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Preface 

For actual rock masses with massive natural cracks, there are three basic frac-
ture modes, including mode I (i.e., tension), mode II (i.e., shear), and mode III 
(i.e., tearing). For rock engineering projects (e.g., the cutting and fragmenting of 
rocks, tunnel excavation, shale gas and coalbed methane extraction, and an enhanced 
geothermal system [EGS] in hot dry rock [HDR]), exploring the fracture properties 
of rocks is helpful in achieving the efficient exploitation and improved safety. The 
fracture toughness of rocks is a crucial mechanical indicator, which weighs the stress 
and displacement fields near the crack front. When the stress intensity factor (SIF) 
reaches its critical level (i.e., the fracture toughness), the cracks become unstable 
and propagate rapidly. The fracture criterion can provide theoretical interpretations 
for the initiation, extension, and nucleation of cracks and is regarded as an important 
research issue in the discipline of fracture mechanics. To understand comprehen-
sively the fracture characteristics of rocks, this book designs a new fracture test 
method and proposes some failure criteria. 

This book first describes the significance of rock fracture mechanics and fracture 
criteria. Chapter 2 introduces the detailed derivations of established fracture criteria, 
which consider the singular and non-singular terms of stress fields near the crack 
tip. Chapter 3 reviews some popular fracture test methods, including mixed-mode 
I/II, true mode II, and mixed-mode I/III. Chapter 4 adopts the semi-circular bending 
(SCB) method to investigate the mixed-mode I/II fracture behaviors. Chapter 5 
employs four different mode II specimens to explore the true mode II fracture 
properties, including the short core in compression (SCC), Z-shaped centrally 
cracked direct shear (ZCCDS), shear-box (SB), and punch-through shear (PTS). 
Chapter 6 uses the edge notched disk bending (ENDB) and double-edge notched 
disk compression (DENDC) specimens to study and compare the mode III loading 
and mode III fracturing problems. 

This book is intended as a reference book for graduate students, engineers, and 
scientists in the fields of rock engineering, solid mechanics, and material science. The 
contents presented in this book are based on the research results of the three authors, 
which can provide an important reference for material design and stability analysis. 
During the writing of this book, we made abundant references to key publications in

v
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related fields and tried to tell the readers in the latest manner. Due to the limitation 
of our knowledge, there are some inevitable mistakes and defects in the book. Your 
suggestions would be deeply appreciated. 

Guiyang, China 
April 2024 

Yu Zhao 
Kun Zheng 

Chaolin Wang
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Chapter 1 
Introduction 

For rock engineering projects, the cutting and fragmenting of rocks has attracted 
much attention. Exploring the fracture characteristics of rocks is helpful in achieving 
efficient and sustainable excavation for mining and tunneling engineering. The frac-
ture toughness of rocks is a crucial mechanical indicator that weighs the initiation 
and extension of cracks during the breaking process. The microwave-assisted rock-
fragmentation approach, as a clean, efficient, and convenient method of rock frag-
mentation, was adopted by Yang et al. [1] to investigate combined-mode I/II fracture 
properties of basalt under different irradiation times ranging from 0 to 300 s. An 
EGS (enhanced geothermal system) can effectively develop geothermal resources in 
HDR (hot dry rock). The HDR reservoir with massive fracture networks is expected 
to increase the contact regions between the injected water and rock masses and 
improve the geothermal output. Therefore, it is essential to understand the fracture 
mechanical properties of HDR reservoirs. Since granite is regarded as a typical rock 
type in geothermal energy extraction, Feng et al. [2] investigated the thermal effect 
on combined-mode I/II fracture behaviors of granite under different temperatures 
ranging from 20 °C to 600 °C. Shale rocks are characterized by extremely low 
porosity and permeability, and the abundant shale gas can be successfully extracted 
by the fracking (or hydraulic fracturing) technique. The fracking technique enhances 
the productivity and recovery of shale gas by creating high-conductivity fractures, 
requiring a thorough comprehension of fracture network formation. When the SIF 
(stress intensity factor) attains its critical state, the cracks become unstable and prop-
agate rapidly, and the critical SIF can significantly affect the geometry of hydraulic 
fractures. As a central fracturing index, shale fracture toughness weighs the stress 
and displacement fields near the crack front, and controls the formation and distri-
bution of hydraulic fracturing networks. Currently, the investigators have empha-
sized on the evaluation of pure mode I fracture resistance for shale via the ENRBB 
(edge-notched rectangular beam bending) [3–5], ENSCB (edge-notched semicir-
cular bending) [6–8], CCDC (centrally cracked disk compression) [9], and CCNDC 
(centrally chevron-notched disk compression) [10] testing methods, while the true

© The Author(s) 2024 
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2 1 Introduction

mode-II fracture resistance of bedded shale has been effectively estimated via three 
shear approaches [11–13]. In fact, naturally cracked reservoirs generally undergo 
the complicated combined-mode I/II loading, and the resultant fracturing problems 
were analyzed by Suo et al. [14] and Wang et al. [15] using the ENSCB and HCCD 
(hollow center cracked disk) testing methods. 

For actual rock masses with randomly internal cracks, there are three essential 
fracture types, namely pure mode I (tension), pure mode II (shear), and pure mode III 
(tearing) which generate the opening, planar sliding, and nonplanar sliding deforma-
tions of cracks respectively. In the fields of solid fracture mechanics and hydraulic 
fracturing, fracture toughness is referred to as an important parameter for evaluating 
the resistance of engineering materials to cracking growth [16–20]. To determine 
the magnitude of fracture toughness, different test specimens and loading configura-
tions are devised and customized depending on engineering requirements [21–31]. 
Considering the economy and convenience of fracture testing, the SCB (semi-circular 
bending) specimen was designed by Chong and Kuruppu [32] as originators who 
concluded that this specimen can be readily manufactured from rock masses and is 
loaded by a common and straightforward three-point bending fixture. Under different 
SCB specimen sizes, the variations of mode-I fracture resistance could be success-
fully predicted by a stress-based fracture model [33]. Compared to another SCB 
specimen with a chevron-shaped notch, the SCB specimen with a straight notch is an 
expedient measure for the assessment of mode-I fracture resistance [34]. Awaj and 
Sato [35] and Atkinson et al. [36] were among the first investigators who adopted the 
CCBD (centrally cracked Brazilian disk) specimen to determine the dimensionless 
geometry factors via numerical and theoretical approaches. Using the popular CCBD 
specimen, the mode-I fracturing behaviors under different engineering factors (e.g., 
drying and watering cycle [37–39], microwave treatment [40], loading rate [41], and 
bedding direction [42]) were reported in succession. For the SECRBB (single-edge 
cracked round bar bending) specimen with a span to diameter ratio 3.3, a wide range 
of expressions for nondimensional mode-I SIF (stress intensity factor) were acquired 
from experimental and analytical results [43, 44]. Due to the complexity of conven-
tional computation methods [45], the comprehensive and practical formulas for the 
CNBB (chevron-notched beam bending) specimen were proposed to facilitate the 
determination of mode-I fracture resistance [46]. To reduce test costs and material 
consumption, Aliha et al. [47] invented the SENSBB (single-edge notched short 
beam bending) specimen instead of the conventional SENBB (single-edge notched 
beam bending) specimen [48]. Moreover, the gamut of mode I/II fracture resis-
tance can be estimated by the improved SENSBB specimen [47]. In addition, the 
ECTB, ENDB, ENDC, and HCCD specimens [49–52] were developed to provide the 
fracture parameters available for specific engineering applications. Particularly, the 
above-mentioned test specimens can produce the complete range of mode mixities 
from pure mode I (tension) to pure mode II (shear) or III (tearing) depending on the 
geometry and loading conditions of test specimens [53–56]. 

The fracture criterion can provide theoretical interpretations for the initiation, 
extension, and nucleation of cracks and is regarded as an important research issue in 
the discipline of fracture mechanics. To theoretically forecast the onset of fractrue,
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numerous fracture criteria were proposed and developed from the perspectives of 
stress, strain, and energy. In 1921, the first fracture law for cracking development 
was built by Griffth [56] as an originator who stated that the fracture is imminent 
when the accumulative energy in solids reached the energy consumed to form new 
fracturing surfaces. The K-criterion is created by Irwin [57] in 1957 referring to the 
concept of SIF (stress intensity factor). It assumed that the initial fracturing started 
to happen when the KI (mode-I SIF) attained the KIc (mode-I fracture toughness) 
of materials. Noticing that the aforementioned two criteria are merely defined under 
the pure mode-I fracturing [58]. In 1963, the 2D-MTS (maximum tangential stress) 
criterion was established by Erdogan and Sih [59] as the pioneers who considered 
the singular terms and neglected the nonsingular terms in Willimas’ stress solution 
[60]. Subsequently, Liu et al. [61] extended the 2D-MTS criterion to the establish-
ment of the 3D-MTS criterion in 2004. According to the elastic theory of Hooke, 
the 2D-MTSN (maximum tangential strain) criterion of the plane stress state was 
presented by Chang [62] in 1981. Then the 3D-MTSN criterion was developed by 
Bidadi et al. [63] in 2022 to make it suitable for 3D fracturing problems. According 
to the definitions of total strain energy density and tangential strain energy density, 
Sih [64] and Koo and Choy [65] respectively found the 2D-MSEDF (minimum strain 
energy density factor) and 2D-MTSEDF (maximum tangential strain energy density 
factor) criteria. Later, Sih [66] and Ayatollahi et al. [67] respectively developed the 
3D-MSEDF and 3D-MTSEDF criteria to make it applicable to 3D fracturing prob-
lems. Based on the definition of SIF and the hypothesis of continuum mechanics, 
2D-MERR (maximum energy release rate) was presented by Nuismer [68] in 1975. 
According to the correlation between ERR and SIF, the 3D-MERR criterion was 
derived by Zhao [7] in 1987 to make it appropriate for the 3D fracturing analyses. 
Since the rigorous mathematical form of ERR in the arbitrary branching crack direc-
tion is almost impossible to be determined, the 3D-MPERR (maximum potential 
energy release rate) criterion was suggested by Chang et al. [70] in 2006 to approx-
imatively interpret the 3D fracturing problems. Supposing that the plastic boundary 
around a cracking tip is limited and the total strain energy is responsible for the 
fracture initiation, the 3D-MSE (maximum strain energy) or 3D-MPZR (minimum 
plastic zone radius) criterion was presented by Zhao [71] in 1987. The stress-based 
criteria includ MTS (maximum tangential stress), MPS (maximum principal stress) 
[72], MES (maximum effective stress) [73], and MMPS (maximum mean principal 
stress) [74]. The strain-based criteria include MTSN (maximum tangential strain), 
MPSN (maximum principal strain) [75], and MPSN-ECD (maximum principal strain 
considering an effective critical radius or distance) [76]. While the energy-based 
criteria include MERR (maximum energy release rate), ASED (average strain energy 
density) [77], MTSEDF (maximum tangential strain energy density factor), MSEDF 
(minimum strain energy density factor). As these conventional fracture criteria are 
inadequate in predicting the envelope of combined-mode I/II fracture resistance, they 
have been modified and extended by incorporating the non-singular T-stress term. 
The modified fracture models can provide acceptable and satisfactory estimations 
for the experimental data, this indicates that the constant T-stress plays an important 
role in enhancing the accuracy of predicting brittle fracture [79–88].
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The selection of appropriate test specimens and fracture criteria is of significance 
to investigate the fracture properties of distinct engineering materials, and they should 
be modified and optimized according to specific engineering and experiment require-
ments. On the other hand, the fracture mechanisms are expected to obtain for the 
thorough comprehension of material properties via high-performance monitoring 
techniques [89–100], for instance, AE (acoustic emission), CT (X-ray computed 
tomography), and NMR (nuclear magnetic resonance). Particularly, the AE technique 
has been widely applied by scientists and engineers in experiment study, engineering 
health assessment, and rockburst forewarning because it possesses a series of advan-
tages: real-time, efficient, non-destructive, and economical [101–106]. Generally, 
the emphasis of AE technique applications is to utilize the AE signal-based analysis 
approaches for revealing the mechanical mechanisms of materials and structures. 
There are three analysis approaches: AE signal positioning, AE parameter anal-
ysis, and AE spectrum analysis. Note that the precision of AE signal positioning 
depends heavily on the AE sensor alignment and wave velocity adjustment. Further, 
the engineering applications of AE signal positioning could be limited. Due to the 
multiscale and multidimensional nature of microcrack growth, classical AE param-
eter analysis cannot fully capture its complexity. Hence, the conventional RA-AF 
analysis of AE signals is compared and discussed via improved methods: Bayesian 
moment tensor inversion algorithm [105], numerical simulation [106], Gaussian 
mixture model [107], tension and shear tests [108], AF-IF analysis [109], and RA-
AF-based Kernel density median standard [110]. With the development of high-tech 
computing processors, the AE spectrum analysis can promote a novel potential in 
mechanical mechanism discernment [111]. This is because cracking growth incidents 
have distinct AE spectrum signatures depending on failure modes (e.g., shearing and 
tension) [112]. 
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Chapter 2 
Review of Fracture Criteria 

Under the combined-mode I/II loading, by taking into account the non-singular and 
singular terms of the solution established by Williams [1], the stress field at the 
adjacency of a cracking cusp in the polar coordinate system (see Fig. 2.1 [2]) can be 
denoted by the following formulas: 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎩ 

σrr = 1 √
2πr 

cos 
θ 
2

[

KI (1 + sin2 
θ 
2 
) + KII ( 

3 

2 
sin θ − 2 tan  

θ 
2 
)

]

+ T cos2 θ + O(r1/2) 

σθθ  = 1 √
2πr 

cos 
θ 
2 
(KI cos

2 θ 
2 

− 
3 

2 
KII sin θ)  + T sin2 θ + O(r1/2) 

τrθ = 1 

2 
√
2π r 

cos 
θ 
2 
[KI sin θ + KII (3 cos  θ − 1)] − T sin θ cos θ + O(r1/2) 

(2.1)

where r and θ refer to the cracking tip coordinates in the polar system, σ rr , σ θθ  , 
and τ rθ signify the stress components, the first non-singular term T represents the 
constant T-stress parallel to the cracking orientation, O(r1/2) means the higher order 
term and can be generally neglected near the cracking tip. 

2.1 Maximum Tangential Stress (MTS) Criterion 

According to the improved criterion proposed by Smith et al. [3], the fracture initi-
ation angle θ c corresponding to the critical tangential stress σ θθc should be satisfied 
as 

∂σθθ  

∂θ

|
|
θ =θc = 0 and 

∂2σθθ  

∂2θ

|
|
θ =θc < 0 (2.2)
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Fig. 2.1 Stress field near the 
tip of a sharp crack in polar 
coordinate system

Based on the above-mentioned hypothesis, substituting Eq. (2.1) into Eq. (2.2) 
leads to 

KI sin θc + KII (3 cos θc − 1) − 
16 

3 
T 

√
2π rc cos θc sin 

θc 

2 
= 0 (2.3) 

where rc is the critical damaged radius from the preexisting cracking tip. Obviously, 
the angle θ c can be determined from Eq. (2.3). 

In addition, the beginning of fracturing extension happens when the tangential 
stress σ θθ  along θ c and at rc overcomes its critical value σ θθc, then Eq. (2.1) is  
modifed as 

σθθ  (rc, θc) = σθθc = 
1 √
2πrc 

cos 
θc 

2 
(KI cos

2 θc 

2 
− 

3 

2 
KII sin θc) + T sin2 θc (2.4) 

Under the pure mode-I fracture conditions, there are KII = 0, KI = KIc, and θ c 
= 0, then Eq. (2.4) can be converted to 

√
2π rcσθθc = KIc (2.5) 

where KIc refers to the critical mode-I SIF and is regarded as the mode-I fracture 
toughness pertaining to the fracturing load Pmax. Introducing Eq. (2.5) into Eq. (2.1) 
yields 

KIc = cos 
θc 

2 
(KI cos

2 θc 

2 
− 

3 

2 
KII sin θc) + T 

√
2πrc sin

2 θc (2.6) 

Consequently, the envelopes for theoretical fracture resistance can be portrayed 
by the fracture resistance ratios KI /KIc and KII /KIc extracted from Eq. (2.6) in the  
normalized forms of FI , FII , and T* as follows: 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

KI 

KIc 
=

[

cos 
θc 

2 
(cos2 

θc 

2 
− 

3 

2 

K11 

KI 
sin θc) +

√
2πrc 

T 

KI 
sin2 θc

]−1 

KII 

KIc 
=

[

cos 
θc 

2 
( 
K1 

KII 
cos2 

θc 

2 
− 

3 

2 
sin θc) +

√
2πrc 

T 

KII 
sin2 θc

]−1 
(2.7)



2.2 Maximum Tangential Strain (MTSN) Criterion 13

2.2 Maximum Tangential Strain (MTSN) Criterion 

In compliance with the elastic theory of Hooke, the tangential strain εθθ  is formulated 
for the special plane problems as follows [4, 5]: 

εθθ  = 
1 + ν 
E 

[κσθθ  + (κ − 1)σrr] (2.8) 

where E and ν mean the Young’s modulus and the Poisson’s coefficient, respectively, 
κ marks an elastic parameter as the function of ν and is taken as 1 − ν for the plane 
strain state and 1/(1 + ν) for the plane stress state. 

One can From Eqs. (2.1) and (2.8) determine 

εθθ= 
1+ν 

E 
√
2πr 

(KI N1 + KII N2 + T 
√
2πrN3) (2.9) 

in which 
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+ cos 
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N2= −  
1 

4

[
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2 

+ 3 sin  
3θ 
2

]
(2.10) 

The initial fracturing propagation is imminent when the tangential strain εθθ  along 
θ c and at rc reaches its maximum value εθθc, this implies that 

∂εθθ  

∂θ

|
|
θ = θc = 0 and 

∂2εθθ  

∂2θ

|
|
θ = θc < 0 (2.11) 

Introducing εθθ  presented in Eq. (2.9) into Eq. (2.11) yields the angle for the 
fracture beginning in the form of normalized fracturing parameters as below: 

KI

[

(5 − 8κ) sin 
θc 

2 
− 3 sin  

3θc 
2

]

+KII

[

(5 − 8κ) cos 
θc 

2 
− 9 cos 

3θc 
2

]

+ 8T 
√
2πrc sin 2θc = 0 (2.12) 

For the pure mode-I fracturing problems (i.e., KI = KIc, KII = 0, and θ c = 0), 
Eq. (2.9) is implified as 

Eεθθ  c 
√
2πrc = (1 + ν)

[

(2κ − 1) + 
T0 
KIc 

√
2πrc(κ − 1)

]

KIc (2.13)
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For the mixed-mode fracturing problems, we can conclude from Eqs. (2.9) and 
(2.13) that 

KIc(2κ − 1) + T0 
√
2πrc(κ − 1) = KI 

1 

4

[

(8κ − 5) cos 
θc 

2 
+ cos 

3θc 
2

]

− KII 
1 

4

[

(8κ − 5) sin 
θc 

2 
+ 3 sin  

3θc 
2

]

+ T 
√
2πrc(κ − cos2 θc) 

(2.14) 

Analogously, the ratios of KI to KIc and KII to KIc are utilized to predict the 
fracture resistance of mixed-mode I/II as follows: 

⎧ 
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√
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KI 
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KII 

√
2πrcN3(θc) 

(2.15) 

2.3 Maximum Tangential Strain Energy Density Factor 
(MTSEDF) Criterion 

According to the definition of strain energy density (SED) [6, 7], one can derive 

dW 

dV 
= 

1 

2 
σθθ  εθθ (2.16) 

where dW /dV represents the density function of strain energy in the tangential direc-
tion. To represent the energy field intensity of the cracking tip vicinity, the tangential 
SED factor ST is employed as 

ST = r 
dW 

dV 
= r 

1 

2 
σθθ  εθθ (2.17) 

By introducing Eqs. (2.1) and (2.9) into Eq. (2.17), one can determine 

ST = 
1 

8πG
[S1K2 

I + S2K2 
II + S3KI KII + S4 

√
2π rTKI + S5 

√
2π rTKII + S62πrT 2] 

(2.18) 

in which
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⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

G = E/2(1 + ν) 

S1 = 
1 

2 
(cos 

θ 
2 
)4 (−3 + 4κ + cos θ)  

S2 = 
3 

8 
(sin θ)2 (−1 + 4κ + 3 cos θ)  

S3 = −(cos 
θ 
2 
)3 (sin 

θ 
2 
)(−5 + 8κ + 3 cos θ)  

S4 = −(cos 
θ 
2 
)3[4 − 5κ + 4(κ − 1) cos θ + cos 2θ ] 

S5 = (cos 
θ 
2 
)2 (sin 

θ 
2 
)[4 − 7κ + 4(κ − 1) cos θ + 3 cos 2θ ] 

S6 = −  
1 

2 
(sin θ)2 (1 − 2κ + cos 2θ)  

(2.19) 

The generalized MTSEDF criterion suggests that the initiation of fracturing 
growth is imminent when the value of S along θ c and at rc reaches its critical level 
Sc. This indicates that the sufficient conditions should be 

∂ST 
∂θ

|
|
θ = θc = 0 and 

∂2ST 
∂2θ

|
|
θ = θc < 0 (2.20) 

By combining Eqs. (2.18) and (2.20), the fracturing deflection angle can be 
calculated from the following form: 

s1K
2 
I + s2K2 

II + s3KI KII + s4 
√
2π rcTKI + s5 

√
2πrcTKII + s62πrcT 2 = 0 (2.21) 

in which 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

s1 = (2 sin  θc + sin 2θc)(5 − 8κ − 3 cos θc) 
s2 = 3(sin θc)[3 + 4(4κ − 1) cos θc + 9 cos 2θc] 
s3 = 4(cos 

θc 

2 
)2[(13 − 16κ)(2 cos θc − 1) − 9 cos 2θc] 

s4 = 8(cos 
θc 

2 
)2 (sin 

θc 

2 
)[8 − 7κ + 4(5κ − 3) cos θc + 7 cos 2θc] 

s5 = 2(cos 
θc 

2 
)[(29 − 50κ) cos θc + (20κ − 26) cos 2θc + 3(6κ − 4 + 7 cos 3θc)] 

s6 = 16(sin 2θc)(κ − cos 2θc) 
(2.22) 

For the pure mode-I fracturing case, there are KII = 0, KI = KIc, and θ c = 0, then 
Eq. (2.21) can be reduced to 

STc = 
S0 

8πG 
K2 
Ic (2.23)
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in which 

S0 = 2κ − 1 + (κ − 1) 
T0 
KIc 

√
2πrc (2.24) 

where T 0 symbolizes the T-stress value for the pure mode-I fracturing case. Under 
the combined-mode I/II loading state, substituting Eq. (2.23) into Eq. (2.18) yields 

S0 
8πG 

K2 
Ic =

1 

8πG
[S1K2 

I + S2K2 
II+ 

S3KI KII + S4 
√
2πrTKI + S5 

√
2π rTKII + S62πrT 2] (2.25) 

When both sides of Eq. (2.25) are divided by K2 
I , K

2 
II respectively, the fracture 

toughness ratios KI /KIc and KII /KIc can be obtained to forecast the combined-mode 
I/II fracturing onset as 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

KI 

KIc 
= 

√

S0

[

S1 + S2 
K2 
II 

K2 
1 

+ S3 
KII 

KI 
+ S4 

T 

KI 

√
2π rc 

[
|
|
√+S5 

KII T 

K2 
I 

√
2π rc + S6

(
T 

KI 

√
2πrc

)2
]−1 

KII 

KIc 
= 

√

S0

[

S1 
K2 
I 

K2 
II 

+ S2 + S3 
KI 

KII 
+ S4 

KI T 

K2 
II 

√
2πrc 

[
|
|
√+S5 

T 

KII 

√
2π rc + S6

(
T 

KII 

√
2πrc

)2
]−1 

(2.26) 

2.4 Minimum Strain Energy Density Factor (MSEDF) 
Criterion 

According to the definition of strain energy density (SED) in an element [8], one can 
determine 

dW 

dV 
= 

1 

2G

[
η + 1 
8 

(σrr + σθθ  )
2 − σrrσθθ  + σ 2 rθ

]

(2.27) 

where η = (3 − 4v) for the plane strain case and η = (3 − v)/(1 + v) for the 
plane stress case. To describe the energy field intensity at the neighbourhood of the 
cracking tip, the SED factor S is employed as
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S = r 
dW 

dV 
= 

r 

2G

[
η + 1 
8 

(σrr + σθθ  )
2 − σrrσθθ  + σ 2 rθ

]

(2.28) 

Introducing Eq. (2.1) into Eq. (2.28) yields 

S = 1 

16πG
[C1K

2 
I + C2KI KII + C3K

2 
II 

+ C4T 
√
2πrcKI + C5T 

√
2π rcKII + C6(T 

√
2πrc)

2] (2.29) 

in which 
⎧ 
⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎩ 

C1 = (η − cos θ)(1 + cos θ)  
C2 = 2 sin  θ(2 cos θ − η + 1) 
C3 = η(1 − cos θ)  + cos θ(1 + 3 cos θ)  
C4 = 2 cos θ 

2 [cos 2θ − cos θ + η − 1] 
C5 = −2 sin  θ 

2 [cos 2θ + cos θ + η + 1] 
C6 = η+1 

2 

(2.30) 

The generalized MSEDF criterion demonstrates that the initiation of fracturing 
growth is imminent when the value of S along θ c and at rc reaches its critical level 
Sc. This implies that the sufficient conditions should be 

∂S 

∂θ

|
|
|
|
θ = θc 

= 0 and 
∂2S 

∂θ 2

|
|
|
|
θ = θc 

> 0 (2.31) 

By combining Eqs. (2.29) and (2.31), the fracturing deflection angle can be 
calculated from the following form: 

c1K
2 
I + c2KIKII + c3K2 

II + c4(T 
√
2πrc)KI + c5(T 

√
2πrc)KII = 0 (2.32) 

in which 
⎧ 
⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎩ 

c1 = sin θ0(2 cos θ0 − η + 1) 
c2 = 4 cos(2θ0) + 2(1 − η) cos θ0 
c3 = −  sin θ0(6 cos θ0 − η + 1) 
c4 = sin θ0 2 ( 

3 
2 − η) − 5 2 sin( 

5θ0 
2 ) 

c5 = −  cos θ0 2 (η + 1 2 ) − 5 2 cos( 
5θ0 
2 ) 

(2.33) 

For the pure mode-I fracturing case, there are KII = 0, KI = KIc, and θ c = 0, then 
Eq. (2.29) can be reduced to 

Sc = 
K2 
Ic 

16πG 
C0 (2.34)
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in which 

C0 = 2(η − 1) + 2(η − 1) 
T0 
KIc 

√
2πrc + 

η + 1 
2

(
T0 
KIc 

√
2πrc

)2 

(2.35) 

Under the combined-mode I/II loading case, substituting Eq. (2.34) into Eq. (2.29) 
yields 

C1K
2 
I + C2KIKII + C3K

2 
II + C4

(
T 

√
2πrc

)
KI 

+ C5

(
T 

√
2πrc

)
KII + C6

(
T 

√
2πrc

)2 = K2 
IcC0 (2.36) 

When both sides of Eq. (2.36) are divided by K2 
I , K

2 
II respectively, the fracture 

toughness ratios KI /KIc and KII /KIc can be obtained to forecast the combined-mode 
I/II fracturing onset as 

⎧ 
⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎩ 

KI 
KIc 

=
√

C0 

C1+C2 
KII 
KI 

+C3 
K2 
II 

K2 
I 

+C4 
T 

√
2πrc 
KI 

+C5 
T 

√
2πrcKII 
K2 
I 

+C6

(
T 

√
2πrc 
KI

)2 

KII 
KIc 

=
√

C0 

C1 
K2 
I 

K2 
II 

+C2 
KI 
KII 

+C3+C4 
T 

√
2πrcKI 
K2 
II 

+C5 
T 

√
2πrc 
KII 

+C6

(
T 

√
2πrc 
KII

)2 

(2.37) 

2.5 Average Strain Energy Density (ASED) Criterion 

The strain energy within the plastic or damaged region of radius rc at the 
neighborhood of the crack tip is obtained from the integration method as follows [9]: 

E(rc) =
∫

A 

dW 

dV 
dA = 

rc∫

0 

π∫

−π 

dW 

dV 
rdrd θ (2.38) 

Introducing Eq. (2.27) into Eq. (2.38) yields 

E(rc) = 
rc 
16G

[
(2η − 1)K2 

I + (2η + 3)K2 
II 

+ 
16 

15π 
(5η − 7)KI T 

√
2π r + 

(η + 1) 
2

(
T 

√
2πr

)2
]

(2.39) 

Therefore, the average strain energy density (ASED) on the plastic or damaged 
zone with the radius rc can be defined as below:



2.5 Average Strain Energy Density (ASED) Criterion 19

E = 
E(rc) 
πr2 c 

= 1 

16Gπrc(2η − 1)

[

K2 
I + 

(2η + 3) 
(2η − 1) 

K2 
II 

+ 
16(5η − 7) 
15π(2η − 1) 

T 
√
2πrcKI + 

(η + 1) 
2(2η − 1) 

(T 
√
2π rc)2

]

(2.40) 

For the pure mode-I fracturing case, there are KII = 0, KI = KIc, and θ c = 0, then 
Eq. (2.40) can be reduced to 

Ec = K2 
Ic 

16μπr0(2η − 1) 
A0 

= K2 
Ic 

16μπr0(2η − 1)

[

1 + 
16(5η − 7) 
15π(2η − 1) 

T0 
KIc 

√
2πrc + (η + 1) 

2(2η − 1) 
( 
T0 
KIc 

√
2πrc)

2

]

(2.41) 

Introducing Eq. (2.41) into Eq. (2.40) yields 

K2 
I + 

(2η + 3) 
(2η − 1) 

K2 
II + 

16(5η − 7) 
15π(2η − 1) 

T 
√
2π rcKI + 

(η + 1) 
2(2η − 1) 

(T 
√
2πrc)

2 = K2 
IcA0 

(2.42) 

When both sides of Eq. (2.42) are divided by K2 
I , K

2 
II respectively, the frac-

ture toughness ratios KI /KIc and KII /KIc can be acquired to evaluate the onset of 
combined-mode I/II fracturing as 

⎧ 
⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎩ 

KI 

KIc 
=

[
|
|
√

A0 

1 + (2η+3) 
(2η−1) 

K2 
II 

K2 
I 

+ 16(5η−7) 
15π(2η−1) 

T 
√
2π rc 
KI 

+ (η+1) 
2(2η−1)

(
T 

√
2π rc 
KI

)2 

KII 

KIc 
=

[
|
|
√

A0 

K2 
1 

K2 
II 

+ (2η+3) 
(2η−1) + 16(5η−7) 

15π(2η−1) 
K1T 

√
2π rc 

K2 
II 

+ (η+1) 
2(2η−1)

(
T 

√
2π rc 
KII

)2 

(2.43) 

2.5.1 Maximum Energy Release Rate (MERR) Criterion 

In compliance with three significant factors: the definition of SIF (stress intensity 
factor), a continuity hypothesis, and the correlation between fracture toughness and 
ERR (energy release rate), the ERR for the branching crack (see Fig. 2.2 [10]) can 
be determined from 

Gθ = 
2πr 

E' (σ 2 θθ  + σ 2 rθ ) (2.44)
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Fig. 2.2 Geometry and 
polar coordinate system for a 
branching crack [10] 

where E' = E for the plane stress case and E' = E/(1− 2v) for the plane strain case. 
Introducing Eq. (1) into Eq. (2.44) yields 

Gθ = 
1 

E' [GI K
2 
I + G2KI KII + G3K

2 
II 

+ G4T 
√
2πrcKI + G5T 

√
2πrcKII + G6(T 

√
2πrc)

2] (2.45) 

in which 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

G1 = 
1 

4 
(1 + cos θ)2 

G2 = −  
1 

2 
sin(2θ)  − sin θ 

G3 = −3 sin4 
θ 
2 

+ 2 sin2 
θ 
2 

+ 1 

G4 = −4 cos5 
θ 
2 

+ 4 cos3 
θ 
2 

G5 = 4 sin5 
θ 
2 

− 4 sin  
θ 
2 

G6 = sin2 θ 

(2.46) 

The generalized MERR criterion demonstrates that the initiation of fracturing 
growth is imminent when the value of S along θ c and at rc approaches its critical 
level Gθc. This implies that the sufficient conditions should be 

∂Gθ 

∂θ

|
|
|
|
θ = θc 

= 0 and 
∂2Gθ 

∂θ 2

|
|
|
|
θ = θc 

> 0 (2.47) 

By combining Eqs. (2.45) and (2.47), the crack deflection angle θ c can be 
calculated from the following form:
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g1K
2 
I + g2KI KII + g3K2 

II + g4T 
√
2πrcKI + g5T 

√
2πrcKII + g6T 

√
2πrc 

2 = 0 
(2.48) 

in which 
⎧ 
⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎩ 

g1 = − 1 
4 sin 2θ − 1 2 sin θ 

g2 = −  cos(2θ)  − cos θ 
g3 = 3 4 sin 2θ − 1 2 sin θ 
g4 = 10 cos4 θ 

2 sin 
θ 
2 − 6 cos2 θ 

2 sin 
θ 
2 

g5 = 10 sin4 θ 
2 cos 

θ 
2 − 2cos θ 

2 
g6 = sin 2θ 

(2.49) 

For the pure mode-I fracturing case, there are KII = 0, KI = KIc, and θ c = 0, then 
Eq. (2.45) can be simplied as 

Gθ c = 
K2 
Ic 

E' (2.50) 

Introducing Eq. (2.50) into Eq. (2.45) yields 

G1K
2 
I + G2KI KII + G3K

2 
II + G4T 

√
2πrcKI + G5T 

√
2πrcKII + G6(T 

√
2πrc)

2 = K2 
Ic 

(2.51) 

When both sides of Eq. (2.51) are divided by K2 
I , K

2 
II respectively, the frac-

ture toughness ratios KI /KIc and KII /KIc can be acquired to estimate the onset of 
combined-mode I/II fracturing as 

⎧ 
⎪⎪⎨ 

⎪⎪⎩ 

KI 
KIc 

= √
1 

G1+G2 
KII 
KII 

+G3 

K2 
II 

K2 
I 

+G4 
T 

√
2πrc 
KI 

+G5 
T 

√
2πrcKII 
K2 
I 

+G6

(
T 

√
2πrc 
KI

)2 

KII 
KIc 

= √
1 

G1 
K2 
I 

K2 
II 

+G2 
KI 
KII 

+G3+G4 
T 

√
2πrcKI 
K2 
II 

+G5 
T 

√
2π rc 
KII 

+G6

(
T 

√
2πrc 
KII

)2 

(2.52) 

Traditionally, the critical microcracking length rc is proverbially recognized to be 
the magnitude of the fracture process zone (FPZ) for rocks, which can be character-
ized by associating KIc with σ t considering the maximum tension stress law as 

rc = 
1 

2π 
( 
KIc 

σt 
)2 (2.53) 

where σt = Pmax/πBR symbolizes the tensile strength evaluated indirectly from the 
unnotched Brazilian disk testing. 

As documented previously, the stress-based fracture criteria are not more compli-
cated compared to the energy-based ones. Nevertheless, the energy-based crireria 
exhibit a greater accuracy in predicting fracture, the strain-based criteria are 
characterized by the combinations of both the abovementioned models.
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2.6 3D Fracture Criteria 

Under the combined-mode I/III loading, the singular terms for modes I and III 
certainly are a predominant factor representing the stress field at the vicinity of a 
cracking tip. Truncating the singular terms in the Williams’ solution yields the stress 
field in a cylindrical coordinate system (see Fig. 2.3 [11]) as follows: 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

σrr = 
KI √
2πr 

cos 
θ 
2 
(1 + sin2 

θ 
2 
) 

σθθ  = KI √
2πr 

cos3 
θ 
2 

τrθ = KI 

2 
√
2πr 

cos 
θ 
2 
sin θ 

τrz = 
KIII √
2πr 

sin 
θ 
2 

τθz = 
KIII √
2π r 

cos 
θ 
2 

σzz = 0 

(2.54) 

where KI and KIII denote respectively the modes I and III SIFs. Note that the expres-
sion σzz = 0 for the plane stress state can be substituted by σzz = ν(σrr + σθθ  ) for 
the plane strain state. 

To make the fracture criteria competent in predicting the fracture resistance and 
crack initiation angle for combined-mode I/III fracture problems, supposing that 
the initial fracture state at the θ-z plane is rotated by a specific angle ϕ around

Fig. 2.3 The stress field acting on an element at the vicinity of a cracking tip 
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Fig. 2.4 Stress components 
at the θ−z plane  

the r-coordinate axis to obtain the equivalent element, as described in Fig. 2.4. In  
conjunction with Eq. (2.54), an original stress tensor σ can be determined as 

σ = 

⎡ 

⎣ 
σrr τrθ τrz 

τrθ σθθ  τθ z 
τrz τθz σzz 

⎤ 

⎦ (2.55) 

Applying the transformation relation between the (r, θ, z) and (r', θ ', z') 
coordinates yields another stress tensor σ ': 

σ ' = ΩσΩT = 

⎡ 

⎣ 
σrr τrθ ' τrz'

τrθ ' σθ 'θ ' τθ 'z'

τrz' τθ 'z' σz'z'

⎤ 

⎦ (2.56) 

where Ω symbolizes the transition matrix, which is written by

Ω = 

⎡ 

⎣ 
1 0 0  
0 cos ϕ − sin ϕ 
0 sin  ϕ cos ϕ 

⎤ 

⎦ (2.57) 

Hence, the normal stresses σθ 'θ ' and σz'z' can be respectively determined from Eqs. 
(2.54)–(2.57) as follows [12, 13]: 

σθ 'θ ' = 1 √
2πr 

(KI cos
2 ϕ cos3 

θ 
2 

− KIII sin 2ϕ cos 
θ 
2 
) (2.58) 

σz'z' = 
1 √
2πr 

KI sin
2 ϕ cos3 

θ 
2 

+ 
KIII √
2π r 

sin 2ϕ cos 
θ 
2 

(2.59)
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Based on the elastic model of Hooke [14, 15], the tangential strain εθ 'θ ' is expressed 
as follows: 

εθ 'θ ' = 
1 

E 
[σθ 'θ ' − ν(σrr + σz'z')] (2.60) 

where E and ν stand for respectively the Young and Poisson coefficients, introducing 
Eqs. (2.54), (2.58), and (2.59) into Eq. (2.60) yields 

εθ 'θ ' = 1 

E 
√
2π r

(

KI [(1 + ν) cos2 ϕ cos3 
θ 
2 

− 2ν cos 
θ 
2
] −  KIII (1 + ν) sin 2ϕ cos 

θ 
2

)

(2.61) 

According to the definition of SED in the tangential direction, one can determine 

dW 

dV 
= 

1 

2 
σθ 'θ 'εθ 'θ ' (2.62) 

where dW /dV represents the function of SED. With reference to the mathematical 
model first proposed by Sih [16], to represent the energy field intensity of the notch 
tip vicinity, the tangential SED factor CT is adopted as follows [17, 18]: 

CT = r 
dW 

dV 
= r 

1 

2 
σθθ  εθθ (2.63) 

By introducing Eqs. (2.54) and (2.61) into Eq. (2.63), one can determine 

CT = 1 

4πE 
(CT 1K

2 
I + CT 2KI KIII + CT 3K

2 
III ) (2.64) 

in which 

⎧ 
⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎩ 

CT 1 = cos2 ϕ cos4 
θ 
2 
[(1 + ν) cos2 ϕ cos2 

θ 
2 

− 2ν] 

CT 2 = −2 sin  2ϕ cos2 
θ 
2
[(1 + ν) cos2 ϕ cos2 

θ 
2 

− ν] 

CT 3 = (1 + ν) sin2 2ϕ cos2 
θ 
2 

(2.65) 

The 3D-MTS, 3D-MTSN, and 3D-MTSEDF criteria suggest that the beginning of 
fracturing extension is imminent when the values of σθ 'θ ' , εθ 'θ ' , and CT along initial 
cracking direction and at critical damaged radius exceed the critical level. Using the 
extremum theorem, the planar fracture deflection angle θ c and the nonplanar fracture 
twist angle ϕc are solved by differentiating Eqs. (2.54), (2.60), and (2.63) relative to 
ϕ and θ as below:
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θc = 0 (2.66) 

ϕc = 
1 

2 
arc tan 

−2KIII 

KI 
(2.67) 

Under the pure mode-I loading, there are KIII = θ c = ϕc = 0 and KI = KIc, then 
the three critical values can be computed as below: 

⎧ 
⎪⎨ 

⎪⎩ 

σθ 'θ 'c = 1 √
2π rc 

KIc 

τθ 'θ 'c = 1−ν 
E 
√
2πrc 

KIc 

CTc = 1−ν 
4π E K

2 
Ic 

(2.68) 

Under the pure mode-III loading, we can conclude that ϕc = −  45°, KI = 0, and 
KIII = KIIIc. Particularly, the predicted values of KIIIc/KIc can be determined from 
the three leading fracture criteria as follows: 

⎧ 
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K3D - MTSEDF 
IIIc 

KIc 
=

√
1 − ν 
1 + ν 

(2.69) 

Consequently, the envelopes for theoretical fracture resistance can be depicted by 
the fracture resistance ratios KI /KIc and KIII /KIc extracted from the above-mentioned 
formulae as below: 

3D-MTS criterion: 
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(2.70) 

3D-MTSN criterion: 
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(2.71) 

3D-MTSEDF criterion:
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(2.72) 
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Chapter 3 
Review of Fracture Test Methods 

3.1 Test Methods of Mixed-Mode I/II Fracture 

The first test specimen, known as the CCBD (centrally cracked Brazilian disk) spec-
imen, is widely employed for evaluating the mixed-mode I/II fracture resistance of 
different materials. This specimen is a disk of diameter D and thickness B with a 
straight crack of length 2ɑ created at the specimen’s center. By applying diamet-
rical compression loads, the complete range of mixed-mode I/II fracture can be 
accomplished depending on the loading angle β, which is also regarded as the crack 
orientation angle between the prefabricated notch direction and the loading line. The 
mixed-mode I/II fracture parameters for the CCBD specimen are determined from 
[1, 2]: 
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 
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π 
tan−1 ( 

KI 

KII 
) = 

2 

π 
tan−1 ( 

FI 

FII 
) 

T = 
P 

πBR 
T ∗ 

(3.1) 

where KI and KII mean respectively the modes I and II SIFs, P symbolizes the applied 
compression load, B and R mark respectively the thickness and radius of the CCBD 
specimen, FI and FII denote respectively the non-dimensional geometric factors for 
modes I and II, ɑ stands for the prefabricated crack length, T* is the non-dimensional 
expression of the T-stress, Ke reprensents the effective SIF, and Me symbolizes the 
mode mixity index, which is regarded as 0 for pure mode-II loading case and 1 for 
pure mode-I loading case.
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Fig. 3.1 Schematic of the CCBD specimen and dimensionless fracture parameters 

The schematic of the CCBD specimen is displayed in Fig. 3.1a. Taking the CCBD 
specimen with ɑ/R = 0.4 as an example, the variations of FI , FII , and T* versus the 
loading angle β are outlined in Fig. 3.1b [3, 4]. Particularly, the loading angle β = 
0° corresponds to the pure mode-I loading case, while the loading angle β = 25.4° 
corresponds to the pure mode-II loading case. 

The second test specimen, known as the SCB (semi-circular bending) specimen, 
is a semi-disk of diameter D and thickness B and contains a straight edge notch of 
length a processed at the specimen’s bottom. When conducting this testing procedure, 
the SCB sample is supported by two symmetrical rollers with support span S, and 
the middle roller is employed to produce the compressive force. Consequently, then 
the whole range of mixed-mode I/II fracture can be accomplished depending on 
the loading angle, which is also regarded as the crack orientation angle between 
the prefabricated notch direction and the loading line. The mixed-mode I/II fracture 
parameters for the SCB specimen are determined from [5, 6]: 
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(3.2)
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Fig. 3.2 Schematic of the SCB specimen and dimensionless fracture parameters 

The schematic of the SCB specimen is displayed in Fig. 3.2a. Taking the SCB 
specimen with ɑ/R = 0.4 and S/R = 0.4 as an example, the variations of FI , FII , 
and T* versus the loading angle β are outlined in Fig. 3.2b [7, 8]. Particularly, the 
loading angle β = 0° corresponds to the pure mode-I loading case, while the loading 
angle β = 35° corresponds to the pure mode-II loading case. 

The third test specimen, known as the SBB (short beam bending) specimen, is a 
rectangular beam of height W and thickness B and contains a straight edge notch of 
length a processed at the specimen’s bottom. When conducting this testing procedure, 
the SBB sample is supported by two symmetrical rollers with support span 2S, and 
the middle roller is employed to produce the compressive force. Consequently, then 
the entire range of mixed-mode I/II fracture can be accomplished depending on the 
loading angle, which is also regarded as the crack orientation angle between the 
prefabricated notch direction and the loading line. The mixed-mode I/II fracture 
parameters for the SBB specimen are determined from [9, 10]: 
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Fig. 3.3 Schematic of the SBB specimen and dimensionless fracture parameters 

The schematic of the SBB specimen is displayed in Fig. 3.3a. Taking the SBB 
specimen with ɑ/W = 0.5 and S/W = 0.5 as an example, the variations of FI , FII , 
and T* versus the loading angle β are outlined in Fig. 3.3b [11, 12]. Particularly, the 
loading angle β = 0° corresponds to the pure mode-I loading case, while the loading 
angle β = 39° corresponds to the pure mode-II loading case. 

The forth test specimen, known as the ECTB (edge-cracked triangular bending) 
specimen, is a triangular plate of thickness B and base length 2W and contains a 
straight edge notch of length a processed at the specimen’s bottom. When conducting 
this testing procedure, the ECTB sample is supported by two symmetrical rollers with 
support span 2S, and the middle roller is employed to produce the compressive force. 
Consequently, then the full range of mixed-mode I/II fracture can be accomplished 
depending on the loading angle, which is also regarded as the crack orientation angle 
between the prefabricated notch direction and the loading line. The mixed-mode I/ 
II fracture parameters for the ECTB specimen are determined from [13, 14]: 
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The schematic of the ECTB specimen is displayed in Fig. 3.4a. Taking the SBB 
specimen with ɑ/W = 0.3 and S/W = 0.4 as an example, the variations of FI , FII , 
and T* versus the loading angle β are outlined in Fig. 3.4b [15]. Particularly, the
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Fig. 3.4 Schematic of the ECTB specimen and dimensionless fracture parameters 

loading angle β = 0° corresponds to the pure mode-I loading case, while the loading 
angle β = 52.5° corresponds to the pure mode-II loading case. 

3.2 Test Methods of True Mode-II Fracture 

The first test specimen, known as the SCC (short core in compression) specimen, 
is a cylinder of height H and diameter D, and contains two horizontal half-through 
notches of depth ɑ from opposite sides and a ligament of vertical length C between the 
two notches [16–22]. By applying the uniaxial compression loads, the rectangular 
rock bridge in the axial plane of the SCC specimen can be broken, so the shear-
induced fracture trajectory is self-planar and self-similar. 

The schematic of the SCC specimen is displayed in Fig. 3.5a, the variation of FII 

versus the C/H values is outlined in Fig. 3.5b. According to the recommendation of 
Xu et al. [16], the SCC specimen with H/D = 2, C/H = 0.2, and notch thickness t = 
1 mm is relatively reliable and optimal for the measurement of true mode-II fracture 
resistance. The true mode-II fracture toughness for the SCC specimen is determined 
from [16]: 

KIIc = P 

CD 
√

πa 
FII = P 

CD 
√

π a 
(2.3744 

C 

H 
+ 0.0192) (3.5)

The second test specimen, known as the SB (shear-box) specimen, is a cube of 
width W thickness B, and length L, and contains the single-edge notch of inclined 
depth ɑ or the double-edge notch of inclined depth 2ɑ and a ligament [23–28]. By
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Fig. 3.5 Schematic of the SCC specimen and dimensionless fracture parameters

applying the uniaxial compression loads, the rectangular rock bridge in the middle 
plane of the SB specimen can be broken, so the shear-induced fracture trajectory is 
self-planar and self-similar. 

The schematic of the SB specimen is displayed in Fig. 3.6. According to the 
recommendation of Rao et al. [23], the single-edge notched SB specimen with L = 
W = B, ɑ/W ≥ 0.5, and notch thickness t = 1 mm is relatively reliable and optimal for 
the measurement of true mode-II fracture resistance. While the double-edge notched 
SB specimen with L = W =B, 2ɑ/W ≥ 0.6, and notch thickness t = 1 mm is relatively 
reliable and optimal for the measurement of true mode-II fracture resistance The true 
mode-II fracture toughness for the single-edge notched SB specimen is determined 
from [23]: 

KIIc = 
P(sin α − tan ψ cos α) 

B 
√
W 

FII 

= 
P(sin α − tan ψ cos α) 

B 
√
W 

2.138 − 5.2a/W + 6.674(a/W )2 − 3.331(a/W )3 √
1 − a/W 

(3.6)

The true mode-II fracture toughness for the double-edge notched SB specimen is 
determined from [23–25]:
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Fig. 3.6 Schematic of the 
SB specimen

KIIc = 
P(sin α − tan ψ cos α) 
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(3.7) 

where α is the precast notch inclination angle between the notch plane and the 
horizontal direction, which is suggested as 65 ~ 75°, and ψ represents the internal 
friction angle of materials. 

The third test specimen, known as the modified PTS (punch-through shear) spec-
imen, is a cylinder of height H and diameter D, and contains the two symmetrical 
circular notches of diameter ID, depth d, and width w [29–31]. By applying the 
uniaxial compression loads, the circular rock bridge between the two notches can be 
broken, so the shear-induced fracture trajectory is self-planar or self-similar. 

The schematic of the modified PTS specimen is displayed in Fig. 3.7. According to 
the recommendation of Yin et al. [31] and Yao et al. [30], the modified PTS specimen 
of height H = 30 mm and diameter D = 50 mm with the two symmetrical circular 
notches of diameter ID = 25 mm, depth d = 10 mm, and width w = 1 mm is relatively 
reliable and optimal for the measurement of true mode-II fracture resistance. The true 
mode-II fracture toughness for the modified PTS specimen specimen is determined 
from [31]:
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Fig. 3.7 Schematic of the modified PTS specimen 

KIIc = η 
Pmax 

A 
=0.03925 

Pmax 

A 
(3.8) 

where η represents the geometrical factor and is taken as 0.03925 m0.5 [], and A = 
490.63 mm2 symbolizes the inner cross-sectional area of the modified PTS specimen. 

The fourth test specimen, known as the ZCCDS (Z-shaped centrally cracked 
direct shear) specimen, is a cylinder of height H and diameter D, and contains a 
vertical straight-through notch of length 2ɑ at the middle plane [32]. By applying 
the uniaxial compression loads, the direct shear stress is easily produced without any 
testing configurations. Accordingly, the self-planar cracking extension pattern can 
be achieved. 

The schematic of the ZCCDS specimen is displayed in Fig. 3.8. According to 
the recommendation of Cao et al. [32], the ZCCDS specimen with H/D = 1, l1/H 
= 0.25, and 2ɑ/H = 0.3 is relatively reliable and optimal for the measurement of 
true mode-II fracture resistance. The true mode-II fracture toughness for the SCC 
specimen is determined from [32]: 
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Fig. 3.8 Schematic of the 
ZCCDS specimen 

3.3 Test Methods of Mixed-Mode I/III Fracture 

The first test specimen, known as the ENDB (edge-notched disk bending) specimen, 
is a disk of diameter D and thickness h and contains a straight edge notch of depth 
a and length D processed at the diametrical direction of the ENDB specimen. When 
conducting this testing procedure, the ENDB sample is supported by two symmet-
rical rollers with support span 2S, and the upper roller is employed to produce the 
compressive force. Consequently, then the full range of mixed-mode I/III fracture can 
be accomplished depending on the loading angle, which is also regarded as the crack 
orientation angle between the prefabricated notch direction and the loading line. The 
mixed-mode I/III fracture parameters for the ENDB specimen are determined from 
[33–45]: 
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The schematic of the ENDB specimen is displayed in Fig. 3.9a. Taking the ENDB 
specimen with ɑ/h = 0.6 and S/R = 0.925 as an example, the variations of FI , FII , 
and T* versus the loading angle β are outlined in Fig. 3.9b [46, 47]. Particularly, the 
loading angle β = 0° corresponds to the pure mode-I loading case, while the loading 
angle β = 62.5° corresponds to the pure mode-III loading case. 

The second test specimen, known as the ENDC (edge-notched disk compression) 
specimen, is a disk of diameter D and thickness B and contains a straight edge notch 
of depth a and length D processed at the diametrical direction of the ENDC specimen, 
as illustrated in Fig. 3.10a. By applying diametrical compression loads, the complete 
range of mixed-mode I/III fracture can be accomplished depending on the loading 
angle, which is also regarded as the crack orientation angle between the prefabricated 
notch direction and the loading line. The mixed-mode I/III fracture parameters for 
the ENDC specimen are determined from [48–51]: 
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The schematic of the ENDC specimen is displayed in Fig. 3.10a. Taking the 
ENDC specimen with ɑ/B = 0.6 as an example, the variations of FI and FII versus 
the loading angle α are outlined in Fig. 3.10b [49]. Particularly, the loading angle β 
= 0° corresponds to the pure mode-I loading case, while the loading angle β = 11° 
corresponds to the pure mode-III loading case.
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Fig. 3.9 Schematic of the ENDB specimen and dimensionless fracture parameters 
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Fig. 3.10 Schematic of the ENDC specimen and dimensionless fracture parameters

The third test specimen, known as the DENDC (double-edge notched disk 
compression) specimen, is a disk of diameter D and thickness B and contains two 
straight edge notch of depth a/2 and length D processed at the diametrical direction of 
the DENDC specimen, as illustrated in Fig. 3.11a. By applying diametrical compres-
sion loads, the complete range of mixed-mode I/III fracture can be accomplished 
depending on the loading angle, which is also regarded as the crack orientation angle 
between the prefabricated notch direction and the loading line. The mixed-mode I/ 
III fracture parameters for the DENDC specimen are determined from [49]: 
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The schematic of the DENDC specimen is displayed in Fig. 3.11a. Taking the 
DENDC specimen with ɑ/B = 0.6 as an example, the variations of FI and FII versus 
the loading angle α are outlined in Fig. 3.11b [49]. Particularly, the loading angle β 
= 0° corresponds to the pure mode-I loading case, while the loading angle β = 27° 
corresponds to the pure mode-III loading case.
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Fig. 3.11 Schematic of the DENDC specimen and dimensionless fracture parameters

The forth test specimen, known as the TCSCB (tilt-cracked semi-circle bending) 
specimen, is a disk of diameter D and thickness B and contains a tilted edge crack 
of depth a and tilted angle α processed at the bottom of the TCSCB specimen, as 
illustrated in Fig. 3.12a. Using the straightforward three-point bend configuration, a 
limited number of mixed-mode I/III fracture can be accomplished depending on the 
angular position of the tilted edge crack. The mixed-mode I/III fracture parameters 
for the TCSCB specimen are determined from [52]: 
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The schematic of the TCSCB specimen is displayed in Fig. 3.12(a). Taking the 
DENDC specimen with radius of R = 75 mm, thickness of B = 32 mm, crack depth 
of ɑ = 20 mm, and support span of 2S = 120 mm as an example, the variations of FI 

and FIII versus the tilted angle α are outlined in Fig. 3.12b [52]. Particularly, the tilted 
angle β = 0° corresponds to the pure mode-I loading case, while the tilted angle 
β = 60° corresponds to the mixed-mode I/III loading case. Note that this TCSCB 
specimen fails to provide the pure mode-III and predominant mode-III loadings,
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Fig. 3.12 Schematic of the TCSCB specimen and dimensionless fracture parameters

indicating that this TCSCB specimen is suitable for assessment of mixed-mode I/III 
fracture resistance for the case of Me > 0.5.  

The fifth test specimen, known as the ATCSCB (antisymmetrical tilt-cracked 
semi-circle bending) specimen, is a disk of diameter D and thickness B and contains 
a inclined edge crack of depth a and tilted angle α processed at the bottom of the 
ATCSCB specimen, as illustrated in Fig. 3.13a. Using the antisymmetrical three-
point bend configuration, a limited number of mixed-mode I/III fractures can be 
accomplished by changing the angular position of the inclined edge crack. The mixed-
mode I/III fracture parameters for the ATCSCB specimen are determined from [53]: 
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The schematic of the ATCSCB specimen is displayed in Fig. 3.13a. Taking the 
ATCSCB specimen with diameter of R = 95 mm, thickness of B = 40 mm, crack 
depth of ɑ = 22 mm, and support span of 2S = 76 mm as an example, the variations 
of FI and FIII versus the inclined angle α are outlined in Fig. 3.13b [53]. Particularly, 
the tilted angle β = 90° corresponds to the pure mode-III loading state, the inclined 
angle β = 60° corresponds to the mixed-mode I/III loading state. Note that this 
TCSCB specimen fails to provide the pure mode-I loading.
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Fig. 3.13 Schematic of the ATCSCB specimen and dimensionless fracture parameters
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Chapter 4 
Mixed-Mode I/II Fracture 

As the inherent nature of rocks, natural cracks play a remarkable part in controlling 
the mechanics and permeability responses in rock masses. Due to the intense stress 
concentration at their neighborhoods, these cracks are extensively recognized as the 
initial locations for the initiation, extension, and convergence of cracking [1–10]. 
The fracture toughness (i.e., critical stress intensity factor) plays an important role 
in rock fracture mechanics, which weighs the stress and displacement fields near the 
notch tip, ultimately governing the stability of rock engineering and the exploitation 
of geoenergy [11–20]. In fact, the engineering rock masses generally subjected to 
complicated combined-mode I/II loadings, the resultant fracturing problems need to 
be investigated thoroughly [21–30]. 

A SCB (semi-circular bending) specimen under symmetrical three-point bending 
has been popularly deployed in brittle and quasi-brittle materials because of its capa-
bility to permit brittle fractures from pure tension (i.e., mode I) to pure shear (i.e., 
mode II) [31]. Using the SCB test method, Ayatollahi and Akbardoost [32] investi-
gated the specimen size effect on modes I and II fracture toughness of marble. The 
measured results showed that modes I and II fracture resistances increase with the 
increasing specimen sizes, and the variations in fracture toughness measurements 
can be theoretically explained using the modified MTS (maximum tangential stress) 
criterion [33]. Aliha et al. [12] adopted the CCBD and SCB test methods to evaluate 
and compare the combined-mode I/II fracture resistance of marble, the experimental 
results indicated that the upper boundary combined-mode I/II fracture resistance 
envelope can be obtained by the CCBD testing, the lower boundary combined-mode 
I/II fracture resistance envelope can be determined from the SCB testing. Based on the 
generalized MTS criterion, negative T-stresses in the CCBD specimen can increase 
the combined-mode I/II fracture toughness, and conversely positive T-stresses in the 
SCB specimen can decrease it. For the SCB marble specimens with different notch 
tip shapes, the interval and tip shape of the prefabricated notch should be processed 
as narrow and sharp to accomplish a more precise measurement of rock mode-I frac-
ture toughness [34]. The mode-II fracture resistance was estimated and compared by
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Bahrami et al. [35] and Pirmohammad et al. [36] using the SCB testing fixture with 
three distinct types of supports (i.e., roller, roller-in-groove, and fixed supports). Since 
there are negligible friction forces at the contact zones between the roller supports 
and the SCB specimen, the mode-II fracture toughness measurements obtained using 
the roller-type supports are relatively dependable. Compared with another SCB test 
specimen with a chevron-type notch, the SCB test specimen with a straight-through 
notch is an expedient measure for the evaluation of mode-I fracture toughness [37]. 
One plausible explanation is that (1) the abovementioned test methods can provide 
equivalent mode-I fracture resistance values and (2) the SCB test specimen with a 
straight-through notch can be readily machined from rock masses. 

4.1 Experiment Apparatuses and Specimen Preparation 

The combined-mode I/II fracturing experiments are conducted on the SCB speci-
mens by the DANA mechanical tester with a testing capacity of 100 kN, and the test 
procedure for the mixed-mode I/II fracture is displayed in Fig. 4.1. As previously 
documented, the lower loading rates had negligible influences on the fracture resis-
tance measurements. To properly eliminate the loading rate effect on the fracture 
resistance measurements, a lower loading rate should be employed. Particularly, a 
relatively constant fracture resistance is expected to be determined since it is recog-
nized as an independently inherent material property [38, 39]. In the current study, 
the SCB specimens of sandstone are loaded monotonously at a lower testing rate of 
0.1 mm/min. 

Fig. 4.1 Test procedure for 
the mixed-mode I/II fracture
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Table 4.1 Variations of nondimensional mixed-mode I/II fracture indicators (i.e., FI , FII , and  T*) 
versus the loading angle for ɑ/R = 0.4 and S/R = 0.4 
Loading mode Loading angle β (°) T* Mode-I geometry 

factor FI 

Mode-II geometry 
factor FII 

Pure mode I 0 −1.26 2.17 0 

Mixed-mode I/II 15 −0.40 1.56 0.78 

Mixed-mode I/II 25 0.53 0.89 1.05 

Pure mode II 35 1.62 0 1.15 

These sandstone blocks are first machined as the semi-disk specimens without 
preset notches, their dimensions are designed as 2R = D = 75 mm in diameter and 
B = 25 mm in thickness based on the investigation of Ren et al. [40]. Then the 
straight-through notch with the length of ɑ = 15 mm and the interval of 0.5 mm 
is prefabricated in the semi-disk specimen bottom along the diametrical orientation. 
The combined-mode I/II fracturing tests are implemented by using the representative 
specimens with specific notch inclination angles between the notch plane and the 
vertical direction (i.e., loading direction), and the loading angles are selected as 
0° (i.e., pure mode-I loading), 15° (i.e., mixed-mode I/II loading), 25° (i.e., mixed-
mode I/II loading), and 35° (i.e., pure mode-II loading). According to the investigated 
results of Ren and co-workers [], the variations of nondimensional mixed-mode I/II 
fracture indicators (i.e., FI , FIII , and T*) versus the loading angle (i.e., α) for  ɑ/R = 
0.4 and S/R = 0.4 is described in Table. 4.1 [40]. 

4.2 Experimental Results and Analyses 

4.2.1 Evaluation of Fracture Load and Fracture Toughness 

Figure 4.2 shows the developmental curves of diametrical compression load versus 
loading-point deflection for SCB specimens of sandstone under different combined-
mode I/II loadings. Obviously, the curve shapes for each tested SCB specimen are 
characterized by three deformation stages: (1) initial nonlinearity, (2) linear elasticity 
with the elevated force, and (3) ultimate brittleness. One can conclude from Fig. 4.3 
that the magnitude of the fracture load Pmax (i.e., peak load) for the SCB sandstone 
specimens is improved by transitioning from pure mode-I loading to pure mode-
II loading. When the mode mixity index Me = 1, 0.71, 0.45, and 0, the average 
Pmax values are respectively 2336, 2553, 3097, and 3697 N. The critical SIFs can be 
computed by introducing the values of Pmax, FI , and FII into Eq. (3.2), as plotted in 
Fig. 4.4. When the mode mixity index Me = 1, 0.71, 0.45, and 0, the average Ke values 
are respectively 0.59, 0.51, 0.49, and 0.49 MPa·m1/2. Consequently, the tested ratio 
KIIc/KIc = 0.84. It can be observed from Fig. 4.4 that the magnitude of the effective 
fracture toughness Ke depends on the mode mixity indicator Me and is decreased
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Fig. 4.2 Typical load–displacement curves for SCB sandstone specimens

by transitioning from pure mode-I loading to pure mode-II loading. However, this 
opposite phenomenon is observed in the CCBD testing [41]. This indicates that the 
combined-mode I/II fracture resistance is dependent on the geometry and loading 
configurations of test specimens. 

4.2.2 Determination of Fracture Progress Zone Radius 
and Fracture Initiation Angle 

As documented previously, the size for the damage zone (i.e., fracture progress zone) 
is recognized as a constant material parameter for combined-mode fracture problems. 
According to the suggestion of Aliha and co-workers [38, 39], the magnitude for this 
zone can be assessed as 

rc = 
1 

2π 
( 
KIc 

σt 
)2 (4.1) 

where σ t represents the tension strength. Using the Brazilian disc testing method, 
the mean σ t value is determined as 3.50 MPa. 

The fracture initiation angle θ c is defined as the angle between the preset notch 
plane and the initial fracturing direction, as provided in Fig. 4.5 [42]. According to the 
abovementioned approach to judging this angle, the angles for the fractured sandstone
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θc 

Fig. 4.5 Testing method of the fracture initiation angle θ c 

(1) α = 0° (pure mode I)  (2) α = 15° (3) α = 25°  (4)  α = 35° (pure mode II) 

Fig. 4.6 Fractured SCB sandstone specimens

specimens (see Fig. 4.6) are manually measured. By transitioning from pure mode-
I loading to pure mode-II loading, the macroscopic fracture trajectories vary from 
self-planar extension patterns to curvilinear-type ones. According to the conclusion 
of Zheng and co-workers [43], the negative T-stresses can stabilize the fracture path 
in a self-planar propagation manner due to their passive contribution to the tangential 
stress, resulting in the reduced fracture kinking angle. It can be observed from Fig. 4.7 
that the prediction accuracy of the GMTS (generalized maximum tangential stress) 
fracture criterion is dependent on the fracture progress zone size rc. Note that rc 
is calculated as 4.53 mm from Eq. (4.1), and rc is assumed as 0.01 mm in this 
work. Hence, the rc value should be properly selected when the GMTS criterion is 
employed to evaluate and predict the fracture initiation angle θ c. 

4.2.3 Application of Fracture Criteria 

Figure 4.8 illustrates the comparisons of combined-mode I/II fracture toughness 
ratio between the experimental results and the theoretical predictions. When the 
fracture progress zone size rc is assumed as 0.01 mm, the combined-mode I/II fracture 
toughness envelope predicted by the GMTS criterion is similar to that obtained by 
the MTS criterion. When the fracture progress zone size rc is taken as 4.53 mm, 
the GMTS criterion fails to provide accurate predictions for the combined-mode 
I/II fracture resistance of tested SCB sandstone specimens. Hence, the reasonable 
selection of the fracture progress zone size rc plays an important role in improving 
the prediction accuracy of the GMTS fracture model. Aliha et al. [12] suggested
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Fig. 4.7 Comparisons in fracture initiation angle between the measured and theoretical results

that the combined-mode I/II fracture resistance envelope determined from the SCB 
testing method could be recognized as the benchmark of the lower boundary for 
engineering applications.

4.3 Verification of a Modified Average Distortional Strain 
Energy Density Criterion 

Considering the singular terms of Williams’ series expansion [44], the plane stress 
field near the notch tip in a Cartesian coordinate system can be described as 
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(4.2) 

According to Eq. (4.2), the two-dimensional distortional strain energy density Wd 

can be defined as follows [45]:
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Fig. 4.8 Comparison in combined-mode I/II fracture resistance between the experimental and 
theoretical results
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(4.3) 

Using the integral method, the distortional strain energy in the circular plastic 
zone with a critical radius rc from the notch tip can be expressed as 

Ed (rc) =
∫ rc 

0

∫ π 

−π 
Wd rdrdθ (4.4) 

Thus, the average distortional strain energy density Ed (rc) in the circular plastic 
zone can be written as 

Ed (rc) = 
Ed (rc) 
πr2 c 

= 
7 − 16ν ' + 16ν '2 

48πGrc 
K2 
I + 

19 − 16ν ' + 16ν '2 

48πGrc 
K2 
II (4.5) 

Under the pure mode-I fracture，there are rc = rIc，KI = KIc, and KII = 0，then 
the Eq. (4.5) can be simplified as 

Edc(rc) = 
7 − 16ν ' + 16ν '2 

48πGrIc 
K2 
Ic (4.6)
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Under the pure mode-II fracture，there are rc = rIIc，KI = 0, and KII = KIIc, 
substituting Eq. (4.6) into Eq. (4.5) yields 

KIIc 

KIc 
= 

/
7 − 16ν' +  16ν'2 
19 − 16ν' +  16ν'2 

rIIc 
rIc 

(4.7) 

Under the general combined-mode I/II fracture, we consider the effective critical 
plastic zone radius rec instead of the conventional invariable radius rIc to improve the 
traditional average distortional strain energy density criterion. Substituting Eq. (4.6) 
into Eq. (4.5) yields 

7 − 16ν' +  16ν'2 
rIc 

K2 
Ic = 

7 − 16ν' +  16ν'2 
rec 

K2 
I + 

19 − 16ν' +  16ν'2 
rec 

K2 
II (4.8) 

In the current study, the classical linear interpolation method is adopted to 
determine the effective critical plastic zone radius rec: 

re = 
M e − 0 
1 − 0 

rIc − 
M e − 1 
1 − 0 

rIIc = M e rIc − (M e − 1)rIIc (4.9) 

Substituting Eq. (4.9) into Eq. (4.8) yields 
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When both sides of Eq. (4.10) are divided by K2 
I , K

2 
II , , respectively, the normalized 

fracture toughness (i.e., KI = KIc and KII = KIc) can be extracted to evaluate and 
predict the onset of combined-mode I/II fracture as follows: 
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(4.11) 

where Me indicates the mode mixity index. For the plane stress case，v' = 0; for  
the plane strain case, v' = v. 

According to the 2D-MSED, 2D-MTS and 2D-MERR fracture models [46], the 
theoretical fracture toughness ratio KIIc/KIc can be obtained under the given Poisson 
coefficient v, as shown in Fig. 4.9a. Obviously, the fracture toughness ratios KIIc/KIc 

predicted by the 2D-MTS and 2D-MERR fracture models are 0.87 and 0.63, respec-
tively, indicating that the variation of the Poisson coefficient v is ineffective. The frac-
ture toughness ratio KIIc/KIc predicted by the 2D-MSED fracture model decreases
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with the increasing v values. It is generally acknowledged that shear strength (i.e., 
mode II or mode III fracture) is significantly greater than tension strength (i.e., mode 
I fracture). However, the maximum fracture toughness ratio KIIc/KIc predicted by 
these three established fracture models is only 1.2. A reasonable explanation for the 
disparity of KIIc/KIc is that the aforementioned fracture models are derived and estab-
lished based on the tensile mathematical frameworks. In other words, pure mode-I 
fracture toughness KIc plays an important role in these established fracture models. 
Consequently, the predicted mode-II fracture toughness depends on the inherent 
material index (i.e., pure mode-I fracture toughness KIc). In addition, these fracture 
models mainly rely on the Poisson coefficient v to predict the fracture toughness 
ratio KIIc/KIc. Such calculations fail to fully characterize and reflect the true fracture 
mechanisms of tested materials. Taking the plane stress case as an example, Fig. 4.9b 
shows the theoretical fracture toughness ratio KIIc/KIc predicted by the 2D-MADSED 
(modified two-dimensional distortional strain energy density) criterion. It can be seen 
from Fig. 4.9b that the fracture toughness ratio KIIc/KIc predicted by the current frac-
ture criterion shows an increasing tendency with the increasing critical parameter η 
= rIIc/rIc. With the decrease of the critical parameter η, the fracture mechanism 
gradually changes from shear-dominated failure to tension-dominated failure. This 
phenomenon implies that the 2D-MADSED criterion can not only provide accurate 
evaluation for mode-II loading conditions (i.e., tension-dominated fracture), but also 
provide successful prediction for mode-II fracture conditions (i.e., shear-dominated 
fracture). 

Taking the plane stress case as an example, Fig. 4.10 shows the influence of the 
critical parameter η (i.e., rIIc/rIc) on the combined-mode I/II fracture toughness. 
Obviously, the predicted combined-mode I/II fracture toughness gradually increases 
with the increasing critical parameter η. This shows that the critical elastic–plastic 
zone radius can significantly affect the combined-mode I/II fracture resistance of 
materials, namely the larger the critical elastic–plastic zone radius, the greater the 
fracture resistance. In addition, the macroscopic fracture begins to appear at the
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Fig. 4.10 Effect of the critical parameter η on mixed-mode I/II fracture toughness 

distance from the crack tip to the critical elastic–plastic boundary. Actually, the 
critical elastic–plastic zone radius increases, requiring more energy dissipated to 
create the elastic–plastic zone, which leads to greater resistance to cracking propa-
gation. Therefore, the fracture resistance can be improved by the increasing critical 
elastic–plastic zone radius. Consequently, the modified fracture criterion can theo-
retically analyze the fracture mechanisms of materials under different mixed-mode 
I/II loadings, which further proves the rationality and applicability of the current 
fracture criterion. The modified average distortional strain energy density criterion 
can provide a certain theoretical guidance for the analyses of crack propagation and 
elastic–plastic behaviors. 

Different combined-mode I/II fracture test methods are used to further validate the 
modified average distortional strain energy density criterion, as shown in Fig. 4.11, 
the tested data in Fig. 4.11a is obtained by the CCBD (centrally cracked Brazilian 
disk) test method [47], the tested data in Fig. 4.11b is acquired from the SBB (short 
beam bending) test method [48], the tested data in Fig. 4.11c is determined from the 
SCB test method [49], and the tested data in Fig. 4.11d is obtained by the ECTB 
test method [50]. It can be observed from Fig. 4.11 that the combined-mode I/II 
fracture resistance of materials significantly depends on the loading and geometry 
configurations of test specimens. Compared with the traditional and common 2D-
MTS fracture criterion, the modified average distortional strain energy density crite-
rion can provide accurate evaluation and prediction for combined-mode I/II fracture 
toughness under different fracture testing methods. Figure 4.12 shows the contrast
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(a) CCBD diorite specimen [47] (b) SBB sandstone specimen [48] 
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(c) SCB granite specimen [49] (d) ECTB marble specimen [50] 

Fig. 4.11 Verification of the improved criterion using different mixed-mode I/II testing methods

between the normalized effective plastic zone radius and the normalized traditional 
plastic zone radius. Transitioning from pure mode-I loading to pure mode-II loading, 
the traditional plastic zone radiuses are constant. However, the effective plastic zone 
radiuses are variable and depend on the specimen geometry and loading form of 
materials, which is more consistent with the microscopic deformation mechanisms 
of materials under different stress conditions. 

4.4 A Novel Improved Semi-Circular Bend Specimen 

Concrete [51], rocks [52, 53], gypsum, asphalt [54], and other materials exhibit brittle 
behavior with brittle fracture being the main failure mode for such materials [55]. 
In this case, Linear Elastic Fracture Mechanics (LEFM) provides a good framework
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Fig. 4.12 Comparison between the improved plastic zone radius and the traditional plastic zone 
radius

for evaluating fracture parameters where fracture toughness is the primary parameter 
describing resistance to crack propagation. 

The study of fracture toughness necessitates experimental research using appro-
priate laboratory-scale specimens. In this regard, numerous testing devices have 
been proposed by previous researchers over the past few decades. Table 4.2 presents 
several commonly used experimental methods for simulating fracture toughness of 
brittle materials.

However, in practical engineering, special structures are often encountered. In 
order to study the fracture toughness of complex structures, many researchers have 
proposed new testing devices. Wu [82] proposed a novel test device for investigating 
the fracture toughness of structures during tunnel excavation. Karimi [93] introduced 
an improved ring specimen to expand its applicability range. Gope [94] developed 
an enhanced semi-circular bending experimental method to investigate the fracture 
toughness of epoxy-based bio-composite materials. Trajkovi [95] presented a innova-
tive experimental apparatus for studying the fracture toughness of pipeline materials 
under tensile loading.
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Table 4.2 Common testing methods 

Specimen Name Shape Reference 

Brazilian disc (BD) Disc Aliha [56], Akbardoost [57], and He [58] 

Asymmetrical 
edge-notched disc bend 
(A-ENDB) specimen 

Disc Mousavi [59] and Bahmani [60] 

Single edge notched bend 
(SENB) specimen 

Beam Marsavina [61], Luo [62], and Linul [63] 

Asymmetric four-point 
bending (AFPB) 
specimen 

Beam Apostol [64], Linul [65], and Yoshihara [66] 

Short bend beam (SBB) 
specimen 

Beam Aliha [67, 68], Mousavi [69], and Saed [70] 

Notched semi-circular 
specimen in bending 
(SCB) 

Semi-circular Ayatollahi [71], Kuruppu [72], Bahrami [73], 
Mirsayar [74], Hou [75], Pirmohammad [76], 
Bahrami [77], and Karamzadeh [78] 

Semi-circular bend (SCB) 
specimen with 
asymmetrical supports 

Semi-circular Ayatollahi [79], Nejati [80], and Torabi [81] 

Single edge crack (SEC) 
specimen 

Rectangular 
plate 

Marsavina [82], and Hammond [83], and Saxena 
[84] 

Center cracked ring-shape 
specimen 

Ring Zhou [85], Chen [86], Eftekhari [87], Amrollahi 
[88], Akbardoost [89], Aliha [90], and Zhou [91]

The above devices did not take into account how excavation affects the fracture 
toughness of structures. To examine how excavated holes affect structural fracture 
toughness, this paper introduces a novel non-matching semi-circular bending experi-
mental device that builds upon the classical SCB test. This modified device includes a 
semi-circular hole and applies asymmetric structural constraints to accurately assess 
its impact. Further details regarding this analysis will be provided in the following 
section. 

4.4.1 Improved SCB Device 

The improved SCB specimen is depicted in Fig. 4.13, illustrating its geometric shape 
and loading conditions. The specimen consists of a semicircular ring with an outer 
radius R, inner radius Ri, and thickness t. a represents the distance from the center 
to the crack tip, while S1 and S2 denote the left and right loading points respectively, 
with loading direction parallel to the crack direction. By adjusting the positions of 
two bottom supports (S1 and S2) during experimentation, it becomes easy to alter 
the mode mixity in ISCB specimens. When bottom loads are applied directly on the 
crack line (i.e., when S1 = S2), pure mode I influence is observed in the specimen.
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Fig. 4.13 Diagram of the 
ISCB device 

However, for asymmetric loading (i.e., when S1 /= S2), control over contributions 
from both mode I and mode II can be achieved by selecting appropriate values for 
both S1 and S2. Therefore, different mode mixities can be obtained in this proposed 
specimen design. This simple structure allows for analyzing how voids in materials 
such as rocks, concrete, asphalt, polymers impact structural fracture toughness. 

Compared to the SCB specimen, the ISCB specimen has several advantages. It 
is easier to create a longer fracture path and increase stress concentration at the 
crack tip in the rock core sample. The semi-circular hole also enhances beneficial 
stress concentration at the crack tip and offers significant advantages in observing 
mode-I dynamic fracture processes. Additionally, pre-cracking is convenient without 
requiring loading fixtures. The proposed specimen type allows for an extended frac-
ture zone to fully capture the entire fracture process, and the stress pattern of the 
specimen transitions from compression to bending. 

To investigate the mixed-mode fracture of brittle materials using this configura-
tion, it is necessary to calculate the stress intensity factors for mode I and mode II (K I 

and K II) at different loading positions and crack lengths. This study utilizes the finite 
element method to determine K I and K II in ISCB specimens. More details regarding 
these calculations will be provided in the next section. 

4.4.2 Finite Element Analysis 

The stress intensity factors K I and K II for improving the ASCB specimen are defined 
as functions of crack length (a) and load support positions, denoted by S1 and S2. 
Referring to the calculation formula of SCB, the stress intensity factor for ISCB can 
be expressed as follows.
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YI = 
KI 2(R − Ri)t 

P 
√

π(a − Ri) 
(4.12) 

YII = 
KII 2(R − Ri)t 

P
√

π(a − Ri) 
(4.13) 

where t is the thickness of the specimen and K is the stress intensity factor. 
The ISCB specimen was analyzed using different finite element models with 

the ABAQUS code. Figure 4.14 displays the typical mesh pattern generated for 
simulating the specimen, which considered geometric shapes and loading conditions 
of R = 60 mm, t = 6 mm, P = 1000 N, and varying crack length values. S1 was fixed 
at a value of 40 mm while S2 varied from zero to 40 mm to alter the mode mixity state. 
The elastic material properties were taken into account in the finite element model 
with E = 2970 MPa and ν = 0.35. Each model utilized a total of 1042 eight-node 
plane stress elements, including singular elements in the first ring around the crack 
tip to generate square root singularity in stress/strain fields. The software directly 
obtained stress intensity factors using ABAQUS’s built-in J-integral based method. 

Figures 4.15 and 4.16 illustrate the values of Y 1 and Y 2 for different crack lengths 
a and Ri under S = 40 mm. Figures 4.17 and 4.18 illustrate the values of Y 1 and Y 2 

for different crack lengths a and Ri under S = 48 mm.
From these graphs, it can be observed that under symmetric loading conditions 

(i.e., S1 = S2), YII equals zero, indicating that the specimen is subjected to pure Mode 
I loading. By changing the position of S2, a Mode II component also appears in the 
ISCB specimen. As shown in Figs. 4.15 and 4.16, by moving S2 along the crack 
plane, the geometric factor YI for mode I decreases while the geometric factor YII 

for Mode II increases. With an increase in Ri, both YI and YII decrease; however, the 
decrease in YII is significantly greater than that of YI, suggesting a larger influence 
of inner radius Ri on YII.

Fig. 4.14 Finite element model of the ISCB device 
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4.5 Conclusion 

The SCB test method is applied to investigate the pure mode-I, combined-mode I 
+ II, and pure mode-II fracture toughness. We consider the effective critical plastic 
zone radius rec instead of the conventional invariable radius rIc to improve the tradi-
tional average distortional strain energy density criterion. The leading conclusions 
are outlined as below: 

(1) For the tested SCB sandstone, the fracture load (i.e., peak load) tends to increase 
when transforming from pure mode-I loading to pure mode-II loading, whereas 
the fracture toughness tends to decrease. 

(2) The reasonable selection of the fracture progress zone size rc plays an impor-
tant role in improving the prediction accuracy of the GMTS fracture model. 
The modified average distortional strain energy density criterion can provide 
accurate evaluation and prediction for combined-mode I/II fracture toughness 
under different fracture testing methods. 

(3) For mixed mode I/II fracture, a new experimental configuration called the 
improved semi-circular bend (ISCB) specimen is proposed to test the fracture 
behaviors of brittle materials. The main advantage of ISCB specimens lies in 
their simple geometric shape and loading setup, which facilitate crack initia-
tion within the specimen and allow for a combination of complete mode I and 
mode II conditions. The excavation of holes significantly affects the structural 
response, as increasing inner diameters leads to reduced fracture toughness of 
cracks and has a noticeable influence on K II. 
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Chapter 5 
Ture Mode-II Fracture 

The HF (hydraulic fracturing) technique has received widespread recognition and 
applications in the extraction of shale oil/gas, coalbed methane, and geothermal 
system [1–3]. The primary objective of HF is to optimize the fracture networks within 
rock reservoirs, thereby enhancing productivity and recovery [4–6]. As a significant 
mechanical indicator, the SIF (stress intensity factor) can weigh the stress and defor-
mation fields at the crack tip adjacency, and the onset of fracturing is imminent when 
the SIF approaches its critical level (i.e., fracture toughness Kc) [7–17]. According to 
classical definitions of fracture modes, the mode-I (tension mode) fracturing involves 
the symmetrical opening of cracking sides, while the mode-II (shear mode) fracturing 
involves the self-similar sliding of cracking sides [18–21]. At present, numerous test 
techniques and corresponding specimen configurations have been established and 
modified for determining the fracture toughness of engineering materials [22–28]. 
The combined mode I + II fracturing resistance has been emphasized using the 
popular experiment fixtures, including the CCBD (centrally cracked Brazilian disk), 
SCB (semicircular bending), ECTB (edge-cracked triangle bending), ENRBB (edge-
notched rectangular beam bending), and CCRD-DC (centrally cracked ring disk in 
diametral compression) specimens [29–39]. Under specific geometry and loading 
states, the aforementioned test specimens are capable of measuring the pure mode-II 
fracturing toughness KIIc. However, the mode-II cracking under pure mode-II loading 
deviates at an angle about 70° relative to original crack front and does not develop in 
a self-planar and shear-driven manner, resulting in measured uncertainty regarding 
the true mode-II fracturing. Moreover, the formation of the kinked fracture trajectory 
is driven by the tension stress. This implies that the mode-II testing results of these 
suggested specimens are based on the mode-II loading rather than the true mode-II 
fracturing [40–44], as displayed in Fig. 5.1. Hence, the mode-II fracturing tough-
ness associated with these tension-based tests should be recognized as apparent KIIC 

rather than true KIIC , is not considered an independently inherent material property, 
and depends on the mode-I fracturing toughness KIc [40].
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Fig. 5.1 Comparison 
between apparent mode II 
fracture and true mode II 
fracture 

Since deep shale gas reservoirs with natural cracks are mostly subjected to 
compressive stresses produced by tectonic stress and rock weight, the rupture of 
rock bridges between two adjoining discontinuities within rocks easily develops 
along the maximum shearing stress orientation in a sliding manner (true mode II) 
[45–54]. To prevent the occurrence of curvilinear cracking trajectory, the qualified 
mechanical system should be required for the evaluation of true KIIc. Only three 
test specimens of true KIIc, unlike the measurement of KIc, are applied because of 
their capability to accomplish both the mode-II loading and shear-induced mode-II 
fracturing. Available test specimens include (1) the PTS-CP (punch-through shearing 
with confined pressure) specimen proposed by [55], (2) the DEND-DC (double-edge 
notched disk in diametral compression) specimen developed by [42], and (3) the 
SB-SENC or SB-DENC (shear-box with single-edge or double-edge notched cube) 
specimen established by [56]. The DEND-DC test specimen is a successful method 
for determining true KIIc, however, it needs to be further explored on the influences of 
the size and stiffness of flexible jaw. While the SB-SENC or SB-DENC test specimen 
requires complicated experiment techniques (e.g., cubic sample processing, fixture 
alignment precision, and uncommon loading equipment). In addition, the compres-
sive and shearing stresses in DEND-DC and SB-SENC or SB-DENC tests cannot be 
applied independently. Due to the limitations of DEND-DC and SB specimens, the 
straightforward PTS-CP test specimen suggested by ISRM is relatively adapted for 
the assessment of true KIIc [57].
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5.1 Processing Methods of AE (Acoustic Emission) Signals 

5.1.1 AE Parameter Analysis 

The microcrack in solids or structures can develop during the loading processes, 
causing the accumulated elastic energy to be released quickly, thereby resulting 
in the AEs (acoustic emissions). This indicates that the AE signal signatures are 
considerably correlated with the initiation, growth, and intersection of cracking as 
well as the type and magnitude of microcracks. Generally, the tension crack occurs 
in a longitudinal wave manner, and the shearing crack happens in a shear wave 
manner. Further, the longitudinal wave propagation precedes that of shear wave. 
Hence, the mode-I (tension) crack will generate the AE waveform with shorter rise 
time and higher frequency, whereas the mode-II (shearing) crack will produce the AE 
waveform with longer rise time and lower frequency. Clearly, the above-mentioned 
failure mechanisms can be synthesized by the RA–AF distribution, as displayed in 
Fig. 5.2. The two significant AE indices (RA and AF) can be estimated via Eqs. (5.1) 
and (5.2) [21, 58]: 

RA = RT /A (5.1) 

AF = AC/D (5.2) 

where RA denotes the rising angle (ms/v), RT stands for the rising time (µs), AF 
symbolizes the average frequency (kHz), AC marks the AE counts, D indicates the 
durative time (µs), and A means the maximum amplitude (dB). To standardize their 
units, Eq. (5.1) should be rewritten as follows [21]: 

RA = RT /10A/20−1 (5.3)

Fig. 5.2 Conventional crack 
identification method based 
on the RA and AF values 
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5.1.2 KDE (Kernel Density Estimation) Method 

The KDE (Kernel density estimation) method provides a systematically statistical 
procedure for evaluating the damage and failure degree in structure and machine. 
Note that this methodology has been gradually emphasized in civil engineering to 
characterize the density distribution of AE signals. The essential principle of this 
KDE algorithm is that each AE data contributes a probability density “atom” to the 
estimation [59], and other introductions are omitted for the sake of brevity. 

5.1.3 AE Spectrum Analysis 

The AE spectrum analysis can effectively reveal the mechanical mechanisms based 
on the collected AE signals of deformation processes. Since the FFT (fast Fourier 
transformation) method is superior in analyzing nonstationary AE signals, each two-
dimensional AE spectrum can be extracted from the corresponding time domain 
waveform of AE signals in conjunction with the MATLAB programming, and the 
AE dominant frequency is interpreted as the frequency pertaining to the highest 
amplitude of extracted AE spectrums (see Fig. 5.3). The computed principles of FFT 
are briefly introduced as below [60]: 

X (k) = 
N −1∑

n=0 

x(n)W nk N (5.4) 

WN = e−2π j/N (5.5) 

W k+N /2 
N = −W k N (5.6) 

W n(N −k) 
N = W k(N−n) 

N = W −nk 
N (5.7)

where X(k) is the input signal sequence in the frequency domain and is composed of N 
AE data points, k is taken as 0, 1, …, N − 1, x(n) is the original signal sequence in the 
time domain, n is the number of signal sequence, and WN is the twiddle coefficient. 

5.1.4 Hierarchical Clustering Algorithm 

The HC (Hierarchical Clustering) algorithm is an unsupervised approach to machine 
learning. The fundamental principle of HC is to evaluate the similarity among tested 
data points by computing their pairwise distances, followed by constructing a nested
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Fig. 5.3 Extraction of AE spectrum using the FFT (fast Fourier transformation) method

clustering tree with hierarchy according to the degree of similarity. The procedures 
of HC are generalized as follows [61]: 

(1) Each tested data point is taken as a cluster, then the ED (Euclidean distance) 
between pairwise clusters is determined from the following expression: 

ED =
/

(xi − xj)2 + (yi − yj)2 (5.8) 

(2) The two nearest clusters are then merged to create a new cluster. 
(3) Continue to perform step (2) iteratively until a solitary cluster encompassing all 

data points is achieved. 

5.2 Experiment Apparatus and Specimen Preparation 

The true mode-II fracture experiments are performed on the investigated sandstone 
specimens via the mechanical testing machine with a compressive capacity of 100 
kN, and true mode-II fracture testing procedures are displayed in Fig. 5.4. Meanwhile, 
the fracture history is captured by the technologically advanced PCI-II AE detector 
of the Physical Acoustics Corporation, and the monitoring values for AE threshold 
and preamplifier are respectively adjusted as 30 dB and 40 dB [18], as portrayed in 
Fig. 5.5. According to the conclusion of Khan and Al-Shayea [62], the variations of 
fracture resistance were negligible at lower loading rates. Further, the rates of 0.05 ~ 
5 mm/min are commonly employed by scientists and investigators for the quasi-static 
evaluation of fracturing resistance [29]. Hence, this research adopts the invariable rate 
of 0.3 mm/min to accomplish the true mode-II fracture tests of sandstone specimens. 
According to the descriptions of previous literature on the geometry and dimension 
of true mode-II test specimens, the prepared sandstone blocks are processed into 
specific specimens, as displayed in Table 5.1.
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Fig. 5.4 True mode-II fracture testing procedures 

Fig. 5.5 PCI-II acoustic 
emission detector 

Table 5.1 Geometry and dimension of true mode-II test specimens 

Specimen 
type 

Diameter 
(mm) 

Height 
(mm) 

Length 
(mm) 

Width 
(mm) 

Thickness 
(mm) 

Notch 
length 
(mm) 

Ligament 
length 
(mm) 

Notch 
direction 

SCC 40 80 – – – R = ɑ 
= 20 

C = 16 Horizontal 

SB – – 70 70 70 ɑ = 21 28 70° 

PTS 50 30 – – – d = 10 IP = 10 Vertical 

ZCCDS 50 50 – – – ɑ = 
7.5 

l2 = 5 Vertical 

5.3 Experimental Results and Analyses 

Figure 5.6 presents the curves of load-deformation for distinct sandstone specimens 
under pure mode-II loading. The measured curves demonstrate that the rupture of 
these tested sandstone specimens happens in a brittle manner. Taking the SCC and 
SB testing methods as examples, the fractured sandstone specimens are displayed in 
Fig. 5.7. It can be observed from Fig. 5.7 that the investigated sandstone specimens 
are broken into two identical fragments and the macroscopic rupture surfaces are rela-
tively straight and smooth, indicating that a self-planar cracking propagation pattern 
appears in each mode-II test specimen. However, the PTS sandstone specimen is 
broken into two principal parts (internal solid cylinder and hollow centre cylinder). 
The failure surface on internal solid cylinder between the upper and lower notch
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Fig. 5.6 Curves of load-deformation for distinct mode-II test specimens

fronts is comparatively smooth along the vertical direction, implying a self-planar 
cracking growth by shearing stress takes place in tested PTS bedded shale. While 
the hollow centre cylinder is composed of fragments, which are separated by almost 
vertical through-wall fissures (could be formed by the tensile stress). These obser-
vations are also reflected in PTS granite specimens tested by Yin et al. [57]. Note 
that the regression lines presented in Fig. 5.7 are acquired from the box-counting 
method using the 3D laser scanning technique [], and the slope of the regression 
lines represents the fractal dimension of macroscopic rupture surfaces. The greater 
the fractal dimension, the rougher the fracturing surface. Compared with the smallest 
fractal dimension Df = 2 [63], the Df values for distinct mode-II test specimens are 
fairly small, indicating that the rupture of these mode-II test specimens occurs in a 
self-similar manner. 
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Fig. 5.7 Fractured sandstone specimens under distinct mode-II loadings 

5.3.1 Evaluation of Fracture Resistance 

To evaluate the fracture resistance of the investigated sandstone under distinct mode-
II loadings, this work adopts the two important fracture parameters, namely shear 
strength and fracture toughness. The true mode-II fracture toughness KIIc can be 
evaluated by Eqs. (3.5)–(3.9), and the shear strength can be estimated by the following 
formulas: 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

τ = Pmax 

C × D 
τ = P(sin α − tan ψ cos α) 

BW 

τ = Pmax 

2π × ID × IP 
τ = Pmax 

2l2 × D 

(5.9) 

According to Eqs. (3.5)–(3.9) and (5.9), the values of shear strength and true 
mode-II fracture toughness for the investigated sandstone are presented in Fig. 5.8. 
One can be concluded from this figure that the average values for τ are 4.11 MPa, 
2.21 MPa, 10.31 MPa, and 5.36 MPa relative to the SCC, SB, PTS, and ZCCDS sand-
stone specimens, respectively, and those for KIIc are 0.51 MPa·m1/2, 0.91 MPa·m1/2, 
1.30 MPa·m1/2, and 2.44 MPa·m1/2. The true mode-II testing results show that the 
fracture resistance is dependent on the loading and geometry configurations of test 
specimens.

10.1007/978-981-97-5822-7_3
10.1007/978-981-97-5822-7_3
10.1007/978-981-97-5822-7_3
10.1007/978-981-97-5822-7_3
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Fig. 5.8 Values of shear strength and true mode-II fracture toughness for the investigated sandstone 

5.3.2 Distribution of AE Amplitudes 

The AE amplitude can be employed to evaluate the level of energy release in the 
fracturing processes using a statistical method. The AE amplitudes in the SCC testing 
are categorized as nine groups: 30–39, 40–44, 45–49, 50–54, 55–59, and 60–99 dB. 
Then this research adopts the frequency to weight each AE amplitude group, and the 
distribution of AE amplitudes is formulated by the typical and common Gaussian 
function in statistics as below [18]: 

G
(
dB

)
= G0 + A exp

[
−

(
dB − B

)2 
/2C2

]
(5.10) 

Where G
(
dB

)
denotes the frequency of the corresponding AE amplitude group, 

dB represents the arithmetic mean for each AE amplitude group, and the matching 
coefficients (A, B, and C) can be acquired from the regression analysis. 

Taking the SCC testing method as an example, Fig. 5.9 shows that the Gaussian 
function can adequately reveal the distribution laws of AE amplitudes for the SCC 
sandstone. The maximum frequencies appear in 40–49 dB groups for the SCC sand-
stone. This indicates that these AE signals with aforementioned AE amplitudes are 
generated by the predominant microcracks within the SCC sandstone and can be 
interpreted as the characteristic signals of fracturing and damage.

5.3.3 Evolutions of RA and AF Values 

Taking the SCC testing method as an example, Fig. 5.10 shows the temporal evolu-
tions of RA and AF values for the SCC sandstone. Herein, the RA and AF values are 
obtained using the moving average of 10 AE events to properly reduce the scatter
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Fig. 5.9 Distributions of AE 
amplitudes for the SCC 
sandstone

30 40 50 60 70 80 
0 

9 

18 

27 

36 

45 

Fr
eq

ue
nc

y 
(%

) 

Amplitude (dB)

 Frequency
 Gaussian distribution function 

G0  3.53 
A  32.35 
B  45.24 
C  4.64 
R2  0.97 

of AE signal data. It is observed from this figure that there is an opposite devel-
opment tendency in RA and AF values, and the phenomenon is consistent with 
previous research [64]. When relatively higher RA values are monitored, indicating 
that the partial stress drop and large-scale or more intense cracks take place in the 
tested specimens, which can furnish certain precursory information for engineering 
failure diagnosis [65]. According to the conventional crack classification criterion 
(see Fig. 5.1), the tensile and shear/mixed-mode cracks can be recognized using the 
correlation between RA and AF (i.e., manually straight line of 45°), as depicted in 
Fig. 5.11. On can conclude from this figure that the number of tensile cracking is 
significantly greater than that of shear/mixed-mode cracking. These phenomena also 
implies that the conventional crack classification criterion can be interpreted as a 
qualitative analysis rather than a quantitative analysis. One reasonable explanation 
is that this traditional criterion has not been justified in rocks because it is initially 
deduced from the exploration of concrete, which is suggested as an approximate and 
empirical methodology [67–69].

5.4 Discussion 

As investigated earlier, the spectrum analysis of AE waveform signals possessed 
great potential in cracking pattern identification and damage mechanism judgement 
because the AE waveform can comprehensively reflect the cracking behaviors and 
energy-releasing level. For various types of rocks (marble, granite, and diorite) under 
the uniaxial compression, the double characteristic bands of AE dominant frequen-
cies were detected by Zhang et al. [69, 70] as originators who established a quan-
titatively novel criterion for discerning the failure modes. Specifically, AE signals 
with H-type spectrums were driven by micro-shear (mode II) failure events, and
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Fig. 5.10 Temporal evolutions of RA and AF values for the SCC sandstone 

Fig. 5.11 Classification 
results of cracking modes (or 
failure mechanisms) using 
the conventional RA-AF 
method
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AE signals with L-type spectrums were released by micro-tension (mode I) failure 
events. Similar phenomena are observed in the PTS testing of the SCC sandstone 
specimen, as illustrated in Fig. 5.12. According to the distribution signatures of 
AE dominant frequencies for flawed sandstone under the uniaxial compression, AE 
dominant frequencies were categorized by Niu and co-workers [60] as three char-
acteristic hierarchies: low (0 ~ 60 kHz), medium (60 ~ 120 kHz), and high (120 ~ 
180 kHz). To quantitatively identify the fracturing modes, the AE signals with low 
frequencies are interpreted as L-type spectrums, and the AE signals with medium 
and high frequencies are defined as H-type spectrums. For coal specimens under the
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Fig. 5.12 Distributions of 
AE dominant frequency for 
the SCC sandstone specimen 
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uniaxial compression, the peak frequencies of AE signals are identified as four char-
acteristic bands of 0–50 kHz, 50–150 kHz, 150–200 kHz, and 200–300 kHz, which 
respectively correspond to low (L-type), intermediate, high (H-type), and ultrahigh 
frequencies [71]. In the direct shear testing, the percentage of AE signals with domi-
nant frequencies around 300 kHz increased considerably and the percentage of AE 
signals with dominant frequencies below 100 kHz decreased dramatically as the 
normal load increased [72]. Based on the AE response signatures of the NANO-30 
sensor, Guo and co-workers [73, 74] suggested that the frequency corresponding 
to 1 v was referred to the foundation of partitioning the AE dominant frequency 
range. To explore the AE signal characteristics of thermally-treated granite under 
the Brazilian disk tension, the AE dominant frequencies were recognized as three 
characteristic bands: low (<160 kHz), intermediate (160 ~ 410 kHz), and high (>410 
kHz) [73]. In previous literature, the demarcation of AE dominant frequency range 
was determined in a subjective manner. 

The aforementioned phenomena indicate that the magnitude of AE dominant 
frequency is relative and is significantly influenced by both loading conditions and 
material types. However, the determination of AE dominant frequency range seems to 
be questionable because there is no uniform division standard. Considering the hierar-
chical phenomena of AE dominant frequency distribution, this research develops the 
HC (hierarchical clustering) algorithm for better AE data classification. According 
to the correlation between the AE dominant frequency range and damage mecha-
nisms (or cracking modes), the AE dominant frequencies in the SCC testing can 
be segmented by the developed HC algorithm as three groups: low, intermediate, 
and high, with corresponding tensile, tensile-shear, and shear cracks, respectively. 
Consequently, the AE dominant frequency distributions of the SCC sandstone spec-
imen acquired from the HC and KDE methods are portrayed in Fig. 5.13. Although 
the signals of low and intermediate frequencies are mainly monitored in the whole 
loading processes of the SCC sandstone specimen, the onset of high dominant 
frequencies can be generally interpreted as the precursor of macroscopic fracture.
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Fig. 5.13 Evaluation of damage mechanisms (or cracking modes) using the frequency-domain-
based hierarchical clustering algorithm 

In other words, the signals of high dominant frequencies are mostly detected when 
the macroscopic failure is imminent, and shear cracks dominate the ultimate failure 
of the SCC sandstone specimen. Accordingly, the proposed HC approach in failure 
mechanism assessment is superior to the conventional AE index analysis (i.e., the 
classical RA-AF method). What’s more, the present frequency-domain-based hierar-
chical clustering algorithm can independently solve the demarcation problem of AE 
dominant frequency ranges. 

5.5 Conclusion 

In this work, the SCC, SB, PTS, and ZCCDS test methods are employed to evaluate 
the true mode-II fracture properties, and the AE (acoustic emission) monitoring 
technique is applied to explore the true mode-II fracture mechanisms. The primary 
conclusions are obtained as follows: 

(1) The average values for τ are 4.11 MPa, 2.21 MPa, 10.31 MPa, and 5.36 MPa 
relative to the SCC, SB, PTS, and ZCCDS sandstone specimens, respectively, 
and those for KIIc are 0.51 MPa·m1/2, 0.91 MPa·m1/2, 1.30 MPa·m1/2, and 
2.44 MPa·m1/2. The true mode-II testing results show that the fracture resistance 
is dependent on the loading and geometry configurations of test specimens. 

(2) The Gaussian function can well reveal the distribution characteristics of AE 
amplitudes, and the maximum frequencies appear in 40–49 dB groups for the 
SCC sandstone. 

(3) Although the signals of low and intermediate frequencies are mainly moni-
tored in the whole loading processes of the SCC sandstone specimen, the onset 
of high dominant frequencies can be generally interpreted as the precursor of 
macroscopic fracture.
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(4) The dominant frequency-based hierarchical clustering algorithm is adopted in 
this work to address the demarcation problem of AE dominant frequency ranges, 
which overcomes the subjective judgment in previous research. The AE domi-
nant frequencies in the SCC testing can be segmented by the developed hier-
archical clustering algorithm as three groups: low, intermediate, and high, with 
corresponding tensile, tensile-shear, and shear cracks, respectively. 
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Chapter 6 
Mixed-Mode I/III Fracture 

Shale reservoirs are characterized by both ultralow porosity and permeability, the 
attached shale gas can be effectively extracted by hydraulic fracturing (also known 
as fracking) technique to optimize the energy structure [1–8]. The fracking tech-
nique holds great potential to enhance the productivity and recovery of shale gas 
by creating high-conductivity fissures, and a thorough comprehension of fracturing 
network formation is imperative [9–14]. The understanding of fracture mechanics 
properties for rock masses is certainly required, especially for the determination of 
fracture toughness as an important engineering parameter. For actual rock masses 
with randomly internal cracks, there are three essential fracturing types, namely pure 
mode I (tension), pure mode II (shear), and pure mode III (tearing) which generate 
the opening, planar sliding, and nonplanar sliding deformations of cracks respec-
tively [15, 16]. Irwin [17] presented the definition of SIF (stress intensity factor) 
in 1957. When the SIF attained its critical level, the cracking became unstable 
and propagated with a rapid velocity, and the critical SIF could powerfully affect 
the geometries of hydraulic fractures [18]. As a significant fracturing indicator, 
the fracture toughness of rocks weights the stress and displacement fields at the 
adjacency of crack fronts and represents the capacity to resist cracking propaga-
tion. To estimate the fracture resistances of pure mode I (tension), combined-mode 
I/II, and pure mode II (shear), distinct loading configurations have been devised 
and developed. Modeling these fracture types is comparatively straightforward via 
corresponding test specimens, including centrally cracked Brazilian disk (CCBD), 
centrally cracked ring disk under diametral compression (CCRDDC), semicircle 
bending (SCB), edge-cracked triangle under bending (ECTB), and edge-cracked 
rectangle beam under bending (ECRBB) [19–26]. Additionally, a hexapod testing 
configuration was specially designed to explore the cracking behaviors of combined 
modes (I/II and I/III) [27, 28]. In fact, the signatures of hydraulic and natural fractures 
are multidimensional and multiscale, and the resultant three-dimensional fracturing 
problems deserve to be emphasized [29]. For this situation, estimating the combined-
mode I/III fracture resistance is helpful in analyzing and optimizing the fracture
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networks of shale gas reservoirs. Compared to ductile metal materials [30, 31], the 
investigations of pure mode III and combined-mode I/III for brittle geo-materials 
are more limited due to the challenges in applying torsional or non-coplanar forces 
required for introducing mode III, as well as the issues with specimen fabrication 
[32–34]. 

Compared with the combined-mode I/II testing, fewer qualified loading configu-
rations are available for the combined-mode I/III testing of geo-materials. 

For instance, the pure mode I and mixed-mode I/III fracture behaviors of epoxy 
resin were explored by Ahmadi-Moghadam and Taheri [35] using the INRBB 
(inclined-notched rectangular beam bending) testing method that is incapable of 
providing the pure mode III loading. Similarly, the INSCB (inclined-notched semicir-
cular bending) testing configuration with symmetrical bottom supports was suggested 
by Pirmohammad and Kiani [36] to assess the pure mode I and mixed mode I + III 
fracture resistance of HMA concrete. Since this INSCB testing fixture is incompetent 
to achieve the dominant mode III and pure mode III loading, the other INSCB testing 
configuration with asymmetrical bottom supports was developed by Bakhshizadeh 
and Pirmohammad [37] to estimate the pure mode III and mixed mode I + III frac-
ture resistance of marble. However, the latter INSCB loading fixture cannot provide 
the pure mode I loading. The edge-notched disk bending (ENDB) specimen was 
established by Tutluoglu and Keles [38] as the forerunners who investigated the pure 
mode-I fracture resistance of andesite. Subsequently, Aliha et al. [39] successfully 
extended the ENDB testing technique to permit the gamut of brittle fractures from 
pure tension to pure torsion or tearing. Under the inspiration of the ENDB spec-
imen, Aliha and co-workers [40] proposed the ENDC (edge-notched disk compres-
sion) specimen to compare and measure the mixed-mode I/III fracture resistance of 
granite. Although the geometry of the edge-notched disk under diametral compres-
sion (ENDDC) specimen is identical with that of the ENDB specimen, the mode 
mixities are considerably susceptible to the orientations of the pre-existing notch, 
rendering the combined-mode I/III testing more challenging [40]. Further, both in-
situ stresses and natural fractures have remarkable influences on the geometry and 
direction of hydraulic fractures. In tectonic stress regimes, hydraulic fractures initi-
ated from the pre-existing wellbore when the principal stress surpassed the rock’s 
tension strength, then propagated for a shorter distance. Subsequently, these induced 
fissures manifested as a twisted out-of-plane feature because of the discrepancy 
among three principal stresses [41]. Undoubtedly, the combined-mode I/III fracture 
resistance can be estimated via the qualified ENDB specimen with simple geometry, 
and the corresponding loading apparatus is a common and straightforward three-
point bending configuration. In addition, the nature of the fractured ENDB specimen 
is also consistent with that of hydraulic fractures [42]. 

Currently, the investigators and practitioners emphasize the pure mode-I fracture 
resistance measurement of rocks. In particular, the jointed shale reservoirs gener-
ally suffer from complicated combined-mode deformations, and the resultant three-
dimensional fracturing problems need to be emphasized. As documented earlier, 
there is a comparatively lacking investigation on the combined-mode fracturing
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behaviors of shale, especially the determination of pure mode-III and combined-
mode I/III fracture toughness. To analyze the fracture mechanisms, this work adopts 
the published failure criteria: the stress-based three-dimensional maximum tangen-
tial stress (3D-MTS) criterion, the strain-based three-dimensional maximum tangen-
tial strain (3D-MTSN) criterion, and the energy-based three-dimensional maximum 
tangential strain energy density factor (3D-MTSEDF) criterion. Then this work 
presents the modified three-dimensional mean strain energy density criterion. The 
ENDB sandstone specimens and DENDC sandstone specimens are adopted to imple-
ment the pure mode-I, combined-mode I/III, and pure mode-III tests. Further, these 
established fracture models are applied as contrastive analyses. Finally, the proposed 
fracture criterion is discussed and validated by the laboratory data. 

6.1 Development of the Modified Three-Dimensional Mean 
Strain Energy Density Criterion 

For the combined-mode I/III crack problems, one can conclude from the description 
of Ayatollahi and co-workers [43, 44] on strain energy density that 

dW 

dV 
= 

1 

2E

(
σ 2 r'r' + σ 2 θ 'θ ' + σ 2 z'z'

)

− ν 
E 

(σr'r'σθ 'θ ' + σr'r'σz'z' + σz'z'σθ 'θ ') + 
1 

2G

(
σ 2 r'θ ' + σ 2 r'θ ' + σ 2 θ 'z'

)
(6.1) 

where dW/dV symbolizes the strain energy density in an element, E and G = E/ 
2(1 + ν) mean respectively the Young and shear moduli (ν represents the Poisson 
coefficient). σr'r' , σθ 'θ ' , σz'z' , σr'θ ' , σr'z' , and σθ 'z' denote the stress components in the 
system of the transmitted (r', θ ', z') coordinate (see Fig. 2.4) and can be formulated 
by employing the transformation between the (r, θ, z) and (r', θ ', z') coordinates as 
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where the stress components (σ rr , σ θθ  , σ zz, σ rz, σ rθ , and σ θz) in the system of the 
(r, θ , z) coordinate (see Fig. 2.4) are stipulated as [45]
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The strain energy within the plastic or damaged zone of radius rc surrounding the 
fracture front can be evaluated via the integration of SED relative to rc as below: 

E(rc) =
∫

A 

dW 

dV 
dA =

∫ rc 

0

∫ π 

−π 

dW 

dV 
rdrd θ (6.4) 

Accordingly, the mean strain energy on the characteristic zone area is assessed as 

E(rc) = 
E(rc) 
π r2 c 

(6.5) 

For the mixed-mode I/III fracture problems (the planar fracture deflection angle θ c = 
0 [45]), the theoretical fracture toughness ratios extracted from the aforementioned 
formulae in this paper can be developed to forecast the fracturing initiation in the 
normalized form: 
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in which κ marks an elastic parameter as the function of ν and is taken as ν for the 
plane stress state and (ν + 2v2) for the plane strain state. 

One can recognize that E(rc) can be decomposed into two significant compo-
nents, namely volumetric and distortional MSEDs, Ev(rc) and Ed(rc), are respectively 
defined as follows [46]: 

Ev(rc) = 10 

50Erc 
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I (6.7)
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Under the inspiration of F-criterion (see Eq. (6.9) [47]), we consider different 
weights given to Ev(rc) and Ed(rc) to make an improvement for the conventional 2D-
MSED criterion [48] by distinguishing the influences of volumetric and distortional 
MSEDs as Eq.  (6.10). 

F = 
GI 
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+ 

GII 
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(6.9) 
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(6.10) 

where GI and GII are respectively the energy release rates (ERRs) of modes I and 
II, the subscript c symbolizes the critical status, and Z is the new fracture factor 
introduced in this article. 

To characterize the influence of this discrepancy between Edc and Evc on the 
improved MSED criterion, a pivotal parameter λ, i.e., the ratio of critical volumetric 
to distortional MSEDs, is proposed as 

λ = 
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(6.11) 

Then Eq. (6.10) can be converted into 
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Considering a special mode-I fracturing case with KIII = 0 and KI = KIc, then 
Eq. (6.12) can be simplied as 
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(6.13) 

Under the specific mode-III fracturing case with KIII = KIIIc and KI = 0, 
combining Eqs. (6.12) and (6.13) yields the ratio of KIIIc to KIc: 

KIIIc 

KIc 
= 

/
(1 − 2v)(1 + v)2 + λ(1 − 2v)(1 + v)(0.6 − v) 
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(6.14)
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For the general combined-mode I/III fracturing case, introducing Eq. (6.13) into  
Eq. (6.12) yields

[
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Ic + λ(1 + v)(1 − 2v)(0.6 − v)K2 
Ic

]

= {
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I + 1.6(1 + v)K2 

III]
}

(6.15) 

When both sides of Eq. (6.15) are divided by K2 
I , K

2 
III respectively, the normalized 

fracture toughness, KI/KIc and KIII/KIc, can be extracted to forecast the onset of 
combined-mode I/III fracturing as follows: 
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Note that Eqs. (6.14) and (6.16) represent the mathematical forms of the modified 
three-dimensional MSED criterion under plane strain status. Similarly, the corre-
sponding expressions for plane stress status can be derived as Eqs. (6.17) and 
(6.18): 
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The following steps are utilized for forecasting the onset of combined-mode I/III 
fracturing: 

(1) The experimental fracture resistance (KI and KIII) values are acquired from 
related expressions (e.g., Eqs. (3.10)−(3.14)), then the calculated KI and KIII 

values are all divided by KIc (pure mode-I fracture resistance) to obtain the 
experimental fracture resistance ratios (KI/KIc and KIII/KIc). 

(2) The non-coplanar fracturing twist angle ϕc is solved by Eq. (2.67), then substi-
tuting the calculated ϕc values into Eqs. (2.70) (3D-MTS crietrion), (2.71) (3D-
MTSN criterion), and (2.72) (3D-MTSEDF criterion) yields the corresponding 
fracture resistance envelopes.
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(3) The critical volumetric to distortional MSED ratio λ can be determined by 
introducing the tested KIc and KIIIc values into Eq. (6.17), then the present 
fracture resistance envelopes can be provided by substituting the obtained λ 
value into Eq. (6.18). 

(4) Consequently, both experimental data points and theoretical fracture resistance 
envelopes are outlined in a (KI/KIc) − (KIII/KIc) diagram. 

6.2 Experiment Apparatus and Specimen Preparation 

The combined-mode I/III loading experiments are implemented on the investigated 
sandstone specimens using a mechanical tester of DANA company with a compres-
sive capacity of 100 kN, and the loading procedures are displayed in Fig. 6.1. One  
could conclude from previous literature that lower loading rates had insignificant 
influences on the fracture resistance measurements for rock materials. In addition, a 
relatively constant fracture resistance is expected to be determined because it is recog-
nized as an independently inherent material property. In the current study, the ENDB 
sandstone specimens and DENDC sandstone specimens are respectively loaded at 
a constant displacement rate of 0.1 and 0.3 mm/min to appropriately eliminate the 
loading rate effect on the combined-mode I/III fracture resistance. 

The investigated sandstone blocks come from Zigong, Sichuan Province. Based 
on the investigation of Aliha and co-workers [49], prepared sandstone blocks are 
processed into the unnotched Brazilian disk specimens with a radius of R = 37.5 mm 
and a height of t = 40 mm. Then an edge-straight notch with the depth of ɑ = 24 mm 
and the interval of d = 1 mm is processed in the center of unnotched samples along 
the diametrical orientation. According to the loading angle β shown in Fig. 3.9,

(a) ENDB sandstone specimen (b) DENDC sandstone specimen 

Fig. 6.1 Loading procedures 
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Table 6.1 Dimensionless fracture parameters of the ENDB specimen for a/B = 0.6 and S/R = 
0.925 

Loading mode Loading angle β 
(°) 

Mode mixity 
parameter M e 

Mode-I geometry 
factor FI 

Mode-III 
geometry factor 
FIII 

Pure mode I 0 1 0.477 0 

Mixed-mode I/III 50 0.66 0.093 0.056 

Pure mode III 62.5 0 0 0.050 

Table 6.2 Dimensionless fracture parameters of the DENDC specimen for a/B = 0.6 

Loading mode Loading angle β 
(°) 

Mode mixity 
parameter 
M e 

Mode-I geometry 
factor FI 

Mode-III 
geometry factor 
FIII 

Pure mode I 0 1 0.39 0 

Mixed-mode I/III 9 0.5 0.32 0.32 

Pure mode III 27 0 0 0.63 

pure mode I (i.e., β = 0°), combined-mode I/III (i.e., β = 50°), and pure mode III 
(i.e., β = 62.5°) can be achieved. Based on the investigated results of Aliha and 
co-workers [49], the specific dimensionless fracture parameters (FI and FIII) of the  
ENDB specimen for a/B = 0.6 and S/R = 0.925 are provided in Table 6.1. 

According to the investigation of Aliha and co-workers [50], prepared sandstone 
blocks are machined into the unnotched Brazilian disk specimens with a radius of 
R = 37.5 mm and a height of t = 40 mm. Then two edge-straight notches with the 
depth of ɑ/2 = 12 mm and the interval of d = 1 mm is processed in the center of 
unnotched samples along the diametrical orientation. According to the loading angle 
β shown in Fig. 3.11, pure mode I (i.e., β = 0°), combined-mode I/III (i.e., 9°), and 
pure mode III (i.e., β = 27°) can be achieved. Based on the investigated results of 
Aliha and co-workers [50], the specific dimensionless fracture parameters (FI and 
FIII) of the DENDC specimen for a/B = 0.6 are provided in Table 6.2. 

6.3 Experiment Results and Analyses 

6.3.1 Analyses of Peak Load and Applied Energy 

Figures 6.2 and 6.3 reports the evolutions of applied load versus loading point defor-
mation for the investigated ENDB and DENDC sandstone specimens under the 
specific loading mode mixities. Demonstrably, the measured curves for each ENDB 
shale specimen are characterized by three classical phases: (1) negligible nonlin-
earity in the initial deformation, (2) linear elasticity with the incremental force, and
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(3) ultimately sudden instability with a brittle cracking. One can determine from 
Figs. 6.6.4, 5 that the magnitude of peak load pmax for the investigated ENDB and 
DENDC sandstone specimens is remarkably enhanced by the transition from pure 
mode-I loading to pure mode-III loading. When the loading mode mixity index Me 

= 1, 0.66, and 0, the average pmax values for the ENDB sandstone specimens are 
respectively 744.2, 1906.4, and 3436.4 N. When the loading mode mixity index Me 

= 1, 0.5, and 0, the average pmax values for the DENDC sandstone specimens are 
respectively 5150.6, 5159.9, and 8858.7 N. By conducting combined-mode I/III tests 
on the ENDB and DENDC sandstone specimens, the resulting work can be inter-
preted as the applied energy or input energy Ef , which is determined by computing 
the area below the measured curve (up to the onset of peak load Pmax), as portrayed 
in Fig. 6.4a [51–53]. Particularly, the the applied energy or input energy Ef denotes 
the energy required for fragmenting rocks, which can be considered as the candi-
date fracture parameter for rock engineering applications. Figure 6.4b illustrates the 
evolution of Ef with the increasing loading mode mixity index M e. When the loading 
mode mixity index Me = 1 (i.e., pure mode-I), 0.66, and 0 (i.e., pure mode-III), the 
average Ef values for the ENDB sandstone specimens are respectively 0.07, 0.21, 
and 0.31 J. When the loading mode mixity index Me = 1 (i.e., pure mode-I), 0.5, 
and 0 (i.e., pure mode-III), the average Ef values for the DENDC sandstone speci-
mens are respectively 0.89, 0.87, and 2.22 J. When transitioning from pure mode-I 
loading to pure mode-III loading, there is a shift of rupture trajectories for ENDB 
sandstone specimens from straight in-plane opening to antisymmetric out-of-plane 
twisting, as displayed in Fig. 6.5. However, the macroscopic fracture surfaces for 
the DENDC sandstone specimens are relatively flat and smooth compared with the 
fracture surfaces of the ENDB sandstone specimens， as displayed in Fig. 6.6. The  
macroscopic failure nature will serve as an effective reference for hydraulic fracturing 
designs. 
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Fig. 6.5 Macroscopic fracture trajectories for the ENDB sandstone specimens under different mode 
mixities
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(a) Pure mode I (b) Mixed-mode I/III (c) Pure mode III 

Fig. 6.6 Macroscopic fracture trajectories for the DENDC sandstone specimens under different 
mode mixities 

6.3.2 Assessment of Mixed-Mode I/III Fracture Toughness 

The critical SIFs (i.e., modes I and III fracture resistance components KIf and KIIIf ) 
of the investigated ENDB and DENDC sandstone specimens can be computed by 
introducing the corresponding values of Pmax, YI , and YIII into Eqs. (3.10) and (3.12), 
as evaluated in Fig. 6.7. The effective fracture toughness Ke can be determined from 
Eqs. (3.10) and (3.12), as plotted in Fig. 6.8. When the loading mode mixity index 
Me = 1 (i.e., pure mode-I), 0.66, and 0 (i.e., pure mode-III), the average Ke values 
for the ENDB sandstone specimens are respectively 0.34, 0.20, and 0.12 MPa·m0.5. 
When the loading mode mixity index Me = 1 (i.e., pure mode-I), 0.5, and 0 (i.e., 
pure mode-III), the average Ef values for the DENDC sandstone specimens are 
respectively 0.26, 0.31, and 0.72 MPa·m0.5. One can conclude from Fig. 6.8 that 
there is a better positive linear correlation between Ke and Me for the investigated 
ENDB sandstone. However, the DENDC test method can produce the opposite effect. 
It is suggested from Fig. 6.8 that the pure mode-III fracture resistance KIIIf for the 
investigated ENDB sandstone is smaller than the pure mode-I fracture resistance KIf , 
the experimental KIIIf value for the investigated DENDC sandstone is greater than 
the tested KIf value.

It can be concluded from Fig. 6.8 that the values of KIIIf for the investigated 
ENDB and DENDC sandstone specimens are respectively 0.34 and 2.78 times those 
of KIf . Indicating that the mode-III test results of the ENDB specimen are based 
on the mode-III loading rather than the true mode-III fracturing. This is because 
the mode-III crack under the pure mode-III loading deviates at an angle of 45° 
relative to the original notch front, and does not propagate in a self-planar (or self-
similar) manner. Further, the formation of the tortuous crack is induced by the tension 
stress, implying that the failure mechanisms for the ENDB specimen are tension-
based rather than shear-based. Hence, the mode-III fracture resistance associated 
with the tension-based ENDB test method should be interpreted as the apparent 
mode-III fracture resistance rather than the true mode-III fracture toughness, is not 
considered as an independent intrinsic fracture parameter of materials, and depends
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Fig. 6.7 Variations of 
modes I and III fracture 
resistance components KIf 
and KIIIf for ENDB and 
DENDC sandstone 
specimens under different 
mode mixities 
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on the corresponding mode-I fracture toughness KIc. Herein, the term “apparent” 
denotes the mode-III loading, and the term “true” means the mode-III fracturing [32]. 
Note that the KIf value for the investigated ENDB sandstone is greater than that of 
the investigated DENDC sandstone. A reasonable explanation for this discrepancy in 
the KIf value is due to distinct T-stresses that exist in the mode-I test specimens. The 
ENDB sandstone specimen with a/B = 0.6 and S/R = 0.925 under mode-I loading 
has a positive T-stress, while the DENDC sandstone specimen with a/B = 0.6 under 
mode-I loading has a negative T-stress. In other words, the negative T-stresses can 
decrease the mode-I fracture resistance, and the positive T-stresses can enhance the 
mode-I fracture resistance.
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6.4 Discussions 

6.4.1 Verification of the Extended 3D-MSED Fracture 
Criterion 

To validate the applicability of the developed 3D-MSED fracture criterion for 
predicting the combined-mode I/III fracture toughness envelope, this work utilizes 
the experimental results of the ENDB and DENDC sandstone specimens in conjunc-
tion with the established fracture criteria (3D-MTS, 3D-MTSEDF, and 3D-MTSN). 
As concluded earlier, the 3D-MTS criterion provided merely acceptable forecasts 
for the tension-dominated loading case and for the tearing-dominated loading case 
it failed and overrated the combined-mode I/III fracture resistance [54]. While the 
prediction accuracy of the 3D-MTSEDF criterion was reduced under the pure mode-
III loading. Subsequently, referring to the 2D-MTSN criterion, Aliha and co-workers 
[45] developed the 3D-MTSN criterion, which was successfully verified by distinct 
testing approaches and materials. According to the conclusions of Aliha and co-
workers [45], the recently developed 3D-MTSN fracture model could provide excel-
lent predictions for the marble and graphite materials compared to the 3D-MTS 
fracture model. A certain discrepancy between the theoretical and measured values 
for the asphalt and PUR foam materials could be due to their heterogeneity and 
anisotropy which could broaden the data scattering. This implies that the recently 
developed 3D-MTSN fracture model specializes in the evaluation of the combined-
mode I/III fracture resistance of these materials with homogeneity and isotropy. For 
the investigated ENDB and DENDC sandstone specimens, the theoretical curves 
predicted by the current and previous criteria are plotted in Figs. 6.9 and 6.10. Inter-
estingly, the 3D-MTS and 3D MTSN criteria predict respectively the upper and lower 
envelopes for the mixed-mode I/III fracture toughness. The comparisons show that 
the present criterion can provide satisfactory predictions between the lower and upper 
benchmarks. In conjunction with other available 3D fracture models, the theoretical 
fracture toughness ratios of KIIIc to KIc are displayed in Table 6.3 to further vali-
date the rationality and feasibility of the current 3D-MSED criterion. One can find 
from Table 6.3 that the 3D-MSED criteria of plane stress and plane strain cases are 
respectively coincident with the 3D-MTSEDF and 3D-MSEDF criteria. Moreover, 
the experimental mixed-mode I/III fracture resistance values acquired from different 
ENDB materials are adopted to reveal the prediction accuracy of the current fracture 
models, as plotted in Fig. 6.11. Even when the fracture initiation angle is uncer-
tain, the current 3D-MSED criterion possesses a greater performance in forecasting 
mixed-mode I/III fracture resistance, especially the 3D-MSED criterion of the plane 
strain condition. On the whole, the 3D-MSED criterion (plane strain) gives more 
excellent performances in analyzing the combined-mode I/III fracture problems for 
distinct ENDB materials.
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Fig. 6.9 Comparisons in the 
normalized mixed-mode I/III 
fracture toughness of the 
ENDB sandstone between 
the experimental and 
theoretical results 
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Fig. 6.10 Comparisons in 
the normalized mixed-mode 
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Further, the other available testing configurations are employed to validate the 
universality and suitability of the developed 3D-MSED criterion in the combined-
mode I/III fracture analyses. One can find from Fig. 6.12 that the present and estab-
lished 3D fracture criteria show satisfactory predictions of combined mode I/III 
fracture toughness for the INRBB and INSCB loading conditions and for the ENDC 
loading condition they fail. Indicating that the abovementioned 3D fracture criteria 
are applicable to the combined mode I + III fracture analysis for the case of KIIIc < 
KIc. For the case of KIIIc > KIc, the associated fracture criterion needs to be explored 
according to the shear-based mathematical frameworks.
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Table 6.3 Predictions of KIIIc/KIc determined from the present and published 3D fracture criteria 

Fracture criterion [45] Principle KIIIc/KIc 

3D-MSE Total strain energy 4

/
(56−96v)(1−2v)2−48v+33 

(88−96v)(1−2v)2−240v+297 

3D-MERR/3D-MPERR Energy release rate/Approximate 
energy release rate 

√
1 − ν 

3D-MSEDF Strain energy density factor
√
1 − 2ν 

3D-MPS/3D-MTS Maximum principal stress/ 
Tangential stress 

1 

3D-MTSEDF Tangential strain energy density 
factor 

/
1−ν 
1+ν 

3D-MTSN Tangential strain 1−ν 
1+ν 

3D-G Volumetric and distortional 
energy release rates 

/
2+2v+λ(1−2v) 

3λ 

3D-MSED Mean strain energy density
(/

1+ν 
1−ν

)−1 
(plane stress)

(/
1+ν 

1−ν−2v2

)−1 
(plane strain)

6.4.2 Predictions of Fracture Toughness Ratio KIIIc/KIc 

According to Eq. (2.69), the theoretical fracture toughness ratios KIIIc/KIc can be 
acquired in Fig. 6.13a under the stipulated v values. Evidently, the KIIIc/KIc values 
obtained by the 3D-MTS criterion are invariably unity, implying that the variations 
of v are ineffective. For the 3D-MTSEDF and 3D-MTSN criteria, the predicted 
fracture toughness ratios KIIIc/KIc decrease with the increasing v values. It is generally 
acknowledged that the strength of shear (mode II or mode III) is significantly greater 
than that of tension (mode I) [57, 58]. However, the maximum ratio of KIIIc to 
KIc, which is predicted by these three published and dominating fracture models, 
is only equal to 1. One reasonable interpretation for the disparity of KIIIc/KIc is 
that the aforementioned fracture models all belong to the tension-based frameworks 
(tangential stress, tangential strain, and tangential strain energy density) [32, 59]. 
In other words, only the KIc plays a crucial role in these fracture models, and the 
predicted KIIIc depends on the KIc as an intrinsic material property. Additionally, 
these three fracture models solely depend on the Poisson’s coefficient v to predict 
the ratio of KIIIc to KIc, and such calculations fail to fully capture the true failure 
mechanisms. Taking v = 0.25 as an example, Fig. 6.13b illustrates the comparison 
in KIIIc/KIc between the present criterion and the improved 3D-G fracture model [60, 
61]. One can conclude from Fig. 6.13b that the predictions of KIIIc/KIc obtained by 
the present criterion decrease observably with the increasing λ values, this trend is in
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(a) ENDB marble specimen [45,49] (b) ENDB graphite specimen [55] 

(c) ENDB concrete specimen [36,45,56] (d) ENDB foam specimen [57] 

Fig. 6.11 Comparisons in the normalized mixed-mode I/III fracture toughness of distinct

conformance with that of the recently established 3D-G fracture model. Note that the 
inherent significance of the parameter λ in the present criterion is coincident with that 
of the improved 3D-G fracture model. With decreasing λ values, there is a transition 
in failure mechanisms from tension-dominated fracture to shear-dominated fracture. 
This indicates that the present criterion can not only provide acceptable predictions 
for the mode-III loading case, but also for the mode-III fracturing case.



6.4 Discussions 105

0.5 0.6 0.7 0.8 0.9 1.0 
0.00 

0.15 

0.30 

0.45 

0.60 

0.75 
K

III
/K

Ic
 

KI/KIc

 3D-MTS criterion 
 3D-MTSEDF criterion 
 3D-MTSN criterion 
 Present criterion (plane stress)
 Present criterion (plane strain)
 Measured data (v  0.28) 

0.4 0.5 0.6 0.7 0.8 0.9 1.0 
0.00 

0.15 

0.30 

0.45 

0.60 

0.75 

K
III

/K
Ic

 

KI/KIc

 3D-MTS criterion 
 3D-MTSEDF criterion 
 3D-MTSN criterion 
 Present criterion (plane stress)
 Present criterion (plane strain)
 Measured data (v  0.3) 

(a) INRBB marble specimen [49] (b) INSCB concrete specimen [36] 
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(c) ENDC gypsum specimen [50] 

Fig. 6.12 Comparisons in the combined-mode I/III fracture toughness between the experimental 
and theoretical results under various testing methods

6.4.3 Verification of the Modified Three-Dimensional Mean 
Strain Energy Density Criterion 

As documented earlier, the 3D-MTS criterion is merely suitable for the case of 
M e > 0.5, and for the case of M e < 0.5 it fails to provide satisfactory and precise 
evaluations because it overestimates the fracture resistance [54]. Hence, the 3D-
MTSEDF criterion is extensively accepted for interpreting the fracturing problems 
of combined-mode I/III [63]. However, there are some discrepancies between the 
measured results and the predictions of 3D-MTSEDF criterion at the pure mode-
III case. Under the inspiration of 2D-MTSN criterion, Aliha and co-workers [45] 
recently presented the 3D-MTSN criterion. which is comparatively superior to the 
3D-MTS and 3D-MTSEDF criteria for forecasting the combined-mode I/III frac-
turing. Note that these three influential 3D fracture models require the non-coplanar 
fracturing twist angle ϕc to be definite in advance. 

To maintain the consistency with published 3D fracture models (3D-MTS, 3D-
MTSN, and 3D-MTSEDF), the present criterion under plane stress case is applied
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Fig. 6.13 a Evolutions of KIIIc/KIc with the Poisson’s coefficient v and b Variations of KIIIc/KIc 
with the critical ratios λ or γ

to forecast the fracture resistance envelopes of combined-mode I/III. Besides, this 
research utilizes the published combined-mode I/III data obtained by distinct mate-
rial categories and loading fixtures for further justifying the effectiveness of the 
current criterion. First, the ENDB specimen are adopted because it can produce 
the gamut of mode mixities from pure tension (mode I) to pure torsion or tearing 
(mode III). In addition, the fracturing behaviors of architectural and geotechnical 
materials under combined-mode I/III loading are commonly investigated using the 
ENDB test specimens [33]. Figure 6.14 presents the comparisons of normalized 
fracture toughness between the experimental and theoretical results. Compared to 
established failure models, the present criterion exhibits superior performances in 
analyzing the combined-mode I/III fracturing problems of both homogeneous and 
nonhomogeneous materials. Note that the tested KIIIc/KIc values are much less than 
1, this is because the ENDB specimens is subjected to the tension-dominated loading 
rather than the shear-dominated loading.

For the case where KIIIc > KIc, , the predictions of the present criterion are in 
acceptable agreements with the laboratory data obtained by other engineering mate-
rials (brittle PMMA, quasi-brittle adhesive joints, and ductile alumina), as illustrated 
as Fig. 6.15. In other words, the current criterion can also yield successful assessments 
for the laboratory results obtained from a shear-dominated testing system. However, 
the other available failure theories heavily underestimate their fracture resistances 
as the mode mixity varies from pure tension to pure torsion or tearing. The loading 
configurations and corresponding test specimens are briefly described as follows.
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(a) ENDB sandstone specimen [66,67]   (b) ENDB rock-concrete specimen [68] 
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(c) ENDB diorite specimen [69] (d) ENDB concrete specimen [70] 

Fig. 6.14 Comparisons of the gamut of combined-mode I/III fracture toughness between the 
experimental and theoretical results for different ENDB materials

The test specimen presented in Fig. 6.15a is a circumferentially cracked cylindrical 
rod. The corresponding loading configuration is a specifically designed grip and can 
provide distinct combinations of tensile and torsional loads. By adjusting the desired 
tension–torsion ratio, the gamut of combined-mode I/III fracture resistance can be 
estimated [68]. The test specimen depicted in Fig. 6.15b is a rectangular plate with 
two symmetrical holes and an edge notch. The corresponding loading configuration is 
composed of two same segments with specific loading holes and can control distinct 
combinations of tensile and tearing loads. By selecting the loading angle between the 
loading and notch orientations, the complete range of combined-mode I/III fracture 
resistance can be evaluated [69]. The above analyses show that that the discrepancy 
in fracture toughness ratio KIIIc/KIc is correlated with the geometries and loading 
types of test specimens. This implies that the candidate fracturing parameters should 
be determined by suitable testing approaches for various engineering applications 
[33, 62].
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(a) PMMA specimen [68] (b) PMMA specimen [69] 

Fig. 6.15 Comparisons of the whole range of combined-mode I/III fracture resistance between the 
experimental and predicted values for other engineering materials 

6.5 Conclusion 

The ENDB and DENDC test specimens are utilized to investigate the fracture 
toughness of Longmaxi shale including pure mode I (tension), combined-mode I/ 
III (tension–torsion), and pure mode III (torsion or tearing). The fracture resistance 
envelopes of combined-mode I/III are predicted and compared via the present and 
previous fracture criteria. The significant findings can be summarized as below: 

(1) During the transition from pure mode-I loading to pure mode-III loading, both 
applied energy and peak load for the investigated ENDB sandstone specimens 
exhibit noticeable increases. and one rational interpretation is that there is a shift 
of rupture trajectories for ENDB sandstone specimens from straight in-plane 
opening to antisymmetric out-of-plane twisting. However, the macroscopic frac-
ture surfaces for the DENDC sandstone specimens are relatively flat and smooth 
compared with the fracture surfaces of the ENDB sandstone specimens. 

(2) The values of KIIIf for the investigated ENDB and DENDC sandstone specimens 
are respectively 0.34 and 2.78 times those of KIf . This suggests that in natu-
rally cracked reservoirs the potential for twisted-type fracturing propagation is 
more significant than tensile-type one, which can optimize hydraulic fracturing 
schemes. 

(3) Three classical fracture criteria (3D-MTS. 3D-MTSN, and 3D-MTSEDF) have 
one important limitation in the reasonable prediction of combined-mode I/III 
fracture resistance. On the one hand, the applications of these criteria require the 
non-coplanar fracturing twist angle to be specific. On the other hand, they are 
only suitable for the fracturing analysis of KIIIc < KIc due to their tension-based 
theory frameworks.
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(4) The modified three-dimensional mean strain energy density criterion is a feasible 
model for predicting the combined-mode I/III fracture toughness of both homo-
geneous and nonhomogeneous materials, even if the non-coplanar fracturing 
twist angle is unknown. Further, the mode-III fracture toughness has a wonderful 
increase as the critical volumetric to distortional MSED ratio in the present 
model decreases. This phenomenon is analogous to the newly established 3D-G 
fracture model. Consequently, the present criterion can successfully predict the 
mixed-mode I/III fracture toughness in both tension- and shear-driven loading 
tests. 
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