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Preface

In 1959 Regge showed that, when discussing solutions of the Schroe-
dinger equation for non-relativistic potential scattering, it is useful to
regard the angular momentum, /, as a complex variable. He proved
that for a wide class of potentials the only singularities of the scattering
amplitude in the complex ! plane were poles, now called ‘Regge poles’.
If these poles occur for positive integer values of I they correspond to
bound states or resonances, and they are also important for determin-
ing certain technical aspects of the dispersion properties of the ampli-
tudes. But it soon became clear that his methods might also be
applicable in high energy elementary particle physics, and it is in fact
here that the theory of the complex angular momentum plane, usually
called ‘Regge theory’ for short, is now most fruitfully employed.

Apart from the leptons (electron, muon and neutrinos) and the
photon, all the very large number of elementary particles which have
been found, baryons and mesons, enjoy the strong interaction (i.e. the
nuclear force which inter alia binds nucleons into nuclei) as well as the
less forceful electromagnetic, weak and gravitational interactions.
Such particles are called ‘hadrons’, from the Greek ddpds meaning
large. Some are stable, but most are highly unstable and decay rapidly
into other hadrons and leptons. They can be classified according to
their various quantum numbers such as baryon number, charge,
strangeness etc., but for a given set of quantum numbers sequences of
particles have been found which differ only in their spin. For example
resonances similar to the rho-meson (which is an unstable particle and
decays into pi-mesons, viz p—nr) occur with spins o = 4%, 2%, 3%, ...,
the mass increasing with the spin.

If one were to try and ‘explain’ such resonances as being like bound
states produced by a potential V(r) acting between the pions (fig.i(a)),
the radial Schroedinger equation would contain an effective potential

(l+1)

r2

Veu(r) = V(r) +
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Fic.i (@) The binding of two pi-mesons to produce an unstable p resonance
which subsequently decays into two pi-mesons again. (b) The exchange of
a trajectory «(f) which gives the high energy behaviour of the scattering
amplitude.

which provides less strong binding as the orbital angular momentum
of the pions, [, is increased, because of the centrifugal barrier term,
I(l+1)r2 So the potential is less effective for high I, which explains
why high-spin resonances have higher masses. In fact one could solve
the equation for arbitrary complex values of I, and the eigenvalues
would vary continuously along a trajectory in the ! plane connecting
the various physical solutions which occur for ! = n# (n integer). Of
course such a non-relativistic model is quite hopeless for high energy
physics, but the basic idea, that sequences of composite particles of
mass m, and spin o; (¢ = 1, 2, 3, ...) will lie on a given Regge trajectory
I = at), where t is the square of the centre-of-mass energy, such that,
for all ¢, a(m?) = o, successfully inter-relates many sets of resonances.
Indeed it is now widely believed that all the hadrons are composite
particles lying on such trajectories, and are not really ‘elementary’
at all.

Also it is well established that the strong-interaction forces are due
to the exchange of particles. This is a generalization of Yukawa’s
hypothesis that the long-range part of the inter-nucleon force is due
to the exchange of pi-mesons. But rather than consider the exchange
of individual particles it is more useful to consider the exchange of
a complete trajectory of particles. Regge theory predicts that the
high energy behaviour of a scattering amplitude A(s,¢) will be

A(s, t) ~ s*®
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(where now s is the square of the centre-of-mass energy, and —¢is the
square of the momentum transferred (fig. i(b)). This is found to hold
in a great variety of processes.

So Regge theory is concerned with the particle spectrum, the forces
between particles, and the high energy behaviour of scattering ampli-
tudes; in fact with almost all aspects of strong interactions. Hence an
understanding of Regge theory has become essential for those who
wish to work on high energy physics, and the aim of this book is to
provide an introduction to the subject.

In the first chapter we discuss the kinematics of scattering processes,
introduce scattering amplitudes, and review their analytic structure
as functions of the energy and momentum transfer. In chapter 2 we
define partial-wave amplitudes for a given /, and show how and why
it is useful to make an analytic continuation in . We explain why
Regge poles in I, which lie on Regge trajectories, correspond to
particles. In chapter 3 we examine the occurrence of Regge poles in
potential scattering, in field theories, and in other models of strong
interactions. Then in chapter 4 we introduce the somewhat more
complicated formalism needed to discuss spin problems, before pre-
senting in chapter 5 evidence for the Regge classification of particles
on trajectories. Chapter 6 is devoted to a discussion of Regge pole
predictions for the high energy behaviour of scattering amplitudes,
while in chapter 7 we explore the hypothesis that there exists a
‘duality’ between resonance poles and Regge-trajectory exchanges.
Chapter 8 is concerned with the more complicated effects of Regge
cuts, singularities in the angular-momentum plane associated with
the simultaneous exchange of two or more Regge trajectories. Then in
chapter 9 we look at Regge-theory predictions for the behaviour of
many-particle scattering processes, and in chapter 10, those for
‘inclusive’ reactions in which only a few of the final-state particles
are actually detected. This is a field which has provided abundant
evidence for the success of Regge theory in recent years. In chapter 11
we examine various models for the behaviour of high energy cross-
sections, and the self-consistency of strong interactions under the
hypothesis that Regge exchanges provide the binding forces between
particles which in their turn generate Regge trajectories: the so-called
‘bootstrap’ mechanism. The final chapter is devoted to a rather brief
discussion of the implications of Regge theory for electromagnetic
and weak interactions. There are also mathematical appendices on
Legendre functions and rotation functions.



xii PREFACE

The book is intended mainly for those who are just starting to
concern themselves with elementary-particle physics, and as far as
possible only a good background of undergraduate physics is assumed;
that is, quantum theory and especially scattering theory to the level
of, say, Schiff’s Quantum mechanics (1968), special relativity, and the
basic concepts of elementary-particle physics such as resonance
scattering and isotopic spin (as in, for example, Bransden, Evans and
Major (1973)). Also a knowledge of complex-variable theory and the
special functions of mathematical physics is required. But in places
some of the ideas of quantum field theory (mainly Feynman diagrams)
are employed with only the briefest introduction, and the beginner
will either have to accept what is said or consult the reference texts.
Similarly a more detailed treatment of the Lie groups SU(2) and
SU(3) than we have space for here is desirable. But it is hoped that
those who read this book in conjunction with some of the references
will not experience too many difficulties. They are strongly advised
to skip the most difficult parts at a first reading, and refer back when
necessary. (To assist this I have marked with a * sections which might
be omitted.) It is also hoped that more experienced research workers
may find here a useful compendium of the basic ideas and results of
Regge theory.

When writing a book on a subject which is developing so fast it is
always hard to guess which aspects will stand the test of time, and
which will be found wanting. In the early 1960s it seemed to some
people that the whole of Regge theory might fall into the latter
category, but now many features seem securely established, and T have
tried to concentrate on these, with only occasional excursions to
glimpse what is happening near the rapidly moving frontier. The
greatest consolidation has been possible with those aspects of the
theory which directly pertain to experiment, and so I have included
a good deal of ‘Regge phenomenology’, especially in chapters 5-10,
but I have tried not to overlook completely the various hints which
Regge theory provides as to the long-sought fundamental theory of
strong interactions.

I have not attempted to give complete references to the voluminous
literature on the subject. Indeed, except for a few of the historically
most important papers, I have not referred much to the original
literature on the early developments, but such references can readily
be found in the various books and review articles which are mentioned.
With more recent material I have attempted to give a wider selection
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of useful references, but only to illustrate the text and certainly not to
apportion credit for particular discoveries. I can only apologize to
those whose work has been overlooked or inadequately represented.

This book owes much to an earlier work on Regge poles which
Professor E. J. Squires and I wrote some years ago (Collins and Squires
1968) and to a review article (Collins 1971), as well as various lecture
courses I have given at Durham and elsewhere. But, while I have not
changed the presentation just for the sake of it, I have tried to think
afresh as to the best way of introducing the subject, stealing ideas
from the many excellent review articles and lecture notes which are
now available. Also I have tried to simplify as much as possible.

In conclusion I would like to express my indebtedness and gratitude
to many people; to Professor G. F. Chew who first introduced me to this
subject; to Professor E. J. Squires from whom I have learned many of
its intricacies; to my colleagues in Durham who provide a stimulating
environment for the study of elementary-particle theory, and much
else; to Professor J. C. Polkinghorne, F.R.S. who induced me to write
this book; to Professor E. J. Squires, Professor J. C. Polkinghorne,
Dr A. D. Martin and Dr W. J. Zakrzewski for many useful comments
on the text; to Mr T. D. B. Wilkie and Mr A. D. M. Wright for much
help with correcting and improving it; to Margaret and Andrew for
providing the rest frame which made it possible; and to Mrs Diana
Philpot who has coped wonderfully with a very difficult typescript.

Physics Department, University of Durham P.D.B.COLLINS
Awugust, 1975






1
The scattering matrix

1.1 Introduction

In a typical scattering experiment, performed at an accelerator
laboratory, a particle from the accelerated beam strikes another
particle in the target material (usually a proton) and the result may
be the production of several different types of particles, travelling in
various directions, as in fig. 1.1. Thus, before the interaction, we have
an initial state i) composed of two free particles (beam and target),
and when the interaction is over, a final state |f) consisting often of
many particles. A complete quantum-mechanical theory of the scatter-
ing process, if it existed, would allow us to deduce the probability of
achieving any particular final state from the given initial state.

We define the scattering operator, S, such that its matrix elements
between the initial and final states (f]S]¢), give us the probability
P, that | f) will be the final state resulting from |}, i.e.

B = (A8 = IS H<S18]6) (1.1.1)

where S' is the Hermitian adjoint of S. A knowledge of the full
scattering matrix (or S-matrix for short) containing the matrix ele-
ments connecting any conceivable initial state to any conceivable
final state would clearly constitute a complete description of all
possible particle interactions, which is, of course, our ultimate goal.

Unfortunately, there is as yet no fundamental theory for the strong
interactions of elementary particles, so it is not possible to present the
subject deductively, but we shall try in this chapter to explain briefly
the assumptions on which we will be relying for our subsequent
development of Regge theory, i.e. the general principles such as
analyticity and crossing, which, though not rigorously verified, have
stood the test of time, and will form the basis for our discussion.
We shall try to make them plausible by showing how they are in-
corporated both in non-relativistic potential scattering and quantum
field theories, which therefore provide useful sources of intuition.

In a field theory like quantum electrodynamics, these S-matrix ele-

[1]



2 THE SCATTERING MATRIX

Fia. 1.1 A scattering process with two particles in the initial state
and = in the final state.

ments can be deduced, at least in principle, from the basic Lagrangian
describing the interactions of the fundamental particles. But for strong
interactions there are many problems with this sort of approach, such
as the failure of re-normalization methods and the lack of convergence
of the perturbation series. However, the S-matrix elements themselves
are always evaluated between the so-called asymptotic states at times
t = +00; or, more accurately, the initial state a long time before
the interaction commences, and the final state a long time after-
wards (i.e. long compared with the duration of the interaction,
typically ~ 10~2%2s). What goes on during the interaction is clearly
not directly observable. It is thus certainly very useful, and some (see
for example Chew (1962)) would claim more in accord with the
philosophy of quantum mechanics, to try to develop a theory for the
S-matrix directly. Others still feel that one should start from the
interactions of quantized fields, and that our goal should be to obtain
for strong interactions something akin to quantum electrodynamics
(see for example Bjorken and Drell (1965) for a review of this subject).
We are still so far from a complete theory that such disputes seem
premature. Here we shall adopt mainly an S-matrix viewpoint, chiefly
because in working with S-matrix elements one is concerned with
(almost) directly measurable quantities, and so the S-matrix provides
an excellent vantage point from which to survey the confrontation of
theoretical speculation with experimental fact.

In the following sections we introduce the basic ideas of S-matrix
theory, the unitarity equations and the analyticity properties of
scattering amplitudes. We show how these analyticity assumptions
allow one to write dispersion relations for the scattering amplitudes,
and discuss the ambiguities which such dispersion relations frequently
possess because they involve divergent integrals. We also briefly con-
sider Feynman perturbation field theory and Yukawa potential-
scattering models, and show how they incorporate many of these
features. This will set the stage for the introduction of Regge theory
in the next chapter.
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We shall employ the usual units for particle physies, in which the
velocity of light, ¢, and Planck’s constant, %, are both set equal to
unity. Energies, momenta and masses are all expressed in electron
volts, or more conveniently in GeV = 10%eV. This unit can be con-
verted into a time or length using

fi=6.58x10"2GeVs
fic = 1.97x 108 GeVm
A convenient alternative unit of length is the fermi

10

1fm=101%m = — o
fm = 1070 m = ;s

R 5GeV-1
Cross-sections are usually measured in millibarns; 1 mb = 10-3'm?
which may be converted into GeV units using

GeV—2 = 0.389 mb.

1.2 The S~-matrix

S-matrix theory starts from the following basic assumptions.

Postulate (1)

Free particle states, containing any number of particles, satisfy the
superposition principle of quantum mechanics, so that if |¢,) and
|4> are physical states so is [,) = a|,)+b|ys) where @ and b
are arbitrary complex numbers. (There are in fact superselection rules
such as charge and baryon-number conservation which violate this
rule but they will not trouble us here; see Martin and Spearman (1970).)

Postulate (1)

Strong interaction forces are of short range. We know from nuclear
physics that the strong interaction is not felt at distances greater than
a few times 10~*m (a few pion Compton wavelengths). This means
that we can regard the particles as free (i.e. non-interacting) except
when they are very close together, and so the asymptotic states, before
and after an experiment is performed, consist of just free particles.
(We regard a bound state such as the deuteron as a single particle.)
Clearly this is only justified if we neglect long-range forces such as
electromagnetism and gravitation. In fact, they cannot be incor-
porated into the S-matrix framework without considerable difficulty



4 THE SCATTERING MATRIX

and we shall mainly ignore these weaker interactions and suppose
ourselves to be dealing with an idealized world where they have been
‘switched off’.

To define completely a single free-particle state we must first specify
all its internal quantum numbers, i.e. its charge ¢, baryon number B,
isospin I, strangeness 8, parity P (and for a non-strange meson the
G-parity G, and charge conjugation C,), and its spin o (where the
eigenvalue of 62 is [o(0 + 1)]). (The classification of particles in terms
of these quantum numbers is discussed in chapter 5.) We denote these
quantum numbers collectively by the ‘particle type’ 7". We must also
specify the component of its spin along a chosen quantization axis,
say, 05, and its mass m, energy &, and momentum p, in some chosen
Lorentz frame.

Postulate (it1)

The scattering process, and hence the S-matrix, is invariant under
Lorentz transformations. It is thus convenient to regard £ = p, as
the time component of a relativistic four-vector whose space com-
ponents are p,, p, and p,, i.e.

p,=PoP) £=0,1,2,3 (1.2.1)

Since we are always concerned with free particles for which the total
energy is given by B = pPc +mict (1.2.2)
where m is the particle’s rest mass, and as we work in units where
¢ = 1, the four-momentum satisfies the ‘mass-shell’ constraint

2 ppt =p*=p§—p* = E*—p* =m? (1.2.3)
»

so only three of its four components are independent once the mass is
given.

In this book we shall adopt the commonly used convention that the
spin quantization axis will be the direction of motion of the particle
in the chosen frame of reference. The component of the spin along this
axis is called the helicity, A, and is defined by

G'p
A= (1.2.4)
p|
Clearly A can take any of the 20+ 1 possible values, o, 0 — 1, ..., —0.

Thus a single-particle state is denoted by
|7, A,p,> = |P) (1.2.5)



THE S-MATRIX 5

and such states are irreducible representations of the Lorentz group
(for proof see for example Martin and Spearman (1970)).

Obviously states corresponding to different momenta, different
intrinsic quantum numbers, or different helicities must be orthogonal
to each other, so their scalar products take the form

<P’IP> = <T/,/\',p;‘lT, A’p/) = Nd‘a(P' _P)é\T’T 8/\’/\ (1'2-6)
where 03(p’ — p) is a short-hand notation for
8(p1— 1) 8(p2— P2) 8(p5— o),

and N is a normalization factor.

We want to normalize our state vectors in a Lorentz invariant
manner. The normalization of the state will tell us the number of
particles in a given phase-space volume element d3p about the vector
P, but this is clearly not a Lorentz invariant quantity because
the size of such a volume element d3®p is not invariant. However,
the volume element d%pd(p?—m?) is manifestly invariant, while the
d-function ensures that the mass-shell constraint (1.2.3) is obeyed.
In fact, it can be re-expressed as

dépd(p? —m?) = (21%:9(?0) (1.2.7)

because, with the usual rules for manipulating the Dirac d-function, i.e.
dax) = 1]a d(x)
we find

O(p? ~m) = 3(p— pt=m) = 5 O[pe— (Pt )]

—5117()8[pO+J(p2+m2)] (1.2.8)

and we shall always restrict our integrations to positive p, only.
Hence it is convenient to choose &N in (1.2.6) such that

(P'|P) = (2m)*2pa8%(p" — P) 8- (1.2.9)
The factor (2)3 is purely a matter of convention, but the presence of
P, ensures, through (1.2.7), that our normalization remains invariant
under Lorentz transformations.

A state consisting of n free particles may be written as a direct
product of single particle states

ITls/\l’pl; T2’ /\2”1’2? eers Tm An’pn)
=|P...P) = |P)®|PY® ... ®|P,) (1.2.10)
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and has the normalization, from (1.2.9),
n
(Py..PL|P ... Py = .Hl (2m)2 2po; 6%(P; — P3) Oy, Oagay Ovm (1.2.11)
is

Postulate (iv)

The scattering matrix is unitary. This follows if the free particle
states |m), m = 1,2, ... constitute a complete orthonormal set of basis
states satisfying the completeness relation

T |myim| =1 (1.2.12)

since starting from any given state |¢) the probability that there will
be some final state must be unity. So from (1.1.1)

5 By = Z|(m| S| = S(6| 8" |my <] S |4)
= (| 88 iy = 1 (1.2.13)
and as this must be true for any state |i) we have

8t§ =1=88t (1.2.14)
8o § is a unitary matrix.
For our many-particle states with normalization (1.2.11) the com-
pleteness relation (1.2.12) reads

© m dap

I (2n)—3f2 HP...PY{P...B,| =1 (1.2.15)
m=1i=1 & Ty Dos

since the summation must run over all possible numbers, types and

helicities of particles, as well as over all their possible momenta. So

in terms of these states the unitarity relation (1.2.13) becomes

<] m

3q.
5 3 3 e (G P 810

m=1i=1 A¢ T
(@ @] St |Pr... PY= (Py...PL|P,... B (1.2.16)

where @; = {7}, A;, q,.} is used to label the intermediate-state particles
with four-momenta g,.. Note that in these equations we have treated
the particles as non-identical as we shall continue to do below. For
identical particles one must sum over the n! ways of pairing the
momenta in (1.2.11), and correspondingly (n!)~! appears in the com-
pleteness relation (1.2.15), and hence in (1.2.16).

This unitarity equation (1.2.16) is of fundamental importance in
determining the nature of the S-matrix. However, it is also rather
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complicated, and it becomes much easier to understand, and to
utilize, if we represent it diagrammatically in terms of ‘bubble
diagrams’. (A more complete account of this subject will be found in
Eden et al. (1966).)

1.3 Bubble diagrams and scattering amplitudes

The summation over different types of particles and their different
helicities in (1.2.16) adds unnecessarily to the notational complexity
of the equation. For the rest of this chapter we shall only be concerned
with the momentum-space properties of the S-matrix, so we shall
cease to refer to T and A, and write all our equations as though there
existed only a single type of particle of zero spin. Thus an n-particle
state will be written as just |p, ... p,). Each integration over a momen-
tum should therefore be regarded as implying also a summation over
all the different types of particles which can contribute, given the
restrictions required by quantum number conservation, and over all
the 207+ 1 possible helicities available to a particle of spin o;.

We denote each S-matrix element representing a scattering process
by a ‘bubble’ with lines corresponding to the incoming and outgoing
particles, viz. .

’ ’ 1
Py Pl S|Py Pa) =, == (1.3.1)

P

and GRS SESE == (1.3.2)

The intermediate states appearing in a unitarity equation such as
(1.2.16) are denoted by

m 3.
I (2,,)-39& = == (1.3.3)

i=1 2q0i —m

the bars on the ends indicating that such lines must be attached to
bubbles. The overlap between states (1.2.11) is written

’ ’ 1
(P Do|P1 - Pn) = n %O (1.3.4)

Because of Lorentz invariance (postulate (iii)) we know that energy
and momentum are conserved in a scattering process, and hence an
S-matrix element such as (1.3.1) vanishes unless

n

w
.Elp,,,,. = -Elp;“" u=01,23 (1.3.5)
= i=
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This implies that for example in (1.2.16) only intermediate states with
m 2 n 2

( > mi) < ( > pi) contribute to the sum. The equality occurs at
i=1 i=1

the threshold energy for the process |p;, ... p,>—> gy ... ¢y

Thus suppose we have, as will always be the case in practice, a two-
particle initial state, and suppose that for simplicity we take all the
hadrons to have the same mass, m. (This would mean of course that
they were all stable as they would have no state of lower mass into
which to decay.) Then for (2m)? < (p, +p,)? < (3m)?, i.e. above the
two-particle threshold but below that for three particles, only a two-
particle intermediate state, and only a two-particle final state, can
occur in the unitarity equation (1.2.16) which becomes

d3 1 r 1 r
zqi <P1P2[ S [%%) <Q1Q2| N |P1P2> = @1?2’2’12’2)
(1.3.6)

e

and with the above rules it may be rewritten as

21 @ V21

‘:@:@; - T (1.3.7)

s 92 F 29
But if the energy of the initial state is increased, so
(Bm)* < (Zp)?* < (4m)?,
i

two- or three-particle states are possible for the initial state (in
principle) and for the intermediate and final states (in practice), so
(1.2.16) gives us the set of unitarity equations.

The generalization to higher energies where even more particles can
occur should be obvious.

The finite range of the strong interaction force (postulate (ii))
permits a further development of these equations. For example, the
S-matrix element with two particles in both the initial and final states

(1.3.8)

Il -
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can be decomposed as follows:

G - +« (L (1.3.9)
= {P1 P2|P1s P2 + (P2 2|8, | D1 P2

Here the first term applies if the two particles never get close enough
to interact, while the second, the so-called ‘connected part’, repre-
sents the interaction of the two particles. (The + sign is used for the
connected part of § for reasons which will become apparent below.)
These are quite distinet because in the first term each particle has the
same energy and momentum in the final state as it had in the initial
state, while with the second term only the total energy and total
momentum of the two particles need be conserved. Putting in the
conservation §-functions of (1.2.11) and four-momentum conservation

for 5 explicitly, (1.3.9) gives

(5T = (2mP4py P (P — P1) 0%(pi— o)
+1(2m)2 0%py +py—p1—P3) (D1 22| 4 [P 7o) (1.3.10)
The factor i(27)* is included to give a conventional normalization to
the 4-matrix or ‘scattering amplitude’ representing (.

On the other hand the 2 - 3 S-matrix element is only possible if the
two particles actually scatter, so

:GE z@g 1(2m)* 04(py + Py~ D1 — D2 — D3)

x{P1p:p3| A+ |p1ps)  (1.3.11)

If there are more external lines there may be more disconnected parts,

thus
(1.3.12)

For §* we write correspondingly

Y - T o en O (1:3.13)

{ : ) = 1(2m)* 04 py+ p,— 1 — 1) (P1ps| A |pypyy  (1.3.14)

the minus signs again being conventional.
This disconnectedness property allows a considerable further
simplification of the unitarity equations. Thus, on substituting

where
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(1.3.9) and (1.3.13), (1.3.7) becomes

s =~ D -——=

(1.3.15)

which, on multiplying out and cancelling identical terms, gives the
two-particle unitarity equation

, ritq
MO S OO MO I (EXD
2 Py P P, Py P e
P—q

Similarly above the three-particle threshold the first equation of
(1.3.8) gives

HONENOEENONONENO=OMy 2y

In such equations the §-functions of overall energy and momentum
conservation are of course the same for each term, and so may be
cancelled, along with various factors of i, 27 etc. (our conventions
have been designed to assist this) and we end up with the following
simpler set of rules for the diagrams:

17

1
For each connected bubble E = (=1 A%(py...pn; P1 - D)

n

(1.3.18)
For each internal line | _ 2 | = — 2711 §(¢%2 — m?) (1.3.19)
4
i
= | qs
For each closed loop = (271)4fd q  (1.3.20)

/

where ¢ is the free four-momentum (remembering momentum con-
servation at each vertex —see for example (1.3.16)). Thus for example
(1.3.16) becomes

’ ’ — ’ ’ —i .
APy, o P1 P2) — A™(P1, P, P1 P2) = Wfd“q(—%l)z

X 0((p1+ )2 —m®) 8((py — q)2 —m?) A+ (py, Poy Py + 4, P2 — q)
x A~(p1+4,P,— ¢, p1,p3) (1.3.21)

These unitarity equations greatly restrict the form of the scattering
amplitude, as we shall see.
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1.4 The analyticity properties of scattering amplitudes

We have so far written the scattering amplitudes, A*(p, ... p,; P1-.. 0,7
as arbitrary functions of the four-momenta of the particles involved.
However, Lorentz invariance implies that 4 must be a Lorentz scalar,
and hence may be written as a function of Lorentz scalars only. As
long as we are neglecting spin this means that 4 is a function only of
scalar products of the momenta.

Thus for the four-line process 1+2->3+4 the amplitude
A(py, Pa; D3, Dy) Will be a function of Lorentz scalars such as (p, + p,)?,
(P, +23)%, (D1 + Py +p3)% ete. (Remember p? = mZ, ¢ = 1, ..., 4, are not
variables.) However, not all these are independent quantities, since,
for example (p; +7p,)* = (p3+7p,)? by four-momentum conservation.
In general for an =-line process there are 4n variables (the com-
ponents of the n four-vectors), but » mass-shell constraints of the
form p? = mZ, 4 constraints for overall energy and momentum con-
servation, and 6 constraints for rotational invariance in the four-
dimensional Minkowski space, leaving us with 3% — 10 independent
variables. Thus, if we regard a single particle propagator as a ‘scatter-

. 2
ing process’ 12, ;—-@—)— ,we haven = 2sothere are — 4 degrees

of freedom, i.e. the 4 constraints p,, = p,,, # = 0, 1,2, 3. For the more
realistic process 1 +2->3+ 4, n = 4, and so there are two independent
variables, while 1+2 —>3+4+5 depends on 5 variables, and so on.
We denote these variables by the Lorentz invariants

s’ijk e = ( ipz ip] ipk “es )2-
But what sort of function of these invariants is .4 ? This brings us
to the next postulate of S-matrix theory.

Postulate (v): Maximal analyticity of the first kind

The scattering amplitudes are the real boundary values of analytic
functions of the invariants s ... regarded as complex variables, with
only such singularities as are demanded by the unitarity equations.
Thus although obviously only real values of the s ... make physical
sense we are going to treat them as complex variables, and suppose
that the amplitudes are analytic functions of the s;;, so that we can
obtain the physical scattering amplitude by taking the limit s —real.
A simple understanding of why the amplitudes may plausibly be
expected to have such analyticity properties can be obtained from

the following argument. Consider the scattering of a wave packet
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travelling initially along the z axis with velocity v,

1 o]
— _ —iw(t—zv)
¢lin (Z, t) (277,)% ® dw¢(w)e v (14.1)
where w is the energy (# = 1), and, taking the Fourier inverse,
1 o]
= —— iwt

To make physical sense this integral must converge for real @, but it
defines ¢(w) for all complex values of w. If the wave packet does not
reach z = 0 until £ = 0 then ¥(0,¢) = 0 for t < 0 s0

$(w) = (-2—7# f: di (0, ¢) et (1.4.3)

This means that ¢(w) is an analytic function of w regular in the upper-
half plane (i.e. for Im {w} > 0) since in this region the integral (1.4.3)
must certainly converge (because it exists for real w, and we get even
better convergence from e~ for Im {w} > 0). Similarly for the

scattered wave we have
1 1«
— - —lw(t—r/v)

Voult ) = Gy | dod()gw)eem  (Lad)
where, by definition, 4(w) is the scattering amplitude for scattering
at a given energy (see for example Schiff (1968)). If the scattering
process is causal the scattered wave cannot have reached a distance

from the scattering centre until time ¢ = 7/v has elapsed so
Vou(r,t) =0 for t<rfy,

which from the Fourier inverse of (1.4.4), with repetition of the argu-
ment (1.4.1) to (1.4.3), implies that 4(w) is also an analytic function
of w in the upper-half plane.

The difficulty with an argument such as this is of course that it
assumes that it makes sense to talk about the precise distribution of
the wave packet in time despite the fact that we are also assuming that
the energy is known with precision, so it is not obvious how far this
concept of microscopic causality makes sense. Clearly, no quantum-
mechanical measurement could establish what the time distribution of
a wave packet is, even in principle. However, we shall see below that
we only seem to require micro-causality in the classical limit.

Attempts have been made to deduce the analyticity properties (and
singularities) of scattering amplitudes from axiomatic field theory
(see for example Goldberger and Watson (1964)), and axiomatic
S-matrix theory (see Eden ef al. 1966), but there are many difficulties
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in discovering how to continue round the various singularities. Only
for physical-region singularities is the situation reasonably clear
(Bloxam, Olive and Polkinghorne 1969). If the scattering amplitude
can be written as a perturbation series (a sum of Feynman diagrams)
the analyticity properties of the individual terms in the series can be
found (at least for the lower orders), but of course we are concerned
with strong interactions where such a perturbation series is not
expected to converge. However, since S-matrix theory and perturba-
tion theory seem to possess similar singularity structures it is often
useful to employ Feynman-diagram models (see section 1.12). Here
we shall simply assume that the singularity structure which can be
deduced heuristically from the S-matrix postulates is in fact correct.

1.5 The singularity structure
The most important type of singularity which can be identified in the
unitarity equations is a simple pole which corresponds to the exchange
of a physical particle. The occurrence of such poles can be deduced
from the 3 -3 unitarity equations (1.3.8), for example, in which we
find the term

A!

1 - 5~ AF(—2mid(g3—m3) A7, ¢;=p,+Ds—Ds
2 8 =Py+ps—p; (1.5.1)

A

The §-function occurs because of course it is only precisely when
(py+p3—p)° = m? that particle 7 can be exchanged between the
bubbles. Now since

1
— = + 7 (g2 — m?
gomizie L gomyt oG

(where P = principal part), the amplitudes =XEZE must contain pole
contributions of the form

4,
G-—mit+ie?’
4,
4q

f ~ 1 _
and = Al WAZ (1.5.2)
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so that =X{¥= — == contains the J-function of (1.5.1) in the limit
€— 0. This result is not unexpected because in perturbation theory
the Feynman propagator for a spinless particle takes the form of a pole
(q2 —m32 +ie)~! (see section 1.12 below). Also, we are familiar in nuclear
physics with unstable particles (or resonances) which give rise to
amplitudes of the Breit—Wigner form ~ (g% —m32+im;I;))~t where I';
is the width of the resonance, giving a complex pole at ¢ = m2 —im, I';.

The additional feature which we can observe in (1.5.2) is that the
residue of the pole at g2 = m? can be ‘factorized’ into the amplitudes
for the two separate scatterings involving particle ¢, viz. 1 +1—>445
and 2+ 3—1¢+ 6. It is sometimes said that this factorization is a con-
sequence of unitarity, but really it stems from the disconnectedness
postulate (ii) since (1.5.2) can represent successive scattering processes
which are completely independent of each other and occurring at two
well separated places (> 1fm).

We thus find that the exchange of a particle gives a pole in ¢2 in the
S-matrix; and vice versa the presence of a pole in ¢? indicates the
presence of a particle, stable if it occurs for real ¢2, unstable if it occurs
for complex ¢2, as in the Breit~Wigner formula.

The next-simplest singularity is due to the exchange of two particles,
as in (1.3.21). This gives rise to a branch point at the threshold
(9, +22)% = (2m)2. Transforming the integration variable ¢—¢—p, we
get

At—A4- = E#fdwa(qz—mz) 0((py+py—q)—m?) ATA- (1.5.3)

In the centre-of-mass system p, = (g, p) and p, = (pgq, — P), 50

(P1+D2) = (Dor +Po2: 0) = (4/5,0) (1.5.4)
where we have defined /s to be the total energy in the centre-of-mass
system. Putting ¢ = (gy, q), the argument of the second §-function in
(1.5.3) becomes

(P +Py—q)2—m? = 5—2(J8) o+ q*—m? = s—2(Js)q, (1.5.5)
since the first §-function gives ¢ = m?. So

Ardm= (2;7r)2fd4q 8(q% —m?) (s — 2(y/s) gp) A+ A~

- G ) 0P e a = m?) S5 —go) 474

(27r 22Jsfd3q8 1s—|q|2—m?) A+4- (1.5.6)
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Putting d3¢ = } f lq| d|q|*d €2, where AR is the element of solid angle
associated with the direction of g, this gives

A+ —A4- = ‘/(ilfdfmu— (1.5.7)

Below the threshold the unitarity equation can be extended to read

G- (=0 or 4*—4-=0  (1.58)

so A* and A~ can be regarded as the same function A(sztie,...)
analytically continued above or below the two-particle threshold at
8 = (py+ps)? = 4m? where there is a branch point, the discontinuity
across the square-root branch cut being given by (1.5.7) (see fig. 1.2).
The physical amplitude is of course to be evaluated with s real, but we
have a choice of approaching the real axis from above or below. We
choose (by convention) the + ie prescription for A+ to the effect that

Physical A*(s,...) = 1iII(1)A+(8+i6, ) (1.5.9)
and draw the branch cut along the real s-axis as shown in fig. 1.2.
The sheet of the s plane exhibited in fig. 1.2 is called the ‘physical
sheet’.

Since 4 is real below threshold it is clear from the Schwarz reflection
principle (Titchmarsh 1939) that A(s*,...) = A*(s,...), and that 4—is
just the complex conjugate of 4+, and so

Physical A—(s,...) = lim A(s—ig, ...) (1.5.10)
e—>0
An amplitude satisfying this reflection relation is said to be ‘ Hermitian
analytic’, or ‘real analytic’.

These results may be generalized to give us the discontinuity across
the branch cut associated with an arbitrary number of particles, 1 up
to n, in the intermediate state (fig. 1.3) which according to Cutkosky
(1960, 1961) is

Disc{d} = f I ld k’

H[ 2mid(g2—m3)] AT 45 (1.5.11)

where the integration is over the » — 1 independent loops ! which are
formed by the n intermediate lines. Since

1 1
- = 1.5.12
g2-mitie P qi— mf mié (g —m3) ( )
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sz

(m + M, —-il[2)?

M-iM,T

Fia. 1.2 Singularities of the scattering amplitude in the complex s plane,
showing the pole at s = m?, the threshold branch points at § = 4m2, 9m?, ...,
a resonance pole at 8§ = M?—iM_ I"on the unphysical sheet reached through the
branch cut, and the m + M, threshold branch cut. The physical value for 4+ is
obtained by approaching the real axis from above, as shown by the arrow.

Fie. 1.3 The discontinuity across an n-particle intermediate state.

(where P = principal part) it proves possible to rewrite (1.5.11) as

lid*k » 1
(27T i=1 (q%'—mf)

This is in fact the same as the discontinuity obtained using Feynman
propagators for the intermediate-state particles (see section 1.12
below).

The singularities of integrals like (1.5.13) have been investigated in
detail (see Eden ef al. 1966) and their positions are given by the Landau
rules (Landau (1959); see section 1.12 below):

Disc{4} = Dlscf I1 AfAd;  (1.5.13)

(i) gg=miforalli=1,..,n; (1.5.14)
(i) X a;q; = 0for some constants «;, the summation going right
loop 1

round each closed loop, and «; #+ 0 for any ¢ in the loop.

It is thus possible to identify all the singularities of an amplitude by
drawing all the (infinite number of) different intermediate states com-
posed of all the various particles in the theory which can take us from
the initial state to the final state. We shall consider some further
examples below. The positions and discontinuities across the cuts are
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all calculable (in principle) from these Landau and Cutkosky rules
once we know the particle poles.

These singularities include the poles on the real axis due to the
stable particles, and branch points also on the real axis due to the
various stable-particle thresholds. We have also noted that an unstable
particle or resonance gives rise to a pole below the real axis at
g% = m3—im,I"; where I is its decay width. Since the real part of the
resonance mass must obviously be greater than the threshold energy of
the channel into which the particle can decay, this pole will not be
on the physical sheet, but on the sheet reached by going down through
the threshold branch point. Branch cuts involving such particles will
also be off the physical sheet (see fig. 1.2).

We have mentioned that these singularities are supposed to stem
from causality. Coleman and Norton (1965) have shown that in the
physical region the Landau equations (1.5.14) correspond to the
kinematic conditions for the event represented by the given diagram
to occur classically. That is to say, if we regard each internal propaga-
tor as representing a pointlike particle having momentum g;, then the
vertices where the particle is emitted and absorbed can be regarded as
having a space-time separation

4; = gy
where ¢, is the proper time elapsing between emission and absorption.

If «; = 0 these two points are coincident. For it to be possible for a

particle to pass round a closed loop we clearlyneed ¥, 4, = 0 whichis
loop

just (1.5.14) (ii). And (1.5.14) (i) is just the mass-shell condition for the
four-momentum. Hence a physical region singularity occursonly when
the relevant Feynman diagram can represent a real physical process
for pointlike, classical relativistic particles. Micro-causality thus seems
to be needed in S-matrix theory only in the correspondence-principle
limit when quantum mechanics approaches classical mechanics.

1.6 Crossing

A very important result of the above analyticity property is a relation
it implies between otherwise quite separate scattering processes. This
relation is known as ‘crossing’.

If we consider the amplitude for 1 +2-—>38+4+5 it is intuitively
rather obvious that it will have the same set of singularities as the
amplitude for 1 +2+5->3 +4, where 5 is the anti-particle of 5, since
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all we have to do is reverse the direction of the line corresponding to
particle 5, i.e. we cross it over, viz.
1 3
SOE QW
The intermediate states in these two bubbles will be exactly similar.
Tt is clear that 5 has to be the anti-particle of 5 because it must have
the opposite sign for all the additive quantum numbers if both
processes are to be possible. Of course these two processes occur for
different regions of the variables since the first requires (inter alia)
812 = A/834+mswhilethesecond needs. /sy, > /8,5 +mz. However,since
the two amplitudes have the same singularities it should, in principle,

be possible to obtain one from the other by analytic continuation.
Furthermore, if we rotate all the legs
1
Q= =N
we get back to the same region of the variables, and so the amplitudes
for1+2>38+4+5and3+4+5—1+2 should be identical. This is an
example of TCP invariance since it requires that the S-matrix be
unchanged by the combined operations of time reversal 7', charge
conjugation C, and parity inversion P (which is obviously what we
need to get the anti-particles going backwards in space and time).
Unfortunately, it is not possible to prove the above results as we
cannot be sure that analytic continuation from the physical region of
one process will necessarily take us onto the physical sheet of the other
process. We have to assume that the continuations can be made with-
out leaving the physical sheet of the s variables. However, such results
do hold in perturbation theory, and seem very plausible also in particle
physics.

—

Gk o
RS

[t}
o =

e
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1.7 The 2 » 2 amplitude

As an example, which will be of considerable use to us later, we consider
in some detail the kinematics and singularities of the scattering process
1+2->3+4(fig. 1.4(a)). The channels are named after their respective
energy invariants, to be introduced below.

By crossing and the T’C'P theorem all the six processes

1+43>2+4 2445143 (t-channel)

1+42>3+4 3+4->1+2 (s-channel)
} (1.7.1)
1+445>2+3 24+3->14+4 (u-channel)
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[ ppe— § ——t U ——

(a) ®) ()
Fic. 1.4 The scattering processes in the s, ¢ and u channels of (1.7.1).

will share the same scattering amplitude, but the pairs of channels
labelled s, t and » will occupy different regions of the variables.

In the centre-of-mass system for particles 1 and 2 we write their
four-momenta as

P1 = (B, qa2); P2 = (Hp, —qa12) (1.7.2)

¢,z being the three-momentum, equal but opposite for the two
particles. Similarly for the final state

D3 = (B3, q31), 21 = (Hy —qe34) (1.7.3)

Since the initial and final states involve only free particles the mass-
shell constraints must be satisfied:

P} = Ei—qiy = m}

P} = Bi—qh, =m}

P8 = B3~ gl = m} (17.4)
1} = B} — @iy = m}

We define the invariant

8 = (P1+D2)? = (P3+24)*
= (_E’11+‘E’22)2 — (-E3’3+.2’4)2} (17.5)

which is the square of the total centre-of-mass energy for the s-channel
processes. Now combining (1.7.5) and (1.7.4)

8§ =3+ pi+2p,.pp = mi+mi+2p,.p, (1.7.6)
where the dot denotes a four-vector product. Similarly

P1-(P1+Dy) = mi+Dp,. 05 = Epys (1.7.7)
using (1.7.2) and (1.7.5). Then combining (1.7.6) and (1.7.7) we get

1
El = E—J:S (s+m§—m§) (178)

2 CIT
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for the centre-of-mass energy of particle 1 in terms of s. Likewise
we find

1
E2=%(S+m§—m§)

(s +m2—m2) (1.7.9)

2«/

E, = (s +mi—m3)

2«/

Then from (1.7.8) and (1.7.4) we get

J

1
g2 = B} —mi = s [s—(my +my)?][s— (m—m,)?]  (1.7.10)

It is convenient to introduce the ‘triangle function’

Az, y,2) = 22+ 42 +22 — 2oy — 2yz — 2z (1.7.11)

1
so that @ = o M, mi,mi) (1.7.12)

and similarly we find  ¢2;, = :11;/\(8, m2, m3)

We next introduce the invariant

t = (p1—P2s)® = (Pa— Do) (1.7.13)

This is evidently the square of the total centre-of-mass energy in the
¢ channel, remembering that we have to change the sign of p, and p,
on crossing. For this process we have

(t+m2 —mg) (1.7.14)

B = 2¢t

Ghs = E/\(t, me,mZ) etc. (1.7.15)

and the threshold occurs at ¢ = (m, +m;)2. However, as far as the
s channel is concerned ¢ represents the momentum transferred in the
scattering process, i.e. the difference between the momenta of particles
1 and 3. So from (1.7.13), using (1.7.2) and (1.7.3)

t =mi+ms—2p,.p,
= mj +m3— 25, By +2q5. Qg4
= mi+mi— 2E, Ey+ 29,159, cos O, (1.7.16)
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where 6, is the scattering angle between the directions of motion of
particles 1 and 3 in the s-channel centre-of-mass system (fig. 1.4(a)).
And on substituting (1.7.8) and (1.7.9) we get

824+ 8(2t - 2) + (m% — m2) (m2 —ml)

T 4594129534
824 5(2t — X) + (m% — m2) (m2 —m2)
= /\%(s,m%, m%) /\%(3, m%,mﬁ) (1.7.17)
from (1.7.12), (1.7.13), where we have defined
&= mitmi+mi+mg (1.7.18)

Similarly, as far as the {-channel is concerned s represents the momen-
tum transfer and we find
24 (25— Z) + (m} —mB) (m — m3)
49113950
_ P41(2s— )+ (m—m}) (m§—m)
© Ad(E,md, m3) A¥(¢, m3, m3)
Finally, for the w-channel process the centre-of-mass energy
squared is

2, = cosf; =

(1.7.19)

U= (py~py)? = (P3—po)* = mi+mi—2p,.p, (1.7.20)
and we can write down similar expressions for the energies, momenta
and scattering angle of the particles in this channel.

However, we know from section 1.4 that the four-line amplitude
depends only on two independent invariants, so there must be a rela-
tion between s, £ and u. In fact, combining (1.7.6), (1.7.16) and (1.7.20)
we find

s+t+u = mi+mi+m§+mi+2mi+2p,. (Py—Ps—ps)

but momentum conservation requires p,+p, = P+, and using
(1.7.4), (1.7.18) we get stitu=2 (1.7.21)

We shall usually work with s and ¢ as the independent variables.
These formulae greatly simplify for equal-mass scattering
my = My = Mg = M, since

A¥(s, m2, m2) = [s(s—4m?)]}

giving
5 2 s—4m? 2t 2u
G2 =m=—7 5 ZH=l+i—ph =—-1-—00
(1.7.22)
e _t—4m2_ ’ 2s 2u
T =@ =" A= e = T e



22 THE SCATTERING MATRIX

The physical region for the s channel is given by
8 2 max {(m, +my)?, (mg+my)%}

(i.e. the threshold for the process) and —1 < cosf, < 1.This boundary
is conveniently expressed by the function

d(s,t) = 45925925, 8in% 6, = 0 (1.7.23)
which using (1.7.12), (1.7.13), (1.7.17) and a little algebra gives
$(s,1) = stu—s(m} —m3) (m} — m3) — t(m3 —m3) (m§ —m3)

— (m3mE—mim3) (mi+mi—mi—m3) =0 (1.7.24)
or 0 1 1 1
¢

1
1 0 ms m
1 m¢ 0 mZ s
1 ¢t mi 0 m?
1 0

mé s mi

2
1
=0 (1.7.25)

Despite the unsymmetrical appearance of equation (1.7.24), we also
find B(s, 1) = 48gt 130524 SIn* O, = 4ug}14Ghes sin® 6, (1.7.26)
and so ¢(s,t) = 0 gives the boundaries of the physical regions for the
s, t and w channels. For equal-mass scattering (1.7.24) reduces to
stu = 0, so the boundaries are just the lines s =0, ¢ =0 and » = 0.
For unequal masses the boundary curves become asymptotic to these
lines. Some examples are shown in fig. 1.5 where s, t and u are plotted
subject to the constraint (1.7.21).

The various singularities may also be plotted on the Mandelstam
diagram. Thus, if all the masses are equal we may expect bound state
poles at s = m?, t = m? and » = m?, the two-particle branch point
at s, t or 4 = 4m?2, and further thresholds at 9m?2, 16m?2 etc. due to 3, 4
and more particle intermediate states. For the more realistic aN - nN
scattering we show in fig. 1.5(b) the nucleon pole and various
resonances (ignoring isospin complications).

Because of the crossing property the nearby singularities in the ¢ and
% channels may be expected to control the behaviour of the s-channel
scattering amplitude near the forward and backward directions
(2 = + 1 respectively). Thus in =N scattering there is a forward peak
att = 0 due to the nr threshold branch cut, and in particular due to the
dominant resonances, p, f etc., which occur in the nr channel, and
a backward peak for # ~ 0 due to the exchange of N, A and other
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F1a. 1.5 (a) The Mandelstam s—t~u plot for equal mass-scattering, showing the
positions of the pole at m?, and the branch points at 4m2, 9m?, ... in each channel.
The three physical regions are shown shaded. (b) The Mandelstam plot for =N
scattering (ignoring isospin), showing the physical regions and some of the
nearest singularities, the nucleon poles in the s and » channels, and the p and
f poles in the ¢ channel (not to scale).
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baryon resonance poles. This dominance of exchanged poles will be
an important aspect of Regge theory.

Although it is always most convenient theoretically to work in the
centre-of-mass frame, experiments (except those using colliding beams
such as the CERN-ISR) are performed in the so-called laboratory frame
in which the target particle is at rest. If we call 1 the beam particle,
and 2 the target, we have

PiL = (EL,PL)’ Por = (mZ’ 0) (1727)

where Kp, is the energy and p; the three-momentum of the beam
particle in the laboratory frame. The mass-shell condition (1.2.3)
requires B = pi+m? (1.7.28)
so that the invariant s can be expressed in terms of laboratory quanti-
tesas o (P11 +D50)? = (B, +my, P1)* = mi+mi +2m, By,
= M2 +m3 + 2m, /(p}, +m3) (1.7.29)
For energies very much greater than the masses this becomes
s & 2my By, & 2m,py, (1.7.30)

Similarly from (1.7.13), if Ey;, is the energy of the final-state particle,
4, in the laboratory frame we find

t = mi+mi—2m,Eyy, (1.7.31)

1.8 Experimental observables

The scattering amplitudes which we have introduced in section 1.3 are,
of course, not directly measurable. What are actually determined in
a scattering experiment are (ideally) the momenta, energies and spin
polarizations of all the » particles which are produced in a given two-
particle collision 1+ 2-—>n, and the aim of theory is to determine the
probability of a given final state emerging from the given initial state.

From (1.1.1), and the definition of the scattering amplitude (1.3.10),
(1.3.11) etc., the probability per unit time per unit volume that from
the given initial state

|0y = |y, )

we shall get the final state |f,) = |Py... P,) is the transition rate
Ry = (2m)* 8%(p;— po)[Kfu| 4[] (1.8.1)
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The scattering cross-section, y,_,,, for this process is defined as the
total transition rate per unit incident flux. The flux of incident
particles, F, i.e. the number incident per unit area per unit time, is just
given by the relative velocity of the two particles, |v,~v,|, divided
by the invariant normalization volume V, i.e. the volume of phase
space occupied by the two single particles, which from (1.2.11) is just

V = (2P012Po2) ™
So in the centre-of-mass system we have
.F = 4E1E2 lvl“‘vzl (1.8.2)

The centre-of-mass velocities are, from (1.7.2),

- qs12 _ __q312
v = _E1 , Uy = A (1.8.3)
8o F =4E\E, (qu qum) = B + Ep) gy = H{5) @1 (1.8.4)
2

which is, of course, invariant. To obtain the total transition rate
we have to sum over all the possible final states |f,) which contain
the n particles, so

R, 1 .
O12n = ; 7;1& = 4q312Js ? (277)48(2)1'—1)«;) Kfn‘ 4 ll>|2

1 J‘ﬁ d*p; L ( /z_mz)(zﬂ)454(§ ' )
44312«/8 i=1 277) Pi =1p1 P1— D

x 3 [(Pi... Pr[ AP B[t (1.8.5)
spins
where we have integrated over all possible momenta of the » final-
state particles remembering the normalization (1.2.11), and (1.2.7).
For the time being we shall continue to deal only with spinless particles,
and drop the 3 and replace the P; by p;. The factor

spin

4, = fi (df’@ a(pgz—m%)) COR PTEvAA
i=1

(2m)?

represents the volume of phase space available to the » final-state
particles, and the integral in (1.8.5) is over this volume.
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The total scattering cross-section for particles 1 and 2 is obtained
by summing (1.8.5) over all possible final states containing different
numbers of particles, viz.

0
o8t = Y 019m (1.8.7)

n=2

If there are only two particles, 3 and 4, in the final state, with centre-
of-mass four-momenta given by (1.7.3) we have, from (1.8.5),

_ 1 d3P3d3P4 2 M
O1o534 = o (\/s) (277)2f 28,.25, |<P31’4|A IP1P2>| D3+ py—D1—D2)

(1.8.8)

Since the three-momenta of the particles are equal and opposite in
(1.7.3) we can use the d-function in (1.8.8) to perform one of the inte-
grations, leaving

— 1 d3q334 2
T1280= 49,4 (\/8) (2m)? f2E3 .2E, O(By+ By~ ‘/S) |<p3p4|A Iplf’lz>8| .

We can express the momentum volume element in polar coordinates
d3q 54 = ¢35, dg3, AR, where dQ2 = sinf,d6,d¢ is the element of solid
angle associated with the direction of particle 3, say, the polar angles
being defined with respect to the beam direction, the z axis. Then
defining

E = B3+ By = (md+ g3t + (mf + g%} (1.8.10)
gives dE = (%’4+q—§i‘) dg,s, = %34E’ dg.,, (1.8.11)

2
and so f!ha:; g4 0B —Js) = q334dE'

_ 4
B, 8(E —ys) \/34 (1.8.12)

and we end up with

q
T19534 = m%fl(ﬁaPAAlPle)Pdg (1.8.13)

It is therefore useful to introduce the ‘differential cross-section’

do Qs34

—= 2
30 = Gintsg, | Popal 4 |P172)] (1.8.14)

which gives the probability of particle 3 being scattered into d €2, per
unit incident flux.

As we are at the moment only considering spinless particles the
scattering probability will always be independent of the azimuthal
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angle ¢, as there is nothing to select any particular direction perpen-
dicular to the beam, and from (1.7.16) at fixed s

d:
245199534
80, since f d¢ = 27, we can more conveniently take as the differential
cross-section do 1

T Bdmglys
In general we can obtain the partial (or differential) cross-sections

with respect to any invariant simply by inserting a §-function into
(1.8.5). Thus defining ¢’ = (p, — p;)? we have

d_O' 1 L d4p1, 9 2 4
a 4q312JsfH 2m i* =) @mOXZp; — pr — )

X0 ~(r=pi)) 3 [Py Pl A BB (18.17)

dQ = d(cosf,)d¢ =

d¢ (1.8.15)

|A(s, 1)|? (1.8.16)

and clearly this can be repeated to give the partial cross-section with
respect to any number of independent invariants.

1.9 The optical theorem

The total cross-section (1.8.7) satisfies a remarkable unitarity relation
called the ‘optical theorem’ of which we shall make frequent use
below.

The unitarity equation (1.2.14) reads, for a particular initial and

final state, (881 = X 88k = 854 (1.9.1)

For elastic scattering 1 +2-—>1+2 we have from (1.3.10)
8pi = 8y +i(2m)4 8%(p,— ;) f] 4 |4) (1.9.2)
which with (1.3.13) gives us, from (1.9.1),
(S A5 = (flA71D) = - @m) D 84p, —p) (f| 4+ [m) n] A7 [3)
(1.9.3)
and if the initial and final states are identical we get (remembering

U510 2Tm (] 4 |iy} = (2) S 0%p,—p0) [Gul A+ D2 (1.9.)

But the right-hand side is the same as (1.8.7) with (1.8.5) apart from
the flux factor so we obtain the relation

olgt = 2q3112Js Im {(z] 4 |2)} (1.9.5)
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Since the final state must be identical with the initial state, (i| 4 |7)
is the forward elastic scattering amplitude (1+2->1+2) with the
directions of motion of the particles unchanged, i.e. 8, = 0, which
means (from (1.7.16) with my = m,, my, = m,) that t = 0, so

1

2!1312 ‘/8

This optical theorem is well known in non-relativistic potential
scattering (see for example Schiff (1968)) where it tells us that because
of the conservation of probability the magnitude of the wave function
in the ‘shadow’ behind the target at (¢, = 0) must be reduced relative
to the incoming wave by an amount equal to the total scattering in all
directions. Equation (1.9.5) is just this same conservation requirement
extended to the relativistic situation where particle creation can also
occur. Note that it is only the elastic amplitude for 1 +2— 1 + 2 which
appears on the right-hand side, but the total cross-section for
1 +2->anything is on the left-hand side.

We can understand how this relation occurs diagrammatically from
fig. 1.6, where the last step follows from (1.5.11) since we are taking
the discontinuity of (&I~ across the n-particle cut and summing
over all possible intermediate states (compatible with four-momentum
conservation). The real analyticity of 4 implies that

Disc{d} = Im{4}.
This optical theorem is one of the most useful constraints which

unitarity imposes on a scattering amplitude. We shall also consider
some generalizations in chapter 10.

tot _
012" =

Im{4%(s,t = 0)} (1.9.6)

1.10 Single-variable dispersion relations

According to our discussion in section 1.5 the only singularities which
appear on the physical sheet are believed to be the poles corresponding
to stable particles, and the threshold branch points. Thus, if we con-
sider equal-mass scattering, and if we hold ¢ fixed at some small, real,
negative value (see fig. 1.5} in the s plane we find the singularities
shown in fig. 1.7. On the right-hand side, for Re{s} > 0, we have the
s-channel bound-state pole and the various s-channel thresholds. On
the left, for Re{s} < 0, we meet the u-channel pole and the u-channel
thresholds. The spacing between the two clearly depends on the

relation (1.7.21) S—=dmi—t—u (1.10.1)
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Fic. 1.6 The optical theorem. The factor (2s)-1is the large-s
expression for the flux (1.8.4).

2 1

3 ):E(=—Dmc >O<

2

""I*—

olgt = —
ll 8"{:

(and if we had taken ¢ sufficiently negative these singularities would
overlap).

We have drawn the branch cuts for the s-channel thresholds along
the real axis towards Re {s}—+ + o0 (but slightly displaced for greater
visibility), and the wu singularities towards Re (s)—> —o0. Thus the
sheet we are looking at in fig. 1.7 (a) is the physical sheet on which the
s-channel physical amplitude is obtained by approaching the real
s axis from above, lim s +i¢, and similarly the u-channel amplitude is
obtained from limeu-l? ie, which corresponds to approaching the real

e—>0

8 axis from below because of the relation (1.10.1).
We define the discontinuity functions

Dys,t) = 211 (A, b u)— Als_, £, u)
(1.10.2)
D, (u,t) = 1 (A, t,u)—A(s,t,u))

2i

where s, = s +ie, and the discontinuity is taken across all the cuts.
We have suppressed the third dependent variable in D, and D,.
Because of the real analyticity of 4 (see section 1.5) we have

A(s*, t,u) = A*(s,t,u)

(1.10.3)
and so Dys,t) = Im {A(s,t,u)}

along the s branch cuts and
D, = Im{A(s,t,u)}
along the  branch cuts.

The idea of dispersion relations is simply to express the scattering
amplitude in terms of the Cauchy integral formula

i dz’ ,
F@) = 5 s F6)
(see Titchmarsh 1939), so that
ds’

Afs,bu) = M J s’ —s

A(s',tu) (1.10.4)
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Fi1G. 1.7 (a) The physical-sheet singularities in 8 for fixed ¢ (X' = 4m?). (b) The
integration contour in the complex s plane, expanded to infinity but enclosing
the cuts and poles on the real axis.

where the integral is evaluated over any closed anti-clockwise con-
tour in the complex s plane enclosing the point s such that 4(s,¢, )
is regular (holomorphic) inside and on that contour (fig. 1.7(b)). We
then expand the contour so that it encircles the poles and encloses the
branch cuts, as shown, giving

_ gt | g0) 1 ds
Als,bu) = s 5 Os,_sA(s,t,u) (1.10.5)

(Remember s’ and %’ are related by s’ +&+u’ = 4m?.) Then if
|A(s, t,u)| > 8], €>0 (1.10.6)
§—> 0

the contribution from the circle at infinity will vanish, and we end
up with

A(s,t,u) =

N o
mi—s mi—-u w s —s g U —u

gst) | gu(t) 1 f *Dls’ ) g 4 1 f ® Dy, 0) 40

St

(1.10.7)

where sp and %y are the s- and u-channel thresholds, respectively.
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Such dispersion relations were originally derived for the scattering
of light by free electrons by Kramers (1927) and Kronig (1926), and
provide the crucial test of the analyticity assumptions which we
introduced in section 1.5. They agree with experiment within the
accuracy of the available experimental data (see for example Eden
(1971)). Theoretically, they are of great importance because we have
found that once we are given the particle poles all the other singu-
larities of the scattering amplitudes and their discontinuities can be
found from the unmitarity equations (at least in principle). So the
unitarity equations give us Im {4}, but not Re {4}. But, once we know
all the discontinuities of an amplitude, by using dispersion relations
we can determine the real part of the amplitude too, and so unitarity
plus analyticity determines the amplitudes completely, given the
particle poles.

However, the convergence requirement (1.10.6) is frequently not
satisfied, in which case we have to resort to subtractions. Thus if we
have (neglecting the other terms in (1.10.7) for simplicity)

® Ds’,?)

£) 1
o ds (1.10.8)

A(s, t,u) =
but the integrand diverges as s’ —o0, we write instead a dispersion
relation for A(s,t,u)[(s—8;)(s—8y) ... (s—s,)]" including sufficient
terms in the bracket to ensure convergence (assuming a finite number
will suffice). So

Aoty ) T =591 = 5 Alubm) fro
S
L D', 1)
+7_TJ;T (S'—Sl)___(s’_sn)(s/_s) (110.9)

since we pick up an extra contribution from each of the poles at
S = 8, Sy, ..., 5,. Hence

Als,t,w) = By y(st)+ f = D(f’—tlns'—s)

(1.10.10)

ds’

where F,_,(s,t) is an arbitrary polynomial in s of degree n— 1, but
now the integral converges if Dys,f) - "¢, ¢ > 0. Thus the diverg-

88—
ence problem is solved at the expense of introducing an arbitrary
polynomial which is not determined (at least directly) by the unitarity
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equations. One of the main purposes of Regge theory is to close this
gap by determining the subtractions.

A particularly useful form of these dispersion relations is for forward
elastic scattering, such as 1N —-nN, at¢t = 0 where v = 2'—s. From
the optical theorem (1.9.5)

Dys,0) = Im {A°Ys, 0)} = 24,,,5(4/s) 18t (s)

D,(u,0) = Im{A_el(u 0)} = 2q,14( Ju) 0'}2“ u)} (1.10.13)

and these cross-sections will be identical if particles 2 and 2 (= 4) are
the same. It can be shown (section 2.4) that otgt (s) - constant

(modulo possible log s factors) so only two subtractions are needed in
(1.10.7). So making the subtractions at s = 0 we get (neglecting any
pole contributions) for real s above the s-channel threshold

2 o
Re {4°Ys, 0)} = a0+als+%P f ds’ (s') 412018°(s")
Sp

1 i
% (&"2(8’—5;)+(s'——2)2 (8" +s8=2)

(where P = principal value-see (1.5.2)). Thus a knowledge of the
total cross-section (with guesses as to its behaviour for very large s
where it has not been measured) allows us to find Re {4 (s, 0)} in terms
of just two unknowns, the subtraction constants a, and a,. Since
Re{4(s,0)} can also be determined directly by Coulomb interference
experiments (see for example Eden (1967)) the validity of these
forward dispersion relations can be tested.

) (1.10.12)

1.11 The Mandelstam representation

The single-variable dispersion relations were obtained by keeping one
invariant fixed (f fixed in (1.10.4)) and representing the amplitude as
a contour integral round the singularities in the other invariant (s).
But Dy(s, t) will have singularities in ¢, corresponding to the ¢-channel
thresholds etc. Thusin fig. 1.8 () we display these {-channel exchanges
in the s-channel unitarity equation. It will also have w-channel
threshold branch points, but of course % is not an independent variable,
through (1.7.21), and so at fixed positive s these will appear at negative
t values (see fig. 1.5).

One expects these singularities to lie on the real ¢ axis, and so one
can write a dispersion relation for I)(s, f) similar to that for A(s,¢,u)
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4t

(@) )

F1a.1.8 (a) The contribution of ¢-channel intermediate states to the s-channel
two-body unitary equation. (b) The ‘ box’ diagram, the simplest diagram con-
tributing to pg(s,?).

itself. We define the discontinuity of D(s, ) across the ¢ thresholds as
Pals,t) = 211(D(s t.)—Dfs,t_)), t>0bs)>0 (1.11.1)

and across the u thresholds as
Psuls, ) = %(Ds(s, u,)—Dys,u_)), u>by(s) >0 (1.11.2)
The boundary functions b, ,(s) are given by the position of the singu-

larity of the lowest order diagram which contributes to p, usually the
box diagram fig. 1.8(b). We shall find in the next section that

(1.11.3)

for equal-mass kinematics, giving the boundaries shown in fig. 1.9.
Hence we can write a dispersion relation at fixed s,

D(S t) =}_ ® pst(‘s’ t”) dt”—i—l @ p8u(8$ u”)du” (1 11 4)
o b(e) £t by U —U o

Similarly the u-discontinuity has branch cuts corresponding to the
s- and t-thresholds, so we can write

© ¢ 1 f=
Du(u, t) — _1_ ptu”(u’ )dt”+_ psu(s u)d ” (1115)
b Bt ) S8

If these expressions are substituted into (1.10.7) (neglecting the pole
terms for simplicity) we end up with

8 t u ff psts ’t’ d dtl’+_ff psu(S ’ZL dS du”
)" - —8) (u" —u')

H pt"'“t v At + = U Pades W) gy gy
(8 s')
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Ptu

Fia. 1.9 The Mandelstam plot for equal-mass scattering (cf. fig. 1.5(a)),
showing the double spectral functions (shaded areas). The boundary of p,, is
given by (1.11.3).

It must be remembered that this relation, like (1.10.7), is written at
fixed ¢, so that in the second and fourth terms we have to make use of
the relations st+it+u=8+t+u' =2 (1.11.7)
in introducing primes into the variables which come from the de-
nominators in (1.11.4) and (1.11.5). The primed variables are, of
course, dummy variables of integration, so we are free to interchange
primes in the fourth term, and then add it to the second term giving

”"” Pals’s ') ((8' —38) (1u — s u)l(s' Z s")) ds’du” (1.11.8)

which can be rewritten, using (1.11.7), as

@ psu(sll u”) ' ”
f s —m) & I

80 (1.11.6) becomes

ps (8 t” " psu(s u) ’ ”
A(s,t,u) = —ff @ ts) = ds d¢ +—-ff T8 = )ds du

Pru(t’, ") ’ Jg0
ﬂ2H (u* 1= )dudt (1.11.9)

The functions pg, pg,, P, are called ‘double spectral functions’,
and (1.11.9) is a double dispersion relation. This representation of
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the scattering amplitude in terms of its double spectral functions is
called the ‘Mandelstam representation’ (Mandelstam 1958, 1959). We
do not know enough about the singularities of the scattering amplitude
to be sure that such dispersion relations are valid. In particular we do
not know that all the physical sheet singularities lie on the real axis.
Indeed, it has been found that with diagrams where the masses of the
intermediate states are smaller than those of the external states,
anomalous thresholds appear at complex positions on the physical
sheet, and the integration contour would have to make an excursion
into the complex plane to include them. (A discussion of this problem
may be found in Eden et al. (1966).) But it seems likely that (1.11.9)
will at least be a good approximation for most practical purposes.

We chose to derive (1.11.9) from the fixed-¢ dispersion relation
(1.10.7). However, the final result is symmetrical in the three variables
s, t and u, and could equally well have been obtained starting from
fixed-s or fixed-u dispersion relations. This is because the double
spectral function is, from (1.11.1) and (1.10.2),

palert) = g g (4010t~ Als_ )~ 5 (At ) - Ao, )

= —HA (st )+ A(s_,t)— A(s_,t,.) — A(s,, b)) (1.11.10)

which can be taken to be

5 (Do 0= Do,t)) or o (Dfsrt,)=Dis,t) (111.41)

There are two complications about the use of (1.11.9). There is the
rather trivial point that we have omitted bound-state poles which may
oceur in any of the three channels, s, ¢ or u. These should simply be
added as necessary, as in (1.10.7). The more serious problem concerns
the possible divergence of the integrand, as s’, ¢” etc. tend to infinity.
Like (1.10.7), (1.11.9) is only defined up to the various subtractions
which may be needed to make the integrals converge. We may thus
be forced to introduce apparently arbitrary subtractions into the
Mandelstam representation. However we shall find in the next chapter
that the hypothesis of analytic continuation in angular momentum
enables us to determine these subtractions too.
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1.12 The singularities of Feynman integrals

We have remarked in section 1.5 that the unitarity equations imply
that scattering amplitudes have similar singularities to the Feynman
diagrams of perturbation quantum field theory. This is not surprising
because such field theories give Lorentz invariant scattering ampli-
tudes with the same sort of connectedness properties, and they also
satisfy unitarity at least perturbatively. Of course, we do not expect
such a perturbation approach to be valid for strong interactions
where, since the couplings are not small, the perturbation series will
not converge, and where we cannot apply the usual re-normalization
techniques. However, one can hope to gain some insight into the form
of strong interaction amplitudes from field-theoretical analogies.

The spin properties of the particles will not be very important for
our purposes so we shall only consider spinless scalar mesons of mass m
interacting through a Lagrangian %, = g¢®. The Feynman rules for
such particles are very simple (see Bjorken and Drell 1965)). For
a given diagram we include a factor i[(2m)* (g% —m?2+ie)]! for each
internal line of momentum ¢, a factor g for each vertex, a factor
(2m)*0%q; + g2 —¢qs) for momentum conservation at each vertex
1+ 23, and we integrate over the four-momenta of each internal
line. The d-functions mean that only closed loops have free momenta,
however, and one §-function of over-all energy-momentum conserva-
tion can be factored out in the definition of the scattering amplitude,
asin (1.3.10).

Hence the contribution to the amplitude of the single particle
exchange Born diagram fig. 1.10(a) is just

2
qz—fnz+ie’ ¢* = (py +p»)? (1.12.1)

while that of the box diagram. fig. 1.10(b) is

4
_i(2‘i)4 fd4k{[(k+p1)2_m2+i6] [(k — py) —m? +i€]
X [(k+py—ps)? —m? +i€] (k> —m? +ie; (1.12.2)

And an arbitrary diagram gives (neglecting the normalization factors)

4 4
Ao {Hﬁﬁﬁ— (1.12.3)
IT (g3 —mi+1ie)
i=1

where the k&, are the independent loop momenta, and the ¢’s are
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F1g. 1.10 (a) The Feynman diagram for single particle exchange in the
s-channel. (b) The box diagram. (¢) The contracted box diagram when the
lines ¢, and ¢, are short-circuited by setting a, = a; = 0.

constrained by the d-functions at each vertex. Using the Feynman
relation

(n—1) fdal ( é ) (1.12.4)

gE

01 —2a;)
Aocf da ... da fd% Ay (1125)

The singularities of such integrals are studied in detail in Eden
et al. (1966). If a function F(x) is represented by an integral such as

Uy Us ..

we can rewrite (1.12.3) as

= fbf(x, z)dz (1.12.6)

it will not necessarily have a singularity just because f(z, z) does, since
the contour of integration can be displaced in the complex z plane to
avoid the singularity, and by Cauchy’s theorem all such continuations
are equivalent. Singularities arise for two reasons. (i) The singularity
in f(x,z) occurs at an end point of integration, a or b, so the contour
cannot be deformed to avoid it. Thus

F(x) = J‘b————— dz = log (b x) (1.12.7)

zZ— a—x

is singular at « = a or b. (ii) Two or more singularities of f approach
the contour from different sides (or a singularity moves off to infinity),
thus pinching the contour so that it cannot avoid them. Thus

P =fb (z—x;l(zz—xa = (x—lxo)bg[(%;) (:{—Zf.)]
(1.12.8)
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is singular at x = x; where two singularities coincide, as well as at
x = a, b as before. These two types of singularity are known as ‘end-
point’ and ‘pinch’ respectively.

The generalization to multiple integrals is quite complicated because
of the number of variables involved, but it is found that the singulari-
ties of the integrand (1.12.5) at g% = m? result in singularities of the
scattering amplitude if either

¢?=m? or a,=0, forall i=1,...,n,

and 2 f}ai(q%—m%)=0 for 5=1,...,1
3k]~ i=1
But since (see for example (1.12.2)) each ¢ is linear in the k’s the latter
condition is equivalent to X a;g; = 0 for each loop j. These are the
Landau equations (1.5.14).
Thus for the box diagram fig. 1.10(b) we have either ¢? = m? or
a,=0fori=1,...,4and

% g1+ Xagy+3g3+ayq, =0 (1.12.9)

To take any «; = 0is equivalent to removing that line from considera-
tion, so for example if ,, @, = 0 we have fig. 1.10(c). This requires
g% =g =m? and a,q, +®,q; = 0 so ¢; = —¢q; and the singularity is
at s = (g; — ;)% = 4¢3 = 4m?, i.e. at the threshold. If none of the o’s
vanish (1.12.9) must hold. Multiplying (1.12.9) successively by each
of the ¢; (¢ = 1,...,4) gives us four linear equations for the «’s, and
a solution with a; + 0 is possible only if the determinant of the
coefficients vanishes, i.e.

det(qi.qj)=0, i,j= 1,...,4
Since s = (¢, —¢5)* and ¢ = (¢, —gq,)* we find the singularity is at
(8 —4m?) (¢ — 4m?) = 4m? (1.12.10)

This is the boundary of the Mandelstam double spectral function
(1.11.3), because it gives us the curve where the discontinuity across
the s-threshold cut has a discontinuity in ¢ due to the ¢-threshold.
Note that as s— 00 this boundary moves to the threshold at ¢ = 4m2.
More complex singularities, involving larger numbers of particles in
the intermediate states, will occur at larger values of the invariants.
We shall not pursue the subject further here, and readers seeking a
more detailed discussion should consult Eden et al. (1966). We shall
want to make use of some of these results below.
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() ()

Fic. 1.11 (a) The unitarity diagram for single particle exchange giving a pole
discontinuity of the form d(g2—m?). (b) One of the (infinite) set of Feynman
diagrams which, when cut across the single-particle propagator as shown by
the dashed line contributes to the discontinuity in (a). (¢) A Feynman diagram.
{(d) Three different ways of cutting (c) showing that it contributes to the two-,
three- and four-particle unitarity diagrams.

It should be noted that the correspondence between Feynman
diagrams and unitarity diagrams is always many-to-one. Thus the
single particle exchange unitarity diagram fig. 1.11(a) corresponds to
the discontinuity of the sum of the infinite sequence of Feynman dia-
grams like fig. 1.11 (b) which give the re-normalization of the vertices,
and of the mass of the exchanged particle. And a more complicated
Feynman diagram like fig. 1.11(c) will contribute to several different
unitary diagrams because the discontinuity across this diagram can
be taken in different ways as in fig. 1.11(d). This must be borne in
mind when interpreting Feynman-diagram models for strong inter-
action processes.

1.13 Potential scattering

It is rather obvious that non-relativistic potential-scattering theory
can have at most limited relevance to particle physics. This is not
just a matter of the failure to incorporate relativistic kinematics, but
because the very idea of a potential which is a function of the spatial
co-ordinates is very difficult to generalize to the relativistic situation.
In fact the occurrence of a local causal interaction through a potential
field always implies, because of Lorentz invariance, radiation of the
field quanta too. And in particle physics, except at very low energies,
it is always likely that inelastic processes involving the production
of new particles will occur, which clearly cannot readily be incorporated
into the framework of potential scattering.
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None the less, potential scattering is a very useful theoretical
laboratory in which to study many aspects of quantum scattering
theory, and some of the models used in particle physics are founded
on analogies with potential theory. For our purposes it is particularly
important that the sort of dispersion relations which we have been
discussing in this chapter can be proved to hold in potential scattering
provided that the potentials are suitably behaved. And in chapter 3
we shall find that the validity of the basic ideas of Regge theory can
be proved in potential scattering too. In this section we shall try to
bring out the similarities between the singularity structure of Yukawa
potential-scattering amplitudes and those of the strong-interaction
S-matrix.

The Schroedinger equation for two particles interacting via a local
potential V(r), in the centre-of-mass system, is (Schiff 1968)

g K-V
[2M +—— (r )] Y(r) =0 (1.13.1)

where k is the wave number (energy E = #%?*/2M), and M is the
reduced mass. It is convenient to introduce

U(r)= V(r)%—l (1.13.2)
so that (1.13.1) becomes
(VE+E2—-U@)y(r)=0 (1.13.3)

The initial state is represented by a plane wave, wave vector k, along
the z axis (fig. 1.12) Y(r) = ek = eike (1.13.4)
and we seek a solution to this equation subject to the boundary

condition that as » —o0
elk'

Y(r) e+ Ak, k') — (1.13.5)

where the second term is the outgoing scattered wave, with wave
vector k' in the direction of unit vector #, and A(k, k') is the scattering
amplitude. For elastic scattering |k| = |k'| = k.

The solution to (1.13.3) with the boundary condition (1.13.5) is
given by the Lippman—Schwinger equation

Y(r) = e“‘z+fGo(r, YU ) y(r')dr’ (1.13.6)
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F1e. 1.12 Incident plane wave, wave vector k along z axis, scattered by
a potential centred at z = 0 into the direction #, with wave vector k’

where the Green’s function is

Go(r, 1)

1 eiklr-—r’}
4w =1
That (1.13.6) is a solution of (1.13.3) may be checked by direct sub-
stitution, remembering that

(1.13.7)

V2 (|T—Lr"|) = — 47 d(r—1') (1.13.8)

And provided rV(r) - 0 we find, since |r—r'| % r— 1’7,
ikr

ikr_ ©
w( r-—e 47rr

fe‘i"""U(r’) Y(r)ydr (1.13.9)
which by comparison with (1.13.5) gives
Ak E) = —-%J‘ei"""U(r')zﬁ(r')dr’ (1.13.10)

The Born approximation, appropriate at high energies, is obtained
by approximating ¥(r’) in (1.3.10) by the incoming plane wave
(1.13.4), assuming the scattering to be small, giving

AB(k, E) = —%Tfei("*"’)"'U(r’)dr’ (1.13.11)

It is convenient to introduce (like our previous notation) s = k2 for
the total energy (in units where #? = 2 = 1), and

t=—K?=—(k—Fk)? =—2k(1—cosb)

where K is the momentum transfer vector. Then

AB(k, k') = AB(s,t) = —%Tfei""'U(r')dr’ (1.13.12)

@ n 2n
Then putting fd r = f r'? dr’f sina docf dg (1.13.13)
0

0 0
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F1c. 1.13 The wave vectors |k| = |k’| so |[K| = 2|k|sin }6. The
angles a, f# are the polar angles of #’ with respect to the K axis.

and K. r = Kr'cosa, where a,  are polar angles about the K axis
(fig. 1.13), the angular integration is readily performed, since U = U(r’)
only, giving { o
AB(s,t) = —Xfo sin (Kr")U(r') 7’ dr’ (1.13.14)

The simplest form of potential which has the short-range character

appropriate to strong interactions is the Yukawa potential

e Hr

U(r) = ¢*

- (1.13.15)

where g2 is the coupling strength and g~ is the range, for which we
find 7 g2
B = e— e

A6, = g = (1.13.16)
So the Born approximation to the Yukawa scattering amplitude is
just a pole at t = u? whose residue is given by the coupling strength.
Of course if we have more complicated potentials the analyticity
properties will not be so simple, but a large class of potentials can be
represented by a superposition of Yukawa’s

U(r) = -l—pr(,u)e—l"'d,u (1.13.17)

rJm

where p is a weight function, giving
AB(s, ) =f auLE) (1.13.18)
m we—t
which is obviously holomorphic in s, and cut in ¢ for ¢t = m? - co.

To proceed further we note that since

(V24 k?)elk 7 =0 (1.13.19)
(1.13.3) can be written

(V24 Kk2) ¢ = (V2+R2) el + Uyr (1.13.20)
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.
and so formally Y= el tEr R Uy (1.13.21)

which by successive re-substitution becomes

- : 1 1 1 :
V= e"‘"+V2+k2Ue" ’+V2+k2 UW Uekr+... (1.13.22)
and so in (1.13.10) we get
1 N - 1 _— ,
A(k, k') = —4—ﬂfe—1" U (e"‘" +V2+k2 Uelkr +) dr

(1.13.23)
The first term is just the Born approximation (1.13.11) which we
can denote by AB(k, k') = (K'| U |k) (1.13.24)

where the states | k) are momentum eigenstates such that

Vi k) = — k| k).
Then using the completeness relation to write
1
VTR " @y flP)k peitd (1.13.25)

the Born series (1.13.23) becomes

Ak, ) = (K| U )+ s [ (#1010 52 <01 U -+
(1.13.26)
Since the term in brackets { }is just the Born expansion of 4(k, p) we
can rewrite (1.13.26) as the Lippman-Schwinger equation for the
scattering amplitude
A(k,E) = AB(k, k') + fA (k.P) & =P 4R, )

(1.13.27)
which is represented diagrammatically in fig. 1.14.

For our Yukawa potential, using (1.13.16) for (1.13.24), (1.13.26)
gives

Ak K) = 7
; TP +
) (k" ~p* + ] [B? — p*] [(p — k)* + %]

a power series in the coupling constant which is reminiscent of the

(1.13.28)
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Fie. 1.14 Diagrammatic representation of the Lippman—Schwinger equation
as a Born series in which the potential acts an arbitrary number of times.

Feynman rules for the diagrams in fig. 1.10, but of course in three
dimensions. The second term has a cut in k2 = s for k% > 0 where the
denominator (p?— k?)~! vanishes. The first term has a pole at ¢ = u?;
the second has a cut beginning at ¢ = 442, and in fact has a Mandelstam
double spectral function boundary at

t=b(s) = 4p2+%4 (1.13.29)
Thus Yukawa potential scattering, or simple generalizations like
(1.13.18), have a singularity structure very similar to that of ¢3 quan-
tum field theory. The principal differences are of course the absence
of u-channel singularities (which would correspond to a Majorana
type of exchange potential), the absence of inelastic thresholds in s,
and the fact that the elastic threshold branch point is at s = 0 because
we are using the non-relativistic kinematics s = E = k2, rather than
the relativistic s = B? = k? 1+ m?.

1.14 The eikonal expansion*

A useful approximation method, which we shall make use of in
chapter 8, is the so-called ‘eikonal’ expansion of the scattering
amplitude. It can readily be derived in potential scattering where it is
appropriate for energies much greater than the interaction potential,
ie. B> V,ork?>» Uin (1.13.3) (see Glauber 1959, Jochain and Quigg
1974).

In this situation we expect that there will be very little scattering
in the backward direction, and so we can write the solution of (1.13.3)

as P(r) = e d(r) (1.14.1)

* This section may be omitted at first reading.
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where ¢(r) represents the modulation of the incoming wave caused by
the potential. When (1.14.1) is substituted in (1.13.6) the equation
for ¢(r) becomes

B(r)=1 -—%{fe“”""‘ U () ([r—r')dr’

=1-Z%faWﬂwwqur-rq¢u—rqwdwdmwand¢”
(1.14.2)

where in the last step we have introduced the vector r” = r—r’, and
0", ¢” are the polar angles of r” with respect to the direction of r.

At high energies we can assume that the range over which U¢ varies
appreciably is much greater than the wavelength of the beam, A, so we
can perform the cos @’ integration by parts, and neglect the second
term, giving

1 eikr"(l—cose”)U cosf"=1 4 d

~ 1_ - r— " r— rll ” " ”

¢ 1=z [(Sogpr Ur= =) rarag
(1.14.3)

However, the term with cos§” = — 1 is very rapidly oscillating, and
hence makes a very small contribution when we perform the integra-
tion over r”, and neglecting it we get a contribution only when r” is
parallel to k, i.e. along the z axis, and so (since f d¢” = 27) (1.14.3)
becomes

~ 1——f Ulz,y,2") ¢(x,y,2")dz" (1.14.4)
for which the solution is )
bz, y,2) = exp (—-2—1]-cf Uz, y, z”)dz”) (1.14.5)
So if we resolve r into (see fig. 1.15)
r=>b+k:

where b is a two-dimensional vector perpendicular to the unit vector &,
we have

Y(r) =exp [ik. r—-21—kfz U +I§z”)dz”] (1.14.6)
which in (1.13.10) gives

Ak, k) = “%Tfe_“"'" U + k)

X exp (1k r ——f U{( b’+kz”)dz”) dz’ d2b’ (1.14.7)
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F1a. 1.15 Plane wave incident on a potential. b is the two-dimensional
impact-parameter vector, perpendicular to z.

For small-angle scattering (k—k’).k ~ 0, and in this approximation
the 2z’ integration is over an exact differential. That is because

o[ ) (o v

And so we obtain
Ak, k') = %k;fei"""(l—ex("')) dzb’ (1.14.8)
where we have introduced the ‘eikonal function’ defined by

X0 =g [~ Vb (1.14.9)

For spherically symmetric potentials we can perform the angular
integration in (1.14.8), since

d2b’ = b'db’'d¢
K.b' = (2ksin 0) b’ cos ¢ = (4/t)b’ cos ¢
and (Magnus and Oberhettinger (1949) p. 26)

1 [
%fo eiz0088 dgp = J (x) (1.14.10)
where J, is the zeroth order Bessel function, and obtain
Ak, k') = —ikfmJo(b'J—t) (ex®—1)p"db’  (1.14.11)
0
If the exponent is expanded powers of ¥ we get the eikonal series

A(k, k) = —ikS f:,lo(b’\/—t)%‘b’db' (1.14.12)



THE EIKONAL EXPANSION 47

The eikonal function (1.14.9) can be expressed as the two-dimen-
sional Fourier transform of the Born approximation (1.13.12) i.e.

x(b) = 2_71;% f d2ke—ik'b AB(k, k')

- 2ikfiw Jo(by — ) AB(s, 8) ds (1.14.13)

and inverting (1.14.13) using (Magnus and Oberhettinger (1949) p. 35)
f: Jolxy) Jp(x'y)dy = S — ') (1.14.14)

we find AP(s,8) = k f 0°° X(8)Jy(by — )b db (1.14.15)

which is just the first term in the series (1.14.12)

Thus the first term in the eikonal series is identical to the first term
in the Born series (1.13.26) at high energies. The relationship between
the higher order terms of the two series is more complicated (see
Jochain and Quigg 1974) because for real potentials the eikonal series
contains alternating real and imaginary terms, while in general all the
terms of the Born series (except the first) are complex. But in the
large k, fixed K, limit the two series agree. Thus the eikonal series can
be regarded as an approximation to the sum of ladder diagrams
(fig. 1.14) when each successive scattering is restricted to small angles
only. We shall find that this is a very useful approximation in later
work (see section 8.4).



2
The complex angular-momentum plane

2.1 Introduction

The new idea which Regge (1959, 1960) introduced into scattering
theory was the importance of analytically continuing scattering
amplitudes in the complex angular-momentum plane.

At first sight this seems rather a pointless procedure because in
quantum mechanics the angular momentum of a system is restricted
to integer multiples of # (or half-integer multiples if the particles have
intrinsic spin). However, this quantization results mainly from the
‘kinematics’ of the process, from the invariance of the system under
spatial rotations, and has little to do with the forces which determine
the nature of the interaction. Thus in solving non-relativistic potential
scattering problems one frequently begins by separating the Schroe-
dinger equation into its angular and radial parts, so that one can
concentrate on the radial equation (see section 3.3 below)

2
dfr’gru(m—w—wr)) $(r) = 0 (2.1.1)

which contains the potential, and hence the dynamics of the inter-
action. The angular-momentum quantum number, I, appears simply
as a parameter of this equation.

Normally, one would solve (2.1.1) only for the physically meaningful
integer I values (> 0), but there is nothing to prevent us from con-
sidering unphysical, non-integer or indeed non-real values of I. We
shall see why this is of some utility in potential scattering in the next
chapter, but the basic ideas are much more general than potential
scattering, and are in fact more useful in elementary-particle physics.

We begin this chapter by defining partial-wave amplitudes, and
discuss some of their properties, and we then consider their continua-
tion to complex values of angular momentum. We show that the
singularities which occur in the angular-momentum plane are related
to the asymptotic behaviour of the scattering amplitude, and so
determine the subtractions needed in dispersion relations. It is found

[48]
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that moving poles in the angular-momentum plane give rise to com-
posite particles (or resonances), so that the asymptotic behaviour of
a scattering amplitude is determined by the particles which can be
exchanged. This is one of the main tests of the applicability of Regge’s
ideas to particle physics, and provides the main topic for the rest of
the book. It has also led to the introduction of the ‘bootstrap hypo-
thesis’, that all strongly interacting particles may arise as a conse-
quence of just analyticity and unitarity requirements.

2.2 Partial-wave amplitudes

In this chapter we shall only be concerned with 2 2 scattering, and
will restrict ourselves to spinless particles, so that the total angular
momentum of the initial state is just the relative orbital angular
momentum of the two particles. Since angular momentum is a con-
served quantity the orbital angular momentum of the final state must
be the same as that of the initial state, so it is frequently convenient
to consider the scattering amplitude for each individual angular-
momentum state separately, i.e. the so-called ‘partial-wave’ ampli-
tudes. However, the initial state will not in general be an eigenstate
of angular momentum, but a sum over many possible angular-momen-
tum eigenstates, and hence the total scattering amplitude will be
a sum over all these partial-wave amplitudes.

For spinless particles the angular dependence of the wave function
describing a state of orbital angular momentum [ in the s channel is
given by the Legendre function of the first kind A(z,) (see (A.3)).
We work in the centre-of-mass system in which z, = cos @, is given
by (1.7.17), so at fixed s the scattering angle is just given by ¢ (or »
from (1.7.21)), so ¢ = #(z,, s).

The centre-of-mass partial-wave scattering amplitude of angular
momentum [ in the s channel is defined from the total scattering
amplitude by

Ay(s = Tom 2f dz, B(z,) A(s,t(z,8)), 1=10,1,2,... (2.2.1)

The factor (1677)~1 is purely a matter of convention and is included in
order to simplify the unitarity equation (2.2.7) below. We can use the
orthogonality relation (A.20) to invert (2.2.1) giving

A(s,t) = 167 (20+1) Ay(s) B(z,) (2.2.2)
=0

which is called the ‘ partial-wave series’ for A(s, t).
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A great advantage of (2.2.2) is that at low values of s we expect only
a few partial waves to contribute to the series because classically
a particle with angular momentum ! > ¢, R (where g, is its momentum
and R is the range of the force) would miss the target and so not be
scattered. Thus, very approximately, with strong interactions of range
about 1fm, only S waves should be needed for ¢, < 200MeV/c, S, P
waves for g, < 400 MeV/c, and so on.

Another advantage is that each partial wave satisfies its own
unitarity equation independent of the others. This can be deduced by
substituting the partial-wave series (2.2.2) into the two-particle
unitarity relation (1.5.7) to obtain

167 3 (204 1) (47 (5,) ~ AP (5.)) Bz = Toln (167
[

"J d¢ f &3 @ +1) A6 @) 5 @+ DAY () B2
(2.2.3)
where 2z’ = cos 8;, is the cosine of the angle between the direction of
motion of the particles in the initial state ¢ and intermediate state n,
and 2" = cos 8, is the corresponding angle between the intermediate
and final states, and of course z, = cos 0, (see fig. 2.1). The addition
theorem of cosines gives
cos 0, = cosb;;co80, +sin b, ,sin b, cos ¢ (2.2.4)

where ¢ is the angle between the scattering planes of the processes
t—>n amd n—f. The addition theorem for Legendre functions (Erdelyi
et al. (1958) p. 168) is

l —
R@") = Re) R +2 3 (— yn =)

TOrm+) L) @) FT () cosmep

2.2.5)

where P7'(z) is the associated Legendre function of the first kind. The
orthogonality relation (A.20) (using Erdelyi et al., p. 171) gives

[[a] wrer B - gimRe) @20
80 (2.2.3) becomes ]
Afl(s,) - A(s_) = “’%Af"(mArf(s_) (2.2.7)

Thus only the given angular-momentum state ! is involved in the
unitarity relation. The absence of factors 167 is due to their inclusion
in (2.2.1).



PARTIAL-WAVE AMPLITUDES 51

Fie. 2.1 (a) The two-body intermediate state ]n) =5+6in 14+2->3+4.
(b) The centre-of-mass scattering angle 4, in 1+2 —546. (¢) The scattering
angles 0;,, 0,; and 0;;. The angle ¢ is the azimuthal angle about the direction
of q,, between the plane containing q,, and q,, and the plane containing
qsa-l and qsn-

For elastic scattering, where the initial, intermediate and final
states contain the same particles, (2.2.7) becomes, because of (1.10.3),

Im {4f(s)} = 7“’;—’ 4§ (s)[2 = pi(s)| A (s)]2 (2.2.8)
— 2QS‘I:
="
is the partial-wave phase-space factor for state ¢. Note that since

Pi(s) < 1for all s, (2.2.8) implies that 0 < Im {47} < 1.
The relation (2.2.8) may be ensured by writing

where PHs) (2.2.9)

g @O 1 elsingi(s) 1 1
AO=500 = 7w r@etge—i CH10
which defines the (real) ‘ phase shift’ §,(s). Below the inelastic threshold
the scattering amplitude is completely specified by this function. By
analysing the angular distribution of do-/d¢ it is possible to determine
these phase shifts directly from the experimental data, at least for the
lower partial waves at small s. However, real phase shift analysis has
to cope with the problems of spin (see chapter 4) and inelasticity, and
is rather more difficult.

3 cIT
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If many channels are open (2.2.7) gives
Im {4 (s)} = p?|4i(s)|2+ ngip”Ai”(s+) Ari(s_)
+ (3- and more-body channels) (2.2.11)
S0 0 < |4f ]2 < Im{4%} <1 (2.2.12)

The effect of these inelastic channels may be incorporated in (2.2.10)
by allowing &; to be complex, &6 +idf so

_ mexp (2i0f) ~ 1

# = — 281

A (s) %07 (s) , where 7, =exp(—24) (2.2.13)
7, being the inelasticity factor, 0 < 7, < 1. Clearly, 7, = 1 for elastic
scattering.

If a resonance occurs in a particular partial wave at s = M2 (see
for example Blatt and Weisskopf (1952) p. 398), then

SE(8)—> (2n + 1)7—T (n = integer)
5> M 2
. M.

so if we put say tan d;(s) = Mﬁr——s’ s~ M3
in (2.2.10) we find

” 1 Mr 1 r/2

n ~ ~ ===
AP = S LT~ ) M—E—iTe e F=4s

(2.2.14)

which is the elastic Breit—Wigner resonance formula of nuclear physics,
and corresponds to a resonance of mass M, and width I". In potential
scattering the condition 6, (2n+ 1)7/2 is very similar to the con-
dition for the formation of a bound state except that a resonance
occurs for positive energy and so can decay (see for example Schiff
(1968) p. 128). We can thus regard resonances as unstable composite
particles similar to bound states. If there is inelasticity the resonance
may decay into one of several channels f, the decay amplitude being

1 -Mr(Pin)’} _ (29:4¢ i

f(8) = — g
Al (S) pijM%_s_iM-P’ p’Lf ( S )

(2.2.15)

where I'; is the partial width for decay into channel f, and I"' = 3.1
f

is the total decay width. Note the factorization of the residue of the
pole. Many such resonances have been discovered in partial-wave
analyses (see for example Pilkuhn (1967)).
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Since B(z = 1) = 1 for all [, the optical theorem (1.9.5) with (2.2.2)

reads 8
otst(s) = J > (20+ 1) Im {4f (s)} (2.2.16)
sl2

while from (2.2.2) substituted in (1.8.13), after performing the angular
integration using (A.20), we have for 1 +2—>1+2

o8h(s) = 7 B @+ D4 (2.2.17)

Then from (2.2.8) we see that below the inelastic threshold ot = o}
as of course it must.

We can obviously make an exactly similar partial-wave decom-
position in the ¢ channel, defining

Ayt = Ton 2f dz, B(z,) A(s(z, t),t), 1=0,1,2,... (2.2.18)

with inverse  A(s,£) = 1673 (2 + 1) 4,(6) B(z,) (2.2.19)
=0

In the next section we shall be concerned with the relation between
(2.2.19) and scattering in the crossed s channel.

2.3 The Froissart-Gribov projection

Equation (2.2.19) provides a representation of the scattering ampli-
tude which is satisfactory throughout the ¢-channel physical region.
Since A,(t) contains the ¢-channel thresholds and resonance poles
the amplitude obtained from (2.2.19) has all the ¢ singularities.
But its s dependence is completely contained in the Legendre poly-
nomials which are entire functions of z,, and hence of s at fixed ¢. It is
therefore evident that this representation must break down if we
continue it beyond the ¢-channel physical region (—1 <z, < 1) to
the nearest singularity in s (or %) at s = s, say, where the series will
diverge. For example the pole

(m2—s)1 = m—2(1 st (mi2)2+ )

can be represented as a polynomial in s which diverges at s = m?2.

In fig. 2.2 we have plotted the nearest s- and u-channel poles and
branch points in terms of the variable 2,. They always occur outside
the physical region of the ¢ channel, but it is clear from fig. 1.5 that
the use of (2.2.19) is restricted to only a small region of the Mandelstam

3-2
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L
2 (Z—t—m2t) 2, (m%,4)
v ¥
- — * 4 +—% ]
4 -1 1
S1,t
2 (St —ug ) 2 (s1,1)

Fia. 2.2 The singularities in 2, at fixed ¢ (> £;). Outside the physical region
(—1 <z, < 1) these are the s-channel poles and threshold branch points for
z, > 1, and the u-channel singularities for z, < —1, cf. fig. 1.5.

plot beyond the physical region. This greatly impedes the use of
the crossing relation. For example, if the low-t region is dominated by
a resonance pole of spin o it may be a good approximation to put

M.T

r T

P.(2,) (2.3.1)
(cf. (2.4.14) with pi(s) > 1). However, though this may be satisfactory
in the t-channel physical region, we cannot make use of it in the
s-channel region (t < 0) because we know that the series (2.2.19), to
which (2.3.1) is an approximation, will have diverged before we can
reach the s channel (see fig. 1.5).

To obtain an expression for the partial-wave amplitudes which
incorporates the s and u singularities, and hence is valid over the
whole Mandelstam plane, we make use of the dispersion relation
(1.10.7). Since from (1.7.19), (1.7.21)

8" —8 = 2q43qs24(21— %) }
W —U = —2¢439120(%— %)

we can rewrite (1.10.7) as

(2.3.2)

3 g,(t)
Als,t) = 29413 Groa (2¢ (MP, 1) — 24 (s, 1))

_ 9u(t)
2G113Geoa(2e(E —t —m?2, t) —2,(X —t — s, 1))

+1j°° Ds(s,t)dz,+1j°° Du(“’t)dz' (2.3.3)

7 r
T Jatsnt) 2t 2% T Jatsn,) 24— %

but subtractions may be needed in the integrals. If (2.3.3) is sub-
stituted in (2.2.18) we can perform the z; integration using Neumann’s
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relation (A.14) provided the order of the two integrations can be
interchanged, and we find

1 gt 1 g,
4,() = — =2 z,(m?, 1)) + L 2 (2 —t—m2, ¢t
D) = To7 g Qe 1)+ T 5 = Qi )

- f " D0 QE)

167 23, 1)

1 <
—_— D, )Q)dz, 1=0,1,2,... (2.34
i | D0 QDT 2.3.4)

This is called the Froissart—Gribov projection (Froissart 1961,
Gribov 1961), and is completely equivalent to (2.2.18) provided the
dispersion relation is valid. Note, however, that (2.3.4) and (2.2.18)
involve completely different regions of z, and hence s. Since (2.2.18)
requires integration only over a finite region the partial-wave ampli-
tudes can always be so defined, at least in the ¢-channel physical
region, but (2.3.4) involves an infinite integration and can be used only
if the integral converges (so that the order of the integrations can be
inverted). From (A.27) @(z) ~ 27, so if D, (or D,) ~ 2V, (2.3.4) is

Z—>

defined only for I > N.To find the lower partial waves we also need to
know the subtraction functions like (1.10.10).

24 The Froissart bound

Froissart (1961) showed that, for amplitudes which satisfy the
Mandelstam representation, s-channel unitarity limits the asymptotic
behaviour of the scattering amplitude in the s-channel physical region,
t < 0, and hence limits the number of subtractions which may be
needed. This bound may be obtained as follows.

Q) ~ b0, () =logley@- 1] (24.)
l— o
(see (A.31)) the Froissart—Gribov projection (2.3.4) for s-channel
partial waves gives A,(s)——> f(s) e~K (2.4.2)
l,s—>

where z, is the lowest ¢-singularity of A(s, ) (threshold or bound-state
pole) and f(s) is some function of s. This means that all the partial

waves with 1> Iy = £1(z) (2.4.3)

will be very small. Indeed one may define the range of the force R (see
section 2.2) that such Ry, =1y (2.4.4)
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and particles passing the target at impact parameters b > R effectively
miss the target and are not scattered much. Thus for nucleon-nucleon
scattering, since the pion pole is the nearest ¢-singularity we have (cf.
(1.7.22) with t = m2)

m2 1 1 #i

2o = 1+—3 =—— = ——
0 2q§ ng(zo) §—> mﬂ: mnc

(2.4.5)
in our units, so the range of the force, and hence the effective size of
the nucleon is 1 pion Compton wavelength, as is expected from the
uncertainty principle.
Hence from (2.4.2)
21
A,(s)l——)f(s) exp (—!/Rq,)—~>exp ( —m + logf(s)) (2.4.6)
since g,— 4/s, and so for large s we can expect that there will only be
appreciable scattering in partial waves such that

I < (Js) Rlog (f(s))—>c(y/s)log s (2.4.7)

where ¢ is some constant. Thus the partial-wave series (2.2.2) may be

truncated as e(vs) logs

A(s,t) m 167 3, (21+1) 4)(s) B(z,) (2.4.8)
1=0

Then using the bound (2.2.12) and | F(z)| < 1for —1 <z < 1 we have

v3)logs

|[4(s, )] < 1671 Z (21+1) < const. slog?s, s—>o0, t<0

(2.4.9)
on summing the arithmetic progression. With the optical theorem
(1.9.5) this gives o%t(s) < const.log?s (2.4.10)

8—> 0

which is the Froissart bound. It has since been proved more rigorously
from field theory by Martin (1963, 1965).

For us (2.4.9) has the very important consequence that, for fixed
t <0, Dfs,t), D,(u,t) < const.slog?s, s>00 so that N < 1, and the
Froissart—Gribov projection (2.3.4) is defined for all I > 1.

Equation (2.4.6) also allows us to determine more precisely the
region within which the partial-wave series (2.2.2) will converge. The
asymptotic behaviour of E(z) is given by (A.29), which with (2.4.6)
shows that (2.2.2) will converge if

|Tm {6}| < &(zy) = cosh(z,) (2.4.11)
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F1e. 2.3 The Lehman-Martin ellipse; the boundary of convergence of the
s-channel partial-wave series in the complex z, plane, caused by the nearest
singularity at z, = z,.

which defines an ellipse in the complex 2, plane with fociat z, = + 1 and
semi-major axis 2, (see fig. 2.3). This is often referred to as the small
Lehmann—Martin ellipse (Lehmann 1958, Martin 1966).

2.5 Signature

In (2.3.4) A,(t) is defined in terms of integrals over the right-hand
(s-channel) and left-hand (u-channel) cuts in 2, (fig. 2.2). The asymp-
totic behaviour of these contributions as I-—+o0 is readily obtained
from (2.4.2). On the right-hand cut z, is always > 1 so {(2) is always
real and positive, for ¢ > ¢, so

ARH l—)f(t)e"“’*o’, 2o = {8y, 1) (2.5.1)

However, along the left-hand cut z, < — 1 s0
8(z) = (|2|)+im and APFE——>f(t)e 2D et (2.5.2)

IR ]
which is unbounded as > ico0. In section 2.7 we shall want to express
the scattering amplitude as a contour integral in the complex [ plane,
but we should be hindered by such a divergent behaviour.
Instead, therefore, we define partial-wave amplitudes of definite
signature % = + 1 by (neglecting the pole terms for simplicity)

1 @ ! ! ! 1 @ ’ A !
47 0) = g5 | D0 QU+ s [T D0 @

16712J~ (D', 8) +FD,(s',1)) Qi) dz

= 5 f DY (s',4) Q,(z) dz, (2.5.3)
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where DY (s,t) = Dy(s,t) +%D,(s,t), and where both integrals run over
positive z, (for t > t5). Amplitudes with & = +1 are referred to as
having even signature, while those with # = — 1 have odd signature.
Since @,(z) satisfies the reflection relation (A.17) it should be clear
by comparison with (2.3.4) that

A (t) = Ay(t) for 1=0,2,4, }

(2.5.4)
A7 (¢) = A/t) for 1=1,3,5,...

These physical integer values of ! are referred to as the ‘right-
signature points’ of Af(t) (i.e. even I for even signature, and vice
versa) and conversely the unphysical integer values (i.e. odd ! for
even signature, and vice versa) are called ‘wrong-signature points’.

With the definition (2.5.3)
A7 t)— f(t)e 8=, for &L = +1 (2.5.5)

-

and 8o converges as [ - 0.
We can sum the partial-wave series to give amplitudes of definite

signature ©

AY (s,t) = 167112‘6 (20+ 1) A7 (t) Boz,) (2.5.6)

8o the even part of 4+(s,?) in 2, = even part of A(s,?), and the odd
part of A—(s,t) = odd part of A(s,t). These amplitudes satisfy the
dispersion relation (again omitting poles)

A% (s,1) = ;wal—);,(s—’;)ds’+.7% f’” %ﬁdw (2.5.7)
S - Uy -

= DJ(s',1)

P ds (2.5.8)

=- .
where s has replaced u in the denominator of the second term because
of the replacement z,— —z, in the corresponding term of (2.5.3). The
Mandelstam representation for such an amplitude is from (1.11.4),

(1.11.8) in (2.5.7) (with some changes of variables)

St ___ff pst St +ypt‘u(ts) t)dsldtll

J’J’ pms ¢’ +ypsu( )d ‘du”  (2.5.9)

(8'—3s) u)

The lack of symmetry in s, t and u stems from the fact that we have
taken definite signature in the ¢ channel. These definite-signature
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amplitudes are of course unphysical because of the change of the sign
of 2, involved in the definition (2.5.3). But from (2.5.6) with (2.5.4)
and (A.11)it is possible to obtain the physical amplitude from them by

A(3,8) = }(AH(zp t) + AH(— 2, 1) + A~ (2, 8) — A~ (~ 2, 1)) (2.5.10)
For analytic continuation in I we shall always use A (s, t) rather than
A(s, t).
Since with equal-mass kinematics z, is given by (1.7.22), it has a
pole at t = t; = 4m?. So, from (2.5.1), for t < tpitis
A7 (t) = e A7 (1) (2.5.11)

which has the good asymptotic ! behaviour, rather than 47 (t) itself.
But we shall find in the next section that the threshold behaviour
is A7 (t) ~ (g2} ~ (¢ —4m?) so the required factor (2.5.11) is included
automatically.

2.6 Singularities of partial-wave amplitudes and
dispersion relations*

In the t-channel physical region we can obtain the signatured partial-
wave amplitudes either from (2.2.18) and (2.5.6), i.e.

1 M
A7 () = @f_l A% (s,t) B(z,)dz, 1=0,1,2,... (2.6.1)
or equivalently from (2.5.3) and (2.5.8), i.e.
1 o]
A7 () = WLT DZ (s,t)Qy(z)d2, 1=10,1,2,... (2.6.2)

Since 2DY(s,t) is the discontinuity of 4% (s,#) across the cuts in z,
while from (A.15) the discontinuity of @(z) is - mEB(z), we can combine
(2.6.1) and (2.6.2) in

1
F (1) =
470 =550

f A% (s,8) Qy(z,) dz, (2.6.3)
C,or C,

where the contours encircle the cuts of either @y(z,) or A¥(s,t) as
shown in fig. 2.4.

Since the integration in (2.6.1) is over a finite s region, at fixed ¢,
it is clear that 47 (¢) will have all the ¢-channel threshold branch points
of A% (s,t) which also occur at fixed ¢ In (2.6.2) these branch points

* This section may be omitted at first reading.
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1~

Fi1c. 2.4 Integration contours in the complex z; plane used in (2.6.3).

appear in DY(s,t). They are of course generated by the unitarity
equations as discussed in chapter 1.

However, the partial-wave projection may introduce further
threshold singularities. These arise from the vanishing of the three-
momenta which appear in the expression for z,, (1.7.19). Thus at the
threshold for the initial state ¢ — (m, +my)?, A(f, m2, m2)—0, g5 0,
80 z;—00. In view of the asymptotic behaviour of Legendre functions
(A.27), Q=) ~ (2,)7*1, this means

Qi(ze) dz;y ~ [t — (my +mg)* 2 (2.6.4)
and so from (2.6.2)  A7(f) ~ [t — (my +m,)2]2 (2.6.5)

Also ¢;,5 vanishes at the so-called ‘pseudo-threshold’ ¢ — (m, — m)?
and g, 0 at t > (my £ my)?, so if we introduce the notation

TE(t) = [t— (m; +my)?]E (2.6.6)
we find AL (t) ~ (ThE) Tal) THE) Tad)) (2.6.7)

If the initial- and final-state thresholds coincide, i.e. m;+m, =
mgy+m,, there is simply a kinematical zero of order ] at the threshold,
but otherwise there are square-root branch points for odd values of 1.
What is worse, if we want to continue to non-integer values of 1,
(2.6.7) implies that there will always be kinematical branch points. So
if we wish to write dispersion relations for the partial-wave amplitudes,
integrating over just the dynamical singularities as we did for the full
amplitude in (1.10.7), we must first remove these kinematical singu-
larities by defining the ‘reduced’ partial-wave amplitudes

Bi(t) = A7 () (@13 G120) " (2.6.8)

whose threshold singularities in ¢ are just the dynamical threshold
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branch points. Clearly By(t) is Hermitian analytic if A% (s,?)is (see
section 1.5).

The positive ¢, or right-hand cut discontinuity of this amplitude
may be obtained from (2.5.9) in (2.6.2) with (2.6.8), viz.

Im (B (s = 78 | (s’ )+ puals's ) Qi) 8 o)
' (2.6.9)

In addition to these thresholds 4%(s,t) may also have fixed-¢ singu-
larities due to bound-state poles below threshold. Thus a {-channel
bound state of mass M and spin o contributes

A% (s, t) = 2o+1)g} (9t139t24)”P

T > (2) (2.6.10)

where g¢? is the coupling strength (the factor (20°+ 1) is purely con-
ventional) and we have included the threshold factor (gy139:04)”
explicitly (so that g, may be constant). In (2.2.18) with (A.20) and
(2.6.8) this gives 1 g
BY(t) = Té?rmé\’” (2.6.11)
a contribution to the I = o partial wave only. These right-hand
singularities are exhibited in fig. 2.5 where we have drawn the threshold
cuts along the positive ¢ axis.

However, there are further singularities which occur at negative
values of ¢ due to the s-channel singularities of 4%(s,?). (Remember
A¥(s,t) has no u singularities as these have been folded over into the
s channel by (2.5.3).) Thus suppose there is a bound-state pole in the
s channel of spin o and mass M,

AS/’(S’ t) — (2U+ 1)gg(llzzliq;34)apa'(zs) (2612)
G
= ) )
80 D¥(s,t) = mG(s) P,(2,(s,1)) 6(s — M?) (2.6.13)

which substituted in (2.5.3) gives, through (2.6.8),
BY (£) = Gy(M?) B, (2,( M, 1)) Q(z( M2, 1)) (413 %100) " (2.6.14)

Now @)(2) has branch points in z at z = + 1 (for integer !) and so
(2.6.14) has singularities at
zt(.Mz, t) = i 1
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L

12m% 0 Am% 16m2

F1a. 2.5 Singularities of the ¢-channel partial-wave amplitudes for T scatter-
ing, showing the thresholds at ¢ = (2my)?, (4mg)?, ... and the left-hand cuts at
t = 4m? — 8y, where sy are the s-channel thresholds at s = (2mx)2, (4m)3, ....
(Note that G-parity forbids odd numbers of pions, see section 5.1.)

which from (1.7.19) requires

82+ 4(2M2 — 2) + (mf — m3) (m§ — m])
AR(E, m3, m3) A¥(¢, m§, m})

=+1 (2.6.15)

For example if all the external particles have equal masses (e.g. for
N —> TR, My = My = My = M, = M), this reduces to

=zl (2.6.16)

so there are branch points at ¢ = co and at ¢ = 4m% — M2, and con-
ventionally the branch cut is drawn along the negative ¢ axis as in
fig. 2.5. Note that the s-channel pole of spin ¢ contributes to all the
partial waves of the ¢ channel through (2.6.14).

The singularity arises through a pinch of the singularity of 4%(s, t)
with the branch points of @;(2) in (2.5.3). All the other s-singularities,
the threshold branch points etc., will give similar pinches, and hence
similar left-hand branch points, at positions determined simply by
replacing M%in (2.6.16) by the (real) threshold value of s.

For unequal-mass kinematics the mapping of the s singularities into
t is much more complicated. There are four solutions to (2.6.15), two
being independent of M2, i.e. t = 0 and co. Thus for nN scattering the
N exchange pole generates branch points at ¢ = 0, 00,( M —mZ[M\}?
and M% +2m?. (Note that if m, — My these two cuts join up, giving
asingle cut at{ = 3% in agreement with (2.6.16).) (For furtherdetails
see for example Martin and Spearman (1970) p. 376 ef seq.)

Since the imaginary part of ¢ is given by (A.15) for integer I, we
find from (2.5.3) that

1 z" ! ’ !
Im {47 (i = 57 [ BEDY (00 (2647)
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t=0
t = 4m?
/
| b()
P H
.a(t)
l ”* \ s = 4m¥z =z
/IN/ o0,z
§ =0,z =

~0

0 1

w=10z= -1

Fia. 2.6 Singularities in the Mandelstam plot involved in the partial-wave
projection of a definite-signature ¢-channel amplitude. The left-hand cut for
negative (fixed) ¢ involves integration over the s-singularities between z, = z,
(the nearest s-singularity) and z, = — 1. For sufficiently negative ¢ this includes
integration over the double spectral function between the boundary points
a(t) and b(z) as well, the dashed line being the fixed-¢ integration contour.

(7o being the lowest s-singularity —see fig. 2.6) gives the discontinuity
of AY(t) along its left-hand cut. For non-integer I we need to use
(A.16), but we are more interested in the singularities of By (t), and,
for s > 0, ¢+ ie corresponds to z + ie (from (1.7.19)), so the branch point
of @,(z) at z = — 1 is cancelled by that of the kinematical factor (2.6.8),
ie. Q%e) (¢u13Gees)~" has no cut for z, < — 1. There is a contribution
from the cut of @(z,) for —1 < 2, < 1, and another from the dis-
continuity of D(s,t) in the negative ¢ region, obtained from (2.5.9), so

1 zﬂ s ! ’
Im {Biq, (t)}LH = ao- F(~7) DY (s',t) dz;(— 9413 G¢04)
32 -1

1 b(t) s ’ ’ ’ ’ s
+ 2 Ql(zt) (psu(s s U ) +ypsu(u s8 )) dzt (qt13qt24)_l (2618)
167 a(t)

where the regions of integration are shown in fig. 2.6. Since inter-
changing s and % is equivalent to changing the sign of z,, with (A.17)
(2.6.18) becomes

1 zo r ’ '
T (B Ohuse = 355 [ B(=#) DY (1) &~ Gsen)™

1 b(t) r ’ ! i r:
+—= Q(2) P (8", 0') (1 —F e71™) d2} (¢113G104) " (2.6.19)
167T a@)

This last term, which is due to the fact that an exchange force (and
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hence the p,,, double spectral function) is present, does not contribute
at right-signature values of I where e=i" = &%,

With this knowledge of the singularity structure we can write down
dispersion relations for the reduced partial-wave amplitudes

B (t) = lf I—Ill{—,B—’ml)}dt#1 f Iﬂwdt' (2.6.20)
mJRH t'—1 mJLH t'—1

both discontinuities being given by the double spectral functions in
(2.6.9) and (2.6.19). Particular care is needed with subtractions,
however, because in taking out the threshold behaviour in (2.6.8) we
have worsened the asymptotic ¢ behaviour. Such dispersion relations
are widely used in parameterizing partial waves, for example in phase-
shift analyses. Of particular importance is the fact that crossing is
readily incorporated because the crossed channel singularities appear
in the left-hand cut. Also the right-hand cut discontinuity is given
by the unitarity equation. From (2.2.7) (interchanging s and t) with
(2.6.8) we find

By ()~ BYiS (1) = 21 S pl(t) BYin () BY ™ (t_)

+ 3- and more-body intermediate states (2.6.21)

where PO = Weatien 2 (2.6.22)
and in the elastic region (cf. (2.2.8))

21+1
Im {Bfi(t)} = “Z_(q_f\l/ét)—— | BYit (5)]2 (2.6.23)
This form of the unitarity equation will be useful for analytic con-
tinuation in 1.

2.7 Analytic continuation in angular momentum

The Froissart—-Gribov projection, (2.6.2), may be used to define 45 (t)
for all values of /, not necessarily integer or even real, as we have been
assuming so far. In fact, it can be used for all / such that Re {I} > N(¢),
where D, (or D,) ~ 2¥®, and where N(¢) < 1 for ¢t < 0 from (2.4.9).
The main advantage of using (2.6.2) rather than (2.2.18) for ! + integer
is that @, has a better behaviour than F as I -0 (compare (A.28)
and (A.31)).

The only singularities of Q(z) are polesat! = — 1, — 2, ... (see (A.32)),
80 (2.6.2) defines a function of I which is holomorphic (free of singulari-
ties) for Re {{} > max (N(t), —1).
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It is not immediately apparent that there is much merit to this
extended definition of the partial-wave amplitudes because of course
it is only positive integer values of I that have physical significance,
and there is clearly an infinite number of different ways of interpolating
between the integers. However Af(¢) defined by (2.6.2) vanishes as
|7]| o0 (see (2.5.5)) and a theorem due to Carlson (proved in Titch-
marsh (1939) p. 186) tells us that (2.6.2) must be the unique continua-
tion with this property.

More precisely Carlson’s theorem states that: if f(I) is regular, and
of the form O(e*"), where k < 7, for Re{l} > », and f(I) = 0 for an
infinite sequence of integers, ! = n,n+ 1,7 +2, ..., then f(I) = 0identi-
cally. Thus if we were to write

A7 () = AF @)+ f(, 1)

where A ¢(t) is obtained from the Froissart-Gribov projection, and
f(l,t) = 0 for integer [, the theorem tells us that either 47(t)4>0 as
!| =0 or f(I,t) vanishes everywhere. Perhaps the simplest example is

Af(t) = AFC@) + F(t)sinnl

Remembering that sinzl = (el — e17) (2i)~it is clear that | 47 (t)] -0
as l—1ioo, due to the added term.

Hence (2.6.2) defines 47 (t) uniquely as a holomorphic function of !
with convergent behaviour as |I| - oo, for all Re {I} > N(t). However,
we are prevented from continuing below Re {I} = N(t) by the divergent
behaviour of D,(s, ) as s co.

To proceed further we must make the additional, and crucial,
assumption that the scattering amplitude A4,(t) is an analytic function
of ! throughout the complex angular-momentum plane, with only
isolated singularities. It will then be just these isolated singularities
which cause the divergence problems, and we can easily continue
past them.

For example suppose that D;”(s,t) has a leading asymptotic power
behaviour DZ (s, t) ~ s*® +lower order terms (2.7.1)
80 N(t) = a(t). Then, since from (A.27) @,(z) ~ 2=, and from (1.7.19)
2;—> 8/q;13q04, the large-s region of (2.6.2) (s > s, say) gives

8S—r w

© e(a(t)—l) log sy
A7) ~ f s gi-1ds = — (2.7.2)

1>alt) J & oft)—1

Hence A,(t) has a pole at I = a(t). This is, by hypothesis, the rightmost
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singularity in the complex I plane, and it is this singularity which is
preventing continuation to the left of Re {I} = a(t). However, once we
have isolated this pole we can continue round it to the left, until we
reach the singularity due to the next term in the asymptotic expansion
of DY (s,t).
There may be logarithmic terms like

DZ (s,t) ~ s*® (log s)f® (2.7.3)

giving
1

I A gI1dg = —— -
A (t)l>a(t)Lls (logs)f®s—1ds (a(t)—l)1+/”(t>+"" pi)y £—1

=log(a@t)-1), Bt)=-1 (2.7.4)
50 A7 (t) has a branch point at ! = «(t), or a multiple pole if §is a positive
integer. We shall discuss the physical significance of these poles and
branch points below.,

The assumption that 4;(¢) has only isolated singularities in 7, and
so can be analytically continued throughout the complex angular-
momentum plane, is sometimes called the postulate of ‘maximal
analyticity of the second kind’, to distinguish it from postulate (v) of
section 1.4 concerning analyticity in s and ¢. It is the basic assumption
upon which the applicability of Regge theory to particle physics rests.
It is certainly not proven, but, as we shall see in the next chapter, it
is true of various plausible models for strong interactions, and, much
more important, it seems to be in accord with experiment.

If it is true, then the partial-wave series (2.5.6) can be rewritten
as a contour integral in the I plane (a method used by Sommerfeld
(1949), following a technique of Watson (1918)), viz.

1 B(—2)

(i
& I & (py )
A7 (s, 1) = N fol 21+ 1) A7 (8) e dl (2.7.5)

The contour C isshown in fig. 2.7. It embraces the positive integers and
zero, but avoids any singularities of A4;(t). The residues of the poles of
the integrand at the integers I = n, where sinwl— (—1)* (I—n)m, are
2mi(2n+ 1) A7 (8) P,(—2;)
(=17
using (A.11), so Cauchy’s theorem gives, from (2.7.5)
Af (s,t) = 167 3 (21 + 1) A7 (1) B(z,) (2.7.7)
1

= 2i(@2n+1)AZ (}) P,(z)  (2.7.6)

Hence (2.7.5) is equivalent to (2.7.7) provided A4,(t) has the required
analyticity in [.
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F16.2.7 Theintegration contour C,in the complex [ plane enclosing the positive
integers. This is then opened up along the line Re {I} = L, to give the contour C,
with a semi-circle at infinity.

Since we have found that 4/ (f) has no singularities in Re {I} > N(t)
we can displace the contour from C, to C,, shown in fig. 2.7, without
encountering any singularities of the integrand, provided the vertical
line has Re{l} = L, > N(t). The contribution of the semi-circle at
infinity will vanish because of (2.5.5) and (A.30). Also these equations
show that the region of convergence of (2.7.5) in 2z is much larger than
the small Lehmann ellipse (2.4.11) within which (2.7.7) is valid. This
region is independent of Im{f}, and in fact, because of (2.5.11),
should include the whole z plane. The s singularities of 4% (s,t) which
prevent the convergence of (2.7.7) are present in F(—z,), z; > 1, for
non-integer [ through (A.13).

If we displace L, to the left we shall encounter the I-plane singulari-
ties like (2.7.2), (2.7.4) which are responsible for the divergence of
(2.6.2). Let us suppose for simplicity that we encounter just one pole
at I = a(t) of the form A,(t) ~ A(t) (I—«(t))™*, and one branch point
atl = a,t)in Re{l} > — %, as shown in fig. 2.8. Then we obtain
16m

%

A%t = ——— | @I+ 1)A,9’(t)—'(.—_—zi)dl

. sin 7l

— 16m%(2a(t) + 1) A(t) ﬁ%(t—))

167 ( 2)
—— (2l+1)A-9’(t) ldl (2.7.8)
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F1a. 2.8 The integration contour opened further to C; along Re{l} = —4,
exposing a pole at ! = @ and making an excursion round the branch cut
beginning at the branch point a,.

where the last term is the integration round the branch point shown in
fig. 2.8, 47 (t) being the cut discontinuity. Equation (2.7.8) is known
as the Sommerfeld-Watson representation.

Because of the asymptotic z behaviour of Bj(z) (see (A.25), (A.26)) it
is evident that the first term, called the ‘background integral’, ~ s—%
as s— oo and so vanishes. Similarly, the pole term ~ s like (2.7.1),
while the asymptotic behaviour of the cut depends on the form of its
discontinuity at the branch point I—>ea,(t). If 47(t) behaves like
(I—a, ()14 then the asymptotic form is ~ s (log s)®; see (2.7.4).

In potential scattering, for well behaved potentials, there are only
poles, no cuts, as Regge showed in his original papers on the subject
(see chapter 3). In particle physics, we expect that there will be cuts as
well, but we shall postpone detailed discussion of them until chapter 8,
and for the time being concentrate on the poles.

2.8 Regge poles

The second term in (2.7.8) is called a ‘Regge pole’, i.e. a pole in the
complex [ plane. Its contribution to the scattering amplitude is

ATR(s,t) = — 1672 (2a(t) + 1) () ]s%?%(%z (2.8.1)
Because of (A.13) the s discontinuity takes the form
DiX(s, 1) = 167*(2a(t) + 1) B(t) Fury (21), 2 > 1
~ §¥b (2.8.2)

8—>



REGGE POLES 69

as expected from (2.7.1). In fact if (2.8.2) is substituted in (2.6.2)
we find, from (A.22),

L @a)+1)A0) B
4O =y (r e+ D e —a® 25D

confirming that (2.8.1) does give rise to a pole in the I plane.

If a(t) is a function of ¢, then, for a given fixed I, 4,(t) will have a pole
in ¢t at the point ¢, where a(t,) = I. We shall examine the properties
of a(t), f(t) in detail in section 3.2, and will find that usually «(?) is
a real analytic function of ¢ with a branch point at the threshold #r.
Thus forrealt > ¢ we can separate it into its real and imaginary parts

alt) = ag(t) +iog(t) (2.8.4)

and define ¢, to be the point where ag(t) = I. So expanding about this
point gives

alt) = I+ ap(ty) (E—t) + ... +iag(ty) +icj(t,) E—t)+ ... (2.8.5)

(where " = d/dt) and so for ag ~ I

AY t) ~ At ~ ﬂ(tr)/“h(tr)
! T - ah(tr) (t - tr) - iOLI (tr) - iOLi (tr) (t - tr) - tr —t—1 “I(tr)/a'R (tr)
(2.8.6)

assuming oy € ag. This may be compared with the Breit-Wigner
formula (2.2.15) from which we see that (2.8.6) corresponds to a
t-channel resonance of mass M, = ,/t, and total width

a1 (tr)
"= gen (287
Below threshold o; = 0 and we have a bound state pole on the real
t axis. This puts bound states and resonances on a very similar footing,
both being Regge poles (fig. 2.9).

When such a Regge pole occurs for a physical integer value of [ it
will correspond to a physical particle or resonance. This is also evident
from (2.8.1) in which we see that a pole in ¢ will occur when «(t) passes
through an integer because of the vanishing of sinzwa(t). However,
(2.8.1) is the signatured amplitude, and to obtain the physical ampli-
tude we must use (2.5.10) giving

AR(s,) = — 167 2a(0) + 1) pl =l L0 )

(2.8.8)
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F1a. 2.9 A Regge trajectory of even signature. The trajectory has Re {a} = 0
for ¢t < t; (the threshold) giving a spin = 0 bound state of mass M;, and then
resonances of spin 2 mass M,, and spin 4 mass M,. For ¢t < 0 the trajectory
contributes to the power behaviour of the crossed s-channel amplitude, ~ s*®,

which with (A.10) becomes

AR (s, 1) = — 1672 (2a(t) + l)ﬁ(t)[(l + & e~imalt)) %

- 7%7 sin7o(t) @ iy (— zt)] (2.8.9)

But the last term is asymptotically negligible because of (A.27), and
is usually omitted giving
—ina Pa(t) ( — zt)
AR(s,t) = — 1672 (2a(t) + 1) A(t) (1 +F e~imh) Sn7al) (2.8.10)

The factor (1+e-1"*) is called the ‘signature factor’, and it
ensures that a trajectory of given signature ¥ = + 1 contributes a pole
in ¢ to the scattering amplitude only when «(t) passes through a right-
signature integer (i.e. even/odd integer); see (2.5.4) et seq.

The Froissart bound (2.4.9) requires that «(t) < 1 for ¢ < 0, but if
trajectories rise through several integers for positive ¢ we can expect
to find families of particles which lie on the same trajectory, and whose
spins are separated by 2 units of angular momentum. We shall find
in chapter 5 that this is indeed the case, with «(¢) taking an approxi-

mately linear form alf) = o +a't (2.8.11)
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as shown for example in fig. 2.9 and figs. 5.4-5.6. This provides one
verification of the applicability of Regge’s ideas to particle physiecs.

Another simple test is to look at the crossed s-channel physical
region s > sq, t < 0. Here (2.8.10) gives, through (1.7.19) and (A.25),

AR(s,t) ~ s (2.8.12)

8§—>

where now ¢ gives the momentum transfer. Hence we expect to find
that at high energy the s dependence of the s-channel scattering ampli-
tude is a simple power behaviour, the power being a function of the
momentum transfer (remember «(t) is real in this region). It should be
an analytic continuation of the spins of the particles lying on the
leading ¢-channel trajectory (see fig. 2.9 and fig. 6.6). Thus whereas
a(t) is observable only at discrete points for positive ¢, where
a(t) = integer and a particle occurs, it can be detected in the asymp-
totic s behaviour for all £ < 0, at least in principle. In practice several
trajectories may be exchanged in a given process making it hard to
identify the different powers of s aceurately, but it has proved possible
to determine quite a lot of trajectories from the experimental data in
this way —see seetion 6.8.

The power behaviour expected from the exchange of a Regge
trajectory (sometimes called ‘Reggeon’) (2.8.12) may be contrasted
with that from a fixed-spin (elementary) particle, (2.6.10), which
corresponds to a Kronecker & in the I plane, (2.6.11). From (A.25) we
see that (2.6.10) gives A(s,t) ~ 57, where o is always integral, and
independent of ¢. At first sight it is rather surprising that the exchange
of many particles with high spins on a trajectory like fig. 2.9 should
give rise to the power a(t) < 1 for t < 0 (as required by the Froissart
bound) when each particle individually would give s%, 1 = 1,2,3, ....
The reason for thisis that, in a sense, the contributions of the different
partial waves cancel; but remember the partial-wave series does not
converge in the s-channel region. Thus suppose we have a linear
trajectory like (2.8.11), with poles at

— 0
=2 01,2,... (a<0) (2.8.13)

’ ?

t= M2

il

Then we can write the partial-wave series for these poles

B(ME)
A% (s,t) = 16n§l;(2l+1)a,(—Mlz’Tt)P,(zt)
_ 107 oy PO B(=2) g (2.8.14)

2i Je, l—aft) sinal
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and when we apply the Sommerfeld-Watson transform (2.7.8) we
find of course that 4% (s,t) ~ s2®,

The hypothesis of maximal analyticity of the second kind implies
that all the subtractions needed in dispersion relations such as (1.10.7)
are due to singularities in the angular-momentum plane like (2.7.2)
and (2.7.4). If we allowed arbitrary subtractions, as in (1.10.10), the
function F,_,(s,t) (a polynomial of degree n— 1 in s) would contribute
to all the (integer) partial waves I = 0,1,2,...,n— 1 in the ¢ channel,
giving Kronecker & terms in the ! plane, 8, oy, ..., 0y,—1, rather than
singularities. But such terms are precluded by our analyticity postu-
late. The Froissart bound implies that the degree of F,,_,(s,?) can be
at most 1, so the higher partial waves are certainly obtainable from
DZ (s,t); but the analyticity postulate also requires that the lowest
partial waves should be obtained from the higher by analytic con-
tinuation, so they are given by DZ (s, t) too, and F is not arbitrary.

This closes a most important gap in the determination of the
scattering amplitude by the unitarity equations. For we have seen in
chapter 1 (especially section 1.10) that given all the particle poles
(masses and couplings) one can, in principle, determine all the other
singularities from the unitarity equations, and thence find the scatter-
ing amplitudes by using dispersion relations (apart from the sub-
tractions). But there seemed to be no limitation on the number of
particles which could occur. However, it is unlikely that one needs
to put in all the particle poles a priori, since the composite particles
which are generated by the forces should emerge as consequences of
unitarity, and will lie on trajectories. For example, if one regards the
deuteron as a neutron—proton bound state it should be possible to
deduce its properties (mass and coupling) from a knowledge of the
strong interaction forces, and it would be inconsistent to insert arbi-
trary values for these quantities.

Now maximal analyticity of the second kind tells us that if one
knows DY (s, t) one can work back, via the Froissart—-Gribov projection,
and determine the nature of all the poles, because they are all Regge
poles. This requires a very high degree of self-consistency in strong-
interaction theory. For if we were to try and invent a new particle,
and insert it into the unitarity equations, it would generate further
singularities, and hence further contributions to the asymptotic
behaviour of the scattering amplitudes, and hence further Regge poles
which would themselves have to be included in the unitarity equations
-and so on.
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Clearly if our postulates are correct the actual (perhaps infinite)
number of different types of particles in the universe must be self-
consistent, i.e. must reproduce itself, and no other particles, under
the combined processes of unitarization and analytic continuation
inl. But whether it is the unique set with this property, so that the
self-consistency requirement determines the theory completely, is not
clear. The proposal that all the strongly interacting particles are self
generating in this way is called the ‘bootstrap hypothesis’ (see Chew
1962) and we shall examine it further below. Intuitively, it seems clear
that if all the hadrons are to be composites of each other, and all the
forces are due to the exchange of particles, then some form of self-
consistency is necessary, and by invoking Regge theory it is possible to
give a more rigorous formulation of this idea. Since this proposal
eliminates elementary particles, and puts all the observed particles
on an equal footing as composite Reggeons, it is sometimes referred to
as ‘nuclear democracy’ (Chew 1965).

Alternatively, it may be that there are some basic elementary
particles, for example quarks (see chapter 5), which do not lie on
Regge trajectories, and whose properties one needs to know before
one can predict the particle spectrum. If so, Regge theory will not
be sufficient by itself to tell us everything about strong-interaction
physies, but it will still provide important consistency constraints on
scattering amplitudes. We shall return to these more philosophical
problems in chapter 11.

2.9 The Mandelstam-Sommerfeld-Watson transform#*

In (2.7.8) we chose the contour for the background integral, C;, along
Re{l} = — % because (see (A.25), (A.26)) this gives the most con-
vergent behaviour of F(z) (~ z~% for Re {I} = —}). However, this line
is not a natural boundary of analytic continuation, and Mandelstam
(1962) has shown how it may be crossed.

We begin by rewriting (2.7.7) as

4%(6,8) = 16 3 {(2141) 4,00 Bleo) + 7~ 1/ (D AT 0 Qr4 @)

167 5, (— @D A0 Gy ) (2:9.0)

=1
We then make a Sommerfeld-Watson transform of the two terms in

* This section may be omitted at first reading.
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brackets { }in (2.9.1), the first giving (2.7.5) and the second involving
@,(—2) (cos )~ which has the required poles at half-integer values of
1. Then using (A.18) these two integrals can be combined giving, when
we open up the contour as in (2.7.6),

A% (s, 1) = 16 Thredle (2l+1)A5”(t)Q"‘ ("lt) dl
—$+e—10 8T

Q—avr1(—2)

+ 167(20(t) + 1) A(2) cos 7a(t)

+16 %“)(2l+1)Af”(t)Q—’—1( %) gy

2i os 77l
—16m % (=1 EALL (0046 (292)

The contour of the background integral has been put at 1 +¢ (¢ > 0) to
avoid the pole of (cos#l)™ at | = —} (fig. 2.10). If we now displace
this contour to Re{l} = —1 we pick up contributions from the poles
atl=1 (say)=—%, —3%,..., — L', where — L’ is the first half-integer
above — L, giving

A% (s,8) = 12—? J‘_L‘M 21+ 1) A7) Q__:ols(T) dl + poles + cuts
16r B @1 ALOQ (-2 T
V=—1IL
16771;3_0]1 (U™ o a7 7 () Qg () (2.9.3)

If we now replace the summation index I’ in the second line by
I = —1I'—}, this line becomes

L'—-} (—1)71
167
zZ-:o m

VA% 3 (6) @y (—2) (2.9.4)

which will cancel with the first L' — } terms of the last summation in
(2.9.3) provided
A 36 = A_,_,}(t) for [ =integer (2.9.5)

This symmetry of partial-wave amplitudes about [ = -}, the so-
called ‘Mandelstam symmetry’, follows from the Froissart-Gribov
projection (2.6.2) and the corresponding symmetry (A.19) of Q,(z)
(except that of course the projection does not converge without
subtractions), and as we shall see in the next chapter it is true in
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Fic. 2.10 The integration contour in (2.9.2) with the same singularities as
fig. 2.8, but we also pick up extra poles at the negative half-integers.

potential scattering, so it seems reasonable to suppose that it will also
hold in strong interactions. If so we end up with

A% (s,1) = E (2l+ 1) AF (¢) =LV Qoa () dl+ poles + cuts
—L—iw Sﬂl
—16 E (=112 A%, (1) @4 (2) (2.9.6)
I=L'+%

Since from (A.27) @y(z) ~ 2711, the Regge pole and cut terms (given
explicitly in (2.9.2)) still have the asymptotic behaviour ~ s*®, but
the first and last terms of (2.9.6) ~ s~ where L can be made as large
as we like. Of course in displacing the contour in this way we can expect
to expose more poles and cuts, and the magnitude of the background
integral at fixed z may increase.

The actual pole in the Regge term in (2.9.2) has been absorbed into
@_,_1, which has poles for @« = a non-negative integer (see (A.32)).
The apparent poles from (cos 7ma)~, at positive half-integer values
of a, cancel with the zeros of @_,_; which contains (I'(—a+ 1)) (see
(A.8)) while the symmetry (2.9.5) ensures that the residues of these
poles vanish for negative half-integers.

2.10 The Mellin transform*

Frequently we shall be concerned only with the leading asymptotic
s behaviour of the scattering amplitude, in which case many of our
equations can be greatly simplified by including only the asymptotic
behaviour of the Legendre functions, (A.25), (A.27), and making the
replacement z,—>»s for s - co.

* This section may be omitted at first reading.
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Thus instead of the ¢-channel partial-wave series (2.5.6) we write
the power series expansion

A7 (s, 1) =

iMs

ay(t) 8™ (2.10.1)

The dispersion relation (2.5.8) may be expanded in the form
A7(s.1) = fw DY (s, L ACRIPW

sz S —8

=_f DZ(s [1+ +( )2+...]ds’ (2.10.2)

and on comparing with (2.10.1) for each power of s we find
a,(t) = - f " DL, t) s~ 4’ (2.10.3)
T Jo

which corresponds to taking the leading s term of the Legendre func-
tion in the Froissart—-Gribov projection (2.5.3). However, the position
of the threshold is irrelevant as far as the leading behaviour is con-
cerned, and so it will not make much difference if we write instead of
(2.10.3)

a,(t) = 711 f " D25, 1) s~ dg’ (2.10.4)
0
This is the Mellin transform of D (s’,t) (see Titchmarsh (1937) p. 7),
and its inverse is { oty
DZ(s,t) = ——.f a,(t)svdn (2.10.5)
2i —iwoty

where the contour of integration is along a line parallel to the imaginary
axis to the right of all the singularities in » of a,(¢).
Now if we take the leading power of the Legendre function in the
Sommerfeld-Watson transform (2.7.5) we get
167 (—s)

7 " &
4750 =~ | @047 0 22

d (2.10.6)

which agrees with (2.10.5) if we remember that
Disc,{(—s)} = —s'sinzl, s> 0,

and if we incorporate the factor 167(21+ 1) into a,,(t). The contour O,
in (2.10.6) can be expanded to that in (2.10.5), but if DY (s,t) ~ s=®
thena,,(t) will obtain a pole at n = a(t) from (2.10.3) (see (2.7.2)), whose
contribution will have to be added to (2.10.5) similar to (2.7.8). Hence
Regge poles in the { plane give rise to poles in the n plane. However,
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since the Legendre function can be expanded as a power series in z,,
of which (A.25) is only the first term, a given Regge pole will produce
a series of poles in the » plane at n = a(t)—m, m = 0,1,2,...; and
vice versa. But as long as we are only concerned with the leading
behaviour this many-to-one correspondence between poles in the l and
n planes will not matter.

The dispersion properties are somewhat different in that (2.10.6)
is cut for 0 < s < oo while the pole in (2.7.8) is cut for z, > 1 (see
(A.13)), i.e. —4¢} < s < oo for equal-mass kinematics, from (1.7.22).
Of course neither of these is correct because the s cuts of the amplitude
should start at the threshold s = sp. So there must be a cancellation
between the discontinuities of the pole terms and the background
integral in the regions 0 < s < sy and —4¢} < s < sy, respectively.
Also we shall find in chapter 6 that the replacement of 2, by s is not
always trivial with unequal-mass kinematics. But provided these
points are borne in mind it is frequently convenient to use (2.10.4)
and (2.10.5) instead of the more exact expressions.



3
Some models containing

Regge poles*

3.1 Introduction

In the previous chapter we showed how, by analytically continuing the
partial-wave amplitudes in angular momentum, one can represent
the scattering amplitude as a sum of pole and cut contributions in the
complex ! plane. Cuts do not occur in potential scattering, or in some
of the simpler models for strong interactions, and they will not be
introduced until chapter 8. But Regge poles correspond to bound-
state or resonance particles, and in this chapter we shall examine their
occurrence in non-relativistic potential-scattering amplitudes, in
Feynman perturbation field theory, and in various models of strong-
interaction dynamics.

Though clearly none of these examples can prove that Regge poles
will actually occur in hadronic processes, they do help to make it
plausible. They also give some indication of the properties which
Regge trajectories may be expected to possess.

We begin by discussing some of the more general results which are
independent of particular models.

3.2 Properties of Regge trajectories

The analyticity and unitarity properties of the partial-wave ampli-
tudes imply certain general features of the Regge trajectories.
For example the occurrence of a pole at | = «(t) implies that

(Bt) >0 as I->alt) (3.2.1)

which may be used implicitly to define the function a(t), and hence
tells us about the analyticity of a(t). It is more useful however to
begin by writing, from (2.6.2) and (2.6.8) (Oehme and Tiktopoulos

* This chapter may be ommitted at first reading.
(78]
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1962, Barut and Zwanziger 1962),

B0 = [+ 7| 75700 D5, 05 s

= E(t)+ E() (3.2.2)
where to define E(t) and F(t) we have split the region of integration at
some arbitrary point s;. Then if Dj(s, ) ~ s%®, since from (A.27)

Qi(zy) ~ s

© e(a(t)—l) log s,
we find that K@) ~ f s-1taldds = —
8

Talt)-1

and so contains the pole. E(t) involves only a finite integration in s
and so has no pole. Thus instead of (3.2.1) we can define a(t) by

(B(t)™2—>0 as I->aff) (3.2.4)

It is evident from (3.2.2) that F(t) has similar singularities to By(¢),
i.e. the same dynamical right-hand cut starting at the threshold ¢,
and a similar left-hand cut due to the s-singularities, but with the
branch point pushed further to the left in the ¢ plane as its position is
determined by s, not s; (substituted for M2in (2.6.16), see section 2.6).
The kinematical threshold singularity has of course been removed
from B,(t), and hence F(t) in (3.2.2).

The implicit function theorem (Titchmarsh (1939) p. 198) tells us
that if (F(t))~* is regular in the neighbourhood of some point ¢ = ¢,
say, and if P

% (Bilt)) ™ 1matry * 0 (3.2.5)

(3.2.3)

then «(t,) is also a regular function in the neighbourhood of ¢,. This
is easily demonstrated by expanding (¥(t,))~* in a Taylor series about
t=1t,.1=aft,),le.
(BO)™ = ay(l—alty) +agl—alty))* +... +by(t =t
+ byt — b2+ .. oot —t,) (I—aft)) +...  (3.2.6)
Then setting (F(¢))! = 0 at I = a(t) gives
b

a(t) = a(tp)—a—i(t—tp)+... (3.2.7)

a Taylor series for «(t), so @ must be regular in the neighbourhood of ¢,,.
However, if (3.2.5) does not hold, i.e. if a; = 0, then

a(t) = alt,) + (—ﬁ)& t—t)t+... (3.2.8)

1253
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and so there are two trajectories which cross at ¢ =t,, each with
a square-root branch point, such that their imaginary parts for ¢ < ¢,
are equal and opposite, to preserve the analyticity of F; 1. Of course
if b, also vanishes at this point there will not be a branch point.

Thus we conclude that a(t) will be analytic where F; ! is analytic
unless two (or more) trajectories cross each other, in which case there
may, but need not, be a branch point in each trajectory function. So
unless trajectories cross we can expect a(t) to have the same singulari-
ties as (£(¢))*. However, the position of the left-hand cut in Ejt) is
arbitrary as it depends on s,. We can make s, as large as we like and still
obtain a pole in (3.2.3) from the divergence of the integrand in (3.2.2)
as $— 00, 80 it is evident that a(t) cannot contain the left-hand cut of
(F1(%))"L. Hence a(t) has just the dynamical right-hand cut from ¢ — oo,
unless two trajectories collide.

Such collisions must in fact occur at ¢ = 0 for fermion trajectories
in order to satisfy the generalized MacDowell symmetry (see section
6.5 below). Also they have been observed to occur in various potential-
scattering calculations, but this can only happen for Re{l} < —} (see
the next section). There is no direct evidence that complex trajectories
occur in hadron physics for ¢ < 0 (see however section 8.6), and it is
usually assumed that the trajectory functions are real for ¢ < ¢.

Then since a(t) is real analytic we can write a dispersion relation

alt) = — LT I“;,{“(t L ar (3.2.9)
However, subtractions will usually be needed. For example if
Re {a(t)}t—> A(),
a polynomial in ¢, we may have
alt) = A@¢)+ ”L Im—t,{—“}dt (3.2.10)

We shall find in the next section that with well behaved potentials
like the Yukawa the trajectories tend to negative integers as t— oo,
giving

alt) = —n+- tI“;{f(: Bar, n=1,23.. (@211
T

On the other hand in particle physics trajectories seem to be approxi-

mately linear, with rather small imaginary parts (see section 5.3)
suggesting instead

alt) = org+ ot b= L In;,{f(: b a (3.2.12)
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Or theintegralin (3.2.12) may not converge, in which case subtractions
will be needed as in (1.10.10), and if for example two subtractions are
sufficient we get

Im {x

alt) = ag+at+— f W)}dt’ (3.2.13)

We have chosen to make the subtractions at t = 0 so that ay = «(0)
and a, = &'(0) = (de/dt);_o-

We shall find (see section 5.4) that Im{«(t)} > 0 for ¢t > ¢, so if
we take the nth derivative of (3.2.11) or (3.2.12) or (3.2.13)

d*e _ n! (* Im{a(t)}
e 7LT T ar (3.2.14)

we find that all the derivatives are positive for ¢ < ;. A function
with this property is called a Herglotz function (Herglotz 1911).
If the pole takes the form (2.8.3), we have from (2.6.8)

y(t)
B T

() = B¢) (Fr3Ge2a) ™  (3.2.15)

The function y(f), the Regge residue with the threshold behaviour
removed, is often referred to as the ‘reduced residue’. We can use
Cauchy’s residue theorem to write (from (3.2.2))

y(t) = zimff di F,(t) (3.2.16)

where the integration contour is a closed path encircling the point
I = a(t), but no other singularities of K. This equation together with
the implicit function theorem tells us that y(f) will have similar
analyticity properties to «(t), i.e. just the dynamical right-hand cut
of F(t) unless two or more trajectories cross. So as with (3.2.9) we can

write Tm ()
_ m {y ()} 1,
y() = ﬂflT P (3.2.17)

again making subtractions if necessary.

Tt is also possible to deduce the nature of the branch point in the
trajectory funection at ¢ from the unitarity equation. If we consider
the elastic scattering process 1 -8 — 1 + 3 below the inelastic threshold
in the ¢ channel, ¢;, we have, from (2.6.23),

Im {(B())™"} = —p(t) (gra)®, tr <t <ty (3.2.18)
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where p(t) = 2¢,,5¢~%. Now the function
_ip(t) (—gng)® _ _ip(t) (gre)* eI

cos 7l cosl (3.2.19)
has the same discontinuity as (B;(¢))~! for t; < ¢ < ¢;, so that
Y(t,1) = cosal(By(t)) 1 +1p(t) (— gy3)* (3.2.20)
is analytic in this region. From (3.2.1.) we have
Y(t,1)>ip(t) (—qus)®, for 1—oaff) (3.2.21)

If we define ap = a(tp) we have (using (1.7.15), tp = (m; +my)?)
tp—t
Yitom) ~ -7 (%

80 Y(lp,ap) = 0ifap > — 1. We can expand Y in a Taylor series about
the threshold values of ¢ and «, giving

Y(t,at)) = Y(tp, ap)+ Yialt)—ag)+ Yyt —tr)+... (3.2.23)

+3
) for t->tq (3.2.22)

oY oY
where Y; 6l 1= “T? Y’ 6t - “T (3224)
and so ;
t—tp\2rt .
alt) = %—% ¥ ( 4T) T irtag
YI
—(t—-tT)(Y,) ey ap>—1 (3.2.25)

Hence the trajectory has a threshold cusp for —} < ap < 4 and above
threshold Im{a(t)} ~ (—tn)*, ¢ by (3.2.26)

However in potential scattering these cusp effects seem to be small
(Warburton 1964).

Since Y, ,)%_\/_2[, I>—13, i, (3.2.27)
T
the condition for a pole (3.2.1) becomes, from (3.2.20),
T by

which can be satisfied by I = a,, for any a,, such that
(log (¢}s) —im) (a, +3) =2mmi, n=0, £1, +2,... (3.2.29)

2mn

that i8 YT T e
7 +ilog (¢31s)

~1 (3.2.30)

A, =



PROPERTIES OF REGGE TRAJECTORIES 83

So an infinite number of trajectories converge on a = —1 as t—>
(¢:13—0). This is sometimes called the Gribov—-Pomeranchuk pheno-
menon (Gribov and Pomeranchuk 1962). Their occurrence should
serve as a warning against supposing that the left-half angular-
momentum plane is likely to have a simple singularity structure.

3.3 Potential scattering

In this section we shall briefly review the behaviour of solutions of the
Schroedinger equation for non-relativistic potential scattering as a
function of I. As we have already mentioned this is how Regge poles
were first discovered (Regge 1959) and there is the great advantage
that all the results can be proved rigorously. But as potential scattering
is only of limited relevance to particle physics our discussion will be
rather cursory, and we refer the interested reader to more complete
studies, where the required proofs are given in detail (Squires 1963,
Newton 1964, de Alfaro and Regge 1965).

a. Solutions of the Schroedinger equation

If the interaction potential ¥V (r) is a function of the r only, the solutions
of the Schroedinger equation (1.13.3)

Vi) — U(r) Y+ k23 = 0 (3.3.1)

can be decomposed into partial waves (see for example Schiff (1968)
p. 81) © 1
V(,6,6) = 3. T 4(r) B (cost) (33.2)

The cylindrical symmetry removes any dependence on the azimuthal
angle ¢, and the radial wave function ¢,(r) satisfies the radial Schroe-
dinger equation (2.1.1)

%’#%1@ 02D _pe )) (r) = 0 (3.3.3)

The quantization of angular momentum, which restricts I to integer
values, stems from the requirement that angular dependence of
(3.3.2) be finite for all values of §. But in (8.3.3) I appears as a
free parameter, and the equation can be solved for any value of I.
Poincaré’s theorem (see below) tells us that the solutions of such a
differential equation are usually analytic functions of such parameters,

4 cIT
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80 we may expect ¢,(r) to be analytic in I. It is also useful to note
the symmetry of (8.3.3) under the replacements I—- (4 1), and
E—>—k.

As long as the potential is ‘regular’, i.e. r2U(r)—0 as r—>0, the
small-r solutions of (3.3.3) are controlled by the centrifugal barrier
term I(l+1)r—2. This constitutes a repulsive addition to the effective
potential (for! > 0), and physically of course it represents the increased
difficulty of holding particles together if they have a high relative
angular momentum due to the centrifugal force. As r—0 we can
neglect k* and U in (3.3.3). Evidently there are two independent
solutions which behave like = and !, respectively, as r— 0. The
physical solution must be finite at the origin, however, and we denote
it by ¢y(r) = ¢(l, k,7) ~ i+,

It satisfies the integral equation (Newton (1964) p. 21, de Alfaro
and Regge (1965), p. 21)

¢, k,7) = ol b, 1) + f ;dr’ Glr,r YUY g, k,r')dr'  (3.3.4)

where G is the Green’s function, which may be written in terms of
Hankel functions as

Glr,r') =i 7 ()} (P, (or) BB, (er') — HEy (or) HE (o))

(3.3.5)
and where ¢, is a solution of (3.3.3) with U(r) = 0, i.e.
k\ 3
folllr) = ATA+D (5) g (3.3.6)

J being a Bessel function. It can be checked by direct substitution
that (3.3.4) satisfies (3.3.3), and the boundary condition at r = 0.

Aslong as rU(r) -0 as r—o0, both U(r) and the centrifugal barrier
term become irrelevant in (3.3.3) as - o0, and in this limit it is more
convenient to consider the ‘irregular’ solutions y(l, +k,r) whose
boundary conditions are x(I, + %,7) ~ eTr as r 00, because these
give the incoming and outgoing plane waves, in terms of which the
scattering amplitude is defined. They satisfy the integral equation
(Newton (1964) p. 14, de Alfaro and Regge (1965) p. 23)

x(b &, 1) = xoll, &, 7) — f:” G, U ) x( k) dr (3.3.7)
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where again G is given by (3.3.5) and y, is a solution of (3.3.3) with
U(r) =0, ie. T\ 3
xoll, b, ) = e-ihntD ('537) HE, (kr) (3.3.8)

The other independent solution is obtained by letting k- — k.

Since any solution of (3.3.3) can be expressed in terms of these
independent solutions, we can relate the physical solution (3.3.4) to
the asymptotic plane-wave solutions (3.3.7), viz.

B E7) = 5 (0 D)X~k —f0 ~HxG 7)) (33.9)

where the f’s are called Jost functions and satisfy (de Alfaro and Regge
(1965) p. 39)

PO E) = foll, )+ f : Uy xl b, )k, r) A (3.3.10)
-
AL E) = 7%1’(” 3) (’g) ot (3.3.11)
Hence as r—o0
B kr) > o (LR e —f(l, —R)e ) (33.12)

But the partial-wave S-matrix is S(, k) = e?9®, where &(k) is the
phase shift (see (2.2.10)), and is related to the asymptotic form of the
regular solution by

¢, k,r) ~ (e tkr — e Xm™ENS(] k) (3.3.13)

i.e. 8(1, k) gives the ratio of the outgoing flux (y ~ e'*r) to the incoming
flux (y ~ e~t*r) for the given partial wave, So in terms of the Jost

functions

S, k) = J%l—_% el (3.3.14)

and the partial-wave scattering amplitude is obtained from this
S-matrix by S(1, k) —1

2ik

(See (2.2.10). With non-relativistic kinematics p(s) —>k.)

Ay(k) = (3.3.15)

b. Analyticity properties of the solutions

The analyticity properties of 4,(k) are readily deduced from those of
S, k) obtained from (3.3.10).
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Poincaré’s theorem (Poincaré 1884) states that if a given parameter
occurs in a differential equation only in functions which are holo-
morphic in that parameter, and if the boundary conditions are inde-
pendent of the parameter, then the solutions to the equation will be
holomorphic in the given parameter.

Thus since (3.3.3) is analytic in I, and since if we consider the
function r#-1¢(l, k,r) the boundary conditions become independent
of I, the regular solution ¢(l, k, r) must be analytic in I for Re {I} > — }.
However, for Re{l} < —} the regular solution ->co as r->0, because
r = 0 is not a regular point of (3.3.3).

To continue to Re{l} < —4 we have to analytically continue the
integral equation (3.3.4), and the possibility of doing this depends on
the nature of the potential. If the potential is singular, i.e. rU(r) o0
for r->0, then for a repulsive potential the boundary condition
becomes independent of I, since the potential provides the most
singular term. So we can simply use the symmetry of (3.3.3) under
I->—(I+1) to obtain the S-matrix for Re{l} < -}, i.e. from (3.3.14)

S(Lk) = —e2mS(—1—1,k) (3.3.16)

This exhibits the Mandelstam symmetry (2.9.5). However, for an
attractive singular potential the S-matrix cannot be defined as there
will be an infinite number of bound states (see Frank, Land and
Spector 1971).

But we are mainly concerned with potentials which are regular at
the origin, like the generalized Yukawa potential (1.13.17). For such
we can make the expansions

rU(r) — k?r = § a,r"
"~ (3.3.17)
¢(l, k, 7‘) = yitl E bn’rn
n=0

and on substituting in (3.3.3), and equating coefficients of the various
powers of r, one finds

1 n—1
by = (2l+n+ 1)nm§0“’"bn—1‘"" n> 1} (3.3.18)
by=1
So ¢ is meromorphic in I with poles at 2l = — (n+ 1), i.e. 2] = negative

integers, provided that the series (3.3.17) converges for r near zero.
The same will be true of the Jost functions in (3.3.9) except that the
poles at half-integer [ values vanish due to the Mandelstam symmetry.
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And since the positions of the poles at negative integer I are inde-
pendent of 7, these fixed poles will cancel in the ratio (3.3.14), and so
will be absent from the S-matrix.

If the potential vanishes at the origin, so that »U(r) ~ P+, which
in (1.13.17) implies (expanding the exponential) that

f plu)prdp =0 for n=01,..,p, (3.3.19)
then there are no poles of ¢, for integer Re {l} > —1—p/2.

A special intermediate case is potentials which contain a singular
term Vy/r%. This may be combined with the centrifugal barrier term in
(3.3.3) to give an effective angular momentum L, where

LL+1) =l(l+1)+V,
Thus the poles in L at L = n give rise to branch points in ! at
l=YH-1+[1-4V +4n(n+ 1)} (3.3.20)

whose positions depend on ¥,

In strong interactions the very-short-distance behaviour of the
interaction is the part we know least well, and so the applicability
of the above analysis is uncertain. But the fact that the Yukawa
potential and its generalizations, which are so analogous to particle
exchange forces, do give rise to meromorphic Jost functions for
Re{l} > — 1 suggests that the same may be true in particle physics too.

By precisely similar arguments to the above it can be shown that
(I, k,r) is also holomorphic in k for all k (Rel > —1), since k appears
analytically in (3.3.3) and does not affect the boundary conditions.
Similarly x(l, k,7)el* is holomorphic in k for Re{k} > 0, Im{k} < 0.
But at £ = 0 ¥ has a branch point which can be seen directly in the
expression (3.3.8) for x,. The solution for Re{k} < 0 can be obtained
by continuing round this singularity replacing y by x({, ke=i7,r).
Continuation to Im {k} > 0 can be achieved by series methods, and it
is found that the Jost functions have the Hermitian analyticity

property F, k) = f*(1*, k*) (3.3.21)

However if the potential has the Yukawa form, say, and behaves like
e~™ ag r -0, then the asymptotic form of the outgoing wave function
x ~ et*rig damped away faster than U(r)e—*" as r > oo if Im {k} > m/2
and the series solution breaks down at this point. This is because
the partial-wave amplitude has a left-hand cut in k2 beginning at
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k?* = —m?/4, as one would expect from the analyticity properties
discussed in sections 1.13 and 2.6.

Having obtained the singularities of the Jost functions in k£ and [ we
can now discuss those of the scattering amplitude, which from (3.3.14)
and (3.3.15) may be written

1 [ef(l, k)—f(, — k)
440 = g [ ==

Clearly its singularities in k% will be the same as those of the f’s,
namely a left-hand cut starting at k? = —m?/4, and a right-hand cut
along the positive k? axis starting at k¥? = 0, as we found in section
1.13. In fact these partial-wave methods can be used to prove that
Yukawa potential scattering satisfies the Mandelstam representation
(Blankenbecler ef al. 1960). The right-hand cut is of course a conse-
quence of the unitarity condition 8§* = 1, and for integral I, from
(3.3.15) and (3.3.21), this becomes

Ake,)— Ayk_) = 2ikA(k,) A, (k) (3.3.23)

where k, _ are evaluated above and below the cut (cf. (2.2.7)). But
for non-integral [ it is necessary to take out the threshold behaviour
first (as in (2.6.8)) so we define

By(k) =

(3.3.22)

Ay(k)
72

which is Hermitian analytic and along the right-hand cut, k% > 0,
satisfies the unitarity equation

2 Im {B,(k)} = By(k,) — B(k-) = 2ik®1B(k,) By(k.)
= 2ik¥H1 | By(k)|? (3.3.25)

(3.3.24)

(cf. (2.6.23)).

c. Regge poles

In addition to these branch points there is the possibility that pole
singularities may appear in (3.3.22) due to the vanishing of f(I, — k). If
this happens for a given ! at say k = ik,, k, > 0, then it is evident from
(3.3.12) that as r—oo the wave function is damped exponentially
like e~*5", corresponding to a bound-state pole on the real negative
k? axis. Since f is an analytic function of [ the position of this pole at
l = a(k}), say, where the function ¢ is defined by

flalk}), — k) = 0, (3.3.26)
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will also be an analytic function of I. On the other hand if there is a zero
of f(I, — k) at some Im {k} < 0, say k = kg —ik;, we may write, in this
neighbourhood of %,

f(l, —k) = O(k— kg +ik;)

s0 F, k) = f*@*, — k%) = C*(k— Ty — iky) (3.3.27)

where C is some constant, producing a resonance pole in the S-matrix
(3.3.14) of the form

S(l’ k) ~ ei(nl—z arg Q) (

k- kR_ikI) (3.3.28)

= Top + iky

(Note that we cannot have k; = 0 since then both f(I, k) and f(I, — k)
would vanish at the same place and so ¢ would vanish.) So resonances
will also lie on Regge trajectories, like bound states.

To find the Regge trajectories produced by a given potential one
must search for the zeros of f(I, — k). One potential which has particu-
larly simple trajectories is the Coulomb potential V(r) = e*/r. Though
this violates the convergence requirements as r—>oo (rU(r) 4> 0),
it is well known (see for example Schiff (1968) p. 138) that the phase
shift &;(k) can still be defined if one first removes the infinite part
exp[(ie?logr)/2k] stemming from the infinite range of the inter-
action. The S-matrix is then (Singh 1962)

I'(l+1—ie2[2k)

SR = i iTie2h)

(3.3.29)

This has poles where the argument of the numerator I'-function passes
through negative integers, i.e. at

102
l=a,(s)=-m—1+g, m=0,12,.. (3.3.30)
giving bound states at
64
= = 2 = — ——
s=E=1Fk WimTip (3.3.31)

which is the usual Rydberg formula for the hydrogen atom (see
fig. 3.1). Note how the trajectories tend to infinity at £ = 0, which is
a characteristic of the zero-mass photon exchange.

With Yukawa-like potentials the Schroedinger equation can be
solved numerically using the series method (3.3.17) and some examples
are shown in fig. 3.2. A sufficiently attractive potential will produce
a bound state for low I, which will become less bound as ! increases due
to the centrifugal repulsion, and perhaps manifest itself as a higher
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(¥ 4

Fra. 3.1 Regge trajectories for the Coulomb potential from (3.2.29). For
integer I we have the degenerate hydrogen-atom levels of principle quantum
number n =1l+m+1 (m = 0,1,2), where m is the radial quantum number.
(E is measured in units of e*/4 = 1 rydberg.)

Rela} 0

-1 10 20 B

F16. 3.2 Regge trajectories for an attractive Yukawa potential
V(r) =—g*e|r

for various values of g2, from Lovelace and Masson (1962). See also Ahmadzadeh,
Burke and Tate (1963).

spin resonance. The trajectory turns down again once the effective
potential, U(r)—I(l+ 1) 72, becomes too weak to produce a pole for
the given ! value. It will also be seen that as g2— 0 the leading trajec-
tory remains near ! = — 1 for all k, i.e. near the position of the highest
fixed pole in the Jost function. This is because the Born approximation
(1.13.16) or (1.13.18), which behaves like t=* for all s, is a good approxi-
mation to the scattering amplitude in this limit.
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In fact the leading trajectory asymptotes to —1 for s— + o0 even
for large g2 because the first Born approximation dominates for large s.
However, if the potential vanishes at the origin, rU(r) ~ rP*1 ag
r—>0, then the trajectory asymptotes to the highest integer
I € —1~(p+1)/2. This follows from (1.13.18) since if the denominator

is expanded for large t
© 1 2
—f dpp(p) (? +5+ ) (3.3.32)
m

it is clear from (3.3.19) that coefficients of £-1, {2, ..., {~17-1 a]l vanish.

Other potentials for which the trajectories have been calculated
include the square well (see Newton 1964) and the three-dimensional
harmonic oscillator, V(r) = $ Mw?r%, where w is the classical frequency.
The eigenstates are (Morse and Feshbach (1953) p. 1662)

E=1?=%wn+3}) =fio@m+I1+3) (3.3.33)

giving trajectories with ! oc £. This is particularly interesting because
with relativistic kinematics E? = k% +m? one might expect to get
l oc E? instead, which corresponds to the behaviour found in particle
physics (see chapter 5). Various quark models for meson trajectories
have been proposed based on this observation (see Dalitz (1965), and
chapter 5) using a static version of the relativistic Bethe—Salpeter
equations (see (3.4.11) below) instead of the Schroedinger equation,
with a harmonic oscillator potential between the quarks. However,
such potentials do not satisfy the convergence requirement that
rV(r)—>0 as r—00 so there are no quark—quark scattering solutions.
The quarks can never get out of the potential which, since they have
not been observed, may not be a bad thing!

For well behaved potentials it is possible to determine the slope of
the trajectory below threshold from the ‘size’ of the bound state.
The Schroedinger equation (8.3.3) may be written

2

Dp =0 where D= ((;12 E—l(l+1)
We seek a solution ¢(I, &, r) for I = a(E) where E' = k2. Differentiating
with respect to E gives

d¢ dD _2¢+1da

Multiplying (3.3.34) by d¢/dE and (3.3.25) by ¢ and subtracting gives

U(r )) (3.3.34)

d¢D¢ ¢Dd¢ ¢%)¢ (3.3.36)
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D D d2 d2
But $—¢D = 156-9 13 (3.3.37)
s0 the left-hand side of (3.3.36) may be written

d [d¢ d¢ d2¢

a;[@ 5‘¢dEdr] (3.3.38)

and integrating both sides from r = 0 to co we get

dp dp , d%p 1= [=dD
[@E'Sbm]o =f0 T (3.3.39)

Since ¢ ~ ! for r—0 and ~ e~ for r > o0 (for a bound state) the
left-hand side vanishes at both limits for I > —1 and E < 0. Then
substituting (8.3.35) in the right-hand side of (3.3.39) we end up with

? 2dr
do 1 fo ¢ _ Rz
f (1/r2) gp2dr
0]}

where E? defined by (3.3.40) is the mean-square radius of the state
described by the wave function ¢. It shows that da/d¥ is positive for
a>—-%E <0.

d. The N|/D method

In obtaining the scattering amplitude from the potential one is seeking
a function whose left-hand cut in £ = k2 is given by the potential,
and whose right-hand cut satisfies the unitarity condition (3.3.25).
An alternative to solving the Schroedinger equation which exploits
these analyticity properties is the so-called N¥/D method (Blanken-
becler et al. 1960). This is of some interest because, unlike the Schroe-
dinger equation, it is readily generalized to particle physics provided
the scattering amplitudes have the expected analyticity properties.
From (3.3.22) and (3.3.24) we can write

f@. k) el —f(1, — k) 1 _ N(E)
2(iky+ (—1kVfQ, —k) ~ Dy(E)

Now from (3.3.21) we find that N(k) = Nj(ke—'7) (for real I) so that
N,(E) has no right-hand cut in E but just the left-hand cut stemming
from the potential beginning at £ = —m?/4, and N -0 as |E|—oo.

BI(E) =

(3.3.41)



POTENTIAL SCATTERING 93

Similarly D(E) has no left-hand cut, but just the right-hand unitarity
cut, and D(E)->1 as | E| —>c0. Both N and D are real analytic.
Hence we can write dispersion relations

N(E) = 717 f __:m I—"'}—E{-N—_’(g)} dE’ (3.3.42)
D(E) = 14~ f II—nﬁ{l—)——_(E'}’dE' (3.3.43)

If we define the discontinuity of Bj(¥) across the left-hand cut as
b,(E) we have

2
Im (N(E)} = DUE)b(E), E <" (3.3.44)
while on the right-hand cut
1 Im {B(£)}
Im {D(E)} = N(E Im:——} = - NE) Iy gygen
{ l( )} l( ) BI(E) l( ) |BZ(E)I2 l( )
(3.3.45)
from (8.3.25), and hence we obtain the simultaneous equations
_ 1 [ DB by(E) o
N(E) = - f_w 5 dE (3.3.46)
© N(E )E”+f} ,

The solution of these equations, given b/(¥), corresponds to the
solution of the Schroedinger equation with the given potential. The
problem of course is to find b,(¥). This is easy for the first Born
approximation (1.13.16) whose ¢{-discontinuity is just

Dy(E,t) = mg? d(t — u?)

which substituted in (2.6.19) (interchanging s and ¢ and putting ¢ = k)
gives 2 2 2
g w1 15
If this is substituted in (3.3.46) and (3.3.47) we get quite a good ap-
proximation to the exact solution for small ¢2. The second Born
approximation can also be calculated fairly easily (see Collins and
Johnson 1968), but higher order terms are more difficult.
The Regge poles appear as zeros of the D function, i.e. D,z(E) = 0
implicitly defines «(E), and so a trajectory a(#) can be followed by
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observing the movement of this zero with I. This tells us that a(F) will
have just the singularities of D/(E), i.e. just the right-hand cut, in
agreement with our conclusions of the previous section.

3.4 Regge poles in perturbation field theory

Itisimportant to check that Regge singularities also occur in perturba-
tion field theory, because this has a much more realistic singularity
structure in s and ¢ than potential scattering. We shall find in chapter 8
that more complicated I-plane singularities, Regge cuts, which are
absent from potential scattering, also arise in such field theories. But
in this chapter we restrict our attention to the poles.

Perhaps the first thing to note is that the theory will include not
only Regge poles but also the input elementary particles which
correspond to Kronecker-¢ functions in the [ plane. We are concerned
only with scalar mesons, and the partial-wave projection of a {-channel
propagator like (1.12.1) ig, from (2.2.18) and (A.20),

g2 1 s
16mt—m2

Aty = (3.4.1)

that is a contribution to the S wave only. Such elementary particles
do not seem to exist so we can be fairly sure from the beginning that
not all aspects of the I-plane structure of the field theory will corre-
spond to that of particle physics. (However we shall show in chapter 12
that in some circumstances these input ¢’s may be cancelled away.)
We shall only be interested in the composite particles which may arise
as bound or resonant states formed by the interaction between the
elementary particles. These should occur on trajectories in analogy
with potential scattering.

Such composite particles involve infinite sets of Feynman diagrams,
and we shall have to assume that the asymptotic behaviour of such
sets of diagrams can be obtained by summing the leading behaviours
of the individual diagrams. This certainly need not be true mathe-
matically, of course, but, at least for weak couplings where the per-
turbation series may make some sense, it has a certain plausibility.

A much more complete review of this subject may be found in
Eden et al. (1966, chapter 3). Here we are mainly concerned to obtain
(3.4.11) below.

For a general Feynman integral like (1.12.5), with » internal lines
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and [ closed loops, conservation of four-momentum at each vertex can
be used to express all the ¢; in terms of the loop momenta %, and the
external momenta p;. Then after judicious changes of variables k— k&
the denominator can be rearranged so that the %’ integrations can be

performed using
AL 1 im?
W Trop " 20 (3.42)

and its derivatives with respect to U, and (see Eden et al. 1966) one
ends up with -
H da,,: 8(1 _— 20(1’) C(a)n—21—2

4==2 iz(lD(p, a) +ie O(a))* 2 (3.4.3)

where D is a function of the »’s and «’s and C a function of the a’s only.
Thus for the 2> 2 scattering amplitude where there are just the two
independent invariants s and ¢ and D is linear in s we can rewrite this
{(dropping the ic term) as

1 n
I1 de; 6(1 — Z;) C(ax)n—2-2

A= T aC (344)

where g and d are some functions. We are interested in the limit s — oo,
t fixed, and clearly the integrand ~ s~"+% unless g(a) = 0. So this will
also be the behaviour of the integral unless somewhere on the contour
of integration g(a) = 0, and it is impossible to distort the contour
round this point because either (i) g(«¢) = 0 at one of the end points of
integration (giving a so-called ‘end-point’ contribution) or (ii) the
pointg(ee) = 0is ‘pinched’ by two or more singularities of the integrand
as s — o0 (see section 1.12).

It can be shown that as long as we stick to just planar diagrams
(i.e. diagrams which can be drawn on a sheet of paper without any
lines crossing) there will be no pinch contributions on the physical
sheet. We shall have to consider non-planar diagrams in chapter 8,
but here we shall only be concerned with the end-point contributions
of planar diagrams.

Obviously the pole diagram, fig. 3.3(a), gives
g2 1

= m2—8 ~ '8- (3.4.5)

4,

which is just the Born approximation for the ¢-channel scattering
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e

s I I A Pr n rungs
T t a,

@ ®) ()

F1e. 3.3 A sequence of ¢-channel ladder Feynman diagrams: (a) the single
particle exchange Born approximation, (b) the box diagram with its associated
Feynman parameters, (¢} an n-rung ladder.

process. Then there is the box diagram, fig. 3.3 (b), whose amplitude is

1 2
. 11 dee, df; 6(1 — 2o, — 2p,)
A =gg(_ g 0i=1
2 162 (a1a28 + d2(a3 ﬁa t))2

(3.4.6)

As s— 00 only the behaviour near a,,a, = 0 need be considered, and
defining dg = d,(0, 0, B;, B2, t) we need

€ 1 € €
f )00 e f 0 % Tleays 1 )

2 ’
1 log (e s+d2) logs (3.47)

 dgs a )" s
80 A2—>92K(t) losgs (348)
_ =9 (*d5 dB, 01— p1— )
where K(t) = 1672 fo (0,0, s fad)
_9 d2K L,
Bl 167r3f(K2+m2) [Ktgremyy =714 (3.4.9)

is the loop integral corresponding to the Feynman diagram fig. 3.4(a)
in which the sides have been contracted out (since a; =, = 0),
which is evaluated only with two-dimensional momentum K rather
than four-dimensional & (because d, appears only in the first power,
unlike in (3.4.6)).
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Fic. 3.4 The contracted diagrams corresponding to fig. 3.3 which
give the coefficient of the ~ s~ asymptotic behaviour.

For the n-rung ladder diagram, fig. 8.3 (¢), it is found similarly that

1 n
e 1 det;db 8(1 — Zat; — 5) O, )2
4= ¢(52) " m-pre

167 foty...a,s+d,(a, 5, 8)]"

(3.4.10)

and again, since the leading behaviour comes from the region where
the ’s vanish (Fig. 3.4 (b)) the a integrations can be performed to give

2 n—1
A Ng_(logsK(t))

S T (3.4.11)

The power behaviour of all the diagrams in fig. 8.3 is thus s~ like
(3.4.5). This is because just a single-particle propagator is needed to
get across the diagram. But the power of log s which appears depends
on the number of such propagators.

The next step is to take the asymptotic behaviour of the sum of all
such ladder diagrams with any number of rungs, assuming, as men-
tioned above, that the asymptotic behaviour of the sum is the sum
of the asymptotic behaviours. The similarity of figs. 3.3 to figs. 1.14
indicates why this may be rather like solving the Schroedinger
equation with a ‘potential’ given by the Born approximation (3.4.5).
From (3.4.11) we get
A =5 d, ~ 5 LlogsKE)r T

n

gz K(t)logs
~ = 3.4.12
ne1 8 (n—1)1 8 © ( )

~ g%*®)  where a(t) =—1+K() (3.4.13)

Clearly, through the Froissart—-Gribov projection (2.6.2), the power of
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8 in (3.4.13) may be identified with the leading ¢-channel Regge
trajectory. Thus we see how the Regge behaviour comes not from any
individual diagram, but from the accumulation of log s powers from
the successive interactions of the two particles scattering in the
t channel. Since K(£)— 0 for {— o0 (see below) we have a(f)—— —1,

t— 0

due to the behaviour of the Born approximation (3.4.5).

We can check this directly since from (2.3.4) the Born approximation
gives
AP0 = g0 ——2) . @ =it-4mn)  (3.4.14)

which from (A.32) hasa poleat [ = —1

2
B(#) ~ g 1
A7) 2@l ) (3.4.15)
When this fixed pole is inserted in the unitarity equations it is
Reggeized. The partial-wave amplitude must tend to (3.4.14) as
g2 0, and it must satisfy the unitarity equation (2.2.8) which it does
if we write it as a series in g2

Aft) = S (1 +Lal

327:q [a(t)—l_l+1 T+ 1 +)] (3.4.16)

where we have expanded the trajectory function in g2

g

a(t)=—1 +i6m al(t)+ (3.4.17)
and Im{e(t)} = _9 (3.4.18)
16w/t -

Since a(t) is an analytic function satisfying the dispersion relation
(8.2.11) with n == 1 we have

P e a 91 29+t
alf) = -1+ 1672 Lm- gt (¢ =ty t+ T 6 qelt tog [2qt_t1}
(3.4.19)

in agreement with (3.4.13). So as expected a(t)—>—1 as t— + oo for
all g2, and for all £ as g2 0. This is almost certainly unrealistic for
strong interactions because it stems from the elementary nature of
the exchanged scalar meson. But the way in which the trajectory is
built up from this basic interaction is so similar to potential scattering
that it seems very plausible that a similar mechanism will operate
in hadronic physics too. In fact, summing the ladders corresponds to
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P Ps
- H +
Pi+k Py—k
* 0
22 Pq

Fi6. 3.5 The Bethe-Salpeter equation (3.4.20) for summing ladder
diagrams.

solving the t-channel Bethe-Salpeter equation (see fig. 3.5) (Bethe and
Salpeter 1951, see Polkinghorne, 1964)
g° d4k

) o) T =B

X AB(p1, Pos D1+ K, Py — k) A(py+ b, D3 — K, 1 D) (3.4.20)
which is the relativistic version of the Lippman—Schwinger equation
(1.13.27). Trajectories generated by solving the Bethe-Salpeter
equation with various potentials have been published by Swift and
Tucker (1970, 1971).

A(s, t) = AB (st

3.5 Bootstraps

In section 2.8 we introduced the bootstrap hypothesis that the only set
of particles whose existence is compatible with unitarity, analyticity
in s and £, and analyticity in [, is the actual set of hadrons found in the
real world. If this is so it should be possible to deduce the properties
of the particles just by implementing the unitarity equations together
with the constraints of crossing. Attempts to achieve this are called
‘bootstrap calculations’.

The complexity of many-body unitarity has made it impossible to
test this hypothesis properly so far. We shall examine some of the
progress made in this direction in section 11.7, but here we want to
illustrate the application of two-body unitarity, to complement our
discussion of the previous sections. We review briefly the three main
techniques which have been employed.

a. N/D equations

These are based on partial-wave dispersion relations, and their
development closely parallels the discussion in section 3.3d. From
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(2.6.20) we can write (Chew and Mandelstam 1960)
.S’
BY(t) = BL(t) + f Iﬂili__}dt
m tr

t—t
where BJ(t) is the contribution of the left-hand cut. If we neglect
inelasticity completely, so that we can use the elastic unitarity
equation (2.6.23) over the whole right-hand cut, this becomes

(3.5.1)

© 5 (1) | B (1|2

BY(t) = Bh(t) ++ f ALY [BIE) g (3.5.2)
oSty ' —t

And if we suppose that all the crossed channel singularities are known,

i.e. BL(t) is given, then (3.5.2) is an integral equation for the scattering

amplitude. To solve it we linearize by writing (cf. (3.3.41))

Nit)

34
B0 =10

(3.5.3)
where, by definition, the numerator function Nyt) has the left-hand
cut of By (t), and Dj(t) the right-hand cut. So

Im {N(t)} = Im{BY (1)} D(t) = b,(t) D(t), say, t<ty, (3.5.4)

and Im {Dt)} = N(t) { }

B.S’
= ,Iﬁ§aﬁ =-p®NE)  (3.5.5)

from (2.6.23). Since, using (2.2.10) and (2.6.8)

1 _ Dyt) _ e—i8()
BYW - N®  smap)”

(3.5.6)

and N is real for ¢ > t;, D(t) must have the phase e % along the
right-hand cut, ¢ > .

The Wiener-Hopf method (see Titchmarsh (1937) p. 339) allows one
to construct D,(t) knowing this phase, and the positions of the p; poles
att = t, say, and the m,; zeros at t = t;, on the physical sheet. It takes
the form

am=zwﬂﬁ(?:;)n(t“%)wPLf‘%ﬁ”?W*ﬁﬁﬂdq

AR i \in—ty T ) G0 —t)
(8.5.7)
We have assumed that 6;(t) — constant, so that only one subtraction

t—

at tp is needed in the integral. We insist that (as in section 3.3d) all
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the poles of the amplitude correspond to zeros of Djf) (not poles of
Nj(t)). These may be either bound states on the physical sheet at
t = t;, or resonances on unphysical sheets where &(t)— (2n +1)7/2.
Then from (3.5.7)

Dl(t) ~ Hmp—ppta =1 [8(=)-5ytr)l} (358)
We choose conventionally that Dj(t)—— 1 so
t—
8y(00) — 8y(by) = [ p—my] (3.5.9)

and also that §(ty) = m,; giving
8(c0) = mp, (3.5.10)

This relation between the asymptotic value of the phase shift and the
number of poles of the D function is known as Levinson’s theorem
(Levinson 1949).

From (8.5.5) and (3.5.7) we can write a dispersion relation for
Di(t) in the form

© ! ! D ,

Dyt) = 1—%£T ’%t—)dt' +¢§1tz—ia (3.5.11)
where the 7y, are the residues of the poles. Since the y; and ¢, are
arbitrary, Dj(t) is evidently not completely determined by the input
BE(t). This is known as the CDD ambiguity, after its discoverers
Castillejo, Dalitz and Dyson (1956). An elementary (non-composite)
particle like that represented by (3.4.1) would correspond to a CDD
pole in the appropriate partial wave.

However forlargeltheresult (2.5.5) implies that B,(t)l—>B,L t)—0

l—o> o
so that &;(c0) — 8)(ty). There will clearly be no bound states in this limit,
i.e. m;—> 0, and hence from (3.5.9) p;—> 0 too. Thus for large I there is
no CDD ambiguity and the scattering amplitudes will be completely
determined by BF(t). However, our assumption of analyticity in !
requires that the low partial waves should be obtainable from the
high partial waves by analytic continuation, and so we cannot just
start adding poles in (3.5.11) as ! is decreased. So analyticity in [ pre-
cludes CDD poles in low partial waves as well.

Hence from (3.5.4) and (3.5.5) we arrive at the pair of simultaneous

N/[D equations
_ 1% b)) D)
® pl(t’) M(t’) dtl

1
Dyt) = 1‘77L A (3.5.13)
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like (3.3.46), (3.3.47). If we introduce the function

Gi(t) = N{t)— Blt) D) (3.5.14)
it will have no left-hand cut since
Im (Bl (o)} = ) ) (3.5.15)
D)
while on the right-hand cut
Im {Gi(t)} = — BR(¢) Im {D(1)} (3.5.16)
and so it satisfies the dispersion relation
_ L (e Im{GE)} .
Cy(t) = ﬂftT — e (3.5.17)

or from (3.5.14)
o RL(# ’
N,(t)=B,L(t)D,(t)—71T L B—’(—t%{w}dt' (3.5.18)

Then using (3.5.13) and (3.5.5) to eliminate D,(t) this becomes

L
Nyt) = BE() + L ]i-(t—tu-) () NE) A (3.5.19)

This is an integral equation for Ny(t) given BF'(t) which can be solved
numerically. Once N(t) is found it can be substituted in (3.5.13) to
find Dy(t).

These equations can be generalized to include inelastic states (for
a review see Collins and Squires (1968) chapter 6). The most important
change is that it is then possible for bound or resonant states of one
channel to appear as CDD poles in another channel. However, such
a CDD zero will emerge from the inelastic cut as [ is decreased, so
continuity in/is not destroyed, and such CDD poles do not correspond
to elementary particles.

A zero of Di(t) at some t = ¢, say, corresponds to a pole of the partial-
wave amplitude. Continuing the solution in  we generate a trajectory

) such that Dygalt) = 0 (3.5.20)
Then expanding (¢} about I = e(t;) we have (from (3.5.3))

4 N, () N N
o~ (I—alt,)) (9Dfol) =gt lzalt), t=i (3.521)

so the residue of the Regge pole is given by N(oD/al)~2.
A simple example of the use of such equations is the p bootstrap
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(@) ) ©

Fia. 3.6 The p-exchange poles in the s-, t- and u-channels of nn scattering.

(Zachariasen 1961, Balazs 1962, 1963, Collins 1966). This is based on
the observation that the dominant singularity in low energy elastic nr
scattering is the spin =1 p resonance. Because nr scattering is
crossing symmetrie this resonance will occur in all three s, t and »
channels (fig. 8.6). So if we make the very drastic approximation that
this is the only important singularity we can obtain the left-hand cut
of the t-channel partial-wave amplitude from the p poles in the s and
« channels. Thus from (2.6.14)

2 2 2
L _ Jo Db my t
BY) = & 5 Q) (1 +—2q%) P, (1 + 2q§) (3.5.22)
where ¢% = HmZ—m?)

The mass of p, m,, and its coupling strength to nx, g,, can be regarded
as free parameters. Then if we insert (3.5.22) in (3.5.19), solve the
equation, and insert the solution for Nj(f) in (3.5.13) we obtain an
output ¢-channel trajectory and residue from (3.5.20) and (3.5.21).
Crossing symmetry requires that Dj(¢) should have a zero for [ = 1 at
t = m?, and that the residue should be g2. Hence one can try and adjust
these parameters until self-consistency under crossing and unitarity
is achieved, and thereby deduce the mass and coupling of the p from
self-consistency requirements only.

Unfortunately there are several technical problems concerning the
divergence of the integral in (3.5.19) which requires a cut-off, but
a qualitative success may be claimed (see Collins and Squires (1968)
chapter 6). This is probably the most we can expect given that we
have neglected all the other singularities and inelastic unitarity. But
the most important point is that this method of generating trajectories
in particle physics is based on methods which we know can be em-
ployed successfully in potential scattering.
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b. The Cheng-Sharp method

Another way of using partial-wave unitarity to calculate Regge
trajectories was suggested by Cheng and Sharp (1963) and Frautschi,
Kaus and Zachariasen (1964).

If the partial-wave amplitude is expressed as a sum of Regge poles
plus the background integral

By = 5 YL B (3.5.23)

! Sl—ayt) o
and substituted in the unitarity equation (2.6.23), or (4.7.4) below,
for I—>a,(t) we get

—-—1—=E—ﬁ‘g)——+l—?yi"(t) for j=1,2,...,n (3.5.24)
B ol —ak®) T Dot (35
a set of simultaneous equations for the Regge parameters given the
background integral (which contains the crossed-channel singularities,
i.e.the ‘potential’). If one supposes that just a single pole «; dominates
with Im {e;} small, then B can be neglected and (3.5.24) becomes

Im {o;(t)} = po,; () v;(8), Im{y;{t)} =0 (3.5.25)

which has the correct threshold behaviour (3.2.26).

To proceed further it is necessary to modify the Regge pole terms
so that they have the correct Mandelstam analyticity. (The s dis-
continuity in (2.8.10) starts at z, = — 1, from (A.13), i.e. at s = — 4¢3
for equal-mass kinematics, rather than at the threshold sp (see
Collins and Squires (1968) chapter 3). One must also add the crossed-
channel poles, which provide the potential, in Bf. This method has
been applied successfully in calculating trajectories in potential-
scattering problems (Hankins, Kaus and Pearson 1965), and, with
many necessary modifications, for some bootstrap calculations (Abbe
et al. 1967).

c. The Mandelstam iteration

This method makes direct use of the Mandelstam representation
discussed in section 1.11. Elastic unitarity is used to obtain the
double spectral functions, pg, in those regions of the s-t plane where
elastic unitarity holds, and the asymptotic behaviour of p  gives the
trajectory.
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From (1.5.7) the discontinuity across the elastic cut for ty < ¢ < &y
in the ¢ channel is

Dyls,t) = f 40, 4+(s', 1) A~(s", 1) (3.5.26)

327 2Jt
where (see (2.2.3) with s & £) 8" = s(2',t), 2’ = cos 0, being the cosine
of the scattering angle between the direction of motion of the particles
in the initial and intermediate states, and where s” = s(2”,t) and
2" = cosf,;, the cosine of the angle between the intermediate and
final states, in the t-channel centre-of-mass system. Similarly s = s(z,, t)
where z, = cos§,; (see fig. 2.1) and d&, = dz"d¢. These angles are
related by the addition theorem (2.2.4), i.e.

2’ = 2,2" +4/(1-2}),/(1—2"%) cos ¢ (3.5.27)

Formally we can substitute the dispersion relation (1.10.7) for 4+
and 4~ into (3.5.26) and obtain at fixed ¢ (neglecting the pole terms for
simplicity)

_ 4 l © Dy(sy,t.) l ® D, (uy,t,) ]
Dy(s,t) _—32ﬂ2thth [ﬂf —81_8, dsl+ﬂ uT_’Uq—u' du,

L CUTEY L TOVEI
w —u 2 e

ta . U2
with (from (1.7.21))

stttu=s8+t+u' =s"+t+u" =5 +t+uy =s+t+uy =2
(3.5.29)

If then we replace the s’s and «’s by 2’s using (2.3.2) and change the
order of integration we find terms of the form

f dz’ f d¢-7:_71—(m = Zlog (z—:z—‘:—:fﬁ) (3.5.30)
using (3.5.27), where

Az, 2,25 )= — 1+ 22+ 25 +25— 22,2, 2, (3.5.31)

and we must take the branch of the logarithm which is real for

—1 < z < 1. So converting back from z’s to s’s we get

q ds, (°ds
Dt = Ty f 2 ), a3 Dt + Dulsut)) Do)

4,1 201 K-log (

8—8y— 8y, — (8, 8,/29%) + K}
8— 81— 8, — (8,8,/293) — K*¥
(3.5.32)
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where
K(s,8,,85,8) = [s2+ 83+ 83 — 2(s8, + 885+ 8, 8,) — 88, 8,[q%] (3.5.33)

Now from (1.11.11) the double spectral function pg(s,f) is just
the discontinuity of D,(s,f) across its cuts in s. This discontinuity
arises from the vanishing of K. But K -0 makes the logarithm tend
tolog 1 = 27ni, where n depends on the branch of the logarithm which
is chosen. So the discontinuity in going round the threshold branch
point in s for K > 0 is just 277. Hence

1 g ds1 ds2 Dy(sy,8,) Dy(8g51-) , o
Puls,t) = 8 \/tf% 2qtf 243 K‘}(s Sla 85,1) 2 (3.534)
The region of integration is over s, s, > sy but with K > 0, since
there is no discontinuity for K < 0. The boundary in s of py(s, ) is
given by the lowest values of s,, 8,, i.e. where

2
K(s,87,81,t) =8 (s 4sT—;—) =0 (3.5.35)
{
But s = 0 is not a singular point of (3.5.32) so the boundary is
st
§= 4sT+§§— = b(¥) (3.5.36)
{
From (1.11.4) we have
L[ p(s,t") 1.0
Dys,t) = — e dt” + other terms (3.5.37)
b(s) -

The most important ‘other term’ is the s-channel bound-state pole
from the Born approximation (2.6.13)

DE = 7g?8(s —m?) (3.5.38)

If this is substituted in (3.5.34) we get

g4

Put(s,8) = 16g,(s — 4m2 —m4[g3)b ./t /s
whose boundary is at K(s, m?,m?,t) = 0, i.e. (1.12.10). Then if (2.5.39)
is substituted into (3.5.37) we get an additional contribution to D,
(over and above (3.5.38)), which may in turn be substituted in (3.5.34)
to give a further contribution to pg(s,t) with a boundary at
K{(s, 4m?, 4m?,t) = 0; and so on. Hence we can find D,(s, t) by iteration,
the successive contributions to the double spectral function having
boundaries at higher and higher s, as shown in fig. 3.7. This is just

(3.5.39)
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B
8

F1a. 3.7 The boundaries of the successive contributions to the double spectral
function (B,, B, By, ...) obtained by iterating the input s-channel pole B; with
t-channel unitarity. The asymptotic s behaviour will be p(s, ) ~ s*® for fixed ¢,
which enables the trajectory to be found.

another way of summing the ladders corresponding to multiple ex-
change of the Born approximation (3.5.38). Indeed (3.5.39) gives
us the behaviour (3.4.8), and the various iterations agree with
(3.4.11).

Of course (3.5.38) is unrealistic as a Born approximation for particle
physics. Attempts have been made to incorporate crossing symmetry
by taking s-channel Regge poles as the input, and generating ¢-channel
Regge poles as output, and seeking bootstrap self-consistency as
described in section 3.5a, but so far with only modest success (see
Collins and Johnson 1969, Webber 1971). We shall explore other
similar dynamical schemes in chapter 11. However, it seems likely
that the restriction to just planar diagrams with elastic unitarity
precludes a proper self-consistent answer. Our purpose in discussing
this method here has been to show that the Mandelstam iteration
gives yet another procedure for generating Regge trajectories by
summing ladder diagrams.



4
Spin

4.1 Introduction

In our discussion of S-matrix theory in chapter 1, and in the develop-
ment of Regge theory in chapter 2, we have for simplicity ignored the
possibility that the external particles entering or leaving a given pro-
cess may have intrinsic spin. Only the internal Reggeons have been
permitted non-zero angular momentum. Since most hadronic scatter-
ing experiments use the spin = } nucleon as the target, with beams
of spin = 0 (n or K), spin = 1 (p,n,p, A ete.) or spin = 1(y), and since
the particles produced in the final state may have any integer or half-
integer spin, it is essential to rectify this deficiency before we can
confront the predictions of Regge theory with the real world.

There are three important points to bear in mind while doing this.
First, an experiment may include in the initial state particles whose
spin orientations have been predetermined (polarization experiments),
or may involve detection of the spin direction of some of the final-state
particles, by secondary scattering or by observing their subsequent
decay. So there are further experimental observables (in addition to
oot and do/dt) which show how the scattering probability depends on
these spin directions. Secondly, the dependence of the scattering
process on the spin vectors means that the Lorentz invariance and
crossing properties of the scattering amplitudes will generally be more
complicated than those for spinless particles. And finally, and most
important for Regge theory, the total angular momentum of a given
state, J, will no longer be just the orbital angular momentum I, as in
chapter 2, but the vector sum of I and the spins of the particles, s;, s0
that for the initial state for example

J=l+61+62 (4.1.1)

and care is needed in making an analytic continuation in J rather
than I.
The two most commonly employed methods for discussing spin pro-
blemsareinvariantamplitudes, and centre-of-masshelicity amplitudes.
To obtain the invariant amplitudes each particle of spin o; is
represented by a wave function 3(o,), the spin being quantized along
[ 108 ]
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a chosen 2z axis. For spin = 1 particles these wave functions are
just the usual four-component Dirac spinors u(c,), o, = % %, while for
spin = 1 we use the polarization vectors ¢,(c,), and higher-spin
wave functions can be constructed by taking products of these
with suitable Clebsh-Gordan coefficients. The transition ampli-
tude for the scattering process 1+2-—>3+4 between these spin
states is then written in the form (see for example Barut (1967),
Pilkuhn (1967)) Ay = %, Myixs (4.1.2)
where the ¥’s are the spinor wave functions of the particles in the
initial and final states (x; = ¥, ® ¥, Xy = Y3 ® ¥ry), and the M-func-
tions are matrices. Because of Lorentz invariance they may be de-

composed in the form M, = 34,0507, (4.1.3)

where the 4 ’s are scalar functions of the invariants, and the Y ’s are
all the different independent Lorentz invariant matrices which can
be constructed from the spin operators (Dirac matrices, polarization
vectors etc.) and the momentum vectors of the particles (see Scadron
and Jones, 1968, and Cohen-Tannoudji et al., 1968). For example
in pseudo-scalar-meson-baryon scattering (spins 0+41—>0+1) it is
found that there are only two independent terms in (4.1.3) (paying
due regard to TCP invariance and the algebra of Dirac matrices), and
in the now conventional notation of Chew ef al. (1957) one writes

M = A(s, 1)+ B(s, 1) 3(01 +03) V" (4.1.4)

where p, and p, are the four-momenta of the pions in the initial and
final states respectively, v, is the Dirac matrix, and 4, B are the
required invariant amplitudes for the process.

This method has the advantage that, if the ¥’s are suitably chosen,
the invariant amplitudes 4 (s, ) are free of kinematical singularities,
and so have just the dynamical singularities generated by the uni-
tarity equations. Also they can be crossed directly from one channel
to another (st ete.) as the spin rotations etec. involved in going from
one channel to another are taken care of by the Y’s. So these invariant
amplitudes are completely analogous to the spinless particle ampli-
tudes of chapter 1. Their disadvantages are that the determination
of a complete independent set of Y, which satisfy TCP invariance and
have no arbitrary zeros (which would introduce compensating kine-
matical poles in the 4,) is quite difficult for high spins, and their
unitarity equations are complicated by the occurrence of spinors in the
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intermediate states, which necessitates the evaluation of the trace of
a matrix product. Also the relation of invariant amplitudes to experi-
mentally observable quantities is somewhat complicated, and, perhaps
most serious for us, the angular-momentum decomposition of these
amplitudes is non-trivial (see for example Durand (1967), Jones
and Scadron (1967), Taylor (1967), for a discussion of covariant
Reggeization).

For all these reasons the helicity representation of Jacob and Wick
(1959) has become more popular. (A full discussion of helicity ampli-
tudes may be found in Martin and Spearman (1970).)

As described in chapter 1 a helicity state for a particle of four-
momentum p and spin ¢ is denoted by |p, o, A), where the helicity, A,
is the spin component along the direction of motion of the particle
((1.2.4): A = o.p/|p|), and has 20 + 1 possible values, 5,0 —1, ..., — 0.
These states are irreducible representations of the Lorentz group, and
are invariant under rotations. A state containing two non-interacting
particles is described by the direct product

!Pv T1LAD® le’ Oy Ag) = ]Pp 01, AL Do Agy O2) (4.1.5)

We work in the centre-of-mass system where p, =—p, and
8 = (py +p,)? is the square of the total energy (see (1.7.5)), and in this
system, to avoid possible confusion, we shall denote the helicities by
2 (A will be used subsequently for helicities in the {-channel centre-of-
mass system).

Thus for the scattering process 1 +2->3 +4, the s-channel centre-
of-mass scattering amplitude may be written

(D3> T3, l3; Das 0'4u“4| 4 lPl’ O 15 15 D> T fo)
= <lu3’ﬂ4l A(S, t) llullu2> = AH,;('S’ t) (416)

where the dependence on the p; has been expressed in terms of the
invariants s and £, as in chapter 1, and the spins ¢;, being internal
quantum numbers (like @, B, I, Y etc.), have been suppressed. For
brevity we use H, = {1, g, i, o} (4.1.7)
for the helicities of the particles in the s-channel centre-of-mass
system. These amplitudes are Lorentz invariant, except under reversal
of the directions of the p, (see below).

They have the advantage of being immediately applicable for
particles of any spin, their unitarity equations are quite simple,
requiring just a summation over intermediate-state helicity labels
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(see section 4.7), and, as we shall find below, they are directly related
to experimental observables. Also their angular-momentum decom-
position is comparatively easy. This is because for a two-particle
state the orbital angular momentum is perpendicular to the direction
of relative motion of the particles. So in the centre-of-mass frame the
component of the total angular momentum in the direction of motion
is just the difference of the helicities, which is fixed. Thus for the
initial state J, = g, — y, (the minus sign occurring because particle 2
is travelling in the —z direction).

The disadvantage of these helicity amplitudes is that they are not
free of kinematical singularities, so we must learn how to extract the
necessary kinematical factors before we can write dispersion relations
like (1.10.7), integrating just over the dynamical singularities. Also
their crossing properties are non-trivial because the directions of
motion of the particles are different in the s- and ¢-channel centre-of-
mass systems, and so a given s-channel helicity amplitude crosses
into a sum of t-channel amplitudes, and vice versa (see (4.3.7) below).

However, both of these problems have been solved for arbitrary
spins, and so helicity amplitudes are now widely used for discuss-
ing spin problems and we shall employ them throughout this book.
However, invariant amplitudes were invented first, and are still
quite often invoked for pseudo-scalar-meson—baryon scattering and
photo-production.

In the next section we shall briefly discuss the relation between
helicity amplitudes and experimental observables, and then go on to
consider their crossing properties. We then repeat the procedures of
partial-wave decomposition and analytic continuation in angular
momentum which we followed in chapter 2, showing the extra com-
plications which spin introduces into Regge theory. We conclude the
chapter with a review of the restrictions which unitarity places on the
Regge singularities.

4.2 Helicity amplitudes and observables
4
For a given scattering process 1+2—3+4 there are IJ (20;+1)
i=1

different helicity amplitudes, the different possible combinations of
Jt; in (4.1.6). However, not all of these are independent because strong
interactions are invariant under parity inversion and time reversal.

P
Under a parity inversion ((z, y,z) > (—, —¥y, —2)) the momentum
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P
vector p—>—p, but since the spin, vector ¢ is an axial vector (i.e.

P P
transforms like a vector product rx p—>(— 1) x (—p) = rxp) 6 —>o.
Hence the sign of the helicity (1.2.4) is reversed under a parity trans-

P
formation, i.e. # —— u. Since the scattering process is invariant under
P we have

(g pog) A |pys o) = 1 — gy —pug) A —pg, — gy (4.2.1)

where 7 is a phase factor (= +1). The phase convention usually
adopted for helicity amplitudes, following Jacob and Wick (1959), is
obtained by representing the parity inversion operator, P, as a reflec-
tion in the z—2 plane, Y, followed by a rotation by 7 about the y axis.
Also by convention the particle is travelling along the 1z axis, so
for example

Plpy, 04, ) = ei"J”Yle oy py) = Pi(—1)717# ei""”lp]’ O — 1)
(4.2.2)

where P, is the intrinsic parity of the particle, and the factor (— 1)~
appears because the reflection is achieved by the rotation matrix,
dy fm) = (—1)77#8,_,, from (B.7) and (B.8). Since the scattering
plane is taken to be the 2—z plane (¢ = 0) the phase factorin (4.2.1)1is,
remembering that 2 is travelling in the opposite direction to 1, etec.,

9 = PP, Py Py(— 1)Pr#itoate—o stus—ogte (4.2.3)

(see Martin and Spearman (1970) p. 227).

Similarly time-reversal invariance implies that the amplitudes for
1+2->3+4 must equal those for 3+4—1+2, again apart from a
phase factor, and with this convention

(paphg| A |prpro) = (= V)sramteap po| A | pspiy) (4.2.4)

(Martin and Spearman (1970) p. 232).

These relations greatly reduce the number of amplitudes which we
have to consider. Thus for a process with spins 0+4—+0+1, of the
4 possible helicity amplitudes only 2 are independent, while for
++3—>1+1% only 6 of the 16 possible amplitudes are independent.
Further restrictions may follow in some cases from the identity of the
particles (depending on whether they obey Fermi or Bose statistics).

In general in a scattering experiment it is impossible to determine
completely the spin orientations of all the particles. This means that
one is not able to deal with pure helicity states in which each particle
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has a well defined spin projection, but must consider mixed states
(statistical ensembles) which are incoherent sums of the different
helicity states, occurring with various probabilities (see for example
Schiff (1968) p. 378).

The simplest experiment is one in which no attempt is made to
determine any of the spin directions, so that all the 20+ 1 helicity
states for each particle are equally probable. In this case we simply
have to average over all the possible helicity states which could occur
in the initial state, and sum over all those which may ocecur in the
final state, so instead of (1.8.16) the unpolarized differential cross-
section in terms of the amplitudes (4.1.6) is

do 1 1

— = A t)[2 4.2.5
dt — 64msql, (20, +1) (20,4 1) ,§ |5, 1) ( )

where the sum over H, is over all the 20,+ 1 values of each u;

(¢ = 1,...,4).Similarly the total cross-section, 1 + 2 —all, for scattering

from an initially unpolarized state is related via the optical theorem

(1.9.6) to the forward elastic scattering amplitudes 1 +2->1+2 by

1 1
otot = Im Ael(s, 0
12 s \/s (20, +1) (2054 1) MEM {(/‘1/‘21 ( )|ﬂ1ﬂ2>}
(4.2.6)

It is possible to obtain information about the spin dependence of
the scattering process by doing experiments with polarized particles,
that is to say particles for which the average spin projection in some
chosen direction is different from zero. This can be achieved for
example by a polarization experiment in which the target proton is
placed in a strong magnetic field along a chosen y axis at very low
temperatures giving, say, a more than 509, probability that o, = +}
rather than — . Or, if one of the final-state particlesis unstable we can
determine the average spin orientation of that particle from the
angular distribution of its decay products.

We describe such a mixed-spin state for a given particle, ¢, by a spin
density matrix, p,,,, a (20;+1) by (20;+ 1) Hermitian matrix of
unit trace, such that the expectation value (or average value) of some
spin-dependent observable, O, in this state is given by

{0) = tr (Op) (4.2.7)

(tr = trace). Thus suppose we observe the angular distribution (6, ¢)
of the two-body decay of one of the final-state particles (4 say), so that
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the full processis 1+2—+ 3 +4, 4 —>a+b. Then the scattering amplitude
will take the form (Jackson 1965)

2 A g A(m—>ab; 0, ¢) (4.2.8)
m

where 4, ., 18 the probability amplitude for producing particle
4 with helicity g, = m, and A(m—ab; 0, @) is the probability ampli-
tude for the decay of 4 from this helicity state into a + b, with particle
a travelling in the direction specified by the polar angles 6, ¢ relative
to the direction of motion of particle 4. (These angles are measured in
the rest frame of particle 4.) So the production angular distribution
for this process will be

W@, 9)oc T |Z 4, ,,umAd(m—>ab; 6,0)|? (4.2.9)

Faftafts M

Hence if we define the production spin density matrix for particle 4 by

= Al‘ll‘zl‘am A;Zﬂz/tam'
= fatsls 3 (4.2.10)

2 IA Fibzftsfie l
Paftaflsfa

P mm/’

which is normalized so that tr (p) = 1, and define the decay density
matrix by R, = A(m->ab) A*(m' —>ab) (4.2.11)
then the angular distribution (4.2.9) will be given by

W0, $) = tr (pR*) (4.2.12)

Thus if we know R, p can be determined directly from W(6, ¢) and
this gives further information about the 45, in addition to (4.2.5).
Toobtain B welet g and — q be the momenta of a and b, respectively,
in the rest frame of particle 4, and ¢ a unit vector in the direction
of q. The final state after the decay isthen |§, s,, #,). For a parity con-
serving decay the decay amplitude takes the form (when suitably
normalized)

20, +1\1
Al prapy) = (22)" 252 (9,0,0) (4.2.13)

where 2 is the rotation matrix (B.3) corresponding to the rotation of
a system having angular momentum o, from the direction of motion
of particle 4 (in which m is its spin projection) to the direction ¢ (in
which g = p,—u, is its spin projection) 6 is the angle between ¢ and
P4, and ¢ the azimuthal angle about §. Using the representation (B.4)

D3,($,0,0) = em?d3s, (6) (4.2.14)
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and summing over the helicities, u,, 45, we find that the normalized
angular distribution is

20,41

W(O’ ¢) = 47

S S P =mIdEs (0)d3s, (6) (4.2.15)

mm’ fapp
Thus for the decay of a spin = 1 particle into two spin = 0 particles
(e.g. p—>7r) we have

3 . . .
W1(0,¢) = o [c0s2 6 pgg+ § sin®6 (13— p_11) —sin? 6 Re {p,_, €%}

1 . .
7 sin 260 Re {pyge' —p_, g ¢}] (4.2.16)
It is then quite easy to take suitable moments of the observed experi-
mental distributions to invert (4.2.16) to give the p’s directly, e.g.

poo = [a2Beost0 - 1) K(6,4)
putpan =} [dQ(B-sctO)R0,9)  (4217)

Similar, but slightly more complicated expressions are obtained
for parity-violating weak decays such as A—pn~ since the decay
amplitude corresponding to (4.1.23) will then involve two terms, one
even under parity reflections and the other odd (see Jackson 1965).

Because of the parity relation (4.2.1) not all the production density
matrix elements are independent, but

P = (— l)m_m'pmm' (4.2.18)
Also the Hermitian nature of the density matrix implies that p,,,

is real, which, together with the normalization condition that
tr(p) = X Pm = 1, leaves only the following independent real
m

observables Pom 0<m < 0y

Re{ppm} [m'| <m <o, (4.2.19)
Pm-m for (integral o)

If both the final-state particles decay there are similar joint produc-
tion density matrices

, ,;E,t A#lﬂz mnAm#z m'n’ (4.2.20)
prm = = 2.
" u FEF p lAl‘x,uz.“aMIz

which can be obtained from the joint decay distribution
W(0303; 0264)-
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For spin = } particles it is more usual to re-express the density
matrix in terms of the polarization vector P defined by

1(1+Pz P,—iP,

1y =1 1
pmm’(z) 2(1+P.d‘) 2 Px+iPy 1_})z

) (4.2.21)

where ¢ is the Pauli matrix, and where as usual the z axis is along the
direction of motion, and y is perpendicular to the production plane.
Parity conservation (4.2.18) requires P, = P, = 0. Thus for example for
n+p-—>7n+Pp, with a polarized proton target,

A, A%
|4 |2+ 14, [?
(4.2.22)

P, =(o,) =tr(po,) = —2Im{py_;} = ~2

where + = + I for the nucleon helicities, and the pion helicity label
(= 0) is omitted. This can be determined directly from the left-right
asymmetry of the scattering cross-section about the y— plane.

4.3 Crossing of helicity amplitudes

To discuss the Regge pole exchange contributions to a scattering
process it is necessary to be able to cross from the t-channel centre-
of-mass scattering amplitude A(s,t), for the process 1+3->2+4 in
which the Reggeon appears as a physical particle, to the s-channel
centre-of-mass amplitude A%(s,t), which describes the process
1+2->3+4. For spinless-particle scattering the crossing relation is
simply As(s,t) = At(s, t) (4.3.1)
from the crossing postulate (section 1.6).

However, for helicity amplitudes things are not quite so simple
because the helicities are defined in terms of the spin projections in
the directions of motion of the various particles, so if we change the
directions of motion the helicities will change too. Moreover, we have
to make not just a physical Lorentz transformation, but a complex
Lorentz transformation in which we pass from the values of the
momenta appropriate for a physical process in the ¢ channel, to those
appropriate for the s channel, where the four-momenta of particles 2
and 3 are reversed. Thus great care is needed in following the path
of continuation of the kinematical factors involved in the Lorentz
transformation. However, it can be shown (Trueman and Wick 1964)
that with a suitable choice of path the helicities are unchanged by
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crossing so that (apart from a possible phase factor)
Qo 4%6,0) A = (LA 485, ) [0, 25)  (43.2)

where the A’s are ¢-channel centre-of-mass-frame helicities (i.e. the
spin projections of the particles in their directions of motion in that
frame). It is then necessary to re-express (4.3.2) in terms of s-channel
helicities, and to achieve this we use the fact that under a general
Lorentz transformation a helicity state is transformed as

|p, o, /\>+§;9A"A (R)|p' o, A" (4.3.3)

where 2 is the rotation matrix (B.3) and p’ is the Lorentz transformed
four-momentum. But the momenta appear only in the Lorentz scalars
s and ¢, and so

(pagpra] A%(s,t) [y o) = /\E A3t (X1) 4324, (X2)

X dﬁﬂa (Xa) dﬁm (X)X A2 /\4| At(s,t) l Ay (4.3.4)

where we have used (B.4) to express the rotation matrices in terms of
the rotation functions d$,, and y; is the angle of rotation for particle ¢
between its direction of motion in the s- and ¢-channel centre-
of-mass frames. In terms of s and ¢ these angles are given by (see for
example Martin and Spearman (1970) p. 337)

cos y, = —(s+mi—ml) (t+mE—mi)—2m3 A
! (A(s, my, ma) A(E, my, m3))}
cos, = M= mY) (+mi—m) —2m3
(A(s, my, Mmo) A(E, My, my) )
(s+m3—m3) (t—mi—m3) — 2m3 4
COS X3 = 4.3.5
Xs (A(8, Mg, my) A(E, My, M3))} ( )
cosy, — =8+ M= md) (1 =) — 2m3 4
! (/\(S, ms, m4) A(t’ My, m;))%
sy, — 2m, P} (4, k chosen as for
Xi = A, mg, my) A, my, my))t  cosy; above) )
where A = mi—m3—m2+mi (4.3.6)
and ¢ and A are defined in (1.7.23) and (1.7.11).
It is often convenient to rewrite (4.3.4) as
Am(o,) = 3 M(H, H) dp (5,1 (43.7)
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where H, = {p,, pta, g, o}, Hy = {A1, A3, A3, A}, and M is the helicity
crossing matrix given in (4.3.4). It is of course a square matrix with
4

I1 (20, + 1) rows and columns, but the number of elements can often

be reduced because of the parity and time-reversal relations (4.2.1)
and (4.2.4).

As an example we consider n+p->mn+p elastic scattering in the
s channel, for which the ¢ channel is ta— pp. The crossing relation

d;
e Ag,(5,0) = % b () Hie) 1, (5,1 (4:3.8)

with y, = m—yx, given by substituting the appropriate masses in
(4.3.5). So using (B.19) and the relations 4,, =A4__, A, =-A4_,
from (4.2.1) (where + = + 1 asin (4.2.22)) we find the crossing relation
becomes

A% (s, t) = siny, A% . (s,t) —cos x, A% _(s, ¢
Y+(st) Xe A% (3,1) Xa 4% ( )} (4.3.9)

A% _(s,t) = cos x, A% (s,8) +siny, A4 _(s,1)
These amplitudes are related to the invariant amplitudes 4 (s, t) and
B(s,t) of (4.1.4) by (Cohen-Tannoudji, Salin and Morel 1968)

3
A5, = (1-;23) [2my A(8,1) + (s — mi —m2) B(s, t)]

—2\%
52 e+ = m2) (s, )+ (s =+ ) o B, )

4=

(4.3.10)
and A%, = —(t—4md)} A(s,t) + my(t — 4m3)t 2, B(s, )
= —(t—4m¥ )14’ (s,0)} (4.3.11)
Ah = J(t—4mi h(1—2§)t B(s, 1)

Since the invariant amplitudes are free of kinematical singularities
these equations directly exhibit the kinematical singularities of the
helicity amplitudes. (4’(s,t) defined in (4.3.11) will be used below.)
The rotation matrices df, are orthogonal, and so the crossing
matrix is too. Hence, we can also write the differential cross-section

as o . .
do_ ,
& = Samegy, @o T D) @y 1 D) o Auls0l (43.12)

Equations (4.2.5) and (4.3.12) are equivalent in both the s- and t-
channel physical regions so it does not matter whether one uses
s- or t-channel helicity amplitudes. However, outside the physical
regions the crossing matrix has singularities so care is needed in
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interpreting the equivalence of these two equations. The density
matrices (4.2.10) are obviously not the same with the two sets of
amplitudes, though both frames are quite commonly used. Equation
(4.2.10) gives what are called the s-channel or ‘helicity frame’ density
matrices, while the similar expressions with A’s substituted for the pu’s
gives the {-channel or ‘Gottfried-Jackson’ density matrices (named
after their originators Gottfried and Jackson (1964)). The crossing
matrix of (4.3.7) enables one to transform from one set of density
matrices to the other.

4.4 Partial-wave amplitudes with spin

Our main motive for introducing helicity amplitudes has been to
provide a basis for defining partial-wave amplitudes, so that we can
make an analytic continuation in the total angular momentum, J,
similar to that made in chapter 2.

The initial state, |p;, 0y, 1; Ds, Tg, 1), has the two particles travel-
ling in opposite directions along the z axis in the s-channel centre-of-
mass system. It can be decomposed into partial waves of angular
momentum J by

|p1’ 0-1! /1’1’ pZ? 0'2; /l’2> = (167T)%J2| ](2J+ 1)} I’S’ J,/L, /l’luu2> (44'1)
=14

where B=p— (4.4.2)

is the z component of J, s = (p, +7p,)® as usual, and the factor
[167(2J +1)]} gives a convenient normalization. We have absorbed
the spin labels, o, ,, into the implicit particle-type label on the right-
hand side of (4.4.1) (see section 1.2).

Similarly, in the final state the particles are travelling in opposite
directions at polar angles, 8, ¢, relative to the z axis (see fig. 2.1(c)),
and the corresponding decomposition is

© J
| D3> T3, fg5 Py Oy gy = (16m)t 3 T (@J+1)
JElp| g

X 91”#'(96’ 0, —=P)&,J. 1" pia, gy (4.4.3)
using (4.4.1), (B.1) and (B.3), where
W= g =y (4.4.4)

is the component of J along the direction of motion, and p” is the
component of J along the z axis. Zy.,.(¢, 0, — ¢) is the rotation matrix
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defined in (B.3) corresponding to the rotation from the 0, ¢ direction
to the z axis.

Because of angular-momentum conservation we can define a partial-
wave scattering amplitude for scattering in each J, i.e.

Agry(8) =<8, J, 1"y gy pia] A |8, o, oy, o) (4.4.5)

H = {py, pro, o3, oo} (4.4.6)

where y” = p to conserve the z component of J, and so the full scatter-
ing amplitude (4.1.6) may be written (using (4.4.1), (4.4.3) and
(4.4.5)) as
Ag(s,t) = 16m 3 (2 +1) Ay ;(s) D7), 0, — @) (4.4.7)
J=M
where M = max{|u|, |#'|} (4.4.8)

If we take the scattering plane to be the x—2 plane ¢ = 0, so, from
(B.4), (4.4.7) simplifies to
Ay (s,t)=16m 3 (2] +1) Ay (s)d;,(2) (4.4.9)
J=M
which may be compared to (2.2.2) for spinless scattering.
The partial-wave amplitudes can be obtained from (4.4.9) using
the orthogonality relation (B.14), viz.

1 1
AHJ(S) = 3_27;J’_1AHS(S’ t) dl{‘u'(zs) dzs (4.4.10)

It is evident that for spinless scattering where u; =0, 1 =1,...,4,
(4.4.10) reduces to (2.2.1) because of (B.18).

The values of J in the series (4.4.9) are either integer or half-odd-
integer depending on whether the number of fermions in the s channel
is even or odd (i.e. J is integer for boson-boson and fermion—fermion
scattering, but half-odd-integer for boson—fermion scattering). The
sum starts at J = M (defined in (4.4.8)) not 0 or %, because, as we
noted in section 4.1, there is no component of I in the direction of
motion of the particles, so for the initial state

Sy =0t Oy =~y =t
(with a similar expression for the final-state particles in their direction
of motion) and obviously one must have J > |J|.

Following similar arguments to those in section 2.2 we find that the
unitarity relation for these partial-wave amplitudes is

A (o) 45,00 = 20 5 4G (5, AF, (e (4411)
Ha

N
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like (2.2.7), but where the sum runs over all the possible helicities
of the intermediate state |n).

Like (2.2.2), the series (4.4.9) is valid only until we reach the nearest
dynamical ¢-singularity (i.e. only inside the small Lehmann ellipse)
and to continue outside the neighbourhood of the s-channel physical
region it is necessary to make an analytic continuation. However,
unlike the B(z,), the d;,.(2,) are not in general entire functions of z,, and
so there are additional ‘kinematical’ singularities which we must also
take into account. They can be read off directly from (B.9), for since
the Jacobi polynomials are entire functions of z, the singularities of
the d3) ,(z,) stem just from the half-angle factor

_ fl—z, Hu—p 1+2, Haut+w'l e 6, lp—u'} ANzl
Euul2) = ( 5 ) ( 3 ) = (sm E) (cos E)
(4.4.12)

and so occur at z, = £ 1. They have a rather simple physical interpre-
tation in that for forward scattering, z, = 1, 4 and g’ are the projections
of J along the z axis in the initial and final states, respectively. Since
angular momentum is to be conserved the scattering amplitude must
obviously vanish as z,— 1 unless g = u’. The same applies for back-
ward scattering (2, = — 1) where g and —p’ are the corresponding
z-components of J.

It is thus convenient to define s-channel helicity amplitudes free of
these kinematical singularities in ¢ by

Ay (s,t) = Ay (s,0)[E, ,(z)] (4.4.13)

These amplitudes will satisfy the same sort of fixed-s dispersion
relations, involving integrals over the dynamical singularities in ¢, as
do spinless-particle scattering amplitudes. Note, however, that (4.4.13)
still has kinematical s-singularities, which we shall discuss later (see
section 6.2).

We could of course repeat the discussion of this section for ¢-channel
helicity amplitudes to obtain the partial-wave series

Apfs,t) = 167 3, (27 +1) Ay ,(0) dfy(z,) (4.4.14)
J=M

where  A=2A,—A;, X =2X—A, M=max{A],|XV]} (44.15)
and Ay (s,8) = Ay, (s,1) [Ernlz)]™ (4.4.16)

will be free of kinematical singularities in s. The inverse of (4.4.14)

is (like (4.4.10)) 1M
Ans) = g7 [ Aufo0dce)dz (4
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(We have for simplicity dropped the channel label for the helicities of
the partial-wave amplitudes in (4.4.10) and (4.4.17) as they are always
implied by the channel invariants.)

4.5 The Froissart-Gribov projection

Since A 1,(8,t) defined in (4.4.16) has no kinematical s-singularities
it satisfies a dispersion relation in s at fixed ¢ like (1.10.7), i.e.
~ 1= "t 1[=D 't
Agfot == j Durr(,8) g 4 1 j Dur®0) 30 (451
8,

8—s Tu, w—u

where Dy, is the discontinuity of 4, acrossthe dynamical s-cuts above
the threshold s; (and correspondingly for D, ). Bound-state poles, if
they occur, can be added as in (1.10.7).

This expression can be employed, following the method of section
2.3, to define partial-wave amplitudes even outside the region of
convergence of the partial-wave series. Substituting (4.5.1) into
(4.4.17), remembering (4.4.16) and (2.3.2), we obtain (Calogero,
Charap and Squires 19635, Drechsler 1968)

1 [ 1 f*Dg(s,8),,
Ag,(¢) = 3771[ . dz; dy (z) Exr (2¢) {—f '8—H‘(—‘) dz
- 2

7 Z—z

— ’
+1j &{Mdz'} (4.5.2)

m) s 2 —2%

(2p = 2,(s7,t)), which, with the generalized Neumann relation (B.21),
gives the Froissart—Gribov projection (cf. (2.3.4))

1 @
A, ¢) = Wﬂ’zf dz {D,g (s, 1) ey (2¢) Ean (20)

+(=1)7 2D g (s,t) el _a (z) b (z)}  (4.5.3)
where (B.23) has been used for the second term.
If the asymptotic behaviour is Ay, ~ % then Ay, ~ s from

S—>
(4.4.16) since £,,. (z,) ~ s, and since from (B.25) ej). (z) ~ s~7~, the
criterion for the convergence of (4.5.3)isthesameasfor(2.3.4),i.e.J > a.
As J — o0 we find from (B.26) that the first term in (4.5.3) tends to
zero like ~ JheWtbtey (4.5.4)

J— o
but the second term behaves like
~ T b HDley gmin -0 (4.5.5)

J— 0
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and so diverges as J —ic0. So (4.5.3) does not satisfy the conditions
for Carlson’s theorem, and (as in section 2.5) before we can make an
analytic continuation in J we have to introduce amplitudes of
definite signature. These are defined by replacing (—1)7—* by the
signature & = + 1, where

v=0 for physical J = integer } (4.5.6)

v =14 for physical J = half-odd-integer

(Note that whether A is integral or half-integral depends on the
physical J values.) Hence

1 o0
4550 = g5 | 05 Dur0.0) e 2 Eur
Zr

+F (= 12Dy (s,8) ed_x (2) Exon ()} (4.5.7)

For & = +1 these amplitudes coincide with the physical Az ,(t)
for J —v = even/odd, so instead of (4.4.14) we can write

A (o) = 161 3 (0J+1) (djzs 04,2+ ARs O di (7,2)
B (4.5.8)
if we define
e T.2) = Hdf () +F(~ 0 d o (~2)]  (45.9)

Note that di (J,z) vanishes for J—v = odd/even because of the
symmetry relation (B.7).
Scattering amplitudes of definite signature are defined by

A% (5,8) = 167 3 (27 + 1) 4%, ) d% (7, 2) (4.5.10)
Equation (4.5.7) may be used to define definite-signature partial-
wave amplitudes for all J. The physical J values are of course those
having integer J —v, with J > [A| for the initial state (1+3 in the
t channel) and J > |A’| for the final state. SoJ > M defined in (4.4.15).
Because these are the values of J which make physical sense, they are
known as ‘sense—sense’ or ss values, and the amplitudes for these
values of J are called ss amplitudes. When we continue in J we may
arrive at integer values of J — v with J < M, but J > N where

N =min{]A[, ||} (4.5.11)

If say |A| > |A’| then this J value makes physical sense for the final
state, but not for the initial state (and vice versa if |A| < |A’|). These
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are called ‘sense—nonsense’ or sn values of J. And of course for integer
J—v,J < N, we have nonsense-nonsense or nn amplitudes which do
not make physical sense for either the incoming or outgoing states
(Gell-Mann 1962). It is sometimes convenient to refer to all integer
J —vwith J < M as ‘nonsense’ values of J.

4.6 The Sommerfeld-Watson representation

The partial-wave series (4.5.10) can be rewritten as a contour integral
in J, like (2.7.5), viz

1671f 2J +1
C

M - -
Az (s,1) = 2i Jo sinm(J+X)

A%, a7 (T, —2) AT (4.6.1)
where the contour C] encloses the physical values J = M, but avoids
any singularities of the 4,4 ;(¢) as in fig. 4.1. The (—1)/+* from the
residues of the poles of (sinw(J+A’))~! is cancelled by the use of
dZ 1 (J, —z) instead of d5, (J,z) because of the symmetry relation
B.7).

( T}ien when we open up the contour to C, of fig. 4.1 we reveal any
Regge poles and cuts of 45 ;(t), and also obtain contributions from
integer values of J —v in the region —} < J < M, i.e. from the sn and
nn values defined above, so we have (substituting the integrand of
(4.6.1) where indicated)

167w 2a,(8)+1
&z _ 1672 i s _
AH,(S’t)'— % Cl[(4-6-1)] 16w sinﬂ(a(t)+/\’)ﬂH(t)d‘“ (a(t), —2,)
167 [=®  2J4+1 oo
"Tf sma@ ) LS, —z)d]
M—1 N-1
- % — X 1672+ 1) A%, (1) d% 0 (T, —2,) (4.6.2)
J=N J=v

The first term is the usual background integral, ~ s—%. For simplicity
we have assumed that there is just one pole at J = «(f), and one
branch point at J = a(t), in Re{J} > — %, and evidently these terms
have the usual asymptotic behaviour ~ s, and ~ s%® respectively,
from (B.14). The final terms contain the sn and nn contributions.
AtasnpointJ = Jysay, whereJ, = visaninteger with N < J, < M,
we can see from (B.12) that d¥,.(2) (and hence d¥,,.(J, —2)) vanishes
like (J —J,)}, and so there will be no contribution from these terms
unless A g~ (J—J,)"t. We shall discuss this possibility further in
section 4.8, but if for the moment we assume that this does not happen
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- - ———— = —— = = e =~ —— ——

C, \

T e e e o

-3 -2 ~1] 0 1 2 N 4 M 6 7 8 9

e e e o e - ——— —— -

Fi1a. 4.1 The Sommerfeld-Watson transform for a helicity amplitude with
M =5 and N = 3. The contour C, encloses the integers J = M. When it is
opened up to C, we get contributions from the Regge pole at a(¢), from the
branch cut starting at a,(?), and from the integer values —§ < J < M.

the first summation can be neglected. Similarly from (B.12) wefind that
at the nn points J = J, with Jy;— v integer, v < Jy, < N, diy ~ (J —Jy)
and so these terms also vanish unless there are fixed poles,

Apy ~ (I =Jp)

a possibility which we shall also reconsider in section 4.8.

If we wish to explore the region Re {J} < —} we can again employ
the Mandelstam method described in section 2.9, using the relation
(B.28) instead of (A.18). The symmetry of the rotation functions
(B.27) ensures that, from (4.5.7),

Ags(t) = (—=1D)AYAG _;_1(¢), J—v = half-odd-integer (4.6.3)
(where ' =% for v = 0 and &' = — for v = }) as long as (4.5.7)

converges, and so the contribution of the poles of [cos7(J +A")]™! in
the two terms of (B.28) cancel pairwise for J < M. So we get
el p(—a—1, —z)

cosm(a+A')

A2T, XY el o (—T —1,—2,)dJ

A% (8,8) = 16m(2a(t) + 1) B4(t)

N 167 [=® 2] 41

2i cos7r(J +A")
+ possible fixed poles or cuts
+ background integral (4.6.4)
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where, following (4.5.9), we have defined
el (J,2) = Hedy (2) +F(— 1~y (—2)] (4.6.5)

Equation (B.25) ensures that the pole and cut terms will have the
asymptotic behaviour ~ s*® and ~ s%®, respectively, but now the
background-integral contour can be pulled as far to the left as we like.

For Regge poles it is rather unfortunate that the helicity states
which we use are not eigenstates of the parity operator, because of
course the Reggeons do have a definite parity. (Cuts do not have
definite parity so the above formalism is quite satisfactory for them —
see chapter 8.) It is therefore sometimes more convenient to analyti-
cally continue in J amplitudes of definite parity, which are defined as
follows (Gell-Mann ef al. 1964).

A given ¢-channel partial-wave helicity state |J,A,A;,A,) trans-
forms under the parity operator as

P|J, X, A, Ag) = PLPy(— 1)7-0170s | J, X, — Ay, — Ag) (4.6.6)

where P,, P,are the intrinsic parities of the particles, and, as discussed
in section 4.2, the helicities change sign. The phase factor (— 1)7-71—%
corresponds to the Condon and Shortley phase conventions for the
relative phases of the helicity states as used in (4.2.2) and in the
reflection properties of the rotation matrices (B.7) (see Jacob and
Wick 1959). Thus we may define definite parity states by

1
220 207> = {1,220 Aad B Pa(= 1768757, 2, =, =)
(4.6.7)

where 7 = £ 1 for natural/unnatural parity. A state is said to have
natural parity if P = (—1)7— and unnatural parity if P = (—1)/-v"1,
results which are readily obtained from (4.6.7) using (4.6.6). These
states are physical for J — v even/odd depending on the signature, and
so we have the relation P=19 (4.6.8)

Since parity is conserved in strong interactions, scattering amplitudes
occur only between states of the same parity, and a definite-parity
partial-wave amplitude is given by

<J: AI, A2y Ad.’ ”l A.V’(t) |J, A’ A1’ A3’ 7]) = Ag?f (t)
= (A, Ag| AT (1) |23 A5) + 9P, Py — 1)7119570 (R4, 44| A 5(8) | — A1, — Ag)
(4.6.9)
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Hence we can define the so-called ‘ parity-conserving helicity ampli-
tudes’ free of kinematical singularities in s by
'Iyi’,' (s,0) = </12/1477‘ A‘y(s’ t) |/11/13"7> = </12/14| 4% (s,1) |/11/13>§I)}' (2¢)
+ 9P, Py — 1)V +MHoy oy </12/14| 4 (8,8) | — A, — ) E%a (2,)

(4.6.10)
The partial-wave series for this amplitude is

" © o
A (s,t) =16 3 (2] +1) AF, (#) (%)
J=M Ean (2¢)

N+M+to+ag—v AL dipM’ (Zt)

LB By~ 1)X Moo A%, () 208 (4.6.11)
£ (ze)

where we have introduced H = {—A;, —Ag, Ay, AL} Or, using (4.6.9),

Ag(s,t) = 167 3 (27 + 1) (4G, () d5F (T, 20) + ALY (0 3 (T, 2,)
J=N
(4.6.12)
with 7 = —77 and

d$(J,2) dZw(J,2)
J,2) = [ AN Ly — M ZZAANT Y

S £ (2) =1 £ (?)
Thus we see that the total amplitude contains contributions from

partial-wave amplitudes of both parities, but asymptotically, from
(4.6.12), (4.5.9), (B.17) and (B.13),

aiJ, z) ~ (;)J " (1 '2H7) +0@I-M-1), Re{J} > —

] (4.6.13)

(4.6.14)

so to leading order d{;} dominates over d%;-. It is only in this asymp-
totic sense that (4.6. 12) can beregarded asa deﬁnite—parity amplitude.

If we now make a Sommerfeld-Watson transform of (4.6.12), and
use the Mandelstam method like (4.6.4), we find that a Regge contri-
bution is given by

(s, t) = 16m(2ax(t) l)ﬂH()e/\A( a—1,z)

Tcosmarny  (46.15)

where, in analogy with (4.6.13), we have introduced

g, J, o, Jz)
e23(J, 2) = (1 + PetinT—v) [eM_(z)_,_ -1 A'+M‘3—M_(’__]
2 =4 New@ ™V E@
(4.6.16)
But to leading order there is no difference between (4.6.15) and the
Regge pole contribution in (4.6.4).
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4.7 Restrictions on Regge singularities from unitarity

We have already noted in section 2.4 how the application of s-channel
unitarity leads to the Froissart bound, and hence to the restriction
that the t-channel Regge singularities cannot be above 1 for ¢ < 0.
This applies also in the presence of spin, since the Regge power
behaviours are unchanged.

There are also some important restrictions which stem from
t-channel unitarity. For spinless-particle elastic scattering in the
t channel, 1+3—>1+3, the unitarity condition reads (from (2.2.7)
and (2.6.8), with s—>t)

BY(t,)— B (t_) = 2ip(t) BY (t,) BY (L) (4.7.1)
pilt) = <q,13>2’+1% (47.2)

for tp < ¢ < t;, where t1 is the elastic threshold, and ¢; the inelastic
threshold. Since B;(¢) is a real analytic function we have

(BE (t+ie))* = BY (t—ie) (4.7.3)
for real ¢ (where * = complex conjugate), and so we can rewrite (4.7.1)
o BY (t)— (B (1)* = 2ip,(t) BY (t) (BZ(t)* (4.7.4)

To start with we only know that this equation is valid for right-signa-
ture integer values of [, but both sides of (4.7.4) satisfy the boundedness
condition for Carlson’s theorem (section 2.7) and hence the equation
remains true if we continue in I. Note that, from the discussion in
section 2.6, (4.7.4) is true for non-integer ! only because we removed
the kinematical threshold singularities in defining By’(t) in (2.6.8).
It is evident that (4.7.1) cannot be satisfied by a fixed I-plane pole
of the form
By ~B8D (4.7.5)

for if we inserted (4.7.5) into (4.7.1) we would have a single pole at [,
on the left-hand side equated to a double pole on the right-hand side.
A pole whose position changes with ¢, say at I = «(t), can satisfy
(4.7.1) as long as a(t,) & a(t_), i.e. as long as Im {e(¢t)} + O (for ¢ > ¢y).
We have seen examples of this in section 3.4 where unitarity has
converted the fixed pole of the Born term into a moving pole with
a right-hand cut.
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The only way in which (4.7.4) can be satisfied with a fixed pole is if
there is also an I-plane cut passing through [, for all t; < ¢ < ¢;. Then
one approaches I = [, on different sides of this cut in B; and B}, and
the pole can be present on one side of the cut but not the other, in
which case there is no problem (see section 8.3). But in the absence of
cuts all poles must be moving poles, i.e. their positions must be
functions of ¢.

For particles with spin we define corresponding partial-wave

helicity amplitudes BE,(t) = A% (1) (ga) 2L (4.7.6)

where L is the lowest possible orbital angular momentum at threshold
for the given J (L = J — Y where Y3 = 0 + 05 0r oy + 03— 1 depend-
ing on the parity — this will be discussed in section 6.2.) Then the
unitarity condition can be written in the form

BY(t)— (BL.(t))' = 2i(BL.(t))" o, (t) B () (4.7.7)

where the B’s have been expressed as matrices, the various initial- and
final-state helicities labelling the rows and columns (} = Hermitian
conjugate = complex conjugate transposed matrix, i.e. Bj; = BY).
Here p;(?) is a diagonal matrix of kinematical factors

(P15 ) = (m)ﬂnﬂ% (4.78)

So in (4.7.7) the sum over intermediate-state helicities is represented
as a matrix product. Above the inelastic threshold, two-body inelastic
processes can similarly be incorporated by increasing the numbers of
rows and columns to represent the unitarity equation (2.2.11).

A fixed pole at J = J;, in (4.7.7) implies that

BWpt) B (Wpt) = 0, ie. B =0 (4.7.9)

so again fixed poles on the real J axis are forbidden, but if J; has an
imaginary part (4.7.7) simply gives

B(Jo ) B(Jpt-) =0 (4.7.10)

which does not require g = 0. So in principle there could be fixed poles
even in the absence of cuts, but not on the real axis. However, there
does not seem to be any reason why such fixed poles at complex values
of J should occur. We shall find in the next section that fixed poles do
occur on the real axis at wrong-signature nonsense points, and these
clearly must have shielding Regge cuts.
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If we define the partial-wave S-matrix by

S(J,t) =1 +2ip,(t) B(J,¢) (4.7.11)
where 1 is the unit matrix, the unitarity relation (4.7.7) reads
" _ cof (S
S(J,0)S8!(J,t) =1 or S(J,t) Jet (81 (4.7.12)

(where cof = cofactor matrix and det = determinant). Thus for a two-
channel process this becomes

( Sh - S;"l)

(Su Sy _\-8h Sk

_ AP S/ (4.7.13
Su Sy) ~ SEB%-SLSE )

s0 if § has a simple pole of the form B(J —a)~!, the vanishing of the
denominator on the right-hand side requires that

BasP1 = Praf (4.7.14)
so that one can write By = BB (4.7.15)

i.e. the Regge pole residue must factorize, as could have been antici-
pated from our discussion in section 1.5. This result has been proved
for an arbitrary number of channels by Charap and Squires (1962).

4.8 Fixed singularities and SCR

The rotation functions, ef,., used in (4.5.7) to define partial-wave
amplitudes of any J, have fixed J singularities stemming from the
square bracket in (B.24) at unphysical values of J. (¥(a,b,c,d) is an
entire function of its arguments.) Since x! has poles at x = — 1, —2,

—3, ..., we see that for J = J; (where J; —v) is an integer
ei@) ~(J=Jp)}, N<Jy<M and -M<Jy<—-N (48.1)
~ (=), —-N<JJ<N and Jy<-M } s

Thus for J < — M the pole residue is just d{.(z) (see (B.29)) and so for
J>Jy<—-M
1 1 «©
45150 725, 1o |, S P D Euate) 8
+F(— 12D,y (s, 8) Ex_po(2e) X2 2 (7)) (4.8.2)

But such a real-axis fixed pole is incompatible with unitarity, as we
found in the previous section, and so the integral in (4.8.2) must
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vanish, i.e.

J‘:’ dz{ Dygr(s,t) Exa(2) a{3(2) +S (- 122D, (s, t)g,\-,\'(zt)d{h'(zt)} =0
. (4.8.3)

or taking the asymptotic limit of the rotation functions (for J < —}
from (B.13a))

f ds{Dy(s,t) + L (— 1)M*D, 5 (s, )} s~T0"1HM = 0 (4.8.4)

which is needed for all J, < — M.

Such integrals are known as ‘superconvergence relations’, or SCR
for short. For example, with spinless particle scattering (N, M = 0)
@(z) in (2.5.3) has poles for all negative integers, J; = —1, —2,...,
from (A..32), and the SCR becomes

mef’(s,t)S"ds =0, n=0,1,2,.. (4.8.5)

Similar SCR must hold in potential scattering if a trajectory is to pass
below I = — (14 n) (see section 3.35).

Of course the integral (4.5.7) will diverge for J > J, if there are
Regge poles and cuts in Re {J} > J;, and it is only after all such pole
and cut contributions have been removed that the SCR obtain. Since
the Froissart bound requires that poles and cuts must not be above
1 for ¢ £ 0, we find from (4.8.3) and (B.14) that it is essential for

on ds{D,g(s,t)+ L(— )M+ (D, y(s,t)} s =0, n=M,M~-1,..,1
sr (4.8.6)

whatever Regge singularities occur, otherwise the fixed singularities
(4.8.1) would give contributions to the asymptotic behaviour which
violate this bound.

But there will still be (J —J,)# branch points in the partial-wave
amplitudes for N < J; < M and — M < Jy < — N from the cancella-
tion of the SCR zero with (4.8.1). These can conveniently be joined
pairwise by kinematical cuts running from J = M —~1—-kto — M +k,
k=0,1,...,M~1. They do not contribute to the asymptotic be-
haviour because the d,. also vanish like (J —J;)t at these points, as
we noted when discussing (4.6.2).

However, Gribov and Pomeranchuk (1962) demonstrated that in
fact these SCR cannot hold at wrong-signature nonsense values of J,
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and that 47, (¢) will therefore have fixed poles (or infinite square-root
branch points) at these points. This is because, from (2.6.19), the
imaginary part of the partial-wave helicity amplitude contains a con-
tribution from the ‘third’ double spectral function of the form

1 [

£ - —
Im{A% (@)} = 167 ) o

d2'pP(s’, w') ey () (1 = F e~ inT—v))
(4.8.7)

This vanishes for physical J-values, i.e. at right-signature points, and
is obviously absent from situations like potential scattering (without
Majorana exchange forces) which have no third double spectral func-
tion. But at the wrong-signature nonsense points of hadronic scattering
amplitudes the fixed singularities of (4.8.1) will occur, and this time
their residues will certainly not vanish due to SCRs because, at least
for some regions of ¢ where the integral in s runs over the elastic part
of the double spectral function (see fig. 2.6), we can be sure from
(3.5.34) that the integrand is always positive. So the SCRs (4.8.3),
(4.8.4), (4.8.5) hold only for J; such that (—1)7=? =&, (We shall
return to this point in section 7.2.)

Because of the unitarity equation (4.7.7), each helicity amplitude
will acquire the singularities of the others, so fixed singularities will
in fact occur at all wrong-signature Jy,=op—£k, k= 2,4,6,... or
1,3,5,... since oy (= max{o, + 0y, 05+ 7,}) gives the largest possible
value of M. Of course the occurrence of wrong-signature fixed poles for
Jp > 1 does not violate the Froissart bound since the vanishing of the
signature factor ensures that they will not contribute to the asymptotic
behaviour. But these real-axis fixed poles are incompatible with the
unitarity equation, and so the occurrence of Gribov-Pomeranchuk
poles proves that Regge cuts must exist, as we shall find in chapter 8.
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Regge trajectories and resonances

5.1 Introduction

One of the most important conclusions of chapters 2 and 4 was that
whenever a Regge trajectory, «(t), passes through a right-signature
integral value of J—v a t-plane pole will occur in the scattering
amplitude because of the vanishing of the factor sin[7(x(t) +A')] in
(4.6.2). And, as we found in section 1.5, such poles correspond to
physical particles; to a particle which is stable against strong-inter-
action decays if the pole occurs below the ¢-channel threshold, or to
a resonance which can decay into other lighter hadrons if it occurs
above threshold. If a given trajectory passes through several such
integers it will contain several particles of increasing spin, and so it is
possible to classify the observed particles and resonances into families,
each family lying on a given Regge trajectory. Some examples are
given in figs. 5.5 and 5.6 below.

This chapter is mainly devoted to presenting the evidence for this
Regge classification, but as there will be a different trajectory for each
different set of internal quantum numbers such as B, I, S, ete. it will
be useful for us first to examine briefly the way in which the particles
have been classified according to their internal quantum numbers
using SU(3) symmetry and the quark model. Readers requiring a more
complete discussion than we have space for here will find the books by
Carruthers (1966), Gourdin (1967), and Kokkedee (1969) very helpful.

The complete specification of a hadron requires, in addition to its
mass m, and spin o, the values of the internal quantum numbers;
i.e. baryon number B, charge €, intrinsic parity P = % from (4.6.8),
strangeness S, and isospin I, and in some cases the charge conjugation
C,, and G-parity G, as well. All of these are good, conserved quantum
numbers for strong interactions, though only B and @ are conserved
in all interactions (to the best of our knowledge).

By definition B = 0 for mesons, + 1 for baryons, and - 1 for anti-
baryons. These are the only values which occur for what are often
loosely referred to as the ‘elementary’ particles (though see section
2.8 for a discussion of the more strict use of this terminology which we

[133]
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employ). But baryon number is an additive quantum number, which
means that a two-particle state |1,2) will have baryon number
B, = B, + B,, and so complex nuclei have B = 4, the atomic mass
number.

The intrinsic parity of a particle is P = + 1 depending on how its
wave function transforms under the parity reflection operator in
the particle’s rest frame, i.e. Py ¥ (r) = (- r) = Py(r). This is a
multiplicative quantum number, and so for a two-particle state
P,, = P, P,(— 1)}, where [ is the relative orbital angular momentum of
the two particles (see (4.6.6)).

The charge-conjugation operator C, has the effect of turning a
particle into its anti-particle, i.e. a particle which has the opposite
sign for all the additive quantum numbers. So under C, B—>—B,
@ —>—@Q and S—>— 8. Since strong interactions are invariant under C,
particles which have B = @ = 8 = 0, i.e. non-strange, neutral mesons,
are eigenstates of C with eigenvalue O = +1 (n = neutral). It is
found (see for example Bernstein (1968)) that €, = + 1 for n° and 7?,
and C, = —1 for p° o, ¢ and the photon y. These assignments are
consistent with the observed decays n% n°— yy and p°, 0, ¢ > v,—~>ete~
(where vy, is a virtual photon).

For other non-strange mesons (B = 8 = 0, @ # 0) it is useful to
invoke the isospin invariance of strong interactions to define an
extended particle-anti-particle conjugation operator called the G-
parity operator. For such particles the z component of the isospin
(see {5.2.1) below) is equal to the charge, i.e. @ = I,, and so rotation
of the particle state by an angle 7 about the y axis in ‘isospin space’
takes us to the charge-conjugate particle, i.e. I,->—1,, up to a phase
factor. The Condon and Shortley phase convention for isospin multi-
plets gives (cf. (B.7))

eiﬂIleiIz>= (_I)I_IZII’ _'Iz> (5.1.1)
So for non-strange mesons the combined operation

G =Cely (5.1.2)

will have an eigenvalue @ = £ 1. Thus for the pion multiplet, o+, n°% =,
with I =1, I,=1,0, —1, we have G, = —1 since Cp = + 1. This is
obviously also a multiplicative quantum number, and hence a state
consisting of » pions will have G|n) = (—1)"|n). This allows one to
determine the G-parity of other non-strange mesons from their
hadronic decays into pions; for example the fact that the decay p »>nrn
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occurs indicates that p has @ = + 1. And of course the decays p — 3n, 5n
etc. are forbidden by G-parity conservation.

The remaining quantum numbers I and S require a brief discussion
of unitary symmetry, which we give in the next section.

5.2 Unitary symmetry
a. Isospin

It is well known from nuclear physics that the strong interaction is
approximately invariant under the transformations of the isotopic
spin (or isospin) group SU(2), at least to an accuracy of a few per cent.
This group is isomorphic to the rotation group, the isospin vector I
corresponding to J, while its z component in isospin space I, corre-
sponds to oJ,. This isospin invariance manifests itself in two related
ways.

(i) All the hadrons may be grouped conventionally into multiplets
of a given isospin I (such that I(I+ 1) is the eigenvalue of I?) which
are approximately degenerate in mass, and are identical in all their
other quantum numbers except the charge. Well known examples are

Nucleon, N pn I=341,=+1}
Pion, n nt,ndn- I=1,1,=1,0,—1
3-3resonance, A ATH, AT AL A~ I=31,=% 4%, —%, —3

The isospin is assigned according to the multiplicity of charge states

exhibited by the particle, so that I, spanstherangel,I—1,..., —I,and
the z component is associated with the charge according to the relation
Q=1,+%B (5.2.1)

(for non-strange particles only). A particle may thus be represented
by the isotopic state vector |I, I,).

The mass differences within a given multiplet are rather small (for
example m, = 938.3MeV, m, = 939.6 MeV) and are believed to be
caused by the differing electromagnetic interactions of the particles.
As far as strong interactions are concerned such differences can be
ignored, and so we use a single symbol for all the members of a multi-
plet (for example N = {p, n}), and regard them all as lying on the same
Regge trajectory, which carries a definite isospin. For example
ay(t) has I = }, and only if we want to discuss electromagnetic inter-
actions need we take account of the fact that this is really two trajec-
tories, with I, = + , which are very slightly split.
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(ii) The various scattering amplitudes involving these particles are
related by isospin invariance, being dependent on the value of I but
not on I,, i.e. strong interactions exhibit charge independence. This
property will be examined in section 6.7.

It is sometimes convenient to regard the iso-doublet

(P’n) |I=%’Iz=i%>
as the fundamental isotopic spinor, out of which all other multiplets
can be constructed (just as all possible angular momenta can be

obtained by adding different numbers of spin = } particles). This
doublet iso-spinor can be represented by a column matrix.

{Z=n= (E) (5.2.2)
which transforms under SU(2) as
n->n"=Un (5.2.3)

where U is any 2x 2 unitary matrix with det (U) = 1. Any such
matrix can be written in the form

U = etivns (5.2.4)

where 6 is an arbitrary parameter, n is a unit three-vector, and the
components of © are the Pauli matrices

T, = ((1’ (1)) T, = (? "(i)), T, = ((1) _(1’) (5.2.5)

The corresponding ‘anti-particles’ are given by the row-matrix
150-Spinor @ =7 = (p,0) (5.2.6)

Formally all the other iso-multiplets can be constructed by com-
bining n’s and N’s. Thus for example

1 _
72 (pp +nn) (6.2.7)
gives an I = 0 singlet, like the n meson, {1}, while
pn, \/—12 (pp—nn), and pn (5.2.8)

form the triplet, {3}, 1 = 1, I, = 1, 0, — 1 respectively, like the = meson.
So at least in this formal sense we can regard the n and n mesons as
bound states of the nucleon-antinucleon system, with

Zle{Zt={1}a{3} (5.2.9)
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-1 3 -1 £ -1 0 1
F1¢. 5.1 The superposition of two iso-doublets, I, = + { to give four
states, one with I, = — 1, two with I, = 0 and one with I, = 1.

as shown in fig. 5.1, completely in analogy with the construction of
spin = 0 and spin = 1 helium atom states from two electrons of

spin §.

b. SU(3)

The above scheme can be extended to include strange particles as
well as by taking the fundamental representation to be the three-

component spinor p
{8}=q= (n) (5.2.10)

A
transforming under SU(3) as

qg—->q’ = Uq (5.2.11)
where now U is any unitary 3 x 3 matrix with det (U) = 1, which can

be written U = etifar (5.2.12)

where « is an 8-dimensional unit vector, and the A matrices are given
in table 5.1. They correspond to the three 7 matrices of SU(2), (5.2.5).

The three particles p, n, A were introduced by Gell-Mann (1964)
and Zweig (1964), and are called ‘quarks’. They are assigned the
quantum numbers shown in table 5.2. Clearly, the p and n quarks are
not to be identified with the proton and neutron of (5.2.2) as they
have, inter alia, B = L. We also need a triplet of anti-quarks

81=9=(@,n,4) (5.2.13)

There is no evidence that such quarks actually exist, but at the very
least they provide a very convenient mnemonic for the group-theory
of SU(3). Also the observed hadrons frequently behave as though
they were actually composed of quarks as we shall discuss particularly
in chapter 7. (An extensive review of the evidence for the quark
structure of hadrons in electromagnetic and weak interactions is
given in Feynman (1972).)

A baryon is made up of three quarks (to give B = 1), while mesons
are composed of quark—antiquark pairs. The hypercharge, Y, is defined
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Table 5.1 The A matrices of SU(3)

01 0 0 —-i 0
A;={1 0 0 Ay =11 00

0 0 0 0 00

1 0 0 0 0 1
A;=(0 —1 0 /\4=(O 00

0 0 0 100

0 0 —i 0 0 0
x=[0o 0o o =l0 0 1

i 0 0 010

00 0 1/y3 0 0
A={0 0 -—i Ag=| 0 1/43 0

0 i 0 0 0 -—-2/y3

Table 5.2 The quantum numbers of the quarks

in terms of the strangeness S by

Y=8+B (5.2.14)
and the charge is then given by the Gell-Mann-Nishijima relation
Q=1,+%Y =1,+3S+B) (5.2.15)

instead of (5.2.1).
Taking all possible combinations of a quark and an antiquark, as
shown in fig. 5.2, we get

qq={8® {8} ={} & {8} (6.2.16)
80 we can expect that mesons will occur in nonets, each nonet con-
sisting of a singlet and an octet with the quantum numbers shown in
fig. 5.2. Table 5.3 gives the well established mesons grouped into such
multiplets. It is evident that the symmetry is very badly broken for
the masses of the particles, the SU(3) mass-splitting in ¥ being very
much greater than the isospin mass-splitting in I,.
Also it is not clear how one should distinguish the singlet states
such as @, from the octet state with the same quantum numbers, .
With a broken symmetry the observed @ and ¢ particles can be
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F1e. 5.2 (a) Triplets of quarks {p,n,A} and anti quarks {p,n,}. (b) The de-
composition q ® q = {8}+{1}. On each quark represented by O is imposed
an anti-quark triplet to give the nine states which are identified with pseudo-
scalar mesons on the right-hand side.

mixtures of these pure SU(3) states, say

¢ = wgcosf —w, sin
, } (5.2.17)
o = 0g8in 0+ ©, cos
where 0 is the ‘mixing angle’. The so-called ‘ideal’ value is
1
— tan-1{—_) ~ 38°
8 = tan (42) ~ 38 (5.2.18)
in which case from table 5.3 we find that
1 =
0= Jé(pp+nn), o =-Ar (5.2.19)

so that w contains no strange quarks. This ideal mixing seems to hold
for the vector and tensor mesons, but not the pseudo-scalars.
The mass separations within a given multiplet are assumed to be
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Table 5.3 Meson nonets and thetr quark content

Particles JPCn

r Y
Multi- Quarlk 0-+ i-— O+t 1+t 1+ 2+
plet content I 8 Ps A% S A A- T
{8} pi 1 0t pt ot Af B+ Af
(140) (770) (970) (1100) (1235) (1310)
715 (pp —nh) 1 0n p° o0 A? B Al
np 1 0=~ p- 0= Al B- A7
ni _12 1 Ko K*o K0 Qo Qo K **0
(498) (890) (1300) (1240) (1280) (1420)
PA 3 1K+ K* gt Q° Qo Kxxt
AL }—1K EK® Q° Qo K%
Ap 3 -1 K- K*- x- Q- Q- K**-
1 - .
76(pﬁ+nﬁ—2}\.}.) 0 0 mng g €g Dy Hy fq
1 _ _ -
{1} :/—3(pp +nfi+Ak) 0 0 mny ®; € D, H, f,

All the particles in the PS, V and T nonets are well established, but some of
the others are less certain. Masses (in MeV) have been given only for the first
member of each isospin multiplet. C,, is not a good quantum number for strange
mesons so the assignment in the Q region is particularly uncertain. The iso-
singlet mixtures are ng+mn; = n(549)+n'(958), g+ ©, = ©(783)+ $(1019),
€5+ €; = €(600) +S*(993), Dy +D,; = D(1285) + E(1420), Hg+H, = H(990) + ?,
£, +f, = £(1270) +£’(1514), mixed as in (5.2.17).

due to the A quark having a different mass from that of the p and n
quarks. So with ideal mixing, if we set m; = m;, = m and m, = m + 4m,
we find that for the vector mesons

My, = m, = 2m, mg.=2m+Adm, mg,=2(m+4m) (5.2.20)
giving My, + Mg = 2Mgs (5.2.21)

However for mesons it is generally supposed (for no very compelling
reason) that these relations should actually be written for the squares
of the masses, i.e. m2 = mj, mj +m2 = 2mk., which hold equally well
because the masses are much larger than the mass differences. The
lighter pseudo-scalar mesons do not obey the corresponding mass
formulae either for m or m?, which is generally taken as evidence that
the mixing between 1 and 7’ is far from ideal (see Kokkedee 1969).
Both the pseudo-scalar (PS) and vector (V) meson nonets can be
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obtained with the spin = } quarks in an [ = 0 orbital state, since they
correspond to quark spins being anti-parallel (total quark spin s = 0)
or parallel (s = 1) respectively. Higher spin mesons can be obtained
by orbital excitation of the qq pair. Since q and q, being fermions,
have opposite intrinsic parity, the parity of a qq state is

P =(—1)# (5.2.22)
and for B = § = 0 states the charge conjugation and G-parity are
C, = (=1)"3, (= (—1)+sH (56.2.23)

Since the spin of the meson is J = I+ s we have for | = 0 just the PS
and V nonets with JFC = 0+ and 1-— respectively, while for [ = 1
there are four possible nonets, scalar S = 0++, two axial vectors,
A+ = 1% and 4~ = 17, and tensor T' = 2++. A possible assignment
of meson states according to this classification is given in table 5.3.

Regge theory suggests that one may expect to see recurrences of
each of these six nonets at J values spaced by 2 units from the above.
In the next section we shall find that only a few of these excited states
have been observed. This is hardly surprising, however, because
mesons can usually only be observed in production experiments such as

1+2>3+4, 4—>a+d

The resonance 4 will be seen as a peak of the cross-section in the
invariant mass of its decay products at m? = (p, + p;)?, @ and b having
an angular distribution corresponding to the spin of 4 (see section 4.2).
But at high values of m3 many partial waves can be expected to
contribute to the ab system and so the analysis of this decay within
the three-body final state 34+a+b becomes difficult. Un-natural
parity mesons are even more difficult to find as they only have three
(or more) body decays.

The situation is more favourable for baryon resonances which can
be formed in meson-baryon scattering experiments such as

MB->B*->MB

where a partial-wave analysis of the two-body final state is sufficient
to find the resonance. So a lot more baryon resonances are known.
They are built from three quarks

q®q®q={3}®{3}® {3} = {1} @ {8} ® {8} + {10} (5.2.24)

(see Carruthers 1966), and so baryons should occur in singlets, octets
and decuplets, with the quantum numbers shown in fig. 5.3



142 REGGE TRAJECTORIES AND RESONANCES
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Fi1a. 5.3 The J? = §* decouplet and the 3+ octet of baryons.

The lowest mass states, with / = 0 may have J = } or $, and are
given in table 5.4, and again one may expect higher [/ states at higher
masses. (We shall ignore the difficulty that since the quarks are
fermions with presumably anti-symmetric wave functions the increase
of mass with J is far from obvious-—see Kokkedee (1969).) By the
same method as before we find that the mass-splitting in the decuplet
should obey the equal spacing rule

Mgy — Mige = Mzs — Mye = Myx—Mp = AM (5.2.25)
which is well satisfied. For the octet we obtain the Gell-Mann—-Okubo
mass formula My +mg = }(my+ 3my) (5.2.26)

but the relations m, = my and m, —m, = myz. —m, are not obeyed,
so there must be symmetry-breaking effects in the potential between
the quarks as well.

In addition to these predictions about the masses of the particles
SU(3) invariance also gives relations between scattering amplitudes,
and these will be explored in section 6.7.

The scheme outlined above is only the most elementary version of
the quark model. The discovery of two long-lived vector mesons,
Y, (3100) and V, (3700) (see Particle Data Group (1975) for references)
has increased the interest in more elaborate structures based on the
inclusion of a fourth quark, ¢, having the quantum numbers

B,Q)I:S’C = %:%3050, 1,
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Table 5.4 The lowest mass octet and decuplet of baryons
and their quark content

Quark
Multiplet content I S Particles
{8}, J¥ = * ppn 3 0 p(938.3)
pnn 3 0 n(939.6)
ppA 1 -1 X+(1189.5)
pnA 1 -1 ¥0(1192.6)
0 -1 A(1115.6)
noi 1 -1 $-(1197.4)
PAA 3 -2 Z°(1314.7)
nai 3 -2 Z2-(1321.2)
{10}, J® = 3+ ppp 3 0 A++(1236)
ppn 3 0 At
pnn 3 0 A®
nnn 3 0 A~
ppA 1 -1 T*+(1383)
pni 1 -1 I*e
nni 1 -1 T*-
pPAA 3 -2 =*0(1532)
ni\ 3 -2 =¥
AAA 0 -3 Q-(1672)

where C is a new quantum number called ‘charm’, which has eigen-
value 0 for the p, n and A quarks. The particles |, and \, are taken
to be cc bound states, and the basic meson SU(3) nonets from {3} ® {3}
are increased to SU(4) 16-plets formed from {4} ® {4}. However this
fourth quark must be much heavier than the others so that the pre-
dicted charmed particles (formed from cp, chi, ¢k, ¢p, ¢n, CA) are heavier
than the nonet mesons, whose SU(3) symmetry and mixing are
approximately preserved. The discovery of charmed particles has
greatly increased the interest of this model, and of the related schemes
based on ‘coloured’ quarks (see Weinberg (1974), de Rujula et al.
(1974), Gaillard, Lee and Rosner (1975) for reviews).

An important test of the quark model is that all the observed mesons
have quantum numbers which can be formed from q ® q asin fig. 5.2,
and all the baryons have quantum numbers that can be formed from
q® q® q as in fig. 5.3. Channels which have quantum numbers
outside these patterns, like ntnt which has I = 2, or K+p which as
8§ =1, are called ‘exotic’ channels, and do not seem to contain
resonances. All the well established resonances have non-exotic
quantum numbers.
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5.3 The Regge trajectories

An authoritative survey of the experimental properties of particles
and resonances is published at frequent intervals by the Particle Data
Group. Their 1974 edition (Particle Data Group 1974) contains in-
formation on over 50 possible mesons and 90 baryons, though the
evidence for some of these is fairly weak. In this section we shall try
to group all the particles for which there is reasonably strong evidence
on Regge trajectories. Of course this cannot be done with complete
certainty because there are few a priori rules to direct which particles
should be associated together on the same trajectory. But, as we shall
see, this problem is greatly simplified by the fact that the trajectories
seem to be straight parallel lines when Re {«(t)} is plotted against ¢.

a. Mesons

All the well established mesons are shown in fig. 5.4 in a Chew-
Frautschi plot (Chew and Frautschi 1962) of the spin o(= Re{a})
versus mass? = t. It should be noted that the only well verified particle
with ¢ > 2isthe spin = 3,1 = 1, g meson which has the same internal
quantum numbers as the p(o = 1) and so presumably lies on the same
trajectory. Strictly this is the only trajectory on which we can put
even two points! However, in drawing fig. 5.4 we have taken into
account that there is also evidence for spin = 3 w and K* resonances
and spin = 4 k2 and Af resonances, and have made some use of informa-
tion about the behaviour of the trajectories in the region¢ < 0 obtained
from Regge fits (see fig. 6.6. below).

Also it is found that the o = 2 A, meson, which has similar quantum
numbers to the p apart from its signature (note from (4.6.8), (5.2.22)
and (5.2.23) that this in fact means opposite values of P, C, and &),
lies very close to the straight line joining p and g, and (fig. 6.6) the A,
trajectory is close to that of the p for £ < 0 as well. Such an identity
between trajectories of opposite signature is called ‘exchange de-
generacy’. It seems to imply (from (2.5.3) or (4.5.7)) that, rather
surprisingly, the exchange forces, i.e. the u-channel singularities, are
not making much contribution to the trajectories. Similarly the o
and f, which because of ideal mixing are almost degenerate in mass
with the p and A, respectively (see (5.2.20)), seem to lie on a single
I = 0 exchange-degenerate trajectory which almost coincides with
that of p, A,, g while the I = 0, ¢, f’ trajectory appears to be parallel
with these.
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n Kn () n'85* (%) | | ]

A2 (GeV?)

Fi1a. 5.4 Chew—Frautschi plot of Re {«(¢)} versus ¢ for the well established
mesons. Less well verified states appear in brackets.

If we then make the rather bold assumption that all the mesons
lie on approximately straight, parallel, exchange-degenerate trajec-
tories we can associate most of the states listed by the Particle Data
Group with trajectories as shown in fig. 5.5. They give leading trajec-
tories which are very approximately

o, (t) = 0.5+ 0.9¢ p,0,A, fg,0*, A¥ h I=0,1

ag«(t) ~ 0.3+ 0.9¢ K* K** K*** I=1}

ag(t) % 0.14+0.9t  o,f' I=0 } (53.1)
a.(t) =~ 0.0+ 0.8¢ w, B, A; I=1

ag(t) = —0.2+0.8¢ K,Q,L I1=1
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F1a. 5.6 Meson trajectories for (@) I = 0, (b) I = 1 and (c) I = } mesons,
including less well establighed states.
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These straight lines are suggestive of a harmonic oscillator type of
effective potential between the quarks, as mentioned in equation
(3.3.33) et seq. An additional motivation for these figures, to be dis-
cussed in sections 6.5 and 7.4, is that there are theoretical reasons for
expecting that trajectories may occur in integrally spaced sequences,
with a ‘parent’ trajectory «(¢), and an infinite sequence of ‘daughters’
a,(t) =al)—n, n=1,2,.... Thus the p’(1600), if it really is a reson-
ance, may lie on the n = 2 daughter of the p.

b. Baryons

There are many more baryon states with high spin whose quantum
numbers have been fairly well determined, and so the Chew—Frautschi
plots of figs. 5.6 are more highly populated.

Again the trajectories seem to be straight and parallel, with similar
slopes to the meson trajectories, but exchange degeneracy is badly
broken in many cases. The leading trajectories are approximately
given by

ay(t) ~ —0.3+0.9t N(939), N(1688), N(2220)
ax(t) ¥ 0.04+0.9t A(1232),A(1950), A(2420), A(2850), A(3230)
an(t) @ —0.64+0.9t A(1116), A(1520), A(1815), A(2100), A(2350),
A(2585)
as(t) ~ —0.8+0.9¢ X(1190),X(1915)
(5.3.2)

We have plotted the natural and unnatural parity trajectories back
to back because the generalized MacDowell symmetry (see section 6.5)
requires that odd-baryon-number trajectories should satisfy the

relation a+(Jt) — a‘(—Jt), for t>0 (5.3.3)

where the superscripts + refer to the parity. Since the trajectories

(6.3.2) are approximately even in 4/¢ this gives
at(t) = a4+ a't (5.3.4)

for both parities, and so the resonances should appear in exchange-
degenerate pairs. It is evident from fig. 5.6 that this relation is not in
fact satisfied, It is discussed further in section 6.5.

It is clear from the above figures that the Chew—Frautchi plot
provides a very useful way of classifying resonances in addition to
SU(3).

6 cIt
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Fi1a. 5.7 A plot of Re {a(f)} and Im {«(?)} against ¢ for
the I = 1 p, 4, exchange-degenerate trajectory.

5.4 The analytic properties of trajectories

The presence of external particles with spin does not alter significantly
the conclusions drawn in section 3.2 about the analyticity of the Regge
trajectory functions.

The position of a pole at J = «(t) is determined by (cf. (3.2.1))

Ags8))1>0 as J->aft) (5.4.1)

so that usually «(t) will inherit only the singularities of (4 g,(t)).
However, as discussed previously, «(t) will not obtain the left-hand
cuts of the partial-wave amplitude. Also since the same trajectory
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Fia. 5.8 A plot of Im {«(¢)} against ¢ for the N and A trajectories.

function occurs in all the different helicity amplitudes for a given
process which are connected by the unitarity relation like (4.4.11), the
various kinematical singularities of A4 ;(¢) which depend upon the
helicities will not occur in «(¢), though they are present in the Regge
residue (see section 6.2).

So, unless trajectories cross each other, a(f) will have just the
dynamical right-hand cut of Ag;(¢) beginning at the ¢-channel
threshold branch point, ¢,. The unitarity relation (4.4.11) with (4.7.6)
leads to the threshold behaviour

Im{a(t)} oc (¢ —t,)2Fus* b qt )— Vi >} (5.4.2)
instead of (3.2.26), and an infinite number of trajectories will accumu-
late at threshold at the point J = Y —3, as in (3.2.29).

For mesons one can expect that the trajectory functions will satisfy
dispersion relations like (3.2.12) or (8.2.13). But for baryons the
MacDowell symmetry (5.3.3) implies that the dispersion relation must
be written in terms of 4/t rather than ¢, so in unsubtracted form it reads

 Imfetlt g, 1 [ Inlatit)
ay/t) dy/t' + dyt (5.4.3
where we have mtegrated over both the physwal regions of a(,/t). Of
course subtractions will in fact be necessary.
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The magnitude of Im {x(t)} at the position of a resonance can be
obtained from the width of that resonance using (2.8.7). The values
obtained for the p trajectory are shown in fig. 5.7, and those for the
N and A trajectories in fig. 5.8.

In each case Im {a(t)} € Re{a(t)}, which, together with the linearity
of Re{a(t)} strongly suggests that the dispersion relation (3.2.12)
holds, rather than (3.2.11) which is valid for potential scattering and
the ladder models described in section 3.4. We shall discuss this point
further in chapter 11.



6
Regge poles and high energy scattering

6.1 Introduction

Having identified, in the previous chapter, some of the leading Regge
trajectories from the resonance spectrum, we next want to look more
closely at the other main aspect of Regge theory, the way in which
Regge poles in the crossed ¢ channel control the high energy behaviour
of scattering amplitudes in the direct s channel.

For spinless-particle scattering this presents few problems; we
would simply use the expression (2.8.10) in the region where ¢ is small
and negative, and s is large. However, for real experiments with
spinning particles it is a bit more difficult because, as we shall find in
the next section, the t-channel helicity amplitudes contain various
kinematical factors, and are subject to various constraints, which
must also be incorporated in the Regge residues. Also we shall need
to look closely at the behaviour of the residue function when a trajec-
tory passes through the nonsense points discussed in section 4.5.
Only when we have clarified these kinematical requirements can we
write down correct expressions for the Regge pole contribution to
a scattering amplitude based on (4.6.15).

In exploring these kinematical problems we shall discover that
some of the difficulties at t = 0 may imply the occurrence of additional
trajectories called ‘daughters’ and ‘conspirators’, and we shall
briefly review the application of group theoretical techniques to such
problems. Also we examine the way in which the internal SU(2) and
SU(3) symmetries constrain Regge pole exchange models.

We are thus led to (6.8.1) below for the parameterization of a
Reggeon exchange amplitude, and in the extended final section of
this chapter we discuss the comparison of this expression with the
experimental data on high energy scattering processes. A reader who
is mainly interested in the phenomenology could start at section 6.8
and refer back as necessary.

[153]
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6.2 Kinematical singularities of Regge residues*

We noted in section 4.1 that though helicity amplitudes have many
advantages for Regge theory they suffer from the defect that they are
not generally free of kinematical singularities. Since the residue of
a t-channel Regge pole is given by (see (4.6.1) and cf. (3.2.16))

Balt) = 5 fﬁ a7 A% (6.2.1)

the integration contour being taken round the pole at J = «f(t), it is
clear from our discussion in section 3.2 that f4(f) will inherit the
singularities of 4% (t), i.e. the kinematical singularities as well as the
dynamical right-hand cut beginning at the {-channel threshold. But
it will not, of course, contain the pole, nor, in view of the argument of
section 3.2, the left-hand cut of 4% ;(£).

Various methods have been devised for obtaining the kinematical
singularities. One way is to make use of the relationship between
helicity amplitudes and the invariant amplitudes of (4.1.3) which are
free of kinematical singularities (Cohen-Tannoudji, Salin and Morel
1968), but this becomes difficult for high spins. Another technique,
devised by Hara (1964), and worked out fully by Wang (1966), makes
use of the fact that the only kinematical ¢-singularities of an s-channel
helicity amplitude occur in the half-angle factors (4.4.12). And in
view of the crossing relation (4.3.7) it is evident that the only kine-
matical singularities in ¢ of the f-channel helicity amplitudes are either
those of the s-channel amplitudes, or singularities which are present
in the crossing matrix (4.3.4), which is known. A very complete account
of this method is given in Martin and Spearman (1970, chapter 6).

But with both methods the physical reasons for the occurrence of the
kinematical factors are rather obscure, and instead we shall employ
a less rigorous method based on Jackson and Hite (1968) which makes
the physics clearer.

The s-singularities of a f-channel helicity amplitude stem entirely
from the half-angle factors of (4.4.16), and their occurrence is readily
explained by the fact that angular-momentum conservation in the
forward and backward directions requires the vanishing of helicity-
flip amplitudes (see section 4.4). Similarly we shall find that the
t kinematical factors, which for the processes 1 +3—2 + 4 may occur
at the thresholds ¢ = (m, +mg)? and t = (m, + m,)?, pseudo-thresholds

* This section may be omitted at first reading.
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t = (m;—my)? and t = (m,—m,)? or at ¢t =0, also have a simple
physical explanation. We begin by assuming that m; > m; and
my > my, but will consider equal masses, for which the pseudo-
threshold moves to t = 0, later.

We have found both in non-relativistic potential scattering, in
(3.3.24), and for spinless particle scattering, in (2.6.8), that at the
threshold ¢ = (m, +m,)? the partial-wave amplitude has the behaviour

At) ~ (ga) ~ (T5)) (6.2.2)

in the notation of (2.6.6), due to the opening of the partial-wave phase
space. Since scattering near threshold is non-relativistic we may expect
that even for particles which have spin the threshold behaviour will

similarly be Al () ~ (Th(E)E (6.2.3)

where L is the lowest value of I that can occur for the given J. This
will generally be L = J -0, — 0, (i.e. 6;,6; and [ all parallel) unless
this value of I has the wrong parity, in which case L = J — (0, + 03) + 1.
This may be incorporated in the expression

L =J-o0y—03+31 9P F(—1)71+77]

=J-Y5 (say) }
where P;, P, (= + 1) are the intrinsic parities of the particles, and v is
defined in (4.5.6).

We found in section 2.6 that the behaviour (6.2.2) is guaranteed for
spinless particle scattering by the Froissart—Gribov projection (2.6.2)
(where it converges). However, in (4.5.7) ef) (%) ~ (T)’™1 (from
(1.7.19) and (B.25)), £, (2,) ~ (T5)™ (from (B.11)) where

M = max{]A|, ||}, and dz; ~ ds(T)?

giving instead

(6.2.4)

ALy (@) ~ (THY Y, > (my+mg)? (6.2.5)

So the only way in which (6.2.3) can be obtained from (4.5.7) is if the
extra factors are already present as kinematical factors in A (s,?),
and hence in D, (s, ) etc. So we must have

Ag(s,8) ~ (THMTu" ag t—>(my+my) (6.2.6)
t 3

A similar result holds at the 24 threshold. But the pseudo-threshold
corresponds to the threshold for a process in which the lighter particle
(say mg) has the rest energy E = —mg. Such negative energy states (or
‘holes’) correspond to anti-particles, and for fermions (but not bosons)
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the anti-particle has the opposite parity to its particle, so we must
replace P; by Py(— 1)?s. So we end up with the threshold behaviour
Ag(s,t) oc (TH)yM¥u™ (Tg)MYas™ (T} Y as™ (Ty)M-Y s~
(6.2.7)
where Y§ = o4+ 0 —3[1 =B P(— 1)7i+]

for m; > m;. Of course if, say, m, = mg, the pseudo-threshold moves
tot = 0, while if m; = m, also both pseudo-thresholds will be at ¢ = 0.
These cases will be considered below. So after the partial-wave pro-
jection (4.5.7) has been performed, because of (6.2.5) we find

T (t) o€ Ky (6)(Ge1aGraa) (6.2.8)
where K, ,.(£) is the kinematical factor defined in table 6.1 on p. 160,
and so from (6.2.1)
D o= . (L3 ez WO-M ; 9
Pr(t) = Ky (8) s Aul(t) (6.2.9)

0
where B (¢) is free of kinematical singularities at the thresholds and
pseudo-thresholds (but not necessarily at ¢ = 0). We have introduced
an arbitrary scale factor sy, with the same units as ¢, so that the units
in which B is measured will not vary with a(t). It will be discussed
further in section 6.8a.

There is an additional problem at the thresholds, however, that in
general the various helicity amplitudes for a given process are not all
independent (see Jackson and Hite 1968, Trueman 1968). This is
because at threshold, in view of (6.2.2), only the I = 0 state survives,
and, to keep I = 0, J is restricted to the range |0, — 03| < J < 0,403,
so only these values of J appear in the partial-wave series (4.4.14). So
if we define s = 6, + 6, and expand our partial-wave helicity states
|J,A; Ay, Ag) (A = Ay — Ag) in terms of [ — s states |J, A; 1, s), at threshold
we find, since [ = 0, s = J,

| J,A; Ay, Ag) = Ny{oy, Ay, 05, A4] I, AY |, 2;0,T)  (6.2.10)

where N, is a normalization factor and (o, Ay, 05,A5|J,A) is the
Clebsch-Gordan coefficient. So at threshold a partial-wave helicity
amplitude can be written in the form

W) = 01, Ay, 03, A5)J, Ap ap 0 (I, 8) (6.2.11)

where a, ,,(J,t) is independent of A; and A;. So on summing over
J,|oy— 05| <J < 04403, the various 4z (s,t) with the same values
of A, A, but different A;, A, are all related at the 13 threshold by
a sum over the Clebsch—Gordan coefficients appearing in (6.2.11).
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This is best illustrated by an example. Thus if we consider elastic
N scattering for which the ¢-channel process is an~>NN we find that
at the NN threshold, ¢ = 4m%, the relation between the amplitudes
of (4.3.11) reads

A, (s,8)>—id, _(s,t), t—>4m} (6.2.12)
the factor (—1i) coming from the half-angle factor (see (6.2.15) below).
Then if we take out all the kinematical factors we have (cf. (4.3.11))

A, (s,8)= A, (s,8)(t—4md)} }

A (s,8) = A, _(s,t)h(t— 4m2)} (1 —22)} (6.2.13)

where the A’s are free of kinematical singularities in both s and ¢. If
we express each of these amplitudes in terms of a single Regge pole
a(t), we have (from (6.8.1) below)

a(t)
A++(3: )= Yl(t) (t— 47’7%)_% (Sﬁ)
’ (6.2.14)
g\ a1
A, (5.0) = vty e 2 (1-2h ()
0
s iya(t) (= ) (f)““) (6.2.15)
88— w 80

where the y’s are kinematical-singularity-free residues. The relation

(6.2.12) then becomes
y1(4mR) = 2myy,(4mY) (6.2.16)

and we can always ensure that this will be satisfied by writing

4ml —1
2 at) = 10+ 730) () (6.2.17)
N
where now ¥, (f) and y4(t) are free of constraints as well as singularities.
Putting (6.2.14) and (6.2.15) in (4.3.12) gives

do_ 1t (s\®O[ ¢ 2 ¢
sz o) (0-gz | 2n070+%0 (1-5) |
(6.2.18)

This expression has no singularity at ¢ = 4m¥, but had we used (6.2.14)
and (6.2.15) directly, ignoring the constraint (6.2.16), there would have
been a spurious pole at this point.

This is a rather cumbersome procedure, and it is therefore fortunate
that usually the thresholds are sufficiently far from the s-channel
physical region (¢ < 0) for it not to matter much in practice if we
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ignore the constraint. It is only really important in cases like TN — A
where the pseudo-threshold at t = (m, —my)? is not so far from ¢t = 0.

We must next consider the point ¢ = 0. If the masses are unequal,
i.e. my + my, my + m,, then from (1.7.19)

zz—e=+1 for (my—my)(myg—m,)Z0 (6.2.19)

t— o

So the half-angle factor (4.4.12) has the behaviour
Exn () ~ tHA—eX (6.2.20)
t—0

and so from (4.4.16) ﬁHt(s, t) ~ t—Ha—eX| (6.2.21)
Hence the definite parity amplitudes (4.6.10) have the behaviour

Ay (s,1) ~ t-42-X1g (s, 1) £ t=HA+eX1 gy s, 1) (6.2.22)
where a, and a, are regular at ¢ = 0. So ff},z has a singularity of the

form a? a

Al (8,0 ~ TN = OED (6.2.23)

where a7 is one of a,, a, and M, N are defined in (4.4.15), (4.5.11). But
a Regge pole, which has a definite parity, cannot have such a singular
behaviour as this, because if it did we would find

Ay (8,1) = Exalzy) Ay (s,1) ~ (AN (@ni— 3N g7 (014N
t—0
(6.2.24)

(where —9 = (—1)7%) which is singular unless a?” = +7a™", except
when A = A’ = 0. This equality of a7 and a~7 in fact follows directly
from (6.2.22), (6.2.23), but obviously it cannot be satisfied by a Regge
pole with a definite parity. So instead of (6.2.23) we must choose

the less singular behaviour
~ al a’
AR (8,8 ~ TEmEEL AT = JOrm (6.2.25)

i.e. we multiply (6.2.23) by tV. (However, for channels with odd
Fermion number N is a half-integer, so this would introduce a spurious
square-root branch point — see section 6.5 for this case.)

To obtain the ¢ = 0 behaviour of the residue from (6.2.25) we note
that (6.2.9) has a singularity of the form ¢~@®-3) from (1.7.15). The
t—* will cancel with the corresponding singularity in the asymptotic
behaviour of the rotation function in (4.6.4),

AL S—U &
e 1(z,) ~ (—9) ~ ( ) 6.2.26
A () 2, 8741324 ( )
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from (B.25), but the t¥ remains, so we end up with
— MMM Qe139eas) "M
Bu(t) =1 Ky () B Yal) (6.2.27)
0
where ¥ (t) is free of kinematical singularities. Unfortunately this will
not do either, because its behaviour for {0, f5(t) ~ t#¥-N2 isnot
factorizable between the initial and final states. We must be able to

wite Bal) = B0 () (6.2.28)
which is possible only if we change the ¢ = 0 behaviour to ##M+M-2,

so we finally obtain
1 a(t)—.

pult) = 0By ) (18880 5 ) (6.2.20
where the ¥ 4(t) are free of kinematical singularities, but may have to
satisfy threshold constraints like (6.2.16).

If one pair of masses is equal, say m; = m,, then z, ~ t}, while if
my = my also then z, is finite at ¢ = 0, and in both cases the pseudo-
thresholds move to t = 0. The minimum kinematical behaviour can be
deduced by repeating the above argument. It is also necessary to
ensure factorization like (6.2.28) for amplitudes which have equal
masses in one state but not the other, and we find

— alt)-M
Balt) = 0 B () (22222) ™ 570

a(t)-M
= K () (22222 ™70 (6.2.30)

where K,,(t) is given in table 6.1 (for evasion — see section 6.5).

When (6.2.30) is substituted in {4.6.4) and we use the asymptotic
form (B.25), (6.2.26), for the rotation function, the Regge pole con-
tribution to a scattering amplitude becomes

AB (5,1) = — 167(— DA K () Vg 8) (6775 + )
1 (22) ! (2 + 1)
X {2sin7r(oc—v) [+ M) (a—M)! {a+ N)! {a—N) !]i}

— at)-M
() Ewte (6.2.31)

(where A is defined in (B.10)) after some use of the relation

B m
" sinma(a—1)!

(—o)! (6.2.32)

The same result is obtained from (4.6.2) using (B.12) for Re{a} > —}.
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Table 6.1 Kinematical factors for a t-channel helicity amplitude

The factors introduced in (6.2.9) and (6.2.30) are:
Kyt = 8K, 0
RByx(t) = (TH)M-YuT (T M-Yu™ (TH)M-YauF (T M-V~
where
M =max{|A|, |[X]}, N=min{A],|X]}, A=A —2; A’ =A,—-A,
TE = [t—(my £ my)?]d
Y5 = 0+ 0= 31— 9P Py(— 1)74£%5]
v = 0/} for even|odd fermion number
Evasion
UUd=—-%M~-N)
EU 8 = 3{|A'| - M]+}[1—9(~1)A]
EE & = }[1-7(—DA]+3[1 - 9(— D]
Conspiracy of Toller number A (see (6.5.10))
UU 8 = (|4 - M|+ |A-N}}-M
EU 8 = §{|4— |X'|| = M} + }{1 — (- DA+ (4 - 207)}
EE 6 = ${2+77(— DA+ 77(— DX + (4 — 20,) + (4 — 205)}
where 7 = (—1)4#1 or (—1)29+1 for 2024
€A—-20)=4—-20 for A—-202=0
=0 for 4-20<0

U = unequal-mass vertex, E = equal-mass vertex. For EU we take m; = m,,
my &+ my 80 that A = A, — A, is the helicity change at the equal-mass end. In
this section we have discussed the evasive case —see section 6.5 for conspiracies.

6.3 Nonsense factors

Equation (6.2.31) is still not satisfactory, however, because the various

factorials which appear would introduce singularities at the nonsense

values of « (see section 4.5) which cannot be present in the scattering

amplitude. So ¥4(f) must contain suitable factors to cancel them.
Since (Magnus and Oberhettinger 1949, p. 1)

2a+1
2a)! = 2 +ﬂ1§?2)oi S:‘;; b! (6.3.1)
we can re-express the factor in braces { }in (6.2.31) in the form
5 22a+1 () (a+)! 1
fal®) = o (T I a0 (x + M) (&= 1t snm(@—0)
(6.3.2)

Now (a«+1)! has simple poles at &« = —$§, —%,..., while ! has poles
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at o = —1, —2,.... But one of these sets of singularities will be can-
celled by the denominator, depending on whether M, N are integers
of half-integers (i.e. on whether the channel has even or odd fermion
number). So we require that g (t) ~ [(c+3—2)!]* to cancel the
others (v is defined in (4.5.6)). In fact such a behaviour of the residue
is guaranteed by the Froissart—Gribov projection (4.5.7) because of
(B.24).
The remainder has the form
(e +)!

[+ M) (a— M) (@ +N)! (a— N)!Esinm(a—v)
which when a->J;, where J;,— v is an integer, has the behaviour
(a—dp) for Jy=2M and v>Jdy> —N
(a—Jy)t for M>Jy>N and —-N>Jy>-M

Finite for N>Jy;>2v and Jy<-M

We remember that only the points J; > M make any physical sense,
i.e. are sense—sense (ss) points in the terminology of section 4.5, and so
the polesin thisregion correspond to physical particles. (Note that they
are cancelled for alternate J; by the signature factor.) At the sense—
nonsense (sn) points (6.3.3) behaves like (x—Jy)~# (2 +J,+ 1), but
these branch points (which since « is a function of ¢ give branch points
in ¢) cannot be present in the scattering amplitude, so either
Talt) ~ @~y Ha+l+1)HF or Fgu(t) ~ (a—Jp) (@+Jp+ 1)

The Froissart—Gribov projection (4.5.7) gives the former behaviour,
but, as discussed in section 4.8, we expect that SCR will hold, in
which case the latter behaviour will occur (except perhaps at wrong-
signature points where Gribov-Pomeranchuk fixed poles may be
expected). Now factorization of the form (6.2.8) requires that

BosPrn = (Ben)? oc (@ —Jp) (@ + Sy + 1) (6.3.4)
where s and » are sense and nonsense values of A, A" for the given J;,. So
since the ss residue is expected to be finite to give the physical pole
there must be a vanishing of the nn residue. If this behaviour holds
at every nonsense point we have

_ (e +M)! (e +N)\3
a0~ (G

Combining this with the previous requirements we can write

1 (+ M) (e + M)\ B
mt (a+3—0)! ((d—M)'(oc—N)l) (6.3.6)

(6.3.3)

(6.3.5)

Tult) = 1O 7o)
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where y,(t) v, (t) is a factorized residue free of any special requirements
at the nonsense points; and in (6.2.31) this gives

AR (8,t) = — 167(— 1)A K, (8) 7(t) o (t)
—im(a—v) s—u\*M
X (@4 ) ) (o) b (63)

(e +v)! 1

where fh(e) = (e —M)! (@—N)! 2sin7(ec—v)

(6.3.8)

(where 8 = sense-choosing; see below).
At right-signature points, where the signature factor is finite,
(6.3.7) has the behaviour
(i) (@—=dp)?* for Jy=2M
(ii) Finite for M > J,
(iii) (x—dp) for N > J,

2N and J;<0
Zv

At wrong-signature points the signature factor behaves like i(a — Jg)

giving a finite behaviour for (i), zero for (ii) and double zero for (iii).
However, there are various further considerations which may cause

us tomodify these conclusionsfor o > J; (077 = max {0, + 073, 05+ 0}).

a. Ghost-killing factors

If the trajectory passes through a right-signature point for ¢ < 0 the
ss residue must vanish, otherwise there would be a ‘ghost’ particle of
negative m?, i.e. a ‘tachyon’. Since the Froissart bound restricts
trajectories to a < 1 for ¢t < 0 this difficulty only occurs for even-
signature trajectories at J—wv = 0, which we see from figs. 5.4-5.6
applies in practice only to the f, A, and K**(1400) trajectories (and
perhaps the P — see section 6.85) at & = 0. If such a zero is inserted
in the ss residue it must also appear in the sn and nn residues because
of (6.3.4). This is sometimes called the ‘Chew mechanism’ (Chew
1966).

b. Choosing nonsense

At a given nonsense J; a trajectory may ‘choose’ to satisfy (6.3.4) by
having g,, finite and g, = 0 instead. This gives

Yu(t) ~ a—Jd) (@+Jp+1)]E
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for M > J, > N as before, but ¥4(t) & (a —J) (¢ +J,+1) for some
sense points J, > M. If this happens say for p > J, > M, where p—v
is some integer > M, then we have

(¢ +p)! ((a—M)! (a——N)!)i
(a—p)! \(¢+ M)! (@ + N)!

Yult) ~ (6.3.9)
instead of (6.3.5). The resulting pole in the nn amplitudes cannot
correspond to a physical particle of course,and so it must be cancelled
(or compensated for). Since the asymptotic behaviour of ey&=1(z)
at a nn point is 2721, not 2%, the compensating trajectory must pass
through —J;— 1. Thisis sometimes called the ‘ Gell-Mann mechanism’
(Gell-Mann and Goldberger 1962, Gell-Mann ef al. 1964).

However, the need for such a compensating trajectory can be
avoided by putting a zero in the nn residue, in which case extra zeros
will also appear in the sn and ss residues through (6.3.4). This is called
the ‘no compensation mechanism’.

c. Wrong-signature fixed poles

The arguments of section 4.8 have led us to expect fixed poles (or
infinite square-root branch points) at wrong-signature nonsense points.
They will not contribute to the asymptotic behaviour of the scattering
amplitude because of the signature factor. However, if they are present
in the residue of a Regge pole they will cancel the zero from the
signature factor.

The fixed poles, which stem from the presence of the third double
spectral function p,,, could be additional to the Regge poles, and not
present in the Regge residues. Or, even if fixed poles are present in the
residue, since at the point where a = J;, (J, being a wrong-signature
nonsense point) the residue obtains a contribution only from p,,,
while at all other values of « it receives contributions from all three
double spectral functions, the residue might well behave like

a(t) +b(t) (x(t) — Jp)

for example. So with & > a there would still be a zero near a(t) = J,,
but with @ > b there would not.

Table 6.2 summarizes the above possibilities for the behaviour of
the residue, and the corresponding behaviour of the Regge pole
amplitude.

The chief importance of these results is that in some cases the Regge
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Table 6.2 The behaviour of the residue and amplitude as a
trajectory passes through a nonsense point, J,

Residue Amplitude
' R} . hY
nn sn 8s Mechanism nn sn 88
a—dJ, (a—Jdgt 1 Sense- a—dJ, 1 (x—Jg) 1
choosing
1 (a—Jdgt a—-J, Nonsense- 1 1 1
Right- choosing-
signature ) (x—Jg)? (@—Jgt a—J; Chewme- (x—Jy)? a—J, 1
chanism
a—J, (a—=Jgt (@—=Jg* Noeom- a-J, a-J, a—-J,
pensation
Wrong- (e—Jg)™ (a—Jg)~t 1 Fixed pole 1 1 1

signature

In the above we have assumed the presence of a fixed pole in the residue at the wrong-
signature point. If this is absent the residue behaves in the same way as at the corre-
sponding right-signature point, and the amplitude is the same except for an extra
a—J, from the signature factor.

pole amplitude is predicted to have a zero in ¢. A good example of thisis
the process n~p —n%n which in the ¢ channel (x~n%—pn) contains only
the p trajectory from our list in table 6.5. From fig. 5.5 (and see also
fig. 6.6a below) this trajectory is approximately a(f) = 0.5+ 0.9¢,
and so a(t) = 0 fort ~ —0.55 GeV2. The t-channel helicity amplitudes
for this process are 4, and 4, _ (defined in (4.3.11)) and x = O is a
ss point for 4., (A =A"=0) but a sn point for 4,_ (A =0, A’ = 1),
and is a wrong-signature point for the p trajectory since the p resonance
has spin = 1. So from table 6.2 we see that if there is no fixed pole
and the trajectory chooses sense then 4., will be finite but 4, _ will
vanish at ¢ = —0.55, while both amplitudes will vanish if it chooses
nonsense, or both will be finite if there is a strong fixed-pole contribu-
tion. (The nonsense-nonsense amplitude occurs in pn->pn and does
not have to be considered here.) The data on this process (fig. 6.1)
show a dip but not a zero of do/df at this point, suggesting that the
p chooses sense. But the conclusion depends on what other singularities
may be present, such as a lower lying p’ trajectory, Regge cuts ete.
We shall return to this problem in section 6.8%, and an alternative
explanation of the structure involving cuts will be presented in
section 8.7c.
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I
pp, = 3.52 GeV

18.2

1074 .

3 20.7
102~ 40.6° =
66.(}\
101.0
10-7 1072 ] ]
~0.5 —1.0 —15 0 —-0.1 —~0.2 0.3

t (GeV?) t (GeV?)

F16. 6.1 Data for do[d(r—p - nn) at various laboratory momenta p;. The
lines are a fit with p and p’ trajectories, from Barger and Phillips (1974).

6.4 Regge poles and s-channel amplitudes

In section 6.2 we went to a good deal of trouble to ensure that we in-
corporated the correct kinematical ¢ factors into the Regge residues in
the ¢-channel helicity amplitudes. However, many of these factors
cancel out when we construct measurable quantities such as do/d¢,
density matrices etc., and the only essential ¢-singularities are those
in the s-channel half-angle factors £, ,(z,). It is obvious therefore that
there would be many advantages to working directly with ¢-channel
Regge poles in s-channel helicity amplitudes. But if we wish to do this
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we have to be rather careful about the extra t factors which were
introduced because the Reggeon has a definite parity in the f channel,
and because its residue must factorize in terms of ¢-channel helicities,
and we must include the various nonsense factors discussed in the
previous section.

The expression (Cohen-Tannoudji, Morel and Navelet 1968,
Le Bellac 1968)

R _ i 1——28 $p—u'l 1+zs Hpt+pl
A5 (s,t) = (SO - ) ‘

contains the half-angle factor and signature factor. And since, from

(1.7.17), s 1—2z)\3e—r — 1\ $a—p) —t\in
(T L
S 2 s—w \So EN
is independent of s (where
= ||y — pha| — | 13— 4] (6.4.3)

is the net helicity-flip in the s channel) (6.4.1) has the Regge behaviour
~ (8/s0)*®. But it does not satisfy ¢-channel factorization.

For unequal masses we have found that the Regge residue must
behave like $#M-¥)-= for t -> 0, and so the ¢-channel helicity amplitudes
(6.2.31) have the behaviour

AR (8,8) ~ (— 030N = (— A= Asl+A= A (6.4.4)
Now as -0 crossing angles (4.3.5) all have the behaviour
Xe~singg ~ (=0 andso dgi, () ~ (—tjbA
for ¢ = 1,...,4. Hence the helicity crossing matrix (4.3.7)
M(H, H,) ~ (—t)2=pa A=l HAg gl +HA = 14)) (6.4.5)

is diagonal to first order in ¢ at ¢ = 0. Substituting (6.4.4) and (6.4.5)
in (6.3.7) we deduce

A}}s(s, 1) ~ 3 (— 8) 00— mit A=l H Ag—pgl HA =+~ 25 HA~A)  (6.4.6)
H;

and the minimal kinematical behaviour is obtained from those terms
in the sum over the A, where A; = y;, ¢ = 1,...,4, and so

AF (s,8) ~ (— ) m—psltlead, §50 (6.4.7)
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To ensure this behaviour we write instead of (6.4.1)
— 1\ Bpa—pglH pg—prg =11 — i) ( s 1— zs) '~

g6 =-(Z)

EN 5y 2
1+ 2\ Hwtwl g-inta—) 4 & s ) @l®)
x ( 92 ) 2sin (e —v) Yut) (2_50) (6.4.8)
(e 2 $\®
o ('s_o) 2sin7r(e—v) Y, () (;;) (6.4.9)
where M = |y — pig] + |t — ] (6.4.10)

and vy (f) is factorizable in terms of s-channel helicities

vu,t) = me(t)?’uzm(t) (6.4.11)
and is free of kinematical singularities.

Though this deduction has been made for unequal masses, it is in
fact valid for any mass combination because 4y (s,f) has no {-singu-
larities which depend on the masses except for those in the half-angle
factor.

The only difficulty with this method is that one cannot easily
incorporate the nonsense mechanisms. There is no problem with the
nonsense-choosing, no-compensation or fixed-pole mechanisms
which give the same behaviour for all the ¢-channel amplitudes (see
table 6.2), and hence for all the s-channel amplitudes. But the sense-
choosing and Chew mechanisms give zeros in some #-channel ampli-
tudes but not others, and if a given 4y, vanishes there will be

constraints like S M(H, H) 1 Ag (s,t) ~ a(t)—J, (6.4.12)
H,

(where M1 is the inverse matrix of M) which are difficult to para-
meterize. But apart from these cases (6.4.8) has much to recommend it.

6.5 Daughters and conspirators*

In obtaining (6.3.7) for the contribution of a Regge pole to a scattering
amplitude we made use of (6.2.26) for the asymptotic behaviour of
the rotation function. However, it is evident from (1.7.15), (1.7.19)
that for unequal masses, for t—>0, g, ~ % and z,—>¢ (= +1, see
(6.2.19)) for all s. This might seem to imply that the unequal-mass
scattering amplitude will not have Regge asymptotic behaviour at
t = 0. But in fact this cannot be true, because { = 0 is not a singular

point of the reduced scattering amplitude 4 Hy

* This section may be ommitted at first reading.
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It is easier to see what has gone wrong if we rewrite (1.7.19) as

s A(t))
= 1+— 6.5.1
2913924 ( s ( )
where A() = 2lt[t2—t2+ (m% —m3) (mg—m3)] (6.5.2)

is singular at ¢ = 0 for unequal masses, and then make the expansion

ext () = Enlz) fl) [(%f) M h@ (%f) R ]

where f(e) is given by (B.25) and f,(«) can be deduced from (B.24).
Substltuted in (4.6.4) with (6.5.1) and (6.2.30), this gives

A% (s, t)c {(fgo)a_M+A M) 4s, (4—8—) e
(6.5.3)

So each term in the expansion of order (s/4s,)>~*—"has a t-"singularity
at t = 0. It is these singularities which cause the problem.

However, the amplitude must be analytic at ¢ = 0, since it is
supposed to obey the Mandelstam representation, so there must be
some other contributions which cancel them. These could be contained
in the background integral (see Collins and Squires (1968), chapter 3),
but a more popular suggestion (Freedman and Wang 1967) is that
there are further trajectories known as ‘daughters’ which have
singular residues which precisely cancel the singularities of the
original ‘parent’ trajectory. So the first daughter will have

al(t)-;-—)oc(t) -1 (6.5.4)
-0

and residue

51t > — £(0) (3 —m3) (m Ti) ((0) — M) 25, +non-singular terms

(6.5.5)
to cancel the second term in (6.5.3). In fact an infinite sequence of
daughters is needed with

@, (0) = a(0)—k, k=1,2,3, ..., B.(0) ~ t* (6.5.6)

i— o

The odd-numbered daughters must have opposite signature to the
parent, i.e. %) = & (—~ 1)¥, so that their signature factors are identical
to those of the parent at ¢t = 0.
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Fi¢. 6.2 Regge trajectories obtained by Cutkosky and Deo (1967) from the
Bethe—-Salpeter equation using a potential with a repulsive core. The con-
tinuous and dashed curves represent different coupling strengths. The strange
behaviour of the daughters is evident.

There is not a great deal of evidence for the existence of such
daughters in figs. 5.4-5.6. Indeed, calculations of trajectories using
unequal-mass kinematics in the Bethe—Salpeter equation (Cutkosky
and Deo 1967) produce a rather peculiar behaviour for the daughters
(fig. 6.2) which do not manifest themselves as particles. Unless the
non-singular terms in (6.5.5) are important, the daughters need not
be visible in the s-channel energy dependence either, since their main
purpose is to ensure the s behaviour for all ¢, and they may be
masked by other singularities (cuts etec.). But we shall discuss in the
next chapter further reasons why such trajectories should exist
parallel to the parent (see fig. 7.5 below).

Another problem for Regge poles at t = 0is that the residues cannot
have the kinematically expected behaviour (6.2.23) but only (6.2.25)
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(neglecting factorization for the moment). This is because, as can be
deduced from (6.2.22), the definite-parity amplitudes must satisfy

the constraint j_fﬁ‘(s, t)F 771‘?1_1’2 (s,8) ~ N (6.5.7)
t—0

In using (6.2.25) we make the Regge pole ‘evade’ this constraint by
including an extra factor t¥ in its residue. This is necessary because
a Reggeon can occur in only one parity amplitude.

However, if there were two trajectories of opposite parity they
could ‘conspire’ together to satisfy (6.5.7) (Leader 1968, Capella,
Tran Thanh Van and Contogouris 1969, Wang and Wang 1970). This
would require

2, (0) =a_(0) and S(t)+pa(t) ~ KM+ (6.5.8)
t—0

where + refers to the parity 7 = + 1. Such a conspiracy would give
BL(t) ~ HOTDa g 41 (6.5.9)

t— o
instead of (6.2.29) which behaves like ~ {¥M+N)-e,

This behaviour clearly does not factorize between A and A’, but we
are none the less free to choose that a particular amplitude with
A = A" = A say, where A is a given number called the ‘Toller number’,
has this most singular permissible behaviour. Factorization then
demands that the other helicity amplitudes have

ﬂi’/\,(t) ~ UA=IAN A= )2 (6.5.10)
and for a conspiring trajectory the parameter ¢ is replaced by the
values in table 6.1 (p. 160). Applying the crossing relation (4.3.7) with

(6.4.5) we find A%s(s’ £) ~ (= EYR0A=—t— s A=l (6.5.11)

so unlike (6.4.7) an amplitude with |x, — s3] = |#e— g4 = A will not
vanish at ¢ = 0.

A simple example is provided by the process yp->n*n which should
be dominated by n-exchange near the forward direction (¢ ~ 0). Since
for the photon y, = + 1 only, and the spinless pion has z3 = 0 only,
we see from (6.4.10) that m + 0 and so with the behaviour (6.4.7) all
the amplitudes will vanish at ¢ = 0, and hence a dip must occur in
do/dt at ¢ = 0. In fact the data show a sharp forward spike of width
At =~ m? which could be explained by a A = 1 conspiracy between the
7 and a similar natural-parity trajectory giving the behaviour (6.5.11)
instead (Ball, Frazer and Jacob 1968). However, a scalar particle
similar to the pion does not occur, and it has been shown (Le Bellac
1967) that such a conspiracy is incompatible with factorization in
other n-exchange process, so it now seems more likely that the presence
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Evading pole
4l
Cut + pole
0 1 /’
0.01 0.02 0.03 —1 (GeVz)

Cut

F16. 6.3 The scattering amplitude for yp —n*n showing the contributions of
an evasive pion pole and a Regge cut. Cut + pole gives the sharp forward peak
seen in the data.

of Regge cuts accounts for the forward peak (see fig. 6.3 and section
8.7f). There does not seem to be any evidence for conspiracies of
meson trajectories.

A conspiracy is essential, however, if the fermion number of the
exchange is odd. We mentioned after (6.2.25) that in this situation
multiplying the residue by ¥ would introduce a spurious square-root
branch point at ¢ = 0. In fact making the replacement ./t —>—./t in
(6.2.24) we find that for half-integer A, A’

Al (s, 4/t) = AF(s, —Aft) (— 1)A—eX (6.5.12)

This is called the generalized MacDowell symmetry (after MacDowell
1959), and it means that for baryons there must be a conspiracy
between opposite parity trajectories of Toller number A = , so

att) = a(—yt) and  B(t) = (= )4~V Bg(— 1) (6.5.13)

If such trajectories are even in 4/, like the linear form (5.3.2), then

the two trajectories should coincide, and one would exvect baryons

to occur in degenerate doublets of opposite parity. The inclusion of
terms which are odd in /¢, such as

aE () = g+ gyt +agt+ ... (6.5.14)

splits the degeneracy, but makes the trajectories curved. However, we
found in section 5.3 that baryon trajectories appear to be linear in ¢,
but not parity doubled. It is possible to put zeros into the residues to
make the unwanted states vanish (see for example Storrow (1972,
1975)), or tointroduce a branch point atJ = o, and placethe unwanted
states on the unphysical side of the cut (see for example Carlitz and
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Kisslinger (1970) and section 8.7¢), but the correct explanation for this
problem is still unclear.

6.6 Group theoretical methods*

These daughter and conspiracy problems arise from the fact that the
rotation functions dy,.(z,) are not an appropriate way of representing
the scattering amplitude at ¢t = 0 because of (6.5.2). The work of
Toller (1965, 1967) and others has given a somewhat more general
view of these difficulties.

In writing the partial-wave series (4.4.14) we decomposed the
scattering amplitude in terms of representation functions of the three-
dimensional rotation group O(3), or more strictly, since half-integer
spins may be included, its covering group SU(2). The rotation group is
the so-called ‘little group’ of the inhomogeneous Lorentz group, or
Poincaré group &, i.e. it is the group of transformations which leaves
invariant the total four-momentum of the incoming or outgoing
particles (in the t channel)

B =(Pu+Ps) = (Do +0), p=1,...,4 (6.6.1)

(see for example Martin and Spearman (1970) chapter 3, and Britten

and Barut (1964)). The angular momentum J?2 is of course a Casimir

operator of this little group, and 3 P} = ¢ is also a Casimir invariant
&

of Z.

However, Wigner (1939) showed that although O(3) is the little
group for t > 0, there are in fact four different classes of representa-
tions of & characterized by different values of t. These are

(i) Timelike, ¢t > 0, little group O(3)

(ii) Spacelike, t < 0, little group O(2, 1)

(iii) Lightlike, ¢ = 0, P, + 0, little group E(2)

(iv) Null, ¢ = 0, P, = 0, little group O(3,1)

Here O(3) is the rotation group in a space with three real dimensions,
with 2% + y2 + 22 = R?invariant; O(2, 1) is the rotation group in a space
with tworeal dimensionsand oneimaginary, with 2 + 2 — 22 invariant;
E(2) is the group of Euclidian transformations in two dimensions;
while O(3, 1) is the rotation group in a space with three real dimen-
sions and one imaginary, with 2%+ y2+22—¢? invariant, which is
isomorphic to the Lorentz group itself.

The representation functions of O(3) are the df,.(z,), —1 <z, < 1.

* This section may be omitted on first reading.
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The representations of O(2, 1) are again dy,.(z,), but with z, taking the
unphysical values appropriate to f < 0. Bargmann (1947) has shown
that a function which is square-integrable on this group manifold can
be expanded in terms of the principle and discrete series of representa-
tions, so that a scattering amplitude expanded in this basis takes the
form (Joos 1964, Boyce 1967)

167 [—$+i= 2J +1

A== | Y amorn

Ap () a5 (2)
+ nonsense terms (6.6.2)

i.e. (4.6.2) without any Regge poles or cuts in Re{J} > —}. This is
because the square-integrability condition requires A (s,t) = O(s™?).

So the Sommerfeld-Watson representation can be regarded as a
representation on an 0(2,1) basis. However, the equivalence is
incomplete in that the Sommerfeld—Watson representation is valid for
all ¢, not just ¢ < 0. Also it is valid for non-relativistic potential
scattering which has E(2) rather than O(2, 1) as its little group for
t < 0, and the E(2) representations are quite different (Inonu and
Wigner 1952, Levy-Leblond 1966). And of course with Regge singu-
larities in Re{J} > —} the Sommerfeld-Watson representation is an
analytic continuation in J of (6.6.2). But if these differences are kept
in mind it is possible to rephrase Regge theory as an O(2,1) de-
composition.

Because of the mass-shell conditions p3 = m? ete.,

t= (p1+23) = (Da+p4)2 =0

implies that the individual components of P, are zero in (6.6.1) only
if m; = mg and my = my, so the little group at ¢ = 0 will be O(3, 1) or
E(2) depending on whether or not the masses are equal.

If the masses are equal then the amplitude can be decomposed in
terms of representation functions of O(3, 1) which may be denoted by
d%%(z;). They have been derived by Sciarrino and Toller (1967) and
depend upon two Casimir operators, of which one is the Toller number,
A, introduced in (6.5.10), which can take on the values 0,1,2,... or
1, 3,3, ... depending on the fermion number, and the other, o, is pure
imaginary, —o0 < io" < 0. This extra Casimir operator appears be-
cause there are two degrees of freedom in satisfying 3 P2 = 0 with

y/3

equal masses. The other degree of freedom corresponds to variation
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of s. On this basis the amplitude can be expanded

Ty ico
Ap(s,t=0)=8 2 X do(A%—0?) A7 r(t = 0)dFr(2;)
T.T 4=—TyJ ~1e
(6.6.3)

where A45,.(t) are O(3, 1) partial-wave amplitudes, T, = min {T', 7"}
and in the summations

01— 03] ST < 01405, |oy—0yf <T' < 03 +0,
At t = 0 only the non-flip A = A’ amplitudes survive.

If we suppose that there is a Toller pole at o = a say (just as there
may be a Regge pole at J = o in (6.6.2)) then analytic continuation
in o gives

Ap,(5,0) = [(6.6.3)]+ 8/\/\'1'%"4%%1”(/12"@2) dpsr  (6.6.4)

where [(6.6.3)] represents the right-hand side of (6.6.3) and A is the
Toller number of the pole. Since it is found that

dfSr (2) ~ (2)7 17144 (6.6.5)

Z—>©

we deduce from (6.6.4) that

Ap (5,0) ~ &) (z)8 1 4A (6.6.6)
If this is compared with (6.3.7) (remembering (6.5.11)) it will be seen
that this behaviour corresponds to a Regge pole with «(0) = a—1
and Toller number A. Indeed if these O(3, 1) representation functions
are decomposed in terms of dy.(z,) it is found (Sciarrino and Toller
1967) that the single Toller pole in the o plane at o = a (6.6.4),
corresponds to an infinite sequence of Regge poles in the J plane at
J=a0) with o (0)=a—k—1, k=0,1,2,.. (6.6.7)
i.e. a conspiring daughter sequence of Toller number 4. As we move
away from t = 0 the O(3,1) symmetry is broken so the daughter
trajectories do not have to remain integrally spaced from the parent
as in (6.6.7).

This argument clearly does not work for unequal masses because the
E(2) representations are quite different from those of O(3, 1), so con-
tinuation in the masses is needed to justify the use of Toller poles in
this case (Domokos and Tindle 1968, Bitar and Tindle 1968, Kuo and
Suranyi 1970). Indeed the apparent absence of conspiracies noted in
the previous section leads one to suspect that nature has not in fact
made use of the extra degree of freedom at ¢ = 0 represented by
variation of o in (6.6.3). A single Regge pole at ¢t = 0 corresponds to
a counter-conspiracy consisting of an infinite sequence of Toller poles
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in the o plane (just like the many-to-one relation between poles in
theland n planesin section 2.10) so the lack of conspiracies presumably
reflects the primacy of the J plane over the o plane. If so, these
group-theory techniques do not appear to possess any significant
advantage over the conventional Sommerfeld-Watson method which
we use in this book.

6.7 Internal symmetry and crossing
a. Isospin
As we mentioned in section 5.2, the approximate invariance of strong
interactions under the internal symmetries SU(2) and SU{(3) leads to
important relations between scattering amplitudes. We begin with
the isospin group SU(2) which appears to be broken by at most a few
per cent, which is often well within the errors to which scattering
amplitudes can be determined. Hence it is frequently more useful to
refer to scattering amplitudes for the various possible isospin states,
rather than to the amplitudes for the different charge states of the
particles involved.

It is convenient to consider first a particle decay such as a—1+ 2.
The final state may be expressed in terms of the isospins of the
particles (see (5.2.1)) as

11,2) = |I, 1) ® | I, 1) (6.7.1)
The total isospin is the sum of the isospin vectors of the particles
I=1+1, (6.7.2)
and its possible eigenvalues are
I=5L+1, L+L-1,..,|[-1) (6.7.3)
while L=IL+L,=1 I-1,..-I (6.7.4)

so the state (6.7.1) can be written as a superposition of the various
possible total isospin states as

|1> 2) = ZI<I1’ 12’ Ilz’ IZzll’ Iz) II’ Iz) (675)

where (I, I, I, I,| I, I) are the Clebsch—Gordan coefficients (see for
example Edmonds (1960) chapter 3). Since the particle a has a definite
isospin, I,, only one term in the sum (6.7.5) occurs in the decay process,
and so the decay amplitude can be expressed in the form

Al@>1+2) =<1, L, I, L,|I,, 1.5 A(a—~1+2) (6.7.6)
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where A is a ‘reduced’ amplitude which is independent of I,,. Thus
isospin invariance implies that the different charge states of particle a,
with their different values of I, (see (5.2.1)), will have decay rates
which are related to each other by the Clebsch-Gordan coefficients
of SU(2). ’

For example in the decay p—>nnboth pandnhavel = 1,andI, =1,
0, —1 for the charge states +, 0 and —. So the various decay ampli-
tudes are related according to (6.7.6) by

A(pt—>ntn®) = A(p~>n1~) = 4(p’>ntn~) = %Z(p—wmt)
(6.7.7)

where A(p—nn) is the reduced amplitude. Such relations appear to be
well satisfied in hadronic decays.

Similarly for the scattering process 1+2-—>3+4, both the initial
and final states can be expressed as isospin states, like (6.7.5), and if
the process is isospin invariant the scattering amplitude may be
decomposed as

(34| A12) = ST To Lo LT LY* (B, B T B LLY A(T) - (8.7.8)

where A(J) is independent of I,. In general the number of different
isospin amplitudes is smaller than the number of charged particle
processes which can occur and so (6.7.8) inter-relates the amplitudes
for the different processes.

For example in nN scattering the state [ntp) has I, =1+} =}
and so I = § only. Likewise |xn) has I, = —$, I = }. Hence from

(©7:8) (*p| A |wp) = (vl A|nny = A@®) (6.7.9)
Similarly on looking up the Clebsch~Gordan coefficients we find

(np| 4 |np) = (n*n| A [n*n) = $4(3)+34(3)
{(n%| A [n°p) = (n'n| A4 |n°n) = 34(3)+34(}) (6.7.10)
(n’n| A [np) = {n°p| 4 |nn) = (2/3)A(3) - (/2/3)4(})

So the eight different =N scattering processes are given by just two
independent isospin amplitudes, 4(}) and A(3).

There is at present no convincing explanation as to why nature
should have chosen such a complicated symmetry structure for
hadronic interactions, but it certainly works at least to a few per cent,
at whichlevel it is presumably broken by electromagnetic interactions.
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We shall be particularly concerned with relations between s-channel
amplitudes which arise from the exchange of particles having a
definite isospin in the ¢ channel. The ¢-channel process 1+3 —>2+4
can be decomposed as

@] A[13) = X Ty B Bl Xl Ty o Tl B T ACR) (6.7.11)

while (6.7.8) holds for s-channel isospin. The crossing relation (4.3.1)
becomes for isospin amplitudes

A(I) = % M(I, 1) A(L) (6.7.12)

where the isospin crossing matrix M (I, ) can be obtained from the
Clebsch—~Gordan coefficients in (6.7.8) and (6.7.11). However some
care is needed with the phase conventions for isospin states and their
behaviour under charge conjugation. These are discussed in some
detail in Carruthers (1966). Some useful examples are quoted in table
6.3.

To illustrate how these matrices arise we consider nr scattering. In
terms of isospin states |I, I,) we can write

|ntnt) = |2,2)

=) = ( 10,0+ 75 |10>+ |2 °>) (6.7.13)

-t
|y = (J3|o 0y— ~/2|1 0>+~/6|2 0))
ete. so for example
(mint| 4 |ntnt) = A(2 )
{mnt| A |ntn—) = §A(0) - 3A(1 +%A(2)}
Now under crossing the s-channel process ntnt—>ntnt becomes
wtn——>n—nt in the ¢ channel, and so
Ay(2) = 34,(0) - 34,(1) + $4,(2) (6.7.15)
which gives the bottom row of the nn crossing matrix in table 6.3.
The remaining elements can be deduced similarly.

(6.7.14)

b. SU(@3) symmetry

As with isospin, we expect that different scattering processes will be
related by SU(3) Clebsch—Gordan coefficients if strong interactions are
invariant under this symmetry (see Carruthers 1966, Gourdin 1967).
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Table 6.3 Isospin crossing matrices

s-Channel t-Channel M, 1))
it >N n—>nT (% 1 %)
¥ 1 -%
¥ -+ %
N >N NN —»>nn (51 i)
KN -KN NN KK ( -3 - %)
-3 %
8-Channel u-Channel M, 1,)
aN —>aN N - N (-—; i)
KN > KN KN »>KN ( - i- g)

The particle label matters only for the isospin so © can be replaced by any
I = 1 particle, and K, N by any I = } particles.

If we label the multiplet to which a particle belongs, i.e. {1}, {8},
{10} ete., by g, and its quantum numbers I, I,, Y by v, then the state
|1, 2) can be decomposed into irreducible representations of SU(3) by
(cf. (6.7.5))

ey ® iy = 3 (01 48 By @t
By 1 2

where the bracket ( ) denotes a Clebsch—Gordan coefficient.
The cases of greatest practical importance in view of the multiplets
discussed in section 5.2 are (Carruthers 1966, Gourdin 1967)

{e{8={8
{1} ® {10} = {10}
{81@{8} = {1} {8} @ {8} {10} @ {10} © {27}
{8} ® {10} = {8} @ {10} @ {27} @ {35}
(where the subscripts s and a denote symmetric ‘d-type’ and anti-

symmetric ‘f-type’ {8} — {8}—{8} couplings respectively).
Now the SU(8) Clebsch—-Gordan coefficients factorize into SU(2)
Clebsch—Gordan coefficients and an iso-scalar factor in the form

(6.7.17)

By fp B [ T T
(V1 vy v)—<II’IZ’IB’I”II’I">(IIYI Ly, IY) (6.7.18)
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These are tabulated in, for example, Particle Data Group (1974). Thus
for an {8} vector meson, V, decaying into a pair of {8} pseudo-scalars,
PS, we have, in the limit of exact SU(3) symmetry,

1

Ja Ao =~ A(p~KK) -

2

J3A(K*»Kn)

=—J—2:)’A(K*»Kn)

2 1 = 2 1 —
=_A/§ES—‘-9A(¢—>KK)=—A/§WA(O)—>KK)
— A(V->PS+PS) )

(6.7.19)

(where 6 is the mixing angle of (5.2.17)). However, to test such rela-
tions it is essential to take account of the very different amounts of
phase space available in the different decays because of the large mass
splittings due to symmetry breaking. In particular K*—>Xn and
o->KK are forbidden because the resonance mass is below the
threshold of the decay channel. Within the considerable uncertainties
as to how best to correct for this (see for example Gourdin (1967)) the
relations seem to hold reasonably well.

But it is easier to test such relations for pole exchanges in scattering
amplitudes. The SU(3) invariance of hadronic scattering implies that
the amplitudes may depend on x but not on v (cf. (6.7.11)) and so for
1+2->3+4 we have

2O 2 AN 2 P A
(34| A|12) = /42 (v1 e V) (Vs V4 V) A(p) (6.7.20)
Thus for example in processes of the type M+B-—>M'+B’ where
M, M’ and B, B’ are any members of the meson and baryon octets,
respectively, there are just seven independent reduced amplitudes

A1), A(8) A(8.), A(8,), A(10), A(T0), A(27) (6.7.21)

from (6.7.17) (A(8,,) = A(8,,) by time reversal invariance), and all the
many processes of this class are related to just these seven amplitudes
by the Clebsch—Gordan coefficients of (6.7.20) (analogously to (6.7.10)).

Of course the large mass splittings invalidate these relations at low
energies, but at high energies, where the external particle masses
become unimportant, we can expect such relations to hold provided
that care is taken in dealing with the splitting of the trajectories which
are exchanged — see section 6.8¢ below. If a decomposition similar

7 cIT
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Table 6.4 The octet crossing matrix (8 ® 8>8R 8)
(from de Swart 1964)

1 8, 8., 8. 8., 10 10 27
1 1/8 1 0 0 +1 +5/4 +5/4 278
8 1/8 —3/10 0 0 +1/2 Fi1j2 F1j2 27/40
8 0 0 +1/2 1/2 0 Jol4  —.J5[4 0
8as 0 0 1/2 +1/2 0 FA5/4 £4/5/4 0
8aa £1/8 +1/2 0 0 2 0 0 T9/8
10 +1/8 F2/5 1)y5 F1/J5 0 1/4 1/4 F 9/40
10 +1/8 F2/5 —1/y5 +1]y5 0 1/4 1/4 T 9/40
27 1/8 15 0 )} F13 F1/12 F1/12 740

The upper and lower signs refer to the s—¢ and s—u crossing matrices, respec-
tively. We have changed the signs of the sa and as elements in the s—£ crossing
matrix to conform to the usual convention for the f-type coupling for & meson
to baryon-antibaryon.

to (6.7.20) is made for the ¢-channel process 1+3—>2 +4 as well, the
crossing relation may be written (cf. (6.7.12))

A(:u’s) = %M(ﬂs!/‘t)A(ﬂ’t) (6.7.22)

where M (u,, ;) is the SU(3) crossing matrix. A useful example of such
a matrix is given in table 6.4. We shall make use of these results below.

6.8 Regge pole phenomenology

We have found that the Regge pole contribution to a ¢-channel helicity
amplitude is given by (6.3.7), i.e.

Aft(8,t) = —167(—1)A K, (8) ya() ya(t)

_ a—M
o) ) @)

X (7170 1 ) f (@) (

Here K,,.(t) given in table 6.1 depends on whether or not there is
a conspiracy, and fy(«) depends on whether the trajectory chooses
sense, nonsense etc., as discussed in section 6.3. /A is defined in (B.10),
and £,,(z;) in (B.11). Alternatively one can work with s-channel
helicity amplitudes and use (6.4.9) instead. And since Regge poles have
definite values of I, § etc., there should be SU(2) or SU(3) relations
between their contributions to the various processes connected by
these internal symmetries, as discussed in the previous section. This
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section contains a brief survey of how well these predictions compare
with experiment. A bibliography of the large amount of detailed work
on Regge predictions for individual process may be found in Collins
and Gault (1975).

a. Regge behaviour

Equation (6.8.1) predicts that with a single Regge pole exchange
all the helicity amplitudes for a process will have the asymptotic

behaviour
g — 0\ &0 g\
Ag(s,t) ~ (280) ~ (S—o) (6.8.2)
for s >0, t fixed, and so from (4.2.5) or (4.3.12)
do 8\ 22
where F(t) is some function of {, and from (4.2.6)
ot 5\ #O-1
018" (8) ~ (;) (6.8.4)
o

so both the differential and total cross-sections should have simple
power behaviours.

These expressions are valid to leading order in s/s, and corrections
of order (s/sg)*®-1 may be anticipated due to other terms in the
expansion of ey (z,), daughter trajectories, threshold corrections
ete. So this prediction of Regge theory should hold for s » s, where
8o is the scale factor which was introduced in (6.2.9). Obviously if s,
were very large these predictions would be untestable. We cannot
really deduce what s, should be (see however section 7.4 below) but
empirically it seems to be about 1 GeV?2, consistent with the hadronic
mass scale, and so Regge theory usually works quite well for
8 > 10GeV?, or (from (1.7.30)) p;, > 5GeV for a proton target, i.e.
for all energies above the resonance region. Taking s, = 1GeV? has
the advantage that it can be omitted from the equations, but if so its
implicit occurrence should be kept in mind.

b. The Pomeron

The total cross-sections for various states are plotted in fig. 6.4 and

it will be observed that though in several cases there is a fall at low

energies, and a slow rise at high energies, taken over all they are

remarkably constant over a large range of s. From (6.8.4), constancy
7-2
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F1c. 6.4 The total cross-sections for various states as a function of s,
from Barger (1974). (Note that the s scale is logarithmic.)

of at°t(s) requires a(0) ~ 1, but all the trajectories of figs. 5.4, 5.5
have o(0) < 1. In elastic scattering 1+ 2> 1 + 2 the ¢ channel consists
of a particle and its anti-particle (1 +1 -2+ 2) and so the exchanged
trajectories must obviously have the quantum numbers of the
vacuum (ie. B=@Q=8=I1=0, P=G=C, =% =+1). The f
meson has these quantum numbers, but, at least as drawn in fig. 5.5 (@),
its trajectory is much too low at ¢ = 0 to explain the behaviour of the
total cross-sections.

This difficulty was realised rather early in the history of Regge
phenomenology, and a new trajectory called the Pomeron (or Pomer-
anchon or Pomeranchukon by some authors), P, with ap(0) ~ 1 was
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invented (Chew and Frautschi 1961) to account for the asymptotic
behaviour of the oto%s. Since it has even signature there is no pole
near ¢ = 0 because ap(0) = 1 is a wrong-signature point. Even signa-
ture means that its contribution is symmetric under the interchange
2y — 2, 1.e. sou at fixed ¢ (see (2.5.3), (2.5.6)). Now the u-channel
process is 1+2->1+2, and so the P-exchange hypothesis demands
that otg®(s) > o¥%(s) as s—>oc0, and in fig. 6.4 we see that it is quite
likely that ofyt—>olot, ot —»olet ), g% - ol as s—>oc0. Such an
equality was predlcted on more general grounds by Pomeranchuk
(1958) which accounts for the name now given to this trajectory.
(See Eden (1971) for a discussion of the status of Pomeranchuk’s
theorem.)

Of course ap(0) =1 is the maximum value permitted by the
Froissart bound (2.4.10), so to have a trajectory as high as this implies
that the strong interaction is as strong as it can be under crossing — i.e.
unitarity is ‘saturated’. It is clearly rather unsatisfactory that we
have been forced to invent a trajectory which does not seem to have
any particles lying on it. However, we shall find below (fig. 6.6f) that
its slope appears to be rather small, ap ~ 0.2 GeV—2, go that a particle
at a(t) = 2 would have a rather high mass (m? ~ 5GeV2). In any case
the fact that the observed o'°%s are still rising at CERN-ISR energies
(which would naively imply ap(0) > 1) and the complications of
Pomeron cuts (see section 8.6) make one wonder if the Pomeron may
not be a more complicated singularity than a pole.

The Pomeron can be exchanged not only in elastic scattering pro-
cesses but also in so-called quasi-elastic processes 1+ 2->3 + 4 where 3
has the same internal quantum numbers as 1, and 4 has the same as 2 -
for example nN —-nN*(}) where N*($) is an I = } baryon resonance —
and so all such processes should have essentially constant high energy
cross-sections. There are however, some empirical rules which restrict
P-couplings.

In elastic scattering processes the P appears to couple only to the
s-channel helicity-non-flip baryon vertex, and hence for example to
A%, but not 4% _ in iN —»>=N (see (4.3.10)). It is also found that in
quasi-elastic processes such as yN->p°N, yN—->oN, yN-¢N,
N —>7nN*(}) and NN > NN*(}) thereis at least approximate s-channel
helicity conservation (i.e. g; = pg, fto = pt,). It is of course rather odd
that a {-channel exchange should have such simple s-channel helicity
couplings. But the rule seems to be violated in tN -4, N, sN - A;N
and KN — QN (see for example Leith (1973) for a review).
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Another empirical rule is the so-called Gribov-Morrison rule
(Gribov 1967, Morrison 1967) that the Pomeron couples to a vertex,

13, only if
ny (= 1) = 775 (6.8.5)

i.e. the change of spin at the vertex must be related to the change of
intrinsic parity. For spinless particles (¢, = o3 = 0) this rule follows
from parity conservation and (4.6.8), i.e. P = 7. Since the Pomeron
has P =% = 9 = +1 the 13 state must have

P = (+1) =mps(=1)} = pp5(= 1) = p195F = 9,73 (6.8.6)
However, for particles with spin, J is not necessarily equal tol,sothere
will always exist helicity states having the signature and parity of
the Pomeron. But if (6.8.5) is to be violated there must be a change of
helicity, and so, from (6.4.2), the Pomeron-exchange amplitudes will
vanish in the forward direction.

In fact the rule often seems to apply for particles with spin (see for
example Leith 1973). Thus in nN->nN*->nnN, it is found that the
N#’s produced have Ly; o5(I = isospin, S = spin) = Py, Dy, Fi5, with
no sign of D,; which would violate (6.8.5). Similarly, while tN - AN,
KN - QN, yN - p°N all seem to exhibit a Pomeron-like constant high
energy cross-section, 1N+ A,N, KN - K*N, yN — BN, which violate
the rule, decrease with energy. However, the difficulty of making a
clean separationof the resonancesfrom background events, and thefact
that secondary trajectories may produce a decrease of o°(s) at low sany-
way, make the rule hard to test decisively, and its statusis still unclear.

c. The leading trajectories

If several trajectories can be exchanged in a given process then the
trajectory with the highest Re{x(t)} will dominate asymptotically at
any given ¢. How high in s one has to go before a single trajectory
exchange gives a satisfactory approximation to the amplitude clearly
depends on the separation of the trajectories, the relative strengths of
their residues, and of course on s,

So for a given process all one has to do is work out the possible
quantum numbers which can occur in the ¢ channel, and look up the
leading trajectory with those quantum numbers in figs. 5.4-5.6.
Table 6.5 lists the leading trajectories for most of the experimentally
accessible processes.

For processes where the f-channel quantum numbersare B = § = 0,
if charge is exchanged, or if there is a change of isospin at one of the
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Table 6.5 Regge trajectory exchanges for various processes

Exchanged
quantum numbers
r Y
Exchanges B S ()¢ 9 C, Processes
nt beams
p 0 0 (1)+ + n-p —>nn
n+p - oA+
A, 0 0 (1)~ + T p—>7n
TP > pAtTF
p, B 0 0 (H)+ + n7p > on
ntp _>AgA++
TP > @A+
m A 0 0 (1)~ - np —>E€en
Ag, m A, 0 0 (1)~ + n~p - p'n
np—>fn
TP > pPATF
ntp > fAT+
p, f 0 0 0, )t + p > 7P
np > nlN*
Ps By f, n, D 0 0 (07 1)+ s np _)A2p
mp > A, p
Apm, Ay, 0, H 0 0 0, 1)- = p > pp
np - Bp
Tp ~>gp
K*, K#* 0 1 ) + n—p—>K°A
np > KX
K*, K** K, Q 0 1 (3) + ap > K*A
np > K*Z
N 1 0 (3) + n-p > nn
A 10 @ * Tp—>pn”
TP >ppT
N, A 1 0 (%3 = np —>7p
np > Ppp
p > AR
b 1 -1 * n—p —>AK®
Exotic np—>K+tE-
K* beams _
Py Ay 0 0 (1) + K-p—->K°n
Kp KA
p, Ay, B, w, Ay 0 0 (1) + K—p->K*n
K-p—>K**n
Kp—>K*A
p, Ay f, @ 0 0 (0, 1) + Kp->Kp
p,Ag, B, AL f, @, n, H, D 0 0 (0,1) + Kp >K*p
Kp »>K**p
Kp—>Qp
K*, K** 0 1 3 + Kp—>nA
Kp—»nZ
K—p->nA
Kp »nZ
K—p->nA

K-p—>n-I*+



Table 6.5 (cont.)

Exchanged
quantum numbers

[ )
Exchanges B S (H¢ 9 G, Processes
K* K* K, Q 0 1 &) + Kp—>pA
K-p—->eA
K-p->¢A
Kp »pZ
K-p »>oX®
K-p - ¢X°
N 1 0 ) + Kp > An
K—p—->An
N, A 1 0 33 = K—n->X%~
Az 1 -1 (0,1 =+ Kp ->pK
Exotic Kp +KE&
p beam
p, Ay, By m, Ay 0 0 (1) + pn—>np
pPp —>pA
PP > AA
P Aza B, m, A].’ f,o,n, H,d 0 0 (0, 1) bt PP —> PP
N, A r 0 (1% = pp >7D
_ pp —>pD
D beam —
P Ay, By, Ay 0 0 (1) + pp—>nn
pn—>Attp
PP >AA
pa Azs B9 7, Ap f’ (D9 Tl, H’ D 0 0 (07 1) i ﬁp _)ﬁp
K* K**, K, Q 0 1t () &  PppoAA
PP —>1:\E°
pp—>ZIZ
N, A 1 0 (4% =+ pp—>nnt
AZ 1 -1 (0,1) + pp - K+K-
Exotic pPp > X
A beam
f,o,n, H,D 0 0 (0) + Ap »Ap
v beam
ps Ay B, m, Ay 0 0 (1) = YP >7tn
vp > Afn
Yp > ATF
p, B, o, H 0 0 (0,1) + — yp->n'p
Y —=>np
Agm Ay £, D 0 0 0,1) = + vp—>p%
TP > @p
YP > 4¢P
Agym, Ay, £, D 0 0 (0,1) * + yp—>7yp
K* K** K, Q 0 1 €] + 1p > K*A
vp > K*+A
N 1 0 3 * vp - An
N, A 1 0 &3 = yp >nn*
yp >pn’
Yp > Atta—
KO beam

p, @ 0 0 (0, 1) + — K¢p->Kip
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vertices (such as N—A) then I, = 1 only. But if there is no exchange
of charge, or change of isospin at a vertex, then I, = 0 or 1. If the
process has been initiated by a pion beam (&, = — 1) then the f channel
will have a definite G-parity (+ 1) depending on the G-parity of the
final-state meson. But with K, y or baryon beams (on a baryon target)
G-parity will not be a good ¢-channel quantum number, and so is not
restricted. If the initial state contains a pseudo-scalar particle (z or K),
and the final state a pseudo-scalar, then the £ channel can only contain
normal parity exchanges, 7 = + 1 (see (6.8.6)). Or more rarely if the
final state contains a scalar such as ¢ then we must have abnormal
parity, » = —1, exchanges. But for other spin combinations the
normality is not restricted. With the neutral y or K¢ beams the
G-parity is not restricted, and I, = 0 or 1, but if the final state contains
a neutral meson then the ¢ channel has a definite value of C (= +1).
Otherwise, C, is not restricted.

With § and/or B #+ 0 exchanges, ¢ and C, are not restricted, so the
rules are much easier to apply.

The simplest set of processes are meson-baryon charge-exchange
scattering such as m~p—>n°n Since the ¢-channel n—n%-pn has
charge, only I = 1 non-strange mesons can contribute, and the n—=
vertex is restricted to even G-parity and normal parity. Only the p
satisfies all these requirements. Similar remarks apply to n~p->nn
except that n has even G-parity and so only A, can be exchanged.
However, in most processes the exchanges are not so simple. Thus
in K—p—Kn the K mesons are not eigenstates of G-parity so both
p and A, can be exchanged, and if the mesons have non-zero spin, as
in n—p— p°n, the normality is not restricted so © exchange is allowed
as well as A,.

Bearing the above rules in mind the reader should have no difficulty
in checking table 6.5. However, these are only the leading trajectories
with the given quantum numbers, and secondary or daughter p’, Aj
may also occur, as well as Regge cuts. (For f read f and P.)

The appearance of a Regge pole in the ¢ (or % channel) should result
in a peak of the differential cross-section near the forward (or back-
ward) direction. An example shown in fig. 6.5 is the data for K+p
elastic scattering. Near the forward direction we see the effect of the
t-channel poles, P, f, o, p and A,, while the % channel of K+p has the
quantum numbers of the A and X baryons and so there is a smaller
backward peak. However, the » channel of K—p->K-p is Ktp— K+p,
which has exotic quantum numbers, and so there are no Reggeons
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F1c. 6.5 The differential cross-sections for various elastic
scattering processes at 5 GeV/C.

which can be exchanged (unless the conjectured Z particle exists — see
Particle Data Group (1974)), and as expected the backward peak is
strongly suppressed.

This sort of correlation between the occurrence of forward or
backward peaks of do/dt, and the presence of non-exotic quantum
numbers (and hence known trajectories) in the crossed channel,
provides an excellent confirmation that particle exchange is the
mediator of the strong interaction.

d. The effective trajectory
From (6.8.3) o (da

& a) = (2a{f) = 2)log (:;) +1log (F 1) (6.8.7)

and so by plotting log (do/dt) for a given process against logs, at
fixed ¢, we can determine the ‘effective trajectory’ for that process.
At sufficiently high energy this effective trajectory should correspond
to the leading trajectory for the process (apart from any complications
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using (6.8.7). The trajectories are: (a) p exchange, (b) A, exchange, (c) p+A,
exchange, (d) K*+ K** exchange, (e) n exchange, (f) P exchange.
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due to Regge cuts ete., see chapter 8 below). In fig. 6.6 we show the
effective trajectory obtained from (6.8.7) for some of the processes for
which there is good high energy data, and where there is reason to
believe that a single trajectory may suffice.

Evidently within the experimental errors these effective trajectories
are consistent with straight lines, and agree quite well with those
obtained from the resonance masses in figs. 5.4 and 5.5. This is a
remarkable success for Regge theory. Indeed it seems almost too good
given that one might have expected curved trajectories and inter-
ference from cuts!

We noted in section 2.8 that an elementary-particle exchange would
give rise to a fixed power behaviour, 4 ~ s?, where ¢ is the spin of the
particle, independent of ¢. Such fixed powers are not seen, even for the
exchange of stable particles such as the pion and nucleon which once
seemed the best candidates for this elementary status. It thus seems
safe to conclude that all hadrons are Reggeons, i.e. lie on Regge
trajectories.

Also shown in fig. 6.6 (f) is the effective trajectory of the P obtained
from high energy pp elastic scattering. It is found that

gt (t) ~ 1.08 +0.2¢ (6.8.8)
for [t| < 1.4 GeV?,i.e. the trajectory has a small slope but an intercept

above 1, apparently in violation of the Froissart bound. We shall dis-
cuss this problem further in section 8.7a.

e. Shrinkage

Since do/dt seems to fall roughly exponentially for small |¢| in many
processes (see for example fig. 6.5) we can approximate the residue by
an exponential, so that (6.8.1) becomes

s al(t)

A(s,t) =~ Ge® (E-) (6.8.9)
o

and with an approximately linear trajectory

at) = a®+a't (6.8.10)
«®
this gives As,t) = G (si) efa+a’ 1og (st (6.8.11)
o

So if we define the ‘width’ of forward peak in ¢ by

= (&) [)

we find At = [2(a+ o' log sfsg)] (6.8.12)
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(from (6.8.11) in (4.3.12)). So At decreases as log s increases, i.e. Regge
theory predicts that the width of the forward peak will ‘shrink’ as s
increases. This effect can be detected by a close examination of
fig. 6.1 in which the low energy data has a somewhat broader peak
than the high energy (at small ¢). It is this shrinkage which produces
the slopes of the effective trajectories in figs. 6.6.

From our discussion in section 2.4, one can interpret this shrinkage
as an increase in the effective size of the target, but as the cross-
section does not increase the target is evidently becoming more
‘transparent’ as the energy increases. Though these predictions of
Regge theory once seemed rather surprising from an ‘optical’ point
of view they are now well verified in a great variety of processes.

With ap(0) = 1 we obtain for the elastic differential cross-section
from (6.8.11) and (1.8.16)

do\ el 1
— | > —— 2 edatap log(sisyt]
dt ) 167 F

do 1 G2
el P
and so o53(8) = f (dt) dt— Tom 2[a+ailog &)l (6.8.13)

while from (1.9.6) otigt(s)—>Gp, and hence o$s/aigt ~ (logs)~L. So
because of the shrinkage the elastic cross-section becomes a decreasing
fraction of the total cross-section as log s > c0.

f. The phase-energy relation

As the trajectory and residue functions are expected to be real below
threshold (except where trajectories collide —see section 3.2) the
phase of the Regge pole amplitude (6.8.1) is given entirely by the
signature factor (e~*"“®-v+ %) and so the phase angle, ¢, is related
to the energy dependence a(s) by

Re{d} =~ cosm(a()—v)+F

cot = Im{d} ~ =r= sin#(a(t) —v) (6.8.14)

It is often convenient to rewrite the signature factor as (for v = 0)

e—imz +5{7 — e—ina/2(e—i1ra/2 +5Pei7ra/2)

= e—iml2 2 cog (zg) for & =+1

= —ie 1m/22gin (zg) for £ =-1 (6.8.15)

which exhibits this phase directly.
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It is possible to determine the phase of helicity-non-flip elastic
scattering amplitudes at ¢ = 0, either by measuring

o1g%(s) oc Im {Afa (s, 0)}
and do/dt (12> 12) occ Re {A$3)2 + Im {Ag}?

(but do/dt has to be extrapolated to { = 0 from the finite negative
values at which it can be measured), or by observing the interference
between the hadronic scattering amplitude and the known Coulomb
scattering amplitude (see for example Eden (1967)). In fig. 6.7 we
show the data on the ratio p at ¢ = 0 for pp elastic scattering compared
with the predictions of a Regge pole fit (Collins, Gault and Martin
1974) to oy, (pp) and oy, (pp) using just the dominant P, f and o
trajectories (with ap(0) > 1) and evidently the agreement is quite
good.

However, this is not really a test of Regge theory so much as of the
power behaviour of Im{Ag}} and dispersion relations. Thus, for
example, if we write a once-subtracted dispersion relation for the
amplitude for s above threshold (from (1.10.7))

_ Im{A(s', 1)} s (~=Im{d(s',t)} .,
Re{AS t}——’—Pf —Tds +;IMT st

(6.8.16)
(where P = principal value) and if In{A(s,#)} ~ s*®and ~ (—g)*®

8§—> 0 §—>— 0

then since (Erdelyi et al. 1953)

£ f §'el = —g*=1cot (ma)
§_s’

T (6.8.17)
- @ 8 ’a-—l — . ga—1 —_—
ﬂfo 7 +s s*1cosec (n(a— 1))
(6.8.16) gives for s>
Re{d(s,t)}  _ (cot (ma) +F cosec (ma)) (6.8.18)

Im {A(s,t)} ~

in agreement with (6.8.14) (for v = 0). This result holds for any
number of subtractions. It is clear from (6.8.17) that where o < 1
we can expect p < 0, but where the cross-section rises, so ogy > 1,
p should become positive which is indeed the case in fig. 6.7.

In general the absolute phases of scattering amplitudes cannot
be determined experimentally, but the relative phases of different
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F16. 6.7 Data on Re{4(s, 0)}/Im{A4(s, 0)} for pp scattering compared with
the Regge pole fit of Collins et al. (1974).

amplitudes can be obtained. For example in t—p — n’n the polarization
is given by (4.2.22), and so depends on the phase difference between
the helicity-flip and non-flip amplitudes. A single p pole gives the
same phase (6.8.14) (with » = 0, & = —1) to both amplitudes and
80 p exchange predicts that the polarization will vanish. In fact it is
observed to be small but not zero (& 10-20 per cent) at low energies
(< 10GeV)indicating the need for some other contribution in addition
to the p pole, perhaps a cut or a secondary p’ trajectory.

We shall discuss further examples of Regge phase predictions below.

g. Factorization and line reversal

The disconnectedness of the S-matrix leads us to expect that Regge
pole residues will factorize into a contribution to each vertex (see
(4.7.15)) so that for a ¢-channel Regge pole (fig. 6.8)

Bz alt) = BRE) Fi(t) (6.8.19)

We have found in sections 6.2 and 6.3 that this relation putsimportant
constraints on the residues of helicity amplitudes, and it is built into
(6.8.1).
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F16. 6.8 Processes connected by line reversal.

Also in processes where a single Regge trajectory dominates it leads
to relations such as

do\ 2 do do
— = |- —_ 6.8.20
(dt)12—>34 (dt)11—>33(dt)22—>44 ( )

but unfortunately it is not easy to test such relations directly because
all hadronic scattering processes rely on a nucleon target. But one such
relation which does seem to work quite well (Freund 1968, Bari and
Razmi 1970), within the modest accuracy of the data, is

do do

_ — *
= (NN—>NN)_ = (NN->NN¥)
do ~ de N
—d—t (1'CN—>1'CN) EZ (‘EN—)‘EN )

where N* is any I = } baryon resonance so that P can be exchanged.
The best direct tests of factorization can be made in inclusive reactions
(chapter 10) where a greater variety of vertices is available.

Another important consequence of factorization is line reversal
symmetry. Clearly if one end of the exchange diagram for 1 +2 >3 +4
is rotated as in fig. 6.8 then s<>u and the process 1+4->3+2 is
obtained, which will thus have exactly the same Regge pole exchanges,
with the same couplings, except that the sign will be changed for
negative signature exchanges which are odd under s -« (see section
2.5).

For example the processes K—p—n~X+ and ntp— K+X+ differ only
by the rotation of the K—r vertex. The only possible pole exchanges
are (see table 6.5) the natural-parity strange mesons K*(890) and
K**(1400), of which the first has spin = 1 and hence odd signature,
while the second has spin = 2 and even signature. So the Regge
exchanges for these processes can be written as K** + K* respectively.
Of course only the relative signs of the contributions are determined in
this way, and the individual terms have phases given by (6.8.14). Simi-
larly the elastic scattering processn—p—>n—p differs from n+p-—>n+ponly
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by line reversal, so these processes have P +f 4 p exchanges, respec-
tively, with thesame couplings. The equality of these processes as s> o0
and P dominates is just the Pomeranchuk theorem of section 6.8b.

There are, however, some serious failures of factorization. For
example, the zero of the p-exchange amplitude 4, _(r—p—=°n) at
|| ~ 0.55GeV?, which, as we discussed in section 6.3, could be due
to a nonsense factor, should also appear in yp—np which is similarly
dominated by p exchange. But there is no sign of a zero in the latter
process, which makes one feel that the n~p—>nn dip may not be a
property of the p pole alone, but could involve cuts as well (see
section 8.7¢). Cuts do not generally have this factorization property,
so the success of factorization gives some indication of the extent to
which poles dominate. But of course sums of poles do not factorize
either, so it is essential to isolate a single Regge exchange in making
such tests.

h. Exchange degeneracy

We remarked in section 5.3 that trajectories often occur in approxi-
mately exchange-degenerate pairs, so that for example the p and A,
trajectories of fig. 5.4 and fig. 6.6 look rather like a single B = § = 0,
I=1, 9=+1 trajectory, with particles having P = (—1),
C,=(—1), G = (—1)7+! at every positive integer value of J. This
so-called ‘weak exchange degeneracy’ seems to hold quite well for
the leading meson exchanges (excluding the Pomeron) and for strange
baryons, though it is less good for non-strange baryons. From (4.5.7)
it is evident that if amplitudes of both signature contain the same
trajectory then the position of the trajectory does not depend on the
u-channel (or ‘exchange force’) discontinuity.

If the u-channel forces do not contribute to the residues of the
trajectories either then they will have degenerate residues too. This is
called ‘strong exchange degeneracy’. The absence of the u-channel
contribution seems rather surprising, but we shall find in the next
chapter theoretical reasons why this may happen. In this case the
trajectories must ‘ choose nonsense’, i.e. decouple from all amplitudes
at nonsense points. This may be seen by considering for example the
A, and f trajectories which need ghost-killing factors (see section 6.3)
in all their residues at « = 0 to avoid negative m? particles. And if they
are exchange degenerate with the p and o trajectories, respectively,
the latter will have zeros in their residues too, even though for them
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a = 0 is a wrong signature-point, and so they choose nonsense (see
table 6.2).

This strong exchange degeneracy has the rather important conse-
quence that if a given process is controlled by the sum of two such
degenerate trajectories the amplitudes will be proportional to

Bul(e e+ F)+ (e 9 — )] = 2fy et (6.8.21)
while if the process depends on the difference we get
Pulle e+ F)~ (eI —F) = 20, (6.8.22)

The magnitudes in (6.8.21) and (6.8.22) are the same, but the latter is
purely real, while the former has a phase which ‘rotates’ as aft)
changes.

This relation should obtain for pairs of trajectories connected by
line reversal. Thus for example (K+n—K%), K-p—K°®) are con-
trolled by A, + p, respectively, as are (K+p—KCAt+, K—n—>K°%A-),
while (K-p—>n°A, np—>K°A) and (K-p—>n—7ZIt ntp—>K+FZt) are
given by K** T K*, So if strong exchange degeneracy holds we expect
in each case that the first reaction of the pair will have real phase, and
the second rotating phase, and that their magnitudes will be identical.
The first pair seem to achieve equality above about 5GeV, but the
situation is less clear for the others (see for example Irving, Martin
and Michael (1971)), partly because of uncertainties in the normaliza-
tion of the data. But these relations are not expected to be exact
because there must be other contributions besides these leading
trajectories to explain the non-zero polarization which is observed.
According to (6.8.21) and (6.8.22) all the helicity amplitudes for
a given process would have the same phase, giving zero polarization.

i. Internal symmetry relations

Since we assume that the isospin SU(2) invariance of strong inter-
actions is exact there are a large number of relations between ampli-
tudes involving different charge states. Thus for a process such as
nN —nA all the different charge combinations such as ntp—>ntA+,
ntp —»>nlAtt, n-p—>mnOA% etec., share the same I, =1 p-exchange
amplitude and are equal apart from Clebsch-Gordan coefficients. It
is thus useful to analyse them all together, which is why the charges
are not specified in many cases in table 6.5.
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Also from (6.7.9) and (6.7.10) we find
(70| A |np) = % ((tp| A [tpd — (np| A |npy) (6.8.23)

which means that the p exchange, which dominates the charge-
exchange process, should also, via the optical theorem (4.2.6), give
the energy dependence of the difference of the total cross-sections of

fig. 6.4, i.e. s

ap(())—l
dotot(np) = ot —glot ~ (s—o) (6.8.24)
which is quite well satisfied, and gives a value for ap(0) which is
consistent with fig. 6.6. Similar relations, such as

(K| A |Kp) = (Kp|4|Kp)—(EKn|4|Kn) (6.8.25)

can be deduced for many processes, which means that before trying
to fit the elastic scattering data it is useful to obtain information
about the I, = 1 exchanges by analysing the charge-exchange data.
Further interesting relations stem from the approximate SU(3)
invariance. Since this symmetry is badly broken for particle masses,
the splitting of the exchanged trajectories often implies quite different
energy dependences for SU(3) related processes. However, in some
cases the trajectories are the same because of exchange degeneracy.
Thus the set of charge-exchange reactions n—p—>nn (p exchange),
np—>nn(A, exchange), K-p—>K°n (A,+p exchange), Kn—->K%
(Ag—p) all share the same degenerate p-A, trajectory, with a common
residue if strong exchange degeneracy holds. The external mesons,
n, 1 and K, all belong to the same SU(3) octet, and so if SU(3) is exact
for the residues we obtain the relation
(3—(;—- (n~p—>nn)+ 3((11—(;- (tp—>mnn) = ((11—(;- (K—p—->K®n) +dE(:- (Ktn—->K?0)
(6.8.26)
(assuming n & m,) which is quite well satisfied experimentally (fig. 6.9).

If higher spin particles are produced it is necessary to project out
particular spin density matrices to test such equalities, and for example
the relation

do do do
= (—p-—>p° —(rmD—>®%n) = 0 =— (K- —> K*0
pdt(np pn)+pdt(np @%n) pdt(Kp K*0n)

+p % (K*tn—K*0p) (6.8.27)
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SU (3) sum rule
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Fi1c. 6.9 Test of the relation (6.8.26) at 6 GeV (Barger 1974).

should work for any density matrix p if we assume SU(3) couplings
for the vector-meson octet with ideal ®, ¢ mixing, and strong ex-
change degeneracy of p and A,, and again it is successful experi-
mentally (Barger 1974).

These SU(3) predictions seem to work to about 10 per cent accuracy
for all helicity amplitudes and for the differences of total cross-sections
(even though one expects substantial additional contributions from
Regge cuts in many processes). So SU(3) appears to be a much better
symmetry for Regge couplings than it is for particle masses.

j. Forward dips and peaks

In section 6.4 we found that though an s-channel helicity amplitude
has the kinematical behaviour (6.4.2) at ¢ = 0, i.e.

Ag(s,t) ~ (—t)"* where n = ||py—po|—|us—pl| (6.8.28)

a non-conspiring ¢-channel Regge pole, because of factorization and
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Table 6.6 Processes with dips and spikes
near t = 0 due to © exchange

Process Structure
np >p'n Dip
ntn - pp Dip
nEp - p*p Dip
ntp > plAtT Spike
ntp »>fO0A++ Spike
ntn > f% Dip

Yp »>nin Spike
yn—>n-p Spike
Yp >n-ATF Dip
yn —>gtA- Dip
K#p >K**p Dip
K-p -K*n Dip
K#p - K*A Spike

parity requirements, gives (6.4.7)
Ay (s,t) ~ (=t)™? where m = (|py—ps| + |pa—p4l) (6.8.29)

So if we consider for example the process yp—ntn, in which, inter
alia, the © trajectory can be exchanged, since x, = + 1, x, = 0, all the
helicity amplitudes must vanish according to (6.8.29), but according
to (6.8.28) the non-flip amplitudes with |3 — s,| = |, — p5| will not.
In fact, as table 6.6 indicates, the differential cross-section has a spike
in the forward direction which is of width At &~ m2.

One explanation for this, which we discussed in section 6.5, is that
the pion engages in a /4 = 1 conspiracy with a natural-parity trajec-
tory. But as no such particle is observed, and as such conspiracies
run into difficulties with factorization, it is generally assumed that
the forward peak is due to the presence of a cut which does not have
a definite t-channel parity and so is not constrained to (6.8.29) (see
fig. 6.3 and section 8.7f below). Table 6.6 implies that the minimum
possible helicity-flip is favoured at each vertex, i.e. at the baryon
vertex Ap = puy—puy = 0 dominates, except for the NN coupling
where parity conservation demands Ax = 1, while for meson vertices
Ap = py— py = 0 dominates, except that obviously for yr we can only
have Ap = £ 1. If these rules do not allow n = 0 there is a forward dip,
but if » = 0 is permitted there is a forward spike despite (6.8.29).
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Table 6.7 Processes controlled by p, ® and A, exchange

Dip seen at
Process t~ —0.557 Trajectories n
np >1'n Yes p 1
n-p ->n’n No A, 1
Kp->Kn No p+A, 1
K+n > K% No p—A, 1
ntp > ATt Yes? p 1
ntp > nA+t No A, 1
K+p - KOoA++ No p—A, 1
K-n >EK%A- No p+A, 1
n°p - pp Yes ® 1
nEp - p*p Yes o+A, 1
np > en No p 0,2
ntn > op No p 0,2
yp —»n% Yes @(+p) 1
yn —>n'n Yes @(+p) 1
Yp ->Mp No p(+ o) 0,2
YN »aEN No p+A, 0,2
ntp - plAtT No A, 0,2
Ktp > K*0A++ No? p—A, 0,2
K-n —»>K*A- ? p+A, 0,2
ntp > eAtt No? p 0,2

Note: (1) We have ignored n exchange which may dominate near ¢ = 0 in some
of these processes. The n (= [g, — #5] + |5 — #,]) given is relevant only to the
natural-parity p, ® and A, exchanges.

(ii) We have assumed that p and A, have dominantly flip NN and NA
couplings, while o is dominantly non-flip.

(iii) From SU(3), Yory > Yoy 804 Yoqy > Yony:

(iv) The p, ® couplings to ny and nV are flip.

k. Nonsense dips

Exchange-degeneracy arguments favour nonsense-choosing couplings
for Reggeons, which implies that there should be dips in various
differential cross-sections where trajectories pass through wrong-
signature nonsense points (see table 6.2).

The trajectories of fig. 6.6 show that the wrong-signature point
oa(t) = 0 occurs for the p and o trajectories at |t| ~ 0.55 GeV2. How-
ever, this point is right-signature for A, and f, which will give a finite
contribution (but not a pole) at a(t) = 0. Similarly a(t) = — 1, which
with linear trajectories is at |t| ¥ — 1.6 GeV?, is right-signature for
p, ® and wrong-signature for A,, f. Table 6.7 lists some of the processes
which should be dominated by these trajectories (except that f is
always overshadowed by P) and it isevident that many of the expected
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dips occur, but by no means all. Hence either the poles do not always
choose nonsense, or there are other important contributions, probably
cuts, in addition to these leading trajectories, or both. Given that
factorization relates the behaviour in various processes it seems to
be rather hard to salvage this nonsense decoupling idea despite its
apparent success in many cases.

Similar conclusions apply to other exchanges. Some of the zeros
expected from other bosons, such as K* exchange at a(t) = 0 (i.e.
|t] ~ 0.2GeV?), and from baryons, like N exchange at a(u) = —3}
(ie. |u] ~ 0.2GeV?), are seen, but not all. It seems clear that cuts
must play an important role, and we shall discuss this problem further
in section 8.7c.

l. The cross-over problem

One rather unexpected feature of elastic differential cross-sections is
that for example, do/dt(n—p—n—p) > do/dt(ntp—>ntp) for ¢ near
zero, but they become equal for |¢] = 0.15GeV? and at larger |¢| the
sign of the inequality is reversed (Ambats et al. 1974). From (6.8.3)
and table 6.5 we see that the difference between these cross-sections
is due to p exchange. So we can write

O wip) = | +7p)y+ [P+ )P (6.8.30)
where we have dropped the kinematical factors in (4.2.5), the sub-
scripts refer to the s-channel helicity amplitudes (4.3.10), and the
Regge pole amplitudes are represented by their symbols.

It is found that the largest contribution is that of the P, which near

= 01is almost purely imaginary (from ap(0) &~ 1, = +1in (6.8.14)),
and that P and f have at most a very small coupling to the helicity-flip
amplitude, so we have

0 D) % (P2 + [(B)s| Im (T p)} (6.8.31)

80 that
do do do
a| G wep)| = rp>rp)-F pnip) I (o))
(6.8.32)

and hence the imaginary part of the p non-flip amplitude must have
the ‘ cross-over zero’ at || &~ 0.15GeV2,
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Similar cross-overs occur at about the same value of { in other
elastic processes such as A[dg/dt(K+p)], and do/dt(pp)—do/d(pp),
as well as in some quasi-elastic processes like A[da/dt{(K*p— Q*p)],
and for these processes the difference depends on Im {(p+w),.}, the
o contribution being much the larger.

It is possible to fit these differential cross-sections with poles by
inserting arbitrary zeros in the p and ® non-flip residues (see for
example Barger and Phillips (1969)), but there are two difficulties.
First, in other processes such as n-p->wn (p exchange), n*p—>p*p
(o and A, exchange) or yp—>n°p (p and ®), where p and o are also
coupled to the p—p vertex, no corresponding zero is seen. In other
words, the residue does not factorize. Secondly, a zero of the pole
residue would imply that the real and imaginary parts of the
amplitude have coincident zeros. We shall find in the next section
that this is not the case. It seems clear therefore that there must be
some other explanation for these zeros, and again cuts seem likely to
take the blame (see section 8.75).

m. The phases of amplitudes and polarization

Since a Regge pole gives the same phase to all helicity amplitudes,
processes in which only a single Regge trajectory (or an exchange-
degenerate pair of trajectories) is exchanged are predicted to have zero
polarization (from, for example, (4.2.22)).

In fact polarization in 48 = 0 meson—baryon scattering processes
is generally quite small, usually < 20 per cent (although at present
the crucial n—p—>nn data is contradictory on this point, c¢f. Bonamy
et al. (1973) and Hill et al. (1973)), but the fact that it is non-zero means
that there must certainly be other contributions, either lower-lying
poles or cuts.

It has proved possible, by judiciously combining and interpolating
data on n*p elastic scattering and n—p—n’n, including polarization
and spin-correlation measurements, completely to determine the
structure of the tN—>=nN, I, =0, 1, 4., and 4._ amplitudes up to
a common over-all phase (Halzen and Michael 1971). Since the I, = 0
A .. amplitude should have the almost pure-imaginary phase of the
Pomeron for small |t| this amounts almost to a complete phase
determination.

The results for I, = 1 are shown in fig. 6.10. Looking first at 4, _,
we see the forward zero required by kinematics, and the nonsense-
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F16.6.10 The s-channel helicity amplitudes for I, = 1 xN scattering at 6 GeV,
from Halzen and Michael (1971). W Halzen—Michael amplitude analysis;
Barger-Phillips FESR Regge analysis.

choosing phase given by
ie~Hne®n(t), a(t) ~ 0.5+ 0.9t (6.8.33)

(from (6.8.15) with % = — 1), so that the imaginary part has a single
zero, and the real part a double zero at a(t) = 0,i.e. at |{| x 0.55 GeV2.
This double zero can be seen directly in the elastic polarization since,
from (4.2.22), using the same notation and approximations as led to
(6.8.32),

do _ _
5 P*p>7tp) = FIm (P +1), ()%} & F|(P)s| Re{(p),}
(6.8.34)
gince the Pomeron is nearly pure imaginary. The elastic polarization

(fig. 6.11) does indeed have the mirror symmetry and double zero at
[t| ~ 0.55GeV? predicted by (6.8.33). So the I, = 1, A, _ amplitude
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Fic. 6.11 Polarization in elastic n*p scattering,
form Borghini et al. (1971, 1971).

can readily be parameterized by a nonsense-choosing p pole. The 4,
amplitude has the cross-over zero in Im {4 .} at |t| ~ 0.15 GeV?, but
the real part has what looks like a double zero at |t| ~ 0.55GeV2. So
it seems that only Im {4} is significantly different from what one
would expect from a p pole.

Although at present we lack sufficient spin-dependent measure-
ments to make similar complete amplitude decompositions for other
processes, a careful use of the assumption that Regge pole phases hold
good in some amplitudes has permitted quite a lot of information to
be obtained about amplitude structures. Many amplitudes do seem
to have approximate Regge phases, but certainly not all, and there is
as yet no proper understanding of the successes and failures.



7
Duality

7.1 Introduction

For low energy scattering in the s channel it is often convenient to
write the scattering amplitude as a partial-wave series (4.4.9)

Ap(s,8) = 1673 (2] +1) Ay (5) 8, (2) (7.1.1)

because, as we have discussed in section 2.2, if the forces are of finite
range, R, then for a given s only partial waves J < (y/s) R/% will be
important. Furthermore the various partial-wave amplitudes are
frequently dominated by resonance pole contributions, so, using the
Breit-Wigner formula (2.2.15), we can write

Ag ) S I s =M2_iMT, (7.1.2)
v 8,—§
and (7.1.2) in (7.1.1) often gives quite a good approximation to the
low-energy scattering amplitude, for s < 6 GeV? say.

But as s increases the number of partial waves which must be
included increases, and the density of resonances in each partial wave
also seems to increase, so that it becomes harder to identify the
individual resonance contributions. Hence (7.1.1) is much less useful
for larger s. Also we know that it is not valid much beyond the
s-channel physical region because the series diverges at the nearest
t-singularity (at the boundary of the Lehmann ellipse (2.4.11)), so
approximations to the scattering amplitude based on (7.1.1) are
effective only in the region of the Mandelstam plot where s and || are
small, in the neighbourhood of the s-channel physical region (see
fig. 1.5).

At high s on the other hand we have found it very useful to work
instead with the ¢-channel partial-wave series, transformed via the
Sommerfeld-Watson representation (4.6.4) into a sum of ¢-channel
Regge poles and cuts. At high energies, say s > 10GeV?, only a few
leading J-plane singularities need be included, but in principle this
Sommerfeld-Watson representation is valid for all s and ¢.

The question thus arises as to how these two different viewpoints are
to be married. This is an important practical problem in the inter-

[207]
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Fi1a. 7.1 The resonance and Regge pole contributions to {a) Im {vB} and (b)
Im{A’}forI,=1inn~p >anat ¢ = 0, from Dolen et al. (1968). At least at low
energies the resonances almost saturate the amplitudes, while the p-pole Regge
fit averages through the data. (For definition of v see (7.2.3) below.)

mediate energy region, say 4 < s < 10GeV?2, where the amplitudes
are approaching their smooth Regge asymptotic s behaviour but some
resonance bumps can still be seen (see fig. 7.1). It also poses a very
important theoretical question as to how the s-channel resonances
contribute to the asymptotic s behaviour, or, equivalently, where these
resonances appear in the Sommerfeld-Watson representation.

Since all the residues g, in (7.1.2) are constants, if there are only
a finite number of resonances (however large), then clearly the total
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resonance contribution to the scattering amplitude must have the
behaviour

A% (s, t) ~ 81 for all fixed ¢ (7.1.3)

b

and so would appear as a fixed pole at J, = —1 in the Sommerfeld—
Watson representation (from (2.7.2)). In this case one might try
adding (7.1.2) and (4.6.4) giving

Ag(s,t) = A%y(s,t) + A% (s, 1) (7.1.4)

where Arincludes all the s-channel resonances, and AR all the ¢-channel
Regge singularities with Re {«(t)} > — 1. This is often called the inter-
ference model because the amplitude oscillates as a function of s
because of interference between the resonances and the Regge poles
(see for example Barger and Cline (1966, 1967)).

However, we have seen in chapter 3 how, in simple dynamical
models like the ladder model, fig. 3.3, if the s-channel poles behave
like s—! then the t-channel trajectories obtain the asymptotic be-
haviour a(t) — — 1 from above, from the unitarization of this fixed-

t——

pole input. And we have also found (fig. 6.6) that trajectories appear
in practice to be essentially linear, a(t) ~ %+ a't, and seem to be
descending well below — 1. This could mean that somehow the fixed
pole does not contribute to the leading Regge trajectories, but is to
be added to them as in (7.1.4). For even-signature amplitudes, where
J = —11is a wrong-signature nonsense point, such an additional fixed
pole is certainly possible (see sections 4.8 and 6.3), but in an odd-
signature amplitude the fixed pole would be incompatible with
t-channel unitarity. And a moving pole which remained in the region
of J, = — 1 should have been observed by now in effective trajectory
plots.

It seems fairly clear therefore that at least at large — ¢ the s-channel
resonance poles are cancelling against each other in such a way as to
produce an asymptotic behaviour ~ s%, where x < a(t), a(t) being the
leading ¢-channel singularity. The most interesting possibility is
x = a(t), so that the s-channel resonances actually combine to produce
the leading Regge pole behaviour. Of course this is only possible in the
t region where a(t) > — 1 if there is an infinite number of resonances
so that the series (7.1.2) diverges.

This possibility was first suggested in the now classic paper of Dolen,
Horn and Schmid (1968), who noted that if one adds the contributions
of all the resonances discovered by phase-shift analysts in N scatter-



210 DUALITY

ing (for I, = 1) the result not only gives almost the whole scattering
amplitude but is, on the average, approximately equal to the p-pole
exchange contribution obtained from fits to high energy data, extra-
polated down to the low-s region (see fig. 7.1). There thus seems to be
an equivalence, an ‘average duality’, between the direct channel
resonances, r, and the crossed channel Regge poles, R, because, at
least in the intermediate energy region, the average of the former is
equal to the latter, i.e.

(Ap(s,t) = (A%ul(s, b)) = (Af(s, 1) (7.1.5)
(this statement is made more precise in the next section). One may

then hope that as s is increased the density of resonances will also
increase, thus smoothing out the bumps, until eventually there is

local duality’, i.e. Ag(s,t) x A(s,t) ~ AR(s,t) (7.1.6)

without any need for averaging.

Unfortunately this argument is not completely compelling for at
least two reasons. First, it is always possible to re-parameterize the
Regge pole terms so as to retain their asymptotic behaviour but reduce
their magnitude in the intermediate energy region. For example
replacing A(t) (s/se)*® by £(t) [(s — 8,)/80)]*® reduces the magnitude in
the neighbourhood of the arbitrarily chosen point s,. Of course the
branch point at s = s, would be spurious, but so is the one at s = 0in
the usual parameterization, which stems from the approximation
(6.2.26). Essentially these two parameterizations differ just by terms
of order s*®-1 je. at the daughter level, where the predictions of
Regge theory are ambiguous.

Secondly, the actual identification of inelastic resonances in phase-
shift analyses is called into question by the success of (7.1.5). For as
Schmid (1968) showed, if one takes a Regge pole term (6.8.1), with
a linear trajectory a(t) = a®+a'f, and uses equal-mass kinematics
(1.7.22) o dm?

i
=14 — %=
zs +2q§9 qS 4 H

the s-channel partial-wave projection (2.2.1) of the Regge term de-
pends on (Chiu and Kotanski 1968)

1
Aj(s) oc f e 11O P, (z.) dz, = et~ (1) J (- 2¢%ma’)
-1
(7.1.7)

where J; is the spherical Bessel function of order J (see for example
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Fra. 7.2 The partial-wave Argand diagram for an inelastic resonance (see
(2.2.13) et seq.). For a range of energies near M, the curve follows a circle due to
the Breit—Wigner formula, but it is smaller than the unitarity ecircle due to the
inelasticity, and it is pushed off centre, and the phase may be rotated by the
background.

Magnus and Oberhettinger (1949) p. 26). So as s (and hence ¢%)
increases the phase of the amplitude given by (7.1.7) will rotate anti-
clockwise, giving a loop just like that predicted for an inelastic
resonance by (2.2.15) (see fig. 7.2). Note that if the phase reaches 7/2
at a given ‘resonance’ position s = s,, there will be further resonances
at s® = s, +nfa’,n = 1,2, ... where the phase goes through (2n+ 1) 7/2,
and all the partial waves will resonate at the same s since the
phase in (7.1.7) is independent of J. Thus the Regge pole terms will
give rise to resonance-like loops in the partial-wave Argand plots,
despite the fact that the Regge pole term does not contain any
poles in s.

There are clearly two ways of interpreting this result (Collins et al.
1968b). Either one accepts the postulate of duality, in which case these
loops do correspond to resonances and are a manifestation of the
average equality (7.1.5) even though the Regge terms do not contain
s-channel poles. Or, if one chooses to deny duality, Argand loops can
no longer be regarded as sufficient evidence for the existence of
resonances, and there may well be fewer actual resonances than one
has been led to suppose from phase-shift analyses. If so the pheno-
menological case for duality crumbles. The essence of this difficulty
is that there can only be experimental evidence about the behaviour
of scattering amplitudes along the real s axis, and so to analytically
continue to the pole on the unphysical sheet requires a model based
on unitarity. The Breit-Wigner formula (2.2.14) is certainly a valid
model for elastic amplitudes dominated by isolated poles, but its use

8 CIT
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for highly inelastic, overlapping groups of resonances is much more
questionable; see Blatt and Weisskopf (1952), Weidenmuller (1967).

We shall put these doubts aside until the end of the chapter, where
we shall be in a better position to review the quite strong evidence
that the duality hypothesis is at least approximately valid. Our next
step is to try and make the hypothesis a bit more precise.

7.2 Finite-energy sum rules

Finite-energy sum rules (FESR) are similar to the SCR of section 4.8,
but apply also in circumstances where the amplitude is not convergent
at infinity. All that is necessary is that the asymptotic behaviour be
known. We shall assume for simplicity that the asymptotic behaviour
is Regge-pole-like, so that, from (6.8.1)
R . —ina—v) | P, at)~M
(7.2.1)

where the sum is over all the leading Regge poles, say those with
Re{o;(t)} > -k, k>1 (7.2.2)

We have combined all the various residue factors into G,(t), and have

introduced the notation S

Y=

il

(7.2.3)
So asymptotically

Dis.) :o_o) Z{ G ( o)al(t)_M

(7.2.4)
Dfs.t) — = F464() (&)1 (= 1yr-r
s> —w 1
The scattering amplitude is expected to obey the fixed-t dispersion

relation (4.5.1), and hence
@© ‘Ds (V,, t) - Z G.,; (t) (V’/so)“i(t)—M

~ IR _1 2 ’
AHt(V’ t) 4 (V’ t) ﬂfl’T vV —v dv
1 aoDu(V”t)_(—l)M_”Zin (t (V /s a«,(t) —M
+'f - A (7.2.5)
m Yy Vv +v

where vp (=sp+1(—~2)) is the position of the s-threshold in terms
of v (where X is defined in (1.7.18)), and the integrals will converge.
Because of the hypothesis (7.2.2) that all the leading terms in the
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asymptotic behaviour of A are contained in A® we know that at most

~ 1

A—A4® ~ o Voo (7.2.6)

so that when we take v— oo on the right-hand side of (7.2.5) the coeffi-
cient of the v~ term must vanish, i.e.

[*[pen-pavn-su-gi- e () o -0
k ‘ % (7.2.7)
Obviously among all the poles, 7, only a sub-set, denoted by j, which
have signature &, = (— 1Mot (7.2.8)

will contribute to (7.2.7).
Since the poles give the asymptotic form of D, and D, the integrand
will be negligible for v’ > N, for some sufficiently large N, and so

N N '\ «t)-M
f D, ) -D o, ) = | X260, (s_) dv' (7.2.9)
Vp Vp 0

The integral on the right-hand side is readily performed to give the
FESR

[ =Dt oy — 3 2O

. < o) — M+ 1
ai(t)—M+1 ai(t)—M+1
x [(ﬁ) ’ —(V—T) ’ ] (7.2.10)
So So

For a; > —14 M the threshold term on the right-hand side can
obviously be neglected if N > s,.

An alternative way of deriving (7.2.10) (and its generalizations
below), more elegant but perhaps less instructive, is to use Cauchy’s

theorem to write
f A 0/, d =0 (7.2.11)
15}

where C is a contour which excludes the threshold branch points, as
shown in fig. 7.3. So closing the contour onto the branch cuts gives

N ~
2iJ~ (Dy(v,t) =D, (v',1))dv' = —f Ag (v, t)dv"  (7.2.12)
Vp c’

where (' is the circle at |[v| = N. Putting v = N e!#, replacing Ay by

AR of (7.2.1), and taking proper care of the discontinuity of the Regge

term across the branch cuts gives (7.2.10) without the threshold term.

The FESR (7.2.10) provides a relation between the average (i.e. the

zeroth moment) of the imaginary part of the scattering amplitude at
8-2
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—¥p

Fia. 7.3 Contours of integration in the complex v plane
for (7.2.11) and (7.2.12).

low energies and the Regge pole asymptotic behaviour at high
energies, a relation which obtains because of the assumed analyticity
of the amplitude and Regge pole dominance for » > N. This should
clearly be helpful for understanding duality.

Several generalizations of (7.2.10) are possible. First, instead of
(7.2.5) we can write the dispersion relation for

- ~ 2n
(AH(v,t)—AIf}(v,t))(;) . n=0,1,2,... (7.2.13)
0.

and as long as 2n < k the coefficient of the y~1 term must vanish giving
N ’ ’ v\ r_ 280 Gj(t)
[, @ n-p () e =3

ai(t)-M+2n+1 ait)-M+2n+1
o [(i"_) d _ (”_T) g ] (7.2.14)

So So

i.e. even-moment FESR. Alternatively, if an odd power of (v/s;) is
included, only poles k with opposite signature to (7.2.8), i.e.

L= (—1)M (7.2.15)
contribute, giving the odd-moment FESR

J N (D', 1) + D' 1)) (:—) "=y %&%

0, kg

apt)-M+2n V) 2O —M+2n
X [(ﬁ) - (—T) ] (7.2.16)
So So
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(the + sign appearing on the left-hand side because of the odd power
of v). These integrals involve only the imaginary part of the scattering
amplitude, but it is possible to include both real and imaginary parts
by writing a dispersion relation for (Liu and Okubo 1967)

~ — Bl
(A yv,t)— AR@t»( S%w)z (7.2.17)

where £ is an arbitrary parameter, giving

fN [cOs (”f) Tm {4,,( t)}——sm( ﬂ) Re {4y, t)}] (u’2_2 VZT)ﬂlz iy

VT 80
230G () (N\@©+A+1 cos [dmr(a,(t) + £)]
B)+p+1 (so) cos(lﬂocz(t))
which for example reduces to (7.2.14) (without the vy term) for
£ = even integer. These are called continuous moment sum rules
(CMSR), but as information about the real parts of amplitudes is
seldom available except from dispersion relations which have clearly
been assumed in deriving (7.2.18) CMSR are only occasionally useful.
It is also interesting to write FESR for amplitudes of definite
signature which have the fixed-¢ dispersion relations (like (2.5.7))

A\IS;(S, t) = lfm M dS’-f— (_ 1)M_vyfoo -D.u,(s ,t) d
TJsy 86 uy $ —
so if we follow the above procedure we find

f (D, )+ (- 1)M= D (v, )] (:—’)ndv'

0.

_5 2s,G4(t) (E) @ )~M+n+1
1 ocl(t)—M+n+ 1\s,
where [ = j or k depending on & (see (7.2.8), (7.2.15)). These FESR
coincide with (7.2.14) or (7.2.16) only for alternate moments. But
the ‘wrong moments’ (i.e. n even for & = (— 1)~ or » odd for
& = (—1)M-v+) are likely to be incorrect because we have neglected
the fact that definite-signature amplitudes contain fixed poles at
wrong-signature nonsense points (see section 4.8) which should also
be included in the right-hand side of (7.2.20). So for wrong moments
we must add Gy(t) N\ Ji-M+n+l

2y e | ( )

to the right-hand side of (7.2.20), where J, are the positions of the
wrong-signature nonsense fixed poles, ie. Jj=M—-1,M~3,... or

=3, (7.2.18)

(7.2.19)

n=012,. (7.2.20)

?

- (7.2.21)
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M-2,M—4,.. for & =+ (-1 However, if the fixed-pole
residues are small (7.2.20) will be approximately valid as it stands for
all moments.

We shall discuss some of the phenomenological applications of
FESR in the next section, but here our main interest is to examine the
implications of duality for FESR. If the imaginary part of the scatter-
ing amplitude at low energy can be represented as a sum of resonance
pole contributions (r), (7.2.10) becomes

N ey , ;o 28,G,(t) N\ M4+
J., @e-prrnay = 2 et )
(7.2.22)

This gives a definite meaning to (7.1.5), that the integral of the
imaginary part of the resonance contributions to the scattering
amplitude is equal to that of the Regge pole contributions (fig. 7.1).
Note, however, that to obtain (7.2.22) we have already made the
duality assumption because the sum of a finite set of resonances
~ §71, but in (7.2.2) we assumed that the Regge poles include all the
leading terms in asymptotic behaviour down to s, k£ > 1. So (7.2.22)
does not in any sense prove duality, but it does give it a more concrete
mathematical expression than (7.1.5).

The higher-moment sum rules require a more local duality and so
are less likely to work at low energies. If all the moments were the
same then of course A* would be identically equal to 4%, which is
clearly impossible since the one contains poles in s and the other
does not.

The constraints imposed on an amplitude by (7.2.22) are quite
powerful if crossing is also incorporated. For example if we consider
nr scattering (Gross (1967); see also Collins and Mir (1970)), the
dominant I, = 1, odd-signature exchange will be the p trajectory (see
section 3.5). However p poles with spin o = 1 will also be the principal
s- and u-channel resonances so (see (2.6.13))

Dt = 16723 @ P (z,) 8(s —m3)

= 167123'6% (1 +7%) 8(s —m2) (7.2.23)

if we use units where m, = 1. We take the residue to be

ﬂ(S) - }/_T((ia)%(g_; (qg)a(s)’ where a(mg) =1, qg = f—;j (7224)
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7(s) being the reduced residue, remaining after we have extracted
explicitly the threshold behaviour (6.2.9), the nonsense factor at
o = 0, and the Mandelstam-symmetry zeros (2.9.5). This gives

2 2
Di(s,t) = 64(77)&7’(;’}9) (mp4 4) (1+m§2i 4) S(s—m2) (7.2.25)

and likewise for Dr(s,t). Similarly the p trajectory in the ¢ channel
will give, using (6.8.1),

D}(s,t) = 16(my() (Z(jr) 5 pett) (7.2.26)
Substituting (7.2.25) and (7.2.26) into (7.2.22) (remembering that we
are considering an amplitude for spinless particles so M = 0, and
with I, = 1 so that the left-hand side must include & crossing matrix
element } from table 6.3 which cancels the factor 2 from adding D),
and D,) we obtain

Y A

a 4 mi—4 T (B +1)
(7.2.27)
If these are equated at ¢ = m2 the ’s cancel out, a(f) = 1, and we get
, _ 3mi—4
=~

So taking the cut-off, N, half way between the p(m2 ~ 30m2) and
the next s-channel resonance, the f (m? ~ 80m2), i.e. taking N = 68m?2
(from (7.2.3)), we get o = 0.019m=? — 1 GeV?
in quite good agreement with (5.3.1). If we take the nth moment sum
rule, and ignore the possibility of fixed poles, we get

,  n+2(3mi—4)ntt
= oni1 N2

which with N = 68 gives a rather slow variation of o’ with n for small n,
s0 all the low moments are quite well satisfied.

Equation (7.2.27) is an FESR consistency condition for the p trajec-
tory, sometimes called an ‘FESR bootstrap’. It is quite different
from a proper bootstrap of the type discussed in section 3.5 (and
section 11.7 below) because no attempt is made to impose unitarity,
and hence the magnitude of the coupling, y(t), factors out. Also it is
necessary to know the particle spectrum before one can fix N, so the
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trajectory is not determined uniquely. And we have chosen to evaluate
the sum rule at ¢ = m2, but it is evident that the {-dependence of the
two sides of {7.2.27) is quite different. None the less before the advent
of more complete dual models (see section 7.4) a good deal of work
went into showing that these consistency relations do apply quite
widely (see for example Ademollo ef al. (1958, 1969), Igi and Matsuda
(1967)). Their SU(3) generalization will be discussed below.

7.3 Applications of FESR and duality

The first point to note about the duality hypothesis in the form (7.2.22)
is that it is clearly invalid for Pomeron (P) exchange. For example
both pp—pp and K+p—»>K+tp elastic scattering amplitudes have
exotic quantum numbers (see section (5.2)) and do not contain any
s-channel resonances, but are controlled by the ¢-channel P exchange.
This observation led to the hypothesis of ‘two-component duality’
(Harari 1968, Freund 1968) which states that where vacuum quantum
numbers occur in the ¢ channel the ordinary Reggeons, R (i.e. all
except P) are dual to the resonances (r), while the P is dual to the
background amplitude (b) upon which the resonances are super-
imposed. So such amplitudes have two components

Ay(s,t) = A™(s,t)+ AP(s, t) = AR(s, 1)+ AP(s, 1) (7.3.1)
with (A™y = AR and (AP) = AP (7.3.2)

the averages being taken for the imaginary parts in the sense of
(7.2.22). Of course for processes where P exchange cannot occur
(7.1.6) holds, and only one component is necessary.

This hypothesis has been tested directly in 7N elastic scattering {(e.g.
Harari and Zarmi 1969) by showing that the sum of the resonances
(represented by inelastic Breit—~Wigner formulae) and the P amplitude
(extrapolated from high-energy fits) can reproduce the scattering
amplitudes obtained in low energy phase-shift analyses. Of course,
as most of these resonances were actually discovered in phase-shift
analyses, the test really amounts to showing (@) that the Breit-
Wigner formula (2.2.15) without any rotation of phase parameterizes
the resonance loops satisfactorily, and (b) that the extrapolated
P amplitude can account for all the background to these resonances.
Unfortunately this is not sufficient to prove the hypothesis because
by giving the Breit~Wigner formulae arbitrary phases, which is not
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unreasonable for highly inelastic overlapping sets of resonances, the

interference model A= AP L ARy gr (7.3.3)

can be made to fit equally well (Donnachie and Kirsopp 1969), quite
apart from the uncertainty which existsin the resonance interpretation
of the phase shifts mentioned in section 7.1. But the fact that it is
possible to construct consistent dual models, and apply (7.3.2) in
a wide variety of situations (see also section 10.7) makes it seem likely
that this two-component hypothesis has at least approximate validity.

Why the P should have this exceptional status is not completely
clear. We shall discuss some plausible dynamical reasons in section
11.7, but we have already noted that the slope of the P is only
ap ~ 0.2GeV?, compared with ap ~ 0.9GeV2 for all the other
trajectories, so that any resonance-like loops generated by the P in
(7.1.7) would have a very slow phase rotation, and would be very
widely spaced.

There still remains, however, the problem that exotic channels like
pp—pp and K+p—>K+p can exchange other trajectories, R = p, 4,
o and f (table 6.5), despite the fact that they contain no resonances.
This can be accounted for by invoking strong exchange degeneracy
(section 6.8%), and supposing that as in (6.8.22) the contributions of
these trajectories cancel, 4;,— p and f— o, leaving no imaginary part.
This can occur if the signs of the different contributions are arranged
as in table 7.1. Since Breit—Wigner resonances dominate Im {4(s, ¢)}
(see (2.2.15)) the absence of an imaginary part to AR implies, via
(7.2.22) and (7.3.2), that there will be no resonances. Alternatively,
resonances could occur with alternating signs to give (Im {AT}) = 0
averaged over several resonances, but clearly this is not the solution
we want for exotic elastic processes.

It is thus essential that the degeneracy pattern of Regge exchanges
should be consistent with the resonance spectrum. This explains the
fact that the exotic processes have rather flat o*°%(s), and only a simple
exponential behaviour of do/dt as a function of ¢ from P exchange,
while the non-exotic line-reversed processes pp—pp and K—p—->K-p,
in which the sign of the odd signature p and o exchanges is reversed,
have falling o*%(s), and dip structures at low energy at |t| ~ 0.55 GeV?2
due to the R contribution (see for example figs. 6.4 and 6.5). We shall
examine the implications of these exchange-degeneracy requirements
more fully below.

FESR provide a new tool for Regge analysis, because if one knows
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Table 7.1 Signs of the trajectory contributions to the imaginary
part of the elastic NN and KN scattering amplitudes

Process Exchanges
PP ~>PP Pifipt+o+A,
pn —>pn P+f—p+o—A,
PP PP P+f—p-—0+A4,
pn ->pn Pirf+p—0—A,
Kp->K7p P+fipt+o+A,
K—n-»>Kn Pif-pt+o-A,
K+p > K+tp P+f—p-o+A,
Kn—»>Ktn Pifip—w—A,

Under p+>n odd-isospin p and A, change sign. Under particle < anti-particle
the odd-C,, p and @ change sign.

the low energy amplitude, from, for example, a phase-shift analysis,
one can use (7.2.14) and (7.2.16) to determine the Regge parameters
without recourse to high energy data. This was done by Dolen ef al.
(1968) who for example used the difference of the n*p—>n*p elastic
scattering amplitudes obtained from an E < 1.5GeV phase-shift
analysis to obtain the p-exchange parameters from (7.2.22) (see
fig. 7.1).

Since even with a single trajectory exchange there are two para-
meters in (7.2.14) for each value of t, «(f) and G(t), the sum rules do not
have a unique solution. But if we define for the non-flip, M = 0

amplitude N  2G() N

8,(t) = l%f v DI, ) dy

(using the notation of (7.2.4), and setting sy = 1) then the ratio

Sp(t)  alt)+m'+1

St at)+m+1 (7.3.5)

s0 a(t) can be obtained from the ratio of the first two right-signature
moments (m = 0 and m = 2 for the ¥ = —1 p), and then re-inserted
in (7.3.4) to find G(¢). Their results were in good agreement with the
p parameters obtained by fitting the high energy data.

The various resonance contributions have different ¢ dependences,
being proportional to df,(z,), where o is the spin of the resonance.
These rotation functions are oscillatory functions of z, (and hence of ¢
at fixed s) and so it is found that at some ¢ values the left-hand side
of (7.3.4) vanishes. This occurs for Im{4_, (v,f)} at t & —0.15GeV?,
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where the cross-over zero appears in the Regge amplitude, and in
Im{4, (s,1)} at t ¥ —0.55GeV?, coincident with the nonsense zero
(see sections 6.8k,1). To build up the Regge behaviour with the
correct ¢ dependence for the residues there has to be a very close
correlation between the contributions of the various resonances.

Of course this use of FESR suffers from the same sort of ambiguity
concerning secondary trajectories, cuts etc, as do the high energy fits,
but at least in principle these secondary contributions may also be
identified. Thus if there is a secondary p’ trajectory, «,(t), in addition
to the p, we deduce from (7.3.4)

Sot) = G(t) N*Of(a(t) +1) _ au(t)+3
8y(t) = G(t) N*Of(a(t) +3)  ay(t) +1

(7.3.6)

so once a(t), G(t) have been found, it is possible to obtain e;(t), and so
on. In fact Dolen et al. obtained the very high secondary trajectory
a,(t) = 0.3+ 0.8t, which probably mainly reflects the build-up of
errors which occurs when parameters are determined successively like
this.

The higher-moment sum rules weight the integrals more towards the
upper limit of integration, and if N is sufficiently large use of FESR
becomes essentially equivalent to making a Regge fit near N. But in
practice N has to be quite low because phase-shift analyses do not
extend far in energy (< 3 GeV). This means that the results obtained
depend greatly on the assumptions which are made about the high
energy behaviour, and in practice with data of finite accuracy it is not
possible to predict a unique analytic extrapolation. So the predictive
power of the method for determining the high energy behaviour of
amplitudes from low energy data alone is very limited. Certainly it
provides no substitute for high energy data. Also phase-shift analyses
are available only for a few channels (nlN->7nN, KN - KN, yN— =N
and N ->nA at present) so the number of processes to which the
method can be applied directly, even after invoking isospin relations
like (6.8.23), is somewhat limited. Quite often FESR can be employed
in other processes by making extra assumptions such as resonance
saturation of the low energy amplitude (which we used for the nn
amplitude in the previous section) though obviously the uncertainty
of the results is increased thereby.

There is, however, one crucial advantage of the FESR method over
conventional Regge fits, namely that the phase-shift analysis gives
the input amplitudes Ay directly, whereas do/d¢ data only give
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Y |Ag,|2. Thus with FESR one can find the Regge behaviours of
H,

the different spin amplitudes separately, and determine their phases,
without recourse to polarization or other spin-dependent measure-
ments. Thus much of the information contained in the 6 GeVaN
amplitude analysis discussed in section 6.8m could also be obtained,
at least qualitatively, by extrapolating the < 2GeV phase-shift
solutions with FESR, assuming Regge behaviour.

So FESR, especially when used in conjunction with fits to high
energy data, are a very valuable aid to Regge analysis (see Barger and
Phillips (1969) for examples of their use).

7.4 The Veneziano model

Much of the progress which has been made in applying and generalizing
the concept of duality stems from the success of Veneziano (1968) in
constructing a simple model for 22 scattering amplitudes which
satisfies most of the requirements of duality.

We begin by considering the amplitude for n+r~—nt+r—, which has
p and f poles in the s and ¢ channels, but for which the u-channel
ntat—>ntrt is exotic, I, = 2. So once the P component has been
removed from this elastic scattering process we expect the approxi-
mately degenerate p and f trajectories to give the leading contribu-
tions in both channels, but there may be an infinite number of other
resonances with these same quantum numbers.

The duality requirement (7.3.2) is that the sum over all the s-channel
poles should be equal to the sum over all the {-channel poles, i.e.

At — 558D _ 5 Gnltis)

n §=8, m t—tnm

(7.4.1)

and that Regge asymptotic behaviour occur in both variables, i.e.

A(s,t) ~ s (tfixed), and A(s,t) ~ %9 (sfixed) (7.4.2)

§—> w t— o

The simplest function which has an infinite set of s-poles lying on
a trajectory o(s), the poles occurring when a(s) = positive integer,
is I'(1 — a(s)). Since we need an identical behaviour in ¢ as well we

might try A(s,t) = T'(1 — a(s)) I'(1 — a(t)) (7.4.3)

but this would give a double pole at each s—¢ point where both a(s) and
a(t) are positive integers (see fig. 6.4). However, these double poles can
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aft) =3
afs) =3 L
a(s) = 2
afs) =1
8 =0

als)+aft) =1

F16. 7.4 DPoles of the Veneziano amplitude in the s—¢ plane. The poles ocour
where a(s) and «(t) pass through positive integers, with lines of zeros connecting
the pole intersections to prevent double poles.

easily be removed by writing
I'(l—a(s)) I'(1—af(t))
I'(1-a(s)—aft)

A(s,t) = V(s,t) =g (7.4.4)
which is the Veneziano formula. Here g is an arbitrary number which
sets the scale of the coupling strengths as we shall see below (equation
(7.4.12)).

The asymptotic behaviour of this amplitude may be deduced from
Stirling’s formula (see for example Magnus and Oberhettinger (1949)
p-4) I'(z)—> (2m)ke—= 22—} (7.4.5)

T —> 0
(except in a wedge along the real negative x axis where poles appear
for integer «) which gives

?giz))x_,—w’x“-b (1 +0(-:-:)) (7.4.6)

Hence if «(s) is an increasing function of s we have, for fixed ¢ (using
(6.2.32)), I

Vis,t) 9 T(e(t)) sin 7 (t)

(7.4.7)
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Then if a(s) is a linear function, a(s) - «%+a’s, we get

8>
m(—a's)=® m(a’s)*® ra
2 Fa@)smma) ~ ! Ta@)samp® - (48
which gives the required Regge behaviour (but not for real positive s).
And since (7.4.4) is symmetrical in s and ¢, the corresponding result
obviously holds for ¢ — oo at fixed s.

The formula (7.4.4) has several notable properties: (@) It is mani-
festly crossing symmetric, and so has the same poles and Regge
behaviour in both s and ¢. (b) To get the required Regge behaviour we
have had to demand that the trajectory be asymptotically linear,
which is quite compatible with the observed linear behaviour for
small |s|, which has puzzled us hitherto. (¢) It has poles for positive
integer a(t) only, since the nonsense factor [I'(«(t))]* removes the
poles for «(t) < 0. (d) It has the rotating phase (6.8.21) expected from
the sum of two exchange-degenerate trajectories. This ensures that,
for s > 0, Im{V(s,t)} ~ s2®, but for s < 0, in the u-channel physical
region Im {¥V (s, t)} = 0, since the u-channel is exotic. However, since
the poles are on the real axis the discontinuity in either the s or ¢
channels is just a sum of § functions, and the double spectral function
is the mesh of points where the poles crossin fig. 7.4. (¢) The scale factor
in the asymptotic behaviour (7.4.8) is given by

§g=0a'! (7.4.9)
and we have already noted that empirically s, ~ 1GeV? and
a' = 1GeV—2,

To obtain the resonance spectrum in the s channel we use the result

(Magnus and Oberhettinger (1949) p. 2)

Vs, t)

I'@)INa+1) & . Tl@+1) 1
TTere Ve Tery era 27 ;041 |
4.10
i -3 I'(1—a(t)) (=1
to write V(s,1) _,E‘lgl’(n)l’(l—n-a(t)) 27 (7.4.11)

so that if a(s) »n for s— s, (say) there is a pole of the form

L (n—a(t)—1)(n—c(t)—2)... (—aft))
sl (o112 (s5,)

(7.4.12)

So if a(t) = a’+a’t the residue of the pole is a polynomial in
t[= —2¢%(1 —2,)] of order », and

Vis,t)—> a,(s_sj o [C8aa + 0] (1.413)
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Re {a} Ancestors Parent

\

} Daughters

Fi1g. 7.5 The g, p, f, g, ... states required in the Veneziano model for nr
scattering. The open circles are positions where ancestors occur if complex &’s are
used.

and hence the residue may be rewritten as a sum of Legendre poly-
nomials, P,(z,), PB,_;(z,), ..., Po(z,). Thus the pole at s = s, corresponds
to a degenerate sequence of n + 1 resonances having spins = 0,1, ..., %.
The resulting resonance spectrum, an infinite sequence of integrally
spaced daughters, is shown in fig. 7.5 where we have given particle
names to the lowest mass states.

Since the Veneziano model is an analytic function of s and ¢, with
just poles, and has the correct asymptotic behaviour, it clearly should
provide a solution to the FESR consistency condition (7.2.22). This is
not quite trivial because the Regge asymptotic behaviour does not
hold along the real positive s axis. The relation between the residues in
the two channels, each being proportional to g, is reminiscent of our
approximate solution (7.2.27). A fairly complete review of the proper-
ties of the Veneziano formula and FESR tests can be found in Sivers
and Yellin (1971).

The most obvious defect of the Veneziano model is that the poles
appear on the real s axis, and so we do not get Regge behaviour where
it is actually seen experimentally. This is because we have used real
trajectory functions, whereas we know from section 3.2 that above the
threshold in each channel unitarity requires that trajectories become
complex (Im {a} being proportional to I, the width of the resonance—
see (2.8.7)), and the poles move off the physical sheet.

It seems rather obvious therefore that one should insert complex
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Im {A(s, 0)}

L | .
10 15

s (GeV?)

(=10

0

F16.7.6 The imaginary part of the amplitude for a Veneziano
model for nn scattering with complex a’s.

trajectories satisfying dispersion relations like (3.2.12) into (7.4.4).
However, if we do so the residues of the poles at s = s, in (7.4.12)
cease to be polynomials in ¢, so that (7.4.13) is no longer applicable,
and each pole gives rise to resonances of arbitrarily high spin. We
should thus produce the so-called ‘ancestor’ poles of fig. 7.5. Despite
the occurrence of these ancestors the agymptotic behaviour is still
(7.4.8) which shows that the amplitude no longer has the convergent
large-I behaviour needed for Carlson’s theorem (section 2.7). Also the
Argand loops are rather poorly correlated with the resonances (Collins,
Ross and Squires (1969), Ringland and Phillips (1969); fig. 7.6) and
the amplitude does not attain the smooth Regge asymptotic behaviour
unless Im {&} grows very rapidly with s, in which case the resonances
become so wide as to disappear.

Although there have been many more sophisticated attempts
to insert resonances with non-zero widths into the Veneziano formula
none has proved very satisfactory because the constraints of ana-
lyticity and Regge asymptotic behaviour in all directions in the
complex s plane are so restrictive (see for example Bali, Coon and
Dash (1969), Cohen-Tannoudji et al. (1971)). To use it phenomeno-
logically it is therefore necessary to employ the asymptotic form
(7.4.8) despite the fact that it is invalid on the real positive s axis.
Also, for phenomenology it is essential to be able to include higher-
spin external particles, especially spin = }. This has been done (see
Neveu and Schwarz 1971) but in order to satisfy the MacDowell
symmetry these models contain parity doublets. Also, because the
daughter sequences of the Veneziano model do not correspond to
Toller pole sequences, infinite sums of Veneziano terms are needed to
satisfy the conspiracy relations (6.5.7). We shall touch on some of
these generalizations of the Veneziano model in chapter 9.
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It is also important to note that (7.4.4) is certainly not unique. In
fact the amplitude
A, )= X CunlVimal(s,t), n<l+m (7.4.14)
l,m,n>0

I'(l—a(s)) I'(m— a(t))
I " Tin—a(®)—a®)

Vin(8: 1) = (7.4.15)
where C,,,, are arbitrary coefficients, also satisfies all the FESR and
duality requirements. The ¥, are known as Veneziano ‘satellite’
terms. They differ from (7.4.4) in having their first pole in s at a(s) = [,
and the asymptotic behaviour sa2- ete. Clearly [ = 0 is possible
only if the trajectory cuts a(s) = 0 for s > 0, unlike fig. 7.5. This arbi-
trariness demonstrates the weakness of the FESR consistency con-
ditions compared with the full bootstrap requirements which depend
on unitarity.

Despite these problems, which have greatly limited its phenomeno-
logical application, the Veneziano model is a very useful theoretical
‘toy’, which, as we shall find in chapter 9, can readily be extended to
multi-particle processes.

So far the model is suitable only for ntn~— ntn~ which has exotic
I, = 2. If we assume that the f’ is decoupled from nr (see section 5.2)
the full amplitude will also have just the p—f exchange-degenerate
trajectory as its leading trajectory (once the P component has been
subtracted), but it is necessary to impose the isospin crossing relations
(6.7.10), and the Bose statistics requirement that an amplitude of
even isospin is even under the spatial parity transformation z— —z,
and vice versa. Thus the ¢-channel isospin amplitudes Al(s, t) might
be written

AYs,t) = a(V(s,t)+ V(t,u)) +bV(s,u) even under s> u
Al(s,t) = c(V(s,t)— V(t,u)) odd under s u (7.4.16)
A¥(s,t) = V(s,u) even s« u, exotict

(where @, b and ¢ are constants), provided V(s,t) is symmetric under
s, ete. Then applying the crossing relation (6.7.10)

Al =Z M1, L) A}
I;
to (7.4.16) with the nr crossing matrix of table 6.3, we find that to

ensure that there are no poles in the exotic A2 amplitude, i.e. to
eliminate from it V(s,t) and V (s, ») terms, we need ¢ = §c,and b = — 1,
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while to make A% symmetric under ¢t u demands ¢ = 1, 50
8
0
A%(S, t) = Vis,t)—- Ve, u) (7.4.17)
2
&

(Lovelace 1968). The residues of the ¢-channel poles in (7.4.17) in the
three isospin states I, = (0,1,2) are obviously in the ratio 3:2:0
which gives an eigenvector of the nn crossing matrix with eigenvalue

1,i.e. 1 { 5\ /3 3
(% 3 —%) (2) = (2) (7.4.18)
P - ¥ \o 0

As s—>00 (u—>—00) at fixed t (7.4.7) in (7.4.17) gives

Al gm(a's)*®

VT2 Ta@ysmmam© Y (7.4.19)

the — 1 coming from the V (¢, u) term. The square bracket in (7.4.19)is,
of course, just the signature factor expected for the odd-signature
I, = 1 p pole. Similarly for A?, which is even under s« u, the terms
V(s,t)+ V(,u) ~ (e~17*® 4 1) s2® for the even-signature f. We need to
be careful about ¥ (s, #) however. This contains no polesin ¢, and hence
should not contribute to the asymptotic behaviour in this limit. Now
from (7.4.6) we find that

V(s,u) ~e%), s—>o0, ¢fixed (7.4.20)

where ¢ is a constant, provided that o, = «,, i.e. the slopes of the
trajectories in the s and u channels are the same. For the crossing-
symmetric nr amplitude clearly this will always be true.

Now V(s,?) in (7.4.7) vanishes when

a(s)+at)=1, ie. 2200+a's+a’t=1 (7.4.21)

This zero will coincide with the Adler zero required by current algebra
theory (see for example Renner (1968), Adler and Dashen (1968))
which makes the nn amplitude vanish at the unphysical point
- = — 2 3
s=t=u=myif o0 = }—a'm? (7.4.22)
(Weinberg 1966), and since the trajectory must reach o =1 for
t = m?2 we have
1
o 0. -2 0=0. 4.
a S —m?) 0.88GeV-2, «f=0.48 (7.4.23)

p n
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in quite good agreement with (5.3.1) and figs. 5.5 and 6.6. Using these
parameters for the trajectory good agreement is found between
(7.4.4) and current algebra requirements (see Lovelace 1968) so despite
its obvious defects the Veneziano model has many surprising and
desirable properties for nn scattering.

7.5 Duality and SU(3)

The construction of the nr model (7.4.17) depends on the fact that
once the P has been eliminated there is only a single leading trajectory
in all the channels of nn scattering, i.e. the isospin-degenerate p-f
trajectory (since we assumed that the f’ does not couple to nw). It is
thus convenient to refer to V(s,t) in (7.4.17) as V,, (s, t) since p (and f)
poles occur in both s and ¢. Exchange degeneracy was necessary
because, using an obvious notation for the factorizable exchange

couplings, Im {A(n+n)} = (Fn)+ (Prs)? }
Im {A (7t+ﬂ:+)} = (frm)2 - (pm:)2
and strong exchange degeneracy gives

(fer)? = (Pra)? (7.5.2)
and eliminates poles from the exotic I = 2, nt—n+ amplitude.

If we now consider Kn scattering, related to nn by SU(3), there will
be the same p—f trajectory in the t channel, nm-> KK, but the exchange-
degenerate K*-K** trajectory appears in both the s and « channels.
To achieve the required symmetry we thus write

(1.5.1)

A9 = a(Vge(t,8) + Voge(f,0))  even SH“} (1.5.3)

A} = b(Vxe(t, 8) — Vgs(t,u)) odd sou
the V;; being like (7.4.4) but with different trajectories in the two
channels (I, = 2 is not possible for KK). However, in view of (7.4.20)
we require ¢, = g+, 80 only the intercepts of the trajectories can
be different. To obtain the s-channel isospin amplitudes we use the
nK crossing matrix of table 6.3 in the crossing relation (6.7.10), and
to eliminate poles in the exotic I, = § state we need a = (,/3)b. This

gIves Im {A (K+Tt+)} = fKK fm: —PRK pm:}
Im {A (K+7r0)} = fKK fm: + PEK Prr
and fgef . = pggpPm, which together with our solution to (7.5.2)

roanes fex = Prx (1.5.5)

(1.5.4)
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Then KK and KK elastic scattering are similar, except that the
I = 0f and o exchanges and the I = 1 p and 4, exchanges all occur.
So we can write
Im {A(K*K")} = (fgg)*+ (A ) + (@kx)* + (PrK)®
Im {A(K*K*)} = (fgg)?*+ (Asgg)*— (0kx)* — (PK)®
Im {AK+K)} = (fgg)? — (Asgk)® — (0kk)* + (PrK)*
Im {A(K+K%} = (frg)?— (Asxx)® + (0xx)? — (Prx)?
the sign changes being those demanded by the signature and charge-

conjugation properties of the exchanges. Since both KK+ and K+K°
are exotic (8 = 2) we require

(frg)? = (0gg)? and (Aygg)? = (fxx)? (1.5.7)

with the 0 and A, trajectories degenerate with f and p, which is indeed
approximately true in fig. 5.4. However (7.5.7) and (7.5.3) imply

(1.5.6)

Prx = Ok (7.5.8)
while exact SU(3) for the couplings would give (see Gourdin 1967)
(W3) P = ®rx (7.5.9)

We can satisfy both these requirements by remembering that with
broken SU(3) the physical o particle may be a mixture of octet and
singlet states (see (5.2.17)), and then the SU(3) symmetry requirement
for the couplings becomes

(W3) Pk = Wsrx (7.5.10)

so if we take the ideal mixing angle given by (5.2.18), cos§ = 3%,
both (7.5.8) and (7.5.10) will be satisfied. This means that the exchange-
degenerate ¢ + £’ trajectory will also be exchanged in KK scattering
(but not in nr). And this is very desirable since (7.5.7) and (7.5.5)
imply that Im {4(K+K)} in (7.5.6) vanishes; that is to say without
ad +f’ contribution there would be no resonances in the KK channel
despite the fact that it is not exotic.

All these relations can readily be described if the various particles
are represented by their quark content, shown in table 5.2 (Harari
1969, Rosner 1969). All the incoming and outgoing mesons can be
represented as qqu where q;, q; = p, n or A quarks. The condition we
have been imposing on (7.5.1}, (7.5.4) and (7.6.5) is that there should
be no exotic resonances, so all the internal particles must also have
the quantum numbers of the {1} ® {8} representations of SU(3) which
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Vs, ) Vo, w) V (s, u)
(a) ®) ()
Fic. 7.7 Quark duality diagrams for meson-meson scattering. The arrow

represents the direction of the quark; an anti-quark travels in the opposite
direction to the arrow.

Fic. 7.8 The duality diagram for K+K° elastic scattering.

are also contained in qq (see (5.2.16)). So the duality diagram fig. 7.7 (@)
can represent V(s,t) for all our PS-PS meson scattering solutions,
since it ensures quantum number conservation and only non-exotic
qq states in both the s and ¢t channels. However, the lines must not
cross over each other as in fig. 7.7 (b), (¢) or there would be exotics in
one of the channels. But these crossed diagrams are suitable for the
V{s,u) and V(t,u) terms respectively. Fig. 7.7 also incorporates our
mixing-angle result (7.5.10) since in K+K?° elastic scattering (fig. 7.8)
only A%, and hence with ideal mixing (equation (5.2.19)) only ¢—f’,
can be exchanged in the f channel. The p, f, ® and A, trajectories do
not contribute to this process.

With exact SU(3) symmetry, meson-meson scattering is {8} ® {8}
scattering with amplitudes A¢, u = {1}, {84}, {8sa}> {Bash {8aa} {10},
{10}, {27} (see section 6.7). However, since {10}, {10} and {27} are
exotic we need a solution which is an eigenvector of the {8} @ {8}
crossing matrix (table 6.4) having eigenvalue 1, and no trajectories
in {10}, {10} or {27} (cf. (7.4.18) for isospin). Because of charge conjuga-
tion only symmetric d-type couplings are possible for the tensor {8},
and only anti-symmetric f-type couplings for the vector {8}. The
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eigenvector which satisfies these requirements is
A# = (16,5,0,0,9,0,0,0) (7.5.11)

which gives the coupling ratios for the singlet and octet trajectories.

These results can readily be extended to other meson scattering
processes (Chiu and Finkelstein 1968) such as PS-V or V-V scattering.
For the natural-parity exchanges the requirements are identical to
the above, but in addition unnatural-parity exchanges can occur,
and it is found necessary for the natural-C, PS nonet (r, K, n, ') to be
degenerate with the natural-C, A~ nonet (B, Q, H?) and for the un-
natural-C, A* nonet (A,, Q, D?) to be exchange degenerate with some
axial tensor nonet. For each nonet the symmetry-breaking pattern
should be similar to the natural-parity case. Quite apart from the fact
that many of the required states have not been identified, we know
that the n—n’ mixing, for example, is far from ideal, so it would seem
that in practice these duality constraints hold only for the leading
natural-parity meson trajectories.

The duality diagrams also suggest how the internal symmetry
requirements of duality can be satisfied in meson-baryon scattering,
since we can represent all the external and internal baryons as q;q;q;,
t, 7, k = p, n or A quarks, as in fig. 7.9. This ensures that only non-
exotic baryons occur in the s channel, and non-exotic mesons in the
¢t channel. The corresponding su diagram has baryons in both channels.

When the SU(3) symmetry is broken, the exchange-degeneracy
requirements on the meson exchanges in the V(s,¢) and V(t, ) terms
in PS-B scatterings are identical to those for PS-PS scattering (see
Mandula et al. 1969). In fact we have already noted in table 7.1 (p. 220)
the exchange-degeneracy requirements for p, 0, A, and f to prevent
exotics in K+p and pp, which are the same as those for K+nt and ntrn+t,

Constraints on the baryon spectrum arise from the V(s,u) term
which controls backward scattering. The most plausible full solution
(see Mandula, Weyers and Zweig 1970) requires the J¥ = }+ octet
to be exchange degenerate with the $+decuplet, §~octet and $~singlet.
But evidently this constraint is badly violated since, for example, the
A trajectory is well separated from that of the N (see figs. 5.6), though
the hyperon A and X trajectories seem to satisfy the constraint quite
well (fig. 7.10). A Veneziano model for meson-baryon scattering can
be constructed, using V{s, t) ete., like (7.4.4) for theinvariant 4" and B
amplitudes (equation (4.3.11)), with & — a — 1 for channels containing
baryons (see for example White (1971)). A rather thorough discussion
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F1c. 7.9 Duality diagrams for meson—baryon scattering.
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Fic. 7.10 Some examples of exchange-degenerate baryon trajectories.
The splitting is much greater in most cases.

of the self-consistent, factorizing solutions for these cases has been
given by Rimpault and Salin (1970). It seems probable, however, that
to impose factorization constraints is too restrictive since, as we shall
discuss below, phenomenologically duality seems to involve sums of
cuts and poles rather than just poles.

When we come to examine baryon—anti-baryon scattering there are
serious troubles because, for example, in AA scattering I =0, 1, 2, 3
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Fia. 7.11 Duality diagram for baryon—-anti-baryon scattering.

are all possible, but to impose the absence of exotic mesonsin I = 2, 3
in both the s and ¢ channels requires that all the isospin amplitudes
vanish (Rosner 1968). This is in fact rather obvious from the duality
diagram in fig. 7.11 which must have a qqqq intermediate state, and
hence exotics. Thus either one must admit that duality fails for these
higher-threshold channels, or conclude that exotic mesons exist which
do not couple strongly to meson—meson scattering.

To summarize, the rules for drawing ‘legal’ duality diagrams are
that in the limit of SU(3) symmetry we draw —»— for a quark, and
—=— for an anti-quark, so each meson is represented by —z—, and
each baryon by == . For a B = 0 channel we must be able to cut the
diagram into two by just a qq state (not qqqq, etec.), and fora B = 1
channel by just a qqq state, so that there are no exotics. No quark
lines may cross, i.e. we must have planar diagrams for each Veneziano
term, and the two ends of each line must belong to different particles
to preserve the ideal mixing (see Rosner 1969). This works for meson—
meson and meson-baryon scattering but not for baryon-baryon
scattering. We shall describe in section 9.4 how these rules can be
extended to multi-particle processes.

7.6 Phenomenological implications of duality

There are many important consequences of the duality hypothesis
which seem to be borne out experimentally. These include the pole
dominance of the non-Pomeron part of scattering amplitudes, the
absence of exotic resonances (which may help to explain why the
quark model works), strong exchange degeneracy and nonsense
decoupling, ideal mixing of SU(3) representations, the occurrence of
parallel linear trajectories, and the fact that s, = a’~1. But we have
also found that when pressed too hard the self-consistency of the
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duality scheme breaks down, so it is important to try and discover
from experiment the extent to which these duality ideas hold good.

We have noted that although exchange degeneracy and ideal mixing
seem to be valid for the vector and tensor mesons this is not the case for
other exchanges. However, as these are the dominant exchanges in
forward meson-baryon and baryon-baryon scattering, the duality
rules work quite well for such processes. For example fig. 6.4 shows
that the total cross-sections for exotic pp and K+p are much flatter
than those for pp and K-p, and it seems very plausible that
Im {A®(K+p)} contains just the P, as required by two-component
duality. But o™t(pp) does fall at low s, which indicates that the
cancellation between the © and f exchanges is not perfect in this case.
These trajectories do of course contribute to Re{4°} (see (6.8.22)).
The dips in do/dt at |t] & 0.55 GeV?, observed in medium energy pp
and K-p elastic scattering, and due to the nonsense zero of the
R contribution, are conspicuously absent in pp and Ktp (fig. 6.5).
This is a direct verification of the importance of s-channel quantum
numbers in controlling the ¢-channel exchanges, and hence of duality.

Detailed fits of meson—baryon scattering using the Veneziano model
for the R term have been attempted. It is first necessary to ‘smooth’
the amplitude by taking its asymptotic form (7.4.8) even for real
positive s. To cope with the baryon spin it has been usual to use the
Veneziano model for the invariant amplitudes 4'(s, t) and B(s, t) intro-
duced in (4.3.11) rather than helicity amplitudes, because the former
have more simple crossing properties. The chief difficulties are that,
since no cuts are included, baryon parity doublets automatically
appear (see (6.5.13)), the scale factor has to be altered from a’-! to
obtain the observed exponential fall of do/dt with ¢ (note that ¢ in
(7.4.4) is a constant), satellite terms have to be introduced, and there
is the cross-over zero problem of section 6.8 (see Berger and Fox 1969).
So quantitative fits of the data with the Veneziano model are not
really possible.

Another interesting consequence of duality (Barger and Cline 1970)
is that since with ideal mixing the ¢ is made of AX quarks only, it is
impossible to exchange a qq pair in the quasi-elastic process yp— dp,
so P alone should be exchanged (fig. 7.12). The very flat energy de-
pendence of this process even at low energies (fig. 7.13) suggests that
this is indeed the case.

For inelastic processes, where P cannot contribute, strong exchange
degeneracy requires the sort of line-reversal equalities whose (modest)
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Fi1c. 7.12 A representation of P exchange in yp - ¢p. As the A quarks are
not exchanged down the diagram this has vaccuum quantum numbers but not
qq in the ¢ channel.
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Fic. 7.13 Plot of o(yp - ép) versus laboratory
momentum p;, from Leith (1973).

success was described in section 6.8%. In particular Im {4(s, t)} should
vanish identically for inelastic processes with exotic s-channel quan-
tum numbers. Examples are K'n—XK% and Kp—+KA for which
duality diagrams with qq meson exchanges cannot be drawn (fig. 7.14).
More interesting are processes like

Kp->nZt, Kn>nA, Knen32f
which are not exotic but for which no legal duality diagram can be
drawn, so there must be a cancellation between K** and K* exchanges
in Im{A}. This also means that the resonances which occur in these
processes must couple with alternating signs so that (4*) ~ 0 when
averaged over a few resonances.
Similarly if the ¢ channel is exotic, as in t-p—>n*tA~—or K-p—>ntZ-,
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F1c.7.14 Illegal duality diagram for K+n - K?0.

since there are no {-channel exchanges, we must expect the resonances
to cancel on average. This seems to work approximately for the former
process but not the latter (Kernan and Sheppard 1969, Ferro-Luzzi
et al. 1971). Duality diagrams make the further prediction that since
¢ = AL it must decouple from inelastic (non-P exchange) processes
involving only non-strange quarks. So processes like n—p->¢n,
ntp-> pA*+ should not occur. Their cross-sections certainly seem to
be very small compared with similar allowed processes such as
TTp—>on, Ttp—> ATt

In general one concludes that the duality, exchange-degeneracy
and ideal mixing requirements are moderately well satisfied for V and
T exchanges, but certainly not exactly. But for most other exchanges,
such as PS, A%, or baryon, they are rather badly broken.

We have noted that strong exchange degeneracy demands nonsense
decoupling, but found in section 6.8k that the choosing-nonsense
hypothesis does not seem to be compatible with factorization, even
for V and T exchanges. In fact it seems likely that pole—cut cancella-
tion is needed to account for the dip in do/dt (nN) near @ = 0 (see
section 8.7¢ below). Similarly we have provisionally blamed the cross-
over zero in Im{4_ .} at |t| # 0.156GeV? on pole-cut cancellation
(section 6.81). However, as we mentioned in section 7.3, both of these
features are present in the low energy resonance contribution and it
therefore seems as though duality works somewhat better than does
the hypothesis that Regge pole exchanges dominate, and it might

be better to write (A7) x AR 4 40 (7.6.1)

where A° is the Regge cut amplitude, rather than (7.3.2).

Further evidence for this comes from 7 exchange processes like
Yp—>7'n, np - pp, etc., where the resonances produce forward peaks
which were explained in section 6.8 (see also section 8.7f below) as
due to interference between the n pole and a self-conspiring cut, =,.
So we have (4A*) ~ n+mn,. The Veneziano model can only account
for such processes by including conspiring trajectories (Armad,
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Fayyazuddin and Riazuddin 1969) but such conspiracies are unsatis-
factory (section 6.87). Thus the pole-dominant solutions to the duality
constraints can only be a rough approximation.

A further problem for the Veneziano model is that by no means all
the required resonances have been observed. The leading p, ®, K*
trajectories certainly seem to rise linearly to the J = 3 or 4 level, and
baryon states up to perhaps J = i? are known, with no indication
that higher-spin resonances may not be found eventually. But the
daughter trajectories are much less well established. This may be
partly because partial-wave analysis of the non-peripheral partial
waves (i.e.J < (y/s) R, see section 2.2) is difficult because of contamina-
tion by the higher waves. However, there is no evidence for a p’(1275)
daughter of the p, degenerate with the f (see fig. 7.5), and in fact strong
evidence that it does not appear in the nn channel. There is evidence of
a heavier broad p’(1600), which couples more to 4n than 2n (see
Particle Data Group 1974). This could be the daughter of the g(1680),
which suggests that perhaps only the odd daughters of the p trajectory
occur.

Many more baryon resonances are known, but fig. 5.6 shows that it is
not a simple matter to fit them into daughter sequences. In any case
high-mass, low-spin resonances are expected to be wide because of
the large number of decay channels available to them, so the narrow
resonance approximation will probably be poor at the daughter level,
and it seems more plausible to regard the daughter sequences of the
Veneziano model as simply a J-function approximation to the channel
discontinuities. In the next chapter we shall show why absorption is
expected to be much stronger for low partial waves than higher ones,
and it seems likely that pole dominance works best for the peripheral
partial waves, J = (y/s) R. Of course with linear trajectories there will
be resonances in the super-peripheral partial waves up to J,, & a’s
so pole dominance may in fact be satisfactory for a’s 2 J 2 (y/s) R,
but in the Veneziano model the resonances with J > (,/s)R have
rather small widths, and those withJ = (y/s) R dominate (see fig. 7.15).
(This must be so because the Veneziano model reproduces the observed
peripheral forward peak.)

Despite these limitations the Veneziano model has had one addi-
tional and rather surprising success, in predicting amplitude zeros.
The I'-function in the denominator of (7.4.15) means that V(s,t) has
a zero along the line

a(s)+a(t) = p (7.6.2)
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F1a. 7.15 The resonances of the Veneziano model and the
peripheral region (shaded).

where p = an integer > n. With parallel linear trajectories (7.6.2)
implies

B+al+a'(s+t)=p (7.6.3)
04 40
or, from (1.7.21), u= a—s%g + 2 = constant (7.6.4)

So zeros of the amplitude are predicted along lines of constant u.

The occurrence of these zeros in the unphysical region s, £ > 0 is of
course necessary to prevent double poles (see fig. 7.4), but the zeros
are also predicted to continue into the physical region. Of course if the
other terms V(s,u), V(t,u) are added these zeros may be removed,
but in a process such as K—p—K?°n, for which the % channel is exotic
so only V(s,t) occurs, dips may be expected at fixed u, spaced by
a1 x 1GeV?2. These dips should occur despite the fact that there are
no u-channel poles, because they stem from a cancellation between
the s-channel A, X° poles and the #-channel p, o, f, A, poles. Fixed
zeros are in fact found at v = — 0.1, —0.7 and — 1.7 GeV? (Odorico
1971). This is not exactly where the Veneziano model would predict
them, but in view of its approximate nature some displacement is to
be expected.

Odorico (1972) has shown that such fixed zeros are quite a general
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feature of scattering amplitudes. Since the addition of any sort of
correction term will move a zero (unlike a pole) it is very remarkable
that this feature of the Veneziano model should be observable,
particularly in view of its various other deficiencies.

7.7 Conclusions

From the preceding discussion it will be evident that the status of the
duality concept is still rather uncertain.

On the one hand it seems remarkable that it is possible even to
construct a reasonably self-consistent model like (7.4.4) which satisfies
so many of the duality requirements, and contains so many successful
predictions. In fact when the model is made more ‘physical’ by
including finite widths for the resonances, SU(3) breaking for the
trajectory intercepts, and the P contribution is added, it bears quite
a strong resemblance to the real world, and provides a plausible
explanation for such facts as the absence of exotic resonances, ideal
mixing, parallel linear exchange-degenerate trajectories, and &'~ = s,.
But unfortunately this physical model is not self-consistent because
of the ancestor problem, the occurrence of exotics in BB channels,
etc., and it does not agree quantitatively with experiment.

This could be because duality is only approximately valid. Alterna-
tively, it might be an exact principle, all our difficulties stemming
from the failure to incorporate unitarity, and especially Regge cuts,
properly. But there do not seem to be any very compelling arguments
in favour of duality as a basic law of strong interactions. All the very
tight restrictions of dual models which give them predictive power
come from the adoption of meromorphic scattering amplitudes (see
for example Oehme 1970) (i.e. amplitudes containing only poles, no
cuts), and once cuts are permitted it is not even clear how to formulate
the duality idea.

One suggestion has been that one can regard the Veneziano model
as a sort of ‘Born approximation’ for strong interactions, which
should be iterated in the unitarity equations (as in section 3.5) to
produce the physical S-matrix. In this case loop diagrams like
fig. 1.11(b) will occur corresponding to the re-normalization of the
masses, and couplings of the resonances. We shall examine some of
these ideas briefly in chapters 9 and 11. So far they still seem to suffer
from the usual ambiguities concerning the convergence of the Born
series and double counting of terms, though such problems may
eventually be overcome.
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There is, however, one further very important feature of the Vene-
ziano model which we shall look at in chapter 9. It is comparatively
easy to generalize to many-particle scattering amplitudes, and pro-
vides a parameterization of the amplitudes which exhibits both
resonance dominance at low energies and Regge asymptotic be-
haviour, with factorizable couplings for all the trajectories, in all the
different channels. This has greatly facilitated the application of
Regge theory to many particle processes. So, even if the duality idea
should turn out not to be a fundamental principle of strong interaction
dynamics, dual models will still have their uses, both as a mnemonic
for many of the basic facts of two-body processes, and as a simplifying
model for more complex ones.



8
Regge cuts

8.1 Introduction

In section 4.8 we demonstrated that the occurrence of Gribov-
Pomeranchuk fixed poles at wrong-signature nonsense points,
generated by the third double spectral function, p,,, requires that
there be cuts in the {-channel angular-momentum plane. Otherwise
it is impossible to satisfy {-channel unitarity. We have also found in
section 6.8 that, despite the many successes of Regge pole phenomeno-
logy, there are some features of the data that poles alone cannot
explain. These are mainly failures of factorization, and it seems natural
to try an invoke Regge cuts, which correspond to the exchange of
two or more Reggeons and so are not expected to factorize, to make
good these defects.

Unfortunately we still have a much less complete understanding of
the properties of Regge cuts than of the properties of poles. On the
phenomenological side, this is mainly because it is difficult to be sure
whether cuts or poles are responsible for what is observed, since the
main tests, log s behaviour (see (8.5.12) below) and lack of factoriza-
tion, are hard to apply. Though cuts do not have to factorize some
models suggest that they do, at least approximately. We shall review
some of these problems in section 8.7.

Also the various theoretical models which have been used to gain
insight into the behaviour of Regge poles (discussed in chapter 3) are
harder to apply to cuts. For example in potential scattering, which has
only elastic unitarity and no third double spectral function, there are
no Regge cutsif the potentials are well behaved. Though if the potential
is singular, say

V. =
U(r) = ;29+V(r) (8.1.1)
where ¥ (r)isregular asr — 0, the radial Schroedinger equation becomes
d2g(r) W+1)+V, =
‘_d;f2—+|:k2————;2—-9—V(7’) ¢l(7')=0 (8.1.2)
which has the same form as (3.3.3) if / is replaced by L, where

L(L+1)=ll+1)+V, (8.1.3)
[ 242 ]
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s0 the solutions will be meromorphicin L. But a poleat L = a gives, on
inverting (8.1.3), branch points in the [ plane at

1= 3{—1+[1— 4V, +dafe+ 1)} (8.1.4)

so the singular part of the potential produces cuts in the ! plane. But
there is no reason to suppose that similar cuts will occur in strong
interactions, because they do not seem to be related to multi-Reggeon
exchange.

Instead it is necessary to rely mainly on Feynman-diagram models
to deduce the properties of Regge cuts. But, as we shall find in the
next section, there are difficulties associated with the many-to-one
correspondence between Feynman diagrams and unitarity diagrams
and the convergence of the perturbation series, which limit the
applicability of these models in strong interactions. Gribov (1968) has
developed an ingenious scheme for inserting Regge poles themselves
into Feynman diagrams, giving a ‘Reggeon calculus’ from which one
can deduce the discontinuities across J-plane cuts, analogous to the
unitarity diagram approach to s-plane discontinuities. This calculus,
to be discussed in section 8.3, has allowed considerable progress
though the theory is still incomplete.

We shall also examine some popular approximation methods for
calculating cut contributions, in particular the absorption and eikonal
models, before going on to examine the phenomenological application
of these ideas in the final section. Much of the discussion is rather
technical and the reader is advised to skip the more difficult parts at
the first reading. If he is mainly interested in phenomenology he could
go straight to section 8.7 and refer back as necessary.

8.2 Regge cuts and Feynman diagrams*

We found in section 3.4 that a single Regge pole exchange corresponds
to the set of ladder Feynman diagrams like fig. 8.1, where we sum over
all possible numbers of rungs as in (3.4.12). Regge cuts arise from the
exchange of two (or more) Reggeons, and so the simplest type of
diagram which might be expected to produce a Regge cut is fig. 8.2.
This is a planar diagram, and the rules for obtaining the asymptotic
behaviour of such diagrams are comparatively simple, because they
depend only on the ‘end-point’ contributions (see section 3.4).

The asymptotic power behaviour of a ladder diagram as

* This section may be omitted at first reading.

9 CIT
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F2% - 73
n
Dz P~ P 2
F16. 8.1 Aladder Feynman F1c. 8.2 A two-ladder diagram
diagram which contributes to which might be expected to pro-
a t-channel Regge pole. duce a Regge cut.

8 = (P, +P,)2—>00, t = (p,— ps)? fixed, is s~ (from (3.4.11)), indepen-
dent of the number of rungs because just one propagator is needed to
cross the diagram; and the leading s behaviour is s~ (log s)*~! because
there are n different independent paths by which one might cross
the diagram. This result can be generalized for (most) planar dia-
grams as follows (Eden et al. (1966) p. 138).

We look for paths through the graph (i.e. connected sets of internal
lines) which if short-circuited split the graph into two parts which have
only a single vertex and no lines in common, p, and p; being coupled
to one side, and p, and p, to the other (assuming we are considering
s—o0, t fixed). The three different ways of doing this for fig. 8.3 (a) are
shown in figs. 8.3 (), (¢), (d). We select those paths which are of the
minimum length, i.e. those which involve short-circuiting the smallest
number of lines. Thus figs. 8.3(c) and (d) are included because they
short-circuit only two lines, but fig. 8.3 () which involves three lines
is excluded. These paths of minimum length are called ‘d-lines’. The
rule is that the asymptotic power of s for a diagram whose d-lines are
of length m is s~™. So fig. 8.3 (a) with d-lines of length 2 behaves like
~ s7%, while the ladder fig. 8.1, with d-lines of length 1, ~ s~1.

If there are n such d-lines (all of the same minimum length m) for
a given diagram, then the asymptotic behaviour will be

~ s ™(logs)y™ 1, m,n > 1 (8.2.1)

Thus since fig. 8.3 (a) has 2 d-lines its behaviour is ~ s—2logs. This
rule obviously also works for ladder diagrams to give (3.4.11). Some
graphs, involving ‘singular configurations’, are exceptions to these
rules (see Eden ef al. p. 141) but we shall not need to consider them
here.

If we apply (8.2.1) to the two-ladder graph (fig. 8.2) we see that its
d-lines are the two paths across the top and bottom of the diagram,
each of length 3, and so m = 3, » = 2. Thus all diagrams like fig. 8.2
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P - Dy

(@ o) ©

{d)

F1c. 8.3 (a) A Feynman diagram; and (b), (¢) and (d) the three
ways of short-circuiting it, as described. in the text.

behave like s—2logs independent of the number of rungs in the two
ladders. So the sum of all such diagrams, with all possible numbers of
rungs, may be expected also to have this behaviour (provided the
sum converges), and so to give rise to a fixed singularity at I = — 3 (see
(2.7.4)), not a moving Regge cut.

Regge behaviour stems from summing over all powers of logs in
(3.4.12), and it is the fact that only the first power of log s occurs in
the leading asymptotic behaviour of all the diagrams like fig. 8.2
which prevents Reggeization. If we sum sets of such diagrams, like
fig. 8.4, the sum would give us a Regge pole like (3.4.12) but with
o(c0) = — 3. The small ladders simply give re-normalizations of the
basic ladder diagram fig. 8.1. This shows why planar diagrams, whose
asymptotic behaviour comes just from end-point singularities, con-
tribute only to the Regge poles, not to the cuts.

However, if we take the discontinuity of fig. 8.2 across the two-
particle intermediate state, as shown in fig. 8.5(a), the two-body
unitarity condition (1.5.7) gives the two particle discontinuity

2 (A —A7) = A,{A(s,0) = 5 fA (5,6,) A2%(s, 1) A2,

(8.2.2)

where d.£2, is the element of solid angle in the intermediate state (see
fig. 2.1) and A(s,t,) and A%(s,t,) are the ladder amplitudes shown in
the figure. If this equation is decomposed into s-channel partial waves
we get (see (2.2.7))

224

A{A(e)} = P2 43 (5) 430 (82

9-2
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F1c. 8.4 A ‘ladder of ladders’ diagram which contributes to the
re-normalization of the simple 4-rung ladder diagram.
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F16. 8.5 (a) Fig. 8.2 cut across the two-body intermediate state;
(b) a cut across a three-body state; (c) a similar cut.

1
where Al(s) = gé—ﬂf A, b)) B(z,) dzy, 2, = z,(s,ty) (8.2.4)
—1

etc., and so on summing the partial—wave series (2.2.2),

2{Ast}—167rz‘,(2l+1 ) 4{Ay(8)}

2S
= 1673 (20 +1) B(z,) 432ﬂf Al(s,t,) B(z,) dz,

1 1
b :—)’2—7-Tf_1 A%*(s,1,) B(2,) dz, (8.2.5)
But (Goldberger and Watson (1964) p. 595; Henyey et al. (1969))

2 (214 1) B(z,) B(z1) Blz,) = ~—7* (8.2.6)
! [

where A=1-22—22—22+2222, (8.2.7)

and 6(4) is the step function

0(4) =0, A<0; 6d)=1, A>0 (8.2.8)



REGGE CUTS AND FEYNMAN DIAGRAMS 247

and so
AfA(s, 1)} = dz f dzy A1(s, t,) A2* (s, )ﬂA—)
2 ’ 16772«/ 1 2 1 2 A*
(8.2.9)
Then for large s and small ¢, from (1.7.22),
z1z1+2?tl, z2z1+2?tz, zsz1+% (8.2.10)
80 (8.2.9) becomes
A A(s t)}~Lf° dt fo dt, (s, 1,) A2¥(s, 1,) — =N
DI Temts ) _ e 1) 20T VX by, b))t
(8.2.11)
where At by, b,) = 82 82+ 13 — 2(th, + thy+ by 1) (8.2.12)

(see (1.7.11)). The result, from (1.5.3)—(1.5.7) and (8.2.2)—(8.2.11), that
for 8 >0, t small,

dq
f o 271 8((py + 9)% — m?) 27 8((py — )2 — m?)

(2m)
d2q R —A)
8ﬂ2| | f f dt, dt2 S G219

will frequently be of use for phase-space 1ntegratlons in the high
energy limit.

So if, for example, we represent each ladder sum by a linear Regge
pole amplitude Ai(s, 1) ~ 55O = glaid+aitilons (8.2.14)

since it is found that (O’Donovan 1969)

1] 1] 0( —_ /\) e[blbz/(bl'*‘ba)]t
(byt;+bats) —
f_wdtlf_wdtze ittt P = (82.19)

(8.2.11) gives, for logs— oo,
§{o O+ aa®—DHa, g Ny +ap NE

~ 2.1
A{A(s, 1)} @ T2 Togs (8.2.16)
which corresponds to a Regge cut at
et (A 1
ag(t) =od+af—1+ (a1+a;)t (8.2.17)

with a finite discontinuity at the branch point (see (2.7.4)). As long as
the trajectories «,(f;) are monotonically increasing functions of ¢; in
~o0 < t; < 0, the leading behaviour of (8.2.11) will come from the
region A == 0, which from (8.2.12) implies (since £,?,, < 0)

V=t ==t~ (8.2.18)
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so more generally a.(t) = max {o,(t;) +ay(t;) — 1} (8.2.19)

subject to (8.2.18). The reader can easily check that (8.2.19) gives
(8.2.17) for linear trajectories.

This argument mistakenly led Amati, Fubini and Stanghellini (1962)
to suppose that fig. 8.2 would give rise to a Regge cut (now called an
AFS cut). However, we know that the asymptotic behaviour of the
diagram is actually s—3log s not (8.2.16), so this Regge cut behaviour
of the two-particle discontinuity must be cancelled by the other
discontinuities of fig. 8.2, such as fig. 8.5(b) (Mandelstam 1963). This
cancellation has been demonstrated nicely by Halliday and Sachrajda

1973).
( Thg discontinuity across the two-particle cut fig. 8.5(a) may be
written

A4} = f f Vo, 89 (o1 5(g2 —m?) (27) S(g3— m?)

(2mm)* (2m)2
X (2m)20%(q1 + 42— P — Do) A, A7 (8.2.20)
As usual 8= (P1+p)% t=(D1—p:s)?=¢" (8.2.21)
and we introduce the four-vectors
’ m? ’ m2
Pr=P1— Py P2=D2— ?Pl (8.2.22)

which have the property that (using (1.7.4))

1 1 1 17 17
P = pt=040 (8_2) and 2p).p, =s (8.2.23)

Then introducing Sudakov variables «,, §; and q;, for each four-vector
g; (see Halliday and Saunders 1968)

q; = aipi'i'ﬂipé"' g, =12 (8.2.24)
where ¢, is a two-vector perpendicular to the plane containing p;

and p;, and «; and f; give the components of ¢; in the directions of
p; and py, respectively. Thus we have

d?q; (g3 —m3) = }|s| do; dB; d*q;, 8o B8~ p3)  (8.2.25)

where =m24q3 (8.2.26)
2

and 04p1+ Py — 2q;) = (2o, — 1) 6(2f; — 1) 0(2q;,) Ta] (8.2.27)

and so
1 dee; d Sy
20,28,

44{4

8oy +ay—1)8(8,+f.—1) 4,47
x d?q,, d*q,, 8(q., + q2,) (8.2.28)
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The momentum transfer down the left-hand ladder is

b= P> (-1 fis— gL (8.2.29)

which must remain finite as s—o0 if we are to remain in the Regge
regime, so as 8 — o0 we are interested in the integration region 8, ~ 1/s,
a, ~ constant, and so from the & functions in (8.2.28) we must have
Po~1,a,~1[s,a; ~ 1. S0as s>

1
Afd} = o f A, A* d2q,, (8.2.30)

Then if we insert (3.4.11) for the asymptotic behaviour of the ladder
diagrams we get
_ g4 (logs m+n -2 m—l el 12
{A} 1671.283( 1) K K( ) d qlJ_

(8.2.31)

which is just the result needed to obtain (8.2.16) after summation
over all numbers of rungs.

But if we consider the discontinuity of fig. 8.5(b), the left-hand
side has

g
L _
At =

and the right-hand side has one rung subtracted so

g9
and it is found after integration over ¢,, ¢; and ¢, that

__ 7 (log sy im2 —
Aofd} = - 167253 (m 4+ n—2)! (m—1)! (n—2)! fK(tl) Rt g,
(8.2.32)

Then adding fig. 8.5 (c) which is the same with m & n we get an exact
cancellation of the leading behaviour of fig. 8.5(a), i.e. (8.2.31).
Similarly there is a cancellation among the leading behaviours of all
the other possible unitary dissections of fig. 8.2, and so no Regge cut
actually appears. (In fact the AFS cut occurs on the unphysical sheet
reached through the two-body cut in s.)

The above is a very good example of the dangers which lurk in the
many-to-one correspondence between Feynman and unitarity
diagrams.

To obtain a Regge cut we must look at non-planar diagrams in



250 REGGE CUTS

2y

m

(@)

(d) (e)

Fig. 8.6 (a) Mandelstam’s double-cross diagram. (b) The most elementary
form of (@) with the Feynman parameters. (¢) The box diagram which does not
have a ‘pinch’ asymptotic behaviour. (d) The cross diagram. (e) The cross
diagram in particle-Reggeon scattering.

which the leading behaviour comes from the pinching of singularities
(Eden et al. p. 158). The simplest such diagram is Mandelstam’s
‘double-cross’ diagram, fig. 8.6(a), of which the simplest form is
fig. 8.6(b). This has 6 d-lines each of length 2 and so the end-point
behaviour is ~ s~2(log s)®. However we have seen that the cross is the
simplest diagram which can produce a Gribov-Pomeranchuk fixed
pole at I = —1in the t-channel angular-momentum plane (see (2.8.7)),
so0 it should have an ~ s~! behaviour.
The coefficient of s in the Feynman denominator of (3.4.4) is

(g ag—gary) (g 03 —ahaty) = 2,2,  (saY) (8.2.33)

and when we integrate over the o’s (0— 1) there will be points where
both brackets z; and x, vanish. In this region the integral takes the
form

e (Pdw L 1 [@18:8+d) (blbzs+d)]
f “ : o (21258 +d)° T« ? [(a1b23+d) (aby8+4d)

a, a

(8.2.34)

Now as s tends to oo the argument of the log tends to 1, sand aslog1 = 0
we get the expected s~2 behaviour, but only if all a;, b, > 0 or all
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a;,b; < 0. If say a,,a, < 0 and b,,b, > 0 then as s tends to oo the
nurmerator in the log tends to co +ie while the denominator tends to
oo —ie, so the log tends to 271 giving instead (8.2.34) ~ —2mi(sd)1.
So the vanishing of the brackets in (8.2.33) gives a pinch asymptotic
behaviour which is different from that of the end-point singularities.
In the box diagram fig. 8.6(c) «, and =, are replaced by «; and «a,
respectively which vanish only at the end-points.

If we now return to fig. 8.6 (@) the leading singularity comes from the
pinch singularities of the crosses, together with the end-point singu-
larities of the ladders, (3.4.11), and the asymptotic behaviour is found
to be

0 [t [, Ll O Kl K Gog e
16 2] 1) At 1y, 85))2 (m—1)(n—1)!s®

(8.2.35)

where K(t) is the box diagram function (3.4.9), and ¥ is the Feynman
integral of the cross diagram fig. 8.6 (d) in the pinch configuration, i.e.

. (L — 1) 8(aq 05— oty ty)
N = fo do; ... de, Attt ) (8.2.36)

d being its Feynman denominator. N appears squared because
fig. 8.6 (@) contains two identical crosses. Then if we sum (8.2.35) over
all possible numbers of rungs in the ladders we get

”p%zm A) oty atty—1
w2f%j& K e e23

=—1+KU

which agrees with AFS result (8.2.19) for the position of the cut, and
gives (8.2.17) if the trajectories are linear.

So the Mandelstam diagram, fig. 8.6 (a), produces a branch point
whose location in the [ plane is identical to that of the AFS cut,
fig. 8.5(a). But (8.2.37) differs from (8.2.11) not only through the
occurrence of N2, but because (8.2.11) involves A} where as (8.2.35)
does not. (Equation (8.2.11) has been divided by 2i because we have
taken the discontinuity.) And whereas the AFS cut occurs only on
unphysical sheets, the Mandelstam cut is present on the physical
sheet and so contributes to the asymptotic behaviour.

Another way of seeing why the non-planar structure is necessary is
to note that we can write

N, t,t,) = f_ ds; A (s, 8,8, 85) (8.2.38)
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—— —— — — —

—— ——

(a) @©

FiG. 8.7 (a) Integration contour along the real s, axis.
(b) Deformed contour round the positive s, cuts.

where 4,(sy,,t;,¢,) is the Reggeon-particle scattering amplitude for
the cross (fig. 8.6 (¢)), and s, = (p, —q,)?% the integration contour being
as in fig. 8.7(a). Since 4, ~ s~ we can close the contour at infinity
as in fig. 8.7 (b) and obtain

Nt b, t) = 2i f ® Im{d,(s,,t, by, 1)} ds, (8.2.39)
4m?

which is just the residue of the Gribov—Pomeranchuk fixed pole in 4,,
i.e.in (4.8.4) at J, = —1, A = A’ = 0. However, if the amplitude did
not have the cross-structure, and hence only had singularities for
positive s;, we should be able to close the contour in the upper half-
plane, and so find N = 0, which is what happens in the AFS case.
The contribution of the pole at ¢% = s = m? in fig. 8.5(a) is cancelled
by the right-hand cut due to the singularities of the vertex function
coupling this particle to the Reggeon, the simplest contributions to
which are the lines g5 and ¢, in fig. 8.5 (b) —see Rothe (1967), Landshoff
and Polkinghorne (1971).

A rather more physical understanding of this result can be obtained
by considering scattering of composite particles, say deuterons. In
d—d scattering, in addition to the single exchange diagram fig. 8.8 (a),
there are various double scattering diagrams, figs. 8.8(b), (c). Of these
fig. 8.8 (b) becomes very improbable at high energies because it requires
a given pair of nucleons to scatter off each other twice, despite the fact
that they are passing each other very rapidly. On the other hand
fig. 8.8(c), which involves each nucleon in only a single scattering,
can perfectly well occur even at very high energies. So the planar
diagram (b) dies away at high energies, but (c), which depends in an
essential way on the deuterons being composite, remains. Obviously (c)
has the same structure as the Mandelstam diagram, fig. 8.6 (z). (The
connection between Regge cuts and Glauber’s multiple scattering
theory is complicated, however; see Glauber (1959), Abers et al. (1966),
Harrington (1970).)
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X O OO

(a) ) )

Fia. 8.8 Deuteron—deuteron scattering. (a) Single interaction between one
pair of nucleons. (b) Double interaction between a pair of nucleons. (¢} Double
interaction between different pairs of nucleons.

Fi1a. 8.9 A three-Reggeon cut diagram.

A three-ladder diagram, with non-planar couplings between each
as in fig. 8.9, gives rise to a three-Reggeon cut, and so on.

The above discussion should be sufficient to demonstrate that cuts
are much more difficult to deal with than poles because, quite apart
from the technical difficulties (which we have skated over in this brief
account), to calculate the magnitude of the cut contribution one has
to make use of the off-mass-shell properties of the Feynman integrals,
and not just the discontinuities of the integrals for which the particles
are on the mass shell. Hence we are left with the function N(t,¢,,¢,)
which is known only as a Feynman integral, not as a physical quantity.

A somewhat more systematic way of analysing these problems has
been invented by Gribov: the Reggeon calculus.

8.3 The Reggeon calculus*

The Reggeon calculus (Gribov 1968) uses Feynman integrals for the
couplings of the Reggeons, but replaces the ladders directly by Regge
poles. The plausibility of doing this depends on results such as (8.2.37).

Thus the Mandelstam diagram fig. 8.5 is replaced directly by
fig. 8.10 where R, and R, are Regge poles. There are then just three
closed loops, two corresponding to the crosses, plus the loop including

* This section may be omitted at first reading.
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" Pe—ky
Pa Py

FiG. 8.10 Two-Reggeon cut diagram. g, = g—¢;, ¢ = p; —Ps-

the Reggeons, so the Feynman rules give

A°(s,t) ig4f dig, Ak, d'k, A™(gy, ki ky) A™G— g, p1— Ry, py—Ks)

T 2 ) @m)i(2m)i(2n) 8
@)t @t (@) Ly
m=1
(8.3.1)
where the d’s are the Feynman propagators
dy=ki—m?+ie
) } (8.3.2)
dy = (p,—k,)2—m? +ie, ete.
If we introduce Sudakov variables like (8.2.24)
= ap;+ 1+
51 le By , q1, }, i=1,2 (8.3.3)
ki = a;py+Bip1+ Ry
the denominators become
dy = oy fi8—pd+ie
1= fy8—pi . } (8.3.4)
dy = (o —m?[s) (B, — 1) s —pd+ie, ete.
where Ui =m2+ k%,
and the integration volumes become
d4q, = }|s|dadpd?q,, ete. (8.3.5)

Since A%s(q,, k4, k,) is a Regge pole amplitude we require that it should
vanish if the momentum transfer becomes large, ¢2 > m?, and the
‘masses’ coupled to it, k%, k2, should also be ¥ m2 But its energy
variable $; = (k; + k,)? =~ 2k, ky = B, 045 is large, so that the dominant
region of integration in (8.3.1) is

2
m
QLR LR <m?y o« B0, ~ ?§ Brog~1
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Then with a factorized form for the Reggeon

AP(gy, ey, ko) = (g} K, (41~ K1)?)

X (G K, (91 + K2)?) £ yiq,2)(2Ky p) (@D (8.3.6)

where «,(q%) is the Regge trajectory (not to be confused with the
Sudakov variable «, in (8.3.3) 1), and

e-imrn@? 4 &P,

S ()] (83.7)

Earlg) =

is the signature factor, and with a similar expression for A2, we end
up with

104 2
Ac(s ) f— _l_g__. g&- _N2 (q q )sal(qlz)“z(fhz)g ( 2)g (@a2)
s 2|SI (277)2 gy 1L 21(¢;°) Sa,iqy

(8.3.8)

N, - J‘d;klé dﬁldalda.s?y?(lfl)a,(qlz)(1_ fy)2a® (8.3.9)
(&) i d,
m=1

where

is the Feynman integral over the upper cross, and is the same as
(8.2.36) except for the incorporation of y2, and the occurrence of the
Sudakov parameters raised to the power a(g?), due to the spins of the
Reggeons.

The result (8.3.8) obviously agrees with (8.2.37) except that we have
now included the signature factors of the Reggeons properly (re-
membering (8.2.13)). The two-dimensional nature of the remaining
integration agrees with the results (3.4.9) and (8.2.13), and stems from
the fact that after partial-wave projection (over two angles) only
two of the four space-time dimensions remain to be integrated over.
It is evident that the signature of this cut is just the product of the
signatures of the two poles, i.e.

& =Y, (8.3.10)

This is because |s| appears in the denominator, so that under s—>—s
A¢ transforms like the product of the poles. The four terms obtained
from multiplying the two signature factors are shown in fig. 8.11.

To examine the J-plane structure we take the Mellin transform
(2.10.3),

AL t) = ;T f 0°° Dy(s, t)s~7-1ds (8.3.11)
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Fig. 8.11 The set of four diagrams, including crossed terms s & u, obtained
from the product of the signature factors in (8.3.8).

with the s—discontinuity of (8.3.8),

s 2|3| fd qll alaz (9, 911) sa@®+4@’) Re {gal gae}
(8.3.12)
where from (8.3.7)

Re{£, £,,} = cos [7—2r (a1+oc2+ by 1—_2——'91)] (8.3.13)

i=1,2
dquJ_ “1412 (q’ qlJ_ Re {gal gda}
2m)? J+1—ay(q}) —oa(q})

4
and obtain 4 ;(¢) = %— (8.3.14)
which exhibits the cut at

J = max {a,(¢}) + a,((9—¢,)%) — 1}

= max {o;(— qf,) +ag(— (g~ qu)?) -1} (8.3.15)
corresponding to (8.2.19).
The discontinuity across this two-Reggeon cut is

Dy, = A, (As00 = ig* (ST N (4 g,
4 2 (27T)2 ajag V19 411

x Re{t,, £, 0(J +1—0u(q]) —ax(g)) (8.3.16)
which may be rewritten
i

A5{4,;@)} = (—1)sin [ (
a2 a2
ot [t g+ 4= )
x8J+1—a(—qd)—ax(—q3,)) N a‘a’ (8.8.17)




THE REGGEON CALCULUS 257

F16.8.12 Some multi- F1a. 8.13 Discontinuity across the
Reggeon cuts. three-Reggeon cut. Each Reggeon
has momentum gq;, and ‘energy’

By =1-a,(-q}).

Similarly for higher order cuts such as fig. 8.12 the discontinuity is

A;{4,0)} = (- 1)"tsin [g (J_ ; 1 _23:)] igen

dquJ_ dzan_ 2 82
@ (—27‘;)2—(27') gy + - + 90— 4,)

x8(J +n—1-Ta(~qi,) N2, ., (8.3.18)

This equation can be regarded as the discontinuity across the Feynman
graph like fig. 8.13, in which each Reggeon is regarded as a quasi-
particle in a two-dimensional space, with momentum gq,, and ‘energy’
E; =1—a,—q%,), the ‘energy’ and momentum being conserved at
each vertex, since the J-functions in (8.3.18) then correspond to those
of the Cutkosky rules (1.5.11). The ‘phase space’ is

I dzqi;_ (2m)? 6\(un__ q,) 2778(ZEi -B)= dod (8.3.19)

i (2m)
where ¥ = 1—J, and (8.3.18) can be rewritten as
45,450} = (= y-tsin 7 (1-B- £ 2571) [ ig [a0d 0%,
i

(8.3.20)

The next step is to try and generalize the above prescription so that
the N’s instead of being just Feynman integrals, can themselves
contain Reggeon amplitudes. Thus N may be expected to contain
Regge poles and cuts like fig. 8.14. This is more complicated, however,
because it is necessary to be clear about which side of their branch
cuts the N’s in the above formulae are to be evaluated. To determine
this it is necessary to regard the Reggeons as two-body states (at
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(a) ®
FiG. 8.14 (a) Pole and (b) cut contributions to the N’s in fig. 8.12(a).

least), and so the two-Reggeon cut involves four-body unitarity in
the ¢ channel.

It turns out (Gribov, Pomeranchuk and Ter-Martirosyan 1965,
White 1972, 1974) that the results are almost exactly analogous to the
discontinuity formulae for s-plane singularities, and we can write, for
example (cf. (1.3.16)),

:GX - I_\)—_— i} M (8.3.21)

45450} = (= )sin | (7= 5757 | [APIN (1) N )

(8.3.22)

or

where J, =J +i¢ are evaluated above/below the cuts in N. This
generalization looks rather obvious, but in fact a great deal of care
is needed to ensure that the correct discontinuities have been taken,
particularly keeping in mind the signature properties of the Reggeons.

This similarity between the unitarity equations in the s plane and
the J plane, with the Cutkosky-like rule (8.3.22) has led various
authors to try and construct a Reggeon field theory in a space with
two spacelike and one timelike dimension (Gribov and Migdal 1968,
1969, Cardy and White 1973, 1974, Migdal, Polyakov and Ter-
Martirosyan 1974, Abarbanel and Bronzan 1974a,b). For linear

trajectories a(—-K2) = o — a’K?

the Regge pole becomes

1 1
J—aéE—a'K2+(1—a°)

(8.3.23)

reminiscent of the propagator of a non-relativistic particle of mass
m = (2a’)7? (cf. (1.13.25)), and with an ‘energy gap’ 1-c,, i.e. the
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velocity is v = [4a’(E —1+a®)]. So one can produce a field theory in
which the Reggeon field obeys the Schroedinger equation. There are
the usual problems of re-normalization (see fig. 8.14) and convergence,
compounded by a fundamental uncertainty as to whether it makes
sense to replace ladders by bare Reggeons and then re-normalize them.
For example the presence of a pole or cut above J = —1 in N means
that A(sy,?,¢,2,) in (8.2.38) ~ s¥® or ~ % and so the integral
defining N will not converge without re-normalization. What is worse,
for the P with a® = 1 there is no energy gap, so the P is analogous to
a massless particle in conventional field theory, and all the singu-
larities pile up at J = 1, just like the ‘infra-red’ problem caused by the
massless photon in quantum electrodynamics. The asymptotic
behaviour of cross-sections thus depends on the solutions near the
critical point J = 1. These have been studied using re-normalization
group methods. So far only limited progress has been made with this
approach, and we shall not pursue it further (see Abarbanel et al.
(1975) for a review).

To summarize and generalize these results, we have found that the
exchange of n Reggeons R,, ..., B, gives rise to a cut branch point at
(from (8.3.18), cf. (8.2.19))

%, (t) = max ‘i aft;)—n+ 1} (8.3.24)

i=1

where the maximum value is over the allowed region of integration,
and for increasing trajectories this is bounded by (cf. (8.2.18))

S t=A (8.3.25)

We shall often refer to this as the R; ® R, ® ... ® R, Regge cut,
where the ® implies the phase-space integration (8.3.8) or (8.3.18).
If the trajectories are identical these rules give

a, (t) = na(t/n?) —n+1 (8.3.26)

Cn
and if they are linear, a(t) = a®+a't,

& () = a'tn+n(ad—1)+1 (8.3.27)
The signature of the cut is the product of the signatures of the poles

(cf. (8.3.10)) F—1I% (8.3.28)

We remarked in the introduction that Regge cuts are necessary to
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(@) ®)

Fia. 8.15 (a) Two-Reggeon intermediate state in the ¢ channel.
(b) Reggeon—particle scattering amplitude.

ensure consistency of the Gribov—Pomeranchuk fixed poles with
t-channel unitarity, and we should check that the above branch
points can do this (see Jones and Teplitz 1967, Bronzan and Jones
1967, Schwarz 1967, Hwa 1967).

For scalar external particles the highest Gribov—-Pomeranchuk
singularity is at J = — 1 = J, say, in an even-signature amplitude. If
the Regge cut is to overlie the f-channel unitarity cut beginning at the
threshold ¢t =t} = 4m?, we obviously require that «,(ty) = J;. If the
particles constituting this threshold (fig. 8.15) lie on trajectories a(t),
we must have a(m?) = 0 for scalar particles, and substituting this in
(8.3.26) for n = 2 we get

o, (4m?) = 2a(m?) -1 = —1 (8.3.29)

so the cut branch point coincides with the fixed pole at threshold. Then
if we continue in ¢, and ¢, up the trajectories to e, &, = integers > 0,
the highest Gribov—Pomeranchuk pole in the amplitude fig. 8.15(a)
will be at J = o, + a5 — 1, since o, is the largest possible helicity for
a particle of spin «,, and the Reggeon branch point evidently remains
in the correct place to prevent conflict with unitarity. The full cut
structure is a good deal more complicated than this brief account
suggests, however, particularly for unequal mass particles—see
Schwarz (1967) and Olive and Polkinghorne (1968).

In the ¢ plane the branch point occurs at ¢ = ¢,(J) where £,(J) is

defined by ot ) = J (8.3.30)

So, from (8.3.29), t,(— 1) = 4m? As J is increased from - 1, ¢, moves
along the elastic branch cut until the first inelastic threshold ¢; is
reached, whereupon it passes through the inelastic branch cut on to
the unphysical sheet. So o, (f) has a branch point at J; where ¢,(J;) = iy,
and the cut discontinuity 4,(J,¢) has a branch point here.
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This connection between the Gribov—Pomeranchuk poles and the
cuts is of course not accidental but arises because the cuts are generated
by the fixed poles in the cross diagram N (fig. 8.6(e)) through two-
Reggeon unitarity. The way in which this works in perturbation
theory was demonstrated by Olive and Polkinghorne (1968), and
Landshoff and Polkinghorne (1969). If we write the cross as

X =
J+1
then the next-order diagram is
MAAVS _ G2(t’ J)
-—X/\NW\'—K T OJ+1

and the discontinuity of G, across the cut must contain the fixed pole,
80

. ¢
D1302 {Gz} = !—]e+—11

where p is a phase-space factor. So from these two diagrams we have,
above the cut,

(8.3.31)

but below the cut, Al = + (8.3.32)

This appears to have generated a double pole, but using the ¢-channel
unitarity equation (i.e. like (2.2.7) with AJ = A,(¢t,), A% = A(t_))
we get

Al . .

AV = 1—_#@ =AY +ip(45)2+ (ip)2 (A})2 + ... (8.3.33)

so if to all orders

G
Af = I G =G +G+ ... (8.3.34)
G G ipG?
I _ =

then AY —J+1—ipG'—J+1+(J+1)2+"' (8.8.35)

i.e. A% contains a sequence of multiple poles which sum to give a finite
value for A% as J->— 1. So the cut sequence, fig. 8.16, permits there
to be a fixed pole on the physical sheet (I) and nothing worse. Such
cuts are clearly essential if continuation in angular momentum is to
be compatible with f-channel unitarity in any theory which includes
a third double spectral function pg,.



262 REGGE CUTS

Fia. 8.16 The t-channel iteration of two-Reggeon cut.

However, if the presence of this cut discontinuity is to be compatible
with the t-channel elastic unitarity condition (8.3.33) we need (Bronzan
and Jones 1967), for ¢ > &,

A{A;0)} >0 as t—>i,J) (8.3.36)
and so Af{A4;0)}—>0 as J->o(f) (8.3.37)

i.e. the discontinuity across the Regge cut must vanish at the branch
point. This is not true of the cut (8.3.8) which, as we have seen in
(8.2.16), gives

A(s,t) ~ s%(logs)™t and so A, (f) ~log(J—e,) (8.3.38)

(from (2.7.4)). And of course the logarithm has a finite discontinuity
(= m) between one sheet and the next at J = a,. However, {-channel
unitarity requires that we include the full sequence of cuts, fig. 8.16,
and so N, ,, in (8.3.8) will contain the two-Reggeon cut (fig. 8.14(b))
and so satisfies the unitarity condition (White 1972)

or N(J+)—N(J_?, ~ inN(J, ) N(J) (8.3.39)
1 1 .
5 m—_) B mJ:cxc —
ie. Z_V_(l_J_) ~ log (J —a,)
which in (8.3.16) gives
A, 0} ~ (log (J —ep) (8.3.40)
J—ae

so the singularity is softened to an inverse logarithmic cut, not a
logarithm.
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Substituted in (2.7.8) this gives

e -t dp 0
(5,%) ,_.wj (log (J —a,))? j ? log2)? (log z)?

8% (1 dy 8%
logs) (log(logy)—log(logs))?2 logs(log(logs))?

(where we have made the successive substitutions z =J-—a,,
logy = xzlogs). Since log (log s) varies so slowly with s, this correc-
tion is of very little practical importance, but it is necessary to keep
in mind that compatibility with ¢-channel unitarity involves not
just fig. 8.15, but the infinite sum fig. 8.16. Unitarization makes even
less difference to three-and-more-Reggeon cuts since (8.3.20) gives

%) ~ (J —a,)"2log (J —a,) which forn > 2 already has a vanishing
discontinuity at the branch point, and through (2.7.4) produces the
asymptotic behaviour ~ s% (log )1,

(8.3.41)

8.4 The absorption and eikonal models

Although the Feynman-diagram models and the Reggeon calculus
have told us a good deal about the properties to be expected of Regge
cuts, they do not give the strength of the cuts relative to the poles, and
so give very little idea of how important cuts are likely to be in
practice.

Thus (8.2.37) and (8.3.8) suggest that for a two-Reggeon cut
amplitude, R; ® Ry, we should write

N L _0(=A)
A% = To7ay] H TR

X (N(2,8,,85))2 ARa(s, 8)) AB2(s,t,) (8.4.1)

where the AR are physical Regge pole amplitudes. We have absorbed
g* into the definition of the vertices N which should include all con-
tributions to p,,, and is of course unknown (but see section 10.9).
However, various models have been suggested for calculating cuts
which reproduce a structure like (8.4.1) but with a specific prescription
for N, and we review two of them here. Though neither is particu-
larly compelling both do at least have the merit of providing a simple
way of including spin-kinematics ete.
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i f v f b b I
1 5 3
S} R ~ +1 P R
2 6 4
(a) (b)
i f S

()
F1e. 8.17 Reggeized absorption model.

a. The Reggeized absorption model

This is used for inelastic reactions where quantum numbers are
exchanged. The basic idea is to use a Regge pole, R, to carry the
exchanged quantum numbers, but to include modifications caused by
elastic scattering in the initial and final states, as in fig. 8.17. Since
the elastic amplitude is predominantly imaginary the effect is to
reduce the lower partial waves, which corresponds physically to
absorption of the incoming flux into channels other than those being
considered. It is possible to use the full elastic scattering amplitude,
but it is more illuminating to represent it by its dominant Regge pole,
the Pomeron, P.

Specifically the hypothesis is that the s-channel partial waves for
the processes 1+ 2 (channel ¢) >3 + 4 (channel f) may be written in the
form (Henyey et al. 1969)

AY(s) = (SF(s)r AF(s) (8T (o))} (8.4.2)

where A¥R(s) is the s-channel partial-wave projection of the ¢-channel
Reggeon, and S%(s) is the partial-wave S-matrix for elastic scattering
in the initial state, etc. Since we shall want to sum over all the helicities
of the particles it is convenient to regard ¢ and f as helicity labels, and
(8.4.2) as a matrix product relation. Then we write the elastic S-matrix
as " . iy

Si(s) =~ 1+ 2ip(s) AFF(s) (8.4.3)
where A%P(s) is the partial-wave projection of the P exchange ampli-
tude and pi(s) = 2¢,;,5~% is the kinematical factor (2.2.9). On sub-
stituting (8.4.3), and a similar expression for 8%, into (8.4.2), and
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expanding the square-roots, we get
A(s) ~ AYR(s) +ipi(s) AFF(s) AFR(s)
+ip/(s) AYR(s) AHF(s) + ... (8.4.4)
The first term is just the Reggeon R, while the second and third terms
give cuts due to the exchange of R and P together, i.e. R ® P cuts.

The full amplitude is obtained by summing the partial-wave series
(4.4.9). So for example from the second term in (8.4.4) we get

AFSF (s,t) = ip¥(s) 16”? (2] +1) 2 AL pned () Al e (8)80,(25)
Hsfle

Bo= =g W= pig—pty (8.4.5)
Then if we make a partial-wave projection of the pole amplitudes
(dropping the channel labels for simplicity), we get
1 1
A}}?P (8’ t) Z lp(s) 16” Z (2J + 1) ( ) 327T ‘A/Il;/l:z/laﬂg (8’ Zl)
Hsfis -1
(@) dzy 327 f Al nopspa (8, 20) B (20) g, " = ps— pg
(8.4.6)
where z, and z, are the cosines of the scattering angles between the
initial and intermediate, and intermediate and final states, respec-
tively (see fig. 2.1), which satisfy (2.2.4), viz.
2, = 225+ (1 —22)} (1 —22) cos @ (8.4.7)
But (Henyey et al. 1969)

26(4
ST +1) Ay ) ) By 2) = 20

3 cos (upy +p' Gy + 1" Ps)
(8.4.8)

(cf. (8.2.6)) and in the high-energy limit (8.2.10) the ¢ dependence
may be neglected, and p(s)— 1, and so we obtain

R®P(s t) N“ 16712|s| jf de, de, Aflmﬂm(s tl)Aﬁsl,mm(s L)
L 0=
(= A, by, t))t
which is identical with (8.4.1) for spinless scattering, with
N(t,t,,t,) = 1. It also agrees with the AFS result (8.2.11) except for
the complex conjugation of the Reggeon amplitude. In fact (8.2.11)
corresponds to taking

Im {A%(s)} = pi(s) Re {A5P(s) (A R(s))*} (8.4.10)

(8.4.9)
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instead of (8.4.4). However, since the P is almost pure imaginary this
complex conjugation would give essentially the opposite sign for the
cut. The absorptive sign in (8.4.9) agrees with the Mandelstam result
(8.2.37), and the Reggeon calculus (8.3.8), rather than the AFS sign
of (8.2.11).

There are some fairly obvious defects in this approach. First,
fig. 8.17(b) is a planar diagram, and we found in section 8.2 that
planar diagrams should not give rise to cuts. The reason why we get
a similar answer is that the particle propagators across the diagram
~ 1/s, and so have the same power behaviour as the crosses of fig. 8.6,
but really fig. 8.17(b) looks more like a re-normalization of the box-
diagram contribution to the Regge pole in fig. 8.1. Secondly, if the
Reggeon is regarded as a ladder it already includes inelastic inter-
mediate states in the s channel, and so to absorb it again may involve
double counting. This is clearly related to the re-normalization prob-
lem. However, we shall find in section 8.6 that one of the main defects
of Regge poles is that they give too large a contribution to the low
partial waves, so phenomenologically some extra absorption is
certainly necessary, and probably should be provided by cuts. Also
the elastic intermediate state |5, 6) is only one of a large number of
diffractively produced states which can arise through P exchange,
and we should probably consider the sum of all diagrams like fig. 8.18.
They are sometimes included rather crudely by multiplying (8.4.9)
by an enhancement factor A > 1. Note that A must be independent
of s, otherwise the position of the cut will be moved, despite the fact
that more diffractive states open as s is increased.

We thus conclude that though the absorption idea is useful in
confirming the basie form of (8.4.1), it cannot be taken too seriously as
a quantitative model for Regge cuts.

b. The eikonal model

This is directly related to the eikonal method for high energy potential
scattering discussed in section 1.14, and it gives a way of computing the
high energy limit of sums of diagrams like fig. 8.29 corresponding to
many-Reggeon exchange (Arnold 1967). In fact, however, the nature
of the exchange is not very important so we begin by considering the
exchange of scalar particles rather than Reggeons (see Levy and
Sucher 1969, Abarbanel and Itzykson 1969, Chang and Yan 1970,
Tiktopoulos and Trieman 1971, Cardy 1971).



ABSORPTION AND EIKONAL MODELS 267

.

Fic. 8.18 Diffractively produced intermediate states in the
absorption model giving additional terms in (8.8.4).

[ 3 J0Rod
o) e} () (©)

{a)

Fic. 8.19 A sequence of multi-Reggeon exchange diagrams.

(po—ky) (pr—hi—ky)
P

Ps

Y

P, —P

Y

Py
(pat+ky) (pyt+hy+k;)

Fia. 8.20 A crossed-rung ladder.

A typical n-rung diagram is fig. 8.20, a generalized ladder in which
some of the rungs cross over each other. The Feynman rules give

n 4
A"‘(S, t) _ gzn H d ki 1

i=1 (2_774_) k2 —m?
x {{(p1—F1)? ——m2];[(p1 =k =k —m?]. (P —Fy— ... — k)2 —m?]
X [(pg+ k)2 —m?] ... [(py+Fy+ ... +k,)2—m2]}L (8.4.11)

(2m)*8%(p, — p1— 2k;)

We work in the high energy small-angle scattering approximation in
which very little momentum is given up to each of the rungs, so the
recoil of particles 1 and 2 at each successive scattering is small, in
which case we can make the replacement

(prrk)—m?=+2p, k+k ~ +2p,.k (8.4.12)

throughout. This clearly corresponds to the eikonal assumptions of
section 1.14. It is then necessary to sum over all permutations of the
ordering of the rungs arriving at particle 2 for the given ordering
k, ... k, of rungs leaving particle 1. With the approximations (8.4.12)
the symmetry of the integrand makes it possible with some effort
(see Levy and Sucher (1969) for details) to rearrange the sum over
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permutations to a remarkably simple form. The integrations can
then be performed by transforming into x space using

1 .
m = fd"xdﬂx) e“ki‘“’ (8.413)

where the Feynman propagator is

_ i . eik-az
Ay(x) = (de A (8.4.14)
and on summation it is found that
2
A™(s,t) = %fd4xe—iq'$AF(x) (ix)~1 (8.4.15)
where qd=P1—DPs
and
X == (U@, p1;p2) + U@, p1, —24) + U, — 3, 0,) + Uz, — Py, — py))
. (8.4.16)
where
- )= gt dik ik
PPy = 0 | oy B ie) (= 235 k1 16) (2, K+ 10)
(8.4.17)

Clearly in the high energy, small-angle limit p, ~ p,, p, ~ p, so x
depends only on 2p,.p, (ie. s), p;.k and p,.k. On performing the
contour integration in k contributions appear just from the vanishing
of the denominators, so putting (2p;.k+ie)~1— 27id(2p;.k) the four
terms in (8.4.16) give

X2y 2) = s [ S 820, 082 )
(8.4.18)
and integrating k in the plane of p, and p, (see fig. 1.12) this becomes
x(s,b) = Sf;sdek t_em: - (8.4.19)
We can then perform the ¢ integration as in (1.14.10) to obtain
1 0 g2
x(s,b) = %J_m A Jo(by — 1) 72— (8.4.20)

of which the inverse is (from (1.14.14))

gZ ©
= 47rsf bdbJy(by —t)x(s,b) = AB(s,f)  (8.4.21)
0

t—m?2
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which from (8.4.13) = g“’jd“xdn‘(x) e—lg-z (8.4.22)
in the high energy, small-angle approximation. So (8.4.15) gives
An(s,t) = %”,ﬁ f " bdbJyby —t) x(s,b) (ix(s, b)*  (8.4.23)
Jo

and on summing over all possible numbers of rungs we get

eix(s, b) 1

As,t) = 3 A™(s,t) = 8ms f “ bdb Iy —1) -
0

n=1

(8.4.24)

The first term of this series (n = 1) is just (8.4.21), the single-particle-

exchange Born approximation. The second term is the sum of all the
two-particle exchange graphs

© 1v2
A(s,t) = 4ms f bdb J(by —1) 12‘2— (8.4.25)
0
which when we substitute (8.4.20) gives
® 1
2 — 1 —
A(s,t) = 2msi f T bab by~ g

0 0
X j de, Jo(by — 1) AB(s, tl)j Aty Jo (b —t5) AB(s, 1,)
- ” (8.4.26)
But (Heneyey et al. 1969, Erdelyi et al. (1953) vol. 2)

) 2 a(—N
f , DABTY 1) Joby ~ ) Jo(by ~ 1) = 2 iy

(8.4.27)
(cf. (8.2.6) and (8.4.8)) so
0(—A)
( - /\(t, tl’ tz))’"
(8.4.28)

1 0
A¥(s,t) = T;z; f f |t dt, 45(s,6) A%(s, 1)

This would agree with (8.4.1), with N = 1, if we were to take Regge
poles instead of (8.4.21) as the Born approximation, which shows that
the precise form of the exchange does not really matter provided the
approximation (8.4.12) remains valid. In fact it can be shown (Tikto-
poulos and Trieman 1970) that if the particle exchanges in fig. 8.20
are replaced by ladders, the leading diagrams are those in which the
couplings at the ends of the ladders cross as in fig. 8.19(c), (e), rather
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NS

Fi1a. 8.21 A diagram which violates the eikonal approximation in ¢? theory.
Only three propagators are needed to get across the diagram, but there are
four along each side.

than the planar fig. 8.19(b), (d) as one would expect from section 8.2.
So the eikonal series (8.2.24) can be regarded as the sum of the Regge
cuts due to any number of Reggeons with their couplings ‘nested’.

There must, however, be doubt about the applicability of these
results to hadronic physics. First they are not actually true in ¢2 field
theory because the approximation (8.4.12) is invalid. For example,
fig. 8.21 has a d-line of length 3 and hence ~ s73. But in the eikonal
approximation we suppress the possibility of large momenta travelling
across the diagram, because the momentum should mainly travel along
the sides, which involves 4 propagators, and hence in this approxi-
mation fig. 8.21 ~ s~ So this diagram would violate the eikonal ap-
proximation in ¢® theory. However, we have seen in chapter 6 that
experimentally momentum transfers are cut off exponentially, so in
this respect the approximate version of the field theory seems more
realistic than the theory itself. Models with elementary vector meson
exchanges have also been examined (Cheng and Wu 1969, 1970).
In this case the s-dependence of the exchanged propagators (see
(2.6.10)) ensures the validity of the eikonal approximation without
a cut-off, but it also means that the Reggeons lie above 1 for all £. We
shall discuss this further in the next section.

Fig. 8.19 includes only one set of relevant graphs. In the previous
section we mentioned the necessary for iterating the ladders in¢ as well
as ¢ (as in fig. 8.16) to be compatible with ¢-channel unitarity. There
are also more complicated diagrams like fig. 8.22 (called ‘checker-
board’ diagrams), in which the Reggeons interact during the exchange,
which seem to violate the eikonal result (Blankenbecler and Fried
1973, Swift 1975), and diagrams (of which the diffraction diagram
fig. 8.18 is an example) in which the leading particle fragments and
recombines. Quite apart from the difficulties of including these effects,
there is also the usual worry as to whether they are not already partially
included (implicitly) as re-normalization corrections to simpler
diagrams. This is a fundamental problem with any field-theoretic
model. (For a review see Blankenbecler, Fulco and Sugar 1974).
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SR ? ¢

Fia. 8.22 An example of a ‘ checkerboard’ diagram in which
the Reggeons interact during the exchange.

In spite of these reservations, the eikonal model offers several
advantages. First it ensures satisfaction of s-channel unitarity bounds
(inanalogy with section 1.14). Secondly it is easily generalized toinclude
different types of Reggeons, and different helicity amplitudes. And
thirdly the model is comparatively easy to evaluate. To demonstrate
this it is convenient to start from the s-channel partial-wave series
for an elastic-scattering helicity amplitude, (4.4.9),

Aps,t) =167 3 (2 + 1) A ()l (z)  (8.4.29)
J=M

At high energies and small angles, s > ¢, and large J (Durand and
Chiu 1965),

di,u’(zs) X Jn((']+%) 03)’ n = llu’_lu’ll (8430)
d cosl, =2z, ~ 1+ — 0~(L” (8.4.31)
an 080, = 2, & +2q§’ 0 0% | 4.

The classical impact parameter b (fig. 8.23) for a particle passing the
target with angular momentum J is given by

J=gqb—}% (8.4.32)
(the 4 is arbitrary since we are working with large J) so we can replace

> byfm ¢,db and hence (8.4.29) becomes
J 0
Ap(s,t) = 167rfm q,db2¢,b A g ,(s)J, (b —1) (8.4.33)
0

We then express the elastic partial-wave amplitude in unitary form
in terms of the phase shift (2.2.10)

e2idg,8) _ 1
2ip(s)
and define the eikonal phase xy(s,b) in terms of this phase shift by
XH(S! b) = 28HJ(8) (8.4.35)

Aps(s) = (8.4.34)
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A Beam

b

Target

F1c. 8.23 Classical beam, momentum g,, passing target at impact
parameter b has angular momentum J = ¢,b.

using (8.4.32). This gives the impact parameter amplitude

elxg®0) _ 1 elxale.d) 1
4a6D = T T w

(8.4.36)

Physically this replacement means that we are supposing that each
part of the wave front of the incident beam passes through the target
with its impact parameter unchanged, only its phase being altered.
So at high energies conservation of J is replaced by conservation of b
through (8.4.23). This corresponds to the derivation in section 1.14.
Then (putting g,— %4/s)

Ay (5,1) = 87 f " bdbAg(s,b)J,(by —1)
0

w© iya(s,b) __.

- 87rsf pab =1y by —t) (8.4.37)
0 21

which agrees with (8.4.21) for the non-flip amplitude, n = 0, if we

define the eikonal function in terms of the Regge pole exchange Born

approximation to the helicity amplitude (like (8.4.20))

0
Xu(s,b) = xB(s,b) = 8_719f_w dtJ, (by —t) AR (s,t) (8.4.38)

Expanding the exponential in (8.4.37) gives us the series of cuts
produced by R exchange, ie. R+R®R+R®R @R+ .... Since
we want to sum over intermediate-state helicities a matrix product
of the ’s in helicity space is implied.

For an inelastic process we can invoke the so-called ‘distorted wave
Born approximation’ (see for example Newton (1966)), and replace
(8.4.36) by

Ap(s,b) = xB(s,b)etrai®d) = yB LipB el 4 (8.4.39)
which obviously corresponds, up to second order, to the absorptive

prescription (8.4.4) if we use P for the elastic amplitude. So combining
(8.4.39) and (8.3.36) the eikonal/absorption prescription for a Regge
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cut involving the exchange of n; Reggeons R, n, of R,, etc. is

n. Rayn,
Ay (s,1) = —147rsf bdb J,(by —t) (IXIjz) 1(1Xn ')

(8.4.40)

where each y is calculated according to (8.4.38), and we must sum
over intermediate-state helicities.

It may seem surprising that we have chosen to evaluate the cut
contributions in s-channel helicity amplitudes, but in fact this is
easiest because the cuts involve s-channel unitarization.

We explore some of the properties of (8.4.40) in the next section.

8.5 Evaluation of Regge cut amplitudes

The expression (8.4.40) is readily evaluated provided the Regge poles
are expressed sufficiently simply. If we take a linear trajectory,
a(t) = a®+a't, and an exponential residue, y(t) = Ge*t, with the phase
(6.8.15), we have for the Regge pole amplitude

29
AE (s,t) = —a(—t)mi2 (::-) e~1ma®iz (Ject (8.5.1)
0.

wherex =1/—ifor & = +1, and

, s\ .7
c=a+a (log (8—0) —1—2-) (8.5.2)
When substituted in (8.4.38) this gives

xG(8]s,)*" e~ 1m2

R S _ tyn2 ect
Xi,(8,b) s f_ deJ, (b — ) ( e (8.5.3)

which is evaluated using the result

J.iwect(_t)(n/2)+mJn(bJ_t) & — (%)’n (_ é%)m (Ec_ni_jf)

(8.5.4)

This may be obtained from Magnus and Oberhettinger (1949, p. 131)
when it is realized that multiplying the integrand by ¢ is equivalent
to differentiating it with respect to —c¢. So

_ xG(S/SO)a('einaU/z (_b-)'n e—b2/4c

XH,(s,0) = (8.5.5)

87s 2c c

This expression gives the impact parameter profile of a Regge pole.
Except for non-flip amplitudes (n = 0) it must vanish at b = 0, and
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all the amplitudes are Gaussian in b for large b (because of the assumed
exponential ¢ dependence), the width of the profile, given by ¢, in-
creasing with logs. This accords with our discussion in section 6.8e.

Such expressions are substituted in (8.4.40) for each Reggeon, and
the integral may be evaluated using (8.5.4) by interchanging b and

J—t ie.
f ™ evsee(pr)mem ] (b — £)bdb = (—tynie (— 4c? 535)"' [(2c)™+ et]
0
(8.5.6)
Thus specializing to » = 0 we obtain for the R, ® R, cut

3 a,%a,?
i z,Gi2,G, ( s ) r e—(im[2)(a, 0+a®) gleycaley+elt

e (g ) = ——
28,0 = g5 ci+cy \8,

(8.5.7)

so we see that the cut will have a flatter t dependence than the pole, and
its impact parameter profile will be

~ e—(b’/4)[(cl+ca),clczl (8 . 5 . 8)

which has a shorter range than the pole (8.5.5).
Now for log (s/s,) > afe’ (~ 4 typically)

010 oy oy log s\ im
Ci+cy  aytoy EN 2

and so
o ¢ ¢, G, (8/80)%0) 5, e~imIa® lt)
H (8’ t) —>— 7 7 v ~
s 87sy a, +ay+ (2 +as) (log sfsg—imf2)  logs
(8.5.9)
where at)y=od+od—1+ 0 )t (8.5.10)
¢ o+ o

which agrees with (8.2.17) and (8.3.24) for the position of the cut. It
also gives the signature factor ,z,e-'"*/2 which corresponds to the
product of the signatures of the twopolesasin (8.3.28). But the presence
of (log 8)~! in the asymptotic behaviour indicates that the cut is hard,
i.e. has a finite discontinuity at the branch point. As logs->c0o the
phase of the cut corresponds to its power behaviour (as in section
6.8f) but for finite log s the denominator modifies this phase.
Similarly for » identical Reggeons (8.4.40) with (8.5.5) gives

e (s t) - [_ ixG’(s/so)““ e—inao/z]n ectin
Hg\®»¥] = —

(8mes)n—1 ‘nnl
(@)™ 3)“"(t) (tmiadty o 52
—_ - ) ~ . .11
(8msyc)™ T \sy © (log s)» (8.5.11)

’

a.(t) = ncx°—(n—1)+%t
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F16.8.24 (a) Reggetrajectory R, and R®R, R®R®R cuts. A = (1—a gives
the spacing of successive cuts at ¢ = 0, but the higher order cuts are flatter.
(b) Pomeron cuts converging on & = 1 at ¢ = 0. (¢) Reggeon R and the sequence
of R®P, R® PRP cuts which converge on af at ¢ = 0.

which again agrees with (8.2.17) and (8.3.24), and gives
A(J, 1) ~ (] —a ()"

as J - a,. The positions of such cuts are shown in fig. 8.24.

The factor (—t)3#~#"in (8.5.6) ensures that cuts of all orders have
the correct helicity-flip factor, as long as it is present in the input poles.
However, if the poles also have evasive ¢ factors (see section 6.5) cuts
generated by these poles will not usually contain these additional
factors. This is because the cuts do not have a definite f-channel parity,
and so it is natural for them to conspire, not evade.

Combining these results we can write a general expression for an
n-Reggeon cut

A}?_’(s, ) = (= F () ( s ) aqt) elmi2ayt) (10 g ( s ) + d) —n+1 { 1}
S EN —i
(8.5.12)

I0 CIT
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for &, = ﬁ &, = + 1, where «,(t) is given by (8.3.24), F(t) is free of
i=1

kinematical singularities, and d is a constant. The eikonal/absorption

prescription gives F'(¢) and d in the approximation that all the coupling

functions N(¢,t,,4,, ...,t,) = 1.

8.6 Pomeron cuts and absorption

Since the Pomeron has ap(0) = 1, the cuts generated by Pomeron
exchange have rather special properties. Thus if

ap(t) = 14+apt (8.6.1)
the exchange of n Pomerons gives a branch point at

g, () =1+ ‘%t (8.6.2)
from (8.3.27). Hence all these cuts coincide at ¢ = 0, and since the

higher order cuts are flatter they will be above the lower order cuts for
t < 0, as shown in fig. 8.24(). Similarly from (8.5.10) an R ® P cut

will be at al al
— ~0 R¥P
ac,(t) =apr+ (aﬁ'i' i)) ¢ (863)
and an R ® (P)" cut will be at
_ o (anle)”
ag(t) = agp + (ah +nai:)t (8.6.4)

so all the cuts coincide with ag(¢) at ¢ = 0 and lie above it for £ < 0
(fig. 8.24(c)).

This coincidence of the P pole and its cuts at ¢ = 0 means that suc-
cessive terms in the sum over all numbers of P exchanges differ only
by powers of (log s)~1, not powers of 8. Hence the re-normalization and
unitarity problems mentioned in section 8.3 seem much more severe
for Pomerons than for other trajectories. Indeed we shall find in
sections 10.8 and 11.7 that naive iteration of P exchange in ¢ would
give a leading behaviour which violates the Froissart bound (that is
A(s,t = 0) < slog?s) so that pole dominance, even at ¢ = 0, does not
seem to be self-consistent. So it is clear that iteration in s, giving
‘absorption’ of P exchange, must also be important, but unfortunately
a proper unitarization in both s and ¢ is beyond our competence. The
Reggeon field theory mentioned in section 8.3 suggests that eventually
A(s,t = 0) ~ s(logs)’ (where v ~ § to the first approximation: see
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Abarbanel et al. (1975)), but it only explicitly takes into account
t-channel unitarity, and compatibility with s-channel unitarity is not
obvious.

If the leading J-plane singularity is to be self-consistent, it should
reproduce itself when inserted in (8.3.24). Obviously linear forms
cannot do this, but if one takes (Schwarz 1967)

a(t)=1+ia’\/—t, o constant (8.6.5)

then o, (t) = max{ i alt;)—n+ 1; = aft) for any n, (8.6.6)
i=1

with St = At (8.6.7)
i=1

So the poles are complex for ¢ < 0, but there is no violation of Mandel-
stam analyticity because the two poles have equal and opposite
imaginary parts (see section 3.2). Indeed it generally happens that
when poles and cuts collide unitarity requires the trajectories to be
complex (see Zachariasen 1971). The fact that Im{a} & 0 for ¢t < 0
gives s*® = se® elei®108 3 (where ap 1 are the real and imaginary parts
of a respectively) and so the phase-energy relation (8.6.14) will not
hold, and the Regge power behaviour will be modulated by oscilla-
tions in logs. There has so far been no sign of these effects, and the
effective trajectories of fig. 6.6 all seem to be linear in ¢. It may be of
course that we need log s > a/a’ to observe such effects, in which case
it will be some time before they can be verified.

With ap(0) = 1, x = 1, we obtain for the sum of all P exchanges,
from (8.5.11),
. [~ G(sfsy) ] ectn

— Cn —_ _
Ay (s,t) = n§1 Acn(s,t) n§1 i ooy Ll (8.6.8)
which, setting s, = 1, gives
1 G* G?
o8t (8) = ;Im{Am—»m(s’ 0)}=G- 327 + 1152722
G

so if we assume that the series converges (which may be false) we
predict that o%%(s) > constant logarithmically from below. This rise
of ot depends crucially on the sign of the cut being that of the
eikonal/absorption model and the Reggeon calculus, not the AF'S sign,
which with our pure imaginary P amplitude (at ¢ = 0) would give

I0-2
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a positive second term. Unfortunately, the magnitude of the cut term
in (8.6.9) is insufficient to account for the rise of ot°t(pp) (fig. 6.4) as
it stands. However, if we use the freedom suggested by (8.3.8) and
(8.2.37) to multiply the cut strength by an arbitrary factor N2, we can
choose N to fit the data. But this makes the cuts very strong, and the
convergence of the series even more doubtful (see section 8.7a below).

Of course if ap(0) < 1 the pole and cuts are separated by a finite
amount 4 = (1—ap(0)) at £ =0 (fig. 8.24a), but this makes the
observed rise of o*°* hard to understand. In fact fig. 6.6 suggests that
ap(0) > 1, but this can only be compatible with the Froissart bound
(2.4.9) if unitarization produces strong cancelling cuts. We can see
how this works as follows. If «p(0) > 1, then from (8.5.5) with n = 0,

GP(S/SD)(LZP"—I) e—iﬂaP°/2 e—b’/ilcP

P = —
Ko, b) = .
— _G_P_ e—1map’/2 o[—b%4cp+Hap®—1)log (s/ay)} (8.6.10)
8mwsycp
so if b2 < b2 = 4(ad —1)aplog? (si) (8.6.11)
0
then Xi(s,0)—>0  as s—>o0,
but for 4% > b3 (s, 8)=0
So from (8.4.36) Ag(s,b)—>34, b% < b}
>0, b®> b (8.6.12)

This is like complete absorption on a black disk of radius b,. Now
Jo(by/ —t)—> 1 for t— 0, so from (8.4.37)
@® 123
Im {A (s, 0)} = 87 f b dbTm {A (s, b)} — s f bdb = 2msb3
0 0
(8.6.13)

and so ol8t(s) - 8map(ad — 1)log? (si) (8.6.14)
0

in accord with the Froissart bound. However, with the numbers of
fig. 6.6, ap=~ 0.25 GeV-2, af ~ 1.07, this gives

ot8t(s) > 3.61og? (si) mb
0

which with s;=1 is much in excess of current measurements
(o*%(pp) =~ 44 mb for log s ~ 8 at Isr). So if this model is correct very
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much higher energies will have to be achieved before the observed
pole-like behaviour o*¥(pp) ~ 27597 mb turns into the log? s asymp-
totic behaviour. If more complex diagrams than fig. 8.19, like fig. 8.22,
are permitted, then ap(0) > 1 gives agrey diskinstead (Im {4(s,b)} < })
but the main conclusions are unaltered; see Bronzan (1974), Cardy
(1974a).

It is evident from (8.4.40) that for inelastic scattering, where P
cannot be exchanged, in addition to the dominant R exchange there
will be a sequence of R ® (P)* cuts which should dominate for t < 0,
8§—00. Thus if we use (8.5.1) for R and take ap(0) = 1, the R ® P cut
from (8.5.7) will be

AFZT(s,t)

0 Amagole
_ AzpGglp (i) T encnlentent  (8.6.15)

8ma, S Cr+Cp

where A is the enhancement factor.

This has the same asymptotic phase as the pole (8.5.1) but the
opposite sign at t = 0, and for ¢ near zero where «, & ay. Also the
t dependence of the cut is shallower than that of the pole, so even if the
pole dominates the cut att = 0, there will be a cancellation (destructive
interference) between cut and pole for some ¢ < 0, as shown in fig. 8.25.
Approximately (neglecting higher order cuts),

s\’

Ag(s,t) ~ AR 4 AR®P — 2. Gy (s ) e—imag02
0

x (ecnt _ AGp e[cxcpl(cn'*'cr)}lt) (8.6.16)
818,

and for small |t|, where the phase of the pole and cut are similar, there
will be an almost simultaneous zero in Re{d z } and Im {4 } and so
there may be a dip in do/df. As we shall see in the next section, this
may provide an explanation for some of the dips discussed in section
6.8%.

It is interesting to examine the impact parameter structure of this
amplitude. From (8.4.39) we can write

Ap(s,b) ~ xii(s,b) +iAxz(s, b) Xk (s, b)
= XH(s,0) (1 +1Ax5 (s, D))
which since P is almost pure imaginary becomes
~ xi1(s,0) (1= Al x%(s,0)]) (8.6.17)
which is exhibited in fig. 8.26, from which it is seen that the effect of
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t
Zero of 4

Fia. 8.25 Pole and cut magnitudes as a funetion of ¢ at fixed s. The different
exponential ¢ dependences in (8.6.16) result in an approximate zero where the
pole and cut magnitudes are the same (neglecting the phase difference which is
small for small [¢]).

X b B -AxT
A
L = 4 -
b R b

(@) ) ()

Fig. 8.26 (a) The Gaussian impact-parameter profile of a Regge pole from
(8.5.5) with n = 0. (b) The absorption S-matrix. (¢) The impaect profile of the
absorbed amplitude (8.6.17) showing the reduction of the amplitude at small b,
i.e. low J. The resulting peak isat b = R &~ 1fm.

absorption is to reduce the Reggeon amplitude at small  through the
destructive effect of the shorter range cut. By a suitable choice of A we
can eliminate small-b scattering (complete absorption) so that the
predominant part of the scattering amplitude is at b ~ 1fm, the
periphery of the target. For helicity-flip amplitudes the kinematical
b” in (8.5.5) means that the Regge pole amplitude is already fairly
peripheral, and the effect of absorption is much smaller in this case.
One can roughly approximate this peripheral profile by a §-function
in b-space at radius B

Ap(s,b) ~ %‘iﬂe—imm (;0)“-11?3(1)-3) (8.6.18)

where R = 1fm, which when substituted in (8.4.37) gives
Ap(s,t) = — 00y e-imiDad) (si) =0 Jo(Ry —1) (8.6.19)

0.
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for the sum of pole and cut. In this approximation we have completely
ignored the difference between ag(t) and a,(t) in both the power be-
haviour and phase, and have dropped the logs factor from the cut.
With R = 1fm the first zeros of the Bessel function appear at —f = 0.2,
0.55 and 1.2GeV? for n = 0, 1, 2, respectively (Henyey et al. 1969),
positions which correspond to some of the amplitude zeros noted in
section 6.8. We shall examine this result further in the next section.

8.7 Regge cut phenomenology

Having established the general features of Regge cut contributions
we can now try and discover whether they can make good the defici-
encies of Regge poles found in section 6.8.

Once we know the Regge pole trajectories, the positions of the
various branch points, and hence the power behaviour and asymptotic
phase of the cut contributions, are fixed by (8.8.24). Also the kine-
matical restrictions on the cuts are very simple for s-channel helicity
amplitudes, which we used in (8.5.12). This leaves us with two main
problems. First, we need to find F(t) and d in (8.5.12). They are pre-
dicted by the eikonal/absorption model, but when we compare (8.4.28)
with the Reggeon calculus result (8.3.8) it seems doubtful if the model
will be reliable in thisrespect. If N in (8.3.8) isregarded as an unknown,
then so are F and d. Secondly, we cannot be sure at what energy an
expression like (8.5.12) becomes applicable. In the various derivations
of sections 8.2, 8.3 and 8.4 we have taken only the leading log (s/s,)
behaviour of each diagram, which suggests that log (s/sq) > 1isneeded,
which is seldom achieved in practice. This problem is worst for cuts
involving the P where successive terms in the eikonal expansion differ
only by (log (s/s,))~".

Keeping these uncertainties in mind we can now review some of the
difficulties left over from section 6.8.

a. Total cross-sections and elastic scattering

The rising o%°%(s) shown in fig. 6.4 require either ¢p(0) > 1, which will
eventually violate the Froissart bound unless there are cut corrections,
or ap(0) = 1 and very strong cuts (see (8.6.9) et seq.). Thus for pp
scattering we can write

AG
tob(g) = iGp (1 — —— 2
oiv(s) = iGp (1 33y Tog s + ) (8.7.1)
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where A is the enhancement factor, and one needs Gp = 85mb, A ~ 2
to fit the data. But the shallower ¢ dependence of the cut means that
cut and pole cancel for || ~ 0.5 GeV?, predicting a dip in do/df which
is not observed. There does not seem to be any simple way out of this
dilemma (see Collins et al. 1974). But ap(0) & 1.07 fits all the ot°t data
perfectly and there does not seem to be any sign at small |¢| of the
cuts which will eventually be needed to ensure satisfaction of the
Froissart bound. But since ot°t(s) = 275 mb does not violate the
Froissart bound o'ot(s) < 60logZsmb until s~ 107 GeV?, this is
hardly surprising.

It is possible to explain the dip in do/d(pp) at [t| = 1.4GeV?
(fig. 8.27(a)) as interference between the P and the P ® P cut (as in
(8.6.16) with R—P) and the effective trajectory plot (fig. 8.27(b))
supports this idea. But since the dip occurs at such large |t| we need
a very small A, = . Also since the forward peak has do/dt ~ et?,
while for |t| > 1.4do/dt ~ €%, (8.6.16) which gives 4°~e%!? will not
do. We need to put some ¢ dependence into N in (8.4.1), say N%=Aeb®
with b < 0.Soif fig. 8.27 is an example of Regge cuts in elastic scatter-
ing their properties must be very different from those of the simple
eikonal model (Collins et al. 1974).

b. The cross-over zero

This zero in the ® and p non-flip coupling to nucleons is discussed in
section 6.81. The fact that it appears at |t| ~ 0.15GeV? is just what
one might have expected from the destructive interference of the
R pole and R ® P cut, from (8.6.19) with » = 0. Since this zero does
not factorize it seems almost inevitable that cuts should provide the
explanation, and it certainly seems to vindicate the absorption idea
(Henyey et al. 1969).

¢. Nonsense dips
Table 6.7 shows that the explanation of dips like that in

do/df(r—p - n’n)

at [t| & 0.55 GeV? as being due to a nonsense zero at ot (t) = 0in 4, _
is incompatible with factorization. Again the ¢ value is just where
(8.6.19) predicts a zero in the » = 1 amplitude, so cut—pole inter-
ference seems to provide a preferable explanation. There is a difficulty,
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F1G.8.27 (a) Fit do/dt (pp) data with P and P® P cut (from Collins et al. 1974).
(b) The effective trajectory of the data compared with «p and «,. The pole
dominastes for |¢| < 1.4 GeV? and the cut for [t| > 1.4 GeV2.
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however, in that the kinematics of 4, exchange in 7—p-—>nn are very
similar to that of p exchange in #~p—>nn so one would expect a dip
due to cut—pole interference in this case too, but it is not seen. (Since
a4, = 0 is a right-signature point we do not expect a nonsense zero.)
This could be because A, exchange is of shorter range (m%, > m2) so
Ca, < Cp, and in (8.6.16) the A, + A, ® P dip would appear at larger |¢|
(Martin and Stevens 1972). Or the absorbing amplitude may contain
more than just the imaginary P, in which case the phase difference
between p and A, exchange (due to their different signatures) will
produce dips in different places (Hartley and Kane 1973). Since the
signature properties are an essential feature of dual models, Harari
(1971) has proposed a dual absorption model in which the absorptive
prescription (8.6.19) is used only for Im {4}, i.e.

g\ a®
Im {4y (5,0} = O (s—o) T(Ry—1) (8.7.2)

but the dispersion relations give a real part which depends on the
signature (from (6.8.18)), and so

e—iﬂa + y:l ( i

sin o

Ay (s,t) = _GH[

which has a zero at a = 0 for the & = —1p, but not for the A, with
& = + 1. However, this does not work for K*, K** exchange process,
where a = 0 for |¢| = 0.2 GeV? which does not coincide with the n = 1
zero of (8.7.3) unless R is increased to about 1.6fm (Irving, Martin
and Barger 1973). So although the absorptive explanation of dips
may be right, the nature of the absorption must be fairly complex.

alt)
) Jo(Ry —1) (8.7.3)

So

d. Polarization and phases

With a purely imaginary P (8.6.16) gives coincident zeros for Re {4}
and Im {4}. Thus in #—p —n°n the polarization (4.2.22) would have a
zero at |¢| & 0.15 GeV?, coincident with cross-over, if the absorptive
explanation were the complete answer. This is not observed, and the
phase analysis in fig. 6.10 shows that the zero of Re{4,.} does not
occur until [t| ~ 0.5 GeV?, where there appears to be a double zero.
These effects can be explained by the absorption model only if the
absorbing amplitude has a substantial, {-dependent, real part. The
small slope of the P (ap ~ 0.2 GeV—2) provides an insufficient phase
change, but if the f is included, so that we have R+ (P+f)® R
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Fic. 8.28 The impact parameter amplitudes for I, = 1nN elastic scattering
at 6 GeV, corresponding to fig. 6.10, from Halzen and Michael (1971).

instead, fairly satisfactory fits can be obtained (Collins and Swetman
1972). Other, more ad hoc, modifications of the phase have also been
proposed (Hartley and Kane 1973). But whether this sort of approach
is correct given that, as discussed in section 6.8m, only Im {4 } is
different from what we expect from a nonsense-choosing p pole, is not
certain. The impact parameter decomposition (8.4.38) of the amplitude
in fig. 6.10 gives fig. 8.28. Since a pole without nonsense factors gives
fig. 8.26(a), it is clear that, for small b, Im {4 (s, b)} is not just being
absorbed but over-absorbed (i.e. its sign is reversed) which conflicts
with any simple physical interpretation of what absorption is supposed
to mean.
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e. Exchange degeneracy and line-reversal breaking

In section 6.8% we noted that though exchange degeneracy demands
equality of processes related by line reversal, one having the real phase
(6.8.22) and the other the rotating phase (6.8.21), in practice this was
often not so. It might be hoped that inclusion of cuts would correct
this defect, but in fact they seem to make matters worse. This is
because in processes with a rotating phase the destructive effect
between pole and cut is not as great as for processes with a real phase
(which gives a real cut if the absorbing amplitude is purely imaginary).
So rotating phase cross-sections should be bigger than real cross-
sections, whereas experimentally the reverse seems to be true. The
problem is confused by the fact that at least for the p and A, trajec-
tories of figs. 6.6 exchange degeneracy seems to be broken, and there
may be important contributions from lower trajectories, R ® f cuts,
ete., at lower energies, quite apart from uncertainties in the data
normalization (see for example Lai and Louie 1970, Michael 19694,
Irving et al. 1971).

f. Conspiracies

In section 6.85 we found that (unless there are conspiracies) the
factorization and parity restrictions may introduce extra kinematical
factors into Regge pole amplitudes, causing them to vanish at ¢ = 0.
This is particularly important for = exchange in processes such as
yYp—>ntn, np - pp, pp—nn which would have amplitudes like

4
A(S, t) ~ m, t—0 (8.74)
However, we saw in table 6.6 that in practice spikes often occur. Since
cuts are self-conspiring they do not have to vanish at ¢ = 0 in non-flip
amplitudes, but of course they will not contain the pion pole. But if we
take 1 +n®P, where n®P is slowly varying near ¢ = 0, we get

mg

t—m? ~ t—m?

A(s, 1) ~

(8.7.5)

which has the pion pole but no evasive ¢ factor. The effect of the cut is
to absorb away the S-wave contribution of the pion pole (S-wave
because it is independent of t and hence z,). This is sometimes called the
Williams model (Williams 1970) or ‘poor man’s absorption’. This
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procedure can account for the forward structure in the processes listed
in table 6.6. At ¢t = 0 the amplitude is purely cut (no pole), so the
magnitude of the cut is unambiguously determined, and it is very
large. In yp—>n+n, for example, a model like (8.6.17) needs A ~ 3
(Kane et al. 1970).

g. Shrinkage and pole-dominated cuts

Since cuts are flatter in ¢ than poles (fig. 8.24) they should become
dominant for large s and |¢|, so one would expect that the amount of
shrinkage would decrease, and «.y; would become flatter as |¢] increases.
This does indeed happen in a few cases such as pp elastic scattering
(fig. 8.27(b)) and photo-production. But these processes are quite
atypical since most hadronic inelastic channels like fig. 6.6 show linear
derrs &' & 0.9GeV—2, out to the largest measured |¢t|. Thus n=p>n‘n
has gy = a, =~ 0.55+0.9¢ despite the fact that the p ® P cut with
o,

o,(t) & ag+ ap “p

(see (8.6.3)) is supposed to dominate 4, for |t| > 0.2GeV?, and 4 _
for {t| > 0.55 GeV?, if the arguments of sections 8.7b and ¢ are correct.
This persistence of a pole-like a,, is extremely puzzling. It may indicate
that it is quite wrong to blame the failures of factorization on cuts.
But perhaps a more likely explanation is that at current energies the
cut contribution does not come mainly from the region of the dis-
continuity near the branch point as (8.4.1) assumes. One reason for
this is probably the necessity for the cut discontinuity to vanish at
the branch point (see section 8.3), a feature which is not built into the
eikonal/absorption calculation. Another more controversial possi-
bility (Cardy 1974b) is that the N’s in fig. 8.12 are in fact dominated
by poles, so that the leading contribution to the cut is given by
fig. 8.14(a), and (T 1

(J ag)?

J 2
AJ{AJ(t} ((J ZC))

~t & 0.55+ 0.2t (8.7.6)

A4,0) ~ og (J — o)

(8.7.7)

where (J —ag)~! is the Reggeon propagator, log (J —«,) arises from
the cut loop-integration, and J— e, occurs at each triple-Reggeon
vertex to make the discontinuity vanish at J = «,. When (8.7.7) is
substituted in (4.6.2) we find that A(s,t) ~ s*(logs)~® as logs— o0,
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but A(s,t) ~ s*= for finite log s because the pole provides the dominant
region of the discontinuity. Such a model can certainly be made to fit
the data (e.g. Collins and Fitton 1975) but as we have no preseription
for calculating the magnitude of the cut discontinuity in terms of the
pole parameters there is a good deal of arbitrariness. Also fig. 8.14 (a)
suggests that the sum of pole and cut should factorize, which is clearly
no good.

h. Exotic exchanges

Because of this uncertainty about the importance of cut contributions
it would be very useful to be able to examine amplitudes where no
Regge pole can be exchanged, so cuts alone should appear. Clearly
R ® P cuts are no good because they have the same quantum numbers
as R itself, so we must look for R ® R exchanges. If ap(0) = 0.5 then
(8.63) gives agy(0) = 0, so we expect a rapid decrease of these cross-
sections with energy, ~ s72 (logs)—2.

For example n—p—ntA—involves the exchange of 2 units of charge,
I, = 2, so the leading exchange should be a p ® p cut. Unfortunately
the forward differential cross-section for this process, and many of the
other exotic exchange processes listed in table 6.5, have proved too
small to measure except close to threshold. Some processes which have
been observed are np—K+*Z~ and Kp—+>ntZ~ (p ® K* exchange)
and K-p—>K+E- (K* ® K* exchange). There is some evidence that
the ~ s~2 behaviour is setting in for s > 5GeV2, and that the magni-
tude of the cut is compatible with estimates using (8.4.1) with
N2=2A=1-1.5 (see Phillips 1967, Michael 19695, Quigg 1971).
Another measured process is K—p— pK~ which requires charge = 2,
strange, baryon exchange, so one would expect the leading singularity
to be the K* ® A cut, ~ s~3, but up to 6 GeV a s~1% decrease of do/d¢ is
found.

If better data on this class of processes can be obtained, it should
help to clarify our ideas about cuts considerably.

i. Regge cuts and duality

In section 7.6 we remarked that since amplitude structures such as the
cross-over zero in Im{4_  (x~p—>n°n)} and the forward peak in
yp—n'tn, which may be due to cuts, are also present in the FESR
average of the s-channel resonances, these resonances must be dual
to the sum R + R ® P not just R.
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F1a. 8.29 Duality diagrams for (a) R®P cut, (b)) R®R
cut in meson-meson scattering.

Duality diagramsfor these R ® P cuts canbe drawn asin fig. 8.29 (a),
where we have been careful to include the double-cross structure, so
that each quark scatters only once (cf. fig. 8.8(c)). The diagram for
an R ® R cut in meson-meson scattering (fig. 8.29 (b)) shows that it
is dual to the P in the s or % channels. For meson-baryon scattering
there is only one R ® R diagram, because the baryon quarks must all
travel in the same direction, and this diagram can only be drawn if
both the s and « channels are non-exotic, so we can expect R ® R to
contribute to the resonances in these channels (in the sense of duality).
It also means that there should be no R ® R cuts in a process like
K-—p—K0n since the A quark must travel straight across the diagram.

Worden (1973) has shown that the R ® R cuts should cancel in some
processes such as n-p—nn because of exchange degeneracy. Briefly
his argument may be interpreted as follows. Because of the crosses,
and the fact that each signatured Regge pole is the sum of two parts
(TITT + & TICXIID), the f® p and © ® A, cuts will cancel if f, o,
p and A, are exchange degenerate in both their trajectories and their
couplings. Although the duality diagrams apply only to Im {4}, the
phase—energy relation ensures that the cancellation works for Re {4}
too. Thisisrathera disturbing result because, as we mentioned insection
8.7d, many of the phase problems of the R + R ® P absorption model
can be solved by the inclusion of R ® f cuts as well. However, since
exchange degeneracy is not exact it is not clear how compelling this
argument is.

j. Fixed cuts

In addition to the moving Regge cuts there are also fixed cuts whose
positions are independent of ¢. These are the fixed square-root branch
points at sense-nonsense points (see section 4.8) with branch cuts
running from J = M —1 to — M. However, since dy,.(z;) has com-
pensating branch points these cuts do not contribute to the asymptotic
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behaviour of the scattering amplitude. It is possible that their presence
might permit the existence of fixed poles at nonsense pointsJy, < M — 1,
but there is no evidence that they do, and no obvious mechanism
exists to ensure that the kinematic cut discontinuity can contain the
pole (as Regge cuts do for Gribov—-Pomeranchuk fixed poles).

Fixed cuts have also been suggested as a way of coping with the
generalized MacDowell symmetry for baryon Regge poles and the
absence of parity doublets (see (6.5.13)). Carlitz and Kisslinger (1970)
have suggested that scattering amplitudes may have a fixed cut at
J = a® (where «® = a(t = 0)) and that the negative-parity trajectory
(say) will move through it on to an unphysical sheet for positive 4/ so
that it will not give any physical poles. For example

"3 — 0\
Aps) = poy EELEIT R L ey

has the pole at J = a®+ &'t and the cut at J = a° and the constraint
(6.5.13) is automatically satisfied. But in the # = — 1 amplitude there
are no poles for positive . However, such models have not proved
very satisfactory phenomenologically (Halzen et al. 1970). More
recently it has been shown by Savit and Bartels (1975) that similar
cuts occur in Reggeon field theory due to the interaction of the fermion
with Pomerons. These cuts not only swallow up the unwanted wrong-
parity states, but also turn a bare trajectory ~ ./t into a re-normalized
trajectory approximately ~ f. This may explain figs. 5.6.

The rather sad conclusion to be drawn from this whole section is
that despite the development of various models which have improved
our understanding of Regge cuts and unitarity in the J plane, and
despite the partial success of absorption ideas in correcting some of
the worst phenomenological defects of Regge poles, we still do not
really know how important cuts are. This is probably because we can
expect Regge poles to be useful for all s/s; > 1, but cut theories are
only really applicable for log (s/s;) > 1 and even at CERN-ISR the
maximum value of log s is only 8.



9
Multi-Regge theory

9.1 Introduction

So far we have limited our attention to four-particle scattering ampli-
tudes (i.e. to processes of the form 1+2->3+4). These have the
advantage of being kinematically rather similar to the potential-
scattering amplitudes, for which the basic ideas of Regge theory were
originally developed. In particular they depend on only two inde-
pendent variables, s and ¢, and so it is a fairly straightforward matter
to make analytic continuations in J and ¢. Also there is a wealth of
two-body-final-state data with which to compare the predictions of
the theory.

Though the initial state of any physical scattering process will
always in practice be a two-particle state (counting bound states such
as deuterons as single particles), except at very low energies particle
production is always likely to occur. And as the energy increases two-
body and quasi-two-body final states make up a diminishing fraction
of all the events. So it is very desirable to be able to extend our under-
standing of Regge theory so as to obtain predictions for many-body
final states. Theoretically, this is even more necessary, since models
like fig. 3.3 for Regge poles or fig. 8.6 for Regge cuts demonstrate how
even in 2 - 2 amplitudes Regge theory makes essential use of many-
body unitarity. So if we are to have any hope of making Regge theory
self-consistent (in the bootstrap sense, for example) we must be able to
describe such intermediate states in terms of Regge singularities.

In principle this is a fairly simple matter since if we consider for
example the amplitude fig. 9.1 (a) with s,,, 854, 84500 We may expect
from fig. 9.1 (b) that

A ~ (839)18)(8,5)5DB(E,, 1y, 815, 834, S35) (9.1.1)

and indeed this is so. However, there are several problems to be solved

before we can be sure that this result is right. It is necessary to under-

stand how to define scattering angles, and thence partial-wave ampli-

tudes, for many-body processes, and how to continue them analytically

both in J and in the channel invariants. We must also be clear about
[ 201]
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F1a.9.1 (a) The amplitude for 1+ 2 >3+ 44 5. (b) A double-Regge model for
this process. (¢) 142 —» 3 + (45). (d) Another double-Regge coupling.

which variables are being kept fixed and which tend to infinity when
we take a given Regge limit, the singularity structure of the amplitude
in these variables, and the order in which the limits are to be taken.
And the central vertex in fig. 9.1 () involves Reggeons whose spin
and helicity depend on a so we must check on the resulting kinematical
factors.

In fact most of these questions cannot yet be tackled rigorously
because to do so would require a more detailed understanding of the
singularity structure of many-particle amplitudes than has so far been
achieved. Hence we shall adopt a rather simple-minded approach, and
assume that the methods which we adopted in chapters 1 and 2 can be
extended in the most obvious way without mishap. A more thorough
account of present theoretical knowledge can be found in Brower,
de Tar and Weis (1974).

In the next section we review the kinematics of many-body pro-
cesses, and we then go on to consider the different Regge asymptotic
limits which may be taken. This is followed by a more detailed discus-
sion of the 23 amplitude, on the basis of which we postulate some
general rules for any multi-Regge amplitudes. It is rather remarkable
that the dual models of chapter 7 can readily be extended to many-
body amplitudes, and as they provide a good deal of insight into the
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nature of multi-Regge couplings we outline the main results. The
chapter concludes with a very short discussion of some phenomeno-
logical applications of the theory.

9.2 Many-particle kinematics

We consider first the process 1+2->3+4+5 shown in fig. 9.1. For
simplicity we suppose that all the external particles are spinless.
The square of the centre-of-mass energy is (cf. (1.7.5))

8 =815 =(P1+D5)* = (D3 + Dy +P5)° = 8345 (9.2.1)
Similarly, for the outgoing two-body channels we have the sub-
energies

830 = (P3+D)? S5 = (Pa+D5)? and sy = (p3+p5)° (9.2.2)

The 6 crossed-channel invariants, involving both incoming and out-
going particles are,

by Sl = (P2—P3)% log = (Pa— D)%, lys = (Py— D)

o=ty = (P1—Ps)% b= (D1—Pd)% b3 = (D1—Ds)
Clearly any three-particle invariant will be equal to some two-particle
invariant (as in (9.2.1)) because of four-momentum conservation, so
the 10 variables defined in (9.2.1), (9.2.2) and (9.2.3) include all the
independent invariants. But evidently they cannot all be independent
because we showed in section 1.4 than an n-line amplitude has only
3n— 10 independent variables, so with n = 5 only 5 can be regarded
as independent variables. In the centre-of-mass frame of particles 4
and 5, i.e. where q,+ q; = 0, s,; is the square of the total energy of
these particles, i.e.

845 = (Pa+D5)? = (Hy+ By, 0)2 = (Ey+ E;)? = mis (9.2.4)

and my; is called the ‘invariant mass’ of the ‘quasi-particle’ (45). So
if we regard the reaction of fig. 9.1(a) as the process 1+ 2—3+ (45)
shown in fig. 9.1(c) we have, like (1.7.21),

819+ bps+bg =mi+mi+mi+o, =2 (9.2.5)

} (9.2.3)

with similar relations for other pairings of particles.

A convenient choice of independent invariants suggested by
fig. 9.1(b) is 81> 8340 Sa5, £ and 1y, (9.2.6)
but this depends on how we choose to couple the particles together,
and fig. 9.1 (d) for example, suggests a quite different choice.
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In the centre-of-mass frame g, + q, = 0 the energies and momenta
of particles 1 and 2 are given by (1.7.8), (1.7.9) and (1.7.10), i.e.

1 1

El = 2—'\/8(84-’)7)4%—’”)/%), q312 = EA(s,m%’m%) (927)
ete. Similarly if we regard (45) as a single particle of mass m; = 4/s;5
as above, it ig clear that in this frame

1 1
E; = K/E (s+m5—345), Qo3 = E/\(s, m3, 8y5) (9.2.8)

with similar expressions for particles 4 and 5.
Also the scattering angle between the direction of motion of particle
3 and that of particle 2 is given by (1.7.17) with /s,; instead of m,, i.e.

82+ 8(26) — Zy5) + (m} — m3) (mF — 845)
Ai(s: m%’ m%) Ai(s’ mg: 845)

293 = €080y = (9.2.9)
and the physical region for this scattering process is given by (1.7.24)
with the obvious substitutions.

The four-momentum conservation relation (9.2.1)

812 = (P3+ Dy +Ps)
with (9.2.2) and (1.7.4) gives
819 = 834+ 845+ 835 — ME — M3 — mF (9.2.10)

so for a given fixed s,, only two of the three sub-energies are inde-
pendent, and the boundary of the physical region, determined by
(1.7.24) with the substitutions described above, is as shown in fig. 9.2.
This is known as a Dalitz plot (Dalitz 1953). If there is a resonance, r,
which decays into particles (4 + 5), as in fig. 9.3, we can expect that
for a given fixed s,, there will be a peak in the cross-section as a function
of s,; along the line s,;; = M2. Likewise if 3 and 4 resonate there will
be a peak at fixed sg,, while if 3 and 5 resonate there will be a diagonal
line across the plot at fixed s,;. So a plot like fig. 9.2 is very useful for
deciding which pairs of particles, if any, are resonating.

But our main interest lies in examining Regge exchanges like
fig. 9.1(b), and for this purpose we need to be able to define angular
momenta for the various ¢ channels. Thus one of the crossed processes
to fig. 9.1 is fig. 9.4(a), i.e.

2+3->(15)+4 (9.2.11)

where we treat 16 as a quasi-particle of mass (p, —p;)? = #,. The
centre-of-mass energies and momenta can all be obtained from
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F16.9.2 Dalitz plot of the variation of 844, 845 and s;; for a given 8y, constrained
by (9.2.10). The boundary of the physical region determined by (1.7.24) with
the obvious substitutions is shown. The dotted lines mark positions where
resonance peaks may oceur.

5

Fi1ac. 9.3 The amplitude for 1+2>3+4r,r>4+5.

@ (®)

Fic¢. 9.4 (a) The crossed-channel process 2+3 - (15) + 4.
(b) The crossed-channel process (23) +4 -1+ 5.

(1.7.15) with the obvious substitutions, where now f->i,; = ¢;, and
the centre-of-mass scattering angle of particle 4 with respect to the
direction of 3 is given by (1.7.19), viz.

88 +1,(2854 — Xy5) + (m§ —m3) (f—m3)
Ai}(tl’ m%’ ’m’%) Ai}(tb Ly, mi)

where X5 = mi+mi+mi+t, (9.2.12)

€080y =24y, =2, =

This is the scattering angle in the centre-of-mass system of 2+3, i.e
qs+ s = 0. But the process (9.2.11) differs from a 2->2 spinless-
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particle scattering process not only because of the variation of the
‘mass’ of the (15) system, but also because the (15) quasi-particle
carries angular momentum. It will subsequently ‘decay’ into the
particles 1 and 5 with an angular distribution which depends on the
helicity of (15) in the 2-3 centre-of-mass system (like (4.2.13)).

Then for the process 23)+1->T+5 (9.2.13)

(fig. 9.4 (b)) we proceed to the -5 centre-of-mass frame, in which the
scattering angle of 5 relative to the direction of 4 is
13 +82(2845 — 2'5) + (8 — mf) (M —m})

’H(tz’ tl’ mi) ’H(tz, mi mg)

€08 045 = Zyys = 25 =
(9.2.14)

The azimuthal angle o,, between the plane containing particles 4
and 5 and that containing 3 and 4 (see fig. 9.5)is called the Toller angle
(or helicity angle) (Toller 1968). This angle may be evaluated with
some effort (see Chan, Kajantie and Ranft 1967) as follows.

Since w,, is the angle about the direction of particle 4 it will be
unaltered if we make a Lorentz boost to the rest frame of particle 4.
This makes the kinematics much easier to cope with. In thisrest frame
the Toller angle is defined by
(92% g3)- (91 % g5)
192 % g5/ |1 % g5

i.e. the angle between the plane containing particles 2 and 3 and that
containing 1 and 5. Since, from (1.7.2) and (1.7.4),

COS W9 = (9.2.15)

q‘l:' qj=EiEj_p‘i'pj’ q3="’m%+E3, i,j= 1,...,5 (9.2.16)
in the rest frame of 4, where q, = 0, E, = m,,
_Di-Ds
E, =t (9.2.17)
But s =(p;+)2 =02 +05+2p;.p; = mi+mi+2p,.p; (9.2.18)
1 .
S0 Ei=%;(3i4—m?;—m§), i=3,5
. (9.2.19)
= 2—m4(tf4"m%"mi): t=1,2
Now
{2 % 5] = | Q| | g5| sin Oy

= | @] | q5|(1— cos?Oy5)t =[q3 ¢3— (q2- €5)%1}
(9.2.20)
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F1a. 9.5 Angles in the 1-5 centre-of-mass system. g, is along the z axis,
q, is in the z~z plane, and vy, is the angle between the plane containing q, and
q, and that containing q, and g, i.e. between ¢, and the z—2 plane.

and Lagrange’s identity gives
(2% 45)- (g1 % @5) = (Q2- 91) (G- 45) = (Q2- @5) (Q5- 41) (9.2.21)

and all these scalar products can be evaluated using (9.2.16). Thus

1
Q:- 95 = By By —p,.p5 = 2m, (toq —mE—m3)

1 tyq — M2 — M2
2 2 23 2 3
X 5= (834 —ME—mj) — =——u—

o . (9.2.22)
S0 (g q5)%—~ taa824)* _ taaSaalag for  tyy, 834,803 > M2 (9.2.23)
2 3 4.-777% 4‘mi 24> ©34s V23 t

82,12
And qiq: = (E%—mj) (Eg—mg)e(—;?ﬁ (9.2.24)
in the same limit, giving
toglasS34\?
| g% gs| > (—2172;234) (9.2.25)
But, like (9.2.5), we have
toa+ o3+ Sgq = M+ mE+mi+1s5 (9.2.26)
80 that fog—>—Sg4, S3q—>00 ab fixed o545
and hence |q.% qs| > Sa1 N —tas (9.2.27)
2my
Similarly |qsx qs5| > a5 V=t (9.2.28)
2m,

and with more effort we find

1
(2% g3)-(q1 % ¢5)—~> 8m2 {812[(t23 + 15— m3)? — dtagty]
1
+ 834 Saslbas +tis—mF)}  (9.2.29)
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8o that from (9.2.15) with ¢, = 5, t, = {5,

1 8
R — bt —m2 12 ¢ 2
008 2 —t by (t1+ 2t 834845 Alby Lz m4))(9 2.30)
.2.30

in the limit 8,5, 834, 845 > t;, s, M3, ..., mE. At fixed ¢,, ¢, it is often more
convenient to use the variable 7,, defined by

S12 S345
=12 _ 7345 9.2.31
T2 834845 34545 ( )
rather than w,,.

The set of variables  ;,45,2,,2, and 7, (9.2.32)

provide an alternative to (9.2.6), and one which is more useful for
Reggeization.

To extend this approach to the six-particle amplitude, fig. 9.6 (a),
we simply note that it becomes similar to the five-particle ampli-
tude, fig. 9.1 if we regard (16) as a particle, and replace s;, by
8345 = (P3+ P4+ Ps)?, but in addition to the scattering angles 2; and z,
and the Toller variable 7,5, = $3,5/834 545 We also have z,, the centre-of-
mass scattering angle for (234)+ 51+ 6, and the Toller angle w,;,
the angle between the plane containing particles 5 and 6 and that
containing 4 and 5 in the 1-6 rest frame. Or instead we can use
g3 = 8456/545556- Lhe sets of variables

b1 B2, b3, 8345 8455 S5 Sagss Susey  OT Iy, 00, 03,24, 25, 23, W10, Vg
(9.2.33)

give the required 8 independent variables for a 6-line amplitude. Of
course these sets are convenient only if we choose to couple the
particles as in fig. 9.6 (a), rather than, say, fig. 9.6(b) for which a
different set of angular variables is appropriate (see below).

As the number of external lines increases so does the number of
different ways of coupling together the particles. But for any given
configuration a complete set of variables is provided by the momen-
tum transfers, f;, the cosines of the scattering angles, z,, and the
Toller variables, 7,;, associated with each adjacent pair of £’s (£, and ¢;
say). And for given fixed values of the ’s these angle variables can all
be expressed in terms of the s’s.
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2

Fig. 9.6 (a) Multi-Regge amplitude for 1+2 >3+4+5+6.
(b) Another multi-Regge coupling.

9.3 Multi-Regge scattering amplitudes

The Froissart—Gribov partial-wave projection (2.5.3), in terms of
which Regge poles were defined in 2 — 2 scattering, involves integra-
tion over the s-discontinuity of the scattering amplitude (2.7.2). The
pole appears in the power behaviour of this discontinuity. So when
generalizing to a multi-Regge limit of a many-particle scattering
process we shall have to concern ourselves with simultaneous dis-
continuities in several variables.

It is obviously essential that these discontinuities should be inde-
pendent in the asymptotic limit. For normal threshold discontinuities
it is easy to decide when they are independent. In an n— m scattering
amplitude, fig. 9.7, we can distinguish between overlapping channels
such as z and ¥, for which the invariants

8, =811 = (P1+Pat ... +2;)?
and Sy =814 = (Pt D+ o +24)?

have the particles? and ¢ — 1in common, and non-overlapping channels
like s, and s, which have no particles in common and are therefore
independent. The normal-threshold discontinuity of a given channel
is a singularity just in that channel’s invariant (e.g. the 12 threshold
branch point is at 8;5 = (p;+p2)? = (m+m,)?) and so normal-
threshold discontinuities in non-overlapping channels are independent
of each other. But more complicated Landau curves do not have this
independence. For example the box diagram, fig. 1.10(b), gives the
s—t curve (1.12.10) for the position of the double discontinuity. It is
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F16. 9.7 An n->m amplitude. The invariant s, = (p,+p5+ ... +2,)?
overlaps 8, = (pi—1+Pp:+ .- +p,)? but not s, = (p,+ ... +p,)%

generally assumed that the normal-threshold discontinuities are suffi-
cient to give the Regge asymptotic behaviour, in which case only
non-overlapping channels have simultaneous Regge discontinuities.
This is trivial in 22 scattering since we obviously do not have
simultaneous Regge behaviour in the overlapping s = (p, + p,)* and
t = (p, — p3)? channels, but it has not been established for certain in
more complex amplitudes. It is, however, true in all the simple models
such as ladder diagrams or dual models and we adopt it here (see
Brower et al. 1974).

There are generally several different asymptotic limits which can
be taken for a given amplitude and for a given configuration of the
particles, depending on which variables are taken to infinity, and
which are held fixed. Thus in the five-particle amplitude, fig. 9.1,
we have the following possibilities.

(@) The single-Regge limit. In this case z, >0 but £, and the other
angles and invariants in (9.2.32) are held fixed. This means sz, -0
from (9.2.12), and hence s,, > 0o from (9.2.10) but s,5, ¢, and ¢, are fixed.
Also to keep o,, fixed in (9.2.30) (or #,, in (9.2.31)) we must keep
the ratio s;,fs,, fixed as both - co.

This corresponds to the single-Regge graph fig. 9.1(c). There are
obviously three possible single-Regge limits of the amplitude depend-
ing on whether we take 5,4, 845 O 855 0.

(b) The double-Regge limit. Here z,, z,— 0, the other angle and the
invariants in (9.2.32) being fixed. This means s;,, 83, and s3>0, £, ¢,
fixed, and with the ratio s,/s3,8,; fixed to keep w;, and 7,, fixed.

This corresponds to the double-Regge graph fig. 9.1(b), but other
double-Regge limits like fig. 9.1 (d) can be obtained by permuting the
final-state particles.

(¢) The helicity limit. This has w,, (and #,,) > o0, with z,, z,, ¢, and ¢,
all fixed, so s;p-—>00 with 83, 45, #;, f, fixed. Since this involves
€08 wy,—>0 it is clearly not a physical limit.

Obviously (a) is just the same as the single-Regge limit in 22
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scattering except that one of the final-state ‘particles’ is actually
a two-particle state with fixed invariant mass. It is thus similar to
resonance production in quasi-two-body processes and requires little
further discussion. But (b) and (c) are quite new, and depend in an
essential way on there being three particles available in the final state.
They will be considered below.

This discussion can readily be generalized to any multi-particle
final state. In the single-Regge limit those invariants which overlap
the given Reggeon line (e.g. s;, and s;4in fig. 9.1 (c)) all tend to infinity,
with fixed ratios, and all the other independent invariants (t;, £, 8,5)
are held fixed. In the multi-Regge limit those invariants which overlap
any Reggeon line (e.g. 815, 834, 845 1n fig. 9.1 (D)) tend to infinity, and the
others are held fixed. The ratios of those invariants which overlap
a given Reggeon are held fixed, while those invariants which overlap
several Reggeons (for example s,, overlaps a, and «, in fig. 9.1())
tend to infinity like the products of the invariants of the individual
lines (for example s;5 ~ 84,8,45). In the helicity limit only those in-
variants which overlap two Reggeons tend to infinity, with a fixed
ratio so that the Toller angle between those two Reggeons tends to
infinity.

We shall now examine in more detail the Reggeization of the 2->3
amplitude, fig. 9.1. Since we are interested in using the results in the
s-channel physical region, some authors have preferred to use the
0(2, 1) group-theory method (whose application in 22 scattering
was mentioned in section 6.6); see Bali, Chew and Pignotti (1967),
Toller (1969), Jones, Low and Young (1971). However we shall use the
Sommerfeld-Watson transform of the t-channel partial-wave series,
and assume that this can be continued in the t’s without difficulty.

In the single-Regge limit (¢) we are concerned with the ¢-channel
process 2 + 3 — (15) + 4 where (15) is a quasi-particle (see fig. 9.4 (a)).
So following section 4.6 we begin with the ¢-channel partial-wave
series (4.5.10)

o0 Jy .
Ay, 215 O35 £y, 29) = JZO A_EJ (2J;+1) AJl(tﬁ ta, 25) dr(2;) €11rs

= X 3 (2h+1)A; (bt 2)dii(z) ehen
A=Z gz

(9.3.1)

where J, is the angular momentum of 3 with respect to 2, and in
addition to summing over all partial waves we have also summed



302 MULTI-REGGE THEORY

over all the possible helicities A for the quasi-particle (15). By angular-
momentum conservation |A| cannot be greater than J;. (Remember
that for simplicity we are assuming that all the particles 1,...,5 are
spinless.) The second expression in (9.3.1) seems more appropriate
for continuing in J; (though in fact it may be better to continue in A
first: see Goddard and White (1971), White (1971, 1973b)). The factor
elt“1z appears because (see (4.4.7) and (4.2.14)) w,, gives the azimuthal
angle in the ‘decay’ (15)—1 + 5, and by definition A is measured in
the direction of motion of (15).

We then replace the sum in (9.3.1) by the Sommerfeld-Watson
integral (4.6.1) in the complex J] plane, and draw back the integration
contour to expose the leading Regge pole o, (f;) whose contribution
can be written

AR(E1, 215 @195 B, 20) = T'(—4(t1)) 71(t1) (zl)al(t‘)/\_z ey, (b5 by, 2,)
(9.3.2)
where we have factorized the residue into a part y,(¢;) for the 2-3

vertex, and ¥,(t;; ts, 2,) for the (15)—4 vertex, and have included the
nonsense factor I'(— ). If we define

w0
By, ®1; B, 20) = N 2 ey, (b £, 2,) (9.3.3)
=—00

the Fourier transform of y,, and take the asymptotic form

(21)% ~ (834)%,
we can rewrite this more conveniently as
AR(815, 834, 845 tys Ea) = L'(— 1 (81)) V(1) Blt1s 0125 b2, 25) (834)

(9.3.4)
just like the 2+ 2 case (6.8.1).

For the double-Regge limit we start from a double partial-wave
decomposition in 2z, and z, (Ter-Martirosyan 1965, Kibble 1963), i.e.

Aty 2 wip B2, 29) = X X (24,+1)(2,+1)
T J2=0 X
x AJIJZ/\(tl’ ta) i (21) d33(2,) €2e1s (9.3.5)
where |A| < J;,J;. Then if we make the Sommerfeld-Watson trans-

form in both J’s and expose the leading Reggeon in each channel, we
get in the double-Regge asymptotic limit

AR(819, 834, 8455 b1, £a) = T(— (1)) y1(Ey) (834) 142
X f(t1, Mgs t2) T(— a(t2)) Valta) (845)% % (9.3.6)
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where f(t,,7,5,1,) is the coupling at the central vertex (a;a,4) and
depends on the Toller angle as well as the #’s.

Apart, perhaps, from the inclusion of the %,, dependence these
results are just what one would naively expect from drawing diagrams
like fig. 9.1(b). However, we have certainly not done full justice to the
problem because we have not bothered much about the discontinuities
in the different invariants, and in particular we have completely
ignored the fact that Reggeons have signature and hence have dis-
continuities for both positive and negative s, which give the amplitude
its phase. We must now remedy this.

The assumption that there are no simultaneous Regge discontinui-
ties in overlapping-channel invariants means that for example the
discontinuity in s,, must not itself have a discontinuity in s,;, though
it may have one in s,,. So we expect that the s;, discontinuity may
involve terms like

(—8a0)*17 %2 (—81)"2 Vy(7110) + (= 834) 172 (815)2 V3 (m15)  (9.8.7)
where the V’s are real functions of the 3’s (for negative ¢,,t,). Both
terms ~ |834|% |8,5]% since sy, ~ 83,845 in the double-Regge limit, but
the first term is cut for positive s,, as well as s,,, while the second is not.
We also want the Reggeons to have a definite signature, so that for
example the Reggeon «, gives a discontinuity for positive s;, and an
equal one for negative s,, (up to a + sign depending on its signature %)
and so we have equal amplitudes under the interchange 2 < 3. There
are thus four different terms, from fig. 9.8, and combining them, in
the physical region where all the Regge functions are real, gives
(Drummond, Landshoff and Zakrzewski 19695)

AR(8y3, 834, 845, L5 Ba) = T'(— a1 (8)) ¥1(t) (834)10 I'( — ato(t,))

X Va(ta) (845)*4P [£1£01 (110) XV Vi(ty, L, M10) + Eobr2(710) 2 Valty, £, 710)]
(9.3.8)
where gi = e—im,-_l_'gpi, gii = e—in(ai—aj)_l_gﬂigﬂj (9.3.9)

This may be re-expressed more conveniently as
AT (812, 834, 845, brs b)) = Y1(t1) By (b, 834)
X Gla(tys tas Mig) Balta, 845) Valta)  (9.3.10)
where Ry(t;,s) = E,(t,) I'(—a,(t,)) sx®d (9.3.11)
and Gty b, ) = 71 E53(77,)4
X Valtis b 0ig) + E578 3 (033) 9 Vlts, b, 1) (9.8.12)
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P 3
%
4 + F
dy
1 5
A % + S E
Fi6. 9.8 The four different terms in the double-Regge amplitude stemming

from the signature properties of the Reggeons. The x implies that the Reggeon
is twisted (s > —s) like the twisted ladders of fig. 8.11.

-+

We can regard (9.3.11) as the Reggeon propagator, and all the phase
complexity has been put into G,, the coupling of particle 4 to the two
Reggeons.

For more complicated amplitudes with extended chains of Reggeons
like fig. 9.6 (@) we simply increase the number of propagators and (s
in the obvious manner. However, with six lines a new type of con-
figuration with a triple-Reggeon coupling, fig. 9.6 (b) becomes possible.
In this case we can write (Landshoff and Zakrzewski 1969)

AR = y(t,) By(t1, Sa45) ¥(ts) Ba(ta, Sys6) Y(ts)

X By(ts, Sa34) G12a(tys bas bas 7125 723s M31)  (9-3.13)

where again all the phase problems are contained in G ,5. A careful
analysis (de Tar and Weis 1971) finds

Grag(tys tas by Tyg Mass Nar) = E5 ' EgnaVia+ Er g Vs +E7 EgsnV
+ 51—152—155—1 e-—iﬂ(a1+az+a3)(1 +‘Z eiﬂa1 +%ei1ra2 _I_'Sﬁa eimza) 7123
where Vi = )% (%)% Vi
Vijk = (ﬁij)%(aﬁaj—ak) (ﬂjk)é(aj+ak—a¢)(”ki)}(ak+ag—aj)‘z:jk (9.3'14)
gijk = e—iﬂ(a,'—aj—ak)+ ‘y; ‘y; ‘Zc

and the V’s are real functions. Any multi-Regge diagram can be
expressed in terms of y;, R;, G,; and G, as functions of the appropriate
invariants (Weis 1973, 1974).
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The other limit to be discussed is the helicity limit (c) (see Brower
et al. 1973b). Starting from the double partial-wave series (9.3.5)

Aty 215 0095 80,20) = X X X (24+1)(24,+1)
A=—o Jy=|A| Jy=|A]

X A g ralt, to) dfi(z,) d33(zg) €2z (9.3.15)
we express all three summations as contour integrals like (4.6.1)

Aty 215 ©195 82, 2)

(2J,+ 1) (2J, +1)A_,1_,2/\(t1,t2)
- (——) fdAfdJ fdJ2 sin (wA)sin (7(J; — A))sin (w(Jy— A))

x dgi(—2,) dI3(—2z,) e!rn (9.3.16)

which gives, from the Regge poles in J; and J,, taking the asymptotic
form of the d*i(—z,) (even though we shall not in fact be making the
z; large),

AR(tl’ 245 Wygs t2’ 22) = — %ifdA( — 834)011“'1)( _ 845)015“'2)

ei/\wn

AF(/\—al)F(/\—a2)ﬂ/\(t1,t2)y1(t1) Yalts) (9.3.17)

sin 7r
where £, is the central coupling. Then using the fact that

cos Wy, = (et e7lon) ~ g,
we can rewrite this as

AR(ty, 215 W1g; by, 24)

~ 77 | QA =8 =i (= TR = )T A=) T )
X Bty t) v1(t1) Valts)
= 77 | A= (= 55 (=8 TR =) T2 =)
X D(=2)Aalty ) va(t) Valta) (9.3.18)

(see White (1972a), Brower et al. (1974) for details). Then for s;,— o0,
834 Su55 b1s Tp fixed we find, on opening the A contour, that the leading
asymptotic behaviourstems from the ‘ helicity poles’ of the I™-functions
at A = a;, and gives terms

AR ~ (spp)1 and  ~ (sy5)s
So in this helicity limit the Regge behaviour arises from the nonsense

I'factors which relate the coupling of each Reggeon to the helicity
of the other Reggeon.
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We shall find that this limit is useful in the next chapter, but for
multi-Regge analysis it is of course the various multi-Regge limits
which concern us.

9.4 Multi-particle dual models*

In chapter 7 we introduced the idea of duality: that the Regge poles
in the ¢ channel already include the resonance poles in the s channel,
at least in some average sense, and so it is a mistake to try to add these
two types of contributions. The Veneziano model like (7.4.4), which
we shall here take to be

Vis,t) = g =

(9.4.1)

gives a specific, though not unique, realization of this property, with
Regge behaviour both in s at fixed ¢, and in ¢ at fixed s. We now want
to discuss the generalization of this result for many-particle amplitudes
(see Veneziano 1974a, Schwarz 1973, Mandelstam 1974). It seems
clear that this must be possible because for example in fig. 9.4 (a) we
treated (15) like a single particle, and if we choose a positive value of ¢,
such that a,(t,) = n, a right-signature integer, we have a physical,
and presumably dual, 2 > 2 process.

First it should be noted that in 2->2 scattering there is a different
dual amplitude for each planar ordering of the particles (see fig. 7.7)
so that the V(s,?) term is represented by fig. 9.9 (a) for which s« ¢
involves just a cyclic permutation of 1, 2, 3, 4. But since s <> u requires
a non-cyclic permutation there is also a V(s, ») term, fig. 9.9 (b), which
must be added separately, as must V (¢, 4). So generalizing this idea of
planar duality we can expect that the set of diagrams, fig. 9.10, which
all have the same cyclic ordering of particles 1,...,5 will be dual to
each other, but that for example the diagrams of fig. 9. 11 will comprise
a separate dual term. In all there are 12 inequivalent orderings of the
particles and hence 12 dual terms. Secondly the two Reggeons «,(f,)
and a,(t,) in fig. 9.10(a) depend on completely unrelated variables
ty3 and ty;, so it is rather obvious that they cannot be dual to each
other. It is Reggeons in overlapping channels, like ¢5; and s34, which
have particle 3 in common (see fig. 9.10 (a), (b)), which will be dual to
each other.

* This section may be omitted at first reading.
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9
-

(@) (b) ©

Fi¢. 9.9 The three inequivalent planar orderings of the particles which
give the three terms in a 2 - 2 Veneziano amplitude like (7.4.17).

3
244 0}
3

1

F1a.9.10 Three different Reggeon amplitudes which involve the same planar
cyclic ordering of particles 1,...,5 and so should be represented by a single
dual amplitude.

2 3 2 3
(b)
5
1 4
3 4
2 9
1 4 M
@ 1 4

F1e. 9.11 Some Reggeon amplitudes which are dual to each other, but
not to those in fig. 9.10.

To extend (9.4.1) we begin by rewriting it as
1
Vs, t) = gB,(—afs), —a(t)) = gf da x—e@-1(1 — g)~*0-1
0

(9.4.2)

where B, is known as the Euler g-function (see Veneziano (1968),
Magnus and Oberhettinger (1949) p. 4). This integral is only defined

II CIT
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for a(s), a(t) < 0. As say a(s)->0 we have
1
B,(—af(s), —a(t))»f dz—-1 1 (terms finite at a(s) = 0)
0
1
= — —— +finite terms (9.4.3)
a(s)
so the pole at a(s) = 0 arises from the divergence of the integrand at
x = 0. We can continue past this singularity by integrating by parts,

giving
B,(—a(s), —alt)) = aitt)(:; ! f: drz—9(1 —x)—2®-2  (9.4.4)

which exhibits the pole at a(s) = 0 and is defined for a(s) < 1 where
of course there is another pole of B,. By repeating this process we find
a sequence of poles at a(s) = 0, 1,2, .... They can be obtained directly
by expanding the integrand in the form

(1—z)0-1 = 3 P.(—aft))an (9.4.5)

n=0
(=1)»
n!

where P(-a)=

(—a—1)(—a—2)...(—a—mn)

and integrating each term to give
® P (—aft
By(~afs), ~a() = 3 -0

Z 2 —n (9.4.6)

So with a linear trajectory a(t) the residue of the pole at a(s) = n is
a polynomial in ¢ (and hence z,) of degree n (cf. (7.4.13)).

The symmetry of (9.4.2) in a(s) and a(t) ensures that the channels s
and ¢, which are related by a cyclic reordering of the particles 1, ..., 4,
have identical poles; but the poles in ¢ arise from the other end of the
range of integration at x— 1, so that simultaneous poles in s and ¢ are
avoided. It is thus helpful to rewrite (9.4.2) as

1
V(siostas) = g fo Ay g A2y (215) 745171 () ~29~1 §(2y + 25 — 1)
(9.4.7)

where we have associated an x variable with each channel which
contains a pole (which arises for z— 0), but by including the § function
have ensured that the overlapping s;, and ¢,; channels do not have
simultaneous poles. It is also possible to insert an arbitrary function
J{®19, T43) into the integrand of (9.4.7), analytic in 0 < = < 1, in which
case expanding f in a power series in the #’s would give a sequence of
Veneziano satellite terms like (7.4.15).
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Forthefive-particleamplitude, fig. 9.10, we write similarly (Bardakei
and Ruegg 1968, Virasoro 1969)

V (812, 8345 Sa5» tag, ti5) = gB5(— (819), — x(834), — x(845), — A(taz), —altys))
1

=g J A,y dagy dwgs drgy Aoy () 101 L. (15) 0872 f(a,, ..., 2y5)
0

(9.4.8)

which has poles for each of the possible pairings of external particles
(in this planar configuration). The function f must be chosen so as to
prevent simultaneous poles in overlapping channels like, for example,
834, ta3 and 845, 80 it must not be possible for x,, and x,; or x,; to vanish
simultaneously. So we require f to vanish unless

Tag = 1 —Lop%ys a
Tgs = 1= 23425 b
Ty = 1—24577, c (9.4.9)
Tig = 1—215% d
Tog = 1— 21503 €

This gives five equations for five unknowns but they are not all
independent equations, and in fact two of the variables remain free.
These can conveniently be taken to be ., and z;;. Then d gives x,, in
terms of these, and ¢ and a give

1—2y 11—

Loy = ———2 . Ly = ———— 22—
34 3 45
1—2)5 %5 1 — 2,505

respectively; equations b and ¢ are consistent with these results. So we
can write from a, b and ¢

S @125 00 T15) = (1 — gy — LapTy5) O(1 — g5~ X3y Ty5) O(1 — Ty — T19%34)
(9.4.10)

We could also multiply by any analytic function of the 2’s to give
satellite terms. These d-functions can be used to perform the integra-
tions over x,,, 24 and z,, giving

Bg(—(315), —(834), — A(Sg5), — A(la3), —a(ty5))

1 ez —afs3g)—1
= | dagday(l—w, xza)—“(su)‘l(—%—)
J 0 BT s 1— 2,50

1—z —alsys)—1
x (“‘__IL) (W) a1 (zry5) 211 (1 — 215 @)1

(9.4.11)

10-2
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or

1
Bg(—a(s1) —a(ssy), —t(8ys), — (tag), —tlfss)) = fo dagy Az,

X (#a5) 891 (2y5)~ )L (1 — g )~ 71(1 — gy ) a1

X (1 — 15 Tag) ~Her0)Folses) alosd) (9.4.12)
The complete five-particle dual amplitude is the sum of 12 terms like
(9.4.12) involving different planar orderings of the five external
particles. These are necessary to give the Reggeons signature since,
for example, the signature properties of a(fy;) and a(t,;) require the

four diagrams of fig. 9.8.
To examine the poles of this amplitude we put

—a(819) + (845) + (83y) = — B (9.4.13)

and expand (1= y5205)F =

2
18
<

(%15 %3)" Fr(— ) (9.4.14)
and integrate term-by-term to obtain (Hopkinson and Plahte 1968)
E P f dx23 dx15(x23) “(tzs) 1+n(x )—a(tlﬁ) —1+n

" X (1 — gg)~*®ad-1(1 — A U

o Po(—B)By(—a(tys) + 7, — (Syy))
x By(—altys) + n, —a(sg)) (9.4.15)
Then if we expand the first B, as in (9.4.6)

Il
iMs

By= 3 z Py(=B) Py —tlay)

m=0 — a(t23) +Mp=0
X By(—altss) + 7, —a(sys))

giving a residue of the pole at a(t,3) = m of degree m in s,,, the angular
variable for the ¢,; channel, so we have a daughter sequence of spins
k=0,...,m. The residue contains the four-point Veneziano formula
for (23)+4—>1+45 as one would expect from factorization in
fig. 9.10 (a). However, while the highest trajectory contains just single
resonances at a(l,;) = m, all the daughter trajectories are multiply
degenerate (Fubini and Veneziano 1969, Fubini, Gordon and
Veneziano 1969), so simple amplitude factorization does not hold
except on the leading trajectory. By excluding Veneziano satellites we
have kept the daughter spectrum as simple as possible (Gross 1969),
but none the less there are a very large number of particles. In fact
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for a given m the number of levels is given by the number of ways of
choosing non-negative integers n; which satisfy
N+ 20,4+ 305+ ... =m

For large m this increases as e®"V®m_ Tt is of course a moot point
whether one should take this seriously as a prediction of the model or
whether it simply stems from the fact that we are unrealistically trying
to represent a continuous branch cut by a sequence of poles.

To obtain the double-Regge limit of (9.4.12) we make the replace-
ments

afs) = al+a's—a's, Xy = Y , Xyg = Y15
s> — 834 — 845
—a’su
S0 (1 — x23)-—a(834)—1 — (1 + y_.23) —> e~V
S
34

(1— ;1;15)—0‘(345)—1 —>e~ Vs
( 11—y, :1:15)—“(31z)+0‘<334)+0‘<845) —> e(~V2sV15512/Sa5545) &’
and hence

@
By (= 834)609) (— 545)*C19 f dyas dy;5(Yas) 201 (yy5) 101
1]
% @~ Watl1s HUpl1s8a/8assas) & (9.4.16)

This gives the double-Regge form (9.3.10) with an explicit form for
the dependence on the Toller angle in V which can be shown to be
(Drummond et al. 1969a)

- 1 o M-ay—m) I'(—as+a,—n)
Vilty, b, 112) = I'(—o)) I'(~ o) n2=0 1 m(’hz)nz 1

(9.4.17)

and similarly for V, (where ¢, = t,3, 8, = fy5, ¥y = atys), Xa = A(le5)).
To generalize (9.4.8) to an N-particle amplitude we write for a given
cyclic labelling of the particles (Chan 1968, Koba and Nielson 1969)

1
Vy=gBy=9g f . f@) T (@) ~omn—tda,,, (9.4.18)

and the full amplitude will be the sum of }(N —1)! terms for all the
inequivalent non-cyeclic permutations of the particles. A given
= a(s,,,) is specified by the channel invariant

S = (pm+pm+1+ +Pn)2 (9419)

as shown in fig. 9.12 (), and to prevent simultaneous poles occurring
in overlapping channels we must insert into f(z)

8(xmn + H Lpy — 1) (9420)
k1

amn
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2 3
4
1
N

(@)

(0)

F1a.9.12 (@) 1+2 -3+ ...+ N amplitude with a cyclic ordering of the
particles. (b) The «,,, trajectory exchange. (c) Labelling for y,, = ;,.

where the kI are all the channels which overlap mn. To exhibit these
we define N — 3 variables

Yp =0, n=23,....N-2 (9.4.21)
as shown in fig. 9.12(c). Then all the other #’s are related to these by
(Chan and Tsou 1969)

a,

a’m, n—1"%"m—-1,n

x,, = nlmbr 9 <m<ng N—1 (9.4.22)
LR a’m—l, n—1
n
where O = 1— kH Yo Yr=Yn_1 =0 (9.4.23)
=m

and it is found that the constraint (9.4.20) is incorporated by writing

1 N-3
By = fo dys... dyn_s II (1 =YiYir) 7 I1 (Tpunly))ome
1= m,n
(9.4.24)
This agrees with the result (9.4.12) for N = 5, and the resulting
multi-Regge behaviour corresponding to fig. 9.12(¢) is
By T'(—alty)) (— 525 V(ty, b3, 903) I'(— a(ts)) (— 834)

X V(tg, 84, 734) ... T(—lby_o)) (— Sn_g, y—1)*04—2 (9.4.25)
where the V’s are given by (9.4.17). This accords with (9.3.10) except
that of course our single planar amplitude lacks the signature factors.

It is also possible to include internal symmetry in these multi-
particle dual models. This is achieved by incorporating the quark (qq)

structure of the mesons, just as we did in section 7.5 (Chan and Paton
1969).
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Each meson is represented by a matrix, the rows corresponding to
the quark index, and the columns to the anti-quark index. Thus if we
consider just the isospin symmetry the quarks are the I = I iso-
doublets (5.2.2), and a meson will be represented by a 2 x 2 matrix:
a Kronecker §,; if it is an isoscalar I = 0 (equation (5.2.7)), and the
isospin Pauli matrices (5.2.5) (7)., ¢+ = 1,2, 3 if it is the ith com-
ponent of an isotriplet I = 1 (equation (5.2.8)). I = 0 and 1 are the
only values which can be made from two I = } quarks so there are no
exotic states. It is convenient tointroduce the notation (r,),5 = &,4
so that the set 7, ¢ = 0, 1, 2, 3, includes all four possible isospin states
which a particle may have.

The Chan—Paton rule is that to include isospin in a By correspond-
ing to a given cyclic ordering of the particles 1,..., N we multiply it
by a factor §tr(r,,7,,,7,,...,7;,) (where tr = trace). This factor has
the same cyclic symmetry as that of By, and gives the correct qq
structure with no exotics in any intermediate state. This can be seen
by writing for the L exchange particle in fig. 9.12(c).

3
Ftr (T3, - Tiy) = 'E_O [Ftr(ry, ... 73, Ts,)] [3tr (Te,Tiptar - TiN)]
(9.4.26)

which obviously has the desired factorization and isospin content for
the residue of particle L, with exchange degeneracy between I = 0
and I = 1 particles. This can be extended from SU(2) to SU(3) simply
by replacing the 7’s by the A matrices of table 5.1. But of course the
method is only applicable in the limit of exact SU(3) degeneracy,
which is far from the actual experimental situation.

In the last few years this dual formalism has undergone many
developments which we shall not attempt to cover in any detail. The
reader desiring to follow them can consult such excellent reviews as
those of Veneziano (1974a), Schwarz (1973), Mandelstam (1974) and
Scherk (1975).

We mentioned in section 3.3 that straight trajectories like those of
the dual model are produced by a relativistic harmonic oscillator
potential, and it has proved possible to re-express the dual model in an
operator formalism in which particle states are created by an infinite
set of harmonic oscillator creation operators ay, n=0,1,...,00,
operating on the basic vacuum state (Fubini et al. 1969, Fubini and
Veneziano 1970, 1971). This makes it much easier to discuss such
features as the resonance spectrum, and in particular the degeneracy



314 MULTI-REGGE THEORY

of the daughters. But there is a fundamental problem that to ensure
the Lorentz covariance of the theory the creation operators must be
four-dimensional (# = 0,1, 2, 3) and the inclusion of the time dimen-
sion produces so-called ‘ghost’ states, with negative residues, which
would violate causality (see section 1.4). The same problem occurs in
quantum electrodynamics where the creation of time-like photons
would cause difficulties were it not for the fact that the Lorentz gauge
condition ensures that such states are eliminated (Bjorken and Drell
1965). This is possible because the massless nature of the photon
means that there can be no longitudinal photons either (the helicity
A = +1 only, not 0), so the longitudinal and time-like components
can be arranged to cancel.

It has been found that likewise in dual models, if «(0) = 1 for the
leading trajectory, then an infinite set of gauge conditions can be
imposed which eliminates all the ghosts. In fact this is true for up to
26 space-time dimensions. But of course such a restriction is very
unphysical and makes it quite impossible to regard the model as a
prototype for real physics even in the meromorphic limit. It does mean,
however, that the resulting dual field theory is closely related to other
field theories with massless particles, in particular to quantum electro-
dynamics with massless photons and electrons, to the Yang-Mills
field theory, and to quantum gravity with a massless spin = 2 graviton.
In fact these field theores can be obtained as limits of dual field theory
when the trajectory slope a’— 0 (see Veneziano 1974).

A further development has been to visualize this operator formalism
as describing the motion of a quantized massless relativistic string
(Goddard et al. 1973, Mandelstam 1973, Scherk 1975). A meson may
be thought of as a string with free ends moving under internal tension
counter-balanced by the centrifugal force due to its rotation (fig. 9.13).
The maximum angular momentum for a given energy (= mass) occurs
when the string is rigid, as in fig. 9.13(a), and simply rotates, while
lower-angular-momentum states of the same energy occur if there are
also vibrational modes (like those of a violin string) whose frequencies
will be multiples of the fundamental rotation frequency. This pro-
duces the daughter spectrum at a given mass. Internal symmetry can
be incorporated by imagining the string to have quarks tied to its
ends.

The motion of the string will in time trace out a world sheet like a
twisted ribbon (fig. 9.13(c)) and the gauge conditions correspond to
the requirement that only vibrations perpendicular to this world sheet
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F16.9.13 (a) A rotating string with quarks at its ends. (b) A vibrational mode
of the string. (¢) World sheet of a rotating string. (d) String—string scattering.
(e) Re-normalization loop in string—string scattering. (f) A tube corresponding
to the Pomeron. (g) Highest angular-momentum state for a closed string.

oceur. A consistent unitary quantum theory of such a string is possible
only if 2(0) = 1 and the dimensionality of space-time is D = 26.

One can picture the interactions of such strings as in fig. 9.13(d),
which looks very like the duality diagram of fig. 7.7(a) (see Olive
1974). To unitarize the theory one must of course be able to include
loops like fig. 9.13 (¢), but such loops give infinite contributions which
are not susceptible to the usual renormalization techniques of standard
field theory because of the infinite number of intermediate states
available. However, there is also another type of loop, namely a tube
(fig. 9.13(f)), which is the world sheet of a closed string. The maximum
angular momentum of such a closed string, for a given energy, occurs
when it is pulled rigid as in fig. 9.13(g), and it has twice the angular
momentum of the corresponding open string, so «(0) = 2. In fact it
can be shown that o

atube=2+§t

where o’ is the slope of the open-string trajectory. Since the closed
string has no ends it can carry no quarks, and so has vacuum quantum
numbers, and it has therefore been identified with the Pomeron. The
fact that the intercept is at 2 rather than 1 is another embarrassment,
but perhaps if the intercept of the ordinary Reggeons could be
brought down to «(0) = 4 then the Pomeron would come down to 1 ag
well. In the zero-slope limit the Pomeron field theory reduces to that
of a graviton.

This dual field theory could be the first hint of a fundamental theory
of strong interactions in which dual Reggeons play the central role.
However, the fact that at present the theory seems to be restricted
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to integer trajectory intercepts, high space-time dimensionality (D
can be reduced from 26 to 10 in some versions), and is not readily re-
normalizable, makes it necessary to reserve judgement, and we shall
not pursue the theory further here.

9.5 Multi-Regge phenomenology

Because the number of independent variables increases so rapidly
with the number of particles (= (3N — 10) for an N-particle amplitude)
many-particle processes have been much less well explored than
those with two particles in the final state (N = 4). Thus to examine
thoroughly the 2 3 amplitude we need, ideally, sufficient events to
map the probability distribution in five different variables, or four at
a given incident energy. Further, since the double-Regge region re-
quires Syg, Sgq, S45—>00 With 81,/8548,5 fixed, to get both s;; and sy
large enough we need a very large s;,. But at such large s;, the given
three-body final state will be found in only a small fraction of the
events. For this reason it has become more usual to try and analyse
many-body reactions ‘inclusively’ as we shall describe in the next
chapter, rather than concentrating on a particular final state exclu-
sively. Nevertheless, it is important to discover what Regge theory
has to say about individual many-body processes.

We shall concentrate on 2 — 3 scattering as in fig. 9.1. From (1.8.5)
the double differential cross-section, integrated over t,,, ;5 at fixed s,,,
will be (see (1.8.17))

d2r . 1 5 ( d?p
Topadsy, C1 a0 %09) = axg oy | Ao, oy

X (2m)2 84(py + P2 — D3 — Pa— Ps5) 0(Sas— (P3 + D4)?)
x 8(845— (Pg+05)?) |A(L +2 >3+ 44 5)[2 (9.5.1)

which gives the distribution of events in the Dalitz plot, fig. 9.2, as
a function of sy, and s,; for a given s,,. (If the particles have spin a sum
over the helicities of 4z is implied as usual — see (4.2.5).)

The single-Regge limits like fig. 9.1(c) are characterized by a fixed
small value of one of these invariants, say s,;, with sy, ~ §;5—> 00, and
so there are three single-Regge regions as shown in fig. 9.14 (a). For
example in ntp—>nta®p we may have ntp— (n%1+)p, ntp—no(ntp)
and ntp >nt(n’p). Particular examples where two of the final-state
particles are correlated as resonances, such as (n%zt)=p*t or
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FiG. 9.14 (a) Dalitz plot for large s, showing the three single-Regge regions
(hatched) and the three double-Regge regions (cross-hatched). (b) Double-
Regge exchange diagrams for n+p - n+np.

(ntp) = At give quasi-two-body reactions of the type already dis-
cussed in chapter 6, and in fact single-Regge analysis is identical to
that for two-body final states except for the dependence on s,z = m2;,
the invariant mass, and the (45) ‘decay’ angular distribution.

Of greater interest are the various double-Regge limits, like
fig. 9.1(b) which requires s,5, 834, 85500, Ty = 815/83, 845 fixed. Now
from (9.2.30) %,, is related to w,,, and since w,, is a physical angle it is
restricted to cosw,, > — 1 which gives (after some manipulation, see
Chan et al. (1967))

8q4 8
(W —tag+ o —tis)2+my > 22 = — (9.5.2)

Now Regge theory is applicable only when the interaction is peripheral,
and we expect that the amplitudes will be negligible for large values
of t. Empirically this stems partly from the exponential ¢ dependence
of Regge couplings and partly from Regge shrinkage, but it is also
necessary on theoretical grounds that s > ¢ for each Reggeon. Hence
we must have |t,], |£)5| small (i.e. ¥ 1GeV?), which means that 1/y,,
in (9.5.2) is restricted to similar small values. So the three double-
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Regge regions are near the corners of the Dalitz plot (as in fig. 9.14 (a))
where the products s,,s,; etc. are not too big in view of the given
fixed large s,,, though both s;, and s,; must be large enough to be in
their respective Regge regions, i.e. 83, 8,5 > 1 GeV2. This ‘cornering’
effect stems just from the kinematics of peripheral interactions, and
is not a verification of multi-Regge theory as such.

The six double-Regge exchange graphs for ntp—ntn’p are shown
in fig. 9.14(b).

To proceed further it is more or less essential to place some restric-
tions on the Regge parameters because fits to the data with all these
diagrams and all the variable parameters which might reasonably be
put into (9.3.10) would be too time-consuming. One way of doing this
is to invoke the dual model. Of course, it is necessary to smooth out
the poles to obtain Regge behaviour on the real axis. Also one must
eliminate P exchange since the Pomeron does not appear in simple
dual models.

Examples of such analyses are those of Peterson and Torngvist
(1969) on K—p—nn*A and related processes, chosen because no P
exchange can occur, and those of Chan et al. (1970) who examined
K+p—Kntp, K-p—>Kyn—p, and 7—p—+K°K-p. The allowed planar
diagrams are shown in fig. 9.15, and using them good agreement with
the data was obtained. On inserting the known trajectory functions
there remains just one free parameter, the overall normalization.
See Berger (1971 a) for a more complete survey.

A more simple version with many of the same features is the Chan~
Loskiewicz—Allison (1968) model in which one writes, labelling the
particles as in fig. 9.12 (c) for convenience,

N-2
Ay = 1L (Gis;+ Fy) (8,4 1)%4°1 (e%s; + 1) (9-5.3)

1=
where

$; =841 = (Pt Pin)h b= [P1— (et D5+ ... +)P (9.5.4)
This has the property that for all s; > 1 it gives the multi-Regge form

N-2
Ay~ _H2 Gi(8,)" earloB st (9.5.5)
i=

like (9.3.6), but it neglects all the Toller-angle and spin effects at the
vertices. For s, — 0 the ith term — F, a constant, which provides a very
crude parameterization of low sub-energy effects (which in fact provide
the bulk of the events) but without the resonance structure which is
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F16.9.15 Different orderings for the process K+p - K%rtp (all particles drawn
ingoing) with no exotic pairings. These are all the planar diagrams allowed by
duality, but (d) is an illegal duality diagram because the A quark would have to
cross from KO to K+,

necessary for a really good description of the data. The full amplitude
is & sum of terms like Ay for all inequivalent permutations of the
particles. Though not good enough for detailed quantitative work
this parameterization provides a manageable approximation with
many of the desired qualitative features. Plahte and Roberts (1969)
have produced an improved version.

The conclusions of this chapter may be summarized as follows.
A consistent multi-Regge theory seems to be possible, though at
present to derive it one has to make unproven if plausible assumptions
about the singularity structure which determines the Regge asymp-
totic behaviour. A dual model with such a multi-Regge structure can
be constructed, though the internally self-consistent factorizing ver-
sion of the model bears at most a rather limited resemblance to nature.
However, it might eventually lead to a fundamental theory of strong
interactions. Phenomenologically multi-Regge theory can be tested
only on that rather small fraction of the events for a given process
which occur in the multi-Regge region of phase space. It appears to
be satisfactory, and, despite their obvious limitations, dual models
have enjoyed some phenomenological success. But many-particle
amplitudes depend on too many variables for a really detailed com-
parison of theory and experiment to be made. Hence for example it
has so far been possible to more or less ignore the Regge-cut corrections
to the dominant pole exchanges.

It will be evident that a better way of analysing inelastic scattering
processes is necessary, and this is provided by the Mueller-Regge
approach to inclusive cross-sections, which is the subject of the next
chapter.



10

Inclusive processes

10.1 Introduction

Though many-body final states provide the bulk of the high energy
scattering cross-section, individual final states are hard to analyse.
They are hard to extract experimentally because it is essential to test
(using energy, momentum, and quantum-number arguments) that
the final-state particles observed in the detecting apparatus were the
only particles produced, and to exclude all the many other different
types of events which could have occurred. In particular the produc-
tion of neutral particles is especially hard to detect. And, as we have
found in the previous chapter, final states are also hard to analyse
theoretically both because the number of independent variables
increases rapidly with the number of particles, and because only a
fraction of the events occur in regions of phase space which are easy
to parametrize, such as the low sub-energy resonance region, or
the high sub-energy Regge region.

Because of these problems it has been found more useful to con-
centrate attention on so-called ‘inclusive processes’, that is, processes
in which a given particle or set of particles is found to occur in the final
state, but no questions are asked about all the other particles which
may also be present in this final state. Thus we have the single-particle
inclusive cross-section for the process

1+2>3+X (10.1.1)

(fig. 10.1(a)) where 3 is a specified type of particle (for example it may
be specifically a n—, or more generally any negatively charged particle),
and X includes all the particles which may be produced with 3, given
the need to conserve energy, momentum and quantum numbers.
Obviously we must have, to conserve four-momentum and charge,

Px =P1+Pe—Ps @x=@1+0:—; (10.1.2)
ete. Similarly, the two-particle inclusive process is
1+2>3+4+X (10.1.3)

where 3 and 4 are specified types of particles, and X is anything
(fig. 10.1(d)).
[320]
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Fie. 10.1 (a) The single-particle inclusive process 1+2 -3+ X.
(b) The two-particle inclusive process 1+2 >3+ 44X,

Such processes are fairly easy to identify experimentally since all
one has to do is to verify that a particle (or particles) of the specified
type(s) has been detected. It is necessary to measure the momentum
only of the detected particle(s) (in addition to the beam momentum)
to determine the event completely, because, for the process (10.1.1)
for example, there are only three independent variables (s, 5 and
My), as we shall see in the next section.

Also, through a rather ingenious generalization of the optical
theorem, due to Mueller, it is surprisingly simple to obtain Regge
predictions about the high energy behaviour of such processes. So in
recent years a great deal more progress has been made in under-
standing many-body processes through this inclusive approach than
by analysing particular exclusive final states such as 1+2—>3+4+35.

This chapter is devoted to the Regge analysis of inclusive processes.
We begin by discussing their kinematics, and the definition of an
inclusive cross-section, before introducing Mueller’s theorem which is
then used to make a variety of Regge predictions. Useful reviews of
this subject have been made by Horn (1972), Frazer ef al. (1972) and
Morrison (1972).

10.2 The kinematics of inclusive processes

We consider the process (10.1.1) shown in fig. 10.1(a). As usual we
work in the s-channel centre-of-mass system in which the four-
momenta are

pl = (‘E19 01 07pz)} p% = Ei_pg = m%
P2 = (£,,0,0, —p,), p§ = E§—p; = m} (10.2.1)
Py = (Eaap:iT’paL)’ p% = Eg_PgT_ng = ’II’L%

The z axis is defined as the direction of motion of particle 1, and
(as in fig. 10.2) we have resolved the momentum of 3 into its longi-
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DP1=7P: D= -—p;

F1e. 10.2 Momentain 1+2 >3+ X: p, = p,, p, = —p,, both along the z axis,
and p, has been resolved into components pg;, along the z axis, and pgp trans-
verse to it.

tudinal component, p,;,, along this z axis, and its components trans-
verse to this axis which are represented by the two-component vector
Pyp. This distinction is very useful because it is found experimentally
that though at high energy p,;, may take on almost any kinematically
allowed value, from p,;, & p,if 3is produced as a fragment of particle 1,
to py, ® —p, if it is produced from 2, the transverse component is
usually rather small, very few events having |Pyr| > 0.5GeV/c. In
fact (Pgr) = 0.3-0.4 GeV/c whatever the beam energy.

Usually the majority of the particles in the final state are pions,
presumably because the pion is the lightest hadron, with much smaller
numbers of kaons, baryons etc., so typically m; <1GeV/c2 It is
convenient to introduce the ‘longitudinal mass’ x4, defined by

Mg = (mf+Pip)t (10.2.2)
which is also generally < 1GeV/c?, so that, from (10.2.1), u, gives the
effective mass associated with the longitudinal momentum, i.e.

Bf = i+ ph (10.2.3)
As usual s = 8, = (p, + p,)? so that E, and E, are given by (1.7.8)
and (1.7.9), and p, = ¢, is given by (1.7.10), and so

pﬁ—)%, E, E2—>1/2£ for s> m? m (10.2.4)
8> 8>
For the final state § = (ps+px)? 10.2.5
stPx

and we define the ‘missing mass’ by
M2 = M% = (py+Py—ps)? = s+m3—2E, s (10.2.6)
from (10.2.1) with (1.7.5). Obviously M takes the place of m, in the
expressions (1.7.9) and (1.7.12) for the final-state energy and momen-
tum, so
1
P} = Pir+ 13y = g [s— (ma+ M)*} [s— (my — M)?]

 (s—M*)? s
8, M 4s s>

(10.2.7)

1 s—M2 s
_ — 2_ 2 > > L. 2.
E, N (s+mi—M )e,M‘—mo N (10.2.8)
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— M2
Since p; is small 5L~ Pi—~> (S_g_l
2
and so %_ ~1 ggzﬂ.‘ (1029)

8 N
Another independent variable is
by =1t = (p,—ps)* = mi+mj— 21’1 P =mi+mi—2E, E;+2p,py,

s s(By—pyy) = — s A Phr 4 (10.2.10)
§—>w E +p3L 8—M2

using (10.2.4), followed by (10.2.3), (10.2.7) and (10.2.8). Similarly
U = (Py—P5)* > — (B3 +pgy.) (10.2.11)
and like (1.7.18)  [s+¢+u = m2+m3+mi+ M? (10.2.12)
So s, t and M2 form a complete set of variables from which all the
other kinematical quantities can readily be obtained.
However, two other variables are also frequently used. One of

these is the Feynman variable, or ‘reduced longitudinal momentum’ x,
defined by (Feynman 1969)

2y = L (10.2.13)
P3r max

Now from (10.2.9) the maximum value of py;, occurs when M?%—> 0 so

2 M2
@y 5? or @ym1l-— (10.2.14)

(though in fact M2, is the mass of the lightest particle which can be
produced, and is > 0).

Sometimes (10.2.14) is used to define z instead of (10.2.13), but the
equations are equivalent only to the extent that m, , ; and |psy| can
be neglected compared with s and M2. Clearly , = 1 and z, = —1,
and if x; & 1 it means that 3 has acquired most of the momentum of 1
and we can say that 3isa ‘fragment’ of 1, orif v ~ — 1, 3 is a fragment
of 2 (seefig. 10.3). The ‘ central region’ z; & 0 implies that 3 is approxi-
mately stationary in the centre-of-mass system and so is not directly
connected with 1 or 2. These ideas will be made a bit more precise
below. From (10.2.10) and (10.2.14) we have

t—>—-—-’li§— (10.2.15)
1—2,

so that s, z, and p%; provide a complete set of variables.
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The other commonly employed variable is the rapidity y, defined by
(de Tar 1971)

Es+p
=}lo (—3 3L) 10.2.16
Ys z10g Ea_psL ( )
from which we obtain, using (10.2.3),
: PaL Ey
sinhy, = =2, coshy, = 10.2.17
Ys= 5= ( )

and so the components of p, are

Py = (g coshy,, Pap, fasinhy,) (10.2.18)

This variable has the advantage that under a Lorentz boost by velocity
v along the z axis (we use ¢ = 1 s0 f =v, y = (1—v*)~% in the usual

notation) Lorentz

transformation

D3 = (B3, Par, P3p,) ——> (Y(E3+9pay), Pans V(Par, + v Ej))
(10.2.19)

and if these transformed values are substituted into (10.2.16)

Lorentz

transformation 1 )
Y3 ——> yz+ilog ( )

(10.2.20)

So the rapidity has very simple transformation properties along the
beam axis. In fact a particle of rest mass m moving along the z axis
with velocity v has E = ym, p;, = ymv and hence

1+
= }log ( ) —
— V] v<k1
0 in the non-relativistic limit, v < ¢ = 1, rapidity — velocity (which
accounts for the name). But, unlike velocities, rapidities simply add
like (10.2.20), even relativistically.
In the centre-of-mass system

E\+p, (B +p,)?
Y = 1 IOg (El z) = %log (ﬁ)
— 1o ((El;'%p’) ) 1log( ) (10.2.21)
§—>o

using (10.2.1) and (10.2.4), and likewise y, — } log (m3/s)

8o y1—yz—>10gms , O 8—>mym,eth—vd (10.2.22)

172
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Also, from (10.2.15) and (10.2.2), in the centre-of-mass system,
(£ +p3L)2)
2

3

ys = 3log ( (10.2.23)
and since, from (10.2.8) and (10.2.7), the extreme values (which occur
when M2->0) are E; x \/s/2, pg, ® + 4/5/2, we find

8 S
Ysmax = %log (/?): Ysmin = —%10g (_2) (10.2.24)
3 H3

so the range of y, is
s
Ya = Ysmax — Ysmin = log (;'%) (10.2.25)

The maximum occurs when 3 takes on the longitudinal momentum
of 1, and the minimum when it takes on that of 2, asin figs. 10.3 (a), (b),
while ¥, = 0 corresponds to 3 being at rest in the centre-of-mass
system. It is sometimes convenient to introduce the reduced rapidity

. _ 2y;
=== 10.2.26)
Ys )73 (
which like x; has the range — 1 < §; < 1. However, §, and z; are not
identical except at the three points —1, 0, +1, since as s—>c0 all
particles whose |pg;,| +> 00 move towards z = 0. A boost to the labora-
tory frame (particle 2 at rest) is just, from (10.2.20),

Y515+ 3log (%2) (10.2.27)

3
as shown in fig. 10.4 (a). From (10.2.10)) and (10.2.11) y, is related to
s, t,uwand M2by M2—s—t)

ys—>}log (3:) log ( : (10.2.28)

The quantities s, y;, P3r thus provide another complete set of
variables for the single-particle inclusive process.

10.3 Inclusive cross-sections

In (1.8.5) we wrote down an expression for the cross-section o,_,,,
giving the probability per unit incident flux of » particles being
produced in the final state; and in (1.8.7) we summed these to obtain
the total cross-section o3t = 5,1 Correspondingly the cross-section
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F1a. 10.3 Particle 3 produced (a) as a fragment of 1, (b) as a fragment of 2,
and (c) in the central region where it is not associated directly with either
incoming particle.
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F1c. 10.4 (a) Transformation from laboratory-frame (2 at rest) to centre-of-
mass frames rapidities for Y = 4; y,,, is simply displaced from ¥,,, by 2 units.
(b) The different regions of the rapidity plot to be discussed below.

for producing at least one particle of type 3 plus anything is given by

1
do , sl 4 2
4q8‘/sn On.—lf il B B5 25 'p1p(21>0l3 1)

where the p§, I = 1, ..., ng, are the momenta of the n, particles of type 3
in the final state, and pi,...,p, are the momenta of the n other
particles which also appear (n+mn; > 2). So the probability per unit
incident flux of detecting a particle of type 3 within the phase-space
volume element d3p, (i.e. within the element of solid angle d£2, with
momentum between p, and p; + dp,) is given by (cf. (1.8.17))

d3o 1 .
d3P3 4qs‘/3n 0n,=1fd¢n+"a E 3(p —Ps )Kl A I>I2(10 .

T1353x =
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where we have summed over all the ng particles of type 3 in the final
state. However, this cross-section is frame-dependent, and instead
it is preferable to use the invariance of d®p/2E(27)? (shown in (1.2.7))
to define the invariant single-particle distribution by

dio
*d°p,

This may also be expressed in terms of our other variables. For
example, using d3p; = 77| ps| d[p|2 d(cos ) with (10.2.10) and (10.2.7)
we obtain Js d¥ d2o

2p
— 3 z 3 2
fi=16m 7 AtdM? o 167 T (10.3.4)

or, writing d3p, = wdp3, dp,;, and noting that, from (10.2.18),

JE273¥(ps, 8) = 167°E. (10.3.3)

dpy;,  dsinhy,

= = pocoshyy, = K
dys Hs day, = U3 Ys = Lig
d2o
we get = 1672 ————r 10.3.5
g = 1 ey dy (10.3.5)
Or since from (10.2.14), (10.2.17) and (10.2.3)
dzg _ 245 2K, ( 45“3)i
— = L 2coshy, = — = +
dg, s BT
we find
4ud\t  dio dzo
= 1672 (x2+ —3) > 1672 10.3.6
fl $§ dxd(P%T) 8> 3d d(PST) ( )

All of the expressions (10.3.3)—(10.3.6) are used in the literature.
The total single-particle inclusive cross-section is

dpy, 1 ns
ffl(Pa’ 8) 167’3E 4%\/8 n+n.—2 Jd¢n+na Z1

x f AP, 83(py — pH)|<| A ]2 = zzlnacr(1+2+na+X') (10.3.7)

where o(1+2->n,+ X') is the total cross-section for producing n,
particles of type 3, plus X’, which represents everything else produced
but includes no particles of type 3. (So ¢ is given by (10.3.1) summed
over n but not over n;.) The weighting by n; occurs because of the
extra summation over ! in (10.3.2). So if we define the average multi-
plicity of particles of type 3 by

3 ngo(1+2->n,+X') 3 ngo(l+2->n5+X')

<’ﬂ3> = n.:O - Na=0

Z 0'(1+2-—>'ﬂ +X/) a-{giall
na=0 3 (10.3.8)
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EE!
then ffl(pa, 8) 167113,%’ (ny) ol (10.3.9)

so the total inclusive cross-section is the total cross-section weighted

by the average multiplicity. The physical reason for this weighting is,

of course, that if the detecting apparatus is set up to register an event

every time a particle of type 3 enters then those events in which two

particles of type 3 occur will be counted twice, and so on. This multiple

counting gives inclusive cross-sections many of their special properties.
It is sometimes convenient to introduce

_fi(Ps,3)
pr(P3, 8) = :rggf’(s) (10.3.10)
d3
so that Fy(s) = f P1(Ps, )16ﬂ3E = {ng(s)) (10.3.11)

Empirically it is found (fig. 10.5) that for large (ny) and s
{(ng(s)y ~ A+ Blogs

which, since {3t ~ constant, means that f f1d3ps/1673E, is increasing
like log s. So as the collision energy increases only a decreasing fraction
of it is used to produce new particles, the rest being taken up by the
kinetic energy of the final-state particles. We shall see below how this
can be explained.

Likewise, we can define the two-particle inclusive distribution,
giving the probability per unit flux of producing, in the process
1+2->3+4+ X, a particle of type 3 in d3p; and a particle of type 4 in

dip,, by
dio

Jo(Ps Py 8) = 4(277)8E3E4d_3pd—3p4
dD,,. .. 3 2E,(2m)P0%Ps—pl) 3 2E,2m)
4%‘/8”20”.@1”;1 n+n3+4z a(27)° 0%(Pyg Pa)mZ]=1 4(27)
x 03Py~ PT) [KP1 .- Pr; D3 --. P3% Pi-- PI* | A [p1p2)[* (10.3.12)
Thenlike (10.3.7)
dPa dP4 - ’

[2ubupuo) fi o = ol1423+4+4.X)
+20(14+2>8+3+4+X")+20(1+2>3+4+4+X")
+40(1+2->3+3+4+4+X")+

= (nyn,) olg(s) (10.3.13)
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F1c. 10.5 The average charged multiplicity (n) in pp scattering versus s,
showing the logarithmie increase, from Morrison (1972).

where X' includes no particle of type 3 or 4, and where (nyn,) is the
average of the product of the multiplicities of 3 and 4. This assumes
that 3 and 4 are distinct types of particles (for example 3 might be
pions and 4 protons, or 3 might be negatively charged particles and
4 positively charged ones). If 3 and 4 are the same type of particle then

d®p, d®p, /
ffz(p37p47s) 16773E3 16773E4 = 20’(1 +2'_)3+3+X )
+60(1+2>34+3+3+X')+ ... = (ny(ny— 1)) ot3t(s) (10.3.14)

since in a given event producing n, particles of type 3 there are =,
different ways of choosing the first particle to be detected, and

ng— 1 ways of choosing the second particle.
Similar to (10.3.10) we can define

Pa(Ps3, Py 8) = Mg;%;%_s) (10.3.15)

and combining (10.3.13) and (10.3.14) we find

- d®p, d’py
Fy(s) = fpzmm = (ngng—0yngy  (10.3.16)
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These results are readily generalized to give the inclusive distribu-
tions for producing any number of types of particles, m, in the process
14+2—>3+4+ ... (m+2)+X, for which

m+2 d3p,
Fy(6) = [ 1 15ty = Coalia= 1) . (mg=m-+ 1)

=3

(10.3.17)
if 3,4, ..., (m+2) are all the same type of particle, where
1 d3mo
= — 3ym sz
PP Prpyss 8) = 0_§gt(167r ) E3"'Em+2d3p3...d3pm+2
(10.3.18)

Since we do not observe most of the final-state particles, X, it might
be thought that these inclusive measurements must always provide
less information about the scattering process than exclusive measure-
ments in which all the particles are observed, but this is not really so.

We can write the exclusive cross-section for a+b—>1+ ... +n
(fig. 10.6) as gsn

o—ex
16m3y" B, ... B, -
(167%)" B, " &p, ...dp,
but if we observe, say, only ! of these, the inclusive cross-section for
a+b—>I1+Xis
d3gin © 1
16mVE, ... Bjme——— = 3} ——f 163y
W6y b B g, = Z i) 107

dsngex s s

if we treat all the » particles as identical. So, as expected, the inclusive
cross-sections can be obtained from the exclusive ones. But conversely
a given n-particle exclusive cross-section can be obtained from all the
n + 1 inclusive ones, since

dano—ex ) ( — l)l
3 — = A 3
(167 )nEl"'E"d3p1...d3pn l§0 7 f(167r ym
d3(n+l)o-in

e L] 3
xEl...End?’plmdaand Pris-. 43P, (10.3.20)

The counting is explained for » = 3 in fig. 10.7: we take the three-body
inclusive process, but subtract all those processes where at least four
bodies are produced, remembering that because of the identity of
the particles the five-body exclusive cross-section contributes 2! times
to the three-body inclusive cross-section; and so on.
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F16. 10.6 (a) The n-body exclusive cross-section. (b) Contribution of the
n-body final state to the I-particle inclusive cross-section.
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NIH

F1a. 10.7 The three-body exclusive cross-section in terms of three- and
more-body inclusive cross-sections, as in (10.3.20).

Hence the complete set of inclusive cross-sections contains exactly
the same information as the complete set of exclusive ones. Of course
many-body inclusive cross-sections are too hard to measure and
analyse, as are many-body exclusive cross-sections, and so in practice
few-body inclusive cross-sections give complementary information to
few-body exclusive ones.

The next step is to derive Mueller’s theorem which allows us to
make Regge predictions for these inclusive distributions.

10.4 Mueller’s generalized optical theorem

In section 1.9, and graphically in fig. 1.6, we gave a derivation of the
optical theorem relating the total cross-section o(12— X) to the
imaginary part of the forward elastic amplitude 4912 12), Mueller
(1970) has obtained a generalization of this result which provides the
basis for Regge predictions of inclusive distributions. This is shown in
fig. 10.8 and gives

f1(Ps, 8) =% \/ Discx{4(123) }—> DISOX{A 123)} (10.4.1)

where A4(123) is the amplitude for the process 14+2+3>1'+2"+3".
In the first step we use the completeness relation for 2|4 (12—~ 3X)|2.
The second step uses the crossing property of section 1.6 to analytically
continue the amplitude from an outgoing 3 to an incoming 3; and then
the unitarity relation (1.9.3) is used to relate this to the discontinuity
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Fic. 10.8 Derivation of Mueller’s theorem. (a) is the definition of f,, where
4q,4/s is the flux factor (1.8.4). To get (b) we use the completeness relation, then
(¢) is obtained by crossing 3 and 3’, and (d) is the unitarity relation for the 3 -3
amplitude. (The factor 2 arises from the definition (10.4.2).)

of the forward elastic scattering amplitude for 123123 in the

variable
M3 = M2 = (py+Pa— P3)? = 8123
Here

. = 1 = . 5 .
Discx{A4(123; 8,43, 5,t)} = 5 (A(123;8)55 +1€,8,t) — A(123 ;8,55 — i€, 8,1))
(10.4.2)

i.e. the discontinuity is taken across the s 55 branch cut but keeping
on the same side of cuts in s and £. Since the initial state has to be
identical to the final state we must have &,;, = 55, = £33 = 0 (where
ti = (p—p1)?, ete.) just as we needed t = 0 in (1.9.6).

The obvious problem associated with this derivation, which is not
present with fig. 1.6,is that we have had to make an analytic continua-
tion in p, to the unphysical scattering amplitude A(123), and we can-
not be sure whether the discontinuity will be affected by so doing.
The discontinuity in (10.4.2) is across M? keeping on the same side of
the cuts in s = s,,, whereas clearly in fig. 10.8(b) we are above the
threshold cut in this variable in 4 but below it at A'. The indepen-
dence of normal-threshold discontinuities mentioned in section 9.3
guarantees that the discontinuity in the one variable is unaffected
by taking the discontinuity across the other, but anomalous
thresholds ete. could spoil the result. However, the general consensus
of informed opinion seems to be that this is unlikely (see Cahill and
Stapp 1972, 1973, Polkinghorne 1972).
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Even so this generalization is clearly more difficult to use than the
ordinary optical theorem because in (1.9.6) the total cross-section for
a given p, and p, is related to the elastic amplitude for the same
physical values of p, and p,, but (10.4.1) relates the inclusive distribu-
tion for 1+2->3+X to the (in any case unmeasurable) process
1+2+3—1+2+3in an unphysical region of p5. However, even if we
cannot measure A(123) we can certainly write down a Regge para-
meterization for it, just as we used the Regge parameters of A°(12)
to predict the behaviour of o{3t(s) in (6.8.4). It is this which makes
inclusive reactions such a valuable testing ground for Regge theory,
as we shall see in the following sections.

So far we have neglected the spins of the particles. More strictly we
should average over the possible helicities of 1 and 2, and sum over
those of 3, so (10.3.2) gives

1
fI(Pa’S) = 4qs«/5(20'1+ 1) (20.2_+_ 1) § ME.”: IA/h/lz,ua(12'_)3X)lz
_ 1
T 2¢,4/8(20,+1) (205, + 1)

x 3 Disc x [ frafis] A(123 > 128) oy pis)] (10.4.3)

Haflafls
through the optical theorem (10.4.1). So far, rather few polarization
or density matrix measurements have been made, so we shall simply
neglect spin below, which means strictly that at each Reggeon vertex
we are averaging over the different possible helicities. But if for
example 3 has spin = 4, its polarization Py, is given by (cf. (4.2.22))
1
PuliPo®) = 44 5o+ 1) @y + 1)

x 3 Im {Discx[(uy o — |A(123 > 123) |, pp + ]} (10.4.4)

bafe
where + = + 1. Alternativelyinclusive density matrices canbe defined
like (4.2.10) and clearly they will tell us about the helicity dependence
of the Reggeons’ couplings to the particles (see Phillips, Ringland and
Worden 1972, Goldstein and Owens 1975).

10.5 Fragmentation and the single-Regge limit

In the region where z; or ; ~ 1, i.e. particle 3 is almost at rest in the
Lorentz frame of particle 1, we can regard 3 as a fragment of 1, agin
fig. 10.3(a). This is called the ‘fragmentation region’ of 1, and the
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inclusive distribution in this region is sometimes written as f,(1 2 3),
i.e. 1—-3 under the impact of 2. Indeed 3 may well be the same
particle as 1, since then no quantum numbers need be exchanged.
The frequent occurrence of the beam particle in the final state, with
high p,, but small p;, and hence close to the forward direction, is
called the ‘leading particle effect’.

So in this region we are concerned with high energies, s = s,,— 00,
but ¢ =t fixed and small. And from (10.2.14) fixed z; implies M2 oo
with fixed M?/s. Now M2 is the total energy for the ab¢ elastic scatter-
ing process in fig. 10.8(d), and large M2, small ¢ suggests a single
Regge pole exchange picture as in fig. 10.9 (a), so we write

(135 pys) = v (t, MZ) (@)“m_l (10.5.1)

8 Sy

where we have summed over all the Reggeons which can be exchanged.
The argument of «; is 0 because always t,,, = 0 for this forward three-
body process. It should not be confused with ¢ = ¢,; which gives the
(fixed) invariant mass of the quasi-particle (13). From the similarity
of fig. 9.1 (a) to fig. 9.1(b) it is evident from (9.2.30) and (9.2.31) that
the value of M?/s determines the angle between the planes containing
13 and 23. In (10.5.1) s, is the usual scale factor, which experience
with 22 scattering suggests should be = 1GeV2. We neglect the
possibility of Regge cuts which would modify (10.5.1) by log (M2)
factors.
The validity of this formula depends on

s, M%and u = (p,—p;)% > mi, t and s,.

So we need s large as usual, and M?%/s = 1 —x finite; so M? must
be large also, but not too large since M2-»s implies x—0 (and
from (10.2.12) % becomes small) so we would leave the fragmentation

region. Obviously for z3, §3 * — 1 we have the process 2—1> 3,i.e. 3 1is
a fragment of 2, and the Regge pictureis fig. 10.9 (b), so we can account
for both fragmentation regions. But clearly it is necessary for these
two regions to be well separated, which, aswe shall show below (section
10.10) needs ¥ = ypax — Ymun > 4, OF 8 > 60GeV?Z, from (10.2.25).

In an elastic scattering process the dominant exchange should
be the Pomeron, P, and if ap(0) & 1 we have

M2
filPs, 8)—> vp (t, ) (10.5.2)

8—>w 8
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X+

(a) (b) () ()

Fi1e. 10.9 (a) The Regge exchange diagram for Discy{4 (123 — 123)} when 3 is
in the fragmentation region of 1, i.e. t;3 = (p; —p;)? is small. (b) The correspond-
ing diagram for the 2-fragmentation region. (c), (d) The Mueller-Regge diagrams

K+
forp - =n*.

and so, like ot§%(s), f1(P3, s) should be approximately independent of s
for s 00, t, M?/s fixed, i.e. f, should ‘scale’.

A cross-section is said to ‘scale’ if its numerical value is independent
of the energy units which are used. Thus oi§%(s) has values which when
expressed as a function of s are independent of the units in which s is
measured only if o33t is independent of s, which is approximately true
at high energies. Likewise in (10.5.2) f; = f,(¢, M?/s) only, so though
it depends on s at fixed M2 (and vice versa) any change of the units in
which they are both measured will not affect the ratio M2/s, so f; scales.
This is not true generally of (10.5.1) of course.

This scaling result agrees with earlier predictions of Amati ef al.
(1962a,b), Yang and co-workers (Benecke et al. 1969) and Feynman
(1969). Yang’s prediction was based on the hypothesis of limiting
fragmentation, i.e. that the distribution of 3 in the rest frame of 1
should become independent of s for large s. This is because he viewed
the scattering particles, 1 and 2, as two Lorentz-contracted disks
passing through and exciting each other, followed by a break-up of
each disk. Since ¢°, gt°t— constants, the forces between the disks
are obviously not changing as s — o0, and so the break-up of each disk
should reach a limiting distribution (in its own rest frame) with no
multiple scattering. Feynman’s view, like that of Amati and co-
workers, was based on the observation that in multi-peripheral and
similar models (to be discussed in the next chapter) the distribution
of 3 in z,; and pyp becomes independent of s as s—>co. This agrees
with Yang’s hypothesis and with the single-Regge limit (10.5.2) for
2% > 4u3[s, but extends the result down to 2 = 0too, which we shall not
deal with until the next section.

This scaling hypothesis works well in many processes. For example
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F1c. 10.10 Data for pp - ntX in the fragmentation region,
from Morrison (1972).

in pp—>ntX, shown in fig. 10.10, we see that f, is independent of s in
the fragmentation region for s = 50> 3000 GeV2. Of course oi%(s) is
not constant at high s, so that effectively ap(0) > 1, and it might be
expected that p; (defined in (10.3.10)), rather than f;, would be the
better distribution in which to observe scaling, but generally the data
are not sufficiently accurate to distinguish these possibilities.

The great advantage of this Regge view of scaling is that it also
predicts how fast the scaling behaviour will be reached (Brower et al.
1973a, Chan et al. 1972b) provided we neglect cuts. The next term in
the series (10.5.1) will be the normal Reggeons R = f, o, p, A, all with
ag(0) ~ 0.5, and approximately equal couplings because of exchange

degeneracy, so if they all add (as in plf; n—, fig. 10.9(c)) we get

fu(Ps $) = p (t, MTz) +dyg (t, g) (@)—* (10.5.3)

So

If now we replace 2 by 2 (i.e. K—isreplaced by K+asin fig. 10.9(d)) the
o and p contributions change sign because they are odd under charge
conjugation, giving

f1(13>3)—f1(1 —3) = 4y (tM?z) (Jsl:)_} (10.5.4)
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and comparing for example p—>n— and p—>n~ gives yi/yp ® %, s0
we need s x~ 2000GeV? for scaling to hold to within 10 per cent.
However, we have found in two-body scattering that, because of
duality, exchange degeneracy may result in a mutual cancellation of
these secondary terms in exotic processes (see section 7.5),i.e. if 1+ 2
have exotic quantum numbers, like K+p, then scaling occurs pre-
cociously in ai3%(s), at very low values of s. We can expect this also to
be true in inclusive reactions, i.e. that scaling will occur if (123) has
exotic quantum numbers so that no resonances occur in M2%. However,
this is only really analogous to 2->2 scattering if (13) is not exotic as
well, so that we can treat it as a quasi-particle. A more systematic
investigation is therefore needed, which we postpone to section 10.6.
As long as poles rather than cuts dominate we can get extra con-
straints on the inclusive distributions from factorization. Thus we

can express fig. 10.9(a) in the form

2 o M2\ [ M2\ @01
7113 p09) = Sk (65 ) (5 (10.5.5)

So

where yi; = yis(taer = 0) is the Reggeon coupling to 22 and G, repre-
sents the upper vertex. For s > co this becomes, with ap(0) = 1,

2 M2
but we also have from (6.8.4)
oi3k(s) = Z?’fl?’gzsai(o)_l—>7’ﬁ7’§2 (10.5.7)
2 GP t M2
so from (10.3.10) pi(1—>3) > —13(7,—/8) (10.5.8)
11

which is independent of particle 2, and so p,(1 il>3) should be inde-

pendent of a for s—>co. This can be tested at finite energies only for
K+ P
exotic (123) processes which scale early, such as p—n~, p—>n~,
+

pn—> n—, and it is found (see fig. 10.11) that p, is the same for all three.
The secondary contributions are also related by the exchange
degeneracy of the couplings (Miettinen 1972, Chan et al. 1972a). Thus

"t M2\t M2\t
fl(P—y’r_) = 75*1:* Gl;m“f 'i"yfw*n+ Gim*‘ (—g) "71‘?:*1:*G%n+ (8_0)
(10.5.9)

where the negative sign of the last term is due to the fact that n*n*p is
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Fi1c. 10.11 The energy dependence of p;, (equation (10.5.8)) integrated over
pir for a variety of processes, showing that it is independent of particle 2, at
least for exotic channels, from Miettinen (1973).

exotic (and n*p is not) so that these secondary f and p terms should
cancel. But from ntnt->ntrt we know that yii s = yR..+ (see
(7.5.2)) so we must also have

G0t = GLrv (10.5.10)
.. . . K+ K-
Similarly on considering p— n— and p — n~ we deduce that
Ggﬂq- = G(ll))n*' = G%,gq-
and that all YRy are equal and hence
K- K+ A M2\ -3

A=) ~fp>n) = w6 (5) T (os)

And for any similar fragmentation we can write

M2\ -4
fl(pfm‘) = YaaOpa+ + ;;ygaagﬂ+ (T) (10.5.12)
0
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so, since the behaviour of &St allows us to deduce yE,, we can predict

allf,(p > n-). Thisis found to work well fora = y, K- or -~ for example.

Factorization is much more useful in inclusive reactions than in
two-body processes because the target is effectively (13). Thus even
if the actual target (particle 1) is restricted to p or (n) we can still
change both vertices in fig. 10.9 (@) by changing the beam particle (2)
and particle 3.

It israther remarkable that these factorization tests should work so
well, though of course the data are not very accurate in general. It
may partly be explained by the fact that we are restricted to t,p = 0
where the poles are more important, or it may be the result of pole-
enhancement of the cuts (see section 8.7g).

10.6 The central region and the double-Regge limit

We consider next the region x ~ 0 where pg;, is small. As s—>00 we
have, from (10.2.10) and (10.2.11),

t—>—(J8) (Bs—psp), u—>—(y/8)(Ey+psr) (10.6.1)
so that |¢|, |u| -0 as s> 00, but

ut

?—’(Ea_PaL)(Ea‘*'PaL) = 43 (10.6.2)

is fixed. So like 7,5 in (9.2.31), u2represents the angle between the plane
containing 1 and 3 and the plane containing 2 and 3. Since uZ is
generally small, <1GeV?, it requires a very large s to get large |¢|
and |u|, particularly if m, is small.

The double-Regge exchange model for this region is shown in

fig. 10.21 and gives
1 '1]'(0) N

fi(Ps, ) = _Z_EYU(P:;T) (—2) (10.6.3)
i #3

where y,; represents the product of the three vertices, and the extra
factor (so/u2) is arbitrary but convenient, because using (10.6.2) we
then get for s —+o0

fi(Ps, 8) > Zv4;(13)
1,7

t %@

U
So

So

a;(0)—1 aj( 0)-1

t
So

U

So

(10.6.4)

If P dominates asymptotically this gives the Feynman scaling result
fig. 10.13
(fe. 10-13(@) 1i(P39) > Ver ) (10.6.5)

12 CIT
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a4

Fia. 10.12 Mueller-Regge diagram for the central region
(equation (10.6.3)).

(0) ) (© (d)

F1a.10.13 Central region Mueller—Regge diagrams; (a) gives scaling asympto-
totically while the others give corrections to the scaling behaviour from
R exchange.

independent of s, ¢ and « (see fig. 10.14). Using factorization this can

be rewritten as Fi(Ps,8) > vvis (13) vEa (10.6.6)
or, using (10.3.10) and (10.5.7),
P1(Ps; ) > Vs (13) (10.6.7)

which is independent of particles 1 and 2. Also, since from (10.2.28)
Y3 —> $log (uft), this result means that f(Psr, ¥, 8) is independent of y,
and s for small y,, i.e. do[dy; at fixed p,y will have a central plateau,
as shown in fig. 10.4 (b). But for this to emerge from between the two
fragmentation regions (each of width Ay ~ 2 — see section 10.10) we
need Y, = 4smax—Ysmin > 4 S0 with u?x 1GeV? this means
s > 60GeV2.

The secondary Reggeons R(=f,®,p,A,) with ag(0) = 0.5 give
corrections to scaling

Ji(Py, 8) = yep(ud) +ver(3) |

t3u

So

~ ypp(#3) + Ypr(#3) (S—o) +0(s71) (10.6.8)

u |3
+ ?’RP(/‘%) + YRR(ﬂa)
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0 0.1 0.2 0.3
T = PL/Pmax

Fia. 10.14 Data for pp »ntX, KX, pX and pX in the central region
showing the approximate scaling behaviour for n* for high energies, from

Jacob (1972).

I2-2
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since from (10.6.1) ¢, % ~ 4/s. According to Ferbel (1972) this ~ s—%
approach to scaling works well at = 0, but clearly this is very slow
compared with the —s~# approach in the fragmentation region. In
pp—>n*X the cross-section rises with s up to s & 1000GeV?, above
which there is a fairly stable central plateau (fig. 10.14) but the cross-
section is still rising slowly. However for pp—~K+, K-, p or p the
plateau is still not well developed even at CERN-ISR, so it appears
that only the very light pion is able to exhibit scaling even at the
highest energies produced to date.

It seems natural that the cross-sections should all be rising with
energy at low energies since it obviously becomes easier to produce
heavy particles as the energy increases. But we have noted that
(n) ~ log s (section 10.3), which from (10.3.9) suggests that f; should
be independent of y,, since o33t — constant and the range of y4 to be
integrated over, (10.2.25), increases like logs. But there are positive
non-scaling terms in the fragmentation region, so there must be
negative non-scaling terms to cancel them in the central region,
otherwise we would not get {(n) ~ logs. Unfortunately, this effect is
hard to reproduce in the Regge approach because the leading non-
scaling terms, figs. 10.13(b), (¢) and (d), are expected to be positive
from duality arguments. This is because they arise from the square
of production amplitudes (fig. 10.15 (¢)) which should be positive if
resonances oceur in X, and zero otherwise, just like the secondary
contributions to o%3*(s). So the approach to scaling in the central
region (10.6.8) should be from above too, according to Regge theory.

This difficulty led Chan et al. (1972a) to propose a new vacuum
trajectory Q (2q(0) = 0.5) with a negative coupling, so that
fig. 10.5(b) gives a negative contribution f; ~ —vyqp|t/s|~2. This is
supposed to represent threshold effects, i.e. the difficulty of producing
heavy particles in the central region. But really the fact that most
cross-sections are still rising must be regarded as evidence that the
Mueller-Regge approach is not yet fully applicable in the central
region.

The normal secondary trajectories, R, can be observed by taking
cross-section differences, such as fig. 10.16 for ntp—>ntX. Since the
p coupling changes sign under n+ < 1~ we have

s
So

ftp—>ntX)—f(ntp >n=X) = 2ypp = d(rtp—>ntX)

(10.6.9)
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3

1)

1 Q
{«) ®)

Fi1c. 10.15 (a) The (unphysical) production amplitude whose square contri-
butes to the inclusive distribution. (b) The Q exchange which has been invented
to parameterize threshold effects.

nt “+'E
;f+p

f-p
3oy W R
P

P

P~ p —=—

Fre. 10.16 Signs of the R contributions to fig. 10.13(c) for n*p»>n=X.

Then using factorization to write (in a notation obvious from fig. 10.16)

Yre(TP>1X) = Vn Vit~ Yoo
etc., we must have y22 _ = —y® _ from duality. A generalization
allows one to deduce, from SU(3) and exchange degeneracy for the
couplings, relations such as

Amtp->ntX) (ﬁ_’_ N ﬁ) AK*p>7tX) (VEK N Y%K)
Alpp—>ntX)  *\yh )’ A(pp—>ntX)  P\vE, T vl
(10.6.10)
where we have defined A(12—> 3X) = f(12— 3X)—f(12—>3X). These
work well even at quite low energies (Inami 1974) which suggests that
extracting the kinematic Q effect in I = 0 makes sense, even if one
cannot take it seriously as a Regge pole. So it must be the I =0
exchange part which has not yet developed its asymptotic behaviour.
Since in the central region f; depends on vy,;(#3) in (10.6.4) (where
Mg is defined in (10.2.2)) and since experimentally it is found that
fi ~ e~s1’ for small pq (see fig. 10.17), we can expect
Vi ~ e (10.6.11)
So the coupling should be strongly dependent on the mass of the
particle which is produced. Substituting mZ for u2 gives the ratio of

n: K:p(p) production as 80:15: 5 per cent which is at least qualitatively
correct.
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F1e. 10.17 The p, dependence of f, for pp—>n* X, showing the sharp cut-off

in py, from Jacob (1972).
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A12-X) = ;>\M)/{\
: 1 1 _>\_/<
=3 2>N\(2 - [

Fia. 10.18 Duality diagram for the R contribution to ¢!
using the optical theorem.

X,
Au2-X) = 1 *f«z
X

2

o O KT

Fic. 10.19 Duality diagram for the P contribution to o}y using the optical
theorem. Note that no quarks pass down the diagram so the ¢ channel has
vacuum quantum numbers; cf. fig. 7.12.

€< - 3

Fic. 10.20 A cross term between figs. 10.18 and 10.19 which is
excluded by the rules for duality diagrams.

I
=

o~ 3
X

A(12 > X)

10.7 Scaling and duality

Total cross-sections such as those for K+p and pp scale precociously,
i.e. are essentially independent of s for rather low s, because these are
exotic channels, while the non-exotic K—p, pp fall rapidly at low
energies (fig. 6.4). This can readily be explained in terms of duality
diagrams as in fig. 10.18 in which the total cross-section for 12—+ X is
related to the imaginary part of the Regge exchange in the elastic
scattering amplitude through the optical theorem. This diagram can
be drawn with X as a sum of resonances only if 12 is not exotic, and
it gives the R corrections to the scaling P term. Another possible
diagram is fig. 10.19 which produces the P as shown, and occurs
whether or not 12 is an exotic channel. Note, however, that cross terms
like fig. 10.20, which might also be expected, are forbidden by the
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3
(a) A(123-X) = 1%\,)( + 2 others
2

X, 1 X, 3
+ ! 3 +2 others +
2 2.6 X,

X,

2
= M + 2 others

(6) fic | A(123-X)

5 < 5 <
e 0 32

+
|
I =l=]

R

Fi1g. 10.21 (a) The seven terms for 4(123 — X). In each case the ‘ others’ are
just cyclically inequivalent permutations of the particles. (b) The seven corre-
sponding contributions to the inclusive distribution f;, again excluding cross
terms. They are redrawn below as duality diagrams, and as Reggeon and
Pomeron exchanges.

3 1

1 3 =
R R

2 2

2
Fia. 10.22 Single Regge diagrams for 1 —» 3, and the
corresponding duality diagrams.
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rules for drawing duality diagrams (section (7.5)). A quark loop cannot
begin and end on the same particle. So in accord with the Harari-
Freund conjecture there are just two terms in o¥3t (see (7.3.1)).

Correspondingly, according to Veneziano (1972) there are seven
terms in 123 —> X, shown in fig. 10.21(a), and so if we neglect all cross
terms the contributions to f; through the generalized optical theorem
(10.4.1) are as shown in fig. 10.21 (b).

Strictly we get precocious scaling if the last term only is present,
which requires that 12, 23 and 13 are all exotic. But in the fragmenta-
tion region of particle 1 only figs. 10.22 matter. These cannot occur
if 12 and 32 are exotic giving early scaling in this region. A more
complete discussion has been given by Einhorn et al. (1972b) and
Tye and Veneziano (1973). Table 10.1 shows a comparison of exoticity
and scaling in current data, from which it will be seen that if 3 isa n*
the criterion 123 exotic seems to work, even if 13 is exotic and so
cannot form a quasi-particle, but on the other hand pp —pX seems to
violate all the rules, presumably because for such a heavy particle
very high energies will be needed before there is sufficiently copious pp
production for scaling to develop. It is the lightness of the pion which
malkes precocious scaling possible.

The fact that duality exchange-degeneracy relations between the
Reggeon couplings seem to hold at quite low s in both the fragmenta-
tion and central regions suggests that it is the incomplete development
of the P term which causes the difficulty.

10.8 Triple-Regge behaviour
In the fragmentation region 1+ 3, with a fixed M2 and s— oo we would
expect Regge behaviour as shown in fig. 10.23 (a)
A(12->3X) —> X ¥is(t) viarlt) £i0) Pyolcos6)  (10.8.1)
8> 1

%
e—imat) | 'y;
where &i(t) = Y08 (10.8.2)
is the signature factor and yi,(¢) is the lower vertex of fig. 23 (a). If we
insert (10.8.1) into the optical theorem (10.4.1), as in fig. 10.23(b),

we get
filPos) = 5 J Disoy{d (125 > 128)} > 1 Zoh() v

x E(t)ES (¢) (cos ;) =®r+ai®)
X DiSCMz{A(iz-—)j2; t, M2ty = 0)} (10.8.3)
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Table 10.1  Scaling behaviour and exoticity

Exotic? Scale?
LS ) r -
P 1
fragmen- fragmen-
tation tation
1 3 123 12 23 13 region Central region
nt nt No No No No i i i
T Yes No No Yes — 4 i
K Yes No No No — 4 J
P No No No No J J J
" nt Yes No No Yes 4
n- No No No No J — J
Ko No No No No 4 4 4
K+  nt No Yes No No —_ 4
n- Yes  Yes No Yes — 4
K® Yes Yes No Yes 4 — ¥
K-t No No No  Yes ¥ 4 {
n- No No No No — 4 4
K® No No No No i 4 i
p nt Yes Yes No No ¥ 4 ¥
n- Yes  Yes No No N 4 ¥
K® Yes  Yes No No 4 4 4
P No Yes No No J N ¥
p Yes Yes Yes Yes 4

For processes of the form 1+ p - 3+ X we show the tendency of the inclusive
distribution in the fragmentation region of the target p, the central region, and
the fragmentation region of the beam (particle 1); 4 means that the cross-
section is increasing with energy, | that it is decreasing, and—that an approxi-
mately constant scaling behaviour is found. A blank means that suitable data
is not available. (Based on Zalewsky 1974.)

} ar

(a) ) (©

Fig. 10.23 (a) Single Reggeon ¢ exchanged in 1+2 >3+ X when 3 is in the
fragmentation region of 1, for large s. (b) The result of inserting (a) into the
optical theorem, fig. 10.8. (¢) The triple-Regge approximation to (b) appropriate
at large M2 In (10.8.1) et seq. the Reggeon-particle couplings are denoted by
7is ete. and the triple-Reggeon coupling in (¢) is denoted by %,
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where A4(:2—32) is the Reggeon-particle scattering amplitude in the
bottom half of the figure. Now if s > M2 > ¢ > m2 5 3, from (1.7.19)

— M2[2
so Mz, _ ¢ - (10.8.4)
Tr13Qeant s> M, 20013 %o arot M

And for M2 oo we can put (see fig. 10.23(c))
. o - y M2\ 0
Discy:{A(12>2)} = X v5(0) y¥*(t, 0) (—s—) (10.8.5)
k 0

giving (from (10.3.4))

cos b, —~

d2o 1
fi(P3, 8) = 1672 ddIE = ; Yla(t) 713 3()

az(t>+a,(t) M2\ a0
<6080 (573 707940, 0) (5 )
0
ag(t)+a, () 2\ ap(0)— (t)—d (£)
Elzaig()() ’ (M)" " (10.8.6)
8 ik 30 80

Note that the Reggeons ¢, j have mass ¢t = (p, —p3)%, but k has mass

tyr = 0 since the optical theorem is for forward scattering. All the
couplings and signature factors have been incorporated into Gi}%(t).

This expression is valid in the so-called ‘triple-Regge’ limit when
M? and s/ M?%— 0. However, this is really a misnomer because, as we
noted in section 10.5, s/M? gives the angle between the planes con-
taining 13 and 23, and letting this angle tend to infinity is really
a helicity limit in the language of section 9.3. However, the leading
helicity pole occurs at A = o (see (9.3.18)), so the fact that we are
taking a mixed Regge-helicity pole limit in (10.8.6) does not make
any difference to the formula to leading order in 3?2 (see de Tar and
Weis 1971).

From (10.2.14) we see that s/ M2 ->co implies that 3> 1, ¥3->¥3 max»
so this triple-Regge region is only a small part of the z; or y, plot near
the kinematical limit. Clearly (10.8.6) can only be applied for large s
since if we suppose that we need M%/s, > 10, and s/M?2 > 10 for the
Regge expansion to be valid, with s; = 1 GeV?thismeanss > 100 GeV2.

Using (10.2.14), (10.8.6) can be rewritten

. ax(0)
fl(Pa, 8) = l 3 Gﬂ";(t) (1 _x)ak(o)—ai(t)—aj(t) (f) (10.8.7)
845k So,

and if M? is sufficiently large that only P is needed in the sum over £k,
and if the leading ¢ and j trajectory with the quantum numbers of 13 is
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denoted by 4, then

1, . .. 2ai(t)~1
(pw8)>5 RO EOP RO Y760 (35) T ()
. (_s—)2ai(t)—l — (1)t (10.8.8)
EA 5,

80 f; is a function of , or M?/s, only, which again corresponds to
Feynman scaling. And by looking at the s variation at fixed M2, or
the M2 variation at fixed s, for different values of £, one can determine
a,(t) directly.

Rather comprehensive sets of fits of (10.8.6) to the high energy data
have been made by Roy and Roberts (1974) and Field and Fox (1974).
In pp—>pX, since 13 = pp has the quantum numbers of the vacuum
the leading term will be the triple-Pomeron term

1 8\ 2ap®) [ J2\ apO)—2ap(®)
ey = 160 (2) ™ (2) (109

So

which with ap(t) & 1+ apt gives

pp,p . 1 GFP.P § \ 125t
fl A -';:) PP, D (t) .Z_M—z (10810)
or, also from (10.8.6),

PP,P .
d2o - Gopp (t)  sP®t

A~ T16n%, (ME)EE

The secondary terms come from replacing ¢, j, £ by R, where
ag(t) & 0.5 +agt so we can write

fi=fTPP+fRRP 4 fFPR | fRR.R (10.8.12)

where for example

2ap(t) 2 (0)—2ap(l)
flRR,P=1GII]{RvP t) (E) aR (M )ar aR(
P, D
s EN 8o

1 8 2a'pt

(10.8.11)

The terms in (10.8.12) all have ¢ = j. There could also be cross terms
like fPR:P which are usually neglected.

Clearly, by taking different types of particle for 3 one can examine
a wide range of quantum numbers for ¢ = 13: charge exchange,
strangeness exchange, baryon exchange, etc. So far, only a limited
amount of data is available but some fits have been made (e.g. Hoyer,
Roberts and Roy 1973, Hoyer 1974).



TRIPLE-REGGE BEHAVIOUR 351

Though the method is only directly applicable for s > 100 GeV? we
can extend it to lower values using duality arguments. Thus at low M2
we can expect resonances (r) to be produced which will be dual to
;. (k= R) in the 1232 amplitude (fig. 10.23(c)). So we expect for
i = jin (10.8.6)

r 2\ ap(0)—2a(t)
do\F  (ME\emOBE) o e0-2ait) —2ait log (M%sy
dt ) (M%) ©

(1]

(10.8.14)

for linear trajectories. This tells us how the differential cross-section
in the two-body process 1+ 2 >3 + X should vary with M% at fixed s:
it should broaden in ¢ as M2 increases. An example of how this oceurs
is shown in fig. 10.24. So the triple-Regge behaviour constrains quasi-
two-body scattering as well.

In the triple-Regge fits to pp—pX it is always found that, for
small ¢, GFP-P(t) <« GR®P(t) but both are non-zero for ¢ = 0 (see for
example fig. 10.25). The precise value depends on the assumptions
made about the secondary terms, but there is now fairly general
agreement about this result (cf. Field and Fox 1974, Roy and Roberts
1974, Capella 1973, Lee-Franzini 1973). Since y%,(t) is known from
fits to the pp differential cross-section this gives yFF-P(t, 0) directly
(see (10.8.6)). Then if at a given fixed value of ¢ we take out the factors
Yho(t), £p(t) and (s/M2)*®, corresponding to the couplings and propa-
gators of the Reggeons ¢, j in fig. 10.23 (b), the remainder gives (from
(10.8.5) and the optical theorem (1.9.6))

M2\ ax0-1
U%’xf(Mz, £)— Ekyé‘z(O)yPP’k(t, 0) (—80—) , k=P,R,..
(10.8.15)

(where we have taken s,/M? as the flux factor) which is the total
cross-section for Pomeron-proton scattering as a function of the
‘energy’, M, and the (mass)? of the Pomeron, ¢. This is plotted in
fig. 10.26 from which we see that at large M2 o5t~ 1 mb for t— 0.
Compared with o9 ~ 40mb this shows that the triple-Pomeron
coupling y*¥?(0,0) = & v+,(0), so Pomerons couple much more
weakly to themselves than they do to other particles. But the
coupling is not zero.

This raises a rather difficult point about the self-consistency of
P exchange. The diffractive cross-section for 1 + 2 — 3 + X (fig. 10.23(a)
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F1g. 10.24 The slope parameter b in d?g/dz dM?2 oc ™)t ag
a function of M2 in p+d —»X +d, from Loebinger (1974).

with ¢ = P) is, from (10.8.6),

d2o GRELE(E) (8 2r 02 ( M2\ orO-2cgt) (10.5.16)
dtdM? ~ 167753 8 N h

So if we put ap(t) = ad + oc{;t the total diffractive contribution is given

by ap®—
oB(s) = o _ deGERF (1) exestiosiney
12 16772(-5' “P (M2)a p0 13,2
(10.8.17)

The boundary M2 == s is where « = 1, and ¢ marks the lower limit

below which the triple-Regge approximation breaks down. Then

putting say GIE:F(f) = G e2t for simplicity (see fig. 10.25)
Gs2ap®~2 dm?

i40) = Tomrgeyer f (I @+ 2o Tog (5307 (10-8-18)

~ g2ap®—2

ifap < 1. But if a = 1, using

dx
Jx Tog = = log (log z), (10.8.19)
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Fi1c. 10.25 The various triple-Regge couplings, G* ¥, found
by Field and Fox (1974) in a fit to the pp - pX data.

we find  oR(s) -2zlc7log (1 + s log s) ~ log (log s) (10.8.20)
P

a

Though this behaviour is compatible with the Froissart bound

(2.4.10) there is evidently an inconsistency because o = 1 gives
a49%(s) > constant — O((log s)~1)

(see (8.6.9)) and clearly we must have of(s) < of8¥(s) as s—o0.
Indeed no ordinary Regge singularity can give ot ~ log (logs). On
the other hand if G}53F(f) vanished at ¢ = 0, for example

GERT(O) = (—p e
say, then (10.8.17) would give
b 8 dm? 1 1
g oC 0 - oC 7 7 7
fe (M2)=°(a+ 2aplog (s/ M2))2  2apa  2ap(a+2aplogs)
-> constant — O((log s)~1) (10.8.21)
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—~——t= —0.10
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F1a. 10.26 The Pomeron—proton total cross-section oit(M2,¢t) defined in
(10.8.15) as a funetion of M2 for various ¢, from Field and Fox (1974).

which would be compatible with P dominance. This problem, first
noted in the context of the multi-peripheral model (see section 11.4
below) by Finkelstein and Kajantie (19684, b), has been re-examined
by many authors, for example Arbanel ef al. (1971), Goddard and
White (1972), Arbarbanel and Bronzan (1974a). A useful review of
these arguments has been given by Brower and Weis (1975). Thus
even though yP¥-P(#) is small, the fact that empirically it appears
to be non-zero at ¢ = 0 raises an important difficulty which we shall
examine further in the next chapter.

10.9 Finite-mass sum rules

In combining a Regge exchange model for the fragmentation region
with Mueller’s theorem in fig. 10.23 we have been led to study the
discontinuity in M2 of the Reggeon—particle scattering amplitude
A(i2>42). From this viewpoint the function of particles 1 and 3 is
simply to produce the virtual Reggeons, ¢, j. This is very analogous to
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the way in which virtual photon amplitudes are produced in electro-
production (cf. fig. 12.1 below).

The centre-of-mass energy for this Reggeon—particle amplitude is
just M, the missing mass in 1+2->3+ X, and since to maintain the
limit s/ M?%-> o0 it is frequently necessary to consider rather small M2
data it is useful to be able to obtain information about the Regge
singularities, a;, by using FESR to average over the resonance region
of M2, in analogy with section 7.2, rather than trying to make Regge
fits at high M2 These sum rules are called ‘finite-mass sum rules’,
FMSR (see Hoyer 1974).

We begin by introducing the crossing-symmetric variable (cf.
(7.2.3))

and, since

V = Py (p1— Ps) (10.9.1)

8= (Pr+pe)? = mi+mi+2py. 0y, w = (Py—p3)° = mi+m§—2p,. 04
(10.9.2)
this can be rewritten, using (10.2.12), as

V= ME—t—md)—>31M? for M?>»i md (10.9.3)
Then from (10.8.6), taking just the leading 13 trajectory ¢ = 7,

d' ! 1 s \ 2x:®
FOE = T V@) &) (M_)

x Discy{A(12—>i2; £, M2,0)}  (10.9.4)

and with (10.8.5) for Disc,»{4 (12 > 12)} we obtain, for an even-signature
trajectory &, = + 1 (cf. (7.2.8), (7.2.15)),

fN d (d2o-(12—>3X) d20'(32—>1X))

. am: - T T a@ainre

i, ke
= gﬁ%msmi@—@ 2 f ON (M2)u0-2a®) L 2d M2 (10.9.5)
The factor 2 appears on the right-hand side because, as in (7.2.9), we
are adding the cuts for positive M2 and for negative M2, which describe
the processes 123X and 321X respectively, at fixed £y = 0.
These are the two discontinuities of the even-signature k trajectory
(see fig. 10.27). And on performing the integration we obtain for the
right-hand side

5 Gk 021 Nouo-saios

- 10.9.6
r  167%(s0)%® 2 o, (0) — 201, (8) + 2 ( )

In practice it is not usually possible to go to sufficiently high energies
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Fi1e. 10.27 Triple-Regge representations for 1+2 »3+ X
and 3+2 -1+ X used for FMSR evaluations.

for a single trajectory i to contribute, and so it is necessary to replace

> by ¥ in (10.9.6). Also we can take higher moments (like (7.2.14)
k44K

and (7.2.16)) and obtain (setting s, = 1 for convenience)

J‘N S [d2o-(12—>3X) 4 (o 1y 032> 1X)]

0 dtda dtdM?
i, k ap(0)—a;t)—a(t 1
ok 32m a(0) —a;(t) —a;(t) +n + 1

wheren = 1,3,5,...,for ¥, = land n = 0,2,4,... for &, = — 1.

These FMSR were introduced by Einhorn ef al. (1972a) and Sanda
(1972) and have been widely employed to complement triple-Regge
fits. For example Roy and Roberts (1974) and Field and Fox (1974)
used them in the fits described in the previous section.

The duality properties of these sum rules are rather interesting.
For ¢,j = R (i.e. ordinary Reggeons, not P) we can expect the usual
two-component duality of two-body reactions (section 7.3), i.e.
resonances in M2 will be dual to k¥ = R, while the non-resonant back-
ground should be dual to k = P, since all we have done is move out in
talong the i, j trajectories away from the physical particles. This seems
to be well verified (see Hoyer 1974). But what about the Pomeron—
particle amplitude P+2—>P+2? On the basis of the duality dia-
grams, fig. 10.28(a), (b), Einhorn et al. (1972) argued that (unlike
R +2 >R +2) the resonances in M2 build up the P exchange. But on
the other hand if the P couples through the f, the resonances should be
dual to the R and P is dual to the background as in fig. 10.28(c).
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However, this diagram contains a closed loop and so would normally
be excluded from consideration. The ‘theory’ is thus ambiguous, and
so unfortunately is the phenomenology at present (see Hoyer 1974).

By taking wrong-moment sum rules (i.e. n even for % = + 1, and
n odd for &, = —1) we can explore the fixed poles which may be
present in the Reggeon—particle scattering amplitudes (cf. (7.2.21)).
For example if in an even-signature amplitude we take the zeroth
moment we obtain (with j = 4, and again setting s, = 1)

N (E0(12->3X)  do(32>1X)
"\ T T aane

0

_Z + 16 [713(t)]2 |:(t)]? 22 ®y55(0)

71282

N a0)—2a)+1

x 3 [G}‘i(t)+7ii,k(t,0)m] (10.9.8)

where GQii(t) are the residues of the fixed poles in the Reggeon—
particle amplitude i2->i2 at the nonsense points J—2«,(t) = —m,
m=1,8,5,... (since the {-channel helicities of the trajectories are
a;(t)). G¥(t) is related to the Reggeon—particle fixed-pole coupling
N,(t,t,,t,) which occurs in the expressions (8.2.37) and (8.3.8) for
a Regge cut in the Gribov calculus by (see (8.2.39))

Gii(t) = N{(0,1,8) () (10.9.9)

Thus by comparing right- and wrong-moment sum rules one can in
principle evaluate N and substitute it into (8.4.1) and obtain an
expression for the Regge cut. This has been attempted by Roberts and

Roy (1972) who used inclusive data on K+~I:>K° and K—~I—)>I_§° to
evaluate p ® p and A, ® A, cuts in pp—pp, and by Muzinich et al.
(1972) who have tried to estimate the P ® P cut in pp— pp. They
find that the cut has a strength of only about 40 per cent of the eikonal/
absorption prescription (NTT(¢,¢,,8,) = 1, see section 8.4). However,
the uncertainties in the triple-Reggeon couplings make the errors in
these evaluations rather large. Also the procedure is not self-consistent
since the cuts have been omitted from the inclusive sum rules, so this
approach can only be even approximately successful if cuts < poles.

It will be evident from the preceding sections that, despite being
restricted to t, = 0, this triple-Regge regime should eventually
provide many useful insights into Reggeon dynamies.
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Fic. 10.28 (a) Duality diagram for P exchange in ¢2 -42. () A redrawing
of (@) suggesting that the P-exchange coupling might be dual to the resonances.
(¢) An alternative duality diagram, involving a closed loop, which suggests
that P exchange is dual to the background as usual.

10.10 Correlations and the correlation length

The two-particle inclusive distribution for 1+2->3+4+X was

defined in (10.3.12). The dynamics of particle production can obviously

be explored further by observing any correlations there may be

between the two observed final-state particles. For example if 3 and 4

were mainly produced through a resonance decay, 1+2-—»>r+X,

r— 3 + 4, then the momenta of these particles would be closely related.
We can define the two-particle correlation function by

cz(Pa,Pm 8) = Pz(Pa’Pm S) —P1(P3’ S) Pl(Pm 8) (10'10'1)
where the p’s are defined in (10.3.10) and (10.3.15). If there is no
correlation between the production of particles 3 and 4 the probability
of producing both must be just the product of the individual produc-
tion probabilities, i.e.

Pe(P3 Ps; ) = p1(P3, 8) PPy S) (10.10.2)
giving ¢, = 0 as required. It is also convenient to introduce

d3 ds
Cys) = fcz(Pa, Dy, 8) 1_675%:; 16#12)%4 = (nany—d3yng) — (ny) (ny)

(10.10.3)
from (10.10.1), (10.3.16) and (10.3.11). If 3 and 4 are identical particles
Cy(8) = Fy(s)—F3(s) (10.10.4)

We have seen in fig. 10.5 that F; ~ logs approximately, and similarly
(fig. 10.29) Cy(s) ~ (logs)? approximately (or it could be ~ a small
power of s).

Likewise we can define the three-particle correlation by

3(Ps Pas Pss 8) = P3(P3s P> Pss 8) — P1( P35 8) Co( Py P5s S) = P1(Pys 8)

X C3(P3s Pss 8) — P1(Ps> 3) Co(P3s Pas 8) — P1(P35 8) P1(Py> 8) P1 (P55 8)

(10.10.5)
and so on.
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F16. 10.29 Data on C,(s) against s for negatively charged particles, from
Harari (1974). The curve is a fit with C; = 0.14(log 8)2— 0.6510og s + 0.06.

Some correlations have to be present because of kinematics (i.e.
conservation of E, p, etc.), or quantum number conservation (of B, Q,
8,1, G ete.): see de Tar, Freedman and Veneziano (1971). For example,
sincein 1+2-—>3+4... (m+2) we have

m+2

> E, = (10.10.6)
n=3

i.e. the total centre-of-mass energy of all the outgoing particles must
equal that of the initial state, and there is an energy conservation
sum rule

Zj 1P1(Py: 9) 16 = 48 (10.10.7)

since the left-hand side gives the probability of producing a particle
of type I with energy E,, integrated over all possible energies, and
summed over all possible types of particles. Also since

m+2 2
(z E,,) =s (10.10.8)
n=3
we have similarly
d’p, d°p, a*p, _
Z f EBip P P ) Ty, Toneg, +ZJ‘ Btpu(Pe ) Tgzag, =
(10.10.9)

But since from (10.10.1) we can express p, in terms of ¢, and p,, and
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gince dip, d’p,
EI EkEzP1(Pk,8)P1(Pz,8)mc 1672, ~
iy

we obtain from (10.10.9)

(10.10.10)

d’p, _d? e 2 d3p,
]?l J‘Ek'Elcz(Pkrpb ) 167T2E 16772E +ZfElp1(Pl’ ) 67 2E
k=l

(10.10.11)

The second term is clearly positive definite, and so ¢, must be negative.
Obviously one would expect to obtain a negative correlation from any
conserved quantity like energy, because the larger the energy carried
by particle 3, the more likely it is that the energy of 4 will be small.
Similarly from charge conservation we have (like (10.10.7))

Zsz/h(Pt’ 16 ZQI () =Q;+@, (10.10.12)

using (10.3.11), which gives a negative correlation between the
charges of the particles produced in a reaction.

In addition to these kinematic correlations there may be dynamical
correlations due to the production mechanism, for example the
resonance decay mentioned above. Such correlations seem much less
likely if the particles occur at very widely spaced points on the
rapidity plot (fig. 10.4), and it is useful to try and determine the
distance in rapidity over which one can expect there to be strong
correlations. This is called the ‘correlation length’, A, defined such
that there will be negligible correlation between particles 3 and 4 if

lys—va| > 4 (10.10.13)
Thus the projectile fragmentation region of fig. 10.4(b) is
Ysmox > Y3 > Wamax— ) = $log (s/43) -
and the target fragmentation region is
Ysmin S Y3< (Yzmn+4) = —}log (s/uf) + 4.

Note that since we are taking A to be independent of s we are assuming

that scaling holds in the central region. But for low s, 4 > log (s/u2),

80 the two fragmentation regions overlap and scaling is not expected.
In the central region the Mueller-Regge diagram for

1+253+4+X
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F1a. 10.30 Treble-Regge representation of the two-particle inclusive
process 1+2 »>34+44 X.

is the treble-Regge diagram fig. 10.30, where s,, f,5, S34, toy— 00 With
(t13 S3a tas)[S12 €be. fixed. And so (cf. (10.6.4))

;(0)-1 o;(0)—1 a(0)~1

t42

So

taa
So

b
So

f2(P3)P4! s) - E ')’ijk(/‘g’ /‘E)

¥

(10.10.14)

Once the energy is high enough for the central region to be really well
separated from the fragmentation regions, we need only include the
P for 7 and k, so for t,5, £,y 00, if ap(0) = 1,

834) aJ(O)—l

;; —> vppp(#3; 43)

f2(P3)P4’s)'")27PjP(/‘§’/‘§) ( -
" (10.10.15)

which gives the scaling behaviour expected in the central region. How
fast the latter limit is approached depends on the spacing of the
secondary trajectories, R, in the sum over j.

Using factorization we can write (cf. (10.6.6))

Yeip (5 1) = Vi ved () viE (43) Ve (10.10.16)
So using (10.5.7) we can write, from (10.3.15) and (10.10.15),

PoPs: Pas 8) > v (13) vid” (uh) (10.10.17)

which is independent of the nature of particles 1 and 2. Then because
of (10.6.7) we find
(1061 PoP. D1 9) > Py(Pas ) Py ) (10.10.18)

and so from (10.10.1) ¢y(P3, P4, $) = 0 and there is no correlation. Thisis
because we have assumed that asymptotically a single factorizable
pole dominates, and so each vertex is completely independent.
However, at lower s;; we can expect corrections to the Regge
behaviour from the lower-lying R trajectories, and these will produce
correlations between the particles at non-asymptotic sub-energies.
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To determine the length in rapidity over which such correlations will
occur we note that in terms of rapidity, from (10.2.18),

Ps = (#3coshys, Pyr, f3sinh ;)
Py = (g coshyy, Pyrs fhgsinh y,)
and so Sy = (P3+py)? = PE+ i+ 2p5.7,
= mg+m + 24t sty cosh yg coshy, — 2Pgp. Pyr

— 2p5p,sinh ygsinh y,
= m3 +mj + 2pzpus 0sh (Y3 —y4) — 2P3r. Par
> 2 fty, €OSh. (Y5 — Y/5) = pg pog €1¥s~4 (10.10.19)

Bag>©

Hence (10.10.15) gives

2 2 (#329) O ao-vivs—,l
fo(Ps, Pa, 8) > X vep(4d, 43) 5 e Vs—ls
7
(10.10.20)

The first term with j = P, ap(0) = 1, gives no correlation as we have
seen, but the second term with j = R, ag(0) = 0.5, gives a contribution

P2(P3, Py, ) oc e~ Hvavdl (10.10.21)
which in (10.10.1) gives

CoP3s Pys 8) oC e~ HVa-il (10.10.22)

and so if we define the correlation length A as the distance in rapidity
within which the correlation has fallen to e~! of its maximum value,
then Regge theory predicts that

A = (ap(0) —ag(0) = 2 (10.10.23)

This seems to be quite well verified in many processes. See for example
fig. 10.31 which shows how the events peak in a ridge where y, ~ y,.
This number is quite important as it gives the width in rapidity of
the fragmentation regions, and shows that we need ¥ ~ 8 (as at the
CERN-ISR) before the central region is well separated from them.
This prediction depends crucially on the fact that each Regge pole
contribution must factorize, so that only the non-factorizability of
a sum of Regge poles produces correlations. However, Regge cut
contributions will in general not factorize, and so for example P ® P
cuts could produce correlations of infinite correlation length. The
apparent absence of very strong long-range correlations must mean
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Fie. 10.31 Contours of constant correlation c,(y;, ¥4; 8), in the y;—y, plane,

for charged particle pairs (mainly pions) produced in pp collisions at CERN—
ISR, from Zalewski (1974).

that the P singularity is at least approximately factorizable, and lends
support to the view that it is effectively a pole at available energies.
However, we shall see in the next chapter that there are some long-
range correlation effects.



11

Regge models for many-particle
cross-sections

11.1 Introduction

In chapter 3 we showed how Regge trajectories could be generated
by the imposition of unitarity on the basic exchange force, whether
that force was a non-relativistic potential, a single-particle-exchange
Feynman diagram in a field theory, or even a single Reggeon-exchange
force in a bootstrap model. But the various bootstrap methods which
we reviewed in section 3.5 all suffered from the very serious defect that
they were limited to two-body unitarity in one channel or another.
In chapters 9 and 10 we have found that Regge theory can also predict
successfully the sort of behaviour to be expected in many-particle
scattering amplitudes, so it is now possible to return to some of the
most fundamental questions of Regge theory, such as how the Regge
singularities are self-consistent under unitarity, and whether the
bootstrap idea introduced in section 2.8 can be correct.

For this purpose we need models for many-particle production
processes, and in the next two sections we examine two such models.
One, the diffraction model, though inadequate by itself, does describe
Pomeron-exchange effects and the fragmentation region, while the
other, the multi-peripheral model, though applicable only in certain
regions of phase space, allows one to approximate the effect of multi-
Reggeon exchange. The so-called ‘two-component model’ which
incorporates both these contributions seems to account quite well
for the basic structure of many-particle cross-sections, if not all the
details.

The next step is to try and convert this success into a self-consistent
bootstrap model combining both duality and unitarity. This is a major
task which has certainly not yet been completed satisfactorily. But in
the final sections of this chapter we review some of the progress which
has been made.

[364]
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Fia. 11.1 The diffraction model in which the incoming particles are excited
by P exchange to high-mass ‘ novae’ which subsequently decay into particles.

11.2 The diffraction model

This model was proposed by various authors under a variety of names
such as ‘the diffractive excitation model’ (Good and Walker 1960,
Adair 1968, Hwa et al. 1970, 1971, 1972), ‘the limiting fragmentation
model’ (Benecke etal. 1969), ‘the fireball’ model (Hagedorn 1965, 1970)
and ‘the nova model’ (Jacob and Slansky 1972, Jacob, Berger and
Slansky 1972), each with a somewhat different physical motivation.
Originally it may have been hoped that the model might account for
most of the high energy cross-section, but this is now known not to
be true. It does, however, provide a significant fraction ( & 209,) of the
events as we shall see. Our presentation will be based mainly on the
nova version (see for example Berger 19715).

The model incorporates the three Pomeron-exchange diagrams of
fig. 11.1 in which the incoming particles are excited to form ‘novae’
or ‘fireballs’ which then decay into the observed final-state particles.
This clearly reproduces the leading-particle effect. The three diagrams
are supposed to add incoherently. It is assumed that the inelasticity is
small so that rather few particles are produced (which is true, since
empirically (n) oclogs), that most particles are produced only with
small py (also true — see fig. 10.17), and that only the energy-indepen-
dent, scaling, single-P exchange is important (which is in fact wrong).

The cross-section for producing a fireball of mass M from particle ¢
is denoted by p;(M), so that the total inelastic cross-section can be
written as the sum of figs. 11.1, in the form

V8—my

. V8—m,
oa(s) = py(M)AM + f po( M)A M
M1+Ma—\/s
f f ) py(My) R(M,, My) A M,

x zf p,(M)AM (11.2.1)

1=1,2
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if for simplicity we neglect the third term by keeping R small. Here
M, > m,, myis the lowest possible mass for a nova, and the upper limit
of integration is the approximate kinematical limit required by
energy conservation.

If we define N(M) as the average number of particles produced in
the decay of a nova of mass M, then the average multiplicity in an
event will be

11.2.2)

[ranponan [ panyan
(n) = E = o (
' pi(M) dM e

if the two p, are taken to be identical.

The decay of a nova into, say, pions is described by the function
d3D/d3q, giving the probability that a given pion is emitted into the
phase-space volume element d3q in the nova’s rest frame. So the
centre-of-mass frame distribution of pions will be (for each nova)

d3o d3D (d3q
the last factor being the Jacobian for the Lorentz transformation
from the nova’s rest frame to the centre-of-mass, a transformation
which clearly depends on M. So (11.2.3) gives us the pion distribution
in terms of three functions, N, p and d3D/d%q, which have to be
determined.

Since we are not concerned with the p; distribution, which will
simply be built into d3D/d3q, and since ¢ is unchanged by a Lorentz
transformation along the z axis, it is convenient to define

_ (43D (Pq)\ .,
and then neglect any transverse motion of the nova so that gy = pq,
which gives do Ve
& ~ N(M)p(MYA(M,y)dM (11.2.5)
But these approximations are certainly not essential and more exact
kinematics can be employed if desired.

It is simplest to assume an isotropic decay of the nova in its rest
frame, so one can put

3
3_3512 o e = oMl § eulle-P K (11.2.6)



THE DIFFRACTION MODEL 367

where K must be x 0.45GeV/c to fit the observed p; distribution
(see for example fig. 10.17). Then writing (see (10.2.18))

Qa1 = Mssinhy, (11.2.7)

where y,is the pion’s rapidity in the nova’s rest frame, and integrating

over g2, we get 4D
S— oC ef#ssinhyK)? (11.2.8)

Yo

Now in the centre-of-mass system y, is boosted to y = y, + y,,, Where

yyristhenova’srapidity ( + for 1, 2 fragmentation), and from (10.2.17)

and (10.2.7), neglecting the transverse motion of the nova, we have

for fragments of 1,

2 _ 2 2 2 _ m2)213
SinhyM=‘pLN[z‘p_N[z [8 2(M +m2)8+(M mz)]

MM 2(Js) M
8—M2 \/,5
ALY Y 11.2.9
M'>mx‘2(\/3)Ms>M- 2M ( )
and so, since sinh y,, & }evx for y,, > 1, we get
s
Yu R tlogan (11.2.10)

for heavy novae at very high energies.
The mean value of ¢, ,, , in (11.2.6) is K, so the typical energy avail-
able to a pion in a nova decay must be

Q= JiK ~ 0.5GeV (11.2.11)

(neglecting the pion mass) which is in agreement with observation, so
if only pions are emitted, the average number produced by a nova

of mass M will be N(M) = y(M ~M,) (11.2.12)

where M, is the ground state energy (= m,, probably), and
v = 1/Q ~ 2. However, we want the average multiplicity of pions to
increase only slowly with s, and to achieve this given (11.2.12) it is
essential that the probability of producing high-mass novae be small.
In fact if (11.2.12) is inserted in (11.2.2) it is clear that we must have
p(M) ~ 1/M?if the average multiplicity is to increase logarithmically,
for then

(n)»]vs'y(—ij{—”»%logs (11.2.13)

So the single empirical constant, K, determines the form of the
functions 4, N, and p.
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Fi1a. 11.2 The contribution of fig. 11.1 (b) to the Mueller
optical theorem; cf. fig. 10.23.

It is interesting to look at these requirements from the Regge view-
point since for example fig. 11.1(b) gives the cross-section for the
inclusive process 1+2—1'+ X, with My = M, in the triple-Regge
region x; & 1, so that (see fig. 11.2)

0 2Md2%o
pelM) = f_w Fan®=)_zar®

f GEPyF(t) s2ee®)-2 9 M2)zkO~2azlt}} 4
(11.2.14)

1 1672

from (10.8.6). The dominant region of the ¢ integration will be ¢ ~ 0,
since G(¢) falls exponentially with —¢, where ap(t) ~ 1. The leading
trajectory k should be the Pomeron, but «,;(0) = 1 gives too slow a fall
of (11.2.14) with M2. However, we can perhaps neglect this term on
the grounds that the triple-Pomeron coupling is small (remembering
also that a finite yPP-P(t = 0) is not self-consistent, at least in the pole
approximation which we are employing) so that for moderate values
of M? the dominant contribution will be &k = R(= p,», A,,f) with
ag(0) ~ 0.5, giving

pao(M) ~ 1;2 (11.2.15)

So from this point of view it looks as though the model may work for
intermediate M2, but not large M2, though we must also remember
that M2 s takes us outside the triple-Regge Region.
Jacob et al. (1972) used the parameterization
e—ﬂi’W—mi) .
pz(M) =Oi(.M——-7’I'—LiTZ, b = 1,2 (11.2.16)
which has the required M-2 asymptotic behaviour, with a peak at
M =m;+1p;; C, and g, are free parameters to be adjusted to fit the
data on o', the inclusive distributions, etc.
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do

Plateau

|

-y

Ymin 0 Ymax

F1a. 11.3 The tails of the two nova distributions produce
a central plateau in rapidity.

It is possible to reproduce the inclusive distributions, with their flat
central plateau, only because of the M2 tail of p(M). From (11.2.8),
since y = y,+ ¥y, the central region y ~ 0 requires y,, =~ 0, which
from (11.2.9) means M =~ ,/s. So thisregion is occupied by novae which
are as heavy as energy conservation permits. Since p(M) N(M) ~ M1
there is a finite contribution from this region of integration in (11.2.5)
and so a central plateau can develop as in fig. 11.3.

Since, from (11.2.2), (11.2.13),

do
Jdy 7 3y Y LY
{n) = U'i’é Elogs (11.2.17)
we have in d_o' Z ~ 1
0'112 d?/ plateau 2

which is compatible with the data to within a factor of 2.

Of course the third term of fig. 11.1 may also be included, and is
regarded by some authors (e.g. Hwa) as the most important, and by
others as at least equally important at high energies. However, since
even with such modifications the model is unable to account for many
of the crucial features of many-particle production we shall not
pursue these variants here.

The first problem concerns particle correlations. From (10.3.4) and
(11.2.2) we obtain with (11.2.12) and (11.2.15)

n—1)y = 2 [YH —DpM AM > /s
J== S e

o—ilé 8§—>w
(11.2.18)

so, even though F} ~ logs, F, ~ /s and hence from (10.10.4) C, ~ /s as
well. In fact it is obvious that the model predicts

C,~F, ~ (Js)», n>1 (11.2.19)

which is incompatible with the high energy data (e.g. fig. 10.29).
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Fic 11.4 Date for o, against » at fixed s for charged particles.

Also, since p(M)~ M-2? and N(M) ~ M, the cross-section for
producing n particles, o, (s), has the behaviour for large n, at fixed s,
dofy dofy 1 1

now AN R VA 7 R

from (11.2.1). But experimentally (fig. 11.4) it is falling much faster
than this for large n. Part of the problem could be just the failure of
this simple version of the model to take into account the phase-space
restrictions on producing large numbers of particles, but it has been
shown by Le Bellac and Meunier (1973) that even using proper
kinematics it is not possible to fit simultaneously the flat do/dy for
y=~ 0and o,.

If we include the triple-Pomeron term in (11.2.14) for large M2, then
clearly N(M) oc M isimpossible if we also wish to retain (n) ~ logs.
If we regard the Pomeron as an ordinary particle then fig. 11.1(b) is
just the process P, 42> X where P, is the virtual Pomeron, and as
M is the total energy for this process we would expect

(n) ~ Clog (M?) (11.2.21)
where C is some constant, which seems to be true experimentally
(fig. 11.5). Then dn=2C dM /M and so for large n
e e [* ol

o,(8) (11.2.20)

89 _ oz = 2 Q0
—— @ Mg = gr=]_ 2 aard

(11.2.22)

Tn(8)
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Fi1c. 11.5 The mean number of charged particles produced in pp »pX as
a function of M? at various energies. This is consistent with the form

(n) = B+ Clog (M?).
{From Fox 1973.)

so using (10.8.6) with GEF3P(t) oc e and ap(t) = 1 +apt we find
-1
oy (a+2a;,10g (s—;)) (11.2.23)
So each o, ~ (logs)~! even though
(n) oc fna'n dn oc logs
Alternatively, with a vanishing triple-Pomeron coupling,
GILE" () oc (—t)ed
' n\\~?
we get g, (a+2aplog (s— 5)) (11.2.24)

These results are like those of the multi-peripheral model, to be
described in the next section, and it is clear that P exchange cannot
give a consistent view of o, versus n. So, even bearing in mind the
fact that the triple-Regge formation is strictly applicable only for
M?[s < 1, this does appear to help us to understand why the nova

model is incorrect.
13 cIT
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Fia. 11.6 Rapidity distributions: Diagram (a) corresponds to fig. 11.1(d) in
which 1’ has a rapidity close to that of 1, while the fragments of 2 are clustered
within a length y,. Similarly, (b) corresponds to fig. 11.1(a) and (c) to 11.1(c).
(d) The rapidity distribution in the multi-peripheral model. (¢) The rapidity
distribution for clusters produced multi-peripherally.

But perhaps the most serious defect of the diffraction model from
an experimental viewpoint is that a given diffractive event is predicted
to have a rapidity distribution like fig. 11.6 (a), (b) or (c), with a large
gap between the fragments of 1 and those of 2, the fragments being
clustered within a range y, (see (11.2.8)), even though, when one
averages over a large number of events, a flat rapidity distribution
may be obtained. In fact only a fraction of the observed events have
this structure, many more having the more uniform distribution
characteristic of the multi-peripheral model (fig. 11.6 (d), (¢)).

So it is clear that the diffraction model can at best account for only
a small part of the high energy cross-section. In section 11.6 we shall
combine this diffractive P contribution with the more dominant
multi-peripheral amplitude.

11.3 The multi-peripheral model

The basic idea behind the multi-peripheral model is that at high
energy the dominant production mechanism should be like fig. 11.7,
in which each particle along the chain is produced peripherally, i.e. at
small momentum transfer with respect to those adjacent to it. The
original version (Bertocchi, Fubini and Tonin 1962, Amati et al.
1962a, b} often referred to as ‘the ABFST model’ after the initials of
the authors, involved elementary pion exchange between successive
particles, but we should now think it more appropriate to use Reggeon
exchanges instead (Chew et al. 1968, 1969, 1970, Halliday 1969,
Halliday and Saunders 1969, de Tar 1971), and we might eventually
want to include Regge cuts as well.
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Fie. 11.7 The multi-peripheral model with Reggeon exchanges.
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F1a. 11.8 (a) Peripheral exchange in 2 -2 scattering. (b) Peripheral 2 »n
amplitude. (¢) Doubly peripheral process. (d) Multi-peripheral process. (e} Multi-
peripheral production of single particles, 1+2»>1'+2"+...+n". (f) Strong
ordering which occurs when the ordering of the particles in rapidity is the same
as the ordering of their couplings, i.e. the same as in (e).

A two-body amplitude like fig. 11.8(a) can often be represented at
fixed s by (cf. (6.8.11)) As, 1) oc et (11.3.1)

with ¢ & 2-6 GeV~2, indicating the dominance of low- singularities,
i.e. the longer range forces, so that as discussed in section 2.4 the beam
can be thought of as interacting strongly with the periphery of the
target, and the amplitude is rapidly damped in f. So we can regard
an interaction as peripheral, in this sense, if say |t| <7 = 0.5 GeV?
includes the bulk of the events. (The reader should note that this is
a somewhat different use of ‘peripheral’ from that of section 8.6
where the word meant dominance of impact parameter b ~ B = 1{fm,
producing f dependence of the form J, (R,/ —t). It is rather unfortunate
that both meanings of the word are in current use.)

Similarly the many-particle amplitude, fig. 11.8(b), is said to be
peripheral if |{] <7, and we can expect this to be the dominant
t-region for s > s;,s,. However, the minimum possible value of |¢],

13-2
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i.e. |tpin|, is determined by the kinematics and depends on s; and s,.
From (1.7.17) we have, replacing m2 and m$ by s; and s, respectively,

82+ 8(2t — 2} + (m3 —m32) (s, 85)

2, =
* {ls— (my +my)?] [ — (my —ma)?] [s — (V1 + 4/82)2] [ — (8, — y/82)2T}E
(11.3.2)
Z=mi+mi+s;+s,
So taking s, 8,8, > m2, mZ this gives
$+2—8,—3
2, R 11.3.3
Wit VTl (oot (13
and for s > ¢, s;, s, the forward direction, z, = 1, is given by
b=t ™ — %9-2 (11.3.4)
(Note that for this s-channel process physical ¢ < 0,80ty = —|t|uin

is in"fact the maximum possible value of ¢.) Therefore the process in
fig. 11.8(b) can only be peripheral if |t ;| < 7,1i.e.if

s—ls-s-z <, (11.3.5)

which corresponds to the single-Regge limit of section 9.3.
Extending this idea, a process can be doubly peripheral, like
fig. 11.8(c) if
8283

8185
|t1 min] = 172 <7 oand | =22 <7 (11.3.6)
2

and so ‘3583.8—2',5:’3=@ < 72 (11.3.7)
s T o8 8

Note that because of the way we have chosen to analyse the diagram

8; is the energy appropriate to ¢, exchange, not s, but the final result

(11.3.7) treats s, 8,85 symmetrically. And for n clusters, fig. 11.8(d), we

need
818y... 8,

220 g gnt (11.3.8)

An immediate consequence of this hypothesis is that if we suppose
all the clusters to have some average mass,s0{s,) = s,,8ay,1=1,...,n

then (11.3.7) gives <nd

ff;— < w1 (11.3.9)
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where () is the average number of clusters produced, and so

{n)logs, —logs < ({(n)—1)log7
or {n) < log (;) log (Sl) (11.3.10)
A

So the average number of clusters increases at most logarithmically
with s, an experimentally desirable result, particularly if we take the
‘clusters’ to be single particles, as in fig. 11.8(e).

In this case we can write a multi-peripheral model for the amplitude
1+2-1"+ ... +2' in the form suggested by the multi-Regge model
(9.3.10):

A2, Dg; P1s -5 Pr) = V() B, 812) Glb1, Eas 712)
X R(ty, 825) Gltg, t5 W12} --- B(E s )y{t,—1) (11.3.11)

n—1s°n—1,n

where the v’s and (s are the couplings and
R(t;,85001) = R, (11.3.12)

represents the i1th Reggeon exchange. Except at the ends the couplings
depend both on the Reggeon masses f;,¢,,, and on the Toller angle
variable (9.2.31), s

Pippg = — L2 (11.3.13)

’ Si,i415i41,i+2

Clearly we have assumed factorization in writing (11.3.11) as well as
multiperipherality. The equation is rather complicated because of
the signature properties of the Reggeons. The simplest version of the
model with an elementary scalar-particle-exchange amplitude would
justhaveall y’sand G’s = g, the coupling strength, and B; = 1/(¢ —m2),
corresponding to the Feynman rules of section 1.12.

Equation (11.3.11) may be approximately valid for |¢;| <7,
;441> 8o for ¢ = 1,...,(n—1), but this is only a small part of the
available phase space, and as discussed in section 9.2 many events will
probably have low sub-energies, due for example to resonance pro-
duction. So to apply the model more widely, as we shall do below, it is
necessary to make some sort of duality assumption, that this high-
sub-energy form of the amplitude also applies, at least in some average
sense, for low s; ,;; as well.

If we assume that the model is approximately valid for all phase
space, from (1.8.5) we can calculate the cross-section for producing
n particles as 1
Op = Oron & 2_sfd¢" | A% |2 (11.3.14)
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where d®, is the n-particle phase-space volume element of (1.8.6).
If we work in the rest frame of particle 1 we can write (see Halliday
and Saunders 1969)

Py = (m,0,0,9) , } (11.3.15)
Py = (Mmgcosh Y, 0,0,m,sinh Y)
where (see (10.2.22))
Y= yz,—yl—s::?log’ml’m2 (11.3.16)
and for the final-state particles (see (10.2.18))
p; = (u;c08hy;, Py, p;sinh y) (11.3.17)

Then from (1.8.6) and (10.3.5)

dd. = ﬁ (dzpiT dyi) (2m)? 62(

n
" i=1 167T3 =

piT) 32m0 ( 2 pieVi—my—my eY)
1 i=1

)

><27T6(

§ ﬂie‘ﬂi—ml—mze‘y) (11.3.18)
t=1
To simplify we approximate the Reggeon amplitude by

Yl % g(s;,411) (11.3.19)

completely ignoring the dependence of the y’s, (s and «’s on the ¢,
and on the Toller angles (11.3.13), and so (11.3.11) becomes

n—1
Az g T (84,441)* (11.3.20)
=1
Now 801 = (Pi+ Pi1)® B by S¥irr Vs (11.3.21)

(see (10.2.22)) and if each s ;,, is large then y,,, > y; for all <. In this
region of phase space we have what is called ‘strong ordering’ in
rapidity, i.e. the ordering of the particles in rapidity, fig. 11.8(f),
corresponds exactly to the ordering of their couplings in fig. 11.8(e),
but clearly this is true only in part of phase space. Then

n—1
I 83401 = PR Py Mo VRV (11.3.22)
T=

and the maximum contribution in the integral over (11.3.18) comes
from p2; ~ 0,s0 (from (10.2.2)) u2 ~ m? = m? if we take all the particles
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1’,...,n" to have the same mass. Hence
A g [(m2) "2y p, €VnV]™ (11.3.23)
From the 4 functions (11.3.18) we need
pe iz m; and pu,eVn ¥ myet
(remember ¥, ., > y, for all ¢ so all the other terms in the § functions
can be ignored) and hence
AT x g [(m2)2mymee¥ |2 = gn[(m?)"2s]*  (11.3.24)

from (11.3.16). So our approximations have eliminated all the de-

pendence of A*7" on the sub-energies and momentum transfers.
Then puttin

P £ Zi=Yin—Y (11.3.25)

and ignoring p,r in (11.3.18) we get after some manipulation

b, oc "I dz a(y nz_:lz) (11.3.26)
T 2mymy iy i=1 o
Yn-1 -1
and so o, o gingia=? n]"[ dzia(Y—nZ zi) (11.3.27)
0 =1 i=1

Now from the Feynman relation (1.12.4)

f: da, ... do, 8(Ze—1) = ﬁ
and substituting o, = 2,/ Y we get
g yn-2
fo dz;...dz, ,8(2z,—Y) = =21 (11.3.28)

So replacing g by 7 ,the average of g over the phase-space integration,
we obtain @Yy

7 (n—2)!

o, = s¥? (11.3.29)

n

and hence
" (gz Y)n—z

W 1) Z4eTa-245%) (1.3,
=21 gle (11.3.30)

o]
off' =S, = X s
n n=2

So to get a constant total cross-section we need

2
2u—2+7% =0, i.e.a:l—%— (11.3.31)

Hence a < 1, and the amplitude cannot be dominated by multiple P
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exchange. Successive P exchange would give o, ~ (logs)*~? and
o3t ~ s in violation of the Froissart bound (Finkelstein and Kajantie
1968a, b).

If (11.3.31) is substituted back into (11.3.29) we find (Y = logs)

_ @) np
On =0 gy (11.3.32)
Xnoy,
s0 (n) = "Eo_ =732Y ~ (2—2a)logs (11.3.33)
n

which gives the required logarithmic increase of the average multi-
plicity with s (Chew and Pignotti 1968). In fact this result does not
really depend in any important way on the details of the model. For if
we put say (see Fubini 1963)

Ty = AT, (11.3.34)

where A is some variable coupling parameter (for example A = the
coupling ¢?), then by factorization (see fig. 11.9),

o, = A", (11.3.35)
SnAra
o " do/dA
S0 {n) = ST, A p- (11.3.36)
n A=1
Hence if o(s) = f(A) s8N = galogs+AR) (11.3.37)

where a, £ are arbitrary functions of A, then

(11.3.38)

de dg
(ny = (/\(—ﬁ) logs+/\ﬁ

Thus so long as there is some (unspecified) dynamical relation between
the power behaviour of o(s) and the magnitude of some factorizable
coupling strength we shall always find

{n) ~logs (11.3.39)

independent of the details of the model.
Putting (11.3.33) into (11.3.32) gives

_ {nyr-? e~
_ A4
o,=7 m=21 (11.3.40)

so, at fixed s, o, against n has a Poisson distribution whose width
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Fia. 11.9 The discontinuities which give the various many-particle cross-
sections in the multi-peripheral model. Each successive term contains a
factor g2 relative to previous one.

increases like log s. And the average spacing of the particles in rapidity
is
Y

1
Ay = — == 11.3.41
ROR (H3.40)
from (11.3.33).

i1
The probability that the ith particle has rapidity y = y, = 'Z z; is
i=1

doy,; _ ¥ 2a—2) g2n o= dz 3(}’_ nz_]lz) 6( — ii‘}z)
dy 0 j=2 = )T
i—1 ey —1—2
= e¥ -2 gon (v (Y~y) (11.3.42)

G—1)! m—i—2)1

from (11.3.28), the first part coming from the ¢—1 particles with
y < y, and the second from the n— ¢ particles with y; < ¥y < ¥, asin
fig. 11.8(f). This distribution is shown in fig. 11.10. So the full inclusive
distribution is

do n—2 o dg . o n—3
- = o Y (22—2) g2n 11.3.4
dy i=1n=3 dy n§3e J (n_3)' ( 5 3)
since the binomial expansion gives
Yn-3 _ Y —y+y)n? _ niz (Y — y)n—i=2 (y)i-1
(n—3)! (n—3)! (=1 =2)1 ¢-1)P
and so g—-; = g8s2e—2t0® = b (11.3.44)

if (11.3.31) holds to give o3 (s)>7*. And so we get a flat, uniform
scaling distribution of particles in the central region. And combining
(11.3.30) with (11.3.41)
1 de _, (w
—_——— 2=l
Sy g Togs (11.3.45)

which is the same as the diffraction model result (11.2.17). Of course,
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F16. 11.10 The rapidity distribution of the ith produced particle do,/dy (in
arbitrary units) in the multi-peripheral model, for 11 produced particles. From
de Tar (1971).

since the amount of rapidity available is increasing like logs, any
model with a scaling central distribution and {n) ~ logs must obey
(11.3.45).

Similarly one can evaluate d%c/dy;dy,, and it is found, not sur-
prisingly, that there are no correlations between the produced particles
in this factorizing model. We shall show this more simply in section
11.5 below.

The most obvious defect of the model is that it does not give any
leading-particle effect, i.e. there is no special enhancement of the
probability distribution for particles having a similar rapidity to that
of the beam or target particles, which the diffraction model produces
so naturally. So in section 11.6 we shall attempt to combine the two
models. However, first it is useful to examine the internal self-con-
sistency of the multi-peripheral model.

114 The multi-peripheral bootstrap

In writing the multi-Regge form for the multi-peripheral amplitude
(11.3.11) we can insert arbitrary Regge poles, ap. And then in
‘squaring’ the amplitude in (11.3.14), and summing over » we obtain
the behaviour (11.3.30) for the total cross-section. Thus in (11.3.31)
we obtained the condition on the trajectory for constancy of the total
cross-section. But obviously this is not self-consistent because a con-
stant ot°t(s) requires P exchange with «y(0) = 1, whereas (11.3.31)
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72
demands 05 (0) = 1_% <1 (11.4.1)
Instead we could demand self-consistency of the input and output

Reggeons and require, comparing (6.8.4) and (11.3.30),
ofSt(s) ~ 821 = 3o, ~ s (11.4.2)
and so (Chew and Pignotti 1968) "
a(0) =1—g2 < 1 (11.4.3)

This is a simple example of a bootstrap calculation. The input
Reggeons in the multi-peripheral chain are used in the unitarity
equation to build up ladders (see fig. 11.11) which, when summed,
give back a Reggeon; and this should, for self-consistency, be identical
with the input Reggeons. Itis clear from the outset, however, that this
can be, at best, only an approximation, because for complete self-
consistency we should include cuts in the multi-peripheral chains,
and consider diagrams with crossed rungs which give back cuts in the
output as well. We shall reconsider this problem in the final section.
But here we want to examine a bit more closely the pole-dominance
approximation, and so we shall stick to the strong ordering of
(11.3.21) et seq. with no crossing rungs.

If we adopt the Regge exchange model (11.3.11) for all 2->n
amplitudes, the discontinuity across the two-particle cut (fig. 11.12 (b))
is given by (cf. (8.2.11))

dtldtl ~A) o
26 1) 167T2Sff A, 1,1, ))57 (1) B(ty, ) y**(ty) B*(ty, 5)
(11.4.4)

(say) and the complete s-channel discontinuity equation of fig. 11.12 is

Dis,t)= % D.(s,8) = Dyis,t)+ 3 | A, v(t,) RGR ... v(t,_,)
n=3

n=2

X y*(E) R*G*R* .. yX(t! ) (11.4.5)

Since this infinite sum involves repetition of the same basic two-
Reggeon exchange contribution we can rewrite it recursively (cf.
(1.13.27), (3.4.20)), as in fig. 11.12(f), in the form (see Chew et al. 1969,

Goldberger 1969) D(s,t) = Dy(s,t)+ D, ® D (11.4.6)

where ® implies integration over ¢,, ¢, in a similar fashion to (11.4.4),
Strictly D, and D in this integration may be expected to depend on
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2
1
2
= X Disc,,
n

Fia. 11.11 Multi-peripheral bootstrap for a Regge trajectory.

amM

ty,t; but for simplicity we ignore any such dependence here. This
integration is simplified if we project into ¢-channel partial waves,
defining (from (2.5.3))

A0, = 5z [ Do) ot s

| e (11.4.7)
A(J,t) = Fﬂzf D(s,t)Q,(z) ds
and (11.4.6) becomes (cf. (2.2.7))
A(J,t) = Ay(J, 1)+ Ay(J, 1) A(J,2)
or A(J,t) = lii;j‘g(’j—)t) (11.4.8)

which gives A(J,t) in terms of A4(J,t) (provided we accept the drastic
approximations made en route). Note that we are using ¢-channel
partial waves in the s-channel physical region, so really this is an
0(2, 1) not an O(3) projection (see section 6.6).

A rather disturbing feature of fig. 11.12(b), and (11.4.4), is that they
clearly generate an AFS cut (8.2.17), which we know should be
cancelled by higher order discontinuities taken through the Reggeons
themselves (see section 8.2). But if we overlook this difficulty, then
a fixed-pole input in (11.4.4), i.e.

Vi) R(t, 5) & p3(t) 8% (11.4.9)
gives Dy(s,t) = B(t) s221 (11.4.10)
d¢, d
where = Tort f f tl ttltl’t, )i Y2(£,) Y2 (11.4.11)
and so from (11.4.7) and (2.7.2) Wlth Bt) = p/16n*
Ay, f) = 7—(/}2(0271) (11.4.12)

which in (11.4.8) gives

At)
A1) = 5= G 1170 (11.4.13)
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(€) )

Fia. 11.12 The s-discontinuity of the amplitude (a) is expressed in the
multi-Regge approximation (b)—(e). This is rewritten recursively in (f).

i.e. a moving pole at
J = a(t) = 29— 1+ B(t) (11.4.14)
Note that if oy = 0 this becomes a(t) = — 1+ f(t) in accord with the
field-theory result (3.4.19).
So unitarity replaces the input fixed cut (11.4.10) by a moving
pole. Self-consistency of input and output at { = 0 (the dominant
region of (11.4.11) if y(¢) falls rapidly with —¢) demands that

oy = a(0) = 20— 1+ B(0), ie. ag=1—£(0) (11.4.15)
80 2(0) < 1in agreement with (11.4.3).
If alternatively we try a moving-pole input

Y2(t) R(t, 8) ~ y2(t) s*® (11.4.16)
then from (8.2.17)
5%

D,(s,t) = 'F(t)logs where () = 2 (2) -1 (11.4.17)
giving, through (2.7.4),
Ay(J,t) = f(t)log (J —a,(t)) (11.4.18)
B(t)log (J —a(t))
AT = T T ) (11.4.19)

So the output is an AFS cut which has moved from its original position
at J = a,(t), so again self-consistency is not achieved.

The problem is presumably due, at least in part, to the fact that to
get even a crudely correct description of the scattering amplitude

and so
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we need to include both the Pomeron, P, and the secondary Reggeons
R. For example, if we regard (11.4.9) as an approximation to the
Reggeon input, &y = ay(0), then (11.4.14) can be regarded as the first
approximation to the P. Then if both this fixed pole and (11.4.13) are
inserted into 4, in (11.4.8) we get also an AFS cut generated by the P,
which must also be included, and so on. The final, self-consistent
solution has a leading trajectory of the form

ap(t) = ag(t) +F(t)log (op(t) —,(t)) (11.4.20)

where ag(t) is the secondary Reggeon, and o () = 2ap(t/4)— 1 is the
P ® P cut. To satisfy this equation we must have

ap(0) < ai(0), pr(0) < ap(0) < 1 (11.4.21)

(otherwise a,(0) > ap(0)). The properties of ap(t) in (11.4.20) are very
different for £ > 0 and ¢ < 0, and it has been called the ‘schizophrenic
Pomeron’ by Chew and Snider (1971).

However, since cross-sections are found still to be rising at high
energies this sort of solution of the Pomeron self-consistency problem
no longer seems so attractive. Many variants of this approach have
been suggested, but quite apart from their computational complexity,
which generally necessitates over-simplification of the phase-space
integrations, there seem to be two crucial difficulties. One is the
generation of AFS cuts, which we know from section 8.2 would not be
present if the s-discontinuities of the Reggeons themselves were also
incorporated, and the other is the necessity for the strong-ordering
assumption, which ensures that only planar diagrams are included.
But since low sub-energies generally give the most important contribu-
tions to the integrals this is implausible, especially since we know
that non-planar diagrams are essential if the correct Regge cut
structure is to be obtained as well (see Halliday 1969).

11.5 The generating function

A very useful way of discussing the correlations in models of this sort
is the generating function method of Mueller (1971).

In analogy with statistical mechanics the generating function or
‘partition function’ ¢(z, Y) is defined by

Qe Y) = Eoz"a'nﬂ(Y) (11.5.1)

n=
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where 0,,(Y) is the cross-section for producing n particles (so that

there are n+ 2 in the final state) at a given Y = log (s/m,m,) (which

gives the length of the rapidity plot), and z is an arbitrary parameter.
Clearly the point z = 1 has special significance in that

AL Y) = T0,aY) = oigH¥) (11.5.2)
() = Erowah) = oM - Rolg (1153
2 2=1 n
2
() = Baln= 1) alY) = ln= ) r(Y) = Roig

(11.5.4)

etc., using (10.3.11) and (10.3.16). So the behaviour of @ in the neigh-
bourhood of z = 1 gives average multiplicity of produced particles,
and we can rewrite (11.5.1) as

Qz Y) = oig*(Y)

(we define F, = 1).
Also by differentiating (11.5.1) with respect to z n times and then

setting z = 0
1 (d*Q(z, Y
Tnial¥) = (—%(zn )) . (11.5.6)

(11.5.5)

i
o
~

80 (11.5.1) can be regarded as a Taylor series for Q(z, Y) about z = 0.
Hence z = 0 is also a special point in that the behaviour of ¢ in this
neighbourhood gives all the multi-particle cross-sections.

Another useful set of relations is obtained by taking

log (&(z, Y)) = log (X 2", »(Y)) (11.5.7)
since (@) _1dg) T e
dz2 /.., Q\dz/,, 22" 0y .
En0n+2
~ A =W -R=0 (158)

().~ @) e (&)L

(% n0n+2)2 E n(n_ 1) Tpte

+
(Z o-n+2)2 Z O-'n+2
n n

= —(nY+{n(n—1)) = Cys) (11.5.9)
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and in general (d"‘(log Q)) _
s P2

So Q(z, Y) also gives directly all the correlation coefficients, and pro-
vides a simple way of deducing the C’s from the o,’s and vice versa.

A trivial example is provided by the multi-peripheral model, from
which we expect no correlations because each particle is emitted
independently. From (11.3.32)

' (8) (11.5.10)

a2y
o-n+2=g4(gn}!7) e ¥ (11.5.11)
and so (11.5.1) gives
2
QG Y) = 4—021’2 ( Y) = Jer* YD (11.5.12)
Hence, in agreement with (11.3.33),
(log@)\ _
ny = ( = )z=1—g Y (11.5.13)
_ (L(ogQ)\  _ d@ 1(d20) -
e 6= (S - [-a (@) +e(&)] L -0
(11.5.14)

and similarly all the other C,, are zero because of the factorization
built into the model.

More generally, if there are only short-range correlations we can
expect all the C’s to increase like log s, since for example if ¢,(y,, y,, $)
in (10.10.1) vanishes for |y;—y,| > 4 (the correlation length), then
the integral in (10.10.3) will be proportional to the length of the
rapidity plot. This implies that we can write

log (Q(z, ¥)) = P(2) Y +8(2) (11.5.15)
where P, § are polynomials in z. The multi-peripheral model has,
from (11.5.12),  poy_226_1), S() = logg* (11.5.16)

This expression (11.5.15) is reminiscent of the statistical mechanies
of a gas (see Harari 1974). The grand partition function, @, is related
to the Helmholtz free energy, 4, by

A =FkTlogQ (11.5.17)

This Helmholtz energy can be expressed as the sum of the volume
energy PV and the surface energy S, i.e.

A=PV+8=kTlogQ (11.5.18)
and P = kT 0[oV (log Q) (11.5.19)



THE GENERATING FUNCTION 387

Now if we regard the rapidity plot (e.g. fig. 11.10) as representing a
one-dimensional ‘gas’ in a container of length V = Y, the walls of the
container being defined by the rapidities of the incoming particles,
then (11.5.18) can be identified with (11.5.15) (if the energies are
measured in units such that 27 = 1). The statistical mechanics result
(11.5.18) assumes that there are only short-range correlations between
the motions of the gas molecules, due to short-range interactions both
between the different molecules and between the molecules and the
walls of the container, so that log@ oc ¥V as V — 0.

Of course the applicability of these statistical ideas at present
energies is rather doubtful because even at CERN-ISR

logsmax ~ Yma.x = 8,

and we have seen that the correlation length is 4 ~ 2 (see (10.10.23)).
We would hardly feel justified in employing the methods of statistical
mechanics for a gas in a container whose length was only four times
the range of the inter-molecular forces. But, as we shall see below,
the generating-function method is a useful technique for calculating
the correlations, etc., to be expected from various models.

11.6 The two-component model

We have found that though both the diffraction and multi-peripheral
models have many features in accord with nature, neither is able to
account for all the facts. This is not really surprising because we have
seen that duality gives the Pomeron, P, which accounts for diffractive
scattering in Regge language, a quite different status from that of the
other Reggeons, R. And indeed, two-component duality, in which
one adds the P and R contributions, was found to work quite well not
only in two-body scattering (chapter 7) but also for the inclusive
distributions (chapter 10). It seems likely, therefore, that models in
which one adds diffractive and multi-peripheral components may be
fairly successful in reproducing many-particle cross-sections (Harari
and Rabinovici (1973), Fialkowski and Miettinen (1973); see Harari
(1974) for a review). The obvious problems to be overcome are those
of multiple counting in absorptive effects, and the inconsistency of
multiple Pomeron exchange (see section 8.6).

We assume that the multi-peripheral component of the 2—s=n
amplitude, R,, is given by multiple R exchange (fig. 11.11) and so
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I

F1a. 11.13 Duality diagram for a multi-peripheral R-exchange amplitude.

R
= P + = i
P + R o
/Rg -
F1g. 11.14 Some of the contributions to the diffractive, P exchange, multi-

peripheral amplitude. Terms with P and R or many P exchanges are all included
in the diffractive component.

from (11.3.29) gives a contribution to the cross-section
ol ~ g22r—? (11.6.1)
(modulo log s factors) where ay, is the leadingnon-Pomeron trajectory,
80 ag(0) =~ 0.5. The duality diagram for this term is shown in fig. 11.13.
The diffractive component, P,, will contain many different types of

contribution depending on how many P exchanges occur, and where
(fig. 11.14), and should give

0% ~ constant (modulo log s) (11.6.2)
The two-component hypothesis for the 2->n amplitude is that
A*¥r =R +P, (11.6.3)

and so the n-body cross-section is symbolically, from (11.3.14),

1 '
7= 5 [ ADURI+ [P+ 2Re (R, P

(R2+P:+R,.P,) (11.6.4)

1
st
say, where multiplication implies integration over the n-body phase

space, and we have introduced d®,, = d®,s/2; see (11.3.26).
For the elastic 2 -2 amplitude we have

Im{A4°} = Im {F, + R,} (11.6.5)
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and so from the optical theorem (1.9.6) we obtain the consistency
(bootstrap) condition that since

1
otot = " Im{4¢} =Y o,
n
we must have

1 1
EIm{P2+R2}= 28—2{R31+P3,+P,,.Rn} (11.6.6)

Now asymptotically P, ~ s, R, ~ s*: while R ~ s?%, P? ~ s2 and
R, .P, ~ s*e*1 (all modulo log s) but of course we cannot be sure how
Y of the right-hand side of (11.6.6) will behave. It seems fairly certain
n

that part of Im {P,} must come from ¥ P2 and part of Im {R,} from
n

3 R%, but we have seen how in the multi-peripheral model (11.3.30)
n

8—12 ;,L‘_]Rﬁ ~ slap~2+7° (11.6.7)
so if 2 is large enough (i.e. §2 = 1 if ay = 0.5) this may also contribute
to P,. In fact it seems likely that this will be a very important contribu-
tion because the bulk of the multi-particle cross-section consists of
particles with small sub-energies (s;;,; < 2GeV?) where in 22
scattering R exchange is much bigger than P exchange.

So if we consider processes like pp —pp + n(ntn—), which will con-
tribute most of the inelastic charged-particle pp events, we can write

1
0-11?81 ~ ? (Pi_{_Ri) = 0-1;.{_0'% (1168)

if we drop the interference term P,.R,. This may be justified on the
grounds that R contributes mainly to large multiplicities which
populate evenly the whole of the rapidity plot (like fig. 11.6 (d)) while
P, gives mainly low multiplicity events in the fragmentation region
(fig. 11.6(a), (b), (c)), so the overlap of the two types of events in the
integral (11.6.4)is probably quite small. The relative magnitudes of the
two terms will be denoted by p and r respectively, defined by

S ok =ro'tel and I of = poivel (11.6.9)
n n
so clearly r+p=1
The multiplicities provided by the two components are defined as
Snol T nol Snoh Y nok
(Mr =% = (nyp = 2ee = 2 — (11.6.10)

R Tnel ° P inel
20, roine 20, po're
n n



390 MODELS FOR MANY-PARTICLE CROSS-SECTIONS

and so, from (10.3.8), the average pion multiplicity is
(n) = p(n)p+r{n)g (11.6.11)

i.e. just the weighted average of the multiplicities of the components.
Similarly the correlations associated with each term are defined by
(see (10.10.3))

Snn—1)og
02P = <n(n_ 1)>P _‘<n>%’ == pa-inel
Zn(n_l)ag (11.6.12)

Con = (nln = 1)y~ (mh = =

roinel

. "
giving C,= p=rr

Zn(n—1) (o5 +oy) (Z n(on+ 05))2

o—inel

= POyp + 10 + ()} + 1{n)}k — (p(n)p + {n)g)?
= pCop + 10y +7p({n)p —(M)r)? (11.6.13)

(using 7+ p = 1) which is not the weighted average of (11.6.12). This
is a rather important result, because even if C,p ~ constant, and
Cyr = 0 (equation (11.5.14)), we shall still get C, ~ log?s, implying
some long-range correlations, provided (n)g ~ logs as expected from
(11.3.33), and this is in much better accord with the data in fig. 10.29.
The long-range correlations arise just because we have the sum of
two types of exchanges, P and R, so factorization does not hold.

Harari and Rabinovici (1972) (see also Harari (1974)) have fitted
the pp data with a model of this sort, assuming that of = d,, are
constants for n = 0, 1,2 (i.e. for 2, 4, 6 prongs) and of = 0 for n > 3
(i.e. the diffractive component contributes only to the lowest multi-
plicities), while (n)y = ¢, log (s/s,) and C,y = c,log (s/sy), Cg = 0 for
m > 2. The seven parameters d, d,, ds, c,, c,, 8;, 8, enable them to
fit (n),C,and o, 0 < n < 6.

From (11.6.9) p= dy+d,+d,

— (11.6.14)

They find p = 0.16, so the multi-peripheral component dominates, as
is rather clear from the fall of the multiplicity cross-sections in
fig. 11.15. Also from (11.6.11)

dy +2d,

s s
{n)y = rc;log (8—1) +— —rc, log (3_1) (11.6.15)
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F16.11.15 Fit to the energy dependence of the multiplicity cross-sections
in pp - pp +n(rtn—) with the two-component model (from Harari 1974).

and from (11.6.13)

— rpe? (1og (2))’ CA ai+_2d) Ll
C, = rpc? (log (81)) +rcylog (82) 2r( - log 5

2
+ pCyp +rp{n)s — rpc? (log ( )) (11.6.16)
So the two-component model gives

<S—;2—>£ = constant (11.6.17)
which is experimentally quite good, and certainly much better than
2/(11,)2 (logs)~t from the multi-peripheral type of model, or

~ (4/8) (log )~ from the diffraction model ((11.2,17), (11.2.19)).
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From (11.5.1) and (11.5.5)
Qr(z, Y) = ra'*exp {X[(2—1)i/i!] C;g}
D)
= rginel ge—1Xn)p+}e—12Cop A, g—C1Hdcs gt 2= 0 (11.6.18)

and since (from (11.5.6))

1 (d"Qy(2,Y)
R _ _ [ ¥R 7/
On = ( T )z—o (11.6.19)
all oR ~ gmatie (11.6.20)

With (11.6.1) this gives 2az—2 = —c,+}c,, and the parameters
required to fit the data (¢, = 1.0, ¢, = 0.35) give ap = 0.59, in reason-
able agreement with expectation.

Since from (11.6.8) and (11.3.40)

inel __ P R
Op = 0',n+0',n

(11.6.21)

the two-component model predicts a multiplicity distribution like
fig. 11.16, with a dip developing at high log s as the peak of the multi-
peripheral part moves out. However, we have, inter alia, neglected
the likely log s dependence of the d,, which may destroy this conclusion.
If successive P exchanges are permitted in o such logarithmic
increases are bound to ocecur (see for example (10.8.20)), but because
the triple-P coupling is small this may only be a small effect. It all
depends on how one tries to solve the self-consistency problem of the
P, part of (11.6.6) — with ap(0) < 1 asin (11.4.3), =1 as in (8.6.9), or
> 1 asin (8.6.14), which all give different behaviours for otot(s).

But if we are willing to push such problems to the back of our
minds, this sort of two-component model seems to provide rather
a good first approximation of the data.

11.7 The duality bootstrap

The two-component model, which combines the virtues of the diffrac-
tion and multi-peripheral models, and two-component duality, seems
to be along the right lines. However, it clearly does not make full use
of the content of duality as discussed in sections 7.3 and 10.7. Nor can
it be regarded as self-consistent in that both multiple-P exchange
and the planar nature of the multi-peripheral model are inconsistent
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Fic. 11.16 Predictions of the two-component-model fit for the high
energy multiplicity distributions (from Harari 1974).

M_—WL;-—D——:—,C‘ EE

Y

Fig. 11.17 The s-¢ and t—u« planar duality diagrams which provide the
two contributions to the signature factor of a t-channel Reggeon.

with unitarity requirements. Recently some progress has been made
in overcoming these problems by making better use of duality (Lee
1973, Veneziano 1973, 19745, Chan, Paton and Tsou 1975, Aurenche
et al. 1975).

In 2> 2 scattering there are just two diagrams for R exchange in
the ¢ channel (see figs. 11.17), one s-t planar, the other {—u planar,
which give the two discontinuities (s- and #-channel) of a definite-
signature Reggeon. Then in 2->3 we have the four diagrams of
figs. 11.18, and so on, there being 27! different diagrams for an
n-particle final state. Only one of these is s planar, and all the other
27-1_1 are non-planar, but all the diagrams contribute equally to o,
and so, like (11.3.29),

o, = 2n 1t (—-——f;}:);): s2en2 (11.7.1)
if we neglect interference between the various terms.

However, the crossed diagram in fig. 11.19 () does not contribute
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T PR

Fie. 11.18 The four different signature contributions
to the 2 » 3 double-Regge amplitude.

to g%t because it does not contribute to Im {422} for s > 0, only for
8§ < 0. From (11.6.6) we have

Im {422 = Im (R, + P} (11.7.2)
— 3] A2on graon (11.7.3)
n=2

which is represented by fig. 11.19(b) (where again we have neglected
cross terms like fig. 11.19(c), see (11.6.8) et seq.). Only the first diagram
in each group is planar, and so can contribute to R, and so all the other
non-planar ones presumably build up P. Hence

0'9H(s) = ~Tm (427} = ~Tm (R, + B} (11.7.4)

a2 n—2
-(g—y)2—' s2en—2 (11.7.5)

=X0,= Zonigh
n n

but for each % only 1 term contributes to R and (27—t —1) to P, so

1Im {By} ~ 571 = Eg“wsz“n—z ~ g2er—2+0"  (11,7.6)
) 2 <7 (n—2)!
lIm {P} ~ s%p—1 = 3 (2n—1_ 1)§4 (gz )n—2 g20r—2 A, gZap—2+202
s 2 ~ (n—2)1
(11.7.7)
S0 agp=1—-§G% oap=2ag—1+272=1 (11.7.8)

Thus, unlike (3.4.13), (11.3.30) and (11.4.14), the height of the
trajectory ap decreases as the strength of the coupling, g2, increases,
and, even more remarkably, ap = 1 independent of the coupling
strength.

Much more detailed calculations along these lines have been
attempted by Chan and co-workers (Aurenche et al. 1975). For each
A% they use a dual amplitude, but for small sub-energies s, ;,; < 8,
say, they approximate the dual amplitude by its resonance contribu-
tions in the s;,;,, channel, while for s, ,,; > § they use the Regge
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F1a. 11.19 (a) R+ P contributions to Im {422}, (b) Duality diagrams for the
multi-Regge contributions to X A2>"4*2>" (¢) A cross term of the type
neglected in (b). n

exchange approximation (see fig. 11.20(a)). Also they include the
SU(N), N =2 (or 3), symmetry by including 7 (or A) matrices for
each quark, as we described when obtaining (9.4.26), which ensures
I = 0 for the P, and degenerate I = 0, 1 trajectories for R etc. The
structure naturally gives

ap(0) > ap(0), ap < ak

They insert the Reggeon into integral equations like (11.4.6) (see
fig. 11.21), perform loop integrations similar to (11.4.4), and insist that
the output Reggeon be the same as the input. This gives the para-
meters of the P trajectory, which for af, = 0.5, ap = 1 input gives
o = 1.12, ap = 0.1 output, which are not too far from the observed
values.
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1
= i i 4 (534 <3)
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3
= 4 -
! i (834 > 3)
2 5

Fi1a. 11.20 (a) The amplitude for 12 - 345 is represented by resonance pro-
duction for s, < §, and R exchange for s;, > 3. () The P with I = 0 only
generated by a ‘ twisted’ loop, and R with I =0 or 1 generated by an un-
twisted loop.

Fia. 11.21 Schematic representation of the integral equations used by
Aurenche et al. (1975) to generate R and P contributions. For lines with round
blobs only 8 <& (i.e. the input resonance contribution) is included since for
8 > § the resonances are equivalent to R exchange (cf. fig. 11.12(f)).

1
=
2

i o W

But of course the next iteration with the P included in the input will
produce cuts with «,(0) > 1, which brings us back to the problem
which has featured several times in our discussion, how the P with
ap(0) & 1 can be made consistent with unitarity (see for example
(11.3.31) et seq.). If ap(0) < 1 there is, in principle, no problem,
because at very high energies the self-consistent solution will look
rather like the multi-peripheral bootstrap, with a single dominant
P pole exchange and ap(0) = 1 —g? as in (11.4.3). The continuing rise
of o*t(s) at CERN-ISR energies hasto be regarded asa non-asymptotic
effect, and eventually ot°t(s) >0 as s—>o00. If ap(0) = 1 then the pole
cannot be dominant asymptotically unless the triple-P coupling
yPP.P(£) > 0 as t— 0 (see (10.8.21)) to forbid multi-Pomeron exchange,
which phenomenologically seems untrue. So a self-consistent solution
must have dominant cuts, as in the Reggeon field theory mentioned in
section 8.3, and o%(s) ~ (log s)’, v > 0, and ap(t) = 1+’ (})* (see
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Abarbanel et al. 1975) so the trajectory is quite unlike fig. 6.6 (b). Or if
ap(0) > 1 we have cut dominance, and all the absorption problems
discussed in section 8.6 occur not only for P ® P cuts but for R ® P
as well, so the apparent dominance of poles at available energies
becomes a non-asymptotic effect. In fact, as we noted in sections 8.3
and 10.8 these self-consistency problems require a consideration of
what happens not just at large logs, but large log (logs), which is
not achievable even in principle.

At present Regge poles seem to fit the data far better than one has
any right to expect, which is pleasant for the phenomenologist. But it
means that one can gain rather little insight from experiment as to the
nature of the unitarity constraints which must inter-relate poles and
cuts, and restrict the Reggeon parameters, and may even uniquely
determine them in the full bootstrap sense. The models discussed in
this chapter take us only a little way towards such a self-consistent
unitarization, and although the incorporation of duality has produced
a useful advance towards building up the Pomeron we are still as far
as ever from understanding how it can be made consistent. The ap-
proach is still a perturbative one, except that the effective expansion
parameter is y*P:P(¢)log s (rather than the residue in, say, (11.3.20),
see Chew (1973)) so that, since yP¥>P(0) is small, there is quite good
convergence for small logs, but the expansion will not converge for
large logs, and so we do not attain a self-consistent asymptotic
behaviour.

These problems make it hard to understand why dual models, which
are based on imposing the desired Regge asymptotic behaviour on
non-unitarity narrow-resonance amplitudes, are so successful. In
particular, what is the significance of the fact that they require, even
in the Born approximation, linear trajectories ag(t) = af +ayt, where
ap ~ 1GeV-2 sets the scale for hadronic interactions? If unitarity is
to make only a small change in these trajectory functions (a(f) ~ ag(t)
for all t) they must satisfy the twice subtracted dispersion relation
(3.2.12) with Im {a} small. However, the Regge trajectories which are
generated by the iteration of a basic exchange force in some sort of
ladder, as in potential scattering (section 3.3), field theory (section 3.4),
or the Reggeized multi-peripheral model (section 11.3), all obey the
singly subtracted dispersion relation (3.3.11), where = is a constant
which depends on the asymptotic behaviour of the Born approxima-
tion (see (3.3.32), (3.4.19)) but the position of the trajectory (and
hence o'(t)) depends on the coupling strength g2 through unitarity,
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and o’ — 0 as g2 — 0. It has been suggested (see Veneziano 1974) that
perhaps one should regard \/a’ & 2 x 1014 cm as a fundamental length,
below which the concept of point-like particles does not make any
sense. But if a1 is the fundamental energy scale of hadronic physics
it is hard to see how the trajectories can possibly be built up through
unitarity as bootstrap models require (Collins et al. 19684, Collins
1971).

Even more obscure is the relation between the quark model, which
describes the internal symmetry structure of the dual Born approxi-
mation so well (for example in duality diagrams), and the dynamics
of unitary models. The harmonic oscillator type of potential between
quarks, which is needed to generate linear trajectories and reproduce
the resonance spectrum (see section 3.3), and which must also prevent
quarks from actually being produced in scattering experiments, is not
evident in particle scattering at all. The forces between the particles
(due to Reggeon exchange) seem quite different from the forces be-
tween the quarks, despite the fact that the particles are supposed to
be composed of quarks. Various schemes for confining quarks in ‘bags’
have been proposed, but their significance for Regge dynamics is not
yet clear (see Chados et al. 1974).

So we are still some way from understanding why Regge theory,
and in particular Regge pole dominance, works so well, yet unitariza-
tion, which first motivated the introduction of Reggeons rather than
fixed-spin elementary particles, seems comparatively unimportant.
But at least it has become much clearer what are the relevant questions
to ask about hadronic interactions, which gives us reason for antici-
pating that some of these fundamental questions may be solved before
very long.
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Regge poles, elementary particles
and weak interactions

12.1 Introduction

So far in this book we have been solely concerned with hadronic inter-
actions, which are the principal field in which Regge theory has been
used. We have ignored electromagnetic effects in assuming that
isospin is an exact symmetry of the scattering processes, and have not
needed to mention the weak-interaction properties of the particles
such as f-decay, etc. But of course any discussion of the electro-
magnetic or weak interactions of hadrons necessarily involves con-
sideration of their hadronic properties too, because it is the strong
interaction which is mainly responsible for the composite structure
of the hadrons. Regge theory has played a small but not insignificant
role in the development of theories of these weaker interactions, and
clearly if there is to be any chance of unifying all the interactions they
must be reconciled with Regge theory. In this chapter we shall look
rather briefly at the problems which may arise in so doing.

Basically there are two such problems. First, weak interactions (and
from now on we shall usually use the word ‘weak’ to refer to both
electromagnetism and the weak interaction) are generally formulated
in terms of a Lagrangian field theory for the interaction of a basic set
of elementary particles. These are the leptons, ! (i.e. electron e, muon
i, and neutrinosv,, v,), photon v, vector boson W, etc., and elementary
hadrons (which at least initially do not lie on Regge trajectories but
occur as Kronecker d,; terms in the J plane). Alternatively the hadrons
may be composed of elementary quarks bound together by the ex-
change of ‘gluon’ particles. The question then arises as to whether
these elementary particles can be ‘Reggeized’ as a result of the
interaction, i.e. whether they can be made to lie on Regge trajectories.
This problem is obviously fundamental to attempts to marry field
theory to Regge physics, and we examine it in section 12.3,

Secondly, theories of the coupling of the weak interactions to
hadrons are generally used only to first order in the weak coupling
constant (e* or ) and so the constraints of unitarity are inoperative.
This means that fixed poles in the J plane, ~ (J —J,)~%, are not neces-

[399]
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(a) ®)

F1e. 12.1 (a) Deep inelastic electron scattering on a proton, ep »eX, in the
one-photon exchange approximation. The coupling is ,/a & 137-% at each
vertex, and the bottom part of the diagram is the amplitude for y,p > X,
where v, is the ¢ virtual’ photon of ‘mass’ ¢% (Real photons have ¢> = 0 of
course.) (b) Deep inelastic neutrino scattering vp —-pX in the single virtual
vector boson exchange approximation. The Fermi weak-interaction coupling
4/G appears at each vertex.

sarily forbidden, and some theories such as current algebra actually
require them. However, one is then led to wonder what would happen
if one tried to work to all orders in the coupling since the results of
sections 3.4 and 4.7 suggest that such fixed poles must be Reggeized by
unitarity. But if so, what particles lie on the resulting trajectories?
These questions will be examined in section 12.4.

But the main significance of Regge theory is that it tells us about
the asymptotic behaviour to be expected in scattering amplitudes,
and we conclude with a very short review of Regge predictions for
weak scattering amplitudes. These include electromagnetic processes
like ‘deep inelastic’ electron scattering, ep—>eX (fig. 12.1(a)) which,
when the known electron-photon coupling, 4/e, and the photon propa-
gator have been extracted, depends just on the cross-section for the
absorption of a virtual photon by a proton, i.e. y,p— X. Or we may
have neutrino scattering vp—>1X (where I =e or p depending on
whether v is an electron- or muon-type neutrino) which can be de-
scribed, at least as a matter of convenience, as W, p—> X,where W= is
the hypothetical ‘intermediate vector boson’ which in some theories
is regarded as the mediator of the weak interaction (fig. 12.1(d)). So
v, and W, couple to the electromagnetic and weak ‘currents’ of the
hadrons respectively, and in this chapter we are concerned with such
hadronic currents.

We shall not, however, attempt a full introduction to weak inter-
action theories, and the reader who is unfamiliar with these topics will
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find the books by Bransden, Evans and Major (1973), Gasiorowicz
(1966), Bernstein (1968) and Feynman (1972) very useful, in addition
to the references appearing later in the text.

12.2 Photo-production and vector dominance

There has been one exception to our exclusion of non-hadronie inter-
actions from consideration thus far. In table 6.5, and at various points
where we have discussed Regge phenomenology, we have included
photo-production processes like yp -> ntn among those to be examined.
The reason for this is that at high energies photons seem to behave
almost exactly like hadrons, except for their weaker coupling. The
explanation for this behaviour seems to be that photons couple to
hadrons mainly via the vector mesons, as in fig. 12.2(a) (see for
example Gilman (1972)).

The photon has @ = B =8 =0, (JF)C, = (1-)—, but not being
a hadron it does not have a definite isospin. It is found to behave like
a mixture of I = 0 and 1, with no strong evidence for I > 1 com-
ponents. The hadrons which share these properties are the vector
mesons, the p with I = 1, and o and ¢ with I = 0 (together with any
daughters these may have). Fig. 12.2(a) suggests that one should
write

A(r2>34) =3 ¢ C A (V2->34) (12.2.1)
where e =,/(4ma) = (;—26)% (143”7)1} (12.2.2)

(since in our units # = ¢ = 1). In (12.2.1) f, is the coupling between
vector meson and photon, and V = p,®,$, plus any other vector
mesons one may care to add. The coupling f; is directly related to the
partial decay width I'(V —ete~) through fig. 12.2 (b), which gives

dmromy,

3fp
so fy can be determined independently. Also the electromagnetic
form factors which describe the photon coupling to a given hadron
can be approximated by vector meson exchange, like fig. 12.2(c).
Thus the pion’s electromagnetic form factor can be written

I= (12.2.3)

2
Fo(q®) ~ e{;f’"‘ m——f‘_" p (12.2.4)
exhibiting the pole at g% = m2. i
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(a) () (0

F1g. 12.2 (a) Vector dominance hypothesis in y2 - 34. The photon couples
to the hadrons via the vector mesons V = p,®, ¢. (b) The decay V —>ete—.
(¢) The pion electromagnetic form factor determined in enr —en. It is assumed
that the pion couples to the virtual photon exchange via V.

The obvious difficulty with (12.2.1) is that the photon, being mass-
less, has helicities #, = + 1 only, from gauge invariance, whereas the
vector mesons have g = 1,0, — 1, so the relation can only be true for
transversely polarized mesons. It is not clear in which Lorentz frame
the equality should hold, but it is generally supposed, and seems to be
true experimentally, that the relation applies in the s-channel centre-
of-mass frame, i.e. the helicity frame.

So we can make Regge hypotheses about photo-production ampli-
tudes simply by treating the photon as a mixture of I = 0,1 vector
mesons as in fig. 12.3. This can be tested using for example the relation
(Beder 1966, Dar et al. 1968)

1fdo,, + do,, _
3|5 (> mn) + S5 (yn>np)

€2 do
= (P2 p1) g (m7p—>pn)  (12.2.5)
P

where L, || = photon polarization perpendicular/parallel to the pro-
duction plane. It has been assumed that the ® and ¢ contributions can
be neglected because of their small couplings, and by taking the sum
of n+ and n— photo-production the p-o interference term in the square
modulus of (12.2.1) is eliminated. The density matrix combination
(P11 £ p1—1) for the p decay gives the required p helicities (see section
4.2). Such relations work rather well in general.
Another interesting consequence of (12.2.1) is that

Ap(y2>V2) = ;J%

so, neglecting the spin dependence, and the possibility of transitions

Ag(V2->7V2) (12.2.6)
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Fia. 12.2 Regge pole approximation to photo-produetion
using vector dominance.

like V;2-7V,2, ¢ + j, we have

do e do

and for ¢ = 0, using the optical theorem (1.9.6),
do e?
@ 2 V2o = oy o () (12.2.8)

agsuming (for simplicity) that at high energies 4(V2— V2) is pure
imaginary due to P exchange. So the differential cross-section for
photo-producing vector mesons on protons, say, gives the pp total
cross-section. A further step is to take

Ap(y2->72) = 3 ﬁAH(yp—> 7p) (12.2.9)

which, again neglecting the spin dependence and real parts for
simplicity, gives
do 1 [do HE
E;(vp—wp):ez{;ﬁ[gt—(vp» Vp)] } (12.2.10)
(though this relation does not seem to work so well).
The success of the vector-dominance hypothesis allows us to treat
high-energy photo-production processes just like ordinary hadronic
processes.

12.3 The Reggeization of elementary particles*

In a Lagrangian field theory the contribution of an elementary particle

propagator for a particle of mass m and spin o takes the form (cf.

(2.3.1), and Appendix B of Bjorken and Drell (1965))
8§ —m? o

* This section may be omitted at first reading.

14 cIT
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(where g is the coupling constant) and so from (2.2.1) and (A4.20)
contributes only to the J= o s-channel partial wave. Hence its
contribution is not analytically continuable in the J plane and we must
regard it as a Kronecker &, term

A, (s) g’ (12.3.2)

=05 167 (s —m?)

We have found that there is no evidence for such terms in hadronic
physies, which suggests that Lagrangian field theories are inapplic-
able to strong interactions.

This conclusion may be too hasty, however, because (12.3.1) is only
the Born approximation, the first term in a perturbation expansion
of the theory, and it is possible that other terms might appear to cancel
the &,, and replace it by a moving Regge pole

A8~ —612)(—8—), a(m?) = o (12.3.3)
instead, in which case the input elementary particle would be
‘Reggeized’ by unitarization of the field theory. For this to happen
the theory must be able to generate a Kronecker ¢ to cancel the input,
and in fact such §;, terms may well arise at nonsense points (Gell-
Mann and Goldberger 1962, Gell-Mann et al. 1962, 1964),

In section 4.8 we found that at right-signature sense~nonsense (sn)
points Jp, since e; . ~ (J —J;)~* we need a SCR to cancel the infinity,
which would be incompatible with unitarity, giving 4; ~ (J —Jy)3.
This causes sense-nonsense decoupling as described in section 6.3.
However, suppose we consider just the left-hand cut of the partial-
wave amplitude, A% ;(s) (cf. (3.5.1)), which stems from the crossed
t- and wu-channel singularities, and may be regarded as the input
‘potential’ for the N /D method of calculating partial-wave amplitudes
(section 3.5). A% ,(s) is not restricted by unitarity and so from the
Froissart—Gribov projection (4.5.7) we can expect

{s| A% |s) ~ const nt
(8| AY |n) ~ (T =)} (12.3.4)
(n| A% |ny ~ (J = Jp)™
for J—+J,, where |s) and |n) are respectively sense and nonsense
helicity states for J = J,,.

For example in spins 1+4—>1+3} (fig. 12.4(a)) the wu-channel
spin = } exchange Born term (fig. 12.4(c)) ~ s%, and gives a fixed
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T .

F1a.12.4 (a) The amplitude forspins 1+ 4 - 1+ }in the s channel (—spin = },
———spin = 1 particles). (b) The s-channel Born term. (¢) The u-channel Born
term. (d) The ¢t-channel Born term. (¢) Unitarization of the #-channel Born term.

singularity like (12.3.4) at J = 1, which is a sense-nonsense point for
the helicity 1+1—+1+1 amplitude. With composite particles one
would expect this singularity to be cancelled by other contributions
to give the SCR of (4.8.3), but with elementary particles there is no
need for this to happen. In fact as g2— 0 the Born terms must be
dominant.

Then if we treat fig. 12.4(c) as the first term of a perturbation
expansion in g2, with higher order terms like fig. 12.4 (¢), we can write
the full solution in the form (Calogero et al. 1963a)

(s| Ay sy = (s| AP [s)[1+ 2 (8| A% |n){n| A s |s)] (12.3.5)

where A% is the amplitude obtained when nonsense intermediate
states are excluded from the perturbation series, while Y is over

n
nonsense states only. Now (s| 4% |n) ~ (J —Jy)~% from (12.3.4) but
unitary requires {n| A4, |s) ~ (J—Jy)} so the second term in the
bracket is finite but non-zero. So for elementary-particle theories the
nonsense states give a finite contribution to the analytically continued
(in J) ss partial-wave amplitude {(s| A [s) which makes it different
from the physical partial-wave amplitude, which is just {s| A5 [s).

In some circumstances this difference may be exactly equal to the
elementary-particle d;, term (12.3.2), o = 1, from the s-channel pole,
fig. 12.4(b), so that

(8| A [8) + 85,{s| A, |8) = (s| A s |s) (12.3.6)
Then the physical amplitude is after all equal to the analytically

continued amplitude, and the solution will exhibit Regge behaviour.

I4-2
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This will clearly not happen in general, but it may in particular
theories.

Though 45" and A4; both have the same left-hand cuts they need
not be identical because of the CDD ambiguity of section 3.5, and in
fact 4, can be regarded as the solution to the N/D equations with the
nonsense states excluded from the unitarity relation, but with a CDD
pole for J = J, = o corresponding totheelementary-particle exchange,
fig. 12.4 (b). It is a general feature of N/D solutions that poles which
arise as bound or resonant states of a given channel appear as CDD
poles in channels which are coupled thereto (see for example Squires
(1964), Atkinson, Dietz and Morgan (1966), Jones and Hartle (1965)).
The number of CDD poles needed is equal to the number of inde-
pendent helicity amplitudes for which J = Jj is a nonsense value.
However, partial-wave amplitudes must also have the correct
threshold behaviour (determined by I rather than J, see (4.7.6))
and Mandelstam (1965) pointed out that in some situations there is
a unique amplitude containing no more than one CDD pole which
satisfies these threshold conditions, in which case (12.3.6) must be
satisfied.

This is in fact true of the spins = 1+ } example mentioned above,
though it is not true for the elementary vector meson in the ¢ channel
(fig. 12.4(d)) which does not Reggeize in this way. Abers and Teplitz
(1967) (see also Abers, Keller and Teplitz (1970)) have analysed the
general spin problem, and find that the cases (g4, 0;) = (0,0), (0,3%)
and (}, 1) do not work, but that higher spins, like for example (3}, o),
o 3 1, which have suitable nonsense states, often will obey (12.3.6).
But as such high-spin field theories are generally un-renormalizable
it is not clear whether these results are useful.

Of course even if (12.3.6) is not automatically satisfied by the CDD
solution it may actually be satisfied when the masses and couplings
take on particular values so as to make the SCR hold, giving a boot-
strap type of solution, but this cannot happen for weak coupling
theories.

So only in certain field theories is Reggeization of the input ele-
mentary particles likely. However, it has been pointed out by Grisaru,
Schnitzer and Tsao (1973) that these Reggeization rules may be
applicable in re-normalizable unified gauge theories of strong, electro-
magnetic and weak interactions (see Iliopoulos (1974) for a review
and references) in which the hadrons are viewed as composed initially
of elementary spin = } quarks bound together by elementary spin = 1
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vector gluons. In gauge theories both the spin =} and spin =1
particles may be Reggeized though their interactions, unlike the case
considered above. So the fact that only Reggeons are observed in
hadronic physics does not necessarily preclude the existence of an
elementary-particle sub-structure.

124 Fixed poles*

The diagrams of figs. 12.1 and 12.3 differ from hadronic scattering
amplitudes in that though the blobs are assumed to contain the full
set of hadronic singularities required by unitarity, the weak coupling
constant e?/47= a & y3;0r G = 1 x 10-9my~2 (the Fermi weak inter-
action coupling constant) appears explicitly only to the first order.
The only y (or W) to appear is an external particle to this blob. So
for example the unitarity equation for the amplitude y+2—>3+4 is
(fig. 12.5) usually taken to be

Im{A(y+2->3+4)} =X A(y+2>n)d*n—>3+4) (12.4.1)

with a sum over hadronic intermediate states only. Were we to include
photon intermediate states as well, as in the other terms on the right-
hand side of fig. 12.5, to give

Im{A(y+2->3+4)} = S A(y+2>n) A*(n—>3+4)
+TAY+2>7+n) AX(y+n—>3+4)+ ... (124.2)

the terms in the second summation would be smaller than those in
the first by another factor a (or G for weak interactions), which is
why they are generally neglected. So if we specialise to the two-body
intermediate state 3+ 4 by remaining below the inelastic threshold
(fig. 12.6) (e.g. yp—>n'n below the nrn threshold), and project into
partial waves, we have, instead of (4.7.4),

Ay (8)— (Aps(s)* = 2ipp(s) Ap,(s) (A% (s)*  (12.4.3)
where 4° = A4(34—>34). A similar equation holds in the ¢ channel for
v3—>24.

The fact that A4, (s, Y2 34) appears only linearly on the right-
hand side of (12.4.3) means that the theorems we enunciated in
section 4.7 on the impossibility of real-axis fixed poles (except those
at wrong-signature nonsense points which are shielded by cuts) do not

* This section may be omitted at first reading.
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2 4 2 4 2 4
Y 3 Y 3
+3 +3
n n
n+y n+2y
2 4 2 1

Fie. 12.5 The unitarity equation for 4(y2 — 34) including
higher order terms in the weak coupling.

Y 3 Y 3 - 3
3
4
2 4 2 4 2 4
F1g. 12.6 The two-body unitarity equation for y2 - 34
valid below the inelastic threshold.

apply to these weak amplitudes. So fixed poles might occur at right-
signature points, in which case they would contribute to the asymp-
totic behaviour. In other words the SCR which must hold to prevent
such fixed poles in hadronic amplitudes may not be satisfied in weak
amplitudes.

It was pointed out by Bronzan et al. (1967) and Singh (1967) that
current algebra predicts the occurrence of such fixed poles. (For an
introduction to current algebra see Renner (1968), or Adler and Dashen
(1968).) This is because current algebra theory relates the magnitude
of the single-current coupling to that of the two-current amplitude,
and in particular for y,+2— vy, +2 (fig. 12.7) it gives (Fubini 1966,
Dashen and Gell-Mann 1966)

%fw dzthltllzl(s’ tq?q*) = F(t) (12.4.4)
Sp

where y, is an iso-vector photon and 2 is a spinless particle (or we can
regard (12.4.4) as a spin-averaged equation). F(t) is the iso-vector form
factor of particle 2, and DI is the odd-signature discontinuity in s
(= D,—D,) of the reduced ¢-channel helicity amplitude 4 m,(s:t,4%q'?)
for the process y(q2) + v'(q’2) > 22’. This is the helicity amplitude with
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(a) ®) ()

Fig. 12.7 (@) Virtual-photon Compton scattering y,+2 ->v,+2. (b) The
p-exchange approximation to this amplitude. (¢) The p pole in the electro-
magnetic form factor of particle 2.

the half-angle factor

| RS EER s
Ean(z) = ( B t) ( 2 ¢

extracted (see (4.4.1), with A, = £ 1, A3 = 0 50 A = 0 or 2), and with
I = 1in the ¢ channel. We expect the dominant I, = 1 exchange to be
the p trajectory. This is because we are dealing with isovector (charged)
photons: for real photons p exchange is forbidden by charge conjuga.-

AN
) = [J(1 -} (12.4.5)

tion. So for A, = —A, =1, i.e. A =2, we expect D,y ~ s%®2 in
(12.4.4) giving
1 1
F(2) for t>mia,>1 (12.4.6)

at)—1  o’'(t—m?)

so the form factor has the p pole as anticipated in fig. 12.7(c). How-
ever, the point J = 1 is a sense—nonsense point for this amplitude
A=|A,=-2,] =2, X =|A;—A,| = 0) 8o we would expect a super-
convergence relation to hold. Indeed if 2,2’ are replaced by protons,
and we fix on ¢ = 0 where D), can be replaced by ot using the optical
theorem (1.9.6), then the SCR becomes

@ 2 p2
[7F et - S (12.4.7)
where o, and ¢, are the total yp cross-sections with spins parallel and
anti-parallel (respectively) and y,, is the proton’sanomalous magnetic
moment (i.e. the form factor at ¢ = 0). Equation (12.4.7) is the well-
known Drell-Hearn (1966) sum rule, which certainly seems to hold
experimentally, and it gives the residue of the p pole a nonsense factor
,(t)— 1 to cancel (12.4.6). -

However the left-hand side of (12.4.4) is the residue of a fixed pole
at the sn point J = 1 so, since the form factor F(t) is certainly non-
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vanishing, current algebra predicts that there will be a right-signature
fixed pole which contributes to the asymptotic behaviour

Re{A(y2->y2)} ~ _FT(? (12.4.8)

and so the full odd-signature amplitude behaves like

dz; s',t)
A(yp—>1yp) = f —’z:i—t f 2\ D, (s', 1)
ot)—2
LAy RO G
M Z—2 2 sin 7o, ()

So there is a moving Regge pole «,(f), and a fixed pole at J = 1, but
no singularity at ¢ = m2, a, = 1 because at this point the two terms
cancel, with F(f) behaving as in (12.4.6).

Thus current algebra predicts that there will be fixed poles at right-
signature nonsense points which do not contribute to I),; and hence
do not affect the total cross-section, but do contribute to the asymp-
totic behaviour of the real part of the amplitude. This is hardly
surprising in that fig. 12.7 (¢) has coupled the p to a fixed-spin current.

But the question then arises as to what would happen if we were to
work not just to first order in €%, but included all orders, in the (-
channel) unitarity equation, like (12.4.2). Our experience with weak-
coupling field-theory solutions like (3.4.17) suggests that the fixed
pole at J = 1 would turn into a moving Regge pole which -1 as

€20, i.e. alt) = 1+e2f(t) (12.4.10)

where f(t) is some function of t like (3.4.19), of order 1. So we anticipate
a trajectory with a slope a’ = O(e?) = O(;%%). Such a trajectory is not
seen in the asymptotic behaviour, nor has it manifested itself as high-
mass particles. If, alternatively, the pole remained fixed it would
produce Kronecker ¢, termsin the ss amplitudes as described in the
previous section. All this suggests that current algebra may itself be
wrong, though of course we do not really know how to deal properly
with the zero-mass photon as an intermediate state.

Fixed poles do occur at wrong-signature points, and indeed a J = 1
fixed pole may be essential to the asymptotic behaviour of the even-
signature Compton scattering amplitude (Abarbanel ef al. 1967). For
v+ 2 y+ 2 (with 2 spinless) there are just two independent s-channel
helicity amplitudes, {1, 0| A%|1,0) and {1, 0| 4¢| -1, 0). The helicity
crossing matrix like (4.3.4) (see Ader, Capdeville and Navelet 1968),
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relating these amplitudes to those for the ¢-channel process yy— 22,
simplifies at ¢ = 0 to
(1,0] 45[1,0) = 1, — 1] A¢]0,0), A =2
(1,0} 45| —1,0) = {1,1] 4t]|0,0), A =0
and, since the helicity-flip amplitude (1,0] 4¢| —1,0) must vanish
at ¢t = 0 by angular-momentum conservation, only (1, —1] 4¢|0,0)
survives. Now J, = 1 is a sn point for this amplitude. The dominant
even-signature exchange for this elastic amplitude willbe the Pomeron,
so if ap(0) = 1, and the P residue has a nonsense decoupling factor
at ap(t) = 1, then the P-exchange contribution to {1,0] 4%]1, 0) will
vanish at ¢ = 0. The optical theorem gives
otgt = 1/sTm {(1,0] 4% |1, 0)} (12.4.12)
so o%8*—> 0 as s > co if the P decouples, unlike other total cross-sections.
But this completely contradicts our observation in section 12.2
that the photon behaves like a hadron at high energies, and the ob-
served approximate constancy of ott(s) at large s. So either there is
a Gribov-Pomeranchuk fixed pole at J = 1 which removes the de-
coupling factor (see table 6.2), in which case o¥3%(s) is controlled only
by the third double-spectral function, which seems rather odd, or the
P residue is singular at ¢ = 0. In fact the residue of the J = 1 fixed
pole in the Froissart—Gribov projection of the A = 2 amplitude can be
expressed as

} (12.4.11)

1fe , Ke2 =
G.(t) = = dz; Dy (s',t) = ——+f dz; Dy (s,t)  (12.4.13)
T Jm ! SI
where K is a constant and s; is the inelastic threshold. The kinematical
t-1 factor from the Born diagram in fig. 12.8 stems from the kine-
matics of the massless photon (¢?,; = t/4 from (1.7.15)). So if G,(¢)
vanishes the residue of the P pole in D, must behave like #! so that
the right-hand side can vanish. Clearly ¢t = 0is a special point because
it coincides with the initial-state threshold of yy->22, and photon
partial-wave amplitudes may well have an unusual threshold be-
haviour (see Collins and Gault (1972) and below). For a more complete
discussion see Landshoff and Polkinghorne (1972).

It has also been suggested that there might be a fixed pole at the
sn point J; = 0 in this amplitude (Damashek and Gilman 1970). Since
J = 0is a right-signature point this would give a real constant contri-
bution to the Compton scattering amplitude

A(12> 72,8,1) = 3 ARi(s,1) + Go(t) (12.4.14)
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F1a. 12.8 (@) The s-channel Born term in y2 — ¥2. (b) Other s-channel inter-
mediate states which contribute to D, for ¢ > s; the inelastic threshold.

where A®:(s,t) are the usual Reggeon exchange amplitudes, P and A,
and Gy(t) is the fixed-pole contribution, which is independent of s
for all {. Gilman and co-workers have attempted fits of forward
dofdt (yp— yp) and of3f with ap(0) =1, a,,(0) = §, and find that
such a real part is needed. In fact they identify

62
Go(t) = —— (12.4.15)

my

which is the Thompson amplitude for Compton scattering off a proton
at zero photon energy, when the proton structure is not penetrated.
However, adjusting the values of the trajectory intercepts seems to
make this extra term unnecessary (Close and Gunion 1971), so there is
no convincing evidence for this fixed pole. See also Brodsky, Close
and Gunion (1972) and Landshoff and Polkinghorne (1972).

Fixed poles have also been searched for in photo-production
processes like yp—n*n. In the backward direction one might have
elementary nucleon exchange at J,, = 1, giving do/du ~ 1/s at fixed u,
but in fact do/du ~ s~26 at u & 0 corresponding to ay(0) = —0.3.

The forward direction is particularly interesting because, as we have
discussed in sections 6.8 and 8.7 f, this process is controlled by evasive
n exchange together with a self-conspiring n ® P cut. The rapid
variation of do/dt near f = 0 demands the presence of the pion pole
term (see (8.7.5)). However the right-signature point «(f) = 0 is
anonsense point for all yn— pn ¢-channel amplitudes since A, —A, = 1,
so normally one would expect a nonsense factor and no pion pole.
At one time it was though that a fixed pole must be present to remove
the need for a nonsense factor (as described above for Compton
scattering), but since J = 0 is a right-signature point such a fixed
pole should be seen in the asymptotic behaviour, which it is not. So
again it would seem that the photon coupling is unusual. Now ¢ = m2
is one of the thresholds of yn— pn, so as with Compton scattering it
looks as if the blame can be placed on an unusual threshold behaviour
(see Collins and Gault (1972) for references).
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(a) ®

F1c. 12.9 (a) Field-theory model for the coupling of a photon to a composite
Reggeon exchange. (b) The two-photon coupling to a ladder which gives rise
to a J = 1 fixed pole (to first order in e2).

To summarize then, we have found no very strong evidence for
unusual fixed poles in weak amplitudes (despite current algebra) and
some evidence against them. Theoretically (Rubinstein, Veneziano
and Virasoro 1968, Dosch 1968, Landshoff and Polkinghorne 1972)
there is reason to suppose that when currents couple to composite
particles, for example particles built from ladders like figs. 12.9(a),
(b), the only fixed poles occur at the nonsense points J=o0,—n
and J = 0,,+0,—n,n = 1,2, ... respectively. The latter seem to be
closely related to the scaling behaviour seen in deep inelastic electron
scattering (section 12.5). But all the arguments in favour of fixed
poles arise from working only to first order in e?, and could be wrong.
Hence one can feel fairly secure in treating the photon like a hadron
as far as the leading Regge behaviour is concerned.

One interesting consequence of this concerns the electromagnetic
mass differences of isotopic multiplets. Cottingham (1963) showed how
the first-order electromagnetic contributions to the self energy
(= mass) of a particle, given by the photon emission and re-absorption
diagram fig. 12.10, can be directly related to the spin-averaged
forward Compton scattering amplitude on the given particle by
a photon of mass ¢?

(v )
= /w
oM = (277)4 p — (12.4.16)
where v = p.q. The 4,, can be expressed in terms of a dispersion
relation in v as R v'dy' Dy (v, ¢?)
St LAMEA B, 12.4.17
g = 2 T (124.17)

If the non-flip helicity amplitudes are Regge pole dominated at high
energy we expect their even signature (s + ) discontinuities to behave

like Doy, g%) = 7,(q?) v=i® (12.4.18)
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F1c. 12.10 (@) The one-photon loop which gives the first order electromagnetic
mass re-normalization of the particle propagator. (b) Reggeon exchange model
for the virtual Compton-scattering amplitude in (a).

For example the difference between the neutron and proton electro-
magnetic masses depends on the dominant even-signature AI =1
exchange, i.e. the A, trajectory with a(0) ~ 0.5 (Harari 1966), so
clearly (12.4.17) will diverge, and hence these equations do not permit
one to calculate this electromagnetic mass difference unless one can
determine the subtraction constant. However, the Al = 2 mass
difference (m,. —m_)} is dominated by I = 2 exchange and since no
such trajectory is known the dominant (Regge cut?) exchange may
well have «(0) < 0 so the integral should converge. This may help to
account for the fact that m, . > m, as one would expect (i.e. electro-
magnetic effects add to the mass of the pions) but m, > m, which
contradicts this expectation. This criterion based on the intercept
of the exchanged Reggeon seems to work for the signs of other mass
differences as well.

This is just one example of the way in which the known Regge
asymptotic behaviour is helpful for understanding the weaker inter-
actions, particularly their dispersion sum rules.

12.5 Deep inelastic scattering

Some of the most interesting results on the structure of hadrons have
come from deep inelastic scattering experiments on nucleons, ep »eX
and to a lesser extent vp—pX. These are treated in the one-photon
or one-W exchange approximation as in figs. 12.1. (Forreviewsof these
processes see for example Gilman (1972) and Llewellyn-Smith (1972),
respectively, and Landshoff and Polkinghorne (1972).)
With the four-momenta indicated in the figure we have
B=F*=ml~0 and q¢q=k-—Fk (12.5.1)
In the laboratory frame (proton at rest) we can write
p=(my,0,0,0), k= (E k), k¥=(B,F) q=(E-E,k-F),
K=E*-kK~0, EF*=E%-k?x0 (12.5.2)
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Hence v=p.q=(E-E)m, (12.5.3)
gives the energy of the virtual photon, while its mass
EF=E-FE)Y—(k-k)=E+E*-2EE —k*—k'>+2|k| |k'| cos§
~ —4EE’sin2—g (12.5.4)

(using (12.5.2)) depends on @, the scattering angle between the
directions of motion of the initial- and final-state leptons. (The reader
will note that many authors (e.g. Gilman) define v without the factor
my, in (12.5.3) and take the opposite sign for ¢%in (12.5.4).)

For the scattering process in the bottom of the figure, vy, +p—> X,
the effective centre-of-mass energy squared is

s=@+9P =p*+@+2p.q=mi+q®+2v = M% (12.5.5)

using (12.5.8). Averaging over the spins of the electron and proton, the

differential cross-section for ep— e X is found to be (Drell and Walecka

1964) d?c  4e'E?
dQdE’ ¢

(2Wl(v, ¢?) sin? g+ Wy (v, ¢%) cos? g) (12.5.6)

where df2 is the element of solid angle within which the final-state
electron of energy E’ is detected, and W, , are the conventionally
defined deep inelastic structure functions of the nucleon. They are
directly related to the total cross-sections for transversely and longi-
tudinally polarized virtual photons scattering on a proton (o, and o7,
respectively) by

K
W0, ) = 7250204

X (12.5.7)
Wolv,0) = 725 (0n(v, ¢%) + o0, %)

h K =-(v+L), K, = ¢ i 12.5.8
where 1=—7;L_}; V+§, 2=mp V+'§ W ( )
As ¢2> 0, o, ~> 0 and o is the real yp total cross-section.

Elastic ep scattering (fig. 12.11) clearly requires M% = m? and so

from (12.5.5) ,
q° = —2p (12.5.9)

at which values W, and W, are related to the proton’s electromagnetic
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Fic. 12.11  One-photon exchange diagram for ep —ep.

form factors, G and Gy, by

7°*G(g?) ¢
Wiv.q?) = — 1 M9 T
1) = 4m? J rt3

(12.5.10)
2y — |2 2)___(1.2_(;2( 2) TP S Y (&
Wo(v, %) = | Ghlq Rl v 5

The most remarkable result to come from experiments on deep
inelastic scattering is the scaling of W, and vW, as v, |¢*| > o0 (¢? is
negative in the physical region)

2v
> By | —
) l(lqz‘) (12.5.11)

2
w08 s ()
|¢?]
where F,, F, are functions which depend only on the dimensionless

ratio %

F (12.5.12)

R =

w

and not on the values of » and |¢?| individually. That is to say, if both
v and |¢?| are varied, keeping their ratio fixed, the values of W, and
vW, are unchanged (see section 10.5 for the concept of scaling).

The most simple explanation of this scaling effect is provided by
the parton model (see Feynman 1972) in which the nucleon is imagined
to be composed of a number of structureless, point-like, charged
particles (partons), ¢, each carrying a fraction wx; of the total proton
momentum pi=ap, 0<a <1 (12.5.13)
If the parton is structureless its mass, and its charge, @,, will be
unchanged by the scattering (fig. 12.12) and so it will give a contribu-
tion to the W’s like (12.5.10) but without any ¢* dependence of the
form factor (so G, = @;). So for example

2 2 2
iy, g?) = Q2 Y % _le|
Wiv,q%) = Q,&(v+2xi) == 8(xi 2V) (12.5.14)
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Fic. 12.12 Parton description of ep - eX. The proton is composed of structure-
less partons (quarks) and the photon is absorbed by one of these partons. In the
right-hand blob the quarks recombine to form ordinary hadrons, X.

Then if f(x) is the probability that the parton has a fraction « of the
proton’s momentum we get

= ' il
W, = 20} fo de, f(zy) %, a(xi__g)

2
-SQfelmn=R(e=L)
This result depends crucially on the partons being structureless since
otherwise form factors, functions of ¢2, would appear in (12.5.14) as
they do in (12.5.10), and would destroy the scaling.

The parton model has enjoyed considerable success, not only
because it ‘explains’ scaling but because if the partons are taken
to be spin = } quarks many features both of the spin dependence and
the internal symmetry properties of the cross-sections are accounted
for. The main problem is of course that the quarks are not observed,
and it is not clear what mechanism can be responsible for the right-
hand blob of fig. 12.12 in which all the quarks, including the scattered
one, recombine to form conventional hadrons.

However, our main interest is in the Regge properties of these
results. Since the W’s are, apart from the kinematical factors in
(12.5.7), yp total cross-sections, we can hope to describe these cross-
sections by making Regge models of the y,p elastic scattering ampli-
tude, as in fig. 12.13 (cf. fig. 10.23). The Regge limit is v — o0, ¢2 fixed
(so x—0), and we expect

Op, 0, ~ 3 pa0-1 (12.5.16)
* p\ 20
so that Wil0,2) ~ v > 2686 ()
k o o] (12.5.17)
g2y (25
R ~ |6 (o) > 3 Il A5 (5
e 0

So, if the leading singularity is the Pomeron with a,(0) = 1, both
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(5]

= Discy Ay

(@) (6) ()

Fic. 12,13 Reggeon exchange description of deep-inelastic ep scattering in
terms of y,p —v,p. The leading trajectories which can be exchanged in the
elastic amplitude are k = P, f and A,.

vW, and xW, > constant as z = ¢?/2v > 0. The region where scaling
occurs (|¢?|, v— 0, 2 fixed) may overlap the Regge asymptotic region
(v - o0, g* fixed). This clearly depends on the behaviour of the couplings
Bia(g?) as |g?| > oo, but if they are to overlap we need

P(g?) —s T pPy ., 9 12.5.18
ﬂl (q )anl_’w (qul) ap(0) ﬂ2 (q ) (qul)ap(o) ( )
where ¢,, ¢, are constants, so that W,, vW, —>scaling function of z only,
ie.
2 g1
W0 8) 0 s e
(12.5.19)

)2
This accords with the behaviour found in field-theory models with
a point-like electroma gnetic coupling (Abarbanel, Goldberger and
Trieman 1969).

It should be noted that though fig. 12.13(¢c) looks like the triple-
Regge diagram fig. 10.23(c) it is really quite different. Fig. 10.23
involves trajectories a;(t), a;(t) so that the angular momentum changes
as a function of ¢, while fig. 12.13 (¢) involves the photons y(¢?) which
remain at J = 1 even though ¢2 is varied. So rather different informa-
tion is obtained from electro-production. However, if we adopt a
multi-peripheral type of model (fig. 12.14) it is only at the top end
that the couplings will be affected by ¢2 (because there are only short-
range correlations) and many features should be hadron-like, such as
multiplicities ete. It is the photon’s fragmentation region which should
exhibit most of the differences (see Cahn (1974) for a more detailed
discussion).
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p

F1a. 12.14 Multi-peripheral model for ep »e’X.

Background

Resonances

Y
Y s

F1a. 12.15 Duality diagrams for ep »eX.

Regge theory also predicts that the principal non-constant correc-
tions to (12.5.19) will stem from ¥ = R (f and A,) with a(0) ~ 0.5.
Two-component duality suggests that the duality properties will be
asin fig. 12.15, with the P dual to background, b, and R dual to the
resonances, r (Harari 1970). Since the Regge region is found to overlap
the scaling region this implies strong constraints on the resonance-
production cross-sections as a function of ¢2, and hence on the transi-
tion form factors for v,(¢?) + p—>r. The way in which the resonance
contributions are smoothed to the scaling behaviour as |¢?| (and hence
v) is increased for fixed w is shown in fig. 12.16. This is just like the
smoothing in the Veneziano model with Im {o} + 0 (see fig. 7.6). In
fact the Veneziano model has enjoyed some success in fitting the v, g
dependence of the R term (Landshoff and Polkinghorne 1970, 1971).
There is, however, a rather fundamental problem that the Veneziano
model is constructed with factorized Reggeon couplings, whereas here
we need a fixed-spin J = 1 coupling, so even if we project out J = 1
on one leg of the Veneziano model problems concerned with the
difference between elementary and composite particle couplings arise
(see Drummond 1972).

15 CIT
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Fig. 12.16 Plot of vWy(v,¢?), at various values of |¢?| (GeV units), versus
o’ = w+myq. The solid line is the scaling curve found for higher values of |g?|
and the resonance oscillations converge to this line as |g2| increases. (From
Gilman 1972.)
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In deep inelastic neutrino scattering, vp—pX, there is an extra
structure function because parity is not a conserved quantity, and the
differential cross-section reads, instead of (12.5.6),

dc  GE”
d0dE ~ ommd

(2770, g2 sin 5 + W0, ) cost

E+E

p

T Ws(v, ¢?) sin? g) (12.5.20)
with F for v, vscattering, respectively. The extra function W, is odd
under C, and so vanishes as v— oo since P exchange is not possible.
Again the quark—parton model is rather successful, and Regge theory
has been used to predict the high v behaviour (see Llewellyn-Smith
1972). The most interesting results for Regge theory may come at
higher energies (if these can be achieved) because the phenomeno-
logical Fermi theory, which can be used only for the first order in G,
will violate unitarity for %, ,, > 10°GeV, and so there must be uni-
tarity corrections, and these will presumably heed the restrictions on
fixed poles discussed in section 12.4.

In conclusion, Regge theory has so far had only a modest though
honourable role to play in weak interactions, mainly because it is still
possible to work only to first order in the weak coupling (¢? or G). But
when the time comes to construct a proper unitary theory of the weak
interactions of hadrons, or even perhaps a unified theory of all the
interactions, Reggeization will be a crucial ingredient.



Appendix A4
The Legendre functions

The representation functions of orbital angular momentum are (Schiff
1968, Edmonds 1960, Rose 1967) the spherical harmonics

l I—m)!
Tinl6,9) = (-1 [ )

where z = cosl (4.2)

and where the PJ*(z) are the associated Legendre functions. Their
properties are discussed in great detail in Erdelyi et al. (1953, vol. 1),
which we shall refer to below as E followed by the appropriate page
number.

Scattering problems for spinless particles are symmetrical about
the beam direction, which is conventionally taken to be the z axis.
This eliminates the ¢ dependence, so we are only concerned with

3
ul0.9) = () B (4.9

]*P;"m dné (A1)

These Legendre functions are eigenfunctions of the operator for the
square of the angular momentum, L2 i.e.

LP(z) = I+ 1) P(z), 1=0,1,2,... (4.4)
which in the co-ordinate representation becomes
d dA
(1 =22y} =
< [(1 2) dz] +l(I+1)PE) = 0 (4.5)

which is Legendre’s equation (E, p. 121). For integer ! these Legendre
functions are polynomials in z, regular in the finite z plane, the first
few being

Pfe)=1, P)=2 Bye)=34B32-1), Pyz) = }(57°—32) (4.6)
However, (4.5) also has solutions for I & integer which (E, p. 148) may
be expressed in terms of the hypergeometric function

Bz) = F(=1L1+1; 1; (1-2)[2) (4.7)

which is singular at z = — 1 and co. These are called Legendre functions
of the first kind.

[ 422]
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There are also solutions of (4.5) singular at z = + 1 and oo called
Legendre functions of the second kind (E, p. 122)

Iri+1)
Ql(z) = 7t F(l-}—%)

For integer [ the first few are (E, p. 152)

(22) 1 F 3+ 1,30+ L 1+ 35 27%) (4.8)

Qs = 1og (217), @ute) = log (25 -1,

z—1

(4.9)

Qu(e) = 1Be)og (15) -

These functions satisfy inter alia the following relations which we
need in this book.
The reflection relation (E, p. 140) gives

B(—2z) = e "MP(2) —?7-7 sin 7lQ)(2) (4.10)

= (—1)'F(z), 1= integer (4.11)
The equation (4.5) is invariant under the substitution I>—1—1, so

E, p. 140
(%, p. 140) B =Py o) (4.12)
Also (E, p. 143) for real !

Im{B(z)} = - B(—z)sinwl z< —1
=0 z21 (4.13)

The two types of solution are related by the Neumann relation
(E, p. 154) for integer !

11 dz , _
o) =3[ FoRE)L 1=002.  (414)

a ‘dispersion relation’ for @,(z), from which it is obvious that (E,
D I
p. 143) Im{Q(z)}=0, |2|>1, 1=0,1,2,..
= —gP,(z), —-1<z<1, (4.15)

For | &+ integer
Im {Q(2)} = sin7l@(—2), —oo<z< -1

=—%E@L —-1<z<1 (4.16)
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The reflection relation for the second-type functions is (E, p. 140)
Q(—2) = —e"Q(2)

= (—1)H1Q,(2), = integer (4.17)
Other useful results are (E, p. 140)
F(z) 1 Q) _ _1_Q—1—1(z) (4.18)
sinzl mcosnl 7 coswl
and @(z) = Q_;_1(), 1= half-odd-integer (A4.19)
The orthogonality relation for Legendre polynomials is (E, p. 170)
1
f—1 FB.(z) B(z)dz = CTH 16u , 1,0 integers (A4.20)

and some other integral relations are (K, p. 170)

2sina . .
f P (—2)B(z)dz = 7_r @D ariT iy I integer, a anything
(4.21)
@ 1 .
L P,(2)@Q)(z)dz = (EOIETTSIL l, @ anything (4.22)
Po-BE[CEEE
L Z

The asymptotic behaviour as z—co for fixed I may be obtained by
rewriting (A.7) as (E, p. 127)

BE) = R ot (-, ks 1+ o)
+ﬂ—&F;(’ ; 3) (2) 1 P(3I4+3, M+ 15 14327 (4.24)
Then since F'— 1 as z—o0 we have (E, p. 164)
P,(z) > &%Jrj;(zz), Ref{l} > -3} (A.25)
— &F;(’l) ) @271, Re{l}<—} (4.26)

Similarly, from (A4.8),
A0+ I'(t+1)

Ql(z) _— F(l 3) (22) =t (A.27)
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The asymptotic behaviour as ! - co for fixed zis rather more difficult
(E, pp. 142, 162; Newton 1964):

B(z)—> (2nl) (22— 1)"tef, Re{l} >0 (A.28)

{—

where £ =2(Re{l}+1)log [(iﬁzl)%-l~ (Z—;—})%:I, z>1

= 2|Im{l}[ tan—! (I_Z)E 2<1

1+z
50 |B(z)] < I-}ellm®Rel}+ReM Imis f(z) (A.29)
l— o
By(z)
—% o/Im {} Re {6}+Re {#} Im {6}l —#|Im {}|
= ijl e f) (A.30)
Also Qyz)—>lte~t+bi@ (4.31)
jll>w

where {(z) = log [z + (22— 1)].

From (A.7) we see that B(z) is an entire function of I, while from
(A4.8) it is clear that ¢)(z) has poles in ! at negative integer values due
to the I'-function in the numerator, and from (4.18)

cosml

Qz) = T P,y I=-1,-2,-3,.. (4.32)




Appendix B

The rotation functions

A state of angular momentum J, and z component of angular
momentum m, is transformed under a rotation by the Euler angles
a, B, v according to (see Edmonds (1960) p. 54)

D(a, B,y) |Jm) =m,§]~J|Jm’> (Jm'| D(a, B,7) | Jm) (B.1)

where the rotation operator is
D(a, f,7) = e*/zelfyelr’e (B.2)

i.e. a rotation by angle y about the z axis, followed by a rotation by £
about the y axis, followed by a further rotation by « about the z axis.
Since the eigenvalue of J, is m, the matrix elements of D(e, 8, v) can

Do WHHR (T | Dia, f,7) [Ty = P (@ 5,7) (B3)
= elmegs,  (B)elmr (B.4)

where the rotation matrices are defined by
dlon(B) = (Jm’| ey |Tm) (B.5)

These matrix elements can readily be evaluated for J = } by sub-
stituting the Pauli matrix for J, and expanding the exponential (see
(B.19) below), and then higher J wvalues can be derived using the
Clebsch—Gordan series (see for example Wigner (1959) p. 167). It is
found that (Edmonds (1960) p. 57)

- [T (S )

20-4m'+ 27 —20—m’'—
x(cosg) " m(sing) - (B.6)

If the scattering plane is taken to be the x—=z plane, then the angle

f here corresponds to the scattering angle 6 between the directions of

motion in the initial and final states, and it is more convenient to write

the rotation matrices as functions of z = cos § rather than 6. Also for

two-particle helicity states m’ and m correspond to the helicity
[426]
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differences A and A’ defined in (4.4.15). So we shall usually replace
(B.6) by d{;.(2) from now on.
The functions defined by (B.6) satisfy the symmetry relations

dp(2) = (=12 VAL, _p(z) = (= 1AV d{a(2)

B.1
d{x(ﬂ—ﬁ)=(—I)J“*df,\x(-ﬁ)=(—I)J‘Ad{'—,\(ﬁ)} D

The expression (B.6) can be rewritten in terms of Jacobi poly-
nomials P{*(2) as

(J+)(J =) ]& (1 —z)i@—m (1 +z)§(x+x)
!

dinle) = [(J AT =X 2 2

Py )
(B.8)

but this is only valid for non-negative values of A—A" and A+A'.
Other values can be obtained from (B.8) using the symmetry relations
(B.7), which may be incorporated by writing

T+ ML~ )
e = (=1) [(J+N)!(J—N)!

]%gu'P.(}A——n}’]’MH’D (B.9)

where
M = max{AL IV}, N =min{A, V), 4=3A-2=]a-2])
(B.10)
and the ‘half-angle factor’ is defined by
1 — 2\ HA=21 /1 4 2\ BA421
Ealz) = (“—2-) (—2—-) (B.11)

Equation (B.9) is a very convenient representation because for integer
J — M the Jacobi function is an entire function of z, so the only possible
singularities of d{,.(z) in z stem from the behaviour of the half-angle
factor (B.11)atz = + 1.

However, we shall also wish to continue in J, and for this purpose
it is more useful to re-express (B.9) in terms of the hypergeometric
function (see Andrews and Gunson 1964)

= JIEMNT-M+A-2)E 1
lz) = (= 1) [<J-M>!(J+M—IA—A'I)!] n_—

xE@ F(=J+ M, J+ M+1,[A-X|+1; (1-2)/2) (B.12)

The hypergeometric function is an entire function of J, so the only
singularities stem from the square bracket, when the factorial func-
tions have poles for negative integer values of their arguments.
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Also from the asymptotic form of the hypergeometric function we
find

dlu(2)—> (= 1)*

z— (2J)l
T+ (T -+ A=—NDT =) (T + M= A=)
2 J-M
xEuce) (3) (1+06) + 067 (B.13)

80, since §,,.(z) ~ 2™ from (B.11)
div(z) ~27, for J>-1
for J—v + integer < M where df,. vanishes (v = 0/} for physical

J = integer/half-odd-integer, i.e. for even/odd fermion number).
These functions also satisfy the orthogonality relations

1 , 2
f | H@H@) & = 85y (B.14)
%;‘ (2J +1)dy(2) dx (2') = 8z~ 7)) (B.15)
?d;{,\,(z) d{x(2) = Sy e (B.16)
Some useful special values are
7 [(J=m)]}
ahute) = [rms| P3G (B.17)
dgy(2) = Py(z) (B.18)
for integer J, and
1+2 1-—
d}y(2) = —5— = cos 10, d_,= —2— =sin 16 (B.19)

We shall also make use of the second-type rotation functions ef,.(z),
analogous to the second-type Legendre functions @,(z) introduced in
Appendix 4 (see Andrews and Gunson 1964). They are defined in
terms of the second-type Jacobi functions Q% (z) by

eh) = (— e [T e g nenn )
(B.20)

For integer J — M > 0 they are related to the df,. by the generalized
Neumann relation

1 ?
Bt =5 [ b (B2
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and they satisfy the symmetry properties
efa(z) = (1Yl a(2) = (- 1)V eda(2) (B.22)
eli(—2) = (= 1)7 7 ef_u(2) (B.23)

Equation (B.20) can be re-expressed in terms of the hypergeometric
function as

ehl®) = (= 1 g [+ LT =ML+ M) = M6k ()

z—1\~J-1+M )
(T) F(J—M+1,J—M+1A—A'|+1,2J+2,i___z)

(B.24)

><1
2

which gives the J-plane singularities directly, and since -1 as
z—> o0 the asymptotic behaviour is

1
J —1)3a-2)
—J-1

x [(J + M) (J = M) (J +N)! (J—N)z]%zl (2) (B.25)
and, cf. (4.31),
m

in(A-2)
efn(?) (“)% e ! e VD argJ <7
J—o© 2 J% (22 - 1)i

(B.26)

where {(z) = log [z + (22— 1)}], and we use + for Im {z} = 0.
For half-odd-integer values of J — v they obey the symmetry relation

efu(2) = (- 1) ey 71 (2) (B.27)
Also, analogous to (4.18), there is the relation

dvz) el eI ()

sinm(J—A) wcosm(J~A) wcosm(J—A) (B.28)
ags.
and we find ey (z) & T4 (2) (B.29)

J_Jo

for J —integer (J, —v) when J, < — M, and similar poles or (J —Jy)~%
factors for integer (Jy—v), — M < J, < M, from (B.24) (Andrews and
Gunson 1964).
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of amplitudes, 11, 66
of Regge trajectories, 80, 150
of Regge residues, 81, 154
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angular distribution of decay, 115
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Chew mechanism, 162, 164
Clebsch—Gordan coefficients, 156,
175, 198
Compton scattering, 411
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continuous moment sum rules
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correlation length, 360, 362, 387
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of helicity amplitudes, 116
crossing angles, 117
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cross-section, 25
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pole dominance of, 287
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differential cross-section, 26, 27,
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divergence of partial wave series, 53
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double-cross diagram, 250
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double-spectral functions, 34, 38, 104
Drell-Hearn sum rule, 409
dual models, 222
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eikonal expansion, 44

eikonal function, 46
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electromagnetic interactions, 399
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end-point singularities, 37, 243
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Feynman integrals, 36, 243, 250
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Feynman relation, 37, 377

Feynman variable, 323
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finite mass sum rules, 354

fireball model, 365
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form factors, 401, 415

forward dispersion relations, 32
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Froissart—Gribov projection, 55, 122

gauge invariance, 314
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hadron, ix
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helicity amplitudes, 111, 333
partial wave, 120
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inclusive eross-sections, 325
inclusive processes, 320
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interference model, 209
intrinsic parity, 134
invariant amplitudes, 109
invariant mass, 293
invariants, Mandelstam, 19
isospin, 133, 135, 175, 187
isospin, crossing matrix, 177
iso-spinors, 136

Jost functions, 85, 86

kinematical factors, 160
kinematical singularities, 111, 154,
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kinematical singularity-free
amplitudes, 127
kinematics
2-body, 18
many-body, 293
inclusive, 321
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ladder diagram, 96, 244
Landau curves, 38, 299
Landau rules, 16, 38
leading-particle effect, 334
Legendre functions, 49, 422
addition theorem, 50

Lehmann-Martin ellipse, 57, 121, 207
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Levinson’s theorem, 101
limiting fragmentation, 365
line reversal, 196, 286

Lippman-Schwinger equation, 40, 43,
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Lorentz invariance, 4, 11

MacDowell symmetry, 147, 171

Mandelstam double-cross diagram,
250

Mandelstam plot, 23

Mandelstam representation, 32, 44,
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Mandelstam symmetry, 74, 86

mass shell, 4

mass splitting, 140, 142

Mellin transform, 76, 255
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mixing angle, 139

Mueller’s theorem, 331

multi-peripheral bootstrap, 380
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