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‘Chinese students’ mathematics performance is consistently good in international comparative 
studies. The role and effort of good mathematics teachers is indispensable. What is the secret 
of a good mathematics teacher in China? This book will tell you all about it. The MasterMT 
project aims to unfold the secret behind best teaching practice in primary mathematics in 
China via a mixed methods study. The study put focuses on three dimensions of mathematics 
teaching, namely action, mind and pattern. The findings delineate vivid pictures of master 
mathematics teachers’ individual and collective effects of various factors at multiple levels 
of student achievement in mathematics knowledge, skills and thinking; their perceptions of 
schooling and math learning; their professional trajectories. Educators, researchers, teachers 
and parents will enjoy this book.’

Mok Ah Chee Ida, Associate Professor, Faculty of Education,  
The University of Hong Kong

‘Education policy across the world is often based on claims made about practices in other 
countries, and in Mathematics China has been one of the countries often cited. However, 
much of this commentary is based on overinterpreting international studies such as PISA, 
with very little research on what mathematics teaching in China is really like. This important 
book reports on a major study of Master Mathematics Teachers in five Chinese provinces, 
and provides us with rigorous data and analysis on their teaching practice. This is linked to 
student outcomes, not just in the cognitive sphere, but in the affective and metacognitive 
spheres as well. All of these make this book a must-read for anyone interested in mathematics 
education, and how we can improve it.’
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PREFACE

The book is based on the Master Mathematics Teachers (MasterMT) project with 
classroom data collected in 2018 through 2019 in five Chinese provinces – Anhui, 
Beijing, Jiangsu, Jiangxi and Tianjin. The MasterMT project focuses on the his-
torically understudied cohort of legendary practitioners, the master mathematics 
teachers in China.

Synthesising existing research, our previous study on effectiveness of mathemat-
ics teaching across two countries and Zhenzhen’s updated knowledge in working 
with student teachers, teachers and teaching research officials in China, we realise 
that the final inch into quality mathematics teaching is to study the best practition-
ers, that is, master teachers, who have been pioneering the teaching profession and 
playing a leading role in their peers’ PD from bottom up in China for decades.

Existing empirical studies about them are primarily qualitative and of small 
scale, with an explicit yet somewhat narrow focus on a singular phenomenon, such 
as the development of a particular exemplary lesson or on teacher beliefs about 
PD through small-scale interviewing or survey. Building on existing research, we 
further push the boundary of research on master teachers from the perspective of 
cases to cohorts, from singular fragmented aspects to the wide-angle view of com-
prehensive aspects.

Existing empirical studies on mathematics teaching show a methodological 
divide or – put it another way – paradigmatic divide, with some applying quantita-
tive analyses to often 80 to 100 ‘stand-alone’ lessons per nation (e.g., the TIMSS 
Video Studies and the most recently TALIS Video Study: Hiebert et  al., 2003; 
OECD, 2020; Stigler & Hiebert, 1999) and others applying qualitative interpreta-
tion of characteristics of stand-alone or consecutive lessons (e.g., the Learner’s 
Perspective Study: Clarke et al., 2006).
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Existing empirical studies on mathematics learning show a conceptual disparity 
in the kinds of learning that should be studied. The recurring international assess-
ments have been focusing on cognitive outcomes, with affective variables collected 
but rarely captured by the spotlight. There are studies asserting the important role of 
affective outcomes but risking falling in the classical either-or trap hidden beneath 
almost all facets of educational research/practice and lacking attention to alterna-
tive competences such as metacognition which is the crucial intrinsic component 
for learning strategically.

The MasterMT project is the first that studied a large sample of master math-
ematics teachers in China, looked at teaching and learning in their classrooms in 
multiple dimensions and scrutinised both processes and outcomes of maths teacher 
PD, integrating both quantitative and qualitative methods and data. Learning-wise, 
we have measured three types of learning outcomes: affective learning outcomes, 
cognitive learning outcomes and metacognitive learning outcomes, giving particu-
lar attention to the cultivation of the three in our interpretation of the classroom-
process data. Teaching-wise, we have looked at both stand-alone lessons, one 
lesson per teacher, by all teacher participants and consecutive lessons by a mas-
ter teacher over 40 school days. This gives the project’s findings, in terms of just 
teaching, invaluable breadth (QUAN) and depth (QUAL). Pulling together learn-
ing and teaching, we gained insights into the processes, outcomes and mechanisms 
of teaching and learning in master teachers’ classes. Equally importantly, we have 
listened to master teachers about their views on mathematics teaching and learning, 
their comments on their own and colleagues’ lessons and their reflection upon the 
paths towards masterly teaching over decades. In addition, we have tried to step 
into their shoes and immersed ourselves in mathematics teaching research meet-
ings/conferences at the school, municipal, provincial and national levels, gathering 
first-hand information on maths teachers’ PD in action.

In this book, we take the journey towards the unpacking of the masterly teaching 
practice and teacher professional development in primary mathematics based on 
the following data: (1) 109 lessons delivered by 70 master maths teachers to 3,178 
students and analysed with a hybrid of observation systems; (2) teacher demo-
graphics, professional status, maths teaching beliefs and self-efficacy collected 
with a teacher questionnaire; (3) post-lesson interviews with the teachers; (4) pro-
fessional development trajectories reported by master teachers in writing; (5) stu-
dents’ metacognitive learning outcomes; (6) students’ cognitive learning outcomes; 
(7) students’ affective learning outcomes; (8) case study data about a master maths 
teacher’s work spanning 40 school days (23 April–25 October 2018), including 
40 video-recorded lessons, post-lesson interviews, school-based teaching research 
group meetings and other data collected during the longitudinal fieldwork; (9) our 
participatory observation of teaching research conferences at the municipal, pro-
vincial and national levels.

Through the analyses of quantitative and qualitative data and systematic inte-
gration of both, this book will (1) update our knowledge as to what makes masterly 
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mathematics teaching with a rich collection of models and explanations, (2) inform 
practitioners with concrete evidence and rich techniques from their pioneering 
peers for improving teaching, and (3) contribute to research and practice with lat-
est, rich and robust evidence from the extraordinary ‘tribe’ of master mathematics 
teachers.

Zhenzhen Miao
Christian Bokhove

David Reynolds
December 2022
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Chapter overview

•	 The beauty of mathematics and its impact
•	 Mathematics in primary schools: multiple aims
•	 Mathematics learning: multiple outcomes
•	 Mathematics teaching: multiple ‘prescriptions’
•	 Mathematics teacher professional development
•	 Master mathematics teachers in China
•	 The MasterMT project: purposes
•	 The MasterMT project: the book

Talent is important, but how one develops and nurtures it is even more so.
– Terence Tao

We share the genius mathematician’s view and believe that education is the crucial 
catalyser of intellectual accomplishment. In this book, we embark on a journey 
towards the masterful way of bringing out the mathematical talent from young 
children.

In this first chapter, we seek to give a grand view about: the beauty and impact 
of mathematics (1.1); mathematics as a subject in primary schools with the mul-
tiple aims (1.2); the multiple learning outcomes (1.3) and multiple teaching ‘pre-
scriptions’ (1.4); mathematics teacher development (1.5); master mathematics 
teachers (MasterMT) in China (1.6); the MasterMT project (1.7) and the map of 
the book (1.8).

1
THE MASTER MATHEMATICS  
TEACHERS PROJECT

https://doi.org/10.4324/9781003127925-1


2  The master mathematics teachers project

1.1 � The beauty of mathematics and its impact

Mathematics, as the oldest academic discipline alongside philosophy (Krantz, 
2010) and a discipline ‘older than the oldest civilisations’ (Boyer, 1968, p. 7), has 
been developed in various cultures separately for millennia and gradually inte-
grated across the world over the past few hundred years (Boyer, 1968; Hodgkin, 
2005).

In Moravia, evidence of number counting was found on a wolf bone dating 
back to 30,000 years ago (Cooke, 2013). In the ancient era of world’s oldest civi-
lisations, such as ancient Egypt, Babylonia (a.k.a. Mesopotamian), Greece, China 
and India, mathematics had already taken steady forms and been gradually accu-
mulated and applied in human activities of various purposes (Merzbach & Boyer, 
2011; Nuffield Foundation, 1994).

The renowned mathematician, Carl Friedrich Gauss, regards mathematics as 
‘the queen of all sciences’. Today, mathematics has never been more important 
in history than it is in the fast-changing times of ours. Not only is mathematics 
beautiful, it is also essential for many scientific developments in our society. Safe 
banking transactions would not be here if it weren’t for cryptography and insight 
in prime numbers, Engineering and the aerospace industry builds on solid physics 
expressed in mathematical formulas, and we are able to peer far into the universe 
and analyse waves from far, far away with the help of mathematical models.

1.2 � Mathematics in primary schools: multiple aims

Worldwide, mathematics is seen as an important school subject. The role of 
mathematics in everyday life and future work of learners has always been at the 
forefront of education reforms since last century, with terms and frameworks for 
mathematical competence gradually (re)invented and expanded over time (Geiger 
et al., 2015). Either numeracy or mathematical literacy expects the proficiency in 
mathematics beyond its abstract disciplinary sense; it expects competent learners 
to be able to model and tackle problems in seemingly non-mathematical contexts 
in profoundly mathematical ways. Despite a prevalence of research in Western, 
Educated, Industrial, Rich, and Democratic (WEIRD) samples (Muthukrishna 
et al., 2020), the role of primary schooling in many of the countries is similar. The 
foundations of later mathematical proficiency are laid in primary schools, with the 
procedural and conceptual knowledge taught there underpinning many skills we 
use to understand the mathematical world around us.

We see mathematics education as a similar vein: a broader discipline than just 
basic skills and procedural knowledge. However, it also is important to not see both 
as disconnected. Our study firmly starts from the starting point that the evidence 
on mathematics learning indicates that procedural knowledge supports conceptual 
knowledge, and vice versa. The relations between the two are bidirectional and rein-
force each other (Rittle-Johnson et al., 2015). For the whole of mathematics educa-
tion, so also for primary school level, we need to pay attention to both procedural 
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and conceptual development of students. In the context of Chinese mathematics 
education, we can see a similar emphasis in the extension of what used to be the 
Two Basics, basic knowledge and basic skills, to the Four Basics by adding ‘basic 
mathematical thinking’ and ‘basic mathematical activities’ in the new curriculum 
standards initiated at the turn of the new millennium (MoE China, 2011).

In fact, scrolling through the curriculum standards for mathematics in countries 
with a wide range of cultures and traditions, you would find at least one thing 
in common: multiple aims. Take the mathematics curricula of America, China, 
England and Singapore as examples. To move away from a curriculum that is ‘a 
mile wide and an inch deep’, the Common Core State Standards for Mathemat-
ics (NGA & CCSSO, 2010) set eight goals for mathematical practice, from sense 
making in problem solving to reasoning independently as well as with others, from 
mathematical modelling to pattern identification and application of tools. In China, 
the Mathematics Curriculum Standards and its regular revisions (MoE China, 
2001, 2011, 2022) expect learners to form four basics, four problem-based abilities 
(identifying, posing, analysing and solving problems) and ten core competencies 
(from number sense to mathematical reasoning and modelling, from the sense of 
symbols to the sense of application and creation). In particular, the latest version 
(MoE China, 2022) further refined the diverse aims, giving more consideration to 
core competencies, the coherence and consistency of learning between consecu-
tive schooling phases, student self-regulation, creativity and affective outcomes. 
The National Curriculum in England (DfE UK, 2013) sets three broad aims for 
students in KS1–2: (1) becoming fluent in basic mathematics, (2) reasoning math-
ematically with high quality and (3) solving complex problems using mathematics. 
The Mathematical Syllabus of Singapore (MoE Singapore, 2012) expects primary 
school teachers to nurture learning in five dimensions: concepts (from abstract o 
concrete), skills (learning through understanding), processes (e.g., reasoning, com-
munications, connection, and applications), metacognition and attitudes.

1.3 � Mathematics learning: multiple outcomes

Building on existing theories and curricula, we expand the mathematics assessment 
framework that is conventionally almost exclusively spread around cognitive out-
comes. In terms of mathematics learning outcomes, the MasterMT project seeks to 
measure three dimensions of mathematics learning – affective, metacognitive and 
cognitive outcomes. Given that these goals are already covered, albeit not in exact 
same terminologies, in various curricula of mathematics, including the Chinese 
mathematics curriculum, measuring them would yield evidence on implementation 
of such goals in master mathematics teachers’ classrooms.

The concept of affective outcomes in mathematics is often termed as atti-
tudes towards mathematics (ATM) indicating whether or not a student is happy 
about mathematics. Some found that ATM affects mathematics achievement 
(Ma & Kishor, 1997; Minato & Kamada, 1996), whereas others found mathemat-
ics achievement affects ATM (e.g., Garon-Carrier et  al., 2016), which however 
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does not change the fact that ATM is a partial result of mathematics education one 
receives. We have a more thorough discussion about previous research and quanti-
tative findings regarding ATM from the current project in Chapter 5.

Metacognition, as another category of intrinsic competence, is defined as knowl-
edge and regulation of cognition as one attempts to solve problems (Flavell, 1976, 
1979). In education, increasing attention is given to the nurture and the measure 
of metacognition (e.g., Muijs  & Bokhove, 2020; OECD, 2018), given its posi-
tive impact on cognitive outcomes in school subjects, such as mathematics (e.g., 
Desoete, Baten et al., 2019; Desoete, Roeyers et al., 2001; Kuzle, 2018; Ohtani & 
Hisasaka, 2018; Schneider  & Artelt, 2010). In the field of mathematics educa-
tion, mathematical thinking and problem solving is assessed often with cognitive-
metacognitive models that consist of five factors (Lester et al., 1989; Schoenfeld, 
1992): the knowledge base, problem-solving strategies, monitoring and control, 
beliefs and affects and instructional practices (as cited in Dossey, 2017, p.  66). 
Students with strong metacognitive skills are believed to be more easily to meet 
challenges in problem solving (Dossey, 2017). Cognitive performance in math-
ematics is found strongly predicted by metacognitive competence (e.g., Desoete, 
Baten et al., 2019; Desoete, Roeyers et al., 2001; Kuzle, 2018; Ohtani & Hisasaka, 
2018; Schneider & Artelt, 2010). Given the importance of metacognition, our study 
looks at this in more detail, especially in Chapter 6.

In school mathematics, rational numbers and proportional reasoning are the most 
challenging topics in and of themselves (Lamon, 2007; NMAP, 2008). Students’ 
competence of rational numbers and proportional reasoning predicts their perfor-
mance in algebra and more advanced mathematics in secondary and higher educa-
tion (Hurst & Cordes, 2018; Siegler et al., 2012). To estimate the cognitive learning 
outcomes that master teachers can nurture amongst their students, the MasterMT 
project gives a test on this most challenging part of primary mathematics, rational 
numbers and proportional reasoning, utilising the items that were regarded as hard-
est in the classical study in England, the Concept in Secondary Mathematics and 
Science (CSMS) project (Hart, Brown, Kerslake et al., 1985a, 1985b; Hart, Brown, 
Küchemann et  al., 1981). Throughout the book, we use ‘cognitive outcomes in 
mathematics’ and ‘mathematics performance/achievement’ interchangeably. They 
refer to the focal outcomes that are measured with and inferred by the mathematics 
test given to the upper graders (i.e., those in Grades 5 and 6) amongst the project 
participants. Chapter 7 gives explicit discussion about existing research on rational 
numbers and proportional reasoning as well as quantitative findings in this regard 
from the current project.

1.4 � Mathematics teaching: multiple ‘prescriptions’

Despite potential influence of student background factors, researchers in educa-
tion are always interested in one question above all: does education make a differ-
ence? Decades of educational effectiveness research indicates that teaching makes 
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a bigger difference in learning outcomes than schools and systems (Muijs et al., 
2014; Scheerens et al., 1989). It is even more so for the phase of primary educa-
tion and in the case of mathematics (Luyten, 2003). A thorough study of classroom 
teaching is a crucial step towards understanding and improving teaching (Stigler & 
Hiebert, 1999). Previous studies have accumulated over time a number of teaching 
elements that contribute to better performance than expected.

The role of the teacher should not be underestimated. A similar conclusion fol-
lows from the Education Endowment Foundation’s (EEF) evidence review on 
improving mathematics in Key Stages two and three (Hodgen et al., 2018). Many 
impactful approaches rely on teachers, for example their whole-classroom inter-
action and feedback (Miao & Reynolds, 2018). It therefore is hard to unpick the 
role of ‘the teacher’ without considering a broader set of effective strategies in 
the primary mathematics classroom, including the use of manipulatives and the 
sequencing of curriculum content. The teacher matters. Or rather, we should say 
teaching matters, which is supported by decades of teaching effectiveness research 
(Muijs et  al., 2014), echoing one of the findings from the recent EEF evidence 
review (Hodgen et al., 2018, p. 15) that considers teaching quality ‘important to the 
efficacy of almost every strategy that we have examined’.

Effective maths teachers spent more time interacting with the whole class so 
that all children are within the interactive teaching and learning ‘radar’ (Croll, 
1996; Good & Grouws, 1979; Leung, 1992; Miao & Reynolds, 2018; Mortimore 
et al., 1988). In so doing, they are able to keep more children on task longer and 
more engaged in learning (Croll, 1996; Mortimore et al., 1988; Muijs & Reynolds, 
2003). Effective maths teachers are able to manage the class well with little or no 
observable managing behaviours (Good & Grouws, 1977; Miao et al., 2015).

Highly effective maths teachers tend to emphasise the connectedness of math-
ematics (Askew et al., 1997). A better understanding of mathematical procedures 
and underpinning concepts can be promoted through building connections between 
multiple representations (Nistal et al., 2009; Noss et al., 1997; Schnotz & Bannert, 
2003), between mathematical topics and ideas as well as between mathematics and 
the real world (Downton & Sullivan, 2017; García-García & Dolores-Flores, 2018; 
Sidney & Alibali, 2015).

In the Chinese maths class, it is students instead of the teacher who are at the 
centre (Mok, 2006). In fact, Chinese maths teachers tend to be free from the either-
or dilemma between teacher-centred and child-centred (Huang & Leung, 2005). 
They would rather be the guide/guard who keeps children at the centre of learning 
and teaching by guiding/scaffolding their thinking through intensive chains of ques-
tioning-response-feedback to model students’ thinking – typically metacognition 
(Miao & Reynolds, 2018). Such intensive questioning allows the formulation of 
metacognitive experience and the accumulation of metacognitive knowledge (Fla-
vell, 1979) to reach all learners in the class. Analysing the Hong Kong portion of 
TIMSS Video Study data, Leung (2005) found more advanced content, more fully 
developed presentation, and more coherent, engaging and highly rated teaching  
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in maths classes in Hong Kong where the class size is much larger than the case 
elsewhere.

Underpinning the quality of teaching as a key factor, in mathematics, is teacher 
knowledge. Teacher knowledge, and especially pedagogical content knowl-
edge (PCK), is crucial in optimising the effective use of mathematics curriculum 
resources and interventions. Mathematics teachers differ from one another con-
siderably in pedagogical knowledge and reasoning (Ball, 1988; Ma, 1999). About 
mathematics knowledge for teaching, Copur-Gencturk and Thacker (2021) found a 
disparity between teacher self-evaluation and actual assessment results. It suggests 
that the latter is more reliable than the former in accurately measuring mathemati-
cal knowledge for teaching. It is even more reliable to measure such knowledge 
in action, since it is through application of the knowledge in actual teaching that 
teacher knowledge truly functions in facilitating learning after all. Drawing on data 
from over 200 teachers and their students, Charalambous et al. (2020) found that 
whilst teacher knowledge contributes positively to student performance in math-
ematics, content knowledge and PCK converged into one dimension, instead of 
two. Teacher knowledge might be more of a connected whole rather than disen-
tangled parts.

Whilst whether teacher knowledge is multidimensional or unidimensional 
remains a debate, it is widely accepted that effective mathematics teaching bridges 
learners and mathematics (Cohen et al., 2003; Hill & Chin, 2018; Shulman, 1986). 
Teaching is similar to clinical practice, and good teaching practice prescribes good 
learning experiences and results that suit the particular learners (Grossman  & 
McDonald, 2008). In China, teachers’ knowledge of curriculum standards, text-
books and students have been written in the new curricular standards since the 2001 
curriculum reform (MoE China, 2001, 2011, 2022). It has subsequently become 
basic components in Teaching Explanation (说课), a nationwide standard practice 
carried out by teachers often in front of a panel of fellow teachers and experts 
before or after their lessons being observed. The conceptual structure underpinned 
the Mathematical Quality of Instruction (MQI) observation protocol (Hill & Ball, 
2004; Learning Mathematics for Teaching, 2011) has long been widely regarded 
as valid ingredients for quality mathematics teaching in the practitioners’ circle in 
China. In fact, these have been parts of standard practice.

1.5 � Mathematics teacher professional development

To develop students’ 21st-century skills – creativity, collaboration, communication 
and critical thinking, Beswick and Fraser (2019) argue that teachers need not only 
the essential knowledge but also the competence to collaborate with colleagues, 
communicate with peers and learn from each other. To improve the quality of 
teaching and teacher knowledge and competences, PD is key. Although evidence 
concerning specific effects of PD is limited, accumulated research evidence tends 
to suggest that extended PD is more likely to be effective than short courses.
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Across nine studies, Yoon et al. (2007) found that teacher PD posed a moderate 
effect on students’ achievement, accounting for about 21 percentile points differ-
ence between experiment and control groups. The review by Doğan and Adams 
(2018) confirmed the positive effects of teachers participating professional learn-
ing communities (PLCs) on student learning. Collaboration within the PLC leads 
to improved teaching effectiveness when such collaboration features instruction-
focused activities (Cravens & Hunter, 2021). The policy review by Jensen et al. 
(2016) indicates that master teachers in Shanghai play a leading role in teachers’ 
PD, for which they are funded, evaluated and promoted.

Teaching research groups (TRGs) are common forms of PLCs in Chinese 
schools (Cravens & Wang, 2017; Fan et al., 2015; Paine & Ma, 1993). Teachers 
within a TRG are led by their head of group who in turn works with the headteach-
ers, particularly the headteacher in charge of teaching affairs. The main responsi-
bility of a TRG is to:

•	 study curricular standards, textbooks and other teaching materials together;
•	 plan teaching and content at macro and micro levels, from the plan of the entire 

primary phase to that of a specific school year, a specific unit in a semester and 
a particular lesson;

•	 grade homework together and exchanging ideas;
•	 write, analyse and reflect upon test papers together;
•	 organise peer observations and feedbacks;
•	 prepare for teaching competitions together;
•	 plan and organise student teacher placement in collaboration with local initial 

teacher education institutions;
•	 plan and offer new teacher induction and mentoring.

(Fan, Miao et al., 2015; Paine & Ma, 1993; Wong, 2010)

Amongst all the purposes of the TRG-based PD, the central aims are to update 
ideas of teaching and learning, design new situations and improve classroom prac-
tice through exemplary lesson development (Huang & Bao, 2006) or public les-
sons (Han & Paine, 2010) for teaching research purposes. Like the Japanese lesson 
study, the Chinese way of lesson study is concerned with practical issues. In China, 
the TRG-based lesson study is feature with expertise developed over deliberate 
practice on focal topics (Huang et al., 2017). Lesson studies in both countries pay 
attention to developing a particular lesson through collaborative lesson planning, 
classroom observation and post-lesson discussion to tackle a particular issue. How-
ever, the Chinese lesson study process has a larger emphasis on the expertise stem-
ming from experts, the revision of lesson plans and the subsequent new actions 
(Han & Huang, 2019; Huang & Bao, 2006).

In addition to the long established TRGs within schools, the Master Teacher 
Studio (MTS) -based PLC is also widely practised and regularly evaluated nowa-
days, supporting cross-school teacher development (Zhang et  al., 2021). Both 
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TRGs and MTSs weave together practitioner-led research, professional learning 
and teaching improvement. As we will show in this book, Chinese master teachers 
are involved in intensive improvement of teaching on a regular basis within and 
across schools, but such consistent effort is not as simple as the assumed ‘repeated’ 
practice (Sims & Fletcher-Wood, 2021).

1.6 � Master mathematics teachers in China

In fields such as medicine, generating best practice to the wider community is typi-
cal to the advancement of the field. In education, expert teachers have been found 
to be more effective in implementing curriculum and cultivating desirable learning 
outcomes than non-expert teachers (Berliner, 2001; Bond et al., 2000; Leinhardt, 
1989).

In China, the official rank system promotes teachers from Third Level to Second 
Level, First Level, Senior, and then Professoriate-Senior ascendingly. The rank 
‘Professoriate-Senior’ was not added to the professional rank system until 2015 
before which there had been four ranks, ascendingly Third Level, Second Level, 
First Level, and Senior, since 1986. The newly added rank is equivalent to the 
rank of university professors, representing the top of the profession to this day. 
Professoriate-Senior teachers are nominated each year and the number of places 
is highly limited. In addition to professional ranks, teachers are also given honor-
ary tiles, such as Super Teachers (特级教师), Subject Leaders (学科带头人) and 
Backbone Teachers (骨干教师), for excellent teaching practice and strong contri-
bution to colleagues’ PD, in addition to other merits (Fan et al., 2015; Huang et al., 
2017; Li et al., 2011; Miao et al., 2022).

Master mathematics teachers are the cluster of teachers who demonstrate best 
practice in mathematics teaching and are well regarded by their professional peers 
locally or nationally (Cravens & Wang, 2017; Fan, Zhu et al., 2015; Zhang et al., 
2021). Beyond outstanding teaching, they play a leading role in their peers’ PD 
within and across schools (Fan, Zhu et al., 2015; Zhang et al., 2021). In the roll-
out of reforms and PD, master teachers play an important role in PD activities 
such as the collaborative study of teaching material, collaborative lesson planning, 
peer observation and post-lesson reviews (Huang & Bao, 2006). Master teachers’ 
views on what comprises effective teaching are deemed influential and impor-
tant, with their conceptions about effective teaching bridging traditional features 
and innovative notions in teaching (Huang & Li, 2009). Prior research indicates 
that master teachers generally see an effective lesson as one with the following 
features:

•	 comprehensive and feasible teaching objective (knowledge, skill, mathematics 
thinking and attitudes);

•	 scientific and reasonable lesson design such as connections between content and 
the development of content;
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•	 students’ participation, self-exploratory learning, independent thinking, col-
laboration and exchange;

•	 teacher’s sound subject knowledge and apt teaching skill, and good person-
ality; and

•	 providing proper classroom exercise and homework as well as high-order think-
ing opportunities.

(Huang & Li, 2009, p. 299)

Within provinces, educational departments at municipal or provincial levels offer 
specific grants for master teachers to apply. Upon approval, they can set up a MTS 
over a three-year term and carry out a proposed professional project (Li et al., 2011; 
Zhang et al., 2021). In addition to the traditional TRG-based PD within schools, 
the MTSs make it possible for master teachers to extend their contribution to col-
leagues’ PD across schools.

Though limited attention from research has been given to master teachers’ prac-
tices, beliefs and their leading role in teacher PD in China, previous studies are 
relatively small scale and qualitative in nature. One original and important feature 
of the study in this book is that we study master mathematics teachers at scale. 
Seventy master mathematics teachers and 3,178 students participated in the study, 
hence providing a broader and wider insight into master teachers’ practices and 
development in comparison with former studies.

1.7 � MasterMT project: purposes

Collecting data from master maths teachers in China and their classes, the project 
focuses on three facets of maths teaching and learning: (1) action: the character-
istics of master maths teachers’ teaching and the kind of learning processes that 
they facilitate and students carry out in the maths class; (2) mind: the knowledge 
and beliefs teachers and students hold regarding the specific content taught and/
or assessed and regarding mathematics in general; and (3) pattern: (3a) the big 
picture that defines where the master maths teachers are in the teaching profes-
sion and their students are in the learning of mathematics, (3b) the individual and 
collective effects of various factors at multiple levels on student achievement in 
higher-order knowledge, skills and thinking, their levels of metacognition, and 
their perceptions of schooling, mathematics learning and their maths teachers’ 
teaching, and (3c) the professional trajectories through which teachers develop 
into master teachers.

In the pursuit of best teaching practice in primary maths, the project seeks to 
address three major research questions:

1.	 How well do master maths teachers teach and their students learn mathematics?
2.	 What do master maths teachers and their students think and know about teach-

ing and learning of mathematics?
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3.	 What are (a) the broad picture of master maths teachers and their students,  
(b) the potential teaching-learning mechanisms that explain affective, metacog-
nitive and cognitive outcomes in mathematics and (c) general routes via which 
teachers grow into master teachers?

Under the guidance of the research questions, we have conducted multiple lines 
of enquiry, utilising a variety of qualitative and quantitative methods. In addition 
to the research questions, we have developed corresponding hypotheses to be pre-
sented and tested in Chapters 5–7 that focus on three types of learning outcomes 
(affective, metacognitive and cognitive) and the mechanisms behind excellent per-
formance in each kind of learning outcomes.

1.8 � MasterMT project: the book

This book is based on the MasterMT project. It is a tale of 70 master teachers 
and 3,178 students of which 3,033 take a mathematics survey on two or three of 
the focused domains, namely affective, metacognitive and cognitive outcomes in 
mathematics.

Chapter 2 presents a rich picture about a master teacher’s work. It offers a long 
glimpse into the master teacher’s work over 40 school days, including everyday 
classroom teaching, the quality of learning resulted in her class, her unique methods 
in developing children into reflective and self-regulated learners, and two teaching 
research meetings organised by the mathematics department of her school.

Chapter 3 illustrates the grand plan for the MasterMT project, getting us pre-
pared for collecting data in master mathematics teachers’ classes. Situating the 
project in the Integrated Paradigm, the chapter explains the data collection and 
analysis methods, the connections between methods and research purposes, and 
how the proposed findings may interconnect to address the research questions. 
More specifically, teaching is not only measured with three observation systems 
but also interpreted qualitatively; learning is measured with the Rasch model and 
interpreted both quantitively and qualitatively; teaching and learning mechanisms 
are explored with multilevel models and (multilevel) structural equation models; 
the analyses of teacher professional status and development draw a wide range of 
ethnographic data, including longitudinal case study data, teacher interview data, 
teachers’ writing about their PD trajectories and the development of their master 
teacher studios, and our participatory observation of teacher PD in action in several 
teaching research events at the school, municipal, provincial and national levels.

Chapter 4 presents the patterns (QUAN) and characteristics (QUAL) of mathe-
matics teaching across 70 master mathematics teachers’ classes. Chapter 5 focuses 
on the patterns and variation of affective outcomes in mathematics and scrutinises 
the mechanisms that make students enjoy mathematics and the learning of it. 
Chapter 6 looks at metacognitive outcomes in mathematics and explores the mech-
anisms that nurture better knowledge and regulation of cognition amongst learners. 
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Chapter 7 captures the patterns and variation of cognitive outcomes in mathematics 
and models the mechanisms that cultivate strong learners in mathematics.

Chapter 8 listens deeply to teachers’ views about the lessons we observed and 
their beliefs about mathematics teaching and learning in general. Through the deep 
listening, we gain insight into teachers’ knowledge about mathematics, about math-
ematics teaching and about children and how they learn.

Chapter  9 captures the historical as well as the state-of-the-art pictures of 
teacher PD. The historical picture comes from master teachers’ accounts of their 
journey towards masterly teaching and their reflection on the development of Mas-
ter Teacher Studios. The state-of-the-art picture results in teacher PD in action as 
we carry out participatory observation of teaching research meetings/conferences 
at the school, municipal, provincial and national levels.

In Chapter 10 we conclude the project findings and discuss indications of les-
sons from master mathematics teachers for a better mathematics education for all 
primary schoolers. Beyond effective teaching is masterly teaching; above the sci-
ence of teaching is teaching as an art.
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To see a world in a grain of sand,
And a heaven in a wild flower,
Hold infinity in the palm of your hand,
And eternity in an hour.

– William Blake

Our journey into masterly teaching and learning begins with the participatory 
observation of Ms Q’s work over 40 school days stretching two semesters in 2018.

This is an in-depth case study of a master mathematics teacher – Ms Q – a pro-
vincially renowned master teacher with more than 20 years of teaching experience. 

2
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TEACHER’S WORK
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She is currently the Deputy Head of Teaching Affairs Office and Head of Math-
ematics Teaching Research Group at her school. With multiple administrative 
responsibilities and numerous awards, she puts classroom teaching at the centre 
of her attention and teaches two classes every day as a regular classroom teacher. 
She currently teaches mathematics to two parallel classes in Grade 5 (at the same 
age as American Grade 5 and British Year 6) and has been teaching them from day 
one in Grade 1.

Taking the ethnographic approach, this chapter features the longitudinal case 
study of Ms Q’s work over 40 days. We will have an in-depth understanding of: 
(1) the teacher’s everyday teaching and the educational excellence she nurtures 
through teaching; (2) her beliefs in and passion for mathematics teaching and 
learning; (3) her strong will to teach against technical odds; (4) the student progress 
system she constructs; (5) her approach to developing self-regulated learners; and 
(6) her role in leading teacher PD from the bottom up through school-based teach-
ing research groups.

To begin with, let’s get into Ms Q’s class and have a close look at a conclusive 
lesson that sees the transition of the 11-year-olds in her class from fraction learners 
to fraction masters.

2.1 � Fraction masters nurtured by the master teacher

The class has just finished being taught the unit on Definition and Properties of 
Fractions. Today’s session (15 May 2018) is a conclusion of the entire unit, Defini-
tion and Properties of Fractions (PEP, 2013, 5B, Unit 4).

The purpose is apparent – reviewing the whole unit through thinking, discussing 
and making notes together, at both the class and student levels. The teacher struc-
tured the lesson with an enormous number of questions – with one related to the 
next. Questions are interconnected mathematically and logically.

Ms  Q tried to switch on the projector to see if there was any luck it would 
work again, but it didn’t. Without hesitation, she announced the class had begun. 
As in every classroom in this country, the class started with the teacher and the 
class bowing to each other whilst exchanging greetings. The students often bowed 
deeper to show their respect.

The first thing Ms Q did was ask the class: ‘What are the sections in this unit 
we have just learnt?’

Class:	 The Definition and Meaning of Fractions .  .  . Proper Fractions and 
Improper Fractions . . . Basic Properties of Fractions . . . Reduction of 
Fractions . . . Common Denominators . . . and Mutual Conversion of 
Fractions and Decimals. [answering randomly]

Ms Q:	 Who would like to tell us detailed aspects of knowledge that were cov-
ered in each section? For example, what have we learnt in the section, 
the Definition and Meaning of Fractions? . . .
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	   [pause, looking around patiently and seemingly allowing some time 
for students to think]

	   . . . You [pointing at Student 1 (S1)], please tell us.
S1:	 Fractions and Division.
Ms Q:	 Fractions and Division.

Ms Q counted one finger – a gesture indicating children to say some more so 
that she can carry on counting the number of subsection titles in the section.

This posture appeared to be mutually understood – the teacher was expecting 
the next answer from the class and she would carry on counting her fingers until 
every piece of information about the topic was put together by the class.

Ms Q appeared to be waiting with a thoughtful expression, looking to the rest of 
the class and indicating S1 to sit down. She pointed to Student 2 (S2).

Nobody looked things up in their textbooks. They were calling out the topic 
titles from memory.

Ms Q:	 You, please.
S2:	 The Emergence of Fractions in History.
Ms Q:	 The Emergence of Fractions in History.
	   [saying to the whole class with a thoughtful expression]
	   OK, look back and think about how fractions emerged?

The class answered randomly.

Ms Q:	 [echoing the class’s random answers]
	   Right. When we are dividing or measuring things, the result may 

not always be a whole number. We have to use fractions. Okay, in the 
section, Definition and Meaning of Fractions, we have learnt the Emer-
gence of Fractions and then the Definition and Meaning of Fractions. 
What are details of the definition?

Class:	 Divide the unit evenly into a certain number of sections . . . [randomly 
answering]

Students called out all titles of each subsection in section 4.1, immediately after 
which the class became quiet.

Ms Q:	 Okay, what we have just talked regarding this unit’s content appears to 
be fragmented, incomplete, and lacking details. This unit contains the 
largest amount of knowledge amongst all units in the textbook (PEP, 
2014a) and it is harder to grasp and easier to make mistakes on than 
other units. So, it is crucial for us to review it systematically. In order 
to give the knowledge a more systematic summary, let’s make the revi-
sion outline for this unit together.
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Before the whole-class began to think together and each (including the 
teacher) write down a revision outline, Ms Q reminded the class of what they 
should be careful about in the process, such as turning the notebook to the loca-
tion where opposite pages are both blank and offer a wide enough space for the 
notes.

Then she structured the remaining part of the lesson through Q and A (ques-
tion and answer) with the whole class thinking, discussing, drawing conclusions 
and writing notes together. Textbooks were referred to with specific page ranges, 
detailed content and typical problem examples discussed at the class level.

At each step, when the appropriate answer emerged from the class, the teacher 
would repeat what the students said whilst jotting down the corresponding notes 
on the board. For some long definitions, the teacher repeated what students just 
answered and then wrote a long line to simply hold the space for what was just 
said. It seemed to be a convention that though the teacher omitted the entire writ-
ing of certain statements on the board like this, the students would never do so, as 
captured by the camera. They would always carefully write every single word in 
the notebook in an almost perfect fashion: the duty of learning is rightfully on the 
learners’ shoulder.

The teacher is just there to guide/structure the learning, but the guidance seems 
so systematic and well-prepared. Children are, however, the centre of the class-
room, since it is clearly their role to give all the answers to the questions that arise 
in the class. This is what Chinese educators termed the ‘teacher-guided and child-
centred’ approach (Miao & Reynolds, 2018, p. 107). Everything seems well antici-
pated beforehand, which is not as easy as it appears to be. Such quality anticipation 
of what can be achieved in the class requires a sound understanding of the maths 
content, learners and maths teaching.

It is a universal phenomenon across the country in maths classrooms that the 
teacher makes every effort to say as little as possible about facts, solutions and 
answers. They would say several words – sometimes just one word or a gesture 
without saying anything – and leave the remaining part or all of a statement for the 
students to provide. They would frequently ask questions and expect the students 
to answer them.

The whole class gave their answers randomly. It was more of a whole-class 
discussion throughout the lesson. In fact, in all the previous ones, too. Children 
are so used to such whole-class brainstorming around questions constantly raised 
by the teacher and sometimes raised by their peers. Everybody’s ideas flow natu-
rally and are visible to everybody else in the class. The discussion is fully within 
the ability of the entire class. Individuals’ thoughts are heard, not personally one-
on-one with the teacher, but openly within the entire class. Thinking together 
almost all the time is featured at the class level. Students’ individual contact with 
the teacher emerged only briefly during the individual seatwork (usually around 
2 minutes) as the teacher quickly circulated through the class. Each volunteer 
during the whole-class Q & A seemed to have a one-on-one interaction with the 
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teacher, but the rest of the class were apparently parts of the conversation, since 
they were all listening and thinking around the question and answers that were 
given by the volunteers.

What Ms Q and the class were talking and thinking about were basically: (1) 
what the unit offered in the textbook, (2) what the details of each aspect of knowl-
edge were and (3) why they were defined in a certain way or expected to be applied 
in a certain way. What they were doing was thinking whilst writing down the cor-
responding notes on specific knowledge points that they just talked about or were 
talking about.

By the end of the lesson, the teacher completed her notes on the board and stu-
dents did theirs in their notebooks (Figure 2.1). Typical problems had been given 
for the students to solve, but the teacher erased them to leave the key revision notes 
on the board.

One might imagine a maths lesson or the lessons of any other core subjects 
in a primary classroom without multimedia these days would mean that students 
are totally switched off, since children in this digital era are so used to all sorts of 
screens/interfaces. This is apparently not the case in Ms Q’s class. Students seem-
ingly have the learning habit that is built not magically within days, but years, 
beginning with their first lesson with the teacher in Grade 1. Their focus is on 
deeper thinking and the understanding of fundamental mathematics beneath the 
surface of numbers, representations and symbols.

At the end of the lesson, everybody becomes an expert on the topic, which is 
evident in their structured notes and diverse ways of representing interconnected 
knowledge in this area through pictures that they drew over the weekend (Fig-
ure 2.2). They have indeed become Fraction Masters. People in Chinese education 
like to quote Confucius: ‘Acquire new knowledge whilst thinking over the old, and 
you may become a teacher of others.’ Students in Ms Q’s class are now ready to 
teach others fractions like a teacher.

Looking at these pictures, one could easily imagine how each learner animated 
in their mind their understanding of the knowledge, its structure and the connect-
edness of all elements in it, and then managed to map their imaginations onto the 
paper with pens/pencils/crayons, incorporating a personal element. Knowledge is 
hence both shared and personalised.

As the whole class worked to make a mind-map (Figure 2.1) for the knowledge 
learnt in the specific unit, the teacher applied various ways of questioning to scaf-
fold the whole class’s collective reflection on and summarisation of what had been 
covered over the past few weeks. Children were constantly offered opportunities 
to think out loud about intra- and interconnections between various knowledge 
points, mathematical procedures, concepts and sub-concepts. The teacher builds a 
series of mathematics problems to provide experiences of learning from concrete 
understanding to abstract reasoning, from typical examples to general knowledge 
points.
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FIGURE 2.1 � Ms  Q’s mind-map on the board and mind-map work samples from her 
class

2.2 � The lesson in the master mind

The inclusion of metacognitive dialogue in the lesson echoes Ms Q’s post-lesson 
reflection. In the interview, the teacher talks explicitly about (1) the purpose of each 
lesson step, (2) specific ways of relating knowledge in the unit to prior knowledge, 
(3) strategies for formulating certain cognitive and metacognitive experiences, and 
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FIGURE 2.2  Personalised mind-maps redrawn over a weekend by Ms Q’s students
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FIGURE 2.2  (Continued)

(4) interconnected points of knowledge within and beyond the specific unit on 
fractions.

Back at the office, Ms Q explains her idea on the lesson according to the mind-
map that she constructed with the application called MindMaster on her laptop. 
According to Ms Q:

The use of the spider mapping is to help students ultimately form knowledge 
structure in their mind. Every point of knowledge demands the children to form 
detailed statements.

(MasterMT, 20180515, itv401)
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She clicks on the small plus sign to the right of the node titled The Definition 
and Meaning of Fractions. A statement instantly appears to the right: ‘Divide one 
object or a group of objects into equal parts. One or a number of these parts are 
fractions.’ She continues, clicking the node Fractions and Division. A statement  

appears: ‘Dividend Divisor Dividend
Divisor

¸ = , which can be represented with letters  

as a b a
b
b¸ = ¹( )0 .’

Because the IT facility was not functioning, it was not possible for Ms Q to play 
the electronic knowledge map to the class via the projector. The notes on the board 
tell the same thing, with the statements recalled and written down by the students, 
which seems to work better since the class have more opportunities to activate and 
retrieve learnt knowledge from their memory.

Across Ms Q’s lessons, the most typical feature is that great emphasis is placed 
on cognitive and metacognitive development. In her view, students should have a 
complete mastery of the key concepts and skills in the unit; they must be able to 
reflect upon what they know and explain and justify the knowledge to their peers.

2.3 � A long glimpse into a master teacher’s work

Combining quantitative and qualitative evidence from this master maths teacher’s 
classroom, the chapter sheds light on connections between classroom teaching, 
learners’ metacognitive development and teacher metacognitive accounts of maths 
teaching and learning strategies. Detailed results and findings contribute to our 
understanding as to what makes profound mathematics teaching and learning in the 
primary school. Data in this section partially come from class observations (both 
structured and unstructured) and post-lesson teacher interviews.

Figure 2.3 shows the timetable for one of the two Grade 5 classes that Ms Q 
teaches. Every school day, Ms  Q only teaches one maths lesson in each class, 
with subject-specialist teachers teaching other subjects, such as Chinese, English, 
Music, PE and Science.

In this class consisting of 48 students, we video-recorded 40 lessons that were 
mostly consecutive. The first consecutive lesson series (14 lessons) covered Defi-
nition and Properties of Fractions. We use this series of lessons to illustrate the 
structure of learning and teaching in the class. The topics are:

•	 L1 – The Origin & Meanings of Fractions (23 Apr 2018);
•	 L2 – Fractions & Division I (L2, 24 Apr 2018);
•	 L3 – Basic Properties of Fractions (25 Apr 2018);
•	 L4 – Fractions & Division II: One Number as a Fraction of Another (26 Apr 

2018);
•	 L5 – Proper Fractions & Improper Fractions (27 Apr 2018);
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Timetable of Class 5(1) in 2017–2018
(Translated by the first author from Chinese to English)

Monday Tuesday Wednesday Thursday Friday

AM 08:30–08:48 Morning Exercises

1 08:50–09:30 Chinese Maths Chinese Maths Chinese

2 09:40–10:20 Maths Chinese Maths Chinese Maths

10:20–10:28 Eye Exercises

3 10:30–11:10 English Chinese Reading & 
Writing (Chinese)

Arts English

4 11:20–12:00 PE Mental 
Health

PE IT Music

PM Lunch Break

5 02:00–02:40 Young 
Pioneer 
Activity

Arts English PE Moral 
Education

6 02:50–03:30 Science Maths Calligraphy Music Science

Please stick strictly to the timetable. Should any change of plan arise, please inform 
the Teaching Affairs Department immediately.

FIGURE 2.3  Timetable for fifth graders in Ms Q’s class

•	 L6 – Highest Common Factors (HCFs) (2 May 2018);
•	 L7 – Using HCFs to Solve Real-World Problems (3 May 2018);
•	 L8 – Simplifying Fractions (4 May 2018);
•	 L9 – Simplifying Fractions & HCFs: Exercise (7 May 2018);
•	 L10 – Lowest Common Multiples (LCMs) (8 May 2018);
•	 L11 – Applying LCMs to Solve Real-World Problems (9 May 2018);
•	 L12 – Reduction of Fractions to the Same Denominators (10 May 2018);
•	 L13 – Mutual Conversion between Decimals and Fractions (11 May 2018);
•	 L14 – Definition & Properties of Fractions – Revision (15 May 2018).

There existed a tendency of the teacher to spend a larger proportion of time on 
whole-class interaction in lessons, introducing new concepts for the first time than 
in lessons that followed the ‘ice-breaking’ lessons (NC1-L2 to L14 in Figure 2.4). 
This is observable in the first lesson, The Origin and Meanings of Fractions, where 
the teacher allocated 93.5% of the lesson time for whole-class interaction.



FIGURE 2.4  OTL segments in the 14 consecutive lessons by Ms Q
Note: In part a of the figure, White = whole-class interaction. Black = independent/group work. From 
left to right, the sections on each bar represents the OTL activities taking place in a lesson sequentially.

a

b

c
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A large proportion of lesson time is spent on whole-class interactive teaching 
in which the teacher scaffolds children’s mathematical thinking through intensive 
question-driven conversation. Such question-driven conversation is purely about 
the intended mathematics and its applications. It forms a consistent line that runs 
through every lesson. The question-driven conversation has multiple functions, 
including but not limited to the following aspects: (1) scaffolding learning, (2) 
facilitating active thinking, (3) promoting the development of cognitive and meta-
cognitive skills and (4) assessing student cognition formatively.

There is a small proportion of lesson time on independent work or paired group-
work/discussion (OTL-3, student work). Each segment of student work often lasts 
no more than one minute.

Overall, in lessons 1 to 14, there are a varying number of OTL segments (Fig-
ure  2.4). The form of the lesson shifts frequently, which makes the lesson pace 
brisk and children engaged. All lessons started in whole-class interaction and all 
but one also ended in whole-class interaction. It is surprising that all segments in 
each lesson occur in an exact pattern – whole-class interaction – independent/group 
work – . . . – independent/group work – whole-class interaction. Whole-class inter-
actions and independent/group work occur in turn.

Another typical feature of Ms Q’s teaching is the use of multiple representa-
tions on a same concept. In the sequence of lessons on fractions, the teacher shifts 
frequently between area model, number line model and concrete model of fractions 
which are at certain points explicitly related to division and decimals as well. This 
way, children are able to master the same concept based on thorough understandings.

In and across lessons, concepts are gradually developed. In all lessons, the 
teacher poses a series of mathematics problems which open up a rich pack of learn-
ing: from concrete understanding to abstract reasoning and then back to solving 
concrete issues (real-world/word problems); from typical examples to general 
knowledge points and then back to specific problems with applicable knowledge. 
Throughout all the lessons, the entire class are actively thinking about mathemat-
ics. Other activities, such as random social chats, are not observable. Almost all 
students are on task; on rare occasions where one or two students briefly drift off 
task, they are instantly spotted and reminded by the teacher. The average time on 
task across lessons is 99%. The steady effort from the students is striking. The 
learning habit is already there, so the class do not need exciting activities or games 
to get themselves engaged. It seems to be natural instinct for them to make con-
tinual effort and pay full attention to what is going on in the class. However, stu-
dents’ automatic effort in actively joining in the lesson should be attributed to their 
teacher’s cultivation and reinforcement over a long term.

2.4 � A head full of teaching ideas and creativity

There seemed to be continual teaching ideas popping up in the teacher’s mind. 
Ms Q said every now and then an idea of a better way of teaching or presenting a 
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specific knowledge point came to her, sometimes when she had only just woken 
up. She attributes the reason for her grey hair to the fact that she constantly thinks 
about designing lessons and PowerPoints slides to go with them. Her mind never 
seems to rest:

My partner is constantly astonished to see my obsession with teaching. I often 
rush to work on my computer as soon as I wake up, with some new ideas for 
teaching in mind.

For Ms Q, ideas do not just keep popping up every now and then, they are carried 
out and experimented with in the class. The last semester (spring 2018) has come 
to an end right before the summer heat, and then the school commences its two-
month summer break. Early September sees the beginning of a new semester and 
the change of seating plan in Ms Q’s class. Previously the class was organised in 
six rows of eight seats: it is still six by eight, but now they sit in eight circles form-
ing eight groups of six. Each group has given themselves a fancy name. As the 
class is known as the Oceanic Family, all group names are oceanic: Team Nimmo, 
Team Whales’ Dreams, Team Turtles, Team Sharks’ Speed, Team Starfish’s Army, 
Team Fortune Crabs, Jumping the Dragon Gate Team, and Team from the Ocean 
Floor (Figure 2.5). Half a wall of the classroom is dedicated to the Competition of 
the Oceanic Family, displaying a list of the groups and showcasing the credits each 
group achieves.

Upon our return to fieldwork in Ms Q’s class in September 2018, she excitedly 
explains the new seating plans that are being experimented with in her two classes. 
Although there are always mixed-ability groups of two, four and more for different 
class activities, she feels that seating in rows somehow prevents deeper collabora-
tion between students. This time, she wants the mixed-ability grouping to really 
promote peer learning and boost an optimal level of competitiveness and collabora-
tion between groups and students.

2.5 � The resilient teacher: teaching by all means

In May 2018 when the IT system broke down halfway through a lesson, Ms Q kept 
teaching in a solid, effective way. After the projector and the computer stopped 
working in both classes, Ms Q continued to deliver her daily lessons to both classes. 
The absence of modern technology does not affect teaching pace or compromise 
the quality of teaching and learning in her class.

Besides, Ms Q has accumulated in the drawer of her desk all kinds of teaching 
and learning tools made by herself for different topics.

With shopping bags as packages, recycled sweet boxes are used as containers 
of the teaching and learning tools made by hand. The rest of the material involves 
paperboard as well as self-made pictures and shapes. Some of them look specific, 
for example the band of ten sticks drawn on the paperboard is apparently for the 
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FIGURE 2.5  The ocean-themed grouping (mixed ability) in Ms Q’s class

Note: Student names are blurred by authors for confidentiality.

teaching of place value. Some of them, such as the circles cut from paperboard 
(Figure 2.6: b), look normal, but can be used creatively for a lesson on a specific 
topic. On 24 April 2018, three of these circles appeared in the lesson on the Rela-
tionship between Fractions and Division (PEP, 2014a, p. 49), representing moon-
cakes to be sectioned evenly into four parts by the class and their teacher.

The first task in the lesson asks about the number of mooncakes that one person 
would have if four people were to share three mooncakes equally between them. 
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a b c

FIGURE 2.6  Hidden treasure in the draw of Ms Q’s desk – hand-made teaching and 
learning tools

a b c

d e f

g h j

i

FIGURE 2.7 Using  hand-made magnet ‘mooncakes’ to represent fractions in Ms Q’s 
class

Three methods are raised by the students. With the second method being arithme-
tic, the first and third methods involve the even partitioning process in which Ms Q 
cuts the three paperboard circles accordingly to synchronise student articulation of 
the process (Figure 2.7).

The first method is explained by a boy who says that each mooncake can 
be evenly divided into four sections and every person gets one section of each 



40 days in a master mathematics teacher’s work 27

mooncake – which is one-fourth – and ends up with three-fourths (Figure 2.7: a–c). 
Ms Q asks him to pick the sections from the partitioned ‘mooncakes’ on the board 
and put them down below to represent the overall sections a person gets (Fig-
ure 2.7: d–f). The third method (Figure 2.7: g–j), cutting the entire pile of moon-
cakes evenly into four sections, results in the class responding to Ms Q’s question, 
‘Is there another way of cutting the cakes?’ After the cutting, it becomes clear that 
the three mooncakes are now split into four piles, each consisting of three-fourths – 
the exact number of portions allotted per person. Ms Q puts it on the right-hand 
side to allow the class to see the three pieces of paperboard clearly and asks, ‘What 
does this represent?’ The class responds immediately, ‘Three-quarters.’ She writes 
down the number sentence to the right, asking, ‘So, this means 3 divided by 4 
equals . . . ?’ ‘Three-quarters,’ says the class. The numerical representation of the 
third method now appears to the right of the ‘mooncakes’.

The maths lesson on each school day is carefully planned for a specific con-
tent. Since both the total amount of time in a semester and that of maths content 
expected to be taught are fixed, teachers in this country are very cautious about 
sticking to the timetable. Chalk and board, projector and interactive whiteboard 
are just superficial tools if they are not utilised effectively to mediate the teaching 
and learning of the subject. What really matters is how teachers teach to develop 
children’s understanding of fundamental mathematics. In this sense, ideally given 
optimal teaching, any tools could work. This echoes what the provincial teaching 
research official, Mr S, once emphasised to an audience of primary maths teachers 
in a provincial teaching research conference: in order to be truly proficient in teach-
ing maths, teachers should perfect their fundamental teaching skills and be less 
reliant on the technology. Otherwise, he worries that some of the young teachers 
may find it hard to teach without PowerPoint.

2.6  Keeping track of student progress

Ms Q pulls out a big pile of A4-sized documents. These are the records that 
she has made over the past five years about the learning progress made by the 
Grade 5 children in her class (Figure 2.8). She has their homework performance 
as well as their test performance carefully documented. The records are not 
only made comprehensively in a printed table but also detailed alongside each 
specific maths problem where numbers are written: the blue numbers represent 
class codes of students who did not get the problem right in class A and red in 
class B.

She also shares with us details about the enriched homework that students were 
given over the past Chinese New Year holiday. In addition to the conventional 
booklet for winter holiday that is typical across the country, an alternative home-
work was given: (1) a ‘mind-map’ on all the mathematical errors made over the 
past semester; (2) a story or picture book entitled ‘Magic Cuboids’; and (3) a piece 
of written work entitled ‘My Maths Hero’ based on an interview or ‘I Am a Finan-
cial Expert’ based on personal experience.
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FIGURE 2.8  Tracking student progress in various dimensions – Ms Q’s ‘master plan’

2.7 � Developing self-regulation amongst students

Ms Q asks students to write about their progress. This has apparently become a 
habit whereby children are able to monitor their own learning. The widely appealed 
competence, self-regulation, seems already a reality in the class.

A pile of notebooks sits on the corner of her desk. These are called the Collec-
tion of Errors. Each student has one. We pick up a dozen of them and quickly scan 
through them (Figure 2.9). To our astonishment, children’s attitudes shine through 
the lines they write. You can see that they take these errors very seriously. They are 
not satisfied in simply correcting the errors. They copy each problem that they did 
wrong, show both correct and wrong answers/solutions, and analyse why they got 
it wrong. Some even make their own conclusions of their errors. Below this there 
are parents’ comments and signatures, too. It is certainly not an intrinsic habit. It is 
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FIGURE 2.9  Self-regulation notes samples from Ms Q’s class

a result of teacher expectation over time, but from the content one can tell children 
take it seriously.

Our participatory observation helps shed some light on a master teacher’s work 
over the 40 school days and the natural influence she made by teaching in a mas-
terly manner. Next, we complete the final part of our observational trip to Ms Q’s 
school, taking part in two teaching research group (TRG) meetings where Ms Q 
taught a demonstration lesson (meeting 1) and gave a presentation on the use of 
ICT and, more specifically, the smartboard for classroom teaching (meeting 2).

2.8 � TRG meeting 1 of 2

TRGs are professional learning communities universally existing in Chinese 
schools. Teachers of the same subjects, sometimes the same grades, meet regularly –  
often weekly – to discuss teaching related issues. The activities mostly involve 
observing and commenting on each other’s lessons. This is the same case as in 
Ms Q’s school. In the remainder of the chapter, we invite you to join us in observ-
ing two TRG meetings of the mathematics department at Ms Q’s school.
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As the deputy head of the teaching affairs office, Ms Q leads the TRG to study 
and plan lessons together along with the head of the teaching affairs office, Mr L. 
Their meeting is scheduled weekly or biweekly but can be flexible in terms of spe-
cific timing. The first meeting we observed is featured with a demonstration lesson 
delivered by Ms Q on 28 September 2018. At the end of this meeting, Mr L pro-
posed the theme of the next meeting should be a tutorial on the use of the school’s 
newly equipped smartboard by Ms  Q since her demonstration lesson was eye-
opening to everyone in terms of smartboard use. We thus followed them to observe 
this TRG meeting scheduled two weeks after, on 12 October 2018. Now, let us be 
prepared for the first meeting.

2.9 � Prelude

A team of observers sitting in. The municipal teaching research official, a former 
maths teacher with decades of teaching experience, is invited to join the teaching 
research event in Ms Q’s class. Before the lesson is delivered, a team of around 20 
teachers, including the municipal teaching research officials, are seated in three 
rows at the rear of the classroom. The children look relaxed and ready for a normal 
day. They are used to occasions like this, having been to greater events, hence this 
is nothing out of the ordinary. As a matter of fact, Ms Q’s class has been frequently 
visited by all sorts of visitors – teachers from other parts of the province, senior 
students from the university on teaching placement, colleagues and leaders from 
the school, teaching research officials from the city or province, researchers like us.

Teaching with Oceanic Themes. It is not just the grouping and class culture 
that we discussed earlier that is oceanic – the entire lesson to be observed today 
is set within an oceanic theme. The warming-up exercises (a whole number 
divided by another whole number vs the whole number multiplied by a fraction –  
the reciprocal of the other whole number) on prior knowledge are followed by a 
question raised by a cartoon fish, asking, ‘What did you find?’ The unpacking of 
the key task for the lesson is performed by another fish cartoon swimming from 
right to left: ‘Divide 4/5 of a piece of paper into two equal parts. What fraction 
of the paper is one of these parts equivalent to?’ The four tasks for assessing 
and challenging newly learnt knowledge and skills are all featured with oceanic 
creatures or expressions.

2.10 � A lesson on Dividing a Fraction by a Whole Number

This lesson, on Dividing a Fraction by a Whole Number, lasts 41 minutes and 
consists of four major parts. The first part (2 min 36 sec) sees the activation of stu-
dents’ prior knowledge. The second part (24 min 32 sec) develops new knowledge 
amongst learners by offering them opportunities to explore, discuss and reflect. 
The third part sees the consolidation of newly learnt knowledge and the teacher’s 
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formative assessment of learners’ knowledge status with a rich collection of prob-
lems (12 min 1 sec). The last part reminds the class to look back and summarise the 
new knowledge both verbally and algebraically, which takes just 1 min 53 sec since 
there have been thorough summaries throughout the lesson.

2.10.1 � Part 1 of 4: Activating prior knowledge (00:00–02:36)

After the teacher and the class greet each other (00:08–00:21), the teacher starts the 
lesson by asking the class to recall what they learned yesterday. The class say it out 
loud, almost simultaneously: ‘The Reciprocal!’

Then the teacher turns to the next slide which appears from the right-hand side 
with a problem that reads, ‘Please point out the reciprocals of the following num-
bers: 3/10, 8, 7/2, 1, 1/4, 0.’

A group of volunteer students are invited to say out loud, quickly, the recipro-
cals. The reason why 0 does not have a reciprocal is discussed at class level: there 
is no such number for 0 to multiply with and result in a product of 1.

This is quickly followed by the second series of tasks shown on the slide: six 
tasks in three rows and two columns. The left column is about dividing a whole 
number by another whole number; the right column is about multiplying the whole 
number by the reciprocal of the other whole number. The children are able to calcu-
late both tasks and see that the answers to both are equal. The equality between the 
left and right tasks is in fact the starting point of today’s lesson where the dividend 
is going to be a fraction instead of a whole number.

2.10.2 � Part 2 of 4: Developing new knowledge through exploration, 
discussion and reflection (02:36–27:08)

(2a)  Thorough exploration into the first and key task

Upon completing the interaction around the two series of tasks, Ms Q says, ‘OK, 
this is what we learnt previously. So, what we are going to learn today?’ At this 
point, she knocks on the board to show the next slide. A fish cartoon swims quickly 
from right to left, showing the problem:

If 4/5 of a piece of paper is divided into two equal parts, what fraction of the 
paper does each part represent? (Translated Task 3, Figure 2.10d)

Ms Q says, ‘Look! The fish is coming. Read the problem quickly. Who can tell me 
the mathematical information that you have got?’

Through questioning, Ms  Q gets the class to talk about the key information 
embedded in this problem and the unknown, whilst marking the information that 
the students point out with a red pen.
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She then asks the class to recall in which year they learned equal sharing. Stu-
dents immediately recalled that it was Grade 2.

Ms Q:	 Here, what is equally divided into two parts?
Class:	 4/5 of a piece of paper.
Ms Q:	 What is equally divided into two parts? [repeating to prompt thinking]
Class	 4/5 of a piece of paper. [more affirmatively]
Ms Q:	 So how do you represent 4/5 of a piece of paper?

Some raise their hands high in the air. Ms Q asks S1 to answer.

S1:	 Divide a piece of paper equally into five parts and pick four of the parts.
Ms Q:	 Okay, you mean dividing a piece of paper into five equal parts.
	   [responding thoughtfully whilst tapping on the smartboard where an 

area model of 5/5 is shown]
	   [turning the discourse to the class]
	   Right?
Class:	 Yes!
Ms Q:	 Pick from them . . . ? [in prompting tone]
Class:	 Four parts.
Ms Q:	 [tapping on the board to show an animation of the four parts being 

quickly shaded]
	   Then what?

With Ms  Q seemingly pausing her questioning, some students put up hands 
again, indicating they have answers.	

Ms Q:	 Having picked four parts, what is the next thing to do?

More students are raising their hands.	

Ms Q:	 [pointing at S2]
	   Come on. You.
S2:	 Divide into two equal parts.
Ms Q:	 Divide into two equal parts. Divide what into two equal parts?
Ms Q:	 Those of you raising hands, say it together. Divide what into two equal 

parts?
Class:	 Divide 4/5 of a piece of paper into two equal parts.
Ms Q:	 How do we express it mathematically?
Class:	 Divide 4/5 by 2. [saying it out loud]

Perhaps for extra emphasis, Ms Q quickly points at S3 to the right of the class, 
inviting him to say it.	

S3:	 Divide 4/5 by 2.
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Ms Q:	 [tapping on the smartboard to show the arithmetic expression]
	   In what way is this expression different from expressions we learnt 

previously?

With many raising their hands, Ms Q invites S4 in the middle of the class to answer it.

S4:	 What we have learnt is dividing a whole number by a whole number.
Ms Q:	 Dividing a whole number by a whole number. Right.
	   [nodding head]
S4:	 But now what we have here is fraction as the divisor.
Ms Q:	 [immediately saying in an upwards tone with a big smile]
	   Fraction as the divisor?
Many & S4:	 Fraction as the dividend!
Ms Q:	 Fraction as the dividend!
	   [pointing to problem on the board briefly and picking up a magnet card]
	   So, that is to say, what we are learning is . . . ?
	   [in an upwards tone, looking at the class]
Class:	 Dividing a fraction by a whole number.

Ms Q sticks on the top left of the chalkboard the magnet card where the lesson 
title (Dividing a Fraction by a Whole Number) is printed.

Ms Q:	 Maybe some of you already know the answer. Who could tell me the 
answer out loud?

Many raise their hands high in the air.	

Ms Q:	 Those raising hands, say it together!
Class:	 2/5.
Ms Q:	 2/5. Okay. The 2/5 that you said. Do you know why it is 2/5?

Many are still raising their hands.

Ms Q:	 Okay, there is no need to rush. As the saying goes, truth comes from practice.
	   [turning to the smartboard and tapping it to show the seatwork explanation]
	   So, you will need to represent what?
Class:	 4/5.
Ms Q:	 And then you will need to represent dividing it (that is, 4/5) . . . ?
Class:	 . . . equally into two parts.
	   [completing the teacher’s statement]

Then, re-emphasising the seatwork explanation on the screen briefly, Ms Q gets 
the clock set for 2 minutes, ‘OK, ready, go!’

Everyone starts to work on the task. Ms Q circulates, observing everyone’s pro-
gress carefully without drawing attention.
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She walks through the class as students are busy folding and shading paper to 
represent the way to divide 4/5 by 2.

(2b)  The emergence of two methods and multiple representations

The timer soon rings and the class show their methods produced during the seat-
work time which Ms Q had already accurately anticipated. Whilst ‘cruising’ around,  
she has collected two samples of students’ work. Quickly taking a picture of each 
with the camera of the smartboard, Ms Q lines them up on the screen.

Representing two methods for task 1 with area models

The ‘author’ of the first method is invited to talk the class through the rationale behind 
his representation of 4/5÷2. The student comes forward and shows the class his method.

He first divides the paper into five equal parts and shades four parts of it. Then 
he folds the 4/5 horizontally in half to get the answer.

Then the teacher asks the class to guess how the author of the second method 
shown on the smartboard did it. The answer comes quickly: further folding the  
five-fifths of the paper vertically results in dividing it into ten equal parts. Now, a 

half of the 4

5
 or 8

10
 is clearly 4

10
.

Arithmetic representations of two methods for task 1

Having understood the process by redoing the folding, the teacher suggests the 
class summarise the two methods. She clicks on the board to get the animation 
shown bit by bit as she continues interacting with the class by posing questions.

The teacher guides the whole-class discourse towards representing the processes 
arithmetically as such:

4

5
2

4 2

5

2

5
¸ = ¸ =

4

5
2

4

5

1

2

4

5 2

2

5
¸ = ´ =

´
=

The rationale of the last method is explicitly reasoned and built on closely inter-
connected representations, verbal explanations, arithmetic processes as well as 
graphics – the area model (Figure 2.10d).

(2c) Seeking the more generalisable method out of the two

Two methods are compared with the whole class quickly calling out the answers to 

a series (#4) of three tasks with varying divisors, shown on the slide one at a time: 
6

7
6¸ , 6

7
3¸ , 6

7
2¸ . Then, the next slide shows a task (#5) that is different from 
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these three: 4

5
3¸ . Everybody hesitates for a second and suddenly laughs at them-

selves because they have lost the rhythm built on the former tasks.
The sudden contrast of difficulty between two slides leads the teacher to suggest 

the class compare the two methods on the board. Through answering the teacher’s 
questions, the class make it clear that the first method, suiting the former three 
tasks, has its limitations, whereas the second method can be more widely applied. 
At this point, the class is asked to find out the challenging task on page 30 of the 
textbook and work it out. After the seatwork period of time (16:53–17:36), the 
teacher initiates a class-level discussion on the calculation process of the task.

Pointing at 4/5 ÷ 3 on the smartboard and then 4/5 ÷ 2 on the left of the chalk-
board (Figure 2.10e), Ms Q asks: ‘Looking at this problem and that problem, what 
did you find about the law of dividing a fraction by a whole number?’

This task offers students more opportunities to try out the more generalisable 
method – dividing a fraction by a whole number is the same as multiplying the 
fraction by the reciprocal of the whole number arithmetically, with the area model 
to enhance understanding of the arithmetical processes. This step further prepares 
students for a more formal statement of the arithmetic solution in the next step.

(2d) � Summarising the law of dividing a fraction by a whole number 
with timely consolidation

As the teacher poses a series of questions, verbal, symbolic and graphical represen-
tations for solving ‘4/5 ÷ 3’ emerge from the whole-class discussion. The class thus 
come up with a more generalisable solution for dividing a fraction by a whole num-
ber that is nonzero: multiplying the fraction by the reciprocal of this whole number. 
This generalised law of dividing a fraction by a whole number is expressed verbally 
by the students and then added to the chalkboard by the teacher. This method always 
works, whether or not the numerator of the dividend is a multiple of the divisor.

With the calculation law stated and defined like a theorem, the teacher asks the 
students to try it out with two more tasks on page 30:

9

10
3¸ = ´ =











3

8
2¸ = ( ) =











They complete it in 23 seconds (19:43–20:06). In eight more seconds (20:10–
20:18), the class call out their answers as part of the whole class interaction 
prompted by the teacher.

(2e) � Posing problems, looking for patterns and reconsolidating the method

Transitioning to the next step, Ms Q asks the class in what other way 4/5 can be 
equally divided in addition to being halved as in the first task. The class call out 
4, which is affirmed by the teacher. She then prompts whether it could be equally 

divided into five sections. With the class agreeing to her, she writes 4

5
5¸  on the 
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a

Lesson Structure

Part 1 (00:00–02:36)

b. Task Series #1 c. Task Series #2

Part 2 (02:36–27:08)

d. Task #3

[Translation] If 4/5 of a piece of paper is 
divided into two equal parts, what fraction 
of the paper does each part represent?

FIGURE 2.10  Ms Q’s lesson delivered at the teaching research group meeting
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Note. The two black dotted lines were added 
by authors to enhance the folding lines that 
the two students made to divide 4/5 evenly 
into two halves.

Student work sample 1 (method 1)

FIGURE 2.10  (Continued)
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Student work sample 2 (method 2)

e. The more generalisable method (Task Series 4 and 5)

Translation:
分数除以整数:  Dividing a Fraction 

by a Whole Number
局限性: Limitated
运用广: Widely applied

The statement underneath:
Dividing a fraction by a whole number (except 
zero) is same as multiplying the fraction by 
the reciprocal of this whole number.

FIGURE 2.10  (Continued)
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Task series 6: speedy exercise in 23 seconds (19:43–20:06)

f. Task series 7–8: summarising and consolidating the method

 

FIGURE 2.10  (Continued)
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Part 3 (27:08–39:09)

g. Task series 9–12: speed, accuracy and error-proofing

Part 4 (39:09–41:02)

h. i.

   

FIGURE 2.10  (Continued)
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smartboard and turns to the class, asking, ‘Apart from paper, what else could be 
divided into five equal sections?’ The class then start to pose real-world problems  

for 4

5
5¸  in addition to the paper situation. Four volunteers are invited. The first 

gives a cake situation. The second an apple. The third a bar of chocolate. The fourth 
says, ‘Divide one-fifth of four cakes into five even sections and take one section.’ 
The teacher looks excited, ‘You’ve given this deeper thought.’ She concludes this 
task by acknowledging that that are many examples in the real world.

This task seems to carry three connecting roles: (1) transitioning naturally 
from the previous content in this lesson to this step (connections between tasks); 
(2) offering opportunities to think about wider real-world situations (connections 
between mathematics and rich contexts); (3) preparing the class for the next step 
(connections between tasks). All in all, using this task makes the lesson more 
coherent.

By applying the newly established calculation law, the whole class call out their 
solution processes to two more tasks posed by Ms Q, 4/7 ÷ 6 and 4/5 ÷ 4. Then, the 
teacher asks two pivotal questions, pointing from the three tasks (4/5 ÷ 5 and these 
two tasks) to their solution processes on the board, ‘Look carefully. What did not 
change? What changed?’ The subsequent dialogue leads to three conclusions: (1) 
the dividends have not changed; (2) the divisors have turned into their reciprocals; 
(3) the operation has shifted from division to multiplication.

These conclusions are further summarised in the following slide as a rhyme 
which is a feature of Ms Q’s teaching. It helps the children remember something they 
have understood but not necessarily absorbed entirely in one go. The rhyme reads,  
‘分数除法要注意，一个不变两个变，除号变乘号，除数变倒数’, meaning: 
pay attention to fraction division where one thing does not change; two things 
change; division sign turns into multiplication sign; divisor becomes reciprocal. 
Children are asked to recite the rhyme twice: once in pairs and once together with 
everyone in the class. Such speedy reciting is based on thorough understanding that 
has been cultivated before it.

(2f) Consolidating the knowledge with three more tasks

Immediately after that, they are asked to tell their desk-mates the solution pro-

cesses and results of three new tasks on the slide: 1

7
5¸ , 7

8
3¸ , and 8

9
2¸ .

Following this are two questions from the teacher, ‘What have we just learnt? 
How do we solve it?’ The class call out their answers to these questions. Answering 
the two questions helps further consolidate the newly learnt knowledge in chil-
dren’s mind. These tasks also work as a transition point for the lesson to move from 
Section 2 to the following section where the class work together to solve a series of 
tasks in various forms, with the teacher formatively assessing students’ understand-
ing of the focal knowledge.
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2.10.3 � Part 3 of 4: Consolidating and formatively assessing 
knowledge (27:09–39:09)

Demanding speedy mental maths, the first six tasks are opened by a sailfish. Chil-
dren get their pens and worksheets ready before Ms Q announces, ‘Get set, ready, 
go!’ Then the class keep their heads down and quickly write the solution processes 
and answers, with the digital clock making a tick-tock sound in the background.

Then, the second task is themed as a game where the sailfish is allowed to pass a 
bridge by giving a correct statement on the topic learnt today, Dividing a Fraction 
by a Whole Number. If the statement is incorrect, it will fall off the bridge. There 
are animations and sound effects after each subtask.

The teacher seems excited to find errors emerging from the class, as if she has 
discovered a magic wand that can transform learning. Demanding speedy response 
from the class, the true or false tasks in this section create more than fun and 
rhythm. There are certainly deeper purposes embedded underneath. In case of no 
errors in the class, Ms Q has prepared typical errors or tasks that are easy to get 
wrong and she keeps them, waiting for the children to experience before the lesson 
ends. To master the knowledge, everyone has to encounter and combat mistakes, 
one way or another. Misconceptions thus play an important role in the lesson and, 
in fact, in any lesson.

The third task is called Naughty Starfish which covers the numerator and 
denominator of two fractions in a sequence of six fractions. The children need to 
figure out the pattern of the sequence and then the numbers hidden beneath the four 
starfish who are waving their arms adorably. From the PowerPoint, a female voice 
speaks up, ‘Think about it. Can you solve it?’ Ms Q says, ‘That’s my voice 18 years 
ago.’ Children seem astonished and delighted, exclaiming: ‘Wow!’

The last task is called Seals Hitting the Ball. On the slide, there are four balls each 
corresponding to one of four seals below – on the ‘ocean floor’. A number sentence 
is stuck on each ball and every seal. This is in fact a matching problem consisting 
of four pairs of number sentences that have identical answers. Each time when a 
student matches a pair correctly and justifies the answer with thorough explana-
tions, the teacher touches the screen and the seal rises to hit the ball. Then, both the 
seal and the ball disappear, unveiling one Chinese character hidden behind the ball.

In the end, a four-character Chinese idiom appears which reads ‘海纳百川’, 
literally meaning ‘all rivers run into the sea’, and which metaphorically means ‘one 
should have a broad mind’.

Ms Q says, ‘I hope all of you have knowledge as wide as the sea and mind as 
broad as the ocean.’ The tasks now go beyond mathematics and contribute to the 
affective development of learners.

2.10.4 � Part 4 of 4: Summarising the new knowledge (39:10–41:02)

Clicking on the pen icon on the board, Ms Q takes a few steps forward and asks, 
‘So, what have we learned in today’s lesson?’ The class respond immediately, 
‘Dividing a fraction by a whole number.’
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(4a)  Summarising the knowledge verbally

Stepping backwards to the left chalkboard and pointing briefly at the title and con-
tent there, Ms Q bounces another question back to the class, ‘Dividing a fraction by 
a whole number. Who would like to tell us the calculation method?’

With many putting their hands up, Ms Q invites a girl at the back to answer.
The girl says, ‘Dividing a fraction by a whole number, except for zero, is the 

same as dividing the fraction by the whole number’s reciprocal.’
Ms Q asks the class, ‘Right?’
The class respond, ‘Yes!’
Ms Q then asks the class to tell each other quietly the calculation method one 

more time. Immediately, everyone is murmuring to the person next to them, ‘Divid-
ing a fraction by a whole number, except for zero, is the same as dividing the frac-
tion by the whole number’s reciprocal.’

(4b)  Summarising the knowledge algebraically

Then, Ms Q asks a final key question, ‘How do we represent the solution method 
with letters?’

The class start to murmur amongst themselves, with Ms Q smiling and looking 
around the class. Before the lesson ends, Ms Q and the class state the equation 
together, with the teacher jotting it down on the smartboard (Figure 2.10i).

The teacher and class bow and say goodbye to each other.

2.11 � Meeting on the spot after the lesson

The teaching research team come forward from the rear of the class, pick a student 
seat and sit down. Ms Q initiates the teaching research session by restating the title 
of the lesson. She then reflects on the elements that she planned but decided to drop. 
Looking back, the lesson features helping students to understand two methods of 
calculation through the combination of symbolic and graphic representations (数形
结合). She says that children can understand and have a sense of the rationale but 
not sufficiently (a common way of being humble in the Chinese culture).

Then the head of the Teaching Affairs Office, Mr L, who also participates in 
the study as one of the local master teachers, shares his view about the lesson. He 
mainly talks about the strengths: (1) the ICT skills is really impressive, for which he 
proposes a themed TRG meeting the following week so Ms Q could give the group 
a tutorial on how to use the smartboard; (2) the lesson is based on prior knowl-
edge, fraction multiplication and reciprocals, which is well covered by the warm-up 
exercises; (3) all the exercises are well arranged with the difficulty level gradually 
increased; (4) the hands-on activity is a highlight; (5) the atmosphere is really good.

He says, ‘I could never teach a lesson on a usual day like this up to such quality.’ 
Ms Q looks very humbled. He talks about two aspects that could be better. First, the 
hands-on activity could have allowed more opportunities for children to talk about 
their understanding. Second, in the last bit of the lesson, the algebraic expression, 
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b
a
c¸ , should have one more condition in addition to the condition c ≠ 0, that is  

a ≠ 0. Other colleagues join in and most of them think adding it is unnecessary, since 
b
a

 is already given as a fraction and the denominator of any fraction should be 

nonzero. After the exchange of ideas between Mr L and colleagues, Ms Q acknowl-
edges that his suggestion is indeed quite right and necessary.

Noticing that everybody has stopped talking, the municipal teaching research 
official, a former maths teacher now near retirement, speaks up. He emphasises that 
the lesson has a very warm atmosphere and is supported by very good ICT skills 
from the teacher, which is needless to say. What he most wants to share are the fol-
lowing few points. Rationale for calculations is one of the hardest types of content 
to teach. This particular lesson provides the base for the next lesson which is Divid-
ing a Fraction by a Fraction. Lessons on calculation have two common character-
istics: (1) it requires full understanding; (2) it relies strongly on prior knowledge. 
Due to these two characteristics, it is very important to activate the relevant prior 
knowledge that is closely related to the new. For example, this lesson relies heavily 
on Multiplication of Fractions. He acknowledges in this lesson:

children had the opportunity to draw, calculate and then think deeply about the 
rationale behind the calculation. Having got the result, they then looked back 
to think about the reason. . .. The arrangement of the lesson content was well 
thought out, and the procedure was connected to the results which in turn led to 
the discussion of the rationale behind the calculation. However, the reason for 
using reciprocals had not been thoroughly discussed. The discussion could have 
been fairly straightforward: because 4/5 had been split evenly into two sections, 
one of which would be ½ of it [i.e., 4/5]. With this discussion, the understanding 
of the calculation rationale could have been deepened.

(MasterMT, 20180928, the municipal teaching research  
official’s comments on Ms Q’s lesson)

In his view, thinking about the essence of mathematics is important, since the 
essence of mathematics is generalisable. He affirms that the teacher did quite well 
in this regard by arranging new problems after exercises. It is also commendable 
that the teacher not only expanded children’s knowledge in mathematics but also 
beyond mathematics. For this, he points out a typical example – Ms Q set the les-
son in an oceanic situation and got the children to know a new type of fish, sailfish, 
one of the speediest swimmers in the ocean. He continues, acknowledging that the 
lesson consists of thoughtful designs in a seemingly casual layout, with exercises 
applaudably set in an oceanic context. From his perspective, two aspects could have 
been done better. First, he thinks that more consideration could have been given to 
the entire class. When inviting children to talk about their solution processes, more 
time could have been allocated so that more students had more opportunities to 
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talk. Second, it is questionable whether the calculation rationale should be sum-
marised in exact words when the main thing here was to ‘understand’ the rationale.

Other teachers are shy to speak up due possibly to the power distance often iden-
tified in the Confucius heritage culture. They are more natural in the second TRG 
meeting presented next where no external ‘leaders’ are present. However, on this 
occasion, as part of the TRG routine, they all made thoughtful notes (Figure 2.11). 
There are internal and covert conversations between them and the senior and more 
knowledgeable others who have spoken up. The meeting is closed by Mr L who 
announces that next Friday during the usual teaching research slot Ms Q will be 
teaching everyone how to use the smartboard.

FIGURE 2.11  Observation notes written by teachers during the TRG observation session
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This TRG meeting has the typical structure of Chinese lesson study. Perhaps 
the only missing piece is the planning stage following which are: (1) implement-
ing (teacher) and observing (colleagues) the lesson, (2) reflecting on the lesson 
implementation, and (3) finding points of improvement. With these in mind, now 
we step into the second TRG meeting and see the natural leading position that a 
master teacher is put in as she shares her knowledge and experiences with peers.

2.12 � TRG meeting 2 of 2

In the TRG meeting on 12 October 2018, Ms Q gives a presentation on how to 
use the newly equipped smartboard in the school. This time the meeting involves 
slightly more than the maths department. Sitting in the school hall are around 20 
colleagues from across the school teaching major subjects, including mathematics. 
Five of them are student teachers from the partnership university who are here for 
school placement. The deputy head teacher attends the meeting, too. Snacks are 
provided. Everyone is happy, talking to each other before the demonstration starts.

Although many schools in the remote countryside of the province are already 
using a smartboard as part of the provincewide policy in supporting rural educa-
tion, Ms Q’s school has only managed to catch up with the trend over the summer 
break this year (2018). Ms Q says she learnt to master the smartboard skills in her 
prior position in an independent school ten years ago. Ever since joining the school, 
she has been looking forward to the school updating their IT facilities, and now it 
is happening.

Ms Q starts her presentation with a cover slide titled ‘Brightening Up the Class-
room Teaching with Multimedia’. Next she starts with an introduction to the soft-
ware on the market from the past to the present, drawing on her own experiences.

Looking back, she says in an almost joking tone that she set off on her ICT-
learning journey as a new teacher in an independent school in 2000, not know-
ing how to start a PC, when what she desperately wanted to learn was how to 
use PowerPoint. Many other teachers at the school then could already do loads of 
amazing things on a computer. It was jaw-dropping for her to see animations they 
made. ‘I was like: wow, that apple can move!’ With a humble circumstance back 
then, owning a computer at her rented home was impossible. The only option was 
to learn to use the computer in the school over the weekend. She was deeply inter-
ested in PowerPoint the first moment she had a blank file opened up in front of her. 
Gradually, she learnt to use the then popular software Authorware to integrate with 
PowerPoint but later found the file size often ended up being huge, so she taught 
herself to use Flash. A colleague in the audience nodded her head, whilst jotting 
down notes. Since the age of 18 when she graduated from the normal school (中等
师范学校), Ms Q has had no opportunities to be taught to use the new technology.

‘I have to teach myself everything. There’s no other way around this,’ she says.
Many teachers of Ms Q’s age in this country trained as a teacher in a normal 

school which falls into the upper-secondary stage catering for students aged 
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15–18 years. They had been found to be mathematically and pedagogically more 
competent than their international counterparts holding bachelors and/or mas-
ters degrees (Ma, 1999). Most of them, including Ms Q, by now should have 
at least earned a bachelor’s degree by passing specific exams for independent 
study, but the foundation for teaching the subject was laid back in their normal 
school days.

‘Nowadays,’ she says, ‘PowerPoint has almost replaced Flash and can perform 
all sorts of animations and effects.’

She continues, talking about the art of PowerPoint and her tips to PowerPoint 
design. She reminds colleagues that the design should first start from the grand 
plan. The key is the teacher not the tools, and the purpose of using PowerPoint 
should be improving teaching.

Then she emphasises that all slides should be simple. The meaning of Pow-
erPoint is literally the key point. There should be fewer words and more graphs. 
PowerPoint should serve the audience. Each slide should not have more than six 
lines. The slide should be of great contrast. The font size should be big enough. 
There then appears a slide with the same words of different sizes which Ms Q uses 
to show contrasts between font sizes (Figure 2.12a). By chatting back and forth 
with the colleagues, she says, ‘40 is indeed too big, and 34 is about right.’ Then, in 
the following slide, she quotes the four by six rule: no more than six lines of text 
per slide and six words per line, visible from six pigeon steps, and understandable 
in six seconds.

Ms Q summarises two common features of bad PowerPoint design: filling slides 
with words and using PowerPoint the ‘Word’ way. With the quote ‘a good picture 
is worth a thousand words’ shown on the screen, she concludes this section of pres-
entation on the importance of using visual in PowerPoint.

At this point, she reminds colleagues that though the smartboard has Power-
Point, it should  not only be used that way or as an average whiteboard. She then 
proceeds to show a wide range of functions that the smartboard can perform in 
teaching mathematics and many other subjects, giving a detailed demonstration 
about how to (Figure 2.12):

•	 do handwriting;
•	 add pages;
•	 use a ruler to draw ruled lines so as to demonstrate in the class the standard way 

of writing specific solution processes in a notebook;
•	 erase part of or the entire page;
•	 draw various shapes, such as a circle or star, and make duplicates;
•	 use the magnifier app;
•	 use the board-in-board function;
•	 take a screenshot with the smartboard;
•	 use the timer app that comes with the board;
•	 use the spotlight app.



FIGURE 2.12 Master teacher Ms Q showcasing the use of smartboard in a TRG meeting
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FIGURE 2.12 (Continued)

Then she shares a few tips for colleagues who teach Chinese. After a few quick 
clicks on the board, several Chinese characters appear stroke by stroke. Several 
more clicks on the board lead to the appearance of their pinyin (Chinese phonics) in 
a row with four tones (Figure 2.12c–d). In just a few seconds, teachers understand 
how to use the smartboard to teach the mother tongue, Chinese, where strokes 
and pronunciation of characters are fundamental. These will be particularly useful 
for the lower grades. Noticing that Ms Q is demonstrating the special functions 
of the smartboard for almost all subjects, a colleague in the audience excitedly 
announces: ‘We should have the entire teaching staff here.’

After giving an introduction to the use of the smartboard in a variety of subjects, 
Ms Q goes back to the mathematical tools that can be fairly smart for classroom 
teaching (Figure 2.12g–t). First, she draws a cylinder, showing the colleagues how 
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to enlarge and shrink the shape by dragging the right bottom corner, how to unpack 
it into a net and how to colour the net. At various points, there are wows from the 
audience whilst Ms Q keeps revealing the exciting content. She continues demon-
strating the methods to:

•	 draw a cone, unfold the cone into a net and set the bottom and the side of it into 
different colours, then fold the net back into a cone and drag it to the right of the 
cylinder on top of the slide, putting them on ‘exhibition’ as teachers would do 
about mathematical widgets that have just been covered in a lesson;

•	 draw a cube and unfold it in the three kinds of ways (e.g., the ‘141’ format);
•	 record a piece of music with e-keyboard and then have it replay itself (for the 

music class);
•	 take pictures with the smartboard camera, insert the pictures into the board, 

adjust sizes and do duplicates (for any subject);
•	 remote control the board from a smartphone with which one can take pictures of 

students’ seatwork and send them wirelessly to the board (for all subjects).

After showing how an arts teacher can use it, she announces the end of the pres-
entation. Then, her colleagues start to chat to her and each other excitedly about 
how they might use it in their own classes. The power-distance atmosphere never 
appears in this session where everyone seems so natural, relaxed and close to each 
other. The meeting ends with the colleagues applauding Ms Q who responds with a 
big yet humble smile, gently nodding her head to the audience.

2.13 � Embarking on the nationwide search for masterly teaching

Over the 40 days spreading across the year 2018 in Ms Q’s class and school, we 
got to think about the wider project and how we should adapt our proposal to the 
reality. Over the course, we got access to the entire community of primary math-
ematics teachers in the province and beyond. We are now ready for the nationwide 
search and exploration into masterly teaching and learning. The following chapter 
presents the ways through which the project is carried out across five Chinese prov-
inces – Anhui, Beijing, Jiangsu, Jiangxi and Tianjin.
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After the in-depth case study, we are ready for a large-scale exploration into math-
ematics teaching and learning in more master teachers’ classrooms. Our ultimate 
goal is to capture best mathematics teaching practices and mechanisms behind 
masterly teaching and learning in primary schools. It is approached through three 
lines of enquiry: (1) quantitative measurements of learning and teaching in multi-
dimensions as well as qualitative interpretation of teaching and learning in multiple 
layers; (2) multilevel modelling of teaching effects on and (multilevel) structural 
equation modelling of paths towards multiple learning outcomes; (3) deep listening 
and investigation into teachers’ accounts of the mathematics lessons just delivered, 
their teaching beliefs in general, their PD trajectories towards masterly teaching – 
career stories told by themselves, and teacher PD in action – researchers’ participa-
tory observation of teaching research events at the school, municipal, provincial 
and national levels.

This chapter illustrates the project’s research methodology. The remainder of 
the chapter starts with the clarification of the overarching research paradigm, Inte-
grated Paradigm, and the theoretical frameworks of the project operated at macro 
and micro levels. We then look at the case study design as part of the project and 
the sampling criteria, procedures and results. After that, we explain in detail how 
multiple methods are utilised to collect and analyse the bulk of multicategory data. 
The chapter concludes upon the ways in which we synthesise the multilevel and 
multi-layer findings across multiple methods within the Integrated Paradigm.

3.1 � The Integrated Paradigm

The MasterMT project is the second voyage of the Integrated Paradigm which 
came into being in the process of the authors’ former study on effective math-
ematics teaching (EMT) in England and China (Miao & Reynolds, 2018; Miao 
et al., 2021). A set of quantitative (QUAN) and qualitative (QUAL) methods were 
carefully selected to serve the research purposes, with an equal emphasis given to 
deeper interconnections of initial results and findings of all methods. Despite this, 
the solution is not to simply mix two approaches together, with one serving the 
other. In the end, it is not a question of QUAN or QUAL or as simple as vaguely 
mixing both to a varying degree. It is about collecting relevant evidence from dif-
ferent angles and putting different pieces of evidence back together to represent 
the focal reality as holistically as possible. This is the underpinning feature of the 
Integrated Paradigm where major paradigmatic conflicts cease to exist.

At the heart of the Integrated Paradigm are three key features: multiple meas-
urements, multiple perspectives, and integration of multiple types of evidence in 
multiple layers at multiple levels.

Multiple measurements. The Integrated Paradigm measures the focal issues, for 
example teaching and learning in the MasterMT, from different angles to see vari-
ous facets of them. Learning is measured in three major dimensions: (1) metacog-
nition (observation and questionnaire), (2) mathematical reasoning (observation 
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and maths test) and (3) affects towards mathematics, maths teacher and the school 
(observation and questionnaire). Teaching is also measured in multiple dimen-
sions: (1) behaviour (observation); (2) general teaching knowledge (observation 
and interview); (3) maths knowledge (observation, questionnaire and interview); 
(4) maths pedagogical content knowledge (observation, questionnaire and inter-
view); (5) teacher metacognition (observation and interview); (6) teacher beliefs 
(observation, interview and questionnaire).

Multiple perspectives. The Integrated Paradigm cherishes multiple ‘voices’ from 
different roles by actively engaging them in the conversation on the focal issues. 
This allows the outsiders to spot the ‘elephant in the room’ that might be otherwise 
unseen by the insiders whilst offering insiders’ opportunities to tell their side of 
story, the story behind the scene, and/or the beliefs and thinking hidden beneath 
the visible and therefore more obvious doing. In fact, insiders and outsiders are 
relative roles. Both participating teachers and researchers are insiders in the maths 
teaching profession and outsiders to each other’s practice; researchers are outsiders 
to practitioners and their colleagues; colleagues from the same school are outsiders 
to each other in the individual sense; two international researchers/co-authors of 
this book are outsiders to the Chinese education system. Views from different roles 
form multiple perspectives around maths teaching and learning. These roles, often 
paired, also include learners and teachers. Efforts devoted to seeing things from 
multiple perspectives generate critical and balanced views from multiple sides, 
such as the researched vs. the researching and the Chinese vs. non-Chinese aca-
demics, which contributes to a more holistic understanding of the reality.

Integrating multiple strands and layers of evidence at multiple levels. The final 
stage of the Integrated Paradigm focuses on systematic integration of multiple 
strands and layers of evidence at multiple levels. This features the syntheses of 
results and findings from various methods, weaving together wisdom from QUAN 
and QUAN, QUAN and QUAL, and QUAL and QUAL, where various methods 
relate to each other via underlying meanings, free from artificial superficial para-
digmatic barriers.

3.2 � The MasterMT framework

The contribution of the MasterMT project to the evolution of the Integrated Para-
digm is the development and utilisation of a framework with dual parts that col-
lectively represent the reality at macro and micro levels (Miao et al., 2021). The 
macro part of the framework (Figure 3.1) is similar to the EMT framework; the 
micro part of the framework (Figure 3.2) zooms in to show detailed elements of 
teaching and learning, that are systematically looked into, and the interconnections 
within and between them.

The MasterMT framework further inherits the merits of both mathematics edu-
cation research and teaching effectiveness research in that it applies both statistical 
analyses and modelling – this time more advanced – and in-depth interpretations of 
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FIGURE 3.1  The MasterMT framework (macro)

multiple voices and details, including deep ‘listening’ of multiple voices from key 
roles in the focal field and detailed ‘sketching’ of mathematics itself and mathemat-
ics in the mind of ‘mathematicians’, young (the learners) and mature (the teacher). 
The final touch of the framework lays on interweaving multiple strands of evidence 
together to represent and explain the holistic reality.

In the MasterMT project, teaching is measured with a hybrid of multiple obser-
vation systems looking at different aspects of teaching and learning processes; 
learning is measured with multiple constructs focusing on multidimensional out-
comes of learning. Teachers, their colleagues and the researchers offer their views 
on master maths teachers’ teaching. The ultimate integration of evidence sees mul-
tiple statistical analyses, such as multilevel structural equation modelling, joining 
the in-depth analyses of qualitative data, such as a case study of a master teacher’s 
work over a period of 40 school days (initially planned for a month) and participa-
tory observations of teaching research meetings/conferences at the school, munici-
pal, provincial and national levels.

3.3 � Seeing a world in a grain of sand and the masterly teaching 
in a case study

To have an in-depth participatory observation of a master teacher’s work, the first 
author spent about two half-semesters (40 school days) from April to October 2018 
in a local primary school where the master mathematics teacher, Ms Q, works. The 
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FIGURE 3.2  The MasterMT framework (micro)
Note: SMK = subject matter knowledge. PCK = pedagogical content knowledge. PD = professional 
development. MC = metacognition.

school also offers the project precious opportunities to pilot some of its methods. 
Besides observation of daily maths lessons, most of the days we follow the teacher 
through half of her daily work routines (8 am to 12 pm). We are thus able to look 
closely at: her maths teaching over 40 school days; her work in an open-space 
office shared with five colleagues, from lesson preparation and reflection to home-
work grading, from communication with students and colleagues to recording and 
analysing student progress; weekly teaching research group meetings; supervising 
trainee teachers and mentoring visiting teachers from across the province.

The process brings us closer to the masterly teaching reality than just relying 
on the review of research literature alone. With the rich information accumulated 
over the course of the case study, we are also able to further extend our networks 
with the practitioners’ sector in more meaningful directions and compile an optimal 
plan for collecting the project’s major data in more schools and provinces.
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3.4 � Looking for the master teachers and their students

The target teacher population of the MasterMT project is master mathematics teach-
ers teaching primary Grades 5–6 in capital cities of provinces or urban districts of 
municipalities in China; the target student population is the students in these teach-
ers’ classes. The teachers should be well recognised provincially or nationally for 
excellent maths teaching.

Piloted in Spring and Autumn of 2018, the larger project recruited master math-
ematics teachers and their students, through the combination of stratified sampling 
and expert recommendation which located cities first and then teachers and their 
classes, with one teacher corresponding to one class. The project was approved by 
the first author’s institution, and informed consents were obtained before data col-
lection. Three major steps were taken in obtaining a final sample for the project:

•	 First, according to the GDP per capita ranking of major cities in China in 2018 
(National Bureau of Statistics of China, 2019), we located the sampling sites – 
capital cities and economically equivalent cities in five Chinese provinces or 
municipalities, Anhui, Beijing, Jiangsu, Jiangxi, and Tianjin. These cities spread 
about evenly across the first, second and third quarters of the 2018 ranking.

•	 Second, the provincial teaching research officials responsible for primary math-
ematics, as gatekeepers of mathematics teaching and learning in their home 
provinces, were asked to help recruit around 15 master mathematics teachers 
who demonstrated best teaching practice in primary mathematics and were 
full-time classroom teachers teaching mathematics to primary grades, ideally 
Grades 5 and 6. The inclusion criteria seek to look for master teachers who 
demonstrate best primary mathematics teaching in their home province and: (1) 
have the ranks of Professoriate-Senior or Senior; (2) are recognised as Super 
Teachers, Subject Leaders or Backbone Teachers; (3) have won teaching awards 
in provincial and/or national teaching competitions.

•	 Based on the teaching research officials’ recommendations, we have an initial 
sample of 81 teachers and 3,737 students. With informed consent from partici-
pants, we collected the initial bulk of data in the 81 teachers’ classes, including 
lesson observations. To make sure that the teaching data collected represented 
daily teaching that would happen the same way without the appearance of exter-
nal observers and cameras, we applied one more criterion (the third and last 
step) to screen and finalise the sample based on the authenticity of the lesson 
data, though every effort had been taken to minimise observer effects during the 
data collection. The criterion was simple: the lesson must be a typical normal 
lesson that was unfolded as usual after its precedent lesson. This resulted in 70 
teachers’ lessons meeting the criterion. We had to drop data related to 11 teach-
ers and their students because their lessons were carefully prepared teaching-
research lessons (教研课) which did not represent the kind of everyday teaching 
we were explicitly aiming to observe.
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The final sample of the project (Table 3.1) included 3,178 students in Grades 
2–6 and 70 master mathematics teachers of which 59 were teaching Grade 5 or 6 
in the 2018–2019 academic year. Of all the teachers, 14 are from Anhui, 16 from 
Beijing, 15 from Jiangsu, 14 from Jiangxi, and 11 from Tianjin. Like the general 
fact of gender imbalance in primary school settings, about 2/3 of the teachers are 
female (n = 47), with about 1/3 of them being male (n = 23).

TABLE 3.1  Demographic information of master teachers and their students

Students Teachers

N Age % N Age  %

Province 3033 11.3 (0.9) 100% 70 41.5 (4.4) 100%
Anhui 673 11.0 (0.9) 22.2% 14 43.0 (5.6) 20.0%
Beijing 523 11.5 (0.5) 17.2% 16 39.0 (3.6) 22.9%
Jiangsu 655 11.2 (1.1) 21.6% 15 42.4 (3.5) 21.4%
Jiangxi 733 11.2 (1.2) 24.2% 14 41.4 (4.1) 20.0%
Tianjin 449 11.7 (0.6) 14.8% 11 42.8 (4.3) 15.7%
Grade 3033 70
2 54 8.1 (0.4) 1.8% 2 38.5 (3.5) 2.9%
3 134 9.3 (0.4) 4.4% 2 45.5 (0.7) 2.9%
4 203 10.0 (0.6) 6.7% 5 45.0 (4.5) 7.1%
5 1318 11.1 (0.4) 43.5% 32 41.2 (4.5) 45.7%
6 1324 12.1 (0.4) 43.7% 29 41.3 (4.2) 41.4%
Gender 3028 70
Female 1392 11.2 (1.0) 46.0% 47 41.3 (3.9) 67.1%
Male 1636 11.3 (0.9) 54.0% 23 42.0 (5.3) 32.9%

Teacher Position within Schools 70
Teacher with no other obligations 22 42.1 (5.9) 31.40%
Head or Deputy Head of Maths TRG 32 40.3 (2.9) 45.70%
Headteacher or Deputy Headteacher 16 43.1 (4.1) 22.90%

Teacher Rank 70
First Level (一级) 18 39.9 (3.7) 25.7%
Senior (高级) 43 41.8 (4.5) 61.4%
Professoriate-Senior (正高级) 9 43.7 (4.5) 12.9%

Honorary Titles 70
Backbone Teacher (骨干教师) 17 39.0 (4.0) 24.3%
Subject Leader (学科带头人) 40 41.6 (3.4) 57.1%
Super Teacher (特级教师) 13 44.7 (5.6) 18.6%

Mathematics Teaching Experience 70
10 to 19 years 20 37.1 (2.0) 28.6%
20 to 29 years 46 42.6 (2.8) 65.7%
30 to 38 years 4 51.5 (4.0) 5.7%

Note: TRG = teaching research group (教研组). The project’s student sample consists of 3,178 students 
of which all were in the lessons observed, 3,033 completed a survey and provided their demographic in-
formation in the course of completing the survey, and 145 students did not complete the survey because 
of scheduling difficulties. The student information presented in the table comes from the 3,033 students.
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All 70 teacher participants are full-time mathematics teachers in their thirties 
(n = 24), forties (n = 43) or fifties (n = 3). The majority (n = 46) of the teachers have 
20 to 29 years’ mathematics teaching experience; 20 teachers have 10 to 19 years’ 
experience; 4 have 30 to 38 years’ experience. In terms of professional ranks, 18 
of the teachers are First Level, 43 are Senior, and nine are Professoriate-Senior. 
In terms of honorary titles, 17 are Backbone Teachers, 40 teachers are Subject 
Leaders, and 13 are Super Teachers. They have all won multiple teaching awards 
in teaching competitions at provincial and national levels. In addition to their 
teaching obligations, 48 of them are also (deputy) headteachers or (deputy) heads 
of the teaching research group for mathematics at their home schools.

From five provinces/municipalities, 70 master mathematics teachers have 
taken part in the project, with an average age of 41.5 years (SD = 4.4, Min. = 32, 
Max. = 57). As most teachers in state schools in China, all master teachers are full-
time. Their mathematics teaching experiences average 21.9 years (SD = 5.1), rang-
ing from 10 to 38 years. Of all the 70 teachers, 9 are Professoriate-Senior teachers, 
43 are Senior teachers, and 18 First-Level teachers. The majority (n = 64) of teach-
ers have a bachelor’s degree, with four having an associate degree and 2 masters.

With the participants recruited, we are ready to collect and analyse data. To 
address the research aims/questions, we construct a system of multiple research 
methods using the Integrated Paradigm. Before the ultimate integration, we carry 
out multiple measurements of teaching and learning, model the teaching-learning 
mechanisms at multiple levels and capture multiple perspectives from multiple 
roles through multiple layers of educational reality.

3.5 � Measuring and understanding teaching

Teaching is measured and interpreted in multiple areas: (1) behaviour (obser-
vation); (2) general teaching knowledge (observation and interview); (3) maths 
knowledge (observation and interview); (4) maths pedagogical content knowledge 
(observation and interview); (5) teacher metacognition (interview); (6) teacher 
beliefs (observation, interview and questionnaire).

3.5.1 � Filming a usual maths lesson on a usual school day like a 
member of the class

What we want to see is the way each master teacher teaches on a daily basis – the 
idea of ‘home-teaching’. We do not want to see a carefully prepared lesson for out-
siders to be impressed. The teacher should teach the lesson as she/he would even if 
there were no external observers. Measures are taken to reach this ideal quality of 
observation. Communication with the teacher is made ahead of observation about 
the research purposes and what their ‘real’ teaching means to the research findings 
which will be shared with them after completion of the study. During the data col-
lection, every effort is made to minimise observer effects.
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All teachers each have one lesson observed and video-recorded. As previously 
stated, amongst the participants, there is a case study teacher whose consecutive 
lessons are observed. Two cameras are utilised to capture the whole class and the 
teacher respectively. Both structured and unstructured lesson observations are car-
ried out through the analyses of lesson videos. The following aspects are at the core 
of the lesson analyses: (1) teacher and student behaviours; (2) classroom discourse; 
(3) cognition and metacognition (MC) in action; (4) subject matter knowledge 
(SMK) in action; (5) PCK in action.

3.5.2 � Capturing the lesson through both the teacher’s and the 
learner’s eyes

The placement of cameras is adapted from TIMSS Video Studies (Jacobs et al., 
2003). Two cameras are utilised, with one being placed at the front to see the whole 
class from the teacher’s perspective and the other at about halfway from the front 
of the classroom to capture the lesson from a student’s view. Maximum effort has 
been given to placing both cameras alongside the window wall, so that the shot 
aligns with the direction of natural light. This is realised in most classrooms.

Structured observations are conducted using a hybrid of observation systems: 
(1) OTL (Reynolds et  al., 2002), (2) ISTOF (Teddlie et  al., 2006) and (3) MQI 
(Hill & Ball, 2004; Learning Mathematics for Teaching, 2011) capturing teacher 
and student behaviours, classroom discourse, cognition/metacognition in action, as 
well as teacher SMK and PCK in action.

The Opportunity to Learn (OTL) system was adapted from the International 
School Effectiveness Research project by Reynolds et al. (2002). This adapted ver-
sion had formerly been utilised on the EMT project with lesson data collected from 
English and Chinese primary schools (Miao & Reynolds, 2018). The system cap-
tures five types of classroom activities and student time on task. In total, the OTL 
consists of six measures in the form of percentages.

For the quality of teaching, we utilised the adapted version of the International 
System for Teacher Observation and Feedback (ISTOF) (Muijs et al., 2018; Ted-
dlie et al., 2006) as applied in the EMT project (Miao & Reynolds, 2018). The pro-
ject dropped one of the seven dimensions, Differentiation and Inclusion, due to the 
fact that Chinese teachers took a whole-class approach in differentiating teaching 
which was not easily observable but generated much smaller performance differ-
ences amongst students than their English counterparts. The included six dimen-
sions are shown in Table 3.2.

Measuring teacher knowledge for mathematics teaching in action, the Math-
ematical Quality of Instruction (MQI) was developed by Hill and Ball (2004) 
and colleagues on the Learning Mathematics for Teaching (2011) project. The 
MQI looks at teacher knowledge of both the content and students (Hill et  al., 
2008). Teacher knowledge for teaching mathematics has been a focus of theoret-
ical and empirical endeavours for at least four decades (Ball, 1988; Ball et  al.,  
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TABLE 3.2 � Observation protocols for measuring the quantity and quality of maths teaching 
and learning

OTL MQI (whole-lesson)

•	 Whole class interaction (OTL1)
•	 Whole class lecture (OTL2)
•	 Individual/group work (OTL3)
•	 Classroom management (OTL4)
•	 Partial class interaction (OTL5)
•	 Student time on task (OTL6)

•	 Lesson time is used effectively (MQ1)
•	 Lesson is mathematically dense (MQ2)
•	 Students are engaged (MQ3)
•	 Lesson contains rich mathematics (MQ4)
•	 Teacher attends to and remediates 

student difficulty (MQ5)
•	 Teacher uses student ideas (MQ6)
•	 Mathematics is clear and not distorted 

(MQ7)
•	 Tasks and activities develop 

mathematics (MQ8)
•	 Lesson contains Common Core aligned 

student practices (MQ9)
•	 Whole-lesson mathematical quality of 

instruction (MQ10)

ISTOF

•	 Assessment and evaluation (ISTOF1)
•	 Clarity of instruction (ISTOF3)
•	 Instructional skills (ISTOF4)
•	 Promoting active learning and developing 

metacognitive skills (ISTOF5)
•	 Classroom climate (ISTOF6)
•	 Classroom management (ISTOF7)

2008; Hill & Ball, 2004; Kraft & Hill, 2020; Shulman, 1986). It is also at the core 
of teaching practice in China. The two vertices of the instructional triangle (Cohen 
et al., 2003; Lampert, 2001), the content and students, are one of the several aspects 
that Chinese teachers must talk about in a kind of PD activity taking shape in the 
1980s, 说课 (pronounced as shuo ke), which literally means Talking about the Les-
son, Lesson Explanation, or Lesson Justification. A  lesson explanation typically 
happens before or after a teacher delivers a demonstration lesson to peers or exter-
nal experts. It is essentially the teacher’s justification of the lesson plan and how 
the plan went in a post-lesson meeting or conference. Conventionally, a teacher is 
expected to explain the lesson in terms of (1) curriculum and textbooks; (2) stu-
dents and their characteristics; (3) teaching methods; (4) teaching steps; (5 teaching 
rationale, board notes and design.

The ISTOF inter-rater reliability was obtained between the first and the third 
authors on two lessons (translated) from China and two lessons from England 
on the Effectiveness of Mathematics Teaching project (Miao & Reynolds, 2018): 
k

1
0 78= . , k

2
0 81= . , k

3
0 84= . , k

4
0 88= . , k = 0 83. . For the MQI whole-lesson 

measure, the first and the second authors reached agreement on two lessons with 
English subtitles: k

1
0 63= . , k

2
0 78= . , k = 0 71. . The agreement was considered 

substantial by existing standards on Cohen’s kappa (Landis & Koch, 1977).
Unstructured observations in the project allow variables to emerge from the 

data rather than from a predefined framework. We are conscious that there is 
always something missing from the existing observation systems combined. No 
existing systems can ‘capture instruction in its entirety’ (Charalambous & Prae-
torius, 2018, p.  357). Neither is there an appropriate system that serves well in 
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analysing higher-order skills (such as metacognition) in action whilst catching the 
focal aspects that the project seeks in lessons more thoroughly. Analysing lessons 
without a set system, we will be able to look for, for example, the opportunity to 
learn two types of observable outcomes: (1) basic maths and (2) higher-order maths 
skills (mathematical reasoning and metacognition in action).

Placement of camcorders. Following the methods suggested by the TIMSS 
Video Study (Jacobs et al., 2003), two camcorders were placed in the classroom 
beside windows where natural light comes in. One camcorder at the front pointing 
at the whole class, the other about a third of the way from the front follows the 
teacher, capturing the dynamics of the class.

Observation approaches. As introduced in Chapter 3, the lesson data were ana-
lysed both quantitatively and qualitatively. The quantitative analyses involved the 
use of three existing observation systems: the OTL, the International System for 
Teacher Observation and Feedback (ISTOF) and the MQI. The qualitative analy-
ses drew upon multiple perspectives from teachers, their colleagues, the teaching 
research officials from local education authorities and the researchers.

3.5.3 � Constructs for quantitative observation

The OTL measures the quantity of teaching in terms of proportions of lesson time 
allocated for whole-class interaction (OTL-1), whole-class lecture (OTL-2), student 
independent seatwork (OTL-3a) or groupwork (OTL-3b), class management 
(OTL4), partial class interaction (OTL-5), and student time on task (OTL-6). The 
current study added one subcategory into OTL3 – groupwork amongst more than 
two students (OTL-3c), categorising paired groupwork as OTL-3b.

The ISTOF measures the quality of teaching in a general sense originally in seven 
dimensions (Teddlie et al., 2006). Dimension one captures the quality of assessment 
that teachers use to diagnose students’ understanding as they teach (ISTOF1). Dimen-
sion two considers teaching differentiation (ISTOF2), which was found to be not 
entirely observable in the Chinese context where differentiation was realised covertly 
(for detail, please see Miao & Reynolds, 2018, Ch4). As shown in Table 3.2, dimen-
sions 3-7 focus on teaching clarity (ISTOF3) and skills (ISTOF4), the cultivation of 
metacognitive skills (ISTOF5) and class climate (ISTOF6) and management (ISTOF7).

The MQI measures the quality of mathematics teaching. To prioritise the data 
analysis schedule and acknowledge the fact that the segment- and lesson-level 
items of the MQI share similar underlying concepts, we decided to utilise the ten 
lesson-level items each rating the lesson on a five-point scale.

The explorative factor analyses (EFA) indicate an excellent internal reliability of 
the ISTOF as a whole (α = 0.97), the MQI (α = 0.92), ISTOF3 (α = 0.91), ISTOF4 
(α = 0.91), ISTOF5 (α = 0.88), ISTOF6 (α = 0.91) and ISTOF7 (α = 0.90), with the 
ISTOF1 (α = 0.68) manifesting an acceptable reliability. After the EFA, to check 
the validity of the measures as latent variables, we performed a confirmatory factor 
analysis (CFA) on all ISTOF components that were utilised and the MQI. To exam-
ine the ISTOF as an overarching latent variable, we ran a second-order analysis 
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where indicators (explained as follows) were umbrellaed by corresponding compo-
nents which in turn were predicted by the ISTOF. Regarding the ISTOF indicators 
in the CFA, we utilised item parcels by averaging items within each indicator, since 
we were more interested in the indictors than individual items within them.

3.5.4 � Qualitative observation

In complement with the quantitative analyses of lessons, we use the grounded 
theory approach (Cohen et al., 2018) to look for major features of teaching widely 
found across classrooms. In doing so, we do not carry any predefined system of 
observation. Rather, we allow the system/themes emerge from the lesson data. 
Typical lesson segments are selected as examples of each particular feature. The 
grounded theory approach endows the analyses of lessons with both depth and 
richness.

3.6 � Measuring and understanding learning

Learning is measured in three major areas via a paper-and-pencil survey: (1) affects 
towards maths learning, maths teacher/teaching and the school (questionnaire), (2) 
metacognition (questionnaire), (3) cognitive outcomes in mathematics (test). For 
the formal data, students completed a booklet containing items measuring two 
(Grades 2–4) or three (Grades 5–6) of the focal domains, along with their sociode-
mographic information. The survey items, originally in English, were adapted for 
the project. They were translated, back translated, compared and field tested.

3.6.1 � Collecting sociodemographic information

This part of the data mainly includes information about student gender, age in 
years and socioeconomic status (SES). They were deemed important variables for 
the understanding of maths performance variations across sociodemographic spec-
trums. Gender was coded dichotomously as 0 = boy, 1 = girl. Age was computed as 
a continuous variable in years by dividing the difference between the survey date 
and the child’s date of birth by 365.25.

The SES is a latent variable inferred by three strands of information based on 
the classical SES framework: home possessions (SES1), parental highest level of 
education in years (SES2) and parental occupational status (SES3). Adapted from 
the TIMSS 2015 background survey items (IEA, 2014, permission for reuse: num-
ber IEA-19–008), SES1 is initially the sum of family possessions, such as books in 
the child’s room, IT equipment, second homes and cars. Home possessions (SES1) 
were coded as 1 if possessing and 0 if not. SES2 offers choices of seven educa-
tion levels and are later converted into highest years in education (Xie et al., 2017, 
p. 93). Parents’ levels of education (SES2) were primarily coded sequentially as 
1–7 and recoded as the number of years: 1 = primary or below = 6 years, 2 = lower 



Getting into master mathematics teachers’ classrooms  63

secondary = 9 years, 3 = upper secondary or professional education = 12 years, 
4 = associates = 15 years, 5 = bachelors = 16 years, 6 = masters = 19 years, 7 = doc-
torate = 22 years (Xie et al., 2017, p. 93). SES 3 offers seven career statuses for 
students to choose (Li et  al., 2016, p.  77). Parental career types (SES3) were 
coded: 1 = no job, 2 = farmers, 3 = non-agricultural workers, 4 = self-employed, 
5 = ordinary civil service, 6 = professionals (such as teachers, lawyers, doctors and 
researchers), 7 = corporate or government leaders (Li et al., 2016, p. 77). Typi-
cal examples of career types were provided for children to make choices. On site 
explanations were offered when the survey papers were delivered in person by the 
first author in a friendly and neutral tone.

The SES index is generated after a perfect model fit of the SES as a latent vari-
able with the data in the confirmatory factor analysis (CFI = 1.000, TLI = 1.000, 
RMSEA = 0.000, SRMR = 0.000). The index has a mean of 35.24 and standard 
deviation of 7.40 on the SES continuum, ranging from 13.62 to 52.67.

3.6.2 � Measuring affective learning outcomes in mathematics

Measuring affective learning outcomes allows us to hear the inner voices of the 
learning and schooling child. More specifically, to understand children’s percep-
tions of maths, teaching and schooling, we utilised three scales from TIMSS 2015 
(IEA, 2014) with reuse permission: (1) students’ ATM (ASBM01A-I); (2) students’ 
sense of school belonging (SBL) (ASBG11A-G); and (3) students’ views on math-
ematics teaching engagement (EGM) (ASBM02A-J).

3.6.3 � Measuring metacognitive learning outcomes  
in mathematics

For metacognition, we adapted the instrument developed by Sperling et al. (2002), 
Jr. MAI, by setting it in the mathematical context. Since the target age groups 
were Grades 5 and 6, the version B was utilised. The original instrument has 
been field tested by Sperling et al. (2002) and Ning (2016), with the latter con-
ducted in Singapore where 79% of the population are Chinese. In the MasterMT 
project, the adapted Jr. MAI (v.B) was translated into Chinese and then back to 
English to achieve the backtranslation validity. Factor analysis and a reliability 
test (Cronbach’s α) were carried out. The factors loaded exactly onto the two 
intended factors which together explained 45.6% of variance, with α being .907,  
.841 and .844 for Jr MAI (v.B) as a whole as well as KC and RC as independent 
constructs respectively.

3.6.4 � Measuring cognitive learning outcomes in mathematics

After a pilot with three classes in a participating school, we finalised a set of 28 
items for the assessment of student learning outcomes in mathematics. These items 
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are organised in three booklets, G5A, G5B and G6, which share seven common 
items between them for test equating purposes.

Focusing on rational number sense and proportional reasoning (Figure  3.3), 
the test items come from the Decimals, Fractions and Ratio and Proportion tests 
developed by the historical CSMS project in England (Hart, Brown, Kerslake et al., 
1985a, 1985b; Hart, Brown, Küchemann et al., 1981). A selection of the CSMS 
items were also utilised by the Improving Competence and Confidence in Algebra 
and Multiplicative Structures (ICCAMS) project three decades later (Hodgen et al., 

Decimal Item examples
Have a fundamental understanding of the infinite feature of rational 

numbers;
D03

Be proficient in calculating or estimating division answers that are not 
integers but decimals, no matter the dividend is greater (item) or 
smaller (items and) than the divisor;

D04
D05
D06

Demonstrate the fluency in making conversion between different 
decimal places, for example, tenths to hundredths (item);

D02

Write a decimal according to the verbal expression of its place value, 
particularly when it is expressed in such a way that the number of 
units on the place exceeds 10, for example, writing 11 tenths as 1.1 
(item D01).

D01

Fraction Item examples
Apply the knowledge of equivalent fractions (items); F05–7

F08–9
Model and solve real-world problems using subtraction of fractions with 

different denominators;
F03

Model and solve real-world problems by dividing fractions that differ in 
both numerators and denominators;

F10

Model and solve real-world problems by dividing two mixed fractions; F04
Reason abstractly about fractions in an algebraic situation and provide 

the necessary condition that satisfies the situation.
F11

Ratio & Proportion Item examples
Identify and apply ratios that are much harder than 2:1 or 1:2 and are 

set in real-world contexts, for example, where two terms of a ratio are 
enlarged or shrunk by a fraction (rather than a whole number) with its 
numerator and denominator being coprime but not 1 or by a fraction 
that can be simplified as such;

R09
R10

Reason proportionally, use ratio to model real-world problems and 
ultimately solve the problems;

R02–4
R06
R10

Model and solve real-world problems in more complex situations where 
three or more quantities are interrelated proportionally.

R02–4
R08

FIGURE 3.3  Rational number sense and proportional reasoning: Assessment framework
Source: Hart et  al. (1985a, 1985b); reuse permitted by the ICCAMS project PI, Professor Jeremy 
Hodgen.
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2010). A significant decline in rational numbers, proportional reasoning and alge-
braic thinking was found amongst a representative sample of English secondary 
students. Utilising classical items would offer opportunities for us to see student 
performance through longitudinal/cross-sectional lenses and to understand find-
ings with former studies in mind, even though the focal populations tend to be dif-
ferent in educational research. Conscious of the differences of populations, times 
and contexts between studies, we see the CSMS results as a benchmark.

In the CSMS project, there were six levels in the decimals (D) test, four levels 
in two fractions tests – Fractions (F) 1 and 2 – and four levels in the Ratio and Pro-
portion (RP) test (Hart et al., 1985b). In the current study, fifth graders attempted 
seven decimal items at Levels 5 and 6. Both fifth and sixth graders were given a 
Level-4 item from F1 (or Level-3 of F2) and one Level-4 item from F2. Besides, 
fifth graders also were given five other fraction items including four Level-3 and 
one Level-4 items from F1, whereas sixth graders also did one Level-2 item (as a 
condition for a Level-4 item) and two Level-4 items from F1 as well as one Level-4 
items from F2. All students who took the test in Grades 5 and 6 had tried five items 
from RP, including one Level-2 item (as part of the item series on ‘eel feeding’) 
and four Level-3 items.

Test results were primarily coded with an adapted version of the marking scheme 
of the CSMS tests (Hart et al., 1985b). The marking scheme provides rich codes for 
each item on multiple answers (correct or wrong), and possible cognitive processes 
behind the answers were diagnosed through the CSMS interviews. Thus, there is an 
explanation for a specific answer to a specific item. A few new codes were added 
due to their regular occurrences. On each test item, the multiple coding approach 
generates rich patterns of answers amongst all examinees.

Three undergraduate students enrolled on the primary maths programme at the 
first author’s home institution were recruited to grade and code the maths test, 
according to the marking scheme (Hart et al., 1985b). The three undergraduates 
passed the inter-rater tests before the formal coding process. Two half-day training 
sessions were delivered by the first author, and each was followed by a round of 
ratings on 10 to 12 test papers. The first round of ratings on ten test papers only 
saw disagreements between two research assistants on one item per each of three 
papers; after subsequent discussions and explanation, a perfect inter-rater agree-
ment (pairwise) was reached between the three research assistants on 12 papers 
(Cohen’s kappa: k

1
953= . , SDκ1 = .08; k

2
1= , SDκ2 = 0). The multiple codes for 

each item were recoded dichotomously for the Rasch model, with 1 representing a 
correct response and 0 otherwise.

In R and RStudio (R Core Team, 2021; RStudio Team, 2021), We utilise the 
weighted likelihood estimation method in the R package, TAM (Kiefer et  al., 
2021), to estimate the item and person parameters within each of the three tests 
(G5a, G5b, and G6) separately. The results indicate an acceptable fit of each test’s 
data to the Rasch model, given that the weighted mean square (infit MNSQ) values 
(M = 0.99, SD = 0.1) were all within the interval of [0.7, 1.3] (Bond & Fox, 2015).  
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The person scores initially calibrated within each of the three tests were shifted 
onto the same scale of G5B via the seven link/anchor items (Wu et al., 2016).

We analyse the patterns of the cognitive learning outcomes by item (facilities), 
topic (level proficiencies) and test (student performance). An item’s facility was the 
correct rate (%) of the item. For the level proficiency of the three topics – decimals, 
fractions and ratios and proportions – we refer to the CSMS criteria. In the CSMS 
study, there were four hierarchical levels for fractions and ratios and six for decimals. 
According to the marking schemes (Hart et al., 1985b), we calculated the correct 
rates of individual students on each level and recoded them dichotomously as 1 if 
the correct rate was equal to or higher than the particular level criterion and 0 if not.

To test the effects of age, gender and SES on the maths test, we run primary 
analyses of the data using pairwise correlations and t-tests (gender). These shed 
light on the selection of control variables in our subsequent analyses using multi-
level and structural equation modelling.

3.7 � Modelling the teaching-learning mechanisms

The ideal way of validating educational effects is randomised controlled trials 
(RCTs), and correlational studies cannot establish causal relationship between vari-
ables. Nevertheless, in studies where RCTs are hard to undertake, the next option 
is to apply more complexed statistical methods, such as single- or multilevel struc-
tural equation models (SEMs/MSEMs), to reflect the complexed reality.

In the MasterMT project, multilevel and structural equation models were run 
to examine the relation between teaching and learning. For the MLM, two-level 
models were run to estimate the effects of teacher-level predictors on three types of 
learning outcomes – affective, metacognitive and cognitive outcomes. The SEMs/
MSEMs are run to measure direct and indirect effects of teaching on the three types 
of learning outcomes.

All models were run in R and RStudio (R Core Team, 2021; RStudio Team, 
2021). The two-level linear mixed models are estimated with the lme4 package in 
R, using the maximum likelihood method for model fit and Satterthwaite’s method 
for t-tests (Bates et al., 2015). For each scale/latent variable, we check the inter-
nal reliability first and then run a CFA with the lavaan package (Rosseel, 2012). 
The package was also used to test the hypothesised mediating models (SEMs or 
MSEMs).

The fit of CFA and SEMs was checked with the following stand-alone fit indi-
ces: the Chi-square test, the comparative fit index (CFI), the Tucker-Lewis index 
(TLI), the root mean square error of approximation (RMSEA) and the standardised 
root mean square residual (SRMR). The Chi-square test should be not significant 
but it can be sensitive to a large sample size. The CFI would be considered good if 
≥ 0.95 or acceptable if ≥ 0.90 (Hu & Bentler, 1999; Kline, 2005). The TLI would 
be considered good if ≥ 0.90 (Bentler & Bonett, 1980). The RMSEA would be 
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considered good if ≤ 0.06, acceptable if ≤ 0.08, and marginal if ≤ 0.10 (Hu  & 
Bentler, 1999; McDonald & Ho, 2002); RMSEA is likely to be greater than 0.10 if 
the df is small (Kenny et al., 2015). A SRMR would be considered good if ≤ 0.08 
(Hu & Bentler, 1999). We chose to consult indices other than the Chi-square test 
or RMSEA in the following two situations: (1) a large sample size (e.g., measure-
ment at the student level) with an insignificant Chi-square test; (2) a small df with 
a large RMSEA.

3.8 � Studying the development of master mathematics  
teachers

Beyond the anticipated excellence, we are interested in the development of master 
mathematics teachers – something might be better interpreted through the qualita-
tive ethnographic approach. More specifically, we want to know the trajectories 
and current status of master teachers’ PD. To capture their PD trajectories and PD 
in action, we collected extra data in addition to the classroom data. In the second 
semester following our major data collection in classrooms, we asked teachers to 
reflect upon their journey towards master teachers and the development of their 
master teacher studios should they be running one and have time to write about 
it. We tapped into the PD reality by participating in two TRG meetings in Ms Q’s 
school (Chapter 2) and teaching research conferences at the municipal, provincial 
and national levels.

The two parts of data allow us to see master teachers’ PD in a broader sense 
from two major angles: (1) from the teachers’ points of view, with teachers telling 
their stories; (2) from the researchers’ points of view, with us seeing PD in action. 
As part of the PD trajectories, seven teachers also share with us the development of 
their MTSs and the activities hosted or attended by the MTSs. These complement 
both the PD-trajectories and PD-in-action data, allowing us to have deeper under-
standing of master teachers’ development and their leading role in fellow teachers’ 
PD from the bottom up.

The teacher PD trajectories data were collected in April 2020 through a semi-
structured open-ended survey with teachers. In the Word-based survey, we asked 
teachers to: (1) write a short bio about themselves; (2) reflect on their PD trajecto-
ries through which they developed into a teaching master; (3) list teaching research 
events that they took part in from January 2018 up to the time of the PD survey. An 
optional survey was also designed in a similar manner aiming for those who were 
hosts of MTSs at the time. The MTS survey was also of three sections: (1) intro-
duction of the MTS; (2) the development of the MTS and major events/milestones 
in its development; (3) events/activities of the MTS over the same time span. Two 
survey files were sent out to all 70 teacher participants. In the middle of the pan-
demic, we appreciated that 38 managed to respond to the PD trajectories section, 
with seven of them having also completed the MTSs section.
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Before the formal content analyses of the PD trajectories data, a series of pro-
cedures were conducted to make the data unified across cases. The raw data were 
in Chinese and re-formatted by: (1) keeping all the font to be 11-point SimSun (简
宋); (2) keeping the line space to be 1; (3) having the headers (as put in the blank 
copy) removed; (4) replacing the three headings (survey prompts) with two hori-
zontal lines (set as double space) to keep the documents in three parts that were 
solely materials written by each teacher; (5) setting the margins as normal (2.54 cm 
on each side).

To get an overview of most frequently mentioned words by the teachers, our 
analyses of the written accounts of PD trajectories start with a word frequency or 
word cloud analysis using the software ATLAS.ti. To get the word cloud, we set 
the frequency threshold at 100 and at a maximum number that would give us three 
most frequently used words/phrases. This overview in fact is captured at the word 
level so we consider this a microanalysis of the data.

Then, our major attention is given to in-depth analyses of themes and patterns 
embedded in the data through the grounded theory approach (Glaser & Strauss, 
1967) which allows the themes, patterns or theory to emerge from the data (Cohen 
et al., 2018). Using the constant comparison approach, we are able to combine the 
strengths of two approaches to qualitative analyses: the explicit coding and theory 
development. In seeking the overarching meanings/themes, we are able to com-
plete a macroanalysis of the data.

3.9 � Multiple perspectives, multiple layers

At the macro level of the project, multiple perspectives interweave in multiple lay-
ers. Unstructured lesson observations generate researchers’ perspectives; teachers 
give their views about their own teaching; about one of the case study teacher’s 
lessons, an array of diverse perspectives was uttered by teachers’ colleagues in the 
same department and the municipal teaching research official. These are packed 
with multiple perspectives about masterly mathematics teaching, collected from 
professional learning communities specialised in primary mathematics. Moreover, 
one of the mathematics survey sections also captures students’ perspectives regard-
ing schooling, teaching and learning.

Immediately after the lesson, the teacher completed an interview on the lesson. 
No set questions were given to teachers in the audio-record post-lesson interview, 
and teachers were free to talk about anything they would like to say about the les-
sons observed and mathematics teaching and learning in general. The intention was 
to generate key aspects of maths teaching that teachers were most concerned with 
when reflecting upon the lesson they just delivered and talking about mathematics 
teaching and learning in general. This, together with the open-ended survey with 
teachers regarding their PD trajectories, lets the master minds speak for themselves.

In addition, teachers also completed a questionnaire asking about their back-
ground information, teacher knowledge structure (TT2G12), teaching beliefs 
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(TT2M14) and self-efficacy (TT2M15), with the latter three aspects captured by 
three of the TALIS 2013 scales (OECD, 2013). The integration of teacher ques-
tionnaire and interview data yields insights into teachers’ teaching beliefs, SMK, 
PCK and metacognition (MC). These are further connected with (1) initial find-
ings of both structured and unstructured observations of lessons and (2) relations 
between teaching and learning. Through participatory observation of the case 
study teacher and the PD events at various levels, we as researchers also gain 
ethnographic insights into ‘the culture, values, beliefs and practices’ (Cohen et al., 
2018, p. 292) of master mathematics teachers and PD in action of mathematics 
teachers in China.

3.10 � Multiple evidence, one reality: ready for the MasterMT 
journey

Ultimately, at the macro level of the project, multiple measurements at multiple 
levels join multiple perspectives through multiple layers to form the one holistic 
reality where optimal teaching and learning is expected to happen.

About mathematics teaching, we have: (1) structured observation using three 
instruments, the OTL, the ISTOF and the MQI; (2) student-perceived teach-
ing engagement collected as part of the student questionnaire; (3) teacher self-
comments on the observed lesson and maths teaching in general during the 
post-lesson interview; (4) teachers’ teaching beliefs collected with the teacher 
questionnaire; (5) teacher’s and colleagues’ comments on the lessons delivered 
during the teaching research meetings/conferences; (6) in-depth case study of a 
master teacher’s teaching over 40 school days; (7) our unstructured observation of 
the lessons as researchers.

About learning, we have: (1) affective learning outcomes as measured with the 
TIMSS 2015 items; (2) metacognitive learning outcomes as measured with the 
Jr MAI questionnaire; (3) cognitive learning outcomes in mathematics as meas-
ured with the test; (4) multicategories of learning-in-action captured by our lesson 
observations.

About the teaching-learning mechanisms, we have: (1) multilevel modelling 
of teaching effects on three types of learning outcomes; (2) multilevel structural 
equation modelling of the direct and indirect effects of teaching on learning; (3) 
teacher beliefs on what works and how teaching works on learning (interview); 
(4) the observed interaction between teaching and learning during the teaching 
research sessions and teachers’ individual and collective interpretation of teach-
ing and learning just observed; (5) our unstructured observation of interaction 
between teaching and learning.

The three major parts of the analyses were initially reported separately in accord-
ance with the convention of each specific research method and then systematically 
integrated once the preliminary findings emerged, such that we could gain insights 
into connections between and beneath the findings.
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The case study and PD data provide rich and vivid answers to the fundamen-
tal question we inevitably want to ask: what makes master teachers and masterly 
teaching? The longitudinal ethnographic study of Ms Q’s work generates insights 
into a master teacher’s everyday teaching and work, her beliefs and techniques in 
improving learning at the ‘nano-level’, her role in leading teachers’ PD and so on. 
The analyses of PD-trajectories and PD-in-action data allow us to see the develop-
ment of master mathematics teachers over time and in real time from a wide angle.

On an abstract sense, the methodology here addresses two fundamental ques-
tions in education research: What exactly is the essence of reality to be studied? 
How can the reality be studied? Our answer to the first question is that the reality 
is neither objective nor subjective – it is both in one, which in itself gives an over-
arching answer to the second question. It is only through thorough integration that 
the reality can be known with immense authenticity. Taken together, the methodol-
ogy is helpful in generating thorough and robust evidence for research, practice and 
policy-making in mathematics education, as it makes the best use of both quantita-
tive and qualitative methods and data. Having laid out the paradigmatic ground and 
methodological plans for the project, we are ready to analyse data and present our 
major findings in Chapters 4 through 9, in addition to the case study in Chapter 2.
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This quote is from a talk that James Stigler – the author of The Learning Gap (Ste-
venson & Stigler, 1992) and The Teaching Gap (Stigler & Hiebert, 1999) – once 
gave about mathematics teaching in Japan.

We share Stigler’s view when talking about mathematics teaching in China. It ech-
oes the findings of the international study on the effectiveness of mathematics teach-
ing in average urban classrooms (Miao & Reynolds, 2018) and the findings about the 
teaching practice of Chinese master mathematics teachers in the current study.

As discussed in Chapter 3, lessons are video-recorded and analysed both quanti-
tatively and qualitatively. Quantitative analyses are conducted with three observa-
tion systems: the OTL adapted from Reynolds et al. (2002), the ISTOF developed 
by Teddlie et al. (2006) and the MQI developed by Hill and Ball (2004) and col-
leagues on the Learning Mathematics for Teaching (2011) project. The analyses are 
carried out on the condition of acceptable inter-rater agreement within the project 
team (see Chapter  3). Qualitative analyses are conducted through the grounded 
theory approach. Ultimately, we hope to study the lessons to their essence by focus-
ing on both visible and invisible aspects of teaching. Integrating quantitative and 
qualitative approaches, we are able to do so.

4.1 � Masterly teaching through the three quantitative lenses

Across the 70 classes, the average duration of observed lessons is 43 (SD  = 3) 
minutes, with the class size averaged to 45 (SD = 9). As follows, we will present 
detailed results of the quantitative measurements of teaching, using the three obser-
vation systems: the OTL, the ISTOF and the MQI. The OTL measures the quantity 
of teaching in six aspects: the proportion of lesson time spent on five types of 
classroom activities and student time on task. The overall quality of teaching and 
the overall quality of mathematics teaching are measured on a scale of five with the 
ISTOF and the MQI respectively.

4.2 � The quantity of teaching measured with the OTL

The OTL measures the proportion of lesson time spent on whole-class interaction 
(OTL1), whole-class lecture (OTL2), individual/group work (OTL3), classroom 
management (OTL4) and partial class interaction (OTL5), with an extra focus on 
the average proportion of student time on task in the lesson (OTL6).

OTL1 vs. OTL2 vs. OTL5. The major part of each lesson is given to whole-
class interaction (80.7 ± 8.1%), ranging from 62.2% to 100.0%. More than half 
of the teachers (62 of 70) allocated 70% or more of lesson time for interaction with 
the whole class. Whole class lecturing was observed in only one of all the classes in 
Anhui, on one occasion lasting for 0.6% (14 sec) of the lesson time (42 min 21 sec). 
No time across all the lessons was spent on class management. Partial class inter-
action is not observed in any of the lessons, as found previously in maths lessons 
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in Nanjing (Miao & Reynolds, 2018). There is child-centred exploration into math-
ematics at the whole-class level both independently and collectively rather than at 
the individual level.

OTL3. Across the classrooms, the proportion of lesson time on independent 
seatwork ranged from null to 33.4%. In slightly over 8/10 of the lessons (57 of 
70), teachers allocated less than 20% of lesson time for children to work indepen-
dently in an immediate manner – usually within a minute. In 18 of 70 lessons, the 
coverage of groupwork added up to more than 10% of the lesson time, with the 
maximum proportion being 19.9%. In total, the three subcategories of OTL3 (stu-
dent work independently or in groups of two or four) occupied 21.3% to 37.8% of 
lesson time in 28 out of 70 classes, 10.4% to 19.9% of lesson time in 36 classes, 
and 5.7% to 9.8% of lesson time in five classes, with one Grade 2 class spending 
all time on whole-class interaction and no time on any other OTL activities. In 
32 of 70 classes, teachers organise paired groupwork with the total proportion of 
lesson time ranging from 0.7% to 16.7%. In 27 lessons, teachers organise collabo-
rative work in groups of 4, with 12 of them spending a total of 10.5% to 19.9% 
of the lesson time on it and others 1.4% to 8.7%. Six lessons consisted of both 
forms of groupwork. Although the number of classes having paired groupwork 
is more than the number of those having students working in groups of four, the 
proportion of lesson time seems to suggest that teachers who arrange groupwork 
intend to allocate more time for collaboration in groups of four rather than two. 
Whatever the form is, all OTL3 activities are clearly modelled beforehand, with 
detailed rules and goals clarified, such that time is spent efficiently and effectively 
by the children.

OTL4. Almost all of the teachers (66 of 70) do not spend any time in manag-
ing the class. In four classes, teachers use 0.3%, 0.6%, 1.0% and 5.3% of lesson 
time to manage the class respectively. The management is very brief and efficient 
in most cases.

OTL6. Across classes, students are highly engaged, with an average of 99.1% 
(SD = 1.4%) on task. All students in 36 of the 70 classes were on task throughout 
the lessons. In 33 classes, the average proportion of students on task was 95.1% to 
99.7%. In one class, the proportion was 91.3%.

With the quantity of teaching in mind, we now move on to look at the quality of 
teaching in general, measured with the ISTOF.

4.3 � The quality of teaching measured with the ISTOF

The adapted version of the ISTOF consists of six components. Following the origi-
nal ISTOF component numbering, they are Assessment and Evaluation (ISTOF1), 
Clarity of Instruction (ISTOF3), Instructional Skills (ISTOF4), Promoting Active 
Learning and Developing Metacognitive Skills (ISTOF5), Classroom Climate 
(ISTOF6), and Classroom Management (ISTOF7). In this section, we detail the 
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results of the ISTOF measurement. Teachers had a mean score higher than 4.1 in 
each of the six ISTOF dimensions.

Assessment and evaluation (ISTOF1). This dimension sees the highest rating 
of teaching and smallest standard deviation (Mean = 4.60, SD = 0.4) in compari-
son with other dimensions. In assessing children’s prior learning and readiness for 
the new content, teachers demonstrate sound questioning and feedback skills and 
arrange well-prepared tasks. This dimension is significantly related to children’s 
time on task (r = 0.34, p < 0.01), perhaps due to the close attention of the teacher to 
children’s state of knowledge and mind that’s captured by this dimension.

Clarity of instruction (ISTOF3). Another universal impression across the les-
sons is clarity (Mean = 4.39, SD = 0.59). At the macro level, there is a clear section-
ing of beginning, main part and closing parts in each lesson. At the meso level, each 
part of a lesson is clearly structured with carefully sequenced tasks and activities. 
At the micro level, the chains of questioning, response and feedback lead each 
utterance of the teacher or student(s) to the next utterance, which guides the logi-
cal flow of the class discourse towards the development of mathematical cognition 
and metacognition. A  few questions from the teacher serve to quickly diagnose 
the starting point of students’ learning journey. Teachers are good at unfolding the 
lesson title by initiating a short dialogue on a seemingly irrelevant event from the 
real world or from student prior knowledge. Scaffolding takes a variety of forms to 
mimic the necessary stepping stones for learners as vividly as possible. Teachers 
appear to have prepared key questions to catalyse desired learning processes. Since 

FIGURE 4.1  Distribution of lesson scores on the six 5-point scales of ISTOF
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the teaching is clear, children can make sense of the content, hence unlikely to drift 
off. Unsurprisingly, the clarity of instruction is significantly correlated with student 
time on task (r = 0.38, p < 0.01).

Instructional skills (ISTOF4). About 9/10 (n = 63) of the teachers reached a 
score of 4 or higher on instructional skills. Their lessons are highly interactive, pos-
ing questions and tasks arousing active response and participation from the class. 
Teaching in their classes takes various forms, so that children’s attention is con-
stantly drawn towards the flow of the mathematical content along the timeline. The 
ISTOF4 score is positively correlated to student time on task (r = 0.24, p < 0.05).

Promoting active learning and developing metacognitive skills (ISTOF5). This 
is the most challenging dimension in ISTOF measured with ten items and four indi-
cators. Almost 9/10 (n = 61) of the teachers reached a raw score of 4 or higher on a 
scale of 5 in this dimension, with nine lessons having a score of 3. This dimension 
is also a positive correlate of time on task (r = 0.27, p < 0.05).

Classroom climate (ISTOF6). Classroom climate is one of the three dimensions 
with raw scores averaged to about 4.5 and a small SD (0.5). It is universal that all 
lessons observed have a positive climate for quality teaching and learning to hap-
pen. Almost all lessons (n = 67) are rated 4 or 5 on a scale of 5 in this respect. The 
classroom climate is not correlated with time on task (r = 0.16, p = 0.18).

Classroom management (ISTOF7). This dimension is about quality of class 
management (Mean = 4.57, SD = 0.46). Teachers seem to have mastered the man-
aging skills without observable managing behaviours. Almost all (n = 68) of the 70 
lessons have reached 4 or 5 on the scale of 5, with two lessons being rated 3 in this 
dimension. Students become part of it. In quite a lot of classes, students are able 
to call upon their peers, comment on their presentations or answer the questions or 
problems they have just posed. Such student-student interaction at the whole class 
level seems to be a convention long formed in the class. Their good behaviour 
could not be just out of natural instinct but is more likely due to long-term effort 
into the collective training of such discipline and determination in keeping every-
thing relevant to mathematics and everything in order. It is thus not just the teacher 
who manages the class well. It is both the teacher and students who work towards a 
shared vision. Of course, the teacher must be the primary initiator. Unsurprisingly, 
the quality of classroom management is positively correlated with student time on 
task (r = 0.43, p < 0.01).

4.4 � The quality of mathematic teaching measured  
with the MQI

In this section, we detail the quality of mathematics teaching measured with the 
ten MQI whole-lesson items (Hill & Ball, 2004; Learning Mathematics for Teach-
ing, 2011). More specifically, we look at the lesson efficiency (MQ1), denseness of 
mathematics (MQ2), student engagement (MQ3), richness of mathematics (MQ4), 
remediation of student difficulty (MQ5), using student ideas (MQ6), clarity and 



76  Masterly mathematics teaching in everyday classrooms

accuracy of mathematics (MQ7), quality tasks and activities, CCSSM (Common 
Core State Standards: Mathematics) aligned contents (MQ9), and overall math-
ematical quality of the instruction (MQ10).

Teachers have an average raw score of 4 or higher in all MQI items except the 
MQ9 measuring the extent to which the lessons generate CCSSM practices. Over 
two-thirds of the teachers make the desired CCSSM practices happen in their les-
sons. On all MQI whole-lesson items except MQ4 and MQ9, over 4/5 of teachers 
scored 4 or 5 out of 5. On the denseness of mathematics (MQ2), 58 teachers got 
a full score and nine got a 4, which places all 67 teachers at 4 or 5 on a scale of 5.

Lesson efficiency (MQ1). A  common feature across the classrooms is lesson 
time being used properly and efficiently (MQ1). The 70 lessons have a mean score 
of 4.66 (SD = 0.61). In 48 lessons, the time efficiency is rated the highest (i.e., 5); 
65 of the lessons got a score of 4 or 5 in this regard, with only five lessons being 
rated as 3.

Denseness of mathematics (MQ2). All classes delve themselves deep into math-
ematics. Because of the rather high mathematical density, the 70 lessons have a 
mean score of 4.87 (SD = 0.34) on MQ2. This is the only item that saw all teachers 
get a score of 4 or 5. Of the 70 lessons, 58 got a score of 5, with nine being rated as 4. 
Across classrooms, students and teachers are deeply immersed in the subject. No 
time is wasted on transitions between activities or issues irrelevant to mathematics. 
Teachers are conscious of the flow of content in the class and in children’s cognition.

Engagement of students (MQ3). The extent to which students are engaged in 
the lesson is consistent with the OTL6 measure, time on task. Over half of the 70 
classes have a full score on engagement of students, with no off-task phenomena 
observed. In fact, engagement tends to be well maintained in the majority of les-
sons even in average classrooms in urban China (Miao  & Reynolds, 2018). In 
almost 9/10 of the lessons, engagement is rated as 4 or 5. The average score is 4.43 
(SD = 0.73) for the 70 lessons.

Richness of mathematics (MQ4). In 7/10 of the classes, there is a consistent 
existence of rich mathematics (Mean = 4.04, SD = 0.87). The MQ4 sees 26 les-
sons being rated as 5 and 23 as 4. Across the lessons, there is a strong emphasis 
of building connections between mathematical concepts, between representations, 
between multiple solutions, between mathematics and life. Students actively join 
the mathematical discourse to explain their ideas and comment on other students’ 
ideas. Teachers gently nudge the learning minds to think about the how and why 
questions and make sense of the seemingly solid facts/solutions. Students’ reason-
ing is articulated with rigid mathematical language.

Getting to the bottom of learning difficulty (MQ5). In over 8/10 (n  = 57) of 
the 70 classes, teachers have scored 4 or 5 for addressing learner difficulty; in 13 
classes, the teaching is rated as 3. The mean score of MQ5 is 4.14 (SD = 0.71) for 
the 70 lessons. It is clear that the centre of each teacher’s attention is on the status 
and development of knowledge in children’s mind. They all care greatly about what 
can promote or hinder learning. Given the fact that a big chunk of lesson time is  
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given to whole-class interaction, teachers tend to address learner difficulty during 
this type of lesson time and had often already made quite accurate predictions of 
typical obstacles. Hence, at a deeper level, you could find, similar to managing the 
class without apparent managing behaviours, quite often, teachers address learning 
difficulties in an appropriate manner without explicitly pointing them out. Teach-
ers tend to naturally weave the elements of major teaching purposes into various 
interaction and activities. The more apparent way of addressing difficulty is to pre-
sent certain misconceptions embedded in children’s work/ideas to the whole class 
and resolve them through peer reviews and collective summaries. Commonly seen 
forms of doing so include: (1) typical work samples presented through overhead 
projector, and (2) having student work/solution written on the blackboard.

FIGURE 4.2  Distribution of teachers scoring on the 5-point whole-lesson scale of MQI
Note: MQ1 to MQ10 refer to the MQI whole-lesson items 1 to 10; MQ.M = mean score of the MQI 
whole-lesson measure. MQ1 = time efficiency. MQ2 = denseness. MQ3 = engagement. MQ4 = rich-
ness. MQ5 = addressing learner difficulty. MQ6 = using student ideas. MQ7 = clarity and accuracy. 
MQ8 = quality tasks and activities. MQ9 = CCSSM aligned contents. MQ10 = overall mathematical 
quality of the instruction.
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Using student ideas (MQ6). In 69 of 70 classes, teaching and learning involves 
a great deal of student response and their work as teaching and learning materials, 
which gives them a score of 4 or 5 on the MQ6. On the MQ6, the 70 lessons have a 
mean score of 4.63 (SD = 0.52). Teaching in 42 of these classes is rated as 5, with 
24 classes being rated as 4. In fact, the contribution of students to the class dis-
course plays a central role in the development of key knowledge and skills amongst 
themselves. Using student ideas is also a way of getting students engaged with the 
content, echoing the significant strong correlation between the ratings of this item 
and MQ3 on engagement (r  = 0.70, p < 0.01). Frequently inviting contribution 
from the students also extends the scope of collective thinking and enriches the 
lesson substantially, hence a strong correlation between the ratings of using student 
ideas and lesson richness (r = 0.58, p < 0.01).

Clarity and accuracy of mathematics (MQ7). In more than 9/10 (n = 65) of the 
70 lessons, the mathematics is clear and accurate, demonstrating teachers’ deep 
understanding of both mathematics and students. The 70 lessons average 4.49 
(SD = 0.63) on the MQ7. In addition to clarity, the item also emphasises the cor-
rectness of the content delivered.

Quality tasks and activities (MQ8). Similarly, in more than 9/10 (64/70) of the 
lessons, well-tailored tasks and smoothly organised activities lead to thorough devel-
opment of mathematics amongst the students. On the MQ8, 64 lessons score 4 or 5, 
and six score 3. The average score of MQ8 is 4.43 (SD = 0.65) across the 70 lessons.

Common core aligned content (MQ9). About two-thirds of the classes are fea-
tured with those practices demanded by the CCSSM. With a mean score of 3.84 
(SD = 0.77) for 70 lessons, this is the item that appears to be least realised amongst 
teachers, perhaps because various types of practices are expected by the CCSSM. 
All teachers do better or brilliantly on one or some of the CCSSM practices but 15 
of the 70 teachers perform the best on all eight practices, with a full score of 5; 30 
teachers do relatively well, with a score of 4. In all classrooms, students are called 
upon to explain their thinking or solutions about the mathematical content under 
class discussion, to comment on their peers’ work or ideas. Students have the oppor-
tunity to reason mathematically in the whole class or with their peers in groups, 
with the teachers taking the position of asking questions. In some of the classes, 
children are encouraged to pose problems or questions for their peers to tackle or 
respond to. In most classrooms, students have the opportunity to communicate with 
their peers in groups or in the whole class about the subject matter. In most class-
rooms, the tasks given expect students to give solution procedures with a thorough 
understanding of the underlying concepts. In almost all classrooms, the content is 
set in contexts; those few not contextualised are due to the nature of the mathemati-
cal content being abstract in itself, as it would be in mathematics. Many lessons 
follow the loop of contextualised problems – abstracting the mathematics behind 
the problem – applying the mathematics learnt to problems set in the real world. 
Most classes have a strong feature of sense making in mathematical tasks amongst 
students. The flow of class discourse is moving forward as the whole class strive to  
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tackle the problems at hand. The determination is that, with flexible and thorough 
thinking, the solution must be found.

Overall MQI (MQ10). More than 9/10 (n = 64) of the 70 lessons are rated as 4 
or 5 in their overall quality of mathematics in teaching. On the MQ10, all lessons 
average 4.57 (SD = 0.65). Teachers demonstrate not only a profound understanding 
of both mathematics and students but also a strong competence to build connec-
tions between the two. Mathematical knowledge and skills are developed steadily, 
with rich materials, diverse activities, deep thinking and reasoning, and persistent 
arguments spreading optimally across the lesson time.

In terms of teaching quality, not all teachers scored the highest in all dimen-
sions of ISTOF and MQI, but some of them did demonstrate top effectiveness 
and quality of maths teaching in all aspects. Amongst the master mathematics 
teachers, though there is still variation of lesson time allocations, the MasterMT 
study replicated the positive correlation found previously between the quality of 
teaching and student time on task (Miao & Reynolds, 2015, 2018; Muijs & Reyn-
olds, 2000). Classes with a higher percentage of time on task tend to score higher 
on the MQI (r = 0.34, p < 0.01) and four of the six ISTOF dimensions: (ISTOF1) 
assessment and evaluation (r = 0.34, p < 0.05), (ISTOF3) clarity of instruction 
(r = 0.38, p < 0.01), (ISTOF5) promoting active learning and metacognitive skills 
(r = 0.27, p <0.05) and (ISTOF7) class management quality (r = 0.43, p < 0.01). 
High quality of teaching keeps children engaged in the thinking and learning of 
the content. The MasterMT has further proved the positive correlation between 
time on task and the quality of either subject-general or subject-specific aspects of 
teaching. It is natural to see that classroom climate is found to be positively cor-
related with the mathematical quality of instruction (r = 0.85, p < 0.01). In classes 
with a better climate, students are more engaged with the mathematical content 
(r = 0.77, p < 0.01). A high quality of class management leads to a high level of 
engagement with the mathematical content (r = 0.76, p < 0.01), in addition to the 
high proportion of children time on task (r = 0.43, p < 0.01). A class scored higher 
in management tends to score higher on clarity (r = 0.801, p < 0.01) and instruc-
tional skills (r = 0.803, p < 0.01) as well. In a lesson like this, the teacher is more 
likely to promote active learning and attend to students’ metacognitive develop-
ment (r = 0.78, p < 0.01).

Next, we will explore the latent structure of these two teaching-quality meas-
ures, checking the appropriateness of using them as the measurement parts of the 
structural equation models hypothesised in Chapter 7.

4.5 � The ISTOF and the MQI as latent teaching variables

The latent constructs are tested using the CFA. As aforementioned, due to timing 
issues, three of the 70 classes did not do the maths survey. Considering the SEM 
analyses would need learning outcomes data collected with the survey, we only use 
67 teachers’ teaching data for the CFA and SEM analyses.
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It is natural to think all ISTOF components and the MQI are each, of them-
selves, a latent variable (HISTOF1, HISTOF3, HISTOF4, HISTOF5, HISTOF6, HISTOF7 and HMQI). 
It is also possible that ISTOF may converge into a second-order latent variable with 
items/indictors explaining components and components explaining the overarch-
ing ISTOF concept (HISTOF). Our impression with the ratings is that all classrooms 
are similar in terms of assessment (ISTOF1), climate (ISTOF6) and discipline 
(ISTOF7), maths density (MQI2), student engagement (MQI3), maths clarity 
(MQI7), and CCSSM alignment (MQI9), with most classes scoring quite high on 
all of these except MQI9 where more variation is observed than other MQI predic-
tors. For this reason, we propose that confirmatory factor analyses may accept the 
ISTOF and MQI each as a first- or second-order latent variable which consist of 
items/components apart from those mentioned above, rather than all that were used 
in the study.

Furthermore, in Table  4.1, with Cohen’s r ranging from 0.63 to 0.90, strong 
pairwise correlations are observed between the MQI and six ISTOF components. 
This begs the question as to whether both observation systems are affiliated to one 
higher-order latent variable that reflects teaching quality on both subject-general 
and subject-specific indicators (HIFMQ).

We test these hypotheses through a series of confirmatory factor analyses, first 
with the ISTOF1, ISTOF3, ISTOF4, ISTOF5, ISTOF6, ISTOF7 and the MQI each 
as a first-order latent variable (Table 4.2) and then with the ISTOF (i.e., HISTOF) 
and the two systems combined (i.e., HIFMQ) each as a second-order latent variable 
(Table 4.3).

TABLE 4.1  Zero-order correlations between three observation systems

M SD MQI IF1 IF3 IF4 IF5 IF6 IF7 OTL1 OTL3

MQI 4.42 0.51 1
IF1 4.60 0.40 0.78 1
IF3 4.40 0.59 0.90 0.81 1
IF4 4.21 0.70 0.87 0.71 0.85 1
IF5 4.18 0.57 0.82 0.63 0.81 0.79 1
IF6 4.53 0.50 0.85 0.78 0.84 0.83 0.72 1
IF7 4.59 0.46 0.83 0.70 0.81 0.79 0.77 0.79 1
OTL1 0.81 0.08 0.10 0.09 0.03 0.10 ˗0.05 0.08 0.02 1
OTL3 0.19 0.08 ˗0.08 ˗0.08 ˗0.02 ˗0.10 0.06 ˗0.07 ˗0.01 ˗0.10 1
OTL6 0.99 0.01 0.34 0.34 0.38 0.22 0.27 0.16 0.43 0.01 0.01

Note: Coefficients in bold or bold and italics are significant at the level of 0.01 or 0.05 (two-tailed) 
respectively. IF1 (ISTOF1)  =  Assessment; IF3 (ISTOF3)  =  Teaching Clarity; IF4 (ISTOF4)  =  In-
structive Skills; IF5 (ISTOF5)  =  Promoting Active Learning and Metacognitive Development; IF6 
(ISTOF6) = Classroom Climate; IF7 (ISTOF7) = Class Management; OTL1 = Whole-class Interaction; 
OTL3 = Student Independent or Group Work; OTL6 = Student Time on Task. MQI and ISTOF scales 
are of five points; OTL measures are percentages ranging from 0 to 1 (i.e., 0% to 100%).
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TABLE 4.2  Fit indices for the CFA models of ISTOF components and the MQI

LV 
model

N χ2 df χ2/df p CFI TLI RMSEA SRMR

MQI6i 67 10.89 9 1.21 0.284 0.992 0.986 0.056 0.044
IF1 67 1.04 2 0.52 0.595 1.000 1.061 0.000 0.027
IF3 67 12.35 9 1.37 0.194 0.987 0.979 0.075 0.036
IF4 67 7.76 5 1.55 0.170 0.989 0.978 0.023 0.023
IF5 67 1.56 2 0.78 0.459 1.000 1.012 0.000 0.022
IF6 67 0 0 NA NA 1.000 1.000 0.000 0.000
IF7 67 0 0 NA NA 1.000 1.000 0.000 0.000

Note. LV = latent variables. CFI = comparative fit index. TLI = Tucker-Lewis index. RMSEA = root 
mean square of approximation. SRMR = standardised root mean square residual. MQI6i = the 6-item 
model consisting of whole-lesson items 1, 4, 5, 6, 8, and 10.

TABLE 4.3  Fit indices for ISTOF (2nd order) and MQI whole-lesson codes

Model χ2 df p χ2/df CFI TLI RMSEA SRMR AIC BIC

MT1 443.919 269 0.000 1.650 0.882 0.868 0.099 0.060 1934.939 2058.401
MT2 327.361 204 0.000 1.605 0.900 0.887 0.095 0.060 1819.038 1927.068
MT3 204.352 148 0.001 1.381 0.942 0.934 0.075 0.058 1613.893 1706.490
MT4 10.885 9 0.284 1.209 0.992 0.986 0.056 0.044 597.634 624.091
MT5 444.95 270 0.000 1.648 0.878 0.864 0.098 0.065 2103.027 2224.285
MT6 760.85 427 0.000 1.782 0.831 0.816 0.108 0.065 2418.652 2570.776

Note: MT1  =  2nd-order CFA on IF134567. MT2  =  2nd-order CFA_IF13456. MT3  =  2nd-order 
CFA_IF1345. MT4  =  CFA_MQ-1456810. MT5  =  2nd-order CFA_IF1345MQ. MT6  =  2nd-order 
CFA_IF134567MQ.

ISTOF6 and ISTOF7 converged into saturated models, each indicating a perfect 
model fit (Table 4.2). Based on both our impression of the observation and the CFA 
results of ISTOF6 and ISTOF7, we proceeded to run the proposed second-order 
CFA for ISTOF, including and excluding the two components for model selection.

As we anticipated, the MQI has a better fit with six of the ten items (#1, 4, 5, 6, 
8 and 10). The CFA results suggest a good model fit (Table 4.2 and Figure 4.3) of 
the six-item MQI construct.

The CFA models on various combinations of the constructs show a good fit for 
each of the two proposed combinations of ISTOF and MQI models to the data. The 
first is the second-order CFA model on ISTOF with four components – ISTOF1, 
ISTOF3, ISTOF4 and ISTOF5. The second is the first-order CFA model of the 
MQI consisting of six items (#1, 4, 5, 6, 8, and 10). The four items that were 
excluded from the latent variable construct were, as discussed in the descriptive 
statistics section, quite similar across classrooms, which might be the reason for 
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not contributing to the latent construct well. However, we chose to parcel all ten 
MQI items and use the mean as a MQI score of each teacher in the multilevel 
models, given the good internal consistency and inter-rater agreement of the rat-
ings on the ten MQI whole-lesson items (see Chapter 3); the CFA model is used in 
the MSEM analyses of teaching and learning in the book and beyond. For a similar 
reason, we use the ISTOF measure the same way – a mean score for the multilevel 
models and the CFA model(s) for the MSEM analyses.

4.6 � Masterly teaching through the qualitative lens

Key features of masterly teaching emerge in in-depth observations and interpreta-
tions of all lessons. These key features include, but are not limited to: (1) modelling 
the way for a shared discourse; (2) multiple representations for one mathematical 
fact; (3) not moving on until the class have reasoned in-depth the very essence of 
the task/topic; (4) variation as scaffolds for fundamental understanding, (5) les-
sons built on a variety of student contribution in an optimal sequence; (6) constant 
abstracting and generalising; (7) key structure of mathematics as the core of each 
lesson; (8) teacher gradually unfolding the essence of knowledge on the board; (9) 
eight other major features. As follows, we will first give a rich description of the 

FIGURE 4.3  A CFA model of the MQI with six items
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former eight features with rich lesson examples and then discuss the latter eight 
features in-depth with no lesson examples.

4.7 � Model the way for a shared discourse

Master teachers all clarify groupwork criteria or steps before students delve into the 
groupwork that might otherwise be less productive without clear goals and steps. 
It is with goals and standards clearly defined before independent/group work that 
fruitful outcomes can arise in the work of students and conceptual understanding 

FIGURE 4.4  The second-order CFA model of ISTOF
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can be built subsequently. Clear goals and standards are observable in all class-
rooms. In many cases, necessary thinking ‘tools’ are offered so that students can 
use these to express their thinking without having to invent one themselves.

The topic in Ms S214’s class is to solve real-world problems that can be modelled 
with geometric progression where the common ratio is 2. The lesson starts with 
the word problem shown on the screen about a teacher trying to get in touch and 
inform 15 choir members of an urgent show to take place. Before the class tap into 
the problem on their own, there is intensive class-wide brainstorming facilitated by 
the teacher on the key information and expectation of the problem and on the key 
strategies for solving it. After that, the teacher gives the class a final speedy formu-
lation about the way in which they could represent their methods before they work 
independently on the task. She suggests the class use rectangles to represent the 
teacher in the problem and circles to represent the choir members, and label each 
line segment that connects a caller with a recipient with a number to represent the 
corresponding minute into the phone call. Having thoroughly analysed the problem 
within the entire class, students are now equipped with clear representing tools, 
ready for attempting the problem on their own. Such representing methods work 
as a unified language for the class to describe solutions for the same problem. It 
channels students’ thinking towards the mathematical patterns behind the problem 
and its solution. Without it, more time might be lost with everybody struggling to 
anchor their thinking on a clear representation that must, initially, be sensible to 
themselves and, later, to their peers in the class.

Similarly, in Ms T416’s lesson on revision of areas of 2D shapes, before group 
work on revision notes, the teacher asks the class to structure their discussion with 
peers and cover three aspects: (1) the name of the shape they have drawn; (2) its 
area formula; (3) how the formula is deducted.

In many of the classrooms, there are shared conventions for student-to-student 
interactions at the class level, in addition to the widely existing peer interactions 
during groupwork. Students seem to have gotten used to inviting peers to answer 
their questions or comment on their solutions during whole-class time, without 
having the teacher step in or wasting any lesson time on transitioning. These con-
ventions have been long established and are now part of the class culture.

In Mr B303’s lesson on problem solving, different students are invited to share 
with the class their solutions to two subtasks on finding best strategies for buying 
sportswear from a shop according to the specific requirements of the tasks. The 
second student, John, has written at the beginning of his solution a short paragraph 
in analysing the key information given in the task. This is applauded by the class, 
where applauding seems to be a class convention whenever they find their peers 
have done something great. After the applause, the teacher asks the class, ‘What 
did you find in John’s work?’ This question leads to some of the students pointing 
out that John has given the task a clear analysis before solving it. The discourse 
convention we observed appears to be quite detailed, long-established and well 
carried out in the class.
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4.8 � Multiple representations, one mathematical fact

Another typical feature of masterly teaching is the promotion of multiple represen-
tations within the class to cultivate deeper understanding of the underlying math-
ematics. These representations almost all come from the students whose thinking is 
motivated by chains of questions constantly posed by their teachers.

In Ms L304’s class, the teacher started with a series of questions, responses and feed-
back about the rules of addition and subtraction of whole numbers. The conversation 
smoothly moves to the rules of fraction addition and subtraction. Then, the discourse 
naturally moves on to the addition of fractions with unlike denominators. Then she  

posed the task 1

2

1

4
+ , asking the class to guess the answer. The remainder of the les-

son proved that this task played a pivotal role in making learning happen and develop 
ing cognition and knowledge in the learning brains. This is the core task around which 
the fundamental knowledge of this entire lesson was embedded. This task has the 
mission to transport the learner to the desired destination of knowledge. Upon initial 
guesses in the class, two answers emerge, two-sixths and three-quarters. Two-sixths 
was simplified as one-third, and later highlighted by a student who argued that one-
third is smaller than a half and could not be the sum of a half and a quarter which is 
supposed to be something greater than a half. This left with the class one mission to 
do – to explore and find out the answer and see if it’s the hypothesised three-quarters.

After independent work, four students volunteered to write their solution pro-
cesses on the board. As a result, five methods (Figure 4.5) were generated: two 

FIGURE 4.5 � Multiple representations of fraction addition created by students in 
Ms L304’s class
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area models (#1 and #2); two arithmetic methods (#3 and #5) involving division 
and multiplication, and one method utilising the learnt method, reduction of frac-
tions (#4). With the additional line segment method generated by a student (#6), 
the class have created, shared and discussed explicitly six methods for solving this 
one central task, 1/2 +1/4. These are impossible without the teacher’s facilitation 
through intensive questioning before independent and group work.

4.9 � Not moving on until the class have reasoned in-depth the 
very essence of the task/topic

A master teacher’s class is always geared towards a thorough exploration of the 
mathematical laws and systems embedded underneath either real-world or mathe-
matical phenomena. Such an exploration demands both independent and collabora-
tive efforts. Collaboration happens not just at the group level but most importantly 
and largely at the class level. It is a whole-class exploration into the mathematical 
world.

At the heart of each lesson on new knowledge is one to two tasks, which 
feature(s) in almost all lessons. This feature reaches greater depth in master lessons. 
The purpose is for the entire class to learn the essential mathematics embedded in 
the problem. By reasoning about and solving this particular problem in greater 
depth, they are able to make generalisations and hence solve an entire category of 
problems.

For Ms S217’s lesson titled Making Phone Calls, the underlying mathematics is 
geometric progression. In the textbook, Mathematics 5B (PEP, 2014, pp. 102–103), 
the task is set in a more general context of a school setting, whereas Ms S217 gives it 
a little ‘twist’ by setting it in the context of her own school. More specifically, it is 
about Grade 5 in the school which is exactly her students’ year group (Figure 4.6). 
The lesson starts directly with the teacher presenting the word problem to the class. 
Then, the question-drive interaction takes place at the class level, with the teacher 
inviting the class to talk about the key information, the givens and the unknowns 
of the problem.

During the whole-class discussion of the key information in the problem, the 
teacher builds on student responses and points out the mathematical method of 
Transforming Complex Tasks into Simple Ones (化繁为简) that is widely accepted 
and practised in the Chinese classroom. She then sticks this four-character Chinese 
phrase on the right side of the chalkboard where teachers tend to put the key notes 
of a lesson. Turning back from the board, she suggests: ‘So, what about we start 
with a smaller number, 7?’ Then, the first task is split into two subtasks: the teacher 
informing seven students (task 1a); the teacher informing 432 students (1b). Task 
1a lasts 29 minutes 5 seconds in which (1) the class explore the problem on their 
own first (4 minutes 22 seconds); (2) with the teacher posing questions, the whole 
class synthesise their solutions by sequentially looking at three students’ plans that 
spend 5, 4, and 3 minutes respectively informing seven students (Figure 4.7); (3) 
the class work in groups to represent the best solution they agree upon in the last 
step and discuss this with their group members; (4) in the whole class, a volunteer 
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The textbook’s version (PEP, 5B) Translation

一个合唱队共有15人, 暑假期间
有一个紧急演出, 老师需要尽快
通知到每个队员,如果用打电话
的方式, 每分钟通知1人, 请帮助
老师设计一个打电话的方案。

There are 15 members in a choir. During the 
summer break, an unexpected performance is 
needed. Teacher has to inform every member as 
soon as possible. If one person can be reached 
per minute by a phone call, could you help the 
teacher design a plan for the phone call?

Ms S217’s version (task 1 or 1b) Translation
我校五年级有432名学生,暑假 
期间,学校临时决定要组织五年
级学生参加一项社会实践活动,
苏老师需要尽快通知到每个队
员。如果用打电话的方式, 每
分钟通知1人, 至少需要多少分
钟呢？

There are 432 students in Grade 5. During the 
summer break, our school is going to organise 
a community immersion activity for the fifth 
graders. Ms Su needs to inform everyone as 
soon as possible. If one person can be reached 
per minute by a phone call, at least how many 
minutes are needed?

FIGURE 4.6  Ms S217’s version of the problem on geometric progression

a b c

Student work samples redrawn by the first author of the book

FIGURE 4.7  Optimisation of problem solution built on student work in Ms S217’s class

comes to the board upon invitation to represent the three-minute solution in a dia-
gram step by step, whilst the teacher records the information in a table to the right 
of the diagram; (5) seeing the pattern gradually emerge, the class call out the total 
number of people receiving the notification, after which the teacher poses the cru-
cial question, ‘What if one more minute is given to the phone call?’ This results in 
the teacher jotting down one more entry of information into the table (Figure 4.8a).

After this, task 1b is brought back. This part starts when the teacher quickly 
asks, ‘As you all understand [the number of students we could inform in] four 
minutes, are you now able to solve this problem about informing 432 students in 
our year group?’

‘Yes!’ The class respond confidently and then go into independent work on the 
task.

Back to whole-class interaction, the teacher shows a student’s work on the 
screen (Figure 4.8b) and asks the class about the pattern behind it. With the under-
standing built on task 1a over almost 30 minutes, the entire process of task 1b 
takes just 3 minutes 20 seconds, from the point when it is re-initiated to the point 
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a b c

FIGURE 4.8 � Pattern generalisation in Ms  S217’s class: from arithmetic to algebraic 
expression

when a whole class discussion about the solution is carried out. At the class level, 
the teacher guides the discussion towards completing the table on the right-hand 
side of the chalkboard by adding one more column to the right. This represents the 
mathematical model behind the problem and optimal solution (Figure 4.8c): the 
maximum number of people (teacher and students) having heard about the notifi-
cation after n minutes into the phone call is 2n, with (2n – 1) being the maximum 
number of students having received the notification.

With the pattern generalisation and mathematisation of the real-world problem, 
students are now ready to model any given task of this type. Ms S217 seeks the 
opportunity to pose the second task: ‘If the similar rule applies, what is the minimal 
number of minutes that is needed to inform the entire human beings (7.4 billion) on 
the planet of a message by phone?’ This task is not to be completed by the class but 
acts as the extension of such a powerful pattern to real-world examples with a mega 
number. As the teacher gradually shows a specific number of minutes and the cor-
responding number of people receiving the notification, the class are astonished to 
see that as time shifts from 32 to 33 minutes, the number of recipients jumps from 
4,294,967,296 to 8,589,934,592. Within 33 minutes, more than the current human 
population can be informed in the same way as task one defines.

The whole-class interaction on this task leads to the introduction of the formal 
name for the mathematics behind the problem, geometric progression, a specific cat-
egory of compound interest. A quote from Einstein is shown on the next slide, regard-
ing compound interest as the world’s eighth wonder. After the quote, the teacher 
invites the class to give examples of geometric progression from the real world. 
A student gives the example about the chess inventor in ancient India who asks for 
the King to award him with the total of wheat placed in each of the 64 squares on 
the chessboard where the same growth pattern applies, from one square to the next. 
Then the teacher shows examples on the screen: the growth of duckweeds, the split 
of cells, the folding process of ramon and growth rates on the market.
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4.10  Variation as scaffolds for fundamental understanding

Teaching with variation as a feature of Chinese mathematics teaching is widely 
accepted in practice and well documented in the research literature (Gu et al., 2004; 
Huang & Li, 2017).

Using three magnets on the board, Mr Z301 manages to develop amongst students 
a deeper understanding of the definition of triangles (segment 1) and a conceptual 
understanding of the height of a triangle (segment 2: Figure 4.9).

FIGURE 4.9  Developing the concept of the height of a triangle through variation in 
Mr Z301’s class

a b

c d
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We will have a closer look at segment 1 and then make a brief summary on 
segment 2. As the students come up with a unified definition of triangles, it is time 
to consolidate their understanding about it. Instead of emphasising the concept 
directly, the teacher processes this emphasis naturally over the course of attempting 
to represent a triangle with three magnet buttons on the board.

He asks the students to ignore the size of the magnets and imagine the three 
magnets as three points. Checking with the students that they can imagine the 
magnets as points by geometric standards, the teacher places two of the magnets 
(aligned horizontally) on the board and says, ‘I am now placing the two magnets 
here as two vertices of a triangle. Where should this third one be placed so that they 
can be connected into a triangle?’

The majority of the class raise their hands, indicating they know how to do it and 
want to be invited to demonstrate it on the board. The teacher picks a boy who keeps 
his hands down and smiles. ‘I know you must have ideas, though you haven’t put up 
your hand.’ The boy goes to the board and places the third magnet about a handspan 
above the magnet that is already placed on the bottom right by the teacher.

Mr Z301: Is that okay?
Class: [clapping hands voluntarily] Yes.
Mr Z301: [indicating the boy to go back to seat whilst speaking to the class]
 Imagine it in your head. When it (that is, the third magnet) is placed 

here, what does the triangle look like)
Class: [some attempting to describe it whilst moving their fingers in the air to 

draw the shape]
Mr Z301: [further encouraging all to describe the shape]
 Come on. Let’s draw it by hands.

Then the teacher draws the triangle by hand following the class’s instruction.

Mr Z301: Have you pictured it in your head?
Class: Yes.
Mr Z301: Let me move it one more time.
 [moving the third magnet downwards to make the triangle like a pyra-

mid being turned upside down]
 Is that acceptable?
Class: Yes.
Mr Z301: Come on. Draw the triangle in gesture and show me where it is.
Class: [each raising their hands and drawing the triangle in the air]
Mr Z301: [looking at the class thoughtfully]
 Okay, I’d like to ask you guys a question. If I give you three points, can 

you always connect them into a triangle?
Class: [randomly answering; some raising hands wanting to share ideas]
 No . . . . That’s not true . . . .
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Mr Z301:	 Why on earth is it not true?
Class:	 [some saying out loud]
	 If you put them on a line, . . .
Mr Z301:	 [pretending not having a clue] Ah? Anne, come on. Show us your idea.
Anne:	 [standing up and going to the board]
	 If you put the three points on a line, . . . .
	 [quickly moving the third magnet upwards and in between the other 

two magnets; turning to the class and continuing her explanation]
	 they will connect into a line.
Class:	 Right.
Mr Z301:	 Hang on a minute. What did she say? Placing the three points on the 

same line, right?
Class	 Yeah.
Ms Z301:	 Placing them on the same line means that they cannot form a triangle, 

right?

With the class openly restating the condition ‘three points must not stay on the 
same line’, the teacher further introduces them to a formal term, collinear: ‘In other 
words, the three points cannot be collinear.’

When the third vertex of a triangle is moved around, different triangles with the 
same base occur, but they are all triangles. However, when the third vertex falls in 
between the two vertices, they are on the same line, which means they are no longer 
vertices of a triangle. This way, the definition of a triangle is further consolidated at 
smaller details through variation.

In segment 2, also with the magnets, the height of a triangle emerges. As shown 
in Figure 4.9, by moving the third vertex higher from the former position, Mr Z301 
asks the class what is the difference between the two triangles. The class naturally 
say it out loud that the latter is higher than the former – the height of a triangle as 
a concept is born!

In the above two segments of Mr Z301’s lesson, the change of the third magnet’s 
location serves two purposes: (1) deepening students’ understanding of the defini-
tion of a triangle and (2) making the height of a triangle intuitive to the class before 
it is introduced (or in fact, this has become an introduction).

4.11 � Lessons built on a variety of student contribution in an 
optimal sequence

Across classrooms, students’ contributions play an important role in making the 
lesson tick. Without their contribution, teaching and learning is impossible. There 
is a wide range of contribution from students, including their work presented in 
various forms (correct or wrong) and the problems/tasks that they pose. The timing 
of their contribution is covertly and seamlessly arranged in optimal sequence by 
the teacher who has organised this behind the scenes with great care.
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Rather than a burden to the teaching and learning momentum, student contri-
bution is a powerful, if not sole, catalyser for learning. It is not contribution for 
contribution’s sake. Learner response and learning results that constantly emerge 
in the lesson are instantaneously turned into teaching and learning resources, often 
through the constant use of ‘peer reviewing’ in the class regarding student answers 
and work samples.

As we continue to play back Mr Z301’s lesson, one event soon arises, pro-
viding an example for student work as teaching and learning resources. After 
a conceptual understanding about the height of a triangle is established in the 
class, the teacher encourages everyone to go on and draw the height of a given 
triangle in the worksheet. Like many other classrooms, Mr Z301 takes the seat-
work time to quickly ‘cruise’ the class and get a sense of the general trend 
amongst the students. He notices two typical answers: (1) drawing one height 
of the triangle; (2) drawing all three heights of the triangle (Figure  4.10). 
With both student presentation and class interaction driven by the teacher’s 
questioning, the fact that a triangle has three heights is easily understood by 
everyone.

In many classes, creativity is nurtured through problem posing. We take 
Mr B303’s lesson on Problem Solving Strategies for third graders as an example. 
The lesson is spread around six tasks, with the first two provided by the teacher 
and the other four posed by the students (Figure 4.11). Judging by the worksheet, 
you can only see three tasks, as the last task reads: ‘the problem that I pose and 
my solution’. The last 23% of lesson time features four problems posed by four 
students, turning the seemingly ‘last/third task’ into four tasks. In the first 77% 
of the lesson time (Figure 4.11a), the class plan together and discuss their solu-
tions for tasks 1 and 2 (Figure 4.11b), first with their desk-mates and then the 
whole class, using a quarter of the lesson time to look back at their problem-
solving experiences and summarising lessons learnt and strategies accumulated. 
This gets them ready for posing thoughtful problems in the remaining 23% of 
the lesson time.

a b

FIGURE 4.10 � Triangle’s height(s) presented and explained by Mr Z301’s two students to 
the whole class via a document camera next to the board
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a. Lesson structure

Note. The sections filled with dotted patterns are whole-class interactive activities.

b. Worksheet consisting of two given tasks and one problem-posing task

Xiaoming and dad take 300 Yuan with them 
and go shopping at the sports store.

Pictures: sportswear prices in Chinese Yuan.
[Task 1]
To buy a tracksuit and a pair of shoes, what 

is the largest change that they can get in 
return?

My analysis and solution:
My reminder:
[Task 2]
To pay for two hats with a 100-Yuan note, 

what is the smallest change they can get 
in return?

My analysis and solution:
My reminder:
[Original Task 3]
The problem I designed and its solution:

c. Tasks posed by students under common given condition:

Xiaoming and dad take 300 Yuan with them and go shopping at the sports store.
[Task 3]
Taking 300 Yuan to purchase a tracksuit, a 

pair of shoes and a hat, what is the largest 
amount of money that they can spend?

130 < 148 85 < 108 16 < 24
[Task 4]
Xiaoming purchased a hat, a tracksuit and a 

pair of shoes, what would be the biggest 
change he could get in return?

[Task 5]
To purchase a tracksuit, a pair of shoes 

and a hat, how many kinds of shopping 
[combination] can they make?

[Task 6]
Everything in the store is 50% off. To 

purchase an entire set of sportswear 
(including a tracksuit, a pair of shoes and a 
hat), what would be the smallest possible 
change that they can get in return?

FIGURE 4.11 Tasks posed by the teacher and tasks posed by students in Mr B303’s class
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During the 77% of the lesson time on tasks 1 and 2, the whole class constantly 
reflect on the strategies for solving the given problems that are set under the same 
given conditions. The core strategies that the class come up with include:

• looking at the questions whilst thinking about given information;
• looking at the given information whilst thinking about the questions;
• to get the largest amount of change back means to buy the cheapest sportswear;
• to get the smallest change back means to buy the most expensive sportswear.

After a thorough reflection on the lessons learnt over two tasks provided by 
the teacher, the class go on to discuss in pairs the tasks that they have posed using 
the same given information. This is followed by the whole class solving four 
of the tasks that they posed. With the problem-solving and analysing strategies 
they obtained on tasks 1 and 2, the class are able to design meaningful problems 
that demand careful analyses, solutions and explanations. They are ready to make 
their thinking clear to peers in groups and then to the whole class.

In many of the revision lessons, students are invited to pose mathematical prob-
lems for the class. The sources of creation include solid understanding of the fun-
damental knowledge, previous mistakes they and their peers have made as well as 
their life experiences.

In Ms T416’s class, students have completed the worksheet that their teacher 
gave them as homework. Today’s revision lesson will be based on the worksheet. 
The task is to create a shape such that two perpendicular line segments, 4 cm and 
2 cm long respectively, are part of the shape and that the shape’s area can be calcu-
lated according to the two segments’ lengths. The task expects the students to draw 
the shape and show the solution process for calculating its area. This is in fact a 
problem-posing task. Every student completing it may pose a unique version of the 
task on the area of a shape.

After a whole-class discussion on what is the purpose of revision in general 
and what is the expectation of the task, the class are asked to talk about their ideas 
and solutions in groups of four. Whilst they are chatting excitedly to each other, 
the teacher circulates the class to see everybody’s work and gain an overview of 
the discussion. The main purpose is perhaps to pick the typical work samples. 
Near the end of the discussion, she invites nine students to draw their task figures 
and write the solutions on the board. They each have a different shape created, 
which makes the board a collection of a wide variety of 2D-shape problems on the 
same given information. There are nine tasks that stem from the initial problem-
posing task on the worksheet. Each shape on the board is explained by its creator. 
Regarding each presentation, the teacher asks the class to recall the area formula 
of the specific shape which is shown using both the magnet card on the board and 
slide on the overhead screen.

The Lesson Segment 5 features Ms T416 presenting five problems posed by the 
students one at a time and interacting with the class about the solutions. These five 
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problems are different from the initial task at the beginning of the lesson. They 
demand more thoughtful application of the properties of learnt 2D shapes and vari-
ous knowledge related to measurement and shapes. The first three tasks are true or 
false (T or F) problems: (1) If two rectangles have the same perimeter, they also 
have the same area (F; not always so); (2) Two triangles of equal area can always 
form a parallelogram (F; only true when they are congruent); (3) For a square of 
side 4 cm, its area is equal to its perimeter (F; they are of different units, cm and 
cm2). The fourth task asks: ‘The length of a trapezoid’s upper base is 5 cm, its lower 
base 4 dm, and its height 0.03 m. How many square metres is its area?’ The fifth 
task asks for the length in centimetres of the base of a triangle with an area of 16 
square centimetres and a height of 4 cm.

FIGURE 4.12 � Tasks posed and knowledge structure mapped by the students in Ms T416’s 
class
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Students not only give their solution(s) but also their reasons for the solution(s), 
as well as the rationale and pitfalls that one must bear in mind for the particular 
type of problems. For example, task 4 seems easy but can be tricky, since the units 
for each piece of information given are different. It is hence suggested that cau-
tion should always be given to such details – otherwise, the problem would not be 
properly solved.

4.12 � Constant abstracting and generalising

Throughout classrooms, there is constant abstracting of the real world to the math-
ematical world, over the course of which emerges mathematical models. However, 
the abstraction or modelling is performed with necessary stepping stones.

For students to solve the problems in an end-of-primary revision lesson on 
Equality and Equation, Mr  W306 asks the class to first express the relationship 
between quantities in the form of a verbal equation and then in the corresponding 
algebraic equation, for which the unknown quantity is clearly defined. Take one of 
the six problems in a row in the lesson as an example:

Three Gorges Dam has a volume 6.9 times as large as that of Liujia Dam, with 
a maximum capacity 336 yi (亿, Chinese place value for 0.1 billions) m3 greater 
than Liujia Dam. What is the approximate volume (yi m3) of Liujia Dam?

(PhEP, 2014d, p. 82: task 6 translated from Chinese)

In the whole-class discussion after student independent work, the teacher asks, 
‘How do you express the quantitative relationship [verbally]?’ A student volunteers 
to give the answer: ‘Volume of Three Gorges Dam Volume of Liujia Dam- = 336

. ’ Acknowledging the appropriateness of the answer, the teacher probes for the 
algebraic equation. Then, from those raising their hands, the teacher invites 
another student to express the relationship algebraically: x x- =6 9 336. . The 
verbal equalities thus act as a bridge between a word problem and an algebraic 
equation that models the problem situation. It connects real-world situations with 
mathematical models. The opportunity to systematically talk about these enables 
children to thoroughly understand the meaning behind abstract expressions con-
sisting of numbers, letters and symbols, as they learn to model real-world prob-
lems algebraically.

4.13 � Key structure of mathematics as the core of each lesson

The whole class, including the teacher, is actively building knowledge, with past, 
present and future learning in mind. In such collective exploration into the struc-
tured system of mathematics disappears the identity boundary between the teacher, 
who knows, and the learners, who presumably don’t know yet.
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A general pattern is that in a lesson when new knowledge is introduced for the 
first time, learnt components of the knowledge are recalled. The recalling process 
is often driven by teacher questioning. The purpose is to invite the past knowledge 
back and locate the new on the ‘current’ version of the mathematics map that is 
constantly growing as the class learn.

For instance, at the beginning of the lesson on Dividing a Number by a Fraction, 
Mr C204 asks the class to recall what they have learnt about fraction division. As 
the class give the immediate answer: Dividing a Fraction by a Whole Number, the 
teacher asks, ‘What else should we learn but haven’t?’ Amongst the volunteers, a stu-
dent is invited to respond, saying, ‘Dividing a Fraction by a Fraction.’ After receiv-
ing affirmation from the class on the student’s answer, the teacher walks towards 
the chalkboard and writes to the right of the notes ‘Fraction Whole Number¸ ’, the 
topic just pointed out by the student: Fraction Fraction¸ .

Upon finishing the writing, he turns to the class with a smile, saying, ‘This 
is what we haven’t researched yet, right?’ He pauses for a second and says, 
‘Some of you are still raising hands, aren’t you?’ Then, a boy is invited to speak. 
‘Dividing a Whole Number by a Fraction,’ says the boy. ‘That’s right!’ The class 
calls out loud. ‘Ah? Have you thought about this?’ speaks the teacher to the 
class in a gentle tone, ‘Is that also fraction division?’ ‘Yes! Indeed!’ respond the 
class immediately. Whilst writing ‘Whole Number Fraction¸ ’ above the notes 
‘ Fraction Fraction¸ ’, Mr  C204 continues speaking: ‘It could also be a whole 
number divided by a fraction.’ After this, the teacher invites two more students 
to talk about their thoughts and they make their points clear in a super-concise 
fashion (45 seconds!).

Walking back to the board, Mr C204 points to two topics to the right and then 
back to the one topic to the left and asks, ‘Look at those (right) and this (left). What 
is missing? Here.’ In literally one second, the class call out, ‘Dividing a Whole 
Number by a Whole Number!’ Agreeing with the class, Mr C adds one more topic 
to the left of the first row, Whole Number Whole Number¸ , a topic that has appar-
ently been learnt long before the introduction of fractions.

Mr C204’s notes in Chinese (English Translation; Whole N = Whole 
Number)

FIGURE 4.13  The emerging structure of mathematics: Mr C204’s notes on the board
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4.14 � Teacher gradually unfolding the essence of knowledge on 
the board

Traditionally, notes on the board in a Chinese classroom are one of the few key 
aspects of a lesson that everyone would look closely into, be it teachers, learn-
ers or an external observer/evaluator. These days, all the classrooms are equipped 
with smartboards which are normally inserted into the middle of the traditional 
board with two pieces of traditional board about the same size to each side. The 
title of a lesson is written on the board immediately when it has emerged in the 
class discourse. The main knowledge points appear on the board in the form of 
keywords when a sub-conclusion on a part of the lesson has just been reached col-
lectively by the teacher and students. The smartboard is to complement the tradi-
tional chalkboard, but the chalkboard seems to still play the key role in exhibiting 
the essence of knowledge for each lesson. When the lesson comes to an end, it will 
have presented the completed map of knowledge points on the chalkboard. The 
smartboard shows either slides or problems/tasks for each section of the lesson, 
with the content changing from time to time, but the content on the chalkboard 
stays there resembling a constant force, the ‘tree trunk’ that holds together the 
leaves of the mathematics lesson. Everyone in the lesson, learning or teaching, 
knows the importance of it. It’s the ‘chalk way’ of highlighting as one finishes 
another chapter of learning and teaching. Figures 2.10, 4.8, 4.12, 4.13 and 4.14 
provide just a handful of examples.

4.15 � Eight other features of the masterly teaching

Teaching is a system, instead of fragmented elements that are part of it. There are 
many other features of master teaching that we cannot cover with detailed lesson 
examples in this book. As follows, we attempt to name just eight more of them:

a.	Knowledge map gradually unveiled on a slide of Ms W311’s revision lesson on Definition 
and Meaning of Fractions

FIGURE 4.14  Knowledge maps in revision lessons: a few examples
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b. knowledge maps of numbers (learnt in the primary stage) created by students in groups 
and by the teacher, Ms S502, as a conclusion on knowledge mapping

 

FIGURE 4.14 (Continued)
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c. The expanding knowledge map in Ms L304’s lesson on Fraction Addition

 
d. Knowledge map constructed on the board during whole-class interaction time in Mr 

L309’s end-of-primary revision lesson on 2D shapes

FIGURE 4.14 (Continued)

• As a common feature, master lessons are full of thoughtful teacher question-
ing, student responses and follow-up interactions. In fact, questioning (or not) 
doesn’t matter. What matters is both the instant and ultimate results that cul-
minate in the classroom. Most questions are not independent. They are often 
connected series that engage the learners in ongoing learning and enquiry into 
the mathematical content being taught. The series of questions are logically 
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e. Knowledge map on Volume of 3D Shapes gradually built by Ms Z314’s class over the 
course of whole-class discussion and reflection on the content learnt and how each 
formula was derived when they first learnt it in the primary school

 

FIGURE 4.14 (Continued)

connected and cognitively progressive. Every step of practice is questioned and 
justified by the teacher and students. The questioning series does not shift direc-
tion until it reaches the bottom of the specific round of enquiry. In other words, 
each series of questions leads to a cognitive milestone.

• In addition to the process questions asking about the how and why of mathemat-
ics, teachers also ask lots of questions similar to the filling-in-blanks questions 
often seen in various tests. They tend to say a part of a statement upon which the 
class are building a conclusion and leave the key words for the class to say, such 
that the class and their teacher together complete the statement. The underlying 
assumption is that the mathematical truth is out there for the whole class, includ-
ing the teacher, to discover through thinking, reasoning, doing mathematics and 
making summary on it together.

• Another important feature is that across classrooms, tasks are well-organised 
with a connected system of purposes. Tasks are organised in a logical order and 
fit well with the status of learners in the class. There are core tasks collectively 
and thoroughly tackled at the class level as well as follow-up tasks ready for 
students to try out new knowledge and skills in a super-efficient manner. The 
main tasks carry the mission for the class to generalise mathematical knowledge 
through both deductive and/or inductive reasoning. Ultimately in each lesson, it 
is not just one or several problems that the class aim to understand. It is an entire 
category of problems where essential knowledge, concepts or models embed. 
The tasks after the main tasks offer opportunities for an immediate transfer and 
timely enhancement of what is learnt on the main tasks.
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•	 What masterly teaching aims for is deeper understanding, thinking and reason-
ing. The universally observable feature is critical thinking in action, with the 
entire class debating on key issues, such as correct and incorrect solutions to 
a problem, the rationale for using certain methods, the essence to a concept 
behind various mathematical phenomena, and the like. Even in those calcula-
tion lessons after the introduction lessons, practice is carried out through in-
depth reasoning about the rationale behind the calculation method(s). Across 
lessons, there is a visible trend seeing learning move from hands-on to heads-
on and ultimately from written maths to mental maths. Moreover, interwoven 
deep into the fabric of the question-driven classroom discourse is the practice 
of peer reviewing which has apparently become a part of the classroom culture. 
Every step is taken automatically with all peers joining in naturally. In revision 
lessons, there is a strong feature of reasoning from abstract to concrete, from 
theory to practice, from inductive reasoning to deductive reasoning, and vice 
versa. At the heart of each revision lesson are the outlines and properties of 
certain mathematics in a learnt unit, units or entire primary phase. The utmost 
emphasis is placed on the meanings of and connections between the otherwise 
fragmented pieces of mathematics, as the whole class reconstruct the map of 
knowledge independently and collectively (Figure 4.14 and Figure 2.1). There 
seems to be a shared map of mathematics that they constantly zoom in and out 
of to see both details and the big picture.

•	 Master teachers seek to facilitate deeper understanding of not only the what but 
also the how and why. Knowing mathematical facts is realised through under-
standing. Knowing the how is realised through understanding-based practice. 
Knowing the why is realised through reasoning, hypothesising, hypothesis-
testing and debating. Beneath all this is the teacher-guided learning disguised, 
with good intentions, in the form of child-led inquiry into the unknown.

•	 One of the ultimate goals of masterly teaching is teaching mathematics as a con-
nected system. In master lessons, there are multiple representations of mathe-
matics, multiple solutions of problems and multiple peer-reviewing mini-events 
running throughout the masterly teaching we observed. Across classrooms, 
mathematics is never fragmented pieces of information – they are connected 
parts of the whole knowledge system. And mathematics is not just connected 
within itself. It is connected to the wider world, children’s life experiences and 
individuals’ responses to questions or problems arising in that particular lesson. 
This is observable across lessons where a topic is being introduced, practised or 
reviewed. Students are constantly reminded to seek connections, such that it has 
almost become a mindset – the connecting mindset that does not just see knowl-
edge as loose dots but interconnected growing systems. However, the masterly 
teaching attends to both small details and big ideas in mathematics. It is by 
constructing each chunk of knowledge in great depth that they can be gradually 
added to the knowledge map and remain permanently in children’s minds. The 
knowledge building works in cycles. It starts from limiting the mind’s focus to 
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small ‘leaves’ of knowledge at greater depth and then temporarily ends on add-
ing the newly grown leaves onto the ‘knowledge tree’. A new cycle like this is 
initiated when a new topic is introduced. The process builds on itself.

•	 The major mission of the teacher and students in a master lesson is thinking and 
reasoning about fundamental meaning of mathematics. Throughout the class-
rooms, teachers pose questions to challenge students to justify the solutions or 
hypotheses they or their peers make. Their reasoning is made audible and visible 
by the opportunities that their teachers give them in the group- and class-level 
discussion sessions. They are encouraged to make connections between mathe-
matical phenomena and concepts, between mathematics and the real world, and 
between their ideas and their peers’ ideas and so forth. Errors become precious 
thinking, reasoning and natural learning opportunities in every classroom. Some 
classrooms even have the convention that oversees students interact and debate 
with each other upon their understanding and solutions in a very professional 
and efficient manner.

•	 Independent and collaborative learning is cultivated at the same time. An 
observable shared value across classrooms is that one should be able to think 
through and solve problems independently whilst maintaining an excellent role 
in working collectively with peers. It is important that each student is expected 
to think about and do mathematics independently before they join each other in 
groups or the whole class to think collectively and critically. The collaboration 
is more nurtured during the whole-class interactive time than groupwork. The 
entire class – students and the teacher – go through a thorough exploration into 
the focal mathematics and its connections with the wider world or vice versa, 
during the whole-class interactive time. The exploration is coherent with a clear 
boundary, putting both the children and mathematics at the centre.

4.16 � Master lessons: so, what?

We have been to master teachers’ classes and seen the lessons through both quanti-
tative and qualitative lenses. As the Integrated paradigm seeks to capture, we have 
seen both sides of the coin or – more precisely – multiple dimensions and multiple 
aspects of the masterly teaching reality. With the master lessons in mind, let us 
travel further to the following three chapters to see the three types of mathemat-
ics learning outcomes and the corresponding teaching-learning mechanisms that 
significantly explain the educational excellence. First up, the affective outcomes.
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Education breeds confidence. Confidence breeds hope. Hope breeds peace.
– Confucius

I always liked numbers.
– Terence Tao

Education leaves students with an accumulated impression of schooling, teaching 
and learning, amongst other things. These together reflect both the quality and out-
comes of education they obtain.

Belonging is a basic human need as a social creature, and school belong-
ing (SBL) is a basic need for those attending schools. Having a sense of school 
belonging means that students have positive relationships with their peers, teach-
ers and other adults in the school, feeling accepted, confident, happy, safe and 
worthwhile being there (Allen et al., 2018; Slaten et al., 2016). A strong sense of 
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school belonging not only serves as a desired consequence of schooling but also 
contributes to a positive school climate under which children become academically 
engaged (Neel & Fuligni, 2013; Thapa et al., 2013) and well developed in execu-
tive functioning which contributes to their success in learning and life (Cumming 
et al., 2020). SBL can thus be seen as both the cause and result in and of itself. As 
a latent concept, it is often inferred by student self-reported measure on a Likert 
scale (e.g., the one used by IEA, 2014). In a sense, it is also learners’ evaluation 
of the quality of schooling, as in the case of student-perceived teaching quality 
(Scherer & Gustafsson, 2015).

Students are the direct observers (Kyriakides et al., 2014) witnessing whether 
their mathematics teachers’ teaching can engage them in the kind of learning that 
makes sense to them. The way students perceive teaching, if measured reliably 
and validly, can largely reflect the quality of teaching (Bijlsma et al., 2022; Kyri-
akides et al., 2014; Scherer & Gustafsson, 2015). Good teaching is accurate, clear 
and well-structured; it adapts to learning difficulties, facilitates active learning and 
promotes metacognitive thinking; it formulates a positive learning environment 
(Muijs et al., 2014; Teddlie et al., 2006). Good mathematics teaching conveys deep 
and rich mathematics, representations and solutions; it promotes mathematical 
thinking, reflection and communication; with it, student work is utilised as invalu-
able learning and teaching resources (Learning Mathematics for Teaching, 2011).

Among all the aims in mathematics education, an important aim is to seed the joy 
of mathematics learning (a.k.a. affective outcomes) amongst learners. One way in 
which the mathematics education literature describes affective aspects of mathematics 
education is through the term attitudes towards mathematics (ATM). The multi-fac-
eted nature of ATM gives rise to many definitions of the construct (e.g., Di Martino & 
Zan, 2010; Hannula, 2002; Kiwanuka et al., 2017). Hart (1989) defines ATM in terms 
of three dimensions: an affective, a cognitive and a conative (behavioural) dimen-
sion, hence referring to a combination of the emotions that students associate with 
mathematics, their beliefs towards mathematics, which could be either positive or 
negative, and how they behave regarding mathematics. Most definitions refer to the 
interplay of several elements. Considering both student and classroom influences on 
ATM, Kiwanuka et al. (2017) define ATM as ‘an aggregated measure of mathematics 
self-confidence, perceived usefulness, and enjoyment of mathematics’ (p. 3).

Numerous factors influence ATM. Students’ ATM can be influenced by parental 
education levels and occupations (Köğce et al., 2009; Mohamed & Waheed, 2011) 
as well as parents’ own ATM (Beswick, 2006; Schoenfeld, 1989). Mixed results 
exist on gender differences in ATM, with some studies showing no significant dif-
ference in ATM between male and female students (e.g., Köğce et al., 2009; Mohd 
et al., 2011), and other studies showing significant differences (e.g., Frost et al., 
1994). Studies on the relationship between ATM and achievement in mathemat-
ics (AIM) have also resulted in mixed results, with some indicating a reciprocal 
relationship (Ma & Xu, 2004; Minato & Kamada, 1996) but some a unidirectional 
relationship (e.g., Garon-Carrier et al., 2016). About the ATM-AIM relationship, 
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the meta-analysis of 113 studies by Ma and Kishor (1997) suggests an overall posi-
tive effect, with a weaker association in primary schools and a stronger relation in 
secondary schools.

As part of the mathematics survey, we asked students about their sense of school 
belonging (SBL), views on the engagement of mathematics teaching (EGM) and 
ATM. To measure SBL, EGM and ATM, we utilised three scales from the TIMSS 
2015 background questionnaire for Grade 4 (IEA, 2014), with reuse permission 
approved by the IEA (#IEA-19–008). The former two scales, SBL and EGM, are 
essentially about the quality of schooling and teaching from the students’ points of 
view. The ATM scale measures affective learning outcomes in mathematics – whether 
or not students like mathematics as a result of learning it. We consider SBL and EGM 
play two roles in our data analyses: (1) general affective outcomes of schooling 
and teaching; (2) predictors of affective learning outcomes in mathematics – ATM. 
Therefore, we may call all the three variables affective outcomes in a broad sense, 
whilst regarding ATM as the ultimate affective learning outcomes in mathematics. 
In the teaching-learning models that we run in the later part of the chapter, we treat 
SBL and EGM as predictors of ATM, scrutinising the schooling-teaching-learning 
loop in the affective dimension at the student and teacher levels.

In the remainder of the chapter, we first explain the methods for measuring SBL, 
EGM and ATM and the techniques for modelling the potential relationships between 
them. For each of the three constructs, we present the results of a CFA and explain 
the fit of the latent variable model to the data. To show the general patterns of affec-
tive outcomes, we give the descriptive statistics on each construct and explore the 
primary connections between them by placing them in a correlation matrix. Having 
the general patterns in mind, we go on testing the following two hypotheses using 
multilevel modelling and multilevel structural equation modelling:

HAF1: There are significant teacher-level effects on student attitudes towards 
mathematic.

HAF2: Student sense of school belonging affects significantly their perceived teach-
ing engagement which in turn affects their attitudes towards mathematics.

5.1 � Measuring and modelling affective outcomes

As introduced at the beginning of the chapter, three types of education outcomes 
were measured with three scales from the TIMSS 2015 questionnaire for Grade 4 
(IEA, 2014). These Likert scales measured: (1) SBL (seven items: ASBG11A-G), 
(2) EGM (nine items: ASBM02A-J), and (3) ATM (ten items: ASBM01A-I). For 
each scale, the response ranged from 0 (disagree a lot) to 3 (agree a lot). Items 2 
and 3 in the ATM scale were stated negatively, hence being reverse-coded.

The general patterns and variations of the three measures as item parcels (mean 
score) are explored through descriptive statistics, t-tests (variation by gender), 
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zero-order pairwise correlations between the constructs and between each of them 
and student age or SES.

The structure of the three latent variables (SBL, EGM and ATM) is each 
explored with an explorative factor analysis and verified with a CFA. In modelling 
the teaching-learning mechanisms, we use the item parcels (mean score) of these 
constructs as variables in multilevel models and each construct’s CFA model as a 
measurement part of structural equation models.

5.2 � Do students feel they belong?

Overall, on a scale of 3, each of the SBL items receives an average rating of above 
2.5 (see Table 5.1), with the ratings of all seven items averaged 2.64 (SD = 0.46). 
The item with the highest average rating and the smallest SD asks if students feel 
proud attending their schools (SBL6). In their schools, students feel that they 
belong (SBL3) and that their teachers (SBL5) and fellow students (SBL4) are nice 
to them. They enjoy going to school (SBL1), learn a lot there (SBL7) and feel safe 
at school (SBL2).

An α value of 0.82 suggests that the SBL scale has a good internal reliability 
across its seven items. The CFA results further indicate that the scale as a latent var-
iable model fits well with the data (χ2 = 150.709, df = 14, p < 0.001, CFI = 0.976, 
TLI = 0.964, RMSEA = 0.058, SRMR = 0.025). The path coefficients of the seven 
items range from 0.55 to 0.70 (p < 0.001), which indicates strong correlations of 
the manifesting items with their underlying concept – SBL.

5.3 � Does the mathematics teaching engage students?

On the EGM scale (Table 5.2), the highest average rating with the smallest standard 
deviation is given to the quality of teachers’ explanation (EGM6). Students under-
stand that their teachers maintain a rich level of teaching (EGM8) and are good at 

TABLE 5.1  Descriptive statistics and the CFA factor loadings for SBL

Items Item information N Mean SD CFA factor 
loadings

SBL1 Happy at school 2950 2.56 0.72 0.70***
SBL2 Safe at school 2945 2.52 0.76 0.64***
SBL3 Sense of belonging 2951 2.71 0.61 0.70***
SBL4 Positive peer relation 2945 2.57 0.75 0.55***
SBL5 Fairly treated by teachers 2947 2.66 0.66 0.57***
SBL6 Feeling proud 2944 2.83 0.48 0.68***
SBL7 Learning a lot 2950 2.56 0.72 0.60***

Note: Item source: (IEA, 2014). *** p < 0.001.
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building teaching on learners’ misconceptions (EGM9). With good teaching clar-
ity, teachers respond to students with clear answers (EGM5) and communicate 
with students in an understandable manner (EGM2). Students thus enjoy listening 
to their teachers (EGM3) who are, in turn, good listeners to students (EGM10). 
Student work becomes teaching and learning material as teachers offer students 
opportunities to present their work in the class (EGM7). Teaching with clarity also 
means that clear expectation is channelled towards students (EGM1). Teaching 
becomes engaging when the tasks given to students spark interest in them (EGM4).

A good internal reliability is found in the EGM scale (α = 0.870). As indicated 
by the CFA results, the latent variable model of EGM fits adequately to the data 
(χ2 = 820.425, df = 35, p < 0.001, CFI = 0.924, TLI = 0.902, RMSEA = 0.089, 
SRMR = 0.044). The large sample size might have led to the insignificance of the 
Chi-square test. Strong bivariate correlations are observed between the latent vari-
able, EGM, and each of its ten items, with the correlation coefficients ranging from 
0.56 to 0.74 (p < 0.001).

5.4 � Do students like mathematics?

On a scale of 3, students give an average rating greater than 2.3 on all the nine ATM 
items. As shown in Table 5.3, the highest average rating falls on the statement that 
they learn lots of interesting things in mathematics (ATM4). Three items on liking 
mathematics (ATM2 and 5) or enjoying mathematics learning (ATM1) each have 
a mean rating greater than 2.6. The rest of the scale see students give an average 
rating of 2.51, 2.44 and 2.38 respectively on: mathematics is not boring, math-
ematics is a favourite subject and longing for mathematics lessons (ATM3, 9 and 
8). The remaining items get an average rating of 2.43 and 2.33 on: the enjoyment 
of solving mathematics problems (ATM6) and mathematics schoolwork (ATM7) 
respectively.

TABLE 5.2  Descriptive statistics and the CFA factor loadings for EGM

Items Item information N Mean SD CFA factor 
loadings

EGM1 Clear teacher expectations 2874 2.46 0.69 0.56***
EGM2 Easy to understand 2868 2.67 0.59 0.59***
EGM3 Interested in teacher speaking 2870 2.65 0.63 0.74***
EGM4 Interested in tasks given 2873 2.33 0.84 0.68***
EGM5 Clear answers 2873 2.75 0.55 0.65***
EGM6 Clear explanation 2873 2.87 0.42 0.59***
EGM7 Opportunity to show work 2868 2.54 0.70 0.63***
EGM8 Rich content to engage students 2866 2.82 0.49 0.68***
EGM9 Using student misconception 2868 2.79 0.52 0.70***
EGM10 Willing to listen to students 2867 2.58 0.71 0.63***

Note. Item source: (IEA, 2014). ***p < 0.001.
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With an α of 0.914, the nine items have a sound internal reliability. Apart from 
the significant chi-square test due to the large sample size and a marginal RMSEA, 
the CFA results indicate an acceptable fit of the latent variable model, ATM, to the 
data (χ2 = 1043.921, df = 27, p < 0.001, CFI = 0.937, TLI = 0.916, RMSEA = 0.114, 
SRMR = 0.043). There are significant and strong correlations between each of the 
nine items and the underlying concept, ATM, given that the coefficients range from 
0.54 to 0.87 (p < 0.001).

5.5 � General patterns, variation and correlation of student 
perceptions

On a scale of 3, the cohort of students score relatively high on SBL, EGM and 
ATM, with the mean score of each measure being 2.5 or higher. The t-test results 
(Table 5.4) indicate that girls rate SBL and EGM significantly – though not sub-
stantially – higher than boys who, however, score slightly higher on ATM than 
girls. In the correlation matrix, a similar pattern occurs between gender and the 
three constructs, when gender is treated as a dummy variable (0 = boy, 1 = girl). 
Judging by the zero-order correlational results, age and SES had little effect on any 
of the three measures. EGM was significantly strongly related to both SBL and 
ATM which were mutually related with a significant coefficient approaching the 
cut-off point for a strong effect.

As discussed at the beginning of the chapter, we see ATM as the ultimate 
affective outcome for the learning of mathematics. Now we are ready to look 
for factors that contribute to positive attitudes towards mathematics. In the fol-
lowing two sections, we study the teaching-learning mechanisms that lead to 
such attitudes, through multilevel modelling and multilevel structural equation 
modelling.

TABLE 5.3  Descriptive statistics and the CFA factor loadings for ATM

Items Item information N Mean SD CFA factor 
loadings

ATM1 Like learning maths 2943 2.65 0.62 0.83***
ATM2REV Dislike learning maths 2934 2.67 0.71 0.54***
ATM3REV Maths is boring 2933 2.51 0.79 0.59***
ATM4 Maths is interesting 2938 2.73 0.58 0.69***
ATM5 Like maths 2939 2.62 0.67 0.87***
ATM6 Like maths schoolwork 2936 2.33 0.80 0.73***
ATM7 Like solving maths problems 2941 2.43 0.77 0.76***
ATM8 Like maths lessons 2939 2.38 0.79 0.83***
ATM9 Maths is favourite subject 2942 2.44 0.84 0.82***

Note: Item source: (IEA, 2014). REV: Reversely coded. ***p < 0.001.
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TABLE 5.4  Variable description, t-tests and correlation matrix

Variables Mean  SD Min Max Age Gender SES SBL EGM

Age 11.6 0.6 9.4 13.6
Gender 0.5 0.5 0 1
SES 34.2 7.4 9.2 51.3 ˗0.04* 0.02
SBL 2.6 0.5 0.0 3.0 0.02 0.12** 0.02
EGM 2.6 0.4 0.0 3.0 0.04* 0.05** 0.00 0.60**
ATM 2.5 0.6 0.0 3.0 ˗0.02 ˗0.08** ˗0.02 0.47** 0.68**

t-test Girl Boy t df p d
M (SD) M (SD)

SBL 2.694
(0.403)

2.591
(0.502)

6.213 2934 *** 0.229

EGM 2.669
(0.409)

2.623
(0.439)

2.939 2859 ** 0.110

ATM 2.485
(0.594)

2.566
(0.537)

3.900 2777 ** 0.145

Note: SBL, EGM and ATM here are item parcels (mean scores). *p < 0.05. ** p < 0.01.***p < 0.001

5.6 � Teaching that makes mathematics enjoyable

To test the hypothesis that teaching affects ATM (HAF1), we planned to run three 
multilevel models: ATMMLM0, ATMMLM1 and ATMMLM2. First of all, to test whether 
the structure of data warranted multilevel analyses, we ran a null model (ATMMLM0) 
which resulted in an intraclass correlation (ICC) value of 0.12. This means that 
12% of the variance in ATM is located at the teacher level and hence justifies the 
existence of a multilevel structure in the ATM data. We therefore proceeded to run 
the other two models. In order to examine the possible effects of background vari-
ables, we added the three control variables (age, gender and SES) to the null model 
and got the second model (ATMMLM1). The results showed a very small drop in the 
ICC (0.11), a reduction of the ATM variance by 2.4% at the student level but an 
increase of the variance at the teacher level by 9.3%.

To test the hypothesised effect of teaching on the student ATM, we added the 
teaching variable, the aggregated EGM (L2EGM), to the former model (ATMMLM1) 
and got the full model, ATMMLM2. The following equations describe the full model:

Level-1 equation:

ATM Age Gender SES eij j j ij j ij j ij ij= + + + +b b b b
0 1 2 3

,

Level-2 equations:

b g g
0 00 01 0

2j j jL EGM u= + + ,

b g
1 10j = ,

b g
2 20j = ,

b g
3 30j = .
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Combined equation:

ATM Age Gender SES L EGM u eij ij ij ij j j ij= + + + + + +g g g g g
00 10 20 30 01 0

2

In the equations, ATMij , Ageij , Genderij  and SESij  are the ATM score, age, gen-
der and SES of student i in class j respectively; L EGM j2  is the aggregated EGM 
in class j; eij and uoj are the residual error terms at levels 1 and 2 respectively.

As shown in Table 5.5, the results of the full model (ATMMLM2) show a reduction 
of the ATM variance from the null model by 96.7% at the teacher/class level and by 
2.2% at the student level. Comparing the models ATMMLM1 and ATMMLM2, the latter 
apparently works better in explaining the variance of ATM. In the former, level-2 
variance does not decrease but increases instead, after adding the three background 
variables to the null model. In the latter and final model, the aggregated EGM 
explains almost all the variance at the class level, even when age, gender and SES 
are kept as control variables.

In summary, the teaching variable explains the affective learning outcomes in 
mathematics dramatically: there is 12% of the ATM variance situated at the teacher/
class level; 96.7% of such variance is explained by the aggregated EGM. Teaching 
does make a difference in affective outcomes of mathematics, and teaching engage-
ment can indeed cultivate positive attitudes towards mathematics amongst students.

TABLE 5.5  Two-level models of ATM regressed on aggregated EGM

Model ATMMLM0 ATMMLM1 ATMMLM2

Fixed part Coefficients ES Coefficients ES Coefficients ES
(Intercept) 2.524*** 2.542*** 0.038
Student level
Age ˗0.008 ˗0.030** ˗0.20
Gender ˗0.092*** ˗0.60 ˗0.095*** ˗0.62
SES 0.004* 0.03 0.002
Teacher level
L2EGM 1.065*** 6.92
Random part Variance SD Variance SD Variance SD
Student level ( )s 2 0.303 0.550 0.296 0.544 0.296 0.544
Teacher level ( )t

00
0.024 0.154 0.026 0.161 0.001 0.028

ICC 0.12 0.11 0.05
NTeacher 67 67 67
NObservation 2947 2813 2813

Deviance 4941.6 4657.3 4565.8
Marg R2/Cond R2 0.000/0.072 0.008/0.088 0.079/0.081
Variance Reduction from Null (%)
Student level 2.4% 2.2%
Teacher level     ˗9.3%   96.7%  

Note: ES
SD

= coefficient

NullModelt
00

. EGM  =  student-perceived teaching engagement in mathematics class  

measured with the scale ASBM02A-J in TIMSS 2015 Student Questionnaire for Grade 4 Mathematics 
(IEA, 2014). * p < 0.05. ** p < 0.01. *** p < 0.001.
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5.7 � The paths towards better affective learning outcomes in maths

In this section, we ran a series of four structural equation models to test the 
hypothesis that students’ sense of school belonging (SBL) affects their perceived 
engagement of mathematics teaching (EGM) which in turn affects affective learn-
ing outcomes in mathematics – ATM (HAF2). Models are run with the R package, 
lavaan, in R and RStudio (R Core Team, 2021; Rosseel, 2012; RStudio Team, 
2021). The first two models (ATMSEM0 and ATMSEM1) were single-level SEMs; the 
other two were multilevel SEMs (ATMMSEM0 and ATMMSEM1).

As shown in Table 5.6, all four models have an acceptable fit to the data, with 
the last model (ATMMSEM1) generating the smallest value of c 2

/ df . Comparing the 
two MSEMs, though the model ATMMSEM0 has a smaller value of Akaike’s informa-
tion criterion (AIC) or Bayesian information criterion (BIC), the last model takes 
into consideration the three control variables (age, gender and SES). We therefore 
deem the model ATMMSEM1 better. The path coefficients of the model (Table 5.7) 
show that SBL positively affects EGM at both the student and the teacher levels 
b bL Lp p

1 2
0 65 0 001 0 89 0 001= < = <( ). , . ; . , .  and that ATM is positively affected 

by EGM at both levels b bL Lp p
1 2

0 67 0 001 1 54 0 01= < = <( ). , . ; . , .  as well, with 
the direct effect of SBL on ATM being significant and weak at the student level 
b = <( )0 10 0 001. , .p  but not the teacher level.

TABLE 5.6  Model fit indices for structural equation models of ATM

SEM/MSEM: SBLEGMATM

Model χ2 df p χ2/df CFI  TLI RMSEA

ATMSEM0 3394.538 296 0.000 11.468 0.911 0.903 0.062
ATMSEM1 3501.364 368 0.000 9.515 0.906 0.897 0.057
ATMMSEM0 3590.342 592 0.000 6.065 0.911 0.902 0.043
ATMMSEM1 3673.126 736 0.000 4.991 0.908 0.900 0.039

Model SRMRw SRMRb AIC BIC N Note

ATMSEM0 0.045 108838.175 109163.840 2755 1-level without 
controls

ATMSEM1 0.044 103459.856 103818.308 2634 1-level + Age, 
Gender & SES

ATMMSEM0 0.046 0.090 108332.200 109137.480 2755 2-level without 
controls

ATMMSEM1 0.043 0.114 125910.475 126780.161 2634 2-level + Age + 
Gender + SES

Note: ATMSEM0 and ATMMSEM0 are models without controls; ATMSEM1 and ATMMSEM1 are models control-
ling for age, gender and SES. CFI = comparative fit index. TLI = Tucker-Lewis index. RMSEA = root 
mean square of approximation. SRMR = standardised root mean square residual.
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TABLE 5.7  Path coefficients of structural equation models of ATM

Model Student level Teacher/Class level

EGM~SBL ATM~EGM ATM~SBL EGM~SBL ATM~EGM ATM~SBL

ATMSEM0 0.69*** 0.72*** 0.05*
ATMSEM1 0.68*** 0.70*** 0.08*
ATMMSEM0 0.66*** 0.69*** 0.07* 0.91*** 1.47*** ˗0.57
ATMMSEM1 0.65*** 0.67*** 0.10*** 0.89*** 1.54** ˗0.66

Note: *p < 0.05. ** p < 0.01. *** p < 0.001.

5.8 � Patterns, variation and mechanisms of affective learning 
outcomes in maths

In this chapter, we have looked at the affective outcomes of schooling and math-
ematics teaching and learning. A general pattern is that the students from master 
mathematics teachers’ classrooms give quite high ratings about school belonging, 
teaching engagement and the enjoyment of mathematics learning.

Whilst children’s age and SES have little influence on their sense of school-
ing, perceived teaching quality and attitudes towards mathematics, they do differ 
in these perceptions by gender. Though on average both gender groups rate SBL, 
EGM and ATM at quite a high value, girls perceive the quality of schooling and 
teaching slightly more positively than do boys who, on the contrary, find math-
ematics a little more enjoyable than girls.

Multilevel modelling results show that teaching engagement explains almost 
all the difference in students’ attitudes towards mathematics at the class level. The 
multilevel structural equation modelling further identifies the indirect effects of 
SBL on ATM via its influence on student-perceived EGM at both student and class 
levels. We can thus accept both the hypotheses we have made at the beginning of 
this chapter, acknowledging that, in master mathematics teachers’ classes, teach-
ing significantly affects students’ attitudes towards mathematics and that students’ 
sense of school belonging significantly affects their perception of teaching engage-
ment which in turn affects their attitudes towards mathematics.

Affective outcomes at various education levels have drawn increasing atten-
tion from research, with studies starting to weigh up the effects of schooling on 
teaching which in turn affects affective outcomes (Scherer & Nilsen, 2016). Yet, 
the mediating mechanism in the schooling-teaching-learning loop is less explored 
using student-rated schooling and teaching data and in countries (e.g., China) 
where fewer studies like this have been conducted. Research also rarely scrutinises 
such mechanisms using data collected from master teachers’ classrooms on a large 
scale. More research is needed to tap into the full range of teaching and learning 
variance in the global setting (Reynolds et al., 2002) and test mechanisms contrib-
uting to non-academic outcomes in mathematics, such as ATM, in addition to the 
recent findings about the mechanism influencing affective outcomes. The empirical  
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analyses in this chapter contributes to research in this area with the latest evidence, 
by measuring and linking schooling, teaching and learning outcomes in the affec-
tive dimension with an understudied cohort of participants, in a less explored 
context.

In the following chapter, we move the research lens onto one of the increas-
ingly popular competencies, metacognition. More specifically, we situate the com-
petence in the mathematical learning context, measure the metacognitive learning 
outcomes in mathematics and scrutinise the mechanisms that explain excellence in 
such outcomes.
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To make an individual metacognitively aware is to ensure that the individual has 
learned how to learn.

– Garner

The second part of the mathematics survey considers metacognitive learning out-
comes in mathematics. In this chapter, we look at the results of the measurement 
and the teaching-learning models that explain metacognitive learning outcomes. 
The measurement involves the adaption of an existing general instrument, Jr 
MAI (Sperling et al., 2002), to the mathematics learning context. The analyses of 
teaching-learning mechanisms are realised through multilevel modelling and mul-
tilevel structural equation modelling.

Metacognition is defined as ‘awareness and understanding of one’s own thought 
processes’ by the Oxford Dictionary. More broadly speaking, it is thinking about 
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thinking. In the seminal work of Flavell (1976, p. 232) who coined the research 
term, metacognition stands for the knowledge of ‘one’s own cognitive processes 
and products or anything related to them’ and ‘the active monitoring and conse-
quent regulation and orchestration of these processes’. A simpler layout of the term 
is knowledge of cognition and regulation of cognition (Sperling et al., 2002; Veen-
man et al., 2006).

Findings from the neuroscience indicated a close connection of metacognition 
with mathematical reasoning and problem solving. The prefrontal cortex (PFC) of 
the brain is the pivot that connects different parts of the brain, knowledge and strat-
egies, playing a crucial role in task and cognition evaluation as well as higher-order 
thinking in mathematics and various contexts (Anderson et al., 2011; Bunge et al., 
2004; Clark & Dumas, 2016; Fleming et al., 2012; Garrison, 2014). In particular, 
metacognitive competence is found correlated with the volume of grey matter in 
the anterior PFC (Teffer & Semendeferi, 2012).

In their ‘Education 2030’ document the Organisation for Economic Co-
operation and Development (OECD) stressed the importance of metacognitive 
skills in relation to students’ learning (OECD, 2018, p. 7). This importance was 
not surprising, given other sources. For example, in the United Kingdom, the EEF 
Teaching and Learning Toolkit ‘metacognition and self-regulation’ is reported as 
a very effective strategy with substantial evidence strength. A review of the meta-
cognition and self-regulated learning literature by the same organisation confirmed 
this as well, but noted that metacognition is very much related to actual domain 
knowledge (Muijs & Bokhove, 2020). In the combination of several definitions 
of metacognition (Lester et al., 1989; Schoenfeld, 1992) emerge five components: 
the knowledge base, problem-solving strategies, monitoring and control, beliefs 
and affects, and instructional practices (Dossey, 2017). Metacognitive skills are 
regarded as a general person-related property throughout a learning environment, 
rather than a mathematics-specific phenomenon (Veenman et al., 1997). Yet, the 
domain-specificity of metacognition also is apparent in the way ‘expert problem 
solvers were able to assess and update their mental representations in familial 
domains, yet were not any more capable than novices to apply these metacogni-
tive skills in unfamiliar domains’ (Desoete et al., 2019, p. 565). In the learning of 
mathematics, metacognition plays a key role in enabling problem solvers to move 
beyond the obstacles between what they knew and what they would like to know 
before, during and after solving a problem (Dossey, 2017). It is thus found to be 
a strong predictor of mathematical performance (e.g., Desoete, Baten et al., 2019; 
Desoete, Roeyers et al., 2001; Kuzle, 2018; Ohtani & Hisasaka, 2018; Schneider & 
Artelt, 2010). However, this relation is not just direct, but also runs indirectly via 
individual factors, like general intelligence, motivation to learn and ‘opportunities’ 
that expose children to learning content (Byrnes & Miller-Cotto, 2016; Byrnes & 
Miller, 2007; Wang et al., 2013). Schneider and Artelt (2010) reviewed the litera-
ture on this topic, concluding that there was a substantial impact of metacognition 
on mathematics performance.
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In addition to the project purposes, we are also interested in seeking answers for 
some of the existing debates on metacognition and its role in mathematics teach-
ing and learning. Utilising confirmatory factor analysis, multilevel modelling and 
(multilevel) structural equation modelling, we aim to test the following hypotheses 
with the metacognitive data:

HMC1: Metacognition is a multidimensional latent construct which umbrellaed 
knowledge of cognition and regulation of cognition which in turn predict the 
observed variables/items that they contain;

HMC2: Metacognition can be nurtured by teaching that engages students in learning;
HMC3: Metacognitively oriented teaching influences metacognitive performance 

both directly (HMC3a) and indirectly (HMC3b) through teaching engagement per-
ceived by students.

In what follows, we first explain the overall design and the methods for measuring 
and validating the constructs and procedures for testing the hypothesised models. 
Then, we present the results of the measurement, modelling and model fit where 
necessary. Findings and indications are discussed upon concluding the chapter.

6.1 � Measuring and modelling metacognitive learning 
outcomes in maths

We adapt the 18-item Jr. MAI questionnaire (version B) (Sperling et al., 2002) by 
setting each item in the context of mathematics learning. For example, the first item 
originally says: ‘I know when I understand something’; in the adapted version, it 
reads: ‘I know when I understand something in mathematics’.

To test the instrument reliability, we run three explorative factor analyses with 
the entire metacognitive data (18 items), the knowledge of cognition data (KC, nine 
items) and the regulation of cognition data (RC, nine items). The results indicate 
that the instrument as a whole has a good internal reliability (α = .907), and so do 
its two dimensions, knowledge of cognition (α = 0.841) and regulation of cogni-
tion (α = 0.844). To test the two-dimensional model of the metacognition construct 
(HMC1), we run a second-order confirmatory factor analysis, with KC and RC umbrel-
laed by MC and the nine KC or RC items predicted by KC or RC respectively.

The metacognitive learning outcomes are discussed in terms of patterns and var-
iation. General patterns are explored with descriptive statistics and pairwise cor-
relations. Metacognitive variation between gender and grades is observed, using 
t-tests or ANOVA. Considering the differences between the number of lower grad-
ers (Grades 2–4) and that of upper graders (Grades 5–6), we use the bootstrapping 
method with 1,000 samples in ANOVA.

To unveil the mechanisms underpinning metacognitive performance in math-
ematics, we explore the hypothesised teaching-learning mechanisms underpinning 
metacognitive learning outcomes through multilevel modelling and multilevel 
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structural equation modelling. First, to estimate the effects of teaching on meta-
cognitive performance (HMC2), we ran a series of two-level models on metacogni-
tion, with age, gender and SES controlled for in the full model. Then, we ran two 
MSEM (211) models to check the effects of ISTOF5 on metacognition as mediated 
by student-perceived teaching engagement (HMC3), with the last/second model con-
trolling for student age, gender and SES. The measurement parts of the structural 
models are a second-order CFA of the MC data, a CFA of the EGM data at level 1 
and a CFA of the ISTOF5 at the level 2.

6.2 � The conscious and self-regulated learners in mathematics

Through the analyses of the metacognitive data, we are able to understand how 
well children are able to know and regulate their cognition in the processes of 
mathematics learning (Table 6.1).

Metacognitively strong learners in mathematics know their cognition/think-
ing better. Learners who understand their cognition are able to know it if they 
really understand the content (MC01). They can also understand others’ thinking 
or intention easily, for example, the expectation of their maths teacher (MC04). 
They know the kind of things that would lead to better learning, such as the strategy 
that works before (MC03) and prerequisite knowledge (MC05). To reach optimal 
mathematics learning, they know that they need to make proper use of their own 
strengths (MC13) and get themselves interested in the subject (MC12). A better 

TABLE 6.1  Descriptive statistics of metacognitive learning outcomes in mathematics

Item Sequence N Min Max Mean SD

KC1 MC01 3025 1 5 4.28 0.79
KC2 MC02 3025 1 5 4.13 0.88
KC3 MC03 3020 1 5 4.04 0.95
KC4 MC04 3016 1 5 4.08 1.01
KC5 MC05 3016 1 5 3.70 1.00
KC6 MC14 3020 1 5 3.90 1.03
KC7 MC12 3013 1 5 4.50 0.81
KC8 MC13 3015 1 5 3.85 1.01
KC9 MC16 3018 1 5 3.45 1.11
RC1 MC06 3020 1 5 3.73 1.06
RC2 MC07 3023 1 5 3.64 1.15
RC3 MC08 3019 1 5 3.88 1.09
RC4 MC09 3014 1 5 3.86 1.10
RC5 MC10 3018 1 5 3.95 1.04
RC6 MC11 3014 1 5 4.39 0.83
RC7 MC15 3015 1 5 4.24 0.96
RC8 MC17 3016 1 5 3.54 1.20
RC9 MC18 3022 1 5 4.15 1.00
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understanding of one’s cognition leads to efficient action taking (MC02) and auto-
matic strategy making (MC16).

Strong metacognitive performance means that learners have better regulation 
of cognition in the process of mathematics learning. Because of the better regula-
tion, children are good at comparing different methods during problem solving and 
making sense of the mathematics to hand so as to select a best solution (MC06; 
MC08). They reflect upon their thinking, strategies and the demand or quality of 
work before (MC09; MC18), during (MC15; MC10) and after (MC07; MC17) 
their mathematics learning. They make evaluations about their strategies and build 
their learning on it (MC17).

6.3 � The patterns of metacognitive learning outcomes in maths

As can be found in Table 6.1, on a scale of 5, the children from master maths teach-
ers’ classes have an average score of 4.0 (SD = 0.6) in metacognition, with their 
knowledge of cognition being slightly higher (M = 4.1, SD = 0.6) than the regula-
tion of cognition (M = 3.9, SD = 0.7). In half of the metacognitive items, student 
scores range from 3.95 to 4.5, with the SD ranging from 0.79 to 1.04; in the other 
half, the scores range from 3.45 to 3.90, with the SD ranging from 1.00 to 1.20. The 
skewness and kurtosis values fall within the range of (-1, 1), suggesting a normal 
distribution. The item mean scores are quite high, in comparison with findings 
from former studies where the Jr MAI was developed and/or utilised (Ning, 2016; 
Sperling et al., 2002).

6.4 � The variation of metacognitive learning outcomes in 
mathematics

To observe the variation of metacognitive learning outcomes in mathematics, we 
consider the effects of age (grade), gender and SES.

In line with existing literature, on the metacognitive scale of 5, children 
in lower grades (M = 3.82, SD = 0.66) lag behind their senior peers (M = 3.97, 
SD  =  0.62) by 0.15. This means a modest effect posed by the schooling stage: 
t p d3024 4 28 0 001 0 23( ) = < =. , . , .Cohen

,
s . The bootstrapping method with 1,000 

samples in ANOVA further indicates that Grade 2 has significantly higher scores than 
Grades 5 and 6 in overall metacognition F p p4 3023 6 16 0 001 0 01

2
, . , . , .( ) = < =( )h  

and that each higher grade outperforms any lower grade in the knowledge of cog-
nition F p p4 3023 36 24 0 001 0 02

2
, . , . , .( ) = < =( )h . Nevertheless, the regulation of 

cognition sees no significant difference between any two grades. The post hoc tests 
indicate that knowledge of cognition yields absolute difference between any pair 
of lower grades (2–4) and upper grades (5–6). The effect sizes (i.e., h p

2 ) identified 
in the case of significant differences were, however, almost negligible. The small 
effect of grades on metacognition coincides with the significant and relatively 
small correlation r p= <( )0 10 0 01. , .  between age and metacognitive scores. The 
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pairwise correlation also suggests a differential effect of age on knowledge of cog-
nition r p= <( )0 13 0 01. , .  and regulation of cognition r p= <( )0 06 0 01. , . .

With a mean of 3.99 (SD = 0.62), girls appeared to be metacognitively stronger 
than boys (M = 3.91, SD = 0.65), and the t-test showed a significant but weak effect 
of gender: t p d3022 3 42 0 001 0 13( ) = < =. , . , . . The gender difference found in the 
current study echoes similar findings in some of the studies (Daniel et al., 2016; 
King & McInerney, 2016) but not all (e.g., see Metallidou & Vlachou, 2007).

Socioeconomic status is generally found related to metacognitive performance 
in studies based on data collected in the nations other than China (Akyol et al., 
2010; Daniel et al., 2016; Pappas et al., 2003). The current study replicates this 
finding in the Chinese context where student SES is indeed positively correlated 
with their performance in metacognition r p= <( )0 19 0 01. , . , knowledge of cogni-
tion r p= <( )0 23 0 01. , .  and regulation of cognition r p= <( )0 13 0 01. , . .

Combining the findings, it seems to suggest that the difference of metacogni-
tive performance between various groups, if any, tends to exist in the dimension of 
knowledge of cognition. The difference in regulation of cognition is either smaller 
or insignificant.

6.5 � Teaching effects on metacognitive learning outcomes in maths

We have hypothesised at the beginning of this chapter that teaching contributes to 
metacognitive outcomes (HMC2). Now with metacognitive outcomes measured and 
teaching and background variables readily available, we can now test this hypoth-
esis using multilevel modelling.

To partition the variance of metacognitive outcomes between the student and 
teacher levels, we run three multilevel models. The first model (the null model, 
MCMLM0) tests the proportion of variance explained at the teacher level. With an 
ICC of 0.12, the model justifies the rationale for multilevel modelling, by sug-
gesting that 12% of the variance in student metacognitive learning outcomes in 
mathematics is situated at the teacher/class level. We are thus confident to continue 
with the rest of the modelling.

The second model (MCMLM1) estimates the effects of the three background 
variables – student age, gender and SES – on their metacognitive performance. We 
can see in Table 6.2 that the variance in metacognitive learning outcomes drops by 
5.7% at the student level and 20% at the teacher/class level.

There is much variance left unexplained in the model MCMLM1, so we carry 
on modelling the data by adding the teacher level predictor, the aggregated 
EGM (L2EGM), in the full model (MCMLM2) which is expressed in the following 
equations:

Level-1 equation:

MC Age Gender SES eij j j ij j ij j ij ij= + + + +b b b b
0 1 2 3

,
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Level-2 equations:

b g g
0 00 01 0

2j j jL EGM u= ++
,

b g
1 10j = ,

b g
2 20j = ,

b g
3 30j = .

Combined equation:

MC Age Gender SES L EGM u eij ij ij ij j j ij            
00 10 20 30 01 0

2

In the above equations, MCij , Ageij , Genderij and SESij  are the metacognition 
score, age, gender and SES of student i in class j respectively; L EGM j2  is the 
level-2 predictor, the aggregated EGM, in class j; eij and u0j are the residual error 
terms at levels 1 and 2 respectively.

As shown in Table 6.2, the full model (MCMLM2) reduces the teacher-level vari-
ance by 60%, with the reduction of student-level variance (5.7%) being the same as 

TABLE 6.2  The two-level model of metacognitive learning outcomes in mathematics

Models MCMLM0 MCMLM1 MCMLM2

Fixed part Coefficients ES Coefficients ES Coefficients ES
(Intercept) 3.95*** 2.67*** ˗0.18
Student level
Age 0.05** 0.22 0.05** 0.22
Gender 0.06** 0.27 0.06** 0.27
SES 0.02*** 0.09 0.02*** 0.09
Teacher level
L2EGM 1.1*** 4.93
Random part Variance SD Variance SD Variance SD
Student level ( )s 2 0.35 0.595 0.33 0.576 0.33 0.576
Teacher level ( )t

00 0.05 0.223 0.04 0.208 0.02 0.131
ICC 0.12 0.11 0.05
NTeacher 67 67 67
NObservation 3028 2872 2872

Deviance 5576.8 5104.8 5057.2
Marg R2/Cond R2 0.000/0.123 0.057/0.165 0.115/0.158
Variance Reduction from Null (%)
Student level 5.7% 5.7%
Teacher level     20.0%   60.0%  

Note: ES
SD

= coefficient

NullModelt
00

. EGM  =  student-perceived teaching engagement in mathematics class  

measured with the scale ASBM02A-J in TIMSS 2015 Student Questionnaire for Grade 4 Mathematics 
(IEA, 2014). ** p < 0.01. *** p < 0.001.
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in the former model (MCMLM1). The class-level perception of teaching engagement 
manifests a significant coefficient of 1.1 on student metacognitive scores, with a 
much larger effect size (4.93) than Gender (0.27), Age (0.22), and SES (0.09).

Between the two conditional models (i.e., MCMLM1 and MCMLM2), the influ-
ence of age, gender and SES remains stable, but the level-2 variance dropped 
by 40% in the latter model where the teaching variable is included. In line with 
literature and echoing the pairwise correlation and t-test results in section 6.4 of 
the chapter, age plays a significantly positive role in metacognitive performance 
( . , . )g

10
0 05 0 01= <p ; girls scored relatively higher than boys ( . , . )g

20
0 06 0 01= <p ;  

the effect of SES is almost negligible albeit significant ( . , . )g
30

0 02 0 001= <p . 
Whilst age, gender and SES all manifest significant effects on metacognition, all 
the effect sizes (0.22, 0.27, and 0.09) are quite small, in comparison with the size 
of teaching effect (4.93). The model suggests that, at the teacher/class level, if 
student-perceived teaching engagement at the class level increases by one point on 
a scale of 3, students’ metacognitive performance moves 1.1 point up on a scale of 
5 ( . , . )g

01
1 1 0 001= <p . Teaching does make a significantly strong impact on meta-

cognitive learning outcomes in mathematics (HMC2).
To understand the paths from observed teaching to metacognitive learning out-

comes via perceived teaching, we now move on to model the metacognitive mech-
anisms using multilevel structural equation modelling.

6.6 � The paths towards strong metacognitive performance  
in maths

Two models, MCMSEM0 and MCMSEM1, were run on the relation between metacog-
nitively oriented teaching (ISTOF5) and metacognitive performance (MC) as well 
as the mediating role of perceived teaching engagement (EGM) in this relation 
(HMC3). Whilst both models put such correlation and mediation at the centre of 
their attention, the former excludes and the latter includes the background variables 
(student age, gender and SES).

As the fit indices show in Table 6.3, the three measurement models all manifest 
an acceptable-to-good fit to the data. The ISTOF5 has a satisfying c 2  test and 
c 2

/ df  value, because the sample size for the teaching data is much smaller than 
the size of the student sample which is likely to have led to the significant c 2  test 
for the CFA models of the MC and EGM. Judging by the MSEM indices, both 
models had an acceptable CFI and TLI as well as a good RMSEA and SRMR. With 
smaller values of the c 2

/ df , AIC and BIC, the MCMSEM1 demonstrates a better fit 
to the data.

We now zoom in to see the effect sizes of various paths between the variables. At 
the student level of the unrestricted model (MCMSEM0 in Table 6.4), teaching engage-
ment significantly predicts metacognitive performance ( . , . )b = <0 58 0 001p ,  
with the effect dropping a little ( . , . )b = <0 53 0 001p  in the conditional model 
(MCMSEM1). At the teacher level, observed metacognitive teaching (ISTOF5) poses 
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TABLE 6.3  Model fit indices related to the models on metacognition

MSEM: IF5EGMMC

Model χ2 df p χ2/df  CFI  TLI RMSEA

CFA
IF5 1.557 2 0.459 0.779 1.000 1.012 0.000
MC 1132.134 135 0.000 8.386 0.943 0.936 0.051
EGM 820.425 35 0.000 23.441 0.924 0.902 0.089
MSEM
MCMSEM0 3121.127 724 0.000 4.311 0.909 0.901 0.035
MCMSEM1 3207.422 802 0.000 3.999 0.904 0.896 0.034

Model SRMRw SRMRb AIC BIC N Note

CFA
IF5 0.022 67 4 indicators
MC 0.033 2895 2nd-order CFA: 

MC=~KC+RC
EGM 0.044 2829 10 items
MSEM
MCMSEM0 0.042 0.127 159673.292 160523.090 2701 2-level without 

controls
MCMSEM1 0.044 0.123 151481.123 152359.397 2579 2-level + age + 

gender + SES

Note: MCMSEM0 is the model without controlling for background variables. MCMSEM1 is the model control-
ling for age, gender and SES. CFI = comparative fit index. TLI = Tucker-Lewis index. RMSEA = root 
mean square of approximation. SRMR = standardised root mean square residual.

a positive effect on teaching engagement (MCMSEM0: b = <0 55 0 001. , .p ; MCMSEM1: 
b = <0 34 0 05. , .p ) which in turn affects metacognitive performance (MCMSEM0: 
b = <0 60 0 001. , .p ; MCMSEM1: b = <0 83 0 01. , .p ). At the class level, ISTOF5 pre-
dicts metacognition performance indirectly via its effect on teaching engagement, 
with the direct effect being insignificant.

In summary, whilst the MSEM results do not support the hypothesis that meta-
cognition-focused teaching influences metacognitive performance directly (HMC3a), 
we can accept the hypothesis HMC3b that metacognitive performance is indirectly 
affected by metacognitively oriented teaching via the mediation of student-per-
ceived teaching engagement.

TABLE 6.4  Path coefficients for the multilevel structural equation models of metacognition

Model Student level Teacher/Class level

MC~EGM MC~EGM MC~ISTOF5 EGM~ISTOF5

MCMSEM0 0.58*** 0.60*** 0.10 0.55***
MCMSEM1 0.53*** 0.83** ˗0.11 0.34*

Note: * p < 0.05. ** p < 0.01. *** p < 0.001.
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6.7 � Patterns, variation and mechanisms of metacognitive 
learning outcomes in maths

In this chapter, we have tested three hypotheses, in addition to descriptive statistics 
of metacognitive outcomes in mathematics.

Metacognitively strong learners have a better understanding of their own status 
of cognition and a better regulation of their thinking, planning and learning (Fla-
vell, 1976, 1979; Sperling et al., 2002). Our findings in this chapter indicate that in 
general the master maths teachers’ students demonstrate quite good performance 
in metacognition (MC), having good knowledge (KC) and regulation (RC) of their 
own cognition during the process of mathematics learning. On a scale of 5, they 
have an average score of 3.96 (SD = 0.63) on MC, with a slightly higher score on 
KC (3.99 ± 0.64) than RC (3.92 ± 0,70). The mean scores are much higher than 
the results from formers studies using the same instrument (Ning, 2016; Sperling 
et al., 2002). About the variation of the metacognitive outcomes, a significant effect 
comes from age r p= <( )0 10 0 01. , .  and SES r p= <( )0 19 0 01. , . , and girls do 
better than boys (3.99 vs. 3.91 out of 5, t p d3022 3 42 0 001 0 13( ) = < =. , . , . ).

To check the validity of the Jr MAI’s intended structure, we ran a second-order 
CFA model in which two nine-item factors are umbrellaed by the overarching 
latent variable – metacognition. The results indicate a good fit of the model to the 
data. We therefore are confident that metacognition, as measured with the adapted 
mathematics-oriented version of the Jr MAI (Sperling et al., 2002), can be indeed 
modelled as a latent variable consisting of two dimensions – knowledge of cogni-
tion and regulation of cognition – which in turn can be properly estimated with the 
nine items affiliated to them. The HMC1 is thus accepted.

Our multilevel modelling of the metacognitive performance further shows that 
teaching engagement explains 40% of variance in metacognitive performance 
at the class level, controlling for age, gender and SES. The results thus suggest 
we accept the HMC2. The multilevel structural equation modelling indicates that 
metacognitively oriented teaching (ISTOF5) predicts student-perceived teaching 
engagement which in turn predicts metacognitive learning outcomes. The results 
accept the HMC3b (indirect effect) but reject the HMC3a (direct effect).

Research has rarely given exclusive attention to metacognitive performance of 
children taught by expert mathematics teachers. The mechanism behind metacog-
nition is rarely explored with classroom data using both the MLM and MSEM 
approaches. This is even rarer in the context of mathematics teaching and learning. 
The chapter contributes to the field with respect to, though not limited to, these 
gaps.

A key question in the field is the relationship between metacognition and cog-
nition. According to Pressley and Harris (2006), it is very hard to have knowl-
edge about how competent one is or know how best to learn in a domain without 
domain-specific knowledge. For example, students need to know what key con-
cepts are in a subject area, and how they relate to one another. This also includes a 
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judgement of task difficulty, which may also interact with the affective components 
(e.g., self-efficacy, self-concept and confidence). Likewise, it is unlikely a student 
would know what (metacognitive) skills to use to solve a problem without having 
a (cognitive) method to do so. It is here where we can see that knowledge of cogni-
tion and regulation of cognition go hand-in-hand, something which is expressed 
in the way we measure metacognition in the Jr MAI. An important reason to not 
solely focus on knowledge of metacognition, is that metacognitive knowledge also 
can be wrong (we can underestimate the time we need to memorise something, for 
example), with students’ metacognition being suboptimal in terms of effectiveness 
and efficiency. It is here where schooling plays an important role, as schooling can 
improve both metacognitive knowledge and skills through teaching and learning 
(Veenman et al., 2006).

In the context of mathematics education, metacognition should not be seen as 
a stable characteristic of an individual learner, but as something that interacts with 
the task at hand. It is context-specific which is why we adapted our instruments 
to the specific context of mathematics learning. Metacognition has been found to 
be quite context-dependent, which means that a student who shows strong meta-
cognitive competence in one task or domain may be weak in another, and meta-
cognitive strategies may be differentially effective depending on the specific task, 
subject or problem tackled (Kim et  al., 2013). In the current project, the math-
ematically adapted Jr MAI shows a good fit of second-order model to the data, 
suggesting the possible, albeit not exactly affirmative, fact that metacognition can 
be subject-specific.

In previous research, strong metacognition has been found correlated with bet-
ter cognitive performance in mathematics (Desoete et al., 2019; see some examples 
in Muijs & Bokhove, 2020; Zhao et al., 2019). We will explore the potential con-
nection between teaching, metacognition and cognition in mathematics in the next 
chapter.
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I don’t have any magical ability. I look at a problem, play with it, work out a 
strategy.

– Terence Tao

In this chapter, we look at the measure of and the mechanisms behind mathemati-
cal achievement using the teaching and learning data collected in Grades 5 and 6. 
Instead of testing the students with all domains of the primary mathematics, we 
focus on the most challenging topics in school mathematics – rational numbers and 
proportional reasoning. This allows us to carry out a more thorough assessment of 
mathematical competence in this domain.

Amongst all school mathematics topics, rational numbers and ratios are regarded 
as ‘the most protracted in terms of development, the most difficult to teach, the 
most mathematically complex, the most cognitively challenging, the most essential 
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to success in higher mathematics and science, and one of the most compelling 
research sites’ (Lamon, 2007, p. 629). These topics were amongst the key topics 
systematically studied by the CSMS project (Hart et al., 1981) and by the recent 
ICCAMS project (Hodgen et al., 2010) utilising test items developed by the for-
mer in the 1970s. In the CSMS project, only 12% of students in secondary Year 1 
and 20% in Year 4 made it explicit that there were an infinite number of numbers 
between two seemingly adjacent numbers, 0.41 and 0.42 (Hart et al., 1985b).

Rational numbers are defined as ‘elements of an infinite quotient field consisting 
of infinite equivalence classes’, whilst fractions are ‘the elements of the equiva-
lence classes’ (Behr et al., 1992, p. 296). A rational number can be written in the 
form of a fraction (or ratio or two integers), such as a

b
, where a and b are both 

integers and b is nonzero (Houston, 2009). Whole numbers can be written as frac-
tions as well, but in the MasterMT project, we focus primarily on those written in 
the forms of fractions. Decimals in the current study refer narrowly to those that are 
elements of the set of Rational Numbers, excluding both non-terminating repeat-
ing decimals and non-terminating non-repeating decimals. The former may be 

represented as a fraction (e.g., 0 3
1

3
. = ), whereas the latter is irrational (e.g., π, e, 

and 2 ). Within this boundary, decimals are a special type of fractions that have 

10n as denominators, for example, 0 2
2

10
. = , 0 02

2

10
2

. = , 0 002
2

10
3

. = . Here, we 

use ‘decimals and fractions’ and ‘rational numbers’ interchangeably. Proportional 
reasoning is the cognitive status ‘where student presents valid reasons in support 
of claims made about the structural relationships that exist when two ratios are 
equivalent’ (Lamon, 1995, pp. 172–173).

The more overt connections between rational numbers and algebra may be 
observed in a simple equation like y ax=  where the slope is the nonzero constant, a. 
This slope value is equal to the magnitude of the fraction, y x/ , where x ≠ 0, as well 
as the value of the ratio, y x: , where x ≠ 0. The equation holds for any pair of y and x 

x ¹( )0  as long as the fractions/ratios formed by these two variables are elements of 
the set of equivalent fractions/ratios with the same magnitude/value, a  (Peck, 2020). 
In this sense, the facts that fraction and ratio can show both the relation between two 
quantities and a value (quotient) are the two sides of one coin that connects rational 
numbers and simple equations like y ax a= ¹( )0 . It is fractions representing rela-
tions between quantities and decimals as unidimensional magnitudes that were found 
to have significantly predicted algebra performance (DeWolf et al., 2015).

The National Mathematics Advisory Panel (NMAP, 2008) found fractions to 
be one of the crucial areas in preparing students for algebra learning and ‘the 
most important’ yet underdeveloped area amongst American students, concluding 
that ‘the teaching of fractions must be acknowledged as critically important and 
improved before an increase in student achievement in algebra can be expected’ 
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(NMAP, 2008, p.  18). Indeed, the crucial role of rational numbers and ratios is 
evident. Learning outcomes on the topics have been found posing a lasting effect 
on later mathematics performance in general and algebra in particular, even when 
knowledge in other maths topics, general IQ and SES were controlled for (Siegler 
et al., 2012). Such lasting effects of rational number fluency on algebra competence 
were even found amongst undergraduates, long after their completion of learning 
the content (Hurst  & Cordes, 2018). Unsurprisingly, these topics together have 
been one of several focal areas in international surveys aiming at fundamental and/
or higher-order maths competencies, such as TIMSS (Mullis et al., 2016, Exhibit 
2.1) and PISA (OECD, 2019, p. 105, Table I.6.1).

In the MasterMT project, the mathematics test is thus focused on the most chal-
lenging and important topics in school mathematics – rational numbers and pro-
portional reasoning. In addition to the test results seen through macro, meso- and 
micro lenses (Miao et al., 2022), this chapter presents our findings on and about 
mathematics tests in two ways. First, we look at patterns and variation of student 
cognitive outcomes in mathematics. Second, we look closely at the teaching-
learning (TL) mechanisms through the lenses of multilevel modelling and mul-
tilevel structural equation modelling. In addition to the utilisation of descriptive 
statistics and Rasch modelling, we delve into the test and the TL mechanisms, 
testing the following hypotheses informed by existing research:

HM1: Student age (HM1a), gender (HM1b) and SES (HM1c) significantly affects their 
cognitive outcomes in mathematics;

HM2: Teaching significantly affects cognitive outcomes in mathematics in spite of 
the effects of age, gender and SES;

HM3: Metacognitive oriented teaching affects cognitive outcomes in mathematics 
both directly and indirectly through its effect on metacognitive outcomes in 
mathematics.

7.1 � Measuring and modelling cognitive learning outcomes in 
mathematics

Whilst the detailed methods of measurement can be found in Chapter 3, here we 
have a quick recap on how we analyse the maths test data and model the hypoth-
esised mechanisms.

As explained in Chapter 3, the cognitive outcomes in mathematics were meas-
ured with three test booklets (G5A, G5B and G6) consisting of a total of 28 items 
adapted from the CSMS project. Each student in Grades 5 and 6 completed one 
of the three tests. Tests were analysed with the Rasch model to estimate person 
ability and item difficulty; the equating of the three tests’ data was performed with 
the seven common items working as anchor items. The equated test scores were 
linearly transformed into scores with a mean of 500 and SD of 100.
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Our initial analyses of the test data focus on the patterns of AIM on the item, 
topic and test levels and the variation of student performance by age, gender and 
SES. After these, we move on to systematic analyses of the relationship between 
teaching and learning through multilevel modelling and multilevel structural equa-
tion modelling.

7.2 � Patterns and variation of mathematics performance

Amongst the 2,642 fifth and sixth graders who have an average score of 500 
in mathematics, the higher graders (541 ± 109) perform significantly bet-
ter than the lower graders (458 ± 68) by an average difference of 83 points 
t p d2222 23 53 0 001 0 94( ) = < =( ). , . , .Cohen

,
s . As we hypothesised, age 

( . , . )r p= <0 33 0 01  is positively correlated with cognitive outcomes in mathemat-
ics (HM1a). SES has a similar correlation with maths ( . , . )r p= <0 23 0 01 , as we 
anticipated (HM1c).

As often found in various assessments, including those from international large-
scale studies, there is a gender gap amongst fifth graders, with girls slightly lagging 
behind boys MD t P d= - = ( ) = < =( )467 449 18 1306 4 58 0 001 0 27, . , . ,

,
.Cohen s .  

The encouraging finding is that the significance of the gap vanishes in Grade 6 
MD t p= - = ( ) = =( )545 539 6 1320 1 03 0 30, . , . . Thus, the HM1 proves to be par-

tially correct. Our anticipation is the extra-year quality teaching might contribute 
to the gap closure.

Across the two grades, an average of 78% of students succeeded in decimals 
and fractions. The Rasch analyses show that decimals are slightly easier than frac-
tions and that ratios and proportions are much harder than decimals and fractions 
(Miao et al., 2022). Across grades, the average success rate is 78% on decimals and 
fractions and 52% on ratio. In comparison with the secondary school students in 
the CSMS study (Hart et al., 1985a; Hart, Brown et al., 1981), the primary school 
students in the current study had achieved a much higher correct rate on each of 
the 28 items (Figure 7.1). The current gap might be wider, given the considerable 
decline of English students’ performance on these topics found by the ICCAMS 
project 30 years later (Hodgen et al., 2010). Nevertheless, it should be acknowl-
edged that there are sample differences between the two English studies and the 
MasterMT. The English results were generated from nationally representative sam-
ples of English secondary students, whereas the sample for the current study came 
from classes of master mathematics teachers in primary schools of urban China.

In terms of level proficiency (see Figure 3.3), there is a higher proportion of stu-
dents reaching the top levels in decimals, fractions and ratio and proportions than 
that of the CSMS cohort (Figure 7.2). Research and practice suggest children often 
struggle with tasks such as fraction division, reasoning proportionally beyond dou-
bling and tripling, and understanding the existence of an infinite number of num-
bers between two seemingly adjacent fractions/decimals, for example, between 1/3 
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FIGURE 7.1  Item facilities on the CSMS benchmark
Note: G5 = Grade 5 (aged 10–11); G6 = Grade 6 (aged 11–12). CSMS = the Concepts in Secondary 
Mathematics and Science project (Hart et al., 1981). Y1 = Secondary Year 2 (aged 11–12) in England in 
the 1970s. Y2 = Secondary Year 2 (aged 12–13). Y3 = Secondary Year 3 (aged 13–12). Y4 = Secondary 
Year 4 (aged 14–15).

and 2/3, or 0.11 and 0.12. These do not seem as difficult for the students from 
the master teachers’ classes. Rational numbers and proportional reasoning have 
been found as predictors of algebraic performance (Hurst & Cordes, 2018; Siegler 
et al., 2012). Having not attempted to replicate this finding, we could, however, 
see the early sign of transition from proportional thinking to algebraic thinking 
amongst sixth graders who tackle ratio tasks using algebraic methods, in addition 
to arithmetic.

The fifth and sixth graders from the master maths teachers’ classes in China 
show a higher degree of readiness for learning algebra and more advanced math-
ematics at a younger age than their senior peers in the CSMS and ICCAMS studies 
where the same test items were utilised. With flexibility and proficiency in reason-
ing proportionally, the upper primary children in the current study show a deeper 
understanding of the big idea behind the phenomena of rational numbers and ratios. 
Of course, when interpreting the results, we should constantly remind ourselves of 
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FIGURE 7.2  Top-level rational and proportional reasoning on the CSMS benchmark

the fact that we are comparing primary students taught by master maths teachers 
in China with the national samples of Key Stage 3 in England in 1979 and 2009.

7.3 � Children better prepared for algebra and advanced 
mathematics

Overall, students in the current study performed relatively well in rational numbers 
and proportional reasoning – the pivotal topics that affect algebraic learning and 
overall mathematics in secondary and higher education (Hurst & Cordes, 2018; 
Siegler et al., 2012). Chronologically and cross-nationally, these Chinese primary 
children had substantially outperformed their senior peers in English secondary 
schools back in 1976 (Hart et  al., 1985) and 2008 (Hodgen et  al., 2010). They 
appeared to be better prepared for the learning of algebra and more advanced maths. 
Again, it should be noted that the Chinese sample came from master mathematics 
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teachers’ classes where better learning is likely to happen, albeit not definitely eas-
ily so at such young ages. The results, however, do suggest that children can reach 
a higher level of mastery in the most challenging topics of school mathematics at 
a younger age. It is thus reasonably possible for other children of a similar age 
to break the performance ceiling that hinders their development. Lifting learning 
upwards offers more developmental opportunities to learners than attempting to 
develop learners through the somewhat fixed developmental stages (Biggs, 1982).

7.4 � Flexibility and proficiency in proportional reasoning

In the current study, the 5th and 6th graders from Chinese cities demonstrated a 
high level of proficiency in the top-level items of the assessed topics and were able 
to use the connections between division, fractions and ratios to solve problems 
flexibly. Those successful on the most difficult items were able to not only see 
fractions as numbers but also as magnitudes dependent on two division-related 
quantities – the numerator and the denominator. Likewise, in their mind, ratios 
were similar to fractions which not only represented the relationship between two 
terms but also carried values – a concept similar to the magnitude of fractions. 
Moreover, both ratios and fractions share fundamental traits with division which 
not only results in a value but also denotes the relationship between two quantities 
(Cai & Wang, 2006; Moseley et al., 2007). Such proficiency shows these children’s 
ability in thinking proportionally and switching smoothly at their will between dif-
ferent representations and procedures according to specific problem situations. To 
them, division, fractions and ratios are just phenomena (Freudenthal, 1983) of one 
big idea (Askew, 2013). Choosing the appropriate unit and partitioning is the key 
in reasoning about rational numbers. Proficient learners can switch easily between 
various ‘phenomena’ of rational numbers and tackle both abstract and real-world 
problems through representing quantities properly and modelling relationships 
between them accurately with appropriate mathematical models.

The learning of these topics may be greatly enhanced by teaching with a particu-
lar emphasis on the between-topic connections after the mastery of each specific 
topic, such that learners can see the bigger idea behind the interconnected topics 
gradually emerging (Askew, 2013; Lamon, 1993). This links rational numbers and 
ratios closely to algebra where building relations between variables is central. Ech-
oing ‘relational thinking’ in work by Empson et al. (2011, pp. 413–425), such con-
nectedness enriches and strengthens children’s learning in fractions and extends 
their thinking algebraically.

Unsurprisingly, in the Chinese curriculum and amongst Chinese teachers, it is 
treated as a matter of fact that there exist four sets of triple counterparts weaving 
together the three concepts, fraction, ratio and division: (1) the antecedent (i.e., 
the first term) of a ratio is conceptually similar to the dividend in division and the 
numerator of a fraction; (2) the colon between two terms of a ratio is conceptually 
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similar to the division sign and the fraction line; (3) the consequent (i.e., the second 
term) of a ratio is conceptually similar to the divisor in division and the denomina-
tor of a fraction; (4) the value of a ratio is conceptually similar to the quotient of 
division and the value or magnitude of a fraction (Cai & Wang, 2006). However, 
the curriculum in itself does not guarantee good performance amongst all learners, 
as shown in recent studies on performance of Chinese students in fractions and dec-
imals (Jiang et al., 2021; Liu et al., 2014). Intended curriculum is not implemented 
curriculum (Valverde et al., 2002). Otherwise, in a more centralised system like 
China, teachers would be achieving the same excellence and so would students. 
But that is simply not the case.

Given the connected nature of the assessed topics, it is crucial for children to 
have a full vision and thorough understanding of all possible representations or 
phenomena of rational numbers and ratios (Freudenthal, 1983). Such a proficiency 
would lead to children’s ultimate mastery of knowledge and skills in these inter-
related subdomains and thus lay solid foundation for their proficiency in more 
advanced mathematics. Teachers’ emphases of the connectedness of rational num-
bers and ratios in class would help nurture higher-order thinking about the higher-
order knowledge of primary mathematics (Cai & Wang, 2006; Howe et al., 2015). 
Mathematics is a subject with a strong trait of connectedness within itself, and the 
benefit of teacher/teaching effort given to building a robust net of knowledge is 
evident in the empirical literature (Askew et al., 1997; Ma, 1999). It is essential to 
teach/learn ratios with a wide and rich variety of representations, so that learners 
are able to get thorough understanding of the properties of ratios and proportions, 
identify the four terms of a pair of equal ratios embedded in various situations, 
model the relationship between them and solve problems based upon conceptual 
understanding and procedural clarity (Howe et al., 2015).

Having reflected upon the mathematics test findings, let us now zoom out to see 
the grander patterns – the mechanisms behind mathematics performance.

7.5 � Teaching effects on achievement in mathematics

At the beginning of the chapter, we hypothesised that teaching significantly affects 
the overall AIM despite the influence of student background variables – age, gen-
der and SES (HM2). To test the hypothesis, we plan to run five 2-level models.

As always, we first run a null model (AIMMLM0) to check if multilevel modelling 
is necessary. The null model shows an ICC of 0.29, indicating that 29% of variance 
in mathematics performance is located at the teacher level. This justifies the exist-
ence of a multilevel structure in the data.

We then add the three control variables (Gender, SES and Age) in the model 
AIMMLM1 to evaluate the possible effects of student background. Then, we add the 
two teaching predictors, MQI and ISTOF, separately or together, and get three 
models: AIMMLM2a-MQ, AIMMLM2b-IF and AIMMLM2c-MQIF.
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We anticipate that adding the two teaching predictors together in the model 
(AIMMLM2c-MQIF) will likely end up with an insignificant result, due to the overlaps 
between the two observation systems. The result of the model AIMMLM2c-MQIF con-
firms what we thought. When both the MQI and the ISTOF are added (AIMMLM2c), 
the coefficients become insignificant, indicating a possible collinearity between 
the two. This makes sense since the correlation between the two is strong 
r p= <( )0 93 0 01. , . . We therefore consider the AIMMLM2a and AIMMLM2b as the two 

full models each independently evaluating the effects of teaching on mathemat
ics achievement. In the Table 7.1, we only report these two acceptable full models 
(AIMMLM2a-MQ and AIMMLM2b-IF) which are expressed in the following equations:

Level-1 equation:

Maths Age Gender SES eij j j ij j ij j ij ij= + + + +b b b b
0 1 2 3

,

Level-2 equations:

b g g
0 00 01 0j j jTeach u= ++

b g
1 10j = ,

TABLE 7.1  Two-level models of mathematics performance

 Models AIMMLM0 AIMMLM1 AIMMLM2a-MQ AIMMLM2b-IF

Fixed part Coefficient ES Coefficient ES Coefficients ES Coefficient ES
(Intercept) 501*** 393.07*** 196.42** 196.78**
Student level
Age 3.90 4.95 5.12
Gender ˗14.80*** ˗0.18 ˗14.74*** ˗0.18 ˗14.72*** ˗0.18
SES 2.08*** 0.02 2.06*** 0.02 2.05*** 0.02
Teacher level
MQI mean 42.38*** 0.51
ISTOF mean 41.85** 0.50
Random part Variance SD Variance SD Variance SD Variance SD
Student level 

( )s2

7032.58 53.88 6757.74 82.21 6760.88 82.22 6761.39 82.23

Teacher level 
( )t

00

2903.57 83.86 2414.66 49.14 1912.34 43.73 1942.50 44.07

ICC 0.29 0.26 0.22 0.22
N

Teacher
59 59 59 59

N
Student

2642 2507 2507 2507
Deviance 31075.4 29385.5 29373.8 29374.9
Marg R2/ 

Cond R2
0.000/0.292 0.030/0.286 0.089/0.290 0.086/0.290

Variance Reduction from Null (%)
Student level 3.9% 3.9% 3.9%
Teacher level     16.8%   34.1%   33.1%

Note: ES
SD

= coefficient

NullModelt
00

. AIM = achievement in maths. ** p < 0.01. *** p < 0.001.
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b g
2 20j = ,

b g
3 30j = .

Combined equation:

Maths Age Gender SES Teach u eij i j ij ij j j i= + + + + ++g g g g g
00 10 20 30 01 0 jj .

In the equations, Mathsij, Ageij, Genderij and SESij  are the maths score, age, gen-
der and SES of student i in class j respectively; Teachj  is the MQI or ISTOF score 
of the maths teacher in class j; eij and u0j are the residual error terms at levels 1 and 
2 respectively.

As shown in Table 7.1, controlling for age, gender and SES, the model AIMMLM1 
sees the reduction of 16.8% of the variance on level 2. For mathematics, age is not 
a significant predictor g

10
3 90 0 39= =( ). , .p . Girls score 14.80 points lower than 

boys ( . , . )g
20

14 0 001= - <80 p , which is consistent with the t-tests discussed ear-
lier. One point increase on the SES index is likely to raise the mathematics perfor-
mance by 2.08 points ( . , . )g

30
2 08 0 001= <p  which is not substantial for overall 

mathematics performance of participants (500 ± 100).
Adding the MQI in the model AIMMLM2a, we see the variance of mathemat-

ics achievement on level 2 is reduced by 34.1%. Similarly, when we add the 
ISTOF, instead of the MQI, as the level-2 predictor, the model MATMLM2b indi-
cates a reduction of Level-2 variance by 33.1%. In either model, a substantial 
proportion of variance at level 2 is explained. In addition to the 16.8% of vari-
ance explained by the control variables, each teaching predictor further explains 
16.3% to 17.3% of variance on level 2, leaving about two-thirds of the level-2 
variance unexplained.

The results suggest that even in master mathematics teachers’ classes, teaching 
still makes a considerable difference in learning. They still manage to further push 
the ceiling of teaching effects, sailing against the sociodemographic current and 
reducing the expected time length of learning/schooling.

The results also indicate that a more complicated observation system is needed 
for further reduction of the variance at the teacher level, echoing the recently noted 
absence of an observation system that could ‘catch’ all predicators (Charalam-
bous & Praetorius, 2018). The development of a more comprehensive observation 
system can be a major direction for future research in methodological terms. Nev-
ertheless, before that and within the current project, more explanation can be found 
in the characteristics of teaching and the processes of PD that are captured in our 
qualitative analyses of the project’s data (Chapters, 2, 4, 8 and 9). These qualitative 
findings offer more insights into the teaching-learning mechanism not only in terms 
of what works and how it works but also with respect to potential extra points of 
observation for future research.

Driven by both the unexplained variance and the hypothesised role of meta-
cognition in cognitive performance in mathematics, we decided to explore both  
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the direct and indirect effects of teaching on mathematics achievement, using mul-
tilevel structural equation modelling.

7.6 � Paths towards strong mathematics achievement

In this section, we present the processes and results of the MSEM analyses on the 
direct and indirect connections between mathematics teaching and cognitive learn-
ing outcomes in mathematics, tapping on the mediating effect of metacognitive 
outcomes on the relation between the two. This way we are able to test the HM3. In 
particular, we focus on the effect of metacognitively oriented teaching as measured 
with the ISTOF5. Unlike the item parcel utilised in the multilevel models in the 
above section, we treat the ISTOF5 as a latent variable, consisting of four indica-
tors, in this series of MSEM analyses, to make the best use of the strengths of the 
measurement parts that SEM can offer. Another measurement part is the meta-
cognitive outcomes as a second-order CFA model we discussed in the previous 
chapter. Acknowledging the multilevel structure of the data, we intend to test mul-
tilevel structural equation models. We test the models, first without and then with 
control variables (age, gender and SES). This results in two models (AIMMSEM0 and 
AIMMSEM1) being tested and each demonstrating an acceptable-to-good fit to the 
data (Table 7.2).

TABLE 7.2  Model fit indices related to the models on maths

Model χ2 df χ2/df p  CFI  TLI RMSEA

CFA
ISTOF5 1.557 2 0.459 0.779 1.000 1.012 0.000
MC 1132.134 135 0.000 8.386 0.943 0.936 0.051
MSEM: ISTOF5MCAIM
AIMMSEM0 1518.30 380 4.00 < 0.001 0.924 0.915 0.034
AIMMSEM1 1778.24 434 4.10 < 0.001 0.946 0.940 0.036

Model SRMRw SRMRb AIC BIC N Note

CFA
ISTOF5 0.022 67 4 indicators
MC 0.033 2895 2nd-order CFA: 

MC = ~KC+RC
MSEM: ISTOF5MCAIM
AIMMSEM0 0.038 0.089 142756.12 143392.49 2536 2-level unconditional
AIMMSEM1 0.058 0.130 134691.45 135339.45 2406 2-level + age + gender + SES

Note: AIM = achievement in maths. AIMMSEM0 is the null model without controls; AIMMSEM1 is  
the model controlling for age, gender and SES. CFI = comparative fit index. TLI = Tucker-Lewis 
index. RMSEA = root mean square of approximation. SRMR = standardised root mean square 
residual.
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As shown in Table 7.3, in the unconditional MSEM (AIMMSEM0), ISTOF5 signif-
icantly affects metacognition b = <( )0 44 0 01. , .p  and mathematics performance 
b = <( )0 44 0 01. , .p  at the teacher level, with mathematics performance being 

significantly predicted by metacognition at the student level ( . , . )b = <0 29 0 001p
. With background variables (age, gender and SES) added, the conditional model 
(AIMMSEM1) finds almost no change in: (1) the effect of ISTOF5 on metacognition 
at level 2 ( . , . )b = <0 43 0 01p , (2) its effect on mathematics performance at the 
teacher level ( . , . )b = <0 41 0 05p  and (3) the effect of metacognition on math-
ematics performance at the student level ( . , . )b = <0 28 0 001p .

Taking into consideration the results of both models, we can conclude that, 
despite the influence of age, gender and SES, metacognitively oriented teaching 
(ISTOF5) poses a positive effect on both mathematics achievement and metacog-
nitive performance at the class level and then, at the student level, metacognitive 
performance poses a positive effect on mathematics performance (Table 7.3).

7.7 � Patterns, variation and mechanisms of cognitive learning 
outcomes in maths

In this chapter, we have looked at patterns and variation of cognitive learn-
ing outcomes in mathematics and the teaching-learning mechanisms that poten-
tially explain what works and how it works in the nurture of strong mathematical 
performers.

With an average score of 500 and an SD of 100 across Grades 5 and 6, we 
could see that sixth graders significantly outperform fifth graders by 83 points 
t p d2222 23 53 0 001 0 94( ) = < =( ). , . , .Cohen

,
s . Overall, the 2,642 students have 

an average success rate of 78% on decimals and fractions and 52% on ratio and 
proportion. According to the CSMS criteria, 57% to 71% of fifth graders have 
reached the top two levels of decimals; 61% of fifth graders have reached the top 
two levels of fractions, with 55% of sixth graders demonstrating the top-level profi-
ciency; 16% of fifth graders and 48% of sixth graders have reached the top two lev-
els in ratio and proportion where 42% of sixth graders have reached the top level. 
Overall, the students on the current study demonstrate better performance than 

TABLE 7.3 � Path coefficients for the multilevel structural equation models of mathematics 
performance

Model Student level Teacher/Class level

AIM~MC MC~ISTOF5 AIM~MC AIM~ISTOF5

AIMMSEM0 0.29*** 0.44** 0.03 0.44**
AIMMSEM1 0.28*** 0.43** 0.01 0.41*

Note: *** p < 0.001. ** p < 0.01. *** p < 0.05.
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the English secondary students two to five years senior to them in existing studies 
where the same items were developed and utilised (Hart et al., 1981; Hodgen et al., 
2010).

The three background factors each do play a significant role in children’s cogni-
tive learning outcomes in mathematics. The general trend is, as documented in the 
existing literature, that age r p= <( )0 33 0 01. , .  and SES r p= <( )0 23 0 01. , .  are 
two positive correlates of maths performance. Nevertheless, the gender effect plays 
differently in Grades 5 and 6. Girls underperform boys in Grade 5 (467 vs. 449, 
t p d1306 64 58 0 001 0 27( ) = < =. , . , . ), but the senior grade sees the disappearance 
of the gender gap (545 vs. 539, t p1320 1 03 0 30( ) = =. , . ). We can now accept the 
HM1 that student age, gender and SES do significantly affect their cognitive out-
comes in mathematics.

To understand whether teaching still makes a difference in master teachers’ 
class, we have run five models. The results indicate that the teaching predictors, 
MQI and ISTOF, each explain further 16.3% to 17.3% of variance in mathematics 
performance, in addition to the 16.8% of variance explained by student background 
variables. We can thus accept the HM2 in that teaching does make a significant dif-
ference in students’ mathematics performance, albeit the influence of age, gender 
and SES.

To further explore the direct and indirect effect of teaching on cognitive learning 
outcomes in mathematics, we have run two multilevel structural equation mod-
els. The results indicate that, at the class level, metacognitively oriented teaching 
(ISTOF5) significantly affects both cognitive and metacognitive outcomes the lat-
ter of which in turn positively predict cognitive outcomes at the student level. We 
are thus able to accept the HM3.

In Chapters 5–7, we have systematically studied three kinds of learning out-
comes amongst students taught by master maths teachers and the mechanisms 
likely explaining the causal relationships. It is time to listen to the teachers and 
hear what they think about mathematics teaching and learning in the next chapter.
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This chapter is different from Chapter 2 in that it presents a ‘high-resolution’ yet 
‘wide-angle’ image of master teachers, albeit both chapters take a similar ethno-
graphic approach to researching on this particular ‘tribe’ of teachers.

Through grounded theory and constant comparisons (Glaser & Strauss, 1967), 
we code the audio-recorded teacher interview data. Eight common themes emerge 
amidst teachers’ reflections upon the specific lessons they just delivered and math-
ematics teaching and learning in a broader sense. The themes include (1) teachers 
as living synthesised textbooks; (2) scaffolding the learning process; (3) demon-
strating a connected open system of knowledge and knowledge about knowledge; 
(4) cultivating thorough understanding amongst students; (5) facilitating transition 
from hands-on to heads-on, from manipulation to mathematisation; (6) aiming for 
deeper and higher-order thinking and reasoning; (7) teaching towards ‘learning to 
learn’ with good habits; (8) cultivating positive attitudes towards mathematics and 
peers. These common themes fall into three overarching domains: (1) reasoning 
about mathematics, teaching and learning; (2) great emphases on learners’ cogni-
tive, emotional and social development past, present and future; (3) constant obser-
vations and diagnoses of learning.

In the following sections of the chapter, we first give an overarching discussion 
on teacher knowledge, beliefs and self-efficacy, drawing on both the teacher inter-
view and survey data. Then, detailed description will be given regarding the eight 
themes emerging in the teacher interviews. Finally, we integrate all the findings 
upon closing the chapter.

8.1 � Teacher knowledge, beliefs and self-efficacy

When interviewed immediately after their lessons being delivered and observed, 
teachers all start with acknowledging the location of the content in the textbook, 
before reflecting on the lesson design, implementation and their teaching beliefs 
in general. In comparison with findings of similar interviews with Chinese maths 
teachers from our previous project (Miao & Reynolds, 2018), much deeper peda-
gogical thinking and reasoning about the content and students is evident. Through-
out the interviews, none of the teachers talks solely about the mathematical content 
or students for a length of time. Teachers articulate their thoughts and reflection 
by weaving the two together all the time. However, we do realise that underneath 
the tightly woven thoughts are three key strands of teacher knowledge: knowledge 
about mathematics (topics and connections between them), knowledge about the 
learners (their backgrounds, experience, prior knowledge, attitudes and habits) and 
knowledge about mathematics learning (both basics and higher-order).

The teacher questionnaire offers some explanations. All 70 teachers had 
attended initial teacher education (ITE) programmes in formal education (师范
教育). Their ITE all included the three elements listed in the TALIS 2013 item 
TT2G12 – content of mathematics, pedagogy of mathematics and mathematics 
teaching practice (OECD, 2013). Such a high proportion, however, is not typical 
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for this particular group of teachers but for most teachers in China where teacher 
training institutions are traditionally set to educate subject specialists in three- to 
four-year programmes.

In the teacher questionnaire, we also asked teachers about their beliefs and 
self-efficacy, using two scales (TT2M14; TT2M15) adapted from the TALIS 2013 
(OECD, 2013).

About their beliefs, all teachers hope to develop the structured and logical 
knowledge of mathematics amongst their students (70/70, item 2) and believe that 
developing logical thinking amongst learners is one of the missions for mathemat-
ics teaching (70/70, item 9). They all agree or strongly agree that getting a correct 
answer and rationales behind the answer are equally important (70/70, item 3). 
Almost all of them believe that thinking creatively and making hypotheses and 
estimation are necessary for mathematical practice (69/70, item 10) and that basic 
skills come before complex problem solving for learners in mathematics (68/70, 
item 6). They expect students to make independent judgement and evaluation of 
their solutions to mathematics problems (64/70, item 5). The majority of the teach-
ers disagree that memorisation can be used to learn most content in mathematics 
(62/70, item 11). Most of them agree that the purpose they teach is to facilitate stu-
dents to tackle real-world problems with mathematics (59/70, item 1); the reason 
the other 11 teachers choose to disagree is likely because they do not take this as the 
entire goal of mathematics teaching. Only about two-thirds of the teachers prefer 
to have students tackle several hard problems than many easy ones (47/70, item 8). 
Less than a half of the teachers believe that problem-solving competence can be 
enhanced by asking students to solve difficult problems in the class (30/70, item 7).

In terms of self-efficacy, all or most teachers think they are able to nurture 
mathematics confidence amongst their students (70/70, item 5). They believe that 
they are capable of facilitating deep thinking in their class through posing thought-
provoking questions (69/70, item 1) and that they are well aware of student status 
of understanding (65/70, item 3). Being confident in getting students interested 
in mathematics (65/70, item 2), most of them believe that their teaching makes 
students see the fundamental concepts in mathematics (64/70, item 6). Generally 
being confident about their teaching efficacy, the proportion of teachers finding it 
easy to meet individual students’ needs drops to 40 out of 70 (item 4).

With the capsuled information on teacher knowledge, beliefs and self-efficacy 
in mind, let us now see them in a more vivid picture defined with thicker colour 
and richer details.

8.2 � Teachers as living synthesised textbooks

Chinese teachers have a tradition of systematically studying the teaching materials 
including curricular standards and textbooks (Li, 2004).

Our interviews with the master teachers are unstructured, but they all kickstart the 
conversation by talking about the lesson content. Teachers all know the curriculum 
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standards and textbooks in detail by heart, demonstrating a robust understanding of 
mathematics as a system. They would refer to a specific task on a particular page in 
a unit, without any forms of concrete material in hand. It is all safely stored in the 
mind. Not just that, the most impressive part is their robust understanding of the 
mathematical content of all phases at both macro and micro levels. Talking about 
the content they teach during the post-lesson interview, almost all of them introduce 
the lesson by clarifying the particular location of the content in the primary cur-
riculum and textbooks. For example, Mr X109 starts his reflection on the lesson with 
reference to the location of the content: ‘Su Jiao Ban (苏教版, meaning ‘Jiangsu 
version of textbooks’, PhEP, 2014c), Unit 4, Definition and Meaning of Fractions’.

Perhaps for any teacher in a post-lesson interview, the first instinct would be 
referring to the content. However, the aspect that impresses us most is that they do 
not just talk about what is covered in the lesson but explain explicitly where the 
content stands in school mathematics, and not just in primary mathematics but very 
often the connection runs into secondary. Mr W104’s school is catering for children 
in Grades 1–9 covering the compulsory phase of education – primary and lower 
secondary. Though responsible for primary mathematics, he maintains an interest 
in studying both primary and secondary curricula and textbooks and observing 
lessons in the secondary grades as well as the primary grades. He is looking for 
chronological trends of learning as it takes place.

If being familiar with the curriculum and textbooks is a threshold for those in 
the profession, then being a master teacher means robust understanding of and 
strong competence to synthesise the materials and learner status in all important 
dimensions – cognitive, emotional, metacognitive, physical, psychological and 
social. At the beginning of the interview, without the textbook in hand, Ms C512 
starts her reflection by introducing the content of the lesson: the worked problem 
#1 on page 100 in Primary Maths 6B published by the People’s Education Press 
(PEP, 2014b). Then, the conversation starts with her explanation about the actual 
unfolding of this particular problem which apparently plays a key role in the lesson.

She explains her rationale for cutting into the mathematical pattern underpin-
ning this entire category of problems by starting with 20 points instead of 8, as 
readily given in this worked problem #1 in the textbook:

This is about mathematics reasoning in the case of drawing line segments using 
given points. In the textbook, the number of points is 8. I changed the number 
slightly greater to 20 as a starting task. Since the number is greater, the class 
are challenged to take action in seeking a simpler solution for the problem. 
Of course, I  started the lesson with a historical story to remind them of the 
mathematical thinking strategy – ‘making the complicated simpler (化繁为简)’. 
I used the ancient story, Cao Chong Weighing the Elephant. We have used this 
strategy previously in Grade 5 when learning to calculate the volume of irregu-
lar shapes.

(MasterMT, 20190419, itv512)
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This ancient story taking place about 1800 years ago is about Cao Chong, the 
son of the Minister of the Han Dynasty, Cao Cao. One day, his father received an 
elephant as a gift from a general from the Kingdom of Wu. Cao Cao wanted to 
know the weight of the elephant, but nobody knew how to weigh it properly, except 
the six-year-old Cao Chong. He asked people to put the elephant on a boat in the 
lake and marked the level of the water on the side of the boat. Then, the elephant 
was led offboard and replaced with many rocks that submerged the boat to the 
marked level in water. He then asked people to remove all the rocks from the boat 
and weigh them. The elephant’s weight was thus transformed into the total weight 
of all the rocks on the boat.

This story is included in Chinese literacy textbooks for primary students. Every-
one knows it. Ms C512 uses the story as a classic example to show vividly students 
a method of mathematical reasoning that is widely known and well regarded in 
China: making the complicated simpler. This may include the case of transforming 
a problem with greater numbers to a problem with smaller numbers such that one 
could easily get the basic mathematical pattern. In this case, she hopes to nudge 
the class to start their exploration into the pattern with a number smaller than 20, 
by initially asking them to work with 20 points. If she chooses to use the 8-point 
situation in the textbook, the students might not see the number 8 as an obstacle and 
may thus go directly to finding solutions by connecting points. That way, they will 
not see the need to be strategic and the necessity to replace the bigger number with 
a smaller one, hence making the complicated simpler.

In the lesson, with the 20-point problem on the screen, Ms C512 initiates a con-
versation in the class in an attempt to anchor the exploration to a smaller number 
suggested by the students:

Ms C512:	 Let’s see how to connect all the points.
	 [clicking the remote control to quickly show the animated drawing 

of several line segments (see Figure 8.1b)]
	 If we draw the line segments like this, what do you think?
Students [Ss]:	 It is chaotic.
Ms C512:	 It is chaotic. Spot on. It’s a bit messy. It’s easy to repeat or . . .
	 [looking at the class and waiting for them to complete her line]
Ss:	 . . . omit [counting].
	 [completing Ms Chen’s line]
Ms C512:	 Isn’t it? So, we have to think of a good method.
	 [pausing for 2 seconds]
	 What number should we start with to study (the problem)?
	 [pausing for 2 seconds; some students raising their hands]
	 Okay, tell us your idea.
	 [pointing to student 1, S1]
S1:	 We can start from four points to study it.
Ms C512:	 Ah, four points. Some say three points. S2?
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FIGURE 8.1  The leading-in problem shown on screen in Ms C512’s class

S2:	 Five points.
Ms C512:	 Ah, five points. Aren’t these all suitable?
	 [looking around the class]
	 What is the method that they all used?
Ss:	 Transforming a hard task into an easy one (化难为易).
Ms C512:	 Exactly, transforming hard tasks into easy ones.
	 [pointing at the slide]
	 In other words, turn the large number into a small number, or turn 

the complex task into a simple one. So, let’s start with five points, 
okay?

She then reminds the class to look at the task requirements written on the work-
sheet (Figure  8.1c) before they start to work on the simplified 5-point problem 
independently.

Teachers not just know the content of the lesson they delivered. They know 
them in-depth and store them at the back of their mind as part of the ‘skeleton’ of 
their knowledge, making free retrieval of both small details and the grand structure 
of that knowledge easy. They reason rationally about the organisation and function 
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of knowledge along the timeline. After the lesson on Enlargement and Shrinking of 
Shapes, Ms L508 talks about her view of the content, having studied the textbooks 
thoroughly:

It is very important to understand the textbooks holistically. Though this lesson 
content is organised in the unit on proportionality, Enlargement and Shrinking 
of Shapes, together with Transition of Shapes, Rotation of Shapes and Axisym-
metric Shapes, all belongs to Movement of Shapes. In fact, it plays an essential 
role in knowing and measuring shapes which may become simpler because of it. 
[In the textbook,] there is nothing else other than proportionality that is closely 
related to it. I reckon it is a preparation for learning Similar Shapes in the sec-
ondary school stage.

(MasterMT, 20190417, itv508)

Ms L508 acknowledges that understanding the textbooks as a whole is the major 
focus of the teaching research project that runs across her district. For her, this is a 
goal that must be realised. Her teaching shows that the holistic approach to using 
textbooks is indeed carefully implemented in her classroom.

Our impression is that the master teachers have indeed thoroughly mastered the 
content and can refer to any tiny detail or big chunk of knowledge instantly during 
a conversation and most importantly during teaching. Their subsequent explana-
tion of the content as part of a knowledge system shows that they are truly living 
textbooks with insightful syntheses.

8.3 � Scaffolding the learning process

Another theme on the beliefs of master teachers is that they all pay serious atten-
tion to the process of learning. To give students the best experience of learning in 
the class, they design the process carefully with all the necessary scaffolds read-
ily planned and flexibly delivered, by teaching and reflecting on the feet (Schön, 
1983). Thinking ‘on their feet’ as they teach is evident in the interview where they 
voluntarily talked about how and why they planned and implemented particular 
steps in the class.

In the Grade 3 lesson on Strategies for Problem Solving (PhEP, 2014a, p. 27 in 
Unit 3), Mr B303 sees the importance of getting the students to think about the solu-
tion by looking at both the question and the given conditions in a word problem.

Children tend to delve straight into the problem solving, before thoroughly 
analysing the problem. Of course, the analysis and problem solving are often 
interwoven. But students tend to jot down a number sentence immediately and 
solve it without carefully considering the complete information. So, I expect the 
students to not only analyse the problem, but also write down the analyses in 
simple words. I ask them to analyse not only the question but also the known 
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information from which they must select the information that is useful. This 
way, students are able to think from two directions – starting from the question 
and starting from the given information – and finally solve the problem. These 
are in fact the so-called ‘synthesising method’ and ‘analysing method’ respec-
tively. With kids, we don’t name the two methods formally as such, though.

(MasterMT, 20190514a, itv303)

Similarly, to facilitate children’s thinking about how to properly enlarge or shrink a 
shape, Ms L508 asks the class to compare the perimeters, areas and angles of a shape 
against an enlarged/shrunk version. Thinking around these issues would lead the 
class to a possible discovery of two conditions that make a shape properly enlarged 
or shrunk: (1) the ratio of corresponding sides is the same; (2) the size of corre-
sponding angles is equal. As they proceed, students can see the two conditions that 
prevent the layout of the shapes from changing as their sizes change. The change in 
size is reflected in the change of length of corresponding sides which in turn results 
in the change of perimeter and area.

8.4 � A connected open system of knowledge and knowledge 
about knowledge

During the interview on revision lessons, teachers talk about the importance of 
revision and their systematic plans in making a revision lesson engaging, insightful 
and impactful for the learning mind. It is because of systematic planning that all the 
revision lessons that we observe are so interesting and engaging.

When teachers talk about a specific area of mathematics, they always put it in 
the broader system of mathematics rather than seeing it as a fragmented topic. For  
example, reflecting upon the grand revision lesson on Equalities and Equations,  
the teacher Mr  W306, says that during the planning stage he reflected upon the  
meaning behind the existence of algebraic expressions:

Whether or not using alphabets in expressions and equations sets the boundary 
between arithmetic and algebra.

(MasterMT, 20220515a, itv306 )

In the revision lesson on the unit, Definition and Properties of Fractions (PhEP, 
2014c, pp. 75–76 in Unit 4), Ms W311 aims to help students construct the map of 
knowledge in which various knowledge points mutually connect. In her view, stu-
dents’ understanding should be built on the connection between different points/
parts of knowledge. About revision lessons, what she seeks to develop amongst her 
students are profounder understandings, broader visions and deeper thinking about 
the knowledge learnt:

Textbooks are compiled with its own system where various points of knowledge 
are sequenced in a particular way. So, at the end of each unit, after the students 
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have thoroughly reflected upon what has been learnt, I always ask them to think 
carefully why these points of knowledge are learnt in such a sequence. In fact, 
this thinking process is to get them see the connections between various points 
of knowledge and then build the connections using their own methods – meth-
ods that may sometimes sound immature.

(MasterMT, 20190520, itv311)

Across classrooms, the final product of teaching seems to be learners mastering a 
connected system of knowledge and being able to apply the knowledge – just like 
the ‘fraction masters’ from Ms Q’s class or the ‘problem-writers’ from Mr B303’s or 
Ms T416’s class who pose problems of a very fine quality. This is well articulated by 
Ms Z314 with the metaphors she uses to describe the purpose of her revision lesson 
on 3D shapes:

forming knowledge points into lines and then nets and planes. The ultimate goal 
is to enable students to see knowledge as not only trees but also forests.

(MasterMT, 20190522, itv314)

By inviting students to talk about the deducting process of the surface area formula 
and the volume formula of each 3D shape that has been learnt, her purpose is to 
further ask them to build maps that connect these formulas and then apply them 
flexibly to real-world problems.

Revision is an opportunity to look back, but teachers often show their inten-
tion to prepare students for future learning. Like the key word Ms  Z314 writes 
on the knowledge map on the chalkboard (Figure 4.14e), growing (生长) is the 
status of one’s knowledge (or knowing). Such a forward-looking mindset is a 
feature across interviews with teachers. Teachers all talk about students’ prior, 
present and future learning, looking back to the design and implementation of the 
observed lessons during the post-lesson interview. They seem to naturally take a 
chronological responsibility for students’ learning, though nobody asks them to. 
It seems as if, to them, teaching is not properly done if it does not have a lasting 
effect on learning.

The design and implementation of each lesson is thus guided by an integration of 
(1) the past, present and future of learner development, (2) learners as individuals 
and a learning community and (3) learning in (meta)cognitive and socioemotional 
dimensions. In thinking and doing so, teachers practise metacognition constantly as 
they think about other’s cognitive status, development and self-regulation.

8.5 � Cultivating thorough understanding amongst students

The master teachers seem determined to get the students to understand both the 
concepts and procedures at a profound level. In their view, knowing the what 
and how and knowing the why are equally important. It is not a dichotomy. It is 
about both.
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Reflecting upon her lesson on Multiplying a Fraction by a Fraction for a class 
of fifth graders, Ms L410 explains the main aim of the lesson:

Often many children know the method for calculation but they do not under-
stand the rationale behind the calculation. Therefore, the major aim of this les-
son is to study the rationale. In the lesson, I allocated a relatively long period of 

time for the class to think about how they come up with the answer for 1

2

1

5
´  

and to represent their justification of the calculation they have made. Students 
are invited to talk about and represent their methods.

(MasterMT, 20190531, itv410)

Similarly, in the Grade-5 lesson on Adding and Subtracting Fractions with Unlike 
Denominators, Ms L304 considers the key to a deep understanding of the calcula-
tion is understanding the ‘rationale behind calculation’, a term many teachers have 
explicitly talked about throughout their interviews.

Simply being able to do the calculation is not enough. The most important thing 
is to get the students understand the rationale behind calculation. In this case, 
the rationale for converting fractions with unlike denominators into fractions 
with like denominators before adding or subtracting them is similar to addition 
and subtraction with whole numbers or decimals: they must have same units in 
order to calculate. Fractions with like denominators have the same unit fraction. 
Children’s learning experiences must be enriched over the course of their shar-
ing ideas openly at both the group and class levels.

(MasterMT, 20190514, itv304)

To be able to cultivate profound understanding, teachers need to have an accurate 
diagnosis of students’ status of knowledge: What have they learnt? What are the 
aspects that might pose a particular challenge? With accurate answers to questions 
like these, teachers make accurate prescription before the lesson and then optimal 
adaption in the class.

Reflecting on the introductory lesson on Trapezoids for fourth graders, Ms P315 
first talks about the prior knowledge and then discusses one of the crucial steps in 
the lesson:

In terms of cognition, students have already known basic properties of triangles 
and parallelograms. The lesson is therefore based on students’ experiences in 
mathematics learning and life. I thus start the lesson by asking the class from 
which aspects they think trapezoids can be ‘studied’. Students gradually get 
to know more about trapezoids in the course of attempting to draw one. When 
errors in drawing the shape occur in the class – for example, when a student 
draws a parallelogram instead of a trapezoid, I seek the opportunity to ask the 
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class to compare the two kinds of shapes. The comparison helps the class under-
stand the essential differences between trapezoids and parallelograms. This way, 
the fundamental properties of trapezoids are highlighted.

(MasterMT, 20190522a, itv315)

With deeper understanding of both students and mathematics, teachers press for 
explanations, justifications and connections when correct answers have appeared in 
the class or when students seem to know what it is. They seek this opportunity to fur-
ther prompt for the rationale behind the mathematical facts or fundamental properties 
underpinning certain concepts right after the facts or concepts emerge from the class.

8.6 � From hands-on to heads-on, from manipulation to 
mathematisation

For teachers like Mr S201 and Ms Y202, the process of getting to know the Möbius 
band must be fun, hence involving opportunities of papercutting, the exciting a-ha 
moments, and the joy of presenting the completed work to peers. But these are not 
enough. They are just halfway through the learning path of this lesson. The next 
half is to transform the hands-on experience to heads-on understanding such that 
students can go beyond the manipulation of paper stripes, do spatial reasoning in 
an abstract manner, and mathematise the mathematics beneath those interesting 
phenomena. In the interview, Mr S201 talks about the deeper outcome he aims at:

The textbook gives more emphasis on the hands-on activity of paper cutting. 
However, I think if the lesson only ended at cutting paper, students would not be 
able to learn much. They should be able to find the pattern beyond the cutting, 
particularly in the case of cutting the stripe into three, four or five equal sections. 
These are not shown as figures in the textbook. Is it necessary to carry on cutting 
the paper or is it time to seek insight from the cutting processes? . . .

I think the key in this lesson is to facilitate students to think and talk about 
the phenomena. So, the entire lesson is designed for children to explore from 
simple to complex situations and experience the process of questioning, think-
ing/hypothesising, testing hypotheses through hands-on activities, analysing the 
rationale, and then rethinking. Of all these, the key is thinking.

(MasterMT, 20190422, itv201)

Acknowledging that the content is in fact from Topology, one of the most challeng-
ing parts of college mathematics, Mr S201 says that this lesson is the type of content 
labelled as Maths is Fun in the textbook. Nevertheless, he believes what children 
should get from it is the mathematical methods underneath the fun of learning. 
What he plans to do in the next lesson will involve thinking about and comparing 
the situations where the stripe is cut into an odd vs even number of equal sections. 
By doing so, he hopes that children can carry out mathematisation.
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Also having taught a lesson on the Möbius band, Ms Y202 starts the post-lesson 
interview by reflecting on the expectations of the textbook and national curriculum 
standards. She points out that, according to these, students are expected to experi-
ence the magic of the Möbius band and find the learning process fun. However, she 
thinks having fun is not enough:

I hope they can get more out of it. The process of hands-on and reasoning about 
the possible result of papercutting develops students’ spatial competence . . . . 
It is important to remind them to have a clear purpose before actually taking 
actions to cut. In addition to reasoning, spatial competence, and having pur-
poses, they have gone ahead, analysing and talking about it, which is important.

(MasterMT, 20190422, itv202)

Underneath such beliefs and teaching arrangements of ‘from hands-on to heads-
on’ is the purpose to foster deeper and higher-order thinking and reasoning in and 
about mathematics. The learning process should be fun, which is not enough in and 
of itself. Doing mathematics is superficial without seeing the mathematical patterns 
and rationale behind all the manipulation.

8.7 � Aiming for deeper and higher-order thinking and 
reasoning

Deep down, master teachers all appreciate the kind of higher-order competencies 
that could last long. It is evident across classrooms that master teachers have put 
such value into practice, seeking to cultivate higher-order competencies amongst 
their students. The interviews with teachers confirm that the emphasis on higher-
order competencies in the class is rooted deeply in their belief systems.

Mr W211 talks about the lesson on The Highest Common Factor (HCF): what 
I hope to do is to shed new light on ‘old’ content that has been considered diffi-
cult to teach in all editions of textbooks. He says that the curriculum demand has 
changed from finding the HCF in the previous version of curriculum standards 
(MoE China, 2001) to looking for the HCF in the current standards (MoE China, 
2011), with the emphasis placed on knowledge gained over the process. Between 
summative and formative aims, he seeks to find an optimal balance, free from the 
‘either-or’ trap:

This is based on the core values of the latest curriculum standards – putting 
the children at the centre and offering them opportunities to experience the 
process of knowledge construction. However, looking for the HCF is too sim-
ple for our students. I need to maintain a balance between the two ends. To 
reach this overarching aim, I designed three activities. The first activity aims 
to activate students’ prior knowledge about factors and multiples over the 
course of looking for the factors of two numbers in a rectangle. The second 
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activity transits smoothly to looking for the common factor (CF) in a square. 
The two activities allow the children to construct a good understanding of the 
concepts and over the course to think about the lowest and highest common 
factors. We are thus able to cut through multiple methods in the third activity 
where children also raised methods that had not been taught. For example, 
they have learnt elsewhere how to do prime factorisation and find the common 
factors using short division (短除法) which are beyond their level of under-
standing. With such a ‘nonzero’ starting point in learning, we must not avoid 
the fact, but I take the caution to get them thinking about the ‘why’ when they 
might have known the ‘what’ – you must know why your methods work. I am 
delighted to see that students have posed a new idea as to whether the differ-
ence between two numbers is their HCF. In fact, the difference is a multiple 
of their HCF.

The most invaluable reward is that children managed to pose new problems. 
The curriculum standards demand ‘four abilities’ around problems: identifying, 
posing, analysing and solving problems. In such a lesson that is not heavily 
problem-based, problems, as a driving source, generate new ideas. This is more 
meaningful to their learning in the long run than only getting to know how to 
find the HCF. In the end, I hope the visualisation of numbers (i.e., in shapes) can 
further help them build connections between the concepts of CF and HCF. This 
will enable the children to see all sorts of connections between the seemingly 
boring and abstract numbers. Mathematics is a system, and it is within such a 
system that knowing and understanding can be constructed.

In the end, we present the problems in tiling the floor and loading cube boxes 
into a cargo container, with a purpose to further facilitate children to see that the 
essence beneath these problems is in fact about finding the HCF of two or three 
numbers. Though I have not asked the children to actually calculate the results, 
our [TRG] team’s belief is already realised – ‘the lesson may come to an end, 
but the thinking continues’.

These are about the lesson. Beyond the lesson, our team have broad aims. 
As a team, we have been through a series of reforms. Previously, we were more 
test-oriented, but now we focus on the expectations of the national curricu-
lum standards. To realise this, we have renewed our ideas. We see mathemat-
ics knowledge as the lower-level aims, mathematical methods resulted from 
knowledge as the mid-level targets, and mathematical thinking formulated via 
mathematical methods as the higher-level purposes. In the course of practice, 
I have proposed a slogan, ‘Cultivate the mind with mathematics, and nurture the 
heart with warmth.’ Ultimately, we hope to make mathematics a warm subject.

(MasterMT, 20190507, itv211)

During the interview, two things are explicitly discussed by all teachers: math-
ematics and students. Teachers often start with their analysis of the location of the 
content in primary mathematics and even school mathematics across phases. Then, 
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they all move naturally towards the status of the learners: what they have learnt 
previously, will learn in today’s lesson, and will learn at certain points in the future.

In Ms W207’s lesson, by asking the students to systematically sort the knowledge, 
she hopes to enrich students’ knowledge about 3D shapes and develop their spatial 
competence. What she ultimately aims for in a revision lesson is to build overarch-
ing mathematical competences upon what the class previously learnt rather than 
repeating what has already been learnt and known.

The difficulties are not only developing students’ knowledge from 2D to 3D but 
most importantly from 3D backwards to 2D. After all, the rationale for calculat-
ing a shape’s surface area or volume is rooted in its properties.

(MasterMT, 20190424, itv207)

She reckons that in given problem situations, the first thing that occurs to students 
is to use a formula, but the rationale behind the formula is related to the shape’s 
properties. These form the basis for this revision lesson. She comments on the 
revision notes that students did before the lesson. The major problem is that they 
all focus on specific points of knowledge but to a certain extent also neglect the 
connections between knowledge points at a deeper level.

After her lesson on Introduction to Trapezoids (PhEP, 2014b, Unit 7), Ms P315 
continues her reflection on the lesson from where the content is located in the text-
book and then along a broader learning timeline:

Introduction to Trapezoids is the last session in this Unit on 2D Shapes, and it is 
also the start of the domain, Space and Shapes, for mid-graders. Before learning 
today’s content, students have previously learnt about the properties of triangles 
and parallelograms. So, I  designed today’s lesson based on their learning of 
triangles and parallelograms. It is built on their experiences in both learning and 
life. Thus, I started the lesson by asking them from what aspects they thought the 
trapezoids could be studied. This way the children had an initial plan for study-
ing the topic. Then, through drawing trapezoids, students gradually deepen their 
perception of the shape. A student drew a parallelogram by mistake. This offered 
an opportunity for the class to compare the two shapes. The comparison showed 
the difference between parallelograms and trapezoids, which thus revealed 
clearly the fundamental properties of trapezoids. It is important to help students 
to construct their knowledge with a logical structure. To study shapes, I think it 
is very important to let students form points of knowledge into a system. Within 
that system, they are able to think about questions as to what methods can be 
used to study a shape and which properties of the shape can be studied.

(MasterMT, 20190522b, itv315)

The teacher also arranged a hands-on activity for students to fold and cut a trapezoid 
from a piece of paper. What she planned to do was to ask the children to create 
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a trapezoid using different shapes that they had learned before, such as triangles, 
squares, rectangles and parallelograms. The mathematical experience that the lesson 
could offer is in line with the four basics in the new curriculum standards (2011):

I think in addition to the basic knowledge and skills (the traditional two basics 
in the curriculum standards), the emphasis must be put on basic mathematical 
activity and basic mathematical thinking (the newly added two basics). This is 
what I pay particular attention to in teaching.

(MasterMT, 20190522c, itv315)

With these in mind, Ms P315 builds the overarching outline of the lesson which 
should start from real objects in life, arrive at the focal shape in an abstract sense 
and then return to concrete manipulation of the shape. In so doing, she hopes to 
facilitate one of the key competencies in primary mathematics curriculum – spatial 
thinking. Similarly, Ms L508 shares in the interview that her lesson on Enlargement 
and Shrinking of Shapes aims to contribute to the development of children’s spatial 
literacy.

Considering the new expectations from the curricular reform since the turn of 
the new millennium, Mr  X109 pays attention to incorporating key competencies 
into everyday classes, such as communication and collaboration. Acknowledging 
that verbal communication skills are important in subjects like the mother togue, 
Chinese, Mr X109 argues that such an ability is equally important in mathematics:

In today’s lesson, including the parts on the meaning of fractions, groupwork 
and class discussion, students were able to talk and make timely response to 
each other. These are in fact for them to practise their communication skills. 
Timely response and comments from the teacher can encourage them to talk 
more. Such skills will be very helpful when the students grow up and enter the 
society as adults.

Another important competence is collaboration. In the 21st century, collabo-
ration becomes increasingly important. Often it is a win-win situation. It is thus 
very important for people to form a team in the workplace. In today’s lesson, 
I have organised collaboration in groups of two and four. Of course, these are 
organised in a specific sequence. Children get the opportunity to become aware 
of their roles in the groupwork, split the task between them, be a team player, 
practise listening skills with others, and mutually inspire each other as they 
brainstorm together. In fact, this is aimed for the social aspect of students’ devel-
opment . . . . Ultimately, I hope they could realise that there are goals that a team 
can realise whereas an individual cannot.

(MasterMT, 20190402a, itv109)

One month before his students graduate from primary school, Mr W306 talks about 
the deeper purpose of his grand-review lesson for sixth graders on Equalities and 
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Equations. He explains that he asks the students to talk about the pros and cons of 
their peers’ presentations so that they have the mindset to first appreciate and draw 
on others’ strengths and then seek points for improvement. If students are able to, 
then the teacher would consider his wish for this semester has come true. Though 
emphasising solid understanding and practice of the content, the teacher aims ulti-
mately for overarching competence:

At the beginning of each lesson, there is an activity called My Gigantic Net 
where one to two students present their construction of [specific mathematical] 
knowledge. Each time, after the presentation, I ask the class two questions. On 
the one hand, I  ask them to talk about what they have learnt from the pres-
entation to improve themselves by learning from others. On the other hand, 
I ask them to offer suggestions to the presenter. This gives them opportunities to 
develop critical thinking skills.

. . . The lesson must leave with the students the competence that they can take 
with them into lower secondary grades.

. . . It’s only one month to go before the primary phase ends. This 3-min pres-
entation activity holds within it a relatively higher aim and expectation from me. 
I hope to use this as a sending-off gift for the students to carry into lower sec-
ondary schools. It will make them better prepared for the learning in secondary.

(MasterMT, 20190515b, itv306)

When talking about the purpose of lessons as a whole, or a small event in a specific 
moment of a lesson, like Mr W306, teachers all emphasise learners’ cognitive, emo-
tional and social development in the past, present and future. They view learning 
as a connected whole both horizontally (connected to other topics, domains and 
even subjects) and vertically (connected to learning at various points in time). 
Teaching underpinned by these considerations develops students’ higher-order 
competencies on a daily basis. It paves the path that leads to learners knowing 
how to learn.

8.8 � Teaching towards learning to learn with good habits

A common feature arising in the interviews is that teachers show a strong determi-
nation to cultivate metacognitively competent learners who know how to learn and 
have good learning habits.

Mr B303 has been a nationally renowned Super Teacher with a Professoriate-
Senior title for many years. He is one of the few ‘celerity’ teachers who are still 
teaching on a daily basis in average classrooms. About the lesson observed, he 
recalls that two students were randomly selected to come forward and share their 
solutions via the projector first. They happened to be both wrong, which was not 
planned. They were selected as a result of drawing straws from the name box. This 
is part of the class’s convention – everybody gets a chance and it is completely 
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random. The teacher thinks that it is always good to have students talking about 
where they went wrong. Without seeing a rich collection of correct and wrong solu-
tions, students cannot learn to learn.

All the students would think they were right when they wrote down their solu-
tions. If they knew they were wrong they would not refuse to correct it. No one 
will say, ‘I know I am wrong but I don’t want to revise it.’ When they are solving 
it, they all think they are right. So, asking the children to check their own solu-
tions is a real challenge for them. When they are able to understand that they are 
wrong, they are no longer of the level where they write down the initial solution. 
They must think that they are right initially. It is by talking others through what 
they think that they are able to realise that something went wrong. This process 
sees them replacing one idea with another, which we conventionally call correc-
tion of errors. But correction is not easily done. It is not that simple. The process 
of real correction must be a process where one idea is replaced by another. Only 
after being able to see what went wrong in their original solution and how to 
make it right can children truly transform their thinking from wrong to correct. 
In our class, not only correct solutions are shared but also incorrect ones. Chil-
dren are open to talk about their errors, ‘Here’s what I did previously. Here’s 
how I do it now [italics added by the authors].’ They are used to it. We have 
been doing this for a very long time. If we give it a fancy name, we might call 
it a kind of ‘class culture’. In the class-level discussion, everyone can join in, 
adding something or raising questions. As their thoughts echo and clash, their 
expressions of ideas become clearer. Being able to express one’s idea clearly 
is also very important. What we as teachers need to do is to make connections 
between their thoughts. It is when their thoughts transform from the previous 
version [to the current version] that true learning happens. We always say that 
we must let learning happen, but without changing thinking, learning can never 
happen. Such change results in communications with others. . . . Children must 
see multiple ideas and find similarities, differences and connections in them. It 
is only when they have an ability to do so can we say that they have learnt how 
to learn. We often say learning to learn, but I  think this shall not only be an 
empty slogan. In the learning process, students must get to compare different 
ideas and build connections between them. Then can they arrive at new under-
standing. I hope my teaching can help children gradually build learning methods 
and learning quality like this.

(MasterMT, 20190514b, itv303)

Learning to learn is the process where children regulate their cognition to get some 
knowledge based on what they know. With such a learning mindset and good learn-
ing habits, students become strategic and self-regulated learners (Muijs & Bok-
hove, 2020; Schneider & Artelt, 2010) who are able to reach deeper, not just better, 
understanding of knowledge and skills.
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8.9 � Cultivating positive attitudes towards mathematics

Master teachers have one other common trait – they all want children to like math-
ematics. It is observable in their lessons that students are highly engaged in the 
learning and doing of mathematics both independently and collectively with peers. 
Post-lesson interviews shed light explicitly on teachers’ mindsets of cultivating 
positive learning attitudes and climates in the class.

Near the end of the primary phases, Ms S502’s class has their first revision lesson 
on Numbers and Algebra. After the lesson, Ms S502 reflects upon her intention to 
build fearless attitudes towards mathematics through positive teaching. Ms S502, as 
the head of the Grade 6 TRG, says that she has dissuaded her team from making a 
revision lesson into one packed with a ‘sea’ of problems waiting to be solved one 
after another by the class. In her view, a revision lesson must:

give the children something. Something new. Something that’s not a simple 
repeat of all the things that they had gone through when they first learnt them. 
The main effort should be put into the enchancement of children’s mathematical 
thinking, methods and problem-solving skills. So, the main focus in this lesson 
is twofold: knowledge organising and problem-solving skills. At this stage, chil-
dren have all the knowledge. What they lack is the entire process of connecting 
the loose points of knowledge into lines and weaving them into a web.

(MasterMT, 20190410a, itv502)

In the interview with the master maths teacher, even a metaphor is mathematical. 
However, it is not only about mathematics. It is, after all, about children learning 
mathematics, and she wants the children to have fun learning the subject. This is 
perhaps why she sets the task of debugging an email that’s been bugged as the last 
task. In the ‘bugged email’, a student introduces school life in northeast China to a 
previous teacher. All the numbers in the email were mistakenly placed because of 
a ‘virus’ (Figure 8.2).

The entire class cannot help laughing seconds after the slide is shown. A student 
is invited to read the message out loud, and the class including the student himself 
keep laughing till the end. Then, of course, the message is quickly corrected via 
Q and A. Using this easy, humorous, yet very relevant task, the teacher wants the 
class to have the sense that mathematics does not have to be boring. Along with 
other engaging tasks, this bugged-email problem prevents the class from feeling 
bored, leaving them with positive attitudes to take away from a lesson that expects 
them to reflect upon all kinds of numbers that have been learnt over the past six 
years. The serious mission is taken in a not-so-serious yet effective way.

In terms of the cultivation of positive attitudes towards mathematics, Ms S502 
emphasises the long-term goal that she seeks to achieve:

It might be a goal the realisation of which I might not be able to see with my 
own eyes. Over the course of my interaction with parents, very often parents say 
that they were very afraid of mathematics back in school days and they blame 
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themselves for the fact that their kids struggle with maths. I hope by making 
the lessons fun and enjoyable these kids will one day become confident parents 
who are positive to mathematics and will pass positive attitudes on to their own 
kids in the future.

(MasterMT, 20190410b, itv502)

Similarly, one of the points that Mr X109 makes explicitly is the connection between 
mathematics and the real world. In doing so, he wants to convey, as he always strives 
to do throughout his lessons, a deep interest in mathematics amongst the students:

Interest is the best teacher. Mathematics has something in itself seemingly bor-
ing, such as calculation and solving problems. Getting children interested in 
mathematics is what I have been trying to do in every lesson. Back to the lesson 
I taught today. Mathematics, from what I see, is never isolated from life – it is 
rooted in life. Last Friday, our school organised a spring trip. I took this as an 
opportunity to set the scene for today’s lesson. I chose two pictures from that 
day. One captured a boy in our class, and the other captured all students from our 
school. I used the two pictures to showcase the whole can be one thing/person or 
one group of things/people. Judging by the implementation of the plan, I think 
these worked in engaging students from the beginning of the lesson. Why would 
they be interested? Because these were things that happened nearby. In fact, in  
all my lessons, there are always materials from the real world. I would like the 
children to know that mathematics is everywhere in the world where we live. 
All they need is a pair of sharp mathematical eyes [with which] they will see that 
life is full of mathematics.

(MasterMT, 20190402b, itv109)

FIGURE 8.2  The bugged-email task near the end of a revision lesson by Ms S502
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However, with the positive attitudes come hard work, too. Mr W306 emphasises that 
students’ mathematical confidence should be built on excellence:

You cannot ask a student who makes mistakes every now and then or gets a 
70% score for their work all the time to retain absolute confidence and yearn for 
mathematics learning.

(MasterMT, 20190515c, itv306)

The positive attitudes and ability to learn are already a reality in the classes we 
observed, which is triangulated with the relatively high performance of students in 
the affective, metacognitive and cognitive domains as presented in Chapters 5–7. 
What teachers share with us in the interview offers us some of the explanation 
regarding the formation of positive attitudes towards mathematics.

8.10 � Ready for evolving into master teachers?

In this chapter, we have listened to a rich collection of teachers’ views regarding 
their teaching and their beliefs about what makes teaching and learning work.

Master maths teachers demonstrate an absolute mastery of mathematics both 
as a discipline and as a system of knowledge organised and defined in textbooks 
and curriculum. They have completely absorbed and internalised the mathematics, 
knowing by heart the location and standards of it in the teaching material, the con-
nection within and between various topics, and the connection between mathemat-
ics and the real world.

They see their knowledge about the learners being as important as their knowl-
edge about the mathematical content. To make the teaching and learning work, they 
task themselves with knowing both (knowledge about the learners and knowledge  
about the mathematical content), seeing the mission to best bridge the two as  
the fundamental purpose of any teaching. To be a best ‘bridge’ – to scaffold – they 
pose carefully designed key tasks, ask key questions and use key contributions 
(answers or work samples) from the students. Though these scaffolds sound inten-
tional as they articulate them behind the scenes in the interviews, the various plans, 
when being carried out, look quintessentially natural in the class. This is because 
they are designed to look natural and work out just right.

Master maths teachers are not entirely satisfied if their students are only good 
at mathematics. Even just in mathematics, they want their students to be able to 
see the more profound meanings behind the abstract facts – they want students to 
see the logic, rationale, patterns, connections within and between the mathemati-
cal facts. They take every opportunity to get students to realise that life is full of 
mathematics and mathematics is both fun and relevant. They hope their students 
are happy learners who enjoy learning in general. Their lessons are designed with a 
long-term vision, such that students can learn to learn and manage both their learn-
ing and their life well, not only now but also in future. They aim to get students 
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ready for future work and life – what they learn now should be still useful when 
they grow up. This kind of moral mission is also woven into their classes in which 
students are expected to understand and respect others and be able to collaborate. 
They design lessons with all these essential ingredients in mind.

This chapter has captured master teachers’ current ideas and beliefs on math-
ematics learning and teaching. In the next chapter, we will travel back in time with 
the teachers to understand their journey of becoming master teachers.
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This chapter presents two big pictures of mathematics teacher PD: (1) the longitu-
dinal and rich picture of master teachers’ PD trajectories over decades ‘drawn’ by 
master teachers themselves; and (2) the livestream picture of teacher PD in action 
at municipal, provincial and national levels drawn by us as researchers through 
participatory observation.

As introduced in Chapter 3, the second semester following our ‘data-collection 
tour’ in master teachers’ classrooms, we decided to delve deeper into the cultiva-
tion of master mathematics teachers. To do so, we sent out a survey asking about 
teachers’ PD trajectories and their MTSs should they be running one at the time of 
the survey. The survey provides us with the materials for the first big picture. We 
are then able to put together the second big picture with the data collected in three 
beyond-school teaching research conferences through participatory observation.

9.1 � What makes master mathematics teachers?

The PD trajectories survey got a response rate of 38 out of 70; of those who responded, 
seven wrote about the development of MTSs and events led by them. The PD survey 
generated a total of 57,765 Chinese words written by the 38 teachers; the MTS sur-
vey response added up to 12,138 words. Together these teachers wrote 69,903 words 
sharing their career stories on PD and MTSs. These form the data on master teachers’ 
PD trajectories and MTS-led PD. For the PD trajectories, teachers wrote on average 
15% (SD = 11%) on section 1 (bio), 58% (SD = 24%) on the paths they had travelled, 
and 27% (SD = 22%) on teaching research events that they took part in.

For the microanalysis, we looked at the word frequency of the 38 PD-trajectories 
documents and found 20 Chinese words appeared more than 100 times. These 20 
Chinese words are in fact 19 by meaning, as two of them (老师 and 教师) both 
mean teachers. The analysis also identified the top three words mentioned by teach-
ers more than 380 times: mathematics, teachers and teaching (Figure 9.1).

For the macroanalysis, we take the grounded theory approach where an open-
coding strategy is taken (Glaser  & Strauss, 1967). The open-coding strategy 
involves the initial coding of sentences and paragraphs by category and the con-
stant grouping of similar categories into overarching themes. This results in ten 
major themes:

•	 Polishing lessons for public demonstration and competition;
•	 Learning from and with peers in TRG and PD events;
•	 Reading, reflecting, writing and publishing;
•	 Learning from expert teachers and renowned master teachers;
•	 Support from peers, school leaders and teaching research officials;
•	 Studying the curriculum and textbooks in depth with great attention to lesson 

planning;
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• Researching as practitioners: a different kind of research
• Keep practising, keep changing;
• Strong commitment to learner development and persistent interest in teaching;
• Leading the way as a way of continuing learning and growing.

In the remainder of the chapter, we will first follow the master teachers through 
their PD trajectories to see what makes them master mathematics teachers and then 
see their PD in action by taking part in three teaching research conferences at the 
municipal, provincial and national levels.

9.2 � Polishing lessons for public demonstrations and 
competitions

The most frequently mentioned contribution to teaching growth is the lesson pol-
ishing process as they prepare for a demonstration lesson (示范课), open lesson 
(公开课), teaching-research lesson (研究课) or competition lesson (教学比赛). 
Lesson polishing (磨课) has become a professional term mentioned by teachers 
when they reflect on their paths towards improved teaching. Throughout their 

FIGURE 9.1  Words most frequently mentioned by master teachers looking back to their PD
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career, these teachers seem to be tireless in presenting open or teaching-research 
lessons for teaching research meetings/conferences.

In the process of polishing a lesson for public demonstration or teaching compe-
titions, their professional selves grow rapidly. During the early stage of his career, 
Mr C204 had been an active volunteer in delivering teaching-research lessons or 
demonstration lessons whenever possible. This is what he believes has led him 
to building solid basic skills for teaching. Mr C204 is not alone. All teachers write 
about the benefit of developing demonstration lessons and teaching-research les-
sons for teaching research events at various administration levels:

Looking back at my development, I  think that I benefited tremendously from 
the process of participating in various district- and municipal-level competi-
tions. Each round of competitions offers me an opportunity to get help from col-
leagues and advice from experts, whilst striving to work at my best. It has also 
been very helpful to polish lessons before presenting them as teaching-research 
lessons or demonstration lessons at the district and municipal levels.

(MasterMT, PD-trajectories excerpt, Ms G209)

In the course of presenting demonstration lessons frequently, I  have become 
steady on the stage. My teaching competence has been greatly improved.

(MasterMT, PD-trajectories excerpt, Ms W311)

It is what they do in the process that transforms them into a more capable teacher. 
The process involves closely scrutinising every tiny detail of teaching and learning 
that has been systematically planned and carried out and that will continue to be. 
Video-recordings are used as a source for reflection and revision. Teachers are self-
driven in the pursuit of a best lesson, although they clearly acknowledge that there 
is always room for improvement, hence no ‘best’ lessons:

From lesson planning to making PowerPoint slides, from repetitive rehearsals 
to revision, in the month leading up to the competition, I often worked late into 
the night in the computer lab, which was well worth it. I had made a spurt of 
progress in ICT, whilst my teaching was improved over the course of countless 
rehearsals. When the lesson polishing reached its right moment, I made it by 
winning the first award in the municipal quality-teaching competition. . .. Since 
then, accumulating strengths has become the value-adding growth model in my 
teaching life.

(MasterMT, PD-trajectories excerpt, Ms W311)

I have been actively taking part in all sorts of demonstration lessons, open les-
sons and teaching-research lessons. To deliver a good lesson, I often record the 
lesson and frequently play back to look for points of improvement. I then redo 
the lesson and revise it on the basis of the recording. The revision won’t stop 
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until a satisfying version emerges. For every demonstration lesson, I make all 
the teaching and learning tools by myself. Every occasion of lesson polishing is 
an opportunity to practise and grow. It is exhausting but rewarding.

(MasterMT, PD-trajectories excerpt, Ms Z105)

Gaining skills and confidence through polishing and refining lessons, master math-
ematics teachers are ready to be ‘fierce teaching athletes’, pushing themselves to 
embrace challenges in all sorts of teaching competitions. There are major teaching 
competitions each year at the district, municipal, provincial and national levels. 
Candidates are recommended and selected by teaching research groups from the 
bottom up. The superficial aim is of course, like in any other competitions, to win. 
This means the recommendation and selection must focus on the most capable and 
therefore most likely to win. All the master teachers have won awards in teaching 
competitions at various levels. What they emphasised is the process of polishing 
a lesson on the same content numerous times. It is through constant construct-
ing, deconstructing and reconstructing of teaching that their capacity to teach is 
upgraded. The new will not come unless the old is gone. The experiences are so 
intense that they all remember them vividly. Over the course of polishing lessons 
as part of a team, their understanding of students, textbook content and teaching 
and learning is uplifted, and as Mr W104 put it, their teaching thus undergoes the 
‘transition from quantity to quality’. By taking part in the competitions, they have 
the opportunity to gain not only awards but also extra growth.

Having won the first prize in the national teaching competition for primary 
mathematics in 2009, I then won the first prize in national teaching with ICT 
competition for primary and secondary teachers in 2010. These were all based 
on the foundation and aspiration that I accumulated in the process of polishing 
a lesson titled Mathematics in Bicycles. In 2011, 2013 and 2015, I took part in 
the Municipal Competition of Essential Teaching Skills for Primary Mathemat-
ics, the Municipal Competition on Deduction in Primary Mathematics, and the 
24-Hour Municipal Teaching Challenge of Primary Mathematics respectively. 
I won the first place in each of the events. Over the course of these competitions, 
my understanding of textbooks, teaching and students has increased. This is a 
process of transition from quantity to quality.

(MasterMT, PD-trajectories excerpt, Mr W104)

I think volunteering to undertake all kinds of teaching-research lessons and 
demonstration lessons is very important. On the one hand, in the process of 
planning the lesson, one needs to delve deep into the textbooks, look for mate-
rials, communicate with colleagues and seek advice from experts, which is a 
precious learning opportunity. On the other hand, the teaching process itself 
strengthens one’s communication skills and flexibility.

(MasterMT, PD-trajectories excerpt, Mr Z205)
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And they are not working on their own. Those who actively support them include, but 
are not limited to, their colleagues in the teaching research group/department, their 
school leaders and district/municipal teaching research officials. Everyone’s involve-
ment covers every aspect of the focal lesson under improvement. This specific lesson 
is scrutinised by multiple eyes and minds until it reaches a satisfying version.

All the members in our mathematics department work together to offer strate-
gies for me to refine the lesson.

(MasterMT, PD-trajectories excerpt, Ms Q401)

In 1995, I took part in the Municipal Quality Mathematics Teaching Competition 
on behalf of the school and won the first prize, following which was a first prize 
in the Provincial Quality Mathematics Teaching Competition. I would never for-
get that night 25 years ago when the headteacher appeared at our doorstep only 
because she was worried about me – a teacher with less than two years’ teaching 
experience about to take part in the municipal competition. That evening, Head-
teacher Ms L acted as my class, with the wardrobe as blackboard and sewing 
machine as the front desk. We polished each question that I should pose and each 
tone I should be using in the class, until midnight. It should be noted that it was 
the 1990s when few people from around here had telephones let alone mobile 
phones. Ms L managed to find where I lived by knocking on the door from house 
to house. I would never forget the deputy head, Ms R, either. Just before the night 
was out, she handmade the beautiful slides and a cuboid model with six faces that 
could be slid into its frame. It is worth mentioning that it was the era when we 
didn’t have computers at home and slides were all handmade with pens and films. 
Everything could only be made from scratch by hands. It is all because of these 
seniors who had offered their help and guidance selflessly that one generation 
after another of younger teachers could grow rapidly.

(MasterMT, PD-trajectories excerpt, Ms T416)

Choosing to deliver a demonstration or teaching research lesson often means to 
teach fearlessly and perfectly to a class of unfamiliar students in the professional 
eyes of tens of thousands. Hence, the need for systematic preparation and polishing 
with the support of a team before it is presented. Such collective pedagogical think-
ing does not only take place before the formal presentation of the lesson, it also hap-
pens afterwards. Demonstration lessons are interwoven with deep reflections. Such 
reflections are often written down and eventually get published. This form of pro-
fessional writing is already woven into the teacher promotion system in the country.

A teacher’s best learning venue is the classroom. I have taught lots of demon-
stration lessons. . .. Every time I completed a demonstration lesson, Headteacher 
Tang would ask me to write it as a teaching case.

(MasterMT, PD-trajectories excerpt, Ms Z314)
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These teachers are willing to present lessons to peers, experts and the public and 
are looking forward to receiving feedback and improvement advice. Many teachers 
mentioned that they see teaching in public demonstration or competitions as a flash 
in the pan. The meaningful part of that is the process that leads to it, the improving 
process. Knowing that every day lessons may not have the time and resources to be 
brought up to the same level as demonstration lessons, they see each routine lesson 
as an opportunity to get closer to the quality that could be reached in demonstration 
lessons. As Ms W311 put it: ‘Teach a daily lesson as if I am delivering a demonstra-
tion lesson.’ Mr B303 made it even stricter: ‘Teach the demonstration lesson as I do 
in my own classroom on a normal day; teach my daily lesson as if I were giving 
a public demonstration.’ How self-driven! They see the various awards as a new 
chapter of growth. It seems as if, in their mind, teaching improvement would never 
come to an end. Instead of teaching improvement, in their mind, the central theme 
of practice should be expressed in progressive tense – improving teaching.

9.3 � Learning from and with peers in TRG and PD events

Across master teachers’ accounts of PD trajectories, there is a strong sense of being 
part of a professional learning community. Many attribute their improved under-
standing of teaching to peer observations and teaching research group meetings.

I have been actively taking part in all kinds of training and teaching research 
activities. . . . Each year, I insist on observing 40 lessons delivered by colleagues.

(MasterMT, PD-trajectories excerpt, Ms Z105)

In my professional development, I think I benefit tremendously from the teach-
ing research activities organised by the team at our school and from the col-
laboration, discussion and mutual learning with colleagues in our subject-based 
team. Though one person can run very fast, it is a group of people that can go far. 
One’s own capacity after all has its limit. Our school’s teaching research team is 
my powerful backing. Many of the wise and creative teaching ideas and highly 
effective teaching methods are inspired by our discussion in teaching research 
activities.

(MasterMT, PD-trajectories excerpt, Mr S201)

Joining the district level lesson preparation group, observing the teaching 
research lessons presented by the group members and doing my own teaching 
research lessons – these activities helped me tremendously.

(MasterMT, PD-trajectories excerpt, Ms S208)

I find the teaching research group in my school the greatest help. Immediately 
as I started off as a new teacher, I took part in all the weekly meetings of the 
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mathematics teaching research group specifically set for young teachers. I had 
learnt a great deal from the teaching research activities and maintained steady 
growth as a teacher over the course of learning.

(MasterMT, PD-trajectories excerpt, Ms S505)

In addition to the TRG activities within their home schools, master mathematics 
teachers also acknowledge the learning experiences gained in PD events organised 
outside the school, at various administrative levels.

Ever since 2001 when I took part in the provincial PD programme for Backbone 
Teachers, I had attended a number of high-quality lectures delivered by aca-
demics and experts and had the opportunity to exchange ideas with Backbone 
Teachers from across the province. These activities enriched my professional 
knowledge and left me with huge benefit.

(MasterMT, PD-trajectories excerpt, Ms L304)

I take opportunities to partake various kinds of research training and practice-
based research, which becomes a main way for me to keep teaching and 
thinking. .  .. In addition to taking the mandatory open courses for continuous 
education and attending the teaching research activities at the school, district 
and municipal levels, what I do is actively taking part in PD and research train-
ing programmes. The annual meeting of Master Teacher W’s Work Station, the 
annual conference of Master Teacher H & Teaching Against Misconceptions, 
the national annual conference for New Century Primary Mathematics and the 
district PD programme for Backbone Teachers are the ones that I would defi-
nitely attend.

(MasterMT, PD-trajectories excerpt, Ms S203)

In comparison with their ordinary peers, the master teachers are keen to take part in 
lesson demonstration and teaching competition – a mindset self-trained from early 
on. Over the course of doing these, they got more opportunities to polish one les-
son as many times as necessary with peers, teaching research officials and experts, 
learning from and with them. The TRGs offer teachers the readily available profes-
sional learning communities where teaching ideas are shared, polished and uplifted 
(Huang & Bao, 2006; Paine & Ma, 1993).

9.4 � Reading, reflecting, writing and publishing

Teachers are regular readers of professional journals and books published on math-
ematics teaching or education. Many attribute their growth to reading, reflecting 
and writing. Finding time and space to think for themselves is crucial to them. 
Whilst deep reflection increases their self-awareness, many of them acknowledge 
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that reading broadens their knowledge, resonates with their experiences in practice 
and thus generates deeper thinking and reflection.

In work, I constantly expand my knowledge by persistently reading books about 
teaching and education and taking part in various kinds of learning and training 
programmes.

(MasterMT, PD-trajectories excerpt, Mr S201)

To become well developed, a teacher must be ready to delve deep into learn-
ing. The teacher must learn the basic knowledge and skills for teaching and 
education and then consolidate the basics. Learn the educational theories and 
teaching techniques and then strengthen the teaching skills. Study the textbooks 
intensively, read background materials, and read books on mathematics teach-
ing methods, comparative education, and child psychology, so as to master the 
law of child cognitive development.

(MasterMT, PD-trajectories excerpt, Ms C512)

I persist on writing teaching reflection after each lesson, summing up experiences.
(MasterMT, PD-trajectories excerpt, Ms Z105)

I actively take part in all sorts of research projects which becomes a driving 
force for me to reflect upon my own teaching and improve my theory-based 
competence.

(MasterMT, PD-trajectories excerpt, Mr X109)

The foundation of the career is built on good accomplishment of everyday 
teaching. I strive to reflect carefully and jot down ideas in my teaching plan and 
explore relevant teaching issues with my fellow colleagues in my TRG. Doing 
so allows me to handle properly the essential and difficult points of the knowl-
edge in teaching.

(MasterMT, PD-trajectories excerpt, Ms S201)

Whilst completing various tasks in work, I  strive to find time to write in my 
teaching journal what I have in mind. Even if it were just a few dozen words, 
I  would write them done right away. As widely known, reflection is one of 
teachers’ competences. It tells whether or not a teacher is competent enough. It 
is only through persistent reflection that teachers are able to constantly improve 
themselves and grow.

(MasterMT, PD-trajectories excerpt, Ms S203)

The growth of teachers = experience + reflection. Being diligent at reflection 
makes one’s teaching more scientific, teaching behaviours wiser, and teach-
ing effects approaching the ideal, which overall rewards the teacher with more 
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credits. Through learning, researching and thinking, I am more cautious about 
my teaching behaviours: Did my previous lessons give more space for me to 
show off my ‘teaching’? To what extent have I care about students’ thinking? 
What kinds of questions work better in promoting the class to think?

(MasterMT, PD-trajectories excerpt, Ms C310)

The deep reflection based on reading and practice in turn presses their urge to jot 
their thoughts down. These teachers have published a lot in professional journals, 
and some have even published books. For example, Mr B303 is already a seasonal 
writer, publishing his reflections and thoughts on everyday teaching regularly. Get-
ting published is partly due to the need for professional advancement, since one 
aspect of teacher evaluation is publication, and partly due to the fact that it helps 
them channel their thoughts out to their peers at large.

Every semester, to improve my professional and teaching competence, I strive 
to write a quality article on teaching that is of a satisfying quality.

(MasterMT, PD-trajectories excerpt, Ms Z105)

In the process of research, I managed to gradually improve my competence in 
theories and educational research. Many of the articles that I wrote upon doing 
research have been recognised with awards from the district or higher-level edu-
cational authorities.

(MasterMT, PD-trajectories excerpt, Ms G209)

Over the course of my exploration into these questions, I gradually published 
a number of articles in our provincial Educational Research Journal, includ-
ing ‘Thoughts and practice about behaviours in the mathematics class from the 
perspective of key competencies’, and ‘Towards harmony: The ultimate goal of 
modern classroom teaching’.

(MasterMT, PD-trajectories excerpt, Ms C310)

To keep developing myself, I took time to learn theories, recorded the process 
of my practice, and tried to write about lesson cases and articles, which helped 
consolidate the teaching experiences that I accumulated.

(MasterMT, PD-trajectories excerpt, Mr C204)

Because of the effort given to accumulating [thoughts and reflection], I pub-
lished multiple articles out of it.

(MasterMT, PD-trajectories excerpt, Ms H503)

As teachers reflect, read, write and eventually publish on their teaching practices, 
they know more about their professional selves, their teaching, their learners, their 
learning and mathematics as a system of knowledge and as a school subject.
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9.5 � Learning from expert teachers and renowned master 
teachers

All teachers have attributed their development to a number of key figures and their 
peers in the teaching research groups. Their gratitude was woven into the stories 
they told about the evolution of their teaching. At first, all teachers mentioned they 
started off by studying and mimicking video-recorded demonstration lessons deliv-
ered by renowned master teachers in the country whom they apparently regard 
as role models. The studying and mimicking processes sound relentless, hence 
demanding huge effort and great discipline.

All teachers write about the benefit of observing lessons, often in the format 
of video, delivered by established teachers or master teachers whom they admire 
enormously. Their learning from masterly teaching thus stems from the initial 
mimicking of others’ teaching to the gradual development of their own styles.

I have humbly asked advice from renowned teachers and studied lesson videos 
delivered by many master teachers.

(MasterMT, PD-trajectories excerpt, Ms H503)

It is important to be ready to learn and to observe video-recorded lessons by 
those master teachers.

(MasterMT, PD-trajectories excerpt, Ms X406)

I cherished the opportunities to attend the case study lectures by accomplished 
educational experts and scholars like Master Teachers, Q, H, W, S and Y. Their 
teaching styles – either steady, or humorous, or profound, or witty – struck 
me instantly, lingering in my mind forever. Ever since knowing that there 
were filmed distinctive lesson cases available for borrowing in the municipal 
E-Education Library, I had become a frequent visitor there and borrowed loads 
of videotaped lessons to study. I would play the lessons countless times to imi-
tate. Then, everything comes to the one who waits. After tireless practice and 
polishing, I have formulated my own teaching style.

(MasterMT, PD-trajectories excerpt, Ms L304)

I have always been looking up to the best in our profession as my role mod-
els. . . . One cannot improve professional competence by only looking at one’s 
own practice. I therefore reached out to all potential opportunities and platforms 
to seek guidance from experts in the profession, which saved me from detours 
and helped me grow faster.

(MasterMT, PD-trajectories excerpt, Mr X109)

When I was a new teacher, I actively learned from experienced teachers, pre-
pared lessons carefully, and observed colleagues’ lessons. Through mimicking 
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the teaching style of experienced teachers, I gradually accumulated my basic 
teaching skills.

(MasterMT, PD-trajectories excerpt, Mr C204)

Not only had they learned from expert teachers’ video-recorded lessons, many 
were lucky to have well-recognised colleagues or master teachers as their teach-
ing masters (师傅, shi fu, as in Kungfu masters) appointed by the school as part of 
strategic support to novice teachers. Looking back, Mr C204 attributes to his early 
growth to the learning experience with his mentors, Ms T in his home school and 
Ms W – the country’s most widely known primary master maths teacher who is 
now leading the profession though not doing regular classroom teaching any more.

Three years after I worked as a teacher, the school appointed Ms T as my teach-
ing master. Under the guidance from Ms T, I started to undertake district-level 
research projects and municipal-level teaching-research lessons.  .  .. With my 
teaching master’s support, I had more opportunities to learn and achieved more. 
In addition, my teaching master had helped me reach out to more experts. It was 
during the process of doing teaching-research lesson projects that I got to know 
Ms W. This had helped me tremendously. With the support from the school, 
I became a member of Ms W’s Master Teacher Studio where I got more oppor-
tunities to network with more accomplished experts and colleagues. With a plat-
form like this, I was able to gain rapid growth.

(MasterMT, PD-trajectories excerpt, Mr C204)

Learning from established master teachers and expert teachers can indeed speed up 
a novice teacher’s development (Berliner, 2001; Leinhardt, 1989; Li et al., 2011). 
Such a novice-mentor system is universal in Chinese schools (Cravens & Wang, 
2017; Fan et al., 2015; Huang et al., 2017; Li et al., 2011; Zhang et al., 2021).

9.6 � Support from peers, school leaders and teaching  
research officials

These teachers do not just learn from their role models. They are ready to learn 
from anyone in the profession. From their point of view, another important source 
for development are those around them. The stories they told often happened in 
the teaching research groups as they were preparing a demonstration lesson for a 
teaching research conference or a teaching competition. The team often expanded 
to include temporary members, such as their headteachers and the teaching research 
officials from the local education authorities.

There is a readily available ‘multilevel’ system that supports teachers to continu-
ously grow. These master teachers all made good use of the system from school up 
to municipal levels where teaching research officials treated them as ‘seed’ master 
teachers. Then, this seemingly hierarchical team worked together to improve the 
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seed player’s teaching practice. Very often they assisted the seed players to prepare, 
carry out and polish lessons for public demonstration or teaching competitions. The 
system is apparently available to everyone in the profession. However, this special 
class of teachers are those who, from earlier on, wanted to be better at teaching and 
who sought every opportunity to improve their practice.

All teachers wrote about their experiences of being part of the school-based 
teaching research groups. There is a mentor system available at the school level 
and sometimes at district, municipal and higher levels. Many teachers reflected 
upon their growth as guided by their teaching masters, as in Kungfu masters. They 
attributed their growth to having a good ‘platform’ where they could get access to 
quality PD resources.

I was lucky to have the Director of Teaching at our school who acted as my men-
tor voluntarily observing my lesson every day at the beginning, then two to three 
times a week and then once a week.

(MasterMT, PD-trajectories excerpt, Ms G209)

The 1997 Youth Cup Teaching Competition of the Xuanwu District was the first 
opportunity I encountered. It was later proved to be the very event that had trig-
gered my teaching to go through a transformation in quality terms. Back then, 
working late at school was what I did on a daily basis. Besides the multiple 
teaching rehearsals, the head and deputy head of our school followed through 
my teaching and lesson explanations time and again. Within a very short period 
of time, I became more and more skilled at teaching. Living up to expectations, 
I got the first prize in the competition. This had given me the confidence and 
determination to strive forward.

(MasterMT, PD-trajectories excerpt, Ms L304)

During the six years teaching at D School, I had received warm support from 
colleagues, school leaders and teaching officials from the district. I still remem-
ber the Springing Up Teaching Competition of the district which I  took part 
in when I  just started teaching there. To make my lesson more creative, all 
the teachers in our mathematics TRG worked together to mastermind teach-
ing strategies for me. In the end, [in the competition,] this lesson left a very 
good impression to the then provincial teaching research official, Mr A, and the 
teaching research official of X district, Ms B. I had got lots of opportunities to 
challenge myself ever since. Every time I was about to join a competition, the 
district teaching research official, Ms B and Mr C would invite the members of 
the Primary Mathematics Centre to meet up to brainstorm for me. This team had 
brought me family-like warmth. About how to design and present every part of 
the lesson, everyone offered their ideas generously without reservation. When 
controversies arose in the discussion about the lesson, we would debate with 
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each other on teaching matters. There was no rank difference in the team; there 
was only light sparked, with different ideas clashing with each other. As team 
members, we have formed profound friendship. To make my lesson even better, 
the teaching research official, Ms B, and I often communicated online until late 
in the night about each line of the statement in the lesson and the design of the 
slides. It is because of the supportive team that I am able to successfully chal-
lenge myself and obtain a number of achievements and awards, including the 
first prize in the municipal teaching competition, the first prize in the provincial 
teaching competition, Master Teacher of the X District, the Subject Leader of 
the City, the Backbone Teacher of the Province, and the Subject Leader of the 
Province.

(MasterMT, PD-trajectories excerpt, Ms Q401)

Is the improvement of teaching an individual or collective endeavour? For master 
teachers, the seemingly either-or issue has reached a balance (Paine & Ma, 1993): 
teachers in the TRG have been working together to teach ‘forward’ independently. 
All the teachers looked for resources to improve practice not only from within 
schools but also from outside of schools. They have actively participated in PD 
events that not only give demonstration lessons but also include invited lectures 
by master teachers, textbook editors and scholars from higher education. In fact, 
many teachers emphasised the importance of reaching out and exchanging ideas 
with colleagues beyond their schools in other parts of the country. All in all, these 
broaden teachers’ professional vision, making them constantly aware that teaching 
can be done differently and better.

9.7 � Studying the curriculum and textbooks in depth with great 
attention to lesson planning

It is typical in China that teachers are generally required to study the curriculum 
and textbooks in great depth (Li, 2004). Amongst the MasterMT teachers, the 
extent to which attention was given to teaching materials was impressive. They had 
accumulated such deep understanding that textbook publishers reached out to them 
for assistance. Some of them were selected as implementers of a trial series of text-
books by textbook publishers in the hope that they could offer expert comments on 
the improvement of the trial versions. One of the MasterMT participants was actu-
ally a member of the author team for a textbook series. Another had been closely 
involved in the experiment of two series of new textbooks arising in the new mil-
lennium curriculum reform which transformed China’s education from a system 
with one set of curriculum standards and one series of textbooks to a system with 
one set of curriculum standards but multiple series of textbooks. The curriculum 
reform commenced in 1999 and the new standards (experimental version) were 
officially released in 2001. Ms  L304 had the experience of using the experiment 
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versions of two textbook series: ‘Modern Primary Mathematics (MPM)’ and the 
series published by the Phoenix Education Publishing of Jiangsu Province (PhEP).

In 1999, I  got invited to the experiment of the MPM textbook series. From 
grade one, I started to use the MPM textbook in one of the two classes I was 
then teaching, and the PhEP textbook in the other class. These two series of 
textbooks were different in many ways, in terms of organisation of contents 
and adaptability for teaching. I used the summer break to get myself into les-
son preparation. The workload was huge for studying the compiling purposes 
and teaching content of two textbook series whilst designing the corresponding 
teaching methods. The process of comparison and reflection had developed my 
understanding of and ability to use the textbooks, uplifted my capacity to teach 
concisely and flexibly, and improved my mathematical competence. In the three 
years from 1999 to 2001, upon experimenting with the use of the two series of 
textbooks, I had delivered over 50 demonstration lessons, written multiple arti-
cles on teaching and reflection, and presented to fellow teachers in our district 
my analyses of the two textbook series and corresponding teaching research.

(MasterMT, PD-trajectories excerpt, Ms L304)

With the experience with two series of textbooks, Ms L304 had a positive expecta-
tion towards similar experiences. In 2001, the national-wide curriculum reform 
was formally implemented after the Curriculum Standards (experimental version) 
for Compulsory Education for all major subjects were officially issued and took 
effect, and she chose to embrace all the challenges and opportunities to grow as a 
teacher:

In 2001, the national new curriculum reform commenced, and the textbook 
series, PhEP, formally proceeded into its trial stage. I not only took part in the 
compiling and designing of the PhEP courseware for teachers and students but 
also actively participated in the experiments of the new textbook series.

This is a path less travelled and I had to use the textbooks one year before all 
other teachers started to use them. I must constantly summarise all the failures 
and successes of the experiment and learn from them. I was expected to share 
my teaching experience and thoughts with experts and teachers, which place a 
huge responsibility on my shoulder. In the six-year experiment of the textbooks, 
I had taken part in lots of national and provincial training events in my spare 
time. After carefully listening to experts’ ideas and analyses about the textbooks 
and studying the reports and demonstration lessons based on the experiments 
that were carried out nationwide, I synthesised all the information with the char-
acteristics of my students and my own teaching characteristics and tried my best 
to implement in my class the teaching concept embedded in the new curriculum 
standards, seeking to fully bring out the essence of the new textbooks.
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Over those six years, I  had written several dozens of lesson case studies 
which were published in the Lesson Planning Handbook for Teachers, offering 
guidance for teachers. I had thoroughly mastered the textbook and lesson con-
tent and permeated myself with the curricular spirit, which made me capable of 
teaching with skill and ease.

(MasterMT, PD-trajectories excerpt, Ms L304)

Similarly, for other teachers, it is more important than anything else to study closely 
the curricular standards and textbooks.

I highly recommend the new teachers to study The New Curriculum Standards 
and Interpretation of the Curriculum Standards so as to understand the teach-
ing objectives and expectations of each schooling stage in the curriculum and 
master the ten key terms and corresponding mathematical thinking methods. 
The purpose is to accumulate sufficient theoretical knowledge for mathematics, 
so that when you are teaching a particular topic, you will be able to immediately 
relate the content to certain kinds of mathematical thinking methods.

(MasterMT, PD-trajectories excerpt, Ms C512)

Using the lesson preparation and implementation as carriers, I study carefully 
the curriculum standards, textbooks and the students. Each lesson is elaborately 
designed. Though I have been using the textbooks for many times, I still do an 
extra preparation before each lesson according to the characteristics of students, 
textbook content and the expectation of the curriculum standards. I  also per-
sist on making courseware and improving my professional competence through 
online learning.

(MasterMT, PD-trajectories excerpt, Ms Z105)

And indeed, studying the textbooks always serves the purpose of better preparation 
of teaching for learning:

In order to prepare a lesson, I always give relevant materials a sufficient reading 
and specify my lesson plan to sentences, taking into consideration all possible 
situations and corresponding measures . . .. I like the quote by Sukhomlynsky: 
‘It takes a lifetime to prepare a lesson.’

(MasterMT, PD-trajectories excerpt, Ms C310)

Ever since the commencement of my career, I have been teaching mathematics 
to the senior grades. To make sure every lesson is well taught, I give meticulous 
attention to lesson preparation every day and devote lots of effort into teaching 
research. When I first started, lesson planning is the most important thing of 
each day. To prepare for a lesson, I would read the textbook, the teachers’ guide, 
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and other references, before writing down the plan. This occupied pretty much 
all my spare time during the day and sometimes even the evening.

(MasterMT, PD-trajectories excerpt, Ms W311)

It is important to carefully prepare every single lesson with great depth. In the 
lesson preparation, I not only study the students but also study the textbooks 
and teaching methods. Lesson types and teaching methods depend on the les-
son content and actual status of students. I always write down carefully detailed 
procedures and timing of the teaching process, making sure the lesson plan is 
well written. Every lesson must be thoroughly prepared, with fun teaching tools 
being made to draw students’ attention. I  also stick to the habit of writing a 
summary after each lesson, making sure the key points and difficulty points are 
accurately dealt with. To design teaching methods and styles that fit the cogni-
tive law of students, I pay much attention to reading various kinds of journals. 
I  also seek to ease the difficulty points (难点) and emphasise the key points 
(重点). Carefully written teaching plans are followed by continuous summaries, 
which helps me improve teaching consistently.

(MasterMT, PD-trajectories excerpt, Ms L210)

The better subject matter knowledge and pedagogical content knowledge of master 
teachers may be partially rooted in their consistent effort given to studying the 
curriculum and textbooks. With the enormous attention given to studying teaching 
materials as the overarching climate in China (Fan et al., 2015; Li, 2002, 2004), it 
is those who have studied deeper and better that become mathematically and peda-
gogically stronger than others.

Teachers perceive that their professional selves have shifted from experience-
oriented to theory-oriented, as they move onto more advanced stage of professional 
development. Such transformation, according to them, is largely due to practice-
based research. Their research, mostly qualitative, is different from what academics 
in higher education are doing. However, this form of research allows them to gain 
deeper understanding about their own practice.

9.8 � Researching as practitioners: a different kind of research

Many teachers reflect on their experiences in doing research on their teaching 
practices often as part of a teaching research team. The kind of research teach-
ers in China conduct is qualitative in nature, often in the form of case studies, 
with a focus on reflection and improvement over time. There are particular 
teaching research grants for teachers to apply for at district, municipal, pro-
vincial, and even national levels. Like other research grants in China, teaching 
research grant applications are put in by a PI who is supposed to name a team 
and their roles in the proposal. Often the projects aim at developing exemplary 
lessons and are supposed to be assessed according to the activities the team 
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have carried out and results achieved. The implementation process thus heavily 
involves the PI and the team working together. The research projects make the 
teaching research activities more focused and systematic but quintessentially 
similar in that they share a similar mission – improving specific aspects of 
teaching in practice.

Up until now, I have acted as a PI for three provincial projects and two munici-
pal projects and worked as a major member on two projects.

(MasterMT, PD-trajectories excerpt, Ms C310)

Having received the advice and guidance from the experts, professors and 
renowned teachers, I  started to do research. At the beginning, I  took training 
courses; later, I started to undertake practice-based projects; now I am already 
leading my own projects as a PI. My effort is geared towards becoming a think-
ing, researching, practising and reflecting teacher.

(MasterMT, PD-trajectories excerpt, Ms S203)

As a member of the province’s Central Group for Primary Mathematics, I have 
the opportunity to be a part of a number of national level projects. This has 
strengthened our team spirit and research competence. At the same time, I have 
successfully bid for and completed three provincial projects.

(MasterMT, PD-trajectories excerpt, Ms Q501)

Practitioners as researchers, as in the case of action research, often risk bias and 
over-subjectivity, putting research findings down to a low level of generalisability. 
However, practice-based research by teachers themselves enables them to keep 
a critical eye on their practice and allows them to get to the root of the problem 
awaiting a solution. Given the depth of reflection and quality of refinement in prac-
tice, their findings have the potential to feed back to their own classes and be gen-
eralised to their local peers’ classrooms.

9.9 � Keep practising, keep changing

As teachers develop, professional awards, recognition and reputation flood in from 
the external world, somehow making continuous development harder for them than 
for a new teacher. Looking back at the PD process, master teachers wrote about the 
internal struggles they had been through and the level of perseverance that they had 
managed to reach ultimately. These teachers manage to constantly reflect upon and 
continuously scrutinise their teaching in greater details, seeking every opportunity 
to improve teaching at both micro and macro levels.

To develop, a teacher must have time, space and the determination to learn. 
No matter how busy I  am in work and life, I  never hold up learning and 
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improvement. All the materials were accumulated using all the tiny moments 
squeezed in life.

(MasterMT, PD-trajectories excerpt, Ms Q206)

Having become a subject leader, deputy head of school and senior teachers, 
many might think, there is no need to continue the hard work. For a very long 
period of time, I had lost motivation and stopped ‘running’, whilst at the same 
time a sense of unease arose, getting stronger and stronger. I found myself still 
posing questions to my class, still lacking confidence when facing the students. 
In the years to come, what should I  rely upon to meet the challenges in pri-
mary mathematics education, the life-long career for me? As the text The Eaglet 
Learning to Fly says, ‘Flying higher than the tree is not truly being able to fly.’ 
I think I am not truly able to fly, so I need to think again. Since 2018, I have 
joined various PD programmes and seen these as opportunities to continue my 
queries into teaching practice and research.

(MasterMT, PD-trajectories excerpt, Ms C310)

It is through diligent and continuous work that one can feel confident to go 
far. Einstein says the difference between human beings lies in their spare time. 
I believe that if a person spends the same amount of time each day in doing 
the same work throughout the life, this person is deemed to accomplish great 
achievements.

(MasterMT, PD-trajectories excerpt, Ms W311)

It occurs to these teachers that there is always a better way of teaching. On the same 
content that is supposed to be delivered in 40 minutes, they would nit-pick all the 
smaller details for improvement on the ground of meeting learners’ needs. They 
seem to be NEVER satisfied with their own practice. To them, teaching is a chang-
ing and therefore improvable practice instead of static and fixed status. Thus, they 
keep practising in order to stay afloat on the masterly ‘ocean’.

9.10 � Strong commitment to learner development and 
persistent interest in teaching

There is a strong sense of deep and persistent interest in teaching, at the beginning 
of each teacher’s account of her/his path towards a master teacher.

I care about every student, and try to be the students’ best friend.
(MasterMT, PD-trajectories excerpt, Ms Z105)

The kind of love that a teacher gives to students must be not only strict but also 
respect, understanding and tolerance. My belief as a teacher is to help every 
child grow.

(MasterMT, PD-trajectories excerpt, Mr S201)
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In the class, I pay particular attention to motivating the students and communi-
cating with them. Each lesson must fully reflect that learning is easily done by 
the children with fun and delight. I try to cultivate the competences of speaking 
and thinking as well as hands-on capabilities. To ensure every lesson is of good 
quality, I strive to develop children’s comprehensive competencies and try my 
best to cultivate coherent and logical thinking amongst them.

(MasterMT, PD-trajectories excerpt, Ms L210)

The most important thing to do as a teacher is keep the beginner’s thoughts and 
dream – never forget why I chose the profession. This sheds a sacred light on the 
profession, sparking my heart.

(MasterMT, PD-trajectories excerpt, Ms C310)

With such strong commitment, teachers have carefully sown the developmental 
elements into their everyday classes, which is evidence across the lessons we have 
observed. What they share with us during the interview tells us that, in their mind, 
students are not only learners in need of mathematical development but also young 
people deserving all-round development from early on.

9.11 � Leading the way as a way of continuing learning 
and growing

In the interview or in written accounts about their PD trajectories, many teachers 
mention that they are in a leading position, such as the head of the department, head 
of teaching affairs or director of the teaching research group.

As a part-time teaching research coach rooted in the countryside, deep down 
I know being a Backbone Teacher in primary maths means not only being my 
best self but also leading a team so as to actively contribute to the innova-
tion and development of primary maths teaching in the rural region. To do so, 
I have been to various rural primary schools and given numerous demonstration 
lessons and lectures, answering questions and offering advice. Over the past 
few years, I have mentored more than ten young teachers based outside of our 
school.

(MasterMT, PD-trajectories excerpt, Ms W311)

2013 was a meaningful year for me when I became the head of the school’s new 
branch. Amidst the numerous admin duties, I  insist on taking the mission of 
teaching mathematics to one class and at the same time exploring collectively 
with colleagues the truth behind innovation. As a mentor, I assist my disciples 
[students as in Kungfu, the Chinese way of addressing young teachers who are 
mentored by a master teacher] in taking part in various teaching competitions, 
guiding the young teachers to grow professionally.

(MasterMT, PD-trajectories excerpt, Ms T416)
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Overall, three things contribute hugely to my development: consolidating a 
strong foundation of basic skills; actively taking part in competitions; mentor-
ing young teachers.

(MasterMT, PD-trajectories excerpt, Mr W418)

Our school set up a Master Teacher Studio in my name. In addition to organising 
events for our studio members, I share with everyone my teaching experiences 
and thoughts on teaching.

(MasterMT, PD-trajectories excerpt, Ms W501)

As I gradually grow as a teacher, I started to work as a mentor for young teach-
ers, guiding them to design lessons and grow.

(MasterMT, PD-trajectories excerpt, Ms S505)

Research has shown that master teachers play a leading role in their peers’ PD often 
through the activities run by the Master Teacher Studios (Cravens & Wang, 2017; 
Li et al., 2011; Zhang et al., 2021). It is meaningful to hear that master teachers 
find themselves benefitting from it, too, and they manage to refresh their minds and 
continuously develop as a result of leading others.

9.12 � Master Teacher Studios: a cross-school professional 
learning community

Though each province may have a different MTS policy, it is similar across prov-
inces that MTS hosts are approved about every three years after which they will 
have their achievement reviewed against the proposals that they put in three years 
ago. If they want to continue their role as a host, they will need to put in another 
proposal and get it accepted by the committee.

Of all the teachers who responded to our Trajectories survey, seven also pro-
vided an introduction to the development of their Master Teacher Studios and the 
teaching research activities run by their MTSs over approximately two years – 
from January 2018 up until April 2020 when the survey was sent out. To find the 
top ten Chinese words that featured in the MTS documents, we ran a word fre-
quency on this part of the data and ended up identifying nine words by meaning 
as the two words both meaning ‘teacher’ were treated as one term (Figure 9.2). 
These words include ‘master teacher studios’, ‘mathematics’, ‘members’, ‘primary 
schools’, ‘teaching research events’, ‘research’, ‘teaching research’ and ‘teachers’.

Next, we look at the development, status and activities of MTSs through two 
MTS cases: Ms W314 from Jiangsu province and Ms L407 from Jiangxi province.

9.12.1 � Master Teacher Studio hosted by Ms W314

Based in Yixing, Jiangsu Province, Ms W314’s MTS was established in August 2019. 
She is amongst the second series of MTS hosts appointed in her city where MTS 
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FIGURE 9.2  Words most frequently mentioned by teachers when reflecting on their MTSs
Note: MTSs = master teacher studios.

hosts are also regarded as supervisors to those joining the studios. The MTS has 14 
members, with Ms W314 being the supervisor and the municipal teaching research 
official as a consultant. Of the members, three are already the Municipal Subject 
Leaders, five regarded as Rising Teaching Stars in the city, with the rest being 
young teachers with teaching experience of no more than three years.

Ms W314 cares deeply about rural education. With members mostly based in 
rural schools, her studio aims to cultivate category of teachers and the younger 
generation of teachers in the suburban areas of her city.

Every studio has particular missions that they state and justify in their studio 
proposals. In terms of learner development, Ms W314’s studio sets their goal as 
developing higher-order thinking around the core knowledge of primary mathe-
matics. In the ten events that her MTS hosted or took part in between August 2019 
and April 2020, five events were about the development of higher-order thinking 
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on key knowledge in mathematics classes. In November 2019, the entire team was 
in Guangxi Province, taking part in a nationwide teaching research conference on 
the teaching of calculations using the textbook series published by her home prov-
ince (Jiangsu) – one of the major textbook series in the country. Two of the events 
took place in two different schools and consisted of demonstration lessons and 
expert lectures. Another event took place online, with the studio members sharing 
their recent readings.

Ms W314 is keen to lead the team to fly higher. Her writing is structured under 
three headings: (1) highly effective collaboration with clear responsibility and zero 
absence; (2) flying higher through collective effort, developing the knowledge and 
improving the practice; (3) mutual development whilst assisting teachers from 
underdeveloped schools and mutual improvement through collaboration and com-
munication. In just one year, there are three teachers recognised as Rising Teaching 
Stars by the city and one teacher winning first place in the Provincial Excellent-
Lesson Awards. They also published a lot: ten articles published by the professional 
journals in the province or beyond and over 20 papers winning awards from the 
city or beyond.

The studio has a three-year plan, studio rules and guidelines, including guide-
lines for meetings, for learning and exchange, for research projects, for attendance 
and promotion. Members are expected to be self-disciplined such that their work is 
effective and that ‘1 + 1 > 2’.

9.12.2 � Master Teacher Studio hosted by Ms L407

In her mid-30s, Ms L407 is already a Professoriate-Senior teacher and the deputy 
head (teaching) of her school based in Nanchang. She is diligent in doing research 
as a teacher. Her MTS was approved in 2015. The studio has expanded from the 
original six members including herself to now 20. She is keen in leading the team 
to do lesson studies. The team have been active in seeking opportunities to deliver 
demonstration lessons and take part in teaching competitions around the country. In 
addition, Ms L407 cares about the PD of rural teachers. She tries every opportunity 
to deliver demonstration lessons in rural schools, running teaching research activi-
ties with colleagues there. Her current team consist of 14 teachers from her own 
school, four from rural schools and two from other schools in the city.

To provide teachers, students and parents with open-access teaching and learn-
ing resources, she and her MTS members have learnt together how to record micro-
lessons (微课). Then, the team filmed a series of micro-lesson videos summarising 
the textbook content of Grades 1–6. These videos can be particularly helpful for 
students on sick leave or in situations, such as the pandemic, where in-person 
teaching can be challenging.

Over the past two years, Ms L407’s studio has carried out lesson studies focusing 
on the key lessons they identified: Cumulative Law of Multiplication, Rotation of 
Shapes, The Clock and Time, Introduction to Cylinders and Introduction to Angles. 
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All members take part in the meetings, studying and polishing lessons together. In 
addition, they have each observed other MTS members’ lessons at least ten times, 
with some making it to 20 to 30 times.

They have observed, commented on and thereby polished the teaching research 
lessons they planned to deliver in rural schools as part of their voluntary support 
to underdeveloped schools. Each Tuesday during the two months before a new 
semester, the team organised textbook-analysis meetings, going through all the 
units in textbooks of the entire six grades. They arranged activities in supporting 
MTS members in submitting research proposals. The team have been to various 
teaching research events delivering research lessons, observing demonstration les-
sons and taking part in training sessions on excellent teaching and textbook use.

Moreover, Ms L407 has been voluntarily supporting her MTS members in pol-
ishing lessons for teaching competitions. As the head of the school responsible 
for teaching research, she also organised the regular schoolwide teaching research 
meetings/events, supporting colleagues in PD. In her already busy schedule, she 
has also accepted invitations and given lectures at teaching research conferences at 
municipal, provincial and national levels.

Across time, we have seen master teachers’ PD trajectories and the develop-
ment, status and activities of their MTSs as a cross-school PD community. Our 
final and next stop on the PD journey is three teaching research conferences at the 
municipal, provincial and national levels.

9.13 � Participatory observation of teacher PD in action: teaching 
research conferences at various levels

Data on teaching research consist of four parts: (1) teaching research group (TRG) 
meetings at Ms  Q’s school (Chapter  2); (2) a municipal teaching research con-
ference; (3) a provincial teaching research conference; (4) a national teaching 
research conference. With all events being observed through participatory observa-
tion, the former three were collected through in-person participation, whereas the 
final event online during the pandemic.

The typical professional learning community in China consists of TRGs or teach-
ing research offices at the school, district, municipal and national levels. Teachers 
from the same subject group meet weekly or biweekly within schools. For a subject 
TRG in every school, there is usually a day in a week called the teaching research 
day which is essentially an afternoon on a school day, for example, each Wednes-
day afternoon. The agenda generally includes observing a teacher’s lesson and 
making comments and/or revision plans. In the process of preparing for a teaching 
research conference or teaching competition at municipal, provincial or national 
levels, teachers will work together to assist one of them to plan and perfect a lesson. 
The school-based TRG will gather together to observe a number of versions of the 
lesson as the teacher teaches the same content in multiple classes. In urban schools, 
there are often more than six classes in a grade. So, if a school had six classes in  
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Grade 6, then the teacher would have six opportunities to deliver six versions of 
a lesson on the same content, say, The Surface Area of a Column. Besides school-
based TRG meetings, there are teaching research conferences at district/municipal, 
provincial and national levels about twice a year.

Having been to two school-based TRG meetings in Ms Q’s school, in the fol-
lowing sections, we will observe three teaching research conferences held at 
municipal, provincial and national levels.

9.14 � Observing a municipal teaching research conference

In each semester, the municipal teaching research office will organise a teaching 
research conference. In Autumn 2018, the conference for the city happened to be 
hosted by our case study teacher’s school. The conference takes place in the school 
hall on the morning of 21 September 2018.

The teaching research official, who took part in the TRG meeting in Ms Q’s 
school (Chapter  2), gives an opening speech. According to him, last semester’s 
teaching research conference focused on Geometry, whereas this semester’s con-
ference is about Numbers and Algebra. Three public lessons are presented, with 
each followed by a discussion session and expert comments from a panel consist-
ing of the municipal teaching research official and renowned teachers from local. 
The first lesson is about addition and subtraction in Grade 3. The second and third 
lessons, both for fifth graders, are about Representing Quantity with Letters and 
Solving Problems Involving Block Rates respectively. Each lesson is delivered by a 
teacher from a different local school.

As in all publicly presented lessons, on the stage are the teacher and a class of 
students from the hosting school. The teacher and the students only get to know 
each other 5 to 10 minutes before the lesson. Students sit in rows as in the usual 
class facing one side of the stage where the board is placed (Figure 9.3a). On one 
side of the class, that is, the wall on the stage facing the audience, there is a large 
screen livestreaming what the camera from the other side of the stage captures – 
switching between a wide angle and a close shot of the teacher and students where 
necessary. Slides are also shown on the screen when necessary.

After each lesson, the teaching research official reappears on the stage with a 
microphone, asking if teachers in the audience would like to comment on the les-
son. Teachers might be too shy to come forward, though everybody in the audience 
has been carefully taking notes as the professional convention here (Figure 9.3b).

The teaching research official thus gives a grand view over the location of the 
lesson content in the curriculum and asks why this lesson is necessary. He answers 
the question he posed regarding the difference between oral and written calculation 
for learning additions:

This specific lesson focuses on oral calculation of adding two-digit numbers. 
Students have learnt in Grade 2 to do the same type of tasks by hands. Why on 
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FIGURE 9.3  Teacher delivering a demonstration lesson on the stage with a class of 
unknown students

earth is the same content brought out again in Grade 3 in the form of oral calcu-
lation? My view is to lay the foundation for the introduction of 3-digit number 
addition. The focus rests on skills. More specifically, the rationale behind the 
calculation is the fundamental knowledge. Another thing needs attention, too. Is 
calculation by hands, which was already taught and learnt, the same as oral cal-
culation? If that is the case, does it mean that we are repeating ourselves. Appar-
ently, the two types of calculation are different. The former is done directly with 
the fixed methods, whereas the latter demands clear explanation and articulation 
in the process. Students are expected to not only do the calculation but also 
explain it.

Not much discussion results in the peer observation of each public lesson. Those 
who do speak up, for example the teaching research official, tend to offer insightful 
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comments, since they are often former master teachers who know the nuts and 
bolts of the profession. The event seems to be more of broadening of teachers’ 
vision with new ways of teaching ‘old’ content, generating thinking and small talk 
amongst them and those they are familiar with.

9.15 � Observing a provincial teaching research conference

This is a 1.5-day provincial conference consisting of four public lessons, two 
invited lectures, three panel presentations by TRG leaders and teachers from three 
schools about their experiences of using a trial version of PEP’s textbooks, and 
two presentations by a master teacher and the teaching research official about their 
award-winning research.

The conference opens with a panel of educational officials from local to the 
province sitting on the stage and greeting all teachers participating in person and 
online. The entire conference is being livestreamed such that it can be viewed 
simultaneously by all primary mathematics teachers across the province and liter-
ally anyone who has access to the Internet.

The first, main, part of the conference is a lecture by Mr W, the Editor-in-Chief 
of the leading textbook series in the country published by PEP. The lecture covers 
issues related to teaching and learning of concepts in primary school mathematics 
within the framework of numerical literacy.

Then comes a teaching research lesson on Recognition of Cylinders, following 
which Mr W chairs the post-lesson review panel. Interaction between the panel and the 
teacher is carried out on the stage, regarding the pros and cons of the lesson. It looks 
that the conversation is open to the audience, though as usual they tend not to speak up.

In the afternoon, three lessons are delivered by expert teachers from across the 
province, focusing on Mathematical Thinking, Observation of 3D Shapes, and 
Definition and Meaning of Ratio respectively. Following the public lessons are the 
‘lesson-sharing’ presentations by two deputy headteachers from city N. Their pres-
entations feature the lessons learnt in the course of implementing the trial version 
of the new textbook series to be published by the PEP. Then, the teaching research 
official from city J gives a presentation on the history of textbooks in the country 
over the period of almost 100 years. She and her team have done in-depth analyses 
of all the textbooks published during the period.

After the lesson sharing, Mr Wang, the provincial teaching research official and 
municipal teaching research officials from across the province sit on the stage as a 
panel, commenting on the three lessons delivered in the afternoon. This discussion 
concludes the first day’s events.

The next day, a master teacher shares findings of her recent teaching-research 
project. The first author of this book delivers a lecture on her PhD study on the effec-
tiveness of mathematics teaching in primary schools in China and England. Upon con-
cluding the conference, the provincial teaching research official gives a presentation  
sharing his recent research. The final event sees the teaching research official for-
mally handing out certificates of experimental schools to the second cohort of 
schools, which functions as a closing ceremony.
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This one-and-a-half-day conference is packed with information and ideas for 
improving teaching. It offers time and space for teachers (both online and in per-
son), textbook writers, educational officials and researchers to meet, discuss and 
debate on key issues in primary mathematics teaching and learning. The observ-
able discussion and debate is however gentle and within a limited number of peo-
ple, given the characteristics of Confucius culture and the power distance between 
professionals and their learners, and similarly between teachers and their leaders 
(Zheng et al., 2020).

9.16 � Observing a national teaching research conference online

We have observed two national level teaching research conferences, with one 
hosted by a publisher in Nanchang in 2018 long before the pandemic and the other 
organised online by the National Committee for Primary Mathematics Teaching 
and Learning affiliated to the Chinese Educational Association. In a later stage 
of the project, the pandemic pushes various teaching research conferences online 
through livestream, allowing playback for a few days afterwards.

Here we present the second event as an example of national teaching research 
conferences. This recurring conference is usually hosted in spring biannually. The 
2020 conference was postponed due to the pandemic, in the hope that an in-person 
event might be possible at some point in the near future. As time went by, the Com-
mittee decided to join the trend and move the conference online. It was scheduled 
from 22 to 28 of March 2021. To make sure all the demonstration lessons could be 
smoothly delivered, the conference organising committee asked provincial teach-
ing research officials from across the country to send over the recorded lessons by 
teachers that were recommended.

Now that the first day of the conference has come, the committee starts to pre-
sent lessons on their webpage in parallel sessions (Figure  9.4). The conference 
starts with a three-minute opening speech by two major figures in primary math-
ematics teaching in the country: Professor M from a well-regarded normal univer-
sity in China and Ms W, the iconic master teacher who now chairs the National 
Primary Mathematics Teaching Committee.

Then, Ms W gives a public lecture titled Changing Learning Methods, Facilitat-
ing Deeper Learning. After pointing out the topic of the lecture, she begins with a 
short video showing a baby throwing pillows onto the floor multiple times in order 
to get off the bed safely with pillows as ‘stairs’. This is used as a metaphor as offer-
ing children opportunity to learn for themselves by trying out their own methods 
and learning from their own experiences. The remainder of the lecture is theo-
retically presented around the thesis: placing children in the centre of education 
and offering them deeper learning opportunities (integration within mathematics)  
and wider application experiences (integration beyond mathematics). Detailed cur-
ricular examples are given and explained in the light of her thesis, making the 
lecture closely related to everyday teaching practice.

The slot following the lecture features the parallel virtual exhibition of three les-
sons on Two-Digit by Two-Digit Multiplication, Introduction to Cuboids and Line 
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Broadcast room Content Speaker Provinces

Main Hall Expert lecture: Changing Learning Methods, 
Facilitating Deeper Learning

Ms W

Two-Digit by Two-Digit Multiplication T01 HLJ
Introduction to Cuboids T02 GD
Line Graphs T03 HB

Numbers & 
Algebra 1

Getting to Know Numbers up to Thousands T04 JS
Introduction to Decimals T05 TJ
Definition of Decimals T06 SD

Numbers & 
Algebra 2

Preliminary Introduction to Fractions T07 SX
Reintroducing Fractions T08 S’X
Percentages T09 FJ

Numbers & 
Algebra 3

Two-Digit by One-Digit Multiplication: Written 
Methods

T10 JL

Multidigit by One-Digit Multiplication: Written 
Methods

T11 XJ

Two-Digit by Two-Digit Multiplication: Written 
Methods

T12 GD

Numbers & 
Algebra 4

Introduction to Seconds T13 GS
Special Division T14 SC
Representing Numbers with Letters T15 CQ

Shapes & 
Geometry 1

Introduction to Rectangles and Squares T16 YN
Finding the Shortest Perimeter T17 AH
Perimeter of Circle T18 NM

Shapes & 
Geometry 2

Introduction to Acres T19 GX
Area of Triangle T20 SD
Columns and Cones (Review) T21 HN

Shapes & 
Geometry 3

Axial Symmetry T22 ZJ
Movement of Shapes T23 H’N
Define Locations with Ordered Pairs T24 H’B

Statistics & 
Probability

Introduction to the Mean T25 BJ
Reintroduction to the Mean T26 LN
Single Line Graphs T27 H”N

Mathematical 
Thinking 1

Solving Problems Using Sets T28 GZ
Magic Möbius Band T29 JX
Number of Possible Situations T30 SH

Mathematical 
Thinking 2

Chicken and Rabbits in One Cage T31 QH
Mathematical Thinking: Connecting Points into 

Segments
T32 XJ’

Numbers and Shapes T33 NX

FIGURE 9.4 � Timetable of the 2021 national teaching research conference for primary 
mathematics (virtual)
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Graphs respectively. In addition to the three lessons, there are 12 lessons about 
Numbers and Algebra, nine about Shapes and Geometry, three about Statistics and 
Probability, and six on Mathematical Thinking. These make a total of 33 lessons 
from 30 provinces or municipalities demonstrated and listed on the conference 
page, allowing for playback for a week.

9.17 � It takes a village to nurture a master teacher

As our time-travel into the master teachers’ PD trajectories and mathematics teach-
ers’ PD in action comes to an end, we realise that it is not just one element that 
contributes to better PD and masterly teaching. With continuous effort towards 
better teaching for better learning, master teachers are constantly resetting them-
selves to zero, always learning. All teachers channel their reflection through writ-
ing, researching and publishing. Intrinsically, it takes a teacher time, perseverance, 
diligence, practice, reflection, courage, and all the actions driven by these, to stay 
anew and masterful.

Extrinsically, it takes a village to make it happen. The tightly-connected teaching 
research community is readily available in every school for every subject and across 
administrative levels. The collective PD generates rich thoughts and catalyses self-
reflection. The extrinsic conditions are mainly built through the close collaboration 
between teachers and their senior peers as well as the mentoring from expert/mas-
ter teachers in the TRGs within schools and MTSs across schools. Support from 
school leaders and local teaching research officials who are former master teachers 
also play an irreplaceable role. Any benefits from teaching research activities are 
ultimately due to the action that it brings about. It functions due to the very action, 
just like teaching versus teachers in the making of good lessons (Stigler & Hiebert, 
1999). The latter are able to make things happen only through the former. There are 
no other ways round. To give a demonstration lesson or prepare for a teaching com-
petition, teachers have to polish a lesson up to countless versions with a supporting 
team often consisting of colleagues in the TRG/MTS, the TRG/MTS leader, teach-
ing research officials at various levels depending on the level of competition. Pol-
ishing lessons offers the teachers opportunities to constantly reflect on what works 
better in greater detail and to receive feedback from abler, more experienced peers. 
Ultimately, teaching-research events at all levels focus and work exclusively on one 
thing – improving teaching and consequently learning of mathematics.

In the nationwide teaching research culture, the TRGs and MTSs are the real 
PD ‘stations’, for and by teachers, where they get their teaching competence con-
stantly polished and, in a sense, fixed with assistance from peers and expert/master 
teachers. Teachers grow collectively in the security of these local stations, sharing 
the common purpose of practising the teaching craft better independently not only 
in their everyday classrooms but also in all kinds of novel settings, for example, 
in front of a panel of colleagues, experts, sometimes parents and perhaps everyone 
else off- and/or online in various teaching research events.
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The part of the grass above the earth basically grows rather slowly in the first 
half of its life when its root grows madly downwards to metres long. This is the 
part of its growth that is invisible to others. Halfway through its life when the 
raining season arrives, it is absolutely ready for upward growing, with its height 
reaching as high as two metres in days.

(MasterMT, PD-trajectories excerpt, Ms C512)

Looking back at her professional development, Master Teacher, Ms C512, describes 
her growth metaphorically as that of the elephant grass in Africa. It is a process of 
perfecting teaching through patiently accumulating knowledge and skills over an 
enormous period of time without drawing much attention or chasing fames and 

10
THE MASTERMT PROJECT AND THE 
FUTURE THAT’S ARRIVED

https://doi.org/10.4324/9781003127925-10


The MasterMT project and the future that’s arrived  191

recognition from the external world, as if she had stepped into the status of flow 
(Csikszentmihalyi, 1990) but at a grander scale – in years or, more precisely, dec-
ades. It is not about reaching a destination. The process itself is the destination. The 
essence to it is continuity.

As our journey into master teachers’ practice and PD comes to an end, looking 
back, the findings of the project are substantial, with the breadth and depth that we 
could most possibly reach in one project. The project has robust statistical models, 
generated with MLM and MSEM. These models indicate causal relations between 
teaching and three types of learning outcomes, namely affective, metacognitive and 
cognitive outcomes in mathematics, with some interactions between these learning 
outcomes identified as well. Equally substantial but much richer findings resulted 
in our qualitative analyses of lesson videos, post-lesson interviews with teachers, 
teacher accounts of their PD trajectories towards masterly teaching – we received 
a total of 69,903 words of writing in Chinese from them on PD alone – and our 
participatory observation of ‘PD in action’ at the school, municipal, provincial and 
national levels before and during the pandemic.

As discussed earlier, there is a limited amount of work out there on Shanghai 
teachers’ PD which acknowledges the leading role that master teachers play in 
their peers’ PD. Albeit informative, this body of work currently leans towards loose 
policy reviews or qualitative research about several cases. Worldwide, we are the 
first to report large-scale findings on master teachers’ teaching practice, knowl-
edge, PD trajectories and their influence on colleagues’ PD. Findings from existing 
studies on maths teaching were based on either quantitative (QUAN) or qualitative 
(QUAL) methods. These include the widely known TIMSS Video Studies (QUAN) 
(Hiebert et  al., 2003; Stigler & Hiebert, 1999), the Learner’s Perspective Study 
(QUAL) (Clarke et al., 2006), and the recent TALIS video study (QUAN) (OECD, 
2020). We have made the best use of both QUAN and QUAL methods, which 
makes the study much needed in methodological terms and both rich and robust in 
terms of findings, implications and contributions.

The holistic reality gradually emerges, as multiple measurements join each 
other through multiple levels and multiple perspectives regarding maths teaching 
join each other across multiple layers. The beginning joins the end, with the holistic 
reality of masterly teaching represented by the integrated research findings:

•	 master mathematics teachers are indeed teaching masterfully in their everyday 
classrooms;

•	 master teachers have strong knowledge about mathematics as a system, about 
learners and learning, about how to teach, with a genuine constructivist belief 
system at heart and a strong reflective-practitioner mindset;

•	 students from their classes are high performers in all three categories of learn-
ing outcomes that we measured in comparison with published results using the 
same instruments/items;
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•	 multilevel models and (multilevel) structural equation models show that teach-
ing does make a substantial difference in learners’ affective, cognitive and meta-
cognitive outcomes in mathematics;

•	 based on their PD trajectories and PD in action, one major secret to teaching in 
a masterly way is growing collectively and practising independently;

•	 another major secret to the master teachers’ success is that they are brave enough 
to destroy the teaching ego together with their peers in order to rebuild and 
improve their teaching practice;

•	 they read, research and write about their practice, which makes them reflective 
practitioners who know where and how to improve;

•	 they constantly reset themselves to zero so that they can look at teaching anew 
and keep improving;

•	 one last major secret is that they see effective teaching as a threshold above 
which is their goal, masterly teaching.

In what follows, we will discuss these key findings sequentially and conclude upon 
the future that is already in master mathematics teachers’ classes.

10.1 � Master mathematics teachers: masterly mathematics 
teaching

In master teachers’ classes, students have rich opportunities to learn, through 
whole-class (including the teacher) exploration into the mathematical world. The 
thinking-out-loud energy runs throughout the class, and students’ attention is con-
stantly drawn towards the mathematics that is under exploration and discussion, 
which keeps them firmly on task. The thorough discussion during the whole-class 
interaction deepens and sharpens their thinking and gets them ready for independ-
ent work that is completed in almost an instant due to profound understanding. The 
group work takes place at the right moment when all possible answers, either right 
or wrong, are likely to emerge. The emerging answers then work as teaching and 
learning resources in the subsequent whole-class discussion. The rich collection of 
answers both widens and deepens students’ understanding, as various answers join 
each other in the whole-class ‘peer-reviewing’ process.

Master teachers demonstrate a strong competence in formatively assessing 
learning as the lesson unfolds. Lessons are clearly structured, presented and articu-
lated, with optimally sequenced tasks and activities. The class discourse offers rich 
opportunities for students to clarify, justify and synthesise ideas, which enhances 
the strengths and clarity of the thinking mind. The clarity of class discourse is 
mostly driven by the chains of teacher questioning which engages students in 
coherent thinking around the essence of knowledge embedded in the focal task(s). 
Teachers demonstrate strong teaching skills to keep the collective ‘thinking-ball’ 
rolling onwards. Their teaching skills are ‘disguised’ in the forms of process ques-
tions they ask, the tasks they give at the optimal moments in time, and the pres-
entation of and discussion around student work, again at the optimal moments in 
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time. Everything seems to naturally unfold, which is, however, all deeply rooted 
in the strong teaching skills that are apparently refined over time. In responding 
to questions from the teacher and sometimes from peers, students are constantly 
thinking and talking about their thinking and then monitoring and regulating their 
cognition once they have a better understanding of their own and their peers’ ideas 
about a particular category of mathematics problems and the underlying knowl-
edge. Students are expected to work at their best, and they voluntarily contribute to 
the collective discourse on the focal topics. Such collective concentration leads to 
a positive learning climate in the class, which makes it unnecessary for the teacher 
to have to maintain discipline in the class.

Master teachers appear to build an optimal connection between students and 
mathematics, offering quality mathematics teaching. Their lessons show rich rep-
resentations of mathematics, connections within mathematics, and connections 
between mathematics and the real world. As the students think along and respond 
to teachers’ questions and as they present their work to the class with thoughtful 
explanation and justification, the mathematical contents are unfolded in the class 
in a clear and accurate manner. Learning difficulties are identified and collectively 
resolved over the course of students presenting their work in the class and review-
ing errors that emerge in the work presented. Students are thus able to learn from 
both their own and their peers’ successes and failures in the reflection stage of 
problem solving. With thorough understanding of the mathematics that underpins 
a series of problems, they are thus able to pose problems that serve to check the 
robustness of the conceptual understanding by embedding some of the ‘pitfalls’ 
that they or their peers have previously fallen into. These problems often expect 
accurate, coherent and complex reasoning.

Prioritising the key points of learning, master teachers seek to model the way 
for a shared discourse, by clarifying beforehand work expectations or providing 
necessary communication symbols/terms that are similar to what Ausubel (1963) 
called advanced organisers. Through class presentation and discussion of multiple 
representations, students gain deeper understanding of the essential mathematics 
underpinning the representations. In a class full of loops of questioning-response-
feedback interactions, students develop fast in both cognitive and metacognitive 
terms. Teachers organise the mathematical tasks in an optimal order, such that 
students naturally move on to the cognitive milestones without over-struggling. 
The tasks are organised in an optimal sequence which seems unlikely if without 
thoughtful planning beforehand. All in all, teachers demonstrate a strong compe-
tence in diagnosing the cognitive status of their students (Leuders et al., 2018).

In the master teachers’ classes, students do not move on until they have rea-
soned in-depth the very essence of the task/topic. At the core of the lesson lies the 
key structure of mathematics, rather than fragmented pieces of knowledge. Despite 
the simultaneous use of smartboards and projectors, teachers still make use of 
the chalkboard to gradually unfold the essence of knowledge. In the revision les-
sons, master teachers formulate the learning experience such that the class revisit 
the learned knowledge from abstract to concrete, from theory to practice, from 
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deductive reasoning and inductive reasoning, and vice versa. Across classes, it is 
remarkably important for the students to know and understand not only the what 
but also the how and why.

Knowing the what is thus realised through understanding, knowing the how 
through understanding-based practice, and knowing the why through reason-
ing, hypothesising, hypothesis-testing and debating. Instantaneous learning that 
emerges in the lesson is immediately turned into learning and teaching resources. 
Another feature of revision lessons is that students are able to construct a personal-
ised knowledge map with greater accuracy and strong logic and to pose high-quality 
mathematics problems. The lessons introducing new knowledge progress by offer-
ing students rich learning experiences, from hands-on to heads-on and from writ-
ten maths to mental maths, such that the knowledge can be ultimately internalised 
by the learners after thorough understanding. In the lessons aiming for practice of 
newly learnt knowledge or skills, practice is done through enriched reasoning about 
the rationale behind the knowledge or skills, leaving no room for just mechanical 
practice. Every step of practice is questioned and justified by the teacher and stu-
dents. All classes featured the constant use of peer review of student work during 
the whole-class discussion time following the independent or group work.

10.2 � Master mathematics teachers: strong knowledge  
and beliefs

Master teachers have a rich system of knowledge. They seem to know well not only 
mathematics (both in the abstract sense and in the real world) but also children. And 
they seem to have channelled an enormous chunk of their thoughts towards their 
bridging role between the two. During the interviews, all teachers talk about math-
ematics, children and connections within and between them. As teachers articulate 
their thoughts on teaching, they make strong pedagogical reasoning (Ball, 1988). 
As they reflect on what students have learnt previously, are about to learn ‘now’ 
and will be learning in the future, they make strong metacognitive reasoning, about 
others’, in this case students’, cognition. It is clear that they have been planning 
and providing conditions for a certain kind of and a specific level of cognition – 
thinking, reasoning or understanding – to happen ‘now’ and develop into the future.

It is also apparent teachers themselves have put enormous effort into the learn-
ing of the subject both as a discipline and as compiled in the school curriculum and 
textbooks. During the planning, implementing and reflecting stages of the lesson, 
they are free to retrieve information in the internalised and connected system of 
mathematical knowledge. They see children’s learning as a dynamic and longitu-
dinal process and work hard to diagnose their status and ‘history’ of learning such 
that their teaching builds best connections between children and mathematics.

In addition to absorbing the system of knowledge in mind, they have a system of 
goals to accomplish through teaching. Mathematics must be learnt well – not only 
the basics but also the higher-order; not only the abstract but also the application; 
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not only solving challenging problems but also identifying and posing high-quality 
problems; not only as knowledge points but also as a connected system of knowl-
edge; not only knowing the what but also the how and why. Their rationale for their 
teaching shows strong evidence for strong metacognitive development amongst 
students. Learners in their classes are constantly promoted to learn to learn strategi-
cally and to learn from not only one’s own but also others’ experiences. After all, 
they hope their students can learn something from the mathematics class – some-
thing enjoyable and meaningful to themselves and something useful in their life not 
only now but also in future. They hope the children learn to respect others in the 
process of learning in the maths class. They seem to be bearing the mission to sow 
the moral, happy, learning and reflective seeds in children’s minds.

Master teachers are both reflective teachers and learners. Across the interviews 
with the teachers, we have a common impression that they embody the two roles 
in themselves. On the one hand, they are reflective teachers who keep thinking and 
reflecting throughout the lesson and even more so before and afterwards. On the 
other, they seem to see themselves as humble learners who they assume always 
have gaps in knowledge and skills, therefore constantly in need of learning. This 
makes them reflective learners who look deeply into learners and learning as well 
as themselves and teaching. Because of the abundant question-driven interaction 
and rich opportunities to discuss each other’s work, their students are reflective 
learners and teachers to each other. They have developed into reflective learners, 
who not only attend to the what but also the how and the why questions thought-
fully, as well as the reflective teachers who develop, explain and justify mathemat-
ics to other learners.

10.3 � Multiple learning outcomes: patterns and variation

In Chapters  5–7, we have measured three categories of learning outcomes – 
affective, metacognitive and cognitive learning outcomes – and identified major 
patterns and variations.

The average rating (2.5, SD = 0.6) of attitudes towards mathematics is quite high 
on a scale of 3. In terms of metacognition, the students reached a much higher score 
on each of the 18 Jr. MAI items than those from a culturally different society, such 
as the United States (Sperling et al., 2002), and those from a culturally similar soci-
ety, such as Singapore (Ning, 2016) where the same construct was developed and 
utilised. It suggests that students taught by master mathematics teachers are indeed 
metacognitively more competent in mathematics learning than those otherwise. 
They are well aware of their cognition and able to regulate their thinking in the 
learning processes. However, there is, as we anticipated, variation by gender, grade 
and SES. In mathematics, students from master mathematics teachers’ classes dem-
onstrate a strong level of mastery. Their correct rates on each of the tested items 
were much higher than the correct rates of their senior peers in British schools who 
were two to five years older than them at two points in time (1976 and 2009).
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There are variations in all three categories of learning outcomes primarily 
affected by student background factors, that is, age, gender or SES. Apart from the 
tiny effect of age on perceived teaching engagement r p= <( )0 04 0 05. , . , there are 
little effects of it on either school belonging or attitudes towards mathematics. In line 
with previous research, the cross-sectional data suggest that age plays a significant 
role in learning and that children do better metacognitively r p= <( )0 10 0 01. , .  
and cognitively r p= <( )0 33 0 01. , .  in mathematics as they grow older. In math-
ematics learning, girls outperform boys metacognitively (3.99 vs. 3.91 out of 4, 
t p d(3022) = < =3 42 0 001 0 13. , . , . ) whereas boys scored higher on attitudes towards 
mathematics (2.57 vs. 2.49 out of 3, t( ) .2777 3 90= , p < 0.01, d  =  0.15) and do 
better cognitively in Grade 5 (467 vs. 449, t p d( ) . , . , .1306 64 58 0 001 0 27= < = )  
but similar to girls in Grade 6 (545 vs. 539, t p( ) . , .1320 1 03 0 30= = ). In terms of 
perceived schooling and teaching on the scale of 3, girls tend to have a higher sense 
of school belonging (2.69 vs. 2.59, t p d( ) . , . , .2934 6 21 0 001 0 23= < = ) and feel more 
engaged by the way their maths teachers teach (2.67 vs. 2.62, t( ) .2589 2 94= ,  
p < 0.01, d = 0.11) than boys. Student perceptions of schooling, teaching and math-
ematics learning show no connection with their SES. However, their cognitive 
r p= <( )0 23 0 01. , .  and metacognitive r p= <( )0 19 0 01. , .  outcomes are signifi-

cantly affected by socioeconomic background.
In comparison with previous research, the master teachers’ students demonstrate 

relatively high performance in the three kinds of mathematics learning. There are, 
however, still variations of outcomes by age, gender and SES to a varying degree. 
Keeping the patterns and variations of learning outcomes in mind, we have sought 
to examine the effects of teaching on learning through multilevel modelling and 
(multilevel) structural equation modelling, in addition to qualitative interpretation 
of the data.

10.4 � Masterly teaching, strong affective, metacognitive and 
cognitive outcomes

After controlling for student age, gender and SES in Chapter 5, the collective per-
ception of teaching engagement explains 96.7% of variation in student attitudes 
towards mathematics at the class level. This means even amongst the master math-
ematics teachers there is still considerable between-class variation in the culti-
vation of  on affective learning outcomes and hence room for improvement for 
some of the teachers in this regard. The perceived teaching engagement also plays 
a mediating role between student sense of school belonging and their attitudes 
towards mathematics learning.

In Chapter  6, we confirmed that students with strong performance in meta-
cognition have better understanding and regulation of their own thinking, plan-
ning and learning (Flavell, 1976, 1979; Sperling et  al., 2002). Master maths 
teachers’ students generally demonstrated quite high self-reported features of 
metacognition, having good knowledge and regulation of their own cognition dur-
ing the process of mathematics learning. Metacognitive outcomes varied by age,  
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socioeconomic status and gender, with girls doing better than boys. Our analyses 
further confirmed that with metacognition a meaningful distinction can be made 
between knowledge and regulation of cognition. Furthermore, teaching engage-
ment explained a sizeable portion (40%) of metacognitive performance at the class 
level, controlling for age, gender and SES, with the association being indirect: 
metacognition-oriented teaching predicted student-perceived teaching engage-
ment which in turn predicted metacognitive learning outcomes. The findings are 
in line with previous research that emphasises the importance of metacognition in 
the mathematics classroom (Desoete et al., 2019; Muijs & Bokhove, 2020; Zhao 
et al., 2019). One thing we can take away from this is that the primary mathematics 
classroom in China integrates metacognitive strategies and is a place where meta-
cognition has a firm place in the instructional strategies. In adopting the qualities of 
such classrooms, teachers should be aware of and have such metacognitive skills, 
as to explicitly implement them in the classroom.

The multilevel modelling in Chapter 7 indicates that 29% of variation in cog-
nitive learning outcomes is explained by the teacher level variables. Control-
ling for student age, gender and SES, the quality of teaching or mathematical 
teaching further explains 16% to 17% of mathematics performance. The results 
of multilevel structural equation modelling further unveil the indirect effect of 
teaching on mathematics performance mediated by the effect of teaching on 
metacognition.

The integration of quantitative and qualitative findings indicates that master 
maths teachers take the teaching-learning mechanism to a whole new level where 
they pretend to be learners and learn with the students/learners who have already 
been used to taking up some of the teaching role, presenting, explaining, asking 
each other questions, debating and concluding on mathematics. This mechanism, 
apparently formulated over time, puts children firmly at the centre of the class but 
benefits from covert yet carefully planned guidance from the teacher. When the 
teacher ‘hides’ her/his teaching (or scaffolding) under the ‘disguise’ of questioning 
and inviting children to answer and present, the entire class perceive the underlying 
lesson goals as a collective mission, working at their best in leading the thinking 
and realising the mission.

10.5 � Grow collectively, practise independently

Findings of the MasterMT project indicate that master mathematics teachers have 
indeed mastered mathematics teaching and are constantly pushing for improve-
ment. Their development into master teachers is a combined result of internal and 
external forces.

All master mathematics teachers attribute their growth partly to the external 
support from their senior colleagues, peers and teaching research leaders. How-
ever, it would not be possible for them to become master teachers, if without the 
constant drive for professional excellence from within and the actions they have 
taken in the pursuit of excellence.
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Within and across schools, the TRG- or MTS-based PD offers teachers sustain-
able opportunities to improve teaching collectively. Their improvement is content 
specific, which involves an intensive study of curriculum, textbooks, learners and 
learning over time, regarding the teaching of a specific topic, say, Adding and Sub-
tracting Fractions with Unlike Denominators.

Existing reviews of empirical studies on teacher PD present a mixed and some-
what contradictory picture, with PD being identified either as a contributor to 
student achievement (e.g., Yoon et al., 2007) or not necessarily so (e.g., Sims & 
Fletcher-Wood, 2021). When focusing on instructional standards, teacher-led col-
laborative enquiry with peers was found to be a value-added predictor of teacher 
effectiveness (Cravens  & Hunter, 2021). According to Sims and Fletcher-Wood 
(2021), repeated practice might work better than sustained PD over a long period 
of time. However, repeated practice could be problematic when poorly defined. If 
it means perseverance in perfecting one’s practice in a focal area, then that seems to 
coincide with what we found in our study. If it means literally ‘repeating’ practice 
without thoughtful plans for improvement, then it is far from the kind of PD that 
master mathematics teachers and their peers are doing.

In school-based PD events we observed, it is about developing a newer and – 
from the practitioners’ points of view – better version of the focal lesson. What 
teachers have been doing is seeking opportunities to polish one particular lesson 
for, indeed, numerous times in order to develop an exemplary lesson that can be 
presented to a panel of experts and a wider audience in teaching research events 
or teaching competitions. The process involves cycles of designing-implementing-
reflecting-revising-implementing-reflecting that take weeks, months, and even 
semesters, but it is never simple repeats of what has been done. Each version of 
the lesson is built on the former version(s) from which they always identify crucial 
points of improvement. Thus, each version is different from, rather than repeating, 
what was done.

Teaching research conferences expand teachers’ vision as to how innovatively a 
lesson can be designed and carried out. Nevertheless, it is certainly the school-based 
TRGs and cross-school MTSs that make the major contribution to the cultivation 
of masterly teaching and master teachers, in addition to teachers’ self-driven effort. 
These professional learning communities create concrete opportunities for teachers 
to make genuine refinement and continuous development in teaching, generating 
invaluable advice from peers and crucially from established master teachers. It is  
by locating PD programmes naturally and longitudinally in or close to the original 
habitats (i.e., schools) of teachers that real teaching improvement and professional 
development can happen and sustain the test of time.

10.6 � Destroying the teaching ego, together

Everything about the teaching research events is based on the shared value that 
teaching is a public activity – an activity that is relevant to the public and therefore 
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not solely the teacher’s own business. This is a fact that generates no argument, 
since children are the future generation of the public and their education is a matter 
of collective interest of the public.

With the shared value comes the collective sense that together the profession 
will grow as every member of it is putting their best effort into teaching. It takes a 
strong team to polish a public or teaching research lesson. First, a team, consisting 
of the teacher, experienced teaching research officials and master teachers, pre-
pares a demonstration lesson carefully and revises it probably at least 10–20 times 
before reaching the final version. Then, the lessons by different teachers are sent to 
the reviewing committee who will select the best collection of lessons that will be 
shown to the public – by public they mean everyone in the maths teaching profes-
sion and education. The scope of public reach can be the wider society, since any-
one who has access to the Internet can access and see the livestream or playback at 
a preferred location.

Because of the intensive preparation behind every demonstration, each lesson is 
an ideal version showcasing new ideas for teaching a particular topic, like a concept 
car in the automotive industry. Albeit a version that may be hard to achieve in every-
day teaching, it opens up the professional minds and allows teachers to see the room 
for and the possibility of improvement regarding their everyday practice. Others 
may simply copy the version into their daily teaching. It is okay to ‘copycat’ teach-
ing ideas from others, as long as it is not in a public demonstration that is supposed to 
be original and stamped with a personal mark. In this profession, when talking about 
the teaching of a certain topic, say Fraction Division, teachers often refer to teaching 
in a specific way by the teacher’s name, for example, Teacher Wang’s version.

In front of an audience of fellow teachers, the teaching-research lessons are 
delivered by excellent teachers nominated by schools and districts. The audience 
could range from about 20 mathematics teachers in the same school if it’s a school-
wide event to a combination of hundreds of teachers in a large school hall and tens 
of thousands of other colleagues online if it’s a provincial or national event.

Teachers are supposed to teach children often from the ‘host’ school whom they 
are not supposed to have taught before and whom they are only allowed to meet 
and get familiar with 5–10 minutes before the actual lesson on stage. It’s all about 
removing any settings that the teacher is familiar with and letting the teacher prove 
her/his teaching competence with ‘brand new’ students in a novel environment and 
the public’s eyes.

The underlying assumption seems to be that the teaching masters should be able 
to adapt to and survive any conditions, without sacrificing the quality of teaching. 
To them, teaching is a live and adaptive system. With solid knowledge and skills, 
they are ready to lift teaching from Science to Art! In this sense, if we are going 
to cease the teaching-as-science-or-art debate, their solution is to treat ‘teaching as 
science’ as a threshold above which is the free space for ‘teaching as art’.

Anywhere, with any students of the hypothesised age, the teacher should be 
able to teach in an excellent way. Not just effective, but brilliant, outstanding, new 
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and creative! Effectiveness is simply the baseline of the mission. This is probably 
why originality plays an essential role – because everyone in the audience gets a 
chance to pick the wrong bits, few would risk copying when everything is under 
the spotlight on the stage and livestreaming ‘worldwide’ and when it’s really an 
opportunity to be known by everyone else in the profession. All recognised lessons 
must be fantastic in their own way! After the lessons, teachers are supposed to 
communicate with experts on stage and volunteers from the audience, answering 
questions and sometimes justifying the design and implementation of the lesson.

Teaching research (教研), or more precisely translated, ‘teaching study’, is a 
tradition that goes deep into every cell of Chinese schools. And it keeps evolving 
with technology and time. It looks at the everyday practice of mathematics teach-
ing like the idea of home cooking – easy, comfy, hearty and brilliant in all possible 
ways, in its own way. Teaching-research-community-based PD is probably one 
of the most vibrant territories in China’s education that is truly outstanding and 
cutting-edge. It is a territory that achieves its status by constantly pushing bounda-
ries for and by the practitioners. It gets where it stands because, amongst other rea-
sons, it is run by teachers and led by master teachers and teaching research officials 
who are supposed to be former master teachers such that the fellow teachers would 
naturally see them as role models, respect them and genuinely want to collaborate 
with them. With the relatively new addition of Master Teacher Studios, teachers 
have stronger support and richer opportunities to pursue professional development 
within and across schools.

10.7 � Keep reflecting, keep writing, keep improving

Teacher-led professional research projects allow teachers to do a different kind of 
research from the kind conducted by researchers in academia. Their work is more 
subjective and practice-based, demanding more reflection by the practitioner as 
a researcher (Hammersley, 1993). Though their research outputs are less likely 
to be generalisable, their teaching practice is strengthened over time because of 
deeper reflection and thinking which has resulted in the self-researching process. 
Reflective practitioners are likely to understand and improve their practice better 
(Schön, 1983).

If demonstration lessons and lessons for teaching competitions push teachers 
to polish their practice, then practice-based research, reading, writing and publish-
ing push them to polish their thinking and reasoning about the teaching materials, 
targets and processes more often and to a greater extent than otherwise. These 
together lead to continuous improvement of teaching.

Teachers certainly benefit from in-depth study into their own practice, but one 
should be cautious about the generalisability of findings of such research. We shall 
not encourage teachers to learn to do the kind of research that academic research-
ers are doing when the ultimate goal is to improve their practice. With teaching  
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improvement as a goal, teachers should be encouraged to research and reflect on 
their own teaching practices together with peers. Their refined lessons and thoughts 
offer thoughtful examples for their peers, once published and shared in the teach-
ing community.

10.8 � Back to zero, moving forward

The only true wisdom is in knowing you know nothing.
– Socrates

Master teachers are able to reset their mental status as a teacher and keep their mind 
open to new approaches to teaching and learning. This offers them a chance to 
review their own practice which has already attained various regional and national 
awards. As a result, their mind is constantly refreshed and ready for new adventures 
in the teaching-verse.

To them, each lesson is different. Teachers move from studying and mimicking 
expert teachers’ teaching to building their own styles and then to debunking their 
static styles. This way they are able to evolve. They aim to develop a unique way 
of teaching each version of each lesson, seeing each lesson as a different case. As 
Ms W311 puts it, ‘Each lesson is set in a unique context. No lesson can be repli-
cated.’ From an empirical research perspective, researchers, especially those inhab-
iting in the quantitative paradigm, would believe that there are things that can be 
generalised and replicable. However, for practitioners, it might be key to see each 
lesson uniquely designed for a specific class of students in their specific status in 
the specific period of time and specific space. This way, best teaching happens as 
the teacher attempts to tailor the ongoing activities as she/he sees fit, taking into 
account all the specific micro conditions. Perhaps, what the teachers might not see 
are those elements of their teaching that are constant. Even the attention to per-
sonalise each lesson on each occasion is in and of itself a constant behaviour. The 
sense of not replicating oneself like a machine might be important in any human 
activities.

10.9 � One step forward: from effective to masterly teaching

Knowing how to teach mathematics well to children makes a teacher effective in 
teaching. Being authentic and creative makes the effective teacher a fun human 
being to learn with. Beyond the effectiveness threshold, this fun person is able 
to personalise specific learning experiences for a particular class of children in a 
specific time of a year, at a particular location. Beyond the science of teaching, 
one step forward is the art of teaching; without science as a basis, there is no free-
dom in the land of teaching as an art. Teaching masters, once apprentices, grow 
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into outliers, rising from their practice (Gladwell, 2008). One similarity amongst 
many is that they all feel the constant urge to improve upon their former practices, 
to be better, constantly. Their standards on teaching fly far beyond effectiveness. 
The constant urge for perfection drives them towards masterly teaching that keeps 
evolving in spite of more and more recognition from peers and professional bodies.

10.10 � The future has arrived: are we ready?

The futuristic mathematics teaching being dreamed about by researchers, policy-
makers, parents and the like is already a reality in master teachers’ classrooms. 
Many of the demands in the latest curriculum standards in various countries 
(e.g., DfE UK, 2013; MoE China, 2022; MoE Singapore, 2012; NGA & CCSSO, 
2010) are already an established reality in master mathematics teachers’ classes as 
observed in spring 2019. Those include but are not limited to mathematical model-
ling, self-regulation, quantitative competence, abstract reasoning, spatial reasoning 
and competence, mathematical application, and so forth.

The ideal constructivist learning is observed in action in master teachers’ classes. 
In their classes, learning is naturally constructed by the learners with the scaffold 
provided by the teacher. This much longed-for feature is universally realised across 
these classrooms where knowledge is constructed by the learners. However, the 
teacher’s role is more important in such learner-led constructivism than in class-
rooms without learner-led constructivism or with a lesser degree of it. The key 
lever is the teacher-designed scaffold. The scaffold is a complex system of teaching 
and learning material, consisting of, but again not limited to, lesson plans at macro, 
meso and micro levels, tasks and the dynamic adjustment of small steps. Once 
again, master teachers are able to avoid the classical either-or trap, in this case, 
influencing the learning process versus enabling learners to construct knowledge. 
In master teachers’ classes, both happen, coexist and co-work, for one overarching 
purpose – learning.

The TRG- or MTS-based PD allows two crucial things, amongst many, to hap-
pen. First, it provides teachers opportunities to develop the best version of their 
teaching on each focal topic that is chosen. The word ‘best’ here is a similar con-
cept to infinity in mathematics which one can constantly get closer to but can never 
actually arrive at. Hence, there is always room for improvement. This works on 
the individual teacher’s level, such that every teacher gets better than ‘yesterday’. 
Second, at the PLC level, each TRG or MTS feeds the best practice ingredients 
back to itself, with the leading figures, often master teachers, demonstrating the 
best teaching practice. Both approaches take much shorter turnover time than the 
rather strict randomised control trials that seem to be more likely accepted by aca-
demia-oriented teaching improvement. The master-teacher-led PD works because 
it effectively prevents teachers from ‘always starting over again’ (Cai et al., 2020) 
by constantly accumulating and refining the best practice recipes within and across 
generations of those in the profession.
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With the latest evidence from master teachers’ classes, we shall be confident 
to say that it is time to embrace the future, now. The next step is to generate the 
futuristic features at scale through close collaboration between researchers, teacher 
educators, parents, practitioners and policy makers, and most importantly between 
teachers, allowing best mathematics teaching practice to scale from the bottom up 
by and for teachers.
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