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Introduction to Quantum Fields on a Lattice

Quantum field theory, our description of the fundamental forces in
nature, was originally formulated in continuous space—time, where it
leads to embarrassing infinities which have to be eliminated by a process
called renormalization. A simple but rigorous formulation can be ob-
tained by replacing continuous space—time by a discrete set of points on a
lattice. This clarifies the essentials of quantum fields using concepts such
as universality of critical phenomena and the renormalization group.

This book provides a clear and pedagogical introduction to quantum
fields on a lattice. The path integral on the lattice is explained in concrete
examples using weak- and strong-coupling expansions. Fundamental
concepts, such as ‘triviality’ of Higgs fields and confinement of quarks
and gluons into hadrons, are described and illustrated with the results of
numerical simulations. The book also provides an introduction to chiral
symmetry and chiral gauge theory. Based on the lecture notes of a course
given by the author, this book contains many explanatory examples and
exercises, and is suitable as a textbook for advanced undergraduate and
graduate courses. This title, first published in 2002, has been reissued
as an Open Access publication on Cambridge Core.

JAN SMIT holds a position at the Institute of Theoretical Physics of
the University of Amsterdam and, since 1991, he has been Professor
of Theoretical Physics at Utrecht University. He is well known for his
fundamental contributions to lattice gauge theory. His current interests
are lattice methods for quantum gravity, applications to cosmology and
the creation of the quark—gluon plasma in the laboratory.
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Preface

She [field theory] is not a robust mate ready to
pitch in and lend a helping hand. She is a haunting
mistress, refined, and much too beautiful for hard
work. She is at her best in formal dress, and thus
displayed in this book, where rigor will be found to
be absolutely absent. Bryce S. DeWitt

Since the above characterization appeared [1] in 1965 we have witnessed
great progress in quantum field theory, our description of fundamental
particles and their interactions. This book displays her in informal dress,
robust and ready to give results, rigorous, while at a pedestrian mathe-
matical level. By approximating space—time by a collection of points on
a lattice we get a number of benefits:

e it serves as a precise but simple definition of quantum fields, which
has its own beauty;

e it brings to the fore and clarifies essential aspects such as renormal-
ization, scaling, universality, and the role of topology;

e it makes a fruitful connection to statistical physics;

e it allows numerical simulations on a computer, giving truly non-
perturbative results as well as new physical intuition into the behavior
of the system.

This book is based on notes of a lecture course given to advanced
undergraduate students during the period 1984-1995. An effort was
made to accomodate those without prior knowledge of field theory. In the
present version, examples from numerical simulations have been replaced

Xi



xii Preface

by more recent results, and a few sections (8.3-8.6) on lattice aspects of
chiral symmetry have been added. The latter notoriously complicated
topic was not dealt with in the lectures, but for this book it seemed
appropriate to give an introduction.

An overview of the research area in this book is given by the pro-
ceedings of the yearly symposia ‘Lattice XX’, which contain excellent
reviews in which the authors tried hard to make the material accessible.
These meetings tend to be dominated by QCD, which is understandable,
as many of the physical applications are in the sphere of the strong
interactions, but a lot of exciting developments usually take place ‘on the
fringe’, in the parallel sessions. In fact, Lattice XX may be considered as
the arena for non-perturbative field theory. The appropriate papers can
be retrieved from the e-print archive http://arXiv.org/ and its mirrors,
or the SPIRES website http://www.slac.stanford.edu/spires/hep/

I would like to thank my students, who stumbled over my mistakes, for
their perseverance and enthusiasm, and my colleagues for collaborations
and for sharing their insight into this ever-surprising research field.

Amsterdam, November 2001


http://arXiv.org/
http://www.slac.stansford.edu/spires/hep/
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Introduction

We introduce here quarks and gluons. The analogy with electrodynamics
at short distances disappears at larger distances with the emergence
of the string tension, the force that confines the quarks and gluons
permanently into bound states called hadrons.

Subsequently we introduce the simplest relativistic field theory, the
classical scalar field.

1.1 QED, QCD, and confinement

Quantum electrodynamics (QED) is the quantum theory of photons
(7) and charged particles such as electrons (e*), muons (u*), protons
(p), pions (7*)
perturbation theory are Compton scattering (y + e~ — v+ e7), and
pair annihilation/production such as et + e~ — p* + p~. Examples of
non-perturbative phenomena are the formation of atoms and molecules.

, etc. Typical phenomena that can be described by

The expansion parameter of perturbation theory is the fine-structure
constant® a = e? /4.

Quantum chromodynamics (QCD) is the quantum theory of quarks
(¢) and gluons (g). The quarks u, d, ¢, s, t and b (‘up’, ‘down’, ‘charm’,
‘strange’, ‘top’ and ‘bottom’) are analogous to the charged leptons v, e,
Vyu, B, Vr, and 7. In addition to electric charge they also carry ‘color
charges’, which are the sources of the gluon fields. The gluons are
analogous to photons, except that they are self-interacting because they
also carry color charges. The strength of these interactions is measured
by as = ¢g?/4n (alpha strong), with g analogous to the electromagnetic
charge e. The ‘atoms’ of QCD are ¢¢ (g denotes the antiparticle of q)
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(a) (b)
Fig. 1.1. Intuitive representation of chromoelectric field lines between a static
quark—antiquark source pair in QCD: (a) Coulomb-like at short distances;

(b) string-like at large distances, at which the energy content per unit length
becomes constant.

bound states called mesonst (m, K, n, 7', p, K*, w, ¢, ...) and 3¢ bound
states called baryons (the nucleon N, and furthermore 3, A, =, A, ¥*,
A*,...). The mesons are bosons and the baryons are fermions. There
may be also multi-quark states analogous to molecules. Furthermore,
there are expected to be glueballs consisting mainly of gluons. These
bound states are called ‘hadrons’ and their properties as determined by
experiment are recorded in the tables of the Particle Data Group [2].

The way that the gluons interact among themselves has dramatic
effects. At distances of the order of the hadron size, the interactions are
strong and ay effectively becomes arbitrarily large as the distance scale
increases. Because of the increasing potential energy between quarks at
large distances, it is not possible to have single quarks in the theory:
they are permanently confined in bound states.

For a precise characterization of confinement one considers the theory
with gluons only (no dynamical quarks) in which static external sources
are inserted with quark quantum numbers, a distance r apart. The
energy of this configuration is the quark—antiquark potential V'(r). In
QCD confinement is realized such that V(r) increases linearly with r as
r — 00,

V(r)=or, r— oo. (1.1)
The coefficient o is called the string tension, because there are effective
string models for V (r). Such models are very useful for grasping some

of the physics involved (figure 1.1).
Because of confinement, quarks and gluons cannot exist as free parti-

t The quark content of these particles is given in table 7.1 in section 7.5.
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v F

Fig. 1.2. Shape of the static g potential and the force F' = oV/0r.

cles. No such free particles have been found. However, scattering exper-
iments at high momentum transfers (corresponding to short distances)
have led to the conclusion that there are quarks and gluons inside the
hadrons. The effective interaction strength «y is small at short distances.
Because of this, perturbation theory is applicable at short distances or
large momentum transfers. This can also be seen from the force derived
from the ¢@ potential, F' = 9V /Jr. See figure 1.2. Writing conventionally

4 ag(r)
F(r) == 1.2
=327, (12)
we know that ag — 0 very slowly as the distance decreases,
4
as(r) ” (1.3)

S TIn(1/A%2)

This is called asymptotic freedom. The parameter A has the dimension
of a mass and may be taken to set the dimension scale in quark-less
‘QCD’. For the glueball mass m or string tension ¢ we can then write

m=Cnh,  o=CoA. (1.4)

Constants like C),, and C,, which relate short-distance to long-distance
properties, are non-perturbative quantities. They are pure numbers
whose computation is a challenge to be met by the theory developed
in the following chapters.

The value of the string tension ¢ is known to be approximately
(400 MeV)?2. This information comes from a remarkable property of the
hadronic mass spectrum, the fact that, for the leading spin states, the

spin J is approximately linear in the squared mass m?2,

J = ag+a'm? (1.5)

See figure 1.3. Such approximately straight ‘Regge trajectories’ can be
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pot

R N W U1 o

1 2 3 4 5 6

Fig. 1.3. Plot of spin .J versus m? (GeV?) for p- and 7-like particles. The dots
give the positions of particles, the straight lines are fits to the data, labeled
by their particles with lowest spin. The line labeled ‘pot’ is L versus H? for

the solution (1.10), for clarity shifted upward by two units, for mq = m,/2,
o =1/8aj,.

understood from the following simple effective Hamiltonian for binding

of a qq pair,
H =2\/m2+p? +or. (1.6)

Here my is the mass of the constituent quarks, taken to be equal for
simplicity, p = |p| is the relative momentum, r = |r| is the relative
separation, and the spin of the quarks is ignored. The potential is taken
to be purely linear, because we are interested in the large-mass bound
states with large relative angular momentum L, for which one expects
that only the long-distance part of V(r) is important.

For such states with large quantum number L the classical approx-
imation should be reasonable. Hence, consider the classical Hamilton
equations,

di o OH dpk o oOH

@ o At o 1)

and the following Ansatz for a circular solution:

r1 = acos(wt), re=asin(wt), rz =0,

p1 = —bsin(wt), py = beos(wt), p3=0. (1.8)
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Substituting (1.8) into (1.7) we get relations among w, a, and b, and
expressions for p and r, which can be written in the form

p=b=ocwl, r=a=2s"to"!p, s=4/1+m2/p? (1.9)

such that L and H can be written as
L=rp=2s"to"'p?, H=2s+s")p. (1.10)

For p? > mg, s~ 1, L p?and H « p. Then L < H? and, because

H = m is the mass (rest energy) of the bound state, we see that

of =[LH?] = (80)7 . (1.11)

p/mg—00

It turns out that L is approximately linear in H? even for quite small
p?, such that L < 1, as shown in figure 1.3. Of course, the classical
approximation is suspect for L not much larger than unity, but the same
phenomenon appears to take place quantum mechanically in nature,
where the lower spin states are also near the straight line fitting the
higher spin states.?

With o/ = 1/80, the experimental value o/ ~ 0.90 GeV 2 gives /o ~
370 MeV. The effective string model (see e.g. [3] section 10.5) leads
approximately to the same answer: o’ = 1/270, giving /o =~ 420 MeV.
The string model is perhaps closer to reality if most of the bound-state
energy is in the string-like chromoelectric field, but it should be kept in
mind that both the string model and the effective Hamiltonian give only
an approximate representation of QCD.

1.2 Scalar field

We start our exploration of field theory with the scalar field. Scalar
fields ¢(z) (x = (x,t), t = 2Y) are used to describe spinless particles.
Particles appearing elementary on one distance scale may turn out to be
be composite bound states on a smaller distance scale. For example,
protons, pions, etc. appear elementary on the scale of centimeters,
but composed of quarks and gluons on much shorter distance scales.
Similarly, fields may also be elementary or composite. For example, for
the description of pions we may use elementary scalar fields ¢(z), or
composite scalar fields of the schematic form ) (z)vs1(x), where (z)
and 1) (x) are quark fields and 75 is a Dirac matrix. Such composite fields
can still be approximately represented by elementary (), which are
then called effective fields. This is useful for the description of effective
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interactions, which are the result of more fundamental interactions on a
shorter distance scale.

A basic tool in the description is the action S = [dt L, with L the
Lagrangian. For a nonrelativistic particle described by coordinates g,
k=1, 2, 3, the Lagrangian has the form kinetic energy minus potential
energy, L = qGrdr/2m — V(q).T For the anharmonic oscillator in three
dimensions the potential has the form V(q) = w?¢?/2 + A\ (¢*)?/4, ¢* =
grqx- In field theory a simple example is the action for the ¢* theory,

S = /d4m£(x), d*z = d2° do' d2? da®, (1.12)
M

L(z) = 300(x)0rp(x) — 5V o(x) - V() — 3 p°p(2)? — T Ap(x)*, (1.13)

Here M is a domain in space-time, ¢(x) is a scalar field, £(x) is the
action density or Lagrange function, and A\ and p? are constants (X is
dimensionless and p? has dimension (mass)? = (length)~2). Note that
the index x is a continuous analog of the discrete index k: p(x,t) <> qx().

Requiring the action to be stationary under variations dp(z) of p(z),
such that dp(z) = 0 for x on the boundary of M, leads to the equation
of motion:

55 = / 2[R 0(x) + V2p(x) — p2p(z) — Ap(x)?] Slx)
=0 = (O -V2+pHe+rd=0. (1.14)

In the first step we made a partial integration. In classical field theory the
equations of motion are very important (e.g. Maxwell theory). In quan-
tum field theory their importance depends very much on the problem
and method of solution. The action itself comes more to the foreground,
especially in the path-integral description of quantum theory.

Various states of the system can be characterized by the energy H =
J d*z'H. The energy density has the form kinetic energy plus potential
energy, and is given by

H=10"+3(Vp)?+ 1, (1.15)
U =112 + 1xp" (1.16)

The field configuration with lowest energy is called the ground state. It
has ¢ = Vo = 0 and minimal U. We shall assume A > 0, such that H is

1 Unless indicated otherwise, summation over repeated indices is implied, ¢rqr =
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U

Fig. 1.4. The energy density for constant fields for u? < 0.

bounded from below for all . From a graph of U(y) (figure 1.4) we see
that the cases u? > 0 and p? < 0 are qualitatively different:

p? >0 pe=0, Ug=0;

2

P2 <0 @y = v, UQZ—%, U, =—-5%.
So the case p? < 0 leads to a doubly degenerate ground state. In this case
the symmetry of S or ‘H under ¢(x) — —p(x) is broken, because a non-
zero g is not invariant, and one speaks of spontaneous (or dynamical)
symmetry-breaking.

Small disturbances away from the ground state propagate and dis-
perse in space and time in a characteristic way, which can be found
by linearizing the equation of motion (1.14) around ¢ = ¢,. Writing
© = pg + ¢’ and neglecting O(p'?) gives

(0} = V2 +m?)y' =0, (1.18)

2 2 .
m2 _ U//((Pg) — {,u ) pe > 07 (119)

w? +3 % = —2u%, u? < 0.
Wavepacket solutions of (1.18) propagate with a group velocity v =
Ow/0k, where k is the average wave vector and w = vm? +k?. In
the quantum theory these wavepackets are interpreted as particles with
energy—momentum (w, k) and mass m. The particles can scatter with an
interaction strength characterized by the coupling constant A. For A =0
there is no scattering and the field is called ‘free’.
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Path-integral and lattice regularization

In this chapter we introduce the path-integral method for quantum
theory, make it precise with the lattice regularization and use it to
quantize the scalar field. For a continuum treatment of path integrals in
quantum field theory, see for example [8].

2.1 Path integral in quantum mechanics

To see how the path integral works, consider first a simple system with
one degree of freedom described by the Lagrange function L = L(q, ¢),
or the corresponding Hamilton function H = H(p, q),

2

. p

where p and ¢ are related by p = dL/9¢ = mgq. In the quantum theory p
and g become operators p and § with [¢, p] = ifi (we indicate operators
in Hilbert space by a caret *). The evolution in time is described by the
operator

Ulty, ts) = exp|—iH (t, — t3)/h), (2.2)

with H the Hamilton operator, H = H (P, 4). Instead of working with
g-numbers (operators) p and § we can also work with time dependent
c-numbers (commuting numbers) ¢(¢), in the path-integral formalism.
(Later we shall use anti-commuting numbers to incorporate Fermi-Dirac
statistics.) In the coordinate basis |¢) characterized by

dla) = dla), (2.3)
(la) = 8(d - ), / dgg){a] = 1, (2.4)

8
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q

Fig. 2.1. Nlustration of two functions ¢(¢) contributing to the path integral.

we can represent the matrix element of U(ty,t;) by a path integral

<quﬁxu,m)m2>:./7quxpﬁ5«n/m. (2.5)

Here S is the action functional of the system,

amz/lﬁu«m«m, (2.6)

to

and [ Dq symbolizes an integration over all functions ¢(¢) such that

q(t) = q1, q(t2) = qo, (2.7)

as illustrated in figure 2.1. The path integral is a summation over
all ‘paths’ (‘trajectories’; ‘histories’) ¢(¢) with given end points. The
classical path, which satisfies the equation of motion 85(¢) = 0, or

oL 00L _ 0

% " aioq "
is only one out of infinitely many possible paths. Each path has a ‘weight’
exp(iS/h). If h is relatively small such that the phase exp(iS/h) varies
rapidly over the paths, then a stationary-phase approximation will be
good, in which the classical path and its small neighborhood give the
dominant contributions. The other extreme is when the variation of S/h
is of order one. In the following we shall use again units in which i = 1.

A formal definition of [ Dq is given by

/ De= ]] / dq(t), (2.9)

to<t<ty

(2.8)
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i.e. for every t € (ta,t1) we integrate over the domain of ¢, e.g. —o0 <
g < 00. The definition is formal because the continuous product [], still
has to be defined. We shall give such a definition with the help of a
discretization procedure.

2.2 Regularization by discretization
To define the path integral properly we discretize time in small units a,
writing ¢ = na, ¢(t) = ¢,, with n integer. For a smooth function ¢(¢) the
time derivative ¢(¢) can be approximated by ¢(t) = (¢n+1 — gn)/a, such
that the discretized Lagrange function may be written asf
m 1 1

L(t) = ﬁ(qn-&-l - %)2 - EV(QTL+1) - iv(Qn)a (210)
where we have divided the potential term equally between ¢,, and ¢,41.
We define a discretized evolution operator T’ by its matrix elements as
follows:

~ . m
(q1|T|g2) = cexp {za{

s~ ) = V) - Vi) b @211

2

where ¢ is a constant to be specified below. Note that the exponent is
similar to the Lagrange function. The operator T is called the transfer
operator, its matrix elements the transfer matrix. In terms of the transfer
matrix we now give a precise definition of the discretized path integral:

10" = / dgy - dqn1(¢ [ Plan 1)

x (an-1|T|gn—2) - (@|Tlq")
c/(Hcdq> eXp{ZZ(q/ —qn-1)?

Sy i,
5 V(q') —iaV(gn-1) + 5 (gnv—1 —an—2)

. m
—iaV(gy-2) + -+ 5 (a1 - q")? — =V(g")

= /Dq et (2.12)

Here the discretized action is defined by

N-1
S=a)_ L(na), (2.13)
n=0
t For notational simplicity we shall denote the discretized forms of L, S, ..., by the

same symbols as their continuum counterparts.
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where ¢y = ¢’ and gy = ¢”’. In the limit N — oo this becomes equal to
the continuum action, when we substitute smooth functions ¢(t). Since
the ¢, are integrated over on every ‘time slice’ n, such smoothness is not
typically present in the integrand of the path integral (typical paths g,
will look like having a very discontinuous derivative) and a continuum
limit at this stage is formal.

It will now be shown that, with a suitable choice of the constant c,
the transfer operator can be written in the form

T — o—iaV(@)/2 efiaﬁ2/2m e i1aV(@)/2 (2.14)

Taking matrix elements between (g;| and |g2) we see that this formula
is correct if

(q1le™P*/2m | go) = ceim(m—a2)*/2a, (2.15)

Inserting eigenstates |p) of the momentum operator p using

o) =7, [ S2 ol =1 (2.16)

we find that (2.15) is true provided that we choose

— m — ﬂ —iﬂ/4 2 1
““Vomia Vome© (2.17)

The transfer operator T is the product of three unitary operators, so

we may write
T = eiall, (2.18)

This equation defines a Hermitian Hamiltonian operator H modulo
27 /a. For matrix elements between eigenstates with energy E < 27/a
the expansion

T =1—iaH + O(d?) (2.19)

leads to the identification

)
2 p - 2
H=—+V (@) , 2.20
74 v(@) +0@) (220)
in which we recognize the usual Hamilton operator. It should be kept
in mind though that, as an operator equation, the expansion (2.19)
is formal: because p? is an unbounded operator there may be matrix

elements for which the expansion does not converge.
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2.3 Analytic continuation to imaginary time

It is very useful in practice to make an analytic continuation to imaginary
time according to the substitution ¢ — —it. This can be justified if the
potential V(q) is bounded from below, as is the case, for example, for
the anharmonic oscillator

Vig) = %mw2q2 + i)\q‘l. (2.21)

Consider the discretized path integral (2.12). The integration over the
variables ¢, continues to converge if we rotate a in the complex plane
according to

a=lale™™, :0— g (2.22)
The reason is that, for all ¢ € (0,7/2], the real part of the exponent in
(2.12) is negative:

; 1 .
' = —(—sing +icosyp), —ilale™"¥ = |a|(—sing —icosyp).

lale=%
(2.23)
The result of this analytic continuation in a is that the discretized path
integral takes the form

W0 = el | (H c|dqn>es%,
N— . .
~lal Z [2| 2 (@n+1 = qn)” + iv(QnH) + §V(qn) . (2.24)

Here the subscript & denotes the imaginary-time versions of U and S.

The integrand in the imaginary-time path integral is real and bounded
from above. This makes numerical calculations and theoretical analysis
very much easier. Furthermore, in the generalization to field theory there
is a direct connection to statistical physics, which has led to many fruitful
developments. For most purposes the imaginary-time formulation is
sufficient to extract the relevant physical information such as the energy
spectrum of a theory. If necessary, one may analytically continue back to
real time, by implementing the inverse of the rotation (2.22). (This can
be done only in analytic calculations, since statistical errors in e.g. Monte
Carlo computations have the tendency to blow up upon continuation.)
In the following the subscript & will be dropped and we will redefine
la| — a, with a positive.
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After transformation to imaginary time the transfer operator takes
the Hermitian form

T — =aV(@)/2 g—ap®/2m —aV(9)/2 (2.25)
This is a positive operator, i.e. all its expectation values and hence all

its eigenvalues are positive. We may therefore redefine the Hamiltonian
operator H according to

T =eH, (2.26)
A natural object in the imaginary-time formalism is the partition
function

Z = Tre Ht+—t-) = /dq (q|e_ﬁ(t+_t*)|q) = TrTN, (2.27)

where we think of ¢4 (¢_) as the largest (smallest) time under consid-
eration, with t; —{t_ = Na. From quantum statistical mechanics we
recognize that Z is the canonical partition function corresponding to
the temperature

T=(ty —t_)* (2.28)

in units such that Boltzmann’s constant kg = 1. The path-integral
representation of Z is obtained by setting in (2.24) ¢y = qo = ¢
(¢’ = ¢" = q) and integrating over g¢:

Z = Dqe®. (2.29)
pbc

Here ‘pbc’ indicates the fact that the integration is now over all dis-
cretized functions ¢(t), t— < t < t4, with ‘periodic boundary conditions’

alts) = q(t-).

2.4 Spectrum of the transfer operator

Creation and annihilation operators are familiar from the theory of the
harmonic oscillator. Here we shall use them to derive the eigenvalue
spectrum of the transfer operator of the harmonic oscillator, for which

V(g) = tmw’q®. (2.30)

For simplicity we shall use units in which a = 1 and m = 1, which may
be obtained by transforming to variables ¢’ = ¢/a, p’ = ap, m' = am,



14 Path-integral and lattice reqularization

and w’ = aw, then to ¢’ = ¢'vm/ and p” = p’/v/m/, such that (omitting
the primes) [p, ¢] = —i and

T = e W@ /4" /20- 20" /4 (2.31)

Using the representation § — ¢, p — —i9/0q or vice-versa one obtains

T(Z) M<§>T, (2.32)

where the matrix M is given by

M—<_i(1+5°"2 ! ) (2.33)

2+ %wQ)%wz 1+ %wQ

the relation

We want to find linear combinations k¢ + Ap such that
T(kG+ Ap) = p(kg + Ap)T, (2.34)

from which it follows that (x, A) have to form an eigenvector of M™* (the
transpose of M) with eigenvalue p. The eigenvalues g of M can be
expressed as

pe = e cosho =1+ 1w, (2.35)
and the linear combinations sought are given by

a = v[sinh(@q) + ip),
0" = v[sinh(@q) — ip], (2.36)

where v is a normalization constant. The @ and af are the annihilation
and creation operators for the discretized harmonic oscillator. They
satisfy the usual commutation relations

[a,a'] =1, [a,a] = [af,a] =0, (2.37)

provided that
1

V= 2.38
v2sinh @ ( )

and furthermore

Ta=e*al, Ta' =e alT. (2.39)
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The ground state |0) with the highest eigenvalue of T satisfies a|0) = 0,
from which one finds (using for example the coordinate representation)

1 . ~
(ql0) = =2,
710) = e~ " |0),
Ey =

@

(2.40)

N[
&

The ground-state energy is Fy = %(IJ and using (2.39) one finds that the
excitation energies occur in units of @, for example

Tat|0) = e alT|0) = e~ /2 %41|0). (2.41)
Hence, the energy spectrum is given by
E,=(n+3)a, (2.42)

which looks familiar, except that @ # w.

We now can take the continuum limit @ — 0 in the physical quantities
E,,. Recalling that w is really aw, and similarly for @, we see by expanding
(2.35) in powers of a, i.e. cosh(aw) = 1+ a?@?/2 + a*@?/24 + -+ =
1+ a?w?/2, that

& =w+0(a®). (2.43)
Note that the corrections are O(a?), which is much better than O(a) as

might be expected naively. This is the reason for the symmetric division
of the potential in (2.11).

2.5 Latticization of the scalar field

We now transcribe these ideas to field theory, taking the scalar field as
the first example. The dynamical variables generalize as

q(t) = w(x,1) (2.44)

(i.e. there is a ¢ for every x). The coordinate representation is formally
characterized by

P(x)|p) = p(x)|¢), (2.45)
o) =[] I, (2.46)

(@le) =[] o(¢' %) - e(x)), (2.47)

1/ aetleel =1 (2.49

x — 00
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The evolution operator is given by

(| U (b1 t2)i02) = / DS, (2.49)

where the integral is over all functions ¢(x, t) with p(x,t1,2) = ¢1,2(%).
The theory is specified furthermore by the choice of action S. For the
standard ¢* model

t1 2
St0) == [ o [ &% [ J0,0000000) + B 0) + 3t0)]

’ (2.50)
where x = (x, z4) and 24 = ¢. Note that in the imaginary-time formalism
the symmetry between space and time is manifest, since the metric
tensor is simply equal to the Kronecker §,,,. Consequently, we shall not
distinguish between upper and lower indices pu, v, . ... One often speaks of
the Fuclidean formalism, since the space-time symmetries of the theory
consist of Euclidean rotations, reflections and translations.

The partition function is given by

Z = /D(pesw, (2.51)

where the integral is over all functions periodic in the time direction,
o(x,t + B) = p(x,t), with 3 =T~ the inverse temperature.

The path integral Z will be given a precise definition with the lattice
regularization, by a straightforward generalization of the example of
quantum mechanics with one degree of freedom. Let x, be restricted
to a four-dimensional hypercubic lattice,

xz, =mya, m,=0,1,...,N—1, (2.52)

where a is the lattice distance. The size of the hypercubic box is L = Na
and its space-time volume is L?. The notation

N-1 N—-1
ZEQ4Z~~~ZEG4Z (2.53)
T m1=0 m4=0 m

will be used in this book. For smooth functions f(z) we have in the
continuum limit

L
Zf(x)—»/ d*z f(z), N —o0, a=L/N —0, Lfixed. (2.54)
- 0

We have put x = 0 at the edge of the box. If we want it in the middle
of the box we can choose m, = —N/2+1,—-N/2+2,...,N/2. Below we
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shall choose such a labeling for Fourier modes and we shall assume N
to be even in the following.

The scalar field on the lattice is assigned to the sites x, we write @,
The part of the action without derivatives is transcribed to the lattice
as >0, (1293 /2 + Mg /4).

Derivatives can be replaced by differences. We shall use the notation

1

8#90:6 = a(@x+aﬂ - @1)7 (255)
1
8L@x = 5(90&: - Sﬁxfaﬂ); (256)

where [i is a unit vector in the p direction. For smooth functions f(z),
0
Ouf(x), O, f(x) = o —f(x), a—0. (2.57)
Oz,

It is convenient to use periodic boundary conditions (such that the lattice
has no boundary), which are specified by

Pr+Nap = Pz (2.58)
and, for example,
1
1P, (N—-1)a = E(sﬂx,o — Px,(N-1)a)- (2.59)

With periodic boundary conditions the derivative operators 9,, and 8,;
are related by ‘partial summation’ (the analog of partial integration)

Z L1z ap,@2z - — Z a/:(plm Por- (260)
x x
In matrix notation,
8}1«9090 = (au>zy Py (2'61)
L _ _AaT.
0,, is minus the transpose of 9,,, 9, = =0,
1
(au)wy = a((swﬂ-aﬂ,y — b2y, (2.62)

(8;2)9«*@/ = é(écmy - 596—@/1721) = _(8u)yw = _(ag)wy- (2.63)

After these preliminaries, the path integral will now be defined by

Z = / DypeS®), (2.64)

/D@ = E[(C/Z) dpg, 1;[ = ];[ (2.65)
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2

1 A
Sp) ==Y (2@%8”% + “2 02+ 4<p§>, (2.66)
c=a/V2m. (2.67)

Note that cy is dimensionless. The dimension of ¢ follows from the
requirement that the action S is dimensionless. In d space—time dimen-
sions,

[p] = a=@=D/2 ¢ = gld=2/2 (2.68)

The factor 1/1/27 is an inessential convention, chosen such that there
is no additional factor in the expression for the transfer operator (2.74)
below, which would lead to an additional constant in the Hamiltonian
(2.80).

The lattice action was chosen such that for smooth functions f(z),
S(f) = Secont(f) in the classical continuum limit a — 0. However, it is
useful to keep in mind that typical field configurations ¢, contributing to
the path integral are not smooth at all on the lattice scale. The previous
sentence is meant in the following sense. The factor Z ! exp S(¢) can be
interpreted as a normalized probability distribution for an ensemble of
field configurations ¢,. Drawing a typical field configuration ¢ from
this ensemble, e.g. one generated by a computer with some Monte
Carlo algorithm, one finds that it varies rather wildly from site to site
on the lattice. This has the consequence that different discretizations
(e.g. different discrete differentiation schemes) may lead to different
answers for certain properties, although this should not be the case for
physically observable properties. The discussion of continuum behavior
in the quantum theory is a delicate matter, which involves concepts like
renormalization, scaling and universality.

2.6 Transfer operator for the scalar field

The derivation of the transfer operator for the scalar field on the lattice
follows the steps made earlier in the example with one degree of freedom.
For later use we generalize to different lattice spacings for time and space,
a; and a, respectively. We use the notation x4 = t = na;, Yz = Pnx,
withn =0,1,...,N—1and ¢n x = ¢ox. Then the action can be written
as

1
S(p) = —ay Z Z ﬁ(‘ﬂrﬁl,x - ‘Pn,X)Q —a¢ Z V(gn), (2.69)
n xX t n
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3
1 w2 A
Vien) = Z B Zaj%maﬁpmx + 7<Pi,x + Z‘Pix - (2.70)

x j=1

The transfer operator T is defined by its matrix elements

. 3 1
<50n+1|T|§0n> = CN €xXp [at Z ((Pn—o—l,x - @n,x)2]

20
1
<exp| g (Vlpuin) + Vo) 271
such that

Z = (H/d90m> <SDN|T‘90N71> e <901\T|900> (2.72)

=Tr7TV. (2.73)

The transfer operator T can be written in the form
7= vig) Ly s g, e
= exp|—ar5V(P)| exp|—aig 4 x| expl—a5V(g)|, .
where 7ty is the canonical conjugate operator of ¢y, with the property

[fx, Ty] = ia 205y (2.75)

To check (2.74) we take matrix elements between |¢,) and (¢,+1| and
compare with (2.71). Using

etV @Pp,) = eV o)), (2.70)
we see that (2.74) is correct provided that

—a; 3 72 __ N3 2
(Pnir]e” 2 2xx|p,) = N exp l—at > (Pni1x — enx) /207 |

X

(2.77)
This relation is just a product over x of relations of the one-degree-of-
freedom type
(1l /% g5) = \/ 2£ emtlmma)’/2, (2.78)
™

with the identification, for given x, ¢ = ap, p = a*7# — —id/dq, and

lp) = Valg) (such that (¢'|¢) = a(d'|la) = ad(q’ — q) = (¢’ — ¥)). It
follows that

c=ayfgm, = (2.79)
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¢

Fig. 2.2. Shortest wave length of a lattice field.

Making the formal continuous-time limit by letting a; — 0 and ex-
panding T'=1—a,H + - - -, we find a conventional-looking Hamiltonian'

on a spatial lattice,

B =" (32 + 10;0x0;0x + 21202 + I0GL) +0(a?).  (2.80)

x

2.7 Fourier transformation on the lattice

We record now some frequently used formulas involving the Fourier
transform. The usual plane waves in a finite volume with periodic
boundary conditions are given by

2
’ pu = n”f’ (281)

eipac
where the n, are integers. We want to use these functions for (Fourier)
transformations of variables. On the lattice the z,, are restricted to x,, =
mya, m, =0,...,N —1, L = Na. There should not be more p,, than
x,; we take

n,=-N/2+41,-N/2+2,...,N/2. (2.82)

Indeed, the shortest wave length and largest wave vector are given by
(cf. figure 2.2)

21

N
== 2.83

™
)\min = 2&, Pmax = E =
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Apart from these intuitive arguments, the reason for (2.82) is the fact

that (in d dimensions, mn = m,n,)

U, = N—d/26i27rmn/N = N—d/Q(eipw)

mn
is a unitary matrix,

Unin Uy = Onmy -
We check this for the one-dimensional case, d = 1:

N-1 N
. 1 11-7¥

. ’
= 6227r(n7n )/N’

r
where

Spr =0, n#n' mod N

=1, n=n' modN.

We shall use this result in the form

Ze—i(p—p’)w =0y = H(N|au\5mme)7

12

xT
)i =Tl ),
» K

Ex:z];[ IaHI; :

(2.84)

(2.85)

(2.86)

(2.87)

(2.90)

(2.91)

(2.92)

(2.93)

where |a,| is the lattice spacing in the u direction (unless stated other-

wise, |a,| = a). With this notation we can write the Fourier transfor-

mation of variables (‘from position space to momentum space’) and its

inverse as
~ § —ipx
gpp - € ¢I7

T
Qg = Z eipﬁfgbp.
p

(2.94)

(2.95)
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For smooth functions f(p) we have, in the infinite-volume limit L =
Na — oo,

4 ™
Zp: flp) = ((37]:))4 Zn: f(%) (2.96)

T/a d4p
— /_Tr/a 2n)3 f(p), N — o0, afixed, (2.97)

where Ap = 27 /Na.

2.8 Free scalar field

For A = 0 we get the free scalar field action. For this case the path
integral can be done easily. Assuming 2 = m? > 0, we write

S == (30up20upx + 3m°c2) (2.98)
=3 Sy 0oy, (2.99)
ry

(2.100)
It is useful to introduce an external source J,, which can be chosen as
we wish. The partition function with an external source is defined as

Z(J) = / Dy exp (S +y sz) . (2.101)

The transformation of variables

Pz = 0ot Y Gayldy, (2.102)

Y

with G, minus the inverse of Sg,,
SeyGyz = =04z, (2.103)
brings Z(J) into the form

Z(J) = Z(0) exp(5GayJudy)- (2.104)
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The integral Z(0) is just a multiple Gaussian integral,

Z(0) = /Dso exp(—5GL, watpy)

1
= et - exp (1 Indet G). (2.105)

There is finite-temperature physics that can be extracted from the
partition function Z(0), but here we shall not pay attention to it.

The propagator G can be easily found in ‘momentum space’. First we
determine the Fourier transform of S, using lattice units a = 1,

Sp—q =Y e rrtivg,, (2.106)
Ty
z N
=S, Sp,qv (2.107)
—Sp=m?+ > (2—2cosp,) (2.108)
I
—m®+ Y 4sin? (%) (2.109)
I

Since Sp,—q is diagonal in momentum space, its inverse is given by

1
m?+ 3" ,(2—2cosp,)

Gp—qg=Gplpy Gp= (2.110)

From this we can restore the lattice distance by using dimensional
analysis: p — ap, m — am and G, — a?G(p). This gives

1
G(p) = — , (2.111)
m?+a=23 (2—2cosap,)
and in the continuum limit a — 0,
1
G(p) = (2.112)

m2 + p? 4+ 0(a2)’

which is the usual covariant expression for the scalar field propagator.
It is instructive to check that the corrections to the continuum form are
already quite small for ap,, < %
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From the form (2.104) we calculate the correlation function of the free

theory,
olnZ
v =G| =0, (2113
dlnZ
=|—F = . 2.114
(o0 = | 5] = G (2.114)

Hence, the propagator G is the correlation function of the system (cf.
problem (v)).

We now calculate the time dependence of G,, assuming that the
temporal extent of the lattice is infinite (zero temperature),

d
Gz —y) =Gy = / p“z (== G(p (2.115)
; dp4 e'pat
G(x,t) = tpx _— 2.116
(x.7) Zp:e /,7T 27 2b— 2cospy’ ( )
1 > ;
b:1+§ m2+24sin2% , (2.117)

where we reverted to lattice units. The integral over ps can be done by
contour integration. We shall take t > 0. Note that, in lattice units, ¢ is
an integer and b > 1. With z = exp(ip4) we have

™ ipat
IE/ dps €™ (2.118)
—x 2m 2b—2cospy
d t
S — (2.119)

2mi 22 —2bz + 1’

where the integration is counter clockwise over the contour |z| = 1, see
figure 2.3. The denominator has a pole at z = z_ within the unit circle,

z2—2bz+1:(z—z+)(z—z ),
24 = b4 /b2 zyrzo =1, 24 >1, 2_ <1,
Zz_=e ¥ coshw=b, w= ln(b+ \/71) (2.120)

The residue at z = z_ gives

e—wt

= 2.121
2sinhw’ ( )
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Fig. 2.3. Integration contour in the complex z = e®4 plane. The crosses
indicate the positions of the poles at z = z4.

and it follows that (w depends on p)

ipx—wt

e
o

Notice that the pole z = z_ corresponds to a pole in the variable p, at
Py = tw.

In the continuum limit (m — am, p; — ap;, w — aw, a — 0) we get
the familiar Lorentz covariant expression,

w — \/m?2 + p2. (2.123)

The form (2.122) is a sum of exponentials exp(—wt). For large ¢ the
exponential with the smallest w, w = m, dominates,

Goce ™, t— o0, (2.124)

and we see that the correlation length of the system is 1/m.

2.9 Particle interpretation

The free scalar field is just a collection of harmonic oscillators, which
are coupled by the gradient term J;¢0;¢ in the action or Hamiltonian
(2.80). We can diagonalize the transfer operator explicitly by taking
similar steps to those for the harmonic oscillator. One then finds (cf.
problem (iii)) creation and annihilation operators dL and dp, which are
indexed by the Fourier label p. The ground state |0) has the property
ap|0) = 0 with energy Ey = > wp/2. The elementary excitations |p) =
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dL |0) are interpreted as particles with momentum p and energy wy,. This
interpretation is guided by the fact that these states are eigenstates of
the translation operators in space and time, namely, exp(ﬁ t) (eigenvalue
exp|(wp + FEo)t]), and the spatial translation operator Uy (eigenvalue
exp(—ipx), see problem (vii) for its definition).

In the continuum limit we recover the relativistic energy—momentum
relation w(p) = v/m? 4 p?. The mass (rest energy) of the particles is ev-
idently m. They have spin zero because they correspond to a scalar field
under rotations (there are no further quantum numbers to characterize
their state). They are bosons because the (basis) states are symmetric in
interchange of labels: |p1p2) = af, al,]|0) = al,al ||0) = |p2p1). The
ground state is usually called ‘the vacuum’.

For interacting fields the above creation and annihilation operators no
longer commute with the Hamiltonian — they are said to create ‘bare’
particles. The ‘dressed’ particle states are the eigenstates of the Hamil-
tonian, but only the single-particle states have the simple free energy—
momentum relation w(p) = /m? + p?. Multi-particle states have in
general interaction energy, unless the particles (i.e. their wavepackets)
are far apart.

Using the spectral representation (cf. problem (viii))

(apy) = (©)*=D_ [{0lolp,7)|* exp[—wp y|xa — ya| + ip(x — ¥)],
P, 7#0
wpy = Epy — E, (2.125)

the particle properties can still be deduced from the correlation func-
tions, e.g. by studying their behavior at large time differences, for which
the states with lowest excitation energies (i.e. the particles) wp dominate.
Alternatively, one can diagonalize the transfer operator by variational
methods.

These methods are very general and also apply to confining theories
such as QCD. The quantum numbers of the particles excited by the fields
out of the vacuum match those of the fields chosen in the correlation
functions.

2.10 Back to real time

In (2.22) we analytically continued the lattice distance in the time
direction a; to imaginary values. If we want to go back to real time
we have to keep track of a;. For instance, the action (2.70) may be
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rewritten in lattice units as
S = *5 Z %84907"8450r
xr

1 1 m? 5 A, a
— =N 20:0,0; = - ==, (212
i Ex [237%8Js0x+ o et e €= (2.126)

which leads to the correlation function in momentum space

_ §
Gy = m?+37:(2 —2cosp;) + £(2 — 2cospa)

(2.127)

We have to realize that the symbol a; in the FEuclidean notation was
really |a¢| (cf. below (2.24)) and that |a;| = ia; = i|a| exp(—ip), ¢ =
/2, according to (2.22). Hence, restoring the ¢ dependence of £ means

£ — [¢|(—ie™). (2.128)

Rotating back to real time, we keep ¢ infinitesimally positive in order
to avoid singularities in G, ¢: m/2 — €, € > 0 infinitesimal. This gives

—il¢]
T om2 +22;(2 —2cosp;) — [€]2(2 — 2cospa) — i€’

(2.129)

where we freely rescaled the infinitesimal e by positive values,
[—iexp(i€)]? = (—i +€)? = —1 —ie; (2 — 2cospy) is also positive.

In the continuum limit m — am, p; — ap;, pa — |£| taps, G, —
a"2¢G(p), a — 0 we obtain the Feynman propagator

G(p) —

—1

m? 4+ p? — p3 — i€

= —iGum(p). (2.130)

In continuum language the rotation to imaginary time is usually called
a Wick rotation:

a¥ — —izy, p° — —ips, po— ipa, (2.131)
where —i is meant to represent the rotation exp(—iyp), ¢: 0 — 7/2 in
the complex plane. For instance, one continues the Minkowski space
propagator to the Euclidean-space correlation function

dpo d°p e'rr
G = 2.132
m(z) / (2m)* m2 + p? — pg —ie ( )

/ dp4 d3p eipx

—1

@) m? 1 p? 4 3
= iG(z), (2.134)

(2.133)
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without encountering the singularities at pg = &=1/m? + p? F ie. Notice
that exp(ipz) is invariant under the rotation: Zi:o put — Zi:l Pup-

In (2.130) the timelike momentum is still denoted by p4 instead of pg,
because the p,, (and z,) in lattice units are just dummy indices denoting
lattice points. The actual values of G in the scaling region |z| > a are
the same as in the continuum.

2.11 Problems

We use lattice units @ = 1 unless indicated otherwise.

(i)

(i)

Restoration of rotation invariance
Consider the free scalar field propagator in two dimensions

d2p er(z—y)
Gy = . 2.135
Y /(27r)2m2+4—2cosp1—2cosp2 ( )

Let x — y — oo along a lattice direction, or along the diagonal:
r—y=nt t— o0, n=(1,0)orn=(1,1)/v2. The correlation
length £(n) in direction n is identified by G o exp(—t/£(n)). Use
the saddle-point technique to show that, along a lattice direction,

¢l =w, coshw=1+m?/2, (2.136)
whereas along the diagonal
= V2, coshw' =14 m?/4. (2.137)

Discuss the cases m < 1 and m > 1. In particular show that in
the first case

€/¢ =1 —m?/48 + O(m*). (2.138)

In non-lattice units m — am, and we see restoration of rotation

invariance, ¢’/¢ — 1 as a — 0. Corrections are of order a?m?.

Real form of the Fourier transform

Consider for simplicity one spatial dimension. Since ¢, is real,
oy = <,5 —p- Let gbp = 95;) + i@; The real and imaginary parts aﬁ;
and gop satisfy gpp = gp » and <pp = <,Z>”p The gb;, p > 0, and
<p »» P < 0, may be considered independent variables equivalent
to ¢,. Expressing ¢, in these variables gives the real form of the
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Fourier transform, and the matrix O given by

1
Omnzia n =20,

vN

[ (2 LN

- NCOb N ) n=1, D) )

1 N

:7’ n:—7

VN 2
2 2mmn _ N+1 1
Nsm N , n= B ooy,

where m =0, ..., N — 1, is orthogonal: O OT = 1.
Similar considerations apply to canonical conjugate 7, and 7.
Verify that the operators ¢, and 7, satisfy the commutation

relations
A 2t T P 2t 2t AT 2 =
[‘vaﬂ'q] = 10p,q; [‘Ppa”q] =0, [‘vaﬂq] =0, [‘vaﬂq] = 10p,q;
(2.140)
. o . o -~ ) 'LT 2 2 2 2
in addition to [tpp,gpq] = [gap,goq] = [[p, Tq] = [7rp,7rq] =0.
(iii) Creation and annihilation operators
For a free scalar field show that
T — e X mple, /4 o=, 1772 .- 5, Mfolfﬁplz/‘l’
mf, =m? +2(1 — cosp), (2.141)
where |<,Zp\2 = é;@p, etc. Hence, the transfer operator has the
form T'=[], Tp.

Obtain the commutation relations of the creation (&;) and
annihilation (a,) operators defined by

R 1 . A ot
ap = | /m [sinh(wy) @, + iT,]. (2.142)

Using the results derived for the harmonic oscillator, show that
the energy spectrum is given by

E = LZ(NP + %) wp, coshw, =1+ %mi. (2.143)
I3

where N, is the occupation number of the mode p (recall that in
our notation L = >, ,p=2mn/L).



30 Path-integral and lattice reqularization

Verify that
1 . .
aA ipx A —ipr AT
Pz = gp Tsmhw, (e ap + e "P"al). (2.144)

(iv) Ground-state wave functional
For the free scalar field, write down the wave function for the
ground state in the coordinate representation, ¥o(¢) = (¢|0).
(v) Correlation functions
We define expectation values

1
<90I1 e (Pz,,> — m /DQD 65(4/’)+J1#’w Gy " Pa s (2145)

and correlation functions (connected expectation values)

0 0
Guyooozp, = (P, ""Pxn>conn = T Tt 0T InZ(J). (2.146)

Verify that

G, = (pu), (2.147)
Gﬂflﬂfz = <()0331 <)0$2> - <<p$1><<)03?2> (2148)
Give similar expressions for the three- and four-point functions
Gayzozs @0d Goyzomaq, .- Note that (¢, ) may be non-zero in cases
of spontaneous symmetry breaking even when J, = 0.
(vi) Ground-state expectation values of Heisenberg operators
On an L3 x 3 space-time lattice, verify that
Tr e—(ﬁ—w4+y4)f1¢x e—(w4—y4)ﬁ@y
Tre—BH ’

(papy) = (2.149)

where z4 > y4 and J = 0.
Let |n) be a complete set of energy eigenstates of the Hamilto-
nian,

H|n) = E,|n). (2.150)

The ground state |0) has lowest energy, Ey. Show that for 8 — oo
(zero temperature)

(Pzpy) = (0T @2 py[0), (2.151)

where T is the time ordering ‘operator’ and ¢, is the Heisenberg
operator

Grwy = €™ 5y gl (2.152)
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Translation operator
The translation operator Uy may be defined by

Usly) = lox—y); (2.153)

with [¢y) the factor in the tensor product [p) =[] [¢y). This
operator has the properties

Ul oyUsx = ox—y, (2.154)
Ul #t,Ux = fixy, (2.155)

such that the expectation value of e.g. P in an actively translated
state |¢') = U,|y) behaves in a way to be expected intuitively:

(W' ox|t') = (Plpx—alth).
Verify that for periodic boundary conditions the Hamiltonian
is translation invariant,

TIHU, = H. (2.156)

Spectral representation
Let |p,v) be simultaneous eigenvectors of H and Uy (v is some
label needed to specify the state in addition to p),

fl|P77> = EP,’Y‘D;’V% lep?7> = e—ipx|p7,y> (2157)

Derive the spectral representation for zero temperature:

(Patpy) — () = D 1(0lolp, )|

P,7#0
X exp[—wp |24 — ya| +ip(x — y)],
wpy = Ep~ — Eo, (2.158)

where v # 0 indicates that the ground state is not included.



O(n) models

In this chapter we study scalar field models with O(n) symmetry de-
scribed by the Euclidean action

/d4 0™ + 170%™ + I (0% )], (3.1)

where ¢*(z) = a = 0,...,n — 1 is an n-vector in ‘internal space’. The
action is invariant under O(n), the group of orthogonal transformations
in n dimensions. For n = 4 this action describes the scalar Higgs sector of
the Standard Model. It can also be used as an effective low-energy action
for pions. Since the models are relatively simple they serve as a good
arena for illustrating scaling and universality, concepts of fundamental
importance in quantum field theory.

It turns out that scalar field models (in four dimensions) become
‘trivial’ in the sense that the interactions disappear very slowly when
the lattice distance is taken to zero. The interpretation and implication
of this interesting phenomenon will be also be discussed.

3.1 Goldstone bosons

We have seen in section 1.2 that the one-component classical scalar field
(i.e. n = 1) can be in two different phases, depending on the sign of
p?, namely a ‘broken phase’ in which the ground-state value p, # 0,
and a ‘symmetric phase’ in which ¢, = 0. For n > 1 there are also two
phases and we shall see that in the case of continuous internal symmetry
the consequence of spontaneous symmetry breaking is the appearance
of massless particles, called Goldstone bosons.T

t Actually, this is true in space-time dimensions > 3. In one and two space—

time dimensions spontaneous breaking of a continuous symmetry is not possible
(Merwin—Wagner theorem, Coleman’s theorem).

32
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Fig. 3.1. Shape of U for n = 2 for p? < 0.

The potential
U= 310" + {A(¢%)? (3:2)
has a ‘wine-bottle-bottom’ shape, also called ‘Mexican-hat’ shape, if
u? < 0 (figure 3.1). It is clear that for 2 > 0 the ground state is unique

(pg = 0) but that for u? < 0 it is infinitely degenerate. The equation
OU /0" = 0 for the minima, (u? + Ap?)p® = 0, has the solution

0 =v6a0, v =—p’/A (4 <0), (3.3)

or any O(n) rotation of this vector. To force the system into a definite
ground state we add a symmetry-breaking term to the action (the same
could be done in the one-component ¢* model),

AS = /dw ep’(z), €>0. (3.4)

The constant e has the dimension of (mass)®. The equation for the
stationary points now reads

(12 + Ap”) ™ = €bao- (3.5)

With the symmetry breaking (3.4) the ground state has ¢g pointing in
the a = 0 direction,

Py = Va0, (12 + o = e (3.6)

Consider now small fluctuations about ¢,. The equations of motion
(field equations) read

(=0 + 1% + A\ = €600, 0> =V?—0% (3.7)
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Linearizing around ¢ = ¢, writing

L =v+0, =m, k=1,...,n—1, (3.8)
we find
(=02 +m2)o =0, (=0*+m?)m, =0, (3.9)
with
m2 = 1%+ 3x% = 200% + ¢/v, (3.10)
m2 = u? + \v® = ¢€/v. (3.11)

For 2 > 0, v = 0 and m2 = m2 = p?, whereas for u? < 0, v > 0 and
the o particle is heavier than the m particles. For ¢ — 0 the 7 particles
become massless,

m2 ~ €/vg — 0, Vg = Vjc—p. (3.12)

The simple effective O(n) model reproduces the important features
of Goldstone’s theorem: spontaneous symmetry breaking of a contin-
uous symmetry leads to massless particles, the Goldstone bosons. For
small explicit symmetry breaking the Goldstone bosons get a squared
mass proportional to the strength of the breaking. The massless modes
correspond to oscillations along the vacuum valley of the ‘Mexican hat’.

As mentioned earlier, the O(4) model is a reasonable model for the
effective low-energy interactions of pions amongst themselves. The par-
ticles 7% and 7° are described by the fields 74 (x). The o field (after
which the model is named the o model) corresponds to the very broad o
resonance around 900 MeV. The model loses its validity at such energies,
for example the p mesons with mass 770 MeV are completely neglected.

3.2 O(n) models as spin models

We continue in the quantum theory. The lattice regularized action will
be taken as

S == 50,050,058 + smieles + $o(9508)?]. (3.13)

x

We have changed the notation for the parameters: u? — m, X — Xo.
The subscript 0 indicates that these are ‘bare’ or ‘unrenormalized’ pa-
rameters that differ from the physical ‘dressed’ or ‘renormalized’ values
which are measured in experiments.
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We shall mostly use lattice units, a = 1. Using d.p5 = ¢3.,; — ¢4,
the action can be rewritten in the form

S= 0202, — > [32d+md)e® + ()], (3.14)
o T

where d is the number of space-time dimensions. Another standard
choice of parameters is obtained by writing

1—-2X\ A
O =V2k¢*, mi= —2d, M= = (3.15)
which brings S into the form
S=2k) dadei— D [0507 +A(gaes —1)°). (3.16)
T x

The partition function is given by

Z = (H /_Z d¢g> expS = /Du(¢) exp <2I€Z¢w¢m+ﬂ>, (3.17)

where we have introduced an integration measure Du(¢), which is the
product of probability measures du(¢) for a single site,

Du(¢) = [[dil¢e), dp(d) = d"¢ exp[—¢* — A(¢* —1)*].  (3.18)

Note that A has to be positive in order that the integrations [ du(¢)
make sense.

The second form in (3.17) shows Z as the partition function of a
generalized Ising model, a typical model studied in statistical physics.
For A — oo the distribution du(¢) peaks at ¢? =1,

[ du(9) £(6) _ [ A0 1(9)
J du(9) Jd

where [ dS, is the integral over the unit sphere S™ in n dimensions. In
particular, for n =1,

Jdu(9) f(#)
[ du(9)

Hence, for n = 1 and A — oo we get precisely the Ising model in d
dimensions. For n = 3, d = 3 the model is called the Heisenberg model
for a ferromagnet. The O(n) models on the lattice are therefore also
called (generalized) spin models.

(3.19)

— L)+ F(- 1) (3.20)
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3.3 Phase diagram and critical line

The spin model aspect makes it plausible that the models can be in a
broken (ferromagnetic) or in a symmetric (paramagnetic) phase, such
that in the thermodynamic limit and for zero temperature

(p3) =v*¥ #0, K> Ke(N), (3.21)
=0, K<ke(N). (3.22)

Here £.()) is the boundary line between the two phases in the A-x plane.
We can give a mean-field estimate of k. as follows. Consider a site x.
The probability for ¢3 is proportional to du(¢.) exp[2rdg >° (65, +
o ﬂ) ]. Assume that we may approximate ¢* at the 2d neighbors of x
by their average value, >_ (é5,, + ¢5_;) — 2dv®. Then the average
value of ¢¢ can be written as

[ du(¢) ¢ exp(4rdgPv?)

(¢3) = T (@) oxp(inddPo0) (3.23)
By consistency we should have (¢%) = v*, or
1 9
v* = m EZ(J)\Jzélndm (324)
) = [ dul@)exp(1o6n). (3.25)

The integral z(J) can be calculated analytically in various limits, nu-

merically otherwise. The basics are already illustrated by the Ising case
n=1 A= o0,

2(J) = z(0) cosh(J), (3.26)

v = tanh(4kdv), n=1, A = 0. (3.27)

The equation for v can be analyzed graphically, see figure 3.2. As k \ ke,
evidently v — 0. Then we can expand

v = tanh(4kdv) = 4kdv — 3 (4kdv)® + - -, (3.28)
1
= — 2
Re = (3.29)
V2 o (K — Ke)y K\ Fe. (3.30)
Analysis for arbitrary n and A leads to similar conclusions,

2(J) = 2(0)(1 + ¢“Jo + 200  Jads + - 01 (3.31)

_ 1(6°)1
=z(0)|1+ = Jada + -+, (3.32)

2 n
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K <Kec K >Kc

tanh u

Fig. 3.2. Mean-field equation u/4dk = tanhu, u = 4dkv, for n = 1, A = co.

0 infinity 0 0 infinity
broken X
symmetric
symmetric
v 0 0 F
broken
broken
0 infinity 0 infinity
A ro

Fig. 3.3. Critical lines in the A~ plane and the mZ-\o plane (qualitative).

where we used the notation

_ Jdu(9) F(9)
<F>1 - W7 (3.33)
and
(0207 = 5@4;3@, (3.34)

for the one-site averages. So we find

n n

K/C()\) = 74d<¢2>1 = Q’ A= oo, (335)
1

= 55 A=0. (3.36)

The behavior v? o« (k — k) is typical for a second-order phase
transition in the mean-field approximation. The line Kk = k.(A) is a
critical line in parameter space where a second-order phase transition
takes place. Note that in general m3 is negative at the phase boundary
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(cf. (3.15) and figure 3.3). The critical exponent § in

v o< (K — ke)? (3.37)

differs in general from the mean-field value g = % This is the subject of
the theory of critical phenomena, and indeed, that theory is crucial for
quantum fields. In four dimensions, however, it turns out that there are
only small corrections to mean-field behavior.

We have restricted ourselves here to the region x > 0. For k < 0
the story more or less repeats itself, we then get an antiferromag-
netic phase for k < —kc(A\). The region with negative x can be
mapped onto the region of positive x by the transformation ¢ —
(,1)I1+x2+~~+zd¢g.

It is important that the phase transition is of second order rather than,
for example, of first order. In a second-order transition the correlation
length diverges as a critical point is approached. The correlation length &
can then be interpreted as the physical length scale and, when physical
quantities are expressed in terms of £, the details on the scale of the
lattice distance become irrelevant. The correlation length is defined in
terms of the long-distance behavior of the correlation function,

G = (¢5¢0) — (02)(¢)) (3.39)
o |z — y[P el g — y| - o0, (3.39)

Here £ may in principle depend on the direction we take |x—y| to infinity,
but the point is that it becomes independent of that direction (a lattice
detail) as £ — oo. In the symmetric phase £ is independent of « and 3.
The exponent 7 is another critical exponent.

The correlation length is the inverse mass gap, the Compton wave
length of the lightest particle, in lattice units,

& =1/am. (3.40)
This can be understood from the spectral representation

Gol = > (0165 [p) (py|9g|0)e PO~ wenlramual, (3.41)
p,Y#0

where |0) is the ground state (vacuum), |p7y) are states with total
momentum p, distinguished by other quantum numbers «, and wpy, =
Ep .~ — Ep is the difference in energy from the ground state. This
representation is obtained by writing the path integral in terms of the
transfer operator and its eigenstates in the limit of zero temperature,
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using translation invariance (cf. problem (viii) in chapter 2). Expres-
sion (3.41) is a sum of exponentials exp(—wt), ¢ = |v4 — y4|. For
large ¢ the exponential with smallest w dominates, G x exp(—wmint),
hence § = 1/wmin, With wpin = m the minimum energy or mass
gap.

In the broken phase we expect Goldstone bosons (section 3.1). If these
are made sufficiently heavy by adding an explicit symmetry-breaking
term ) epr to the action (cf. equation (3.11)), we can expect two
mass gaps: m, for the components of G parallel to v and m, for the
components perpendicular to v®. When the explicit symmetry breaking
is diminished, 2m, becomes less than m, and the ¢ particle becomes
unstable, o — 27. Then the large-distance behavior for the ¢ correlation
function is controlled by 2m, rather than by the mass m, of the unstable
particle. Since m is expected to be zero in absence of explicit symmetry
breaking, the transverse correlation length will be infinite in this case
(for infinite volume).

The region near the phase boundary line where £ > 1 is called the
scaling region. In this region, at large distances |z — y|, the correlation
function Gy is expected to become a universal scaling function (inde-
pendent of lattice details, with 1/m as the only relevant length scale
rather than a).

3.4 Weak-coupling expansion

Expansion of the path-integral expectation value
1
(Po) =5 [ Decs9F(p), (3.2

1 1 1
S(p) = — Z [2(9#90“(%(,0“ + §mg<p2 + Z/\Q(QDQ)Q . (3.43)

xT

in powers of A\ leads to Feynman diagrams in terms of the free propaga-
tor and vertex functions. For simplicity we shall deal with the symmetric
phase, which starts out with m2 > 0 in the weak-coupling expansion.
The free propagator is given by

1
§+2,(2—2cosp,)’

O ~yaf3 __ ip(x—
Gm5—5aﬁ§:€”( y)m
p

(3.44)
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Top = —o— Iog (p) =
xo B o B
XX,
Foc, o, " Focl.. ocn(l% ]?1)
% /|
X0 .o . Loy
" pz OC2

Fig. 3.4. Diagrams for °G, O[‘(g) and OF(,L). Notice the convention of attaching
a small circle at the end of external lines that represent propagators; without
this o the external line does not represent a propagator.

which is minus the inverse of the free second-order vertex function
bapSay (recall (2.99) and (2.108)), which we shall denote here by ().
In momentum space

Taps(p) = —0ap|mg+ Y (2~ 2cosp,)|. (3.45)
13

The bare (i.e. lowest-order) vertex functions °T'(,) are defined by the
expansion of the action S around the classical minimum ¢§ = v®,

J
S(p) =) ST (P8 — o) (@l — ). (3.46)
n
Since they correspond to a translationally invariant theory, their Fourier
transform contains a ¢ function expressing momentum conservation

modulo 27 (cf. (2.90)),

D ermme T e = 0 (P1Pr) Spyttpn0- (347)
Ty

In the symmetric phase (v® = 0) there is only one interaction vertex
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function, the four-point function

%g;zg = -2\ (5(15575 + 5(17555 + 6@6567)5wx5wy5wm
Moyvan (P17 Pn) = =200 Sapyss (3.48)
Sapys = 5@6576 + 5@7566 + (Sag(Sg,y. (3.49)

The free propagators and vertex functions are illustrated in figure 3.4.
It can be shown that disconnected subdiagrams without external
lines (‘vacuum bubbles’) cancel out between the numerator and the
denominator in the above expectation values. The expectation values
can be rewritten in terms of vertex functions, which are simpler to study
because they have fewer diagrams in a given order in \g. The two- and
four-point functions can be expressed as
(poreg) = Golgz =G, (3.50)

T1T2

<¢i¢11 ¢f§¢f§¢$:> — G12G34 + G13G24 4 G14G23 4 G1234, (351)
and the vertex functions I'(zy and T4y can be identified by writing

G12 — _1'\1—21’ (352)
G234 — 1V G2 3% AT iy (3.53)

where as usual repeated indices are summed. Notice that I"193 is zero in
the symmetric phase.

To one-loop order I'15 and I'1234 are given by the connected diagrams
in figure 3.5,

' = 0]:‘12 + %%1234 0G34, (354)
1931 = Tio3a + 3 T1256 %G% %G Myr634
+ two permutations. (3.55)

In momentum space, we have conservation of momentum modulo 27 at
each vertex. This may be replaced by ordinary momentum conservation
because all functions in momentum space have period 27w anyway. We
find for the two-point vertex function

oo (p) = *(m(2) +ﬁ2)5a102

1 1
+ 5(*2)\0)3041042043&4 60430(4 ; W (3.56)

—ayan[ME 4 P2+ No(n 4 2)I(mo) ], (3.57)
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4 1 4
1
3
2 2 3
1 4 1 2
X X+ XX
3 2 4 3

Fig. 3.5. Diagrams for I'12 and I"1234 to one-loop order.

and for the four-point vertex function

Fa1a2a3a4 (plp2p3p4) = _2)\05a1a2a3a4

1, 1
+ 9 (2/\0) SaiasasagSazasasag zl: m% N ZQ
o 1
mi +232,(1 = cos(l +p1 + p2)u)
+ two permutations (3.58)

= _2)\0‘9&1&2&3(14 + 2)\gta1a2a3a4j(m07p1 +p2)

+ two permutations.

Here
?=2) (1-cosl,), (3.59)
7

and similarly for 5%, and (using the condensed notation §12 = 64, a, €tc.)

$1234 = 012034 + 013024 + 014023, (3.60)
t1234 = $125683456 = 012034(n + 4) + 2013024 + 2014023.  (3.61)
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\p P p4/
o 1 o,
% D o,

ik — N

l+p1+p2

Fig. 3.6. Momentum flow.

The functions I and J are given by

I(mo) = / Ll 1 (3.62)

™ d4l 1
J(mo,p) = /_W (2m)* {m2 + 2}{mZ +23,,(1 — cos(l + p),)}

We assumed an infinite lattice, >, — [ d*l/(27)*. The momentum flow
in the second term in (3.58) is illustrated in figure 3.6

We are interested in the scaling forms of I and J. Let us therefore
restore the lattice distance a. The functions I and J have dimensions a2
and a?, respectively. We are interested in a=21(amg) and J(amg, ap), for
a — 0. This suggests expanding in powers of a and keeping only terms
nonvanishing as a — 0. For I we need terms of order a° and a2, for
J only terms of order a”. Consider first I. A straightforward expansion
1/(a®>m2 4 12) = 32, (—a?m3)"/(I?)"*! leads to divergences in the loop
integrals at the origin [ = 0. There are various ways to deal with this
situation. Here we shall give just one. Intuitively we know that the region
near the origin in momentum space corresponds to continuum physics.
Let us split the integration region into a ball round the origin with radius
0 and the rest, with a < §. The radius ¢ is sent to zero, such that, for
the integrand in the region |I| < &, we may use the continuum form [2
for I2. Then

I'=Iy<s + Ljyy>s, (3.63)
d4l 1 27‘(2 g 1
7 _ — Pdl ——5——>
j11<s(amo) /|l|<5 (2m)*a?mg +12  (2m)* /0 a’mg + I?
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1 2,,2 2
_ [52 _ a?m? 1(?””)]

1672 a’mj
1
= W[—azmg In 62 + a®*m2 In(a®>m32)] + O(a*, 5?).

(3.64)

With symbols like O(a?) we shall mean terms proportional to a? or
a?Ina?. Note that expressing also [ in physical units, | — al, would
bring a*2]|l|<5 into continuum form with a spherical cutoff §/a. The
integral Ij;»s can be expanded in a? without encountering In(a?m3)
terms,

Lyss(amo) = Iy55(0) + Iy5 5(0)a’mg + O(a”)
= I(0) + I} 5(0)a®mg + O(a*, 6%). (3.65)
where I’ = 01/9(a?m?). Instead, we encounter In§? terms in Ijy55(0).

However, these cancel out against the Iné? term in (3.64) because the
complete integral is independent of 4. So we get

1
I(amg) = Cy — Caa®m? + o3 a’m2In(a?m3), (3.66)
Co = I1(0) = 0.154933 . .. (3.67)

i a1 1 1
Cy = li . In §* 3.68
i 5%[/—mll>6 (2m)* (12)2 T (3.68)
= 0.0303457. . .. (3.69)

The function J can be evaluated in similar fashion. We need
J(amg, ap) for a — 0. For a = 0 the integral for J is logarithmically
divergent at the origin. To deal with this we use the same procedure,

J = Jj<s + Jjy>s, (3.70)

d4l 1
Jiles = / 3T
1= |y e @l P s a7y

J|”>5 = /_ﬂ. d4l4 Al + O(a2) (372)
ml>e (2m)% (12)2

(Jjij>s can be expanded in powers of a, the term linear in a vanishes).
With the help of the identity
1
[a?m3 + Pl[a?m3 + (L + ap)?]

! 1
B /o e {z[a?mg + 2] + (1 — 2)[a®m§ + (I + ap)?]}?

(3.73)
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and the transformation of variable I’ = [ + (1 — x)ap we get for the
inner-region integral

J —/ldx/ ai ! (3.74)
l<s = o p (2m)* [@®mi + 1'% + z(1 — z)a?p?)?’ '

Here the domain of integration D is obtained from the ball with radius ¢
by shifting it over (1—z)ap. Replacing D by the original ball with radius
J leads to an error of order a, which may be neglected. (The difference

between the two integration regions has a volume O(apd®), the integrand
is O(67%).) Then

Tues = [ e 22 [ pa 1
l|<s = . 2m)* J, [a?m3 + 12 + z(1 — z)a?p?]?

1 ! 2 2 2 52

= 163 {11152 — /01 dz In(a®A) — 1} +0(a?), (3.75)

A=m?+ (1l —z)p’ (3.76)

Combining the term In 62 /1672 with Jy;~5 as in (3.68) we get

1

J(amg, ap) = _Flﬂ/o dx ln[az(m%—l—x(l—x)pQ)]—l—C’g—16%—1—0(63).

(3.77)

(We expect errors O(a?), i.e. not O(a): a will appear together with the

external momentum as ap,, or as a?m3, and there will not be odd powers
of p,, because of cubic symmetry, including reflections.)

Summarizing, we have obtained the following continuum forms for the

vertex functions (in physical units):

C
Taplp) = ~bs {1 + 52 + da(n +2)| % - Gy

1
+Wm3 1n(a2mg)] } , (3.78)
Fa1a2a3a4 (p1p2p3p4) = *2>\05a1a2a3a4
1 1
N L

X /0 dz In[a*(m3 + 2(1 — z)(p1 +p2)2)]}

+ two permutations, (3.79)
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We see that I'(5y and I'(4) are, respectively, quadratically and logarith-
mically divergent as a — 0.

3.5 Renormalization

Perturbative renormalization theory tells us that, when we rescale the
correlation functions G(™) by a suitable factor Z~"/2 and express them in
terms of a suitable renormalized mass parameter my and renormalized
coupling constant Ag, the result is finite as a — 0. The renormalized
ng ) = Z=7/2G™M are the correlation functions of renormalized fields
or = Z~ 2. From (3.53) we see that the renormalized vertex functions
are then given by

Il = Z""T ). (3.80)

The wave function renormalization constant Z and the renormalized
mass parameter mg may be defined by the first two terms of the
expansion

Top(p) = =27 (mi +p* + O(p*))dap- (3.81)

Since the one-loop diagram for I (3 is momentum independent, the order
A contribution to Z vanishes in the O(n) model,

Z=1+0(\?). (3.82)

For mg we find from (3.78)

my =mé 4+ No(n+2)| Coa™? — Com? + mZin(a®m?3) |. (3.83)

1
1672
A renormalized coupling constant Ag may be defined in terms of I'(4) at
zero momentum, by writing

i (0,0,0,0) = —2AR Sy arparscrs (3.84)

Q1 2x30g

From the result (3.79) for the four-point function, using (3.82) and

t1234 + 1324 + t1a23 = (n + 8)S1234, (3.85)
we find
n+8
AR = Ao + A%W[ln(cﬁm%) + ¢, (3.86)

1672 1
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To express the correlation functions in terms of mgr and Ag we consider
AR as an expansion parameter and invert (3.83), (3.86),

1
mé =mg — Ar(n +2)|Coa™? — Comi + Tom mR In(a?*m3)
+O(\3), (3.88)
n+8
Mo =AR — N —— 6.2 [In(a®mf) + ] + O(N). (3.89)
Inserting these relations into (3.78), (3.79) gives the renormalized vertex
functions
Las(p) = —das(mi +10°) + OOR), (3.90)
FaRla2a3a4 (p1p2p3p4) = _QARSa1a2a3a4 2)\Rta1a2a3a4
I 1- 2
% / dr In mR+x( f)(pl +p2)
+ two permutations + O(\3), (3.91)

which are indeed independent of the lattice spacing a. Notice that the
constants Cp, C7; and Cy are absent: all reference to the lattice has
disappeared from the renormalized vertex functions.

To this order the mass m of the particles is equal to mg. The mass m
is given by the value of —p? where I'(y) is zero and G(® has a pole. In
higher orders the mass m will be different from the renormalized mass
parameter mg: m = mg (1 + O(\%)).

The O(n) tensor structure in (3.84) is the general form of T'(4) at
a symmetry point where (p1 4+ p2)* = (p1 +p3)® = (p1 +pa)® = p°.
We can therefore also define a ‘running renormalized coupling’ A(y) at
momentum scale p by

I‘ap‘lmaw4 (p1p2p3pa) = —2A(1)Sayasasa,s, Symmetry point g, (3.92)
which gives

on+8

1
Ap) = A + )\OW {/0 dz In[a*md + z(1 — x)a’p?] + c} . (3.93)

Expressing the running coupling in terms of A\g and mg leads to

g1 +38 ' 2/, 2 3
Riper [ deball+a(1—ap?/mi]) + O
= Ar, =0, (3.94)

+ 8
~ A+ A0 o2 [In(p?/my) — 2], u? > mk. (3.95)

Ap) = Ar + A
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The running coupling indicates the strength of the interactions at
momentum scale p. Expressing the vertex function (3.91) in terms of
this running coupling shows that, at large momenta, terms of the type
AR In[(p1 + p2)?/m3] are replaced by A*(u)In[(p1 + p2)?/p?]. So, on
choosing u? equal to values of (p; + pj)2 that typically occur in a given
situation, the logarithms are generically not large and the strength of
the four-point vertex on this momentum scale is expressed by A(u).

3.6 Renormalization-group beta functions

The renormalized quantities do not depend explicitly on the lattice
distance, all dependence on a is absorbed by the relations between my,
Ao and mg, Ar. Thus it seems that we can take the continuum limit
a — 0 in the renormalized quantities. Changing a while keeping mgr and
AR fixed implies that my and A9 must be chosen to depend on a, as given
by (3.88) and (3.89). We see that a?m3 decreases and becomes negative
as a decreases, even in the symmetric phase. This we found earlier in the
mean-field approximation. However, the bare \g increases as a decreases
and beyond a certain value we can no longer trust perturbation theory
in Ag. Neither can we trust (3.89) if a becomes too small, since then the
coefficient of A} blows up.

Let us look at the problem in another way. Consider what happens
to Ar as we approach the phase boundary at fixed Ag. In (3.86) we may
replace to this order mg by mg,

o+ 8
01672
We see that Ar decreases as a decreases, but when the logarithm becomes
too large the perturbative relation breaks down. We can extract more

information by differentiating with respect to ¢ and writing the result
in terms of AR,

- 22] <[ 28],

AR =X+ A [In(a®my) + ] + O(AY). (3.96)

Oa R damp
= (A2 + 0N (3.97)
= B1AR + B AR + -, (3.98)
n+8

The function Sr(Ar) is one of the renormalization-group functions
introduced by Callan and by Symanzik. For a clear derivation of the
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Callan—Symanzik equations in our context see [20]. They are dimen-
sionless functions which may be expressed in terms of renormalized
vertex functions and are given by renormalized perturbation theory as
a series Y, BrAE. This means that the higher-order terms of the form
MeIn(amg)]! can be rearranged in terms of powers of Ag with coefficients
that do not depend any more on In(amg). This is the justification for
rewriting (3.97) in terms of Ag.
Integration of OAg /Ot = —B1\} gives

1+ NSt

where )\; is an integration constant, Ay = A\g + O(A\3). Asa — 0, t — o0

AR t = —[In(amg) + ¢/2], (3.100)

and we see that A\r approaches zero. The approximation of using only
the lowest-order approximation to the beta function is therefore self-
consistent.

Let us try the beta-function trick on Ay to see whether we can
determine how it depends on a if we keep Ar fixed. From (3.89) we
find

o\
|:Cl 80:| = —60()\0) = —ﬁ1)\g+ (3101)
a ],

Note the change of sign compared with (3.98). Integrating this equation

gives

Ao
A= —"7"— 3.102

O 1 Xapt ( )

where Ay = Ar + O()\%). We see that Ao blows up at the ‘Landau pole’
t = 1/X\3f1, but, of course, before reaching this value the first-order
approximation to y(\g) breaks down.

Consider next the beta function 3()) for the running coupling A(u)
on momentum scale p. From (3.95) we see that, for large p > mg,

[ ) }
)

K AR, MR
again with the same universal coefficient for the first-order term in its
expansion. The solution is similar to that for Ag,

A3
1= X361 In(u/mg)"

The effective coupling A increases with momentum scale p. To see if it

X:

(3.104)

can become arbitrarily large we need to go beyond the weak-coupling
expansion.
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.

MRy ?»o

(a) (b)

Fig. 3.7. Two possible shapes of By(Ao). The arrows denote the flow of A\¢ for
increasing t = — In(amg) + constant.

We end this section by speculating about different shapes of the beta
function Gy for the bare coupling constant. Two typical possibilities are
shown in figure 3.7. In case (a) there is a fixed point A\* that attracts
the flow of A for increasing ‘time’ t. Near \* we can linearize

oA
aTO = —A(N\g — \Y), (3.105)
Ao — A =Cexp(—At), t— oo, (3.106)

where C'is an integration constant. The large-t behavior can be rewritten
in the form
1

&= i x (A" =Xo)7", v=1/A, (3.107)

which shows that the critical exponent v is determined by the slope of
the beta function at the fixed point. Since ¢ can go to infinity without a
problem, a continuum limit a — 0 is possible for case (a).
In case (b) the beta function does not have a zero, apart from the
origin A\p = 0. Supposing a behavior
0o

v AXNG, Ao — o0, a>0,A4>0, (3.108)

leads to the asymptotic solution
AT = —A(a = 1)t - 1), (3.109)

where we assumed « > 1. In this case Ao becomes infinite in a finite
‘time’ t = 1. Since Ay = oo is the largest value A\g can take, ¢ cannot go
beyond t1, a cannot go to zero and a continuum limit is not possible.



3.7 Hopping expansion o1

A similar discussion can be given for the running coupling A. Cases
(a) and (b) also illustrate possible behaviors of the running coupling for
large momentum scales p. In case (a) the running coupling approaches
A\* as p — oo, whereas in case (b) A goes to infinity on some large but
finite momentum scale fi;.

A fixed point like \* is called ultraviolet stable as it attracts the
running coupling when p — oo, while the fixed point at the origin is
called infrared stable as it attracts the running coupling for u — 0. Case
(a) is like the situation in three Euclidean dimensions (with a reflection
about the horizontal axis), whereas we shall see in the following that in
four dimensions the situation is like case (b).

The main conclusion in this section is that Ag — 0 as we approach
the phase boundary at fixed sufficiently small A\g. To see whether we can
avoid a noninteracting theory in the continuum limit, we need to be able
to investigate large \g. This can be done with the hopping expansion
and with numerical simulations.

3.7 Hopping expansion

Consider the partition function in the form
2= [ Do) []explnocer ), (3.110)
Ty

where Dyu(¢) = [1,, du(¢z) is the product of one-site measures defined in
(3.18). Expansion in k (hopping expansion) leads to products of one-site
integrals of the form

[ Duto) = 20 - ( / du(qb))#SiteS, (3.111)

/Du(¢) PPN = 62y Zo (™01, (3.112)
/Du(¢) Payd) =0, (3.113)
[ Duto) 268610t = zo(0n 657, (3.114)

etc., where # sites is the total number of lattice sites. Odd powers of ¢
vanish in the one-site average

= [du@)F@) | [ du(o) (3115)
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Fig. 3.8. Diagrams in the expansion of exp(2x Zzu DT Dern)-

v o0

(a) (b) (c) (d)

Fig. 3.9. The diagrams of figure 3.8 after integration over ¢. The fat dot
denotes the four-point vertex 4.

Before integration over ¢, each term in the expansion can be represented
by a dimer diagram ‘on the lattice’; as illustrated in figure 3.8. The dots
indicate the fields ¢. The integration over ¢ leads to diagrams as shown
in figure 3.9.

The one-site integrals can be treated as a mini field theory, with

propagators g and vertex functions va,...a,, Vay--aq, - - -- FOT instance,
Yasvs can be defined by
(6°¢7)1 = g7, (3.116)
(6%¢7 7)1 = g"‘ﬁ 10 4 gogP g g@0gPT 4¢P (3.117)
goPIs — gaa’ o8B’ gy’ 088" e (3.118)
analogously to (3.53). By O(n) symmetry we have
o ¢°
22
afyd _ <(¢ ) >1 3.120
g Sapsy n2+on’ ( : )

n’ ((¢°)*)h  n?
Yapys = SapBsy V4, V4 = nt2 <¢2>411 o <¢2>%’

(3.121)

where sags5y = dapdys + --- has been defined in (3.49). For small A,
4 o< A, whereas for A — oo, 74 — —2n%/(n + 2).

As usual, one expects that disconnected diagrams cancel out in ex-
pressions for the vertex functions, and that the two-point function,
Gaﬁ (q§a¢5>, can be expressed as a sum of connected diagrams. It
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X

Fig. 3.10. Random-walk contribution to the propagator.

is instructive to make an approximation for the two-point function in
which the vertex functions v, (), --., are neglected at first. This
leads to the random-walk approximation

Ggg = 0ap Z(2R)LgL+1(HL)wy + ‘interactions’, (3.122)
L=0

illustrated in figure 3.10. Here ‘interactions’ denote the neglected con-
tributions proportional to ), (), - - -, and we introduced the hopping
matrix

H,, = Z((Squﬂ,U)o + 5v+ﬂ7u70)- (3.123)
m

Applying this matrix e.g. to the vector d, , gives a non-zero answer only
for w’s that are nearest neighbors of z, i.e. all sites that can be reached
from x in ‘one step’. Applying H once more corresponds to making one
more step in all possible directions, etc. In this way a random walk
is built up by successive application of H. Each link in the expansion
contributes a factor 2k, and each site a factor g. In momentum space we
get

T A o
Ggg = 5aﬂ/ ﬁezp(w y)gZ(%g)LH(p)L (3.124)
o T

= 504 = Zp(a:fy)i 12
o] e TGy (3.125)
where
H(p)=> e ™ Hyg=» 2cosp,. (3.126)
x p

In the random-walk approximation the two-point correlation function
has the free-field form. For small momenta we identify the mass param-
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Fig. 3.11. Four random walks correlated by the one site 4.

eter mg and the wavefunction-renormalization constant Z,

o Zg
G (p) = 5a5m2R+p2 weIrok (3.127)
Zy=(26)"", mi = (29r)" — 2d. (3.128)

This Z, corresponds to Z, = 1 (cf. (3.15)). When mr — 0 we enter
the scaling region. In the random-walk approximation this occurs at
Kk = Kc = 1/4gd, which is the mean-field value (3.36). This is not so
surprising as the mean-field approximation is good for d — oo, when
also the random-walk approximation is expected to be good, because
the chance of self-intersections in the walk, where 4, ¥, --.come
into play, goes to zero. Notice that k. is also the radius of convergence
of the expansion (3.124).

Within the random-walk approximation we have the estimate for the
renormalized coupling (cf. (3.80)) as illustrated in figure 3.11,

_ 2. _
AR — Aoy A— 0, (3.130)
2d\* n? = 32
-y - == = =4. 3.131
—>(n> " 3 A—oo,d=4,n ( )

This indicates already that Ag is not infinite at A = occ.

The partition function and expectation values can be expressed as a
systematic expansion in k. This is called the hopping expansion because
the random-walk picture suggests propagation of particles by ‘hopping’
from one site to the next. By the analogy of x with the inverse tempera-
ture in the Ising model, the expansion is known in statistical physics as
the high-temperature expansion, or, with increasing sophistication, the
linked-cluster expansion. Using computers to help with the algebra, the
expansion can be carried out to high orders (see e.g. [22] and references
therein).
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A good property of the hopping expansion is that it has a non-zero
radius of convergence, for any fixed A € (0,00). This is in contrast to
the weak-coupling expansion, which is an asymptotic expansion (as is
typical for saddle-point expansions) with zero radius of convergence (see
for example [13]). An expansion f(z) = Y o, fex" is called asymptotic
if

N
‘f(fv) =Y fork| = 0N, (3.132)
k=0

For fixed finite NV the sum gives an accurate approximation to f(z), for
sufficiently small x. The expansion need not converge as N — oo and
for a given z there is an optimum N beyond which the approximation
becomes worse.

3.8 Liischer—Weisz solution

Using the hopping expansion in combination with the Callan—-Symanzik
renormalization-group equations, Liischer and Weisz showed how the
O(n) models in four dimensions can be solved to a good approximation
[20, 21, 22, 23]. The coefficients of the hopping series were calculated
to 14th order and the Callan-Symanzik beta functions were used to
three-loop order. The cases n = 1 [20, 21] and n = 4 [23] were worked
out in detail. The interested reader is urged to study these lucid papers
which contain a lot of information on field theory. We shall review the
highlights for the O(4) model.

The critical k.(\) is estimated from the radius of convergence of the
hopping expansion to be monotonically increasing from k. = % at A=0
to ke = 0.30411(6) at A = co. An important aspect of the results is the
carefully estimated errors in various quantities. For simplicity, we shall
not quote the errors anymore in the following. Along the line k = 0.98 k.
in the k—\ plane the hopping expansion still converges well, with the
mass parameter my decreasing from 0.40 to 0.28 and the renormalized
coupling Ag increasing from 0 to 3.2 as A increases from 0 to co. At a
slightly smaller k < k. such that mg = 0.5, Ag = 4.3 for A = cc.

Remarkably, Ag = 3.2 may be considered as relatively weak coupling.
Let us rewrite the beta function

OAR

mRr —— = Br(AR) = Bi1AR + BoAf + - -, (3.133)
8mR



56 O(n) models
in terms of a natural variable \ = B1AR,

1)) Bo

=N N 3.134
mg amR + 6% + ( )
The results
n+8 In + 42
B = &2 B2 = —W, (3.135)

give B2/6% ~ —0.54. Then Ag = 3.2 means A ~ 0.41 and the two-loop
term in (3.134) is only about 20% of the one-loop term. This indicates
that renormalized perturbation theory may be applicable for these cou-
plings. The next (three-loop) term in the series is again positive and
Liischer and Weisz reason that the true beta function in this coupling
region may be between the two- and three-loop values.

A basic assumption made in order to proceed is that renormalized
perturbation theory is valid for sufficiently small Ar, even if the bare A
is infinite. This may seem daring if one thinks of deriving renormalized
perturbation theory from the bare weak-coupling expansion. However,
it appears natural from the point of view of Wilson’s renormalization
theory in terms of an effective action with an effective cutoff, or from the
point of view of effective actions, or Schwinger’s Source Theory, which
uses unitarity to obtain higher-order approximations in an expansion in
a physical coupling parameter (e.g. Ag).

Using the beta function calculated in renormalized perturbation the-
ory, Liischer and Weisz integrate the Callan—-Symanzik equations toward
the critical point mgr = 0. (The variable x is traded for mg.) As we
have seen in (3.100) this leads to the conclusion that the renormalized
coupling vanishes at the phase boundary, which is thus established even
for bare coupling A = co (!).

The integration is done numerically, using (3.133). Sufficiently deep
in the scaling region we may integrate by expansion,

M
dlnmn Pr(Ar), (3.136)
ARy
Inmg = @) (3.137)
o 1 B2
_ / dm{ﬁlﬁ ~ g TOW)|. (3.138)
1 B2

= _ﬂl)\R — ﬂ—% ln(ﬁl)\R) +InCq + O()\R> (3139)
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Here (7 is an integration constant, which becomes dependent on the
bare A once the solution is matched to the hopping expansion. (Part
of the integration constant is written as —((32/37)In3;.) Notice that
knowledge of (2 is needed in order to be able to define Cq(\) as Ag — 0.
Eq. (3.139) can also be written as

mr = C1(BiAr) /Pl e /PR (1 4+ O(AR)), (3.140)

which shows that mpg depends non-analytically on Ar for Ag — 0.
Liischer and Weisz show that similarly

7 = Cz[l + O()\R)], (3141)
ke — k= Csmi(Ar)"/P 1 + O(\R)], (3.142)

where §; is a Callan—Symanzik coefficient similar to the §’s.
From these equations follow the scalings laws, 7 =1 — k/k. — 0:

mg — Cyr/?|In7|2/20 (3.143)
2

AR — —|InT| !, (3.144)
1

7 — Oy, (3.145)

We recognize that the behavior (3.144) follows from (3.100). Note that
(3.143) shows that the correlation-length critical exponent v has almost
the mean-field value v = %: it is modified only by a power of In 7.

In the scaling limit all information about the renormalized coupling
coming from the hopping expansion is contained in Cj(A), which in-
creases monotonically with decreasing A. For small bare coupling C4
can be calculated with the weak-coupling expansion. In fact, inserting
the expansion (3.86) for Ar into (3.140) and expanding in Ao leads
to

_ ﬂ;o + g?ln(ﬂl)\o) — £ +000). (3.146)
For infinite bare coupling Liischer and Weisz find C; (00) = exp(1.5). The
fact that C7(\) decreases as A increases corresponds to the intuition that
for given mpg, the renormalized coupling increases with A. Conversely,
for given Ar, the smallest lattice spacing (smallest mp) is obtained with
the largest A, i.e. A = 0.

The hopping expansion holds in the region of the phase diagram
connected to the line k = 0, i.e. the symmetric phase. Liischer and
Weisz extended these results into the physically relevant broken phase,
where relations similar to (3.140)—(3.145) were obtained with coefficients

In Cl ()\)
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C’ (the Callan-Symanzik coefficients are the same in both phases). They
considered the critical theory at x = k. and used perturbation theory
in kK — K¢, Oor equivalently m%{, to connect the symmetric and broken
phases. This is done again using renormalized perturbation theory with
the results

Ci(A) = 1435 C1(N), Cha(A) = Cas(N). (3.147)

Another definition was chosen for the renormalized coupling in the
broken phase, which is very convenient:

2
mr

)\ =
R 2’[)]%{ )

vr = Z7 Y20 = Z71%(), (3.148)
where Z, is the wave-function renormalization constant of the Goldstone
bosons. This choice is identical in form to the classical relation between
the coupling, mass and vacuum expectation value (cf. (3.10)). The
renormalized coupling in the broken phase cannot be defined at zero
momentum, as in the symmetric phase, because the massless Goldstone
bosons would lead to infrared divergences (in absence of explicit symme-
try breaking). Using Z, in the definition of vgr allows the identification
of vgr with the pion decay constant f, in the application of the O(4)
model to low-energy pion physics, or with the electroweak scale of 246
GeV in the application to the Standard Model.

The renormalization-group equations were numerically integrated
again in the broken phase, this time for increasing mg, until the renor-
malized \r became too large and the perturbative beta function could
no longer be trusted. We mention here the result A\g < 3.5 for mg < 0.5,
at A = oco. Hence, also in the broken phase the renormalized coupling is
relatively small even at the edge of the scaling region, taken somewhat
arbitrarily to be at mr = 0.5, and the renormalized coupling goes to
zero in the continuum limit mg — 0.

Figure 3.12 shows lines of constant renormalized coupling with varying
k/ke for the case n = 1 [21]. For a given Ar we can go deeper into the
scaling region, i.e. approach the critical line k/k. = 1 by increasing
the bare coupling A\. This behavior was also found in the weak-coupling
expansion, but the results there became invalid as A grew too big. Here
we see that the behavior continues for large A and that the line A =
oo is reached before reaching the critical line. The critical line can be
approached arbitrarily closely only for arbitrarily small renormalized
coupling. It follows that the beta function of the model has to correspond
to case (b) in figure 3.7.
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Fig. 3.12. Lines of constant renormalized coupling for the case n = 1 deter-
mined by Liischer and Weisz. The lines are labeled by the value of gr = 6Ar.
The bare coupling A increases from 0 to co as the LW parameter A\ goes from
0 to 1. From [21].

For the O(4) model, the figure corresponding to 3.12 is similar, except
that the values of Ar at a given amp are smaller [23]. The first beta-
function coefficient increases with n, so one expects the renormalization
effects to be larger than for n = 1.

Let us recall here another well-known criterion for a coupling being
small or large: the unitarity bound. This is the value of the renormalized
coupling at which the lowest-order approximation to the elastic scatter-
ing amplitude T becomes larger than a bound deduced from the unitarity
of the scattering matrix S. In a partial wave state of definite angular
momentum (e.g. the s-wave) the scattering matrix is finite dimensional,
its eigenvalues are phase factors S = exp(i2d), with ¢ the standard
phase shifts. Since the lowest-order (Born) approximation is real and
T = (S —1)/i = 2exp(id) sind has a real part € (—1,1), one requires
the Born approximation for |T'| to be smaller than 1. This gives an
upper bound on Ag: the unitarity bound. The maximum values of the
renormalized coupling at mr = 0.5 turn out to be smaller than the
unitarity bound (in the broken phase the maximum Mg is only about
two thirds of this bound).

Summarizing, the results show that the O(n) models (in particular
the cases n =1 and 4) in four dimensions are ‘trivial’: the renormalized
coupling vanishes in the continuum limit. Since we want of course an
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interacting model we cannot take the lattice distance to zero. The model
is to be interpreted as an effective model that is valid at momenta much
smaller than the cutoff 7 (7/a in physical units). For not too large
renormalized coupling the cutoff can be huge and lattice artifacts very
small. At the scale of the cutoff the model loses its validity, and in
realistic applications new physical input is needed. Where this happens
depends on the circumstances. The relevance of these results for the
Standard Model will be discussed later.

3.9 Numerical simulation

With numerical simulations we get non-perturbative results albeit on
finite lattices. Simulations provide furthermore a valuable kind of insight
into the properties of the systems, which is complementary to expansions
in some parameter.

The lattice is usually taken of the form N3 x N, with N =4,6,8, ...,
and N; of the same order. For simplicity we shall assume that N; = N in
the following. For the O(4) model sizes 10*~16* are already very useful.
Expectation values

©) =5 [ Do ewls)]00) (3.149)

are evaluated by producing a set of field configurations {¢%};, j =
1,..., K, which is distributed according to the weight factor exp S(¢),
giving the approximate result

_ 1 &
(O)~0= - ;0(%), (3.150)

with a statistical error o< 1/ VK. The ensemble is generated with a
stochastic process, e.g. using a Metropolis or a Langevin algorithm. We
shall give only a brief description of the Monte Carlo methods and the
analysis of the results. Monte Carlo methods are described in more detail
in [4, 6, 10].

For example, a Langevin simulation produces a sequence ¢% ,,, n =
1,2,..., by the rule
oS
el = Pan 0 ($n) +V2502,, (3.151)

Do

z,n
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where n ,, are Gaussian pseudo-random numbers with unit variance and
zero mean,

<77;:1,n> =0, (n?,nni‘//,w = daa’Oza’ Onn’, (3-152)

and 0 is a step size related to the Langevin time ¢ by ¢ = dn. It can
be shown that as ¢ — oo, the ¢’s become distributed according to the
desired exp S(¢), up to terms of order ¢ (cf. problem (viii)). Using a
small § such as 0.01, the system reaches equilibrium after some time, in
units related to the mass gap of the model, and configurations ¢; may
be recorded every At = 1, say. The finite § produces a systematic error,
which can be reduced by taking ¢ sufficiently small, or by using several
0’s and extrapolating to § = 0. The configurations j and j+1 are usually
correlated, such that the true statistical error is larger than the naive
standard deviation

1 & —\2
7e Z(O(ij) -0) (3.153)

but there are methods to take care of this.

The Metropolis algorithm is often preferred over the Langevin one,
since it does not suffer from systematic step-size errors o< § and it is
often more efficient. Research into efficient algorithms is fascinating and
requires good insight into the nature of the system under investigation.
New algorithms are being reported every year in the ‘Lattice proceed-
ings’.

Since the lattices are finite, we have to take into account systematic
errors due to scaling (O(a)) violations and finite-size (L) effects (L =
Na). It is important to determine these systematic errors and check that
they accord with theoretical scaling and finite-size formulas. We can then
attempt to extrapolate to infinite volume and zero lattice spacing.

Typical observables O for the O(n) models are the average ‘magnetiza-
tion’ ¢ = > ¢ /N*, the average ‘energy’ —S/N*, which reduces to the
average ‘link’ Zw [ j;_~_ﬂ/4lN4 in the limit A — oo, and products like
(bg‘qbg giving correlation functions upon averaging. The free energy F' =
—1In Z itself cannot be obtained directly by Monte Carlo methods, but
may be reconstructed, e.g. by integrating OF/0k = —2(3_, , d5d5 )

The correlation function G = (¢3¢0) — (¢2)(¢h) is used to de-
termine the masses of particles. With periodic boundary conditions it
depends only on the difference x — y. For example, in the symmetric
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phase the spectral representation can be written as

DTG 00 = Y0067 p, )P [em et e (V] (3154)

x v

where finite-temperature (finite N;) corrections of the form
(p’'Y'|#%|py) have been neglected. Choosing zero momentum p, one may
fit the propagator data for large ¢t and Ny — ¢ to

R cosh [m <t — A;)] , R =1(0]¢*|0a)|? exp <—m1§> , (3.155)
where m = wnin is the mass of the particle with the quantum numbers of
@*. It is assumed that the contributions of the next energy levels «’ with
the same quantum numbers (such as three particle intermediate states),
which have relative size exp[—(w’ —m)t], can be neglected for sufficiently
large times. Alternatively, one can try to determine the renormalized
mass and wave-function renormalization constant in momentum space
from eq. (3.81), but this does not give the particle mass directly. Only
when the particle is weakly coupled is mgr =~ m. The higher-order
correlation functions (such as the four-point functions) require in general
much better statistics than do the propagators.

For illustration we show first some early results in the symmetric
phase. Figure 3.13 shows the particle mass and the renormalized coupling
gr = 6AR as functions of the spatial size IV in a simulation at infinite bare
coupling [24]. We see that the interactions cause the finite-volume mass
to increase over the infinite-volume value (the linear extent in physical
units, Lm, changes by roughly a factor of two). The results for the
coupling constant roughly agree within the errors with those obtained
by Liischer and Weisz using the hopping expansion. Figure 3.14 shows
a result [25] for the dressed propagator (correlation function) analyzed
in momentum space. The fact that the propagator resembles so closely
a free propagator, apart from renormalization, is an indication that the
effective interactions are not very strong, despite the large bare coupling.

The broken phase is physically more interesting. Although there is
rigorously no phase transition in a finite volume, the difference between
the symmetric- and broken-phase regions in parameter space is clear
in the simulations. The phase boundary is somewhat smeared out by
finite-volume effects. In the broken phase of the O(n) model for n > 1,
there is a preferred direction, along (¢®) = v* # 0, and one con-
siders the longitudinal and transverse modes G, = v~2v*v?G*? and
Gr = (0ap — v 20P)G? /(n — 1). The latter correspond to the Gold-
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Fig. 3.13. Finite-size dependence of m and gr = 6Ar in a simulation in the
symmetric phase (L = N, A = c0). The full circles correspond to a finite-size
dependence expected from renormalized perturbation theory. From [24].

stone bosons. The ¢ particle can decay into the 7 particles, which leads
to complications in the analysis of the numerical data. The Goldstone
bosons lead to strong finite-size effects. Finite-size effects depend on the
range of the interactions, the correlation length, which is infinite for the
Goldstone bosons. However, the finite size also gives a non-zero mass
to the Goldstone bosons. These effects have to be taken into account in
the analysis of the simulation results. The theoretical analysis is based
on effective actions, using ‘chiral perturbation theory’ or ‘renormalized
perturbation theory’.

Consider the magnetization observable ¢ = Y ¢%/N*. An im-
pression of its typical distribution is illustrated in figure 3.15. The
difference between the symmetric and broken phase is clear, yet the
figure suggests correctly that the angular average leads to (¢®) = 0 also
in the broken-phase region. In a finite volume there is no spontaneous
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Fig. 3.14. Dressed propagator in momentum space plotted as a function of
>, 4sin®(pu/2), at mg = —24.6, Ao = 100. From [25].
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Fig. 3.15. Qualitative illustration of the probability distribution of ¢ at finite
volume for n = 2 in the symmetric phase (left) and the broken phase (right).

symmetry breaking. To formulate a precise definition of v, we introduce
an explicit symmetry-breaking term into the action, which ‘pulls’ the
spins along a direction, say 0,

AS =Y ¢, (3.156)
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and define
v* =lim lim (¢3), (3.157)

e—0 L—oo

where the order of the limits is crucial. To understand this somewhat

better, one introduces the constrained effective potential V1,(¢), which is
obtained by integrating over all field configurations with the constraint

¢ =32, 63/L*,
exp(~L*Vi(¢)) = | D¢ exp[S(9)] 5(5"‘ -> ¢§‘/L4>, (3.158)

such that
Z = /d"az exp[—L'VL(9)], (3.159)

and
(3% = Jd"é exp[-L*VL(9)] ¢
[dr¢ exp[—L4Vi(9)]

The fact that the effective potential comes with a factor L* is easily
understood from the lowest-order approximation in A — 0, which is
obtained by simply inserting the constant ¢® for ¢ in the classical
action,

(3.160)

S(¢) = —L'Vi(¢) = —N'[(1 = 8r)9” + A(¢* — 1) —e¢”],  (3.161)
where we used the form (3.16) of the action in lattice units. In this
classical approximation the constraint effective potential is independent
of L. The exact constraint effective potential is only weakly dependent
on L, for sufficiently large L, and as L increases the integrals in (3.160)
are accurately given by the saddle-point approximation, i.e. by the sum
over the minima of Vi, (¢). In absence of the € term there is a continuum
of saddle points and (¢*) = 0 even in the broken phase. A unique saddle
point is obtained, however, for non-zero €. If we let € go to zero after the
infinite-volume limit, (¢“) remains non-zero. For more information on
the constraint effective potential, see e.g. [26].

This technique of introducing explicit symmetry breaking is used in
simulations [27] as shown in figure 3.16. A simpler estimate of the
infinite-volume value v of the magnetization is obtained with the ‘ro-
tation method’, in which the magnetization of each individual configu-
ration is rotated to a standard direction before averaging. The resulting
{|¢|) can be fitted to a form v + constant x N2
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Fig. 3.16. Plots of (¢*) as a function of j = € in the O(4) model for various
lattice sizes. The data are fitted to the theoretical behavior (curves) and
extrapolated to infinite-volume and ¢ = 0, giving the full circle in the upper
left-hand corner. From [27].
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Fig. 3.17. Results on ms/F = ms/vr as a function of the correlation length
1/mg, for the ‘standard (usual) action’ (lower data) and a ‘Symanzik-improved
action’ (upper data). The crosses are results of Liischer and Weisz obtained
with the hopping expansion. The bare coupling A = oo. The curves are
interpolations based on renormalized perturbation theory. From [28].
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As a last example we show in figure 3.17 results on the renormalized
coupling v/2Ar = mg /vr [28]. Data are shown for the action considered
here (the ‘standard action’) and for a ‘Symanzik-improved action’. We
see that the data for the standard action agree with the results obtained
with the hopping expansion in the previous section, within errors. The
Symanzik-improved action has next-to-nearest-neighbor couplings such
that the O(a?) errors are eliminated in the classical continuum limit.
It is not clear a priori that this leads to better scaling in the quantum
theory, because the scalar field configurations that contribute to the path
integral are not smooth on the lattice scale, but it is interesting that the
different regularization leads to somewhat larger renormalized couplings
for a given correlation length.

In conclusion, the numerical simulations have led to accurate results
which fully support the theoretical understanding that the O(n) models
are ‘trivial’.

3.10 Real-space renormalization group and universality

One of the cornerstones of quantum field theory is universality: the
physical properties emerging in the scaling region are to a large extent
independent of the details of formulating the theory on the scale of the
cutoff. The physics of the O(n) models is expected to be independent
of the lattice shape, the addition of next-nearest-neighbor couplings,
next-next-nearest-neighbor couplings, ..., or higher-order terms (¢?)*,
k=3,4,... (of course, in its Ising limit or non-linear sigma limit where
#? = 1 such higher-order terms no longer play a role). More precisely, the
physical outcome of the models falls into universality classes, depending
on the symmetries of the system and the dimensionality of space—time.
Our understanding of universality comes from the renormalization group
& la Wilson [29, 30] (‘block spinning’, see e.g. [11]), and from the weak-
coupling expansion. We shall sketch the ideas using the one-component
scalar field as an example, starting with the block spinning approach
used in the theory of critical phenomena.

In the real-space renormalization-group method one imagines inte-
grating out the degrees of freedom with wave lengths of order of the
lattice distance and expressing the result in terms of an effective action
for the remaining variables. On iterating this procedure one obtains the
effective action describing the theory at physical (>> a) distance scales.
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Let ¢z be the average of ¢, over a region of linear size s around Z,

¢z =Y Bz ot (3.162)

The averaging function B(Z, ) is concentrated near sites Z on a coarser
lattice that are a distance s apart in units of the original lattice. We could
simply take values z, = 2z, with B, ; = zzﬂ dz+j,2 (‘blocking’), or a
smoother Gaussian average B = 2z exp(—(z — Z)?/2s), with suitable
normalization factors z. The effective action S is defined by

5@ _ /D¢ eS(@) H5<¢f _ Z Bi,m%), (3.163)
and it satisfies
/Déeg@ = /D¢es(¢>. (3.164)

After a few iterations the effective action has many types of terms, so
one is led to consider general actions of the form

S(¢) =Y KaOa(9). (3.165)

Here O, denotes terms of the schematic form (9,,¢9,¢)%, (¢*)*, ... (k =
1,2,...). The new effective action can then again be written in the form

S() =Y KaOa(9). (3.166)

The scale factor z in the definition of the averaging function B is chosen
such that the coefficient of B#QZ(‘?#QZ is equal to %, in lattice units of
the coarse Z lattice, in order that the new coefficients K, do not run
away after many iterations. Because of the locality of the averaging
function one expects the action S to be local too, i.e. the range of the
couplings in S is effectively finite, and one expects the dependence of
the coefficients K, on K, to be analytic. One iteration thus constitutes

a renormalization-group transformation

Ko =T,\(K). (3.167)

We can still calculate correlation functions and quantities of physical
interest with the new fields ¢. For these the highest-momentum contribu-
tions are suppressed by the averaging, as can be seen by expressing them
in terms of the original fields ¢, but contributions from physical momenta
which are low compared to the cutoff are unaffected. In particular the
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correlation length in units of the original lattice distance is unchanged.
However, in units of the Z lattice distance the correlation length is
smaller by a factor 1/s. Each iteration the correlation length is shortened
by a factor 1/s and when it is of order one we imagine stopping the
iterations. We can then still extract the physics on the momentum scales
of order of the mass scale. If we want to discuss scales ten times higher,
we can stop iterating when the correlation length is still of order ten.

In the infinite dimensional space of coupling constants K, there is a
hypersurface where the correlation length is infinite, the critical surface.
We want to start our iterations very close to the critical surface because
we want a large correlation length on the original lattice, which means
that we are able to do many iterations before the correlation length is
of order unity. If there is a fixed point K*,

To(K*) = KZ, (3.168)

then we can perform many iterations near such a point without changing
the K, very much. At such a fixed point the correlation length does not
change, so it is either zero or infinite. We are of course particularly
interested in fixed points in the critical surface. Linearizing about such
a critical fixed point (on the critical surface),

Ko — K& = Mog(Ks — K3), Map =[0Ta/0Kslj_seo»  (3.169)

it follows that the eigenvalues A; of Mg determine the attractive (\; <
1) or repulsive (A; > 1) directions of the ‘flow’. These directions are given
by the corresponding eigenvectors ef*, which determine the combinations
ef'Oq.

One expects only a few repulsive eigenvalues, called ‘relevant’, while
most of them are attractive and called ‘irrelevant’. Eigenvalues A; = 1
are called marginal. Further away from the fixed point the attractive and
repulsive directions will smoothly deform into attractive and repulsive
curves. The marginal directions will also turn into either attractive or
repulsive curves.

Let us start the iteration somewhere on the critical surface. Then
the flow stays on the surface. Suppose that the flow on the surface is
attracted to a critical fixed point K*. Next let us start very close to
the critical surface. Then the flow will at first still be attracted to K*,
but, since with each iteration the correlation length decreases by a factor
1/s, the flow moves away from the critical surface and eventually turns
away from the fixed point. Hence the critical fixed point has at least one
relevant direction away from the critical surface.
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Suppose there is only one such relevant direction (and its opposite
on the other side of the critical surface). Then, after many iterations
the flow just follows the flow-line through this relevant direction. The
physics is then completely determined by the flow-line through the
relevant direction: the physical trajectory (also called the renormalized
trajectory). To the relevant direction there corresponds the only free
parameter we end up with: the ratio cutoff/mass, A/m (where A = 7/a).
This ratio is determined by the initial distance to the critical surface,
or equivalently, by the number of iterations and the final distance to
the critical surface where we stop the iterations. However, the mass just
sets the dimensional scale of the theory and there is no physical free
parameter at all under these circumstances. All the physical properties
(e.g. the renormalized vertex functions and the renormalized coupling
Ar) are fixed by the properties of the physical trajectory. On the other
hand, each additional relevant direction offers the possibility of an
additional free physical parameter, which may be tuned by choosing
appropriate initial conditions.

Many years of investigation have led to the picture that there is only
one type of critical fixed point in the O(n) symmetric models, which
has only one relevant direction corresponding to the mass as described
above, and one marginal but attractive direction corresponding to the
renormalized coupling. This means that eventually the renormalized
coupling will vanish after an infinite number of iterations (triviality).
This is the reason that the fixed point is called ‘Gaussian’, for the
corresponding effective action is quadratic. However, because the renor-
malized coupling is marginal and therefore changes very slowly near the
critical point, it can still be substantially different from zero even after
very many iterations (very large A/m ratios). With a given number of
iterations we can imagine maximizing the renormalized coupling over
all possible initial actions parameterized by K, giving an upper bound
on the renormalized coupling. Within its upper bound the renormalized
coupling is then still a free parameter in the models. The situation is
illustrated in figure 3.18.

For the massless theory the correlation length is infinite, so we start
on the critical surface. The flow is attracted to K™, which determines
the physics outcome. The marginally attractive direction corresponds in
the massless case to the running renormalized coupling A(x) at some
physical momentum scale y. Each iteration the maximum momentum
scale is lowered by a factor 1/s and, after many iterations, the ratio
(maximum momentum scale)/cutoff is very small. We stop the iteration
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Fig. 3.18. Renormalization group-flow in ¢* theory. The line C' represents the
‘canonical surface’ of actions of the standard form S = 2k ¢odatp —

Zz[¢§ + )\(Qﬁ — 1)2]. The line P represents the physical trajectory. Direction
1 is an irrelevant direction, direction 2 represents the marginal direction
corresponding to the renormalized coupling. Shown are two flows starting from
a point in C, one near the critical surface and on this surface.

when the maximum momentum scale is of order y. For a given number
of iterations the running coupling can still vary within its upper bound.
As the number of iterations goes to infinity, u has to go to zero and
A() — 0 because the flow along the marginal direction is attracted
to zero coupling. So the massless theory can be defined by taking the
number of iterations (oc A/u) large but finite, and A(u) — 0 as p — 0.

The critical fixed points of the real-space renormalization-group trans-
formation give a very attractive explanation of universality.

3.11 Universality at weak coupling

To formulate a general action at weak coupling we start with the form
(3.16) and first make a scale transformation ¢ = ¢'/v/\, which brings
the action into the form

S(¢) = %Z 26 oborn — 05 — (@7 — 17| (3.170)
x 122

We see that \ appears as a natural expansion parameter for a saddle-
point expansion, while the other coefficients in the action are of order
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one in lattice units. A natural generalization is given by

>\ Z 2HZ¢ ¢x+ﬂ tr Z ¢ ¢:c+,u+1/ (3171)

p<v

+n"Z¢ Brrop+ Z¢> Sp = vad 2
k=1

which still has the symmetry ¢ — —¢. The coefficients in this expression
are supposed to be of order 1.

The parameter A enters in the same place as Planck’s constant 7 when
we introduced the path-integral quantization method, before we set it
equal to 1. It can be shown that the expansion in powers of i corresponds
to an expansion in the number of loops in Feynman diagrams. For this
reason the weak-coupling expansion is called the semiclassical expansion.

For convenience in the following we shall use the original continuum-
motivated parameterization (3.13) with the field ¢ = ¢/+/2x and rewrite
(3.171) in the form

1 1
)\O Z [ aﬂ@waﬂww + Zaligox M‘pw + Z U2k SO ]

S

= —Z[ Oupayups + A020,030,0% + +ZA uzkwi’“]7
(3.172)

where ' = \/Agp. Here again the coefficients z, . . ., and ugy, are supposed
to be dimensionless numbers of order unity, with the exception of wus
which becomes m3. = O()\g) at the phase boundary (this is special to
the continuum parameterization). It is instructive to rewrite the generic
action (3.172) in physical units,

1
§=- Z<28M%8#90r + az)‘OzauSOiau‘Pi +

+> a2k4A’g—1u2W§k> , (3.173)

where now 0,9, = (Po+a, — ¥z)/a and > contains a factor a*. The
higher-dimensional operators are accompanied by powers of the lattice
distance a such that the action is dimensionless.

In the classical continuum limit @ — 0 we end up with just the ¢*

theory, with us chosen such that m? = 2usa~2 remains finite. In other
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Fig. 3.19. Contribution of the bare six-point vertex to I'(y).

words, the bare two- and four-point vertex functions take their usual
continuum limits and the higher-order bare vertex functions vanish. In
non-trivial orders of the semiclassical expansion, the powers of @ in the
bare vertex functions can be compensated by the divergences in the loop
diagrams. For example, consider the effect of the term — > Auga?yS
on the four-point vertex at one-loop order as given by the diagram in
figure 3.19. The bare vertex function in momentum space is —6! Auga®
and the contribution to I'4 is given by

16105 /W/a 'l ! L6!\gusC
= Uad = — 50! U,
070 —nfa (2m) MG+ a2 (2 —2cosaly,) 27060

(3.174)
in the limit @ — 0 (the constant Cy was defined in (3.67)).

By looking at more examples one may convince oneself that the higher-
order bare vertex functions just lead to new expressions for the vertex
functions in terms of the coefficients in the action, which have, however,
the same momentum dependence as before. All lattice artifacts end up
in constants like Cy, and in the relation between Ag and m% to A\g and
m3, such that the renormalized vertex functions, once expressed in terms
of the renormalized coupling Ag and renormalized mass parameter mg,
are universal, order by order in perturbation theory.

There is one aspect worth mentioning: the effect of the lattice symme-
tries. Consider the two-point vertex function in one-loop order, which has
the form I'(2)(p) = a~2f(ap,amg) on dimensional grounds. For a — 0
this takes the form a=%(ra?m3 + 7,,a*p,p,) + logarithms. We have
seen in section 3.4 how the logarithms emerge from the integration over
the loop variable near the origin in momentum space where the lattice
expressions take their classical continuum form: the terms containing
logarithms are covariant under continuous rotations. What about the
polynomial 7,,p,p,? Its coefficient 7, depends on lattice details, the
loop integrations over the cosines near the edge of the Brillouin zone
in momentum space. Here the lattice symmetries come to help. The
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polynomial has to be invariant under the cubic rotations
RO 2, — 2y, g — —Tp, Tpgpo — Ty (3.175)
and axis reversals
Iz, — —x,, 2usp — T, (3.176)

There is only one such polynomial: p? = p? + --- + p3. So the lat-
tice symmetries and dimensional effects are important in order to get
covariant renormalized vertex functions. Dimensional analysis showed
that the above polynomial is at most of second order and even in
pp — —pu because of axis-reversal symmetry. Note that there is more
than one fourth-order polynomial 7., PxpAPup, that is invariant under
the lattice symmetries. Such polynomials go together with dimensional
couplings, such as cutoff effects oc a?. The polynomials are called contact
terms, because they correspond in position space to Dirac delta functions
and derivatives thereof.

If we destroy the space—-time symmetry of the lattice, e.g. by having
different couplings in the space and time directions, then we may have
to tune the couplings in the action to regain covariance in the scaling
region.

3.12 Triviality and the Standard Model

Arguments that scalar field models are trivial in the sense that they be-
come non-interacting when the regularization is removed were first given
by Wilson, using his formulation of the renormalization group [29, 30].
The arguments imply that triviality should hold within a universality
class of bare actions, e.g. next-to-nearest-neighbor couplings, . ... In the
previous sections we reviewed some calculations and numerical simula-
tions leading to accurate determination of the renormalized coupling in
the O(4) model in the broken phase. The O(4) model may be identified
with the scalar Higgs sector of the Standard Model, and we shall now
review the implications and applications of triviality.

First we review how the O(4) model is embedded in the Standard
Model. The action for the Higgs field is given by

Sp= / 42 (D) Do + m2oto + (el 0)?,  (3.177)

1
D, = (@L — igliBu — iggWZL“?) ®, (3.178)



3.12 Triviality and the Standard Model 75
where 75, are the Pauli matrices, ¢ = (pu,pq)T is the complex Higgs
doublet and B,,, and W[f are the U(1) x SU(2) electroweak gauge fields.
Setting the gauge couplings to zero, the action becomes equivalent to

the O(4) model,
Slg=0 = —/d“x 040 + mieT o + Aol 9)?] (3.179)

/d4$[23u<p P +7°s0 P+ (% )%,

1 2 -1 1 0 - 3
= —= + i), = — —1p°). 3.180

The Higgs field enters also in Yukawa couplings with the fermions. In
terms of a matrix field ¢ defined by

_ Vg Pu
¢ = ﬁ(_@z (pd) (3.181)

=" tiphn, =pV, VeSU(2), p>0, (3.182)

the Yukawa couplings to the quarks can be expressed as
Sy = [ e ey (Pacuy + P!y (3.183)

Here P, r = (1 F5)/2 are the projectors on the left- and right-handed
fermion fields and the summation is over the QCD colors ¢ and gener-
ations g. The Yukawa couplings y are diagonal in SU(2) doublet space,
Y = Yu(1+73)/24+ya(1 —73)/2. The Yukawa couplings to the leptons are
similar (in the massless neutrino limit the right-handed neutrino fields
decouple).

If we insert the vacuum expectation value of the scalar field

_ 170
o= \/§<1}> (3.184)
6 =vll, (3.185)

in the action, we find the masses of the vector bosons W and Z and
the photon A, from the terms quadratic in the gauge fields, and the
masses of the fermions from the Yukawa couplings. Choosing renormal-
ization conditions such that the ‘tree-graph’ relations remain valid after
renormalization, we have

m%/[/ = %QSR U12?{7 mzz = i(Q%R Jrg%R)U%{a ma =0, (3.186)

mp=YrfUR, M = 2R VR, (3.187)
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where f denotes the fermion. From experiment we know
vr = 246 GeV, g¢gigr = 0.34, gor = 0.64. (3.188)

The electroweak gauge couplings are effectively quite small (recall the
typical factors of g?/m2 that occur in perturbative expansions). The
Yukawa couplings are generally much smaller, as follows from (3.187)
and the fact that the fermion masses are generally small (< 5 GeV)
on the electroweak scale. Even the much heavier top quark, which has
a mass of about 175 GeV has a Yukawa coupling y; ~ 0.71, which is
not very large either. The (running) QCD gauge coupling of the strong
interactions is also relatively small on the electroweak scale of 100 GeV:
gsr ~ 1.2.

To discuss the implications of triviality of the O(4) model, let us
assume for the moment that all the gauge and Yukawa couplings can
be treated as perturbations on scales vg or higher. Furthermore, assume
that the Higgs mass is non-zero (we shall comment on these assump-
tions below). It then follows from the triviality of the O(4) model that
the Standard Model itself must be ‘trivial’. Because a non-zero Higgs
mass implies Ag # 0, the triviality leads to the conclusion that the
regularization cannot be removed completely. Consequently the model
must lose its validity on the regularization scale. New physical input is
required on this momentum or equivalent distance scale.

It would obviously be very interesting if we could predict at which scale
new physics has to come into play. To some extent this can be done as
follows. If the Higgs mass is not too large such that Ag = m% /2vg is in
the perturbative domain, we can use eq. (3.140) to calculate the cutoff
A = 7/a in the lattice regularization,

A = muC(BiAr)™/ % exp(1/B1Ar)[1 + O(Ar)), (3.189)

where C' = w/C1(Xo). The constant C; is minimal, hence A maximal,
for infinite bare coupling Ag. We shall assume this in the following, with
C'(00) = 6.4 (the value obtained by Liischer and Weisz). As an example,
my = 100 GeV gives A\g = 0.083 and A = 7x 1036 GeV. This value for A
is far beyond the Planck mass O(10'Y) GeV for which gravity cannot be
neglected. Certainly new physics comes into play at the Planck scale, so
effectively the regulator scale for myg = 100 GeV may be considered to
be irrelevantly high. On the other hand, when my increases, A decreases.
When Ar becomes too large eq. (3.189) can no longer be trusted, but
we still have non-perturbative results for Ag and the corresponding
A/my anyhow. For example, for myg = 615 GeV (mu/vr = 2.5) figure
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3.17 shows that 1/amyg =~ 3; hence A ~ 3mmy = 5800 GeV, for
the standard action. For the Symanzik-improved action this would be
A ~ 8300 GeV.

So we can compute a cutoff scale A from knowledge of the Higgs
mass, but this A is clearly regularization dependent (the dependence
of C' in (3.189) on )\ also indicates a regularization dependence, cf. ¢
in eq. (3.146)). For values of my deep in the scaling regime A is very
sensitive to changes in my, but at the edge of the scaling region, e.g. for
A/my =~ 6, this dependence is greatly reduced.

This supports the idea of establishing an upper bound on the Higgs
mass: given a criterion for allowed scaling violations, there is an upper
bound on my [31]. For example, requiring A/my > 27 (amy < 3), we
get an upper bound on my from results like figure 3.17. This should
then be maximized over all possible regularizations. Figure 3.17 shows
that the standard and Symanzik-improved actions give the bounds
my/vr S 2.7 and 3, respectively. A way to search through regularization
space systematically has been advocated especially by Neuberger [32]. To
order 1/A? all possible regularizations (including ones formulated in the
continuum) can be represented by a three-parameter action on the Fy
lattice, which has more rotational symmetry than does the hypercubic
lattice. It is believed that the results of this program will not lead to
drastic changes in the above result myg/vg < 3.

The Pauli—Villars regularization in the continuum appears to give
much larger A’s than the lattice [33]. The problem with relating various
regularization schemes lies in the fact that it is not immediately clear
what the physical implications of a requirement like A /my > 27 are. One
may correlate A to regularization artifacts (mimicking ‘new physics’) in
physical quantities, such as the scattering amplitude for the Goldstone
bosons. Requiring, in a given regularization, that such an amplitude
differs by less than 5%, say, from the value obtained in renormalized
perturbation theory, would determine A and the corresponding upper
bound on my in that regularization. The significance of such criteria is
unclear, however.

At this point it is useful to recall one example in which nature (QCD)
introduces ‘new physics’. The O(4) model may also be interpreted as
giving an effective description of the three pions, which are Goldstone
bosons with masses around 140 MeV due to explicit symmetry break-
ing. The expectation value vy is equal to the pion decay constant,
vr = fr = 93 MeV. The analog of the Higgs particle is the very
broad o resonance around 900 MeV. The low-energy pion physics is
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approximately described by the O(4) model. However, since m,, /vg ~ 10
is far above the upper bounds found above, the cutoff needed in this
application of the O(4) model is very low, probably even below m,, and
the model is not expected to describe physics at the o scale. Indeed,
there is ‘new physics’ in the form of the well-known p resonance with a
mass of 770 MeV and width of about 150 MeV.

Let us now discuss the assumptions of neglecting the effect of the gauge
and Yukawa couplings. The gauge couplings g» 3 are asymptotically free
and their effective size is even smaller on the scale of the cutoff. So it
seems reasonable that their inclusion will not cause large deviations from
the above results. The U(1) coupling g; is not asymptotically free and
its effective strength grows with the momentum scale. However, its size
on the Planck scale is still small. If we accept not putting the cutoff
beyond the Planck scale anyway, then also the gauge coupling g; may
be expected to have little influence. The same can be said about the
Yukawa couplings, which are also not asymptotically free (possibly with
the exception of the top-quark coupling).

These expectations have been studied in some detail. An important
result based on O(4) Ward identities is that relations like m%, = g3v3 /4
are still valid to first order in g3 on treating the Higgs self-coupling
non-perturbatively [31, 34]. This may be seen as justifying a definition
of the gr such that (3.186) is exact.

Of course, it is desirable to verify the above expectations non-pertur-
batively. A lattice formulation of the Standard Model is difficult because
of problems with fermions on a lattice (cf. section 8.4). However, lattice
formulations of gauge-Higgs systems and to a certain extent Yukawa
models are possible and have been much studied over the years. The
lattice formulation of gauge-Higgs systems has interesting aspects having
to do with the gauge-invariant formulation of the Higgs phenomenon,
presentation and discussion of which here would lead too far [35].

It turns out that the Yukawa couplings are also ‘trivial’ and that the
maximum renormalized coupling is also relatively weak, see for example
[36]. Numerical simulations have set upper bounds on the masses of
possible hitherto undiscovered generations of heavy fermions (including
heavy neutrinos), as well as the influence of such generations on the
Higgs-mass bound.

Finally, the assumption made above, namely that my # 0, is justified
by theoretical arguments for a lower bound on my, which are based
on the effect that the fermions and gauge bosons induce on the Higgs
self-couplings (for reviews, see [37, 38]).
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3.13 Problems

Siz-point vertex

Determine the Feynman diagrams for the six-point vertex func-
tion in the ¢?* theory in the one-loop approximation. For one
of these diagrams, write down the corresponding mathematical
expression in lattice units (a = 1) and in physical units (a # 1).
Show that it converges in the limit ¢ — 0, to the expression one
would write down directly in the continuum.

Renormalized coupling for mass zero

In the massless O(n) model A is ill defined. In this case A(y) is
still a good renormalized coupling. Give the renormalized four-
point vertex function I'R ., (p1---ps) in terms of A().

Critical kK and mq at weak coupling

What are the critical values of the bare mass m3. (in lattice units)
and the hopping parameter k. to first order in Ay in the weak-
coupling expansion?

Minimal subtraction

To obtain renormalized vertex functions in the weak-coupling ex-
pansion, wavefunction, mass, and coupling-constant renormaliza-
tions are needed. Here we concentrate on the latter. We substitute
the bare A\ for a series in terms of a renormalized A\ (not to be
confused with the A in the lattice parameterization (3.15)),

)\0 = AZ/\(Aa In GM),

Zx(AInap) =1+ Z Z Zp A" (In ap)*
n=1k=0

= ZZk(A)(lnau)k. (3.190)

Terms vanishing as a — 0 have been neglected, order by order
in perturbation theory. From the point of view of obtaining finite
renormalized vertex functions we can be quite liberal and allow
any choice of the coefficients Z,; leading to a series in A for
physical quantities for which the a dependence cancels out.

The renormalized A depends on a physical scale p but not on
a, it is a ‘running coupling’, whereas \q is supposed to depend on
a but not on p. Introducing a reference mass p1, we write

Ao(t) = A(8)Za(A(s),s —t), t=—In(ap1), s=1In(u/p1).
(3.191)
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From 0 = d\¢/ds we find

0 0
<6S +ﬂa)\) )\Z,\(/\,S—t) ZO, (3192)
where
o\
B=> (3.193)

Using the above expansion for Zy in terms of powers (Inau)* =
(t — s)*, show that

(k+1)zk(A)+5a%(Azk(A)):o, k=0,1,2,..., (3.194)

and hence that the 8 function is given by

Z1(N)

N = = zan)on

(3.195)

In a minimal subtraction scheme one does not ‘subtract’ more
than is necessary to cancel out the In(au)’s, and one chooses
Zy(A) = 1. Notice that there is a whole class of minimal subtrac-
tion schemes: we may replace In(ap) by In(ap) + ¢, with ¢ some
numerical constant, since such a c is equivalent to a redefinition
of p. It follows that the beta function in a minimal subtraction
scheme can be read off from the coeflicients of the terms involving
only a single power of lnapu:

BA) = —Z1(N). (3.196)

Show that in minimal subtraction the beta function £y(Ag) for
Ao is identical to B(Ag).

Assuming that the beta function is given, solve eq. (3.192) with
the boundary condition Zy(X,0) = Zp(\) = 1.
Mass for small k
The hopping result (3.128) shows that the mass parameter mg
is infinite for k = 0. For small x we see from (3.122) that
Guy x (2gK)F=v = exp(—myy|z — y|), where L, is the mini-
mal number of steps between x and y. We can identify a mass
May = —In(2gK) (Lzy/|z —yl). For small k, compare my,, for z,y
along a lattice direction and along a lattice diagonal with the
results of problem (i) in chapter 2. Compare also with equations
(2.117), (2.120) and (2.122), for the case that x and y are along
a timelike direction in the lattice.
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(vi) An example of a divergent expansion
Instructive examples of convergent and divergent expansions, in
k and A, are given by

2(k,\) = /oo dp exp(—kg?* — \gp?) (3.197)

ATV T(k/2+ 1/4)

2 k!
k=0

(—rA™Y2)F(3.198)

1/22 2]”1/2 (=A"2)E, (3.199)

Verify.

(vil) A dimension-siz four-point vertex
Show that the dimension-six term — Y a?X9z0,¢20,¢2 in the
general action (3.173) corresponds to the vertex function

C(p1 - pa) = —8a°Aoz(—i)* K;(p1 + p2) Ky (s + pa)
+ two permutations, (3.200)
1.
K,(p) = g(e“‘p“ —1). (3.201)

In the classical continuum limit this vertex vanishes but in
one-loop order it contributes to the two-point function I'(p) (cf.
figure 3.5). Show that this contribution is given by

+4Xoz[2a72 4+ p*(Co — §) + O(a?)], (3.202)
where Cy is given in (3.67) and we used (2r)~* [ cl‘lll2/l2 $

independent of = 1,..., 4.

(viii) Langevin equation and FokkerfPlanck Hamiltonian
Consider a probability distribution P(¢) for the field ¢,. One
Langevin time step changes ¢ into ¢’ according to

95(¢)

el
This corresponds to P(¢) — P’(¢). The new P’(¢) may be
determined as follows. Let O(¢) be an arbitrary observable, with
average value [ D¢ P(¢)O(¢). After a Langevin time step the
new average value is [ D¢ P(¢)(O(¢'(¢)))y, where (---), denotes
the average over the Gaussian random numbers 7,.. By definition
this new average value is equal to | D¢ P'(¢)O(9), i.e.

/D¢ P'(¢ /D¢>P &' (6)))n. (3.204)

¢ = o + V2050, +0

(3.203)
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By expansion in v/9, show that

920
(O(¢")n = O(¢ +5Z{ 56 a¢¢) 5 é?] +0(5%),
(3.205)
and consequently that
P’ o oS
=2, {8% 8%] P (3.206)
= —HFp P. (3.207)

The partial differential operator in ¢-space, Hgp, is called the
Fokker—Planck Hamiltonian. Using

0 /2 s/2 0 1 908
= — 3.208
0.~ \og. T20s, ) P
show that P defined by P = ¢5/2P satisfies
P —P .
=_-HP+ 0(6), (3.209)

0

B Z 108 9 109§
3(/51 20¢,) \0ds 2 0¢;)
Show that H is a Hermitian positive semidefinite operator, which
has one eigenvalue equal to zero with eigenvector exp(S/2). Give
arguments showing that, as 6 — 0 and the number n of iterations

goes to infinity, with ¢ = nd — oo, P will tend to the desired
distribution exp S.
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Gauge field on the lattice

Gauge invariance is formulated in position space (as opposed to momen-
tum space), which makes the lattice very well suited as a regulator for
gauge theories. In this chapter we shall first review the classical QED and
QCD actions, then put these theories on the lattice and define gauge-
invariant path integrals. Subsequently a natural quantum-mechanical
Hilbert-space interpretation will be given. Gauge-invariant couplings to
external sources will be shown to correspond to Wilson loops.

4.1 QED action
The QED action for electrons is given by

S = /dm L(x), (4.1)

L(z) = =1 Fu (@) F" (@) = P(2)7y" [0 + iedu ()] (@) — mip(z)v(z),
(4.2)
where 1 is the electron field, A, the photon field and

Fu(x) = 9, A, (2) — 0,4, (x) (4.3)

is the electromagnetic field-strength tensor. The v* are Dirac matrices
(cf. appendix D) acting on the ’s, e is the elementary charge (e > 0)
and m is the electron mass. It can be useful to absorb the coupling
constant e in the vector potential:

Ay — —A,. (4.4)

€
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Then L takes the form

1 _ . _
‘C = _@Fp,VFHV - ¢7“(5u - ZqAH)¢ - mz/np, (45)
g = —1, for the electron, (4.6)

in which the function of e as a coupling constant (characterizing the
strength of the interaction) is separated from the charge ¢, which char-
acterizes the behavior under gauge transformations.

The action is invariant under gauge transformations,

V(@) = e Pp(x), P (x) = e PP(), (4.7)
Al (x) = Au(x) + Ow(x), (4.8)
S, v, A) = S, ¢, A), (4.9)

where w(x) is real. The phase factors
Q(z) = @ (4.10)

form a group, for each x: the gauge group U(1). We may rewrite (4.7)
and (4.8) entirely in terms of {(z),

P (@) = Ua)(z), ¥ (2) = P(2)Q" (2)", (4.11)

AL(x) = A, (z) +iQ(x)0, 0" (x). (4.12)
The covariant derivative
D,=0,—-1iA.q (4.13)

has the property that D,y (z) transforms just like ¢ (z) under gauge
transformations:

Dy (z) = [0, — igAy(2)]¢' (z) = Q)" Dpip(x), (4.14)

such that Yy* Db = %/;I’Y”D;ﬂ//-

Above we have interpreted the gauge transformations as belonging to
the group U(1). We may also interpret (4.10) as a unitary representation
of the group (under addition) of real numbers, R:

w(x) — @@ y(z) e R. (4.15)
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Another unitary representation of R could be
w — et (4.16)
where T is a real number. For the group U(1), however, the mapping
Q=e“ - D(Q) =T (4.17)

is a representation only if T is an integer. If T is not an integer, D(Q2) =
QT is not single valued as a function of Q. Even if we restrict e.g. w €
iwT

[—7, 7] to make Q — e unique, the product rule would be violated

for some Q’s. (For example, for T = %, 219y = Q3 with w12 = 0.9,

w3 = 1.87 — 21 = —0.27 would result in 1T ¢iw2T = 097 £ giwsT —

g1 )
If the gauge group were necessarily U(1), charge would have to be
quantized. Suppose there are fields v, transforming with the represen-

tations T' = ¢, = integer:
Urn(z) = D"(2)¢pr(x), D"(z) = Qa)". (4.18)
Then we have to use a corresponding covariant derivative Dy,
=0y —igrAu(2), (4.19)

such that the action density

L= T 102 —Fy Y — Z er“Dfﬂﬂr - Z Myt (4.20)

T T
is U(1)-gauge invariant. It follows that the charges egq, are a multiple
of the fundamental unit e, which is called charge quantization. If the
gauge group were R, there would be no need for charge quantization. In
Grand Unified Theories the gauge group of electromagnetism is a U(1)
group which is embedded as a subgroup in the Grand Unified gauge
group. This could provide the explanation for the quantization of charge
observed in nature.

4.2 QCD action
The QCD action has the form

S=— / d4x(4£1]2Gﬁl,Gk“” + 9y Dyah + wmw). (4.21)
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The gauge group is SU(3), the group of unitary 3 x 3 matrices with
determinant equal to 1. An element of SU(3) can be written as

Q = exp(iwfty), (4.22)

where the t;, k =1,..., 8, are a complete set of Hermitian traceless 3 x
3 matrices. Then Q! = QF and

Trip, =0=detQ =exp(TrinQ) = 1. (4.23)

The t; are the generators of the group in the defining representation.
A standard choice for these matrices is patterned after the SU(2) spin
matrices %ak in terms of the Pauli matrices

0 1 0 —1 10
0‘1—(1 0), 0'2—(2, 0), 0’3—(0 _1>, (424)

namely,
te = 2k, (4.25)
with
ok 0 1 1 00
A = 0], k=123 Xs=—|0 1 0 ,
0 00 V3 0 0 -2
0 0 1 0 0 —
Ay = 0 0, X=10 0 0 |,
1 00 0 0
0 0 0 0 0 O
=0 0 1], =0 0 —¢ (4.26)
0 1 0 0

These A\’s are the well-known Gell-Mann matrices. They have the prop-
erties

Tr (tit)) = 56k, (4.27)

[ths ti] = i frimtm, (4.28)

where the fii, are the real structure constants of SU(3), totally anti-
symmetric in k,7 and m (cf. appendix A.1).
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The quark fields ¢ and v are in the defining representation of SU(3).
They carry three discrete indices,

a=1,...,4, Dirac index;
Yl g =1,2,3  (or red, white, blue), color index; (4.29)
f=1,...,nt (oru,d, s, c b t), favor index.

The gauge transformations and the covariant derivative D, act on a, the
Dirac gamma matrices act on o and the diagonal mass matrix m acts

on f,

m = diag(my, mg, ms, . . .). (4.30)

We shall now explain the covariant derivative D, and the gauge-field
term G*"G,,. It is instructive to assume for the moment that the 1
fields transform under some arbitrary unitary irreducible representation
of the color group SU(3), not necessarily the defining representation.
For notational convenience we shall still denote the matrices by ; they
can be written as

Q = erlk, (4.31)
with T} the generators in the chosen representation, which satisfy

Tk, T1]) = @ frimTom, (4.32)

Tr (TxT1) = p - (4.33)

For the defining representation p = %, for the adjoint representation
p = 3 (an expression for p is given in (A.47) in appendix A.2).

We assume that D, has a form similar to (4.13). However, here it is
a matrix,

D,uab = 5ab6# — Z‘GH(IL‘)Qb, or D# = aﬂ — iG#. (434)

The matrix gauge field G, () should transform such that, under the
gauge transformation

V() = Qa)p(x), ¥ (z) =) (), (4.35)
D3 transforms just like v,
D3 () = Q(x)Dyip(x) = Q(2) D, [QF (2)¢ (2)]. (4.36)

Treating 0, as an operator gives the requirement

D, =QD, O, (4.37)
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or more explicitly

0 —iG), = Q(9, — iG,)Q
= Q9,0 + 9, — QGO (4.38)

It follows that G, has to transform as
G, = QGO +i00,07. (4.39)

Note that this reduces to (4.12) for an Abelian group.

What is the general form of G, (z)? How to parameterize this matrix
field? Suppose G, = 0. Then G/u = iQ@uQT, so the parameterization
of G, must at least incorporate the general form of iQ@MQT. We shall
now show that the latter can be written as a linear superposition of the
generators 1,,. We write

: 0
00,01 =iQ Wmaﬂwk = Sr0,w", (4.40)
where
) o
Sk(w) = iQ(w) WQT(M). (4.41)

Let w + € be a small deviation of w and consider

Q) (w +¢) = Qw) |Qf (w) + * %QT(L«)) +0(£?)

=1—ie"S(w) + O(e?). (4.42)
The left-hand side of this equation is only a small deviation of the unit

matrix, so it is possible to write it as 1 — i@y, (w, €)1y, where ¢, is of
order €, 50 Qm(w, &) = Spm(w)e”. Hence, Sy, (w) can be written as

Sk(w) = Skm (W) T (4.43)

It will be shown in appendix A.2 (eq. (A.43)) that the coefficients Sk, (w)
are independent of the representation chosen for Q. It follows from (4.41)
and (4.43) that the Ansatz

Gu(z) = G} (z)Tn (4.44)

incorporates the general form of iQ@HQT. Furthermore, since the gener-
ators T, transform under the adjoint representation of the group (cf.
appendix A.2)

1,0 = R T, (4.45)
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the form (4.44) is preserved under the gauge transformation (4.39):
QG T Q" + Q0,01 = (G R, + Skn0,w®) T,

Gl = RynGT + Spndyuw”, (4.46)
where we used R~ = RY. The Rpm, Snm and w* are real, so we may
take (4.44) as the parameterization of G, (z) with real fields G}}'(z).
Note that the transformation law for G} (z) depends only on the group
(its adjoint representation), not on the particular representation chosen
for €.

The gauge-field G, transforms inhomogeneously under the gauge

group. The field tensor G, is constructed out of G, such that it
transforms homogeneously,

G, = 0G0 (4.47)
Analogously to the electrodynamic case (4.3), G, can be written as
G. =D,G, - D,G, =0,G, —0,G, —i[G,,G,]. (4.48)
Using operator notation, this can also be written as
Gy = [Dys D). (4.49)
Indeed, using (4.37) we have

[D!,,D,] =D, D), — (u < v) =QD,D,Q" — (n < v) =Q[D,, D],
(4.50)
which verifies the transformation rule (4.47). The matrix field G, (x)
can be written in terms of G}'(x), using (4.44) and (4.32):

Guv = G}, T, (4.51)

According to (4.45) and (4.47), G%, transforms in the adjoint represen-

tation of the group. The combination
v 1 174
GE,GF = ;Tr(GWG“ ) (4.53)

is gauge invariant (p has been defined in (4.33)). Notice that the right-
hand side does not depend on the representation chosen for €.
The action (4.21) can now be written in more detail,

1 - , . _
S =— / dz [WG’;VG’W” + Py (O — iTm G ) O + hmap| . (4.54)
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Since waGk’“’ contains terms of higher order than quadratic in G},
the non-Abelian gauge field is self-coupled. The coupling to the v field
is completely determined by the generators T),, i.e. by the representation
Q under which the v’s transform. For the quark fields, 2 is the defining
representation T,, — t.,.

4.3 Lattice gauge field

We shall mimic the steps leading to the QCD action (4.54) with lattice
derivatives,! except for choosing to work in Euclidean space-time. The
QCD action has a straightforward generalization to SU(n) gauge groups
with n # 3. We shall assume the gauge group G = U(1) or SU(n). The
case of the non-compact group G = R will be discussed later.

Let the fermion field 1, be associated with the sites x, = m,a of the
lattice, analogously to the scalar field. Under local gauge transformations
it transforms as

P = Qpihy, (4.55)

where as before {2, is an irreducible representation of the gauge group
G. Since the lattice derivative

8u¢x = (wx-‘raﬂ — ) /a (4.56)

contains v both at x and at = + afi, we try a covariant derivative of the
form

1 -
D;ﬂﬁx = E(¢x+a;2 - 7%) - i(0;4x¢x + Cux¢z+a/l)- (457)

Here C,; and C’lw are supposed to compensate for the lack of gauge
covariance of the lattice derivative, analogously to the matrix gauge
potential G, (x). The covariant derivative has to satisfy

D/, = 2, Dy, (4.58)
or
]_ ' Y ’
g(¢x+aﬂ - 1/}1/8) - Z(Cuxw;c + C,uxwx-‘raﬂ)
1 o~
= Qac L(%A—aﬂ - %) - Z(Cuw¢w + C;mww-&-aﬂ) (4'59)

1 -
— Qz |:a(Ql+aﬂz/}:;:+aﬂ - Q;r:wé:o - ’L(CM:EQ:TU’(/J; + CM$QL+aﬂ¢L/E+aﬂ) .
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Comparing coefficients of ¢;, and ¢, gives

Clw = 0 Cu, (4.60)
C = C#?L’Qr+au (Q Q:c—&-ap ) (461)
=Q,C 0.+ szausz;. (4.62)

It is consistent to set

Chz = 0. (4.63)
For C,,; we then find the transformation rule (4.62), which resembles the
transformation behavior of the continuum gauge potentials quite closely.
By analogy with the continuum theory we try for the field strength the
form

O,uvr = D[LCI/I - Duc,uz

1 .
= g(cu,w-l-aﬂ - Cz/z) - ’LCMwCV,a:—i-aﬂ — (M — V). (464)
We find that C},, indeed transforms homogeneously,

C e = 2 Cln

Nz

stafitan) (4.65)

and consequently Tr (C’WLC’WI) is gauge invariant ((4.62) implies that
Clve cannot be Hermitian in general).

The question is now that of how to parameterize the matrix C,, in a
way consistent with the transformation rule (4.62). This can be answered
by looking at the case C,,; = 0, as in the continuum in the previous

section. Then
Cly = Q10,0 = (Q O - 1), (4.66)

which suggests that we write
;
Cua = g(U;m - 1), (4.67)
where U,, is a unitary matrix of the same form as €, i.e. it is a
group element in the same representation of the gauge group G. This
parameterization of C,, is indeed consistent with the transformation
rule (4.62), since it gives

Uy = QU9 (4.68)

z+aft’

To connect with the gauge potentials Gﬁ(a:) in the continuum we write

Ua = € %%0e . Gy = G Ty, (4.69)
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and identify
k _ Ak
G, = G(2). (4.70)

More precisely, let G’;(:v) be smooth gauge potentials in the continuum
which we evaluate at the lattice points «,, = m,a. Then aG,(z) — 0 as
a — 0, and by construction

CHI — Gu(;p)7 C,uuz — Guy(m), (4.71)

where G, (2) is the continuum form (4.48).
A possible lattice-regulated gauge-theory action is now given by

S=- Z |:;("/}1'VMDM1/J:E - &Z’Y/JDL;EQ/JCE) + djzmw‘r

T

_|_

27 T CuonClun)| (472)
with p the representation-dependent constant defined in (4.33). Evi-
dently, upon inserting ¢, = ¢(x), 1, = ¢(x) and G§, = GF(z) with
smooth functions 1 (x), ¥(x) and G (x), this action reduces to the
continuum form (4.54) in the limit @ — 0. The action (4.72) is not yet
satisfactory in its fermion part: it describes too many fermions in the
scaling region — this is the notorious phenomenon of ‘fermion doubling’.
We shall come back to this in a later chapter.

The transformation property (4.68) can be written in a more sugges-

tive form by using the notation

Uw,x+aﬂ = qua Uw-l—aﬂ,;v = Ujmv (473)
because then

UL, =%Us Q) y=a+aj. (4.74)

This notation suggests that it is natural to think of U, ;4. as belonging
to the link (x, x4+ afi) of the lattice, rather than having four Uy, ..., U,
belonging to the site x, as illustrated in figure 4.1.

In fact, there is a better way of associating U, , with the continuum
gauge field G, (z): by identifying U, , with the parallel transporter from
y to z along the link (z,y). The parallel transporter U(Cy,) along a
path Cy, from y to z is defined by the path-ordered product (in the
continuum)

U(Cyy) = Pexp , (4.75)

—1 / dz, Gu(2)
Cay
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—<— —
x x+0 x+U x

Fig. 4.1. Tllustration of Uy, and U}l,.

where P denotes the path ordering. The path-ordered product can
be defined by dividing the path into N segments (zn,z, + dzp), n =
0,...,N — 1, and taking the ordered product,

ZN—

Zn+41
-+ exp [—z/ dz, Gu(z)]
-+ exp [—z/ dz, Gu(z)]
y

= lim [1 — ’L'dZQM GM(Z())] s '[1 — l'dZN,1M GM(ZNfl)}. (476)

N—o0

U(Cyy) = 1\}5%0 exp l—z/ dz, G,(z)

Under a gauge transformation G, (z) = Q(2)G,(2)Q1 (2) +(2)i0,Q1(z)

we have

L —id2,,G,(20) = Q(20)[QF(20) — i A2y Gu(20) 2 (20)
+ dzny, 0,91 (2,)] (4.77)
= Q)1 — oy G} (2ns) + O(d2),

such that all the Q’s cancel out in U(Cy,) except at the end points,
U'(Cay) = Q($>U(ny)QT(y> (4.78)

Hence, U(Cy,) parallel transports vectors under the gauge group at y
to vectors at = along the path C,,. It is known that this way of associ-
ating Uy, with the continuum gauge field via U(Cyy) leads to smaller
discretization errors in the action than does use of (4.69) and (4.70). For
our lattice theory, however, the basic variables are the Uz zyap = Uz,
one for each link (z,z + afi).

Expressing everything in terms of U, 5445 simplifies things and makes
the transformation properties more transparent:

1

D;wa = g(Uz,m—Q—aﬂwx—Q—aﬂ - wm)a (479)
1

C/u/a: - ?(Ua:,z+a/lUw+aﬂ,a:+aﬂ+af/ - Uw,w+aﬁUw+af/,x+aﬂ+aﬁ)7
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X+V  x+Q+V

X X+
(a) (b) (c)

Fig. 4.2. Illustration of the terms in the action Tr Us (2), YuUpeturan (b)
and wz+aﬂUlz¢w (C)

1
Tt (CpaCly) = — Tr (2 = U — UlL),

pre al nza
U[LV:E == UJ/L_% = Um,r+a/lUr+a/2,m+aﬁ+aﬁU:E+aﬁ+aﬁ,x+aDUr+aﬁ,x-

We see in (4.79) how the covariant derivative involves parallel transport.
The action can be written as

1
S__ZWTF(]-_UNDI)

Ty

1 - _
- Z %(wm'}’uUuzZ/}eraﬂ - wm+aﬂ7uU:Emwz)v (480)
Tp

which is illustrated in figure 4.2. The arrows representing U,, and
UJ, are chosen such that they flow from ¢ to ¢, which conforms to
a convention for the Feynman rules in the weak-coupling expansion.

We continue with the theory without fermions. The elementary square
of a hypercubic lattice is called a plaquette. It may be denoted by p
(p = (x, p,v; u < v) and the product of the U’s around p is denoted by
Up. The gauge-field part of the action can then be written as

SU) = % ZRe Tr U, + constant, (4.81)
gr=;

in lattice units (¢ = 1). This action depends on the representation of the
gauge group chosen for the U’s, which in our derivation was dictated by
the representation carried by ¢ and 1. This is in contrast to the classical
action which is independent of the group representation, as we saw in

the previous section (below (4.46)).
To make the representation dependence explicit, we will from now

on assume U to be in the defining representation of the gauge group.
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Supposing that (4.81) refers to representation D" (U), we replace p — p,
and Tr U, — x,(Up), with x, the character (trace) in the representation
r. A more general lattice action may involve a sum over representations
r?

o Re XT(U;D)
S(U) = Xp: Z b= (4.82)
x.(U) = Te [D"(U))], (4.83)

which reduces to the classical gauge-field action in the classical contin-
uum limit, with

1 Brpr
e > o de=x(1), (4.84)

where d,. is the dimension of representation r. For example, in an action
containing both the fundamental irrep f and the adjoint irrep a of the
gauge group SU(n), we have dy = n, pr = 1/2, p, =n, dy =n? —1 (cf.
appendices A.1 and A.2), and

1/g* = Bs/2n + Ban/(n® —1). (4.85)

The simplest lattice formulation of QCD has a plaquette action with only
the fundamental representation. It is usually called the Wilson action
[39].

4.4 Gauge-invariant lattice path integral

We continue with a pure gauge theory (i.e. containing only gauge fields).
The dynamical variables Uy, are in the fundamental representation of
the gauge group G and the system is described by the gauge-invariant
action S(U). If the gauge group is compact we can define a lattice path
integral by

Z = /DUexp[S(U)], DU =[] dU,.. (4.86)

Ty
Here dU for a given link is a volume element in group space. For a
compact group the total volume of group space is finite and therefore Z
is well defined for a finite lattice. We want Z to be gauge invariant, so
we want the integration measure DU to satisfy

DU =DU®, U =Q,U,. Q! (4.87)

ztaf’
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On a given link with link variable U, gauge transformations U’ = QU Q;
are combinations of left and right translations in group space:

U =QU, left, (4.88)
U'=UQ, right. (4.89)

A measure that is invariant under such translations in group space is
well known: the Hurewicz or Haar measure. It can be written in a form
familiar from general relativity,

dU = vy/det g [ ] do*, (4.90)
k

where the o are coordinates on group space, U = U(a), and gy is a
metric on this space, of the form
1 ou out 1
— _ ’I‘r — — |, = —. 4.91
9kl P ( Do 60/) p 2 ( )

The normalization constant v will be chosen such that

/ dU = 1. (4.92)

The metric (4.91) is covariant under coordinate transformations a* =

FEa),
8a/m aa/n

Ikl = Jmn"50k 5ol (4.93)

The Jacobian factors of coordinate transformations cancel out in (4.90),
such that dU’ = dU. Since left and right translations are special cases
of coordinate transformations, e.g. U = QfU’ corresponds to U(a) =
QU (), the measure is again invariant, dU’ = dU, or

d(QU) = d(UQ) = dU. (4.94)

The above may be illustrated by the exponential parameterization.
For the one-dimensional group U(1) we have

™ d
U = exp(ia), gm =1, /dU:/ 2—0‘ = 1. (4.95)
g 2m

For the (n? — 1)-dimensional group SU(n) we have
U= exp(iaktk), gkl = SkmSlm, (496)

where we used (4.41), (4.43) and OUT/0a* = —UT0U/0a* UT, which
follows from differentiating UU T =1. An explicit form for Sk, is given
in (A.43) in appendix A.2.
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This completes the definition of the partition function Z. We shall
introduce gauge-invariant observables later. One such object we know
already: the plaquette field TrUp,,,, or more simply TrU,. It is a
composite field in QCD, which will later be seen to describe ‘bound
states of glue’ — glueballs. Expectation values are defined as usual, for
example

(Tr U, TrU,) /DU exp[S(U)] Tr Uy, TrU,. (4.97)

We stress at this point that gauge fixing (which is familiar in the formal
continuum approach) is not necessary with the non-perturbative lattice
regulator, for a compact gauge group. The need for gauge fixing shows
up again when we attempt to make a weak-coupling expansion.

4.5 Compact and non-compact Abelian gauge theory

Let us write the formulas obtained so far more explicitly for U(1):

Upe = exp(—iad,s,), (4.98)
Upve = expl—ia(Auz + Avrtap — Apztar — Avz)] (4.99)
= exp(—ia® Fu.), (4.100)

Fovw =0 Am — Oy Ay, (4.101)
S = 17 a4 g; [2 — 2cos(a®Fuu.)], (4.102)

/DU = H/WC;&T) (4.103)

Gauge transformations 2 = exp(iw,) are linear for the gauge potentials,

U,=% Ulew+aw (4.104)
aAl, = aA,; + Werap — wWe, mod(27), (4.105)
except for the mod(27).
We used the fundamental representation in S. The more general form
(4.82) is a sum over irreps r = integer, with D"(U) = exp(—irad) =
X»(U), d = 1, and p, = r?, which takes the form of a Fourier series:

1
= 5 Z Z B, cos(ra*F,,,,) + constant, (4.106)

TpY T

—_

i Z Bor2. (4.107)

T=—00
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We could for example choose the (3, such that

1
492

Tpv

S = [F?2,, mod(27/a®)]. (4.108)

n%

The above is called the compact U(1) gauge theory. It is clear that
there is also a non-compact version of the Abelian gauge theory, with
gauge transformations w, € R acting on A, as in (4.105), but without
the mod(27), aAiw = aA,z + Watap — Wa, With Fj,4 as in (4.101), and
the simple action

S(A)=-—-—S"F2 . (4.109)

In this case the gauge-invariant measure is given by

/DA =11 /: d(ad,.). (4.110)

T

However, the path integral
Z = /DA exp[S(A4)] (4.111)

is ill defined because it is divergent. The reason is that [ DA con-
tains also an integration over all gauge transformations, which are
unrestrained by the gauge-invariant weight exp S(A). As a consequence
Z is proportional to the volume of the gauge group [ D). For the
non-compact group G = R this is [], ffooo dw, which is infinite. On the
other hand, this divergence formally cancels out in expectation values of
gauge-invariant observables and e.g. Monte Carlo computations based
on (4.111) still make sense.

To define (4.111) for the non-compact formulation, gauge fixing is
needed. A suitable partition function is now given by

Z:/DAexp

1
S(A) - prT: > (0L Au) |, (4.112)
T

where ), = —8; is the backward derivative, 0}, Az = (Apz —Apz—ap)/a
See problem 5(i) for more details.
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4.6 Hilbert space and transfer operator

We shall show here that the path integral

= /(H dUw) eSW) (4.113)

can be expressed as the trace of a positive Hermitian transfer operator
T in Hilbert space,

Z =TTV, (4.114)

where N is the number of time slices, thus providing the quantum-
mechanical interpretation.

This Hilbert space is set up in the coordinate representation. The
coordinates are U,,x, m = 1,2,3, corresponding to the spatial link
variables. A state i) has a wavefunction ¢(U) = (U|y) depending on
the U,x. The basis states |U) are eigenstates of operators (Umx)ab, where

a and b denote the matrix elements (a,b =1, ..., n for SU(n)):
(Umx)ab|U) = (Unmx)as|U).- (4.115)
In a parameterization U = U(a) with real parameters o one may

think of the usual coordinate representation for Hermitian operators &*:
@Fla) = oF|a), Ugp = U(@)ap, and |U) = |@). The Hermitian conjugate
matrix UT corresponds to the operator Uga = Uy, (&). We continue with
the notation |U) for the basis states. The basis is orthonormal and

complete
(U'uy = H5 ! U (4.116)
1/(1‘[ dUmx> U U], (4.117)

such that

(1 t2) / (H dUmx> P (U)ha(U). (4.118)

The delta function §(U’,U) corresponds to the measure dU such that
[ dU§(U,U’) = 1, which can of course be made explicit in a parameter-
ization U(«).
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After this specification of Hilbert space the trace in Z = Tr7V can
be written more explicitly as

where n indicates the U variables in time slice n. Notice that the timelike
link variables Uy, are not indicated explicitly in (4.119); these are
hidden in 7.

We now have to work the path integral (4.113) into the form (4.119).
It is useful for later to allow for different lattice spacings in time and
space, a; and a. Using a notation in which the z, are in lattice units

N-1

TN = H

n=0

, (4.119)

(i.e. x and x4 = n become integers), but keeping the a’s, the pure-
gauge part of the action (4.80), >_,,, Tr Unva/29°pa*, takes the form
atar Yy 20 2Re Tr Usjun /g%a; + 22,5 2Re Tr Uijxn/g%a®] (p = 1/2
in the fundamental representation), or

2 (a a
S = (ZReT‘rUm—l—;ZReTrUS) (4.120)
Ps

2
a
g t

where p, and p; are spacelike and timelike plaquettes, U,, = Ujjxn,
Up, = Usjxn. All the lattice-distance dependence is in the ratio a;/a.
This dependence is really a coupling-constant dependence, one coupling
g2a/a; for the timelike plaquettes and another g2a;/a for the spacelike
plaquettes. Inspection of (4.113) with action (4.120) shows that T' can
be identified in the form

~ 1 YN 1 2

T=e 29" Ty e 2V, (4.121)
o -2 ~
W= 7a pz ReTrU,_, (4.122)

with the operator TA}’{ given by the matrix elements

. 2
(U'T|U) = H /dU4x exp [g;;t Re Tt (UpxcUssen UL US|

(4.123)
The way the Uy enter in (4.123) can be viewed as a gauge transforma-
tion on Uj,x,

USt = QuUps (4.124)

x+m?

with Q, = le. Equivalently we can view this as a gauge transforma-
tion on U/, .. There is an integral over all such gauge transformations.
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We can write this in operator notation as follows. Define the gauge-
transformation operator D(2) by

DUy = [U™). (4.125)
Then
(UID@Q)[) = (U2p) = p(U?). (4.126)

This operator is a unitary representation of the gauge group of time-
independent gauge transformations in Hilbert space. Define furthermore

]50 by
_ / (H de> D). (4.127)

It follows that T}( can be written as

Th = T Py = PyTk, (4.128)
with Tk given by
(U'| T |U) = [ exp [ Re Tr (UpnxU'T, )} . (4.129)
X, m

The operator Py is the projector onto the gauge-invariant subspace of
Hilbert space. This follows from the fact that D(Q) is a representation
of the gauge group,

D(9,)D(Q) = D(9Q), (4.130)
D()Py = / (H dQ ) 1) = / (H d(nlxﬂx)> D Q)

=P (4.131)

= PyD(), (4.132)

P2 =P, (4.133)

We used the invariance of the integration measure in group space and
the normalization [dQ, = 1. It follows that a state [¢)) of the form
1) = Pyl¢) is gauge invariant, D(Q)[¢) = |4). It also follows easily by
taking matrix elements that Py commutes with W.

We shall show in the next section that Tk is a positive operator. It
can therefore be written in the from

Ty = em K, (4.134)
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with K a Hermitian operator.
Summarizing, the path integral leads naturally to a quantum-mech-
anical Hilbert space and a transfer operator

N N . 1 - N

SN 1 1
T = Pye 2V gmuk gmgaW _ omgatW pma:iK o =50 W) (4.135)
which is positive and defines therefore a Hermitian Hamiltonian H ,

T =PBje vl — gl B (4.136)

We recognize a kinetic part (K) and potential part (W), analogously to
the example of the scalar field. The form (4.129) for the matrix elements
of T shows a plaquette in the temporal gauge Uy, = 1. The path integral
has automatically provided the supplementary condition that has to be
imposed in this ‘gauge’ physical states must be gauge invariant (i.e.
invariant under time-independent gauge transformations),

[phys) = Po|phys), D(€)[phys) = |phys). (4.137)

In the continuum this corresponds to the ‘Gauss law’ condition (cf.
appendix B).

4.7 The kinetic-energy operator

As we can see from its definition (4.129), the kinetic-energy transfer op-
erator T is a product of uncoupled link operators. So let us concentrate
on a single link (x,x+7) and simple states [¢) for which ¢(U) depends
only on U,,x. To simplify the notation we write U = U,,x. Then the
single-link kinetic transfer operator is given by

(U'|Tx1|U) = exp [k Re Tr (UU'T)], (4.138)
2
K= gTZt’ (4.139)

where the subscript 1 reminds us of the fact that we are dealing with a
single link.

Realizing that ReTr (UU'T) may be taken as the distance between
the points U and U’ in group space, we note that (4.138) is analogous
to the expression (2.15) in quantum mechanics, which also involved a
translation in the coordinates. So we may expect to gain understanding
here too by introducing translation operators. Left and right translations
L(V) and R(V) can be defined by

WUy = Vi), (4.140)

L
RW)|UY = |UV). (4.141)
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By comparing matrix elements we see that Tx1 can be written as

Tr1 = / dV exp[kReTr V] L(V), (4.142)

= /dV exp[kRe Tr V] JA?(V) (4.143)

The eigenstates of the translation operators can be found among the
eigenstates of the Laplacian on group space, as summarized in appendix
A.3 (eq. (A.76)). The eigenfunctions are the finite-dimensional unitary
irreducible representations (irreps) D7, (U) of the group,

U— D . (U)=(Ulrmn). (4.144)

Here r labels the irreps and m and n label the matrix elements. These
unitary matrices form a complete orthogonal set of basis functions,

/ 1
/ AU DT (UY DT (U) = yrr GG (4.145)

dy’
> d,Dy,,(U)D;,, (U =8(U,U"), (4.146)

where d,. is the dimension of the representation (D"(U) is a d, X d,
matrix). A function ¢(U) can be expanded as

Y(U) = UR) = trmndr Dy (U), (4.147)

rmn

with the inversion
Vrmn = (rmn|y) = /dU D; ... (U)*y(U). (4.148)

The action of Tk on [¢)) now follows from
Ui} = [V exp(eReTs V) (WILV)I) (1.149)

= Z Wrmndy /dV exp(kReTr V) D"(VU)mn

rmn
Using the group-representation property D"(VU) = D" (V)D"(U), the
integral in the above expression, i.e. the complex conjugate of

Crmn = /dV D;. . (V)* exp(k ReTr V), (4.150)

is the coefficient for the expansion of the exponential in irreps,

exp(kReTrV) Z dyCrmn Dy, (V), (4.151)

rmn
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as follows from the orthogonality of the irreps. A change of variables
V — V1in (4.150) shows that ¢qmnn = ¢, Making a transformation
of variables V. — WVW?, with arbitrary group element W, gives the
relation

Crmn = DIt (W) gy D2 (W), (4.152)
Using Schur’s lemma it follows that ¢, can be written in the form
Crmmn = Cr Ommn, (4.153)

with real ¢,. Returning to (4.149) we get

<U‘TK1|1/}> = Z wrmndrcr DT(U)mn (4154)

rmn

Every irrep r is just multiplied by the number ¢,.. The irrep states |rmn)
are eigenstates of Ty with eigenvalue ¢,

Tr1|rmn) = ¢, [rmn). (4.155)

The relation (4.153) holds generally for expansion coefficients of func-
tions on the group which are invariant under V. — WVWT, ie. class
functions. These have a character expansion,

exp(kReTrV) Z drcrxr(V (4.156)

with
xr(V) =T D"(V) = Dy, (V) (4.157)
the character in the representation r. The characters are orthonormal,
/dV Xr (V)X (V) = s, (4.158)

as follows from (4.145). Writing

x| (v, (4.159)

dyc, = /dV exp{gxf(V) + 3

where f is the fundamental (defining) representation, we can show that
the ¢, are positive. Expansion of the right-hand side of (4.159) in powers
of k leads to

o= (Kfl)n > k'(nni k)! /dv Xs (V) Ex s (V)" e (V)"
n=0 k=0 ’
(4.160)
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Reducing the tensor product representation D™ --- D" to irreducible
components, we see that

/dVXrl(V)~~ka(V) =n(ry,.., %) (4.161)

is the number of times the singlet irrep occurs. Since & is positive the ¢,
are positive.

It follows that the eigenvalues of TKl are positive, i.e. TKl is a positive
operator. The full kinetic transfer operator Tk, being the product of
single-link operators TKl, is also positive.

4.8 Hamiltonian for continuous time

In the Hamiltonian approach to lattice gauge-theory time is kept contin-
uous while space is replaced by a lattice. Taking the formal limit a; — 0
we get the appropriate Hamiltonian from

T="F exp{—atf{ +0(ad)|. (4.162)

Some work is required for Tk as a; — 0 since it depends explicitly on
a/a; through k = 2a/g?a;. Consider again the form (4.142) for one link,

Tr1 = / dV exp[kReTr V] L(V). (4.163)

Since kK — 0o as a; — 0 we can evaluate this expression with the saddle-
point method. The highest saddle point is at V' = 1. It is convenient to
use the exponential parameterization,

V = exp(ia’ty), (4.164)
ReTrV =d; — Lakak + O(a?), (4.165)
dV =[] dox [1 + O(0?))], (4.166)

k

L(V) = 1+ia" Xy (L) — 2a*a' X3 (L) Xy (L) + O(a®), (4.167)

where we have written the left translator L in terms of its generators
X1 (L) (cf. appendix A.3). Gaussian integration over o gives

Tt = constant x (1 LS SN ) (4.168)
K
X2 = X(L)Xx(L) = Xp(R) Xp(R), (4.169)

constant = /H day, explk(ds — a?/4)]. (4.170)
k
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Here the constant could have been avoided by changing the measure in
the path integral by an overall constant.
The Hamiltonian can be written as

H=K+W (4.171)

2
- 2 N
% ZXZQ + 7 ZReTr(l —Up,)| + constant,
ls p

where the [, denote the spatlal links and ps the spatial plaquettes. In
the coordinate representation U — U and X2 becomes the covariant
Laplacian on group space. The above Hamiltonian is known as the
Kogut—Susskind Hamiltonian [40].

It is good to keep in mind that, with continuous time and a lattice in
space, the symmetry between time and space is broken. It is necessary
to renormalize the velocity of light, which amounts to introducing dif-
ferent couplings g% and g%/V for the kinetic and potential terms in the
Hamiltonian (4.171).

The formal continuum limit a — 0, Uy, = exp(—iaGpy) — 1 —
iaG,(x)+- - - leads to the formal continuum Hamiltonian in the temporal
gauge:

H = /d3 < H”H”Jr—Gp G”) /d3 <E2+ B2>
(4.172)

where

)
ng—z‘w, p=1,...n° -1, k=123, (4.173)
k

OGP, — OGP + fogrGIGT, (4.174)

p
Glm
and the conventional ‘electric’ and ‘magnetic’ fields are given by

(4.175)

1
E£ = _QHZ, B£ = Eﬁklmem-
In the continuum the canonical quantization in the temporal gauge is
often lacking in text books, because it is less suited for weak-coupling
perturbation theory. A brief exposition is given in appendix B.
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4.9 Wilson loop and Polyakov line

In the classical Maxwell theory an external current J* enters in the
weight factor in the real-time path integral as

S i ds 1 (4.176)
For a line current along a path z#(7),

™) §4 (2 — 2(r)), (4.177)

the phase exp(i [ J*A,,) takes the form

exp [z / dz”Au(z)] : (4.178)

where the integral is along the path specified by z(7). The current is
‘conserved’ (i.e. 9,J" = 0) for a closed path or a never-ending path. In
classical electrodynamics one thinks of z#(7) as the trajectory of a point
charge. Then dz*/dr is timelike. For a positive static point charge at
the origin the phase is

exp {z / dz° Ay(0, zo)} . (4.179)

We may however choose the external current as we like and use also
spacelike dz/dr. For a line current running along the coordinate 3-axis
the phase is

exp [i/dz3 A3(O,O,z3,0)]. (4.180)

The Euclidean form is obtained from the Minkowski form by the

substitution J° = —i.Jy, dz° = —idzy, Ag = iA4. The phase remains
a phase,

(4.181)

4
exp [i/ZdzuA
p=1

The source affects the places where the time components enter in the
action and we have to take a second look at the derivation of the transfer
operator. Consider therefore first in the compact U(1) theory the path

integral
/ DU exp

)+ Z Jue Az | (4.182)
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C

Fig. 4.3. A contour C specifying a line current or Wilson loop.

1
SW) =12 g:y Uy (4.183)
U,um = exp(*iAur); (4184)
UHWJ = eXp[i(A;wJ-i-f/ - Aua: - Auw—i—ﬂ + Auw)] (4185)

We have written the source term in conventional FEuclidean form as a
real-looking addition to S(U), but the current J, is purely imaginary.
For a line current of unit strength over a closed contour C' as illustrated
in figure 4.3 we have

Juz = —i for links (z,2 4+ ) € C

= +i for links (z + f1,2) € C

=0 otherwise. (4.186)
This current is ‘conserved’,
0 Jpe =Y (Jua = Jya—s) =0, (4.187)
o

and the integrand of the path integral is gauge invariant. The phase
factor associated with the current can be written in another way,

exp (Z JWAM> =[[ v =v(), (4.188)
L leC

where [ denotes a directed link, U; = Uy, for I = (x,2 + f1). Such a
product U(C) of U’s around a loop C is called a Wilson loop [39]. It is
gauge invariant. The simplest Wilson loop is the plaquette U,,..

The Wilson-loop form of the interaction with an external line source
generalizes easily to non-Abelian gauge theories. For a source in irrep r
we have

Te D" (U(C)) = x-(U(C)), (4.189)

with D" (U(C)) the ordered product of the link matrices D" (U;) along
the loop C. Denoting the links I by the pair of neighbors (z,y), we have
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for example in the fundamental representation
U(C) =Tr (Umszxaxa T Utnwl) (4-190)

The gauge invariance is obvious: the gauge transformations cancel out
pairwise in the product along the closed loop.

Consider now the derivation of the transfer operator. For the parts
of C' where it runs in spacelike directions it represents an operator in
Hilbert space through U; — U, ; as before. What about the timelike links?
Suppose that between two time slices there are only two such links, say
the links (y,y +4) and (z 4 4, z). Then, for these time slices, (4.123) is
modified to

W1230) = T [ dUs expl ) D3 (U) Dy UL, (a.19)

X, m

where expl- -] is the same as in (4.123) and the indices m,n, p, ¢ hook
up to the other D"’s of the Wilson loop. We see that the operator B
defined in (4.127) is replaced by

By — /Hde D(V)Dy,, (Vy) D5 (Vi), (4.192)

where we used the notation Qf = Vi = U, dQ = dV. The gauge-
transformation operator D(V') is the product of operators D(Vx) at sites
x. With the notation

Prx = / 4V, DI, (Vi) D(Vi), (4.193)

the right-hand side of (4.192) can be written as

Py by pre (4.194)
with
Fp= [ P> (4.195)
X2y 2

the projector onto the gauge-invariant subspace except at y and z.
The irrep 7 is the Hermitian conjugate of the irrep r. The operator
P> projects onto the subspace transforming at x in the irrep r in the
following way. Let |skl) be an irrep state for some link (u,v),

(Ulskl) = D;,(U), U =Uny; (4.196)
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)

X4

Ly

< y
Fig. 4.4. A rectangular timelike Wilson loop.

then, for x = u,

SO(U| Py snl) = / 4V DI, (V)Diy(VU) = 6, Di(U),

n

> Bt |snl) = |sml); (4.197)

n
similarly, for x = v,

S| skm) = / 4V DI, (V) Dy (UVT) = 6, D3, (U),

m

> By lskm) = |skn). (4.198)

m

The P are Hermitian projectors in the following sense:

(Bt =P, (4.199)
> B pPrx=Prx. (4.200)

Consider next a Wilson loop of the form shown in figure 4.4. In
the U(1) case this corresponds to two charges that are static at times
between t; and t,, a charge 4+1 at z and a charge —1 at y:

J4(X7 934) = 7’L'[(5x7y — 5x,z]7 t1 < x4 < to. (4201)

In the SU(n) case the interpretation is evidently that we have a source in
irrep 7 at y and a source in irrep r at z. If r is the defining representation
of the gauge group SU(3) we say that we have a static quark at z and
an antiquark at y. The path-integral average of this Wilson loop

W(C) = % / DU expS(U)] . (U(C)), (4.202)
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Z = /DU exp[S(U)] = Tr TV, (4.203)
can be expressed as

W(C) = T [TV D (O () B D (0) 2] (4:204)

Here C is the rectangular loop shown in figure 4.4, t = t5 — t1, U is the
operator corresponding to the product of U’s at time t; and similarly
for U at to, and 1" is the transfer operator with P} (cf. (4.195)). In
the zero-temperature limit N — oo, the trace in (4.204) is replaced
by the expectation value in the ground state |0), 70) = exp(—Ejp) |0).
y

k

Inserting intermediate states |n), which are eigenstates of 7" P)% P’

with eigenvalues exp(—FE!,), gives the representation

W(C)=> Rye”En=Bt N =, (4.205)
n

where R,, and E/, depend on y and z. For large times ¢ the lowest energy
level E} will dominate. This is the energy of the ground state |0’ rmn)
in that sector of Hilbert space which corresponds to the static sources
at y and z. By definition, the difference E{ — Ey is the potential V:

W(C) "= Rye™Vt, V =V'(y,z), Ro=Ro(y,2z), (4.206)
Ry = > (0[D5,, (UN[0" rmn) (0" rmn| Dy, (U)]0).

mn

Hence, we have found a formula for the static potential (e.g. for a quark—
antiquark pair) in terms of the expectation value of a Wilson loop.
Another interesting quantity is the Polyakov line [41], which is a string
of U’s closed by periodic boundary conditions in the Euclidean time
direction. (In case of closure by periodic boundary conditions in the
spatial direction, this is often called a Wilson line.) For example, the
situation illustrated in figure 4.5 corresponds to a single static quark, a
source which is always switched on. The expectation value W (L) of the
Polyakov line operator at x, e.g. in the defining representation

TrU(L) = Tr (Uax,0Usx,1 * - Use,n—1)5 (4.207)
can be written as

WL) = (TeU(L) = T |(F)Y 37 P,

m

. (4.208)
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Fig. 4.5. A Polyakov line.

It is the free energy of a static quark at inverse temperature N. For
temperature going to zero it behaves as

W(L)xe N, N — o0, (4.209)

with e the self-energy of a static quark.

4.10 Problems

(i) The case SU(2)
(a) Work out the metric gy = 2Tr [(OU/dey,) (OUT/0cy)] using
the exponential parameterization U = exp(ia*7;/2).
(b) Determine the normalization constant v in
dU = vy/det g day das das such that [dU = 1.
(¢) Find the characters x;(U) = Tr D/(U) as a function of o*
i=31,3.).
d) Check the orthogonality relation [ dU x;(U)xj(U) = ;.
e) Verify for a one-link state that 1 (U| Xy (L)[¢)1 = Xy (L)1 (U).
f) Verify that X2(L) = X2(R).
(ii) Two-dimensional SU(n) gauge-field theory
Consider two-dimensional SU(n) gauge theory with action

S=>"L(U,), (4.210)

~ Y~ o~

L(U) = gizz”“’“ Re x,(U), (4.211)
> kepr =1, (4.212)

and periodic boundary conditions in space. In ordinary units g has
the dimension of mass (in two dimensions), such that in lattice
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units ¢ — 0 in the continuum limit. The transfer operator is given
by

T =TxPy, Tx=]]Tx (4.213)

1
where [, | = 0, ..., N — 1 labels the spatial links (z,z + 1),
x=0,...,N — 1. Since there is only one space direction, the link

variables in the spatial direction may be denoted by U,. Consider
the wavefunction

Girmmy(U) = [ [ Drzn, (Ua), (4.214)

which is just a product of irreps r, at each x.
(a) Show that

Pow{r,m,n}(U) = <U|p0"l/}> (4215)
=d, N Tr [D™(Up) D™ (Uy) -+ D™~ (Un—1)]
X(STOH e (STN—I"'O 6n0m15n1m2 T 5711\7717710‘

Hence, the gauge-invariant component is non-zero only if all irreps
are equal, say r, and it is a Wilson line in the spatial direction.
(b) Show that the energy spectrum of the system is given by

E, — —N{lnao —|—ln<<>§;>l>], (4.216)

where
ooy = LV O W)
e [ dU eL@)

(4.217)

(c¢) Show for g — 0, using a saddle-point expansion about U = 1,
that

<>§l’“>1 —1-1C5g° + O(gY), (4.218)
T

where C3 is the value of the quadratic Casimir operator in the
representation r. This result holds independently of the detailed
choice of k,’s, as long as they satisfy the constraint (4.212),

(d) Restoring the lattice spacing a, L = Na, deduce from the
result above that, in the continuum limit, the energy spectrum
takes the universal form

E, — Ey = 1g’C} L. (4.219)
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(iii) Glueball masses and string tension

Simple glueball operators may be defined in terms of the plaquette
field TrU,, where p = (x,m,n) denotes a spacelike plaquette.
When this operator acts on the ground state (vacuum state)
it creates a state with the quantum numbers of the plaque-
tte. Similarly, a string state may be created by the operator
Ux,y = [l,cc Ui, where the links [ belong to an open contour from
x to y. The string state defined this way is not gauge invariant at
x and y; it has to be interpreted as a state with external sources
at these points.

Using the transfer-operator formalism, derive to leading order
a strong-coupling formula for the glueball mass corresponding to
the plaquette, and for the string mass corresponding to U y.
Use lattice units a = a; = 1. Note that the potential-energy
factors exp(—a;WW /2) in the transfer operator may be neglected
to leading order in 1/g2.



5
U(1) and SU(n) gauge theory

In this chapter we make a first exploration of U(1) and SU(n) ‘pure
gauge theories’ (i.e. without electrons or quarks etc.), the static potential
and the glueball masses.

5.1 Potential at weak coupling

According to (4.206) the static potential V' (r) in a gauge theory is given
by the formula
1
V(r)=— lim = InW(rt), (5.1)
t—oo t
where W(r,t) is a rectangular r x ¢ Wilson loop in a lattice of infinite
extent in the time direction (figure 5.1). We shall first evaluate this
formula for free gauge fields and then give the results of the first non-
trivial order in the weak-coupling expansion. This will illustrate that
(5.1) indeed gives the familiar Coulomb potential plus corrections.

l;

I

r

Fig. 5.1. A rectangular Wilson loop for the evaluation of the potential.

115
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First we consider the compact U (1) gauge theory (4.182), in which the
external source J,(z) specified in (4.186) serves to introduce the Wilson
loop. In this case (5.1) can be rewritten as

.1 [Z()
V(r)=—- tlirglo n In {Z(O) ] . (5.2)

The weak-coupling expansion can be obtained by substituting U, (z) =
exp[—igaA,(x)] into the action,

1 1
S=- 2(4[Fm]2 — g0 Fpal - ) (5.3)
TpY
F[LV:E = a;LAU:v - aVA,uza (54)

and expanding the path integral in the gauge coupling g. The first term
in (5.3) is the usual free Maxwell action (non-compact U(1) theory). The
other terms are interaction terms special to the compact U(1) theory.

As usual, gauge fixing is necessary in the weak-coupling expansion.
This can be done on the lattice in the same way as in the continuum
formulation. We shall not go into details here (cf. problem (i)), and just
state that the free part of S (the part quadratic in A,) leads in the
Feynman gauge to the propagator

CL2

Ouv )
" ZH(2 — 2cosapy,)

DW(p) =

=94 ap — 0. (5.5)

/,Ll/p2 )
This is similar to the boson propagator (2.111). In position space

m/a d*p Jin(z—) a2
/e (2m) >, (2—2cosap,)
1
O 573
A (@~ y)?
The large-z behavior of D, (z) corresponds to the small-p behavior of
D,,,,(p). This can be shown with the help of the saddle-point method for
evaluating the large-x behavior.
To leading order in g2, Z(.J) is given by

Z(J) = €29 Tay Ju@ D (@=9) 1. (0) 7(()), (5.7)

Dy(x—y) = Dg; = 0

(x —y)?/a* — . (5.6)

and

:——ngZJ — ) (y), t— 0. (5.8)
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Fig. 5.2. Diagram illustrating %g2 >JDJ.

2| b

(@) (b))  (c) (d) (e)

Fig. 5.3. Typical contributing diagrams.

This expression leads to the diagram in figure 5.2. With the currents J
flowing according to figure 5.1, the following types of contributions can
be distinguished (figure 5.3). Diagram (d) is a self-energy contribution,

t/2
1 1,5,
ngZJDJ: 592(2)2 Z Dy (0,24 — ya), (5.9)
(d) T4 ys=—1/2

where the times t; and ty in figure 5.1 have been taken as +t/2. We
may first sum over y,. For ¢ — oo this summation converges at large y4
and becomes independent of z4. The summation over y, sets p4 in the
Fourier representation for D to zero (cf. (2.90)),

1, 1, <
39 ZJDJN—igt Z Dy4(0, 24 — ya)

(d) Ya=—00
T/a 4 2
— —lg2t/ d’p etPa(za—ya) a
2 —n/a (2m)* >-,(2—2cosapy)
1, T/ @Bp a®
= vt (2m)3 33
—n/a > j=1(2 = 2cosap;)
1
= ——g*tv(0), (5.10)
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1

Fig. 5.4. Vertices in the compact U(1) theory.

where

w/a 3 ] 2
v(x) = / A (5.11)
—m/a (27T) Ej:l(Q — 2cos Clpj)

is the lattice-regularized Coulomb potential. Its numerical value at the
origin is given by

av(0) =0.253---. (5.12)
The contribution of type (e) is given by

L > JDJ L 2i( ')/t/Qd d !
— ~ —qg°i(—1 € ,
27 £ 29 Y R (g — )2 ]

(5.13)

where we assumed r/a > 1 such that the asymptotic form (5.6) is valid
and the summations over x4 and y4 may be replaced by integrations.
Proceeding as for diagram (d) we get

1, 1, [ 1
= JDJ~ -g°t d
2 ; R e
1, 1
=-gt—0. .14
29 Ve (5.14)

From these example calculations it is clear that the diagrams of types
(a), (b) and (c) do not grow linearly with ¢. Remembering that there are
two contributions of types (d) and (e) (related by interchanging = and
y) we find for the potential to order g?

V(x) = ¢°[0(0) — v(x)] (5.15)

as expected.

Let us now briefly consider higher-order corrections in the compact
U(1) theory. The series (5.3) for S leads to interaction vertices of the
type shown in figure 5.4, which are proportional to (ag)™~2. Their effect
vanishes in the continuum limit, unless the powers of a are compensated
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Fig. 5.5. A self-energy diagram in the compact U(1) theory.

by powers of a~! coming from divergent loop diagrams. An example
of this is the self-energy diagram figure 5.5, which leads to a ‘vacuum-
polarization tensor’ (cf. problem (ii))

I, (p) = —16*(6,wp® — pupy) + O(a?), (5.16)

and a modified propagator

Dt =p*6u + O0(a®) + T, (p), (5.17)

1
D, (p) = Z(gZ)%E + terms < p,py, (5.18)
Z(¢*) =1 - 14>+ O(g")] . (5.19)

The terms o< p,p, do not contribute to the Wilson loop because of gauge
invariance, as expressed by ‘current conservation’ a;ILJ/w = 0. Further
analysis leads to the conclusion that there are no other effects of the
self-interaction in the weak-coupling-expansion continuum limit. Note
that Z(g?) is finite, i.e. it does not diverge as a — 0.

We conclude that in the compact U(1) theory the potential is given
by

1
V(r)= —gQZ(g2)4— + constant + O(a?), — oo, (5.20)
wr
which is just a Coulomb potential. To make contact with the free
Maxwell theory we identify the fine-structure constant c,
e _9°Z(g%)
= — =" 5.21
“ 4 4 ( )
The compact U(1) theory is equivalent to the free Maxwell field at weak
coupling.
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Fig. 5.6. Gluon self-energy contribution to the Wilson loop.

We now turn to the SU(n) gauge theory. A calculation to order
g* gives in this case the result for the magnitude of the force, F(r),
neglecting O(a?):

2
F(r)= mgir) = #Cg {92 + 4181:2 g {m(;) + c] + O(gﬁ)} .

(5.22)
Here Cs is the value of the quadratic Casimir operator in the representa-
tion of the Wilson loop and c is a numerical constant which depends on
lattice details. Some aspects of the calculation are described in [43]. The
logarithm in (5.22) comes from the Feynman gauge self-energy contri-
bution shown in figure 5.6, which is not present in the U(1) theory. The
formula (5.22) exhibits the typical divergencies occuring in perturbation
theory. It diverges logarithmically as a — 0. This problem is resolved
by expressing physically measurable quantities in terms of each other.
Here we shall choose an intuitive definition of a renormalized coupling

constant gr at some reference length scale d, by writing

Chg3
Fld) = 472rd§'

This ggr is defined independently of perturbation theory. Its expansion
in g2 follows from (5.22),

(5.23)

11n d?
2 2 4
which may be inverted,
11n d?
2 2 4
g *QR*K 71.2{111(G2>+C]9R+‘”- (5.25)

The original parameter ¢ in the action has to depend on « if we want to
get a gr independent of a. This dependence is here known incompletely:
we cannot take the limit a — 0 in (5.25) because then the coefficient of
g5 blows up (and similarly for the higher-order coefficients). The limit
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a — 0 will be discussed in the following sections. Insertion into (5.22)
leads to the form

1 11n r?
F) = sCalob + qsoiin(1) +0GR)], (520

from which all dependence on a has disappeared to this order in gg. The
renormalizability of QCD implies that all divergences can be removed in
this way to all orders in perturbation theory.

5.2 Asymptotic freedom

The perturbative form (5.26) is useless for 7 — 0 or r — oo, since then
the logarithm blows up. It is useful only for r of order d, the distance
scale used in the definition of the renormalized coupling constant gg. So
let us take d = r from now on. Then ggr = gr(r). We can extract
more information from the weak-coupling expansion by considering
renormalization-group beta functions, defined by

0
Br(gr) = —r 77 IRs (5.27)
0
Blg)=—az-g. (5.28)

It is assumed here that gg can be considered to depend only on r and
not on a — its dependence on a is compensated by the dependence on a
of g. Then the r- and a-dependence on the right-hand side of (5.27) and
(5.28) can be converted into a gr- and g-dependence, respectively, using
(5.25) and (5.24), giving

11n 4
Br(gr) = TR Rt (5.29)
11n 4
Blg) = — 559"+ (5:30)
Actually the first fwo terms in the expansions
Blg) = —Prg” — Bag® — Bag” — -, (5.31)
Br(gr) = —Brigk — Brogk — Bragi — - (5.32)

of the two beta functions are equal. The argument for this is as follows.
Let

= ) 9= 9(a), gn=on(r), (5.34)
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Make a scale transformation a — Aa, » — Ar, which does not affect
t, and differentiate with respect to A, setting A = 1 afterwards. Then
0/0N =ad/da=rd/Or, and

_Ogr _OF (0g) _ OF
Inserting the expansions for 3(g) and
gr =g+ Fi(t)g® + Fa(t)g” + -, (5.36)
9=9r — Fi(t)gh + -, (5.37)

gives

—Br(gr) = [1 + 3F1g> + O(¢g")][B1g” + Bag® + O(g")]
= [1+3Fig& + O(g8)][B1g% — 361 F1g% + P29 + O(9h)]
= Bigi + Bagi + O(gR)- (5.38)
Any coupling constant related to g by a series of the type (5.36) has the

same beta function, so we may take the coefficient Bs from calculations
in the continuum using dimensional regularization,}

102 11n
121 4872°

The remarkable fact in these formulas is that the beta functions are

B2 By, b= (5.39)

negative in a neighborhood of the origin, implying that the couplings
become smaller as the length scale decreases. This property is called
asymptotic freedom. As we shall see, it implies that ¢ — 0 in the
continuum limit. We come back to this in a later section. It suggests
furthermore that perturbation theory in the renormalized coupling gr
becomes reliable at short distances, provided that a ‘running ggr’ can be
used at the appropriate length or momentum scale. In the case of the
potential V(r) there is only one relevant length scale, r, and we can use
the r-dependence of gr(r) to our advantage, as will now be shown.

The precise dependence of ggr(r) for small r follows by integrating the
differential equation (5.27),

dgr B
ar —PBr(9r),
1 9gr dCL'
—Ilnr = —
Br(z)

t Other authors write (o,1 for our 31,2.
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/ngx[ b2 +0(x)

bt B
_ ! 52 In gr + constant + O(g2). (5.40)
Qﬂlg 51

The integration constant can be partially combined with Inr to form a
dimensionless quantity In(rAy) in a way that has become standard:

1 ﬂz
51 51

Note the ‘In 8; convention’. Note also that Ay can be defined precisely
only if the (B, term is taken into account — the O(g%{) term no longer
involves a constant term. This formula can be inverted so as to give gr
as a function of r,

In(r’AY) =

ln(ﬂlgR) + O(g3). (5.41)

Brgk = é %—1 s+ O0(s%Ins), (5.42)
s = —In(r?A3). (5.43)

Inserting this into the force formula (5.23) for d = r gives

Cy Bt
Arr2 s+ (B2/B%)s tIns + O(s~21ns)’

So the short-distance behavior of the potential can be reliably com-
puted (‘renormalization-group improved’) in QCD by means of the weak-

F(r) = (5.44)

coupling expansion. However, this expansion tells us nothing about the
long-distance behavior, because gr(r) increases as r increases, making
the first few terms of the weak-coupling expansion irrelevant in this
regime.

A second important implication of asymptotic freedom is the appli-
cation of the renormalization-group equation to the bare coupling g.
Integration of (5.28) leads to the analog of (5.41) for the bare coupling,

1 4Py
Prg ﬁl
where we introduced the ‘lattice lambda scale’ Ar,. The analog of (5.42),

—ln(aQA%) = (ﬂlg ) +O(g 2)7 (5.45)

Brg? ~ 1/ ln(aQAiﬂ7 (5.46)

shows that the bare coupling vanishes in the continuum limit @ — 0. This
means that the critical point of the theory (the one that is physically
relevant, in case there is more than one) is known: it is g = 0.



124 U(1) and SU(n) gauge theory

The inverse of (5.45) can be written as
1
A} = S5 (Brg?)~P/Pe V" 1+ O(g?). (5.47)
a

This equation is sometimes accompanied by the phrase ‘dimensional
transmutation’: the pure gauge theory has no dimensional parameters
(such as mass terms) in its classical action and we may think of trans-
forming the bare coupling g into the dimensional lambda scale via the
arbitrary regularization scale 1/a. As we shall see later, all physical
quantities with a dimension are proportional to the appropriate power
of Ap, (as in (1.4)).

The Ay and Ay, are examples of the QCD lambda scales which set the
physical scale of the theory. They are all proportional and their ratios
can be calculated in one-loop perturbation theory. Let us see how this is
done for the ratio Ay /Ar. The one-loop relation (5.25) can be rewritten
as

! —1+[ln<d2)+c}+0(2) (5.48)
ﬂng - 519%{ CL2 9r)- .

Inserting this relation into (5.47) and letting a and d go to zero with
d/a fixed, such that g and gr go to zero, gives

e ¢ - 2 2
AL = 5 (Bigh) ™/ PLe” /P91 + O(gR) (5.49)
=A3e " (5.50)

Hence the ratio is determined by the constant ¢, which depends on the
details of the regularization.

A comparison of lambda scales on the lattice and in the continuum
was done some time ago [45, 46, 47]. The relation with the popular
MS-bar scheme (modified minimal subtraction scheme) in dimensional
renormalization is

% = exp|(1/16n — 0.0849780 1) /3] (5.51)
L

=19.82, SU(2) (5.52)
= 28.81, SU(3). (5.53)



5.8 Strong-coupling expansion 125

A calculation [48] of the constant ¢ in the MS-bar scheme then gave the
relation to the potential scheme Ay, (7 = 0.57-- - is Eulers’s constant)

A

TV = exply — 1 — (1/16n — 0.095884 n) /3] (5.54)
L
=20.78, for SU(2) (5.55)
= 30.19 for SU(3). (5.56)

5.3 Strong-coupling expansion

The strong-coupling expansion is an expansion in powers of 1/¢2. It has
the advantage over the weak-coupling expansion that it has a non-zero
radius of convergence. A lot of effort has been put into using it as a
method of computation, similarly to the high-temperature or hopping
expansion for scalar field theories, see e.g. [6, 44]. One has to be able to
match on to coupling values where the theory exhibits continuum be-
havior. This turns out to be difficult for gauge theories. However, a very
important aspect of the strong-coupling expansion is that it gives insight
into the qualitative behavior of the theory, such as confinement and the
particle spectrum. There are sophisticated methods for organizing the
strong-coupling expansion, but here we give only a minimal outline of
the basic ideas.

We start again with the compact U(1) theory. Let p be the plaquette
(x, 1, v), p < v. We write the compact U(1) action in the form

S = Z L(U,) + constant, (5.57)
L(U,) = %(Up +U9), (5.58)
U, = Uy (2) = Uyp (). (5.59)

In the path integral we expand exp S in powers of 1/g%. First consider

o0

1 U, U = 71 L™ urun 5.60
€xp ?( p T p) _mzn:zom!n! ? p “p ( )
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Since Uy = Uzjl we put m = n + k and sum over n and k, kK =

0,£1,42,..., which gives
[e%} 2 2n e’} 2n+1
1 1 1
il = U, U, =
2 () ()~ 0% o ()
. . %) 1 1 2n+k
o (U + Uy )Zo(n—kk)!n!(QgQ) L (5.61)

Recognizing the modified Bessel function [y,

oo

) = 1) = 3 ) (5.62)
we find
eFUp) — 3 I uy. (5.63)
> ()

This is actually an expansion of exp L(U,) in irreducible representations
of the group U(1), labeled by the integer k. It is useful to extract an
overall factor,

LWy _ fzakyg, (5.64)
ay(1/g*) = ?“8;3; (5.65)
fF(1/g?) = Io(1/g°). (5.66)

The coefficients ay are of order (1/g2)F.
Consider now the expansion of the partition function Z = [ DU exp S.
Using (5.57) and (5.64) we get a sum of products of UX’s,

= /DUZ (coefficient) H U]f. (5.67)

Each Uzlf is a product Ulk Uku?)_kU[k of the four link variables Uy, ..., Uy
of the plaquette p, raised to the power k. A given link variable belongs
to 2d plaquettes (in d dimensions). For each link there is an integration
J dU over the group manifold, which for the group U(1) is simply given

by
T o do irf
v = | et =g, (5.68)
0 27T
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AN

(a) (b) (c)

Fig. 5.7. Simple diagrams contributing to the partition function. The hatched
area in (b) belongs to the closed surface. Diagram (c) is disconnected.

k [

Fig. 5.8. Conservation of flux in three dimensions: k + 1+ m = 0.

where 7 is an integer. Hence the group integration projects out the trivial
(r = 0) representation. Now 7 is the sum of the k’s belonging to the
plaquettes impinging on the link under consideration. It follows that,
after integration, the non-vanishing terms in (5.67) can be represented by
diagrams consisting of plaquettes forming closed surfaces, as in figure 5.7.
We can interpret this as follows. Each plaquette carries an amount of
electric or magnetic flux (depending on its being timelike or spacelike;
recall that it corresponds to a miniature line current), labeled by k.
The integration over the link variables enforces conservation of flux, as
illustrated in figure 5.8. If the surface is not closed, then [ dU" = 0 along
each link of its boundary.
Diagram (a) in figure 5.7 represents the leading contribution to Z,

1
Z = fVad=1/217 4 5 Vdld-1)(d-2) > (an) 4], (5.69)
: k+#0

where V' is the number of lattice sites, Vd(d — 1)/2 is the number of
plaquettes, Vd(d — 1)(d — 2)/3! is the number of ways the cube can be
embedded in the d-dimensional hypercubic lattice (d > 3) and 6 is the
number of faces of the cube.
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The expansion can be arranged as an expansion for In Z containing
only connected diagrams, called polymers.

For a general gauge theory the derivation of the strong-coupling
expansion is similar. One writes

p
L(U,) = —— Rex:(U,), 5.70
(V) = i Rexs(U) (.70
where x¢(Up) is the character of U, in the fundamental representation.

Recall (we encountered this before in section 4.7) that these characters
are orthonormal,

/ AU xo (U)xs (U)* = 6y, (5.71)

and complete for class functions F(U) (which satisfy F(U) =
F(VUV™!)). Next exp L is written as a character expansion,

") = f 4+ £ drarx (Uy), (5.72)
r#£0

where 7 = 0 denotes the trivial representation U, — 1 and d, = x,(1)
is the dimension of the representation r. The expansion coefficients are

given by
f= / duU e, (5.73)
[ dU Xy
draT = W (574)

For the group U(1), r = 0,£1,42,..., 8 = 1/¢%, x,(U) = exp(irf)
and we recover (5.65) from the integral representation of the Bessel

functions

I.(z) = l/ d cos(kf) e® Y, (5.75)

T Jo
For the group SU(n), x¢(1) = n and
8 =2n/g*. (5.76)
The leading 3-dependence of a¢(() is easily found,
£(8) = / JU e(8/2m) (xe+xi)
=1+0(8%), (5.77)
nar(8) = §(8)" [ U ety
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Fig. 5.9. A small Wilson loop with compensating plaquettes.

_ B
=5+ 0(B%), n>2 (5.78)
= g +0(B%), n=2. (5.79)

For SU(2) the characters are real. In terms of g,

af:72+...’n:2’ (580)
g
1

=—4--- =3,4,.... 5.81
nE T =34, (5.81)

Up to group-theoretical complications (which can be formidable) the
strong-coupling expansion for general gauge groups follows that of the
U(1) case. The graphs are the same, but the coefficients differ.

5.4 Potential at strong coupling

We now turn to the expectation value of the rectangular Wilson loop
(U(C)), from which the potential can be calculated. The links on the
curve C contain explicit factors of U that have to be compensated by
plaquettes from the expansion of exp S, otherwise the integration over U
gives zero. Figure 5.9 shows a simple example. The contribution of this
diagram is (the Wilson loop is taken in the fundamental representation
of U(1))

[as (1/9%)]*, (5.82)

which is the leading contribution for this curve C. Recall that a; is given

by
2 3

In higher orders disconnected diagrams appear. It can be shown,
however, that disconnected diagrams may be discarded: they cancel out
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e
. T .

Fig. 5.10. Leading diagrams for a large Wilson loop.

between the numerator and denominator of (U(C)). The expansion can
be rewritten as a sum of connected diagrams. Figure 5.10 illustrates the
leading terms for a large Wilson loop,

W(r,t) =a! +2(d — 2) Aat* 4 - ., (5.84)

where A is the area of the loop, in lattice units A = rt. Boundary correc-
tions are also in the - --. The higher orders correspond to ‘decorations’
of the minimal surface.

The potential V(r) follows now from (5.1) and A = rt,

V(r) = %ln W(r,t)
—[nay +2(d—2)ai +--]r. (5.85)

For r — oo, A — oo and the boundary corrections become negligible.
Hence, the potential is linearly confining at large distances,

V(r

)R or, T — 00, (5.86)
o=—Ina; —2(d—2)a] + (5.87)

At strong coupling the compact U(1) theory is confining.

For other gauge theories the calculation of the leading contribution to
a Wilson loop in the fundamental representation goes similarly. A useful
formula here is

/ AUy, (UV) e (WU = 22 (v, (5.88)
which follows from
Y 1
/ AU D (V) Dl () = GGG 7 (5.89)

seen earlier in (4.145). The use of this formula is illustrated in figure 5.11.
Successive integration in the simple Wilson-loop example in figure 5.9 is
illustrated in figure 5.12. Each arrow in figure 5.12 denotes the result of
‘integrating out a link’. The equality signs symbolize UU! = 1. Note
that the factors d, in (5.88) cancel out with those in (5.72). Hence
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vy ot —

Fig. 5.11. Integration of a link variable.

TN g ey N
O | | i [

Fig. 5.12. Integrating the leading contribution to a 2 x 2 Wilson loop.

the numerical value of the diagram is d,a,(3)?*, for a Wilson loop in
representation r.

Another way to see this is as follows: in figure 5.9 there are n; = 12
links, n, = 4 plaquettes and ny = 9 sites. Integrating over each link
gives a factor d,™ by (5.89) and contracting the Kronecker deltas at
each site gives a factor ds. Each plaquette has a factor d,"* by (5.72).
For a simple surface without handles, the Euler number is

—n1+ns+np,=1

= leading contribution = (d,) """ [d,.a,.(3)]"" = dra.(8)"™. (5.90)

For a Wilson loop in the fundamental representation of the SU(n)
theory the first few terms in the expansion for the string tension

o=—Inag(B) —2(d —2)a;(B)* +---. (5.91)
are similar to the U(1) result (5.87). In higher orders the a,(8) corre-

sponding to other irreps enter. The final result may then be re-expressed
by expansion in powers of 1/ng?.
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(a) (b)

Fig. 5.13. Flux lines for sources in the fundamental (a) and the adjoint (b)
representation.

5.5 Confinement versus screening

In the previous section we saw that the U(1) and SU(n) potentials are
confining in the strong-coupling region. From the derivation we can see
that this is true for external charges (Wilson loops) in the fundamental
representation of any compact gauge group. However, external charges in
the adjoint representation of SU(n) are not confined. This is because the
charges in the adjoint representation can be screened by the gauge field.
A adjoint source is like a quark—antiquark pair, as illustrated intuitively
in figure 5.13. We now show how this happens at strong coupling.

Let U denote the fundamental representation (as before) and R the
adjoint representation. The latter can be constructed from U and UT,

Ry = 2Tr (UTt,Uty), (5.92)

where the ¢, are the generators in the fundamental representation. Since
R is an irrep,

/dU R (U) = 0. (5.93)
To compensate the R’s on the links of the adjoint Wilson loop
TrR(C)=Tr [[ R (5.94)
lec

by the plaquettes from the expansion of exp S, we may draw a Wilson
surface and find in the same way as in the previous section the seemingly
leading contribution

daaa<ﬁ)Aa da = 712 - 17 (595)

with A the minimal surface spanned by C. However, there is a more
economical possibility for large A, illustrated in figure 5.14. The tube
of plaquettes is able to screen the adjoint loop. To evaluate this con-
tribution we unfold the tube as in figure 5.15. The links in the interior
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(a) (b)

Fig. 5.14. Diagram contributing to a Wilson loop in the adjoint representation;
(b) is a close up of a piece of the circumference in (a). The wavy line indicates
the adjoint representation.

UV VNS

Fig. 5.15. Unfolding the tube of plaquettes. The horizontal and vertical bound-
aries are to be identified.

(A S A S e S Y A A S N AV AV A AV AV AV AV AV AV A

Fig. 5.16. Integrating out the interior.

can be integrated out as in figure 5.12, as illustrated in figure 5.16.
The first step gives a factor deag(3)™> with N, the number of plaquettes
(df = n). The second step gives an additional factor 1/ds. There remains
the integration over the links of the Wilson loop, which leads to integrals
of the type (for n > 3) (cf. (A.93) in appendix A.4)

1
/dU UgUL Ry = - (te)a(t)l, n>2, (5.96)

as illustrated in figure 5.17. So we get a trace of the form
2d, (1) (0)f 2, (0)g (tm)e -+ (t)5 = 1, (5.97)
since 2 Tr (txty) = n? — 1 = d,. This leads to a factor
ar(B)*F, (5.98)

where P is the perimeter of the (large) adjoint loop in lattice units:
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4 q 49 r P

a b b C a

Fig. 5.17. Link variables on the adjoint loop.

P = 2(r +t), and the factor 4 in the exponent reflects the fact that
there are four plaquettes per unit length.

The leading contributions of the perimeter and area type in the SU(n)
theory are given by

Woa(r, t) ~ (n? = 1)(aa)™ + - 4 2(d — 1)(d — 2)(ag)3"+) + ... (5.99)

which by (5.1) leads to a potential

Vr)=oegr, r< V()
Oeff
=V(c0), r= V(oo), (5.100)
Oeff
with
Oeff = —Ina, + -, (5.101)
V(o) = —8lnas + -, (5.102)
af = (ng2)71 + - X
2
__n 2\—2
Ay = ﬁ(ng ) R (5103)

(This behavior of a, follows easily from (5.74) and (5.96).)

At large distances the potential approaches a constant. The sharp
crossover from linear to constant behavior (at r &~ 4) is an artifact of
our simplistic strong-coupling calculation. Still, the calculation suggests
that there is an intermediate region where the potential is approximately
linear with some effective string tension o, although strictly speaking
the string tension, defined by o = V(r)/r, r — oo, vanishes for adjoint
sources.

To decide whether static charges in an irreducible representation r can
be screened by the gauge field, we consider the generalization of (5.96),

I= [ AU D3, (V) Dy (U D), (5.104)
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where s denotes the irreps of the two screening plaquettes. If the integral
I is zero, the source cannot be screened, and vice-versa. Let Z; denote
an element of the center of SU(n), i.e. Zy € SU(n) commutes with all
group elements and it is represented in the fundamental representation
as a multiple of the identity matrix,

(Z)g = e*k¥m/n ek =0,1,...,n— 1. (5.105)

Irreps 7 can be constructed from a tensor product U@U ---UQUT---®
UT, say p times U and ¢ times U', so r can be assigned an integer
v(r) = p— ¢ mod n, from the way it transforms under U — Z,U:

Dy (Z,U) — evM2m/npr (). (5.106)

The integer v(r) is called the n-ality of the representation (triality for
n = 3). Making the change of variables U — Z,U in (5.104) gives

I=evm2m/ny (5.107)

and we conclude that I = 0 if the n-ality v(r) # 0. Sources with non-zero
n-ality are confined; sources with zero n-ality are not confined. In QCD,
static quarks have non-zero triality and are confined.

5.6 Glueballs

The particles of the pure gauge theory are called glueballs. They may
be interpreted as bound states of gluons. Gluons appear as a sort of
photons in the weak-coupling expansion and, because of asymptotic
freedom, they manifest themselves as effective particle-like excitations
at high energies. However, gluons do not exist as free particles because
of confinement, as we shall see.

Masses of particles can be calculated from the long-distance behavior
of suitable fields. These are gauge-invariant fields constructed out of the
link variables U, such as Wilson loops, with the quantum numbers of
the particles being studied. The transfer-matrix formalism shows that
an arbitrary state can be created out of the vacuum by application of
a suitable combination of spacelike Wilson loops. The simplest of these
is the plaquette field Tr Uy,pnz, m,n = 1,2,3. The plaquette—plaquette
expectation value (4.97) can be calculated easily at strong coupling. The
relevant diagrams consist of tubes of plaquettes, as in figure 5.18. Since
there are four plaquettes per unit of time, the glueball mass is given
by m = —4Ina¢(B) + ---. The higher-order corrections correspond to
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Fig. 5.18. The leading strong-coupling diagram for the plaquette-plaquette
correlator. Time runs horizontally.

diagrams decorating the basic tube of figure 5.18, which will also cause
the tube to perform random walks.

The plaquette can be decomposed into operators with definite quan-
tum numbers under the symmetry group of the lattice, and such oper-
ators can in turn be embedded into representations of the continuum
rotation group of spin zero, one and two. To be more precise, the
quantum numbers JF¢ (J = spin, P = parity, C' = charge-conjugation
parity) excited by the plaquette are 0t+, 17~ and 2%, which may
be called scalar (5), axial vector (A) and tensor (T'). The description
of glueballs with other quantum numbers requires more complicated
Wilson loops. The terms in the strong-coupling series

mj:—éllrlu—i—z:m?uk7 J=5AT, u=a(f), (5.108)
k

have been calculated to order u® for gauge groups SU(2) and SU(3)
[91, 92]. See [10] for details.

Since the strong-coupling diagrams are independent of the (compact)
gauge group (but their numerical values are not), also the U(1) and e.g.
Z(n) gauge theoriest have a particle content at strong coupling similar
to that of glueballs.

5.7 Coulomb phase, confinement phase

We have seen that all gauge theories with a compact gauge group such as
U(1), SU(n) and Z(n) have the property of confinement at strong cou-
pling, and the emerging particles are ‘glueballs’. On the other hand, we
have also given arguments, for U(1) and SU(n), that the weak-coupling
expansion on the lattice gives the usual universal results for renormalized
quantities found with perturbation theory in the continuum.

In particular the compact U(1) theory at weak coupling is not con-
fining and it contains no glueballs but simply the photons of the free

t Z(n) is the discrete group consisting of the center elements (5.105) of SU(n).
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confinement  Coulomb
1 1 1 (a)
0 B infinity

confinement
1 1 (b)
0 B infinity

Fig. 5.19. Phase diagram of the compact U(1) gauge theory (a) and the SU(n)
gauge theory, n = 2,3 (b).

Maxwell theory. The physics of the compact U(1) theory is clearly
different in the weak- and strong-coupling regions. This can be un-
derstood from the fact that there is a phase transition as a function
of the bare coupling constant (figure 5.19). One speaks of a Coulomb
phase at weak coupling and a confining phase at strong coupling. In
the Coulomb phase the static potential has the standard Coulomb form
V = —g& /Anr+constant, whereas in the confinement phase the potential
is linearly confining at large distances, V' =~ or. There is a phase
transition at a critical coupling 8. = 1/g? ~ 1.01, at which the string
tension o(/3) vanishes; see for example [95].

The Wilson loop serves as an order field in pure gauge theories.
Consider a rectangular r x ¢ Wilson loop C, with perimeter P = 2(r +t)
and area A = rt. When the loop size is scaled up to infinity, the dominant
behavior is a decay according to a perimeter law or an area law:

W(C) ~ e <P, Coulomb phase, (5.109)
W(C) ~ e 4, confinement phase. (5.110)

Here ¢ may be interpreted as the self-energy of a particle tracing out
the path C in (Euclidean) space—time, and o is the string tension
experienced by a particle.

There is no phase transition in the SU(2) and SU(3) models with
the standard plaquette action in the fundamental representation in the
whole region 0 < 3 < oo (3 = 2n/g?). This conclusion is based primarily
on numerical evidence (see e.g. the collection of articles in [5]) and it
is also supported by analytic mean-field calculations (see e.g. [6] for a
review). The absence of a phase transition, combined with confinement
at strong coupling, may be interpreted as evidence for confinement also
in the weak-coupling region.
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B,

B

Fig. 5.20. Qualitative phase diagram of mixed-action SU(n) gauge theory for
n=2,3.

It should be kept in mind that the phase structure of a theory is not
universal and depends on the action chosen. Only the scaling region near
a critical point is supposed to have universal properties. For example,
in SU(n) gauge theory with an action consisting of a term in the
fundamental representation and a term in the adjoint representation,

S = [Bid; '"Re Tr Uy + Bad, 'Re Tr D*(U,,)], (5.111)

p

the phase diagram in the i—(, coupling plane looks schematically like
figure 5.20. This figure shows two connected phase regions; the one
relevant for QCD is the region connected to the weak-coupling region
Be/2n + Ban/(n? — 1) = 1/g* — oo (recall (4.85)). For n > 3 the phase
boundary going downward in the south-east direction crosses the ¢ axis.
This implies that, for n > 3, the model with only the standard plaquette
action in the fundamental representation shows a phase transition. It
is, however, not a deconfining transition because we can go around it
continuously through negative values of the adjoint coupling (,.

The phase structure of lattice gauge theories is rich subject and for
more information we refer the reader to [5] and [6], and [10].

5.8 Mechanisms of confinement

As we have seen in section 5.1, the calculation of the static potential
from a Wilson loop to lowest order of perturbation in g2 gives a Coulomb
potential. In the compact U(1) theory, higher orders did not change this
result qualitatively, whereas in SU(n) gauge theory, there are logarith-
mic corrections, that can be interpreted in terms of asymptotic freedom.
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However, there is no sign of confinement in weak-coupling perturbation
theory. This can be understood from the fact that we expect the string
tension to depend on the bare coupling g? as

1 2 2
Vo =Colr = Co — (Big?) PPRTVRT L+ 0(e%),  (5.112)

which has no weak-coupling expansion (all derivatives 0/9g? vanish at
g = 0). The physical region is at weak coupling, where the lattice spacing
is small, so how can we understand confinement in this region?

Non-perturbative field configurations have long been suspected to
do the job. Such configurations are fundamentally different from mere
fluctuations on a zero or pure-gauge background. We mention here in
particular magnetic-monopole configurations envisioned by Nambu [49],
't Hooft [50], and Polyakov [41], and Z(n) wvortex configurations put
forward by 't Hooft [51] and Mack [52].

It can be shown that the confinement of the compact U(1) theory
is due to the fact that it is really a theory of photons interacting with
magnetic monopoles (see e.g. the first reference in [53] for a review).
These monopoles condense in the confinement phase in which the model
behaves like a dual superconductor. In a standard type-1I superconduc-
tor, electrically charged Cooper pairs are condensed in the ground state,
which phenomenon causes magnetic-field lines to be concentrated into
line-like structures, called Abrikosov flux tubes. Magnetic monopoles,
if they were to exist, would be confined in such a superconductor,
because the energy in the magnetic flux tube between a monopole and an
antimonopole would increase linearly with the distance between them.

In a dual superconductor electric and magnetic properties are inter-
changed. The compact U(1) model is a dual superconductor in the
strong-coupling phase, in which the magnetically charged monopoles
condense and the electric-field lines are concentrated in tubes, such that
the energy between a pair of positively and negatively charged particles
increases linearly with distance. In this way the model is an illustration
of the dual-superconductor hypothesis as the explanation of confinement
in QCD.

At weak coupling the monopoles decouple in the compact U(1) model,
because they are point particles that acquire a Coulomb self-mass of
order of the inverse lattice spacing a~!. However, in SU(2) gauge theory,
according to [53], there are ‘fat’ monopoles that have physical sizes and
masses, and do not decouple at weak bare gauge coupling g2. They
remain condensed as g2 — 0 and continue to produce a non-zero string
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tension for all values of g2. A similar mechanism is supposed to take
place in SU(n) gauge theory for n > 2.

The mechanism for confinement in SU(n) gauge theory proposed by
Mack is condensation of fat Z(n) vortices. The latter cause an area-type
decay of large Wilson loops in much the same way as in the Z(n) gauge
theory at strong coupling.

There seems to be more than one explanation of confinement, depend-
ing on the gauge one chooses to work in. This may seem disturbing,
but, e.g. also in scattering processes, different reference frames (such
as ‘center of mass’ or ‘laboratory’) lead to different physical pictures.
Numerical simulations offer a great help in studying these fundamental
questions. Lattice XX reviews are in [54], see also [55, 56, 57, 58, 59].

5.9 Scaling and asymptotic scaling, numerical results

We say that relations between physical quantities scale if they become
independent of the correlation length £ as it increases toward infinity.
In practice this means once ¢ is sufficiently large. In pure SU(n) gauge
theory the correlation length is given by the mass in lattice units of the
lightest glueball, { = 1/am. For instance, glueball-mass ratios m;/m;
are said to scale when they become approximately independent of &.
Typically one expects corrections of order a2,

m;/mj = ri; +r};a°m? + O(a*). (5.113)

For the usual plaquette action am is only a function of the bare gauge
coupling ¢g?. We can write m = C,,Ar, with Ay the lambda scale
introduced in (5.45) and C), a numerical constant characterizing the
glueball. The correlation length is then related to the gauge coupling by

€2 = a?m? = C2 a®A2 = (2, (6192)—62/536—1/6192[1 +0(¢?)],
(5.114)
for sufficiently small g?. Neglecting the O(g?), this behavior as a function
of g2 is called asymptotic scaling.

It turns out that asymptotic scaling is a much stronger property than
scaling, in the sense that scaling may set in when the correlation length
is only a few lattice spacings, whereas asymptotic scaling is not very
well satisfied yet. In the usual range of couplings, which are of order
B =2n/g? = 6 for SU(3) gauge theory with the plaquette action in the
fundamental representation, once 8 > 5.7 or so, the correlation length
appears to be sufficiently large and the O(a*) corrections small enough
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for scaling corrections to be under control. However, asymptotic scaling
does not hold very well yet in this region. Apparently the O(g?) correc-
tions in (5.114) cannot be neglected. This has led to a search for ‘better’
expansion parameters, i.e. ‘improved’ definitions of a bare coupling that
may give better convergence, see e.g. [60]. Note that exp(—1/31g?%) is a
rapidly varying function of g2 because 31 = 11n/487% ~ 0.070 (n = 3)
is so small. Typically AB ~ 0.48 corresponds to a reduction of a? by a
factor of four near 5 = 6.

The potential V(r) is a good quantity to test for scaling because it is
relatively easy to compute and there are many values V (r). As a measure
of the correlation length we may take

& (8) = 1/aV/o, (5.115)

o is the string tension in lattice units, which goes to zero as
approaches infinity. Assuming /o = 400 MeV, for example (cf. section
1.1), the value of a\/o give us the lattice distance a in units (MeV)™!,
This can be used to express the potential in physical units as follows.
The potential in lattice units can be written as

aV = v(g,ﬂ), (5.116)

where a?

where v is a function of the dimensionless variables r/a and /3. Recall that
V' contains the unphysical self-energy of the sources, which is distance
independent. Expressing the potential in physical units, as set by the
string tension, gives

v v ﬂ =V(ryo v
%—50(5) (50(6)’ﬁ> = V(rvo,3) + vo(B). (5.117)

These relations ‘scale’ when V becomes independent of 3. Here vg(3)
is the self-energy, which can be fixed by a suitable choice of the zero
point of energy, e.g. f/(l) = 0. In practice, after computing o from the
long-distance behavior V a or + constant + O(r~1), the data points at
various 8 > 6 can be made to form a single scaling curve by plotting
V/\/o versus r/o with a suitable vertical shift corresponding to v (5).

However, the accuracy of such scaling tests is limited by the fact that
o is an asymptotic quantity defined in terms of the behavior of the po-
tential at infinity. This problem may be circumvented by concentrating
on the force F = 9V/Or, in terms of which we can define a reference
distance ro by

reF(ry) = 1.65. (5.118)
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Fig. 5.21. Scaling of the SU(3) force and the continuum limit at z = r/ro =
0.4, 0.5, and 0.9 (left), and x = r/r. = 0.5, 0.6, and 1.5 (right) from top to
bottom. The stronger/weaker dependence on a corresponds to 1 defined in
(5.119)/(5.120). From [62).

The choice 1.65 turns out to give rg =~ 1/y/o, which is in the
intermediate-distance regime within which the potential and force can
be computed accurately [61]. The force may be computed as

F(iri)=[V(r+a)—-V(r)]/a, T =r—a/2, (5.119)

and scaling tests can then be performed as above with \/o — 1/r¢. There
is another choice for r; that gives an improved definition of the force,
leading to much smaller scaling violations in the small- and intermediate-
distance region [61], namely

(47r1) 72 = [v(r1,0,0) — v(r1 — a,0,0)]/a, (5.120)

where v(z,y, z) is the lattice Coulomb potential (5.11). The scaling test
for the force avoids ambiguities from the Coulomb self-energy in the
potential. Writing r = xrg, or r = ar., where r. is defined as in (5.118)
with 1.65 — 0.65, a scaling analysis is carried out in [62] in the form
reF(zrg) = folx) + fi(a/r0)? + O(a*), or with rg — 7., as shown in
figure 5.21. The values of (a/r¢ .)? correspond to 3 in the interval [5.7,
6.92].
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Fig. 5.22. The running coupling aqgq(1) = g&(1)/4m, u = 1/r plotted versus
r/ro and compared with the dependence on r as predicted by the weak-
coupling expansion for the renormalization-group beta function (the curves
labeled RGE; dotted lines correspond to 1 ¢ uncertainties of Ayg(ro). From
[64].

In the small-distance regime the running of the coupling (5.23), i.e.
g% (p) = 4nr?F(r)/Ca, = 1/r, can be compared with the prediction of
the perturbative beta function, which is known to three-loop order. One
could use the perturbative expansion (5.41) in which Ay, or equivalently
Ajrg, appears as an integration constant. This scale in units of ro,
i.e. roAyg, has been determined independently in an elaborate non-
perturbative renormalization-group computation [63]. Instead of using
the perturbative expansion it is more accurate to integrate the two-
or three-loop renormalization-group equation numerically. The result
is shown in figure 5.22, where we see that perturbation theory works
surprisingly well, when it is implemented in this way, up to quite large
a’s. In physical units 7o & 1/y/0 ~ 0.5 fm.

Note that knowledge of a non-perturbative A scale allows the predic-
tion of ag. Such a program has been pursued in full QCD in various ways
[66] and the resulting « agrees well with the experimentally measured
values, see also the review in [2].
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Fig. 5.23. The potential from two values of 3. The curve labeled ‘Cornell’ is
a fit of the form —3a/r + constant + or with constant «.. From [65].

An overview of numerically computed potential is given in figure 5.23.

Glueball masses have by now also been computed with good accuracy
in the SU(n) models, using variational methods for determining the
eigenvalues of the transfer matrix. It is particularly interesting to do
this for varying n, since the theory simplifies in the large-n limit in the
sense that only planar diagrams contribute [67]. The same is true in
the strong-coupling expansion [68]. Figure 5.24 shows recent results for
various n. We see that ratios with y/o do indeed behave smoothly as a
function of 1/n? all the way down to n = 2.

Last, but not least, analytic computations in finite volume are theo-
retically very interesting and a comparison with numerical data is very
rewarding. For a review, see [18].

5.10 Problems

(i) Gauge firing and the weak-coupling expansion
Consider a partition function for a U(1) or SU(n) lattice gauge-
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Fig. 5.24. Ratios of glueball masses with /o, extrapolated to a — 0 and
infinite volume, as a function of 1/n?, for n = 2,3,4,5. From [69].

field theory with gauge-invariant action S(U),

Z = /DUeXp[S(U)]. (5.121)
The action may be the standard plaquette action
1
SU) === > Tr(1 - Upa), (5.122)
2pg* T~

it may also contain the effect of dynamical fermions in the form
Indet A(U), with A the ‘fermion matrix’, cf. section 7.1. Let O(U)
be a gauge-invariant observable, O(U) = O(U%),

US, = U9t (5.123)

and
_ f DU exp[S(U)]O(U) '

(©) .

(5.124)

be the average of O.
We want to evaluate the path integrals in the weak-coupling
expansion and expect to have to use gauge fixing, as in the
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continuum. We can try to restrict the implicit integration over
all gauge transformations in (O), loosely called gauge fixing, by
adding an action Sg¢(U) to S(U) that is not invariant under gauge
transformations. For example7

U-Ut
2
(5.125)
with 9, = —3}: the backward derivative, 9, f» = fo — futp- Let
A(U) be defined by

Tr (9, ImU,z)*, ImU =

gf

29

AU = /DQexp[ng(UQ)}, (5.126)

where [ DQ is the integration over all gauge transformations. It
is assumed that A(U)~t # 0.

(a) Show that the Faddeev—Popov measure factor A(U) is gauge
invariant.

We insert 1 = A(U) [ DQexp[Sgs(U?)] into the integrands in
the above path-integral expression for (O) and make a transfor-
mation of variables U — U®'. Using the gauge invariance of S(U),
O(U), and A(U) we get
J DQ [ DU A(U) exp[S(U) + Sge(U)] O(U)

/D [ DU A(U) exp[S(U) + See(U)]

_ DUAU)exp[S(U) + S (V)] O(U)

DU AD) explSO) + S (0]

In the weak-coupling expansion we expand about the saddle

(0) =

(5.127)

points with maximum action. We assume this maximum to be
given by U,; = 1. There will in general be more maxima. For
example, without dynamical fermions, U, = U (i.e. independent
of  and p) and U, = Z,, with Z, an element of the center
of the gauge group, give the same value of the plaquette action
as does U,, = 1. Intuitively we expect constant modes to be
important for finite-size effects, but not important in the limit
that the space—time volume goes to infinity. Restricting ourselves
here to the latter case, we shall not integrate over constant modes
and expand about U,, = 1, writing

Upa = exp(—igAﬁxtk). (5.128)

The evaluation of the integral (5.126) defining A(U) is also
done perturbatively. Because of the factor 1/¢? in the gauge-fixing
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action, we only need to know A(U) for small 0], Im Tr U,,.. The
integral (5.126) has a saddle point at 2, = 1, but there are in
general many more saddle points €2, called Gribov copies, with
Set(U) = Sge(U). The study of Gribov copies is complicated.
One can give arguments that the correct weak-coupling expansion
is obtained by restriction to the standard choice 2, = 1, and this
is what we shall do in the following. This means that, for the
perturbative evaluation of A(U), we can write

Q, = exp(igwtty) (5.129)

and expand in gw,. In perturbation theory we may just as well
simplify the gauge-fixing action and use

St = 7 Z o, Ak o, AL . (5.130)
(In the neighborhood of the identity, Aﬁm and w” are well defined
in terms of U, and Q;.)

We extend the initially compact integration region over A,m
and w¥ to the entire real line (—oco, 00). The error made in doing
so is expected to be of order exp(—constant/g?), and therefore
negligible compared with powers of g, as g — 0. A typical example
is given by

us o0
/ doe ™19 = / dz e 19" 4 O(e™ /). (5.131)
-7 —00
(b) For a U (1) gauge theory show that (5.130) leads to a Faddeev—
Popov factor that is independent of U,

A(U) = constant x det(d), gy = 9,002y, (5.132)

with the constant independent of A,,.
Weak-coupling expansion in compact QED
We consider first the bosonic theory given by the action

57 Z Up) (5.133)
TpY

and use (5.130) for gauge fixing. The bare vertex functions —V
are given by

Sa+ St = Z = Z VI AL s A (5.134)

Ty



148

U(1) and SU(n) gauge theory

(a) Show that, in momentum space, for even n > 2 (by convention
the momentum-conserving periodic delta function is omitted in
the definition of the Fourier transform of V¥1'%n )

fi1-fun
Vi (k<) = =562 S T2 )+ T k)
af
1
= On2 g Ky (1) Koy (k2), (5.135)
where

1 .
Kulh) = 5% 1), Ki(K) = ~K,(~F),  (5.136)
T3P (k) = K (k)0 — Kj(k)Sap (5.137)
(b) Show that the photon propagator D, (k) is given by
K (/f)Ki(k)> 1 K (k) K (k)
D, (k) =6, — —£
o) = (o~ 5055 ) G +€ i

The Feynman gauge corresponds to £ = 1.
(c) Derive (5.19), for arbitrary &.

38)
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Fermions on the lattice

In this chapter we introduce the path integral for Fermi fields. We
shall discuss the species-doubling phenomenon — the fact that a naively
discretized Dirac fermion field leads to more particle excitations than
expected and desired, two remedies for this, which go under the names
‘Wilson fermions’ and ‘staggered fermions’, the interpretation of the path
integral in Hilbert space, and the construction of the transfer operator.
Integration over ‘anticommuting numbers’, the ‘Grassmann variables’
and the relation with creation and annihilation operators in fermionic
Hilbert space is reviewed in appendix C.

6.1 Naive discretization of the Dirac action

In continuous Minkowski space—time the action for a free fermion field
can be written as (see appendix D for an introduction)

S=— / A2 [L ()1 0,0(x) — Q@) () + mb(x)i(x)], (6.1)

or, exhibiting the Dirac indices «, 3, ... (but suppressing the label z for
brevity),

S=— / 042 [(1)ap s (Badyils — Bubaths) + mibatba].  (6.2)

The 9 and 1) are anticommuting objects, so-called Grassmann variables,
e.g. Ya(2)0s(y) = —1bs(y)a(z). The integrand in (6.1) is Hermitian,
treating ¢ and ¥,

vt =4, B=i", (6.3)
as Hermitian conjugates, e.g. (wa(x)z/)zg (y) = z/)zg (y)a(z). Note, how-

ever, that ¢ and ¥+ are independent ‘variables’ (which is why we use

149
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the superscript + instead of {). The Dirac matrices have the following
properties:

== n=-7 % =-1, (6.4)
AR = = %i, V=1, k=123 (6.5)

implying that 8 = ' and 8% = 1.t Replacing the derivative operators
by discrete differences,

1
But@) = (e + auf) — V()] (66)
"
we obtain from (6.1) a lattice version
5=~ 3 gy P bl aui) Tt auf b()-m 3 9
T, 0 H

(6.7)
Recall that a, is the lattice spacing in the p direction. We shall occa-
sionally only need the spacing in the time direction, ag, to be different
from the spatial lattice spacing a = a, k =1,2,3.
The path integral for free fermions with anticommuting external
sources ) and 7] is now tentatively defined by

Z(n,7) = /Diﬁ Dy i ISHEa e+, (6.8)
where
DY DY = [ [ dvosa dipaa = [ [ dib, difra- (6.9)

We assumed the action to be rewritten in terms of dimensionless v, and
(O

Yy = a3/2w(x), 'J)m = a3/21/;($), (6.10)
and similarly the symbols di), and di,, are dimensionless. The last
equality in (6.9) follows from the rule d(T%) = (detT)~tdi (cf. ap-
pendix C) and det 3 = 1. The 9., and 1, are independent generators
of a Grassmann algebra. We recall also the definition of fermionic inte-
gration (cf. appendix C),

/db —0, /dbb =1, (6.11)

where b is any of the ., or 1} . Before making the transition to
imaginary time we need to make the dependence on ag explicit. So let n,,

1t We usually write just 1 for the unit matrix 1.
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be the integers specifying the lattice site z, 2° = npas, x = na, and let
thp = 1, and 1, = 1,. Recalling that >, =apa®>", in our notational
convention, the lattice action reads more explicitly

1 - _
S=- Z {2(w"70wn+6 - ¢n+()70¢n)

a
k=1
Furthermore
_ - a _ -
Z(W/J + Wi) = ;0 ( anWPan + "/’annan)a (6'13)

with dimensionless 774, and Tan,.

It follows from the rules of fermionic integration that the path integral
for a finite space—time volume is a polynomial in agm and ag/a. Hence,
an analytic continuation to ‘imaginary time’ poses no problem:

ag = |aglexp(—ip), @:0— 7/2, ay— —iay, (6.14)

with ag = |ag|. This transforms the path integral into its Euclidean
version (iS — Sg, dropping the ),

7 = /D@Dw eS+Z,,L(771ZJ+'(/;7I)7 (6.15)

-]

n

Z %(&n’yuzanrﬂ - /(ZnJr[f)’;Lwn) + asm '(Z}nwn 3
m

12

where y now runs from 1 to 4 (with ny = ng, 4 = 0), and

vy =" = B. (6.16)

6.2 Species doubling

It turns out that the model described by the action in (6.15) yields
24 = 16 Dirac particles (fermions with two charge and two spin states)
instead of one. This is the species-doubling phenomenon. We shall infer
it in this section from inspection of the fermion propagator and the
excitation energy spectrum.

Using a matrix notation, writing

Z(n,n) = / DD e~ VAV (6.17)
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where (in lattice units, a = a4 = 1)
1 - - - - -
Azy = Z’Yﬂi(&m,zéy,zﬁ»ﬂ - 6m,z+ﬂ6y)z> + m Z 6z,26y7z; (618)
ZW z

the path integral is easily integrated (appendix C) to give

Z(n,7) = det Ae™ ', (6.19)
Here A;yl = S;y is the fermion propagator. It can be evaluated in
momentum space, assuming infinite space—time,
Ak, —=1) =Y e WAL, = S(k) ' o(k — 1), (6.20)
Ty
S(k)™' = iyusink, +m, (6.21)
n
m —1iv,8 .
S(k) = W’;Q", s, =sink,,. (6.22)

Reverting to non-lattice units the propagator becomes

m—iy_, yusin(ak,)/a

S(k) = , 6.23
(k) m?+3, sin”(ak,,)/a2 (6.23)
for which the limit ¢ — 0 gives the continuum result
m — ivk 9

The propagator has a pole at ky = iw = ivk? + m? corresponding to
a Dirac particle. The pole is near the zeros of the sine functions at
the origin ak, = 0. However, there are 15 more regions in the four
dimensional torus —m < ak,, < m where the sine functions vanish, 16 in

total:
(A)

_17H Pu
Sk)=——4+0 k=k 6.25
( ) m2 +p + ( )7 A+D ( )
where the k4 is one of the 16 four-vectors
fea = %‘“ mod 27 (6.26)
with
o = (0 05070)7 1234 = (7T,7T,7T77T),
= (m,0,0,0), m =(0,7,0,0),..., m4=(0,0,0,7),
w12 = (m,7,0,0),..., w34 = (0,0, 7, 7),
w23 = (m,m,m,0),..., w34 = (0,7, 7,7), (6.27)
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and

(A4)

Y = cosmay, = £, (6.28)

Since the ’yl‘? differ only by a sign from the original vy,,, they are equivalent
to these by a unitary transformation. This transformation is easy to
build up out of products of 7,75, where 75 = i7'v192y3 = —y1927374

is the Hermitian and unitary matrix which anticommutes with the ,:
Yu¥s = =Y. So let

{SA} = {ﬂa Spv SpSav SpSJS'ra 51525354}, Sp = Y75, (629)
where p £ o #7 # pand A — w4 < Sa, e.g. ma3 <« So3 = 5953. Then

¥ = 8478, (6.30)
and we have
ot M P 2
S(ka+p) —SAW/;QMSA"FO(G ). (6.31)

The transformations S, are useful for the detailed interpretation of the
zeros of the sine functions near k4 # 0 in terms of genuine particles [70].
Here we shall support the interpretation of the 15 additional particles
— the species doublers — by deriving the spectrum of excitation energies
above the energy of the ground state.

The excitation-energy spectrum is conveniently obtained from the
time dependence of the propagator, analogously to the boson case:

3 . . .
S(x,t) = /Tr Lkg pikx /Tr dky gikat T 1S — 174 52111 k4’ (6.32)
= (2m) _y 2w m?2 + 82 +sin® ky
where we reverted to lattice units and used the notation s, = sink,.
The k4 integral can be performed by changing variables to

z = etk (6.33)

in terms of which s3 =1 — (22 + 272 + 2)/4, and

Bk dz , z2(m —ivys) —ya(z2 —1)/2
1 ikx et
Sx.1) / 2n)3 ¢ omi A_2f2 41 ’
f=1+2(m*+s%). (6.34)

The integral over z is over the unit circle in the complex plane, as shown
in figure 6.1. The denominator of the integrand has four zeros, at £z,
and +z_, where z4 are given by

(22 =f V-1, zp=e*, (6.35)
cosh(2w) = f, sinhw = Vm? + s2. (6.36)
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Fig. 6.1. Contour integration in the complex-z plane.

For t > 0 (t = integer) the two poles at z = +z_ contribute, giving

d3k eikxfwt
S(x,t) = ——(m—i sinh
(x,1) /(27r)3 Snh(20) (m — iys + 4 sinhw)

; dBk eikxfwt
+ (-1 ——— ————— (m — 9ys — Y sinhw). 6.37
(1) / (2m)3 sinh(2w) ( T ) ( )
Before interpreting this result we want to summarize it in terms of the
variable k4, for later use. In terms of k4 the zeros of the denominator
m2 + s +sin*ky at z = 2, are at ky = Fiw, and for 2 = —z; at
k4 = Fiw + 7 (mod 27). The ky = —iw, —iw + 7 poles are relevant for
t < 0. The residues of the other poles are given by
et (m — iys — ivysy)

9 (m — iys + 4 sinhw), ks = iw,

=e
= (-1)fe ¥ (m —iys — ysinhw), ky=iw+m,
wt(

=e“" (m — iys — s sinhw), ky = —iw,

= (=1)%e“" (m —iys + yysinhw), kg = —iw+7m.  (6.38)

We see that we cannot blindly perform the inverse Wick rotation on the
lattice k4 — ik° and look for particle poles at k® = +w. We have to
let ky — ik° + ¢, ¢ € [0,27): then k° = fw corresponds to eFT«! it
¢ 2 0. In this case we have have poles at ¢ = 0 and ¢ = 7. Recall that
the Bose-field denominator m? + 25" (1 —cosky) gives only a pole for

@ =0.
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2

- —m/2 /2 T

Fig. 6.2. Excitation-energy spectra for bosons (upper curve) and fermions
(lower curve) on the lattice, in lattice units (m = 0.2).

We now interpret the result (6.37). From the time dependence of the
propagator we identify the energy spectrum w(k). Since there are two
poles contributing for ¢ > 0, there must be two fermion particles for every
k. One of them (the pole at z = 2_) has the usual e~“* factor. The other
(at —z_) has in addition the rapidly oscillating factor (—1)*. Apparently,
to obtain smooth behavior at large times (in lattice units) we have to
take two lattice units as our basic time step. This is in accordance with
the transfer operator interpretation of the path integral, in which in
general two adjacent time slices are identified with the fermion Hilbert
space [78, 79, 89], in which two independent operator Dirac fields 1/31,2
act, corresponding to the two particle poles. An exception is Wilson’s
fermion method [86, 87], which has no fermion doubling (for r = 1, see
below).

So there is a doubling of fermion species due to the discretization of
time. There is a further proliferation of particles due to the discretization
of space. In figure 6.2 we compare the boson and fermion excitation-
energy spectra

3
coshw=1+1|m*+2 Z(l —cosk;)|, boson; (6.39)

j=1

3
sinhw =, |m? 4+ Z sin® k;, fermion. (6.40)
j=1
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We define a particle state to correspond to a local minimum of the energy
surface w(k). The minima are at k = ks, ka = 0, 71, w2, 73, W12, Was,
31, 123, with rest energy given by wa = w(ka), sinhwy = m. For
m — 0 (in lattice units) the spectrum is relativistic near k = ky,

w—yvVm2+p2, m—0, p=k-—ky—0, (6.41)

and p can be interpreted as the momentum of the particle. From the
time and space ‘doubling’ we count 2* = 16 particles. Note that the
wave vector k is just a label to identify the states and that the physical
momentum interpretation has to be supplied separately.

One may wish to ignore the k4 # 0 particles. However, in an inter-
acting theory this is not possible, because k,, is conserved only modulo
2m. For example, two k4 = 0 particles may collide and produce two
ka = m = (m,0,0,0) particles: p; + p2 = p3 + m1 + ps + 71 = p3 + pa
(mod 2).

The phenomena related to fermions on a lattice touch on deep issues
involving anomalies and topology. This is a vast and technically difficult
subject and we shall give only a brief review in sections 8.4 and 8.6. In a
first exploration we shall describe two important methods used for ame-
liorating the effects of species doubling in QCD-like theories: Wilson’s
method [71] and the method of Kogut—Susskind [72, 40] (in the Hamil-
tonian formulation). The latter is also known as the staggered-fermion
method, in its generalization to Euclidean space-time (see for example
[79, 74, 80]). For the hypercubic lattice the staggered-fermion method
is equivalent to the ‘geometrical’ or Dirac-K&hler fermion method of
Becher and Joos [81], provided that an appropriate choice is made of
the couplings to the gauge fields.

We shall first describe Wilson’s method and then briefly introduce the
staggered-fermion method.

6.3 Wilson’s fermion method

Wilson’s method can be viewed as adding a momentum-dependent ‘mass
term’ to the fermion action, which raises the masses of the unwanted
doublers to values of the order of the cutoff, thereby decoupling them
from continuum physics. For free fermions we replace the mass term in
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the action as follows,

x T Tp
_ 1 - _
=m ZwL¢L + % Z ?(wx-&-aﬂ - ww)(¢w+aﬂ - /l/)l)
T Tp
4r - r - 7
= (m + a) Z Yethz — % Z(¢x+a[ﬂ/}w + wzweraﬂ)-
z T

The has the effect of replacing the mass m in the inverse propagator in
momentum space by

m—i—rZ(l —cosk,) = M(k), (6.43)
o
in lattice units. The propagator is then given by

M(k) — iy, sink,

S0 = e + > sin? (6.44)
For k = k4 + p and small p in lattice units this takes the form
S(p) = ma i (6.45)
m? +p? '
ma=m+2nar, na=0,1,....4, (6.46)

where n 4 is the number of 7’s in k4.

Hence, the mass parameters of the doubler (n4 > 0) fermions are of
order one in lattice units as long as r # 0. These mass parameters m 4
may be identified with the fermion masses if they are small in lattice
units, i.e. for small m and r. For general » and momenta p the fermion
energies differ from \/m?% + p? and it is interesting to see what they
actually are. We therefore look for the poles of the propagator as a
function of k4 and identify the energy w from k4 = iw or ky = iw + 7,
as explained below (6.37). For simplicity we shall use the notation

s, =sink,, c,=cosk,, s°=s,5,. (6.47)

Separating the k4 dependence, the denominator of the propagator can
be written as

M4 =1+ + 52— 2r¥cy — (1 —7r?)c], (6.48)
3
E:m—t—r—H“Z(l—cj), (6.49)

j=1
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which denominator vanishes for

L /2P (A=) (1 +s%) S
N 1—7r2 '

cosh w

(6.50)

Here the plus sign corresponds to k4 = iw + 7 and the minus sign to
k4 = iw. The rest energies of the particles at k = k4 follow from s = 0
and

Y=m+r+2nr, n=0,1,2,3for ky =0, 7j, Tk, T23.  (6.51)

For m = 0 the particles have rest energy w,, given by

L /P +2n)2+1—r2 £ 731+ 2n)

coshw’ =
" 1—1r2

. (6.52)

Hence, only the wanted (n = 0, — sign) fermion has rest energy zero
and the doubler fermions have rest energies of order 1 in lattice units
(energies of order of the cutoff). For r — 1 the rest energies of the
time-doublers (for which the + sign applies) become infinite, w™ — oo.
The non-time-doubler rest energies become w, = In(1 + 2n) at r =
1. Actually, as r increases from 0 to 1 the doublers disappear before
reaching r = 1 in the sense that the local minima of the energy surface
at ka # 0 disappear.

Wilson’s choice is r = 1. It can be seen directly from (6.48) that in
this case there is no species doubling because the inverse propagator is
linear in cos k4. Re-installing the lattice spacing a, the particle energy
can be found to contain errors of order a, to be compared with O(a?)
for naive/staggered fermions or bosons,

w=w; =vm?+p2+0(a). (6.53)

The special significance of 7 = 1 can be seen in another way from the
complete action, which has the form

S = Z(ﬂ;zr *2’)% wz+ﬂ + "/_)r-&-ﬂ?u;’mdjr) - MZJ)ﬂbza
T T

M =m + 4r. (6.54)

The combinations
+ T :I: "yu
Pu =—

become orthogonal projectors for r =1,

(6.55)

+\2 _ p+ +p— _ + -
(PE?=PE, PfP; =0, PF+P =1 (6.56)
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Replacing derivatives by covariant derivatives we obtain the expression
for the fermion action coupled to a lattice gauge field U,,s,

T

or, temporarily reintroducing the lattice spacing a,

Sk = — Z [; (dW/tDud’ - Dmlw;ﬂ/)) +Ymyp + a;D/ﬂ/)D/ﬂl)} , (658)
where D, (z) = [(z + ﬂa)U;Ex — (x)]/a, etc., we rearranged the
summation over z, and m = M — 4r/a is sometimes called the bare
fermion mass.

In the QCD case M is a diagonal matrix in flavor space and r is usually
chosen flavor-independent, mostly » = 1. A parameterization introduced
by Wilson follows from rescaling ¢ — M~1/24, ¢ — )M ~1/2. For one
flavor this gives the form

S=- Z @17%: + K ZWJ:(T - W)U;w%w + iw-ﬂl(r + ’YM)U;];xwx]v
g (6.59)

where
1
K= oap (6.60)
is Wilson’s hopping parameter (it is flavor dependent). This & is anal-
ogous to the hopping parameter in the scalar field models. We may
interpret — 210, as belonging to the integration measure in the path
integral.
For free fermions the continuum limit means m — 0 in lattice units,

which implies a critical value for the hopping parameter
Kk — ke=1/8r, M — M, =4r. (6.61)

At this critical value there is somehow a cancellation of the w-like
terms, such that the fermions acquire zero mass. With the gauge field
present the effective strength of the hopping term is reduced by the
‘fluctuating’ unitary U,,. We then expect M, < 4 and k. > 1/8r, for
given gauge coupling g. However, in the QCD case we know already that
g itself should go to zero in the continuum limit, because of asymptotic
freedom, implying U, — 1 in a suitable gauge and (6.61) should still be
valid (k¢ is of course gauge independent). However, at gauge coupling
of order one we can be deep in the scaling region of QCD and we may
expect an effective k. substantially larger than 1/8r. Since there are no
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free quarks in QCD we cannot define k. as the value at which the quark
mass vanishes. We shall see later that it may be defined as the value at
which the pion mass vanishes.

6.4 Staggered fermions

Starting with the naive fermion action we make the unitary transforma-
tion of variables (in lattice units)

b =7 Xar Yz = Xa (V)T (6.62)
Y= (1) (72)" (3)™° (ya)™. (6.63)
Because
[(71)T7u7x+ﬂ]aﬁ — [,Yz,m(,yr—kﬂ)]‘]aﬁ =Ny 50467 (6.64)
where
Mz = 17 nz = (_1)3717 N3z = (_1)371-‘1—.’,827 Mz = (_1)xl+x2+x3’
(6.65)

this transformation has the effect of removing the gamma matrices from
the naive fermion action, which acquires the form

4

S = = 3| S My (xS — K@)+ m Y RENG[ - (6:66)

a=1Lzu T

In this representation the Dirac spinor labels a on x and y are like
internal symmetry labels and the action is just a sum of four identical
terms, one for each value of the Dirac index. Hence, one of these should
suffice in describing fermion particles. It can indeed be shown that taking
x and Y as one-component fields leads to 16/4 = 4 Dirac particles in
the continuum limit. In QCD all these fermions are interpreted as quark
flavors. Inserting the ‘parallel transporters’ U, then leads to a gauge-
invariant staggered-fermion action

1
S Zn/_m: Xax(U,u,:n)abXbm+,u, Xax+p,( w abXb:v ZmXamXa:m
Tp

(6.67)
where we have made all indices on x and ¥ explicit (¢ and b are color
indices) — there are e.g. no spin or flavor indices for ¥ and y. Analysis in
weak-coupling perturbation theory leads to the conclusion that this ac-
tion describes QCD with four mass-degenerate flavors in the continuum
limit [73, 74] (the mass degeneracy of the quarks can be lifted by adding
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other terms to the action). The action has an interesting symmetry
group [76], which is important for the construction of composite fields
with the quantum numbers of hadrons [75, 77]. In the scaling region
this symmetry group enlarges to the group in the continuum (including
‘anomalies’).

A further reduction by a factor of two is possible by assigning ., only
to the even sites and x, only to the odd sites [78, 79, 80]. Even and odd
sites are defined by €, = 1 and — 1, respectively, with

€p = (—1)T1Foataatas, (6.68)

In this formulation we may as well omit the bar on Y, since no confusion
between even and odd sites is possible. Then a minimal action with only
one Grassmann variable per site is given by

S=- Z n/wc%X:chc+[u (6.69)

Tp

in case of zero fermion mass. This method leads essentially to four
Majorana fermions, which are equivalent to two Dirac fermions or eight
Weyl fermions. Non-zero mass requires one-link or multilink couplings,
since x2 = 0.

Staggered fermions are technically rather specialized and we shall not
emphasize them in this book. For an application of the method (6.69)
to numerical simulations of the Higgs—Yukawa sector of the Standard
Model see [36].

6.5 Transfer operator for Wilson fermions

It will now be shown that the fermion partition function with Wilson
fermions can for r = 1 be written in the form

Z=TrTV, (6.70)

where T' is a positive transfer operator in Hilbert space and N is the
number of time slices. A transfer operator was first given by Wilson [86]
and a study of its properties was presented in [87]. The construction
below is slightly different. (A general construction for r # 1 is sketched
in [89], which is easily adapted to naive or staggered fermions. See
also [79, 88, 90] and references therein.) To identify 7' we first assume
that the gauge field is external and and write Tr 7V in the Grassmann
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representation,
. .t ot
TN = /da;r day -+ -daj; dan e NN T(aj,an—1) e *N-19N-1

—(1+H. .
X T<a‘-]\_/'—17a/N—2)"'T(a—k:»lva'k)e k kT(a/z_aak—l)'”
X ™43 2 T(a7,a1) emaim T(af,—an). (6.71)

The minus sign in the last factor corresponds to the same sign in (C.68)
in appendix C. It implies that there are antiperiodic boundary conditions
in the path integral, i.e. there is a change of sign in the couplings in the
action between time slices 0 and N — 1. The expression above is to be
compared with

Zp = /D@Dw exp SF, (6.72)

where Sy is the fermion part of the action. We have seen in the pure-
gauge case that the integration over the timelike links Uy leads to the
projector on the gauge-invariant subspace of Hilbert space, together with
a transfer operator in the temporal ‘gauge’ Uy, = 1. We therefore set
Uy = 1 and write the fermion action in the form (using lattice units,
t = x4 and x are integers)

Sp = Z<—7ﬁt+ # Vi1 + U 144 ¢t>

" 2
= U BA — € Dity. (6.73)
t t
Here a matrix notation is used with
1
Axyt = Moxy —¢€ Z §(ny,t 5x+37y +Xy), (6.74)
3 1 =
Dyy.1 = Zl 0 5 Unyt Oy =X = ¥), (6.75)
j=
and o = iy47; and 3 = y4 are Dirac’s matrices, and furthermore
€ = ay/a. (6.76)
We recognize the projectors
PE*=Pf=(1+p)/2 (6.77)

for Wilson parameter r = 1. They reduce the number of wf " 1%¢ couplings
by a factor of two compared with the naive fermion action.
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Fig. 6.3. The association of time slices with Hilbert space for Wilson fermions

(r=1).

The association of time slices ¢t with Hilbert-space slices k is as follows
(for each x, T denotes transposition):

Pty = (af PT)T, §f P =af P, (6.78)
P 411 = P ag, 'l/)t—:LlPJr = (P+ak)T7 (6.79)
A=Ay, D, =Dy (6.80)

as illustrated in figure 6.3. With this notation the action can be written
as

SF = — ZaZak + E a;Akak,l
k k

— €Y (ar1PTDyP~ar_1 +af P~ DyPTaf).  (6.81)
k

Here we have used D = —Dg, such that
D=(Pt+P )D(Pt+P )=P'DP  + P DPT, (6.82)

and abused the notation by leaving out the transposition symbol T.
Comparison with Tr 7V in the form (6.71) gives the (Grassmannian)
transfer-matrix elements

Tp(a,:f,ak,l) = exp(—eaZfP*DkPJraz) exp(aZAkak,l)
x exp(—eap_1 PTDLP aj_1). (6.83)
Using the rules listed above (C.68) in appendix C this translates into
operator form as

. —eatP-DPYat &t 4 —ecaPTDP-a
Tr =e ea' P"DPTa el ln(A)ae eaPTDP a (684)

Here D and A depend in general on the gauge-field configuration in a
time slice.

Consider now first the case of free fermions, Uxy, = 1. Then T is
clearly a positive operator provided that A is positive, i.e. a Hermitian
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matrix with only positive eigenvalues. In momentum space we get the
eigenvalues

3
A(p) =M — ) _cosp, (6.85)
j=1

which shows that A > 0 for
M > 3e. (6.86)

With dynamical gauge fields we have to take into account in (6.84) the
transfer operator for the gauge field Ty;. The complete transfer operator
can be taken as

T =TT, T B, (6.87)
Te = e—ca'P~DPTal ja'mda ,—ecaP*DP"a (6.88)

where we have also put in the projector Py on the gauge-invariant
subspace. Since A has lowest eigenvalues when the link variables are
unity, the condition (6.86) remains sufficient in general for positivity of
Tr.

We can now use (6.80) in reverse and define operator fields z/A) and 1,
for each spatial site x, by

Pt = (atPH)T, tP =atp~, (6.89)
P~ =P a4, o =(Pta)T. (6.90)
In terms of these fields the fermion transfer operator takes the explicitly
charge-conserving form
TF _ e—eq[ﬁP*DPﬂ/} e—zﬁfﬂlnAzﬁ oTr PtmA e-alﬁP*DP*z[;. (6.91)
Notice the Dirac-sea factor exp(Tr PT In A).

The continuous time limit 7 =1 — eH + O(e?) can be taken if we let
M depend on € — 0 according to

M =1+ eMs, (6.92)
such that A takes the form
A(U) = 1+ eM3(U) (6.93)
3
Ms = M; — Z 5 (Uxy Sisy TX V), (6.94)

j=1
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and we get the fermion Hamiltonian
Hy = §1[M3(0)8 + D). (6.95)

This may be called a Wilson-Dirac Hamiltonian on a spatial lattice.

In summary, we conclude that the Fuclidean-lattice formulation of
QCD using Wilson’s fermion method has a good Hilbert-space interpre-
tation, with a positive transfer operator.

6.6 Problems

The following exercises serve to clarify the continuum limit in QED
and the phenomenon of species doubling by calculation of the photon
self-energy at one loop in the weak-coupling expansion.

(i) Vertex functions
Consider the naive fermion action in QED

Sr = — Z %(&xVﬂeiigAw Yatp — J’:c+ﬂ7ueigAw Yz).  (6.96)
an
The bare fermion—photon vertex functions are the derivatives of
the action with respect to the fields. Taking out a minus sign and
the momentum-conserving delta functions, let the vertex function
Vironn (0, @3 k1 - - - ky) be defined by

1 -
Sp=— Z *'wuv,ul“'#n(uav;xl "‘xn)wvA,ulml "‘A,una:n»
UVTL Ty n

(6.97)

Z e*ipquiq'ufik:lxl...fiann Vﬂl-"#n, (u, VX xn)
UVTL Ty
= Viroopn 0y G 1+ k) 6(p — g + Ky 4+ - K.
(6.98)

Show that (p — g+ k1 +---k, =0)

Voo 0y G 1 hn) = Y 7 5[(—ig)" e — (ig)"e "P+]
n

X Sy 0 (6.99)

ppr " [ 2]

as illustrated in figure 6.4. The fermion propagator is given by

- m — iy, sin
o) =Vipp), S) =T (6.100)
p
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(i)

(iii)

Fermions on the lattice

Fig. 6.4. Fermion vertex function —Vy,....... (D, ¢; k1, - . -, kn).

Ward—Takahashi identities

The gauge invariance of Sy implies certain properties of the
vertex functions, called Ward—Takahashi identities. Consider a
small gauge transformation ¢! = (1 + iw, + O(w?))Y,, V. =
(I—iws +O(w?) s, Al = Apa+(1/9)8,w, (recall the definition
of the forward and backward lattice derivatives, 0,w,; = Wetj—ws
and 8wa = Wy — wWy—j). Collect the linear terms in w, in the
invariance relation 0 = Sg(¢’, ¢, A") — Sp(¥, 1, A) and derive
the Ward identities

1
0= ; 10, Vi oo (Us V3 2,21,y )
+ Oua Vg oo, (W, 0321, .. )
— Ouz Vg oo (W, 0321, ., T0), (6.101)

and the momentum-space version

1 *
0 = gKli(k)Vu.ﬂl"'#n (p7q; k; kla s kn)

+ VM]“‘Mn (p + k7q7 klv ST kn)
_VH1'“Mn(p7q_k; klwkan)a (6102)

where K, (k) = (e**» —1)/i. In particular, for n = 0 and 1,
K}, (k)Vu(p.gs k) = S(p) ™" = S(@) ™, (6.103)
KL (B (p, ¢k, 1) = Viu(p,p + 51) = V(g — 1 g3 1)
(p—q+k=0,p—q+k+1=0).
Photon self-energy

We study the ‘vacuum-polarization’ diagrams in figure 6.5, which
describe the photon self-energy vertex function IT = I1() + IT(®)
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l+p

Fig. 6.5. Vacuum-polarization diagrams for —II,.(p).

given by
(o) (p) = —g* "l Tr [V, (I, =1, p, —p)S(1)] (6.104)
g . (271')4 pr\by y 1y )

1 (p) = 9° / ) (%4 Tr [V, (L, L+ p) S + p)Vi (I + p, ) S(D)].

-7

Use the identities (6.103) to show that the sum II,, = HEZ,) +
H,(f;) satisfies the Ward identity

K} (p)w (p) = 0. (6.105)

(Note that the loop integrals in the lattice regularization are
invariant under translation of the integration variable.)
Continuum region and lattice-artifact region
The calculation of the continuum limit of II,,, (p) can be done in
the same way as for the scalar field in section 3.4 We split the
integration region into a ball of radius  around the origin [ = 0
and the rest, where J is so small that we may use the continuum
form of the propagators and vertex functions.

Going over to physical units, p — ap, m — am, II — Ia~2,
show that in the scaling region limit a — 0, § — 0, am/d — 0,
ap/é — 0 the contribution of this ball can be written as

g2

1
—ﬁ(épr — Dubv) /0 dr (1 — z)In[a®*(m? + 2(1 — 2)p?)]

(6.106)
up to a second-degree polynomial in p.

Verify that the 15 fermion doublers in similar balls around
non-zero | = mu give identical contributions, up to possible
arbitrariness in the polynomials.

The region outside the 16 balls can contribute only a second-

degree polynomial T, (p) in a~!, m and p in the continuum
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limit, because possible infrared divergences cannot develop in the
outside regions.

Note that HE:?,) contributes only to the polynomial part of II,,,
in the continuum limit (it is just a constant  d,, ). The reason
is that there is no logarithmic contribution from the balls around
l = m4 because the vertex function V), vanishes in the classical
continuum limit.

Lattice symmetries
The polynomial has to comply with the symmetries of the model,
in particular cubic rotations R(*?) in a plane (p, o),

(R(pg)p)p, = Rgpya)pua
(R(pg)p)p = Do, (R(W)P)o— = —Pp;

(RYp)u = pus 1 # {p.0} (6.107)
and inversions (P
IDp)y=—pp (VD) =pu n#p. (6.108)
The polynomial T),,(p) has to be a tensor under these transfor-
mations,
T (R*7p) = R RYS T (p), (6.109)
T, (1) = I 10T, (p). (6.110)

Show using the lattice symmetries that the form of the polynomial
is limited to

cla_26w + com? + 03p36w + capupy + C5p2(5m,. (6.111)

(In the third term there is of course no summation over p.)
Constraints from the Ward identity

Use the continuum limit of the Ward identity (6.105) to show
finally that II,,, (p) has the continuum covariant form,

92

Huy(p) = _16ﬁ

(5Wp2 - pupl/)
X /0 dz x(1 — z)In[a®(m? + 2(1 — 2)p?)]

+ c(pzélw — PuPv)- (6.112)

Note that the coefficient ¢y of the quadratic divergence is zero.
This can of course also be verified by an explicit calculation, e.g.
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for p = 0. In non-Abelian gauge theory such quadratic diver-
gences are also absent, provided that the contribution from the
integration (Haar) measure in the path integral is not forgotten.
Note also that the coefficient c3, of the term that is lattice covari-
ant but not covariant under continuous rotations, is zero. Such
cancellations will not happens in models in which vector fields
are not gauge fields (no Ward identities). Then counterterms are
needed in order to ensure covariance.

The numerical constant ¢ can be obtained by a further careful
analysis and numerical integration. It determines e.g. the ratio
of lambda scales Ayg/Ay in the theory with (naive) dynamical
fermions. On dividing by a factor of four we get the analogous
result for four-flavor staggered fermions described by the U(1)
version of the action (6.67).
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Low-mass hadrons in QCD

In this chapter we address the calculation of the properties of hadrons
composed of the light quarks u, d and s.

7.1 Integrating over the fermion fields

The partition function for a fermion gauge theory
Z = /DU DD exp(Sy + Sk) (7.1)

can be expressed in an alternative form involving only the gauge fields
by first integrating out the fermion fields. We shall use Wilson fermions
as an example. We can write S in matrix notation,

1 _
Sp = — Z §(wm'7uqu¢m+ﬂ - QZ}I*ﬂV”UmeI)

T

x T

= A, (7.3)
A=D+M—W. 7

The matrix A = A(U) is called the fermion matrix. Its inverse is the
fermion propagator S(U) in a given gauge-field configuration,
1

Sey(U) = A NU) = W) TR0, (7.5)

Since ¢ and v occur only bilinearly in the action, we can perform
the integration over these variables and evaluate fermion correlation

170
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functions explicitly:

<wu7jjvwz¢y> = <Squxy - Sunyv>U7
(Yu o ehyths) = (SuzSvySws + 5 permutations)y,  (7.6)

etc. For clarity we indicated only the space—time indices x,... and
suppressed the color, Dirac, and flavor indices a, o, and f of the fermion
fields ¢2ef.

7.2 Hopping expansion for the fermion propagator
For Wilson fermions an expansion in the hopping parameter k = 1/2M
has given useful results. Here we describe it for the propagator, for which
it gives an intuitive representation in terms of a summation over random
paths. We have seen this earlier for the scalar field in section 3.7. Let us
define the hopping matrix H by

Hzaa,yb[j’ = Z[(Pu_)aﬂ (Umy)ab 5m+;l,y + (P;j—)ocﬁ (Uyac)ab 6y+ﬂ,;v]7 (77)
o

in terms of which
Azaafyvsg = My g [1 = 261 Heaoybs]- (7.8)
For a given flavor we have

1

Ty — Mil
Sey (1 —2kH

) S MY @Rt (HY)y,  (79)
Ty L=0

where we suppressed again the non-space—time indices. The successive
terms in this series can be represented as a sum over paths of length L,
as illustrated in figure 7.1. The diagrams for L + 1 are obtained from
those for L by application of H (by attaching the L = 1 diagrams). To
each path C' there corresponds a color factor Uy, (C') and a spin factor

re) =[x (7.10)

lec
P =P, l=(z,xz+f) (7.11)
=Pr, l=(z+pmx). (7.12)



172 Low-mass hadrons in QCD

L=0 4 x=y X

L=1 _ . +
X y y X
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L+1 2 " 4+ o« + +
C r/<

Fig. 7.1. Tlustration of the terms in the hopping expansion of the propagator.

Note that, for » = 1, there are no paths with back-tracking because then
PrP; =P Pl =0.

For free fermions we can perform the summation in momentum space,

(HY)ay = D" H(p)", (7.13)
P

H(p)opg = Y e P H9 H,,, (7.14)
@y

H(p) =) (e"» P, +e v PF)

o

= Z(r cos Py, — 1y, sinp,), (7.15)
“w

1
S(p) = (7.16)

M — Zﬂ(rcospu — iy, sinp,)’

So the summation over random paths with the particular weight factor
(7.10) leads to the free Wilson fermion propagator. The maximum eigen-
value of H(p) is 4r at p = 0, which means that the radius of convergence
of the hopping expansion for free fermions is given by |s| < 1/8r.
For fixed x and complex p the expansion diverges at the position of
the particle pole in the propagator. In the interacting case the unitary
U,a tend to reduce the maximum eigenvalue of H and the convergence
radius is generically larger than 1/8r, depending on the configuration
of U’s.
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The hopping expansion for the propagator leads to an expansion of
the fermion determinant in terms of closed paths,

det A — det(1 — 26H) = exp[Tr In(1 — 25 H)]

= exp[—Z(Qﬁ)LTrHL

D . (7.17)

With each closed path C' there is associated a Wilson loop Tr U(C) and
a spin loop TrI'(C).

7.3 Meson and baryon propagators

The expressions (7.6) are well defined without gauge fixing. Since
J DU contains an implicit integration over all gauge transformations,
it projects on the gauge-invariant content of the integrand. Under a
gauge transformation

Us, = U9, (7.18)
AT U ) gy = QAT (U) 2y, (7.20)

or
S(UQ)zy = QxS(U)zyQL- (7.21)

Since [dQ, Q, = 0, the gauge-invariant content of Q, is zero and it
follows that the expectation value of the gauge-field-dependent fermion
propagator is zero, unless z = vy,

(Svacfybsg)U O Ouy Oab O g. (7.22)

The fermions cannot propagate ‘on their own’ without gauge fixing. Of
course, this does not mean that fermion propagation is a non-gauge-
invariant phenomenon and it is also not an expression of confinement.
It forces us to consider carefully what the gauge-invariant description of
propagation means.

A simple gauge-invariant correlation function is of the type
(@gpwwzfjuwu) In QCD we call these mesonic, since 11 combinations
carry mesonic quantum numbers. More explicitly, we can define gauge-
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invariant meson and baryon fields

Mk, = 8005 Parpy, (7.23)
Bglflagfga;gfg _ ealazaswglalflwg2a2f2w¢;3asf3’ (7.24)
Bza1fla2f2a3f3 = ealazas/&mmalfl izazazfzi)waSQSfS' (725)

The gauge invariance of the meson fields is obvious. For the baryon fields
the effect of a gauge transformation is given by (suppressing non-color
indices)

eabc¢a1/)b7vzjc — €abe QZ/QZ)/ g/ wa'wb'd)c'
= (et Q) eqrper P P P, (7.26)

and invariance follows from det 2 = 1.

By taking special linear combinations, we can construct from M, B,
and B fields with the required quantum numbers. For example, for 7+
(which has spin zero) we can use the scalar field combination

Ja:i/yf)u:l:u gﬂii’}//ipyflul’a (727)
where we made flavor explicit according to
o wgau7 d;a — ’l/)gad, (728)

etc. For the p™ particle (which has spin one) we can use the vector and
tensor fields (both containing spin 1)

czwi%uyu Jwi['yu,'yl,]um. (7.29)
An example for the proton (spin %) is given by
abe (C15) gy ug™ (ugd5Y — dPug?), (7.30)
and for the AT+ (spin 2),
€abe (CTyu) oy ug ugug). (7.31)

Here C is the charge-conjugation matrix; 1)(¢) = —(CT)T is the charge
conjugate of ¢ (cf. (D.27) in appendix D). For example, for the A+
the last two u fields combine to give a vector (containing spin 1) of
the form z/;(c)*yﬂz/}, which, together with the first w field, contains spin
3. More examples are in [10]; [82] gives group-theoretical details of the
spin—flavor content of the baryon fields.
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Fig. 7.2. Meson (a) and (b), and baryon (c) propagators.

Putting these hadron fields in the form (A = {axf})

M (@) = @5 My, (7.32)
By (®) = ®apc BLPC, (7.33)
By (®) = Byapc 47, (7.34)

where ® specifies the spin—flavor structure, we can write gauge-invariant
meson correlation functions as

<Mg;((I))MI/ ((I)/» = —<TI' (CI)SMC/(I)/SI/Z>U) + <TI‘ ((I)Szz) TI‘ ((I)st/x/)>U7
(7.35)
and the baryon correlation function

By (9)Byr (")) = ®apc (84,0 SB 0SS Ny® A B (7.36)

as illustrated in figure 7.2. The contribution (b) to the meson correlation
function is non-zero only for flavor-neutral fields, i.e. fields of the form
fyf, f=wu,d,c,s,t,b.

These composite field correlation functions describe bound states,
the mesons and baryons; for this reason we also call them meson and
baryon propagators. Consider first the meson propagator in figure 7.2(a).
It is a sum over Wilson loops going through z and x’. This follows
from the hopping expansion of the quark propagator which expresses
Sz as a sum over random paths C' weighted by the Wilson line
Uze(C) and the spinor factor associated with the path. We can now
intuitively understand the implication of confinement as expressed by
the area law for Wilson loops. The exponential fall-off in the area law
greatly suppresses the contribution of widely separated paths of the two
propagators in figure 7.2(a). Contributions in which the two paths stay
together dominate and, when they are together, they make a random
walk, which implies the formation of a bound state. A similar story can
be told for the baryon propagator in figure 7.2(c); the combined random
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TEE o+ OIS+ TN +
(a) (b)

Fig. 7.3. Diagrams for flavor-neutral mesons with sea-quark loops and gluon
lines also indicated.

~ (b)

Fig. 7.4. Meson-loop corrections to the baryon propagator. The closeness of
lines is to suggest binding by ‘glue’.

walk of the three-quark propagators leads to a pole in momentum space
corresponding to a bound baryon state.

So far we have concentrated on the fermion lines related to the hadron
fields (the ‘valence-quark’ lines) and ignored the effect of the fermion
determinant. Its hopping expansion leads to a sum of closed fermion lines
called ‘sea-quark’ loops or ‘vacuum loops’, and we have to imagine such
sea-quark loops everywhere in figure 7.2. This is particularly relevant
for the case of flavor-neutral mesons for which diagram (b) contributes.
Figure 7.3 shows diagrams (a) and (b) as the first two terms in an infinite
series with the sea-quark loops included one by one. As a reminder of the
presence of ‘glue’ implied by the average (- - -}y we have also shown some
gluon lines in this figure. Figure 7.4 illustrates a meson-loop contribution
to a baryon propagator: (a) uses a sea-quark loop but not (b), which is
already included in diagram (c) of figure 7.2.

We were led by confinement to the intuitive picture of random walks
for the composite hadron propagators. In a theory without confinement,
such as QED, there is no area law and there will be relatively large con-
tributions in the fermion—antifermion correlation function also for widely
separated fermion paths. These will correspond to fermions propagating
almost freely at large distances from each other. Of course, they will feel
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Fig. 7.5. Hopping matrix for the mesons and baryons at strong coupling.

the long range electromagnetic interactions, which may but need not
lead to bound states. This is the gauge-invariant description of fermion
propagation in QED.

7.4 Hadron masses at strong coupling

At bare gauge coupling g = oo the string tension diverges and there
are only contributions to the Wilson paths with zero area. Neglecting
vacuum fermion loops, it is an interesting approximation to take into
account only simultaneous quark—antiquark hopping for mesons and
three-quark hopping for baryons, as illustrated in figure 7.5. The inverse
propagators can be written down explicitly and solved for the position
of the pole in py = im at p = 0, which determines the mass of the bound
state, m. We can even derive effective actions describing the coupling
constants [83, 84, 85, 109, 82] in terms of the meson and baryon fields
(7.23)—(7.25). For example, the meson effective action has the form

Set =mc »_Tr [=In My + MM, =Y MoPy Moy P+ O(MY)].
x Iz

(7.37)
where n. is the number of colors and now M is an effective field. For
r = 1 it turns out that the low-lying states are the pions, rho mesons,
nucleons, and deltas (m, =~ 140, m, ~ 770, my ~ 940 and ma ~ 1232
MeV). In the flavor-degenerate case M,, = My = M the masses are given
by

(M? —4)(M? - 1)
2M? -3 ’
(M? - 3)(M? —2)
2M? -3 ’

coshm, =1+

(7.38)

coshm, =1+ (7.39)
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(M? —3/2)(M° —1/2)
M3 —5/4 ’

M3 (M? —2)

M3 —5/4

On decreasing M from infinity toward zero or equivalently increasing

the hopping parameter x from zero upward we see that the pion mass

vanishes at M = M, = 2, whereas the other masses stay non-zero. At

strong coupling the critical hopping parameter is k. = 1/2M, = i. For

weak coupling one can calculate M.(g) = 4 + O(g?), and k. as defined

by the vanishing of m, will decrease toward % as g% — 0.

expma = (7.40)

expmy = (7.41)

Although we know that the scaling region of QCD is at weak cou-
pling, it is still interesting to compare these strong-coupling results with
experiment. For small M — M.,

m2 =4.8m,, my=M — M., (7.42)
m, = 0.894 + 1.97m,. (7.43)

We can choose M such that m,/m, takes the experimental value 140
MeV /770 MeV, which gives mgy = 0.0055. This may be compared with
m, = 0.894 at M = M.. Introducing the lattice distance, am, = 0.994,
means that the lattice cutoff is 1/a = 770/0.894 = 860 MeV and the
quark mass m, = 0.0055/a = 4.7 MeV, which is remarkably close to the
up—down quark mass found in numerical simulations (m,q ~ 4.5 MeV
(quenched), see section 7.5). Mass ratios not involving the pion can be
approximated by taking M = M,.. Then we have the strong-coupling

predictions
TN _q17@21), & —1.01(1.31), M=M, (7.44)
mp mn

where the experimental values are given in parentheses. For M — oo the
baryon/meson mass ratio would be % The results are not improved much
by including O(1/g?) corrections, which are already hard to calculate
[82]. The idea of using the strong-coupling expansion as a method for
calculating the properties of hadrons has failed up to now because of its
great complexity.

Other quantities such as the decay constants fr and f,, the 7
scattering amplitudes, and the splitting m;”> — (m2 + m2,)/2 in the
neutral pseudoscalar meson sector, which is related to the notorious U(1)
problem, have also been calculated at strong coupling. Quantitatively
these predictions are wrong of course, but they present an interesting
caricature of hadron physics.
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Table 7.1. Low-mass hadrons: the baryon octet (N, &3, A, Z), the

=%k

baryon decuplet (A, ¥*, %, Q) and the mesons

State Spin Mass (MeV)  Valence-quark content

N 1/2 940 uud, udd

b 1/2 1193 uus, (ud + du)s, dds
A 1/2 1116 (ud — du)s

= 1/2 1315 uss, dss

A 3/2 1232 wuu, vud, udd, ddd
»r 3/2 1384 uus, uds, dds

= 3/2 1532 uss, dss

Q 3/2 1673 588

w 0 135 ud, di B

K 0 498 us, ds, su, sd

p 1 768 ud, di.

K* 1 896 u§, ds, s, sd

7° 0 135 utt — du (& s3)

n 0 547 ut + du — 288

n 0 958 utt + du + S5

p° 768 uth — di (& s5)

w 783 ut + dd (& s5)

¢ 1019 $5 (& uu & dd)

7.5 Numerical results

In table 7.1 the low-mass hadrons found experimentally are listed, with
their valence-quark contents indicated. The electric charge of a state
is just the sum of the charges of the quarks, which is +% for wu, —%
for d and s, and the opposite for the antiquarks indicated by a ‘bar’.
The flavor-neutral mesons (77, ..., ¢) have mixed quark content, ap-
proximately as indicated (with small ‘contaminations’ in parentheses).
The decuplet baryons are symmetric in their flavor content, whereas
the octet has mixed symmetry. The neutral octet members ¥ and
A differ in the symmetry properties of their u,d flavor content. The
primary aim of the numerical simulations is to recover this spectrum of
hadron masses with essentially only three parameters: the A scale which
corresponds to the gauge coupling and which sets the overall mass scale,
the non-strange-quark mass in the approximation m, = mg and the
strange-quark mass mg.
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In numerical simulations the fermion determinant det A poses the
greatest problem. The quenched approximation consists of the replace-
ment det A — 1, while taking its effect on the effective gauge coupling
into account by a change in the bare coupling. This means that only
the valence-quark propagators are taken into account and the sea-quark
loops are neglected. For this reason the approximation is also called the
valence approximation.

The reliability of this approximation (which destroys the Hilbert-space
interpretation of the fermion path integral) is hard to establish a priori.
It helps to consider the generalization of the SU(3) gauge group to
SU(n¢), with n, — oo [67]. Then the contribution of each sea-quark
loop to a mesonic correlation function is down by a factor 1/n.. For
mesons the large-n. limit corresponds to the quenched approximation.
Baryons, however, have n. valence quarks and the baryon mass becomes
proportional to n. as ne — oo [96]. Yet, as we have seen in section 5.6
for the glueballs, ordering various non-baryonic quantities according to
powers of 1/n. is quite illuminating even for values of n. as low as 2
and 3.

Simulations with dynamical fermions (‘unquenched’) are very time
consuming and for illustration we shall now describe the results of a
computation with only two dynamical fermion species [97]. An improved
action is used, for which larger lattice spacings can be used without
discretization errors blowing up. The dynamical fermions are assumed
to be the lightest sea quarks, u and d, and their masses are taken to be
equal. This is not the actual situation, mgy is roughly twice m,, both
being of the order of 5 MeV.7 However, the hadron masses are generally
much larger and, neglecting such small O(5 MeV) effects, one may as well
take mS;; = m§§; = Mgea (recall that m = M — M,.). The pseudoscalar
mesons require special attention in this respect, as will be discussed
in the next chapter, but even these depend primarily on the average
quark mass (m,, + mg)/2. The other sea quarks in the simulation have
effectively infinite mass. The masses in the valence-quark propagators
can still be chosen at will; they do not have to be equal to the masses of
the sea quarks, so we have m‘(;fld ), and m\(fa)l as valence mass parameters
for the hadrons composed of u, d and s. Such computations in which
the sea-quark masses differ from the valence-quark masses are called
‘partially quenched’.

In the simulations one first produces gauge-field configurations and

1 This is the reason, for example, why the neutron is 1.3 MeV heavier than the
proton, despite the Coulomb self-energy of the proton.
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Fig. 7.6. m?g as a function of 1/kya) for 8 = 2.1 and four values of Kgea. From
[97].

then computes the average of the hadron-field correlators built from
valence-quark propagators. Only valence diagrams of the type (a) in
figure 7.2 are computed in this numerical study, since quark propagators
corresponding to type (b) are much harder to evaluate. This means an
approximation for the masses of mesons with quark—antiquarks of the
same flavor (those below the second double line in table 7.1), which
makes sense only if one sets m,, = my (this follows from the discussion to
be given in section 8.2). Diagrams of type (b) cause mixing of the flavor
content of the mesons, which is expected to affect the vector mesons less
than it does the pseudoscalars. For the n’ mass diagrams of type (b) are
essential.

Each choice of sea-quark mass implies a separate costly generation
of gauge-field configurations, whereas the computation of valence-quark
propagators is less expensive, so typically one has many more valence-
quark masses than sea-quark masses available for analysis. However, by
fitting suitable functions of all the masses involved, it is possible to ob-
tain the desired mass combinations by interpolation and extrapolation.
The latter is needed because the simulations need more time as the
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Fig. 7.7. mv versus mpg for 8 = 1.8. From [97].

sea-quark masses are reduced and their small physical values cannot be
simulated yet. So this introduces some uncertainty.

It turns out that the dependence of the squared pseudoscalar masses
on the quark masses is almost linear, which can be understood as the
result of chiral-symmetry breaking (see chapter 8), and the data can be
fitted well by a quadratic polynomial in the quark masses. This is done
in [97] as follows. For mesons composed of valence quarks 1 and 2 the
average valence-quark mass is given by

1 1
mvalzé(m‘(]ﬁ—kmiﬂ), m:M_MC:ﬂ_2K7

(7.45)

where x is Wilson’s hopping parameter (r = 1). In terms of these the
pseudoscalar masses are parameterized as

2 1) (2 2 2
Mpg (ﬁseay ’ival’ ’ival - bsmsea + bvmval + CsMgen + CyMMya1

+ CoMseaval + Coemm ). (7.46)

val*

In figure 7.6 results for the squared pseudoscalar masses are shown as
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m, (Ks;Kv,,Kv,,Kv,)

0.0 0.5 1.0 1.5
(mg (Ks Kv,,Kv )+m s (Ks;Kv,,Kv )+m < (Ks;Kv,,Kv,))/3

Fig. 7.8. Baryon decuplet masses versus mg for 8 = 1.8. From [97].

a function of the average valence-quark mass, for one of the four values
{1.8, 1.95, 2.1, 2.2} of the gauge coupling [ used in the simulation.
Results at the other § values look similar except for a change of vertical
scale (the mass in lattice units being smaller at larger ). The labels
‘SS’, ‘SV” and ‘VV’ mean the following.

VV: milﬁ = m{2) = ma;
SV: m!

SS: mval m

() 1 _

= Mgea; then m_ ) can be written as m ) =

(2)

val

vul = 2Myal — Miea;

= Mgea,-

The lines VV and SV almost coincide and they are almost parallel for
different Kgea, so the line SS crosses all the others.

Note that M. = 1/2k. is also a free parameter in the fitting formula
(7.46). If we read the right-hand side of (7.46) as a function of the
inverse k’s, changing x. merely shifts all curves in figure 7.6 horizontally;
1/kc is then the value at which mpg(Kerit; Kerit, Ferit) = 0. Knowing the
parameters by, ..., cs and k. from the fit determines m%s for every
combination of the xk’s and quark masses.

A similar procedure could be followed for the other hadron masses.
Alternatively one can plot them as a function of mag, the procedure
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followed in [97]. The vector meson masses can be fitted to a quadratic
polynomial in ml%s,

my (f-tsea; & KS?I) = AV + BY tisea + BY pival

+ Csvﬂgea + Cypﬁzzal + Cs\\/nusea.uvah (747)
with
Mi = m%s (’%ea? 5‘(;)17 5‘(,21) s Mval = %(/11 + /J2); (748)

Hsea = m%s (’isea; Rsea s ’isea) (749)

(the data show no need for a term CY, ujp2). A corresponding plot is
shown in figure 7.7. Note the shift in vertical scale relative to figure 7.6.

Next the baryon masses are analyzed. The simplest are the decuplet
states which are symmetric in the flavor indices. Writing piya) = (p1+p2+
13)/3, the decuplet masses can be fitted by a formula similar to (7.47),
see figure 7.8. The octet baryons have a more complicated quark-mass
dependence because they have a mixed flavor symmetry; we shall not go
into details here (see [97]), but the corresponding figures look roughly
similar to figure 7.8.

The gross features of the mass spectrum are that, for the pseu-
doscalars, the squared mass is approximately linear in the quark masses
(and vanishing at mya = Mgea = 0), whereas for the other hadrons the
mass itself is approximately linear.

Having obtained the coefficients from the fits, the physical value of
the sea-quark mass can be determined for each 3. Ideally this could be
done by fixing the computed pion—nucleon mass ratio at the physical
value, but in this case there are good reasons to believe that the nucleon
mass suffers from finite-volume effects (based on experience in previous
computations). A good alternative is to use the pion—rho mass ratio.
Setting fiyal = fisea = m?2 in (7.47) the equation

iz mz
BT AT F O CT 0T~ )y, =017
(7.50)

can be solved for m.

Using m, = 768 MeV, one can then introduce the lattice spacing a by
putting am, = denominator in (7.50), and find the value of 1/a in MeV
units at each 5. Knowing the physical values of m,q and the value of
1/a, the masses of the nucleon and delta can be evaluated from the fits
and expressed in MeV units. Linear extrapolation to zero lattice spacing
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Fig. 7.9. Meson masses as a function of lattice spacing. The linear fit to a = 0
uses only the data at the three largest lattice spacings. Experimental values
are indicated with diamonds. From [97].

(cf. figures 7.10 and 7.11) gives the results my = 1034(36) MeV and
ma = 1392(58) MeV. These ‘predictions’ are to be compared with the
experimental values of 940 and 1232 MeV (recall that in this simulation
the physical volume is assumed to be somewhat small for these baryons).

Next the mass of the strange quark can be determined by fitting the
kaon-rho mass ratio to the experimental value, ml%s(/sud; Kud, Ks)/ mf) =
mi/m2 = (498/768)* (note that m is of the type SV). The masses of
other hadrons containing strange valence quarks are then ‘predictions’.
Alternatively, the ¢—p mass ratio was used in [97], the ¢ being of type
VV, my (Kud; ks, ks)/m, = 1019/768. The two ways of determining the
valence mass of the strange quark are denoted by ‘K input’ and ‘¢
input’. Figure 7.9 shows such a ‘prediction’ for mesons as a function of
the lattice spacing together with the continuum extrapolation. Examples
for the baryon masses are shown in figures 7.10 and 7.11. The improved
action allows rather large lattice spacings to be used. It can be seen that
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Fig. 7.10. Baryon decuplet masses as functions of a. From [97].

the a-dependence is consistent with ‘linear’, for the three larger lattice
spacings, despite the fact that the baryon masses in lattice units are
above 1 for the largest lattice spacing (cf. figure 7.8), which reduces by
a factor of about two for the smallest lattice spacing.

The meson masses in the continuum limit are close to experiment
at the level of 1%. The masses of baryons with three or two strange
valence quarks are also close to experiment, but the discrepancy increases
with only one or zero strange valence quarks. This is interpreted as
finite-size effects being smaller for the hadrons involving the heavier
strange valence quark (the lattice size in physical units is about 2.5 fm).

It is also of considerable phenomenological interest to determine the
quark masses in physical units. In QCD the renormalized mass parame-
ters are ‘running’ with the renormalization scale, similarly to the gauge
coupling. An analysis of the quark masses in this simulation leads to the
result mM3 ~ 3.4 MeV and m}® ~ 90 MeV, at the scale 2 GeV.
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Fig. 7.11. Baryon octet masses as functions of a. From [97].
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Comparing with the results of simulations in the quenched approxi-
mation, [97] finds that the inclusion of dynamical 4 and d quarks has
improved agreement with experiment. Figure 7.12 shows a comparison;
N¢ = 2 indicates the simulation discussed above while ‘N; = 0 Improved’
denotes a quenched simulation using the same gauge-field action; ‘Nt = 0
Standard’ shows the results of an earlier simulation [98] using the
standard Wilson action. It is surprising how good the quenched approx-
imation actually is for the hadron spectrum. The effect of dynamical
fermions on various physical quantities is not easily established, see e.g.
[99]. One may expect that results will further improve with simulations
including also a dynamical strange quark, as well as including larger

volumes.
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Fig. 7.12. A comparison with the quenched approximation. From [97].

7.6 The parameters of QCD

The parameters in the Wilson action (r = 1) are g? and my = My —
M., the critical value M, = 1/2k. being determined completely by the
gauge coupling. We have seen in the previous sections how these may
be determined by the hadron spectrum. In particular, g? determines the
overall scale, say the proton mass m, at m, = mq = ms; = 0, while
the quark masses determine the ratios mag/ mg. Roughly speaking, m,,
My+, Mg+, and mY; are the free parameters of three-flavor QCD.

The renormalized masses and coupling depend in general on the
renormalization scheme. In a mass-independent scheme such as minimal
subtraction (cf. problem (iii) for a perturbative lattice definition), we
get renormalized running coupling and masses at momentum scale u,
g(p) and my(p). They satisfy the renormalization-group equations

dg _

dmf
Md = - =
1

6(.@)? MW ’Y(Q) mv (751)
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withf

B(g) = —P1g’ — Pag® — -, (7.52)

1g) = —ng* =g - (7.53)

Here 31, B2 and ~; are universal and given by

1 /11 2
= ™ e T o 9 54
b 167r2<3n 3”f> (7.54)
1 34, 10 (n2 — 1)ng
_ A 10 (e = Unel 7.55
B2 = Homp2 [ g Mle T gl e (7.55)
1 3(n2-1)
N T (7.56)

where n, is the number of colors and n¢ the number of dynamical flavors.
We have already seen in section 5.2 how an overall scale A may be
defined in terms of the gauge coupling,

2 =2
A= M(51§2)_52/2ﬁ1 e~ 1/2619

I 1 1 B2
X exp —/ dg{—l——}}. (7.57
{ o LBlg)  Big® Pig )
This scale is renormalization-group invariant, i.e. dA(u, g(p))/dIn p = 0.
Similarly one defines renormalization-group-invariant quark masses

m'E = mp(n)(26:g%) /2

xexp{/ogdg [gg;gfg”, (7.58)

which satisfy dm}gi (, g(p))/dln g = 0. As we have seen in section 5.2,
the scale A depends on the renormalization scheme; however, using
similar arguments it follows that the mrfgi are scheme-independent. In
[63] special techniques are used to compute the renormalization-group
functions B(g) and v(g) non-perturbatively.

Asymptotic freedom (37 > 0) is guaranteed for ny < 1ln./2, or
ng < 16 for QCD. We also see from the p-independence of m;gi that
the running mass ms(u) goes to zero oc (g2)1/?% as yu — oo. The
same is true for the bare quark mass my as the lattice spacing a — 0
(in minimal subtraction the bare parameters run in the same way the
renormalized ones, cf. problem (iv)).

t The subscript k of 8y and ~, indicates that the coefficient corresponds to diagrams

with k loops. Another notation, often used, is Bx — Bk—1, Yk — Yk—1, and [63]
Be = bp_1, k=1,2,...,7(@) — 7(3) = —dog® — d1g* —- .
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7.7 Computing the gauge coupling from the masses

At long distances the non-perturbative methods of lattice gauge theory
allow us to compute the properties of hadrons. At short distances
we know that weak-coupling perturbation theory works well. Many
physical properties have been successfully related with the methods
of perturbative QCD. The essential parameter in these calculations is
the renormalized coupling constant gr. A useful characterization of the
coupling strength is the value of the running coupling gys(x) in the
MS scheme, which is customarily taken at the scale set by the mass of
the Z-boson, p = my, or rather the value of the ‘strong fine-structure
constant’ as(myz) = ngS(mZ)/élw. It is not a free parameter; its value
can be predicted just like other physical quantities such as mass ratios.
Let us see in more detail how this can be done.

Suppose that we compute the static quark—antiquark potential V' at
short distances. From the force

aVv 2(1/r
F(r) = 5= =Ch %, (7.59)

we know g% (1/r) at some distance r/a in lattice units, for some bare g
and quark-mass parameters aM, chosen such that m,/m,, mg/m,, ...
have the experimental values to reasonable accuracy. From the value of
the proton mass in lattice units, am,, we then also know the distance
r in units of myp, rm,. Provided that rm,, is small enough, we can then
use the perturbative renormalization group

pdgy

i Bav), Blgv) = —Bigy — Bagy +--, n=1/r, (7.60)

to relate the computed g% (1/7) to g% at higher pu. At sufficiently large
1 we can use the perturbative connection between g% and giTS parame-
terized by the ratio of the scales Ayg/Av.

This program is difficult to implement because the lattices for sim-
ulations with dynamical fermions in spectrum computations tend to
be small. Other renormalized coupling constants have been proposed
in place of gy, which are useful for numerical computations, e.g. the
‘Schrédinger functional method’ [94].

7.8 Problems

(i) Effective action
The exponent in (7.17) can be interpreted as an effective action
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for the gauge field. Calculate the contribution of the smallest
closed loop (around a plaquette). Show that it corresponds to an
decrease (i.e. increase of the effective 8 = 6/g?) of the effective
gauge coupling.
Three flavors
Devise a method for analyzing numerical hadron-mass data with
dynamical up, down and strange quarks, with m, = mgq # ms.
Minimal subtraction revisited
In the following gy and mg denote the bare gauge coupling and
quark masses, and g and m the renormalized ones (we suppress
the flavor label f). For Wilson fermions mo = M — M.(go, 7).
For staggered fermions we may think of mg simply being the
parameter appearing in the action (see [73] for more details).
The critical mass M, is linearly divergent and the bare mg has
to absorb the remaining logarithmic divergences as the lattice
spacing a — 0. The coupling gy is logarithmically divergent. We
shall now follow similar steps to those in problem 3(iv) for the
QCD case.

Both g¢ and mg are multiplicatively renormalized,

9o = 9Z4(g,Inap), (7.61)
mo = mZy, (g, Inap), (7.62)
Zy(g,lnap) =1+ Z Z "(Inap)®
n=1k=0
Z Z )(In au (7.63)
k=0

and similarly for Z,,,
Zn(gmnap) = 21 () (nap)". (7.64)
k=0

Terms vanishing as a — 0 have been neglected, order by order in
perturbation theory. In principle we can allow any choice of the
coefficients Z%™ which lead to a series in g* for the renormalized
vertex functions in which the dependence on a cancels out. In
minimal subtraction one chooses

Z8(g) =1, ZJ'(g) =1. (7.65)

The renormalized g and m depend on the physical scale u but
not on a whereas gg and myq are supposed to depend on a but not
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on p. Then
0=[8+6()8} Z,(g,Inap) (7.66)
,Ua'u g g 94g\Y, M), .
0= |5+ 0 5 +90)| Zutomary, 767
where
_, Y _ b dm
B(g)—udu, v(g) = 0 (7.68)

By going through similar arguments to those in problem 3(iv),
show that in minimal subtraction

Blg) = —=Z1(9), ~(9)=—-21"(9). (7.69)

Verify that, in minimal subtraction, the renormalization-group
functions for the bare parameters are identical to those for the

rernormalized ones, Bo(g90) = B(g0) and vo(g0) = v(go). Verify
the RG-independence of A and m'™! in (7.57) and (7.58).
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Chiral symmetry

In this chapter we pay attention to a very important aspect of QCD and
the Standard Model: chiral symmetry. It is a symmetry that is natural
in the continuum but it poses special problems for regularizations,
including the lattice. We review first some aspects of chiral symmetry in
QCD, then discuss chiral aspects of QCD on a lattice, and finally give a
brief introduction to chiral gauge theories, of which the Standard Model
is an example.

8.1 Chiral symmetry and effective action in QCD

Consider the mass terms in the QCD action,

Sinass = — / d*z pma), (8.1)

where m = diag (my,, mg, ms, - - ) is the diagonal matrix of mass param-
eters. We know that the first three quarks u, d and s have relatively
small masses compared with a typical hadronic scale such as the Regge
slope (a’)~'/2 ~ 1100 MeV or the string tension v/ =~ 400 MeV. (Recall
that m,q = 4.4 MeV and m, ~ 90 MeV in section 7.5.) Suppose we set
the first ng quark-mass parameters to zero. In that case the QCD action
has U(n¢) x U(ng) symmetry, loosely called chiral symmetry, in which
the left- and right-handed components of the Dirac field are subjected
to independent flavor transformations Vi, g € U(ny),

Y — Vi, V=WVP,+ WPR,
b=V, V=V P+ ViP =8V
PL=3(1-7), Pr=3(1+n7s) (8.2)

193
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Here V1, r act only on the first n¢ flavor indices of the quark field. The

matrix 5 = Wo,yl,},Q,y?) = —71727374 has the properties 7; =5, ’yg =1

and it anticommutes with the v, i.e. 57, = —7v.75. The PLr are
orthogonal projectors, Pf = P, P}% = Pr, PLPR = 0, PL+ P =
1. Because of these properties the derivative terms in the action are
invariant,

YD, — PVAV Db = 9y (VT Ve, + VEVR) Dyt) = 9y# Dy, (8.3)
The mass terms transform as
dmip — YVmVp = G(VImVi Py + VimVa Pr)y, (8.4)

so they break the symmetry. A flavor-symmetric mass term has m o 1.
Such a mass term is invariant under flavor transformations, for which
VL = Vr. However, it is not invariant under transformations with Vi, #
Vr. A special case of these are chiral transformations in the narrow
sense,! for which 1§, = VRJ[. For m = 0 in the n¢ x nt subspace the action
is invariant under chiral U(n¢) x U(n¢) transformations.

In the quantum theory the U(n¢) x U(n¢) symmetry is reduced to
SU(ng) x SU(ng) x U(1) by so-called anomalies (this will be reviewed
in section 8.4). Here U(1) is the group of ordinary (Abelian) phase
transformations 1) — €™, 1) — e~ ™). Furthermore, the dynamics
is such that the SU(n¢) x SU(n¢) symmetry is spontaneously broken.

An informative way to exhibit the physics of this situation is by using
an effective action. We have met already in chapter 3 the O(4) model for
pions (which can be extended to include nucleons, cf. problem (i)). This
illustrates the case ng = 2 (the group SO(4) is equivalent to SU(2) x
SU(2)/Zy, cf. (D.19) in appendix D). One introduces effective fields ¢
which transform in the same way as the quark bilinear scalar fields ¥, ¢
and pseudoscalar fields 1,ivs1 s, f,g =1,...,n¢. We start with

Dy =Yg PLiy, (8.5)
which transforms as
Prg — (VL)ff’(Vli)g’g Py, (8.6)
or, in matrix notation,
d — VLBV (8.7)

The other possibility leads to ®T:

Ve Pripy = (Uf Pr fibg)" = (5 PLibg)” = (Rgy)" (8.8)
= (2. (8.9)
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Under parity ® and ®' are interchanged,
o(2°,x) & &' (2°, —x). (8.10)

Ignoring the symmetry breaking due to anomalies, the effective action
for the effective field ¢ < ® has the same chiral transformation proper-
ties as the QCD action. We shall first examine the form of this effective
action and derive some consequences, and later take into account that
anomalies reduce the U (ng) x U (n¢) symmetry to SU (ng) x SU (ng) xU(1).

For m = 0 we want an invariant action. The combination Tr[(¢¢!)¥]
is invariant under (8.7). An invariant action is given by

S = —/d4:z: Tr(F20,0' F10"¢ + G), (8.11)
where F} o and G have the forms
Fr=> fuos)*, Foa=>" far(6'0)", (8.12)
k k
G=3 g(0o")". (8.13)
k

Reality of the action requires the coefficients f1j, for and gx to be real.
Invariance under parity requires

Jie = fok. (8.14)
The action might also contain terms of the type
Tr[(¢6")*] Tr[(¢9")]. (8.15)

At this point we assume such terms to be absent and come back to them
later.

There may also be higher derivative terms. Their systematic inclusion
is part of chiral perturbation theory, see e.g. [19]. For slowly varying fields,
which is all we need for describing physics on the low-energy—momentum
scale, we may assume such higher derivative terms to be negligible.

The classical ground state will be characterized by d,¢ = 0 and

correspond to a minimum of Tr G. Let Ay, ..., A, be the eigenvalues of
the Hermitian matrix ¢¢f. Then
TrG =Y ge(\f 4+ AL, (8.16)
k

A stationary point of Tr G has to satisfy

0= 2 me- > gekAE, (8.17)
k

:87/\j
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which is the same equation for each j. Hence, the solution is
M==Xy; =)\, ¢6" = A (8.18)

Since ¢p¢T > 0 (i.e. all eigenvalues are > 0), A > 0.

We shall now assume that A # 0 at the minimum of TrG. The
symmetry is then spontaneously broken, because a non-zero ¢ in the
ground state is not invariant under U (n¢) X U(ng) transformations. It is
helpful to use a generalized polar decomposition for ¢,

¢$=HU, H=H' U =U"" (8.19)

The H and U can be found as follows: H can be calculated from H =
++/¢pt and then U = H '¢. In the ground state H = ++v/A1. The
degeneracy of the ground state is described by U, which is an element
of U(ng). It transforms as U — VLUVPJ[. Without loss of generality we
may assume that U = 1 and H = —/Al (the minus sign becomes
natural on taking into account the explicit symmetry breaking due to
the quark masses). This exhibits clearly the residual degeneracy of the
ground state: it is invariant under the diagonal U(n) subgroup, for which
V1, = Vi. The pattern of spontaneous symmetry breaking is

U(?’Lf) X U(’nf) — U(nf). (8.20)

The variables of U (e.g. using the exponential parameterization) are
analogous to angular variables for the O(n)-vector field ¢, in the O(n)
model. We expect these to correspond to Nambu—Goldstone bosons.

Let us linearize the effective action about the ground state, writing
H=—v+h, U=-exp(ia),

p=(—v+h)(1+ia—3a®+--), v=vVA>0 (8.21)

(from now on we no longer distinguish between 1 and 1). We keep only
terms up to second order in h and «. Since 0,,¢ is of first order, we may
replace ¢ by v in Fi 5 in (8.12),

F=F=F, for ¢=—v, (8.22)
and obtain

S=- / dx Tr (F?v? 0,00+ F20,hd"h +1h*) +---.  (8.23)
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The - - - also include the ground-state value of S. The coefficient r follows
from

rG = ngv% Tr[(—1 + h/v)?¥] (8.24)
k

= gv®ns + k(2k — )02 Trh? 4 -], (8.25)
k

where the term linear in h vanishes because Tr G is stationary at h = 0.
Since we expand around a minimum of Tr G, the coefficient

r=Y_ grk(2k - 1)v*" (8.26)
k

is positive. The form (8.23) shows that the « fields have zero mass
parameter — they correspond to n% Nambu—Goldstone bosons. The h
fields have a mass given by

mi =r/F2 (8.27)

At this point we shall make the useful approximation of ‘freezing’
the ‘radial’ degrees of freedom H to their ground-state value H = —uv,
or h = 0. This approximation is justified when my, is sufficiently large
compared with the momenta of interest (cf. problem (i) for numbers)
and it simplifies the derivations to follow. Thus we get

o(z) = —vU(x), (8.28)
S =— / d*z f; Tr (8,UT0*T),  f* = 4F%?, (8.29)

where we omitted a constant term.

We now comment on the terms of the form (8.15). When these are
included the uniqueness of the form (8.18) is no longer compelling and
other solutions with A\; # A, are also possible. This depends on the de-
tails of the action. However, arguments based on the large-n. behavior of
the generalization of QCD to an SU (n.) gauge theory suggest that terms
of the form (8.15) are subdominant [100]. The ground-state solution of
the complete effective action including terms of the form (8.15) is still
expected to have the symmetric form (8.18), and the symmetry-breaking
pattern is still expected to be U(n¢) x U(ng) — U(ng).
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The quark-mass terms in the QCD action explicitly break chiral
symmetry. They have the form of an external source coupled to quark
bilinears,

Smass = - / d4$ r&m(PL + PR)¢ (830)
= /d% Tr (JT® + &), J=-m. (8.31)

Hence, we can absorb the quark-mass terms in the coupling to such
an external source. The total effective action including this source has
the form InZ(J) = S(¢) + [d*z Tr (JT¢ + ¢J), where ¢ is again the
effective field. Setting J = —m thus leads to an addition AS in the
effective action

AS = — / dia T [m(6 + o1)]. (8.32)

Expanding} ¢ = —vU = —vexp(ia) to second order in « gives

AS /d4mvTr(moz /d4xv2mfafgozgf—l—

(8.33)
Since U is unitary, agy = of,. Taking oy, with f < g as independent
variables leads to

/d4mv (my+mg)ay, O‘}g"'sz afp+-oo|. (8:34)
f<g f

Similarly, expanding the gradient term (8.29) gives

2
S = —/d‘{%‘% 2zaﬂa}g8“afg+Zauaff8“aff+---
f<g f
(8.35)

As expected from the O(4) model, AS gives a mass to the Goldstone
bosons, which for small m is linear in m,

m3, = B(mg +my), B=2/f (8.36)

In the next section we shall confront these mass relations with experi-
ment.

By coupling the effective action to the electroweak gauge fields it
can be shown that the constant f determines the leptonic decays

T We neglect here the effect of the quark masses on the ground-state value of ¢.
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of the pseudoscalar mesons. It is known as the pion decay constant,
f = fr =93 MeV. This constant also determines the size of the s-wave
pi—pi scattering lengths in good agreement with experiment.

To end this section we note a relation between the pion decay con-
stant f, the unrenormalized chiral condensate (1)) = Zf@fwf) =
2> 1{¢rs) = —2n¢v, and the wave-function renormalization constant Z
of the pseudoscalar fields Py, = i(¢" — @)y < 1,iv51 ;. The constant
Z can be read off from S = — [d*z Z7' Y, 8, P}, 0" Py + -- -, using
U= —¢/v and (8.29) and (8.35): Z=! = f2/8v2. Hence, f is given by
the renormalized chiral condensate (1)) /v/Z,

_ 2V —V2(PY)

/ VZ  wVZ

(8.37)

8.2 Pseudoscalar masses and the U(1) problem

The candidate Nambu-Goldstone (NG) bosons and their masses are

7 m2, =m?,; =0.0195 GeV?
K% m2%, =m2, =0.244 GeV?
K% K% m2%, =m2, = 0.248 GeV?
7 mZ, =0.0182 GeV?
n: m? =0.301 GeV?
, = 0.917 GeV? (8.38)

I N3

n: m

For the unequal-flavor particles (f # g) we have indicated the quark
labels. For the neutral 7%, n and n’ the quark assignment turns out to
be less straightforward.

Consider two light flavors, ny = 2. The mass formula (8.36) with
f=1wu,d and g = u, d predicts four NG bosons in this case. The obvious

candidates are 7%, 70 and 7, with

m2, =m2, = B(m, +myg). (8.39)

According to (8.36), the other eigenstates are %u and dd. If we try to
assign ¥ < @u, n < dd, the relation

ml, = 5(mi, +may) (8.40)

cannot be fulfilled at all. If we assume that m,, ~ mg and 7° is an equal
mixture of wu and dd to get mfro ~ mfrJr, the orthogonal combination of
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@u and dd should have approximately the same mass as 7°: the 7 does
not fit in.

Consider next three light flavors, n = 3. The mass formulas now
predict nine NG bosons. We find

2 2
My +Mqg My mu+ms_mK+_R (841)
= = 1 — = 2 .
My, + Mg mf<+ ’ mq + Mg m%o ’

and from this
mu_l—Rg—Rle_ ’

mg _ R2 _
mg 11— Ry +my/ms

20. (8.42)

Hence my :mg:ms =~ 1:1.5:30. The effective action furthermore pre-
dicts particles with masses

2my,
= o = 00155 GeV?, (849
2myg
2 2 2
—_2d =0.0235 GeV 8.44
Tl = mg o (54
2my

The candidates 7°, 7 and 7’ do not fit into the n = 3 formulas either.
The effective action obtained so far must be wrong.

This is an aspect of the notorious U(1) problem. The problem is
the chiral U(1) invariance contained in U(ng) x U(ng). These are the
transformations of the type Vi, = VPJ[ = exp(iw) 1, or more generally,
transformations Vi, = VI{ with det V1, # 1. We know that this invariance
of the classical QCD action is broken in the quantum theory by ‘anoma-
lies”: QCD has only approximate SU(n¢) x SU(ng¢) chiral symmetry,
plus the flavor U(1) symmetry Vi, = Vg = exp(iw) 1 corresponding to
quark-number conservation.

The resolution of the U(1) problem through ‘anomalies’ turned out to
be a difficult but very interesting task. Here we shall simply add terms to
the action that break the chiral U(1) symmetry and see what this implies
for the mass formulas. We need to introduce terms of the type det U,
which is invariant under SU (n¢) x SU (n¢) but not under U(ng) x U (ng):

det U — det(VLU V) = det(U) det(VLVil) = det U, (8.46)
for Vi, r € SU(n). A term like

A'S = / d*zc(detU 4+ det UT) (8.47)
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would do, but considerations of the large-n. behavior of ‘n.-color QCD’
suggest using instead the form

A'S = /d4zc(Tr InU — Tr InUT)2 (8.48)

In fact, ¢ < 1/n.. (Both choices for A’S lead to the same form of the
mass matrix for the neutral pseudoscalar mesons to be derived below.)
Writing U = exp(ia) gives

A’S:f/d;zﬂlc > agps| - (8.49)
!

Hence, the masses of a g, f < g, are unaffected, but the oy modes are
now coupled by a mass matrix of the form

MFfgg = 2Bmsdpg+ A, A=16¢/f>, (8.50)
or
my, 0 0 111
m2=2B| 0 mg 0 |+A[111]. (8.51)
0 0 ms 111

We shall treat the quark-mass term as a perturbation to the A term. For
my = 0 we have the eigenvectors and eigenvalues

1
o= —(1,1,1), m? =3\, (8.52)

-5

¢3 = 7(17 7170)3 m? = 0, (853)

-5

g = %(1, 1,-2), m?=0. (8.54)

Using my, q,s as a perturbation (in the way familiar from quantum
mechanics) leads to the following mass formulas:

m?, =3\ + B(3my + 2mq + 2my), (8.55)
m2o = B(my, +ma), (8.56)
m% = B(3mq + 3ma + 3my), (8.57)

which hold for the mass ratios (8.42) up to tiny corrections. The eigen-
vectors are also interesting, but here we merely mention that 7° and n
are mainly ¢3 and ¢s, whereas the 1’ is predominantly ¢¢. From (8.55)
we can determine the chiral U(1) breaking strength A,

3\ =m}, — 5(m2o +m) = 3(0.252) GeV?. (8.58)
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The mass terms in the effective action depend on four parameters,
Bm,, Bmg, Bms and A. Hence we have two predictions for the five
pseudoscalar masses:

m2o = m2, (8.59)
m? = +(m7, +mj,) + 2m2, = 0.322 GeV?, (8.60)

which agree reasonably well with experiment. It should be kept in
mind that electromagnetic corrections, which affect in particular the
electrically charged particles, are neglected.

In the early days the near equality of m, o and m+ was interpreted
as an aspect of approximate flavor symmetry, m, ~ mgy. Now we
know that mgy is substantially larger than m, and that the approxi-
mate flavor symmetry is due to approximate chiral symmetry, m, q <
Vo, the spontaneous-symmetry-breaking pattern U(ng) x U(ng) —
U (nf)fiavor, and the flavor-singlet character of the chiral-anomaly term
A’S.

8.3 Chiral anomalies

The Noether argument tells us that to each continuous symmetry of the
action corresponds a ‘conserved current’ j*, 0,7* = 0, and a conserved
‘charge’ Q = [ d®z j°(x), 9@ = 0. This is true in the classical theory but
not necessarily in the quantum theory, which needs more specification
than merely giving the action, such as the precise definition of the path
integral. In case the quantum analog of j* is not conserved, one speaks
of an anomaly A = d,j". In four space-time dimensions A is typically
o €AY Ty (GuxG o), where G, is a gauge-field tensor. Relations like
0uj* = A can be found in perturbation theory by studying correlation
functions of j# and A with other fields.

Chiral anomalies correspond to diagrams of the type shown in figure
8.1, and related diagrams, in which one vertex corresponds to a (polar)
vector current, tbiy"1), or an axial vector current, ¥iv*ystp, and the
other two vertices to gauge fields. There must be an odd number of v5’s
in the trace over the Dirac indices (Tr (v57xvAVuVv) = 4i€xrur), hence
the name ‘chiral anomalies’. These 5 may come from the gauge-field
vertices or from the current.

In QCD there is no 5 associated with the gauge-field vertices and only
axial vector currents can have an anomaly. In the Euclidean formulation
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L

K A

Fig. 8.1. Triangle diagram in which chiral anomalies show up.

their divergence readsy

6u(1/}f7;'7u’y5¢g) = (mf + mg)d}fi'}%?/}g + 5fg 2ig, (8'61)
2

g
q = W E,i)\l“j Tr (GN)\G;,LV)' (862)

For zero quark masses the right-hand side of (8.61) is the anomaly. The
vector currents have no such anomaly. Their divergence reads

au(z/;fi’mﬂ’g) =i(my — mg)q/_)fwg, (8.63)

which is zero in the symmetry limit my = mg, hence also in the chiral
limit my = my = 0. The right-hand sides of the divergence equations
(8.61) and (8.63) are zero for the currents corresponding to SU(ng) X
SU(ng) symmetry, obtained by contraction of 1 iy" P, rtp, with the
n# —1 flavor SU (n¢) generators (Ag) r4/2, Tr A, = 0. Hence, the anomaly
in (8.61) breaks only chiral U(1) invariance corresponding to Ag & 1 with
Ou Do ¢ Vrivu sty = 2ngiq.

The quantity ¢ is called the topological charge density. Continuum
gauge fields on topologically non-trivial manifolds (such as the torus 7%
which corresponds to periodic boundary conditions) fall into so-called
Chern classes characterized by an integer, the Pontryagin index or

1 The gauge fields are normalized here according to S = — [d*z GﬁyGllju/4 + e
with Gﬁu = BHG]; - 6VG;’3 + gfklmGLG:/n
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topological charge Qtop:

Qtop = /d4xq(m). (8.64)

An important example of configurations with topological charge is given
by superpositions of (anti)instantons. The latter are solutions of the Eu-
clidean field equations (hence they are saddle points in the path integral)
with localized action density, non-perturbative action S = 872/¢g? and
topological charge £1. In this context we mention also the Atiyah—Singer
index theorem:

Qtop = N4 — N, (8.65)

where ny are the numbers of zero modes (eigenvectors with zero eigen-
value) of the Dirac operator +,D,, with chirality 75 = £1 (cf. problem
(iii)).

The significance of all this for our pseudoscalar particle mass spectrum
is that the phenomenologically required chiral U(1) breaking is present
indeed in quantum chromodynamics, provided that gauge-field configu-
rations with topological charge density give sufficiently important con-
tributions to the path integral. The analysis of this is complicated [101]
but fortunately there is a simple approximate formula which expresses
the effect of the chiral anomaly on the neutral pseudoscalar masses, the
Witten—Veneziano formula [102, 103]:

1
S 372 Xtop, 10 quarks. (8.66)

Here A is the U(1)-breaking mass term introduced in (8.50) and xiop 1S
the topological susceptibility,

Xtop = /d4x (q(x)q(0)). (8.67)

Note that in (8.66) Xtop is to be computed in the pure gauge theory with-
out quarks, although it can of course also be evaluated in the full theory
with dynamical fermions. From (8.58) we have xtop =~ (180 MeV)%.

8.4 Chiral symmetry and the lattice

With Wilson’s fermion method chiral symmetry is explicitly broken by
two large mass terms « M and r/a in the action. With staggered
fermions there are not even any flavor indices to act on with chiral
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transformations (cf. (6.67)). So we have a problem translating the con-
tinuum lore in the previous section to the lattice using these fermion
formulations. As will be mentioned at the end of this section, this
problem can be avoided or at least ameliorated with formulations of
the ‘Ginsparg—Wilson variety’, but an introduction in terms of Wilson
fermions is instructive and this will be the focus of our immediate
attention.

Let us first derive the Noether currents of chiral symmetry. Consider
the fermion part of the action,

Sp = Z % [J’fm(r ~ V) Uha¥sasp + Vpara(r + %‘)Ulzdjﬂ]
zpf

=S Mybpatsa, (8.68)
of

where we have explicitly indicated the flavor index f in addition to x.
We make a variation of ¢ and 1) that looks like a chiral transformation,

’(//fa: = Vfgm quacv 'LZ}}I = "Z)g:p ‘7ga:f, (869)

in which V has been generalized to depend on the space-time point z:

Vige = 0fg + iwf,, PL + iw},, Pr + O(w?) (8.70)
= Ofg + iwfgy +iwfye s + - (8.71)

where wyy = wy ¢ for L, R, V and A. The variation of the action can be
written for infinitesimal w’s as

89 = Sp (¢, ¢) — Sp (v, 1)
A
=T Z [Vf%xaﬂwygr + Al;gﬂcaﬁ‘wfgﬂ?

+ D}\Clgmw}/gl + D?gww]égm + O(WQ)] (873)

_ / A\ vV / A A
- Z [(GMV;‘W ~ Diga)wige + (8#0’4’;91 - ngm)wfgw]

(8.74)

We recall that 0, and 3; denote the forward and backward lattice
derivatives, 0wy = Wgtj — wy and 3wa = Wy — Wy—p. In (8.73), the
terms without derivatives of w are due to symmetry breaking, while the
terms containing d,,w are a consequence of the fact that w depends on x
— they serve to identify the vector (V#) and axial-vector (A*) currents.
The classical Noether argument can be given as follows: if ¢ and
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satisfy the equations of motion, the action is stationary, Sy = 0, and
consequently

—_ NV _ DA
vl =Dy, 9,AL =D}, (8.75)

Explicitly we have

- - .
Vﬁ]z D) mel(w = M UpaVgotp + Yaotrat(Vu + T)Ulzl/’gw]a (8.76)

R P -
A}gz D) [wfﬂcwu'75Uuwz/}gw+ﬂ + wfw+ﬂl’7u’)’5U;m1/)ga:]7 (8.77)
D}/gw = i(Mf - Mg)i’fﬂ/}gm (8.78)
Djégm - (Mf + Mg)wfmi’}%wgm

r - .
—3 D [Grains (Unatbgorn + Ul itbgn—sp)
N
+ (CreraUfy + Vro—pUna—p) 158 ga) (8.79)

We see that, in the flavor-symmetry limit My = M, = M, the vector-
current divergence DV = 0. For the axial-vector divergence the story is
more subtle: we can set all mass parameters My and r to zero, in which
case D* = 0, but then we get back the species doublers, which is not
Wilson’s method. To get chiral symmetry without fermion doubling, we
have to take the continuum limit. In the classical continuum limit we
expect D?g to be proportional to the quark masses because then the
mass terms in the action reduce to f d*z 1pmap, by construction (recall
(6.58)):2

Diy(x) = (my + mg)ts(x)insthy(x) + O(a). (8.80)

Hence, the classical D* vanishes in the chiral limit, which is ‘Noether’s
theorem’ for Wilson fermions.

In the quantum theory the fields become operators. Their correlation
functions can be obtained with the path integral. Consider the expec-
tation value of an arbitrary set of fields ¢1 - - - ¢, = F, composed of the
fermion fields and/or gauge fields,

(F) = %/D&sz DU’ F, 7= /D&Dw DU ¢, (8.81)
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and let us make the transformation of variables (8.69). A transformation
of variables cannot change the integrals, so Z/ = Z and (F) = (F).
However, by following how the path-integral measure and the integrant
transform we can derive useful relations, called Ward—Takahashi identi-
ties. The path-integral measure is invariant,

DYDY = [ ddlsas @Whaas = [ ] dPraas dsaar(det V, det V)~

zaof zaaf

= DyDip, (8.82)

because det V det V = det(VV) = det(VL, Vil P, + Ve Vi Pr) = det(Vi,V{])
x det(VRV;) = det(VLVIVgV{') = det T = 1. On the other hand, the
change in the action is given in (8. 74) and the fields in F' may also
change, F' = F + nglwfgmaF/afw -++ A — V. So we get the
identity, e.g. for a chiral transformation,

0
0:7<F)’ ( Dw Dy’ DUe )
A 9 A
awfgw Ow Wrge
- (7 7) = (2 re )
fgw angw angﬂc
oF
— <(a/ Ay = DR F ot 5 5ur > (8.83)
gz

The content of such relations may be studied in perturbation theory. To
one-loop order this can be done in the way seen in section 3.4 and the
problems in section 6.6. A crucial example is the case F' = GGy, for
which OF/ 6‘w?g = 0 since F' consists only of gluon fields, which leads to
triangle-diagram contributions of the type shown in figure 8.1. A calcu-
lation [70] shows that, for this case, D}Ag — (my +my)ivsiby + g 2ig
in the continuum limit. The topological-charge-density contribution is
due to the Wilson mass term and the coefficient of ¢ is formally o 7,
but actually independent of r, provided that it is non-zero.

Another example is F' = wfxz/;gy, which leads to the conclusion that,
for this case, D]‘?g — (mf—i—mg)mpz/;fi%@/}g—(mA—I)BHA?Q, where kp and
ka are finite renormalization constants of order g2 (cf. [70, 109, 104]).
The topological charge density does not contribute here in this order
because it is already of order g2.

At one-loop order we get the same contributions as those found in
continuum perturbation theory because the bare vertex functions reduce
to the continuum ones (in the balls around the origin of the loop-
momentum integration) in the classical continuum limit. There are also
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differing contributions, which are, however, only contact terms.f These
translate into the finite renormalization constants x.} The anomaly is a
singlet under flavor transformations (i.e. & d74) because the r-mass term
is a flavor singlet. Note that, by a global finite chiral transformation, we
could transform rds, — r(VV)¢,, implying that M, oc VV. However,
this is merely a change of reference frame and the physics cannot depend
on it. The quark masses have to be identified as the mismatch between
M and M..

The above examples show the phenomenon of operator mixing: opera-
tors (fields) with the same quantum numbers tend to go over into linear
combinations of each other in the continuum limit (the scaling region).
Such mixing is restricted by the symmetries of the model and there
is more mixing on the lattice than there is in the continuum because
there is less symmetry on the lattice. The k’s above are due to the
chiral-symmetry breaking of the Wilson mass term at non-zero lattice
spacing. On general grounds of scaling and universality one assumes
these results to be qualitatively valid also non-perturbatively. One in-
troduces renormalized field combinations that are finite as a — 0 that
satisfy some standard normalization conditions. Before writing these
down, let us introduce a lattice field that reduces to the topological
charge density ¢ in the classical continuum limit. There are many of
course, as usual, e.g. the one introduced in [105],

qz = 327T2 Z GK)\MV n)\a:Up,Vx) P (884)

KAV symmetrized

where the symmetrization is such that ¢, transform as a scalar under
lattice rotations. Denoting the renormalized fields by a ‘bar’, they can
be written as [104]

Alf —/QAAfg—l—(ng( A—l Z A'l;f, (885)
Dfy = Diy + (ka = 1)3, A“
+0¢9(Za — Dk Z Al (8.86)

1 Recall that contact corresponds in momentum space to polynomials in the mo-
menta, of degree less than or equal to the mass dimension of the vertex function
under consideration.

1 In the literature these x’s are often denoted by Z, which notation we have reserved
for renormalizations diverging when a — 0.
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Ah _ DA
8:LA’;9 =Dy, (8.87)

_ . 1 /AN
G=kqq—i(Za — UMTm zf:aNAff, (8.88)

where Z, is a diverging renormalization constant of order ¢g*. The
operator subtractions o (Za — 1) are suggested by analysis at two-loop
order in the continuum [106]. In the quenched approximation Z, = 1.
In the scaling region

D, = (my +mg)kptsivsty + 65q 2iq + O(a), (8.89)

with my = My — M.. Similar analysis of Ward-Takahashi identities
shows that the vector currents Vf“g need no finite renormalization, Vfg =
Vf*;, kv = 1. The reason is that they are conserved if my = mg even for
a #0.

The implications of the lattice Ward—Takahashi identities can of
course be studied also non-perturbatively. As a first step one can use only
external gauge fields with F' = 1 and test the index theorem (8.65), using
topologically non-trivial gauge fields transcribed from the continuum to
the lattice [107, 108]. Adding dynamical gauge fields, we can then also
use the Ward—Takahashi identities to determine the renormalization con-
stants k in the quenched approximation [104, 70, 109]. The computation
of the topological susceptibility turns out to be complicated by the fact
that (g,q,) has divergent contact terms that severely influence the value
of >~ (@xqo). One can try to subtract this contribution,

1
Xeop = 77 Z(qqu>U — contact contribution (8.90)

ry

(assuming periodic boundary conditions, space-time volume V — o0),
but it is hard to define it unambiguously [110]. In practice it appears
to work well [111]. By ‘cooling’ the gauge fields after they have been
generated by a Monte Carlo process this problem can be reduced further
(see e.g. [112] and also [108]).

A different approach to the topological susceptibility is to accept
that the configurations in the path integral are inherently not smooth
functions of space—time and to avoid defining a topological integer
from a collection of wildly fluctuating lattice variables. Instead, one
can return to the physical role played by xtop and derive the Witten—
Veneziano formula entirely within the lattice formulation. This can be
done by studying the pseudoscalar meson contribution in the (A*A")
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Q

cool

Fig. 8.2. Correlation between ‘fermionic’ and ‘cooling’ topological charge as-
signments for 32 SU(3) gauge-field configurations at 8 = 6.0. From [117].

and (DAD*) correlators. The analysis is subtle [104] but results in the
simple formula

2,,2

Xiop = oL (Te s Sy (U) T fisSpp (@) (891)

Here S;;(U) is the fermion propagator in the gauge field U and the
trace is over all non-flavor indices (z, @ and «). The large-n. limit is
not taken in this derivation, only the quenched approximation. From
this, the formula in terms of ¢ can be understood from (8.87), (8.89),
and ) 3;/71/‘ = 0 for periodic boundary conditions. A derivation for
staggered fermions can also be given [113]. The limit m; — 0 is needed
in order to avoid divergences (this limit must be carefully controlled by
taking my at the lower end of a scaling window that extends to zero as
a — 0).

In the two-dimensional U (1) model the properties of (8.91) have been
studied and compared with the index theorem as well as with definitions
of xtop in terms of the gauge field only [114, 115]. The staggered form
was explored in numerical SU(3) simulations [116, 117]. Figure 8.2 shows

that the individual topological charges obtained with this ‘fermionic
method’ are at 3 = 6/g = 6.0 already quite correlated to the charges
obtained with the cooling method. This is expected to improve at higher
0 but at lower 3 the gauge fields are too ‘rough’ on the lattice scale for
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notions of topology to make sense (also, the staggered-fermion renor-
malization factor kp becomes uncannily very large [116]). The resulting
Xtop & (154417 MeV)? seems a bit low compared with the experimental
value following from the Witten—Veneziano formula (180 MeV)*, but
this may be due to the somewhat low value a=! = 1900 MeV used for
conversion to physical units. Using a~' = 2216 MeV inferred from the
values 1934 MeV (8 = 5.9) and 2540 MeV (8 = 6.1) recorded in [9§]
would give xtop & (180 & 20 MeV)?.

By contracting the currents with the n? —1 SU(n;) generators )\’; 9 /2,
we can form the left- and right-handed currents j{:,;R = (Vi + A%)
X (Ak)fq/4. According to (8.78) and (8.89), these currents and the U(1)
vector current V,, = Zf Vf“ s are conserved in the limit my — 0.
Further Ward—Takahashi identities can be derived to fix renormalization
constants and ensure that the currents satisfy ‘current algebra’ [118].
The corresponding charges would then satisfy the algebra of generators
of SU(ng) x SU(ng), were it not that the symmetry is supposed to be
broken spontaneously. It should also be possible to introduce the QCD
theta parameter (cf. problem (iv)).

From the chiral-symmetry point of view there are now much better
lattice fermion methods. Ginsparg and Wilson made a renormalization-
group ‘block-spin’ transformation for fermions from the continuum to the
lattice, paying special attention to chiral symmetry [124]. More recently
such transformations were studied in search of ‘perfect actions’ [125].
The continuum action is chirally symmetric for zero mass parameters
but this symmetry is hidden in the resulting lattice action, because the
blocking transformation to the lattice breaks chiral symmetry to avoid
fermion doubling. Writing the massless fermion action as Sp = — D1,
chiral symmetry in the continuum can be expressed as v5D + D~vys = 0.
On the lattice there is a remnant of this: the blocked D satisfies the
Ginsparg—Wilson relation

vsD + D75 = aD 2Rvys D, (8.92)

where we used matrix notation also for the space—time indices; R is
a matrix commuting with 5 that enters in the renormalization-group
blocking transformation. It is local, which means that R,, falls off
exponentially fast as |z — y| — oo (on the lattice scale, in physical
units it resembles a delta function). So D, practically anticommutes
with 5 for physical separations, provided that it is itself local, as it
should be (this is a basic requirement for universality). Taking (8.92) as

a starting point, one can take R, = % 0zy. Dirac matrices Dy, satisfying
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(8.92) are complicated, because for given z all y contribute, albeit with
exponentially falling magnitude as |z — y| increases. An explicit solution
[126], arrived at via the ‘overlap’ approach to chiral gauge theories (see
the next section), has the form

aD=1-A(ATA)™Y?, A=1-aDw, R=1, (8.93)

where Dy is Wilson’s lattice Dirac operator with zero bare mass (r = 1,
M = 4/a). Adding mass terms the resulting lattice QCD action has very
nice properties with respect to broken chiral symmetry and topology,
which can be studied again by deriving Ward—Takahashi identities [130].

Moreover, the resulting action has (for m = 0) an exact chiral sym-
metry [131] under

§¢ = iwys (1 — 3aD) ¥, 8¢ =ip(1 — 3aD) w, (8.94)

with infinitesimal wy,. (Note that such a finite chiral transformation is
non-local as it involves arbitrarily high powers of D.) The chiral anomaly
in this formulation comes from a non-invariance of the fermion measure
[131], similar to continuum derivations [132]. Domain-wall fermions [128,
129] are closely related. At the time of writing the research into these
directions is very active; for a review, see [135]. Applications to the
topological susceptibility can be found in [136, 137].

8.5 Spontaneous breaking of chiral symmetry

We now turn to the question of spontaneous chiral-symmetry breaking.
One would like to compute the expectation value of the order field
Yy Py, at vanishing quark masses and verify that SU(ng) x SU(ng)
symmetry is broken spontaneously to SU(ng). As for the O(n) model (cf.
(3.157)), this could be done by introducing explicit symmetry-breaking
quark masses and studying the infinite-volume limit.

However, with Wilson fermions we cannot simply use @Z_JfPng as
an order field because the cancellation of the chiral-symmetry break-
ing by the M and r terms is a subtle issue. Even for free fermions
(VrPLyy) # 0 at my = My — 4r/a = 0: it diverges in the con-
tinuum limit (cf. problem (ii)). The chiral-symmetry breaking causes
z/;fPLl/Jg to mix with the unit operator, with a coefficient ¢(g?,m) s, =
[co(g*)a™ + c1(g*)ma=2 + ca(g*)m?a~] 8¢, that diverges in the limit
a — 0 (for simplicity we assume here all quark masses to be equal).
The identification of c(g?,m), and a computation of the subtracted
expectation value (¢ P1)y) —c(g?, m)d s, in the limit of zero quark mass
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is a hazardous endeavor, because several powers of a~' have to cancel
out, and, moreover, because the gauge coupling ¢ also depends on a.

On the other hand, we have seen (section 7.5) that the relation
(8.36), i.e. m?cg ~ B(my + m,), B = 2v/fZ% is borne out by the
numerical results when f # g. So, using this relation, we could define
@z/}) by > (Upy) = —ngBf2, with m, = mg = muq — 0, or
(Yuthy) = —f2m2 /2m,q. Using renormalized quark masses instead of
the bare m,q would give a renormalized B and a correspondingly renor-
malized (z/;fwﬁ. Note that 1m1.,4(1,1,) should be renormalization-group
invariant. Using e.g. myq = 3.4 MeV (the result of [97]), the value
of (u1by) is about (290 MeV)? in the MS-bar scheme on the scale
=2 GeV.

We may appeal to continuity at any fixed gauge coupling 0 < g < oo
by sending the symmetry-breaking parameters M and r to zero and
studying spontaneous breaking of chiral symmetry there. Actually, at
r = M = 0 the staggered-fermion form (6.66) of the action is more
appropriate and it shows that the Dirac labels are to be interpreted as
flavor indices. At M = r = 0 the symmetry of the action enlarges to
U(4ng) x U(4ng). Combining the Dirac () and flavor (f) indices into
one label A = (o, f) the transformation is

1—c¢ 1+¢
TI+V,1}B 2$>XB:E’

XAz — (VkB

_ _ 1—¢ 1+e

with €, = (—1)%1T%4_ Moreover, in the scaling region at weak coupling
the staggered-fermion flavors also emerge, implying a further multipli-
cation of the number of flavors by four. With such a large number of
flavors (i.e. 16n¢) and only three colors, asymptotic freedom is lost as
soon as ng > 1 (recall (7.54)) and we can expect continuity in M,r — 0
only if we consider a sufficiently large number of colors n.. Assuming
this to be the case, we can get analytic insight at strong coupling
[119, 120, 83, 84, 82, 121].

At strong gauge coupling and for a large number of colors the ex-
act continuous symmetry breaks spontaneously as U(4n¢) x U(4ng) —
U(4ns), resulting in 16n? NG bosons. The baryons acquire a mass
x n. from the spontaneous symmetry breaking. Suppose now ng = 3.
Turning on the symmetry-breaking parameters M and r, it is possible
to keep the pions, kaons and eta massless by choosing M = M.(g,r)
and in the process all other NG bosons become massive. We need to
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keep M — M.(g,r) infinitesimally positive to let the order field 1 ; Py,
acquire its expectation value in the direction —vds,, with real positive
v. Otherwise we might induce complex v, which corresponds to non-zero
(Yyiys1,) and spontaneous breaking of parity [119, 122]. The situa-
tion is similar in the model using continuous time (the Hamiltonian
method), in which the symmetry breaking at strong coupling is actually
U(4ng) — U(2ng) x U(2n¢). At non-zero r the U(1) problem is also qual-
itatively resolved by giving the flavor-singlet boson a (small) non-zero
mass [119, 122, 123].

So in this way, connecting with M = r = 0, we can understand
spontaneous breaking of chiral symmetry in multicolor QCD with Wilson
fermions. However, it is conceptually simpler to study the corresponding
order field for staggered fermions.

The staggered-fermion action (6.67) has for m = 0 a chiral U(1)xU(1)
symmetry, which is (8.95) with phase factors V'R (since there is no
spin—flavor index A to act on). The axial U(1) transformation contained
in this U(1) x U(1), i.e. V¥ = VR* = exp(iw?), is in the staggered-
fermion interpretation [74] a flavor-non-singlet transformation, of the
form exp(iw™&5) with Tr &5 # 0. In the scaling region, where the symme-
try enlarges to SU(4) x SU(4) x U(1)y, this &5 is a linear combination of
the generators of SU(4). So it is natural to study spontaneous breaking
of this U(1) remnant of SU(4) x SU(4) chiral symmetry. A suitable
order field for this symmetry is the coefficient of the quark mass m in
the action, i.e. X4 Xz, which together with €, Y, x, forms a doublet under
the chiral U(1). In the scaling region YoXo — ZA;=1 Yy(z)hs(x) and
€xXaXe = 2pq V1 ()85 197509 ().

A definition of ¥ = —(Yx) in which the quark mass is introduced
as a symmetry breaker, which is to be taken to zero after taking the
infinite-volume limit, as in (3.157) for the O(n) model, is hard to
implement in practice. This can be circumvented by using a method
based on the eigenvalues of the Dirac operator, which we shall denote
by D(U), where U is a given gauge-field configuration. In the continuum
D is anti-Hermitian, D(U) = —D(U)T, and therefore its eigenvalues are
purely imaginary. On the lattice the staggered-fermion Dirac matrix

xa,yb Z 77,u$ Iy ab6z+,u Yy (Uym)ab5y+ﬁ,z] (896)

has the same property (unlike the Wilson-Dirac operator D(U) =
IXU)+M—W (U) which is the sum of an anti-Hermitian and a Hermitian
matrix). Let u, denote the complete orthonormal set of eigenvectors with
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eigenvalues i\,

Du, =i\ u,, uius = s, Zurul =1. (8.97)
The matrix €,y = €;04, anticommutes with D, De = —eD, so
D eu, = —i\, eu,, (8.98)

and for every eigenvalue A, there is also an eigenvalue —\,.. The expec-
tation value of the order field at finite quark mass, ¥ = —(YzXz), can
be written as

2= g Yl = 3 (0w

1 1 1 1
_ 1 1 oL
V<Zi/\r+mTr<urur)> V<Zz')\r+m>U

r U

1 m
=7 <§7;M>U (8.99)

In terms of the spectral density p(A),

1
where n(XA + AXX) = > 0((A+ AX = X)0(A, — A) is the number of
eigenvalues of D(U) in the interval (A, A + A)), this can be written as
[138]

(A + AN M), AX—0, (8.100)

. . m
= iy g fdA N 5 (8.101)
= 7p(0). (8.102)

Here we used the identity lim. .o e/(z% + €?) = 7d(z). Note that p(\)
depends on the gauge coupling, the dynamical quark mass and the
volume V; it furthermore satisfies p(\) = p(—\) because of (8.98).

The spectral density can be computed numerically by counting the
number of eigenvalues in small bins and figure 8.3 shows an example for
the gauge group SU(2) in the quenched approximation. The quantity
p(N\)/V in the plot is our density p()\) in lattice units, i.e. a®p()). The
value p(0) may be determined by extrapolating A — 0, it is nearly equal
to the value in the first bin. The resulting a3Y drops rapidly from the
value 0.1247(22) to 0.00863(48) as [ is increased from 2.0 to 2.4 and the
lattice spacing decreases accordingly. Actually, the value 8 = 2.0 is near
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Fig. 8.3. The quenched spectral density in lattice units of the SU(2) staggered-
fermion matrix for two values of 8 = 4/¢” and lattice volumes V = L*. The
number of gauge-field configurations used is also indicated. From [142].

the edge of the scaling region on the strong-coupling side, while § = 2.4
is more properly in the scaling region® (see e.g. figure 8 in [69]).

The volume dependence of ¥ obtained this way is expected to be
small. This can be made more precise by using scaling arguments based
on a remarkable connection with random-matrix theory (for a review
see [140]). From (8.100) and (8.102) we see that, in the neighborhood
of the origin, p(\) behaves like 1/[VXd())], with d(\) the average
distance between two eigenvalues. This observation leads one to define
the microscopic spectral density [141]

ps(Q) = ;p@v) (8.103)

in which the region around the origin is blown up by the factor V.
The function ps(¢) is predicted to be a universal function in random-
matrix theory depending only on the gauge group and the representation
carried by the fermions, provided that it is evaluated for gauge fields with
fixed topological charge Qop = v. For example for SU(n. > 2) and ny
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dynamical fermions it is given by

pﬁ”)(C) = g[‘]nfﬂ/(oz - Jnf+V*1(<)‘]nf+V+1(C>}7 (8.104)

where .J is the Bessel function. So, by fitting p(*)()\) according to (8.103)
and (8.104) with only one free parameter (X), one obtains the infinite-
volume value of X.

Zero modes corresponding to the index theorem should be ignored
here. This is not easy with staggered fermions as the would-be zero
modes fluctuate away from zero and can be identified only by the
expectation value of the ‘staggered ~5’ (cf. (8.134) and (8.135)) [107,
113, 114, 116].

The prediction (8.104) works well using staggered fermions and SU(2)
[142] or SU(3) [143] quenched (n; = 0) gauge-field configurations at
relatively strong gauge coupling and selecting® v = 0. The dependence on
the fermion representation and the pattern of chiral-symmetry breaking
is studied for various gauge groups in [144]. A (finite-temperature) study
with ng = 2 dynamical fermions is given in [145].

A recent study [146] using related finite-size techniques with Neu-
berger’s Dirac operator (8.93) in quenched SU(3) at f = 5.85 gave
the result a®¥ = 0.0032(4). A further non-perturbative computation
[147] of the appropriate multiplicative renormalization factor then allows
conversion value Xy = 2GeV) &~ (270 MeV)? in the MS-bar scheme.

8.6 Chiral gauge theory

In QED and QCD the representation of the gauge group carried by
all left- and right-handed fields is real up to equivalence. For example,
in QCD, let © be the fundamental representation of SU(3). The left-
handed fields are ¢y, = Py and (YrC)T = Pp(¢O)T, with C the charge-
conjugation matrix (cf. appendix D), while the right-handed fields are
Yr = Prep and (¢r.0)T = Pr(¢C)T. The fields transform as

YL — b, (YrC)T — QF(PrC)T, left; (8.105)
Yr — Qr, (ULO)" — Q*(YLO)", right. (8.106)

Taking 1)1, and vr in pairs, the representation of the gauge group has
the form of a direct sum € @ Q*, which is real up to the equivalence
transformation Q @ Q* — Q* @ Q.

The fundamental representation of U(1), a phase factor, is evidently
complex, but the fundamental representation of SU(2) is real up to
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equivalence: Q* = exp(iwkéak)* = 09Q05. It is not difficult to see, e.g.
by looking at the element exp(iwg%)\g), that the fundamental represen-
tation of SU(3) is complex. The adjoint representation of SU(n) is real
for all n.

Chiral gauge theories are models in which the representation of the
gauge group is truly compler (no reality up to equivalence). The Stan-
dard Model, which has the gauge group U(1) x SU(2) x SU(3), is a
chiral gauge theory, as can be seen by looking at the U(1) charges of
the left- and right-handed fields. Since this model is able to describe
all known interactions up till now, it is evidently desirable to give it a
non-perturbative lattice formulation.} This turns out to be very difficult.

To get a glimpse of the problem, consider a U(1) model with contin-
uum action

Sk = —/d4x l[;L”YM(ﬁu —igqLA,)YL +L — R, (8.107)

assuming for the moment no further quantum numbers (no ‘flavors’).
The fields transform as

YL — ey, g — e IRy, left; (8.108)
wR — eiwquR’ &L — e_iquQEL, I‘ight, (8109)

and we see, e.g. from the pair 1, and g, that the model is chiral if the
charges ¢gr and ¢i, are not equal. Assuming this to be the case, it follows
that ¢ = YRy + YrYR is not gauge invariant. Consequently there
can be no mass term for the fermions. We also cannot use P, + Pr =1
and eliminate 5 from the action. So the gauge-field couples also to an
axial-vector current (there is a term 1iy*vs51A,, in the action), instead of
only to vector currents as in QED and QCD. These features are generic
for chiral gauge theories: no mass terms and axial-vector currents that
are dynamical (rather than being just symmetry currents of global chiral
symmetry). With ~5 prominent in the vertex functions we may expect
chiral anomalies to play a role. This has been analyzed in perturbation
theory in the continuum, with the conclusion that the above model is
unsatisfactory because gauge invariance is spoilt by anomalies due to
contributions involving triangle diagrams (cf. figure 8.1). These problems
can be avoided by extending the model to contain more than one ‘flavor’,
with charges gr.; and gry, such that the anomalies cancel out between
the different flavors, which requires ) f(qﬁf - q%f) = 0. The model

1 We consider U(1)-neutral right-handed neutrino fields ¢r (and ¥R) as part of the
Standard Model.
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and its representation of the gauge group are then called ‘anomaly-free’.
Such considerations played an important role in the construction of the
Standard Model. It was noticed that the anomalies in the lepton sector
could cancel out against those in the quark sector [148, 151]. This is how
the Standard Model is anomaly-free.

We continue with the choice of integer g, = ¢q, gqg = 0. With just one
flavor the continuum model is then anomalous. Let us see what happens
if we put the above model naively on the lattice.

A Euclidean naive lattice action is easy to write down:

SF = - Z % I:/(EZL’,Y,LL(U;,LIPL + PR)merﬂ - szJruP)/u(UszL + PR)wz]a

T
(8.110)
with a path integral

7 = /D&DwDUeS, (8.111)

in which S = Sp 4+ Sy with Sy the usual plaquette action. The lattice
action and measure are gauge invariant (for the fermion measure this
follows from (8.82) with Vi, = exp(iwz), VrRey = 1). In this model
the right-handed g and the left-handed (¢rC)T are just free fields,
they are not coupled to the gauge fields. However, the species-doubling
phenomenon induces 16 fermion flavors in the scaling region. What are
the charges of these fermions?

To answer this question consider a fermion line in a diagram with a
gauge-field line attached to it. The corresponding mathematical expres-
sion is

- SP)Vulp,¢:k)S(q)- -, (8.112)

where S(p) is the massless naive fermion propagator and V,,(p, ¢; k) the
bare vertex function for the model (p = ¢+k). Such vertex functions have
been determined in problem (i) in section 6.6 for the case of QED, and
to get these for the present case we only have to make the substitution

9vu — 97, P in (6.99), giving
Vi(p, 4 k) = gy, Pry (9% + e'Pr). (8.113)

To interpret this expression in the scaling region for fermion species A
we use (6.26) and (6.31) and substitute p — k4 +p and ¢ — k4 + ¢ into
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(8.112) (kA = 7TA/(L),

- S(ka+p)Vulka +pka+qk)S(ka+q)--- (8.114)
—1VuDr . —1
=+ Sh| =5 g g (1= ears) — 2% +0(a)| S

where we used (6.30) and (6.28) for the terms not involving s and

€EAVuYs = SAVM%SL cos(map)- (8.115)
Using (6.29) we find e4 = +1 for my = mg, €4 = —1 for 74 = 7y, ...,
g, €4 = +1 for mg = 7o, ..., W34, €4 = —1 for ma = 7103, ..., T34 and

€A = +1 for my = 71234, such that

dea=1-4+6-4+1=0. (8.116)
A

From (8.114) we conclude that in the scaling region we have eight contin-
uum fields with ¢f*™ =1 (e4 = 1), and eight with ¢i™ =1 (ea = —1),
in addition to the uncharged fields: the lattice has produced flavors (the
species doublers) such that the anomalies cancel out.> However, since

cont

cont and g™ are equal, the model is not a chiral gauge theory!

all the ¢f'
It is just QED with eight equal-mass Dirac fermions (plus eight neutral
Dirac fermions).

A natural suggestion for a lattice formulation of the Standard Model is
to give the doubler fermions masses of order of the lattice cutoff through
Wilson-type Yukawa couplings with the Higgs field [119, 149, 150].
Because the Standard Model is anomaly-free the set of doublers in
such a formulation is anomaly-free too: the set of 15 doublers of some
fermion contributes to anomalies with the same strength as this fermion
(opposite in sign, 226:2 ea = —1). Insofar as anomalies are concerned
there is no objection to the decoupling of the doublers. Other objec-
tions [151, 152], namely that masses of the order of the cutoff might
not be possible because renormalized couplings cannot be arbitrarily
strong (triviality is expected to play a role here), do not apply if
new phases come into play. This is indeed the case. On turning on
the Wilson—Yukawa couplings one runs into a new phase, called the
paramagnetic strong-coupling (PMS) phase [153]. Unfortunately, in this
phase the doublers bind with the Higgs field to give right-handed fields
transforming in the same representation as the left-handed fields, or
vice-versa, and the result is a non-chiral (vector) gauge theory in the
scaling region [154, 155]. Other models [156] (see also [157]) which can
be put into this Wilson—Yukawa framework have been argued to fare
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the same fate [158]. Another approach is to keep the doublers as heavy
physical particles in mirror fermion models [159].

How to formulate a lattice chiral gauge model? This problem is diffi-
cult because of the peculiar symmetry breaking of chiral anomalies. We
want them to be there without interfering with gauge invariance. Nielson
and Ninomiya [160] formulated a no-go theorem that has to be overcome
first. They used a Hamiltonian description (continuous time and spatial
lattice), and, loosely speaking, the theorem states that, under cherished
conditions such as translation invariance, locality and Hermiticity, a
free-fermion lattice model with a U(1) invariance has always an equal
number of left- and right-handed fermions of a given U(1) charge. The
U(1) is supposed to be contained in the gauge group and the implication
is that the model can be extended only into an interacting gauge theory
that is ‘vector’ and not chiral. A simpler Euclidean formulation is given
in [161]. An extension to an effective action formulation is given in [129].

The Euclidean reasoning runs as follows. Suppose that we replace
sink, — F),(k) in the naive fermion propagator. This corresponds to
the translation-invariant action of the form (ignoring possible neutral
fields)

Sp = — Zi/_’z’YuPLFu(x —Yhby, iFu(k) = ZeXp(_ikm)F“(x)’
Typ r

(8.117)
which has a U(1) invariance ¢y — exp(iwq), ¥ — exp(—iwq).
Hermiticity is easy to state in the Hamiltonian formulation: H' = H.
In the Euclidean formulation we require the spatial part of the action
(u = 1,2,3) to be Hermitian and extend this to 1 = 4 by covariance.
Then Hermiticity means that F,(z)* = —F,(—x), so F,(k) is real.
Locality means that F},(z) approaches zero sufficiently fast as |x| — oo.
This implies that its Fourier transform is not singular and we shall
assume F),(k) to be smooth, i.e. it and all its derivatives are continuous.
If F,,(k) has isolated zeros of first order then the model has a particle
interpretation. Near a zero at k = k,

Fu(k) = Zyu (b — k) + O((k — B)?), (8.118)
with coeflicients Z,,,, forming a matrix Z with det Z # 0. We write
Z = RP, (8.119)

with R an orthogonal matrix and P a symmetric positive matrix. The
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matrix R can be absorbed in a unitary transformation,
(1 =45) Ry = ATy, (1 —ey5)A, e =detR = +1. (8.120)

For e = 1, A is a rotation exp(5 ¢ [vu, W), for € = —1, Ais e.g. 74 times
a rotation (cf. appendix D). So for k near k the fermion propagator is
equivalent to the continuum expression

(k) ~ =4 L = Pk R, (8.121)
which corresponds to a left- (¢ = +1) or right-handed (¢ = —1) fermion
field.

Now comes input from topology: € is the index of the vector field
F, (k) of its zero at k = k, i.e. the degree of the mapping F,/|F| =
R,.up./|p| onto S*. The Poincaré-Hopf theorem states that the global
sum of the indices equals the Euler characteristic xg of the manifold on
which the vector field is defined: Y e = xg. In our case this manifold is
the momentum-space torus T4, for which yg = 0. Hence, there must be
an even number of zeros and in the continuum limit we have an equal
number of left- and right-handed fermion fields with the same charge.
The naive U(1) model above is a typical illustration of the theorem.

To avoid these theorems we have to avoid some of their assumptions
(including hidden assumptions). Giving up translation invariance (e.g.
using a random lattice), Hermiticity (e.g. S = —3_,, Y27 O0uthz, which
gives the complex F, (k) = (e**» — 1)/i), or locality (e.g. the discon-
tinuous F,(k) = 2sin(k,/2) (mod 27) has only a zero at the origin
but corresponds to F},(z) falling only like |z|~!) tends to lead to other
trouble (for a review, see [162]). The basic reason is that, with an exactly
gauge-invariant action and fermion measure, there can be no anomaly,
which means that it cancels out in one way or another, generically
without the desired particle interpretation.

One line of approach is to give up gauge invariance at finite lattice
spacing by working in a fixed gauge and adding counterterms such that
gauge invariance is restored in the continuum limit [163, 164]. How-
ever, non-perturbative gauge fixing has its own complications, not least
the existence of Gribov copies, i.e. configurations differing by a gauge
transformation satisfying the same gauge condition. A gauge-fixed U(1)
model appears to have passed basic tests [166]. For a review see [168].
One may try to keep the fermions in the continuum, or on a finer lattice
than the gauge-field lattice, and invoking restoration of gauge symmetry
by the mechanism of [167]. See [168] for a review. Gauge-symmetry
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restoration was also invoked in models gauging non-invariant models,
using Wilson fermions or gauging the staggered flavors [162, 169] but it
failed in its simplest realization [170]. Further information can be found
in the reviews presented at the Lattice meetings [171].

New developments that constitute a major advancement can be clas-
sified under the heading ‘overlap’ and ‘Ginsparg—Wilson’ fermions. The-
orems of the Nielson—Ninomiya type are avoided by having an infinite
number of fermion field components (‘overlap’), and changing the defi-
nition of s, such that it is as usual for 4 but for 1 it involves replacing
vs by

35 = 5(1 - aD), (8.122)

where D is a Ginsparg—Wilson Dirac operator, together with an elabo-
rate definition of the fermion measure in the path integral (apparently
giving up Hermiticity on the lattice) [172]. The subject is beautiful
and erudite and the reader is best introduced by the reviews [173, 174]
(‘overlap’) and [175] (‘Ginsparg-Wilson’). One may feel uncomfortable,
though, about using formulations with an infinite number of field com-
ponents; it runs contrary to the basic idea of being able to approach
infinity from the finite.

8.7 Outlook

There is of course a lot more to lattice field theory than has been
presented here. An introduction to finite temperature can be found in
[9]. Simulation algorithms are introduced in [4, 10]; improved actions
and electroweak matrix elements are discussed in [14, 15]. See also
[16] for advanced material. For an introduction to simplicial gravity®
see [17]. Non-perturbative lattice formulations of quantum fields out of
equilibrium are still in their infancy.” For the current status of all this,
see the proceedings of the ‘Lattice’ meetings.

8.8 Problems

(i) The pion—nucleon o model
Consider an effective nucleon field N that is a doublet in terms
of Dirac proton (p) and neutron (n) fields

N(z) = (p(f”) ) (8.123)

n(z)
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The effective action of the pion—nucleon sigma model is given by
Seff = —/d4:1c [N’y“aﬂN-‘rGN((bPR-l-(ﬁTPL)N]+SO(4), (8.124)

where So(4) is the scalar field action of the O(4) model (equations
(3.1) and (3.4)) and ¢ is a matrix field constructed out of the
scalar fields,

3
=" L +iY . (8.125)
k=1
The 73, are the three Pauli matrices, which act on the p and n
components of N and G is the pion—nucleon coupling constant.
Show that the action is invariant under SU(2) x SU(2) trans-
formations

N VN, N—NV, ¢— ViV, VigreSU2). (8126)

Verify that the transformation on the matrix scalar field ¢ is
equivalent to an SO(4) rotation on the . Hint: check that ¢¢ =
©?1, det ¢ = ¢?; and hence that ¢ may be written as ¢ = /2 U,
U e SU(2).

This chiral invariance of the sigma-model action is a nice
expression of the symmetry properties of the underlying quark—
gluon theory. When the symmetry is spontaneously broken, such
that the ground-state value of the scalar field is ¢, = f1, f = <pg,
the action acquires a mass term G f N N: the nucleon gets its mass
from spontaneous breaking of chiral symmetry, my = Gf. This
relation is in fair agreement with experiment. On introducing
the weak interactions into the model one finds that f equals the
pion decay constant, f = fr ~ 93 MeV, while G =~ 13 from
pion—nucleon-scattering experiments, so with my = 940 MeV we
have to compare my/f ~ 10 with 13.

The field ¢ is often denoted by o, and ¢* by 7%, the sigma and
pion fields. The pions are stable within the strong interactions but
the o is a very unstable particle with mass m, in the range 600
1200 MeV. Given m, = 140 MeV and m, = 900 MeV, determine
the other parameters in the action.

Reanalyze the model in ‘polar coordinates’ ¢ = pU, U € SU(2)
with p a single-component scalar field. Note that p plays the role
of the matrix field H introduced in (8.19). What is its mass?
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In sections 8.1 the effective field ¢ is a general complex 4 x 4
matrix, which has eight independent real parameters, whereas the
above ¢ has only the four real ¢, which cannot incorporate chiral
U(1) transformations. Verify this, and work out a generalization
in which ¢ has the general form. (Include in the action terms that
break chiral U(1).)

Free fermion (1))
Consider free ‘naive’ fermions on the lattice (one flavor). Show
that

- T d'%k 4am
Y=— =q3 / , 8.127
W) =a _x (2m)* a2m? + o sin® k,, ( )

and that it has the expansion
¥ =cyma 2 + mPezIn(am) + c5) + -, (8.128)

where the - - - vanish as a — 0. Hint: use (3.66).
Now consider free Wilson fermions. Show that for this case the
expansion takes the form

a7t + mPlezIn(am) + 5] + -+,

(8.129)

Y= cocf3 + clma72 + com

where m = M — 4r/a. Find expressions for the coefficients c¢.
Research project: the index theorem
Go through the following formal arguments.

In the continuum, let D = v,[0,, — iG ()] be the Dirac opera-
tor in an external gauge field G, in a finite volume with periodic
(up to gauge transformations) boundary conditions. Consider the
divergence equation for the flavor-singlet axial current

Dubivu st = 2mabinyst + 2iq, (8.130)

where we assumed that there is only one flavor. Taking the
fermionic average and integrating over (Euclidean) space—time
gives

0= —2mTr [ys(m + D)'] + 2iv, (8.131)
where the trace is over space-time and Dirac indices and v = Qyop

is the topological charge.
Verify that iD is a Hermitian operator, (iD)" = iD.
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Let fs be the eigenvectors of D with (purely imaginary) eigen-
values 1)\,

Dfs=i)sfs, Dvysfs = —iAsy5fs, (8.132)
and assume the eigenvectors to be orthogonal and complete,
fife=0a, Y _ffl=1 (8.133)

Because f; and 5 fs correspond generically to different eigen-
values,

flsfa=0, A #0. (8.134)

For A\s = 0, [D,v5]fs = 0, so in this subspace we can look for
simultaneous eigenvectors of D and 5. The eigenvalues of 75 are
+1,

Y5 fs = E£fsy  As =0. (8.135)
It follows that

V:me: > flvsfe=ny—n_, (8.136)

m—+ i et

with ny the number of zero modes with chirality v5 = £1.
Periodicity modulo gauge transformations is needed in order to

allow non-zero topological charge. For the proper mathematical

setting in the continuum, see e.g. [12]. Lattice studies using

Wilson and staggered fermions are in [107, 108, 114, 115, 90],

while [135] gives an introduction to Ginsparg-Wilson fermions.

Choose one of these studies and reproduce (and possibly extend)

its results.

Research project: the theta parameter of QCD

Consider the QCD action with generalized mass term

/d4a: W'myy, m=myP + mTLPR, (8.137)

in which my, is a fairly arbitrary complex matrix. Assume that it
can be transformed into a diagonal matrix by the transformation

VEmLVR = Mqiag = diagonal with entries > 0. (8.138)

Suppose this transformation is the result of a chiral transforma-
tion on the fermion fields (cf. (8.2)),

W=V, ) =yV. (8.139)
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In continuum treatments the fermion measure is not invariant
under such a transformation, but is produces the chiral anomaly
in the form [132]

DY/ DY = DypDye? S 4'wa®) g = arg(detmy).  (8.140)

So in terms of the un-primed fermion fields we have an addi-
tional term in the (Euclidean) action proportional to the topo-
logical charge,

S =— / d*z {2;2Tr (GuwGu) + QZV#DNQ,/J + &mdiagw — i@q] )
(8.141)
The original mass m may be the result of electroweak symmetry
breaking. Experiments constrain the value of 6, which violates
CP invariance, to be less than 10~° in magnitude.

Our problem is to give a rigorous version of the above reasoning
using the lattice regularization. With Wilson’s fermion method
the following steps get us going.

Consider the fermion determinant exp[Tr In(lp — W + M)],
where M is arbitrary. In the scaling region M is close to the
critical value M; if not, then there is no continuum physics. So
assume that M = M. + m, with M, o r1l and m arbitrary as in
the above continuum outline. With Wilson’s fermion method the
fermion measure is invariant under chiral transformations and the
anomaly comes from the non-invariant term (W — M.)1 in the
action. So we have

Tr[In(P—W + M. +m)] = Tr {In[P+ V(Mc — W)V + Mdiag] }-
(8.142)
To evaluate this consider a change 0V of V. Then the above
expression changes by
Tr{[8V (M. — W)V + V(M. — W) V]
X[D+ V(M. — W)V + maiag] '} (8.143)
Expanding this expression in terms of the gauge field leads to an
infinite number of diagrams with external gauge-field lines im-
pinging upon a closed fermion loop. The crucial point is now that
the factor M, — W in the numerator above suppresses the region

of loop-momentum integration where maiag has any influence.
For example in momentum space at lowest order, M, — W —
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ra=! >_,[1 —cos(aky)], and we therefore need a loop momentum
k of order a=! > Mdiag tO give a non-vanishing contribution.
See [70] for an explicit computation of the triangle-diagram-like
contributions. So we may as well set maiag = 0 in (8.143). Then
(8.143) can be rewritten in the form

Te [V V(M. — W) (D+ M, — W) ™!
+8V V(D4 M. — W) (M. — W)
= Tr[(VL OV = VR 8V ') s (Me — W) (D4 M. — W) ™1,
(8.144)
where we used the fact that ), M. and W are all flavor diagonal,
and the cyclic property of the trace. Denoting the trace over

space—time plus Dirac indices (excluding the flavor indices) by
Trs; we have the result [70, 133, 134]

rI‘rst [’75 (MC - W)(ﬁ"‘ Mc - W)_l} = Qt0p7 a — O (8145)

Note that this result is independent of the r parameter [70], as
long as it is non-zero. The coefficient of Q¢op is given by

Traavor (Vi 8V 1 — VR 8V 1) =8In[det(VRVy )] =i darg(det my, ).
(8.146)
So one concludes that, in the continuum limit,

exp{Tr [In(P+ M. — W +m)]}
= e!%@wr exp{Tr [In(P+ Mc — W + maiag)]}, (8.147)
0 = arg(det my,), (8.148)

which is equivalent to the continuum result.

By taking the continuum limit we have happily been able to
ignore finite renormalization factors x (k = 1 4+ O(g?) — 1, g% is
the bare gauge coupling).

The problem with the above reasoning, taken from [149], is how
to improve it such that it applies in a practical scaling region with
g2 not much less than 1.
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SU(n)

A.1 Fundamental representation of SU(n)

In the following appendices we record some properties of the representa-
tions of the group SU(n). First we review the construction of a complete
basis set of Hermitian traceless n X n matrices, similar to the n = 2,3
examples. We shall denote these matrices by Az, k = 1,2,..., n? — 1.
The symmetric off-diagonal matrices have the form

()\k)ab = O0amOan + OpmOan k < {m, n} (Al)
and the antisymmetric matrices are given by
(/\k)ab = i(damdan - 5bm5an)7 (A2)

where a,b,m,n = 1,2,...,n, m > n. The non-zero elements of the
diagonal matrices may be taken as

2
aa — :1,...7 ; A,
(Moo =\ =g a=1...m (a3
2
= —m m a:m+17 (A.4)

where m = 1,2,..., n — 1. We add the multiple of the unit matrix

Ao = \/z 1, (A.5)

such that the k = 0,1,..., n? — 1 matrices form a complete set of n x n
matrices. They satisfy

Ap = AL
Tr (A1) = 20k, (A7)

—
?>
(=2

S—
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and either A\, = )\E = A, or A\ = —/\;f = —A;. An arbitrary matrix X
can be written as a superposition of the \’s,

X = Xk)\ka (AS)
Xj = 2 Tr (X \g). (A.9)
For instance
Ak AL = AgimAm, (A.10)
Agim = % Tr (AxAiAm)- (A.11)
Let
Aiim = diim + % frim, (A.12)

where dy., and fg, are real. Then

diim = 2 Tr AN A + NN AL) = LT (McNidm + ALATAL)
= 2T (NN + A Nide) = 2T (A + NiAn)
= 2Tr ({ Mk, M} Am), (A.13)
and similarly,
ifrim = 5 T (M, A Am).- (A.14)

These representations of the d’s and f’s and the cyclic properties of the

trace imply that d;, is totally symmetric under interchange of any of its

labels. Likewise fginm, is totally antisymmetric. Hence, (A.10) and (A.12)
imply

[)\k, )\l] = 20 frimAm, (A.15)

{ ks Mt} = 2dgimAm. (A.16)

We note in passing that

[2 2
)\0)\[ = — )\l — dOlm == \/7517,“ fOlm = 0 (Al?)
n n

A standard choice for the generators t; of the group SU(n) in the
fundamental (defining) representation is given by

te=2X, k=12,...,n°— L (A.18)

In the exponential parameterization an arbitrary group element can be
written as

U = exp(ia*ty), (A.19)
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where the o are n? — 1 real parameters. From their occurence in the
commutation relations

[t ti] = i frim tm, (A.20)

the fiimn are called the structure constants of the group.

Next we calculate the value Cy of the quadratic Casimir operator
tity in the defining representation. For this we need a useful formula
that follows from expanding the matrix Xc(lzd) = 20440 In terms of
(Ak)ab- According to (A.8) and (A.9) we have the expansion coefficients

Xlgw) = Tr (XDN;)/2 = 6uadpe(Me)ba = (Ak)ca, hence,
(Ak)ab(Ak)ed = 20aadye, (A.21)

where the summation is over k = 0,1,..., n?> — 1 on the left-hand side.
It follows that

() a(ts)ea = § AdasMk)ea — § Mo)as(Ro)e

4
L i — b0 (A.22)
—2 adYbc m abYcd .

(note that k£ = 0 is lacking for the t;). Contraction with d. gives

1 1
(tetr)aqd = 3 (n — ) bad = C5 044, (A.23)
n
or
1 1
fund — ~(n— =), A.24
) (A.21)

For n = 2, Cf"d = 2 which is just the usual value j(j + 1) for the j = 1
representation of SU(2).

A.2 Adjoint representation of SU(n)

The adjoint (regular) representation R is the representation carried by
the generators,

U't,U = Ryt;. U € SU(n). (A.25)

Note that Tr (UTt,U) = Trty, = 0, so that U't,U can indeed be written
as a linear superposition of the t;. By eq. (A.9) we have the explicit
representation in terms of the group elements

Ry = 2Tr (UTt,Uty). (A.26)
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We shall now calculate R in terms of the parameters o of the exponen-
tial parameterization of U. Let

Uly) = expliya’ty),  Rialy) =2Tc (U hUW)h).  (A27)
Then
0 )
B Ry(y) = —ia? 2 Tr (U (y)[t, tk)U (y)t1)
= apfpan Tr (U]L (y)tnU(y)tl)
= iap(Fp)kanl, (A.QS)
where
In matrix notation (A.28) reads
55 Rv) = 10 F,R(y), (A.30)

which differential equation is solved by
R(y) = exp(iya?Fp), (A.31)
using the boundary condition R(0) = 1. Hence,
R = exp(ialF),), (A.32)

and we see that the F}, are the generators in the adjoint representation.
By the antisymmetry of the structure constants we have

F,=-F;=-F), (A.33)
and it follows that the matrices R are real and orthogonal,
R=R*, RT =R (A.34)

Notice that the derivation of (A.28) uses only the commutation relations
of the generators, so that we have for an arbitrary representation D(U)

DU)'TyD(U) = R Ty, (A.35)

where the T}, are the generators in this representation D.
Next we calculate the value of the Casimir operator in the adjoint
representation, F,F},, using the results of the previous appendix:

(Fpr)km = Z'fk:pliflp?ﬂ
=4Tr (tktptl) iflpm =8Tr (tptltk) Tr ([tm, tl}tp)
= S(tp)ab(tltk:)ba [tm7 tl]dc(tp)cd- (A36)
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With (A.22) for (t,)ap(tp)ed, this gives
(FpFp)km = 4Tr (titx[tm, t]), (A.37)
and using (A.22) again and t;t; = [(n? — 1)/2n]1 gives finally
F,F,=nl, C3Y=n. (A.38)

The matrix Si(«) introduced in (4.41) can be calculated as follows.
We write D(U(a)) = D(«) and consider (4.42),

M(y) = D(ya)D(ya +ye) ™' =1 —ie"Sp(a) + O(e?)  (A.39)
= o T o—iy(a"+e")Ti (A.40)
Then

o M(y) = D(ya)[io* Ty, — i(a” + ") T] D(yor + ye) !

= —ie"D(ya)T.D(ya) ™t + O(€?)

= —ie" R (yo) Ty + O(€2). (A.41)
This differential equation can be integrated with the boundary condition
M(0) = 1, using R™1(ya) = exp(—iya), a = aPF,,

1— e*iya

M(y)zl—iek( — )lel+0(62). (A.42)

Setting y = 1 we find S (a) = Ski(a)T; with
1—e

Skl(a)< — )kl, a = a’F,. (A.43)

We end this appendix with an expression for Tr7};7; in an arbitrary
representation D. The matrix
Iy, = Tr (T, Th) (A.44)
is invariant under transformations in the adjoint representation,
Ry Ry Iy = Tr (D™'T, D D™'TyD) = I,. (A.45)
By Schur’s lemma, I; must be a multiple of the identity matrix,
Iy = pop. (A.46)
Putting £ = [ and summing over k gives the relation

(n? — 1)p(D) = Co(D) dimension(D). (A.47)
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For the fundamental and adjoint representations we have

Pfund = %7 (A48)
Padj = TN (A.49)

A.3 Left and right translations in SU(n)

Let © and U be elements of SU(n). We define left and right transfor-
mations by

U'(L)=QU, U (R)=UQ, (A.50)
respectively, which may be interpreted as translations in group space,
U — U’'. In a parameterization U = U(a), Q@ = Q(p), this implies
transformations of the a’s,

O/k(L) = fk(av 2 L)? (A51)

and similarly for R. We shall first concentrate on the L case. For ) near
the identity we can write,

Q=14ip"ty + -, (A.52)
(L) =ao* + ™Sk (a,L)+---, (A.53)
0
Skm(a,L) = &’7 fk(oz,gp,L)W:O. (A.54)

The S* (a,L) (which are analogous to the tetrad or ‘Vierbein’ in
General Relativity) can found in terms of the Sk, () as follows,

U'(L)=(1+ip"ty +--)U, (A.55)
0 oU ook
tnU = —i —— U) = —
¢ (‘%Om l=0 ¢ aak: a(pm‘ -0
Differentiating UUT = 1 gives
ou out
and using this in (A.56) we get
. BUT k k
tnU = iU Sk US”, (a,L),= Sk(ca, L)YU S* (v, L), (A.58)
where
i
Sk(a, L) =iU ov’ (A.59)

oak
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is the Sk introduced earlier in (4.41). The factor U can be canceled out
from the above equation,

= Si(e, L) 8% (a, L). (A.60)

We have already shown in (4.43) that Sy is a linear superposition of the
generators, Si(a, L) = Sgn(a, L)t,, so we get

tm = tnSpn(a, L)S* (a, L) (A.61)

or

Smn = Skn(a, L)S* (v, L). (A.62)

Thus S*  (a, L) is the inverse (in the sense of matrices) of Sy, (c, L).
Introducing the differential operators

0
Xm(L) = S* (o, L) —— A
(L) = 8%, (0,1) o (A.63)
we can rewrite (A.56) in the form
X (D)U = tnU. (A.64)

It follows from this equation that the X,,(L) have the commutation
relations

These differential operators may be called the generators of left transla-
tions.
For the right translations we get in similar fashion

ou

Ut = —is S* (a,R) = USk(a, R)S (a, R), (A.66)
Sp(a,R) = —iUT gg

=U'Sk(o, YU = Sip (v, L) U't,U

= Sip(a, L)Rypty, (A.67)

Sk(a, R) = Sk"(a, R)tn, (A.GS)

Skn(a R) = Skp( ) pm (A.69)

Omn = Skn(a, R) S* (o, R), (A.70)

Xn(R)=5* (a, R)%, (A.71)

X (R)U = Utyp, (A.72)

[Xm(R), Xn(R)] = +ifmanp(R) (A~73)
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The left and right generators commute,
[Xi (L), Xn(R)] =0, (A.74)

which follows directly from (A.64) and (A.72), and their quadratic
Casimir operators are equal,

X3(L) = Xpn(L) X (L), X*(R) = X, (R)Xn(R), (A.75)

X2(R)U = Utyptyy, = CoU = tyt,, U = X*(L)U. (A.76)

The differential operator X2 = X?2(L) = X?(R) is invariant under

coordinate transformations on group space and is also known as a
Laplace—Beltrami operator.

Finally, the metric introduced in (4.91) can be expressed in terms of
the analogs of the tetrads,

gkl(a) = Skp(a, L)Slp(a, L) = Skp(oz, R)Slp(a, R), (A.77)
Skp(a, L) = gkl(a)Slp(a,L), Skp(a, R) = gkl(a)Slp(a,R). (A.78)

For a parameterization that is regular near U = 1 (such as exp(ia*t,)),
U=1+icd"t + 0(a?), (A.79)

it is straightforward to derive that

S* (. L) = 6kp — 3 fepa! + O(0?), (A.80)
Sk (., R) = 0kp + & fupa! + O(a?), (A.81)
gkl(oz) = 0p + 0(042). (A.82)

A.4 Tensor method for SU(n)

It is sometimes useful to view the matrices U representing the fundamen-
tal representation of SU (n) as tensors. Products of U’s then transform as
tensor products and integrals over the group reduce to invariant tensors.
It will be useful to write the matrix elements with upper and lower
indices, Uy, — U'. We start with the simple integral

/ dU UgUP = IY. (A.83)

By making the transformation of variables U — VUWT, it follows that
the right-hand side above is an invariant tensor in the following sense:

a a 7 b/ a/ ’
LY =vVawhviewl i n. (A.84)
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Here V and W are arbitrary elements of SU(n) and similarly for their
matrix elements in the fundamental representation and their complex
conjugates VT and WT. We are using a notation in which matrix indices
of U are taken from the set a, b, ¢, d, ..., while those of UT are taken
from p, q, r, s, .... Upper indices in the first set transform with V, upper
indices in the second set transform with T; lower indices in the first set
transform with W7, lower indices in the second set transform with V7,
as in

ve —vewltug, Ul - whviiulr (A.85)

This notation suffices for not-too-complicated expressions.

Returning to the above group integral, there is only one such invariant
tensor: Iy = cdgdy, which is a simple product of Kronecker deltas. The
constant ¢ can be found by contracting the left- and right-hand sides
with 67, with the result

1
/ dU UgUJP = — 930 (A.86)
Invariant tensors have to be linear combinations of products of Kro-
necker tensors and the Levi-Civita tensors
ay-ay,

= + 1, even permutation of 1,...,n
= —1, odd permutation of 1,...,n, (A.87)

€

and similarly for €g,...q, , €tc. They are invariant because
Vaa,l1 e Vaa,lleal'”“” =det Vet on, (A.88)

These tensors appear in

1
/dU 1;111 .. U;:‘ — = €y (A.89)
1 T™sa An
= D ()T gy (A90)
permm

The coefficient can be checked by contraction with €4, ...q,, -

In writing down possible invariant tensors for group integrals we have
to keep in mind that, according to (A.85), there can be only Kronecker
deltas with one upper and one lower index, and furthermore one index
should correspond to a U and the other index to a UT, i.e. they should
be of the type d, or df. It is now straightforward to derive identities for
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integrals of the next level of complication:
/dU UyUUs =0, n>3, (A.91)

1
/ AU USUGUIPUL" = —— (5050703 + 0304067)
1 a scC T a sc ST
_ m(éséqéféd +60056564), n > 2.
(A.92)
Note the symmetry under (a,b) < (c,d) and (p,q) < (r,s) in (A.92).

The coefficients follow, e.g. by contraction with ¢%. By contracting (A.92)
with the generators (t)5(t;)¢ we get an identity needed in the main text:

2
n?—1
where Ry (U) is the adjoint representation of U (cf. (A.26)).

/dU U;UJPRM(U) = (tk)g(tl)€7 n > 2. (A.93)
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Quantization in the temporal gauge

Gauge-field quantization in the temporal gauge in the continuum is often
lacking in text books. Here follows a brief outline. Consider the action
of SU(n) gauge theory,

1 17
S = —/d% @G,ﬁyaﬂ P, (B.1)
The stationary action principle leads to the equations of motion
D,G"P = 0,G"? + fr0 GLGH" = 0. (B.2)

where D,, is the covariant derivative in the adjoint representation. Note
that we are using a Minkowski-space metric with signature (—1,1,1,1),
e.g. G = —G"" = —G¥ . The Lagrangian is given by

L(G.G) = / 0z (%ngcgn - 4;2%(;5”}), (B.3)
where
Gh, = Gb — 0,Gh + foqrGEGT,, (B.4)
and the canonical momenta are given by

5L
I = —— =0, B.5
0= 5ar (B.5)
5L 1
” = e ?Gfgn. (B.6)

The fact that L is independent of Gg and consequently the canonical
momentum of G} vanishes is incompatible with the presumed canonical

Poisson brackets (G{,I13) L dpg0(x — y), unless we eliminate G§ as

239
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variable by a choice of gauge. This is the ‘temporal gauge’
Gh =0. (B.7)

The Hamiltonian in the temporal gauge is given by
H(G,II) = /d% m.Gr, — L

2 1
= / d (%H,’;Hﬁl + 492G£nnGﬁm>. (B.8)

However, one does not want to lose the time component (v = 0) of the
equations of motion (B.2). In canonical variables this equation reads

TP = 0,112, + fper G, =0, (B.9)

and we see that it does not contain a time derivative. It is a constraint
equation for every space—time point. Imposing it at one time, the ques-
tion of whether it is compatible with Hamilton’s equations arises.

Let us address this question directly in the quantized case, assuming
the canonical commutation relations

(G2, (), TI8(¥)] = dpgdlx —3), (G2, (), G(y)] = 0 = [IT2, (), 112 (y).

(B.10)
Now it is straightforward to check that the TP defined in (B.9) generate
time-independent gauge transformations, e.g. QTG‘an = infinitesimally
gauge-transformed G%,, where Q = 1+ [ d3z w?(x)T?(x) + O(w?). The
Hamiltonian is gauge invariant,

(77, H] = 0, (B.11)

and the constraints are compatible with the Heisenberg equations of
motion. A formal Hilbert-space realization of the canonical commutation
relations (B.10) is given by the coordinate representation

(61T, ()1¥) = G2 () (G 0), (B.12)
(G (1Y) = 5z (G, (B.13

with wave functionals ¥(G) = (G|¥). Unlike quantization in other
gauges, there are no negative norm states here, but physical states have
to be gauge invariant,

TP(x) | W) ppys = 0. (B.14)
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Such states can be formally written as a superposition of Wilson loops
and this is useful for analytic calculations at strong coupling (on the
lattice, of course, to make it well defined), but not at weak coupling.

Finally, the analogy with QED may be stressed in the notation by
writing

1 1
EY = -G% = —gII?, B} = —eumG/ B.15
k g glln,, k 2g€kl nSimo ( )
in terms of which
H= /d% (5E* +1B%). (B.16)

In case other fields are present, there are additional contributions to 77
that act as generators for these fields, e.g. for QCD, p, = ¥ A\,1/2, and
(B.9) becomes the non-Abelian version of Gauss’s law:

DyE} = gpp. (B.17)



Appendix C

Fermionic coherent states

In this appendix we derive the field representation for fermion opera-
tors. In the Bose case the field representation was just the coordinate
representation which is also much used in quantum mechanics. For
Fermi operators the analog leads to the so-called Grassmann variables.
This means that the Fermi operator fields 1[)(x) will be represented by
‘numbers’ 1 (x), which have to be anticommuting. As this might not be
so familiar, we shall first describe how this works.

Consider the quantum Fermi operators satisfying the commutation

relations

{ar,ar} =0, {al,al} =0, {ax,a;} = o, (C.1)
where {4, B} = AB + BA. In the following we shall consider a finite
number n of such operators, k = 1,2,...,n. (In the continuum limit of a

fermionic lattice field theory n — o00.) It is sometimes convenient to use
the 2n equivalent Hermitian operators

ap = (ar +a})/V2, af = (ax —a])/iv2, (C2)
with the commutation relations
{&i,d?} = 5pq5kl7 p,q = 1, 2. (03)

The non-Hermitian operators are used more often.

It is clarifying to look at a representation in Hilbert space. For n = 1
we have the ‘no-quantum state’ |0) which is by definition the eigenstate
of a4 with eigenvalue 0, 4|0) = 0, and the one-quantum state |1) obtained
from |0) by the application of a', |1) = a'|0). Further application of af
on |0) gives zero, since (a')? = 0 because of (C.1) (note that |1) is the
‘no-quantum state’ for a'). So a pair of Fermi operators (G, a') can be

242
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represented in a simple two-dimensional Hilbert space,

N R (S

For n > 1 we can take a tensor product of these representations. A basis
in Hilbert space is provided by

[ky-eokyp) =af, - af [0), p=1,...n, (C.5)
with the properties

Z Z kv kp)(ky oo ky| =1, (C.6)
p= 0

ki-

(ky - kplly -+ 1g) = 5pq51k11_'_'_é’(jp, (C.7)
where
kl"'kp ™ 1 kp
511.4.zq = Z (-1) 57]:11"'577117- (C.8)
perm

An arbitrary state |¢)) can be written asf

) = 1(a")[0), (C.9)

Z Wy Oy o 0 (C.10)

where .., is totally antisymmetric in kq---kp, and we sum over
repeated indices unless indicated otherwise. An arbitrary operator A
can be written as

- Z ! ql la -lqu a; a, -+ ay, (C.11)
where all creation operators are ordered to the left of all annihilation

operators. This is called the mormal ordered form of A. A familiar
example is the number operator

N = alay, (C.12)

which has eigenvectors |ki---k,) with eigenvalue p. Note that
Akyokyp, 11, 18 in general not equal to (ky---kp|Ally ---1g). Note also

that the coefficients Ay, ..k, 1,..., may themselves be elements of a

lq

1 Recall that repeated indices are summed, i.e. wkl“'kp&jcl.”&;—cp =

n n AT ~T
Zklzl . kazl djkl“‘kpakl - -akp.
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Grassmann algebra, e.g. A= c;r&k + &Lck, with anticommuting ¢ and
+
ct.

Suppose now that there are eigenstates |a) of the G, with eigenvalue
ag. Then it follows that the a; have to be anticommuting:

ara; = —aa. (C.13)
To see this, assume
ara; = ea;ag, (C.14)
with € some number # 0. Then
ara)|a) = agaila) = eajax|a) = eaqjag|a)
= —dGiag|a) = —eagaila). (C.15)

Hence (C.13) has to hold. The aj, cannot be ordinary numbers. Assuming
agla) = +|a)ay leads to
arap|a) = aglaya; = agla)a; = arar|a)
= eqai|a) = eaqiagla), (C.16)
and it follows that
e=—1. (C.17)
So the ‘numbers’ a; have to anticommute with the fermionic operators
as well.
We also introduce independent conjugate anticommuting a;r, assume

these to anticommute with the a; and the Fermi operators, and impose
the usual rules of Hermitian conjugation,

ar L al, arLaf, Ja) L (al, (alaf = (alay, (C.18)

ara; > afaf, {af.af}=0. (C.19)

The anticommuting ag are on the same footing as the ay.
The ay, and ag together with the unit element 1 generate a Grassmann
algebra. An arbitrary element f of this algebra has the form

1
fla®,a) = foo+ froaf + foia + ?fklkz,oazla%
+ fraaifar+ -+ fromiemal ccatan, - a,

(C.20)

where the f’s are complex numbers.
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We have extended Hilbert space into a vector space over the elements
of a Grassmann algebra. The aj and a: are called Grassmann variables
and f(a™,a) is called a function of the Grassmann variables. This
nomenclature could be somewhat misleading — the generators a; and a;r
are fixed objects and it is only the indices ‘k’” and ‘+’ that vary. However,
we will also be using other generators by, bk , Ck, - .., and so effectively
we draw elements from a Grassmann algebra with an infinite number of
generators. It is straightforward to construct a matrix representation of
these generators, but this does not seem to be useful because the rules
above are sufficient for our derivations.

We now express the |a) in terms of the basis vectors (C.5). The state
|a) is given by

la) = e~ 4k |0). (C.21)

Indeed, since (ay)%=0,

e—%di _ He—akaz _ H(l _ ade’ (C.22)
k k

and using ax(1 — akd;fc)|0> = akdkd£|0> = ag|0) (no summation over k)
gives

arla) = [T](1 = @waf) | an(@ — aral)[0) = | [[(1 — wa]) | axl0)
Ik I#k
= agla). (C.23)

Note that ay commutes with pairs of fermion objects, e.g. [ax, a;al ] = 0.
Two states |a) and |b) have the inner product

(alb) = (0 |<1fa1a1+>~'<1 anal)(1—bual) - (1 - bal)|o)

H1+a
k

e?, (C.24)

where

atb=aby. (C.25)

We would like a completeness relation of the form

i:/da

(C.26)
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For n = 1 this relation reads

1 =0)(0] + a'[0)(0la
= /da+ da (1 —a%a)(1 - aa)]0)(0](1 — aa™)

_ /da+ da (1 — a*a)[0)(0] — aat|0)(0]
+ a*10)(0]a 4 aa*at(0)(0la], (C.27)

which is satisfied if we define the Berezin ‘integral’:

/dazO, /da+: , /daazl, /da+a+:1, (C.28)

where da and da™ are taken anticommuting. For general n we define

da = da; ---da,, da* =da} ---daf, (C.29)

/dak =0, /dak ap = 1,/da;€Ir =0, /da;ﬁ|r af =1 (C.30)

(no summation over k; anticommuting da’s and da™’s). The integral
sign symbolizes Grassmannian integration, which has some similarities
to ordinary integration (and differentiation, see (C.42)). Cumbersome
checking of minus signs can be avoided by combining every daj with
da'kF into commuting pairs, as in the notation

da* da = [ dajf dax, (C.31)
k=1

which we shall use in the following. Similar pairing will be done repeat-
edly in the following.

We check the completeness relation (C.26) for general n by verifying
that it gives the right answer for an arbitrary inner product (i|®).
Multiplying (C.9) by (C.26), we get

) = / da™* dae="" (a*)|a), (C.32)

P(at) = (aly) =) %d)kl--.kpa;l ey (C.33)
p
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The inner product takes the form
(01¢) = [ da* dae " () o(a®)
1
=) Uk, Ol
1! 1 P q
—— plq!
X /da+ dae " g, - Ay a; - alt. (C.34)

By (C.28) the integral is non-zero only if p = ¢ and (ki,...,kp) =
(l1,...,1p) up to a permutation,

—at 4
/da+dae @ “akpn-aklazl -~-azp = H /da;rdale a
I#ky, .k

X H / da} da,, ama,

=1, (C.35)
and
/daJr da e_a+aakp Ceapap -a =0 511 l . (C.36)
Hence, (C.34) gives
¢|<Z5 Z wkl kp ¢k1 kpo (037)

which is the right answer. Therefore (C.26) is correct for general n.

The connection between Grassmannian integration and differentiation
can be seen as follows. Left and right differentiation can be defined by
looking at terms linear in a translation over fermion by,

fla+0b) = f(a) +brfi(a) + Sbrbifi(a) + - (C.38)
= f(a) + fi(a)by + L fl(a)brby + -+, (C.39)

which suggest

o fa) = 1), (C.40)
9
(0) 5 5= B0 (C.41)
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(the extension to functions of both a and a™ is obvious). It follows that
‘integration’ is left differentiation:

/dak fla) = 6iak (a). (C.42)

We shall now derive some further important properties of Grassman-
nian integration. Let f(a™,a) be an arbitrary element of the Grassmann
algebra of the form by (C.20). Then

/da+ daf(a™,a) = fini-n- (C.43)
It follows that the integration is translation invariant,
/da+ da f(at +bT,a+b) :/da+ da f(a*t,a). (C.49)
Furthermore, for an arbitrary matrix M,
/da+ dae* Mo = /da+ da %(Cﬁ'M@)n
= /da+ da %Mklll X ~Mknl"allagl X ~alnagn
= %MM coe My, 008 (C.45)

Using the identity

kpook
€ky-kn €lyooly, = 6l11~~~ln”7 (046)

where €, ..., is the n-dimensional € tensor (with €;..., = +1) we obtain

n

the formula

/ dat dae M = det M, (C.47)
since
det M = My, --- My, €141, - (0.48)
The more general formula
/ da* da e MataTbtbTa _ qeg N 0T MY, (C.49)

follows from the translation invariance (C.44) by making the translation
at+ — at +bTM~' a — a+ M~ la. Note that (C.49) remains well
defined if det M — 0.
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We can interpret (C.44) as a translation invariance of the fermionic
‘measure’,

dat =d(a™ +b"), da=d(a+Db). (C.50)

A linear multiplicative transformation of variables

ar — Trag, a; — afSlk, (C.51)
has the effect
d(atS) = (det S) "' da™, d(Ta)= (detT)""da, (C.52)
i.e.
/ da* da f(a* S, Ta) = det(ST) / da*da f(at,a).  (C.53)

This follows easily from (C.43) and (C.48). According to (C.52), the
fermionic measure transforms inversely to the bosonic measure dzx:
d(Tz) =det T dx.

We note in passing the formula

/da em 2% Ma — 4 \/det M, (C.54)

where T denotes transposition and M is an antisymmetric matrix (in
this case only the antisymmetric part of M contributes anyway). This
formula follows from (C.47), by making the transformation of variables

af . i 1 -1 bk
() =500 (035)
which leads to

det M = (—1)"/2/dbe*%“TM“/dce%bTMb, (C.56)

where we assumed n to be even (otherwise det M = 0). As is obvious
from the left-hand side of (C.54), the square root of the determinant
of an antisymmetric matrix is multilinear in its matrix elements. It is
called a Pfaffian.

States |1} are represented by Grassmann wavefunctions ¥ (a™t) de-
pending only on the a;: (cf. (C.33)). The representatives of operators A
depend in general also on the ay:

(a|Ala) =: A(a™,a). (C.57)
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In the normal ordered form (C.11), A(at,a) is obtained from A by
replacing everywhere the operators by their Grassmann representative,
keeping the same order, and multiplying by e

+ 1
A(a+7a) = e aqu'Akl"'kpgll"'lqazl ---a;rpalq ceeay, . (058)
rq

aa

(The e ® just comes from the normalization factor (a|a).)
It is now straightforward to derive the following rules:

Ap(a®) = (alAlg)
= / dbT dbe " P A(at, b)Y (bT), (C.59)
AB(a*,a) := (a|AB|a)
::t/ndb*dbe‘b+?A(a+,b)B(b+,a), (C.60)

A = A(af,a), B=B(@a"), ¢ =C(a)
= BAC(a*,a) = B(a™)A(a™,a)C(a). (C.61)
A useful identity is
A= exp [dLMkldl} = A(a™,a) = exp [a:(eM)klal], (C.62)

This identity can be derived with well-known differentiation/integration
tricks. Let F'(t) be given by

F(t) = (ale'®Ma|q). (C.63)

To compute F(1) = A(a™,a) we differentiate with respect to ¢ and
subsequently integrate, with the initial condition F(0) = exp(a™a).
Differentiation gives

F'(t) = (a|a' Ma e'® M) = at My, (alae’® Ma|a). (C.64)

The a; needs to be pulled trough the exponential so that we can use
G;|0) = a;]0). For this we use a similar differentiation trick:

Gz( )= —taTMadletaTMa
GE( ) _ e—ta Ma[a aTMa] tat Ma _ Mlmém(t), é(o) _ &lv
él( ) ( )lmanu

&let&tMa eta‘LMa( tM)lm&m- (065)

The differential equation for F'(t) now reads

F'(t) = a;M;Cl<a|emTMd\a>(etM)lmam = (aTe™a) F(t), (C.66)
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with the solution
F(t) = exp(aTe™a), A(a™,a) = F(1) = exp(ateMa). (C.67)

Next we derive an important formula for the trace of a fermionic
operator. It is usually sufficient to consider only even operators, i.e.
operators containing only terms with an even number of fermionic
operators or fermionic variables. Such A and also their representative
A(a*,a) commute with arbitrary anticommuting numbers, for example
A(a™,b)cy, = +cxA(a™,b). The formula reads

TrA= /da+ daea"e A(at, —a), (C.68)

for even A. This trace formula can be derived as follows:

R n 1 R
TA=3 5 3 (e kAl k)

p=0"" ky-kp

- / (da* da) (db* db) e a=b"?

Zp, >k a)(al AJb) (blkr - - - k)

p kl k?
_ / (da* da) (db* db) e~ a=b" Z At b, b
—ata—bt
- / (dat da) (db™ db) e ey ﬁak ~ag, by, - b A(a™,b)
P

= / (da™ da) (db™ db) e 9=b"b caxbi (g T b)

= (-1)" /(da+ db) e A(a™,b)

_ / (da* db) e~ A(a™, —b), (C.69)
which is the desired result. We integrated over a and b" using (da™ da)
X (dbt db) = (=1)"(da™ db) (db™ da) and (C.49). In the last line we made
the substitution b — —b using (C.52).

We note furthermore that omitting the minus sign from A(a*, —a) in

(C.68) leads to

/daJr da e_a+aA(a+, a) = Tr(—l)N/Al, (C.70)
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where N is the fermion-number operator (C.12). This formula can be
derived from the trace formula (C.68), the operator-product rule (C.60),
with B = exp(in), and the application

B=e¢m'a _, B(a",a) = e "

@ (C.11)
of the rule (C.62).



Appendix D
Spinor fields

In this appendix we record the basics of spinor fields. We start with the
properties of Dirac matrices in Euclidean space-time. The four Dirac
matrices 7y, p = 1,2, 3,4, are 4 X 4 matrices with the properties

Yu v + Y Y = 25/LD]1' (Dl)

So they anticommute: 7,7, = —7YYu, # # v. They can be chosen
Hermitian and unitary, WL =V =Y 1. The matrix

V5 = —M1727374 (D.2)

anticommutes with the v,, 7,75 = —757,, and it is also Hermitian

and unitary, v5 = ’yg , v2 = 1. A realization can be given in terms

of tensor products of the 2 x 2 Pauli matrices ox, £ = 1,2,3, and

o0 = lgxa: % = =02 ® 0%, Ya = 01 ® 09, V5 = 03 ® 0p. Usually

one does not need a realization as almost all relations follow from the
basic anticommutation relations (D.1). Other realizations are related by
unitary transformations, which preserve the Hermiticity and unitarity
of the Dirac matrices, but not the behavior under complex conjugation
or transposition. It can be shown that, in every such realization, there is
an antisymmetric unitary 4 x 4 matrix C, called the charge-conjugation
matrix, which relates v, to its transpose:

v, = —-Cly,C, Cc'=-C, CiCc=1, (D.3)

=75 =% =C1sC. (D.4)

In the above realization a possible C' is given by C' = 03 ® 02. The
matrices I' = 1, v, (=i/2)[Vu, Y], ivu7vs and 75 form a complete set of

16 independent Hermitian 4 x 4 matrices with the properties I'? = 1,
TrT' = 0 except for T' = 1, Tr (I'TY) = 0 for T’ # I". Useful relations are

253
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furthermore v5v. = €xaprYAYuYvs With €cxu the completely antisym-
metric Levi-Civita tensor, €234 = +1, the trace of an odd number of
vu's is zero, Tr (y5y,7) = 0, and

Tr ('YH’YV) = 45,“,, (D.5)
Tr (Ve vavu V) = 4(66x6pn — 6pbrn + Ok 0rp), (D.6)
Tr (’75’7&’7)\7,11’7») = _4€f§/\,uz/- (D?)

More trace relations are given in most textbooks on relativistic field
theory.

The Dirac matrices are used to describe covariance under (in our case)
Euclidean rotations, which are elements of the group SO(4). A rotation
in the p—v plane over a small angle w,, can be written as

Ry =6 +wuw + O(w2)7 Wy = —Wyp (D.8)
== 5uv+i%WnA(MrcA)w,+"', (Dg)
(MNA)W/ = _i(énua)\u - 6my5)\u>- (DlO)

The antisymmetry of w,,,, ensures that R,,, is orthogonal, R, Rx, = dxx,
with det R = 1. The M, are the generators of SO(4) in the defining
representation. The structure constants CSKW defined by [Myx, M, | =
C’QKW M, are easily worked out.

The 4 x 4 spinor representation of these rotations can be written in
terms of Dirac matrices as

ilw > -1
A = ' 2WnrEnr — + 7]§qu2#” 4+ .. : (Dll)
Z;1,1/ = _Zi [7#771/]) (D12)

where the X, are the generators in the spinor representation. They
satisfy the same commutation relations as the M, , as follows from the
basic relations (D.1). The matrices A are unitary,

AT=A"'  Euclid. (D.13)

They form a unitary representation up to a sign, e.g. for a rotation over
an angle 27 in the 1-2 plane, wi2 = —ws; = 27, and in the realization of
the Dirac matrices introduced above, A = exp(1w,.,v,7,) = exp(iToy ®
0'3) =—1.

The representation A is reducible, as follows from the fact that A
commutes with vs, [A, v5] = 0. Introducing the projectors Pg 1, onto the
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eigenspaces +1 of s,

Pr=3(1+7), Po=3(1—-n5), PP=P., Pj=DPz,
PLPr—=0, P,+Pg=T1, (D.14)

we can decompose A into two components Ar, and AR as

The Ar, and AR are inequivalent irreducible representations (up to a sign)
of SO(4). They are essentially two-dimensional, because the subspace of
~v5 = 1 or —1 is two-dimensional, but we shall keep them as 4 x4 matrices.
The A’s are real up to equivalence,

A* = eiw“”’y:’ﬁ = ei“’uWE%T — CTe%w“”V“’Yl’C
=CTAC, (D.16)
A g =C'ALRC. (D.17)

The ~,, are vector matrices in the sense that
Aty A= R (D.18)

This follows from the basic anticommutation relations between the 7’s,
as can easily be checked for infinitesimal rotations. Products 7,7y, ---
transform as tensors. Because v, Pr,1. = PL,rVu, the projected relations
have the form AJ{:{ Yu AL = R,y P, and similarly for L < R. It follows
that

Ry = 3T (Af v, ALy), (D.19)
which illustrates the relation
SO(4) ~ SU(2) x SU(2)/Z> (D.20)

(interpreted as 2 x 2 matrices, A, r are elements of SU(2), and Z; =
{1, -1} compensates for A;, g and —Ay, g giving the same R).

We can enlarge SO(4) to O(4) by adding reflections to the set of R’s,
which have determinant —1. An important one is parity P = diag(—1,
—1,—1,1). Its spinor representation can be taken as Ap = 74, which has
the expected effect on the 7,:

Ya YuYa = P o, (D.21)

and it has therefore also the required effect on the generators ¥,,,,, such

that we have a representation of O(4). Because v4PLrys = Pr We
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have y4A1, R 74 = Ar,L.. So we need both irreps L and R in order to be
able to incorporate parity transformations.
Vector fields V,,(z) transform under SO(4) rotations as

Vi(z) = RV (R '), (R'2), = Ryuay, (D.22)

which can be understood by drawing a vector field in two dimensions on
a sheet of paper and seeing how it changes under rotations. Spinor fields
() transform according to

Vo (7) = Aap top(R™'2), (D.23)

where o and § are matrix indices (‘Dirac indices’). The fields can be
decomposed into irreducible components as

YL(z) = Py(z), Yr(z) = Pry(2). (D.24)

It is customary to introduce a separate notation v for fields transforming
with the inverse At as

W' (z) = (R ) AT (D.25)

(so 9 is a column vector and v a row vector in the matrix sense). Under
parity we have

V'(x) = (Pr),  J'(x) = ¥(Pr)ys. (D.26)

In general 1) and v are independent fields, but with the help of the
charge-conjugation matrix C' we can make a 1-type object out of ¢ and
vice-versa:

P = —(CTy)T =TT, z/7<°>’<)—z/3<°><R—1x)A—1
P = @0)T = -y, ¥V(2) = AYO(R 1) (D.27)

The fields () and (9 are called the charge conjugates of 1 and ),
respectively.
Note the standard notation for the projected 1’s,

YL =1 Pr, Yr=1vPL. (D.28)

This looks unnatural here but it is natural in the operator formalism
where wL R = ¢L RYA = wPR L- In the path-integral formalism (in real
as well as imaginary time) one introduces independent generators ¥, ()
and ¢} (z) of a Grassmann algebra, which are related by Hermitian
conjugation, such that ¢, g = PLrt implies ¢£’7R = 9T PR, and
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then Y r = wItR 74 also gives (D.28). The fields ¢, g transform in
representations equivalent to Ag 1

UL — YL AL = (L0)T — Ar (¥L.0) ", (D.29)

Yr — Yr Al = (PrO)"T — AL (YrC)", (D.30)
where we used (D.17) and for clarity used the arrow notation for trans-
formations, while suppressing the space-time index z.

An O(4) invariant action which contains all the types of fields intro-
duced so far with a minimum number (>0) of derivatives is given by

S = 7/d4x D(m + 7,0,)0 (D.31)

= —/d4$ [m(YLvr + YrYL) + YLyuduL + YrYu0uR] -

Finally, we can get corresponding formulas for Minkowski space—time
by raising indices in contractions such that there is always a contraction
between an upper and a lower index, e.g. w,, Y, = W'Y, (we do
not make a distinction between upper and lower indices in Euclidean

space-time), and substituting z* = x4, — 2° = —izg, W = Wy —
iw’ = —iwgg. This implies that 0y — —idy, Oy = 0/0x°. Tt is then
also expedient to use v = —yy = —iy4,. We have to be careful with

Hermiticity properties of A, because after the substitution it is no longer
unitary:
A'=pBAT3, B =1iy", Minkowski. (D.32)

In Minkowski space-time p = 0, 1, 2, 3 and indices are raised and lowered
with the metric tensor n,, = n** = diag(—1,1,1,1), e.g. 0% = —0y,
Op = 0F = 0/0x".



Notes

Chapter 1

1 To avoid cluttering of brackets, we use the notation e? /4w = €?/(4r), etc.
Furthermore, units A = 1, ¢ = 1 will be used. Then dimensions are like
[mass] = [energy] = [momentum] = [(length)™'] = [(time) "], etc.

2 As a model for mesons we have to take the spins of the quarks into
account. In a first approximation we can imagine neglecting
spin-dependent forces. Then the maximum spin is J = L 4+ S, with L the
orbital angular momentum and S = 0,1 the total spin of the
quark—antiquark system. The 7 has the ¢g spins antiparallel, S = 0, the p
has parallel ¢q spins, S = 1. In a second approximation spin-dependent
forces have to be added, which split the 7 and p masses. In picking the
right particles out of the tables of the Particle Data Group [2], we have to
choose quantum numbers corresponding to the same S but changing L.
This means that the parity and charge-conjugation parity flip signs along
a Regge trajectory. The particles on the p trajectory in figure 1.3 are
p(769), a2(1320), p3(1690), and a4(2040), those on the 7 trajectory are
w(135), m(135), b1(1235), and m2(1670). The mass mq used in this model
is an effective (‘constituent’) quark mass, m, &~ mgq ~ m,/2 = 385 MeV,
which is much larger than the mass parameters appearing in the
Lagrangian (the so-called ‘current masses’), which are only a few MeV. In
the last chapter we shall arrive at an understanding of this in terms of
chiral-symmetry breaking.

Chapter 2

1 The formal canonical quantization of the scalar field in the continuum is
done as follows. Given the Lagrangian of the system

Lip.) = [ d' 3 - V(o) (N.1)
the canonical momentum follows from varying with respect to ¢,
L
5¢L=/d3x¢5¢:>wz%:¢, (N.2)

258
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Solving for ¢ in terms of m, the Hamiltonian is given by the Legendre
transformation

H(p, /d zmp — Lp, ¢ /d3 zi7® +V(p). (N.3)

Defining the Poisson brackets as

(A,B) = /d3x Bi’é) 57?@) — Ao B, (N.4)

the canonical (equal time) Poisson brackets are given by

(p(x),m(y) =d(x—y), (p(x),¢(y)) =0=(7(x),7(y)) (N.5)

The Lagrange (stationary-action) equations of motion are then identical
to Hamilton’s equations

o= (p,H), 7= (mH). (N.6)

The canonically quantized theory is obtained by considering the
canonical variables as operators ¢ and 7 in Hilbert space satisfying the
canonical commutation relations obtained from the correspondence
principle Poisson bracket — commutator:

[(p(), 7 (¥)] = id(x —y), [p(x),#(¥)] =0 = [7(x), 7(y)]. (N.7)

Observables such as the Hamiltonian become operators (after
symmetrizing products of ¢ and 7, if necessary). The quantum equations
of motion then follow from Heisenberg’s equations

dop =i[H,¢], oft =i[H, 7] (N.8)

These need not, but often do, coincide with the classical equations of
motion transcribed to ¢ and #. From (N.7) one observes that the
quantum fields are ‘operator-valued distributions’, hence products like 72
occuring in the formal Hamiltonian are mathematically ill-defined.

Chapter 4

The derivation leading to (4.72) is how I found the lattice gauge-theory
formulation in 1972 (cf. [42]). I still find it instructive how a pedestrian
approach can be brought to a good ending.

Chapter 8

Only Abelian chiral transformations form a group: if V and W are two
chiral transformations, then U = VW = VLWL P + V[T WLTPR has

UL =WWy, # Ul = Wi VL, unless V1, and Wi, commute.

This can be checked here by re-installing the lattice spacing, writing
My =my +4r/a, and ¥y, = a**¢y(z), etc. with continuum fields v (x )
() that are smooth on the lattice scale (the emerging overall factor a®
must be dropped to get the continuum currents and divergences). Using
for convenience the two-index notation for the lattice gauge field
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Uz = Us,au, U}

na—p = Uza—y), We may write

Uz»riﬂawg(x + ﬂa) = 1/’9(75) taDuiyg (55) + %azDid’g (55) + -+, with

D, Yg(z) = [0y — igGu(x)]thg(z) the continuum covariant derivative, this
gives the expected result.

3 The way ¥ is introduced here corresponds to four staggered flavors,
Y =3"_,(tsiby). Using the SU(2) value a\/o = 0.2634(14) [69] and /o

= 420 MeV, the ratio (0.00863/4)/3/0.263 = 0.491 corresponds to 206
MeV or ¥ = 4(206 MeV)3. This number appears somewhat small, but we
have to keep in mind that this is for SU(2), not SU(3), and it also has to
be multiplied by the appropriate renormalization factor.

4 For staggered fermions to be sensitive to topology, quenched SU(3) gauge
couplings need to be substantially smaller than the value 8 = 6/¢° = 5.1
used in [143, 144]. Vink [116, 117] found that values 8 2 6 were needed in
order to obtain reasonable correlations between the ‘fermionic topological
charge’ and the ‘cooling charge’ (cf. figure 8.2). Note that the change
B =5.1 — 6 corresponds to a decrease in lattice spacing by a factor of
about four.

5 Ironically, when the mechanism of canceling the anomalies out between
different fermion species was proposed [148], I doubted that it was
necessary, and this was one of the reasons (apart from a non-perturbative
formulation of non-Abelian gauge theory) why I attempted to put the
electroweak model on the lattice. On calculating the one-loop gauge-field
self-energy and the triangle diagram, I ran into the species-doubling
phenomenon, without realizing that the lattice produced the very
cancellation mechanism I had wanted to avoid.

6 At the time of writing the direct Euclidean approach is considered
suspect and a Lorentzian formulation is being pursued [176]. For an
impression of what is involved in a non-perturbative computation of
gravitational binding energy, see [177].

7 The problem here is that, in order to deal with the oscillating phase
exp(iS) in the path integral, one has to make approximations right from
the beginning. To incorporate sphalerons, kinks, etc. one needs a lattice
formulation that allows arbitrarily inhomogeneous field configurations
[178, 179].
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