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Preface

This book is based on a course that one of the authors (Klingbeil) has been offering
at the Technische Universitdt Darmstadt, Germany, since 2007. It is addressed
to graduate students who intend to study accelerator physics and engineering or
who would like to deepen their knowledge in this area, especially in the field
of synchrotron and storage ring RF (radio frequency) systems. Furthermore, this
book should provide a basis for understanding more advanced accelerator physics
literature. In this context, it is especially suitable for engineering students who
are interested in a deeper background in physics (e.g., nonlinear dynamics) and
for physics students who want to become familiar with engineering aspects (e.g.,
closed-loop control).

There are many excellent books on accelerator physics. Most of them have a
strong focus on transverse beam dynamics, while this book takes a completely
different approach. The main topics are RF systems and longitudinal beam behavior,
and both theoretical background and practical aspects are discussed. However, the
main objective is to provide a solid theoretical basis for further studies.

We did not try to present a complete description of the field. Instead, we selected
several specific topics that in our opinion will lead to a deep understanding of the
basic facts.

Much effort was expended to maintain a consistent engineering notation through-
out the book. In order to achieve this aim, it was sometimes necessary to use symbols
that differ from those frequently used in some physics disciplines.

This book was strongly influenced by our work in the Ring RF department
of the GSI Helmholtzzentrum fiir Schwerionenforschung GmbH and at the Tech-
nische Universitdt Darmstadt. Therefore, writing it would not have been possible
without many fruitful discussions that we had with our colleagues at GSI, at the
university, and at other institutions. Specifically, we would like to thank Priv.-
Doz. Dr. Peter Hiilsmann, Dr. Hans Giinter Konig, Dr. Gerald Schreiber (all
with GSI), Prof. Dr. Jiirgen Adamy, and Prof. Dr. Thomas Weiland (both at TU
Darmstadt). We are also grateful to the former staff of the GSI ring RF group and
the accelerator division, especially Dr. Norbert Angert, Dr. Klaus Blasche, Dipl.-
Phys. Martin Emmerling, Dr. Bernhard Franzke, and Dr. Klaus Kaspar. Last but
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not least, we thank our managing editor Dr. Christian Caron, the external referees
(especially Dr. Frank Zimmermann), and all those involved at Springer for their
friendly and efficient collaboration and helpful comments.

Any errors that may be present in the text are, of course, our own responsibility.

Dreieich-Offenthal, Germany Harald Klingbeil
Messel, Germany Ulrich Laier
Darmstadt, Germany Dieter Lens

March 2014
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Chapter 1
Introduction

The motion of a charged point particle is influenced by electromagnetic fields
according to the Lorentz force'

-

F:Q(E+ﬁx§). (1.1)

Here Q denotes the charge of the particle, and E (7, 1) and E(?, t) are the electric
field and the magnetic induction vectors, respectively, at a certain time ¢ and at the
position F(¢) of the charge. In this book, we will alternatively call B the magnetic
field, since the distinction between B and the magnetic field vector H is obvious.
The vector &t = g is the instantaneous velocity of the point charge.

For the energy gain due to the electromagnetic field, we obtain

5 > R dr > R
AW:/F'dr:Q/E'dr—}-Q/(—pr)'dr,
c c c \ dt

where C is the flight path of the particle. For the second integral, we obtain

. s\ g
/(d_rxg).d;:/ (d—pr)-d—rdtzo,
c \dr N dr

since two factors of the scalar triple product are equal. Therefore, it is impossible to
use magnetic fields to change the energy of the charged particle.” Magnetic fields
may be used to deflect particles, but an acceleration in the sense of changing their
energy by

The contribution of the electric field is the Coulomb force, whereas the term “Lorentz force” is
used to specify the magnetic contribution in a more specific sense.

2Time-dependent magnetic fields, however, may be used to induce a voltage that allows accelera-
tion. Also in this case, the accelerating field is an electric field.

H. Klingbeil et al., Theoretical Foundations of Synchrotron and Storage Ring RF Systems, 1
Particle Acceleration and Detection, DOI 10.1007/978-3-319-07188-6__1,
© Springer International Publishing Switzerland 2015
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AW:Q/E-d?:QV (1.2)
C

requires electric fields that lead to a voltage

, n dr
V= / E(F,t)-dFf = / EF(t),1) - — dr.
C n dr
Please note that we will always define the voltage V' to be oriented in the same way
as the direction of flight. For acceleration, we need V' > 0 in case of Q > 0 (e.g.,
protons or other positive ions) and V' < 0 in case of Q < 0 (e.g., electrons).

The simplest choice of an electric field is a time-independent field, i.e., a DC
field. The total energy that may be reached by DC fields, however, is limited by
high-voltage sparkovers.

The next logical step to increase the overall voltage would be to use not
only one accelerating section but several adjacent ones. This does not solve the
problem, however, since either the DC voltages will add up to a voltage that again
leads to sparkovers, o—depending on the grounding concept of the sections—DC
voltages in the reverse direction will be present, leading to sections with undesired
deceleration.

These limits may be exceeded if AC fields are used, especially in the radio
frequency (RF) range, because the particles may then gain energy several times. In a
linear accelerator, the beam passes different cavities, which may consist of different
accelerating cells. In a ring accelerator such as a synchrotron or a storage ring,
the particles repeatedly gain energy in the same cavity or in the same number of
cavities, since they arrive at the same place after one revolution.

When using RF fields, one still has to make sure that the acceleration that is
realized during one-half of the RF period does not lead to a deceleration during the
other half of the period. In linear accelerators (LINACs), this may be accomplished
by so-called drift tubes, which shield the particles against electric fields with the
wrong polarity (cf. [1]). In synchrotrons and storage rings, the particles will be
located inside the conducting beam pipe during those time intervals in which the
field has the wrong polarity. The electric field may be generated in a so-called
ceramic gap. Such a ceramic gap is a short ceramic tube that interrupts the metallic
beam pipe. Since its material is nonconducting, a voltage can be induced even
though the beam pipe is still evacuated.

Figure 1.1 shows the main elements (cf. [2] for further reading) of a synchrotron
or storage ring in a schematic way:

* A metallic beam pipe is evacuated so that flying particles will not hit gas
molecules. For storage rings with long storage times (e.g., on the order of
several hours), a better vacuum quality is usually required than is to be found
in synchrotrons that are used only for comparatively short acceleration phases.

* An injection system is used to deflect the beam (which comes from a linear
accelerator or a booster synchrotron) onto its target trajectory. Following the
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Beam
injection

Quadrupole
! magnets

Fig. 1.1 Schematic drawing of a synchrotron

acceleration, which may need thousands of revolutions, the beam is extracted
by a similar system. Injection and extraction are shown only schematically in
Fig. 1.1.

Dipole magnets are used to deflect particles in such a way that a closed orbit is
realized. Inside a dipole magnet, a constant or slowly varying B field is oriented
in the vertical direction so that the beam is bent horizontally. Dipole magnets are
therefore the arcs of a synchrotron. They are also called bending magnets.
Quadrupole magnets are used as focusing elements. A quadrupole magnet leads
to transverse focusing in one direction (e.g., in the radial x direction) and to
defocusing in the other direction (e.g., in the vertical y direction). Fortunately,
the net effect of two quadrupoles the first of which produces focusing in the x
direction (and defocusing in the y direction) while the second produces focusing
in the y direction (and defocusing in the x direction) is to focus in both directions.
Therefore, two (a so-called quadrupole doublet) or three quadrupole magnets
(a quadrupole triplet) are typically combined. One also speaks of magnetic
quadrupole lenses, since the effect in ion or electron optics is comparable with
the effect in light optics.

In the straight sections of the synchrotron, a set of RF cavities is used to produce
the electric field, mentioned above, that is required for the desired energy gain
AW.

In a synchrotron, there is a specific orbit that is the desired one. Of course, not all

particles will follow this orbit precisely, because the ideal situation that all particles
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Fig. 1.2 Phase-focusing principle

have no transverse offset from this reference orbit cannot be realized. However, we
may assume that a so-called reference particle will follow the reference orbit.

When the reference particle gains energy in an RF cavity, it is clear that the
dipole field B has to be increased to keep the reference particle on the reference
orbit (path length / for one revolution). One immediately sees that these conditions
can be fulfilled only if all parameters—the magnetic dipole field B, the RF voltage
amplitude, and the RF frequency—Hfit together. These parameters have to be varied
synchronously, whence the name “synchrotron.”

The reference particle (with reference energy Wg) is also called a synchronous
particle. Typically, the energy gain AW in each revolution is small in comparison
with the total energy Wx. The desired total energy gain is reached only because of
the very large number of revolutions.

We now discuss the effect of the RF cavity on positive charges Q > 0. A
sinusoidal RF voltage V'(¢) is sketched in Fig. 1.2. This voltage is specified by

V =V sin(gre).

where the RF phase is given by

ore = / e (1) d7. (13)
0

In general, the amplitude V and the RF frequency’ frr = “RE are time-dependent

o 2
quantities.

Let us assume that a certain level V of the electric voltage leads to the “correct”
energy gain, i.e., after passing the RF cavity, the particle has an energy that allows
it to travel on the desired path in the beam pipe and to “see” the correct voltage Vr
the next time it arrives again at the RF cavity. In other words, in each revolution,

3Throughout this book, we always use the notation
o =2nf, f=1/T.

Here f denotes the frequency, T the period, and w the angular frequency. This notation is used for
every index that may be present.
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the reference particle will experience an energy gain that allows it to stay on the
reference path. The energy gain AW of the particle is small in comparison with its
energy Wr. Also, the relative change in its velocity is small. Therefore, one may
regard the RF frequency as constant during several periods, so that

@RF ~ WRF!

may be written instead of Eq. (1.3).

The voltage Vi that is required after one revolution usually does not differ much
from the voltage Vr in the previous revolution. This is why Fig. 1.2 shows almost
the same voltage after the revolution time 7. The voltage Vx is determined by

Vr = V sin @R,

where ¢g is the reference phase or the synchronous phase. Please note that in
LINAC:, the synchronous phase is usually defined in a different way, namely with
respect to the crest instead of the zero crossing of the RF voltage.

As the figure shows, it is not necessary that the RF frequency frr = 1/ Trr equal
the revolution frequency fr = 1/Tx for the same voltage Vx as in the previous
revolution affecting the particle. If the number of RF periods that have passed after
the revolution time 7y has elapsed is a positive integer, the particle will still be
influenced by the same voltage Vx, and the slope of V(¢) also will look identical.

Therefore, it is sufficient if
(14)

holds, where the harmonic number / is a positive integer (in Fig. 1.2, we have
h = 2). Finally, a particle will reappear at the cavity after 4 RF periods.

Now we consider an asynchronous particle that arrives at the RF cavity a bit later
than the reference particle. It is obvious that this particle will experience a higher
voltage than the reference particle, leading to a higher energy gain. Therefore, one
would expect it to arrive earlier at the cavity the next time (later in this book, we
will point out that this is true only below the so-called transition energy). It will
therefore move toward the reference particle.* Analogously, a particle that arrives
earlier than the reference particle “sees” a lower voltage and therefore gains less
energy than the reference particle. Hence, it will arrive later the next time. Both
cases show that there is some stable region around the positive slope of the RF
voltage where particles may be “focused.” This principle is therefore called phase
focusing or phase stability (cf. [3-7]).

40f course, the particle does not move toward the reference particle on the same slope of the voltage
V(t). After each revolution, it will be located on a different slope. Similar to the triggering of an
oscilloscope, however, we may project all these slopes onto each other so that a virtual movement
of the particles becomes visible.
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Analogous reasoning shows that the area around the negative slope of the RF
voltage is an unstable region.

For negative charges, we would arrive at the conclusion that particles will be
focused around the negative zero slope, whereas the positive slope is an unstable
region in this case. As mentioned above, this is again true only below the so-called
transition energy.

Later in this book, it will be shown that the asynchronous particles will not
approach the synchronous one asymptotically. Instead, they will oscillate around
it. This is the so-called synchrotron oscillation, which will be analyzed in detail in
the main chapters of this book.

The phase focusing principle shows that a charged particle beam has to be
“bunched” (i.e., it has to consist of bunches) if it is to be accelerated. In contrast
to the acceleration case, a DC beam, which means a homogeneous distribution of
particles in the longitudinal direction (also called a coasting beam) may exist at
a constant reference energy Wg. Therefore, bunched beams are always possible,
whereas a coasting beam may exist for a longer time only if the reference energy is
constant.’

Various beam diagnostic instruments exist that allow one to evaluate the
quality of the beam and to track problems [8—12]. Here we mention only some
nondestructive methods. A beam position monitor (BPM) can be used to determine
the transverse position of the beam (cf. [8, Sect. 5.4]—various BPM applications are
discussed in [9]). This is done by evaluating the difference between the measurement
signals of two opposite plates or buttons (in the horizontal and/or vertical direction,
BPM A signal). If instead of the difference between the two signals, the sum of the
signals is used (BPM X signal), one obtains a signal that is not primarily dependent
on the transverse position of the beam but which represents the beam signal. Of
course, sufficient bandwidth and sufficient dynamic range are required if the signal
form is actually to represent the longitudinal bunch shape.

As an example, Fig. 1.3 shows an oscilloscope measurement of the BPM X signal
in the synchrotron SIS18 at GSI dated 21 August 2008. The beam consisted of
“Ar'$+ jons® at an energy of 11.4MeV/u. An RF voltage of V = 6kV ath = 4
was applied. This means that each pulse shown in the diagram corresponds to one of
four bunches. If the oscillogram had been recorded for a longer time, the next visible
pulse would correspond to the same bunch as the first, since this bunch reappears at
the BPM after one revolution. In general, a maximum’ of & bunches may circulate
in a synchrotron if it is operated at the harmonic number /.

SHere we neglect synchrotron radiation, which may be significant in electron synchrotrons but
which is usually negligible in ion synchrotrons.

SThis notation will be explained in Sect. 2.7.

7As we will see in the main parts of this book, the & stable regions where bunches may exist are

called buckets. Not all buckets have to be occupied by bunches; one speaks of empty buckets in
this case.
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Fig. 1.3 Beam current
measurement in a synchrotron
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Usually, the BPM X signal is not calibrated with respect to the total beam current.
As a nondestructive way to determine the beam current, one may, e.g., use a beam
current transformer (BCT) [8, 11]. A DC beam current transformer (DCCT) does
not provide the bunch shape but only the average current.®

Another important beam diagnostic procedure is the Schottky measurement
[12-14]. Here we mention only the longitudinal Schottky measurement for the
unbunched, i.e., coasting, beam. For this purpose, one analyzes the beam signal
delivered by a suitable pickup, usually a broadband device, with a spectrum
analyzer. For an ideal coasting beam with a continuous charge distribution corre-
sponding to a constant beam current, one would not expect any spectral components
other than the DC component. In reality, however, the coasting beam consists of
a finite number of particles (discrete charges), and its noise therefore contains
spectral components around the revolution frequency and its harmonics, which
can be observed in the frequency domain. The spectrum is usually evaluated in a
frequency range centered at several times the revolution frequency. As a result of
this longitudinal Schottky measurement of the coasting beam, one may determine
the revolution frequency fr and also its distribution. This is one possible way of
determining the required RF frequency frr = i fr with sufficient accuracy.

We do not want to finish our brief introduction without mentioning that the
operation of a synchrotron or a storage ring requires several further technical
systems. A centralized control system is needed that controls the different devices
(magnets, RF cavities, beam diagnostics systems, etc.) in real time. Cooling media
(at least water and air) and electrical power distribution and conversion systems
are needed as well. The vacuum system mentioned above is another complex
subsystem of an accelerator.

Before we proceed with our main topics, “particle acceleration” and “RF
systems,” we shall summarize several basic points in the next chapter:

8However, there exist fast beam current transformers that provide the bunch shape.
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Fourier analysis
mathematical statistics
electromagnetic fields
special relativity
nonlinear dynamics

These sections will include only the most important fundamental results that are
needed in the rest of the book. It is, of course, impossible to aim at completeness,
since each of these topics could fill several books and be the subject of its own
university course.
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Chapter 2
Theoretical Fundamentals

In this chapter, we summarize some theoretical fundamentals. We assume that the
reader is already familiar with these basic facts. The main purpose of this chapter
is to introduce the notation that is used in this book and to provide a reference.
Therefore, the explanations are brief, and no proofs are given.

2.1 Fourier Analysis and Application to Beam Signals

In this section, several formulas for Fourier series and the Fourier transform are
summarized. However, we do not discuss the properties of a function that are
necessary for the existence of the transformation. For those foundations, the reader
should consult the references cited here.

2.1.1 Fourier Series

A real-valued periodic function f(¢) with period 7' may be decomposed into Fourier
components according to the Fourier series

o0
. 2
t) = L, et ithw = —, 2.1
f@) E Cp @ with @ T 2.1)

n=—0o0o

where the complex coefficients ¢, are determined by

T

1 )
=5 [ flp)e?dg
2w J_,

H. Klingbeil et al., Theoretical Foundations of Synchrotron and Storage Ring RF Systems, 9
Particle Acceleration and Detection, DOI 10.1007/978-3-319-07188-6_2,
© Springer International Publishing Switzerland 2015
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or by

T/2

1 .
n = — f(t) e dr, 2.2)
T J_rp

where we made the substitution ¢ = wt.
With the substitution x = ¢t + T, we obtain

0

T
(1) et = / f(x=T) o nwx ginoT 4y
—-7/2 /2

Due to v = 2?”, the last exponential function equals 1. Furthermore, we have

f(x—=T) = f(x), so that

0 T

T
f(t) e ™ldr = / f(x) e ¥dx = f(t) e ™' dy
T/2 T/2

—-T)2

holds. Therefore, we may use

_Lqt 1) el dy 2.3
=7 [ fore @3

instead of Eq. (2.2).

2.1.2 Spectrum of a Dirac Comb

In this book, the Dirac delta distribution is used in a heuristic way without the
foundations of distribution theory. Therefore, the reader should be aware that the
results presented still have to be proven mathematically. For example, we use
the formula

+o00

J(x) 8(x = xo) dx = f(x0),

even though it does not have any meaning in the scope of classical analysis.

A strongly bunched beam may be approximated by a sum of Dirac delta pulses

f@o)y= ) 8 —kT).

k=—o00
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which is called Dirac comb. For this special sum of Dirac pulses, one obtains the
following Fourier coefficients (only the Dirac pulse with k = 0 is located inside the
interval =T /2 <t < +T/2):

c ! / " 8(t) e "t ds ! (2.4)
e — e = —. .
T T

Hence, all coefficients are equal. According to Eq. (2.1), we get

3 St —kT) = ~ S
) =D

k=—00 n=—oo

This can also be written as

o0 o

Y wbwt—wkT)=— Y "

k=—00 n=—0o0

o0 o0
=2 Z 8(p —2mk) Z e,

k=—00 n=—0oo

N -

2.1.3 Different Representations of the Fourier Series

The general definition of the Fourier series shows that the ¢, are defined in such a
way that both positive and negative frequencies occur. If only positive frequencies
are to be allowed, one may write Eq. (2.1) as follows:

JO) =co+ Y (ca™ +cpe) = 2.5)

n=1

=co+ Y (cu[cos(nwt) + j sin(nor)]

n=1

+ ¢, [cos(nwt) — j sin(nwt)]). (2.6)

We obtain the result

f@t)=co+ Z [(ch + c—n) cos(nwt) + j(cn — c—p) sin(nwt)].

n=1
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By means of the definition
an = ¢y + c—y
and
by = j(en —c—n),

one obtains

f@t)=— + Z [a, cos(nwt) + b, sin(nwt)] . 2.7
n=1

Taking ag = 2c¢p and by = 0 into account, one may calculate the coefficients ¢, if
a, and b, are known:
a, — jb,
) = TJ 2.8)
For the special case that ¢, = 1/T holds for all n (Dirac comb; see Sect.2.1.2),
one obtains a, = 2/T and b, = 0. According to Eq.(2.7), this means that the

average, i.e., the DC component, of a strongly bunched beam is exactly one-half the
fundamental harmonic:

Z §(t —kT) = —+ Zcos(na)t) (2.9)
k=—o00

Now we return to the general case. Instead of using a, and b,, one may also use
amplitudes and phases:

fit) == + Z d, cos(nwt + ¢p). (2.10)
n=1

A comparison with Eq. (2.7) shows that

a, cos(nwt) + b, sin(nwt) = d, cos(nwt + ¢,)

= a, cos(nwt) + b, sin(nwt) = d, cos(nwt) cosg, —d, sin(nwt) sing,.
This leads to the following conditions:

a, = d, cosgy,, (2.11)
b, = —d, sing,. (2.12)
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According to Eq. (2.8), we therefore have

n =Ly (2.13)
and
dy, = /a2 + b2. (2.14)
Due to

1
— 2 2
len| = 2\/ 2+ b2, (2.15)

one obtains
dy = 2|cy| (2.16)

as the physical amplitudes (peak values). By inserting Eqgs. (2.11) and (2.12) into
Eq. (2.8), one gets

d

b

_— ](pl’l

cp = —el¥n,
2

The same result is obtained by combining Eqgs. (2.13)—(2.15).

2.1.4 Discrete Fourier Transform

The discrete Fourier transform is a powerful tool for spectral analysis of signals that
are given in digital form, e.g., on a computer. Therefore, we briefly discuss some
important features here.

2.1.4.1 Motivation of the Transformation Formula

Let us now assume that a real-valued periodic function f(¢) with period T = %’ is

discretized according to

S = kA1),

where k is an integer. The period 7T is divided into N € IN time intervals

At = —
N
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such that fy = fy holds. Therefore, the N samples fy, fi,..., fy—1 are sufficient
to describe the function f(¢), provided that N is large enough. We now replace the
integral in Eq. (2.3) by the Riemann sum

Nl N-1 N-1
o A 1 ‘
n AN kAt)e KA AL = E —J2mnk/N Ay — —j2mnk/N
‘T Z f(kAt)e T & Jre N kz=0 Jre

k=0

This formula is used to define the discrete Fourier transform (DFT)

N—1
1 .
X, = ~ § Xy e /2N (2.17)
0

This obviously yields an approximation of the Fourier coefficients ¢, of the periodic
function f(¢), provided that the number N of samples x; = f(kAt) is large
enough.

2.1.4.2 Symmetry Relations

Based on Eq. (2.17), we find that

N—1 N—1
1 . ) 1 .
Xn+N — v § : Xk e—]27mk/N e—jZnNk/N — ¥ § Xk e—]27mk/N 1= Xn-

k=0 k=0

Therefore, all X, are known if those for 0 < n < N — 1 are specified. One sees
that for a sample (xo, x1,...,Xny—1), one obtains a sample (Xo, X1,..., Xy—1) as
the spectrum.

Since we have assumed that the signal f(¢) is real-valued and periodic, the same
is true for the samples x;. Based on Eq. (2.17), it is then obvious that the symmetry
relation

X, =X
holds. We may also combine these two symmetry relations to obtain

Xnow=X_gny = X'y = X7

n

Therefore, only about one-half of the coefficients X, with 0 < n < N — 1 have to
be calculated.
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Table 2.1 Overview of DFT components of real-valued signals

Spectral

Time Sample Frequency component Comment

0 X0 0 Xy (real) DC component of the signal
At X % = ﬁ = ﬁfsampl X, Peak value: 2| X |

2At X2 % = ﬁ = %fsampl X, Peak value: 2| X, |

3At X3 % = ﬁ = %fsampl X3 Peak value: 2| X3
(N—=2)A1 xy_, N2=D02=N2g | Xy_o=2X, Peakvalue:2|X,|
(N—=DAt xy—y =02 =Nolg o Xv—i =X Peak value: 2|X; |

NAt XN % = t = fsampl Xy = Xo Repetition

2.1.4.3 Interpretation of the Spectral Components

According to Eq. (2.1), the sample X, belongs to the DC component of the signal.
The sample X obviously belongs to the angular frequency

_ 2w
==
Therefore, the spectrum (Xo, X1, ..., Xy—1) has a resolution of f = 1/T, where

T is the total time that passes between the samples xy and xy. It is obvious that
X y—1 belongs to the frequency

1-w

N—l_N—llNI_f
T N At Ar st

This approximation is, of course, valid only for large samples with N >> 1. Hence
we conclude that the frequency resolution is given by the inverse of the total time 7,
whereas the maximum frequency is determined by the sampling frequency fimpl =
1/At. However, due to Xy_, = X7, only one-half of this frequency range between
0 and fiax actually contains information. In other words, and in compliance with
the Nyquist-Shannon sampling theorem, sampling has to take place with at least
twice the signal bandwidth.

These properties are visualized in Table 2.1.

If one makes sure that the N equidistant samples x, of the periodic function
represent an integer number of periods (so that duplicating (xo, x1, ..., xy—1) does
not introduce any severe discontinuities), one may obtain good results even without
sophisticated windowing techniques.

For the interpretation of the spectrum, please note that the DC component is
equal to

fmax =

ao
fDC:?:COZXOs

i.€., to the first value of the DFT.
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According to Eq.(2.16), the amplitude (peak value) at the frequency p/T is
given by

d, =2lc,| =2|X,|.

The discussion above shows that the sample (Xy, Xi,..., Xy—) contains all the
information about the spectrum, but that the DFT spectrum is infinite. It does not
even decrease with increasing frequencies. At first glance, this looks strange, but
in our introduction to the DFT, we assumed only that the integral over Af may
approximately be replaced by a product with Az. We made no assumption as to
how the function f(¢) varies in the interval A¢. This explains the occurrence of the
high-frequency components.

It should be clear from the Nyquist—Shannon sampling theorem that the spectrum
for frequencies larger than f,,x/2 cannot contain any relevant information, since the
sampling frequency is fixed at At ~ 1/ fiax.

Therefore, in the next section, we filter out those frequencies to obtain the inverse
transform.

2.1.4.4 Inverse DFT

As mentioned above, the Nyquist—Shannon sampling theorem tells us that we should
consider only frequencies f, with

fmax fmax
—— =< X f +_.
2 - / 2
This corresponds to
N -1 N -1
J < —_—
o =l =t
or
N -1 -1

For the sake of simplicity, we assume that N > 3 is an odd number. If we have a
look at Eq. (2.1),

o0
=3 e,
n=—00
it becomes clear that only those n with
N —1 N -1
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lead to the aforementioned frequencies w, = 27 fy = nw. Therefore, we expect to
be able to reconstruct the signal based on

+(N-1)/2
o= Y che
n=—(N—1)/2
We now apply the discretization
+(N-1)/2 +(N=1)/2
fo=[fkAn = > e = N g, eUN(218)
n=—(N—1)/2 n=—(N—1)/2
and obtain
N—1 —1
Z ¢, el IN = Z ClaeN ejan’*TN.
n=(N+1)/2 I=—N/2+1/2

Here we introduced the new summation index / = n — N. The last formula leads to

N—1 -1
Z ¢, e/ THIN — Z ¢ eI KIN
n=(N+1)/2 I=—(N—1)/2

On the right-hand side, we may now rename / as n again. This shows that the sum
from —(N — 1)/2 to —1 included in Eq. (2.18) may be replaced by the sum from
(N+1)/2toN —1:

N—1
fk — Z Cn e]27'mk/N'

n=0

This defines the formula for the inverse DFT (not only for odd N):

N—1

Xk = § :Xn e/27rnk/N'
n=0

Please note that in the literature, the factor 1/N is sometimes not included in the
definition of the DFT, but it appears in that of the inverse DFT. Our choice was
determined by the close relationship to the Fourier series coefficients discussed
above. Apart from the factor 1/N, the DFT and the inverse DFT differ only by
the sign in the argument of the exponential function.
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2.1.4.5 Conclusion

We have summarized only a few basic facts that will help the reader to interpret the
DFT correctly. There are many other properties that cannot be mentioned here.

For large sample sizes equal to a power of 2, the so-called fast Fourier transform
(FFT) algorithm may be used, which is a dramatically less time-consuming
implementation of the DFT.

2.1.5 Fourier Transform

The Fourier transform X (w) of a real-valued function x(¢) depending on the time
variable 7 is given by

+o00 )
X(w) = / x(t) e/ dt, (2.19)
—0o0
the inverse transform by
1 +o00 )
x(t) = —/ X(w) e’*" dw. (2.20)
21 J_oo

This relation is visualized by the correspondence symbol
x(t) o—e X(w).

The Fourier transform is a linear transformation. It is used to determine the
frequency spectrum of signals, i.e., it transforms the signal x(¢) from the time
domain into the frequency domain. It is possible to generalize the definition
of the Fourier transform to generalized functions (i.e., distributions), which also
include the Dirac function [1, 2].

Please note that various definitions for the Fourier transform and for its inverse
transform exist in the literature. The factor % may be distributed among the original
transformation and the inverse transformation in a different way, and even the sign
of the argument of the exponential function may be defined in the opposite way.

Some common Fourier transforms are summarized in Table A.3 on p. 417.
Further relations can also be found using symmetry properties of the Fourier
transform. Consider the Fourier transform

x(f) o—e X(w)= /OO x(t) e/ dt.

—00

If the time ¢ in x(¢) is replaced by w, and x (w) is regarded as a Fourier transform,
its inverse transform is given by
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1 *° . 1
x(w) e—o —/ x(w) e/ dw = — X(—1).
27 J 0o 2w

In other words, the inverse transform of x(w) is obtained by replacing @ in the
function X (w) by —t.

2.1.5.1 Fourier Transform of a Single Cosine Pulse

Let

2.21)

(1) = 1 + cos(Q2¢) for —m < Qt < 7,
o otherwise,

define a single cosine pulse. This leads to

+o00 +7/Q
X(©) = /_ x(t)e‘j‘“’df=/_ [+ cos(Q0)] e dr =

00 /R
+r/Q ) 1 . 1 .

:/ |:e—jwt 4 - e](Q—a))t 4 - e—j(Q+w)ti| dr =
/g 2 2

[e—jwt 1 e/(@—ox 1 e—J@tox i|+7f/Q

— 4+ = - + - —
—jo 2 jQ-0) 2 -jQ+w0)]_,q

. i Qz
()0t oo ata) = () s o

= X(w) = %[ (Zf) (2.22)
&

)

In the last equation, we used the definition

. % for x #£ 0,
six) = 1 for x = 0.

For the sake of uniqueness, we call this function si(x) instead of sinc(x).

2.1.5.2 Convolution

The convolution is given by

+o00

h(t) xx(t) = / h(t) x(t — 1) dr,

—00
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and one obtains
x(t)xh(t) = h(t) * x(t) 00— H(w)X(w).

We consider the special case that
h(t) =Y 8t~ Tp)
k
is a sequence of Dirac pulses. This leads to

h(t) * x(1) = Z/ma(c —T) x(t—1)dr =Y x(t —Tp).
k —00

k

Hence, by convolution with a sequence of Dirac pulses, we may produce a repetition
of the function x(¢) at the locations of the delta pulses.

2.1.5.3 Relation to the Fourier Series

We consider the special case

+o00
X@) = ) pr8@—ka).

k=—00

According to Eq. (2.20), this leads to

1 +o00 +oo 1 +o0o .
—_ _ jwt _ i kwot
x(t) = 7 k;oo /_Oo Pk 8(w — kay) /" dw = 7 ; pi e/,

If we set
Pk = 2mcy,
we obtain the correspondence
+00 +00
x()= Y o e/t o—e X() =21 Y ¢ 8- ko).
k=—00 k=—00

which is an ordinary Fourier series, as Eq. (2.1) shows.

Hence, if we calculate the Fourier transform of a periodic function with period
Ty = i—”, we get a sum of Dirac pulses that are multiplied by 2 and the Fourier
coefficients. The factor 27 is obvious because of the correspondence

1 o—e 27é(w).
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2.1.6 Consequences for the Spectrum of the Beam Signal

We first model an idealized beam signal h(¢) as a periodic sequence of Dirac
pulses. Even if the bunches oscillate in the longitudinal direction, periodicity may
be satisfied if the beam signal repeats itself after one synchrotron oscillation period.
The sequence of delta pulses will be defined by

h(t) =Y 8t~ Tp)
k

as above. Thus, we get a realistic beam signal by convolution with the time function
x(t), which represents a single bunch:

y(@) = h(t) * x(t).

Since A (1) is to be periodic, it may be represented by a Fourier series. As shown in
the previous section, this leads to the Fourier transform

+o0
Hw) =21 Y ¢/ 8w — k).
k=—00

The function x () describes a single pulse and is therefore equal to zero outside a
finite interval. Therefore, the spectrum X () will be continuous. This shows that

Y(w) = Hw) X(w)

+o00
=21 Y /" X(w) 8(w — ko)

k=—o00

+o00
=21 > o/ X(kwo) §( — ko)

k=—00

is a Fourier series whose Fourier coefficients are

el = X(kao). (2.23)

As an example and as a test of the results obtained so far, we analyze the convolution
of a Dirac comb

h(ty= > 8t —kTy)

k=—00
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with a single cosine pulse. According to Eq.(2.4), the Fourier coefficients of the
Dirac comb are

Here Ty denotes the time span between the pulses. For the single cosine pulse
with time span T = Zﬁ” that was defined in Eq.(2.21), one obtains—based on
Eq. (2.22)—the Fourier transform

2r si(ng)
Q 1_(

)
)

According to Eq. (2.23), the Fourier coefficients of the convolution function y(¢) =
h(t) * x(t) are therefore

X(w) =

EOI’S :0|e

vy _ 127 si (k@) _ @ si (wk ) (2.24)
Ry R a-(eg)

We will now analyze this result for several special cases.

¢ Constant beam current: In this first case, we assume that the different single-
cosine pulses overlap according to 7 = 27j, which is equivalent to wy = 2. In
this case, we obtain c]f @ — 0 for k # 0. For cy ® , which corresponds to the DC
component, one obtains

Qoo 12
0 To ’

which is the expected result for a constant function that equals 2.
¢ Continuous sine wave: In this case, we make use of the simplification Q2 = wy,
so that y(#) corresponds to a simple cosine function that is shifted upward:

y@) _ Sl(]‘[k)
Ck = —1 — k2 .

We obviously have

QW =1.

For k = £1, we may use I’Hopital’s rule:

O lim si(mk) lim sin(rk) . mwcos(mk) 1
T DR Tk kst (k—K) kot 7 (1-3k2) 2
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All other coefficients are zero. Thus we obtain

1 1

(t)  jkwot jwot jwot

1) = E ;e 0f =1 4 — e/  — 7/ =] + cos(wpt),
Y() k ) 2 (O)

k=—00

which is in accordance with our expectation.

* Dirac comb: For this last case, we first observe that the area under each single-
cosine pulse defined in Eq.(2.21) is 7. If we want to have an area of 1 instead,
we have to divide the function y(¢) by T':

. y(@)

1) = —-.
y(@) T
Hence, the Fourier coefficients in Eq. (2.24) also have to be divided by T":

s 1 si(mk Q)
LTk

We now consider the case T — 0 while assuming a fixed value of 7. Hence
wp/ 2 — 0, and we obtain

1

Ty

¥y _
¢ =

which is the expected result for a Dirac comb.

Finally, our simple beam signal model that was constructed by a combination of
single-cosine pulses is able to describe all states between unbunched beams and
strongly bunched beams. In the case of long bunches (continuous sine wave), the DC
current equals the RF current amplitude. As the bunches become shorter (wy < €2),
Eq. (2.24) can be used to determine the ratio between RF current amplitude and DC
current.

2.2 Laplace Transform

The Laplace transform is one of the standard tools used to analyze closed-loop
control systems. In the scope of the book at hand, we deal only with the one-
sided Laplace transform [3, 4], which is useful because processes can be described
whereby signals are switched on at # = 0. Hence, the name “Laplace transform”
will be used as a synonym for “one-sided Laplace transform.” Such a one-sided
Laplace transform of a function f(z) with f(t) = 0 for ¢t < 0 is given by

F(s) = /Ooo @) e dt. (2.25)
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Here s = 0 + jw is a complex parameter. It is obvious that the Laplace transform
has a close relationship to the Fourier transform that is obtained for ¢ = 0 if
only functions with f(¢) = 0 for t < 0 are allowed. The real part of s is usually
introduced to obtain convergence for a larger class of functions (please note that the
Fourier transform of a sine or cosine function already leads to nonclassical Dirac
pulses, as we saw in Sect. 2.1.5.3).

The Laplace transform F(s) of a function f(¢) is an analytic function, and
there is a unique correspondence between f(¢) and F(s) if the classes of func-
tions/distributions that are considered in the time domain and the Laplace domain
are chosen accordingly [1,4]. Since the integral in Eq. (2.25) exists only in some
region of the complex plane, the Laplace transform is initially defined in only
this region as well. If, however, a closed-form expression is obtained for the
Laplace transform, e.g., a rational function, it is possible to extend the domain
of definition by means of analytic continuation (cf. [5, Sect.2.1]; [6, Sect. 10-9];
[7, Sect.5.5.4]). Therefore, the Laplace transform F(s) should be defined as the
analytic continuation of the function defined by Eq.(2.25). Apart from poles, a
Laplace transform F(s) may thus be defined in the whole complex plane.

Like the Fourier transform, the Laplace transform is a linear transformation. If
according to

fH)yo—e F(s).  g(t)o—2G(s),

we use the correspondence symbol again, the Laplace transform has the following
properties (n is a positive integer, and a is a real number):

* Laplace transform of a derivative':

Y e Fi9) - 10
T e )~ 00— 04— s°i;1_{ (0+).
* Derivative of a Laplace transform:
—t f(t) o—e dfl Es), " F(t) o—e (—1)" dndi ,fs).

* Laplace transform of an integral:

/ fe) dro—e T

"We use the notation

f(0+) := 113%) f(e) with € > 0.
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Shift theorems:
e f(t)yo—e F(s +a),
f(t —a)o—e e F(s) for a>0. (2.26)
» Convolution:
fxg=gx fo—eF(s) G(s). (2.27)

e Scaling (a > 0):

fanyo—s = F(3),

e Limits:
JSO0+) = lim (s F(s)),
f(e0) 1= lim f(r) = lim (s F(s)). (2.28)

Here f and its derivative must satisfy further requirements [4]. Before using
the final-value theorem (2.28), for example, one should verify that the function
actually converges for t — oo.

Like the Fourier transform, the Laplace transform may also be generalized in
order to cover distributions (i.e., generalized functions) [1]. Some common Laplace
transforms are summarized in Table A.4 on p. 418.

2.3 Transfer Functions

Some dynamical systems> may be described by the equation

Y(s) = H(s) X(s).

2This will be discussed in Sect.7.1.1.
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In this case, X(s) and Y(s) are the Laplace transforms of the input signal x(¢)
and the output signal y (), respectively. The Laplace transform H(s) is called the
transfer function of the system. We discuss two specific input signals:

¢ Let us assume that the input function x(¢) is a Heaviside step function

0 fort <O 1
O0) = ’ -,
@) 1 fort >0, K
In this case, the output is
H
ve) =

If we now apply Eq. (2.28), we obtain
y(00) = lim H(s)
s—>0

as the long-term (unit-)step response of the system.
 If generalized functions are allowed, we may use x(¢) = §(¢) as an input signal.

In this case, the correspondence

8(t)o—e 1
leads to
Y(s) = H(s),
which means that the transfer function H(s) corresponds to the impulse

response /i(t) of the system. The final value of the response y(t) = h(t) is
then given by

y(00) = lim (s H(s)).

Let us assume that a system component is specified by the transfer function H(s). If
we calculate the phase response’ of this component according to ¢(w) = £ H(jw),
the group delay can be defined by

de
Tg = ——.
£ dw
3The function A(w) = |H(jw)| is the amplitude response. Phase response and amplitude

response define the frequency response H(jw).
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Taking a dead-time element with H(s) = e*7d (see shift theorem (2.26)) as an
example, one obtains the frequency-independent, i.e., constant group delay

Tg = Tyead-

Hence, the dead-time element is an example of a device with linear phase response.

2.4 Mathematical Statistics

The results summarized in this chapter can be read in more detail in [8].

2.4.1 Gaussian Distribution

The Gaussian distribution (also called the normal distribution) is given by the
probability density function

F) = — ), (2.29)

o
o 21

where i, 0 € R with 0 > 0 are specified. In order to ensure that f(x) is in fact a
valid probability distribution, the equation

+o00

fx)dx =1

—0o0

must hold. We show this by substituting

This leads to

+o0 +o00 1 |
f(x) dx :/ e 2" du.
00 _
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Fig. 2.1 Gaussian 0.4 +
distribution
0.3+
© 02+
o
0.1+
0.0 | k

5-4-3-2-101 23 45

(x-W/c

which actually leads to the result

+o00

f(x)dx = 2" du=1. (2.30)

1 +o00
— e
— V2r /;oo
For a given measurement curve that has the shape of a Gaussian distribution,
one may use curve-fitting techniques to determine the parameters p and o. A
simpler method is to determine the FWHM (full width at half maximum) value.
According to Eq. (2.29), one-half of the maximum value is obtained for

x—p\2 1 1 —_ 2
e—%T‘)éz :>—§(x “) =-In2 =S|x—pl=0v22
o

The FWHM value equals twice this distance (one to the left of the maximum and
one to the right of the maximum):

FWHM =02 v2 In 2 ~ 2.35482 0.
This formula may, of course, lead to less-accurate results than those obtained by the

curve-fitting concept if zero line or the maximum cannot be clearly identified in the
measurement data.

2.4.2 Probabilities

We now consider the area below the curve f(x) that is located to the left of x =
© + Ax, where Ax > 0 holds. This area will be denoted by ®:

Ax
<I>:/M+ f(x) dx.

—0o0
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Fig. 2.2 Gaussian 0.4+
distribution
0.3
© 0.2
o
0.1

54321012345
(-Ww/c

0.0 | - =¥

It obviously specifies the probability that the random variable X is less than pu +
Ax. By applying the same substitution as that mentioned above, one obtains

Ax/o 12
CD:/ e 2% du.

and get

1 Au
O(Au) = \/T_JT / e du.
—00

The area D that is enclosed between u — Ax and u + Ax (see Fig.2.2) can be
calculated as follows:

D(Au) = ®(Au) — ®(—Au).
Due to symmetry, we have
D(—Au) =1 — O(Aun),
which leads to

D(Au) =2 ®(Au) — 1.
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Table 2.2 Integrals of the

Gaussian probability density Au Po(Aw) Ax D(Au) =2 o(Au)

function 0 0 0 0
0.5 0.1915 050 0.3829
1 0.3413 o 0.6827
1.5 0.4332 150 0.8664
1.6449 045 1.6449 0 0.9000
1.9600 0.475 1.9600 0 0.9500
2 0.4772 20 0.9545
2.5 0.4938 250 0.9876
2.5758  0.4950 25758 0 0.9900
3 0.4987 30 0.9973
3.2906  0.4995 32906 0 0.9990
3.5 0.4998 350 0.9995

Often, the area @ is considered, which is located between p and © + Ax:

1 1 Au
Dp(Au) = ®(Au) — =, ) Au:—/ e 2" du.
B = @Aw 3. eo(an = —— |

This shows that D may also be written in the form
D(Au) =2 Oy(Au).

Some examples for these quantities are summarized in Table 2.2.
As an example, the table shows that the random variable is located in the
confidence interval between i« — 20 and p + 20 with a probability of 95.45%.

2.4.3 Expected Value

Let X be a random variable with probability density function f(x). Then the
expected value of the function g(X) is given by
+o00
E@0) = [ gt £ a.

—0o0

It is obvious that the expected value is linear:
E(a g1(X) + b g2(X)) = a E(gi1(X)) + b E(g2(X)).

For g(X) = X*, one obtains the kth moment:

E(X*) = /+0o xF f(x) dx.

o0
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By definition, the first moment is the mean of the random variable X. For the
Gaussian distribution, we obtain

1 Foo 1 (=12 1 Foo 12
E(X) = / x e—2(55%) dx:—/ ou-+ ) e 2" du.
) 0 V2w J- V21 J-0o ( 2

The term ou in the parentheses leads to an odd integrand, so that this part of the
integral vanishes.
Using Eq. (2.30), one obtains the mean
E(X) = p,

which is geometrically obvious.

If we always (not only for the Gaussian distribution) denote the mean by p, then the
kth central moment is given by

+o00

E((X — ) = / (r — 0 f(x) dx.

—00

The second central moment is called the variance. For the Gaussian distribution,
we obtain

x—

“) dr=—t /+oo(a ) e d
o X=— u) e u.
\/27[ —00

+o00 .
(=== [ e e

With

an integration by parts yields

e 00 +o0 2
/ W e du = —2u e_uz/z) + 2/ e~/ (1 — u_) du.
o0 —00 o0 2

The first term on the right-hand side vanishes, and we get

o) +o0o
2 / W2 e 2 dy = 2/ ™12 dy.
—00 —00
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The remaining integral is known from Eq. (2.30):
° 2
/ u? e /% du = V2m.
—0o0

Hence we obtain
E(X —p)?’) =0’

The variance is generally denoted by o (not only for the Gaussian distribution),
and its square root, the value o, is called the standard deviation.
For a random sample with m values x1, X7, ..., X;;, one defines the sample mean

and the sample variance

1 m
2 _ =\2
e IRl

2

ms» Where the root

For large samples, this value does not deviate much from Ax
mean square (rms) is defined* as

AXms =

1 m
— 3 (i — 0%
m

k=1

“The root mean square (rms) of a continuous-time signal f(¢) in the interval [T}, T5] is defined
by

1 T
ms = 2(¢) dt. 2.31
) \/Tz_n o @31

If the time interval is divided into m equal subintervals, one obtains approximately

m

1 T,—T,
frms = Z sz

Tz—Tl =1 m

(2.32)

if fi is regarded as a (time-discrete) sample of f(¢) in the kth subinterval. This equation is used
in general to define the rms value of a set of values f; (k € {1,2,...,m}).
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2.4.4 Unbiasedness

The individual values x; of a sample are the observed realizations of the random
variables X} that belong to the same distribution. Also,

_ 1 <
X =— X

is a random variable for which one may calculate the expected value. From
E(X}) = u we obtain

_ 1 &
E(X)=—3% E(Xe) = p,
k=1

which means that X is an unbiased estimator of the mean value u of the
population. We now check whether the sample variance

1 < .
S2 - mZ(Xk —X)2
k=1

is unbiased as well. We have
1 = . _
E(SY) = —— Y [E(X}) —2E(XxX) + E(X?)]. (2.33)

m—1
k=1

First of all, we need an expression for £ (X ]3). For this purpose, we point out that all
the random variables X belong to the same distribution, so that

02 = E(Xx — 0)%) = E(X}) — 2pE(X)) +
holds. From E(Xy) = u, we obtain
o’ = E(X}) — i
and
E(X}) = o + u> (2.34)

Now we analyze the second expression in Eq. (2.33), i.e., the expected value of

_ 1 &
X, X = — ZXkX,.
m
=1
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For independent random variables X and Y, we have the equation
EXY)=EX) E(Y).

In our case, this is satisfied only for k 7 [, which means for m — 1 terms. The term
with k = [ leads to the expected value E(X ]f) derived above. Therefore, we have

- 1 <& 1 o2
E(XiX) = =Y E(XieX) = — [(m = Di® + (0" + p))] = 1* + —.
m = m m
(2.35)
Finally, we calculate the expected value of
_ 1 m m
2 _
X =— D> XX
k=11=1
in an analogous way, obtaining
72 1 2 2 2 2 2, O
E(X):W((m —m)p? +m(o® + p?)) = p +— (2.36)

The results (2.34)—(2.36) may now be used in Eq. (2.33):
2 m 2 2 , , 0 , 0
E(S )=—[(a +u)—2(u +—)+(,u +—):|
m—1 m m

2

m o
=—|o?2- =) =02

m—1 m

This shows that the sample variance is an unbiased estimator of the population
variance. This is obviously not true for rms values. For large samples, however,
this difference is no longer important.

We now calculate the variance of the sample mean X :
~ _ ~ o2 o2
E((X —p)*) = E(X?) = 2uEX) + u* = (u2 + ;) W=

This shows that an estimate of the population mean from the sample mean becomes
better as the sample size becomes larger.
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2.4.5 Uniform Distribution

According to

1 _
f(x) = { 7% for x =l = Ax, with the constant Ax > 0,

0 elsewhere,

we now calculate the variance of a uniform distribution:

+o00

(x—m?ﬂmdxzf W f(u+ 1) du.

—0o0

+o00

o = E(X - ) = |

—00

In the last step, we substituted u = x — p to obtain

+Ax 1 Ax 1 1 3 Ax2
02=/ u? du:Z/ u? du:—u— = 2
“Ax 2Ax 0 2Ax Ax 3, 3
= ! A
o =— Ax.
V3
For large samples, we get
1
Axrms ~ % Ax

2.5 Bunching Factor

Let us consider a beam signal lye,m(#) of a bunched beam as shown, for example, in
Fig. 1.3 on p. 7. The bunching factor is defined as

I_eam
By = —bem (2.37)

1 beam,max

i.e., it is the ratio of the average beam current to the maximum beam current
(cf. Chao [9, Sect.2.5.3.2, p. 131] or Reiser [10, Sect.4.5.1, p. 263]). Obviously,
the equation
B Trr/2
Ibeam = T_ Ibeam(t) dr
RF J—Tgg/2

holds, where Trr denotes the period.
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Now one may replace the true shape of the beam current pulse by a rectangular
one with the same maximum value. For —Trg/2 < t < Trg/2, we then have

Ibeam,max for |Z| = T/zs

Tpeam (1) =
beam (/) 0 elsewhere,

where we have assumed that the bunch is centered at ¢t = 0. In this case, one has to
choose a pulse width 7 in such a way that the same average beam current is obtained:

Tveam = T_ Ibeam,max-
RF

Under these conditions, we obtain the expression

T

Br= —
" Twe

for the bunching factor.

We now assume that the beam current pulse has the shape of a Gaussian distribution.
This is, of course, possible only if the pulses are significantly shorter than the period
time Trg. Under this condition, the beam current will be close to zero before the next
pulse starts.

Making use of Eq. (2.29), one may write lpeam(?) in the form

1 1)?
Ibeam(l) =K —6_%(3) for — TRF/2 <t < TRF/2-
o
We have

+o00
/ Ibeam(t) dr = K.
—00

The average beam current is obtained using the above-mentioned approximation:

B 1 Trr/2 K
I = — I t)ydt ~ —.
beam TRF /; Tae/2 beam( ) TRF

For the maximum current, we obtain

I K
beam,max — T —»
o 21
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* Ibeam (t)

I

eam,max

Fig. 2.3 Gaussian beam signal

so that the bunching factor

9

o

B f =
TRr

is obtained. The equivalent length t of a rectangular pulse is therefore
T=0+V2r x~250.

The two slopes of the rectangular pulse are therefore located at about £1.25 ¢. This
leads to the conversion between the Gaussian bunch and the rectangular signal that
is visualized in Fig.2.3.

2.6 Electromagnetic Fields

We summarize in this section a few basic formulas that may be found in standard
textbooks (cf. [11-17]). We begin with Maxwell’s equations in their integral form.
In the following, A denotes a two-dimensional domain, and V a three-
dimensional domain. For a domain D (two- or threedimensional), 0D denotes
its boundary (with mathematically positive orientation, if applicable).
Maxwell’s first equation (Ampere’s law) in the time domain is

_(éA H.-df = /A (f + 5) A, (2.38)

where H is the magnetizing field, J the current density, and D the electric
displacement field.
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Maxwell’s second equation in the time domain (Faraday’s law) reads

§£ E-d?:-/é-dff. (2.39)
04 A

Here E is the electric field, and B is the magnetic field.
Maxwell’s third equation states that no magnetic charge exists:

Sﬁ B-dA=0. (2.40)
v

The electric charge Q inside a three-dimensional domain V' is determined by
Maxwell’s fourth equation (Gauss’s law):

95 B-d/i'=/p,, av = Q. (2.41)
1% |4

Here, p, denotes the charge density.
The current through a certain region A is given by

1=/f-d/I,
A

and the voltage along a curve C is defined by

V:/E-d?-.
C

Please note that we use the same symbol for voltage and for threedimensional
domains, but according to the context this should not lead to confusion.

In material bodies, the simplest relationships (linear isotropic media with relax-
ation times that are much smaller than the minimum time intervals of interest)
between the field vectors are

D=¢E, B=pH, J=«E.

The material parameters are the permittivity €, the permeability ©, and the conduc-
tivity «. In vacuum, and approximately also in air, we have

€ = €, "= Ho.
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At least for fixed nonmoving domains A, we can write Eq. (2.39) in the form

. do
56 E.-dr = —=2,
a4 dt

where
Dy = / B-d4
A
is the magnetic flux through the domain A. This form is suitable for induction
problems.

Based on the integral form of Maxwell’s equations presented above, one may
derive their differential form if integral theorems are used:

curl B = J + D. (2.42)
curl E = —B, (2.43)
div D = p,, (2.44)
div B = 0. (2.45)

Taking Eq. (2.44) into account, the divergence of Eq. (2.42) leads to the continuity
equation

divJ + g, = 0. (2.46)

We will discuss the physical meaning of this equation in Sect. 2.9.
In certain cases (here we assume that domains are filled homogeneously with
linear isotropic material), Maxwell’s equations may be solved by means of the

vector potential5 /f, defined by
B=curl 4, (2.47)
and the scalar potential ®, defined by
Fe—A- grad @, (2.48)
both connected by the Lorenz gauge condition

div A = —ped. (2.49)

SPlease note that we have used the symbol dA for the area element and A for two-dimensional

domains. The absolute value of the vector potential would be A = |,41> | as well, but the meaning
should be clear from the context.
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Using these definitions, one obtains the wave equations

- 1 = -

Ad——A=—ul, (2.50)
C
1.

A ——é =L 2.51)
C €

Here
! (2.52)
CcC = .
JIIE

denotes the speed of light in the material under consideration. The speed of light in
vacuum is

1
/ M0o€0 '

For static problems, there is no time dependence of the fields, and according to
Maxwell’s equations, electric and magnetic fields are therefore decoupled. In this
case, the vector potential and the scalar potential also do not depend on time.

Equations (2.48) and (2.51) for homogeneous media thus reduce to

Co = (2.53)

E= —grad ¢
and the Poisson equation
N - (2.54)
€

respectively. This equation has to be solved for electrostatic problems.

2.7 Special Relativity

The primary objective of this section is to introduce the nomenclature that is used
in this book. This nomenclature is close to that of the introductory text [17] (in
German). In any case, the reader should consult standard textbooks on special (and
general) relativity (cf. [11, 13, 18-20] in English or [14,21-28] in German) for an
extensive introduction. However, the remainder of the book can also be understood
if the formulas presented in this section are regarded as given.

The speed of light ¢y in vacuum has the same value in every inertial frame.
Therefore, the equation of the wave front

Xt yr 4=l (2.55)
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in one inertial frame S (e.g., light flash at # = 0 at the origin of .S) is transformed
into a wave front equation

P+ i+ =0

that has the same form in a different inertial frame S. Such transformation behavior
is satisfied by the general Lorentz transformation. If one restricts generality in
such a way that at ¢ = 0, the origins of the two inertial frames are at the same
position and that one frame S moves with constant velocity v in the z-direction
relative to the other frame S, then one obtains the special Lorentz transformation

X =X, (2.56)

y=. (2.57)
— vt

1= —, (2.58)
K

T

f= . (2.59)
K

The inverse transformation can be generated if the quantities with a bar (e.g., )
are replaced by the same quantities without the bar (e.g., y) and vice versa. In that
case, v = —v has to be used (if S moves with respect to S with velocity v in the
positive z direction, S will move with respect to S in the negative z direction), and ¢,
remains the same. This concept for generating inverse transformation formulas may
also be applied to electromagnetic field quantities, whose transformation behavior
is discussed below.

The square root in the denominator of Eqs.(2.58) and (2.59) is typical of
expressions in special relativity. Therefore, the so-called Lorentz factors are
defined:

W=

Special relativity may be built up by defining so-called four-vectors and four-
tensors. For example, the space coordinates are combined with the time “coordi-
nate” in order to define the components of a four-vector that specifies the position
in space-time:

0 = (x,y,z,cot)T with i e{1,2,3,4}.
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Specific values of this four-vector can be interpreted as events. In combination with
the special choice (signature)

100 0
0100
001 0
000-1

(gix) = (&™) = (@) = @) =

for the metric tensor (i,k < {1,2,3,4}), one obtains the desired transformation
behavior of the wave front equation, because

00, = g 0'0F =0,
which reproduces Eq. (2.55), is a tensor equation with a tensor of rank 0 (scalar) on

the right-hand side. Here we use the Ricci calculus and Einstein’s summation con-
vention. The special Lorentz transformation given above can now be reproduced by

which corresponds to the matrix equation
(6") = @) - (6"

if the transformation coefficients

10 0 0
i or o 0
(@) =
k O O )/v _,vav
00 _IBV)’V Vv

are chosen (i =row, k =column).

Similarly to the construction of the position four-vector, the vector potential and
the scalar potential in electromagnetic field theory may be combined to form the
electromagnetic four-potential A according to

(A = (A,,A,, A, ®/co)".

This, for example, allows one to write the Lorenz gauge condition (2.49) for free
space in the form

Al =0
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of a tensor equation, where the vertical line indicates a covariant derivative,
which—in special relativity—corresponds to the partial derivative because the
metric coefficients are constant.

The four-current density .7 is defined by

(T = . Iy I pgeo) T
so that the tensor equation
JNi=0

represents the continuity equation (2.46). The transformation law obviously yields

v = Jx, (2.60)

Iy = Jy, (2.61)

J_z = Vv (Jz - qu) ) (2.62)

- 1%

Pg = Vv|Pqg— _2Jz . (2.63)
o

With v = vé, defining the parallel direction ||, this may be written in the generalized
form

J=1J.. (2.64)

hv=n (i =ve). (2.65)

B voJ

Pg = Vv (Pq - c_z) . (2.66)
0

The electromagnetic field tensor may be defined as

0 B. —B, —E/co
—B, 0 B, —Ey/co

B, -—B, 0 —FE,/co
E./co Ey/co E;Jco 0

B") =

while its counterpart for the other field components in Maxwell’s equations may be
defined as

0 H. —H, —coD,
~H, 0 H, —¢D,
H, —H, 0 —cD,
C()Dx C()Dy C()DZ 0

(") =
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where i specifies the row, and k the column. The introduction of these four-vectors
and four-tensors allows one to write Maxwell’s equations as®

HF|, = —JF, (2.67)
B*k|; = o, (2.68)

so that their form remains the same if a Lorentz transformation from one inertial
frame to a different one is performed. This form invariance of physical laws is called
covariance. The covariance of Maxwell’s equations implies the constancy of ¢ in
different inertial frames, since ¢y is a scalar quantity, a tensor of rank 0. Because Bik
and H'* are tensors of rank 2, they are transformed according to the transformation
rule

ik _ ik palm Sik _ ik aqgm
B = a,a,,B", H'" =a;a, H™.

Taking the second transformation rule as an example, this may be translated into the
matrix equation

(H'*) = (@) - (H™) - @j)"

A long but straightforward calculation then leads to the transformation laws for the
corresponding field components:

I:Ix = n(H; + VDy)v (2.69)

Hy = y,(Hy —vDy), (2.70)

{. = H.. 2.71)

by = i

c=w(Di—=H, ), (2.72)
Co

b, = b

v=w Dy H) (2.73)
0

D, =D.. (2.74)

The asterisk is an operator that generates the dual tensor B*,
*ik 1 iklm
B = Ee Blm s

of the tensor B. Here e denotes the complete asymmetric tensor of rank 4.
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The generalized form is

The remaining transformation laws are obtained analogously:

Hy = H),

= - VX]jIl

D) =y, (DJ_ 3 )
)

Dy = Dy.

1%
B, = Vv (Bx + _zEy) s
€

_ v

By =W (By - _zEx) ,
€

BZ = Bzv

Ex = yv(Ex - ,BVCOBy)y

E_y = yv(Ey + ,BVCOBx)a

E =E,

= g VX EJ_

B, =y, (BJ_ - 3 ) )

CO
By = By,
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(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)
(2.82)
(2.83)
(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

In the scope of this book, there is no need to develop the theory further. Nor
do we discuss such standard effects as time dilation, Lorentz contraction, and
the transformation of velocities. However, we need some relativistic formulas for

mechanics.

The definition of the Lorentz force (1.1) is valid in special relativity—it corre-
sponds to a covariant equation (the charge Q is invariant; it is a scalar quantity).

Also, the equation

. dp
=2
dr
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with the momentum definition

p=miu
based on the velocity
. dr
u=—
dr

still holds. However, the mass m is not invariant. Only the rest mass m is a tensor
of rank zero, i.e., a scalar:

mo
M= ———— = Mo
u
-5
€0

Please note that we strictly distinguish between the velocities v and u and also
between the related Lorentz factors. The velocity v = v €, is defined as the relative
velocity of the inertial frame S with respect to the inertial frame S, i.e., the velocity
between these two reference frames. The velocity # is the velocity of a particle
measured in the first inertial frame S. Consequently, it is the velocity of the same
particle in the inertial frame S If it is clear what is meant by a certain Lorentz factor,
one may, of course, omit the subscript.
The total energy of a particle with velocity u is given by

Wt = m ¢} = yumoc?. (2.89)

Consequently, the rest energy is obtained for # = 0, which leads to y, = 1:

2
I/Vrest = mopCy.

Therefore, the kinetic energy is

Wkin = I/Vtol - I/Vresl = mOCg(yu - 1)

Using the Lorentz factors, one may write the momentum in the form

p = mii = mocoBuYu,
leading to the absolute value

mu = moCoBuVu. (2.90)

S
|
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Here we used the definition
(2.91)

If we have a look at Egs. (2.89)—(2.91), we observe that y is related to the energy, the
product By to the momentum, and B corresponds to the velocity. It is often helpful
to keep this correspondence in mind when complicated expressions containing a
large number of Lorentz factors are evaluated. One should also keep in mind that
when one of the expressions 8, y, By is known, the others are automatically fixed
as well.

This is why we can also convert expressions for relative deviations into each
other. For example, we may calculate the time derivative of

1
y = — (2.92)
V11— p2
as follows:
. —28p 34
y=——"—"—>5;=BvB
2(1- 22
V _ g ab
== =By~
Y B
Here we can use the relation
y =By =1, (2.93)
which follows directly from Eq. (2.92):
y B
L =@u2-1E.
Y B

Expressions of this type are very helpful, because they can be translated as follows:

AWt

o = v’ - 1)M-
tot u
This conversion is possible if the relative change in the quantities is sufficiently
small. In the example presented here, one can see directly that a velocity deviation
of 1% is transformed into an energy deviation of 3% if y = 2 holds.

As a second example, we can calculate the time derivative of Eq. (2.93):

aBn _,
dr

P e L dBy)
= =P ey a

2yy —2(By)
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Table 2.3 Conversion of relative deviations

AB — A8 — 1 Ay _ 1 Ay _ —2ABy) — 1 Ay
Aﬂ B A A8 }AZ*I Y By)? v A(ﬁﬂ})/ y(y+1) }’*Al
To=@-ni =Y =7 B gt (1=y7) %
ABy) _ 248 — ﬂ—zﬂ ABy) — v Ay
& P ag y Ay b agn _ T
=1 =y D =i =(+y ) Hr =75
Note'%zﬂ éﬂ:ﬂé}ﬁ MkaAL

© W v’ r By > Wiin y—1

This can be translated into

AW _ ,82&

Wiot )4

Relations like these are summarized in Table 2.3.

In accelerator physics and engineering, specific units that contain the elementary
charge e are often used to specify the energy of the beam. This is due to the fact that
the energy that is gained by a charge’ Q = zq4e is given by formula (1.2),

AW = QV = z,eV.

An electron that passes a voltage of IV = 1kV will therefore lose or gain an energy
of 1keV, depending on the orientation of the voltage. We have only to insert the
quantities into the formula without converting e into SI units. In order to convert an
energy that is given in eV into SI units, one simply has to inserte = 1.6022-1071°C,
so that 1eV = 1.6022 - 107'?J holds.

Also, the rest energy of particles is often specified in eV. For example, the
electron rest mass m, = 9.1094-1073! kg corresponds to an energy of 510.999keV.

As we saw above, the energy directly determines the Lorentz factors and the
velocity. Therefore, it is desirable to specify the energy in a unit that directly
corresponds to a certain velocity. Due to

2 2 2
Wiin = mcy —mocy = mocy(y — 1),

a kinetic energy of 1 MeV leads to different values for y if different particle rest
masses m are considered. This is why one introduces another energy unit for ions.

An ion with mass number A has rest mass

mo = Armua

"For ions, z, is the charge number. For electrons, one has to set z, = —1, while for protons and
positrons, z; = 1 has to be defined.
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where m, = 1.66054-10~%" kg denotes the unified atomic mass unit (as mentioned
below, A, differs slightly from A). Therefore, one obtains
Wiin
Wiinw = —— = muc(%(y -1).
Ay
If the value on the right-hand side is specified now, y is determined in a unique way,
since m, and c( are global constants. As an example, an ion beam with a kinetic
energy of® 11.4MeV/u corresponds to y = 1.0122386 and B = 0.15503. We do
not need to specify the ion species.
Ions are usually specified by the notation

SElement™.

Here A is the (integer) mass number, i.e., the number of nucleons (protons plus
neutrons); Z is the atomic number, which equals the number of protons and
identifies the element. For example,

2387128+
92 U

indicates a uranium ion that has A— Z = 146 neutrons. Different uranium isotopes’
exist with a different number of neutrons. The number of protons however, is the
same for all these isotopes. Therefore, Z is redundant information that is already
included in the element name. In the last example, the uranium atom has obviously
lost 28 of its 92 electrons, leading to the charge number z, = 28.

The unified atomic mass unit m, is defined as 1/12 of the mass of the atomic
nucleus ézc. For different ion species and isotopes, the mass is not exactly an integer
multiple of m, (reasons: different mass of protons and neutrons, relativistic mass
defect due to binding energy). For 238U, for example, one has A, = 238.050786,
which approximately equals 4 = 238.

2.8 Nonlinear Dynamics

A continuous dynamical system of first order may be described by the following
first-order ordinary differential equation (ODE):

d
d—;‘ — v(x,1).

8read: MeV per nucleon.

A nuclide is specified by the number of protons Z and the number of neutrons A — Z. The
chemical element is determined by the number of protons only. Different nuclides belonging to the
same chemical element are called isotopes (of that element).
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The state of a dynamical system of order n is represented by the values of n variables
X1, X2, ..., Xz, which may be combined into a vector ¥ = (x1, x2, ..., X,). Hence,
a dynamical system of order n is described by the system of ordinary differential
equations

-

o
d—: — (1) (2.94)

One should note that the system of ODE:s is still of order 1, but of dimension #.
Such a system is called autonomous when (7, ¢) does not depend on the time'° ¢,
i.e., when

V(F, 1) = V(F)

holds. The next sections will show that Eq. (2.94), which may look very simple at
first sight, includes a huge variety of problems.

2.8.1 Egquivalence of Differential Equations and Systems
of Differential Equations

Let us consider the nth-order linear ordinary differential equation

dny dn—ly
g+ O g

ot al(t)% + ao(t)y(t) = b()

with dimension 1. One sees that by means of the definitions

X1 =Y,
dy
Xy = —,
2T W
dn—l
Xn = —yy
dgn—1
it may be converted into the form
Xp = X2,
X2 = X3,
Xy = b(t) —ao(t)xi —ai(t)x2 — -+ — an—1(t)xy,

10The variable 7 is not necessarily the time, but we will often call it the time in order to make the
interpretation easier.
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which is equivalent to the standard form

-

d o
d_: =v(r,1).

If b and all the a;. do not depend on time (ODE of order n with constant coefficients),
then v will also not depend on time explicitly, so that an autonomous system is
present.

Although the vector field v is called a velocity function, it does not always
correspond to a physical velocity. As already mentioned, the variable ¢ is not
necessarily the physical time. However, we will use this notation because the reader
may always interpret these variables in terms of the mechanical analogy, which may
help to understand the physical background.

The above-mentioned equivalence is also valid for nonlinear ODEs of the form

d" d dr!
Y F ey, ),
den dr drn—1

where!! F € C!. Also here, we may use

X1 =),
dy
X, = —,
S Y
dn—l
Xn = —yy
dtn—l
to obtain the standard form
X1 = X2,
Xy = X3,
Xn = F(t,x1,%x2,...,%n)

-

dr N
& — = (P, 1),
ar =

11 this book, C* denotes the class of functions that are k-times continuously differentiable: Cco
is the class of continuous functions, C' the class of continuously differentiable functions.
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An autonomous system results when F and v do not explicitly depend on the time
variable ¢.

2.8.2 Autonomous Systems

Hereinafter, we will consider only autonomous systems if a time dependence is not
stated explicitly.

2.8.2.1 Time Shift

An advantage of autonomous systems is the fact that if a solution y(¢) of

R y dy dn—ly
=F|y,—,...,——
dr" dr drn=1
is known, then z(¢) = y(t — T') will also be a solution if 7 is a constant time shift.
This can be shown as follows:
The solution y(¢) is the first component of the vector 7(z) that satisfies the
differential equation'?

.
d_: =v(r).

Therefore, z(¢) is the first component of the vector
Faniee(t) = 7(t = T).
We obtain

dFgpiee _ dF
a dr|_,

= v(P)|,_, = V(Fsnin)-

One sees that Fyyir (7) satisfies the system of ODESs in the same way as 7 (7) does. Due
to the equivalence with the differential equation of order n, z(¢) will be a solution as
well.

This explains, for instance, why sin(w?) must be a solution of the homogeneous
differential equation

J 4w’y =0

121n the text, we will not explicitly distinguish between systems of ordinary differential equations
and ordinary differential equations, since this difference should be obvious based on the notation.
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if one knows that cos(w?) is a solution. This ODE is autonomous, and these two
solutions differ only by a time shift.

2.8.2.2 Phase Space

The phase space may be defined as the continuous space of all possible states of a
dynamical system. In our case, the dynamical system is described by an autonomous
system of ordinary differential equations.

The graphs of the solutions 7(¢) of the differential equation are the integral
curves or solution curves in the n-dimensional phase space. Such an integral curve
contains the dependence on the parameter # (which is usually but not necessarily the
time). A different parameterization therefore leads to a different integral curve.

The set of all image points of the map ¢ — 7(¢) is called the orbit. An orbit does
not contain dependence on the parameter ¢. A different parameterization therefore
leads to the same orbit, since the same image points are obtained simply by a
different value of the parameter .

Different orbits of an autonomous system are often drawn in a phase portrait,
which may be defined as the set of all orbits.

2.8.3 Existence and Uniqueness of the Solution of Initial Value
Problems

The standard form

ar
3 =)

has the advantage that it can be solved numerically according to the (explicit) Euler
method:

7k+1 =7 + At - ;(fk)

tr =ty +k At.
It is obvious that by defining the initial condition
Fo = F(to),
the states

Fe & F(tx) = F(to + kAr)
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of the system at different times can be derived iteratively for k > 0 (k € IN). The
states of the system may be calculated for both future times ¢ > #, and past times
t < tp in a unique way by selecting the sign of Az. However, this is possible only in
a certain neighborhood around #y, as we will see in the next sections.

It is obvious that by defining 7y, n scalar initial conditions are required to make
the solution unique.

2.8.3.1 Existence of a Local Solution

The existence of a solution is ensured by the following theorem:

Theorem 2.1 (Peano). Consider an initial value problem

aF - B
— =v(r,t r(ty) = r
” v(r,1) (o) = 1o

with a continuous v : D — R" on an open set D C R'"T'. Then there exists
a(Fo, o) > O such that the initial value problem has at least one solution in the
interval [ty — a, to + o).

(See Aulbach [29, Theorem 2.2.3].)

Remark. We may easily see that v must be continuous. If we choose v = ©O(r)
(Heaviside step function) in the one-dimensional case, we immediately see that the
derivative % is not defined at ¢+ = 0. Therefore, in the scope of classical analysis,
we have to exclude functions that are not continuous. In the scope of distribution

theory, the solution » = ¢t ©(¢) is obvious.

2.8.3.2 Uniqueness of a Local Solution

Uniqueness can be ensured if the vector field v satisfies a Lipschitz condition or if
it is continuously differentiable.

Definition 2.2. The vector function v(7,7) : D — R" (D C R"*! open) is said
to satisfy a global Lipschitz condition on D with respect to 7 if there is a constant
K > 0 such that for all (ry,t), (72,t) € D, the condition

|91, 0) =v(F2.0) | < K |71 =72
holds. Instead of saying that a function satisfies a global Lipschitz condition, one
also speaks of a function that is Lipschitz continuous.

(Cf. Aulbach [29, Definition 2.3.5] and Perko [30, p. 71, Definition 2].)

Definition 2.3. The vector function ¥(7,¢) : D — R" (D C R"*! open) is said to
satisfy a local Lipschitz condition on D with respect to 7 if for each (¥, 1)) € D,
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there exist a neighborhood Uz ;) C D of (Fo, fo) and a constant K > 0 such that
for all (71,1), (F2,1) € U, 1)- the condition

[9G1.0) =520 < K |71 =7

holds. Instead of saying that a function satisfies a local Lipschitz condition, one also
speaks of a function that is locally Lipschitz continuous.

(Cf. Aulbach [29, Definition 2.3.5], Wirsching [31, Definition 3.4], and Perko [30,
p. 71, Definition 2].)

In other words, the function satisfies a local Lipschitz condition if for every point,
we can find a neighborhood such that a “global” Lipschitz condition holds in that
neighborhood.

Example. The function f(x) = x? is locally Lipschitz continuous, but it is not
Lipschitz continuous.

Theorem 2.4 (Picard-Lindelof). Consider the initial value problem

. - -
= ’[ 1 =
o = ) =T

with continuous v : D — R" (D C R"*! open). Suppose that the vector function
v(F, 1) is locally Lipschitz continuous with respect to . Then there exists a(Fo, ty) >
0 such that the initial value problem has a unique solution in the interval [ty — o,
to + .

(See Aulbach [29, Theorem 2.3.7].)

Every locally Lipschitz continuous function is also continuous.

Every continuously differentiable function satisfies a local Lipschitz condition,
i.e., is locally Lipschitz continuous (Aulbach [29, p. 77], Arnold [32, p. 279],
Perko [30, lemma on p. 71]).

Therefore, the Picard-Lindelof theorem may simply be rewritten for contin-
uously differentiable functions instead of locally Lipschitz continuous functions
(Perko [30, p. 74]: “The Fundamental Existence-Uniqueness Theorem,” Gucken-
heimer/Holmes [33, Theorem 1.0.1]).

2.8.3.3 Maximal Interval of Existence

One may try to make the solution interval larger by using the endpoint of the solution
interval as a new initial condition. If this strategy is executed iteratively, one obtains
the maximal interval of existence. It is an open interval (cf. [30, p. 89, Theorem 1]).
The maximal interval of existence does not necessarily correspond to the full real
time axis. Further requirements are necessary to ensure this.
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2.8.3.4 Global Solution

A continuously differentiable vector field v is called complete if it induces a global
flow,3 i.e., if its integral curves are defined for all # € R.

Every differentiable vector field with compact support is complete.

The following theorem shows that certain restrictions on the “velocity” v(F) are
sufficient for completeness:

Theorem 2.5. Let the vector function v(F) withv : D — R" (D C R" open) be
continuously differentiable and linearly bounded with K, L > 0:

)] < & 7] + L.
Then the initial value problem

i - -
T =06 R0 =T
has a global flow.

(Cf. Zehnder [34, Proposition IV.3, p. 130], special form of Theorem 2.5.6, Aulbach
[29].)

According to Amann [35, Theorem 7.8], the solution will then be bounded for
finite time intervals.

Like many other authors, Perko [30, p. 188, Theorem 3] requires that v(¥) satisfy
a global Lipschitz condition

() = V()| < K |71 =72

for arbitrary 71,7, € R". For ¥, = 0, this leads to linear boundedness, as one may
show by means of the reverse triangle inequality, but it is a stronger condition.

Example. The ODE

y=1+y?
is obviously satisfied for
sint _ cos?t + sin%t 5
y =tan t = y=-—"""" " —1+tan’r.
cost cos? t

This solution may be found by separation of variables. An arbitrary initial condition
y(0) = yo may be satisfied if the shifted solution

y = tan(t 4 1)

13The exact definition of a flow will be given in Sect. 2.8.6 on p. 61.
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is considered. In any case, however, the solution curve reaches infinity while 7 is
still finite. The “vector” field v(y) = 1 + y? is not complete, and it is obviously not
linearly bounded.

If we simplify the results of this section, we may summarize them as follows:

* The existence of a local solution is ensured by continuity of V.

* Local Lipschitz continuity ensures uniqueness of the solution. If ¥ is continuously
differentiable, uniqueness is also guaranteed.

* If linear boundedness of ¥ is required in addition, a global solution/global flow
exists.

For the sake of simplicity, we will consider only complete vector fields in the
following.

2.8.3.5 Linear Systems of Ordinary Differential Equations

For linear systems of differential equations with

dr

— , F(ty) = 7o,
7 (to) = 7o

=~

= A-.

where A is a quadratic matrix with real constant elements, we may use the matrix
norm:

[v@] = 4-7] < n4an 7] = & |7 -

Therefore, the conditions of Theorem 2.5 are satisfied, and a unique solution with a
global flow exists. One may specifically use the Frobenius norm

Al =

which is compatible with the Euclidean norm

71 =

of a vector, so that
|47 < 14l 7]

holds.
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2.8.4 Orbits

Two distinct orbits of an autonomous system do not intersect. In order to prove this,
we assume the contrary. Suppose that two distinct orbits defined by 71 (¢) and 7»(¢)
intersect according to

Fi(t1) = Fa(t2).

Please note that the intersection point may be reached for different values #; and
t, of the parameter ¢, since we require only that the orbits (i.e., the images of the
solution curves) intersect. As shown in Sect. 2.8.2.1,

Fanire(1) = Fi(t + 11 — 12)
is also a solution of the differential equation. Therefore, we have
Fsnifi(f2) = T1(t1) = Fa(t2).

Hence Fyyie (¢) and 7, (¢) satisfy the same initial conditions at the time 7. This means
that the solution curves Fyyire(z) and 7, () are identical.

Since 71 () is simply time-shifted with respect to F,ir(t) = 7»(¢), the images,
i.e., the orbits, will be identical. This means that two orbits are completely equal if
they have one point in common.

In other words, each point of phase space is crossed by only one orbit.

2.8.5 Fixed Points and Stability

Vectors 7 = rg for which
vF) =0

holds are called fixed points (or equilibrium points or stationary points or critical
points) of the dynamical system given by

aF
3 = .

This nomenclature is obvious, since a particle that is initially located at

F(to) =T



2.8 Nonlinear Dynamics 59

Fig. 2.4 Stability (left) and asymptotic stability (right) of a fixed point

will stay there forever:

F(t) =rrp fort > t,.

Definition 2.6. A fixed point of an autonomous dynamical system is called an
isolated fixed point or a nondegenerate fixed point if an environment of the fixed
point exists that does not contain any other fixed points.

(Cf. Sastry [36, Definition 1.4, p. 13], Perko [30, Definition 2, p. 173].)
We now define the stability of fixed points according to Lyapunov.

Definition 2.7. A fixed point is called stable if for every neighborhood U of 7,
another neighborhood V' C U of 7 exists such that a trajectory starting in V' at
t = typ will remain in U for all ¢ > 1, (see Fig.2.4). Otherwise, the fixed point is
called unstable.

Please note that it is usually necessary to choose V' smaller than U, because the
shape of the orbit may cause the trajectory to leave U for some starting points in U
even if 7 is stable.

Definition 2.8. A stable fixed point 7 is called asymptotically stable if a neigh-
borhood U of 7 exists such that for every trajectory that starts at ¢ = #o in U, the
following equation holds:

lim 7(Z) = Fp.
t—00

(See, e.g., Perko [30, Definition 1, p. 129].)

Definition 2.9. A function L(7) with L € C'and L : U — R (U C R” open) is
called a Lyapunov function for the fixed point 7 of the autonomous system

;o
d—izv(r) beC(D) D C R'open
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if

L) =0
and

LF) >0  for 7eU\{re},
L=v.gradL<0 for 7eU\{}

hold in a neighborhood U C D of 7.
A Lyapunov function is called a strict Lyapunov function if

L=v.-gradL <0 for 7FeU\{Fs}

holds.

(Cf. Perko [30, p. 131, Theorem 3], La Salle/Lefschetz [37, Sect.8], Gucken-
heimer/Homes [33, Theorem 1.0.2].)

Theorem 2.10. Ifa Lyapunov function for a fixed point P of an autonomous system
exists, then this fixed point g is stable. If a strict Lyapunov function exists, then this
fixed point Fg is asymptotically stable.

(Cf. Perko [30, p. 131, Theorem 3].)
It is easy to see that this theorem is valid. For two-dimensional systems with the
particle trajectory 7(t) = x() éx + y(f) €,, we obtain, for example,'*

j _dL _dLdx dLdy
Codr Ox dr o 9y dr

If this expression is negative, the strict Lyapunov function will decrease while the
particle continues on its path. Since the minimum of the Lyapunov function is
obtained for 7, it is clear that the particle will move toward the fixed point.

Similar reasoning applies for a Lyapunov function that is not strict. In this case,
the particle cannot move away from the fixed point, because the Lyapunov function
does not increase. However, it will not necessarily get closer to the fixed point.

14According to the definition, the Lyapunov function depends on the location (x,y). The chain
rule that is applied here implies that we are following the trajectory 7(¢), so that L depends only
on the time 7.

The gradient of L points in the direction in which L increases. Therefore, the scalar product
v - grad L becomes negative if v has a component in the opposite direction (decreasing L).
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2.8.6 Flows of Linear Autonomous Systems

Having shown above that a linear autonomous system possesses a global flow, we
shall now compute this flow. If an autonomous system of order » is linear, we may
describe it by

.
d_t =v(r)
with
VF) = A7,

where A is a quadratic n x n matrix with real constant elements. The ansatz

leads to

or

(A—AI) - =0.

For nontrivial solutions w # 0, the condition

|det(4— AT) = 0]

is necessary, which determines the eigenvalues A. For the sake of simplicity, we
now assume that all n eigenvalues are distinct and that there is one eigenvector
belonging to each eigenvalue (A is diagonalizable in this case). The overall solution
of the homogeneous system of ODEs may then be written in the form

F(t) = Cp e, (2.95)
k=1

where wy denotes the eigenvector that belongs to the eigenvalue A = A, and where
the C, are constants. For the initial condition at ¢ = 0, we therefore have

Fo=7(0) =) Ciiix.
k=1
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According to Eq. (2.95), the solution is obviously asymptotically stable if and only

if
29

holds for all k € {1,2,...,n}, since only then does
lim 7(1) =0
—>00

hold for arbitrary initial conditions. In this case, 7 = 0 is an asymptotically stable
fixed point.

Now we raise the question whether further fixed points exist. This is the case for
vF)=A4-F=0

with

i.e., only for
det A =0.

In Sect. 2.8.8, we will see that this is the condition for a degenerate, i.e., nonisolated,
fixed point (see Definition 2.6, p. 59).

Let us now determine a map that transforms an initial value 7y into a vector 7 (¢) that
satisfies the linear autonomous system of ODEs

i . -
d—::v(r):A~r.

The overall solution

n
7(l) = ch v_&kekkt

k=1
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with eigenvectors

Wk
- Wi2

=
~
Il

Win

may, due to

n
xi(t) = ) C wire™,

k=1
be written as the matrix equation
At
WL Wal *+* Wyt Cie
- Wi2 Wap *++ Wy Cre™!
r([) = .
Ant
Win Wan *** Wnp Cype

We define

Wil Wap =+ Wyt
Wi2 W22+ W2
X4(0) =

(matrix of the eigenvectors),

C
i=| |,
Cy
and
et 0 0
Iy 0 et 0
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Hence we have
F(t) = X4(0) - D4(1) - C.
For t = 0, we obtain
7(0) = X4(0) - DA(0) - ¢ = X4(0)- I - = X4(0) - C.
Due to
D;(0) = 1,
the definition
Xa(t) = X4(0) - D} (1) (2.97)
makes sense. Finally, we obtain
F(1) = Xa()X4(0)7'7(0).
Using the matrix exponential function
et = X,(1)X4(0)7", (2.98)
one also writes
F(1) = e 7(0). (2.99)

This equation obviously determines the global flow (Guckenheimer [33,
Eqn. (1.1.9), p. 9)) if the following definition is used:

Definition 2.11. A (global) flow is a continuous map ® : R x D — D, which
transforms each initial value 7(0) = 7y € D (D C R”" open) into a vector 7(t)
(t € R) satisfying the following conditions:

by =id, ie., CD()(?()) = 70 for all ;"() eD,

¢f1+t2 = qul [©) q>t2, i.e. ¢fl+t2 (7()) = q>t1 (@[2 (?())) for all 7() € D, h,hh € R.

Here we have defined ®, (¥) := ®(¢, 7).

(Cf. Wiggins [38, Proposition 7.4.3, p. 93], Wirsching [31, Definition 8.6],
Amann [39, p. 123/124].)

The interpretation of this definition is simple: If no time passes, one remains at
the same point. Instead of moving from a first point to a second one in the time span
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1, and then from this second one to a third one in a time span #;, one may go directly
from the first to the third in the time span #; + f,.

Remark.

* A flow (also called a phase flow) is called a global flow if it is defined for all
t € R (as in Definition 2.11), a semiflow if it is defined for all 1 € R™, and a
local flow if it is defined for € I (open interval I with 0 € ).

¢ For semiflows and local flows, Definition 2.11 has to be modified.

* In the modern mathematical literature, a dynamical system is defined as a flow.
In our introduction, however, the dynamical system was initially described by an
ODE, and the corresponding velocity vector field induced the flow.

Final remark: If the matrix A does not possess n linearly independent eigenvectors,
then no diagonalization is possible, in which this case generalized eigenvectors
may be used (cf. Guckenheimer [33, p. 9]). These are defined by

(A—AD)P -w =0,
(A=ADP" 1w £0,

and may be used to transform any quadratic matrix A into Jordan canonical form
(cf. Burg et al. [40, vol. II, p. 293] or Perko [30, Sect. 1.8]). As the formula shows,
eigenvectors are also generalized eigenvectors (for p = 1).

2.8.7 Topological Orbit Equivalence

In this section, we shall define what it means to say that two vector fields are
topologically orbit equivalent. Of course, the term topological orbit equivalence
will include the case that the two vector fields can be transformed into each other by
a simple rotation.

In order to simplify the situation even further, we assume that the two vector
fields are given by

vi(r) = A7 (2.100)
and
V2(F)) = B -, (2.101)

where A and B are quadratic matrices.
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3 (72)

vi(71)

Fig. 2.5 Rotation of a vector
field

If one vector field can be obtained as a result of rotating the other one, there must
be a rotation matrix M such that

o=M-V=M-A-7F (2.102)

holds. Now v, depends on 7;. In order to make v, dependent on 7,, we must rotate
the coordinates in the same way as the vector field (see Fig. 2.5):

=M -Fy. (2.103)
Hence, we obtain
Vo=M-A-M""-F.
Since M is invertible as a rotation matrix, the matrix
B=M-A-M"!

describes the well-known similarity transformation that may also be written in the
form

B-M=M-A.
A similarity transformation, however, is usually written in the form
B=M"-4-M,

so that we have to define M = M ! here.

Now we observe that two orbits can be identical even though the corresponding
solution curves are parameterized in a different way.
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A flow for Eq. (2.100) will be denoted by

Fi(t, Tho),

and a flow for Eq. (2.101) by
72 (t2, T20).

In order to transform the orbits of these flows into each other, the starting points
must be mapped first:

ryo = M * r10.

Our requirement that different parameterizations be allowed for both solution curves
may be translated as follows: For every time ¢, there is a time #, such that

Fa(ta, Fo0) = M - Fi(t1, T10),
and therefore
Fata, M -T19) = M - T1(t1, 10)

holds. This formula must be included in the general definition of topological orbit
equivalence if rotations are to be allowed as topologically equivalent transforma-
tions.

The previous considerations make the following definition transparent:

Definition 2.12. Two C' vector fields v;(7) and v,(#,) are called topologically
orbit equivalent'? if a homeomorphism % exists such that for every pair 719, ¢, there
exists #, such that

O (h(F10)) = (D] (F10)) (2.104)

holds. Here, the orientation of the orbits must be preserved. If in addition, the
parameterization by time is preserved, the vector fields are called topologically
conjugate. In this definition, ®; denotes the flow that is induced by the vector
field v.

(Cf. Sastry [36, Definition 7.18, p. 303], Wiggins [38, Definition 19.12.1, p. 346],
Guckenheimer [33, p. 38, Definition 1.7.3].)

15Sometimes, the abbreviation “TOE” is used for the property “topological orbit equivalence”
(cf. Jackson [41]).
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Fig. 2.6 Examples of
topological orbit equivalence

1>

1>

Remark. A homeomorphism is a continuous map whose inverse map exists and is
also continuous. The fact that a homeomorphism is used as a generalization of the
rotation matrix, used as an example above, leads to the following features:

* Not only linear maps are allowed, but also nonlinear ones.

* The requirement that the map be continuous guarantees that neighborhoods of a
point are mapped to neighborhoods of its image point. Therefore, the orbits are
deformed but not torn apart. Two examples for topological orbit equivalence are
shown in Fig. 2.6.

The fact that the validity of Eq. (2.104) is required for each initial point ensures that
all orbits are transformed into each other. Hence, the entire phase portraits will be
equivalent.

The preservation of the orientation may be checked by means of a continuously
differentiable function 1, (7o, f;) with g% > 0 (cf. Perko [30, Sect. 3.1, Remark 2,
p. 183/184]).

Please note that different authors use slightly different definitions. In cases of
doubt, one should therefore check the relevant definitions thoroughly.

Let us now consider the case that a vector field v(F) = A -7 is givenby areal n x n
matrix A and that we want to check whether this vector field is topologically orbit
equivalent to a simpler vector field. Often, diagonalization is possible. This case will
be discussed in the following.

Remark.

* In case diagonalization is not possible, it is always possible to transform the
matrix into Jordan canonical form.

» Diagonalization of an n x n matrix is possible if and only if for each eigen-
value, the algebraic multiplicity (multiplicity of the zeros of the characteristic
polynomial) equals the geometric multiplicity (number of linearly independent
eigenvectors).
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» Diagonalization of an n X n matrix is possible if and only if it possesses n linearly
independent eigenvectors.
» Diagonalization is possible for every symmetric matrix with real elements.

Consider a matrix A for which diagonalization is possible. We will show now that
the diagonal matrix'®

B =X40)""-A-X40) (2.105)
does in fact lead to a topologically orbit equivalent vector field. Here, M=M=
X 4(0) denotes the matrix of the n eigenvectors of A. These are linearly independent,
since diagonalization of A is possible (cf. Burg/Haf/Wille [40, vol. II, p. 280,

Theorem 3.52]).
According to Egs. (2.98) and (2.99), the flows are given by

<I>f1‘ (F10) = X4 (1)) X 4(0) "7y
for A and by
quzz (F20) = Xp(2) X5(0) ' ap

for B. In our case, the homeomorphism / is given by the matrix M. We therefore
obtain

D2 (h(F10) = P2(M - F10) = Xp(2) X5(0) "' X4(0)™" - Fip.
On the other hand,
h(®}} (F10)) = M - @} (Fro) = X4(0)™ Xa(t) Xa(0)™" - Fro
holds. We see that these expressions are equal for every initial vector 7o if
Xp(t2)X5(0) ' X4(0)™" = X4(0) ™' Xa(11) X4(0) ",

or

Xp(0)Xp(0) ™' = X400 Xu(tr),

16Please note that X 4(0) is the matrix of eigenvectors of A such that Eq. (2.105) actually represents
the diagonalization step.
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is valid. Due to Eq. (2.97), we know that
Xa(t) = Xa4(0)- D)i(n)
and
X5(12) = X5(0) - Dj(12)
hold, so that the equation
X5(0)- D) X5(0) ™" = X4(0)™' X4(0) - Di(11) = Dj(n1)

has to be verified. Since B is a diagonal matrix, the Cartesian unit vectors are
eigenvectors, so that

Xp(0)=1
is valid. Therefore, we have only to check whether
D} (1) = Di(th)
is true. Since the eigenvalues of A and B are equal due to diagonalization, we obtain
D(t) = Dy(t).

Here we had only to set z, = #;. We have shown that diagonalization leads to
topologically orbit equivalent vector fields.

2.8.8 Classification of Fixed Points of an Autonomous Linear
System of Second Order

The considerations presented above indicate that a similarity transformation
B=M"'4-M

always leads to topologically orbit equivalent vector fields. Every similarity trans-
formation leaves the eigenvalues unchanged (cf. Burg/Haf/Wille [40, vol. I, p. 272,
3.17]). This leads us to the assumption that the eigenvalues of a matrix at least
influence the topological properties of the related vector field. Therefore, the
eigenvalues are now used to characterize the fixed points.
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We calculate the eigenvalues of a two-dimensional matrix
ap a
A = ( 11 12)
az) an
with constant real elements. This leads to

(a1 —A)(an —A) —apaz =0

= A2 — Aay + an) + anan —apay =0

= A2 —AtrA+detd = 0. (2.106)
Hence, we obtain
A:%i,/(“f)z—dem=3¢«/€ (2.107)
with
B= %, C = (trf)z —detA. (2.108)

We now try to distinguish as many cases as possible:
1. Both eigenvalues are real (C > 0).
(a) Both are positive

@) Al>/12>0
(i1) )kl=/12>0

(b) Both are negative

1) Al < Az <0

(i1) Al = Az <0
(c) One is positive, one is negative: A1, < 0
(d) One equals 0 (A; = 0):

(i) A >0
(i) Ay <0
(iii) A, =0
2. Imaginary eigenvalues: C <0, B = 0,1, = —A;
3. Complex eigenvalues: C < 0, A1 = A}

(a) B=Re{A} <0
(b) B=Re{A} >0
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Hence we have found 11 distinct cases. If one eigenvalue is zero, then Eq. (2.106)
leads to

det A =0.

As we will show now, this means in general that one row is a multiple of the other
row, which contains the special case that one or both rows are zero.
If we now assume that the second row is a multiple of the first one,

an a
A= noan )
kai kap
we obtain the following condition for the eigenvalues:

(a11 — A)(kalz — A) — ka11a12 =0
= 22 — Aay + kayp) = 0.
This shows that at least one eigenvalue is zero. The same can be shown for the case

that the first equation is a multiple of the second one. Since one eigenvalue is 0, the
relation

det(A—AI)=0
leads to
det A =0.

In conclusion, the following statements for our two-dimensional case are equiva-
lent:

e det A=0.
* One row of A is a multiple of the other row.
* Atleast one eigenvalue is 0.

The following general theorem holds:

Theorem 2.13. The following statements for a quadratic matrix A are equiva-
lent:

e The quadratic matrix A is regular.

e All row vectors (or column vectors) of A are linearly independent.
e det AF#NO.

o All eigenvalues of A are nonzero.

e A isinvertible.
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In our two-dimensional case, the statement that for det A = 0, one row is a multiple
of the other one means that the equation () = A -7 = 0 is satisfied along a line
through the origin or even everywhere. Hence, we have an infinite number of fixed
points that are not separated from each other. In this case, we speak of degenerate
fixed points (see Definition 2.6 on p. 59). This case will henceforth be excluded'’
(case 1.d), so that the number of relevant cases is reduced from 11 to 8. According
to the behavior of the vector field in the vicinity of the fixed point 7g = 0, the fixed
points are named as follows:

1. Both eigenvalues are real (C > 0).
(a) Both positive

(i) A1 > A, > 0: unstable node
(i) A; = A, > 0: unstable improper node or unstable star

(b) Both negative

(i) A1 < A, < 0: stable node
(ii) A; = A, < 0: stable improper node or stable star

(c) One positive, one negative: AjA, < 0: saddle point

2. Imaginary eigenvalues: C < 0, B = 0, A, = —A;: center or elliptic fixed point
3. Complex eigenvalues: C < 0, A1 = A}

(a) Re{A} < 0: stable spiral point or stable focus
(b) Re{A} > 0: unstable spiral point or unstable focus

The classification of fixed points is summarized in Table 2.4 on p. 74 (cf. [29,
42,43]). As the table shows, not only the eigenvalues can be used to characterize
the fixed points. In the column “Topology”, the numbers in parentheses denote the
quantity of eigenvalues with positive real part. The column “Topology” also contains
the so-called index in brackets. In order to calculate the index, one considers
a closed path around the fixed point with an orientation that is mathematically
positive. Now one checks how many revolutions the vectors of the vector field
perform while “walking” on the path. If, e.g., the vectors of the vector field also
perform one revolution in mathematically positive orientation, the index is +1. If
the vector field rotates in opposite direction, the index is —1.

Figures 2.7, 2.8, 2.9, 2.10, 2.11, and 2.12 on p. 75 and 76 show how orbits in
the vicinity of the fixed point look in principle for each type of fixed point. In case
the fixed point is a stable node, star, or spiral point, the orientation of the solution
curves will be towards the fixed point in the middle; in case of an unstable node,
star, or spiral point, all solution curves will be directed outwards. Each picture is
just an example; in the specific case under consideration the orbits may of course be
deformed significantly.

17Please note that small changes of the entries of the matrix A are likely to convert degenerate fixed
points into nondegenerate (isolated) fixed points (cf. Sastry [36, p. 2]).
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Table 2.4 Classification of isolated fixed points in the plane (regular Jacobian matrix)

Stability Topology | Eigenvalues | Fixed Point
stable center imaginary center
Re{\} =0 [+1] (-) A==\ =elliptic fixed point
real stable improper node

A < A2 <0 | (two* tangents)

asymptotically | sink real stable improper node
stable [+1] (0) A1 =Xy <0 | (one tangent,
Re{\} <0 one eigenvector)

stable proper node
=stable star
(many tangents,

two eigenvectors)

complex stable spiral point
hyperbolic Re{\} <0 =stable focus
Re{\} #0 real unstable improper node

A > X >0 | (two* tangents)

unstable source real unstable improper node
[+1] (2) A1 =X >0 | (one tangent,
Re{A} >0 one eigenvector)

unstable proper node
=unstable star
(many tangents,

two eigenvectors)

complex unstable spiral point
Re{\} >0 =unstable focus
saddle point | real saddle point
[-1] (1) A <0<\

2one tangent for two orbits, one tangent for all other orbits
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Fig. 2.7 Center

Fig. 2.8 Node with two
tangents

Fig. 2.9 Node with one
tangent

Fig. 2.10 Star

Fig. 2.11 Spiral point

75
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Fig. 2.12 Saddle point

2.8.9 Nonlinear Systems

Consider the nonlinear autonomous system

i .

3 =@ (2.109)
with the initial condition

7(0) = To,
where ¥(7) € C? has a fixed point 7 with

v(7r) = 0.

As the results summarized in this section show, the linearization

dr -

——=4- 2.110
m” r ( )

of the system (2.109), where A = DV(7¢) is the Jacobian matrix'® at 7 = 7, is
a powerful tool for analyzing a nonlinear system in the vicinity of its fixed points.

18 The Jacobian matrix is defined as

dx]  dx2 Xy

o v Oy O

RN % dax;  0x2 Xy
Dv(r) = ﬁ = . .

dax;  0x2 dxp

where 7 = x; &) +x3 6, + +++ + X, &,.
The determinant of the Jacobian matrix is called Jacobian determinant or simply Jacobian,
and one writes

(V1. va, ... V)

det DV(F) = T o)
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Please note that 7 = 0 in Eq. (2.110) corresponds to 7 = 7g in Eq. (2.109), i.e., the
fixed point of the nonlinear system was shifted to the origin of the linearized system.

Theorem 2.14. Consider the nonlinear system (2.109) with the linearization
(2.110) at a fixed point Fr. If A is nonsingular, then the fixed point ¥ is isolated
(i.e., nondegenerate).

(See Sastry [36, Proposition 1.5, p. 13], Perko [30, Definition 2, p. 173].)
If one or more eigenvalues of the Jacobian matrix are zero, the fixed point is a
degenerate fixed point. This is the generalization of the linear case.

Definition 2.15. A fixed point is called a hyperbolic fixed point if no eigenvalue of
the Jacobian matrix has zero real part.

Theorem 2.16. If the fixed point ¥ is a hyperbolic fixed point, then there exist two
neighborhoods U of g and V of ¥ = 0 and a homeomorphism h : U — V, such
that h transforms the orbits of Eq. (2.109) into orbits of

dr - ) .
i A7 with A = Dv(rg).

Orientation and parameterization by time are preserved.

(Cf. Guckenheimer [33, Theorem 1.3.1 (Hartman-Grobman), p. 13], Perko [30,
Theorem Sect. 2.8, p. 120], and Bronstein [44, Sect. 11.3.2].)
In other words, we may state the following theorem.

Theorem 2.17 (Hartman-Grobman). Let Fr be a hyperbolic fixed point. Then the
nonlinear problem

ar -
d—: = v(r), veClY(D), D C R" open,

and the linearized problem

dr - S
3 =A-F =7

with
A = DV(rg)

are topologically conjugate in a neighborhood of rr.

(See Wiggins [38, Theorem 19.12.6, p. 350].)

If the fixed point is not hyperbolic, i.e., a center (elliptic fixed point), then the
smallest nonlinearities are sufficient to create a stable or an unstable spiral point.
This is why the theorem refers to hyperbolic fixed points only.
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If the real parts of all eigenvalues of Dv(7g) are negative, then 7 is asymptotically
stable. If the real part of at least one eigenvalue is positive, then 7 is unstable:

Theorem 2.18. Let D C R be an open set, V(F) continuously differentiable on D,
and 7r a fixed point of

ar . .
— =v(r).
o = w
If the real parts of all eigenvalues of DV(Fg) are negative, then Fg is asymptotically
stable. If 7g is stable, then no eigenvalue has positive real part.

(Cf. Bronstein [44, Sect. 11.3.1], Perko [30, Theorem 2, p. 130].)

A saddle point has the special property that two trajectories exist that approach the
saddle point for ¢ — oo, whereas two different trajectories exist that approach the
saddle point for 1 — —oo (cf. [30, Sect. 2.10, Definition 5]). These four trajectories
define a separatrix. Loosely speaking, a separatrix is a trajectory that “meets” the
saddle point.

2.8.10 Characteristic Equation

Consider the autonomous linear homogeneous nth-order ordinary differential equa-
tion

dny dn—ly dy
ap—— + a,— +---+a— +apy()=0. 2.111
5 e 1, T aoy(®) ( )
As usual (see Sect.2.8.1), we define the vector 7 = (xy, X2, ..., x,)T by
X1 =),
dy
X, = —,
T
_ dn—ly
o=
which leads to
X1 = X,
Xy = X3,
. ao a ay—1
Xp = ——X| = —Xp—om ——Xp,

Qn dn Qn
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in order to obtain the standard form

-

dr
a = v(r).
This may be written as
dr -
T 4.7
dr
if the following n x n matrix is defined:
0o 1 0 0 0 0
0 0 1 0 0
0O 0 o0 1 0 0
A= + 0o . (2.112)
o 0 o0 o0 ... 1 0
0o 0 0 o0 ... O 1
4 _4a _ 4 _ 43 —dn=2 __Adn—i
ay ay dp a, "°° dan an

According to Sect.2.8.6, Eq.(2.96), we know that asymptotic stability is reached
if all eigenvalues of this system matrix have negative real part. Therefore, we now
describe how to find the eigenvalues based on the requirement that the determinant

DF = det(A — AI) (2.113)

equal zero. Let us begin with n = 2 as an example:

0 1
ar an

= DF —de(A—an=| & o=y iyl
o Ta A a4
For n = 3, we obtain
0 1 0
A= 0 0 1
4 _a1 __ 4
as as as
-1 1 0 4 4 4
!
= Df =detA—A)=| 0 -2 1 |=-2-22-r-=LZo
_G _a a4 _ 3 a3 as as

as as as
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These two results lead us to the assumption that

DF = (-1)" (M + ?A”“ R PP L s “—0)

n ay ay ay ay

= (-1 Y (2.114)

a
k=0 "

holds in general. In Appendix A.6, it is shown that this is indeed true. The require-
ment that the polynomial in Eq.(2.114) equal zero is called the characteristic
equation of the ODE (2.111). One easily sees that the characteristic equation is
also obtained if the Laplace transform is applied to the original ODE (2.111):

(ansn +an—lsn_1 + ...+als +a0) Y(S) = O
= aps" Fap_ 1"+ Fais+ap=0 for Y(s) #0.
The matrix A is called the Frobenius companion matrix of the polynomial. Please
note that instead of finding the zeros (roots) of the polynomial, one may also
determine the eigenvalues of the companion matrix A and vice versa.

Hence, asymptotic stability of the dynamical system defined by the ODE (2.111)
is equivalently shown

« if all zeros of the characteristic equation have negative real part.
« if all eigenvalues of the system matrix have negative real part.

In case of asymptotic stability, one also calls the system matrix a strictly or
negative stable matrix (cf. [45, Definition 2.4.2]) or a Hurwitz matrix.

2.9 Continuity Equation

Consider a particle density p in space and a velocity field v that moves the particles.
We will now calculate how the particle density in a fixed volume V' changes due to
the velocity field.

For this purpose, we consider a small volume element AV at the surface of the
three-dimensional domain V. As shown in Fig. 2.13, this contains in total

An=AV p=Ah AAp
particles. During the time interval A¢, this quantity of

An=v,At AAp=pAtv-AA
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Fig. 2.13 Volume element at
the surface of a region

particles will leave the domain V, where v, = Ah/At denotes the normal
component of the velocity vector v with respect to the surface of the domain V.
Hence, we have

/p(z+Ar)dV=/p(z)dV—§£ oAt V- dA.
|4 |4 1%

As a limit for At — 0, one therefore obtains

/pdvz—yg pv-dA.
14 v

According to Gauss’s theorem,

SS~

V-d/T:/dideV,
14 v
one concludes by setting V= oV

/[)dV:—/div(pTz)dV.
|4 |4

Since this equation must be valid for arbitrary choices of the domain V', one obtains
—p = div(p V). (2.115)

This is the continuity equation, for which we only assumed that no particles
disappear and no particles are generated. Instead of the particle density, one could
have considered different densities, such as the mass density, assuming mass
conservation in that case. If we take the charge density as an example, charge
conservation leads to

—pg = div(p, ¥) = div J,

which we already know as Eq. (2.46) and where J = pgV is the convection current
density.
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Remark. 1f p; = 0 holds, then the density will remain constant at every location;
one obtains a stationary flow with

div(p, ) =0  or divJ =0.

This equation is known in electromagnetism for steady currents.

2.10 Area Preservation in Phase Space

In this section, we discuss how an area or a volume that is defined by the contained
particles is modified when the particles are moving.

2.10.1 Velocity Vector Fields

Consider an arbitrary domain 4 in R? at time ¢. Particles located inside the domain
and on its boundary at time ¢ will move a bit farther during the time span A¢. This
movement is determined by the velocity field v(x, y).

Let us define a parameterization of the domain such that x («, 8) and y(«, 8) are
given depending on the parameters o and §. This leads to the area

Bmax ®max
At) = / dA = / /
A min Omin

The coordinates 7 = (x, y) denote each point of A. Such a point 7 will move to the
new point

a(x, y)
(. B)

da dB.

Fl=F 4+ ()AL

after the time span A¢. Since 7 depends on « and B, it follows that 7’ will also
depend on these parameters. For the area of the deformed domain at the time ¢ 4+ A¢,
we therefore get
Bmax ®max a [Ty
A(t+At)=A’:/ / I, y)
'min O'min

3@ B) da dB

with

x' = x4+ v.At,

Y =y +vAt
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Using the abbreviation

§

dx dx
_ax,y) ‘E @’ = det(Fy, 7p)

= =lay 9
0w p) |25
or
g = det(?fx,?%)
leads to

£ = det(Fy + Vo At,Tg + Vg Al) = det(Fy, g + Vg AL) + det(Vo AL, Tg + Vg Al) =
= det(7y, 7g) + det(Fy, Vg A1) + det(Vy At, Fg) + det(Vo AL, VgAL) =
= £ + At (det(Fy, Vg) + det(Vq, 7)) + At* det(Vq, vp).

One obtains

% _ lim £ -

E o e )
5 = Alm e = det(ry, vg) + det(vy, 7g) =

dx dvy,  dy dv,  dve dy  Odv, Ox

da 9B xdp T 9w dp e op
_3x(8vy3_x+3&3_y)_3_y(3vx8x+3vx3_y)

“a\ox g Ty g) m\oxog T ayop) T
L Oy (Ovedx | Bvidy) _ Ox (dvy 0x  dvy Oy _
08 \ 0x da  Jy Jdu a8 \ dx du dy da
_ vy (Oxdy  0xdy) v (Oxdy 0xdy
=y \5adg ") ox e~ e
:% £ div v

Since & # 0is valid (§ = |€] sgn &, sgn £ constant), one gets

d§|

I

Bmax O®max
aw = [ [ el aw ap.
min o

‘min

1| div 7.

Due to
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one obtains
d A ﬁm ax Qmax a ﬂmax Omax .
= / / |§| do df = / || div ¥ da d§.
dt min Omin Bmin ®min

Now it is obvious that the area remains constant for div v = 0. If we were talking
here about a fluid, such a fluid would obviously be incompressible; were one to try
to compress it, the shape would be modified, but the total area (or volume) occupied
by the particles would remain the same.

2.10.2 Maps

Now we analyze in a more general way how an area

Bmax [ Omax
is modified by a map
P = F (@),
which transforms each vector 7 = (x,y) into a vector 7/ = (x’,y"). The

parameterization will remain the same. Each point of the domain moves to a new
point, so that the shape of the domain will change in general. Hence, we have to

calculate

ﬂmax Omax a

/ / (x N 4 ap.

'min ®min

According to Appendix A.5, we have
A=A
if
’ ax,y) |

is satisfied; the Jacobian of area-preserving maps is obviously +1 or —1.
We now check this general formula for the situation discussed in the previous
section, where a special map
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was given. The Jacobian is then

ax’ ox’ vy vy

i 14 5= At > At B vy vy
I e I T e U
ax dy ox t + By ! x y

AR (3vx dvy Oy 8vy)

If one now wants to calculate

% _ £-¢

9t Aar—0 At

)

one obtains, due to

I, y)
g=""0
I(x, y)
(see Appendix A.5), the relation
A’y
i3 B e vy Oy o
o 8T A e Ty ) TR

as above.

2.10.3 Liouville’s Theorem

The statement derived above that the condition

leads to area preservation or—depending on the dimension—to volume preser-
vation in phase space is called Liouville’s theorem. This equation is also given
as the condition for incompressible flows. Please note that one can speak of area
preservation only if the area is defined in a unique way. This is, for example possible,
if a continuous particle density p with clear boundaries in phase space is assumed,
but not for a discrete distribution of individual particles (or only approximately if
large numbers of particles are present). We will return to this problem later.
Liouville’s theorem (and therefore also area/volume preservation) is also valid if

v(r, 1)

depends explicitly on time (cf. Szebehely [46, p. 55], Fetter [47, p. 296], or
Budo [48, p. 446]).
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e LSS

2.11 Hamiltonian Systems

Hamiltonian theory is usually developed in the scope of classical mechanics after
introduction of the Lagrangian formulation (cf. [19]). Here we choose a different
approach by introducing Hamiltonian functions directly. This can, of course, be no
replacement for intense studies of Hamiltonian mechanics, but it is sufficient to
understand some basics that are relevant in the following chapters of this book.

2.11.1 Example for Motivation

Consider the system sketched in Fig.2.14. The spring constant K and the mass m
are known. The force balance leads to

miX = —Kx
. K
& X+ —x=0. (2.116)
m

The general solution is obtained using the following ansatz:

x = A cos(wt) + B sin(wt),
X = —Aw sin(wt) + Bw cos(wt),

¥ = —Aw? cos(wt) — Bw? sin(wt).

We obviously obtain
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Fig. 2.15 Trajectory of the ¥

spring—mass system 4

wC

— :
_,4/(; x

One can alternatively write x in the form

x = C cos(wt —¢) = C cos(wt) cose + C sin(wt) sing. (2.117)
This leads to:
A =C cosg,
B = C sing.

For x and X one obtains
X = —Cow sin(wt — @), (2.118)
i =—Cw® cos(wt —¢) = —wx. (2.119)

The result may be drawn as shown in Fig. 2.15.

The quantity ¢ obviously determines only the initial conditions, whereas C is the
oscillation amplitude and thus characterizes the energy of the system.

The quantity C (regarded as a system property), as well as the energy W, remains
constant on the trajectory. If, in general, we have an invariant H that depends on two
variables g and p, then the trajectory (¢(¢), p(¢)) will have the property that

dH
i
dt
holds. One concludes that

0Hdg OHdp _

g dr | 9p dr
o0H , O0H

& —q+—-—p=0.
daq ap

This equation is obviously satisfied if the following system of equations is valid:

OH

o= (2.120)
p
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0H

— =_p. 2.121
3 )4 ( )

These equations are called Hamilton’s equations. The function H(q, p) is called
the Hamiltonian. We will now check whether this system of equations is actually

satisfied in our example.
It is clear that the total energy of the system remains constant:

K 1
W(x,v) = ) x>+ Emvz.

This can also be seen formally if the differential equation
mi+Kx=0
is multiplied by x:

mxxXx+Kxx=0

md ., Kd_ ,
_—— _—— = O
a7
dw
— =0.
dt
Here we obviously have
ow
= Kux,
ox o
ow
— = mv,
av
X =v,
. K
V=X =——x.
m
As a result, one obtains
ow i
— = —mv,
ox
ow .
— = mx.
av

These equations are not yet equivalent to the above-mentioned Hamilton equations.
However, it is not a big step to work with p = mv instead of v:
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w-
o -D,
w1 aw .

ap  om v
Now the equations actually have the desired form; Hamilton’s equations are
satisfied. The function W(x, p) is called a Hamiltonian, since it satisfies Hamilton’s
equations.

As shown above, C is also constant along the trajectory. We can obviously
determine C as follows, based on Eqs. (2.117) and (2.118):

(wC)? = (wx)> + %%

It seems to be useful to define the following quantities in order to get C =

_ _ X
q = x’ p = —
Calculating the partial derivatives leads to
aC |
- = == 2 )
ap 2C
ac 1 Y
g 2
§g=%x=wp.
With the help of Eq. (2.116), one obtains
- X _
p=—=—wx =—0q.
1)

We therefore get two coupled differential equations:

aC I . aCc .
% wc! TUCHTY
aC . aC -
G- wc? TOC =

This is reminiscent of the product rule
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If we therefore set

H=c2
2’

we again obtain Hamilton’s equations:

oH .
op L

OH
0

We conclude that on the trajectory, the Hamiltonian

1) 1)
HG. ) =252+ 257
G.p) =54+ 5P
is constant if in our example, the generalized coordinate
g=x

and the generalized momentum

p=Xx/w

2 Theoretical Fundamentals

are used. In our special case, g is a physical coordinate, but p is not the physical
momentum. In general, g also does not need to be a physical coordinate. This
explains the terms “generalized coordinate” and “generalized momentum.” Here
they formally play a similar mathematical role. We summarize:

* H(g, p) is called a Hamiltonian if Hamilton’s equations (2.120) and (2.121) are

satisfied.
* The Hamiltonian describes a dynamical system.

e The quantities ¢ and p are called a generalized coordinate and generalized
momentum, respectively. They do not necessarily have to be identical to the

physical coordinates and momenta.

* Different Hamiltonians may exist for the same dynamical system (in our
example, § C 2 and W), and also different definitions of ¢ and p are possible.

2.11.2 Arbitrary Number of Variables

Our introductory example contained only one coordinate and one momentum
variable. For an arbitrary number of coordinate variables, Hamilton’s equations are
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0H
= 4i, (2.122)
api
oH .
— = —p;. (2.123)
aqi
In this case, the Hamiltonian
H(gi, pi,t)

depends on n generalized coordinates ¢; (1 <i < n), on n generalized momentum
variables p;, and in general, explicitly on the time ¢. Its total derivative with respect
to time is

oH | oH
dr Z I:a% p’:| 81 '

By means of Eqgs. (2.122) and (2.123), one obtains

dH _ 0H
dt ot

This shows that if the Hamiltonian does not explicitly depend on time (as in our
introductory example), it is constant along the trajectory. In contrast to this case,
an explicit time dependence directly determines the time dependence along the
trajectory.

Autonomous Hamiltonian systems H(q;, p;) with no explicit time dependence
are conservative systems, because H does not change with time (i.e., along the
trajectory).

2.11.3 Flow in Phase Space

In general, we consider a system with n degrees of freedom. In this case, we
have n generalized coordinates ¢; and n generalized momentum variables p; (i €
{1,2,...,n}).

The 2n-dimensional space that is generated by these variables is called the phase
space. If the 2n variables g; and p; are given at a time f#;, the system state is
determined completely, and ¢; (¢), p;(¢) can be calculated for arbitrary times ¢ (in
the maximal interval of existence; see Sects. 2.8.3.3 and 2.8.3.4).

In order to show this, we combine coordinate and momentum variables as
follows:
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q1
q2
qn
D1
D2

~u
Il
<t
Il
~1
Il

Pn

41
42
Gn
P
P2

Pn
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oH
ap1
oH
ap2

In the last step, we used Hamilton’s equations (2.122) and (2.123). Based on this
definition, the problem has the standard form (2.94) of a dynamical system (see

p- 50). We obtain

*H

div17=zn:( ¢ H

k=1

Oprdqr  dqrdpx

Therefore, the flow in phase space corresponds to an incompressible fluid. Thus,
Liouville’s theorem is valid automatically, stating that the area/volume in phase
space remains constant. We have assumed only the preservation of the number of
particles and the validity of Hamilton’s equations.

Liouville’s theorem (and area/volume preservation) is also valid if the Hamilto-

nian

H(g, p,t)

explicitly depends on time (cf. Szebehely [46, p. 55], Lichtenberg [49, p. 13]).

2.11.4 Fixed Points of a Hamiltonian System in the Plane

For the fixed points of an autonomous Hamiltonian system with one degree of

freedom, we have
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If we calculate the eigenvalues of the matrix

A = DV(Fp) = (Z; ZZ) (2.124)

according to Egs. (2.107) and (2.108), we obtain

B:“”—;“”=o, C = —det A,

and therefore
A =+VC = £/—det A.

Hence, the two eigenvalues are either real with opposite sign or imaginary with
opposite sign.

All fixed points of the linearized system are therefore either centers or saddle
points. The linearized system cannot have any sources or sinks. This is consistent
with the name “conservative system.”

We now regard the Hamiltonian H(q, p) as a function that describes a two-
dimensional surface in three-dimensional space.

The fixed-point condition
OH
dq

is necessary for the existence of a relative extremum (also called a local extremum)
of H(F) at ¥ = Fg, because the gradient of H must be zero. A sufficient condition
for a relative minimum is that the Hessian matrix

?H PH

g% dqdp

’H 3*H
dpdq op?

of H be positive definite at ¥ = 7 (all eigenvalues positive). If the Hessian matrix
is negative definite (all eigenvalues negative), then a relative maximum is present.
If the Hessian matrix is indefinite (both positive and negative eigenvalues), a saddle
point is present.

Obviously, we find for the Hessian matrix

?H 3*H

92 dqdp | _ (_aZI all)
’H ¥H | — :
oq a7 apr anr
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The eigenvalues Ay of the Hessian matrix can be determined as follows:

(—az — An)(a12 — Ap) —ai, =0

= AL + Aulaz —an) — (@}, + anazn) =0

ap—a ap — a)?
== o i\/( I 2 4 @2+ anan (2.125)

= Ay =

a1y —dn \/(alz + az)? e
2 4 1”
The argument of the square root is not negative, so that only real eigenvalues exist
(symmetry of the Hessian matrix).
Hence, we have three possibilities for the value of the square root:

e It is greater than the absolute value of the first fraction. In this case, it
determines the sign of the eigenvalues. Therefore, a positive eigenvalue and a
negative eigenvalue exist, and the Hessian matrix is indefinite. Hence, we have a
(geometric) saddle point. In this case, due to Eq. (2.125), we have

a%l + apaz >0,
or with a;; = —ay; (see Eq. (2.124)),

anaxn —apda <0

& det A4 < 0.

Due to the restriction
A=4VC = ++v/—det 4

for the eigenvalues of the Jacobian matrix, the fixed point is also a saddle point.
¢ Itisless than the absolute value of the first fraction in Eq. (2.125), so thatdet A4 >
0 holds. Due to

A =4+ —det A4,

the eigenvalues are imaginary, and the fixed point is a center. The first fraction in
Eq. (2.125) decides which sign the eigenvalues of the Hessian matrix have. For
aip > dp1, we have a relative minimum of the Hamiltonian, and for a;» < as;,
one obtains a relative maximum.

» It equals the first fraction in Eq.(2.125). Then, one eigenvalue is zero, and
det A = 0 holds, which we have excluded (degenerate fixed point).
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In conclusion, the Hamiltonian has a geometric saddle point if the corresponding
fixed point is a saddle point. It has a relative minimum or maximum if the
corresponding fixed point is a center.

2.11.5 Hamiltonian as Lyapunov Function

As in the previous sections, let us consider an autonomous Hamiltonian system with
only one degree of freedom.

In Sect.2.11.4, we saw that the linearization of such a system may have only
centers and saddle points as fixed points. Let us assume that the system is linearized
at a specific fixed point and that the fixed point of the linearized system is a saddle
point. According to Theorem 2.17 (p. 77), the fixed point of the original system
must be a saddle point as well. Theorem 2.17 applies, because the saddle point is a
hyperbolic fixed point.

These arguments cannot be adopted for a center as a fixed point, because centers
are not hyperbolic fixed points. If we want to show that a center of the linearized
system corresponds to a center of the original nonlinear system, we need a different
approach, which is presented in the following.

In many cases, the Hamiltonian of an autonomous system is defined in such a way
that H > 0 holds and that for the fixed points, H(7g) = 0 is valid. If under these
conditions, H(7) has a minimum at 7 = rg, then L := H is a Lyapunov function,
since one has

dL ' 9H 9H
—:?}-grasz(q_)-grade ol )=0<o0.
ds p ~ /) %

Under these conditions, one is therefore able to show that the autonomous Hamilto-
nian system has a center.”

Theorem 2.19. Let H € C*(D) be a Hamiltonian (D C R*" open). If F is an
isolated minimum (strict minimum) of the Hamiltonian, then ¥ is a stable fixed point.

(See Amann [35, Sect. 18.11 b]; Walter [50, Sect. 30, Chap. XII d].)
Since for Hamiltonians, the question whether a minimum of maximum exists is
just a matter of the sign,?® one concludes in general the following result:

19This is not astonishing, since we obtained % = 0, so that L and H are constant on the trajectory.
20The reader may verify that if H(q, p) is a Hamiltonian, then H = —H with§ = pand p = ¢
is also a Hamiltonian. Furthermore, one can easily see that adding a constant to a Hamiltonian
does not modify Hamilton’s equations. Therefore, every relative maximum or minimum of a
Hamiltonian at 7 = 7g may be transformed into a relative minimum with H(7¢) = 0.
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Theorem 2.20. Every nondegenerate fixed point ¥z of a Hamiltonian system is a
saddle point or a center. It is a saddle point if and only if the Hamiltonian has a
saddle point with

det [D{)'(?F)] < 0.

It is a center if and only if the Hamiltonian has a strict minimum or strict maximum
with

det [ DV(7r)] > 0.

(See Perko [30, Sect. 2.14, Theorem 2].)

2.11.6 Canonical Transformations

We consider canonical transformations as transformations that preserve the phase
space area and that transform one set of Hamilton’s equations (depending on ¢, p)
into another set of Hamilton’s equations (depending on Q, P).

According to Appendix A.5, preservation of the phase space area means

30 90
g 2O P N5 5| 900P 000P (2.126)
3(q. p) o dq dp  dp dq

We consider only a very specific’' subset of canonical transformations for which
the value of the Hamiltonian remains unchanged. In this case,

. _8H . 3H
q_apv p 8(]’

21 A sophisticated theory of canonical transformations exists and is described in many textbooks
on theoretical physics. The transformed generalized coordinates Q; and momenta P; (i €
{1,2,...,n}) may depend on the original generalized coordinates g; and momenta p; and on
the time 7:

Qi = 0i(q1,92, -+ qn, P1, P2y« -+ Pus 1),
P = P[(Qlﬂz,.-~,q;1,[11,[72,~-~,[7ml)~

The Hamiltonian H(q1,q2,....4u, P1> P2s---» Pn,t) is transformed into the Hamiltonian
K(Q1,0s,..., 0, P, Py, ..., P,,t). Canonical transformations can be constructed using four
basic types of generating function F|(q, Q,1), F»(q, P,t), F5(p, Q,t), F4(p, P,t). This theory
is outside the scope of this book. An introduction may be found, for example, in [19].
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must be transformed into
. oH . oH
0=—, P=—
oP a0

For all points in phase space we have

OH OHIQ 9H P aQ
ot Weteitiatnlll —_plx o
oy a0 pay 4 Q ’
OH OHIQ  OH P aQ aP

— =5t —p=-P = FrE

o ~909q Tapag P +0

Now we have to check whether these restricted transformations are actually
canonical ones, i.e., whether § = 1 holds.

For this purpose, we eliminate all derivatives of P in Eq. (2.126) by means of the
last two results:

aQ POQ\ d0( p PIQ (a_Q aQ)
° T <Q+Q8p) 8P(Q+Q8q) 0 3qq+8pp

The last expression in parentheses is equal to Q, so that £ = 1 indeed holds.

2.11.7 Action-Angle Variables

In this section, we will briefly discuss special coordinates for oscillatory Hamil-
tonian systems, the so-called action-angle variables. Again, the general theory
is outside the scope of this book, but we will use some results of this theory to
determine the oscillation frequency of nonlinear systems.

2.11.7.1 Introductory Example

As an introductory example, we consider a parallel LC circuit as shown in Fig.2.16
for which

V=LI :>1'—V
n L

and
—I1=CV >V=-

hold. For
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Fig. 2.16 Parallel LC circuit I

this may be transformed into Hamilton’s equations:

B oH . q oH

g=2="0 p=-L =00
L op’ C dq

By means of an integration, we obtain the Hamiltonian

H_p2+q2_V2+12
T 2L 2C 2L 2CT

For the initial conditions

one obtains

V2

max

2L

This value of the Hamiltonian is preserved, so that

c c
1> =2CH — ZV2 = Z(szax -V?

is valid. Hence, the orbit in phase space is an ellipse with semiaxes Vi, and

C
I max — -5 Vmax .

L

For the area enclosed by this orbit, one obtains

[C
A = Ve lmax = 70 leﬁax =27+vLCH.

Since we know that the resonant angular frequency of a parallel LC circuit is

1
W = Wres .= —F—,

VLC
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we see at once that

A= 2—]TH =TH,
1)
where T is the period of the oscillation. One may therefore guess that the resonant
frequency or period may be derived from the area enclosed by the orbit even if less-
trivial examples are considered. If that works (and it does, as we will see soon), it
will obviously not be necessary to actually solve the differential equation.

2.11.7.2 Basic Principle

Let us consider an autonomous Hamiltonian system with one degree of freedom.
We assume that in the (¢, p) phase space, a center exists such that closed orbits are
present. We are now looking for a specific canonical transformation that introduces
the new generalized coordinate/momentum pair (Q, P).

The idea of action-angle variables is to require that one of the transformed
coordinates not depend on time:

dpP .
— =P =
dr

Hamilton’s equations

ap dq
Q = aH ) P = _a_H’
JoP a0
then show that
0H —0
90

is valid, so that H cannot depend on Q but only on P:
H = H(P).

Therefore, %_1; also depends only on P. Furthermore, P is constant with respect to
time, so that

0H dH

P dP
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Fig. 2.17 Transition to action-angle variables

cannot depend on time either. Due to Hamilton’s equation, one then obtains

. dH
Q=E=K(P),

and therefore

0(t) = Q(0) + K(P) 1.

In the original phase space (¢, p), one revolution lasted for time 7". Hence, it is
clear that in the transformed phase space (Q, P), the variable Q will increase by
the amount

AQ = K(P) T, (2.127)

while P remains constant. This is visualized in Fig.2.17.

Since the area in phase space is kept constant by a canonical transformation, the
(Q, P) phase space is a surface of a cylinder (cf. Percival/Richards [51, p. 105]).
This indicates why generalized coordinates are called cyclic if the Hamiltonian does
not depend on them. In our case, Q is a cyclic coordinate.

Heretofore, we required only that P not depend on time. This is satisfied, for
example, if to every point (¢, p), we assign the area A that is enclosed by the orbit
that goes through the point (¢, p):

P:A://dqdp.
A

If this definition for P is used, then shaded area in the (¢, p) phase space in Fig.2.17
is equal to P. The shaded area in the (Q, P) phase space is equal to P AQ (see the
right-hand diagram in Fig. 2.17). Since both areas must be equal, we obtain

AQ =1,
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and therefore, based on Eq. (2.127),

K(P)T =1
dH 1
K(P)= — = —.
CkP)=3p =7

In conclusion, we may use H to calculate the period of the oscillation directly
without solving the differential equation explicitly.

Instead of taking the area A = P directly as a generalized coordinate, one defines
the action variable

J=—

2
1

< J:—//dqdp
2 JJ 4

and the angle variable?

0 =2m Q.

As the name implies, the angle variable obviously increases by 2x during every
period of the oscillation. Hence, one obtains

dH _dH __ 2%

a7 ap T T

_[aH _2m
A

for Hamilton’s equations

. 0H . 0H
=22 J=—T

Please note that for these considerations, we assumed that the Hamiltonian does
not depend on time and that the orbits are closed. Therefore, the action variable is

2t is easy to show that multiplying the generalized coordinate by a constant and dividing the
generalized momentum by that same constant is a canonical transformation (cf. Sect.5.1.3).
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defined in a unique way, and by Liouville’s theorem, it is obvious that the phase
space area, and thus also the action variable, remains constant.

2.11.8 LC Circuit with Nonlinear Inductance
The characteristic curve B(H) of a magnetic material can be approximated by

2
B = By.x— arctan — = B, — arctan —.
T 0 b 1 0

The magnetic material will be used to build an inductor with N windings. With the
magnetic flux ®,, = BA, it follows that

do 2 1 1.dI
V=N-—"=NABnu—-——57
t b4 1 I 1y dt
+(#)
Therefore, from
dl
V=L—,
dr
one obtains
L
L(I)= —

—-
i

1+ (1—0)

The corresponding inductor in parallel with a capacitor can now be used to form an

LC oscillator as shown in Fig. 2.16. For the capacitance of the oscillating circuit,

-1 =C—.
dr

is valid. The magnetic energy is

dI I dI
Wown = [ VI dt = [ LINT - dt = Lo | ——— - dr
1

X dx
= LI} | —— — dr,
’ 0/1+x2 dr
where we have used

X =—, or [ =xI.
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Because of

X 1
dx == In|l + x? -+ const,
/l—i-x2 2 | |

one obtains

Together with

this leads to
1 L 12 I 2
W(Va1)=M1+Wmagn=§CV2+% ln<1+(—))

If we define p = V, we obtain

W dI CL, dI
L —Cp=CV=CL()— = 0

ap dr H_(ILO)ZE'

If this is one of the two Hamilton’s equations, the right-hand side must be equal to
g, and one obtains

I
q = CLyl, arctan —.
Iy

Therefore, the Hamiltonian is

1 Lol}
H(g,p) = ECPZ + % In (1 + tan’

CLOIO)

1
= H(q,p) = -Cp*> — LoI? 1 :
(q.p) 5Cp ofg Incos =

We still have to check the second of Hamilton’s equations. One obtains

OH 1 . 1 Iy q I
— =—Loly ——— (- =t =_.
oo L ( o ) Cloly  C “"CLol, _ C

aq COS w7

q
CLyly
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In fact, the right-hand side equals —%, which is equal to — p, and both Hamilton’s

equations are satisfied.

In order to calculate the oscillation frequency, we compute the action:

1
s = o~ [ aap
1 q2

=—| pdg

T Jg

1,/2/q2 H+ LoI2 1 44
= — — n cos .

=V, oo CLolo 1

The limits ¢; and ¢, are determined by the zeros of p where the trajectory crosses

the g-axis. The substitution

q dx 1

YT CLolys  dg  CLoly

leads to
1 /2 *2
J(H) = ;‘/ECLOIO/)Q \/H + Lol In cosx dx.
Due to
2 4
Incosx ~ —— — — — ...
12

the simplest approximation for I < [ is

1 Ly 2 2
—VZCL()I() —I() H ) —xz dx
T 2 X1 LOI()

1 , [ 2

—VLoC Lol H—— —x2dx.

b X1 L()IO

The integral describes the area of a semicircle with radius

2H
Lol2’

J(H)

(2.128)
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Fig. 2.18 Mathematical A
pendulum

so that
1 2H
J(H) = =LoC Lol} =2 = J/I,C H
T L()IO 2

is obtained. As expected, one obtains

_dH 1
dJ VL, C

If the approximation is undesirable, one may directly calculate the derivative of
Eq. (2.128). Then the integral may be evaluated numerically in order to calculate
the amplitude-dependent oscillation frequency a)(f ). As mentioned above, no direct
solution of the differential equation is required.

w

2.11.9 Mathematical Pendulum

Consider a mathematical pendulum with mass m that is suspended by means of a
massless cord of length R (see Fig.2.18). Suppose that initially, the mass m is at
height x = & (corresponding to the angle @ = &) with zero velocity.

2.11.9.1 Energy Balance

The sum of the potential energy and kinetic energy must remain constant:

1
Woot + Wiin = const, with Wy = mgx and Wi = Emu2

1
< mgx + Emu2 = const

1
< g(R— R cosa) + Edez = const.
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We now calculate the time derivative of this equation:
gR sina @ + R%ad = 0.
As a result, we obtain

. g .
+ = = 0.
o Sin &«

2.11.9.2 Hamilton’s Equations

2 Theoretical Fundamentals

(2.129)

We now try to convert Eq.(2.129) into a pair of Hamilton’s equations using our

standard approach

which leads to

p = _g sing
R .

If this is to be in accord with Hamilton’s equations,

oH .
p 7
oH .
g D,
we obtain by integration
2
P
H==+ f(@).

H = —% cosq + g(p).

Putting both results together, one obtains

2
p
H(q,p)=7—

cos g.

(2.130)
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If we additionally require H(0,0) = 0, we may add a constant accordingly:

»?
H(q, p) = > + = (1 —cosgq). (2.131)

> o

2.11.9.3 Oscillation Period

In order to calculate the oscillation period, we first determine the action variable:

1 1 92
q1

Equation (2.130) leads to

p= \/2[H+% Cosq]

for the upper part of the curve in phase space. By means of

a = FH,
2 g
h=—-25 2.132
R ( )
a HR
== (2.133)
b g

one obtains the following integral:
q2
J(H):/ va+b cosq dg. (2.134)
q1

The limits g; and g, of integration are determined by the zeros of p. We obviously
have p = 0 for

q1,2 = F arccos 7_

Therefore, g = —¢» holds, so that we can use the symmetry of the integrand:

P
J(H) =2 va+b cosq dq.
0
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According to the first formula 2.576 in [3], for |a| < b and 0 < ¢ < arccos(—a/b),
the integral has the following value:>?

2 1 1\1%
J(H) =24+ |(@a=Db)Fly - +2bE(y,—) (2.135)
b r r /1o
2b and arcsin b(l = cosq)
r = = 1 _—
a+b v a+b

For ¢ = 0, one obviously has y = 0. For g = ¢,

with

—a b (1 + %)
cosg = — = Yy = arcsin W

b

. T
=arcsin 1 = —
2

is valid. The expression in square brackets in Eq. (2.135) is equal to zero at the lower
integration limit y = 0, since F(0,k) = 0 and E(0, k) = 0:

(a — b)F(0,k) +2b E(0,k) = 0.

Here we set

_1_ 1 a ;L —5 _ l_a
k_r_ 2+2b and k' =+1 k-,/z b (2.136)

From F(w/2,k) = K(k) and E(w/2,k) = E(k), one concludes, based on
Eq. (2.135), that

Jan=2¢gua—mey+%E@n=4Jﬂﬁmm—kﬁqm] (2.137)

23 Here F(y, k) denotes the elliptic integral of the first kind, whereas E(y, k) is an elliptic integral
of the second kind [52]:

4 de v PR
F(y, k) = - E(y. k) = V1 —k?2 sin” 6 d6.
0 1—k2 sin” 0 0

The complete elliptic integral of the first kind is defined by K(k) = F(x/2, k), while the
complete elliptic integral of the second kind is given by E(k) = E(x/2, k). In this book, we
make use of only the modulus k (0 < k < 1). Alternatively, one can also use the parameter m or
the modular angle o:

k = sin «, m=k>.

The complementary modulus &’ is given by k2 + k’> = 1, and the complementary parameter
m; = k'? is therefore defined by m + m; = 1.
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The angular frequency of the oscillation may be calculated according to

_0H

Since by definition, H depends only on the action variable J but not on the angle
variable 6, and since H does not depend on time in our case, the partial derivative

is in fact a total derivative:
_0H _dH _ (dJ\'
oJ dJ  \dH

We therefore need —-. From Eqgs. (2.133), (2.136), and (2.137), we get

dJ _dJ dk _ dB(k) . ,— o dK(k) R _
ﬁ_dde_Ni[ a 2k/ K(k) L T :|2k2g_
_ 2 [R[dE(k) o dK(k)
= — [—dk + 2k K(k) — (1 —k?)—— }

In the last step, we made use of Eq. (2.132), which led to

ﬁ:%\/%

With
dK (k) _ E(k) _ K(k)
dk  kk»? k
and
dE(k) _ E(k) — K(k)
dc k ’
we obtain

dJ 2[R E(k) —K(k) + 2k* K(k) — B(k) + k”K(k) _ 2 R 0
aH " wk\g K =xye S

This finally leads to

= 7 =% (k) (2.138)
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The calculation presented here can be simplified significantly if the derivative with
respect to H is determined before the integral is evaluated. This is done in Sect. 3.16
for an analogous problem.

Now our considerations are complete in principle. Only the geometric meaning
of the modulus k remains to be clarified.

From Eq. (2.136), one obtains

Initially, the mass is momentarily at rest, so that we have p = & = 0. Therefore,
according to Eq. (2.130),

g ~
H =—= cosa
R

is the value of the Hamiltonian (which remains constant). This leads to
T =
= / cos & '
2

. ,& ,a L,
COSO = COS E—sm — =1-—2 sin 7

Since

this may be written in the form

»

Il

=z.

=]
N>

2.11.10 Vlasov Equation

From the formula
div(pv) = v-grad p + p div v,

which is known from vector analysis, the continuity equation (2.115) for incom-
pressible flows leads to the differential equation

—p =v-grad p.
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If we consider a Hamiltonian system with one degree of freedom that describes the
incompressible flow, we have

-(5) 5--(2)

do .0 . 0p
or Tl TP =

dp O0H dp 0H 0p

d  dp dq dq dp

Therefore, one obtains

=

This is the Vlasov equation. It describes how the particle density p at different
locations changes with time.

2.11.11 Outlook

A dynamical system is called conservative if the total energy (or the area in phase
space) remains constant.

Every autonomous Hamiltonian system is conservative. However, there exist non-
Hamiltonian systems that are conservative.

A function /(gi, px) that does not depend on ¢ and that does not change its value
on the trajectory is called a constant of the motion. Such a constant of the motion
allows one to reduce the order of the problem by 1 (cf. Tabor [53, p. 2]), since one
may express one variable in terms of the other variables by means of this function.

For a non-Hamiltonian system of order n, one therefore needs n — 1 constants
of the motion in order to completely solve the differential equation by means of
quadratures (cf. Tabor [53, p. 39]).

A Hamiltonian system is called integrable if the solution can be determined by
quadratures (cf. Rebhan [22, vol. I, p. 287]). This is the case if the problem can be
written in action-angle variables.

In contrast to non-Hamiltonian systems, one needs only n constants of the motion
if a Hamiltonian system of order 2n with n degrees of freedom is considered (instead
of 2n — 1, as in the general case).

Conservative Hamiltonian systems with one degree of freedom (order 2) are
integrable (cf. Rebhan [22, vol. I, p. 359]). This is obvious, because the Hamiltonian
itself is a constant of the motion.

Chaotic behavior is possible only in nonintegrable systems (cf. Rebhan [22,
vol. I, pp. 335 and 359]). Therefore, chaos is not possible in autonomous Hamil-
tonian systems with one degree of freedom. However, if more degrees of freedom
are present, chaotic behavior may also occur in autonomous Hamiltonian systems.
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Chapter 3
RF Acceleration

This chapter is devoted to the longitudinal motion of charged particles in a
synchrotron.

3.1 Centripetal Force

For the derivation of the equations of motion in a synchrotron, we need the
centripetal force. Therefore, we briefly show that the expression for the centripetal
force is the same in special relativity as in classical mechanics.

For the momentum vector, we have

p=mu=m(x e, +ye,+ze),
where
m = moyy

is the velocity-dependent mass. We assume that wherever the centripetal force is
active, the absolute value of the velocity will not be changed. Therefore, one obtains

=0, B=0, y=0, m=0.
Hence, only
F=p=mi+mi=mEé, +7é +37&)

has to be evaluated. On a circular orbit, we obtain

H. Klingbeil et al., Theoretical Foundations of Synchrotron and Storage Ring RF Systems, 115
Particle Acceleration and Detection, DOI 10.1007/978-3-319-07188-6__3,
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2

x =r cos(wt), u, = X = —wr sin(wt), iy =X = —wr cos(wt),
y =r sin(wt), uy, =y = towr cos(wt), ity = j = —o’r sin(wt),
z = const, u,=z2=0, i, =%=0.

If we define the unit vector
é, = éx cos(wt) + €, sin(wt)

pointing radially outward, we can see directly the following relations:

= —w'r &,
w=u-u= o'’
Hence we obtain
- P mu®
F=-mo re,.z—Te,..

This is the well-known formula for the centripetal force, which is now verified
in the scope of special relativity, provided that the energy of the particle remains
constant (as satisfied in pure magnetic fields). In Appendix A.2.3, it is shown that
this result remains true for arbitrary plane curves (e.g., if the magnetic field is no
longer constant).

3.2 Simplified Model Synchrotron

In the scope of this book, we are interested only in longitudinal particle motion.
Therefore, we significantly decrease the complexity of the problem by employing
a model synchrotron that comprises only two straight sections and two dipole
magnets. We have to emphasize that such a synchrotron will not work, because
quadrupole magnets are essential for transverse focusing. If we keep this in mind,
however, we may use the model nevertheless to study longitudinal motion in
principle.
For the dipole magnets, we obtain

2

F :QuB:mu—
'r

- [r=0uE] &l
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Fig. 3.1 Strongly simplified synchrotron

The product rg B is the magnetic rigidity. In one of the straight sections (the upper
one in Fig.3.1), we place a short ceramic gap. Let us assume that at 1 = 0, the
reference particle is located at the gap. By means of the gap voltage, the energy'
of the particle will increase from yr o to yr,;. Therefore, in the nth revolution, the
particle has energy yr ,. Hereinafter, we will in general use the index R for quantities
that are related to the reference particle.

By definition, the magnetic field is increased in such a way that the reference
particle always remains in the same orbit (rg = const).

For the reference particle, we therefore obtain

Prn = Qg By. 3.2)

Here B, is the magnetic dipole field, and pgr, is the momentum of the reference
particle in the nth revolution. The reference particle will reach the beginning of the
gap at time fg ,, after the nth revolution (fr o = 0).

For the orbit length, one obtains

lR = ZJTI’R + 2d.
From
IR
URn = ,
' TR,n

LOf course, the physical energy is obtained only after multiplying the Lorentz gammas by nocZ,
but we will also briefly refer to the gammas as energies.
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it follows that

Ir
,BR,nCO '

IRy = tRp—1 + TRy = lRp—1 + (3.3)

Before the nth revolution takes place, the energy of the particle is increased from
YRa—1 t0 Yr.». This happens due to the voltage Vr ,—; at the gap:

(YR — YRu—1)MoCG = QVR i

= YRn = YRan—1 T %Vk,n—l- 3.4
mocg,

This completes the analysis of the reference particle.

After the nth revolution, an asynchronous particle, i.e., an off-momentum
particle, will be located at the gap at time #,. For the nth revolution, this asyn-
chronous particle will need time 7},:

I+ Al
=2

n ’

ZR + AZn

by =th—1+ ——.
Bnco

(3.5)

Before the nth revolution, the energy of the asynchronous particle increases from
Yn—1 to y,. This energy step is caused by the voltage V,,_;:

Yn = VYn—1+ _Q 2 Vi-1. (3.6)
mocC

From now on, we shall use A quantities to specify differences between the
asynchronous particle and the reference particle (i.e., the synchronous particle). If
we set At, =1, —tr, and Ay, = ¥, — Yra, then Egs. (3.3) and (3.5) lead to

Ir + Al IR
At, = At,_1 + — =
: Bnco Br.uCo
l Al, — Bl
— Atn—l + IBR,n R + ﬂRJl n IBn R

,Bn,BR,nCO
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Al
1 ,BR,n - A,Bn
= Aln_ + 1/ S
: : BnBruco
Ir (Aln A,Bn)
= At, = At,—1 + - . (3.7
" Baco \ Ik Bro

Based on Eqgs. (3.4) and (3.6), one obtains, by means of AV, =V, — Ve,

Ayn = A)’n—l + %AVn—l- (3.8)
mocCy

We are now interested in the change of the orbit length that is caused by the
change of momentum.

This is relevant, because the orbit of the asynchronous particle will have a
different radius r, from that of the reference particle, since its momentum is
different:

Pn = anBn-

The magnetic field B,, however, is the same as for the reference particle, since we
assume that the asynchronous particle is still inside the straight section when the
reference particle is located at the gap.

We obviously have

T Dn Dn ( Dn )
— = , rn = TR =R+ —1]) .
'R PR.n PR .n

It follows that

l, =2mr, +2d =lR+2n( P —l)rR.
PR

Using Al, =1, — Ir and Ap, = p, — pr.a, One obtains

Apy
Al, =2mrg P .
pR,n
Since Ir and rg are constant, the quantity
_ 2w rR

o = (3.9)

Ir
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can be defined, leading to

Al, Apy
o

IR ¢ PR .

(3.10)

Due to this equation, o is called the momentum compaction factor. The simple
expression in Eq. (3.9) is due to our very special simplified model synchrotron. In
general, it depends on the synchrotron lattice, i.e., on the special combination
of all magnets. In Appendix A.3, a more general equation, namely (A.26), is
discussed. In most synchrotrons, the momentum compaction factor is positive

(cf. [1, Sect. 2.1.1]):
a. > 0.

In this book, we will restrict ourselves to this case.

By means of equation (3.10), we may convert Eq. (3.7) as follows:

l Ap, AB,
At, = At + R (Olc P — IB )
IBnCO PR ﬂRJl

With

,Bn Yn — ,BR,n YRn = (,BR,n + A,Bn)()/R,n + A)/n) - ,BR,n YRn =
= IBRnA)/n + A,Bn)/R,n + A,BnA)/m
the equation

Apy — BuVn — BraVRon
PR IBR,n YR.n

leads to

Apn . Ay ABy ABy Ay,
— = + - :
pR,n VR,n ,BR,n ,BR,n )/R,n

We conclude that

I A A AB, A A
Aty = Atyey + o (a( oy ﬁ"+ Pr y”)— ﬁ”).

,BnCO )/R,n ,BR,n ,BR,n YR.n ,BR,n

@3.11)
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Please note that up to this point, all derivations have been exact in the scope of
our simplified synchrotron model. We now make first approximations, assuming

Ay, AB,
Y <1 and p
)/R,n R.n

< 1.

In Table 2.3 (p. 48), we find the conversion

AB, N 1 Ay,

~ . (3.12)
IBR,n ]/1%”,3[2{" YR n
This leads to
R Ay, 1 1
Aty = Aty + 2= e (14— | - 5= |
Buco YR VR,n:BR,n VR,n:BR,n
and due to
1+ g2y =2
one obtains
IR Ay, 1 1
At, = Aty + R _)/ O™~ 5 7 |-
Brco YR IBR,n VR,n:BR,n
By means of
1
MR = Qe — —5—, (3.13)
)/R,n
it follows that
l A
Aty = Aty_y + —RRn_ D (3.14)

B ,312{,,1 €0 YRn .

If we assume that the time T , needed by the particle for one revolution is short in
comparison with the times in which A¢#, changes significantly, we may calculate the
following limit:

Aty — Aty—y  dA?
—_— s —.
T dr

The quantities without the index R that describe the asynchronous particle and the
quantities with the index R that describe the synchronous particle differ only by a
small amount. Therefore, we obtain, by the limiting process,
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dAt . ZR R
dz TrByrCo

dAt R
dt Biyr

(3.15)

In an analogous way, we may perform a limiting process for Eq. (3.8):

Ay 0
dr TRm()Cg

AV.

If we assume that the voltage

V() = V(0) sin(ere()  with  pre(t) = /0 wore(F) dF

is harmonic (see Chap. 1) and that the reference particle experiences the reference
phase (also called synchronous phase) orr = @r When it passes the gap, we obtain

Ve = V(r) = V(ir) singg (3.16)
for the synchronous particle and
Vit =t + At) = I7(ZR) sin(wrpAt + ¢r)

for an off-momentum particle. Here we have assumed that neither the amplitude 1%
nor the frequency wgrr changes significantly during the time At. It follows that

dA 1%
day _ 9@ 5 (sin(wrp AL + ¢r) — sin gg) . (3.17)
dt TRWZ()CO

Equations (3.15) and (3.17) may be written in the form

dar .
d_: =v(r),

which is compatible with Sect. 2.8 if

’ ( At ) v (VAI )
r= and v =
AV VAy
are defined. For the divergence of v, one obtains

dvar  Ovay

=0.
dAt  dAy

divy =
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Thus we have shown that the flow in phase space preserves the phase space area
(see Sect.2.10.3); Liouville’s theorem is satisfied.> Therefore, one usually uses the
unit eVs for the phase space area, i.e., a product of time and energy. This unit
is obtained if we calculate with AW instead of Ay. This does not change the

invariance of the phase space area, since the required factor mocj is constant:

dAt
SR T
dr mocy BrYR
dAt
o= =R _Aw, (3.18)
dr WR,BR
dAw 14
— = Q— (sin(wrpAt + @r) — singg) . (3.19)
dt Tr
Here we used the total energy
W = mcl = mociyr (3.20)

of the synchronous particle.

3.3 Tracking Equations

Equations (3.8) and (3.14) may be used as recurrence steps for a so-called particle
tracking program. It is remarkable that the result of Eq. (3.8) has to be inserted on
the right-hand side of Eq. (3.14). Therefore, one cannot evaluate both equations at
the same time. If one replaced Ay, in Eq. (3.14) by Ay,—1, which does not seem to
change things significantly at first sight, then unstable orbits instead of stable orbits
would be the result. This may be verified as follows:

Equation (3.14) obviously has the form

X = Xk—1 + f ().
Equation (3.8), however, has the form

Yk = Yi—1 + g(xk—1).

2The validity of Liouville’s theorem is of course dependent on the assumptions that we made to
derive the equations of motion in longitudinal phase space.
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If we insert the second equation into the first in order to have only quantities on the
right-hand side that belong to step kK — 1, we obtain

X = Xg—1 + f(r—1 + g(xk—1)),
Yk = Yk—1 + &(Xk—1).

A map
P = F(Fo1)

is area-preserving if the absolute value of the Jacobian equals 1, as we discussed in
Sect.2.10.2. In the case under consideration here, the Jacobian is

0 i) |1+ ' + (=) &' o) 'k + 8 Ce-0)) | _
(X1, Yk—1) g (Xk-1) 1 '

Hence, the system that is described by the tracking equations (3.8) and (3.14) is
actually area-preserving. The discrete tracking equations therefore are a reasonable
discretization of the continuous system; the corresponding iteration algorithm is
called a leapfrog scheme (cf. [2, Appendix E]).

If, however, one starts with the symmetric pair of equations

Xk = Xk—1 + f(Vk—1),
Yk = Yi—1 + g(xr—1),

one obtains the Jacobian

(XK, &) _ 1 S k=1) 21
O(Xk—1, Yk—1) g (xk—1) 1 ’

In contrast to the continuous system, these discrete equations do not describe a
conservative system. We may therefore conclude that Egs. (3.8) and (3.14) are
correct, even though they are not symmetric.

By means of the tracking equations, we are now able to simulate the behavior of
particle clouds in longitudinal phase space. An example is shown in Fig.3.2. At
the start of the simulation, several particles are randomly distributed in phase space
inside an ellipse. A harmonic voltage

V() =V sin(wgrpt)
is assumed. Each particle moves in phase space according to the tracking equations.

The simulation shows some effects that can also be seen in the snapshots
displayed in Fig. 3.2:
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Example of a tracking simulation of particles in phase space

* The particles perform rotations in longitudinal phase space (counterclockwise).
This is the so-called synchrotron oscillation of individual particles that was
already mentioned in the introduction. The conclusion that the particles oscillate
around the synchronous phase, i.e., that they perform oscillations on the axis Af,
is now visualized in a different way: since the energy deviation is added in phase
space, this oscillation on the time axis is converted into a rotation in phase space.
For the sake of clarity, it should again be emphasized (cf. Footnote 4 on p. 5) that
the oscillation does not occur around a single slope of the voltage V(¢) but that
an overlay of several revolutions is necessary to make this oscillation (and also
the rotation in phase space) visible. After all, the particles fly in the longitudinal

direction with very high speed.
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* The combination of all the particles (e.g., in the first diagram of Fig. 3.2) is called
a bunch.

¢ The third picture shows approximately the initial bunch rotated by 90° in phase
space (and stretched due to the arbitrary scaling of the axes). However, the bunch
shape is not identical to the original elliptical bunch, because the outer particles
rotate with a lower oscillation frequency; they lag behind. In the beginning, this
leads to an S-shaped bunch, and later, spiral galaxies are formed in phase space.

» After several revolutions, the different spiral arms can no longer be distinguished
from each other.

* Based on the first four (or even five) pictures, one may verify that the area
occupied by the particles in phase space remains constant, as proven above. In
the last picture, the occupied area seems to be larger, but this is due to the effect
mentioned earlier that the spiral arms can no longer be identified clearly. One
speaks of filamentation and phase space dilution. The reason is the limited
number of particles used instead of a continuous particle distribution. Winding up
the spiral arms will involve some empty phase space area that is also wound up in
between. Strictly speaking, the definition of the area that is occupied by particles
is possible only for a continuous particle distribution with clear boundaries, i.e.,
for an infinite number of particles. For a finite number of particles, the definition
may be used only approximately. In the beginning, the number of particles is
large enough to identify the boundaries of the bunch. Later, the same number of
particles is no longer sufficient to identify the more complex bunch shape with
the wound up spiral arms. Therefore, as a result of the lack of a clear definition
of area for a finite number of particles, the visible area occupied by the particles
in the last diagram is larger than that in the first diagrams. We will return to this
problem in Sects. 3.24, 5.4, and 5.6.4.

* The phase space area that is occupied by particles is called the longitudinal
emittance. Due to Liouville’s theorem, the longitudinal emittance is constant.’
For the longitudinal emittance, one usually uses eVs as the physical unit. In this
book, we are not dealing with transverse beam dynamics, and we will therefore
omit the word “longitudinal” from time to time.

3 As mentioned above, this statement depends, of course, on the assumptions that were made to
derive the equations of motion in longitudinal phase space. Examples of effects that do not keep
the phase space area occupied by the particles constant are:

— Active beam cooling (which reduces the area occupied by particles in phase space).
— Synchrotron radiation (especially relevant for electron beams but negligible for ion beams if
they are not accelerated to extremely high energies).

As discussed before, it is also possible that an increase in the phase space area occupied by
particles is observed based on the finite number of particles. This may, for example, be caused by
undesired disturbances. In this case, one should speak rather of an increase in the RMS emittance
that will be introduced in Sect. 5.6.4. Calling this effect purely “emittance increase” may lead to
misunderstandings caused by the validity of Liouville’s theorem in combination with the difficulty
in defining an area for a finite number of particles.
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* If the simulation runs even longer than displayed here, the macroscopic shape of
the bunch will no longer change significantly. The individual particles will, of
course, continue to move, but the distribution will no longer change. As we will
see later, this is the case of a matched bunch, for which

o
ot
holds everywhere in phase space.

* All particles that are located inside a small time interval (i.e., inside a narrow
vertical strip) will contribute to the beam current during this time interval. In
other words, the specific instantaneous energy of these particles does not matter.
Therefore, the beam signal is obtained as the projection

Ibeam(t) = Ibeam(tR + AZ) = /pq(Ats AW) d(AW)

of the bunch onto the time axis. This is why both the particle distribution in phase
space and the pulses of the beam signal are called bunches.

Of course, the example shown in Fig. 3.2 is a very special one. If, for example,
a larger bunch had been assumed as an initial distribution, one would have seen
that the outer particles may also move on unstable trajectories. Therefore, we
will discuss the phase space behavior in more detail in the following sections.
Nevertheless, the individual particles will still show a very transparent behavior that
justifies our phase space analysis.

The phenomena discussed here were based on a computer simulation of several
particles. These tracking simulations are inevitable for complicated situations.
Nevertheless, it is possible to study the basic effects analytically. This will be done
in the following sections.

3.4 Phase Slip Factor and Transition Energy

The quantity*

R =0 — —, (3.21)

“The index n that specifies the revolution is omitted in this section, since the quantities will be
regarded as quasicontinuous here.
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which was introduced in Eq. (3.13), is called’ a slip factor (cf. [4]), phase slip factor
(cf. [5]), frequency slip factor (cf. [6]), or slippage factor [7]. This name will be
explained in the following.

Based on

Ir Ir
= — == T = s
T T ® 7 Breo

we may obtain the following relation by calculating the derivative with respect to
time:

T = IrBreo — Breolr

Breo
Tx _ ik _pr
TR Ik Br

Therefore, for a deviation AT of the revolution time, one obtains approximately

AT Al AB

S
On the one hand, we may make use of Eq. (3.10),
Al Ap
-5 = 0c—,
IR PR

to calculate the deviation A/ of the orbit length. On the other hand, one obtains

1
y? =y —pyr=1 = By =+ryr—1

d 2yy y
= (B =—A—=1

dr 2/y2-1 B

1 d 1y Ap 1 Ay
=B =5 S~y

By dt B>y PR PBrowr

Together with Eq. (3.12),
AB 1 Ay

Br  viBE R’

SPlease note that the slip factor is sometimes defined with a negative sign (cf. [3]).
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one obtains

AB 1 Ap
Br  vi PR
which may be inserted above:
AT 1\ Ap
To T Oc— — ) —.
R Yr/ PR
Therefore,
AT Ap
Tr * pr

is valid. In conclusion, the factor nr describes by what percentage the revolution
time changes if the momentum changes by a certain percentage. Every time
deviation Ar of a particle with respect to the reference particle may be converted
into a phase deviation:

At
A@rr = WrpAt = 2mh—
Tx

A At
o SFRE

2 TR

This explains the term “phase slip factor.”
For sufficiently low energies, nr < 0 is valid, so that a larger momentum causes
the particles to arrive again earlier at the gap. For

O > >

R
this is no longer valid. Then the path that has to be taken by the particles increases
so much that the momentum increase cannot compensate for it; the particles will

arrive later at the gap. One defines the transition gamma yt by

1 1
O = — YT =

YT \/O‘c’

so that this transition point is reached for yr = yr. The corresponding energy is
called the transition energy.
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3.5 Accelerating Voltage

The magnetic field B, will be given at each revolution n. This leads to the question
how large the voltage Vg, must be to ensure that the synchronous particle always
takes the same reference path of length /g.

Due to Eq. (3.2), we first of all note that from a knowledge of B,,, the momentum
Pr. of the reference particle is known for each revolution n. Therefore, fr, and
YRr.n are also known.

From y = /1 + (B8y)2, Eq.(3.4) leads to

moc? moc? 2 2
VR = ﬂ(VR,n+l — VYRa) = i 1+ (M) —4/1+ (&)
Q Q moCo mocCo

If we insert

DPRa+1 = Pra + 6P,

we obtain
2 2

n n l‘l8 8 2

Jre () o (Y e
moCo moCo (moco) (moco)
2 PRSP 8p?

—J1+ (pR.,n ) 1+ 2(moco)2 (mogo)2 )

MmoCo PR

I+ (moco>

Using +/1 +x ~ 1+ 3 for x < 1 in the second square root and neglecting the
quadratic term leads to

2 2 PRSP
\/1 + (pR,n+1) - \/1 + ( PR ) 1+ (moco)?
~ 2
moCo noCo PRy
L+ (%)
This yields the approximation
2 2 pR,ngp
moCy PR (moc0)? 1 PR#OP
W ~ 1+ 5 = .
0 moco) (IL) moQ rra |2
moco I+ (W)&))
Due to £ E‘Cf:) = YraPra and /1 + (YR BR#)? = YR, it follows that
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PRASD coPrabp  uradp  IROp
VR = = = =

mo Q YR.n Q Q B TR,n Q .

With the help of Eq. (3.2), one obtains

8p = Prat+1— PRy = Orr(But1 — Bu).

and one finally obtains

Bn+1 - Bn

VR n ~ IRI"R
' TR,n

)

which leads to the continuous counterpart

o

This is the voltage that the reference particle actually experiences, not the required
amplitude. The relation between these two quantities is given by Eq. (3.16):

N

VR =V singg. (3.23)

Without loss of generality, the reference phase gr will always be in the range

¢r € [—m, +7]. We discuss two cases:

B = 0: This means that the magnetic field remains constant, i.e., that the
reference particle does not change its momentum or energy, as Eq. (3.1) shows.
In this case, Vg = 0 must hold. This can be realized either by V = 0or
by V > 0and @r € {0, £m}. The first case means that none of the particles
experiences a voltage, so that a coasting beam will be present. The second case
means that—in contrast to the reference particle—the off-momentum particles
will experience a voltage. The phase-focusing principle (see Chap. 1) will lead
to a bunched beam in this case. The larger the amplitude V is, the stronger
will be the bunching effect, i.e., the shorter the bunches (lower bunching factor
By according to Eq.(2.37)). The condition B = 0 is usually satisfied before
acceleration and after acceleration, i.e., at injection energy and at extraction
energy. One also speaks of the injection plateau and the extraction plateau.
The latter is also called the flat top energy.

B > 0: This means that the magnetic field, and hence the momentum and
energy of the reference particle, increases. This is the acceleration phase, which
is possible only if V > 0and ¢r > 0for @ > 0 (or pr < O for Q < 0) are
chosen. Only bunched beams can be accelerated.

We will return to these facts and discuss them in more detail in Sect. 3.22.
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3.6 Synchrotron Oscillation

For small time deviations At with wgpAt¢ < 1, the approximation

sin(wrrAt + @r) = sin(wrpAt) cosgr + cos(wrrAt) sin g

A wrpAt coS @R + sin gr

is valid, so that a linear approximation of Eq. (3.19) leads to the relation

dAW OV wgr cos¢r
dr Tx

Together with Eq. (3.18), it follows that

At. (3.24)

dzAW . nRrR Qf} WRF COS YR

AW,
dr? WRﬂfz{ Tr

if one takes into account that the quantities in the fraction will change slowly. This
is an oscillator equation of the form

d2AW
dr?

+ w3 AW =0

with

cn — nR QV WRF COS QR
S0 = ¢/~
' WR,BIZ{TR

- \/ nr OV h27m cos¢r
wso = 4/ —
WrBr TR

27 nR QI;' h cos gr

& wso = ——
0= T 2 W2
nR QV h cosgr
& = _— . 3.25
Jso fR\/ 2 WR B2 (3.25)

The oscillation frequency fs is called the synchrotron frequency. The index 0
indicates that it is valid for particles with small oscillation amplitudes with respect
to the reference particle. Please note that for positive charges Q > 0 below the
transition nr < 0, one chooses 0 < @r < 7/2, so that the argument of the square
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Fig. 3.3 Phase relation between gap voltage and beam signal (solid line: stationary case with
wr = 0for nrQ < 0or pr = %7 for nr Q > 0; dotted line: acceleration case)

root is positive. The various cases have to be treated accordingly (see Fig.3.3),
so that

nrR Q cosgr <0 (3.26)

holds.
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3.7 Principal Axes

Due to the simple oscillator equation for small oscillation amplitudes, we get elliptic
trajectories in the (At, AW) phase space. This is true for all particles inside a bunch
that is sufficiently short. Now we try to find the principal axes of the bunch ellipse
in phase space for small oscillation amplitudes. For this purpose, we begin with
Eq.(3.24),

dAW OV wgr cos g

At,
dr Tr

and insert the ansatz
AW = AW sinws .
This leads to

dAW

0 |4 WRF COS YR
dr

At.
Tr

= AW wsp cosws ot =

Hence, one obtains
At = +AF cosws ot
with
AF = £al —2soTR
QV wgr cos @r

Thus, we obtain the ratio of the principal axes

AW _ :I:QV WRF COS R Qﬁh 12 cos gr

==

AF ws,0Tr Js0
From Eq. (3.25), it follows that
2 2
N 27 Wi
OV h cosgp = fif”—R'BR’ (3.27)
fR —R

leading to

AW 2n Wi

AW _ g0 ZWRPr (3.28)

At 7R
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3.8 Hamiltonian

Now we want to analyze the longitudinal phase space dynamics without restricting
ourselves to small oscillation amplitudes. For this purpose, we will determine a
Hamiltonian. Equations (3.18) and (3.19) are converted into Hamilton’s equations
if we set

oH .
AW,
JdAtL

0H .
Ehak——
IAW !

By integration of the first equation with respect to A¢, one obtains

Vi 1
H = Q— (—— cos(wrrAt + ¢r) — At singoR) + C1(AW).
Tr WRF

Here we assumed that 17, TR, wrr, @r are constant or change sufficiently slowly.
An integration of the second equation with respect to AW leads to

7’]R AWZ
=—— —— + C(A?).
W 2 2 (A1)

‘We combine both results to obtain

e AW? QV(l
WeB2 2 Tx

—— cos(wrpAt + @r) + At sin goR) + const.
WRF

The constant is now fixed so that H(0,0) = 0 holds:

o OAW? 0V (1 ,
— -= (= At - At .
B 2 T o [cos(wrr AL + @r) — cosgr] + At singr

(3.29)

3.9 Separatrix

We will now analyze the properties of the Hamiltonian H (AW, At) in Eq.(3.29).
First of all, we determine the fixed points of the system. For these fixed points,

aaA—HW = 0 and % = 0 must be valid (see Sect.2.11.4). The first of these

requirements leads directly to AW = 0. The second equation leads to
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— sin(wrpAt + @r) + singr = 0.

One sees that this equation is satisfied for wgrp At + ¢r = @r and for® wrpAt +
@r = 7 signgr — ¢r. Hence, we obtain the two fixed points (AW, At) = (0,0)

and (AW, At) = (O, w), for which, of course, further fixed points exist

WRF
periodically.
According to Appendix A.4, the first one is the stable fixed point, for which H
has a minimum or a maximum, and the second one is a saddle point. For the saddle
point,

A@sagdle = T Sign gr — 2¢R,

H has the value

1% 1 . 7 sign gr — 2 .
H, = —Q— (— [cos(mr signgr — @r) — cos @r] + T SIENPR 7 2PR sin @R) =
Tk \ WrE WRF

oV . ) )
= - (cos(rr sign gr — @r) — cos gr + (7 signgr — 2¢R) Singr) =
TrorF

ov

= (2 cosgr + (2¢r — 7 sign gr) singg) . (3.30)
TRwRF

The Hamiltonian keeps this value Hy on the whole separatrix (see Sect.2.8.9).
Therefore, using Eq. (3.29), one obtains for the separatrix

_m AW 0V
WrBi 2 Trwrr
+ 2 cos¢r + (2pr — 7 signgr) singgr],

[cos(wrrAt + @r) — cOS @R + wWrpAtL sin gr+

2 _ 2WRBROV

AW
—nNR TRWRF

[cos(wrpAt + @r) + wrpAt singg + cosgr  (3.31)

+ (2¢r — 7 signggr) singr].

The sign function is introduced here in order to have the fixed points in the range —7 < ggp <
7 while the reference phase is in the range —7 < ¢r < . In this book, we use the definitions

—1 forx <0,
sgn(x) =490 forx=0 sign(x) = —1 forx <0,
’ B >
+1 forx >0, +1 forx >0,

for x € R.
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The maximum of this function is characterized by the fact that the derivative with
respect to At vanishes, so that

—wRF SIN(WRpA? + ¢r) + wrp Singr = 0

holds. This is satisfied for At = 0 and wrpAt + gr = 7 signgr — @r (further
zeros occur periodically). For the latter of these two values, AW = 0, so that it
does not correspond to the desired maximum. Therefore, the maximum is obtained
for At = 0:

2WRBROV

1/2
(2 cosgr + (2¢r — 7 signgr) singr)
—1NRTRWRF

A Wmax = (

WrB2OV

1/2
(2 cosgr + (2pr — 7 signggr) sin (pR)) .
—hm nRrR

< AI/Vmalx = (

For the stationary case, i.e., for gg = 0 if Q and nr have opposite signs (this is our
standard case if nothing else is stated) or for pp = 7 if Q and nr have identical

signs, one obtains
[2 WkpB2 10|V
AWmax,stat = M (3.32)
7h [nR]

| AWinas = AW st ¥ (98 | (3.33)

It follows that

with

T .
Y(gr) = \/‘cos ¢rR + ((pR iy sign (pR) sin goR’. (3.34)

Let us now briefly analyze the function Y (¢r). An extremum is expected for
. . T
—sin@g + singr + ((pR iy 51gn<pR) cosgr = 0,

i.e., for g = £m/2. As shown in Fig. 3.4, this is a minimum. In the interval 0 <
pr < /2, the function Y (pr) decreases monotonically from 1 to 0. Please note
that Eq. (3.34) is valid for all four cases discussed in the next section, i.e., for —7 <
@r < +m; Y(gr) is an even function.
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3.10 Symmetry with Respect to Transition Energy
and Sign of Charge

Depending on whether positive or negative charges are accelerated, and depending
on whether operation below or above transition energy is chosen, different cases
have to be distinguished that are shown in Fig. 3.3 on p. 133 and Table 3.1 on p. 139.

One usually tries to avoid a crossing of the transition energy during acceleration.’
However, in principle, transition crossing is also possible (cf. [8, Sect.4.7] and
[4, Sect.2.2.3]). In this case, a yr jump (cf. [9, Sect.7.7] and [8, Sect.4.7]) may,
for example, be applied in order to cross the transition energy quickly. According to
Table 3.1, this includes a shift of the RF phase.

We will now analyze different substitutions in Eq. (3.29):

o If oy = —¢r and At’ = —At are substituted, the expression in parentheses will
still have the same form. If, in addition, the signs of Q and of nR are reversed, the
Hamiltonian will change its sign, which does not modify the trajectories. These
steps lead us from case 1 to case 4 or from case 2 to case 3. In total, the separatrix
and the trajectories will experience a reflection across the ordinate.

o If gy = gr — 7 signgg is substituted (this corresponds to gr = @} — 7 sign g
if the values 0, &, and —7x are excluded), the expression in parentheses will still
have the same form, but its sign will change. If, in addition, the sign of Q is
inverted, the Hamiltonian will not change at all. These steps lead us from case 1
to case 3 or from case 2 to case 4. In total, the separatrix and the trajectories will
not change at all.

In sum, all four cases lead to the same trajectories and separatrices. Only a reflection
across the ordinate may be necessary.

This allows us to restrict the following analysis of the orbits and the bucket
geometry to case 1 without suffering any loss of generality.

7 According to Eq. (3.25), the synchrotron frequency becomes zero at transition, which makes the
bunches prone to unstable behavior.
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Table 3.1 Symmetry of the buckets (acceleration case only)

139

Operation

below/above Phase
Case  Charge transition energy  slip factor ~ Synchronous phase  Saddle point
L 0>0 wm<vyr R <0 O<gr <% 7T > Agsaqe > 0
2. 0>0 w>yr nR >0 T <¢r<m 0> A@gadge > —7
3. Q<0 w<yr R <0 -7 <¢r<—% 7 > Apsuadie > 0
4. 0<0  w>7yr nr >0 —Z2 <¢gr<0 0> Aggaae > —7

3.11 Orbits

From Eq. (3.29), one concludes for Q > 0, ng < 0, and 0 < gr < 7/2, if only the
upper half of the orbit is considered, that

2We B2
AW = \/LﬂRHJF
—7R Tr

VoWRA: [ 1
OV 2Wrfy (_ [cos(wRrp Al + ¢r) — cos gg] + At sian)
—1R WRF

Using Eq. (3.32) leads to

wh 1 .
AW = AI/Vmax,stal \/W H + E (COS(wRFAt + (pR) — COS QYR + (URFAZ sin (pR)-

(3.35)

For H = Hj, the first term under the square root sign equals %(2 COS YR +
(2Qpr — m) singr ) = [Y(gr)]? as Egs.(3.30) and (3.34) show. For At = 0, it
follows that AW = AWpaxstatY (9R) = AWpax, as expected.

If one wants to draw an orbit inside the separatrix, one inserts a value H <
[Y(gr)]? for H = ’Q’—}I’/ H. For trajectories outside the separatrix, however, one

sets H > [Y(¢r)]%. The orbits themselves are obtained if AW as a function of
Agrr = wrpAt is plotted according to Eq. (3.35). Of course, one obtains only the
upper half of the orbits in this case.

Figure 3.5 shows a typical sketch of the longitudinal phase space. It clearly shows
the characteristics that were discussed in Sect.2.11.4. The stable fixed point in
the middle is a center. The smaller the orbits around this center, the more closely
they resemble an ellipse. The unstable fixed point is a saddle point. The orbits that
approach this saddle point define the separatrix. Inside the separatrix, the orbits
are closed. Outside the separatrix, the orbits are unstable. The region inside the
separatrix is also called a bucket, since the particles that are inside will remain
inside (provided that parameters such as the amplitude V are not changed rapidly).
Only parts of the bucket are usually filled with particles. The region that is filled
with particles is called a bunch.
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Fig. 3.5 Orbits in
longitudinal phase space,
acceleration with gr = 42°

(arb. units)

AW

Fig. 3.6 Orbits in
longitudinal phase space,
stationary case (pr = 0°)
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The bucket shown in Fig.3.5 corresponds to a positive reference phase gr =
42°, i.e., to the acceleration case; one sometimes calls this a fishlike bucket. In the
stationary case, defined by pr = 0° for Q > 0 and nr < 0, no overall acceleration
takes place. The stationary bucket leads to an eye-shaped separatrix (see Fig.3.6)
that is symmetric with respect to both the energy and time axes. The bucket height
of the stationary bucket is given by 2A Wi« st according to Eq. (3.32), whereas the
bucket height for the acceleration case is 2A Wy, according to Eq. (3.33).

Figure 3.7 shows the same two cases for a larger range of Aggr values. It is
obvious that the fixed points occur periodically. The buckets for the stationary case
are larger than those for the acceleration case if all parameters except gr are kept
constant. This effect will be analyzed in the Sect. 3.12 below. In the acceleration
case, the energy deviation AW of a particle on an unstable orbit (outside the
separatrix) will grow without bound, as Fig. 3.7 shows. The same is therefore valid
for its deviation from the reference orbit; it will sooner or later hit the beam pipe
walls, which is, of course, undesirable. Therefore, one always has to minimize the
number of particles that are not captured inside a bucket.

Strictly speaking, the trajectories shown in Figs. 3.5, 3.6, and 3.7 are obtained
only if an autonomous system is assumed, i.e., if no parameters (such as voltage 17)
change with time. We will see later, however (cf. Sect.5.3), that slow changes of
control parameters are acceptable.
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Fig. 3.7 Orbits in longitudinal phase space (top: acceleration with gr = 42°, bottom: stationary
case gr = 0°)

3.12 Bucket Area

Now we want to determine the area inside the separatrix. First of all, we consider
the stationary case with ng @ < 0 and og = 0 (or Q@ > 0 and g = =+m,
respectively). For the separatrix, we then obtain, using Eq. (3.31),

. 1/2
2WRBEIOV
aw = | 2WRBRICIV (cos(wrpAt) + 1) | . (3.36)
|7R | TRWRE
The value AW = 0 is achieved for Agrr = —x and Agrr = 4+, so these values

are the integration limits. Due to

A A A
V1 4 cos Agrg = \/1 + cos? ZRF — sin? (;)RF = /2 cos (gRF,

one obtains

2

+r +r A@RF
v 1+ cos Aprp dAgrp = 2 V2 cos dAgrr  (3.37)
0

A T
= 4ﬁ[sin (gRFi| =442,

0
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and it follows that

+n W 2 17
- [nR | TRwRF

L e _g /5 [WRBRIOL
Bt Inr| Trorp

Since we calculated the integration with respect to Agrr = wrpAt, this is the
bucket area in (AW ,A@grp) coordinates. In order to obtain the bucket area in
(AW ,At) coordinates, we have to divide by wgg:

4ALAW _ 4\/§T WRﬂ§|Q|I7 _ 82 WR,3121|Q|I7

_ _ . 3.38
B,stat h R h|ng| WRF mhing| ( :

This equation corresponds to formula (2.75) in Edwards/Syphers [4].

If ¢r is not equal to zero, we have to integrate AW in Eq. (3.31) instead of AW
in Eq. (3.36). This integration can be performed for the case 0 > 0, ng < 0,0 <
@r < /2 in the following, because the result will not depend on this choice, due to
the symmetry as discussed in Sect. 3.10. In order to find the integration limits, we
first have to determine the zeros of AW as a function of Aggrp. The coefficients of
sin @R in parentheses in Eq. (3.31) become zero for

Agrr = A@aadie = T — 2¢R.

For this value, the remaining terms in parentheses also vanish; this obviously
corresponds to the upper integration limit. In order to find the lower integration
limit Aprp = Ag), the equation

singr (sin Ag; + 7 — 2¢r — Ag@)) = cosgr (cos Ag; + 1) (3.39)
(which is obtained by setting the expression in parentheses equal to zero) has to be
solved numerically with Agj in the range between —z and 0. For this purpose, one
may determine the zero of the function

J(A@) = singgr (sin Ag + 7w — 2¢r — Agy) — cos gr (cos A + 1)

by means of an interval division method, since for 0 < ¢r < /2, the function
is always positive at Ag; = —m, whereas it is always negative at Ag; = +.
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The resulting function Agj(¢r) is shown in Fig.3.9. It may be extended easily to
the range —m < gr < +m (see Sect. 3.10), because A¢;(¢r) is an odd function.
If one now constructs the integral

T—2¢R
AW dA(pRF = / AW dA(PRFa
Ag

Apsaddie

AWy /A

|

one sees by comparison with Eqgs. (3.31), (3.36), and (3.37) that it is smaller than
that for the stationary case by a factor of

1
a(gr) = 4_\/5 :

T—=2¢R
. / \/(2<pR+A<pRF — ) sin gr+ cos gr~+ cos(pr+ Aprp) dAQRE.
Ag
(3.40)

The denominator of the first fraction equals the integral for the stationary case with
¢r = 0, as shown above. We obtain

Agrp, AW Agrr, AW
AB - AB,stat a(qDR)'

The conversion to (AW ,At) coordinates leads to the same factor on both sides, and
we obtain

42 We B30IV
= Tr

AAt,AW — AAt,AW
z o) = 25 hinel

B,stat

a(¢r). (3.41)

By means of a numerical calculation of the functions Agi(¢r) and a(¢r) and
subsequent fitting by suitable functions, the following approximations may be

found:
2 0.4373
Api(gr) ~ |:(;(PR) - 1} . (3.42)

2 2 2 Y
a(gr) &~ 1 —singr—a (—(pR) +2a (—(pR) —a (—(pR) with a = 1.0879.
bid b4 bid
(3.43)

The accuracy of the approximation for Agj is better than £2°. The accuracy of
the approximation for « in the range 0 < g < 85° relevant in practical applications
is better than +5% or —16%, respectively. Figure 3.8 shows the dependence of
a on the synchronous phase ggr. Please note that the function a(¢r) may easily
be extended to the range —m < @r < -+, because it is an even function. The
RF phase that corresponds to one end of the bucket, Agrr = Agy, is shown in
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Fig. 3.8 Bucket area
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Fig.3.9; it is an odd function Ag;(¢r). Since the other end of the bucket is given by
AQRr = A@sagaie = 7 sign pr — 2¢R, the bucket length is

@REBen = |A@gddle — Agi| = | signgr — 2¢r — Agy].

This function is shown in Fig.3.10; it is an even function (see Sect.3.10). In all
these diagrams, the left half of the curves (0 < ¢r < 90°) corresponds to case 1
(stationary case for gr = 0), whereas the right half (90° < ¢r < 180°) corresponds
to case 2 (stationary case for g = ) discussed in Sect. 3.10.

3.13 Approximation of Bucket Area

If we simply approximate the shape of the stationary bucket by an ellipse, we obtain
the formula

AAt,AW

Bstat ~ T Atax stat A Winax stat.
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By means of

Tr
Abmacstat = 2
max,stat Zh

and the bucket height (3.32),

|2 WeB2|Q|V
AI/Vmax,stal = % ,
R
AAt,AW%lE WR,B%JQW.
B.stat \/E h 7Th|77R|

The coefficient Lz ~ 2.22 does not differ much from that of the exact solution

i
(%ﬁ ~ 1.80; see Eq.(3.38)). The relative deviation is about 23%.

it follows that

3.14 Ratio of Bucket Height to Bucket Length

The bucket length 2Afn,«sae Of a stationary bucket is obviously given by the
condition

WRF Al‘max,stat =T.

Together with Eq. (3.32), this leads to

AI/Vmax,stal 2 WRIBIZ{ |Q| 17 @

Atmax,slal JTI’Z | nR | T

We may now use Eq. (3.25) for the stationary case,

[Inr O] Vh ~ 2T WRBR (f30stat)2
stat = _— = V = S s
JSsostat = fR 2 Wef2 0] I A

and obtain
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AWinax stat _ 2WR1312{ fS,O,stat WRF
Atmax,stat |77R| h fR T

= —AWmax,stat = fS,O,stat 4WR1312{

2RPR (3.44)
AZ‘malx,slall |77R|

If we compare this with the ratio of the principal axes for small oscillation
amplitudes

AW 2 Wa B

— =~ = JSOstat —
A7 = Jsos T

according to Eq. (3.28), we see that the expressions differ only by the factor 4 vs. 2.
In comparison with small-amplitude orbits, the bucket shape is flattened. This is also
visible in Fig. 3.6.

Equation (3.25) for the synchrotron frequency

ROV
fS,O,slal — fR ZﬂWRﬂé

in a stationary bucket (pr = 0 or gr = =+, respectively) and Eq. (3.38) for the
bucket area

aiaw _ W2 [WeBR 101V
B,stat h h |7]R|

have similar expressions. Therefore, we get

Ssosar _ whiy IRl _ i |’7R|, (3.45)

Agha A2 V2 WRBE 8RBy

This allows us to write the principal axes ratio given by Eq. (3.28),

AW - f 27 WRﬂf{
At S,0,stat |7’}R| 5
in the form
AW PrIENG n? AALAW wl%F

Af B stat fRF B stat F (3.46)
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This leads us to the following expression for the bunch area if only small bunches
are considered:

2
ALAW AR 2 (ALAWPRE T a0 ALAW
Ab,stat ~ TAIAW = At AB,slal 16 - EA(pRFAB,stat .

Here A7 and AW are interpreted as the semiaxes of the outermost particle in the
bunch. If we define the bucket filling factor ng; by

AL AW
N = Ab,stat
= ALAW
AB,stat
we obtain
Y ~
N ~ EA(;D}Z{F (3.47)

for sufficiently small bunches. In Sect. 3.17, an exact expression for arbitrary bunch
sizes will be derived.
For later use, we write Eq. (3.45) in the form

s 0,stat _ wfz{F |77R|
AAI,AW 16 WR,BIZ{ :

B,stat

(3.48)

From now on, we will often discard the superscript specification of the phase
space coordinates. If nothing else is stated, we assume

. At AW o AALAW A ALAW o AALAW
AB = AB s AB,stat = AB,stat s Ab = Ab s Ab,stat = Ab,stat .

3.15 Choice of the Harmonic Number

According to Eq. (3.38), the total area of / buckets,

42 W B2 0|V
h ‘ AB,slal = fTR RIBR|Q| )
b4 mhing|

remains constant if both the amplitude V and the harmonic number / are increased
by the same factor.

If we assume, however, that the ramp rate B is the same, the required
accelerating voltage Vx will also remain the same, as Eq. (3.22),
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VR ~ erRB, (349)

shows. Therefore, an increase in V and h by the same factor will lead to a reduced
reference phase ¢R, since

Vi = V singg (3.50)

will remain constant. This leads to a larger value of the bucket reduction factor
a(¢r), which results in a larger area

h- Ag = h- AB,stata(wR)
of the accelerated buckets.
In conclusion, for the acceleration case, the simultaneous increase of RF ampli-
tude and harmonic number by the same factor leads to a larger area in phase space,
since the reference phase is reduced.

3.16 Revolution Time in the Stationary Bucket

Let us consider the Hamiltonian in Eq. (3.29) for the stationary case with 0 > 0,
MR <0, ¢r = 0:

1
H=——+ — — = —[cos(wrrAt) — 1].
F

Setting

(3.51)
leads to

1 Vo1
AW? = (H + oV 1 [cos(wrpAL) — 1])
A TR wRrr

One obtains the action variable

J = %//d(m) d(AW)

= - f / \/ - a; [cos(wrrAtL) — 1] d(A?). (3.52)




3.16 Revolution Time in the Stationary Bucket
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By means of the substitution

dA
A@rr = wrpAt PRy

= WRF
dAt '
we obtain, since the integrand is an even function

/AWRF \/
H+—— [COS Agrr — 1] d(Agrp).
anF\/_

In order to convert this into a well-known elliptic integral, we make use of the
trigonometric identity

A A A
cos Agrp = cos’ YRE _ sin® YRE _ 1 —2 sin? ol 433
2 2
and get

2 Adrr v A
J=—/ \/H—Z OV o 9%
JTCORF\/Z 0

d(A .
Te o 00— (Agrr)
If we now set

Tr wrF E; (3:53)
and
AQRp dx _ l
2 7 dAggr 2’
we obtain
J =

v H — B sin? x dx.
T CURF\/_
Obviously,

. H
Xmax = arcsin E
obtains

is valid, because the integrand must vanish where the orbits cross the x-axis. One
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dJ [dxmax /\'max i|
— H — B sin® xpux +
71 = v L Y " WOy

The first term equals zero:

dJ 3 2 Xmax dx
dH JTTWREV HA 0 \/l—%m

For

B

K=
H’

one obtains an elliptic integral of the first kind:

2

— = ————— F(Xmax. k). (3.54)
dH TTWREV HA ( )

Obviously,
1
Xmax = arcsin T
is valid. Now we make use of formula 17.4.15 in Abramowitz/Stegun [10]:

F(p,k) = l F (arcsm(ksm ®), )

1 1
= F(xXmax, k) = T F (arcsin(l), E) .
Because of
b4
in(1) = =
arcsin(1) >
this corresponds to a complete elliptic integral of the first kind:
1 T 1 1 1
FmaXakz_F e =—-K{-—-]).
(max, K) = (Zk) K (k)

Equation (3.54) therefore yields

& _ 2 [H
dH rra)vaBA B .
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Fig. 3.11 Decrease of
synchrotron frequency

vs. oscillation amplitude
(solid line: exact

formula (3.55), dashed line:
approximation (3.56))

(DS,stat /O‘)S,O,stat

We see from Egs. (3.51), (3.53), and (3.25) that

AB = w OV _ (a)S,O,slal)2 b _ (wS,O,stat)z

B 2 WRﬂl% ﬁ WR ]’l2 WRF

is valid, so that

dJ _ 2 K H
dH TTWs,0,stat B
dH b4

-7 T WSsostat T, —_
dJ » K ( \/g)

results. Instead of the dependence on the value of the Hamiltonian, the dependence
on the maximum phase deviation of the particles is of course more transparent.

Due to
. [H  Ag¢rrp
Xmax = arcsin y/ — = ,
B 2

b3
2K (sin #)

= WS stat —

one finally obtains

(3.55)

Ws stat = WS 0,stat

This formula for the synchrotron frequency of particles with arbitrary oscillation
amplitude may also be found in Lee [5, p. 240] or Ng [1, Sect. 2.1.2.1]. The decrease
in the oscillation frequency is shown in Fig. 3.11. For zero argument, we have
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K(0) = —
and

s stat = WS 0,stat

results for small phase amplitudes A¢@gr, as expected. By means of a Taylor series
expansion of Eq. (3.55), one obtains

Ws stat ~1— A(pRF

3.56
wS,O,stat 16 ( )

for sufficiently small amplitudes A@gg. This, however, does not restrict the validity
significantly, because the error of this formula is below 5% if A@grr < 164° holds.

3.17 Bunch Area

In this section, we calculate the bunch area, i.e., the area that is enclosed by a particle
trajectory in phase space. We restrict ourselves to the stationary case with Q > 0,
nr < 0, gr = 0. The bunch area already appeared in Eq. (3.52):

Apstar = 270J = J_/ \/ H+ —I; [cos(wrpAt) — 1] d(A¥).

According to Eq. (3.51), we have

__ IR
2 WRBE'
By means of the substitution
dA(pRF
A = At = = s
@RF = WRF dAL WRF
one gets
2 A¢rr
Apstar = 2J = COS(AfﬂRF) — 1] d(Agrr) =
CURF\/Z —AQRF
4 A@rF

a—+b cosA d(A 3.57
- v @rr d(AgrF) (3.57)
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with

|4
a:H_Q_
and

(3.58)
The integration limit is defined by the integrand being zero:

A

|4 R
+ ok [cos(Agrp) — 1] =0

= a =——— cos(A@rr) = —b cos(A¢rF),
wh
H=b+a=>b(—cos(A¢rp)) .

(3.59)
the solution (2.135). We get

The integral in Eq. (3.57) is already well known from Sect. 2.11.9, Eq. (2.134). If we
take the different definitions of the parameters a and b into account, we may adopt

4 2 1 1) 4%
Apstat = ———1/ — —b)F |y, - 2bE | y, —
b,stat CURF\/Z\/;[(G ) ()’ r)+ ()’ r)i|0
with
2b
r = —_—
a—+

and arcsin —b(l — 005 Agre)
= 1 .
b Y a+b

Here E(y, k) is an elliptic integral of the second kind (see Footnote 23 on p. 108). For
For Agrr = A@rr, wWe get

Agrr =0, we get y =0, and the expression in the square brackets disappears.

_ arcsin b(1 — cos A@grp)
V= a+b ’

Because of Eq. (3.59), we therefore obtain

i b4
y = arcsin 1 = —
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Due to
b4 b4
F(E,k) — K(k), E(E,k) — E(k),
we obtain
442
A stat — T — a—ka +2bEk
bstat wRFJA_b[( )K(k) (k)]
if we set
1 la+b I H /1 — cos A@grr
k:—: _— _— = _—
r 2b 2b 2
= k =sin A(pRF.
2
Since

a—b=H—2b=—b(1 + cos A@rp)

is valid, we obtain

42 1 + cos A@rr :|
Apstat = ———— 2b | E(k) — ————  K(k
b = — 2 2b [ Bl — S
82 /b AQrr :|
= Ay = ———— | E(k) — cos® K(k
b,stat CURF«/Z [ (k) — cos ) (k)
= 5 R
= Apstar = 82 | OV Wby [E(k) —K(k) cos® %]
WRF ﬂh?]R 2

In the last step, we used Eqgs.(3.51) and (3.58). A comparison with Eq.(3.38)
leads to

v
bt = Ab s [E(k) ~K(k) cos’ —iﬂ

& | Ap stat = AB stat Ml | (3.60)

with the bucket filling factor

AQ AQ AP
Nau(Agrr) = E (sin ﬁng) —-K (sin iRF) cos? —PRE. (3.61)
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Fig. 3.12 Bucket filling 1 —
factor (solid line: exact 0.9 /’l L
solution according to 0.8 ,,"’."
Eq. (3.61), dashed line = 82 ."/-"
(uppermost curve): :‘” 0.5 p s
approximation (3.62), 0.4 &
dash-dotted line: improved 0.3
approximation (3.65)) 0.2
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Please note that A@rr denotes the RF phase amplitude at the border of the bunch,
not the bucket limit.

Now we check our result for small values of A@rr. By means of the

approximations
k? A@
By~ (12 = (1= A
2 4 2 16
n k> T Ag2
K k - _ =211 RF ,
(k) ~ 2( L) =T (1420
» A@rr | — sin2 @RF ! A3
2 1
we obtain
) T A(/A)l%F A‘PRF A(/AJI%F
Adre) ~ 2|1 - 2%Re (4 |- A% | o
Nan (A@rr) 5 [ T + e 1
T _Aﬁz’fzaF_ NN
2 16 16 4
i (Adre) ~ 16 AQDRF (3.62)

As expected, this is equivalent to Eq.(3.47). Figure 3.12 shows the difference
between the exact solution and this approximation. For Agrr < 90°, the error is
below 15%. An improved approximation will be derived in Sect. 3.18.
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3.18 Ratio of Bunch Height to Bunch Length

We now determine the ratio of bunch height to bunch length for the stationary case
(pr = 0 or pr = *£). In this case, Eq. (3.29) reads

o AW? QI7( 1 )
H=— -—— | —[%£ At)F1]).
T 7 o [£ cos(wrrAt) ]

If we assume that the value of H is given for a specific closed trajectory that marks
the outer limits of the bunch, we may calculate the bunch height 2AW = 2AW by

setting At = 0:
. 2Wr B3
AW = ,/—‘;ﬂRH. (3.63)
— /IR

The bunch length 2At = 2Af is obtained if we set AW = 0 for the same value
of H:

Vo1 .
H = vt [+ cos(wrp A7) F 1].
TR wRrr
Due to
cosx — 1 = —2 sin? X
= 5
we obtain
A AG
o=+ 2V ) g2 Bk
2mh
with

A@rr = wRpAL.

Inserting this into Eq. (3.63) leads to

. DWRBEOV . A WrB2 10| V A
AW = RBR QO gin D9RE rBr 10| 5 sin APrE
—ﬂh?}R 2 27h |7]R| 2

Due to Eq. (3.27), we have

2
|Q77R|I7 h = ZJTWR,BIZ{ fS}O,zstat’
R
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which leads to

o VRBE fsosa Agri _ WP @s0sta A
AW = RPR fsosa 2 sin PRE = RPR @50t 2 sin rE
hinel  fr 2 el ore
AW Wip> Ag
= — = RﬂR @s 0, stat Slﬂ (364)
At InR| 2

For small values of A@g, i.e., for small bunches, this is equivalent to Eq. (3.28), as
expected. If the bunch fills the whole bucket, we have A¢rr = 7, which leads to

. AQrrp T 2
si =8— = —,
2 2 T
so that
AW 2WRpB2 AWR B2
— = WS 0stat — — fS,O,stat
A7 7 |nr| R/

is obtained. As expected, this is equivalent to Eq. (3.44).

One may sometimes approximate the bunch area by the formula for the area of
an ellipse:

2 A
WaBr . AQrp
ws 0,stat S1—-—

Apsia ~ TATAW = 7 AL
InR| 2

If we make use of Eq. (3.48),

s 0,stat wlz{F |77R|

AB,slal B 16 WR,BR,

we get

Apsat T 0 . AQRF
. ~ —A _ 3.65
Apsa 167 7RFNT (3.65)

nan =

for the bucket filling factor. In comparison with the exact solution (3.61), the
maximum error is 23.4% for A¢grg = m (180°). For Agrr < 110°, the error is
smaller than 5%, while for A@grr < 140°, the error is smaller than 10%. This shows
that it is often justified to simplify the shape of the trajectory by replacing it with an
ellipse.
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3.19 Frequency and RF Amplitude

Inside the deflection magnets, the magnetic field acts as centripetal force:

U
m_

=Quw B
'R

= pr=Q R B. (3.66)

By means of this formula, we may calculate the revolution frequency of the
particles. One obtains

ur = Breo = IR fr

¢
=>fR=£,3R-

Since

PR = moYrPrCo

Orr B
= YrBR = R
mocCo
is valid, we obtain, with fgr = %,
YRPR
c Org B
fo= (3.67)
R Qrg B
I+ (m(i’() )

For a given accelerator, /g and r are constants. Therefore, we see that the revolution
frequency is given by the ratio

QOrg B
S = frow (3.68)
nmyc
in a unique way. Due to
2 1 2 2.2
YR = 5 S Yr—Brr =1
1- B

& Bryr = \/J/I%— 1,

the frequency is alternatively determined by a given yr. This shows that a normal-
ization of the kinetic energy with respect to the mass according to

Wiin  moci(yr — 1) 2
= = —1
Mo co(rr )

mo
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leads to values that can be uniquely assigned to a certain revolution frequency. This
is why energies are often specified using the unit MeV /u. Independent of the ion
species, one obtains the same revolution frequency and the same yR for the same
value in MeV /u.

According to Eq. (3.68), however, this does not determine the magnetic field in a
unique way, since the mass-to-charge ratio is still relevant.

Now we present a simplified derivation of Eq. (3.22). Based on Eq. (3.66), we
determine the force that accelerates the particles in the longitudinal direction:

d .
:>FR=§=QFRB.

If B is constant, which is approximately true during one revolution, this force Fi has
to be applied continuously. We therefore imagine that the force Fr is continuously
distributed® along the ring accelerator. Then the kinetic energy that the particle gains
during one revolution is

W:/ﬁ@:QmB&
This energy is delivered by the accelerating voltage in the accelerating gap:
W = / QEds=0 W&
= Vg = B Ir. (3.69)

If B is given also, the required accelerating voltage is known. The acceleration,
however, does not take place at the maximum of the accelerating voltage:

~

VR =V singgr
. Bl
~p=RZR
sin R

The frequency of the accelerating voltage is larger than the revolution frequency by
a factor of A:

V(t) =V sin(wget + @r) = V sinQrhfgt + ¢r).

8This is, of course, not true in reality, because the force is present in the accelerating gaps.
Therefore, the derivation presented here should be regarded with skepticism. It is given here only
because of its simplicity.
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3.20 Voltage Versus Bunch Length

As an application of Eq. (3.28) for the ratio of the principal axes in phase space, we
now determine the voltage that is necessary to produce a bunch of a given length.
For this purpose, we assume that the bunch area

Ay = TATAW

in phase space, i.e., the longitudinal emittance, is given. This formula includes the
assumption that the target bunch in phase space is an ellipse. Therefore, the bunch
must be sufficiently short in comparison with the bucket. Furthermore, only the
stationary case is considered. Together with Eq. (3.28),

AW p 2 W B3
Af S,0,stat IﬂRI ’

one obtains

ZJTWR,BIZ{
Il

If we now insert the synchrotron frequency from Eq. (3.25), it follows that

22
Ab,stat = At fS,O,stat

— 22 AP fRZ Inrl Q| V h (27TWR,3[2<)2 — 2AF fRz O] VhZJTWR,sza‘

2rWr B2 i 7R |

A2

b,stat

We expand the fraction with 27/ in order to get wgg:

A 10| V Wrp2
Af g = T AT 0 W

Finally, we take

AQZAJRF = WRF Af
into account and obtain
101V W}
27th|r)R|wI2{F
2h|nR| “)121}: A?

b,stat
. (3.70)
7 |Q| Wr BE Adgr

2 _ 2 A4
Ab,slal =T A(pRF

=V =
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Therefore, the required voltage decreases as the fourth power of the bunch length;
for reducing the bunch length to one-half its value, the voltage has to be increased by
a factor of 16. Equation (3.70) can also be found in Edwards/Syphers [4] as formula
(2.76).

3.21 Coasting Beam

Often, the (relative) momentum spread

Ap
PR

of the coasting beam, i.e., of the nonbunched beam, is given. Due to

dy  ,d(yB)

-~ =g

Y ¥B
one obtains

AW 5 Ap

Wr Rpr’

so that the energy deviation can be calculated with the help of

2 2
Wr = mcy = yr my ¢q.

238U28+

It is important to note that Wy is the total energy. If, for example, with a

kinetic energy of 11.4 MeV /u is given, one obtains

WR = Ar (Wkin,u + I/Vrest,u) = Ar (Wkin,u + muc(%) =
= 238.05- (11.4MeV + 931.49MeV) = 224 .455 GeV

for the total energy. By means of
AquC =2 AW Az,

one may now calculate the longitudinal emittance of the coasting beam. The factor
2 is due to the fact that the energy is in the range from Wg — AW to Wg + AW . The
time deviation corresponds to the revolution time of the particles:

2AW 2 WiBE Ap

A =2AW Tr =
> 8 Jr SR PR
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We know that the phase space area is preserved (Liouville’s theorem). Therefore, it
should be possible to convert the coasting beam with emittance Ay, pc into a bunched
beam produced by a cavity operating with harmonic number /.

In this case, the phase space area will be split among the & bunches according to

A
ay = duc,

In Sect.5.3, we will see that this conversion from a coasting beam to a bunched
beam may be accomplished by an adiabatic capture process.

3.22 Ramps

We have seen that according to Eq. (3.67), the revolution frequency fg is determined
in a unique way as soon as the magnetic field B is given. With respect to Eq. (1.4),
it is clear that the RF frequency frr is then also determined if a certain harmonic
number / is chosen. Finally, Eq.(3.22) shows that the voltage V is also influenced
by the choice of the magnetic field.

In other words, all these quantities have to be in synchrony, whence the name
“synchrotron.” A synchrotron is usually operated by transmitting time functions
such as B(t), fre(?), V(t) to the synchrotron devices. These time functions are
often called ramps.

We will now discuss how ramps may be generated for a simple accelerating cycle.
Such a machine cycle has to satisfy certain requirements:

* The momentum of the particles, and hence also the energy, is directly related to
the magnetic rigidity. Therefore, the magnetic field of the bending magnets is low
when the particles are injected into the synchrotron, and it must be high after the
particles are accelerated to the final energy until they are extracted. Therefore,
the magnetic field B has to be increased.

* Some time before the acceleration starts at injection energy and some time after
the acceleration is completed at extraction energy, the beam must be bunched.
On the one hand, we have B =0 during these phases, and on the other hand,
we need some voltage amplitude vV > o0. According to Eq.(3.49), we have
Vr = 0, and due to Eq. (3.50), this leads to gr = 0 or gr = =+, depending on
whether particles with positive or negative charge are considered and on whether
operation takes place below or above the transition energy.

* During the accelerating phase, i.e., when B > 0 holds, we need a larger voltage
according to Eq. (3.49). Furthermore, we must have pr # 0, £, because the
reference particle has to experience an accelerating voltage Vr # 0 (Eq. (3.50)).

* In other words, we have a stationary bucket at injection energy, an acceleration
bucket during acceleration, and a stationary bucket at extraction energy.
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* During the whole process, we would, of course, like to have matched bunches,’
because in that case, the phase space area that is occupied by the bunches
will remain constant. A larger phase space area caused by the filamentation of
unmatched bunches is undesired, because more voltage would then be needed.
The strategy for having matched bunches permanently is to control the bucket
area by means of the voltage V.

One typically begins with the magnetic field B(¢) of the dipole magnets. As a
first approximation, one would start with a piecewise linear curve (especially for
this function, the name “ramp” is justified because the magnetic dipole field is
ramped up):

Binj 0<t<t,
Bexlr(t_tl)+Bini(t2_t)
————— N <l < I,
B(1) = =i ! 2 (3.71)
Bextr n<t<ts,

Bextr(t4_f) +Binj (f_tS)
I4—13

B <t <ly.
Such a choice, however, leads to a ramp B(t) that is not continuous. One result
is that the time function for the reference phase gr(#) would contain jumps. The
bunches would be unable to follow those jumps (unmatched bunch), and undesired
longitudinal beam oscillations and filamentation would be the consequence.
Therefore, one may insert transitions at the times ¢, t,, and ¢3 in the ramp B(¢)
specified above. These transitions may be defined in such a way that the ramp rate
B increases or decreases to the desired value of the next segment. If this is done in
a linear way, the ramp B () will be piecewise linear. The ramp B(r) will then look
similar to the one specified by Eq. (3.71), but its edges will be rounded off.
In conclusion, we have to keep in mind that transitions are needed in Eq. (3.71).
Nevertheless, we will now discuss the meaning of the different phases.

* During the phase 0 < ¢ < ¢, the beam is injected into the synchrotron while the
magnetic field is constant (phase A in Fig.3.13). The magnetic field, of course,
has to fit to the energy of the particles (injection energy/plateau). The RF voltage
may already be switched on (so-called injection into stationary buckets), or it
is slowly'? ramped up'' (adiabatic capture; see Sect.5.3.2). The latter case is
shown as phase B in Fig. 3.13. In phase C, the beam is kept bunched at constant
energy for a while.

9We introduced matched bunches earlier as bunches that do not change their distribution. From
our discussion of the trajectories inside the bucket, we now know that one of the requirements to
obtain a matched bunch is that the boundary of the bunch correspond to an orbit with a constant
value of the Hamiltonian.

19Here it is sufficient to regard the word “adiabatic” as a synonym for “slow.” The mathematical
concept of adiabaticity will be introduced in Sect. 5.3.

'The RF frequency has to be adapted to & times the revolution frequency, which may be
determined by means of a Schottky measurement, as described in Chap. 1.
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Fig. 3.13 An example of ﬂ;
ramps in a machine cycle

® ©@

» The phase #; <t < 1, is the accelerating phase (phase D in Fig. 3.13).

* The phase £, < t < t3 is called the “flat top” (phase E in Fig.3.13). Here,
at maximum energy, the beam is extracted from the synchrotron (extraction
energy/plateau). Both fast extraction of bunches and slow “spill” extraction
in order to get a steady beam current are possible (cf. [11, Sect. 7.4.1]).

* Inthe last phase, 73 <t < 4, the magnetic field is ramped down again in order to
have the same initial conditions for the next machine cycle (phase F in Fig. 3.13).
The actual shape of the ramps in this phase is unimportant, because no beam is
present.

» Afterward, the next machine cycle begins. Therefore, #4 is the cycle time (if we
neglect the above-mentioned transitions), which should be kept as low as possible
if a large intensity, i.e., a large number of bunches per time, is to be offered.

L An)

The magnetic field in the bending magnets is restricted for technical reasons. This is
valid for both the minimum of the magnetic field B;; at injection and the maximum
of the magnetic field By, at extraction. In general, the dipole fields have to be
controlled to very high accuracy (e.g., 107 or 1079).

We now derive all relevant ramps based on the definition of the magnetic field
ramp B(t). First of all, we may directly calculate the revolution frequency with the
help of Eq. (3.67):
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Qg B
fa = ;_0 moco :
R ¥
1+ (%2)
The RF frequency is then given by
Jre =1 fr.

It is easy to determine other quantities such as the velocity, the relativistic Lorentz
factors Br and yR, and kinetic and total energy.

Let us now assume that an adiabatic capture is performed, in which case, one
would calculate the longitudinal emittance Ay, pc of the coasting beam based on the
known momentum spread Ap/ p of the coasting beam (see Sect.3.21). At the end
of the capture process, the sum /- Ag of the phase space areas of the & buckets must,
of course, be larger than this emittance in order to allow all particles to move into
the buckets.'? In reality, however, some losses must be accepted. One may increase
the voltage even further if bunching is to be enhanced, i.e., if shorter bunches are to
be generated that fill a smaller fraction of the final bucket area Ap.

In the simplest case, one may increase the voltage slowly (more slowly than
the period of the synchrotron oscillation, i.e., adiabatically) in a linear fashion.
However, one may also use the isoadiabatic ramps derived in Sect.5.3.2 in order
to save time.

For the sake of simplicity, we assume a linear increase from 0 to I7inj in the time
interval 14 <t < tp, where 0 < t4 < tp < t; holds. The time ¢4 is needed to inject
the beam into the synchrotron and to give it enough time to form a real coasting
beam with respect to the original momentum spread. For f5 < ¢ < 11, the voltage is
kept constant at V= I7inj.

Now we have to calculate how the voltage V varies in the time interval f; < 1 <
1,. For this purpose, we assume that a constant area in phase space is available for
the beam: '3

Ap = const and Ap = Ap s

We use Eq. (3.41),

2Particles that are outside the bucket move on unstable trajectories. When the acceleration phase
starts, the energy of these particles will deviate more and more from the reference value. This
energy deviation corresponds to large transverse deviations from the reference orbit, which will
lead finally to a loss of the particle on the beam pipe wall. Beam loss is, of course, undesirable,
since it leads to less beam current, radioactive activation, and bad vacuum conditions.

3In heavy-ion synchrotrons, the bucket filling factor is often rather high, so that the requirement
Ap = const in combination with adiabaticity roughly implies A, = const.
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42 WrB2|O|V
Ay = Ap g otlgr) = —=Ti v Iﬁj'ﬂfl' a(gr). (3.72)

which allows us to calculate Ap for the stationary case with gr = 0 (or g = £m)

and a(gpr) = 1 and V= Iznj. For the time interval t; < t < t,, this value Ag

remains constant, according to the requirements, whereas gr and v may change.

The devolution of the other quantities is already determined, as mentioned above.
We now return to Egs. (3.22) and (3.23), which lead to

A

V singg = Irrr B (3.73)

for harmonic gap voltages. With the exception of gr and V, all other quantities are
already determined. Therefore, the last two equations allow us to determine both gg
and V numerically.

At the flat top, the voltage V will be reduced, due to ¢r = 0. One may even
decrease it to zero in order to create a coasting beam again—this time, however,
with a significantly higher (extraction) energy.

We now show how a numerical calculation of gr may be performed. For this
purpose, we insert Eq. (3.73) into Eq. (3.72) in order to eliminate V':

- 4\/5 WRﬂé|Q| ZRI'RB
Ag+/ = T ‘l .
BV SIN YR Zh R h| R a(¢r)

& 4/singr —q a(pr) =0 (3.74)

_4V2Tx  [VRBRIQ| Inrv B
T= Th Ay Thingl

Now we see that the left-hand side of Eq. (3.74) equals —g for pg = O, i.e., it is
negative. For gpr = /2, it equals 1, which is positive. Therefore, the root may
easily be determined by means of a bisection method (i.e., by repeatedly bisecting
the interval ¢r € [0, 7/2]).

Here we defined
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3.23 Multicavity Operation

Let us assume that several cavities are distributed along the synchrotron. A cavity
is said to work at harmonic number # if its operating frequency equals / times the
revolution frequency of the reference particle. The circumference of the synchrotron
is denoted by /g, and s will be a coordinate that describes the path length. For a
specific harmonic number 4, we have a number n; of cavities that work at this
harmonic number / and that are installed at the positions s, (k = 1,...,np). The
number of bunches circulating in the synchrotron is denoted by /.
Each of the n, cavities produces an RF signal

Vh,k (l) = I}h,k sin(ha)Rt — (Ph,k).

One usually wants to ensure that a particle bunch passes all these cavities in such
a way that it reaches them at the same RF phase. The particle bunch will reach the
kth cavity at the time

where uR is determined by

2 2muR
Q)R = —_—=

TR lR
Therefore, we have
S
hi =2m hk .
C()RIR

The requirement that the bunch see the same phase at the different cavities means
that

2rh 2K Cnk =27p,
lR '

where the left-hand side is obtained by inserting #; ; into the argument of the sine
function. The right-hand side with an integer p results from the fact that all periods
of the sine function are equivalent.
We now define
Sh.k

Qh,k =2 —
Ir
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as the angle that describes the position of the cavity in the synchrotron. This leads to
Ok = hOyi —2mp.

As an example, we now consider the synchrotron SIS18 at GSI. It has two cavities

that are exactly on opposite positions in the ring, so that we have 6,; = 0 and

0n» = m. For the standard operation at # = 4 or any other even harmonic number

h, one gets

o1 =0 and ¢, = 0,

where p is chosen in such a way that ¢, x is located in the interval |-, 7]. For odd
values of &, one immediately sees that one must choose

o1 =0 and ¢p, = 7.

In addition, we have to ensure that all bunches are treated equally. The distance
between the Ay, buckets is Ir / hp. Assuming that two adjacent buckets are filled, their
time difference equals

l 2
At R i

C hyur  hy g’
If we insert this into the argument of the sine function, we see that

5 h
n_
hy

must be an integer multiple of 27 if the same RF phase is to be obtained for all
bunches. Hence, only integer multiples of /4, are allowed for /.

Furthermore, at least one group of cavities with # = h, must exist in order to
create the Ay, bunches.

3.24 Bunch Shape

Several topics that we have presented thus far were based on the simple model that
the bunch occupies a well-defined area in phase space. This allowed us, for example,
to easily compare the longitudinal emittance (i.e., the bunch area in phase space)
with the bucket area. Arguments of this type are implicitly based on the assumption
that the particles have a distribution in phase space with clear margins. In reality, this
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Fig. 3.14 Comparison of beam current measurement with different curves

is, of course, not true. For realistic bunches, one has to use rms values to describe
the dimensions of the bunches in phase space. For example, one may define the
longitudinal emittance'* by

Ap ~ 71 Alims AWips.

It is obvious that this formula is obtained if the area of an ellipse is calculated by
means of the two semiaxes. In practice, different constants are used in the literature
to make the definition complete (cf. [6, Sect. 5.4.4]).

Now we return to our beam current example, which was shown in Fig. 1.3
(Measurement No. 43 dated August, 21, 2008, *Ar'8*, 11.4MeV/u, 6kV, h = 4,
Noeam = 1.5-10° particles). According to

N beamZq €

= NbeamzqefRa (3.75)
Tr

Tveam =

this corresponds to an average beam current of about 0.9 mA. Since the quality of
the beam was very good during this experiment, the measured pulse shape may be
used for an analysis of the distribution.

Figure 3.14 shows different curves in comparison with the measurement.

If one discards the problem that the zero line of the beam current is hard to
identify, the Gaussian distribution (second curve) is an excellent approximation

l4Gee also Sect. 5.6.4.
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of the measured pulse shape (with & = 78ns). Please note that the Gaussian
distribution cannot, in spite of the good results, represent the “absolute truth,” since
a bunch that is captured inside a bucket must always have a finite size. The Gaussian
distribution, however, represents the typical shape of the bunches of a low-intensity
ion beam when space-charge effects are low (cf. [6, Sect. 5.4.7]).

Also, the cos? distribution (third curve) provides good results—except that at
the margins of the bunch, larger deviations are visible (the cos? function must, of
course, be clipped beyond the minima on both sides—this was not done in the figure
in order to show the periodicity of this function).

The fourth curve shows the results of a simulation in which a coasting beam with
a constant distribution of 30,000 macroparticles in phase space with Ap/p| . =
+3.5-107* was assumed. In the simulation, the complete capture process was
simulated. The projection that is needed to calculate the bunch shape was based
on 200 equidistant bins. One sees that the constant distribution does not describe
the reality very well, but for qualitative analyses it is often sufficient.

The fifth curve shows the simulation results in which a coasting beam with a
Gaussian distribution (Ap/p|, = 2-107*) was assumed at the beginning. Again,
30,000 macroparticles with 200 bins were used, and the complete capture process
was simulated. The good agreement with the measurement is obvious.

Finally, the theoretical curve for a constant particle density inside an ellipse in
phase space is shown. In this case, the projection is an ellipse as well.

Of course, there exist other models for the distribution of the particles (e.g., the
parabolic bunch, which is an important distribution for space-charge dominated
beams [6, 12]).
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Chapter 4
RF Cavities

This introduction and Sect.4.1 are based on the article “Ferrite cavities” [2]
published in CERN Report CERN-2011-007 under the CC BY 3.0 Attribution
License (http://creativecommons.org/licenses/by/3.0/). The original content (http://
cds.cern.ch/record/1411778/files/p299.pdf) has been modified slightly.

The revolution frequency of charged particles in synchrotrons or storage rings is
usually lower than 10 MHz. Even if we consider comparatively small synchrotrons
(e.g., like HIT/HICAT in Heidelberg, Germany, or CNAO in Pavia, Italy, with about
20-25 m diameter, both used for tumor therapy), the revolution time will be greater
than 200 ns, since the particles cannot reach the speed of light. Since according to
Eq.(1.4),

Jre =h- fr,

the RF frequency is an integer multiple of the revolution frequency, the RF
frequency will typically be lower than 10 MHz if only small harmonic numbers £ are
desired. For such an operating frequency, the spatial dimensions of a conventional
RF resonator would be far too large to be used in a synchrotron. One possibility for
solving this problem is to reduce the wavelength by filling the cavity with magnetic
material. This is the basic idea of ferrite-loaded cavities (cf. [1]). Furthermore, this
type of cavity offers a simple means to modify the resonant frequency in a wide
range (typically up to a factor of 10) and in a comparatively short time (typically at
least 10 ms cycle time). Therefore, ferrite cavities are suitable for ramped operation
in a synchrotron. The possibility of adjusting the resonant frequency of a cavity to
the desired operating frequency is called tuning.

Due to the low operating frequencies, the transit-time factor (cf. Sect.4.3) of
traditional ferrite-loaded cavities is almost 1 and is therefore not of interest.

If a synchrotron is operated at comparatively high harmonic numbers, the RF
frequency will reach values that can be realized as resonant frequencies of classical
RF resonators (typically 300 MHz or higher). Furthermore, if the particles are
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174 4 RF Cavities

already relativistic (i.e., Bg ~ 1) when they are injected into the synchrotron,' there
is no need to make the cavity tunable to different resonant frequencies. In this case,
the use of classical resonators is possible.

Many accelerating cavities of this classical type may be regarded as modifications
and/or combinations of the so-called pillbox cavity [3, 4]. The pillbox cavity is
the simplest type of resonator that can be used for particle acceleration. It will be
discussed in Sect. 4.4.

4.1 Ferrite-Loaded Cavities

The main purpose of this section is to derive the general lumped element circuit
for cavities and to discuss the main properties of RF cavities in synchrotrons and
storage rings. Furthermore, some specifics that are typical for ferrite-loaded cavities
are discussed.

We will see that a ferrite-loaded cavity may be regarded as roughly a transformer
whose primary coil consists of only one winding fed by an RF power source
in which the beam acts as the secondary coil. Consequently, some conclusions
that are valid for transformers are also valid here. For example, the cavity will
not work properly if the frequency is too low, because the reactance (product of
inductance and angular frequency) will be too small in comparison with the ohmic
parts, thereby decreasing the transformation ratio. If the frequency becomes too
large, flux leakage and distributed effects will become important, so that a simple
magnetoquasistatic analysis is no longer possible. Hence, an optimum operating
frequency range can be specified for a ferrite-loaded cavity, similar to that of a
transformer, taking the material properties and the geometry into account. For our
analysis, which begins in Sect.4.1.2, it is assumed without further notice that the
considered frequency belongs to this optimum frequency range.

4.1.1 Permeability of Magnetic Materials

In this section, all calculations are based on permeability quantities . for which

H= HUrlho

holds. In material specifications, the relative permeability . is given, which means
that we have to multiply by (o to obtain p. This comment is also valid for the
incremental/differential permeability introduced below.

IPlease note that according to Sect. 2.7, relativistic particles will still gain energy even though the
increase in speed is negligible.
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Fig. 4.1 Hysteresis loop

In RF cavities, only so-called soft magnetic materials that have a narrow
hysteresis loop are of interest, since their losses are comparatively low (in contrast
to hard magnetic materials, which are used for permanent magnets.?)

Figure 4.1 shows the hysteresis loop of a ferromagnetic material. It is well known
that the hysteresis loop leads to a residual induction B, if no magnetizing field H is
present and that some coercive magnetizing field H. is needed to set the induction
B to zero.

Let us now assume that some cycles of the large hysteresis loop have already
passed and that H is currently increasing. We now stop to increase the magnetizing
field H in the upper right-hand part of the diagram. Then H is decreased by a
much smaller amount 2 - A H, then increased again by that amount 2 - A H, and so
forth.> As the diagram shows, this procedure will lead to a much smaller hysteresis
loop whereby B changes by 2 - AB. We may therefore define a differential or
incremental permeability”

AB

MAZH,

which describes the slope of the local hysteresis loop. It is this quantity pa that is
relevant for RF applications. One can see that pa can be decreased by increasing
the DC component of H. Since H is generated by currents, one speaks of a bias

2No strict separation exists between hard and soft magnetic materials.
3The factor 2 was assumed in order to have the same total change of 2 - A H as in the equation

Hac(t) = AH cos wt,

which is usually used for harmonic oscillations.

“In a strict sense, the differential permeability is the limit

dB

/’LAzﬁ

for AH,AB — 0.
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Fig. 4.2 Simplified 3D sketch of a ferrite-loaded cavity

current that is applied in order to shift the operating point to higher inductions B,
leading to a lower differential permeability pa.

If no biasing is applied, the maximum p 4 is obtained, which is typically of order
a few hundred or a few thousand times ¢.

The hysteresis loop and the AC permeability of ferromagnetic materials can be
described in a phenomenological way by the so-called Preisach model, which is
explained in the literature (cf. [5]). Unfortunately, the material properties are even
more complicated, since they are also frequency-dependent. One usually uses the
complex permeability

= g — (4.1)

in order to describe losses (hysteresis loss, eddy current loss, and residual loss).
The parameters p, and u. are frequency-dependent. In the following, we will
assume that the complex permeability p describes the material behavior in rapidly
alternating fields as the above-mentioned real quantity 15 does when a biasing field
Hyys is present. However, we will omit the index A for the sake of simplicity.

4.1.2 Magnetoquasistatic Analysis of a Ferrite Cavity

Figure 4.2 shows the main elements of a ferrite-loaded cavity. The beam pipe is
interrupted by a ceramic gap. This gap ensures that the beam pipe may still be
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Fig. 4.3 Simplified model of a ferrite cavity

evacuated, but it allows a voltage Vg, to be induced in the longitudinal direction.
Several magnetic ring cores are mounted in a concentric way around the beam
and beam pipe (five ring cores are drawn here as an example). The whole cavity is
surrounded by a metallic housing, which is connected to the beam pipe.

Figure 4.3 shows a cross section through the cavity. The dotted line represents
the beam, which is located in the middle of a metallic beam pipe (for analyzing
the influence of the beam current, this dotted line is regarded as a part of a circuit
that closes outside the cavity, but this is not relevant for understanding the basic
operational principle). The ceramic gap has a parasitic capacitance, but additional
lumped-element capacitors are usually connected in parallel, leading to the overall
capacitance C. Starting at the generator port located at the bottom of the figure, an
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inductive coupling loop surrounds the ring core stack. This loop was not shown in
Fig.4.2.

Please note that due to the cross-section approach, we obtain a wire model of the
cavity with two wires representing the cavity housing. This is sufficient for practical
analysis, but one should keep in mind that in reality, the currents are distributed.

In the following, we will represent voltages, currents, field, and flux quantities as
phasors, i.e., complex amplitudes/peak values for a given frequency f = w/2m.
In this case, for a quantity X in the time domain, we write X for the phasor in the
frequency domain. The function X (¢) can be reconstructed by means of the complex
function

X — Xeja)t
according to
X(1) = Re{X} = Re{Xe/"}.

Let us consider a contour that surrounds the lower left ring core stack. Based on
Maxwell’s second equation in the time domain (Faraday’s law),

Sﬁg.dr-:_/é.dg,
0A A

den = +ja)9

m,tot

we obtain
4.2)

in the frequency domain. If we now use the complete lower cavity half as the
integration path, we obtain

—m,tot*

Hence we obtain

Ve = Veen- (4.3)
Here we assumed that the stray field B in the air region is negligible in comparison
with the field inside the ring cores (due to their high permeability). Finally, we
consider the beam current contour:

Ebeam = +J Cl)ci) = I}

—=m,tot —~—gap*
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For negligible displacement current, we have Maxwell’s first equation (Ampere’s
law)

We use a concentric circle with radius p around the beam as integration path:
H 27Tp = ItOI- (44)

In the frequency domain, this leads to

B=p z%p (4.5)
with
itol = igen - ic - ibeam‘ (4.6)
For the flux through a single ring core, we get
b, = /Edjz deore /riroﬁdp: dz—ii“ lni—?.
With the complex permeability
W= — Jud
and assuming that N ring cores are present, we obtain
Vi = joby g = joN &y, = jo et 2; I ;—
Therefore, we obtain
Vep = Lo(joLs + R) = L, Zq 4.7)

if

1
Z;, = 7= joLs+ R, (4.8)
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= Ndeorety | 7o
s 2 r
Ndcore 1 4 L
R, = wz_“ me = plip =2 4.9)
T ri ! Q
are defined. Here,
My 1
0==5 = (4.10)
w!  tané,

is the quality factor (or Q factor) of the ring core material. Using Eq. (4.6), we
obtain

KgapYS = Llot = Lgen - Lbeam - Kgap ch
> igen - Lbeam ~ ~
= Kgap = Y, + ch = ZtOl(Lgen _Lbeam)' 4.11)

This equation corresponds to the equivalent circuit shown in Fig. 4.4. In the last step,
we defined

1 .
Yioo = 7 =Y+ joC.

tot

In the literature, one often finds a different version of Eq. (4.11), in which I beam NAS
the same sign as i gen- This corresponds to both currents having the same direction
(flowing into the circuits in Figs. 4.4 and 4.5). In any case, one has to make sure that
the correct phase between beam current and gap voltage is established.

In Chap. 3, we studied the stationary case, whereby the gap voltage is given by

Veap(t) = Vgap sin(wgrt)

and the bunches are located at ¢ = 0, =Trp, £27RF, . .. (operation with positively
charged particles below transition energy). Therefore, the fundamental harmonic
of the beam current will be proportional to cos(wggt), which corresponds to a 90°
phase shift between Vgup and Ipeam. For low beam currents and for a cavity that
is tuned to resonance, the phase of the gap voltage is equal to the phase of the
generator current. For higher beam currents, however, not only the generator current,
but also the beam current will have an influence on the gap voltage due to the beam
impedance Z,,, as can be seen in Eq.(4.11) and in Fig.4.4. This phenomenon is
called beam loading.
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Fig. 4.4 Series equivalent I I
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4.1.3 Parallel and Series Lumped Element Circuit

In the vicinity of the resonant frequency, it is possible to convert the lumped element
circuit shown in Fig. 4.4 into a parallel circuit as shown in Fig. 4.5. The admittances
of both circuits will be assumed equal:

1 1 1
tot Jw + RS T JQ)LS Jw + Rp + Ja)LP
Ry — joLs 1 1

== = =

R2+ (wLy)> R, + joLy
A comparison of the real and imaginary part yields
R? Ly)?

R, = KT @L) (4.12)

R
R? + (wLy)?

L =
@Le wlg

(4.13)
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For the inverse relation, we modify the first equation according to
2
(CULS) = Rs(Rp - Rs)
and use this result in the second equation:

wLy\/R(Ry — R,) = R.R,

= (0Ly)* (R, — R, = RR;

(wLp)z
=|Ry= —— R,
R4 (wly)? T

Equations (4.12) and (4.13) directly provide

RyRs = (wLp)(wLy), 4.14)
which leads to
L Ry R Ry L
ol = ——Ry = ———F——=wL,.
Y oL, R2+ (wLp)? "

Since it is suitable to use both types of lumped element circuit, it is also convenient
to define the complex permeability u in a parallel form:

I .
—=—tj—. (4.15)
Eoow g

This is an alternative representation of the series form shown in Eq. (4.1), which
leads to

1
PRyl

Comparing the real and imaginary parts of the last two equations, we obtain

’2 "2

=B T H :/“S , (4.16)
2 7”2

,ug = M 4.17)

"
s
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These two equations lead to

n,.n

Hpls = My by -

Putting this together with Eqgs. (4.9), (4.10), and (4.14), we conclude that

Q_u_;_st_ R, _M_;;

W R oLy, w

With these expressions, we may write Eqgs. (4.16) and (4.17) in the form

ro_ 1+L
lup_lus Q2 ’

by =i (1+0Y).

If we use Eq. (4.18),

we may rewrite Egs. (4.12) and (4.13) in the form

Rp = Rs(l + QZ)’

Len(ied)

By combining Eqgs. (4.21) and (4.9), we obtain

R,=(1+ 0Hw—="25 In =

”
Ndcoreﬂs ro
2 r

With the help of Egs. (4.18) and (4.19), we obtain

P O R 1%

70T 0w T 1w o
The last two equations lead to

® NdCOI‘C/"L;) Q
P 2 ri

To
In— = Ndcore,u;Qf In

7

o
ri
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(4.18)

(4.19)

(4.20)

4.21)

(4.22)
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This shows that R, is proportional to the product u; Qf, which is a material property.
The other parameters refer to the geometry. Therefore, the manufacturers of ferrite
cores sometimes specify the u,.Qf product (for the sake of simplicity, we define
Hr 1= N;,r)-s

For O > 5, we may use the approximations

R, ~ R, 0%, L, ~ L, TSNS my ~ pl Q7 (4.23)

which then have an error of less than 4%.

4.1.4 Frequency Dependence of Material Properties

As an example, the frequency dependence of the permeability is shown in Figs. 4.6
and 4.7 for the special ferrite material Ferroxcube 4, assuming small magnetic RF
fields without biasing. All the data presented for this material are taken from [6].
It is obvious that the behavior depends significantly on the choice of the material.
Without biasing, a constant u ~ p,; may be assumed only up to a certain frequency
(see Fig. 4.6). With increasing frequency from 0, the Q factor will decrease (compare
Figs. 4.6 and 4.7). Figure 4.8 shows the resulting frequency dependence of the u,Qf
product.

If the magnetic RF field is increased, both Q and u,Qf will decrease in
comparison with the diagrams in Figs. 4.6, 4.7, and 4.8. The effective incremental
permeability u, will increase for rising magnetic RF fields, as one can see by
interpreting Fig. 4.1. Therefore, it is important to consider the material properties
under realistic operating conditions (the maximum RF B-field is usually of order
10...20mT).

If biasing is applied, the 1, Qf curve shown in Fig. 4.8 will be shifted to the lower
right-hand side; this effect may approximately compensate the increase in u.Qf
with frequency [6]. Therefore, the u,Qf product may sometimes be regarded as
approximately a constant if biasing is used to keep the cavity at resonance for all
frequencies under consideration.

SHere, the index r again denotes the relative permeability, i.e.,
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Fig. 4.6 u, versus
frequency for three different
types of ferrite material (1:
Ferroxcube 4A, 2:
Ferroxcube 4C, 3: Ferroxcube
4E). Data taken from [6]

Fig. 4.7 p.. versus
frequency for three different
types of ferrite material (1:
Ferroxcube 4A, 2:
Ferroxcube 4C, 3: Ferroxcube
4E). Data taken from [6]
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4.1.5 Quality Factor of the Cavity

The quality factor of the equivalent circuit shown in Fig.4.5 is obtained if the
resonant (angular) frequency

1
7,C

Wres = Znﬁes =
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Fig. 4.8/ Of product 100+
versus frequency for three @
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is inserted into Eq. (4.18):

In general, all parameters u/, w1, ,u’p, p,g, R, L, Ry, Ly, O, and Q,, are frequency-
dependent. It depends on the material whether the parallel or the series lumped
element circuit is the better representation in the sense that its parameters may be
regarded as approximately constant in the relevant operating range. In the following,
we will use the parallel representation.

We briefly show that Q,, is in fact the quality factor defined by

Wlot

—_— ’
Ploss

Qp:w

where W, is the stored energy and Ploss is the power loss (both time-averaged):

_ Vool
Piogs = ﬂ7 (424)
2R,
J— 1 ~ 2
Wel = Z C |Kgap| )
% 2 % 2
W _ l L |f |2 _ l L |Kgap| _ Izgapl
T4 TP T 22 4Ly

At resonance, we have W = Wmagn, which leads to



4.1 Ferrite-Loaded Cavities 187

W, R,C C
0p =20= o _ 2w—L= = Ry [—,
Ploss 2 LP

as expected. The parallel resistor R, defined by Eq. (4.24) is sometimes called a
shunt impedance. Please note that different definitions for shunt impedance exist in
the literature. Sometimes, especially in the LINAC community, the shunt impedance
is defined as twice R, (cf. [7]).

4.1.6 Impedance of the Cavity

The impedance of the cavity

Ly
1 T
Loy = =

L4 L L . =
Rp +,] (CUC wLp) RLp Fp +] (CU LPC - W)

may be written as

Ry
Y
Ziow = | : z} -
g+ (@ -%)
R,
= ZtOI == . (425)
1+ j QP (wcis - %)
The Laplace transformation yields
R Rp%es
Zioi(s) = P = G (4.26)

I4s2e g Qo g%+ 5%+ o

Ores res
which may be found in the literature (cf. [8, 9]) in the form

2Ry0 s
s2+ 205 + w?

res

Zioi(s) =

if
Wres

20,

is defined.
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We now determine the 3-dB bandwidth® of the cavity. The corresponding corner
frequencies are reached if the absolute value of the impedance is 1/+/2 of the
maximum value R. Equation (4.25) shows that this is fulfilled for

@ —wreS::l:L =>a)2:|:w%—wr2“:0
Wres w Qp QP
Wres 1
+ Wres 1 + —.
20, 407

The absolute value of the second expression is always larger than that of the first
expression. Since w must be positive, one obtains

_ 1 1 + Wres
o=om 1+ 303 20,
P

This obviously leads to the 3-dB bandwidth

wres wl'CS ﬁCS

Awsgg = = = — )
B O O Awsgg A fags

4.1.7 Length of the Cavity

In the previous sections, we assumed that the ferrite ring cores can be regarded as
lumped-element inductors and resistors. This is, of course, true only if the cavity is
short in comparison with the wavelength.

As an alternative to the transformer model introduced above, one may therefore
use a coaxial transmission line model. For example, the section of the cavity that is
located on the left side of the ceramic gap in Fig. 4.3 may be interpreted as a coaxial
line that is homogeneous in the longitudinal direction and that has a short circuit at
the left end. The cross section consists of the magnetic material of the ring cores,
air between the ring cores and the beam pipe, and air between the ring cores and the
cavity housing. This is, of course, an idealization, since cooling disks, conductors,
and other air regions are neglected. Taking the SIS18 cavity at GSI as an example,
the ring cores have u, = 28 at an operating frequency of 2.5 MHz. The ring cores
have a relative dielectric constant of 10—15, but this is reduced to an effective value

SPlease note that a voltage level of —3 dB below the maximum corresponds to 70.7946% of the
peak voltage. This is a good approximation for 1/ V2 (70.7107%).
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of €.¢if = 1.8, since the ring cores do not fill the full cavity cross section. These
values lead to a wavelength of A = 16.9 m. Since 64 ring cores with a thickness of
25 mm are used, the effective length of the magnetic material is 1.6 m = 0.095 A
(which corresponds to a phase of 34°). In this case, the transmission line model
leads to deviations of less than 10% with respect to the lumped-element model. The
transmission line model also shows that the above-mentioned estimation for the
wavelength is too pessimistic; it leads to A = 24 m, which corresponds to a cavity
length of only 24°.

This type of model makes it understandable why the ferrite cavity is sometimes
referred to as a shortened quarter-wavelength resonator.

Of course, one may also use more detailed models in which subsections of the
cavity are modeled as lumped elements. In that case, computer simulations can be
performed to calculate the overall impedance. If one is interested in resonances that
may occur at higher operating frequencies, one should perform full electromagnetic
simulations.

In any case, one should always remember that some parameters are difficult
to determine, especially the permeability of the ring core material under different
operating conditions. This uncertainty may lead to larger errors than simplifications
of the model. Measurements of full-size ring cores in the requested operating range
are inevitable when a new cavity is developed. Also, parameter tolerances due to the
manufacturing process have to be taken into account.

In general, one should note that the total length and the dimensions of the
cross section of the ferrite cavity are not determined by the wavelength as for a
conventional RF cavity. For example, the SIS18 ferrite cavity has a length of 3m
flange to flange, although only 1.6 m is filled with magnetic material. This provides
space for the ceramic gap, the cooling disks, and further devices such as the bias
current bars. In order to avoid resonances at higher frequencies, one should not
waste too much space, but there is no exact size of the cavity housing that results
from the electromagnetic analysis.

4.1.8 Differential Equation and Cavity Filling Time

The equivalent circuit shown in Fig. 4.5 was derived in the frequency domain. As
long as no parasitic resonances occur, this equivalent circuit may be generalized.
Therefore, we may also analyze it in the time domain (allowing slow changes of L,
with time):

AV, dl
Ice =C- dip, Vgap =Lp'd_tL, Vgap = (Igen_IL_IC_Ibeam) Rp
Veap

= IL = — R + Igen - IC - Ibeam (427)

p
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_(Igen - Ibeam) -C dr2

1 dVp | d & Viap
R, dt ' dr

=1~

.. L, . d
= LpC Vgp + R—p Vaap + Veap = LPE(Igen — Ibeam)
P

1d
C dt

= Vgap + ; Vgap + wrzes Vgap = (Igen - Ibeam)- (428)

Here we used the definition

The product R,C is also present in the expression for the quality factor:

C RC 1

= R —_— —_ -
Qp P Lp ,_LpC zfa)res
2
NI

Wres B nfres ’

Under the assumption s > % (Qp > %), the approach Vg, = Voe*!' (with a
complex constant «) for the homogeneous solution of Eq. (4.28) actually leads to

1
a=——=x jwq
T

with exponential decay time t and oscillation frequency

/ 1 | 1
W4 = Wpes |l — ———= = Wres, [l — —.
(Tres)? 4Q;2,

This leads to wqg &~ wrs even for moderately high Q, > 2 (error less than 4%).
Sometimes, the resonant frequency wys is called the undamped natural frequency,
whereas wjy is called the damped natural frequency.

The time 7 is the time constant for the cavity, which also determines the cavity
filling time. Furthermore, the time constant 7 is relevant for amplitude and phase
jumps of the cavity (see, e.g., [10] and Appendices A.7.1 and A.7.2). We will
visualize this fact in Sect. 4.2.

Sometimes, especially in the LINAC community, the cavity filling time is defined
as Qp/wres (one-half of our definition; cf. [7]) in order to specify the energy decay
instead of the field strength or voltage decay.
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4.1.9 Power Amplifier

Up to now, the Q factor of the cavity has been called Q,. What we have not
mentioned is that the Q factor of the cavity itself is the so-called unloaded Q factor.
From now on, this unloaded Q factor will be denoted by Q. In accordance with
this, the parallel resistor will be denoted by R}, 9. The reason for this is the following:
An RF power amplifier that feeds the cavity may often be represented by a voltage-
controlled current source (e.g., in the case of a tetrode amplifier as discussed in
Chap. 6). The impedance of this current source will be connected in parallel to the
equivalent circuit, thereby reducing the ohmic part R, according to R, = Rp || Rgen
(see Sect.4.1.12). Therefore, the loaded Q factor O, will usually be reduced in
comparison with the unloaded Q factor O, . Also, the cavity filling time will be
reduced due to the impedance of the power amplifier.

The formulas that were derived for the parallel equivalent circuit are valid for
both cases, the cavity alone and the combination of cavity and amplifier. This is
why they were based on R,,.

It must be emphasized that for ferrite cavities, 50 2 impedance matching is not
necessarily used in general. The cavity impedance is usually on the order of a few
hundred ohms or a few kilohms. Therefore, it is often more suitable to connect the
tetrode amplifier directly to the cavity. Impedance matching is not mandatory if the
amplifier is located close to the cavity. Short cables have to be used, since they
contribute to the overall impedance/capacitance. Cavity and RF power amplifier
must be considered as one unit; they cannot be developed individually, since that
the impedance curves of the cavity and the power amplifier influence each other.

4.1.10 Cooling

Both the power amplifier and the ferrite ring cores need active cooling. Of course,
the Curie temperature of the ferrite material (typically > 100 °C) must never be
reached. Depending on the operating conditions (e.g., CW or pulsed operation),
forced air cooling may be sufficient or water cooling may be required. Cooling
disks between the ferrite cores may be used. In this case, one has to ensure that the
thermal contact between cooling disks and ferrite cores is good.

4.1.11 Cavity Tuning

We already mentioned in Sect. 4.1.1 that a DC bias current may be used to decrease
M, which results in a higher resonant frequency. This is one possible way to realize
cavity tuning. Strictly speaking, one deals with a quasi-DC bias current, since the
resonant frequency must be modified during a synchrotron machine cycle if it is to
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equal the variable RF frequency. Such a tuning of the resonant frequency frs to
the RF frequency fgrr is usually desirable, since the large Z,, makes it possible to
generate large voltages with moderate RF power consumption.

Sometimes, the operating frequency range is small enough in comparison with
the bandwidth of the cavity that no tuning is required.

If tuning is required, one has at least two possibilities to realize it:

1. Bias current tuning
2. Capacitive tuning

The latter may be realized by a variable capacitor (see, e.g., [11, 12]) whose
capacitance may be varied by a stepping motor. This mechanical adjustment,
however, is possible only if the resonant frequency is not changed from machine
cycle to machine cycle or even within one machine cycle.

In the case of bias current tuning, one has two different choices, namely perpen-
dicular biasing (also called transverse biasing) and parallel biasing (also called
longitudinal biasing). Also, a mixture of both is possible [13]. The terms parallel
and perpendicular refer to the orientation of the DC field Hy;as in comparison with
the RF field H.

Parallel biasing is simple to realize. One adds bias current loops, which may
in principle be located in the same way as the inductive coupling loop shown in
Fig.4.3. If only a few loops are present, current bars with large cross sections
are needed to withstand the bias current of several hundred amps. The required
DC current may, of course, be reduced if the number Ny, of loops is increased
accordingly (keeping the ampere-turns constant). This increase in the number
of bias current windings may be limited by resonances. On the other hand, a
minimum number of current loops is usually applied to guarantee a certain amount
of symmetry, which leads to a more homogeneous flux in the ring cores.

Perpendicular biasing is more complicated to realize; it requires more space
between the ring cores, and the permeability range is smaller than for parallel
biasing. The main reason for using perpendicular biasing is that lower losses can be
reached (see, e.g., [14]). One can also avoid the so-called Q-loss effect or high loss
effect. The Q-loss effect often occurs when parallel biasing is applied and if the bias
current is constant or varies only slowly. After a few milliseconds, one observes that
the induced voltage breaks down by a certain amount even though the same amount
of RF power is still applied (see, e.g., [15, 16]). For perpendicular biasing, the Q-
loss effect was not observed. The Q-loss effect is not fully understood. However,
there are strong indications that it may be caused by mechanical resonances of
the ring cores induced by magnetostriction effects [17]. It is possible to suppress
the Q-loss effect by mechanical damping. For example, in some types of ferrite
cavities, the ring cores are embedded in a sealing compound [18], which should
damp mechanical oscillations. Not only the Q-loss effect but also further anomalous
loss effects have been observed [15].

When the influence of biasing is described, one usually defines an average bias
field Hyi,s for the ring cores. For this purpose, one may use the magnetic field
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N bias I bias

Hbias = F

located at the mean radius

F = Vit

Of course, this choice is somewhat arbitrary from a theoretical point of view, but it
is based on practical experience.

A combination of bias current tuning and capacitive tuning has also been applied
to extend the frequency range [19].

4.1.12 Resonant Frequency Control

A method that has traditionally been applied to decide whether a ferrite-loaded
cavity is at resonance is the measurement of the phase of the gap voltage and of the
phase of the control grid voltage (in case of a tetrode power amplifier, cf. Chap. 6).

At first glance, it seems to be clear that the cavity is at resonance if and only if the
cavity impedance is purely resistive, i.e., if the inductance of the lumped element
(parallel) circuit exactly compensates the capacitance (see Fig.4.5). Therefore, it
is obvious that the generator current and the gap voltage must be in phase for the
cavity operating at resonance.

In order to analyze this fact in detail, however, one should be aware that a tube
amplifier also contributes to the overall cavity impedance. It is not only the ohmic
output impedance that will contribute to the overall impedance of the cavity, but
also the capacitance of the tetrode and its circuitry (and also some inductances). As
shown in Fig. 4.9, we may use a model [20] in which the tetrode power amplifier is
represented as a voltage-controlled current source with an internal resistor Rge, in
parallel. The capacitance of the power amplifier is represented by a capacitor Cgey
(if necessary, Cgen may be frequency-dependent to include the effect of parasitic
inductances). The cavity without the power amplifier is shown on the right side of
the circuit. It consists of Ry, o, Lp, and Co. Now it becomes obvious that the resonant
frequency of the overall system is

1

A/ LP(CO + Cgen) '

If the cavity is tuned to resonance, it is not the current /., that is in phase with the
gap voltage Vy,p, but the current Jgep,. This current /g, cannot be measured, however,
since it may be regarded as an internal current of the tetrode. Fortunately, the control
grid voltage V,; of the tetrode is usually in phase with the internal current [y,
(cf. Chap. 6). Therefore, a resonant frequency control loop may compare the phase
of Vg1 with the phase of Vg,p. If both are in phase (or 180° out of phase, depending

Wres =
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Fig. 4.9 Equivalent circuit of RF generator and cavity

on the chosen orientation of the voltages), the whole cavity system consisting of
generator and cavity will be at resonance. One typically uses a phase detector,
which provides the phase difference between V1 and Vgup. This output signal is
then used by a closed-loop controller (cf. Chap. 7) to modify the bias current of the
ferrite cavity so that I, and Vg are in phase with Vjyp, as desired.

It must be emphasized that the equivalent circuit in Fig.4.5 and the related
formulas are still valid. We just have to interpret the circuit in a slightly different

way. If we compare it with Fig. 4.9, it becomes obvious that C = Cgen + Cy is the
Rp.ORgen

Rp.[)"l‘Rgen alSO

total capacitance of generator and cavity, and R, = Rpo||Reen =
includes both contributions.

Sometimes, it is desired to operate the cavity not at resonance but slightly oft-
resonance. In this case, one may choose a target value that differs from zero (or
180°, respectively) for the phase difference.

Completely detuning the cavity may be a choice to deactivate the cavity without
having a high beam impedance. Then, of course, no gap voltage is produced, so that
the closed-loop control system will not work. However, one may modify the bias
current in an open-loop mode in this case.

4.1.13 Further Complications

We already mentioned that the effective differential permeability depends on the
hysteresis behavior of the material, i.e., on the history of bias and RF currents. It
was also mentioned that due to the spatial dimensions of the cavity, we have to
deal with ranges between lumped-element circuits and distributed elements. The
anomalous loss effects are a third complication. There are further points that make
the situation even more complicated in practice:

* Ifno biasing is applied, the maximum of the magnetic field is present at the inner
radius r;. One has to ensure that the maximum ratings of the material are not
exceeded.
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 Bias currents lead to an p~! dependency of the induced magnetic field Hy;ys.
Therefore, biasing is more effective in the inner parts of the ring cores than in
the outer parts, resulting in a pa that increases with p. According to Eq. (4.5),
this will modify the p~! dependency of the magnetic RF field. As a result, the
dependence on p may be much weaker than without a bias field.

* The permeability depends not only on the frequency, on the magnetic RF field,
and on the biasing. It is also temperature-dependent.

* Depending on the thickness of the ferrite cores, on the conductivity of the ferrite,
on the material losses, and on the operating frequency, the magnetic field may
decay from the surface to the inner regions, reducing the effective volume.

* At higher operating frequencies with strong bias currents, the differential per-
meability will be rather low. This means that the magnetic flux will no longer
be guided perfectly by the ring cores. The fringe fields in the air regions will be
more important, and resonances may occur.

4.1.14 Cavity Configurations

A comparison of different types of ferrite cavities can be found in [21-23]. We
summarize a few aspects here that lead to different solutions.

» Instead of using only one stack of ferrite ring cores and only one ceramic gap,
as shown in Fig. 4.3, one may also use more sections with ferrites (e.g., one gap
with half the ring cores on the left side and the other half on the right side of the
gap, for reasons of symmetry) or more gaps. Sometimes, the ceramic gaps belong
to different independent cavity cells, which may be coupled by copper bars (e.g.,
by connecting them in parallel). Connections of this type must be short to allow
operation at high frequencies.

* One configuration that is often used is a cavity consisting of only one ceramic
gap and two ferrite stacks on each side. Figure-eight windings surround these two
ferrite stacks (see, e.g., [24]). With respect to the magnetic RF field, this leads to
the same magnetic flux in both stacks. In this way, an RF power amplifier that
feeds only one of the two cavity halves will indirectly supply the other cavity
half as well. This corresponds to a 1:2 transformation ratio. Hence, the beam will
see four times the impedance compared with the amplifier load. Therefore, the
same RF input power will lead to higher gap voltages (but also to a higher beam
impedance). The transformation law may be derived by an analysis that is similar
to that in Sect. 4.1.2.

 Instead of the inductive coupling shown in Fig. 4.3, one may also use capacitive
coupling if the power amplifier is connected to the gap via capacitors. If a
tetrode power amplifier is used, one still has to provide it with a high anode
voltage. Therefore, an external inductor (choke coil) is necessary, which allows
the DC anode current but blocks the RF current from the DC power supply. Often
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a combination of capacitive and inductive coupling is used (e.g., to influence
parasitic resonances). The coupling elements will contribute to the equivalent
circuit.

* Another possibility is inductive coupling of individual ring cores. This leads to
lower impedances, which ideally allow a 50-€2 impedance matching to a standard
solid-state RF power amplifier (see, e.g., [25]).

e If a small relative tuning range is required, it is not necessary to use biasing for
the ferrite ring cores inside the cavity. One may use external tuners (see, e.g.,
[26,27]), which can be connected to the gap. For external tuners, both parallel
and perpendicular biasing may be applied [28].

No general strategy can be defined for how a new cavity is to be designed. Many
compromises have to be found. A certain minimum capacitance is given by the gap
capacitance and the parasitic capacitances. In order to reach the upper limit of the
frequency range, a certain minimum inductance has to be realized. If biasing is used,
this minimum inductance must be reached using the maximum bias current, but the
effective permeability should still be high enough to reduce stray fields. Also, the
lower frequency limit should be reachable with a minimum but nonzero bias current.
There is a maximum RF field Brg max (about 15 mT), which should not be exceeded
for the ring cores. This imposes a lower limit on the number of ring cores. The
required tuning range in combination with the overall capacitance will also restrict
the number of ring cores. As mentioned above, the amplifier design should be taken
into account from the very beginning, especially with respect to the impedance.
The maximum beam impedance that is tolerable is defined by beam dynamics
considerations. This impedance budget also defines the power that is required. If
more ring cores can be used, the impedance of the cavity will increase, and the
power loss will decrease for a given gap voltage.

4.1.15 The GSI Ferrite Cavities in SIS18

As an example for a ferrite cavity, we summarize the main facts about GSI's SIS18
ferrite cavities (see Figs.4.10 and 4.11). Two identical ferrite cavities are located in
the synchrotron SIS18.

The material Ferroxcube FXC 8C12m is used for the ferrite ring cores. In total,
N = 64 ring cores are used per cavity. Each core has the following dimensions:

do=2r,=498mm, d;=2r; =270mm, d.ye = 25mm,
r = /riro = 183 mm.
For biasing,

Nbias =6
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Fig. 4.10 SIS18 ferrite cavity. Photography: GSI Helmholtzzentrum fiir Schwerionenforschung
GmbH, T. Winnefeld

Fig. 4.11 Gap area of the SIS18 ferrite cavity. Photography: GSI Helmholtzzentrum fiir Schwer-
ionenforschung GmbH, T. Winnefeld
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Table 4.1 Equivalent circuit parameters for SIS18 ferrite cavities (without influence of tetrode
amplifiers)

Resonant frequency fres 620kHz 2.5MHz 5MHz
Relative permeability s/ . 450 28 7
Magnetic bias field Hy;,s at mean radius 25A/m 700 A/m 2750 A/m
Bias current iy 4.8A 135A 528 A
MI/M.Qf product 421075 3.7-10°s7! 3.3-10°s7!
Q-factor Q0 15 53 94

Ly 88.2uH 5.49 nH 1.37 pH
L, 88.5uH 549 uH 1.37uH
R 22.8Q 1.63Q 0.46
Ryo 5,200 © 4,600 €2 4,100 2
Cavity time constant t 7.7ps 6.7 s 6.0 pus

figure-eight copper windings are present. The total capacitance amounts to
C = 740 pF,

including the gap, the gap capacitors, the cooling disks, and other parasitic capaci-
tances. The maximum voltage that is reached under normal operating conditions is
Veap = 16KV.

Table 4.1 shows the main parameters for three different frequencies. All these
values are consistent with the formulas presented in this book. It is obvious that both
;L{DIQf and R, do not vary strongly with frequency, justifying the parallel equivalent
circuit. This compensation effect was mentioned at the end of Sect. 4.1.4.

All the parameters mentioned here refer to the beam side of the cavity. The
cavity is driven by an RF amplifier coupled to only one of two ferrite core stacks
(consisting of 32 ring cores each). The two ring core stacks are coupled by the bias
windings. Therefore, a transformation ratio of 1 : 2 is present from amplifier to
beam. This means that the amplifier has to drive a load of about Ryo/4 ~ 1.1 k.
For a full amplitude of Vgap = 16kV at f = 5MHz, the power loss in the cavity
amounts to 31 kW.

The SIS18 cavity is supplied by a single-ended tetrode power amplifier using a
combination of inductive and capacitive coupling.

It has to be emphasized that the values in Table 4.1 do not contain the amplifier
influence. Depending on the operating point of the tetrode, R, will be reduced
significantly in comparison with R,, o, and all related parameters vary accordingly.

4.1.16 Further Practical Considerations

For measuring the gap voltage, one needs a gap voltage divider in order to decrease
the high-voltage RF to a safer level. This can be done by capacitive voltage dividers.
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Gap relays are used to short-circuit the gap if the cavity is temporarily unused.
This reduces the beam impedance, which may be harmful for beam stability. If
cycle-by-cycle switching is needed, semiconductor switches may be used as gap
switches instead of vacuum relays. Another possibility to temporarily reduce the
beam impedance is to detune the cavity.

The capacitance/impedance of the gap periphery devices must be considered
when the overall capacitance C and the other elements in the equivalent circuit
are calculated. Also, further parasitic elements may be present.

On the one hand, the cavity dimensions should be as small as possible, since
space in synchrotrons and storage rings is valuable and since undesired resonances
may be avoided. On the other hand, certain minimum distances have to be kept
in order to prevent high-voltage sparkovers. For reasons of EMC (electromagnetic
compatibility), RF seals are often used between conducting metal parts of the cavity
housing to reduce electromagnetic emission.

In order to satisfy high vacuum requirements, it may be necessary to allow a
bakeout of the vacuum chamber. This can be realized by integrating a heating
jacket that surrounds the beam pipe. It has to be guaranteed that the ring cores are
not damaged by heating and that safety distances (for RF purposes and high-voltage
requirements) are kept.

If the cavity is used in a radiation environment, the radiation hardness of all
materials is an important topic.

4.1.17 Magnetic Materials

A large variety of magnetic materials is available. Nickel-zinc (NiZn) ferrites may
be regarded as the traditional standard material for ferrite-loaded cavities. At least
the following material properties are of interest for material selection, and they may
differ significantly for different types of material:

e permeability

* magnetic losses

 saturation induction (typically 200-300 mT for NiZn ferrites)

* maximum RF inductions (typically 10-20 mT for NiZn ferrites)

« relative dielectric constant (on the order of 10—15 for NiZn ferrites but, e.g., very
high for MnZn ferrites) and dielectric losses (usually negligible for typical NiZn
applications)

* maximum operating temperature, thermal conductivity, and temperature depen-
dence in general

* magnetostriction

» specific resistance (very high for NiZn ferrites, very low for MnZn ferrites)

In order to determine the RF properties under realistic operating conditions (large
magnetic flux, biasing), thorough reproducible measurements in a fixed test setup
are inevitable.
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Amorphous and nanocrystalline magnetic alloy (MA) materials have been used
to build very compact cavities that are based on similar principles as the classical
ferrite cavities (see, e.g., [12,23,29-31]). These materials allow a higher induction
and have a very high permeability. This means that a smaller number of ring cores is
needed for the same inductance. MA materials typically have lower Q factors than
those of ferrite materials. Low Q factors have the advantage that frequency tuning is
often not necessary and that it is possible to generate signal forms including higher
harmonics instead of pure sine signals (cf. Sect. 5.5.1). MA cavities are especially of
interest for pulsed operation at high field gradients. If a low Q-factor is not desired,
it is also possible to increase it by cutting the MA ring cores.

Microwave garnet ferrites have been used at frequencies in the range 40—60 MHz
in connection with perpendicular biasing, since they provide comparatively low
losses (see, e.g., [32-34]).

4.2 Cavity Excitation

In Sect.4.1.8, we derived the differential equation (4.28) that is obtained for the
standard lumped element circuit of the cavity shown in Fig.4.5. This is valid for
several types of cavities.

We already mentioned that the cavity time constant T determines how the cavity
reacts to excitations, i.e., changes in the generator current and the beam current.

In Appendix A.7.1, a solution (A.37) of the ODE (4.28) is derived for a special
excitation, namely that the sinusoidal generator current is switched on.

We now evaluate this solution for a specific case. Consider the following
parameters as an example:

R, = 2k, C = 500pF, L, = 50.66 pH.
This leads to
Op ~ 6.28, T=2us
and a resonant frequency of 1 MHz. The impedance is shown in Fig. 4.12.

Figures 4.13, 4.14, 4.15,4.16,4.17, and 4.18 show what happens if the cavity is
excited with a current

Lgen(t) = Igen sin(wt)

that is switched on at ¢+ = 0 with an amplitude of I gen = JA.
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If the excitation frequency differs much from the resonant frequency of the cavity,
the cavity first tries to oscillate with the resonant frequency. After a while, this
transient behavior ends, and the cavity oscillates with the excitation frequency.
However, no significant voltage is obtained.

If the excitation frequency is close to the resonant frequency, one sees some
overshoot before the stationary conditions are reached.

If the cavity is excited with its resonant frequency, the maximum voltage is
achieved for a given current. The time constant 7 is clearly visible.
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Fig. 4.15 Excitation with
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4.3 Transit Time Factor

In the simplest case, the longitudinal component of the electric field may be regarded
as constant in the ceramic gap, and it has a harmonic shape:

E(1) = E cos(wrt).

We now consider a particle that passes the center of the gap at z = 0 exactly at the
time ¢ = 0, when the electric field is at its crest.
The particle then experiences the voltage

+ Algp/2 + Atgap/2
V:/ Edzz/ E(?) ug dt.
—Algap/2 —Atgap/2

Here we assume that the percentage of change in the particle velocity is small
enough that one may simply write

7z Al
uR = - = ﬂ'
YN

The quantity Atg,, denotes the time of flight through the gap. In this way, we obtain

. [T Ap/2 . [ sin(wggt) 12e/?
V = ugE / cos(wrpt) dt = 2ugE [ﬁ}
—Atgap/2 WRF o

_ ZMRE sin(a)RpAtgap/Z)
WRF
sin(a)RFAtgap/2)

=V = AlyE
&P wRFAZgap/ 2

If the time of flight is, according to

Atgyy K Trr < WrpAlgy K 27,
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small in comparison with the RF period, it follows that
V = Vo = AlgyE.
If this is not the case, one obtains
V="W-f
where fr denotes the transit time factor

Alg,
fT =si (a)RpAtgap/Z) =si (M) .

ZMR

In a synchrotron,

2
—h
WRF e
and
IR
UR = —
R e

are valid, so that
Sr=si (—NhAlgap)
IR

is obtained.

In the synchrotron SIS18 at GSI, the gap length Aly,, of the ferrite cavities
amounts to about 0.1 m, the circumference of the synchrotron is /[g = 216 m, and
the maximum harmonic number is 4. This leads to

Jr &~ 0.999994,
so that the transit time effect is not at all relevant.

The situation is different in a linear accelerator, in which a gap length of 10 cm
may have a significant effect. In the linear accelerator UNILAC at GSI, § = 0.15 is
reached at an RF frequency of 108 MHz, so that

Jr ~ 0.9079

holds.
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The transit time factor that was derived here should be regarded as only a rule of
thumb to check whether the transit time effect is relevant. The formula was based
on the following drastic simplifications:

e The arrival time was chosen in such a way that the particle experiences the
maximum field strength.

* The field was assumed to be homogeneous in the longitudinal direction.

* The relative change in the particle velocity inside the gap was assumed to be
small.

4.4 Pillbox Cavity

The pillbox cavity may be regarded as the fundamental cavity type, especially
in linear accelerators. Other accelerating structures may often be considered as a
modification or combination of pillbox cavities. Therefore, the pillbox cavity is
analyzed in this section. The notation used here is close to that used in [35,36].
Firstly, we discuss the TE modes and the TM modes in circular waveguides
(perfectly conducting hollow cylinder). In both cases, a field solution for the pillbox
cavity will afterward be generated by introducing ideally conducting end plates.

4.4.1 TM Modes

We begin with the equations for the vector potential (2.50) and the scalar poten-
tial (2.51). Since we are interested in only time-harmonic solutions, phasors will be
used—even though we do not mark’ them specifically as phasors in this section:

A/f—l—w—zgz—,uf,
C
w? )
AP+ — &= -~
C €

The inside of the cavity is evacuated and is therefore free of charges and free of
currents. Hence, we are looking for solutions of the vector Helmholtz equation

AA+Kk*A=0

and the scalar Helmholtz equation

7In other chapters of this book, the phasor of a time-domain function X(¢) is denoted by X in the
frequency domain.
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AP+ k> D=0
with
k=2,
€o
which are coupled by the Lorenz gauge condition (2.49)
div A = — jopoeo®. (4.29)
As we will see, nontrivial solutions are still possible if
A= AFe. (4.30)
is assumed. This leads to the following equation:
AAE +k* AF =0, (4.31)

According to Eqgs.(2.47) and (2.48), the fields can be derived from the vector
potential by means of

F i _ 10AE | 9AF
= Ccur. = €,— — e
Ppdp ¥ dp

(4.32)

and

> - Lo 1 - Lo cé o

E=—-—jwA—grad ® = —joA———— grad div A = —jow A+ — grad div A.
—JWHo€o Jw

Here, Eq. (4.29) was used. For A= Afé}, we have

. 0AE
div4 = —=
0z
and
ddivA—z 82Af+q 1 82Af+q azAf
ra =e — é ,
g 1v P dpdz %p dpdz  ° 92
so that

. 92AE 1 0?4F Z2AE 2
E=-"92|g = 45 — "2 43 | = 4 2 gE 4.33
jo |:ep 0p0z T p 0¢dz teé 072 + g - (433)
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is the result. Equations (4.32) and (4.33) were obtained by expressing the curl,
div, and grad operators in cylindrical coordinates. The first result shows that our
assumption (4.30) for the vector potential implies that there are no longitudinal
components of the magnetic field. We will therefore get transverse magnetic (TM)
waves, which are also called E waves. This explains why we called the longitudinal
component of the vector potential Af . In cylindrical coordinates, Eq. (4.31) can be
written as

PAE 10AF 1 2AF AP

ol kAL =o.
>  p dp +p2 d¢p? FERR

We solve this equation by inserting the separation ansatz (cf. [36])
AF = Ao(p. 9) A3(2).

After division by A, one gets

1 824y 11 84 1 1 94 1 824
( 0 0 0) S )

A 07 T pd p A 0p2 ) T A a2

It is obvious that the first term in parentheses may depend only on p and ¢, and the
second term only on z. Since the last term, k2, however, does not depend on any of
these coordinates, the two terms must be constant:

1 %49 11 94o 1 1 9%4

et T . A T = —C,.
Ay 0p? +,0A0 dp +P2Ao d¢p? ’
1 024
— S
A3 812 }
C0+C3=k2.

If we multiply the first equation by p?, we get

1 9%4, 1 94 1 924,
2 — 20 o)+ — T
(p Ay 0p? +p140 dp o)+

We insert the separation ansatz

Ao = A1(p) Aa2(¢)
and obtain

1 024,
Cop? — —— =0
* Op)+A2 dp?

P4 o TP o

(Pl 24,00
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The first term in parentheses may depend only on p, whereas the second term may
depend only on ¢. Therefore, they must both be constant:

, 1 24 1 a4

— + Cop® = Cy,
P Ay 8p2 +pA1 8p + Cop !
1 9°4
184 )
Ay 8(,02

The three ordinary differential equations may be rewritten in the following form:

d2A4 dA
2= 2L 4 p —— + (Cop? — C1) Ay = 0, (4.34)
dp? dp
d2A4
—22 + C14, =0, (4.35)
de
a4
340345 = 0, (4.36)
dz2
Co+ C3 = k°. (4.37)

For real constants C;, C3 > 0, the last two differential equations describe a harmonic
oscillator, so that the solutions

A3z = Az cos(y/C37) + Az sin(4/C3z) (4.38)
and
A2 = A21 COS(\/ C1§0) + A22 sin(\/ Cl(p) (439)

are obvious.® In the first equation (4.34), the substitution p = +/Cop leads to

dA1 dA]
~2 ~ ~2
1~2 15 ( l) 1

This is equivalent to Bessel’s differential equation

d? d
xz—y +x—y

2_ 2
+(x%— =0, 4.40
dx? dx (" =m7)y (4-40)

8The assumption C; < 0 would lead to solutions that are not 27 -periodic with respect to ¢, which
cannot provide unique field values, because an angle advance of 27 corresponds to the same point
inside the circular cross section. For the same reason, the constant C; must be real; it cannot be
complex. The assumption C3 < 0 would lead to evanescent waves. Since the circular waveguide is
free of losses, complex values of C; are impossible; the transmitted power must be constant in the
z-direction. Due to Eq. (4.37) areal C; also leads to a real Cy.
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where we define
m = 4/ Cl.

A set of solutions is given by the Bessel functions of the first kind J,,(x)
and Bessel functions of the second kind Y,,(x) (also called Neumann functions
N,,(x))—see Table A.2 on p. 415 and Figs. A.5 and A.6. In our case, we get

A1y = A1dn(V Cop) + A12Y (v Cop).

Since the field components and Af must not change if integer multiples of 2x
are added to ¢, the restriction m € {0,1,2,...} must be valid, as Eq.(4.39)
shows. Negative m do not lead to new degrees of freedom (J_, = (—1)"J,,
Y_,, = (—=1)™Y,,) and can therefore be excluded. Because Y, (x) has a pole at
x = 0, which would lead to singularities of the field components at p = 0, it cannot
correspond to a physical solution. Hence, we omit the last term. The total solution
is therefore given by

AE=1,,6/Cup) 1421 cos(me)+ A2 sin(me)] [Az1 cos(v/C32)+Azz sin(v/Ca3)].
We finally define K = 4/Cy and k, = /C3, so that
AF =17,,(Kp) [A21 cos(mg) + Az sin(me)][A31 cos(k.z) + Az sin(k.z)]
with
K> +k2=k*

is valid. According to Egs.(4.33) and (4.32), this leads to the following field
components:
_ G pAr
P jw dpdz
2
C
= j_Z) Kk, J (Kp)[A21 cos(mg) + Ay sin(my)]
X [—As; sin(k.z) + Az cos(k.2)], 4.41)
c LOAT
jo p 0¢dz
2

2 m )
= j_Z) > kI (Kp) [—Az sin(me) + Ay cos(mg)]

X [—As; sin(k.z) + Az cos(k.2)], (4.42)
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C% 2 NV
E, = ]_a)(k —kZ)AZ =

>
¢ )
= j_Z) K? 1,,(Kp) [A21 cos(me) + Az sin(me)]

x [A31 cos(k;z) + Az sin(k.z)], (4.43)
B, = 1 0AE _
p ¢
= = In(Kp) [~ 421 sin(mg) + Az cos(mg)]
X [A31 cos(k.z) + Az sin(k;2)], (4.44)
B - _BAf _
[ op
= —K J,,(Kp) [A21 cos(mp) + Ay sin(my)]
X [A31 cos(k.z) + Az sin(k;2)], (4.45)
B, =0. (4.46)

At the conducting surface at p = rpipox, the tangential components of the electric
field (i.e., E,, E;) and the normal component of the magnetic field (i.e., B,) must
vanish.”? This leads to the condition

I (Krpitibox) = 0.

The zeros of J,,(x) with x > 0 will be denoted by j,,, where n € {1,2,3,...}.
Selecting n therefore determines K according to

jmn

K = .
TI'pillbox

In conclusion, the field pattern of a TM mode is determined by the two numbers
m and n. Therefore, one writes TMp,, or Ey, to specify the modes in a circular
waveguide. The propagation constant for such a mode is given by

k. = vk — K2

91f we had assumed C, < 0, Bessel’s modified differential equation would have been obtained.
This ODE will be discussed later in this book, and its solutions without poles, the modified Bessel
functions I,,,(x), do not have zeros for x > 0. Therefore, it would not have been possible to satisfy
this boundary condition at p = rpiipox-
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It is obvious that a minimum (angular) frequency @ = . is needed if k; is to be
real, which means that the wave is propagating. This cutoff frequency of the TM
mode under consideration is given by k = K, which is equivalent to

Jmn

Tpillbox

we; = Co

A pillbox cavity corresponds to a circular waveguide with additional conducting
walls at z = 0 and z = Ipipox- Since E, and E, must be zero at z = 0, one then
selects A3, = 0. Because one has to satisty £, = E, = 0 at z = /,iuox in addition,
the condition

kzlpillbox =pr

must hold. For characterizing the modes in a resonator, we therefore have to
introduce a third number p € {0, 1,2,...}. If the three numbers m, n, and p are
fixed, then K and k. are fixed as well, and the equation

Lok = k2 + K2
Co '

determines the resonant frequency fres = 4= = 5=. In a cavity with perfectly
conducting walls, electromagnetic fields may exist only at these discrete resonant
frequencies (eigenvalue problem). The corresponding modes are denoted by TMypp

or Epyp.

4.4.2 TE Modes

The solutions derived in the previous section are based on the assumption that
the inside of the waveguide or the cavity is evacuated. Therefore, the Maxwell’s
equations that had to be solved reduce to

curl H = jwe E, (4.47)
curl E = —jowpo H, (4.48)
div B = 0, (4.49)
div D = 0. (4.50)

The general approach to deriving the vector potential is based on the equation
div B =0,

so that
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B=culA

was required above. Now we see that in the special case that the waveguide is
evacuated, we can alternatively satisfy

divD =0
by defining
D =curl A. (4.51)

If we insert this into Eq. (4.47), we get
curl (ﬁ — jw /I) =0,
which may be satisfied if the scalar potential ® is defined according to
H—joAd=grad® = H=jo A+ grad ®. (4.52)
The expressions for D and H are now inserted into Eq. (4.48):

curl curl 4 = —jw o€ (ja) A+ grad @)

- w?

:>graddiV/I—AA=—2/I—j%grad<D
o o
Ty R
= AAd+k"A=grad|divAd+j— D).
o

By means of the gauge condition

2o, (4.53)
€

divAd=—j
this leads to the vector Helmholtz equation
AA+ KA =0.

Our new ansatz for the vector potential obviously leads to the same equations
to be solved as in the previous section. However, in this case, the curl of the
vector potential now determines the electric field instead of the magnetic one. One
therefore speaks of TE waves instead of TM waves.

We now determine the field components of the TE waves (also called H waves)
in the same way as those for the TM waves (also known as E waves). Therefore,
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A=A"¢, (4.54)
is assumed. This leads to the following equation:
H 2 4H
AAT + k= A7 =0. (4.55)

According to Eqgs. (4.51) and (4.52), the fields can be derived from the vector
potential by means of

1

04" pAH

- - 1
D =curl A=¢,- —ey——
cur oy ey ”

(4.56)

and

2
H=joA+grad® = joA— ?—0 grad div A.
jo

Here, Eq. (4.53) was used. For A= Afé}, we have

. aaH
divA = :
0z
and
ddiv A =3 82A1H+ﬂ 1 82Af+q PAH
rad div A = — ,
g i apdz b p 090z ¢ 022
so that

- 2| 024" | 1 92AH | [324H 2
"= [ oz T T T ( e T q Af)} -
is the result. Equations (4.56) and (4.57) were obtained by expressing the curl,
div, and grad operators in cylindrical coordinates. The first result shows that our
assumption (4.54) for the vector potential implies that there are no longitudinal
components of the electric field. We will therefore get transverse electric (TE)
waves. This explains why we called the longitudinal component of the vector
potential Af .
Since the Helmholtz equation (4.55) is still identical to that of the E mode
derivation (4.31), the same separation ansatz may be used as in the previous section.
The total solution is therefore given by

Al = 1,,(Kp) [A21 cos(me) + Ay, sin(me)] [A31 cos(k:z) + Az sin(k.2)]
with

K? + k2 =k
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According to Egs. (4.56) and (4.57), this leads to the following field components:

1 BAZH m .
D, = - = — I, (Kp) [—Ay sin(me) + Az cos(me)]
pdp p
x [A31 cos(k;z) + Az sin(k.z)],
0AH , .
D, =— ab =—K I, (Kp)[Az cos(me) + Az sin(me)]
x [A31 cos(k;z) + Az sin(k;z)],
D, =0,
c2 3*AH
Hy=—-2 — =
jow 0pdz
2
¢ , .
- _j_z) Kk, T, (Kp) [Az1 cos(me) + Ay sin(me)]
X [—A31 Sil’l(kZZ) + A32 COS(kZZ)] s
2 1924
Hy=—F - ———=
jo p 0¢iz
. m .
=—— — kJ,(Kp) [-Az sin(me) + Az cos(mg)]
jo p
X [—A31 Sil’l(kZZ) + A32 COS(kZZ)] s
b 2 o H
Ho= =02 — ) Al =
jw

2
c .
— _j_z) K? 1,,(Kp) [A21 cos(mg@) + Az sin(me)]
x [A31 cos(k;z) + Az sin(k.2)].
At the conducting surface at p = rpjipox, the tangential component of the electric

field (i.e., E, and hence also D,) and the normal component of the magnetic field
(i.e., B, and hence also H,) must vanish. This leads to the condition

¥ (Krpiox) = 0.

The zeros of J),(x) with x > 0 will be denoted by j,,., where n € {1,2,3,...}.
Selecting n therefore determines K according to

=/
K = Jmn
T'pillbox
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In conclusion, the field pattern of a TE mode is determined by the two numbers
m and n. Therefore, one writes TE,,, or Hy, to specify the modes in a circular
waveguide. The propagation constant for such a mode is given by

k. = Vk2 — K2.

It is obvious that a minimum (angular) frequency @ = . is needed if k; is to be
real, which means that the wave is propagating. This frequency is given by k = K,
which is equivalent to

v
wc =3 C()Ji.
Tpillbox

We again introduce end plates at z = 0 and z = Ipipox in order to convert the
waveguide into a pillbox cavity. Since D, and D, must be zero at z = 0, one then
selects A3; = 0. Because one has to satisty D, = D, = 0 at z = oy in addition,
the condition

kzlpillbox =pr

must hold (p € {1,2,...}). Please note that p = 0 is not an option for TE modes,
since all field components disappear in that case. If the three numbers m, n, and p
are fixed, K and k, are fixed as well, and the equation

Lok = k2 + K2
Co '

determines the resonant frequency. The corresponding modes are denoted by TE
and Hypp.

According to Table 4.2 on p. 216, j 1/ | is smaller than jo;. Hence, the dominant
mode in the circular waveguide, i.e., the mode with the lowest cutoff frequency, is
the TE;; mode.

Since the TE modes do not have any longitudinal component of the electric field,
they cannot be used for acceleration in a pillbox cavity. Therefore, in a pillbox
cavity, the mode TMyo is usually used for acceleration. In this case, the TMyg
mode should also be the dominant mode. Therefore, one has to exclude the situation
in which the resonant frequency of the TE;;; mode is lower. For the TE;;; mode,
we have

2 a)rzes 2 2
k"=-—"2 =k +K
g

with
b4

./

J
k. = . k=
Lpilibox Fpillbox




216

4 RF Cavities

Table 4.2 Zeros j,, of the Bessel function J,, (x) and zeros j, of its derivative J, (x); values
taken from [37]

]mVl

Jom m=0 m=1 m=72 m =3 m =4

n=1 2.40483 3.83171 5.13562 6.38016 7.58834
3.83171 1.84118 3.05424 4.20119 5.31755

n=2 5.52008 7.01559 8.41724 9.76102 11.06471
7.01559 5.33144 6.70613 8.01524 9.28240

n=3 8.65373 10.17347 11.61984 13.01520 14.37254
10.17347 8.53632 9.96947 11.34592 12.68191

n=4 11.79153 13.32369 14.79595 16.22347 17.61597
13.32369 11.70600 13.17037 14.58585 15.96411

Please note that Jj(x) also has a zero at x = 0, which explains the modified order in [37]. The
smallest values for j,, and for j, . respectively, are printed in bold type.

For the TMy;o mode,

k=K-=

is valid. Therefore we require

Tpillbox

>

plllbox ) (
1
T

l pillbox

Jot

T'pillbox

) -
T'pillbox
Vid — i’ ~ 0.49.

TI'pillbox

).

Roughly speaking, the length of the cavity must therefore be smaller than the

diameter.

4.4.3 Energy Considerations for the TMgy;9 Mode

As mentioned above, the mode that is used for acceleration is the TMg;o mode. For

this mode,

is valid.

Equations (4.41)—(4.46) then reduce to

E, =

c .
j_Z) K?Jo(Kp) Az A31 = —jw Ay Jo(Kp),

(4.58)
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B(p =-K J6(Kp) Ay Az; = —Ao K J6(Kp) (459)

Here we defined Ay = Ay; A3 as a new constant. The voltage that is generated
along the z-axis is

[ pillbox
/ E.(p=0) &t
0

where Jp(0) = 1 was used.

A

V= = w |4o| Jo(0) Lpiwox = @ |Aol lpinbox,  (4.60)

4.4.3.1 Electric Energy

We now calculate the total time-averaged electric energy in the cavity:
_ 1 >, =
Wa= ZRe D*-EdV; =

1 lpillbox [ Tpilbox 270 2 Tpillbox
ZEO/ / / |E.|*p dp dp dZ:TlpillbOXEO/ |E.|*p dp=
0 0 0 0

T 5 2 Tpillbox )
= Elpillboxeow | Ao A J5(Kp) p dp.

According to Gradshteyn [38, Sect. 5.5, formula 5.54-2],

2
/an(Kp) pdp= % {17 (Kp) = Tn—1(Kp) Tnt1(Kp)}

2
P
= [R(ke) pap = 2 (R(Ke 11 (Ko) 1 (K}
is valid. Due to Eq. (A.72), Table A.2 on p. 415, we have
Jon@ = (D" =11 = —Nh(),
so that
2 P 0 2
[ ko) pap = 2 iKe) + 3K}

holds. In our case, the upper integration limit is rpijpox, Which leads to the argument
Kp = Krpiox = jo1. Therefore, we obtain
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Tpillbox rz'llb )
/ B (Kp) pdp = L= 1 (jor).
0

2
This leads to
2
— T . 7T Foillb
W = —lyitbox" anox€00° | Ao* B (o) = = 2= V2 B (jor).  (4.61)
4 4 lplllbOX

In the last step, Eq. (4.60) was used.

4.4.3.2 Magnetic Energy

For the sake of completeness, we now check that the stored (time-averaged)
magnetic energy equals the electric energy stored in the cavity:

— 1 - >
Wm‘dgn:_Re{/H*'BdV} =
4

1 Ipillbox [ Tpilbox 270 27l Tpillbox
= / / |B,’p dg dp dz=$/ |By|*p dp=
0 0

l . pillbox
= 2o e [ ke pa.
Mo

According to Table A.2 on p. 415, Eq. (A.77),

1@ = -1i(2),

is valid, which leads to
_ 7Tl illb Tpillbox
Woen = 5 2212 [ (K p 0.
Ko
We may again apply formula 5.54-2 in [38]:
2
P
/J%(Kp) pdp = > {31(Kp) —Jo(Kp) J(Kp)} .
One gets

pillbox 2 r;illbox 2/ .
Ji(Kp) pdp = — J1(or)- (4.62)
0

This leads to
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Loitbox72

— 7T Lpillbox / hillb .

Wmagn = - e I<2|AO|2 J%(]Ol)
4 Mo

Lilbox > 2 r2
TT “pillbox Mpiflbox @ 212/ T " pillbox
= Z——2|A0| Ji(o1) = 7
Mo Cy

7 coV? B (o),
pillbox

which verifies Wo = Wmagn after comparison with Eq.(4.61). In the last step,
Eq. (4.60) was used.

4.4.3.3 Power Loss

According to the power loss method, the (time-averaged) losses in the conductor
(conductivity k) can be calculated approximately by

— R
Pioss = %rf/|Ht|2 dA.

Here

1
Rsurf =

K6

denotes the surface resistivity with skin depth

82” 2 .
WK

In the scope of the power loss method, one assumes that the fields outside the
conductor (i.e., inside the cavity) do not change significantly if the ideal conductors
are replaced by real ones with sufficiently high «. Therefore, the tangential field
H, according to our solution (4.59) in the previous section can be used. For the
cylindrical surface at p = rpjipox, We therefore have

K K .
H; = Hy(p = rpinbox) = —Ao — Jo(Krpiwox) = Ao — J1(jo1),
Mo Ho

which leads to

- Rsurf 2 K2 2/ .
Plos1 = 27 Fpinbox [pittbox | Aol —5 J7(Jo1) =
2 "o
Tpillbox 52 €0 12, . Rsurf Tpillbox 52 12, .
= ﬂRsurf Vv _Jl(]Ol) = 2 14 J](]Ol)‘
Lpitibox Ho Z§ lpibox
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Here

Zo= M A 37673 0

€0

denotes the impedance of free space.

4 RF Cavities

For each of the two end plates of the pillbox cavity, one obtains

o R Tpillbox [+ 27
Ploss2 = Szurf/ / |H,|*p dp dp =
0 0

surf

R Tpillbox
= 27F|A0|2K2/0 Vo(Kp) pdp =

23

€0 2 2 Tpillbox )
= ﬂRsurf_|A0| (O] / JI(K,O) ,Od,O
Mo 0

Here we may use the result (4.62) and Eq. (4.60) again:

2
- 7 Rourt 5 Fpillbox 1o, .
Ploss,Z = E 22 |4 12 J](JOI)-
0 pillbox

Since two end plates are present, the total power loss is

2
0

- - - Rout o, . Fpillb
Ploss = Ploss,l +2 Ploss,Z =T 7 VZ J%(]Ol) ( P +

Lpilibox
This leads to the Q factor

Q - o Wtolal - o 2Wel
p.0 — Wres— — Wres—
loss P loss

2
7 Tpillb 2 12/ :
T pi OXEOV J](]Ol)

2
T pillbox

12
pillbox

) . (4.63)

= w 2 Ipilbox _ Wres Fpillbox L0
= TeS > = - .

Rawt Y72 12(; Tpillbox T pillbox 2 Rout (1 + p.llbox)

d Z; V2 3iGon) Tpillbox + 12 o Ipillbox
Due to
Jot
@res = Co , (4.64)
T'pillbox

this may also be written as
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_ CoMto joi _ Zy joi _ Tpillbox 1
Qpo = Tpillbox \ ribox \ 8 1 4 Ipilbox *
2 Rgurt (1 + _lpmbox) 2 Rt (1 + _lpmbox) Ipilibox
(4.65)
Equation (4.63) leads directly to the shunt impedance
& z2
Ryg= —— = O — (4.66)
2P 2R RO (14 )

with

jor 7~ 2.40483  and T, (jor) ~ 0.51915.

Again we have to emphasize that the shunt impedance is often defined with an
additional factor of 2. Furthermore, the transit time factor may be included in the
definition of the shunt impedance (cf. [39,40] or [41, vol. II, Sect. 6.1.4]).

4.4.4 Practical Considerations

In order to calculate the losses of the pillbox cavity, we introduced a transition from
ideal conductors to realistic conductors with finite conductivity. The cavity with
ideal conductors does not have any losses at all. Therefore, Q — oo and R, — o0
are valid. According to Egs. (4.65) and (4.66), this result is also obtained for k —
o0, 8= O, Rsurf =0.

In the case of a lossless cavity, fields are present only for specific resonant
frequencies. If losses are present, this discrete spectrum of resonant frequencies
is transformed into a continuous one. The resonant frequencies correspond to
local maxima of the absolute value of the impedance; each resonance has a finite
bandwidth in the frequency domain (according to the Q factor of that specific
mode). At the fundamental resonance, one therefore usually describes the pillbox
cavity with the same lumped element circuit (parameters wres, Op 0, Rp o, EQ. (4.25),
Fig.4.5) that was obtained previously for the ferrite cavity.

In the analytical calculations above, we completely neglected the beam pipe,
the beam itself, and coupling elements. The beam pipe of course has a smaller
diameter than the cavity, but it still allows undesired higher-order modes (HOM)
to propagate. Of course, the presence of the beam pipe also modifies the solutions
obtained above. The beam itself is sometimes modeled as an RF current; it induces
fields inside the cavity (beam loading) that may act back on the beam.

Coupling elements are needed both to excite the fields inside the cavity and to
measure them. These coupling elements (e.g., small coupling loops) are usually
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designed in such a way that they can be connected to waveguides or transmission
lines with a specific impedance (e.g. 50 €2).

Instead of the unmodified pillbox cavity, one often uses rounded geometries.
Several individual cavities may be combined into a larger structure in order to supply
it with only one RF power source.

A cooling system is required to keep the lossy parts at constant temperature. This
is especially important for high Q factors, since temperature changes may otherwise
lead to significant drifts of the resonant frequency.

Since an unmodified pillbox cavity cannot be tuned in real time, i.e., since its
resonant frequency cannot be changed during operation, it is suitable only for
synchrotrons that work with a fixed RF frequency. This is, for example, possible
if ultrarelativistic electrons are accelerated where 8 =& 1 is valid. Of course, tuning
is at least necessary during the commissioning phase of a cavity. Due to tolerances,
the desired resonant frequency will usually not be hit after manufacture. Therefore,
possibilities to slightly modify the geometry must be offered. For this purpose,
plungers may, for example, be moved during normal operation in LINAC structures.

4.4.5 Example

As an example, we consider an 805-MHz pillbox cavity [42, 43]. The geometric
dimensions are

Ipillbox = 0.1562m, Lpilbox = 0.0519m, Fpilibox/ Ipitibox = 3.0096.

This leads to a theoretical resonant frequency of

es = ————— = 734.6 MHz.

In reality, the modifications of the ideal pillbox cavity (e.g., rounded edges, beam
pipe, coupling elements, etc.) lead to the above-mentioned resonant frequency of
805 MHz. At this frequency, one gets
§ =2.3292 pm, Rgyr = 7.40225 mSQ2
if one assumes a conductivity of 5.8-107 S/m (copper). With Eq. (4.65), this leads to
Opo = 15262,

which is close to the measured value of Qo = 15080 [43]. According to Eq. (4.66),
one obtains

Rp,() = 943k, = Rp,(]/lpﬂlbox = 1818MQ/m
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The design value in [42,43] corresponds to 19 M€2/m, since the definition of the
shunt impedance differs by a factor of 2 from our circuit definition and since the
transit time factor is included in [43] (but not in [42]).
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Chapter 5
Advanced Topics

In this chapter, some more-advanced aspects of longitudinal beam manipulations in
synchrotrons are discussed.

5.1 Different Phase Space Descriptions

In this section, we discuss alternatives to the longitudinal phase space (Az, AW).

5.1.1 Phase Space (¢, 9)
In Chap. 3, we carefully derived the tracking equations (3.8),

Ayy = Ayp—1 + %AVn—h
moC

and (3.14),

lR NR.n A)’n

At, = At,—1 + .
! ! ﬁnﬂénco YR.n

This allowed us to show that the phase space area measured in eVs is invariant.
These tracking equations are, of course, not the only possible ones. For example,
we may use the approximation

_ApNIAy

§i= 2l n 2V
PR ﬁR YR

5.1

H. Klingbeil et al., Theoretical Foundations of Synchrotron and Storage Ring RF Systems, 225
Particle Acceleration and Detection, DOI 10.1007/978-3-319-07188-6_5,
© Springer International Publishing Switzerland 2015
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to convert the first equation into

571 = 8;1—1 + ZLAVn—l-
:BRWR

For harmonic gap voltages, we get

| .
8y = 81 + ﬁ (Sin @Rrpn—1 — SIN@R) . (5.2)

Here we assumed that ,312{ yr does not change significantly from revolutionn — 1 to
revolution n. We may also multiply the second equation by

C
WRF = ZJTth = Zﬂhﬁ
IR
to get
n A n
AQren = A@ren—1 + 2h R 2
IBn,BR,n YR.n

Here we assumed that the RF frequency does not change significantly from
revolution n — 1 to revolution n. If one also assumes that gr, does not differ
significantly from ¢g ,—1, one gets

U Ay
,Bn ,BR,n )/R,n

@QREn = QREq—1 + 2mh

3

since

@YREn = QR + AQRES

holds. If we furthermore make use of the approximation (5.1), we get

ORFn = QREn—1 + 20hNRS,. (5.3)

Equations (5.2) and (5.3) may also be found, for example, as Eq.(3.28) in the
textbook by Lee [1]. They obviously use the phase space (¢rr,§) instead of our
original phase space (Az, AW). If one calculates the Jacobian

3(5n, <,0RF,n)
3(5;1—1, <,0RF,n—1) '

one finds that it equals 1. Therefore, the modified tracking equations preserve the
phase space area. It should be clear, however, that this is an artifact caused by our
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sloppy derivation of the modified tracking equations. We know that the phase space
(At, AW) leads to area invariance on a long-term basis. Due to the approximations
we used to derive the tracking equations for the phase space (¢rp, ), we cannot
be sure that these equations are still exact. Although the approximations are valid
with a certain precision in each tracking step, they may lead to large deviations on
a long-term basis. This should not astonish the reader, since we already pointed
out previously that making the tracking equations more symmetric also destroys
area preservation, although this modification is negligible in each step. There is no
canonical transformation that converts the phase space coordinates (Az, AW) into
the phase space coordinates (grg, §) or vice versa.

Of course, one may analyze the phase space (¢rr, §) in the same way as we did
for the phase space (At, AW). A Hamiltonian may be derived, and the bucket height
or the bucket area can be calculated.

As an example, we consider the ratio of the principal axes. According to
Eq. (3.28), we have

AW 2 We B2
— = fS,O EE——
At 7R

If we use the momentum spread

5 — Ap N 1 AW
PR BR MR
instead of AW and the RF phase deviation
A@rr = wrpAt

instead of At, we obtain

§ 27 1 fso
A = fS,O = 7 -
AQRrr [nr| wre  InrIE fR

This corresponds to Eq. (3.55) in Lee [1].

Since the phase space coordinates (¢rr, ) lead to an area preservation that is not
justified from a physical point of view, we will not use this phase space in most parts
of this book.

5.1.2 Relation to Phase Space (At, AW)

Now we determine the bucket area for the phase space (Aggg, §). For this purpose,
we consider the variables



228 5 Advanced Topics

0 = At, P =AW,
q = Agrr, pZSZ%-
This leads to
g=%=m=% (5.4)
and

p
£ - = ) 5.5
P AW ,BIZ{I’)’Z()C(%]/R (>-3)

For the first of these two equations, one has to take into account that Agg is the
RF phase. If this varies from —n to 7, the variable At will move through only one
bucket with the time span Tg/ h, not through the whole circumference equivalent
to TR.

For deriving the second equation, we made use of the relation

AW Ay Ap
W T o ~ Pr—-
R YR PR

For the bucket area, we have

Ag™ = / / dg dp
Ag™Y = //dQ dp,

respectively. The transformation law is

and

9q g
= [ [ aoar
90 P
the Jacobian equals
- g—é g—g . 2h _ 2mh
5’—5 §—§i TrBimocdiyr  TRBAWR'

as Egs. (5.4) and (5.5) show. Please note that this factor £ changes if an acceleration
takes place. The transformation from ¢, p to Q, P does not correspond to a
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canonical transformation. The factor £ does not depend on the integration variables,
so that we may take it out of the integral:

Ag(pkp,(g — E Aét,AW'
Therefore, Eq. (3.41),

aseow _ W2 [WRBRIOIV

T ,
i R ey ¥R
leads to
1%
AA(pR]:,S — 8\/5 |Q| a((p )
B whing| Wy

for the bucket area of a single bucket. By means of Eq. (5.5), we may convert the
bucket height in Eq. (3.32),

2 We2 0|V
AI/Vmax,stat = M’
mh |nRr|
into the bucket height
1 2 1%
8max,stat = AWmax,stat 5 = \/Tz
Wr B wh|ng|We B2

for the momentum spread. For an accelerated bucket, we have

8max = Smax,slalY((pR)-

5.1.3 Scale Transformation with Invariant Bucket Area

If we transform the original coordinate/momentum pair (g, p) into a new one
(Q,P), and if Q and P depend on g and p only via constant factors, then the
bucket area changes by the factor

BN
Q>
S
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as shown above. If we furthermore assume that Q depends only on ¢, and P only
on p, then

_ 00 dP
£ = dg dp
holds. If the bucket area is to remain unchanged under the transformation, the
condition £ = 1 is required. Therefore, if one variable p is multiplied by a factor f
(P = fp), the other variable ¢ must be divided by that factor f (Q = ¢/ f) in order
to preserve the bucket area.

Let us, for example, begin with the phase space (Afz, AW) and multiply the
first variable A¢ by wgr in order to obtain Agrp. Then AW must be divided by
wrr. Hence, the coordinates (Agrg, AW/wgg) lead to the same bucket area as the
coordinates (At, AW). If instead of the RF phase Aggp, one considers the angle 6
of the whole accelerator ring, i.e.,

A0 = Agrg/h,

then the pair (A8, AW/wg) is obtained as another alternative.

The transition to the new coordinates may be regarded as a canonical
transformation. Even though we did not introduce generating functions in the
scope of this book, we now use F3(p, Q). The reader may consult, for example, the
book of Goldstein [2] for the definition and the properties of generating functions.
We begin with

q = At, p =AW, 0 = Aggr,

and due to

_ _0F3(p, Q)
ip
we obtain

_ 0F3(AW, Aggr)

At =
AW

This relation is obviously satisfied for

1
F; = —AW Agrp —,
WRF
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since Agrr = wrpAft holds. This allows us to determine the new generalized
momentum variable P:
oF; oF; AW

p=-"2=__" =7
BQ aAprF WRF

As a result, we obtain the same pair of variables (Agrg, AW/wgr) as above.

Now we consider the case that the factor used for the scale transformation (wgg)
may vary with time. Just in order to use a different generating function this time, we
choose F,(q, P,t). We set

F,=q P A(1).
Therefore, we obtain
oF, p
=—=P- At P=——
P =% (?) = 0

0="2cga0 s 0=g20

The new Hamiltonian is

K—H oF, I p da H+oP 1.dA
o SHAAP g = HAOP
We see that only for constant A is the same Hamiltonian K = H obtained.

In Schmutzer [3, volume I, p. 417], it is shown that for all canonical
transformations, i.e., time-dependent ones, the Jacobian equals 1 in general.
Therefore, the phase space area remains the same even though the Hamiltonian
becomes time-dependent.

We finally check that the new function K actually is a Hamiltonian:

0K 9H dg 0H dp A

0 " 900 Tpao Tt

— i o rts

) L1 X
=_(lP+AP)-+PZ =
(AP + ))L+ 1

— P,
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0K _0H dg  OH Bp | A _
OP  dq 0P  9dp OP A
. . A
0)— 0k A
:—A _ =
FERRE

- 0.

5.2 Special Remarks on Linear ODEs of Second Order

Linear ODEs of second order with variable coefficients occur very often in
mathematical physics. In the following, we will therefore discuss some of their
properties.

5.2.1 Removing the Attenuation Term

As mentioned in Kamke [4, volume 1, Sect. 16.3], the second term of a linear ODE
may be removed by means of a suitable transformation. For the special case

ax()y +ai(t) y +ao(t) y =0, (5.6)
the ansatz
y = uv,
y = v+ uv,
V = iv + 2uv + uv,
leads to the ODE

i(av) + u(Rav + ayv) + u(av + a1v + agv) =0

w Vv a Vo oav a
:>u+u(2—+—l)+u(—+—l—+—0)=0.
Y ar v av az



5.2 Special Remarks on Linear ODE’s of Second Order 233
Here we make the second term vanish by setting
— a 1

v
v 2a,’

which leads to
d 1
_V = —— / ﬂdl
v 2 aj

1 ap
= In|v| = —3 —dt + const
as

1
=>Vv=1p exp(—E/Z—ldt).
2

This choice leads to the ODE

without attenuation term. Due to

. 1 a;
V=—=—V,
2612
. 1d1a2 — dzal 1 ag . 1 dl ldz aq 1 a%
VZ———Z —=V=|—-— ———+——2 v,
2 ay 2(12 2612 2612 aj 4a2

one obtains

. ap 1511 1d2a1 laf
a 2ay 2ayay 4a;

In principle, the trick that was presented here that made the first-order derivative
vanish cannot change the physical behavior of the system under consideration.
The attenuation that was obviously present in the original ODE was just (partly)
shifted into the function v(¢). Furthermore, it is clear that the transformation will
usually lead to a very complicated ODE of the type (5.7), which is no easier to solve
analytically than the original ODE (5.6).

However, the mathematical trick showed us that it is very useful to analyze ODEs
of the type

i+ K@t)u=0,

because it also allows statements about the original ODE (5.6).
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5.2.2 Solution by Integration of the Phase

We begin with the homogeneous linear ODE
i+ Q(u=0 (5.8)
of second order." If Q did not depend on time, we could use sine, cosine, or

exponential functions as an ansatz for the solution. For a time-dependent €2, it is
therefore straightforward to test the ansatz

wnzuamwp(g/QaOdQ,
which leads to

it = (itg + j Qouo)e’”
it = (it + j Q010 + jQito + j Qolitg + j Qotg))e’? =
= (i + j Qouo + 2 Qoitg — Qup)e’®.

Here we used
o0 = [ 200 ar.
If we insert this into the ODE, we obtain
iio + (% — Qup = 0
for the real part and
Qouo + 200ty = 0

for the imaginary part. According to

du() 1 dQO

uo 2 Q() ’

the latter may be separated, so that

1
In |ug| = —Eln |€20] + const

'If instead of Q2(¢), there were a periodic function K(¢), which does not necessarily have to be
positive, one would be faced with the Hill’s differential equation.
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N M

Uy = ——

VAN

is obtained. If 2 (7) is known, then uy(¢) is determined as well, and a solution u(¢)

of the ODE is found.
We obviously have

M 5.
o = _7903/290,

3IM s/ -
g = — =% 208 —

M 55
790 3/2907

which may be inserted into the ODE for u(¢):

3 4-5/2¢ 1 32 —1/2
ZQO/Qé—EQO/QO+(QZ—Q%)QO/ =0
180, 322
> Q7 =Q+ - -2 5.9
TN 4Q2 69

In general, it is, of course, very difficult to solve this nonlinear ODE if () is given.
In Appendix A.8, however, we use this result to construct a test scenario that can be
solved analytically.

5.2.3 Discussion of a Sample Solution

Now we consider some concrete numbers for the test scenario defined in
Appendix A.8. In the synchrotron SIS18 at GSI, U7 is stored at a kinetic energy
of 11.4 MeV /u. According to Eq. (A.67), this leads to

—R

== 38.732.
ﬁRVR

a

At the time t = 0, the total gap voltage is chosen in such a way that a synchrotron
frequency of 1640 Hz is obtained:

Qo = 10,3045
We fix

k=10s""
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and consider the time span from# = 0 to t = 100 ms (see Eq. (A.62)). Finally, we
analyze an asynchronous particle with an initial time deviation

Aty = 300 ns.

For this example, Fig.5.1 shows a phase space plot. In order to keep the plot
simple, only three time intervals with a length of 10ms each are displayed. It is
remarkable that the revolutions are almost closed. Therefore, one may calculate the
area approximately that is enclosed by the trajectory. According to the figure, this
area obviously does not change significantly.

Figures 5.2 and 5.3 show how the situation changes if k has a larger value. In all
cases, kt sweeps from 0 to 1, so that €2 decreases to about 30% of its initial value.

For values of k that are too large, the curves are strongly deformed, and we may
therefore no longer regard them as closed. This makes it more difficult to define the
area that is enclosed in a unique way.

Figures 5.4, 5.5, and 5.6 show that for sufficiently small k, the values of 2 and
2 are almost equal.
If we consider Eq. (5.9),
1Q, 32
Q=4+ - —--0
02, 1 Q%

we immediately see that the two requirements

2 <2 (5.10)
Qo Ty .
Qo 1
I 5.11
| <7 (5.11)
lead to
2
Qa Q= 2.
Ty

Therefore, the behavior that is observed in our example is valid in general.

Now we check under what conditions the curves in phase space are almost closed.
Equations (A.69) and (A.70) are abbreviated according to
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Fig. 5.1 Phase space plot for
k=10s""

+1.10*

-1.10°

Fig. 5.2 Phase space plot for

237

k =100s""!

Fig. 5.3 Phase space plot for +1-10*
k = 1000s"
g o
-1-10"
At = Atge™! co
and

Aty
a

Ay

-300 T
-200 1+
-100 +

100 +

At (rIs)

S

[—k s cosp+ Q¢ sin(p] .

For the sake of simplicity, we consider one revolution from ¢ = 2wm + 7/2 to
¢ = 2m(m + 1) + m/2. In this case, at the starting point and at the end point, we
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Fig. 5.4 Q (solid line) and 10000 A

Q (dotted line) for 1
k=10s"" 9000

8000 +
7000 +
6000 +
5000 +
4000 +
3000

Q (s

0.04 1
« 0.05+
0.07 1
0.08 1
0.09 {
0.10

p—

0.00
0.01+
0.02 +
0.03 +

® 0.06+
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have
At =0,
and Ay changes only according to the cosine function

¢ = cos(kr).
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Hence, it is obvious that during one revolution, Ay changes by the factor

cos(k(t + Tp)) — cos(kt)
cos(kt)

= cos(kTp) — tan(kr) sin(kTp) — 1.

For our choice
Qo(1) = Qo cos?(kr),
the requirements above lead to
(kTp)* < 1,
so that

cos(k(t + Tp)) — cos(kt) N (kTy)?
cos(kr) T2

— kTpy tan(kr)
is obtained. Due to
1
kT, tan(kt) < >

the expression on the right-hand side is much less than 1. Hence, with the required
inequalities (5.10) and (5.11), the revolutions are almost closed.

Since the curves are almost closed, we may answer the question how large the
enclosed area is. For this purpose, we may use Leibniz’s sector formula

TO. _.
AO:/ IXTXy
0 2

which gives the area inside a closed curve (x(¢),y(t)) parameterized by the
parameter ¢ € [0, Tp]. In order to define this area in a unique way, we demand
that for a given ¢, the expression k¢ will be kept constant during the following
revolution. Due to k7p <« 1, the value of k¢ will not change significantly. The
expression ¢ &~ o, however, increases by 2w during one revolution. For a given
revolution, ¢ will then be the only variable quantity on the right-hand side of the
following expressions:

At = Aty ¢! cos ®,

At A
=20 [—k c 25 cosp+Qc sinfp] .
a

Ay
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Due to
Al = —a Ay,
Ay = b At,
and
QZ
b=—,
a
we obtain
o Ay At — Af Ay 1 (P
AOZ/ —d[:—/ (bAt2+aAy2) dr =
0 2 2 Jo
1 rhoroz At? ~ 2
= _/ |:—At§ 2 cos?p4+ —2 (—k c 25 cosp+Qoc sinqo) i| dr =
2 Jo a a
A2 To ~
- 2_0 I:(Qz c 24k 52) coszgp —2kc¢ s Qo sing cosg
a Jo

+ Q% ¢? sin? qo] de.

With

it follows that

Atz 2 QZ k2
Ay = =0 |:(A 4 — 7t Sz) cos> ¢ — 2k ¢35 sing cosg
2a Jo Qo 0
+ QO sin’ (p] de.

Now we have

2 2 2
/ sin? @ dp = / cos’p dp = 7 and / sing cosg dp =0,
0 0 0

so that

2
TALg
26190

Ay = (92 R Q%)

is the result. We may now substitute Aty and a if we define the oscillation amplitudes
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Aty .
Ap = DI0C T A AtgeT! = AF Ap = 2000
a a

One should note that the product A7 A is constant, even though the factors are
changing with time:

25 o
Due to
R 2r  2me?
Q~ Qy= Qoc and Tp=— = —,
0 0 0 N &

this may be written approximately as
R kT, 2
Ao~ Z At ap (24| E% tankny | | (5.12)
2 2
Finally, with the help of

1
kT, tan(kt) < >

we find that

is almost constant.

We analyze this phenomenon more thoroughly. According to Eq. (A.62),
Qo(t) = Qo cos?(kr),

the angular frequency ¢ = 2 is obtained for ¢ = 0. This value will be reduced to
a specific final value Q.. This leads to a certain requirement for k7. By choosing
k, we may now select whether this final value is reached in a shorter or a longer
time ¢ = ffq. Under these conditions, we have

A1:A0(Z:0):NAfA]7

and

A 1 [kT, 2
Ay = Ao(t = ftfna) & T At A)/ (1 + g [—O tan(ktﬁnal)i| ) .
T
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For the same final value 2p,), the tangent function always has the same value, since
k tfinal 18 thereby determined in a unique way. However, we see that the difference
between A; and A, can be made as small as desired by choosing k. If k is very
small, i.e., if the frequency change is slow and the final frequency 2y, is reached
for large tg,, this difference will be very small. In fact, it can be made as small as
one likes by increasing #g,, accordingly.

5.3 Adiabaticity

The example that was presented in the previous section was a very specific one.
Nevertheless, we can use it to make some assumptions about phenomena of a
general nature.

We summarize the observations we made based in the example:

* The frequency was chosen in such a way that it does not change significantly
during one revolution in phase space.

* Therefore, the curves in phase space were almost closed.

* From a mathematical point of view, we required that the inequalities (5.10),

Qo < 1

QO T()’
and (5.11)

Qo < 1

Qo TO2
be valid.

* The area that is enclosed by the orbits remains almost constant (its shape changes,
however)—even during long time intervals. The slower the frequency is changed,
the smaller is the change in the area.

The observation described in the second bullet point motivates the following
definition:

Definition 5.1. Consider a Hamiltonian system with the Hamiltonian

H(q,p. )

that depends on a time-dependent control parameter A(¢). For constant A, suppose
that the orbits in phase space are closed. Under these conditions, the function

1
J(@) = —/ dg dp
21
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is called an action variable of the system. The domain A(¢) is defined in such a
way that the boundary curve dA(¢) is a closed orbit (q(7), p(7)) of the system with
A = A(¢) kept fixed while the time parameter 7 changes. Furthermore, the point
(q(2), p(t)) must belong to dA(?).

This means that for each time ¢, the actual position (g, p) in phase space is
determined. Based on this position, a specific orbit is considered that would be
obtained if A were constant (even though A varies a bit in reality). This trick leads
to a closed orbit that is determined in a unique way for each time 7. Please note
that this closed orbit is not an orbit that the system actually traverses, since the
real system orbit is not closed. Therefore, we cannot use area preservation in phase
space for time-dependent Hamiltonians as an argument for the case described in this
definition. The action J(¢) may in principle be time-dependent.

Please note that Definition 5.1 is a generalization of the definition of J in
Sect.2.11.7.2, which was applicable only to closed orbits. With Definition 5.1, one
may now also consider orbits that are not closed or almost closed.

A quantity for which the phenomenon applies that was described in the last bullet
point above is called an (Ehrenfest) adiabatic invariant.

According to Vladimir Arnold (see reprint of the article “Small denominators and
problems of stability of motion in classical and celestial mechanics,” Russ. Math.
Surveys 18:6 85-191(1963) in [5]), one makes the following definition.

Definition 5.2. Consider a Hamiltonian system with one degree of freedom speci-
fied by a Hamiltonian

H(g.p. )

that depends on a time-dependent control parameter A(¢). Suppose that for constant
A, the orbits in phase space are closed and that the control parameter varies
according to A(#) = f(ut), where f(x) is a smooth function.

A function J is called an adiabatic invariant of this system H(q, p, A) if for every
k > 0, there exists o > 0 such that for all u satisfying 0 < p < o, the relation

|J(¢) — J(0)] <k forall t with0 < ut < 1

holds.

This definition becomes transparent if we have a look at our example. Let us
assume that k¢ sweeps from 0 to 1.5. We may then set

k

=15
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so that

0<kt<l15
and

O<put<l1

are equivalent. Therefore, the normalization that is performed by the transition from
k to p ensures that the final value is obtained for ¢ = 1. Our example showed
that for every given deviation x, a maximum value for k can be specified that
corresponds to the maximum value 1 for u in the definition.

If we define tgn, = 1/ and tapamin = 1/ 0, We may rewrite Definition 5.2 in
the following form:

Definition 5.3. Consider a Hamiltonian system with one degree of freedom speci-
fied by the Hamiltonian

H(q,p. )

that depends on a time-dependent control parameter A(¢). Suppose that for constant
A, the orbits in phase space are closed and that the control parameter varies
according to A(t) = f(¢/tfna), Wwhere f(x) is a smooth function.

A function J is called an adiabatic invariant of this system H(q, p, A) if for every
k > 0, there exists #finamin > O such that for all #g,, satisfying ffnar > Zfinal.min» the
relation

|J () — J(0)] <« forall t with 0 < ¢ < ffpa

holds.

This means that the tolerated increase in the adiabatic invariant can be fixed a
priori as small as desired. By fixing the function f(x), it is clear how the control
parameter will change in principle, but since #5,) is not fixed, the speed of changing
the control parameter—and hence also the time span for this process—is open. If
J is actually an adiabatic invariant, it is possible to specify a minimum time that is
needed for the process in order to satisfy the requirement concerning the tolerated
increase of J.

The ODE in our example is a simple case for a Hamiltonian system with one
degree of freedom given by the Hamiltonian

H(q.p. 1),

which depends on a time-dependent parameter A(¢). For this type of system, the
following theorem holds (cf. [6,7]):
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Theorem 5.4. The action variable J of a Hamiltonian system with one degree of
freedom is an adiabatic invariant, provided that the revolution frequency in phase
space is not equal to zero.

This shows that it is theoretically possible to limit the increase in the longitudinal
emittance to an arbitrarily small value by just making the beam manipulation
process slow enough. Considering longitudinal beam manipulations at constant
reference energy, it becomes clear that the change in the voltage amplitude V has to
be adiabatic.

Theorem 5.4 does not make any statement about how the slowness of the changes
of the parameter may be determined in order for the area deviation to remain below
a certain limit.

For this practical purpose, in the case of longitudinal beam manipulations, one
usually defines the adiabaticity parameter

1

2
wg

s

ws

da)s
dt

€= = —
2

(5.13)

(cf. [8, p. 316]). This definition becomes transparent if one looks at require-
ment (5.10), which states that 2re < 1.

5.3.1 Pendulum with Variable Length

A famous example using an adiabatic invariant is a pendulum similar to the one
shown in Fig.2.18 on p. 105. However, it does not have a fixed suspension point
where the massless thread is fixed. Instead, the thread passes through a hole in a
metal plate at the top. Hence, the length R of the pendulum may be varied by moving
the thread up and down through the hole. This type of pendulum is called a Rayleigh
pendulum or Lorentz—Einstein pendulum.

If the length R is shortened very slowly by pulling the thread upward, the action
variable will be an adiabatic invariant.

Before we consider a variable length R, we keep R fixed, and we analyze the
case of small oscillation amplitudes with ¢ < 1. Due to

2 @ .o ¥ .o
cosS ¢ = Ccos” — —sin“— =1—2 sin” —,
2 2 2

we obtain

aZ

e
l—cos ¢ =2 sin“ — ~ —,

2 2
so that the potential energy is

2

Wpot = mgx = mgR(1 —cos o) ~ ng%.
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Due to v = Ra, the kinetic energy is

1 1
Wiin = 3 mv? = 3 mR*¢>.

The sum W,,o; + Wi, remains constant. Hence, the time derivative is zero:
mgRad + mR*ad = 0.

Therefore, we obtain the well-known ODE

a+ %a =0
with angular frequency
o= /5.
R
We now use the length coordinate
q = Ro
and the momentum
p = mRa

as the pair of coordinates to define the Hamiltonian

2
Pt mg
Hig.p) = 5-+ 35612

as the sum Wy + Wi, We verify that H is actually a Hamiltonian:

H _p_.
ap_m_q’
BH—mg =mgu
9 RCI— ga.
Due to
O g
p_mRa_—mRﬁa_—mgtx,
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we actually obtain

oH .
dg p-
For small oscillation amplitudes, a solution of the ODE is

a = @& cos(wt),
@& = —w & sin(wt),
q = G cos(wt),

p = —p sin(wi),
with
q = Ra, p=mRw @,

leading to the following value of the Hamiltonian:
1 2.2 22 0 1800 o 1 2 2.0 1 2 A2
H=—-mR 0" & sin“(wt)+ = m—=R@” cos”(wt) == mR*w” @& == mw” §-.
2 2 R 2 2
The action may easily be determined as the area of the ellipse divided by 27:

1 1 1 1
J = E//dq dp = Enéﬁ = Emsz&z =5 mo q%. (5.14)

The last two equations show that

H £ (5.15)
w=—=,/= .
7 VR
is valid.

Now we allow slow changes of the control parameter R with time so that the
Hamiltonian is modified” according to

2
PP om g
Hig,p.R()) = 5~ + 5—R(t)612-

2This generalization should not be taken for granted. If, for example, the Hamiltonian in Eq. (2.130)
with the pair of variables (¢, p) = («, @) is taken instead, one obtains different results. Therefore,
we took the physical coordinates and momenta and the physical energy conservation as a basis to
derive the Hamiltonian. Of course, one may also keep R as time-variable from the very beginning
in order to derive the equations of motion and the Hamiltonian.
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We know that J is an adiabatic invariant, i.e., its value will remain almost constant
if R(¢) is modified slowly. Therefore, according to Eq. (5.15), we obtain

H~w»~ R

Due to Eq. (5.14),

holds. This leads to

Please note that H is not constant, since energy is exchanged with the pendulum if
the thread is moved up or down through the hole. When R is reduced, @ and the
amplitude & of the angle increase. However, the amplitude § = R& decreases.

A more detailed analysis of the Rayleigh pendulum with the same results can be
found in [9, 10].

5.3.2 Iso-Adiabatic Ramps

Consider a coasting beam that is stored in a synchrotron at constant energy. This
beam will be captured, i.e., bunched, by means of an adiabatic increase of the
voltage amplitude V. This procedure is called an adiabatic capture process. The
voltage amplitude 1% plays the role of the control parameter A discussed earlier. As
we will see, the voltage begins at a small but positive value, so that the synchrotron
frequency does not vanish.
We assume that the adiabaticity parameter
Cadiar = Ts = = Zﬂw—i
ws g
remains constant (so-called isoadiabatic ramp). Please note that in the literature,
the adiabaticity parameter is sometimes defined without the additional factor 2,
and sometimes the absolute value is used as well, so that the coefficient is always
nonnegative (cf. Garoby in [8, Sect. 4.8.1]); see Eq. (5.13).
Due to Eq. (3.25), we know that in the stationary case,

. 2 h
wsosa = kVV  with k= fi /% >0
RPR

holds, so that one obtains
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27k 17 TV
Oadiab = —= = — .
adiab kZV 2\/; X V3/2
Separation of this ODE yields
/aadiab dr = r / I}_3/2dl}
k
N ) kotygi
= —2V7"2 = Bugia! + Cadiab with  Badiab = ;leab
SV 4 B = —— (5.16)
=7 adiab! = ———= — Cadiab- .
(Badiav? + Cadiab)2 \/;

This solution is now written depending on the initial value I7(t =0) = V, and the
final value V(t = T) = V5.

Vi = —5—, Cadiab =

2
2 Y =—— 9
[ /75
adiab Vl

N 4 1
ﬂadiab ==

2 2 1 1
=, ————cCuin | == | —=——=|-
(BadiaoT + Cagian)” T /v, - ™\ Jn

For increasing synchrotron frequencies ws, the amplitude V' will increase, and c,giab
is positive, so that B,q4i.p is positive as well. For decreasing synchrotron frequencies

ws, the amplitude V' will decrease, and ayqiap 1S negative, so that B,4;.0 is negative as
well. It follows that

. 4
V= .
2 Y 2
(+(F-7)-)
. %
= |V = !

The total time 7" must, of course, be chosen sufficiently large that

|aadiab | <1
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Fig. 5.7 Example of
isoadiabatic ramps 0.9

debunching

bunching

holds, where o,q4ia can be calculated as follows:

_ T _ 2n 1 1) _ 1 \/m !
aadiab—zﬁadiab—ﬁ \/;1_\/;2 CRT\ IR Ol h \/> \/7

An example of the amplitude ramp is shown in Fig.5.7. Let us briefly discuss the
bunching case with V, > V. Since the voltage V, is switched on instantaneously
at the very beginning, a certain increase in the longitudinal emittance cannot be
avoided. One therefore tries to keep V, as small as technically achievable. For
a required value of ®,gian, however, the time 7" will then be large. Therefore, a
compromise has to be found.

5.4 Bunch Compression and Unmatched Bunches

In the following, we will discuss some beam manipulations such as bunch
compression and barrier bucket operation. These schemes belong to advanced
scenarios that are sometimes called “RF gymnastics” [11].

If only the innermost part of the bucket is filled with particles, one may describe
the motion in phase space by small values for the momentum spread and the time
deviation. In this case, we may linearize the equations of motion. Both the time
deviation and the energy deviation will then be harmonic functions. If the first
one is proportional to cos(wst), the latter one will be proportional to sin(wst?).
Assuming suitable scaling, the orbits in phase space will be circles. If the phase
space occupation looks like a horizontal bar at the beginning, this bar will be
oriented in an upright way after one quarter of the synchrotron period (similar to the
first three pictures in Fig. 3.2 on p. 125). Hence, a long bunch with a comparatively
small momentum spread will be transformed into a short bunch with a larger
momentum spread. Therefore, this process, which corresponds to a 90° rotation
in phase space, is called a fast bunch compression.

It is easy to see what happens in the time domain if one analyzes how many
particles are located inside a certain time interval. At the beginning (horizontal bar),
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one will find a comparatively small number of particles in a certain time interval.
This corresponds to a long bunch with small beam current. After one-quarter
revolution, we will find many particles in the same time interval, provided that this
time interval is close enough to the bunch center (or we will find zero particles
outside). This corresponds to a short bunch with large beam current.

If we observe this process depending on time, we will identify an amplitude and
length modulation of the bunch. In reality, the bucket will also be filled in the vicinity
of the separatrix, so that nonlinearities will be present. The angular velocity of the
particles in phase space will no longer be constant, but it will decrease by an amount
that increases with the distance of the particles from the bucket center. A bar-shaped
bunch that is oriented horizontally at the beginning will therefore be deformed in an
S-shaped way after one-quarter of a synchrotron period.

We now analyze the simple case that the bunch is located in the linear region of
the bucket and that it fills an elliptical area. The ellipse will be matched to the bucket
so that the ratio of the principal axes is given by Eq. (3.28),

A Wl 21 WR ,312{
—— = fsi——
Al 7R |
The index 1 denotes the situation before the voltage is increased at 7 = 0. Therefore,
the total length is 2A7;. We now consider a particle at (A, AW) = (0, —AW)).
Due to the voltage increase, it will move to the point (At, AW) = (Af,,0) after
one-quarter of the synchrotron period. The new ratio of the principal axes is given by

AW, 2 W B2

—— = Js2 )
Aty R |

since the synchrotron frequency has changed (in the numerator, we replaced AW,

by AW, since this corresponds to the starting point of the trajectory). We have to

take into account that the energy Wy of the reference particle does not change when

the voltage increases.

We calculate the quotient of the last two equations:

Ab _ S

Al fso
According to Eq. (3.25), the synchrotron frequency is proportional to the square root
of the voltage amplitude, so that

Aty Vi

Afl Vs

is obtained. Hence, we have found an approximation for the bunch length reduction
as a result of the voltage increase. The above-mentioned S-shaped deformation is,
of course, not taken into account.
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As described before, the bunch compression is intentionally based on the
phenomenon that the bunch contour does not fit to the trajectories. If the beam is
extracted in time, the short bunch that is generated may be used for an experiment.

The same phenomenon is also observed in a weaker form if the bunch is
unmatched by accident (unmatched bunch). In this case, the particles will smear
over the whole phase space area that is determined by the particles that correspond
to the outermost trajectory. As a result, this outermost trajectory will be filled
with particles in a homogeneous way after several revolutions in phase space. As
mentioned in Sect. 3.3, this effect is called filamentation and phase space dilution.
The particles finally cover more phase space area than in the beginning.

This observation seems to contradict Liouville’s theorem (here we are even
confronted with the case that the Hamiltonian does not explicitly depend on time,
so that Liouville’s theorem is valid in its simplest form). Especially during the first
revolution, we may easily see, however, that the S-shaped area filled by the particles
has, in fact, the same area as the initial ellipse. Even though this observation is
more complicated to verify in the following revolutions, one will always come to
the conclusion that area preservation is still valid. Hence, Liouville’s theorem is still
satisfied.

After some revolutions, however, a lot of “air” will be enclosed between the
particles, so that the impression of a completely filled phase space area is induced.
Since the number of particles is large but still finite, it is difficult to determine
the border of the area that is filled with particles. Therefore, the contradiction is
resolved: due to the finite number of particles, the “air” that is curled up leads
to an effective increase in the phase space area that cannot be withdrawn. The
filamentation process thus leads to an emittance increase.

Please note that Liouville’s theorem was derived for a continuous distribution of
particles in phase space. When the spiral arms have become longer and longer so
that they contain only a few individual particles, this assumption of a continuous
distribution is no longer justified, and Liouville’s theorem is no longer applicable.
In other words, the seeming contradiction may be resolved by the fact that on the
one hand, the bunch is described as a continuum, and on the other hand, as a cloud
of discrete particles.

The increase in the longitudinal emittance that is caused by unmatched bunches is
of course undesirable. The larger emittance usually leads to a larger bucket area that
is required to keep all particles bunched. According to Eq. (3.38), this also leads to
larger RF voltage (and hence RF power installation) requirements. This is clearly
a negative effect of the filamentation process. There are, however, also positive
aspects of the momentum spread of a bunch that may also be explained based on our
unmatched bunch example. The unmatched bunch as a whole obviously performs
coherent oscillations, which may primarily be measured as amplitude oscillations
of the beam current. After filamentation has taken effect, these oscillations will
have stopped. Therefore, the filamentation process may also be regarded as a
damping effect. The momentum spread of the bunch suppresses a collective motion
of the particles. This effect is called Landau damping, and it may prevent beam
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instabilities from growing, provided that Landau damping is stronger than the
growth of the specific instability (cf. [12, 13, Sect.9.5]).

5.5 Dual-Harmonic Operation and Barrier Buckets

According to Sect. 2.1.3 (see Eq. (2.9)) and Sect. 2.1.6, for a strongly bunched beam,
the beam current amplitude at the fundamental harmonic is twice as large as the DC
component, i.e., the average beam current.

In general, the interaction of the beam with the environment or with itself may
lead to instabilities. Some of these instabilities become stronger as the ratio of
maximum beam current to average beam current increases. Hence, the bunching
factor

Bf _ I_ beam

I beam,max

defined in Eq.(2.37) should be as large as possible. Please note that the wording
“bunching factor” is misleading because this factor decreases when the bunching
gets stronger.

Increasing the bunching factor means to fill a larger fraction of the synchrotron
circumference /g with bunches and/or to distribute the particles more homoge-
neously in the longitudinal direction. One method to achieve this is to add a
second RF voltage with a higher frequency to the normal accelerating voltage
(dual-harmonic operation). For ions with positive charge below transition, the
bunches are located on the rising slope of the RF voltage. If the higher-harmonic
RF that is added has a negative slope at this point, the phase focusing effect will be
reduced locally. Hence, the bunches will show a flat profile.

A different method that also increases the bunching factor is barrier bucket
operation. Let us assume that /2 bunches are present in the synchrotron ring and that
they are captured as usual by a sinusoidal RF voltage. If some of these sine waves
are now omitted, the adjacent bunches will now merge across the missing sine slope.
Hence, a longer bunch with a sausage-like shape is created. In other words, two
single-sine pulses may be used to keep the beam bunched between them. It is even
possible to shift the phase of one of these sine pulses with respect to the revolution
frequency. This allows one to adiabatically squeeze the bunch together, thereby
increasing its momentum spread. One speaks of moving barriers in this case.

5.5.1 Barrier Bucket Signal Generation

Let us assume that a standard cavity system with quality factor Q, (loaded Q) is
used to generate single-sine pulses for barrier bucket operation. The cavity system
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can be described by the standard equivalent circuit shown in Fig.4.5 on p. 181, so
that the transfer function is given by Eq. (4.26)

R, “esg
PO,

Zit(s) = 5 5
s“’Q—ep + 52 + w2,

1 — Qp + L Wres Qpl
Zioi(s) Rpwres Rp Rp s

= Ytol(s) =

We want to generate a single-sine pulse
Vaap(t) = Veap sin(11) [O(1) = O(t = T1)] =
= Veap sin(@11) O(1) — Vep sin(w1(t — Ty)) Ot — T1)

with w; = 27/ T}. According to Table A.4 (p. 418) and to the time shifting property
of the Laplace transform (Sect. 2.2), this corresponds to

5 w1 _
Vgap(t) o—e Vgap(s) = Vgapsz-lr-—a)z (1 —e TIS) .
1

Now we want to determine the required generator current for negligible beam
current. In the Laplace domain, we get

Igen(s) = Ytot(s) Vgap(s) = (1 _e_TIS) Ix(s) (5.17)
with
‘}a Q N w1 1
Ixs=ﬂw P + + Wres a)—:|
«(5) R, |: Yos 2+ 0?2 S+ 2 O LS(s? + 0d)

Now we need a transformation back to the time domain. The first two expressions in
the square brackets are directly available from Table A.4. For the last term, a partial
fraction decomposition leads to

L (1 s )
s(s2+w) P \s s240l)

Now the transformation back to the time domain can be accomplished with the help
of Table A 4:

Vea
1:.(t) = ©() - [(wl QP - a)res&) cos(wit) + sin(wt) + wres&:| .
Rp Wres w1 w1
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The required generator current is obtained using the time shifting property based on
Eq.(5.17):

Igen(t) = Ix(t) - Ix(t - Tl)-

It is obvious that the solution can be simplified significantly if the cavity is tuned
to the angular frequency w; that corresponds to the duration 7; of the single-sine
pulse, i.e., if s = wy:

N

Vgap

I.(t) = () IR [Qp + sin(wi1)]
P
= len(1) = O4) T2 [0, +sin(i)] -0 ~T1) “E2 [0, +sin(wi(t ~ T1)]
p p
= lgen(t) = I;g;“’ [Qp + sin(w1)] [O() — Ot — T1)]. (5.18)
P

We see that even though the cavity is tuned to the frequency of the single-sine pulse,
a DC offset pulse is needed that is Q, times higher than the peak value of the
sinusoidal current component. This is not very efficient if a narrowband cavity is
used. Hence, the quality factor (loaded Q) of the barrier bucket cavity system should
be kept as low as possible (broadband cavity system). Nevertheless, it is possible
to produce single-sine voltage pulses by means of the superposition of a DC current
pulse and a sinusoidal current pulse even if Q) is on the order of ten [14].

Of course, in reality, there are always deviations from the ideal behavior.
Therefore, it may be necessary to correct the theoretical generator current given
by Eq. (5.18) slightly in order to avoid microbunching effects. One way to optimize
the shape of the gap voltage is to perform a Fourier analysis of the measured gap
voltage, which makes it possible to calculate a predistorted control signal [15].

5.5.2 Phase and Amplitude Relations for Dual-Harmonic
Operation

As in most cases, we assume ions with positive charge below transition. Let
us consider the case that a higher-harmonic component kwgrr is added to the
fundamental harmonic wrr. This leads to the total voltage

V(t) = Vi sin(wret + ¢1) + Va sin(koret 4 ¢2).

We now require that a saddle point be created at the location of the bunch and that
the slope be positive to the left and to the right of this saddle point (as it was before
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the second harmonic component was added). For the bunch center at t = 0, we
therefore require

V(i =0)=1,, V'(t =0)=0, V7t =0)=0, and V" (t=0)>0.
Due to

V’(l‘) = WRF 171 COS(C()RFI + (,01) + kwrr 1}2 COS(ka)RFl + (Pz),
V(1) = —wip Vi sin(oret + ¢1) — k20lp Vs sin(koget + ¢2),

V"(t) = —wie Vi cos(wrpt + ¢1) — Kodp Va cos(karet + ¢2),

this leads to:

Vo = 171 sin ¢ + 172 sin ¢, (5.19)

171 cosp; = —k 172 COS @2, (5.20)
Vi sing; = —k> V5 singy, (5.21)
—171 cos Q) — K3 I}z cos ¢y > 0. (5.22)

The last equation shows that the substitution

</’£ =¢2—7
is suitable, since we have
COS @y = —COS @)
and
sin g, = — sin ¢5.

Equations (5.20) and (5.21) then lead to
tang; = k tan ). (5.23)

Equation (5.20) provides

A

Vo cosor (5.24)

v,k cosg’

If we insert Eq. (5.21) into Eq. (5.19), we obtain

. 1
V(): V1 S1n @1 (l—p),
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Fig. 5.8 Phase and amplitude relations between first and second harmonics for k = 2

or
Vo = Vs sin ¢} (k2 — 1).
From k > 1 and V}) > 0, it follows that
0<gLp =7

Phases outside the interval |-, +7] do not lead to signal forms that differ from
those within the interval and are therefore excluded.
Inserting Eq. (5.20) into the inequality (5.22) leads to

171 COS @1 (k2 — 1) >0
and
Vs cosgj (k¥ —k) > 0.

This reduces the selection to
T

0<g¢g),< >

The phase relation given by Eq.(5.23) and the amplitude relation given by
Eq. (5.24) are both displayed in Fig. 5.8 for the simplest case k = 2.

The signal forms V(¢) that are obtained for different values of ¢; are shown in
Fig.5.9. It is obvious that phases ¢; > 45° are usually not of interest, because the
corresponding bucket® becomes too small.

3The shape of a dual-harmonic bucket differs from that of a single-harmonic bucket discussed in
Sect.3.11.
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Fig. 5.9 Dual-harmonic signal forms V(¢) for k = 2

5.6 Bunch Description by Means of Moments

We will now analyze the influence of gap voltage modulations. The results presented
in this section and in the next one are based on the article [16] and were extended
in [17].

Based on the unmodulated harmonic gap voltage

V(t) = Vo(t) sin(gre(r))

with

@rr(f) = /wRF(f) de,
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we now introduce a phase modulation A¢g.,(7) and an amplitude modulation €(¢)
such that

V(t) = Vo(t)(1 + €(t)) sin(grr(t) — Apgap()) (5.25)

is obtained.

The reference particle is defined in such a way that it arrives at the accelerating
gap when ¢rp(f) = ¢r(¢) + 27k is satisfied. Here, the integer k is the bunch
repetition number. For an asynchronous particle, the arrival time is defined by
wre(?) = ¢r(t) + 2wk + Agre(t). The magnetic field B in the bending dipoles
and the quantities I}o, wrr, and gr are chosen in such a way that the reference
particle follows the reference path. All these quantities vary slowly with time in
comparison with the synchrotron oscillation. The modulation functions €(¢) and
A@gqap(t), however, may vary faster.

According to Egs. (3.18) and (3.19), the nonlinear differential equations are

2rh
Agre = — R AW, (5.26)
TR,BRWR
. 0V . .
AW = T[(l + €) - sin(pr + A@rr — A@gap) — Sin gr]. (5.27)
R

For small values of | Agrr — A@gap| < 1, we have

AW ~ —Q VOTCROS@R(I +¢€) (A@RF — A@gap + elta%) .
Defining
Afgip = Agap — —— tan g (5.28)
1+¢€
leads to
At~ LY SR (1o (A — Adia). (5.29)

T

By a combination of Eqs. (5.26) and (5.29), we get

AG 27thr)RQI70 COS YR
RF =
TR BRWr

(1 + 6)(A¢RF - A(ﬁgap)-
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According to Eq. (3.25), the synchrotron frequency is defined by

21hVo(—nr Q cos ¢R)
TR BrWr

3

ws = wsg = 27 fs0 = \/

which yields
Agrr + 03(1 + €)Agrr = 03(1 + €) APgap. (5.30)
Using the new variables
x = Aggr, y = CAgrr,

we obtain

) 1
X ==y,

C
—Cwi(1+ €)(x — Afgap).

y

Here the factor C was introduced because we want the trajectories to be circles if
no excitations are present (¢ = 0 and A@,,, = 0). Based on this requirement, we
can easily determine C:

1
x = cos(wst) =y =Cx = —Cuws sin(wst) =C=——.
ws

Thus, we obtain (note that C and ws vary slowly, and therefore we neglect the time
derivative)

X = —ws Yy, (5.31)
Y = ws(l +€)(x — A@gap)- (5.32)

5.6.1 Phase Oscillations

Whereas Eqgs. (5.31) and (5.32) are valid for individual particles, we now consider
bunches with Ny, particles. The mean values are defined as
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This leads to
N 1
X = Fb;x;c = —wst k=1yk = —wsy (533)
and
N L N
y= A 2 Yk = ws(1+ G)Vb J;(Xk — A@gap)
=y = os(1 + )T — Adgap). (5.34)

If we combine the results (5.33) and (5.34) for slowly varying ws, we obtain
¥ =—wsy = —0i(1 + €)(X — Afgap). (5.35)

We may interpret X as the bunch center. Hence, we see that the equation for the
bunch center has the same form as Eq. (5.30) for the individual particles. This means
that the whole bunch may oscillate with the synchrotron frequency. One should note,
however, that we allowed only small oscillation amplitudes to get to this result. Such
an oscillation of a whole bunch is called a coherent dipole oscillation. It may, for
instance, be generated by placing a matched bunch off-center into the bucket. Since
all particles rotate in phase space with the synchrotron frequency, this will, in this
case, also be true for the whole bunch. However, it is clear that for a realistic bunch
size, such an oscillation will soon lead to filamentation. Hence, our linearization
will describe only the coherent dipole oscillation in the very beginning and only for
small oscillation amplitudes.

5.6.2 Amplitude Oscillations

We define the following quantities:
N

1 Ny 1 1 Ny
2 2
L= - —Y 02 == o 5.36
a, Nb Pt ‘xk ay Nb Pt yk S Nb — kak ( )

| M | M

£\2 2 s =2 )
x == Xp—X)" = — Xji —2xXpX +X°) = ay — X7,
= ,;:1( k= X) N 1;:1( k k ) =a,
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Please note that v, corresponds to the variance of the quantities x; if a division
by Np — 1 is used instead of division by N,. Since we are interested only in large
(particle) numbers Ny, this difference is negligible.

The quantity /vy represents the (rms) bunch length, whereas /v, represents the
(rms) height of the bunch in the phase space (x, y). We get

L
a, = — 2xi X = —2wsé,
. Nb,; Xk s&

L 1 &
a, = Fbgzmk = 2051+ O3 ];yk(xk — Afgap)
= dy = 20)5(1 + 6)@- - yA@gap)

) L

£ = A D Cayk + xi i) =
k=1

= —wsay + ws(1 +€)(ay — xA@gap),
Ve = dy — 25X = —2wsE + 2wsXy = —2wsa. (5.37)

Here we defined « = £ — Xy in order to have the same form in the expressions for
a, and for v,. We obtain

vy =y — 27y = 2ws(1 + €)( — 7 Agap) —
- 2603(1 + 6))7()_6 - AGb'gap)

= vy = 2ws(1 + €)a, (5.38)

G=F—Xj—%j=
= —wsay + ws(1 +€)(ay — )_CA(;Zgap) +
+ CUSJ_72 —ws(l +e)x(x — AGb'gap)
= & = —wsV, + ws(1 + €)v,. (5.39)

Now we are able to derive a differential equation for vy, i.e., for the bunch length
oscillation.
Combining Egs. (5.37) and (5.38) yields

by = —(1 + €)y. (5.40)
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We now combine Eq. (5.37) with Eq. (5.39):
By = 20dv, — 2031 + €)v, (5.41)
=V, =203, — 20i(1 + €)V, — 2wiév,.
Using Eq. (5.40), we finally get
Vo= —403(1 + €)V, — 203év,. (5.42)
Please note that for € = 0, the standard differential equation
Vy + (2ws)2vx = const (5.43)

is obtained, which corresponds to an oscillation with frequency 2ws, a so-called
quadrupole oscillation. Due to the linearization, an initial quadrupole oscillation
will continue forever.

We saw above that a dipole oscillation is generated if a matched bunch is placed
off-center in the bucket. In order to generate a quadrupole oscillation, we do not
place the bunch off-center in the bucket, but we consider an unmatched bunch. Since
a matched bunch has a circular shape in our phase space coordinates (x, y), this
means that a slightly elliptical bunch has to be considered. Let us assume that the
major axis of the ellipse in phase space is oriented in the x direction at the beginning.
Since the individual particles rotate in phase space with the synchrotron frequency,
it is then clear that after a quarter of a synchrotron period, the major axis will be
directed in the y direction, i.e., the ellipse is then standing upright. After half a
synchrotron period, the major of the ellipse will again be oriented horizontally. This
explains the oscillation frequency 2ws of the quadrupole oscillation. The following
points have to be emphasized:

* The derivations presented in this section imply that only small deviations from
the matched bunch are allowed.

* The larger the bunch is, the more time will the particles on the bunch contour need
for one revolution in phase space. Therefore, the oscillation is more accurately
described if an effective synchrotron frequency ws is considered instead of the
synchrotron frequency ws o, which is valid for particles close to the bucket center.
In this case, wg describes the coherent motion of the particles.

* For realistic bunch sizes, filamentation will occur after a few oscillation periods,
so that that a pure quadrupole oscillation will be visible only at the very
beginning.

Now we derive the differential equation for v, i.e., for the amplitude oscillation.
Equation (5.38) yields

vy
14+¢€

= 2ws0.
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The time derivative is

By (1+€) —év
W = —ngvy + 20)3(1 + E)Vx,

where we used Eq. (5.39) on the right-hand side. We divide by (1 + €):

By ev, ) v
— = 2w
(1+¢? (Q+e¢)p? S1+¢

+ 203vy.

Now another time derivative leads to v, on the right-hand side, so that we can use
Eq. (5.40) to eliminate v, completely. After some steps, we obtain

3¢
v —
T 1+4e€

.. 3-2
+ v, (4w§(1 e IL €

—— ) =20wiév,. (5.44
+6+(1+e)2) 05€vy. (344)

This differential equation for v, differs from Eq. (5.42) for v, only by terms that
are of higher order with respect to €. Furthermore, the sign of the excitation term
Zwéévy is different for v, and v,, which matches our expectation, since the bunch
is short when its amplitude is high, whereas the bunch is long when its amplitude is
small.

Please note that we have not introduced any approximations to derive the
differential equations (5.42) and (5.44) from Eqgs. (5.31) and (5.32).

According to [4], these differential equations have the following solution:

Vx = Cxlwil + CXZWXIWXZ + Cx3W§27 (545)

vy = Cylwil + Ciowy 1wy + Cygwiz. (5.46)
The functions w,; and w,, are the linearly independent solutions of
wy + a)g(l + e)wy =0,

whereas the functions wy; and w,, are the linearly independent solutions of

. €
Wy, — ——Ww, —l—wg(l +e)w, =0.
1+€

In the trivial case € = 0, we may choose
Wyl = Wy = cos(wst), Wy = Wy = sin(wst)

as a solution. Due to Egs. (5.45) and (5.46), v, and v, will oscillate with twice the
frequency, in accord with Eq. (5.43).
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5.6.3 Linearization

The derived equations (5.33), (5.34), (5.41), and (5.40),

X = —ws7,

y = ws(1 4+ €)(F — Adgy)

Vy = 2w§vy - 2a)§(1 + €)vy,

vy = —(1 + €y,
can be written as a state-space model*

X = f(Z € Afap)
with state vector
X = (1 x2 x3 x4 xS)T = (X J vy Dy vy)T

and the nonlinear function

—ws X2
) ws(1 4+ (1 — Adip)
f()?, €, AGb‘gap) = X4
2w§x5 - 2a)§(1 + €)x3
—(1 + 6))C4

In the following, a linearization with AX = X — X, around the operating point
- T -
Xp=(00v90v) , €p =0, A@gapop =0

is performed, which corresponds to the matched circle-shaped bunch. This lineariza-
tion (see Sect. 7.1.3, cf. [18]) leads to the linear system

AX(t) = A AX(t) + bre(t) + by Adgap (1) (5.47)

with the system matrix (Jacobian matrix)

0—ws 0 0 0
- 0 0 0 0

i s
A:a—]: =[o 0o o 1 0
o o 0 —202 0 202
00 0 —10

4 A general discussion about the state-space representation is presented in Sect. 7.1.2.
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and the input matrices

- 9f

blz—f = (000 —2w2v 0)'
de

op
and

- 3]7 T

by = ——= =(0-ws000) .
G | (0-e5000)

Please note that the matrix A has a block diagonal structure with one block
corresponding to the dynamics of the bunch center X and one to the dynamics of
the bunch variance v,. In addition, the bunch center is influenced only by A@gqp,
and the bunch variance only by e.

Comparing the equations for Ax; and Axs in (5.47) yields Ax3(¢) = —Ax5(¢)
and thus

Ax3(t) + Axs(t) = vy (t) + v, () — 2vp = const, (5.48)
which implies that the bunch variances are connected by an algebraic equation and
cannot be controlled independently. It must be possible in principle that the solution
X of the differential equation reaches the operating point X,, (e.g., as an initial
condition). For the operating point,

Ax3 + Axs =0 (5.49)
is valid, which therefore holds in general for every 7, due to Eq. (5.48).

With (5.47) and (5.49), linear differential equations of second order can be
derived for the bunch center using Ax; = X and for the bunch variance using
AX3 = Vx —Vo.

-;é + C()g)? = w%AQZ)gap’
vy + 4a)§(vx —v) = —2w§voe.

A phase modulation mainly influences the dipole oscillation whereas an ampli-
tude modulation primarily affects the quadrupole oscillation.

5.6.4 RMS Emittance

In the previous sections, we defined the longitudinal emittance of the beam as the
area in phase space that is filled by the particles. This is a very transparent definition
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from a geometric point of view. For a real particle distribution whose density differs
from point to point in phase space, however, this definition is not satisfactory. In
practice, one cannot decide easily where the boundaries of a given bunch are.

Therefore, one sometimes defines the emittance as the area of a contour that
contains 95% of all particles. On the one hand, this percentage is chosen arbitrarily,
and on the other hand, it is not easy to define this contour in a unique way. Therefore,
an emittance definition is needed that can be determined for every cloud of particles.
The motivation for this definition of the RMS emittance [19,20], which is presented
in the following, is based on [21].

Let us assume that particle number i is located in a Cartesian coordinate system
(which represents our phase space) at the position 7; = x; €, + y; €,. The area of
the triangle formed by particle number i, particle number k, and the origin is then
given by the vector product

_,

Fe X P == (x, €+ Yi €y) X (xk &y + Yk €)) = —Z (Xi Yk — Xk Yi)-

1
= Air = 3 lxi yk — Xk yil-

For the next step, we abandon the idea of calculating an exact area for the particle
cloud. We just need an expression that has some similarity to an area. Therefore, we
simply sum up the squares of these areas for all possible particle pairs:

No Np

A2= ZZA

b izt k=1
The terms where i = k holds do not contribute anything to the sum. Therefore, we
divided by Np(N, — 1) to get the average. We obtain

Ny Np Ny Np

1
A? = 4(N2 No) ZZ(M Ye—xiyi)’ m Z Z(x,-z Vet xp yi=2xi xi yi yi)-

i=lk=1 i=lk=1

The first two terms lead to the same sum, since only the roles of i and k are
interchanged:

Ny Ny No  No
A? = (2x2 y}—2x;: xp yi yx) = (2 2 —xi X yi yr)-
s E R ko= s S
(5.50)

We now return to our definitions (5.36),
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and

which lead to

L
E=Xy=— ) Xk
Mo =
leads to
1 No My
g =)= Nz szixkyz'yk,
b j=1k=1

which reproduces the second term in Eq. (5.50). We therefore get

1 S
242 (1 - —) = ayay —§ =37 y2 = ()",
Ny
Please note that the term in parentheses is close to 1 for sufficiently large numbers
Ny. Since we summed up the squares of the areas of the triangles, we have to apply
the square root to get a quantity with the correct dimension. This defines the RMS

emittance

&= Ca VEF_ (W)2’
for which different constant factors C, are used in the literature (e.g., C, = 4
in [19]).

Due to the construction of the emittance (based on triangles that have the origin
as one vertex), it is obvious that the value ¢ is not invariant under translations of
the origin. Points that are far from the origin contribute with large areas, whereas
points close to the origin contribute with small areas. Therefore, the origin should
correspond to the center of the particle cloud:

=0 j7=0.
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Nevertheless, the RMS emittance has the disadvantage that particles at the bound-
aries of the bunch have more influence than they deserve and that it is not always
a measure for the area (especially for deformed bunches). For bunches with small
distortions, however, the RMS emittance may often be used successfully.

We may regard the RMS definition as a special case for a finite number of
particles. For a continuous distribution, one would use expected values instead:

2
(Ci) = E(X?) E(Y?) — EX(XY), E(X) =0, E(Y)=0.

If one now assumes that the random variables X and Y are independent, one
sees that

2
€ _ 2 2
(_Cg) =EX°) E(Y?)

holds. In this case,

e
— = 0x Oy
Ce

is obtained. For a bunch that has an elliptical shape in phase space, this result is
expected, because the area of an ellipse with the two semiaxes ry, ry is wryry.
If the distribution of the particles is Gaussian, it is obvious that C, can be used to
define an elliptical contour that contains a certain percentage of particles.

For purposes of illustration, we conclude this section with a simple example. Let
us consider only N, = 3 particles with the following positions:

Fi = (+10, +10),
7 = (0,+10),
7y = (=10, +10).

This leads to Ny(Np — 1)/2 = 3 triangles with areas 50, 50, and 100, respectively.
The average of the squares is 15000/3 = 5000, so that

A = +/5000 ~ 70.71

is obtained. This can also be calculated formally based on

200 300
(lx:T, ay:TZIOO, EZO
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In this example, the origin does not correspond to the center of the particle cloud. If
we shifted the origin to this center so that

¥=0, §=0

holds, we would get an area of zero (A = 0). This is due to the fact that the three
particles are located on a straight line.

5.7 Longitudinal Bunch Oscillations

We now analyze a few specific oscillations of bunched beams in longitudinal phase
space. The undisturbed bunch, i.e., a bunch that is matched to the bucket, is the
starting point. As in the previous section, a scaling of the phase space coordinates
will be performed in such a way that the contour of the matched bunch is a circle.
Instead of physical phase space variables, we again use simple coordinates (x, y)
for which the undisturbed bunch is a unit circle:

X = cos ¢, y = sing.

The physical phase space representation is obtained if both coordinates are multi-
plied by the corresponding factors.

5.7.1 Coherent Dipole Mode

As we already discussed in the previous section, the coherent dipole mode of
oscillation is obtained if the bunch as a whole is shifted along one coordinate so
that it is located off-center in the bucket afterward:

X =¢€+cosy, y = sing.
For the radius r, we obtain
2

r?=x?+y> =14 € 4 2¢ cosg.

With the help of

we find, for sufficiently small € < 1,

r~1+e€ cosg.
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5.7.2 Quadrupole Mode

A quadrupole oscillation is obtained if the ratio of the principal axes is slightly
modified. For our circular bunch, this means that it becomes elliptical:

X =a cosg, y =b sing,

r? = a?cos® ¢ + b*sin® ¢ = a* + (b* — a*)sin® .

Due to
sin’ g = 2 — 3 cos(2y),
we obtain
2@ er v angz cos(20) — a? erbz (1 N Zj 4‘_’; cos(Z(p))-
For
a=1+5.  b=1-%,
we obtain

r a1+ e cos(yp).

The quadrupole mode leads to the effect that the bunch is elongated in phase space.
The rotation in phase space then leads to an oscillation between short bunches with
large peak current and long bunches with small peak current. Hence, a bunch length
and bunch amplitude modulation is present.

5.7.3 Generalization

We are now able to see that the two cases discussed before may be generalized to
the formula

r~1+4e€ cos(mgp).

The dipole mode is obtained for m = 1, the quadrupole oscillation for m = 2. For

m = 3, the sextupole oscillation is obtained; for m = 4, the octupole mode, etc.
The mode number m also specifies the eigenfrequency of the oscillation. As the

diagrams in Fig. 5.10 show, the bunch in phase space is a polygon with m rounded
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m=1 m=3 m=35
Fig. 5.10 Longitudinal modes of oscillation
corners. The rotation of the bunch with frequency fs results in a projection onto the

time axis whose frequency is m times higher. Together with the revolution period,
one obtains spectral components at k fr + m fs.

In the case of coupled-bunch oscillations, the / bunches in the ring interact with
each other. In general, not only do the bunches oscillate as a whole (as would be the
case for m = 1), but the individual bunches may be deformed, as described by the
bunch shape mode number m.

If we consider coupled oscillations for a specific m, we find that there are h
modes altogether, which are characterized by the coupled-bunch mode number n
with 0 < n < h — 1, since h bunches may oscillate in 7 ways with respect to one
another. In the simplest case, m = 1 (dipole oscillation of individual bunches) and
h = 2, the two bunches may oscillate either in phase (n = 0) or out of phase
(n = 1). In general, the phase advance from bunch to bunch is

0"
T—.
h

Hence, coupled-bunch oscillations may be characterized using the two mode
numbers m and n (cf. [22] and [23, Sect. 5.6]).



5.7 Longitudinal Bunch Oscillations 273

The modes of oscillation may alternatively be defined on the basis of the spectral
lines observed in the beam signal. If, for example, strong spectral components are
observed at k fr £ 2 fs, this would indicate a quadrupole oscillation by definition.

The modes of oscillation that were introduced here may be excited if the initial
conditions do not correspond to those of a matched bunch. If, for example, the bunch
is not centered inside the bucket, coherent dipole oscillations will be the result.

A different cause of longitudinal oscillations is (longitudinal) impedances that
act on the beam. If these impedances lead to an unstable situation, specific modes
of oscillation will be excited; they have certain growth rates. With respect to
the modes of oscillation defined above with mode numbers m and n, one then
speaks of coupled-bunch instabilities. Instabilities may be damped using feedback
systems (cf. [24]). So-called longitudinal feedback systems are used to reduce
undesired longitudinal beam oscillations, whereas transverse feedback systems
damp transverse beam oscillations.

5.7.4 Spectrum of the Dipole Oscillation

Consider the time function

+00
[y =Y 8(—kTe — ). (5.51)

k=—o00

where ti is periodic with period Ts of the synchrotron oscillation. Here 7 is the
revolution time, and T is an integer multiple of T, so that f(¢) is strictly periodic
with period Ts. The function f(z) obviously represents a strongly bunched beam
that performs coherent dipole oscillations. The corresponding Fourier coefficients
are

1 [TTs/2

Cn f(t) e /mest dp,

CTs Jon

Hence we have

1 .
— —JjnoskTr+7]
Ccp = Ty E e dr.
keM

SWe assume /2 = 1 here.
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Here M denotes the set of all indices for which kTg + t; runs from —75/2 to
+T5s/2. In order to determine this set in a unique way, we want to satisfy

T, & € sin(wst)
approximately. Since ws < wg holds, we may insert
t =kTx
approximately, so that
7x = € sin(k wsTR) = € sin(k 2nTR/ Ts) (5.52)

is now considered as an exact definition. The limits of integration will be obtained
for

kTr = +T5/2,
i.e., for
Ts
k=+—.
2Tr

At this point, we require that Ts/ Tr = wgr/ws be even in order to have an integer k
at the integration limits. For these values of k, the quantity t; vanishes. Therefore,
the integration limits are located exactly on two Dirac pulses. Since we have to
integrate only one period, only one of these two Dirac pulses must be taken into
account in the summation. Therefore, we have

Ts Ts
M={——-1],...,—.
2TR 2TR

Therefore, we obtain

i—l
1 1 _jnws[%s+esinﬂ] 2 < :
e _ kT; 2nkTR/ Ts)]) .
o= + 7 + T ];:1 cos (nws [kTr + € sin QwkTgr/Ts)])

The first term is obtained for k = 0, the second one for k = zTTSR It follows that

Is _

2TR

1 1
o=—|1+D"+2 Z cos (27rn— [kTr + € sin Qrk TR/ TS)])
Ts P Ts

(5.53)
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We are now looking for a specific expression for the coefficients ¢, at the
revolution harmonics.

The coefficients ¢, correspond to the frequencies nws. Hence the revolution
harmonics are located at

Ts

WR TS
PWR = p——wWs = pP—Ws = n=p.
Tr

ws Tr
Since Ts/ T is an even number, n is also even, and it follows that
IS
2TR

= —

€ .
.t cos (anT—R sin 2wk Tr/ TS)) .

k=1

For € = 0 (no coherent dipole oscillation), we obtain

2 n 2 (Ts ! 1
Cp = — — | — — = —,
" Ts T Ts \2Tx Tr
which is what one expects for a simple Dirac comb without phase modulation. Now
we would have to show that the coefficients ¢, that do not correspond to revolution

harmonics vanish for ¢ = 0. At this point, however, we omit the calculation (for
odd ratios Ts/ Tr, the calculation is presented in the next section).

Now let Ts/ Tr be an odd integer. Then the summation limits are defined by

=5 (7 1)
2\ Tx

It follows that

()
1 1

cG=—|142 > cos (Znn—[kTR—i-e sin(27tkTR/TS)]) | (5.54)
Ts P Ts

Also here we seek a specific expression for the coefficients ¢, at the revolution
harmonics. To this end, we make the substitution
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Ts
n=p—
PTR
and obtain
T
Ch = Fs 142 Z cos (anT—R sin (anTR/TS))

As expected, we get for e = 0,

Ccp = ! 1+ Ts 1 _

" T Tr TR
Now we show that all other coefficients that do not belong to the revolution
harmonics equal zero. As one finds in Gradshteyn [25] (formula 1.342,2),

Z cos(kx) = cos (m

k=1

+1

.m X
x ] sin — cosec—
2 2
holds. From Eq. (5.54), we conclude for € = 0 with the help of this formula that
c ! 142 cos L +1)2 Tk
= — — _ aTn— .
T 4 \ Ty Ts
. 1 TS TR TR
-sin|-({——1) 2an—| cosec|nn—
4 TR TS TS
=c ! 142 cos nn 1+ T sin nn 1 T cosec | Tn Tk
n = — - — - e an—|].
TS 2 S 2 Ts TS

From
azzn and b= —n—,
2

it follows that

1 cos(a + b) sin(a — b)
=T [1 2 Sin(2b) } '

With the help of trigonometric identities, one easily shows that

cos(a +b) sin(@a —b) _ 1 (sin2a) 1)
sin(2b) 2 (sin(2b)
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is valid. This leads to
1 sin(2a) 1 sin(mwn)
Cp = — = =
" Ty sin(2b) Ts gin (nn%)
S

The numerator is always equal to zero. The coefficient ¢, can equal 1/ Ts only if the
denominator is zero as well, which is the case if nTg/ Ts is an integer, i.e., if

Tr
n T = p
holds. This, however, is just the condition derived above for the beam harmonics.
Hence, the spectrum for € = 0 corresponds to a Dirac comb, as expected for a Dirac
comb in the time domain.

The Fourier coefficients derived here (Eq.(5.53) for even ratios 7s/Tr and
Eq. (5.54) for odd ratios Ts/Tr) are exact formulas without approximations that
are valid for the coherent dipole oscillation defined by Egs. (5.51) and (5.52). These
formulas can also be proven in the scope of distribution theory [16]. It is easily
possible to consider realistic bunches instead of the Dirac pulses if one performs a
convolution as shown in Sect. 2.1.6.

5.8 A Simple Space Charge Model

We have heretofore assumed that each charged particle with charge Q that belongs
to a bunch experiences the same voltage V(¢) (depending, of course, on its arrival
time) produced by a cavity. If the density of particles becomes larger and larger,
this is no longer the case. The charge distribution of the whole particle cloud will
influence an individual particle. Such phenomena are called space charge effects.

In this section, a simple space charge model is analyzed. For this purpose, we
consider a reference frame in which the particle bunches are at rest. Therefore, a
pure electrostatic problem with B = 0 has to be solved. In this case, Maxwell’s
equations reduce to

div D = p,, (5.55)
curl E = 0. (5.56)

5.8.1 Fieldin the Rest Frame of the Bunch

We now assume that the beam pipe is perfectly conducting and that it has a
cylindrical shape (radius ryp). The longitudinal axis of the beam pipe defines the
z-axis of a cylindrical coordinate system (coordinates p, ¢, z), and the beam pipe is
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assumed to be infinitely long. This means that the curvature of the synchrotron is
neglected. The beam itself is modeled as a charge distribution with nonzero charge
density inside a cylinder of radius rpeam < Fpp:

Pgo(z) for 0 <p <rpam (regionA),

Pq (p,Z) = 0 for  rpeam < P <Top (region B).

In each cross section at constant z, the space charge density is constant for p < rpeam.
According to®

A"I(Z) = T[rlgeamp%o(z)’

this space charge density p, may be converted into a line charge density A,,.
Due to the special setup, we may require D, = 0 and no ¢-dependence of the
fields. In cylindrical coordinates, Egs. (5.55) and (5.56) may be written as

aD, 1 oD,

7 — D _ = s s 557

o + P o+ 9z pq(p,2) ( )
oD, 0D,
—_— — - = 0. 5.58
0z ap (5.58)

We calculate the derivative of the first equation with respect to p and insert the
second equation:
#¥D, 1 19D, D
_zp Pt -+ 2p
ap 0 p 0p 0z

=0. (5.59)

If one uses the derivative of Eq.(5.57) with respect to z instead, one obtains by
inserting Eq. (5.58),

#D, 10D, 0°D. dp,
902 p 0p 022 0z

(5.60)

We now attempt to solve Eq. (5.59) by means of a separation ansatz:

D, = f(p) g(2)

The total charge of each bunch is obtained by

NhQ=/pqu=/Aqdz.
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2f 1 1 af o
:ga_pz_ﬁngr;g%J“fa_zz_o
LRf 1L af 1Py
f o* p* pf Op g 02

The last term on the left-hand side may depend only on z, whereas all the other terms
may depend only on p. Therefore, these terms must be constant:

1 3%f 1 1 of

LS+ = =0,
f > p* pf 9p
1 g
o2

We need solutions that are periodic in the z direction, because the fields must repeat
themselves after one revolution in the synchrotron (we assume that this requirement
in combination with the straight cylindrical beam pipe leads to solutions that are
similar to a closed, bent beam pipe). Therefore, Cy > 0 will be valid, and we set
C() = kzz :

d2 d
i +p 4f — P’k +1) f =0, (5.61)
dp dp
d2 5
F +k g=0.

The second equation obviously has the solution
g(z) = g1 cos(k:z) + g2 sin(k:z)

with constants g; and g,. Due to the periodicity of the solutions after one
synchrotron revolution,

2
k. = 2mp :»kzsz” with pe{0,1,2,...)

must be valid.
By means of the substitution u = k;p, the first equation (5.61) may be
transformed into the modified Bessel’s differential equation

2
((11];4- %—(uz—kmz)fzo
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with m = 1. Two independent solutions are the modified Bessel functions I, (1)
and K,,, (u); see Table A.2 on p. 415 and Fig. A.7. Hence, we get

f(p) = fi ilkzp) + f2 Ki(k:p)
= Dp = (fl Il(kzp) + fZ K (kzp)) (gl COS(kZZ) + £ Sin(kzz))
with constants f; and f,. For the derivative with respect to z, we obtain

oD,

e k. (fi Lik.p) + f2 Ki(k;p)) (—g1 sin(k;z) + g2 cos(k.z)).

According to Eq. (5.58), we get D, by means of an integration with respect to p:

D; = k; (=g sin(k:z) + g cos(k:z)) / (/i Likzp) + f2 Ki(kzp)) dp.

Since the functions K, (u) have poles at u = 0 for m € {0, 1,2, ...}, the function
K (1) cannot be used in region A (0 < p < Fpeam), because there is no singular
charge density at p = 0. Hence, the solution in region A is

D, =1(kp) (g7 cos(k.z) + g3 sin(k.z)), (5.62)
D, =¢(p) (—gf sin(k:2) + g5 cos(k:2)), (5.63)
where
o
$(p) = /0 ki (k.p) dp + £(0) = Ip(k.p) — 1 4+ £(0). (5.64)

In the last step, we used Table A.2 on p. 415, formula (A.78),

Io(w) = Ti(w), (5.65)

which implies

/@m&mmzm@m+wm

and the function value Ip(0) = 1. In the following, we will also make use of the
general formula (A.77),

K () = —Ki(u), (5.66)
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which implies

/ k:Ki(k.p) dp = —Ko(k.p) + const.

In region B (rpeam < p < rpp), we have

D, = (ff Litkp) + 1,8 Ki(k:p)) (g8 cos(k.z) + g2 sin(k.2)), (5.67)
P P

D. = (le [ kndpaor 12 [ kkicn ap+ zm,eam))-
Tbeam Fbeam

(—g? sin(k.2) + g2 cos(k.2)) =
= (f]B [IO(kZlO) - Io(kzrbe‘dm)] + f‘ZB [Ko(kzrbeam) - K()(kzp)] “+ é-(rbeam)) .
- (—gP sin(k.z) + g2 cos(k;z)). (5.68)

The field continuity between the two regions A and B at p = rpeam leads to the
integration constant ¢ (rpeam) in the last equation, and it also implies

gi=gl=a. g =¢ =g
Furthermore, we get
Il(kzrbeam) = le Il(kzrbeam) + sz Kl(kzrbeam)- (5.69)

The field continuity is also the reason why we did not use different symbols for k.,
in the two regions.

At p = rpp, the ideally conducting beam pipe leads to the condition £, = 0
(the longitudinal component of the electric field remains unchanged by the Lorentz
transformation, so that E, = 0 in the laboratory frame corresponds to £, = 0 in the
rest frame of the beam). This leads to

f]B [IO(kzrbp) - IO(kzrbeam)] + fZB [KO(kzrbeam) - KO(kzrbp)] + g(rbeam) =0.
(5.70)

The last two equations can be used to determine the constants le and fZB . However,
£(0) still has to be calculated in order to get { (7beam) by means of Eq. (5.64).
Now we determine the space charge density in region A. Due to

oD,
T
aD,
9z

= kzI/l (kzp) (gf1 cos(k;z) + g; Sin(kzz)) s

= k. $(p) (—gi' cos(k:z) — g3 sin(k:2)) .
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we get

oD, 1 aD.,

= — - D =
g (2) op +p o+ 9z

. , 1
= (gf1 COS(kZZ) + géq Sln(kzz)) (kzll(kzp) + ; Il(kzp) - kz;(p)) .
According to [26, p. 376, formula (9.6.28)], we have

T4 nw) = Tow)
udu

= % L (u) + 1) (u) = To(u)

1
=% Li(k:p) + 1 (k:p) = To(k:p).

so that
pq(2) = (g1 cos(k.z) + g3 sin(k;2)) (kIo(kzp) — k:Z(p)) .
or
pg(2) = € (gi' cos(k2) + g5 sin(k:2)), (5.71)
with

§ = klo(kzp) — k:L(p) = k: (Tlo(k:p) — L (p))
is obtained. The derivative with respect to p is

€ _ o,
ap = Klolkp) — KTy (kep) = 0.

Here we used Eq. (5.64). With Eq. (5.71),
%y _
dp

is also valid, which means that in each region, the space charge density depends only
on z, as required. Please note that the quantity £ introduced above does not depend
on p, even though the individual terms do depend on p. One may therefore evaluate
& for all values of p. For p = 0, we get

§ =k (1-2(0)). (5.72)
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since Ip(0) = 1 holds.
As a last step, we now have to satisfy the boundary condition for the normal
component of the electric field at p = ryp:

D, =oy.

In general, o, denotes the surface charge density defined by

///pquZ//%Pdwz:/Aqdz.

In our special case, the radius is p = ryp, D, = —D,, holds, and the charge on the
beam pipe must be the same as the charge of the beam with negative sign (image
charge in the rest frame of the beam):

_ _ 2
04 27rop = —Aq = —TTpeamPq
2
_ Af{ _ rbeampq
= Dp|p=,bp = = ===,
27 Fp 2rpp

According to Egs. (5.67) and (5.71) this leads to the condition

2
Tioam
S Wlkerg) + £ K ) = ot (573
T'vp
In combination with Egs. (5.69), (5.70), and (5.72), this defines how ¢(p) and &
depend on each other.

The solution discussed above does not include the case that the charge density and
the fields are constant in the longitudinal direction. For p = 0, all field components
vanish.

Therefore, we now consider Eq. (5.59) for the case that D, does not depend on z:

&b, 1 1dD,
S S, ,D+__:0
dp?  p? p dp
d’D dD
2 P p
= —L _Dp,=0.
1% d,OZ +p d,O P

This is a homogeneous Euler-Cauchy ODE, which can be solved by the
substitution
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so that we have

dD, dD,dp _ dD,

de  dp du P Tap

and

&?p, d ( de) dp (de dsz) dD,  ,d*D,
_—— p:

ae ~ap\" ) \a e ) PTG T e
We thereby obtain
Dy _ D, =0.
du? L
The ansatz
D, ~ oku

leads to the characteristic equation

K*—1=0  =k==I,
which yields the solutions

D,~p and D, ~1/p.

In region A (0 < p < Fpeam), the second solution would lead to a singularity at
p = 0, although the charge distribution will not be singular. Therefore, we have

D, = hip

and

hB
D =hip+ ?2

We evaluate Eq. (5.57),

oD, 1 oD

P LD i ,
ap+p P+ aZ IOQ(Z)

for the two regions A (0 < p < Ibeam) and B (Fpeam < 0 < Tvp):

A
1 9z q.0 £4.0.DC>
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hB hB  9D3B DB
W — 2 4 pB 4 2 =90 2hB L =0.
. p2+1+p2+3z = 1+aZ

From a physical point of view, solutions for D, that increase or decrease linearly
with z may be excluded, since the fields must be periodic with respect to the
synchrotron circumference. Therefore, and because of 33—% = % = 0, only a
constant D, may be considered. However, D, must vanish for p = ry,p,. Due to the

field continuity at p = rpeam, D, must then be zero everywhere. Therefore, we have

o= PeORC B
2
For p = rpeam, We obtain
hy Pq,0,DC
; 2 = hfrbeam = qz, I'beam-
beam
Therefore, we get the following solution:
A _ Pq0DC
Dr="5r
DB — pq’OqDCrbzeam
P 2/0
Due to A4 0pc = Jrrgeam £q.0,DC, We get
Ag.0.DC
DA = 12 ) 5.74
A
DB = Z105C, (5.75)
N 27p

The general solution is the sum of the DC charge distribution result (Egs. (5.74)
and (5.75)) and the harmonic solutions (Egs. (5.62), (5.63), (5.67), and (5.68)).
Before we write down the general solution, we now assume that it belongs to a
reference frame S that is the rest frame of the beam. Later, we will analyze a Lorentz
transformation to the frame S that is the rest frame of the synchrotron, i.e., the
laboratory frame. In the frame S, we now have’

"Rewriting the equations that were derived above is accomplished by adding a bar to those
quantities that belong to the frame S and by adding an index k for the different Fourier components.
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B A - - in(k..z
Dy = 78 p 3 Tilkup) (s cos(kad) + g sin(kyd). (5.76)
beam k=1
—_ w 'R A
DA = 3"6(5) (—gue sin(ku?) + gax cos(ku?)) ., 5.77)
k=1
— i 0,.DC >
DE = ;np + ) (fu Llkap) + fu Ki(k)) -
k=1
(g cos(ku?) + ga sin(ku2)), (5.78)

b? = Z S [lokex p) = To kst eam) |

+ ka [KO(]Ezkrbeam) - KO(]gzk/_))] + é-k (rbeam)) .
- (g sin(ku?) + ga cos(kxZ)) . (5.79)

Taking the Lorentz transformation into account, we see that the constant Igzk equals

2
fo = k2 = 2
lR lR

It is assumed that the charge density distribution is given by Eq. (5.83) below, so
that the constants g, gox are known.

For each k, the three constants fix, fak, Cx (Fbeam) that were introduced above and
two further constants i (0), & can then be determined by solving the linear system
of equations that consists of Egs. (5.80), (5.81), (5.82), (5.84), and finally Eq. (5.85)
for the specific value p = rpeam-

The first of these five equations is a rewritten form of Eq. (5.69),

Il(lgzkrbeam) = fik Il(lgzkrbeam) + fak Kl(lgzkrbeam)v (5.80)
the second of Eq. (5.70),

flk [IO(];zkrbp) - IO(lgzkrbeam)] + ka [KO(lgzkrbeam) - KO(lgzkrbp)] + Ck (rbeam) = Oa
(5.81)

Please note that the upper indices A and B for the constants fix, fa, gk, &2k are no longer
necessary, since they are unique.
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and the third of Eq. (5.73),

2
_ - r
Jik Li(kaerop) + fore Ki(kairp) = b;aTI:gk (5.82)
P

From Eq. (5.71), we obtain, for the charge density in region A,

pg = Pgonc + Y _ & (g cosku?) + ga sin(k3)) . (5.83)
k=1

with

& =k (Io(kzip) — & (P))

constant, so that this expression may be evaluated for different values of p, e.g.,
p=0:

& = ka (1 - 4(0)). (5.84)

Equation (5.64) now reads

8k (p) = To(kefp) — 1 + £k (0). (5.85)

5.8.2 Transformation to the Rest Frame of the Synchrotron

For the Lorentz transformation, the following formulas are valid in our specific case
(cf. Egs. (2.56)—(2.59), (2.60)—(2.63), (2.69)—(2.74)):

p=p  i=y@—vt),  kuzi=ykaz—ykpvt = $(1),
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D,(6,p) (Asm~2) D.(¢,p) (Asm=2)

Fig. 5.11 Electric displacement field D for the line charge density given in Fig. 5.12 (parameters:
I =216m, ry, = 7cm, I'peam = 1 cm)

Therefore, we obtain

A

D)l = qODC p+y le(kzkp) (g1 cos¢p + go sing), (5.86)
2n rbeam k=1
o

DA = "ti(p) (—guk sing + g cosg). (5.87)
k=1

A
D) = ;;ZC +vy Z Sie hilkap) + forx Ki(kap)) -
k=1

-(g1k cos¢ + g sing), (5.88)

D! = Z Jir [Tolkek p) = To(Kkzk rocam)|

+ ka [KO(Igzkrbeam) - KO(Igzkp)] + Zk (rbeam)) '
- (—8ik sing + g cos¢g), (5.89)

oo
Pq = Pg.onC + Y Z Ex (g1k cos¢ + ga sing),
k=1

o0
—y?v Zkzksk (—&1k sing + gap cos@).
k=1

Pq

Figure 5.11 presents an example for the field D that is obtained if a line charge
density according to Fig. 5.12 is assumed.
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Fig. 5.12 Line charge 109
density A, = 772 Py With 1 ‘
an average beam current of
Ibeum = 13.6 mA for 0.8}
B = 0.15583, and
Tveam = 20.0mA ath = 4 T/\ 06!
=
< 04f
>
,(
0.2¢

5.8.3 Longitudinal Electric Field

Now we introduce some approximations. We assume that only a few Fourier
components, say 10, are needed to describe the beam current. Furthermore, we
assume that the maximum energy is below y = 6. Therefore, the maximum &k
is equal to

- 2 2
g =k = k=L
ZR lR

with k = 10 and y = 6. Here, Iy is the circumference of the synchrotron, for which
a length contraction

o
R=—

has to be taken into account in the rest frame S of the beam. If we now assume
that the beam pipe radius rp, is smaller than 10cm whereas the synchrotron
circumference / is larger than 200 m, we get

kiryp < 0.1885.

Therefore, we will assume

kzkrbp <0.2

in the following. The specific numbers may, of course, be modified for different
cases.
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For small arguments z, one obtains®

la Z 1
Iix) ~ 1+ =, Ko(z) = —Inz, Li(z) = = Ki(z) = -
4 2’ z
We use these approximations to simplify Eqgs. (5.80)—(5.82):
Ig cam k cam 1
IO fi T o (5.90)
2 kJC"beam
k2 (2 =1, 7 k2 r2
fite S g o In P SRR 4 (0) = 0, (59D)
beam

kar 1 T T
fir zk T'bp + fo = _ beamgk _ Tbeam kzk (1 —800). (5.92)
2 kzkrbp 2rbp s Top

In the last two equations, we used Egs. (5.84) and (5.85). The first of these three
equations leads to

2
Sk =1— fro——"—— (5.93)
(k krbeam)
If we insert this into Eq. (5.91), we get
k%rd r 1 ryy 1
AT P N 24 )+ 40 =0, (5.94)
4 'beam 2 T yeam 2

If one inserts Eq. (5.93) into Eq. (5.92), one obtains

2 _
zkrbp ka (_ _ pr ) = Tbeam ke (1 =1 (0))

2 kzk Top Tbeam zrbp
k2 r r2 4 _
beam" bp b 2
= fu =3 o e K (= 40).
(rbeam - rbp (rbeam - rbp

This may be inserted into Eq. (5.94):

k2r2 k2 mr k2 r 1 1k 1
*4[’"{ bean by P (=G | (I = 2 400 =0

2(rbp r beam) 2(r bp beam) T'beam 2r eam

8For 0 < z < 0.2, the error is below 3+ 10~ for Iy(z), below 8.2% for Ky (z), below 0.5% for I, (z),
and below 4.7% for K, (z).
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k2t 1 r 1
= §(0) | 14 —2m In 22—~ sz +-]|=
2 ( bp beam) Toeam 2 Toeam 2
]gz r l%p r éeam - rbzeamrbzp I'vp Lr l%p 1
=i |2 In 0 Sy
2(rle ream) Tbeam 2 F 2
12 | rlgp U geam Tbp 1 r]gp 1
=ka |- — In —532 13
22 \Mem 272, 2

T r T'b, 1
— k2 __ " beam 1 P -
* 2 (n Tbeam + 2

2 "bp 1
Foeam (ln T'beam + 2)

r2 :
"bp 1 _bp 41

’beam 2,2

= G(0) = —

2 + (k krbedm)

rbp

rbeam

For r:i > 1, the fraction in the denominator is in the range |]—0.5, 0[. If we also

take into account that Igzkrbeam < lgzkrbp < 0.2 holds, we see that this part in the
denominator can be neglected in comparison with 2:

k2l 1 Io kz Top | 12 1 b
0) — __ckTbeam [ 7, 4 P\ _ k7bp | Tbeam [ 1 4 P
Ck( ) 2 2 i I'beam 2 rt%p 2 i I'beam

(5.95)

Therefore, according to Eq. (5.87), the longitudinal field on the beam axis is

rzeam 1 b, o .
Defpmg = —-222 (E +1n rbe:m) ];kfk (—gu sing + gx cosgp).  (5.96)

By means of Eq. (5.83), we obtain

dAg 5 dpg

o0
& Fhean g T Foeam Zlgzk & (g sin(ku) + gox cos(ku2)).

k=1
(5.97)

Due to % > 1, the expression in Eq.(5.95) in square brackets is in the range
10, 0.5[. With lgzkrbp < 0.2, one sees that

16(0)] < 1,
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so that

is valid according to Eq.(5.84). Therefore, the sums in the two equations (5.96)

and (5.97) are identical. Hence, we obtain

1 (1 di
Dilpmo=—=— (= + 2 ) L,
2w \ 2 I'beam dz

According to the Lorentz transformation,

di, 192,
iz y? 0z
is valid, and we finally obtain
r aA A
D.|p=0 = - 2(1+21n bp)—q:_ goz_q
Ty I'beam 0z dmy 0z
with the geometry factor
go=1+21In Top .
Tbeam
The result
go akq
E =0 =— —
elp=0 dwegy? 0z

(5.98)

may also be found in Edwards/Syphers [27] as formula (6.33) and in Ng [28] as
formula (2.42). In these references, a much simpler derivation is offered, which,
however, requires some advance knowledge about the field. Please note that in our
derivation and in [27], A, denotes the charge density. Sometimes, A4 nom is defined
as a normalized density function for the bunch, so that the total bunch charge N, O

has to be added explicitly as a factor:

A'q =N, qu,norm-

Finally, it has to be emphasized that the derivation presented here is based on
the simplest model with transversally constant charge density. If different models
are used, one also obtains different expressions for the geometry factor. This is
discussed, for example, in Reiser [29, Sect. 6.3.2], and in Zotter [23, Sect. 12.1.1].
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5.8.4 Space Charge Impedance

We determine the current at a constant position z:
7.4d4 2 2 = 7
Toeam = / J-dA = nrbeamJZ = TTTpeamVVPq = )/qu.

In S, the line charge density /_\q depends only on z and not on time, since it
determines the static solution. By means of the Lorentz transformation, however,
7 = y(z — vt) depends on z and on ¢ in the laboratory frame S. Therefore, the time
derivative is

aIbeam d/iq 82
—_ = V—

di
=_—y2? =4 . 5.99
ot Y dz ot vy ( )

dz |_

z=y(z—vt)
Now we calculate the voltage that is seen by a specific particle of the bunch. In the
rest frame S of the bunch, we have

g0 ddg

E |0 = E;|p=0 = — :
z|p0 zlpO 47‘[60 az

Since the particle is moving with the bunch, the derivative % is always constant.”
Therefore, the integration is simple. We have only to multiply this expression by /g
to get the voltage in S':

5, Ir dA
V:/E-drszzdzz—gO—R—_‘f. (5.100)
4rey dz

The expression % has to be evaluated at the position of the specific particle. In the
frame S, it will be given by z = zp + v¢, so that
0 =2=Y20

is obtained. If the beam current is also measured at z = zo + v¢, we may combine
Egs. (5.99) and (5.100) and obtain

_ gOIR 1 aIbeam _ gOIR aIbeam

V= =
dmey —y2v: Ot dmegy?v?: Ot

°Please note that the synchrotron oscillation period Ts is much larger than the revolution time 7.
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If this equation is transformed into the frequency domain, the time derivative will
be converted into a multiplication by jw:

golr 4
2 Lbeam(w)'

V@) = jo— S
V) jw47r60)/2v

According to our standard equivalent circuit in Fig. 4.5 on p. 181, we have to define
the longitudinal space charge impedance as

Zo—_ Aﬁ(w)

Lbeam (C() )

if we want to treat it similarly to the impedance of a cavity. Hence we get

. golr
Zi = —jo—SYR 5.101
‘ /@ degy?v? ( )

If we evaluate this expression at the nth harmonic of the revolution frequency, i.e., at

2mn 2w ny
W =Nnwr = =

’

TR IR
we obtain
Z Z
S _j S0 _ 8% (5.102)
n 2epy?v 2928
Here we used
1
co = and  Zo= B~ 37673 Q,
Sl €

respectively the velocity of light and the impedance of free space. According
to the sign in Eq.(5.102), the space charge impedance is capacitive, although
the frequency dependence corresponds to an inductance. Formula (5.102) can
be found in many publications and textbooks on accelerator physics (cf. Hof-
mann/Pedersen [30, eqn. (8)]; Edwards/Syphers [27, eqn. (6.50)]; Zotter [23,
eqn. (12.1)]; Ng [28, eqn. (2.45)]; Chao/Tigner [8, Sect. 2.5.3.1, p. 128, formula (1)];
Reiser [29, Sect.6.3.3, eqn. (6.114)]). In many cases, however, the definition
of the sign is reversed. Instead of the impedance itself, one may also consider
the impedance per length. In this sense, Eq.(5.101), e.g., corresponds to equa-
tion (6.94b) in Reiser [29].
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According to Eq.(5.98), the electric field induced by the space charge is
proportional to —%. In terms of time, it is therefore proportional to —i—%. This

is due to the fact that we have

Mg ddg0z  dig

0z dz 9z dz
and

EX d\, 9z di

My A0z A

dt dz ot dz

From a physical point of view, this change of sign is also obvious, since the head
of the bunch is located at larger z than the tail of the bunch. With respect to time,
the head of the bunch will reach a certain point earlier than the tail of the bunch.
We now have a look at the four cases shown in Fig. 3.3 on p. 133. If we draw the
electric field that is generated by the space charge for each of these four cases,
we get rising slopes in the bunch center for the right-hand diagrams and falling
slopes in the left-hand diagrams. This corresponds to a defocusing effect in the upper
two diagrams, since the slope is opposite to that of V(¢), and to a focusing effect
in the lower two diagrams, since the slope is the same as that of V(¢). Therefore,
the longitudinal space charge leads to a defocusing effect below transition. Above
transition, it may lead to a beam instability (cf. Edwards [27, Sect. 6.2]; Reiser [29,
Sect. 6.3.3]).

We now take GSI’s synchrotron SIS18 at injection energy (positive charges
below transition) as an example. Let us consider the stationary case. Under these
conditions, we have

B = 0.15503, y = 1.012238,

and we are interested in the Fourier component of the space charge voltage at n =
h = 4. We assume

T'vp

=7 = go = 4.89,

T'beam

which leads to a space charge impedance of

Ze=—j-23kQ
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if Eq. (5.102) is evaluated. If we now assume a beam current amplitude of
zbeam = 20mA
at the RF frequency (& = 4), this results in a space charge voltage

22 _Zscj

~beam

=+4j-460V.
A beam current
Tveam(t) = 20 mA - cos(wggt)
therefore leads to a voltage
V(t) =460V - cos(wrpt + 7/2) = —460V - sin(wgg?).

This is actually defocusing, because the RF voltage must be proportional to
+ sin(wrr?) to keep the particles bunched.
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Chapter 6
Power Amplifiers

In this chapter, power amplifiers for synchrotron and storage ring RF systems are

discussed. The main task of the power amplifier is to provide RF power to the

synchrotron cavity. This is done by conversion from DC to RF power. The DC power

is drawn from the line power by means of power supplies that are responsible for

providing all voltages and currents that are required to operate the power amplifier.
A variety of devices are used in power amplifiers for particle accelerators [1,2]:

* Gridded vacuum tubes (e.g., triodes, tetrodes) [3,4]
* Inductive output tubes, IOTs (klystrode) [5]

¢ Kilystrons [6]

¢ Solid state amplifiers

The first three types (gridded tubes, inductive output tubes, and klystrons) are
vacuum tubes. These devices thermionically liberate electrons from a cathode to
create a high-current electron beam, which is accelerated by a high DC voltage
toward the anode (collector). The beam always travels within a vacuum to reduce
interaction with rest gas. After emission, the beam is bunched. If gridded tubes and
inductive output tubes are used, this bunching is done by a fine grid in front of the
cathode. The voltage of this grid is modulated with the desired frequency, thereby
directly modulating the current through the tube. In a klystron, this bunching is
done by modulating the voltage in one or typically several buncher cavities, thereby
bunching the coasting beam emitted from the gun in flight.

For gridded tubes, the voltage of the anode is modulated by the impacting beam,
and the RF current is directly drawn from there. If an inductive output tube and
klystron are used, then the modulated electron beam travels through a catcher cavity
in front of the collector, where it excites an electromagnetic field. The power from
this catcher cavity is extracted by a coupler and can be delivered to the load.

Solid-state amplifiers consist of a large number of transistors operating in parallel.
Due to the reduced mobility of the electrons within the transistor compared to
vacuum, the output power of solid-state amplifiers at high frequencies is rather

H. Klingbeil et al., Theoretical Foundations of Synchrotron and Storage Ring RF Systems, 299
Particle Acceleration and Detection, DOI 10.1007/978-3-319-07188-6_6,
© Springer International Publishing Switzerland 2015
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limited compared to vacuum tubes, usually restricting them to medium power
applications such as driver amplifiers (even though their range of application is
being extended continually).

The three different types of vacuum tubes are used in different applications with
respect to particle accelerators. The factors that are most important in determining
the choice are the operating frequency of the power amplifier and whether it is a
narrowband or a broadband application. Generally, gridded tubes are favorable at
frequencies below a few hundred megahertz. At high frequencies, gridded tubes
are limited by time-of-flight effects. Tubes usually have a high bandwidth, since
they do not exhibit any low-frequency limitations. Klystrons, on the other hand, are
unsuited for low-frequency operation, since their dimensions become impractical
in this case. In addition, the frequency band of klystrons is rather limited, due
to the bandwidth of the cavities it uses. Inductive output tubes fall between the
operating frequencies of gridded tubes and klystrons. Summarizing, gridded tubes
are favorable in applications below 100 MHz, especially if broadband behavior
is required. Klystrons are optimal for high-frequency narrowband applications. In
general, hadron synchrotron and storage ring RF systems fall in the former category
(low frequency, broadband), and therefore gridded vacuum tubes are usually the best
choice for a power amplifier for this type of RF system. Tubes are also much less
sensitive than semiconductors to a high radiation dose environment. Therefore, the
following section will focus on power amplifiers using gridded vacuum tubes.

6.1 Gridded Vacuum Tubes

In this section, different types of gridded vacuum tubes are discussed. More
detailed information may be found, for example, in [3], which also influenced the
presentation in this book.

6.1.1 Diode

The simplest type of vacuum tube is a diode, as shown in Fig. 6.1. A vacuum diode
features two electrodes: a cathode and an anode (also called plate) in a vacuum
environment. A cylindrical arrangement with an outer anode cylinder enclosing an
inner cathode cylinder is usually used. This assembly is enclosed in a compartment
made of metal or glass with several feedthroughs to connect the electrodes. The
cathode is heated by means of an electric current to initiate the thermionic emission
of electrons, thereby introducing free charge carriers into the vacuum. When one
now applies a positive voltage to the anode with respect to the cathode, these
electrons may travel through the diode, creating a negative current flowing from
the cathode to the anode.
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As we will see later, this current is dependent on the type of vacuum tube
(geometry, material selection), the temperature of the cathode, the vacuum pressure,
and the voltage between anode and cathode.

Reversing the polarity of both electrodes results in no current flowing through the
device, since the anode is not heated. No electrons will be emitted from the anode
that can travel through the tube. On the other hand, all electrons emitted from the
cathode will also not be able to pass through the tube, due to the voltage barrier
introduced by the anode. The transport of (negative) current through a vacuum tube
is possible from only the cathode to the anode. Therefore, a vacuum diode may be
used for rectification purposes, similar to semiconductor diodes.

The heating of the cathode can be done in two different ways. For direct heating,
as shown in the left-hand diagram of Fig.6.2, the current used to increase the
temperature of the cathode travels directly through the cathode. For indirect heating
(see the right-hand diagram of Fig. 6.2), a dedicated filament allows the heating of
the cathode. In addition to this, the heating may be performed by DC or AC.

A directly heated cathode with one side of the cathode at ground potential and the
other side at the heating potential exhibits a voltage drop over its length. This voltage
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drop leads to different voltages between different parts of the cathode and the anode,
thereby influencing the current traveling through the tube. To reduce this effect,
as well as the self-heating of the cathode by the emitted electrons, the resistance
of the cathode is usually chosen to be fairly low. Nevertheless, in case of AC
heating, a modulation of the tube current with the frequency of the heating current
(usually 50 Hz) is observed, and a correction may be necessary, depending on the
application. In an indirect heating scheme, the whole cathode remains at an almost
constant potential. In addition to this, the total area of an indirectly heated cathode is
usually much larger than that of the wire configuration of a directly heated one. AC
heating without any corrections is applied whenever possible. On the other hand,
the required heating power is much larger than in the direct heating scheme, due to
the larger volume that is kept at high temperature. Especially for high-power tubes,
this may become a limiting factor. It will also take much longer for an indirectly
heated cathode to reach its operating temperature. The temperature and therefore
the current density that can be emitted from an indirectly heated cathode is smaller
than that of a directly heated one.

In the following, the current density emitted by such a heated cathode will be
discussed. Electrons within the cathode are bound to the metal. To release them
into the vacuum, they have to overcome the binding energy of the metal (electron
work function), which is usually on the order of a few electron volts. The electrons
inside the metal exhibit different energies; they follow a band structure with a partly
occupied conduction band.

The emitted current density is calculated assuming an infinite plane surface. The
emission takes place perpendicular to this surface, along the z-axis.

The density of states 7y, inside the metal is given by

2me\ 3
dnstat =4n ( ;Z ) R Y WdW,
with the electron mass m., Planck’s constant /2, and the energy W of the observed
state. The density of occupied states dn is given as the product of the density of
states dng,e and the distribution function F (W) obeying the Fermi-Dirac statistics

Wg—W

F(W) = ~ et 6.1)

W—Wg

I 4+e @l

where W is the Fermi energy, kg = 8.6173 - 107> ¢V /K Boltzmann’s constant,
and T the (absolute) temperature. One can see that at T = OK, the energy
distribution of the electrons has a sharp edge (at the Fermi energy) with all lower
states occupied and all states above empty. Once the temperature increases, higher-
energy states inside the band structure of the metal and even unbound states begin
to become populated. Here, we are interested in electrons featuring these unbound
states, because they represent electrons that are thermionically emitted from the
cathode. Taking tungsten as an example, the temperature must be below the melting
point 3695 K. Therefore, kg7 is below 0.318 eV, which is much smaller than the
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binding energy Wying = 4.5eV. This explains the approximation in the last step,
since we are interested in unbound states where W — Wk is sufficiently large in
comparison with kgT'.

The product of the last two equations yields

2 e 3/2 Wg—W
dn = F(W) dngy = 4n( ZZ ) e T JWAW.

The calculation is simpler when we are discussing the momentum p instead of the
2
energy W = £—:

We will now use the formula
47tp2dp =dp, dp, dp.,

where dp,, dp,, and dp, are the differentials of the momentum components in
Cartesian coordinates. Furthermore, due to

dJ, = —ev,dn = —e& dn
Me
This results in’
2e WF_ffnie
dJ, =— e T p.dp,dp,dp,.

h3m,

Integrating this equation in the x- and y-directions from minus infinity to infinity
and in the z-direction from py,. to infinity accounts only for such electrons with
sufficient energy to be able to leave the metal, thereby forming a current density J,
in the z-direction:

2

2e W [ _ st © __n 2
JZ [ h3 eksT e 2mekgT de e 2mekgT dpy e 2mekgT pdeZ 3
e —00 —0o0 vac

IPlease note that in this equation and in the following, the same symbol e is used for the elementary
charge and Euler’s constant. Since the latter is the base of the exponential function, this should not
lead to misunderstanding.
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The first two integrals are of the type

o0 2
/ e dx =
—00

and the third integral is

((l > O)v

NE

—axz e_ax
xe dx = — 7 + const.
a

This leads to

4mekgT Ve P
J. = ——BekBTmekBTe ZmekpT

h3
Substituting the momentum again for the energy and observing? that
Whoind = Wyac — Wr

yields the Richardson or Richardson-Dushman equation

Whind

Js = —J, = AgT?e” 87 (6.2)
with the Richardson constant
drmek3e A
Ap = — S B7 ~ 120 ——.
R h3 cm? K2

For the operation of a vacuum tube, a high-saturation current density Js is desirable.
Therefore, the cathode is operated at high temperature, and the cathode material is
chosen so as to exhibit a low binding energy and the ability to withstand operation at
these high temperatures. For high-power applications, tungsten or thoriated tungsten
is usually employed.

In applying an electric field at the surface of the metal, the binding energy
is slightly reduced. This leads to an increase in emission from the cathode.
This phenomenon is called the Schottky effect. The reduction in binding energy
amounts to

2 Puac is the momentum corresponding to the energy W,,., which denotes the potential energy of an
electron in vacuum just outside of the metal; W;;,q is the binding energy, which denotes the minimal
energy (at 7 = 0) required to remove an electron from the metal. For metals, this quantity is equal
to the work function, which at 7 = 0, denotes the energy required to transfer an electron from
Fermi energy to the outside of the metal (vacuum energy). Usually, all energies are referenced
relative to Wy, = 0.
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Fig. 6.3 Evolution of an —
idealized potential DA T,<T,<T,<T, ®.=const.
distribution between cathode
and anode with increasing
temperature (increasing
charge density)
T,
LS T4
>
T'\ : —0)=0] %
T,: d®/dz(z=0)=0
Cathode Anode
3
e’E
AW = surf i ( 63)
4 €0

with Eqy¢ the electric field strength at the surface of the cathode.

Under some circumstances, not all of the electrons that are emitted by the cathode
can travel to the anode. The potential distribution between the cathode and the
anode is defined not only by the potential difference and the geometric arrangement
between these electrodes. The electrons that are traveling from the cathode to the
anode also influence the potential distribution due to the charge they are introducing.
This effect is called space charge. Under some operational conditions, the presence
of these electrons can constitute a limiting factor with respect to the total current that
can travel through the tube. To illustrate this effect, consider two parallel electrodes.
Without any space charge effects, the potential distribution between these electrodes
is given by the straight line shown in Fig. 6.3 denoted by 7] (no heating). If we
now begin to heat the cathode, electrons are emitted, and all of them travel from
the cathode to the anode, thereby introducing charge carriers in the space between
the electrodes. These charge carriers will now begin to have an influence on the
potential, as shown by the curve 7, in Fig. 6.3. They will shield the potential seen
from the anode. This effect is most pronounced at the cathode. When one increases
the temperature of the cathode, the number of electrons that are emitted increases
according to Eq. (6.2). All these electrons will travel to the anode, thereby further
amplifying the space charge effects and flattening out the potential distribution.
These mechanisms continue with rising temperature (73, 73) until the gradient of the
modified potential at the location of the cathode becomes zero (grad ® = —E = 0)
at temperature Ty. The electric field at the location of the cathode now vanishes.
And with rising temperature, any additional electrons that are emitted by the cathode
will be unable to travel from the cathode to the anode. An electron cloud is formed
at the cathode, where electrons emitted from the cathode are in equilibrium with
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electrons that move from the cloud back into the cathode. So from the temperature
T4 upward, the current transported through the tube is almost independent of the
cathode temperature; the potential distribution also remains unchanged.

Let us now calculate this effect under the following conditions (see Fig. 6.4):

* Two infinitely extended plane electrodes that are separated in the z-direction by
d with constant potentials:
P|,=o =0, ®|,—y = Vapc (Dirichlet boundary condition).

* The current density is limited by space charge effects:

do

— =0.
dz z=0

* The electrons are the only charge carriers between the electrodes.
* The electrons are emitted with zero velocity:

V|;=0 = 0.

* The electron energies are sufficiently small; relativistic effects are negligible.

* The change in anode voltage is slow compared to the transit time of the electrons.

* All magnetic fields in the diode caused by the moving electrons in the vacuum as
well as in the conductors (e.g., cathode) are neglected.

The distribution of the potential is given by the Poisson equation (2.54),

_Pa
€0 ’

AD = (6.4)

where ® is the electric potential and p, the space charge density.
Calculating the potential for two plate electrodes of infinite dimensions that are
separated in the z-direction leads to
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d>® Pq
- = 6.5
dz2 €0 (6
The charge and the current density are connected by the relation
J =—J, = —pyv, (6.6)

where v is the velocity of the electrons.
The kinetic energy of the electrons (nonrelativistic case)® is equal to the electric
energy gain:

1 2
de = Emev . 6.7)

Here m. denotes the mass of the electrons. Combining the last three equations yields

d?®

— =kJO2, 6.8
dz? 5
with
_ 1 [me
n €V 2e
constant. It follows that
2d<I> 2o k12 do
dz dz2 dz

d [ [do)’ do
=>—[(—) | =270 >—.
dz dz dz
The current density J remains constant with varying z. By means of an integration,
we obtain
do> do
— ) = 2kJ/ 12— gz
dz dz

do\?
= (d—) = 4kJOTV? 4 A.
Z

3The following example illustrates this assumption: for electrons with a kinetic energy of 20keV
one gets

B=02719, y=103914,

and the error of the nonrelativistic formula for the kinetic energy is about 5.9%.
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At the surface of the cathode,

do
D|,— =0, —
|z 0 dz

=0
z=0

is valid. This results in A = 0, and we obtain

do
— =2Jkjo!*
dz

= /q>—1/4dq> = 2¢k1/dz

= gqﬁ/‘* = 2vkJz + B.
Using the boundary condition
Pl,—o =0
at the cathode and
®@[,=4 = Vapc

results in B = 0 and

2
EV:]/;‘C - Md

3 4/3
= Vapc = (Ed\/E) J?3,

This equation gives the dependency of the potential in the space-charge-limited case.
The line depicting T in Fig. 6.3 follows this d */* dependency. Regarding the current
density, we have

4 3p
J = WV&{DC, (6.9)

or in general, for different geometric conditions and integrating over the whole
cathode surface 4., we have

Ia,DC = KA, Va3]/)2C )
with I, pc the total current traveling through the tube. If we assume that the voltage

and the current will change slowly enough to justify our static field calculation, we
may use this equation also in the non-DC case:
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Fig. 6.5 Characteristic I .
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This equation is called Child’s law or the Langmuir-Child law, stating that the
current is proportional to the power of 3/2 of the voltage between both electrodes.
The constant K depends on the geometry of the tube. For the planar electrodes

considered so far, we get
4 dey |2e
K=—=—,—.
9%d*>  9d? \/ Me

A more detailed analysis of the behavior of electrons between two parallel elec-
trodes under space charge conditions, which also takes different initial velocities
into account, is given in [7].

For tubes, a cylindrical assembly of a cathode with an outer radius 7, and an anode
with an inner radius of r, is often realized (r, > r.). This configuration yields, for a

long cylinder [8],
ey [2¢ (ra N[ )
P _e(’__l) (m’—) | 6.11)
9rC2 me re Ie

Figure 6.5 shows a typical characteristic curve of a vacuum diode. Plotted here is the
current through the diode as a function of the voltage between cathode and anode at
a constant cathode temperature.

One can distinguish three different sections. The first part, where the anode volt-
age is negative, is called area of initial current. Here the current rises exponentially
with the voltage. This behavior can be described by Eq. (6.2) modified in that the
electrons now have to overcome not only the binding energy of the metal but also
the potential difference between both electrodes:

Whind—¢Va.DC

J = AjT?e™~ R . (6.12)

This equation is valid as long as the current is not limited by space charge effects,
which will become relevant even at negative anode voltages. Only the electrons that
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leave the metal with sufficient kinetic energy are capable of doing so; therefore,
the current is strongly dependent on the temperature of the cathode. In general, the
magnitude of this initial current is much lower (several orders of magnitude) than
that of the saturation current. With increasing anode voltage, the behavior of the
anode current is dominated by space charge effects; it is almost independent of the
cathode temperature; its devolution with the anode voltage is given by Eq. (6.10).
This behavior remains intact with increasing anode voltage until the current reaches
the saturation current given by Eq. (6.2). At that point, all electrons that are emitted
from the cathode can travel through the diode; space charge effects are no longer
relevant with respect to the current. The current will again become dominated by
the temperature of the cathode. This transition is not sharp, since the temperature is
not constant over the whole cathode. When one continues to raise the voltage, the
saturation current increases slowly according to the Schottky effect; see Eq. (6.3).

In the scope of this chapter, vacuum tubes will be applied in amplifiers. Here, one
wants the current of the tube to be strongly influenced by the anode or grid voltage.
In addition, it is beneficial if the current does not depend on the temperature of the
cathode, allowing much more relaxed requirements regarding temperature stability.
Therefore, vacuum tubes in amplifier configuration are generally operated in the
space-charge-dominated region.

6.1.2 Triode

The vacuum diode presented in the previous section is unsuitable for application
in an amplifier design, because for a given cathode heating, the tube current is not
controllable independently of the anode voltage. To overcome this limitation, an
additional cold electrode is introduced into the tube, called the grid, resulting in
a triode. The grid is located between the cathode and the anode; it consists of a
metal wire helix or metal mesh with an electrical connection to the outside of the
tube. Now, for a given heating current, the electron flux from cathode to anode is a
function of the grid and the anode voltage. The following considerations illustrate
these dependencies: For a diode, the current in the space-charge-dominated region
is given by Eq. (6.10),

I, = Kdiode Va3/2 s

where V, is given by the capacitance between anode and cathode and the charge
induced on the cathode:

Q.

Va=—.
Cac

In the case of a triode, the current traveling to the anode can be expressed by
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Ia = Ktriode 173/2

ctrl

as a function of an effective control voltage

Qc

I7clrl = .
Ciot

Here
Ciot = Cye + Cgc

represents the combined capacitances of the cathode with respect to the anode and
the grid, respectively. The charge Q. is given by

QC = CyVa+ Cchga
resulting in

QJ@+C$%)WZ

Ia = Ktriode ( Co +C
ac gc

or
1% 3/2
gzmm{@+i). (6.13)
Ma

Here the behavior of the triode in the space-charge-dominated region is described
by means of the amplification factor

and

C 3/2
Kd_ﬁd(_iLJ
t e riode .
rio Coe + Cgc

The amplification factor u, indicates how much stronger the influence of the grid
voltage on the anode current turns out to be than that of the anode voltage. The
reverse factor 1/u, describes the ratio between the influence of a change in the
anode voltage on the tube current with respect to a change in the grid voltage.

One can see that a triode can be described as a diode with its anode at the position
of the grid whose voltage with respect to the cathode is given by Viy. According to
Eq. (6.13), three quantities of a triode (/,, V,, and V}) are interconnected. To evaluate
the performance of a triode, typically two of these quantities are plotted while one
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Fig. 6.6 Plate characteristics, mutual characteristics, and constant current curves of a triode

is held constant. If the anode current as a function of the anode voltage is plotted for
several constant grid voltages, the plate characteristics are obtained as shown in the
first diagram of Fig. 6.6. One can see that for different grid voltages, the curves are
shifted with respect to each other along the anode voltage axis, which is due to the
different impacts of the grid and anode voltages on the anode current.

The mutual characteristics as shown in the second diagram of Fig. 6.6 display the
anode current as a function of the grid voltage for constant anode voltages. Lastly,
the constant current curves (right-hand diagram in Fig. 6.6) are obtained if the grid
voltage is plotted as a function of the anode voltage for constant anode currents.

In addition to these curves there are three useful quantities to describe the
behavior of a triode. These are the amplification factor p, mentioned above, the
mutual conductance gy, and the internal resistance R;. They are given by the
following expressions:

aV,
Ma = — o . (6.14)
! BVg I, =const
al
gm= 7— , (6.15)
an Va=const
Va
R=" (6.16)
ala Vg=const

The significance of the amplification factor has already been introduced. It can be
deduced, for example, from the plate characteristics. The ratio between the shift
in anode voltage and the differences in grid voltages between two neighboring
constant anode current curves can be used to determine p,. The mutual conductance
describes the sole impact of a change in grid voltage on the anode current. It is a key
figure concerning the amount of amplification that can be realized by a given tube.
The mutual conductance can be deduced, for example, by determining the slope of a
tangent in the mutual characteristics. Finally, the internal resistance R; is a measure
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of the influence of the anode voltage on the anode current. It is given, for example,
by the reciprocal value of the slope of a tangent in the plate characteristic curves.
Based on Eq. (6.13),

V. 3/2
I, = Kyiode (Vg + _d)
Ita

I 2/3
V, = & — Ve,
N Ha |:(Ktriode) g:|

we now calculate the partial derivatives mentioned above. The first result,

Wa
Wy

—HMa,

confirms Eq. (6.14). The other two derivatives are

0, _ 3, (V N Va)l/2
8m = = = iode - s
W, 2" £
W, 2 L\ 1 2 AN
' ala 3Ma (KLriode) KLriode 3Ma £ + Ha KLriode

The product of these two equations yields
ngi = Ha, (6.17)

which is often called the Barkhausen equation.

6.1.3 Tetrode

In amplifier configurations, especially for RF cavities, tetrodes are often employed.
Tetrodes exhibit two cold electrodes between the cathode and the anode, the control
grid (grid 1) and the screen grid (grid 2). The main purpose of the control grid is
to modulate the anode current, whereas the screen grid is introduced to reduce the
reverse amplification factor of the anode. The anode current in the space-charge-
limited region is given by

% v, 3/2
g —) (6.18)

I, = Kietrode (Vgl + — +
Hg2  Ha

as a generalization of Eq. (6.13).
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6.2 Tube Amplifiers

In this section, RF power amplifiers based on vacuum tubes are discussed. More
detailed information may be found, for example, in [9].

In the context of tube amplifiers for synchrotron cavities, the main task of the
amplifier is to provide the AC current to achieve the required gap voltages. As
discussed in Sect.4.1.15, the gap voltages used in hadron synchrotron cavities for
low harmonic numbers are typically in the range of a few hundred up to a few
thousand volts. Since the shunt impedance of these cavities is usually fairly low,
at least compared to LINAC cavities or electron synchrotron cavities, the required
amplitude of the AC currents is in the range of a few amperes up to dozens of
amperes. So in general, the type of amplifier discussed here has to provide high
currents at voltage levels of several kilovolts, resulting in power levels of up to
several hundreds of kilowatts. In designing an amplifier for this type of application,
usually two main goals have to be taken into account: Firstly, the signal quality is
an important factor. Every distortion in the current delivered by the tube will lead
to a distortion of the gap voltage seen by the beam, albeit reduced by the loaded
quality factor of the cavity. These distortions will have an effect on the shape of the
bucket. Secondly, the power level of this type of amplifier requires at least some
considerations regarding the efficiency of the conversion from DC to AC power.
These two requirements contradict each other. In general, an increase in efficiency of
a tube amplifier is accompanied by an increase in distortions. So when designing an
RF system consisting of amplifier and cavity, a trade-off has to be achieved based on
the requirements of this particular system. In classical terms, this type of amplifier
can be located somewhere between a broadcast amplifier and a high-power HIFI
amplifier. In general, the amplification factor (the ratio between the input and output
voltage) is of less concern here, since the input voltage can easily be preamplified
to sufficient levels.

Another important topic in designing the power amplifier of a synchrotron RF
system is impedance matching. Therefore, it is necessary in most applications to
consider the design of the power amplifier and the synchrotron cavity as a combined
task. There are many different approaches to achieving this matching, such as by
fixing the impedance of the cavity or parts of the cavity that will be driven in parallel
to a fixed impedance, usually 50 €2. In that case, usually one or more semiconductor
amplifiers are used. Due to the 50-2 regime, it is possible to separate the cavity
from the amplifier (e.g., housing the radiation-sensitive semiconductor amplifier in
an area separated from the beam line). Another approach regarding the impedance
matching is to locate the amplifier very close to the cavity, thereby reducing the
length of the power transmission lines as much as possible. In doing so, it is not
necessary to match the impedance of the transmission line. We will focus on this
scheme, since it allows the transmission of very high power levels from the amplifier
to the cavity. In this scheme, again, the impedance of the cavity is a major factor in
designing the power amplifier, and it may also be beneficial in designing the cavity
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to adapt the impedance seen by the power amplifier in order to allow better matching
to certain tubes.

In dealing with this set of requirements, the natural choice of power source is
the tetrode. Compared to a triode, the tetrode exhibits a higher amplification factor,
due to a screen grid that can be controlled independently of the control grid and
the anode voltage. A tetrode can also be operated at lower anode voltages, due to
the fact that the control voltage can be kept sufficiently high by a proper choice of
the screen grid voltage. This enables a tetrode to be operated in a given scenario at
lower DC anode voltages compared to a triode, thereby increasing the efficiency.
These benefits generally outweigh the fact that the current emitted by the cathode
of a tetrode partly flows to the positive screen grid, reducing the anode current. This
effect is fairly small, especially since the geometry of the tetrodes is optimized to
minimize it.

Pentodes feature a suppressor grid that prevents secondary electrons emitted by
the anode from traveling to the screen grid. In comparing pentodes to tetrodes in
the high current operation scheme, this is usually not beneficial, since for the high
voltage application discussed here, it is easily achievable to maintain a sufficiently
high voltage difference between the anode and the screen grid to block this anode
to screen grid current.*

Figure 6.7 shows a typical layout of a tetrode-based amplifier in grounded cathode
configuration. Here, the cathode of the tube is kept at ground potential. Several
voltage supplies are required to operate the tube. A high voltage power supply is
responsible for obtaining the voltage difference between cathode and anode. This
power supply has to provide fairly high DC currents. In addition, a voltage supply is
required to provide the DC voltage of the control grid and another supply will ensure
the DC voltage of the screen grid. A filament supply, not shown in Fig. 6.7, provides
the necessary current to achieve sufficient heating of the cathode. The designer of
power tube amplifiers will always separate the DC resistance seen by the anode
voltage supply from the AC resistance. This can be done by the use of a transformer,
as shown in Fig. 6.7 or, for example, by implementing a large choke coil in parallel
with the load resistor. Each remaining DC resistance will reduce the anode voltage
and thereby increase the power that has to be delivered by the voltage supply to reach
a given AC voltage amplitude on the load resistor. Usually, the input AC voltage
to the control grid is also provided via a transformer, separating the AC generator
(e.g., driver amplifier) from the DC control grid voltage. The input impedance of
this transformer is usually matched to 50 €2 to allow the transmission of this input
signal over a larger distance. According to the definition, the mutual conductance is
given by

a1,

8m = anl "

“In most cases, the potential barrier introduced by the space charge effect of the high anode current
alone is sufficient to inhibit the secondary electrons from traveling to the screen grid.
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Fig. 6.7 Layout of a single-ended tube amplifier in grounded cathode configuration

for a sinusoidal control grid voltage

Vai.ac = Verac cos(wt).
When using the orientations of voltages and currents as shown in Fig. 6.7, the anode

AC current is given by
Iyac = gmVelac

This equation holds only in case of a short circuit operation. When R, is larger
than zero, the retroaction of the anode voltage on the anode current, moderated by
the reverse amplification factor 1/u,, has to be taken into account (see Eq. (6.18)),

resulting in
. Vaac
with  Venac = Verac + "
a

Ioac = gmVeulac

Using the Barkhausen equation (6.17),
ngi _

om .,

[ha
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Fig. 6.8 Representation of a tube amplifier by a current source (left) or voltage source (right)

and Vy ac = —I, acR, leads to
HaVel,AC
Iyac = ——,
Ri + Ra
R,
Va,AC = —Manl,AC m,

In case of a short circuit operation, this simplifies to

Lyacse = M,
AC, R
Vaacse =0,
and for open-ended operation, to
Iy acoe =0,
Vaacoe = —paVgiac.
The voltage amplification © = — Aa,AC /I;'gl,AC varies with the load resistance,

remaining always below the open-ended amplification © = ;.

The tube may be described as a current source or as a voltage source, as depicted
in Fig. 6.8. These equivalent circuits describe the small-signal AC behavior of the
tube as seen from the load. They cannot be used to describe the DC performance of
the tube or the internal processes within the tube.

For each load resistance R,, the relation between V, oc and I, oc is given by

Vaac = —Ra Iac.
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VoS

Fig. 6.9 Plate characteristics and example of a load line

The actual value of the anode current is given by
Iy = Iypc + laac

VaaAc
R,

= Ia = Ia,DC -

This represents the equation of a line with slope —1/R,. The resulting line
is called load line of the tube. An example of such a load line is shown in
Fig. 6.9 together with exemplary plate characteristics of a tube. Such a diagram is
a very efficient tool for visualizing the behavior of a tube amplifier under certain
operational conditions. The line shows the actual values of the anode voltage, the
anode current, and the control grid voltage for each moment in time. The point on
the load line where Vi = Vg1 pc is called the operating point of the amplifier
(cross in Fig. 6.9).

An amplifier can be used in different modes of operation, depending on the
amount of time during which the amplifier provides current to the load. Here one
distinguishes between class A, class B, and class C operation. The mode of operation
is determined by the type of tube (the associated characteristic curves) and the
choice of DC anode voltage, DC control grid voltage, AC control grid voltage, and
screen grid voltage. Depending on these parameters, the tube may block the current
flow for a certain period of one RF cycle.

If the parameters are chosen in such a way that the tube can provide current during
the whole RF period, e.g., by keeping Vg1 pc sufficiently high or V1 ac sufficiently
low for a given V, pc, the tube is used in class A operation. In class A operation, the
anode current at the operating point differs only slightly from the DC anode current.
The anode DC current is almost independent of the amplitude of the control grid
AC voltage.

If the parameters (Vapc, Veipe, Veiac, Veape) are chosen in such a way that
a given tube provides current for exactly half of each RF period, this is called
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Fig. 6.10 Different classes of operation, typical operating lines of class A, AB, B, and C

class B operation. The anode current at the operating point is zero in an idealistic’
approximation, and the amplitude of the AC control grid voltage will have a strong
influence on the DC anode current. All modes of operation between class A and
class B are called class AB (e.g., if the tube delivers current for three-fourths of an
RF period).

If the tube delivers current for less than half of an RF period, this operation is
called class C. Again, the anode current at the operating point will be zero, and the
amplitude of the control grid voltage will have an even stronger influence on the DC
anode current. Idealized operating lines for different classes of operation are shown
in Fig. 6.10. As will be discussed later, the efficiency of the amplifier as well as the
amplitudes of the higher harmonic current components will increase when the class
of operation changes from A to B to C.

One aim of amplifier development is to ensure that the output signal of the
amplifier follows the input signal in a linear way. In the case of the amplifier
discussed here, the actual value of the anode AC current has to be proportional
to the actual value of the AC voltage at the control grid that will be delivered by
a driver amplifier. There are several mechanisms that reduce this linearity. One
reason for nonlinearities arises from positive control grid values. If the control
grid is positive, a fraction of the current will begin to switch from the anode to
the control grid. In addition, the activation of the control grid now requires input
power during certain times of the period; this may induce further distortions of the

SDue to the characteristics of the tetrode, the anode current will not drop to zero sharply. It will be
a continuous process.
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control grid voltage. These imperfections can easily be avoided if the control grid
is always operated at negative voltages. A second type of nonlinearity arises from
a nonconstant amplification factor, which will have an impact on the anode current.
If the anode voltage becomes sufficiently low compared to the screen grid voltage,
a significant portion of the current emitted from the cathode may switch from the
anode to the screen grid. Under these operating conditions, a slight variation of
the anode voltage has a huge impact on the anode current; hence the amplification
factor rises sharply in that region, producing nonlinearities. The extent of this type
of distortion can be greatly reduced when the operating line of the tetrode is chosen
in such a way that there is always a sufficient gap between the anode and the screen
grid voltage. As mentioned earlier, the mutual conductance is not a constant; it varies
strongly with the operating parameters of the tetrode, as can be seen here:

al,
Em = .
" Waly,
Using Eq. (6.18) yields
3 1% Vo
8m = = Kietrode Vgl + = + _g.
2 Ha  Hg2

According to Eq. (6.18), this introduces a third type of nonlinearity that cannot be
avoided. The amplitude of higher harmonic components of the anode current rises
with the ratio between the AC anode and the DC anode current, as we will see now.
Neglecting the influence of the anode voltage (short circuit operation), the anode
current around the operating point can be expanded into a Taylor series

1 1 1
Lo = Lipcop + AVarac + 342V ac + 243Vl ac + 57 44Veiac + -+

6
with
di, d21, &1, d*1,
Alde . A2:—2 . 3:—3 N 42_4 e e
gl op dVgl op dVgl op dVgl op

Assuming a distortion-free signal
Vai.ac = Vii,ac cos(wt)

at the control grid results in
% L o 2 L 53 3
I, = Lipcop + A1 Vg ac cos(wt) + EAZVgl,AC cos”(wt) + 8A3Vgl,AC cos’(wt) +

1 n
+ﬁA4 Vg41.,AC cos*(wt) + -+ .
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Using
cos’(wt) = ! + 1cos(2a)t)
202 ’
3 3 1
cos’(wt) = 1 cos(wt) + 7 cos(3wt),
4 3 1 1
cos’(wt) = — + —cos(Qwt) + - cos(4wt),
8 2 8
yields

I, = Lipcop + Al + IAa_ACA,w cos(wt) + IAaﬁAc_zw cos(RQuwt) + IAaﬁAc_gw cos(3wt) + - --

with
1 s 1o,
AIa - ZAZVgl,ACJr aA4Vg1,AC+"' s (619)
~ N 1 A
Iiacw = A1V ac + gAng:’},AC SRR (6.20)
7 1 72 1 74
Ia,AC,Za) = ZAZVgl,AC + %A4Vgl,AC + -, (6.21)
~ 1 A
laacsw = ﬁA,ngi,Ac 4o 6.22)

The quantity A7, represents the shift of the DC anode current with respect to the
anode current at the operating point due to the asymmetric characteristic current
curves. As mentioned during the discussion of the different classes of amplifier
operation, this shift increases with rising amplitude of the control grid voltage and
especially in moving from class A to class B or class C. The quantity IAa,AC,,m,
describes the amplitude of the nth fundamental of the anode current. Again, the
higher harmonic content rises when the amplitude of the control grid voltage
increases as well as in moving from class A to class B or class C operation.
In order to quantify the harmonic distortion, we will use the ratio

~

Ia AC,nw
knan = —% .

a,AC,w

for the individual harmonics.
We will now perform a first estimation regarding the amount of harmonic distor-
tion for a particular mode of operation of a tube. Note that these approximations
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assume that the tube is operated in the space-charge-limited region, which is strictly
true only in class A operation. Furthermore, for the sake of simplicity, the effect of a
variation of the anode voltage on the anode current is again neglected (short-circuit
approximation).

In the space-charge-limited region, we have

Vo o Va)
I, = Kietrode Vfu—l = Kietrode (Vgl + g2 + ) .
Hg2  Ha

This equation is based on Eq.(6.18), but we now assume a general exponent {
instead of the specific value 3/2, since this may be useful in describing specific
tubes more accurately.

For the operating point,

— ¢
Ia,DC,op = Ktetrode Vctrl,DC,op

is valid, so that

dla —1 Ia DC,op
A = Kietrode Vc{r o —_—
T op = ¢ K wlDC.op = Vew1.DC.op
d21 -2 a,DC,0
A= o3| == Keetrode Vorpc.ap = £ — ”vz—p
gl op ctrl, DC,op

is obtained. Equation (6.20) leads to

|4

gl,AC

IdACw ~ AIVgl AC = ;IdDCOP—
VclrlDCop

(6.23)

Equation (6.19) yields

1 - VA ac
Ala%ZAZngl,AC C@ 1)1aDCOPVzg :

ctrl,DC,op

By means of Eq. (6.23), this may be written as

A

Al ~ L Linco

17—
4 é‘ Ia,DC,op '

Equation (6.21) leads to

A~

V21 AC
IdAC 200 N AZngl AC — g(g 1)1«1DC op Vzg :
ctrl,DC,op

(6.24)
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By means of Eq. (6.23), this may be written as

This allows us to calculate

Liacoo 10—1 Iiace
kg = —2C20 J AC (6.25)
Ia,AC,w 4 é‘ Ia DC,op

It can be seen that in this approximation, the second harmonic distortion increases
proportionally to the ratio of the amplitude of the current of the fundamental
harmonic compared to the current of the operating point. So these distortions can
be reduced either by reducing the AC current or by increasing the current at the
operating point.

By means of Eq. (6.23), the result (6.25) may alternatively be written as

I
aACZw "’—(é—l) glAC

a,AC,0 Vchl DC,op

khap =

The efficiency of the class A power amplifier may be defined by the ratio
between the RF power at the fundamental harmonic (only this is useful for standard
acceleration) delivered to the cavity and the DC power received by the amplifier:

n _ Pa,AC,a)
ampl — .
Pa,DC,op
With
1A ~

Pa,AC,w = E a,AC,a)Ia,AC,a)
and

Pa,DC,op = I/a,DC,opla,DC,opv
we obtain

n _ 1 Va,AC,a} Ia,AC,w
ampl = S, 5 -
2 I/a,DC,op Ia,DC,op

Here one can see that the efficiency is proportional to the ratio of the amplitude of the
current of the fundamental harmonic to the DC current of the operating point. This
emphasizes that system efficiency and minimal distortion are contradicting targets in
the design of a synchrotron RF amplifier. In general, the ratio I, a.AC,0/ IapCop CANNOL
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exceed 1 in class A operation, and the ratio I7d ACw/ Vapc.op always stays below 1,
due to the fact that the anode voltage always has to remain sufficiently above the
screen grid voltage to ensure that (electron) current can flow from the cathode to the
anode. Therefore, the efficiency in class A operation is limited to

amy < =.
Nampl )

6.3 Tube Operation

The power delivered by the tetrodes used for synchrotron cavities is rather high, and
these tubes are operated at moderate efficiencies, resulting in a significant heat load
of the tetrodes. Most synchrotron cavity power amplifiers are designed in such a
way that they can also be operated without RF input for some time. In that case, the
efficiency is zero, and the whole power delivered by the power supplies is dissipated
in the tube. This power has to be removed by active cooling systems to prevent
overheating of the tetrode, which would result in melting and the destruction of
the tube. Usually two different methods of cooling are applied: Most of the power
is dissipated in the anode of the tetrode, which is cooled effectively by deionized
water. The water requirements such as conductivity, flow rate, and pressure drop
are usually listed in the data sheet of the tube. The remaining heat load (e.g., grid,
cathode) is handled by forced air cooling of the tube casing and socket.

The tubes must be handled with care to maximize the lifetime. This includes
certain precautions in transporting or handling the tube. It is, for example, very
important to restrict the maximum acceleration force experienced by the tube.
Certain operating parameters of the tetrode, e.g., anode or grid voltages and currents,
must not exceed predefined values. These values have to be observed during
operation, and appropriate action, e.g., a normal or a fast shutdown procedure, has
to be taken when one of these values exceeds its threshold. In some cases, especially
in case of an overcurrent on the grids, this shutdown procedure has to be performed
very fast. Therefore, the crucial parameters have to be monitored by a fast electronic
module, and the reacting device—usually located in the power supply unit—that is
responsible for the grounding of tetrode voltages also has to be fast (e.g., ignitron or
solid state switch). In case of a pulsed RF system that uses tetrodes above their CW
rating, it is also necessary to monitor the total amount of power dissipated in the
tetrode during each pulse. This can be done by integrating the DC power delivered
to the tetrode and the RF power provided by it. When the difference between these
two quantities exceeds a predefined threshold, the tube has to be shut down.

Special care has to be taken regarding the activation and deactivation of the
tetrode. The sequence used to activate and deactivate the different power supplies
is crucial. Regarding activation, first the cathode supply (filament) is turned on.
It may take up to several minutes for the cathode to reach a stable temperature;
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afterward, the negative DC voltage of the control grid is applied before the main
anode voltage is turned on. Finally, the screen grid voltage is activated. Now the tube
is ready to operate. This sequence ensures that there will be no excessive current
from the cathode to one of the grids or toward the anode. This sequence is reversed
in deactivating the tube.
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Chapter 7
Closed-Loop Control

In this chapter, an introduction to the basics of continuous-time feedback systems is
given. For more detailed treatments, the reader is referred to textbooks such as [1-5].
A simple amplitude control loop serves as an example in the following sections. The
concepts presented here, however, may also be applied to more advanced control
loops (cf. [6, 7]). The RF control loops are often called low-level RF (LLRF)
systems to distinguish them from the high-power parts.

7.1 Basics of Continuous-Time Feedback Systems

Since many discrete feedback systems may be treated as quasicontinuous if the sam-
pling time is small enough, discrete-time systems are not covered in the following.
The analysis of discrete-time systems is, however, possible in an analogous way to
continuous-time systems with the Z-transform instead of the Laplace transform [8].
Most feedback analysis and design methods may then be used for discrete systems
in a very similar way.

7.1.1 Linear Time-Invariant Systems

The systems under consideration are assumed to be linear and time-invariant (they
are so-called LTI systems). Assume a general dynamic system

y(1) = {x ()}

that maps the input signal x(¢) to the output signal y(z). If the system is time-
invariant, a time shift at the input will lead to the shifted output

pix(t —to)} = y(t — 1o). (7.1)
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In case of a linear system, a linear combination of two input signals x; (¢) and x(?)
will lead to the same linear combination of their corresponding outputs y;(¢f) =

e{x1(¢)} and y,(t) = p{x2(t)}, i.e.,
prarxi (1) + axxa(t)} = a1 y1(t) + azya(t) (7.2)

holds for arbitrary constants a; and a,.
A consequence of properties (7.1) and (7.2) is that the output of LTI systems can
be calculated in the Laplace domain as

Y(s) = H(s) X(s), (7.3)

where the transfer function H(s) corresponds to the impulse response A(¢) of the
system as defined in Sect.2.3, and X(s) is the Laplace transform of the system
input x(¢). This fact is of particular importance, because it enables the analysis and
design of feedback systems in the Laplace domain. For a demonstration of the fact
that Eq. (7.3) holds for any LTI system, we follow [9] and approximate the input
signal x (¢) by the step function

Xaep() = Y2 %) (O = 1) = O = 7141)) ~ x(1),

v=0

where 7, = vArt are discrete sampling times with distance At and ©(¢) is the
Heaviside step function. It is assumed that x (¢) is zero for ¢ < 0, as introduced in
Sect. 2.2, for all functions for which the one-sided Laplace transform is used. The
step response of the system, i.e., the output for x(¢) = ©(¢), will be denoted by
ye(t) in the following. For the input xgcp(?), the LTI properties then lead to the
output response

Vstep(t) = ZX(%) (y@(t —-1)—ye(t — tu+1)).

v=0

The continuous output response y(¢) is obtained for the limit At — 0:!

o0
T y@(t_fv)_y(%(t_fv+l)
y@) = lim VEZOx(ru) Ar At

= /Ooox(t) ye(t — 1) dr.

'The assumption is made that the step response yg(t) is continuous at ¢+ = 0, continuously
differentiable for ¢t > 0, and zero for ¢t < 0. However, the proof is also possible if yg(?) is
piecewise analytic for # > 0 and zero for ¢ < 0 [10].
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If the derivative ye(¢) is denoted by the function /(t), this is a convolution integral,
and Eq. (2.27),

y(@) =h@)xx(@) o—e Y(s)=H(s) X(s),

holds. The choice of h(7) is indeed not coincidental, because a comparison with
Sect. 2.3 shows that due to ®(z) = §(¢), this is the already defined impulse response,
and the relation

h(t) = yo(t) o—e H(s) =sYel(s)

holds for ¢ > 0, i.e., the impulse response /(¢) is the derivative of the step response
with respect to time. Conversely, it can easily be shown that systems defined by
Eq. (7.3) are linear, because in the Laplace domain, the output Y (s) results from a
simple multiplication of the input X (s) and the transfer function [10]. In addition,
they are time-invariant, because the shifted input

x(t —t)) o—e X(s)e
leads to the output

Y(s)e™ e—o y(t—tp).
In summary, we can conclude that the definition of LTI systems by the proper-
ties (7.1) and (7.2) is equivalent to Definition (7.3).

In many cases, the transfer function H (s) has the form

_bo+bis+ ...+ Dys™

H(s) = 7.4
) apt+ais+...+aps" 74

with real coefficients b, and a, and nonzero coefficients b,, # 0 and a,, # 0. This
is a rational transfer function, and the system (7.3) is then represented in the time
domain by the linear ODE

n

apy(@®) +ay(@t)+...+ a,,::?y(t) =box(t) + bix(t)+ ...+ bm;—’lx(t)
(7.5)

with constant coefficients. A transfer function (7.4) is called proper if m < n and
strictly proper if m < n. In the latter case, H(s) tends to zero as |s| — oco.
It is sometimes more convenient to use the zero-pole-gain representation

K(s—z1))(s—22)...(5—2zm)

) = =N =) 6= o)

(7.6)
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Ul(s) Y(s)
—>| H) —>

1 < :
_> = l)oerleJr ..A+bm,5m _>

ag+ar1s+ ... +ap_1s" + s

Fig. 7.1 Derivation of the state-space representation

The zeros z, are those values for which H(s) becomes zero, whereas the poles
Py # 0 are singularities of H(s). In case a pole and a zero are exactly equal, they
cancel and do not influence the input—output behavior of the system. The gain can
also be expressed as K = by, /a,.

As will be discussed in the following, the system represented by H(s) is called
stable if all poles have a negative real part, i.e., Re{p,} < 0 and N = 0. In this
case, all poles lie in the open left half of the complex s-plane, which is referred to
as OLHP. The abbreviations ORHP (open right half-plane), LHP (left half-plane),
RHP (right half-plane) follow accordingly. If at least one pole has a positive real
part, the system is unstable.

7.1.2  State-Space Representation

The higher-order ODE (7.5) can be rewritten as a system of ODEs of first order.
Consider the transfer function H (s) with input U and output Y, as shown in Fig. 7.1.
The input variable U(s) corresponds to X (s) in the previous section. The notation
is changed here to be consistent with the standard notation in the control system
literature. Without loss of generality, it is assumed that H (s) has the form (7.4) but
with a, = 1, i.e., the coefficients of H(s) are normalized by a, # 0. By splitting
H(s) in two blocks with its denominator and numerator, a new variable X (s) may
be defined as shown in Fig.7.1.

In the time domain, the following ODEs can be derived from this block diagram:

. dn—l n
u(t) =aox(t) +a1x() +... + an_lwx(t) + dt"x(t)’
dm
y(t) =box(t) + bix(t) + ... + bmdt—mx(t).
Defining the states (see also Sect.2.8.1)
n—1
X=X, X2:=X, ..., Xp.= Wx(t), 7.7

leads to the system of equations
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X1(2) = xa(t),

Xa(1) = x3(1),

Xn—1(t) = x, (),
Xn(t) = —aox1(t) — ... — ap—1%,(¢) + u(?),

y(t) = box1(t) + ...+ buXpmt1(2).
With the definition of the state vector
- T
$(0) = [n() (0 .. ox)]

the matrix representation

0 1 0O 0
- 0 0 1 0 0
! .
0 _ F0) + | 1 |t
1 0
—ag —dady ... —An—1 1

y(@)=[by... by 0...0]-X(1).

is obtained, which is called the controllable canonical form and is a special case of
a state space representation. Different choices of the states (7.7) lead to different
representations, but these have the general form

dx()
dt

y(1) = C-X(1).

A-X(t) + B -u(1),

with the state vector X of dimension 7, the input vector i of dimension p, the output
vector ¥ of dimension ¢, the n x n system matrix A, the n x p input matrix B,
and the ¢ x n output matrix C. All matrices are assumed to have constant and real
elements. A feedthrough matrix for a direct influence of # on ¥ can be avoided in
most practical cases. The Laplace transform of these equations yields?

s X(s) — X(0) = AX(s) + BU(s),

2In the following, we write X(0) instead of X(0+) because we assume that the value at t = 0 is
defined by the limit #+ — O for positive values of 7.
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or
X(s)=(s1—A)" (B Us) + )?(0)) : (1.8)

where I denotes the n x n identity matrix. The Laplace transform for the output y
leads to

Y(s)=C(sI—A)" (B U(s) + 2(0)) .

In case of a system with a single input and a single output (SISO system), the
transfer function H (s) is obtained as

H(s)=C(sI —A)'B,

where C is a row vector and B a column vector (p = 1,¢q = 1).

7.1.3 Linearization of Nonlinear Systems

Every practical system contains nonlinearities. Examples are nonlinear friction and
constraints on the input that lead to saturation. Fortunately, in many cases, the
considered nonlinear system behaves similarly to a linear system in the vicinity
of its operating point. Consider a nonlinear system described by

dx oo N
0 5600

with the analytic vector function v. Suppose that X = Xp and & = i constitute a
constant equilibrium point, i.e.,

B(Fr, fir) = 0.

With the use of the Jacobian matrix

v Iy n

dx; dxz "7 0x
o | w
— dx; dxp " dxy,
- bl
0x

ax; dxy "7 0xy

the Taylor series expansion around the equilibrium can be written as

dx(r)
det

. - v . - vioL . e e
= v(Xp, up) + —= '(X—XF)‘FﬁF'(M—MF)-i-Vho(x—xF,u—uF),

ox IF
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where ‘ denotes the value at the equilibrium and vy, are higher-order terms. For

F
small deviations
AX(t) = X(t) — Xp, Au(t) = u(t) — urp

from equilibrium, the higher-order terms may be neglected, and the linear system

dAX(t - .
;( ) A AR(@) + B - Ai(r)
with
G G
TOAXIF T dule

can be used as a linearization of the nonlinear system.

7.1.4 Dynamic Response of LTI Systems

The output of an LTI system depends on its transfer function H(s) and on the input
signal u(t). In the following, the response of a general LTI system with respect
to important test signals is discussed. This prepares the definition of stability. It
is assumed that the poles and zeros of H(s) are all distinct, apart from N poles
at s = 0. In most cases, this is a valid assumption. The calculations for the case
with poles or zeros of higher multiplicity are similar but more intricate. Because the
coefficients in Eq. (7.4) are real, nonreal poles p or zeros z are always accompanied
by their complex conjugate counterparts p* and z*. The complex conjugate operator
commutes with every holomorphic function f(x) on its domain of definition if f(x)
is real for real x. Thus in this case, f*(x) equals f(x*). In particular, this applies
to every polynomial and rational function with real coefficients.
According to Eq. (7.6), the considered transfer function can be written as

K 1_[;”;1(5 — Zrw) n;nil s —2Zew)(s — Z:,v
sV 1_[31=1(S = Prv) 1_[?;2=1(s = Pew)(s — p:,v) ’

H(s) = (7.9)

where the z;, and p;, are the nonzero real zeros and poles, z., and p., are the
nonzero complex zeros and poles, and K is the real gain. The total polynomial
degree equals m = m; + 2m, for the numerator and n = N + n;| + 2n, for the
denominator. For a proper transfer function, n > m holds.
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7.1.4.1 Impulse Response

The impulse response is of practical interest for the study of pulse-shaped distur-
bances that may act on the feedback loop. In addition, this case is equivalent to the
response of the state-space representation with zero input and certain nonzero initial
conditions X(f = 0) # 0.

According to Eq. (7.3), the excitation of the system with the Dirac function

u(t) =46(t) o—e U(s) =1
yields
Y(s) = H(s)-1 = H(s)

in the Laplace domain. To calculate the response in the time domain, the partial
fraction decomposition

N

n n
Y(s) = H(s) = 3 Iio I Z‘: Kev i:( Koo Kao )

*
v=0 v=1 5= Pry v=1 § = Pew § = Pey

(7.10)

is used. Here one assumes that the transfer function H(s) is proper, i.e., n > m.
The constants K, can be calculated as follows. Multiplying Egs. (7.9) and (7.10)
by (s — pr;) foraspecifici = 1,...,n; and setting s = p;; leads to

Kr,i

[H(S) (S - pr,i)]s=]7r_i

_ K nT;l(pr,i - Zr,v) n;nil(pr,i - Zc,v)(pr,i - Z:,V
Pr],\; l_[:l,l:lqwé,-(Pr,i = Prv) l_[:l;z:l(Pr,i = Pew)(Pri — P:,u)

The constants K, are always real, because in the denominator, the expression

(Pri = Pew)(Pri — p:,u) = (pri — Re{pc,v})z + (Im{pc,v})2

is real, and the same applies to the numerator. A similar calculation yields the
constants

Kei = [H(s) (s — qui)]s=pc.i ’
Kei = [H(s) (s = pE)] 2 e -

and using the above-mentioned commutability property of the complex conjugate
operator leads to

Ko = K}

cl,i-
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The constant K, y is obtained by multiplying by s"; it reads

K I Iml ( z ) | |”12 |Z |2

K — H s SN V= T,V V= C,V
o,N [ ( ) :IS—'—O | |”l ( p )I I”Z Ip |Z .
V= v V= c,v

For the remaining constants Ky ;, a system of N linear equations is obtained by
evaluating Eqgs. (7.9) and (7.10) at N points s = s; that are different from the
zeros and poles of the system. The constant Ky g is zero for strictly proper transfer
functions H(s), i.e., forn > m.

The transformation of Eq. (7.10) into the time domain

Y(s) = H(s) e—o y()=h()

yields the impulse response

h(f)—Koofs(I)—i-ZKOU — +ZK el

+ Z ( epL vl + K* ep:vt) s
as Table A.4 shows (O(¢) is omitted for the sake of simplicity). The elements of the

last sum can be rewritten as

eRe{pc.v}t I:Kcl,]) ejlm{Pc,v}f + Kc*l,v e_jIm{pc.v}t:I ,

and the term of this expression in square brackets is equal to

|KC1 1)I (ej(lm{]’c.v}t‘l"Kcl.v) + e_j(lm{]’c.v}t‘F‘Kcl.v)) ,

where |K| and £K are the amplitude and phase of the complex number K,
respectively. Altogether, the impulse response for # > 0 is

h(t)_KOOS(t)"_ZKOV — +2Krveprvt
(7.11)
n
+2 Z |Ker| €RPer} cos (Im{ pe.y 3t + £Kery)

v=1

and it tends to zero as ¢ — oo if all poles have negative real parts.
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7.1.4.2 Step Response
The response y(¢) = ye(?) to a step command
u(t) = 0(@)

can be calculated in an analogous way with U(s) = 1/s. An alternative is the use
of the convolution integral

yol(t) = /0 h(r)® —t)dr = /0 h(7) dt. (7.12)
With

t
/ e’ cos(wt + @) dr = (e cos(wt + @) —cos )
0

82 + w?
P
82 + w?

1 st w
= — (e cos (a)t + ¢ — arctan E)

N/

— COS ((p — arctan %)) s

(e sin(wt + @) — sing)

the integration of (7.11) for r > 0 yields

N ni
v K,
o(t) = K| K v v Prol __ 1
ye(t) 0,0+; 0, V!+;prv (e )+
na
2|K.
+2 ﬁ (Rt cos(im{pest + LKty — £pes)

v=1 ¢,V

—cos(£Ke1y — Apc,u)) : (7.13)

This calculation shows that the step response yg will approach a finite value for
large times ¢ if and only if the conditions

N =0, p., <0, Re{p.,} <0

are satisfied, i.e., all poles have negative real parts. Because the limit lim,_, o, yg(#)
is then finite, the final value theorem can be applied:

lim ye(t) = lims Yo(s) = H(0).
t—>00 s—0
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The initial value theorem leads to

0 ifn>m,

lim yg(t) = Koo = lim s Ye(s) = lim H(s) =
t—>+0 §—>00 §—>00 K ifn =m.

For this reason, systems with n = m are also said to have direct feedthrough. In
contrast, strictly proper transfer functions with n > m have a continuous output
response at t = 0.

7.1.4.3 Frequency Response

An important test signal is the harmonic excitation

u(t) = sin(wt) o—eo ————.
(1) = sin(w1) e
The amplitude of the test signal may be chosen arbitrarily because of the linearity
property (7.2). If it is assumed that none of the poles of H(s) is equal to £ jw, the
decomposition of the output response in the Laplace domain can be written as

w K, K*
Y =H = = Yan% s
(s) (S)sz—i-w2 s—ja)+s+ja)+ s (5)

where Yns has the same structure as the expression in Eq. (7.10), but with Koo = 0.
A multiplication by (s — jw) and the evaluation at s = jw leads to

_ w(s — jw) _ w _ i .
e K I L el W

In the time domain, the output response reads

y(t) = Kpe! + KXe ™" + Yians(t)

jot —jot
S H*(jo)
2j 2j

= |H(jw)| sin(wt + £H(j®)) + Verans(?).

= H(jo)

=+ Ytrans (Z )

If the transfer function H(s) has only poles with negative real parts, the transient
response Yyns Will tend to zero, and y(¢) tends to a constant oscillation. The
amplitude and phase of this oscillation with respect to the excitation u(t) is
determined by H(jw), i.e., the value of the transfer function at s = jw. Because of
the linearity property, this also applies to any shifted or scaled sinusoidal excitation.
For this reason, the function H(jw) depending on the frequency w is called the
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frequency response of the system H(s) and is obtained by introducing s = jw
into H(s).

There are two main reasons why the frequency response is important for feedback
systems. First, H(jw) can easily be measured by exciting the system with different
frequencies w, even if the transfer function H(s) of the physical system is not
known. Second, H(jw) can be used for the stability analysis of the closed feedback
loop with the Nyquist criterion (see Sect. 7.4.2).

So far, it has been assumed that jw is not a pole of H (s). Without further calcula-
tion, it can be reasoned that if jw is a pole, H(s) has a singularity at H (jw) and the
excitation with frequencies close to w will lead to very large amplitudes. If the cho-
sen frequency is exactly w, this will result in a perfect resonance, and the oscillation
at the output will grow without bound, although the input is a bounded signal.

7.1.4.4 General Input Function

In the previous sections, the Laplace transform was used to calculate specific output
responses for SISO systems. In case of general input functions, multiple-input and
multiple-output (MIMO) systems, or initial values, it is often more convenient to
consider the state-space representation. In Sect. 2.8.6, it was shown that autonomous
linear systems of differential equations

dr

— =A-F F(0) = T

5 ) =7
have the solution (2.99),

F(t) = e™ 7y,
where e is the matrix exponential function. In the presence of an input vector i(t),
the system is no longer autonomous in general. The input may be a control effort or
a disturbance such as a noise signal. In Sect. 7.1.2, the Laplace domain solution of
a system with inputs was given by Eq. (7.8) as
X(s) = (sT — A)7'%(0) + (sT — A)~'BU(s).

Comparing this with the solution 7(¢) of the autonomous system, it is apparent that

(sI—A)7" e—o "

must hold, i.e., we have found the Laplace transform of the matrix exponential
function. Transforming X (s) into the time domain thus leads to

t
() = e™X(0) + / "4 Bi(7) dr.
0
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It can be shown that the matrix exponential function has the following properties,
similar to those of an ordinary exponential function (cf. [11]):

v

* series representation: et = I + Y 02 AL

* inverse: (e’A)_1 =e

+ multiplication: e?4e/14 = e(>+1)4

7.1.5 Stability

In Sects.2.8.6 and 2.8.10, it was shown that a linear autonomous system is
asymptotically stable if and only if all eigenvalues of the system matrix A have
negative real parts, i.e., are situated in the OLHP. Equivalently, the same holds
for the roots of the characteristic equation. Asymptotic stability for autonomous
systems implies that a trajectory that starts at some initial value will tend to a fixed
point.

For a system with nonzero inputs (%), this definition may not be sufficient. The
input can be a persistent disturbance with a certain amplitude that prevents the
system from approaching the fixed point. For a feedback system, it is, however,
necessary that the states X(¢) or the output ¥(¢) remain bounded. This motivates the
following definition:

Definition 7.1. A dynamical system

dx(r)
det

=V1(X(0).u().  y@) =v2(X(@), u())

with input %(¢), states X(¢), and output y(¢) is assumed to be in equilibrium for
t = to with arbitrary real fy, i.e., X(fo) = Xp, where X is a fixed point. This fixed
point is said to be bounded-input bounded-output (BIBO) stable if for every finite
¢y with ||u(2)|| < ¢ for t > tq, there exists a finite ¢, such that ||y (7)|| < ¢, for
r> 1.

(See, e.g., Ludyk [11, Definition 3.37, p. 159].)
The step response (7.13) shows that yg(?) is bounded if all poles of H(s) have
negative real parts. Because of Eq. (7.12), this is also true if

Y] = ‘/0 h(r) dr

t o0
5/ Ih(r)ldtff Ih(z)] dt < ¢3 < oo
0 0

holds, i.e., if the impulse response /() is absolutely integrable.
In general, the following theorem holds.

Theorem 7.2. An LTI SISO system is BIBO stable if and only if the following
(equivalent) conditions are satisfied:
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e The transfer function H(s) has only poles with negative real parts.
* the impulse response h(t) is absolutely integrable.

(See, e.g., Ludyk [11, Theorems 3.39 and 3.40, p. 160].)
In addition, there is a close relationship between BIBO and asymptotic stability.
The transfer function H (s) can be written as

C adj(sI — A) B

— _ —lp _
H(s) = Cl = )78 = =3 L0

)

where adj(A) denotes the adjugate’ matrix of A. Thus, the poles of H(s) are
obtained by calculating the roots of the characteristic equation

det(sl/ — A) = 0,

and these are identical to the eigenvalues of A. However, due to pole—zero
cancelations, the poles are, in general, a subset of the eigenvalues of A, i.e., not
every eigenvalue is a pole of H(s). If A has only eigenvalues with negative real
parts, the system is asymptotically stable, and this always implies that the poles
have negative real parts. This consideration leads to the following theorem:

Theorem 7.3. An LTI system that is asymptotically stable is also BIBO stable, but
a BIBO stable system is not always asymptotically stable.

(See, e.g., Ludyk [Theorem 3.41, p. 160][11].)

7.2 Standard Closed Loop

The block diagram in Fig. 7.2 is called the standard feedback loop. It has one input
and one output and is thus also called a single-input single-output (SISO) system.
The feedback system can be described by the following equations:

Y(s) = Xea(s) + Hy(s)| Xar(9) + UGs) .
U(s) = He(s)Xe(s),

X.(s) = Yi(s) — Hm(s)[xd3(s) 4 Y(s)].

Solving these equations for the output Y (s) leads to

3The cofactor matrix of A is a matrix that consists of the (i, k) minors of 4 multiplied by the factor
(—=1)!T* . The adjugate matrix of A is the transpose of the cofactor matrix of A.
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Xai(s) Xaz(s)

¢ Y (s)

Yils)  Xe(s) U(s) g
—>0—»| He(s) —> Hy(s) |

Yin(s) Xaz(s)
Hm(s) < O) o

Fig. 7.2 Standard feedback loop: transfer functions of process H(s), controller H.(s), and
measurement H, (s). The signals are reference Y;(s), control error X, (s), input U(s), output Y(s),
and disturbances X4 (s), Xq2(s), and X43(s)

Y(5) = Hiy ()| Ye(s) = Hun(5) Xes(5) | + Hay(5)] Hp(5) Xar (5) + Xeas)

(7.14)
with the reference to output transfer function
Hy(s)H (s
Hy(s) = p($) He(5) (7.15)
I+ Hy() He(s) Hn(5)

and the disturbance to output transfer function

1
Hyy(s) = (7.16)

1+ Hy(s) He(s) Hi(s)

A unity feedback system has Hy,(s) = 1, and in this case, the disturbance to output
transfer function

1

Hoy($) = 17 Hy(s)He(s)

is also called the sensitivity function, and the reference to output transfer function

b ) = HIOH)
1+ Hy(s)Hc(s)
is the complementary sensitivity function. Note that Hgy(s) + Hyy(s) = 1.
Usually, the process transfer function H,(s) has to be determined in a separate
modeling step before the analysis or the design of the feedback loop. The modeling
can be based on analytical equations if the underlying physical principles are well
known. If this is not the case, measurements may be used for a system identification.
In both cases, modeling assumptions have to be made to limit the complexity of the
system. Often, nonlinearities in the feedback loop are linearized, and high-frequency
dynamics are omitted.
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Fig. 7.3 Model of the amplitude feedback loop

7.3 Example: Amplitude Feedback

As a realistic example of a feedback loop, the amplitude feedback control of
a ferrite-loaded cavity will be considered. The feedback is needed to hold the
amplitude ngp of the RF voltage close to a given reference value ngp ef. In our
example, the cavity feedback loop behaves highly nonlinearly with respect to the RF
frequency frr and the reference amplitude Viet. In the following, the operating point

frr =3MHz,  Vigprer = 2KV,

will be considered. A model of the feedback loop was obtained in [12] based on

measurements, and the corresponding block diagram is shown in Fig.7.3. In the

following, only amplitudes of RF signals are used, not the RF signals themselves.
The feedback loop consists of the following subcomponents:

* The cavity is driven by the anode current with the amplitude I,. The amplitude
of the resulting gap voltage Vgap acts approximately as a first-order system (PT))
with respect to I, (see also Appendix A.7.1). The “gain” is equal® to R,
2700 €2, and the time constant is T¢,y & 4 s. The set points are I}gap = 2kV
and I, = 0.75 A.

* A capacitive divider is used to downscale the gap voltage of one-half the gap
with a factor of 1000. This has no significant influence on the time constants in
the loop. With respect to the total gap voltage, the scaling is K.q = 1,/2000.

“Due to the output impedance of the tetrode, this value is about one-half the pure cavity impedance
specified in Table 4.1 on p. 198.
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AVres(s AV, (s AV, (s AVpap(s
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Fig. 7.4 Small-signal model of the amplitude feedback loop

e An amplitude detector with time constant Tge = 5 s is used to. obtain the
amplitude ngp det- This arnphtude is then compared to the reference Vref The set
points are ngp det = 1 Vand I/ref =1.04V.

* The parameters of the controller are K. = 14.9, Tc; = 17.2us, and Ty, =
487.2 us. A saturation limit sat follows that limits the control output to £7.23 V.
The offset voltage is I}c’off = 0.2 V. In the feedforward loop, the gain is K¢ =
0.6. According to these values, the set point of the control effort is V.=1.02V.

e The (amplitude) modulator produces a sinusoidal signal modulated with V.. The
sinusoidal signal with initial amplitude 0.316 V (0 dBm) is damped with a factor
of —12.2dB; this corresponds to a factor of 0.245 for the voltage amplitude.
Altogether, the modulator can be modeled as a gain Kpoq = 0.316-0.245. Hence,
the set point of the driving voltage is Ve = 79mV.

* The gains of the driver and tetrode amplifiers depend on the RF frequency and
the amplitude of the gap voltage. For the chosen setting, we have Gvygain &~ 27 S
and Kvgain &~ 0.35.

Signal time delays with a magnitude of about 1 s are neglected in the following.
However, they would be important for larger feedback gains.

The given set-point values were obtained by choosing I}gap = 2kV. Because the
stationary gain of the cavity transfer function is R, the necessary anode current
amplitude equals I, = Agap /Rp. All other set-point values in the feedback loop
follow accordingly. This results in a reference Vref that is slightly higher than Vgap,det
and thus in a stationary control error V. = 40mV. This steady-state error could be
avoided by introducing an integral controller in the loop. However, it is also possible
to adjust the reference in such a way that the desired value Vgap is reached, as has
been done in this case.

The system is nonlinear due to the saturation function. This function and the
offset values I7ref and K’Off can be neglected if only small deviations with respect to
the set point are considered. This leads to the linearized feedback loop in standard
notation, as shown in Fig.7.4 with amplitude error AVgap = I7gap - Agap ref and
reference A Vref = 0. Similarly, all other Values are defined relative to their set-point
values, e.g., the relative control effort is AV, =V, —1.02V.

A calculation of the reference to output transfer function according to (7.15)
yields
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_ KcKmodGVgainKVgaian(STcl + l)(STdet + l)
(5T ger + D(5T o + 1) (5T ey + 1) + KcKmodGVgainKVgaian(STcl + DKea '

Hyy(s)

A zero-pole-gain representation of this transfer function can be obtained by a
numerical calculation of the poles and zeros. The gain is equal to the ratio of the
factors of the highest order in s in the numerator and denominator. For the amplitude
loop, these orders are s? and s°, respectively, and the gain is

K = KC Kmod GVgain KVgain Rp Tcl Tdet
Tdet TC2 Tcav

=26-10% s7L.

The resulting zero-pole-gain representation is

AV B -
Hy(s) = Ag—p(s) —26-108s! (s —z1)(s — 22)

AVref(S) (s_pl)(S—pz)(s—p3)
with zeros

21 =-581-10*s"", 7z =-2-10°s",
and poles
pr=-242-10"s"!, pry=—(2.144 j 1.44)-10°s7".

Thus, the closed-loop system is BIBO stable. The pole p; is closest to the imaginary
axis and dominates the dynamics of the feedback. The dominating pole corresponds
to a closed-loop bandwidth and a time constant of

1
Wy =—p; =242-10's"" = T,=-—— ~40ps.
P1

The absolute values of the remaining poles are larger by an order of magnitude.
They are thus negligible for a first rough evaluation of the closed-loop dynamics.

7.4 Analysis and Stability

The closed-loop transfer function

bo + bis + bys?

Hy(s) =
y( ) ao +aps + ars? + 53

can be obtained from the given open-loop transfer function using only basic
manipulations. The calculation of the poles p; from the characteristic equation
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0=a0+a1s+a2s2+s3

is a more complex task, and numerical computations are necessary for higher-order
systems in general. For a stability analysis, one may, however, not be interested in
the exact values of the poles, but only in the decision whether all poles have negative
real parts. There are several stability criteria that can be applied without solving the
characteristic equation directly. The Hurwitz and Nyquist criteria will be presented
in the next sections.

7.4.1 Routh—Hurwitz Stability Criterion

The Routh-Hurwitz criterion is a necessary and sufficient condition for the roots
of the polynomial

ao+ais+...+ap_1s" 5" (7.17)

to have only negative real parts, in which case the polynomial is then called a
Hurwitz polynomial. The criterion is of particular interest if the coefficients a;
contain undetermined parameters. An example of such a parameter is the controller
gain in the feedback loop. With the Routh-Hurwitz criterion, inequalities in these
parameters can then be obtained for the closed loop to be stable.

A first necessary condition is given by the following theorem:

Theorem 7.4. If the polynomial (7.17) is Hurwitz, then it has only positive
coefficientsa; > 0,i =0,1,...,n— 1.

(See, e.g., Ludyk [11, Theorem 3.43, p. 161].)

This enables a first simple test whether a polynomial can be Hurwitz. If any of
the coefficients is missing, i.e., a; = 0, or any a; is negative, there will be roots with
nonnegative real part, and the polynomial is not Hurwitz.

A necessary and sufficient condition is presented by the Hurwitz criterion. It uses
the v x v Hurwitz determinants

ap—1 Ap—3 Ap—5 ... Ap—2v+1
ap—2 Ap—4 ... dp—2v42
ap—1 Ap—3 ... dp—20+43
I ay—...ap—20+4
0 ap_1...a0-2045

H, := det , (7.18)

[
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where the coefficients a¢; in the matrix with an index i < 0 are set to zero. As an
example, the first three determinants for a polynomial with degree n > 5 are

Hy:=a,

an—1 Qp—
Hy:=det """,
I a,—
ap—1 dp—3 dp—5
H; := det 1 a,—a,-4
0 ap—1 Ap—3
The Hurwitz criterion is given by the following theorem:

Theorem 7.5. The polynomial (7.17) is Hurwitz if and only if the Hurwitz determi-
nants H, defined by (7.18) are positive forv =1,...,n.

(See, e.g., Gantmacher [13].)
A simplified version of this theorem needs only half the determinants:

Theorem 7.6. Suppose that all the coefficients of the polynomial (71.17) are posi-
tive. For odd n, the polynomial is Hurwitz if and only if the Hurwitz determinants
H,, Hy, ..., H,_ are positive. For even n, the polynomial is Hurwitz if and only if
the Hurwitz determinants Hs, Hs, ..., H,_1 are positive.

(See, e.g., Gantmacher [13].)
Consider as an example the amplitude feedback introduced in Sect.7.3. The
denominator of the closed-loop transfer function reads

ap + ays + azsz + 53
with
ap = 1.6129-10"%s73,  a; =7.6901-10"s7%,  a, = 4.5205-10°s™".
In the following, the physical units of these coefficients will be ignored to avoid

confusion with the Laplace variable s. Since all coefficients are positive, this
polynomial with n = 3 is Hurwitz, because

H, = det (“12 ao) = aya; —ap = 3.3150-10'° > 0.
ai

Now assume that the feedback gain K. in the loop of Fig. 7.4 is a free parameter. As
a consequence, the coefficients ay and a; become parameter-dependent:

ap = 1.0136- 10K, + 1.0263- 10", a; = 1.7435-10°K, + 5.0924 - 10'°.
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Fig. 7.5 Root locus of the amplitude feedback. The poles p;, p,, and p; are obtained for K, =
14.9

The Hurwitz criterion now leads to the conditions

a >0 = K. > —1.01,
ap>0 = K.>-2921,
H,>0 = K.>-33.37.

Thus, the feedback loop is stable for K. > —1.01. Due to the stability of the open-
loop system, the closed-loop system obviously remains stable even if the feedback
gain is slightly negative. A positive feedback gain K., however, is the typical case
for the amplitude control. Figure 7.5 shows the closed-loop poles in the complex
s-plane as a function of the positive gain K. > 0. This type of diagram is also
referred to as a the root locus. For K. = 0, the closed-loop poles are equal to the
open-loop poles

1 1 1
P1(0)=—T—, P2(0)=—T . p3(0)=—

c2 det Tcav
that are obtained from the open-loop transfer function (cf. Fig. 7.4)

A &gap,det (S )

Hopen(s) = AX} (S)

For increasing K., the closed-loop pole p; moves to the left toward the open-loop
Zero



348 7 Closed-Loop Control

1
O = ——
z1(0) T

of Hopen (), whereas the poles p, and p3 approach each other and for a certain K
between 0 and 14.9, a complex conjugate pole pair arises. The root locus indicates
that the closed loop remains stable also for higher K. — oo, because all three
branches of the root locus remain in the OLHP. Since the branches of the root locus
are the positions of the closed-loop poles,’ the closed loop is stable. This is in
agreement with the result of the Hurwitz criterion.

Please note that for a practical implementation, very large feedback gains K.
would not be recommendable for several reasons:

* For sufficiently large gains, the complex pair p; 3 dominates the dynamics of the
loop, resulting in an unacceptable oscillatory behavior.

» Large gains may increase disturbances, especially the measured noise.

* The feedback of the real system may become unstable for very large gains due to
unmodeled high-frequency dynamics and delays.

7.4.2 Bode Plots and Nyquist Criterion

The Hurwitz stability criterion is based on the characteristic equation, i.e., on the
denominator polynomial of the closed-loop transfer function. The Bode plots and
the Nyquist criterion are approaches that are different in the sense that they rely on
the open-loop transfer function

Hopen(s) := Hc(s) Hy(s) Hi(s)

of the standard feedback loop; cf. Fig. 7.2. Consider as an example the system

Hopen(s) = £(-2) .
=R -5 0-%)

This system is assumed to have a real zero z; # 0, a real pole p; # 0, a complex
pole pair p, and pJ, and N poles at s = 0. The frequency response of Hopen () is

given by
K (1-2)

Hopen(jo) = (jo)V (1_/])—"1’)( —jp_a;)( _%)

(7.19)

3The root locus is usually obtained by a numerical calculation of the closed-loop poles for different
values of the gain.



7.4 Analysis and Stability 349

The complex pole pair can also be written as

jo jw w? ) 1 1 w? . 2Re{ps}
l——{l1-=)=1- s —Jjo|l—+—|=1- 5 —Jjw .
P2 P> P2y V2 2 |2l |2l

In a Bode diagram, the amplitude and phase of Hgye, are plotted versus the
frequency @ > 0. A logarithmic scale is used, which has the advantage that the
multiplication of two transfer functions is equivalent to the sum of their Bode
diagrams. The amplitude of Hopen in decibels (dB) is calculated as

|Hopen(jw)|dB =120 10glO |H0pen(jw)|-
In our example, using the properties of the logarithmic function leads to

2
) ®

| Hopen(j@)|ap = 201log ;o |K| + 20logo /1 + =z~ 20N log;p @ —
1

201 L+ w? 201 \/(l w? )2 N (Za)Re{pz})2
— 0 — — 0 — .
g10 I g10 a2 B

This expression is the sum of five components. The first is the constant
|Hi(jo)lds := 201log;, |K].
The second function is due to the zero and can be approximated by two asymptotes:

0dB forw < |z1],
, w
|Hy(jw)las := 201log,y /1 + — ~ {3dB forw = |z,
20log,yw — 201log,q |z1| forw > |zi].
(7.20)

The N -fold integrator leads to
|H3(jw)|as := —20N log,w.

For the pole p;, the result is similar to the case of zero z;, but with opposite signs:

0dB forw < |p1l.

2

. 10)
|Hy(jow)|as := —201og;, /1 + ? ~ {—3dB forw = | p1],
—20logjgw +20logo [p1|  for @ > |pil.
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Finally, the pole pair has the following asymptotes:

2\* | [20R 2
|Hs(jw)|as := —201og,, \/(1 _“ 2) i ( w e{zpz})
|2 | p2]

~

0dB for w < | pal,
—401log,,w + 401log,, |p2| forw > |pal.

The phase of Hpey, is given by

5
AHypen(jo) =Y £H;(jo).

i=1

The phases £ H; (jw) can be approximated by asymptotes in a similar way as shown

for

the amplitudes. For example, the zero leads to the phase

forow — 0,

%

_|_

forw = |z;| and z; < O,

10)
AHz(ja))zé(l—JZ—) = forw — oo and z; < 0,

forw = |z;| and z; > 0,

R
| ENEl + B )
[SIE]

[SIE

forw — oo and z; > 0.

%

Figure 7.6 shows the Bode plots of the transfer functions H;(jw) with their
asymptotes for a system with N = 1, positive gain K, and with the zero and poles
in the OLHP, i.e., a stable system. The following observations can be made:

The gain H;(jw) = K leads to an amplitude shift of the open-loop transfer
function Hopen.

The zero z; > O raises the amplitude and phase; cf. H>(jw). At the frequency
® = |z1|, the amplitude is close to 3 dB, and the phase equals 7 /4. For large
frequencies, the amplitude increases with 20 dB per (frequency) decade and the
phase approaches /2.

The amplitude of the integrator H3(jw) tends to infinity for small frequencies.
This fact enables steady-state accuracy for the closed loop with regard to stepwise
disturbances. However, the phase of —m/2 may lead to stability problems in
some cases. This can be shown with the Nyquist stability criterion, which will
be presented below.

The pole p; has the opposite effect to that of the zero z;. For large frequencies,
the amplitude slope is —20 dB per decade, and the phase approaches —m /2.

For small or large frequencies, the complex pole pair acts as a double pole at
® = |p2|. However, for frequencies close to |p,|, a resonance may occur. This
means that | H5(jw)| may become considerably larger than 1. The frequency at
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Fig. 7.6 Bode plots of the open-loop transfer function (7.19) for N = 1, K = 2,71 = —1,
pr=—1and py = =3 +2j

which the maximum of |Hs(jw)| occurs can be calculated analytically, and it
reads

Wres = \/Im{]?z}2 - Re{PZ}Z ~ 1.94,

i.e., Im{p,} > Re{p,} is a necessary condition for a resonance. Disturbances or
input signals with frequencies close to wy.s will be amplified significantly in the
open loop. A resonance in the open loop may be one reason why feedback is
necessary. Feedback can provide additional damping, so that the resonance is not
present in the closed-loop frequency response.

For the Bode plot of the system with the transfer function Hpen, the Bode plots of
the subsystems H; have to be combined. As already shown, this simply corresponds
to the sum of the amplitude and phase plots due to the use of a logarithmic scale.
This also applies to the asymptotes. To sketch the asymptotes of the Bode plot
of Hgpen, it is therefore possible to proceed as follows. First, the break points
are calculated as the absolute value of the zeros and poles, i.e., o = |z(0)| and
® = |pi(0)|. The argument O for both z; and p; emphasizes that the open-loop zeros
and poles are used. Next, one begins with the asymptote of the N -fold integrator H3.
This asymptote is a line with slope —20N dB per decade (of the frequency w) that
crosses the point with amplitude 20 log,,(K) at = 1s~!. For N = 0, the Bode
plot begins with a horizontal asymptote. One then proceeds to higher frequencies,
changing the slope of the asymptote at every break point. For a single pole, the
slope changes by —20 dB per decade; for a single zero, by 20 dB per decade; and
for multiple poles or zeros, accordingly with the multiple of these slopes. For the
phase plot, one begins with a horizontal asymptote of —N 7. At the break points, the
asymptote is changed stepwise with =% for a single pole, 5 for a zero, and a multiple
of 7 for multiple poles or zeros. For the amplitude feedback, this procedure leads to
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Fig. 7.7 Bode plot of the amplitude feedback example

the asymptotes as shown in Fig. 7.7 for K. = 1. The exact Bode plot is shown as a
solid black curve. The static open-loop gain equals

Hopen(jw = O) = KmOdGVgainKVgaianch =0.99

for K. = 1. At o = p;(0), the first pole leads to a negative slope of —20dB per
decade. Next, the zero z;(0) raises the slope to zero, before the two remaining poles
finally lead to a slope or cutoff rate of —40 dB per decade. The phase begins at zero
and drops to

for large frequencies.

The frequency at which the amplitude drops by —3dB is called the cutoff
frequency. It is denoted by w. = 2004% in Fig.7.7 and is also called the
bandwidth of the open-loop transfer function [1].

Because the Bode plot contains all information about the open loop, there is a
unique correspondence between this diagram and the transfer function Hopen(s). If
the open loop is stable, the Bode plot can be obtained by measuring the frequency
response Hopen(jw). An equivalent diagram that is very useful for determining the
stability of the closed loop is the Nyquist plot. It is obtained by plotting the curve

Hopen(jw) = Re{Hopen(jw)} + jIm{Hopen(jw)}
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Fig. 7.8 Nyquist plot of the amplitude feedback example

in the complex plane for @ € R. The Nyquist plot of the amplitude feedback
example is shown in Fig. 7.8.
Due to

Hopen(_jw) = Ho";)en(ja))’

the part of the Nyquist plot for negative frequencies w is always axially symmetric to
the part for positive frequencies. For this reason, the Nyquist plot is usually analyzed
for only positive frequencies. From the discussion of the Bode plot, it is already
known that the Nyquist plot begins at Hopen(70) = 0.99 and approaches the origin
for large w. Also, the phase approaches —m, as can be observed from the closeup
view in Fig. 7.8. The vector

1 + Hopen(jo)

points from —1+j 0 to the Nyquist plot, as shown in Fig. 7.8. Its behavior is essential
for the stability of the closed loop. If we follow this vector from w = 0to w — oo,
we can define the change of its argument as

A(pNyquisl = wlingo £ (1 + Hopen(jw)) -4 (1 + Hopen(jo)) . (7.21)

The general Nyquist stability criterion can now be used to determine the stability
of the closed loop:

Theorem 7.7. The closed loop is asymptotically stable if and only if the continuous
change of the argument as defined in Eq. (7.21) is equal to

A(,()Nyquist = Nunstable @ + Heritical 5 P
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Fig. 7.9 Nyquist plot for
different gains K,

IIn{Hopen (jw)} (S_l)

0
Re{Hopen (7““')} (Sil)

where Nypstable IS the number of (unstable) open-loop poles in the ORHP and n iical
is the number of open-loop poles on the imaginary axis.

(See, e.g., Unbehauen [14, p. 156].)

Only the continuous change in the argument is considered. If, for example, the
Nyquist plot consists of several branches due to open-loop poles on the imaginary
axis, then A@nyquist can be determined for each branch separately, and the total
change is the sum of these results.

Since the amplitude feedback system in our example contains only stable open-
loop poles, a necessary and sufficient condition for stability is

A(poNyquisl =0,

as is the case for K. = 1 in Fig.7.8. Changing the gain K. will only scale the
Nyquist plot, as shown in Fig.7.9. For positive gains K. > 0, the closed loop will
always be stable, because Agnyquiss = 0. In the case of negative K., the Nyquist
plot is also rotated by 180°, and the critical point —1 + ;0 is crossed for

1
Hopen(jO)

and the change in the argument is A@nyquiss = +77. Thus, the closed loop is unstable
for K. < —1.01, a result already obtained with the Hurwitz criterion.

K. =-— —1.01

7.4.3 Time Delay

If the feedback loop contains a considerable time delay Ty, this can be taken into
account in the Laplace transform of the open loop Hopen(s). If, for example, the
measurement of the output y(¢) is delayed, this leads to

Ydelay(t) = y(t = Ty).
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Fig. 7.10 Nyquist plot (left) and closeup (right) of the amplitude feedback with delay 7y = 5 us
and definition of the amplitude margin (AM) and phase margin (PM)

Due to the shift theorem of the Laplace transform, every open loop with a single
delay can be expressed by

HOPCH,delay(S) = Hopen(s) e—TdS‘

The consequence of the exponential function is that the characteristic equation of
the closed loop is no longer an algebraic equation, but a transcendental one. The
number of poles becomes infinite, and the stability analysis is thus more involved.
Fortunately, the Nyquist criterion can still be applied [15]. For the frequency
response,

|H0pen,delay(jw)| = |H0pen(ja))|
AHopen,delay = AHopen — Tyw

holds, i.e., the delay leads to a faster decrease of the phase, but does not affect the
amplitude. Figure 7.10 shows the Nyquist plot of the amplitude feedback with the
nominal feedback gain of K. = 14.9 and an additional time delay of 7y = 5 us.
This time delay is a worst-case scenario for signal transit times due to a distance of
about 100 m between the cavity and the LLRF unit [12]. The closeup shows that the
closed loop is still stable, but not for arbitrary K. > 0. The Nyquist plot crosses the
horizontal axis at —0.237. Increasing the gain K. by a factor of

AM = 2010g( ) =12.5dB

0.237
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will therefore lead to a crossing of the critical point —1 4 ;O and to instability.
This factor is called the amplitude margin and is a measure for variations in the
amplitude of the process transfer function that can be tolerated. For larger amplitude
margins, the feedback is more robust against such variations. In addition, Fig.7.10
shows that the Nyquist plot crosses the unit circle at an angle of about —83°. The
frequency of this crossing is @ = 34.2 - 10 s™!. The phase margin

PM = 180° —83° = 97°

is defined as the distance to the critical point in terms of the phase, i.e., the tolerable
variation in the phase of the process transfer function. A simple estimate® shows
that an additional time delay of 74 = 50 s would lead to a phase decrease of

oTy~342-10°s7"- 50 pus ~ 98°,

i.e., the feedback will remain stable for time delays up to this order of magnitude.

7.4.4 Steady-State Accuracy

The standard closed loop in Fig. 7.2 on p. 341 is said to have no steady-state error if
Xe(00) := lim x.(t) = lim (y:(t) — ym(¢)) =0
—>00 —>00

is guaranteed, i.e., if the measured value converges to the reference value. From
Fig. 7.2, the following expression for the steady-state error can be obtained:

— 1 Y( )_ HP(S)HIH(S)
T T B0 H() Ha(s) ) T+ Hy(s) He(s) Hu(s)

B Hins)
1+ Hp(s)Hc(s)Hn(s)

Xe(s) Xar(s)—

(Xa2(s) + Xas(s)). (7.22)

In the following, it is assumed that all transfer functions in this expression are stable,
i.e., have only poles in the OLHP. In this case, we can use the final-value theorem
for Laplace transforms (cf. Sect. 2.2). Without disturbances, this leads to

— 1 o s Yi(s) L s Yi(s)
Xe(00) = lim (s Xe(s)) = SIE}})(I m Hp(s)HC(s)Hm(s)) = lim (—1 n Hopen(s)) .

%Because the amplitude does not depend on the time delay, the crossing of the unit circle always
occurs at the same frequency.
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It is now particularly important which type of reference signal y,(¢) is assumed. For
a step function, we have Y;(s) = K /s and’

#}m(o) for IHOPCH(0)| < 00,

0 otherwise.

Xe(00) =

This shows that an integrator (1/s) in the feedback loop—in the controller, the
process, or the measurement transfer function—is sufficient for a vanishing steady-
state error. For other reference signals, this may not be sufficient. For example,
a ramp signal (1/s%) requires at least two integrators in the transfer functions of
the feedback loop. However, too many integrators may lead to stability problems,
because each integrator lowers the phase of the open-loop transfer function by
—n/2.

If significant disturbances are present, it is usually necessary that the integrator
be contained in the controller, as can be seen from the other transfer functions in
Eq.(7.22). Assuming that the process and measurement transfer functions have
no integrator, H,(0) and Hy(0) are finite, and an integral controller will lead to
Xe(00) = 0 for stepwise disturbances.

7.5 Feedback Design

7.5.1 Tradeoff Between Performance and Robustness

The transfer function Hy(s) in Fig.7.2 on p. 341 usually describes the physical
behavior of the real process only approximately. Reasons for model errors can
be nonlinearities, dependence on time or operating conditions, and unmodeled
high-frequency dynamics. In many cases, the model errors may be described by
parameter variations in the numerator and denominator of the transfer function
H,(s). These variations will lead to a change in performance of the closed-loop
control. To estimate this effect, the sensitivity function

- aHry HP
' 0H, Hy

is defined as the relative change of the closed-loop transfer function H,y(s) with
respect to variations of the process transfer function Hp(s). With Eq. (7.15), this
leads to

"Note that 1 + Hopen(0) = 0 is impossible, since that would imply that s = 0 would be a pole,
and this has been excluded by considering stable transfer functions.
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Fig. 7.11 Sensitivity
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and finally to the sensitivity function

1

Hs(s) = 1+ Hp(s)HC(S)Hm(S)'

This is exactly the disturbance-to-output transfer function Hgy(s) (cf. Eq.(7.16))
that was derived from Fig.7.2. It is apparent that a sufficiently large feedback gain
|H.| will lead to both a small sensitivity |H;| and a good disturbance rejection.
However, a large feedback decreases the amplitude margin AM in many cases
and may lead to instability. This shows that a tradeoff between performance and
robustness specifications is usually necessary. Please note that for the open-loop
system, H, = 0, and the sensitivity equals 1. For the closed-loop system, | Hs| also
approaches 1 for large frequencies, because for most practical cases, |Hp Hc Hp|
tends to zero.
For our amplitude feedback example, the sensitivity function is equal to

_ (s —z0)(s — 22) (s — 23)
(s = p)(s = p2)(s — p3)

Hy(s)
with

21 =-25-100s"", z=-2-10°s"", z3=-205-10°s",
pr=—-242-10"s"",  pr3=(=2.14%j 1.44)-10°s7 "

Its amplitude |Hs(jw)| is shown in Fig.7.11. In contrast to | Hopen,delay(f@)|, the
amplitude of the sensitivity function depends on the time delay.

The sensitivity shows that the amplitude feedback rejects disturbances or noise
with frequency components up to about 10kHz. The closed loop is also less
sensitive with respect to model variations than the open loop in this frequency range.
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However, the sensitivity is not zero for @ — 0. This implies that the closed loop
does not reject DC offsets completely and may thus have a steady-state error. This
can be shown as follows. From the standard feedback loop, the control error can be
calculated as

Xe(s) = Ye(s) — Hu(s) - Y(s)

H.(s) Hp(s)
1+ H(s) He(s) Hp(s)

Yi(s) — Hi(s) - - Yi(s)

1
= T o) How) Hy) O

If we assume that the closed loop is stable and the reference signal is equal to a unit
step, i.e., Yy = 1/s, then the final value of the control error is given by

. 1 1 1
Jim xe(r) = lim (S' 1+ Hu(s) He(s) Hy(s) '5)
1

1+ Hp(0) He(0) Hy(0)’

Thus, the value of the sensitivity function for @ = 0 is equal to the relative steady-
state error of the closed-loop system. For the amplitude feedback loop, a value of
6.4%, or —23.9dB, is obtained. This steady-state error will also be apparent in the
simulation results in the next section.

7.5.2 Design Goals and Specifications

The main design goals of feedback are stability, a fast dynamic response, distur-
bance rejection, a small tracking error, and robustness against parameter variations.
In addition, the control effort should comply with the physical limitations of the
process. There exist several parameters to describe these specifications quantita-
tively. In the time domain, the response to a step disturbance or reference signal
is often considered, and the following quantities are used to describe the dynamic
response:

* Rise time: transit time from 10% to 90% of the final value, i.e., of the output step
size.

* Percentage of overshoot.

» Settling time: time after which the output stays inside a 5% or +2% interval
around the final value.

» Steady-state error between the reference signal and the output.
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Fig. 7.12 Performance of the amplitude feedback

The performance of the amplitude feedback example is shown in Fig.7.12. The
curve Vgap,det is obtained from a simulation model from [12], which is in good
agreement with measurements. The reference signal Viet is initially raised from zero
to 1 V. Due to a prefilter with a time constant of 43 s, the reference signal is raised
not stepwise, but smoothly. The simulation model includes not only the amplitude
feedback, but also a resonance frequency feedback to ensure that the cavity is in
resonance. At the beginning of the simulation, the resonance frequency feedback
has to settle and has a strong coupling with I7gap. Att ~ 3 ms, both feedback loops
have reached their equilibrium.

The amplitude feedback is excited at t = 3.5ms with a stepwise disturbance
of the measurement Vgap,del. The dynamic response of the simulation model is
compared to the response of the linear closed loop Hyy(s) with Ty = 0 (Fig.7.12,
bottom left). This shows that the transfer function H.y(s) describes the behavior
very well for small deviations from equilibrium. From the simulation results, a rise
time of 73 s, a 5% settling time of 103 s, and a steady-state error of 6.4% are
obtained.

At t = 4.5ms, the cavity is detuned, so that the gap voltage drops by about
0.5kV. This time, the simulation model shows a different behavior due to the
interaction of the resonance frequency feedback with the amplitude feedback. This
demonstrates that nested control loops are dynamically coupled in general. If the
coupling is strong, it is necessary to take this into account during the analysis
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and design of the feedback. Nested control loops can be described by MIMO or
multivariable control systems [16].

In addition to the mentioned parameters, there also exist specifications in the
frequency domain:

* Resonant peak: the maximum of the closed-loop frequency response | Hyy (jw)|
indicates relative stability and is recommended to be between 1.1 and 1.5 [1].

* Bandwidth: the frequency at which |Hy(jw)| has decreased by —3 dB with
respect to the zero-frequency value.

 Cutoff rate: the slope of | Hyy| at high frequencies.

e Amplitude margin and phase margin (cf. Sect.7.4.3): an AM larger than
6dB and a PM between 30° and 60° are regarded as a good tradeoff between
robustness and performance [1].

In our example, the bandwidth of H.y(jw) equals 30.3- 103 s~! (which corresponds
to A f = 4831 Hz), and the cutoff-rate is —20 dB/decade.

7.5.3 PID Control

A general proper PID control algorithm is given by

U(s) 1 s
= Kp+ Ki— + Kp———;
Xe(s) Pt s + DTDs+1

Hc(s) =
it is a combination of a proportional, an integral, and a derivative controller. The

transfer function can also be written as

(KPTD + KD)S2 + (Kp + K]TD)S + K . (7.23)
S(TDS + 1) ’ '

H(s) =

it has two zeros and two poles. A pure derivative is obtained for 7p = 0. However,
this leads to an improper transfer function. In the time domain, the controller is
described by the differential equation

Toiet) + u(t) = (KeTo + Ko)ie(®) + (Ko + KiTo)xe(t) + Ki /0 xe(7) dr.

In steady state, the control error x, must be zero due to the integration.
The controller of the amplitude feedback example is of PDT; type. This can be
shown as follows. A general PDT, controller can be written as

K;
KDS KS(TD+7];)+1

H.(s) = Kp+ ——— =
() P_'_TDs—}-l F sTp + 1
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With

Kp
K.=Kp, Ta=Tp+—, T.n=Tp,
Kp

we obtain the amplitude controller that is shown in Fig. 7.4.

To design a general PID controller, it is necessary to determine the four degrees
of freedom Kp, Kp, K1, and T, so that the specifications are met. If the open-loop
system is stable, the two zeros of H,(s) may be used to compensate open-loop poles.
The time constant 7 should not be chosen too small, because that would amplify
high-frequency noise.

Several so-called tuning rules exist for the design of PI and PID controllers [5].
A simple tuning rule is described in [16] that is based on the approximation of the
process transfer function with a first-order model

K T
Hopprox (8) = Ts+1 e T,

with the gain K, the time constant 7', and a time delay 7j. For a PI controller, the
tuning rule is (cf. [16, p. 57])
1 T Kp

Kp=——\ K =— ,
"7 K Tone + Tu ' min {7, 4(Tune + Ta)}

with a single tuning parameter 7Ttn.. A small value of this parameter will lead to fast
output performance, whereas a large value implies a high robustness and smaller
values of the input. A typical tradeoff is the choice Tiyne = Tg.

This tuning rule can be applied to the amplitude feedback loop example. From
Fig. 7.4, the open-loop transfer function

AI7gap,det(s) — KmodGVgainKVgaianch
Al}c(s) (S Teay + 1)(S Tyer + 1)

is obtained. For this type of transfer function, the following first-order approxima-
tion may be used; cf. [16, p. 58]:
1
K= KmodGVgainKVgaianch = 0.9877, T = Ty + ETcav =17 LS,

1
Ty = ETW =2 uSs.

With Twyne = Tg as the choice of the tuning parameter, the coefficients of the
resulting PI controller are

1
Kp = 1.7718, K; =2.5312-10° —.
S
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The settling time of the linear amplitude feedback with this controller is 16.4 s
for a 5% interval around the set point. This is considerably faster than the PDT;
controller. Furthermore, the PI controller leads to a zero steady-state error. Note,
however, that for the design in this section, we have neglected any interaction of the
amplitude loop with the resonance frequency feedback loop.

For the practical implementation of a PID controller, some issues should be taken
into account. If the process is stable, it is often sufficient to use a PI controller.
Derivative action, i.e., Kp # 0, will lead to an increased sensitivity with respect
to measurement noise. If the reference signal y,(¢) contains steps and a derivative
action is needed, it is usually better to use the measured output yy,(¢) as input of
the derivative part of the controller instead of the control error x(); cf. [16, p. 56]
and [5, p. 317]. One challenge for the integral action is the so-called integrator
windup [5], a nonlinear effect.

We can illustrate this effect by means of Fig. 7.3. We assume that the controller
has integral action and generates a value that exceeds the constraints of the
subsequent saturation function. In this case, the output of the feedback will be a
constant value as long as the saturation function is active. This may be interpreted
as a feedback loop that is no longer closed, because the output of the controller
does not depend on the control error. The integral controller will, however, continue
to integrate the control error, and this may result in a poor overall feedback
performance. Measures that prevent windup are known as antiwindup.

7.5.4 Stability Issues for Nonlinear Systems

As described in Sect.7.1.3, almost every practical feedback system is, in fact, a
nonlinear system

B0 @i, (7240
Im(t) = V2(X(2)), (7.24b)

where yy, is the output vector with the measured quantities of the process. A
common approach is to calculate the linearization

dA;(Z) = A-AR(t) + B - A1), (7.252)
Afm(t) = C - AZ(1) (7.25b)

of the system for a certain equilibrium and to use it for the analysis or design of
a linear controller so that the closed-loop behavior is stable. This approach has
also been chosen in the previous sections. An important question that now arises
is whether the linear controller will also be able to stabilize the nonlinear system.
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The stability theory of Lyapunov that was described in Sect. 2.8.5 is useful to obtain
some conclusions concerning this question. In order to use the theory of Lyapunov, it
is necessary to analyze the feedback loop in the time domain, because the frequency
domain approach is in general not applicable to nonlinear systems.

Consider first a very general linear controller in state-space representation

dX.(t - -
T~ a2+ B R0 (7.262)
ﬁc(t) =C- ic(t) + D - -’_C'e(t)v (7.26b)
where X. = AY, — Aj,, denotes the vector with measured control errors, i is

the actuator value that can be used as input to the process (i.e., A = i), and X.
contains the internal states of the controller. This type of controller is also known
as a dynamic output feedback, because the controller has a dynamic structure and
it uses the output vector y,, as the only information about the process. This type of
controller also contains the PID controller as a special case: rewriting the transfer
function (7.23) as the sum of a constant and a remaining polynomial leads to

£ J<
Ue(s) Koy | (Ki=3)s+ 3
= =|Kp+— )+ i .
Tp s+ o8

Using the results of Sect.7.1.2 and taking the additional direct feedthrough into
account leads to the following state-space representation of the controller:

d, .
xelt) _ [g _L] R + m (D),

dr -

) = [ (k1= 5)]- 50 + (Ko + 32) 50

This is a dynamic output feedback. Note that the case of a pure derivative controller
(Tp = 0) is not included in this 1representati0n.8 Due to Eq.(7.26), the transfer
function of the controller can be obtained by

He(s) = C.-(sI —A)™" - B. + D..

Connecting the controller (7.26) with system (7.25) (i.e., by At = u.) leads directly
to the following dynamics of the closed loop:

8This is, however, not a serious limitation, since a pure derivative would be both undesirable in the
presence of noise and is not realizable on any physical hardware.
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d [AX@)] _[4~B-De-C B-C] [AX()] , [B- D
dr | X.(t) | -B.-C Ae Xe(t) B.

i|' A)_;r(t)

Acl
(7.27)

We assume that the controller is designed properly, so that the closed-loop dynamics
are stable. According to the results of Sect.7.1.5, this is the case if A has only
eigenvalues with negative real parts.

After the controller design, the controller will be connected to the real nonlinear
process. One possible choice for the input of the nonlinear system (7.24) is then

u(t) = g + ic(t) = g + Ce - Xc(t) + De - Xe (1),

where i is a feedforward value that equals the input value at the equilibrium point
X = Xr. In other words,

Vi (X, up) =0

is assumed, and the controller has only to correct deviations from the equilibrium.
The control error is now given by

- -

Xe = Vr — ,)_;m = 5;1' _{;2(2)

These choices of the closed-loop connection lead to the following dynamics:

drxn]_ L), i) }
dr I:)_éc(t):| |:Ac . fc(t) + B, - (,)_;r(t) _ “;2(2(1))) . (7.28)

A linearization around X = Xp, # = iuip, Xo = 0, and y; = V,(XF) leads to the
same linear dynamics as Eq. (7.27). This is reasonable, because it means that the
same result is obtained either by linearizing the nonlinear closed-loop dynamics or
by using the linearization (7.25) of the open-loop system (7.24) to obtain the linear
closed-loop model (7.27).

We already assumed that Eq. (7.27) is stable, and we can now use theorem 2.18.
For Ay, = 0 and the previous assumption of a strictly stable matrix A (the real
parts of all eigenvalues are negative), the theorem can be applied to Eq. (7.28), and
the consequence is a stable equilibrium of the nonlinear setup. This is an important
motivation for using linear control design in many cases, even for systems that are
practically nonlinear.

Note, however, that the linear system (7.27) is asymptotically stable in the global
sense, i.e., for arbitrary initial values, whereas in general, the asymptotic stability
of the nonlinear system (7.28) is given only in a local neighborhood around the
equilibrium. This neighborhood, also called a region of attraction, may be so small
that from a practical point of view, the equilibrium is in fact unstable. The size of
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the region of attraction can be estimated using Lyapunov functions as defined in
Sect.2.8.5.

A nonzero reference value Ay, # 0 acts as an excitation. As long as it is not too
large, the closed loop will be stable.

If further disturbances act on the system (7.24) or the model is inaccurate, this
may lead to a steady-state error. In most cases, an integral controller will help to
avoid such an error. A pure integral controller can be written as

d%xc(r) — xe(0),

uc(t) = Krxe(t).

Therefore, Ac = 0, B = 1, C; = K1, and D. = 0. The closed-loop dynamics for a
SISO system are then

d [ 55(1):| _ [cl(;(z),u}: + K xc(Z))}
dr | xe(t) ye — 12 (X(1)) ’

and from the bottom row, we have the equilibrium

d -
E-xc =0 = x»n= VZ(-x) = Ym,

and the steady-state error will therefore tend to zero for stepwise reference signals.
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Appendix

A.1 Description of an Ellipse in the Plane

If the semiaxes a, b > 0 of an ellipse are oriented in parallel to the X- and y-axes
of a Cartesian coordinate system, one may describe the ellipse by

X =a cosg, (A.1)
y = b sing, (A.2)

where 0 < ¢ < 2 is the range of the parameter ¢. This obviously leads to the
equation

which does not include the parameterization.
In general, the ellipse may, of course, have a different orientation. Therefore, we
will now use a rotation matrix according to

(x)_ cosé‘—siné)(fc)
y _(sin§ cos ¢ y

in order to move the points of the ellipse counterclockwise (cf. Fig. A.1). We obtain

x =acos{cosg —bsinsing,

y =asinfcos¢ + bcossing,

as a parametric description of the rotated ellipse. This description includes a very
special parameterization, because the angle ¢ is used as a parameter. One could
alternatively use the path length or a parameter without any special meaning.

H. Klingbeil et al., Theoretical Foundations of Synchrotron and Storage Ring RF Systems, 369
Particle Acceleration and Detection, DOI 10.1007/978-3-319-07188-6,
© Springer International Publishing Switzerland 2015
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Fig. A.1 Ellipse with g Ay
arbitrary orientation
________ abNC _,
A <—>
! ~
| X
I
I
b |
I
a< i
I
v g, I x
1 Lad
I
I
|

Therefore, the objective of the following calculation is to find a description that
is free of parameters. This may be achieved by eliminating the parameter ¢. To this
end, we first calculate the following expressions:

x? = a® cos® £ cos® ¢ + b? sin’ { sin® ¢ — 2absin ¢ cos ¢ sin ¢ cos @,

y? = a*sin® ¢ cos? ¢ + b?cos? ¢ sin® ¢ + 2absin ¢ cos ¢ sin ¢ cos ¢,

xy = a’sin ¢ cos ¢ cos? ¢ — b2 sin & cos ¢ sin® ¢ + ab sin ¢ cos g(cos? & — sin® ¢).

We now use the trigonometric identities

1 1
sin? ¢ = 5~ 5 cos(2¢), (A.3)
1 1
cos’ ¢ = 5 - cos(2<p) (A4)
1
sing cos g = 3 sin(2¢), (A.5)

to obtain

, a’cos 2+ b%sin’¢ a’cos? ¢ —b?sin® ¢

2 = : + 5 cos(2¢)
—absin ¢ cos ¢ sin(29),
) b2 2 2 in2 s b2 2
» = a’ sin g“—iz- cos §+ assin 52 cos écos(2<p)

~+ab sin ¢ cos ¢ sin(2¢),
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. (a> — b?)sin¢ cos ¢ N (a® 4 b?)sin ¢ cos ¢

Xy > > cos(2¢)
b 2+ oin2
+a (cos” ¢ —sin“ {) in(20).
2
Using Eqgs. (A.3)—(A.5) for £, this may also be written as
2 2 2 _p2 2 _p2 2 2
=2 +b + a—b cos(20) + (a b + @’ tb cos(2§)) cos(2¢)
4 4 4 4
b sin(2
_absin2) G20,
2
2 b2 b2 _ 2 2 _ b2 2 b2
yi= @ + a cos(2¢) + 4 et c0s(20) | cos(2¢)
4 4 4 4
b sin(2
+—a Sl;( $) sin(2¢),
2_b2 in(2 2 b2 in(2
o @DISN0D @4 B)sinCD)
4 4
b 2
+L25(§) sin(2¢).

We now combine the first and the last equations in order to eliminate sin(2¢):

£, = x? cos(2¢) + xysin(2¢) =

2 2 212
=4 Ib cos(2§')+a 4b

a’> +b?

+ (a2 ; b? cos(2¢) + ) cos(2¢).

Also, to eliminate sin(2¢), the combination of the second and the third equations
yields

& = y2 cos(2¢) — xysin(2¢) =

2 b2 b2_ 2 2_b2 2 b2
=4 —: cos(28) + ¢ +(a 2 003(25)—0 —:

) cos(2¢).

Now we see that cos(2¢) can be eliminated by generating the following expression:

2 32 2 p2 2 32 2, 72
sx(" 2 costat) - ¢ jb)—sy(“ o) + Ib)=

b (@ = b2 (@ + b2 a* b

- 202 4 20) —
g o8O+ —¢ TG AT

cos(2¢) — +
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b4 _ 4 bz _ 42)2
16a cos?(2¢) + G -ay

2b2 2b2
_ _aT cos(20) -4 = _aT cos(2¢)

o a’> + b? +b2—a2 L a* + b? +a2—b2 1
*\2a2b2cos(2)  2a2h? "\ 2a2b2cos(20)  2a2b? )

(a® + b?)?
16

a* —b*

+ 16

cos(2¢) — cos(2¢) +

If we now insert the definitions of £, and &,, we obtain the implicit equation of the
ellipse that we were looking for:

Ax* +2Bxy + Cy* = 1. (A.6)

The constants are obviously given by the following equations:

a?+b> b2-a?

A= 5a2h? + S cos(20), (A7)
b*—a* |
2B = W sm(2§), (AS)

a’+ b2 a?-b?
C = S + S cos(20). (A.9)

These constants obviously satisfy the inequalities
A>0 and C >0. (A.10)

We now determine how to return from the implicit equation (A.6) to the original
parameters a, b, {. We find that

b2 __a2
A—C = W COS(2§), (All)

so that in combination with Eq. (A.8), we have

tan(2¢) = %

Without loss of generality, we now assume that b > a > 0 holds (the case a =
b > 0 is analyzed below). According to Egs.(A.8) and (A.11), the signs of the
expressions 2B and A — C may be used to determine 2¢ € |—m, 4] in a unique
way. Hence, the rotation angle is in the range

e545)
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This is sufficient to describe an arbitrary ellipse, because a rotation by +90° leads
to the same ellipse as a rotation by —90°. Finally, we reconstruct @ and b. Due to

) ) (bz _aZ)Z
(4=C) + (2B) = 7 = V(A-C)2+(2B)? =
and
a’> + b? .
A+C=W with A+C>0,
we obtain
> > b? 2
A+C+JM—C)+Qm::%%5:Z
and
5 5 a? 2
A+C—/(A-C)+(2B) =2 =

which leads to

b2 —
a’b?

a

2
\/A +C+J(A=C)+(2B)*

b

2
\/A +C—-J(A=C) '+ (2B)?

The area of the ellipse is

2 2
wab d n

T

VAC - B2

= |mab =

T JA1CP_[(A-C) +(2B)] ~4AC—4B?

az

(A.12)

(A.13)

(A.14)

This result may also be found, for example, in [1, volume 2, Sect.339.6]. This

implies that Eq. (A.6) describes an ellipse only if

AC—B>>0

holds. As shown above and in order to make a and b real,

(A.15)

(A.16)
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must be valid. The first inequality implies AC > 0, so that the constants 4 and C
must either both be positive or both be negative. Together with the second inequality,
this leads to

As a conclusion, the two conditions (A.15) and (A.16) imply all the conditions
mentioned above. If the matrices

=) w=(e)

are defined, Eq. (A.6) may also be written in the form

(X7 M-X=1]

The conditions (A.15) and (A.16) for an ellipse are obviously equivalent' to

|detM>0, trM>O.|

The transformation to the original ellipse may also be performed by means of a
principal axis transformation. One may easily check that the eigenvalues of M
are A\; = 1/a? and A, = 1/b>. The eigenvectors correspond to the direction of the
principal axes.

We now analyze the case of a circle with radius a = b > 0. According to
Egs. (A.7)—-(A.9), we obtain

The parameter ¢ can no longer be determined, because the rotation matrix does not
modify the circle. However, the equations and inequalities (A.12)—(A.16) are still
valid. Therefore, the circle is included in the treatment as a special ellipse.

We have analyzed only ellipses that are centered at the origin of the coordinate
system. In order to cover the most general case of an ellipse in the plane, one
may add a translation in Eq. (A.6) if x and y are replaced by x — x( and y — yy,

'For det M < 0, a hyperbola is obtained.
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respectively. This leads to the general equation
Ax* 4 2Bxy + Cy* 4+ 2Dx + 2Ey + F =0,

for which the decision whether it represents an ellipse becomes more complicated
(cf. Burg et al. [2, volume II, Sect. 3.9.9]).

A.2 Path Length and Curvature

In this section, we determine the path length of a particle.

A.2.1 Path Length

As shown in Fig. A.2, the path is given by F(¢), where ¢ is an arbitrary parameter.
According to Fig. A.2, we obtain

AF =TF(t + At) —F(1).

If we divide this equation by A¢, the left-hand side will change its absolute value
but not its direction. If one then considers the limit as At — 0, it is clear that a
tangent vector of arbitrary length is obtained:

. T+ A —F(@) dF
Iim —M—— = —.,
At—0 At dt

According to

dr
dt

dr

dr

-

€,

this tangent vector may be normalized in order to get the unit vector &,. The path
length is obviously given by
Jo=]

i
L,
ar

where ds = |dF|.
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Fig. A.2 Calculation of path
length

A.2.2 Curvature

Appendix

It is well known that the curvature is the inverse of the local radius and that it is

given by

kcurv =

(A.17)

Here ds denotes the arc-length element of the curve. We will now check how
this formula must be modified if the dependence of 7 on s is not known but the
dependence on an arbitrary parameter ¢ is given as above. For the derivative with

respect to ¢, we use a dot from now on. For the first derivative, we obtain

dr
ds
Since
ds _
dt
holds, we obtain

dr
ds

As the second derivative, we now obtain

@F  d(F)a 17l g
ds? —de \ |7 ) ds 7 ;

In the second step, we made use of

dr

dfl  d [z =
— r .
dr
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We obtain
&R &F BF FF (P2 a, A FeFno-
T2 = ) . ) = — =+ < |r| —2— r-r
ds ds? ds HE |78 |F|6
N G et G
ds2| I;';|6 )
Finally, we obtain
@7 IFRIFR = G )2
kewy = d_SZ = |7|3 . (A.18)

For the sake of simplicity, we assume from now on that the whole path is located in
a two-dimensional plane. In this case, we get

P[P = 2+ 57,
7P = &2+ 37,
T = XE 4y
This leads to:
FRIFP — () = 5252 4 5257 + 7257 4 5292 — 2252 — p25? - 24555 =
= 27 + R 24pi =
= (&) - .

As a special form of Eq. (A.18), we therefore get

ji— iy

kcurv,signed =

The sign was chosen in such a way that the curvature Kcurv signed 1S positive for a
convex curve.

We finally analyze the unit vectors that are tangential or normal to the curve. With
the results derived above, we obtain
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Fig. A.3 Normal and
tangential unit vectors

d7 . > . >
- a Xex+yey
e =7 7= —F—- (A.20)
N

Figure A.3 shows that the corresponding normal unit vector é, that satisfies €, - &, =
0 may be obtained from &, by exchanging the components in the following way:

(A21)

We now calculate the derivative of this normal unit vector:

v e TTTE e o2 o o2\ 20425
d@, (Vex—Xey)yx2+ (y ey xey)—zm ~

dr X2+ y?
_ G 8 + D) = () & — X E)EE +3F) _
- ()'c2 4 )',2)3/2 -
&y (JX2 + §§2 — pxi — 32§) + &, (—%x? — ¥y? 4+ K28 + 1yF)
()-Cz + )-,2)3/2 -

e X(JXx —yX) +é, y(=Xy + Xy)
- (2 + yz)s/z

According to Eq. (A.19), this is equivalent to

de,

dr = kcurv,signed(x Ex + y gy) = kcurv,signed I;:| Et- (A22)

The derivative of the tangential unit vector is

2 2XF42y§
dé} (Xex+je)yx2+y2—(te,+yeéy)——== m

dr X2+ y?
e+ e 4+y%) - (X e+ 8k +yj)
- ()-Cz + );2)3/2 -
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& (%2 + 397 — X2 — $9F) + &, (382 + §3% — p&¥ — §%) _
()-Cz + )',2)3/2 -

_ &Gy —iF) + 8, £(i% - 3¥)
- (xz + )',2)3/2

de;

E = kcurv,signed(_,)} gx + X Ey) = _kcurv,signed |?| gn‘ (A23)

Similar formulas exist for curves in three dimensions. They are known as Frenet—
Serret formulas.

A.2.3 Centripetal Force

As a simple application of the formulas derived so far, we briefly calculate the
centripetal force for a particle that follows an arbitrary curve in the xy-plane. We
shall assume that the particle has a constant kinetic energy, so that 71 = 0 holds.
Due to

u=xe;+ye, = u=+/x2+y2,
we obtain, by means of Eq. (A.19),
2 ..

ik Xy
= m U Kcurvsigned = M ———.
rCurV u

mu
+

(A.24)

On the other hand, we get
F:mﬁ:m()'c'éx—i-j)'éy).

The center of the osculating circle is located in the direction normal to the tangent
vector. Therefore, we calculate the normal component of F. By means of Eq. (A.21),

we see that
Xy — jx
m S —
u

P =
holds. If we compare this with Eq. (A.24), we obtain

mu2

Fn:_ s

rcurv

as expected.
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A.3 Some Results Concerning Transverse Optics
in Synchrotrons

In this section, some results concerning transverse beam dynamics (linear case) are
summarized. They may be found, for instance, in [3-5]. As discussed before, a
reference particle with reference momentum pg travels on the reference path (closed
orbit) of length /. In transverse optics, one often uses the coordinates x, y, s. Here
x is the horizontal coordinate (positive for larger radii), y is the vertical coordinate
(positive for a larger height), and s € [0, [g] measures the length on the reference
path. For the reference path, we have x = y = 0. Instead of s € [0, [g], one may
use an angle variable 8 € [0, 27r] describing the azimuthal position in the ring. A
particle with momentum pr 4+ Ap will experience a displacement

A
Ax = D.(s) =2
PR

from the reference orbit (cf. Edwards/Syphers [3, Sect.3.3.1]) if Ap < pr
holds. The function Dy (s) is called the momentum dispersion function or simply
dispersion function. From D, (s) = D, (s+Ir), we see that it is a periodic function
for typical synchrotron lattices.

Let us assume that the reference path is given by 7 (). In this case, the length of

the reference path is
2w
ZR = / dr() = /
0

The path for § = Ap/pr # 0 is given by

dry

do. A25
0 (A.25)

F(6) = Fo(0) + Dx(0)5€x(6).
The derivative with respect to 6 is

dF  dFy N dé, N dD,
do ~— do 7 de de

8éy.
For the sake of simplicity, we write derivatives with respect to 6 with a dot:
F =T+ Dy 8éx + Dy 6é..
Due to Eq. (A.22) we have
éx = & klrol,

where k(0) = Kcurv signea = 1/p(0) is the local curvature. This leads to
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F =7y + Dy 8 k|Fg|és + Dy Séy.
Taking into account that
70 = |70| Es
is valid, one obtains

. . . 2 .
P = (Ifol + Dy 8 klfol) + (Dy 8)°

5 5 D2 52
= |F| = |Fol \/(1 + Dy 8 k) + ——.
|Fo]?

The term with DX is usually much smaller than that with D,, so that
F| ~ |Fol (1 + Dy 8 k)

holds. Hence, as the path length of the off-momentum particle, we obtain

2 2, 2, 2,
1=/ do =/ I df =/ |Fo| d6 +/ IFo| DSk d6.
0 0 0 0

According to Eq. (A.25), the first integral on the right-hand side equals /g. There-
fore, taking into account that ds = |Fy| d6 holds, we see that

dr

dé

27, IR
AZ=Z—ZR=/ |?0|Dx5kd9=8/ D.k ds
0 0

is valid. The quantity Al obviously specifies the length difference between the
closed orbit of an off-momentum particle and that of a particle with the reference
momentum.

This leads to the momentum compaction factor

Al/lx Al/ IR 1 [k
o, = = = — D, (s) k(s) ds.
Ap/pr § Ir Jo (5) k(s)

Since the curvature equals the inverse local radius (k(s) = 1/p(s)), we obtain

e

1 (R D(s)
= — ds. A.26
IR Jo p(s) * ( )

Hence the momentum compaction factor is the average of the fraction D, (s)/p(s).
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The particles perform betatron oscillations around their closed orbit in the
transverse case in a manner similar to the synchrotron oscillation in the longitudinal
case:

x(s) = Av/Bx(s) cos[Px(s) + Vxol. (A.27)

This formula satisfies the Mathieu—-Hill differential equation, or Hill’s differen-
tial equation

d2x )
— 4+ Ki(s) x =0 with K, (s + [g) = K.(s)
ds?
if
2 1 dIBV 2 1 dzﬁx _
KB -1 (5) +3p05 =1
and
d% _ 1 _ dS
s Be O Y56 (A.28)

are valid. The periodic function K, (s) is determined by the lattice. The function
¥y (s) is the phase function, while the function S, (s) is the amplitude function,
betatron function, or beta function. The beta function obviously determines the
envelope of the beam. For standard synchrotron lattices, it is a periodic function

with B, (s + [r) = B+ ().
The number of betatron oscillations per revolution (which is not an integer for
proper synchrotron operation)? is called the (horizontal or vertical) tune:

TR fﬁ,x T fﬁ,y
UX = —_-— = —, ])y = == —,
Tgx v Tgy  fr

Due to Eq. (A.28), it is obtained by

1 R ds
Vy = — .
27 Jo ,Bx(s)

If the momentum of the particle differs from the reference momentum pg, the tune
will change according to

2Moreover, fractions consisting of small integers have to be avoided, because the beam is then
repeatedly subject to transverse kicks in a similar state of oscillation, so that it becomes unstable
(resonance). The pair (v, v,) is the working point of the machine, and it is usually visualized in
a working diagram showing the resonance lines of different orders (cf. [5, Sect. 6.4.1]).
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Ap Ap
Avy =E(p) —, Al)y = Ey(P) —_—.
PR PR

Here &, &, denotes the chromaticity.
If the derivative with respect to s is denoted by a prime, Eq. (A.27) leads to

;o dx BL(s) _ 1 .
xX'(s) = T A—z\/m cos [Yx (5) + V0] A—\/m sin [ (s) + 1?;,02]9)

if Eq. (A.28) is taken into account. The pair (x, x) defines the phase space’ in the
horizontal plane. If one uses Eqs. (A.27) and (A.29) to eliminate the sine and cosine
functions, one obtains

2
2 Bx B | o 1 B\ _
x' E—Zxx’zA2 + x (Azﬂx + el 1. (A.30)

This is the equation
Fex? 4 2a,xx’ + Bex? =1

of an ellipse in the (x, x")-plane ()7x/§x —-a >0, /éx > 0), whose area is

B

= A?,

b4
= - 2 /2

5 52 1 Bx Bx
\/V"ﬁx ¢ T s T e

as we found in Eq. (A.14). If the outermost particle with maximum A4 is considered,
the total phase space area enclosed by all particles can (similar to the longitudinal
case) be used to define the transverse emittance ¢,

TEx = nAZ,

in the (x, x’)-plane.* In this case, one may set A = /e, in Egs. (A.27) and (A.29),
and Eq. (A.30) can be written as the Courant—Snyder invariant

Yax? 4+ 20, xx" + Box? = €,

3The (x, x’)-plane is sometimes called trace space (cf. [6]) in order to distinguish it from the
overall phase space, which has six dimensions and whose volume is conserved due to the choice
of canonical coordinates.

4Sometimes, the emittance is defined with different constant factors. Similarly to the longitudinal

case, one may define a transverse RMS emittance to cope with the difficulties in defining an area
for a finite number of particles.
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with Courant—-Snyder parameters or Twiss parameters

’ 1 ’2
ax:_%v ,B)m yx:E<l+%)

In the main chapters of this book, we pointed out that the area in the phase space
(At, AW) is preserved if no synchrotron radiation or other damping or blowup
mechanisms are present. Due to

As = vygAt = ,BRCOAI,

AW , Ap 1
ST oSl S Ap=—AW,
Wr P DR P Breo

a simple scale transformation converts the (A¢, AW) phase space into the (s, ps)
phase space’ (cf. Sect.5.1.3: one coordinate is multiplied by coBr, and the other
one is divided by the same factor). Therefore, the phase space (s, p;) also leads to
area preservation.

In the transverse case, area preservation is given in an analogous way if the phase
space (x, py) is used. However, we have used the pair (x, x’) so far. According to

dx dx ds

Px = md_t = moyREd_t = mocoYrPrY,

we also have to multiply the (x, x’) area obtained above by ygrSr in order to obtain
an invariant quantity:

e YrRPR = const.
Therefore, one defines the normalized transverse emittance
€nx = )’R,BRGX ,

which is preserved (also during acceleration) if no synchrotron radiation or other
damping or blowup effects are present. According to Eq.(A.27), the maximum
amplitude of the betatron oscillation is

max (5) = A‘/'BX(S) = \/éxﬂx(s) = \/@
YRBR

Therefore, the betatron oscillations are damped during acceleration. This is called
adiabatic damping.

SHere the coordinates from our longitudinal phase space considerations were renamed according
to ps = Ap, s = As.
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A.4 Characterization of Fixed Points for the Longitudinal
Beam Dynamics System

The starting point for the classification of fixed points is the Hamiltonian in
Eq.(3.29),

o AW?2 QV ( 1 . )
—— —— — =— | — [cos(wrp At + — COos + At sin )
W ,3121 > T [cos(wrr ®R) @R} ¥R

(WRF
(A.31)
which depends on ¢ = AW and p = At. We calculate the partial derivatives:

o0H R

- AW,
AW~ W2

A

oH

14
AT = —QT—R (—sin(wrp At + @r) + singg) .

This leads to the following second-order partial derivatives:

¥H 0
AIAWIAL
32H nRrR

IAW2 — WRpE

PH OV
AL Te wRrr COS(WRrA! + ¢R).

p aH
V:(.)=<_85H)7
p B

one obtains the Jacobian matrix

By means of

First, we consider the fixed point 71, for which Az = 0 and AW = 0 hold. The
corresponding Jacobian matrix is
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. 0 o WRF COS QR
Dv(Fr) = ( _— 0 .
Wrp3

For its eigenvalues, one obtains

v
22— szgz QT_ wRrr cosgr =0
RPR IR
V
= A2 R —Q WRF COS ¢R.

COWRBE Tk

Due to nr Q cosgr < 0 (Eq.(3.20)), two imaginary eigenvalues exist. Hence, the
linearized problem has a center at 71, i.€., a stable fixed point.

As we discussed in Sect.2.11.5, one cannot conclude that the nonlinear system
also has a center at 7. However, the alternative approach that was presented in
Sect. 2.11.5 is successful, as the following discussion demonstrates.

We would like to show that H is a Lyapunov function. For the sake of simplicity,
we shall consider only O > 0, ng < 0. The term in Eq. (A.31) that depends on
AW is then always greater than or equal to zero. The term that depends on At has
aminimum at At = 0 for —/2 < ¢r < 7/2, since we have

LA

AL 5=
and

*H >0

AL |y

Therefore, this term is greater than zero in a neighborhood of At = 0. It is clear
from the general statements presented in Sect. 2.11.5 that H is a Lyapunov function
and that 7' is a stable fixed point. Therefore, the nonlinear Hamiltonian system also
has a center at 7'gy.

Now we consider the fixed point 7, at At = W and AW = 0. Due to

A~

*H

14 (s ) 14
— = —— wgrF cos(msigngr — = ——— WRF COS ¢R,
AL To “FF gD YR — ¢R To “%F ¥R

WRFAt=msign g —2¢R

the Jacobian matrix is
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Fig. A4 Hamiltonian

H(AW, At) as a surface Saddle pOint

Center

N 0 _or WRF COS @R
Dv(rr2) =( - Tr 0 )
WrBR

For the eigenvalues, one obtains

V
A2+ WZ;Z QT_R wRp cos@r =0
R
v
= A2 = _I/Vln:;z QT_R WRF COS ¢R.
R

Due to g Q cos ¢r < 0, there are two real eigenvalues with opposite signs; 75 is
a saddle point of the linearized system. Since the saddle point is a hyperbolic fixed
point, the nonlinear system also has a saddle point (see Sect. 2.8.9).

In Fig. A4, the Hamiltonian H(AW, At) is drawn as a surface in three-
dimensional space for gr = 20°. The particles move on the level curves of this
mountain-like surface, because an autonomous system was assumed such that the
Hamiltonian remains constant along the trajectory. If these level curves are drawn
in the (AW, At) plane, a diagram like the upper one shown in Fig. 3.7 is obtained
(except for the different choice of gr).

A.5 Change of Variables for Multiple Integrals

Consider a surface integral for which the surface is parameterized by « and f:

F= //@(x,y) dx dy = /jm /a:m ®(a, B) 'gg;; da dB.
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Now we transform the coordinates x and y into new coordinates x” and y’, and we
consider an analogous surface integral:

ﬂmax Omax
d(x’ dx’ d —/ / ‘
= [ fownavay = [T [ o |TES0 awap
We define
- Ax.y) | & g; dx dy dx dy
S @B g | e B 9B o’
o Ay |5 By
T B) %L% T 9 B 0B oa
ox’ dx  dx’ dy dy’ dx  dy’ dy
/— —_— ——
=& = (8x a3y 8a)(8x By a,s)

— 8_x’8_x+8x ay ay 8x+3la_y —
dx 98  dy 8,3 9x o dy o)

ax’ dy’ (ax dy ox ay) ax’ ay’ (8x dy  ox 8y)

“ 9x 9y \dw 98 9B da) " 9y ox \ 9B da o« 0B
, ox’ dy’  dIx’ ay’ . %%
:S_(ax dy dy E)x)g_S %%

If we write this in a different way, we obtain the chain rule for Jacobian
determinants:

o', y) _ 9, y) a(x, y)
. p)  (x.y) e B)

Hence we have shown that

e

')

= [ [ows ‘a( )

holds. This is the transformation rule for double integrals, which may be
generalized to multiple integrals.
The surface integral obviously keeps its value according to

d(x, y)
(. B)

da df =

dx dy

F'=F
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if the absolute value of the Jacobian equals 1:

‘a(xﬁ y)
a(x,y)

This is the condition for area preservation in two dimensions. For higher dimensions,
one speaks of volume preservation in n-dimensional space:

=1.

(X1, X2, X3, ..., Xp)

‘8(xi,x§,x§, ces X))

A.6 Characteristic Equation and Companion Matrix

In Sect.2.8.10, the relationship between the characteristic equation and the com-

panion matrix of an ODE was presented. Here, we will show that the roots of the

characteristic equation are in fact equal to the eigenvalues of the companion matrix.
For this purpose, we will need the following n x n determinant:

-A 1 0 0 0
0 -A21...0 0
0 0-A2...0 O

One way to calculate this determinant is to consider a Laplace expansion along the
first column. This leads directly to

D} = -1 D},
Since D} = —A is obvious, we obtain
Dy = (=A)".

We begin with the proof that the eigenvalues of the companion matrix are
identical to the solutions of the characteristic equation. We use mathematical
induction. In Sect.2.8.10, we showed that the statement (Eq.(2.114)) is true for
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n = 2 and n = 3 (basis). For the inductive step, we now assume that the statement
is true for n — 1, so that we have to show that it holds for 7.
According to Egs. (2.112) and (2.113), we obtain

-2 1 0 0 0 0
0 -2 1 0 0 0
0 0 -1 1 0 0
Df =det(A—Al)=| : © 1 1 .o : ,
00 0 0 .. 1 0
0 0 0 0 .. -4 1
4 _ a4 Gy 43 dnmd Gl )
ay an an an an An

where the determinant is an n X n array. We expand the determinant along the last
column:

| o o0 --- 0 0

0 — 1 o --- 0 0

o 0 —-A 1 --- 0 0

Dy =-1 S e

o O o0 o0 ... 1 0

o 0 o0 0 ... —A 1

_a _ay _ay _a a3 _dn

A1 00---0 O

0O —-A10---0 0

4 0 0 Al 0 0

+ (— —1) I (A.32)

n T

0 0 00 -1 1

0 0 00 0 —A

These are (n — 1) x (n — 1) determinants. The second determinant obviously equals
D}_, = (=A)"~!. The first determinant is similar—but not equal—to D'_,. One
difference is that in D[, an additional term —A in the last element is present. The
other difference is that in the last row of D[, the denominator is a,—; instead of
ay. We therefore now regard the last column of DF_ as the sum of two column
vectors, one with —A as the last element, the other with —sz as the last element.
Therefore, we obtain
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A 1 0 0 0 0
0 A 1 0 0 0
0 0 —A 1 0 0
D=\ : : Do : =
0 0 0 o ... 1 0
0 0 0 0 —A 1
—4% _ 4 4 43 =3  dn=2 )
an—1 an—1 an—1 an—1 an—1 an—1
—A 1 0 0 0 0
0 —A 1 0 0 0
0 0 —A 1 0 0
0 0 0 0 1 0
0 0 0 0 —A 1
4 __ @ _ 49 _ 43 —n=3 __dn=2
an—1 an—1 an—1 ap— " an—1 an—1
—A 1 0 0 0 0
0 —A 1 0 0 0
0 0 A 1 0 0
+| : : : S
0 0 0 o ... 1 0
0 0 0 0 ... =4 0
4 __ &4 _ 4 _ 43 —n=3 _ )
Aapn—1 Aapn—1 Aapn—1 ap—1 "7 Aapn—1

The last determinant may be expanded along the last column, which leads directly to
—A- D,f_z = (=A)"~!. If we multiply the last row of the first of the two determinants
on the right-hand side by “2=L, we get the determinant that we need in Eq. (A.32).
Hence, this determinant equgls

an—1

(DE, — (=0,

n

which may be used in Eq. (A.32):
D e R G (—a—‘ - A) (2~ = —ZLD] (-2,

According to the assumption of our induction step,

n—1
n— Ak
Drf—l = (-1 E a_lkk
k=0 """
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is valid, so that

n—1 n—1
- a n n a nyn
DF = —(=1y" 1Za—kxk+(—x) = (-1) Za—kxk+(—1) 2
k=0 " k=0 "

n

Y Z—Uk

k=0

follows. This completes the induction step and the proof.

A.7 Cavity Response to Excitations

In this section, we analyze how an ideal cavity with the standard lumped element
circuit shown in Fig. 4.5 on p. 181 reacts to different types of excitation.

A.7.1 Amplitude Jumps

First of all, we consider the case that the generator current is switched on and that the
beam current is negligible. We are interested in the resulting change in the voltage.
In other words, we have to solve the ODE (4.28),

1d

.. 2 . 5
a — al ,Vaz__len_leama
VgP+TVgP+wres gap Cdt(g beam )

for the generator current

0 t<0
Ioen(t) =1 » ’
gen(?) Ioen sin(wt) t >0,

with

Ibeam(t) =0.

A.7.1.1 Solution of the Homogeneous Equation

We use the ansatz

ot
Viap ~ €',

Veap ~ ¢ €*',

7 2 ot
Veap ~ " €™,
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and insert it into the homogeneous ODE:

so that

2
a2+;a+wr2%:0

holds. Therefore, the argument of the square root is always negative.
We obtain

with

wrzes = Wres (A33)
-V V ,z o V 4Q2

Thus, we may write the ansatz given above in the following form:

+

e™/7 (A cos(wqt) + B sin(wyt)) . (A.34)
A B
e !/ (cos(a)dt) [—— + de:| + sin(wat) [—_ - Awd:|) ’
T T
A B B
e !/t (cos(a)dl) |:—2 -2 T chzl:| + (A.35)
T T T

B 4 A
sin(wqt) |: + % + % - Ba)g]) .

We may easily verify that this ansatz satisfies the homogeneous differential equation
if we insert it and compare the cosine coefficients:
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A ZBa)d 2A 2Ba)d

ﬁ— . —Aw&—?—i— . +a)rzesA:O
The sine coefficients lead to

B 2Aa)d 2B 2Aa)d

At Beim o ek s

A.7.1.2 Particular Solution

The particular solution Vg’ap(t) is the one that is obtained if the standard AC circuit
theory with phasors is used. We obtain

Vap = Loen " Z
with
Z=1/Y,
Y=—+4joC + - ! ,
R, wLy
and

1 1 1 \?
Y=—=—+(wC-—] .
|Z] R2 oL,

For the generator current
- ) A b4
Toen(t) = lgen sin(wt) = Igen cOs (a)t — 5),

we get the phasor

A A

Lgen = _j Igeﬂ’
and therefore

N 4 ~ .
Vi(®) = Vi <05 (01 + 92 = 2) =V sint + 2)

with

V! = Iyl Z|

gap —
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and

oC -5 R
97 = £Z = —AY = —arctan ————= = arctan [ —~ — wR,C | .
/R, ol

A.7.1.3 Overall Solution and Initial Conditions

The total solution for # > 0 is obtained as the sum of the homogeneous and the
particular solution:

Veap(t) = e/ (A cos(wqt) + B sin(wat)) + Vg/ap sin(wt + ¢z). (A.36)

Now we have to take the initial conditions into account. First of all, it is clear that
the voltage at the capacitor, i.e., Vgap, may not jump:

Vgap(o_) = Vgap(0+) =0
= A+ I}g’ap sin(pz) =0

= A= —I}g’ap sin(gz).

Due to
in(arctan(x)) = ——=
sin(arctan(x = —,
V14 x2
the equation
R, 1
L _ wR,C L _wC
sin(pz) = ——t—— = - = —|Z| Im{Y}

\/1+(ﬁ—wR C)2 \/L+(L—a)C)
oL, p R? oL,
is valid, and we obtain
A = Igen| Z)* Im{Y }.
Also, the current inside the inductor cannot jump. Therefore,
Ij = Igen — Ic — Ip
must be continuous. The reason that Iz must be continuous is that we have already

shown that Vg, is continuous. Also, I, is continuous at # = 0. In conclusion, /¢
must be continuous, which implies the continuity of V. In general, we have
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Vgap(t) =/t (cos(a)dt) [—é + de} + sin(wqt) [—g — Awd})

+V!

wap® €OS(®1 + ¢7).

For ¢ = 0, we must therefore require

A N
[—— + de} + Vgp c0s(gz) =0
T

1 (A4 A
= B=— (— — Vgap® cos(qoz)) )

wq T
Due to
(arctan(x)) = —
cos(arctan(x)) = ——,
1+ x2
we obtain
1 1 |Z|
cos(pz) = = =—,
R 2 | | 2 R,
1+(w—L’;—a)RPC) Rp F+(w—Lp—wC)
leading to

g L (felZPImiY} ol ZPo
wq T Rp
N Im{Y
= B = genlzlz(m{ }_ w )
wqT waRp

This completely determines the solution:

Vioap(t . _
AgL() = | sin(wt + ¢z) +e7/7| | Z] Im{Y} cos(wat) (A.37)
Igen|Z|

(im0 2 )
wqT @d RP

Finally, we consider the special case that the cavity is excited with the resonant
frequency according to
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@ = (Wres-
Then we obtain
A w
Im{Y} =0, vz =0, |Z| = R,, A =0, B =—Ig|Z]|—,
ox
and the total solution
_7 : —t/t w .
Vaap(t) = IgenRp | sin(wt) —e™"/"— sin(wat) | .
wq
For sufficiently high Q factors, one gets wq ~ w, and our excitation
Toen(?) = fgen sin(wt)
for ¢ > 0 leads to the response
Vaap(t) = Toen(H)R, (1 —e7'77) .
Hence, under these simplifications, an amplitude step of the generator current
fgen(t) = igen,O ®(t)
leads to a gap voltage amplitude response
Veap(t) = Lgeno ©(1) Ry (1 —e7/7),
so that the transfer function

A 1 1
wap(5) 5l s R,
gen(s) s+ 2 1+ st

S

is obtained in the Laplace domain; this is a PT| behavior for the amplitudes.

A.7.2 Phase Jumps

In this section, we analyze how the phase of the gap voltage reacts to a jump in
the phase of the beam current A@peam. The resulting change in the phase of the gap
voltage is denoted by Ag. We will determine this quantity in this section.

We consider only small phase jumps, since that is what is relevant for typical
stability considerations.
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Let us assume that the cavity is in a steady-state condition for # < 0, so that the
following signals are present:

Veap(t) = Veap sin(@t — o), (A.38)
Ibeam(t) = fbeam cos(a)t — Pbeam — @0)7 (A39)

Igen(t) = fgen cos(a)t — QPgen — @0)-

Please note that according to the choice of the sine and cosine functions, for @peam =
0 the maximum of the beam current is located at the positive zero crossing of the
gap voltage (stationary conditions for Q > 0 and nr < 0).

Att = 0, the phase of the beam current will jump from @peam tO Poeam + A@Pbeam-
Since this jump will in principle be able to hit any phase of the listed signals, the
phase ¢y was introduced.

A.7.2.1 Particular Solution
For ¢t > 0, we have

Ibeam(t) = fbeam cos(a)t — Pbeam — A(;obeam - @0)7 (A40)

Toen(t) = fgen cos(w! — Qgen — ¢0).

The generator current remains unchanged, but the beam current performs a phase
jump according to our formulation of the problem. In the steady state for 1 — oo,
we obtain the following particular solution:

N A b4
Veap(t) = Vg Sin(@1 —A@gap—0) = Vi, €OS (a)t — A@gap — 90 — 5) . (A41)

Of course, not only a different steady-state phase has to be assumed here, but also
an amplitude Vg/ap that differs from the original amplitude V.
If we convert these time signals into complex amplitudes, we get

~

I beam — Theam

e —J (@beam + A¢beam +¢0)
s

~ _p . +
Lgen = Jgen e ](‘ﬂgen ‘/’0)’

A

Vg = Vi €/ (5 H00mt ),

The equivalent circuit leads to
Low—1

Zgen  =beam = Kgap |Y| e v

For the real part of this equation, one obtains
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fgen COoS (¢gen + §00) - fbeam CoS (‘pbeam + A(;‘)beam + §00) =

/4

= I;vg/ap |Y| cos <_E - A(Pgap — @Yo — 902) .

The imaginary part is
—TLgen sin (Qgen + ©0) + Toeam SN (Poeam + Abeam + @0) =
= I7g’ap |Y| sin (—% — AQgap — @0 — (pz) :
The last two equations may be written in the following form:

— Tgen €08 (@gen + @0) + Toeam €08 (@oeam + Apeam + @0) =
= V0ol Y| sin (Aggap + 00 + ¢2) . (A.42)
Lyen sin (@gen + 90) — Joeam SIN (@oeam + A¢bean + @0) =
= Vg’aplYl cos (A@gap + @0 + ¢7) - (A.43)
The quotient of these two results is

_fgen COoS ((pgen + §00) + fbeam COoS (‘pbeam + A(;‘)beam + §00)
Igen sin ((pgen + §00) - Ibeam sin ((pbeam + AQ()bealm + (,00)

tan (A@eap+@o+ez) =

= [fgen $in (@gen + 90) — Tbeam SiN (Poeam + A@peam + 900)]
- sin (A@gap + @0 + 97) =
= [—fgen €05 (@gen + @0) + Toeam €0 (Poeam + APheam + <po)]
- co8 (A@gap + 90 + ¢z) .

The derivative of this equation with respect to A@peam is®

_fbeam COoS (‘pbeam + A(;‘)beam + §00) sin (A(pgap + () + (PZ) +
+ I:fgen sin (¢gen + (,00) - fbeam sin (‘pbeam + A(;‘)beam + <P0)] *

dA@gap
- coS (A@gap + @0 + @z) —— =
( &P ) dA(pbeam

%We assume that ¢, remains unchanged, because the operating frequency and the cavity
parameters R, L,, and C will not be modified by the phase jump.
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= _fbeam sin (‘pbeam + A(;‘)beam + §00) CoS (A(pgap + ®o + (PZ) -
- I:_fgen CoS (¢gen + (,00) + fbeam COS ((pbeam + AQ()bealm + (,00)] :

dA@gap

- sin (Afﬂgap + oo+ (pz) dA@beam

It follows that

_ dAgup
' dA@peam A@peam =0

_ ibeam COs ((pbeam + 900) sin (900 + §0Z) - ibeam sin ((pbeam + QDO) COs (900 + (/)Z) .
Igen sin ((pgen + <ﬁ0) €08 (90 + ©z) — Iveam Sin (@beam + @0) €08 (¢o + ¢z) — -+

T igen cos (§0gen + §00) sin (g0 + ¢z) + ibeam €08 (@beam + ®0) sin (¢o + ¢z) .

Here we used the fact that for Agpeam = 0, we also have A@g,, = 0 by definition.
Now we see that the trigonometric sum and difference identities may be applied,
and we finally obtain

fbeam sin (@Z — (Pbeam)

fgen sin ((pgen - (PZ) + fbeam sin ((PZ - ¢beam) '

K =

This factor K obviously has to be multiplied by A@peam to determine the phase
deviation Agg,, when an equilibrium is reached after a small phase jump A@peam
has occurred:

A(pgap =K A(pbeam- | (A44)

The expression for K may be converted into a form that does not depend on @ge,,. For
this purpose, we multiply Eq. (A.42) by sin(¢z + ¢o) and Eq. (A.43) by cos(¢z +
@o). The sum of the resulting equations leads to

igen sin ((pgen - <Pz) + ibeam Sin (¢z — Pbeam) = vgap Y]

if Agpeam = A@gap = 0, I7g’ap = Agap is considered the “operating point.” We
therefore obtain

_ fbeam sin (@Z - (pbeam)

K -
Veap 1Y |
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Sometimes, the relative beam loading factor’

feamR i
E: bA p_ _ beam (A.45)
Vaap Vaap |Y| cos gz

is defined, so that we obtain

_ ibeam sin ((pZ - @beam)

K =
I beam

§ cosgz

= | K = £ cosgy sin(pz — Pream) - | (A.46)

Now we determine the change in the amplitude at steady state that is caused by
the phase jump. For this purpose, we add the squares of Egs. (A.42) and (A.43):

igzen + igeam - 2igenfbeam [COS ((pgen + (00) Cos (@beam + Aqﬁbeam + <P0) +

+ sin ((Pgen + @0) sin (@beam + AQDbeam + <P0)] = (vg/ap|Y|)2

= I;vg/ap = |Z| \/fgzen + i[)zeam -2 fgenibeam Cos(wbeam + AQDbeam - (pgen)-

If no phase jump occurs, we have

= Vi = 121\ 120 + ey =2 Fren o €S (@ocamn — @), (A47)
By means of

COS(¢beam + Aﬁabealm - (pgen) ~ COS(¢beam - ¢gen) - Sin(¢beam - Qogen) A¢beama

we obtain

2 igenfbeam Sin(‘pbeam - (pgen)

V!~V
gap ~ ~ ~ ~
2 2
Igen + Ibeam -2 Igenlbeam COS(¢beam - (pgen)

gap

Aqﬁbeam .

Finally, we obtain

7In the literature, this factor is usually denoted by Y, which we have avoided, since Y is the
admittance here.
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Ve Veap(1 + J Apoeam) (A48)
with
J = ; ASin((pbeam — Pgen) ' (A.49)
igi + I;eﬂ -2 COS((/)beam - (pgen)
beam gen

Not only K, but also J may be written in a form that is independent of @gep.
For this purpose, we multiply Eq.(A.42) by sin(¢beam + ¢0) and Eq.(A.43) by
cos(¢peam + @o). The sum of the resulting equations is (A@peam = A@gp = 0,

Vg/ap = Vg‘dp)
fgen Sin(‘pgen - (pbeam) = I}gap|Y| COS(‘pbeam - ¢Z) (ASO)
Now we multiply Eq. (A.42) by — cos(¢veam +@0) and Eq. (A.43) by sin(¢beam + o).
The sum of the resulting equations is (A@peam = A@gap = 0, g’ap = Vap):
fgen COS((pgen - ¢beam) - fbeam = I7gap|Y| Sin(¢beam - ¢Z) (ASI)

The two equations (A.50) and (A.51) are now inserted into Eq. (A.49):

—VaaplY | cOs(@beam — ¢2)

iz, A A - . ’
£ Ibeam -2 (Ibeam + VgaplYl Sln(@beam - @Z))

Tpeam

Due to Eq. (A.45), we obtain

Veao|Y 1
%PI | , (A.52)
Ibeam S COS @z
and it follows that
J = — CO5(¢heam — ¢2) (A.53)

I sin(heam—07) |
& cosgyz = 1 — == heam %2/

Ccos
beam é‘- ¢z

In order to substitute the fraction (igen / fbeam)z, we make use of Eq. (A.47):
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A ’\2 A

Vel Y | I I
gap gen gen

- = |5+ 1-2 = coS(@beam — Pgen)-
I beam I beam beam

Now we insert Eq. (A.51):

Veao| Y 1 Vewl¥|
,cip| | _ A & Sin(@eam — ¢z2) |-
I beam 1 beam beam

Equation (A.52) may now be applied twice:

1 _ Igzen _1_ ZSin((pbeam - (PZ)
£ cosgy 2. £ cosgpy

The argument of the square root is exactly the expression that is needed in
Eq. (A.53):

| J = —& cosgz cos(@oeam — ¥z)- | (A.54)

A.7.2.2 Overall Solution and Initial Conditions

The homogeneous solution is the same one that we derived in Sect. A.7.1.1, since
only the excitation differs in the two cases (amplitude jumps vs. phase jumps).

The total solution for # > 0 is the sum of the homogeneous solution (A.34) and
the particular solution (A.41):

Vaap(t) = e7"/" (A cos(wqt) + B sin(a)dt))+l7g’ap sin(@f —A@gp—¢po)  (A.55)

Now we have to incorporate the initial conditions. First of all, it is clear that the
voltage at the capacitor Vy,, cannot have any steps (the voltage for r < 0 is given by
Eq. (A.38)):

Veap(0—) = Veap(0+)

= —Vip singyg = A=V sin(Aggp + o)

A

= A=V}, sin(Apgp + ¢0) — Veap singo. (A.56)
Also, the current /; of the inductance cannot have any steps. Since the gap voltage
and the generator current are continuous as well, Eq. (4.27) shows that I¢ + Ilveam
must be continuous, too. Based on Eqgs. (A.38) and (A.39), we obtain for r < 0,
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Ic=C Vgap =wC I}gap cos(wt — ¢y),
Ibeam = Ibeam cos(a)t — Pbeam — (,00)

Due to Egs. (A.55) and (A.40), we have for ¢ > 0,

Ic =C Vgp=Ce'l" (cos(a)dt) [—é + de} + sin(wqt) [—g — Awd})—f-
+ wC I}g’ap cos(wt — Aggap — ¢0),
Tveam = Toeam COS(@0 — @heam — Abeam — @0)-
The continuity requirement
Ic(0—-) + Tveam(0—) = Ic (0+) + Ipeam(0+)
leads to the following condition:
@ C Veap €050 + Tpeam OS(@heam + ¢0) =

A A N
=C |:—? + Ba)d:| + @ CVy,, coS(A@gap + ©0) + Tneam €08(@beam + A@Pheam + @0)

gap

1{A4 |
= B=— |:_ + beam (Cos(wbeam + 900) - COS(@beam + A§0beam + 900)) +
wa| T C
+ w (I}gap cos @y — I7g’ap cos(A@gap + (po)) :| (A.57)

Now we determine approximations for the expressions A and B that are valid for
small A@peam and small Agg,,. Together with Eq. (A.48), Eq. (A.56) leads to

A~ I7gap(1 + J A@beam) (Agogap cos ¢ + sin (po) — I}gap sin gy

= A~ I7gap (A(pgap cos @y + J A@peam Sin goo)

= | A~ Vyap Agbeam (K cos @y + J singp) . (A.58)

In the last step, we used Eq. (A.44).
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In an analogous way, Eq. (A.57) leads to

B ~ w_d —+ (cos(@peam + @0) — c0S(Pbeam + @0) + A@peam Sin(Ppeam + @0)) +

1 A i beam
T C

+ o (I}gap cos go — (1 + J Agpeam) I>gap [COS $o — A(ﬂgap sin ‘PO]) i|

K cos ¢p + J sin ¢g n ibeam sin(@peam + ©0)

B ~ ‘7 A by =~
gap D@ eam( Toq Ve 0aC

w .
+— (K sin g9 — J cos (po)).
wd

In the second term, we may expand the fraction by R,,, so that the definition (A.45)
for £ may be applied:

K cosgy+ J singy n 2¢ sin(@peam + @0)
Twq Twq

B~ I}gap A‘pbeam(

+£(K singg — J cos qoo)).
wq

We finally use Eq. (A.46):

K cosgy+ J singy 4 2K sin(@beam + @0)
Ty Twa SIN(Qz — Poeam) COS Pz

B~ I}gap AQ()bealm (

+ 2(K singy — J cos qoo)) .
w4

(A.59)

A.7.2.3 Phase Jump of the Gap Voltage

In order to determine the transient behavior Ag(¢) of the phase jump of the gap
voltage, we now write Vg, (f) for £ > 0 in the form

Veap(t) = V! sin(wt — Ap — @p) = V. sin(wt) cos(Ag + ¢p)

gap gap

—V" cos(wt) sin(Ag + @p).

gap

We now define
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|wd:w+Awd,|

and a comparison of the sin(w?) and cos(wt) terms with Eq. (A.55) yields
V" cos(Ap+g@) = e/ (—A sin(Awqt)+B cos(Awat)) + I7g/ap coS(A@gap +¢0)

gap

—V! sin(Ag +@o) = e /7 (A cos(Awqt)+B sin(Awqt)) — I7g/ap sin(A@gap + ¢0)-

gap
The negative quotient of the right-hand side of these equations will be denoted by f':

e /7 (A sin(Awgt) — B cos(Awqt)) — I7g’ap cos(A@gap + ©0)

f= ; -
e~!/7 (A cos(Awgt) + B sin(Awqgt)) — Ve SIn(Aggap + ¢0)

An approximation of the quotient of the left-hand sides for Ap < 1 leads to
cos o — Ag singy ~ f(singy + Ag cos )

cos g — f singy
= Ap =~ .
¢ sin o+ f cosgo

Here we insert the expression for f determined above:
e /T [A cos(Awgt) cos@y + B sin(Awqt) cos gy —
e/ [A cos(Awgt) singy + B sin(Awgt) singy +
—A sin(Awqt) singy + B cos(Awgt) sin o] +
+A sin(Awqt) cosgo — B cos(Awqt) cos o] +
‘ +‘7g/ap [_ Sin(Awgap + @o) cos@y + COS(A(pgap + @o) sin @0]
“rVg/ap [_ Sin(A(pgap + @o) singy — COS(A(pgap + ¢o) cos @0]
The trigonometric addition and subtraction identities lead to a significant simplifi-

Ap ~

cation:
A e /T [A cos(Awat + o) + B sin(Awat + @o)] — I}g’ap Sin A@gap
0~ = .
e~/7[A sin(Awat + ¢o) — B cos(Awat + ¢o)] — Vigy, €08 Aggap

For sufficiently large ¢, the exponential functions disappear, so that

A = A@gap
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holds for Agg,, < 1. This is a cross-check, since the phase jump of the overall
solution must approach the phase jump of the particular solution asymptotically for
large times .

Again, we make some approximations for Agg,, < 1:

—e !/t [VL; cos(Awqt + ¢o) + 175% sin(Awqt + (po):| + A@gap
gap

gap

Ap ~

_e—t/t [‘;} sin(Awqgt + @o) — -5 cos(Awqgt + 900)i| +1

’
gap Vgap

If we now take into account that both A/ Véap and B/ I}g’ap are proportional to A@peam,
i.e., very small, we may neglect the denominator:

A
Ag ~ Aggp — ot/ |:T cos(Awgt + @) + ~

sin(Awgt + ¢0)] )
gap gap

Inserting the approximation (A.48),

17/ ~ Agap(l + JA@beam),

gap

would lead to only second-order terms, which can be neglected:

A B
A ~ K A@peam — e tT |:A— cos(Awgt + @o) + 7 sin(Awgt + (po):| .
gap gap

(A.60)

Equation (A.60) determines the time response of the phase of the gap voltage that
results from a jump in the beam current phase. It has to be emphasized that the
calculations presented here have to be regarded as exact for sufficiently small phase
jumps.

Finally, we show that the phase response corresponds to a PT; behavior under
certain conditions. For this purpose, we assume that the cavity is excited at
resonance and that the quality factor is high:

O = Wrs, Tog>1, t04>§ wi~w, Awgx0. (A.61)

Equations (A.46),
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K =& cosgz sin(¢z — Yeam) ,
and (A.54),
J = _g COS@z €OS ((PZ - ﬁobeam) s

lead to the following expressions:

K cosgy + J singg = & cosgz sin (¢z — @Pveam — ¢0) »
K singg —J cosgy = & cos@z cos (97 — Poeam — P0) -

According to Eq. (A.58), we get

A~ I}gap A@peam § cOs @z sin (@7 — Ppeam — P0) -
Using the approximations (A.61), Eq. (A.59) leads to

B ~ Vg A@veam & €089z €08 (92 — Poeam — ¥0) -

These results allow us to determine the expression in brackets in Eq. (A.60):

A B
|: — cos(Awqgt + ¢o) + =— sin(Awqt + (po):|
gap gap
A A@peam § COS @z SN (@2 — Poeam) = K Apeam.
Hence, Eq. (A.60) takes the simplified form
Ap ~ K A@peam (1 - e_t/r) )

which actually is a PT; response.

A.8 Example for Adiabaticity

In this section, we construct an example of an exact solution of the ODE (5.8) in
Sect. 5.2.2. For this purpose, we just define the solution

Qo(1) = Qo cos(ki), (A.62)
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where flo and k are constants. We obtain®

Qo = —2Qok sin(kt) cos(kt), (A.63)
Qo = —2Q0k? [cos? (kr) — sin®(kr)| = —2§20k> [2 cos?(kr) — 1], (A.64)
Qo = —2Q0k? 4k cos(kf)(—sin(kr)) = 8S20k> sin(kf) cos(kr) = —4k>S.
(A.65)
Using Eq. (5.9), we obtain
Q2(r) = 2 cos*(kt) — k2[1 — tan® (kr)] — 3k> tan® (kr)
= Q%) = Q2 cos*(kr) — k>[1 4 2 tan®(kr)] (A.66)

as the “original” frequency in the ODE. Solutions of the ODE
i+ QXOu=0

with this choice of 2 are therefore (cf. Sect. 5.2.2)

u(t) = \/Ai cos™ ' (kt) cos (/ Qo(1) dt)
Qo

and

u(t) = \/MT cos™ ! (kt) sin (/ Qo(1) dt) .
Qo

Here
A R Qo Qo 1.
o) = / Qo(t) dt = Q /cos (kt) dt = X /(1 + cos(2kt)) dt = EX ([ + % s1n(2kt))

A

= () = 24 (1 4 5i(2k0)

holds, where the integration constant is omitted, since we require

8The higher-order derivatives are needed later.
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¢(0) = 0.

For kt <« 1, we have ¢ = Qo as a zero-order approximation. This is not
astonishing, since the time derivative of €2¢(#) vanishes for t = 0 and Q¢ ~ Qo
is quasiconstant.

One has to make sure that ¢ is never so large that Q> < 0 becomes true. In any
case, one has to choose kt < /2 in order to keep the tan function in Eq. (A.66)
finite. Furthermore, 0 < k < 2o must hold in order to have Q2(0) > 0.

Now we continue with an application of the test scenario. For this purpose,
Eq. (3.15),

dAt
== =Ry,
dr IBRVR
is written in the form
Al = —a Ay,
where
a=_" (A.67)
ﬂRVR

is defined. Here we assume that the energy of the synchronous particle remains
constant, so that a does not depend on time.
Equation (3.17),

day Qv
dr N TRmOC(%

(sin(wrrAt + @r) —singr) ,

is linearized, which leads to
Ay =b At. (A.68)

The voltage amplitude V is assumed to be time-dependent, and therefore b also
depends on time. Since a is constant, the ODE for A¢ is simple:

Af + ab At = 0.
Due to the time dependence of

Q%(t) :=a b(1),
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the ODE
AF + Q1) At =0

for At that was discussed above for u(¢) is obtained. For the choice of 2 and 2
that served as an example above, the solution

At = Aty cos™!(kf) cos ( / Qo(t) dt) (A.69)

is obtained, where we have used the abbreviation

Aty = At|t=0 =
Q

(=)

It follows that

Af = Aty [k cos 2 (kt) sin(kf) cos (/ Qo(1) dt)

—Qo cos” ! (kt) sin (/ Qo(1) dt)i| =

= Aty [k cos 2 (kt) sin(kf) cos (/ Qo(1) dt)

—Qo cos(kt) sin (/ Qo(1) dt)i| ,

so that

Ay = —ﬁ = %[—k cos (k) sin(kf) cos (/ Qo(1) dt) (A.70)

a
+€0 cos(kz) sin (/ Qo(t) dt) :|

is the result.

For verification purposes, we now check the validity of the ODE for Ay (the
reader may skip this calculation, which is printed only for the sake of completeness).
Equation (A.68) leads to
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L b
Ay = bAt + bAt = EA)/ —abAy

= Ay — gA)? + abAy = 0.

Due to
L Q b
Q> =ab = 2QQ =ab :>2§:E’

the differential equation is

Ay —2% Ay + Q*Ay =0,
or

QIAY —2Q Q Ay + Q*Ay = 0.

In our example, we have (cf. Eq. (A.66))

Q2(r) = Q2 cos*(kr) — k*[1 + 2 tan®(kr)]

=2QQ = —4k§2% cos®(kt) sin(kr) — 4k> cos™>(kr) sin(kr).

According to Eq. (A.70), the solution of the ODE is

At A
Ay = " [—k cos 2 (kt) sin(kf) cosg + Qo cos(kr) sin (p],
a

Appendix

(A1)

At R
Ay = 70 [(—2k2 cos 3 (kt) sin’(kt) — k? cos™! (kr) + €20 Qo cos(kt)) cos ¢+

+ (—fzo k sin(kr) + k Qo cos 2 (k1) sin(kt)) sin (p] =
Aty

= (—Zk2 cos (k) + k* cos™(kt) + fl% cos3(kt)) cos @,
a

At A
Ay = 70 [(—6k3 cos *(kt) + k> cos™2(kt) — 3kS2(2) cosz(kt)) sin(kt) cos ¢—

— Qo (—Zk2 cos > (kt) + k* cos™ (kf) + Qé COS3(kt)) sin (p] =

A .
— Sh [(—61{3 cos *(kt) 4+ k* cos™2(kt) — 3kQé cosz(kt)) sin(kt) cos @+
a

+ <2k2f20 cos ™! (kt) — k*$20 cos(kr) — QS coss(kt)) sin (p] .
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All these formulas are now inserted into the ODE (A.71). The abbreviations
¢ = cos(kr), s = sin(k?)
are helpful. First we write down the coefficients of cos ¢:

(Q% et — K1+ 2s2c_2]) (—6k3 kP e = 3k 22 cz) s+
+ (4k§.é s+ 4k c? s) (—2k2 RPN + Q2 6’3) +

A 2
+ (Q% ct— K1+ 2s2c_2]) (—kc%5).
Here we analyze the coefficients of the powers of Qo

Qf : Bk s +aksP+ P (—kcs) =0,
Q2 ot (—6k3 ¢TI 75 — 3k rs(—k2[1 + 25%¢7]) +
+dk A2k PP Y+l A s+
+ ks 2¢* Kl + 25272 =
= —6k%s + k*c?s + 3k*c?s + 6k3s* —
— 8k3s + 4i3c?s + 4k3s +
+ 2k3c2s + 4k3s? =
= —10k’s + 10k’c*s + 10k’s® =
= —10k’s + 10k’c*s + 10k>s — 10k’sc* = 0,
QY kP14 2577 (=6k K e T) s +
+ 4k} s (=22 TP+ kP T +
+ K1+ 257 (k¢ s) =
=6k c s —k ¢t s 412k O 5P —2k% ¢ 5P —
— 8k ¢ Os + 4k s —
— ke s — 4k} — 4k =
=6k s —k TP s+ 12k ¢ O s —12k% ¢t s =2k ¢ 542k s —
— 8kcOs + 4k s —
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— kT2 s — 4k s + 4k — 4k e 08 + 4k et =

=4k s+ 25+ 4k 0 s —

— kT2 s — 4k s + Ak cT2s — 4k T0s 4+ 4k s + Ak s —
— 4k%c 25 = 0.

We have shown that the coefficients of cos ¢ are equal to zero. Now we write down
the coefficients of sin ¢ in Eq. (A.71):

(Q% ¢t — K1+ 2s2c_2]) (2k2f20 T —k2Qo e — Q) cs) +

~ 2 5
+ (Q% ct— K1+ 2s2c_2]) Qo c.
The coefficients of the powers of Qo are

Q) =+’ =0,
Q) tRkE T =k o) + K1 4 2572 = 2¢* K1 + 257 ¢ e =
= 2k%c3 — k% 4 k2 + 2k%c3s? — 2kPeS — 4kP s =
=2k*c* — k*® + kP + 2k*¢® = 2kP° — 2k*¢P — 4k + 4kP’ =0,
Qb o =kl + 2527 (Zk2 T —k? c) + kY1 4+25%cP e =
= —k’[-1 +2¢77] (Zk2 Tl —k? c) + k=1 +2c7Pc =
= (2k* T =kt o) + (—4kt TP 2kt 7Y + Kkt —dkteT + 4kt =0.

In conclusion, we have shown that the coefficients of sin ¢ are also equal to zero—
the example solution indeed satisfies the ODE (A.71) without any approximations.
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Table A.1 Fundamental constants

415

Speed of light in vacuum
Permittivity of vacuum
Permeability of vacuum
Impedance of free space
Elementary charge

Rest mass of the electron
Rest mass of the protons
Rest mass of the neutron
Unified atomic mass unit
Planck’s constant
Boltzmann’s constant
Avogadro’s number

Molar volume of ideal gas
Standard acceleration of gravity
Gravitational constant
Mass of the sun

Mass of the earth

Mass of the moon

Average radius of the sun
Average radius of the earth
Average radius of the moon
Average distance sun—earth
Average distance earth—-moon

co = 2.99792458 - 108 =

€0 = 8.8541878176 - 10712 &

po = dm-1077 2=

Zy = 376.73031346 2

e =1.60218-1071°C

me = 9.1094 - 1073 kg (= 510.999keV /c?)
m, = 1.67262 - 107" kg (= 938.27MeV/c?)
my, = 1.67493 - 1072 kg (= 939.565MeV /c2)
my, = 1.66054 - 10727 kg (= 931.49MeV/c2)
h=6.6261-1073*Js

kg =1.381-107% &

Na = 6.02214 - 10?*> mol ™!

Vo = 2.2414-1072 ;n"—‘l (at 273.15K, 1013.25 hPa)
g=9811%

G =6.67-10"11 %

Mgn = 1.99- 10 kg

Mearn = 5.98 - 10%* kg

Mumoon = 7.36 + 10?2 kg

Fam = 6.96 - 108 m

Fearth = 6.37 - 10°m

Fmoon = 1.74-10°m

de—e = 1.496-10" m

e = 3.844-10°m

Table A.2 Formulas for Bessel functions of the first kind J,,, (x) and Bessel functions of the second
kind Y,,(x), modified Bessel functions of the first kind I,,(x), and modified Bessel functions of
the second kind K, (x) for x € R and integers k

Formula Meaning of Z
Z1(x) = (=DFZ(x) (A.72) JorY
Z_k(x) = Z(x) (A.73) TorK

X [Zr—1(x) + Zig1(x)] = 2k Zi(x) (A.74) JorY

X [Tt (0) = L1 (6)] = 2K T (x) (A.75)

* [t (%) = Kie1 (0)] = =2k Ki () (A.76)

0 = 2 (x) — X Zgp1 (%) (A77) J,YorK

B = R (x) + Xl (x) (A.78)

The equations in this table are based on [7, 8]



416

Fig. A.5 Bessel functions of
the first kind J,,, (x) for
m € {0,1,2,3}

Fig. A.6 Bessel functions of
the second kind Y, (x) for
m € {0,1,2,3}
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Fig. A.7 Modified Bessel
functions of the first kind
I,,(x) and modified Bessel
functions of the second kind
K, (x) form € {0, 1,2, 3}

1 fora<t<b

0 5 1 1.5 2 2.5 3
x
Table A.3 Some Fourier transforms
x (1) X(w) = [Zo,x(t) e/ dt
8(t) 1
1 27 8(w)
0 forz <0 1
o=, """ 78(0) + —
1 fort>0 Jw
cos(21) w[8(w — Q) + §(w + Q)]
sin(Q1) 2180 — Q) — 8w + Q)]
J
e/ 276(w — Q)
efrz/Za’ a>0 /27.[& efatuz/Z
2a
—alt| [
e M a>0 pFEpp
— 2kt _ 12}
> 8t —kT) = — el - > S(w—kT)— > e
k=—o00 =—00 k=—00 k=—00
1 for =T <t<T .
x(t) = 2T si(Tw)
0 otherwise
lt]
- = - T
X(t) = 1 T for =T <t <T Tsiz(—w)
0 otherwise 2
14 cos(Qt) for —m < Qt <mw 27 si (ﬂ%)
x(1) = _ 2 .
0 otherwise Q 1_- (%)
© cos? (%) for —m <Qt <m x osi(7rg)
x(t) = z
0 otherwise Q- (%)2

0 otherwise
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Table A.4 Some one-sided Laplace transforms

L) F@)=J~ f() e di
8(t) 1
o) = 0 fort <0 1
1 fort >0 K
r ¢ ! =0,1
- 00 g =0,
1
NG
¢ @ s+a
[” —at 1 —_
n!e O() —(s+a)”+1’n_0’1""
L[« (@) ,a,] 1 _
prEs [1 Y=o o e O(t) S(s+a)”+1,a7é0,n—0,1,...
1 —at —bt 1
at — (] e —— b
b—a [e "] O (s+a)(s+b)’ a#
. a
sin(at) ©(t) m
s
cos(at) O(t) m
—bt : a
e ’sm(at) O() m
- _s*+b
e " cos(at) O(r) Crhita
b - (s +b)cosc —asinc
e "' cos(at + ¢) O(t) CHbitad
sinh(at) ©(t) Szi—az
cosh(at) O(1) ﬁ

cosh(at + b) O(¢)

scoshb + asinh b
22— g2




A.9 Tables and Diagrams 419

Table A.5 Dependence of some bucket quantities on the reference phase ¢r

or (°) Agi(°)  @rEBIn (°) ¥ o or (°) Agi (°)  @rEBIen () Y o

1 —154.95 332.95 0.98627 0.95410 2 —145.47 321.47 0.97252 0.91756
3 —138.49 312.49 0.95873 0.88451 4 —132.79 304.79 0.94491 0.85374
5 —127.89 297.89 0.93107 0.82468 6 —123.56 291.56 0.91721 0.79698
7 —119.64 285.64 0.90333 0.77044 8 —116.06 280.06 0.88943 0.74491
9 —112.74 274.74 0.87552 0.72026 10 —109.65 269.65 0.86160 0.69641
11 —106.74 264.74 0.84767 0.67330 12 —103.99 259.99 0.83373 0.65087
13 —101.38 255.38 0.81979 0.62908 14 —98.89 250.89 0.80585 0.60789
15 —96.51 246.51 0.79192 0.58726 16 —94.23 242.23 0.77799 0.56717
17 —92.03 238.03 0.76407 0.54760 18 —89.91 23391 0.75016 0.52853
19 —87.86 229.86 0.73626 0.50993 20 —85.88 225.88 0.72238 0.49180
21 —83.96 221.96 0.70852 0.47411 22 —82.09 218.09 0.69469 0.45686
23 —80.27 214.27 0.68088 0.44004 24 —78.50 210.50 0.66710 0.42363
25 —76.77 206.77 0.65335 0.40762 26 —75.08 203.08 0.63963 0.39202
27 —73.43 199.43 0.62595 0.37679 28 —71.82 195.82 0.61232 0.36195
29 —70.24 192.24 0.59872 0.34749 30 —68.69 188.69 0.58517 0.33339
31 —67.17 185.17 0.57167 0.31966 32 —65.67 181.67 0.55823 0.30628
33 —64.21 178.21 0.54483 0.29325 34 —62.76 174.76 0.53150 0.28057
35 —61.34 171.34 0.51823 0.26823 36 —59.95 167.95 0.50502 0.25623
37 —58.57 164.57 0.49188 0.24456 38 —57.21 161.21 0.47880 0.23322
39 —55.88 157.88 0.46581 0.22220 40 —54.56 154.56 0.45289 0.21151
41 —53.25 151.25 0.44005 0.20113 42 —51.97 147.97 0.42729 0.19106
43 —50.70 144.70 0.41462 0.18130 44 —49.44 141.44 0.40204 0.17185
45 —48.20 138.20 0.38955 0.16270 46 —46.97 134.97 0.37715 0.15385
47 —45.75 131.75 0.36486 0.14529 48 —44.55 128.55 0.35267 0.13702
49 —43.36 125.36 0.34059 0.12904 50 —42.17 122.17 0.32861 0.12135
51 —41.00 119.00 0.31676 0.11394 52 —39.84 115.84 0.30501 0.10680
53 —38.69 112.69 0.29339 0.09994 54 —37.55 109.55 0.28190 0.09335
55 —36.42 106.42 0.27053 0.08702 56 —35.29 103.29 0.25929 0.08096
57 —34.18 100.18 0.24819 0.07516 58 —33.07 97.07 0.23723 0.06961
59 —31.97 93.97 0.22642 0.06431 60 —30.87 90.87 0.21575 0.05927
61 —29.79 87.79 0.20524 0.05446 62 —28.70 84.70 0.19489 0.04990
63 —27.63 81.63 0.18470 0.04558 64 —26.56 78.56 0.17468 0.04148
65 —25.50 75.50 0.16482 0.03762 66 —24.44 7244 0.15515 0.03397
67 —23.38 69.38 0.14566 0.03055 68 —22.33 66.33 0.13636 0.02734
69 —21.29 63.29 0.12725 0.02435 70 —20.25 60.25 0.11835 0.02155
71 —19.21 57.21 0.10965 0.01896 72 —18.18 54.18 0.10116 0.01657
73 —17.15 51.15 0.09290 0.01437 74 —16.13 48.13 0.08487 0.01235
75 —15.10 45.10 0.07707 0.01051 76 —14.08 42.08 0.06953 0.00885
77 —13.07 39.07 0.06224 0.00735 78 —12.05 36.05 0.05522 0.00602
79 —11.04 33.04 0.04848 0.00484 80 —10.03 30.03 0.04203 0.00382
81 —9.02 27.02 0.03590 0.00293 82 —8.02 24.02 0.03009 0.00218
83 —7.01 21.01 0.02464 0.00156 84 —6.01 18.01 0.01955 0.00106
85 —5.00 15.00 0.01488 0.00067 86 —4.00 12.00 0.01065 0.00039
87 —=3.00 9.00 0.00692 0.00019 88 —2.00 6.00 0.00377 0.00007

89 —1.00 3.00 0.00133 0.00001 90 0.00  0.00 0.00000 0.00000
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Table A.6 Dependence of some trajectory parameters on A@gr for gg = 0

Adrr (°) % Nfinl @w/ad, A%,thé)[ - Adrr (°) % Nfinl [T A%,Vx?)[ -
2 0.99992 0.00024 0.99995 4 0.99970  0.00096 0.99980
6 0.99931 0.00215 0.99954 8 0.99878 0.00382 0.99919
10 0.99810 0.00597 0.99873 12 0.99726 0.00859 0.99817
14 0.99627 0.01169 0.99751 16 0.99513 0.01525 0.99675
18 0.99383  0.01928 0.99589 20 0.99239  0.02377 0.99493
22 0.99079 0.02873  0.99387 24 0.98904 0.03414 0.99271
26 0.98714 0.04000 0.99144 28 0.98509 0.04631 0.99008
30 0.98289 0.05306 0.98862 32 0.98054 0.06025 0.98705
34 0.97803 0.06788 0.98539 36 0.97537 0.07593 0.98363
38 0.97257 0.08440 0.98177 40 0.96961 0.09328 0.97982
42 0.96650 0.10257 0.97776 44 0.96325 0.11226 0.97561
46 0.95984 0.12234 0.97336 48 0.95628 0.13280 0.97101
50 0.95258 0.14364 0.96857 52 0.94872  0.15485 0.96603
54 0.94472  0.16641 0.96340 56 0.94056 0.17832 0.96067
58 0.93626 0.19057 0.95785 60 0.93181 0.20315 0.95493
62 0.92721 0.21605 0.95192 64 0.92246  0.22925 0.94882
66 0.91756 0.24276 0.94562 68 0.91252 0.25654 0.94234
70 0.90732  0.27061 0.93896 72 0.90198 0.28493  0.93549
74 0.89649 0.29951 0.93193 76 0.89085 0.31433 0.92828
78 0.88506 0.32937 0.92455 80 0.87913  0.34462 0.92073
82 0.87304 0.36007 0.91681 84 0.86681 0.37571 0.91282
86 0.86043 0.39152 0.90874 88 0.85389  0.40749 0.90457
90 0.84721 0.42361 0.90032 92 0.84038 0.43985 0.89598
94 0.83340 0.45620 0.89156 96 0.82626 0.47266 0.88706
98 0.81898 0.48920 0.88248 100 0.81154 0.50580 0.87782
102 0.80394 0.52246 0.87308 104 0.79619 0.53915 0.86826
106 0.78829 0.55587 0.86337 108 0.78022 0.57258 0.85839
110 0.77200 0.58928 0.85334 112 0.76361 0.60595 0.84822
114 0.75506  0.62256 0.84302 116 0.74634 0.63911 0.83775
118 0.73746  0.65557 0.83241 120 0.72840 0.67193 0.82699
122 0.71916 0.68816 0.82151 124 0.70974 0.70425 0.81595
126 0.70014 0.72018 0.81033 128 0.69035 0.73592 0.80464
130 0.68036 0.75146 0.79889 132 0.67016  0.76678 0.79307
134 0.65976  0.78186 0.78718 136 0.64913  0.79667 0.78123
138 0.63828 0.81119 0.77522 140 0.62718 0.82540 0.76915
142 0.61582 0.83928 0.76302 144 0.60419 0.85280 0.75683
146 0.59228 0.86594 0.75058 148 0.58004 0.87868 0.74427
150 0.56747 0.89098 0.73791 152 0.55453 0.90282 0.73150
154 0.54118 0.91418 0.72503 156 0.52737 0.92502 0.71851
158 0.51304 0.93531 0.71194 160 0.49813  0.94503 0.70532
162 0.48253 0.95413 0.69865 164 0.46613  0.96257 0.69193
166 0.44874 0.97032 0.68517 168 0.43014 0.97734 0.67836
170 0.40994 0.98356 0.67150 172 0.38759 0.98893 0.66461
174 0.36205 0.99337 0.65767 176 0.33120 0.99681 0.65069
178 0.28902 0.99910 0.64367 180 0.00000 1.00000 2/7 =~ 0.63662
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Index

Accelerating cavity. See cavity
Accelerating cycle. See machine cycle
Action-angle variables, 97-110
Action variable, 101, 242-243
Adiabatic capture, 162-165, 248
Adiabatic damping, 384
Adiabatic invariant, 243-245
Adiabaticity, 242-250
Adiabaticity parameter, 245, 248
Adiabatic ramp. See isoadiabatic ramp
Adjugate matrix, 340
Air cooling. See cooling
Ampere’s law, 37
Amplifier
driver (see driver amplifier)
power (see power amplifier)
solid-state (see solid-state amplifier)
Amplitude control, 342-343
Amplitude detector, 343
Amplitude function. See beta function
Amplitude margin, 356, 361
Amplitude modulator, 343
Amplitude response, 26
of cavity (see cavity, amplitude response)
Angle variable, 101
and action variable (see action-angle
variables)
Anode, 300
Anomalous loss effect, 192
Antiwindup, 363
Area preservation, 82-85, 92, 123-124,
388-389
in phase space (see Liouville’s theorem)
Asymptotic stability of fixed points, 59
Asynchronous particle. See off-momentum
particle
Atomic mass unit. See unified atomic mass unit

Atomic number, 48—49
Attraction

region (see region of attraction)
Autonomous system, 50

Bakeout, 199
Bandwidth
of cavity, 188
of closed-loop transfer function, 361
of open-loop transfer function, 352
Barkhausen equation, 313
Barrier
moving (see moving barrier)
Barrier bucket operation, 253-255
BCT. See beam current transformer
Beam cooling, 126
Beam current, 6-7, 127, 169
Beam current transformer, 67
Beam diagnostics, 6-7
Beam impedance, 180, 196, 199
Beam loading, 180, 221
Beam loading factor, 401
Beam loss, 165
Beam manipulation. See RF gymnastics
Beam pipe, 2-3
Beam position monitor, 67
Beam signal, 6-7, 127
Bending magnet. See dipole magnet
Bessel function, 209, 415
modified (see modified Bessel function)
Bessel’s differential equation, 208
modified (see modified Bessel’s differential
equation)
Beta function, 382
Betatron function. See beta function
Betatron oscillation, 381-384
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Bias current. See biasing
Biasing, 175-176, 192
longitudinal (see parallel biasing)
parallel (see parallel biasing)
perpendicular (see perpendicular biasing)
transverse (see perpendicular biasing)
BIBO stability, 339
Bin, 170
Bode plot, 348-354
Boltzmann’s constant, 302
Bounded-input bounded-output stability. See
BIBO stability
BPM. See beam position monitor
Broadband cavity, 255
Bucket, 6, 139
empty (see empty bucket)
Bucket area, 141, 165
Bucket filling factor, 154-155, 157, 165
Bucket height, 140
Bucket length, 145
Bunch, 6, 126, 139
matched (see matched bunch)
unmatched (see unmatched bunch)
Bunch area, 152—-155
Bunch compression, 250
Bunched beam, 6, 131
Bunch gymnastics. See RF gymnastics
Bunching. See adiabatic capture
Bunching factor, 35-37, 131, 253
Bunch shape, 169-170
Bunch shape mode number, 272

Canonical transformation, 96-97, 227-232
Capture
adiabatic (see adiabatic capture)
Cathode, 300
Cavity
amplitude response, 392-397
bandwidth (see bandwidth, of cavity)
broadband (see broadband cavity)
equivalent circuit, 180-184, 194
ferrite-loaded (see ferrite-loaded cavity)
filling time, 190
impedance, 187-190
narrowband (see narrowband cavity)
phase response, 397408
pillbox (see pillbox cavity)
Q factor, 185-187
shunt impedance (see shunt impedance)
time constant, 189—190
tuning (see tuning)
Center, 73-76, 92-96, 386
Centralized control system, 7

Index

Central moment, 31
Centripetal force, 115, 379
Ceramic gap, 2, 117, 176-177, 203
Chain rule for Jacobian determinants, 388
Change of variables
in multiple integral, 387-388
Chaotic behavior, 111
Characteristic equation, 78-80, 339-340,
389-390
Charge, 1, 38
Charge density, 38, 277-296
line (see line charge density)
surface (see surface charge density)
Charge number, 48-49
Chemical element. See element
Child’s law, 309
Choke coil, 195, 315
Chromaticity, 383
Circular waveguide, 205-215
Class A operation, 318
Class AB operation, 319
Class B operation, 319
Class C operation, 319
Classification of fixed points, 74
Closed-loop control. See feedback system
Closed-loop transfer function, 346
Closed orbit, 380, 381
Coasting beam, 6, 131, 161-162, 248, 299
Coercive magnetizing field, 175
Cofactor matrix, 340
Coherent dipole oscillation. See dipole
oscillation
Companion matrix, 80, 389-392
Complementary sensitivity function, 341
Complete elliptic integral. See elliptic integral
Complete vector field, 56
Complex permeability, 176, 182
Compression
bunch (see bunch compression)
Conductivity, 38
Confidence interval, 30
Conservative system, 91, 111, 124
Constant of the motion, 111
Constants
fundamental, 415
Continuity equation, 39, 43, 80
Continuous function, 51
Continuously differentiable function, 51
Control
amplitude (see amplitude control)
closed-loop (see feedback system)
resonant frequency (see resonant frequency
control)
Control grid, 194, 313, 315



Index

Controllable canonical form, 331
Control parameter, 242-248
Control system
centralized (see centralized control system)
Convection current density, 81
Convolution, 19-20, 25, 329
Cooling, 191, 222, 324
beam (see Beam cooling)
Cooling media, 7
Coulomb force, 1
Coupled-bunch mode number, 272
Coupling loop, 178, 192, 221
Courant—Snyder invariant, 383
Courant-Snyder parameters. See Twiss
parameters
Covariance, 44
Covariant derivative, 43
Critical point. See fixed point
Curie temperature, 191
Current, 38
Current density, 37
convection (see convection current density)
Curvature, 376, 380
Cutoff frequency, 211, 215, 352
Cutoff rate, 352, 361
Cycle
machine (see machine cycle)
Cyclic coordinate, 100
Cylindrical waveguide. See circular waveguide

Damped natural frequency, 190
Damping
adiabatic (see adiabatic damping)
Landau (see Landau damping)
DC beam. See coasting beam
Dead-time element, 27
Debunching, 250
Degenerate fixed point, 72-73, 78
Delay
group (see Group delay)
Detector
amplitude (see amplitude detector)
phase (see phase detector)
DFT, 13-18
Diagonalization, 61, 65, 68—-69
Differential equation. See ordinary differential
equation
Differential permeability, 175-176
Dilution
of phase space (see phase space dilution)
Diode
vacuum (see vacuum diode)
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Dipole magnet, 2-3, 116
Dipole oscillation, 260-261, 270-271,
273271
Dirac comb, 10-11, 21-23
Direct heating, 301
Discrete Fourier transform. See DFT
Dispersion function, 380
Distribution
Fermi—Dirac (see Fermi—Dirac statistics)
Gaussian (see Gaussian distribution)
normal (see Gaussian distribution)
Distribution function. See bunch shape
Double integral, 387-388
Doublet. See quadrupole doublet
Drift tube, 2
Driver amplifier, 299-300, 315, 343
Dual-harmonic operation, 253, 255-257
Dynamical system, 49
nonlinear (see nonlinear system)
Dynamic output feedback, 364

Eddy current loss, 176
Ehrenfest adiabatic invariant. See adiabatic
invariant
Eigenvalue, 61
Eigenvector, 61, 65
generalized (see generalized eigenvector)
Einstein’s summation convention, 42
Electric displacement field, 37
Electric energy, 217-218
Electric field, 38
Electrode, 300
Electromagnetic compatibility. See EMC
Electromagnetic field tensor, 43
Electromagnetism, 37-40
Electron, 4849
Electron tube. See vacuum tube
Element, 48-49
Ellipse, 369-375
Elliptic fixed point. See center
Elliptic integral, 108
EMC, 199
Emission
thermionic (see thermionic emission)
Emittance
longitudinal (see longitudinal emittance)
normalized transverse (see normalized
transverse emittance)
RMS (see RMS emittance)
transverse (see transverse emittance)
Emittance preservation, 124—127
Empty bucket, 6
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Energy
electric (see electric energy)
extraction (see extraction plateau)
Fermi (see Fermi energy)
injection (see injection plateau)
kinetic (see kinetic energy)
magnetic (see magnetic energy)
rest (see rest energy)
total (see total energy)
Equilibrium point. See fixed point
Equivalent circuit
of cavity (see cavity, equivalent circuit)
Estimator
unbiased (see unbiased estimator)
Euclidean norm, 57
Euler—Cauchy differential equation, 283
Euler method, 53
Event, 42
E wave. See TM wave
Existence of solutions, 53
Expected value, 30, 269
Explicit Euler method. See Euler method
Exponential function
matrix (see matrix exponential function)
Extraction, 3, 131, 162, 164
fast (see fast extraction)
slow (see slow extraction)
Extraction energy. See extraction plateau
Extraction plateau, 131, 164
Extremum
local (see Relative extremum)
relative (see Relative extremum)

Faraday’s law, 37
Fast bunch compression. See bunch
compression

Fast extraction, 164
Fast Fourier Transform. See FFT
Feedback loop

standard (see standard feedback loop)
Feedback system, 273, 327-366
Fermi—Dirac statistics, 302
Fermi energy, 302
Ferrite-loaded cavity, 174-200
FFT, 18
Filament, 301
Filamentation, 126, 252-253, 261, 263
Filling time

cavity (see cavity, filling time)
First moment, 31
Fixed point, 58

BIBO stable (see BIBO stability)

Index

classification (see classification of fixed
points)
degenerate (see degenerate fixed point)
elliptic (see center)
hyperbolic (see hyperbolic fixed point)
isolated (see isolated fixed point)
stability (see stability of fixed points)
Flat top energy, 131, 164
Flow, 56, 61, 64-65
global (see global flow)
incompressible (see incompressible flow)
Flux
magnetic (see magnetic flux)
Focus. See spiral point
Force
centripetal (see centripetal force)
Coulomb (see Coulomb force)
Lorentz (see Lorentz force)
Forced air cooling. See cooling
Four-current density, 43
Fourier series, 9-13
Fourier transform, 18-23, 417
discrete (see DFT)
fast (see FFT)
Four-potential, 42
Four-tensor, 41
Four-vector, 41
Frenet—Serret formulas, 379
Frequency response, 26, 338
Frequency slip factor. See phase slip factor
Frobenius companion matrix. See companion
matrix
Frobenius norm, 57
Full width at half maximum. See FWHM value
Fundamental constants, 415
FWHM value, 28

Gap
ceramic (see ceramic gap)
Gap relay, 198-199
Gap switch, 198-199
Gap voltage divider, 198-199
Gauge condition, 39-40, 212
Lorenz (see Lorenz gauge condition)
Gaussian distribution, 27
Gauss’s law, 38
Gauss’s theorem, 81
Generalized coordinate, 90-91
Generalized eigenvector, 65
Generalized momentum, 90-91
Generating function, 96, 230
Geometry factor, 292
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Global flow, 56, 61, 64—65
Global solution, 56
Grid, 310
control (see control grid)
screen (see screen grid)
Gridded vacuum tube. See vacuum tube
Group delay, 26
Gun, 299
Gymnastics
RF (see RF gymnastics)

Hamiltonian, 88, 90-91
Hamiltonian system, 86111
Hamilton’s equations, 88, 90-91
Hard magnetic material, 174-175
Harmonic number, 5, 147-148, 167-168
Hartman—Grobman (theorem), 77, 95
Heating

direct (see direct heating)

indirect (see indirect heating)
Heating jacket, 199
Heaviside step function, 26, 328
Helmholtz equation, 205, 212
Hessian matrix, 93-95
High loss effect, 192
Higher-order mode. See HOM
Hill’s differential equation, 234, 382
HOM, 221
Homeomorphism, 68
Hurwitz criterion. See Routh-Hurwitz criterion
Hurwitz matrix. See strictly stable matrix
Hurwitz polynomial, 345
H wave. See TE wave
Hyperbolic fixed point, 77, 95, 386-387
Hysteresis, 174-176
Hysteresis loss, 176

Ignitron, 324
Impedance
beam (see beam impedance)
cavity (see cavity, impedance)
of free space, 220, 294
longitudinal space charge (see longitudinal
space charge impedance)
Improper transfer function, 361
Impulse response, 26, 328, 334-335
Incompressible flow, 84, 92, 110
Incremental permeability, 175-176
Indefinite matrix, 93-95
Independent random variables, 34
Index, 73
Indirect heating, 301
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Induction

residual (see residual induction)
Inductive output tube, 299-300
Inertial frame, 40
Initial value problem, 53
Injection, 2, 131, 162, 163
Injection energy. See injection plateau
Injection plateau, 131, 163
Integrable system, 111
Integral

elliptic (see elliptic integral)

multiple (see multiple integral)
Integral curve. See solution curve
Integrator windup, 363
Intersection

of orbits (see orbit, intersection)
Interval

confidence (see confidence interval)
Invariant

adiabatic (see adiabatic invariant)
Inverse DFT, 16-17
Ion species, 48—49
IOT. See inductive output tube
Isoadiabatic ramp, 248-250
Isolated fixed point, 59, 72—73
Isotope, 48-49

Jacobian (determinant), 76, 228, 387-389
chain rule (see chain rule for Jacobian
determinants)
Jacobian matrix, 76, 265, 332, 385-386
Jordan canonical form, 65

Kinetic energy, 46, 48—49, 158-161
Klystrode. See inductive output tube
Klystron, 299-300

Landau damping, 252-253

Langmuir—Child law. See Child’s law
Laplace transform, 23-25, 187, 254, 328, 418
Lattice, 120, 380-383

Leapfrog scheme, 124

Leibniz’s sector formula, 239

Lens. See quadrupole magnet

Level curve, 387

LHP, 330

LINAC, 2

Linear accelerator. See LINAC

Linear ODE, 50-51

Linear system of ODEs, 50-51, 57

Linear time-invariant system. See LTI system
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Linearization, 76, 261, 265-266, 332-333,
363
Line charge density, 278
Line power, 299
Liouville’s theorem, 85, 92, 123, 123, 124-127,
162, 252-253
Lipschitz condition, 54-55
Lipschitz continuous, 54-55
LLRF system, 327
Loaded Q factor, 191
Load line, 318
Local flow, 65
Local maximum. See Relative maximum
Local minimum. See Relative minimum
Local radius, 376
Longitudinal biasing. See parallel biasing
Longitudinal emittance, 126, 160-162, 165,
168-169, 252-253, 266
RMS (see RMS emittance)
Longitudinal phase space, 124
Longitudinal space charge, 277-296
Longitudinal space charge impedance, 294
Lorentz—Einstein pendulum. See Rayleigh
pendulum
Lorentz factor, 41
Lorentz force, 1
Lorenz gauge condition, 39, 42, 206
Lorentz transformation, 4041, 281, 285, 287
Loss
eddy current (see eddy current loss)
hysteresis (see hysteresis loss)
magnetic (see magnetic loss)
power (see power loss)
residual (see residual loss)
Low-level RF system. See LLRF system
LTI system, 327
Lumped element circuit
of cavity (see cavity, equivalent circuit)
Lyapunov, 59
Lyapunov function, 59-60, 95-96, 366,
386

Machine cycle, 162

Magnet
dipole (see dipole magnet)
quadrupole (see quadrupole magnet)

Magnetic energy, 218-219

Magnetic field, 38

Magnetic flux, 39

Magnetic loss, 176

Magnetic material, 199-200
hard (see hard magnetic material)
soft (see soft magnetic material)
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Magnetic rigidity, 117, 162
Magnetizing field, 37
coercive (see coercive magnetizing field)
Manipulation
beam (see RF gymnastics)
Margin
amplitude (see amplitude margin)
phase (see phase margin)
Mass number, 48-49
Mass unit
atomic (see unified atomic mass unit)
Matched bunch, 127, 163
Mathematical pendulum, 105-110
Mathieu—Hill differential equation. See Hill’s
differential equation
Matrix exponential function, 64, 338-339
Matrix norm, 57
Maximal interval of existence, 55
Maximum
local (see Relative maximum)
relative (see Relative maximum)
Maxwell’s equations, 37-40
Mean, 31, 260
sample (see sample mean)
Metric tensor, 42
MeV/u, 48-49, 159, 161
MIMO system, 338, 361
Minimum
local (see Relative minimum)
relative (see Relative minimum)
Minor, 340
Mode number
bunch shape (see bunch shape mode
number)
coupled-bunch (see coupled-bunch mode
number)
Modified Bessel function, 280, 415
Modified Bessel’s differential equation, 279
Modular angle, 108
Modulator
amplitude (see amplitude modulator)
Modulus, 108
Moment, 30
central (see central moment)
first (see first moment)
Momentum compaction factor, 120, 381
Momentum dispersion function. See dispersion
function
Momentum spread, 161
Moving barrier, 253
e Q f product, 184
Multiple-input multiple-output system. See
MIMO system
Multiple integral, 387-388
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Narrowband cavity, 255
Natural frequency
damped (see damped natural frequency)
undamped (see undamped natural
frequency)
Negative definite matrix, 93-95
Negative stable matrix. See strictly stable
matrix
Neumann function, 209
Neutron, 48-49

Node, 73-76

Nondegenerate fixed point. See isolated fixed
point

Nonlinear system, 76-78, 332-333

Norm

Euclidean (see Euclidean norm)
Frobenius (see Frobenius norm)
matrix (see matrix norm)
Normal distribution. See Gaussian distribution
Normalized transverse emittance, 384
Nucleon, 48-49
Nucleus, 48-49
Nuclide, 49
Nyquist criterion, 348-354
Nyquist plot, 352
Nyquist—-Shannon sampling theorem, 15-16

Octupole oscillation, 271
ODE. See ordinary differential equation
Off-momentum particle, 118, 381
Offset pulse, 255
OLHP, 330
Open-loop transfer function, 347
Operating point, 176, 198, 265, 318, 332,
342
Orbit, 53
closed (see closed orbit)
intersection, 58
Ordinary differential equation, 49-50
Bessel’s (see Bessel’s differential equation)
Euler—Cauchy (see Euler—Cauchy
differential equation)
existence of solutions (see existence of
solutions)
Hill’s (see Hill’s differential equation)
linear (see linear ODE)
Modified Bessel’s (see modified Bessel’s
differential equation)
system (see system, of ordinary differential
equations)
ORHP, 330
Oscillation
betatron (see betatron oscillation)
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dipole (see dipole oscillation)
quadrupole (see quadrupole oscillation)
synchrotron (see synchrotron oscillation)
Osculating circle, 379
Overshoot, 359

Parallel biasing, 192
Particle tracking. See tracking equations
PDT; controller, 361
Peano (theorem), 54
Pendulum
Lorentz—Einstein (see Rayleigh pendulum)
mathematical (see mathematical pendulum)
Rayleigh (see Rayleigh pendulum)
Pentode, 315
Permeability, 38
complex (see complex permeability)
Permittivity, 38
Perpendicular biasing, 192
Phase detector, 194
Phase flow. See flow
Phase focusing, 5, 131, 253
Phase function, 382
Phase margin, 356, 361
Phase oscillation. See dipole oscillation
Phase portrait, 53
Phase response, 26
of cavity (see cavity, phase response)
Phase slip factor, 127-129
Phase space, 53, 91
longitudinal (see longitudinal phase space)
transverse (see transverse phase space)
Phase space dilution, 126, 252-253
Phase stability. See phase focusing
Phasor, 178
Picard-Lindelof (theorem), 55
PI controller, 362-363
PID controller, 361-363
Pillbox cavity, 174, 205-223
Planck’s constant, 302
Plate. See anode
Plateau
extraction (see extraction plateau)
injection (see injection plateau)
Poisson equation, 40, 306
Pole, 330
Positive definite matrix, 93-95
Positron, 48-49
Potential
scalar (see scalar potential)
vector (see vector potential)
Power amplifier, 191, 299, 314-324
Power loss, 219-221
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Power loss method, 219
Preisach model, 176
Preservation
of area (see area preservation)
of emittance (see emittance preservation)
of volume (see volume preservation)
Principal axes, 134, 374
Principal axis transformation, 374
Probability, 28
Probability density function, 27
Projection, 127
Proper transfer function, 329
Proton, 48-49
PT, system, 342, 397, 407-408

Q factor, 180-188
of a cavity (see cavity, Q factor)
loaded (see loaded Q factor)
of pillbox cavity, 220
unloaded (see unloaded Q factor)
Q loss effect, 192
Quadrupole doublet, 2-3
Quadrupole lens. See quadrupole magnet
Quadrupole magnet, 2-3
Quadrupole oscillation, 263-264, 271
Quadrupole triplet, 2-3
Quality factor. See Q factor

Radius

local (see local radius)
Ramp, 162-166
Ramp rate, 147
Random variable, 29
Rayleigh pendulum, 245-248
Reference particle, 4, 117-118
Reference phase, 5, 122, 131
Region of attraction, 365
Relative extremum, 93-95
Relative maximum, 93-95
Relative minimum, 93-95
Relativistic particle, 173-174
Relativity

special (see special relativity)
Residual induction, 175
Residual loss, 176
Resonance, 382
Resonant frequency, 185-188
Resonant frequency control, 193
Resonant peak, 361
Rest energy, 46
Rest mass, 46
RF cavity. See cavity

Index

RF gymnastics, 250
RF power amplifier. See power amplifier
RHP, 330
Ricci calculus, 42
Richardson constant, 304
Richardson equation, 304
Rigidity

magnetic (see magnetic rigidity)
Ring core, 177, 188-189
Rise time, 359
RMS. See root mean square
RMS emittance, 126, 266-270, 383
Root locus, 347
Root mean square, 32-33, 169, 262
Rotation matrix, 369
Routh—-Hurwitz criterion, 345-347

Saddle point, 73-76, 78, 92-95, 386-387
Sample mean, 32
Sample variance, 32
Scalar Helmholtz equation. See Helmholtz
equation

Scalar potential, 3940, 205, 212
Schottky effect, 304
Schottky measurement, 7, 163
Screen grid, 313, 315
Semiaxis, 369
Semiflow, 65
Sensitivity function, 341, 357
Separatrix, 78, 135-137
Settling time, 359
Sextupole oscillation, 271
Shannon. See Nyquist-Shannon
Shape

of bunch (see bunch shape)
Shunt impedance, 187, 221

of pillbox cavity, 221, 223
Si function, 19
Signature, 42
Sign function, 136
Similarity transformation, 66
Sinc function, 19
Single-input single-output system. See SISO

system

Single-sine pulse, 253-255
SISO system, 332, 340
Skin depth, 219
Slip factor. See phase slip factor
Slippage factor. See phase slip factor
Slow extraction, 164
Soft magnetic material, 174—175
Solid-state amplifier, 299-300
Solution curve, 53



Index

Space charge
density (see charge density)
in vacuum tubes, 305-309
longitudinal (see longitudinal space charge)
Space charge impedance
longitudinal (see longitudinal space charge
impedance)
Space-time, 41
Special relativity, 40—49
Spectrum analyzer, 7
Spill, 164
Spiral point, 73-76
Spring—mass system, 86
Stability
asymptotic (see asymptotic stability of
fixed points)
BIBO (see BIBO stability)
Stability criterion, 345
Stability of fixed points, 58-59
Stability of systems, 339-340, 344-354
Stable fixed point. See classification of fixed
points or stability of fixed points
Stable matrix, 80
Stable system, 330
Standard deviation, 32
Standard feedback loop, 340
Star, 73-76
State space representation, 265, 331, 364
State vector, 265, 331
Stationary case, 137, 140
Stationary point. See fixed point
Steady-state error, 356, 359, 366
Step response, 26, 328, 336-337
Storage ring, 2
Strict Lyapunov function, 59-60
Strictly proper transfer function, 329
Strictly stable matrix, 80
Surface charge density, 283
Surface resistivity, 219
Synchronous particle. See reference particle
Synchronous phase. See reference phase
Synchrotron, 2, 116
Synchrotron frequency, 132, 148-152
Synchrotron lattice. See lattice
Synchrotron oscillation, 6, 125, 132
System
autonomous (see autonomous system)
conservative (see conservative system)
dynamical (see dynamical system)
feedback (see feedback system)
Hamiltonian (see Hamiltonian system)
of linear ODEs (see linear system of ODEs)
nonlinear (see nonlinear system)
of ordinary differential equations, 49-50
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stable (see stable system)
unstable (see unstable system)

Tables, 415
Tensor
electromagnetic field (see electromagnetic
field tensor)
metric (see metric tensor)
Tetrode, 313, 315
Tetrode amplifier. See power amplifier
TE wave, 211-216
Thermionic emission, 300
Thermionic valve. See vacuum tube
3-dB bandwidth. See bandwidth, of cavity
Time constant
cavity (see cavity, time constant)
TM wave, 205-212
TOE. See topological orbit equivalence
Topological orbit equivalence, 65
Total energy, 46, 123, 161
Trace space, 383
Tracking equations, 123-127
Transfer function, 25-27, 328
closed-loop (see closed-loop transfer
function)
improper (see improper transfer function)
open-loop (see open-loop transfer function)
proper (see proper transfer function)
Transformation rule
for integrals (see change of variables)
Transformer
beam current (see beam current
transformer)
model (see ferrite-loaded cavity)
Transition crossing, 138
Transition energy, 5-6, 127-129, 138, 138
Transition gamma, 127-129
Transit time factor, 173, 203-205, 221,
223
Transverse biasing. See perpendicular biasing
Transverse electric wave. See TE wave
Transverse emittance, 383
Transverse magnetic wave. See TM wave
Transverse phase space, 383-384
Triode, 310
Triplet. See quadrupole triplet
Tube
drift (see drift tube)
vacuum (see vacuum tube)
Tube amplifier. See power amplifier
Tune, 382
Tungsten, 302, 304
Tuning, 173-174, 191-194
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Tuning rule, 362
Twiss parameters, 384

Unbiased estimator, 33

Unbiasedness, 33-34

Undamped natural frequency, 190

Unified atomic mass unit, 48—49

Uniqueness of solutions, 53

Unit-step response. See Step response

Unity feedback system, 341

Unloaded Q factor, 191

Unmatched bunch, 163, 250-253, 263

Unstable fixed point. See classification of fixed
points or stability of fixed points

Unstable system, 330

Vacuum diode, 300
Vacuum system, 7
Vacuum tube, 299-300
Valve. See vacuum tube
Variance, 31, 262
sample (see sample variance)

Index

Vector field
complete (see complete vector field)
Vector Helmholtz equation. See Helmholtz
equation
Vector potential, 39-40, 205-207, 211-213
Vlasov equation, 110
Voltage, 38
Volume preservation, 82—85, 92, 388-389
in phase space (see Liouville’s theorem)

Water cooling. See cooling
Wave equation, 40
Waveguide

circular (see circular waveguide)
Windup. See integrator windup
Working diagram, 382
Working point, 382

of a tube (see operating point)

Zero, 330
Zero-pole-gain representation, 329, 343-344
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