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Preface to the Second Edition

After the appearance of the first edition of this book there have been numerous
developments in the field that urged me to update the book. On the mathematical
side, new concepts, techniques and results have been found during the last few years,
which are now included in our treatment. This includes the perturbation semigroup
and cyclic cocycles in the Taylor expansion of the spectral action. On the particle
physics side, the step to go Beyond the Standard Model with Pati—Salam unification
now forms a prominent part of our book, while the first attempts towards quantization
of the theory are included in the final chapter.

I have also revised the introductory part I, aiming for a more complete treatment
of noncommutative differential geometry. There are more details on the analytical
properties of the Dirac operator on a compact Riemannian spin® manifold, and also
more noncommutative examples to better illustrate the concept of a spectral triple.
For example, the noncommutative torus that formed one of the first examples of a
noncommutative Riemannian spin manifold now makes its appearance in Sect. 5.3.1.
It re-appears for illustrative examples of even and odd cyclic cocycles in Sect. 6.2.1.

I would like to further thank Calum Beck, Rui Dong, Eva-Maria Hekkelman,
Teije Kuijper, Malte Leimbach, Teun van Nuland, Leo Polak and Berend Visser for
sending me numerous typos in the first edition and in a draft version of the second
edition.

I thank Leonora, Joris, Daniél and Mathilde for their continuing patience and love.

Nijmegen, The Netherlands Walter D. van Suijlekom
December 2023



Preface to the First Edition

The seeds of this book have been planted in the far east, where I wrote lecture notes
for international schools in Tianjin, China in 2007 and in Bangkok, Thailand in 2011.
I then realized that an up-to-date text for beginning noncommutative geometers on
the applications of this rather new mathematical field to particle physics was missing
in the literature.

This made me decide to transform my notes into the form of a book. Besides the
given challenge inherent in such a project, this was not made easy because of recent,
rapid developments in the field, making it difficult to choose what to include and to
decide where to stop in my treatment. The current state of affairs is at least touched
upon in the final chapter of this book, where I discuss the latest particle physics models
in noncommutative geometry, and compare them to the latest experimental findings.
With this, I hope to have provided a path that starts with the basic principles of
noncommutative geometry and leads to the forefront of research in noncommutative
geometry and particle physics.

The intended audience consists of mathematicians with some knowledge of
particle physics, and of theoretical physicists with some mathematical background.
Concerning the level of this textbook, for mathematicians I assume prerequisites on
gauge theories at the level of e.g. [1, 2], and recommend to first read the book [3] to
really appreciate the last few chapters of this book on particle physics/the Standard
Model. For physicists, I assume knowledge of some basic algebra, Hilbert space and
operator theory (e.g. [4, Chapter 2]), and Riemannian geometry (e.g. [, 6]). This
makes the book particularly suitable for a starting PhD student, after a master degree
in mathematical/theoretical physics including the above background.

I'would like to thank the organizers and participants of the aforementioned schools
for their involvement and their feedback. This also applies to the MRI-Masterclass
in Utrecht in 2010 and the Conference on index theory in Bogota in 2008, where
Chapter 6 finds its roots. Much feedback on previous drafts was gratefully received
from students in my class on noncommutative geometry in Nijmegen: Bas Jordans,
Joey van der Leer and Sander Uijlen. I thank my students and co-authors Jord Boei-
jink, Thijs van den Broek and Koen van den Dungen for allowing me to transcribe
part of our results in the present book form. Simon Brain, Alan Carey and Adam

vii
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Rennie are gratefully acknowledged for their feedback and suggested corrections.
Strong motivation to writing this book was given to me by my co-author Matilde
Marcolli. I thank Gerard Béuerle, Gianni Landi and Klaas Landsman for having been
my main tutors in writing, and Klaas in particular for a careful final proofreading.
I also thank Aldo Rampioni at Springer for his help and guidance. I thank Alain
Connes for his inspiration and enthousiasm for the field, without whose work this
book could of course not have been written.

I am thankful to my family and friends for their continuous love and support. My
deepest gratitude goes to Mathilde for being my companion in life, and to Daniél for
making sure that the final stages of writing were frequently, and happily, interrupted.

April 2014 Walter D. van Suijlekom
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Chapter 1 ®)
Introduction Check for

Ever since the early days of noncommutative geometry it has become clear that this
field of mathematics has close ties with physics, and with gauge theories in particular.
In fact, non-abelian gauge theories, and even more prominently, the Standard Model
of particle physics, were a guiding principle in the formulation of noncommutative
manifolds in [1, 2].

For one thing, noncommuting operators appear naturally in quantum mechanics.
As a matter of fact, there is a rather direct path from experimentally measured atomic
spectra to Heisenberg’s matrix mechanics which is one of the motivating examples
of noncommutative geometry [3, Sect. [.1].

In the other direction, it turns out that the main technical device in noncommutative
geometry, a spectral triple, naturally gives rise to a gauge theory. This holds in
full generality, but the great potential of the noncommutative approach, at least in
particle physics, becomes really visible when specific examples are considered that
in fact correspond to familiar gauge theories arising in physics. This is crowned by
the derivation [4] of the full Standard Model of particle physics together with all its
subtleties, including the Higgs field, the spontaneous symmetry breaking mechanism,
neutrino mixing, see-saw mechanism, et cetera.

It is the goal of this book to explore this path, and, starting with the basics, to work
towards applications in particle physics, notably to the Standard Model of elementary
particles.

The first ingredient of a spectral triple is an involutive or x-algebra A of operators
in a Hilbert space H, with the involution given by the hermitian adjoint of an operator.
This immediately gives rise to a gauge group & determined by the unitary elements
in A. In general, if A is noncommutative, then this group is non-abelian.

The gauge fields arise from a second, purely spectral data, in the guise of a self-
adjoint operator D in 'H, satisfying suitable conditions (cf. Definition 5.9 below).
The operator D is modeled on the Dirac operator on a Riemannian spin manifold
M, an elliptic first-order differential operator whose square coincides, up to a scalar
term, with the Laplacian.

© The Author(s) 2025 1
W. D. van Suijlekom, Noncommutative Geometry and Particle Physics,
Mathematical Physics Studies, https://doi.org/10.1007/978-3-031-59120-4_1
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A key role will be played by the spectrum of D, assumed discrete; we will list
its eigenvalues (with multiplicities) as {A,},cz. The gauge group & acts on D by
conjugation with a unitary operator, D — U DU*. Unitarity guarantees invariance
of the spectrum under such a gauge transformation.

Hence a spectral invariant is in particular gauge invariant, and it is natural to
define the so-called spectral action as [5, 6]

2r(3)
nez A
Here the function f is a suitable cutoff function that makes the outcome of the
sum finite, and A is a real cutoff parameter. The spectral action is interpreted as an
action functional that describes the dynamics and interactions of the gauge fields
constituting D.

The fermionic fields that are associated to a spectral triple are simply vectors i
in the given Hilbert space, and their natural invariant is the fermionic action:

(¥, DY) .

The previous paragraphs sketch the derivation of a generalized gauge theory from
any spectral triple. When one restrict to a particular class of spectral triples, this leads
to ordinary gauge theory defined on a manifold M in terms of vector bundles and
connections. The idea is very simple, essentially dating back to [7]: one considers the
noncommutative space M x F' given by the product of M with a finite, noncommu-
tative space F. The space F gives rise to the internal, gauge degrees of freedom. In
fact, it is described by a finite-dimensional algebra of matrices, for which the gauge
group becomes a matrix Lie group, such as SU (N). The self-adjoint operator Dp
is given by a hermitian matrix. Combined with the background manifold M, these
objects are turned into global ones: A consists of the sections of a bundle of matrix
algebras, and D is a combination of Dy and the Dirac operator on M (assumed
to be a Riemannian spin manifold). The operator D is found to be parametrized
by gauge fields and scalar fields in suitable representations of the gauge group &.
The fermionic fields Y are sections of a spinor bundle on which D acts as a linear
differential operator, minimally coupled to the gauge fields.

As we already said, the spectral action is manifestly gauge invariant, and for this
latter class of examples it describes a scalar gauge theory for the group &. As a bonus,
it is minimally coupled to (Euclidean) gravity, in that the gravitational degrees of
freedom are present as a background field in the Dirac operator on M. Moreover, the
fermionic action then gives the usual coupling of the fermionic fields to the gauge,
scalar and gravitational fields.

In this respect, one of the great achievements of noncommutative geometry is the
derivation of the full Standard Model of particle physics from a noncommutative
space M x F, [4]. In fact, from this geometric Ansatz one obtains the Standard
Model gauge fields, the scalar Higgs field, and the full fermionic content of the
Standard Model. Moreover, the spectral and fermionic action on M x Fj,, give the
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full Lagrangian of the Standard Model, including (amongst other benefits) both the
Higgs spontaneous symmetry breaking mechanism and minimal coupling to gravity.
In addition, the spectral action introduces relations between the coupling constants
and the masses of the Standard Model. This allows one to derive physical predictions
such as the Higgs mass, and also indicates how to go beyond the Standard Model,
finally bringing us back to experiment.

This book is divided into two parts. Part 1 presents the mathematical basics of
noncommutative geometry and discusses the local index formula as a mathematical
application. As a stand alone, it may be used as a first introduction to noncommutative
geometry.

The second part starts in the same mathematical style, where in the first two
chapters we analyze the structure of a gauge theory associated to any spectral triple.
Comparable to a kaleidoscope, we then focus on a specific class of examples, and
within this class select the physically relevant models. In the last two chapters this
culminates in the derivation of the full Standard Model of particle physics. All these
examples heavily exploit the results from Part 1. Hence the reader who is already
somewhat familiar with noncommutative geometry, but is interested in the gauge-
theoretical aspects, may want to skip Part 1 and jump immediately to the second
part.

Let us quickly go through the contents of each of the chapters. Chapters2 and 3
present a ‘light’ version of noncommutative geometry, restricting ourselves to finite
noncommutative spaces. In other words, we here only consider finite-dimensional
spectral triples and avoid technical complications that arise in the general case.
Besides the pedagogical advantage, these finite spaces will in fact turn out to be
crucial to the physical applications of the later chapters, where they describe the
aforementioned internal space F.

Thus, in Chap. 2 we start with finite discrete topological spaces and replace them
by matrix algebras. The question whether this procedure can be reversed leads nat-
urally to the notion of Morita equivalence between matrix algebras. The next step is
the translation of a metric structure into a symmetric matrix, motivating the defini-
tion of a finite spectral triple. We discuss Morita equivalence for spectral triples and
conclude with a diagrammatic classification of finite spectral triples.

In Chap. 3 we enrich finite spectral triples with a real structure and discuss Morita
equivalences in this context. We give a classification of finite real spectral triples
based on Krajewski diagrams [8] and relate this to the classification of irreducible
geometries in [9].

Chapter 4 starts with a concise background on Riemannian spin geometry, leading
to a treatment of the Dirac operator, including its analytical aspects.

Chapter 5 then introduces noncommutative Riemannian spin manifolds (aka spec-
tral triples) in full generality, exemplified by toric noncommutative manifolds.

As a first application of spectral triples, we present a proof of the local index
formula of Connes and Moscovici [10] in Chap. 6, following Higson’s proof [11].

In the second part of this book we start to build gauge theories from (real) spectral
triples. Chapter 7 takes a very general approach and associates a gauge group and a
semigroup of gauge fields to any real spectral triple. An intriguing localization result
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can be formulated (Chap. 8) in terms of a bundle of C*-algebras on a background
topological space. The gauge group acts fiberwise on this bundle and the gauge fields
appear as sections thereof.

Maintaining the same level of generality, we introduce gauge invariant quantities
in Chap. 9, to wit the spectral action, the topological spectral action (which is closely
related to the above index), and the fermionic action [5, 6]. We discuss two possible
ways to expand the spectral action, either asymptotically in terms of the cutoff A, or
perturbatively in terms of the gauge fields parametrizing D.

In Chap. 10 we introduce the important class of examples alluded to before, i.e.,
noncommutative spaces of the form M x F with F finite. Here, Chaps.2 and 3
prove their value in the description of F. Following [12] we analyze the structure of
the gauge group & for this class of examples, and determine the gauge fields and
scalar fields as well as the corresponding gauge transformations. Using heat kernel
methods, we obtain an asymptotic expansion for the spectral action on M X F in
terms of local formulas (on M). We conclude that the spectral action describes
the dynamics and interactions of a scalar gauge theory for the group &z, minimally
coupled to gravity. This general form of the spectral action on M x F will be heavily
used in the remainder of this book.

As a first simple example we treat abelian gauge theory in Chap. 11, for which the
gauge group & ~ U (1). Following [13] we describe how to obtain the Lagrangian
of electrodynamics from the spectral action.

The next step is the derivation of non-abelian Yang-Mills gauge theory from
noncommutative geometry, which we discuss in Chap. 12. We obtain topologically
non-trivial gauge configurations by working with algebra bundles, essentially replac-
ing the above direct product M x F by a fibered product [14].

Chapter 13 contains the derivation of the Standard Model of particle physics from
a noncommutative manifold M x Fy,, first obtained in [4]. We apply our results
from Chap. 10 to obtain the Standard Model gauge group and gauge fields, and the
scalar Higgs field. Moreover, the computation of the spectral action can be applied to
this example and yields the full Lagrangian of the Standard Model, including Higgs
spontaneous symmetry breaking and minimally coupled to gravity. We also give a
detailed discussion on the fermionic action.

The phenomenology of the noncommutative Standard Model is discussed in
Chap. 14. Indeed, the spectral action yields relations between the coupling constants
and masses of the Standard Model, from which physical predictions can be derived.
Here, we adopt the well-known renormalization group equations of the Standard
Model to run the couplings to the relevant energy scale. This gives the notorious
prediction for the Higgs mass at the order of 170GeV. As this is at odds with the
experiments at the Large Hadron Collider at CERN, we give a careful analysis of the
hypotheses used in the derivation of the Standard Model Lagrangian from noncom-
mutative geometry.

In Chap. 15 we use these observations to go beyond the Standard Model with non-
commutative geometry. In particular, we will discuss a Pati—-Salam model [15-18]
that enlarges the particle content of the Standard Model. We show that this noncom-
mutative model is compatible with the experimentally measured Higgs mass.
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We end this book in Chap. 16 with an overview of recent and ongoing work search-
ing for a quantum theory for noncommutative geometry. Indeed, as we realize the
applications of conventional quantum field theory methods to the noncommutative
models of Chaps. 14 and 15 cannot be the end of the story. Indeed, a more intrinsi-
cally defined quantum theory should be developed, and we indicate the first steps in
this direction.

In order not to interrupt the text too much, I have chosen to collect background
information and references to the literature as ‘Notes’ at the end of each chapter.
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Chapter 2 ®)
Finite Noncommutative Spaces e

In this chapter (and the next) we consider finite discrete topological spaces. However,
we will stretch their usual definition, which is perhaps geometrically not so inter-
esting, to include the more intriguing finite noncommutative spaces. Intuitively, this
means that each point has some internal structure, described by a particular noncom-
mutative algebra. With such a notion of finite noncommutative spaces, we search for
the appropriate notion of maps between, and (geo)metric structure on such spaces,
and arrive at a diagrammatic classification of such finite noncommutative geometric
spaces. Our exposition of the finite case already gives a good first impression of what
noncommutative geometry has in store, whilst having the advantage that it avoids
technical complications that might obscure such a first tour through noncommutative
geometry. The general case is subsequently treated in Chap. 5.

2.1 Finite Spaces and Matrix Algebras

Consider a finite topological space X consisting of N points (equipped with the
discrete topology):
1@ 20 e Ne®

The first step towards a noncommutative geometrical description is to trade spaces
for their corresponding function algebras.

Definition 2.1 A (complex, unital) algebra is a vector space A (over C) with a bilin-
ear associative product A x A — A denoted by (a, b) — ab (and a unit 1 satisfying
la=al =aforalla € A).

A x-algebra (or, involutive algebra) is an algebra A together with a conjugate-
linear map (the involution) * : A — A such that (ab)* = b*a* and (a*)* = a for all
a,b e A.
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10 2 Finite Noncommutative Spaces

In this book, we restrict to unital algebras, and simply refer to them as algebras.
In the present case, we consider the *-algebra C (X) of C-valued functions on the
above finite space X. It is equipped with a pointwise linear structure,

(f+) =f)+g), AN =r(f(x),

for any f,ge€ C(X),A€C and for any point x € X, and with pointwise
multiplication

fex) = f(x)g(x).

There is an involution given by complex conjugation at each point:

frx) = f(x).

The C in C(X) stands for continuous and, indeed, any C-valued function on a finite
space X with the discrete topology is automatically continuous.

The x-algebra C (X) has arather simple structure: it is isomorphic to the x-algebra
CY with each complex entry labeling the value the function takes at the corresponding
point, with the involution given by complex conjugation of each entry. A convenient
way to encode the algebra C(X) >~ CV is in terms of diagonal N x N matrices,
representing a function f : X — C as

f( 0 -+ 0
0 f@ - 0
0 0 ....f(.N)

Hence, pointwise multiplication then simply becomes matrix multiplication, and the
involution is given by hermitian conjugation.

If ¢ : X1 — X, is a map of finite discrete spaces, then there is a corresponding
map from C(X,) — C(X;) given by pullback:

P f=fopeCX); (fe€C(X).

Note that the pullback ¢* is a *-homomorphism (or, *-algebra map) under the
pointwise product, in that

" (f8) =" (NP* (@), (N =¢*(N), ¢ Of +8) =20"(f) + ¢ (2).

For example, let X be the space consisting of three points, and X, the space
consisting of two points. Ifamap ¢ : X; — X is defined according to the following
diagram,
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X : ° ° °
X : ° °
then
P2~ C(Xy) > CP~C(Xy)
is given by

(A1, A2) = (A, A2, A2).

Exercise 2.1 Show that¢ : X; — X, is an injective (surjective) map of finite spaces
if and only if ¢* : C(X;,) — C (X)) is surjective (injective).

Definition 2.2 A (complex) matrix algebra A is a direct sum

N
A= @ Mn; (C),

i=1

for some positive integers n; and N. The involution on A is given by hermitian
conjugation, and we simply refer to the x-algebra A with this involution as a matrix
algebra.

Hence, we have associated a matrix algebra C(X) to the finite space X, which
behaves naturally with respect to maps between topological spaces and *-algebras.
A natural question is whether this procedure can be inverted. In other words, given a
matrix algebra A, can we obtain a finite discrete space X such that A >~ C(X)? Since
C(X) is always commutative but matrix algebras need not be, we quickly arrive at
the conclusion that the answer is negative. This can be resolved in two ways:

(1) Restrict to commutative matrix algebras.
(2) Allow for more morphisms (and consequently, more isomorphisms) between
matrix algebras, e.g., by generalizing *x-homomorphisms.

Before explaining each of these options, let us introduce some useful definitions
concerning representations of finite-dimensional *-algebras (which are not necessar-
ily commutative) which moreover extend in a straightforward manner to the infinite-
dimensional case (cf. Definitions 5.5 and 5.6). We first need the prototypical example
of a x-algebra.

Example 2.3 Let H be an (finite-dimensional) inner product space, with inner prod-
uct (-, -) — C. We denote by L(H) the * -algebra of operators on H with product
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given by composition and the involution is given by mapping an operator T to its
adjoint T*.
Note that L(H) is a normed vector space: for T € L(H) we set

I T|1> = sup{(Th, Th) : (h, h) < 1}.
heH

Equivalently, || T || is given by the square root of the largest eigenvalue of T*T.

Definition 2.4 A representation of a finite-dimensional x-algebra A is a pair (H, 7)
where H is a (finite-dimensional, complex) inner product space and r is a x-algebra
map

m:A— L(H).

A representation (H, ) is called irreducible if H # 0 and the only subspaces in H
that are left invariant under the action of A are {0} or H.

We will also refer to a finite-dimensional inner product space as a finite-
dimensional Hilbert space.

Example 2.5 Consider A = M, (C). The defining representation is given by H =
C" on which A acts by left matrix multiplication; hence it is irreducible. An example
of areducible representationis H = C" @ C", witha € M, (C) acting in block-form:

a0

aeM,(C)— (Oa

) € L(C"® C") >~ M, (C)
which therefore decomposes as the direct sum of two copies of the defining repre-
sentation. See also Lemma2.15 below.

Exercise 2.2 Given arepresentation (H, ) of a x-algebra A, the commutant 77 (A)’
of w(A) is defined as

7(AY ={T e L(H) : n(a)T = Tn(a) foralla € A}.

(1) Show that 7w (A)’ is also a *x-algebra.
(2) Show thatarepresentation (H, i) of A isirreducible if and only if the commutant
7 (A) of w(A) consists of multiples of the identity.

Definition 2.6 Two representations (H, ;) and (H,, m,) of a x-algebra A are uni-
tarily equivalent if there exists a unitary map U : Hy — H, such that

JT](a) = U*ﬂg(a)U.

Definition 2.7 The structure space A of Ais the setof all unitary equivalence classes
of irreducible representations of A.
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We end this subsection with an illustrative exercise on passing from representa-
tions of a x-algebra to matrices over that x-algebra.

Exercise 2.3 (1) If A is a unital *-algebra, show that the n x n-matrices M, (A)
with entries in A form a unital *-algebra.

(2) Let m: A — L(H) be a representation of a x-algebra A and set H" =
H®---® H (n copies). Show that the following defines a representation
7T:M,(A) — L(H") of M,(A):

T (@)= (r@))): (@))€ My(A)).

(3) Let ¥ : M,(A) — L(H") be a representation of the x-algebra M,(A). Show
that the following defines a representation ¥ : A — L(H") of the x-algebra A:

n(a) =7 (al,)

where [, is the identity in M, (A).

2.1.1 Commutative Matrix Algebras

We now explain how option (1) on Sect.2.1 above resolves the question raised by
constructing a space from a commutative matrix algebra A. A natural candidate for
such a space is, of course, the structure space X, which we now determine. Note that
any commutative matrix algebra is of the form A ~ C", for which by Exercise 2.2(2)
any irreducible representation is given by a map of the form

JTZ‘I()\.],...,)\N)E(CNI—))\.Z‘E(C

forsomei = 1,..., N. We conclude that A ~ {1,...,N}.

We conclude that there is a duality between finite spaces and commutative matrix
algebras. This is nothing but a finite-dimensional version of Gelfand duality (see
Theorem 5.7 below) between compact Hausdorff topological spaces and unital com-
mutative C*-algebras. In fact, we will see later (Proposition5.4) that any finite-
dimensional C*-algebra is a matrix algebra, which reduces Gelfand duality to the
present finite-dimensional duality.

2.1.2 Finite Spaces and Matrix Algebras

The above trade of finite discrete spaces for finite-dimensional commutative
x-algebras does not really make them any more interesting, for the x-algebra is
always of the form CV. A more interesting perspective is given by the noncommu-
tative alternative, viz. option (2) below Definition 2.2 in Sect.2.1. We thus aim for
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a duality between finite spaces and equivalence classes of matrix algebras. These
equivalence classes are described by a generalized notion of isomorphisms between
matrix algebras, also known as Morita equivalence.

Let us first recall the notion of an algebra (bi)module.

Definition 2.8 Let A, B be algebras (not necessarily matrix algebras). A left
A-module is a vector space E that carries a left representation of A, i.e., there is
abilinearmap A x E > (a, e) > a - e € E such that

(a1a2) e =ay - (az - e); (a1,ap € A,e € E).

Similarly, a right B-module is a vector space F' that carries a right representation of
B, i.e., there is a bilinear map F x B > (f, b) — f - b € F such that

f-bib) =(f -b1)-by; (b1, € B, feF).

Finally, an A — B-bimodule E is both a left A-module and a right B-module, with
mutually commuting actions:

a-(e-b)=1(a-e)-b; (ae A,be B,ec E).

When no confusion can arise, we will also write ae instead of a - e to denote the
left module action, and similarly for the right action.

There is a natural notion of (left) A-module homomorphism as a linear map
¢ : E — F that respect the representation of A:

d(a-e)=a- ¢(e); (ae A,e€ E).
Similarly for right modules and bimodules.
We introduce the following notation:

o 4 F for aleft A-module E;
e Fp for aright B-module F’;
e 4Ep foran A — B-bimodule E.

Exercise 2.4 Check that a representation 7 : A — L(H) of a x-algebra A
(cf. Definition2.4) turns H into a left A-module 4 H.

Exercise 2.5 Show that A is itself an A — A-bimodule 4A,, with left and right
actions given by the product in A.

If E is a right A-module, and F is a left A-module, we can form the balanced
tensor product:

E®AF:=E®F/{Zeiai@)fi—ei@aiﬁ: aiGA,eiEE,fiEF .

i
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In other words, the quotient imposes A-linearity of the tensor product,i.e.,in E @4 F
we have
ea@p f=e®paf; (ae A,ec€ E, f eF).

Definition 2.9 Let A, B be matrix algebras. A Hilbert bimodule for the pair (A, B)
is given by an A — B-bimodule E together with a B-valued inner product (-, -)g :
E x E — B satisfying

(e1,a-e)p = (a"-e1,e2)p;  (e1,e2€ E,a € A),
(e1,ex-b)p = (e, e2)pb; (e1, e2)y = (€2, €1)E; (e1,e2 € E,b € B),
(e, e) g = 0 with equality if and only if e = O; (e € E).
The set of Hilbert bimodules for (A, B) will be denoted by KK, (A, B).

In the following, we will also write (-, -) instead of (-, -) g, unless confusion might
arise.

Exercise 2.6 Check that a representation 7 : A — L(H) (cf. Definition2.4 and
Exercise 2.4) of a matrix algebra A turns H into a Hilbert bimodule for (A, C).

Exercise 2.7 Show that the A — A-bimodule given by A itself (cf. Exercise?2.5)
is an element in KK (A, A) by establishing that the following formula defines an
A-valued inner product (-, )4 : A X A — A:

(a,a'yp =a*d; (a,a’ € A).

Example 2.10 More generally, let ¢ : A — B be a x-algebra homomorphism
between matrix algebras A and B. From it, we can construct a Hilbert bimodule
E4 in KK((A, B) as follows. Let E,4 be B as a vector space with the natural right
B-module structure and inner product (cf. Exercise 2.7), but with A acting on the left
via the homomorphism ¢:

a-b=g¢@b; (acAbeckE,).

Definition 2.11 The Kasparov product F o E between Hilbert bimodules E €
KK¢(A, B) and F € KK¢(B, C) is given by the balanced tensor product

FoE:=E®zF; (EcKK/(A, B),FecKK;B,C)),

sothat F o E € KK((A, C), with C-valued inner product given on elementary ten-
sors by

(e1® f1.e2® f2)eg,r = (f1. {e1, e2)E f2)F, (2.1.1)

and extended linearly to all of E ® F.

Note that this product is associative up to isomorphism.
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Exercise 2.8 Show that the association ¢ ~ E, from Example2.10 is natural in
the sense that

(1) Eiq, =~ A e KK((A4, A),
(2) for *-algebra homomorphisms ¢ : A — B and ¢ : B — C we have an isomor-
phism
Ew o E¢ = E¢ (=453 ET/f ~ E¢O¢ S KKf(A, 0),

that is, as A — C-bimodules.
Exercise 2.9 In the above definition:

(1) Check that E ®p F is an A — C-bimodule.
(2) Check that (-, -) gg, r defines a C-valued inner product.
(3) Check that (a*(e1 ® f1),e2 ® f2)Ew,r = (€1 ® fi,alex ® f2))EwyF-
Conclude that F o E is indeed an element of KK (A, C).

Let us consider the Kasparov product with the Hilbert bimodule for (A, A) given
by A itself (cf. Exercise2.7). Then, since for E € KK;(A, B) we have Eo A =

A ®4 E ~ E, the bimodule 4 A 4 is the identity element with respect to the Kasparov
product (up to isomorphism). This motivates the following definition.

Definition 2.12 Two matrix algebras A and B are called Morita equivalent if there
exist elements E € KK;(A, B) and F € KK¢(B, A) such that
E®BF2A, F®AE:B»

where >~ denotes isomorphism as Hilbert bimodules.

If A and B are Morita equivalent, then the representation theories of both matrix
algebras are equivalent. More precisely, if A and B are Morita equivalent, then a right
A-module is sent to a right B-module by tensoring with _ ® 4 E for an invertible
element E in KK((A, B).

Example 2.13 As seen in Exercises2.4 and 2.6, the vector space E = C" is an
M, (C) — C-bimodule; with the standard C-valued inner product it becomes a Hilbert
module for (M, (C), C). Similarly, the vector space F =C" is a C — M, (C)-
bimodule by right matrix multiplication. An M,, (C)-valued inner product is given by

(v1, v2) =115 € M, (C).
We determine the Kasparov products of these Hilbert bimodules as
E®cF~M,(C); F®u@qE~C.
In other words, E € KK;(M,(C),C) and F € KK;(C, M, (C)) are each other’s

inverse with respect to the Kasparov product. We conclude that M, (C) and C are
Morita equivalent.
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This observation leads us to our first little result.

Theorem 2.14 Two matrix algebras are Morita equivalent if and only if their struc-
ture spaces are isomorphic as finite discrete spaces, i.e., have the same cardinality.

Proof Let A and B be Morita equivalent. Thus there exists Hilbert bimodules 4 E g
and g F4 such that
EQp F~A, F ®4 E ~ B.

If [((mg, H)] € B then we can define a representation 4 by setting
s A—> LIEQp H); mula)le®@v) =ae @ v. 2.1.2)

Vice versa, we construct g : B — L(F ®4 W) from [(4, W)] € A by setting
mg(b)(f ® w) =bf @ w and these two maps are one another’s inverse. Thus,
A~B (see Exercise 2.10 below).

For the converse, we start with a basic result on irreducible representations of
Mn (C)

Lemma 2.15 The matrix algebra M, (C) has a unique irreducible representation
(up to isomorphism) given by the defining representation on C".

Proof 1t is clear from Exercise2.2 that C" is an irreducible representation of A =
M, (C). Suppose H is irreducible and of dimension K, and define a linear map

p:AD---®A— H*; ¢lar,...,ax) = e od) +---+eX oal
K copies
in terms of a basis {e',...eX} of the dual vector space H*. Here v o a denotes

pre-composition of v € H* witha € A, acting on H. This is a morphism of M,,(C)-
modules, provided a matrix a acts on the dual vector space H* by sending v >
v o a'. Itis also surjective, so that the dual map ¢* : H — (AX)* is injective. Upon
identifying (AX)* with AX as A-modules, and noting that A = M,,(C) ~ @"C" as
A-modules, it follows that H is a submodule of AX ~ @"XC". By irreducibility
H~(C" ]

Now, if A, B are matrix algebras of the following form
N M
A=@PM,©), B=EHM, O,
i=1 j=1

then A ~ B implies that N = M. Then, define

N
E=@c acCm,

i=1
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with A acting by block-diagonal matrices on the first tensor and B acting in a similar
way by right matrix multiplication on the second leg of the tensor product. Also, set

N
F:=crec,

i=1

with B now acting on the left and A on the right. Then, as above,

P-=

E ®B F ~ ((Cn, ® (Cm;) ®Mm,- © ((Cm; ® (Cm)

1

I
—_

P-=

(Cn,- ® ((Cm,- ®MW © Cm,-) ® (Cn,-

Il
—_

CheCH~A,

D-

i=1

and similarly we obtain F ® 4 E = B, as required. ]

Exercise 2.10 Fill in the gaps in the above proof:

(a) Show that the representation 74 defined by (2.1.2) is irreducible if and only if
g is.

(b) Show that the association of the class [ 4] to [75] through (2.1.2) is independent
of the choice of representatives w4 and .

We conclude that there is a duality between finite spaces and Morita equiva-
lence classes of matrix algebras. By replacing *-homomorphisms A — B by Hilbert
bimodules for (A, B), we introduce a much richer structure at the level of morphisms
between matrix algebras. For example, any finite-dimensional inner product space
defines an element in KK /(C, C), whereas there is only one map from the cor-
responding structure space consisting of one point to itself. When combined with
Exercise2.10 we conclude that Hilbert bimodules form a proper extension of the
x-morphisms between matrix algebras.

2.2 Noncommutative Geometric Finite Spaces

Consider again a finite space X, described as the structure space of a matrix algebra
A. We would like to introduce some geometry on X and, in particular, a notion of a
metric on X.

Thus, the question we want to address is how we can (algebraically) describe
distances between the points in X, say, as embedded in a metric space. Recall that a
metric on a finite discrete space X is given by an array {d;;}; jex of real non-negative
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entries, indexed by a pair of elements in X and requiring that d;; = d;;, d;; < djx +
dyj,and d;; = Oif and only if i = j:

di
le ! .3
\ A
)

Example 2.16 If X is embedded in a metric space (e.g., Euclidean space), it can be
equipped with the induced metric.

Example 2.17 The discrete metric on the discrete space X is given by:

L 1ifi £
d”_{Oifizj.

In the commutative case, we have the following remarkable result, which com-
pletely characterizes the metric on X in terms of linear algebraic data. It is the key
result towards a spectral description of finite geometric spaces.

Theorem 2.18 Let d;; be a metric on the space X of N points, and set A = CN with
elements a = (a(i ))1N= 1> So that A >~ X. Then there exists a representation w of A on
a finite-dimensional inner product space H and a symmetric operator D on H such
that

dij = sup{la(@) —a(j)| : I[D, @]l < 1}. (2.2.1)

acA

Proof We claim that this would follow from the equality

1
I[D, 7 (a)]ll =I}(121X{d—]dla(k) —a(l)l}- (%)
Indeed, if this holds, then
sup {la(@) —a(j)| : I[D, alll <1} < d;;.

The reverse inequality follows by taking a € A for fixed i, j to be a(k) = d;;. Then,
we find |a(@i) — a(j)| = d;;, while ||[D,w(a)]|| <1 for this a follows from the
reverse triangle inequality for d;;:

1 1
—lak) — a(l)] = —|di —dy] < 1.
dk1|a() a(l)| dkl| k 1l

We prove (*) by induction on N. If N = 2, then on H = C? we define a repre-
sentation 7 : A — L(H) and a hermitian matrix D by
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_fa(l) O _ 0 (@)™
”(“)‘(0 a<2>>’ D‘((dm-l 0 )

It follows that ||[D, a]|| = (di2) " 'a(1) — a(2)|.

Suppose then that (*) holds for N, with representation wy of CV on an inner
product space Hy and symmetric operator Dy; we will show that it also holds for
N + 1. We define

N
Hyi1 = Hy @ EBH;V
i=1

with H 1’\, := C2. Imitating the above construction in the case N = 2, we define the
representation 4 by

wysi(a(l),...,a(N+ 1)) =ny(@(),...,a(N))

a(h) 0 a(N)y 0
69(o a(N+1))®"'@< 0 a(N+l))’

and define the operator Dy by

0 (dyvgn) ™!
D =D
N & ((dl(zv+1))1 0

o 0 (dN(NJrl))_])
&9 ((dN(N+l))_l 0 ’

It follows by the induction hypothesis that (*) holds for N + 1. (I

Exercise 2.11 Make the above proof explicit for the case N = 3. In other words,
compute the metric of (2.2.1) on the space of three points from the set of data A = C3,
H = (C*® with representation 7 : A — L(H) given by

m(a(l),a(2),a(3)) = (“S) a?2)> ® (a(l) a(3)> @ (a(2) a(3)> ’

and hermitian matrix
(0 x 0 x; 0 x3
p=(05)e(as)e(00):

Exercise 2.12 Compute the metric on the space of three points given by formula
(2.2.1)forthe set of data A = C? acting in the defining representationon H = C3, and

with x, x2, x3 € R.
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0 d'0
D=|d!' 00],
0 00

for some non-zero d € R.

Even though the above translation of the metric on X into algebraic data assumes
commutativity of A, the distance formula itself can be extended to the case of a
noncommutative matrix algebra A. In fact, suppose we are given a x-algebra repre-
sentation of A on an inner product space, together with a symmetric operator D on
H. Then we can define a metric on the structure space A by

dij = sup{| Tra(i) — Tra(j)| : I[D,alll <1}, (22.2)

acA

where i labels the matrix algebra M, (C) in the decomposition of A. This distance
formula is a special case of Connes’ distance formula (see Note 5 on Chap. 5) on the
structure space of A.

Exercise 2.13 Show that thg\ d;j in (2.2.2) is ametric (actually, an extended metric,
taking values in [0, co]) on A by establishing that

dij=0 ¢ i=j, dj=dj, dj=<dy+d.

This suggests that the above structure consisting of a matrix algebra A, a finite-
dimensional representation space H, and a hermitian matrix D provides the data
needed to capture a metric structure on the finite space X = A. In fact, in the case
that A is commutative, the above argument combined with our finite-dimensional
Gelfand duality of Sect.2.1.1 is a reconstruction theorem. Indeed, we reconstruct a
given metric space (X, d) from the data (A, H, D) associated to it.

We arrive at the following definition , adapted to our finite-dimensional setting.

Definition 2.19 A finite spectral triple is a triple (A, H, D) consisting of a unital
x-algebra A represented faithfully on a finite-dimensional Hilbert space H, together
with a symmetric operator D : H — H.

We do not demand that A is a matrix algebra, since this turns out to be automatic:

Lemma 2.20 If A is a unital x-algebra that acts faithfully on a finite-dimensional
Hilbert space, then A is a matrix algebra of the form

N
A~Pm, ©).
i=1

Proof Since A acts faithfully on a Hilbert space it is a *-subalgebra of a matrix
algebra L(H) = Mgim)(C); the only such subalgebras are themselves matrix
algebras. O
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Unless we want to distinguish different representations of A on H, the above
representation will usually be implicitly assumed, thus considering elements a € A
as operators on H.

Example 2.21 Let A = M, (C) act on H = C" by matrix multiplication, with the
standard inner product. A symmetric operator on H is represented by a hermitian
n X n matrix.

We will loosely refer to D as a finite Dirac operator, as its infinite-dimensional
analogue on Riemannian spin manifolds is the usual Dirac operator (see Chap.5). In
the present case, we can use it to introduce a ‘differential geometric structure’ on the
finite space X that is related to the notion of divided difference. The latter is given,
for each pair of points i, j € X, by

a(@) —a(j)
dj

Indeed, these divided differences appear precisely as the entries of the commutator
[D, a] for the operator D as in Theorem 2.18.

Exercise 2.14 Use the explicit form of D in Theorem 2.18 to confirm that the com-
mutator of D with a € C(X) is expressed in terms of the above divided differences.

We will see later that in the continuum case, the commutator [D, -] corresponds
to taking derivatives of functions on a manifold.

Definition 2.22 Let (A, H, D) be afinite spectral triple. The A-bimodule of Connes’
differential one-forms is given by

Qp(A) == 1> D, b :ap. b€ At
k

Consequently, there isamapd: A — Q})(A), given by d(-) = [D, -].

Exercise 2.15 Verify that d is a derivation of a x-algebra, in that:

d(ab) = d(a)b + ad(b); d(a*) = —d(a)".

Exercise 2.16 Verify that Q},(A) is an A-bimodule by rewriting the operator
Y vala[D, b )b (a, b, ar, by € A) as ), a,[D, b,] for some ay, b, € A.

As a first little result—though with an actual application to matrix models in
physics—we compute Connes’ differential one-forms for the above Example 2.21.

Lemma 2.23 Let (A, H, D) = (M,(C), C", D) be the finite spectral triple of
Example2.21 with D a hermitian n x n matrix. If D is not a multiple of the identity,
then Q1 (A) ~ M, (C).
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Proof We may assume that D is a diagonal matrix: D = ), A;e;; in terms of real
numbers A; (not all equal) and the standard basis {e;;} of M,,(C). For fixed i, j choose
k such that A, # A;. Then

1
(kk Y €ik> [D, exj] =ejj.

Hence, since ey, ex; € M, (C), any basis vector e;; € 2,(A). Since also QL (A) C
L(C") ~ M,(C), the result follows. O

Exercise 2.17 Consider the following finite spectral triple:

(n=cn=c.0=(22)).

with A # 0. Show that the corresponding space of differential one-forms Q1 (A) is
isomorphic to the vector space of all off-diagonal 2 x 2 matrices.

2.2.1 Morphisms Between Finite Spectral Triples

In a spectral triple (A, H, D) both the x-algebra A and a finite Dirac operator D act
on the inner product space H. Hence, the most natural notion of equivalence between
spectral triples is that of unitary equivalence.

Definition 2.24 Two finite spectral triples (A, H,, D) and (A,, H,, D;) are called
unitarily equivalent if A; = A, and if there exists a unitary operator U : H} — H,
such that

Umi(@)U* =m(a); (a € Ay),
UD,U* = D,.

Exercise 2.18 Show that unitary equivalence of spectral triples is an equivalence
relation.

Remark 2.25 A special type of unitary equivalence is given by the unitaries in the
matrix algebra A itself. Indeed, for any such unitary element u the spectral triples
(A, H, D) and (A, H, uDu*) are unitarily equivalent. Another way of writing u Du*
is D 4+ u[ D, u*], so that this type of unitary equivalence effectively adds a differential
one-form to D.

Following the spirit of our extended notion of morphisms between algebras, we
might also deduce a notion of “equivalence” coming from Morita equivalence of the
corresponding matrix algebras. Namely, given a Hilbert bimodule E in KK((B, A),
we can try to construct a finite spectral triple on B starting from a finite spectral triple
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on A. This transfer of metric structure is accomplished as follows. Let (A, H, D) be
a spectral triple; we construct a new spectral triple (B, H’, D’). First, we define a
vector space

H =EQ®4H,

which inherits a left action of B from the B-module structure of E. Also, it is an
inner product space, with C-valued inner product given as in (2.1.1).

The naive choice of a symmetric operator D’ given by D'(e ® §) = e ® D& will
not do, because it does not respect the ideal defining the balanced tensor product
over A, being generated by elements of the form

ea @& —e®aé; (ee E,ace A& € H).

A better definition is
D'(e ® &) =e® DE + V(e)&, (2.2.3)

where V: E — E Qg QB(A) is some map that satisfies the Leibniz rule
V(ea) =V(e)a+eQ®[D,al; (ee E,aeA). 2.2.4)

Indeed, this is precisely the property that is needed to make D’ a well-defined operator
on the balanced tensor product £ @4 H:

D'(eca®& —e®at) =ea ® DE + V(ea)t —e ® D(a&) — V(e)aé = 0.

AmapV:E — E ®y QID (A) that satisfies Eq. (2.2.4) is called a connection on the
right A-module E associated to the derivationd : a + [D, a] (a € A).

Theorem 2.26 If (A, H, D) is a finite spectral triple and E € KK¢(B, A), then
(in the above notation) (B, E @ 4 H, D’) is a finite spectral triple, provided that V
satisfies the compatibility condition

(e1, Ver)p —(Vey, e2)p =dler, e2)p;  (e1, e € E). (2.2.5)

Proof We only need to show that D’ is a symmetric operator. Indeed, fore;, e, € E
and &, & € H we compute

(e1 ®&1, D'(e2®&)) e, n = (&1, (€1, Ver)g&)u + (&1, (e1, e2) EDE)
= (51, (Ver, e2)e&2)m + (51, d{e1, e2)e&2)m
+ (Dé1, (e1, e2)p&a)m — (51, [D, {e1, e2) E1&2)m
=(D'(e1 ® &), 2@ &g, ms

using the stated compatibility condition and the fact that D is symmetric. (]

Theorem 2.26 is our finite-dimensional analogue of Theorem 7.15, to be obtained
below.
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Exercise 2.19 Let V and V' be two connections on a right A-module E. Show that
their difference V — V' is a right A-linear map E — E @, QID(A).

Exercise 2.20 In this exercise, we consider the case that B = A and also £ = A.
Let (A, H, D) be a spectral triple, we determine (A, H', D).

(1) Show that the derivationd(-) =[D,-]: A —> A ®4 Q})(A) = QlD(A) is a con-
nection on A considered a right A-module.
(2) Upon identifying A ® 4 H >~ H, what is the operator D’ of Eq. (2.2.3) when the
connection V on A is given by d as in (1)?
(3) Use (1) and (2) of this exercise to show that any connection V: A — A ®4
Q),(A) is given by
V=d+ o,

with € QL (A).
(4) Upon identifying A ® 4, H ~ H, what is the operator D’ of Eq.(2.2.3) with the
connection on A given as V =d + o.

If we combine the above Exercise 2.20 with Lemma?2.23, we see that V. =d — D
is an example of a connection on My (C) (as a module over itself and with o =
—D), since QID(A) ~ My (C). Hence, for this choice of connection the new finite
spectral triple as constructed in Theorem2.26 is given by (My(C), CY, D’ = 0).
So, Morita equivalence of algebras does not carry over to an equivalence relation on
spectral triples. Indeed, we now have QE, (My(C)) = 0, so that no non-zero D can
be generated from this spectral triple and the symmetry of this relation fails.

2.3 Classification of Finite Spectral Triples

Here we classify finite spectral triples on A modulo unitary equivalence, in terms of
so-called decorated graphs.

Definition 2.27 A graph is an ordered pair (I'®, (D) consisting of a set I'® of
vertices and a set 'V of pairs of vertices (called edges).

We allow edges of the form e = (v, v) for any vertex v, that is, we allow loops at
any vertex.

Consider then a finite spectral triple (A, H, D); let us determine the structure of
all three ingredients and construct a graph from it.

The algebra: We have already seen in Lemma?2.20 that

N
A~Pm, ©),

i=1
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for some ny, ..., ny. The structure space of A is given by A~ {1,..., N} with
each integer i € A corresponding to the equivalence classes of the representation
of A on C". If we label the latter equivalence class by n; we can also identify
A>~{ny,...,ny}.

The Hilbert space: Any finite-dimensional faithful representation H of such a matrix
algebra A is completely reducible (i.e., a direct sum of irreducible representations).

Exercise 2.21 Prove this result for any *-algebra by establishing that the comple-
ment W+ of an A-submodule W C H is also an A-submodule of H.

Combining this with the proof of Lemma?2.15, we conclude that the finite-
dimensional Hilbert space representation H of A has adecomposition into irreducible
representations, which we write as

N
H:@(C”"@Vi,

i=1

with each V; a vector space; we will refer to the dimension of V; as the multiplicity
of the representation labeled by n; and to V; itself as the multiplicity space. The
above isomorphism is given by a unitary map.

To begin the construction of our decorated graph, we indicate the presence of a
summand n; in H by drawing a node at position n; € Aina diagram based on the
structure space A of the matrix algebra A (see Fig.2.1 for an example). Multiple
nodes at the same position represent multiplicities of the representations in H.

The finite Dirac operator: Corresponding to the above decomposition of H we can
write D as a sum of matrices

Dij C"® Vi— C"® V",

restricted to these subspaces. The condition that D is symmetric implies that D;; =
D7, In terms of the above diagrammatic representation of H, we express a non-zero
D;; and Dj; as a (multiple) edge between the nodes n; and n; (see Fig.2.2 for an
example).

Another way of putting this is as follows, in terms of decorated graphs.

Definition 2.28 A A -decorated graph is given by an ordered pair (I", A) of a finite
graph I' and a finite set A of positive integers, with a labeling:

nq n; n]- ny
©) O O ©)

Fig. 2.1 A node at n; indicates the presence of the summand C"; the double node at n; indicates
the presence of the summand C"/ @ C"/ in H
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n; n; nj BRI 1Y)
o) o——0 o
Fig. 2.2 The edges between the nodes n; and n;, and n; and ny represent non-zero operators

Dijj:C" - C'V@® C? (multiplicity 2) and D,y : C" — C"V, respectively. Their adjoints give
the operators Dj; and Dy;

e of the vertices v € I'¥ by elements n(v) € A;
e of the edges e = (vj,v;) € TV by operators D, : C*"") — C"®) and its
conjugate-transpose D : C"%2) — C"),

so that n(I'®) = A.

The operators D, between vertices that are labeled by n; and n;, respectively, add
up to the above D;;. Explicitly,

D;; = Z D.,

e=(vy,v2)
n(v)=n;
n(v2)=n;

so that also Df; = D ;. Thus we have proved the following result.

Theorem 2.29 There is a one-to-one correspondence between finite spectral triples
modulo unitary equivalence and A-decorated graphs, given by associating a finite
spectral triple (A, H, D) to a A-decorated graph (I', A) in the following way:

A=Pm©. H=PHCY., D=> D +D]
neA vel'® ecI’

Example 2.30 The following A-decorated graph

n

O

D,
corresponds to the spectral triple (M, (C), C", D = D, + D) of Example2.21.

Exercise 2.22 Draw the A-decorated graph corresponding to the spectral triple

010
A=CH=C,D=[200]]: (#0).
000

Exercise 2.23 Use A-decorated graphs to classify all finite spectral triples (modulo
unitary equivalence) on the matrix algebra A = C @ M, (C).
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Exercise 2.24 Suppose that (A, Hy, D) and (A,, H,, D,) are two finite spectral
triples. We consider their direct sum and tensor product and give the corresponding
A-decorated graphs.

ey
@)

3
“

Show that (A} @ A,, H; @ H,, (D1, D)) is a finite spectral triple.

Describe the A-decorated graph of this direct sum spectral triple in terms of the
A-decorated graphs of the original spectral triples.

Show that (A} ® Ay, Hi ® Hy, D1 ® 1 + 1 ® D) is a finite spectral triple.
Describe the A-decorated graph of this fensor product spectral triple in terms
of the A-decorated graphs of the original spectral triples.

Notes

Section 2.1. Finite Spaces and Matrix Algebras

1.

The notation KK in Definition2.9 is chosen to suggest a close connection to Kasparov’s
bivariant KK-theory [1], here restricted to the finite-dimensional case. In fact, in the case of
matrix algebras the notion of a Kasparov module for a pair of C*-algebras (A, B) (cf. [2, Sect.
17.1] for a definition) coincides (up to homotopy) with that of a Hilbert bimodule for (A, B)
(cf. [3, Sect. IV.2.1] for a definition).

. Definition2.12 agrees with the notion of equivalence between arbitrary rings introduced by

Morita [4]. Moreover, it is a special case of strong Morita equivalence between C*-algebras as
introduced by Rieffel [5].

. Theorem?2.14 is a special case of a more general result on the structure spaces of Morita

equivalent C*-algebras (see e.g., [6, Sect. 3.3]).

Section 2.2. Noncommutative Geometric Finite Spaces

. Theorem 2.18 can be found in [7].
. The reconstruction theorem mentioned in the text before Definition2.19 is a special case, to wit

the finite-dimensional case, of a result by Connes [8] on a reconstruction of Riemannian (spin)
manifolds from so-called spectral triples (cf. Definition5.9 and Note 6 on Chap. 5 below).

. A complete proof of Lemma2.20 can be found in [9, Theorem 3.5.4].
. For a complete exposition on differential algebras, connections on modules, et cetera, we refer

to [10, Chap. 8] and [11] and references therein.

. The failure of Morita equivalence to induce an equivalence between spectral triples was noted

in [12, Remark 1.143] (see also [13, Remark 5.1.2]). This suggests that it is better to consider
Hilbert bimodules as correspondences rather than equivalences, as was already suggested by
Connes and Skandalis in [14] and also appeared in the applications of noncommutative geometry
to number theory (cf. [12, Chap. 4.3]) and quantization [15]. This forms the starting point for a
categorical description of (finite) spectral triples themselves. As objects the category has finite
spectral triples (A, H, D), and as morphisms it has pairs (E, V) as above. This category is
the topic of for instance [16-21], working in the more general setting of spectral triples, hence
requiring much more analysis as compared to our finite-dimensional case. The category of finite
spectral triples plays a crucial role in the noncommutative generalization of spin networks in [22].
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Chapter 3 ®)
Finite Real Noncommutative Spaces e

In this chapter, we will enrich the finite noncommutative spaces as analyzed in the
previous chapter with a real structure. For one thing, this makes the definition of
a finite spectral triple more symmetric by demanding the inner product space H
be an A — A-bimodule, rather than just a left A-module. The implementation of
this bimodule structure by an anti-unitary operator has close ties with the Tomita—
Takesaki theory of Von Neumann algebras, as well as with physics through charge
conjugation, as will become clear in the applications in the later chapters of this book.
Our exposition includes a diagrammatic classification of finite real spectral triples
for all so-called KO-dimensions, and also identifies the irreducible finite geometries
among them.

3.1 Finite Real Spectral Triples

First, the structure of a finite spectral triple can be enriched by introducing a Z,-
grading y on H,ie.,y* =y, yz = 1, demanding that A is even and D is odd with
respect to this grading:

yD = —Dy, ya =ay; (aecA).

Next, there is a more symmetric refinement of the notion of finite spectral triple
in which H is an A — A-bimodule, rather than just a left A-module. Recall that an
anti-unitary operator is an invertible operator J : H — H that satisfies (J&;, J&) =
(§2,61) forall &1, 6 € H.

Definition 3.1 A finite real spectral triple is given by a finite spectral triple
(A, H, D) and an anti-unitary operator J : H — H called real structure, such that
a® := Ja*J~'isaright representation of A on H,i.e., (ab)® = b°a°. We also require
that

[a,b°] =0, [[D,al, b°]1 =0, 3.1.1)

© The Author(s) 2025 31
W. D. van Suijlekom, Noncommutative Geometry and Particle Physics,
Mathematical Physics Studies, https://doi.org/10.1007/978-3-031-59120-4_3


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-59120-4_3&domain=pdf
https://doi.org/10.1007/978-3-031-59120-4_3
https://doi.org/10.1007/978-3-031-59120-4_3
https://doi.org/10.1007/978-3-031-59120-4_3
https://doi.org/10.1007/978-3-031-59120-4_3
https://doi.org/10.1007/978-3-031-59120-4_3
https://doi.org/10.1007/978-3-031-59120-4_3
https://doi.org/10.1007/978-3-031-59120-4_3
https://doi.org/10.1007/978-3-031-59120-4_3
https://doi.org/10.1007/978-3-031-59120-4_3
https://doi.org/10.1007/978-3-031-59120-4_3
https://doi.org/10.1007/978-3-031-59120-4_3

32 3 Finite Real Noncommutative Spaces

Table 3.1 The KO-dimension k of a real spectral triple is determined by the signs {e, €/, €”}
appearingin J2 =¢, JD=¢'DJ and Jy ="y J
k 0 1 2 3 4 5 6 7
1 1 -1 -1 -1 -1 1
&' 1 -1 1 1 1 -1 1 1
1 —1 1 —1

foralla, b € A. Moreover, we demand that J, D and (in the even case) y satisfy the
commutation relations:

JP=¢, ID=¢DJ, Jy=¢"yl.
for numbers ¢, ', ¢” € {—1, 1}. These signs determine the KO-dimension k (modulo
8) of the finite real spectral triple (A, H, D; J, y) defined according to Table 3.1.

The signs in Table 3.1 are motivated by the classification of Clifford algebras, see
Sect. 4.1 below. The two conditions in (3.1.1) are called the commutant property,
and the first-order or order one condition, respectively. They imply that the left
action of an element in A and Q })(A) commutes with the right action of A. This is
equivalent to the commutation between the right action of A and Q1 (A) with the
left action of A.

Remark 3.2 The so-called opposite algebra A° is defined to be equal to A as a
vector space but with opposite product o:

aob:=ba.

Thus, a® = Ja*J "' defines a left representation of A° on H: (a o b)° = a°b°.

Example 3.3 Consider the matrix algebra My (C), acting on the inner product space
H = My(C) by left matrix multiplication, and with inner product given by the
Hilbert—Schmidt inner product:

{a,b) =Tra*b.

Define
y(@) =a, J@ =a* (a€H).
Since D must be odd with respect to the grading y, it vanishes identically.

Exercise 3.1 In the previous example, show that the right action of My (C) on
H = My(C) as defined by a > a° is given by right matrix multiplication.

The following exercises are inspired by Tomita—Takesaki theory of Von Neumann
algebras.
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Exercise 3.2 Let A = ; M, (C) be a matrix algebra, which is represented on a
vector space H = P ; C" ® C™, i.e., is such that the irreducible representation n;
has multiplicity m;.

(1) Show that the commutant A" of A is isomorphic to @i M,,,(C). As a conse-
quence, the double commutant coincides with A, that is to say A” >~ A.

We say that £ € H is a cyclic vector for A if
At :={ak:a € A} =H.
We call £ € H a separating vector for A if
at =0 = a=0; (a € A).

(2) Show that if £ is a separating vector for the action of A, it is cyclic for the action
of A’. (Hint: Assume £ is not cyclic for the action of A" and try to derive a
contradiction).

Exercise 3.3 Suppose that (A, H, D = 0) is a finite spectral triple such that H
possesses a cyclic and separating vector & for A.

(1) Show that the formula S(a&) = a*£ defines an anti-linear operator S : H — H.

(2) Show that S is invertible.

(3) Let J: H — H be the operator appearing in the polar decomposition § =
J A2 of § with A = §*S. Show that J is an anti-unitary operator.

Conclude that (A, H, D = 0; J) is a finite real spectral triple. Can you find such an
operator J in the case of Exercise 3.2?

3.1.1 Morphisms Between Finite Real Spectral Triples

We are now going to extend the notion of unitary equivalence (cf. Definition 2.24)
to finite real spectral triples.

Definition 3.4 We call two finite real spectral triples (A, Hy, Dy; Ji, y1) and
(Az, Hy, Dy; Jy, y») unitarily equivalent if A = A, and if there exists a unitary
operator U : Hy — H; such that

Um(@U* =m(a);  (a €Ay,
UD]U*ZDz, U)/]U*ZVZ, UJ]U*ZJZ.

Building on our discussion in Sect.2.2.1, we can also extend Morita equivalence
to finite real spectral triples. Namely, given a Hilbert bimodule E for (B, A), we will
construct a finite real spectral triple (B, H’, D’; J', y’) on B, starting from a finite
real spectral triple (A, H, D; J, y) on A.
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Definition 3.5 Let E be a B — A-bimodule. The conjugate module E° is given by
the A — B-bimodule

E° ={e:e € E},
witha -e-b=>b*-e-a*foranya € A,b € B.

This implies for any A € C that Ae = Ae, which explains the suggestive notation e
for the elements of E°. The bimodule E° is not quite a Hilbert bimodule for (A, B),
since we do not have a natural B-valued inner product. However, there is a A-valued
inner product on the left A-module E° given by

(e1,e2) = (ex, e1);  (e1,e2 € E).

As opposed to the inner product in Definition 2.9, this inner product is left A-linear:
(e, aey) = aley, ey) forall a € A, as can be easily checked.
Exercise 3.4 Show that E° is a Hilbert bimodule for (B°, A°).

Let us then start the construction of a finite real spectral triple on B by setting
H’ = E®A H®A E°.

There is a (C-valued) inner product on H’ given by combining the A-valued inner
products on E, E° with the C-valued inner product on H, much as in (2.1.1). The
action of B on H' is given by

ble1 ®& Qey) = (be)) ®E e, (3.1.2)

using just the B — A-bimodule structure of E. In addition, there is a right action of B
on H' defined by acting on the right on the component E°. In fact, it is implemented
by the following anti-unitary,

J(e®E§®e) =0 JEQe¢,

i.e., b° = J'b*(J))~! with b* € B acting on H’ according to (3.1.2).
Moreover, there is a finite Dirac operator given in terms of the connection V : E —
E®yu QE(A) as in Sect.2.2.1. First, we need the result of the following exercise.

Exercise 3.5 Let V: E > E ®4 Q})(A) be a right connection on E and consider
the following anti-linear map

T:E®4QL(A) » QL(A) ®4 E°;

eQuwr —w*Qe.

Show that the map V : E° — Q})(A) ®4 E° defined by V(2) = 7 o V(e) is a left
connection, i.e., show that it satisfies the left Leibniz rule:
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V(ae) = [D,a]®e +aV(e).
The connections V and V give rise to a Dirac operator on £ @, H ®4 E°:
D'y ®E®e) = (Ve)E®ey+e @ DERe, +e @E(Vey).

The right action of @ € Q},(A) on & € H is then defined by & > €'Jw*J &,
Finally, for even spectral triples one defines a grading on E ®4 H @4 E° by
Y =1y ®1.

Theorem 3.6 Suppose (A, H, D; J,y) is a finite real spectral triple of KO-
dimension k, and let V: E — E ®4 Q})(A) be a compatible connection (cf.
Eq.(2.2.5)). Then (B, H', D'; J', y') is afinite real spectral triple of KO-dimension k.

Proof The only non-trivial thing to check is that the KO-dimension is preserved. In
fact, one readily checks that (J')? =1® J?® 1 =€ and J'y' = €"y’J’. Also,
J'D'(e1®E@e)=J (VeE ®e, + e ® DE®er +e1 ®E(TVer))
=eD(ey®JEQe)=cDJ (el REQe),

where we have used J'(e; @ JoJ 'E ® &) = e Q wlE Q€. O

3.2 Classification of Finite Real Spectral Triples

In this section, we classify all finite real spectral triples (A, H, D; J, y) modulo uni-
tary equivalence using Krajewski diagrams. These play a similar role for finite real
spectral triples as Dynkin diagrams do for simple Lie algebras. Moreover, they extend
our A-decorated graphs of the previous chapter to the case of real spectral triples.

The algebra: First, we already know from our classification of finite spectral triples
in Sect. 2.3 that

N
A~Pm, ©).
i=1
for some ni,...,ny. Thus, the structure space of A is again given by A=
{n;, ..., ny} where n; denotes the irreducible representation of A on C".

The Hilbert space: As before, the irreducible, faithful representations of A =
GBlN: M, (C) are given by corresponding direct sums:

N
Der
i=1

on which A acts by left block-diagonal matrix multiplication.
Now, besides the representation of A, there should also be a representation of A° on
H which commutes with that of A. In other words, we are looking for the irreducible
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representations of A ® A°. If we denote the unique irreducible representation of
M, (C)° by C"°, this implies that any irreducible representation of A ® A° is given
by a summand in

N
o

ij=1

Consequently, any finite-dimensional Hilbert space representation of A has a decom-
position into irreducible representations

N
H=PcCceC eV,

ij=1

with V;; a vector space; we will refer to the dimension of V;; as the multiplicity of
the representation C" ® C"i°.

The integers n; and n§ form the grid of a diagram (cf. Fig.3.1 for an example).
Whenever there is a node at the coordinates (n;, nj), the representation C* @ C"i° is
present in the direct sum decomposition of H. Multiplicities are indicated by multiple
nodes.

Example 3.7 Consider the algebra A = C @ M, (C). The irreducible representa-
tions of A are given by 1 and 2. The two diagrams

1 2 1 2
1° O 1° O O
2° O 20
Fig. 3.1 A node at (ni,n?) n ... n; ... M ... ny
indicates the presence of the
summand C" ® C"i° in H, n; 1)

the double node indicates the
presence of (C" @ C"°) @
(C" @ C"°)in H
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correspond to H; = C® M,(C) and H, = C & C?, respectively. We have used the
fact that C> @ C?>* ~ M,(C). The left action of A on H, is given by the matrix

A0
0a)’
witha € M,(C) actingon M,(C) C H, by left matrix multiplication. The right action
of A on H; corresponds to the same matrix acting by right matrix multiplication.
On H,, the left action of A is given by matrix multiplication by the above matrix

on vectors in C @ C?. However, the right action of (A,a) € A is given by scalar
multiplication with A on all of H,.

The real structure: Before turning to the finite Dirac operator D, we exploit the
presence of areal structure J : H — H in the diagrammatic approach started above.

Exercise 3.6 Let J be an anti-unitary operator on a finite-dimensional Hilbert space.
Show that J? is a unitary operator.

Lemma 3.8 Let J be an anti-unitary operator on a finite-dimensional Hilbert space
H with J* = +1.

(1) If J> = 1 then there is an orthonormal basis {e;} of H such that Je; = ey.
(2) IfJ2 = —1 then there is an orthonormal basis {ey, fi} of H such that Je, = fi
(and, consequently, J fi, = —ex).

Proof (1) Take any v € H and set

o c(v+ Jv) if Jv # —v
LR if Jv = —v,

with ¢ a normalization constant. Then J(v+ Jv) =Jv+ J>v=v+ Jv and
J(iv) = —iJv = iv in the two respective cases, so that Je; = e.
Next, take a vector v’ that is orthogonal to e;. Then

(e1, JV) = (J2, Je)) = (W', Je)) = (v, e1) =0,
so that also Jv' L e;. As before, we set

e+ Ty it SV #E =
2=y if Jv' = —v/,
which by the above is orthogonal to e¢;. Continuing in this way gives a basis {e;} for
H with Je, = ¢y.
(2) Take any v € H and set e; = cv with ¢ a normalization constant. Then f; = Je,

is orthogonal to ey, since

(fi,e1) = (Jer,e)) = —(Jey, J?e)) = —(Jer, e1) = —(f1, e1).
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Fig. 3.2 The presence of the .. ng ... m ... Nj ... ny
real structure J implies a s

. . o
symmetry in the diagram n; e}

along the diagonal

n; o 0
n; o o
ny 0 o

Next, take another v’ L ey, f| and set e; = ¢’v’. As before, f, := Je, is orthogonal
to ey, and also to e; and fi:

(e1, f2) = (e1, Jex) = —(J?e1, Jez) = —(e2, Jey) = —(ea, f1) =0,
(fi, fo) = (Jer, Jex) = (e2,€1) = 0.

Continuing in this way gives a basis {e;, fi} for H with Je; = f;. O

We will now apply these results to the anti-unitary operator given by a real structure
on a spectral triple. Recall that in this case, J : H — H implements a right action
of A on H, via

a®=Ja*J"!

satisfying [a, b°] = 0. Together with the block-form of A, this implies that
Jai® - ®ay) =@ ®---day)l.

We conclude that the Krajewski diagram for a real spectral triple must be symmetric

along the diagonal, J mapping each subspace C" ® C"° ® V;; bijectively to C"/ ®

C”io ® Vj,'.

Proposition 3.9 Let J be areal structure on a finite real spectral triple (A, H, D; J).

(1) If J?> = 1 (KO-dimension 0, 1, 6, 7) then there is an orthonormal basis {e](:j )}
(i,j=1,....N. k=1,...,dim V;;) with e’ € C" ® C"° ® V;; such that

Jel =el";  (,j=1,...,N;k=1,...,dim V).
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(2) If J* = —1 (KO-dimension 2, 3, 4, 5) then there is an orthonormal basis {e;”,
LI (i< j =1, Nk =1,....dim Vy) with &/ e C" @ C° &V,
fk(ﬂ) € C" @ C"° ® Vj; and such that

Jel = U0 (i<j=1,...,Nik=1,...,dim V).

Proof We imitate the proof Lemma 3.8.

(1) Ifi # j,takev € C" ® C"° ® V;; and sete?j) = cv. Then, by the above obser-

vation, ei”) = Jei”) is an element in C" ® C"° ® V;. Next, take v' € C" ®
@ij) (ji)
2 2 -

C"° ® V;; with v L v and apply the same procedure to obtain e,”’ and e

Continuing in this way gives an orthonormal basis {e,(:j )} for C @ C° @ Vi s
and an orthonormal basis {e{/"} for C" ® C"° ® Vji which satisfy J el =
e,

If i = j, then Lemma3.8(1) applies directly to the anti-unitary operator given
by J restricted to C" ® C"° ® V;;.

(2) can be proved along the same lines. O

Note that this result implies that in the case of KO-dimension 2, 3, 4 and 5, the
diagonal C" @ C"° ® V;; needs to have even multiplicity.

The finite Dirac operator: Corresponding to the above decomposition of H we can
write D as a sum of matrices

Diju :C"@C"*®V; > C*"®C" ® Vy,

restricted to these subspaces. The condition D* = D implies that Dy; ;; = DI*J w-In
terms of the above diagrammatic representation of H, we express a non-zero D;;
as a line between the nodes (n;, n}) and (ng, n}). Instead of drawing directed lines,
we draw a single undirected line, capturing both D;; ;; and its adjoint Dy, ;;.

Lemma 3.10 The condition JD = £DJ and the order one condition given by
[[D, a], b°] = O forces the lines in the diagram to run only vertically or horizontally
(or between the same node), thereby maintaining the diagonal symmetry between
the nodes in the diagram.

Proof The condition J D = £DJ easily translates into a commuting diagram:
(Cni ® (ano ® Vij T (an ® Cn,o ® Vk]
| |
CeC°"QV;———C"'C"* @ Vy

+D

thus relating D;; i to Dj; j, maintaining the diagonal symmetry (Fig. 3.3).
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Fig. 3.3 The lines between Ce n; . n]-
two nodes represent a
non-zero Dj; j; :

Ch @ C" — C' @C", as
well as its adjoint Dj; ;; :
CH@CH — CH @CH. i
The non-zero components
D;; ij and D;; ;; are related
to :tDii.ji and :tDti,',',
respectively, according to
JD =+DJ ]

If we write the order one condition [[D, a], b°] = 0 for diagonal elements a =
ML, ®--- DAy, € Aand b=, & D unl,, € A with &;, u; € C, we
compute

Dijuhi —a)(; — 1) =0,

for all A;, u; € C. As a consequence, D;;; = 0 whenever i # kor j # [. O

Grading: Finally, if there is a grading y : H — H, then each node in the diagram
gets labeled by a plus or minus sign. The rules are that:

e D connects nodes with different signs;
e If the node (n;, n;) has sign =, then the node (n;, ny) has sign +=¢”, according to
Jy =¢€"yJ.

Finally, we arrive at a diagrammatic classification of finite real spectral triples of
any KO-dimension.

Definition 3.11 A Krajewski diagram of KO-dimension k is given by an ordered
pair (I', A) of a finite graph I" and a finite set A of positive integers with a labeling:

e ofthe verticesv € I'® by elements ¢ (v) = (n(v), m(v)) € A x A, where the exis-
tence of an edge from v to v’ implies that either n(v) = n(v'), m(v) = m(v’), or
both;

e of the edges e = (v1, v) € 'V by non-zero operators:

D, : C") — Cr) it m) =m);
D, : C"®) — ) if  n(p) =n),
and their adjoints D,

together with an involutive graph automorphism j : I' — I so that the following
conditions hold:
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(1) every row or column in A X A has non-empty intersection with ¢(I");

(2) for each vertex v we have (n(j (v))) = m(v);

(3) for each edge e we have D, = €'Dj(,;

(4) if the KO-dimension k is even, then the vertices are additionally labeled by £1
and the edges only connect opposite signs. The signs at v and j(v) differ by a
factor €, according to the table of Definition3.1;

(5) if the K O-dimension is 2, 3, 4, 5 then the inverse image under ¢ of the diagonal
elements in A x A contains an even number of vertices of I'.

Note that this definition allows for different vertices of I" to be labeled by the
same element in A x A; this accounts for the multiplicities appearing in V;; that we
have encountered before.

This indeed gives rise to a diagram of the above type, by putting a node at position
(n;, n%) for each vertex carrying the label (n;, n;) € A x A.The notation n; instead
of n; is just for a convenient diagrammatic exposition. The operators D, between
vertices that are labeled by (n;, n;) and (ng, n;), respectively, add up to the above

D;; 1. Explicitly,
Diju = Z D,,

e:(vl,vz)ef‘“)
t(v1)=(n;,n;)
t(v2)=(ny,my)

so that indeed Dl*] « = Du,ij- Moreover, the only non-zero entries D;; ;; will appear
when i = k, or j = [, or both. Thus, we have shown

Theorem 3.12 There is a one-to-one correspondence between finite real spectral
triples of K O-dimension k modulo unitary equivalence and Krajewski diagrams of
KO-dimension k. Specifically, one associates a real spectral triple (A, H, D; J, y)
to a Krajewski diagram in the following way:

A =P M.(©C):

neA

H = @ Cn(v) ® (Cm(v)o;
vell®

D = Z D, + D;.
ec"()

Moreover, the real structure J : H — H is given as in Proposition 3.9, with the basis
dictated by the graph automorphism j : I' — T. Finally, a grading y on H is defined
by setting y to be £1 on C"™ ® C™V)° C H according to the labeling by £1 of the
vertex v.

Example 3.13 Consider the case A = C @ C. There are ten possible Krajewski
diagrams in KO-dimension 0 with multiplicities less than or equal to 1: in terms of
A = {11, 1,}, we have
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where the diagonal vertices are labeled with a plus sign, and the off-diagonal vertices
with a minus sign.

Let us consider the last diagram in the top row in more detail and give the corre-
sponding spectral triple:

L 1,
1y E—O
I
First, the inner product space is H = C>, where we choose the middle copy of C
to correspond to the node on the diagonal. The edges indicate that there are non-zero

components of D that map between the first two copies of C in H and between the
second and third copy of C. In other words,

0r0
D=|x20pn
0w o0

for some A, u € Hom(C, C) >~ C that are the given labels on the two edges. In this
basis,
—-10 0
y=1010
0 0-1

Finally, J is given by the matrix K composed with complex conjugation on H, where
001
K=1]010
100

From this it is clear that we indeed have

Dy = —yD; DJ =JD; Jy =vyJ.
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Exercise 3.7 Use the ten Krajewski diagrams of the previous example to show that
on A = C @ C afinite real spectral triple of K O-dimension 6 with dim A < 4 must
have vanishing finite Dirac operator.

Example 3.14 Consider A = M,,(C) so that A= {n}. We then have a Krajewski
diagram

n
n° O

The node can be labeled only by either plus or minus one, the choice being
irrelevant. This means that H = C" ® C"° ~ M,,(C) with y the trivial grading. The
operator J is a combination of complex conjugation and the flip on n ® n°: this
translates to M, (C) as taking the matrix adjoint. Moreover, since the single node has
label %1, there are no non-zero Dirac operators. Hence, the finite real spectral triple
of this diagram corresponds to

(A=M,(C),H=M,(C),D=0;J=(0)y=1,

and was encountered already in Exercise 3.3.

3.3 Real Algebras and Krajewski Diagrams

Thus far, we have considered finite spectral triples on complex algebras. In practice,
it is useful to allow real *-algebras in Definition2.19 as well.

Definition 3.15 A real algebra is a vector space A over R with a bilinear associative
product A x A — A denoted by (a, b) — ab and a unit 1 satisfying la = al =a
foralla € A.

A real * -algebra (or, involutive algebra) is a real algebra A together with a real
linear map (the involution) * : A — A such that (ab)* = b*a* and (a*)* = a for all
a,beA.

Example 3.16 A particularly interesting example in this context is given by H, the
real x-algebra of quaternions, defined as a real subalgebra of M,(C):

i {(Ge)wrec)

This is indeed closed under multiplication. As a matter of fact, H consists of those
matrices in M,(C) that commute with the operator / defined by

()= (3):
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The involution is inherited from M;(C) and is given by hermitian conjugation.

Exercise 3.8 (1) Show that H is a real *-algebra which contains a real subalgebra
isomorphic to C.

(2) Show that H ®g C >~ M, (C) as complex *-algebras.

(3) Show that M, (H) is a real x-algebra for any integer k.

(4) Show that M; (H) ®g C >~ My (C) as complex *-algebras.

When considering Hilbert space representations of a real *-algebra, one must be
careful, because the Hilbert space will be assumed to be a complex space.

Definition 3.17 A representation of a finite-dimensional real *-algebra A is a pair
(H, ) where H is a (finite-dimensional, complex) Hilbert space and 7 is areal-linear
x-algebra map

m:A— L(H).

Also, although there is a great deal of similarity, we stress that the definition of
the real structure J in Definition2.19 is not related to the algebra A being real or
complex.

Exercise 3.9 Show that there is a one-to-one correspondence between Hilbert space
representations of a real x-algebra A and complex representations of its complexifi-
cation A ®p C. Conclude that the unique irreducible (Hilbert space) representation
of M (H) is given by C?*.

Lemma 3.18 Suppose that a real x-algebra A is represented faithfully on a finite-
dimensional Hilbert space H through a real-linear x-algebra map = : A — L(H).
Then A is a matrix algebra:

N
A~ P m, @),
i=1

where F; = R, C or H|, depending on i.

Proof Therepresentation r allows to consider A as areal x-subalgebra of M, i (C),
hence A + i A can be considered a complex *-subalgebra of My, 5 (C). Thus A +i A
is a matrix algebra, and we may restrict to the case A + i A = M, (C) for some k > 1.
Note that ANiA is a two-sided *-ideal in M;(C). As such, it must be either the
whole of M, (C), or zero. In the first case, A +iA = ANiA so that A = M;(C).
If ANiA = {0}, then we can uniquely write any element in M;(C) as a + ib with
a,b € A. Moreover, A is the fixed point algebra of the anti-linear automorphism o
of M (C) givenby a(a +ib) =a —ib (a,b € A). We can implement « by an anti-
linear isometry I on C* such that o(x) = IxI~" for all x € M;(C). Since a®> = 1,
the operator /> commutes with M, (C) and is therefore proportional to a complex
scalar. Together with 7% being an isometry, this implies that /> = 41 and that A is
precisely the commutant of 7. We now once again use Lemma 3.8 to conclude that
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e If /> = 1, then there is a basis {e;} of C* such that Ie; = ¢;. Since a matrix in
M, (C) that commutes with I must have real entries, this gives

A = My (R).

e If I = —1, then there is a basis {e;, f;} of Ck such that Ie; = fi (and thus k is
even). Since a matrix in M (C) that commutes with 7 must be a k/2 x k/2-matrix
with quaternionic entries, we obtain

A= Mk/z(H). O

We now reconsider the diagrammatic classification of finite spectral triples, with
real x-algebras represented faithfully on a Hilbert space. In fact, as far as the decom-
position of H into irreducible representations is concerned, we can replace A by the
complex x-algebra

N
A+id~ @M, ).

i=1

Thus, the Krajewski diagrams in Definition3.11 classify such finite real spectral
triples as well as long as we take the IF; for each i into account. That is, we enhance
the set A to be

A= {anl, ey HNFN},

reducing to the previously defined A when all F; = C.

3.4 C(lassification of Irreducible Geometries

We now classify irreducible finite real spectral triples of KO-dimension 6. This
leads to a remarkably concise list of spectral triples, based on the matrix algebras
My (C) @& My (C) for some N.

Definition 3.19 A finite real spectral triple (A, H, D; J, y) is called irreducible if
the triple (A, H, J) is irreducible. More precisely, we demand that:

(1) The representations of A and J in H are irreducible;
(2) The action of A on H has a separating vector (cf. Exercise 3.2).

Theorem 3.20 Let (A, H, D; J, y) be an irreducible finite real spectral triple of
KO-dimension 6. Then there exists a positive integer N such that A >~ My (C) &
My (C).
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Proof Let (A, H, D; J, y) be an arbitrary finite real spectral triple, corresponding
to e.g., the Krajewski diagram of Fig.3.2. Thus, as in Sect.2.3 we have

N N
A=PMm,©. H=PCeCreV;
i=1

ij=1

with V;; corresponding to the multiplicities as before. Now each C" @ C"/ is an
irreducible representation of A, but in order for H to support a real structure J :
H — H we need both C" @ C" and C" @ C" to be present in H. Moreover,
Lemma3.8 with J2 = 1 assures that already with multiplicities dim V;; = 1 there
exists such a real structure. Hence, the irreducibility condition (1) above yields

H = (Cni ® (Cn,vo @ an ® (jn,-o7

forsome i, j € {1, ..., N}. Or, as a Krajewski diagram:
n; n;
n;y o
;o

Then, let us consider condition (2) on the existence of a separating vector. Note
first that the representation of A in H is faithful only if A = M,,(C) & M,, (©).
Second, the stronger condition of a separating vector & then implies n; = n;, as it is
equivalent to A’é = H for the commutant A’ of A in H (see Exercise 3.2). Namely,
since A" = M, (C) & M,,(C) with dim A" = nl2 + n? and dim H = 2n;n; we find
the desired equality n; = n;. (]

With the complex finite-dimensional algebras A given by My (C) & My (C), the
additional demand that H carries a symplectic structure /> = —1 yields real algebras
of which A is the complexification (as in the proof of Lemma3.18). In view of
Exercise 3.8(4) we see that this requires N = 2k so that one naturally considers triples
(A, H, J) for which A = M(H) & M (C) and H = C22Y” The case k = 2 will
come back in the final Chap. 13 as the relevant one to consider in particle physics
applications that go beyond the Standard Model.

Notes

Section 3.1. Finite Real Spectral Triples

1. The operator D in Definition 3.1 is a first-order differential operator on the bimodule H in the
sense of [1].
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2. Exercises 3.2 and 3.3 develop Tomita—Takesaki theory for matrix algebras, considered as finite-
dimensional Von Neumann algebras. For a complete treatment of this theory for general Von
Neumann algebras, we refer to e.g., [2].

Section 3.2. Classification of Finite Real Spectral Triples

3. Krajewski’s work on the classification of all finite real spectral triples (A, H, D;
J, y) modulo unitary equivalence (based on a suggestion in [3]) is published in [4]. Simi-
lar results were obtained independently in [5]. We have extended Krajewski’s work—which is
in KO-dimension 0—to any KO-dimension. The classification of finite real spectral triples (but
without Krajewski diagrams) is also the subject of [6]. The KO-dimension 6 case—which is of
direct physical interest as we will see below in Chap. 13—was also handled in [7].

4. Lemma 3.8 is based on [8], where Wigner showed that anti-unitary operators on finite-
dimensional Hilbert spaces can be written in a normal form. His crucial observation is that
J? is unitary, allowing for a systematic study of a normal form of J for each of the eigenvalues
of J? (these eigenvalues form a discrete subset of the complex numbers of modulus one). In our
case of interest, J is a real structure on a spectral triple (as in Definition 3.1), so that J2 = +1.

5. Inthe labelling of the nodes in a Krajewski diagram with +-signs, it is important whether or not
we adopt the so-called orientation axiom [3]. In the finite-dimensional case, this axiom demands
that the grading y can be implemented by elements x;, y; € Aasy = Zi x;y; - Hence, this is
completely dictated by the operator J and the representation of A. In terms of our diagrams,
this translates to the fact that the grading of a node only depends on the label (n;, n;’.). In this
book, we will not assume the orientation axiom.

Section 3.4. Classification of Irreducible Geometries

6. Finite irreducible geometries have been classified by Chamseddine and Connes in [9], using
different methods. We here confront their result with the above approach to finite spectral triples
using Krajewski diagrams and find that they are compatible.
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Chapter 4 ®
Riemannian Spin Manifolds Gresho

We now extend our treatment of noncommutative geometric spaces from the finite
case to the continuum. This generalizes spin manifolds to the noncommutative world.
The resulting spectral triples (Chap.5) form the key technical device in noncommu-
tative geometry, and in the physical applications of Part 2 of this book in particular.

We start with a treatment of Clifford algebras, as a preparation for the definition
of a spin structure on a Riemannian manifold, and end with the analytical aspects of
the Dirac operator.

4.1 Clifford Algebras

Let V be a vector space over a field F (= R, C or Hl), equipped with a quadratic form
Q:V > TFie.

OOw) =A220(W); (eF,veV),
Olv+w)+ Q0w —w) =20Ww) +20(w); (v,weV).

Definition 4.1 For a quadratic form Q on V, the Clifford algebra CI(V, Q) is the
algebra generated (over IF) by the vectors v € V and with unit 1 subject to the relation

v = Q()1. 4.1.1)
Note that the Clifford algebra C1(V, Q) is Z,-graded, with grading x given by
X v) = (=Dfvr vy,
which is indeed compatible with relation (4.1.1). Accordingly, we decompose
Cl(V, Q) =:CI°(V, Q) ® Cl'(V, Q)
into an even and odd part.
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Exercise 4.1 Show that in CI(V, Q) we have
vw + wv = 289 (v, w),

where g is the pairing V x V — T associated to Q, given by

1
8o, w) =2 (Qw+w) — Q@) — Q(w)).

We also introduce the following convenient notation for the Clifford alge-
bras for the vector spaces R" and C" equipped with the standard quadratic form
Qn(-xlv A ’xn) = ‘xz + o 'x’%:

Clf := CI(R", Q,);
Cl; := CI(R", —Q,);

Cl, := CI(C", Q).

Both CL and Cl are algebras over R generated by ey, . . ., e, with relations
ee;+eje; = j:28,~j, “4.1.2)
foralli, j =1,...,n. Moreover, the even part (lef)0 of Clrf consists of products

of an even number of ¢;’s, and the odd part (CI¥)! of products of an odd number of
é; ’s.
The Clifford algebra Cl, is the complexification of both CL' and CI, and is
therefore generated over C by the same e, . .., ¢, satisfying (4.1.2).
Exercise 4.2 (1) Check that Eq. (4.1.2) indeed corresponds to the defining relations
in CIZ.
(2) Show that the elements ¢;, - - - ¢;, with 1 <i; < iy < --- < i, < n form a basis
for CIE.
(3) Conclude that dimg Clni = 2" and, accordingly, dim¢ Cl,, = 2".
(4) Find an isomorphism CI(C", Q,) ~ CI(C", —Q,,) as Clifford algebras.
Proposition 4.2 The even part (Cll;q)O of CI,,, is isomorphic to Cl, .
Proof We construct amap W : Cl7 — (Cl +1)° given on generators by

W(e;) = eytp16;. 4.1.3)
Indeed, fori, j =1, ..., n we have
W(e)W(e;) +W(e)WV(e) =eej +eje; = —25;; = V(-26;;),
using e;e,+1 = —e,+1€; and e, 1€,+1 = —1. Thus, ¥ extends to a homomorphism

Cl, +— (Cl,,)°. Moreover, since W sends basis vectors in CI, to basis vectors in
(Cl,,.)° and the dimensions of CI,, and (Cl,, )° coincide, it is an isomorphism. [J
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Exercise 4.3 Show that the same expression (4.1.3) induces an isomorphism from

CI,, to the even part (CIL l)0 and conclude that (CIL l)0 ~ (Cl . 1)0.

Next, we compute the Clifford algebras Cl,f and Cl,,. We start with a recursion
relation:

Proposition 4.3 For any k > 1 we have

Clf ®& Cl; =~ Cli,,,
Cl; @& Clf ~Clf .

Proof The map W : Cl,, — CI ®g Cl; given on generators by

1 ® e; l = 1, 2
V(e = {ei—2®€1€2 i=3,...,n
extends to the desired isomorphism. O

Let us compute some of the Clifford algebras in lowest dimensions.

Proposition 4.4

Cli ~RoR, Cl; ~C,
Cly ~ My(R), Cl; ~ H.

Proof The Clifford algebra Cl] is generated (over R) by 1 and e; with relation
e? = 1. We map CI{ linearly to the algebra R @ R by sending

I— (1,1), e; — (1, —1).

A dimension count shows that this map is a bijection.
The Clifford algebra Cl;r is generated by 1, e, e, with relations

ef:l, e%: 1, elep = —epey.

A bijective map ClJ — M, (R) is given on generators by

| 10 10 01
=101 e lg_1) e o)

We leave the remaining Cl; and ClJ as an illustrative exercise to the reader. 0

Exercise 4.4 Show that Cl; >~ C and Cl; ~ H.
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Table 4.1 Clifford algebras Cl,? and their complexifications Cl, forn =1,..., 8

n i cl; cl,

1 Ré&R C CoC

2 Mr(R) H M>(C)

3 M,(C) HoH M>(C) @ Ma(C)
4 M, (H) M, (H) M4(C)

5 M (H) @ M>(H) M4(C) M4 (C) & M4(C)
6 M4 (H) Ms(R) Mz(C)

7 Mz(C) Ms(R) & Mg(R) Ms(C) & Mg(C)
8 M6(R) M6(R) M6(C)

Combining the above two Propositions, we derive Table4.1 for the Clifford alge-
bras Cl,f and Cl, forn =1, ..., 8. For instance,

Cl;_ ~ Cll_ Rr Cl;_ ~ CQ®r M>)(R) >~ M>(C)

and
CIZr ~ Cl; ®r Cl;r ~ H Qr M>(R) ~ M,(H)

and so on. In particular, we have

ClF ®Clf ~CIf,,

and

crt

F e~ ClFCI .

With CIf ~ Ms(R) we conclude that ClIf, s is Morita equivalent to CIf
(cf. Theorem 2.14). Similarly, Cl,_ ¢ is Morita equivalent to Cl; . Thus, in this sense
Table4.1 has periodicity eight and we have determined Cl,f for all n.

For the complex Clifford algebras, there is a periodicity of two:

Cl, ®c Cl, >~ Cl,42,

so that with Cl, >~ M,(C) we find that Cl,, is Morita equivalent to Cl,,,.
The (semi)simple structure of Cl,, is further clarified by

Definition 4.5 The chirality operator v, in Cl, is defined as the element
Yat1 = (=) "er - ey,

where n = 2m or n = 2m + 1, depending on whether # is even or odd.
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Exercise 4.5 Show that

(1) if n = 2m is even, then y,, | generates the center of @12 =Cl,_,
(2) if n =2m + 1 is odd, then y,, lies in the odd part C1},, +1» and the center of
Cl,, is spanned by 1 and y,,41.

4.1.1 Representation Theory of Clifford Algebras

We determine the irreducible representations of the Clifford algebras CI¥ and Cl,.
Let us start with the complex Clifford algebras.

Proposition 4.6 The irreducible representations of Cl, are given as

C*;  (n=2m),
c*,C*;, m=2m+1).

Proof Since the Cl, are matrix algebras we can invoke Lemma?2.15 to conclude
that in the even-dimensional case the irreducible representation of Cly,, >~ M (C)
is given by the defining representation C>". In the odd-dimensional case we have

Clyms1 = M2 (C) @ M (C),

so that the irreducible representations are given by two copies of C>", corresponding
to the two summands in this matrix algebra. (I

For the real Clifford algebras C1¥ we would like to obtain the irreducible rep-
resentations from those just obtained for the complexification Cl,, >~ le QrC. As
lef are matrix algebras over R and H, this leads us to the following possibilities:

(1) Restrict an (irreducible) representation of Cl,, to a real subspace, stable under
ClF,

(2) Extend an (irreducible) representation of Cl, to a quaternionic space, carrying
a representation of CI.

This is very similar to our approach to real algebras in Sect. 3.3. In fact, we will use an
anti-linear map J* on the representation space, furnishing it with areal ((J£)* = 1)
or quaternionic structure ( (J,f[)2 = —1) to select the real subalgebra Cl;—L c Cl,. For
the even-dimensional case we search for operators J;fn such that on the irreducible
Cly,,-representations C>* we have

CL, ~ {a € Cly, : [J3,,al = 0}. (4.1.4)

The odd case is slightly more subtle, as only the even part (lef)o of lef can be
recovered in this way:

(Ch,,, )’ = {a e ClY,, ., : [J5,1.al = 0}. (4.1.5)
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Proposition 4.7 For any m > 1 there exist anti-linear operators Jzﬁfn :C?”" -
and J5, ., : C*" — C*" such that the Egs. (4.1.4) and (4.1.5) hold.

Proof From Proposition4.2 and Exercise4.3 we see that (Cl3, , )° ~ Cl, and

2m+1

(Clyt )0 ~ Cly,, so that the odd case follows from the even case.
By periodicity we can further restrict to construct only Jzim form = 1,2, 3, 4. For
m = 1 we select the real form ClJ >~ M,(R) in Cl, =~ M,(C) as the commutant of

J;~ with

2m

Instead, as in Example 3.16, C1; ~ H can be identified as a real subalgebra Cl, ~
M,(C) with the commutant of J,, where

Jy 1 C* = C%
(£)-(2)
V2 U1
For m = 2 the sought-for operator J4Jr =J, on C*is given by J, @ J,.
For m = 3 we set Jg” = (Jz_)€B4 to select C1IT ~ M4(H) inside Clg, and Jo =
(J;)®* to select Clg >~ Mg(R).

Finally, for m = 4 the operator Jg” = Jg := (J,")® selects the two isomorphic
real forms CI ¢ Cls. U

The signs for the squares (J:F)? are listed in Table 4.2. The isomorphisms between
the odd- and even-dimensional cases are illustrated by the fact that

(JZim-H)z = (Jz_m)z-

with periodicity eight. We also indicated the commutation between J and odd
elements in Clni and between J* and the chirality operator y,. For the derivation

Table 4.2 The real and quaternionic structures on the irreducible representations of Cl,, that select
Cl,f via (4.1.4) for n even and (le)0 via (4.1.5) for n odd. For later reference, we also indicated the
commutation or anti-commutation of J,~ with the chirality operator y,, 1 defined in Definition4.5
and odd elements in (C15)! ¢ CIE

n 1 2 3 4 5 6 7 8
(JH? ==+1 1 1 -1 -1 -1 -1 1 1
(J)? =1 1 -1 -1 -1 -1 1 1 1
JTx =(£DxJ7, xodd |—1 1 1 1 -1 1 1 1
J Vo1 = ED v I, -1 1 -1 1
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of the former note that for n even J* commutes with all elements in CI, whereas
for n odd we follow the proof of Proposition4.7:

e n = 1: J; is equal to J, , which is given by J; (z) =z for z € C, and (4.1.5)
selects (Cll_)0 ~ Rin Cl; =~ C. Thus, the remaining part (Cll_)1 ~ iR so that odd
elements x € (CI;)! anti-commute with J; .

e n =3: J; isequal to J;, which is given by the standard quaternionic structure
on C2. It then follows that all of C1; ~ H & H commutes with J; .

e n = 5: in this case Jy is equal to J, , which is two copies of J, . This selects
(Cls_)0 >~ M, (H) in CI ~ M4(C). Again, the remaining part (Clj_)1 ~ i M, (H)
so that odd elements x € (Cls_)0 anti-commute with J5 .

e n =7:J; isequalto Jg , which s given by component-wise complex conjugation
of vectors in C3. It follows that all of Cl; ~ M3(R) & M3(R) commutes with J; .

Finally, in the even case n = 2m the (anti)-commutation between the chirality oper-
ator y,4+1 and the anti-linear operator J,~ depends only on the power of the factor
i". Indeed, the even product of e;’s in Definition4.5 already commutes with J,~, so
that the signs (—1)™ for n = 2m follow from

J7im = (="

The last three rows of Table4.2 give precisely the sign table that appears for real
spectral triples below, where # is the corresponding KO-dimension, and hence coin-
cide with Table 3.1 of Definition 3.1. We will now slowly move to the spin manifold
case, tracing KO-dimension back to its historical roots.

4.2 Riemannian Spin Geometry

We here give a concise introduction to Riemannian spin manifolds and work towards
a Dirac operator. For convenience, we restrict to compact manifolds.

4.2.1 Spin Manifolds

The definition of Clifford algebras can be extended to Riemannian manifolds, as we
will now explain. First, for completeness we recall the definition of a Riemannian
metric on a manifold.

Definition 4.8 A Riemannian metric on a manifold M is a symmetric bilinear form
on (smooth) vector fields I'*°(T M)

g :I®(TM)x T(TM) - C>®(M)



56 4 Riemannian Spin Manifolds

such that

(1) g(X,7Y)isareal function if X and Y are real vector fields;
(2) gis C*®°(M)-bilinear:

s(fX.Y)=gX, fY)=fe(X.Y);  (f € C(M));

3) g(X, X) = 0for all real vector fields X and g(X, X) = 0 if and only if X = 0.

The non-degeneracy condition (3) allows us to identify I'*°(7T' M) with leR(M ) =
re(1T*M).

A Riemannian metric g on M gives rise to a distance function on M, given as
an infimum of path lengths

1
dg(x,y) = ir}}f {/(; Ve @), y@)dr :y(0) =x,y(1) = y}- (4.2.1)

Moreover, the inner product that g defines on the fibers 7, M of the tangent
bundle allows us to define Clifford algebras at each point in M as follows. With
the inner product at x € M given explicitly by g, (X, Y;) := g(X, Y)|, we consider
the quadratic form on T, M defined by

Qg(Xx) = gx (X, X5).

We can then apply the construction of the Clifford algebra of the previous section to
each fiber of the tangent bundle. At each point x € M this gives rise to CI(T: M, Q,)
and its complexification CI(T, M, Q,). When x varies, these Clifford algebras com-
bine to give a bundle of algebras.

Definition 4.9 The Clifford algebra bundle C1" (T M) is the bundle of algebras
Cl(T M, Q,), with the transition functions inherited from 7M. Namely, transition
functions on the tangent bundle are given for open U,V C M by tyy : UNV —
SO (n) where n = dim M. Their action on each fiber 7, M can be extended to
CUT:M, Q,) by

vivy - vk > tyy (V1) - tyy (V) Wi, ..., 9 € T, M).

The algebra of smooth real-valued sections of CIT(TM) will be denoted by
Clifft (M) = T>®(CIT (T M)).

Similarly, replacing Q, by —Q,, we define CIiff ~ (M) as the space of sections of
ClI (TM).

Finally, we define the complexified algebra

Cliff (M) := Clifft (M) ®g C,

consisting of smooth sections of the bundle of complexified algebras C1(7T' M), which
is defined in a similar manner.
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Let us determine local expressions for the algebra CLiff+ (M). If {x* Y= arelocal
coordinates on a chart U of M, the algebra of sections of Cliff ™ (M) is generated
by y,, with relations

YuVv + VW¥u = Zg;w: (4.2.2)

with g,, = g(9,, d,). After choosing an orthonormal frame for I'*°(T M)|y with
respect to the metric g, at a point of U this relation reduces precisely to the relation
4.1.2).

Let us see if we can import more of the structure for Clifford algebras explored
so far to the setting of a Riemannian manifold. First, recall that

Cly = Man(C),  CI9,.; = Man(C).

Another way of phrasing this is to say that the (even parts of the) Clifford algebras
Cl,, are endomorphism algebras End(C?"). The natural question that arises in the
setting of Riemannian manifolds is whether or not this holds for all fibers of the
Clifford algebra bundle, in which case it would extend to a global isomorphism of
algebra bundles.

Definition 4.10 A Riemannian manifold is called spin® if there exists a vector bundle
S — M such that there is an algebra bundle isomorphism
CI(T M) ~ End(S) (M even-dimensional),
(CI(TM)0 ~ End(S) (M odd-dimensional).

The pair (M, S) is called a spin®structure on M.

If a spin® structure (M, S) exists we refer to S as the spinor bundle and the
sections in I'°(S) as spinors. Using the metric and the action of Cliff* (M) by
endomorphisms on I'*°(S) we introduce the following notion.

Definition 4.11 Let (M, S) be a spin® structure on M. Clifford multiplication is
defined by the linear map
¢ QL (M) x T®(S) — I'™®(S);
(@, 9) = o -y,
where " is the vector field in I'* (T M) corresponding to the one-form w € leR (M)

via the metric g. This vector field acts as an endomorphism on I"*°(S) via the embed-
ding T°(T M) — CIliff* (M) C T'*° End(S).

In local coordinates on U C M, we can write w|y = w,dx" with v, € C*(U)
so that Clifford multiplication can be written as

c@¥ly = clo, Vv =0, Wlus @ € TS,
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with y#* = g"'y, and y, as in (4.2.2) but now represented as endomorphisms on the
fibers of S. The appearance of y# comes from the identification of the basis covector
dx* e Q(}R(M)|U with the basis vector 9, € I'*°(T M)|y using the metric, which is
then embedded in Cliff* (M). That is, we have

dxlpL = g(aus ')p

as (non-degenerate) maps from 7, M to Cwithp e U C M.
Recall that if M is compact, then any vector bundle carries a smoothly varying
inner product on its fibers,

(-, ) : T(8) x T(S) = C™®(M).
Exercise 4.6 Use a partition of unity argument to show that any vector bundle on a
compact manifold M admits a smoothly varying inner product on its fibers.

Definition 4.12 The Hilbert space of square-integrable spinors L*(S) is defined as
the completion of I'*°(S) in the norm corresponding to the inner product

(W1, ) = / (W1, ¥2) (x) /et g,
M

where /det gdx is the Riemannian volume form.

Recall that in the previous subsection we selected the real Clifford algebras C1¥ as
subalgebras in Cl, that commute with a certain anti-linear operator J=. We now try
to select Cliff* (M) c Cliff (M), considered as endomorphisms on I'*°(S), through
a globally-defined operator Jy; : ['*°(S) — ['*(S), so that

) (x) = JEW (x)),

for any section ¥ € '°(S), where n = dim M. Such a global operator does not
always exist: this gives rise to the notion of a spin manifold. It is conventional to
work with J~ to select Cliff ~ (M) C Cliff (M), making our sign Table4.2 fit with
the usual definition of KO-dimension in noncommutative geometry.

Definition 4.13 A Riemannian spin® manifold is called spin if there exists an anti-
unitary operator Jy, : I'*°(S) — I'*°(S) such that:

(1) Jy commutes with the action of real-valued smooth functions on I"*°(S);
(2) Jy commutes with CLiff ~ (M) (or with Cliff ~(M)? in the odd case).

We call the pair (S, Jy) a spin structure on M and refer to the operator Jy, as the
charge conjugation.

If the manifold M is even dimensional, we can define a grading

¥ (X) = Yar1 (Y () (F € T(S)).
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Then, the sign rules of Table 4.2 for the square of J,~ and the (anti)-commutation of
J, with y,4+; and odd elements in Cl hold in each fiber of I'**(S). Hence, we find
that also globally

Jo =€,  Jyx=¢€xJy; (x € (CLEE~ (M),  Juym = €"yudu,
M

with €, €/, €” € {£1} being the signs in Table4.2 with n = dim M modulo eight.
This will be crucial for our definition of a real spectral triple in the next section,
where these signs determine the KO-dimension of a noncommutative Riemannian
spin manifold.

4.2.2 Clifford Connections, Spin Connections and the Dirac
Operator

The presence of a spin structure on a Riemannian manifold allows for the construction
of a first-order differential operator that up to a scalar term squares to the Laplacian
associated to g. This is the same operator that Dirac searched for (with success) in his
attempt to replace the Schrodinger equation by a more general covariant differential
equation in Minkowski space. The Dirac operator that we will describe below is
the analogue for Riemannian spin manifolds of Dirac’s operator on flat Minkowski
space.

Definition 4.14 A connection on a vector bundle E — M is given by a C-linear
map on the space of smooth sections:

V :T®(E) = Qu, (M) @cx) T°(E)
that satisfies the Leibniz rule
V(fn) = fVm) +df ®@n;  (f € C*(M),n e T®(E)).
The curvature QF of V is defined by the C*(M)-linear map
QF .= V2 . T™®(E) - Q*(M) @c~ur T°(E).

Finally, if (-, -) is a smoothly varying (i.e., C*° (M)-valued) inner product on ['**(E),
a connection is said to be hermitian, or compatible if

—(Vo, Y+, V) =d(n,n');  (n,n € T®(E)).

Equivalently, when evaluated on a vector field X € I'**(T'M) a connection gives
rise to a map
Vx : T®(E) - I'*°(E).
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More precisely, the relation with the above definition is given by
Vx(n) = V(i(X),
forall X € I'*°(T M) and n € I'*°(E). The corresponding curvature then becomes
QE(X,Y) =[Vx, Vvl = Vixy; (X, Y e T®(TM)), (4.2.3)

i.e., it is a measure of the defect of V to be a Lie algebra map.

Example 4.15 Consider the tangent bundle 7M — M on a Riemannian manifold
(M, g). A classical resultis that there is aunique connection on 7'M thatis compatible
with the inner product g on I'(T M), i.e.

(VxY, Z) + (Y, VxZ) = XY, Z))
and that is torsion-free, i.e.
VY —VyX =[X,Y]; (X,Y e T®(TM)).

This connection is called the Levi—Civita connection and can be written in local
coordinates {x"})_, onachart U C M as V(d,) = I'}, dx" ® 9, or

V, (8,) = T, 3,

The C*(U)-valued coefficients I'},, are the so-called Christoffel symbols and torsion-
freeness corresponds to the symmetry I'y, = I'] .

Recall also the definition of the Riemannian curvature tensor on (M, g) as the
curvature of the Levi—Civita connection, i.e.

R(X,Y) =[Vx,Vyl = Vixy) € T(End T M),
which is indeed a C*°(M)-linear map. Locally, we have for its components
Rp_wd = g(auv R(0¢, 3,)0,).

The contraction Ry, := g"* R, is called the Ricci tensor, and the subsequent
contraction s := g"* R, € C*®(M) is the scalar curvature.

Similar results hold for the cotangent bundle, with the unique, compatible, torsion-
free connection thereon related to the above via the metric g.

Definition 4.16 If VE is a connection on a vector bundle E, the Laplacian associated
to VE is the second order differential operator on E defined by

AF = —Tr,(V® 1+ 18 VE) o VE : T®(E) — I™(E),
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where

Vel+1®VE: QL (M) ®c~urn T™(E)
— QL (M) ®cxn) QM) @cnn T(E)
is the combination of the Levi—Civita connection on the cotangent bundle with

the connection V£ and Tr, is the trace associated to g mapping QL (M) ®c=(u)
QL(M) — Cc>*(M).

Locally, we find
AP = —g"™(VIVE —T% VE).

uv Yk

If M is a Riemannian spin® manifold, then the above Levi—Civita connection can be
lifted to the spinor bundle. First, choose a local orthonormal frame for 7M|y:

{Ey, ..., Ex}for T(TM)|y : g(Eq, Ep) = Sap-

The corresponding dual orthonormal frame of 7*M | is denoted by 8¢. We can then
write the Christoffel symbols in this basis, namely by

VE, =: T, dx" ® E,
on vector fields, and on one-forms by
Voh = T dx" 0%

The compatibility of V with the inner product g implies the skew-symmetry of f‘za
under the exchange of a and b.

Also note that the local orthonormal frame for 7 M|y allows us to write Clifford
relations for (globally) fixed matrices y“:

yayb + yby” = 28%:. (a,b=1,...,n). (4.2.4)

We now come to lift this structure from the tangent bundle to the spinor bundle.
More precisely, one requires the following compatibility between the Levi—Civita
connection, Clifford multiplication, and the connection on the spinor bundle.

Definition 4.17 Let M be a spin® manifold. A Clifford connection V5 on the spinor
bundle § — M is a hermitian connection VS on the spinor bundle S — M such that

Vy (c@)¥) = c(Vx (@) ¥ + c(@)Vy (¥); (4.2.5)

forany X € X(M), w € Q(}R(M ), ¥ € I'*°(S). Here V is the Levi—Civita connection
on the cotangent bundle.

We also have the following concrete formula.
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Lemma 4.18 Let M be a spin manifold. Then the following local formula defines
a Clifford connection on the spinor bundle:

1.
Vi (o) =( 7 v n) Y.

Any other Clifford connection on S is of the form V5 + o where « = —a* is a purely
imaginary one-form.

Proof Take X = 0, in local coordinates {x*} on U and take w = 0 with respect
to an orthonormal frame {6} for T*M|y. Then c(w) = y¢ and we find for any
Y e I'°(S) that

, 1 - 1.
Vo W) = vV ¥ = —ZFMV WYY+~ FWV Vv

1~ ca
— Dl ey + 5 FM (26%“y, — 2857 + v vy ) ¥

1o, 1.
=3 = 3T ) ¥

CLvy

using the relations (4.2.4) and skew-symmetry of f‘zc under the exchange of b and
c. By definition of the Christoffel symbols " we also have that c(Vo, 0NV =
— f;a y“r so that the compatibility (4.2.5) is satisfied. The skew-symmetric property
of f‘zc combines with hermiticity of ¥ to yield hermiticity of V5 and this completes
the proof of the first statement.

If V is another connection on S we can always write V = V 4+« where o €
Endcear) (T (S)) coomy leR(M). For this connection to be Clifford we need
a(9,) € Endeopn (I'™°(S)) to commute with all c(w). Since M is spin® we have
End e (I'*°(S)) = CLff (M )@ . From this we derive that at each point x € M the
linear map «(9,,), should be a scalar multiple of the identity. Hermiticity of V then
implies that «(9,) € C*(M, iR). O

We will call the above Clifford connection VS on S the spin connection.

Proposition 4.19 [If M is a spin manifold and Jy is the corresponding anti-unitary
operator on T'(S), then the spin connection V* is the unique Clifford connection that
commutes with Jy.

Proof Observe that the product y¢y? = —(iy®)(iy") is in the even part of the Clif-
ford algebra Cl1., since

Gy Gy?) + (yD) iy = —28%.

Since by definition the operator J,- commutes with the even elements in CI,” acting
fiberwise on the spinor bundle, it follows that VS commutes with Jy;.
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Since any other Clifford connection differs from V5 by the addition of a purely
imaginary one-form o, commutation with Jj, implies that « = 0. O

All of the above structure culminates in the following definition

Definition 4.20 Let M be a spin manifold, with spin structure (S, Jy;). The Dirac
operator Dy is the composition of the spin connection on S with Clifford multipli-
cation of Definition4.11:

00 \ 00 —ic o)
Dy : T(S) — QL. (M) @cn T(S) —> T(S).

In local coordinates, we have

. 1~b a
Dyy(x) = —iy"* <8M — 7T ua¥ Vb) ¥ (x).

4.2.3 Lichnerowicz Formula

Let us come back to the original motivation of Dirac, which was to find an operator
whose square is the Laplacian. Up to a scalar this continues to hold for the Dirac
operator on a Riemannian spin manifold, a result that will turn out to be very useful
later on in our physical applications. For this reason we include it here with proof.

Theorem 4.21 Let (M, g) be a Riemannian spin manifold with Dirac operator D .
Then

1
D3, = AS+ZS,

in terms of the Laplacian A’ associated to the spin connection V° and the scalar
curvature s.

Proof We exploit the local expressions for Dy, AS and s, as the above formula is
supposed to hold in each chart that trivializes S. With Dy = —i y“Vi we compute

D} = —y"VEy VS = —yty VIV — yre(V,dx )V

L

= —y"y (VIVS =T V).

ny Yk

We then use the Clifford relations (4.2.2) to write y*y" = %[y“, v+ gh¥, and
combine this with torsion freedom I'j , = I'}, to obtain

n Yk

! I
Dy = =g"' (Vu V) = TL, V) = Sl v IVEVy = A% = Sy "y RE 9y, 1),
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in terms of the Laplacian for V5 on S and the curvature RS thereof. The latter is
given by —1 Ry;,.,y*y*, as one can easily compute from the explicit local form of
VS in Deﬁn1t10n4 17. Thus,

1
D3 = AS — g R Yyt

Using the cyclic symmetry of the Riemann curvature tensor in the last three
indices, and the Clifford relations (4 2.2) we find that the second term on the right-
hand side is equal to Rv,\g = —s in terms of the scalar curvature defined in
Example4.15. (]

4.3 The Dirac Operator: Analytical Aspects

In this section we will establish a series of key results that forms the starting point for
an operator-algebraic formulation of noncommutative Riemannian spin manifolds.

Theorem 4.22 Let M be a compact Riemannian spin manifold (without boundary).
The Dirac operator Dy is essentially self-adjoint on T>°(S) C L*(S) with compact
resolvent (i + Dy) ™', and has bounded commutators with elements in C*(M). In
fact

[Dy, f1=—ic@df),

so that |[[Du, 1 = |l fllLip is the Lipschitz (semi)-norm of f:

f(X)—f(y)}'

Il fllLip = su {
= Ay

We divide the proof of this Theorem into three parts which we treat in the sub-
sequent subsections: bounded commutators, essential self-adjointness, and compact
resolvent.

4.3.1 Bounded Commutators

Proposition 4.23 The commutator [Dy, f]defined on I'*°(S) extends to a bounded
operator on L2(S). More precisely, we have [Dy, f1 = —ic(df) and ||[Dy, f1ll =
Il f1ILip-

Proof 1t follows from the Leibniz rule that

[Du, f1) = —ic(@dx")[V3, f1Y = —ic(dx") @, f) - ¥ = —ic(df)¥
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where we have assumed that supp(vr) is contained in a chart that trivializes the spinor
bundle S — M so we can use the local formula for D,,.
For the norm of the commutator we compute

IIDu, fUIP = lledf*)edf)] = sup lg~ (df*, df)(x)l.

We may write this as ||gradf||?>o :=sup,y llg(grad, f*, grad, )| in terms of the
gradient vector field defined by grad f := (df)*. We claim that ||grad f||o0 = || f IILip-
First, consider asmooth path y : [0, 1] — M suchthaty(0) = x, y(1) = y. Then

d

1
fx)—fy = / d—f()/(f))df
0 t

1
= /O (dyo f) (@) dt.
1
= /O gy (grad,, f. y (1)) dt.

By Cauchy—Schwartz inequality we then have

|f ) = fO)I = llgrad flleol (¥)

in terms of the Riemannian length /(y) of the path y. If we take an infimum over
all such paths y we find that | f (x) — f(y)| < |lgrad f||cod, (x, ¥) so that || flLip <
llgrad f | oo-

For the other inequality, suppose instead that there exists x € M so that
lligrad, 1l > |l fllLip + € for some € > 0. Consider again a smooth path y : [0, 1] —
M such that y (0) = x. Then there exists § > 0 such that for all 0 < r < § we have

1
’; (f(y (@) = f(y(0)) — g«(grad, f, y(0))| < %

which implies that

1
‘; (fy@) = fy )| > |g(grad, £,y (0)| — %

II§;23X§|| and parametrize y naturally so that/(y (0) —

y(t)) = t. Then the above inequality yields

Now take a normalized y (0) =
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£ @) = Fr o)l > (llerad fll = 5) 1
> (1/lp + 5) 1@ — y (1))
> (1/1ip + 5 ) der ©), @)

But this implies that || f|lLip > || fllLip + 5 Which is a contradiction. O

4.3.2 Essential Self-adjointness

We first show that Dy, is a symmetric operator on I'*°(S) and then apply a general
result on essential self-adjointness for symmetric differential operators on compact
manifolds without boundary.

Proposition 4.24 For all iy, Y, € T°°(S) we have

(Dyu (Y1), ¥2) = (Y1, Dy (¥2)) -

Proof First, an application of the hermiticity of the spinor connection yields

Dy (W), ¥) = +i fM<c(dx”>V,§(w1>, Ya)/detg - dx' Ao ndx”
= Y1, Du(n)) —i /Mm, c(Vu(dx™)ya)y/det g -dx' Ao A dx"
+ i/ du (Y1, c(dx™)y)) /detg -dx' A+ Adx"
M

An argument based on integration by parts shows that it is now sufficient to establish
the following expression

V,(dx™)/det g = —3,(y/det g)dx" 3.1

For the right-hand side we use the det/log relationship:

1
3, (y/det g) = ETr((aﬂg)gfl) Vdetg

which follows from basic linear algebra and the chain rule. We compute for the
left-hand side of (4.3.1) that
V. (dx") = —T'!, dx"

K

where the Christoffel symbols are given locally by

K 1 KA
FMV = Eg (Bﬂgvk + 3ugm - a)»glw) .
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In other words, we have

1 1.
Ll = 58" 3c(gu) = 5Tr(e ' 0,8),

from which it follows that
Iz 1 -1 Iz
V. (dx") = —ETr(g 0,8)dx

so that validity of Eq.(4.3.1) follows. (]

We proceed with the following well-known result (see Note 7 of this chapter
below), which is valid for any closable operator T on a Hilbert space H (and so in
particular to the symmetric operator Dyy).

Lemma 4.25 Let T be a closable operator on a Hilbert space H. Then u € H
belongs to the domain of the closure T of T if and only if there exists a sequence
{u;} in the domain of T such that u; — u and || Tu;| is bounded.

Proof Let & € Dom(T*). Then
|(u, T*E)| = lim |(u,, T*)| = lim [(Tu,, §)| < lim [|Tu,||[&].
n—o00 n—oo n—o0

using Cauchy—Schwartz inequality. Since ||Tu,]| is bounded, it follows that £ —
(u, T*&) is a bounded functional on Dom(T*). ([l

We now apply this to symmetric first-order differential operators on compact
manifolds without boundary. Recall that a first-order differential operator D on a
vector bundle E — M has the following local expression:

D= ZAM(x)ai + B(x)
I

XK

where A*(x), B(x) : E, — E, are endomorphisms acting on the fibers of E. We
will always act with D on smooth sections I'*°(E) of the bundle E — M and we
furthermore fix an inner product on I'*°(E).

Proposition 4.26 Every symmetric first-order differential operator D on a vector
bundle E over a compact manifold without boundary is essentially self-adjoint.

Proof The proof uses so-called Friedrichs’ mollifiers on M. For all sufficiently small
t > 0 there exist (cf. Exercise below) self-adjoint operators F, : L>(E) — L*(E)
such that

@ £ <1;
(ii) foreachu € L*(E), Fu — uin L*(E) ast — 0;
(iii) for each u € L*(E), F,u is smooth;
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(iv) the commutator [ D, F;] extends to a bounded operator on L2(E), whose norm
is bounded independent of ¢.

Then, letu € Dom(D_*). In order to conclude that D is essentially self-adjoint we will
show that u € Dom(D). Note that F,u is smooth and tends to # as t — 0. Moreover,

D(Fiu) = F,D*u + [D*, F,u

On Dom(D*) we have [ D*, F;] = [F;, D]*, which is the adjoint of a bounded opera-
tor (with norm bound independent of ¢). Thus, D (F;u) is uniformly bounded so that
u € Dom(D) by the previous Lemma. O

Corollary 4.27 The Dirac operator Dy on a compact Riemannian spin® manifold
without boundary is essentially self-adjoint.

Exercise 4.7 Let ¢ : R* — R be a smooth, positive function with compact support
and with total mass 1. Define an operator F; on L2(R"Y) by

(Fu)(x) = t‘”/ ¢ (x — y) u(y)dy.

Show that { F;} is a family of Friedrichs’ mollifiers on L?(R"), i.e., a family satisfying
(1)—(iv) in the Proof of Proposition4.26. Using local coordinates and partitions of
unity, graft this family onto an arbitrary compact manifold M to construct a family
of Friedrichs” mollifiers on M.

4.3.3 Compact Resolvent

Here we will rely on a crucial embedding result on Sobolev spaces, namely the
Rellich Lemma, which we state without proof.

To start, recall the definition of the first Sobolev space H'(R") on Euclidean space
R": it is the completion of the compactly supported smooth functions C°(IR") in the
norm coming from the inner product

(fi, D@y = (fi, ) + Z(au,fl» Wufrzs  (fi, o € CTRM).

n=I1

More generally, for a compact manifold M we can use partition of unity to extend
this definition to give H'(M). So, let x, be a partition of unity subordinate to an
atlas (Uy, ¢o) of M. We define H' (M) to be the completion of C*° (M) with respect
to the inner product

o mon =Y (e f1) 0 b (e f2) 0 b iy
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This definition turns out to be independent of the choice of an atlas (see Note 9 of
this chapter below). Moreover, by using trivializing charts it can easily be extended
to give rise to the Sobolev spaces H' (M, E) of sections of a bundle E — M.

Lemma 4.28 (Rellich) Let M be a compact manifold. Then the inclusion map
HY(M, E) into L*(M, E) is a compact map.

We will not prove it in full generality here (see Note 10 of this chapter below),
but give a proof for the case of the circle in Exercise 4.8 below.

This result can be used to show the compact resolvent property for the Dirac
operator Dy, in the following way. First of all, the norm coming from the inner
product on H'(M, E) is equivalent to the graph norm of D, (see Note 9 of this
chapter below), so that Rellich Lemma then implies that the inclusion map

1 : Dom(Dy) — L*(S)

is a compact map.

Proposition 4.29 The adjoint 1* : L*>(S) — Dom(D_M) C L2(S) is given by 1* =
(1+ Dy )"

Proof For ¢ € Lz S @ Y, € Dom(Dy,) we have in terms of the inner product
on the graph G (D)) of Dy;:

(D) W) = (A +Du) ),

o 2

+ (D_M(l +D_M2)*11/f1,D_M1ﬂz)
= (Y1, ¥2) 2 = (Y1, 1(¥2)) 12 -

L2

O

Corollary 4.30 The resolvent (i + Dy;)~" of the Dirac operator on a compact Rie-
mannian spin manifold without boundary is a compact operator.

Proof We start by writing
(i +Da)™ = (G + Dy (1 + Dy )21+ Dy )2,

The operator (i + D)t +D_M2)1/ 2 is a bounded operator. In fact, using the
functional calculus on self-adjoint operators we find that

{W]ZI

. —_ _ —12
G 4+ Dy)~'(1 + Dy )| < sup
teR

li 4 ¢|
Also, observe that (1 + Dy )~"/? is a square root of the positive operator (1 +

D_Mz)‘l. When we consider the latter as an operator on L_Z(S) it is compact by the
above Proposition. This is enough to conclude that (i + Dy;)~' is compact. O
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In the following exercise we consider Rellich Lemma on the circle.

Exercise 4.8 Write a function f € L?(S') as a Fourier series:

f= anen

nez

where e, (1) = ¢*™" and the sequence { f,,} is in 1?(Z). The Sobolev space H'(SH
consists of those L2-functions for which

Lf I3 =D (L +nd)Ifl?

nez,
is finite.
(1) Establish the following estimate
1/2 1/2
sp| 3 ol = [ b+ || X
[n|l=N [n|=N [n|<N

and derive from this that H'(S') ¢ C(S").

(2) Show that the inclusion H!'(S') — L2(S') is given by the norm limit of the
sequence Py of finite-rank operators that send a function f to the N’th partial
sum

Pyf = Z Jnen

[n|<N

In some cases one can derive the above analytical properties (such as essen-
tial self-adjointness and compact resolvent) from the knowledge of the spectrum of
eigenvalues, as the following exercise shows.

Exercise 4.9 Let {1,},cz be a sequence of real numbers, possibly with degenera-
cies but ordered such that A, < X,;. Furthermore, assume that oo are the only
accumulation points and that Ay, — *oo as n — 0o. We define a dense subspace
in I>(Z) by

Dom(D) = spanc{e, : n € Z}

and introduce an unbounded linear operator D on Dom(D) C [?*(Z) by setting
De, = A,e,.

(1) Show that D is an essentially self-adjoint operator.
(2) Show that the resolvent (i + D)~! is a compact operator on [*(Z).
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Notes

Section 4.1. Clifford Algebras

1.

In our treatment of Clifford algebras, we stay close to the seminal paper by Atiyah, Bott and
Shapiro [1], but also refer to the standard textbook [2] and the book [3, Chap. 5]. We also take
inspiration from the lecture notes [4, 5].

The definition of a quadratic form given here is equivalent with the usual definition, which
states that Q is a quadratic form if Q(v) = S(v, v) for some symmetric bilinear form S (cf.
Exercise4.1). This is shown by Jordan and von Neumann in [6].

The periodicity eight encountered for the real Clifford algebras ClzE is closely related to the
eightfold periodicity of KO-theory [7]. The periodicity two encountered for the complex Clif-
ford algebras Cl,, is closely related to Bott periodicity in K-theory [8].

Section 4.2 . Riemannian Spin Geomtry

4.

© @R

10.

A standard textbook on Riemannian geometry is [9]. For a complete treatment of Riemannian
spin manifolds we refer to e.g., [2, 10]. The noncommutative approach to (commutative) spin
geometry that we adopt here can also be found in [3, Chap. 9] or [4, 11].

In Definition4.10 a Riemannian manifold is said to be spin® if CI(T' M) ~ End(S) (even case).
Glancing back at Chap. 2 we see that Cl,, is Morita equivalent to C (n even). With Definition 7.9
of the next Chapter, we conclude that a manifold is spin® precisely if (the C*-completion of)
CIliff (M) is Morita equivalent to C (M). This is the algebraic approach to spin® manifolds laid
out in [3, Sect. 9.2].

A first reference to Theorem4.22 is [12, Sect. VI.1].

Lemma4.25 can be found as [13, Lemma 1.8.1])

The proof of Proposition4.26 is based on [13, Lemma 10.2.5]

The fact that the definition of the inner product for H LM is independent of the choice of an
atlas is shown in for instance [14, Sect. 1.3.4]. The relation of this inner product to the graph
norm of Dy, is a deep result which is a consequence of ellipticity of the Dirac operator, see
for instance [14, Lemma 1.3.6].

A proof of the Rellich Lemma4.28 can be found in [15, Corollary 1I.1.2] and in [16, Lemma
1.7].
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Chapter 5 ®)
Noncommutative Riemannian Spin e
Manifolds

This chapter introduces the main technical device—spectral triples—that generalizes
Riemannian spin geometry to the noncommutative world. We exemplify this by
means of toric noncommutative manifolds; this includes the noncommutative torus.

5.1 Gelfand Duality

The first step towards noncommutative manifolds is to arrive at an algebraic char-
acterization of topological spaces. This is accomplished by Gelfand duality, giving
a one-to-one correspondence between compact Hausdorff topological spaces and
commutative C*-algebras. Let us recall some definitions.

Definition 5.1 A C*-algebra A is a (complex) *x-algebra (Definition 2.1) that is
complete with respect to a multiplicative norm (i.e. ||ab|| < ||a]|||p|| foralla, b € A)
that satisfies the C*-property:

la*all = lla]*.

Example 5.2 The key example of a commutative C*-algebra is the algebra C(X)
for a compact topological space X. Indeed, uniform continuity is captured by the
norm

Il 1l = sup{|f(x)] : x € X}
and involution defined by f*(x) = f(¥). This indeed satisfies || f* f|| = || fI|>.

Example 5.3 Another key example where A is noncommutative is given by the
x-algebra of bounded operators B(H) on a Hilbert space H, equipped with the oper-
ator norm.

The following result connects with the matrix algebras of Chap. 2.
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Proposition 5.4 If A is a finite-dimensional C*-algebra, then it is isomorphic to a
matrix algebra:

N
A~Pm,©).

i=1
Proof See Note 2 in this chapter. (I

In Chap. 2 we defined the structure space of a x-algebra A to consist of (equivalence
classes of) irreducible representations of A. Let us extend this definition to C*-
algebras.

Definition 5.5 A representation of a C*-algebra A is a pair (H, 7) where H is a
Hilbert space and r is a x-algebra map

w:A— B(H).

A representation (H, ) is irreducible if H 7 0 and the only closed subspaces in H
that are left invariant under the action of A are {0} and H.

Two representations (H,, 7r1) and (H,, 7,) of a C*-algebra A are unitarily equiv-
alent if there exists a unitary map U : ‘H; — H; such that

mi(a) = U m(a)U.

Definition 5.6 The structure space Aofa C*-algebra A is the set of all unitary
equivalence classes of irreducible representations of A.

In Chap.2 we considered the commutative matrix algebra CV whose structure
space was the finite topological space consisting of N points. Let us sketch the
generalization to compact Hausdorff topological spaces, building towards Gelfand
duality. As a motivating example, we consider the C*-algebra C (X) for a compact
Hausdorff topological space X (cf. Example 5.2). As this C*-algebra is commutative,
a standard argument shows that any irreducible representation = of C(X) is one-
dimensional. In fact, any such = is equivalent to the evaluation map ev, at some
point x of X, given by

ev, : C(X) - C;
[ fx).

Being a one-dimensional representation, ev, is automatically an irreducible repre-
sentation. It follows that the structure space of C (X) is given by the set of points of X.
But more is true, as the topology of X is also captured by the structure space. Namely,
since in the commutative case the irreducible representations are one-dimensional
7 : A — C the structure space can be equipped with the weak *-topology. That is
to say, for a sequence {m,}, in X, 7, converges weakly to  if 7, (a) — m(a) for all
a e A.
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We state the main result, generalizing our finite-dimensional version of Sect.2.1.1
to the infinite-dimensional setting.

Theorem 5.7 (Gelfand duality) The structure space A of a commutative unital C*-
algebra A is a compact Hausdorff topological space, and A >~ C (Z) via the Gelfand
transform

acA—>acA;  a(r) =n).

Moreover, for any compact Hausdorff topological space X we have

C/(Y):X.

Proof See Note 3 in this chapter. (]

5.2 Spectral Triples

The next milestone which we need to reach noncommutative Riemannian spin geom-
etry is the translation of the Riemannian distance (4.2.1) on a compact Riemannian
spin manifold into functional analytic data. Indeed, we will give an alternative for-
mula as a supremum over functions in C*°(M). The translation from points in M
to functions on M is accomplished by imposing that the gradient of the functions is
less than 1 (see Fig.5.1). This is the continuum analogue of Theorem 2.18.

Proposition 5.8 Let M be a Riemannian spin®-manifold with Dirac operator Dy.
The following formula defines a distance between points in C(M) >~ M:

d(x,y) = sup {[fx)—fOI: I[Py, fIIl < 1}.

feC=(M)

Moreover, this distance function d coincides with the Riemannian distance func-
tion dj.

S SR

T Y T

Fig. 5.1 The translation of the distance between points x, y in M to a formulation in terms of
functions of slope < 1
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Proof First, note that the relation || f|lLip = [I[Dum, f1Il <1 (¢f. Theorem 4.20)
already ensures that d(x, y) < d,(x, y). For the opposite inequality we fix y € M
and consider the function f, ,(z) = d,(z, y). Then || f; llLip < 1 and

d(x, y) = |fg,y(x) - fg,y(y)| = dg(xs y),
as required. O

Thus, we have reconstructed the Riemannian distance on M from the algebra
C*° (M) of functions on M and the Dirac operator D, both acting in the Hilbert space
L?*(S) of square-integrable operators. Note that the triple (C*° (M), L?(S), Dy) con-
sists of mere functional analytical, or ‘spectral’ objects, instead of geometrical. Upon
allowing for noncommutative algebras as well, we arrive at the following spectral
data required to describe a noncommutative Riemannian spin manifold.

Definition 5.9 A spectral triple (A, H, D) is given by a unital x-algebra A repre-
sented as bounded operators on a Hilbert space H and a self-adjoint operator D in
H such that the resolvent (i + D)~! is a compact operator and [D, a] extends to a
bounded operator for each a € A.

A spectral triple is even if the Hilbert space H is endowed with a Z,-grading y
such that ya = ay and yD = —Dy.

A real structure of KO-dimension n € Z/8Z on a spectral triple is an anti-linear
isometry J : H — 'H such that

J?=¢e, JD=¢DJ, Jy=2¢"yJ (evencase),

where the numbers ¢, &', ¢” € {—1, 1} are given as a function of n modulo 8, as they
appear in Table5.1.

Moreover, with b = Jb*J~! we impose the commutant property and the order
one condition:

[a,b°1=0, [[D,al,b’1=0; (a,be A). (5.2.1)

A spectral triple with a real structure is called a real spectral triple.

Table 5.1 The KO-dimension n of a real spectral triple is determined by the signs {e, €', €}
appearingin J2 =¢,JD =¢'DJ and Jy = &’y J

n 0 1 2 3 4 5 6 7

1 1 -1 -1 -1 -1 1
1 -1 1 1 1 -1 1 1
1 -1 1 -1

™ |, | ™
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Remark 5.10 The notation (A, H, D) is chosen to distinguish a general spectral
triple from the finite spectral triples considered in Chaps. 2 and 3, which were denoted
as (A, H, D).

The basic example of a spectral triple is the canonical triple associated to a
compact Riemannian spin manifold:

e A = C> (M), the algebra of smooth functions on M;

e H = L?(S), the Hilbert space of square integrable sections of a spinor bundle
S —> M,

e D = Dy, the Dirac operator associated to the Levi—Civita connection lifted to the
spinor bundle.

The real structure J is given by the charge conjugation Jy, of Definition 4.13. If
the manifold is even dimensional then there is a grading on H, defined just below
Definition 4.13. Since the signs in the above table coincide with those in Table 4.2,
the KO-dimension of the canonical triple coincides with the dimension of M.

Example 5.11 The tangent bundle of the circle S! is trivial and has one-dimensional
fibers, so that spinors are given by ordinary functions on S'. Moreover, the Dirac
operator Dy is givenby —id /dt wheret € [0, 27), actingon C*®(S') (whichis a core
for Dg1). The eigenfunction of Dg: are the exponential function e with eigenvalues
n € Z. As such, (i + Ds1)~! is a compact operator. Moreover [Ds:, f] = —idf/dt
is bounded. Summarizing, we have the following spectral triple:

sogaly p2ialy 4
<C (SYH, L°(SY), ldt>'

Note that the supremum norm of a function f € C*(S') coincides with the operator
norm of f considered as multiplication operator on L?(S"). A real structure is given
by complex conjugation on L?(S'), making the above a real spectral triple of KO-
dimension 1.

Example 5.12 Since the tangent bundle of the torus T? is trivial, we have CIiff (T?) ~
C(T?) @ Cl,. As a consequence, the spinor bundle is trivial, S = T2 x C2, and
L%(S) = L*(T? ® C?. The generators y!and y? are given by

L (0 —i , (01
”‘(io)’ ”‘(10)’

which satisfy (4.2.4). The chirality operator is then given by

. ~10
mz=—zyly2=<0 1>,
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and the real structure Jp2 that selects Cl; C Cl, is

v _ [~
()=
Finally, the Dirac operator on T? is
D']I‘Z = —iyﬂau = (

0 —0; — 102
0 — 10y 0 ’

The eigenspinors of D2 are given by the vectors

1 el mnitnat)
Gy (1 1) o= —= | pimtm inimn) |5 (1, na € ),
V2 \" i

with eigenvalues :I:,/n% + n% Again, this ensures that (i + D)~ is a compact
operator. For the commutator with a function f € C*®(T?) we compute

3 0 —f—idf
[quz,f]—(alf_iazf 0 )

which is bounded because 9; f and 9, f are bounded. The signs in the commutation
between Jy2, D12 and yr2 makes the following a spectral triple of KO-dimension 2:

(C™(T?), L*(T*) ® C?, Dy2; Jp2, yr2) -

Other examples are given by finite spectral triples, discussed at length—and
classified—in Chap. 2. Indeed, the compact resolvent condition is automatic in finite-
dimensional Hilbert spaces; similarly, any operator such as [D, a] is bounded as in
this case also D is a bounded operator. More serious noncommutative examples are
presented below in Sect. 5.3.

Corresponding to the direct product of manifolds, one can take the product of
spectral triples as follows (see also Exercise 2.24). Suppose that (A, Hi, Dy; y1, J1)
and (A,, Ha, D3; y», J») are even real spectral triples, then we define the product
spectral triple by

A=A ® As;
H="H; ® Ha;
D=D®1+y ® Dy;
Y =Y1Q

J=5Q® L.
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If (Ay, H,, Dy; Jp) is odd, then we can still form the product when we leave out y.
Note that D? = D% ®R1+1® D%, since the cross-terms vanish due to the fact that
v1Dy = —Dyy1.

Example 5.13 In the physical applications later in this book (Chap. 10 and after-
wards) we are mainly interested in almost-commutative manifolds which are defined
as products of a Riemannian spin manifold M with a finite noncommutative space
F. More precisely, we will consider

M x F := (C®(M), L*(8), D; Jy, yu) @ (Ap, Hp, Dp; Jr, vr),

with (Ap, Hp, Df; Jp, yr) as in Definition 2.19. Note that this can be identified
with:

M x F=(C®M,Ap), LX(S® (M x Hp)),D® 1 +yy & Dp; Iy ® Jp, yu ® VF),

in terms of the trivial vector bundle M x Hr on M.

Returning to the general case, Definition 2.24 encountered before in the context
of finite spectral triples can be translated verbatim to the general case:

Definition 5.14 Two spectral triples (A, H;, D) and (A;, H,, D) are called uni-
tarily equivalent if A = A, and if there exists a unitary operator U : H; — H,
such that

Um(@U" =m(a);  (a €A,
UD\U* = D,,
where we have explicitly indicated the representations 7; of A; on H; (i = 1, 2).

Moreover, any spectral triple gives rise to a differential calculus. This generalizes
our previous Definition 2.22 for the finite-dimensional case. Again, we focus only
on differential one-forms, as this is sufficient for our applications to gauge theory
later on.

Definition 5.15 The A-bimodule of Connes’ differential one-forms is given by
Q})(A) = :Zak[D, byl :ar, by e A},
k

and the corresponding derivation d : A — Q!(A) is given by d = [D, -].

Exercise 5.1 (1) In the case of a Riemannian spin manifold M, verify that we can
identify QID(C X(M)) ~ Q(}R(M ), the usual De Rham differential one-forms.
(2) In the case of an almost-commutative manifold M x F, verify that we have

Qgrymeon, (CFM, Ap)) = QL (M, Ap) ® C(M, Q) (Ar)).
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5.3 Examples of Noncommutative Manifolds

5.3.1 The Noncommutative Torus

We now give a detailed exposition of a noncommutative example of a real spectral
triple, namely, we describe the noncommutative torus. Let us start with the noncom-
mutative topological, i.e. the C*-algebraic aspects.

Definition 5.16 Let ¢ be a real number. We define the noncommutative torus C*-
algebra Ay to be the unital C*-algebra generated by u, v subject to the relations

wu=uu* =1; viu =w* = 1; VU = AUV, (A = 271
The smooth noncommutative torus algebra is then given by

Agi=1la =Y au'v': (ay) € S(Z%)

r,S

where the space of Schwartz sequences is defined as

S(Z% = {(ays) : sup (1 + r* + s2)¥|a,s)* < oo for any k > 0}

r,s€Z

Note that for the x-algebra structure in 44 we have for a, b € Ay:

ab = Z Ay by s—mu’ V*; a* = Z ASaZ —u"’. (5.3.1)
r,s

r.s,n,m

Also, if 6 = 0 we may identify u, v with multiplication operators by zy, z» € S!, so

that Ay = C*(T?) identifying the series Zm a,su"v® as a Fourier series in two vari-

ables. This should explain the terminology noncommutative torus whenever 6 # 0.
Next, consider the normalized faithful trace 7 : 4y — C given by

T(a) = ag,

so that t(a*a) = Zm lays|? > 0 for a # 0. Also t(1) = 1 and t(ab) = t(ba) as
follows readily from Eq.(5.3.1).

Lemma 5.17 The trace t extends to a continuous trace t : Ay — C and in fact
lz(@)] < lal.

Proof Continuity of 7 : Ay — C follows since we may write on polynomials a €
Clu, v):

(a) -1 =/ oy, 1, (a)dt
T2
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where a;, ;, (" v*) = ¢!"175%) defines an action of T2 on Ay. It thus follows that
[t(@)] < llal. O

Using this faithful trace we may apply the GNS-construction. This gives a Hilbert
space
H, = L*(Ag, 1)

which—since 7 is faithful—is given by the closure of Ay with respect to the Hilbert
space norm ||a||; = «/t(a*a). The representaton v, : Ay — B(H,) is given by

. (a)b = ab.

AsinExercise 3.2 there is a Tomita involution with respect to the cyclic and separating
vector 1 € H;. It is given explicitly by

J: (@) =a".

This anti-unitary operator can be used to define a right representation of Ay on H,
by setting 77 (a) = J.w(a*)J ! In fact, we then have

w2 (a)b = J.a*b* = ba

forall a, b € Ay. It then follows that [77(a), 7w (b)] = 0, so that H, becomes a Ay-
bimodule.
We now prepare for spinors by doubling our Hilbert space:

H="H.®H..

The algebra representation of Ag on H is the diagonal representation 1 =, & 7w

while we set
7= 0 —J:\ . (10
=\rn o) YT\o-1)

As such, we have J?> = —1 and Jy = —y J, suggesting the KO-dimension to be 2
as can be read off from Table 5.1.

The final step in the description of the noncommutative torus in terms of a real
spectral triple is the introduction of a noncommutative analogue of a Dirac operator.
For this, we first consider the basic derivations §; : Ay — Ay given by

8 (E arsu’vs> = E irasu"v®; 8 <E a,su’v") = E isapsu’vt.
r.s r.s r,s r,s

(5.3.2)
Indeed, it follows from Eq. (5.3.1) that

8;(ab) = 8;(a)b +ad;(b);  (8;a)* = 5;a*. (5.3.3)
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One should consider the derivations §;, §, as the noncommutative analogues of the
partial derivatives 9/9¢; on Ay = C* (T2). Also note that there is a noncommutative
“Stokes’ Theorem” in the sense that 7(§;(a)) = 0.

Lemma 5.18 The map a «— §;a for a € Ay extends to a closed (unbounded) skew-
adjoint operator on the Hilbert space H..

Proof For this it is sufficient to note that

T((8;a)*b) = (8;(a*b)) — T(a*8;(b)) = —1(a*8;(b)). -

This result allows us to give the following definition, which is inspired of course
by the commutative case of Example 5.12.

Definition 5.19 The Dirac operator on the noncommutative torus is the symmetric
operator D 4, : Ay ® C* — H defined by

(0 =8 —iby
DA9_<51—1'32 0 )

One computes (as in Example 5.12) that an orthonormal eigenbasis of D 4, is
given by

" 1 ( u"v* ) ( 2)
rs — T = irts r.s | r,s € s
V2 \E7amuv

with eigenvalues +/r2 + 52. Since this coincides with the classical spectrum of Dr2

on L?(T?) ® C* we may conclude that the resolvent of D 4, is compact. Note that
this would also follow from Exercise 4.9. Finally, we compute for any a € Ay that

0 n(=d1(a) —idr(a))

Dy,,m(a)] = .

(D, m (@] (n(&(a) —i62(a))

which extends to a bounded operator on H. We have thus proven the following result.

Proposition 5.20 The data (A9, H, D a,; J,y) defined above is a real spectral
triple of KO-dimension 2.

5.3.2 Generalization to Toric Manifolds

Let M be an m dimensional compact Riemannian manifold equipped with an iso-
metric smooth action of an n-torus T", n > 2. We denote by o the corresponding
action of T” by automorphisms—obtained by pull-backs—on the algebra C°°(M)
of smooth functions on M.
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The algebra C*°(M) may be decomposed into spectral subspaces which are
indexed by the dual group Z" = T, Now, with s = (sy,...,s,) € T",eachr € Z"
yields a character of T", s XS with the scalar product r - s :==rys; + -+ +
rn8,. The rth spectral subspace for the action o of T" on C*°(M) consists of those
smooth functions f, for which

os(f,) =" f,, (5.3.4)

and each f € C*°(M) is the sum of a unique series f = ) ;. f», which is rapidly
convergent in the Fréchet topology of C*°(M) (see reference in Note 12 below for
more details).

Let now 6 = (0;z = —0;;) be a real antisymmetric n x n matrix. The
0-deformation of C*°(M) may be defined by replacing the ordinary product by a
deformed product, given on spectral subspaces by

frxo g0 = fr 01,008 =€ frgn, (5.3.5)

where r -0 is the element in R"” with components (r-60), =) r;0j for k =
1, ..., n. The product in (5.3.5) is then extended linearly to all functions in C*°(M).
We denote the space C*°(M) endowed with the product x, by C*>(Mjy). The action
o of T" on C*™° (M) extends to an action on C*°(My) given again by (5.3.4) on the
homogeneous elements.

Next, let us take M to be a spin manifold with L2(S) the Hilbert space of spinors
and D), the usual Dirac operator of the metric of M. Smooth functions act on spinors
by pointwise multiplication thus giving a representation 7 : C*(M) — B (L2(S)).

We assume that there is a double cover ¢ : T" — T” and a representation of ™
on L%(S) by unitary operators U(s), s € ﬁ‘”, so that

U()DyU(s)™" = Dy, (5.3.6)
since the torus action is assumed to be isometric, and such that for all f € C*(M),
U (HU$) ™ = m(0e (). (5.3.7)

We say that an element T € B(L%(S)) is called smooth for the action of T" if the
map ~
T 55+ o (T) :=U)TU(s)™ !,

is smooth for the norm topology. From its very definition, o, coincides on
7(C®(M)) C B(L*(S)) with the automorphism o). Moreover, much as it was
done before for the smooth functions, we shall use the torus action to give a spec-
tral decomposition of smooth elements of B(L?(S)). Any such a smooth element
T is written as a (rapidly convergent) series T = Y_ T, with r € Z" and each T, is
homogeneous of degree r under the action of T, ie.
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a (1) = ™" T,, VseT" (5.3.8)

Let (Py, P», ..., P,) be the infinitesimal generators of the action of T" so that we
can write U(s) = exp2mis - P. Now, with 6 a real n x n anti-symmetric matrix as
above, one defines a twisted representation of the smooth elements of B(L?(S)) on
L?(S) by

Lo(T) := Z TLUGr-6) = Z T, exp {mir;0 P}, (5.3.9)

Taking smooth functions on M as elements of B(L?(S)), via the representation 7,
the previous definition gives an algebra Ly (C*°(M)) which we may think of as a
representation of the algebra C*°(My). Indeed, by the very definition of the product
Xy in (5.3.5) one establishes that

Lo(f %6 8) = Lo(f)Lo(8). (5.3.10)

proving that the algebra C*°(My) (i.e. C*°(M) equipped with the product xg) is
isomorphic to the algebra Ly(C*(M)).

Theorem 5.21 The datum (C®(My), L*(S), Dy) is a spectral triple.

Proof The resolvent of Dy, is compact by assumption. The boundedness of the com-
mutators [Dys, Lo(f)] for f € C*°(M) follows from the relation [Dys, Lo(f)] =
Lo([Dy, f1), Dy being of degree 0 since T" acts by isometries, so that each Py
commutes with Dy,. See also Note 13 in this chapter. O

This noncommutative Riemannian spin manifold is a so-called isospectral defor-
mation of the classical Riemannian geometry of M, in that the spectrum of the
operator Dy, coincides with that of the classical Dirac operator on M. Moreover,
if M is even and spin then there is a grading y,, and operator Jj, that make
(C®(My), L*(S), Dy; Ju, yu) areal spectral triple.

Notes

Section 5.1. Gelfand Duality

1. A complete treatment of C*-algebras, their representation theory and Gelfand duality can be
found in [1, Sect.I1.2.2] or [2, Sect.1.4].

2. A proof of Proposition 5.4 can be found in [2, Theorem 11.2].

. A proof of Theorem 5.7 can be found in e.g. [1, Theorem I1.2.2.4] or [2, Theorem 3.11].

4. Spectral triples were introduced by Connes in the early 1980s. See [3, Sect.IV.2.5] (where they
were called unbounded K -cycles) and [4].

5. The distance formula appearing in Proposition 5.8, as well as the proof of this Proposition
can be found in [3, Sect. VI.1]. Moreover, it extends to a distance formula on the state space
S(A) of a C*-algebra A as follows. Recall that a linear functional w : A — C is a state if it

w
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is positive w(a*a) > 0 for all non-zero a € A, and such that w(1) = 1. One then defines a
distance function on S(A) by [4]

d(w1, w2) = sup {|wi(a) — w2(a)| : I[D,al]ll < 1}.

acA

Itisnoted in [5, 6] that this distance formula, in the case of locally compact complete manifolds,
is in fact a reformulation of the Wasserstein distance in the theory of optimal transport. We
also refer to [7-9].

Proposition 5.8 establishes that from the canonical triple on a Riemannian spin manifold M
one can reconstruct the Riemannian distance on M. As a matter of fact, there is a reconstruction
theorem for the smooth manifold structure of M as well [10]. It states that if (A, H, D; J, y)
is a real spectral triple with /A commutative, then under suitable conditions [11] there is a
Riemannian spin manifold (M, g) with spin structure (S, Jjs) such that (A, H, D; J, y) is
given by (C® (M), L2(S), D; Jy, yum) (see also the discussion in [12, Sect. 11.4]).

Real spectral triples as defined in Definition 5.9 are noncommutative generalization of Rieman-
nian spin manifolds. An immediate question that arises is whether noncommutative general-
izations of Riemannian spin® manifolds, or even just Riemannian manifolds can be defined. In
fact, building on the algebraic approach to defining spin® manifolds as in [12] (as also adopted
above) the authors [13] introduce such noncommutative analogues. For earlier attempts, refer
to [14].

Products of spectral triples are described in detail in [15], and generalized to include the odd
case as well in [16].

The differential calculi that are associated to any spectral triple are explained in [3, Sect. VI.1]
(see also [17, Chap. 7]).

Section 5.3. Examples of Noncommutative Manifolds

10.

11.

12.

The noncommutative torus formed the guiding example for noncommutative manifolds in the
early days of noncommutative geometry, and already appears in [18]. The deformation quan-
tization aspects of the noncommutative torus were analyzed early on as well, by Rieffel in [19].

The C*-algebra Ay is also called the rotation algebra. This is because of the following real-
ization as operators on L2(S"). We consider for v e L3(Sh:

Uy =zy(); VY@ =yQo).

Thus, U generated the C*-algebras C(S') and conjugation by V' gives an automorphism o of
C(S") by rotation with the angle 6. The association u — U, v — V is a representation of the
C*-algebra Ag on L2(S"), which in fact implements an isomorphism Ag = C(S§ 1Y X Z with
a crossed product algebra associated to the rotation «.

The Gelfand—Naimark—Segal (or, GNS) construction is a general procedure that constructs a
Hilbert space representation of a C*-algebra, starting with a given state on it. More details can
be found e.g. in [1, Sect.11.6.4].

It is shown in [20] that there is a natural completion of the algebra C°°(Mj) to a C*-algebra
C(Mpy) whose smooth subalgebra—under the extended action of T"—is precisely C*°(Mp).
Thus, we can understand Ly as a quantization map from

Lo : C®(M) — C®(My), (5.3.11)
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which provides a strict deformation quantization in the sense of Rieffel. More generally, he
considers a (not necessarily commutative) C*-algebra A carrying an action of R”. For an anti-
symmetric n X n matrix 6, one defines a star product x4 between elements in A much as we
did before. The algebra A equipped with the product x4 gives rise to a C*-algebra denoted by
Ag. Then the collection {Apg}refo,1] is a continuous family of C*-algebras providing a strict
deformation quantization in the direction of the Poisson structure on A defined by the matrix
0

13. Theorem 5.21 was obtained in [21]; see also [22].
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Chapter 6 ®)
The Local Index Formula Gresho
in Noncommutative Geometry

In this chapter we present a proof of the Connes—Moscovici index formula, expressing
the index of a (twisted) operator D in a spectral triple (A, H, D) by a local formula.
First, we illustrate the contents of this chapter in the context of two examples in the
odd and even case: the index on the circle and on the torus.

6.1 Local Index Formula on the Circle and on the Torus

6.1.1 The Winding Number on the Circle

Consider the canonical triple on the circle (Example 5.11):

d
(CW(SI), LS, Dy = _’E) ,

The eigenfunctions of Dg are given forany n € Zby e, (t) = ¢, wheret € [0, 27).
Indeed, Dsie, = ne, and {e, },cz forms an orthonormal basis for L?(S"). We denote
the projection onto the non-negative eigenspace of Dgi by P, i.e.

e iftn=>0
Pe, = {O otherwise

This is equivalent to defining P = (1 + F)/2, where F = Dgi|Dgi|~! (defined to
be +1 on ker Dg1). Concretely, F is the Hilbert transform:

F (Z 1/Jne,,(t)> == tneat+ ) Unen,
nez n<0 n>0

with complex coefficients v, (n € 7).
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Let u be a unitary in C*®(S"), say u = e, for some m € Z. The index we are
interested in is given by the difference between the dimensions of the kernel and
cokernel of PuP : PL*(S") — PL*S"):

index PuP = dimker PuP — dimker Pu*P.

Indeed, Im T+ = ker T* for any bounded operator. We wish to write this index as a
local, integral expression. First, we check that the index is well defined by noting that
Pu P has finite-dimensional kernel and cokernel. In fact, the kernel of PuP (with
u = ey) consists of 1 = Y _, ¥,e, € PL*(S') such that

P (Z ¢nem+il) =0.

n>0

In other words, the kernel of Pu P consists of linear combinations of the vectors
e, ...,e_u—1 form < 0. We conclude that dimker PuP = —mifm < 0.If m > 0
then this dimension is zero, but in that case dim ker Pu* P = m. In both cases, and
also in the remaining case m = 0, for u = e,, we find that

index PuP = —m.

Exercise 6.1 In this exercise we show thatindex Pu P is well defined for any unitary
u € C*(Sh).

1. Show that [F, e,,] is a compact operator for any m € Z.

2. Show that [F, f]is a compact operator for any function f =), f,e, € C *(sh
(convergence is in sup-norm).

3. Atkinson’s Theorem states that an operator is Fredholm (i.e. has finite kernel and
cokernel) if it is invertible modulo compact operators. Use this to show that Pu P
is a Fredholm operator.

On the other hand, we can compute the following zeta function given by the trace
(taken for simplicity over the complement of ker Dg;):

Tr (u*[Dgr, ullDg1 |77 1) = m Tr D1 |77 = 2m((1 + 22),

since [ Dg1, u] = mu foru = e,,. Here ((s) is the well-known Riemann zeta function.
Since ((s) has a pole at s = 1, we conclude that

index PuP = —res,—o Tr (M*[DSI , u]| Dg; |72zfl) )
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Fig. 6.1 The map

ey 1 1 €[0,27) > ™
winds m times around the
circle; this winding number
is (minus) the index of the
operator Pe,, P

This is a manifestation of the noncommutative index formula in the simple case of
the circle, expressing the winding number m (cf. Fig.6.1) of the unitary u = ¢, as a
‘local’ expression. In fact,

res,—o Tr (u*[Ds1, u]| D | %7") = L u*du,
27 Jg
as one can easily check. The right-hand side is indeed a local integral expression for
the (global) index of PuP.
In this chapter, we generalize this formula to any (odd) spectral triple, translating
this locality to the appropriate algebraic notion, namely, in terms of cyclic cocycles.

Exercise 6.2 Prove the following index formula, for a unitary u = e, say, with
m < 0:

1
index PuP = ~7 Tr F[F, u*1[F, u].

6.1.2 The Winding Number on the Torus

The same winding number—now in one of the two circle directions—can also be
obtained as an index on the two-dimensional torus, as we will now explain.
Consider the even canonical triple on the 2-dimensional torus (Example 5.12):
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The eigenspinors of D are given by the vectors

1 ei(n1t1+nzt2)
Gy (012 12) o= —= | o imitms_ it |1 (g, na € Z),
\/z «/nf+n§

with eigenvalues +,/ n% + n%

Instead of unitaries, we now consider orthogonal projections p € C*®(T?) or
rather, projections in matrix algebras with entries in C*°(T?). Indeed, there are no
non-trivial projections p in C(T?): a continuous function with the property p> = p s
automatically O or 1. Thus, we consider the following class of orthogonal projections

in M,(C*(T?)):
_( [ g+hU*

where f, g, h are real-valued (periodic) functions of the first variable ¢, and U is a
unitary depending only on the second variable #,, say U (t,) = e,,(f2). The projection
property p*> = p translates into the two conditions

gh=0, g +h>=f—-f~"
A possible solution of these relations is given by
0< f <1 suchthat f(0)=1, f(m)=0,

and then g = x[0.01v/ f — f% and h = X(r2m/ f — f2, where xx is the indicator
function for the set X (see Fig.6.2).

The Fredholm operator we would like to compute the index of is p(D2 ® I) p,
acting on the doubled spinor Hilbert space L?(S) ® C?> ~ L?*(T?) ® C> ® C?. This
doubling is due to the fact that we take a 2 x 2 matricial projection. To avoid notation
cluttery, we will simply write D2 for D2 ® I,.

The local index formula which we would like to illustrate on the torus is

index pDr:p = —rtes.— Tr (7 (p — 3) [Dr2, pl[Dr2, plIDr2| >7%) |
where the trace is both over the matrix indices of p and over the spinor indices.
Proposition 6.1 With U(t;) = e, (t2) and p of the above form, we have
res.—o Tr (v (p = 3) [Dr2. pI[Dre, pl| D2 | 27%) = m.
Proof We use the following formula from Exercise 6.3, which holds for any F €
C>(T?):
Ce(s)

s T2

Tr F|Dp2| 72 = F, (6.1.2)
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0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
o 2n n

Fig. 6.2 Functions f, g, h that ensure that p in (6.1.1) is a projection
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2n

where the trace is over spinor indices, and where (g is the Epstein zeta function,

defined by
Ce) = D (ni+n)~.

nl,anZ

Since (g has a pole at s = 1 with residue 7, we conclude that

res,—o Tr F|D|727% = / F.
T2

Returning to the claimed equality, we compute the trace over spinor indices:

O _a _ a 2
Tr’Y(p_%) [DTZ,P]ZzTr(p— )(51p—i82p IPO I 2p)

=2i (p— 1) (01p02p — D2pOip).

=

Since g and /& in (6.1.1) have disjoint support, g’h = 0, we have
. —hh' f'RU*
81p82p = _aZPalp = —im (f/hU fhh/ > .

Hence, taking the remaining trace over the indices of the projection, we find

Tr2i (p — 1) (01p0sp — D2pdip) = 4m (=2 fhh' + hh' +2f'h?).
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Inserting this back in (6.1.2) we see that we have to integrate the right-hand side over
the circle. A series of partial integrations yields

1 1
—/—thh/+hh/+2f/h2= —/3f/h2.
27 27

Inserting the explicit expression of i, we easily determine

27 1 1
/f/h2=/ (f—fz)f/=/0 (v = )dx = .

Combining all coefficients, including the residue of Epstein’s zeta function, we finally

find 31
res—o Tr (v (p = 3) (D2, pYI D7) = dm—2m =m,

as required. ([

Thus, we recover the winding number of the unitary U, winding m times around
one of the circle directions in T2, just as in the previous subsection. The case m = 2
is depicted in Fig. 6.3; it shows the winding of the range of p in C? at #; = 37/4 and
with #, varying from O to 27.

The fact that the index of p D2 p is also equal to (minus) this winding number is
highly non-trivial and much more difficult to prove. Therefore, already this simple
example illustrates the power of the Connes—Moscovici index formula, expressing
the index by a local formula. We will now proceed and give a proof of the local index
formula for any spectral triple.

Fig. 6.3 Winding twice around one of the circle directions on the torus. Let the range of the
projection p be v(t, t;)s with s € C and v(t1, 1) € C? varies with (1, 1) € T%. We have drawn
the real and imaginary parts of the first component vy (1 = 37/4, t2)s with0 < f, <27 and —1 <
s < 1. The other component v, (#; = 37/4, t2) is constant
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Exercise 6.3 Prove Eq.(6.1.2), i.e. show that for any function F € C*° (T?) we have

Ce(s)

7T T2

Tr F|Dp |72 = F.

6.2 Hochschild and Cyclic Cohomology

We introduce cyclic cohomology, which can be seen as a noncommutative general-
ization of De Rham homology.

Definition 6.2 If 4 is an algebra, we define the space of n-cochains, denoted by
C"(A), as the space of (n + 1)-linear functionals on A with the property thatifa/ = 1
for some j > 1, then ¢(a’, ..., a") = 0. Define operators b : C"(A) — C"T'(A)
and B : C"t1(A4) — C"(A) by

bp@a®,at, ..., a"t = Z(—l)-i¢(a0, Ladlddth o ath
=0

+(=D" g a d', . a",
B¢(00,al, o at) = Z(—l)njd)(l,aj,aﬂ_l, o ,aj_l),
j=0
Exercise 6.4 Show that b* = 0, B> = 0, and bB + Bb = 0.

This means that a cochain which is in the image of b is also in the kernel of b,
and similarly for B. We say that b and B define complexes of cochains

---*b>C”(.A)*b>C”+'(A)L>---

<P oy <oy E— .

’

where the maps have the (complex) defining property that composing them gives
zero: b o b = 0 = B o B. This property of b and B being a differential is a crucial
ingredient in cohomology, where so-called cohomology groups are defined as the
quotients of the kernel by the image of the differential. In our case, we have

Definition 6.3 The Hochschild cohomology of A is given by the quotients

kerb : C"(A) — C"'(A)
Imb: Cr1(A) — C"(A)’

HH"(A) = (n > 0).

Elements in ker b : C"(A) — C"T!(A) are called Hochschild n-cocycles, and ele-
ments in Im b : C"~'(A) = C"(A) are called Hochschild n-coboundaries.
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Exercise 6.5 (1) Characterize the cohomology group H H°(A) for any algebra A.

(2) Compute HH"(C) for any n > 0.

(3) Establish the following functorial property of H H": if ) : A — B is an algebra
map, then there is a homomorphism of groups ¢* : HH"(B) — HH"(A).

Example 6.4 Let M be a compact n-dimensional manifold without boundary. The
following expression defines an n-cochain on 4 = C*(M):

o(fo. fl,.-.,ﬁ1)=/;4fodf1'“dfn-

In fact, one can compute that b¢ = 0 so that this is an n-cocycle which defines a
class in the Hochschild cohomology group H H" (C*°(M)).

Exercise 6.6 Check that b¢ = 0 in the above example.

Next, we turn our attention to the differential B, and its compatibility with b.
Namely, b and B define a so-called double complex:

L o3y L 24 L ') 2 04y

b b bT
B

L2y L cva) L2 0

b b

D CHA) —= CO(A)

b

--J>CO(A)

The totalization of this double complex by definition consists of the even and odd
cochains:

C(A) = P C*(A);

k

oA = P A,

k

and these also form a complex, now with differential b + B:

"'ﬂCeV(A)%COdd(A)%CCV(A)%,,,
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Definition 6.5 The periodic cyclic cohomology of A is the cohomology of the total-
ization of this complex. That is, the even and odd cyclic cohomology groups are
given by

kerb + B : C¥(A) — C°Y(A)
Imb+ B : Co%(A) — CV(A)’
kerb + B : C*4(A) — C(A)
Imb+ B : C¥(A) — Cod(A)"

HCP®(A) =

HC P (A) =

Elements in ker b 4+ B are called (even or odd) (b, B)-cocycles, and elements in
Im b + B are called (even or odd) (b, B)-coboundaries.

Explicitly, an even (b, B)-cocycle is given by a sequence

(g0, 02, P4, ...),

where ¢y € C*(A), and
b + Boogy2 =0,

for all k > 0. Note that only finitely many ¢,; are non-zero.
Similarly, an odd (b, B)-cocycle is given by a sequence

(1, ¢3, 95, ...),

where ¢ € C*+1(A) and

bdy1 + Booys =0,

for all k > 0, and also B¢; = 0. Again, only finitely many ¢, are non-zero.
The following result allows us to evaluate an even (odd) (b, B)-cocycle on a
projection (unitary) in a given x-algebra A.

Proposition 6.6 Let A be a unital x-algebra.

o Ifp = (P1, @3, ...) is an odd (b, B)-cocycle for A, and u is an unitary in A, then
the quantity

1 oo
(¢, u) = 7 > D R Gt ws L u )
k=0

only depends on the class of ¢ in HC P°Y(A).
e If ¢ = (¢, 2, ...) is an even (b, B)-cocycle for A, and p is an projection in A,
then the quantity
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(2k)!
k!

(@, p) = do(P) + Y (=D =0 (p— . P, -, D)
k=1

only depends on the class of ¢ in HC P (A).

Proof We show that ((b + B)®, u) = 0 for any even cochain (®, ©,, ...) and that
((b+ B)®, e) = 0 for any odd cochain (0, ©3, ...).
The former equation would follow from

(=DM K bOy (u*, u, . u* u) + (= DXk — DIBOy ™, u, ..., u*, u) =0,
for any £ > 0. Using the definition of b and B, we compute that indeed:

(DR [On M ut u, . u* ) + (—D* M O (1w, ut, L u, u)]
+ (=Dt — D [kOx (L u* u, .. u* u) — kO (L u,u*, ... u,u*)] = 0.
The second claim would follow from

2k +2)!
(k+ 1!

(2k)!

_1\k+I1
(=D o

bOys1(p— 5. poovoip) + (—DF BOx41(p— 3. p..... p) =0,

for any k > 1, and indeed
—2b0(p — 1. p, p) + BO(p) = 0.

Let us start with the latter, for which we compute

—2[201(p = 1p. P) = O1(p— . p]+O1(1, p) =
=20:(p, p) +201(p, p) — ©:1(1, p) + ©1(1, p) = 0.

The same trick applies also to the first expression, for any k > 1:

e G 2)!

1 1
( G D! [20241(p = 5P. Pr . P) = Ong1(p — 5. . ... P)]
2k)!
+ (—1>"(k—,) [k + 1DOysi (1, p,....p)] =0,

which follows directly from the identity

1 (2k +2)! Qh!
2k G =0 -

Exercise 6.7 Let ¢ € C*(A) be a b-cocycle (i.e. b¢) = 0) that also satisfies the fol-
lowing condition of being cyclic:
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p@®, a',...a" = (=D, a’ d',...a""),

foralla®, a!,...a* € A. Show that (0, ..., 0, ?, 0, ...) (with ¢ at the k’th position)
is a (b, B)-cocycle.

Exercise 6.8 In the example of the circle, show that the odd cochain (¢!, 0, ...) on
C>(S") with (cf. Exc. (6.2))

o' (f° fHY =Tr FIF, fOULF, 11, (f° f' e C™(SY)),

is an odd (b, B)-cocycle.

6.2.1 Cyclic Cocycles for the Noncommutative Torus

We will illustrate the above periodic cyclic cohomology and the evaluation on pro-
jections and unitaries with the noncommutative torus. Recall its structure from
Sect.5.3.1.

In view of Exercise 6.5(1) it is immediate that 7 defines a Hochschild cocycle:
bt = 0. In other words, 7 defines an element in H H°(Ay). In fact, it also defines an
element in HC P (Ay), to wit, (7, 0, ...). Let us check that it does not represent the
zero class by exploiting the evaluation from Proposition 6.6 on the trivial projection
p = 1. Indeed, since (7, 1) = 7(1) = 1 and since the evaluation does not depend on
the representative of 7 (as is shown in Proposition 6.6), we find that 7 cannot be
cohomologous to zero.

In order to construct odd cyclic cocycles we need the derivations 6y, 6, : Ay — Ay
from Eq. (5.3.2). We then define two 1-cochains v, ¥, € C'(Ag) by

1@ a'y = 7@’ (@")); ¥ a') = 7(@%s(ah).

Let us check that they are Hochschild cocycles:

b1 (@’ a', a*) = ¢1(a’a’, a*) — 1@’ a'a®) + 11 (a*a’, a')

= 7(a%'6,(a@*) — 7@, (a'a®) + 7(a*a’5,(a")) = 0,
by using the Leibniz property (5.3.3) for §;. The same argument also shows that

by, = 0.
Using Stokes theorem we may also show that

BY1(@®) =7(61@”) =0,  Byr@®) =0.

Hence, (0, 91, 0, ...) and (0, ¢, 0, ...) are odd (b, B)-cocycles and define class in
odd periodic cyclic cohomology HC P°%(Ay). Again by exploiting the evaluation
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on unitaries we may check that v; and v, define non-trivial and different classes in
HC P°(Ayp). Indeed,

| .
(o) = =) = —ﬁ; (1, v) =0

while

(o, u) =0; (a2, v) = —

s

Finally, there is a two-cochain defined by

p(a®,a', a*) = 7’61 (a")d2 (@) — 62(a")é1 (@)

Exercise 6.9 Show that b¢ = 0 and that B¢ = 0.

We conclude that ¢ defines a class in even periodic cyclic cohomology
HC P (Ap). Since the evaluation of ¢ on the projection 1 vanishes, we already
know that ¢ defines a different class in HC P (Ay) than 7. Moreover, one may
evaluate ¢ non-trivially on a projection p. This will be worked out in Exercise 6.10
below (c¢f. Note 10 in this chapter).

It turns out that the above four (b, B)-cocycles fully describe the periodic cyclic
cohomology of Ay in the sense that

HCP®(Ag) =C[T1® Clgl;  HCP*™(Ap) = Cl¢)1] ® Cleha].

This should be considered as the noncommutative analogue of the cell decomposition
of the torus: one 0-cell (a point), two 1-cells (two circles) and one 2-cell (the torus).

Exercise 6.10 We consider the pairing between the (b, B)-cocycle ¢ and a class of
projections on the noncommutative torus. Consider the following element p € Ajy:

p= (Z anv") u+ (Z bnv”> + u* (Z c,,v”) 6.2.1)
nez nez nez

for some Schwartz sequences (a,), (b,), (¢,) (cf. Definition 5.16). We also write
g, f, h for the corresponding functions on St

g(t) = Zanei”’; f@) = anei"’; h(t) = chei"’.

nez nez nez

(1) Show that p is an orthogonal projection, i.e. p> = p = p* if and only if h = g*
while f and g satisfy (V¢ € S'):
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!
1

€ 276 216 + € € 2n0 270 +¢€

Fig. 6.4 Functions f and g = h™* that ensure that p defined in (6.2.1) is a projection in Ag

@)

3
“

&)

(6)

o g(ng(t —2m0) =0;
o (f(t)+ f(t—2m0))g(t) = g(t);
o f(1)— f(t?) =Ig@)* + gt +2m0)|*.

Verify that a class of examples of functions f, g that satisfy the above three
conditions can be given as follows. Take any € such thate < 276 and 270 + ¢ <
m. On [0, €] let f be any smooth function with values between 0 and 1 such
that £(0) = Oand f(e) = 1.0On [270, 270 + €] define f(t) = 1 — f(t — 270),
while on [g, 270] and [270 + ¢, 27r] let f take values 1 and O, respectively.
Finally, let g be defined on [270, 270 +¢] by g(t) =~/ F){ — f()) and
equal to zero elsewhere on [0, 27] (see Fig.6.4).

Returning to the general case of functions f, g satisfying the conditions in (1),
show that 7(p) = 5= [o f(t)dt.

Compute §; pd, p, d, pd1 p and show that

3
T(pdi1pbap — pdapéip) = é /Sl g (f't —270) — £ (1)) dt

Show that for the explicit choice of f, g from (2) this reduces to

3; 2m0+e i
T(pd1pdap — poapdip) = > f fOA = fE)(=2f t))dt = —.
™ Jorg 2T

HINT: Here one may want to take inspiration from the proof of Proposition 6.1.
Deduce from this that the evaluation (¢, p) = —i/x for these projections.

6.3 Abstract Differential Calculus

We return to the general case. Starting with a spectral triple, we now introduce a
differential calculus. In the case of the canonical triple of a spin manifold M, this
will agree with the usual differential calculus on M.
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Let (A, H, D) be a spectral triple; we assume that D is invertible. We introduce
Sobolev spaces H* as follows:

‘H’ := Dom |D|*; (s € R).
These spaces are naturally normed by

€12 = IIDIEN,

and are complete in this norm. Moreover, for s > ¢ the inclusion H* — H’ is con-
tinuous.

Exercise 6.11 Prove this last statement.

Obviously H° = H, while at the other extreme we have the intersection

H™® = ﬂHs.

5s>0

Definition 6.7 For each r € R we define operators of analytic order < r to be oper-
ators in H* that extend to bounded operators from H* to H*~" for all s € R. We
denote the space of such operators by op”.

In order to find interesting differential operators coming from our spectral triple,
we introduce some smoothness conditions. The first is that the spectral triple is
finitely summable, i.e. there exists p so that |[D|™7 is a trace class operator.

Definition 6.8 A spectral triple (A, H, D) is called regular if A and [D, A] =
{[D, a] : a € A} belong to the smooth domain of §(-) = [|D|, -]. That is, for each
k > 0 the operators 6% (a) and 6*([ D, a]) are bounded.

We will denote by 13 the algebra generated by 6*(a), ¥ ([ D, a]) foralla € A and
k> 0.

Definition 6.9 Let (A, H, D) be a finitely-summable regular spectral triple. The
dimension spectrum Sd is the subset of {z € C : %i(z) > 0} of singularities of the
analytic functions

G(2) =Trb|D|™*; (b e D).

We say the the dimension spectrum is simple when the functions (;, have at most
simple poles.

In our treatment we restrict to finitely-summable, regular spectral triples with
simple dimension spectrum and for which there is a finite number of poles in Sd.

Lemma 6.10 The algebra B maps H™ to itself.
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Proof This follows by induction from the identity

ITENZ = 1T + DI T
s— s— 2
= ITI*IE17 + (DI 'S(THEN+ 11D TIDIEN)”,
for any operator T in the smooth domain of ¢ and any s > 0. (I

We will regard the elements in BB as pseudodifferential operators of order 0, accord-
ing to the following definition.

Definition 6.11 A pseudodifferential operator of order k € Z associated to a regular
spectral triple (A, H, D) is given by a finite sum:

bi|DI* + by |DIF -

where by, by_1, - - - € B. We denote the space of pseudodifferential operators of order
k by Wk(A, H, D), or simply Wk (A).

Lemma 6.12 The subspaces V*(A) (k € Z) furnish a Z-filtration on the algebra
W (A) of pseudodifferential operators.

Proof This follows directly from the expression:

ki

k . )
bi|DI" - by| DI* = Z( ?)bléf(szDV"*krf. O
J

j=0

On this algebra, the map §(-) = [| D], -] acts as a derivation, preserving the filtra-
tion. For any operator T in H we also define the following (iterated) derivation,

V(T)=[D*Tl; T%:=vVXD).

Exercise 6.12 Prove that for any P € W(A) we have
V(P) = 25(P)|D| + 6°(P).

Conclude that V : W5 (4) — w1 4).

Proposition 6.13 Let P € WX(A). Then P : H*t* — H* is a continuous map.
Hence, such a P has analytic order < k and we have W*(A) C op*.

Using this abstract pseudodifferential calculus, we now introduce the functionals
of relevance for the index formula.
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Definition 6.14 Let (A, H, D; ~y) be aregular spectral triple. For pseudodifferential
operators X°, X!, ... X? € W(A) and R(z) > 0 define

(X0 x', ..., XxP), =

(_])I’I;LZ) Tr (/ )\_Z’YXO()\ _ DZ)—IXI()\ _ D2)—l - Xl’()\ _ Dz)—ld)\> .
e

Let us show that this expression is well defined, i.e. that the integral is actually
trace class. We first practice with this expression in a special case.

Exercise 6.13 Assume that X/ € W% (A4) commutes with D for all j=0,...,p.
(1) Use Cauchy’s integral formula to show that

r
(XO,XI,...,X">Z=(Z—+"’)

Tr(yX°--- XP|D|7*7°P).

(2) Show that this expression extends to a meromorphic function on C.

This exercise suggests that, in the general case, we move all terms (A — D?)~!
in (X9 x' ... XxP ), to the right. This we will do in the remainder of this section.
First, we need the following result.

Lemma 6.15 Let X € W9(A) and let n > 0. Then for any positive integer k, we
have

A= D2)7"X =X\ — Dz)*" + }’ZX(I)()\ _ D2)7(n+1)
+ MXQ)(}\ _ D2)*(n+2) 4o

2
nmn+1)---(n+k
LD )

x| X(k)()\ _ DZ)—(rH-k) + Ry,

where the remainder Ry, is of analytic order g — 2n — k — 1 or less.

Proof This follows by repeatedly applying the formula
A=DH'X=XO\-D»""+[(\=D*" X]
=XO\=D»""+\=D»[D?* X1\ - DH .

This yields an asymptotic expansion

A=D)'Xx ~ Y XD\ - D},

i>0
so that for each m < 0 every sufficiently large finite partial sum agrees with the

left-hand side up to an operator of analytic order m or less. Indeed, truncating the
above sum at i = k, we find that the remainder is
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(A _ D2)—lx(k+l)()\ _ DZ)—I—k

which is of analytic order —2 4+ (¢ + k + 1) —2(k + 1) = g — k — 3 or less.
More generally for any positive integer n one has:

DOy Y ~ k[T vy p2y-n—k
(A= D») "X Z( 1)<k>x (A — D)7k,

k>0

Estimates similar to those above show that the remainder has the claimed analytic
order. (I

‘We now arrive at the final result of this section which will form the main ingredient
in the next section, where we will introduce the (b, B)-cocycles relevant for the index
formula.

Proposition 6.16 The expression (X°, ..., XP). in Definition 6.14 seen as a func-
tion of 7 extends meromorphically to C.

Proof We use Lemma 6.15 to bring all (A — D?)~! to the right. We first introduce
the combinatorial quantities:

Uy + -+ k; + J)!
kilse kjlky + 1) - (ky 4ok + )

C(kl,...,kj) =

for non-negative integers ki, ..., k;. These satisfy

ky+--+kjg+j)--ki+--+kj+j—1

C(kl,...,kj):C(kl,...,kjfl) P
J

while c(ky) = 1 for all k4.
From Lemma 6.15 we know that there is the following asymptotic expansion:

A=DH7'x' ~ 3 etk x' ™ (A~ DY h.
k]ZO

Then, in the subsequent step we find

(>\ - D2)71X1()\ — D2)71X2 ~ Z C(kl)Xl(kl)()\ _ Dz)i(kl+2)X2
k1=0
~ Z C(k] k2)X1(kl)X2(k2)(>\ _ Dz)_(kl+k2+2)
ky,ky>0
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and finally

A= D)X - A= DY 'X? ~ 3 el x' - xrE (\ - DY~k
k>0

where k = (ki, ..., k,) is a multi-index and |k| = k; + ... + k.
Multiplying this with X, and integrating as in Definition 6.14, this yields

(-U"lz.)/)\_z'y)(o()\— D)X ... (A= DHIXP(\ — DY) ldx

NZc(k) XOXI(kl) Xp(kﬁ( 1)pF(Z)/)\ o D) (kl+p+1) g )
k>0

= ctox"x' . kalvmn<

>|D|—2(z+k+P)
k=0

Ikl +

where we have used the integral formula, valid for real A¢:

LI .S Y ) PETCER 6.3.1)
2i ] 0= )Nt T T AN )0 : o

Finally, using the functional equation for the gamma function,

L@+ p+ k)
—1T = (=== 7
( )(@Qm+ ) O !

we obtain an asymptotic expansion

C(z+ p+Ikl)
[k
(Xo, ..., X k§>o( 1) ) c(k) 6.3.2)

% Tr <’)/X0Xl(kl) L. Xﬂ(kp)|D|—2(Z+|k|+P)) )

As |k| becomes large the remainder in the truncated expansion on the right-hand side
becomes trace class. O

Exercise 6.14 Use Cauchy’s integral formula to prove Eq.(6.3.1).

6.4 Residues and the Local (b, B)-Cocycle

In this section we derive even and odd (b, B)-cocycles on a given algebra A from
the functionals (X%, X!, ..., XP) . defined in the previous section. First, we derive
some useful relations between them. We denote the Z,-grading of an operator X
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by (=1)*, according to the grading v on 7. Moreover, for such an operator X we
denote the graded commutator by [D, X] = DX — (—1)X X D. Note that with these
conventions we have

[D,[D, T1l = [D*, T1= V(I),

for any even operator 7.

Lemma 6.17 The meromorphic functions (X°, ..., XP), satisfy the following func-
tional equations:

(X0 .. xP)., = (DX (x?, x° ..., xP7h,; (a)
p
(X0, X =) (X0 XL X LX) (b)
j=0
(X0 .. D% X71, ..., XP)., = (X0, .. x0TI X, (c)
— (X, XIXIT XY
P 0 j—1 :
Z(—I)X XX ID, X, .., XP), = 0. (d)
j=0
Proof (a) follows directly from the property of the trace in (X, ..., X”)., taking

into account the commutation of X” with the grading . For (b), note that the integral
of the following expression vanishes:

o AXIA D) XP (A = D))
= -2 X'0=DH . xP(A = DH!

V4
=Y XA =DH) T A= D)X A= D) XP(A = D)L
Jj=0

Equation (c) follows from
A=DH D X' IN=D)'=—-\-DH'X/ + X/(\— D>~
Finally, (d) is equivalent to

Try |:D, / A2 X'\ =D)L XP(ON — D2)1d)\} =0,

which is the supertrace of a (graded) commutator. (I
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Definition 6.18 For any p > 0, define a (p + 1)-linear functional on .4 with values
in the meromorphic functions on C by

W,@,....a") =(a’[D,a'l,...,[D,a"])_s.

Proposition 6.19 The even (b, B)-cochain ¥ = (Y, V,, .. .) is an (improper) even
(b, B)-cocycle in the sense that

bWy + BWyiqn = 0.

Similarly, the odd (b, B)-cochain V = (W, W3, ...) is an (improper) odd (b, B)-
cocycle.

Proof 1t follows from the definition of B and a subsequent application of (a) and (b)
of Lemma 6.17 that

2k+1
BUypn(@,....a™*) = Y (=1/(1,[D,a’], ... [D, ' s
j=0
2k+1
=Y ([D.a’l.....[D,a’ "1, 1,[D,a’], ... [D,a®]);_up)
j=0

=([D,d",...,[D,a**" ).
Also, from the definition of b and the Leibniz rule
[D,a’a’*" = d/[D, a’*" + [D, a’1a’*!
it follows that

bWy (a®, ..., a**" = (@%', [D,d*],...[D,a®* ),

— (@, d'[D,a®),...[D,a®* " )s_x

—(@® [D,a"1a®, ... [D, a® ' ])_s

+(a® [D,a'l,d®[D,a’],...[D,a® ' ])_s
+(a® [D,a"l,[D,d*1a®, ... [D, a® )

—(@®14d% [D,a", ... [D, a® ),

which, by Lemma 6.17(c), becomes

2k+1

> (=1 Na’ [D,a'). ... [D* dl),....[D,a® )4
j=0
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Combining these expressions for BWy;» and bWy, and writing X° = ¢°, and X/ =
[D, a’]for j > 1, we obtain

BWya(a, ..., a ) +bWy @, ... a®*")
2k+1
0 J .
=Y (=DM D X)L X
j=0

which vanishes because of Lemma 6.17(d).
In the odd case, a similar argument shows that bW, + BWy4 = 0. [l

The above cocycles have been termed improper because all W, might be non-
zero, on top of which (rather than in C) they take values in the field of meromorphic
functions on C. By taking residues of the meromorphic functions ¥, we obtain a
proper even or odd (b, B)-cocycle. This is the residue cocycle that was introduced
by Connes and Moscovici.

Theorem 6.20 Forany p > Oandalld’, ..., a? € Athefollowing formulas define
an even or odd (b, B)-cocycle:

ress—oWo(a®) = Trva’| D| |50,
and

resS:O\Ilp(ao, ..ab)
=Y cpures;—o Tr (ya"[D, a1 - [D, a”1* | D|7P72KI727) |

k>0

for p > 1, where the constants ¢,y are given in terms of the (non-negative) multi-
indices (ky, ..., kp) by

(D r (Il +2)
PETTR A Dkt ket 2) -tk p)

Proof We use the asymptotic expansion (a). Indeed, setting z = s — % in that expres-
sion and taking residues at s = 0 gives the desired expansion, with the coefficients
¢p k appearing because

c(k)

Cpk = (=DH*r (|k| + g) m
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6.5 The Local Index Formula

Let (A, H, D) be aregular spectral triple, as above. The local index formula expresses
the index of twisted Dirac operators in terms of cocycles in the (b, B) bicomplex,
which are easier to compute. We are interested in the indices of the following two
Fredholm operators.

Suppose that (A, H, D) is even. If p € A is a projection, then D, = pDp is
a Fredholm operator on the Hilbert space H. This follows from the fact that D,
is essentially a finite-dimensional extension of the Fredholm operator D. We are
interested in the index of this so-called twisted Dirac operator D,,.

In case that (A, H, D) is an odd spectral triple, we take a unitary u € A and define
D, = PuP,where P = %(1 + Sign D). Again, D, is a Fredholm operator on H and
we are interested in the index of D,,.

Theorem 6.21 Let (A, H, D) be a regular spectral triple with simple and finite
dimension spectrum Sd and let res;_oW be the (even or odd) (b, B)-cocycle derived
previously.

o If (A, 'H, D) is even and p is a projection in A, then
index D), = (res;—o V¥, p).
e If (A, 'H, D) is odd and u is a unitary in A, then

index D, = (res;—oV, u).

Remark 6.22 Sometimes a projection or a unitary is given in My (A) instead of A.
The above result can be extended easily to this case, namely by constructing a spectral
triple on My (A) and doing the index computation there. Indeed, it would follow from
Theorem 7.15 thatif (A, H, D) is aspectral triple, thensois (My (A), H ® CN.D®
Iy).

Proof of Theorem 6.21. We will prove the even case in two steps (for the odd case
see Note 15 in this chapter),

(1) the Atiyah—Bott formula for the index:
index D), = res;—oI"(s) Try|D,| .

(2) Change the representative of the class res;—oW in HC P¢'(A) to reduce to the
case that D commutes with p, so that

(ress—oW, p) = res;—o['(s) Tryp|D|72*.

For (1) let us first prove another well-known formula.
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Lemma 6.23 (McKean-Singer formula) Let (A, H, D) be an even spectral triple.
Then

index D = Trye """,

Proof Since D is odd with respect to -, its spectrum lies symmetrically around O in
R, including multiplicities. If we denote the A-eigenspace in H by H ) we therefore
have dim H) = dim H_) for any non-zero eigenvalue \. Including also the kernel
of D, we have

Tr ye"Dz = Z (dimH), —dimH_)) eV + Tryy, v = Trkerp s
A>0
which is nothing but the index of D. (]

Note that the McKean—Singer formula tells us in particular that Tr ye™'" * does
not depend on ¢. Using the integral formula of the gamma function, we can write:

1 o0
Tr~|D| ™2 = @/0 Trve "2’ 1dz. 6.5.1)

We analyze the behaviour of the right-hand side as s — 0. For this, we use

1
— ~ s, s — 0.
[ (s)

Thus, only the pole part of the above integral contributes to the zeta function evaluated
at s = 0. This is given by

1
1
/ Trve_tths_ldt = —index D,
0 N

where we have used the McKean—Singer formula. The remaining integral from 1 to
oo gives an entire function of s, because by finite summability the eigenvalues of D
grow as j!/? for some p > 0. In other words,

index D = Tr~|D| ™% |50,

which proves (1).
Let us then continue with (2). Consider the family of operators

D, = D +1t[p,[D, pll; (t € [0, 1D.

We have Dy = D and Dy = pDp + (1 — p)D(1 — p) so that [D;, p] = 0. More-
over, index D, depends continuously on #, and (being an integer) it is therefore
constant in 7.

Next, we consider a family of improper cocycles W’ which are defined by replacing
D by D; in Definition 6.18.
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Lemma 6.24 The derivative of V' is an (improper) even cyclic coboundary, i.e.
there exists a cochain ®' such that

d
WV, + BO, +bO, =0,

which is explicitly given by
p . . . .
@ (a’,....a") =Y (-1))"Na’....[D.a’]. D.[D.a’"],...[D,a’]),_pu.
2
j=0

with D = 4D, = [p,[D, p].

Proof Imitating the proof of Proposition 6.19 one can show the following identity
(see also Note 17 in this chapter).

B®l2k+1 (ao’ ) azk) + b®l2k71(a0, ceey aZk)

2k
=—> (a’,[D,a'],...[D,a’],[D, D),....[D,a™]),
=0

2k
= (a’.[D.a")....[D.d']......[D,a*])s.

J=1

The fact that %\IJ’ coincides with the right-hand side follows from
d 2y-1 21 : : 2y-1
S A=DD)7 = -D) (DD + DD) (A — D). O

Continuing the proof of the theorem, we integrate the resulting coboundary to
obtain

I 1
B./o Oy dt +b[) pordt = Wy — Wy

In other words, res,_oW° and res,_o ! define the same class in even cyclic cohomol-
ogy HC P%¥(A). So, with the help of Proposition 6.6, we can compute (res;—oW¥, p)
using W' instead of W° = W, with the advantage that D; commutes with p. Indeed,
this implies that

‘l’zlk(p—%,p,...,p) =0,

for all k > 1, so that
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2k)!
k!

(res,—o W', p) = res,—oWo(p) + Y (=D
k>1

res,—oWy (p — 3. 0. ..., P)

= res,—o¥o (p)

= res,—oI'(s) Tryp|Dy|7**.

This completes the proof of Theorem 6.21, as by the Atiyah—Bott formula the latter
expression is the index of D,. O

6.6 The Local Index Formula for Toric Noncommutative
Manifolds

We here illustrate the local index formula for the class of toric noncommutative
manifolds My that were described in Sect. 5.3.2. It turns out that the index formula
simplifies drastically in this case.

Theorem 6.25 For a projection p € My (C*™(My)), we have

: —2s 1 — Xy
index D, = Tryp|D|~**|s=0 + chresszo Tr <’y(p — 5)“3’ p1¥| D20+ )>
k>1

where ¢, = (k — 1)!/(2k)!.

Proof First of all, note that the twist Ly commutes with the action a; of T on an
operator T'. Indeed, if T is homogeneous of degree r, then Ly(T) is of degree r,

as(Lo(T)) = UG) TUF)Y UG = US) T UG) UG = > Lo(T).

with r}, = r,0,, so that ' € T,
We write the cocycles res;—o W, appearing in the local index formula in terms of
the twist Ly as

res;_oWor (Lo (f0), Lo(f1), ..., Lo(f*)) = (6.6.1)
rese—o Tr (YLo(f* g [Daa, f11) X - g [Dag, fH10)| Dy |72HD)

where we extended the x g-product to C*(My) | J[ Dy, C*(My)] which can be done
unambiguously since D), is of degree 0. Suppose now that f°, ..., f2* € C®(M)
are homogeneous of degree r°, ..., r?, respectively, under the action of T", so
that the operator FO g [Dy, fl1%g--- xg[Duy, f*is a homogeneous element
of degree r (a simple expression in terms of the r'). By working out the x y-product
one finds a multiple of f[Dy, f'1--- [Dy, £2¥], with a factor which is a power of
the deformation parameter \. Forgetting about this factor we obtain from (5.3.9) that



114 6 The Local Index Formula in Noncommutative Geometry

Lo(f°LDu, f'1---[Du, £ = fOLDu, £1-- - [Pyt AU G001, - 7u0n).

After applying a Mellin transform (6.5.1) one finds that each term in the local index
formula for (C*°(My), H, Dy;) then takes the form

res,—o Tr (Y£O[Dyr, £1190 - [Dyy, 2100 Dy | 219y (s))
(6.6.2)
= Il + k) lim 1M T (£ Dy, f110 - [Dyy, S0 PHU(s)),
—

for every s € T". It turns out that this limit vanishes when |a| # 0 (see Note 20
below) and this completes the proof. ([

Notes

1. The local index formula was obtained by Connes and Moscovici in [1]. In our proof of
the local index formula, we closely follow Higson [2]. More general proofs have been
obtained in [3-5], see Note 14 in this chapter.

Section 6.1. Local Index Formula on the Circle and on the Torus

2. The Theorem of Atkinson that appears in Exercise 6.1 can be found in [6, Proposition
3.3.11].

3. The index formula on the circle of Exercise 6.2 is a special case of [7, Theorem 5].

4. In Sect.6.1.2 we follow [8], where a class of projections on the torus was constructed,
much inspired by the so-called Powers—Rieffel projections on the noncommutative torus
[9].

5. The zeta function (g that appears in (6.1.2) is a special case of an Epstein zeta function,
introduced and analyzed in [10]. It turns out that r has a pole at s = 1 with residue 7.
That (6.1.2) holds also follows from the general result [1, Theorem 1.2].

Section 6.2. Hochschild and cyclic cohomology

6. In [7] Connes introduced cyclic cohomology as a noncommutative generalization of De
Rham homology, and showed that for the algebra C°°(M) cyclic cohomology indeed
reduces to De Rham homology. Besides the original article there are many texts in which
this is worked out in full detail (e.g. [11-14]).

7. Example 6.4 is a special case of the fact that HHI‘(COO (M)) >~ Q. (M), the space of De
Rham k-currents. The latter are by definition continuous linear forms on the space of De
Rham differential k-forms Q(ITR(M ). This isomorphism is proved in [7].

8. Proposition 6.6 was established in [11]. The statement can be slightly enhanced. Namely,
the quantities in Proposition 6.6 also only depend on the classes of u and p in the (odd
and even) K-theory of A. We refer to [11, Sect.IV.1.v] for more details.

9. Originally, Connes introduced cyclic cohomology by means of cocycles satisfying such
a cyclic condition, explaining the terminology. It turns out that this is equivalent to taking
an even/odd cocycle in the (b, B)-bicomplex. For more details we refer to [7, Theorem
11.40] (or [11, Theorem III.1.29]).
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10.

The non-trivial evaluation of ¢ on a projection in the noncommutative torus algebra plays
a crucial role in the noncommutative geometric description of the integer quantum Hall
effect. More details can be found in [15] and [11, Sect.IV.6.7]. Exercise 6.10 gives an
alternative way to show that ¢ is non-trivial, and is very close to the computation that led
to Proposition 6.1 dealing with the commutative case. It is based on the Powers—Rieffel
projections introduced in [9].

Section 6.3. Abstract differential calculus

11.

12.

13.

14.

In our development of an abstract differential calculus we closely follow Connes and
Moscovici [1]. In the case of the canonical triple of a spin manifold M, this will reproduce
(part of) the usual differential calculus on M. We refer to [2] for a more detailed treatment.
Note that the hypothesis that D is invertible can be removed, as described in [2, Sect. 6.1].
The Sobolev spaces H* have appeared in the literature (including the first edition of this
book) with a defining norm || 1% + 1I|DI*€)|%, while then operators of analytic order < r
were defined as operators that extend to bounded maps from H* to H5~" for all s > 0.
However, then one runs into the problem that | D] itself does not extend to a bounded
operator from HO — H 1. This has been corrected in the current version, according to
[16-18].

The notion of finite summability for spectral triples was introduced in [11, Sect.IV.2.v]
(see also [12, Definition 10.8]).

Even though we restrict to finitely-summable, regular spectral triples with simple dimen-
sion spectrum and for which there is a finite number of poles in Sd, the index formula
can be proved in the presence of essential and infinitely many singularities as well [3-5].

Section 6.5. The local index formula

15.

16.
17.

18.

In our proof of Theorem 6.21 we follow Higson [2]. For the odd case, we refer to the
original paper by Connes and Moscovici [1] (see also the more general [3]).

The McKean-Singer formula is due to [19].

For more details on the ‘transgression formula’ that is essential in the proof of Lemma
6.24 we refer to the discussion resulting in [12, Eq. 10.40].

It is noted in [1, Remark II.1] that if (A, H, D) is the canonical triple associated to a
Riemannian spin manifold M, then the local index formula of Connes and Moscovici
reduces to the celebrated Atiyah—Singer index theorem for the Dirac operator [20, 21].
Namely, the operator D), is then the Dirac operator with coefficients in a vector bundle
E — M. The latter is defined as a subbundle of the trivial bundle M x CV using the
projection p € My (C(M)): one sets the fiber tobe Ex = p(x)(CN ateach pointx € M.
We then have

indexDp=(2m)*%f A(R) A ch(E),
M

where A(R) is the A-form of the Riemannian curvature of M and ch(E) is the Chern
character of the vector bundle E (cf. [22]). The proof exploits Getzler’s symbol calculus
[23-25], as in [26]. See also [27].
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Section 6.6. The local index formula for toric noncommutative manifolds

19. Sect.6.6 is based on [28, 29].

20. The appearance of U (s) in the proof of Theorem 6.25 is a consequence of the close relation
with the index formula for a T" -equivariant Dirac spectral triple on M. In [30] Chern and
Hu considered an even dimensional compact spin manifold M on which a (connected
compact) Lie group G acts by isometries. The equivariant Chern character was defined
as an equivariant version of the JLO-cocycle, the latter being an element in equivariant
entire cyclic cohomology. The essential point is that they obtained an explicit formula
for the above residues. Moreover, the vanishing of the term in Eq. (6.6.2) for || # 0 is
[30, Theorem 2].
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Part 11
Noncommutative Geometry and Gauge
Theories



Chapter 7 ®)
Gauge Theories from Noncommutative e

Manifolds

In this chapter we demonstrate how every noncommutative (Riemannian spin)
manifold, viz. every spectral triple, gives rise to a gauge theory in a generalized
sense. We derive so-called inner fluctuations via Morita equivalences and interpret
these as generalized gauge fields. This is quite similar to the construction in the finite
case in Chaps. 2 and 3.

7.1 ‘Inner’ Unitary Equivalences as the Gauge Group

In Chap.2 we already noticed the special role played by the unitary elements in
the matrix algebras, and how they give rise to equivalences of finite noncommuta-
tive spaces (cf. Remark 2.25). We now extend this to general real spectral triples
(A, H,D; J,y).

Definition 7.1 A x-automorphism of a x-algebra A is a linear invertible map « :
A — A that satisfies
a(ab) = a(a)a(b), a(a®) = ala)*.

We denote the group of automorphisms of the x-algebra A by Aut(A).
An automorphism « is called inner if it is of the form «(a) = uau™ for some
element u € U(A) where

UA =uecA:uu" =u'u=1)}
is the group of unitary elements in .A. The group of inner automorphisms is denoted

by Inn(A4).
The group of outer automorphisms of A is defined by the quotient

Out(A) := Aut(A)/Inn(A).
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Note that Inn(.A) is indeed a normal subgroup of Aut(.A) since

Boa,oB (@) =Bup (@u*) = BwaBu)* = asuw(a),

for any 8 € Aut(A).

An inner automorphism ¢, is completely determined by the unitary element u €
U(A), but not in a unique manner. In other words, the map ¢: U(A) — Inn(A)
given by u +— o, is surjective, but not injective. The kernel is given by ker(¢) =
{u e U(A) | uau* = a, a € A}. In other words, ker ¢ = U(Z(A)) where Z(A) is
the center of .A. We conclude that the group of inner automorphisms is given by the
quotient

Inn(A) >~ UA)JU(Z(A)). (7.1.1)
This can be summarized by the following exact sequences:

1 ——= Inn(A) —— Aut(A) —— Out(4) —— 1,
1——=UZ(A)) UCA) Inn(A) —— 1.

Example 7.2 If A is a commutative x-algebra, then there are no non-trivial inner
automorphisms since Z(A) = A. Moreover, if A = C*(X) with X a smooth com-
pact manifold, then Aut(.4) ~ Diff(X), the group of diffeomorphisms of X. Explic-
itly, adiffeomorphism¢ : X — X yields an automorphisms by pullback of a function

f:
o (Hx) = fox);  (x e X).

Compare this with the discussion in the case of finite discrete topological spaces
in Sect.2.1. More generally, there is a continuous version of the above group iso-
morphism, relating Aut(C(X)) one-to-one to homeomorphisms of X. This fol-
lows from functoriality of Gelfand duality. Namely, the Gelfand transform in
Theorem 5.7 naturally extends to homomorphisms between commutative unital
C*-algebras, mapping these to homeomorphism between the corresponding structure
spaces.

The fact that all automorphisms of C*°(X) come from a diffeomorphism of X can
be seen as follows. Consider a smooth family {e; };<[0,1] of automorphisms of C*°(X)
from o;—¢p = id to o;—; = «. The derivative at ¢t = 0 of this family, & := de; /dt|;—o,
is a x-algebra derivation, since

d d
a(fif) = Eaz(flfz)h:o = Eat(ﬁ)at(fz)lz:o =a(f) o+ fia(f2).

As such, & corresponds to a smooth vector field on X and the end point ¢,—; of the
flow ¢, of this vector field is the sought-for diffeomorphism of X. Its pullback ¢;-_,
on smooth functions coincides with the automorphism o;—; = «.
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Example 7.3 At the other extreme, we consider an example where all automor-
phisms are inner. Let 4 = My (C) and let u be an element in the unitary group
U(N). Then u acts as an automorphism on a € My (C) by sending a — uau™*. If
u = Al is a multiple of the identity with A € U (1), this action is trivial, hence the
group of automorphisms of A is the projective unitary group PU(N) = U(N)/U(1),
in concordance with (7.1.1).

The fact that all automorphisms are inner follows from the following observation.
First, any *-algebra map o : My (C) — My (C) can be considered a representation
of A on CV. As the unique irreducible representation space of My (C) is given by
the defining representation (Lemma 2.15) we conclude that the representation « is
unitarily equivalent to the defining representation on C". Hence, a(a) = uau* with
uecU(N).

Exercise 7.1 Show that Aut(My(C) @ My (C)) >~ (PU(N) x PU(N)) x S, with
the symmetric group S, acting by permutation on the two copies of PU(N).

Inner automorphisms «, not only act on the *-algebra A, via the representation
7 . A — B(H) they also act on the Hilbert space H present in the spectral triple. In
fact, with U = 7 (u)Jwr(u)J ™", the unitary u induces a unitary equivalence of real
spectral triples in the sense of Definition 3.4, as the following exercise shows.

Exercise 7.2 Use Definition 5.9 to establish the following transformation rules for
aunitary U = w(u)JJw(u)J ! withu € U(A):

Un(a)U* =7 oay(a); (7.1.2)
Uy =yU;
UJu* = J.

We conclude that an inner automorphism ¢, of .4 induces a unitary equivalent
spectral triple (A, H, UDU*; J, y), where the action of the x-algebra is given by 7 o
a,. Note that the grading and the real structure are left unchanged under these ‘inner’
unitary equivalences; only the operator D is affected by the unitary transformation.
For the latter, we compute, using (5.2.1),

D+ UDU* = D+ u[D, u*] + € Ju[D,u*1J 7", (7.1.3)

where as before we have suppressed the representation . We recognize the extra
terms as pure gauge fields udu* in the space of Connes’ differential one-forms Q1 (A)
of Definition 5.15. This motivates the following definition

Definition 7.4 The gauge group & (A, H; J) of the spectral triple is

SAH J)={U=uJul" |uclUA}.
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Recall (from Sect. 8.1) the construction of a complex subalgebra A in the center
of A from a real spectral triple (A, H, D; J), given by

Ajy:={lae A:al = Ja*}.

Proposition 7.5 There is a short exact sequence of groups
1> UA) - UA) — &AH; ) — 1.

Morveover, there is a surjective map & (A, H; J) — Inn(A).

Proof Consider the map Ad: U(A) — &(A, H; J) given by u +—> uJuJ~'. This
map Ad is a group homomorphism, since the commutation relation [u, JvJ '] =0
of (5.2.1) implies that

Ad(v) Ad(u) = vJvJ 'udud ' = vuJvud ' = Ad(vu).

By definition Ad is surjective, and ker(Ad) = {u € U(A) | uJuJ ' = 1}. The rela-
tion uJuJ~' =1 is equivalent to uJ = Ju* which is the defining relation of
the commutative subalgebra A;. This proves that ker(Ad) = U/(A;). The map
& (A, H; J) — Inn(A) is given by (7.1.2), from which surjectivity readily follows.

O

Corollary 7.6 IfU(Ay) = U(Z(A)), then B(A, H; J) ~ Inn(A).
Proof This is immediate from the above Proposition and (7.1.1). O
We summarize this by the following sequence, which is exact in the horizontal

direction:

l —UA) ——UA) ——= A H; J) —— 1

! |

l —UZ(A) —=UA) Inn(A) 1

7.1.1 The Gauge Algebra

A completely analogous discussion applies to the definition of a gauge Lie algebra,
where instead of automorphisms we now take (inner and outer) derivations of A.
The following definition essentially gives the infinitesimal version of & (A, H; J).

Definition 7.7 The gauge Lie algebra g(A, H; J) of the spectral triple is
g AH; ) ={T=X+JXJ"| X eu},

where u(.A) consists of the skew-hermitian elements in A.
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One easily checks using the commutant property,
[T, T']=[X, X1+ J[X, X1J",
so that g(A, H; J) is indeed a Lie algebra.
Proposition 7.8 There is a short exact sequence of Lie algebras
00— u(d),) > uwd) - g4, H; J) = 0.

There are also inner derivations of A that are of the form a — [X, a]; these
form a Lie subalgebra Dery,,(A) of the Lie algebra of all derivations Der(A). If
u(Ay) = u(Z(A)) then

9(A, H; J) = Derpn (A),

which essentially is the infinitesimal version of Corollary 7.6.

Exercise 7.3 Show that Der(My (C)) >~ su(N) as Lie algebras.

7.2 Morita Self-equivalences as Gauge Fields

We have seen that a non-abelian gauge group appears naturally when the unital
x-algebra A in a real spectral triple is noncommutative. Moreover, noncommutative
algebras allow for a more general—and in fact more natural—notion of equivalence
than automorphic equivalence, namely Morita equivalence. We have already seen
this in Chap. 2. Indeed, let us imitate the construction in Theorem2.26 and 3.6 and
see if we can lift Morita equivalence to the level of spectral triples in this more general
setting.

Let us first recall some of the basic definitions. We keep working in the setting of
unital algebras, which greatly simplifies matters (See Note 4 in this chapter).

7.2.1 Morita Equivalence

Recall Definition 2.8 of algebra modules. For two right .4-modules £ and F we
denote the space of right .A-module homomorphisms by Hom 4 (€, F), i.e.

Homy(E,F) i={¢p:E > F:p(ma) =¢pmaforallne & ,ac A}. (7.2.1)

We also write End 4(€) := Hom 4 (&, £) for the algebra of right .A-module endo-
morphisms of £.
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Definition 7.9 Two unital algebras A and B are called Morita equivalent if there
exists a B — A-bimodule £ and an A — B-bimodule F such that

E®qF =B, FRpE~A,

as B and A-bimodules, respectively.

Exercise 7.4 Taking inspiration from Exercise 2.9, show that Morita equivalence is
an equivalence relation.

Exercise 7.5 Define AY = A® --- @ A (N copies) as an A — My (A)-bimodule.

1. Show that AN ® 4 AN ~ My (A), as My (A) — My (A)-bimodules.
2. Show that AN ®y, 4y A" =~ A, so that My (A) is Morita equivalent to A.

A convenient characterisation of Morita equivalent algebras is given by the con-
cept of endomorphism algebras of so-called finitely generated projective modules,
as we now explain.

Definition 7.10 A right A-module is called finitely generated projective (or, briefly,
finite projective) if there is an idempotent p = p? in My (A) for some N such that
E~pAVN.

Lemma 7.11 A right A-module is finitely generated projective if and only if

End4 (&) ~ £ @ 4 Hom 4 (&, A).

Proof First note that the right-hand side can be considered to be a two-sided ideal
in End 4 (€). Namely, we consider an element n ® 4 ¢ in £ ® 4 Hom 4 (&, A) as an
element in End 4(£) by mapping

E> &) (G €.

That this map is injective and that its image forms an ideal in End 4(€) is readily
checked. Hence, the above isomorphism is equivalent to the existence of an element
in £ ® 4 Hom 4 (&, A) that acts as the identity map id¢ on £.

Suppose that £ is finite projective, £ ~ p A" for some idempotent p € My (A).
We identify two maps

riE— AV,
p: AN = &,

which are injective and surjective, respectively. These maps are related to the iden-
tification of £ with a direct summand of A", via the obvious direct sum decomposi-
tion AN = p AN @ (1 — p).AY. Namely, X identifies £ with p AN c AN, whereas p
projects A" onto the direct summand p.A" and then identifies it with £. Let us write
i for the kth component of A mapping & to AY; thus, A; : & — A is right A-linear
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foranyk =1, ..., N. We write p; := p(ex) € £, where {ek},ivzl is the standard basis

of AN, The composition 211(\/:1 Pr ® Ay then acts as the identity operator on £.
Conversely, suppose idg can be written as a finite sum

N

> 0 ® i € E @4 Homu(€, A). (7.2.2)
k=1

Reversing the construction in the previous paragraph, we are now going to define an
idempotent p € My (A) such that £ ~ p A"V. Thus, we define maps

r:E— AV n= @, ..., An),

p: AV — &; (ai,...,ay) = pia; +---+ pyay.

From their very definition, these maps satisfy p o A = idg, so that p = X o p is the
sought-for idempotent in My (A). O

Exercise 7.6 In this exercise we are going to analyze the ambiguity due to the
balanced tensor product that appears in the decomposition (7.2.2) of id¢.

1. IfE = Athenide =1® 1 C £ ® 4 Hom 4 (&, A) but also
ide=1®14+a®1+1® (—a),

forany a € A. Show that the projection corresponding to the latter decomposition
of idg is

1 1 —a
p=1la a —a?
1 1 —a

2. Show that there is a similarity transformation S such that
1 0 O
Sps~'=10 0 o0
0 0 O

Therefore, the projection corresponding to ide = 1 ® 1 appears as the first diag-
onal entry, and we can conclude that both decompositions give isomorphic pro-
jective modules p.A> ~ A.

3. Extend this argument to any finite projective £ to show that the construction of a
projection p from (7.2.2) is well defined.

Proposition 7.12 Two unital algebras A and B are Morita equivalent if and only if
B ~ End 4(E), with £ a finite projective A-module.
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Proof If B >~ End 4(£) for some finite projective &£, then F = Hom4(&, A) is
the required A — B-bimodule implementing the desired Morita equivalence, with
bimodule structure given by

(a-¢-by(m)=ap®-n; (¢ € Homy(E, A)). (7.23)

The property £ ® 4 F >~ B follows from Lemma 7.11, and the isomorphism F ®
&€ >~ Ais implemented by the evaluation map, that is,

(p®n) €e Homy (&, A) @ £+ ¢dp(n) € A.

Conversely, suppose A and B are Morita equivalent. If B~ & ® 4 F, then B >~
Endg(B) >~ Endg (£ ® 4 F), and there is an algebra map

End 4(£) — Endg(€ @4 F);
p—> PR 1r.

On the other hand, End 4(B ®5 £) ~ End 4(€), and there is an algebra map

Ends(B) — End 4 (B ®5 £);
¢)/ = ([5/ ® lg.

Identifying £ ® 4 F >~ B and F Q3 £ =~ A, one readily checks that these two maps
are each other’s inverses. This shows that B >~ End 4 (£).

Finally, the fact that the right .A-module £ is finitely generated and projective
follows mutatis mutandis from the proof of Lemma 7.11, after realizing that the
isomorphism F ®p5 £ >~ A associates an element in Hom 4 (€, A) to any element in
F. O

Exercise 7.7 Show that (7.2.3) is a well-defined A — B-bimodule structure on
Hom 4 (&, A), i.e. show that it respects the right A-linearity of the map ¢ : £ — A.

We conclude this subsection by specializing from algebras to x-algebras. The
above results on Morita equivalence still hold, with the additional requirement that
in the definition of finite projectivity the idempotent p € My (C) needs to be self-
adjoint: p* = p. That is to say, p is an orthogonal projection.

As in Definition 3.5, we define the conjugate module £° to a right .A-module £
as

£ =(:tes),
equipped with a left A action defined by a& = £a* for any a € A.

Proposition 7.13 If A is a x-algebra and & is a finite projective right A-module,
then we can identify Hom 4 (€, A) as a left A-module with the conjugate module £°,
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Proof If £ ~ p AN then End4(€) ~ pMy(A)p, as one can easily show using
the maps A and p from the first part of the proof of Lemma 7.11. Hence £ ® 4
Hom 4 (&, A) ~ pMy(A)p. But also pAY @4 ANp ~ pMy(A)p (cf Exercise
7.5), so Hom4 (&, A) ~ A" p as left A-modules. We now show that £° ~ AV p
as well.

For that, write £ € £ ~ p. A" as a column vector:

N
> i1 P1ja;

o
Zj:l Pnjaj

The corresponding element & in £° is identified with
N N
(Zj:l apji - Zj:l ajfij) )

written as a row vector in A" p. Note that the relation between & and this row vector
is essentially given by the involution on A", exploiting the self-adjointness of p,
thatis, p7; = pi;. Consequently, the element a§ = £a* is mapped to

N N
a (Zj:l ajpji o X "TPJN) ’
as required. O

Proposition 7.14 Let A be a x-algebra and £ a finite projective right A-module.
Then there exists a hermitian structure on &, that is to say, there is a pairing (-, -)¢ :
E x & - Aon & that satisfies (as in Definition 2.9)

(m,m-ale = (m,mlea; (m,me€ acA),
M, m)z = mm)e;  (,mef),
(n, n)e = 0, with equality if and only if n = 0; nef).

Proof On A" we have a hermitian structure given by

N
(n.&)=> &,
j=1

which satisfies the above properties. By restriction to p.A" we then obtain a hermitian
structure on £ >~ p AV, o
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7.2.2 Morita Equivalence and Spectral Triples

For a given spectral triple (A, H, D) and for a given finite projective right .A-module
&, we try to construct another spectral triple (B, H', D’) where B = End 4(£). This
generalizes the finite-dimensional constructions of Chaps.?2 and 3. Naturally,

H  =EQAH
carries an action of ¢ € B:

PMY)=pMAY; el ¥ eH.
Moreover, by finite projectivity of £, H' is a Hilbert space. Indeed, we have
H =~ pAY @4 H ~ pH,

and since p is an orthogonal projection it has closed range.

However, the naive choice of an operator D' by D'(n ® ¥) = n ® Dy will not
do, because it does not respect the ideal defining the tensor product over .4, which
is generated by elements of the form

na@y-nay; meacAyecH).
A better definition is

1®v D) ®Y¥) =nQ DY + V(.

where V:E& — £ Q4 Q})(A) is a connection associated to the derivationd : a —
[D, a] (a € A). This means that V is a linear map that satisfies the Leibniz rule:

V(na) =(Vna+nQ®ada; (el acA.
Exercise 7.8 (1) Let V and V' be two connections on a right .4-module £. Show

that their difference V — V' is aright A-linear map £ — £ ® 4 QID(A).
(2) Show that the following map defines a connection on £ = p AV:

V=pod,

with d acting on each copy of A as the commutator [D, -]. This connection is
referred to as the Grassmann connection on £.
Theorem 7.15 If (A, H, D) is a spectral triple and V is a connection on a finite
projective right A-module &, then (B, H', 1 ®v D) is a spectral triple, provided that
V is a hermitian connection, i.e. provided that

M1, Ve —(Vni,m)e =dn, m)e; (1, m2 € &). (7.2.4)
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Proof Suppose € = p A", so that B=End4(£) ~ pMy(A)p and € @ 4 H =~
pHY . The boundedness of the action of B on £ ® 4 H then follows directly from the
boundedness of the action of .4 on H. Similarly, for ¢ € B the commutator [D, ¢]
can be regarded as a matrix with entries of the form [D, a] with a € A. These com-
mutators are all bounded, so that [ D, ¢] is bounded. Let us prove compactness of the
resolvent. By Exercise 7.8 any connection can be writtenas V = p o [D, -] + w for
a right A-linear map » : & — £ ® 4 Q5 (A). Hence, after making the above iden-
tifications we see that the operator V® 1 + 1 ® D coincides with pDp + w. The
action of w is as a bounded operator, which by (7.2.4) is self-adjoint. Moreover, it is
given by a matrix acting on pH" with entries in },(A). Since for any self-adjoint
operator 7 we have

(i+T+0) "=+ '"(1-wi+T+w™),
with (1 —w(i + T + w)~") bounded, compactness of the resolvent of pDp + w
would follow from compactness of (ip + pDp)~! (note that p is the identity on the
Hilbert space pH"). The required compactness property is a consequence of the
identity
(ip+pDp)p(i +D)~'p = pli + D, pli + D) ' p + p.
Indeed, when multiplied on the left with (ip + pDp)~' we find that on pH":
(ip+pDp)~' = p +D)"'p—(ip+pDp)~'plD, pli + D)"'p.
which is compact since (i + D)~ is compact by definition of a spectral triple. O

Analogously, for a given real spectral triple (A, H, D, J) we define another real
spectral triple (B, H', D’ = (1 ®v D) ®v 1; J') by setting

H =EQAHRAE.
Then, ¢ € B acts on H' by
PIB®Y ®E) = @Y ®E,
and the operator D’ may be defined to be (1 @y D) Qv 1, i.e.
D@y ®E) =(VNy @& +n@ Dy @& +n @ Y(Vé),
while for J' we set

JMR®YRE =R TV Q1.
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Finally, for even spectral triples one defines a grading y’ on £ ® 4 H ® 4 £° by
Y’ =1® y ® 1. We have therefore proved:

Theorem 7.16 If (A, H, D; J,y) is a real spectral triple and V is a hermitian
connection, then (B, H', D’; J', y') is a real spectral triple.

We now focus on Morita self-equivalences, for which B = A and £ = A so that
End 4(€) ~ A. Let us look at connections

V:A— Q}D(A).

Clearly, by the Leibniz rule we must have V = d + w (see also Exercise 7.8), where
w=V(l)= Zj a;j[D, b;]is a generic element in QID(A) acting as a bounded oper-
ator on H. Similarly, ¥ Va = (¢'JdaJ ' + €' JwaJ ")y Since H' ~ H, under this
identification we have,

D) =Dy 1) =V)yYy+yV(A) + Dy =Dy + oy + €' JoJ .
In other words, D is ‘innerly perturbed’ by the given Morita self-equivalence to
D,=D+o+eJuwl ", (7.2.5)

where w* = w € Q lD(.A) is called a gauge field, alternatively called an inner fluc-
tuation of the operator D, since it is the algebra 4 that—through Morita self-
equivalences—generates the field .

Proposition 7.17 A unitary equivalence of a real spectral triple (A, H, D; J) as
implemented by U = uJuJ =" with u € U(A) (discussed before Definition 7.4) is a
special case of a Morita self-equivalence, arising by taking v = u[D, u*].

Proof This follows upon inserting w = u[ D, u*] in the above formula for D,,, yield-
ing (7.1.3). m]

In the same way there is an action of the unitary group I/ (.A) on the new spectral
triple (A, H, D,,) by unitary equivalences. Recall that U = uJuJ ! acts on D,, by
conjugation:

D, UD,U". (7.2.6)
This is equivalent to

o+ uou™ +u[D, u*],

which is the usual rule for a gauge transformation on a gauge field.
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7.3 Inner Fluctuations Without the First-Order Condition

We now generalize inner fluctuations to real spectral triples that fail on the first-
order condition. This will be used in the applications to particle physics beyond the
Standard Model in Chap. 15.

Let us start with the following general result on Morita equivalence for spectral
triples (A, H, D; J) that possibly do not satisty the first-order condition. It turns
out to be necessary to work with the .A-bimodule of universal differential one-forms
Q!(A), instead of the Connes’ differential one-forms 2},(.A), see Note 7 in this
chapter for a quick review on universal differential forms.

Just as in Theorem 7.16 of the previous section we now consider the operators
induced on £ ® 4 H by the operator D on H and a (universal) connection V on &.
We still exploit the same notation 1 @y D:

1y D)n®Y) = (VY +n® Dy,

with the universal one-form in the first term on the right-hand side acting via the
representation §a — da = [D, a] on H.

Proposition 7.18 Let (A, H, D; J) be a real spectral triple, possibly not fulfilling
the first-order condition. Let £ be a finitely generated projective right A-module,
equipped with a universal connection V : £ — £ ® 4 Q' (A). Then

(1®yD)®v 1 =11y (DR 1) (7.3.1)

Moreover, the triple (End 4 (), € ® 4 H ®4 &, D'; J') is a real spectral triple where
D' = (1 ®v D) ®v 1 and the real structure is given by

JW®ERT) =n®JE®T); (v,vn, el & eH).
Proof See Note 8 in this chapter. O

Corollary 7.19 If (A, H, D; J) satisfies the first-order condition, then so does
(End4(E), E @A H®AE, D';J) and in that case the above inner fluctuation
reduces to the usual one, given in terms of a connection V : £ — £ Q4 Q})(A)
(i.e. representing all universal connections using § — [D, -]).

7.3.1 Special Case £ = A and Inner Fluctuations

As a special case we take £ = Aand V = § + A where A € Q! (A) is a self-adjoint,
universal one-form

A=Y "ajs(bp):  (aj.b; € A). (7.3.2)
J



134 7 Gauge Theories from Noncommutative Manifolds
Under the respective identifications H = A ® 4 H and H = H ® 4 A, we have

1®v D~D+ Y a;[D,bl.

J
D®y1>~D+Y 4D, b
J

This then gives rise to the following Dirac operator
D' =D+ Zaj[D, b;1+ Z&j[D, l;j] + Zﬁj[w(l), 5;’]
J J J
=: D —+ 6()(1) + 67)(1) + (,()(2) (733)

where we have defined
() = Zaj[D, bj];
J
5(1) = Z&j[D, l;j];
J

we) =Y djloq), b)]
J
=Y a;allD, byl, b

Jok
The commutant property (5.2.1) shows that

Zfl_/ [wq), 1;]'] = Z&jak[[Dy bl, 1;_/] = Zak&j[[D, I;j], byl = Zak[5(1), byl
J

ok ok k
which checks (7.3.1). Note that, with € = &1 such that JDJ~! = €D one has
5(1) =€Ja)(1)]_1, w(2) 2610)(2).]_1

which follows from the commutant property (5.2.1).

It is clear from these formulas that w(y, vanishes if (A, H, D; J) satisfies the
first-order condition, thus reducing to formula (7.2.5) above. We will interpret the
terms () as non-linear corrections to the first-order, linear inner fluctuations w(y)
of (A, H, D; J). It is clear that the first order condition is equivalent to the linearity
of the map from 1-forms to fluctuations. Let us check that the gauge transformations
operate in the correct manner thanks to the quadratic correction term w(,). We shall
understand this direct computation in a more conceptual manner in Sect.7.3.2.
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Lemma 7.20 Let A € Q' (A) be a universal one form as in (7.3.2), and D' = D(A)
be given by (7.3.3). Letu € U(A) and U = uJuJ~". Then one has

UD(A)U* = D(y,(A)), vi(A) = udu*) +udu* € Q'(A) (7.3.4)

Proof Let A =Y""1a;8(b;) € Q'(A), one has
Vu(A) = u(l =Y ab)s™) + Y ua;s(bju*) =Y a;s (b))
1 1 0

where ay = u(1 — 3"} a;b;) and by = u*, while a; = ua; and b, = b;u* for j > 0.
What matters is the following, valid for any inclusion A C B,and T € BB

n n
> [T, b1 = ulT. u*] +u (Z a;[T, bj]) u* (7.3.5)
0 1
We use the notation 7 = JTJ~! for any operator 7 in H, so that
() = Zaj[D, bj];
J
0@ =Y djlon), b)]
J

= ajla[D, b, b

jik

We now apply these formulas using y,,(A) = Zg a}é(b}) and obtain using (7.3.5),

w(yy = ulD, u*]+u (Z a;[D, b,-]) w* = ulD, u*] + uwqyu* (7.3.6)
1

and

Wiy = Y djlwy, Bl = ilw), 2*1+a | Y ajle,), b;] | a* (1.3.7)
J J

So, using (7.3.6), we get (assuming to simplify that e = 1 so D =D)

J

Z&j[a)él), I;J] = Z&j[u[D, M*], Z;j] + Z&j[uw(l)u*, l;j]
J J j

and the commutation of the x with the y, for x, y € A gives
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Z&j[ua)(l)u*, l;j] =u Z&j[w(l), l;j] u* = u(,()(z)l/t*
J J
and using u[D, u*] = uDu* — D,
Z&j[u[D,u*],l;j]zu Z&/[D’ISJ] M*—Z&j[D,éj]ZMC,(\)(])M*—(:(\)(U
J J

J

so that we get:
1| > ajlaly). b1 | @ = dudayutat — adaya* + i 73.8
u ajloy), b;l | u™ = uuwqyu™u™ — uwau” + uuwoyu u (7.3.8)
J

Next one has

Ay, @] = alu[D, u*], @*] + dluwqu®, i*]

= ﬁ[u[D, u*], ﬁ*] + ﬁuw(l)u*ﬁ* - uw(l)u*
so that, using (7.3.7) we obtain

a)éz) = I/Al[u[D, I/l*], 12*] + UC()(])U* - MC()(])M* + UC?)(])U* - 126?)(1)12* + Ua)(z)U*

(7.3.9)
We then obtain
@) + 6y + 0y = ulD, u*]+ A[D, 4" + alu[ D, u*], i*]
+ UC()(])U* + UC?)(])U* + U(,()(Z)IJ>x<
and the result follows using
UDU* = D+ ul[D, u*] 4+ a[D, u*] + alu[ D, u*], u*]. ]

7.3.2 The Semi-group of Inner Perturbations

We show that inner fluctuations come from the action on operators in Hilbert space
of a semi-group Pert(A) of inner perturbations which only depends on the involutive
algebra A and extends the unitary group of .A. This covers both cases of ordinary
spectral triples and real spectral triples (i.e. those which are equipped with the oper-
ator J). In the latter case one simply uses the natural homomorphism of semi-groups
u : Pert(A) — Pert(A® A) givenby u(A) = A ® A. This implies in particular that
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inner fluctuations of inner fluctuations are still inner fluctuations and that the corre-
sponding algebraic rules are unchanged by passing from ordinary spectral triples to
real spectral triples.

We first show that the formulas of the previous sections can be greatly simplified
by representing the universal 1-forms as follows, where A° denotes the opposite
algebra of A and x +—> x° the canonical anti-isomorphism A +— A°,

Lemma 7.21 (i) The following map 1 is a surjection

ni{) aj®b5e AQA | Y ajb; =1} — Q'(A), 1D a;®b5) =) a;sb)).
(ii) One has

(b ear)=(1(Xa o))

(iii) One has, for any unitary u € A,

n (Zuaj ® (bju*)o) = Yu (7) (Zaj ® b;))

where y, is the gauge transformation of potentials.

Proof (i) Letusstart fromanelementw = > x;8(y;) € 2'(A). Thensince §(1) = 0
it is the same as

(1= xys() + Y xd(w)
and one checks that the normalization condition is now fulfilled.

(ii) The normalization condition is fulfilled by } b} ® aj° since }_bjaj =
(3" a;b;)*. Thus one gets the equality using 8 (x)* = —8(x*) and

Swis = (Y s@pp;) = (Y asp)

(iii) The normalization condition is fulfilled by ) ua; ® (bju*)* since
> ua;b;u* = 1. Moreover one has, using §(b;u*) = §(b;)u* + b;8(u*)

> ua;s(bju*) = u (Z ajs(b,-)) u* + us(u®)
O

Proposition 7.22 (i) Let A=) a; ® b5 € A® A° normalized by the condition
Y a;jb; = 1. Then the operator D' = D(n(A)) is equal to the inner fluctuation of
D with respect to the algebra A ® A and the 1-form n(A ® A), that is

D' =D+ Zaié_,- [D, b,‘éj]
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(ii) An inner fluctuation of an inner fluctuation of D is still an inner fluctuation of
D, and more precisely one has, with A and A’ normalized elements of A ® A° as
above,

(D(n(A))) (n(A") = D(n(A’A))
where the product A’ A is taken in the tensor product algebra A ® A°.

Proof (i) One has, in Q' (A ® A)
[8(bi). bj1 = 8(biby) — bid (b)) — b;3(by)
and thus, using the normalization condition and the commutation of .4 with A,
D @a;lsb), bl =) aia;sbib;) — Y ais(b) — Y a;8(b;)
Applying this with the derivation [ D, .] instead of § one sees that, in the formula for

D', the terms in w(;y and &;y combine with w ) to give the required result.
(iiyWeletA=) a;® b and A’ =3 x, ® y?, both being normalized. We let

daij = a;a;, bij = bibj, Xst = Xs Xty Vst = Ys)t

and we have
D' =Dn(A) =D+ a;[D, b;]

and similarly

D" = D'(n(A") = (D(n(A))) (n(A") = D(n(A)) + szz[D(U(A))’ Ysi]
which gives

D" =D+ ajlD,byl+ Y xulD,yad+ Y Y xulaylD, bijl, ys]
Now one has
xselaij[D, bij1, vyl = X1 (aij[D, bijlys — yseaij[D, bj1)
and the terms on the right sum up to
- Z Zxsz’staij[D, bijl = — Zaij[D, bij]

Moreover one has

Xs:a;j[D, bijlyss = x50 D, bijysi] — x50 b;; [ D, ys:]
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and the terms on the right sum up to

= xuaibijD, yul = =Y x[D, yul

Thus we have shown that
D" =D+ xyaij[D. bijys]

which gives the required result using

-

Xst@ij = XgXQ;A ) = Xs0; XA = Xea; (XA )

bijyse = bibjys 9, = biysh; 3, = biys(b;y,)
and

(sz ® yf) (Zai ® bf) = szai ® (biys)®

taking place in the algebra A ® A°. O

Note that the normalization and self-adjointness conditions are preserved by the
product of normalized elements in A4 ® A°, since

szaibiys = szys =1

and moreover the following operation is an antilinear automorphism of 4 ® A°

Y obie Y bedr

while the self-adjointness condition means to be in the fixed points of this automor-
phism. It is thus natural to introduce the following semi-group:

Proposition 7.23 (i) The self-adjoint normalized elements of A ® A° form a semi-
group Pert(A) under multiplication.

(ii) The transitivity of inner fluctuations (i.e. the fact that inner fluctuations of
inner fluctuations are inner fluctuations) corresponds to the semi-group law in the
semi-group Pert(A).

(iii) The semi-group Pert(A) acts on real spectral triples through the homomor-
phism w : Pert(A) — Pert(A ® A) given by

A6A®A°r—>u(A):A®AE(A@A)@(A@A)o (7.3.10)
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Proof We have shown above that Pert(A) is a semi-group. Using its action on oper-
ators in H by T + > a;Th; one gets (ii). Proposition 7.22 gives (iii). One checks
the multiplicativity of the map p as follows. Let A =} Ja; ® b3, A" = 3 x; ® )y,

ajj = a;dj, bjj =bib;, x4 = xX;, Y = Ys¥: s0 that

w(A) =Y ay ®by, w(A) =) xq @y

Then one has A’A = Y x;a; ® (b;y;)° and

(A4 = Y xai(a) @ (b)) = Y vy @ (bijy)® = p(A)(A)

which completes the proof of (iii). O

Note that as a subset of A ® A° the subset Pert(.A) is stable under affine combi-
nations «A + BA’ fora, 8 € R and @ + 8 = 1. The map u is quadratic.

To summarize the above discussion we see that the inner fluctuations come from
the action of the semi-group Pert(.A) in a way which parallels the action of inner
automorphisms and which, for real spectral triples, combines A with A. Passing
from the ordinary formalism of inner fluctuations for spectral triples to the case of
real spectral triples is given by the homomorphism u : Pert(A) — Pert(A ® A) on
the semi-groups of inner perturbations. The unitary group U/(.4) maps to the semi-
group Pert(A) by the homomorphism u € U(A) — u ® (u*)° € Pert(A), and this
homomorphism is compatible with 1.

We end this section by determining the perturbation semi-group of the direct sum
of x-algebras.

Proposition 7.24 Let A, B be x-algebras, then
Pert(A @ B) = Pert(A) x Pert(B) x (AQ B° ® B® A°)* (7.3.11)

where sa stands for self-adjoint elements, i.e. those of the form )" a; ® b + b} ® a;°.

Proof We start with the following isomorphism of *-algebras:
ASBRUBB)=ZAQA GBRIB OAQRB ©B® A

Imposing the normalization and self-adjointness condition to obtain Pert(A & B)
on the left-hand side translates on the right-hand side to give Pert(A4) x Pert(B) x
(A® B° ® B ® A°)%. Indeed, normalization only affects the first two terms 4 ®
A° ® B ® B° where, together with the self-adjointness condition it gives rise to
Pert(A) x Pert(B). The self-adjointness condition on A ® B° @ B ® A° gives rise
to elements of the form stated above.



7.3 Inner Fluctuations Without the First-Order Condition 141
7.3.2.1 Examples of the Perturbation Semi-group

For commutative matrix algebras we have

Proposition 7.25 For any N > 1 we have
Pert(CV) = cNWV-D/2
with the semi-group structure given by componentwise multiplication.
Proof Since Pert(C) = {1}, Proposition 7.24 implies that
Pert(C") = Pert(CV~") x CV ',
from which the proof follows. O

As a next example we determine the perturbation semi-group of M, (C).
Note that we have four basis elements for which the normalization condition
becomes

(Ci1,11 + Ciap1)en + (Ciiiz + Ciz2)enn
+ (Cor,11 + Conp1)ear + (Car12 + Conm)enn = ey + exn.

This amounts to the conditions

Ciin+Cia1 =1, Cui+Conn=1,
Ci,i2+Ci220 =0, Cy 11+ Cro =0.

The self-adjointness condition reads C;j « = Ci,ji-
Using the transpose map we may identify

My(C) @ My (C)° — M4(C), e Qep > ej ey,

The normalization and self-adjointness conditions on C;;; translate to 4 x 4-
matrices to arrive at the following general form for an element A € Pert(M,(C)):

X1z 73 1—x
21 2 25 —21
271 5 22—
X2 z4 24 l—x

Zl,...Zse(C, )C],)CZER. (7312)

The semi-group law ensures that the product of two such matrices again has this
general form, something which is not immediately clear. Let us make this point
more transparent and establish conditions on 4 x 4 matrices that give rise to the
above form.
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For an element A € M4(C) to be of the form (7.3.12) is equivalent to demanding
that

A(fi+ fo) = (fi + fo),

QA = AQ, where Q =

[N eNellS
o= O O
SO = O
- o O O

in terms of the standard basis { f;} for C*. Equivalently, the matrix € can be rewritten
as a block matrix

T T
=~ el e € €
Q= = = E eii®ei;.
€12 € el egz I, ! !

21

Especially the last identity is useful, since we see that the eigenvectors of Qare given
by e; ® e; £ e ® e;, with eigenvalue 1, and e; ® e; £ e; ® e;, with eigenvalue 1
and —1 depending on the + or — sign. Hence, upon changing to the basis

fei®ei+er®e,e1Qe—er®er,e1@er+er®er, e @er —ex ey}
(7.3.13)

L 0
Q:(O _1>. (7.3.14)

Moreover, the vector f; + f4 which is left invariant by A is givenby e; ® ¢; + 2 ®
e; € C?> ® C?, which is also an eigenvector of Q. Hence with respect to the basis
(7.3.13) we arrive at the following characterization of Pert(M,(C)):

of eigenvectors we will get

Proposition 7.26
Pert(M,(C)) = {A € My(C) | Aw = w, QA = Asz},

with

S

Il
[N ool
Q

I
N
S S
=
—_
~—

This analysis extends to arbitrary matrix algebras, see Note 9 in this chapter.
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Notes

Section 7.1. ‘Inner’ unitary equivalences as the gauge group

1.
2.

The interpretation of the inner automorphism group as the gauge group is presented in [1].

For a precise proof of the isomorphism between Aut(C (X)) and the group of homeomorphisms
of X, we refer to [2, Theorem I1.2.2.6]. For a more detailed treatment of the smooth analogue,
we refer to [3, Sect. 1.3].

Section 7.2. Morita self-equivalences as gauge fields

3.

5.

6.

The gauge group &(A, H; J) introduced in Definition 7.4 (following [1, 4, 5]) is a natural lift
of the group of inner automorphisms of the algebra A, as is proved in Proposition 7.5. Another
approach to lifting Inn(.A) to be represented on H is by central extensions; this is described in
[6].

For unital algebras algebraic Morita equivalence [7] coincides with Rieffel’s notion of strong
Morita equivalence for C*-algebras [8]. This is proved in [9] and explains why we can safely
work with algebraic tensor products. We also refer for a more general treatment to e.g. [3,
Sect.4.5] and [10, Sects. A.3 and A.4].

Besides Morita equivalence, also the more general notion of KK-equivalence can be lifted to
spectral triples, but this requires much more analysis [11-13].

Theorem 7.15 and Theorem 7.16 are due to Connes in [1].

Section 7.3. Inner fluctuations without the first-order condition

7.

Universal differential forms are defined in terms of the graded differential algebra ©2°(.A) that
is freely generated by a and éb for any a, b € A. In other words, a universal differential n-form
n is given by an expression of the form

n= Zaééa{ . --(Sa,],',
J
and its differential is

én = Zéaé8a{~-~8a,{.
J

There will be no commutation relations imposed between the ag, dagp and the §a;’s, but we do
have the Leibniz rule stating that

8(ab) = 8(a)b + adb

for any a, b € A. For an overview on universal differential forms, we refer to [10, Sect.7.1].
Sect. 7.3 is based on [14]. That paper also contains a proof of Proposition 7.18.

Sect.7.3.2.1 is based on [15]. This contains a description of the perturbation semi-group for all
(real and complex) matrix algebras.
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Chapter 8 ®)
Localization of Gauge Theories e
from Noncommutative Geometry

We ‘localize’ the generalized gauge theory derived from any spectral triple by con-
structing a C*-bundle on which the gauge group acts by vertical automorphisms.
This will be exemplified for toric noncommutative manifolds.

8.1 Commutative Subalgebra and C*-Bundles

Given a real spectral triple (A, H, D; J) we can construct a spectral triple on some
commutative subalgebra of A, derived from this data. Indeed, set

Ajzz{aeA:anla*}.

As we will see shortly, this is a complex subalgebra, contained in the center of A
(and hence commutative). Later, in Chap. 10, this subalgebra will turn out to be very
useful in the description of the gauge group associated to any real spectral triple.

Proposition 8.1 Let (A, H, D; J) be a real spectral triple. Then

(1) Aj defines an involutive commutative complex subalgebra of the center of A.

(2) (Ay,H, D; J) is a real spectral triple.

(3) Anya € A; commutes with the algebra generated by the sums Zj aj[D,b;] e
Q})(A) with aij, bj e A

Proof (1) If a € A, then also Ja*J ™! = (JaJ )* =aq, since J is isometric.
Hence, A; is involutive. Moreover, for all a € A; and b € A we have [a, b] =
[Ja*J~!, b] = 0 by the commutant property (5.2.1). Thus, A; is in the center of A.

(2) Since A is a subalgebra of A, all conditions for a spectral triple are automat-
ically satisfied.

© The Author(s) 2025 145
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(3) This follows from the order-one condition (5.2.1):
la, [D, bl = [Ja*J ", [D,b]] =0,

fora € A; and b € A. O

Example 8.2 In the case of a Riemannian spin manifold M with real structure Jy,
given by charge conjugation, one checks that

C®(M),, = C®(M,R).

More generally, under suitable conditions on the triple (A, H, D; J) the spec-
tral triple (A, H, D) is a so-called commutative spin geometry. Then, Connes’
Reconstruction Theorem (cf. Note 6 on Chap. 5) establishes the existence of a com-
pact Riemannian spin manifold M such that there is an isomorphism (A, H, D) >~
(C®(M), L*(S ® E), Dg). The spinor bundle S — M is twisted by a vector bun-
dle E — M and the twisted Dirac operator is of the form Dg = D + p with
p € '**(End(S ® E)).

Inany case, as A is commutative, Gelfand duality (Theorem 5.7) ensures the exis-
tence of a compact Hausdorff space such that A; C C(X) as a dense *-subalgebra.
Indeed, the C*-completion of A, in B(H) is commutative and hence isomorphic
to such a C(X). We consider this space X to be the ‘background space’ on which
(A, H, D; J, y) describes a gauge theory, as we now work out in detail.

Heuristically speaking, the gauge group &(A, H;J) introduced in
Definition 7.4 considers only transformations that are ‘vertical’, or ‘purely non-
commutative’ with respect to X, quotienting out the unitary transformations of the
commutative subalgebra .4;. In this chapter we will make this more precise by iden-
tifying a bundle 8 — X of C*-algebras such that:

e the space of continuous sections I'(X, B) forms a C*-algebra isomorphic to
A = A, the C*-completion of A;
e the gauge group acts as bundle automorphisms covering the identity.

Moreover, we search for a bundle of C*-algebras of which the gauge fields w €
Q}:,(.A) are sections and on which the gauge group again acts by bundle automor-
phisms.

We avoid technical complications that might arise from working with dense sub-
algebras of C*-algebras, and work with the C*-algebras A, and A themselves, as
completions of A, and A, respectively. First, note that there is an inclusion map
C(X) ~ A; — A. This means that A is a so-called C (X)-algebra, which by defini-
tion is a C*-algebra A with a map from C(X) to the center of A. Indeed, it follows
from Proposition 8.1 that A is contained in the center of A.

In such a case A is the C*-algebra of continuous sections of an upper semi-
continuous C*-bundle over X. We will briefly sketch the setup (see Note 3 in this
chapter). Recall that a function f : A — C is upper semi-continuous at ¢y € A if

lim sup,, ., [.f (@)l < [If (@o)ll.
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Definition 8.3 An upper semi-continuous C*-bundle over a compact topological
space X is a continuous, open, surjection 7w : B — X together with operations and
norms that turn each fiber B, = 7 ~!(x) into a C*-algebra, such that (1) the map
a +— |la|| is upper semi-continuous, (2) all algebraic operations are continuous on
B, (3) if {a;} is a net in B such that ||¢;|| = 0 and 7 (q¢;) — x in X, then a; — Oy,
where O, is the zero element in 8, .

A (continuous) section of B is a (continuous) map s : X — B such that
w(s(x)) = x.

A base for the topology on ‘B is given by the following collection of open sets:
W(s,O0,¢) :={beB:mn(b) € Oand ||b—s(@(D))| < €}, (8.1.1)

indexed by continuous sections s € I'(X, 98), open subsets O C X and € > 0.

Proposition 8.4 The space T' (X, B) of continuous sections forms a C*-algebra
when it is equipped with the norm

l[sll := sup [ls(x) ||, -
xeX

Proof See Note 3 in this chapter. (]

In our case, after identifying C(X) with A, we can define a closed two-sided
ideal in A by
I, . ={fa:acA, feCX), f(x)=0}". (8.1.2)

We think of the quotient C*-algebra B, := A/I, as the fiber of A over x and set

B =[] %.. (8.1.3)

xeX

with an obvious surjective map 7w : B — X. If a € A, then we write a(x) for the
image a + I, of a in ®B,, and we think of a as a section of 8. The fact that all
these sections are continuous and that elements in A can be obtained in this way is
guaranteed by the following result.

Theorem 8.5 The above map 7w : B — X with B as in (8.1.3) defines an upper
semi-continuous C*-bundle over X. Moreover, there is a C(X)-linear isomorphism
of A onto I' (X, ‘B).

Proof See Note 3 in this chapter. (]

Having obtained the C*-algebra A as the space of sections of a C*-bundle, we
are ready to analyze the action of the gauge group on A. Staying at the C*-algebraic
level, we consider the continuous gauge group

U(A)
UA)

O(A,H; J) ~
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This contains the gauge group & (A, H; J) of Definition 7.4 as a dense subgroup in
the topology induced by the C*-norm on A. The next result realizes the gauge group
as a group of vertical bundle automorphisms of ‘B.

Proposition 8.6 The action o of (A, H; J) on A by inner C*-algebra automor-
phisms induces an action & of (A, H; J) on B by continuous bundle automor-
phisms that cover the identity. In other words, for g € (A, H; J) we have

m(ag(b)) =m(b); (b€ B).

Moreover, under the identification of Theorem 8.5 the induced action @* on T' (X, ‘B)
given by
ay (5)(x) = g (s(x))

coincides with the action a on A.

Proof The action « induces an action on A/I, = w~'(x), since ag(I) C I, for all
g € (A, H; J). We denote the corresponding action of (A, H; J) on B by &, so
that, indeed,

m(@g(b) =n(b);  (ben ().

Let us also check continuity of this action. In terms of the base W (s, O, €) of (8.1.1),
we find that
ag(W(s, O, €)) = W(a(s), O, €),

mapping open subsets one-to-one and onto open subsets.

For the second claim, it is enough to check that the action &* on the section
s:x+— a+ I, € B,, defined by an element a € A, corresponds to the action « on
that a. In fact,

ay($)(x) = ag(s(x) = agla + 1) = ag(a) + I,

which completes the proof. (]

At the infinitesimal level, the derivations in the gauge algebra g(A, H; J) also
act vertically on the C*-bundle B defined in (8.1.3), and the induced action on the
sections I' (X, 9B3) agrees with the action of g(A, H; J) on A.

8.2 Localization of the Gauge Group

We now investigate whether or when & (A, H; J) can be considered as the group of
continuous sections of a group bundle on the same base space X. Set-theoretically,
one expects the group bundle that corresponds to I' (X, °B) to be given by
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oy UeB)
6B:=]] TR

xeX

We define a topology on &5 as follows. First, the group bundle

UB =1 Jues,)

xeX

is equipped with the induced topology from B. Since each B, is a complex unital
algebra, we have U/ (C) C U(B,) so that we have a group subbundle [ [, _, U(C) C
UB. We write UC for this group subbundle. The topology of &1 is then the quotient
topology of the bundle /B by the fiberwise action of the group bundle Z/C.

Before stating our main result on the structure of the gauge group, we consider
the spaces of continuous sections of the group bundles Z/C and U/ B.

Proposition 8.7 We have the following group isomorphisms:

DX, UC) = U(A)),
C(X,UB) =U(A).

Proof Firstly, a continuous map from X to ¢ (C) is simply given by a unitary con-
tinuous function on X. Secondly, since I'(X, B) = A, unitarity translates from the
product in A to the fiberwise product in B, hence proving the result. ([

We also need the following well-known result on covering spaces:

Proposition 8.8 Suppose given a covering space p : (Y, o) — (Y, yo) and a map
(X, x0) = (Y, yo) with X path-connected and locally path-connected. Then a
lift (X, x0) > (Y, Yo) of f exists if and only if f.(71(X, x0)) C p«(m1(Y, J0)).

Theorem 8.9 If X is simply connected and if there exists a subbundle BB CUB
that is a covering space of B (via the quotient map UB — BB), then there is the
following short exact sequence of groups

l —TI'X,UC) —=T' X, UB) —=T'(X,86B) —— 1. (8.2.1)

Consequently, in this case the gauge group is given as the space of continuous sections
of the group bundle &, i.e.

B(A,H; J) = T(X, 85).

Proof Exactness of (8.2.1) is clear from the very definition of the group bundle &1,
except perhaps for the claim of surjectivity of the map I'(X,UB) — I'(X, &B).
This follows from Proposition 8.8, applied to a continuous section g € I'(X, &5).
Indeed, since 71 (X) is trivial, there always exists a lift g : X — BB C UB, thus
proving surjectivity.
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For the second statement, exactness of the sequence implies that

C(X,UB) . UA)
(X, UC) ~— U(A))

'X,6B) =

using Proposition 8.7. But this is precisely the definition of the group
S(A,H; J). (]

This result allows for the following refinement of Proposition 8.6.

Corollary 8.10 Under the same conditions as in Theorem 8.9, the action of the gauge
group & (A, 'H; J) on A is induced by the action of the fibers &1, := U(B,)/U(C)
on the fibers B, of B by inner automorphisms.

Proof Let g € (A, H; J) with pre-image u € U(A), i.e. so that a,(a) = uau®.
Then g, u and a can be considered as continuous sections of bundles &3, /B and
B on X, respectively. At a point x € X we have g(x) € &B, = U(B,)/U(C) with
pre-image u(x) € U(3,) and we compute as sections of 5 — X:

(ag(@)) (x) = u(x)a(x)u(x)*,

thus establishing the result. O

Note that Theorem 8.5 also gives a bundle description of Inn(A) if Z(A) = A;.
Indeed, in combination with Corollary 8.10 we find that then Inn(A) = I'(X, &8),
realizing the group of inner automorphisms of A as the space of continuous sections
of a group bundle.

8.3 Localization of Gauge Fields

Also the gauge fields w that enter as inner fluctuations of D can be parametrized by
sections of some bundle of C*-algebras. In order for this to be compatible with the
vertical action of the gauge group found above, we will write any connection in the
form,

V=d+ wy+ w,

where d = [D, -] and wy, w € Q})(A). The action of a gauge transformation on V
then induces the following transformation:

wo — uwou™ +u[D, u*; > uowu®.

The C*-algebra generated by .A and [ D, A] is a C (X)-algebra, since C(X) >~ A,
which according to Proposition 8.1 commutes with both A and [D, A]. Thus, a
similar construction as in the previous subsection establishes the existence of an
upper semi-continuous C*-bundle B, over X, explicitly given by
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Bo = [ [ C*(A.[D. A/1},

xeX

where C*(A, [D, A]) is the C*-algebra generated by a and [D, b] fora, b € A, and
I} is the two-sided ideal in C*(A, [D, A]) generated by I, that has been defined
before (see Equation (8.1.2)). Again, one can show that I" (X, Bg,) is isomorphic to
this C*-algebra and establish the following result.

Proposition 8.11 Let v : Bo — X be as above.

(1) The gauge field w defines a continuous section of Bg,.
(2) The gauge group B(A, H; J) acts fiberwise on this bundle, and the induced
action on I' (X, Bq) agrees with the action on C*(A, [D, A)]).

Consequently, if we regard w € QID(.A) as a continuous section w(x) of Bgq, an
element uJuJ=—" € (A, H; J) acts as

w((x) = (uou™)(x) = uw(x)u*.

8.4 Localization of Toric Noncommutative Manifolds

In Chap. 12 we will see a concrete example of the above localization for Yang—
Mills gauge theories, phrased in the language of principal bundles. We will here give
another illustrative example, given by toric noncommutative manifolds introduced
in Sect.5.3.2.

Thus, we consider an arbitrary compact Riemannian spin manifold M that carries
a (smooth) action of a 2-torus by isometries. We then have a real spectral triple
(C*®(My), H, Dys; Jur) so let us determine the gauge theory corresponding to it. We
distinguish two cases corresponding to 6 being rational or irrational. These two cases
require completely different techniques and yield entirely different results.

For 6 rational we have the following result. If p, g are coprime and 6 = p/q, we
setTy = Z/qZ.

Theorem 8.12 We have the following equivalence of spectral triples:
(C*(My), L*(M, S), D) ZT*(M/ Ty, B), L*(M/ Ty, 7,S ® B), m.D)

in terms of the projectionmapw : M — M /Ty and a x-algebra bundle B := M xr,
M, (C) with base space M/ Ty, for a suitable action of 'y on M,(C)

Proof See Note 7 in this chapter. (]

Let us relate this to our gauge theory description using the commutative subalgebra
C(Mp),, in C(M).
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Proposition 8.13 For the real spectral triple (C*°(My), H, D; Jy) we have for 0
rational that
C(Mp) s, = Z(C(Mp)).

Moreover, in this case C(My),, = C(M/Ty).

Proof First, C(My),,, C Z(C(My)) by Proposition 8.1. The converse inclusion is
obtained as follows. We have Z(C(Mjy)) = C(M/Ty) because Z(M,(C)) = C for
all fibers. Moreover, C(M/Ty) = C(M)™ is a subalgebra of C(M), all of whose
elements satisfy the commutation relation aJy, = Jya* (cf. Example 8.2). ]

Hence, the bundle B = M xr, M,(C) — M/T is the sought-for C*-bundle on
which to define our gauge theory. Theorem 8.12 tells us that the C*-algebra C(My)
is isomorphic to the space of continuous sections of B —in concordance with our
Theorem 8.5— and for the gauge group we actually have the following result:

&(C(My), H; Jy) =T'(M/ Ty, M xr, PU(q)),

if M/ Ty is simply connected. In other words, we are considering a PU (q)-gauge
theory, in the usual sense. This Lie group acts on the fiber M, (C) of B in the adjoint
representation.

Let us now proceed with the case that 6 is irrational.

Proposition 8.14 For the real spectral triple (C*(My), H, D; Jy) we have for 0
irrational
C(Me),, = Z(C(Mpy)).

Moreover; in this case C(My) ;, = C(M/T?).

Proof First note that Z(C(My)) = C (MQ)TZ, essentially because the center of Ay is
trivial if 0 is irrational (see Note 9 below). Moreover, since C(M )Tz is unchanged
under the deformation, as well as Jy;, we find that C (Mg)Tz =CuMm )Tz is contained
in C(My),,, which also proves the second statement. ([l

This allows us to conclude with Theorem 8.5 that C(My) is isomorphic to the
C*-algebra I'(M /T?, BM¢) of continuous sections of an upper semi-continuous C*-
bundle B — M/T? and that &(C(Mjy), H; Jy) acts by vertical automorphisms
on BM_ In fact, even more can be said in this case.

Theorem 8.15 The above C*-bundle BM* — M/T? is a continuous C*-bundle.
Moreover, its fibers are given by the following C*-algebras:

B = C(T?/T2, Ag)" .

for x € M/T? having isotropy group T> C T2.
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Proof See Note 11 in this chapter. O

Hence, the spectral triple (C(Mpy), H, D; Jy) yields a gauge theory defined
in terms of a C*-bundle B — M/T?. The gauge group &(C(My), H; Jy) is
parametrized by unitaries in C(Mjy) and acts vertically on the bundle B, We
now determine the bundle structure of the gauge group, thereby making use of
Theorem 8.9 above.

Proposition 8.16 There exists a subbundle BBMs  UBM that is a covering space
of B for the quotient map UBM — SBMe. Consequently, if M/T? is simply
connected we have

B(C(Mo), H; Jy) =T (M/T?, &BM),
where the fibers of &BM¢ are given by

UC(T?/T}, A)™)
®BM = x ; e M/T?).
x U©) (x /T%)
Proof From Theorem 8.15 it follows that the fibers U/BMe of U/ B¢ are given by the
topological groups U (C(T2/T2, Ag)™). We define a subbundle of 2/BM* using the
unique tracial state T on Ay. First, consider the phase map ¢ : A9 — U(1) given by

It induces a phase map on the fibers of B4 by composition:

g C(T*/T2, Ap)™) — U(1),
fr9of.

We then define a subbundle B8 C 1/BMs by giving its fibers:
®BM: = {u e UBM : (u) = 1}.

For &3 to be a covering space of &8¢, we determine the kernel of the quotient
map UBMe — BBMo intersected with &M, In fact, being in the kernel amounts
to u € U(C) so that ¢(u) = 1 implies that then u = 1. Hence, ®BMs is a one-fold
covering of &BY¢,

If M/T? is simply connected, then Theorems 8.9 and 8.15 combine to prove the
second statement. (]

The above result allows for the following explicit bundle description of the group
of inner automorphisms of C(My). Note that M/ T2 is simply connected when M is
(see Note 12 below).
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Corollary 8.17 If M /T? is simply connected, then

Inn(C(My)) X T(M/T?, &BM).

Proof In Proposition 8.13 we have already established that Z(C (My)) = C(My),,-
Hence Corollary 7.6 applies and gives the group isomorphism Inn(C(Mjy)) =
B(C(My), H; Jy). Combining this with Proposition 8.16 yields the desired
result. ]

Notes

Section 8.1. Commutative subalgebra and C*-bundles

1. Chapter8 is based on [1].

2. The definition of the commutative subalgebra A; in Sect. 8.1 is quite similar to the definition
of a subalgebra of A defined in [2, Proposition 3.3] (cf. [3, Proposition 1.125]), which is the
real commutative subalgebra in the center of A consisting of elements for which aJ = Ja.
Following [4] we propose a similar but different definition, since this subalgebra will turn out
to be very useful for the description of the gauge group associated to any real spectral triple.

3. The notion of C(X)-algebra was introduced by Kasparov in [5]. Proposition 8.4 and Theorem
8.5 are proved in [6, 7] (see also Appendix C in [8]). Note that the bundles are in general only
upper semi-continuous, and not necessarily continuous. For a discussion of this point, see [7].

Section 8.2. Localization of the gauge group

4. For a proof of Proposition 8.8 see [9, Proposition 1.33].
5. Theorem 8.9 generalizes a result of [10] on Lie group bundles to the general setting of group
bundles.

Section 8.3. Localization of gauge fields

6. Later, in Chaps. 10-13 we will work towards physical applications in which the above C*-
bundle is a locally trivial (or, even a globally trivial) x-algebra bundle with finite-dimensional
fiber. The above generalized gauge theories then become ordinary gauge theories, defined in
terms of vector bundles and connections. It would be interesting to study the gauge theories
corresponding to the intermediate cases, such as continuous trace C*-algebras (cf. [11] for a
definition), or the more general KK-fibrations that were introduced in [12].

Section 8.4. Localization of toric noncommutative manifolds

7. Theorem 8.12 is due to Caéié¢ in [13, Theorem 4.28]

8. The fact that the spectral triple (C*°(Mpy), H, D; Jur) for 0 is an example of an almost-
commutative spectral triple in the sense of [10, 14, 15] was already noticed in [13].

9. A proof of the fact that the center of Ay is trivial if 6 is irrational can be found in e.g. [16,
Proposition 3].

10. The fact that for 6 irrational the C*-algebra C (Mp) is isomorphic to the C*-algebra I'(M/ T2,
BMo) of continuous sections of an upper semi-continuous C*-bundle BM¢ — M /T2. This
also follows from the more general results of [17] showing that torus-covariant C (X )-algebras
are deformed to torus-covariant C(X)-algebras. Here a torus-covariant algebra is a C(X)-
algebra which carries an action of T2 that commutes with C(X). In particular, this applies to
the C (M /T?)-algebra C (M), deforming to the C (M /T?)-algebra C(Mp).
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11.

12.

13.

14.

For the proof of Theorem 8.15 we may argue as follows: in addition to upper semi-continuity, in
[17, Proposition 5.1] lower semi-continuity is shown to hold under some additional conditions.
In fact, since the T2-orbit space of M is Hausdorff, Corollary 5.3 in loc. cit. implies that the
Rieffel deformation C(My) of C(M) can be expressed as a continuous field of C*-algebras
over this orbit space. In other words, it is the C*-algebra of sections of a continuous C*-bundle
over M/T?. The second claim follows from [17, Corollary 6.2].

A proof of the fact that M /T?2 is simply connected when M is can be found in [18, Corollary
6.3].

Even though we have restricted the discussion in Sect. 8.4 to an action of a 2-torus on a manifold,
this can be generalized in a straightforward manner to actions of higher-dimensional tori. The
appropriate notion of irrationality for the higher-dimensional noncommutative tori has been
discussed in [19].

In addition to the topological factorization of toric noncommutative manifolds in a horizontal
and vertical part obtained in Sect. 8.4, also the factorization of the geometric structure has been
studied in [20-23]. These works involve the unbounded external Kasparov product, allowing
for a tensor-sum decomposition of the Dirac operator on My (cf. Sect.5.3.2) into a vertical
operator and a Dirac operator on M /T".
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Chapter 9 ®)
Spectral Invariants oy

In the previous chapter we have identified the gauge group canonically associated
to any spectral triple and have derived the generalized gauge fields that carry an
action of that gauge group. In this chapter we take the next step and search for gauge
invariants of these gauge fields, to wit, the spectral action, the topological spectral
action and the fermionic action. We derive (asymptotic) expansions of the spectral
action.

9.1 Spectral Action Functional

The simplest spectral invariant associated to a spectral triple (A, H, D) is given
by the trace of some function of D. We also allow for inner fluctuations, and more
generally consider the operators D, = D + w + €' JoJ ™! withw = o* € Q}(A).

Definition 9.1 Let f be a suitable positive and even function from R to R. The
spectral action is defined by

Splw] :==Tr f(D,/A), 9.1.1)

where A is a real cutoff parameter. The minimal condition on the function f is that
it makes f(D,/A) a traceclass operator, requiring sufficiently rapid decay at F-oo.

The subscript b refers to bosonic since in the later physical applications @ will
describe bosonic fields.
There is also a topological spectral action, which is defined in terms of the grading
y by
Siplw] = Try f(Do/A). 9.1.2)

The term ‘topological’ will be justified below. First, we prove gauge invariance of
these functionals.
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Theorem 9.2 The spectral action and the topological spectral action are gauge
invariant functionals of the gauge field w € Q) (A), assumed to transform under
Adu=ulul™' € 8(A H: J)as

w = uou™ +u[D, u*].

Proof By (7.2.6) this is equivalent to D,, — U D, U* with U = uJuJ~". Since the
eigenvalues of UD,U* coincide with those of D,, and the (topological) spectral
action is defined on the spectrum of D,,, the result follows. |

Another gauge invariant one can naturally associate to a spectral triple is of a
fermionic nature, as opposed to the above bosonic spectral action functional. This
invariant is given by combining the operator D, with a Grassmann vector in the
Hilbert space (cf. Appendix 11.3), as follows.

Definition 9.3 The fermionic action is defined by
Srlo. ¥1= IV, Do)
with ¢ € H/, where
HY = [& = H*]
is the set of Grassmann variables in H in the +1-eigenspace of the grading y .

Theorem 9.4 The fermionic action is a gauge invariant functional of the gauge field
w and the fermion field \, the latter transforming under Adu € &(A, H; J) as

V> uJud .

Moreover, if the KO-dimension of (A, H, D; vy, J) is 2 modulo 8, then (Y, ¥') —
(JY, DY’y defines a skew-symmetric form on the +1-eigenspace of y in 'H.

Proof Again, D, +— UD,U* withU = uJuJ~', whilst{y — U1. The claim then
follows from the observation UJ = JU.
Skew-symmetry follows from a small computation:

(Jy, DY) = —(Jy, J*DY') = —(JDY', ) = —(DIY', ) = —(Jy', DY).
where we used Table 4.2 for DJ = J D in KO-dimension 2 modulo 8. O

The above skew-symmetry is in concordance with the Grassmann nature of
fermionic fields ¥, guaranteeing that Sy as defined above is in fact non-zero.
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9.2 Asymptotic Expansion of the Spectral Action

The first type of expansion of the spectral action is an asymptotic series in powers
of A; the perturbative expansion in powers of the gauge field w will be considered
in the next section.

We assume that f is given by a Laplace—Stieltjes transform:

Fo) = / e,

with 1 a suitable measure on R*. This assumption allows us to find the following
expression for the topological spectral action.

Proposition 9.5 Suppose f is of the above form. Then,
Siplw] = f(0) index D,,.
Proof This follows from the McKean-Singer formula (Lemma 6.23):

index D, = Trye 'Po/A’,

Since this expression is independent of A and ¢, an integration over ¢ yields

d = f(0).
[>0 n() = f(0) 0

The asymptotic expansion of S can be derived from the existence of a heat kernel
expansion of the form

Tre P’ = > e, (9.2.1)

as t — 0. Note that this is written down here for the unperturbed operator D, but
similar expressions hold for any bounded perturbation of D, such as D,,.

Lemma 9.6 If (A, H, D) isaregular spectral triple with simple dimension spectrum
(see Definition 6.9), then the heat kernel expansion (9.2.1) is valid as an asymptotic
expansion as t — 0. Moreover, for « < 0 we have

2¢y

()

res;—_2¢1(2) =

with ¢,(z) = Tr b|D| .
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Proof This follows from the Mellin transform:

1 o0

DI = s | e 922)
0
or, after inserting the heat kernel expansion,
1 oo
Tr|D| % = Z/ cut® Tt
F/2) = Jy

1 /1
= cat®¥?71 dt + holomorphic
I'(z/2) Za: 0

Co .
= Z N D@t + holomorphic.

o

Taking residues at z = —2« on both sides gives the desired result. ([

Using the Laplace—Stieltjes transform, we now derive an asymptotic expansion
of the spectral action in terms of the heat coefficients c,.

Proposition 9.7 Under the above conditions, the spectral action is given asymptot-
ically (as A — o0) by

2
c

Tr f(D/A) = AP
FFDIN) = ) Soh mgrae

BeSd

5 T/ (Oc+ 0™, (9.2.3)

where fz = [ f()vP~'dv and Sd is the dimension spectrum of (A, H, D).

Proof This follows directly after inserting the heat expansion in the Laplace—Stieltjes
transform:

Tr f(D/A) = Zf Ot"‘A"‘ca du(t). (9.2.4)

The terms with « > 0 are of order A~!; if @ < 0, then

ta — 1 / e—tvv—ot—l dv
F(—Ol) v>0

Applying this to the integral (9.2.4) gives

A_zaca/ t*du(t) = A_Z“co,/ / e v dudu(t)
t>0 t>0 Juv>0

=2A"¢, / / e 2 qud u(r)
t>0 Ju>0

= 2A*2“caf F)v 22 dv =2A" ¢y foog,
v>0
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substituting v > v in going to the second line. Since ¢, = 0 unless —2« € Sd, we
substitute § = —2« to obtain (9.2.3). (Il

Corollary 9.8 For the perturbed operator D,, we have

Splwl =Y fpAPres.—p Tr Dy + £(0) Tr |Dy| | _, + O(A™).
peSd

9.3 Perturbative Expansion in the Gauge Field

Another approach to analyze S, is given by expanding as a Taylor series in powers

. 2 .
of w, rather than in A. We first take a closer look at the heat operator ¢~ D% and its
perturbations.

Lemma 9.9 Let w be a bounded operator and denote D,, = D + w. Then
—1(D,)? —tD? ! —st(D,)? —(1—s)tD?
e "W = ¢ —t ds e ' P(w)e VTV
0

with P(w) = Dw + oD + o>

Proof Note that e™'P% is the unique solution of the Cauchy problem

(di + Do) u(t) =0
u(0) =1,

with d; = d/dt. Using the fundamental theorem of calculus, we find
t
d, |:e_’D2 —/ dt’e_(’_”>Dusz(w)e_’,D2:|

0
1
=-D? (e’Dz — / dt’e(”,)szvP(a))e’,m) ,
0

showing that the bounded operator e ~'2* — [ dt'e==""P% P(w)e~"P" also solves
the above Cauchy problem. (]

In what follows, we will repeatedly apply this Lemma to obtain a perturbative
. 2. . . .
expansion for e /()" in powers of w in terms of multiple integrals of heat operators.
We introduce the following convenient notation, valid for operators X, ... X,;:

_ 2 _ 2 _ 2
(X0sooos Xp)yp i =1" Tr/ Xoe 0P X 7P L X, e P g,
Ay

Here, the standard n-simplex A, is the set of all n-tuples (¢, ...,t,) satisfying
0<t <---<t, <1. Equivalently, A, can be given as the set of n 4 1-tuples
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(0, $1,...,8,) such that s+ ---+s,=1and 0 <s; <1 forany i =0,...,n.
Indeed, we have so =11, s; = t;11 — t; and s, = 1 — ¢, and, vice versa, t; = sy +
St + - Sk—1-

‘We recall the notion of Giteaux derivatives.

Definition 9.10 The Gdteaux derivative of amap F : X — Y (between locally con-
vex topological vector spaces) at x € X is defined for & € X by

F'(x)(h) = lim Fo+ “Z) —F®

In general, the map F’(x)(-) is not linear, in contrast with the Fréchet derivative.
However, if X and Y are Fréchet spaces, then the Gateaux derivatives actually defines
alinear map F’(x)(-) forany x € X.Inthis case, higher order derivatives are denoted
as F”, F"", et cetera, or more conveniently as F® for the k’th order derivative. The
latter will be understood as a bounded operator from X X --- x X (k + 1 copies) to
Y, which is linear in the k last variables.

Theorem 9.11 (Taylor’s formula with integral remainder) For a Gdteaux k +
1-differentiable map F : X — Y between Fréchet spaces X and Y,

1
F(x)=F(a)+ F'(a)(x —a) + EF”(a)(x —a,x—a)+---
L
+;F (@x—a,...,x —a)+ R(x),

for x,a € X, with remainder given by

1
Ri(x) = %/O FD@ 4+ 1(x —a) (1 —Dh, ..., (1 —t)h, h)dt.

In view of this Theorem, we have the following asymptotic Taylor expansion
(around 0) in w € Q}:,(A) for the spectral action Sp[w]:

oo

1
Splw] = Z ;SIE")(O)(Q), W), 9.3.1)

n=0 "
provided we make the following

Assumption 1 For all « > 0,8 >0,y > 0 and 0 < € < 1, there exist constants
Capye such that

/ Tr 19| DPe™ PP 1du(t)| < Copye.
t>0
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Proposition 9.12 Ifn =0,1,... and w € Q})(.A), then S,E") O)(w, ..., w) exists,
and

SO @, ... @) =n> (=D > (1,0 —e{D. 0} + 107, ...,
k=0 €1

..... &k

(1 — (D, @} + e, x du(t),

where the sum is over multi-indices (e, ..., &) € {0, 1}* such that ZLI 1+¢&)
=n.

Proof We prove this by induction on 7, the case n = 0 being trivial. By definition
of the Gateaux derivative and using Lemma 9.9,

n k
SO (@, .. ) =n Y [Z(_Dk“ (1, (1 — e){D, w} + 6107,
k=0 ¢1,..., Ek i=1

oD}, ..., (1 — gD, o) + 807 411

i

k
+ Y (DML (A = e){D. 0} + 8107, ... 2(1 — &)0”,

i=1

v, (I —e){D, o} + skw2>,,k} du(t).

The first sum corresponds to a multi-index &’ = (g1, ..., &_1,0, &, ..., &), the sec-
ond corresponds to &' = (gq,...,& +1,..., &) if & = 0, counted with a factor of
2. Inboth cases, we compute that ) j 1+ 8;) = n + 1. In other words, the induction
step from n to n + 1 corresponds to inserting in a sequence of 0’s and 1’s (of, say,
length k) either a zero at any of the k + 1 places, or replacing a 0 by a 1 (with the latter
counted twice). In order to arrive at the right combinatorial coefficient (n + 1)!, we
have to show that any ¢’ satisfying > ;(1 + /) = n + 1 appears in precisely n + 1
ways from ¢ that satisfy Y (1 + ;) = n. If & has length k, it contains n + 1 — k
times 1 as an entry and, consequently, 2k —n — 1 a 0. This gives (with the double
counting for the 1’s) for the number of possible &:

2m+1—-k)+2k—n—1=n+1,

as claimed. This completes the proof. (I
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Example 9.13

S;“(O)(m=f(—<1,{D,w}>t,1> du(t),
S2(0) (@, w) =2 ( (1, 0%) 1 + (1, {D, ®}, {D, w}),, )du(t),
S (0) (@, w, ®) =3' ( 1, 0% {D, w})2 + (1, {D, 0}, ®*):2

- <17 {Dv (1)}, {D9 Ll)}, {Ds w}>1,3) d/’l'(t)

9.3.1 Taylor Expansion of the Spectral Action

We fix a complete set of eigenvectors {v/;}; of D with eigenvalues A ; € R, respec-
tively, forming an orthonormal basis for H. We also write w;; := (1;, wr;) for the
matrix coefficients of @ with respect to this orthonormal basis. Recall from Appendix
9.A the notion of divided difference f[xg, x1, ..., x,] of a function f : R — R.

Theorem 9.14 If f satisfies Assumption 1 and v € Q! p(A), then

S (O) (@, ... @) =n! Z @iy @iy Oi_iy [ iy My b .

Proof Proposition 9.12 gives us an expression for S;") in terms of the brackets (- - - ;.
For these we compute:

(=DX(1, (1 —e){D, 0} + &10%, ..., (1 — )(D, ®} + grw*), i du(t)

= (- 1)"2 /A

i0=1ks01, -0k j=

k
2
((1 - Ej)()“i/—l - )‘i/)w tejw )i/*li/
1

_ 2
X e (501)\ +-- -Hkm’k)dksd,u,(t)

k
= > |(TT@=epti, —npo+eo), | elhi. ... 250
io=it,i1,.ix \j=1
Glancing back at Proposition 9.27, we are finished if we establish a one-to-one
relation between the order index sets I = {0 =iy < i; < --- < iy = n} such that
ij1—ij<2forall 1 <j <k and the multi-indices (¢, ..., &) € {0, 1}* such
that Zf.;l (1 4+ ¢&;) = n.If I is such an index set, we define a multi-index
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_Joiffi; - 1,43 C 1,
771 1 otherwise.

Indeed, i; =i;—; + 1+ ¢}, so that

k k
Y (U+e)=io+y (I+e)=ix=n.
i=1 i=1

It is now clear that, vice-versa, if € is as above, we define

I={0=iy<ii < <ip=n}
byi; =ij_1 + 1+ ¢;, and starting with iy = 0. O
Corollary 9.15 Ifn > 0 and » € QL (A), then

S O@, ) = =D Y oo f Ty )
Consequently,

[o¢]
1 /
Splol = Spl01+ D — 7 @niy i fThiys o ]
n=1 i

T
An interesting consequence is the following.

Corollary 9.16 Ifn > 0 and o € QL (A) and if f' has compact support, then

SO, .0 = " T @6 - D)o@ - D)

where the contour integral encloses the intersection of the spectrum of D with supp f”.

Proof This follows directly from Cauchy’s formula for divided differences (see Note
16 on this chapter):

_ 8(2) :
C2ni ) (z—xp) - (z—xp)

glxo, ... xp]

with the contour enclosing the points x;. (]
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9.3.2 Cyclic Cocycles Underlying the Spectral Action

We now come to analyze in more details the structure of the terms in the Taylor
expansion (9.3.1). We will write it as

Splw] — Sp[0] = Z r—l(a), W)y 9.3.2)

n n

where we have introduced brackets (-) s as the following multilinear functionals
()1 (QpA))Y" — C:

(@1, ..., wp) = Z (@i =+ (@0)iyiy [ Thiys ooy A, ] (9.3.3)

N

For our algebraic results we only need two simple properties of the bracket (-) r,
stated in the following lemma. After proving this lemma, all analytical subtleties are
taken care of, and we can focus on the algebra that ensues from these simple rules.

Lemma 9.17 Forw,, ..., w, € Q'(A) and a € A we have
<w17"'swn)f: (a)nva)li"'va)ﬂ*1>fv @
(w1, ...,a0j, ..., 0p) f — (@1, ..., 0j_1G, ..., W) (II)
:<w17"'swj711[D»a]ijs"'va)n)f

where it is understood that for the edge case j = 1 we need to substitute n for j — 1
on the left-hand side.

Proof Property I follows immediately from definition (9.3.3) and it also reduces 11
to the edge case j = 1. For that case we compute

(aa)l,...,(l)n>f_(0)1,...,0),1a)f

= Z gy (@1)iriy -+ (@n)iyig (f’[)»io, Migs oo hig] = fTAiys Mgy - - - M,L])

i0yeeesin

Z igiy hiy = Ai)(@D)iiy =+ (@n)igio [ higs Aiys Mo« oo Ay ]

([D9 a]y wl’ a)27 MR a)l’l)f

where in the second equality we used the recursive definition of the divided difference
(see Definition 9.25 below). (I
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9.3.2.1 Hochschild and Cyclic Cocycles

When the above brackets (-) ; are evaluated at one-forms a[D, b] associated to a
spectral triple, the relations found in Lemma 9.17 can be translated nicely in terms
of the coboundary operators b and B appearing in the definition of periodic cyclic
cohomology (cf. Sect. 6.2). Let us write B = ABy where A is the operator of full
anti-symmetrization while By : C"(A) — C"*!(A) is defined as

Bop@®,a',....a") = ¢(1,d° ..., a"
We define the following n-cochain:
¢n(a()7 ) an) = (ao[Dv al]v [Da az]a ) [Da an])f (93'4)

We easily see that By, is invariant under cyclic permutations, so that B¢, = nBy¢,
for odd n and B¢, = 0 for even n. Also, ¢, (ao, ..., a,) = 0 when a; = 1 for some
j = 1. We put ¢y := 0.

Lemma 9.18 We have b, = ¢+ for odd n and b, = 0 for even n.

Proof As by = 0 by definition, and b> = 0, we need only check the case in which
n is odd.

We find, by splitting up the sum, and shifting the second appearing sum by one,
that

b¢n(a() ~~~~~ an+1)
= {apa1[D, a1}, [D, az], ..., [D, an+1l) f — {aoai[D, a1], [D, a2], ..., [D, an+1])r

+Y (=D (aolD, a1], [D, a3, ..., a;[D,ajp1l, ..., [D, ani1 )
j=2
n+1 )

- Z(—l)/ (ao[D, a1l, D, az], ..., [D.aj-1laj, ..., [D, an+1]) s
ji=2

+ {@nt1a0[D, a1, [D, azl, .. ., [D,anl)r

=Y (=D/{aolD, a1}, [D, aal, ..., [D, aps1l) s
j=2

by I and IT of Lemma 9.17. ]

Lemma 9.19 Let n be even. We have b By, = 2¢,, — Body+1-

Proof Splitting the sum in two, and shifting the index of the second sum, we find
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bBopy(ao, .. ., an)
n—1

=Y (=D/ID,aol, ..., aj[D,aj1l, ..., (D anl)y
j=0

- E (=DI(D, aol. ..., [D.aj-1laj, ..., [D,anl) s +{[D, anaol, ..., [D, an-1])¢
j=1
n—1

= (ao[D, a1], [D, a2], ..., [D,an]) + Z(—l)j([D, apl, ..., [D,anl) s
j=1

—([D,aol, ..., [D, an—2], [D, an—1lan) y +([D, anacl, .. ., [D,an-1])f

= ¢n(ao, ..., an) —([D, aol, ..., [D, anl)f + (D, anl, [D, aol, - . ., [D,an-1])f
+([D, aylao, [D, ail, ..., [D,an-11) s

= 2¢n(ao, - . -, an) — Bo®n+1(ao, - .., an),

by using both properties of the bracket (-) s in the last step. O
Motivated by this we define

Yak—1 = ¢oi—1 — 5 Bodak. 9.3.5)

so that
Byrogy1 = 22k + )by

We can rephrase this property in terms of the (b, B)-complex as follows.

Proposition 9.20 Let ¢, and 1 be as defined above and set 1/~/2k_1 =
(_l)kfl (k—=D)! .w
2k—1)1 ¥ 2k=1-
(1) The sequence (¢y1) is a (b, B)-cocycle and each ¢y defines an even Hochschild
cocycle: bgoi = 0.
(2) The sequence (Wa,_1) is an odd (b, B)-cocycle.

We use an noncommutative integral notation that is defined by linear extension
of

/a08a1~~3an :=f agda - - - éay, := ¢(ap, ay, ..., a,),
¢

n

and similarly for v. The expression apda; . . . §a,, is a so-called universal differential
n-form in Q" (A), see Note 7 on Chap. 7 for more details.

9.3.3 Brackets and Noncommutative Integrals
Over Universal Forms

In this section we will express the derivatives of the fluctuated spectral action (occur-
ring in the Taylor series (9.3.1)) in terms of universal forms that are integrated along
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¢. We thus make the jump from an expression in terms of w = mp(A) € .Qi)(.A)sa
to an expression in terms of A € Q!'(A). As w decomposes as a finite sum @ =
> a;[D, b;], our task is to express {(a;,[D, b1, ..., a;[D, bj,1) s in terms of uni-
versal forms ayda - - - 8a, integrated along ¢. This will turn out to be possible by just
using II and the Leibniz rule [D, a;a;] = a|[D, a;] + [D, a;]a,. To find the exact
expression we need to work in the algebra M, (22,(A)) = M>(C) @ Q,(A).

Proposition 9.21 Lern € N. Foray, ..., a,, by, ..., b, € A, denoting Aj:=a;ébj,
we have

L (A +8A; —A (1
(al[D,bl],...,an[D,bn])f=/¢(A1 o)jll( jaAj J _A;) (o)'

Proof 1f we combine, for every n € Ny, the n-multilinear function (-)  from (9.3.3),
we obtain a linear function

() TQHA) — C

on the tensor algebra T Q! p(A).Forany u, v € TQ})(.A) a straightforward calcula-
tion using the commutation rule II from Lemma 9.17 shows that

(m®aj;_1[D,b;_11® (aj ajb;)v); = (uQ (aj_1 aj_1bj_1) M; @ v) s, (9.3.6)
where M; € M(T2'(A)) is defined by
M, = ([D,bj—la_]-l—[D bj11®I[D,a;][D,bj1a;jb;1+[D,bj11®[D,a;b; ])

[D,a;] —[D, ajb;]
(9.3.7)

Repeating (9.3.6), and subsequently using (9.3.4), it follows that

@D, bl ... an[D.byl)f = (@D, 511 ® ... ® dy1[D. by—t] ® (a tnby) <[D’b”])>f

o (1) (%),

-fmoon (1) (),

where from (9.3.7) we obtain
N = S(bj,laj) + Sbj,l(Saj 8(bj,1ajbj) + 8bj,18(ajbj)
7 —8aj —S(Cljbj)

. (Sbj_l bj—l aj +6aj ajbj +8ajbj +aj8bj
- 0 —1 (Saj 8ajbj+aj8bj '
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By also writing <58”) = (88” f”l) ((1)) we find that

(a1[D, b1, ...anlD, bul) ¢

3by bl) - <a,+5a, a,—b,+5a,—b,+a,»5b,-> (ab,- b,—) (1)
= ay aiby (
/4;( ) 0 —1 (jlj[z da; dajbj +ajéb; 0 —1 0
n
_ Aj+8A; —A;j 1
_/d)(Alo)(H( A, —A; E
Jj=2

which concludes the proof. U

Corollary 9.22 Ifn e N, A € QY(A) and w := wp(A) € QL (A), then

n—1
<w,...,w>f=/¢(A 0) (A ;A‘SA :3) (é) 9.3.8)

Using (9.3.8), we obtain in particular

<w>f=/ A,

1
(@, ) = A2+/ ASA,
2 3

(w,w,w)fzf A3+/ A3AA+/ ASASA,
3 P4 s

(w,w,w,w>f=/ A* 4 (A35A+A5AA2)+/ A8A8AA+/ ASASASA.
P4 s [0 ¢7

With (9.3.2) this implies that
1 , 1 1,
Silw] —Sy[0]= | A+= | A2+ (-A5A+—A)
1 2 [0 ¢3 2 3
1 1,
+ (—ASAA—i——A )+
3 4

where the dots indicate terms of form degree 5 and higher. Using ¢pr—1 = ¥or—1 +
1 Boak., this becomes

Sb[w]—sb[O]:f At (<SA+A2)+/ (Lasa+La)
1 2 (1)2 3 2 3

| 2
+ Z/ (5A5A + SOAAY+ ASAA + A%54) + A4> .o
fon
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Notice that, if ¢4 would be tracial, we would be able to identify the terms SAA?,
AS8AA and A5 A, and thus obtain the Yang—Mills form F 2 = (A + A?)2, under the
fourth integral. In the general case, however, cyclic permutations under [, produce
correction terms, of which we will need to keep track. Even though the corresponding
analysis is rather involved, it is only based on the properties I and II of the bracket
(cf. Lemma 9.17); see Note 13 on this chapter. We then have the following

Theorem 9.23 The spectral action fluctuated by w = wp(A) € Q})(A)m with cor-
responding A € Q'(A) and F = §A 4+ A% € Q2(A) can be expanded as

> 1
Splw] — Sp[0] NZ(/ Cszk—L(A)-i-E/Zk Fk>.

k=1 2%—1

where the Chern—Simons forms of degree 2k — 1 are defined by

1
csor_1(A) = / A(F) s, (9.3.9)
0
where F, = t8 A + t>A? is the curvature two-form of the (connection) one-form A, =
tA.
Proof See Note 13 on this chapter. (]

Example 9.24 For the first three Chern—Simons forms one easily derives the fol-
lowing explicit expressions:

1 2
csi(A) = A; cs3(A) = 5 (ABA + gA3) :

1 3 3 3
css(A) = 3 (A(SA)2 + ZASAAz + ZA38A + §A5> .

9.A Divided Differences

We recall the definition of and some basic results on divided differences.

Definition 9.25 Let f : R — R and let xq, x, ... x, be distinct points in R. The
divided difference of order n is defined by the recursive relations

Sflxol = f(xo0),
Slxt, .o xn] = flxo, x1, - x4-1]
Xp — X0 '

flxo, x1,...x,] =
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On coinciding points we extend this definition as the usual derivative:
flxoy ooy x ..., x...x, i =1im fxg,...,x4+u...,x...x,].
u—0

Finally, as a shorthand notation, for an index set I = {iy, ..., i,} we write

flxil = flxi, ..., x,1

Also note the following useful representation:

Proposition 9.26 For any xo, ..., x, € R,

Slxo, x1, ..., x,] = / £ (soxo + s1x1 + -+ - + 85,x,) d"s.
Ay

Proof See Note 15 on this chapter. (]

Exercise 9.1 Prove Proposition 9.26 and show that it implies

n
Zf[xo,.--,xi,xi,---,xn] = f'[x0, X1, ..., Xnl.
—

Proposition 9.27 For any xi, ...x, € R for f(x) = g(x*) we have,

flxo. - xd=> | T Gi+xi)]glxfl,

1 {i—1,i}cI

where the sum is over all ordered index sets | = {0 =iy < iy < --- < i = n} such
thati; —i;_y <2 forall 1 < j <k (ie. there are no gaps in I of length greater
than 1).

Proof This follows from the chain rule for divided differences (see Note 16 on this
chapter): if f = g o ¢, then

n k—1
flxo,oxal=Y" > gleCag). .. s [ ol x ]
k=1 0=ip<i;<...<iy=n j=0

For ¢ (x) = x? we have ¢[x, y] = x + v, ¢[x, ¥, z] = 1 and all higher divided dif-
ferences are zero. Thus, if ij41 —i; > 2then ¢[x;,, ..., x;;,, ] = 0. In the remaining
cases one has

lflj+1_lj:2,

Xi; + X

¢[xij""’xij+1]={l I

and in the above summation this selects precisely the index sets /. (]
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Example 9.28 For the first few terms, we have

flxo, x11 = (xo + x1)glxg, x71,
Flxo, x1, x2] = (xo + x1) (x1 + x2)g[x3, X7, x31 + g[x3, x31,
FIxo, X1, %2, x3] = (x0 + X1) (X1 + X2) (X2 + X3)g[x3, x7, X3, x31

+ (X2 + x3)g[xg, X3, X531 + (x0 + x1)gx3, x7, x31.

Notes

Section 9.1 Spectral action functional

1.
2.

The spectral action principle was introduced by Chamseddine and Connes in [1, 2].

The spectral action has also been computed for spectral triples that are not the product of M
with a finite space F, and which are further off the ‘commutative shore’. These include the
noncommutative torus [3], the Moyal plane [4, 5], the quantum group SU,(2) [6] and the
Podles sphere S; [7]. We also refer to the book [8].

Note that we have put two restrictions on the fermions in the fermionic action Sy of Definition
9.3. The first is that we restrict ourselves to even vectors in H T, instead of considering all
vectors in H. The second restriction is that we do not consider the inner product (J ', D, V)
for two independent vectors ¥ and v/, but instead use the same vector ¥ on both sides of
the inner product. Each of these restrictions reduces the number of degrees of freedom in the
fermionic action by a factor of 2, yielding a factor of 4 in total. It is precisely this approach
that solves the problem of fermion doubling pointed out in [9] (see also the discussion in
[10, Chap. 1, Sect. 16.3]). We shall discuss this in more detail in Chaps. 11 and 13, where we
calculate the fermionic action for electrodynamics and the Standard Model, respectively.

Section 9.2 Asymptotic expansion of the spectral action

o

For a complete treatment of the Laplace—Stieltjes transform, see [11].

Lemma 9.6 appeared as [10, Lemma 1.144].

Corollary 9.8 is [10, Theorem 1.145]. An analysis of the term Tr | D,,| ¢ |z:0 therein, including
a perturbative expansion in powers of w has been obtained in [12].

Section 9.3 Perturbative expansion in the gauge field

7.
8.

Section.9.3 is based on [13, 14].
The notation (X, ..., X,):.» should not be confused with the zeta functions (Xo, ..., X,);
introduced in Chap. 6. However, they are related through the formula

Y
(X0s -y Xp)im = (2 ) Tr/e*kao(x - D) lx,...A"0.— D»H 7 ldx.
i
Multiplying this expression by 72~! and integrating over ¢ eventually yields (Xo, ..., X,)..

For details, we refer to [15, Appendix A].
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9.

10.

11.

12.

9 Spectral Invariants

For more details on Géteaux derivatives, we refer to [16]. For instance, that the Géteaux
derivative of a linear map F between Fréchet spaces is a linear map F’(x)(-) forany x € X is
shown in [16, Theorem 3.2.5].

The expansion in Eq.9.3.1 is asymptotic in the sense that the partial sums Z,[;’:O %S[g") 0)
(w, ..., w) can be estimated to differ from S [w] by O(llw|N*1). This is made precise in [13]
and further improved upon in [14, 17].

Theorem 9.14 was proved in [13]. A similar result was obtained in finite dimensions in [18] and
in a different setting in [17]. Corollary 9.16 was obtained at first order for bounded operators
[19].

There is a close connection between the spectral action, the Krein spectral shift function [20,
21], as well as the spectral flow of Atiyah and Lusztig [22-24]. One way to see this is from
Theorem 9.11, where we can control the asymptotic expansion of the spectral action using the
remainder terms Ry. In [17] these terms are analyzed and related to a spectral shift formula
[20, 21] (see also the book [25] and the review [26], and references therein). In fact, under the
assumption that f has compact support, the first rest term Sp[w] — 51(70) (0) becomes

Tr f(D +w) = Tr f(D) =Af(x)d(TrED+w(X))—/Rf(X)d(TrED(X)),

where Ep, and Ep are the spectral projections of D 4 w and D, respectively. After a partial
integration, we then obtain [17, Theorem 3.9]

Tr f(D +w) — Tr f(D) = /R FE@)x, ()

where
§(x) =Tr (Epto(x) — Ep(x))

is the so-called spectral shift function. Moreover, it turns out that the higher-order rest terms
are related to higher-order spectral shift functions [27, 28].

Let us also briefly describe the intriguing connection between the spectral shift function and
the local index formula of Chap. 6. In fact, [29] (using a result from [30, Appendix B])
relates the index of Pu P which appears in the odd local index formula (Theorem 6.21) to the
spectral flow st({ D;}) of the family D, = (1 —t)D 4+ tuDu* = D + tu[ D, u*]for0 <t < 1.
Roughly speaking, the spectral flow of such a family of operators is given by the net number
of eigenvalues of D; that pass through O in the positive direction when ¢ runs from O to 1. One
then has

index PuP = st({D}ief0,17)-

The connection between spectral flow and the spectral shift function was first hinted at in [31]
and has been worked out in [32, 33]. Essentially, these latter papers build on the observation
that the spectral flow from Dy — x to D; — x for any real number x is equal to the spectral
shift function & (x) defined above in terms of the spectral projections of Dy and D;. Note that
for a path connecting D and the unitarily equivalent operator u Du* the spectral shift function
is a constant. In fact, since D and uDu* have identical spectrum, the left-hand side of (*)
vanishes. Integration by parts on the right-hand side then ensures that £ is constant (and in fact
equal to the above index).

Eventually, a careful analysis of the spectral flow [34] (and [35] for the even case) allows one
to prove the local index formula in the much more general setting of semi-finite spectral triples
[29, 36-38].
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13.

14.

Another encounter of spectral shift and spectral flow is in the computation of the index of
the operator d/dt + A(t) with A(¢) a suitable family of perturbations (¢ € R). In fact, they
were the operators studied by Atiyah, Patodi and Singer in [22-24]. The index of d /dt + A(t)
can be expressed in terms of the spectral flow of A(¢) under the assumptions that A(£00) is
boundedly invertible, and that A(¢) has discrete spectrum for all # € R. We refer to [39] for a
careful historical account, and the extension of this result to relatively trace class perturbations
A(t).
For full details on the proof of Theorem 9.23, including its convergence aspects, we refer to
the original work [14].
The Chern—Simons terms defined in Theorem 9.23 have been studied in [40] and also appear
in the physics literature, see [41, pp. 391ff] and [42, w bis 10]. Usually, they are evaluated
using a trace on 2°, which is defined as a continuous degree zero map from 2° to a complex w
such that §7 = 78 and t vanishes on graded commutators (adX)(Y) = XY — (—1)°4dMyx,
Given a connection one-form A with curvature F = §A 4+ A% we may define the Chern char-
acter form as

chy, = t(F").

By the Bianchi identity (§ + adA)F = §F + [A, F] = 0 we have:
ST(F")=t(8F") =t(—[A, F"]) =0,

and one may wonder whether we can write chy, as an exact form. This is where the Chern—
Simons form enters, since one may derive the following transgression formula:

1
8(t(cs2m-1(A))) = ;f(F")

It follows directly by integrating the homotopy formula for a family of connection one-forms
A =tA:

1 n A n—1
;8,(1(Ft ) =8 (AF) (%)

Let us for completeness prove Eq. () for a family of connection one-forms A; with curvature
F, = 8A, + A2. Since

O (Fy) =8A;+ AA + AjA, = (5 +adA))(A)),
we find indeed that
1 n A n—1
;Btt(F, )=1((8 +adA)(ADF'™)
= 7((8 4+ adA,) (A, F'1y) (Bianchi identity)

=1( (AtF,"_l)) (trace on commutator)

=8t(A, F" .
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Section 9.A Divided differences

15.
16.

Proposition 9.26 is due to Hermite [43].
The chain rule for divided differences is proved in [44]. For Cauchy’s formula
for divided differences, we refer to [45, Chap. I.1].
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Chapter 10 ®)
Almost-Commutative Manifolds e
and Gauge Theories

In this chapter we analyze the gauge theories corresponding (in the sense of Chap. 7)
to a special class of noncommutative manifolds, to wit almost-commutative, or AC
manifolds. We will see that this class leads to the usual gauge theories in physics.
After identifying the gauge group, the gauge fields and the scalar fields, we compute
the spectral action that yields the Lagrangian of physical interest.

10.1 Gauge Symmetries of AC Manifolds

We consider almost-commutative manifolds M x F that are the products of a Rie-
mannian spin manifold M with a finite noncommutative space F.

As such, these are reminiscent of the original Kaluza—Klein theories where one
considers the product M x S!. The crucial difference is that the space F is finite
so that no extra dimensions appear, while it can have non-trivial (noncommutative)
structure.

Definition 10.1 Let M be a Riemannian spin manifold with canonical triple
(C®(M), L2(S), Dy; Ju, Ym), and let (Ap, Hp, Dp; Jr, vr) be a finite real spec-
tral triple. The almost-commutative manifold M x F is given by the real spectral
triple:

M x F=(C®M,Ap), L*(S® (M x Hp)), Dy ® 1 +yu ® Dp; Ju ® Jr, Ym @ VF).

Recall the definition of the gauge group of a real spectral triple (cf. Definition 7.4).
In the case of AC manifolds, it is given by

&M x F) = {uJul™" :u e C®(M,UAF))},
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with J = Jyy ® Jr. Here we have identified U(C® (M, Ar)) = C*(M,U(AF)).
For the Lie algebra of the gauge group we have

g(M x F) == {X+JXJ": X e C°(M,u(Ap))}.

In the same way, we also obtain the groups &(M) and &(F'). For the canonical
triple on the spin manifold M, we have seen in Example 8.2 that C*°(M);,, =
C*° (M), which means that the group &(M) is just the trivial group. For the finite
space F, we obtain the local gauge group &(F). Let us have a closer look at the
structure of this local gauge group. We define two subsets of Ar by

H(F) :=U((AF)y,). (10.1.1a)
b(F) :=u((Ar)s,). (10.1.1b)

Note that the group $(F) is the counterpart for the finite space F of the group U (A;)
in Proposition 7.5, and h(F) is its Lie algebra.

Proposition 10.2 Let M be simply connected. Then the gauge group (M x F)
of an almost-commutative manifold is given by C®°(M, &(F)), where &(F) =
U(AF)/H(F) is the gauge group of the finite space. Consequently, the gauge Lie
algebra g(M x F) is given by C*°(M, g(F)), where g(F) = uw(Ar)/h(F).

Proof This follows from Propositions 7.5 and 7.8, combined with the fact that for
the algebra A = C*°(M, Ar) we have U(A) ~ C®(M,U(AF)), while U(A;) =
C>*(M, $H(F)). The quotient of the latter two groups is isomorphic to C* (M, &(F))
if the following homomorphism

Co(M,U(AR)) > C*(M,U(AF)/H(F))

is surjective. This happens when M is simply connected, as in that case there exists
a global lift from U(Ar)/H(F) to U(AF) (see Note 4 of this chapter below). U

This is in concordance with the picture derived in Chap. 8, where the gauge
group acts fiberwise on a C*-bundle. Namely, in the case of an almost-commutative
manifold we have a globally trivial C*-bundle M x A for which A are the (smooth)
sections. Since &(M x F) >~ C*(M, B(F)), the gauge group is given by sections
of the group bundle M x & (F'), which then naturally acts fiberwise on the C*-bundle
M x A F-

Combined with the outer automorphisms on C*° (M), we arrive at the full sym-
metry group of an almost-commutative manifold M x F as a semi-direct product,
where the ‘internal symmetries’ are given by the gauge group & (M x F'). Further-
more, we also still have invariance under the group of diffeomorphisms Diff(M), as in
Example 7.2. There exists a group homomorphism 6 : Diff(M) — Aut (Qﬁ(M x F ))
given by

0(PU :=Uo¢™,
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for ¢ € Diff(M) and U € (M x F). Hence, we can describe the full symmetry
group by the semi-direct product

(M x F) x Diff(M).

10.1.1 Unimodularity

Suppose that A is a complex unital x-algebra, conform Definition 2.1. This algebra
has a unit 1, and by complex linearity we see that C1 C (AF),,. Restricting to
unitary elements, we then find that U(1) is a subgroup of $(F). Because H(F) is
commutative, U (1) is then automatically a normal subgroup of H(F).

If, on the other hand, A is a real algebra, we can only say that R1 C (AF)y,.
Restricting to unitary (i.e. in this case orthogonal) elements, we then only obtain the
insight that {1, —1} is a normal subgroup of $H(F).

Proposition 10.3 If Ar is a complex algebra, the gauge group is isomorphic to
G(F) = SU(AF)/SH(F),
where

SU(AF) == {g € U(AF) | det g = 1},
SH(F) = SU(AF) NH(F).

In this case the gauge algebra is

g(F) = su(Ar)/sh(F),
with

su(Ap) == (X € u(Ap) | Try, X =0},
sh(F) := su(Ap) N hr.

Proof Elements of the quotient &(F) = U(AF)/H(F) are given by the equivalence
classes [u] for u € U(AF), subject to the equivalence relation [u] = [uh] for all
h € $H(F). Similarly, the quotient SU(AF)/SH(F) consists of classes [v] for v €
SU(AF), with the equivalence relation [v] = [vg] for all g € SH(F). We first show
that this quotient is well defined, i.e. that S$)(F) is anormal subgroup of SU (A ). For
this we need to check that vgv~! € SH(F) forall v € SU(AFr) and g € SH(F). We
already know that vgv~! € $(F), because $(F) is a normal subgroup of /(A ). We
then also see that dety, (vgv~') = dety, g = 1,s0vgv~! € SH(F), and the quotient
SU(AF)/SH(F) is indeed well defined.
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As to for the claimed isomorphism, consider the map ¢ :U(Afp) —
SU(Ar)/S$H(F) given by
SD(M) = [>\u_lu]»

where A, € U(1) is an element in U (1) such that A = detu, where N is the
dimension of the finite-dimensional Hilbert space H.

Since U (1) is a subgroup of U (AF) (because we assume A to be a complex
algebra), we see that indeed A lue SU (AF). Let us also check that ¢ does not
depend on the choice of the N’th root A, of det u we take. Suppose X\, is such that
)\;N = det u. We then must have )\, ™! A, € pn, where py is the multiplicative group
of the N’th roots of unity. Since U(1) is a subgroup of H(F), we see that py is a
subgroup of SH(F), so [)\u_'u] = [Xu_lu], and hence the image of ¢ is indeed
independent of the choice of \,,.

Next, since SU(Ar) C U(AF), the homomorphism ¢ is clearly surjective. We
determine its kernel:

kerp ={u eU(Ap) : N\ 'u € H(F)} = {u e U(Ar) : u € H(F)} = H(F),

since A\, € H(F). O

The significance of Proposition 10.3 is that in the case of a complex algebra with a
complex representation, equivalence classes of the quotient &(F) = U(Ar)/H(F)
can always be represented (though not uniquely) by elements of SU(AF). In that
sense, all elements g € &(F) naturally satisfy the so-called unimodularity condi-
tion, i.e. they satisfy

dety,.g = 1.

In the case of an algebra with a real representation, this is not true and it is natural
to impose the unimodularity condition for such representations by hand. We will
see later in Chap. 13 how this works in the derivation of the Standard Model from
noncommutative geometry.

Example 10.4 Define the so-called Yang—Mills finite spectral triple (cf. Example
3.14)
Fyy = (My(C), My(C), D = 0; Jp = ()%, yr = 1).

One easily checks that the commutative subalgebra (Ar),, is given by Cly. The
group H(F) of unitary elements of this subalgebra is then equal to the group U (1)Iy.
Note that in this case $(F) is equal to the subgroup U(Z(AF)) of U(N) that com-
mutes with the algebra My (C). We thus obtain that the gauge group is given by the
quotient &(F,,) = U(N)/U(1) =: PU(N), which by Example 7.3 is equal to the
group of inner automorphisms of My (C). As in Proposition 10.3, this group can also
be written as SU (N) / un, where the multiplicative group .y of N’th roots of unity is
the center of SU(N). The Lie algebra g(Fy,) consists of the traceless anti-hermitian
matrices, i.e. it is su(N).
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The almost-commutative manifold M x F,,, will be referred to as the Yang—Mills
manifold. By Proposition 10.2, in the simply connected case the global gauge group
B(M x Fy,) is given by maps C*(M, PU(N)), or, equivalently, by the space of
smooth sections of the trivial group bundle M x PU (N).

Exercise 10.1 In the context of the above example, check that indeed:

(1) the commutative subalgebra My (C),, ~ Cly,
2) SH(F) = un, the multiplicative group of N’th roots of unity.

Explain the difference with the case of My (R).

10.2 Gauge Fields and Scalar Fields

Let us apply the discussion in Sect. 7.2 on Morita self-equivalences to the almost-
commutative manifold M x F and see what the corresponding gauge fields look
like. For convenience, we restrict ourselves to simply connected manifolds M of
dimension dim M = 4 and F of even KO-dimension so that €. = 1 in Table 3.1; this
is sufficient for the physical applications later on.

Thus, we determine QE(A) for almost-commutative manifolds, much as in
Exercise 5.1. The Dirac operator D = Dy ® 1 + vy ® Dp consists of two terms,
and hence we can also split the inner fluctuation w = a[D, b] into two terms. The
first term is given by

alDy ® 1,b] = —iv" @ adyb =" ® A,, (10.2.1)
where A, := —iad,b € i A must be hermitian.! The second term yields
alyu ® Dr, bl = vy @ a[Dr, b] =: 7y ® ¢, (10.2.2)

for hermitian ¢ := a[Dp,b]. Thus, the inner fluctuations of an even
almost-commutative manifold M x F' take the form

w=7"®A,+Tm® %, (10.2.3)
for certain hermitian operators A, € iAand ¢ € T ( End(V)), where V is the trivial
vector bundle V. = M x Hp.

The ‘fluctuated’ Dirac operator is given by D, = D +w + ¢ JwJ "' (cf. Sect.
7.2.2 above), for which we calculate

V@A, + €IV @A =4"® (A, — JrA ;") = 4" @ B,,  (10.2.4)

! Note that i A = A for complex algebras only.
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which defines B, € T'(End(V)), and where we have used that Jy7"J,,' = —" in
dimension 4. Note that if VZ denotes the twisted connection on the tensor product
bundle £ :=S® V, i.e.

Vi=Vi®1+il®B,,
we see that we can rewrite
Dy ®1++"®B, =—iy"V}.
For the remainder of the fluctuated Dirac operator, we define ® € I’ ( End(E )) by
®:=Dr+ ¢+ JroJ; . (10.2.5)
The fluctuated Dirac operator of a real even AC-manifold then takes the form
D,=Dy®14+7" QB+ ®@P=—iy"V) +7y ® P. (10.2.6)

In Sect. 10.1 we obtained the local gauge group &(F) with Lie algebra g(F).
For consistency we should now check that the gauge field A,, arising from the inner
fluctuation indeed corresponds to this same gauge group.

The requirement that A, is hermitian is equivalent to (iA,)* = —iA,. Since A,
is of the form —iad,,b for a, b € A (see (10.2.1)), we see that i A, is an element of
the algebra A (also if A is only a real algebra). Thus we have A, (x) € i u(Ap).

The only way in which A, appears in D,, is through the actionof A, — JpA,J, L
If we take A;L = A, —a, for some a, € ih(F) = iu((AF)JF) (which commutes
with Jr), we see that A;L — JFALJEI =A,—- JFA#JI?I. Therefore we may without
any loss of generality assume that A,(x) is an element of the quotient ig(F) =
i(u(Ap)/h(F))). Since g(F) is the Lie algebra of the gauge group &(F), we have
therefore confirmed that

A, € C*(M,ig(F)) (10.2.7)

is indeed a gauge field for the local gauge group &(F'). For the field B, found in
(10.2.6), we can also write

B, =ad(A,) = A, — JrA,J; "

So, we conclude that B, is given by the adjoint action of a gauge field A, for the
gauge group & (F) with Lie algebra g(F).

If the finite noncommutative space F has a grading v, the field ¢ satisfies ¢yp =
—vr¢ and the field & satisfies ®vp = —yp® and ®Jp = Jp®. These relations
follow directly from the definitions of ¢ and ® and the commutation relations for
Dy according to Definition 3.1.
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Using the cyclic property of the trace, it is easy to see that the traces of the fields
B, ¢ and ® over the finite-dimensional Hilbert space H vanish identically: for B,
we find

Tru, (By) = Tru, (A, — JrAJ; ') = Try, (Ay — AuJy ' JF) =0,
whereas for the field ¢ we find
TrH,.- (¢) = TI'HF (G[DF, b]) = TrH,.- ([b, Cl]DF).

Since the grading commutes with the elements in the algebra and anti-commutes with
the Dirac operator, it follows that this latter trace also vanishes. It then automatically
follows that ® = Dy + ¢ + Jpng;' is traceless too.

Example 10.5 For the Yang—Mills manifold M x Fyy of Example 10.4 the inner
fluctuations take the form w = * ® A,, for some traceless hermitian field A, =
Az € C®(M,isu(N)). Since JFA#JEIm =mA, form € My(C), we see that for
the field B, = A, — JrA,J;' we obtain the action

mi—> Bym=Am—mA, =[A,,m]=(ad A,)m.

Thus A, is a PU(N) gauge field which acts on the fermions in L*(S) ® My (C) in
the adjoint representation.

10.2.1 Gauge Transformations

Recall from Sect. 7.2 that an element U € & (A, H; J) acts on the inner fluctuations
as a gauge transformation. In fact, the rule D, — UD,U* with U = uJuJ ! can
be implemented by

u:wr W= uwut +ulD, u*], (10.2.8)

so that U D,U* = D,u. In physics, the resulting transformation on the inner fluctu-
ation w — w" will be interpreted as a gauge transformation of the gauge field.

Note that for an element U = uJuJ ™' in the gauge group &(M x F), there is
an ambiguity in the corresponding transformation of w. Namely, for u € U/(A) and
h € U(A;), we can also write U = uhJuhJ~'. Replacing u with uh using (5.2.1)
we then obtain

W' = wwu* + u[D, u*] + h[D, h*].

However, when considering the total inner fluctuation w4+ Jw'h 71 the extra
term k[ D, h*] cancels out:
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h[D, h*1+ Jh[D, h*]J_l = h[D, h*]1+[D, hlh* = [D, hh*] = 0.

Hence the transformation of D, = D + w + JwJ ! is well defined.
For an AC-manifold M x F, by (10.2.3) we have w =" ® A, + vy ® ¢ and
D= —ify“Vlf ® 1 + vy ® D, and, using [Vlf, u*] = d,u*, we thus obtain

A, = uAu* —iud,u”,
¢ — ugu* +ul[Dp, u*]. (10.2.9)

The first equation is precisely the gauge transformation for a gauge field A, €
C*®(M,ig(F)), as desired. However, the transformation property of the field ¢ is a
bit surprising. In the Standard Model, the Higgs field is in the defining representation
of the gauge group. The transformation for ¢ derived above, on the other hand, is in
the adjoint representation. From the framework of noncommutative geometry this is
no surprise, since both bosonic fields A, and ¢ are obtained from the inner fluctua-
tions of the Dirac operator, and are thereby expected to transform in a similar manner.
Fortunately, for particular choices of the finite space F', the adjoint transformation
property of ¢ reduces to that of the defining representation. The key example of this
will be discussed in Chap. 13, where we present the derivation of the Standard Model
from an almost-commutative manifold.

10.3 The Heat Expansion of the Spectral Action

In the remainder of this chapter we shall derive an explicit formula for the bosonic
Lagrangian of an almost-commutative manifold M x F from the spectral action of
Definition 9.1. We start by calculating a generalized Lichnerowicz formula for the
square of the fluctuated Dirac operator. Subsequently, we show how we can use this
formula to obtain an asymptotic expansion of the spectral action in the form of (9.2.1).
We explicitly calculate the coefficients in this heat kernel expansion, allowing for a
derivation of the general form of the Lagrangian for an almost-commutative manifold.

10.3.1 A Generalized Lichnerowicz Formula

Suppose we have a vector bundle E — M. We say that a second-order differential
operator H is a generalized Laplacian if it is of the form H = Af — F, where A
is a Laplacian in the sense of Definition 4.16 and F € I'(End(E)).

Our first task is to show that the fluctuated Dirac operator D, on an almost-
commutative manifold squares to a generalized Laplacian, Df, = Af — F, and then
determine F. Before we prove this, let us first have a closer look at some explicit
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formulas for the fluctuated Dirac operator. Recall from (10.2.6) that we can write
D, =—iy"Vi + 7 ® ®

for the connection Vf = Vg ®14+1® (@D, +iB,)on E=S®YV,and the scalar
field ® € I'(End(E)). Let us evaluate the relations between the connection, its cur-
vature and their adjoint actions. We define the operator D), as the adjoint action of
the connection Vf ,ie. D, = ad (Vf )- In other words, we have

D,® = [V], ®]=0,® +i[B,, D] (10.3.1)

o
We define the curvature F),, of the gauge field B, as usual by
F, =0,B, —0,B,+i[B,, B,]. (10.3.2)

Recall the curvature of the connection V¥ from (4.2.3). Since in local coordinates
we have [0, 0,] = 0, we find
E _ wEgE EgE
Qf, = VEVE - VEVE
=(V,®1+il®B)(V, ®1+il®B,)
~(V; ®1+il®B,)(V, ® 1+il® B,)
=Q,®1+il®d,B, —il®,B,— 1B, B,

Inserting (10.3.2), we obtain the formula
QL =[VEVi]=Q,®1+il® F,. (10.3.3)

Next, let us have a look at the commutator [Dﬂ, Dl,]. Using the definition of D,,
and the Jacobi identity, we obtain

[D,, D,]® =ad (V))ad (V))® —ad (V))ad (V)@
= [V V), @] - V). V), @]

=[Iv}. Vi1 @] = [, ?] =ad(2),)P.

e pv?
Since wa commutes with @, we obtain the relation
[Dy. Dy] =iad(F).

Note that this relation simply reflects the fact that ad : g — End(g) is a Lie algebra
homomorphism.
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In local coordinates, the Laplacian is given by

AF = —giv (vaf - Ff’m,vf) )

We can then calculate the explicit formula

AP = =gt (VEVE —T? VT)

uv Y p
=A% 1— g (i(VS® D1 ®B,) +i1 @ B)(VS @ 1)
~1®B,B, —il", ® Bp)
=A"®1-2(1®B")(V,®1)—ig"'(1®d,B,)
+1®@B,B" +ig"T’, @B,  (1034)

We are now ready to prove that the fluctuated Dirac operator D, of an almost-
commutative manifold satisfies the following generalized Lichnerowicz formula or
Weitzenbdock formula. First, for the canonical Dirac operator Dy, on a compact Rie-
mannian spin manifold M, recall the Lichnerowicz formula of Theorem 4.21:

1
D}, = AS + il (10.3.5)

where A% is the Laplacian of the spin connection V5, and s is the scalar curvature
of M.

Proposition 10.6 The square of the fluctuated Dirac operator on an
almost-commutative manifold is a generalized Laplacian of the form

D, =Af —F,

w

where the endomorphism F is given by
1 R .
F = —Zs R1I-—1Q "+ El'y”v ® Fu —ivuY" ® D, @, (10.3.6)
in which D, and F,,, are defined in (10.3.1) and (10.3.2), respectively.
Proof Rewriting the formula for D,,, we have

D= (Dy®1+7"® B, +m Q)
=Dy ®1++"y ®B,B, +1® ®* + (Dyy" ® 1)(1 ® B,)
+(1®B)V'Dy®1) + Dy @ D(ym @ P) + (yu ® ®)(Dy ® 1)
+ (" ® B)(vu ® @) + (m @ )Y @ By).
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For the first term we use the Lichnerowicz formula of (10.3.5). We rewrite the second
term into

1
77" ® BB, = 57"7" ® (BuB, + B, B, + [By. B,))
1
=1® B,B" + Eyw” ® [B., Bu],

where we have used the Clifford relation (4.2.2) to obtain the second equality. For
the fourth and fifth terms we use the local formula Dy, = —iy” V5 to obtain

(Duy" ® (1 ® B,) + (1® B Dy ® 1)
= —((7V'V5y" @ 1)(1 ® B,) — (1 ® B,)(V'iv'VE ® 1).

Using the identity [V5, c(a)] = ¢(V, ) for the spin connection, we find [V5 ®
1, (v @ )(1 ® B,)] = ¢(V,(dx" ® B,)). We thus obtain

(Dyy" @ D1 ® B,) + (1® B) (7' Dy ® 1)
= —i(y" ® De(V,(dx" @ By))
— iY@ DA®BIVE®) —i(1® B Vi@ 1)
=—i(y' ® De(dx" ® 9,B,) —T7,,dx" ® B,) —2i(1® B)(Vi®1)

= —i(y"" ® 1)(1 ®0,B,~I", ® B,,) —2i(1® B)(VS® 1)
=—i(y7" @11 ®09,B,)+ig"T”, ®B,—2i(1® B")(V; ®1).

The sixth and seventh terms are rewritten into

Dy ® DO ® D)+ ( @ D) Dy ® 1) = —(w @ D[Dy ® 1,1 ® D]
= (yu ® (i7" ® 9, D) = iyu" ® 9, 0.

The eighth and ninth terms are rewritten as
(' ® B (ym ® ®) + (v ® P)(V' ® By) = —yuy" ® [By, DI.

Summing all these terms then yields the formula

2 (a5 L "
Dw— A+4S ®1+(1®B/JB)+2’}/’Y ®[B/uBu]
+1®*—i(y"y" @ D1 ®9,B,) +ig"T’,, ® B,
—2i(1®@ BV, ® D) +ivuy" ® 0,® — yuy" ® [B,, P].
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Inserting the formula for A from (10.3.4), we obtain

2 E 1 lul/
D, =A +Zs®1+§7v ® [B,, B,]

+1®P° —i(v"y ®@ DI ®I,B,) +ig"(1®I,B,)
+ivuy" ® 0,® — Yy ® [By, 1.

Using (10.3.2), we rewrite

—i(Yy"® D1 ®0J,B,) +ig"(1®0,B,)

1

=—i("" @ DA ®G,B,) + 5i(y"" +7"7") @ (9.By)
1 1

= —Eivu’yy ® (0,By) + zi’VV’YM ® (9.By)

Lo Vo
= —El’y/"}/ ® F#y - 57/7 ® [Bp,a Bl/]

Using (10.3.1), we finally obtain
2 E ] » Lo )
D, =A +Zs®l+1®cl> —Ewlfy ® Fu +ivuy"' ® D, ®,

from which we can read off formula (10.3.6) for F. O

10.3.2 The Heat Expansion

Below, we present two important theorems (without proof) which we will need to
calculate the spectral action of almost-commutative manifolds. The first of these
theorems states that there exists a heat expansion for a generalized Laplacian. The
second theorem gives explicit formulas for the first three non-zero coefficients of
this expansion. Next, we will show how these theorems can be applied to obtain a
perturbative expansion of the spectral action for an almost-commutative manifold,
just as in Proposition 9.7.

Theorem 10.7 For a generalized Laplacian H = AE — F on E we have the fol-
lowing asymptotic expansion as t — 0, known as the heat expansion:

Tr (™) ~ 3" 1 ar(H), (103.7)
k>0

where n is the dimension of the manifold, the trace is taken over the Hilbert space
L?(E) and the coefficients of the expansion are given by
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a(H) = / ap(x, H)/gd*x, (10.3.8)
M
where \/§d4x denotes the Riemannian volume form. The coefficients ay(x, H) are
called the Seeley-DeWitt coefficients.

Proof See Note 6 of this chapter below. (]

Theorem 10.8 For a generalized Laplacian H = A* — F (as in Theorem 10.7),
the Seeley-DeWitt coefficients are given by

ao(x, H) = (4m)~2 Tr(id),

ar(x, H) = (41) "3 Tr (% + F) ,

1

as(x, H) = (4m)"2 260

Tr ( — 12As + 557 — 2R;wRIW + ZR#VPUR,UJ//)U
+60sF + 180F — 60AF + 3097, (Q%)"),

where this time the traces are taken over the fibre E,. Here s is the scalar curvature
of the Levi-Civita connection V, A is the scalar Laplacian, and QE is the curvature
of the connection VE corresponding to A®. All a;(x, H) with odd k vanish.

Proof See Note 6 of this chapter below. ]

We saw in Proposition 10.6 that the square of the fluctuated Dirac operator of an
almost-commutative manifold is a generalized Laplacian. Applying Theorem 10.7
to D,,% in dimension n = 4 then yields the heat expansion:

Tr (e*fo) ~ ST adA), (10.3.9)

k>0

where the Seeley-DeWitt coefficients are given by Theorem 10.8. In the following
proposition, we use this heat expansion for D,,? to obtain an expansion of the spectral
action.

Proposition 10.9 For an almost-commutative manifold M x F with M of dimen-
sion 4, the spectral action given by (9.1.1) can be expanded asymptotically (as
A — o0)as

D, _ 1 -
Tr <f(7)> ~ ay(D,1) f(0) + 20;4 fai N ar (D) NSRS D,
k even

where f; = [° f(v)v/~'dv are the moments of the function f, j > O.
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Proof Our proof is based on Proposition 9.7. Let g be the function g(u?) = f(u),
so that its Laplace—Stieltjes transform

g(v) = /0 e *du(s).

We can then formally write
o0 2
¢(D,?) = / =12 dpu(s).
0
We now take the trace and use the heat expansion of D, to obtain

Te(gun.)) = [ Tr(e ™ )due) ~ [ 360 b duts)

0 0 k>0
k=4 R
:ZtTak(Dwz)/ s 7 du(s). (10.3.10)
k>0 0

The parameter ¢ is considered to be a formal expansion parameter. From here on, we
will drop the terms with k > 4. The term with £ = 4 equals

ay(D.?) / Ldjils) = as(D.2)g(0).
0

We can rewrite the terms with k < 4 using the definition of the I"-function as the
analytic continuation of

o0
['(z) = / ri e " dr, (10.3.11)
0

for z € C with R(z) > 0, and by inserting » = sv, we see that (for k < 4) we have

4—k 00 B B ©
F(—) =/ (sv)%_le_”d(sv) = s%/ v T le .
2 0 0

From this, we obtain an expression for s%, which we insert into Eq. (10.3.10), and

then we perform the integration over s to obtain

Tr (gt D) ~ as(D,) f(0)
+ Y 1T aD?)

0<k<4

1 /oo kg -1
—_— v g(wdv+ OAT).
P(*5%) Jo

Now we choose the function g such that g(u?) = f(u). We rewrite the integration
over v by substituting v = u? and obtain
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/ TV gy = / i) =2 / " fd,
0 0 0

2

which by definition equals 2 f4 ;. Upon writing t = A~2, we have modulo A~!,

Tr (f(%)) =Tr (g(A™2D.?))
1
4

~ ay(D,) f(0) +2 Z fack A ar (D7) =g + O(A™h.

0<k<4 ( 2 )

Using ax(D,%) = 0 for odd k, the claim follows. O

10.4 The Spectral Action on AC Manifolds

In the previous section we obtained a perturbative expansion of the spectral action for
an almost-commutative manifold. We now explicitly calculate the coefficients in this
expansion, first for the canonical triple (yielding the (Euclidean) Einstein—Hilbert
action of General Relativity) for a four-dimensional Riemannian spin manifold M
and then for a general almost-commutative manifold M x F.

By Proposition 10.9 we have an asymptotic expansion as A — 00:

w

Tr (f(%)) ~2fihay(D.A) + 2 o0 (D) + f(O)as(D.2) + O,
(10.4.1)

Proposition 10.10 For the canonical triple (C®(M), L*(S), Dy), the spectral
action is given by:

D
Tr <f(—M)) ~ / Ly (guw)/gd*x + O(A™), (10.4.2)
A M
where the Lagrangian is defined by
fAY HAT F(0) 1 1 11
,C v) = — _A __Cuacjl,u/)o‘ _R*R* .
M) = s T 2 T e <30 BT RGG T 360 )

Here the Weyl tensor C,,,,, is given by the traceless part of the Riemann curvature
tensor, so that

1
C;wpaclwpg = R/u/p(rlepa - 2R1/(,-RHU + 532, (10.4.3)
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and R* is related to the Pontryagin class:

R*R* = s* —4R,,R"™ + Ry, R"". (10.4.4)
/ KV P

Proof We have n = 4, and Tr(id) = dim S, = 4 where S, is the fiber of S at some
x € M. Inserting this into Theorem 10.8 gives

ag(D3,) / Jed'x.

From the Lichnerowicz formula (10.3.5) we see that F = —%s id, so

1
D? d*x.
ar (DY) = 487r2/MS*/§ x
Moreover,
2. 25,
5s57id + 60s F + 180F~ = Zs id.

Inserting this into a4(D ) gives

1
1672 360

2 5 1%
as(Dy,) = Tr (3As id + Zs 2id — 2R, R"id

+2R 50 R"771d + 30925, Q25") \/gd*x.

4

The curvature 5 of the spin connection is defined as in (4.2.3), and its components

are wa =Qf (Ou, 0y). The spin curvature Q9 is related to the Riemannian curvature

tensor by (see Note 8 of this chapter below),

N 1 PO
@), = ;R (10.4.5)

We use this as well as the trace identity
Tr(Y'y"v97) = 4(g" g™ — """ + g""g"")

to calculate the last term of a4(D12w):

ny 1 v o K
Tr(€2,, Q%" = S Rupe R, Te(y"177")
1 0 AR A (fh K O\ 1 v po
= ZRquO' )\n (gp - p +gp 8 ) = ZRNI/pO'R/ r,

(10.4.6)
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where the first term in the second line vanishes because of the antisymmetry of R,
in p and o, and the other two terms contribute equally. We thus obtain

1 1 v v po
ay(Dyy) = 1672360 /M (12As + 55> — 8R,,, R" — TRyps R""7) \/gd"x.
(10.4.7)

We rewrite this into a more convenient form, using (10.4.3) and (10.4.4), which
together yield:

1 11
_ _C v UcMV/KT _R*R*
20 P + 360

1 R RHvpo + 1 R. RY° 1 2
= — -~ Nuvpo T~ o - =9
20 M 10 60
11 44 11
_Ru/ o meo — _RV{TRVU —s?
T 360 1 360 " 360°
1
- %( - 7Rul/paRm/pU — 8RR + Ssz),

Therefore, we may rewrite (10.4.7) so as to obtain
1 1 1 11
D2 =12 <_A - _Cu/ UCIWPU _R*R*) d4 .
a4(Di) 167r2/M 307" 7 20 * 360 ved'x
Inserting the obtained formulas for ay(D3,), a2 (D3,) and as(D3,) into (10.4.1) proves

the proposition.

Remark 10.11 In general, an expression of the form
as®> + bR,y R" + Ry pe RM,

for certain constants a,b,c € R, can always be rewritten in the form
as? + BCrpsC*?? + vR*R*, for new constants «, 3, v € R. One should note here
that the term s is not present in the spectral action of the canonical triple as calcu-
lated in Proposition 10.10. The only higher-order gravitational term that arises is the
conformal gravity term C,,,,,, C*77.

Note that alternatively, using only (10.4.4), we could also have written

as(Dyy) =

11 7
— A 2_3R,R" — —R*R*)./gd"x.
1677230/,..,,( ST R Ved's

The integral over As only yields a boundary term, so if the manifold M is compact
without boundary, we can discard the term with As. Furthermore, for a 4-dimensional
compact orientable manifold M without boundary, we have the formula
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f R*R*/gdx = 87*x (M),
M

where x (M) is Euler characteristic. Hence the term with R* R* only yields a topo-
logical contribution to the action, which we will also disregard. From here on, we
will therefore consider the Lagrangian

fah* foA? £
Ly(guw) = — - Cps CHP 10.4.8
M) = 5 5 = g T 33002 Cr (104.8)
or, which is the same,
_ f4A4 f2A2 f(O) 2 uv
Lu(gu) =7 5 = 555+ 700 (s —3R,,R ) (10.4.9)

Proposition 10.12 The spectral action of the fluctuated Dirac operator of an almost-
commutative manifold with dim M = 4 is given by

1 (1(%)) ~ [ £te B o) VEa's + 0,
M

where
‘C(gum Buv D) = NLM(guI/) + ‘CB(B/J,) + C@(gw, Buv D).

Here Ly(g,) is defined in Proposition 10.10, N is the dimension of the finite-
dimensional Hilbert space Hp, and Lp gives the kinetic term of the gauge field
as

J©O)

['B(Bu) = 4

5 Tr(Fu F™),

and Ly gives a scalar-field Lagrangian including its interactions plus a boundary
term as

2?1\ Tr(®?) + &T (@4)+&A(Tr(d>2)) (10.4.10)
7T

+ I(—) Tr(d3) + & Tr (D, ®) (D D)).

£¢(g;u/, By, ®) = —

Proof The proof is very similar to Proposition 10.10, but we now use the formula
for D, given by Proposition 10.6. The trace over the Hilbert space Hy yields an
overall factor N := Tr(1y, ), so we have

ag(D,%) = Nao(D3y)).
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The square of the Dirac operator now contains three extra terms. The trace of ;"
vanishes, which follows from cyclicity of the trace and the fact that vy v* = —v*vyy.
Since Tr(y"v") = 4¢g" and F),, is anti-symmetric, the trace of y*~" F,,, also van-
ishes. Thus we find that

1
ay(D,*) = Nay(D3) — — / Tr(®?),/gd*x.
471'2 M

Furthermore we obtain several new terms from the formula for a4(D,?). First, we
calculate

1 1
360 Tr(60sF) = s (Ns +4Tr(d%).

The next contribution arises from the trace over F2, which equals

1 Voo
F2:Es2®1+1®¢4—17‘“¥ VY7 ® FuFpo

1
+7"9" ® (D, ®)(D,®) + 35 ® ®% + traceless terms.
Taking the trace then yields
L Tr(lSOFZ) = ES2 +2 TI‘(<D4) + Tr(F,, F"™)
360 8 w
+27Tr ((D,®)(D"®)) + 5 Tr(d?).

Another contribution arises from —A F. Again, we can simply ignore the traceless
terms and obtain

1 1
— Tr(—60AF) = —A (Ns + 4 Tr(®?)) .
360 r( ) 5 (Ns +4Tr(9%))

The final contribution comes from the term QF, Q5" where the curvature QF is
given by (10.3.3); we obtain

v v . 2
Qr Q" =0 @1 -1Q F, F" +2iQ), ® F".

Using (10.4.5), by the anti-symmetry of R, we find

Tr(QS,) = Ir Tr(y"47) = L g7 =0
pv 4 PO Py 4 pouv )

so the trace over the cross-terms in Qf,,QE " vanishes. From (10.4.6) we then obtain
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1 E EHV 1 N vpo v
360 Tr(SOQWQ ) = D —?Rm,p(,R“ P —4Tr(F, F'™) | .
Gathering all terms, we obtain

1 1
(47m)2 360

as(x, D)%) = < — 48N As +20Ns> — 8N R, R"
+ 8N Rypo R"*7 — 60s (Ns + 4 Tr(9?))

N 2 4 n4
+ 360 5 +2Tr(®%) + Tr(F,, F*)

+2Tr ((D,®)(D'®)) + 5 Tr(cbz))
+ 60A (Ns + 4 Tr(9?))
N
-30 (ER,,,,,,{,RWW + 4Tr(FWF‘”’)) )

11
T (4m)2 360
- 7NR,u,uprrRl“/pU + 120s Tr(CI>2)

<12NAs +5Ns* — 8NR,, R"

+ 360(2 Tr(d*) + 2 Tr ((D#d>)(D“d>)))
+240A (Tr(<D2)) + 240 Tr(F#,,F’W)>.
Comparing the first line of the second equality to (10.4.7), we see that

2 2 1 1 2 1 4
as(x, D,") =Nas(x, Dy,) + ) ES Tr(®“) + ETr(@ )

+ %Tr ((DNQD)(D/L@)) + éA (Tr(cDZ)) + éTr(Fw/F“V)>-

Inserting these Seeley-DeWitt coefficients into (10.4.1) proves the proposition. [

Note that the above Lagrangian is indeed gauge invariant. This is of course a
consequence of the manifest gauge invariance of the spectral action, which follows
from the invariance of the spectrum under unitary transformations.

Example 10.13 Let us return to the Yang—Mills manifold M x Fyy of Examples
10.4 and 10.5. We have already seen that the inner fluctuations are parametrized by a
PU(N) gauge field A, which acts in the adjoint representation B, = ad A, on the
fermions. There is no scalar field ¢ and ® = Dy = 0. We can insert these fields into
the result of Proposition 10.12. The dimension of the Hilbert space Hr = My (C) is
N?2. We then find that the Lagrangian of the Yang-Mills manifold is given by
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Q)
‘C(gul/’ B;L) = Nz‘cM(guz/) + W‘CYM(BM)-

Here L,,, is the Yang—Mills Lagrangian given by

Lyw(By) = Tr(Fu, F"),

where F),, denotes the curvature of B,,.

Notes

Section 10.1. Gauge Symmetries of AC Manifolds

1.
2.

Kaluza—KIein theories date back to [1, 2].

The name almost-commutative manifolds was coined in [3], suggesting that the noncommuta-
tivity is mild since it is simply given by the matrix product in Ar, pointwise on M. Almost-
commutative manifolds essentially already appeared in [4], and somewhat later in the work of
Connes and Lott [5]. Around the same time, a similar structure appeared in a series of papers
by Dubois-Violette, Kerner and Madore [6-9], who studied the noncommutative differential
geometry for the algebra of functions tensored with a matrix algebra, and its relevance to the
description of gauge and scalar Higgs fields. Almost-commutative manifolds were later used
by Chamseddine and Connes [10, 11], and by Chamseddine, Connes and Marcolli in [12] to
geometrically describe Yang—Mills theories and the Standard Model of elementary particles, as
we will see in the next chapters. We here base our treatment on [13].

. We canregard C*° (M, AF) as the space of smooth sections of a globally trivial x-algebra bundle

M x Ap.Thenatural question whether the above definition can be extended to the topologically
non-trivial case is addressed in [ 14—16]. The special case of topologically non-trivial Yang—Mills
theories is treated in [17] and in the next Chapter.

. In the proof of Proposition 10.2 we have exploited a lift of group bundles, which exists if the

manifold is simply connected. We refer to [16] for a careful discussion on this point.

Section 10.3. The Heat Expansion of the Spectral Action

. For more details on generalized Laplacians we refer to [18, Sect. 2.1].
. Theorem 10.7 is proved by Gilkey in [19, Sect. 1.7]. Theorem 10.8 can be found as [19, Theorem

4.8.16]. For a more physicist-friendly approach, we refer to [20]. Note that the conventions used
by Gilkey for the Riemannian curvature R are such that g"”¢"? R, is negative for a sphere,
in contrast to our own conventions. Therefore we have replaced s = —R.

Section 10.4. The Spectral Action on AC Manifolds

7.

The bosonic Lagrangian derived from the spectral action for AC manifolds was interpreted in
[10] a la Wilson [21] as the bare Lagrangian at the cutoff scale A. A perturbative expansion
of the full spectral action was obtained in [22-24], leading to unexpected and an intriguing
behaviour for the propagation of particles at energies larger than the cutoff A. Alternatively, the
interpretation of A as a regularization parameter has been worked out in [25-28], including the
derivation of renormalizability conditions on the Krajewski diagrams.

. The relation (10.4.5) is derived in [29, p. 395].
. The derivation of Yang—Mills gauge theory from a noncommutative spin manifold as in Example

10.13 is due to Chamseddine and Connes in [10, 11].
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Chapter 11 ®)
The Noncommutative Geometry e
of Electrodynamics

In the previous chapters we have described the general framework for the descrip-
tion of gauge theories in terms of noncommutative manifolds. The present chapter
serves two purposes. First, we describe abelian gauge theories within the framework
of noncommutative geometry, which at first sight appears to be a contradictio in ter-
minis. Second, in Sect. 11.2 we show how this example can be modified to provide
a description of one of the simplest examples of a field theory in physics, namely
electrodynamics. Because of its simplicity, it helps in gaining an understanding of
the formulation of gauge theories in terms of almost-commutative manifolds, and as
such it provides a first stepping stone towards the derivation of the Standard Model
from noncommutative geometry in Chap. 13.

11.1 The Two-Point Space

In this section we discuss one of the simplest finite noncommutative spaces, namely
the two-point space X = {x, y}. Recall from Chaps. 2 and 3 that such a space can
be described by an even finite real spectral triple:

F, = (C(X):(Cz,Hp,DF;JF,)/F). (11.1.1)

As we require the action of C(X) on the finite-dimensional Hilbert space Hp to
be faithful, Hr must at least be 2-dimensional. For now we restrict ourselves to
the simplest case, taking Hr = C2. We use the Z,-grading yy to decompose Hr =
H; @ H, = C & Cinto the two eigenspaces HE ={y € Hr | yry = +v}. The
action of C(X) on Hp respects this decomposition, whereas Df interchanges the
two subspaces ij, say
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0t
Dp=| - ,

Proposition 11.1 The finite space Fy of (11.1.1) can only have a real structure Jr
if Dp = 0. In that case, its KO-dimension is 0,2 or 6.

for some ¢t € C.

Proof The diagonal representation of the algebra C @ C on C @ C gives rise to one
of the following two Krajewski diagrams (cf. Example 3.13):

1 1 1 1
1° O 1° O
1° © 1° O
As a Dirac operator D that fulfills the first-order condition 3.1.1 (for arbitrary
Jr) should connect nodes either vertically or horizontally, we find that D = 0.
The diagram on the left corresponds to KO-dimension 2 and 6, while the diagram
on the right corresponds to KO-dimension 0 and 4. KO-dimension 4 is ruled out

because of Lemma 3.8, combined with the fact that dim Hf =1, which does not
allow for a Jp with J2 = —1. O

11.1.1 The Product Space

Let M be a compact 4-dimensional Riemannian spin manifold. We now consider
the almost-commutative manifold M x F, given by the product of M with the even
finite space F corresponding to the two-point space (11.1.1). Thus we consider the
almost-commutative manifold given by the data

M x Fyi= (CF(M, C), LA($) @ C2 Dy @ 13 Jy @ Jr, Yy ® r ),

where we still need to make a choice for Jr. The algebra of this almost-commutative
manifold is given by C®(M,C?) ~ C®(M)@® C>®°(M). By Gelfand duality
(Theorem 5.7) this algebra corresponds to the space

N=MxX>MUM,

which consists of the disjoint union of two copies of the space M, so we can write
C®(N) = C*®(M) & C*(M). We can also decompose the total Hilbert space as
H = L*(S)® L*(S). For a,b € C*°(M) and ¥, ¢ € L*(S), an element (a,b) €
C°°(N) then simply acts on (¥, ¢) € H as (a, b)(¢¥, @) = (ay, bp).

Remark 11.2 Let us consider Connes’ distance formula (cf. Note 5 of this chapter
below) on M x Fy. First, as in (2.2.2), on the structure space X of Ar we may write
a metric by:
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dp,(x,y) =sup{la(x) —a(y)|: a € Ap, |[[DF,al]|l < 1}.

Note that now we only have two distinct points x and y in the space X, and we are
going calculate the distance between these points. An element a € C?> = C(X) is
specified by two complex numbers a(x) and a(y), so a small computation of the
commutator with D gives

[Dr, al = (a(y) —a(x)) (_OI.g) .

The norm of this commutator is given by |a(y) — a(x)| |¢],so [[[Dr, a]|| < 1 implies
la(y) —a(x)| < ﬁ We therefore obtain that the distance between the two points x
and y is given by

1
dD;: (-xs )’) |t| .
If there is a real structure Jr, we have r = 0 by Proposition 11.1, so in that case the
distance between the two points becomes infinite.

Let p be apointin M, and write (p, x) and (p, y) for the two corresponding points
inN =M x X.Afunctiona € C*(N) is then determined by two functions a,, a, €
C>(M),givenbya,(p) := a(p, x)anda,(p) := a(p, y). Now the distance function
on N is given by

dp,ei(ni,n2) =sup{la(n)) —am)|:a € A |[[Dy®1,al|| <1}.

If n and n, are points in the same copy of M, for instance, if n; = (p, x) and n, =
(g, x) for points p,q € M, then their distance is determined by |a,(p) — a.(q)|,
for functions a, € C*°(M) for which ||[Dy, a,]|l < 1. Therefore, in this case we
recover the geodesic distance on M, i.e.

dp,e1(n1,n2) =dy(p, q).

However, if n| and n, lie in different copies of M, for instance if, n; = (p, x) and
ny = (g, y), then their distance is determined by |a,(p) — a,(q)| for two functions
ay,ay € C°(M), such that ||[[Dy, a,]ll <1 and |[[Dy, ay]ll < 1. However, these
requirements yield no restriction on |a,(p) — ay,(g)l, so in this case the distance
between n and n, is infinite. We find that the space N is given by two disjoint copies
of M that are separated by an infinite distance.

It should be noted that the only way in which the distance between the two copies
of M could have been finite, is when the commutator [Df, a] would be nonzero.
This same commutator generates the scalar field ¢ of (10.2.2), hence finiteness of
the distance is related to the existence of scalar fields.
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11.1.2 UQ) Gauge Theory

‘We determine the gauge theory that corresponds to the almost-commutative manifold
M x Fy. The gauge group &(A, H; J) from Definition 7.4 is given by the quotient
U(A)/U(Ay), so if we wish to obtain a nontrivial gauge group, we need to choose
J such that U(A;) # U(A). Or, which in view of Example 8.2 is the same, we
need to choose Jr so that U((AF),,) # U(Ar). Looking at the form of Jr for the
different (even) KO-dimensions (see the proof of Proposition 11.1), we conclude that
we need KO-dimension 2 or 6. As we will see in the noncommutative description
of the Standard Model in Chap. 13, the correct signature for the internal space is
KO-dimension 6. Therefore, we choose to work in KO-dimension 6 as well. The
almost-commutative manifold M x Fy then has KO-dimension 6 +4 mod 8 = 2.
This also means that we can use Definition 9.3 to calculate the fermionic action.
Summarizing, we will consider the finite space Fx given by the data

(22 {00\ . (OC (10
FX_<(C,(C,DF—(00)9]F_<C0>’VF_<O—1>)’

with C denoting complex conjugation, defining a real even finite space of KO-
dimension 6. In the classification of irreducible geometries of Theorem 3.20, this
space corresponds to the first case.

Proposition 11.3 The gauge group B(F) of the two-point space is given by U (1).

Proof First, note that U (Ar) = U(1) x U(1). We now show that U((Ar),,.) =
U(AF) N (AF) s, = U(1) so that the quotient & (F) 2~ U (1) as claimed. Indeed, for
a € C*tobe in (AF), it has to satisfy Jra*Jr = a. Since

x y—1 _ OC 6_110 OC _ 6120
e = (e0)(G2)(e6)=(52)

this is the case if and only if a; = a,. Thus, (Ar),;, =~ C, whose unitary elements
form the group U (1), contained in U/ (Ar) as the diagonal subgroup. (]

In Proposition 10.12 we calculated the spectral action of an almost-commutative
manifold. Before we can apply this to the two-point space, we need to find the exact
form of the field B,,. Since we have (Af),, ~ C, we find h(F) = u((AF)_]F) ~iR.
From Proposition 10.3 and (10.2.7) we then see that the gauge field

A, (x) € igr = i(WAR)/GR)) =i su(Ap) ~ R

becomes traceless.

Let us also explicitly derive this U (1) gauge field. An arbitrary hermitian field
of the form A, = —iad,b would be given by two U(l) gauge fields X}, X} €
C*(M, R). However, because A,, only appears in the combination A, — Jr A, J; ",
we obtain
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XL o X2 0 Y, 0
B,=A —JAJI=<“ )—(ﬂ )::(“ >=Y®y,
R 0 X2 0 X, 0 -Y, werE

where we have defined the U (1) gauge field
Y, =X, — X, € C°(M,R) = C®(M,iu(l)).

Thus, the fact that we only have the combination A, — JrA, J; ' effectively identi-
fies the U (1) gauge fields on the two copies of M, so that A, is determined by only
one U (1) gauge field. This ensures that we can take the quotient of the Lie algebra
u(Ar) with h(F). We can then write

1(y, 0 1
=3 (55, ) =3ter

which yields the same result:
By=A,—JrAJr =24, =Y, ® yr. (11.1.2)

We summarize:

Proposition 11.4 The inner fluctuations of the almost-commutative manifold M x
Fx described above are parametrized by a U (1)-gauge field Y,, as

D> D' =D+ y"Y, Q yr.

The action of the gauge group &(M x Fx) >~ C*®(M,U(1)) on D, as in (10.2.8),
is implemented by

Y, — Y, —iud,u’; (u € (M x Fy)).

11.2 Electrodynamics

Inspired by the previous section, which shows that one can use the framework of
noncommutative geometry to describe a gauge theory with abelian gauge group
U (1), we proceed and try to describe the full theory of electrodynamics by an almost-
commutative manifold. Our approach provides a unified description of gravity and
electromagnetism, albeit at the classical level.

We have seen that the almost-commutative manifold M x Fy describes a gauge
theory with local gauge group U (1), where the inner fluctuations of the Dirac oper-
ator provide the U(1) gauge field Y,. There appear to be two problems if one
wishes to use this model for a description of (classical) electrodynamics. First, by
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Proposition 11.1, the finite Dirac operator D must vanish. However, we want our
electrons to be massive, and for this purpose we need a finite Dirac operator that is
non-zero.

Second, the Euclidean action for a free Dirac field is of the form

S:—fﬂmﬂ%—mWfL (11.2.1)

where the fields v and v must be considered independent variables. Thus, we require
that the fermionic action Sy should also yield two independent Dirac spinors. Let
us write {e, e} for the set of orthonormal basis vectors of Hy, where ¢ is the basis
element of H; and e of H . Note that on this basis, we have Jre = e, Jre =e,
yre = e and ypé = —e. The total Hilbert space H is given by L?(S) ® Hp. Since
by means of y,; we can also decompose L2(S) = L2(S)* @ L?(S)~, we obtain that
the positive eigenspace H™ of y = yy ® yr is given by

H™=L*S)" @ Hf ® L*(S)” ® Hj.
Consequently, an arbitrary vector & € H* can uniquely be written as

E=Y. Qe+ VYrQe,

for two Weyl spinors ¥, € L?(S)* and ¥g € L?(S)~. One should note here that &
is completely determined by only one Dirac spinor i := v, + g, instead of the
required two independent spinors. Thus, the restrictions that are incorporated into
the fermionic action of Definition 9.3 in fact constrain the finite space Fy too much.

11.2.1 The Finite Space

It turns out that both problems sketched above can be simply solved by doubling
our finite-dimensional Hilbert space. Essentially, we introduce multiplicities in the
Krajewski diagram that appeared in the proof of Proposition 11.1.

Thus, we start with the same algebra C> (M, C?) that corresponds to the space
N =M x X ~ M u M. The finite-dimensional Hilbert space will now be used to
describe four particles, namely both the left-handed and the right-handed electrons
and positrons. We choose the orthonormal basis {e, e; , eg, €.} for Hr = C*, with
respect to the standard inner product. The subscript L denotes left-handed particles,
and the subscript R denotes right-handed particles, and we have ype; = e, and
YFE€R = —€R.

We choose J such that it interchanges particles with their antiparticles, so Jpeg =
er and Jre; = ep. We again choose the real structure such that it has KO-dimension
6, so we have J% = l and Jrpyr = —yrJr. This last relation implies that the element
eg is left-handed, whereas e is right-handed.
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The grading yr decomposes the Hilbert space Hp into H; @ Hj, where the
bases of H; and H are given by {e;, eg} and {eg, ey }, respectively. Alternatively,
we can decompose the Hilbert space into H, & H;, where H, contains the electrons
{er, er}, and H; contains the positrons {eg, ey }.

The elements a € Ar = C? now act as the following matrix with respect to the
basis {eg, €1, €r, €L }:

a 000

_(a@ 061100
a-(@)a 00ao0 | (11.2.2)
000a

Note that this action commutes with the grading, as it should. We can also easily
check that [a, b°] = O for b° := Jpb*J. ', since both the left and the right action are
given by diagonal matrices. For now, we still take D = 0, and hence the order one
condition is trivially satisfied. We have therefore obtained the following result:

Proposition 11.5 The data

v o (00 (0C (10
(v pr= (o) = (5) = (01))

define a real even spectral triple of KO-dimension 6.

This can be summarized by the following Krajewski diagram, with two nodes (of
opposite grading) of multiplicity two:
1 1
1° @)
1° O

11.2.2 A Non-trivial Finite Dirac Operator

Let us now consider the possibilities for adding a non-zero Dirac operator to the
finite space F,. From the above Krajewski diagram, it can be easily seen that the
only possible edges exist between the multiple vertices. That is, the only possible
Dirac operator depends on one complex parameter and is given by

0d00
dooo
Dr=1%00d (11.2.3)

00d0



210 11 The Noncommutative Geometry of Electrodynamics
From here on, we will consider the finite space F, given by

F,, = (C*, C* Dp; Jp, vr).

11.2.3 The Almost-Commutative Manifold

Taking the product with the canonical triple, the almost-commutative manifold M x
F;, (of KO-dimension 2) under consideration is given by the spectral triple

M x F,, =
(C®(M, C, L*(S) @C*, Dy ® 1 + yi @ Drs Ju @ Jr, yu @ yr) . (11.2.4)

As in Sect. 11.1, the algebra decomposes as

C®(M,C%) = C™®(M) & C*(M),
and we now decompose the Hilbert space as

H = (L*(S) ® He) & (L*(S) ® Hp).

The action of the algebra on H, given by (11.2.2), is then such that one component
of the algebra acts on the electron fields L?*(S) ® H,, and the other component acts
on the positron fields L?(S) ® H;.

The derivation of the gauge group for Fy, is exactly the same as in
Proposition 11.3, so again we have the finite gauge group & (F) ~ U (1). The field
B, := A, — JrA,J;" now takes the form

Y, 0 0 0
oy, 0o o

Bo=| o ¢ _y, o for Y, (x) € R. (11.2.5)
00 0 —Y

n

Thus, we again obtain a single U (1) gauge field Y, carrying an action of the gauge
group &(M x Fy,) =~ C*®(M, U(1)) (as in Proposition 11.4).

As mentioned before, our space N consists of two copies of M and if Dy =0
the distance between these two copies is infinite (see Remark 11.2). This time we
have introduced a non-zero Dirac operator, but it commutes with the algebra, i.e.
[DE,a] = 0 for all a € A. Therefore, the distance between the two copies of M is
still infinite.

To summarize, the U (1) gauge theory arises from the geometric space N = M U
M as follows. On one copy of M, we have the vector bundle S ® (M x H,), and on
the other copy we have the vector bundle S ® (M x H;). The gauge fields on each
copy of M are identified with each other. The electrons e and positrons e are then both
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coupled to the same gauge field, and as such the gauge field provides an interaction
between electrons and positrons. For comparison with Kaluza—Klein theories, note
the different role that is played by the internal space.

11.2.4 The Spectral Action

We are now ready to explicitly calculate the Lagrangian that corresponds to the
almost-commutative manifold M x F,, and we will show that this yields the usual
Lagrangian for electrodynamics (on a curved background manifold), as well as a
purely gravitational Lagrangian. It consists of the spectral action S, of Definition 9.1
and the fermionic action Sy of Definition 9.3, which we calculate separately (here
and in the next section).

The spectral action for an almost-commutative manifold has been calculated in
Proposition 10.12, and we only need to insert the fields B,, (given by (11.2.5)) and
® = Dp. We obtain the following result:

Proposition 11.6 The spectral action of the almost-commutative manifold M x Fr,
defined in (11.2.4) is given by

D, _
Tr (f(7>> ~ / E(guw Yu)\/§d4x + O(A 1)’
M
with Lagrangian
L(g/w, Y/L) = 4£M(g;w) + EY(YM) + Ed)(gpwv d)

Here Ly(g,v) is defined in Proposition 10.10; the term Ly gives the kinetic term of
the U (1) gauge field Y, as

Ly(Y,) = f(0) TOy oy,

where the curvature Y, of the field Y, is given by
Yy :=0,.Y, —03,Y,.

The scalar potential L (ignoring the boundary term) gives two constant terms which
add to the cosmological constant, plus an extra contribution to the Einstein—Hilbert
action:

2 fH A2 0 0
Lo(g) = — sz |d|2+f( )4t + lfz(i

dJ?,

where the constant d originates from (11.2.3).
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Proof The trace over the Hilbert space C* yields an overall factor N = 4. The field
B, is given by (11.2.5), and we obtain Tr(F),, F*") = 4Y,,, Y*". Inserting this into
Proposition 10.12 provides the Lagrangian Ly. In addition, we have ®* = Dy =
|d|?, and the scalar-field Lagrangian L4 only yields extra numerical contributions to
the cosmological constant and the Einstein—Hilbert action. (]

11.2.5 The Fermionic Action

We have written the set of basis vectors of Hy as {eg, ¢, €, €1}, and the subspaces
H ; and Hj are spanned by {e;, er} and {eg, er}, respectively. The total Hilbert
space H is given by L*(S) ® Hp. Since we can also decompose

LX) = L*(S)T @ L*(S)”
by means of y);, we obtain for the +1-eigenspace of yy ® yr:
HT =L*S$)" @ Hf ® L*(S)” ® Hj..
A spinor ¥ € L?(S) can be decomposed as ¥ = ¥, + V. Each subspace Hff is
now spanned by two basis vectors. A generic element of the tensor product of two

spaces consists of sums of tensor products, so an arbitrary vector & € H* can be
uniquely written as

E=XrQer+xL1 Qe +V, Qer+VYrQer, (11.2.6)

for Weyl spinors x;, ¥, € L>(S)* and xg, ¥z € L*(S)". Note that this vector & €
‘H* is now completely determined by two Dirac spinors x := x; + xr and ¥ :=

YL + Y.

Proposition 11.7 The fermionic action of the almost-commutative manifold M x
Fy, defined in (11.2.4), is given by

Sy =—i(Ini, v (Vi —iY)V) + Un ke, d¥) — (JuXr, dvg).
Proof The fluctuated Dirac operator is given by
D, =Dy ®1+y"®B, + ym® Dr.

An arbitrary § € H* has the form of (11.2.6), from which we obtain the following
expressions:
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JE=Jyxr®@er+Juxr ®eL + Jur Qer + Iuvr er,
Dy ®DE=Dyxr®er+ Dyxr e+ Dy @er+ Dyvr er,
Y'"QBE=y"xr@Yyer + v xL @ Yyer — y" Y1 @ Yyer — y'Yr @ Yyer,
(ym ® Dp)é = yuxL ® deg + ymxr @ dep + yur ® deg + yu¥, ® der.

We decompose the fermionic action into the three terms
| R - | R - | - 1 - -
E(JS, D,§) = E(Jé, (Dn ® D§) + 5(157 (r" ® Bu)§) + E(Jé, (ym @ DF)§),
and then continue to calculate each term separately. The first term is given by

| R ~ 1 . ~ 1 . ~

5(15, (Dy ® D§) = E(JMXRv Dyv) + E(JMXL, Duyr)

1 ~ - 1 ~ -
+ E(JMllfL, Duxr) + E(JMI//R, Dy o).

Using the facts that D, changes the chirality of a Weyl spinor, and that the subspaces
L*(S)* and L?(S)~ are orthogonal, we can rewrite this term as

| B s 1 - ~ 1 ~ .
5(157 (Du ® 1)§) = E(JMX’ Dyy) + E(JMW’ Dyux).
Using the symmetry of the form (Jy X, Dy ), we obtain
| R ~ . ~ ) . -
SUE Dy ® DE) = Uu, D) = =i(Iu i, v" V).

Note that the factor % has now disappeared from the result, which is the reason why
this factor had to be included in the definition of the fermionic action. The second
term is given by

| - 1 . . 1 B -
E(J‘é, (y" ® BE) =— E(JMXRs YY) — E(JMXLs Y*Y, ¥R)
1 ~ N 1 - -
+ E(JMl/fL, y"YuXr) + E(JMI/fR, yH*YuXL).
In a similar manner, we obtain

| B ~ ~
5 (8. (" ® Bu§) = —(Ju X, v"Yu¥),
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where we have used the anti-symmetry of the form (Jy, x, y* YM}). The third term
is given by

1 - ~ 1 ~ 1 _ -
z(fé&, (Ym ® Dr)§) ZE(JMXRs dyuvr) + E(JM;(Lv dym¥L)

1 . - 1 ~ -
+ E(JMl/fL, dymxr) + E(JMl/fR, dymXr)-

The bilinear form (Jy %, yp ) is again symmetric in the Grassmann variables x and
Y, but we now face the extra complication that two terms contain the parameter d,
while the other two terms contain d. Therefore we are left with two distinct terms:

1 . - -~ -
E(JS’ (ym ® Dr)§) = (Juxr,d¥r) — (Uuxr, d¥r). 0

Remark 11.8 It is interesting to note that the fermions acquire mass terms without
being coupled to a scalar field. However, it seems that we obtain a complex mass
parameter d, where we would desire a real parameter m. Simply requiring that our
result should reproduce (11.2.1), we will therefore choose d := —im, so that

(UuZe. dvr) — Uuir. d¥r) = i(Jui. m¥).

The results obtained in this section can now be summarized into the following
theorem.

Theorem 11.9 The full Lagrangian of the almost-commutative manifold M x Fr,
as defined in Eq. (11.2.4), can be written as the sum of a purely gravitational
Lagrangian,

Egmv(g;u)) = 4'»CM (g/w) + »Cq}(guv),

and a Lagrangian for electrodynamics,

i . =\, fQ) v
Loy = =i{ I (VS = 1,0 —m)i) + s o
Proof The spectral action S, and the fermionic action S, are given by
Propositions 11.6 and 11.7. This immediately yields L, . To obtain Ly, we need to
rewrite the fermionic action S as the integral over a Lagrangian. The inner product
(-, ) on the Hilbert space L?(S) is given by

& ¥) = fM@, v)J/gd*x,
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where the hermitian pairing (-, -) is given by the pointwise inner product on the fibres.
Choosing d = —im as in Remark 11.8, we can then rewrite the fermionic action into

S, = —/ i(JM;z,(y“(vlf—iYﬂ)—m)l/?)@d4x. -
M

11.2.6 Fermionic Degrees of Freedom

To conclude this chapter, let us make a final remark on the fermionic degrees of
freedom in the Lagrangian derived above. We refer the reader to Appendix 11.3 for
a short introduction to Grassmann variables and Grassmann integration.

As mentioned in Note 3 of this chapter below, the number of degrees of freedom
of the fermion fields in the fermionic action is related to the restrictions that are
incorporated into the definition of the fermionic action. These restrictions make sure
that in this case we obtain two independent Dirac spinors in the fermionic action.

In fact, in quantum field theory one would consider the functional integral of e°
over the fields. We hence consider the case that 2l is the antisymmetric bilinear form
on H* given by

Ql(Sa {) = (JEvaC)’ for%"é‘ EH+’
and 2’ is the bilinear form on L2(S) given by
W) i= =i (s (VS =Y —m)y ), for .y € LA(S).
We have shown in Proposition 11.7 that for £ = x; Q e, + xg Q er + Vg QeL +

Y ® er, where we can define two Dirac spinors by x := x; + xg and ¥ := ¢ +
Y, we obtain

1
FUE.8) = A ).

Using the Grassmann integrals of (11.3.1) and (11.3.2), we then obtain for the bilinear
forms 2 and 2’ the equality

PF(A) = fe%Wf’é)D[é] - /eQ"%@D[l/},;z] = det().
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11.3 Grassmann Variables, Grassmann Integration
and Pfaffians

We will give a short introduction to Grassmann variables, and use those to find the
relation between the Pfaffian and the determinant of an antisymmetric matrix.

For a set of anti-commuting Grassmann variables 6;, we have 6,0; = —0,0;, and
in particular, Ol.z = 0. On these Grassmann variables 6;, we define an integral by

/1d9,- =0, /e,dej =1.

If we have a Grassmann vector 6 consisting of N components, we define the integral
over D[6] as the integral over d6; - - - dfy. Suppose we have two Grassmann vectors
n and 6 of N components. We then define the integration element as D[n, 6] =
dmdé‘l e d??NdGN

Consider the Grassmann integral over a function of the form "2 for Grassmann
vectors 6 and n of N components. The N x N-matrix 2 can be considered as a
bilinear form on these Grassmann vectors. In the case where 6 and n are independent
variables, we find

/e"TQ‘"D[n,e] = det 9, (11.3.1)
where the determinant of 2( is given by the formula

1
det(@) = — D DI Gy - Ry

" o,TeSy

in which Sy denotes the set of all permutations of {1, 2, ..., N}. Now let us assume
that 2 is an antisymmetric N x N-matrix 2 for N = 2/. If we then take 6 = 1, we
find

/e%"TQ‘"D[n] — Pf(2), (11.3.2)

where the Pfaffian of 2 is given by

Z (=D 1o -+ Ao @i—1)o@1)-

O'ESy

Finally, using these Grassmann integrals, one can show that the determinant of a
2] x 2l skew-symmetric matrix 2{ is the square of the Pfaffian:

det A = Pf(A)°.
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So, by simply considering one instead of two independent Grassmann variables
. . T . .

in the Grassmann integral of e’ *7, we are in effect taking the square root of a
determinant.

Notes

Section 11.1. The Two-Point Space

1.
2.

The two-point space was first studied in [1, 2].

The need for KO-dimension 6 for the noncommutative description of the Standard Model has
been observed independently by Barrett [3] and Connes [4].

In [5, Chap. 9] a proof is given for the claim that the inner fluctuation w + JeJ ~! vanishes for
commutative algebras. The proof is based on the assumption that the left and right action can be
identified, i.e. a = a°, for a commutative algebra. Though this holds in the case of the canonical
triple describing a spin manifold, it need not be true for arbitrary commutative algebras. Indeed,
the almost-commutative manifold M x Fx provides a counter-example.

What we can say about a commutative algebra, is that there exist no non-trivial inner automor-
phisms. Thus, it is an important insight that the gauge group & (A, H; J) from Definition 7.4 is
larger than the group of inner automorphisms, so that a commutative algebra may still lead to a
non-trivial (necessarily abelian) gauge group.

It is shown in [6] that one can also obtain abelian gauge theories from a one-point space when
one works with real algebras (cf. Sect. 3.3).

Section 11.2. Electrodynamics

S.

Earlier attempts at a unified description of gravity and electromagnetism originate from the work
of Kaluza [7] and Klein [8] in the 1920s. In their approach, a new (compact) fifth dimension
is added to the 4-dimensional spacetime M. The additional components in the 5-dimensional
metric tensor are then identified with the electromagnetic gauge potential. Subsequently, it can
be shown that the Einstein equations of the 5-dimensional spacetime can be reduced to the
Einstein equations plus the Maxwell equations on 4-dimensional spacetime.

An interesting question that appears in the context of this Chapter is whether it is possible
to describe the abelian Higgs mechanism (see e.g. [9, Sect. 8.3]) by an almost-commutative
manifold. As already noticed, for M x Fjp, no scalar fields ® are generated since A p commutes
with Dp. In terms of the Krajewski diagram for M x Fgp,

1 1
r 0
1° O
it follows that a component that runs counterdiagonally fails on the first-order condition (cf.
Lemma 3.10). One is therefore tempted to look at the generalization of inner fluctuations to real
spectral triples that do not necessarily satisfy the first-order condition, as was proposed in [10].
This generalization is crucial in the applications to Pati—Salam unification (see Chap. 15 below)
but also in the present case one can show that non-zero off-diagonal components in (11.2.3)

then generate a scalar field for which the spectral action yields a spontaneous breaking of the
abelian gauge symmetry.
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Section 11.3. Grassmann Variables, Grassmann Integration and Pfaffians

7.

For more details we refer the reader to [11].

References

11.

Connes, A.: Essay on physics and noncommutative geometry. In: The interface of mathematics
and particle physics (Oxford, 1988), Institute of Mathematics and its Applications Conference
Series. New Series, vol. 24, pp. 9-48. Oxford University Press, New York (1990)

Connes, A., Lott, J.: Particle models and noncommutative geometry. Nucl. Phys. Proc. Suppl.
18B, 29-47 (1991)

Barrett, J.W.: A Lorentzian version of the non-commutative geometry of the standard model
of particle physics. J. Math. Phys. 48, 012303 (2007)

Connes, A.: On the foundations of noncommutative geometry. In: The Unity of Mathematics.
Progress in Mathematics, vol. 244, pp. 173-204. Birkhéuser Boston, Boston (2006)

Landi, G.: An Introduction to Noncommutative Spaces and their Geometry. Springer (1997)
Bhowmick, J., D’ Andrea, F., Das, B., Dabrowski, L.: Quantum gauge symmetries in Noncom-
mutative Geometry, arXiv:1112.3622

Kaluza, T.: Zum Unitétsproblem in der Physik. Sitzungsber. Preuss. Akad. Wiss. Berlin (Math.
Phys.), vol. 1921, pp. 966-972 (1921)

Klein, O.: Quantentheorie und fiinfdimensionale relativititstheorie. Z. Phys. 37, 895-906
(1926)

Kane, G.L.: Modern Elementary Particle Physics. Perseus (1993)

Chamseddine, A.H., Connes, A., Van Suijlekom, W.D.: Inner fluctuations in noncommutative
geometry without the first order condition. J. Geom. Phys. 73, 222-234 (2013)

Berezin, F.A.: The Method of Second Quantization. Translated from the Russian by Nobumichi
Mugibayashi and Alan Jeffrey. Pure and Applied Physics, vol. 24. Academic Press, New York
(1966)

Open Access This book is licensed under the terms of the Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the Creative Commons license and
indicate if changes were made.

The images or other third party material in this book are included in the book’s Creative

Commons license, unless indicated otherwise in a credit line to the material. If material is not
included in the book’s Creative Commons license and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder.


http://arxiv.org/abs/1112.3622
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Chapter 12 ®)
The Noncommutative Geometry e
of Yang—Mills Fields

In this chapter we generalize the noncommutative description of Yang—Mills theory
to topologically non-trivial gauge configurations.

12.1 Spectral Triple Obtained from an Algebra Bundle

Recall from Examples 10.4 and 10.5 that topologically trivial Yang—Mills gauge
theory can be described by the almost-commutative manifold

M x F,, = (C®(M) ® My(C), L*(S) ® My(C), Dy ® 1; Jyy @ ()*, yu ® 1).

In fact, the tensor product of C°° (M) with the matrix algebra My (C) appearing here
is equivalent to restricting the gauge theory to be defined on a trivial vector bundle.
Indeed, C*°(M) ® My (C) is the algebra of smooth sections of the trivial algebra
bundle M x My (C) on M. For the topologically non-trivial case, this suggests con-
sidering an arbitrary *-algebra bundle with fiber My (C). We work in a slightly more
general setting more general x-algebras are allowed.

Thus, let ®B be some locally trivial x-algebra bundle whose fibers are copies of a
fixed (finite-dimensional) x-algebra A. Furthermore, we require that for each x the
fiber 9B, is endowed with a faithful tracial state t,, such that for each s € I'*°(*8) the
function x — 7,5(x) is smooth. The corresponding Hilbert—Schmidt inner product
in the fiber B that is induced by 7, is denoted by (-, -)ss, . Consequently, the C*°(M)-
valued form

()e 1 TF(B) x TF(B) > C¥M); (s, 1)p(x) = (s(x), 1(x))ms,

is a hermitian structure on the C*° (M )-module I'** (¥B8), satisfying the conditions of
Proposition 7.14.
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As in the previous chapters, we assume that M is a compact Riemannian spin
manifold on which S — M is a spinor bundle and Dy = —ic o V¥ is the Dirac
operator. Combining the inner product on spinors with the above hermitian structure
naturally induces the following inner product on I'*°(8 ® S):

&1, &) = /M ¢1(x0), &) m,es, 5 1.&€TT(BY)), (12.1.1)

turning it into a pre-Hilbert space. Its completion with respect to the norm induced by
this inner product consists of all square-integrable sections of ‘B ® S, and is denoted
by L2 (B ® S).

Remark 12.1 Note that we can identify I'**(B) ®@ce ) I'*°(S) with (B ® S)
as C®°(M)-modules. In what follows, we will use this identification without further
notice. The above inner product (12.1.1) can then be written as

(51 ® Y1, 52 ® ¥2) = (Y1, {51, $2)Y2),

where (s, s2)m € C*(M) acts on ['*°(S) by pointwise multiplication.

Theorem 12.2 In the above notation, let V® be a hermitian connection (with respect
to the Hilbert—Schmidt inner product) on the *-algebra bundle 5 and let Dy =
—iy“(VE’ RI+I® V;j) be the twisted Dirac operator on B @ S. Then

(T®(B), L*(B ® S), D)

is a spectral triple.

Proof First, itis obvious that fiberwise multiplicationofa € T*(8) on'* (B ® S)
extends to a bounded operator on L?>(B ® S), since

las @ yII* = /M (¥ (@), (@()s(x), a(x)s (), ¥ () dx

< sup{lla)I}}lls @ vII*.

xeM

Here | - || denotes the fiberwise operator C*-norm. Since M is a compact manifold,
the compactness of the resolvent follows from ellipticity of the twisted Dirac operator
Dy Moreover, the commutator [ Dgs, a] is bounded for a € I'*°(®B) since Dy is a
first-order differential operator. More precisely, in local coordinates one computes

[Dss. al(s ® ¥) = —i (0pa + [w) . al) s @ y"¥,

where V;B =0, + a)?. This operator is bounded on L2(8 ® S), provided a is dif-
ferentiable and a):’? is smooth. ]
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Next, we would like to extend our construction to arrive at a real spectral triple.
For this, we introduce an anti-linear operator on L?(B ® S) of the form

Js®Y)=5"® Iuy,

with J), charge conjugation on M as in Definition 4.13. For this operator to be a
real structure on our spectral triple (I (B8), L>(B ® S), Dy), we need some extra
conditions on the connection V> on B.

Definition 12.3 Let B be a x-algebra bundle over a manifold M. A x-algebra con-
nection V on ‘B is a connection on B that satisfies

V(st) = sVt + (Vs)t, (Vs)* = Vs™; (s, r € T°(B)).

If *B is a hermitian x-algebra bundle and V is also a hermitian connection, then V is
called a hermitian *-algebra connection.

Lemma 12.4 Every locally trivial hermitian x-algebra bundle B defined over a
compact space M admits a hermitian x-algebra connection.

Proof Let {U;} be a finite open covering of M such that ‘B is trivialized over U; for
eachi. Then on each U; there exists a hermitian *-algebra connection V;, for instance
the trivial connection d on U;. Now, let { f;} be a partition of unity subordinate to the
open covering {U;} (note that all f; are real-valued). Then the linear map V defined
by

(V) =Y )(Vis)(x);  (x € M)

is a hermitian *-algebra connection on I'*°(‘B). O

Remark 12.5 The fact that locally, i.e. on some trivializing neighborhood, the exte-
rior derivative d is a hermitian *-algebra connection shows that on such a local chart
every hermitian x-algebra connection is of the form

d+ w%,
where »® is a real connection one-form with values in the real Lie algebra of -
derivations of the fiber that are anti-hermitian with respect to the inner product on
the fiber. For instance, when the fiber is the x-algebra My (C) endowed with the
Hilbert—-Schmidt inner product, this Lie algebra is precisely ad(u(N)) = su(N).

Theorem 12.6 In addition to the conditions of Theorem 12.2, suppose that V' is
a hermitian x-algebra connection and set y = 1 ® yy as a self-adjoint operator on
L>(B ® S). Then

(C®(B), L*(B ® S), D3 J, v)

is a real and even spectral triple whose KO-dimension is equal to the dimension
of M.
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Proof First of all, we check that J is anti-unitary:

T @Y), Je @) = (In, (5", 1) Iun) = (Ju¥, Juls*, 1%)n)
= (% 9, ¥) = (s, O, ¥) = (1 @1, 5 @ V),

where we used in the second step that Jy, f = fJy for every f € C*(M), in the
third step that Jj, is anti-unitary, and in the fourth step that (s, #) = (*, s*) (by
definition of the hermitian structure as a fiberwise trace). Moreover, if J2, = € it
follows that J2 = e.

We next establish DJ = €'J D by a local calculation:

(JD—€DJ)s®@Y)=J (Vs ® (—iy"¥) +5® D) — € Dos (s* ® Ju )
= (V2)* QiJuy" ¥ +5* @ Jy Dy
—€'VYs* @ (—iy" Iuy) — €'s* @ Dy Ju
=i ((V2s)" = Vi's") ® Juy"y =0,
since Jyy* = —e’'y*Jy, and the last step follows from the definition of a x-algebra

connection, i.e. (Vs)* = Vs* forall s € I'*°(B).
The commutant property follows easily:

[a,b°)(s @ ¥) = aJb* T (s @ ¥) — Jb*J la(s @ V)
=al®'s* @ Jyy) — Jb*(s*a* ® Jy )
=asb@ vy —asb® Y =0,
where a, b € I'°(B) and s ® ¥ € I'°(B) ¢~y [°(S). Since [a, »°1=0 on

I'°(B) ®comy ['C(S) = I'*°(B ® S), itis zero on the entire Hilbert space L2(B ®
S). It remains to check the order one condition for the Dirac operator. First note that

[[D.al.b°I(s @ ¥) = —iy"([[Vu, al. D°ls @ ¥)); (@, b,s € T(B)).
This is zero because [[V, a], b°](s ® ) is zero:

([Vy,alsh) @ ¥ — Jb*Jfl([V,L, als ® )
=V, (asb) ® y —aV,(sb) @ ¥ — V,(as)b @ ¥ +a(V,)b @ ¢
= ((Vua)sb +a(Vys)b+as(V,b) —a(V,s)b
— as(V,b) — (V,a)sb —a(V,s)b + a(VMs)b) R Y,
=0

using the defining property for V® to be a %-algebra connection. Thus, J fulfills
all of the necessary conditions for a real structure on the spectral triple
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(T'®°(B), L2(B ® ), Ds). The conditions on y to be a grading operator for this
spectral triple are easily checked too. O

12.2 Yang-Mills Theory as a Noncommutative Manifold

The real spectral triple (I'°(B), L2(B ® S), Dx; J,y) that we obtained in
Theorem 12.6 will turn out to be the correct triple to describe a topologically non-
trivial PU (N)-gauge theory on the spin manifold M if the fibers of B are taken to
be isomorphic to the x-algebra My (C). Moreover, this triple not only describes a
non-trivial PU (N)-gauge theory: every PU (N)-gauge theory on M is described by
such a triple. In this section we prove these claims by first showing how a principal
PU (N)-bundle can be constructed from this spectral triple. As in the topologically
trivial case (cf. Remark 10.13) the spectral action applied to this triple will give
the Einstein—Yang—Mills action, but now the gauge potential can be interpreted as a
connection one-form on the PU (N)-bundle P. In fact, the original algebra bundle
B will turn out to be an associated bundle of the principal bundle P. From now on,
then, the fibers of B are assumed to be My (C).

12.2.1 From Algebra Bundles to Principal Bundles

In order to construct a principal PU (N)-bundle P out of B, first of all note that since
all x-automorphisms of My (C) are obtained by conjugation with a unitary element
u € My (C) (see Example 7.3), the transition functions of the bundle I'**(*8) take
their values in

AdUN)=U(N)/Z(U(N)) = PU(N).

Thus the bundle B provides us with an open covering {U;} of M as well as transition
functions {g;;} with values in PU (N). Using the reconstruction theorem for principal
bundles, we can then construct a principal PU (N)-bundle. By construction, the
bundle B is an associated bundle to P.

Furthermore, for the real spectral triple

(FOO(%), Lz(% ® S)v D%; J’ )/)

of Theorem 12.6, the hermitian connection V® on the bundle 9B can locally be
writtenas V® = d + 0, where »® is a su(N)-valued one-form, (cf. Remark 12.5).
Moreover, the transformation rule for w® is a):.B =g ldg it 8 ! w}B 8ij» with g;; the
PU (N)-valued transition function of *B. Comparing this expression with the usual
transformation property of a connection one-form, one concludes that the hermitian
x-algebra connection V® on B induces a connection one-form on the principal
bundle P constructed in the previous paragraph.
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Conversely, given a PU (N)-gauge theory (P, w”) on some compact Riemannian
spin manifold, we can construct the locally trivial hermitian x-algebra bundle B :=
P xpyvy My(C), where PU(N) acts on My (C) in the usual way. Moreover, the
connection w” on P induces a hermitian *-algebra connection on 8. Following the
steps described in the previous paragraph, it is not difficult to see that the principal
bundle and connection obtained from the ensuing spectral triple,

(T(B), LA(B® S), —iy"(Vy @ 1+ 1@ V3); J,y),

coincide with (P, o?).

Proposition 12.7 Let (I°(B), L2 (B ® S), Dy J, y) be as before with M simply
connected and B a locally trivial x-algebra bundle with fiber My (C) and a faithful
smoothly-varying tracial state. Then:

(1) there exists a principal PU(N)-bundle P such that B is an associated bundle
of P, as well as a connection one-form w® on P corresponding to VE;

(2) the gauge group &(°(B), L*>(B ® S); J) of this spectral triple (as in Defini-
tion 7.4) is isomorphic to the space of smooth sections of the associated group
bundle Ad P := P x py) PU(N).

Every PU(N)-gauge theory (P, ") on M is determined by such a spectral triple.

Proof The only statement left to prove is (2). If B = P xpyw) My(C), then
UT>®(B)) =T(P xpyw) U(N)). As a consequence,

BI®(B), L*(B®S); J) =~ {uJuJ " :u e T®(P xpyw) U(N)}
~T(P xpywy PU(N)),

where we argue as in the proof of Proposition 10.2 (see also Note 4 on
Chap. 10). ]

12.2.2 Inner Fluctuations and Spectral Action

In this section, we calculate the spectral action for the real spectral triple of
Theorem 12.6 in the case that dim M = 4. We show that the spectral action applied
to the spectral triple (I'*°(*8), L*’(B®S), Dy; J, y) produces the Einstein—Yang—
Mills action for a connection one-form on the PU (N)-bundle P. If 9B is a trivial
algebra bundle, this reduces to Example 10.13. In fact, most of these local com-
putations can be adopted in this case as well, since locally the bundle ‘B is trivial.
Nevertheless, for completeness we include the computations in the case at hand.
First of all, in Remark 12.5 we noticed that locally, i.e. on some local trivialization
U, the connection V® is expressed as d + w®, where »® is an su(N)-valued one-
form that acts in the adjoint representation on ' (8). Therefore, ™ already induces
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a connection one-form on P. To get the full gauge potential we need to take the
fluctuations of the Dirac operator into account as well.

Recall from Sect. 7.2 that inner fluctuations of the Dirac operator are given by a
perturbation term of the form

®=) aj[D.bjl: (a;.b; €T (B)), (12.2.1)
J

with the additional condition that Zj a;[ D, b;]is a self-adjoint operator. Explicitly,
we have

o=y —iy"o @[V, bjl®1).
J

Locally, on some trivializing neighborhood U, the expression in (12.2.1) can be
written as
w=y"A,,

where A, are the components of the one-form ) jaj [V, b;] with values in I'*°(‘B).
Since w is self-adjoint, the one-form A, can be considered a real one-form taking
values in the hermitian elements of I"*°(8).
Similarly, the expression w + JwJ ! is locally written as
YA, —yrIAT Y
since in 4 dimensions y# anti-commutes with J. Writing out the second term gives:
PIAITHE®Y) =sA, @y Y (@Y eTX(B®S)),

so that on this local patch, w + JwJ —1 can be written as

ytadA,.

Consequently, w + JwJ ~! eliminates the iu(1)-part of w, so that w effectively sat-
isfies the unimodularity condition

Trw = 0.
Thus, i ad A, is a one-form on M with values in '°(ad P) where ad P = P X py(n)
su(N).

The expression for D + w + JwJ ! on a local chart U is then given by

D,=—iy"(VZ®1+1QV, +iadA, D),
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where the connection V® can be expressed on U as d + o for some unique su(N)-
valued one-form @™ on U. Thus, on U the fluctuated Dirac operator can be rewritten
as

D,=—iy"(1® V) + @+ oy +iadA,) ® 1).

We interpret (a)f +iadA,) as the full gauge potential on U, acting in the adjoint
representation on the spinors. The natural action of an element g in the group
&(®(B), L>(B ® S); J) ~ I'*(Ad P) by conjugation on D,, then induces the
familiar gauge transformation:

wr +iadA, > (g 'org+g7'(dg) + g (ad Ay)g,

where the first two terms on the right-hand side are the transformation of ©® under
a change of local trivialization, and the last term is the transformation of i ad A,,.
Therefore, since B is an associated bundle of P, it follows that a)f +iad A, induces
a su(N)-valued connection one-form on the principal PU (N)-bundle P that acts on
['°°(®8) in the adjoint representation.

Let us summarize what we have obtained so far.

Proposition 12.8 Ler (I'*°(®8), L2(BQ®S), Dy J, y) and let P be as before, so
that P x pyny MN(C) = B. Then, the inner fluctuations of D are parametrized
by sections of I'*°(T*M ® ad P) where ad P = P X pyy) su(N). Moreover, the
action of (T (B), L2(B ® S); J) on the inner fluctuations of Do by conjugation
coincides with the adjoint action of '*°(Ad P) on I'*°(ad P).

Let us now proceed to compute the spectral action for these inner fluctuations.
We apply the results of Sect. 10.3, using the following result.

Lemma 12.9 For the spectral triple (T®(B), L>(B ® S), Dwy; J, ), the square
of the fluctuated Dirac operator is a generalized Laplacian of the form AF — F,
with E =B ® S (notation as in Theorem 10.7), and we have the following local
expressions for the corresponding curvature QEV and the bundle endomorphism F:

1 Loy
F:—ZS®]IN2+§Z)/ Y Q Fu;

E s ;
Q=9 &y +ily® Fiu,
where F,,, is the curvature of the connection Vu% +iadA,.

As before, this result allows us to compute the bosonic spectral action for the
fluctuated Dirac operator D, essentially reducing the computation in terms of a
local trivialization to the trivial case (¢f: Example 10.13), with the following result.

Theorem 12.10 For the spectral triple (T°(B), L>(B ® S), D J, y), the spec-
tral action yields the Yang—Mills action for V® + i ad A, minimally coupled to

gravity:
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£
2472

Tr (f(Dy/A)) ~ Tr F,, F"' /gdx + NZ/ L (gu)/gdx,
M M

asymptotically as A — oo and up to terms x A™2. The Lagrangian Ly (g"") is
given by (10.4.8).

12.2.3 Topological Spectral Action

A natural invariant in this topologically non-trivial context is the topological spectral
action, given in Eq. (9.1.2). With Proposition 9.5 we find that, in general,

Siop[@] = f(0) index D,,.

Hence, in the setting of Theorem 12.10, using the Atiyah—Singer index theorem (cf.
Note 18 on Chap. 6), we find an extra contribution of the form

0

Swple] = 5 e

A(M) ch(B),
M

in terms of the A-form of M and the Chern character of the algebra bundle ‘B.

Notes

1. For an exposition of Yang—Mills theory in terms of principal bundle and connections, we refer
to [1, Sect.2,3] and [2].

2. This chapter extends the noncommutative description of Yang—Mills gauge theory of [3, 4] to the
topologically non-trivial case; it is based on [5]. For a more general treatment of topologically
non-trivial almost-commutative geometries we refer to [6-8].

Section 12.1 Spectral triple obtained from an algebra bundle

3. Our approach to locally trivial x-algebra bundles gains in substance with the Serre—Swan The-
orem, establishing a duality between vector bundles over a topological space X and finite
projective modules over C(X) [9, 10]. A smooth version was obtained in [11] (see also [12,
Proposition 4.2.1] or [13, Sect.2.3]). The fiberwise inner product gives rise to the hermitian
structure found in Proposition 7.14. A version of the Serre—-Swan Theorem for *-algebra bun-
dles has been obtained in [5].

Section 12.2 Yang—Mills theory as a noncommutative manifold

4. A special case of Proposition 12.7 occurs when ‘B is an endomorphism bundle. It follows from
a result by Dixmier and Douady in [14] (cf. [15]) that a bundle B with continuously varying
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trace is an endomorphism bundle if and only if the Dixmier—Douady class §(I"(*B)) € H 3y
of the C*-algebra of continuous sections I'(®8) of this bundle is equal to zero. Because the
Dixmier-Douady class of the bundle 5 vanishes one can lift the PU (N)-valued transition
functions g;; to U (N)-valued functions pu;; such that g;; = Ad j;;, and ;i jx = pix (see for
instance [15], Theorem 4.85). One may therefore construct a principal U (N )-bundle instead of
a PU(N)-bundle, to which ‘B is associated if and only if ®B is an endomorphism bundle.
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Chapter 13 ®)
The Noncommutative Geometry e

of the Standard Model

One of the major applications of noncommutative geometry to physics has been
the derivation of the Standard Model of particle physics from a suitable almost-
commutative manifold. In this Chapter we present this derivation, using the results
of Chap. 10.

13.1 The Finite Space

Our starting point is the classification of irreducible finite geometries of KO-
dimension 6 from Sect. 3.4, based on the matrix algebra My (C) & My (C) for N > 1.
We have already seen in Chap. 11 that N = 1 is the finite geometry corresponding
to electrodynamics. We now proceed and aim for the full Standard Model of particle
physics. Let us make the following two additional requirements on the irreducible
finite geometry (A, Hp, Dr; Jr, YF):

(1) The finite-dimensional Hilbert space H carries a symplectic structure 12 = —1;
(2) the grading «yr induces a non-trivial grading on A, by mapping

a— Yravyr,
and selects an even subalgebra A® C A consisting of elements that commute
with vp.

We have already seen in Sect. 3.4 that the first demand sets A = M (H) & M, (C),
represented on the Hilbert space C220” The second requirement sets k > 2; we will
take the simplest k = 2 so that Hp = C*2. Indeed, this allows for a ~r such that

A% =Hg @ H, @ M4(C),

where Hz and H;, are two copies (referred to as right and left) of the quaternions;
they are the diagonal of M,(H) C A. The Hilbert space can then be decomposed
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Fig. 13.1 The Krajewski diagram for the finite real spectral triple (A®Y =Hg @ H; &
M4(C), Hp, Df; Jr, vr). The dashed line corresponds to an ‘off-diagonal’ component of the
Dirac operator, thus failing on the first-order condition. The labels + and — represent the value of
the grading v on the corresponding summands of Hp

according to the defining representations of A",
Hr = (CLoCHRC®aCe (CX o CP). (13.1.1)

According to this direct sum decomposition, we write

DF=<;T§*> (13.1.2)

where

S:(C20C2HQC* - (C29C2)®Cr,
T:(C2aC2)®C* - C*® (CY & CP).

This gives rise to the Krajewski diagram of Fig. 13.1. We now make an additional
assumption,

(3) The off-diagonal components 7 and T* of the Dirac operator in (13.1.2) are
non-zero.

In Fig.13.1 such an off-diagonal component corresponds to the dashed line. As
this line runs neither vertically, horizontally, or between the same vertex, it follows
from Lemma 3.10 that the corresponding component of Dy breaks the first-order
condition.

Proposition 13.1 Up fo x-automorphisms of A%, there is a unique *-subalgebra
Afp C A% of maximal dimension that allows T # 0 in (13.1.2). It is given by

Af = {(q»q, (g 2)) :AeC,geH;,me M3(C)} C Hz & Hy & M4(C),
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Fig. 13.2 The Krajewski 1 1 2 3
diagram of the space Fy
describing the Standard 1°
Model
= O
20
30 O\b)

where \ +— q) is the embedding of C — H, with

_(r0
D=\ox)"
Consequently, Ap ~ C @& H & M;(C).

Proof We give adiagrammatic proof. From Fig. 13.1, we see that in order to fulfill the
first-order condition, we should bring the dashed line to run horizontally or vertically,
or to begin and start at the same node on the diagonal. We do so by considering the
Krajewski diagrams for subalgebras Ay C A®¥ which are induced by Fig. 13.1. If T
is of rank 1, the only possibility is to bring the dashed line to the diagonal. In other
words, the subalgebra we are looking for should have a component that is embedded
diagonally in Hy and M4(C). Such a component can only be C, and the resulting
subalgebra is embedded as

C D M3(C) — HR (&) M4(C)1

e (269

This breaks the Krajewski diagram to the diagram of Fig. 13.2, where the dashed line
now connects the two vertices labeled by (1, 1°). The other edges of Fig. 13.1 are
now torn apart to the resulting edges in Fig. 13.2.

If T has rank greater than 1, then a similar argument shows that one obtains a
subalgebra of smaller dimension than Af. (]

In order to connect to the physics of the Standard Model, let us introduce an
orthonormal basis for Hy that can be recognized as the fermionic particle content
of the Standard Model, and subsequently write the representation of A in terms
of this basis. Starting with the Krajewski diagram of Fig. 13.2, we let the first three
nodes in the top row be represented by basis vectors {vg, er, (v, er)} of the so-
called lepton space H;, while the three nodes in the bottom row represent the basis
vectors {ug, dg, (ur, dr)} of the quark space H,. Their reflections with respect to
the diagonal represent are the anti-lepton space H; and the anti-quark space Hy,
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spanned by {Tg, er, (VL, er)} and {up, dr, (ug, Z)}, respectively. The three colors
of the quarks are given by a tensor factor C? and when we take into account three
generations of fermions and anti-fermions by tripling the above finite-dimensional
Hilbert space we obtain

Hy = (H & H® H, & Hy)® .

Note that H; = C*, H, = C* ® C*, H; = C*, and H; = C* ® C°. An elementa =
(A, g, m) € Ap acts on the space of leptons H; as g\ & g, and acts on the space of
quarks H, as (g) © q) ® 3. That is,

A0 00

a:()\,q,m)i OA 00

a:()\,q,m)i ® Is.

For the action of @ on an anti-lepton / € H; we have al = A/, and on an anti-quark
q € Hy wehave ag = (I, ® m)q.

The Z,-grading «r is such that left-handed particles have eigenvalue +1 and
right-handed particles have eigenvalue —1. The anti-linear operator Jr interchanges
particles with their anti-particles, so Jrf = f and Jpf = f, with f a lepton or
quark.

Finally, we write the Dirac operator of (13.1.2) in terms of the decomposition of
Hp in particle (H® @ H®%) and anti-particles (HZ€B3 ® Hqﬁ393 ). The operator S will
be chosen to be

00Y:oO
00 O0VYF
Si=Slu= =1y, 000 |
0Y, 00
00Y 0
00 O0VY>
Sq®H3 = S|H593= Yu 00 61 ®]I3a
0Y,00

where Y, Y., ¥, and Y; are 3 x 3 Yukawa mass matrices acting on the three
generations, and I3 acting on the three colors of the quarks. The symmetric operator
T only acts on the right-handed (anti)neutrinos, so it is given by Tvg = YgUg, for
a certain 3 x 3 symmetric Majorana mass matrix Yz, and 7 f = 0 for all other
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fermions f # vg. Note that v here stands for a vector with 3 components for the
number of generations.
Let us summarize what we have obtained so far.

Proposition 13.2 The data
Fsy = (AF, Hr, Dp; Jr, YF)

as given above define a finite real even spectral triple of KO-dimension 6.

13.2 The Gauge Theory

13.2.1 The Gauge Group

We shall now describe the gauge theory corresponding to the almost-commutative
manifold M x Fj,. In order to determine the gauge group &(Fy,,) of Definition 7.4,
let us start by examining the subalgebra (Ar);, of the algebra Ay of Proposition
13.1, as defined in Sect.8.1. For an element a = (A, ¢, m) € C & H & M3(C), the
relation aJp = Jpa™ now yields A = A=a=a and (B =0, as well as m = M.
So,a € (Ap)y, if and only if @ = (x, x, x) for x € R. Hence we find

(Ap)j, =@ R.

Next, let us consider the Lie algebra h(F) = u((Af),,) of (10.1.1b). Since u(Ar)
consists of the anti-hermitian elements of A r, we obtain that the h(F) = u((A F) JF)
is given by the trivial subalgebra {0}.

Proposition 13.3 The local gauge group & (Fy,,) of the finite space Fj, is given by
G(Fy) =~ (U(1) x SUQR) x U®R))/{1, -1},

where {1, —1} is the diagonal normal subgroup in U (1) x SU(2) x U(3).

Proof The unitary elements of the algebra form the groupUf (Ar) >~ U (1) x U(H) x
U (3). Now, a quaternion ¢ = qol + iq,01 + iq20, + ig3o3 is unitary if and only
if |g1> = qo> + q1%> + ¢2* + 3> = 1. Using the embedding of H in M,(C), we
find |¢|> = det(q) = 1, and this yields the isomorphism /(H) ~ SU (2). Hence,
the unitary group U(Ar) is given by U (1) x SU(2) x U (3). By Proposition 10.2,
the gauge group is given by the quotient of the unitary group with the subgroup
HF=U ((A F) ]F), which is the diagonal normal subgroup

{(£(1, L, I} cU1) x SUR) x U@3).
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The gauge group that we obtain here is not the gauge group of the Standard
Model, because (even ignoring the quotient with the finite group {1, —1}) we have a
factor U (3) instead of SU (3). As mentioned in Proposition 10.3, the unimodularity
condition is only satisfied for complex algebras, but in our case, the algebra C &
H & M;3(C) is only a real algebra. Therefore, the unimodularity condition is not
automatically satisfied. Instead, we shall require that the unimodularity condition is
satisfied, so foru = (\, g, m) € U(1) x SU(2) x U(3) we impose

detly, W) =1 = (Adetm)?=1.

Foru € U(1) x SU(2) x U(3), we denote the corresponding element in & (F,) by
U = uJuJ~"'. We shall then consider the subgroup

SG(F,,) = {U =uJuJ ™ € B(Fy) |u=(\q,m), (Adetm)” = 1} .

The effect of the unimodularity condition is that the determinant of m € U (3) is
identified (modulo the multiplicative group /11, of 12’th roots of unity) with X. In other
words, imposing the unimodularity condition provides us, modulo some finite abelian
group, with the gauge group U (1) x SU(2) x SU(3). This agrees with the Standard
Model, as even the group U (1) x SU(2) x SU (3) is actually not the true gauge group
of the Standard Model. Indeed, it contains a finite abelian subgroup (isomorphic to)
e Which acts trivially on all bosonic and fermionic particles in the Standard Model.
The group 16 is embedded in U (1) x SU(2) x SU(3) by A — (X, A}, A\?). The true
gauge group of the Standard Model is therefore given by

Gy 1= U(1) x SUQ2) x SUB)/pe.

Proposition 13.4 The unimodular gauge group S®(Fy,,) is isomorphic to

SO (Foy) = Gy X H12-

Proof Proposition 13.3 shows that S&(Fy,) >~ SU(AF)/uz, so we determine
SU(AF). We do so in two steps:

SU(AF) ~ G x SU(2) x SUQ3)/ 3, 1))

where G = {(\, p) € U(1) x U(1) : (\p®)'* = 1}, containing p3 as the subgroup
{e} x p3, and

For (I), consider the map

A u,g,m) e Gx SUR)x SUB) — (N, g, um) € SU(AF).
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We claim that this map is surjective and has kernel p3. If (X, g, m) € SU(AF), then
there exists 1 € U (1) such that i = detm € U(1). Since (\p®)'? = (A detm)'? =
1, the element (), i, g, m) lies in the pre-image of (), g, m). The kernel of the above
map consists of pairs (A, i, g, m) € G x SUQ2) x SUQB) suchthat A\=1,g =1
and m = p~'T3. Since m € SU(3), this p satisfies > = 1. So we have established
D.

For (IT) we show that the following sequence is split-exact:
1-U1)—> G — up—1,

where the group homomorphisms are given by A € U(1) — (A}, A1) € G and
(\, 1) € G — \ii® € ju,. Exactness can be easily checked, and the splitting map
is given by A € pjp — (A, 1) € G. In this abelian case, the corresponding action of
w12 on U (1) is trivial so that the resulting semi-direct product is

G=U) xup=U1) x pp.

A similar argument shows that the gauge algebra of Definition 7.4 is
9(Fo) > u(l) @ su(2) @ u(3d),

and the restriction to traceless matrices gives the gauge algebra of the Standard
Model:
Sg(Fg) ~u(l) @ su2) & su(3).

13.2.2 The Gauge and Scalar Fields

As we have seen in more generality in (10.2.7), the gauge field corresponding to Fj,,
takes values in g(Fs,). We here confirm this result and derive the precise form of the
gauge field A, of (10.2.1), and also of the scalar field ¢ of (10.2.2).

Taketwoelementsa = (A, g, m)andb = (X, q¢’, m’) of the algebra. A = C*(C &
H & M;3(C)). According to the representation of Ar on Hp, the inner fluctuations
A, = —ia0d,b decompose as

Ay = =i N
on Vg,

A= —iXON
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on eg,

0, = —iq0uq’
on (v, er), and

Vl: = —imd,m’
acting on Hg; on all other components of H the gauge field A, acts as zero. Imposing
the hermiticity A, = Aj, implies A, € R, and also automatically yields AL =—A,
Furthermore, Q, = QZ implies that Q,, is a real-linear combination of the Pauli
matrices, which span i su(2). Finally, the condition that V/, be hermitian yields V,, €
iu(3), so V/j is a U(3) gauge field. As mentioned above, we need to impose the
unimodularity condition to obtain an SU (3) gauge field. Hence, we require that the

trace of the gauge field A, over Hy vanishes, and we obtain
Tr| g, (AuL) + Tr|y, (L ® Vé) =0 = Tr(V) =—A,

Therefore, we can define a traceless SU(3) gauge field V, by V/,, = —V/: — %A e
The gauge field A, is given by

A, 0 A, 0
Al =1 0 —Au : Auly, ={ 0 -7 ® 15,
Qu Qu
— 1
A/"|H7 = A/J,]I47 A/”|Hq = _]I4 & <V/1. + §A}L> s

for some U (1) gauge field A, an SU(2) gauge field Q, and an SU (3) gauge field
V,,. The action of the field B, = A, — JrA,J;' on the fermions is then given by

0 0
Buly, = [ 024, :
Q/J, - A/1H2
NI+ VY, 0
Bul,, = 0 —2A 054V, 1
(Q[L + §A;LH2) ® H3 + HZ & V;L
(13.2.1)

Note that the coefficients in front of A, in the above formulas are precisely the
well-known hypercharges of the corresponding particles, as given by the following
table:
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Particle |I/R eérp V[ er UgR dR ur dL

T—7 T 1
Hypercharge| 0 —2 —1 —1 § —3 3 3

Next, let us turn to the scalar field ¢, which is given by

1D 0 Xx*
on=(3% ) ou=(30)®n om=0. oly=0 €322

where we now have, for complex fields ¢, ¢»,

Y — (Yz/¢1 _Ye_EZ) X — <Y14¢1 —Yd_52>
Yoo Yepy )’ Yudo Yad,
The scalar field @ is then given by
_ ¢ 0 90\ _(S+o T
dD_DF+(OO + Jr 00 Jp = T Sid) (13.2.3)

Proposition 13.5 The action of the gauge group S&(M x Fy,,) on the fluctuated
Dirac operator

D,=DyQ@I++"Q@B,+vyu® P
is implemented by
Ay A, — iA@HX, 0, q0,9" —iqouq”, Vu — mvum* —imd,m”,
(451(; 1> - Xg (¢1¢-§ 1> ’
for X e C*(M,U(1)), q € C®°(M, SU(2)) and m € C*(M, SU(3)).

Proof We simply insert the formulas for the fields obtained in (13.2.1) into the
transformations given by (10.2.9). Let us write

u=(\gq,m)eC®M,UQ1) x SUQ2) x SUA3)).

The term uwu* replaces Q, by ¢ Q,q", and Vﬂ by mvﬂm*, respectively. We also
see that the term —iud,u* is given by —i A(‘?#X on vg, ug and Hi, by the expression
—iX(?/,)\ = i/\a/,,X on eg and dg, by —igd,q* on (v, er) and (1, dr), and, finally,
by —imd,m* on Hg. We thus obtain the desired transformation rules for A,, Q,,
and V..

For the transformation of ¢, we separately calculate u¢u™ and u[Dp, u*]. Since
¢ = 0 on H;j and Hg, we may restrict our calculation of u¢u* to H; and H,. On H,
we find
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a_(DOY[(O0OY*"\N( gy O\ _ [ O q\Y*q*
”¢“—<oq><yo><0q* “\grqr 0 :

which is still hermitian. We then calculate

. ( a B\ (Y. —Y.o 20
aYa, = (—Ba) (Yu¢2 Yﬁf) (0 A)
_ <_XY,,(a_q§1 +0¢2) AYe(09) — a_<7>2>)
\Y, (=B + Q) Y. (@, + By) )

A similar computation on H, gives the same transformation for the ¢ and ¢».
Next, let us calculate the second term u[ D, u*]. The operator T in D only acts
on v, and therefore commutes with the algebra. Upon restricting to H; and Hy,
the operator S commutes with the algebra. Hence, once again we may restrict our
calculation to H; and H,. The term u[S, u*] is uSu* — S and we compute

usu*: O *Q/\Y()q ,
qYO‘])\ 0

Y,

where Yy = ( ¢ 12) on Hyand Yy = ()(') )(,)d) on H,. We find that on Hj,

oYodt = ( a_ﬁ) (Yy 0 ) (Xo) _ ( M,a /\m})
A —-Ba 0Y,/\0X -\, B \Y.a)’
and a similar expression holds on H, after replacing Y, and Y, by Y, and Y, respec-
tively.
Combining the two contributions to the transformation, we find that the transfor-
mation ugu™* + u[S, u*] maps

Y — (Yu¢1 —Yeﬁz) Y = (Yud)/l —Ye_az) ’
Yy¢o Yeg Yoy Yed,
where we defined
¢ = Magi + g+ ) =1, ¢y = M=Foy +ag — ).
Rewriting this in terms of ¢ completes the proof. ]

Summarizing, the gauge fields derived from Fj,, take values in the Lie algebra
u(l) ® su(2) @ su(3) and transform according to the usual Standard Model gauge
transformations. The scalar field ¢ transforms as the Standard Model Higgs field in
the defining representation of SU (2), with hypercharge —1.
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13.3 The Spectral Action

In this section we calculate the spectral action for the almost-commutative manifold
M x Fg, and derive the bosonic part of the Lagrangian of the Standard Model. The
general form of this Lagrangian has already been calculated for almost-commutative
manifolds in Sect. 10.12, so we only need to insert the expressions (13.2.1) and
(13.2.3) for the fields ® and B,,. We start with a few lemmas that capture the rather
tedious calculations that are needed to obtain the traces of F,, F/", ®?, d* and
(D, ®)(D"D).
We denote the curvatures of the U (1), SU(2) and SU (3) gauge fields by

A/w = a/LAl/ - auA/u
Ouw = a;th/ - at/Qu +i[Qu Oul, (13.3.1)
Vw =0,V —0,V, +ilV,, V. 1.

Lemma 13.6 The trace of the square of the curvature of B,, is given by
10
Ton, (B F) = 24( 3-8 A +Te(Q,0, Q") + Tr(V,u V™).

Proof Let us first consider the trace over the lepton sector. Using (13.2.1), we find
that the curvature F,,, of B, can be written as

0 O
Fu| =|0-2A ,
' Quu - A;z,l/HZ
0 O
F/w 0 2A;1,1/ s
Hy

A;WHZ - (a)ul/

where (Q) w18 the curvature of au' The square of the curvature therefore becomes

0 0
FuF"| 0 4A A" ,
' Qu O" + A AT — 2A,, O
0 0
FuF"| =|048mAm _
! (D) (O + A A — 20, (0P

Since Q,, is traceless, the cross-term —2A ,,, Q" drops out after taking the trace.
Note that since Q, is hermitian we have O, = QZ, and this also holds for Q. This
implies that

Tr (Q;w)(Qlw)) =Tr ((Q,UJJ)T(QIW)T) =Tr (Q/WQ#V)
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Thus, with three generations we obtain

Trumem(FuwF") = 364, A" + 6Tr(Q,, 0").
For the quark sector, on H,, we obtain the curvature

AW+ Vi . 0
Fuuly, = 0 — 270+ Vi 1 ,
(Q;w + §Auy]l2) ® ]13 + HZ & Vul/

where we have defined the curvature of the SU (3) gauge field by
Vw =0V, —0,V, +ilV,, V. 1.

A similar expression can be derived on Hy.
If we calculate the trace of the square of the curvature F),,, the cross-terms again
vanish, so we obtain

Trly (F. F") = L VW
Hq 250 “\3 "3 3" 3)°™

+3Tr(Qu O") +4Tr(V,, V™).

We multiply this by a factor of 2 to include the trace over the anti-quarks, and by
a factor of 3 for the number of generations. Adding the result to the trace over the
lepton sector, we finally obtain

Tr(F,, F™) = 80A ,, A" + 24 Tr(Q,, Q") + 24 Tr(V,, V).

Lemma 13.7 The traces of > and ®* are given by

Tr( )—4a|H| + 2c,
Tr (®*) = 4b|H|* + 8e|H|* + 2d,

where H denotes the complex doublet (¢p1 + 1, ¢») and

=Tr (Y)Y, + Y)Y, +3Y)Y, +3Y;Y,),
=Tr ((V;Y,)? + (YD + 30V, Y)% + 3 Vo)),

(
(
(YzYr). (13.3.2)
(
(

ﬁ

=Tr ((Y3Yr)?),
=Tr (Y;YRrY,Y,).
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Proof The field @ is given by (13.2.3), and its square equals

o — S+P*+T*T (S+HT*+T*(S + ¢)
“\TS+ O+ SFAT  Sto +TTF )

The square of the off-diagonal part yields T*T = TT* = |Y|? on vk and g, and
zero on [ # vg, Vg. On the lepton sector of the Hilbert space, the component S + ¢

is given by
0 Y*+Y§
S+¢|H,=<Y+YO 0 0>.

We then calculate

. * _ 2 |Y1/|2 0
%‘_ (Y+Y()) (Y+Y0) - |H| ( 0 |Yg|2>’

where we defined the complex doublet H := (¢ + 1, ¢,). Similarly, we define X' :=
(Y + Yo)(Y + Yp)*, and note that Tr(X) = Tr(X') by the cyclic property of the trace.
Since X = X* and Tr(X) = Tr(X7), we also have Tr(X) = Tr(X). Thus, on the
lepton sector we obtain

Tryen, (97) = Tr(X + X + X+ X) + 2|¥x/’
= 4Tr(X) + 21YrI* = 431V, 1> + YD H* + 2|V

On the quark sector we similarly find
Tri,on (97F) =4-3(1Y, > + Y| H P,

leading to the stated formula for Tr(®?).
In order to find the trace of ®*, we calculate

e g (1YY 0 2 (1YRIP1Y,120 |Yg|*0
(X4 T*T) _|H|< >+2H|< o o)t o)

‘We hence obtain

Trpen () = Tr (4X% + 4XT*T + 2(T*T)?) + 4|H*|Y&*|Y,|?
=4[H[* (1Y, |* + |Ye|*) + 8|H*|YRI*1Y,* + 2|Yk|*.

On the quark sector, we obtain a similar result with Y, replaced by Y, and Y, by Yy,
leaving out the Yg, and including a factor of 3 for the trace in colour space. (]

Lemma 13.8 The trace of (D,®P)(D"®) is given by
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Tr (D, ®)(D"®)) = 4a| D, H|*,

where H denotes the complex doublet (¢ + 1, ¢»), and the covariant derivative D,,
on H is defined as

D,H =09,H+iQ%"H —iA,H.

Proof We need to calculate the commutator [B,, ®]. We note that B, commutes
with the off-diagonal part of Dp. It is therefore sufficient to calculate the commu-
tator [B,,, S + ¢] on H;. We shall write 0, = Q}LJI + Qi(f2 + Qi03 as a linear
combination of Pauli matrices with real coefficients QY. By direct calculation on the
lepton sector, we then obtain

0 0 _ZVYI - _Y I/YZ

0 0 _YeXZ YeXl
Yux1 YeXs 0 0 '
Y, vX2 — Y, eYI 0 0

[B;u S+ ¢]|H/ =

where we defined the new doublet x = (1, x2) by

X1 = (61 + 1D(Q) — Ap) + $2(0), —i Q).
X2 = (@14 D(Q), +i0}) + ¢ (— Q) — A,).

We then obtain

D/I,(S + ¢)|H/ = /l¢+ i[B/u S+ QS]

0 0 Yy (0ub1 —iX1) Y0 (0udy —iX0)

_ 0 9 _Ye(8u¢2+ix2) Ye(a;t¢l +1X1)
Y, (0.1 +ix1) _YE(a,LL_¢2 —iX2) 0 0
Yu(a/LQSZ +ix2) Ye(aﬂd)l —iXy) 0 0

As ¢ commutes with the gauge field V,,, the corresponding formula for D, (S + ¢)
on the quark sector is identical (after having tensored with I3 in colour space).

Since we want to calculate the trace of the square of D, ®, it is sufficient to
determine only the terms on the diagonal of (D, ®)(D#®). We find

Trion, ((Du(S + NS +6)) =2a(10,61 + ixal? +10,62 + ixal),
where we have used
a="Tr (Y)Y, + Y Y. +3Y)Y, +3Y;Y,)

as in (13.3.2). The column vector H is given by the complex doublet (¢; + 1, ¢»).
We then note that 0,,¢ + i is equal to the covariant derivative D, H, so that



13.3 The Spectral Action 243
Tenen, ((Du(S +EN(D"(S + ) = 2al D, H.

The trace over Hy @ Hy yields exactly the same contribution, so we need to multiply
this by 2, which gives the desired result. O

Proposition 13.9 The spectral action of the almost-commutative manifold M x F,
is given by

D, _
Tr <f(T)> ~ / 'C(g,ulli Allv Qll«v Vllv H)\/§d4x + O(A l)v
M
for the Lagrangian

E(g;LUa A/u Q;u V;m H) = 96£M(g;w) + ['A(A/u qu Vu) + ACH(g,uJ/’ A;u Q;u H),

where Ly(8,,) is defined in Proposition 10.10, L4 gives the kinetic terms of the
gauge fields as

0
Lathe 0 V) = LD (R0 A £ Tr(0,00%) + TV, V™)),

and the Higgs potential Ly (ignoring the boundary term) equals

bf (O —2af,A? 0
EH(g/wv A;u Q;u H) := g( ) af2 7_(_2+ ef( )|H|2
A% df(0 0 0 0
L f;fz)”é(f HE G+ D HE

Proof We use the general form of the spectral action of an almost-commutative man-
ifold as calculated in Proposition 10.12, and combine it with the previous Lemmas.
The gravitational Lagrangian £, obtains a factor 96 from the trace over Hy. From
Lemma 13.6 we immediately find the term £ 4. Combining the formulas of Tr ($?)
and Tr (<I>4) obtained in Lemma 13.7, we find the Higgs potential

_ LA
272

f()

Tr(d%)

bf(()) —2afrA*+ef (), , cfLih*  df(0)
22||+ 2 |H|_7r2+47T2'

T (<I>2)+

The coupling of the Higgs field to the scalar curvature s is given by

fQ ) _af©
4872 T1272

cf (0) s
24727

s|H|? +
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fri\?
372
L. Finally, the kinetic term of the Higgs field including minimal coupling to the

gauge fields is obtained from Lemma 13.8 as

JO) (0)
8m2

af 0

Tr ((D,®)(D"®)) = ——-|D,H|*.

13.3.1 Coupling Constants and Unification

In Proposition 13.9 we calculated the bosonic Lagrangian from the spectral action.
We now rescale the Higgs and gauge fields A, Q,, V,, in such a way that their
kinetic terms are properly normalized.

We start with the Higgs field, and require that its kinetic term is normalized as
usual, i.e.,

1
/ ElDuH|2\/§d4x.
M

This normalization is evidently achieved by rescaling the Higgs field as

7T2
> | ——H. (13.3.3)
af (0)

Next, write the non-abelian gauge fields as Q,, = QZU“ and V, = V;; A, for the Gell-
Mann matrices A’ and real coefficients V;. We introduce coupling constants g;, g»
and g3 into the model by rescaling the gauge fields as

1 a 1 a i 1 i
Allr = Ele/“ Qp, = EgZW/N V/z, = §g3G/1,'

Using the relations Tr(c%c?) = 26%” and Tr(\ \/) = 26"/, we now find that the
Lagrangian £, of Proposition 13.9 can be written as

f(0)

EA(Y[M W;u Gp,) = W

5
(ggIZYWYW + gZZW;wW/W + 832GWGW)-
It is natural to require that these kinetic terms are properly normalized, and this
imposes the relations

0 0 5£(0 1
J;frz) 83" = ];rz) 8" = é::z)glz Ty (1334
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The coupling constants are then related by

5
g’ =g’ =38, (13.3.5)
which is precisely the relation between the coupling constants at unification, common
to grand unified theories (GUT). We shall further discuss this in Sect. 14.2.
In terms of the rescaled fields, we obtain the following result:

Theorem 13.10 The spectral action (ignoring topological and boundary terms) of
the almost-commutative manifold M x Fj,, is given by

(C;U/po)z

s _/ (48f41\4 _ cfrA? " df(0) " <Cf(0) _ 4f2A2> _37(0)
B M 2 2 472 2472 2 )07 Jor
br? K

1 1 1 .
—Y, Y 4 W W 4 ZGE Gl ||
+ — Y, M+ + 26w +2a2f(0)|

4 4
2afr A —ef(0) o 1 2, 1 2 4
- ———|H|"+ —s|H|"+ z|D,H dx,
a7 0) |H| 12s| | 2| WHI™ | /8d x
where the covariant derivative D, H is given by

1 1
DyH = O,H + SigaWio"H = SigiY, H. (13.3.6)

13.3.2 The Higgs Mechanism

Writing down a gauge theory with massive gauge bosons, one encounters the noto-
rious difficulty that the mass terms of these gauge bosons are not gauge invariant.
The Higgs field plays a central role in obtaining these mass terms within a gauge
theory. The celebrated Higgs mechanism provides a spontaneous breaking of the
gauge symmetry and thus generates mass terms. In this section we describe how the
Higgs mechanism breaks the U (1) x SU(2) symmetry and introduces mass terms
for some of the gauge bosons of the Standard Model.

In Theorem 13.10 we obtained the Higgs Lagrangian L. If we drop all the terms
that are independent of the Higgs field H, and also ignore the coupling of the Higgs
to the gravitational field, we obtain the Lagrangian

2 2 _
€L|H|4 _ M|H|2+ llD,,,H|2.
2a% £ (0) af (0) 2

(13.3.7)

E(g/l.l/a Y/u Wﬁ, H) =

We wish to find the value of H for which this Lagrangian obtains its minimum value.
Hence, we consider the Higgs potential
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Fig. 13.3 The potential £, (H) of (13.3.8) with 2af2A2 > ef (0)

b - 2afs A2 — ef (0)

Eolt) = 2270) af ©)

|H % (13.3.8)

If 2af, A% < ef (0), the minimum of this potential is obtained at H = 0, and in this
case there will be no symmetry breaking. Indeed, the minimum H = 0 is symmetric
under the full symmetry group U (1) x SU(2).

We now assume that 2af, A% > ef (0), so that the potential has the form depicted
in Fig. 13.3. The minimum of the Higgs potential is then reached if the field H
satisfies

2a% frA? — aef (0)

H? =
|H | =

(13.3.9)
and none such minimum is invariant any more under U (1) x SU(2). The fields that
satisfy this relation are called the vacuum states of the Higgs field. We choose a
vacuum state (v, 0), where the vacuum expectation value v is a real parameter such
that v? is given by the right-hand side of (13.3.9). From the transformation rule
of Proposition 13.5, we see that the vacuum state (v, 0) is still invariant under a
subgroup of U (1) x SU(2). This subgroup is isomorphic to U (1) and is given by

{()\,q,\= (3%)) tAe U(l)} cUu@) xSUQ).
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Let us simplify the expression for the Higgs potential. First, we note that the
potential only depends on the absolute value |H|. A transformation of the doublet
H by an element (A, g) € U(1) x SU(2) is written as H +— uH with u = Xq a
unitary matrix. Since a unitary transformation preserves absolute values, we see that
Lpoi(uH) = Lo (H) forany u € U(1) x SU(2). We can use this gauge freedom to
transform the Higgs field into a simpler form. Consider elements of SU(2) of the

form _

a—p3

8 «a
such that |a|?> + |3|> = 1. The doublet H can in general be written as (hy, h,), for
some hp, hy € C. We then see that we may write

h a—p3)\ (1H| hi hy
= _ s o = —— = —,
<h2> (ﬂ @ )( 0 |H| ’ |H|
which means that we may always use the gauge freedom to write the doublet H

in terms of one real parameter. Let us define a new real-valued field / by setting
h(x) := |H(x)| — v. We then obtain

H = u(x) (v +é’(x)> L u(x) = (gg; ;ﬁi’?) . (13.3.10)

Inserting this transformed Higgs field into the Higgs potential, we obtain the follow-
ing expression in terms of the real parameter v and the real field & (x):

bf (0)
272
_ br?
242 £(0)
2afA? — ef (0)
af (0)

Lot (h) = (v+h)*— (v + h)?

2af, A* — ef (0)
7.(.2

(h* + 4vh> + 6v2h% + 40°h +vY)

(h* + 2vh + v?).

Using (13.3.9), the value of v? is given by

e 2a% A% — aef(O).
br?

We then see that in £ the terms linear in  cancel out. This is of course no surprise,
since the change of variables |H (x)| — v + h(x) means that at h(x) = 0 we are at
the minimum of the potential, where the first order derivative of the potential with
respect to & must vanish. We thus obtain the simplified expression
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Loo(h) = (h4 + duh? + 4022 — v4). (13.3.11)

2a% f(0)
We now observe that the field 4(x) has acquired a mass term and has two self-

interactions given by 43 and h*. We also have another contribution to the cosmological

constant, given by —v*.

13.3.2.1 Massive Gauge Bosons

Next, let us consider what this procedure entails for the remainder of the Higgs
Lagrangian L. We first consider the kinetic term of H, including its minimal cou-
pling to the gauge fields, given by

1
‘Cmin(yuy WS’ H) := ElDﬂH|2'

The transformation of (13.3.10) is a gauge transformation, and to make sure that £,
is invariant under this transformation, we also need to transform the gauge fields. The
field Y, is unaffected by the local SU (2)-transformation u(x). The transformation
of W, = Wjo“ is obtained from Proposition 13.5 and is given by

20
W, = uW,u* — —ud,u*.
&2

One then easily checks that we obtain the transformation D, H +— uD, H, so that
|D,H |? is invariant under such transformations. So we can just insert the doublet
(v + h, 0) into (13.3.6) and obtain

v+h I, e afv+h I, v+h
D,H = 8ﬂ( 0 )+ SieaWjio ( 0 ) - izleﬂ,( 0 )
h 1, 1 0 1, 2 0
= 8M (O) + EngWu <U+h) + glgzwu <z(v+h)>
1, s(v+h 1, v+h
+ EngWu ( 0 ) - Elleu< 0 .
We can then calculate its square as
|D,H|* = (D"H)"(D,H)
1
= (@"W)@uh) + 782"+ MWW+ WHEWE+ WWD

1 ! 1 ’
+ 387 W+ BV, = Sgiga(v + )P BIW
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Note that the last term yields a mixing of the gauge fields Y,, and WS, parametrized
by the electroweak mixing angle 6,, defined by

&2 81

\/812+822’ \/glz+gzz-

Note that the relation g,?> = 3g,? for the coupling constants implies that we obtain
the values cos? 6, = % and sin® 6, = % at the electroweak unification scale A . Let
us now define new gauge fields by

Cy :=cosf, = Sy = sinf, =

no— \/E m l w’e woT \/5 " l w’o
Z, = cwWi — Sw¥y, A,/u = stS +cw¥y, (13.3.12)

where we have added a prime to A, to distinguish the (photon) field from the general
form of the inner fluctuations in Eq. (10.2.1). We now show that the new fields Z,, and
A}, become mass eigenstates. The fields W/} and Wﬁ were already mass eigenstates,
but the fields W), and W} are chosen so that they obtain a definite charge. We can
write

1 —i
1 _ * 2 %
W, = —ﬁ(W# + W), W, = E(Wﬂ - W),
Wj =suA), +cuZy, Y, = cwA, = suZy,

and inserting this into the expression for |D,H |? yields

1 » b, 1, 2 ypspk 1 g)? 2 7u
§|D#H| = E((“)‘ h)(Ouh) + Zgz (v+h)”WHW, + gc?(v +h)Z'Z,.
(13.3.13)

Thus, we see that the fields W, Wl’j and Z,, acquire a mass term (where Z, has a
larger mass than W, W:) and that the fields A;L are massless. The (tree-level) masses
of the W-boson and Z-boson are evidently given by

1 1 &
MW = ~Vg2, MZ = —-v—. (13314)
2 2 ¢y

13.4 The Fermionic Action

In order to obtain the full Lagrangian for the Standard Model, we also need to
calculate the fermionic action Sy of Definition 9.3. First, let us have a closer look at
the fermionic particle fields and their interactions.
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. . — — —_ —=Ac
By an abuse of notation, let us write T et e’\, u’e, uA”, d*,d” for a set of
independent Dirac spinors. We then write a generic Grassmann vector £ € H; as

follows:
=@+ 1@+ TR +7, B 1)
+e) ®e) +epr@eq +ep ®§+E£ ®g
Ac A | =AC o AC | A o o AC

+up @ up + uy ® uy +uR Quy +uL ® up

+dX @) +df @dY +dy ®d) +d, ®dY,
where in each tensor product it should be clear that the first component is a Weyl
spinor, and the second component is a basis element of Hyr. Here A = 1, 2, 3 labels
the generation of the fermions, and ¢ = r, g, b labels the color index of the quarks.

Let us have a closer look at the gauge fields of the electroweak sector. For the
physical gauge fields of (13.3.12) we can write

0l +i02= Lew 0! —ig2= Lgwr

n p= ﬁgz ’ p p= ﬁgZ ’

3 _ 82 _ 1 1Sw F)
Qﬂ - A/l, - 2Cw Z/J,’ A/L - zsngAﬂ 2 Co Z/J,a

—0} — A, = —sumAlL + 2“”72(1 202,

3 1 2 ’ 82 2
0,+ 300 = gswng,l . (1 —4c,)Z,, (134.1)
1 1 82
3 _ / 2
_Q’U, + §A/t = _gsngAu - _6Cw (1 +2¢y, )Z“.

Here we have rescaled the Higgs field in (13.3.3), so we can write H =
—V“j;(o) (¢1 + 1, ¢). We parametrize the Higgs field as

H=@W+h+i¢’ ivV2¢),

where ¢ is real and ¢~ is complex. We write ¢ for the complex conjugate of ¢~.
Thus, we can write

(0141, ) = m(v+h+l¢° iv2¢7). (13.4.2)

As in Remark 11.8, we will need to impose a further restriction on the mass
matrices in D, in order to obtain physical mass terms in the fermionic action. From
here on, we will require that the matrices Y, are anti-hermitian, for x = v, e, u, d.
We then define the hermitian mass matrices m, by writing
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Vaf(0)

v

Yo = —i . (13.4.3)

Similarly, we also take Y to be anti-hermitian, and we introduce a hermitian (and
symmetric) Majorana mass matrix m g by writing
YR = —i meg. (]344)

Theorem 13.11 The fermionic action of the almost-commutative manifold M x Fj,
is given by

SF Z/ (Ackin +£gf +£Hf +£R)J§d4x,
M

where, suppressing all generation and color indices, the kinetic terms of the fermions
are given by
Liin := —i{(Iu¥, ¥'Viv) —i(Jye, 1" Ve)
— i (Jytt, Y Vou) — i(Jyd, "V d),

the minimal coupling of the gauge fields to the fermions is given by

Lop = 508240, = (U, 7€) + 2In A"w) = HIud, 7))

2 2 (72" + 00 + U7 s = 1= 70e)

4cy,
+ (It Y (= Es0® + 1+ )
+ (nd, A Gsu® = 1 = 0d))
82 _ —
—I——W(Je, (1 + vy + (Jyd, ¥ (1 + u)
Wi wl (Iuwe, Y (L +y)v) + (Iyd, A (1 + yu)u)

+ 25 W (U797 14 0e) + T 7 (14 30d)

)

T2

G, (1t A Naw) + U, N,

the Yukawa couplings of the Higgs field to the fermions are given by

. h _ _
Lup =i (1 + ;) ((JMV, myv) + (Jye, me)

+ (gt myn) + (Jyyd, mad) )
0
+ 7(<JM7: Yumyv) — (Jue, yumee)

+ (gl Ygma) — (I, wmdd)>
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+ _jzv (T, me +3a00) = (. mu (1 = a0
¢+
= (P (1 + €)= (I, me(l = 7e))
2v
2 (U ma 1 4 ) = (U m, (1= )
V2v
ot
(Vs a1+ a0d) = Ut ma(1 = 0d) ).

and, finally, the Majorana masses of the right-handed neutrinos (and left-handed
anti-neutrinos) are given by

L :=i{JyVvr, mgVg) + i{(JuVr, mgVL).

Proof The proof is similar to Proposition 11.7, though the calculations are now a
little more complicated. From Definition 9.3 we know that the fermionic action is
given by S¢ = %(J &, D,&), where the fluctuated Dirac operator is given by

D,=Dy®1++"®@B,+v7u ® ®.

We rewrite the inner product on H as (£, ) = [, wiés w)ﬁd4x. As in Proposition
11.7, the expressions for J E =Uu® Jp)g and (Dy ®~1)§ are obtained straight-
forwardly. Using the symmetry of the form (Jy X, Dyt)), and then we obtain the
kinetic terms as

1~ ~ _
W& Dy @ 1)) = (Ju?*, Dyv?) + (Jye, Dye?)
+ (I, Dyytt) + (Jygd <, Dyyd™).

The other two terms in the fluctuated Dirac operator yield more complicated expres-
sions. For the calculation of (v* ® B,,)§, we use (13.2.1) for the gauge field B,,, and
insert the expressions of (13.4.1). As in Proposition 11.7, we then use the antisym-
metry of the form (Jy,X, v“1)). For the coupling of the fermions to the gauge fields,
a direct calculation then yields

1 ~ ~
E(ng ('Y# ® Bu)§> =
’ - —\¢ c —=Ac ¢
52, (= (I ") + JUT, ) = LUud ™))
8 — — "
+ 1 Z (721 ™) + (@, 2 s = 1= ed)

+ (I (=S50 + 1+ ™)
—)\c c
+ (Und A s = 1= qad™))
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— —=Ac ¢
B W (1 A+ )+ (ad ) )

2V2
82

2V2

+ ZGXE (I ) + (Ind 410 ) ),

+ Wi (A1 ae) + G 7 0+ and ) )

where in the weak interactions the projection operator %(1 + ) is used to select
only the left-handed spinors. ~ ~

Next, we need to calculate %(JE, (ym ® P)&). The Higgs field is given by © =
Dy + ¢ 4+ Jp¢pJ7, where ¢ is given by (13.2.2). Let us first focus on the four terms
involving only the Yukawa couplings for the neutrinos. Using the symmetry of the
form (Jp X, Ym)), we obtain

1 —K KA A 1 K AK —A
§<JMVR7 Y, (91 + Drg) + E(JMVRa MY, (o1 + Dvg)
1 —K TR T A 1 K THA T =)\
+§<JMVL’ WY, (¢ + Drp) + E(JMVL’ WY, (¢, + Dry)
—K K. —K GAR T
= (IuT, Y, (1 + D) + (I, Y, (61 + Drg).
Using (13.4.2) and (13.4.3), and dropping the generation labels, we can now rewrite
(InTr: W Yo (@1 + Dvr) + (JuTr. Yo (@) + Dr)
. h _ o
=i|l+ =) {(Juv,myv) — —{(IyV, yyum,v).
v v

For e, u, d we obtain similar terms, the only difference being that for e and d the

sign for ¢° is changed. We also find terms that mix neutrino’s and electrons; by the
symmetry of the form (Jy/X, Yar), these are given by the four terms

V2

T<¢_(JMEL, mevy) + ¢t (IuvL, myer)

—¢~ (Juer, myvg) — ¢ (JuTkr, me€R>>-

There are four similar terms with v and e replaced by u and d, respectively. We
can use the projection operators %(l =+ ) to select left- or right-handed spinors.
Lastly, the off-diagonal part T in the finite Dirac operator Dy yields the Majorana
mass terms for the right-handed neutrinos (and left-handed anti-neutrinos). Using
(13.4.4), these Majorana mass terms are given by

(JmVR, YMYRVR) + (IMVL, Yu Y RVL) = i (Jyvg, mrUR) + i (JyVr, mg¥yL).
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Thus, we find that the mass terms of the fermions and their couplings to the Higgs
field are given by

1 ~ ~
EUS, (vm @ ®)E) =

h _
i (1 + —) (a7, o)+ (I mee) + (It mo) + (Jnd, mad)
v
¢° =
+ T(UMD’ Yumyv) — (Jye, yymee) + (Jyu, yyymyu) — (Jyd, ’medd))

(T, me(L+ 7)) = (I, m, (1= 3)0))

7l

fv( Tu, (4 e = (7, me(1 = e}

fv( (Iaad, ma(1+3pau) = Taad (1= a0)00))

7l

+i(Juvr, mryvr) +i{(JuVL, mgvL),

I, m 1+ an)d) = (T ma (1= a0)d))

where we have suppressed all indices. (]

In Theorems 13.10 and 13.11 we have calculated the action functional of
Definitions 9.1 and 9.3 for the almost-commutative manifold M x F;, defined in
this Chapter. To summarize, we have geometrically derived:

(1) The full particle contents of the Standard Model, to wit,

e the W, Z bosons, photons, and gluons, corresponding to the U (1) x SU(2) x
SU (3) Standard Model gauge group.

e the Higgs boson.

e three generations of left and right-handed leptons and quarks.

(2) The dynamics and all interactions of the Standard Model, including

e self-interactions of the gauge bosons, and coupling to fermions

e masses for the fermions, including masses for the neutrinos, and coupling to
the Higgs field

e Higgs spontaneous symmetry breaking mechanism, giving masses to the W
and Z boson, and also to the Higgs boson itself.

(3) Minimal coupling to gravity.

In addition to the usual Standard Model, there are relations between the coupling
constants in the Lagrangian of Theorem 13.10. In the next Chapter, we will analyze
this in more detail and derive physical predictions from these relations.
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Notes

1.

For an exposition of the Standard Model of particle physics, we refer to [1, 2].

Section 13.1. The Finite Space

2.

The first description of the finite space Fj,, yielding the Standard Model (without right-handed
neutrinos though) was given by Connes in [3], based on [4, 5] (see also the review [6]). As
already mentioned in the Notes to Chap. 9, the spectral action principle was formulated in [7,
8] where it was also applied to the Standard Model. Extensive computations on this model can
be found in [9].

In [10] the noncommutative geometric formulation of the Standard Model got in good shape,
mainly because of the choice for the finite space to be of KO-dimension 6 [11, 12]. This solved
the problem of fermion doubling pointed out in [13] (see also the discussion in [14, Chap. 1,
Sect. 16.3]), and at the same time allowed for the introduction of Majorana masses for right-
handed neutrinos, along with the seesaw mechanism. Here, we follow [15].

The derivation of the Standard Model algebra A from the list of finite irreducible geometries
of Sect. 3.4 was first obtained in [16], This includes Proposition 13.1 of which we here give an
alternative, diagrammatic proof.

The moduli space of Dirac operators Dr of the form (13.1.2) was analyzed in [10, Sect.2.7]
(cf. [14, Sect.1.13.5]) and in [17].

Section 13.2. The Gauge Theory

3.

The condition of unimodularity was imposed in the context of the Standard Model in [10,
Sect.2.5] (see also [14, Chap. 1, Sect. 13.3]). The derivation of the hypercharges from the uni-
modularity condition is closely related to the equivalence between unimodularity in the almost-
commutative Standard Model and anomaly cancellation for the usual Standard Model [18].
Proposition 13.4 agrees with [10, Proposition 2.16] (see also [14, Proposition 1.185]). For the
derivation of the Standard Model gauge group &jg,,, we refer to [19].

Section 13.3. The Spectral Action

5. The coefficients a, b, ¢, d and e in Lemma 13.7 agree with those appearing in [10] (see also
[14, Chap. 1, Sect. 15.2]).
6. The Higgs mechanism is attributed to Englert, Brout and Higgs [20, 21].
7. The form of the Higgs field in (13.3.10) that is obtained after a suitable change of basis is called
unitary gauge and was introduced by Weinberg in [22, 23] (see also [24, Chap. 21]).
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Chapter 14 ®)
Phenomenology of the Noncommutative e

Standard Model

In Theorems 13.10 and 13.11, we have derived the full Lagrangian for the Standard
Model from the almost-commutative manifold M x Fi,,. The coefficients in this
Lagrangian are given in terms of:

the value f(0) and the moments f> and f; of the function f in the spectral action;
the cut-off scale A in the spectral action;

the vacuum expectation value v of the Higgs field;

the coefficients a, b, ¢, d, e of (13.3.2) that are determined by the mass matrices
in the finite Dirac operator Dp.

One can find several relations among these coefficients in the Lagrangian, which
we shall derive in the following section. Inspired by the relation g3? = g% = 2g,2
obtained from (13.3.4), we will assume that these relations hold at the unification
scale. Subsequently, we use the renormalization group equations to obtain predictions
for the Standard Model at ‘lower’ (i.e. particle accelerator) energies.

14.1 Mass Relations

14.1.1 Fermion Masses

Recall from (13.4.3) that we defined the mass matrices m, of the fermions by rewrit-
ing the matrices Y, in the finite Dirac operator D . Inserting the formula (13.4.3) for
Y, into the expression for a given by (13.3.2), we obtain

af (0)
a =

w22

Tr (m?jm,, +mim, +3mim, + 3m:§md),
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which yields

wv?

FO

Tr (mim, +mim, + 3mim, + 3mjmg) =
From (13.3.14) we know that the mass of the W-boson is given by My = %ng.

Using the normalization (13.3.4), expressing g, in terms of f(0), we can then write

v?

f0) = W (14.1.1)

Inserting this into the expression above, we obtain a relation between the fermion
mass matrices m, and the W-boson mass My, viz.

Tr (mtmv +mim, +3m;m, + 3mjmd) =2g,%v? = 8My>%. (14.1.2)

If we assume that the mass of the top quark is much larger than all other fermion
masses, we may neglect the other fermion masses. In that case, the above relation

would yield the constraint
8
My S EMW' (14.1.3)

14.1.2 The Higgs Mass

We obtain a mass m;, for the Higgs boson 4 by writing the term proportional to />
in (13.3.11) in the form

br? 1
L4v2 W2 = —m,* h>.
2a? f(0) 2

Thus, the Higgs mass is given by

my, = 2nv/bv (14.1.4)

ay/f0)

Inserting (14.1.1) into this expression for the Higgs mass, we see that My and m,
are related by

b
my* = 32;Mw2.
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Next, we introduce the quartic Higgs coupling constant A by writing

b—]-[zh4 = i)\’ 4
242 £(0) 24

From (13.3.4) we then find
b,
a

so that the (tree-level) Higgs mass can be expressed in terms of the mass My of the
W-boson, the coupling constant g, and the quartic Higgs coupling A as

2 _ My’
3g22 '

my, (14.1.6)

14.1.3 The Seesaw Mechanism

Let us consider the mass terms for the neutrinos. The matrix Dy described in
Sect. 13.1 provides the Dirac masses as well as the Majorana masses of the fermions.
After arescaling as in (13.4.3), the mass matrix restricted to the subspace of Hp with
basis {vr, vg, VL, Vg} is given by

0 mimy O
m, 0 0 O
0 0m O

<

Suppose we consider only one generation, so that m, and mg are just scalars. The
eigenvalues of the above mass matrix are then given by

+ ! + 1 2 2
Em R 3 mg? +4m,>.
If we assume that m, < mp, then these eigenvalues are approximated by £m and
:I:% This means that there is a heavy neutrino, for which the Dirac mass m, may
be neglected, so that its mass is given by the Majorana mass mg. However, there
is also a light neutrino, for which the Dirac and Majorana terms conspire to yield a

n,

mass m—:, which is in fact much smaller than the Dirac mass m,. This is called the
seesaw mechanism. Thus, even though the observed masses for these neutrinos may
be very small, they might still have large Dirac masses (or Yukawa couplings).
From (14.1.2) we obtained a relation between the masses of the top quark and the
W-boson by neglecting all other fermion masses. However, because of the seesaw
mechanism it might be that one of the neutrinos has a Dirac mass of the same order
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of magnitude as the top quark. In that case, it would not be justified to neglect all
other fermion masses, but instead we need to correct for such massive neutrinos.

Let us introduce a new parameter p (typically taken to be of order 1) for the ratio
between the Dirac mass m, for the tau-neutrino and the mass m,, of the top quark
at unification scale, so we write m, = pm,,,. Instead of (14.1.3), we then obtain the
restriction

8
3+ p?

My. (14.1.7)

My S

14.2 Renormalization Group Flow

In this section we evaluate the renormalization group equations (RGEs) for the Stan-
dard Model from ordinary energies up to the unification scale. For the validity of these
RGEs we need to assume the existence of a ‘big desert’ up to the grand unification
scale. This means that one assumes that:

e there exist no new particles (besides the known Standard Model particles) with a
mass below the unification scale;
e perturbative quantum field theory remains valid throughout the big desert.

Furthermore, we also ignore any gravitational contributions to the renormalization
group flow.

14.2.1 Coupling Constants

In (13.3.1) we introduced the coupling constants for the gauge fields, and we obtained
the relation g3> = g,> = % g12. This is precisely the relation between the coupling
constants at (grand) unification, common to grand unified theories (GUT). Thus, it
would be natural to assume that our model is defined at the scale A,,. However, it
turns out that there is no scale at which the relation g3> = g»> = 3¢, holds exactly,
as we show below.

The renormalization group B-functions of the (minimal) standard model read

dg; 1 3 41 19
- = bl i b7b7b = __7_77 )
o Tem2i8i (b1, ba, b3) < G )

where ¢ = log . At first order, these equations are uncoupled from all other param-
eters of the Standard Model, and the solutions for the running coupling constants
gi () at the energy scale p are easily seen to satisfy
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G007 = 6 (M) P+ s log (142.1)
where M is the experimental mass of the Z-boson:

Mz =91.1876 £ 0.0021 GeV.
For later convenience, we also recall that the experimental mass of the W-boson is

My = 80.399 £ 0.023 GeV. (14.2.2)

The experimental values of the coupling constants at the energy scale M, are known
too, and are given by

g1(Mz) = 0.3575 £ 0.0001, (14.2.3)
g2(Mz) = 0.6519 £ 0.0002, (14.2.4)
g3(Mz) = 1.220 + 0.004. (14.2.5)

Using these experimental values, we obtain the running of the coupling constants in
Fig. 14.1. As can be seen in this figure, the running coupling constants do not meet at
any single point, and hence they do not determine a unique unification scale A ;. In
other words, the relation g3> = g»> = 3¢, cannot hold exactly at any energy scale,
unless we drop the big desert hypothesis. Nevertheless, in the remainder of this
section we assume that this relation holds at least approximately and we will come
back to this point in the next section. We consider the range for A;,, determined

08; \ o 33 & i

e
Q9

gauge couplings

<o
=)
. ———

0.5

log,, (1/GeV)

Fig. 14.1 The running of the gauge coupling constants
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by the triangle of the running coupling constants in Fig. 14.1. The scale A, at the

intersection of \/g g1 and g, determines the lowest value for A7, given by

812 (2g1(M2)™ — g2(M2)™?)
by — 3b

A1 = Mz exp < ) =1.03 x 10"3 GeV. (14.2.6)

The highest value Aj3 is given by the solution of g, = g3, which yields

872 (g3(Mz) ™% — g2(Mz)™?)
by — b3

Asz = Mz exp ( ) =9.92 x 10'° GeV. (14.2.7)

We assume that the Lagrangian we have derived from the almost-commutative man-
ifold M x Fj,, is valid at some scale A.;,;, which we take to be between A, and
Anjz. All relations obtained in Fig. 14.1 are assumed to hold approximately at this
scale, and all predictions that will follow from these relations are therefore also only
approximate.

14.2.2 Renormalization Group Equations

The running of the neutrino masses has been studied in a general setting for non-
degenerate seesaw scales. In what follows we consider the case where only the
tau-neutrino has a large Dirac mass m,, which cannot be neglected with respect to
the mass of the top-quark. In the remainder of this section we calculate the running of
the Yukawa couplings for the top-quark and the tau-neutrino, as well as the running
of the quartic Higgs coupling. Let us write y,,, and y, for the Yukawa couplings of
the top quark and the tau-neutrino, defined by

1 1
My, = Ex/iympv, m, = Eﬁyuv, (14.2.8)

where v is the vacuum expectation value of the Higgs field.

Let mpr be the Majorana mass for the right-handed tau-neutrino. By the
Appelquist—-Carazzone decoupling theorem (cf. Note 5 on Sect. 14.2.4) we can dis-
tinguish two energy domains: i > mg and u < mg. We again neglect all fermion
masses except for the top quark and the tau neutrino. For high energies u > mg, the
renormalization group equations are given by
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dy, 1 (9, 17 2 9.,
- = 8 topr
di 1672 <2y‘@+y” 12817 452 7 %8 | e

dy, 5 3, 9,
== 3 - = Vs
di Tor2 < ymp+ 2yv 481 482 y
dr = 427 — (Bg12 + 981 + 2(g14 +2g1%8:2 + 384 (1429
dt 1672 4

+43y2 +nHr— 123y; + yu“)).

Below the threshold i = mg, the Yukawa coupling of the tau-neutrino drops out of
the RG equations and is replaced by an effective coupling

2

mpg

which provides an effective mass m; = iK v? for the light tau-neutrino. The renor-
malization group equations of y,, and A for u < mpg are then given by

D _ 1L (00 1T 95 o
—_— = -85 —8 ops
di 1672 <2y“‘P 12817 452798 Y

dA 1 9
— = 47— Bgi* +90Hr + — (g1 +2g1%g2 + 322" (14.2.10)
dt 1672 4

+ 12920 — 36yfip>.

Finally, the equation for y, is replaced by an equation for the effective coupling «
given by

de 1 (62 _3g2 4 (14.2.11)
0 = T (e 382 T g -

14.2.3 Running Masses

The numerical solutions to the coupled differential equations of (14.2.9) (14.2.10)
and (14.2.11) for y,,, y» and A depend on the choice of three input parameters:

e the scale A.,, at which our model is defined;

e the ratio p between the masses m, and m,,;

e the Majorana mass mp that produces the threshold in the renormalization group
flow.

The scale Agy, is taken to be either A, = 1.03 x 103 GeV or Axn =
9.92 x 10'® GeV, as given by (14.2.6) and (14.2.7), respectively. We now deter-
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mine the numerical solution to (14.2.9), (14.2.10) and (14.2.11) for a range of values
for p and m . First, we need to start with the initial conditions of the running parame-
ters at the scale A,,. Inserting the top-quark mass m,,, = %ﬁ YipU, the tau-neutrino
mass m, = pm,,, and the W-boson mass My = %gzv into (14.1.7), we obtain the
constraints

2p

2
= = A T 9
Ny Trp e

where (14.2.1) yields the values g>(A 1) = 0.5444 and g,(A»3) = 0.5170.

Furthermore, from (14.1.5) we obtain an expression for the quartic coupling X at
Agyr- Approximating the coefficients a and b from (13.3.2) by a ~ (3 + ,oz)mip and
b~ (34 p*)m* , we obtain the boundary condition

top?

ylop(AGUT) ,S gZ(A(;UT)’ yv(AuUT) 5

3+ p*
AAgyr) 24 2g2(AGUT)2'

3+ p?)

Using these boundary conditions, we can now numerically solve the RG equations of
(14.2.9) from Ay, down to m g, which provides us with values for y,,,(mg), y, (mg)
and A(mp). Atthis point, the Yukawa coupling y, is replaced by the effective coupling
« with boundary condition

yv(mR)2

meg

k(mg) =2

Next, we numerically solve the RG equations of (14.2.10) and (14.2.11) down to M,
to obtain the values for y,,, ¥ and A at ‘low’ energy scales.

The running mass of the top quark at these energies is given by (14.2.8). We find
the running Higgs mass by inserting X into (14.1.6). We shall evaluate these running
masses at their own energy scale. For instance, our predicted mass for the Higgs
boson is the solution for y of the equation ;= +/A(1)/3v, in which we ignore the
running of the vacuum expectation value v.

The effective mass of the light neutrino is determined by the effective coupling «,
and we choose to evaluate this mass at scale M. Thus, we calculate the masses by

1
Moy (1M,0p) = zﬁymp(mmp)v,

1
mi(Mz) = ZK(MZW,

A(my)
3

where, from the W-boson mass (14.2.2) we can insert the value v = 246.66 4 0.15.
The results of this procedure for m,,,, m; and m,, are given in Table 14.1. In this table,
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Table 14.1 Numerical results for the masses m,,, of the top-quark, m; of the light tau-neutrino,
and m, of the Higgs boson, as a function of Asyr, p, and mg

Agyr (1013 Gev) | 1.03 1.03 1.03 1.03 1.03 1.03 1.03
) 0 0.90 0.90 1.00 1.00 1.10 1.10
mp (1013 GeVv) - 0.25 1.03 0.30 1.03 035 1.03
miop (GeV) 1832 1739 174.1 171.9 172.1 169.9 |170.1
my (V) 0 2.084 0.5037 2.076 0.6030 2080 | 0.7058
my, (GeV) 1883 1755 175.7 1734 173.7 1715 [171.8
Agyr (1010 Gev)  [9.92 9.92 9.92 9.92 9.92

P 0 1.10 1.10 1.20 1.20

mp (1013 GeV) - 0.30 2.0 0.35 9900

miop (GeV) 186.0 1739 1742 171.9 1735

my (eV) 0 1.939 0.2917 1.897 6.889x 107>

my, (GeV) 188.1 1713 171.6 169.1 1712

Agyr (1010 Gev)  [9.92 9.92 9.92 9.92

P 1.30 1.30 1.35 1.35

mp (1013 Gev) 0.40 9900 100 9900

miop (GeV) 169.9 171.6 169.8 170.6

my (eV) 1.866 | 7.818x1077 | 8.056x1073 | 8.286x1075

my, (GeV) 167.1 169.3 167.4 168.4

we have chosen the range of values for p and m g such that the mass of the top-quark
and the light tau-neutrino are in agreement with their experimental values

m,, =172.0£ 0.9 £ 1.3 GeV, m; <2eV.

For comparison, we have also included the simple case where we ignore the Yukawa
coupling of the tau-neutrino (by setting p = 0), in which case there is no threshold
at the Majorana mass scale either. As an example, we have plotted the running of
X Yep» Y» and & for the values of Agyr = Az = 9.92 x 10'° GeV, p = 1.2, and
mg =3 x 10'2 GeV in Figs. 14.2, 14.3, 14.4 and 14.5.

For the allowed range of values for p and my that yield plausible results for m,,,
and m;, we see that the mass m, of the Higgs boson takes its value within the range

167 GeV < my; < 176 GeV.

The errors in this prediction, which result from the initial conditions (other than m,,,
and m;) taken from experiment, as well as from ignoring higher-loop corrections to
the RGEs, are smaller than this range of possible values for the Higgs mass, and
therefore we may ignore these errors.
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Fig. 14.2 The running of the quartic Higgs coupling A for Agyr = 9.92 x 10! GeV, p = 1.
andmg = 3 x 1012 GeV
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Fig. 14.3 The running of the top-quark Yukawa coupling y,,, for Agyr = 9.92 x 1016 GeV, p =
1.2, and mg = 3 x 10! GeV
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Fig. 14.4 The running of the tau-neutrino Yukawa coupling y, for Agyr = 9.92 x 1016 GeV,
p=12,andmg =3 x 1012 Gev
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Fig. 14.5 The running of the effective coupling « for Agyr = 9.92 x 10'® GeV, p = 1.2, and
mg =3 x 10'? GeV

14.2.4 Higgs Mass: Comparison to Experimental Results

Since the discovery of the Higgs boson at the ATLAS and CMS experiments at the
Large Hadron Collider at CERN in 2012 we also know with increasing accuracy that
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Fig. 14.6 Observed and Tevatron Run Il Preliminary, <L> = 5.9 fb”'
expected exclusion limits for s
a Standard Model Higgs o LEP Exclusion Tevatron
boson at the 95-percent S10 ... Eisacii Exclusion
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analyses. (Fermilab) §
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<———Tevatron Exclusion Juily 19,2010
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the experimental value for the Higgs mass is around m;, >~ 125.5 GeV. Strictly speak-
ing, this is a falsification of the noncommutative Standard Model since it evidently
lies outside of the above predicted range. In fact, ironically enough, the above range
was among the first to be excluded by Fermilab’s DO experiment (see Fig. 14.6).

As usual, in the derivation of the model and the renormalization group equa-
tion several assumptions were made and simplifications were applied, so that it is
important to look back at them. And indeed, lifting the curtain slightly for what is
to come, in the next Chapter we will see that the reduction in Proposition 13.1 from
the irreducible finite geometry of KO-dimension 6 based on M, (H) & M,4(C) to the
Standard Model based on C & H & M;(C) may not be necessary nor desired. As
we will see, the irreducible geometry describes a Pati—-Salam gauge model that goes
Beyond the Standard Model and allows for a Higgs mass that is compatible with
the observed value. Moreover, this will solve the incompatibility between the grand
unification of the gauge couplings suggested by the spectral model in Eq. (13.3.5)
and the existence of a GUT-triangle in Fig. 14.2.1.

Notes

1. In the first part of this Chapter, we mainly follow [1, Sect. 5] (see also [2, Chap. 1, Sect. 17]). In
Sect. 14.2 we have also incorporated the running of the neutrino masses as in [3] (see also [4]).

Section 14.1. Mass Relations
2. Further details on the see-saw mechanism can be found in e.g. [5].
Section 14.2. Renormalization Group Flow

3. The renormalization group B-functions of the (minimal) standard model are taken from [6—
9]. We simplify the expressions by ignoring the 2-loop contributions, and instead consider
only the 1-loop approximation. The renormalization group S-functions are [6, Eq. (B.2)] or [9,
Eq. (A.D)).
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Section 14.2.1. Coupling Constants

4.

5.

The experimental masses of the Z and W-boson and the top quark, as well as the experimental
values of the coupling constants at the energy scale Mz are found in [10].

In arriving at (14.2.9) we have followed the approach of [3] where two energy domains are
considered: u > mp and u < mpg. The Appelquist—Carazzone decoupling theorem is found in
[11]. For the renormalization group equations, we refer to [7, Eq. (B.4)], [12, Eq. (14) and (15)]
and [8, Eq. (B.3)].

The discovery of the Higgs boson at the ATLAS and CMS experiments is published in [13, 14].
In this chapter and Chap. 15 we exploit renormalization group techniques to run couplings and
masses down from the GUT-scale to ordinary energies. The renormalization group equations
were derived in a perturbative approach to quantum field theory, which was supposed to be
valid at all scales. Moreover, we have adopted the one-loop beta-functions, something which
can definitely be improved. Even though this might lead to more accurate predictions, it is not
expected to resolve the incompatibility between the predicted range for m;, and the experimen-
tally measured value. In our analysis we have discarded all possible gravitational effects on the
running of the couplings constants. It might very well be that gravitational correction terms alter
the predicted values to a more realistic value. A possible approach to incorporate gravitational
effects in the running of the coupling constants is discussed in [15].
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Chapter 15 ®)
Beyond the Standard Model: Pati-Salam | o
Unification

One of the pressing questions at this point is whether noncommutative geometry
may point to new physics beyond the Standard Model. The success of the spectral
construction of the Standard Model, predicting its particle content, including gauge
fields, Higgs fields as well as a singlet whose vev gives Majorana mass to the right
handed neutrino, is a strong signal that we are on the right track. However, the
mismatch between the predicted range of the Higgs mass and the experimentally
observed value suggests that we should reconsider the path we took.

15.1 The Finite Noncommutative Space of the Pati-Salam
Model

Recall from Sect. 13.1 that the route that led to the above conclusion starts with the
simplest irreducible geometry that allows for a symplectic constraint (condition 1 on
Page 1). It was based on the algebra

A = My(H) ® M4(C). (15.1.1)

The existence of the chirality operator y that commutes with the algebra breaks
the quaternionic matrices M, (H) to the diagonal subalgebra and leads us to consider
the finite algebra

APS = HR 5) HL &) M4((C) (1512)

In view of this structure, a convenient tensorial representation of our Hilbert space
vectors W in Hp (cf. Eq.(13.1.1)) is given by

v = (:;’A> R (15.1.3)
A
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where 1§ is the conjugate vector to y4. Thus all primed indices A" correspond to
the Hilbert space of conjugate vectors. It is acted on by both the left algebra M, (H)
and the right algebra M, (C). Therefore the index A can take 16 values and is rep-
resented by

A=ual (15.1.4)

where the index « is acted on by quaternionic matrices and the index I by M4 (C)
matrices. Moreover, when the grading breaks M, (H) into Hz & H, the index « is
decomposed to@ = a, a where a = 1, 2 (dotted index) is acted on by the first quater-
nionic algebra Hy and a = 1, 2 is acted on by the second quaternionic algebra Hj .
When M4 (C) breaks into C & M3 (C) (due to symmetry breaking or through the use
of the order one condition as in Proposition 13.1) the index 7 is decomposed into
I =1, i and thus distinguishing leptons and quarks, where the 1 is acted on by the
C and the i by M3 (C) . Therefore the various components of the spinor {4 are

[ VR UiRr VL U;iL .
Vo1 = (eR dip ey d ) i=1,2,3 (15.1.5)

= (Vars Vai» Yar, Vai),  a=12, a=1,2

The (finite) Dirac operator can be written in matrix form

DB pF
Dr = ( 2 /;'>’ (15.1.6)
Dy D,
and must satisfy the properties
yrDr = —Dryr JeDp = DrpJrp (15.1.7)

where J? = 1. A matrix realization of yr and Jr are given by

_(6r O (12 0 (0414
VF—<0_§F)v GF—<O_12>, JF—<1404)OCC (15.1.8)

where cc stands for complex conjugation.

Proposition 15.1 (1) The data
Fps:= (Aps, Hr, Dp; Jr, yr)

as defined above is a finite real even spectral triple of KO-dimension 6 that fulfills
the first-order condition on a subalgebra Asy = C ®@ Hy & M;5(C) C Aps.

(2) The unimodular gauge group S&(Fpy) is isomorphic to the Pati-Salam gauge
group SU(2)g x SU2), x SU4).
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Proof (1) follows from Proposition 13.1 while (2) is a straightforward computation,
using that U/ (H) = SU (2) (see the proof of Proposition 13.3).

15.2 The Gauge and Scalar Field Contents

Since we are dealing with a real spectral triple that does not fulfill the first-order
condition, we have to apply the general framework of inner fluctuations developed
in Sect. 7.3. More precisely, the initial operator for the almost-commutative manifold
M x Fpg is given by

D=Dy®1+yy®Dr

for which the inner fluctuations are given by

D, =D+ wu) + Jogl ™ +wp

wq) = Za [D, b], W) = Za [Jw(l)J_', b] .

The computation is rather involved due to the second-order term, see Note 3 on
Sect. 15.4. One finds that the different components of the operator D,, are given by
i

i N ; o
EgRWMR (), 8] — 8 (58‘/,:" ("), + EgVM(S{))

i

2

(D) =yt (v;jaja,’ -

i T
gL We () 8] — 8, <—gv,;” (), + —gvﬂs,f))

bJ _ Y,
(D)o =y (Vu8a81 — 7 7

where the fifteen 4 x 4 matrices ()J"); are traceless and generate the group SU (4)
and W/‘fR, W;fL, V" are the gauge fields of SU (2)g, SU (2)., and SU (4) .
In addition we have
(Do) = vur (Vo8] + Yedy) 57 + (Yuty + Yad}) (57 — 57)) = yu =5

(D)2 =ymYidy Dy, = yuH,

where the Higgs field qﬁs is in the (2R, 2., 1) of the product gauge group SU (2) %
SU (2), x SU (4), and A, is in the (2g,, 1, 4) representation while £ is in
the (1g, 17, 1 + 15) representation. The field 5},’ is not an independent field and is
given by ‘

b —b
¢a = 02¢d 02.
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Table 15.1 Pati—Salam scalar particle content and their representations for a first-order Dirac
operator. The field 25 in the last row is decoupled if there is quark-lepton coupling unification

Particle SUQ)r SU@)L SUM4)
o} 2 2 1
Aar 2 1 4
x! 1 1 15

Note that the field X decouples (and set to §}8; ) in the special case when there is
lepton and quark unification of the couplings

Y,=Y%,, Y. =Y,

This is summarized in Table 15.1.

Proposition 15.2 The spectral action (ignoring topological and boundary terms) of
the almost-commutative manifold M x Fpg is given by

48f4 2f2A2 1 éKa cK wa
SB=/M R—|—4( H, . HK ’+22df20,’()

712 72
f(O) |:30 (- ISC;zwpa +RRY) + g (WSUL) + e (ng) +g? (Vm)z
+ D“EstHqu + %DMH' ., DI + %R (HaIL-KHéKM + ZEZfEfII(>
2 ‘ achHLKbJ‘ +2H,:x ‘KH"’dLZbJ + EcKEbJ EdLEal] «/Ed“x.

Proof We proceed using the same notation and formulas as in Sect. 10.4. The first
Seeley-de Witt coefficient is

1
ag = ?TI' (1)

= 4 (32) (3) / Vgd'x

162
_ 4
_;/Al@dx

where the numerical factors come, respectively, from the traces on the Clifford alge-
bra, the dimensions of the Hilbert space and number of generations. The second

coefficient is | |
=—— | Tr(E+-R d*
@ 16712/M r( t5 >*/§ *
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where E is a 384 x 384 matrix over Hilbert space of three generations of spinors,
whose components are derived and listed in the appendix. Taking the various traces
we get

1 . |
@ =1 /M ((R(—% 1 64)—8 (Hd,bK HKH 4 o3ck zg}()) Jed*x
2 1 » .y
== <R +3 (Ha,éKHCK”I + 22;fzg,§)> Jad*x.

It should be understood in the above formula and in what follows, that whenever
the matrices Y, Y, Y., Y; and Yy appear in an action, one must take the trace over
generation space. The mass terms can be expressed in terms of the fundamental
Higgs field to give

H.

a

- ppéKal _ 2 (A AGK 2
ICKH = |YR| AaKA
and

22 T =2 (Y = Y 65 + (Ve = Yo) ) BF + (Yud; + Yad) OF )
(((rer = 1) 82+ Ve = Vo) 82) B + (V707 + Yead?) 8% ).

The next coefficient is

! ! 2 2 2 Ll 1 2 4
a4:@/MTr<% (s —2RM+2RMO(,)1+E E2+ SRE+ 297, ) ) Vad's

where 2,,, is the 384 x 384 curvature matrix of the connection w,,. Using the expres-
sions for the matrices E and €2,,, derived in the appendix, and taking the traces, we get

1 3 2 11 * pk 2 o 2 2 o 2 2 m 2
“u=-3 M[—gcuvpaJr%R R 431 (W,uvL) +8k (W/wR) tg (V;w)

cKousal wpyalbJ cKal cK sal
+ VuESf VIRG SVl VH 4 SR (Hy e B 425K Bl )

1 kb |
C
5 | Harex 1

K praldLbJ K sbJ sdLsal 4
F2H, g By HO T A B By EZJ Ved'x

where C,,,; 1s the Weyl tensor. The stated result now follows from
Eq.(10.4.1). O

The physical content of this action is a cosmological constant term, the Ein-

stein Hilbert term R, a Weyl tensor square term Civpa, kinetic terms for the
SU 2)g x SU (2); x SU (4) gauge fields, kinetic terms for the composite Higgs
fields H, ; , and E;f as well as mass terms and quartic terms for the Higgs fields.
We also notice that this action gives the gauge coupling unification

8rR=8L =28 (15.2.1)
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Having determined the full Dirac operators, including fluctuations, we can write
all the fermionic interactions including the ones with the gauge vectors and Higgs
scalars. We write the fermionic action using our tensorial notation:

VD, Bys +vi D, Pys +viD, Py + v D, Py
=YD, Byp + YaCD* By +hc

where C is the charge conjugation matrix, and we have denoted D, = D48 We
then find

Sehsd _ 1k by bl S J
/M [i/f;,",y" (vﬂads, — 58RWig (%) 87 =5, (EgV/T omy, + EngLSI)) Vi

i

2
+ s (100l + Yedl) = + (Vudl +¥ad?) (8] =57 )) v

+ ¥k ys ((ms + Yé‘&é’) 2/ + (YJ¢Z + Yjaﬁi) (57 - =f )) v,

b i 7o
Wiy (0] a8 (Sevir )] + 58V ) ) s

+ oyt (vja’;s{ - 5

+CgvsYRAY Ay 4 h-c] JEd*x

15.3 Truncation to the Standard Model

In this section we show that the above grand unified Pati-Salam type model can break
tothe U (1) x SU (2) x SU (3) symmetry of the SM.
First of all, the scalar field ¢£’ = (2g, 21, 1) must be truncated to the Higgs doublet
H by writing
¢! =68le"H,.

The other scalar field A,; = (2g, 1, 4) is truncated to a real singlet scalar field
Ay =3818]/0.
These then imply the relations
=0 = (51 Y, H, + 53?”1@) slsd + (51 Y, " H, + ajydﬁ”) siosl

1¢1 1¢J
Hm)J :8d85YR81810

grWig =8By, W =0

3
Jaew

818, (Vu)i =0
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where VIJS is the SU (4) gauge field corresponding to the generator

1
A‘5=%diag(3,—1,—1,—1)

which could be identified with the B — L generator. In particular the components

(DA)H and (D A)i of the Dirac operator simplify to

(D! =" (vi—g Wy (0! — ( gV (» ’")1))
. . 3
=y (V,f - %gRWiR - <%gV,}5\/;)>

S
=y"v,

) i l 1
(D)3 =r" <V,f S8R Wik (@) —( gV (A" ))

i
J/M <V5+58RW3R— < V15 ))

“(VS +igiBy)

which are identified with the Dirac operators acting on the right-handed neutrino and
right-handed electron. Similar substitutions give the action of the Dirac operators on
the remaining fermions and give the expected results. We now compute the various
terms in the spectral action. First for the mass terms we have

1 baal _ 1 (s1c1y s1c) ishsl o]
FH, B = 2 (o18lvrsjelo) (sfstsl o] Yio
2o? = Leo?

1
= Ztr|YR ZLU

. . . . 2
1 g1 — o\
5Kl = - ‘(cSineb”Hc +5§Hbye> shsi + <si Y€ H, +a§de") sios]

1 —
=-aHH
2

where

a=tuw(YY, + Y)Y +3 (Y, Y, + YY)
=tr (Y;Yg)

Next for the a4 term, starting with the gauge kinetic energies we have

5
(W[TVL) + g%@ (W:vR) + g2 (V/Z’L) e gL (W/(j_tvL) + gglzB;zw + g% (V::))z
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wherem =1, ..., 8 for V" restricted to the SU (3) gauge group. Next for the scalar

wv
kinetic and quartlc terms we have

V.28 vesel - aV,HV"H
1
2
1 cKa c a 1 I
SR (Hd,bKH Kal | 22a§<20,’<) ~ SR (2aHH +co?)

by ]
VuH., VFHYY - €00 e

2 1
5 ‘H[l[(}[( HCK}?J‘ N 5do_4
2H, .k 5K H“’dLE(’.;Z — 2¢eHHo?
K s bJ sdL snal §73 2
Sar Bk Zps 5, — b(HH).

Collecting all terms we end up with the bosonic action for the Standard Model:

48 fu Nt 2 1 — 1
Sp = / ( J4 f2 (R +-aHH + —c02>
M 2 4

72 72

0 5
+f( ) [30( 18C§W+11R*R*)+§gf32 +g (W"‘) +g§(V$)2
—I—éaRﬁH +b(HH) +a|V,H,| +2¢HH o>
+laott Lerot 4 L (8,0) d* 153.1)
740 120 o+ 5e (o J/gd x (15.3.

where

b=t ((Vn) + (1) +3((0n) + (4Ya))
d = ((vive)’)

=t (Y;Y,Y5YR).

This action completely agrees with the Standard Model Lagrangian obtained in
Theorem 13.10, under the replacement Yz — Ygo.

15.4 Phenomenology of the Noncommutative Pati-Salam
Model

An important test of the above Pati—Salam model is to check whether the gauge
coupling unification (15.2.1) when run using RG equations would give values con-
sistent with the values in Eq.(14.2.3) of the gauge couplings for electromagnetic,
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weak and strong interactions at the scale of the Z-boson mass. Moreover, in view of
the observations at the end of Chap. 14 it is important to make sure that the model is
compatible with the relatively low observed mass of the Higgs boson.

15.4.1 Grand Unfification of the Gauge Couplings

We have already computed the inner perturbations of the finite Dirac operator for
the Pati—-Salam model in Sect. 15.2. Recall in particular the scalar content from
Table 15.1. We will assume that there is lepton quark unification, so that the X
is decoupled.

The boundary conditions between the couplings are taken at the intermediate mass
scale u = mpg to be the usual

1 21 n 1 1 1 1 (15.4.1)
g 3¢ & & & & & h
in terms of the Standard Model gauge couplings g1, g2, g3. At the mass scale mg
the Pati—Salam symmetry is broken to that of the Standard Model, and we take it to
be the same scale that is present in the see-saw mechanism. It should thus be of the
order 10'! — 10"3 GeV.

Before turning to the computation of the S-functions of the Pati—Salam gauge
couplings for the composite model, let us discuss the scalar sector that remains
after spontaneous symmetry breaking to the Standard Model gauge group. A quick
analysis leads to the scalar fields listed in Table 15.2. Note that this includes the SM
Higgs and a real scalar singlet.

The presence of the above scalar fields of course also have an influence on the
running of the Standard Model gauge couplings (at one loop). We compute that
instead of the usual B-functions (b, by, b3) = (=4, 2, 7) (cf. Sect. 14.2.1) we have

6’ 6°
(b1 by, bs) = 64341
1, 02,03) = 9776 .

Table 15.2 Scalar particle content induced by the Pati—-Salam model with SM-representations

Uy SUQ)L SUB)
W) (4 1 2 1
(¢)-
%) _ (% -1 2 1
3 3
o 0 1 1
; -3 1 ;
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One observes that this difference is relatively small (less than 5%). In fact, the scalar
fields that appear in addition to the SM Higgs have a negligible effect in our study
of the running of the gauge couplings below.

Next, we compute the S-functions for the Pati-Salam couplings gg, g,, g in the
presence of the above composite particle content (cf. Table 15.1):

7 31
(brs b, b) = (5, 3 ?> . (15.42)

The solutions of the RG-equations are easily found to be

1 7
gr() ™ = gr(mp) > + —— = log —

m
15.4.3
8 23 mR ( )
gL = gL(mp) 2 + 8—310g ey (15.4.4)
1 31
g(1)> = gmp) > + —5 = log —, (15.4.5)
872 3 meg

We impose the boundary conditions (15.4.1) at the mass scale © = mp.

Our approach for finding a unification scale is as follows. We search for an energy
scale where the couplings gg, g and g are equal by varying the scale mg at which
the boundary conditions (15.4.1) are imposed. With the running of the Pati—Salam
couplings governed by the coefficients (15.4.2) there is a unique value of my for
which the three lines meet. The unification scale is A ~ 2.5 x 10" GeV and the
value found for the intermediate scale is mz = 4.25 x 10'3 GeV (Fig. 15.1).

0.70; . gs
0.65
wn
(@)
=
g_ 0.60
8 g2
[0} ~.
o) N
: ~
o 0.55 __— N,
5 /A S
- O 9r
0.50
10 12 14 16 18
log1o(u/GeV)

Fig. 15.1 Running of coupling constants for the spectral Pati-Salam model with composite Higgs
fields: g1, g2, g3 foru < mpg and gg, g1, g for u > mp with unification scale A ~ 2.5 x 10%5 GeV
formg = 4.25 x 10'3 GeV
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If the scalar field X IJ is not decoupled—in other words, if there is no lepton-
quark coupling unification—then there is an additional scalar (1, 1, 15) irreducible
representation contributing to the S-function, giving a slightly different (bg, by, b) =
(% 3,9). This in turn gives a unification scale A ~ 6.3 x 10> GeV formg = 4.1 x
10" GeV.

15.4.2 Running of the Higgs Mass

Let us analyze the additional terms in the spectral action displayed in Eq.(15.3.1),
focusing on the scalar part:

bf (0 2af A2 0
Li (s Mps Qs . 0) 2= f() HI* - afz |H|2+e];(2)

2
_ijzré\ 2 +di:(2>> s +af((»

0_2|H|2

1
IDLHI + — f(0)e(3,0)%,

where we ignored the coupling to the scalar curvature.

As in Chap. 14, we exploit the approximation that m,,,, m, and my are the domi-
nant mass terms. Moreover, as before we write m, = pm,,,. That is, the expressions
fora, b, ¢, d and e in (13.3.2) now become

~m, (p*+3),

bam (p* +3),

top
¢~ my,
d Rﬁm‘}e,

2.2 2
N ptmpm,,.

In a unitary gauge, where H = (g), we arrive at the following potential:

1 1 1 2
Loulh @) = 2hh* + S hioh’o” + Zhg0t gj FA20 + oY),
where we have defined coupling constants

4 2

P +3 80" 2
Ay =24—=g5, Aho , Ao = 8g5. 15.4.6

h (p2 +3)2g2 h p +382 82 ( )
This potential can be minimized, and if we replace & by v+ h and o by w 4 o,
respectively, expanding around a minimum for the terms quadratic in the fields, we
obtain:



282 15 Beyond the Standard Model: Pati-Salam Unification

1
‘Cpm(v + hs w + G)|quadralic = gvz)"hvz + 2vw}“h00h + wzko'oiz

:%(ha)M2<Z>,

where we have defined the mass matrix M by

1 2
ARV Apg VW
2= 6 h ho
M 2<Ahng Agw2>'

This mass matrix can be easily diagonalized, and if we make the natural assumption
that w is of the order of m g, while v is of the order of My, so that v < w, we find
that the two eigenvalues are

2 2 )‘ﬁa 2
my ~ 2A;w" + 207,
g

1 A2
m2 ~ 2,07 (= — e ).
6  Aphs

We can now determine the value of these two masses by running the scalar coupling
constants Ay, Ay, and A, down to ordinary energy scalar. The renormalization group
equations for these couplings are given by

dip 1 2 2 2 2 9 4 2.2 4
—=——1[4A 122 — (3 9g,7)\ - 2 3
dr 16712( w124, (81+gz)h+4(gl+8182+82)
+4Gy2, + 0 — 12G3y5 + y;‘)),
d)"ho

1
Tk <8A§U + 6o o + 2hno i

3
— 5 (&1 +383) uo +20G;, + yﬂmg),

dh, 1
= et (8)\§U + 18A3).

As before, at lower energy the coupling y, drops out of the RG equations and is
replaced by an effective coupling.

At one-loop, the other couplings obey the renormalization group equations of
the Standard Model, that is, they satisfy (14.2.9) and (14.2.10). As before, we can
solve these differential equations, with boundary conditions at Ag,, given for the
scalar couplings by (15.4.6). The result varies with the chosen value for A, and the
parameter p. The mass of o is essentially given by the largest eigenvalue m . which
is of the order 10'? GeV for all values of Ay, and the parameter p. The allowed
mass range for the Higgs, i.e. for m_, is depicted in Fig. 15.2. The expected value
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Fig. 15.2 A contour plot of the Higgs mass m;, as a function of /o2 and t = log(Agyr/Mz). The
red line corresponds to my = 125.5 GeV

my = 125.5 GeV is therefore compatible with the above noncommutative model,
while the scalar field o stabilizes the Higgs vacuum at higher energies. Furthermore,
this calculation implies that there is a relation (given by the red line in the Figure)
between the ratio m, /m,,, and the unification scale A ;.

We conclude that with noncommutative geometry we can proceed beyond the
Standard Model, enlarging the field content of the Standard Model by a real scalar
field with a mass of the order of 10'> GeV. At the time of writing of the second
edition of this book (Summer 2021), this is completely compatible with experiment
and also guarantees stability of the Higgs vacuum at higher energy scales. Of course,
the final word is to experiment in the years to come. What we can say at this point
is that noncommutative geometry provides a fascinating dialogue between abstract
mathematics and concrete measurements in experimental high-energy physics.
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Notes

Section 15.1. The Finite Noncommutative Space of the Pati—-Salam Model

1. The Pati-Salam model was introduced in [1]. The particle content that we find is very similar
to the one considered by Marshak and Mohapatra [2].

2. Coincidentally the algebra M>(H) & M4(C) comes out as a solution of the two-sided Heisen-
berg quantization relation between the Dirac operator D and the two maps from the four
spin-manifold and the two four spheres S* x §* [3, 4]. This removes the arbitrary symplectic
constraint and replaces it with a relation that quantize the four-volume in terms of two quanta
of geometry.

Section 15.2. The Gauge and Scalar Field Contents

3. We refer to [5, Appendix A] for all details on the derivation of the inner fluctuations for the
Pati—Salam model; see also [6].

4. The important point to notice in the derivation of the inner fluctuations for the Pati—Salam
model is the novel phenomena of the appearance of composite Higgs field as is apparent in
the above formulas where the Higgs field Ef,: IJ is formed out of the products of the fields ¢s

and 21] while the Higgs field H, ;  is made from the product of A;;A; . This composite
structure is a result of the quadratic dependence of the gauge fields w(z) on those appearing
in w(1). The importance of this point should not be underestimated. The reason is that the
main disadvantage of grand unified theories is the need for complicated Higgs representations
with arbitrary potentials. In the noncommutative geometric setting, this problem is now solved
by having minimal representations of the Higgs fields allowing for (quadratic) products of
these representations. We also note that a very close model to the one deduced here is the one
considered by Marshak and Mohapatra where the U (1) of the left-right model is identified
with the B — L symmetry. They proposed the same Higgs fields (2g, 21, 1), (2r, 1,4) and
(1, 1, 15) we have, but also in addition the field (1, 27, 4). However, they assumed that this
Higgs fields does not get a vev, and thus does not effect the symmetry breaking. Although the
broken generators of the SU (4) gauge fields can mediate lepto-quark interactions leading to
proton decay, it was shown that in all such types of models with partial unification, the proton
is stable. In addition this type of model arises in the first phase of breaking of SO (10) to
SU 2)p x SU (2); x SU (4) and these have been extensively studied [7]. The recent work in
[8] considers noncommutative grand unification based on the k = 8 algebra My (H) & M3 (C)
keeping the first order condition.

5. The obstruction to allow for lower m, (see Sect.15.4.2) in the spectral Standard Model was
overcome in [9] simply by taking into account the scalar field ¢ which was already present in
the full model that was computed previously in [10].

Section 15.4. Phenomenology of the Noncommutative Pati-Salam Model

6. This section is based on [5, 11]. For a recent overview, we also refer to [6].

7. The boundary condition (15.4.1) can be found in [12, Eq. (5.8.3)].

8. The field o played a key role in [10] in lowering the Higgs mass prediction to a realistic value
[9]. A qualitative study of the form of the scalar potential that we have done for the present
Pati—Salam composite model indicates that this result continues to hold here. However, being
interested mainly in the running of the gauge couplings, we leave a full study of the potential
and its physical implications for future work.

9. Note that in our analysis we have disregarded the non-renormalizable, order eight terms that
appear in the expansion of the spectral action for the composite model [5, Sect. 8], so let us argue
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10.

11.
12.
13.

14.

why they can be ignored. In fact, since we consider only the running of the gauge couplings
at the one loop level, we can safely ignore these non-renormalizable terms. Moreover, their
contribution to the running of other (scalar) couplings will be suppressed by negative powers
of mpg, at least at the one loop level.

In view of the assumptions made in our analysis, we trust the values for m, only as indicative
of the corresponding orders of magnitudes. Other possible Pati-Salam models (for different
initial D were considered in [11].

The renormalization group equations for the couplings Aj,, Ane, Ao have been derived in [13].
For stability bounds on the Higgs mass, we refer to [14].

The small correction to the space M x Fj, was realized in [9] (and already tacitly present in
[10]) and the results of Sect. 15.4.2 confirm their conclusions.

Other noncommutative geometric models that go beyond the Standard Model include [15-19],
adopting a slightly different approach to almost-commutative manifolds as we do (cf. Note 3
on Sect.7.2). The intersection between supersymmetry and almost-commutative manifolds is
analyzed in [20-22].
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Chapter 16 ®)
Towards a Quantum Theory e

In the final Chapter of this book we present an overview of recent and ongoing
work, taking the first steps towards a quantum theory for noncommutative geome-
try. Indeed, in the applications to particle physics phenomenology one applies the
usual, physicist’ textbook renormalization group methods to the spectral action, in
order to arrive at couplings and mass parameters at lower energy. And even though
the appearance of such experimentally testable results from a geometrical frame-
work valid at high-energies is very intriguing, this step remains a weak point of the
noncommutative approach to particle physics. In other words, it means that in the
passage to the quantum theory one looses the elegant spectral and unifying picture
that one started with.

We indicate two paths that could lead to a quantum theory for noncommuta-
tive manifolds. Working in the general context of spectral triples, the first approach
quantizes the fermionic content by applying the procedure of second quantization
to (A, H, D), while the second computes one-loop corrections to the perturbative
expansion of the spectral action, given in its general form as in Sect.9.3.

16.1 Second Quantization of Spectral Triples

We use the operator algebra formalism of C*-dynamical systems and KMS condition
to pass from the first-quantized or “one-particle” level of spectral triples (A, H, D)
to the second-quantized level. The Hilbert space H is used to construct the complex-
ified Clifford algebra C := Cliff ¢ (Hp) of its underlying real Hilbert space Hr when
considered as a Euclidean space. The operator D is used as the generator of a one-
parameter group o; € Aut(C) of automorphisms of the Clifford algebra. The algebra
A manifests itself through the inner fluctuations (cf. Eq. (7.2.5)) deforming the oper-
ator D to D’. These inner fluctuations continue to make sense at the second-quantized
level and give rise to deformations o, € Aut(C) of the above one-parameter group
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of automorphisms. We concentrate here on the meaning of the spectral action, and

thus take the C*-dynamical system (C, o;) as our starting point, keeping in mind that
the results will automatically apply to the deformations (C, o;).

16.1.1 KMS and a Dynamical System

We first briefly recall the KMS condition for C*-dynamical systems, that is, a C*-
algebra C together with a one-parameter group of automorphisms o; € Aut(C),t € R.

Definition 16.1 Let (C, o;) be a C*-dynamical system. For a given 0 < 8 < 00, a
state ¢ on the unital C*-algebra C satisfies the KMS condition at inverse temperature
Bifforalla, b € C, there exists a function F, ;(z) which is holomorphic on the strip
Ig ={z€C|0 < 3J(z) < B}, (16.1.1)
continuous on the boundary /g and bounded, with the property that for all # € R
Fup(t) = ¢(ao, (b)) and F,,(t +if) = ¢(o,(b)a). (16.1.2)
In short the KMS condition at inverse temperature § means that one has the formal
equality
@(ao;(b))|i=ig = ¢(ba), Ya,b eC. (16.1.3)
What matters in the context of the present paper is the existence and uniqueness of
KMS states on a matrix algebra M, (C) and we give the short proof for convenience.
A one-parameter group of automorphisms o; € Aut(M,, (C)) is always associated to
a self-adjoint H = H* € M, (C) by
0(A) =M Ae™™ Vi e R, A e M,(C).
Given a state ¥ on the matrix algebra M, (C) there exists a unique density matrix
p > 0 such that
v(T) =Tr(pT), VT € M,(C).

By uniqueness of the trace it follows that
I,
V(AB) = ¥(BA), YA,B= p=~id.
n

A state which is KMSg for 0; € Aut(M,,(C)) is invariant. In fact

V(e P BeP"y = ¢ (B), VB = P pe ™ = p = peft =P p.
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It follows using (16.1.3) that if ¥ is KMSg then, with B’ = e # B
V(BA) = ¥ (Ae P BePHy = Tr(peP B'A) = Tr(pAB' M)

so that peff! = ¢PH p defines a trace and hence is a scalar multiple of id. This shows
that p = Ze PH for Z = 1/ Tr(e #¥) and gives the uniqueness of the KMS; state.
The same formula gives the existence. For completeness, we include a proof of the
following result on KMS-states on Clifford algebras

Proposition 16.2 Let 'H be a complex Hilbert space, D a self-adjoint operator in H
with compact resolvent. Let C := Cliff c (HR) be the complexified Clifford algebra of
the underlying real Hilbert space Hgr and o, € Aut(C) be the one-parameter group
of automorphisms associated to exp(itD) € Aut(Hg). Then for any B > 0 there
exists a unique KMSg state g on the C*-dynamical system (C, oy).

Proof One applies the existence and uniqueness of KMS states on a matrix algebra
to the subalgebra of C = Cliff ¢ (Hr) associated to the subspace corresponding to a
finite dimensional spectral projection of D. This is enough to prove the uniqueness
of the KMSg state. The existence also follows since the existence part for matrix
algebras gives a coherent system of states which define a state on the inductive limit
of the C*-algebras. (]

Proposition 16.3 Let'H, D, C := Cliffc(Hr), o, € Aut(C) and vrg be as in Propo-
sition 16.2. Then if the operator exp(—B| D) is of trace class, the state g is of type
I and the associated irreducible representation is given by the fermionic second
quantization associated to the complex structure I := i sign D on Hg.

The proof of this proposition will be given in Sect. 16.1.2, Proposition 16.5 after
recalling some terminology.

16.1.2 Fermionic Second Quantization

In this section we recall the procedure of (fermionic) second quantization.

Consider the real Euclidean vector space V := Hp that underlies the complex
Hilbert space H. Our first goal is to find irreducible representations of the Clifford
algebra associated to the real Euclidean vector space Hg underlying H and for this it
turns out that a crucial role is played by complex structures. We let I be an orthogonal
complex structure on V, which is not necessarily the one coming from H. Then we
may regard V as a complex vector space when we define i to act as 1. The resulting
complex Hilbert space will be denoted by V;.

A representation of the complexified Clifford algebra Cliff¢(V) is given on the
Fock space /\ V; that is built on V; by the usual formula

yr : Cliffe(V) — L(/\ V1)
v aj(v) +ar(v); (veV).
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Here the creation operators aj(v) depend C-linearly on v € V; and are given by
exterior multiplication by v while the annihilation operator a;(v) is its adjoint. We
choose a unit vector 2; € /\0 V and call it the vacuum vector. It is annihilated by
ay(v) for all v € V. The following is well-known.

Lemma 16.4 The above representation y; of the complexified Clifford algebra
Cliffc (V) on Fock space /\ V; is irreducible.

Proof We may assume that V is a inductive limit of finite-dimensional Hilbert
spaces, and, accordingly, that Cliffc (V) is the C*-algebraic inductive limit of finite-
dimensional Clifford algebras. Without loss of generality we may thus assume that
dim V < ooso that Cliff ¢ (V') are simple matrix algebras. We invoke Schur’s Lemma
to conclude that y; is irreducible if and only if every operator 7 : V' — V commuting
with all y;(v) (v € V©)is a scalar.

For any v, one has, using the C-linearity of aj (v) and C-anti-linearity of a;(v)

1 1
a;(v) = 5 i) =iy (Iv)), ar() = = (i) + iy (Iv).

Hence any T that commutes with y;(v) for all v commutes with aj(v) and a;(v).
From this it follows that

ar()(Ty) =T(a(v)2) =0
so that TQ2; € A°(V)). In other words, TS2; = t2; for some ¢ € C. Moreover,
TiA---Av) =T (aji) - af)R) = (a7 i) - af ) (T =1 (W1 A== Avg),
sothat T = - id. (]

Any orthogonal operator T : V — V induces an automorphism of Cliff¢ (V') by
sending y; (v) — y;(Tv). In some cases this automorphism can be lifted to the Fock
space /\ V;, for instance, if U is a unitary operator on V;. Then, if A U is the unitary
operator in the Fock space such that on simple tensors

NU@ A Av) =U@) A AU,
one has the covariance
\Uoa;w)o \U* =ajUv).
We thus get the equality

N\ (U = yi(Uv).
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Suppose now that we are given a (complex) Hilbert space H and a self-adjoint
operator D in H with compact resolvent. Again, let V = Hp denote the underlying
real vector space. Suppose that we take the natural complex structure on V so that
Vi = 'H. Then the above construction gives us an irreducible representation y of the
canonical anti-commutation relations (CAR) algebra on /\ H but, from a physical
point of view this representation is not the right one to consider. In fact, one needs
to choose another irreducible representation, corresponding to a different complex
structure on H. Let us describe it in some detail.

If E are the spectral projections of D corresponding to the positive and negative
eigenspaces of D in H, let us define the following complex structure:

I =i(E4 — E_).

In other words, I = i F where F = D|D| ! is the sign' of D. In view of the previous
section, this gives rise to another irreducible representation y; of Cliff¢ (V) in Fock
space, where the key difference with respect to the original Fock space representation
y is that i acts as —i on E_(H). In other words, the operator D can be considered
to act as | D| which now only has positive eigenvalues. More precisely,

Proposition 16.5 (i) The one-parameter group o; € Aut(C) is implemented in
the (physical) Fock representation by the one-parameter unitary group W(t) =
Aexp(it|D]), i.e. one has

vi(o,(A)) = /\(ei"D‘)y,(A)/\(e—i"D‘), VA € Cliffc (V). (16.1.4)

(ii) If exp(—BID]) is of trace class the state g is of type I and is given by

A —lT D A VA e Cliffc(V 16.1.5
V() = — Tr (/\exp(=BIDDY/(4)) . VA€ Cliffc(V)  (16.L5)

where the normalization factor Z is finite.

Proof The associated KMSg state is obtained after normalization from the density
matrix W (if) obtained by analytic continuation. Thus it coincides here with the
operator

p = [\exp(—BID]).

Since T = exp(—B|D|) is positive and of trace class we get that p = AT is also
positive and of trace class (with trace given by the determinant of 1 + 7). Thus Z <
o0o. The state Y4 is implemented by a density matrix in an irreducible representation
and is thus of type L. O

! We take the convention that the sign of 0 is 1.
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16.1.3 von Neumann Information Theoretic Entropy

We start by briefly recalling von Neumann’s notion of entropy. Consider a density
matrix p on a Hilbert space H, i.e. a positive trace-class operator with normalized
trace. It induces a state ¢ on any C*-subalgebra of L(H) by setting ¢ (-) = Tr(p-).
The entropy of this state ¢ is then defined to be

S(¢) :== —Tr(plog p).

For composite systems ¢ ® ¢, on H; ® H, one finds the following important addi-
tivity property for entropy

S(@1 @ ¢2) = S(¢1) + S(¢).

Let us start with a basic example of entropy that will play a crucial role in what
follows.

Lemma 16.6 Let x > 0, the entropy of the partition of the unit interval in two
intervals with ratio of size x, is given by

x log(x)
x+1°

Ex) :=log(x +1) —

Proof The sizes of the intervals are —— and —*~. One has
x+1 x+1

1 x
telan) ) S g
O
Corollary 16.7 One has £(x) = E(1/x) for any x > 0.
Proof The obtained partitions are isomorphic. (]

The following result gives an expression for the entropy of density matrices that
arise as a second-quantized operator.

Lemma 16.8 Let T € L'(H)* be a positive trace class operator and ¢ the state
associated to \ T then
S(¢) =Tr(E(T)). (16.1.6)

Proof Let first T = T} @ T, be an orthogonal decomposition. Let us show that the
associated states fulfill = ¢; ® ¢,. One has with p; = A T} the equality p = p; ®
02 by the compatibility of the wedge functor with direct sums. Then

Tr(p1 ® p2) = Tr(p1) Tr(02) = ¢ = ¢1 ® ¢o.
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Next the entropy functional fulfills

S(1 ® ¢2) = S(¢1) + S(¢2).

This shows that the functional S(¢) is additive for direct sum decompositions. It also
applies to infinite sums and one can thus consider only the one dimensional case. In
this case the state associated to the operator 7' of multiplication by x corresponds to
/\ T whose spectrum is {1, x} and hence has entropy given by the function & (x) of
Lemma 16.6. (]

Theorem 16.9 Let H, D, C := Cliffc(HR), 0; € Aut(C) and g be as in Proposi-
tion 16.2. Then if the operator exp(—B|D|) is of trace class, the state g is of type
I and its von Neumann entropy is equal to the spectral action Tr(h(B D)) for the
spectral function h(x) := E(e™).

Proof The first statement follows from Proposition 16.5. The statement about the

entropy follows from Lemma 16.8 together with the fact that x — £(e™) is an even
function (cf. Corollary 16.7). ([

16.2 One-Loop Corrections to the Spectral Action

We start with the expansion of the spectral action derived in Eq.9.3.2:

n —m—
n

Splw] = Sp[0] =Y ~(w..... ),

We thus work under the same assumptions as those stated in Sect.9.3.
The bracket will be represented as the following Feynman diagram:

<CU1 ey wn> =
(16.2.1)
The loop diagram nicely reflects the cyclicity of the bracket: (wy, ..., w,) s =
{(wy, w1, ..., w,—1) 5. The second crucial property is that

(awy, ...,,wp) f — (@1, ..., 0pa)y =([D,al, w1, ..., w,)f (16.2.2)
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In fact, this identity boils down to a Ward identity, represented diagrammatically as

D, a] (16.2.3)

In order to analyze the quantum theory corresponding to the above classical action
functional S,[w] we adopt the background field method. We take the background
fields to be the usual gauge fields of the form w = Z a;j[D, b;] € Q1 (A) butallow
the path integral to integrate over all finite-size hermltlan complex valued matrices
Q. We consider the dimension, say N, of these matrices as a regularizing cutoff of
our model, which should eventually be sent to co.

For such matrices Q = (Qy;), the brackets can be conveniently expressed in terms
of divided differences of f’. Indeed, as in Eq.(9.3.3) we have:

(Q Q) = ZQqukf [t 2]

(Q Q.0)= Zlelekaf (s Aty A

klm

et cetera, where Ay are the eigenvalues of D.

=50

(a) An example of a positive (b) The divided difference
function: f(x) = (1 + ax?)®(bx) f'[Ak, Ay] for this function f.
with ® a bump function and a =
1/900,b = 1/100.

Fig.16.1 The inverse gauge propagator f'[Ax, A;] forthe N = 61 smallest eigenvalues of the Dirac
operator on the circle (i.e. A, Aj = —30, =29, ...,30
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We now make the assumption that the first divided difference of f’ is strictly
positive on the N relevant eigenvalues of D (see Fig. 16.1 for an example of such an
f). We may then perform the Gaussian integration to get for the propagator:

f le ane_%<Q’Q>/‘dQ

lean - fgfé(Q’QWdQ

= 85n0im G

in terms of Gy := m Notice that the inverse propagator is bounded, which is
in stark contrast to the usual unbounded nature of inverse propagators in ordinary
local quantum field theory.

In any case, we are now in a position to consider higher-loop contributions to
the spectral action, and, in particular, all one-particle irreducible n-point Feynman
graphs. Their (possibly divergent) amplitudes form the starting point of the renor-
malization process of the spectral action.

16.2.1 Ward Identity for the Gauge Propagator

In addition to the Ward identity (16.2.3) for the fermion propagator, we claim that
we also have the following Ward identity for the gauge propagator:

(16.2.4)

where every fermion loop adds a minus sign. Indeed, the left-hand side is

Qik Qimmn — Aim Qi Qin

= GikSimSritmn — G1n8mnOxitim
= (G — Gu)duain

while for the right-hand side we use the defining property of the divided differences
to find:
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Table 16.1 The two-point graphs at one-loop

oo D O

— Qi Qrpapq ()"p - Aq)qu anf/[)\'pa )\q, Arl
= _Gikaipskquraqnarlapq()\p - )Lq)f/[)\ps )\q: )\r]

= GGk ("M, 2l = f'IAi, Me]) Sidtin.

The two expressions coincide because of the very fact that the free propagator is the
inverse of the divided difference.

16.2.2 Two-Point Functions at One-Loop

The two-point graphs at one-loop are given in Table 16.1. The external fields w;, w,
should be assigned to the external legs in all different cyclical manners.
The amplitude for the first graph is given by

r—{:w
O = Y (w01)i Qi Qui(wW2) im Qumn Qur X f'[Ais Ajy Al f' ALy Ams A
~
lfn]1,n
=Y (w1)ii(w2)ikGif ' [Ais Ais Ml f [Ny Ases Ak
iy

(16.2.5)

In particular, there is no running loop index in this expression and so this diagram
remains finite even when the size N of the matrices is sent to co. We conclude that
the amplitude of this graph is not relevant for renormalization purposes.

We then turn to the second graph in Table 16.1, and compute

2O0% = Y (w1)iQiQui(@2)im Qun Qutf [N Ajy A f (At A, A
Tk
lfn]1,n
=Y (w1)ij(w2)iGiGrif ' [Ai, Aj, k).
ik
(16.2.6)
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(a) Summands in (16.2.6) for (b) Summands in (16.2.6) for
(Ai,Aj) = (0,0) (Ai,Aj) = (10,0)
. 20 10 o 10 20 30 -owozg 20 10 0 10 20 30
00003[
-0.0004 omm{
................................ aou"at'..
(¢) Summands in (16.2.7) for (d) Summands in (16.2.7) for
(Ai,Aj) = (0,0) (Ai,Aj) = (10,0)

Fig. 16.2 The behaviour of the summands (indexed by A; running from —30 to 30) for the vertex
contribution in (16.2.6) and (16.2.7) for the Dirac operator on the circle and function f as in
Fig.16.2a

We find that this amplitude has a potential divergence in the limit that N — oo
(see Fig. 16.2 for the behaviour of the summands). As such it should be subtracted
from the effective action in order to render the theory finite after removal of the
regulator.

For the final diagram with two external lines we compute its amplitude to be:

fﬂfé\z =) (wl)ijQTkal(wz)lif, [Ai, Aj, Ak, A

ikl

=Y (w1)ij(@2)iiGirf" [Ai, Aj, Al
ijk (16.2.7)

Again, this graph amplitude is potentially divergent in the limit N — oo and
should thus be subtracted. The same applies to the same graph but with w; and w;
exchanged.
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16.2.3 One-Loop Counterterms to the Spectral Action

The computations of the graph amplitudes in the previous section show that the
second two graphs in Table 16.1 are the relevant ones to consider as counterterms for
the spectral action. However, since the spectral action is in particular a gauge theory,
it is crucial that such counterterms are of the same form as the terms appearing in
the spectral action.

As may be expected, a crucial role will be played by so-called quantum Ward
identities. They form the analogue of (16.2.3) for the divergent component of the 1PI
n-point functions at one loop. Let us denote by {(w, ..., w,)'" all one-loop n-point
graphs whose amplitudes involve a sum over a loop index. The skeletons for such
graphs are depicted in Table 16.2, for which all external lines are written outside the
graph diagram, and labelled in cyclical order. Indeed, if an external line would be in
the interior of the diagram, it is surrounded by the loop in the diagram, and will thus
prevent the loop index from running (as in Eq. 16.2.5).

The quantum Ward identities are now given by

(@i, awj, ..., o)t = (o1, ... 0j1a, .. 0N
= (o1, ....®j_1,[D.al, wj, ..., o))"
It is this identity, in combination with cyclicity of the bracket (wy, ..., w,)) =
{wpn, w1, ..., w,—1)), which allows us to follow line-by-line the derivation of the

Chern—Simons and Yang—Mills terms in Theorem 9.23.

Theorem 16.10 The divergent part of the one-loop quantum effective spectral action
can be expanded as

1 > 1
Z;«a),,w»;‘ = Z (/1;7 cSor—1(A) + ﬂﬁFk>

n k=1 2%-1 P2

Here (Z and IZ are the analogues of ¢ and r as defined in (9.3.4) and (9.3.5) but now
using the double bracket.

Proof All divergent one-loop diagrams have skeletons as depicted in Table 16.2,
with the external lines labelled cyclically from 1 to n. The decoration of the external
legs of our graphs with the external fields wy, . . ., , then proceeds according to this
labelling 1, ..., n and, upon summing over all such decorated graphs G, we get

«wh ey wn»lL = Z Gwl,...w,y
G

The left-hand side of the quantum Ward identity essentially comes down to con-
necting external edges to the graphs G. We will write G; for the graph G with an
insertion of an external gauge edge at a point i in between n and 1: this insertion
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Table 16.2 Skeletons for divergent one-loop n-point functions with increasing number of vertices.
The fermion loops that define the vertices are all oriented as clockwise

point i can be either an outer fermion line in G (as in (16.2.3)) or, if 1 and n are not
attached to the same vertex in G, a gauge propagator (as in 16.2.4). We then find

«aa)lv---’wn»lL - «0)1,.-.,0),1 Z(G )[Da]w1 ..... Wy

where the decoration [D, a] is attached to the external gauge edge inserted at the
point i of G;.

It is clear that the sum over G and i yield all decorated n + 1-point graphs, and,
moreover, that any n + 1-point graph with labels [D, a], wy, ..., @, is obtained in a
unique manner from an insertion of an external edge in an n-point graph, as described
above. We are thus left with ([ D, al, wi, ..., w,)', as desired. O

We conclude that the passage to the one-loop renormalized spectral action can be
realized by a transformation in the space of noncommutative integrals, sending ¢
¢+ ¢ and ¥ — Y + w thus rendering the theory (one-loop) renormalizable as a
gauge theory. Of course, a general “power-counting” procedure and diagrammatics
beyond the one-loop order is of great importance, but at the moment of writing still
waiting to be developed.
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Notes

Section 16.1. Second Quantization of Spectral Triples

1. Section 16.1 is based on [1].

2. A proof of Proposition 16.2 can be found in [2, Proposition 5.2.23].

3. We refer to [3, 4] and [5, Sect.5.3 and 6.1] for excellent expositions on fermionic second
quantization.

4. The lift of the unitary operator U to the Fock space is a special case of the Shale—Stinespring
Theorem [6]. It states that the automorphism on Cliffc (V') defined by an orthogonal operator
T : V — V isimplementable by a unitary operator on Fock space /\ V; ifandonly if T + IT1
is Hilbert—Schmidt.

5. The discussion of the representation y; for the different complex structure / on H derives
from the work of Dirac who realized in [7] that in order to avoid unwanted negative energy
solutions to his Dirac equation, one has to fill up (what is now called) the Dirac sea.

6. There is an intriguing relation between the function / that appears in Theorem 16.9 and the
Riemann zeta function. All details can be found in [1]. See also the more general treatment in
[8], including the chemical potential for both the bosonic and fermionic case.

Section 16.2. One-loop Corrections to the Spectral Action

7. Section 16.2 is based on [9].

8. The boundesness of the inverse propagator is another manifestation of the regularizing proper-
ties of the spectral action, in line with [10-13]. It is an interesting problem to analyze the form
of the propagator for more general f, including a possible gauge fixing, for instance along the
lines of [14, 15] or by means of orthogonal polynomials as in [16].

9. Note that due to the cyclic symmetry of the vertices, an equivalent representation of the
Feynman diagrams may be given by ribbon graphs as in [17], identifying

We however stick with the original fermion cycle vertices, as they are especially convenient
to capture the Ward identities (16.2.3) and (16.2.4).

10. The type of one-loop graphs derived from the spectral action are familiar in the context of
matrix models. In fact, it is interesting to confront this to the proof of renormalizability for
noncommutative scalar field theories [17]. One of the main differences is that they consider
so-called non-local matrix models [18] with a quartic vertex, while instead we have a local
matrix model but with vertices of arbitrary valence.
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Appendix

Alphabetic Index, and Notation Index

(A, H, D)
(A,H,D; J,v)
(A, H, D)

(A, H,D; J,v)
Ay

AN

A(R)

(6%

Aut(A)

A,

ad A,

Ad

ax

B(H)

Inner product (with values in C)

Hermitian structure/algebra valued inner product
Multi-linear functionals on differential forms
Zeta functions defining the improper cocycles
Loop corrections to spectral action

Lipschitz (semi)-norm

Sobolev norm

Operator/C*-norm

x-algebra

Smooth noncommutative torus algebra
C*-algebra

Noncommutative torus C*-algebra
Opposite algebra

Structure space of A

Finite spectral triple

Finite real spectral triple

Spectral triple

Real spectral triple

Commutative subalgebra of A
Direct sum of N copies of A
A-form of Riemannian curvature
Algebra automorphism

Group of algebra automorphisms
Gauge field

Gauge field in adjoint representation
Adjoint action

Seeley-DeWitt coefficient

C*-algebra of bounded operators on Hilbert space H
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B
b, B
B,
Fu

C(X)

C>(M)
C>*(My)
(Cno
CI(v, 0)

X
cl°(v, Q)

Cliff* (M)
CI(T M)
CIiff (M)
Cliffc(V)
C

c"(A
CCV(A)
Codd(A)
Cp.k

C(kl, e ,kj)
ch(E)

C,ul/pa
xX(M)

Appendix: Alphabetic Index, and Notation Index

C*-bundle

Boundary operators on cochains
Gauge field in adjoint representation
Field strength (curvature) of B,

C*-algebra of continuous functions on compact topological space
X

x-algebra of smooth functions on compact smooth manifold M
x-algebra of the toric noncommutative manifold My
Defining representation of M, (C)°

Clifford algebra

Z-grading on Clifford algebra

Even part of Clifford algebra

Odd part of Clifford algebra

Clifford algebra CI(R", £0,,)

Clifford algebra C1(C", Q,)

Even part of Clifford algebra CI,,

Ddd part of Clifford algebra Cl,,

Even part of Clifford algebra C1

Odd part of Clifford algebra le

Clifford algebra bundle

Space of sections of Clifford algebra bundle
Complexified Clifford algebra bundle

Space of sections of complexified Clifford algebra bundle
Complexified Clifford algebra of vector space V

Clifford multiplication

n-cochains on algebra .4

Even cocains

Odd cochains

Combinatorial coefficients in residue cocycle
Combinatorial coefficients in residue cocycle

Chern character of vector bundle £

Weyl curvature

Euler characteristic

Self-adjoint operator

Finite Dirac operator

Metric on finite discrete space

Components of Dirac operator in finite spectral triple
Components of Dirac operator in finite real spectral triple
Component of finite Dirac operator labeling the edge e
Dirac operator on Riemannian spin manifold

Dirac operator on the noncommutative torus

Laplacian on vector bundle

Laplacian on spinor bundle
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dy
d(x,y)

Fp

FB o BE

Pn

(9. p)

(¢, u)

f[XOa -~-vxn]
i

Fx

F
F,

ED

5

YMm

1

SM
o, ®

= (1’*(0)’ 1"(1))
(T, A)

Riemannian distance function

Distance function

Derivation given by [D, -]

Derivation given by [| D], -]

pDp

PuP with P = (1 + Sign D)

Lie algebra of algebra derivations

Operator D in the presence of inner fluctuation w
Right-handed down quark

Left-handed down quark

Algebra module

Conjugate module

Right A-module

Left A-module

A — B-bimodule

Balanced tensor product

Algebra of module endomorphisms
Endomorphism bundle of S
Right-handed electron

Left-handed electron

Field (R, C or H)

Right B-module

Kasparov product

(b, B)-cocycle

Pairing between even (b, B)-cocycle and projection
Pairing between odd (b, B)-cocycle and unitary
Divided difference of f of order n

Moments of function f

Two-point space

Finite noncommutative space/finite real spectral triple
Finite real spectral triple for electrodynamics

Finite real spectral triple for Yang—Mills theory
Finite real spectral triple for the Standard Model
Scalar field

Graph

A-decorated graph/Krajewski diagram

Space of continuous sections of a vector bundle E
Space of smooth sections of a vector bundle E
Christoffel symbols

Christoffel symbols in orthonormal basis
Chirality operator

Dirac gamma matrices, generators of Cliff ™ (M)
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Ya
Tm

g

B(A,H; J)
&(M x F)
&(F)
a(A, H; J)
g(M x F)
g(F)

G

G;w

g1

92

g3

H

H (H)

HF

HS

H.

H,

H,
HH"(A)
HCP(A)
HC P°Y(A)
Hom 4 (€, F)
H(F)

b(F)

H
h

Iy
Inn(A)

J
j:I'—=7T
Ji

Ju
KKf(A, B)

K

A,
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Generators of Clifft (M) in orthonormal basis
Z,-grading on spinors

Z;-grading

Riemannian metric

Gauge group

Gauge group of almost-commutative manifold
Gauge group of finite noncommutative space
Gauge Lie algebra

Gauge Lie algebra of almost-commutative manifold
Gauge Lie algebra of finite noncommutative space
SU (3) Standard Model gauge field

Field strength (curvature) of G,

U (1) coupling constant

SU (2) coupling constant

SU (3) coupling constant

Quaternions

Hilbert space (finite-dimensional Hilbert space)
Positive eigenspace of grading ~y

Sobolev space

Set of Grassmann variables in H

Hilbert space of leptons

Hilbert space of quarks

Hochschild cohomology

Even cyclic cohomology

Odd cyclic cohomology

Space of module endomorphisms

Group of unitary elements in commutative subalgebra
Lie algebra of skew-hermitian elements in commutative subalge-
bra

Higgs field

Higgs field (unitary gauge)

N x N identity matrix
Group of inner automorphisms

Anti-unitary operator/real structure
Involutive graph automorphism
Anti-linear map

Charge conjugation

Set of Kasparov modules for (A, B)
Effective Yukawa coupling for tau-neutrino

Lagrangian
U (1) Standard Model gauge field
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A
A
Ap
Ao
AGUT

j2%

M, (F)
M, (A)

M x F

..,a?)

Field strength (curvature) of A,
Higgs quartic coupling
Electroweak unification scale
Weak-strong unification scale
Grand unification scale

x-algebra of n x n matrices with entries in F
x-algebra of n x n matrices with entries in A
Manifold

Almost-commutative manifold

Group of N’th roots of unity

Mass of W-boson

Mass of Z-boson

Mass of top quark

Higgs mass

Neutrino mass

Majorana mass matrix

Effective mass of tau-neutrino

Defining representation C" of M,,(C)
Connection on module/vector bundle
x-algebra connection

Spin connection

Right-handed neutrino

Left-handed neutrino

Connection one-form/inner fluctuation

Vector field corresponding to one-form w

Curvature of connection on bundle E

De Rham differential k-forms

De Rham differential k-forms with values in algebra A

De Rham k-currents on M

Connes’ differential one-forms associated to a spectral triple
Space of operators of analytic order < r

Group of outer automorphisms

Algebra representation

Commutant of 7w(A)

Improper (b, B)-cocycle
Pseudodifferential operators
Pseudodifferential operators of order k
Projection

Projective unitary group

Quaternion
Embedding of C in H
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Ou
Q,uu

R(X,Y)
R,U.V/‘L/\
Ry
R*R*
res;—oW),

T*M
T ®

U(A)
u(A)
U(N)
u(N)
Upr

ur

%
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Quadratic form

Standard quadratic form on R” or C"
SU (2) Standard Model gauge field
Field strength (curvature) of Q,,

Riemannian curvature tensor

Riemannian curvature tensor

Ricci tensor

Pontryagin class

Residue cocycle

Ratio between mass of tau-neutrino and top quark

Scalar curvature

Spinor bundle

Dimension spectrum

Spectral action

n’th Gateaux derivative of spectral action
Topological spectral action

Fermionic action

Group of elements in /(A ) with determinant 1
Group of elements in $(F) with determinant 1

Lie algebra of traceless elements in u(Ar)

Lie algebra of traceless elements in h(F')

Group of permutations on N elements

Group of special orthogonal transformations of R
Group of special unitary transformations of CV

Lie algebra of traceless skew-hermitian transformations of CV
Real scalar field

One-parameter group of isomorphism of C*-algebra

Tangent bundle
Cotangent bundle
k’th iteration of derivation T +— [D?, T]

Unitary algebra element

Unitary operator

Group of unitary elements in *-algebra A

Lie algebra of skew-hermitian algebra elements
Group of unitary transformations of CV

Lie algebra of skew-hermitian transformations of C"
Right-handed up quark

Left-handed up quark

SU (3) Standard Model gauge field
Field strength (curvature) of V),
Higgs vacuum expectation value
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WN
W;u/

Yt/a Yea Yus Yd

SU (2) Standard Model gauge field
Field strength (curvature) of W,

Yukawa mass matrices

Majorana mass matrix

U (1) Standard Model gauge field
Field strength (curvature) of Y,
Yukawa coupling of tau-neutrino
Yukawa coupling of top quark

Center of A

Riemann zeta function
Epstein zeta function
Zeta function.
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Index

A

Abelian gauge theory, 4

Algebra, 1-4, 9-17, 21, 23, 25, 26, 28, 31—
33, 35, 36, 4347, 49-52, 56-58, 60,
62,66,71,73,74,76,77,80-86,95-97,
102, 103, 106, 114, 115, 121-129, 132,
136-143, 145-152, 154, 155, 166, 169,
180-185, 187, 199, 204, 207, 208, 210,
217,219-224,227-229,231,233-235,
238, 255,271, 272, 284, 287-292

Algebra bundle, 4, 57, 151, 154, 199, 219-
221,223,224, 227

Algebra connection, 221-224

Algebra of module homomorphisms, 125

Almost-commutative manifold, 79, 179,
180, 183, 186, 188, 190, 191, 193, 196,
199, 203, 204, 206, 207,210-212, 214,
217,219,229, 233,239, 243, 245, 251,
254, 257,262,273, 274, 285

Analytic order, 102-105, 115

Anti-unitary operator, 31, 33, 37-39, 47, 58,
62, 81

Asymptotic expansion, 4, 104-106, 109,
159, 160, 173, 174, 186, 190, 193

Atiyah-Bott formula, 110, 113

Atiyah—Singer index theorem, 227

Automorphism, 40, 41, 44, 82, 83, 85, 121-
124, 139, 140, 143, 145, 146, 148, 150,
152,153,180, 182,217,223,230,287—
290, 300

B
Background field, 2, 294
(b, B)-coboundaries, 97

(b, B)-cocycle, 97, 99, 100, 105, 106, 108—
110, 168

b (differential), 95, 96

B (differential), 95, 96

Big desert, 260

Big desert, 260

Bimodule, 14, 16, 31, 33, 34, 46, 128

C

Canonical triple, 77, 85, 89, 91, 101, 115,
179, 180, 193, 195, 210, 217

Center, 53, 122, 124, 145, 146, 152, 154, 182

Chern character, 115, 116, 175, 227

Chirality operator, 52, 54, 55, 77, 271

Christoffel symbols, 60-62, 66

Classification of finite real spectral triples, 3,
31, 35, 40, 47

Classification of finite spectral triples, 3, 25,
35,45

Classification of irreducible geometries, 3,
45,206

Clifford algebra, 32, 49-53, 55-58, 62, 71,
274, 287, 289, 290

Clifford algebra bundle, 56, 57

Clifford multiplication, 57, 61, 63

Cochain, 95, 96, 98-100, 108, 112, 167

Cohomology, 95, 97

Cohomology groups, 95-97

Commutant, 12, 33, 44, 46, 54

Commutant property, 32, 76, 125, 134, 145,
222

Commutative subalgebra, 124, 145, 146,
151, 154, 182

Compatible connection, 35
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Complex algebra, 43, 181-183, 234

Complex involutive algebra, 145

Conjugate module, 34, 128

Connection, 2, 24, 25, 28, 34, 35, 59-62,
130-133, 150, 154, 171, 174, 184, 187,
191, 221, 224, 226, 227, 275

Connection one-form, 175, 221, 223-226

Coupling constant, 3, 4, 244, 245, 249, 254,
259-261, 269, 280-282

C*-algebra, 4, 13,28, 73-75, 80, 84-86, 122,
143,228

C*-bundle, 145-148, 150, 152-155, 180

C*-dynamical system, 287-289

C(X)-algebra, 146, 150, 154

Cyclic cocycles, 91, 99, 166, 167

Cyclic cohomology, 95, 97, 99, 112, 114,
116

Cyclic vector, 33

D

Defining representation, 12, 17, 20, 53, 123,
186, 230, 238

De Rham current, 114

De Rham differential form, 79

Derivation, 1-4, 22, 24, 25, 54, 79, 81, 82,
99, 103, 124, 125, 130, 138, 148, 182,
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