt❤❡r♠♦r❡✱ ρ̃k|L1(m) = p̃k(m)✱ ❢♦r ❛❧❧ k ∈ N✱ ❛♥❞ L1(m)

✹✺



✐s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐③❛❜❧❡ t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡ ✇❤❡♥ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ t♦♣♦❧♦❣②

❣❡♥❡r❛t❡❞ ❜② {p̃k(m)}k∈N✱ ❬✺✱ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺❪✱ ❤❡♥❝❡✱ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡✳

▼♦r❡♦✈❡r✱ L1(m) ❤❛s ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②✱ ❬✺✱ ♣✳ ✻✹✹❪✳

◆♦t❡ t❤❛t ✐❢✱ ❢♦r k ∈ N ✜①❡❞✱ L1(mk) ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ mk✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s

❛♥❞ L1(|mk|) t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ |mk|✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s✱ t❤❡ ✐♥❝❧✉s✐♦♥s

(
⋂

k∈N

L1(|mk|)

)

/N (m) ⊆ L1(m) ⊆

(
⋂

k∈N

L1(mk)

)

/N (m) ✭✷✳✸✹✮

❤♦❧❞✱ ❬✷✹✱ ♣♣✳ ✷✶✸✕✷✶✹❪✱ ✇✐t❤ ❜♦t❤ ✐♥❝❧✉s✐♦♥s ❜❡✐♥❣ ❝♦♥t✐♥✉♦✉s ✇❤❡♥
⋂

k∈N L
1(|mk|)

✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ t♦♣♦❧♦❣② ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ s❡♠✐✲♥♦r♠s

ρk(f) :=

∫

Ω

|f | d|mk|, ❢♦r f ∈
⋂

k∈N

L1(|mk|)✱

❛♥❞
⋂

k∈N L
1(mk) ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ t♦♣♦❧♦❣② ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡

♦❢ s❡♠✐✲♥♦r♠s

‖ · ‖k(mk)(f) := sup

{∥
∥
∥
∥

∫

A

f dmk

∥
∥
∥
∥
k

: A ∈ Σ

}

, ❢♦r f ∈
⋂

k∈N

L1(mk)✳

❉❡♥♦t❡ ❜② L1
w(m) t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ s❝❛❧❛r❧② m✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s f : Ω → C✳ ❆

♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : Ω → C ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ L1
w(m) ✐❢ ❛♥❞ ♦♥❧② ✐❢

sup

{∫

Ω

|f | d|〈m, x∗〉| : x∗ ∈ B◦
k

}

< ∞, ❢♦r ❛❧❧ k ∈ N✱ ✭✷✳✸✺✮

❬✺✱ ♣♣✳ ✻✹✷✕✻✹✸❪✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢m✲✐♥t❡❣r❛❜✐❧✐t② ✐t ✐s ❝❧❡❛r t❤❛t L1(m) ⊆ L1
w(m)✳

■♥ s♦♠❡ ❝❛s❡s✱ ❤♦✇❡✈❡r✱ t❤❡s❡ t✇♦ s♣❛❝❡s ❝♦✐♥❝✐❞❡✳ ■♥ ❬✶✼❪ ❛♥❞ ❬✷✵❪✱ ❢♦r ✐♥st❛♥❝❡✱ ✐t ✐s

s❤♦✇♥ t❤❛t ✐♥ ❛ ✇❡❛❦❧② s❡q✉❡♥t✐❛❧❧② ❝♦♠♣❧❡t❡ ❋ré❝❤❡t s♣❛❝❡ X s❝❛❧❛r m✲✐♥t❡❣r❛❜✐❧✐t②

✐♠♣❧✐❡s m✲✐♥t❡❣r❛❜✐❧✐t②✱ ♠❡❛♥✐♥❣ t❤❛t ✐♥ t❤✐s ❝❛s❡ ❛❧s♦ L1
w(m) ⊆ L1(m) ✐s tr✉❡✳ ■♥

♣❛rt✐❝✉❧❛r✱ t❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ X ✐s r❡✢❡①✐✈❡✱ ❬✺✱ ♣✳ ✻✹✸❪✳ ❋✉rt❤❡r ♣r♦♣❡rt✐❡s ♦❢ t❤❡

s♣❛❝❡ L1
w(m) ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✺❪✱ ❬✼❪✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s✱ ❧❡t µ : Σ → [0,∞) ❜❡ ❛ ✜♥✐t❡ ♠❡❛s✉r❡✳ ◆♦t❡ t❤❛t t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ ❛ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥ S ✐s st✐❧❧ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢ ✭✷✳✹✮ ✇❤❡♥ S t❛❦❡s ✐ts

✈❛❧✉❡s ✐♥ ❛ ❋ré❝❤❡t s♣❛❝❡ X ✐♥st❡❛❞ ♦❢ t❤❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs C✱ ✐✳❡✳✱ S ✐s ♦❢ t❤❡ ❢♦r♠

S =
l∑

j=1

xjχAj

✹✻



✇❤❡r❡ x1, . . . , xl ∈ X ❛♥❞ Aj := S−1({xj})✱ ❢♦r ❡❛❝❤ j = 1, . . . , l✱ ❛♥❞
⋃l

j=1 Aj = Ω✳

❚❤❡ ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❧ ♦❢ S ✐s t❤❡♥ ❞❡✜♥❡❞ ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛② ❜②

✭❇✮−

∫

Ω

S dµ :=
l∑

j=1

xj µ(Aj).

❆ ❢✉♥❝t✐♦♥ H : Ω → X ✐s ❝❛❧❧❡❞ str♦♥❣❧② µ✲♠❡❛s✉r❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢

Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s Hn : Ω → X✱ ❢♦r n ∈ N✱ s✉❝❤ t❤❛t ❢♦r µ✲❛❧♠♦st ❡✈❡r② w ∈ Ω

lim
n→∞

pk
(
Hn(w)−H(w)

)
= 0, ❢♦r ❛❧❧ k ∈ N✳

❆ str♦♥❣❧② µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ H : Ω → X ✐s ❝❛❧❧❡❞ ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜❧❡ ✐❢ ❢♦r

❡❛❝❤ w ∈ Ω✱ ∫

Ω

pk
(
H(w)

)
dµ < ∞, ❢♦r ❛❧❧ k ∈ N✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡s ❜♦t❤ ♣r♦♣❡rt✐❡s✱ ✐s ❣✐✈❡♥ ✐♥

❬✷✹✱ ♣♣✳ ✷✶✹✕✷✶✺❪✳

▲❡♠♠❛ ✷✳✹✳✶

❆ ❢✉♥❝t✐♦♥ H : Ω → X ✐s ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢

Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s Hn : Ω → X✱ ❢♦r n ∈ N✱ s✉❝❤ t❤❛t

✭✐✮ lim
n→∞

pk
(
Hn(w)−H(w)

)
= 0✱ ❢♦r ❛❧❧ k ∈ N✱ ❢♦r µ✲❛❧♠♦st ❡✈❡r② w ∈ Ω✳

✭✐✐✮ lim
n→∞

∫

Ω
pk
(
Hn(w)−H(w)

)
dµ = 0✱ ❢♦r ❛❧❧ k ∈ N✳ �

◆♦t❡✱ ❢♦r ❛ ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ H✱ t❤❛t t❤❡ ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❧ ♦❢ H ♦✈❡r

A ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②

✭❇✮−

∫

A

H dµ = lim
n→∞

✭❇✮−

∫

A

Hn dµ.

❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ {Hn}n∈N✳ ❚❤❡ ✐♥❞❡✜♥✐t❡

❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❧ µH : Σ → X ♦❢ ❛ ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ H ✐s ❣✐✈❡♥ ❜②

µH(A) := ✭❇✮−

∫

A

H dµ, ❢♦r A ∈ Σ✱ ✭✷✳✸✻✮

❛♥❞ s❛t✐s✜❡s

〈

✭❇✮−

∫

A

H dµ, x∗

〉

=

∫

A

〈H(w), x∗〉 dµ(w), ❢♦r x∗ ∈ X∗✳

■t ✐s ❛ ✈❡❝t♦r ♠❡❛s✉r❡ ♦❢ ✜♥✐t❡ ✈❛r✐❛t✐♦♥✱ ❬✷✹✱ ♣✳ ✷✶✻❪✱ ✇❤❡r❡✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❡

✹✼



✈❛r✐❛t✐♦♥ ♠❡❛s✉r❡ |(µH)k| : Σ → [0,∞) ✐s ❣✐✈❡♥ ❜②

|(µH)k|(A) =

∫

A

pk(H(w)) dµ, ❢♦r A ∈ Σ.

❆ t❤✐r❞ ❞❡✜♥✐t✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜✐❧✐t② ♦❢ ❛ ❋ré❝❤❡t✲s♣❛❝❡✲✈❛❧✉❡❞

❢✉♥❝t✐♦♥ H : Ω → X ✐s st❛t❡❞ ✐♥ ❬✸✹✱ ♣✳ ✼✺❪✳ ◆❛♠❡❧②✱ ❛ ❢✉♥❝t✐♦♥ H : Ω → X ✐s s❛✐❞

t♦ ❜❡ ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❇❛♥❛❝❤ s♣❛❝❡ XB →֒ X ❛♥❞ ❛ s❡t Ω0 ∈ Σ

✇✐t❤ µ(Ω\Ω0) = 0 s✉❝❤ t❤❛t H(w) ∈ XB✱ ❢♦r w ∈ Ω0✱ ❛♥❞ s✉❝❤ t❤❛t H : Ω0 → XB

✐s ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜❧❡ ❛s ❛ ❇❛♥❛❝❤✲s♣❛❝❡✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳

❆ ❢✉♥❝t✐♦♥ H : Ω → X ✐s ❝❛❧❧❡❞ ✇❡❛❦❧② µ✲♠❡❛s✉r❛❜❧❡ ✐❢ t❤❡ C✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥

w 7→ 〈H(w), x∗〉, ❢♦r w ∈ Ω✱

✐s Σ✲♠❡❛s✉r❛❜❧❡✱ ❢♦r ❡❛❝❤ x∗ ∈ X∗✳ ❆ ✇❡❛❦❧② µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ H ✐s s❛✐❞ t♦ ❜❡

P❡tt✐s µ✲✐♥t❡❣r❛❜❧❡ ✐❢ ∫

Ω

|〈H, x∗〉| dµ < ∞, ✭✷✳✸✼✮

❢♦r ❡❛❝❤ x∗ ∈ X∗✱ ❛♥❞ ✐❢✱ ❢♦r ❡❛❝❤ A ∈ Σ✱ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t
∫

A
H dµ ∈ X

s❛t✐s❢②✐♥❣ 〈∫

A

H dµ, x∗

〉

=

∫

A

〈H, x∗〉 dµ.

■❢ X ✐s s❡♣❛r❛❜❧❡ ❛♥❞ r❡✢❡①✐✈❡✱ t❤❡♥ ❛ ✇❡❛❦❧② µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ H : Ω → X ✐s

P❡tt✐s µ✲✐♥t❡❣r❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t s❛t✐s✜❡s ✭✷✳✸✼✮ ❢♦r ❡✈❡r② x∗ ∈ X∗✱ ❬✸✹✱ ❈♦r♦❧❧❛r②

✹✳✶❪✳

✷✳✺ ■♥t❡❣r❛t✐♦♥ ♦♥ t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣s

❆ ♥♦♥✲❡♠♣t② s❡t G ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❢✉♥❝t✐♦♥ ✭❛❧s♦ ❝❛❧❧❡❞ ✏♦♣❡r❛t✐♦♥✑✮

⋆ : G×G → G, (x, y) 7→ x ⋆ y

✐s ❝❛❧❧❡❞ ❛ ❣r♦✉♣ ❛♥❞ ❞❡♥♦t❡❞ ❜② (G, ⋆) ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✭✐✮ (x ⋆ y) ⋆ z = x ⋆ (y ⋆ z)✱ ❢♦r ❛❧❧ x, y, z ∈ G✳

✭✐✐✮ ❚❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❡❧❡♠❡♥t e ∈ G s✉❝❤ t❤❛t x ⋆ e = x = e ⋆ x✱ ❢♦r ❛❧❧ x ∈ G✳

✭✐✐✐✮ ❋♦r ❡❛❝❤ x ∈ G✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ x−1 ∈ G s✉❝❤ t❤❛t x ⋆ x−1 = e = x−1 ⋆ x✳

❆ ❣r♦✉♣ ✐s ❝❛❧❧❡❞ ❆❜❡❧✐❛♥ ♦r ❝♦♠♠✉t❛t✐✈❡ ✐❢ ✐t ❛❞❞✐t✐♦♥❛❧❧② s❛t✐s✜❡s

✭✐✈✮ x ⋆ y = y ⋆ x✱ ❢♦r ❛❧❧ x, y ∈ G✳

▲❡t τ ❜❡ ❛ t♦♣♦❧♦❣② ♦♥ G✳ ❚❤❡ tr✐♣❧❡ (G, ⋆, τ) ✐s ❝❛❧❧❡❞ ❛ t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣ ✐❢ (G, ⋆)

✹✽



✐s ❛ ❣r♦✉♣ ❛♥❞ (G, τ) ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ s✉❝❤ t❤❛t ❜♦t❤ t❤❡ ❣r♦✉♣ ♦♣❡r❛t✐♦♥ ⋆

❛♥❞ t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥

·−1 : G → G, x 7→ x−1

❛r❡ ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦❞✉❝t t♦♣♦❧♦❣② ♦♥ G × G r❡s♣✳ t❤❡ ❣✐✈❡♥

t♦♣♦❧♦❣② τ ♦♥ G✳ ❆ t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣ ✐s ❝❛❧❧❡❞ ❧♦❝❛❧❧② ❝♦♠♣❛❝t ✐❢ (G, τ) ✐s ❛ ❧♦❝❛❧❧②

❝♦♠♣❛❝t t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✳

■♥ t❤❡ s❡q✉❡❧✱ ❧❡t G ❜❡ ❛ ❝♦♠♣❛❝t ❆❜❡❧✐❛♥ ❣r♦✉♣ ❛♥❞ ❞❡♥♦t❡ ❜② C(G) t❤❡ ✈❡❝t♦r

s♣❛❝❡ ♦❢ ❛❧❧ ❝♦♥t✐♥✉♦✉s✱ R✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ♦♥ G✳ ❆s ✉s✉❛❧✱ C(G)+ ❞❡♥♦t❡s t❤❡

♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s ✐♥ C(G)✳ ❚❤❡ ❣r♦✉♣ ♦♣❡r❛t✐♦♥ ⋆ ✐s ✇r✐tt❡♥ ❛s + ✐♥ t❤✐s ❝❛s❡✱

✐✳❡✳✱ x+ y ✐♥ ♣❧❛❝❡ ♦❢ x ⋆ y✳

❖♥ G t❤❡r❡ ❡①✐sts ❛♥ ✐♥✈❛r✐❛♥t ✐♥t❡❣r❛❧✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡r❡ ❡①✐st ❛ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐✲

❛♥t✱ ♣♦s✐t✐✈❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ I ❞❡✜♥❡❞ ♦♥ C(G) ❛♥❞✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ I✱ ❛ tr❛♥s❧❛t✐♦♥

✐♥✈❛r✐❛♥t✱ ✜♥✐t❡✱ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ µ✳ ❲r✐t✐♥❣

I(f) =

∫

G

f dµ =

∫

G

f(x) dµ(x)

t❤✐s ♠❡❛♥s✱ ❢♦r ❛❧❧ f, g ∈ C(G) ❛♥❞ λ ∈ R✱ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✭✐✮
∫

G
(f + g) dµ =

∫

G
f dµ+

∫

G
g dµ✳

✭✐✐✮
∫

G
(λf) dµ = λ

∫

G
f dµ✳

✭✐✐✐✮
∫

G
f dµ > 0✱ ✐❢ f ∈ C(G)+✳

✭✐✈✮
∫

G
f dµ > 0✱ ✐❢ f ∈ C(G)+ ✇✐t❤ f 6= 0✳

✭✈✮
∫

G
f(x+ y) dµ(x) =

∫

G
f(x) dµ(x)✱ ❢♦r ❛❧❧ y ∈ G✳ ✭tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡✮

✭✈✐✮ ■❢ f, g ∈ C(G) s❛t✐s❢② f 6 g✱ t❤❡♥
∫

G
f dµ 6

∫

G
g dµ✳

✭✈✐✐✮
∣
∣
∫

G
f dµ

∣
∣ 6

∫

G
|f | dµ✳

❚❤❡ ✐♥t❡❣r❛❧ ✐s t❤❡♥ ❣r❛❞✉❛❧❧② ❡①t❡♥❞❡❞ t♦ ❛❧❧ t❤♦s❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s f :

G → C t❤❛t ❛r❡ ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛s✉r❡ µ✱ ❬✷✼✱ ♣✳ ✷✸✹ ✫ ♣✳ ✷✽✷❪✳

❚❤❡ ✐♥t❡❣r❛❧✱ ✇❤✐❝❤ ✐s ✉♥✐q✉❡ ✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✱ ✐s ❝❛❧❧❡❞ t❤❡

❍❛❛r ✐♥t❡❣r❛❧ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ♠❡❛s✉r❡ ✐s ❝❛❧❧❡❞ ❍❛❛r ♠❡❛s✉r❡✳ ■t ✐s ♣♦ss✐❜❧❡ t♦

❝❤♦♦s❡ µ ✭✇❤✐❝❤ ✇❡ ❞♦✮ s✉❝❤ t❤❛t µ(G) = 1✳

■♥ ❛❝❝♦r❞❛♥❝❡ t♦ t❤❡ t❡r♠✐♥♦❧♦❣② ✉s❡❞ ✐♥ ❝❧❛ss✐❝❛❧ ♠❡❛s✉r❡ t❤❡♦r②✱ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧

❢✉♥❝t✐♦♥s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❍❛❛r ♠❡❛s✉r❡ µ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② L1(G)

❛♥❞ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❢✉♥❝t✐♦♥s p✲✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ µ✱ 1 < p < ∞✱ ✐s ❞❡♥♦t❡❞

❜② Lp(G) r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡ t❤❛t ❡❛❝❤ s♣❛❝❡ Lp(G)✱ ❢♦r 1 6 p < ∞✱ ✐s ❛ ❇❛♥❛❝❤

✹✾



s♣❛❝❡ ✇❤❡♥ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖f‖p :=

(∫

G

|f |p dµ

)1/p

.

❉❡✜♥❡ ❢♦r ❢✉♥❝t✐♦♥s f, g ∈ L1(G) t❤❡ ❝♦♥✈♦❧✉t✐♦♥ f ∗ g : G → C ❜②

(
f ∗ g

)
(x) :=

∫

G

f(y) g(x− y) dµ(x) =

∫

G

f(x+ y) g(−y) dµ(x).

◆♦t❡ t❤❛t L1(G) ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❛s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢♦r♠s ❛ ❇❛♥❛❝❤

❛❧❣❡❜r❛✱ ❬✷✼✱ ♣♣✳ ✷✽✽✕✷✽✾❪✱ ✐✳❡✳✱

‖f ∗ g‖1 6 ‖f‖1‖g‖1, ❢♦r ❛❧❧ f, g ∈ L1(G)✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r f ∈ L1(G) ❛♥❞ g ∈ Lp(G)✱ 1 6 p 6 ∞✱ ✇❡ ❤❛✈❡ f ∗ g ∈ Lp(G)

❛♥❞

‖f ∗ g‖p 6 ‖f‖1‖g‖p, ✭✷✳✸✽✮

❬✷✼✱ ♣✳ ✷✽✽❪✳ ❋✉rt❤❡r♠♦r❡✱ L1(G) ✐s ❝♦♠♠✉t❛t✐✈❡✱ ✐✳❡✳✱

f ∗ g = g ∗ f, ❢♦r ❛❧❧ f, g ∈ L1(G)✱

❛s ✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❛t G ✐s ❆❜❡❧✐❛♥✱ ❬✷✼✱ ♣✳ ✷✽✾❪✳

▲❡t G ❜❡ ❛ ❝♦♠♣❛❝t ❆❜❡❧✐❛♥ ❣r♦✉♣ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝✐r❝❧❡ ❣r♦✉♣

T := S1 := {z ∈ C : |z| = 1},

✇❤❡r❡ t❤❡ ❣r♦✉♣ ♦♣❡r❛t✐♦♥ ✐s ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐♥ C✳ ❆ ❝♦♥t✐♥✉♦✉s ❤♦♠♦♠♦r♣❤✐s♠

γ : G → T✱ ✐✳❡✳✱

γ(x+ y) = γ(x) γ(y), ❢♦r x, y ∈ G,

✐s ❝❛❧❧❡❞ ❛ ❝❤❛r❛❝t❡r ♦❢ G✳ ❊♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥

(
γ1 · γ2

)
(x) = γ1(x) γ2(x), ❢♦r x ∈ G✱

t❤❡ s❡t ♦❢ ❛❧❧ ❝❤❛r❛❝t❡rs ♦♥ G ❜❡❝♦♠❡s ❛♥ ❆❜❡❧✐❛♥ ❣r♦✉♣ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② Ĝ✱ ❬✷✼✱

♣✳ ✸✵✵❪✳ ■t ✐s ❝❛❧❧❡❞ t❤❡ ❝❤❛r❛❝t❡r ❣r♦✉♣ ♦❢ G✳ ◆♦t❡ t❤❛t t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t ♦❢ Ĝ ✐s

t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ✶✱ ❛♥❞ ❢♦r ❡❛❝❤ γ ∈ Ĝ t❤❡ ✐♥✈❡rs❡ ✐s t❤❡ ❝♦♠♣❧❡①✲❝♦♥❥✉❣❛t❡❞

❢✉♥❝t✐♦♥

γ : x 7→ γ(x), ❢♦r x ∈ G.

❊q✉✐♣♣❡❞ ✇✐t❤ t❤❡ t♦♣♦❧♦❣② ♦❢ ❝♦♠♣❛❝t ❝♦♥✈❡r❣❡♥❝❡ ♦♥ G ✭t❤❛t ✐s✱ t❤❡ t♦♣♦❧♦❣② ♦❢

✺✵



✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ G✮ t❤❡ ❣r♦✉♣ (Ĝ, ·) ❜❡❝♦♠❡s ❛♥ ❆❜❡❧✐❛♥ ❍❛✉s❞♦r✛ t♦♣♦❧♦❣✲

✐❝❛❧ ❣r♦✉♣✱ ❬✷✼✱ ♣✳ ✸✵✷❪✱ ❛♥❞ ✐s ❝❛❧❧❡❞ t❤❡ ❞✉❛❧ ❣r♦✉♣ ♦❢ G✳ ❙✐♥❝❡ G ✐s ❝♦♠♣❛❝t✱ Ĝ ✐s

❞✐s❝r❡t❡✱ ❬✷✼✱ ♣✳ ✸✵✸❪✳

❋✐♥❛❧❧②✱ st✐❧❧ ✇✐t❤ (G,+) ❛♥ ✭❛❞❞✐t✐✈❡✮ ❝♦♠♣❛❝t ❆❜❡❧✐❛♥ ❣r♦✉♣✱ ❧❡t L1(G) ❜❡ ❛s

❞❡✜♥❡❞ ❜❡❢♦r❡✳ ❉❡✜♥❡✱ ❢♦r f ∈ L1(G)✱ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ f̂ : Ĝ → C ❜②

f̂(γ) :=

∫

G

f(x)〈−x, γ〉 dµ(x), ❢♦r γ ∈ Ĝ✱ ✭✷✳✸✾✮

✇❤❡r❡ 〈·, ·〉 ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♦❢ t❤❡ ❣r♦✉♣s G ❛♥❞ Ĝ✱ ✐✳❡✳✱

〈x, γ〉 := γ(x), ❢♦r x ∈ G✱ γ ∈ Ĝ✳

❋✉rt❤❡r ❞❡✜♥✐t✐♦♥s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ t❤❡ ❈❤❛♣t❡rs ✸ ❛♥❞ ✹ ✇❤❡♥❡✈❡r t❤❡r❡ ✐s ❛ ♥❡❡❞

❢♦r ✐t✳

✺✶



✺✷



❈❤❛♣t❡r ✸

❚❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ❛♥❞ ✐♥t❡❣r❛❧

❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r T

❚❤❡ ❛✐♠ ♦❢ ❈❤❛♣t❡r ✸ ✐s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r

ImT
: L1(mT ) → X

❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❋ré❝❤❡t✲s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡ mT : Σ → X ❞❡✜♥❡❞ ❜②

mT (A) := T (χA), ❢♦r A ∈ Σ,

✇❤❡r❡ T : X(µ) → X ✐s ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r ❞❡✜♥❡❞ ♦♥ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥

s♣❛❝❡ X(µ) ♦✈❡r ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡ (Ω,Σ, µ) ❛♥❞ t❛❦✐♥❣ ✐ts ✈❛❧✉❡s ✐♥ t❤❡

❋ré❝❤❡t s♣❛❝❡ X✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ♣r♦✈❡ t❤❛t L1(mT ) ✐s t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢

ImT
✭✐♥ ❛ ❝❡rt❛✐♥ s❡♥s❡✮ ✇❤❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r

T t♦ t❤❡ ✏❧❛r❣❡r✑ ❞♦♠❛✐♥ L1(mT )✳ ❚❤❡ r❡s♣❡❝t✐✈❡ ✐♥✈❡st✐❣❛t✐♦♥s ❢♦r X(µ) ❜❡✐♥❣ ❛

❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ ❛♥❞ X ❜❡✐♥❣ ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❤❛✈❡ ❜❡❡♥ ❡①♣♦s❡❞ ✐♥ ❬✷✻❪❀ s❡❡

❛❧s♦ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✳ ❙♦✱ t❤❡ ✐♥t❡r❡st✐♥❣ ♣❛rt ✇✐❧❧ ❜❡ t♦ s❡❡ ❤♦✇ t❤❡ r❡s✉❧ts ❞✐✛❡r

✇❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✐s ❝♦♥s✐❞❡r❡❞ ✉♥❞❡r t❤❡s❡ ❛❧t❡r❡❞ ❝♦♥❞✐t✐♦♥s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✶ ✇❡

♣r♦✈❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣s

i : X(µ) → M(µ) ❛♥❞ j : X(µ) → Y (µ)

✇❤❡r❡ X(µ) ❛♥❞ Y (µ) ❛r❡ t✇♦ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s ♦✈❡r (Ω,Σ, µ) s❛t✐s❢②✐♥❣

X(µ) ⊆ Y (µ) ❛s ❝♦♠♣❧❡① ✈❡❝t♦r ❧❛tt✐❝❡s✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣s

✇✐❧❧ ❜❡ ♦❢ ✐♠♣♦rt❛♥❝❡ ✇❤❡♥ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢ t❤❡ ♦♣❡r❛t♦r T ❛♥❞

✐ts ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷ ✇❡ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mT

❛s ❞❡✜♥❡❞ ❛❜♦✈❡✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥

s♣❛❝❡ X(µ) ❛♥❞ t❤❡ µ✲❞❡t❡r♠✐♥❡❞♥❡ss ♦❢ t❤❡ ♦♣❡r❛t♦r T ♣❧❛② ❛ ❝r✉❝✐❛❧ r♦❧❡ ❢♦r t❤❡

t❤❡♦r②✳ ❙❡❝t✐♦♥ ✸✳✸ ♣r❡s❡♥ts t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ❝❤❛♣t❡r✳ ■t st❛t❡s t❤❛t L1(mT )

✺✸



✐s t❤❡ ❧❛r❣❡st ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ❤❛✈✐♥❣ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ✐♥t♦ ✇❤✐❝❤ X(µ)

✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ❛♥❞ t♦ ✇❤✐❝❤ T ❛❞♠✐ts ❛♥ X✲✈❛❧✉❡❞ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❡①✲

t❡♥s✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s s❤♦✇♥ t❤❛t s✉❝❤ ❛♥ ❡①t❡♥s✐♦♥ ✐s ✉♥✐q✉❡ ❛♥❞ ✐s ♣r❡❝✐s❡❧②

t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImT
✳

✸✳✶ ❚❤❡ ♥❛t✉r❛❧ ✐♥❝❧✉s✐♦♥ ♠❛♣ j : X(µ) → Y (µ)

■♥ t❤✐s s❡❝t✐♦♥ ❧❡t (Ω,Σ, µ) ❜❡ ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡✳ ■t ✇✐❧❧ ❜❡ t❤❡ ❛✐♠ ♦❢ t❤✐s

s❡❝t✐♦♥ t♦ ♣r♦✈❡ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣

i : X(µ) → M(µ)

❛♥❞ t♦ ✐♥✈❡st✐❣❛t❡ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣

j : X(µ) → Y (µ)

✇❤❡♥❡✈❡r X(µ) ❛♥❞ Y (µ) ❛r❡ t✇♦ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s s❛t✐s❢②✐♥❣ X(µ) ⊆ Y (µ)

❛s ❝♦♠♣❧❡① ✈❡❝t♦r s✉❜❧❛tt✐❝❡s✳

❲❡ ❜❡❣✐♥ ✇✐t❤ t✇♦ ▲❡♠♠❛s ✇❤✐❝❤ ♣r❡s❡♥t ❛ ❝♦♥❞✐t✐♦♥✱ t❤❛t ✐s ♥❡❝❡ss❛r② ❛♥❞ s✉✣✲

❝✐❡♥t ❢♦r t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ s♣❛❝❡ L{qk}✳ ❚❤❡ ✜rst ▲❡♠♠❛ ✐s ❛♥ ✉♥♣✉❜❧✐s❤❡❞

r❡s✉❧t ❞✉❡ t♦ ❘✳ ❞❡❧ ❈❛♠♣♦ ❛♥❞ ❲✳❏✳ ❘✐❝❦❡r✱ ❬✻✱ ▲❡♠♠❛ ✸✳✻❪✳

▲❡♠♠❛ ✸✳✶✳✶

▲❡t {qk}k∈N ❜❡ ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s✳ ■❢ t❤❡

♠❡tr✐③❛❜❧❡ ❢✉♥❝t✐♦♥ s♣❛❝❡ L{qk} ❤❛s t❤❡ ✭❏❘❋✮✲♣r♦♣❡rt②✱ t❤❡♥

qk

(
∞∑

n=1

|fn|

)

6

∞∑

n=1

qk(fn), ❢♦r ❛❧❧ k ∈ N, ✭✸✳✶✮

❢♦r ❡✈❡r② s❡q✉❡♥❝❡ {fn}n∈N ⊆ L{qk} ✇❤✐❝❤ ✐s ❛❜s♦❧✉t❡❧② s✉♠♠❛❜❧❡ ✐♥ L{qk}✳

Pr♦♦❢✿

❙✉♣♣♦s❡ t❤❛t L{qk} ❤❛s t❤❡ ✭❏❘❋✮✲♣r♦♣❡rt②✳ ■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ ✭✸✳✶✮✱ ❛ss✉♠❡

t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {fn}n∈N ⊆ L{qk} s❛t✐s❢②✐♥❣
∑∞

n=1 qk(fn) < ∞✱ ❢♦r ❛❧❧

k ∈ N✱ ❜✉t✱ ❢♦r s♦♠❡ m ∈ N✱ ✇❡ ❤❛✈❡

qm

(
∞∑

n=1

|fn|

)

>

∞∑

n=1

qm(fn).

✺✹



❈❤♦♦s❡ ε > 0 s✉❝❤ t❤❛t

qm

(
∞∑

n=1

|fn|

)

> ε+
∞∑

n=1

qm(fn).

❖❜s❡r✈❡✱ ❜② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❢♦r qm✱ t❤❛t ❛❧s♦

qm

(
∞∑

n=j

|fn|

)

> ε+
∞∑

n=j

qm(fn), ❢♦r ❛❧❧ j ∈ N. ✭✸✳✷✮

❙✐♥❝❡ ❜② ❛ss✉♠♣t✐♦♥
∑∞

n=1 q1(fn) < ∞✱ t❤❡r❡ ❡①✐sts j1,1 ∈ N ✇✐t❤
∑

n>j1,1
q1(fn) <

1−3✳ ❇❡❝❛✉s❡ ♦❢
∑

n>j1,1
q1(fn) < ∞✱ ✇❡ ❝❛♥ ✜♥❞ j1,2 > j1,1 s✉❝❤ t❤❛t

∑

n>j1,2
q1(fn) <

2−3✳ Pr♦❝❡❡❞ ✐♥❞✉❝t✐✈❡❧② t♦ ♣r♦❞✉❝❡ ❛ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ {j1,l}l∈N ⊆ N s❛t✲

✐s❢②✐♥❣
∑

n>j1,l

q1(fn) < l−3, ❢♦r ❛❧❧ l ∈ N.

❙✐♥❝❡
∑

n>j1,1
q2(fn) < ∞✱ t❤❡r❡ ❡①✐sts j2,1 > j1,1 s✉❝❤ t❤❛t

∑

n>j2,1
q2(fn) < 1−3✳

❇❡❝❛✉s❡ ♦❢
∑

n>max{j2,1,j1,2}
q2(fn) < ∞✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ j2,2 > max{j2,1, j1,2} s✉❝❤

t❤❛t
∑

n>j2,2
q2(fn) < 2−3✳ ❆ss✉♠❡ t❤❛t j2,l−1 ✐s ❛❧r❡❛❞② ❝♦♥str✉❝t❡❞ ❢♦r ❛♥ ❛r❜✐tr❛r②

l > 1✳ ❙✐♥❝❡
∑

n>max{j2,l−1,j1,l}
q2(fn) < ∞✱ t❤❡r❡ ❡①✐sts j2,l ∈ N s❛t✐s❢②✐♥❣ j2,l > j2,l−1

❛♥❞ j2,l > j1,l ✇✐t❤
∑

n>j2,l
q2(fn) < l−3✳ ❚❤✉s✱ {j2,l}l∈N ✐s ❛ str✐❝t❧② ✐♥❝r❡❛s✐♥❣

s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ j2,l > j1,l✱ ❢♦r ❛❧❧ l ∈ N✱ ❛♥❞

∑

n>j2,l

q2(fn) < l−3, ❢♦r ❛❧❧ l ∈ N.

❈♦♥t✐♥✉❡ ✐♥❞✉❝t✐✈❡❧② t♦ ♣r♦❞✉❝❡ ❢♦r ❡❛❝❤ k ∈ N ❛ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡

{jk,l}l∈N ⊆ N s❛t✐s❢②✐♥❣ jk+1,l > jk,l ❛♥❞

∑

n>jk,l

qk(fn) < l−3, ❢♦r ❛❧❧ l ∈ N.

❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐❛❣♦♥❛❧ s❡q✉❡♥❝❡ {jl}l∈N ❞❡✜♥❡❞ ❜② jl := jl,l✱ ❢♦r ❡❛❝❤ l ∈ N✱ ✐s ❛❧s♦
str✐❝t❧② ✐♥❝r❡❛s✐♥❣✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡❛❝❤ k ∈ N ✇❡ ❤❛✈❡ jl = jl,l > jk,l✱ ❢♦r ❛❧❧ l > k✱

❛♥❞ ❤❡♥❝❡✱
∑

n>jl

qk(fn) 6
∑

n>jk,l

qk(fn) < l−3, ❢♦r ❛❧❧ l > k. ✭✸✳✸✮

✺✺



▲❡t gl := l
jl+1∑

n=jl

|fn| ❛♥❞ g :=
∞∑

l=1

gl✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❢♦r ❡❛❝❤ k ∈ N ✇❡ ❤❛✈❡

∑

l>k

qk(gl) 6
∑

l>k

l

jl+1∑

n=jl

qk(fn) 6
∑

l>k

l
∑

n>jl

qk(fn)
(3.3)

<
∑

l>k

l−2 < ∞.

❚❤❡r❡❢♦r❡✱
∑∞

l=1 qk(gl) < ∞✱ ❢♦r ❛❧❧ k ∈ N✱ ♠❡❛♥✐♥❣ t❤❛t {gl}l∈N ✐s ❛♥ ❛❜s♦❧✉t❡❧②

s✉♠♠❛❜❧❡ s❡q✉❡♥❝❡ ✐♥ L{qk}✳ ❙✐♥❝❡ L{qk} ❤❛s t❤❡ ✭❏❘❋✮✲♣r♦♣❡rt②✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡

t❤❛t qk(g) < ∞✱ ❢♦r ❛❧❧ k ∈ N✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❡❛❝❤ l ∈ N ✇❡ ❛❧s♦ ❤❛✈❡

✭♣♦✐♥t✇✐s❡ ♦♥ Ω✮ t❤❛t

l
∑

n>jl

|fn| 6 l
∑

p>l

jp+1∑

n=jp

|fn| =
∑

p>l

l

jp+1∑

n=jp

|fn| 6
∑

p>l

p

jp+1∑

n=jp

|fn| =
∑

p>l

gp 6 g. ✭✸✳✹✮

❆s qk ✐s ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ❢♦r ❡❛❝❤ k ∈ N ✐t ❢♦❧❧♦✇s t❤❛t

qm(g)
(3.4)

> l qm

(
∑

n>jl

|fn|

)

(3.2)

> l

(

ε+
∑

n>jl

qm(fn)

)

> l ε, ❢♦r ❛❧❧ l ∈ N✳

▲❡tt✐♥❣ l → ∞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t qm(g) = ∞ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ ♦✉r ❡❛r❧✐❡r

❝♦♥❝❧✉s✐♦♥ t❤❛t qk(g) < ∞✱ ❢♦r ❛❧❧ k ∈ N✳ �

❚❤❡ ♥❡①t ❧❡♠♠❛ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❛ r❡s✉❧t ♦❢ ❩❛❛♥❡♥✱ ✇❤♦ ♣r♦✈❡❞ ✐t ❢♦r Lρ ❜❡✐♥❣

t❤❡ s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② ❛ s✐♥❣❧❡ ❢✉♥❝t✐♦♥ ♥♦r♠ ρ✱ ❬✸✻✱ ♣✳ ✹✹✺❪✳ ❋♦r L{qk} ❝♦♥s✐st✐♥❣

♦❢ ♦♥❧② R✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✱ s❡❡ ❬✻✱ ❚❤❡♦r❡♠ ✸✳✼❪✳ ❲❡ ❡①t❡♥❞ ✐t t♦ t❤❡ s❡tt✐♥❣ ♦❢

C✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✳

▲❡♠♠❛ ✸✳✶✳✷

▲❡t L{qk} ❜❡ t❤❡ ♠❡tr✐③❛❜❧❡ ❢✉♥❝t✐♦♥ s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❞❛♠❡♥t❛❧

s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s {qk}k∈N✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ L{qk} ✐s ❝♦♠♣❧❡t❡✳

✭✐✐✮ L{qk} ❤❛s t❤❡ ✭❏❘❋✮✲♣r♦♣❡rt②✳

Pr♦♦❢✿

✭✐✐✮ ⇒ ✭✐✮ ❆ss✉♠❡ t❤❛t L{qk} ❤❛s t❤❡ ✭❏❘❋✮✲♣r♦♣❡rt②✳ ▲❡t {fn}n∈N ⊆ L{qk} ❜❡ ❛

❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ L{qk}✱ ♠❡❛♥✐♥❣ t❤❛t ❢♦r ❡❛❝❤ k ∈ N ❛♥❞ ❢♦r ❡❛❝❤ ε > 0 t❤❡r❡

❡①✐sts ❛♥ ✐♥❞❡① n0(ε, k) ∈ N s✉❝❤ t❤❛t qk(fm − fn) < ε✱ ❢♦r ❛❧❧ m,n > n0(ε, k)✳

❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡① j1,1 ∈ N s✉❝❤ t❤❛t q1(fm − fn) < 2−1✱ ❢♦r ❛❧❧

m,n > j1,1✳ ❆s {fn}n>j1,1 ✐s st✐❧❧ ❈❛✉❝❤②✱ ✇❡ ❝❛♥ ✜♥❞ ❛♥ ✐♥❞❡① j1,2 > j1,1 s✉❝❤ t❤❛t

q1(fm − fn) < 2−2✱ ❢♦r ❛❧❧ m,n > j1,2✳ ❈♦♥t✐♥✉✐♥❣ t❤✐s ✇❛② ✇❡ ♦❜t❛✐♥ ❛ str✐❝t❧②

✺✻



✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ {j1,l}l∈N ⊆ N s❛t✐s❢②✐♥❣

q1
(
fm − fn

)
< 2−l, ❢♦r ❛❧❧ m,n > j1,l✳

▲❡t M1 := {j1,l : l ∈ N}✳ ❙✐♥❝❡ {fn}n∈M1 ✐s ❈❛✉❝❤②✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡① j2,1 ∈ M1

✇✐t❤ j2,1 > j1,1 s✉❝❤ t❤❛t q2(fm−fn) < 2−1✱ ❢♦r ❛❧❧ m,n > j2,1 ✇✐t❤ m,n ∈ M1✳ ❆❧s♦✱

j2,1 = j1,p1 ❢♦r ❛ ❝❡rt❛✐♥ p1 > 1✳ ❆s {fn}n∈M1,n>j2,1 ✐s st✐❧❧ ❈❛✉❝❤②✱ ✇❡ ❝❛♥ ❝❤♦♦s❡

❛♥ ✐♥❞❡① j2,2 > max{j2,1, j1,2} s✉❝❤ t❤❛t q2(fm − fn) < 2−2✱ ❢♦r ❛❧❧ m,n > j2,2 ✇✐t❤

m,n ∈ M1✳ ❆❧s♦✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ j2,2 = j1,p2 ❢♦r ❛ ❝❡rt❛✐♥ p2 > p1✳ ❆ss✉♠❡ t❤❛t j2,l−1

✐s ❛❧r❡❛❞② ❝♦♥str✉❝t❡❞ ❢♦r ❛♥ ❛r❜✐tr❛r② l ∈ N✳ ❆s {fn}n∈M1,n>j2,l−1
✐s st✐❧❧ ❈❛✉❝❤②✱

✇❡ ❝❛♥ ✜♥❞ ❛♥ ✐♥❞❡① j2,l > max{j2,l−1, j1,l} s✉❝❤ t❤❛t q2(fm − fn) < 2−l✱ ❢♦r ❛❧❧

m,n > j2,l ✇✐t❤ m,n ∈ M1✳ ❆❧s♦✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ j2,l = j1,pl ❢♦r ❛ ❝❡rt❛✐♥ pl > pl−1✳

❚❤❡r❡❜② ✇❡ ♦❜t❛✐♥ ❛ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ M2 := {j2,l}l∈N ⊆ M1 := {j1,l}l∈N

s✉❝❤ t❤❛t

q2
(
fm − fn

)
< 2−l, ❢♦r ❛❧❧ m,n > j2,l ✇✐t❤ m,n ∈ M1✱

❤♦❧❞s ❢♦r ❡❛❝❤ l ∈ N✳ ❈♦♥t✐♥✉❡ ✐♥❞✉❝t✐✈❡❧② t♦ ♣r♦❞✉❝❡ ❢♦r ❡❛❝❤ k ∈ N ❛ str✐❝t❧②

✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ Mk := {jk,l}l∈N ⊆ N s✉❝❤ t❤❛t Mk ⊆ Mk−1 ❛♥❞

qk
(
fm − fn

)
< 2−l, ❢♦r ❛❧❧ m,n > jk,l ✇✐t❤ m,n ∈ Mk−1, ✭✸✳✺✮

❤♦❧❞ ❢♦r ❡❛❝❤ l ∈ N✳ ❖❜s❡r✈❡✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❛t {fjk+1,l
}l∈N ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢

{fjk,l}l∈N✳ ❋♦r ❛ ✜①❡❞ k ∈ N ❝♦♥s✐❞❡r t❤❡ t❡❧❡s❝♦♣✐♥❣ s✉♠

fjk,r − fjk,p =
r−1∑

l=p

(
fjk,l+1

− fjk,l
)
, ❢♦r r > p > 1.

❉✉❡ t♦ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❢♦r qk ✇❡ ❞❡r✐✈❡✱ ❢♦r ❛❧❧ r > p > 1✱ t❤❛t

qk
(
fjk,r − fjk,p

)
= qk

(
r−1∑

l=p

(
fjk,l+1

− fjk,l
)

)

6

r−1∑

l=p

qk
(
fjk,l+1

− fjk,l
)

(3.5)

<
r−1∑

l=p

1

2l
=

1

2p

r−1−p
∑

l=0

1

2l

=
1

2p

((
1
2

)r−1−p+1
− 1

1
2
− 1

)

✺✼



=
1

2p−1

(

1−
(
1
2

)r−p
)

︸ ︷︷ ︸

<1, ❛s r>p

<
1

2p−1
.

❉❡✜♥❡ ❢♦r ❡❛❝❤ l ∈ N ❛ ♥❡✇ s❡q✉❡♥❝❡ {gl}l∈N ❜② gl := fjl,l ✳ ❚❤❡♥ {gl}l∈N ✐s ❛

s✉❜s❡q✉❡♥❝❡ ♦❢ {fn}n∈N✳ ❋✐① k ∈ N✳ ❋♦r ❡✈❡r② l > k ❛♥❞ ❢♦r ❝❡rt❛✐♥ r > p > l✱ t❤❡

♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② s❤♦✇s t❤❛t

qk
(
gl+1 − gl

)
= qk

(
fjk,r − fjk,p

)
<

1

2p−1
<

1

2l−1

❤♦❧❞s✳ ❆❝❝♦r❞✐♥❣❧②✱

N∑

l=k+1

qk
(
gl+1 − gl

)
6

∞∑

l=k+1

qk
(
gl+1 − gl

)
<

∞∑

l=k+1

1

2l−1
=

∞∑

l=k

1

2l
< ∞.

❙✐♥❝❡ k ∈ N ✐s ❛r❜✐tr❛r② ❛♥❞ L{qk} ❤❛s t❤❡ ✭❏❘❋✮✲♣r♦♣❡rt②✱ ▲❡♠♠❛ ✸✳✶✳✶ ✐♠♣❧✐❡s

t❤❛t

qk

(
∞∑

l=1

∣
∣gl+1 − gl

∣
∣

)

6

∞∑

l=1

qk
(
gl+1 − gl

)
< ∞, ❢♦r ❛❧❧ k ∈ N. ✭✸✳✻✮

❚❤❡r❡❢♦r❡ t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜② g :=
∑∞

l=1 |gl+1 − gl| ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ L{qk} ❛♥❞✱

❜② ▲❡♠♠❛ ✷✳✸✳✶✱ s✉r❡❧② s❛t✐s✜❡s 0 6 g(w) < ∞ ❢♦r µ✲❛❧♠♦st ❡✈❡r② w ∈ Ω✳

❈♦♥s✐❞❡r t❤❡ s❡t E := {w ∈ Ω : g(w) = ∞}✳ ❚❤❡♥ E ✐s ❛ µ✲♥✉❧❧ s❡t ❛♥❞ g ✐s ❛♥

❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t s❡r✐❡s ♣♦✐♥t✇✐s❡ ♦♥ Ec❀ ✐t ❢♦❧❧♦✇s t❤❛t ❛❧s♦
∑∞

l=1(gl+1 − gl) ✐s

♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥t ♦♥ Ec✳ ❉❡✜♥❡ ♦♥ Ec t❤❡ ❢✉♥❝t✐♦♥ f̃ := g1 +
∑∞

l=1(gl+1 − gl)✳

❚❤❡♥ f̃ −gp =
∑∞

l=p(gl+1−gl)✱ ❢♦r ❡❛❝❤ p ∈ N✳ ❉❡✜♥✐♥❣ hl := gl+1−gl✱ ❢♦r ❛❧❧ l ∈ N✱
t❤❡ ✐♥❡q✉❛❧✐t②

∣
∣
∣
∣
∣

N∑

l=p

hl

∣
∣
∣
∣
∣
= |hp + hp+1 + . . .+ hN | 6 |hp|+ |hp+1|+ . . .+ |hN | =

N∑

l=p

|hl|

❤♦❧❞s✱ ❢♦r ❛❧❧ N > p✳ ❋♦r p ∈ N ✜①❡❞✱ ❜② t❛❦✐♥❣ t❤❡ ❧✐♠✐t ♦❢ ❜♦t❤ s✐❞❡s ❢♦r N → ∞

✭♣♦✐♥t✇✐s❡ ♦♥ Ec✮✱ ✇❡ ♦❜t❛✐♥

∣
∣
∣
∣
∣

∞∑

l=p

(
gl+1 − gl

)

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

∞∑

l=p

hl

∣
∣
∣
∣
∣
6

∞∑

l=p

|hl| =
∞∑

l=p

∣
∣gl+1 − gl

∣
∣ < ∞

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✭♣♦✐♥t✇✐s❡ ♦♥ Ec✮

∣
∣f̃ − gp

∣
∣ 6

∞∑

l=p

∣
∣gl+1 − gl

∣
∣
p→∞
−→ 0.

✺✽



❚❤✉s✱ f̃ ✐s t❤❡ ♣♦✐♥t✇✐s❡ ❧✐♠✐t ♦❢ {gl}l∈N ♦♥ Ec✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❛s ❡❛❝❤ qk ✐s ❛ ❢✉♥❝t✐♦♥

s❡♠✐✲♥♦r♠ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✻✮ t❤❛t

qk
(
f̃ − gp

)
= qk

(
∞∑

l=p

(
gl+1 − gl

)

)

6 qk

(
∞∑

l=p

∣
∣gl+1 − gl

∣
∣

)

6

∞∑

l=p

qk
(
gl+1 − gl

) p→∞
−→ 0, ❢♦r ❛❧❧ k ∈ N✳

❆❝❝♦r❞✐♥❣❧②✱ ❢♦r ✜①❡❞ k ∈ N✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ n, p ∈ N t❤❛t

qk
(
f̃ − fn

)
= qk

(
f̃ − gp + gp − fn

)

6 qk
(∣
∣f̃ − gp

∣
∣+
∣
∣gp − fn

∣
∣
)

6 qk
(
f̃ − gp

)
+ qk

(
gp − fn

)

= qk
(
f̃ − gp

)
+ qk

(
fjp,p − fn

)
.

●✐✈❡♥ ε > 0 ❝❤♦♦s❡ p s✉❝❤ t❤❛t qk
(
f̃ − gp

)
< ε

2
✳ ❙✐♥❝❡ {fn}n∈N ✐s ❈❛✉❝❤②✱ t❤❡r❡

✐s ❛♥ ✐♥❞❡① N > jp,p s✉❝❤ t❤❛t qk
(
fn − fm

)
< ε

2
✱ ❢♦r ❛❧❧ m,n > N ✳ ■♥ ♣❛rt✐❝✉❧❛r✱

qk
(
fjp,p − fn

)
< ε

2
✱ ❢♦r ❛❧❧ n > N ✳ ❍❡♥❝❡✱ qk

(
f̃ − fn

)
< ε✱ ❢♦r ❛❧❧ n > N ✳ ❚❤✐s s❤♦✇s

t❤❛t limn→∞ qk
(
f̃ − fn

)
= 0✳ ❍❡♥❝❡✱ f̃ ∈ L{qk} ✐s t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❈❛✉❝❤② s❡q✉❡♥❝❡

{fn}n∈N ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ L{qk}✳ ❚❤✐s s❤♦✇s t❤❛t L{qk} ✐s ❝♦♠♣❧❡t❡ ❛♥❞✱ t❤✉s✱ ✐s ❛

❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡✳

✭✐✮ ⇒ ✭✐✐✮ ▲❡t {un}n∈N ⊆ L+
{qk}

❜❡ ❛ s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣
∑∞

n=1 qk(un) < ∞✱ ❢♦r ❛❧❧

k ∈ N✳ ❆❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✷✳✸✳✶ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t
∑∞

n=1 un ∈ L+
{qk}

✳ ❉❡✜♥❡

❢♦r ❡❛❝❤ n ∈ N t❤❡ ♣❛rt✐❛❧ s✉♠ sn := u1 + u2 + . . . + un✳ ❚❤❡ s❡q✉❡♥❝❡ {sn}n∈N ✐s

❈❛✉❝❤② ✐♥ L{qk} ❛s✱ ❢♦r ❡❛❝❤ k ∈ N✱ ✇❡ ❤❛✈❡ ✇❤❡♥❡✈❡r m > n t❤❛t

qk
(
sm − sn

)
= qk

(
m∑

l=n+1

ul

)

6

m∑

l=n+1

qk(ul)
m,n→∞
−→ 0.

❆s L{qk} ✐s ❝♦♠♣❧❡t❡ t❤❡ s❡q✉❡♥❝❡ {sn}n∈N ❝♦♥✈❡r❣❡s t♦ ❛ ❢✉♥❝t✐♦♥ f ∈ L{qk} ✐♥ t❤❡

t♦♣♦❧♦❣② ♦❢ L{qk}✳

■♥ ❛ ✜rst st❡♣ ✇❡ s❤♦✇ t❤❛t f ✐s R✲✈❛❧✉❡❞ µ✲❛✳❡✳✳ ❆s f ∈ L{qk} ✇❡ ❤❛✈❡ f = g+i h✱

✇❤❡r❡ g, h ❛r❡ R✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✳ ❙✐♥❝❡ ❛❧❧ t❤❡ sn t❛❦❡ t❤❡✐r ✈❛❧✉❡s ✐♥ [0,∞]✱ ✇❡

❝❛♥ ✇r✐t❡ f − sn = (g − sn) + i h✱ ✇❤❡r❡ h ✐s t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ f − sn✱ ✐✳❡✳✱

h = ■♠(f − sn)✱ ❢♦r ❛❧❧ n ∈ N✳ ❍❡♥❝❡✱ |h| 6 |f − sn|✱ ❢♦r ❛❧❧ n ∈ N✱ ❛♥❞ ❛s ❡❛❝❤ qk ✐s

✺✾



❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ✇❡ ♦❜t❛✐♥

qk(h) 6 qk
(
f − sn

) n→∞
−→ 0, ❢♦r ❛❧❧ k ∈ N.

❆❝❝♦r❞✐♥❣❧②✱ h = 0 µ✲❛✳❡✳ ♠❡❛♥✐♥❣ t❤❛t f ✐s R✲✈❛❧✉❡❞ µ✲❛✳❡✳✳

■♥ ❛ s❡❝♦♥❞ st❡♣ ✇❡ s❤♦✇ t❤❛t f > 0 µ✲❛✳❡✳✳ ❆s f ✐s ❛♥ R✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ✇❡

❤❛✈❡ f = f+ − f− ✇❤❡r❡ f+ := max{f, 0} ❛♥❞ f− := max{−f, 0}✳ ❍♦✇❡✈❡r✱ sn > 0

❜② ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ f − sn 6 f ✱ ❢♦r ❛❧❧ n ∈ N✳ ❈♦♥s✐❞❡r✱ ❢♦r ❛ ✜①❡❞ n✱ t❤❡

s❡ts A+
n := {w ∈ Ω : (f − sn)(w) > 0} ❛♥❞ A−

n := {w ∈ Ω : (f − sn)(w) 6 0}✳ ❖♥

A+
n t❤❡ ✐♥❡q✉❛❧✐t✐❡s f > sn > 0 ✐♠♣❧② t❤❛t f− = 0 ❛♥❞ s♦

f > f − sn > 0 = f−.

❚❤❡r❡❢♦r❡ |f − sn| > f− ✐s tr✉❡ ♦♥ A+
n ✳ ◆♦t❡✱ t❤❛t ✐❢ b > 0 ❛♥❞ a ∈ R s❛t✐s❢② a 6 b✱

t❤❡♥ |a − b| > a−✳ ❍❡♥❝❡✱ ♦♥ A−
n ✐t ❢♦❧❧♦✇s t❤❛t |f − sn| > f− ❛s ✇❡❧❧✳ ❙♦✱ t❤❡

✐♥❡q✉❛❧✐t② |f − sn| > f− ❤♦❧❞s µ✲❛✳❡✳ ♦♥ Ω ❛♥❞ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ n ∈ N✳ ❆❣❛✐♥✱ ✇❡ ✉s❡

t❤❡ ❢❛❝t t❤❛t ❡❛❝❤ qk ✐s ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ❛♥❞ ❞❡r✐✈❡

qk(f
−) 6 qk

(∣
∣f − sn

∣
∣
)
= qk

(
f − sn

) n→∞
−→ 0, ❢♦r ❛❧❧ k ∈ N✳

❆❝❝♦r❞✐♥❣❧②✱ f− = 0 µ✲❛✳❡✳ ♠❡❛♥✐♥❣ t❤❛t f > 0 µ✲❛✳❡✳✳ ❍❡♥❝❡✱ f ∈ L+
{qk}

✳

■♥ ❛ ❧❛st st❡♣ ✇❡ s❤♦✇ t❤❛t f > sn✱ ❢♦r ❛❧❧ n ∈ N✳ ■t ✐s ❝❧❡❛r✱ ❢♦r ❛ ✜①❡❞ l ∈ N✱ t❤❛t

sl 6 sn ❤♦❧❞s ❢♦r ❛❧❧ n > l✳ ❉❡✜♥❡ ❛❣❛✐♥ t✇♦ s❡ts B+
l := {w ∈ Ω : f(w) > sl(w)}

❛♥❞ B−
l := {w ∈ Ω : f(w) 6 sl(w)}✳ ❍❡♥❝❡✱ ♦♥ B+

l ✱ t❤❡ ❢✉♥❝t✐♦♥ sl = min{sl, f}

❛♥❞ t❤❡r❡❢♦r❡ sl −min{sl, f} = 0✱ ✐♠♣❧②✐♥❣ t❤❛t

∣
∣sl −min{sl, f}

∣
∣ = 0 6

∣
∣sn − f

∣
∣ ♦♥ B+

l ✱ ❢♦r ❛❧❧ n > l✳

❖♥ B−
l ✱ f = min{sl, f} ❛♥❞ t❤❡r❡❢♦r❡ 0 6 sl − f 6 sn − f ✱ ✐♠♣❧②✐♥❣ t❤❛t

∣
∣sl −min{sl, f}

∣
∣ =

∣
∣sl − f

∣
∣ 6

∣
∣sn − f

∣
∣ ♦♥ B−

l ✱ ❢♦r ❛❧❧ n > l✳

❍❡♥❝❡✱ |sl −min{sl, f}| 6 |sn − f | ❤♦❧❞s µ✲❛✳❡✳ ♦♥ Ω ❛♥❞ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ n > l✳ ❆s

❡❛❝❤ qk ✐s ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ✐t ❢♦❧❧♦✇s t❤❛t

qk
(
sl −min{sl, f}

)
6 qk

(
sn − f

) n→∞
−→ 0, ❢♦r ❛❧❧ k ∈ N✳

❆❝❝♦r❞✐♥❣❧②✱ sl = min{sl, f} µ✲❛✳❡✳ ❢♦r ❡❛❝❤ l ∈ N✳ ❆s l ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱ ✇❡

❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t
l∑

n=1

un = sl 6 f, µ✲❛✳❡✳✱ ❢♦r ❛❧❧ l ∈ N.

✻✵



❚❛❦✐♥❣ t❤❡ ♣♦✐♥t✇✐s❡ ❧✐♠✐t ❢♦r l → ∞ ♦❢ t❤❡ ❧❡❢t s✐❞❡ ✇❡ ♦❜t❛✐♥
∑∞

n=1 un 6 f ✳ ❆❣❛✐♥✱

❛s ❡❛❝❤ qk ✐s ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ❛♥❞ f ∈ L{qk} ✇❡ ✜♥❛❧❧② ❣❡t

qk

(
∞∑

n=1

un

)

6 qk(f) < ∞, ❢♦r ❛❧❧ k ∈ N✱

♠❡❛♥✐♥❣ t❤❛t
∑∞

n=1 un ∈ L+
{qk}

✳ ❚❤✉s✱ L{qk} ❤❛s t❤❡ ✭❏❘❋✮✲♣r♦♣❡rt②✳ �

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ ❝♦♠♣❧❡t❡✱ ♠❡tr✐③❛❜❧❡ ❢✉♥❝t✐♦♥ s♣❛❝❡s✱ ✐✳❡✳✱ ❋ré❝❤❡t

❢✉♥❝t✐♦♥ s♣❛❝❡s✱ ♦✈❡r ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡ (Ω,Σ, µ)✳ ❚❤❡ ♥❡①t ❧❡♠♠❛ ❢♦r♠✉❧❛t❡s

❛ r❡s✉❧t ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳✷✳ ■ts ❛ss❡rt✐♦♥ t✉r♥s ♦✉t t♦

❜❡ ❛ ✉s❡❢✉❧ t♦♦❧ ❢♦r t❤❡ ❢♦rt❤❝♦♠✐♥❣ ♣r♦♦❢s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥

s♣❛❝❡s✱ t❤✐s r❡s✉❧t ✐s ✇❡❧❧✲❦♥♦✇♥❀ s❡❡ ❬✷✻✱ Pr♦♣♦s✐t✐♦♥ ✷✳✷❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s ❣✐✈❡♥

t❤❡r❡✳

▲❡♠♠❛ ✸✳✶✳✸

▲❡t X(µ) = L{qk} ❜❡ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❤♦s❡ t♦♣♦❧♦❣② ✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ❢✉♥✲

❞❛♠❡♥t❛❧✱ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s {qk}k∈N✳ ▲❡t {fn}n∈N ⊆ X(µ)

❜❡ ❛ s❡q✉❡♥❝❡ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ f ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛

s✉❜s❡q✉❡♥❝❡ ♦❢ {fn}n∈N ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ f µ✲❛✳❡✳✳

Pr♦♦❢✿

▲❡t {fn}n∈N ⊆ X(µ) ❜❡ ❛ s❡q✉❡♥❝❡ t❤❛t ❝♦♥✈❡r❣❡s t♦ ❛♥ ❡❧❡♠❡♥t f ∈ X(µ) ✐♥ t❤❡

t♦♣♦❧♦❣② ♦❢ X(µ)✱ t❤❛t ✐s✱

lim
n→∞

qk
(
fn − f

)
= 0, ❢♦r ❛❧❧ k ∈ N.

❍❡♥❝❡✱ {fn}n∈N ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ X(µ)✳ ■♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳✷ ✐t ✇❛s

s❤♦✇♥ t❤❛t ✐♥ t❤✐s ❝❛s❡ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ {gl}l∈N ♦❢ {fn}n∈N ❛♥❞ ❛ ❢✉♥❝t✐♦♥

f̃ ∈ X(µ) ✇❤✐❝❤ ✐s ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ t❤❡ µ✲❛✳❡✳ ♣♦✐♥t✇✐s❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ {gl}l∈N

❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ❧✐♠✐t ♦❢ {fn}n∈N ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ) ♠❡❛♥✐♥❣ t❤❛t

lim
n→∞

qk
(
fn − f̃

)
= 0, ❢♦r ❛❧❧ k ∈ N.

❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❡❛❝❤ qk ✐s ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ✇❡ ♦❜t❛✐♥

qk
(
f − f̃

)
= qk

(
f − fn + fn − f̃

)
6 qk

(∣
∣f − fn

∣
∣+
∣
∣fn − f̃

∣
∣
)

6 qk
(
f − fn

)
+ qk

(
fn − f̃

) n→∞
−→ 0,

❢♦r ❛❧❧ k ∈ N✱ ❛♥❞ ❝❛♥ t❤❡r❡❢♦r❡ ❝♦♥❝❧✉❞❡ t❤❛t f̃ = f ✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡✲

q✉❡♥❝❡ ♦❢ {fn}n∈N ✭♥❛♠❡❧② {gl}l∈N✮ ❝♦♥✈❡r❣✐♥❣ t♦ f µ✲❛✳❡✳✳ �

✻✶



◆♦✇ ✇❡ ❝❛♥ s❤♦✇ t❤❛t X(µ) ✐s ❝♦♥t✐♥✉♦✉s❧② ✐♥❝❧✉❞❡❞ ✐♥ M(µ)✳ ❋♦r X(µ) ❛ ❇❛♥❛❝❤

❢✉♥❝t✐♦♥ s♣❛❝❡✱ s❡❡ ❬✷✻✱ Pr♦♣♦s✐t✐♦♥ ✷✳✷ ✭✐✮❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶

▲❡t X(µ) = L{qk} ❜❡ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❤♦s❡ t♦♣♦❧♦❣② ✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ❢✉♥✲

❞❛♠❡♥t❛❧✱ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s {qk}k∈N✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t t❤❡

❝♦♠♣❧❡t❡✱ ♠❡tr✐③❛❜❧❡ s♣❛❝❡ M(µ) ❜❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts t♦♣♦❧♦❣② ♦❢ ❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✐♥

♠❡❛s✉r❡✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ✐♥❝❧✉s✐♦♥ ♠❛♣ i : X(µ) → M(µ) ✐s ❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢✿

❲❡ ❛♣♣❧② t❤❡ ❈❧♦s❡❞ ●r❛♣❤ ❚❤❡♦r❡♠ ❛s st❛t❡❞ ✐♥ ❬✶✽✱ ♣✳ ✶✻✽❪❀ s❡❡ ❛❧s♦ t❤❡

♣❛r❛❣r❛♣❤ ❜❡❢♦r❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✳ ❙♦✱ ❧❡t {fn}n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ X(µ) ⊆ M(µ)

✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ 0 ∈ X(µ) ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ) ❛♥❞ s✉❝❤ t❤❛t {i(fn)}n∈N

❝♦♥✈❡r❣❡s t♦ ❛ ❢✉♥❝t✐♦♥ f̃ ∈ M(µ) ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ M(µ)✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t

f̃ = 0✳

❚❤❡ ❢❛❝t t❤❛t {fn}n∈N ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ) ❡♥s✉r❡s✱ ❜② ▲❡♠♠❛

✸✳✶✳✸✱ t❤❛t t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ {fnm
}m∈N ♦❢ {fn}n∈N ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ 0

µ✲❛✳❡✳✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ❘❡♠❛r❦ ✷✳✷✳✷ ✭✐✐✮ t❤❛t {fnm
}m∈N ❧♦❝❛❧❧② ❝♦♥✈❡r❣❡s ✐♥ ♠❡❛s✉r❡

t♦ 0 ❛s ✇❡❧❧✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜❡✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ {i(fn)}n∈N t❤❡ s❡q✉❡♥❝❡

{i(fnm
)}m∈N = {fnm

}m∈N ❝♦♥✈❡r❣❡s ❛❧r❡❛❞② t♦ t❤❡ ❢✉♥❝t✐♦♥ f̃ ∈ M(µ) ✐♥ t❤❡ t♦♣♦❧✲

♦❣② ♦❢ M(µ) ♠❡❛♥✐♥❣ t❤❛t {fnm
}m∈N ❧♦❝❛❧❧② ❝♦♥✈❡r❣❡s ✐♥ ♠❡❛s✉r❡ t♦ f̃ ✳ ❇✉t t❤❡♥

✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❜② ❘❡♠❛r❦ ✷✳✷✳✷ ✭✐✮ t❤❛t f̃ = 0 ✐♥ M(µ)✳ �

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t❀ s❡❡ ❬✷✻✱ Pr♦♣♦s✐t✐♦♥

✷✳✷❪ ❢♦r ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s✳

❈♦r♦❧❧❛r② ✸✳✶✳✶

▲❡t X(µ) = L{qk} ❜❡ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❤♦s❡ t♦♣♦❧♦❣② ✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ❢✉♥✲

❞❛♠❡♥t❛❧✱ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s {qk}k∈N✳ ❚❤❡♥ ❡✈❡r② ❈❛✉❝❤②

s❡q✉❡♥❝❡ ✐♥ X(µ) ❛❞♠✐ts ❛ s✉❜s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣ µ✲❛✳❡✳✳

Pr♦♦❢✿

▲❡t {fn}n∈N ❜❡ ❛♥ ❛r❜✐tr❛r② ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ X(µ)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛

❢✉♥❝t✐♦♥ f ∈ X(µ) s✉❝❤ t❤❛t {fn}n∈N ❝♦♥✈❡r❣❡s t♦ f ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✳ ❇②

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶ ✐t ❢♦❧❧♦✇s t❤❛t {i(fn)}n∈N ❝♦♥✈❡r❣❡s t♦ i(f) ❧♦❝❛❧❧② ✐♥ ♠❡❛s✉r❡

✇✐t❤ i ❜❡✐♥❣ t❤❡ ✐❞❡♥t✐t② ♠❛♣✳ ❇② ❘❡♠❛r❦ ✷✳✷✳✷ ✭✐✐✐✮ t❤❡ s❡q✉❡♥❝❡ {fn}n∈N ❤❛s ❛

s✉❜s❡q✉❡♥❝❡ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ f µ✲❛✳❡✳✳ �

◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳ ❋♦r X(µ)✱ Y (µ) ❇❛♥❛❝❤

❢✉♥❝t✐♦♥ s♣❛❝❡s✱ s❡❡ ❬✷✻✱ ▲❡♠♠❛ ✷✳✼❪✳

✻✷



Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷

▲❡t X(µ) ❛♥❞ Y (µ) ❜❡ t✇♦ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s ✐♥ M(µ) s✉❝❤ t❤❛t X(µ) ⊆ Y (µ)

❛s ✈❡❝t♦r s✉❜❧❛tt✐❝❡s ♦❢ M(µ)✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ✐♥❝❧✉s✐♦♥ ♠❛♣ j : X(µ) → Y (µ) ✐s

❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢✿

❲❡ ❛♣♣❧② t❤❡ ❈❧♦s❡❞ ●r❛♣❤ ❚❤❡♦r❡♠ ✷✳✶✳✶✳ ▲❡t {fn}n∈N ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ X(µ) ⊆

Y (µ) s✉❝❤ t❤❛t {fn}n∈N ❝♦♥✈❡r❣❡s t♦ 0 ∈ X(µ) ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ) ❛♥❞ s✉❝❤

t❤❛t {j(fn)}n∈N ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ❢✉♥❝t✐♦♥ f̃ ∈ Y (µ) ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Y (µ) ✇❤❡r❡

j : X(µ) → Y (µ) ✐s t❤❡ ♥❛t✉r❛❧ ✐♥❝❧✉s✐♦♥ ♠❛♣✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t f̃ = 0✳

❆s {fn}n∈N ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✱ ▲❡♠♠❛ ✸✳✶✳✸ ✐♠♣❧✐❡s t❤❛t

t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ {fnm
}m∈N ♦❢ {fn}n∈N ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ 0 µ✲❛✳❡✳✳ ❚❤❡

s❡q✉❡♥❝❡ {j(fnm
)}m∈N ✐♥ t✉r♥✱ ❜❡✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ {j(fn)}n∈N✱ ❝♦♥✈❡r❣❡s t♦ f̃ ✐♥

t❤❡ t♦♣♦❧♦❣② ♦❢ Y (µ)✳ ❍❡♥❝❡✱ ▲❡♠♠❛ ✸✳✶✳✸ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡

{j(fnml
)}l∈N ♦❢ {j(fnm

)}m∈N ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ f̃ µ✲❛✳❡✳✳ ◆♦✇✱ s✐♥❝❡ {j(fnml
)}l∈N =

{fnml
}l∈N ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ {fnm

}m∈N t❤❡ µ✲❛✳❡✳ ❧✐♠✐ts ❤❛✈❡ t♦ ❜❡ t❤❡ s❛♠❡ ❛♥❞

✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t j(f) = 0 = f̃ ✳ ❚❤✉s✱ j : X(µ) → Y (µ) ✐s ❝♦♥t✐♥✉♦✉s✳ �

✸✳✷ ❚❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mT ❛ss♦❝✐❛t❡❞ ✇✐t❤ T

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥ ❧❡t (Ω,Σ, µ) ❛❣❛✐♥ ❜❡ ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡✳ ❆s ✉s✉❛❧✱

X(µ) ✇✐❧❧ ❞❡♥♦t❡ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❤♦s❡ t♦♣♦❧♦❣② ✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ❢✉♥✲

❞❛♠❡♥t❛❧✱ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠s {qk}k∈N ✇❤❡r❡❛s X ✇✐❧❧ ❜❡

❛ ❋ré❝❤❡t s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❢✉♥❞❛♠❡♥t❛❧✱ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ s❡♠✐✲♥♦r♠s

{pk}k∈N✳ ❲❡ ✇✐❧❧ ✇r✐t❡
(
X(µ), {qk}k∈N

)
❛♥❞

(
X, {pk}k∈N

)
✇❤❡♥❡✈❡r ✇❡ ✇❛♥t t♦

❡♠♣❤❛s✐③❡ t❤✐s✳ ■t ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ t❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥ t❤❛t X(µ) ❝♦♥t❛✐♥s ❛❧❧

Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥ χΩ ∈ X(µ) ❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t ❛❧s♦ L∞(µ) ⊆ X(µ)✳ ❋✉r✲

t❤❡r♠♦r❡✱ ❧❡t T : X(µ) → X ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r✳ ❇② ♠❡❛♥s ♦❢ t❤❡

♦♣❡r❛t♦r T ✇❡ ❞❡✜♥❡ ❛ ✜♥✐t❡❧② ❛❞❞✐t✐✈❡ s❡t ❢✉♥❝t✐♦♥ mT : Σ → X ❜②

mT (A) := T (χA), ❢♦r A ∈ Σ, ✭✸✳✼✮

✇❤❡r❡ χA ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ A✳

❘❡❝❛❧❧ t❤❛t ✐♥ ▲❡♠♠❛ ✷✳✸✳✷ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t s✐♠(Σ) ✐s ❞❡♥s❡ ✐♥ X(µ) ✇❤❡♥✲

❡✈❡r t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ X(µ) ❝♦♥t❛✐♥s t❤❡ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❤❛s ❛

σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②✳ ▲❡t ✉s s❤♦✇ t❤❛t ✉♥❞❡r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ♦♥ X(µ) t❤❡

✜♥✐t❡❧② ❛❞❞✐t✐✈❡ s❡t ❢✉♥❝t✐♦♥ mT ❜❡❝♦♠❡s σ✲❛❞❞✐t✐✈❡✳

✻✸



Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶

▲❡t X ❜❡ ❛ ❋ré❝❤❡t s♣❛❝❡✱ X(µ) ❜❡ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇✐t❤ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②

❛♥❞ T : X(µ) → X ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r✳ ❚❤❡♥ mT ❛s ❞❡✜♥❡❞ ✐♥ ✭✸✳✼✮ ✐s ❛

✈❡❝t♦r ♠❡❛s✉r❡✳

Pr♦♦❢✿

▲❡t {Aj}j∈N ⊆ Σ ❜❡ ❛♥② s❡q✉❡♥❝❡ ♦❢ s❡ts s❛t✐s❢②✐♥❣ Aj ↓j ∅✱ ✐♥ ✇❤✐❝❤ ❝❛s❡

{χAj
}j∈N ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ χAj

↓j 0 ♣♦✐♥t✇✐s❡ ♦♥ Ω✳ ▼♦r❡♦✈❡r✱

t❤❡ ✐♥❡q✉❛❧✐t② |χΩ| > χAj
↓j 0 ❤♦❧❞s✳ ❚❤❡ ❢❛❝t t❤❛t X(µ) ❤❛s ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②

✐♠♣❧✐❡s t❤❛t {χAj
}j∈N ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)❀ s❡❡ ❘❡♠❛r❦ ✷✳✸✳✷✳ ❇②

t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ T ✇❡ ♦❜t❛✐♥ t❤❛t mT (Aj) = T (χAj
) ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣②

♦❢ X✳ ❍❡♥❝❡✱ mT ✐s σ✲❛❞❞✐t✐✈❡✱ ✐✳❡✳✱ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✳ �

❲❡ ✇✐❧❧ r❡❢❡r t♦ mT ❛s t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ T ✳ ❖❢ ✐♥t❡r❡st ✐s t❤❡ s♣❛❝❡

♦❢ mT ✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s L1(mT )✳ ❚❤❡ ♥❡①t r❡s✉❧t s❤♦✇s t❤❛t X(µ) ✐s ❛❧✇❛②s

❝♦♥t❛✐♥❡❞ ✐♥ ✐t✳ ❋♦r T t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡ X✱ s❡❡ ❬✷✻✱ Pr♦♣♦s✐t✐♦♥ ✹✳✹

✭✐✮❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷

▲❡t (X(µ), {qk}k∈N) ❜❡ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇✐t❤ ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②✱ X ❜❡ ❛

❋ré❝❤❡t s♣❛❝❡ ❛♥❞ mT ❜❡ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r

T : X(µ) → X✳ ❚❤❡♥ ❡❛❝❤ f ∈ X(µ) ✐s mT ✲✐♥t❡❣r❛❜❧❡ ❛♥❞ T (fχA) =
∫

A
fdmT ✱ ❢♦r

A ∈ Σ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ X(µ) ⊆ L1(mT )✳

Pr♦♦❢✿

▲❡t f ∈ X(µ)✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷✳✸✳✷ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s

{sn}n∈N ⊆ s✐♠(Σ) ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ♣♦✐♥t✇✐s❡ t♦ f ♦♥ Ω ❛♥❞ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ f

✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✳ ❋✐① A ∈ Σ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ {snχA}n∈N ⊆ X(µ)

❛s ✇❡❧❧ ❛s t❤❡ ❢✉♥❝t✐♦♥ fχA ∈ X(µ)✳ ■t ✐s ❝❧❡❛r t❤❛t

∣
∣snχA − fχA

∣
∣ 6

∣
∣sn − f

∣
∣, ❢♦r ❛❧❧ n ∈ N.

❚❤✐s ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❡❛❝❤ qk ✐s ❛ ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ✐♠♣❧② t❤❛t

qk
(
snχA − fχA

)
6 qk

(
sn − f

) n→∞
−→ 0, ❢♦r ❛❧❧ k ∈ N,

♠❡❛♥✐♥❣ t❤❛t {snχA}n∈N ❝♦♥✈❡r❣❡s t♦ fχA ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ X(µ)✳ ❙✐♥❝❡ T ✐s

❝♦♥t✐♥✉♦✉s✱ t❤❡ s❡q✉❡♥❝❡
{
T (snχA)

}

n∈N
⊆ X ❝♦♥✈❡r❣❡s t♦ T (fχA) ∈ X ✐♥ t❤❡

✻✹



t♦♣♦❧♦❣② ♦❢ X✳ ❊❛❝❤ ❢✉♥❝t✐♦♥ sn✱ ❜❡✐♥❣ Σ✲s✐♠♣❧❡✱ ✐s ♦❢ t❤❡ ❢♦r♠

sn =

ℓ(n)
∑

j=1

α
(n)
j χ

A
(n)
j

, ❢♦r ❛❧❧ n ∈ N,

❛♥❞ s♦ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ ♥♦t❛t✐♦♥

∫

A

sn dmT =

ℓ(n)
∑

j=1

α
(n)
j mT

(
A

(n)
j ∩ A

)

❛s st❛t❡❞ ✐♥ ✭✷✳✷✼✮ ❛♥❞ ♦❜t❛✐♥✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ mT ❛♥❞ t❤❡ ❧✐♥❡❛r✐t② ♦❢ T ✱ t❤❛t

∫

A

sn dmT =

ℓ(n)
∑

j=1

α
(n)
j T

(
χ
A

(n)
j ∩A

)
= T





ℓ(n)
∑

j=1

α
(n)
j χ

A
(n)
j

χA



 = T
(
snχA

)
,

❢♦r ❛❧❧ n ∈ N✳ ❍❡♥❝❡✱ T (fχA) ✐s t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡
{∫

A
sn dmT

}

n∈N
✐♥ t❤❡

t♦♣♦❧♦❣② ♦❢ X✱ t❤❛t ✐s✱

T (fχA) = lim
n→∞

∫

A

sn dmT .

❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s {sn}n∈N ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ♣♦✐♥t✲

✇✐s❡ t♦ f ♦♥ Ω ❛♥❞ s✉❝❤ t❤❛t
{∫

A
sn dmT

}

n∈N
❝♦♥✈❡r❣❡s t♦ t❤❡ ❡❧❡♠❡♥t T (fχA) ✐♥

X✳ ❚❤❡ s❡t A ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ❛♥❞ ❤❡♥❝❡✱ t❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ A ∈ Σ✳ ❆♣♣❧②✐♥❣

Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t f ✐s mT ✲✐♥t❡❣r❛❜❧❡ ❛♥❞ T (fχA) =
∫

A
f dmT ✱

❢♦r ❛❧❧ A ∈ Σ✳ �

❈♦♥❝❡r♥✐♥❣ t❤❡ ♥✉❧❧ ❢✉♥❝t✐♦♥s ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t✳ ❋♦r T ❜❡✐♥❣ ❇❛♥❛❝❤✲s♣❛❝❡✲

✈❛❧✉❡❞✱ s❡❡ ❬✷✻✱ Pr♦♣♦s✐t✐♦♥ ✹✳✹ ✭✐✐✮❪✳

▲❡♠♠❛ ✸✳✷✳✶

▲❡t f ∈ L1(µ) ❜❡ ❛ µ✲♥✉❧❧ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ f ✐s ❛❧s♦ ❛♥ mT ✲♥✉❧❧ ❢✉♥❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱

N (µ) ⊆ N (mT )✳

Pr♦♦❢✿

▲❡t f ∈ L1(µ) ❜❡ ❛♥ ✐♥❞✐✈✐❞✉❛❧ µ✲♥✉❧❧ ❢✉♥❝t✐♦♥✱ ✐✳❡✳✱ f ∈ N (µ)✳ ❍❡♥❝❡✱ f = 0

µ✲❛✳❡✳ ♦♥ Ω ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦ fχA = 0 µ✲❛✳❡✳✱ ❢♦r ❛❧❧ A ∈ Σ✳ ❚❤❡♥✱ ❢♦r ❛ ✜①❡❞ s❡t

A ∈ Σ✱ ∫

A

f dmT = T (fχA) = T (0) = 0

❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦

pk

(∫

A

f dmT

)

= pk
(
T (fχA)

)
= pk(0) = 0, ❢♦r ❛❧❧ k ∈ N✳

✻✺



❆s A ∈ Σ ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② t❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ A ∈ Σ✳ ❲❡ ♦❜t❛✐♥ t❤❛t

pk(mT )(f) = sup

{

pk

(∫

A

f dmT

)

: A ∈ Σ

}

= 0, ❢♦r ❛❧❧ k ∈ N✳

❚❤✉s✱ f ✐s ❛♥ mT ✲♥✉❧❧ ❢✉♥❝t✐♦♥✱ ✐✳❡✳✱ f ∈ N (mT )✳ �

❉❡♥♦t❡ ❜② L1(mT ) t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❝❧❛ss❡s ♦❢ mT ✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ✭✐✳❡✳✱ ❞✐✛❡r✐♥❣

♦♥❧② ♦♥ ❛♥ mT ✲♥✉❧❧ s❡t✮✳ ◆❛♠❡❧②✱

L1(mT ) := L1(mT )/N (mT ).

❚♦ s❤♦✇ t❤❛t X(µ) ✐s ✐♥❝❧✉❞❡❞ ❝♦♥t✐♥✉♦✉s❧② ✐♥t♦ L1(mT )✱ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ♠❛♣

jT : X(µ) → L1(mT ) ❞❡✜♥❡❞ ❜② jT (f) := f ✳ ❖❜s❡r✈❡✱ t❤❛t t❤✐s ♠❛♣ ✐s ✇❡❧❧✲❞❡✜♥❡❞

❛♥❞ ♥♦t ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ f ✳ ❚♦ s❡❡ t❤✐s ❧❡t f, g ∈ M(µ) ❜❡ t✇♦

✐♥❞✐✈✐❞✉❛❧ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ f, g ∈ X(µ) ❛♥❞ ❞✐✛❡r✐♥❣ ♦♥❧② ♦♥ ❛ µ✲♥✉❧❧ s❡t✳ ❍❡♥❝❡✱

f − g ∈ N (µ) ❛♥❞✱ ❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛ ✸✳✷✳✶✱ ❛❧s♦ jT (f − g) = f − g ∈ N (mT )✳ ❚❤✉s✱

f ❛♥❞ g ❞✐✛❡r ♦♥❧② ♦♥ ❛♥ mT ✲♥✉❧❧ s❡t ❛♥❞ t❤❡r❡❢♦r❡ ❞❡t❡r♠✐♥❡ t❤❡ s❛♠❡ ❡❧❡♠❡♥t ✐♥

L1(mT )✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ✇❡ ❤❛✈❡

T (f) = T
(
fχΩ

)
=

∫

Ω

f dmT =

∫

Ω

jT (f) dmT , ❢♦r f ∈ X(µ). ✭✸✳✽✮

❋♦r X(µ) ❛ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ ❛♥❞ T ❛ ❇❛♥❛❝❤✲s♣❛❝❡✲✈❛❧✉❡❞ ♦♣❡r❛t♦r✱ t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ❢❛❝t ♦❝❝✉rs ✐♥ ❬✷✻✱ Pr♦♣♦s✐t✐♦♥ ✹✳✹ ✭✐✐✮❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸

❚❤❡ ❧✐♥❡❛r ♠❛♣ jT : X(µ) → L1(mT ) ✐s ❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢✿

▲❡t f ∈ X(µ) ❛♥❞ ✜① ❛ s❡t A ∈ Σ✳ ❚❤❡♥ |fχA| 6 |f | ❛♥❞ ❛s ❡❛❝❤ qk ✐s ❛ ❢✉♥❝t✐♦♥

s❡♠✐✲♥♦r♠✱ t❤❡ ✐♥❡q✉❛❧✐t② qk(fχA) 6 qk(f) ❤♦❧❞s✱ ❢♦r ❛❧❧ k ∈ N✳ ❋✐① k ∈ N✳ ❚❤❡

❝♦♥t✐♥✉✐t② ♦❢ T ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡① lk ∈ N ❛♥❞ ❛ ❝♦♥st❛♥t Mk > 0

s✉❝❤ t❤❛t

pk
(
T (fχA)

)
6 Mk qlk

(
fχA

)
6 Mk qlk(f), ❢♦r A ∈ Σ✳

❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t

∫

A

jT (f) dmT =

∫

Ω

jT (f)χA dmT
(3.8)
= T

(
fχA

)
,

✻✻



✇❡ ♦❜t❛✐♥ t❤❛t

pk(mT )
(
jT (f)

)
= sup

{

pk

(∫

A

jT (f) dmT

)

: A ∈ Σ

}

6 Mk qlk(f).

❙✐♥❝❡ k ∈ N ✐s ❛r❜✐tr❛r②✱ t❤✐s s❤♦✇s t❤❛t t❤❡ ❧✐♥❡❛r ♠❛♣ jT : X(µ) → L1(mT ) ✐s

❝♦♥t✐♥✉♦✉s✳ �

❚❤❡ ♥❡①t r❡s✉❧t s❤♦✇s t❤❛t X(µ) ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ L1(mT ) ✇❤❡♥❡✈❡r t❤❡

mT ✲♥✉❧❧ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ µ✲♥✉❧❧ ❢✉♥❝t✐♦♥s ❝♦✐♥❝✐❞❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹

❲❤❡♥❡✈❡r N (mT ) = N (µ)✱ t❤❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♠❛♣ jT : X(µ) → L1(mT ) ✐s ✐♥❥❡❝t✐✈❡✳

❚❤❛t ✐s✱ X(µ) ✐s ❝♦♥t✐♥✉♦✉s❧② ✐♥❝❧✉❞❡❞ ✐♥ L1(mT )✳

Pr♦♦❢✿

▲❡t f ∈ X(µ) s❛t✐s❢② jT (f) = 0✱ t❤❛t ✐s✱ jT (f) ∈ L1(mT ) ✐s ❛♥ mT ✲♥✉❧❧ ❢✉♥❝t✐♦♥✳

❇✉t✱ ❛s N (mT ) ⊆ N (µ)✱ ✐t ✐s ❛❧s♦ ❛ µ✲♥✉❧❧ ❢✉♥❝t✐♦♥✳ ❍❡♥❝❡✱ jT (f) = f = 0 µ✲❛✳❡✳✳

❚❤✉s✱ jT ✐s ✐♥❥❡❝t✐✈❡✳ �

❲❡ ❝❛❧❧ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r T : X(µ) → X µ✲❞❡t❡r♠✐♥❡❞ ✐❢ t❤❡ µ✲♥✉❧❧

❢✉♥❝t✐♦♥s ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ mT ✲♥✉❧❧ ❢✉♥❝t✐♦♥s✱ ✐✳❡✳✱ N (µ) = N (mT )✳ ■♥ Pr♦♣♦s✐t✐♦♥

✸✳✷✳✹ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ µ✲❞❡t❡r♠✐♥❡❞♥❡ss ♦❢ t❤❡ ♦♣❡r❛t♦r T ❝❛✉s❡s t❤❡ ♥❛t✉r❛❧

✐♥❝❧✉s✐♦♥ ♠❛♣ jT t♦ ❜❡ ✐♥❥❡❝t✐✈❡✳ ❋♦r X(µ) ❛ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ ❛♥❞ X ❛ ❇❛♥❛❝❤

s♣❛❝❡✱ s❡❡ ❬✷✻✱ ▲❡♠♠❛ ✹✳✺❪✳

▲❡♠♠❛ ✸✳✷✳✷

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❢♦r ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r T : X(µ) → X ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ T ✐s µ✲❞❡t❡r♠✐♥❡❞✳

✭✐✐✮ N (µ) = N (mT )✳

✭✐✐✐✮ N0(µ) = N0(mT )✳

Pr♦♦❢✿

✭✐✮ ⇔ ✭✐✐✮ ✐s ❝❧❡❛r ❜② ❞❡✜♥✐t✐♦♥✳

✭✐✮ ⇒ ✭✐✐✐✮ ❙✉♣♣♦s❡ t❤❛t T ✐s µ✲❞❡t❡r♠✐♥❡❞✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ mT ✲♥✉❧❧ ❢✉♥❝t✐♦♥s

❛♥❞ t❤❡ µ✲♥✉❧❧ ❢✉♥❝t✐♦♥s ❝♦✐♥❝✐❞❡✳ ▲❡t A ∈ N0(µ) ❜❡ ❛♥② µ✲♥✉❧❧ s❡t✳ ❚❤❡♥ χA ∈ N (µ)

❛♥❞ ❜② ▲❡♠♠❛ ✸✳✷✳✶ χA ∈ N (mT ) ❛s ✇❡❧❧ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧

mT,χA
✐s t❤❡ ♥✉❧❧ ✈❡❝t♦r ♠❡❛s✉r❡✳ ❇✉t t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ A ∈ N0(mT ) s✐♥❝❡

0 = mT,χA
(B) =

∫

B

χA dmT = mT (B ∩ A), ❢♦r ❛❧❧ B ∈ Σ✳ ✭✸✳✾✮

✻✼



❚❤✉s✱ N0(µ) ⊆ N0(mT )✳

❈♦♥✈❡rs❡❧②✱ ❧❡t A ∈ N0(mT ) ❜❡ ❛♥② mT ✲♥✉❧❧ s❡t✳ ❇② ❞❡✜♥✐t✐♦♥ χA ✐s t❤❡♥ ❛♥

mT ✲♥✉❧❧ ❢✉♥❝t✐♦♥✳ ❇✉t✱ ❜② t❤❡ µ✲❞❡t❡r♠✐♥❡❞♥❡ss ♦❢ T ✱ ✇❡ ❤❛✈❡ N (mT ) ⊆ N (µ)

✐♠♣❧②✐♥❣ t❤❛t χA ✐s ❛❧s♦ ❛ µ✲♥✉❧❧ ❢✉♥❝t✐♦♥✳ ❍❡♥❝❡✱ A ∈ N0(µ) ❛♥❞ ❝♦♥s❡q✉❡♥t❧②

N0(mT ) ⊆ N0(µ)✳

✭✐✐✐✮ ⇒ ✭✐✮ ❙✐♥❝❡ N (µ) ⊆ N (mT ) ✐s ❛❧✇❛②s tr✉❡ ✭s❡❡ ▲❡♠♠❛ ✸✳✷✳✶✮ ✐t s✉✣❝❡s t♦

s❤♦✇ t❤❛t N (mT ) ⊆ N (µ) ✇❤❡♥❡✈❡r t❤❡ mT ✲♥✉❧❧ s❡ts ❛♥❞ t❤❡ µ✲♥✉❧❧ s❡ts ❝♦✐♥❝✐❞❡✳

▲❡t f ∈ N (mT ) ❜❡ ❛♥② mT ✲♥✉❧❧ ❢✉♥❝t✐♦♥✳ ❇② ❘❡♠❛r❦ ✷✳✹✳✷ f−1(C\{0}) = {w ∈ Ω :

f(w) 6= 0} ✐s t❤❡♥ ❛♥ mT ✲♥✉❧❧ s❡t✳ ❇✉t✱ ❛s N0(mT ) = N0(µ) ❤♦❧❞s✱ f
−1(C\{0}) ✐s

❛❧s♦ ❛ µ✲♥✉❧❧ s❡t✳ ❚❤✉s✱ f ✐s ❛ µ✲♥✉❧❧ ❢✉♥❝t✐♦♥ ❛♥❞ N (mT ) ⊆ N (µ)✳ �

❘❡❝❛❧❧ t❤❛t ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ ν : Σ → [0,∞] ✐s ❛ ❝♦♥tr♦❧ ♠❡❛s✉r❡ ❢♦r mT ✐❢ t❤❡

ν✲♥✉❧❧ s❡ts ❛♥❞ t❤❡ mT ✲♥✉❧❧ s❡ts ❝♦✐♥❝✐❞❡✱ ✐✳❡✳✱ ✐❢ N0(ν) = N0(mT )✳ ❘❡♠❛r❦ ✷✳✹✳✸

s❤♦✇s t❤❛t ν ❝❛♥ ❛❧s♦ ❜❡ ❝❤♦s❡♥ ❛s ❛ ✜♥✐t❡ ♠❡❛s✉r❡✳ ▲❡♠♠❛ ✸✳✷✳✷ ❛ss❡rts t❤❛t µ ✐s

❛ ❝♦♥tr♦❧ ♠❡❛s✉r❡ ❢♦r mT ♣r❡❝✐s❡❧② ✇❤❡♥ T ✐s µ✲❞❡t❡r♠✐♥❡❞✳

◆♦✇ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ µ✲❞❡t❡r♠✐♥❡❞♥❡ss ♦❢ T ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ µ✲❞❡t❡r♠✐♥❡❞♥❡ss

♦❢ jT ❀ s❡❡ ❛❧s♦ ❬✷✻✱ ▲❡♠♠❛ ✹✳✺ ✭✐✐✮❪ ❢♦r ❛ s♣❡❝✐❛❧ ❝❛s❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✺

❚❤❡ ♦♣❡r❛t♦r T : X(µ) → X ✐s µ✲❞❡t❡r♠✐♥❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♦♣❡r❛t♦r jT : X(µ) →

L1(mT ) ✐s µ✲❞❡t❡r♠✐♥❡❞✳

Pr♦♦❢✿

❆ss✉♠❡ t❤❛t T ✐s µ✲❞❡t❡r♠✐♥❡❞✱ ✐✳❡✳✱ N (mT ) = N (µ)✳ ❈♦♥s✐❞❡r t❤❡ ✈❡❝t♦r

♠❡❛s✉r❡ mjT : Σ → L1(mT ) ❞❡✜♥❡❞ ❜② mjT (A) := jT (χA) = χA✳ ❋✐① A ∈ N0(mjT )✳

❚❤❡♥✱

jT (χA∩B) = mjT (B ∩ A) = 0 ∈ L1(mT ), ❢♦r ❛❧❧ B ∈ Σ.

❙✐♥❝❡ T ✐s µ✲❞❡t❡r♠✐♥❡❞✱ jT ✐s ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹ ✐♥❥❡❝t✐✈❡✳ ❍❡♥❝❡✱ χB∩A = 0 ✐♥

X(µ) ❛♥❞ t❤❡r❡❢♦r❡ mT (B ∩ A) = T (χB∩A) = T (0) = 0✱ ❢♦r ❛❧❧ B ∈ Σ✳ ❚❤✉s✱ A ✐s

❛❧s♦ ❛♥ mT ✲♥✉❧❧ s❡t ❛♥❞ s♦ N0(mjT ) ⊆ N0(mT ) = N0(µ)✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛

✸✳✷✳✷ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✶✱ ❛♣♣❧✐❡❞ t♦ jT : X(µ) → L1(mT )✱ t❤❛t N0(mjT ) = N0(µ)

♠❡❛♥✐♥❣ t❤❛t jT ✐s µ✲❞❡t❡r♠✐♥❡❞ ❛s ✇❡❧❧✳

❚♦ s❤♦✇ t❤❡ ❝♦♥✈❡rs❡ ❞✐r❡❝t✐♦♥ ❛ss✉♠❡ t❤❛t jT ✐s µ✲❞❡t❡r♠✐♥❡❞ ❛♥❞ ❧❡t A ∈ Σ ❜❡

mT ✲♥✉❧❧✱ ✐✳❡✳✱ A ∈ N0(mT )✳ ❚❤❡♥ χA = 0 ✐♥ L1(mT ) ♠❡❛♥✐♥❣ t❤❛t pk(mT )(χA) = 0✱

❢♦r ❛❧❧ k ∈ N✳ ❋♦r ❡❛❝❤ B ⊆ A✱ χB 6 χA ❡✈❡r②✇❤❡r❡ ♦♥ Ω ❛♥❞ t❤✉s✱

pk(mT )(χB) 6 pk(mT )(χA) = 0, ❢♦r ❛❧❧ k ∈ N✳

✻✽



❚❤❡r❡❢♦r❡✱ χB = 0 ✐♥ L1(mT )✳ ❇✉t χB = mjT (B)✱ ❢♦r ❛❧❧ B ⊆ A✱ ✐✳❡✳✱ mjT (B) =

0 ✐♥ L1(mT )✱ ❢♦r ❛❧❧ B ⊆ A✳ ❇② t❤❡ µ✲❞❡t❡r♠✐♥❡❞♥❡ss ♦❢ jT ✇❡ ♦❜t❛✐♥ A ∈

N0(mjT ) = N0(µ)✳ ❍❡♥❝❡✱ t❤❡ mT ✲♥✉❧❧ s❡ts ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ µ✲♥✉❧❧ s❡ts ❛♥❞ s♦

T ✐s µ✲❞❡t❡r♠✐♥❡❞✳ �

❆♥♦t❤❡r ❝r✐t❡r✐♦♥ ❢♦r t❤❡ µ✲❞❡t❡r♠✐♥❡❞♥❡ss ♦❢ t❤❡ ♦♣❡r❛t♦r T ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

❧❡♠♠❛✳ ❋♦r ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ s❡❡ ❬✷✻✱ ▲❡♠♠❛ ✹✳✺ ✭✐✐✐✮❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✻

▲❡t T : X(µ) → X ❜❡ ✐♥❥❡❝t✐✈❡ ♦♥ t❤❡ s✉❜s❡t {χA : A ∈ Σ} ⊆ X(µ)✳ ❚❤❡♥ T ✐s

µ✲❞❡t❡r♠✐♥❡❞✳

Pr♦♦❢✿

❙✉♣♣♦s❡ t❤❛t T ✐s ✐♥❥❡❝t✐✈❡ ♦♥ t❤❡ s✉❜s❡t {χA : A ∈ Σ} ❛♥❞ ❧❡t B ∈ N0(mT )✳

❚❤❡♥ χB ∈ X(µ) ❛♥❞ T (χB) = mT (B) = 0✳ ❆s T ✐s ✐♥❥❡❝t✐✈❡ ♦♥ {χA : A ∈ Σ}✱ ✐t

❢♦❧❧♦✇s t❤❛t χB = 0 ✐♥ X(µ) ❛♥❞ s♦ B ∈ N0(µ)✳ ❚❤✉s✱ N0(mT ) ⊆ N0(µ)✳ ▲❡♠♠❛

✸✳✷✳✶ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✷ t❤❡♥ ✐♠♣❧② t❤❛t T ✐s µ✲❞❡t❡r♠✐♥❡❞✳ �

❆s t❤❡ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s s✐♠(Σ) ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ X(µ)✱ ❜② ❛ss✉♠♣t✐♦♥✱ ❛♥❞ t❤❡r❡✲

❢♦r❡ ❛❧s♦ {χA : A ∈ Σ} ⊆ X(µ) ❤♦❧❞s✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❡❝✐❛❧ ❝❛s❡✳

❈♦r♦❧❧❛r② ✸✳✷✳✶

❙✉♣♣♦s❡ t❤❛t T ✐s ✐♥❥❡❝t✐✈❡ ♦♥ X(µ)✳ ❚❤❡♥ T ✐s µ✲❞❡t❡r♠✐♥❡❞✳ �

✸✳✸ ❚❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ❛♥❞ ✐♥t❡❣r❛❧ ❡①t❡♥s✐♦♥ ♦❢

t❤❡ ♦♣❡r❛t♦r T

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❧❡t (Ω,Σ, µ) ❜❡ ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡✱ X(µ) ❜❡ ❛ ❋ré❝❤❡t

❢✉♥❝t✐♦♥ s♣❛❝❡ ✇✐t❤ ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ❛♥❞ ❝♦♥t❛✐♥✐♥❣ t❤❡ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s✱ X

❜❡ ❛ ❋ré❝❤❡t s♣❛❝❡✱ T : X(µ) → X ❜❡ ❛ µ✲❞❡t❡r♠✐♥❡❞✱ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r ❛♥❞

mT ❜❡ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐t✳ ▲❡t ❢✉rt❤❡r♠♦r❡ jT : X(µ) → L1(mT )

❜❡ t❤❡ ❝♦♥t✐♥✉♦✉s ✐♥❥❡❝t✐♦♥ ❡♠❜❡❞❞✐♥❣ X(µ) ✐♥t♦ L1(mT )❀ s❡❡ Pr♦♣♦s✐t✐♦♥s ✸✳✷✳✷✱

✸✳✷✳✸ ❛♥❞ ✸✳✷✳✹✳ ❘❡❝❛❧❧ t❤❛t L1(mT ) ✐s ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ♦✈❡r (Ω,Σ, µ) ❛♥❞

❤❛s ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②❀ s❡❡ ❙❡❝t✐♦♥ ✷✳✹✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t s❤♦✇s t❤❛t t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImT
: L1(mT ) → X✱ ❞❡✜♥❡❞

❜②

ImT
(f) :=

∫

Ω

f dmT , ❢♦r f ∈ L1(mT ),

✻✾



✐s t❤❡♥ ❛ ❝♦♥t✐♥✉♦✉s✱ X✲✈❛❧✉❡❞ ❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ T t♦ t❤❡ ❧❛r❣❡r ❞♦♠❛✐♥ s♣❛❝❡

L1(mT )✱ ✇❤✐❝❤ ✐s ✐♥ ❛ ❝❡rt❛✐♥ s❡♥s❡ ♦♣t✐♠❛❧✳ ❋♦r t❤❡ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ s❡tt✐♥❣

✇❡ r❡❢❡r t♦ ❚❤❡♦r❡♠ ✹✳✶✹ ❛♥❞ ❘❡♠❛r❦ ✹✳✶✺ ♦❢ ❬✷✻❪✳

❚❤❡♦r❡♠ ✸✳✸✳✶

❚❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ L1(mT ) ✐s t❤❡ ❧❛r❣❡st ❛♠♦♥❣st ❛❧❧ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s

♦✈❡r (Ω,Σ, µ) ❤❛✈✐♥❣ ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ✐♥t♦ ✇❤✐❝❤ X(µ) ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞

❛♥❞ t♦ ✇❤✐❝❤ T ❛❞♠✐ts ❛♥ X✲✈❛❧✉❡❞ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❡①t❡♥s✐♦♥✳ ▼♦r❡♦✈❡r✱ s✉❝❤ ❛♥

❡①t❡♥s✐♦♥ ♦❢ T ✐s ✉♥✐q✉❡ ❛♥❞ ✐s ♣r❡❝✐s❡❧② t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImT
: L1(mT ) → X✳

Pr♦♦❢✿

▲❡t Y (µ) ❜❡ ❛♥② ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ♦✈❡r (Ω,Σ, µ) ❤❛✈✐♥❣ ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧✲

♦❣② s✉❝❤ t❤❛t X(µ) ⊆ Y (µ) ❛♥❞ s✉❝❤ t❤❛t T ❛❞♠✐ts ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❡①t❡♥s✐♦♥

T̃ : Y (µ) → X✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷ t❤❡ ♥❛t✉r❛❧ ❡♠❜❡❞❞✐♥❣ j : X(µ) →

Y (µ) ✐s ♥❡❝❡ss❛r✐❧② ❝♦♥t✐♥✉♦✉s✳ ❲❡ s❤♦✇ t❤❛t ♥❡❝❡ss❛r✐❧② Y (µ) ⊆ L1(mT )✳ ❆s

s✐♠(Σ) ⊆ X(µ) ⊆ Y (µ)✱ ✇❡ ❤❛✈❡ j(χA) = χA ∈ Y (µ)✱ ❢♦r ❡❛❝❤ A ∈ Σ✳ ❚❤❡r❡❢♦r❡✱

T̃ (χA) = T̃
(
j(χA)

)
= T̃ |X(µ)(χA) = T (χA), ❢♦r ❛❧❧ A ∈ Σ.

❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡s mT ❛♥❞ mT̃ ❛ss♦❝✐❛t❡❞ ✇✐t❤ T r❡s♣❡❝t✐✈❡❧② T̃

t❤✐s ♠❡❛♥s t❤❛t

mT̃ (A) = T̃ (χA) = T (χA) = mT (A), ❢♦r ❛❧❧ A ∈ Σ.

❍❡♥❝❡✱ t❤❡ X✲✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡s mT ❛♥❞ mT̃ ❝♦✐♥❝✐❞❡✳ ❙✐♥❝❡ T ✐s µ✲❞❡t❡r♠✐♥❡❞

✇❡ ♦❜t❛✐♥ N (mT̃ ) = N (mT ) = N (µ) ♠❡❛♥✐♥❣ t❤❛t T̃ ✐s µ✲❞❡t❡r♠✐♥❡❞ ❛s ✇❡❧❧✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ❛♣♣❧✐❡❞ t♦ T̃ ✐♠♣❧✐❡s t❤❛t Y (µ) ⊆ L1(mT̃ ) =

L1(mT )✱ ♠❡❛♥✐♥❣ t❤❛t L1(mT ) ✐s ✏❧❛r❣❡r✑ t❤❛♥ Y (µ)✳ ❲❡ st✐❧❧ ♥❡❡❞ t♦ s❤♦✇ t❤❛t

ImT
: L1(mT ) → X ✐s ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ T ❢r♦♠ X(µ) t♦ L1(mT )✳ ▲❡t

f ∈ X(µ) ⊆ L1(mT )✳ ❚❤❡♥ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ②✐❡❧❞s

(
ImT

◦ jT
)
(f) = ImT

(
jT (f)

)
= ImT

(f) =

∫

Ω

f dmT = T
(
fχΩ

)
= T (f).

❍❡♥❝❡✱ ImT
✐s ✐♥❞❡❡❞ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ T t♦ L1(mT )✳

❚❤❡ ❡①t❡♥s✐♦♥ ImT
✐s ❛❧s♦ ✉♥✐q✉❡✳ ❚♦ s❡❡ t❤✐s ❧❡t Λ : L1(mT ) → X ❜❡ ❛♥♦t❤❡r

❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ T ✱ ♠❡❛♥✐♥❣ t❤❛t

ImT
(f) = T (f) = Λ(f), ❢♦r ❛❧❧ f ∈ X(µ)✳ ✭✸✳✶✵✮

❙✐♥❝❡ L1(mT ) ❝♦♥t❛✐♥s t❤❡ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❤❛s ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②✱ ▲❡♠♠❛

✼✵



✷✳✸✳✷ ✐♠♣❧✐❡s t❤❛t s✐♠(Σ) ✐s ❞❡♥s❡ ✐♥ L1(mT )✳ ◆♦✇✱ ❧❡t f ∈ L1(mT ) ❜❡ ❛r❜✐tr❛r✐❧②

❝❤♦s❡♥✳ ❆❧s♦ ❜② ▲❡♠♠❛ ✷✳✸✳✷ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {sn}n∈N ⊆ s✐♠(Σ) ❝♦♥✈❡r❣✐♥❣

t♦ f ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ L1(mT )✳ ❚❤❡♥ ✭✸✳✶✵✮ ②✐❡❧❞s t❤❛t

ImT
(f) = ImT

(

lim
n→∞

sn

)

= lim
n→∞

ImT
(sn) = lim

n→∞
Λ(sn) = Λ

(

lim
n→∞

sn

)

= Λ(f).

❍❡♥❝❡✱ ImT
= Λ✳ �

✼✶



✼✷



❈❤❛♣t❡r ✹

❆♣♣❧✐❝❛t✐♦♥s

■♥ ❈❤❛♣t❡r ✹ ✇❡ ✇✐❧❧ ❛♣♣❧② t❤❡ t❤❡♦r② ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❈❤❛♣t❡r ✸ t♦ t❛❦❡

❛ ❝❧♦s❡r ❧♦♦❦ ❛t s♦♠❡ ✇❡❧❧✲❦♥♦✇♥ ♦♣❡r❛t♦rs T : X(µ) → X ❞❡✜♥❡❞ ♦♥ ❛ ❋ré❝❤❡t

❢✉♥❝t✐♦♥ s♣❛❝❡ X(µ) ❛♥❞ t♦ st✉❞② t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡s mT ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡♠✳

❚❤❡ ♠❛✐♥ ♦❜❥❡❝t ♦❢ ✐♥t❡r❡st✱ ♦❢ ❝♦✉rs❡✱ ✇✐❧❧ ❜❡ t❤❡ s♣❛❝❡ L1(mT ) ♦❢ mT ✲✐♥t❡❣r❛❜❧❡

❢✉♥❝t✐♦♥s ❛♥❞ ♦♥❡ ♦❢ t❤❡ ♠❛❥♦r ♣r♦❜❧❡♠s ✇✐❧❧ ❝❡rt❛✐♥❧② ❜❡ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ♦r ♥♦t

L1(mT ) ✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ X(µ)✳

❚❤❡ ✜rst ♦♣❡r❛t♦r ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✶ ✇✐❧❧ ❜❡ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r

Mg : X(µ) → X(µ) ❞❡✜♥❡❞ ❜②

Mg(f) := fg, ❢♦r f ∈ X(µ)✱

✇❤❡r❡ g ∈ M :=
{
g ∈ L0(µ) : g · X(µ) ⊆ X(µ)

}
✐s ✜①❡❞✳ ❚❤❡ ✈❡❝t♦r ♠❡❛s✉r❡

mMg
: Σ → X(µ) ❛ss♦❝✐❛t❡❞ ✇✐t❤ Mg ✐s t❤❡♥ ❣✐✈❡♥ ❜②

mMg
(A) := Mg(χA) = χAg, ❢♦r A ∈ Σ✳

■♥ ❬✷✻✱ ❊①❛♠♣❧❡ ✹✳✼❪ t❤❡ r❡s♣❡❝t✐✈❡ ✐♥✈❡st✐❣❛t✐♦♥s ✇❡r❡ ♠❛❞❡ ❢♦r t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥

♦♣❡r❛t♦r M r
g : Lr(µ) → Lr(µ) (1 6 r < ∞)✱ ❢♦r g ∈ L∞(µ) ✜①❡❞✱ ❞❡✜♥❡❞ ♦♥ t❤❡ ❇❛✲

♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ Lr(µ)✱ ✇✐t❤ µ ❜❡✐♥❣ ❛ ✜♥✐t❡ ♠❡❛s✉r❡✳ ❚❤❡r❡✱ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥

♦❢ L1
(
mMr

g

)
❞❡♣❡♥❞❡❞ ♦♥ ✇❤❡t❤❡r g ✇❛s ✏❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ✵✑ ♦r ♥♦t✳ ■t t✉r♥❡❞ ♦✉t

t❤❛t L1
(
mMr

g

)
= Lr(µ) ✭✐♥ t❤❡ ✜rst ❝❛s❡✮ r❡s♣❡❝t✐✈❡❧② L1

(
mMr

g

)
=
{

1
g
·f : f ∈ Lr(µ)

}

✭✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✮✳ ■♥ ❙❡❝t✐♦♥ ✹✳✶ ✇❡ ✈❛r② t❤❡ s✐t✉❛t✐♦♥ ❜② ❞❡✜♥✐♥❣ t❤❡ ♠✉❧t✐♣❧✐✲

❝❛t✐♦♥ ♦♣❡r❛t♦r ♦♥ t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ Lp−([0, 1]) ✭❙✉❜s❡❝t✐♦♥ ✹✳✶✳✶✮ ❛♥❞

♦♥ t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ Lp
❧♦❝
(R) ✭❙✉❜s❡❝t✐♦♥ ✹✳✶✳✷✮ ❛♥❞ ✐♥✈❡st✐❣❛t❡ ✐❢ s✐♠✐❧❛r

♦❜s❡r✈❛t✐♦♥s ❝❛♥ ❜❡ ♠❛❞❡✳ ■♥ ❛ ❢✉rt❤❡r st❡♣ ✇❡ ✇✐❧❧ ❛❧s♦ st✉❞② t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ mMg
✳

✼✸



❙❡❝t✐♦♥ ✹✳✷ ❞❡❛❧s ✇✐t❤ t❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r Vp− : Lp−([0, 1]) → Lp−([0, 1]) ❣✐✈❡♥ ❜②

Vp− : f 7→ Vp−(f)(w) :=

∫ w

0

f dλ, ❢♦r w ∈ [0, 1]✱

✇❤❡r❡ t❤❡ r❡s✉❧t✐♥❣ ✈❡❝t♦r ♠❡❛s✉r❡ mVp−
: B([0, 1]) → Lp−([0, 1]) ❛ss♦❝✐❛t❡❞ ✇✐t❤

Vp− ✐s ❣✐✈❡♥ ❜②

mVp−
: A 7→ mVp−

(A) := Vp−(χA)(t) =

∫

A

χ[0,t](w) dλ(w), ❢♦r t ∈ [0, 1]✳

❚❤❡ ❝❧❛ss✐❝❛❧ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r Vp : Lp([0, 1]) → Lp([0, 1]) ❞❡✜♥❡❞ ♦♥ t❤❡ ❇❛♥❛❝❤

❢✉♥❝t✐♦♥ s♣❛❝❡ Lp([0, 1])✱ ❢♦r 1 6 p < ∞✱ ✇❛s t❤❡ ♦❜❥❡❝t ♦❢ ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ ❬✷✽❪ ❛♥❞

❬✷✻✱ ❊①❛♠♣❧❡ ✸✳✷✻ ✫ ❊①❛♠♣❧❡ ✸✳✹✺❪❀ t❤❡ r❡s✉❧ts ❛❣❛✐♥ ❞❡♣❡♥❞❡❞ ♦♥ p✳ ❋♦r p = 1 t❤❡

✐♥❝❧✉s✐♦♥ L1([0, 1]) ⊆ L1(mV1) t✉r♥❡❞ ♦✉t t♦ ❜❡ ♣r♦♣❡r ✇✐t❤

L1(mV1) = L1(|mV1 |) = L1
(
(1− t) dλ(t)

)
.

❋♦r 1 < p < ∞✱ ❤♦✇❡✈❡r✱ ❛❧❧ t❤❡ ✐♥❝❧✉s✐♦♥s

Lp([0, 1]) ⊆ L1(|mVp
|) ⊆ L1(mVp

)

✇❡r❡ str✐❝t✳ ■♥ ❜♦t❤ ❝❛s❡s t❤❡ ❇♦❝❤♥❡r λ✲✐♥t❡❣r❛❜✐❧✐t②✱ r❡s♣❡❝t✐✈❡❧② t❤❡ P❡tt✐s λ✲

✐♥t❡❣r❛❜✐❧✐t②✱ ♦❢ t 7→ fχ[t,1] ✭✇❤❡r❡ f ∈ L0([0, 1]) ❛♥❞ χ[t,1] ∈ Lp([0, 1])✮ ♣❧❛②❡❞ ❛

♠❛❥♦r r♦❧❡ ✐♥ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥s✳ ❙♦ ✐t ✐s ✉♥❞❡rst❛♥❞❛❜❧❡ t❤❛t ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ✇❡ s❡❛r❝❤

❢♦r s✐♠✐❧❛r r❡s✉❧ts ❢♦r Vp− ❜❡✐♥❣ ❞❡✜♥❡❞ ♦♥ t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ Lp−([0, 1])✳

■♥ t❤❡ ✜♥❛❧ ❙❡❝t✐♦♥ ✹✳✸ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r Cp−
g : Lp−(G) →

Lp−(G) ❞❡✜♥❡❞ ❜②

Cp−
g (f) := f ∗ g

✇❤❡r❡✱ ❢♦r g ∈ L1(G) ✜①❡❞✱

(
f ∗ g

)
(x) :=

∫

G

f(y) g(x− y) dµ(y), ❢♦r µ✲❛❧♠♦st ❡✈❡r② x ∈ G✱

✐s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ f ❛♥❞ g ♦♥ t❤❡ ❝♦♠♣❛❝t ❆❜❡❧✐❛♥ ❣r♦✉♣ G✳ ❚❤❡ ✈❡❝t♦r ♠❡❛s✉r❡

mCp−
g

: B(G) → Lp−(G) ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r Cp−
g ✐s t❤❡♥ ❣✐✈❡♥

❜②

mCp−
g
(A) := Cp−

g (χA) = χA ∗ g, ❢♦r A ∈ B(G)✳

❚❤❡ r❡s♣❡❝t✐✈❡ ✐♥✈❡st✐❣❛t✐♦♥s ❢♦r t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r C
(p)
g : Lp(G) → Lp(G)✱

❢♦r 1 6 p < ∞✱ ✇❡r❡ ❞♦♥❡ ✐♥ ❬✷✻✱ ❈❤❛♣t❡r ✼❪ ❛♥❞ ❬✷✺❪✳ ❚❤❡ ♠❛✐♥ r❡s✉❧ts st❛t❡ t❤❛t

✼✹



t❤❡ ✐♥❝❧✉s✐♦♥

Lp(G) ⊆ L1
(
m

C
(p)
g

)

✐s ♣r♦♣❡r✱ ❢♦r ❛❧❧ ♥♦♥✲③❡r♦ ❢✉♥❝t✐♦♥s g ∈ L1(G)\Lp(G)✱ ✇❤❡r❡❛s ❢♦r g ∈ Lp(G) ✇❡

❤❛✈❡ t❤❡ ❡q✉❛❧✐t✐❡s

L1
(
|m

C
(p)
g
|
)
= L1

(
m

C
(p)
g

)
= L1(G).

❚❤❡r❡✱ t❤❡ ❇♦❝❤♥❡r λ✲✐♥t❡❣r❛❜✐❧✐t②✱ t❤✐s t✐♠❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ F
(p)
g : G → Lp(G) ❣✐✈❡♥

❜② F
(p)
g (x) = g(x − ·)✱ ♣❧❛②❡❞ ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥s✳ ■♥

❙❡❝t✐♦♥ ✹✳✸ ✐t ✇✐❧❧ t❤❡r❡❢♦r❡ ❜❡ ♦❢ ✐♥t❡r❡st t♦ s❡❡ ✇❤❡t❤❡r t❤❡ r❡s✉❧ts ❞✐✛❡r ❛ ❧♦t ✇❤❡♥

Cp−
g ✐s ❞❡✜♥❡❞ ♦♥ Lp−(G) r❛t❤❡r t❤❛♥ ♦♥ Lp(G)✳

✹✳✶ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦rs

✹✳✶✳✶ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦rs ♦♥ Lp−([0, 1])

❚❤r♦✉❣❤♦✉t t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡
(
[0, 1],B([0, 1]), λ

)
✱

✇❤❡r❡ λ ✐s ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❛♥❞ B([0, 1]) t❤❡ σ✲❛❧❣❡❜r❛ ♦❢ ❇♦r❡❧ ♠❡❛s✉r❛❜❧❡ s✉❜s❡ts

♦❢ [0, 1]✳ ▲❡t✱ ❢♦r p ∈ (1,∞) ✜①❡❞✱ Lp−([0, 1]) ❜❡ t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ❛s ❞❡✲

✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✳✸✳✶✳ ❋✉rt❤❡r♠♦r❡✱ ❞❡♥♦t❡ ❜② L0([0, 1]) t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡

❢✉♥❝t✐♦♥s f : [0, 1] → C✳ ❙✐♥❝❡ [0, 1] ✐s ✜①❡❞✱ ✇❡ ✇✐❧❧ s✐♠♣❧② ✇r✐t❡ L0 ❛♥❞ Lp− ✐♥

♣❧❛❝❡ ♦❢ L0([0, 1]) ❛♥❞ Lp−([0, 1])❀ ♥♦ ❝♦♥❢✉s✐♦♥ ✇✐❧❧ ♦❝❝✉r✳

❈♦♥s✐❞❡r t❤❡ s✉❜s❡t ♦❢ L0 ❣✐✈❡♥ ❜②

Mp− := M
(
Lp−, Lp−

)

:=
{
g ∈ L0 : gLp− ⊆ Lp−

}
,

✇❤❡r❡ gLp− := {gh : h ∈ Lp−} ❛♥❞ g ∈ Mp− ✐s ✜①❡❞✳ ❆ss♦❝✐❛t❡❞ ✇✐t❤ g ❞❡✜♥❡ t❤❡

♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r Mp−
g : Lp− → Lp− ❜②

Mp−
g (f) := fg, ❢♦r f ∈ Lp−.

■t ✐s ❝❧❡❛r t❤❛t Mp−
g ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r✳ ▼♦r❡♦✈❡r✱ ❛s χ[0,1] ∈ Lp−✱ ✐t ❢♦❧❧♦✇s t❤❛t

♥❡❝❡ss❛r✐❧② g ∈ Lp−✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶

❋♦r ❡❛❝❤ g ∈ Mp− ❛♥❞ p ∈ (1,∞)✱ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r Mp−
g : Lp− → Lp− ✐s

❝♦♥t✐♥✉♦✉s✳

✼✺



Pr♦♦❢✿

❲❡ ❛♣♣❧② t❤❡ ❈❧♦s❡❞ ●r❛♣❤ ❚❤❡♦r❡♠ ✷✳✶✳✶✳ ▲❡t {fn}n∈N ⊆ Lp− ❜❡ ❛♥② s❡q✉❡♥❝❡

✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp− ❛♥❞ s✉❝❤ t❤❛t {Mp−
g (fn)}n∈N ❝♦♥✈❡r❣❡s

t♦ ❛ ❢✉♥❝t✐♦♥ f0 ∈ Lp− ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp−✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t f0 = 0✳

❙✐♥❝❡ {Mp−
g (fn)}n∈N ❝♦♥✈❡r❣❡s t♦ f0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp−✱ ▲❡♠♠❛ ✸✳✶✳✸ ✐♠♣❧✐❡s

t❤❛t t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ {Mp−
g (fnm

)}m∈N ♦❢ {Mp−
g (fn)}n∈N ❝♦♥✈❡r❣✐♥❣ t♦ f0

λ✲❛✳❡✳ ♦♥ [0, 1]✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ {fnm
}m∈N ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ {fn}n∈N ❛♥❞

t❤❡r❡❢♦r❡ ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp−✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✸✳✶✳✸ ❛❣❛✐♥ ✇❡

✜♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡
{
fnml

}

l∈N
♦❢ {fnm

}m∈N ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ 0

λ✲❛✳❡✳ ♦♥ [0, 1]✳ ▼✉❧t✐♣❧②✐♥❣ t❤❡ ❢✉♥❝t✐♦♥s fnml
✇✐t❤ g ✇❡ ♦❜t❛✐♥✱ ❢♦r λ✲❛❧♠♦st ❡✈❡r②

w ∈ [0, 1]✱

lim
l→∞

Mp−
g

(
fnml

)
(w) = lim

l→∞
fnml

(w)g(w) = 0 · g(w) = 0.

❍♦✇❡✈❡r✱ {Mp−
g (fnm

)}m∈N ❝♦♥✈❡r❣❡s ♣♦✐♥t✇✐s❡ t♦ f0 λ✲❛✳❡✳ ❛♥❞✱ ❜❡✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡

♦❢ {Mp−
g (fnm

)}m∈N✱ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r
{
Mp−

g

(
fnml

)}

l∈N
✳ ❍❡♥❝❡✱ f0 = 0 ❛♥❞ ✇❡

❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t Mp−
g ✐s ❝♦♥t✐♥✉♦✉s✳ �

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛❣❡s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ st✉❞② t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mMp−
g

❛ss♦❝✐❛t❡❞

✇✐t❤ Mp−
g ✱ ✐✳❡✳✱ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mMp−

g
: B([0, 1]) → Lp− ❞❡✜♥❡❞ ❜②

mMp−
g
(A) := Mp−

g (χA) = χAg, ❢♦r A ∈ B([0, 1])✳ ✭✹✳✶✮

❙✐♥❝❡ Lp− ❝♦♥t❛✐♥s t❤❡ B([0, 1])✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❤❛s ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②✱

mMp−
g

✐s ✭❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✮ ✐♥❞❡❡❞ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✳ ❘❡❝❛❧❧ t❤❛t ❡❛❝❤ ϕ ∈
(
Lp−

)∗

✐♥❞✉❝❡s t❤❡ s❝❛❧❛r ♠❡❛s✉r❡
〈
mMp−

g
, ϕ
〉
: B([0, 1]) → C ❣✐✈❡♥ ❜②

〈
mMp−

g
, ϕ
〉
(A) :=

〈
mMp−

g
(A), ϕ

〉
, ❢♦r A ∈ B([0, 1])✱

✇❤❡r❡ ✐♥ ♦✉r ❝❛s❡ t❤✐s ♠❡❛s✉r❡ ❜❡❝♦♠❡s ✭s❡❡ ✭✐✮ ♦❢ ❊①❛♠♣❧❡ ✷✳✸✳✶✮

〈
mMp−

g
(A), ϕ

〉
=

∫ 1

0

Mp−
g (χA)ϕdλ

(4.1)
=

∫ 1

0

χAgϕ dλ =

∫

A

gϕ dλ, ✭✹✳✷✮

❢♦r ❛❧❧ A ∈ B([0, 1])✳ ❲❡ ❛r❡ ♠❛✐♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ s♣❛❝❡ ♦❢ mMp−
g
✲✐♥t❡❣r❛❜❧❡

❢✉♥❝t✐♦♥s✳ ❘❡❝❛❧❧ t❤❛t ❛ ❢✉♥❝t✐♦♥ f : [0, 1] → C ✐s mMp−
g
✲✐♥t❡❣r❛❜❧❡ ✐❢ ✐t ✐s ✐♥t❡❣r❛❜❧❡

✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ s❝❛❧❛r ♠❡❛s✉r❡ 〈mMp−
g
, ϕ〉✱ ❢♦r ϕ ∈

(
Lp−

)∗
✱ ❛♥❞ ✐❢✱ ❢♦r ❡❛❝❤

A ∈ B([0, 1])✱ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t
∫

A
f dmMp−

g
∈ Lp− s❛t✐s❢②✐♥❣

〈∫

A

f dmMp−
g
, ϕ

〉

=

∫

A

f d
〈
mMp−

g
, ϕ
〉
,

✼✻



❢♦r ❛❧❧ ϕ ∈
(
Lp−

)∗
✳ ■t ❢♦❧❧♦✇s✱ ❢♦r ❡❛❝❤ A ∈ B([0, 1])✱ t❤❛t

∫

A

f d
〈
mMp−

g
, ϕ
〉 (4.2)

=

∫

A

fgϕ dλ =

∫ 1

0

fχAgϕ dλ =
〈
fχAg, ϕ

〉
.

❆❝❝♦r❞✐♥❣❧②✱ s✐♥❝❡ ϕ ✐s ❛r❜✐tr❛r②✱ t❤❡ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧ ♦❢ f ∈ L1(mMp−
g
) ♦✈❡r A ∈

B([0, 1]) ✐s ❣✐✈❡♥ ❜② ∫

A

f dmMp−
g

= fχAg ✭✹✳✸✮

❛♥❞✱ ❤❡♥❝❡✱ t❤❡ s❡t ❢✉♥❝t✐♦♥ mMp−
g ,f : B([0, 1]) → Lp− ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥❞❡✜♥✐t❡

✐♥t❡❣r❛❧ ♦❢ f ✐s ❞❡✜♥❡❞ ❜②

mMp−
g ,f (A) :=

∫

A

f dmMp−
g

= fχAg, ❢♦r A ∈ B([0, 1])✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❖r❧✐❝③✲P❡tt✐s ❚❤❡♦r❡♠ ✷✳✶✳✸ mMp−
g ,f ✐s ❛❣❛✐♥ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✳

❚♦ ❛♣♣❧② t❤❡ t❤❡♦r② ♦❢ ❈❤❛♣t❡r ✸ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ ✇❤❡♥ Mp−
g ✐s λ✲❞❡t❡r♠✐♥❡❞✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✷

▲❡t 1 < p < ∞ ❛♥❞ g ∈ Mp−✳ ❚❤❡ ♦♣❡r❛t♦r Mp−
g : Lp− → Lp− ✐s λ✲❞❡t❡r♠✐♥❡❞ ✐❢ ❛♥❞

♦♥❧② ✐❢ g(w) 6= 0 ❢♦r λ✲❛❧♠♦st ❡✈❡r② w ∈ [0, 1]✳

Pr♦♦❢✿

❙✉♣♣♦s❡ t❤❛t g 6= 0 λ✲❛✳❡✳ ♦♥ [0, 1] ❢❛✐❧s t♦ ❤♦❧❞✳ ❚❤❡♥ λ
(
g−1({0})

)
> 0 ❛♥❞ s♦

B := g−1({0}) /∈ N0(λ)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❛♥② ❇♦r❡❧ s❡t A ⊆ B ✇❡ ❤❛✈❡

mMp−
g
(A) = Mp−

g (χA) = gχA = 0 ∈ Lp−.

❍❡♥❝❡✱ B ∈ N0(mMp−
g
)✳ ❙♦✱ N0(λ) 6= N0(mMp−

g
)✳ ❚❤❡ ❝♦♥tr❛♣♦s✐t✐✈❡ st❛t❡♠❡♥t

②✐❡❧❞s t❤❛t N0(λ) = N0(mMp−
g
)✱ ✐✳❡✳✱ Mp−

g ✐s λ✲❞❡t❡r♠✐♥❡❞✱ ✐♠♣❧✐❡s t❤❛t g 6= 0✱ λ✲❛✳❡✳

♦♥ [0, 1]✳

▲❡t ♥♦✇ g 6= 0 λ✲❛✳❡✳ ♦♥ [0, 1]✳ ❈❤♦♦s❡ ❛♥② s❡t A ∈ N0(mMp−
g
)✳ ❚❤❡♥✱ ✐♥

♣❛rt✐❝✉❧❛r✱ mMp−
g
(A) = χAg = 0 ✐♥ Lp−✳ ❇✉t✱ s✐♥❝❡ g 6= 0 λ✲❛✳❡✳ ♦♥ [0, 1]✱ t❤✐s

♠❡❛♥s t❤❛t χA = 0 λ✲❛✳❡✳ ♦♥ [0, 1]✱ ✐✳❡✳✱ λ(A) = 0✳ ❚❤✉s✱ A ∈ N0(λ)✳ ❑❡❡♣✐♥❣ ✐♥

♠✐♥❞ t❤❛t N0(λ) ⊆ N0(mMp−
g
) ✐s ❛❧✇❛②s tr✉❡ ✭❜② ▲❡♠♠❛ ✸✳✷✳✶✮ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡

t❤❛t N0(λ) = N0(mMp−
g
)✳ ❚❤❡r❡❢♦r❡✱ Mp−

g ✐s λ✲❞❡t❡r♠✐♥❡❞✳ �

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❛ss✉♠❡ Mp−
g t♦ ❜❡ λ✲❞❡t❡r♠✐♥❡❞✳ ❙✐♥❝❡ Lp− ❤❛s ❛ σ✲

▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ❛♥❞ ❝♦♥t❛✐♥s t❤❡ B([0, 1])✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ✇❡ ❦♥♦✇ ❢r♦♠ Pr♦♣♦✲

✼✼



s✐t✐♦♥ ✸✳✷✳✷ t❤❛t ❡❛❝❤ f ∈ Lp− ✐s mMp−
g
✲✐♥t❡❣r❛❜❧❡✱ ✐✳❡✳✱ t❤❛t

Lp− ⊆ L1(mMp−
g
),

❛♥❞✱ ❢♦r ❡❛❝❤ f ∈ Lp−✱ t❤❛t t❤❡ ❡q✉❛t✐♦♥s

Mp−
g (fχA) =

∫

A

f dmMp−
g

(4.3)
= fχAg, ❢♦r A ∈ B([0, 1])✱

❤♦❧❞✳ ▼♦r❡♦✈❡r✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ λ✲❞❡t❡r♠✐♥❡❞♥❡ss ♦❢ Mp−
g t❤❛t

N (λ) = N (mMp−
g
) r❡s♣✳ N0(λ) = N0(mMp−

g
)

❛♥❞✱ ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✸✳✶✱ t❤❛t L1(mMp−
g
) ✐s t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢ t❤❡ ♦♣❡r❛t♦rMp−

g

❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥ ♦❢ Mp−
g ✐s t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r Im

M
p−
g

: L1(mMp−
g
) →

Lp− ❣✐✈❡♥ ❜②

Im
M

p−
g

(f) :=

∫ 1

0

f dmMp−
g

= fg, ❢♦r f ∈ L1(mMp−
g
)✳

❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ t❤❡ s♣❛❝❡ Lp− ✐s r❡✢❡①✐✈❡ ✇❡ ❦♥♦✇ ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✹ t❤❛t

L1(mMp−
g
) = L1

w(mMp−
g
).

❇✉t✱ ✇❡ st✐❧❧ ❞♦ ♥♦t ❦♥♦✇ ✇❤❡t❤❡r L1(mMp−
g
) ✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ Lp− ❛♥❞ ✇❤❡t❤❡r

✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ s♣❛❝❡ L1(mMp−
g
)✳ ❚❤✐s ✐s ✇❤❛t ✇❡ ✐♥t❡♥❞ t♦ ✐♥✈❡s✲

t✐❣❛t❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rt✳

❋✐rst ♦❢ ❛❧❧✱ ❧❡t ✉s ❣✐✈❡ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ L1(mMp−
g
)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✸

▲❡t g ∈ Mp− s❛t✐s❢② g 6= 0 λ✲❛✳❡✳ ♦♥ [0, 1]✳ ❚❤❡♥✱

L1(mMp−
g
) =

{
f ∈ L0 : fg ∈ Lp−

}
.

Pr♦♦❢✿

❙✐♥❝❡ g ∈ Mp− ❛♥❞ s✐♠
(
B([0, 1])

)
⊆ Lp− ✇❡ ♦❜t❛✐♥ t❤❛t sg ∈ Lp−✱ ❢♦r ❛❧❧

s ∈ s✐♠
(
B([0, 1])

)
✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝❤♦♦s✐♥❣ s = χ[0,1] s❤♦✇s t❤❛t ♥❡❝❡ss❛r✐❧② g ∈ Lp−✳

◆♦✇✱ ❧❡t f ∈ L1(mMp−
g
)✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶ t❤❡r❡ ❡①✐sts ❛ s❡✲

q✉❡♥❝❡ {sn}n∈N ⊆ s✐♠
(
B([0, 1])

)
s✉❝❤ t❤❛t {sn}n∈N ❝♦♥✈❡r❣❡s ♣♦✐♥t✇✐s❡ t♦ f ❛♥❞

{∫ 1

0
sn dmMp−

g

}

n∈N
❝♦♥✈❡r❣❡s t♦ ❛♥ ❡❧❡♠❡♥t

∫ 1

0
f dmMp−

g
∈ Lp− ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢

✼✽



Lp−✳ ▲❡♠♠❛ ✸✳✶✳✸✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❡♥s✉r❡s t❤❛t
{∫ 1

0
sn dmMp−

g

}

n∈N
❛❞♠✐ts ❛

s✉❜s❡q✉❡♥❝❡
{∫ 1

0
snm

dmMp−
g

}

m∈N
❝♦♥✈❡r❣✐♥❣ λ✲❛✳❡✳ ♦♥ [0, 1] t♦

∫ 1

0
f dmMp−

g
✳ ❇✉t✱

s✐♥❝❡ {sn}n∈N ❝♦♥✈❡r❣❡s t♦ f ♣♦✐♥t✇✐s❡ ♦♥ [0, 1]✱ ✇❡ ❤❛✈❡

lim
m→∞

(∫ 1

0

snm
dmMp−

g

)

(w)
(4.3)
= lim

m→∞

(
snm

χ[0,1]g
)
(w)

= lim
m→∞

(
snm

g
)
(w)

= (fg)(w),

❢♦r λ✲❛❧♠♦st ❡✈❡r② w ∈ [0, 1]✳ ❍❡♥❝❡✱ fg =
∫ 1

0
f dmMp−

g
∈ Lp−✳ ❚❤✐s ❡st❛❜❧✐s❤❡s ♦♥❡

✐♥❝❧✉s✐♦♥✳

❈♦♥✈❡rs❡❧②✱ ❧❡t f ∈ L0 s❛t✐s❢② fg ∈ Lp−✳ ❙✐♥❝❡ f ∈ L0✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ ❛ s❡q✉❡♥❝❡

{sn}n∈N ⊆ s✐♠
(
B([0, 1])

)
s✉❝❤ t❤❛t |sn| 6 |f |✱ ❢♦r ❛❧❧ n ∈ N✱ ❛♥❞ {sn}n∈N ❝♦♥✈❡r❣❡s

♣♦✐♥t✇✐s❡ t♦ f ♦♥ [0, 1]✳ ❙✐♥❝❡ g ∈ Mp− ❛♥❞ s✐♠
(
B([0, 1])

)
⊆ Lp− ✐t ❢♦❧❧♦✇s t❤❛t

sng ∈ Lp−✱ ❢♦r ❛❧❧ n ∈ N✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ fg ∈ Lp− ❛♥❞ ❝♦♥s❡q✉❡♥t❧② fχAg ∈

Lp−✱ ❢♦r ❛❧❧ A ∈ B([0, 1])✳ ▼♦r❡♦✈❡r✱ |sng| 6 |fg|✱ ❢♦r ❛❧❧ n ∈ N✱ ❛♥❞ t❤❡ s❡q✉❡♥❝❡

{sng}n∈N ❝♦♥✈❡r❣❡s t♦ fg ♣♦✐♥t✇✐s❡ ♦♥ [0, 1]✳ ❚❤❡ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ♦❢ Lp−

❣✉❛r❛♥t❡❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ {sng}n∈N ❝♦♥✈❡r❣❡s t♦ fg ❛❧s♦ ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp−✳

❊❛❝❤ qk ❜❡✐♥❣ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ✭s❡❡ ❊①❛♠♣❧❡ ✷✳✸✳✶✮ ✇❡ ♦❜t❛✐♥✱ ❢♦r

❛♥② A ∈ B([0, 1]) ❛♥❞ n ∈ N✱ t❤❛t

0 6 qk

(∫

A

sn dmMp−
g

− fχAg

)
(4.3)
= qk

(
snχAg − fχAg

)
6 qk

(
sng − fg

)
,

❢♦r ❛❧❧ k ∈ N✳ ❙✐♥❝❡

lim
n→∞

qk
(
sng − fg

)
= 0, ❢♦r ❛❧❧ k ∈ N✱

✐t ❢♦❧❧♦✇s✱ ❢♦r ❡❛❝❤ A ∈ B([0, 1])✱ t❤❛t t❤❡ s❡q✉❡♥❝❡
{∫

A
sn dmMp−

g

}

n∈N
❝♦♥✈❡r❣❡s t♦

fχAg ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp−✳ Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶ ♥♦✇ ✐♠♣❧✐❡s t❤❛t f ∈ L1(mMp−
g
) ❛♥❞

t❤❛t✱ ♠♦r❡♦✈❡r✱
∫

A
f dmMp−

g
= fχAg✱ ❢♦r ❛❧❧ A ∈ B([0, 1])✳ �

▲❡t ✉s ♥♦✇ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r L1(mMp−
g
) ✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ Lp− ♦r✱ ✐♥ ♦t❤❡r

✇♦r❞s✱ ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ f ∈ L1(mMp−
g
) t❤❛t ✐s ♥♦t ❛♥ ❡❧❡♠❡♥t ♦❢ Lp−✳

❇② ✉s✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ L1(mMp−
g
) ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✸ t❤✐s ✇♦✉❧❞

♠❡❛♥ t❤❛t f /∈ Lrk ✱ ❢♦r ❛t ❧❡❛st ♦♥❡ k ∈ N✱ ❛❧t❤♦✉❣❤ fg ∈ Lp−✳

❘❡❝❛❧❧✱ ❢♦r g ∈ Mp−✱ t❤❛t Mp−
g ✐s ❛ss✉♠❡❞ t♦ ❜❡ λ✲❞❡t❡r♠✐♥❡❞ ❛♥❞ ❤❡♥❝❡✱ g 6= 0

✼✾



λ✲❛✳❡✳ ♦♥ [0, 1]✳ ❚❤❡r❡❢♦r❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✇r✐t❡

f = 1
g
· fg, λ✲❛✳❡✳ ♦♥ [0, 1]✳

■t s❡❡♠s t♦ ❜❡ t❤❡ ❝❛s❡ t❤❛t t❤❡ ❛♥s✇❡r t♦ ♦✉r q✉❡st✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r♦♣❡rt✐❡s

♦❢ g ❛♥❞✱ ♠♦r❡♦✈❡r✱ ♦♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ 1
g
✳ ❲❤❡♥❡✈❡r 1

g
∈ L∞ ✐t ✐s ❝❧❡❛r t❤❛t

1
g
fg = f ∈ Lp−✳ ❙♦✱ t❤❡ q✉❡st✐♦♥ ✐s✿ ❲❤❛t ❤❛♣♣❡♥s ✐❢ 1

g
/∈ L∞❄

❚♦ ❝♦♥t✐♥✉❡ ♦✉r ✐♥✈❡st✐❣❛t✐♦♥s ✇❡ ♥❡❡❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ s♣❡❝✐❛❧ t②♣❡ ♦❢ ♦♣❡r❛t♦r✲

✈❛❧✉❡❞ ♠❡❛s✉r❡✳ ❋♦r ❛ ❋ré❝❤❡t s♣❛❝❡ X ❧❡t L(X) ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r

♦♣❡r❛t♦rs ♦❢ X ✐♥t♦ ✐ts❡❧❢✳ ❚❤❡♥ Ls(X) ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ s♣❛❝❡ L(X) ❡q✉✐♣♣❡❞

✇✐t❤ t❤❡ t♦♣♦❧♦❣② ♦❢ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ X✱ t❤❛t ✐s✱ t❤❡ t♦♣♦❧♦❣② ♦❢ ✉♥✐❢♦r♠

❝♦♥✈❡r❣❡♥❝❡ ♦♥ ❛❧❧ ✜♥✐t❡ s✉❜s❡ts ♦❢ X✳ ❆ σ✲❛❞❞✐t✐✈❡ ♠❡❛s✉r❡ P : Σ → Ls(X) ✐s s❛✐❞

t♦ ❜❡ ❛ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s✿

✭✐✮ P (A ∩ B) = P (A)P (B)✱ ❢♦r ❛❧❧ A,B ∈ Σ✳

✭✐✐✮ P (Ω) = ✐❞✳

❍❡r❡✱ ✐❞ ✐s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r ✐♥ X✳

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ❛ ♥♦t❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✈❡❝t♦r

♠❡❛s✉r❡ mMp−
g

❛♥❞ t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡ P̃ : B([0, 1]) → Ls

(
Lp−

)
❣✐✈❡♥ ❜②

P̃ (A) : f 7→ fχA, ❢♦r f ∈ Lp−✳

❚❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡ P̃ ✇❛s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✶❪✳ ❚❤❡r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✇❛s

✉s❡❞✳ ❉❡✜♥❡✱ ❢♦r v ∈ L0 ✜①❡❞✱ t❤❡ ✈❡❝t♦r s♣❛❝❡

Dp

(
M̃p−

v

)
:=
{
h ∈ Lp− : hv ∈ Lp−

}
⊆ Lp−.

❚❤❡♥ Dp

(
M̃p−

v

)
✐s t❤❡ ♠❛①✐♠❛❧ ❞♦♠❛✐♥ ♦❢ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r M̃p−

v : Dp

(
M̃p−

v

)
→

Lp− ❞❡✜♥❡❞ ❜② h → hv✱ ❢♦r h ∈ Dp

(
M̃p−

v

)
✳ ■♥ ❬✶✱ Pr♦♣♦s✐t✐♦♥ ✶✽❪ ✐t ✇❛s ❡st❛❜❧✐s❤❡❞✱

❢♦r v ∈ L0✱ t❤❛t

Dp

(
M̃p−

v

)
= Lp− ✐❢ ❛♥❞ ♦♥❧② ✐❢ v ∈ L1(P̃ ) =

⋂

16s<∞

Ls. ✭✹✳✹✮

◆♦t❡ t❤❛t Dp

(
M̃p−

v

)
= Lp− ❝♦rr❡s♣♦♥❞s ♣r❡❝✐s❡❧② t♦ v ∈ Mp− ✇✐t❤ M̃p−

v = Mp−
v ✱

t❤❛t ✐s✱

Mp− =
⋂

16s<∞

Ls. ✭✹✳✺✮

✽✵



❙✐♥❝❡✱ ❢♦r g ∈ Mp− ⊆ Lp−✱ ✐t ✐s t❤❡ ❝❛s❡ t❤❛t

P̃ (A)(g) = gχA = mMp−
g
(A), ❢♦r A ∈ B([0, 1])✱

✇❡ ❝❛♥ ✉s❡ t❤✐s r❡s✉❧t ❢♦r ✐❞❡♥t✐❢②✐♥❣ ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s g ❢♦r ✇❤✐❝❤ t❤❡ s♣❛❝❡s Lp−

❛♥❞ L1(mMp−
g
) ❝♦✐♥❝✐❞❡✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t Mp− ✐s ❛❝t✉❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ p✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✹

▲❡t g ∈ Mp− =
⋂

16s<∞ Ls✳ ❚❤❡♥✱

L1(mMp−
g
) = Lp− ✐❢ ❛♥❞ ♦♥❧② ✐❢ 1

g
∈ Mp− =

⋂

16s<∞

Ls.

Pr♦♦❢✿

❙✉♣♣♦s❡ t❤❛t 1
g
∈ Mp− =

⋂

16s<∞ Ls✳ ❋✐① f ∈ L1(mMp−
g
)✳ ❙✐♥❝❡ g ∈ Mp−✱

✐t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✸ t❤❛t fg ∈ Lp−✳ ❙✐♥❝❡ 1
g
∈ Mp−✱ ✐t ❢♦❧❧♦✇s t❤❛t

f = 1
g
fg = Mp−

1/g(fg) ∈ Lp−✳ ❙♦✱ t❤❡ ✐♥❝❧✉s✐♦♥ L1(mMp−
g
) ⊆ Lp− ❤♦❧❞s✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♥❝❧✉s✐♦♥ Lp− ⊆ L1(mMp−
g
) ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷✳ ❚❤✉s✱

L1(mMp−
g
) = Lp−✳

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t L1(mMp−
g
) = Lp−✳ ❙✐♥❝❡ g ∈ Mp−✱ ✇❡ ❦♥♦✇ ❜② ✭✹✳✹✮

❛♥❞ ✭✹✳✺✮ t❤❛t Dp

(
M̃p−

g

)
= Lp−✳ ❈❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥ f ∈ Lp−✳ ❆s Mp−

g

✐s λ✲❞❡t❡r♠✐♥❡❞✱ g 6= 0 λ✲❛✳❡✳ ♦♥ [0, 1] ❛♥❞ ✇❡ ❝❛♥ ✇r✐t❡ f = 1
g
fg ✇❤❡r❡ 1

g
f ∈ L0

s❛t✐s✜❡s 1
g
fg ∈ Lp−✳ ❇② t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ L1(mMp−

g
) ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✸

✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t 1
g
f ∈ L1(mMp−

g
) ❛♥❞ ❤❡♥❝❡✱ ❜② ❛ss✉♠♣t✐♦♥✱ ❛❧s♦ 1

g
f ∈ Lp−✳

❚❤❡r❡❢♦r❡✱ f ∈ {h ∈ Lp− : 1
g
h ∈ Lp−} = Dp

(
M̃p−

1/g

)
✳ ❇✉t✱ f ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱

❛♥❞ s♦ Lp− ⊆ Dp

(
M̃p−

1/g

)
✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ Dp

(
M̃p−

1/g

)
⊆ Lp− ❛❧✇❛②s ❤♦❧❞s✳ ❚❤✉s✱

Dp

(
M̃p−

1/g

)
= Lp− ✇❤✐❝❤ ✐s✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✹✮✱ ❡q✉✐✈❛❧❡♥t t♦ 1

g
∈
⋂

16s<∞ Ls✳ �

❋♦r ❡✈❡r② 1 < p < ∞✱ t❤❡ ❢✉♥❝t✐♦♥ g(w) = w✱ ❢♦r w ∈ [0, 1]✱ s❛t✐s✜❡s g ∈ Mp− =
⋂

16s<∞ Ls✱ ❜✉t 1
g
/∈ Mp−✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s t♦❣❡t❤❡r ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✹ s❤♦✇s

t❤❛t t❤❡ ❝♦♥t❛✐♥♠❡♥t Lp− ⊆ L1(mMp−
g
) ✐s ♣r♦♣❡r✳

❆ ❢✉♥❝t✐♦♥ g ∈ L0 s✉❝❤ t❤❛t ❜♦t❤ g, 1
g

∈
(⋂

16s<∞ Ls
)
\L∞ ✐s ❡①❤✐❜✐t❡❞ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✹✳✶✳✶

▲❡t {Fl}
∞
l=0 ⊆ B([0, 1])|[0, 12 ] ❜❡ t❤❡ ♣❛rt✐t✐♦♥

F0 :=
[
1
6
, 1
2

]

, ❛♥❞ Fl :=

[

1
2
−

l+1∑

j=1

(
1
3

)j
, 1
2
−

l∑

j=1

(
1
3

)j

)

, ❢♦r l ∈ N✱

✽✶



♦❢ t❤❡ ✐♥t❡r✈❛❧
[

0, 1
2

]

✳ ❙✐♥❝❡

l∑

j=1

(
1
3

)j
=

1−
(
1
3

)l+1

1− 1
3

− 1 = 3
2

(
1
3
− 1

3l+1

)

= 1
2

(

1− 1
3l

)

✭✹✳✻✮

❛♥❞ ❝♦♥s❡q✉❡♥t❧②

1
2
−

l∑

j=1

(
1
3

)j (4.6)
= 1

2
− 1

2

(

1− 1
3l

)

= 1
2·3l

t❤❡ ✐♥t❡r✈❛❧s Fl ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ❛s

F0 =
[

1
2·31

, 1
2·30

]

, ❛♥❞ Fl =
[

1
2·3l+1 ,

1
2·3l

)

, ❢♦r l ∈ N✳

❍❡♥❝❡✱

λ(Fl) =
1

2·3l
− 1

2·3l+1 = 1
2
· 2
3l+1 = 1

3l+1 , ✭✹✳✼✮

❢♦r ❛❧❧ l ∈ N0✳ ▼♦r❡♦✈❡r✱ ❧❡t {Em}
∞
m=0 ⊆ B([0, 1])|( 12 ,1] ❜❡ t❤❡ ♣❛rt✐t✐♦♥

E0 :=
(

1
2
, 5
6

]

, ❛♥❞ Em :=

(

1
2
+

m∑

j=1

(
1
3

)j
, 1
2
+

m+1∑

j=1

(
1
3

)j

]

, ❢♦r m ∈ N,

♦❢ t❤❡ ✐♥t❡r✈❛❧
(

1
2
, 1
]

✳ ❆❣❛✐♥ t❤❡ ✐♥t❡r✈❛❧s Em ❝❛♥ ❜❡ r❡✇r✐tt❡♥✳ ❙✐♥❝❡

1
2
+

m∑

j=1

(
1
3

)j (4.6)
= 1

2
+ 1

2

(

1− 1
3m

)

= 1− 1
2·3m

✇❡ ♦❜t❛✐♥✱ ❢♦r m ∈ N0✱

Em =
(

1− 1
2·3m

, 1− 1
2·3m+1

]

.

❚❤❡♥✱

λ(Em) = 1− 1
2·3m+1 − 1 + 1

2·3m
= 1

3m+1 , ✭✹✳✽✮

❢♦r ❛❧❧ m ∈ N0✳ ❉❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ g : [0, 1] → C ❜②

g(w) :=
∞∑

l=0

(l + 1)χFl
(w) +

∞∑

m=0

1
m+1

χEm
(w)

=
∞∑

l=1

lχFl−1
(w) +

∞∑

m=1

1
m
χEm−1(w).

❚❤❡♥ g ✐s ♦❜✈✐♦✉s❧② ♠❡❛s✉r❛❜❧❡✱ ❜♦✉♥❞❡❞ ♦♥
[
1
2
, 1
]

❜✉t✱ ✉♥❜♦✉♥❞❡❞ ♦♥
[

0, 1
2

]

✳ ▼♦r❡✲

✽✷



♦✈❡r✱

g(w) 6
∞∑

l=1

lχFl−1
(w) +

∞∑

m=1

mχEm−1(w),

❢♦r ❛❧❧ w ∈ [0, 1]✳ ❍❡♥❝❡✱ ❢♦r ❡❛❝❤ 1 6 s < ∞✱ ✇❡ ♦❜t❛✐♥ t❤❛t

qs(g) :=

(
∫ 1

0

∣
∣
∣

∞∑

l=1

lχFl−1
+

∞∑

m=1

1
m
χEm−1

∣
∣
∣

s

dλ

)1/s

6

(
∫ 1

0

( ∞∑

l=1

lχFl−1
+

∞∑

m=1

mχEm−1

)s

dλ

)1/s

=

(
∞∑

l=1

lsλ(Fl−1) +
∞∑

m=1

msλ(Em−1)

)1/s

(4.7),(4.8)
=

(
∞∑

l=1

ls
(

1
3l

)
+

∞∑

m=1

ms
(

1
3m

)

)1/s

= 21/s

(
∞∑

n=1

ns

3n

)1/s

< ∞.

❆❝❝♦r❞✐♥❣❧②✱ g ∈
⋂

16s<∞ Ls✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ 1
g
: [0, 1] → C ✐s ♦❢ t❤❡ ❢♦r♠

1
g
(w) =

∞∑

l=0

1
l+1

χFl
(w) +

∞∑

m=0

(m+ 1)χEm
(w)

=
∞∑

l=1

1
l
χFl−1

(w) +
∞∑

m=1

mχEm−1(w).

◆♦t❡ t❤❛t 1
g
✐s ❜♦✉♥❞❡❞ ♦♥

[

0, 1
2

]

✱ ✉♥❜♦✉♥❞❡❞ ♦♥
(

1
2
, 1
]

❛♥❞ s❛t✐s✜❡s

1
g
(w) 6

∞∑

l=1

lχFl−1
(w) +

∞∑

m=1

mχEm−1(w),

❢♦r ❛❧❧ w ∈ [0, 1]✳ ■♥ ❛♥❛❧♦❣② t♦ g✱ ❢♦r ❡❛❝❤ 1 6 s < ∞✱ ✇❡ ♦❜t❛✐♥ t❤❛t

qs
(
1
g

)
:=

(
∫ 1

0

∣
∣
∣

∞∑

l=1

1
l
χFl−1

+
∞∑

m=1

mχEm−1

∣
∣
∣

s

dλ

)1/s

6 21/s

(
∞∑

n=1

ns

3n

)1/s

< ∞.

❙♦✱ ❜♦t❤ g, 1
g
∈
⋂

16s<∞ Ls ❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✹ t❤❛t L1(mMp−
g
) =

Lp−✱ ❢♦r ❡❛❝❤ 1 < p < ∞✳ ◭

✽✸



❯♥t✐❧ ♥♦✇ ✇❡ ❤❛✈❡ ♥♦t t❤♦✉❣❤t ❛❜♦✉t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ mMp−
g
✳ ❋✐① p ∈ (1,∞) ❛♥❞

g ∈ Mp−✳ ❋♦r ❡❛❝❤ k ∈ N✱ ❧❡t (mMp−
g
)k : B([0, 1]) → Lrk ❜❡ t❤❡ ❧♦❝❛❧✲❇❛♥❛❝❤✲s♣❛❝❡✲

✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡ ✭✷✳✷✽✮ ❣✐✈❡♥ ❜②

(mMp−
g
)k(A) := χAg, ❢♦r A ∈ B([0, 1])✳

❋♦r k ∈ N ✜①❡❞✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ (mMp−
g
)k ✐s ❝❛❧❝✉❧❛t❡❞ ✈✐❛

|(mMp−
g
)k|(A) = sup

π

l∑

j=1

∥
∥(mMp−

g
)k(Aj)

∥
∥
rk

= sup
π

l∑

j=1

∥
∥χAj

g
∥
∥
rk

= sup
π

l∑

j=1

(∫ 1

0

|χAj
g|rk dλ

)1/rk

= sup
π

l∑

j=1

(
∫

Aj

|g|rk dλ

)1/rk

, ✭✹✳✾✮

❢♦r ❛❧❧ A ∈ B([0, 1])✱ ✇❤❡r❡ π = {Aj}
l
j=1 ✐s ❛♥② ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ A✳

◆♦t❡ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ (mMp−
g
)k ♥❡❡❞s ♥♦t t♦ ❜❡ ✜♥✐t❡✳ ❚♦ s❡❡ t❤✐s✱ ❧❡t g := χ[0,1]

❛♥❞ ❝❤♦♦s❡✱ ❢♦r l ∈ N ✜①❡❞✱ t❤❡ ♣❛rt✐t✐♦♥

Aj :=
[
j−1
l
, j
l

)

, ❢♦r j = 1, . . . , l − 1, ❛♥❞ Al :=
[
l−1
l
, 1
]

♦❢ [0, 1]✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ j ∈ {1, . . . , l}✱ ✇❡ ♦❜t❛✐♥

l∑

j=1

(
∫

Aj

|g|rk dλ

)1/rk

=
l∑

j=1

(
λ(Aj)

)1/rk =
l∑

j=1

(
1
l

)1/rk = l ·
(
1
l

)1/rk = l1−(1/rk) = l1/sk ,

✇❤❡r❡ sk ✐s t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ rk ❛♥❞✱ t❤✉s✱ s❛t✐s✜❡s 1
sk

> 0✳ ❙♦✱ ✐❢ l → ∞ ✐t

❢♦❧❧♦✇s t❤❛t l1/sk → ∞✳ ❍❡♥❝❡✱ ❢♦r g = χ[0,1] t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ (mMp−
g
)k ❛♥❞ t❤✉s✱ t❤❡

✈❛r✐❛t✐♦♥ ♦❢ mMp−
g

✐s ✐♥✜♥✐t❡✳

■t s❡❡♠s t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ mMp−
g

❝♦✉❧❞ ❞❡♣❡♥❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ g✳ ❆❝t✉❛❧❧②✱ t❤❡

♥❡①t r❡s✉❧t s❤♦✇s t❤❛t t❤✐s ✐s ♥♦t s♦✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✺

▲❡t g ∈ Mp−\{0}✳ ❚❤❡♥ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ mMp−
g

✐s ✐♥✜♥✐t❡✳

✽✹



Pr♦♦❢✿

▲❡t g ∈ Mp−\{0} =
(⋂

16s<∞ Ls
)
\{0}✳ ❚❤❡♥ g ∈ Lp−\{0} ✭s❡❡ ❛❧s♦ ♣❛❣❡ ✼✺✮ ❛♥❞

❝♦♥s❡q✉❡♥t❧② |g| 6= 0 ✐♥ Lp−✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ |g| ∈ Lp− ♠❡❛♥s t❤❛t |g|rk ∈ L1✱

❢♦r ❛❧❧ k ∈ N✳ ❙♦ ✇❡ ❝❛♥ ✜♥❞ A ∈ B([0, 1]) ❛♥❞ k ∈ N s✉❝❤ t❤❛t

0 <

∫

A

|g|rk dλ < ∞.

❋✐① s✉❝❤ ❛♥ A ∈ B([0, 1]) ❛♥❞ k ∈ N ❛♥❞ ❧❡t

∫

A

|g|rk dλ =: α.

❉❡✜♥❡ ❛ s❡t ❢✉♥❝t✐♦♥ ν : B(A ∩ [0, 1]) → [0,∞) ❜②

ν(B) :=

∫

B

|g|rk dλ, ❢♦r ❛❧❧ B ∈ B(A ∩ [0, 1])

✇❤✐❝❤ ✐s ❛ ✜♥✐t❡✱ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦♥ B(A∩[0, 1])✳ ❙✐♥❝❡ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✐s ♥♦♥✲

❛t♦♠✐❝ ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✱ ❬✾✱ ♣✳ ✷✻❪✱ t❤❡ ♠❡❛s✉r❡ ν ✐s ♥♦♥✲❛t♦♠✐❝ ♦♥ B(A∩ [0, 1])✳ P✐❝❦

❛♥ ❛r❜✐tr❛r② l ∈ N✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷✳✷✳✷ t❤❡r❡ ❡①✐sts ❛ ♣❛rt✐t✐♦♥ {Aj}
l
j=1 ⊆

B([0, 1]) ♦❢ A s❛t✐s❢②✐♥❣

ν(Aj) =

∫

Aj

|g|rk dλ = α
l
, ❢♦r ❛❧❧ j = 1, . . . , l✳

❚❤✉s✱ ✇❡ ❤❛✈❡

l∑

j=1

(
∫

Aj

|g|rk dλ

)1/rk

=
l∑

j=1

(
ν(Aj)

)1/rk

=
l∑

j=1

(
α
l

)1/rk = l ·
(
α
l

)1/rk = l1−(1/rk) · α1/rk = l1/sk · α1/rk ,

✇❤❡r❡ sk ✐s t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ rk✳ ▲❡tt✐♥❣ l → ∞ ✇❡ ♦❜t❛✐♥ t❤❛t l1/sk ·α1/rk →

∞ ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ mMp−
g

✐s ✐♥✜♥✐t❡✳ �

✹✳✶✳✷ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦rs ♦♥ Lp

❧♦❝
(R)

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r ❛❣❛✐♥✱ t❤✐s t✐♠❡✱

❤♦✇❡✈❡r✱ ❞❡✜♥❡❞ ♦♥ Lp
❧♦❝
(R)✳ ❈♦♥s✐❞❡r t❤❡ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡

(
R,B(R), λ

)
✱ ✇❤❡r❡

λ ✐s ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❛♥❞ B(R) ✐s t❤❡ σ✲❛❧❣❡❜r❛ ♦❢ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ s✉❜s❡ts

♦❢ R✳ ▲❡t✱ ❢♦r p ∈ (1,∞) ✜①❡❞✱ Lp
❧♦❝
(R) ❜❡ t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ❛s ❞❡✜♥❡❞ ✐♥

❊①❛♠♣❧❡ ✷✳✸✳✷✳ ❋✉rt❤❡r♠♦r❡✱ ❞❡♥♦t❡ ❜② L0(R) t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s
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f : R → C✳

❉❡✜♥❡ ❜② Mp
❧♦❝

t❤❡ s✉❜s❡t ♦❢ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s

Mp
❧♦❝

:= M
(
Lp

❧♦❝
(R), Lp

❧♦❝
(R)
)

:=
{
g ∈ L0(R) : g Lp

❧♦❝
(R) ⊆ Lp

❧♦❝
(R)
}
,

✇❤❡r❡ g Lp
❧♦❝
(R) := {gh : h ∈ Lp

❧♦❝
(R)}✳ ❋✐① g ∈ Mp

❧♦❝
✳ ❆ss♦❝✐❛t❡ ✇✐t❤ g t❤❡

♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r Mp
g,❧♦❝ : L

p
❧♦❝
(R) → Lp

❧♦❝
(R) ❞❡✜♥❡❞ ❜②

Mp
g,❧♦❝(f) := fg, ❢♦r f ∈ Lp

❧♦❝
(R)✳

❈❧❡❛r❧②✱ Mp
g,❧♦❝ ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r✳ ■t ✐s ❝♦♥t✐♥✉♦✉s ❛s ✇❡❧❧✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡

❝♦♥t✐♥✉✐t② ♦❢ Mp
g,❧♦❝ ❢♦❧❧♦✇s t❤❡ ❧✐♥❡s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶ ❛s ✇❡ ♥♦✇

s❤♦✇✳ ❖❜s❡r✈❡ t❤❛t ✐t ❢♦❧❧♦✇s ❢r♦♠ χR ∈ Lp
❧♦❝
(R) t❤❛t g ∈ Lp

❧♦❝
(R)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✻

❋♦r ❡❛❝❤ p ∈ (1,∞)✱ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r Mp
g,❧♦❝ : L

p
❧♦❝
(R) → Lp

❧♦❝
(R) ✐s ❝♦♥t✐♥✉✲

♦✉s✳

Pr♦♦❢✿

❲❡ ✉s❡ t❤❡ ❈❧♦s❡❞ ●r❛♣❤ ❚❤❡♦r❡♠ ✷✳✶✳✶ ❛❣❛✐♥✳ ▲❡t {fn}n∈N ⊆ Lp
❧♦❝
(R) ❜❡ ❛♥② s❡✲

q✉❡♥❝❡ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp
❧♦❝
(R) ❛♥❞ s✉❝❤ t❤❛t

{
Mp

g,❧♦❝(fn)
}

n∈N

❝♦♥✈❡r❣❡s t♦ ❛ ❢✉♥❝t✐♦♥ f0 ∈ Lp
❧♦❝
(R) ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp

❧♦❝
(R)✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇

t❤❛t f0 = 0✳

❙✐♥❝❡
{
Mp

g,❧♦❝(fn)
}

n∈N
❝♦♥✈❡r❣❡s t♦ f0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp

❧♦❝
(R) ✇❡ ❦♥♦✇ ❜②

▲❡♠♠❛ ✸✳✶✳✸ t❤❛t t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡
{
Mp

g,❧♦❝(fnm
)
}

m∈N
♦❢
{
Mp

g,❧♦❝(fn)
}

n∈N

❝♦♥✈❡r❣✐♥❣ t♦ f0 λ✲❛✳❡✳ ♦♥ R✳ ❇✉t✱ ❜❡✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ {fn}n∈N✱ ✐t ❢♦❧❧♦✇s t❤❛t

{fnm
}m∈N ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp

❧♦❝
(R)✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✸✳✶✳✸ ❛❣❛✐♥

✇❡ ♦❜t❛✐♥ ❛ s✉❜s❡q✉❡♥❝❡
{
fnml

}

l∈N
♦❢ {fnm

}m∈N ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ 0 λ✲❛✳❡✳ ♦♥ R✳

❇② ♠✉❧t✐♣❧②✐♥❣ t❤❡ ❢✉♥❝t✐♦♥s fnml
✇✐t❤ g ✇❡ ❤❛✈❡✱ ❢♦r λ✲❛❧♠♦st ❡✈❡r② w ∈ R✱

lim
l→∞

Mp
g,❧♦❝

(
fnml

)
(w) = lim

l→∞
fnml

(w)g(w) = 0 · g(w) = 0.

❇✉t
{
Mp

g,❧♦❝(fnm
)
}

m∈N
❝♦♥✈❡r❣❡s ❛❧r❡❛❞② t♦ f0 λ✲❛✳❡✳ ♦♥ R✱ s♦ t❤❡ s❛♠❡ ❤❛s t♦ ❤♦❧❞

❢♦r t❤❡ s✉❜s❡q✉❡♥❝❡
{
Mp

g,❧♦❝(fnml
)
}

l∈N
✳ ❚❤✉s✱ f0 = 0 ❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t Mp

g,❧♦❝ ✐s

❝♦♥t✐♥✉♦✉s✳ �

❚❤❡ ❛✐♠ ❤❡r❡ ✐s t♦ st✉❞② t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mMp
g,❧♦❝

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠✉❧t✐♣❧✐✲

❝❛t✐♦♥ ♦♣❡r❛t♦r Mp
g,❧♦❝✱ ✐✳❡✳✱ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mMp

g,❧♦❝
: B(R) → Lp

❧♦❝
(R) ❞❡✜♥❡❞

✽✻



❜②

mMp
g,❧♦❝

(A) := Mp
g,❧♦❝(χA) = χAg, ❢♦r A ∈ B(R)✳ ✭✹✳✶✵✮

◆♦t❡ t❤❛t mMp
g,❧♦❝

✐s✱ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✱ ✐♥❞❡❡❞ ❛ ✈❡❝t♦r ♠❡❛s✉r❡ ❛s Lp
❧♦❝
(R) ❝♦♥✲

t❛✐♥s t❤❡ B(R)✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❤❛s ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ✭s❡❡ ❊①❛♠♣❧❡ ✷✳✸✳✷

✭✐✈✮✮✳ ❖❜s❡r✈❡✱ ❢♦r ❡❛❝❤ ϕ ∈
(
Lp

❧♦❝
(R)
)∗
✱ t❤❛t t❤❡ s❝❛❧❛r ♠❡❛s✉r❡

〈
mMp

g,❧♦❝
, ϕ
〉

:

B(R) → C ✐s ❣✐✈❡♥ ❜②

〈
mMp

g,❧♦❝
, ϕ
〉
(A) :=

〈
mMp

g,❧♦❝
(A), ϕ

〉
, ❢♦r A ∈ B(R)✱

✇❤✐❝❤ ❝❛♥ ❛❧s♦ ❜❡ ❡①♣r❡ss❡❞ ❛s ❢♦❧❧♦✇s✿

〈
mMp

g,❧♦❝
(A), ϕ

〉 (4.10)
=

∫

R
Mp

g,❧♦❝(χA)ϕdλ
(4.10)
=

∫

R
χAgϕ dλ =

∫

A

gϕ dλ, ✭✹✳✶✶✮

❢♦r ❡❛❝❤ A ∈ B(R)✳ ◆♦t❡✱ s✐♥❝❡ g ∈ Lp
❧♦❝
(R)✱ t❤❛t gϕ ∈ L1(R) ❢♦r ❡❛❝❤ ϕ ∈

(
Lp

❧♦❝
(R)
)∗
❀ s❡❡ ❊①❛♠♣❧❡ ✷✳✸✳✷ ✭✐✮✳ ❆❣❛✐♥✱ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : R → C ✐s

mMp
g,❧♦❝

✲✐♥t❡❣r❛❜❧❡ ✐❢ ✐t ✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ s❝❛❧❛r ♠❡❛s✉r❡
〈
mMp

g,❧♦❝
, ϕ
〉
✱

❢♦r ϕ ∈
(
Lp

❧♦❝
(R)
)∗
✱ ❛♥❞ ✐❢✱ ❢♦r ❡❛❝❤ A ∈ B(R)✱ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t

∫

A
f dmMp

g,❧♦❝
∈

Lp
❧♦❝
(R) s❛t✐s❢②✐♥❣

〈∫

A

f dmMp
g,❧♦❝

, ϕ

〉

=

∫

A

f d
〈
mMp

g,❧♦❝
, ϕ
〉
,

❢♦r ❛❧❧ ϕ ∈
(
Lp

❧♦❝
(R)
)∗
✳ ❇❡❝❛✉s❡ ♦❢ ✭✹✳✶✶✮ ✇❡ ♦❜t❛✐♥ ❢♦r ❡❛❝❤ A ∈ B(R) t❤❛t

∫

A

f d
〈
mMp

g,❧♦❝
, ϕ
〉
=

∫

A

fgϕ dλ =

∫

R
fχAgϕ dλ, ❢♦r ϕ ∈

(
Lp

❧♦❝
(R)
)∗
.

❆❝❝♦r❞✐♥❣❧②✱ fg ∈ Lp
❧♦❝
(R) ❛♥❞ s♦ t❤❡ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧ ♦❢ f ∈ L1

(
mMp

g,❧♦❝

)
✐s ❣✐✈❡♥

❜② ∫

A

f dmMp
g,❧♦❝

= fχAg ∈ Lp
❧♦❝
(R), ❢♦r A ∈ B(R)✳ ✭✹✳✶✷✮

■♥❞❡❡❞✱ t♦ s❡❡ t❤✐s ♦❜s❡r✈❡ ✭✈✐❛ ✭✹✳✶✶✮✮ t❤❛t

∣
∣
〈
mMp

g,❧♦❝
, ϕ
〉∣
∣(A) =

∫

A

|gϕ| dλ,

❢♦r A ∈ B(R) ❛♥❞ ϕ ∈
(
Lp

❧♦❝
(R)
)∗
✱ ✇✐t❤ gϕ ∈ L1(R) ❜❡❝❛✉s❡ g ∈ Mp

❧♦❝
⊆ Lp

❧♦❝
(R)✳

❙♦✱ ✐❢ f ✐s mMp
g,❧♦❝

✲✐♥t❡❣r❛❜❧❡✱ t❤❡♥

∫

R
|f | |g| |ϕ| dλ =

∫

R
|f | d

∣
∣
〈
mMp

g,❧♦❝
, ϕ
〉∣
∣ < ∞, ❢♦r ϕ ∈

(
Lp

❧♦❝
(R)
)∗
✳
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❙✐♥❝❡ Lp
❧♦❝
(R) ✐s r❡✢❡①✐✈❡✱ t❤✐s ✐♠♣❧✐❡s t❤❛t fg ∈ Lp

❧♦❝
(R)✳ ❚❤❡ s❡t ❢✉♥❝t✐♦♥ mMp

g,❧♦❝
,f :

B(R) → Lp
❧♦❝
(R) ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧ ✐s ❣✐✈❡♥ ❜②

mMp
g,❧♦❝

,f (A) :=

∫

A

f dmMp
g,❧♦❝

= fχAg.

❇② t❤❡ ❖r❧✐❝③✲P❡tt✐s ❚❤❡♦r❡♠ ✷✳✶✳✸ ✐t ✐s ❛❣❛✐♥ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✳ ❘❡♣❡❛t✐♥❣ t❤❡

❛r❣✉♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✷ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛tMp
g,❧♦❝ ✐s λ✲❞❡t❡r♠✐♥❡❞

✐❢ ❛♥❞ ♦♥❧② ✐❢ g 6= 0 λ✲❛✳❡✳ ♦♥ R ✕ ❛ ♣r♦♣❡rt② ✇❤✐❝❤ ❢r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ ❛ss✉♠❡

t❤❛t Mp
g,❧♦❝ ❛❧✇❛②s s❛t✐s✜❡s✳

▲❡t ✉s s❡❡✱ ✇❤❡t❤❡r L1
(
mMp

g,❧♦❝

)
❛❞♠✐ts ❛ s✐♠✐❧❛r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛s ❢♦r t❤❡ ♠✉❧t✐✲

♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r Mp−
g ✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✼

▲❡t p ∈ (1,∞) ❛♥❞ g ∈ Mp
❧♦❝

s❛t✐s❢② g 6= 0 λ✲❛✳❡✳ ♦♥ R✳ ❚❤❡♥✱

L1
(
mMp

g,❧♦❝

)
=
{
f ∈ L0(R) : fg ∈ Lp

❧♦❝
(R)
}
.

Pr♦♦❢✿

❚❤❡ ❢❛❝t t❤❛t g ∈ Mp
❧♦❝

⊆ Lp
❧♦❝
(R) ❛♥❞ s✐♠

(
B(R)

)
⊆ Lp

❧♦❝
(R) ❡♥s✉r❡s t❤❛t sg ∈

Lp
❧♦❝
(R)✱ ❢♦r ❛❧❧ s ∈ s✐♠

(
B(R)

)
✳

▲❡t f ∈ L1
(
mMp

g,❧♦❝

)
✳ ❉✉❡ t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {sn}n∈N ⊆

s✐♠
(
B(R)

)
s✉❝❤ t❤❛t {sn}n∈N ❝♦♥✈❡r❣❡s ♣♦✐♥t✇✐s❡ t♦ f ❛♥❞

{∫

R sn dmMp
g,❧♦❝

}

n∈N
❝♦♥✲

✈❡r❣❡s t♦ ❛♥ ❡❧❡♠❡♥t
∫

R f dmMp
g,❧♦❝

✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp
❧♦❝
(R)✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛

✸✳✶✳✸✱
{∫

R sn dmMp
g,❧♦❝

}

n∈N
❛❞♠✐ts ❛ s✉❜s❡q✉❡♥❝❡

{∫

R snm
dmMp

g,❧♦❝

}

m∈N
❝♦♥✈❡r❣✐♥❣ t♦

∫

R f dmMp
g,❧♦❝

λ✲❛✳❡✳ ♦♥ R✳ ❍♦✇❡✈❡r✱ t❤❡ s❡q✉❡♥❝❡ {sn}n∈N ❛♥❞ t❤✉s✱ ❛❧s♦ {snm
}m∈N✱

❝♦♥✈❡r❣❡s t♦ f ♣♦✐♥t✇✐s❡ ♦♥ R ❛♥❞ s♦ ✇❡ ♦❜t❛✐♥

lim
m→∞

(∫

R
snm

dmMp
g,❧♦❝

)

(w)
(4.12)
= lim

m→∞

(
snm

χRg
)
(w) = lim

m→∞

(
snm

g
)
(w) = (fg)(w),

❢♦r λ✲❛❧♠♦st ❡✈❡r② w ∈ R✳ ❍❡♥❝❡✱ fg =
∫

R f dmMp
g,❧♦❝

∈ Lp
❧♦❝
(R) ✇❤✐❝❤ ❡st❛❜❧✐s❤❡s

♦♥❡ ✐♥❝❧✉s✐♦♥✳

❈♦♥✈❡rs❡❧②✱ ❧❡t f ∈ L0(R) s❛t✐s❢② fg ∈ Lp
❧♦❝
(R)✳ ❚❤❡ ❢❛❝t t❤❛t f ∈ L0(R)

❣✉❛r❛♥t❡❡s t❤❛t ✇❡ ❝❛♥ ✜♥❞ ❛ s❡q✉❡♥❝❡ {sn}n∈N ⊆ s✐♠
(
B(R)

)
s✉❝❤ t❤❛t |sn| 6 |f |✱

❢♦r ❛❧❧ n ∈ N✱ ❛♥❞ {sn}n∈N ❝♦♥✈❡r❣❡s ♣♦✐♥t✇✐s❡ t♦ f ♦♥ R✳ ❙✐♥❝❡ g ∈ Lp
❧♦❝
(R)

❛♥❞ s✐♠
(
B(R)

)
⊆ Lp

❧♦❝
(R) ✇❡ ♦❜t❛✐♥ t❤❛t sng ∈ Lp

❧♦❝
(R)✱ ❢♦r ❛❧❧ n ∈ N✳ ▼♦r❡♦✈❡r✱

fg ∈ Lp
❧♦❝
(R) ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ❛❧s♦ fχAg ∈ Lp

❧♦❝
(R)✱ ❢♦r ❛❧❧ A ∈ B(R)✳ ■♥

❛❞❞✐t✐♦♥✱ |sng| 6 |fg|✱ ❢♦r ❛❧❧ n ∈ N✱ ❛♥❞ t❤❡ s❡q✉❡♥❝❡ {sng}n∈N ❝♦♥✈❡r❣❡s t♦ fg
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♣♦✐♥t✇✐s❡ ♦♥ R✳ ❉✉❡ t♦ t❤❡ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ♦❢ Lp
❧♦❝
(R) t❤❡ s❡q✉❡♥❝❡ {sng}n∈N

❝♦♥✈❡r❣❡s t♦ fg ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp
❧♦❝
(R) ❛s ✇❡❧❧✳ ❙✐♥❝❡ ❡❛❝❤ qk ✐s ❛ ❝♦♥t✐♥✉♦✉s

❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠ ✐♥ Lp
❧♦❝
(R) ✭s❡❡ ❊①❛♠♣❧❡ ✷✳✸✳✷✮ ✇❡ ♦❜t❛✐♥✱ ❢♦r A ∈ B(R) ❛♥❞

n ∈ N✱ t❤❛t

0 6 qk

(∫

A

sn dmMp
g,❧♦❝

− fχAg

)
(4.12)
= qk

(
snχAg − fχAg

)
6 qk

(
sng − fg

)
,

❢♦r ❛❧❧ k ∈ N✳ ❇✉t✱

lim
n→∞

qk
(
sng − fg

)
= 0, ❢♦r ❛❧❧ k ∈ N✱

❛♥❞ s♦ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✱ ❢♦r ❡❛❝❤ A ∈ B(R)✱ t❤❛t t❤❡ s❡q✉❡♥❝❡
{∫

A
sn dmMp

g,❧♦❝

}

n∈N

❝♦♥✈❡r❣❡s t♦ fχAg ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp
❧♦❝
(R)✳ ■t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶ t❤❛t

f ∈ L1
(
mMp

g,❧♦❝

)
❛♥❞✱ ♠♦r❡♦✈❡r✱ t❤❛t

∫

A
f dmMp

g,❧♦❝
= fχAg✱ ❢♦r ❛❧❧ A ∈ B(R)✳ �

▲❡t ✉s ✇r✐t❡ ❞♦✇♥ ❤❡r❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ mMp
g,❧♦❝

❛♥❞ L1
(
mMp

g,❧♦❝

)
t❤❛t ❢♦❧❧♦✇ ❢r♦♠

❈❤❛♣t❡r ✸✳ ❋✐rst ♦❢ ❛❧❧✱ s✐♥❝❡ Lp
❧♦❝
(R) ❤❛s ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ❛♥❞ ❝♦♥t❛✐♥s t❤❡

B(R)✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ✐♠♣❧✐❡s t❤❛t ❡❛❝❤ f ∈ Lp
❧♦❝
(R) ✐s mMp

g,❧♦❝
✲

✐♥t❡❣r❛❜❧❡✱ ✐✳❡✳✱ t❤❛t

Lp
❧♦❝
(R) ⊆ L1

(
mMp

g,❧♦❝

)

❛♥❞✱ ❢♦r ❡❛❝❤ f ∈ Lp
❧♦❝
(R)✱ t❤❛t t❤❡ ❡q✉❛t✐♦♥

Mp
g,❧♦❝(fχA) =

∫

A

f dmMp
g,❧♦❝

(4.12)
= fχAg, ❢♦r A ∈ B(R)✱

❤♦❧❞s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ ✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❡ λ✲❞❡t❡r♠✐♥❡❞♥❡ss ♦❢ Mp
g,❧♦❝ ✐t

❢♦❧❧♦✇s t❤❛t

N (λ) = N
(
mMp

g,❧♦❝

)
r❡s♣✳ N0(λ) = N0

(
mMp

g,❧♦❝

)
.

▼♦r❡♦✈❡r✱ ❚❤❡♦r❡♠ ✸✳✸✳✶ ❣✉❛r❛♥t❡❡s t❤❛t L1
(
mMp

g,❧♦❝

)
✐s t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢ t❤❡

♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r Mp
g,❧♦❝ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥ ♦❢ Mp

g,❧♦❝ ✐s t❤❡ ✐♥t❡❣r❛t✐♦♥

♦♣❡r❛t♦r Im
M

p
g,❧♦❝

: L1
(
mMp

g,❧♦❝

)
→ Lp

❧♦❝
(R)✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

Im
M

p
g,❧♦❝

(f) =

∫

R
f dmMp

g,❧♦❝

(4.12)
= fg, ❢♦r f ∈ L1

(
mMp

g,❧♦❝

)
✳

❇❡❢♦r❡ ✇❡ ❝♦♥t✐♥✉❡ ♦✉r ✐♥✈❡st✐❣❛t✐♦♥s ♦♥ L1
(
mMp

g,❧♦❝

)
❧❡t ✉s t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡

✈❡❝t♦r s♣❛❝❡ Mp
❧♦❝
✳

■t ✐s ❝❧❡❛r t❤❛t L∞
❧♦❝
(R) ⊆ Mp

❧♦❝
✳ ■♥❞❡❡❞✱ ❢♦r ❛♥② ✜①❡❞ g ∈ L∞

❧♦❝
(R) t❤❡r❡ ❡①✐sts✱

❢♦r ❡✈❡r② k ∈ N✱ ❛ ❝♦♥st❛♥t Mk > 0 s❛t✐s❢②✐♥❣ |g(w)| 6 Mk✱ ❢♦r λ✲❛❧♠♦st ❡✈❡r②

✽✾



w ∈ [−k, k]✳ ❚❤✉s✱ ❢♦r f ∈ Lp
❧♦❝
(R)✱ ✇❡ ♦❜t❛✐♥ t❤❛t

qk(fg) =

(∫ k

−k

|fg|p dλ

)1/p

6

(∫ k

−k

Mp
k |f |

p dλ

)1/p

= Mk

(∫ k

−k

|f |p dλ

)1/p

= Mk qk(f) < ∞,

❢♦r ❛❧❧ k ∈ N✱ ✇❤✐❝❤ s❤♦✇s t❤❛t fg ∈ Lp
❧♦❝
(R)✳ ❍❡♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ t❤❛t g ∈ L∞

❧♦❝
(R)✱

✇❡ ❝❛♥ t❛❦❡ ✉♣ s♦♠❡ r❡s✉❧ts ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✶❪✳ ❚♦ ❞♦ t❤✐s✱ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛

s♣❡❝tr❛❧ ♠❡❛s✉r❡ ❛s ❣✐✈❡♥ ♦♥ ♣❛❣❡ ✽✵✳ ❚❤✐s t✐♠❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡

P̂ : B(R) → Ls

(
Lp

❧♦❝
(R)
)
✇❤❡r❡✱ ❢♦r ❡❛❝❤ A ∈ B(R)✱ t❤❡ ♦♣❡r❛t♦r P̂ (A) ✐s ❣✐✈❡♥ ❜②

P̂ (A) : f 7→ fχA, ❢♦r f ∈ Lp
❧♦❝
(R)✳

■♥ ♦t❤❡r ✇♦r❞s✱ P̂ (A) = Mp
χA,❧♦❝ ✐s t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r ❜② t❤❡ ❝❤❛r❛❝t❡r✐st✐❝

❢✉♥❝t✐♦♥ χA✳ ■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥t❡❣r❛❜✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❛

s♣❡❝tr❛❧ ♠❡❛s✉r❡✱ ❬✶✱ ♣✳ ✶✵✶❪✱ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ g ∈ L0(R) ✐s P̂ ✲✐♥t❡❣r❛❜❧❡ ✐❢

t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡r❛t♦r ∫

R
g dP̂ ∈ L

(
Lp

❧♦❝
(R)
)

s✉❝❤ t❤❛t g ✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ❝♦♠♣❧❡① ♠❡❛s✉r❡

〈
P̂ f, ϕ

〉
: A 7→

〈
P̂ (A)f, ϕ

〉
, ❢♦r A ∈ B(R)✱

✇❤❡r❡ f ∈ Lp
❧♦❝
(R) ❛♥❞ ϕ ∈

(
Lp

❧♦❝
(R)
)∗
✱ ❛♥❞ s✉❝❤ t❤❛t

〈(∫

R
g dP̂

)

f, ϕ

〉

=

∫

R
g d
〈
P̂ f, ϕ

〉
,

❢♦r f ∈ Lp
❧♦❝
(R) ❛♥❞ ϕ ∈

(
Lp

❧♦❝
(R)
)∗
✳ ■t t✉r♥s ♦✉t t❤❛t ❡❛❝❤ g ∈ L∞

❧♦❝
(R) ✐s P̂ ✲

✐♥t❡❣r❛❜❧❡✱ ❡✈❡♥ ♠♦r❡✿ t❤❛t L∞
❧♦❝
(R) = L1

(
P̂
)
✱ ❛♥❞ t❤❛t t❤❡ ♦♣❡r❛t♦r

IP̂ (g) :=

∫

R
g dP̂ : f 7→ fg, ❢♦r f ∈ Lp

❧♦❝
(R),

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r Mp
g,❧♦❝✱ ❬✶✱ Pr♦♣♦s✐t✐♦♥ ✶✼❪✳

❚❤❡ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥ Mp
❧♦❝

⊆ L∞
❧♦❝
(R) ❛❧s♦ ❤♦❧❞s✳ ■t ✇❛s

❛❧r❡❛❞② ♥♦t❡❞ ♣r✐♦r t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✻ t❤❛t Mp
❧♦❝

⊆ Lp
❧♦❝
(R)✳ ❇✉t✱ s✐♥❝❡ L∞

❧♦❝
(R) ⊆

Lp
❧♦❝
(R)✱ ❢♦r ❛❧❧ p ∈ (1,∞)✱ t❤✐s ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t Mp

❧♦❝
✐s ♥❡❝❡ss❛r✐❧② str✐❝t❧② ❧❛r❣❡r

t❤❛♥ L∞
❧♦❝
(R)✳ ❚♦ ✐♥✈❡st✐❣❛t❡ t❤✐s ♣♦✐♥t ❢✉rt❤❡r ❧❡t g ∈ Mp

❧♦❝
✳ ❚❤❡♥ fg ∈ Lp

❧♦❝
(R)✱ ❢♦r

✾✵



❛❧❧ f ∈ Lp
❧♦❝
(R)✱ ♠❡❛♥✐♥❣ t❤❛t

qk(fg) =

(∫ k

−k

|fg|p dλ

)1/p

< ∞, ❢♦r ❛❧❧ k ∈ N✳

❋✐① ❛♥ ❛r❜✐tr❛r② k ∈ N✳ ❉❡♥♦t❡ ❜② f̃k = f |[−k,k] t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❛♥② ❢✉♥❝t✐♦♥

f ∈ Lp
❧♦❝
(R) t♦ t❤❡ ✐♥t❡r✈❛❧ [−k, k]✱ ❜② g̃k = g|[−k,k] t❤❡ r❡str✐❝t✐♦♥ ♦❢ g t♦ [−k, k] ❛♥❞

❜② λk t❤❡ r❡str✐❝t✐♦♥ ♦❢ λ t♦ [−k, k]✳ ◆♦t❡ t❤❛t Lp([−k, k])✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖h‖p,k :=

(∫ k

−k

|h|p dλk

)1/p

, ❢♦r h ∈ Lp([−k, k])✱ ✭✹✳✶✸✮

✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ t❤❛t ❢♦r g ∈ Mp
❧♦❝

❛♥❞ f ∈ Lp
❧♦❝
(R) t❤❡ ❡q✉❛t✐♦♥

qk(fg) =

(∫ k

−k

|fg|p dλ

)1/p

=

(∫ k

−k

|f̃kg̃k|
p dλk

)1/p

= ‖f̃kg̃k‖p,k, ❢♦r k ∈ N✱

❤♦❧❞s✳ ❙✐♥❝❡ ❡✈❡r② h ∈ Lp([−k, k]) ✐s ♦❢ t❤❡ ❢♦r♠ h = f̃k ❢♦r s♦♠❡ f ∈ Lp
❧♦❝
(R) ✐t

❢♦❧❧♦✇s t❤❛t

‖hg̃k‖p,k < ∞, ❢♦r ❛❧❧ h ∈ Lp([−k, k])✳

❇✉t✱ ✐t ✐s ❦♥♦✇♥ t❤❛t

M
(
Lp([−k, k]), Lp([−k, k])

)
:=

{
h ∈ L0([−k, k]) : hLp([−k, k]) ⊆ Lp([−k, k])

}

= L∞([−k, k]),

❬✷✻✱ ♣✳ ✹✼❪✱ ❛♥❞ s♦ g̃k ∈ L∞([−k, k])✳ ❚❤✉s✱ g ❤❛s t♦ ❜❡ λ✲❡ss❡♥t✐❛❧❧② ❜♦✉♥❞❡❞ ♦♥

[−k, k]✳ ❆s k ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t g ∈ L∞([−k, k])✱ ❢♦r ❛❧❧

k ∈ N✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② g ∈ L∞
❧♦❝
(R)✳

P✉tt✐♥❣ t♦❣❡t❤❡r t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✽

Mp
❧♦❝

= L∞
❧♦❝
(R) = L1(P̂ )✱ ❢♦r ❡✈❡r② p ∈ (1,∞)✳ �

❲❡ r❡t✉r♥ t♦ ♦✉r ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ L1
(
mMp

g,❧♦❝

)
✳ ❆s ♥♦t❡❞ ❜❡❢♦r❡✱ Lp

❧♦❝
(R) ⊆

L1
(
mMp

g,❧♦❝

)
✳ ❚❤❡ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r✱ ❢♦r g ∈ Mp

❧♦❝
= L∞

❧♦❝
(R)✱ t❤❡ s♣❛❝❡ L1

(
mMp

g,❧♦❝

)
=

{
f ∈ L0(R) : fg ∈ Lp

❧♦❝
(R)
}
✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ Lp

❧♦❝
(R) ♦r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❡t❤❡r

t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ f ∈ L0(R) s❛t✐s❢②✐♥❣ f /∈ Lp
❧♦❝
(R) ❜✉t fg ∈ Lp

❧♦❝
(R)✳

■t ✐s ♥♦t t♦♦ ❞✐✣❝✉❧t t♦ ✜♥❞ s✉❝❤ ❛ ❢✉♥❝t✐♦♥ ✇❤❡♥ g ✐s ❣✐✈❡♥ ❜② g(w) := w✱ ❢♦r ❛❧❧

w ∈ R✳ ❚❤❡♥ g ✐s ❝❡rt❛✐♥❧② ❛♥ ❡❧❡♠❡♥t ♦❢ L∞
❧♦❝
(R)✱ s✐♥❝❡ |g| 6 k ♦♥ [−k, k]✱ ❢♦r ❡✈❡r②

✾✶



k ∈ N✳ ◆♦t❡ t❤❛t g 6= 0 λ✲❛✳❡✳ ♦♥ R ❛s ✇❡❧❧✳ ❈❤♦♦s❡ f(w) := w−(1/p)✱ ❢♦r ❛❧❧ w ∈ R✳

❚❤❡♥ f /∈ Lp
❧♦❝
(R)✱ s✐♥❝❡ ❢♦r ❛♥② ✜①❡❞ k ∈ N ✇❡ ❤❛✈❡

qpk(f) =

∫ k

−k

∣
∣w−(1/p)

∣
∣
p
dλ = 2

∫ k

0

w−1 dλ = 2 lim
ε→0

(
ln(k)− ln(ε)

)
= ∞. ✭✹✳✶✹✮

❇✉t✱ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ fg ✇❡ ♦❜t❛✐♥✱ ❢♦r k ∈ N ✜①❡❞✱ t❤❡ ❡q✉❛t✐♦♥

qpk(fg) =

∫ k

−k

∣
∣w−(1/p) · w

∣
∣
p
dλ

=

∫ k

−k

∣
∣wp−1

∣
∣ dλ

= 1
p

[
wp
]k

−k
= 1

p

(
kp − (−1)pkp

)
< ∞

②✐❡❧❞✐♥❣ t❤❛t fg ∈ Lp
❧♦❝
(R)✳

❖❢ ❝♦✉rs❡ ✇❡ ❝❛♥ ❞r❛✇ ❛ ❧✐♥❡ ♣❛r❛❧❧❡❧ t♦ t❤❡ r❡s✉❧ts ✇❡ ♦❜t❛✐♥❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✶✳✶

✇❤❡♥ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r ♦♥ Lp−([0, 1])✳ ❙✐♥❝❡ Mp
g,❧♦❝ ✐s λ✲

❞❡t❡r♠✐♥❡❞✱ g 6= 0 λ✲❛✳❡✳ ♦♥ R ❛♥❞ t❤✉s✱ ❛♥② ❢✉♥❝t✐♦♥ f ∈ L1
(
mMp

g,❧♦❝

)
=
{
f ∈

L0(R) : fg ∈ Lp
❧♦❝
(R)
}
❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

f = 1
g
· gf
︸︷︷︸

∈Lp
❧♦❝

(R)

.

■❢ 1
g
∈ L∞

❧♦❝
(R) = Mp

❧♦❝
✐t ✐s ❝❧❡❛r t❤❛t 1

g
· gf ∈ Lp

❧♦❝
(R)✳ ❚❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡ s❤♦✇s

t❤❛t t❤✐s ♥❡❡❞ ♥♦t t♦ ❜❡ t❤❡ ❝❛s❡ ✐❢ 1
g
/∈ L∞

❧♦❝
(R)✳ ■♥❞❡❡❞✱ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ g ✇❡ ❤❛✈❡

❝❤♦s❡♥ t❤❡r❡ 1
g(w)

= 1
w
✐s ♥♦t ❜♦✉♥❞❡❞ ♦♥ ❛♥② ♦❢ t❤❡ ✐♥t❡r✈❛❧s [−k, k]✱ ❢♦r k ∈ N✳

❋✐♥❛❧❧②✱ ✇❡ ✇✐s❤ t♦ ❦♥♦✇ ✇❤❡t❤❡r mMp
g,❧♦❝

✐s ♦❢ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ♦r ♥♦t✳ ❚♦ ✐♥✈❡st✐❣❛t❡

t❤✐s q✉❡st✐♦♥ ❧❡t p ∈ (1,∞) ❛♥❞ g ∈ Mp
❧♦❝
✳ ❋♦r ❡❛❝❤ k ∈ N ✇❡ ❞❡✜♥❡ t❤❡ ❧♦❝❛❧✲

❇❛♥❛❝❤✲s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡
(
mMp

g,❧♦❝

)

k
: B(R)|[−k,k] → Lp([−k, k]) ❜②

(
mMp

g,❧♦❝

)

k
:= χAg̃k, ❢♦r A ∈ B(R)|[−k,k],

✇❤❡r❡ g̃k ✐s ❛❣❛✐♥ t❤❡ r❡str✐❝t✐♦♥ ♦❢ g t♦ t❤❡ ✐♥t❡r✈❛❧ [−k, k]✳ ❋✐① k ∈ N✳ ❚❤❡♥ ✇❡

♦❜t❛✐♥ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢
(
mMp

g,❧♦❝

)

k
❜②

∣
∣
(
mMp

g,❧♦❝

)

k

∣
∣(A) = sup

π

l∑

j=1

∥
∥
(
mMp

g,❧♦❝

)

k
(Aj)

∥
∥
p,k

= sup
π

l∑

j=1

∥
∥χAj

g̃k
∥
∥
p,k

✾✷



= sup
π

l∑

j=1

(∫ k

−k

|χAj
g̃k|

p dλk

)1/p

= sup
π

l∑

j=1

(
∫

Aj∩[−k,k]

|g̃k|
p dλk

)1/p

✭✹✳✶✺✮

✇❤❡r❡ A ∈ B(R)|[−k,k] ❛♥❞ π = {Aj}
l
j=1 ✐s ❛♥② ✜♥✐t❡ ♣❛rt✐t✐♦♥ ♦❢ A✳ ❍❡r❡✱ ‖ · ‖p,k ✐s

t❤❡ ♥♦r♠ ✐♥ Lp([−k, k]) ❛s ❞❡✜♥❡❞ ✐♥ ✭✹✳✶✸✮✳

❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ Mp−
g ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢

(
mMp

g,❧♦❝

)

k
♠❛② ♥♦t ❜❡

✜♥✐t❡✳ ■♥❞❡❡❞✱ ❝❤♦♦s❡ g := χR✳ ❚❤❡♥ g ∈ Mp
❧♦❝
✱ s✐♥❝❡

fg = fχR = f ∈ Lp
❧♦❝
(R), ❢♦r ❛❧❧ f ∈ Lp

❧♦❝
(R)✳

❋✉rt❤❡r♠♦r❡✱ g̃k := χ[−k,k]✱ ❢♦r ❛❧❧ k ∈ N✳ ❋♦r k, l ∈ N ✜①❡❞✱ ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐t✐♦♥

{Aj}
2l
j=1 ♦❢ [−k, k] ❞❡✜♥❡❞ ❜②

Aj :=
[
−k·j
l
, −k·(j−1)

l

)

, ❢♦r j = 1, . . . , l✱

Aj :=
[
k·(j−l−1)

l
, k·(j−l)

l

)
, ❢♦r j = l + 1, . . . , 2l − 1✱

A2l :=
[
k·(l−1)

l
, k
]

.

❙✐♥❝❡

λk(Aj ∩ [−k, k]) = k
l
, ❢♦r ❛❧❧ j = 1, . . . , 2l✱

✇❡ ♦❜t❛✐♥ t❤❛t

2l∑

j=1

(
∫

Aj∩[−k,k]

|g̃k|
p dλk

)1/p

=
2l∑

j=1

(
λk(Aj ∩ [−k, k])

)1/p

=
2l∑

j=1

(
k
l

)1/p
= 2 k1/p l1−(1/p) = 2 k1/p l1/q.

❍❡r❡✱ q ✐s t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ p ❛♥❞ t❤❡r❡❢♦r❡ s❛t✐s✜❡s 1
q
> 0✳ ▲❡tt✐♥❣ l → ∞

②✐❡❧❞s t❤❛t l1/q → ∞ ❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t✱ ❢♦r g = χR✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢
(
mMp

g,❧♦❝

)

k

❛s ❣✐✈❡♥ ❜② ✭✹✳✶✺✮ ❛♥❞ t❤✉s✱ ❛❧s♦ ♦❢ mMp
g,❧♦❝

✐s ✐♥✜♥✐t❡✳ ❆❝t✉❛❧❧②✱ t❤✐s r❡s✉❧t ❞♦❡s ♥♦t

❞❡♣❡♥❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ g✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✾

▲❡t g ∈ Mp
❧♦❝
\{0}✳ ❚❤❡♥ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ mMp

g,❧♦❝
✐s ✐♥✜♥✐t❡✳

✾✸



Pr♦♦❢✿

▲❡t g ∈ Mp
g,❧♦❝\{0} = L∞

❧♦❝
(R)\{0}✳ ❚❤❡♥ ❛❧s♦ g ∈ Lp

❧♦❝
(R)\{0} ❛♥❞ t❤✉s✱ t❤❡r❡

✐s ❛♥ ✐♥❞❡① m ∈ N s✉❝❤ t❤❛t qm(g) > 0✳ ❙✐♥❝❡ {qk}k∈N ✐s ✐♥❝r❡❛s✐♥❣ ✐t ❢♦❧❧♦✇s t❤❛t

qk(g) > 0✱ ❢♦r ❛❧❧ k > m✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r ❡❛❝❤ k ∈ N✱ |g|p|[−k,k] ∈ L1([−k, k])✳

❍❡♥❝❡✱ ✇❡ ❝❛♥ ✜♥❞ ❛♥ ✐♥❞❡① k ∈ N ❛♥❞ ❛ s❡t A ∈ B(R)|[−k,k] s✉❝❤ t❤❛t

0 <

∫

A∩[−k,k]

|g|p dλ < ∞.

❋✐① s✉❝❤ ❛♥ k ∈ N ❛♥❞ A ∈ B(R)|[−k,k] ❛♥❞ ❧❡t

∫

A∩[−k,k]

|g|p dλ =: α.

❉❡✜♥❡✱ ❜② ✉s✐♥❣ ❛❣❛✐♥ t❤❡ ♥♦t❛t✐♦♥s g̃k ❛♥❞ λk ❢♦r t❤❡ r❡str✐❝t✐♦♥s ♦❢ g ❛♥❞ λ t♦

[−k, k] ✭s❡❡ ♣❛❣❡ ✾✶✮✱ ❛ s❡t ❢✉♥❝t✐♦♥ ν : B(A ∩ [−k, k]) → [0,∞) ❜②

ν(B) :=

∫

B

|g|p dλ =

∫

B

|g̃k|
p dλk, ❢♦r B ∈ B(A ∩ [−k, k])✳

❙✐♥❝❡ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✐s ♥♦♥✲❛t♦♠✐❝ ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✱ ❬✾✱ ♣✳ ✷✻❪✱ ✐t ❢♦❧❧♦✇s t❤❛t

ν ✐s ❛❧s♦ ♥♦♥✲❛t♦♠✐❝ ♦♥ B(A ∩ [−k, k])✳ ❋✐① l ∈ N✳ ▲❡♠♠❛ ✷✳✷✳✷ t❤❡♥ ✐♠♣❧✐❡s t❤❛t

t❤❡r❡ ❡①✐sts ❛ ♣❛rt✐t✐♦♥ {Aj}
l
j=1 ⊆ B(A ∩ [−k, k]) ♦❢ A s❛t✐s❢②✐♥❣

ν(Aj) =

∫

Aj

|g̃k|
p dλk =

∫

Aj∩[−k,k]

|g̃k|
p dλk =

α
l
, ❢♦r ❛❧❧ j = 1, . . . , l✳

❲❡ ✜♥❛❧❧② ♦❜t❛✐♥ t❤❛t

l∑

j=1

(
∫

Aj∩[−k,k]

|g̃k|
p dλk

)1/p

=
l∑

j=1

(
ν(Aj)

)1/p

=
l∑

j=1

(
α
l

)1/p
= l ·

(
α
l

)1/p
= α1/p l1−(1/p) = α1/p l1/q

✇❤❡r❡ q ❞❡♥♦t❡s t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ p ❛♥❞ t❤❡r❡❢♦r❡ s❛t✐s✜❡s 1
q
> 0✳ ▲❡tt✐♥❣

l → ∞ ✇❡ ❣❡t α1/p l1/q → ∞ ❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢
(
mMp

g,❧♦❝

)

k
❛s ❣✐✈❡♥

❜② ✭✹✳✶✺✮ ❛♥❞ t❤✉s✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ mMp
g,❧♦❝

✐s ✐♥✜♥✐t❡✳ �

✹✳✷ ❚❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡
(
[0, 1],B([0, 1]), λ

)
✱

✇❤❡r❡ λ ✐s ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ❛♥❞ B([0, 1]) t❤❡ σ✲❛❧❣❡❜r❛ ♦❢ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡

✾✹



s✉❜s❡ts ♦❢ [0, 1]✳ ▲❡t✱ ❢♦r p ∈ (1,∞) ✜①❡❞✱ Lp− := Lp−([0, 1]) =
⋂

k∈N L
rk([0, 1])

✇✐t❤ 1 6 rk ↑k p ❜❡ t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✳✸✳✶✳

❋✉rt❤❡r♠♦r❡✱ ❞❡♥♦t❡ ❜② L0 := L0([0, 1]) t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f :

[0, 1] → C✳

❉❡✜♥❡ ♦♥ Lp− t❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r Vp− : Lp− → Lp− ♠❛♣♣✐♥❣ f 7→ Vp−(f) ✇❤❡r❡

Vp−(f)(w) :=

∫ w

0

f(t) dλ(t), ❢♦r w ∈ [0, 1].

❘❡♠❛r❦ ✹✳✷✳✶

❋♦r ❡❛❝❤ f ∈ Lp−✱ t❤❡ ❢✉♥❝t✐♦♥ Vp−(f) : [0, 1] → C ✐s ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]✳

Pr♦♦❢ ♦❢ ❘❡♠❛r❦ ✹✳✷✳✶✿

❈❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② f ∈ Lp−✳ ❋✐① w0 ∈ [0, 1] ❛♥❞ ❧❡t {wn}n∈N ⊆ [0, 1] ❜❡ ❛♥②

s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣ t♦ w0✳ ❚❤❡♥ ✐t ✐s ❝❧❡❛r t❤❛t

lim
n→∞

fχ[0,wn] = fχ[0,w0]

♣♦✐♥t✇✐s❡ ♦♥ [0, 1]✳ ❙✐♥❝❡ f ∈ Lp− ⊆ L1✱ ❛❧s♦ |f | ∈ L1✳ ❋✉rt❤❡r♠♦r❡✱ |fχ[0,wn]| 6 |f |✱

❢♦r ❛❧❧ n ∈ N✳ ❇② ❛♣♣❧②✐♥❣ ▲❡❜❡❣✉❡✬s ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ ✷✳✷✳✷ ✇❡

♦❜t❛✐♥ t❤❛t

lim
n→∞

Vp−(f)(wn) = lim
n→∞

∫ wn

0

f(t) dλ(t)

= lim
n→∞

∫ 1

0

(
fχ[0,wn]

)
(t) dλ(t)

=

∫ 1

0

(
fχ[0,w0]

)
(t) dλ(t)

=

∫ w0

0

f(t) dλ(t) = Vp−(f)(w0)

✇❤✐❝❤ s❤♦✇s t❤❛t Vp−(f) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ �

❚❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r r❡s✉❧ts ❢r♦♠ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ▲❡❜❡s❣✉❡

✐♥t❡❣r❛❧✳ ▲❡t ✉s st❛t❡ ❤❡r❡ t✇♦ ❢✉rt❤❡r ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶

❚❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r Vp− : Lp− → Lp− ✐s ❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢✿

▲❡t f ∈ Lp− ❜❡ ❛r❜✐tr❛r✐❧② ❝❤♦s❡♥✳ ❚❤❡♥ f ∈ Lr1 ⊆ L1 ❛♥❞ s♦✱ ❢♦r ❡❛❝❤ w ∈ [0, 1]✱

✾✺



✇❡ ❤❛✈❡✱ ❜② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ t❤❛t

∣
∣Vp−(f)(w)

∣
∣ =

∣
∣
∣
∣

∫ w

0

f(t) dλ(t)

∣
∣
∣
∣

6

∫ w

0

|f(t)| dλ(t)

=

∫ 1

0

|f(t)χ[0,w](t)| dλ(t)

(2.9)

6

(∫ 1

0

|f(t)|r1 dλ(t)

)1/r1 (∫ 1

0

|χ[0,w](t)|
s1 dλ(t)

)1/s1

= q1(f)λ([0, w])
1/s1 6 q1(f),

✇❤❡r❡ s1 ✐s t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ r1✳ ❍❡♥❝❡✱ ❢♦r ❡❛❝❤ k ∈ N✱ ✇❡ ♦❜t❛✐♥ t❤❛t

qk
(
Vp−(f)

)
=

(∫ 1

0

∣
∣Vp−(f)

∣
∣
rk dλ

)1/rk

6

(∫ 1

0

(
q1(f)

)rk dλ

)1/rk

= q1(f)λ([0, 1])
1/rk ,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Vp− ✐s ❝♦♥t✐♥✉♦✉s✳ �

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷

❚❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r Vp− : Lp− → Lp− ✐s ✐♥❥❡❝t✐✈❡✳

Pr♦♦❢✿

▲❡t f ∈ Lp− s❛t✐s❢② Vp−(f) = 0 ♠❡❛♥✐♥❣ t❤❛t

∫ w

0

f(t) dλ(t) = 0, ❢♦r ❛❧❧ w ∈ [0, 1].

❚❤❡ ❋✉♥❞❛♠❡♥t❛❧ ❚❤❡♦r❡♠ ♦❢ ❈❛❧❝✉❧✉s✱ ❬✶✶✱ ♣✳ ✸✵✹❪✱ t❤❡♥ ②✐❡❧❞s t❤❛t

f(w) =

(∫ w

0

f(t) dλ(t)

)′

= 0′ = 0, ❢♦r λ✲❛❧♠♦st ❡✈❡r② w ∈ [0, 1].

❚❤✉s✱ Vp− ✐s ✐♥❥❡❝t✐✈❡✳ �

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛❣❡s ✇❡ ❛r❡ ❣♦✐♥❣ t♦ st✉❞② t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mVp−
❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ ♦♣❡r❛t♦r Vp− ❀ ♠♦r❡ ❡①♣❧✐❝✐t❧②✱ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mVp−
: B([0, 1]) → Lp−

❞❡✜♥❡❞ ❜②

mVp−
(A) := Vp−(χA)

✾✻



✇❤❡r❡✱ ❢♦r ❡❛❝❤ A ∈ B([0, 1])✱

Vp−(χA)(w) =

∫ w

0

χA(t) dλ(t) = λ
(
[0, w] ∩ A

)
, ❢♦r w ∈ [0, 1]✳

❙✐♥❝❡ Lp− ❝♦♥t❛✐♥s t❤❡ B([0, 1])✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❤❛s ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②✱

mVp−
✐s ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶ ✐♥❞❡❡❞ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✳ ❋♦r ❡❛❝❤ ϕ ∈

(
Lp−

)∗
=

⋃

k∈N L
sk ✇✐t❤ 1

rk
+ 1

sk
= 1✱ ❢♦r k ∈ N✱ ✇❡ ✐♥❞✉❝❡ t❤❡ s❝❛❧❛r ♠❡❛s✉r❡

〈
mVp−

, ϕ
〉
:

B([0, 1]) → C ❣✐✈❡♥ ❜②

〈
mVp−

, ϕ
〉
(A) :=

〈
mVp−

(A), ϕ
〉
, ❢♦r A ∈ B([0, 1])✳

❇② ❛♣♣❧②✐♥❣ t❤❡ ✐❞❡♥t✐t② χ[0,w](t) = χ[t,1](w) ❛♥❞ ❋✉❜✐♥✐✬s ❚❤❡♦r❡♠ ✷✳✷✳✸✱ t❤✐s s❝❛❧❛r

♠❡❛s✉r❡ ❝❛♥ ❛❧s♦ ❜❡ ❡①♣r❡ss❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠✿

〈
mVp−

(A), ϕ
〉

=

∫ 1

0

Vp−(χA)(w)ϕ(w) dλ(w)

=

∫ 1

0

(∫ w

0

χA(t) dλ(t)

)

ϕ(w) dλ(w)

=

∫ 1

0

(∫ 1

0

χ[0,w](t)χA(t) dλ(t)

)

ϕ(w) dλ(w)

=

∫ 1

0

(∫ 1

0

χ[t,1](w)χA(t) dλ(t)

)

ϕ(w) dλ(w)

=

∫ 1

0

χA(t)

(∫ 1

0

χ[t,1](w)ϕ(w) dλ(w)

)

dλ(t)

=

∫

A

〈
χ[t,1], ϕ

〉
dλ(t), ✭✹✳✶✻✮

❢♦r A ∈ B([0, 1])✳ ❖❜s❡r✈❡ t❤❛t t 7→
〈
χ[t,1], ϕ

〉
∈ L1 s✐♥❝❡

∫ 1

0

∣
∣
〈
χ[t,1], ϕ

〉∣
∣ dλ(t) =

∫ 1

0

∣
∣
∣
∣

∫ 1

0

χ[t,1](w)ϕ(w) dλ(w)

∣
∣
∣
∣
dλ(t)

6

∫ 1

0

(∫ 1

t

|ϕ(w)| dλ(w)

)

dλ(t)

6

∫ 1

0

(∫ 1

0

|ϕ(w)| dλ(w)

)

dλ(t)

= ‖ϕ‖1 λ([0, 1]) < ∞,

❜❡❝❛✉s❡ ϕ ∈ Lsk ❢♦r s♦♠❡ k ∈ N ❛♥❞ s♦ ϕ ∈ L1✳ ❍❡♥❝❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✹✱ t❤❡

✈❛r✐❛t✐♦♥ ♦❢
〈
mVp−

, ϕ
〉
✐s ❣✐✈❡♥ ❜②

∣
∣
〈
mVp−

, ϕ
〉∣
∣(A) =

∫

A

∣
∣
〈
χ[t,1], ϕ

〉∣
∣ dλ(t), ❢♦r A ∈ B([0, 1]). ✭✹✳✶✼✮

✾✼



❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ♦❜❥❡❝ts ♦❢ ✐♥t❡r❡st ✇✐❧❧ ❜❡ t❤❡ s♣❛❝❡ ♦❢mVp−
✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s✳ ❘❡✲

❝❛❧❧ t❤❛t ❛ ❢✉♥❝t✐♦♥ f : [0, 1] → C ✐s mVp−
✲✐♥t❡❣r❛❜❧❡ ✐❢ ✐t ✐s s❝❛❧❛r❧② mVp−

✲✐♥t❡❣r❛❜❧❡✱

✐✳❡✳✱ ✐❢ ✐t ✐s ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ s❝❛❧❛r ♠❡❛s✉r❡ 〈mVp−
, ϕ〉✱ ❢♦r ϕ ∈

(
Lp−

)∗
✱

❛♥❞ ✐❢✱ ❢♦r ❡❛❝❤ A ∈ B([0, 1])✱ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t
∫

A
f dmVp−

∈ Lp− s❛t✐s❢②✐♥❣

〈∫

A

f dmVp−
, ϕ

〉

=

∫

A

f d
〈
mVp−

, ϕ
〉
,

❢♦r ❛❧❧ ϕ ∈
(
Lp−

)∗
✳ ❉❡✜♥❡

h(t) := χ[t,1], ❢♦r t ∈ [0, 1], ✭✹✳✶✽✮

❛♥❞ ♦❜s❡r✈❡ t❤❛t h(t) ∈ s✐♠
(
B([0, 1])

)
⊆ Lp−✱ ❢♦r ❡❛❝❤ t ∈ [0, 1]✳ ❚❤❡♥ ✭✹✳✶✻✮

❜❡❝♦♠❡s
〈
mVp−

(A), ϕ
〉
=

∫

A

〈
h(t), ϕ

〉
dλ(t), ❢♦r A ∈ B([0, 1])✳

▼♦r❡♦✈❡r✱

h(t)(w) = χ[t,1](w) = χ[0,w](t),

❢♦r ❛❧❧ t, w ∈ [0, 1]✳ ❚❛❦✐♥❣ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ✇❡ ❞❡r✐✈❡✱ ❢♦r

ϕ ∈
(
Lp−

)∗
✱ f ∈ L1(mVp−

) ❛♥❞ A ∈ B([0, 1])✱ ❛❢t❡r ♥♦t✐♥❣ t❤❛t ❛❧s♦ |f | ∈ L1(mVp−
)

❛♥❞ |ϕ| ∈
(
Lp−

)∗
✱ t❤❛t

∫

A

|f | d
〈
mVp−

, |ϕ|
〉

(4.16)
=

∫

A

|f(t)|
〈
χ[t,1], |ϕ|

〉
dλ(t)

=

∫ 1

0

χA(t) |f(t)|

(∫ 1

0

χ[t,1](w) |ϕ(w)| dλ(w)

)

dλ(t)

=

∫ 1

0

χA(t) |f(t)|

(∫ 1

0

χ[0,w](t) |ϕ(w)| dλ(w)

)

dλ(t)

=

∫ 1

0

(∫ 1

0

χA(t) |f(t)|χ[0,w](t) dλ(t)

)

|ϕ(w)| dλ(w). ✭✹✳✶✾✮

❉❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

gA,f (w) :=

∫

A

f(t)h(t)(w) dλ(t) =

∫ w

0

χA(t) f(t) dλ(t), ❢♦r w ∈ [0, 1]✳

❲❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t gA,f ∈ Lp−✳ ❙✐♥❝❡ |gA,f | 6 gA,|f |✱ ✇✐t❤ |f | ∈ L1(mVp−
)✱ ✐t

s✉✣❝❡s t♦ s❤♦✇ t❤❛t gA,|f | ∈ Lp−✳ ❋✐① k ∈ N ❛♥❞ ❧❡t ϕ ∈ Lsk ⊆
(
Lp−

)∗
✇✐t❤

✾✽



1
rk

+ 1
sk

= 1✳ ❚❤❡♥ ❛❧s♦ |ϕ| ∈ Lsk ❛♥❞ t❤❡ ♠❡❛s✉r❡
〈
mVp−

, |ϕ|
〉
> 0 ✐s ❣✐✈❡♥ ❜②

〈
mVp−

, |ϕ|
〉
(A) =

∫

A

〈
χ[t,1], |ϕ|

〉
dλ(t), ❢♦r A ∈ B([0, 1])❀

s❡❡ ✭✹✳✶✻✮✳ ❇② ✭✹✳✶✾✮ ✇❡ ❤❛✈❡

∫ 1

0

gA,|f |(w) |ϕ(w)| dλ(w) =

∫

A

|f | d
〈
mVp−

, |ϕ|
〉
< ∞. ✭✹✳✷✵✮

❙✐♥❝❡ Lsk ✐s ❛ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ ✭✹✳✷✵✮ ❤♦❧❞s ❢♦r ❛❧❧ ϕ ∈ Lsk ✱ ✐t ❢♦❧❧♦✇s t❤❛t

gA,|f | ∈ Lrk ✳ ❇✉t✱ t❤✐s ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ k ∈ N ❛♥❞ s♦ gA,|f | ∈ Lp−✱ ❛s ✇❛s t♦ ❜❡ ♣r♦✈❡❞✳

❍❡♥❝❡✱ t❤❡ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧ ♦❢ f ∈ L1(mVp−
) ♦✈❡r A ∈ B([0, 1]) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞

❜② ∫

A

f dmVp−
=

∫

A

fχ[0,·] dλ =

∫

A

f(t)h(t)(·) dλ ✭✹✳✷✶✮

❛♥❞ t❤❡ s❡t ❢✉♥❝t✐♦♥ mVp−,f : B([0, 1]) → Lp− ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧

✐s ❣✐✈❡♥ ❜②

mVp−,f (A) :=

∫

A

f dmVp−
=

∫

A

f(t)h(t)(·) dλ.

❇② t❤❡ ❖r❧✐❝③✲P❡tt✐s ❚❤❡♦r❡♠ ✷✳✶✳✸ ✐t ✐s ❛❣❛✐♥ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✳

❇❡❢♦r❡ ✇❡ ❜❡❣✐♥ ❡①❛♠✐♥✐♥❣ t❤❡ s♣❛❝❡ L1(mVp−
) ❧❡t ✉s st❛t❡ ❤❡r❡ s♦♠❡ ❝♦♥❝❧✉s✐♦♥s ✇❡

❝❛♥ ❞r❛✇ ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ Lp− ❛♥❞ ♦❢ t❤❡ ♦♣❡r❛t♦r Vp−✳ Pr♦♣♦✲

s✐t✐♦♥ ✸✳✷✳✷ ❡♥s✉r❡s t❤❛t ❡❛❝❤ f ∈ Lp− ✐s mVp−
✲✐♥t❡❣r❛❜❧❡✱ ✐✳❡✳✱ t❤❛t

Lp− ⊆ L1(mVp−
),

❛♥❞ t❤❛t✱ ❢♦r ❡❛❝❤ f ∈ Lp−✱ t❤❡ ❡q✉❛t✐♦♥

Vp−(fχA) =

∫

A

f(t)h(t)(·) dλ =

∫

A

f dmVp−
, ❢♦r A ∈ B([0, 1])✱

❤♦❧❞s✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ Vp− ✐s ✐♥❥❡❝t✐✈❡ ✭❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✮✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡

❜② ❈♦r♦❧❧❛r② ✸✳✷✳✶ t❤❛t Vp− ✐s λ✲❞❡t❡r♠✐♥❡❞ ✇❤✐❝❤✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♠♣❧✐❡s t❤❛t

t❤❡ λ✲♥✉❧❧ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ mVp−
✲♥✉❧❧ ❢✉♥❝t✐♦♥s ❝♦✐♥❝✐❞❡✱ ✐✳❡✳✱ t❤❛t

N (λ) = N (mVp−
),

❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✸✳✷✳✷ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r t❤❡ ♥✉❧❧ s❡ts✱ ✐✳❡✳✱

N0(λ) = N0(mVp−
).

✾✾



▼♦r❡♦✈❡r✱ ❚❤❡♦r❡♠ ✸✳✸✳✶ ②✐❡❧❞s t❤❛t L1(mVp−
) ✐s t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢ t❤❡ ♦♣❡r❛t♦r

Vp− ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥ ♦❢ Vp− ✐s t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImVp−
: L1(mVp−

) →

Lp− ❣✐✈❡♥ ❜②

ImVp−
(f) :=

∫ 1

0

f dmVp−

(4.21)
=

∫ 1

0

f(t)h(t)(·) dλ. ✭✹✳✷✷✮

❆♥♦t❤❡r ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ t❤❡ s♣❛❝❡ Lp− ✐s t❤❛t ✐t ✐s r❡✢❡①✐✈❡ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t

❡❛❝❤ s❝❛❧❛r❧② mVp−
✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ f ∈ L1

w(mVp−
) ✐s ❛❧r❡❛❞② mVp−

✲✐♥t❡❣r❛❜❧❡✱

♠❡❛♥✐♥❣ t❤❛t L1(mVp−
) = L1

w(mVp−
)✳

■♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ ✐♥✈❡st✐❣❛t✐♦♥s ✇❡ ✇❛♥t t♦ ✜♥❞ ❛♥s✇❡rs t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦

q✉❡st✐♦♥s✿ ■s t❤❡ ✐♥❝❧✉s✐♦♥ Lp− ⊆ L1(mVp−
) ♣r♦♣❡r❄ ■s ✐t ♣♦ss✐❜❧❡ t♦ ❝❤❛r❛❝t❡r✐③❡

t❤❡ s♣❛❝❡ L1(mVp−
)❄ ❋r♦♠ t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥ ✇❡ s❡❡ t❤❛t f ∈ L1(mVp−

) ✐❢ ❛♥❞

♦♥❧② ✐❢ t❤❡ ❢✉♥❝t✐♦♥ w 7→
∫

A
f(t)χ[t,1](w) dλ(t)✱ ❢♦r w ∈ [0, 1]✱ ❜❡❧♦♥❣s t♦ Lp− ❢♦r

❡✈❡r② A ∈ B([0, 1])✳

❆❧t❤♦✉❣❤ ✐t ✐s ♥♦t ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ L1(mVp−
)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❡①❤✐❜✐ts ❛♥✲

♦t❤❡r s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ L1(mVp−
)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸

❋✐① p ∈ (1,∞)✳ ▲❡t f : [0, 1] → [0,∞) ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ▲❡❜❡s❣✉❡ ✐♥t❡❣r❛❜❧❡ ♦✈❡r

[0, w]✱ ❢♦r ❡❛❝❤ w ∈ [0, 1)✱ ❛♥❞ s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ Ff : [0, 1) → R ❞❡✜♥❡❞ ❜②

Ff (w) :=

∫ w

0

f(t) dλ(t)

✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Lp−✳ ❚❤❡♥ f ✐s mVp−
✲✐♥t❡❣r❛❜❧❡✳

Pr♦♦❢✿

▲❡t f ❜❡ ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ❚♦ s❤♦✇ t❤❡ mVp−
✲✐♥t❡❣r❛❜✐❧✐t②

♦❢ f ❧❡t {sn}n∈N ⊆ s✐♠
(
B([0, 1])

)
❜❡ ❛♥② s❡q✉❡♥❝❡ ♦❢ B([0, 1])✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s s❛t✐s✲

❢②✐♥❣ 0 6 sn ↑n f ♣♦✐♥t✇✐s❡ ♦♥ [0, 1]✳ ❋✐① A ∈ B([0, 1])✳ ❚❤❡♥ ❛❧s♦ 0 6 snχA ↑n fχA

♣♦✐♥t✇✐s❡ ♦♥ [0, 1]✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ f ✐s ▲❡❜❡s❣✉❡ ✐♥t❡❣r❛❜❧❡ ♦✈❡r [0, w]✱ ❢♦r ❡❛❝❤

w ∈ [0, 1)✱ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r fχA ❛♥❞✱ ❛s Ff ∈ Lp−✱ ✇✐t❤ Lp− ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥

s♣❛❝❡✱ t❤❡ ❢✉♥❝t✐♦♥ Ff,A : [0, 1) → R ❞❡✜♥❡❞ ❜②

Ff,A(w) :=

∫ w

0

f(t)χA(t) dλ(t)

✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Lp− ⊆ L1(mVp−
) ❛s ✇❡❧❧ ❛s ✐t s❛t✐s✜❡s Ff,A 6 Ff ♣♦✐♥t✇✐s❡ λ✲❛✳❡✳✳

▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✹✳✶✻✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ✐t ❢♦❧❧♦✇s t❤❛t
∫

A
sn dmVp−

✶✵✵



✐s t❤❡ ❢✉♥❝t✐♦♥

∫

A

sn dmVp−
: w 7→

∫ w

0

sn(t)χA(t) dλ(t), ❢♦r w ∈ [0, 1)✳

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✭✹✳✶✾✮ r❡✈❡❛❧s t❤❛t
∫

A
Ff dmVp−

✐s t❤❡ ❢✉♥❝t✐♦♥

∫

A

Ff dmVp−
: w 7→

∫ w

0

f(t)χA(t) dλ(t) = Ff,A(w), ❢♦r w ∈ [0, 1)✳

❇② ❛♣♣❧②✐♥❣ t❤❡ ▼♦♥♦t♦♥❡ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ ✷✳✷✳✶ ♦♥ [0, w] ❢♦r ❡❛❝❤ ✜①❡❞ 0 6

w < 1 ✇❡ ♦❜t❛✐♥ t❤❛t

lim
n→∞

∫ w

0

sn(t)χA(t) dλ(t) = Ff,A(w). ✭✹✳✷✸✮

❇✉t✱ ❛s Lp− ❤❛s ❛ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ❛♥❞ s✐♥❝❡ ✭✹✳✷✸✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
(
Ff,A −

∫

A
sn dmVp−

)
↓n 0 ♣♦✐♥t✇✐s❡✱ t❤❡ s❡q✉❡♥❝❡

{∫

A
sn dmVp−

}

n∈N
⊆ Lp− ❝♦♥✈❡r❣❡s t♦

Ff,A ✐♥ t❤❡ t♦♣♦❧♦❣② ♦❢ Lp−✳ ■t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✶ t❤❛t f ✐s t❤❡♥ mVp−
✲

✐♥t❡❣r❛❜❧❡✳ �

❆ ❢✉❧❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ L1(mVp−
) ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❧❛t❡r ✐♥ ▲❡♠♠❛ ✹✳✷✳✸✳

❍♦✇❡✈❡r✱ t❤❡ ✜rst q✉❡st✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ ✐♥❝❧✉s✐♦♥ Lp− ⊆ L1(mVp−
) ❝❛♥ ❜❡ ❛♥✲

s✇❡r❡❞ ✇✐t❤♦✉t ❛ ♠❛❥♦r ❡✛♦rt✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹

▲❡t f ∈ L1✳ ❚❤❡♥ f ✐s mVp−
✲✐♥t❡❣r❛❜❧❡✳

Pr♦♦❢✿

▲❡t f ∈ L1✳ ❚❤❡♥✱

‖f‖1 =

∫ 1

0

|f(t)| dλ(t) < ∞.

❋✐① k ∈ N ❛♥❞ ❝❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② A ∈ B([0, 1])✳ ❚❤❡♥✱

qk

(∫

A

f(t)h(t)(·) dλ

)

=

(∫ 1

0

∣
∣
∣
∣

∫ w

0

f(t)χA(t) dλ(t)

∣
∣
∣
∣

rk

dλ(w)

)1/rk

6

(∫ 1

0

(∫ w

0

|f(t)|χA(t) dλ(t)

)rk

dλ(w)

)1/rk

6

(∫ 1

0

(∫ 1

0

|f(t)| dλ(t)

)rk

dλ(w)

)1/rk

=

(∫ 1

0

‖f‖rk1 dλ

)1/rk

✶✵✶



= ‖f‖1 λ([0, 1])1/rk
︸ ︷︷ ︸

=1

= ‖f‖1 < ∞,

♠❡❛♥✐♥❣ t❤❛t
∫

A
f(t)h(t)(·) dλ ∈ Lp−✳ ❆s A ∈ B([0, 1]) ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱

qk
(
mVp−

)
(f) = sup

{

qk

(∫

A

f(t)h(t)(·) dλ

)

: A ∈ B([0, 1])

}

6 ‖f‖1 < ∞.

❚❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ k ∈ N ✐♠♣❧②✐♥❣ t❤❛t f ✐s mVp−
✲✐♥t❡❣r❛❜❧❡✱ ✐✳❡✳✱ f ∈ L1(mVp−

)✳

�

❋r♦♠ ✭✷✳✼✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥ ♦❢ ✐♥❝❧✉s✐♦♥s

Lp− $ L1 ⊆ L1(mVp−
)

✇❤❡r❡ t❤❡ ✜rst ✐♥❝❧✉s✐♦♥ ✐s ✐♥❞❡❡❞ ♣r♦♣❡r✳ ❚♦ s❡❡ t❤✐s✱ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ f :

(0, 1] → C ❞❡✜♥❡❞ ❜②

f(w) := w−1/r, ❢♦r w ∈ (0, 1]✱

✇❤❡r❡ r > 1 ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ {rk}k∈N ⊆ R s❛t✐s❢②✐♥❣ 1 6 rk ↑k p ❛♥❞

Lp− =
⋂

k∈N L
rk ✳ ❚❤❡♥ f ∈ L1✱ s✐♥❝❡

∫ 1

0

∣
∣w−1/r

∣
∣ dλ(w) =

[
1

1− 1
r

w1−(1/r)

]1

0

=
[
sw1/s

]1

0
= s,

✇❤❡r❡ s ✐s t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ r✳ ❍♦✇❡✈❡r✱ f /∈ Lp− ❛s f /∈ Lr ❜❡❝❛✉s❡

∫ 1

0

|w−1/r|r dλ(w) =

∫ 1

0

w−1 dλ(w) = lim
ε→0

(
ln(1)− ln(ε)

)
= ∞.

❍❡♥❝❡✱ Lp− $ L1✳ ❚❤❡ q✉❡st✐♦♥ ❛r✐s❡s ✇❤❡t❤❡r t❤❡ ✐♥❝❧✉s✐♦♥ L1 ⊆ L1(mVp−
) ✐s

♣r♦♣❡r ❛s ✇❡❧❧✳ ❚♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥ ❧❡t ✉s ♣r♦✈❡ s♦♠❡ ❢✉rt❤❡r ❧❡♠♠❛s✳

❉❡✜♥❡ t❤❡ Lp−✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ gp− : [0, 1] → Lp− ❜②

gp−(t) := χ[t,1]. ✭✹✳✷✹✮

❖❢ ❝♦✉rs❡✱ t❤✐s ✐s t❤❡ ❢✉♥❝t✐♦♥ h ✐♥ ✭✹✳✶✽✮ ❜✉t ♥♦✇ ✇❡ ♥❡❡❞ t♦ ❡①❛♠✐♥❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡

♦❢ t❤✐s ❢✉♥❝t✐♦♥ ♦♥ p✳ ❉✉❡ t♦ ✐ts ✏♥✐❝❡✑ ♣r♦♣❡rt✐❡s t❤❡ ❢✉♥❝t✐♦♥ gp− ✇✐❧❧ ♣❧❛② ❛ ♠❛❥♦r

r♦❧❡ ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ ✐♥✈❡st✐❣❛t✐♦♥s✳

✶✵✷



▲❡♠♠❛ ✹✳✷✳✶

❋♦r ❡❛❝❤ p ∈ (1,∞)✱ t❤❡ ❢✉♥❝t✐♦♥ gp− ❛s ❞❡✜♥❡❞ ✐♥ ✭✹✳✷✹✮ ✐s ❇♦❝❤♥❡r λ✲✐♥t❡❣r❛❜❧❡✳

Pr♦♦❢✿

▲❡t s, t ∈ [0, 1] ❜❡ ❛♥② ♣❛✐r ♦❢ ❞✐st✐♥❝t r❡❛❧ ♥✉♠❜❡rs✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱

❛ss✉♠❡ t❤❛t s < t✳ ❋♦r ❡❛❝❤ k ∈ N ✇❡ t❤❡r❡❜② ♦❜t❛✐♥ t❤❛t

qk
(
gp−(s)− gp−(t)

)
= qk

(
χ[s,1] − χ[t,1]

)

= qk
(
χ[s,t]

)

=

(∫ 1

0

|χ[s,t]|
rk dλ

)1/rk

= λ
(
[s, t]

)1/rk = |t− s|1/rk ,

✇❤✐❝❤ s❤♦✇s t❤❛t gp− ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳

❆s [0, 1] ✐s ❝♦♠♣❛❝t ❛♥❞ gp− ✐s ❝♦♥t✐♥✉♦✉s✱ ✐t ❢♦❧❧♦✇s t❤❛t gp−([0, 1]) ✐s ❝♦♠♣❛❝t

✐♥ t❤❡ ❋ré❝❤❡t s♣❛❝❡ Lp− ♠❡❛♥✐♥❣ t❤❛t gp− ✐s ❛ ❝♦♠♣❛❝t ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ t❤✉s✱ ✐s

s❡♣❛r❛❜❧❡✱ ❬✷✷✱ ♣♣✳ ✶✽✕✶✾❪✳ ❙✐♥❝❡ gp−([0, 1]) ✐s ❛ ❙✉s❧✐♥ s♣❛❝❡ ✇❡ ❝❛♥ ♠❛❦❡ ✉s❡ ♦❢ ❬✸✹✱

♣♣✳ ✻✼✕✻✽❪ t♦ ❝♦♥❝❧✉❞❡ t❤❛t gp− ✐s str♦♥❣❧② λ✲♠❡❛s✉r❛❜❧❡✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ❢♦r ❡❛❝❤ k ∈ N

qk
(
gp−(t)

)
= qk

(
χ[t,1]

)
=

(∫ 1

0

|χ[t,1]|
rkdλ

)1/rk

= λ([t, 1])1/rk = (1− t)1/rk ✭✹✳✷✺✮

❛♥❞ t❤❡r❡❢♦r❡ ♦❜t❛✐♥ t❤❛t

∫ 1

0

qk
(
gp−(t)

)
dλ(t)

(4.25)
=

∫ 1

0

(1− t)1/rk dλ(t) =
rk

1 + rk
< ∞. ✭✹✳✷✻✮

❚❤✉s✱ gp− ✐s ❇♦❝❤♥❡r λ✲✐♥t❡❣r❛❜❧❡✳ �

■t t✉r♥s ♦✉t t❤❛t t❤❡ ❇♦❝❤♥❡r λ✲✐♥t❡❣r❛❧ ♦❢ gp− ❝♦✐♥❝✐❞❡s ✇✐t❤ mVp−
✱ s✐♥❝❡ ❢♦r ❛♥②

✜①❡❞ A ∈ B([0, 1]) ✇❡ ❤❛✈❡

✭❇✮−

∫

A

gp−(t) dλ(t) = ✭❇✮−

∫

A

χ[t,1] dλ(t)

❛♥❞ s♦✱ ❢♦r ϕ ∈
(
Lp−

)∗
✱

〈

✭❇✮−

∫

A

gp−(t) dλ(t), ϕ

〉
(2.36)
=

∫

A

〈
χ[t,1], ϕ

〉
dλ(t)

=

∫

A

(∫ 1

0

χ[t,1](w)ϕ(w) dλ(w)

)

dλ(t)

✶✵✸



(4.16)
=

〈
mVp−

(A), ϕ
〉
.

❙✐♥❝❡ ϕ ∈
(
Lp−

)∗
✐s ❛r❜✐tr❛r②✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

✭❇✮−

∫

A

gp−(t) dλ(t) = mVp−
(A),

❢♦r ❛❧❧ A ∈ B([0, 1])✳ ❚❤✐s r❡s✉❧t ❣✐✈❡s ❛ ♥❡✇ ✐♥s✐❣❤t ✐♥t♦ t❤❡ t❤❡♦r② ♦❢ t❤❡ ✈❡❝t♦r

♠❡❛s✉r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r❀ ✐t ❛❧s♦ ❣✐✈❡s t❤❡ ✇❛② t♦ ❢✉rt❤❡r

✐♥✈❡st✐❣❛t✐♦♥s✳ ❲❡ r❡❝❛❧❧ ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✹ t❤❛t t❤❡ ✐♥❞❡✜♥✐t❡ ❇♦❝❤♥❡r λ✲✐♥t❡❣r❛❧

λgp− : B([0, 1]) → Lp− ❞❡✜♥❡❞ ❜②

λgp−(A) := ✭❇✮−

∫

A

gp−(t) dλ(t), ❢♦r A ∈ B([0, 1])✱

✐s ❛♥ Lp−✲✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡ ♦❢ ✜♥✐t❡ ✈❛r✐❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❡

✈❛r✐❛t✐♦♥ |(λgp−)k| ✐s ❣✐✈❡♥ ❜②

|(λgp−)k|(A) =

∫

A

qk
(
gp−(t)

)
dλ(t)

(4.25)
=

∫

A

(1− t)1/rk dλ(t),

❢♦r A ∈ B([0, 1])✳ ❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❛t t❤❡ ❧♦❝❛❧✲❇❛♥❛❝❤✲s♣❛❝❡✲

✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡ (mVp−
)k : B([0, 1]) → Lrk ✐s ❣✐✈❡♥ ❜②

(mVp−
)k(A) =

∫

A

grk(t) dλ(t), ❢♦r A ∈ B([0, 1])✱ ✭✹✳✷✼✮

✇❤❡r❡ ❛❣❛✐♥ grk(t) := χ[t,1]✱ ❢♦r ❛❧❧ t ∈ [0, 1]✱ ❜✉t t❤✐s t✐♠❡ ❝♦♥s✐❞❡r❡❞ ❛s ❜❡✐♥❣ ❛♥

Lrk✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳ ■ts ✈❛r✐❛t✐♦♥ ♠❡❛s✉r❡ ✐s ❣✐✈❡♥ ❜②

|(mVp−
)k|(A) = |(λgp−)k|(A) =

∫

A

(1− t)1/rk dλ(t), ❢♦r A ∈ B([0, 1])❀

s❡❡ ❬✷✽✱ ❙❡❝t✐♦♥ ✺❪✳ ❋✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ (mVp−
)k

❛♥❞ ✐ts ✈❛r✐❛t✐♦♥ ❛❧s♦ ♦❝❝✉r ✐♥ ❬✷✽❪✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡r❡ ✐s ❛♥♦t❤❡r ✐♥t❡r❡st✐♥❣

s♣❛❝❡ ♦❢ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s t♦ ✐♥✈❡st✐❣❛t❡✱ ♥❛♠❡❧②

⋂

k∈N

L1
(
|(mVp−

)k|
)
=
⋂

k∈N

L1
(
(1− t)1/rk dλ(t)

)
.

❘❡❝❛❧❧ t❤❛t t❤❡ t♦♣♦❧♦❣② ♦❢ t❤✐s ❋ré❝❤❡t s♣❛❝❡ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡

♦❢ s❡♠✐✲♥♦r♠s { ρk }k∈N ✇❤❡r❡✱ ❢♦r ❡❛❝❤ k ∈ N✱

ρk(f) :=

∫ 1

0

|f | d|(mVp−
)k| =

∫ 1

0

|f(t)| (1− t)1/rk dλ(t) < ∞, ✭✹✳✷✽✮

✶✵✹



❢♦r f ∈
⋂

k∈N L
1
(
|(mVp−

)k|
)
❀ s❡❡ ❙❡❝t✐♦♥ ✷✳✹✳

■♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ ✐♥✈❡st✐❣❛t✐♦♥s ✇❡ ✇✐❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❧❡♠♠❛t❛✳

❋♦r t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ s❡tt✐♥❣ ♦❢ Lp t❤❡② ♦❝❝✉r ❛s ▲❡♠♠❛ ✺✳✶ ❛♥❞ ▲❡♠♠❛ ✺✳✸ ✐♥ ❬✷✽❪✳

▲❡♠♠❛ ✹✳✷✳✷

▲❡t 1 < p < ∞ ✇✐t❤ gp− ❛s ❞❡✜♥❡❞ ✐♥ ✭✹✳✷✹✮ ❛♥❞ ❧❡t f : [0, 1] → C ❜❡ ❛ ♠❡❛s✉r❛❜❧❡

❢✉♥❝t✐♦♥✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ fgp− ✐s ❇♦❝❤♥❡r λ✲✐♥t❡❣r❛❜❧❡ ❛s ❛♥ Lp−✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳

✭✐✐✮
∫ 1

0
|f(t)| (1− t)1/rk dλ(t) < ∞✱ ❢♦r ❛❧❧ k ∈ N✳

✭✐✐✐✮ f ∈
⋂

k∈N L
1
(
|(mVp−

)k|
)
✳

✭✐✈✮ ❚❤❡ ❢✉♥❝t✐♦♥ Ff ❣✐✈❡♥ ❜②

Ff (w) :=

∫ w

0

|f(t)| dλ(t)

✐s ❞❡✜♥❡❞ ❢♦r λ✲❛❧♠♦st ❡✈❡r② w ∈ [0, 1] ❛♥❞✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❡ ❢✉♥❝t✐♦♥ Gf,k

❣✐✈❡♥ ❜②

Gf,k(w) := (1− w)−1/skFf (w)

✭✇❤❡r❡ sk ✐s t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ rk✮ ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ L1✳

Pr♦♦❢✿

✭✐✮ ⇔ ✭✐✐✮ ✐s ❝❧❡❛r ❛s✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s✿

∫ 1

0

qk
(
(fgp−)(t)

)
dλ(t) =

∫ 1

0

(∫ 1

0

∣
∣f(t) gp−(t)(w)

∣
∣
rk dλ(w)

)1/rk

dλ(t)

=

∫ 1

0

|f(t)|

(∫ 1

0

∣
∣gp−(t)(w)

∣
∣
rk dλ(w)

)1/rk

dλ(t)

=

∫ 1

0

|f(t)| qk
(
gp−(t)

)
dλ(t)

(4.25)
=

∫ 1

0

|f(t)| (1− t)1/rk dλ(t).

❙♦✱ t❤❡ ❧❡❢t✲s✐❞❡ ✐s ✜♥✐t❡ ❢♦r ❡❛❝❤ k ∈ N ✭t❤❛t ✐s✱ fgp− ✐s ❇♦❝❤♥❡r λ✲✐♥t❡❣r❛❜❧❡✮ ✐❢ ❛♥❞

♦♥❧② ✐❢ t❤❡ r✐❣❤t✲s✐❞❡ ✐s ✜♥✐t❡ ❢♦r ❡❛❝❤ k ∈ N✳

✭✐✐✮ ⇔ ✭✐✐✐✮ r❡s✉❧ts ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡♠✐✲♥♦r♠s ✐♥
⋂

k∈N L
1
(
|(mVp−

)k|
)
✳

❋♦r ❡❛❝❤ k ∈ N✱ ✇❡ ❤❛✈❡

ρk(f) =

∫ 1

0

|f | d|(mVp−
)k|

(4.28)
=

∫ 1

0

|f(t)| (1− t)1/rk dλ(t).

✶✵✺



✭✐✐✐✮ ⇔ ✭✐✈✮ ❚♦ ♣r♦✈❡ t❤✐s ❡q✉✐✈❛❧❡♥❝❡ ✜① ❛♥ ❛r❜✐tr❛r② k ∈ N ❛♥❞ ❧❡t sk ❜❡ t❤❡

❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ rk✳ ❚❤❡♥
1
rk

= 1− 1
sk

❛♥❞✱ ❢♦r ❡❛❝❤ t ∈ [0, 1]✱ t❤❡ ❡q✉❛❧✐t②

∫ 1

t

(1− w)−1/sk dλ(w) =

[

−
(

1− 1
sk

)−1

(1− w)1−1/sk

]1

t

= rk (1− t)1/rk ✭✹✳✷✾✮

❤♦❧❞s✳ ❇② ❛♣♣❧②✐♥❣ ❋✉❜✐♥✐✬s ❚❤❡♦r❡♠ ✷✳✷✳✸ ✇❡ ♦❜t❛✐♥ t❤❛t

rk

∫ 1

0

|f | d|(mVp−
)k|

(4.28)
= rk

∫ 1

0

|f(t)| (1− t)1/rk dλ(t)

(4.29)
=

∫ 1

0

|f(t)|

(∫ 1

t

(1− w)−1/sk dλ(w)

)

dλ(t)

=

∫ 1

0

|f(t)|

(∫ 1

0

χ[t,1](w) (1− w)−1/sk dλ(w)

)

dλ(t)

=

∫ 1

0

|f(t)|

(∫ 1

0

χ[0,w](t) (1− w)−1/sk dλ(w)

)

dλ(t)

=

∫ 1

0

(1− w)−1/sk

(∫ 1

0

χ[0,w](t) |f(t)| dλ(t)

)

dλ(w)

=

∫ 1

0

(1− w)−1/sk

(∫ w

0

|f(t)| dλ(t)

)

dλ(w)

=

∫ 1

0

(1− w)−1/skFf (w) dλ(w)

=

∫ 1

0

Gf,k(w) dλ(w).

❍❡♥❝❡✱
∫ 1

0
|f | d|(mVp−

)k| < ∞✱ ❢♦r ❛❧❧ k ∈ N ✭t❤❛t ✐s✱ f ∈
⋂

k∈N L
1
(
|(mVp−

)k|
)
✮✱ ✐❢

❛♥❞ ♦♥❧② ✐❢ Gf,k ∈ L1✱ ❢♦r ❛❧❧ k ∈ N✳ �

▲❡♠♠❛ ✹✳✷✳✸

▲❡t 1 < p < ∞ ✇✐t❤ gp− ❛s ❞❡✜♥❡❞ ✐♥ ✭✹✳✷✹✮ ❛♥❞ ❧❡t f : [0, 1] → C ❜❡ ❛ ♠❡❛s✉r❛❜❧❡

❢✉♥❝t✐♦♥✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ fgp− ✐s P❡tt✐s λ✲✐♥t❡❣r❛❜❧❡ ❛s ❛♥ Lp−✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳

✭✐✐✮ f ∈ L1(mVp−
)✳

✭✐✐✐✮
∫ 1

0
|f(t)|

∣
∣
〈
gp−(t), ϕ

〉∣
∣ dλ(t) < ∞✱ ❢♦r ❡✈❡r② ϕ ∈

(
Lp−

)∗
✳

✭✐✈✮ ❚❤❡ ❢✉♥❝t✐♦♥ Ff ❛s ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✹✳✷✳✷ ✐s ❞❡✜♥❡❞ ❢♦r λ✲❛❧♠♦st ❡✈❡r② w ∈ [0, 1]

❛♥❞ Ff ∈ Lp−✳

✶✵✻



Pr♦♦❢✿

✭✐✮ ⇔ ✭✐✐✐✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ r❡✢❡①✐✈✐t② ♦❢ Lp− ❛♥❞ t❤❡ ❡q✉❛❧✐t✐❡s

∫ 1

0

∣
∣
〈
(fgp−)(t), ϕ

〉∣
∣ dλ(t) =

∫ 1

0

∣
∣f(t)

〈
gp−(t), ϕ

〉∣
∣ dλ(t)

=

∫ 1

0

|f(t)|
∣
∣
〈
gp−(t), ϕ

〉∣
∣ dλ(t),

❢♦r ❡❛❝❤ ϕ ∈
(
Lp−

)∗
✳

✭✐✐✮ ⇔ ✭✐✐✐✮ ❯s✐♥❣ ❢♦r♠✉❧❛ ✭✹✳✶✻✮ t❤❡ s❝❛❧❛r ♠❡❛s✉r❡
〈
mVp−

, ϕ
〉
❝❛♥✱ ❢♦r ❡❛❝❤

ϕ ∈
(
Lp−

)∗
✱ ❜❡ ✇r✐tt❡♥ ❛s

〈
mVp−

, ϕ
〉
(A)

(4.16)
=

∫

A

〈
χ[t,1], ϕ

〉
dλ(t) =

∫

A

〈
gp−(t), ϕ

〉
dλ(t),

❢♦r ❛❧❧ A ∈ B([0, 1])✳ ❋✉rt❤❡r♠♦r❡✱ ❜② ✭✹✳✶✼✮✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢
〈
mVp−

, ϕ
〉
✐s ❣✐✈❡♥ ❜②

∣
∣
〈
mVp−

, ϕ
〉∣
∣(A) =

∫

A

∣
∣
〈
gp−(t), ϕ

〉∣
∣ dλ(t), ❢♦r A ∈ B([0, 1]).

❙✐♥❝❡ L1(mVp−
) = L1

w(mVp−
)✱ ✐t ❢♦❧❧♦✇s t❤❛t f ∈ L1(mVp−

) ✐❢ ❛♥❞ ♦♥❧② ✐❢

∫ 1

0

|f | d
∣
∣
〈
mVp−

, ϕ
〉∣
∣ =

∫ 1

0

|f(t)|
∣
∣
〈
gp−(t), ϕ

〉∣
∣ dλ(t) < ∞,

❢♦r ❡✈❡r② ϕ ∈
(
Lp−

)∗
✳ ❚❤✐s ✐s ✇❤❛t ✇❛s t♦ ❜❡ ♣r♦✈❡❞✳

✭✐✈✮ ⇒ ✭✐✐✐✮ ▲❡t Ff ∈ Lp−✳ ❈❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② ϕ ∈
(
Lp−

)∗
✱ ✐✳❡✳✱ ϕ ∈ Lsk ❢♦r ❛t

❧❡❛st ♦♥❡ k ∈ N ✇❤❡r❡ 1
sk

+ 1
rk

= 1 ❛♥❞ 1 6 rk ↑k p✳ ❚❤❡♥✱

∫ 1

0

|f(t)|
∣
∣
〈
gp−(t), ϕ

〉∣
∣ dλ(t)

=

∫ 1

0

|f(t)|

∣
∣
∣
∣

∫ 1

0

gp−(t)(w)ϕ(w) dλ(w)

∣
∣
∣
∣
dλ(t)

6

∫ 1

0

|f(t)|

(∫ 1

0

χ[t,1](w) |ϕ(w)| dλ(w)

)

dλ(t)

=

∫ 1

0

|f(t)|

(∫ 1

0

χ[0,w](t) |ϕ(w)| dλ(w)

)

dλ(t)

=

∫ 1

0

(∫ 1

0

χ[0,w](t) |f(t)| dλ(t)

)

|ϕ(w)| dλ(w)

=

∫ 1

0

(∫ w

0

|f(t)| dλ(t)

)

|ϕ(w)| dλ(w)

=

∫ 1

0

Ff (w) |ϕ(w)| dλ(w) =
〈
Ff , |ϕ|

〉
6 qk(Ff )‖ϕ‖sk < ∞.

✶✵✼



✭✐✐✐✮ ⇒ ✭✐✈✮ ❋✐① ϕ ∈
(
Lp−

)∗
✳ ❚❤❡♥✱

∣
∣
∣
∣

∫ 1

0

|f(t)|
〈
gp−(t), ϕ

〉
dλ(t)

∣
∣
∣
∣
6

∫ 1

0

|f(t)|
∣
∣
〈
gp−(t), ϕ

〉∣
∣ dλ(t) < ∞.

❇✉t✱

∣
∣
〈
Ff , ϕ

〉∣
∣ =

∣
∣
∣
∣

∫ 1

0

Ff (w)ϕ(w) dλ(w)

∣
∣
∣
∣

6

∫ 1

0

(∫ w

0

|f(t)| dλ(t)

)

|ϕ(w)| dλ(w)

=

∫ 1

0

(∫ 1

0

χ[0,w](t) |f(t)| dλ(t)

)

|ϕ(w)| dλ(w)

=

∫ 1

0

(∫ 1

0

χ[t,1](w) |f(t)| dλ(t)

)

|ϕ(w)| dλ(w)

=

∫ 1

0

|f(t)|

(∫ 1

0

χ[t,1](w) |ϕ(w)| dλ(w)

)

dλ(t)

=

∫ 1

0

|f(t)|
〈
gp−(t), |ϕ|

〉
dλ(t) < ∞

✭❜② ❤②♣♦t❤❡s✐s✮ ❛s ϕ ∈ Lsk ❢♦r s♦♠❡ k ✐♠♣❧✐❡s t❤❛t ❛❧s♦ |ϕ| ∈ Lsk ⊆
(
Lp−

)∗
✳ ❙♦✱ ✇❡

❤❛✈❡ s❤♦✇♥ t❤❛t |〈Ff , ϕ〉| < ∞✱ ❢♦r ❛❧❧ ϕ ∈
(
Lp−

)∗
✱ ♠❡❛♥✐♥❣ t❤❛t Ff ∈ Lp−✳ �

▲❡♠♠❛ ✹✳✷✳✸ st❛t❡s s♦♠❡ ❝r✐t❡r✐❛ t❤❛t ❛❧❧♦✇ ✉s t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡ ✐♥❝❧✉s✐♦♥

L1 ⊆ L1(mVp−
) ✐s ♣r♦♣❡r ♦r ♥♦t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺

❋♦r ❡❛❝❤ p ∈ (1,∞) t❤❡ ✐♥❝❧✉s✐♦♥ L1 ⊆ L1(mVp−
) ✐s ♣r♦♣❡r✳

Pr♦♦❢✿

❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ f : [0, 1) → C ❞❡✜♥❡❞ ❜②

f(w) :=
1

(1− w)
, ❢♦r w ∈ [0, 1)✱

✇❤✐❝❤ ✐s ❡✈✐❞❡♥t❧② ♥♦t ❛♥ ❡❧❡♠❡♥t ♦❢ L1✳ ❚❤❡ ❝❧❛✐♠ ✐s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ Ff : [0, 1) →

C ❞❡✜♥❡❞ ❜②

Ff (w) :=

∫ w

0

1

1− t
dλ(t) = − ln(1− w)

✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Lp−✳ ❚♦ s❡❡ t❤✐s✱ ✜① ❛♥ ❛r❜✐tr❛r② k ∈ N✳ ❚❤❡♥✱ ❜② s✉❜st✐t✉t✐♥❣

✶✵✽



v := 1− w✱ ✇❡ ♦❜t❛✐♥

∫ 1

0

∣
∣Ff (w)

∣
∣
rk dλ(w) =

∫ 1

0

(
− ln(1− w)

)rk dλ(w)

=

∫ 1

0

(
− ln(v)

)rk dλ(v)

=

∫ 1

0

1
vα

vα
(
− ln(v)

)rk dλ(v)

✇❤❡r❡ v−α ∈ L1 ✇❤❡♥❡✈❡r 0 6 α < 1✳ ◆♦✇✱ ✜① ❛♥ ❛r❜✐tr❛r② α ∈ (0, 1)✳ ❚❤❡♥ ✐t

s✉✣❝❡s t♦ s❤♦✇ t❤❛t vα
(
− ln(v)

)rk ∈ L∞✳ ❆♣♣❧②✐♥❣ ▲✬❍ô♣✐t❛❧✬s r✉❧❡ l t✐♠❡s ✭l ∈ N✮

✇❡ ♦❜t❛✐♥

lim
v→0

vα
(
− ln(v)

)rk = lim
v→0

(
− ln(v)

)rk

v−α

= lim
v→0

rk
(
− ln(v)

)rk−1

α v−α
= . . .

= lim
v→0

rk(rk − 1) · · · (rk − (l − 1))
(
− ln(v)

)rk−l

αl v−α
.

❈♦♥t✐♥✉❡ ✉♥t✐❧ (rk − l) < 0✳ ❚❤❡♥✱

lim
v→0

rk(rk − 1) · · · (rk − (l − 1))(− ln(v))rk−l

αl v−α
= 0,

❛♥❞✱ ❤❡♥❝❡✱ vα
(
− ln(v)

)rk ∈ L∞ ❛s r❡q✉✐r❡❞✳ ❆s k ∈ N ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱

− ln(1− w) ∈ Lp−✳ ▲❡♠♠❛ ✹✳✷✳✸ ♥♦✇ ✐♠♣❧✐❡s t❤❛t f ∈ L1(mVp−
)✳ �

❚❤✉s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝❤❛✐♥ ♦❢ ♣r♦♣❡r ✐♥❝❧✉s✐♦♥s

Lp− $ L1 $ L1(mVp−
).

❚❤❡r❡ ❛r❡ st✐❧❧ s♦♠❡ ❢✉rt❤❡r ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ ✈❛r✐♦✉s s♣❛❝❡s ♦❢ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝✲

t✐♦♥s✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✷✳✸✹✮ ✇❡ ❦♥♦✇ t❤❛t

⋂

k∈N

L1
(
|(mVp−

)k|
)
⊆ L1(mVp−

) ⊆
⋂

k∈N

L1
(
(mVp−

)k
)

✇✐t❤ ❛❧❧ ✐♥❝❧✉s✐♦♥s ❜❡✐♥❣ ❝♦♥t✐♥✉♦✉s✳ ❚❤❡ q✉❡st✐♦♥ ❛r✐s❡s ✇❤❡t❤❡r ❜♦t❤ ✐♥❝❧✉s✐♦♥s

✐♥✈♦❧✈❡❞ ❛r❡ ♣r♦♣❡r✳ ❚❤❡ ❛♥s✇❡r ❢♦r t❤❡ r✐❣❤t✲❤❛♥❞ ✐♥❝❧✉s✐♦♥ ✐s ♥♦✳ ❆❝t✉❛❧❧②✱ ✐t ✐s

❛♥ ❡q✉❛❧✐t②✳

✶✵✾



Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻

❋♦r ❡❛❝❤ p ∈ (1,∞) ✇❡ ❤❛✈❡ L1(mVp−
) =

⋂

k∈N
L1
(
(mVp−

)k
)
✳

Pr♦♦❢✿

■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t
⋂

k∈N L
1
(
(mVp−

)k
)
⊆ L1(mVp−

)✳ ❘❡❝❛❧❧✱ ❢♦r ❡❛❝❤ k ∈ N✱

t❤❛t t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ (mVp−
)k : B([0, 1]) → Lrk ✐s ❣✐✈❡♥ ❜②

(mVp−
)k(A)

(4.27)
=

∫

A

grk(t) dλ(t), ❢♦r A ∈ B([0, 1])✱

✇❤❡r❡ grk : [0, 1] → Lrk ✐s ❞❡✜♥❡❞ ❜② grk(t) := χ[t,1]✳ ❋✐① k ∈ N✳ ■♥ ▲❡♠♠❛ ✺✳✸ ♦❢

❬✷✽❪ ✐t ✇❛s s❤♦✇♥ t❤❛t✱

f ∈ L1
(
(mVp−

)k
)

⇔

∫ 1

0

|f(t)|
∣
∣
〈
grk(t), ϕ

〉∣
∣ dλ(t) < ∞, ❢♦r ❛❧❧ ϕ ∈ Lsk , ✭✹✳✸✵✮

✇❤❡r❡ sk ✐s t❤❡ ❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t ♦❢ rk✳

◆♦✇✱ ❧❡t f ∈
⋂

k∈N L
1
(
(mVp−

)k
)
✳ ❈❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② ϕ ∈

(
Lp−

)∗
✳ ❚❤❡♥ ϕ ∈ Lsk

❢♦r s♦♠❡ k ∈ N✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✸✵✮ t❤❛t

∫ 1

0

|f(t)|
∣
∣
〈
grk(t), ϕ

〉∣
∣ dλ(t) < ∞.

❙✐♥❝❡ gp−(t) = grk(t)|Lp− ✱ ❢♦r ❡❛❝❤ t ∈ [0, 1]✱ ✐t ❢♦❧❧♦✇s t❤❛t

∫ 1

0

|f(t)|
∣
∣
〈
gp−(t), ϕ

〉∣
∣ dλ(t) < ∞.

❆s ϕ ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② t❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ ϕ ∈
(
Lp−

)∗
❛♥❞ s♦ ▲❡♠♠❛ ✹✳✷✳✸

✐♠♣❧✐❡s t❤❛t f ∈ L1(mVp−
)✳ �

❲❤❛t ❛❜♦✉t t❤❡ ✐♥❝❧✉s✐♦♥

⋂

k∈N

L1
(
|(mVp−

)k|
)
⊆ L1(mVp−

)? ✭✹✳✸✶✮

■♥ ❬✷✽✱ ❙❡❝t✐♦♥ ✹❪ ✐t ✇❛s s❤♦✇♥ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r Vr ❜❡✐♥❣

❞❡✜♥❡❞ ♦♥ t❤❡ s♣❛❝❡ Lr✱ ❢♦r 1 6 r 6 ∞✱ t❤❡ ✐♥❝❧✉s✐♦♥ ❜❡❝♦♠❡s ❛♥ ❡q✉❛❧✐t② ✇❤❡♥❡✈❡r

r = 1 ♦r r = ∞✱ ✐✳❡✳✱

L1(|mV1 |) = L1(mV1) r❡s♣✳ L1(|mV∞
|) = L1(mV∞

).

✶✶✵



❍♦✇❡✈❡r✱ ✐❢ 1 < r < ∞✱ t❤❡♥

L1(|mVr
|) $ L1(mVr

).

■♥❞❡❡❞✱ t❤❡ ❢✉♥❝t✐♦♥ fr : [0, 1) → C ❞❡✜♥❡❞ ❜②

fr(t) :=
(1− ln(1− t))− r

r(1− t)1+(1/r)(1− ln(1− t))2
· χ(c,1),

✇❤❡r❡ c := 1 − exp(1 − r)✱ ❜❡❧♦♥❣s t♦ L1(mVr
) ❜✉t ♥♦t t♦ L1(|mVr

|)✱ ❬✷✻✱ ♣♣✳ ✶✷✺✕

✶✷✼❪✳ ❚❤❡ ❛tt❡♠♣t t♦ ❝♦♥str✉❝t ❛ s✐♠✐❧❛r ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❝♦✉❧❞ ✈❡r✐❢② t❤❛t t❤❡

✐♥❝❧✉s✐♦♥ ✭✹✳✸✶✮ ✐s ♣r♦♣❡r ❛s ✇❡❧❧✱ ❡♥❞❡❞ ✇✐t❤♦✉t s✉❝❝❡ss✳ ❙♦✱ t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r

t❤❡ ✐♥❝❧✉s✐♦♥ ✐s ✐♥❞❡❡❞ ♣r♦♣❡r ♦r r❡❞✉❝❡s t♦ ❛♥ ❡q✉❛❧✐t② ✐s st✐❧❧ ♦♣❡♥✳

❆ ❧❛st ♣r♦❜❧❡♠ t❤❛t ✐s ✇♦rt❤ t♦ ❜❡ s♦❧✈❡❞ ❝♦♥❝❡r♥s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥

♦♣❡r❛t♦r

ImVp−
: L1(mVp−

) → Lp−,

♠♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ ImVp−
✳ ❘❡❝❛❧❧✱ ❢♦rX✱ Y ❜❡✐♥❣ ❋ré❝❤❡t s♣❛❝❡s✱ t❤❛t

❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♠❛♣ T : X → Y ✐s ❝❛❧❧❡❞ ❝♦♠♣❛❝t ✐❢ t❤❡r❡ ✐s ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞

U ♦❢ ③❡r♦ ✐♥ X s✉❝❤ t❤❛t t❤❡ ❝❧♦s✉r❡ ♦❢ ✐ts r❛♥❣❡ T (U) ✐s ❝♦♠♣❛❝t ✐♥ Y ✳ ❙✐♥❝❡

t❤✐s ❞❡✜♥✐t✐♦♥ ♠❛② ♥♦t ❛❧✇❛②s ❜❡ t❤❡ ❜❡st ♦♥❡ t♦ ❝❤❡❝❦ ❝♦♠♣❛❝t♥❡ss ♦❢ ❛ ❣✐✈❡♥

✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r Im : L1(m) → X ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❋ré❝❤❡t✲s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r

♠❡❛s✉r❡ m : Σ → X✱ ❬✷✹❪ ♣r♦✈✐❞❡s ❛❧t❡r♥❛t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ❝♦♠♣❛❝t♥❡ss ♦❢

Im✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ImVp−
✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ t✉r♥s ♦✉t t♦ ❜❡ q✉✐t❡ ❤❡❧♣❢✉❧✱ ❬✷✹✱ ♣✳

✷✶✶ ✫ ♣✳ ✷✷✵❪✳

❚❤❡♦r❡♠ ✹✳✷✳✶

▲❡t X ❜❡ ❛ ❋ré❝❤❡t s♣❛❝❡ ❛♥❞ m : Σ → X ❜❡ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✳ ❚❤❡ ✐♥t❡❣r❛t✐♦♥

♦♣❡r❛t♦r Im : L1(m) → X ✐s ❝♦♠♣❛❝t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡① l ∈ N s✉❝❤

t❤❛t Imk
: L1(mk) → Xk ✐s ❝♦♠♣❛❝t ❛♥❞ L1(mk) = L1(ml)✱ ❢♦r ❡✈❡r② k > l✳ �

❍❛✈✐♥❣ t❤✐s t❤❡♦r❡♠ ❛♥❞ t❤❡ r❡s✉❧ts ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✷✽❪ ❛✈❛✐❧❛❜❧❡ t❤❡ q✉❡st✐♦♥ ❝♦♥✲

❝❡r♥✐♥❣ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImVp−
✐s ❛♥s✇❡r❡❞ ✐♠♠❡❞✐❛t❡❧②✳

❚♦ s❤♦✇ t❤❛t ImVp−
: L1(mVp−

) → Lp− ✐s ❝♦♠♣❛❝t ✇❡ ♥❡❡❞❡❞ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡

♦❢ ❛♥ ✐♥❞❡① l ∈ N s✉❝❤ t❤❛t ImVrk
: L1(mVrk

) → Lrk ✐s ❝♦♠♣❛❝t✱ ❢♦r ❛❧❧ k > l✳ ❍♦✇✲

❡✈❡r✱ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥s ✐♥ ❬✷✽✱ Pr♦♣♦s✐t✐♦♥ ✺✳✺❪ r❡✈❡❛❧❡❞ t❤❛t ♥♦♥❡ ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥

♦♣❡r❛t♦rs ImVr
: L1(mVr

) → Lr✱ ❢♦r 1 < r < ∞✱ ✐s ❝♦♠♣❛❝t✳ ❚❤✉s✱ t❤❡ r❡q✉✐r❡♠❡♥ts

❢♦r t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ ImVp−
❛s st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✷✳✶ ❛r❡ ♥♦t ♠❡t ❛♥❞ ✇❡ ❝❛♥

❞r❛✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥✳

✶✶✶



Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼

❋♦r ❡❛❝❤ p ∈ (1,∞) t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImVp−
: L1(mVp−

) → Lp− ✐s ♥♦t ❝♦♠♣❛❝t✳

�

✹✳✸ ❚❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ t✉r♥ t♦ ✐♥t❡❣r❛t✐♦♥ ♦♥ ❛ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣s✳ ▲❡t

(G,+) ❜❡ ❛♥ ✭❛❞❞✐t✐✈❡✮ ❝♦♠♣❛❝t ❆❜❡❧✐❛♥ ❣r♦✉♣ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡
(
G,B(G), µ

)
✇❤❡r❡ µ ✐s ♥♦r♠❛❧✐③❡❞ ❍❛❛r ♠❡❛s✉r❡ ♦♥ G✱ ✐✳❡✳✱ µ(G) = 1✱ ❛♥❞ B(G) ✐s

t❤❡ ❇♦r❡❧ σ✲❛❧❣❡❜r❛ ♦❢ G✳ ❋♦r p ∈ (1,∞) ✜①❡❞✱ ❧❡t Lp−(G) ❜❡ t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥

s♣❛❝❡ ❛s ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✳✸✳✶✱ t❤✐s t✐♠❡ ❞❡✜♥❡❞ ♦♥ G ✐♥st❡❛❞ ♦❢ t❤❡ ✐♥t❡r✈❛❧

[0, 1]✳ ❚❤❛t ✐s✱ Lp−(G) =
⋂

k∈N L
rk(G) ✇✐t❤ 1 6 rk ↑k p✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠s

qk(f) :=

(∫

G

|f |rk dµ

)1/rk

= ‖f‖rk , ❢♦r f ∈ Lp−(G)✱

❢♦r k ∈ N✳

❋♦r g ∈ L1(G) ✜①❡❞✱ ❞❡✜♥❡ ♦♥ Lp−(G) t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r Cp−
g : Lp−(G) →

Lp−(G) ❣✐✈❡♥ ❜② f 7→ Cp−
g (f) ✇❤❡r❡

Cp−
g (f)(x) =

(
f ∗ g

)
(x) :=

∫

G

f(y) g(x− y) dµ(y), ❢♦r µ✲❛❧♠♦st ❡✈❡r② x ∈ G✳

✭✹✳✸✷✮

❙✐♥❝❡ ❢♦r ❢✉♥❝t✐♦♥s f ∈ Lrk(G)✱ ✇✐t❤ k ∈ N✱ ❛♥❞ g ∈ L1(G) t❤❡ r❡s✉❧t✐♥❣ ❢✉♥❝t✐♦♥

f ∗ g ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Lrk(G) ✭s❡❡ ♣✳ ✺✵✮✱ ✐t ✐s ❝❧❡❛r t❤❛t ✐♥❞❡❡❞ Cp−
g (f) ∈ Lp−(G)✱

❢♦r ❛❧❧ f ∈ Lp−(G)✳ ◆♦t❡ t❤❛t t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ✐s ❧✐♥❡❛r✳ ■t ✐s ❝♦♥t✐♥✉♦✉s ❛s

✇❡❧❧ ❛s s❡❡♥ ✈✐❛ t❤❡ ♥❡①t r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶

❋♦r ❡❛❝❤ 1 < p < ∞ ❛♥❞ g ∈ L1(G)✱ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r Cp−
g : Lp−(G) → Lp−(G)

✐s ❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢✿

▲❡t f ∈ Lp−(G)✳ ❚❤❡♥ f ∈ Lrk(G)✱ ❢♦r ❛❧❧ k ∈ N✱ ❛♥❞ s✐♥❝❡ g ✐s ❛♥ ❡❧❡♠❡♥t ♦❢

L1(G)✱ ✇❡ ♦❜t❛✐♥ ❜② ❛♣♣❧②✐♥❣ ✭✷✳✸✽✮ t❤❛t

qk
(
Cp−

g (f)
)
= qk

(
f ∗ g

) (2.38)

6 qk(f) ‖g‖1
︸︷︷︸

=:M

= M qk(f),

❢♦r ❛❧❧ k ∈ N✳ ❚❤✉s✱ Cp−
g ✐s ❝♦♥t✐♥✉♦✉s✳ �

✶✶✷



❲❡ ♥♦✇ t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mCp−
g

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦♣❡r❛t♦r

Cp−
g ✱ ✐✳❡✳✱ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mCp−

g
: B(G) → Lp−(G) ❞❡✜♥❡❞ ❜②

mCp−
g
(A) := Cp−

g (χA) = χA ∗ g, ❢♦r A ∈ B(G)✳

❈❧❡❛r❧②✱mCp−
g

✐s ✜♥✐t❡❧② ❛❞❞✐t✐✈❡✳ ❚♦ s❡❡ t❤❛tmCp−
g

✐s ❛ ✈❡❝t♦r ♠❡❛s✉r❡ ❧❡t {Aj}j∈N ⊆

B(G) ❜❡ ❛♥② s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ Aj ↓j ∅✳ ❋♦r k ∈ N ✜①❡❞✱ ✇❡ ♦❜t❛✐♥ t❤❛t

qk
(
mCp−

g
(Aj)

)
= qk

(
χAj

∗ g
) (2.38)

6 qk
(
χAj

)
‖g‖1

=

(∫

G

|χAj
|rk dµ

)1/rk

‖g‖1

= µ(Aj)
1/rk‖g‖1,

❢♦r ❛❧❧ j ∈ N✳ ❇✉t✱ µ ❜❡✐♥❣ ❛ ♠❡❛s✉r❡✱ ✐t ❢♦❧❧♦✇s t❤❛t

0 6 lim
j→∞

qk
(
mCp−

g
(Aj)

)
6 lim

j→∞
µ(Aj)

1/rk ‖g‖1 = 0

✐♠♣❧②✐♥❣ t❤❛t mCp−
g

✐s σ✲❛❞❞✐t✐✈❡✳

❋♦r ❡❛❝❤ g ∈ L1(G) ❞❡✜♥❡ t❤❡ r❡✢❡❝t❡❞ ❢✉♥❝t✐♦♥ g̃ ∈ L1(G) ❜② g̃(x) := g(−x)✱ ❢♦r

❛❧❧ x ∈ G✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❡❛❝❤ A ∈ B(G)✱ t❤❛t

Cp−
g (χA)(x) =

∫

G

χA(y) g(x− y) dµ(y) =

∫

A

g(x− y) dµ(y) =

∫

A

g̃(y − x) dµ(y),

❢♦r x ∈ G✳ ❋♦r ❡❛❝❤ ϕ ∈
(
Lp−(G)

)∗
=
⋃

k∈N L
sk(G) ✇✐t❤ 1

rk
+ 1

sk
= 1 ✭s❡❡ ❊①❛♠♣❧❡

✷✳✸✳✶ ✭✐✮ ✇✐t❤ G ✐♥ ♣❧❛❝❡ ♦❢ [0, 1]✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❛ ❢♦r♠✉❧❛ ❢♦r t❤❡ s❝❛❧❛r ♠❡❛s✉r❡
〈
mCp−

g
, ϕ
〉
: B(G) → C ❣✐✈❡♥ ❜②

〈
mCp−

g
, ϕ
〉
(A) :=

〈
mCp−

g
(A), ϕ

〉
, ❢♦r A ∈ B(G)✳

◆❛♠❡❧②✱ ❜② ❛♣♣❧②✐♥❣ ❋✉❜✐♥✐✬s ❚❤❡♦r❡♠ ✷✳✷✳✸✱ t❤❡ ❡①♣r❡ss✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ❛s

〈
mCp−

g
(A), ϕ

〉
=

〈
Cp−

g (χA), ϕ
〉

=

∫

G

Cp−
g (χA)(x)ϕ(x) dµ(x)

=

∫

G

(
χA ∗ g

)
(x)ϕ(x) dµ(x)

=

∫

G

(∫

G

χA(y) g(x− y) dµ(y)

)

ϕ(x) dµ(x)

=

∫

G

χA(y)

(∫

G

g(x− y)ϕ(x) dµ(x)

)

dµ(y)

✶✶✸



=

∫

A

(∫

G

g̃(y − x)ϕ(x) dµ(x)

)

dµ(y)

=

∫

A

(
g̃ ∗ ϕ

)
dµ, ✭✹✳✸✸✮

❢♦r ❡❛❝❤ A ∈ B(G)✳ ◆♦t❡ t❤❛t g̃ ∗ ϕ ∈ Lq(G) ❢♦r ❛t ❧❡❛st ♦♥❡ q ∈ (1,∞)✳ ❚❤✐s ✐s

❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t g̃ ∈ L1(G) ❛♥❞ ϕ ∈
(
Lp−(G)

)∗
=
⋃

k∈N L
sk(G) ✐♠♣❧②✐♥❣ t❤❛t

ϕ ∈ Lq(G) ❢♦r ❛t ❧❡❛st ♦♥❡ q ∈ (1,∞)✳

❖✉r ♠❛✐♥ ✐♥✈❡st✐❣❛t✐♦♥s ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ s♣❛❝❡ L1(mCp−
g
)✳ ▲❡t t❤❡ ♠❡❛s✉r❛❜❧❡

❢✉♥❝t✐♦♥ f : G → C ❜❡ mCp−
g
✲✐♥t❡❣r❛❜❧❡✱ ✐✳❡✳✱

∫

G

|f | d
∣
∣
〈
mCp−

g
, ϕ
〉∣
∣ < ∞, ❢♦r ❛❧❧ ϕ ∈

(
Lp−(G)

)∗
✱

❛♥❞✱ ❢♦r ❡❛❝❤ A ∈ B(G)✱ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t
∫

A
f dmCp−

g
∈ Lp−(G) s❛t✐s❢②✐♥❣

〈∫

A

f dmCp−
g
, ϕ

〉

=

∫

A

f d
〈
mCp−

g
, ϕ
〉
, ❢♦r ϕ ∈

(
Lp−(G)

)∗
✳

❚❤❡♥✱ ❢♦r ❡❛❝❤ A ∈ B(G)✱ ✇❡ ❤❛✈❡ ✈✐❛ ❋✉❜✐♥✐✬s ❚❤❡♦r❡♠ ✷✳✷✳✸ t❤❛t

∫

A

f d
〈
mCp−

g
, ϕ
〉 (4.33)

=

∫

A

f(y)
(
g̃ ∗ ϕ

)
(y) dµ(y)

=

∫

A

f(y)

(∫

G

g̃(y − x)ϕ(x) dµ(x)

)

dµ(y)

=

∫

G

(fχA)(y)

(∫

G

g(x− y)ϕ(x) dµ(x)

)

dµ(y)

=

∫

G

(∫

G

(fχA)(y) g(x− y) dµ(y)

)

ϕ(x) dµ(x)

=

∫

G

(
(fχA) ∗ g

)
(x)ϕ(x) dµ(x)

=
〈
(fχA) ∗ g, ϕ

〉
,

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ✐s ♦♥❧② ♣♦ss✐❜❧❡ ✐❢ (fχA) ∗ g ∈ Lp−(G)✳ ❍❡♥❝❡✱ t❤❡ ✐♥❞❡✜♥✐t❡

✐♥t❡❣r❛❧ ♦❢ f ∈ L1(mCp−
g
) ♦✈❡r A ∈ B(G) ✐s ❣✐✈❡♥ ❜②

∫

A

f dmCp−
g

= (fχA) ∗ g, ❢♦r A ∈ B(G)✱ ✭✹✳✸✹✮

♣r♦✈✐❞❡❞ t❤❛t (fχA) ∗ g ∈ Lp−(G)✱ ❢♦r ❡✈❡r② A ∈ B(G)✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✈❡❝t♦r

♠❡❛s✉r❡ mCp−
g ,f : B(G) → Lp−(G) ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧ ♦❢ f ✐s

✶✶✹



❣✐✈❡♥ ❜②

mCp−
g ,f (A) :=

∫

A

f dmCp−
g

= (fχA) ∗ g, ❢♦r A ∈ B(G)✳ ✭✹✳✸✺✮

■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ t❤❡♦r② ♦❢ ❈❤❛♣t❡r ✸ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t Cp−
g ✐s µ✲❞❡t❡r♠✐♥❡❞✳

❚♦ ♣r♦✈❡ t❤✐s ❛♥❞ s♦♠❡ ♦❢ t❤❡ ❢♦rt❤❝♦♠✐♥❣ ❛ss❡rt✐♦♥s ✇❡ ✇✐❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢❛❝t

t❤❛t ❢♦r ❡❛❝❤ A ∈ B(G)✱

mCp−
g
(A) ∈ Lp−(G) =

⋂

k∈N

Lrk(G) ⊆ Lrk(G), ❢♦r ❛❧❧ k ∈ N✳

❍❡♥❝❡✱ ✐t ♠❛❦❡s s❡♥s❡ t♦ t❛❦❡ t❤❡ ❧♦❝❛❧✲❇❛♥❛❝❤✲s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡s

(mCp−
g
)k : Πk ◦mCp−

g
: B(G) → Lrk(G), ❢♦r k ∈ N✱

✐♥t♦ ❛❝❝♦✉♥t✳ ❋♦r ✜①❡❞ k ∈ N✱ ✇❡ t❤❡r❡❜② ❤❛✈❡

mCp−
g
(A) = (mCp−

g
)k(A) = χA ∗ g ∈ Lrk(G),

❢♦r ❛❧❧ A ∈ B(G)✳ ◆♦t❡✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❛t t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ (mCp−
g
)k ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mC
rk
g

: B(G) → Lrk(G) ❛s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✷✺❪✳ ❲❡ ❢♦❧❧♦✇

t❤❛t ♥♦t❛t✐♦♥ ❛♥❞ ✇r✐t❡

(mCp−
g
)k(A) =: mC

rk
g
(A) = Crk

g (χA), ❢♦r A ∈ B(G)✱ ✭✹✳✸✻✮

✇❤❡r❡ Crk
g : Lrk(G) → Lrk(G) ✐s t❤❡ ❇❛♥❛❝❤✲s♣❛❝❡✲✈❛❧✉❡❞ ♦♣❡r❛t♦r ♦❢ ❝♦♥✈♦❧✉t✐♦♥

✇✐t❤ g ∈ L1(G)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷

❋♦r ❡❛❝❤ 1 < p < ∞ ❛♥❞ g ∈ L1(G)\{0}✱ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r Cp−
g : Lp−(G) →

Lp−(G) ✐s µ✲❞❡t❡r♠✐♥❡❞✳

Pr♦♦❢✿

❲❡ ❛♣♣❧② ▲❡♠♠❛ ✸✳✷✳✷ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ ♦♣❡r❛t♦r Cp−
g ✐s µ✲❞❡t❡r♠✐♥❡❞ ✐❢

❛♥❞ ♦♥❧② ✐❢ t❤❡ mCp−
g
✲♥✉❧❧ s❡ts ❛♥❞ t❤❡ µ✲♥✉❧❧ s❡ts ❝♦✐♥❝✐❞❡✳ ❲❡ s❤♦✇ ❛t ✜rst t❤❛t

N0(mCp−
g
) ⊆ N0(µ) ❤♦❧❞s✳ ▲❡t A ∈ N0(mCp−

g
)✱ t❤❛t ✐s✱

mCp−
g
(B) = χB ∗ g = 0 ∈ Lp−(G),

❢♦r ❛❧❧ B ∈ B(G) ✇✐t❤ B ⊆ A✳ ❙✐♥❝❡ Lp−(G) ⊆ Lr1(G)✱ t❤❡ ❞✐s❝✉ss✐♦♥ ♣r✐♦r t♦ t❤✐s

♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s t❤❛t

mC
r1
g
(B) = χB ∗ g = 0 ∈ Lr1(G),

✶✶✺



❢♦r ❛❧❧ B ∈ B(G) ✇✐t❤ B ⊆ A✱ ♠❡❛♥✐♥❣ t❤❛t A ∈ N0(mC
r1
g
)✳ ❇✉t✱ ❜② ❛♣♣❧②✐♥❣

▲❡♠♠❛ ✷✳✷ ♦❢ ❬✷✺❪ t♦ t❤❡ ❇❛♥❛❝❤✲s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡ mC
r1
g
✱ ✇❡ ♦❜t❛✐♥ t❤❛t

A ∈ N0(µ)✳ ❍❡♥❝❡✱ N0(mCp−
g
) ⊆ N0(µ)✳

❚❤❡ ✐♥❝❧✉s✐♦♥ N0(µ) ⊆ N0(mCp−
g
) ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✳✷✳✶✳

▲❡t A ∈ B(G) ❜❡ ❛♥② µ✲♥✉❧❧ s❡t✳ ❚❤❡♥ χB ✐s ❛ µ✲♥✉❧❧ ❢✉♥❝t✐♦♥✱ ❢♦r ❛❧❧ B ∈ B(G)

✇✐t❤ B ⊆ A ❛♥❞✱ t❤✉s✱ ❜② ▲❡♠♠❛ ✸✳✷✳✶ ❛❧s♦ ❛♥ mCp−
g
✲♥✉❧❧ ❢✉♥❝t✐♦♥✳ ❇✉t t❤✐s ♠❡❛♥s

t❤❛t A ✐s ❛♥ mCp−
g
✲♥✉❧❧ s❡t✱ ✐✳❡✳✱ N0(µ) ⊆ N0(mCp−

g
)✳ ❚❤✉s✱ t❤❡ µ✲♥✉❧❧ s❡ts ❛♥❞ t❤❡

mCp−
g
✲♥✉❧❧ s❡ts ❝♦✐♥❝✐❞❡ ❛♥❞ s♦✱ ❜② ▲❡♠♠❛ ✸✳✷✳✷✱ Cp−

g ✐s µ✲❞❡t❡r♠✐♥❡❞✳ �

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t✱ t❤❡ µ✲❞❡t❡r♠✐♥❡❞♥❡ss ♦❢ Cp−
g ✐♠♣❧✐❡s t❤❛t t❤❡ µ✲♥✉❧❧

❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ mCp−
g
✲♥✉❧❧ ❢✉♥❝t✐♦♥s ❝♦✐♥❝✐❞❡✱ ✐✳❡✳✱ t❤❛t

N (µ) = N (mCp−
g
),

❛♥❞ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r t❤❡ ♥✉❧❧ s❡ts✱ ✐✳❡✳✱

N0(µ) = N0(mCp−
g
).

❇② ❛♣♣❧②✐♥❣ t❤❡ t❤❡♦r② ♦❢ ❈❤❛♣t❡r ✸ ✇❡ ❝❛♥ ❞❡r✐✈❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❢❛❝ts ❛❜♦✉tmCp−
g

❛♥❞ L1(mCp−
g
)✳ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ②✐❡❧❞s t❤❛t ❡❛❝❤ f ∈ Lp−(G) ✐s mCp−

g
✲✐♥t❡❣r❛❜❧❡✱

✐✳❡✳✱

Lp−(G) ⊆ L1(mCp−
g
),

❛♥❞ s♦✱ ❢♦r ❡❛❝❤ f ∈ Lp−(G)✱ t❤❡ ❡q✉❛t✐♦♥

Cp−
g (fχA) =

(
fχA

)
∗ g

(4.34)
=

∫

A

f dmCp−
g
, ❢♦r A ∈ B(G)✱

❤♦❧❞s✳ ❋✉rt❤❡r♠♦r❡✱ ❚❤❡♦r❡♠ ✸✳✸✳✶ ❡♥s✉r❡s t❤❛t L1(mCp−
g
) ✐s t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥

♦❢ Cp−
g ❛♥❞ ✐ts ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥ ✐s t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r Im

C
p−
g

: L1(mCp−
g
) →

Lp−(G) ❣✐✈❡♥ ❜②

Im
C
p−
g

(f) :=

∫

G

f dmCp−
g

= f ∗ g, ❢♦r f ∈ L1(mCp−
g
)✳

▼♦r❡♦✈❡r✱ s✐♥❝❡ Lp−(G) ✐s r❡✢❡①✐✈❡✱ L1(mCp−
g
) = L1

w(mCp−
g
)✳

❚❤✐s ❛❧❧♦✇s ✉s t♦ st✉❞② ❢✉rt❤❡r t❤❡ s♣❛❝❡ L1(mCp−
g
)✳ ▲❡t ✉s ✜rst ❡st❛❜❧✐s❤ t❤❡

❢♦❧❧♦✇✐♥❣ t✇♦ st❛t❡♠❡♥ts✳

▲❡♠♠❛ ✹✳✸✳✶

▲❡t 1 < p < ∞ ❛♥❞ g ∈ L1(G)✳ ❚❤❡♥✱ L1(mCp−
g
) ⊆ L1(G)✳

✶✶✻



Pr♦♦❢✿

▲❡t f ❜❡ ❛♥ mCp−
g
✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ Lp−(G) ✐s r❡✢❡①✐✈❡✱ f ∈ L1(mCp−

g
)

✐s ❡q✉✐✈❛❧❡♥t t♦ f ∈ L1
w(mCp−

g
) ♠❡❛♥✐♥❣ t❤❛t

∫

G

|f | d
∣
∣
〈
mCp−

g
, ϕ
〉∣
∣ < ∞, ❢♦r ❛❧❧ ϕ ∈

(
Lp−(G)

)∗
✱

✇❤❡r❡
(
Lp−(G)

)∗
=
⋃

k∈N L
sk(G) ✇✐t❤ 1

rk
+ 1

sk
= 1 ❛♥❞ 1 6 rk ↑k p✳ ■♥ ♣❛rt✐❝✉❧❛r✱

❢♦r ❛♥② ✜①❡❞ k ∈ N ✇❡ ❤❛✈❡

∫

G

|f | d
∣
∣
〈
mCp−

g
, ϕ
〉∣
∣ < ∞, ❢♦r ❛❧❧ ϕ ∈ Lsk(G)✳ ✭✹✳✸✼✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ❞✐s❝✉ss❡❞ ♣r✐♦r t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✱

mCp−
g
(A) = mC

rk
g
(A) = χA ∗ g ∈ Lp−(G) ⊆ Lrk(G),

❢♦r ❛❧❧ A ∈ B(G)✱ ❛♥❞ t❤✉s✱

〈
mCp−

g
, ϕ
〉
=
〈
mC

rk
g
, ϕ
〉

❛s s❝❛❧❛r ♠❡❛s✉r❡s✳ ❍❡♥❝❡✱ ✭✹✳✸✼✮ s❤♦✇s t❤❛t

∫

G

|f | d
∣
∣
〈
mC

rk
g
, ϕ
〉∣
∣ < ∞, ❢♦r ❛❧❧ ϕ ∈ Lsk(G) =

(
Lrk(G)

)∗
✱

♠❡❛♥✐♥❣ t❤❛t f ∈ L1
w(mC

rk
g
) ❛♥❞ s✐♥❝❡ Lrk(G) ✐s r❡✢❡①✐✈❡✱ f ∈ L1(mC

rk
g
)✳ ❇②

❚❤❡♦r❡♠ ✶✳✶ ✭✈✮ ✐♥ ❬✷✺❪ ✐t ✐s ❦♥♦✇♥ t❤❛t L1(mC
rk
g
) ⊆ L1(G)✳ ❍❡♥❝❡✱ f ∈ L1(G) ❛♥❞

t❤❡ ❛ss❡rt✐♦♥ ♦❢ t❤✐s ❧❡♠♠❛ ❤♦❧❞s✳ �

▲❡♠♠❛ ✹✳✸✳✷

▲❡t 1 < p < ∞✱ g ∈ L1(G) ❛♥❞ f ∈ L1(mCp−
g
)✳ ❚❤❡♥ (fχA) ∗ g ∈ Lp−(G)✱ ❢♦r ❛❧❧

A ∈ B(G)✳

Pr♦♦❢✿

▲❡t f ∈ L1(mCp−
g
)✳ ■♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳✶ ✐t ✇❛s s❤♦✇♥ t❤❛t ♥❡❝❡ss❛r✐❧②

f ∈ L1(mC
rk
g
)✱ ❢♦r ❛❧❧ k ∈ N✳ ❋♦r ❛♥② ✜①❡❞ k ∈ N✱ ❚❤❡♦r❡♠ ✶✳✶ ✭✈✐✮ ♦❢ ❬✷✺❪ ✐♠♣❧✐❡s

t❤❛t (fχA) ∗ g ∈ Lrk(G)✳ ❇✉t✱ ❛s k ∈ N ✇❛s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ✐t ❢♦❧❧♦✇s t❤❛t

(fχA) ∗ g ∈ Lrk(G)✱ ❢♦r ❛❧❧ k ∈ N✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② (fχA) ∗ g ∈ Lp−(G)✳ �

❚❤❡ ♣r❡✈✐♦✉s t❤♦✉❣❤ts ❣✐✈❡ ❛♥ ✐❞❡❛ ❢♦r ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ s♣❛❝❡ L1(mCp−
g
)✳ ■♥❞❡❡❞✱

✇❤❡♥❡✈❡r g > 0✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

✶✶✼



Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✸

▲❡t 1 < p < ∞ ❛♥❞ ❧❡t g ∈ L1(G)\{0} s❛t✐s❢② g > 0✳ ❚❤❡♥✱

L1(mCp−
g
) =

{
f ∈ L1(G) : (fχA) ∗ g ∈ Lp−(G), ❢♦r ❛❧❧ A ∈ B(G)

}
.

Pr♦♦❢✿

▲❡t f ∈ L1(mCp−
g
)✳ ❚❤❡♥ f ∈ L1(G) ❜② ▲❡♠♠❛ ✹✳✸✳✶✳ ▼♦r❡♦✈❡r✱ ▲❡♠♠❛ ✹✳✸✳✷

②✐❡❧❞s t❤❛t (fχA) ∗ g ∈ Lp−(G)✱ ❢♦r ❛❧❧ A ∈ B(G)✳ ❍❡♥❝❡✱

L1(mCp−
g
) ⊆

{
f ∈ L1(G) : (fχA) ∗ g ∈ Lp−(G), ❢♦r ❛❧❧ A ∈ B(G)

}
.

❈♦♥✈❡rs❡❧②✱ ❧❡t f ∈ L1(G) s❛t✐s❢② (fχA) ∗ g ∈ Lp−(G)✱ ❢♦r ❛❧❧ A ∈ B(G)✳ ❋✐①

k ∈ N✳ ❙✐♥❝❡ Lp−(G) ⊆ Lrk(G) ✐t ❢♦❧❧♦✇s t❤❛t

(fχA) ∗ g ∈ Lrk(G), ❢♦r ❛❧❧ A ∈ B(G)✳

❇② Pr♦♣♦s✐t✐♦♥ ✸✳✷ ♦❢ ❬✷✺❪ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t f ∈ L1(mC
rk
g
) ❢♦r t❤❡ ❇❛♥❛❝❤✲s♣❛❝❡✲

✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡ mC
rk
g

: B(G) → Lrk(G)✳ ❚❤❡♥ f ∈ L1
w(mC

rk
g
) ❛♥❞ s♦✱

∫

G

|f | d
∣
∣
〈
mC

rk
g
, ϕ
〉∣
∣ < ∞, ❢♦r ❛❧❧ ϕ ∈

(
Lrk(G)

)∗
= Lsk(G)✳

❍♦✇❡✈❡r✱ ❛s ♥♦t❡❞ ♣r✐♦r t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✱

mCp−
g
(A) = mC

rk
g
(A) = Crk

g (χA) = χA ∗ g, ❢♦r A ∈ B(G)✳

❍❡♥❝❡✱ ∫

G

|f | d
∣
∣
〈
mCp−

g
, ϕ
〉∣
∣ < ∞, ❢♦r ❛❧❧ ϕ ∈ Lsk(G)✳ ✭✹✳✸✽✮

❇✉t✱ k ∈ N ✇❛s ❛r❜✐tr❛r②✱ s♦ ✭✹✳✸✽✮ ❤♦❧❞s ❢♦r ❛❧❧ k ∈ N ❛♥❞ s✐♥❝❡
(
Lp−(G)

)∗
=

⋃

k∈N L
sk(G)✱ ✐t ❢♦❧❧♦✇s t❤❛t

∫

G

|f | d
∣
∣
〈
mCp−

g
, ϕ
〉∣
∣ < ∞, ❢♦r ❛❧❧ ϕ ∈

(
Lp−(G)

)∗
✱

t❤❛t ✐s✱ f ∈ L1
w(mCp−

g
) ❛♥❞ s✐♥❝❡ Lp−(G) ✐s r❡✢❡①✐✈❡✱ f ∈ L1(mCp−

g
)✳ �

❘❡♠❛r❦ ✹✳✸✳✶

❖❜s❡r✈❡ t❤❛t t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✸ ❞✐❞ ♥♦t ✉s❡ t❤❡ ❝♦♥❞✐t✐♦♥

g > 0 ❛♥❞ s♦ t❤❡ ✐♥❝❧✉s✐♦♥

L1(mCp−
g
) ⊆

{
f ∈ L1(G) : (fχA) ∗ g ∈ Lp−(G), ❢♦r ❛❧❧ A ∈ B(G)

}

✶✶✽



❤♦❧❞s ❢♦r ❛♥② C✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ g ∈ L1(G)✳

■♥ ❝♦♥tr❛st t♦ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥s ❛❜♦✈❡✱ ✇❡ ♥♦✇ ❝❤❛♥❣❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ g✳ ❋r♦♠

♥♦✇ ♦♥ g ✇✐❧❧ ❛❧✇❛②s ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s♠❛❧❧❡r s♣❛❝❡ Lp−(G) ⊆ L1(G)✳ Pr♦♣♦✲

s✐t✐♦♥ ✹✳✸✳✸ ❣❛✈❡ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ L1(mCp−
g
) ❢♦r g ∈ L1(G) s❛t✐s❢②✐♥❣

g > 0❀ t❤❡ q✉❡st✐♦♥ ♥♦✇ ✐s ✇❤❡t❤❡r ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ L1(mCp−
g
) ✐s ❛❧s♦ ♣♦ss✐❜❧❡

❢♦r g ∈ Lp−(G)✱ ❜✉t ✇✐t❤♦✉t ❛ss✉♠✐♥❣ g > 0❄

❙♦✱ ❧❡t g ∈ Lp−(G)✳ ❉❡✜♥❡✱ ❢♦r y ∈ G ✜①❡❞✱ t❤❡ tr❛♥s❧❛t✐♦♥ ♦♣❡r❛t♦r τy : Lp−(G) →

Lp−(G) ❜②

τy(g) := g(· − y). ✭✹✳✸✾✮

❚❤❡ ❢❛❝t t❤❛t t❤❡ ❍❛❛r ♠❡❛s✉r❡ µ ✐s tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t ❡♥s✉r❡s t❤❛t t❤❡ tr❛♥s❧❛t✐♦♥

♦♣❡r❛t♦r τy ✐s ❝♦♥t✐♥✉♦✉s ♦♥ Lp−(G)✳ ❚♦ s❡❡ t❤✐s✱ ❝❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥

g ∈ Lp−(G)✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ k ∈ N✱ ✇❡ ♦❜t❛✐♥ t❤❛t

qk
(
τy(g)

)
=

(∫

G

∣
∣τy(g)

∣
∣
rk dµ

)1/rk

=

(∫

G

|g(x− y)|rk dµ(x)

)1/rk

=

(∫

G

|g(x)|rk dµ(x)

)1/rk

= qk(g). ✭✹✳✹✵✮

❚❤✐s s❤♦✇s t❤❛t τy(g) ∈ Lp−(G)✱ ❢♦r ❡❛❝❤ y ∈ G✱ ❛♥❞ t❤❛t t❤❡ ♦♣❡r❛t♦rs
{
τy
∣
∣ y ∈ G

}

❛r❡ ❛❧❧ ❝♦♥t✐♥✉♦✉s ♦♥ Lp−(G)✳

❋✐① g ∈ Lp−(G)✳ ❆ss♦❝✐❛t❡❞ ✇✐t❤ τy ❞❡✜♥❡ t❤❡ Lp−(G)✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ F p−
g : G →

Lp−(G) ❜②

F p−
g (y) := τy(g) = g(· − y), ❢♦r y ∈ G. ✭✹✳✹✶✮

❚❤❡ ❢✉♥❝t✐♦♥ F p−
g ✇✐❧❧ s❡r✈❡ ✉s ✇❡❧❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✈❡st✐❣❛t✐♦♥s✳ ❚❤✐s ✐s ❞✉❡ t♦

✐ts s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s✱ t✇♦ ♦❢ ✇❤✐❝❤ ✇❡ st❛t❡ ❤❡r❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✹

❋♦r ❡❛❝❤ 1 < p < ∞ ❛♥❞ g ∈ Lp−(G)✱ t❤❡ ❢✉♥❝t✐♦♥ F p−
g ❛s ❞❡✜♥❡❞ ✐♥ ✭✹✳✹✶✮ ✐s

❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢✿

❋✐① k ∈ N ❛♥❞ ♥♦t❡ t❤❛t g ∈ Lrk(G)✳ ❍❡♥❝❡✱ ❜② t❤❡ ✉♥✐❢♦r♠ ❝♦♥t✐♥✉✐t② ♦❢

t❤❡ ❢✉♥❝t✐♦♥ F rk
g : G → Lrk(G)✱ ❬✸✵✱ ♣✳ ✸❪✱ ❢♦r ❛♥② ❣✐✈❡♥ ε > 0 t❤❡r❡ ❡①✐sts ❛

✶✶✾



♥❡✐❣❤❜♦✉r❤♦♦❞ Vk ♦❢ ③❡r♦ ✐♥ G s✉❝❤ t❤❛t

qk
(
F p−
g (w)− F p−

g (y)
)
= qk

(
τw(g)− τy(g)

)
< ε

✇❤❡♥❡✈❡r w − y ∈ Vk✳ �

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺

❋♦r ❡❛❝❤ 1 < p < ∞ ❛♥❞ g ∈ Lp−(G)✱ t❤❡ ❢✉♥❝t✐♦♥ F p−
g ❛s ❞❡✜♥❡❞ ✐♥ ✭✹✳✹✶✮ ✐s ❇♦❝❤♥❡r

µ✲✐♥t❡❣r❛❜❧❡✳

Pr♦♦❢✿

▲❡t g ∈ Lp−(G)✳ ❙✐♥❝❡ F p−
g ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ G ✐s ❝♦♠♣❛❝t✱ F p−

g (G) ✐s ❝♦♠♣❛❝t

✐♥ t❤❡ ❋ré❝❤❡t s♣❛❝❡ Lp−(G) ♠❡❛♥✐♥❣ t❤❛t F p−
g (G) ✐s ❛ ❝♦♠♣❛❝t ♠❡tr✐❝ s♣❛❝❡ ❛♥❞

t❤✉s✱ ✐s s❡♣❛r❛❜❧❡✱ ❬✷✷✱ ♣♣✳ ✶✽✕✶✾❪✳ ❍❡♥❝❡✱ F p−
g (G) ✐s ❛ ❙✉s❧✐♥ s♣❛❝❡ ❛♥❞ ✐t ❢♦❧❧♦✇s

❢r♦♠ ❬✸✹✱ ♣♣✳ ✻✼✕✻✽❪ t❤❛t F p−
g ✐s str♦♥❣❧② µ✲♠❡❛s✉r❛❜❧❡✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❢♦r ❡❛❝❤ k ∈ N

qk
(
F p−
g (y)

) (4.41)
= qk

(
τy(g)

) (4.40)
= qk(g), ❢♦r ❛❧❧ y ∈ G✱ ✭✹✳✹✷✮

❛♥❞ t❤✉s✱ ∫

G

qk
(
F p−
g (y)

)
dµ

(4.42)
=

∫

G

qk(g) dµ = qk(g)µ(G) < ∞.

❍❡♥❝❡✱ F p−
g ✐s ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜❧❡✳ �

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❛♥❞ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ t❛❦❡ ❛ s❡❝♦♥❞ t✐♠❡

❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ❧♦❝❛❧✲❇❛♥❛❝❤✲s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r ♠❡❛s✉r❡s (mCp−
g
)k : B(G) →

Lrk(G)✱ ❢♦r k ∈ N✱ ❣✐✈❡♥ ❜②

mC
rk
g
(A)

(4.36)
= (mCp−

g
)k(A) =

∫

A

g(x− y) dµ(x) =

∫

A

τy(g)(x) dµ(x)

✇❤❡r❡ τy(g) := g(· − y) ✐s ❛❣❛✐♥ t❤❡ tr❛♥s❧❛t✐♦♥ ♦♣❡r❛t♦r✱ t❤✐s t✐♠❡ ❤❛✈✐♥❣ Lrk(G) ❛s

❞♦♠❛✐♥ ❛♥❞ ❝♦❞♦♠❛✐♥✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✸ ✭✐✐✮ ♦❢ ❬✷✺❪✱ ❢♦r ❡❛❝❤ k ∈ N✱ t❤❛t
t❤❡ ✈❛r✐❛t✐♦♥ ♠❡❛s✉r❡ |mC

rk
g
| = |(mCp−

g
)k| : B(G) → [0,∞] ♦❢ mC

rk
g

✐s ❣✐✈❡♥ ❜②

|mC
rk
g
|(A) = |(mCp−

g
)k|(A) =

∫

A

∥
∥F rk

g (y)
∥
∥
rk
dµ = ‖g‖rkµ(A), ❢♦r A ∈ B(G)✱

✭✹✳✹✸✮

✇❤❡r❡ F rk
g ✐s ❞❡✜♥❡❞ ❛s ✐♥ ✭✹✳✹✶✮ t❤✐s t✐♠❡✱ ❤♦✇❡✈❡r✱ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ Lrk(G)✲✈❛❧✉❡❞

❢✉♥❝t✐♦♥✳ ◆♦t❡ t❤❛t ❡❛❝❤ F rk
g ✐s ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜❧❡ ❛s ✇❡❧❧✱ ❬✷✺✱ ♣✳ ✺✸✷❪✳

◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥❀ ✐t st❛t❡s s✐① ❡q✉✐✈❛❧❡♥t ❛ss❡rt✐♦♥s

✶✷✵



t❤❛t ❤♦❧❞ ✇❤❡♥❡✈❡r g ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Lp−(G)\{0}✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✻

❋♦r 1 < p < ∞ ❛♥❞ ❛ ♥♦♥✲③❡r♦ ❢✉♥❝t✐♦♥ g ∈ L1(G) t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡

❡q✉✐✈❛❧❡♥t✿

✭✐✮ g ∈ Lp−(G)✳

✭✐✐✮ mCp−
g

✐s ♦❢ ✜♥✐t❡ ✈❛r✐❛t✐♦♥✳

✭✐✐✐✮
⋂

k∈N L
1
(
|(mCp−

g
)k|
)
= L1(G)✳

✭✐✈✮ L1(mCp−
g
) = L1(G)✳

✭✈✮
⋂

k∈N L
1
(
|(mCp−

g
)k|
)
= L1(mCp−

g
)✳

✭✈✐✮ mCp−
g

❤❛s ❛♥ Lp−(G)✲✈❛❧✉❡❞ ❇♦❝❤♥❡r ❞❡♥s✐t② F p−
g ✳

Pr♦♦❢✿

✭✐✮ ⇔ ✭✐✐✮ ❆ss✉♠❡ t❤❛t g ∈ Lp−(G)✱ ♠❡❛♥✐♥❣ t❤❛t g ∈ Lrk(G)✱ ❢♦r ❛❧❧ k ∈ N✳

❆❝❝♦r❞✐♥❣ t♦ ❬✷✺✱ ❚❤❡♦r❡♠ ✶✳✷❪ ❡❛❝❤ ♦❢ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡s mC
rk
g

= (mCp−
g
)k :

B(G) → Lrk(G)✱ ✇❤❡r❡ k ∈ N✱ ❤❛s ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ❛♥❞ t❤✉s✱ mCp−
g

: B(G) → Lp−(G)

✐s ♦❢ ✜♥✐t❡ ✈❛r✐❛t✐♦♥ ❛s ✇❡❧❧✳

❈♦♥✈❡rs❡❧②✱ ❧❡t mCp−
g

❜❡ ♦❢ ✜♥✐t❡ ✈❛r✐❛t✐♦♥✳ ❇② ❞❡✜♥✐t✐♦♥ t❤✐s ♠❡❛♥s t❤❛t ❡❛❝❤

♦❢ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡s (mCp−
g
)k = mC

rk
g

: B(G) → Lrk(G)✱ ❢♦r k ∈ N✱ ❤❛s ✜♥✐t❡

✈❛r✐❛t✐♦♥✳ ❇✉t✱ ❢♦r k ∈ N ✜①❡❞✱ t❤✐s ✐s ❜② ❬✷✺✱ ❚❤❡♦r❡♠ ✶✳✷❪ ❡q✉✐✈❛❧❡♥t t♦ t❤❡

r❡q✉✐r❡♠❡♥t t❤❛t g ∈ Lrk(G)✳ ❆s t❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ k ∈ N ✐t ❢♦❧❧♦✇s t❤❛t g ∈ Lp−(G)✳

✭✐✮ ⇒ ✭✐✐✐✮ ▲❡t g ∈ Lp−(G)✳ ❚❤❡♥ g ∈ Lrk(G)✱ ❢♦r ❛❧❧ k ∈ N✳ ❚❤❡♦r❡♠ ✶✳✷ ♦❢ ❬✷✺❪

✭s❡❡ ✭✐✮ ⇔ ✭✈✐✮✮ ②✐❡❧❞s t❤❡♥ t❤❛t

⋂

k∈N

L1
(
|(mCp−

g
)k|
)
=
⋂

k∈N

L1
(
|mC

rk
g
|
)
= L1(G).

✭✐✐✐✮ ⇒ ✭✐✈✮ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✸✹✮ ❛♥❞ ✭✐✐✐✮ t❤❛t

L1(G) =
⋂

k∈N

L1
(
|(mCp−

g
)k|
)
⊆ L1(mCp−

g
) ✭✹✳✹✹✮

❛♥❞ ❢r♦♠ ▲❡♠♠❛ ✹✳✸✳✶ t❤❛t

L1(mCp−
g
) ⊆ L1(G). ✭✹✳✹✺✮

■t ✐s t❤❡♥ ❝❧❡❛r t❤❛t ✭✐✈✮ ❤♦❧❞s✳

✶✷✶



✭✐✐✐✮ ⇒ ✭✈✮ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ✭✹✳✹✹✮ ❛♥❞ ✭✹✳✹✺✮✳

✭✐✈✮ ⇒ ✭✐✮ ▲❡t L1(mCp−
g
) = L1(G) ❜❡ tr✉❡✳ ❇② ❘❡♠❛r❦ ✹✳✸✳✶ ✇❡ t❤❡♥ ❦♥♦✇ t❤❛t

L1(G) = L1(mCp−
g
) ⊆ {f ∈ L1(G) : (fχA)∗g ∈ Lp−(G), ❢♦r ❛❧❧ A ∈ B(G)} ⊆ L1(G).

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛♥② f ∈ L1(G)✱ t❤❡ ❢✉♥❝t✐♦♥ f ∗ g ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Lp−(G) =
⋂

k∈N L
rk(G)✳ ❙♦✱ ❢♦r k ∈ N ✜①❡❞✱ f ∗g ∈ Lrk(G)✱ ❢♦r ❛❧❧ f ∈ L1(G)✱ ②✐❡❧❞s ❛❝❝♦r❞✐♥❣

t♦ ❬✶✺✱ ▲❡♠♠❛ ✸✺✳✶✶❪ t❤❛t g ∈ Lrk(G)✳ ❆s t❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ k ∈ N ✇❡ ♦❜t❛✐♥ t❤❛t

g ∈ Lrk(G)✱ ❢♦r ❛❧❧ k ∈ N✱ ❛♥❞ t❤✉s✱ g ∈ Lp−(G)✳

✭✈✮ ⇒ ✭✐✮ ❆ss✉♠❡ t❤❛t

⋂

k∈N

L1
(
|(mCp−

g
)k|
)
= L1(mCp−

g
)

❤♦❧❞s✳ ▼❛❦✐♥❣ ✉s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ❛♥❞ t❤❡ ❢❛❝t t❤❛t Lp−(G) ❝♦♥t❛✐♥s t❤❡ B(G)✲

s✐♠♣❧❡ ❢✉♥❝t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥ ♦❢ ✐♥❝❧✉s✐♦♥s✿

s✐♠
(
B(G)

)
⊆ Lp−(G) ⊆ L1(mCp−

g
) =

⋂

k∈N

L1
(
|(mCp−

g
)k|
)
.

❇✉t t❤✐s ♠❡❛♥s t❤❛t χG ∈
⋂

k∈N L
1
(
|(mCp−

g
)k|
)
✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ ρk(χG) < ∞✱ ❢♦r

❛❧❧ k ∈ N✱ t❤❡ ❡q✉❛❧✐t✐❡s

ρk(χG) =

∫

G

|χG| d|(mCp−
g
)k|

(4.43)
= ‖g‖rk µ(G)

︸ ︷︷ ︸

=1

= qk(g)

✐♠♣❧② t❤❛t qk(g) < ∞✱ ❢♦r ❛❧❧ k ∈ N✱ ❛♥❞ ❤❡♥❝❡✱ g ∈ Lp−(G)✳

✭✐✮ ⇒ ✭✈✐✮ ■t ✐s ❦♥♦✇♥ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺ t❤❛t F p−
g : G → Lp−(G) ❛s ❞❡✜♥❡❞ ✐♥

✭✹✳✹✶✮ ✐s ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜❧❡✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r ❡❛❝❤ A ∈ B(G)✱ ✇❡ ♦❜t❛✐♥ t❤❛t

✭❇✮−

∫

A

F p−
g (y) dµ(y) = χA ∗ g = mCp−

g
(A).

❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❬✷✺✱ ▲❡♠♠❛ ✷✳✸ ✭✐✐✮❪ ❛♣♣❧✐❡❞ ✐♥ ❡❛❝❤ ❇❛♥❛❝❤ s♣❛❝❡ Lrk(G) t♦ mC
rk
g
✱

❢♦r k ∈ N✱ ❛❢t❡r ♥♦t✐♥❣ t❤❛t F p−
g ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❜❡✐♥❣ Lrk(G)✲✈❛❧✉❡❞✱ ✇❤❡r❡

✐t ✐s ❞❡♥♦t❡❞ ✐♥ ❬✷✺❪ ❜② F rk
g ✳

✭✈✐✮ ⇒ ✭✐✐✮ ▲❡t F p−
g : G → Lp−(G)✱ ❛s ❣✐✈❡♥ ✐♥ ✭✹✳✹✶✮✱ ❜❡ t❤❡ ❇♦❝❤♥❡r ❞❡♥s✐t②

♦❢ mCp−
g
✳ ❋✐① ❛♥ ❛r❜✐tr❛r② k ∈ N ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❧♦❝❛❧✲❇❛♥❛❝❤✲s♣❛❝❡✲✈❛❧✉❡❞ ✈❡❝t♦r

♠❡❛s✉r❡ (mCp−
g
)k = mC

rk
g

: B(G) → Lrk(G)✳ ❚❤❡♥ F p−
g : G → Lp−(G) ⊆ Lrk(G) ✐s

t❤❡ ❇♦❝❤♥❡r ❞❡♥s✐t② ♦❢ mC
rk
g
✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ❬✷✺✱ ▲❡♠♠❛ ✷✳✸❪ t❤❛t mC

rk
g

= (mCp−
g
)k

❤❛s ✜♥✐t❡ ✈❛r✐❛t✐♦♥✳ ❆s t❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ k ∈ N✱ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mCp−
g

✐s ❜②

✶✷✷



❞❡✜♥✐t✐♦♥ ♦❢ ✜♥✐t❡ ✈❛r✐❛t✐♦♥✳ �

❋r♦♠ t❤❡ r❡s✉❧ts ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✻ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❛♥ ❛❞❞✐t✐♦♥❛❧

♣r♦♣❡rt② ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r

Im
C
p−
g

: L1(mCp−
g
) → Lp−(G),

♥❛♠❡❧② t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ Im
C
p−
g

✳ ❋♦r t❤❡ ♣r♦♦❢ ✇❡ ❝❛♥ ❢❛❧❧ ❜❛❝❦ ♦♥ ❚❤❡♦r❡♠ ✹✳✷✳✶

❛❣❛✐♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✼

▲❡t g ∈ L1(G) ❜❡ ❛ ♥♦♥✲③❡r♦ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡

❛ss❡rt✐♦♥s ✭✐✮✕✭✈✐✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✻✿

✭✈✐✐✮ ❚❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r Im
C
p−
g

: L1(mCp−
g
) → Lp−(G) ✐s ❝♦♠♣❛❝t✳

Pr♦♦❢✿

❋✐rst✱ ❛ss✉♠❡ ✭✐✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✻✱ ✐✳❡✳✱ g ∈ Lp−(G)\{0}✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡

✐♠♣❧✐❝❛t✐♦♥ ✭✐✮ ⇒ ✭✐✈✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✻ ✇❡ ❤❛✈❡ L1(mCp−
g
) = L1(G)✳ ▲❡t l ∈ N

❜❡ t❤❡ s♠❛❧❧❡st ✐♥t❡❣❡r s✉❝❤ t❤❛t ql(g) > 0 ②✐❡❧❞✐♥❣ t❤❛t g ∈ Lrl(G)\{0}✳ ■t ❢♦❧❧♦✇s

❢r♦♠ ❚❤❡♦r❡♠ ✶✳✷ ♦❢ ❬✷✺❪ ❛♥❞ t❤❡ ❞✐s❝✉ss✐♦♥ ♣r✐♦r t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷ t❤❛t ❛❧s♦

L1
(
(mCp−

g
)l
)
= L1(mC

rl
g
) = L1(G) ❛♥❞ ❤❡♥❝❡✱

L1(mCp−
g
) = L1

(
(mCp−

g
)l
)
.

❙✐♥❝❡ t❤❡ s❡♠✐✲♥♦r♠s {qk}k∈N ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ Lp−(G) ✇❡ ❤❛✈❡ qk(g) > ql(g) > 0✱

❢♦r ❛❧❧ k > l✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❢♦r l s❤♦✇s t❤❛t

L1(mCp−
g
) = L1

(
(mCp−

g
)k
)
, ❢♦r ❛❧❧ k > l✳

❆s ❢♦r ❡❛❝❤ k > l ✇❡ ❤❛✈❡ g ∈ Lrk(G)\{0}✱ ❚❤❡♦r❡♠ ✶✳✷ ♦❢ ❬✷✺❪ ✐♠♣❧✐❡s t❤❛t t❤❡

✐♥t❡❣r❛t✐♦♥ ♠❛♣

I(m
C
p−
g

)k : L1
(
(mCp−

g
)k
)
→ Lrk(G)

✐s ❝♦♠♣❛❝t✱ ❢♦r ❛❧❧ k > l✳ ❍❡♥❝❡✱ ❛❧❧ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳✶ ❛r❡ ❢✉❧✜❧❧❡❞ ❢♦r

mCp−
g

: B(G) → Lp−(G) ❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❢r♦♠ t❤❛t r❡s✉❧t t❤❛t

Im
C
p−
g

: L1(mCp−
g
) → Lp−(G)

✐s ❝♦♠♣❛❝t✱ ✐✳❡✳✱ ✭✈✐✐✮ ❤♦❧❞s✳

◆♦✇ ❛ss✉♠❡ Im
C
p−
g

: L1(mCp−
g
) → Lp−(G) ✐s ❝♦♠♣❛❝t✳ ❈❤♦♦s❡ l ∈ N ❛s ✐♥

✶✷✸



❚❤❡♦r❡♠ ✹✳✷✳✶✳ ❇② t❤❛t r❡s✉❧t

I(m
C
p−
g

)k : L1
(
(mCp−

g
)k
)
→ Lrk(G)

✐s ❝♦♠♣❛❝t✱ ❢♦r ❛❧❧ k > l✳ ❚❤❡♥ ❬✷✺✱ ❚❤❡♦r❡♠ ✶✳✷❪ ②✐❡❧❞s t❤❛t g ∈ Lrk(G)✱ ❢♦r ❛❧❧

k > l✱ ❛♥❞ s✐♥❝❡ Ls(G) ⊆ Lr(G) ❢♦r s > r ✇❡ ♦❜t❛✐♥ t❤❛t

g ∈
⋂

k>l

Lrk(G) =
⋂

k∈N

Lrk(G) = Lp−(G),

t❤❛t ✐s✱ ❝♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✻ ❤♦❧❞s✳ �

✶✷✹



❈❤❛♣t❡r ✺

❈♦♥❝❧✉s✐♦♥

❚❤❡ r❡s✉❧ts ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ✐♥ ❈❤❛♣t❡r ✸ r❡✈❡❛❧❡❞ t❤❛t t❤❡ ✏♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♣r♦✲

❝❡ss✑ ✇♦r❦s ❛❧s♦ ❢♦r ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦rs T : X(µ) → X ❞❡✜♥❡❞ ♦♥ ❛ ❋ré❝❤❡t

❢✉♥❝t✐♦♥ s♣❛❝❡ X(µ) ♦✈❡r ❛ σ✲✜♥✐t❡ ♠❡❛s✉r❡ s♣❛❝❡ (Ω,Σ, µ) ❛♥❞ ✇✐t❤ ✈❛❧✉❡s ✐♥ ❛

❋ré❝❤❡t s♣❛❝❡ X✳ ❖❢ ❝♦✉rs❡✱ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s✱ t♦ ♦❜t❛✐♥

t❤❛t t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢ T ✐s L1(mT ) ❛♥❞ ✐ts ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥ ✐s t❤❡ ✐♥t❡❣r❛t✐♦♥

♦♣❡r❛t♦r ImT
✐t ✐s ♥❡❝❡ss❛r② t❤❛t t❤❡ s♣❛❝❡ X(µ) ❛♥❞ t❤❡ ♦♣❡r❛t♦r T ❢✉❧✜❧ ❝❡rt❛✐♥

r❡q✉✐r❡♠❡♥ts✳ ❋✐rst ♦❢ ❛❧❧✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡t ❢✉♥❝t✐♦♥ mT : Σ → X ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ ♦♣❡r❛t♦r T ❣✐✈❡♥ ❜②

mT (A) := T (χA), ❢♦r A ∈ Σ✱

❡①♣❡❝ts t❤❡ s♣❛❝❡ X(µ) t♦ ❝♦♥t❛✐♥ t❤❡ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s s✐♠(Σ)✳ ▼♦r❡♦✈❡r✱ ❛s

✐♥ t❤❡ ❝❛s❡ ♦❢ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s ✇❤❡r❡ t❤❡ σ✲♦r❞❡r ❝♦♥t✐♥✉✐t② ✐s ❡ss❡♥t✐❛❧ ✇❡

❝❛♥♥♦t ❞♦ ✇✐t❤♦✉t t❤❡ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ♦❢ X(µ) ✭✇❤✐❝❤ ✐s t❤❡ ❛♥❛❧♦❣✉❡ t♦ t❤❡

σ✲♦r❞❡r ❝♦♥t✐♥✉✐t② ♦❢ ❛ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡✮✳ ■t ❡♥s✉r❡s t❤❛t s✐♠(Σ) ✐s ❞❡♥s❡ ✐♥

X(µ)✱ ❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸✳✷✱ ❛♥❞ t❤❛t t❤❡ ✜♥✐t❡❧② ❛❞❞✐t✐✈❡ s❡t ❢✉♥❝t✐♦♥ mT

❜❡❝♦♠❡s σ✲❛❞❞✐t✐✈❡ ❛♥❞ ❤❡♥❝❡✱ ❛ ✈❡❝t♦r ♠❡❛s✉r❡✱ ❛s s❡❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✳ ❇②

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸ ✇❡ ❦♥♦✇ t❤❛t ✉♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s X(µ)

✐s ❛❧✇❛②s ❝♦♥t❛✐♥❡❞ ✐♥ L1(mT ) ❛♥❞ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣ jT : X(µ) → L1(mT )

✐s ❝♦♥t✐♥✉♦✉s✳ ❍♦✇❡✈❡r✱ t♦ ♠❛❦❡ s✉r❡ t❤❛t X(µ) ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦

L1(mT ) t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣ jT : X(µ) → L1(mT ) ♥❡❡❞s t♦ ❜❡ ✐♥❥❡❝t✐✈❡❀ ❛ ♣r♦♣❡rt② jT

❤❛s ✇❤❡♥❡✈❡r t❤❡ ♦♣❡r❛t♦r T ✐s µ✲❞❡t❡r♠✐♥❡❞ ✭Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✷✮✳

❍❛✈✐♥❣ ❛❧❧ t❤❡s❡ ✏✐♥❣r❡❞✐❡♥ts✑ ❛✈❛✐❧❛❜❧❡ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡

L1(mT ) ✐s t❤❡ ❧❛r❣❡st ❛♠♦♥❣st ❛❧❧ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s ♦✈❡r (Ω,Σ, µ) ❤❛✈✐♥❣ ❛

σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② ✐♥t♦ ✇❤✐❝❤ X(µ) ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ❛♥❞ t♦ ✇❤✐❝❤ T

❛❞♠✐ts ❛♥ X✲✈❛❧✉❡❞ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❡①t❡♥s✐♦♥✳ ▼♦r❡♦✈❡r✱ s✉❝❤ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ T

✐s ✉♥✐q✉❡ ❛♥❞ ✐s ♣r❡❝✐s❡❧② t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImT
: L1(mT ) → X ✭❚❤❡♦r❡♠

✸✳✸✳✶✮✳

✶✷✺



❙✉❝❤ ❛ str♦♥❣ r❡s✉❧t ❛s ❚❤❡♦r❡♠ ✸✳✸✳✶ ❝❛❧❧s ❢♦r ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ♦♣❡r❛t♦rs ✇❡

❤❛✈❡ ❝❤♦s❡♥ ✐♥ ❈❤❛♣t❡r ✹ ❤❛✈❡ r❡❝❡✐✈❡❞ ♠✉❝❤ ❛tt❡♥t✐♦♥ ✇❤❡♥ ❞❡✜♥❡❞ ♦♥ ❛ ❇❛♥❛❝❤

❢✉♥❝t✐♦♥ s♣❛❝❡✳ ❚❤❡r❡❢♦r❡ ✐t ✇❛s ❝❤❛❧❧❡♥❣✐♥❣ t♦ ✜♥❞ ♦✉t ❤♦✇ t❤❡ r❡s✉❧ts ❞✐✛❡r ✇❤❡♥

t❤❡ ♦♣❡r❛t♦rs ✇❡r❡ ❞❡✜♥❡❞ ♦♥ ❛ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡✳ ❙✐♥❝❡ t❤❡ ❋ré❝❤❡t ❢✉♥❝t✐♦♥

s♣❛❝❡s s❤♦✉❧❞ ❝♦♥t❛✐♥ t❤❡ Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❤❛✈❡ σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣② t❤❡

❝❤♦✐❝❡ ❢❡❧❧ ♦♥ t❤❡ s♣❛❝❡s Lp−([0, 1]) r❡s♣✳ Lp−(G) ❛♥❞ Lp
❧♦❝
(R) ✭s❡❡ ❊①❛♠♣❧❡ ✷✳✸✳✶

❛♥❞ ❊①❛♠♣❧❡ ✷✳✸✳✷✮✳

❚❤❡ ✜rst r❡s✉❧ts ❝♦♥❝❡r♥ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r Mp−
g : Lp−([0, 1]) → Lp−([0, 1])✱

❢♦r p ∈ (1,∞) ❛♥❞ g ∈ Mp− ✜①❡❞✱ ✇❤✐❝❤ ✐s ✐♥❞❡❡❞ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♦♣❡r❛t♦r

✭Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✶✮✳ ▼♦r❡♦✈❡r✱ ✐t ✐s λ✲❞❡t❡r♠✐♥❡❞ ✭❛♥❞ t❤✉s✱ t❤❡ t❤❡♦r② ♦❢ ❈❤❛♣t❡r

✸ ✐s ❛♣♣❧✐❝❛❜❧❡✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g 6= 0 λ✲❛✳❡✳ ♦♥ [0, 1] ✭Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✷✮✳ ■t ✐s t❤❡♥

❦♥♦✇♥ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢ Mp−
g ✐s L1(mMp−

g
) ❛♥❞ ✐ts ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥ ✐s

Im
M

p−
g

✳ ❆ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ L1(mMp−
g
) ✐s ❣✐✈❡♥ ❜②

L1(mMp−
g
) =

{
f ∈ L0([0, 1]) : fg ∈ Lp−([0, 1])

}

✭Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✸✮✳ ❚❤❡ s✉❜s❡q✉❡♥t ✐♥✈❡st✐❣❛t✐♦♥s s❤♦✇❡❞ t❤❛t ❛ ♠❛❥♦r ♣❛rt ♦❢

t❤❡ r❡s✉❧ts ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✶✳✶ ❞❡♣❡♥❞s ♦♥ t❤❡ ❢✉♥❝t✐♦♥ g✳ ❆ r❡♠❛r❦❛❜❧❡ ❝♦♥♥❡❝✲

t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mMp−
g

❛♥❞ t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡ P̃ : B([0, 1]) →

Ls

(
Lp−([0, 1])

)
❣✐✈❡♥ ❜② P̃ (A) : f 7→ fχA✱ ❢♦r A ∈ B([0, 1]) ❛♥❞ f ∈ Lp−([0, 1])✱ ❤♦✇✲

❡✈❡r✱ ❛❧❧♦✇❡❞ ✉s t♦ ✉s❡ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥s ✐♥ ❬✶❪ t♦ ✜♥❞ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ Mp−✱

♥❛♠❡❧②

Mp− =
⋂

16s<∞

Ls([0, 1]).

▼♦r❡♦✈❡r✱ t❤❡ s❛♠❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ Mp− ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❞❡❝✐❞❡ ❢♦r ✇❤✐❝❤

g ∈ Mp− t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ Lp−([0, 1])✳ ❚❤✐s ✐s ❞♦♥❡ ✐♥ Pr♦♣♦s✐t✐♦♥

✹✳✶✳✹ ✇❤✐❝❤ st❛t❡s t❤❛t

L1(mMp−
g
) = Lp−([0, 1]) ✐❢ ❛♥❞ ♦♥❧② ✐❢ 1

g
∈ Mp−.

❋✐♥❛❧❧②✱ ❢✉rt❤❡r st✉❞✐❡s ♦♥ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mMp−
g

s❤♦✇❡❞ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢

mMp−
g

✐s ✐♥✜♥✐t❡ ❢♦r ❡✈❡r② g ∈ Mp−\{0} ✭Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✺✮✳

❚❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♣❡r❛t♦r Mp
g,❧♦❝ : Lp

❧♦❝
(R) → Lp

❧♦❝
(R)✱ ✇❤❡r❡

p ∈ (1,∞) ❛♥❞ g ∈ Mp
❧♦❝

✐s ✜①❡❞✱ ♣r♦❞✉❝❡❞ s✐♠✐❧❛r r❡s✉❧ts✳ ❙♦✱ Mp
g,❧♦❝ t✉r♥s ♦✉t

t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ✭Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✻✮ ❛♥❞ t♦ ❜❡ λ✲❞❡t❡r♠✐♥❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g 6= 0

λ✲❛✳❡✳ ♦♥ R✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ t❤❡♦r② ♦❢ ❈❤❛♣t❡r ✸ ✐♠♣❧✐❡s t❤❛t t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥

♦❢ Mp
g,❧♦❝ ✐s L

1(mMp
g,❧♦❝

) ❛♥❞ ✐ts ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥ ✐s t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r Im
M

p
g,❧♦❝

✳ ❆

✶✷✻



❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ L1(mMp
g,❧♦❝

) ✐s

L1(mMp
g,❧♦❝

) =
{
f ∈ L0(R) : fg ∈ Lp

loc(R)
}

✭Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✼✮✳ ❆❣❛✐♥✱ t❤❡r❡ ✐s ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥s ✐♥ ❬✶❪

❝♦♥❝❡r♥✐♥❣ t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡ P̂ : B(R) → Ls

(
Lp

❧♦❝
(R)
)
❣✐✈❡♥ ❜② P̂ (A) : f 7→ fχA✱

❢♦r ❡❛❝❤ A ∈ B(R) ❛♥❞ f ∈ Lp
❧♦❝
(R)✱ ❛♥❞ t❤❡ s♣❛❝❡ Mp

❧♦❝
✳ ■♥❞❡❡❞✱ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✽

✐❞❡♥t✐✜❡s t❤❡ s♣❛❝❡ Mp
❧♦❝

❛s

Mp
❧♦❝

= L∞
❧♦❝
(R) = L1(P̂ ).

❚❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r L1(mMp
g,❧♦❝

) ✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ Lp
❧♦❝
(R) ❝♦✉❧❞ ♥♦t ❜❡ ❛♥✲

s✇❡r❡❞ ✇✐t❤♦✉t t❛❦✐♥❣ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ❢✉♥❝t✐♦♥ g✳ ❙♦✱ ✇❤❡♥❡✈❡r 1
g
∈ L∞

❧♦❝
(R) t❤❡

s♣❛❝❡s L1(mMp
g,❧♦❝

) ❛♥❞ Lp
❧♦❝
(R) ❝♦✐♥❝✐❞❡✱ ❜✉t ❛s s♦♦♥ ❛s 1

g
/∈ L∞

❧♦❝
(R) t❤✐s ♥❡❡❞s ♥♦t

t♦ ❜❡ t❤❡ ❝❛s❡ ❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥ Lp
❧♦❝
(R) ⊆ L1(mMp

g,❧♦❝
) ♠❛② ✐♥❞❡❡❞ ❜❡ ♣r♦♣❡r✳ ❆ ❧❛st

r❡s✉❧t ♦♥ t❤❡ ✈❡❝t♦r ♠❡❛s✉r❡ mMp
g,❧♦❝

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦♣❡r❛t♦r Mp
g,❧♦❝ ❝♦♥❝❡r♥s ✐ts

✈❛r✐❛t✐♦♥✳ ■t ✐s ✐♥✜♥✐t❡✱ ❢♦r ❡✈❡r② g ∈ Mp
❧♦❝
\{0} ✭Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✾✮✳ ◆♦t❡ t❤❛t ✐♥ ❛❧❧

t❤❡s❡ ✐♥✈❡st✐❣❛t✐♦♥s t❤❡ ❝❛s❡ p = 1 ❤❛s ♥♦t ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳

❚❤❡ st✉❞② ♦❢ t❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r Vp− : Lp−([0, 1]) → Lp−([0, 1])✱ ❢♦r p ∈ (1,∞)✱

r❡✈❡❛❧❡❞ t❤❛t ♠❛♥② ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ r❡s❡♠❜❧❡ t❤♦s❡ ❡st❛❜❧✐s❤❡❞

✐♥ ❬✷✽❪❀ t❤❡r❡ t❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r Vr ❞❡✜♥❡❞ ♦♥ t❤❡ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ Lr([0, 1])✱

❢♦r 1 < r < ∞✱ ✇❛s ✐♥✈❡st✐❣❛t❡❞✳ ❋✐rst ♦❢ ❛❧❧✱ s✐♥❝❡ Vp− ✐s ❝♦♥t✐♥✉♦✉s ✭Pr♦♣♦s✐t✐♦♥

✹✳✷✳✶✮ ❛♥❞ ✐♥❥❡❝t✐✈❡ ✭Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✮✱ t❤✉s✱ ❜② ❈♦r♦❧❧❛r② ✸✳✷✳✶ ❛❧s♦ λ✲❞❡t❡r♠✐♥❡❞✱

✇❡ ❝❛♥ ❛♣♣❧② t❤❡ t❤❡♦r② ♦❢ ❈❤❛♣t❡r ✸ t♦ ❝♦♥❝❧✉❞❡ t❤❛t L1(mVp−
) ✐s t❤❡ ♦♣t✐♠❛❧

❞♦♠❛✐♥ ♦❢ Vp− ❛♥❞ ✐ts ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥ t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ImVp−
✳ ❍♦✇❡✈❡r✱ t❤❡

✐♥✈❡st✐❣❛t✐♦♥s s❤♦✉❧❞ ♥♦t ♦♥❧② ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ s♣❛❝❡ L1(mVp−
) ❜✉t ❛❧s♦ ✐♥❝❧✉❞❡

t❤❡ s♣❛❝❡s
⋂

k∈N L
1
(
|(mVp−

)k|
)
❛♥❞

⋂

k∈N L
1
(
(mVp−

)k
)
✳ ❲✐t❤ t❤❡ ❛✐❞ ♦❢ t❤❡ ❢✉♥❝t✐♦♥

gp− : [0, 1] → Lp−([0, 1]) ❣✐✈❡♥ ❜②

gp−(t) := χ[t,1], ❢♦r t ∈ [0, 1]✱

✐t ✐s ♣♦ss✐❜❧❡ t♦ ❣✐✈❡ ❛ ❢✉❧❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡s
⋂

k∈N L
1
(
|(mVp−

)k|
)
❛♥❞

L1(mVp−
) ✭▲❡♠♠❛ ✹✳✷✳✷ ❛♥❞ ▲❡♠♠❛ ✹✳✷✳✸✮✳ ■♥ s✉♠♠❛r②✱ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝♦♥♥❡❝t✐♦♥s

❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t s♣❛❝❡s✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥s✿

Lp−([0, 1]) $ L1([0, 1]) $ L1(mVp−
),

②✐❡❧❞✐♥❣ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢ Vp− ✐s ✐♥❞❡❡❞ str✐❝t❧② ❧❛r❣❡r t❤❛♥ Lp−([0, 1])

✭Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺✮✳ ▼♦r❡♦✈❡r✱ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻ ❡st❛❜❧✐s❤❡❞

✶✷✼



t❤❡ ❡q✉❛❧✐t②

L1(mVp−
) =

⋂

k∈N

L1
(
(mVp−

)k
)
.

❙t✐❧❧ ♦♣❡♥✱ ❤♦✇❡✈❡r✱ ✐s t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r t❤❡ ✐♥❝❧✉s✐♦♥

⋂

k∈N

L1
(
|(mVp−

)k|
)
⊆ L1(mVp−

)

✐s str✐❝t ✭✇❤✐❝❤ ✇♦✉❧❞ ❜❡ t❤❡ r❡s♣❡❝t✐✈❡ r❡s✉❧t t♦ t❤❡ ❝❛s❡ ♦❢ Vr ❞❡✜♥❡❞ ♦♥ t❤❡

❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡s Lr([0, 1])✱ ✇❤❡r❡ 1 < r < ∞✮ ♦r r❡❞✉❝❡s t♦ ❛♥ ❡q✉❛❧✐t②✳

❋✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s t♦♦❦ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ mVp−
❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s

♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImVp−
✳ ❙✐♥❝❡ mVp−

❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❇♦❝❤♥❡r λ✲✐♥t❡❣r❛❧

♦❢ gp− ✭s❡❡ t❤❡ ❞✐s❝✉ss✐♦♥ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✹✳✷✳✶✮ ✐ts ✈❛r✐❛t✐♦♥ ✐s ✜♥✐t❡✳ ❆♥❞ ❛s ✐♥

t❤❡ ❝❛s❡ ♦❢ t❤❡ ❱♦❧t❡rr❛ ♦♣❡r❛t♦r Vr ❞❡✜♥❡❞ ♦♥ t❤❡ ❇❛♥❛❝❤ ❢✉♥❝t✐♦♥ s♣❛❝❡ Lr([0, 1])✱

✇❤❡r❡ 1 < r < ∞✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImVp−
✐s ♥♦t ❝♦♠♣❛❝t ✭Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼✮✳

❘❡❣❛r❞✐♥❣ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r Cp−
g : Lp−(G) → Lp−(G)✱ ✇❤❡r❡ p ∈ (1,∞) ❛♥❞

G ❛ ❝♦♠♣❛❝t ❆❜❡❧✐❛♥ ❣r♦✉♣✱ ✇❡ ♦❜t❛✐♥❡❞ ❛ ❝♦✉♣❧❡ ♦❢ r❡s✉❧ts ✇❤✐❝❤ ❦❡❡♣ ♦♥ t❤❡ ✇❤♦❧❡

t♦ t❤❡ r❡s✉❧ts ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✷✺❪✳ ❙✐♥❝❡ Cp−
g ✐s ❝♦♥t✐♥✉♦✉s ✭Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✮ ❛♥❞

µ✲❞❡t❡r♠✐♥❡❞✱ ❢♦r ❡❛❝❤ g ∈ L1(G)\{0} ✭Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✮✱ ✐t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ t❤❡♦r②

♦❢ ❈❤❛♣t❡r ✸ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ ♦❢ Cp−
g ✐s L1(mCp−

g
) ❛♥❞ ✐ts ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥

✐s t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r Im
C
p−
g

✳ ❆ ✜rst ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ L1(mCp−
g
)

s❤♦✇s t❤❛t

L1(mCp−
g
) =

{
f ∈ L1(G) : (fχA) ∗ g ∈ Lp−(G), ❢♦r ❛❧❧ A ∈ B(G)

}
,

✇❤❡♥❡✈❡r g ∈ L1(G)\{0} s❛t✐s✜❡s g > 0 ✭Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✸✮✳ ❆ ♠♦r❡ ✐♥t❡r❡st✐♥❣

r❡s✉❧t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇❤❡♥ g ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s♠❛❧❧❡r s♣❛❝❡ Lp−(G)✳ ❇② ♠❛❦✐♥❣

✉s❡ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ F p−
g : G → Lp−(G) ❣✐✈❡♥

❜②

F p−
g (y) := g(· − y), ❢♦r y ∈ G

✭Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺✮✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡st❛❜❧✐s❤ s❡✈❡♥ ❡q✉✐✈❛❧❡♥t

❛ss❡rt✐♦♥s ✇❤✐❝❤ ❤♦❧❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g ∈ Lp−(G)\{0} ✭Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✻ ❛♥❞ Pr♦♣♦✲

s✐t✐♦♥ ✹✳✸✳✼✮✳ ❆♠♦♥❣ ♦t❤❡rs ✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉❛❧✐t② L1(mCp−
g
) = L1(G)✳ ❙✐♥❝❡ mCp−

g

❝♦✐♥❝✐❞❡s ✐♥ t❤❛t ❝❛s❡ ✇✐t❤ t❤❡ ❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❧ ♦❢ F p−
g ✐t ❢♦❧❧♦✇s t❤❛t mCp−

g
✐s ♦❢

✜♥✐t❡ ✈❛r✐❛t✐♦♥✳ ❆♥❞ ❧❛st ❜✉t ♥♦t ❧❡❛st✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r Im
C
p−
g

t✉r♥s ♦✉t t♦

❜❡ ❝♦♠♣❛❝t ✐❢ ❛♥❞ ♦♥❧② ✐❢ g ∈ Lp−(G)✳

◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♦♣❡r❛t♦rs ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❈❤❛♣t❡r ✹ r❡♣r❡s❡♥t ♦♥❧② ❛ s♠❛❧❧ ♣❛rt ♦❢

t❤❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❛r❡ ♣♦ss✐❜❧❡ ✇✐t❤ t❤❡ r❡s✉❧ts ❡st❛❜❧✐s❤❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ▼❛♥②

✶✷✽



♠♦r❡ ♦♣❡r❛t♦rs T ❞❡✜♥❡❞ ♦♥ ❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡s ✭♦t❤❡rs t❤❛♥ ♦♥❧② Lp−([0, 1])✱

Lp−(G) ❛♥❞ Lp
❧♦❝
(R)✮ ✇❛✐t t♦ ❜❡ st✉❞✐❡❞✳ Pr♦s♣❡❝t✐✈❡ ✐♥✈❡st✐❣❛t✐♦♥s ✇✐❧❧ ♥♦t ♦♥❧②

❜❡ ✐♥t❡r❡st✐♥❣ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❞♦♠❛✐♥ L1(mT ) ♦❢ t❤♦s❡ ♦♣❡r❛t♦rs ❛♥❞ t❤❡

q✉❡st✐♦♥ ✇❤❡t❤❡r L1(mT ) ✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ t❤❡ ♦r✐❣✐♥❛❧ ❞♦♠❛✐♥✱ ❜✉t ❛❧s♦ ✐♥

✈✐❡✇ ♦❢ t❤❡✐r ♦♣t✐♠❛❧ ❡①t❡♥s✐♦♥✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r ImT
✱ ❛♥❞ ✐ts ♣r♦♣❡rt✐❡s✳

✶✷✾
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❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❏✳ ❇♦♥❡t✱ ❲✳ ❏✳ ❘✐❝❦❡r✿ ❙♣❡❝tr❛❧ ♠❡❛s✉r❡s ✐♥ ❝❧❛ss❡s ♦❢ ❋ré❝❤❡t s♣❛❝❡s✳ ❇✉❧❧❡t✐♥ ❞❡
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❬✾❪ ◆✳ ❉✐♥❝✉❧❡❛♥✉✿ ❱❡❝t♦r ▼❡❛s✉r❡s✳ ❍♦❝❤s❝❤✉❧❜ü❝❤❡r ❢ür ▼❛t❤❡♠❛t✐❦✱ ❱♦❧✳ ✻✹✳ ❉t✳
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❲✐❧❡②✲■♥t❡rs❝✐❡♥❝❡ P✉❜❧✳✱ ◆❡✇ ❨♦r❦ ✭✶✾✻✹✮✳
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❬✶✸❪ ■✳ ▼✳ ●❡❧❢❛♥❞✱ ●✳ ❊✳ ❙❤✐❧♦✈✿ ●❡♥❡r❛❧✐③❡❞ ❋✉♥❝t✐♦♥s✳ ❱♦❧✳ ✷✿ ❙♣❛❝❡s ♦❢ ❋✉♥❞❛♠❡♥✲

t❛❧ ❛♥❞ ●❡♥❡r❛❧✐③❡❞ ❋✉♥❝t✐♦♥s✳ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ◆❡✇ ❨♦r❦ ✭✶✾✻✽✮✳

❬✶✹❪ ❊✳ ❍❡✇✐tt✱ ❑✳ ❆✳ ❘♦ss✿ ❆❜str❛❝t ❍❛r♠♦♥✐❝ ❆♥❛❧②s✐s ■✳ ●r✉♥❞❧❡❤r❡♥ ❞❡r ♠❛t❤❡✲

♠❛t✐s❝❤❡♥ ❲✐ss❡♥s❝❤❛❢t❡♥✱ ❱♦❧✳ ✶✶✺✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥ ✭✶✾✻✸✮✳

❬✶✺❪ ❊✳ ❍❡✇✐tt✱ ❑✳ ❆✳ ❘♦ss✿ ❆❜str❛❝t ❍❛r♠♦♥✐❝ ❆♥❛❧②s✐s ■■✳ ●r✉♥❞❧❡❤r❡♥ ❞❡r ♠❛t❤❡✲

♠❛t✐s❝❤❡♥ ❲✐ss❡♥s❝❤❛❢t❡♥✱ ❱♦❧✳ ✶✺✷✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥ ✭✶✾✼✵✮✳
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▼❡❛s✉r❡ ❆♣♣r♦❛❝❤✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ❱♦❧✳ ✶✼✶✶✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥ ❡t

❛❧✳ ✭✶✾✾✾✮✳

❬✸✵❪ ❲✳ ❘✉❞✐♥✿ ❋♦✉r✐❡r ❆♥❛❧②s✐s ♦♥ ●r♦✉♣s✳ ■♥t❡rs❝✐❡♥❝❡ ❚r❛❝ts ✐♥ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞

▼❛t❤❡♠❛t✐❝s✱ ❱♦❧✳ ✶✷✳ ■♥t❡rs❝✐❡♥❝❡ P✉❜❧✳✱ ◆❡✇ ❨♦r❦ ✭✶✾✻✷✮✳

❬✸✶❪ ❲✳ ❘✉❞✐♥✿ ❘❡❡❧❧❡ ✉♥❞ ❦♦♠♣❧❡①❡ ❆♥❛❧②s✐s✳ ❖❧❞❡♥❜✉r❣✱ ▼ü♥❝❤❡♥✲❲✐❡♥ ✭✶✾✾✾✮✳

❬✸✷❪ ❍✳ ❍✳ ❙❝❤❛❡❢❡r✿ ❚♦♣♦❧♦❣✐❝❛❧ ❱❡❝t♦r ❙♣❛❝❡s✳ ●r❛❞✉❛t❡ ❚❡①ts ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ❱♦❧✳

✸✳ ✷♥❞ ❡❞✐t✐♦♥✳ ❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦ ✭✶✾✾✾✮✳

❬✸✸❪ ❆✳ ❊✳ ❚❛②❧♦r✿ ●❡♥❡r❛❧ ❚❤❡♦r② ♦❢ ❋✉♥❝t✐♦♥s ❛♥❞ ■♥t❡❣r❛t✐♦♥✳ ❇❧❛✐s❞❡❧❧ P✉❜❧✳ ❈♦✳✱

◆❡✇ ❨♦r❦ ✭✶✾✻✺✮✳

❬✸✹❪ ●✳ ❊✳ ❘✳ ❚❤♦♠❛s✿ ■♥t❡❣r❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ✈❛❧✉❡s ✐♥ ❧♦❝❛❧❧② ❝♦♥✈❡① ❙✉s❧✐♥

s♣❛❝❡s✳ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✷✶✷✱ ✻✶✕✽✶ ✭✶✾✼✺✮✳

❬✸✺❪ ❉✳ ❲❡r♥❡r✿ ❋✉♥❦t✐♦♥❛❧❛♥❛❧②s✐s✳ ✻t❤ r❡✈✐s❡❞ ❡❞✐t✐♦♥✳ ❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✲

❍❡✐❞❡❧❜❡r❣✲❇❡r❧✐♥ ✭✷✵✵✼✮✳

❬✸✻❪ ❆✳ ❈✳ ❩❛❛♥❡♥✿ ■♥t❡❣r❛t✐♦♥✳ ✷♥❞ ❡❞✐t✐♦♥✳ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠ ✭✶✾✻✼✮✳

✶✸✸



■♥❞❡①

Bk✱ ✹✶

B◦
k✱ ✹✶

C(G)✱ ✹✾

Cp−
g ✱ ✶✶✷

F p−
g ✱ ✶✶✾

ImT
✱ ✻✾

L1(G)✱ ✹✾

L1(µ)✱ ✶✽

L1(m)✱ ✹✸

L1(mT )✱ ✻✻

L1
w(m)✱ ✹✻

L∞(µ)✱ ✶✽

Lp−([0, 1])✱ ✸✷

Lp(G)✱ ✹✾

Lp(µ)✱ ✶✽

Lp
❧♦❝
(R)✱ ✸✺

M(µ)✱ ✶✼

M(µ)+✱ ✶✼

Mp
g,❧♦❝✱ ✽✻

Mp−
g ✱ ✼✺

Vp−✱ ✾✺

X(µ)✱ ✸✶

X(µ)+✱ ✸✶

X(µ)a✱ ✸✶

X+✱ ✷✼

X∗∗✱ ✶✹

X∗✱ ✶✸

X∗
β✱ ✶✹

XV ✱ ✶✺

Xk✱ ✶✹✱ ✹✵

Ω✱ ✶✺

Πk✱ ✹✵

Σ✱ ✶✺

Σ✲s✐♠♣❧❡ ❢✉♥❝t✐♦♥✱ ✶✻

Ĝ✱ ✺✵

f̂ ✱ ✺✶

T✱ ✺✵

B(X)✱ ✶✺

L1(µ)✱ ✶✽

L1(m)✱ ✹✶

L∞(µ)✱ ✶✽

Lp(µ)✱ ✶✽

M(µ)✱ ✶✼

Mp−✱ ✼✺

Mp
❧♦❝
✱ ✽✻

N (µ)✱ ✶✽

N (m)✱ ✹✸

N0(µ)✱ ✶✻

N0(m)✱ ✹✸

P(X)✱ ✾

U(x)✱ ✶✵

µ✲❛✳❡✳✱ ✶✻

µ✲❞❡t❡r♠✐♥❡❞ ♦♣❡r❛t♦r✱ ✻✼

µ✲✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥✱ ✶✼

µ✲✐♥t❡❣r❛❧✱ ✶✼

µ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✱ ✶✻

µ✲♥✉❧❧ ❢✉♥❝t✐♦♥✱ ✶✽

µ✲♥✉❧❧ s❡t✱ ✶✻

σ✲▲❡❜❡s❣✉❡ t♦♣♦❧♦❣②✱ ✸✶

σ✲❛❞❞✐t✐✈✐t②✱ ✶✻

σ✲❛❧❣❡❜r❛✱ ✶✺

σ✲❛❧❣❡❜r❛✱ ❇♦r❡❧✱ ✶✺

σ✲✜♥✐t❡ ♠❡❛s✉r❡✱ ✶✻

σ✲♦r❞❡r ❝♦♥t✐♥✉♦✉s✱ ✸✶

σ✲♦r❞❡r ❝♦♥t✐♥✉♦✉s ♣❛rt✱ ✸✶

σ(X,X∗)✱ ✶✸
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τ ✱ ✾

τy✱ ✶✶✾

■♠(f)✱ ✶✼

❘❡(f)✱ ✶✼

s✐♠(Σ)✱ ✶✻

M̃(µ)✱ ✷✾

p̃k(m)✱ ✹✶

f+✱ f−✱ ✶✻

m✲❛✳❡✳✱ ✹✸

m✲✐♥t❡❣r❛❜❧❡✱ ✸✾

m✲♥✉❧❧ ❢✉♥❝t✐♦♥✱ ✹✸

m✲♥✉❧❧ s❡t✱ ✹✸

mT ✱ ✻✸

mf ✱ ✹✵

mk✱ ✹✵

pk✲s❡♠✐✲✈❛r✐❛t✐♦♥✱ ✹✶

pk✲✉♣♣❡r ✐♥t❡❣r❛❧✱ ✹✷

pk(m)✱ ✹✸

❆❜❡❧✐❛♥ ❣r♦✉♣✱ ✹✽

❛❜s♦❧✉t❡ ❝♦♥✈❡r❣❡♥❝❡✱ ✶✹

❛❜s♦❧✉t❡❧② ❝♦♥✈❡① s❡t✱ ✶✵

❛❜s♦r❜✐♥❣ s❡t✱ ✶✵

❆r❝❤✐♠❡❞❡❛♥ ✈❡❝t♦r ❧❛tt✐❝❡✱ ✷✼

❜❛❧❛♥❝❡❞ s❡t✱ ✶✵

❇❛♥❛❝❤ ❞✐s❝✱ ✶✺

❜✐❞✉❛❧✱ ✶✹

❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❜❧❡✱ ✹✼

❇♦❝❤♥❡r µ✲✐♥t❡❣r❛❧✱ ✹✼

❇♦r❡❧ σ✲❛❧❣❡❜r❛✱ ✶✺

❜♦✉♥❞❡❞ s❡t✱ ✶✸

❈❛✉❝❤② ♥❡t✱ ✶✶

❈❛✉❝❤② s❡q✉❡♥❝❡✱ ✶✶

❝❤❛r❛❝t❡r✱ ✺✵

❝❤❛r❛❝t❡r ❣r♦✉♣✱ ✺✵

❝❧♦s❡❞ ❣r❛♣❤ t❤❡♦r❡♠✱ ✶✷

❝♦♠♠✉t❛t✐✈❡ ❣r♦✉♣✱ ✹✽

❝♦♠♣❛❝t ♦♣❡r❛t♦r✱ ✶✺

❝♦♠♣❛❝t s❡t✱ ✶✵

❝♦♠♣❧❡t❡ ♠❡❛s✉r❡ s♣❛❝❡✱ ✶✻

❝♦♠♣❧❡t❡♥❡ss✱ ✶✶

❝♦♠♣❧❡t❡♥❡ss✱ s❡q✉❡♥t✐❛❧✱ ✶✶

❝♦♠♣❧❡① ♠❡❛s✉r❡✱ ✷✺

❝♦♥❥✉❣❛t❡ ❡①♣♦♥❡♥t✱ ✶✽

❝♦♥t✐♥✉✐t②✱ ✶✵✱ ✶✷

❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧✱ ✶✸

❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r✱ ✶✵✱ ✶✷

❝♦♥tr♦❧ ♠❡❛s✉r❡✱ ✹✹✱ ✻✽

❝♦♥✈❡r❣❡♥❝❡✱ ✶✶✱ ✶✹

❝♦♥✈❡r❣❡♥❝❡ µ✲❛✳❡✳✱ ✶✾

❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♠❡❛s✉r❡✱ ❧♦❝❛❧✱ ✶✾

❝♦♥✈❡r❣❡♥❝❡✱ ❛❜s♦❧✉t❡✱ ✶✹

❝♦♥✈❡r❣❡♥❝❡✱ s✉❜s❡r✐❡s✱ ✶✹

❝♦♥✈❡r❣❡♥❝❡✱ ✉♥❝♦♥❞✐t✐♦♥❛❧✱ ✶✹

❝♦♥✈❡r❣❡♥❝❡✱ ✇❡❛❦✱ ✶✸

❝♦♥✈❡① s❡t✱ ✶✵

❝♦♥✈♦❧✉t✐♦♥✱ ✺✵

❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r✱ ✶✶✷

❉❛r❜♦✉① ♣r♦♣❡rt②✱ ✷✻

❞✉❛❧ ❣r♦✉♣✱ ✺✶

❞✉❛❧ s♣❛❝❡✱ ✶✸

✜♥✐t❡ ♠❡❛s✉r❡✱ ✶✻

✜♥✐t❡ ✈❛r✐❛t✐♦♥✱ ✹✶

❋♦✉r✐❡r tr❛♥s❢♦r♠✱ ✺✶

❋ré❝❤❡t ❢✉♥❝t✐♦♥ s♣❛❝❡✱ ✷✽

❋ré❝❤❡t s♣❛❝❡✱ ✶✷

❋✉❜✐♥✐✬s ❚❤❡♦r❡♠✱ ✷✹

❢✉♥❝t✐♦♥ s❡♠✐✲♥♦r♠✱ ✷✽

❢✉♥❞❛♠❡♥t❛❧ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥ s❡♠✐✲

♥♦r♠s✱ ✷✽

❢✉♥❞❛♠❡♥t❛❧ s②st❡♠ ♦❢ ♥❡✐❣❤❜♦✉r❤♦♦❞s✱

✶✵

❢✉♥❞❛♠❡♥t❛❧ s②st❡♠ ♦❢ s❡♠✐✲♥♦r♠s✱ ✶✶

❣r♦✉♣✱ ✹✽

❣r♦✉♣✱ ❆❜❡❧✐❛♥✱ ✹✽

❣r♦✉♣✱ ❝❤❛r❛❝t❡r✱ ✺✵

❣r♦✉♣✱ ❝♦♠♠✉t❛t✐✈❡✱ ✹✽
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❣r♦✉♣✱ ❞✉❛❧✱ ✺✶

❣r♦✉♣✱ ❧♦❝❛❧❧② ❝♦♠♣❛❝t✱ ✹✾

❣r♦✉♣✱ t♦♣♦❧♦❣✐❝❛❧✱ ✹✽

❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✶✽

❍❛❛r ✐♥t❡❣r❛❧✱ ✹✾

❍❛❛r ♠❡❛s✉r❡✱ ✹✾

❍❛✉s❞♦r✛ s♣❛❝❡✱ ✶✵✱ ✶✶

✐❞❡❛❧✱ ✷✽

✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧✱ ✹✵

✐♥t❡❣r❛t✐♦♥ ♦♣❡r❛t♦r✱ ✻✾

❥♦✐♥t ❘✐❡s③✲❋✐s❝❤❡r ♣r♦♣❡rt②✱ ✷✾

▲❡❜❡s❣✉❡✬s ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦✲

r❡♠✱ ✷✹

❧♦❝❛❧ ❇❛♥❛❝❤ s♣❛❝❡✱ ✶✹✱ ✹✵

❧♦❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♠❡❛s✉r❡✱ ✶✾

❧♦❝❛❧❧② ❝♦♠♣❛❝t ❣r♦✉♣✱ ✹✾

❧♦❝❛❧❧② ❝♦♠♣❛❝t t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡✱

✶✺

❧♦❝❛❧❧② ❝♦♥✈❡① t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡✱

✶✵

❧♦❝❛❧❧② s♦❧✐❞ ❘✐❡s③ s♣❛❝❡✱ ✷✽

♠❡❛s✉r❛❜❧❡ s♣❛❝❡✱ ✶✺

♠❡❛s✉r❡✱ ✶✻

♠❡❛s✉r❡ s♣❛❝❡✱ ✶✻

♠❡❛s✉r❡ s♣❛❝❡✱ ❝♦♠♣❧❡t❡✱ ✶✻

♠❡❛s✉r❡✱ σ✲✜♥✐t❡✱ ✶✻

♠❡❛s✉r❡✱ ❝♦♠♣❧❡①✱ ✷✺

♠❡❛s✉r❡✱ ❝♦♥tr♦❧✱ ✹✹✱ ✻✽
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It is known that a continuous linear operator T defined on a Banach

function space X(µ) (over a finite measure space (Ω,Σ, µ)) and with

values in a Banach spaceX can be extended to a sort of optimal domain.
Indeed, under certain assumptions on the space X(µ) and the operator

T this optimal domain coincides with L1(mT ), the space of all functions
integrable with respect to the vector measure mT associated with T ,

and the optimal extension of T turns out to be the integration operator

ImT
. In this book the idea is taken up and the corresponding theory is

translated to a larger class of function spaces, namely to Fréchet function

spaces X(µ) (this time over a σ-finite measure space (Ω,Σ, µ)). It is
shown that under similar assumptions on X(µ) and T as in the case of

Banach function spaces the so-called “optimal extension process” also

works for this altered situation. In a further step the newly gained results

are applied to four well-known operators defined on the Fréchet function
spacesLp−([0, 1]) resp.Lp−(G) (whereG is a compact Abelian group) and

L
p

loc(R).
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